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Peter Troch3, Moncho Gómez-Gesteira2, Giacomo Viccione1

1University of Salerno
Via Giovanni Paolo II, 132, 84084 Fisciano, Italy

capassosalva7@gmail.com, btagliafierro@unisa.it, gviccione@unisa.it, r.montuori@unisa.it

2Universidade de Vigo
Campus As Lagoas s/n, 32004, Ourense, Spain

ivan.martinez.estevez@uvigo.es, jmdominguez@uvigo.es, alexbexe@uvigo.es, mggesteira@uvigo.es

3Ghent University
Department of Civil Engineering, 9000 Belgium

Joe.ElRahi@ugent.be, Vasiliki.stratigaki@ugent.be, Peter.Troch@UGent.be

Keywords: SPH, Euler-Bernoulli, Linear Elasticity, FSI, CFD, DualSPHysics, Project Chrono.

Abstract. This work presents a novel numerical framework for dynamic analyses of structure
systems within the meshless approach Smoothed Particle Hydrodynamics (SPH) method. The
Lagrangian solver DualSPHysics presents several advantages over the widely used Eulerian
solvers, dealing with nonlinearities and multiphase phenomena with reasonable numerical sta-
bility and reliability. The proposed procedure exploits the mechanical features provided by
the Project Chrono library to simulate elastic beams. The modelling procedure is of interest for
studying complex soil-, solid-, fluid-structure interactions, involving a system that includes all of
the aforementioned phases in a unitary context. The analytical formulation to pass information
over to the SPH solver for generating a sub-assembly of rigid stubs and elastic hinges, that will
mimic the behavior of a Euler-Bernoulli flexible beam, is presented. The approach is validated
against theoretical Euler-Bernoulli solutions: the agreement between the theoretical solutions
for the behavior of the flexible beams and the presented model is very good and increases when
the number of elements that make up the beam, N , increases. In addition, the behavior of the
flexible beam thus created in the SPH environment is validated considering a sensitivity anal-
ysis based on several parameters, such as the model resolution (initial interparticle distance)
and the number of elements.
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1 INTRODUCTION

The Meshfree Particle Methods (MPMs) present several advantages over mesh-based meth-

ods, like the natural ability to solve multi-mechanics problems: the Lagrangian nature of this

family of numerical methods allows to compute, with relative ease, multi-mechanics problems

involving complex interfaces and moving boundaries. In particular, the Smoothed Particle Hy-

drodynamics (SPH) method, is, by now, well established in the Computational Fluid Dynamics

(CFD) discipline, and its effectiveness has been proven in several works, especially when deal-

ing with free-surfaces flows and large deformations [1].

The DualSPHysics code has been applied to several multiphysics phenomena, for exam-

ple in coastal engineering simulations: to compute forces exerted by large waves on the urban

furniture of a realistic promenade [2], to study the run-up on a real armour block coastal break-

water [3, 4] and to simulate large waves generated by land-slide events [5]. Other successful

applications of DualSPHysics are performed in the field of renewable energies, for example

the simulation of Wave Energy Converters (WECs) in several contexts: from the study of the

moorings and floatings dynamics [6, 7, 8, 9], to the efficiency [10] and survivability [11] anal-

ysis when combined with closed loops [12, 13], PTO systems [4, 14] or non linear mechanical

constraints [15]. These works present first attempts of reproducing the effects of power take-off

systems through simplified, although reliable, approaches. Specific validation of Fluid Struc-

ture Interactions (FSI) in DualSPHysics are provided by [16]. However, an option to model

flexible objects is not yet available.

In this work, the potentiality of an SPH-based solver, DualSPHysics [17], augmented with

the Project Chrono library [18], developed as a general purpose simulation framework for multi-

body problems, are utilized to simulate the flexural behavior of one-dimensional beams. Other

approaches to this issue, with the SPH formulation, can be found in several works (for ex-

ample, [19, 20, 21, 22]). Rigid bodies and mutual constraints allow developing an alternative

framework for the dynamics analysis of structural systems, able to reproduce extremely high

deformations of flexible elements, under complex and time-variant load conditions, or impacts

- useful for simulating the response of engineered structures under the menaces of hazardous

natural events. The aforementioned numerical architecture, in fact, provides a robust and reli-

able framework for studying fluid-solid interaction, handling arbitrarily defined fluid-structure-

structure coupled systems, consenting to specify mutual and/or absolute constraints, such as

joints and sliders. SPH is a suitable method for modelling water-related natural hazards due to

its characteristics [23, 24].

The proposed beam model relies on a lumped elasticity formulation, in which the only de-

formation allowed is represented by the relative rotation between consecutive trunks. A similar

representation can be found in [25], while a valid application of this formulation to structure

collapse is presented in [26]. To improve this work, following [25] and [26], the interactions

between the rigid bodies, modelled as mutual constraints, can be characterized by elastic, then

plastic behavior, up to a threshold value of stress that determines the collapse. For the pecu-

liarities of the Lagrangian-based method here presented, the latter situation is reproducible with

relative ease, encouraging further investigations. In the SPH-based framework, the dynamics of

the trunks, and so of the beam as a whole, depends on the Newton’s equations for rigid bodies,

computed taking into account the mutual constraints and the interaction with external forces.

A numerical algorithm developed from classical static theories is here proposed (i.e. Euler-

Bernoulli (EB) beam theory), and implemented in DualSPHysics to simulate linear elasticity,

using the features provided by the coupling with Project Chrono. In the following, after the
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presentation of the SPH formulation implemented in the DualSPHysics code, and its coupling

with Project Chrono, the theoretical approach is formulated and validated against EB solutions.

Then, the proposed approach is reproduced in DualSPHysics by combining hinges and rigid

bodies and their response in investigated.

2 SPH FORMULATION

MPMs in general refers to the class of meshfree methods that employ a set of finite number

of discrete particles to represent the state of a system and to record its movement. Each particle

can either be directly associated with one discrete physical object, or be generated to represent

a part of the continuum problem domain. For CFD problems, each particle possesses a set of

field variables such as mass, momentum, energy, positions etc., and other variables (vorticity,

etc.) related to the specific problem. The advantages of the MPMs methods over conventional

grid-based numerical methods can be roughly summarized as follows:

• the problem domain is discretized with particles without a fixed connectivity, so treatment

of large deformation is relatively easier;

• discretization of complex geometry is simpler as only an initial discretization is required;

• it is easy to obtain the features of the entire physical system through tracing the motion

of the particles, therefore, identifying free surfaces, moving interfaces and deformable

boundaries, is no longer a tough task.

Among the MPMs, the Smoothed Particle Hydrodynamics (SPH) method is employed in the

present work.

2.1 Principles of the SPH method

The strategy in SPH is to discretize the physical domain (fluid and/or solid objects) into

a set of particles, where the physical quantities (position, velocity, density and pressure) are

obtained as an interpolation of the corresponding quantities of the surrounding particles. The

contribution of those particles is weighted using a kernel function, with an area of influence that

is defined using a characteristic smoothing length. This discretization process is divided into

two key steps [27].

The first step is the integral representation or the so-called kernel approximation of field func-

tions, consisting in the integration of a multiplication of an arbitrary function and a smoothing

kernel function. The integral representation of a generic spatial function f(r) within an integral

volume Ω, is given by:

< f(r) >=

∫
Ω

f(r’)W (r − r′, h)dr′ (1)

where W is the so-called smoothing kernel function or kernel. In the smoothing function, h is

the smoothing length defining the influence area of W (Figure 1).

The second step is the particle approximation. The integral representation is approximated by

summing up the values of the nearest neighbor particles, which yields the particle approximation

of the function at a discrete point (particle).The position rb is defined as the position of a particle

having a fixed mass mb and a finite volume Vb, related by

Vb =
mb

ρb
(2)
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where ρb is the density of particle b = 1, . . . , Np in which Np is the number of particles within

the support domain of particle a. The integral representation can be written in a discrete form

for a particle a, b being part of its support domain:

< f(ra) >=

Np∑
b=1

mb

ρb
f(rb)Wab (3)

where:

Wab = W (ra − rb, h) (4)

The kernel function, hence, plays a fundamental role in the SPH method. In DualSPHysics

the Wendland [28] quintic kernel function is utilized:

W (r, h) = αD,n

⎧⎨⎩
(
1− q

2

)4
(1 + 2q) 0 ≤ q ≤ 2

0 2 < q
(5)

where:

q =
r

h
=

|r − r′|
h

(6)

and αD,n is a constant depending on the dimension of the problem.

a
b

κh

rab

W(|ra-rb|,h)

Ω

Figure 1: Smoothing kernel function.

2.2 Governing equations for rigid bodies

Rigid bodies are sub-sets of SPH particles, the variables of which are integrated in time with

the Newton’s equations for rigid body dynamics, in the domain frame reference.
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The equations of motion are:

M
dV
dt

= FΩ (7)

J
dΩ

dt
= FΩ

where FΩ is the total moment with respect to the center of mass, and they assume the follow-

ing aspect in particle approximation:

MI
dVI

dt
=
∑
k∈I

mk
duk

dt
(8)

JI
dΩI

dt
=
∑
k∈I

mk(rk − RI)× duk

dt

where the body I posses a mass MI , velocity VI , inertia tensor JI , angular velocity ΩI and

center of gravity RI . The vectorial quantities are computed at every time step (discretizing

the temporal derivative d
dt

). The force by unit mass applied to the particle k belonging to I is

expressed as mk
duk

dt
, encompassing body forces (gravity) and external loads resultants. The net

force on each boundary particle is computed according to the sum of the contributions of all

surrounding fluid particles according to the designated kernel function and smoothing length. It

is clear that every particle within the body has a velocity given by:

uk = V +ΩI × (rk − RI) (9)

These equations are integrated in times over a staggered interval, in DualSPHysics, using a

computationally simple Verlet based scheme that guarantees a second order spatial accuracy.

For more details about rigid bodies in DualSPHysics, [29] is suggested.

2.3 Coupling scheme

Mechanisms involving contacts and impacts between parts can be modeled in terms of multi-

body systems with unilateral constraints. Considering the success of SPH for fluid descriptions

and non-smooth multi-body solvers for mechanical systems, attempting to couple both under a

generalized framework should provide new simulation possibilities, by leveraging the strengths

of both methods. Project Chrono is able to simulate a wide range of physical problems, but at

the moment, DualSPHysics uses the rigid body, constraints and collision detection parts of the

library. This allows to use a set of bodies described in meshes, define restrictions applied to

the bodies (from the implemented list of joints, hinges and springs) and compute interactions

between bodies, in a similar fashion of the DEM implementation, but in a more stable manner.

The implementation strategy is to couple both models with a message passing interface.

Once quantities from the rigid bodies are computed by DualSPHysics (Equation (8)), the time

step, along with the linear and angular accelerations from each body, are sent to the Project

Chrono module [16]. For that time step, Chrono returns the linear and angular velocities, as well

as centres of mass position, computed by integrating the fluid contributions with the dynamic

or kinematic restrictions of the system, including collisions.

3 LUMPED ELASTICITY FORMULATION

The developed approach is based on the discretization of a one-dimensional element (Fig-

ure 2) defined under the assumptions of the EB theory, which are here briefly recalled. Being x
the abscissa that identifies the beam axis:
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• the longitudinal axis of the unloaded, undeformed beam, is rectilinear;

• small shifts;

• inalterability of the cross section, i.e. always planar;

• the generic cross section Σ(x) is always orthogonal to the axis, also in the deformed

configuration;

• isotropic elastic material;

• x dimension predominant with respect to y, z.

As a consequence of these assumptions, considering the behavior of the beam to be only flexu-

ral, the function which uniquely describes its deformation is the vertical displacement function
v = v(z), namely the elastic line equation (Figure 2). Furthermore, every cross section is char-

acterized by infinitesimal rigid displacements, expressible as a summation of a translation (v)

and a rotation (ϑ) around its centre of mass G.

z z’
y

x

Σ(x) Σ(L)Σ(0)

y’

G(x)G(0)

L

G(L)

G(0) G(x) G(L)
x

Σ(x)

ϑ(x)
v(x)

(a) (b)

Figure 2: Representation of a beam with rectilinear axis (a), and relative kinematic parameters (b).

Following these considerations, it is possible to reproduce the displacement function with

the finite element representation, in which the elements assume a physical dimension, and thus

the latter are governed by the rigid body kinematics. In fact, a generic derivable function, in

this case v = v(x), can be replaced with a series of local defined low-order functions ψi, which

interpolate between the v(xi) = vi values:

v(z) ≈
∑
i

ψivi (10)

In case ψi is a first order polynomial, the approximation is linear, which can be materially

represented by rigid elements, from now on trunks. The numerical properties of the interpola-

tion polynomials are physically the positions and the lengths of the trunks, whose ending cross

section are equipped with rotational hinges. The hinge positions, related to a generic trunk,

identified respectively as i and i+ 1, are expressible with a single rotational parameter, namely

ϑi (Figure 3). The displacement of the point i+1 is known, once the the angle ϑi (rotation in i)
is note; from the Equation (9) we have:

ui+1 = Ωi × ri,i+1 (11)

which becomes in a two-dimensional EB framework, being ri,i+1 = ri+1 − ri
.
= Δx, and

assuming Ω = {0, 0, ϑi}:

vi+1 = sinϑiΔx (12)

4390



Capasso et al.

The proposed numerical model is elaborated for a cantilever, but its approximations can be

extended to any kind of Boundary Conditions (BC). This particular statical scheme was cho-

sen because several FSI problems present models akin to this one, and also various validation

processes are based on cantilevers (see [30, 31]). The cantilever, hence, is discretized as a

set of rigid trunks and rotational hinges [25]. The hinge is characterized by a proper value of

rotational stiffness Kϑ,i, constant with the length of the trunk Δx, that is deduced from the

geometrical e mechanical properties of the section.

(a) (b)Δx

i i+1

ϑi

Rigid element Δxj=1

Hinge i Hinge i+1
Fj

dij

Mij

Mi

Δxj

ϑi

Kϑ,i

Figure 3: Vertical displacement of the end of a rigid trunk (a), and discretization scheme (b).

3.1 Numerical discretization

Let us consider the cantilever section in the plane {x, y}, of length Ls and thickness hb, the

beam axis being axis of symmetry and coincident with x. Let As = hsbs be the area of the cross

section, assumed rectangular and constant, bs being the base, aligned with x, Is the moment of

inertia, Es and ρs rispectively the Young’s modulus and density of the material. The beam is

arbitrarily divided in N (identified with the subscript j) trunks Δx, linked with N (identified

with the subscript i) hinges (Figure 5). In case of constant spatial discretization, we can define:

Δx =
Ls

N
(13)

and the generic abscissa is x(i)
.
= xi. Within this framework, following the assumption that the

behavior of the beam is only flexural, as visible in the elastic line equation:

d2v(x)

dx2
= −M(x)

EsIs
(14)

the moment is the only components of tension to be dealt with. The moment Mij is defined as

the moment created by the j − th resultant with respect to the i− th hinge:

Mij = dijFj (15)

where dij is the lever arm of the force Fj , applied in the center of mass Gj of the trunk, with

Gj > xi. The total moment referred to the i− th hinge is:

Mi
.
=

N∑
k=j

Mik =
N∑
k=j

dikFk (16)

The local rotation ϑi of the i − th hinge is proportional to the total moment calculated in the

section xi, by the rotational stiffness, following the theory of linear elasticity:

ϑi =
Mi

Kϑ,i

(17)
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This value, which characterizes the flexural behavior of each trunk, can be computed once

the external load is known. To secure a correct numerical result for a cantilever scheme, the

rotational stiffness of the bearing (first section) has to be doubled with respect to the generic

stiffness value, since the first trunk can be considered semi-fixed. Thanks to rigid body kine-

matics is possible, then, to obtain the complete displacement function of the beam; let

ϑi =
i∑

k=1

ϑk (18)

be the total rotation of the i− th hinge;

vi+1 = Δxj=i sinϑi (19)

is, hence, the local vertical displacement of the section xi+1, and

vi =
i∑

k=1

vk (20)

is the total vertical displacement.
This numerical approach, being based on an equilibrium (Equation (17)), can be naturally

extended in the dynamic framework of DualSPHysics and Project Chrono, once defined the

governing parameters to be transmitted: number and dimensions of the trunks and the stiffness

related to each hinge. To complete the implementation of the one-dimensional elastic element

in DualSPHysics, the resolution parameter dp has to be defined, namely the initial inter-particle

distance, as function of the beam thickness hs:

dp
.
=

hs

pp(hs)
(21)

where pp(hs) is the number of particles per straight section.

4 Validation

The use of the SPH formulation to discretize one-dimensional flexible elements has two

main, and consequential, objectives:

1. demonstrate that a fixed set of particles is able to reproduce, properly, the behavior of a

rigid element, subject to active (force duk

dt
applied to the k − th particle, computed with

Equation (8) by DualSPHysics) and reactive (forces exerted by the mutual and absolute

constraints, computed by the Project Chrono module) forces, and that several rigid ele-

ments and links can be combined to mimic one-dimensional flexible beams;

2. proved the first statement, the potentialities of the SPH method can be exploited: due

to the use of rigid body dynamics, high order elasticity formulations are not required

to compute extremely high deformations; the natural ability to reproduce free-surface

flows, impacts, complex interfaces, can be used, then, to investigate fluid elastic-structure

interactions (for example [20, 32, 33]).

The validation is based on a static comparison between the analytical and numerical dis-

placement function of a cantilever: being the DualSPHysics framework dynamic, the results of
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a static case can be generalized with ease to a wide field of dynamic conditions. The potentiali-

ties of this approach in the SPH framework are, then, shown in several works, which represent

various possible physical contests, like interaction with free-surfaces flows or dynamics impacts

with fluid mass (reproducing a dambreak flow impacting a flexible obstacle [31, 33]).

4.1 Cantilever test case: static validation

Here the graphics of the statical deflection of the beam, compared against the EB solution,

are exposed. The elastic line equation for a cantilever gives:

van(x) =
qsL

2
sx

2

4EsIs
− qsLsx

3

6EsIs
+

qsx
4

24EsIs
(22)

where qs = qs(x) is the vertical load (only gravitational load, in this case).

The sensitivity analysis on the model is conducted with variable number of trunks (N ) and

with different values of resolution. The displacement function in the DualSPHysics dynamic

framework is obtained by adding a linear spring element at the free end of the cantilever, as

schematized in Figure 4. The circles in Figure 4(b) represent the hinges, that mutually link the

trunks, identified with the color bar and a number mk.

Ls=0,079 m

c=0,08 [Ns/m]

hs=0,005 m

fixed boundary

trunk j=i

hinge i

(a) (b)

Figure 4: Simulation set-up (a) and relative SPH model (b).

The ulterior constraint works uniquely as a liner damper, being the stiffness value set to zero,

thus affecting only the velocity of the oscillation and yielding to the steady state for the system.

In the two-dimensional {O, x, z} space of our simulations, the force exerted by the additional

constraint is:

Fls = cuv,z (23)

where c is the damping, considering the cantilever axis parallel to x axis.

In the Table 4.1, the model information necessary for the DualSPHysics simulations is re-

called, with clear significance of the nomenclature. The simulation shows the rising agreement,

in the SPH framework, depending on the number of trunks. The agreement is good, and the

model can be considered effective with the first value of resolution,

dp =
0.005

5
= 0.001 [m] (24)

the displacement function being properly fitted (Figure 5(a)), despite a small deviation around

the centerline, regardless of the number of trunks.This is highlighted in the zoom (Figure 6(a)).

By doubling the resolution, instead, the numerical solution is perfectly reproduced (Figure 5(b)).
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Dimensions

Ls [m] 0.079

bs [m] 0.005

hs [m] 0.005

Physical characteristics

ρs [kg/m3] 1100

Es [N/m2] 1.2E+7

g [m/s2] 9.81

c [Ns/m] 0.08

Table 1: Dimension and physical characteristics of the cantilever.

x [m]

v(
x)

; 
v an

(x
) 

[m
]

x [m]

v(
x)

; 
v an

(x
) 

[m
]

(a)

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

x [m]

-2.5

-2

-1.5

-1

-0.5

0

v(
x)

; 
v an

(x
) 

[m
]

10-3

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

x [m]

-2.5

-2

-1.5

-1

-0.5

0

v(
x)

; 
v an

(x
) 

[m
]

10-3

(b)

Figure 5: Comparison between the DualSPHysics results and the analytic solution: first value of resolution (dp =
1 [mm]) (a), and second value of resolution (dp = 0.5 [mm]) (b).

It is safe to say, after this test, that the software is able to simulate the static displacement

function of an EB cantilever, and the model converges with the analytical solution as the number
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of trunks increases, as visible in Figure 6. With a higher number of particles the precision is

very high (Figure 6(b)), but more costly in terms of computation, since the resolution value is

unique for all the simulated domain. The particle analysis on the beam model shows that beyond

a certain value of particles per cross section, the agreement remains unchanged. These two

values, the number of trunks and the number of particles, influence the computational effort: the

former by increasing the number of interactions to be computed by the Project Chrono module,

the latter by increasing the number of discrete entities where the field variables have to be

calculated by DualSPHysics, with more neighbors within each support domain. With N = 10,

as seen in Figure 5, the model is already effective in simulating one-dimensional beams; for

what concerns the resolution value, an adequate value of pp(hs) is enough to guarantee the

numerical stability. It means that, in complex simulation involving fluid domains, the resolution

needed for the beam constitutes the lower limit, which could be increased if required by other

relevant conditions, just as the number of trunks, which can be raised if there are particular

situations or a very high precision is required.

x [m]

v(
x)

; 
v an

(x
) 

[m
]

EB solution
N=5
N=10
N=20

(a)

x [m]

v(
x)

; 
v an

(x
) 

[m
]

EB solution
N=5
N=10
N=20

(b)

Figure 6: Convergence analysis of DualSPHysics results: first value of resolution (dp = 1 [mm]) (a), and second

value of resolution (dp = 0.5 [mm]) (b).

5 CONCLUSIONS AND FUTURE WORK

The results show very good agreement between the analytic solutions and the presented

model, highlighting its applicability to elastic cantilevers, or comparable static schemes, in-

teracting with fluid or, in general, subject to dynamic impacts, time-variant load conditions,

causing extreme deformations and high order effects. The numerous advantages of the SPH

formulation, hence, allow thorough investigation of structure models, based on the proposed

lumped elasticity discretization.

The solid framework of DualSPHysics and Project Chrono, moreover, offers the possibility

to simulate complex multiphysics problems, making it suit to real-world engineering problems.

Possible application fields are:

• flow-structure interactions of coastal vegetation;

• swinging of wind turbine columns subject to waves or seismic action;
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• modelling of vibrations of one-dimensional structures interacting with Newtonian or non-

Newtonian fluids; and

• structure collapse.

In conclusion, the simplicity, the effectiveness and the wide possibilities of implementation,

in several fields, make this model a valuable starting point to investigate fluid elastic-structure

interactions, or, more widely, elastic structure dynamics.
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