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Abstract. We compare the results obtained in terms of work and energy components by run-
ning several nonlinear time history analyses on Single Degree of Freedom (SDoF) hysteretic
mechanical systems under three different conditions: (i) free vibration, (ii) oscillations forced
by harmonic load, and (iii) oscillations forced by random load. The nonlinear responses of
the SDoF mechanical systems are modeled by using a rate-independent hysteretic element. In
particular, to simulate the associated complex generalized force-displacement relations, ob-
tained as combination of asymmetric, flag-shaped, S-shaped, and pinched hysteresis loops, we
use a novel uniaxial phenomenological model, denominated Vaiana-Rosati Model (VRM), that
employs closed-form expressions to compute the generalized force and work. In addition, to
evaluate the time evolution of the generalized work and energy components of the analyzed
systems, the general expression of the Modified Work-Energy (MWE) theorem is used.
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1 INTRODUCTION

Hysteretic mechanical systems and materials, adopted in the field of aerospace, civil, and me-
chanical engineering, typically exhibit complex hysteresis loop shapes in the input-output plane
when cyclic input variables are imposed. A detailed classification has been recently proposed to
describe such complex responses. Indeed, as described by Vaiana and Rosati [1], a generalized
force-displacement hysteresis loop can be described by means of four different curves, namely
the generic loading and unloading curves and the generic upper and lower limiting curves. Con-
sequently, on the basis of the analytical properties of the limiting curves, the hysteresis loops
have been classified in [1] into four main categories: (i) hysteresis loops limited by straight
lines, (i1) hysteresis loops limited by two curves with no inflection point, (iii) hysteresis loops
limited by two curves with one inflection point, and (iv) hysteresis loops limited by two curves
with two inflection points. This classification provides valuable insights into different types of
response that hysteretic systems and materials provide to external forces and displacements.

The amount of mechanical energy dissipated by non-conservative forces plays a crucial role
in the evaluation of work and energy components in the context of hysteretic mechanical sys-
tems and materials [2]. Actually, the study of these complex responses provides crucial infor-
mation on the system behavior, what can be adopted for both analysis and design purposes. As
an example, such a information is essential to understand how hysteretic mechanical systems
and materials react to external influences, leading to accurate prediction of their performance
under various conditions.

The uniaxial phenomenological model proposed by Vaiana and Rosati [1] is a powerful
tool for simulating the complex behavior of hysteretic mechanical systems and materials. This
model has been selected due to its capability to accurately capture rate-independent hysteretic
responses, including symmetric, asymmetric, pinched, S-shaped, or flag-shaped hysteresis loops
as well as combinations of them. Furthermore, this model offers several advantages over other
models available in the literature [3, 4, 5, 6] since it: (i) allows for the modeling of the loading
and unloading phases by employing two different sets of eight parameters, (ii) provides closed-
form expressions for the evaluation of the generalized force, work, and internal energy change,
and (ii1) requires parameters having a clear theoretical and/or experimental interpretation. These
features are not available in other existing models, at least in a unified manner.

The paper is organized into three parts. In the first part (Section 2), we describe the general
classification of hysteresis loops having complex shapes.

In the second part (Section 3), we first describe the formulation of the VRM. Subsequently,
for the reader’s convenience, we briefly introduce the closed-form expressions for the general-
ized work done by a generalized rate-independent hysteretic force, simulated by the VRM, over
a generic generalized displacement interval.

Finally, in the last part (Section 4), we show the results of several nonlinear time history
analyses carried out on two SDoF hysteretic mechanical systems with complex hysteresis loop
shapes, in order to clearly analyze their responses in terms of generalized work and energy
components.

2 CLASSIFICATION OF COMPLEX HYSTERESIS LOOPS

In the literature, it is now available a detailed and unified classification of the most com-
mon types of hysteresis loops characterized by complex shapes for which no cyclic soften-
ing/hardening phenomena are present [1]. Based on this classification, the complex response,
in the generalized force f and generalized displacement u plane, can be described through the
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Figure 1: Typical complex hysteresis loops belonging to the shape type categories S1 (a), S2 (b), S3 (c), and S4
(d).

use of four curves, namely the loading and unloading curves, as well as the upper and lower
limiting curves. According to the analytical properties of the upper and lower limit curves,
hysteresis loops can be classified into four main categories:

* shape type S1, characterized by hysteresis loops limited by two straight lines (Figure 1a);

* shape type S2, characterized by hysteresis loops limited by two curves with no inflection
point (Figure 1b);

* shape type 53, characterized by hysteresis loops limited by two curves with one inflection
point (Figure 1c);

* shape type 54, characterized by hysteresis loops limited by two curves with two inflection
points (Figure 1d).

To emphasize the large number of behaviors that can be simulated through the VRM, it is
important to note that Figure 1a shows a symmetric hysteresis loop limited by two non-parallel
straight lines (i.e., shape type S1), which is typical of steel dampers [7]. Figure 1b shows an
asymmetric hysteresis loop belonging to the shape type S2, typical of different types of isolators
[8, 9]. Figure 1c shows a symmetric hysteresis loop limited by two parallel curves with one
inflection point (i.e., shape type 53), typical of SMA helical springs [10]. In conclusion, Figure
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Figure 2: VRM formulation: curves cT, ¢, ¢, ¢;, (a) and generalized work during a generic unloading phase (b).

1d shows a symmetric hysteresis loop limited by two parallel curves with two inflection points
(i.e., shape type S4), typical of unbounded fiber reinforced elastomeric bearings [11, 12, 13].

3 VAIANA-ROSATI MODEL

In this section, we first briefly describe the VRM proposed in [1]. This novel uniaxial phe-
nomenological model can accurately simulate a great variety of rate-independent hysteretic
responses characterized by symmetric, asymmetric, pinched, S-shaped, flag-shaped hysteresis
loops or by a combination of them. Subsequently, we illustrate the closed-form expressions for
the generalized work over a generic generalized displacement interval.

3.1 Evaluation of the generalized force

Figure 2a presents a typical hysteresis loop that can be reproduced by means of such a model.
In particular, the generalized force f,;, during the generic loading phase (¢ > 0), can be evalu-
ated as:

when wu < u;L
cu(u) when u > u],

fri(u,uj) = { (1)

whereas, during the generic unloading one (¢ < 0), it can be computed as:

‘ -y c(uuy) when wu > u;
Frilu,uy) = { c(u) when w <wu;. @

In Equations (1) and (2), ¢ and ¢~ represent, respectively, the functions associated with the
generic loading and unloading curves whose expressions are:

4y

4ot

¢F(u,ut) = e’ — B + 72
3)

+ kfu+ ff — = [e_w(*”_“ﬂuw) —emorut

at ’
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whereas ¢, and ¢; are, respectively, those associated with upper and lower limiting curves having
expressions:

4y
+

+u
cu(u) = Bfe’" — B + —
14 e ()

— 29 + kfu+ ff (5)

) = BrePs* — B+ —— 1 o7t hu— ©)
Ly o)
The set of eight parameters controlling the generic loading (unloading) phase are represented
by k), o ot B By s e s s (ks fo s a7, By By s s Vs s V3 )- Such parameters need
to satisfy the following conditions:

e fF>0,at>0,f7 >0,a >0.

« kLB B T e Ry BT Byt v s R

Finally, the expressions of the internal variables u;r and u;, characterizing, respectively, the
generic loading and unloading phases, and the internal model parameters 4 and @~ are reported
in [1].

3.2 Evaluation of the generalized work

The closed-form expressions of the generalized work related to the four curves are obtained
by recalling Equations (1) and (2) and integrating them over a generic generalized displacement
interval. In this way, during the generic loading phase (& > 0) the generalized work 1is:

WH(u,uf) when wu<ul
+y — L] J
Ww,uy) { W (u) when u > u], )

whereas, during the generic unloading one (2 < 0), the generalized work can be computed as:

—y ) W (u,u;) when wu>uj
Wlu,uy) = { Wi(u) when u < u;. ®)

J

To evaluate the expressions of W+, W,, W~ and W, it is more convenient to rewrite the
expressions of the four curves ¢*, ¢,, ¢ and ¢; as the sum of terms that depend upon suitable
subsets of the model parameters:

cHuul) = f (B7.65) +f (W 08) +ef (K7 /) + b (oF), 9)
cu(u) = cf (B7,65) +ef (me0s) +ed (k7 1) (10)
c(uu;) = ¢ (BU.By)+¢ (W) e (b, fo) +eg (o), A
a(u) = e (B.87) +¢ (727 ) +eo (ks fo) - (12)

Thus, the expression of 1/~ can be obtained by integrating Equation (11) over [uf, u;]:

W—:/ c_(u,uj_)du:/ (c; +¢ +c, +cy) du=Wo + W, + W, +W,;, (13)
uf

uf

2042



Raffaele Capuano, Nicold Vaiana and Luciano Rosati

Figure 3: SDoF hysteretic mechanical system.

whereas the one of W, can be got by integrating Equation (12):

W/l:/lcl(u)du:/l(ca—i—cb—i—cc) du=W, +W, +W_. (14)

uf uf

Specifically, the terms W, W,~, W, W, in the previous equations are computed as:

W, = (e — ) = By (g — w), (15)
B
21n [efwg(ufﬂ;) + 1] 21n |:€*“/27(Ui*“/37) + 1]
Wb_ = 271_ — — + (Uf — uz) , (16)
Yo Yo
_ k, _
We = g —ud) = fo (uy —w), (17)
1 I o _ _
Wo = et |07 (g = w)e ™ — et g o] (18)
(8]

W~ and W, whose mechanical meaning is associated, respectively, with the area underlying
the curves ¢~ and ¢;, over a generic generalized displacement interval [uy, u;] are shown in
Figure 2b.

Similarly, the expressions of W' and W, are obtained by integrating Equations (9) and (10)
over the generalized displacement interval [u;, u¢]; the relevant expressions for the terms W,
VV;r , Wi, Wj are omitted for brevity and can be found in [2].

4 NUMERICAL APPLICATIONS

In this section, we present the comparison of the results obtained by the numerical analyses
performed on two SDoF hysteretic mechanical systems in which the nonlinear responses are
modeled by means of a rate-independent hysteretic element and using the VRM; the analyses are
performed for three specific conditions: (i) free vibration, (ii) oscillations forced by a harmonic
load, (ii1) oscillations forced by a random load. Specific attention is paid to the evolution of the
various components of generalized work and energy components once a steady-state condition,
in the case of harmonic force, is reached by the system.

4.1 Analyzed hysteretic mechanical systems

The selected general family of Single Degree of Freedom (SDoF) hysteretic mechanical
systems is illustrated in Figure 3. Such a model is composed of a mass m connected to a
rate-independent hysteretic spring.

In particular, two hysteretic mechanical systems are selected: the first with hysteretic be-
havior shown in Figure 4a characterized by an asymmetric flag-shaped hysteresis loop, and
belonging to S3 category (system A). The second hysteretic mechanical system with hysteretic
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Figure 4: Complex hysteretic behavior charactering system A (a) and system B (b) simulated by using the VRM
parameters in Table 1.

behavior shown in Figure 4b, characterized by an asymmetric S-shaped hysteresis loop with
pinching and belonging to S4 category (system B). Finally, the loops in Figure 4 are simulated
using VRM by employing the parameters listed in Table 1.

Figure sgn(u) ky fo o b B2 git V2 V3
4a + 0.5 1.0 30 0.0 0.0 1.5 40 0.0
— 0.0 1.5 20 0.0 0.0 1.5 30 0.0
4b + 0.5 1.0 20 0.2 1.0 1.5 5.0 0.0
— 0.0 1.0 10 -0.2 -1.0 1.5 5.0 0.0

Table 1: VRM parameters adopted to simulate the hysteresis loops in Figure 4.

4.2 Equation of motion

Denoting by u, u and  the generalized displacement, velocity, and acceleration, respectively,
the equation of motion for the general family of SDoF hysteretic mechanical systems illustrated
in Figure 3, can be easily obtained from Newton’s second law as:

mii + fri (u) =p(t), (19)

where f,; is the generalized rate-independent hysteretic force exerted on the rate-independent
hysteretic element, assumed to be a function of the generalized displacement v and simulated
by using the VRM. Furthermore, p is the time-dependent generalized external force acting on
the mass.

4.3 Modified Work-Energy theorem

As shown in [2], the general expression of the Modified Work-Energy (MWE) theorem states
that the sum of the generalized mechanical and internal energy variations of a system is equal
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to the work done by the generalized external forces acting on the system:
AEy +AE; =W, (20)

where the generalized mechanical energy /), is equal to the sum of the generalized kinetic Fx
and potential E'p energies of the system.

With respect to the hysteretic mechanical system shown in Figure 3, there are no generalized
conservative forces so that the generalized potential energy is equal to zero. On the other hand,
we know that the variation of the generalized internal energy A F; is related to the generalized
work of the non-conservative internal forces W, that in the general family of mechanical
systems under consideration, is represented by the work IW,; performed by the generalized
force exhibited by the rate-independent hysteretic element; hence, it is possible to write:

AE; = -W!. = -W,. (1)

On the other hand, W}, in Equation (20), is the generalized work done by the generalized external
force p(t) on the mass m. These quantities can be computed as follows:

Wi = — /Uf fri(w) du, W, = /Uf p(t) du. (22)

In particular, IV,; can be computed in a closed-form for any generalized displacement interval
(Section 3), whereas W, can be evaluated numerically.

4.4 Integration method and specifications

The response of the systems is evaluated by using an explicit, accurate, and computationally
efficient time integration method, described in [14], using a time step At = 0.001 s and a unitary
mass. The hysteretic model and the solution algorithm have been programmed in MATLAB
R2022b and run on a computer having an Intel Core 15 dual-core processor and a CPU at 2.30
GHz with 8 GB of RAM.

4.5 Numerical Results

4.5.1 Free vibrations

To evaluate the free vibration response of the systems under investigation, the following
initial conditions were chosen in terms of generalized displacement uy = 0.0 m and velocity
iy = 2.5 m/s, whereas the generalized external force p(t) is considered null. Figure 5a (Figure
5d) shows the time history of the various generalized work and energy components for system
A (B). In both cases, it can be noted that:

(i) the generalized rate-independent work I¥,.; assumes negative values since the generalized
rate-independent hysteretic force f,; tends to bring the mass m back to its equilibrium
position;

(i1) the reduction of the generalized mechanical energy £, can be interpreted as an energy
conservation process in which energy is converted into generalized internal energy Fy;

(i11) it can be noted that in the case of free vibrations, the entire amount of generalized me-
chanical energy, initially supplied to the system due to the initial conditions, has been
converted into generalized internal energy through the rate-independent hysteretic phe-
nomena, thus guaranteeing energy conservation;
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Figure 5: Time histories of the generalized energy and work components for the rate-independent hysteretic sys-
tems A (a, b, ¢) and B (d, e, f), obtained for free (a, d), forced harmonic (b, e) and forced random (c, f) vibrations.

(iv) since the generalized external force p(t) is equal to zero, it can be deduced, from Equa-
tion (20), that the sum between generalized mechanical and internal energy F,; + Ej is
constant over time.

4.5.2 Forced harmonic vibrations

To evaluate the response of the system in the case of oscillations forced by a harmonic force,
initial conditions of zero generalized displacements and velocity are imposed, whereas the load
is assumed to be a harmonic function of the following type:

p(t) = pocos(2m f, 1), (23)

where the amplitude is po = 10 N and its frequency is f, = 0.75 Hz. Figure 5b (Figure 5Se)
shows the time history of the various generalized work and energy components for system A
(B). In both cases, it can be noted that:

(i) the motion of the mass m is caused by the generalized external work performed by the
harmonic load that, as shown in the Figures 5b and Se, is an increasing function over
time;

(i1) the generalized mechanical energy and rate-independent work will no longer tend to an
asymptotic value, as in the case of the free vibration, but they will assume values able to
ensure fulfillment of the MWE theorem, i.e., Equation (20);
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Figure 6: Steady-state response in the (u, @, f;)-state-space for the hysteretic mechanical system, and generalized
work and energy components over a period 1.

(i11) as a result of the chosen initial conditions, the sum between generalized mechanical and
internal energy F£); + E; coincides with the generalized work done by the harmonic

forcing W),

In this case, the time variation of the generalized mechanical energy £/, gives us precious
information to distinguish the transition from a transient behavior, in which a reduction of the
peaks of the generalized mechanical energy is observed, to a steady-state behavior [15].

Having determined the steady-state response of the two systems under consideration, a fur-
ther analysis is performed, in which the initial conditions are chosen such that the system is in a
steady-state response. In Figure 6 we can see the steady-state responses in the (u, u, f,;)-state-
space, with the relative projections for the two analyzed systems (Figures 6a and 6c), and time
evolution of the generalized work and energy components over a period 1" = ﬁ (Figures 6b
and 6d).

4.5.3 Forced random vibrations

To evaluate the response of the system in the case of vibrations induced by a random load,
initial conditions of zero generalized displacements and velocity are imposed, and a random
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force modeled as a Gaussian white noise with a variance iwn = 40, is applied to the system
as external force p(t). Figure 5c (Figure 5f) shows the time history of the various generalized
work and energy components for system A (B).

These latter cases are similar to the harmonic loading ones except for the distinction of
transient and steady-state behaviors, which is not possible in this case since the load is not
periodic.

S CONCLUSIONS

We have used the MWE theorem to evaluate the generalized work and energy responses of
different SDoF hysteretic mechanical systems with complex hysteresis loop shapes simulated
by the VRM, in three particular cases: (i) free vibrations, (ii) forced harmonic vibrations and
(ii1) forced random vibrations. The performed analyses show valuable information on the time
history of the generalized energy components of the systems under consideration, particularly
in the case of the steady-state response of a harmonically forced system.
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