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Abstract. The extended modified bridge system (EMBS) method is a theoretically consistent
approach to decouple the vehicle-bridge interaction (VBI) problem. The decoupling according
to EMBS allows to solve the bridge independently of the vehicle by modifying the mechanical
system of the bridge using additional (damping, stiffness, and loading) terms in the equation of
motion. The EMBS method also identifies dominant coupling parameters, between the vehicle
and the bridge, and their relative influence on the bridge response based on a dimensionless
description of the VBI problem. The current study presents the EMBS method in the presence
of rotational, in addition to translational, degrees of freedom (DOFs) in either the bridge or
the vehicle subsystem. The analysis demonstrates in detail the procedure of making the multi-
degree of freedom EOMs dimensionless by means of an example. Lastly, the study investigates
the notion of physical similarity in VBI systems in order to highlight the significance of dimen-
sionless parameters. Specifically, it demonstrates that two vehicle-bridge systems that possess
the same dimensionless parameters will exhibit identical dimensionless response, regardless of
their dimensional parameters.
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1 INTRODUCTION

The Vehicle-Bridge Interaction (VBI) phenomenon has received greater attention in recent years
primarily as a result of the global expansion of high-speed railway (HSR) networks [1–7]. HSR
lines are characterized by a significant number and length of bridges, and trains traverse them
at speeds reaching 300 to 350 km/h [8]. In this context, VBI is important from the perspective
of bridge design and improving the safety and comfort of vehicle rides.

To accurately analyze the vehicle-bridge interaction problem, it is necessary to develop ro-
bust and high-fidelity VBI simulations that can capture the dynamic behavior of the coupled
system (see [9–11]). Given that modeling such a complex VBI system is challenging, it is ben-
eficial to simplify the problem by decoupling vehicle-bridge systems. The simplest decoupling
approach is the well-known moving load approximation, which considers vehicles as moving
loads on the supporting bridge [12, 13]. As an improvement, Eurocode suggests combining the
moving load approximation with a damping ratio, in addition to the structural damping of the
bridge, to account for the favorable damping effect of VBI [14–17]. However, both the mov-
ing load and Eurocode techniques have several well-documented limitations. For example, the
moving load method does not consider the effect of irregularities, and the Eurocode approach
underestimates this effect [18, 19]. To overcome these limitations, Stoura and Dimitrakopoulos
([20]) proposed the Extended Modified Bridge System (EMBS) method.

The EMBS method [20] is a systematic way to decouple the vehicle-bridge interaction (VBI)
problem. The EMBS approach modifies the mechanical system of the bridge with additional
damping, stiffness, and loading terms, and allows to solve the bridge and vehicle subsystems
independently, producing however accurate results compared to a coupled solution. The EMBS
method can tackle multi-degree of freedom (MDOF) vehicle-MDOF bridge systems including,
for example, complicated bridge configurations such as continuous bridges and arch bridges.
Furthermore, the EMBS method identifies dominant coupling parameters and their relative in-
fluence on the bridge response based on an asymptotic expansion analysis on the dimensionless
equations of motion (EOMs).

The current study presents a generalization of the EMBS approach to systems with both rota-
tional and translational degrees of freedom (DOFs) in either the bridge or the vehicle subsystem.
Specifically, it presents the governing terms in those EOMs and demonstrates the procedure of
making the (MDOF) EOMs dimensionless. Additionally, the study discusses the concept of
physical similarity in coupled vehicle-bridge mechanical systems in order to illustrate the im-
portance of dimensionless parameters.

2 FORMULATION OF THE VEHICLE-BRIDGE INTERACTION PROBLEM

The EOM of a coupled MDOF vehicle-MDOF bridge system can take the form [20, 21]:

m¨̃u+ c ˙̃u+kũ−Wλ̃λλ = f (1)

where ũ(t) is the displacement vector of the whole (coupled) system:

ũT =
[
ũV ũB

]
(2)

Throughout this study, an overdot indicates differentiation with respect to the dimensional time
t, while prime denotes differentiation with respect to the location of the vehicle x. Superscript
()T denotes the transpose of a vector or matrix, while the tilde is used to distinguish dimensional
from the corresponding dimensionless quantities, when needed (later on). m, c and k are the
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corresponding mass, damping, and stiffness matrices of the entire system:

m =

[
mV 0
0 mB

]
, c =

[
cV 0
0 cB

]
, k =

[
kV 0
0 kB

]
(3)

The subscript ()B denotes the bridge subsystem, and the subscript ()V indicates the vehicle
subsystem. λ̃λλ is the vector of the contact forces between the vehicle and bridge subsystems,
W(x) is the contact direction matrix, and f is the external force vector of the entire system:

W =

[
WV
−WB

]
, f =

[
fV
fB

]
(4)

To estimate the contact force λ̃λλ we assume “rigid contact” between the wheels and the rails, and
follow the calculation procedure of [21] which leads to:

m¨̃u+ c̄ ˙̃u+ k̄ũ = f̄ (5)

with:
c̄ = [E−WG−1WTm−1]c+2vWG−1W′T,

k̄ = [E−WG−1WTm−1]k+ v2WG−1W′′T,

f̄ = [E−WG−1WTm−1]f+ v2WG−1r′′c

(6)

where E is the identity matrix, G−1 is the mass participating in the contact interaction between
the wheels and the bridge where its inverse G = WTm−1W, rc (x) is the irregularities vector,
and v indicates the vehicle speed.

The EMBS method (Stoura and Dimitrakopoulos [20]) proceeds from Eq. (5) by partitioning
Eq. (5) into the bridge and vehicle subsystems and further distinguishing the vehicle subsystem
into the upper and wheel parts. Ultimately, the decoupling according to the EMBS method
hinges on a dimensionless description of the vehicle-bridge EOM (Eq. (5)).

However, the first version of the EMBS method ([20]), did not distinguish between transla-
tional DOFs (or equivalently force equilibrium equations) and rotational DOFs (or equivalently
moment equilibrium equations). Strictly speaking, the generic EOM (Eq. (5)) was dimensional-
ized only for translational DOFs ([20]). Here we extend the applicability of the EMBS method
by explicitly considering rotational DOFs, in addition to translational DOFs, and dimensional-
izing accordingly the different DOFs.

In particular, without loss of generality, we start from Eq. (5) and partition the original DOF
vector ũ(t) into translational DOFs x̃ and rotational DOFs φ̃φφ :

ũT =
[
x̃ φ̃φφ

]
(7)

The EOM (Eq. (5)) of the whole (coupled) system becomes:[
mx 0
0 mφ

][ ¨̃x
¨̃
φφφ

]
+

[
c̄x c̄x,φ

c̄T
x,φ c̄φ

][ ˙̃x
˙̃
φφφ

]
+

[
k̄x k̄x,φ

k̄T
x,φ k̄φ

][
x̃
φ̃φφ

]
=

[
f̄ff x
f̄ff φ

]
(8)

We dimensionalize the first of the matrix equations of Eq. (8) by dividing with a reference force
Fre f = mre f lre f t−2

re f and the second of Eq. (8) by dividing with a reference moment Mre f =
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mre f l2
re f t

−2
re f respectively:

1
Fre f

(
mx ¨̃x+ c̄x ˙̃x+ c̄x,φ

˙̃
φφφ + k̄xx̃+ k̄x,φ φ̃φφ

)
=

1
Fre f

(
f̄x
)

1
Mre f

(
mφ

¨̃
φφφ + c̄φ

˙̃
φφφ + c̄T

x,φ
˙̃x+ k̄φ φ̃φφ + k̄T

x,φ x̃
)
=

1
Mre f

(
f̄φ

) (9)

The specific expressions of the reference force Fre f and the reference moment Mre f depend
on the problem at hand. In general, there are multiple eligible and meaningful ways to dimen-
sionalize a physical problem depending on the perspective and the goal of the analysis. For
instance, if the interest is on the bridge subsystem, we can adopt as reference mass, the gener-
alized mass mB of the first mode of the bridge mre f = mB, as reference length the span of the
bridge lre f = LB, and as reference time the first eigenfrequency ωB of the bridge tre f = ω

−1
B

(Stoura and Dimitrakopoulos [18]). Another option is to define the dimensionless time with
respect to the loading frequency tre f = (v/LB)

−1 (Dimitrakopoulos and Zeng [21]).
Regardless of the specific a choice of parameters mre f , lre f , and tre f , it holds:(

1
mre f

mx

)(
1

lre f t−2
re f

¨̃x

)
+

(
1

mre f t−1
re f

c̄x

)(
1

lre f t−1
re f

˙̃x

)

+

(
1

mre f lre f t−1
re f

c̄x,φ

)(
1

t−1
re f

˙̃
φφφ

)
+

(
1

mre f t−2
re f

k̄x

)(
1

lre f
x̃
)

+

(
1

mre f lre f t−2
re f

k̄x,φ

)(
φ̃φφ
)
=

1
mre f lre f t−2

re f

(
f̄x
)

(10)

(
1

mre f l2
re f

mφ

)(
1

t−2
re f

¨̃
φφφ

)
+

(
1

mre f l2
re f t

−1
re f

c̄φ

)(
1

t−1
re f

˙̃
φφφ

)

+

(
1

mre f lre f t−1
re f

c̄T
x,φ

)(
1

lre f t−1
re f

˙̃x

)
+

(
1

mre f l2
re f t

−2
re f

k̄φ

)(
φ̃φφ
)

+

(
1

mre f lre f t−2
re f

k̄T
x,φ

)(
1

lre f
x̃
)
=

1
mre f l2

re f t
−2
re f

(
f̄φ

)
(11)

where each parenthesis represents accordingly a dimensionless response quantity or a dimen-
sionless system parameter.

In matrix terms the dimensionless EOMs (Eqs. (10) and (11)) are:

Mxẍ+ C̄xẋ+ C̄x,φ φ̇φφ + K̄xx+ K̄x,φ φφφ = F̄x

Mφ φ̈φφ + C̄φ φ̇φφ + C̄T
x,φ ẋ+ K̄φ φφφ + K̄T

x,φ x = F̄φ

(12)

We can state the dimensionless EOM of the whole (coupled) system (Eq. 12) in the matrix form
as: [

Mx 0
0 Mφ

][
ẍ
φ̈φφ

]
+

[
C̄x C̄x,φ

C̄T
x,φ C̄φ

][
ẋ
φ̇φφ

]
+

[
K̄x K̄x,φ

K̄T
x,φ K̄φ

][
x
φφφ

]
=

[
F̄x
F̄φ

]
(13)

or equivalently:
Mü+ C̄u̇+ K̄u = F̄ (14)
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where M =

[
Mx 0
0 Mφ

]
, C̄ =

[
C̄x C̄x,φ

C̄T
x,φ C̄φ

]
and K̄ =

[
K̄x K̄x,φ

K̄T
x,φ K̄φ

]
are the corresponding

dimensionless mass, damping, and stiffness matrices of the entire system and uT (t) =
[
x φφφ

]
denotes the dimensionless displacement vector of the (vehicle-bridge) system, with dimension-
less translational DOFs:

ẍ =
1

LBω2
B

¨̃x; ẋ =
1

LBωB
˙̃x; x =

1
LB

x̃ (15)

and dimensionless rotational DOFs:

φ̈φφ =
1

ω2
B

¨̃
φφφ ; φ̇φφ =

1
ωB

˙̃
φφφ ; φφφ = φ̃φφ (16)

Note that the time-derivatives of the dimensionless DOFs x and φ emerge naturally for differ-
entiation with respect to the dimensionless time τ = ωBt.

The pertinent dimensionless system submatrices (partitioned according to the nature of the
DOFs: translation vs rotation) are:

Mx =
1

mB
mx; Mφ =

1
mBL2

B
mφ

C̄x =
1

mBωB
c̄x; C̄x,φ =

1
mBLBωB

c̄x,φ ; C̄φ =
1

mBL2
BωB

c̄φ

K̄x =
1

mBω2
B

k̄x; K̄x,φ =
1

mBLBω2
B

k̄x,φ ; K̄φ =
1

mBL2
Bω2

B
k̄φ

F̄x =
1

mBLBω2
B

f̄x; F̄φ =
1

mBL2
Bω2

B
f̄φ

(17)

Consequently, to dimensionalize the generic EOM (Eq. (5)) we need to partition degrees of
freedom into translational and rotational DOFs and generate the diagonal matrix ∆∆∆re f accord-
ingly:

∆∆∆re f =

[
1

Fre f
Ex,x 0x,φ

0φ ,x
1

Mre f
Eφ ,φ

]
=

 1
mre f lre f t−2

re f
Ex,x 0x,φ

0φ ,x
1

mre f l2
re f t

−2
re f

Eφ ,φ

 (18)

where E is the identity matrix, subscript x is the number of translational DOFs and subscript φ

is the number of rotation DOFs. Multiplying both sides of the EOM (Eq. (5)) with the matrix
∆∆∆re f produces the dimensionless form of the EOMs pertinent to both translational and rotation
DOFs:

∆∆∆re f
(
m¨̃u+ c̄ ˙̃u+ k̄ũ

)
= ∆∆∆re f

(
f̄
)

(19)

Note that the proposed procedure for making the generic EOM (Eq. (5)) dimensionless is
applicable to any equation of motion in matrix form for the VBI system.

3 ILLUSTRATION OF THE PROPOSED DIMENSIONLESS DESCRIPTION

This section illustrates the proposed procedure of making the vehicle-bridge EOMs dimension-
less with reference to a generic bridge model and a generic vehicle model. To this end, consider
the vehicle-bridge system of Figure 1, where the vehicle has 4 DOFs. Partition the DOFs of the
vehicle into the upper part (i.e., non-contact) DOFs:

ũT
u =

[
z̃c θ̃c

]
(20)
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Figure 1: The vehicle-bridge interacting model

and the wheel part (i.e., contact) DOFs:

ũT
w =

[
z̃w1 z̃w2

]
(21)

Accordingly, we partition the mass, stiffness, and damping matrices of the vehicle as:

mV =

[
mu 0
0 mw

]
, kV =

[
ku ku,w

kw,u kw

]
, cV =

[
cu cu,w

cw,u cw

]
(22)

The pertinent mass submatrices for the vehicle system shown in Fig. 1 are:

mu = diag[mc, Icθ ], mw = diag[mw] = mwE (23)

The pertinent stiffness submatrices are:

ku =

[
4kN 0

0 4kN l2
w

]
, kw =

[
2kN 0

0 2kN

]
, ku,w = kT

w,u =

[
−2kN −2kN
−2kN lw −2kN lw

]
(24)

The damping matrix and submatrices are similar to the stiffness ones if one replaces the stiffness
constant with the damping constant:

cu =

[
4cN 0

0 4cN l2
w

]
, cw =

[
2cN 0

0 2cN

]
, cu,w = cT

w,u =

[
−2cN −2cN
−2cN lw −2cN lw

]
(25)

The contact force vector and contact direction matrix are respectively:

λ̃λλ =

[
λ̃N1
λ̃N2

]
, Ww = E =

[
1 0
0 1

]
(26)
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If we model the bridge using shape functions (e.g., the fundamental mode):

WB =
[
ψ*

BN (x1) ψ*
BN (x2)

]
(27)

where ψ∗
BN(xi) = ψBN(xi)h(xi) and h(xi) = H(xi/v)−H((xi−L)/v) in which H(x) is the Heav-

iside step function, L is length of the bridge, and xi indicates location of each contact point on
the bridge. The function h(xi) activates the operation of each wheel on the bridge when it enters
the bridge, and deactivates it when the wheel exits the bridge. ψB(x) denotes the mode shape of
the fundamental mode of the bridge. For example, ψB(x) for a simply supported bridge is:

ψB(x) = sin
(

πx
L

)
, 0 ≤ x ≤ L (28)

The matrix G is given by:

G = WTm−1W =

[ 0
Ww

]
−WB

T [ mu 0
0 mw

]
0

0 mB

−1[ 0
Ww

]
−WB



= WT
wm−1

w Ww +WT
Bm−1

B WB =

 1
mw

+
(ψ*

BN(x1))
2

MBN

(ψ*
BN(x1)ψ

*
BN(x2))

MBN

(ψ*
BN(x1)ψ

*
BN(x2))

MBN
1

mw
+

(ψ*
BN(x2))

2

MBN


(29)

Stoura and Dimitrakopoulos [20] presented the EOM of the upper part of the vehicle as:

mu ¨̃uu + cu ˙̃uu +kuũu =−cu,wW-T
w

(
vW′T

BũB +WT
B

˙̃uB + vr′c
)
−ku,wW-T

w
(
WT

BũB + rc
)

(30)

Importantly, for such two-dimensional VBI problems Ww = E and thus its inverse exists and is
equal to W-T

w = E.
Substituting the mass (Eq. (23)), stiffness (Eq. (24)), and damping (Eq. (25)) matrices and

degrees of freedom vector of the vehicle (Eq. (20)) into the EOM of the upper part of the vehicle
(Eq. (30)) and considering the first mode of the bridge (Eq. (27)) gives:[

mc 0
0 Icθ

][ ¨̃zc
¨̃
θ c

]
+

[
4cN 0

0 4cN l2
w

][ ˙̃zc
˙̃
θ c

]
+

[
4kN 0

0 4kN l2
w

][
z̃c
θ̃c

]
=

−
[
−2cN −2cN
−2cN lw −2cN lw

](
v
[

ψ*′
BN (x1)

ψ*′
BN (x2)

]
ũB +

[
ψ*

BN (x1)
ψ*

BN (x2)

]
˙̃uB + v

[
r′c (x1)
r′c (x2)

])
−
[
−2kN −2kN
−2kN lw −2kN lw

]([
ψ*

BN (x1)
ψ*

BN (x2)

]
ũB +

[
rc (x1)
rc (x2)

]) (31)

In other words, the EOM of the translational DOF of the vehicle is:

mc ¨̃zc +4cN ˙̃zc +4kN z̃c =

2

(
cNv

2

∑
j=1

ψ
*′
BN
(
x j
)
+ kN

2

∑
j=1

ψ
*
BN
(
x j
))

ũB +2cN

2

∑
j=1

ψ
*
BN
(
x j
) ˙̃uB+

2

(
cNv

2

∑
j=1

r′c
(
x j
)
+ kN

2

∑
j=1

rc
(
x j
)) (32)
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and the EOM of the rotational (pitching) DOF of the vehicle is:

Icθ
¨̃
θ c +4cN l2

w
˙̃
θ c +4kN l2

wθ̃c =

2

(
cNvlw

2

∑
j=1

ψ
*′
BN
(
x j
)
+ kN lw

2

∑
j=1

ψ
*
BN
(
x j
))

ũB +2cN lw
2

∑
j=1

ψ
*
BN
(
x j
) ˙̃uB+

2

(
cNvlw

2

∑
j=1

r′c
(
x j
)
+ kN lw

2

∑
j=1

rc
(
x j
)) (33)

As explained in section 2, to convert an equation of motion in matrix form into a dimensionless
form, we need to partition the degrees of freedom into translational and rotational DOFs and
create the matrix ∆∆∆re f for the system. Then, multiplying both sides of the equation with the
matrix ∆∆∆re f produces dimensionless EOM. Given that the vehicle system in this example has
one translational and one rotational DOF, the matrix ∆∆∆re f for this system is:

∆∆∆re f =

[
1

Fre f
Ex,x 0x,φ

0φ ,x
1

Mre f
Eφ ,φ

]
=

[
1

Fre f
0

0 1
Mre f

]
(34)

Therefore, we need to multiply both sides of Eq. (31) with the matrix ∆∆∆re f (Eq. 34) to make it
dimensionless. This leads to dividing both sides of the EOM corresponding to the translational
DOF (Eq. (32)) with the reference force e.g., Fre f = mBLBω2

B, and the EOM corresponding
to the rotational DOF (Eq. (33)) with the reference moment e.g., Mre f = mBL2

Bω2
B. Hence,

dividing both sides of Eq. (32) with Fre f = mBLBω2
B and grouping the dimensionless terms

leads:

mc

mB

¨̃zc

LBω2
B
+4

cN

mBωB

˙̃zc

LBωB
+4

kN

mBω2
B

z̃c

LB
=

2

(
cN

mBωB

v
LBωB

2

∑
j=1

LBψ
∗′
BN
(
x j
)
+

kN

mBω2
B

2

∑
j=1

ψ
*
BN
(
x j
)) ũB

LB
+2

cN

mBωB

2

∑
j=1

ψ
*
BN
(
x j
) ˙̃uB

LBωB
+

2

(
cN

mBωB

v
LBωB

2

∑
j=1

r′c
(
x j
)
+

kN

mBω2
B

2

∑
j=1

rc
(
x j
)

LB

)
(35)

Similarly, dividing both sides of Eq. (33) with Mre f = mBL2
Bω2

B and grouping the dimen-
sionless terms yields:

Icθ

mBL2
B

¨̃
θ c

ω2
B
+4

cN l2
w

mBωBL2
B

˙̃
θ c

ωB
+4

kN l2
w

mBL2
Bω2

B
θ̃c =

2

(
cN lw

mBωBLB

v
LBωB

2

∑
j=1

LBψ
∗′
BN
(
x j
)
+

kN lw
mBω2

BLB

2

∑
j=1

ψ
*
BN
(
x j
)) ũB

LB
+2

cN lw
mBωBLB

2

∑
j=1

ψ
*
BN
(
x j
) ˙̃uB

LBωB

+2

(
cN lw

mBωBLB

v
LBωB

2

∑
j=1

r′c
(
x j
)
+

kN lw
mBω2

BLB

2

∑
j=1

rc
(
x j
)

LB

)
(36)

Substituting dimensionless parameters from Eqs. (15), (16), and (17) and also using dimension-
less speed parameter Sv = v/(LBωB), scaled slope of irregularities vector R′

c = r′c, and scaled
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irregularities vector Rc
(
x j
)
= rc

(
x j
)
/LB in Eqs. (35) and (36) yields:

Mxz̈c +4Cxżc +4Kxzc =

2

(
CxSv

2

∑
j=1

LBψ
∗′
BN
(
x j
)
+Kx

2

∑
j=1

ψ
*
BN
(
x j
))

uB +2Cx

2

∑
j=1

ψ
*
BN
(
x j
)

u̇B+

2

(
CxSv

2

∑
j=1

R′
c
(
x j
)
+Kx

2

∑
j=1

Rc
(
x j
)) (37)

and:
Mφ θ̈c +4Cφ θ̇c +4Kφ θc =

2

(
Cx,φ Sv

2

∑
j=1

LBψ
∗′
BN
(
x j
)
+Kx,φ

2

∑
j=1

ψ
*
BN
(
x j
))

uB +2Cx,φ

2

∑
j=1

ψ
*
BN
(
x j
)

u̇B+

2

(
Cx,φ Sv

2

∑
j=1

R′
c
(
x j
)
+Kx,φ

2

∑
j=1

Rc
(
x j
)) (38)

where all variables and parameters in Eqs. (37) and (38) are dimensionless.

3.1 FEM description of the bridge

In this section, we discuss the differences in the EOMs that arise from using the finite element
method instead of considering the first mode of the bridge. To this end, assume we model the
bridge using the FEM, and consider the DOF vector of a typical bridge-deck element (two-node
Euler-Bernoulli beam element with two DOFs at each node); for example:

ũT
B =

[
w̃1 θ̃y1 w̃2 θ̃y2

]
(39)

The corresponding direction matrix would be:

WB (x) =


ψ*

BN1 (x1) ψ*
BN1 (x2)

ψ*
BN2 (x1) ψ*

BN2 (x2)
ψ*

BN3 (x1) ψ*
BN3 (x2)

ψ*
BN4 (x1) ψ*

BN4 (x2)

 (40)

where again, ψ∗
BN(xi) = ψBN(xi)h(xi) and h(xi) = H(xi/v)−H((xi −Le)/v), but now Le is the

length of the element. Function h(xi) here activates and deactivates the action of each wheel
of the vehicle on the pertinent element of the bridge, when it enters and leaves the element,
respectively. We can state shape functions ψBN(x) for a two-node Euler-Bernoulli beam element
with two DOFs at each node as follows:

ψBN1 (x) = 1−3
(

x
Le

)2

+2
(

x
Le

)3

ψBN2 (x) = Le

(
x
Le

)
−2Le

(
x
Le

)2

+Le

(
x
Le

)3

ψBN3 (x) = 3
(

x
Le

)2

−2
(

x
Le

)3

ψBN4 (x) =−Le

(
x
Le

)2

+Le

(
x
Le

)3

(41)
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The matrix G becomes:

G = WT m−1W = WT
wm−1

w Ww +WT
Bm−1

B WB =

[
1

mw
0

0 1
mw

]
+

[
g11 g12
g12 g22

]
(42)

with:

g11 =

(
ψ*

BN1 (x1)
)2

mw̃1

+

(
ψ*

BN2 (x1)
)2

m
θ̃y1

+

(
ψ*

BN3 (x1)
)2

mw̃2

+

(
ψ*

BN4 (x1)
)2

m
θ̃y2

g12 =
ψ*

BN1 (x1)ψ*
BN1 (x2)

mw̃1

+
ψ*

BN2 (x1)ψ*
BN2 (x2)

m
θ̃y1

+
ψ*

BN3 (x1)ψ*
BN3 (x2)

mw̃2

+
ψ*

BN4 (x1)ψ*
BN4 (x2)

m
θ̃y2

g22 =

(
ψ*

BN1 (x2)
)2

mw̃1

+

(
ψ*

BN2 (x2)
)2

m
θ̃y1

+

(
ψ*

BN3 (x2)
)2

mw̃2

+

(
ψ*

BN4 (x2)
)2

m
θ̃y2

(43)
where mw̃1 , m

θ̃y1
, mw̃2 , and m

θ̃y2
are the bridge element masses corresponding to the element

DOFs (Eq. 39). When we model the bridge with FEM, both translational and rotational DOFs
are present in the bridge subsystem. Therefore, to convert the equations of motion of the bridge
into a dimensionless form, we need to partition EOMs into translational and rotational DOFs
and create the matrix ∆∆∆re f (Eq. (18)) for the system. By multiplying the equations of motion
with the appropriate ∆∆∆re f matrix, we can obtain the dimensionless equations of motion for both
translational and rotational degrees of freedom. Specifically, we can express ∆∆∆re f for the EOMs
of a bridge when we model it with a two-node Euler-Bernoulli beam element and its DOF vector
is given in Eq. (39) as:

∆∆∆ref =


1

Fre f
0 0 0

0 1
Mre f

0 0
0 0 1

Fre f
0

0 0 0 1
Mre f

=


1

mBLBω2
B

0 0 0

0 1
mBL2

Bω2
B

0 0

0 0 1
mBLBω2

B
0

0 0 0 1
mBL2

Bω2
B

 (44)

4 PHYSICAL SIMILARITY

This section investigates the concept of physical similarity to highlight the importance of dimen-
sionless parameters in the vehicle-bridge interaction problem. The underlying notion behind
physical similarity in VBI systems is that if the dimensionless terms of two mechanical sys-
tems are the same, regardless of whether the dimensional terms are different, the dimensionless
response for two systems will be the same and the dimensional response will be proportional.
To illustrate, we consider two (coupled) vehicle-bridge systems (A and B). Table 1 presents
the dimensional and dimensionless properties of both systems. System A corresponds the Pio-
neer train and Skidträsk bridge (Pioneer - Skidträsk bridge) [7, 18]. Although the dimensional
parameters of systems A and B differ, their dimensionless parameters are identical (Table 1).
Hence, the two systems are physically similar.

Figure 2 depicts the dimensional and dimensionless displacement time history at the midspan
of the bridge under the passage of a ten-vehicle train, as well as the dimensional and dimension-
less acceleration of the pitching DOF of the first vehicle. Note that for obtaining the numerical
results we model the bridge with the finite element method (FEM) and the vehicle with 10
degrees of freedom (DOFs). As expected according to the concept of physical similarity, the
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Table 1: Dimensional and dimensionless properties of two systems

Dimensional parameters
Description (unit) System A System B
Bridge length LB (m) 36 54
Mass of the bridge mB (kg) 306,000 459,000
Moment of inertia I (m4) 0.82 2.77
Young’s modulus E (GPa) 210 210
Fundamental frequency fB (Hz) 3.86 3.15
Damping ratio ζB (%) 0.5 0.5
Stiffness of the bridge kB (N/m) 179.76 ·106 179.76 ·106

Mass of the train mV (kg) 58,000 87,000
Mass moment of inertia of the train Icθ (kg ·m2) 1,064,400 3,592,350
Stiffness of the train kV,i (kN/m) 2.08 ·103 2.08 ·103

Damping of the train cV,i (kNs/m) 60 73.8
Length of the train d̃ (m) 25 37.5
Speed of the vehicle v (km/h) 250 307.5

Dimensionless parameters
Description Systems A and B
Scaled distance di = d̃/LB 0.69
Speed parameter Sv = v/(ωBLB) 0.08
Mass ratio Mx = mV/mB 0.19
Mass ratio Mφ = Icθ/(mBL2

B) 0.0027
Stiffness ratio Ki = kV,i/kB 0.012
Impedance ratio Ci = cV,i/(mBωB) 0.008
Normalized vehicle weight FB,i = fB,i/(kBLB) 2.2 ·10−5

dimensional response (displacement and acceleration) for systems A and B, as shown in Fig-
ures 2a, 2b, 2d, and 2e, are different since the dimensional parameters of these two systems are
different. More importantly though, Figs. 2c and 2f indicate that the dimensionless response
for both systems is the same, since the dimensionless parameters for both systems are the same.
This demonstrates that two VBI systems that are physically similar produce the identical di-
mensionless response, confirming the physical similarity concept.

5 CONCLUSIONS

The extended modified bridge system (EMBS) method offers a consistent way to decouple a
coupled vehicle-bridge system. Ultimately, it allows to solve the bridge and vehicle subsystems
independently, providing results that are comparable to a coupled solution. The present study
focuses on the vertical plane of vehicle-bridge interaction (VBI), and considers a generic train-
bridge system with multi-degree of freedom (MDOF), which can be applied to a wide range
of train-bridge systems. The aim is to demonstrate the application of the EMBS method on
systems that have both translational and rotational degrees of freedom. In this context, the
study first provides a comprehensive description of the governing terms in the equations of
motion (EOMs). Then, it illustrates the procedure of converting the multi-degree of freedom
EOMs into a dimensionless form. In this context, the analysis explores the differences in the
EOMs that arise from simulating the bridge using the finite element method, as opposed to
using mode superposition (or merely the first mode of the bridge). Furthermore, the study

3794



Hossein Homaei, Elias G. Dimitrakopoulos

-3
-2
-1
0
1
2
3
4
5

0 10 20 30 40 50 60

φ̈ V
= 

φ̈ V
 /ω

B2

τ = ωB t

System A
System B

×10-5

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0 0.5 1 1.5 2 2.5 3

φ̈ V
(1

/s
2 )

Time (s)

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0 0.5 1 1.5 2 2.5 3

φ̈ V
(1

/s
2 )

Time (s)

-1.2

-0.8

-0.4

0

0 20 40 60 80 100

z B
=

z B
/L

τ = ωB t

System A
System B

×10-4

-6

-4

-2

0

0 1 2 3 4 5

z B
(m

m
)

Time (s)

-6

-4

-2

0

0 1 2 3 4 5

z B
(m

m
)

Time (s)
(a) (b)

(c)

(d) (e)

(f)

Figure 2: Time history of the displacement of the bridge midpoint (a) dimensional for system A (b) dimensional
for system B (c) dimensionless for both systems A and B Time history of the acceleration of the pitching DOF of
the vehicle (d) Dimensional for system A (e) dimensional for system B (f) dimensionless for both systems A and
B

3795



Hossein Homaei, Elias G. Dimitrakopoulos

highlights the importance of a dimensionless description of the VBI problem by demonstrating
the principle of physical similarity: the dimensionless response of two vehicle-bridge systems
will be the same as long as their dimensionless terms are identical, even if two systems have
varying dimensional parameters.
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