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Abstract 

Many bridges in earthquake-prone countries cross waterways and have foundations in 
riverbeds, and thus are exposed to flood, which may cause scour and a change of the bridge 
dynamics. The present study illustrates a modeling strategy for investigating numerically the 
influence of scour on the dynamic behaviour of bridges with scoured shallow foundations. The 
proposed strategy is based on the evaluation of the impedance functions of a massless rigid 
foundation resting on an elastic half-space under increasing depths of scour. The derived 
impedance functions are used to evaluate the effects of scour on the dynamic behaviour of a 
Soil-Foundation-Structure system representative of a bridge pier. In particular, the changes in 
the fundamental vibration period due to scour are investigated. The results of the study can be 
used for developing vibration-based scour detection techniques and for investigating the 
seismic response of scoured bridges. 
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1 INTRODUCTION 

Scour is the first cause of bridge failure worldwide [1-3], inducing not only traffic disruption 
but also significant socio-economic losses and fatalities [4-6]. Bridge scour is the erosion of 
sediments around bridge piers and abutments due to flowing water. Scour can be classified into 
natural, contraction and local scour, being the latter the most critical one. Particularly, local 
scour is formed due to local features, such as bridge piers and abutments, that obstruct the flow, 
leading to increased local flow velocities and turbulence levels that result in vortices and thus 
in local sediment movements and erosion around underwater foundations [7]. Scour may cause 
a significant loss of foundation carrying capacity [8, 9] and a reduction of the stiffness of bridges 
[10-16]. A great number of bridges worldwide, such as masonry-arch bridges, has shallow 
foundations that are more vulnerable to scour in comparison with those with deep foundations. 
Interestingly, the majority of the studies in the literature focus on the effects of scour on bridges 
with deep foundations, whereas studies related to bridges with shallow foundations are quite 
limited. Only recently, some research efforts have aimed at filling this knowledge gap [17-19].

Scour causes a change of the global stiffness of bridges, and thus a different response to 
dynamic loadings, such as earthquakes. In particular, scour can alter dramatically both the 
kinematic and the inertial soil-structure interaction, resulting in a reduction of the fundamental 
vibration frequency. There are several studies about the combined effect of scour and 
earthquake hazard on the dynamic properties of bridges [20-22], however most of them focus 
on bridges with deep foundations. To account for soil-foundation-structure (SFS) interaction 
effects, the sub-structure approach is usually employed, simulating the soil-foundation system 
in inertial interaction analyses through impedance functions [23-25]. These functions represent 
the frequency dependent stiffness and damping characteristics of soil-foundation system and 
govern relationships between forces and displacements of the compliant restraints at the 
foundation level. To the author’s knowledge, only Guo [18] investigated the seismic response 
of bridges with scoured shallow foundations. Specifically, the foundation impedance functions 
were calculated under scour hazard, which led to a reduction of the foundation stiffness and 
radiation damping. It was found that scour reduces seismic force demands but may increase the 
displacement demands. Given the existence of a great number of bridge footings on shallow 
foundations in earthquake-prone countries and the current frequent occurrence of extreme 
weather events, further research on the effects of scour on the dynamic response of bridges is 
imperative.  

This study investigates numerically the impact of scour on the dynamic response of bridges 
with shallow foundations. For this purpose, the case of a massless rigid strip foundation resting 
on a homogenous elastic half-space is modelled in Abaqus [26] under various scour scenarios 
to estimate the impedance functions of the soil-foundation system. Subsequently, the derived 
impedance functions are used to evaluate the dynamic behavior of a SFS systems, representative 
of a bridge pier, with particular focus on the fundamental vibration frequency.  

2 NUMERICAL ESTIMATION OF FOUNDATIONS IMPEDANCES 

In this section, a massless rigid strip foundation resting on a homogenous elastic soil domain 
is investigated. For the sake of simplification, a plane-strain problem assumption is made, based 
on taking into account the aspect ratios of masonry bridge’s piers characterized by a slender 
rectangular shape. The model developed in Abaqus is firstly validated with numerical analytical 
solutions provided by Hryniewicz [23] and then adopted for the estimation of the impedance 
functions considering various scour profiles. 
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2.1 Finite element model 

The modelling strategy developed in Abaqus for the estimation of impedance functions of 
the studied strip foundation is described in this subsection. The impedance functions can be 
expressed in non-dimensional form as a function of the non-dimensional frequency a0= ωbf

Vs
,

where ω is the circular frequency of the excitation, bf the half width of the foundation, and Vs
the shear wave velocity.

The dimensions of the finite soil domain are assumed to be 125 x 62.5 m, while infinite 
elements are placed at the boundaries in order to satisfy the radiation condition preventing wave 
reflections (Figure 1i). These infinite elements are long strips with width equal to the half width 
of the soil domain, i.e. 62.5 m. Since a plane-strain assumption is made, the soil domain consists 
of four node plane-strain elements (CPE4), whereas the boundaries consists of plane-strain solid 
continuum infinite elements (CINPE4). The soil is characterized by a Young modulus (E), 
Poisson’s ratio (ν) and density (ρ) equal to 162.41 MPa, 0.25 and 1600 kg/m3, respectively. The 
rigid strip foundation with width 2bf = 1 m is simulated through a rigid-body constrain applied 
to the set of nodes belonging to the soil-foundation interface (at the ground surface).
Considering that the estimated impedance functions are presented in a non-dimensional form, 
the selected values for the characteristics of the soil and foundation do not affect the results but
are herein indicated because they have to comply with the adopted mesh for convergence issues.
Indeed, in order to accurately capture the wave propagation, the mesh size of the soil domain 
should satisfy the following relation [27, 28]: 

10 10
s,minmin

max
max

Vλl
f

(1) 

where lmax is the maximum element size, minλ is the shear wavelength and fmax is the maximum 
frequency of interest, which, for seismic applications, is typically within the range 0-15 Hz. For 
a given element size, the maximum dimensionless excitation frequency a0 satisfies: 

0

2
10

f

max

πb
a

l
(2) 

It is worth noting that a 1% damping ratio is added with a Rayleigh model to the soil domain 
in order to lessen the numerical fluctuation of the results. Considering above requirements, a 
refined mesh around the foundation is employed. Specifically, a square mesh 0.005 x 0.005 (m) 
and 0.025 x 0.025 (m) is used nearby the left and right sides of the foundation, respectively. 
The different mesh sizes at each part of the foundation aim at reducing the computational cost 
and facilitating the removal of elements at the next stages for the various scour simulations (see 
Section 2.4.). In the rest of the soil domain, a bias mesh towards to the boundaries is used with 
maximum element size lmax = 0.3 m. 

2.2 Methodology 

The impedance functions are estimated by means of steady-state analyses by applying 
harmonic unit amplitude displacements at the centroid of the foundation (master node) and by 
measuring the corresponding harmonic reaction forces (Figure 1ii). The harmonic motion of 
the master node can be expressed with the following equation: 
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where w0, u0 are the displacement amplitudes along the z and x directions, respectively, φ0 is 
the rotation amplitude, and kij, dij=cij are frequency-dependent quantities describing the real 
and the imaginary parts of the impedance functions, respectively, for the foundation response 
in the i-th direction due to the excitation in the j-th direction. Figure 2 illustrates forces and 
displacements along the various directions. The coefficients kij and dij evaluated numerically 
are presented as a function of the dimensionless frequency a  and compared with the analytical 
estimates obtained by Hryniewicz [23]. This procedure will be also repeated for two scour 
layouts, characterized by different geometries (see Section 2.4.). 

(i)
‘

(ii)

Figure 1: (i) FE model of the soil domain with infinite elements at boundaries, (ii) Rigid-body constraint used to 
simulate the massless rigid strip foundation. 

(i) (ii)

Figure 2: (i) Forces and (ii) displacements of the strip foundation. 

2.3 Validation of numerical model 

In this subsection, the previously described numerical model is validated by comparing the 
derived impedance functions with those obtained by Hryniewicz [23]. It is noteworthy that in 
Hryniewicz [23] the coupling between the horizontal and rotational response of the foundation 
is neglected (i.e. kxry= 0, dxry= 0). However, this effect is expected to be not significant and for
this reason in the numerical study the rotation of the master node is restrained when a unit 
horizontal displacement is applied and vice-versa. The harmonic analyses are carried out for 
frequencies in the range between 3.2 Hz and 200 Hz, corresponding to values of the 
dimensionless frequency a0 between 0.05 and 3.11. The derived impedance functions (NS-IC) 
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are depicted and compared with Hryniewz’s ones in Figure 3. The acronym NS stands for the 
case of “No Scour”.

In general, the derived real and imaginary parts of the impedance functions converge with 
the analytically estimated ones. Nevertheless, some differences are observed for the real part of 
the rotational behaviour (kryry), which may be due to the approximation introduced by
Hryniewicz [23] for deriving the problem solution. As mentioned before, the maximum element 
size of the finite soil domain is lmax = 0.3 m, which, according to Eq. 2, leads to a maximum 
dimensionless frequency a0 = 1.05. However, the application of a biased mesh around the 
foundation with element size significantly smaller than lmax results in a satisfactory agreement 
between the derived and analytical data also for higher frequencies (up to a0,max = 3.11).  

(i) (ii)

(iii) (iv)

(v) (vi)

Figure 3: Comparisons of impedance functions obtained numerically (NS-IC) with those developed by 
Hryniewicz (i) kzz, (ii) dzz, (iii) kxx, (iv) dxx, (v) kryry, (vi) dryry. 
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2.4 Impact of scour on the foundation impedances 

This subsection investigates the changes of the impedance functions of the foundation due 
to scour. Specifically, two triangular shaped scour scenarios with different widths and depths 
are considered, corresponding to one fourth (denoted as TS1/4) and three eighth (denoted as 
TS3/8) of the width of the foundation subjected to scour (Figure 4), respectively. Moreover, the 
upstream scour hole slope is assumed equal to φ=30ο, whereas the downstream scour slope is 
approximately half of the upstream slope [29].  

The impedance functions of the foundation under the various scour scenarios are derived by 
removing the corresponding finite elements from the soil domain beneath the foundation and 
rerunning the harmonic analyses. It must be mentioned that the results are obtained by taking 
the coupling phenomenon between the horizontal and rotation response of the foundation into 
account (Figure 5). In general, it can be noticed that increasing the scour hole dimensions leads 
to a reduction of both real and imaginary components of the impedance functions for low 
frequencies. On the other hand, for high values of a0, increasing the scour depth and width 
results in an increase of the real part of the impedance functions. Moreover, it is remarkable 
that the values of the vertical real component (kzz) are higher than the case of no scour for higher 
frequencies.

Figure 4: Geometry of the 3 different scour hole scenarios investigated. 

3 IMPACT OF SCOUR ON FUNDAMENTAL VIBRATION FREQUENCY OF A 
SFS SYSTEM 

The foundation impedance functions for various scour scenarios estimated in Section 2, are 
herein used to investigate the impact of scour on the fundamental vibration frequency of a SFS 
system, representative of a bridge pier. Initially, the formulation of the dynamic problem is 
presented, and then the fundamental vibration frequency of the SFS system is calculated solving 
the eigenvalue problem for different levels of scour.  

3.1 Problem formulation for SFS system with scoured foundations 

The considered SFS model consists of a superstructure with lumped mass ms, lateral stiffness 
ks, height hs, and a foundation with mass mf, height 2hf, width 2bf and mass moment of Inertia 
If (Figure 6). The foundation rests on a soil domain with shear modulus G, mass density ρ and 
Poisson’s ratio ν, while the soil-foundation compliance is expressed through the already 
calculated impedance functions (see Section 2.4.). The system has three degrees of freedom, 
namely the foundation translation (uf) and rotation (θf), and the relative displacement us of mass 
ms with respect to the base.
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(i) (ii)

(iii) (iv) 

(v) (vi)

(vii) (viii)

Figure 5: Comparisons of the calculated impedance functions for different scour scenarios (i) kzz, (ii) czz, (iii) kxx,
(iv) cxx, (v) kryry, (vi) cryry, (vii) kxry, (viii) cxry
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Figure 6: Model of the SFS system (coupling terms are not illustrated). 

The equation of motion of the free vibrations for the above described SFS system can be 
expressed in the frequency domain in a vector form as: 

2 i ( ) ( ) = 0MU C U K Uω ω ω ω (4) 

where U denotes the Fourier transform of the vector collecting the system translational and 
rotational degrees of freedom, while M, C and K are the mass, damping and stiffness matrices 
of the system, respectively. Vector and matrices appearing in Eq. 4 are expressed as follows 
[30]:  

T

f f su uU (5) 

2 2
f s f f s s

f f s f f f s s

s s s

m m m h m h m
m h m h I m h m h m h

m m h m

(6) 

2

( ) ( ) 0

( ) ( ) 0

0 0

y

y y y

xx f xr

f xr f r r

s

c b c
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c

C         (7)

2

( ) ( ) 0

( ) ( ) 0

0 0

y

y y y

xx f xr

f xr f r r

s

k b k

b k b k

k

        (8)   

For the sake of simplicity, the damping of the system is neglected by assuming the imaginary 
parts of the impedance functions to be zero. Therefore, the fundamental vibration frequency of 
the system can be found by solving the eigenvalue problem of Eq. 4, which can be rewritten as 
follows: 

2 2( ) ( ) 0
ys f f s f f f f xx f f xr fm u h u m u h k u b k

2 2 2 2( ) ( ) 0
y y ys f f s f f f f f f f f xr f f r r fm h u h u I m h u h b k u b k (9)

2 ( ) 0s f f s s sm u h u k u
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where k contains both the real and imaginary part of the impedances (kij=kij+iωcij).

Eq. 9i and Eq. 9iii can be written as: 

y

2 2
s f s xx f f f

f 2 2
f xr s f f

m (u +u )- k u + m u
θ = -

-b k h m +h m
(10) 

( )2
s s s f s

f 2
s

k u m u u
θ

h m
(11) 

Equating Eq. 10 and Eq. 11 one obtains: 

y

y

2 2
s s s s s s

2 2 2
s f xr s f f

f 2 2
f xx s

2 2
f xr s f f

k u  - m u m u + 
h m - b k +h m + h m

u =
m  - k  + m1 -

h - b k h m   + h m

(12) 

Entering Eq. 12 into Eq. 11 yields: 

y

y

2 2
s s s s s s

2 2 2
s f xr s f f2

s s s s 2 2
f xx s

2 2
f xr s f f

f 2
s

k u  - m u m u + 
h m - b k h m + h m

k u  - m u  + 
m  - k  + m1 -

h - b k h m  + h m
θ =

h m
(13) 

Entering Eq. 12 and Eq. 13 into Eq. 9ii finally gives the following homogeneous equation: 

( ) 0su (14)

where: 

=  (- )  
y

2 2
f xr f f sα b k h m hm δ (15) 

2 - 1 - 
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y y
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2 2
xx f s

2 2
f xr s f f

k m m
hm b k hm h m

δ
k m m

b k hm h m h

(18) 

The solution of the eigenvalue problem described by Eq. 14 is elaborate, since impedances 
kxx, kx , kryry are functions of the excitation frequency and depend on G, Vs, bf. In literature
there are various approaches for solving this eigenvalue problem, and thus to evaluate the 
system resonance frequency  (see e.g. [31, 32]). In this paper, the resonance frequency is 
derived by solving repeatedly Eq. 14. In more detail, each time Eq. 14 is solved for the values 
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of the impedance function kxx, kx , kryry which correspond to a specific excitation of frequency 
ω. The one for which ω=ω is the solution of the problem. 

The above described procedure is implemented considering a SFS whose properties are 
consistent with the the EuroProteas’ prototype [33]. The superstructure is characterised by a 
height hs = 4.2 m, lateral stiffness ks = 2672.16 kN/m2, mass ms = 6.11 ton/m and it is based on 
a strip foundation with width 2bf = 3 m, thickness 2hf = 0.4 m mass mf = 3.05 ton/m and moment 
of inertia If = 2.33 ton∙m2/m. The soil beneath the foundation is described by a shear modulus 
G = 31.47 MPa and shear wave velocity Vs = 130 m/s. Figure 7 illustrates the values of the 
fundamental frequency of the system for different levels of scour, calculated using the 
impedance functions of Section 2. It can be observed that the natural frequency of the system 
decreases linearly for increasing widths and thus depths of scour. The reduction of frequency 
is of the order of 30% when the width of the scour hole beneath the foundation is about 1/3 of 
the foundation total width.

Figure 7: Fundamental vibration frequency of the SFS system for four different scour scenarios. 

4 CONCLUSIONS 

The impact of scour on the dynamic behaviour of bridges has been studied in this paper, by 
considering a soil-foundation-structure (SFS) system representative of a bridge pier. This SFS 
system consists of a single degree of freedom superstructure on a rigid strip foundation resting 
on an elastic soil domain. Initially, a massless rigid strip foundation is simulated in Abaqus to 
calculate its impedance functions in the case of no scour. Subsequently, the model is validated 
by comparing the derived impedance functions with the analytical estimates obtained by 
Hryniewicz [23]. Consequently, the model is used for a numerical investigation of the effects 
of scour on impedances, considering two scour scenarios with increasing width and depth. 
Based on the results of this study, the following conclusions can be drawn: 
- In general, the foundation impedances are affected differently by scour, depending on the 
scour hole size and excitation frequency. 
- The values of both the real and imaginary parts of the impedance functions decrease for 
increasing scour width (and thus depth) at low frequencies. On the other hand, for high 
frequencies a clear general trend cannot be identified, since scour affects the various 
components differently. 

In the second part of the paper, the derived impedance functions are used to investigate the 
impact of scour on the fundamental vibration frequency of a SFS system, representative of a 
bridge pier. A linear decrease of the vibration frequency of the system is observed for increasing 
widths of scour. The variations of frequency are quite significant. 
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The results of this study can be used to develop inverse techniques for evaluating the extent 
of scour beneath bridge foundations based on an estimation of the changes of the vibration 
frequency of SFS systems. Future studies will consider a wider range of SFS systems and also 
three-dimensional models for the bridges and the soil domain. 
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