Available online at www.eccomasproceedia.org
Eccomas Proceedia COMPDYN (2023) 3394-3403

COMPDYN 2023

E c co M AS 9" ECCOMAS Thematic Conference on

Computational Methods in Structural Dynamics and Earthquake Engineering
M. Papadrakakis, M. Fragiadakis (eds.)

P ro CEEd Ia Athens, Greece, 12-14 June 2023

STRUCTURAL DEFORMATION RECONSTRUCTION USING THE
HYBRID SHELL-BEAM INVERSE FINITE ELEMENT METHOD:
THEORY & NUMERICAL RESULTS

Rinto Roy!, Marco Esposito?, Marco Gherlone?, and Cecilia Surace!

! Department of Structural, Geotechnical and Building Engineering, Politecnico di Torino,
Corso Duca degli Abruzzi, 24, 10129 Torino, Italy
e-mail: {rinto.roy,cecilia.surace} @polito.it

2 Department of Mechanical & Aerospace Engineering, Politecnico di Torino,
Corso Duca degli Abruzzi, 24, 10129 Torino, Italy
e-mail: {marco.esposito,marco.gherlone} @polito.it

Abstract.  This work introduces a robust and computationally efficient method for recon-
structing the full-field elastic deformations of thin-walled and stiffened panel structures using
discrete strain-sensor measurements. The approach presented is based on the inverse Finite
Element Method (iFEM), a variationally-based shape sensing technique that attempts to recon-
struct the structural displacements by matching a set of experimental and analytically defined
strains in a least-squares sense. The novelty of the present work is the introduction of a hybrid
discretisation paradigm for the iFEM whereby both beam and shell inverse finite elements are
conjointly used to model the structure and capture its deformations. The theoretical framework
for this new method and the kinematic coupling between shell and beam inverse elements, pro-
posed based on the first-order shear deformation theory, is presented. Adoption of such a hybrid
discretization scheme reduces the number of inverse elements required for structural modelling,
thereby reducing computational time and effort. Additionally, beam elements reduce the number
of in-situ strain sensors required compared to a solely shell-based inverse model. The hybrid
iFEM approach is demonstrated numerically for the shape sensing of a stiffened panel under
different load conditions. The preliminary results are accurate and efficient, demonstrating the
capabilities of the hybrid iFEM as a potential monitoring approach, especially for aerospace
applications where high strength and low mass requirements have led to the widespread adop-
tion of thin-walled and stiffened structural geometry designs.
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1 INTRODUCTION

Inverse problems in structural engineering are key to estimating important characteristics of
a structure when only indirect measurements are available. Reconstructing structural displace-
ments in real-time from discrete strains, termed shape sensing, is such an inverse problem with
the potential for real-time damage diagnosis and prognosis in the domain of Structural Health
Monitoring (SHM) [1]. However, inverse problems are ill-posed, requiring efficient methods to
ensure accurate, unique, and stable solutions. Although solution approaches to shape sensing
based on strain integration, basis functions, and neural networks have been proposed in litera-
ture [2], those using a variational principle, such as the inverse Finite Element Method iIFEM)
[3], have perhaps found the widest acceptance.

Displacement reconstruction using the iFEM is based on solving a functional defined as the
least-squares error between analytical and experimental strains. The two main ingredients of
the iIFEM are the adoption of the finite element discretisation framework and the use of inter-
polation functions and the strain-displacement relations to approximate the analytical strains.
The former allows complex geometries to be modelled, while the latter ensures that the iFEM is
inherently independent of the material properties or loading conditions of the structure. iFEM
developments have primarily focused on novel inverse element formulations to model one-
dimensional (1D) beam and frame structures (called 1D iFEM) or two-dimensional (2D) plate
or shell structures (called 2D iFEM). In the context of the 2D iFEM, the three- and four-node
Mindlin shell [4, 5], eight-node curved shell [6], and multi-layered composite [7] elements
have been developed and applied for monitoring aerospace, civil, or marine structures involving
metallic and composite constructions [8, 9, 10]. When analysing complex structures, a precise
2D iFEM model involving a high-fidelity inverse shell element discretisation can be used to ob-
tain accurate results. However, in this case, the analysis is computationally intensive, requiring
strain measurements from a relatively large number of sensors instrumented on the structure. In
contrast, the 1D iFEM offers a low-cost (computational and sensor) alternative for monitoring
beam or frame structures, with inverse elements for thick [11] and thin beams [12], complex
cross-sectional beams [13], and composite structures [14] comprising the major developments.
They have also been applied for various aerospace [15] and marine structures [16]. As the 1D
iFEM uses a low-fidelity finite beam element discretisation, the validity of the results is highly
dependent on the kinematic relations used. As geometric complexity increases, the assump-
tions can break down, leading to inaccurate results. Hence, neither 1D nor 2D iFEM offers an
optimal solution between accuracy, computational cost, and sensor requirement for monitoring
structures such as a stiffened panel or a wing box.

This work proposes a solution to this problem by developing a hybrid iFEM scheme where
the structure is discretised using both beam and shell elements. Such a coupling ensures greater
accuracy than the 1D iFEM, while requiring fewer strain measurements and computational
effort than the 2D iFEM. The hybrid iFEM is applied in this work for the numerical shape
sensing of a cantilevered stiffened panel instrumented with fibre optic sensors. As per the
hybrid scheme, the flat panel is discretised using shell elements, and the stringers use beams.
The iFEM accuracy in reconstructing the bending and twisting deformation of the panel is
evaluated by comparing results with a high-fidelity finite element (FE) model of the structure.
The paper is organised as follows: the theoretical formulation of the hybrid iFEM is given in
Section 2. The hybrid iFEM is demonstrated numerically in Section 3 for the shape sensing of
a stiffened panel under different loading conditions. Finally, Section 4 concludes with the main
conclusions and opportunities for future work.
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2 HYBRID INVERSE FINITE ELEMENT METHOD

The 1D and 2D iFEM formulations, proposed by Gherlone et al. [11] and Tessler et al. [3],
respectively, are briefly recollected in this section. Subsequently, the theoretical formulation of
the hybrid iFEM is presented.

2.1 1D Inverse Finite Element Method

The 1D iFEM for beams or frames is based on the kinematic assumptions of Timoshenko
beam theory [11], where the kinematic variables u, = {u, v, w,0,,0,,0,}" are used to describe
the Cartesian components of the displacement vector as

ug(X) = u(x) + 20y () — yb-(2) , uy(x) = v(2) = 20.(2) , u.(x) = w(z) +yba(z) (1)

where the kinematic variables, u, v, and w, are the beam displacements at the shear centre along
the x, y and z-axis, respectively (see Fig. 1), and 0,, 6,, and 0, are the torsional and bending
rotations about the x, y, and z-axis, respectively.

Using the linear strain-displacement relations, the corresponding strain field is computed

£:(X) Uy z e1(x) + zea(x) + yes(x)
Vor(X) P = Uy s +Usy p = eq() + yeg(x) 2)
Vay(X) Upy + Uy p es(r) — zeg(x)

where e; (¢ = 1,...,6) are the sectional strains defined along the beam axis. Using element
shape functions to interpolate the nodal degrees-of-freedom (DOF) and approximate the dis-
placements and strains within an element, the sectional strains can be written as

e(“b) = {617 €2, €3, €4, €5, eG}T

3
= {u,xa Qy,cca _9271‘7 w,x + 9y7 U,CE - 92" 050713}7_' = Bsug ( )

where B is a matrix of shape function derivatives and uj is the nodal DOF vector of the element.

Although Eq. 3 provides the analytical form of the sectional strains, they can also be com-
puted experimentally from strain measurements. For a strain sensor instrumented at an axial
location z; and orientation (3 on the beam surface, the surface strain measurement can be writ-
ten in terms of the experimental sectional strains, e© = {e, €5, €5, €5, 5, e5 T as [13]

e (zi, e, B) = (e5(x;) + €5(xi)z; + e5(xi)yi) (cos? B — vsin® B)+

(kiefl(xi)fl(yiy 2;) + kieé(mi)ﬁ(yi, ;) + eg(x:) f3(yi, Zz)) cos (3 sin 3

€y

“4)

where fi, fo, f3, key and k.. are functions and coefficients used to model the shear strains
variation due transverse or torsional loads and are only a function of the beam profile. Given a
discrete set of strain measurements, Eq. 4 can be solved to compute e°.

The 1D iFEM is based on the finite element framework where the structural domain is dis-
cretised using 1D finite elements. For each element e, a weighted-least-squares error functional
can be formulated as

N
O} (u) = woy(u5) = w Zﬁe — ()] 5)
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where w, = {wy} (K = 1,...,6) is a vector of weighing coefficients used to control the en-
forcement of the least-squares compatibility of each sectional strain component and ensures the
dimensional consistency of Eq. 5, [, is the element length, and NV is the total number of axial
sections with strain measurements.
Eq. 5 is minimized with respect to the nodal DOF of the element to obtain the following
element set of linear algebraic equations
e e
OB0) iy — = 0= k= ©
b
where matrix kj is only a function of the sensor positions while vector fj is a function of the sen-
sor positions and measured strains. These element matrices can also be written as the weighted
sum of contributions from each sectional strain as

N 6

k() = D (150 Bgw) B ) fy(w) = D (55 D0 (i) (e

k=1 i=1 k=1 i=1

Strain Sensor

(@) (b)

Figure 1: Definition of the variables used to define the (a) beam and (b) plate kinematics

2.2 2D Inverse Finite Element Method

The 2D iFEM for plates or shells is formulated based on the kinematic assumptions of
Mindlin theory [4], where the kinematic variables w, = {u,v,w, 0,,0,}" are used to describe
the Cartesian components of the displacement vector as

Uy = u(X) + 20,(X) , uy, =0(X) — 20,(x) , u,=w(x) (8)

where the variables u and v, are the mid-plane displacements in the x and y—directions; w is
section-averaged transverse deflection; and 0, and 6, are the section rotations about the = and
y-axes, respectively (see Fig. 1).

3397



R. Roy, M. Esposito, M. Gherlone, and C. Surace

The in-plane and transverse shear strains of the plate are computed from Eq. 8 using the
linear strain-displacement relations

Exx Uy o U o ey,ac
Eyy ( = Uy.y = Uy +z —0y =m(u,) + zk(u,)
Yy Ugy + Uy z Uy + Vg —Orz+ 04y 9)

’sz _ uz,a: + uaﬂ,z _ w@ _I— Qy _
- = e O g(u,)
Vyz Uzy + Uy, Wy x
where m, k, and g are the strain measures defined in the mid-plane surface and representing the
membrane, curvature, and transverse shear strain of the mid-plane.

Using element shape functions to interpolate the nodal DOF and approximate the displace-
ments and strains within an element, Eq. 9 can be written as

€I$
Eyy ¢ = m(uy) + zk(uy) = B™uy + szu; : {z“} = g(u;) = B’u;, (10)
Vay yz

where B, B*, and BY are matrices of shape function derivatives and u; is the nodal DOF
vector. An additional drilling DOF, 6., can be introduced in uj, by means of interdependent
shape functions (discussed by Kefal et al. [5] for the iQS4 element). Hence, even though 6, is
not one of the kinematic variables of Mindlin theory, it appears among the nodal DOF.

The strain measures of Eq. 10 can also be computed from experimental strain measurements.
Using plate top, & = {e},,¢/,, 7, }], and bottom, e, = {e,,,€,,,7;,}» surface strains
measured by sensors placed at discrete in-plane locations, x; = (z,y);, the membrane and
curvature strain measures can be computed using the relations

+ - + -
€ _ + — € _ -+ _ —
m; = 5 eyf + 9 €y , ki = o7 Eyf €yy (11)
Yy Yoy ) /4 Ty Vay) /i

The 2D iFEM uses the finite element framework to discretise the structure using 2D inverse
finite elements. For each element, e, a weighted least-squares error functional is formulated as

O (uy) = W, @y, (ug) + Wi Py (uy) + WPy (uy) (12)

P

where w,,,, w;, and w,, are row vectors of weighting coefficients, while the corresponding error
functionals are given as

1 e 2 (2t>2 e 2
®,=— [ mu) —m|dA , &, = k(u$) — kIJ°dA
Azc; Ae p A; e p
) P P (13)
Qg = E [g(u;)]2dA
p JAG

The weighting coefficients are used to specify the correlation between the analytical and
experimental strain measurements. They are set to unity (w,,, = w, = {1, 1,1}) when experi-
mental strains are available for an element and to a small value (1072 —10~°) otherwise to reduce
the element contribution from the global functional. As g° cannot be computed directly from ex-
perimental measurements, the square norm follows the form of Eq.13 with w, = {107°,107°}.

3398



R. Roy, M. Esposito, M. Gherlone, and C. Surace

Minimising Eq. 12 with respect to the nodal DOF gives to rise to the following element set
of equations

0T ) _ pews g — 0 keut — £ 14
oue pUp — 1, =U=Ku, =1, (14)
P

where matrix k7 and vector f] are given in terms of the shape function derivatives as

1
ke (uf) = — /A e (W, (B™)"B™ + wy(2)*(B¥)"B* + w,(B?)"BY] dA,

A5
1 (15)
f(uf) = o /A (BT wi (202 (BE)TK 4w, (B)7g] dA.
p

2.3 Hybrid Formulation

The hybrid iFEM formulation discretises the structure using both beam and shell inverse
finite elements. Combining beam, ®;, and shell, ®,, element contributions, the global error
functional of the structure is written as

¢ (u) = ¢p(u) + ¢, (u) (16)

where u = {u,v,w, 0,,0,,0,}" is the vector of kinematic variables.
Minimising Eq. 16 with respect to u produces the global equations of the structure,

KU =F (7)

where matrix K and vector F can be written as the superposition of n;, beam and n,, shell element
contributions with the appropriate local-to-global transformations, T¢, as

np np

K(u) = Ky(u) + K, (u) = Y " (T)7k;T + > (T9) KT
e=1 e=1
np

Ulw) = Uylu) + Uyu) = 3 (T 705 + 3 () as)

e=1

F(u) = F,(u) + Fy(u) = ) (T)ET+ > (T T

e=1 e=1

As in the direct FEM, nodal boundary conditions are used to constrain the structure against
rigid-body motion and ensure a non-singular system matrix. Finally, Eq. 17 is solved to obtain
the iIFEM reconstructed nodal displacements, U, of the structure.

3 NUMERICAL STUDY

The hybrid iFEM formulation is applied for the numerical shape sensing of a cantilevered
stiffened panel in this section. The panel is 300 mm long, 180 mm wide, and 2 mm thick and is
composed of six longitudinal stringers of rectangular cross-section 2x 10 mm? (shown in Fig.
2). It is made of an aluminium alloy of Young’s Modulus £ = 73 GPa and Poisson’s ratio
v = 0.3. The panel is tested as a cantilever by clamping along one of its short ends. In contrast,
the other end is subjected to two different load conditions: a uniformly distributed transverse
load that causes the panel to bend and a concentrated transverse load at the corner, causing panel
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Fibre Optic Sensor

(

Panel

Stiffener / Stringer
10% -

Figure 2: Images of the stiffened panel showing the panel and stringer dimensions, and the
location of the fibre optic sensors on each stringer (all dimensions are in mm)

Inverse Shell

Plate Elements Elements (iQS4)

(CQUAD4)

Inverse Beam
Elements (0" order)

(@) (b)

Figure 3: The element discretisation for the (a) direct FEM model composed of 3180 CQUAD4
elements, and (b) iFEM model composed of 1908 iQS4 and 318 0"-order beam elements

twisting. The panel is instrumented with a 5.4 m long fibre optic strain sensor to measure the
strains during deformation. The fibre is instrumented on the stringers, with each stringer having
three sensing lines along which the longitudinal (x-direction) strains are measured.

Given the absence of an experimental model, a high-fidelity finite element (FE) model de-
veloped in NASTRAN is used for the present study. The FE strains are inputs for the iFEM
analysis, while the FE displacements are the reference for iFEM comparisons. In the direct
model, the stiffened panel (including the stringers) is modelled using 3180 CQUAD4 elements,
a four-node isoparametric plate element in NASTRAN. The stringers are discretised with 4
subdivisions along their vertical dimension and 53 along their length. The hybrid scheme is
adopted for the inverse iFEM model. The flat panel is modelled using 1908 1QS4 elements [5],
a four-node inverse shell element with bi-quadratic displacement interpolations and bi-linear ro-
tations, whereas, the stingers are modelled with 318 0"-order inverse beam elements (proposed
by Gherlone et al. [11]) with a linear interpolation of axial displacement and torsional rotation,
parabolic bending rotations, and cubic transverse deflections. As the fibre optic sensors are
instrumented along the stringers, only the beam elements are sensorised in the inverse model.
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Hence, the error norms for the shell elements are penalised with a low value of weights (1075).
Additionally, as only longitudinal strains are measured, the transverse shears (e, and e5) and
torsional (eg) sectional strain of the beam cannot be computed directly, and their corresponding
weights are set to a small value (107%).

0 0.2956
-0.2190 0.2628
-0.4379 0.2299
1-0.6569 10.1971
1.0.8759 10.1642
|
1-1.0949 10.1314
0.0985
0.0657

-1.7518 0.0328

300 -1.9708 0

(mm) (%)

(@ (b)

Figure 4: Contour plots of iFEM results for load case 1: (a) wiggm and (b) w™

The results of the iFEM analysis for load case 1 are given in Fig. 4, where the contour plots of
transverse deflection, wiggym, and its corresponding error, w® " = 100 X (wgg —wWirem) /{ WEE }mazs
are shown. The iFEM results are seen to be very accurate (w®" < 0.3%), with the strains mea-
sured on the stringers accurately describing the bending displacements on the panel. The highest
errors are at the panel extremities, where local deflection changes might not be captured due to
the absence of sensorised elements in its vicinity. Load case 2 presents a more interesting case
with the concentrated load causing the panel to twist. Although the beam elements used no
information regarding the torsional strain, the differential bending of the stringers accurately
captured the global twisting behaviour of the panel (w*” < 0.9% as shown in Fig. 5). In
contrast to a complete shell model of the same structures, these results obtained at a low com-
putational cost and relatively lower number of strain measurements indicate the benefits of the
hybrid iFEM approach.

2229 0.8737
1.9814 0.7766
0.6795
11.4860 10.5825
11.2384 10.4854
10.9907 10.3883
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Figure 5: Contour plots of iFEM results for load case 2: (a) wirgm and (b) w®™
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4 CONCLUSIONS

This work introduced a hybrid beam-shell inverse Finite Element Method for the accurate,
robust, and computationally efficient displacement reconstruction monitoring of thin-walled
and stiffened panel structures using discrete strains. The crux of the proposed approach is a
novel discretisation paradigm whereby the monitored structure is discretised using both beam
and shell inverse finite elements. Such a discretisation scheme reduces the number of inverse
elements required for structural modelling, thereby reducing computational time and the num-
ber of strain measurements needed. This novel approach was demonstrated for the numerical
shape sensing of a cantilevered stiffened panel undergoing bending and twisting deformations.
Accurate results were obtained in an efficient manner, highlighting the capabilities of the hybrid
iFEM as a structural monitoring tool. Future work aims to combine higher-order inverse ele-
ments within this hybrid paradigm and experimentally demonstrate its capabilities for complex
structures such as a composite wing box.
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