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Abstract 

Masonry arch bridges are widespread architectural heritages worldwide but are vulnerable to 
many disasters, such as floods and earthquakes. Understanding the failure mechanism of these 
bridges is very important. Recent works regarding the collapse analysis of masonry arch 
bridges almost neglected the backfill, whose absence will lead to inaccuracy in numerical sim-
ulation. This contribution discusses how to model the backfill when analyzing the collapse of 
masonry arch bridges in heterogeneous limit analysis. In this paper, the collapse of the bridge 
with triangular, random Voronoi, and centroid Voronoi mesh of the backfill is first compared. 
For such purpose, we in a prior extend the formulation of standard heterogeneous limit analysis 
to be applicable to arbitrary polygon elements. Then, we compare the collapse performance of 
the bridge employing an associated or non-associated sliding model at the interface of the 
backfill. The results show that although the employment of polygon elements for backfill can 
produce a more realistic crack propagation, it may also lead to severe locking problems, re-
sulting in an overestimated load prediction. Besides, we would recommend employing a non-
associated flow rule for a conservative prediction of collapse load (especially when using a 
polygon mesh). 

Keywords: Masonry arch bridges, Backfill, Limit analysis, Associated sliding, Non-associ-
ated sliding, Polygon mesh. 
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1 INTRODUCTION 
Masonry arch bridges are one of the most widespread typologies in worldwide architectural 

heritages. The collapse analysis of these bridges is a complex problem in the numerical field 
due to the involvement of multiple materials. Besides the stone-like part (e.g. arch or spandrel), 
the backfill on the ring presents completely different properties from the stone. The presence 
of the backfill has a positive influence on the ultimate load of the bridges because it can prevent 
the movement of the bricks when the bridge turns into a mechanism, and such effects have been 
experimentally proven [1, 2]. Therefore, how to model the backfill when analyzing the collapse 
of these bridges should be a great concern to investigate. 

Rigid block limit analysis is one of the powerful approaches that can quickly predict the 
collapse of block structures. This approach has been gaining popularity due to the recent boom 
of Computational Operational Research (e.g. [3−6]). Backfill, however, was not precisely taken 
into account in these numerical works. Some researchers attempted to engage backfill when 
analyzing the failure of masonry arch bridges [7−11]. In these contributions, they proposed a 
limit-analysis-based formulation, with a triangular discretization of the backfill. Nevertheless, 
such discretization for backfill can only produce straight crack propagation, which should de-
viate from reality. On the other hand, sliding behavior among the backfill elements has not been 
precisely considered. In these studies, the employed sliding model for the backfill interface was 
the associated flow rule (see [7, 8]). Such a model will lead to a large separation (dilation) at 
the contact joint and thus may give rise to an incorrect collapse mechanism and overestimated 
collapse load (see [12, 13]). The real sliding behavior for the backfill-to-backfill interface 
should be more closed to a non-associated sliding with zero-dilation angle [14]. 

In this paper, we discuss the modeling of the backfill in the limit analysis of masonry arch 
bridges. The formulation for the associated limit analysis with arbitrary polygon elements is 
first developed, then we extend it to tackling the non-associated sliding problem. Utilizing the 
above approach, we investigate the influence of different mesh shapes for the backfill on the 
collapse performance, with consideration of three types of discretization: a) triangular mesh; b) 
random Voronoi mesh; c) centroid Voronoi mesh. Here, Prestwood bridge is taken as a bench-
mark. The collapse predicted by associated and non-associated formulations is also compared. 
Based on these results, some suggestions for modeling the backfill when performing a limit 
analysis are concluded. 

2 METHODOLOGY 
Many contributions have established the associated formulation of limit analysis for trian-

gular or quadrilateral blocks [15, 16]. In this section, to include also polygon elements, we first 
investigate the equilibrium and compatibility conditions for these elements. 

(a) 

 

(b) 

 
Figure 1: (a) equilibrium condition and (b) geometric compatibility condition for polygon element. 
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Considering a polygon block i, the equilibrium condition between the interfacial resultant 
and centroid-acting force (Figure 1a) can be written as Eq. (1). Ji represent the set of the joint 
index associated with block i. Correspondingly, from point of view of kinematics (Figure 1b), 
we can calculate the velocity jumps at each interface j from the centroid velocities by Eq. (2). 
Ij represent the set of the block index associated with joint j. sgn (x) here is the sign function.  
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These two formulations can be cast into a matrix form (Eqs. (3) and (4)).  
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Note that here all the components in the matrix i
jA  completely depend on the geometry of 

the blocks. Matrix i
jA  project the joint resultants xj onto the global coordinate frame regarding 

the centroid of the blocks. Matrix ( )Ti
jA  transforms the centroid velocities ui to the interfacial 

discontinuous variable qj. As we can see, similar to the case for triangular or quadrilateral 
blocks, the coefficient matrix for the equilibrium and compatibility condition is a transpose of 
each other. Vector i

Lf  and i
Df  contain the components of live and dead load. In the vertical load-

ing case, we can assign them as Eq. (6). Wi here is the weight of the block i.  
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Collecting the Eqs. (3) and (4) for all the elements, we can get global equilibrium and com-
patibility conditions for arbitrary polygon blocks. The form is in line with the one in rigid block 
limit analysis for triangular or quadrilateral elements. The optimization formulation for Lower 
Bound (LB) and Upper Bound (UB) problems can then be written as Eqs. (7) and (8).  
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Besides the equilibrium and compatibility conditions, we use Mohr-Coulomb friction to 
model the interfacial behavior (the second condition in Eq. (7)). This model defines a limit 
surface for the interfacial resultants (Figure 2). Any force state that reaches the edges will imply 
separation or sliding at the joint. The corresponding flow rule (the third condition in Eq. (8)) is 
associated, which means that the possible interfacial velocity resultants should be orthogonal 
to the limit surface. In that case, Eqs. (7) and (8) become a pair of dual Linear Programming 
(LP) problems, which should always give a consistent optimal solution. More information can 
refer to [16]. 

(a) 

 

(b) 

 
Figure 2: Failure surfaces for the interfaces: (a) normal force vs. shear force; (b) normal force vs. moment. 

Although the problem will be robust to be solved once employing the associated flow, such 
a model will give rise to a large separation at the joint. A more realistic model of the interfacial 
sliding for the backfill should be non-associated and zero-dilation. However, such a non-asso-
ciativity will make the optimization problem non-convex and will thus increase the complexity 
when searching for the solution. We use the Sequential Linear Programming (SLP) procedure 
to solve this problem [13]. This procedure sequentially solves a series of associated limit anal-
ysis problems through LP procedure. During the Iteration, the dilation angles for the discontin-
uous velocity will be gradually reduced while the constraints for the interfacial resultants 
remain. Finally, the solution will eventually converge to a non-associated one. 

3 CASE STUDY: PRESTWOOD BRIDGE  
Implementing the proposed approach, we analyze the collapse of “Prestwood Bridge” as 

a case study. The span of the bridge is 6550 mm, with a rise of 1428 mm. The thickness of the 
arch ring is 220 mm. Detailed geometric characteristic of this bridge is shown in Figure 3 (re-
ferring to [7]). The boundary at the side and bottom of the backfill as well as the springer are 
all unilateral contact conditions. The load pattern considered here is a pressure with a width of 
300 mm, acting at the 1/4 span of the bridge. The material properties of the elements and the 
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interfaces are given in Table 1. Note that here the cohesion for the brick-to-backfill and brick-
to-brick interfaces are almost neglected (assigned with a very trivial value 10-6 MPa). 

 
Figure 3: Geometry of the Prestwood Bridge (referring to [7]). 

 Elements Interfaces 
brick backfill Brick-to-brick Brick-to-backfill Backfill-to-backfill 

Density ρ  
[kg/m3] 15 19 - - - 

Frictional  
angle φ [°] - - 37 37 37 

Cohesion c 
[MPa] - - 10-6 10-6 10-3 

Table 1: Material parameters for the elements and interfaces. 

Taking this bridge as a benchmark, we compare the collapse with the employment of 
different discretization (triangular and polygon mesh) and interfacial sliding models (associated 
and non-associated sliding). As mentioned in the methodology, associated and non-associated 
sliding problems are solved through LP and SLP procedures, respectively. 

3.1 Rigid triangular mesh for backfill 
The triangular mesh for the backfill region is presented in Figure 4. The arch ring is dis-

cretized as 80 rigid blocks, based on the real bond pattern of the bridge. Triangular mesh is 
generated through a MATLAB-based package “MESH2D” [17]. The typical size of the element 
is about 131 mm. The total amount of the element for backfill is 1605. 

 
Figure 4: Mesh, load, and boundary condition: triangular mesh for the backfill. 

The collapse of the bridge predicted by the associated formulation is shown in Figure 5a. 
The mechanism for the arch ring is similar to a 4-hinge mechanism. Two extrados hinges occur 
below the loading area and the distance between these two extrados hinges is larger than the 
width of the pressure acting on the surface of the backfill. This indicates that the dispersion of 
the pressure takes place in this region. Other hinges locate near the middle span and two spring-
ers of the bridge, which is basically consistent with the standard 4-hinge mechanism. The 
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backfill at the right side moves downward and the left rises due to the arch ring extrusion. Note 
that the vertical movement of the left part is greater than the right, especially for the element at 
the top layer, and we also observe large separations exhibited at the top of the backfill. The 
backfill cracks from the surface to the bottom on the right side with comparatively small sepa-
rations. Most of the cracks in the backfill are straight. 

 
(a) Associated flow 

 
(b) Non-associated flow 

Figure 5: Collapse results of the bridge: triangular mesh for the backfill 

Compared with the associated one, the predicted mechanism for the arch ring is very 
similar (Figure 5b). Only the number of hinges at the right springer decreases. The movement 
of the backfill is roughly in line with the associated one while the cracking area is significantly 
reduced (especially for the left side). Due to employing the zero-dilation angle, no obvious 
separation is presented in the backfill. Regarding the collapse load, the non-associated predic-
tion is 9.85% lower than the associated one, indicating that the associated formulation will 
overestimate the ultimate load in this case.  

3.2 Rigid polygon mesh for backfill 
Now Let us proceed to investigate the collapse of the bridge where the backfill is discre-

tized by the polygon elements. In this analysis, polygon mesh is produced based on Voronoi 
tessellation. Two types of Voronoi mesh for the backfill are considered: a) random Voronoi 
mesh, where the shape of the polygon is more random (Figure 6a); b) centroid Voronoi mesh, 
where the shape of the polygon is more regular (Figure 6b). Both these two meshes are gener-
ated through an open-source code “lloydsAlgorithm” [18]. The total amount of the element in 
these two cases is 1159. The arrangement of the bricks is the same as the one in the previous 
triangular-element case. 

Employing the random Voronoi mesh, the associated formulation predicts a very different 
mechanism (Figure 7a), compared with that in the triangular-meshed case. Sliding happens in 
the collapse mechanism of the arch (at two springers). Excessive cracks spread in the left part 
of the backfill, with also the occurrence of large separations among the elements. Using the 
non-associated formulation can reduce the cracking and the separation within the backfill re-
gion (Figure 7b). The movement of the backfill is almost consistent with the one in the 
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triangular-meshed case. Note that the predicted crack propagation in the backfill is zig-zag, 
which should be more realistic. However, the collapse load predicted by the associated formu-
lation is extremely overestimated when using the random Voronoi mesh (about 10 times the 
associated solution in the triangular-meshed case), which should be attributed to the locking of 
the rigid polygon element. Such overestimation will drop when using the non-associated sliding 
while the predicted load remains 64.2% higher than that given in the triangular-element case. 
In conclusion, although the consideration of the non-associated sliding can relieve the locking 
among the random Voronoi elements to some extent, it still exists.  

 
(a) Random Voronoi mesh 

 
(b) Centroid Voronoi mesh 

Figure 6: Mesh, load, and boundary condition: polygon mesh for the backfill. 

 
(a) Associated flow 

 
(b) Non-associated flow 

Figure 7: Collapse results of the bridge: random Voronoi mesh for the backfill. 

Such a locking phenomenon becomes even more severe when applying a centroid Voro-
noi mesh. Both associated and non-associated formulations produce a very large collapse load 
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(Figure 8). In this case, the collapse load predicted by the non-associated formulation is even 
higher than the associated one (compare Figures 8a and 8b). This indicates that considering 
non-associated sliding cannot reduce the locking phenomenon, which may even go worse dur-
ing the SLP iteration. The collapse mechanisms of the bridge predicted by these two formula-
tions also significantly deviate from intuition (see Figure 8).  

 
(a) Associated flow 

 
(b) Non-associated flow 

Figure 8: Collapse results of the bridge: centroid Voronoi mesh for the backfill. 

4 CONCLUSIONS 
This paper has investigated the collapse of the masonry arch bridges with different meshes 

and interfacial sliding models for the backfill through limit analysis. For this purpose, we first 
extended the associated and non-associated limit analysis to be also applicable to arbitrary pol-
ygon elements. Collapse analysis of Prestwood Bridge was carried out as a benchmark to com-
pare the aforementioned aspects. Specifically, we compared the collapse performance of the 
bridge employing triangular/polygon mesh and associated/non-associated interfacial sliding for 
backfill. The main conclusions are drawn as follows:  

• In the 1/4-span-loading case, the arch collapses as a 4-hinge mechanism in general. The 
backfill at the loading side moves downward while another side moves upwards due to the 
passive extrusion of the arch. Dispersion of the surface pressure in the backfill is also ob-
served. 

• Collapse mechanism of the bridge with triangular mesh for the backfill is in line with the 
intuition while the produced cracks among the backfill are straight. Employment of poly-
gon elements will suffer from the locking phenomenon to some extent, resulting in an 
overestimated collapse load. However, the predicted zig-zag crack propagation among the 
backfill should be more realistic.  

• According to our research, when using the rigid polygon elements, we would recommend 
the random Voronoi mesh, because the overestimation of the load is comparatively low in 
this case.  
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• Generally, using the non-associated flow rule can reduce large separations among the back-
fill and thus give rise to a safer collapse load. We would recommend using the non-asso-
ciated flow rule, especially when using polygon mesh, because the overestimation of the 
associated formulation, in this case, may be very large. 

• Future work will concern how to reduce the locking phenomenon when using the polygon 
elements. Further calibration of the material parameters for a more precise prediction of 
the collapse load will also be carried out.  
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