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Abstract. This work analyzes the in-plane response of unreinforced and reinforced masonry
arches by adopting micromechanical finite element (FE) models. These allow to describe onset
and evolution of degrading mechanisms until failure, including the accurate characterization
of the pre- and post-peak behavior. Two different models are adopted: the first considers each
masonry component, brick and mortar, as continuous material discretized with quadrilateral
FEs; the second connects properly resized bricks through interfaces representing both mortar
and mortar-units interaction. Linear elastic behavior is assumed for bricks, whereas a cou-
pled damage-friction constitutive law is adopted for mortar to account for typical arch collapse
mechanisms involving flexural hinges and shear sliding. As concerns the modeling of the rein-
forcements, these are considered as truss elements with bilinear response in tension. In such a
way the debonding and delamination phenomena are accounted in a simplified way.

Results obtained with the proposed models are validated through comparison with exper-
imental data and solutions obtained from other numerical approaches. It emerges that the
response of both the unreinforced and reinforced elements are satisfactorily described, as well
as the positive effect of the introduction of the reinforcement on the collapse load and failure
mechanism.
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1 INTRODUCTION

Most of historical masonry constructions, including monuments, urban buildings and bridges,
are based on arch systems. These typically show high carrying capacity under gravity loads, but
under point loads or seismic actions the thrust line falls outside the arch central core, inducing
tensile stresses with the onset and growth of microcracks which, eventually, lead to the struc-
tural collapse. A traditional strengthening technique consists of the insertion of tie-rods which,
however, have a strong visual impact and in some cases are not accepted. The scientific com-
munity proposed and developed several types of alternative strengthening techniques aimed at
improving the arch performance with no visual impact and with negligible added mass. These
are based on innovative composite materials consisting of glass fibers, carbon fibers, steel rod
or other materials embedded in polymer or mortar matrices. Several experimental campaigns
proved the efficiency of such strengthening systems [1], which usually increase the structural
capacity in terms of both ductility and maximum strength. Apparently, the type of reinforce-
ment and matrix [2, 3] and the reinforcement location [4, 5] significantly affect the overall
response. Moreover, the classical collapse mechanism of unreinforced arches, involving the
formation of four flexural hinges, is modified for strengthened structures. The failure modes
are, in fact, usually characterized by shear sliding, masonry crushing, reinforcement rupture,
debonding and delamination phenomena [1].

The experimental research is developed together with the formulation of efficient numerical
models to reproduce and predict the arch structural response. In this framework, limit anal-
ysis approach is a consolidated tool for the assessment of the arch safety. Starting from the
first applications of Heyman [6], many other enriched models have been proposed, where Hey-
man’s hypotheses are partially or all removed [7, 8, 9] . The success of these models is mainly
due to their simplicity and the reduced number of material parameters required in the analy-
sis. The main limit is that no information is given on the pre- and post-peak response as well
as the evolution process of the nonlinear mechanisms. To overcome these restrictions, accu-
rate nonlinear finite element (FE) models have been developed [10, 11, 12]. Most of these are
typically based on micromechanical, multiscale and macromechanical approaches [13, 14] and
introduce nonlinear constitutive laws to describe the onset and evolution of degrading mecha-
nisms. In particular, detailed micromechanical finite element formulations model each masonry
constituent, brick and mortar, and their interaction. However, some simplified hypotheses are
usually assumed to reduce the computational complexity, still ensuring enough accurate results.
Neglecting the explicit modeling of the unit-mortar interfaces, the composite masonry material
is regarded as the assembly of bricks/units and mortar joints which simultaneously describe
mortar material and interfaces. According to this approach, in this work two strategies are
adopted and compared to analyze the in-plane response of masonry arches. The first model,
recently presented in [15], considers masonry components, units and mortar, as continuous ma-
terials discretized with quadrilateral FEs. Conversely, in the second model, masonry is modeled
as the assembly of expanded units and interface elements representing both mortar and unit-
mortar interaction. The two models are based on the same constitutive hypotheses, i.e. linear
elastic and nonlinear behavior are assumed for bricks and mortar, respectively. The damage-
friction law originally proposed in [16] is employed for joints. This allows to capture the typical
failure modes of arches due to fracture mode I and II, and has been recently extended to mortar
joints modeled as 2D [17] or 3D [18] interfaces. Moreover, when dealing with strengthened
arch systems, reinforcements are modeled with truss elements, whose constitutive response is
properly identified to also reproduce the debonding and delamination phenomena in a simplified
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and conventional way [8, 10, 19].

To prove the capability of the proposed models to reproduce the response of unreinforced
and reinforced arches, some numerical applications are performed on properly selected ex-
perimental tests. The results, in terms of global response curves and failure mechanisms, are
compared with the experimental outcomes, as well as with those obtained by means of different
FE numerical approaches.

2 MICROMECHANICAL FINITE ELEMENT MODELS

Two micromechanical FE models are presented to investigate the response of masonry arches.
Both adopt isoparametric quadrilater FEs to discretize the bricks, but differ in the way the mor-
tar joints are modeled. The first (Figure 1(a)), named as continuous model (CM), also uses
isoparametric quadrilater FEs to describe mortar as continuous materials. The second (Figure
1(b)), later called as interface model (IM), adopts interface elements to model the mortar joints.
Moreover, truss elements are used to introduce in a simple but effective way the strengthening
material.

In the following, details about the constitutive assumptions made for brick, mortar and rein-
forcement are provided. Figure 2 gives a summary of the modeling choices.

(a) (b)

mortar joint mortar joint

as interface

brick

resized brick

Figure 1: Micromechanical models: masonry as the assembly of (a) bricks and mortar joints, (b) interfaces and
expanded bricks.

2.1 Constitutive laws of masonry constituent materials and reinforcement

Similar constitutive hypotheses hold for the two micromechanical models CM and IM, as
both assume nonlinear mechanisms only occurring in the mortar and linear-elastic response for
units. Plane stress conditions are considered. Hence, the linear elastic relation between stresses,
o’ = {oh o} T{’Q}T, and strains €” = {£} £}, }T, holds for bricks:

o’ = CP¢ (1)

being C? the elastic constitutive matrix for 2D plane stress problems, depending on the Young’s
modulus £° and Poisson coefficient 1/°.

As for the mortar, the damage-friction law proposed in [16, 17] is assumed. This is properly
formulated to analyze the response of arbitrarily curved masonry elements with variable incli-
nation of mortar joints [15]. The constitutive law accounts for the typical flexural and shear
degrading mechanisms characterizing masonry nonlinear behavior, that is degradation due to
the onset of microcracks, friction effects caused by closure of microcracks in compression and
unilateral stiffness recovery.

Herein, the main governing equations are recalled, specializing them on the basis of the
modeling approach, CM or IM, adopted for the mortar. Indeed, stresses, o, and strains, €, are
the static and kinematic descriptors of the mortar as continuous material, whereas tractions,
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Figure 2: Types of finite elements and constitutive laws adopted for: (a) brick, (b) reinforcement and (c) mortar.

t, and displacement jumps, s, are the corresponding quantities in case of interfaces modeling
mortar joints.

The constitutive law is firstly defined in the local reference system (zr, xxy) of each mortar
layer, being 7" and N the directions aligned with mortar joint width and thickness (Figure 1(c)).
Then, it is expressed in the global system (x1, x5) by using standard transformation rules. The
constitutive law for the CM is expressed as:

or eT h(en)er
ON =Cm EN —D h(€N>€N (2)
TNT INT V%T

~——

where C™ is the mortar elastic constitutive matrix for plane stress conditions and 7 is the
inelastic strain vector accounting for damage D, unilateral contact and slip 7.
Similarly, tractions t at the interfaces are computed as:

Ezﬂ - Km( [jﬂ P [h(sf)sjv]) 3)

being K™ the diagonal matrix collecting the stiffness values, K and K, along the tangential
and normal directions, respectively, to the interface. In Egs. (2) and (3), i(e) denotes the Heav-
iside function (h(e) = 1, if @ > 0 and h(e) = 0 otherwise), describing the unilateral stiffness
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recovery due to the re-closure of the tensile cracks in compression.
According to its physical meaning, the damage variable D can range between O and 1, repre-
senting virgin and fully degraded material states, respectively. Its evolution law is stated as:

1
D = maxpstory {0 , min {1, E (%) }} 4)

where (3 is the damage associated variable which assumes the following forms for continuous
and interface mortar, respectively:

2 2 2 2
€ s
EN,0 YNT,0 SN,0 ST.0
In Eq. (5), the Macaulay’s brackets (e) select the positive part of the quantity; e and Yy,
are the first crack strains, while sy and s7 are the displacement jumps at the onset of the
damaging mechanism (see Figure 2(c)).

Parameter 7 introduced in Eq. (4) rules the coupling of mode I and II of fracture, and assumes
the following expression for CM:

1
n=1- e [(en)2 v + (vvr)*nnr ] with a = \/<€N>3_ + (yvr)? (6)

being 1y and ny7 quantities defined on the basis of the peak values of the stresses, oy and
TnT,0, and the mode I and II fracture energy densities, g.; and g.y, as:
ON,0EN,0 TNT,0 YNT,0
N =—f(—", INT= —(F (7)
29er 2gerr

As for IM, the expressions corresponding to Eqgs. (6) and (7) are obtained simply introducing
the peak tractions, ¢ o and ¢, the displacement jumps, sy and s7, and the fracture energies
for unit area, G.; and G ;.

Finally, the classical Mohr-Coulomb yield function is adopted to govern the evolution of the
inelastic slip, & , modeling the frictional mechanisms at the interface between mortar and
bricks for CM:

p(c?) = potl + || (8)
or s4. for IM,
o(t?) = pty + [t]] 9)

being p the friction parameter. Then, the following non-associated flow rules are considered:

. 74 . 14
7]}%[11 Y TNT D T (10)

= \—L
d |’ T d
v 7|
together with the Kuhn-Tucker loading-unloading conditions. The resulting constitutive re-
sponses for mode I and mode II are schematically depicted in Figure 2(c).
As concerns the constitutive response in tension of the truss element modeling the reinforce-
ment layer, the bilinear elastic-damage law proposed in [20] is adopted:

o"=(1—D)E & (11)

358



Daniela Addessi, Cristina Gatta, Mariacarla Nocera and Domenico Liberatore

where D" is the damage variable evolving on the basis of the following rule:

. ‘gr _ g'r‘ H'r'
D :math,y{o, Eoal( - (12)

As emerges from Figure 2(b), the resulting stress-strain relationship in compression is linear
elastic and in tension is bilinear, with the first elastic branch characterized by stiffness £" and
the second branch described by the reduced stiffness H". In case, the constitutive relationship
in Eq. (11) and the damage evolution law in Eq. (12) could easily be modified and enriched to
describe the typical trilinear responses of composite reinforcement under tensile loads [3, 21].

2.2 Regularization techniques

The constitutive relationships adopted for reinforcements and mortar joints exhibit strain
softening branches, as clearly shown in Figure 2(b,c). This means that the typical pathological
mesh-dependency would affect the numerical FE response, if no proper regularization tech-
niques are applied in the case of the continuous models adopted for the mortar and the re-
inforcement. In this work, two different regularization strategies are assumed: the nonlocal
integral approach and the fracture energy technique.

The evolution problem of damage in each mortar joint is ruled by nonlocal quantities. In
particular, variables (3,  and « in Egs. (5), and (6) are evaluated on the basis of the nonlocal
strain vector €. At the generic point x of the k-th mortar joint, € is defined as:

1
o 0(x,y)dQ% (y)

£(x) Y y)e)d(y) (13)

where QF denotes the area of the mortar joint k. The weight function v, measuring the influence
of the point placed at y on the analyzed point located at x, is assumed as the classical Gaussian
function. This latter depends on the nonlocal radius . related to the characteristic length of the
mortar. No interaction between different joints is accounted for.

The fracture energy approach is employed to regularize the numerical response of the rein-
forcement. This is a consolidated tool based on the adjustment of the post-peak slope of the
stress-strain law depending on the size of the element. To this end, the stress-strain curve is
properly modified. The energy dissipated in the finite element is equal to G, i.e. the assigned
value in tension. A characteristic length /¢ is defined for each truss element. The specific frac-
ture energy ¢, defined in Eq. (14), is then scaled so that it results ¢g"/° = G" for each truss
element with:

T

c o1
gr = / O'T<€T>d€7 + 50'656 (14)

0

For each scaled ¢, the corresponding value of the reduced stiffness " is defined, with the aim
of evaluating the evolution of damage, as described in Eq. (12).

3 CORRELATION STUDIES: EXPERIMENTAL-NUMERICAL COMPARISON

Capability of the presented models in describing mechanical response of arch systems is
evaluated with reference to the experimental campaign performed by Oliveira et al. [5]. The
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tests investigated the response of twelve segmental half-scaled masonry arches subjected to in-
creasing concentrated load applied at the quarter span up to failure. Two unreinforced arches,
called US1 and US2, were tested and their reference response was used to evaluate the efficiency
of strengthening techniques. The remaining samples were strengthened with different arrange-
ments of GFRP (Glass Fiber-Reinforced polymer) strips. Continuous and localized strips were
located at the intrados and/or extrados, also varying the reinforcement width.

Each arch was built with clay bricks (size 100 x 50 x 25 mm?®) assembled with 10 mm thick
mortar joints. Figure 3(a) shows the resulting geometry characterized by an internal span and
radius equal to 1467 mm and 750 mm, respectively, thickness 50 mm and out-of-plane width
450 mm.

In the following, the mechanical response of the arches is numerically reproduced and the
results are compared with the experimental outcomes and those derived by other numerical
approaches. Particular attention is devoted to the analysis of the onset and evolution of the
degrading mechanisms and the variation of the maximum load and failure mode caused by the
presence of the reinforcement.

3.1 Response of unreinforced arches

The response of the unreinforced arches US1 and US2 is analyzed adopting both CM and
IM. The first model, CM, discretizes each brick and mortar joint with 5 x 3 and 5 x 1 quadri-
lateral isoparametric FEs, respectively. The last, IM, adopts a similar discretization for the
resized units, but 5 x 1 zero-thickness interface elements for each joint. As for the mechanical
parameters of the constituent materials, these are set according to the available experimental
data [5] and the numerical analyses performed by Di Re et al. [11]. Tables 1 and 2 contain the
mortar mechanical parameters assumed for CM and IM, respectively. In detail, Table 2 shows
the same quantities of Table 1 but expressed for the interfaces, and derived assuming that each
interface models a mortar joint with a constant thickness equal to /™ = 10 mm. Consequently,
Ky =FE"/I" Ky =G/, Gy = ger X U™ and Goj; = gegp X U™ are set. Young’s modulus
E® = 5000 MPa and Poisson ratio v = (.2 are assumed for bricks when adopting the contin-
uous model. Instead, a scaled value E*° = 7000 MPa is considered for IM to account for brick
scaling and, consequently, describe the correct initial stiffness of the arches. Considering that
resized bricks have length [ = [* + {™, E”" is evaluated as £ = L E".

E™[MPa] G™[MPa] ono[MPa] 7n7o[MPal g [MPa]  ger [MPal o
1200 500 0.25 0.25 1.8 x 1073 1.25x 1072 0.5774

Table 1: Mechanical properties adopted for the mortar (CM).

Ky [N/mm?®]  Kr[N/mm?® tyo[MPa] tro[MPa] Ge [N/mm] G [N/mm] I

120 50 0.25 0.25 1.8x 1072 1.25x107% 0.5774

Table 2: Mechanical properties adopted for the mortar joint interfaces (IM).

The numerical simulations are performed assuming for both materials unit weight v =
17kN/m? and imposing a concentrated monotonically increasing load under displacement con-
trol at the nineteenth brick counted from the left impost, mimicking the loading conditions in
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Figure 3(a). The global response of the arch is depicted in Figure 3(b) in terms of vertical force
F-vertical displacement s. The dashed blue lines correspond to the experimental outcomes, the
green curve is that evaluated with the IM and the red line refers to the numerical results derived
from the CM, and already presented in [15], assuming the nonlocal radius equal to the mortar
characteristic length, that is /. = 10 mm. Finally, for further comparison, the black curve shows
the results of the multiscale model proposed by Di Re et al. [11], which adopts the same consti-
tutive modeling assumptions but employs a force-based beam formulation in conjunction with
the energy regularization technique. On the overall, a very good agreement is detected between

(a) (b)
< LA—> 2 : : .
Fls - = USI experimental [5]
¢ NARRENY I —-= US2 experimental [5]
= 1.6+ — Numerical [11] 1
i~ —— Numerical CM
N | JTEN Numerical IM
- 1.2} J
H1, H2: extrados E ............. Hz
H3, H4: intrad = e :
H4 s Intrados § 0.8 __________________
R = )
0l 705 0 b = :
P a L 04LF S~~L_ O\ T/
X 1467 i ... Limitanalysis | ey |
| L ! 0 1 L L L L
0 0.5 1 1.5 2 2.5 3

Vertical displacement s [mm]

Figure 3: Unreinforced arches tested by Oliveira [S]: (a) geometry (dimensions in mm), loading conditions and
experimental hinge (H) location, (b) experimental and numerical load-displacement global curves.

all solutions in terms of initial stiffness, collapse load and ductility. The curves referring to
the CM and IM show slight discrepancies caused by the intrinsic differences between the two
modeling assumptions. For instance, the mechanical characteristics assigned to each interface
FEs are derived assuming, in a simplified manner, a constant mortar thickness of 10 mm, thus
failing to describe the small variation of thickness characterizing each mortar joint starting from
the intrados to the extrados of the arch. Moreover, unlike IM, CM adopts a nonlocal integral
formulation which consistently affects the evolution of degrading mechanisms.

Moreover, in Figure 3(b), the collapse load value evaluated by the classical limit analysis is
depicted with dashed black line. This is estimated following the three hypotheses of Heyman
[6]: masonry has no tensile strength, masonry has infinite compressive strength and sliding
cannot occur between joints. It is noted that both numerical and experimental response curves
approach the limit value from above, thus predicting a higher peak load. This interesting aspect
is caused by the not negligible tensile strength of the mortar, which moves away from the first
Heyman’s hypothesis, as more in detail investigated in [8, 15].

As for the failure mechanism, this experimentally involves the formation of the classical four
flexural hinges located at the intrados and extrados, alternatively (Figure 3(a)). Same results are
obtained with the proposed numerical models, as evident from Figure 4(a) and (b) which con-
tain the arch deformed configurations at the end of the analyses for IM and CM, respectively.
The distribution of the damage variable D defined in Eq. (4) is also illustrated in Figure 4(b),
showing that damage variable, varying between 0 and 1 according to its physical meaning, is
concentrated in the zones where tensile stresses are expected to be higher. The onset of fully
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cracked sections, corresponding to the formation of nonlinear hinges, is the cause of the steep
load drops characterizing the load-displacement global curve in Figure 3(b), as indicated by
the green and red circle markers. Finally, it should be emphasized that the two models provide
indistinguishable results in terms of deformed structural configuration and predict location and
order of formation of the hinges in accordance with the experimental outcomes.

(a) (b) damage D

1.00E+00
9.17E-01
8.33E-01
7.50E-01
6.67E-01
5.83E-01
5.00E-01
4.17E-01
3.33E-01
2.50E-01
1.67E-01
8.33E-02

HZ 2 H4 H2 0.00E+00

H3
H1

H4

Figure 4: Numerical failure mode of the unreinforced arches tested by Oliveira [5]: (a) deformed shape obtained
with IM, (b) deformed shape and distribution of the damage variable D obtained with CM.

3.2 Response of GFRM strengthened arches

The response of the GFRP strengthened arches is analyzed by employing the CM. As men-
tioned before, three main strengthening approaches were tested in [5]. Here, continuous con-
figuration at the extrados is considered and numerically reproduced. The experimental set was
composed of two arches (CSE1 and CSE2) strengthened with two continuous GFRP strips
of 50 mm width, and the other two arches (CSE3 and CSE4) with two GFRP strips 80 mm

width each. In Figure 5(a), the strengthening arrangement applied over the external substrate is
schematically shown.

a b
(a) ®)
. 354
2 GFRP strips _
(w=280or w=50) é 3t
=251
=
s 1
o a
< f lI
2 1.5/ CSEl exp. [5] i )
8 ——CSE2 exp. [5] i |
extrados 1 ——CSE3 exp. [5] '.',’ |
--- CSE4 exp. [5]
05§ |— CSE1-CSE2 num. CM I
0 — CSE3-CSE4 num. CM .
0 10 20 30 40 50

Vertical displacement s [mm]

Figure 5: Strengthened arches tested by Oliveira [5]: (a) location of continuous extrados strengthening (dimension
in mm), (b) experimental and numerical load-displacement global curves.

Two numerical models are considered to reproduce the different configurations by varying
the size of the strips for the reinforcement and assuming the geometrical characteristic provided
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in [22]. Young’s modulus is set equal to £” = 80000 MPa, according to the experimental
results of the tensile tests performed on several GFRP samples [22]. The reduced stiffness,
characterizing the second branch of the bilinear stress-strain relationship in tension, is assumed
equal to /" = 0.01E". The tensile strength, oj = 200 MPa, is calibrated to reproduce the
experimental response and this is representative of both the reinforcement tensile strength and
the reinforcement/masonry interaction behavior.

Figure 5(b) shows the comparison of the vertical load-vertical displacement global curves nu-
merically and experimentally evaluated. Results referring to the configuration with 50 mm
GFRP strips are depicted in red color, whereas those related to 80 mm GFRP strips are reported
in blue color. Overall, a good agreement emerges between the experimental and numerical
responses. The sliding failure characterized all the experimental specimens CSE, almost cer-
tainly due to their weak resistance against shear mode. The failure mechanism exhibited during
testing is illustrated in Figure 6(a). It involves the formation of three hinges: in particular, a
sliding hinge was located close to the right support. In Figure 6(b) the deformed numerical
configuration is shown referring to the end of the analysis and to the case of strips 50 mm wide.
According to the experimental outcomes, two sliding hinges appear. The first is located under-
neath the loading point, the second close to the right support. The numerical failure mechanism
and the damage distribution shown in Figure 6(b) are representative of both the strengthening
configurations. In fact, it is noted that the increase of the GFRP strips size from 50 mm to 80 mm
did not produce significant variations in the structural response in terms of failure mechanism.
Although this type of strengthening does not permit joint opening at the extrados, a widespread
damage distribution seems to appear in the numerical model at the location opposite to the load
application.

damage
(b) D and D

1.00E+00
9.17E-01
8.33E-01
7.50E-01
6.67E-01
5.83E-01
5.00E-01
4.17E-01
3.33E-01
2.50E-01
1.67E-01
8.33E-02
0.00E+00

sections

Figure 6: Externally strengthened masonry arches tested by Oliveira [5]: (a) experimental failure mechanism
[5, 22], (b) numerical failure mechanism and distribution of the damage variables D and D" obtained with CM.

4 CONCLUSIONS

* This paper presented two micromechanical FE models for the analysis of the in-plane
response of masonry arches. These are based on the same constitutive assumptions, but
adopt different strategies to model mortar joints. The CM considers the mortar as a con-
tinuous material modeled with 4-node isoparametric FEs, whereas the IM discretizes each
mortar joint by means of 2+2 zero thickness interface elements. Linear elastic behavior
is assumed for bricks, whereas a coupled damage-friction constitutive law is adopted for
mortar to account for flexural and shear failure mechanisms.
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* Effectiveness of the models in describing maximum strength and collapse modes of unre-

inforced and strengthened arches was proved by comparison with experimental outcomes.

Satisfactory agreement is found between numerical and experimental results as regards
the unreinforced case. The numerical load-displacement global curves, as well as the
four hinge mechanism, well match the experimental counterpart. Moreover, the two nu-
merical models provided very similar structural responses with only slight discrepancies
caused by the different modeling assumptions. Hence, it emerged that the adoption of
interface elements to model response of mortar joints is an efficient alternative to the use
of continuum finite elements.

The numerical results referring to strengthened arches with GFRP strips bonded at the
extrados are encouraging. Despite the reinforcement was modeled in a simplified way by
means of truss elements with mechanical properties representative of both reinforcement
itself and its interaction behavior with the substrate, the change of the structural response
with respect to the unreinforced case is well reproduced. The presence of the reinforce-
ment prevented the hinge mechanism formation and let the shear sliding mechanism to
prevail.

Further improvements of the model could be performed by introducing the explicit mod-
eling of the reinforcement-substrate interaction in order to distinguish failure mechanisms
due to debonding and reinforcement rupture. To this end proper interface elements con-
necting masonry and reinforcement [23, 24] could be considered. Moreover, the constitu-
tive assumptions could be modified and enriched to account for the nonlinear mechanisms
involving the bricks, as masonry crushing is likely to occur in strengthened arches due to
the onset of high compressive stresses.
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