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Abstract

A Multi-resolution wavelet-based numerical method is developed for the fast prediction of
transient response in elastic homogeneous and heterogeneous rods and beams. The method
takes advantage of the remarkable mathematical properties of Daubechies wavelet and scal-
ing functions as basis functions for the spatial approximation of state variables. The Multi-
resolution capability of the Daubechies wavelet family, provides the hierarchical computa-
tional framework that incorporates both scaling and wavelet functions. An uncoupled solution
system between each resolution is formulated, using an explicit time integration scheme. The
first level of analysis provides the coarse solution, while finer approximations are sequential-
ly calculated and superimposed on the coarse solution, until the desired level of accuracy is
achieved, without discarding the previous results obtained at coarser resolutions. Additional-
ly, due to the orthogonality and compact support of Daubechies wavelet family, the decoupled
mass matrices of each resolution are diagonal, or block diagonal and the stiffness matrices
are banded. The proposed method uses a uniform grid which remains practically unchanged
when increasing the order of interpolation (p-method), owing to its meshless character. Nu-
merical results for the simulation of high-frequency wave propagation in isotropic and ortho-
tropic rods and beams are presented and compared against confirmed models, demonstrating
substantial reduction in computational effort. Furthermore, additional benefits of the pro-
posed method are shown, such as the localization capabilities of the fine solutions, which ex-
hibit high sensitivity in detecting discontinuities resulted from material inhomogeneity.
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1 INTRODUCTION

The transient dynamic response of isotropic and composite materials and structures is at-
tracting intensive research over the last decade, as it is central to classical problems and appli-
cations. For instance, the design of passive and active Structural Health Monitoring (SHM)
systems based on linear guided waves is an emerging technology, which requires rapid and
robust simulation tools for ultrasonic wave propagation in healthy and damaged structures.
However, the modeling of wave propagation in light-weight structures is computationally
demanding, because of the high frequencies and wavenumbers involved in SHM applications.
In addition, the anisotropy and inhomogeneity of composite light-weight structures, adds fur-
ther complexity and makes the analysis of such problems even more challenging. Traditional
methods, such as the Finite Element (FE) and Finite Difference Method, require very fine spa-
tial and temporal discretization, mandated by the small wavelengths and the high frequencies.
Remeshing techniques are implemented for the increase of the results accuracy, but using the
h- or p-refinement method requires the introduction of intermediate nodes which render the
simulation of Lamb or guided waves practically intractable in terms of required computation
time. Computational efficiency is further deteriorated in damage detection applications, where
most of the widely used detection methods have been developed independently, without shar-
ing common features and synergies with numerical methods.

A powerful and multifunctional mathematical tool, which is mainly used in signal pro-
cessing, pattern recognition and data compression, is wavelet analysis. During the past three
decades, various researchers have studied the use of wavelets to solve partial differential
equations (PDEs) [1]. Also, numerous works have investigated the application of several
wavelets in computational mechanics and structural analysis. Patton and Marks [2] created a
wavelet-based rod element for static and free vibration problems. Ma et al. [3] constructed a
beam element based on Daubechies scaling functions, that exhibited great results in static
analyses. Diaz et al. [4] have also developed a Daubechies wavelet-based Euler-Bernoulli
beam element and a Mindlin-Reisner plate element for static problems. Except from
Daubechies wavelets, Deslauries-Dubuc interpolating wavelets, known as interpolets, have
been employed for the construction of beam elements for static [5] and wave propagation
analysis [6]. Ko, Kurdila and Pilant [7] have developed a class of finite elements based on or-
thonormal compactly supported wavelets, and used Daubechies wavelets to solve a second
order Neumann problem. In a different direction, wavelets have been used in dynamic prob-
lems for the reduction of PDEs to ODEs [8],[9] and for the development of wavelet-based
time integration schemes [10]. Furthermore, B-spline wavelets have been studied for the con-
struction of rod, beam, and plate elements for static and dynamic problems
[11],[12],[13],[14],[15]. Moreover, Hermitian interpolation wavelets have been exploited for
the simulation of wave propagation in isotropic structures [16]. Nastos et al. have implement-
ed the Daubechies scaling functions and introduced the Finite Wavelet Domain (FWD) meth-
od for the simulation of wave propagation problems in rods, beams, membranes and plates
[17],[18],[19]. Due to the orthogonality of Daubechies scaling functions, diagonal or block
diagonal consistent mass matrices are created, and the equivalent wavelet domain algebraic
system is rapidly solved using explicit time integration, evincing high accuracy and conver-
gence rates. The FWD method incorporated first order shear and higher order layerwise theo-
ries either for beam or for plate structures, to achieve rapid and efficient simulation of
symmetric and antisymmetric guided waves in thin and thick laminated composites.

All the forenamed wavelet-based methods are confined to the utilization of the scaling
functions of each wavelet family; hence they can be termed as single-resolution (SR) ap-
proaches. However, the most distinct property of many wavelet families is the Multi-
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resolution (MR) property. This property has mainly been investigated by numerous scientists
in the fields of image and signal processing, feature extraction, data compression and de-
noising, et cetera [20],[21]. During the last decade, many researchers implemented the MR
approximation in the field of computational mechanics. Quraishi and Sandeep [22] have cre-
ated customized second generation wavelets that lead to a scale-decoupled system for the hi-
erarchical static analysis of beams and plates, because of the stiffness decoupling. Jang et al.
[23] used hat interpolation wavelets to solve Neumann and Dirichlet boundary value problems.
Liu et al. [24] have developed a wavelet MR interpolation Galerkin method for the targeted
enrichment of the solution of plane elastic problems. Also, several research works in the field
of fracture mechanics using wavelet MR approaches have also been reported [25],[26],[27].
Additionally, Shen, Li and Ou [28] have studied the wave dispersion characteristics of 2D
elastic waves using multiscale B-spline wavelets on interval (BSWI) method.

The present work takes advantage of the MR property of Daubechies wavelet family, to
develop a hierarchical computational method as an expansion of the FWD method. The pro-
posed method is termed as Multi-resolution Finite Wavelet Domain method (MR-FWD) and
employs both Daubechies wavelet and scaling functions as basis functions for the generalized
displacement field approximation. Due to the orthogonality and the MR property of
Daubechies wavelet family, the solution system is uncoupled for each resolution in the wave-
let space. In the present paper, the concept of the MR-FWD method is introduced for 1D cas-
es, and its performance and functionalities are evaluated towards the simulation of
longitudinal and guided waves in rods and beams.

In the following sections, the concept of the MR analysis and the mathematical properties
of Daubechies scaling functions (SF) and wavelet functions (WF) are introduced. Then, the
development of the MR-FWD approximation for rods and beams is described and the hierar-
chical solution scheme is formulated using explicit time integration. The final physical solu-
tion consists of the coarse resolution component and the superposition of sequential finer
resolution components that incrementally improve the accuracy of the analysis. Finally, nu-
merical results for transient dynamic analysis in homogeneous and inhomogeneous rod and
beam structures are presented and evaluated.

2 MATHEMATICAL PROPERTIES OF DAUBECHIES WAVELET FAMILY

Daubechies scaling functions have been employed as basis functions for the FWD and oth-
er methods, owing to their remarkable mathematical properties [21],[29]. The Daubechies
wavelet family consists of compactly supported orthogonal scaling functions ¢(x) and wavelet
functions w(x). Both SF (also called father wavelet) and WF (also called mother wavelet) are
needed to form the Multi-resolution approximation. Also, both SF, WF and their derivatives
are algorithmically constructed and do not have analytical expressions [30]. Many researchers
have studied the computation of wavelet integrals, also termed as connection coefficients,
which is a challenging task because of the highly oscillatory and noisy nature of many SF and
WF [7],[31],[32]. The basic mathematical properties of Daubechies SF and WF are summa-
rized below.

Compact Support. Both SF and WF are bounded within an interval, which spans over a
compact support domain of grid points [0, 2L — 1], where L is the order of the SF/WF. For the
sake of conciseness, Daubechies WF/SF of order L are termed as DBL. This can be visualized
in Figure 1. The values of SF and WF beyond their support are zero by definition. So, the in-
fluence of each SF/WF is limited within their support domain, that depends on the order L.
Also, SF/WF of order L can be defined in the wavelet domain, either by translating the parent
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SF/WF at other integer points j, thus creating new SF/WF ¢(x— j), w(x—j), or by shrink-

ing/dilating the parent functions to form new ones ¢#(2’ x), (2’ x).

Orthogonality. The integer translates of the SF/WF are orthogonal to each other, hence,
they form an orthogonal basis in the functional space,

[ p(x—ip(x—j)dx=3, (1)
[yGe—iw (x—j)dx=3, )
[ p(x—iy(x—j)=0 (3)

Vanishing moments. The number of vanishing moments signifies the maximum degree of
polynomial that can be exactly approximated by SF/WF. Daubechies SF/WF of order L have
L vanishing moments, which are the highest amongst first generation wavelets. It should be
noted, that a SF/WF with L vanishing moments can exactly represent polynomials up to L-1
order.

Two scale relation/ Dilation property. Provided by the dilation equations,

OGS WELR Y @
V(@)=Y (D' by 02 5= k) )

where 7, is the set of 2L filter coefficients, and j is the resolution or scale. The dilation prop-

erty constitutes the basis for the MR analysis since it mathematically connects the scaling and
the wavelet function. Also, SF and WF can be calculated at dyadic points from the dilation
equations.

— Scaling function

—— Wavelet function
1t (‘ !
0.5
: N
05F
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Figure 1: Example of Daubechies scaling ¢(x) and wavelet y(x) functions of order L=6 (DB6).
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3 THE 1D MULTI-RESOLUTION FINITE WAVELET DOMAIN METHOD

In the present section, the basic concepts of the MR-FWD method for 1D problems and the
construction of MR wavelet-based elements for rods and beams are presented. Besides that,
the MR hierarchical procedure using explicit time integration scheme and the achievement of
effective resolution decoupling are described.

3.1 Generalized approximation of field variables

For a generalized 1D problem, Figure 2 depicts a rod or beam structure that is subdivided
into 2 segments, using a uniform grid of 3 grid points. Additional 2L-2 nodes (where L is the
order of the SF/WF) are introduced at the left side of the physical domain, and so the wavelet
domain is formed. The case of DB3 discretization is shown in Figure 2, so the additional
nodes are 4. The approximation of the generalized displacements u(x,?) in the segment be-
tween 2 grid points, also called a wavelet-based element, for R resolutions can be expressed as:

0

u(x,t)=" Y dg,(Ne(E—nm)+ Y {Zuﬂ,(ﬂw(zf —n)} (6)

n=—(2L-2) n=—(2L-2) S=0

where L is the order of Daubechies SF/WF, #, are the coarse wavelet coefficients of gener-

alized displacements at resolution 0, and #;, are the fine wavelet coefficients of generalized

displacements at resolution S. Also, apart from the global coordinate system, a normalized
local coordinate system is associated with each element, as shown in Figure 2. The local di-
mensionless coordinate variable ¢ is given in terms of the global coordinate variable x as:

f=—l=T (7)
X,

so, in Equation (6) the spatial variables x and ¢ are limited to the ranges 0<x </, and
0< & <1, respectively. Also, /. is the elemental length.

< P Giobal G5 wx,
:
]
I
1
]

Domain of influence for
element (2)

— pfx)
M yp)

Domainof influence for
element (1)

< >

Figure 2: Discretization of the wavelet domain for 2 DB3 MR wavelet-based elements.

3.2 MR-FWD Rod-Beam element

The aforementioned MR approximation is implemented for the construction of Timoshen-
ko beam elements. It should be noted, that the rod element is basically included in the beam
element, since the rod kinematics are comprehended in the first shear deformation theory
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(FSDT). Specifically, the proposed wavelet-based shear beam element encompasses trans-
verse displacement and rotational degrees of freedom, except from axial displacement. Ac-
cording to the FSDT, the axial and transverse displacement, u and w respectively are
expressed by the following equations:

u(x,z,t)= uo(x, H+p.(x,t)z (8)
w(x, z,t) =w’(x,1) 9)

where u” and w? are the axial and transverse displacement at the beam midplane, respectively,
and p, is the rotation of the neutral line. The axial and shear strain, &: and ¢,., respectively, are
calculated as:

e.(x,z,t) = ) (x,0) +k (x,0)- 2 (10)
e (x,z,t) = £°(x,1) (11)

k.=p.,. and €’ =B +w, . The generalized Hooke’s law takes the form:

x 2 x

in which {:‘ =u,’

N A4, B, 01][&

X

N.t=|B, 45 0 |J¢&.r< o0, =[4BDls,, (12)

Xz gen

M| |0 o D,k

X X

where N, Ny. and M, are the axial force, shear force and bending moment, and A;;, Ass5, Bis
and D;; are the extensional, shear, coupling and flexural stiffness terms, respectively. As
shown in Eq. (12) the generalized Hooke’s law can take compact form, introducing the gener-

alized stress o,,, =[N,,N ., M, 1", the generalized strain Eqen =[e),el,k.]" and the well-
known [ABD] matrix of the beam. The Principle of Virtual Work provides the variational
form of the equation of motion for the FSDT beam:

xz? xz’

_J'OléggTe dx+_[ Sy Progar* ugendx+_[ Sttgen - 7dS =0 (13)

gen

where u,,, =[u’,w’, B,]" are the generalized displacements, p, ., =diag[p”,p”,p"] is the

diagonal total density matrix of the beam, in which p is the linear density and p” is the rota-
tional inertia, and overbar variables are tractions and displacement on the boundary S. The
approximation of generalized displacements of a MR-FWD shear beam element for R resolu-
tions is:

0 ~0 ~0,S

0 R 0 Fn
W= 3L, pe(E-n)+ Y D A by (26 -n) (14)
ﬂ n=—(2L-2) | ~ §=0 n=—(2L-2) 0.5
x ﬂan ﬂx;?n
and the generalized strains for resolution R, are expressed as:
g)(c) 0 uCn R u’\gn
g)(c)z = Z [ ’ WCn + Z Z ’ wgn (1 5)
k n:—(ZL—Z) A §=0 n= 2L 2) A
x ﬂrCn ﬂan
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where matrix @ _is the coarse strain shape function matrix:

| 0, (&—n) 0 0
[‘I’ax]=l— 0 @.:(§—n) L-p(&-n) (16)
¢ 0 0 (p,g(f—n)

and matrix W _ is the fine strain shape function matrix for resolution R:

v..(2°&—n) 0 0
W=7 0 p(2en) L (26-n) (7
) 0 0 v, (2 &)

The implementation of Egs. (14), (15), (16) and (17) to Eq. (13) yields the MR stiffness and
mass matrices of the shear beam element. For simplicity, the hierarchical MR process for res-
olution 1 will be presented, considering that the generalized displacement field is termed as u
in the physical space.

Resolution 1 (C°+FP). Following the hierarchical MR scheme, the fine approximation at reso-
lution 0 (F”) needs to be calculated and added to the coarse solution at resolution 0 (C?) in or-
der to obtain C’ solution. The MR discretized solution system is:

{Mcc 0 } e (1) {ch Kﬂ {ﬁc(r)}:rcm} (s
0 M IjF(t) KFC KFF ﬁF(t) FF(t)
where u, are the generalized fine wavelet coefficients and #,. are the generalized coarse

wavelet coefficients of the coupled equations of motion for resolution 1. The coarse solution
at resolution 0 (C”) is obtained assuming that #, =0. In that way, this single-resolution

coarse solution, termed as ., is basically the same solution that the FWD method provides,
employing only the Daubechies SF ¢(x). It is important to point out that # . is not equal to
.., because of the coupling between the coarse and fine equations of motion. That coupling
emanates from the coupling stiffness matrices [K .| and [K,.] that are nonzero in opposi-
tion to [M .| and [M ] that are equal to zero because of the orthogonality between ¢(x) and
w(x). Also, [K,.] and [M ,,.] are the fine resolution stiffness and mass matrices, respectively,
and F). is the fine resolution load vector. More specifically, all the aforementioned MR stift-
ness and mass matrices are calculated as:

diry fery 0
. A
[ch] = %FZ Assl—‘%r1 (19)
D,
(S) Asslerg) + l_“r};
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Auppy By 0
lé‘ lé
. A
':KCF] = %Fli} AT (20)
D
(S) Al L1 + =T
Y
| Kie | =] K& ] 21)
ﬁrz}; i1"2}; 0
le le
K¢ |= ﬁrz” A T2 22
[ FF] - / K 555 <kl (22)
(s) AT+ 20T,
':MEC:I = ptotal : le ' Fi? (23)
I:M:"F:I = ptotal ’ le ’ F22? (24)

where T, 17, T2/ in which i, j=1,2, determine the order of the derivation of the SF and

WEF, are the so called connection coefficients [17]. The computation of the connection coeffi-
cients is a challenging numerical procedure that is rigorously explained on [31],[32],[7]. Con-
sidering the previous equations, the wavelet integrals are given as:

[ 10" (&-k)p (£-1)ac =T
[ 10" (£-k)y (E-1)de =T, (25)
Jov" (e-k)w (&-1)ag =12,

Due to the orthogonality of SF and WF, there are no coupling mass matrices because:

| | = Mi | = o] So(e-K)- p(E-1)az=0 26)

The mass decoupling and the fact that the mass matrices are consistent and diagonal, leads to
crucial computational benefits in the transient dynamic structural analysis. The mass decou-
pling feature is further discussed in section 3.3 for the hierarchical MR procedure using ex-
plicit time integration.

Another important feature of the novel MR-FWD method, is that when the traditional p-
refinement method is utilized, the mesh remains practically unchanged [17]. Due to the mesh-
less character of the proposed method, increasing the order of Daubechies SF/WF only leads
to an increase in the additional grid points to the left side of the physical domain (Figure 2)
and the rest of the mesh remains intact.

Moreover, the hierarchical MR solution system that is shown in Eq. (18) can be general-
ized for S+1 resolutions. The S+/ resolution stiffness matrices, mass matrices, generalized
displacement vectors and load vectors are formed as:
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[Kgél] :{Iljgz g;j,[Mé?] :{]MO@ ;}F}’[Fgﬂ] :Eﬂ,[déﬂ:{gf} (27)

F F

It should be noted, that the MR procedure that is presented for the FSDT beam case in Eq. (18)
is the same for the rod case, and so is the generalized form of the MR matrices and vectors in
Eq. (27).

3.3 Hierarchical MR process using Explicit time integration scheme

The hierarchical MR process is shown in Eq. (18) for resolution 1. Essentially, the solution
at resolution S+/ is the superposition of two different solutions (coarse and fine) at resolution
S, that are obtained in two independent steps. The first step is always the SR solution that
provides the coarse component approximation. For generality, the MR procedure will be de-
scribed for resolution S+/. Considering Eq. (27), the following mass uncoupled MR solution
system, that involves both coarse and fine approximation is obtained at resolution S+1:

Mee O || Kee Ker {}= o 28)
0 My ﬁ;’t Ko Kpe | Uy Fy

The component #,. is set as:
NS NS NS
). =Au’ +ug. (29)

where i, is the already calculated single-resolution coarse approximation, and Au’ is the
residual between /. and ., called correction component. It is already mentioned that the
multi-resolution coarse component #,. is not equal to the single-resolution coarse component

i, because of the stiffness coupling terms. Combining Egs. (28) and (29), leads to:

M 0 |[aa| [k K |[ad 0
e e { } (30)
0 M uy’ Kpe Kpp || ur Fp' = Kpctice

The diagonality of the total MR mass matrix of Eq. (30) results in two uncoupled equations
for the prediction of Au#® and 4, , using the central differences explicit time integration

scheme. Those are calculated as:

i | M (a8 —api )= Koo | A = K2y |y

A 31
! 4 [Méc] D
oo F M (st —agiy ) <[ Ko (a5 + AR ) <] K3 i
el (32)
dy I:MIS?F :'

where a,=1/A¢* and a, =2/ A¢*, in which At is the time step for the explicit dynamic solver.

The superposition of the three components #;..,Au* and ;. at resolution S, forms the coarse
approximation of the next resolution S+/, as:

As+Lt+l _ Ast+l As,t+1 ~s,t+1
Uy =Uge +AuT +uy (33)
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4 NUMERICAL RESULTS

The efficiency and the functionalities of the MR-FWD method are evaluated towards the
simulation of longitudinal and guided waves in homogeneous and heterogeneous aluminum
rods and laminated carbon/epoxy beams. The mechanical properties of the involved materials
are shown in Table 1.

Eii (GPa) Ex=Es; (GPa) G12=G2:=Gi3 (GPa) vi2=vis=vas p (kg/m’)

Aluminum 70 70 26.923 0.3 2700
Damaged Aluminum 7 7 2.6923 0.3 2700
Carbon/Epoxy 120 7.9 5.5 0.3 1580
Damaged Carbon/Epoxy 114 7.505 5.225 0.3 1580

Table 1: Material properties.

4.1 Homogeneous Aluminum Rod

An aluminum rod with length /=4m, cross section A=10*m’ and mechanical properties that
are shown in Table 1, is modeled. The rod is clamped at its left edge and it is excited at its
center (x =2m), by a 5-cycle tone burst with 25 kHz central frequency. The analysis duration
is 0.3 milliseconds (ms). The effectiveness of the MR hierarchical procedure is investigated
for resolution up to 2, for DB3 wavelet-based elements. A converged 3-node FE analysis with
401 nodes is considered the reference solution. It is worth mentioning that both the 3-node FE
and the DB3 wavelet-based elements, are quadratic approximation elements. The hierarchical
process is shown in Figure 3, following top-down sequence.

The first step of the analysis is the SR approximation (C’) that involves 54 grid points. It is

obvious that this coarse solution i diverges a lot from the reference solution. Moving to
resolution 1, the components Ai” and 7, are calculated and superimposed to i, using the
same grid points. In that way, the coarse solution at resolution 1 (C’) is obtained, and it is
shown that crucial correction is provided by A’ and 7, . The same procedure is repeated for
resolution 2, but the shrinking of the DB3 WF requires the use of 104 grid points, for the cal-
culation of A4' and @, . The total summation of the above 5 components
(i1ge, AR°, 0%, A 0, ) provides the overall solution at resolution 2 (C?), which has converged
to the reference solution. It can be concluded, that the components Az’ mainly improve the
frequency and the time of flight of the wave packets, whereas the components u, provide a

small correction on the amplitude of the wave packets. The functionalities of the fine compo-
nents will be extensively assessed at the inhomogeneous cases.
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Figure 3: Predicted axial displacement field of the aluminum rod. The MR hierarchical procedure is shown from
resolution 0 to resolution 2 (top-down sequence).

The MR hierarchical process demonstrates substantial reduction in the computational effort,
because not only the required grid points for a converged solution are much fewer compared
to the 3-node FE, but also the mass diagonality permits the initial 2N x 2N algebraic system
(Eq. (28)) to be solved as two N x N algebraic systems (Eq. (31) and (32)), using explicit
time integration. Considering the computational cost in terms of floating-point operations
(flops), a matrix inversion using LU decomposition requires approximately 2r° /3 flops. So,
inverting two N x N matrices requires approximately 75% less flops in comparison with in-
verting a 2N x2N matrix. In that way, additional computational benefits arise from the hier-
archical MR procedure, apart from the exploitation of the already calculated coarse solution.

4.2 Laminated Composite Beam

A Im long unidirectional [0]s carbon/epoxy beam with cross section A=10m’ and me-
chanical properties shown in Table 1, is modeled. The beam is clamped at its left edge and it
is transversely excited at its center (x=0.5m ), by a 5-cycle tone burst with 50 kHz central
frequency. The analysis duration is 0.15 ms. The simulation of antisymmetric guided waves is
more challenging than the simulation of pressure waves, owing to the smaller wavelengths
and the dispersive nature of the antisymmetric mode. In this case, the effectiveness of the p-
method for resolution 1 solutions (C’) is demonstrated. As shown in Figure 4, MR-FWD
models with DB3, DB6, DB8 and DB11 wavelet-based elements are used to predict the trans-
verse displacement field of the composite beam. The reference solution is a converged and
validated FWD analysis (C”) that employs DB3 elements with 434 grid points.
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Figure 4: Predicted transverse displacement of the right half of the laminated beam. Minimum number of nodes
required for a converged solution are illustrated for each discretization case inside the parentheses.

The superiority of the high order MR DB elements is depicted in Figure 4, where it is ob-
vious that higher order MR models require substantially fewer nodes to obtain an accurate
solution. Moreover, observing the case of DB3 discretization, the MR hierarchical method
demonstrates remarkable precision and critically decreases the already decreased computa-
tional effort required by the single-resolution FWD method. Considering the grid points need-
ed for a converged solution, there is a reduction of almost 50% for the C’ DB3 case and up to
82% for the C! DB11 case, compared to the C’ DB3 analysis. Finally, it should be noted that
the wavelet-based FSDT beam elements do not exhibit shear locking effects, which is another
significant advantage compared to traditional shear beam FE [17].

4.3 Inhomogeneous Aluminum Rod

An inhomogeneous aluminum rod with length /=4m and cross section A=10*m? is mod-
eled. The rod consists of two different materials, aluminum, and damaged aluminum, and
their mechanical properties are shown in Table 1. The damaged area spans from
2m< x<2.2m, as depicted with dark grey in Figure 5a. The rod is clamped at the left edge
and it is excited at its right free end (x =4m ), by a 5-cycle tone burst with 25 kHz central fre-
quency. The duration of the simulation is 0.8 ms. The reference solution is a converged SR
analysis of 800 DB3 elements. Figure 5b depicts the axial displacement of the MR process,
for 200 DB3 elements and resolutions from 0 to 2.

It is obvious that the initial scale of analysis (C”) exhibits substantial error compared to the
reference solution. Moving up to the C’ there is crucial correction of the predicted displace-
ment field, but there is still divergence from the reference solution. Finally, the C* solution
shows excellent agreement with the reference solution. The examination of the fine compo-
nents introduces certain critical results and reveals some of their extraordinary benefits.
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Figure 5: (a) Wave propagation in damaged rod structure. (b) Axial displacement field of the inhomogeneous rod
for resolutions 0, 1 and 2.
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Figure 6: Contribution of the fine components of resolutions 0 (left) and 1 (right), in which the inhomogeneity is
precisely detected and also the higher wavenumber inside the damaged area is accurately predicted.
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As shown in Figure 6, the fine components 7,7, exactly localize the span of the damage

and capture the higher wavenumbers inside the inhomogeneity due to the high frequency na-
ture of Daubechies WF. In particular, the 7). component uses the same nodes as the 7., but

efficiently approaches the smaller wavelengths that arise from the lower Young modulus of
the damaged region. Apparently, the &, component that uses double nodes in comparison

with the ;. solution, precisely predicts the higher wavenumbers inside the inhomogeneity.

Thus, besides the critical benefits of the MR-FWD method in terms of accuracy and computa-
tional effectiveness, there are additional gains concerning the fine components, which are ex-
tremely sensitive in detecting discontinuities and can numerically simulate steep gradients,
even at coarse discretization cases.

4.4 Damaged Composite Beam

A Im long cross-ply [0/90/0/90]s carbon/epoxy beam with cross section A=10*m? is mod-
eled. The beam consists of two different regions, the pristine carbon/epoxy, and the damaged
carbon/epoxy region. The mechanical properties of those materials are shown in Table 1. The
damage is assumed to induce 5% degradation to all the elastic moduli. The damaged area
ranges from 0.75m<x<0.8m, as illustrated with dark grey in Figure 7a. The beam is
clamped at its left edge and it is excited at its center (x =0.5m ), by a 5-cycle tone burst with
50 kHz central frequency. The analysis duration is 0.2 ms. The efficiency of the MR hierar-
chical scheme is highlighted in the previous sections. In this section, the sensitivity of the fine
components is exhibited. A converged discretization of 314 grid points of DB8 elements is
used for resolution up to 1.

Figure 7b depicts the predicted deflection of the beam for the converged solutions C?, C’

and the fine component w).. The objective of this analysis is not to emphasize the computa-
tional gains of the MR-FWD method in terms of the required grid points, since C’ and C’ ap-
proximations are in excellent agreement. Hence, moving up to resolution 1 does not offer any
correction at the C” solution. Nevertheless, the existence of the damaged area is not percepti-
ble at C” or C! solution, even though the right wave packet passes through the heterogeneity
at ¢ =2ms. The fine component w!. provides precise detection of the interfaces between the
damaged and the pristine composite beam despite the small degradation of its mechanical
properties by 5%. In this case, the fine component does not capture a dissimilar wavenumber
inside the heterogeneity, because of the insignificant difference among the material properties
of the damaged and the pristine carbon/epoxy. Also, w). does not practically participate in the
total solution in quantitative terms, since the C’ solution is meticulous due to the dense dis-
cretization. However, the fine solution can exactly localize the boundaries between the two
materials, introducing a pioneering additional property of the proposed numerical method.
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Figure 7: (a) Wave propagation in damaged composite beam. (b) C” and C' solutions are converged (left) but the
inhomogeneity is not visible. The fine component accurately delimits the damage span (right).

5 CONCLUSIONS

A novel Multi-resolution hierarchical wavelet-based method for the efficient simulation of
transient dynamic response of rods and beams, is presented. Taking advantage of the remark-
able mathematical properties and the unique MR capability of Daubechies wavelet and scal-
ing functions, the proposed 1D MR-FWD method has been developed, as an expansion of the
single-resolution FWD method. The MR approximation includes two types of variables, the
coarse and fine wavelet coefficients of each resolution. The implementation of the MR ap-
proximation at the equations of motion, yields a MR solution system that involves both coarse
and fine resolution degrees of freedom. The hierarchical process starts with the coarse solu-
tion (C”), which basically is the FWD method, and then a fine approximation (F”) is calculat-
ed and superimposed on the coarse solution, forming the 1% improved solution (C!). This
procedure can be continued until the desired level of accuracy is achieved. Therefore, the pro-
posed MR-FWD method exploits the non-converged solutions that are obtained at coarser
resolutions, compared to traditional numerical methods that discard them. Due to the orthogo-
nality of the Daubechies wavelet and scaling functions, the consistent mass matrices of each
resolution are diagonal or at least block diagonal. Also, the mass diagonality results in decou-
pling of the discretized dynamic equations with the use of explicit time integration scheme. It
should be emphasized, that the approximation C! provides a much more accurate prediction
than C’, using the same grid points as the approximation C’. Additionally, it should be noted,
that performing p-refinement to the proposed method, leaves the mesh practically unaffected.
The precision and computational efficiency of the developed method were evaluated by com-
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paring the predicted longitudinal and guided wave responses of homogeneous and heteroge-
neous rods and beams, with validated FE and single-resolution FWD models.

The numerical results demonstrated 4 key advantages of the MR-FWD method: (1) the MR
property of Daubechies wavelets leads to a hierarchical MR set of dynamic equations, that
introduce a new type of refinement which utilizes the solution of an already obtained coarser
analysis; (2) the hierarchical MR procedure in synergy with the advantageous use of the clas-
sical p-method, enables the exact solution of demanding transient dynamic problems, using
smaller size algebraic systems compared to the single-resolution FWD method; (3) the con-
sistent diagonal mass matrices of each resolution in conjunction with the mass decoupling,
lead to faster analyses with the use of explicit time integration; and (4) the fine components of
the MR analysis introduce additional benefits to the MR-FWD method, such as the efficient
capture of the higher wavenumbers and the exact localization of inhomogeneities and inter-
faces. Future work may focus on the inclusion of a higher order layerwise theory to the pro-
posed MR-FWD method, for the accurate simulation of both symmetric and antisymmetric
modes in thick composites and sandwich structures.
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