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Abstract

The influence of passive mass dampers and base isolators on the vibratory motion of flexible 
beams with uniform cross-section, viewed as a special case of the non-uniform one, is exam-
ined herein for both axial and flexural vibrations. Use of such beams is widespread, both in a 
mechanical engineering setup (e.g., wind turbines, aircraft blades) as well as in a civil engi-
neering setup (e.g. pylons, antennas). We start with an analytical solution to the governing 
equations of motion to recover the eigenproperties of a cantilevered pylon in the presence of 
a top mass and base springs. This is followed by the complete solution for the case of harmon-
ic ground motion using modal analysis. Results are finally presented in term of transmissibil-
ity functions, defined as the ratio of the top pylon displacement amplitude to that of the base 
motion, so as to identify the frequency range where the presence of these external control de-
vices is beneficial.
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1 INTRODUCTION
The kinematic and stress fields that develop in elastic beams are dependent on the material 

properties, the geometry and on the external loads. For dynamic loads, retaining a continuous 
distribution of the mass of the beam along its length yields an elastic waveguide [1,2] that can 
exhibit flexural, axial and torsional vibrations. Beams in flexure with a non-uniform cross-
section are governed by a fourth order, linear partial differential equation (PDE) with variable 
coefficients, while for the other two modes of vibration the equations of motion are PDE of
second order. It is also possible to have coupling between the axial and flexural vibrations, 
which requires solution of two coupled PDE. Furthermore, if a lumped mass is placed at the 
top of the beam, or if its foundation is elastic, then the boundary conditions change and are no 
longer homogeneous. These two additions modify the structural response of the beam and 
their presence can be viewed as a means of passive structural control. A discussion of the cir-
cumstances under which the effects of rotatory inertia and shear deformation must be consid-
ered, and whether or not coupling of flexural and axial vibrations is important, have be found
elsewhere [3,4]. In general, for flexible pylons serving as part of power transmission lines and 
as telecommunication antennas, and for the frequency range of ambient vibrations generated 
by traffic, the aforementioned effects seem to be of minor importance. We note that this fre-
quency range is roughly 20-200 Hz, with flexural vibrations occurring in the lower part and 
axial vibrations in the higher part of the spectrum. On the other hand, the Bernoulli-Euler 
beam theory fails and has to be upgraded to Rayleigh’s model with the rotatory inertia of the 
cross-section included in the equations of motion, for high vibration frequencies in excess of 
500 Hz.

The literature is rich in the solution of continuous beams under dynamic loads [5], but re-
search interest remains strong, because these elements play a pivotal role in structural engi-
neering (e.g., column elements) and in mechanical engineering (e.g., blades). In the interest of 
brevity, we simply mention here a recent paper [6] on an exhaustive analysis of wind turbines 
in an offshore environment under all three response modes (bending, compression, torsion) to 
a variety of environmentally-induced loads. From our perspective, the field of application of 
this work, which is continuation of a previous publication [4], is structural health monitoring 
(SHM). More specifically, modern advances in hardware have rendered possible the use of 
wireless sensors that send signals to a central processing unit, which in turn evaluates them to 
decide if the integrity of the structure in question has been compromised [7,8]. To stem the 
flow of large data over time, it is essential that these sensors be equipped with software based 
on reliable and efficient numerical models representing the structure in question. This way, 
computations can be carried out locally to produce results against which the recorded signals 
may be compared. This allows for a first evaluation of the recorded data, which can be dis-
carded if it just shows a routine response of the structure to ambient vibrations. Furthermore, 
an SHM system can be placed within an artificial intelligence (AI) environment [9], which 
would serve to monitor the structural response in the absence of an overseer and give alert 
signals when it becomes evident that the structure in question is experiencing duress due to 
environmentally induced loads and needs to be inspected.

In here, we examine simple methods for passive vibration protection of a cantilevered py-
lon used as part of an electric transmission line for railways by formulating the equations of 
motion for flexural and axial vibrations. The pylon is then augmented with either of two ele-
mentary passive structural control devices, namely a lumped mass at the top and a base isola-
tor in the form of springs at the base. The magnitude of the lumped mass has to be relatively 
small compared to the total mass of the pylon so as to serve as a secondary system [10] whose 
fixed-base natural frequency can be tuned with respect to the eigenfrequencies of the pylon.
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2. MATHEMATICAL MODELS FOR NON-UNIFORM BEAMS

We will formulate the mathematical models for the tapered cantilevered pylon shown in
Fig.1, where placement of a lumped mass at the top and of springs at the base serve as rudi-
mentary passive damping devices. Then, the uniform cross-section cantilevered pylon can be 
recovered as a special case. By considering in Fig. 1 the force and moment equilibrium of a 
differential segment under distributed longitudinal and transverse loads, we 
obtain the coupled governing equations of motion as

Figure 1. Cantilevered pylon with (a) ring cross-section of variable radius ; (b) length L with
added mass and springs at the ends and (c) the free body diagram.

(1a)    

(1b)

In the above, and ) are the axial and transverse displacements, respectively and 
is the distributed mass. Next, the axial force, bending moment and shear force are de-

fined as ), and ( ). 
Initial conditions are assumed to be zero, and three sets of boundary conditions are considered, 
which respectively address the fixed base case, the fixed base case with a lumped mass at the 
top, and the base isolated case: 

and  (2a)
and 

(2b)
and 

(2c)
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In the above., is the top and is the base of the cantilevered pylon with length 
. The lumped mass placed at the top influences both axial and flexural vibra-

tions, whereas the base springs respectively influence the longitudinal motion, the 
transverse motion and the base rotation.

2.1 Harmonic vibrations
By ignoring the coupling terms and for the range of frequencies con-

sidered in here, and by differentiating the variable stiffness terms, we recover the following 
equations:

(3a)    

(3b)     

In the above, and are the aggregate axial and flexural stiffness that varies along 
the pylon length . The notation introduced now involves primes and dots (.) to 
denote differentiation with respect to the spatial coordinate x and time t.

We now consider a slender, circular cylindrical pylon with a cross-section in the form of an 
annulus of constant thickness and variable radius , which is a rather common design 
for pylons. The reference radius is the mean radius of the cross-section defined as 

, where is the external radius, see Fig. 1. For small thickness , the 
cross-section area, moment of inertia and polar moment of inertia are closely approximated as 

, while the mass per unit length is . We adopt a general 
representation of a radius that changes quadratically with height, i.e. ,
with the mean radius at the top. Then, the following expressions for the pylon stiffness and 
mass are recovered: 

(4)

where are reference values computed at the top, i.e. for .
Note that it is possible to handle material properties that are also position dependent, so long 
as the aggregate stiffness and mass values obey Eq. (4). We finally note in passing that tor-
sional vibrations are of minor importance as ambient ground vibrations are unlikely to elicit 
torsion at the base of the shaft.

Assuming a time harmonic environment, the input and the response can be written in terms 
of position dependent amplitudes times the exponential term , where 

is the frequency of vibration. Therefore, the dependent variables are now the am-
plitudes of the axial and flexural vibration and we also define the corresponding 
amplitude of the external distributed forces as . The governing equations for har-
monic motion are now

(5a)

(5b)
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which respectively are a Bessel equation of fractional order for the axial motion and Euler’s 
equation for the flexural motion. 

3. SOLUTIONS FOR LONGITUDINAL AND TRANSVERSE VIBRATIONS

To recover analytical solutions to the above equations, we first derive the homogeneous so-
lution and then solve for the eigenvalue problem to recover the eigenproperties of the pylon, 
first for axial and then for flexural vibrations. The general form of the homogeneous solutions 
to Eq. (5) in the frequency domain are 

(6a)      

+ + (6b)

In the above, are the Bessel functions of first kind and fractional order , while exponents 
are non-repeated complex numbers. Also, , are constants of integration to be 

determined from the boundary conditions.
For flexural vibrations, Euler’s equation (5b) requires a preliminary transformation of vari-

ables as to convert it into a differential equation with constant coefficients. 
The characteristic polynomial for this differential equation that must be solved for determin-
ing the exponents is . Solution to the aforementioned 
quartic polynomial yields complex roots in the form 

, . In our case, 

with

= (7) 

where and for a dimensionless spatial parameter .
We adopt the Kelvin solid model with a complex elasticity modulus in the form 

, where is the original real-valued elasticity modulus and is a 
constant in the viscoelastic stress-strain law.  For concrete, the dimensionless damping coeffi-
cient values have been experimentally determined to range as , values which re-
spectively correspond to pre-stressed and to weathered concrete. This complex number 
representation of the elastic modulus filters into the pressure and shear wave speeds ,
and into the wave numbers for axial and flexural vibrations.

If tapering is ignored and the pylon cross-section is uniform with radius , then the above 
homogeneous solutions reduce to

(8a)
(8b)
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3.1 The eigenvalue problem
The eigenvalue problem derives from imposing homogeneous boundary conditions, see Eq. 

(2a). The boundary conditions corresponding to the lumped mass and the elastic springs can 
be rendered homogeneous as well, leading to a more complicated solution for the eigenfunc-
tions . The corresponding eigenvalues are recovered during this 
process by solving for the roots of a transcendental equation. More specifically, the solutions 
given in Eq. (6a) for axial vibrations and in Eq. (7) for flexural vibrations can be respectively 
recast in matrix form as 

(9)

respectively, with the former matrix size being and the latter being These matrices 
respectively contain Bessel functions and trigonometric functions evaluated at the two ends 

of the pylon. By setting the matrix determinants equal to zero and solving for the 
roots of resulting transcendental equations using the Newton-Raphson method, the eigenval-
ues of the pylon are recovered. Finally, the eigenfunctions are evaluated starting with a back-
substitution of the eigenvalues in Eq. (9) and usually  setting one of the coefficients of the 
vectors { equal to one.

3.2 External loads
When external loads are present, one can opt to either employ modal analysis or to find a 

particular solution for the right-hand sides (RHS) of Eq. (5) corresponding to time harmonic 
forces, in which case the complete solution is the addition of the homogeneous and particular 
parts. For ambient vibrations in the form of ground motion, a complication arises due to the 
fact that one must distinguish between the displacement of the cantilever relative to its base, 
and its total displacement which is the addition of both. The generic form of ground motion, 
be it in the vertical or horizontal directions, is , where is a mean 
value for the ground displacements and is the frequency of vibration. Assuming 

are relative to the base, then  the RHS of Eq. (1) are 
. Two frequency ranges are relevant to the py-

lons considered here due to the passage of high speed trains: (i) High frequency base accelera-
tions in the vertical direction in the range that result from the 
train’s wheels running across rails that have minor imperfections and (ii) low frequency base 
accelerations in the horizontal direction  in the range as the train moves rap-
idly and generates forward travelling elastic waves in the soil. 

3.3 Mass dampers and base springs 
If the pylon has a lumped mass 

g
at the top, one boundary condition for each of the axial 

and flexural vibrations involves the acceleration at . In a steady-state environment, 
these acceleration amplitudes are , to which the amplitude of the base 
acceleration must be added. This still allows for a reformulation of the boundary 
conditions of Eq. (2b) in the homogeneous form specified by Eq. (9). The boundary condi-
tions of Eq. (2c) involving the base isolation springs are simpler to implement be-
cause they involve relative displacements. For the flexural vibration case, each of the 
translational and rotational springs are examined separately. Since the eigenvalue formulation 
matrix equations resulting from the imposition of the boundary conditions are complex, there 
is some economy in computation to be gained if their inversion is carried out in closed form. 
This is trivial for the matrix that yields constants . It becomes more involved 
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for the  matrix that yields constants , and we give as example in the 
Appendix the transcendental equation that yields the flexural eigenfrequencies for a lumped 
mass at the top of the pylon.

4. EIGENPROPERTIES OF PYLONS WITH PASSIVE CONTROL DEVICES

Following the modal analysis approach previously discussed, we will focus on pylons with
a  uniform cross-section, as being the more general reference case.

4.1 Longitudinal vibrations
The transient axial displacement for the damped catilevered pylon is as follows: 

) (10a)
(10b)

In the above, summation is over all eigenmodes, while complex coefficient 
has real and imaginary parts given by 

, (11)

with . The eigenfunction is defined in the interval as 

If a lumped mass is placed at the top of the pylon, the axial displacement is 

) (12a) 

(12b)

with coefficient , and complex coefficient given by Eq. (11).   

4.2 Transverse vibrations
As in the above, reconstitution of the transverse displacement using modal analysis for the 

damped, flexible pylon with uniform cross-section is given as 

(13) 

with the real and imaginary parts of the complex coefficient given as 

, (14)

and where is the radius of gyration of the cross-section. The general form of the 
eigenfunctions is 
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(15)

When a horizontal base spring is placed at the pylon’s base, then constants appearing in 
the eigenfunctions are given below as 

(16)

Next, when a rotational spring is placed at the base, the new constants are now 

(17)

5. NUMERICAL STUDIES FOR A FLEXIBLE PYLON

The aim here is to derive transmissibility (TR) functions for both axial and flexural vibra-
tions of a cantilevered pylon serving as part of the network for electrified railway lines. The 
pylon material is pre-stressed concrete, and the relevant geometric and mechanical properties
are given in Table 1 below, including , the total mass of the pylon. All subsequent compu-
tations were carried out in a Python programming environment [11], where computation times 
did not exceed for the TR functions that follow, which are parametric in the mass ratio 

and in the spring constants.

a (m) b(m) d (m) R(a) (m) R(b) (m)
39.5 49.5 0.0875 0.215 0.3375

E (kPa) ρ (tn/m3) m0 (tn/m) ΜΤ (tn) δ (%)
44.4·106 2.55 0.301 3.84 5.0

Table 1: Properties of the pre-stressed R/C cantilevered pylon

5.1 Preliminary calculations
We define an equivalent, uniform cantilevered pylon that has a constant cross-section de-

fined by the base radius through-out its height. This is simply done for comparison pur-
poses with the tapered one, and Table 2 lists the first three axial and flexural eigenfrequencies 
for both types of pylons. We observe that the difference in the first fundamental frequency of 
the pylon is in the neighborhood of 5 between the tapered and the uniform cross-section 
variants. Further such comparison studies can be found in Ref. [4].

Pylon type f1 (Hz)
axial 

f2 (Hz)
axial

f3 (Hz)
axial

f1 (Hz)
flexural 

f2 (Hz)
flexural 

f3 (Hz)
flexural 

Uniform 104.3 312.9 521.6 5.57 34.92 97.78

Tapered 114.0 316.5 523.7 5.84 30.47 80.85

Table 2: Comparison of the eigenvalues between R/C pylon uniform and tapered cross section.
5.2 The eigenvalue problem for a base-isolated pylon with a uniform cross-section
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For illustrative purposes, Fig. 2 below shows the pylon’s first three flexural eigenmodes 
for the case of a translational spring KY whose value increases so that in Fig. 2(c) the fixed-
base pylon case is recovered.

(a)

(b)

(c)

3029

George D. Manolis and George I. Dadoulis



George D. Manolis and George I. Dadoulis

Figure 2: First three eigenfrequencies and eigenfuntions of a flexible pylon under transverse 
vibrations as a function of the translational base spring magnitude: (a) Soft spring, KY=500 

kN/m, (b) intermediate spring, KY=5,000 kN/m and (c) stiff spring KY=50,000 kN/m.

Also, Fig. 3 is a convergence study on how the first three flexural eigenfrequencies of the 
base isolated pylon converge to the values for the fixed-base case as the magnitude of the 
translational and rotational base springs increases

(a)

(b)

Figure 3: Convergence study on the first three flexural eigenfrequencies of the base-isolated 
pylon as a function of spring stiffness: (a) translational spring KY and (b) rotational spring KΘ.

Note: The dotted red line is for the fixed-base pylon.

5.3 Transmissibility functions for longitudinal vibrations
We next proceed to recover TR functions for the reference case of the equivalent uniform 

pylon, keeping in mind that tapering basically acts as a perturbation of the first eigenfrequen-
cies of an equivalent pylon with a uniform cross-section. Since the eigenfrequencies of pylons 
are widely spaced, we resort to log-log plots. Starting with Fig. 4, we observe that until the 
first axial eigenfrequency is reached, the presence of the lumped mass at the top is of minor 
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consequence, but still somewhat detrimental. However, as the frequency continues to go up, 
the lumped mass starts actively reducing the motion by as much as an order of magnitude, and 
even a small mass of 10% of is effective. Note here the emergence of a new eigenfre-
quency, otherwise absent when there is no top mass. The situation with the vertical base 
spring is quite different, because at low frequencies, below the first eigenfrequency, we have 
substantial decrease in the TR values as compared to the fixed base, which roughly corre-
sponds to the spring with the largest values, namely KX=5·106 kN/m . As the frequency goes 
up, the TR exhibit minor fluctuations but the motion de-amplification is still substantial.

(a)

(b)

Figure 4: Transmissibility functions TR between top and ground displacement amplitudes ver-
sus frequency f for longitudinal pylon vibrations under a normalized sinusoidal ground accel-
eration input and for a damping δ value of 5% as a function of: (a) mass ratio RM=ML/MT; (b) 

vertical base spring KX values.

5.4 Transmissibility functions for transverse vibrations
We continue with Fig. 5 for flexural vibrations, where the TR functions for the base isola-

tion springs present a rather complicated situation. Assuming that the highest spring values 
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approach the fixed-base case, then base isolation springs are ineffective at low frequencies, i.e. 
those below the first flexural eigenfrequency. As we move past that value, only the horizontal 
spring is effective in producing de-amplification of motion. Finally, the rotational spring re-
mains ineffective at both the low and high ends of the frequency spectrum, where it shifts the
fixed-base dominant eigenfrequency to lower values. It is effective only when the external 
frequency of vibration approaches a narrow frequency range around the fixed-base pylon ei-
genfrequencies.

(a)

(b)

Figure 5: Figure 4: Transmissibility functions TR between top and ground displacement am-
plitudes versus frequency f for transverse pylon vibrations under a normalized sinusoidal 
ground acceleration input and for a damping δ value of 5% as a function of: (a) horizontal 

base spring KY values and (b) rotational base spring KΘ values.

6. CONCLUSIONS
In this work, we have derived solutions for the transmission of motion between the top and 

base of a cantilevered pylon, to which either a lumped mass is attached at the top or springs 
are inserted at the base for the purpose of acting as passive control devices. Of course, it may 
be that a lumped mass is already attached to the pylon, as would for lighting devices, cable 
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supports, signal transmission apparatus, etc., which implies that the results generated here are 
still applicable. The same holds true if the pylon is founded on soft soil, in which case we 
have soil-structure-interaction phenomena and the ground is replaced by an equivalent set of 
springs. 

For a typical R/C pylon used in electric rail lines, with vibrations induced by passing trains 
in both the vertical direction and on the horizontal plane, the presence of the lumped mass at 
the top of the pylon is beneficial in the high frequency range, where we see an amplitude re-
duction in the pylon displacements. Conversely, in the low frequency range as compared to 
the pylon fundamental eigenfrequency, the presence of a lumped mass ranges is of minor sig-
nificance and may even be detrimental. Similar conclusions can be drawn in reference to the 
presence of base isolation springs that become effective in the higher frequency range. In the 
low frequency range, however, their presence is detrimental, as they result in an increase in 
amplitude at the top for transverse vibrations, but beneficial for longitudinal vibrations.

The presence of a lumped mass and of base isolation springs becomes important when 
viewed in terms of SHM, because these passive damping mechanisms can be upgraded to a 
semi-active status [9]. For instance, it may be possible to allow for the lumped mass to fluctu-
ate as the pylon structural vibrations unfold with time, provided a suitable mechanism can be 
added for this purpose. In addition, there would have to be a control algorithm, as for instance 
a predictor-corrector method that computes the imminent displacement at the top of the pylon 
and energizes the mechanism if this displacement exceeds a prescribed limit. A similar situa-
tion can be envisaged for the case of a base isolation mechanism. In both cases, the use of 
control algorithms pre-supposes the existence of robust and efficient structural analysis capa-
bilities, as would be the case for the analytical solutions presented herein. 
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APPENDIX
We derive here the transcendental equation for flexural vibrations of a tapered pylon with a 

lumped mass at the top, whose numerical solution by the Newton-Raphson method yields 
the eigenfrequencies. This derivation assumes that this mass is activated by the relative trans-
verse motion of the pylon, which is the case that appears often in the literature. We 
should note, however, that the mass is influenced by the total motion that includes the base 
motion . Finally, recovery of the first three eigenmodes is usually deemed sufficient for 
any subsequent dynamic analysis. More specifically, we start with the shear force boundary 
condition 

We follow with a substitution for in terms of the generalized coordinates and the 
eigenfunctions :

However, the generalized coordinates obey the single degree-of-freedom equation as

Since the bending moment at the pylon’s top is zero, we have that .
Manipulation of the boundary condition equation yields

Next, we use the dimensionless length , and of moment of inertia of the 
tapered pylon to recover the following equation:

(A.1)
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The total mass of the pylon is then computed as

,   where , ,  and  .

By inserting the above expressions in Eq. (A.1) we recover that 

We now introduce the homogeneous solution for flexural vibrations as

{

where . Now we can define the following quantities:

The full set of boundary conditions for the lumped mass at the top is 

Finally, to recover the wave numbers, the determinant of the matrix is set equal to zero:

(A.2)

The matrix terms appearing in Eq. (A.2) are as follows:
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