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Abstract. The critical flutter speed of a bridge deck is the result of an eigen value analysis.
However, the progressive growth of the response for sub-critical wind velocities, resulting from
the buffeting action of the turbulent wind, is also of major concern to the designers.The complete
flutter analysis of a bridge structure therefore requires the repeated analysis of the aeroelastic
response for various wind velocities, starting from zero (wind off) to the critical flutter speed.
In a spectral approach, each of these analyses is typically based on the heavy integration of the
power spectral density of the aeroelastic response. It has been recently found that this integra-
tion can be facilitated by a background/resonant decomposition as is commonly implemented
in a buffeting-only setting. The paper describes a preliminary work showing that this decompo-
sition can be extended to the flutter-and-buffeting configuration. The work is only preliminary
since it deals with a single oscillator. However, it shows a massive CPU saving of one to two
orders of magnitude, while limiting the error to one percent. This kind of saving is particularly
expected to make affordable the analysis of large multi degree-of-freedom structures.
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1 INTRODUCTION

The critical flutter speed of a bridge deck corresponds to an aeroelastic instability of the

coupled system composed of the bridge and the surrounding air flow [1, 2, 3]. This instability is

recognized as potentially very harmful since the famous collapse of the Tacoma-Narrows bridge

[4]. Codes and standards [5] take a significant safety margin with respect to this critical wind

speed and typically do not allow to overcome 80% of this critical velocity.

Besides, the progressive growth of the response for sub-critical wind velocities, resulting

from the buffeting action of the turbulent wind, is also of major concern to the designers [6,

7].The complete flutter analysis of a bridge structure therefore requires the repeated analysis of

the aeroelastic response for various wind velocities, starting from zero (wind off) to the critical

flutter speed, or at least to the design wind speed [8]. In a spectral approach, each of these

analyses is typically based on the time-consuming integration of the power spectral density

(PSD) of the aeroelastic response.

Traditional integration methods struggle to efficiently estimate these integrals because of

the significant peakedness of the function in the neighborhood of the natural frequencies. In

this paper, we present an extension of the Background/Resonant decomposition (which is com-

monly applied under the quasi-steady assumption), to aeroelastic analysis, where the stiffness

and damping of the coupled system changes with frequency. The study is limited to single

degree-of-freedom systems at this stage but constitutes the cornerstone of an extension to multi

degree-of-freedom systems, where such an approximation becomes very interesting in terms of

computational efficiency.

In the following sections, the mathematical background is presented, then the algorithmic

implementation is briefly discussed and the method is illustrated with a few examples. Finally,

the perspectives of application to multi degree-of-freedom (MDOF) structures are discussed.

2 EXTENSION OF THE BACKGROUND/RESONANT DECOMPOSITION TO THE
AEROELASTIC OSCILLATOR

The dynamics of a single degree-of-freedom (SDOF) system subjected to buffeting and aero-

dynamic loads is governed by

msq̈ (t) + csq̇(t) + ksq(t) = fbu (t) + fae (t) , (1)

where ms, cs and ks are the mass, viscosity and stiffness of the structural system, and where

t is the time. The loading consists of a buffeting loading fbu (t) which is here assumed to be

characterized as a Gaussian stochastic process and a so-called unsteady aerodynamic loading

fae (t), which is usually expressed as a convolution of the structural response (q(t), q̇(t)) with

aeroelastic indicial functions. In the frequency domain, Fae (ω) = [iω cae (ω) + kae (ω)]Q (ω)
and the governing equation becomes[−msω

2 + iω c (ω) + k (ω)
]
Q (ω) = Fbu (ω) , (2)

where c (ω) = cs − cae (ω) and k (ω) = ks − kae (ω) gather both the structural and aerodynamic

viscosity and stiffness. The later ones can be expressed as a function of Theodorsen’s function

(flat plate, [9]) or, more generally, as Scanlan’s derivatives (e.g. bridge deck [1]).

The power spectral density of the structural response q(t) is thus obtained by

Sq (ω;U) =
∣∣∣[−msω

2 + iω c (ω) + k (ω)
]−1
∣∣∣2 Sf,bu (ω) , (3)

5202



Julien Heremans, Anass Mayou, and Vincent Denoël

and the variance of the response is ultimately obtained by integration of (3),

σ2
q (U) =

+∞∫
−∞

Sq (ω;U) dω. (4)

In a structural design process, this integral has to be computed for several values of the wind

velocity U , which enters in the modeling through cae (ω) and kae (ω) which are expressed as a

function of the reduced frequency K = ωB/U where B is a characteristic size of the structural

element (deck width). Standard integration schemes based on the trapezoidal rule or Gauss-

Lobatto integration schemes [10] do provide an accurate result, they might seem too slow for

application in large scale problems or when the bridge stability has to be assessed in a proba-

bilistic manner, which requires many repetitions of the deterministic problem, see Section 5

In the wind engineering community, this type of integral is also encountered in the buffeting-

only analysis of structures, i.e. without unsteady forces. The method, implemented in the

community by Davenport [11, 12], based on the existing approaches in aeronautics [13], has

resulted in the well known Background/Resonant (B/R) decomposition. The use of multiple

timescales in the computation of the wind induced response of structures in not new. It has

already been used to determine the statistics of non Gaussian responses [14] or of nonlinear

aerodynamic loading terms [15]. The general method, based on stretches and rescaling of the

frequency bands contributing to the integral has been generalized under the terminology Multi-
ple Timescales Spectral Analysis (MTSA) [16].

In the present configuration, under the following assumptions:

• the timescales of the loading and of the system are significantly different. In other words,

a distinction is made between the slow dynamics represented by the buffeting loading,

and fast dynamics represented by the natural vibrations of the aeroelastic system. The

centroid of the power spectral density of the buffeting load shall be substantially lower (5

to 10 times lower) than the natural frequency of the aeroelastic system;

• the structural damping ratio is small, smaller than or of the same order of magnitude as

5%-10%; the quality of the approximation worsens as the damping ratio grows beyond

these values;

• the frequency dependent stiffness and damping k (ω) and c (ω) vary smoothly and mod-

erately in the neighborhood of the resonance peak of the aeroelastic system,

it is actually possible to demonstrate [17], by application of the general concepts of the Multiple

Timescale Spectral Analysis [16], that the variance is expressed as a sum of the background and

the resonant contributions

σ2
q = σ2

q,B + σ2
q,R, (5)

where

σ2
q,B =

+∞∫
−∞

Sf,bu (ω)

(ks − kae (ω))
2dω ; σ2

q,R =
Sf,bu (ω̄)

(ks − kae (ω̄))
2

πω̄

2ξ̄

1

1 + 1
2
ω∂ωkae(ω̄)
ks−kae(ω̄)

. (6)

They are readily interpreted as the aeroelastic extensions of the well known decomposition

introduced by Davenport. In this expression ω̄ represents the resonance frequency of the aeroe-

lastic system; it is defined by
ω̄2

ω2
s

=
ks − kae (ω̄)

ks

. (7)
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In wind-off conditions, kae (ω̄;U = 0) = 0 and ω̄ = ωs is therefore equal to the natural structural

frequency. As the wind velocity increases, the natural frequency of the aeroelastic system ω̄
might drift more or less significantly from ωs depending on the specificities of the aerodynamic

stiffness kae (ω).

3 ALGORITHMIC IMPLEMENTATION

This section describes a practical implementation of the algorithm. At this stage, the im-

plemented model is suitable for SDOF models only but its extension to MDOF models is also

discussed.

3.1 Algorithm for SDOF structures

The flow-chart of the solution strategy is shown in Figure 1. For a given average wind

velocity, the solving process consists of 3 main tasks: the evaluation of the aeroelastic eigen

frequency, and that of the background and resonant components. The determination of the eigen

frequency of the aerodynamic system relies on an iterative scheme, initiated with the wind-off

conditions. Relaxation can be used to improve the convergence of the process. As the wind-off

conditions give already an excellent guess of the natural frequency of the aeroelastic system,

the convergence is quite straightforward. The resonant component is then evaluated using (6),

and Scanlan’s formulation for kae(ω), cae(ω) and ∂ωkae(ω). The last step is the determination of

the background component. Depending on the specificities of kae(ω) and the targeted accuracy,

the integration of the buffeting forces according to (6) can be simplified. Indeed, in cases where

the background component plays a secondary role, σq,B � σq,R, its accurate determination is no

longer a necessity and the denominator in the expression for σq,B in (6) can be simply replaced

by k2
s . This leads to a drastic simplification of the computation of the integral since σq,B then

boils down to the usual quasi-static formulation of Davenport. When this assumption can be

made —and this is what is done in the rest of this paper—, the background component does

not require any integration point, the resonant component just requires one integration point

(located at the natural frequency) and the proposed formulation, referred to as MTSA in the

sequel, is just based on a single integration point.

All this solving process is embedded in a loop over a range of U , from wind-off to critical

conditions.

3.2 Extension to MDOF structures

Up to now, the use of the background/resonant decomposition for aeroelastic systems was

only discussed on SDOF models. For such simple models, the computational load is propor-

tional to the number of wind velocities considered in the analysis. Since the analysis for each

wind velocity is rapid, there is no big issue and the process can be repeated for a comfortable

number of wind velocities, which allows an accurate evaluation of the transition towards insta-

bility on approaching the critical wind velocity. In the case of MDOF models, every single run

for a given velocity might turn to be much more expensive. Indeed, if the number of degrees

of freedom is large, a very time-consuming operation appears in the algorithm: the projection

of the buffeting forces in the modal basis. This is explained by considering that, in a standard

linearized model of the buffeting forces, the wind force at each degree-of-freedom is expressed

as a linear transformation of the local wind velocity, i.e.

Fbu(t) = Au(t) + b (8)
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Figure 1: Organigram of the aeroelastic analysis performed with the background/resonant decomposition for eval-

uating the integral of the response spectra. The solving process is embedded in a loop over the average wind

speeds.

where u(t) is a column vector containing the fluctuating component of the wind velocities at

the nodes of the finite element model, the power spectral density of the buffeting load projected

in mode i reads

Si
F ∗

bu
(ω) = φT

i ASuA
Tφi. (9)

The evaluation of the PSD of the modal forces, including their cross-PSD, is particularly time

consuming since it involves the left- and right-multiplication by large matrices.

In short, the computational time for the modal analysis of a large MDOF structure is mostly

conditioned by the number of frequencies where the PSD must be sampled, i.e. the number of

projections such as (9). As a result, the determination of the variance as the quadrature of the

PSD of the structural response (in each mode) is the operation that requires being optimally im-

plemented. Three solutions are studied in the rest of this paper to determine these integrals with

various levels of smartness : (i) first, a classical trapezoidal method is implemented; it requires

typically a large number of uniformly distributed points to accurately capture the sharp peaks

of the spectra, (ii) an adaptative integration scheme is also considered, which is an interesting

solution to lighten the computational burden by optimizing the integration mesh, distributing a

(smaller) number of points at well chosen locations, (iii) third, a method of integration based on

the proposed background/resonant decomposition.

The development of the background/resonant decomposition for spectral aerodynamic anal-

ysis is quite straightforward, at least if the modal response is uncoupled. In the latter case, the
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analysis is performed mode by mode, and the SDOF model is still applicable provided that the

mass, damping and stiffness are replaced by their modal homologue. Cases of structures expe-

riencing modal coupling require however slightly more advanced models [23], but remains in

the scope of the approximation that will constitutes the core of the future investigations.

In the next section, these integration methods with uniform and non uniform meshes will be

compared with the background/resonant decomposition. A special attention will be paid to the

trade-off between number of integration points and accuracy of the results.

4 ILLUSTRATIONS AND EVALUATION OF CPU LOAD SAVING

In this section, the efficiency of the background/resonant decomposition is illustrated on

two realistic case studies, namely the Golden Gate bridge and Tacoma Narrows bridge. The

aeroelastic behavior of these two structures is characterized by torsional flutter as governing

failure mode. The structure behavior is idealized by a SDOF model governed by

(−ω2Is + iω(c− cae(ω)) + k − kae(ω))Θ(ω) = Mb(ω) (10)

where Is is the mass moment of inertia per unit length and such that the aeroelastic damping,

stiffness, and the buffeting pitching moment are reduced to

Mbu(ω) =
qB

U

(π
2
BA(ω)

)
W (ω)

kae(ω) = qB2

(
ωB

U

)2

A∗
3(ω)

cae(ω) = qB2B

U

(
ωB

U

)
A∗

2(ω).

(11)

The A∗
2(ω) and A∗

3(ω) coefficients refer to the Scanlan’s —or flutter— torsional derivatives

(see Figure 2), the admittence A(ω) is supposed to be constant and equal to 1 in the following

illustrations and W (ω) is the spectral representation of the vertical fluctuating component of

the wind turbulence. The structural parameters are summarized in Figure 1. For the two test

cases, the accuracy and the efficiency of the proposed background/resonant decomposition will

be compared to classical integration methods. The trapezoidal scheme is standard, while the

adaptative integration scheme is briefly detailed in the Appendix. In each case, the integral in

(4) is computed where Sq(ω;U) corresponds to Sθ(ω;U), for these case of torsional flutter. It

is also defined by (3) where the aeroelastic stiffness and viscosity are given by (11).

As previously discussed, the number of integration points has a direct impact on the calcu-

lation load, and consequently on the computation time: the smaller the number of integration

points, the faster the wind flutter analysis. The CPU times are not reported for this simple

SDOF structure; they are replaced by the number of integration points which is assumed to give

an correct picture of the computational burden for larger problems.

4.1 Golden Gate bridge

Figure 3-a shows the PSD of the torsional degree-of-freedom for a selection of wind ve-

locities. As the wind velocity increases, the resonance peak is shifted to the left and becomes

sharper. This is a sign of torsional flutter, i.e. aero-elastic instability by lack of damping. The

integral of the PSDs obtained for various wind velocities, i.e. the variance, is used to deter-

mine the scaled standard deviation of the angular displacement θ shown in Figure 3-b. Each
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Golden Gate Tacoma

Moment of Inertia Is [kg.m2/m] 4.4 · 106 177.73 · 103
Natural frequency fs [Hz] 0.1916 0.20

Damping Ratio ξs [%] 0.5 0.5

Deck width B [m] 27.43 12.0

Table 1: Structural properties of the structures considered in Illustrations 1 and 2.

0 1 2 3 4 5 6 7 8
-0.2

0

0.2

0.4

0.6

0.8

1

Figure 2: Flutter derivatives A∗
2(ω) and A∗

3(ω) of the considered structures .

point of the reference curve was obtained with the trapezoidal integration scheme with a large

number (50, 000) of integration points. Red dots represents the results obtained with the B/R

decomposition while the individual components B and R are also represented to indicate that

the instability occurs for this type of cross-section by means of the resonant component. The

reference solution and the proposed approximation are in excellent agreement, promising a very

low relative error. As shown in Figure 3-c, the damping ratio remains constantly lower than 1%

for all wind velocities, indicating that the hypothesis formulated above related to small damping

is respected.

In Figure 3-d, the number of integration points required to satisfy a given relative preci-

sion is represented for the two usual numerical methods (trapezoidal scheme and adaptative

integration) as well as the proposed Multiple Timescale Spectral Analysis approach (back-

ground/resonant decomposition). The relative error is calculated with respect to a reference

solution obtained from a classical trapezoidal integration method with a mesh of 50,000 points

uniformly spaced between 0 and 10 Hz (i.e. 62.8 rad/s). This mesh was kept constant for all

considered wind speeds.

The square symbols, associated with the trapezoidal scheme, indicate that this classical in-

tegration method requires a minimum of 10,000 integration points to get a relative error of the

order of the percent pour all wind speeds. For 1,000 points and below, the error is already way

too large and the function is not accurately represented. However, with 1,000 points smartly

distributed using an adaptive integration method, the standard deviation is accurately calculated

with an error lower than 0.01%. A good compromise can be found around 100 points, where the

error is of the order of the percent again. This method reduces the number of integration points

required by a factor 100, approximatively. The performance of this adaptive integration method
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Figure 3: Aerodynamics response under buffeting loads (Golden Gate bridge). (a) PSD and their B and R approx-

imations for different wind velocities. (b) Scaled standard deviations obtained with accurate numerical integration

(Reference), background component (B), resonant component (R), and the sum of them (B)+(R). (c) Damping ratio

and natural frequency at resonance with respect to avg. wind velocity. (e) Number of integration points required

to satisfy a given relative error on σθ for 3 avg. wind velocities and for the three methods discussed (trapezoidal

scheme with uniform sampling, adaptive quadrature and the MTSA based B/R decomposition .)

is of course conditioned by the efficiency of the refinement algorithm and also by the param-

eters passed by the user —for instance the initial mesh. Usage of other adaptive integration

scheme than the algorithm presented in the appendix might therefore lead to similar trends but

slightly different numbers. The last cluster of points represented in Figure 3-d refers to the B/R

decomposition and suggests an error below 1% while being limited a single sampling point, at

resonance. This arises from the white noise approximation made in (6). This method appears

now to be therefore the best compromise number of points/accuracy.

4.2 Tacoma Narrows bridge

The second case study is the Tacoma Narrows bridge. Besides its dangerously low critical

velocity of 11 m/s, it behaves very similarly to the Golden Gate bridge such that most of results

are globally the same. The output resulting from the aeroelastic analysis are shown in Figure 4.

For this second application the damping related flutter derivative A∗
2(ω) is such that the

damping ratio at resonance ω diminishes as U increases, except at very low wind speeds. The

damping ratio remains again below 1% which explains why the quality of the approximation

does not drop as the wind velocity increases. The trapezoidal integration scheme, in contrast,

fails to capture the sharp resonance peak on approaching the critical flutter speed. More than

that, the proposed background/resonant decomposition is even more precise that the damping

ratio is small. Because the damping drops as the considered wind velocity approaches the crit-
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Figure 4: Aerodynamics response under buffeting loads (Tacoma Narrows bridge). (a) PSD and their B and R

approximations for different wind velocities. (b) Scaled standard deviations obtained with accurate numerical

integration (Reference), background component (B), resonant component (R), and the sum of them (B)+(R). (c)

Damping ratio and natural frequency at resonance with respect to avg. wind velocity. (e) Number of integration

points required to satisfy a given relative error on σθ for 3 avg. wind velocities and for the three methods discussed

(trapezoidal scheme with uniform sampling, adaptive quadrature and the MTSA based B/R decomposition .)

ical velocity, the approximation is even more accurate and appealing as flutter conditions are

close. This is unfortunately not applicable to divergence instabilities, where the loss of stiffness

is typically accompanied by an increase in damping, see e.g. XXX (bench polimi). Therefore,

the approximation should not be recommended for divergence instabilities, particularly close to

the flutter conditions.

Regarding the relative error and the integration points, the same 3 tendencies as in the pre-

vious applications are observed. A number of 100 integration points are required to accurately

integrate the PSD using an adaptive method, and 10.000 points at least should be used if a uni-

form mesh is used. The MTSA approach provides truly accurate standard deviation with an

error lower than 0.5%, slightly lower than in the Golden Gate bridge illustration.

5 PERSPECTIVES

The acceleration of the computation of the aeroelastic response of a single degree-of-freedom

system could seem ridiculous at the time where the computational power is continuously grow-

ing and especially when the multiple mode analysis of large structures has been being available

for more than 20 years [18, 19, 20]. We see however two main promising perspectives for this

preliminary work.

The first one is immediate and concerns the stochastic stability of the single degree-of-

freedom system. Indeed in a probabilistic approach, should it be by means of Monte Carlo

simulations [21] or alternatives such as the collocation method or Galerkin approache [22], it is
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essential to repeat the solution of the deterministic problem a large amount of times. Any CPU

saving is therefore welcome to determine more accurate statistics of the response.

A second perspective of application of the proposed formulation concerns the extension to

multi degree-of-freedom systems. They are governed by an equation similar to (l), which reads,

in the frequency domain,[−Msω
2 + iωC (ω) +K (ω)

]
Q (ω) = Fbu (ω) . (12)

The aeroelastic matrices Ms, C and K combining the structural matrices and aerodynamic un-

steady loads might be very large. An analysis in the modal basis is able to drastically decrease

the size of the system. The variance of the modal responses in each mode can then be deter-

mined with the method proposed in this paper. The main difference with a classical integration

of the power spectral densities is that the projection of the buffeting forces in the modal basis

is performed for natural frequencies only —or for a very restricted number of points in the

most unfavorable case of a large aeroelastic stiffness—, and not for the whole set of natural fre-

quencies that a Gauss-Lobatto or trapezoidal integration scheme would require. So the proposed

method can be used with very little adaptations as long as modal responses are concerned. Then,

the combination of modal responses is necessary to determine structural responses (displace-

ments and internal forces) or, alternatively, equivalent static loads. This requires the estimation

of modal correlation coefficients but again, the Multiple Timescale Spectral Analysis has al-

ready been used to solve this problem in the buffeting-only case [23] and it is believed that the

same extension is possible. Depending on how the eigenmodes of the aeroelastic system are de-

termined, a proper recourse to the smallness of off-diagonal terms might be invoked, similarly

to some of the previous results of the authors [24]. All in all, the determination of the response

of a single oscillator appears as a major building block for the derivation of a very fast algorithm

for the analysis of the aeroelastic response of large bridges. The outlook for future is to make

possible the probabilistic analysis of large-scale structures or the rapid parametric analysis of

large scale structures (varying the wind incidence, optimization of the aerodynamic deck, etc.).

6 CONCLUSIONS

The analysis of an aeroelastic oscillator subjected to low frequency turbulence can be studied

by means of background and resonant components, which take a more general form than in the

well known case presented by Davenport. They remain simple, however, and offer therefore a

straightforward understanding of the response. Beyond this gain in physical insight, the deriva-

tion of the two components in an appropriate algorithmic implementation allows to speed up

the determination of the stochastic response.

Examples have shown that the number of sampling points is reduced by a factor 10.000 (!)

with respect to classical integration method, and by a factor 100 with respect to a smarter adap-

tive integration technique. This promises massive computational time saving, especially since

the projection of the nodal aerodynamic loads vector in modal basis is by far the exhausting

operation of the algorithm.

The delicacy of the proposed approximation resides also in the quality of its predictions: in

the studied examples, the error committed on the standard deviation is lower than 1% which

remains quite accurate when put in perspective to the safety envelope usually taken in civil

engineering applications. The approximation method assumes that the damping ratio is small,

and this hypothesis is even more respected that the system is close to flutter (except (static)

divergence). Therefore the prediction is even more accurate that the resonant peaks are sharp,
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as opposed to the trapezoidal integration method with a uniform mesh which struggles to capture

accurately the sharpness of the peaks with a reasonable number of points.

These performance are promising for future extensions to probabilistic contexts, or large

multiple mode structures, that rely both entirely on the efficiency of the algorithm to be envis-

aged.
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7 APPENDIX: THE ADAPTATIVE INTEGRATION SCHEME

The results obtained and presented in this paper are partly obtained with a simple in-house

adaptative integration scheme. The algorithm works as follows. First, the domain of integration

is divided into segments separated by the integration points. On each segment, the contribution

to the integral is computed by means of the trapezoidal rule. These segments are then iteratively

refined, if required, until a desired accuracy is reached.
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The refinement procedure consists in adding an integration point in the middle of the interval,

creating therefore two sub-segments instead of the initial one. The sum of the contribution on

the two sub-segments is compared to the contribution along the domain before subdivision. If

the relative difference between both is lower than a user-defined threshold, then this domain in

not subdivided anymore. This process is continued until no segments requires being divided

anymore.

This algorithm performs better when the original distribution of points includes the inflex-

ion points in the function to integrate. This is due to the fact that the break-down condition

originates from a concept built on a curvature with a constant sign along the domain. The ter-

mination criteria can indeed be too confident in case of a domain with an inflexion point in the

middle.

doloop = 1;iter=1;
while doloop

ir = find(r==1);
nz = length(ir);
jr=1;

while jr<=nz
iz = ir(jr);
xn = (x(iz)+x(iz+1))/2;
fn = fct(xn);

I1 = trapz( [x(iz) x(iz+1)], [f(iz) f(iz+1)] );
I2 = trapz( [x(iz) xn], [f(iz) fn] ) + trapz( [xn x(iz+1)], [fn f(iz+1)] );

err = abs(I2-I1) / (Itot / (x(end)-x(1))* (x(iz+1)-x(iz)) );

x = [x(1:iz) xn x(iz+1:end)];
f = [f(1:iz) fn f(iz+1:end)];

if err < tol
r = [r(1:iz-1) 0 0 r(iz+1:end)];

else
r = [r(1:iz-1) 1 1 r(iz+1:end)];

end ir = ir+1; jr = jr+1;

Itot = trapz( x,f );
end

if sum(r) == 0; doloop=0; end

iter=iter+1;
end
Itot = trapz( x,f );
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