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Abstract

A simple, yet powerful analytical model for determining the dynamic response of laterally 
loaded piles has recently been proposed in a series of papers by Karatzia and Mylonakis. The 
method is essentially a finite-element formulation, based on the evaluation of a set of energy 
integrals to establish the dynamic stiffness and damping matrices at the pile head. The key 
ideas/assumptions behind the method are: (1) the soil around the pile is replaced by a bed of 
dynamic Winkler springs and dashpots accounting for soil stiffness and energy dissipation; (2) 
a shape function for pile deflection is employed along the whole pile length in each vibration 
mode; (3) the associated integrals can be solved in closed form. Solutions have been obtained 
for different soil profiles which provided realistic predictions of pile response to flexural loads.
An implicit assumption of the method lies in the use of real-valued shape functions. While such 
functions greatly simplify the analysis by separating real and imaginary parts (thus leading 
exclusively to real-valued integrals), they have the disadvantage of ignoring the phase differ-
ences between pile movements at different depths.
This paper recognises that this simplification can lead to inaccurate results for inhomogeneous 
soil profiles, especially at high frequencies where phase differences among different points 
along the pile are significant. To overcome the problem, the possibility of using complex-valued 
shape functions, analogous to those employed in spectral finite-element methods is explored. It 
is shown, through comparison with rigorous numerical solutions (including FEM and BEM), 
that use of complex-valued shape functions improves the predictive power of the method.
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1 INTRODUCTION

Winkler based models are well established for use in elastodynamic analysis of laterally 
loaded piles. Early work provided analytical expressions for the spring and dashpot coefficients 
based on a horizontal soil “slice” model [1, 2, 3]. Several subsequent studies provided solutions 
for pile stiffness and damping in homogeneous and inhomogeneous media, as well as kinematic 
response coefficients to seismic excitation [4, 5, 6, 8, 9, 10, 11, 12, 15, 16, 25, 26, 27]. A diffi-
culty in employing such solutions in design lies in the inability to derive exact solutions for 
inhomogeneous media in the dynamic regime. An alternative approach is explored in this paper, 
by means of an energy formulation analogous to those used in finite-element methods, based 
on single shape function for the whole pile length. The method was introduced in pile dynamics 
by Dobry and Roesset [6] and later extended in a series of papers by Mylonakis and co-workers 
[8, 9, 10, 11,16, 26]. The main assumptions of the method are: (1) the soil around and under the 
pile can be replaced by a bed of dynamic springs and dashpots accounting for soil stiffness and 
pile-soil energy dissipation (Winkler approximation); (2) a single shape function can be em-
ployed for the deflection of the whole pile for each vibration mode (Rayleigh approximation); 
(3) a virtual work formulation can be employed in which the associated one-dimensional inte-
grals can be evaluated in closed form. In this way, the three-dimensional elastodynamic prob-
lem reduces to a handful of one-dimensional integrals which can be evaluated in closed form 
for different inhomogeneous soil media. The solutions have been shown to provide realistic 
predictions of pile response to flexural loads.

A simplification associated with the above method lies in the use of real-valued shape func-
tions for pile deflection. While such functions greatly simplify the complex arithmetic by sep-
arating real and imaginary parts leading to exclusively real-valued integrals, they have the 
disadvantage of ignoring the phase differences between pile displacements at different depths. 
This paper recognises that this simplification can lead to inaccurate results for inhomogeneous 
soil profiles, especially at high frequencies where the phase differences between displacements 
at different elevations along the pile are significant. To overcome the problem, the possibility 
of using complex-valued shape functions, analogous to those employed in spectral finite ele-
ment methods, is explored in this paper.

2 PROBLEM DEFINITION

Figure 1: The dynamic Winkler model for a laterally loaded pile.
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The dynamic Winkler model under consideration is shown in Figure 1. The pile is modelled 
as elastic Euler-Bernoulli beam with length, L, diameter, D, cross sectional area, A, second 
moment of area, I, mass density, ρp, elastic stiffness, Ep and hysteretic material damping coef-
ficient, βp. The last two terms can be expressed as a complex viscoelastic stiffness, 

.
A harmonic head load, P, and/or (anticlockwise positive) moment, M, are applied at an an-

gular frequency, ω, to the pile head. This is resisted by distributed Winkler springs and dashpots 
with coefficients k(z) and c(z), respectively, which are often expressed as a complex-valued 
stiffness, k* = k + iωc. The resulting pile displacement, , is also complex-valued, indicat-
ing a depth-varying phase difference from the applied load.

The governing equation describing the problem is obtained from the well-known expression 
for a beam under a distributed load [4]:

(1)

where indicates the fourth derivative of with respect to depth, z.
Of most interest is the response at the pile head, which can be described using a complex-

valued stiffness matrix, , defined as:

(2)

where and are the load and displacement vectors at the pile head, respectively, in which
is the pile head displacement and is the pile head rotation (anti-clockwise positive). The

components of the stiffness matrix , and are the swaying, rocking and cross
swaying-rocking complex stiffnesses, respectively. Due to the linear-elastic nature of the prob-
lem, the matrix is symmetric ( ). In addition, with the sign convention chosen, all the
stiffness terms are positive at low frequency.

For convenience, it is common to separate the complex stiffness components into real-valued 
spring and dashpot coefficients, Kij and Cij:

(3)

where and indicate the real and imaginary components, respectively.

3 CLOSED FORM SOLUTION

For the homogeneous case, where k(z) = k and c(z) = c, a complex wavenumber, λ* can be 
introduced such that equation 1 reduces to:

(4)

This expression matches the well-known governing equation for the static Winkler model, 
with some terms substituted for complex-valued dynamic terms. Therefore, the static solution 
can be employed with the corresponding substitutions. For a long pile (longer than the active 
length, discussed later), the head stiffness matrix is given by [4]:

(5)
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This expression is simple and easy to implement. However, no closed-form solutions to 
equation 1 are known to the authors for any inhomogeneous stiffness profiles encountered in 
practice. In addition, although a closed-form solution is available for piles in layered soil (in 
the form of successive substitution into a formula for each layer), this results in an unwieldy 
expression. Instead, an approximate energy solution can be employed.

4 ENERGY SOLUTION

Consider a pile in equilibrium subjected to an actual deflection under the influence of 
a set of external loads at the pile head and tip; the work done by a small virtual displacement, 
yv(z), on the system can be obtained by integrating equation 1:

(6)

This is known as the strong form of the equation; the desired weak form can then be obtained 
using integration by parts and the Euler-Bernoulli beam relationships at the pile head. Note that 
for long piles, the base response (and therefore upper integration limit) has negligible effect on 
the results. Therefore, these can be expressed as improper integrals:

(7)

The stiffness matrix coefficients can then be obtained by dividing equation 7 by the displace-
ment and virtual displacement at the pile head:

(8)

where χi(z) and χj(z) are dimensionless, unitary shape functions describing the displacement 
and virtual displacement variation with depth, respectively.

A similar approach has previously been employed by [5, 6, 7] to obtain pile head dashpot 
coefficients for the swaying mode (C11). In the form shown here (for complex pile head stiff-
ness), the method was first employed by [8]. Analytical expressions for layered soil were first 
included in [4, 8], a linear Winkler stiffness profile in [9], a parabolic Winkler stiffness profiles 
in [10] and a power-law and an exponential Winkler stiffness profiles in [11].

These solutions have used the following shape functions from the solution for homogeneous 
Winkler stiffness profiles [8]:

(9)

where μ is a real-valued average wavenumber analogous to λ* for the static case (ω = 0), the 
inverse of which can be used as a characteristic pile wavelength [12]. For homogeneous profiles, 
μ is set equal to λ* in equation 4 with ω = 0 (the static case), calculating μ for other Winkler 
stiffness profiles is discussed later. Note that the component ( ) obtained in equation 8
corresponds to the subscripts of the shape function chosen for χi and χj [e.g. is obtained 
using and ].

These real-valued shape functions neglect the difference in phase of the response down the 
pile. However, they have the significant advantage that equation 8 can easily be separated into 
real-valued pile head stiffness and dashpot coefficients using equation 3. The pile head stiffness 
terms are given by [10, 11]:

(10)
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The first two terms (the contribution of the pile flexural stiffness and soil stiffness, respec-
tively) make up the static pile head stiffness and are independent of ω. The last term is the 
contribution of the pile inertia and is often neglected in the analysis as it is typically a minor 
component [11].

The pile head damping terms are given by [10, 11]:

(11)

where the Winkler dashpot coefficient, c(z), is split into the (hysteretic) material and radia-
tion components, ch and cr, respectively, and βs is the soil hysteretic material damping coeffi-
cient. The three terms of equation 11 correspond to the contributions of the pile material 
damping, soil material damping and radiation damping, respectively.

The simplification in equations 10 and 11 allows the pile head response to be evaluated from 
a few simple, real-valued, integrals. If the inertial term in equation 10 is neglected (note that in 
this paper it is not), only three unique integrals need to be evaluated. The first two are common 
to both equations, the first of which is also independent of the Winkler stiffness profile encoun-
tered. Analytical solutions for these integrals in closed-form are collated by [11] for all of the 
aforementioned Winkler stiffness profiles and a simple solution is included in [13] based on the
result for homogeneous profiles.

5 APPLYING THESE SOLUTIONS: HOMOGENEOUS SOIL

In order to apply these solutions for homogeneous soil, only the Winkler spring and dashpot 
coefficients must be determined.

5.1 Selection of k*

Various solutions are available for the selection of k*, including analytical approximations 
and empirical functions fitted against numerical continuum solutions. The Winkler spring stiff-
ness, k, is often assumed to be proportional to the elastic and/or shear moduli, Es and Gs, re-
spectively while the radiation dashpot coefficient, cr, is often assumed to be proportional to the 
soil shear wave velocity, , where ρs is the soil mass density. A number of available
expressions are tabulated in [14, 15, 16]. In this paper, three different approaches are considered.

The first approach is the horizontal slice model employed by [1, 2, 3]. The soil is modelled 
as discrete, infinite, horizontal slices under zero vertical normal strain. The equivalent spring 
and dashpot at the pile-soil interface is then solved in rigorously in closed-form. In [3] the 
hysteretic material damping is incorporated using complex-valued moduli from the correspond-
ence principle of viscoelasticity [17]:

(12)

This results in the following expression for the complex-valued stiffness, k*:

(13)
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where Kν() is the modified Bessel function of the second kind of order ν. While the analytic 
nature of this expression is appealing, it does yield zero static stiffness at low frequencies. In 
addition, due to the Bessel functions, this expression cannot be conveniently separated into real 
and imaginary parts in closed form.

As an alternative, [18] provided the simple expression in equation 14, which was fitted 
against numerical finite element results for a pile embedded in a homogeneous half space. The 
hysteretic damping term is treated approximately by only considering the effect on the real part 
of the stiffness.

(14)

Finally, the model employed by [11] is considered. This model uses the [19] approach pre-
viously applied to this problem by [20, 21], which yields an improved version of the horizontal 
slice model that gives finite stiffness at low frequency. However, unlike in the previous models, 
this is only used employed for the real-valued coefficient, for which a simplified approximate 
expression is developed using the asymptotic behaviour of the Bessel functions. For the radia-
tion damping coefficient, this model employs an improved version of the cone model introduced 
by [7]. Each horizontal slice is split into infinitesimal independent sectors through which both 
shear and compression waves propagate, resulting in a frequency dependant expression in terms 
of Bessel functions to which [11] fit the simple expression in equation 15. The hysteretic damp-
ing term is treated using the same approximation as in equation 14.

(15)

where γ (≈ 0.577) is the Euler-Mascheroni constant, is a com-
pressibility coefficient and αc is a stiffness parameter (sometimes interpreted as a dimensionless 
cut-off frequency). Reference [11] provides simple power-law relationships between αc and the 
pile-soil stiffness ratio, Ep/Es, for different soil profiles and pile head fixity conditions. For fixed 
head piles in homogeneous soil αc is given by:

(16)

5.2 Comparison of methods

The performance of the closed-form and energy methods for each k* is shown in Figure 2, 
in comparison with numerical continuum results from [22, 23]. The former used a boundary 
element method developed in [24] and the latter a finite element approach. The results are nor-
malised by the well-known dimensionless frequency, .

In general, the analytical closed-form solution matches the continuum results reasonable 
well. The energy solution also performs very well at low frequencies, with a low discrepancy 
from the closed-form solution. However, as frequency increases, it tends to underestimate the 
pile head stiffness and overestimate the pile head damping coefficient.
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Figure 2: Normalised dynamic lateral head stiffness of piles embedded in a homogeneous half space; (a) (b)
(c) (numerical data from Syngros 2004).

6 COMPLEX-VALUED SHAPE FUNCTIONS

In order to get better predictions at higher-frequencies, [16] suggest using complex valued 
shape functions, and based on the dynamic (rather than static) response for the homoge-
neous case. Therefore, equation 8 can be rewritten in the from:

(17)

where and/or , given below, are substituted for and to get each of the complex
stiffness terms as before.
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(18)

μ* is now directly analogous to λ*; for homogeneous soil, if μ* is set equal to λ*, equation 17 
reproduces the complex stiffness terms from the closed-form solution exactly, as the phase dif-
ference between the responses at different depths is accounted for correctly. However, for in-
homogeneous soil, the integrals in equation 17 are now also complex-valued, and harder to 
compute than the solution with real-valued shape functions.

7 APPLYING THESE SOLUTIONS: INHOMOGENEOUS SOIL

In order to compare the performance of the two different assumptions (real-valued and com-
plex-valued shape functions), an example problem involving a pile embedded in an inhomoge-
neous half-space is considered. In this example, soil stiffness varies according to a linear 
function of depth with zero surface stiffness. As with the homogeneous case, a method to cal-
culate k* must be chosen. However, for inhomogeneous soil an appropriate method for selecting 
μ or μ* must also be selected.

7.1 Selection of k*

Only two of the k* calculation approaches employed for homogeneous soil have been em-
ployed for this case, as the function fitted by [18] is specific to homogeneous soil. Equations
13 and 15 can be used as before, with Gs and Vs simply referring to the values at each depth,
resulting in an inhomogeneous Winkler stiffness profile. In addition, the modified expression 
for αc for this case provided by [11] should be employed in place of equation 16:

(19)

where EsD is the soil stiffness at a depth of one pile diameter.
However, the resulting functions describing the inhomogeneity in Winkler spring coeffi-

cients are not directly proportional to those describing the soil stiffness or shear wave velocity.
Instead, for the solution described in equations 10 and 11, [11] suggests calculating k* only at
a depth of one diameter. k is then assumed proportional to the soil stiffness and cr to the soil 
shear wave velocity (the square root of soil stiffness).

7.2 Selection of μ
For inhomogeneous soils, μ can be approximated as the average (static) λ value over a certain 

depth. An appropriate depth, suggested by [8], is the pile active length, La, which can intuitively 
be interpreted as the depth over which the soil stiffness has an effect on the pile head response,
resulting in the following expression for μ:

(20)

A number of expressions are available in the literature for La, based on various different 
definitions. Particularly useful to application is the value of μLa = 2.5 suggested by [25], this 
allows equation 20 to be used iteratively to obtain La and μ for any arbitrary Winkler stiffness 
profile. For the specific case of power-law Winkler stiffness profiles, this was solved analyti-
cally by [26]. For the linear profile considered here this results in the expression:
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(21)

where kD is the Winkler spring stiffness at one diameter depth.

7.3 Selection of μ*

μ* can be calculated using a similar approach as μ, taking the average (complex) λ* value 
over the active pile length:

(22)

As μ*La is complex valued, the expression suggested by [25] cannot be employed. Instead, 
the simple expression fitted by [23] to finite element results in the same soil profile is used here:

(23)

7.4 Comparison of methods

The performance of the two different shape function assumptions is shown in Figure 3, in 
comparison with numerical continuum results from [22, 23]. The results are normalised as be-
fore, using the shear wave velocity 20 diameters depth, Vs,20D, which was the pile length em-
ployed in the continuum solutions. An alternative normalisation, a0μ, (shown in equation 24) 
was suggested in [12, 27] using μ directly. However, this was not suitable in this case due to 
the different μ definition for each solution.

(24)

As for the homogeneous case, the energy method with real-valued shape functions matches 
the continuum results for low frequencies, but significantly underestimates the pile head stiff-
ness and overestimates the pile head damping coefficient at higher frequencies. However, the 
complex-valued shape functions result in a solution much closer to the continuum results. Note 
that a rigid boundary was employed in both continuum solutions as perfect absorbing bounda-
ries are not available for the inhomogeneous soil profile. This is not a limitation for the Winkler 
model, therefore the undulations of the impedance functions and cut-off frequency evident in 
the continuum results are not present.

8 CONCLUSIONS 

An energy method for predicting the head response of laterally-loaded piles according the 
dynamic Winkler model has been investigated and extended. The performance of the approach 
with the commonly employed, real-valued shape functions has been compared with numerical 
continuum results, as well as the closed-form (Winkler) analytical solution for homogeneous 
soil and an alternative solution employing complex-valued shape functions in inhomogeneous 
soil. Three different methods for selecting the Winkler stiffness coefficients have been em-
ployed. The following conclusions can be drawn:

The simplifying assumption of real-valued shape functions allows analytical expressions
for the (real-valued) pile head stiffness and damping terms to be obtained, such as those
provided in [11].
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Figure 3: Normalised dynamic lateral head stiffness of piles embedded in an inhomogeneous soil with stiffness 
varying linearly with depth from a value of zero at the surface; (a) (b) (c) 

( and numerical data from Syngros 2004).

At low frequencies, the energy method with real-valued shape functions gives similar re-
sults to the analytical, closed-from Winkler solution for homogeneous soil. However, as
the frequency increases it underestimates pile head stiffness and overestimates pile head
damping.

The solution employing complex-valued shape functions reproduces the homogeneous an-
alytical solution in closed-form.

For the inhomogeneous soil considered, both real-valued and complex-valued shape func-
tions provide similar results at low frequencies. However, at higher frequencies the real-
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valued shape functions result in underestimating pile head stiffness and overestimating pile 
head damping. This effect is more pronounced than for homogeneous soil.

With the more rigorous complex-valued shape functions, the Winkler model performs well
compared to the numerical continuum results in both the homogeneous and inhomogene-
ous soil profiles considered.
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