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The prediction of railway track displacements is a topic of great interest in railway engineer-
ing. Different constitutive models of the materials (ballast, sub-ballast and ground) have been 
applied, from the linear elastic model to non-linear models based on the Equivalent Linear 
approach. In the technical literature, it is shown how non-linear models enhance the predic-
tion of the displacements of the railway track, especially when the train's running speed ap-
proaches the critical speed. In this paper and for the first time to the authors’ knowledge, the 
Hardening Soil Small Strain model is applied and experimentally validated to the study of 
track displacements near critical speed. Specifically, the well-known case at Ledsgaard (Swe-
den) has been used for its evaluation, showing numerical results very similar to those meas-
ured experimentally. Moreover, the critical speed is calculated, showing values significantly 
lower than those calculated with the linear elastic model. This is relevant for practical ge-
otechnical engineers, even assuming a certain complexity of the model, because its use is in-
creasingly widespread in commercial finite element codes. 

 Critical speed, Non-linear soil behaviour, Railway geotechnics, Soil dynamics, 
Numerical modelling 
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The study and conceptualization of the phenomenon of critical speed in railway lines have 
been developed since the 1990s, after the problems arising from the increase in the speed of 
train operation following the rehabilitation of the railway line in Ledsgard [1-4]. This increase 
in speed led to a considerable increase in the track displacements.  

From a theoretical point of view, the critical speed is the speed of a non-oscillating moving 
load that implies the greatest amplification of the dynamic response. It is the properties of 
wave propagation in the embankment-ground system and the bending wave propagation in the 
track that completely determine this phenomenon [5-8]. This is associated with a considerable 
increase in ground deformations, which may even be permanent [9-10], which can be of great 
importance in high-speed lines [11-12] and be critical in soft soils. 

When a train travels at lower speeds and speeds far from those of Rayleigh wave propaga-
tion on the ground, the level of strains induced in it is low and may be in the range of small 
deformations. It is known that here the behavior of the ground is elastic and linear, where G 
does not undergo any significant degradation. In this sense, when the train runs on stiff soils, 
the geotechnical safety associated with the behavior of the ground is practically guaranteed 
and the calculation of the track displacements can be carried out with a simple and numerical-
ly highly efficient model such as the linear elastic model. However, when the speed of the 
train approaches the speed of propagation of Rayleigh waves in the ground, the deformations 
in the ground increase considerably causing a degradation of the stiffness of the ground that 
becomes totally relevant and that has an important influence both on the magnitude of the 
track displacements and on the value of the critical speed. In these cases, the accuracy and 
suitability of the linear elastic model is lower and non-linear cyclic models with degradations 
of the value of G are required to satisfy the strain conditions of the ground. In this respect, [13] 
has shown how the use of an Equivalent Linear approach (ELA) has led to reductions of be-
tween 10-20% in the value of the critical speed with respect to that obtained with the linear 
elastic model. Similar values have been found in the studies presented by [2,14]. 

The constitutive soil model known as the Hardening Soil Small Strain model (HSsmall) 
[15] is an advanced ground behavior model which takes into consideration the full degrada-
tion curve of G, from the very small strains to the large strains associated with the failure of 
the soil. It forms part of the package of constitutive software models for commercial use such 
as Plaxis or Zsoil. Although it is a complex model, it is within the reach of all geotechnical 
engineers, making it a good tool of analysis for this type of cases. However, to the knowledge 
of the authors, it has never been experimentally validated in cases of critical speed in railway 
lines. For this reason and for the advance that this might lead to in the practice of geotechnical 
railway engineering, this study is presented with the aim of verifying whether the HSsmall 
model is a reliable tool for the prediction of displacements undergone by the track near critical 
speed and for the prediction of the critical speed. To do this, a numerical simulation of the 
famous Ledsgard case[1-4] has been performed, comparing the numerical results (with the 
HSsmall and Elastic Linear model) with those measured in reality. 

The Ledsgard site is located 25 km to the south of Gothenburg. In the 1990s, excessive vi-
brations were detected all along the track and this led to an intense investigation on the ge-
otechnical properties of this site [2]. Both the properties of the ground and those of the track 
have been shown in the many studies made of this case [1-4,16] and the reader is advised to 
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consult them. In this study, the data proposed by [2] have been used. These are summarized 
below, thus avoiding a reiterative description of the data found in the technical literature. 

The geotechnical profile and a detail of the ballasted track is shown in fig. 1. 

Figure 1: Soil (left) and ballasted track geometry (right) 

The elastic properties of the ground are shown in Table 1, taken from the data provided by 
[2]. 

1.2 18.00 79.51·103 0.19 
1.1 15.00 5.95·103 0.49
3.5 12.60 2.17·103 0.49
4.5 14.75 5.31·103 0.49
6 14.75 11.18·103 0.49

14.9 14.75 14.75·103 0.49

Table 1: Soil elastic properties 

As regards the degradation curves of G and the damping considered in the HSsmall model, 
these have the following equations [17] and are shown in fig.2: 
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where γ0.7 is the shear strain for Gs/G0 = 0.722 

Figure 2: Shear modulus reduction (left) and damping ratio (right) (adapted [2]) 

Given that numerical simulations have also been made considering a linear elastic behavior 
of the ground, a Rayleigh damping has been considered. As regards the characteristics of the 
railway track, this corresponds to a ballasted track, with a rail type UIC60 which is seated on 
railpads of a stiffness of 250 kN/mm. The sleepers have a length of 2.6 m, a height of 0.2 m 
and are separated by 0.67m. Their elastic properties are mass density 2,500 kg/m3, Young’s 
modulus 3x107 kN/m2 and Poisson’s ratio 0.2. The ballast is included in the  embankment 
shown in fig. 1, this being made up both of ballast and of gravels and sands [2]. The meas-
urement of the track response during train passage was made with the X2000 train at different 
speeds. The geometry and axle load of this train are shown in fig. 3. The tests were performed 
in both directions, i.e. Northbound and Southbound but in this study only the Southbound di-
rection is considered. 

Figure 3: Geometry and axle load of X2000 train 
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To validate the HSsmall model experimentally, a dynamic 3D model formulated in the 
time domain has been developed in Plaxis software [15]. The geometry of the numerical mod-
el is shown in detail in fig. 4 and as can be seen it corresponds to a symmetric case, so that 
only half of it has been modeled. The dimensions of the model are 70x40x30 m in the longi-
tudinal, horizontal and vertical directions respectively, which are values considered and ex-
perimentally validated in 3D models of finite elements formulated in the time domain similar 
to those used here [16,18-21]. The railpad is modeled as a linear spring, whereas the rail has 
been simulated as a beam, with the normalized properties of the UIC-60 type. The rest of the 
track components (sleeper, ballast and subballast) and ground were modeled using 3D  solid 
elements. 

Figure 4: Numerical model: 3D view mode (left) and track detail (right) 

The numerical model is made up of 370,181 elements and 523,961 nodes. Quadratic tetra-
hedral elements (10 node elements) are used for solid elements. The boundary conditions cor-
respond to viscous dampers [15] in all boundaries except the plane of symmetry, where 
horizontal movements are impeded, and the ground surface, which is a free boundary.  

As for the numerical modeling of the moving load, this has been applied using the equiva-
lent nodal force method, in keeping with that described in [22] and the time step has been 
considered according to the criteria of Courant-Friedrichs-Lewy [16,22], with an implicit 
Newmark integration scheme, as shown below: 

where  Cn is the Courant number, Δt is the time step, C is the moving load speed and Lmin is 
the distance between two adjacent loading nodes. 

Fig. 5 shows the experimental validation for four different train speeds: 70, 140, 180 and 
204 km/h. As can be seen, the results obtained with the Linear Elastic model show relevant 
differences from those actually measured for the four speeds, these differences becoming 
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more evident the higher the speed of the train. The Linear Elastic model tends to underesti-
mate the dynamic response, and in quantitative terms it predicts only half of the actual dis-
placement of the sleeper. These differences are important. 

As for the results obtained by the HSsmall model, these are quite close to those actually 
measured for the four speeds studied. It is worth noting that the adjustment is quite acceptable 
and that it is more precise when the train speed is higher. In fact, for speeds of 180 and 204 
km/h the accuracy of the model is quite good while for the lower speeds (70 and 140 km/h), 
the results are also very close but with slightly greater differences than for the high speeds.  

In this case, the critical speed is approximately 200 km/h. Around these speeds, the results 
of the HSsmall model are highly accurate, showing that the constitutive model is correctly 
reproducing the behavior of the different ground layers. 

 (a)            (b) 

(c)             (d) 

Figure 5: Measured and computed time histories of sleeper displacements for different train speeds (Southbound 
direction): (a) V=70 km/h; (b) 140 km/h; (c) V=180 km/h and (d) V=204 km/h
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Comparing the results between the HSsmall and LE models at low speeds, it can be ob-
served that  there is also an appreciable degradation of the stiffness of the ground layers, 
which the HSsmall model is also correctly simulating but which is obviously not being simu-
lated correctly with the Linear Elastic model. This fact shows that the degradation of the stiff-
ness of the ground is not only substantial near the critical speed, but that for speeds 
considerably lower than the critical speed there is also a significant degradation of the stiff-
ness. It is likely that at low speeds the degradation of stiffness is more important in the struc-
tural layers of the track: ballast and subballast, while at speeds close to the critical speed, the 
degradation of the stiffness of the underlying ground plays a more important role than at low 
speeds. 

It has been considered of interest, once the HSsmall model has been experimentally vali-
dated, to calculate the critical speed of the Ledsgard case for a single moving point load. For 
this, the same numerical model has been considered, but with only one moving load. Two 
scenarios have been considered: Linear Elastic model and HSsmall model. The displacements 
of the sleeper and the Dynamic Amplification Factor (DAF) as a function of the speed of the 
load are shown in figure 6, where it can be seen how the HSsmall model gives a critical speed 
value of 47 m/s, while for the Linear Elastic model it is 53 m/s. Therefore, the use of the 
HSsmall model results in a critical speed which is 12% lower than that of the Linear Elastic 
model. These differences are relevant and demonstrate the suitability of the HSsmall model 
for predicting the critical speed of the train. 

Regarding the displacements and the DAF, the HSsmall model yields higher values than 
the Linear Elastic model, so for the prediction of the track movements, the HSsmall model is 
more suitable, both for low speeds and those close to the critical speed, as shown above. 

Figure 6: Sleeper displacements vs velocity (left); DAF in sleeper vs velocity (right) 

This research has studied the applicability of the HSsmall constitutive model to the predic-
tion of the movements of the track in railway lines. Numerical values have been obtained 
which are very close to those actually measured in the Ledsgard case, both for speeds close to 
the critical speed and for low speeds. In this respect, the HSsmall model has proven to be a 
reliable tool for the prediction of the movements of the track with a very acceptable level of 
accuracy. Moreover, it has been shown how the critical speed is 12% lower when analyzed 
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with the HSsmall model with respect to that obtained by the Linear Elastic model. Hence, the 
use of the HSsmall model may be of greater use when in-depth studies are made of the critical 
speed. 
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