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Abstract. The physical properties of a real structure are stochastic in nature. Mass density,
cross-sectional area, Poisson’s ratio, modulous of elasticity, etc., develop non-homogeneity in
real systems due to spatial distribution. These parameter uncertainties propagate into modal
responses involved in structural health monitoring techniques. A detailed literature survey has
been performed to identify the suitable probability distribution recommended for defining mate-
rial uncertainty. Although Gaussian distribution cannot replicate realistic material behaviour,
its explicit implementation makes it prevalent. However, based on the principle of maximum
entropy, gamma distribution is the appropriate recommendation among all non-Gaussian con-
tinuous distributions ranging [0, ∞). In this study, elastic modulous has been considered the
primary source of uncertainty. Karhunen–Loève (KL) expansion has been adapted to discretize
the stochastic field to determine spectral stiffness of a multi-damaged cantilever bar. Closed-
form orthogonal pairs of eigensolutions considering exponential covariance function have been
derived. The uncertainty propagation in modal properties have been estimated in both damaged
and undamaged system. Extensive simulation studies have been performed to evaluate the ef-
fectiveness of the present study.
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1 INTRODUCTION

The term uncertainty or stochasticity is described as the multiple outcomes of repeated mea-
surements that do not follow any pattern [1]. The sources of uncertainty cannot be limited.
Mathematical models, model parameters, numerical algorithms, measurement data are the key
sources of uncertainty. In case of uncertainty propagation, tools are developed to obtain the
probabilistic descriptions of dynamic responses of any structure depending on the given prob-
abilistic description of system parameters. However, uncertainty quantification is the inverse
process in which results obtained from large dataset of identical structures are used to estimate
the probability density function (PDF) of the unknown structural parameters. The objectives
of stochastic study include understanding the uncertainties inherited by a system, prediction of
responses due to various uncertainties, quantification of the confidence interval and minimiz-
ing unexpected failures. In this study, modulous of elasticity has been considered as the main
source of uncertainty. Now material property being a continuous system parameter, continuous
PDFs have been preferred over discrete PDFs for uncertainty modelling.
A detailed literature review of more than hundred science citation indexed (Sci) articles and
other documents published in the last two decades (2000-2022) has been performed to identify
the best possible PDF recommended for defining material uncertainty in any stochastic study.
From Fig. 1(a) it can be observed that priority has been provided to Gaussian, log normal,
Weibull and gamma distributions in stochastic modelling of material properties. As there is

Figure 1: Literature survey (2000-2022): (a) PDFs considered for modelling material uncertainty, (b) types of
engineering material and (c) PDFs considered for modelling processed material uncertainty.

no straightforward recommendation of a particular PDF for material uncertainty modelling, to
perceive clarity, the dataset of articles has been differentiated into processed or manufactured
materials (e.g. steel, aluminium, metals, etc.), semi-processed items (like composites) and un-
processed materials (i.e. concrete, bamboo, etc.). It can be observed from Fig. 1(b) that most
of the stochastic study considering material uncertainty has been performed on processed and
semi-processed materials. Again, similar trend of adopting various PDFs has been followed as
observed in Fig. 1(c) for processed materials. However, there still persists scepticism about
the most appropriate PDF for material modelling. The Gaussian distribution function has been
prevalently used irrespective of material-type due to its explicit implementation in simulation
studies. However, it cannot replicate the realistic behaviour as material property cannot take
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negative values and its second moment tends to infinity based on the maximum entropy princi-
ple [2]. Various studies considering non-Gaussian distribution functions those are valid between
0 to ∞ have been also performed. The application of both normal and log normal distribution
function have been discarded [3] stating that the PDF defining material uncertainty must be
bounded along with higher moments available. The auto-correlation function must be non-
negative and monotonically decreasing function. An approach has been suggested considering
beta distribution due to its large variety of shapes. Again gamma distribution has been recom-
mended [4] as it includes other popular distributions like exponential, chi-squared, and Erlang
distribution, etc. However, it has been concluded that similar approach may be followed for
normal as well as log normal distributions such that it diminishes the importance of considering
gamma distribution for the study. Another widely used PDF is the Weibull distribution. Al-
though it has been considered in the studies of ductile materials (e.g. steel) [5] in the initial
years of literature considered. However in recent studies, it has been mainly implemented in
modelling natural fibers [6] like jute, coconut and for brittle materials [12] especially. There-
fore, the Weibull distribution has been discarded from the list of priority of the stochastic study
of ductile material. Now in the recent research articles, it has been observed that gamma dis-
tribution has been preferred for material uncertainty modelling. The principle of maximum
entropy [2] stated that the probability distribution for a positive-valued random variable with
a reparameterization leads to gamma distribution. Thus among all the various types of PDFs
involved in defining material uncertainty, gamma distribution is the most suitable recommenda-
tion to the researchers for the future stochastic studies.
If values of a real variable associated with the outcome of a random experiment such that its
values depend on chance, it is called a random variable or a stochastic variable or a variate. If a
random variable takes a finite set of values, it is called a discrete variate and if it assumes infinite
number of uncountable values, it is called a continuous variate [7]. A random variable is defined
by its distribution function and is characterized by its mean and variance. When the quantities
vary temporally or spatially, then random process or random field comes into play. Now, any
random field can be described as a combination of infinite-dimensional random variables. The
vast dimensional problem is difficult to handle by simulation. Thus the dimension need to be
truncated to a finite dimension such that the truncated random process turn out to be similar as
the original random process with maximum accuracy and minimum computational cost. KL ex-
pansion is one of the method for approximation of a random process. It decomposes a random
field into finite number of random variables depending on the covariance function considered
[8]. In brief, KL expansion discretizes a random process into a series of finite number of orthog-
onal pairs of eigenvalues and corresponding eigenvectors of the concerned covariance function.
This is a sophisticated method. The eigenvalues obtained are gradually decaying such that con-
sidering only the higher eigenvalues will estimate the approximated sample space.
In this study, the spectral mass and stiffness of a multi-damaged cantilever bar have been de-
rived. Followed by a detailed mathematical background of KL expansion and estimation of
eigensolutions for recreating random field. The spectral stiffness for stochastic condition have
been also derived. Further, the application of KL expansion has been described through sim-
ulation studies for undamaged cantilever bar considering Gaussian and gamma distribution to
evaluate the effectiveness of the present study.
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2 MATHEMATICAL ILLUSTRATION ON A CANTILEVER BAR

2.1 Deterministic

An axially vibrating cantilever prismatic bar of length L has been considered as an assembly
of N discrete spectral elements of length ϵ each as shown in Fig. 2. The notches between
each element indicate the non-propagating cracks. Based on Castigliano’s theorem and laws of
fracture mechanics, the damages between any pth and (p+1)th element can be defined by crack
flexibility (Θp). If there is no damage in between any two segments then the corresponding
crack flexibility (Θp) is considered to be 0. Therefore, when Θp= 0 ∀ p =1,2,· · · (N−1), then
the formulation represented undamaged system and for non-zero Θp the formulation modifies to
damaged system. The spectral deformation (ûp(x, ω)) at any location of the pth spectral element
of the system can be given as,

Figure 2: One end restrained axially vibrating prismatic bar having multiple damages
(Θ1,Θ2, . . . ,Θp, . . . ,ΘN−1) uniformly discretized into N spectral elements

ûp(x, ω) =
{
eikx e−ik(pϵ−x)

}{a2p−1

a2p

}
= sp(x, ω)âp , for (p− 1)ϵ ≤ x ≤ pϵ

where, x is distance of any location on the bar from the fixed-end and k = ω
c

is wavenumber
corresponding to longitudinal wave propagation. sp(x, ω) and âp are spectral shape function
matrix and coefficient matrix respectively corresponding to the pth element. Here, i represents
unit imaginary number

√
−1. The spectral deformation û(x, ω) of the total system can be

represented in a matrix form as,

û(x, ω) =



û1(x, ω)
...

ûp(x, ω)
...

ûN(x, ω)


=


s1(x, ω) · · · 0

... . . . ...

... sp(x, ω)
...

... . . . ...
0 · · · sN(x, ω)





â1
...
âp
...
âN


= S(x, ω)â (1)

To obtain the coefficient matrix â, the boundary and compatibility conditions need to be applied.
For a fixed-free system, the boundary conditions include

û1(0, ω) = 0 (2a)
ûN(Nϵ, ω) = ûL (2b)
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Again, for any intermediate damage between elements p and (p+1), the compatibility equations
are given as,

ûp+1(pϵ, ω)− ûp(pϵ, ω) = Θp
∂ûp(pϵ)

∂x
(3a)

∂ûp(pϵ)

∂x
=
∂ûp+1(pϵ)

∂x
(3b)

where, Θp indicates crack flexibility corresponding to damage between pth and (p+1)th element.
Combining Eqs. (1-3), the nodal spectral displacements ûnode can be expressed as

Ĝ â = ûnode (4)

where, â = {â1, â2, · · · , â2N−1, â2N}T2N×1 , ûnode = {0, 0, · · · , 0, ûL}T2N×1 and Ĝ can be ex-
pressed as,


1 e−ikϵ 0 0 0 · · · · · · · · · · · · · · · · · · · · · 0

(ikΘ1−1)e−ikϵ−(ikΘ1+1) e−ikϵ e−ikϵ 0 · · · · · · · · · · · · · · · · · · · · · 0

−ike−ikϵ ik ike−ikϵ−ike−ikϵ 0 · · · · · · · · · · · · · · · · · · · · ·
.
.
.

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

.

.

.
0 · · · · · · · · · 0 (ikΘp−1)e−ikpϵ−(ikΘp+1)e−ikpϵ e−ikϵ 0 · · · · · · 0

.

.

. · · · · · · · · · 0 −ike−ikpϵ ik ikeikpϵikeikϵ 0 · · · · · ·
.
.
.

.

.

. · · · · · · · · · · · ·
. . .

. . .
. . .

. . .
. . .

. . .
. . . 0

.

.

. · · · · · · · · · · · · 0 · · · · · · 0 (ikΘN−1−1)e−ik(N−1)ϵ−(ikΘN−1+1)e−ik(N−1)ϵ e−ikϵ

.

.

. · · · · · · · · · · · · · · · · · · · · · 0 −ike−ik(N−1)ϵ ik ikeik(N−1)ϵikeikϵ

0 · · · · · · · · · · · · · · · · · · · · · · · · · · · 0 e−ikNϵ 1



Ĝ has been introduced to establish a relationship between the spectral nodal displacements
under boundary conditions ûnode and the constant coefficient matrix â. The expression of â can
be obtained from Eq. (4) as,

â = Ĝ−1 ûnode = F̂ ûnode (5)

Applying boundary conditions on F̂ , the spectral stiffness matrix K̂(ω) of a multi-damage
cantilever bar can be obtained as,

K̂(ω) =

EA0F̂(:, 2N)T



∫ ϵ
0 s

′
1
T (x, ω)s′1(x, ω)dx · · · 0

...
. . .

...
...

∫ pϵ
(p−1)ϵ

s′p
T (x, ω)s′p(x, ω)dx

...
...

. . .
...

0 · · ·
∫ L
(N−1)ϵ s

′
N

T (x, ω)s′N (x, ω)dx


F̂(:, 2N)

(6)

2.2 Stochastic

2.2.1 Mathematical background of KL expansion

Any random process S(x, θ) with non-zero mean can be expressed as a sum of a deterministic
part that contains the mean value µS(x) = E{S(x, θ)} of the concerned random process and a
zero mean random process Y (x, θ) [9], and is given as

S(x, θ) = µS(x) + Y (x, θ) (7)
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Here, x is a function of position vector with the domain D and θ is element of sample space
of random events Ω [10]. The covariance function and the correlation function of Y (x, θ) is
same as the covariance function of S(x, θ) and is denoted as CS(x1, x2). The simplest form of
expressing a stochastic process is by using random polynomials and can be expressed as

f(x, θ) =

q∑
k=0

ξk(θ)x
k (8)

where q is a finite value, ξk are uncorrelated random coefficients and xk represents each element
of parameter space. These random polynomials are difficult to analyze. To simplify the study,
stationary processes are considered and mathematical background for random polynomials have
been modified to cosine field. The representation of a complex random process as a summation
of simple ones is complicated. Thus, the idea of orthogonal expansions have been introduced.
Let {φn(x)} be a set of functions on parameter space D and {ξn(θ)} be a set of uncorrelated
random variables. The zero-mean random process can be written as

Y (x, θ) =
∞∑
n=1

ξn(θ)φn(x) (9)

The covariance function of the concerned zero-mean random process can be obtained as

Cs(x1, x2) = E{Y (x1, θ)Y (x2, θ)}

=
∞∑
m=1

∞∑
n=1

φm(x1)φn(x2)E{ξm(θ)ξn(θ)} =
∞∑
n=1

φn(x1)φn(x2)
(10)

The above equation is obtained by considering the orthonormality property of {ξn(θ)}n, such
that they can be considered as Hilbert space basis satisfying

∫
ξn(θ)ξm(θ)dθ = δmn, where δmn

is the Kronecker delta.
Let the parameter set D be a compact domain such that λ1 ≥ λ2 ≥ ... and ψ1, ψ2, ... are the
ordered negative eigenvalues and corresponding normalized eigenfunctions of the covariance
function Cs(x1, x2), respectively. The space of square integrable functions on D to itself can be
given in the integral form of Fredholm integral equation of second kind. This can be solved by
eigenvalue and corresponding normalized eigenfunction pairs. The integral equation is given as∫

D

Cs(x1, x2)ψn(x1)dx1 = λnψn(x2) (11)

The KL expansion form can be achieved by applying Mercer’s theorem. If the covariance
function is symmetric, bounded and positive semi-definite then it can be expressed in uniformly
convergent series expansion as

CS(x1, x2) =
∞∑
n=1

λnψn(x1)ψn(x2) (12)

An expression for ξn can be obtained by eliminating CS(x1, x2) from Eqs. (10) and (12), and is
given as

φn =
√
λnψn (13)
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Substituting Eq. (13) in (9), the KL expansion of Y (x, θ) can be obtained as

Y (x, θ) =
∞∑
n=1

ξn(θ)
√
λnψn(x) (14)

provided ξn(θ) are independent and identically distributed and follows Gaussian distribution i.e.
N (0, 1). The final expression of a stochastic process in infinite terms of KL expansion is given
as

S(x, θ) = µS(x) +
∞∑
n=1

ξn(θ)
√
λnψn(x) (15)

If the parameter space is replaced by a finite number of points then the infinite series expansion
can be reduced to a truncated series of eigensolutions of the concerned covariance function.
The analytical solution for all covariance functions are not available. However, the eigenvalue
problems can be solved numerically. The beauty of KL expansion is that it can represent a
random process by a finite number of terms known as the order (N ) of the KL expansion. The
major advantage of the truncation is that it optimizes the truncation error for a given order. The
final expression of a stochastic process is given by

Ŝ(x, θ) = µS(x) +
N∑
n=1

ξn(θ)
√
λnψn(x) (16)

2.2.2 Estimation of eigensolutions

Consider a one dimensional exponential decaying Gaussian covariance function. The covari-
ance function is given by

C(x1, x2) = e
−|x1−x2|

b (17)

where b is the correlation length. It is assumed that the analytical solution will be in the range
[−a < x < a] such that the mean is zero and produces the random field following Eq. (15).
Based on Eq. (11), the Fredholm integral equation can be written as∫ a

−a
e−c|x1−x2|ψ(x2)dx2 = λψ(x1) (18)

Considering c = 1
b
. Eq. (18) can be rewritten as∫ x1

−a
e−c(x1−x2)ψ(x2)dx2 +

∫ a

x1

e−c(x2−x1)ψ(x2)dx2 = λψ(x1) (19)

The first and second order derivative of the eigenfunctions with respect to x1 can be obtained by
applying Leibniz integral rule. Differentiating Eq. (19) twice with respect to x1 and rearranging,
the expression can be obtained as,

ψ
′′
(x1) =

−2c+ λc2

λ
ψ(x1) = ω2

kψ(x1) ,
(

let ω2
k =

−2c+ λc2

λ

)
(20)
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Now, substituting x1 = −a and x1 = a and solving, the eigenvalues can be expressed as[
ω2
k ≥ 0; tan(ωka) =

c

ωk

]
∪
[
ω2
k ≥ 0; tan(ωka) = −ωk

c

]
(21)

The graphical solution of Eq. (21) shows that tan(ωka) takes decreasing sequence of posi-
tive and negative numbers for odd and even sequence of ωka respectively. The odd sequence
corresponds to tan(ωka) = c

ωk
and the even sequence corresponds to tan(ωka) = −ωk

c
. The

eigenvalues can be obtained after determining ωk by using

λj =
2c

c2 − ωk2j
, j = 1, 2, 3 . . . (22)

The odd sequence of eigenvalues are obtained from,

ψj(x) = Cocos(ωkjx) (23)

where Co is a constant such that it satisfies∫ a

−a
C2
ocos2(ωkjx)dx = 1 (24)

Thus normalizing the eigenfunction gives

Co =
1√

a+
sin(2ωkja)

2ωkj

(25)

The corresponding eigenfunction is obtained as,

ψjo(x) =
cos(ωkjx)√
a+

sin(2ωkja)

2ωkj

, j = 1, 3, 5 . . . (26)

Similarly the even eigenvalues can be obtained from,

ψj(x) = Cesin(ωkjx) (27)

where Ce is a constant such that it satisfies∫ a

−a
C2
e sin2(ωkjx)dx = 1 (28)

Thus normalizing the eigenfunction gives

Ce =
1√

a− sin(2ωkja)

2ωkj

(29)

The corresponding eigenfunction is obtained as,

ψje(x) =
sin(ωkjx)√
a− sin(2ωkja)

2ωkj

, j = 2, 4, 6 . . . (30)

However for non-Gaussian stochastic field, the KL expansion can be applicable by modifying
through memoryless transformation [11] involving cumulative distribution function of both the
underlying Gaussian and target non-Gaussian distributions.
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2.2.3 Stochastic expressions

Stochastic formulation of a vibrating rod is similar to the deterministic formulation but pa-
rameter like cross-section area (A0), mass density (ρ), and Young’s modulous of elasticity (E)
may be assumed as spatially distributed random variables. The spectral stiffness for a cantilever
bar-type structure considering material uncertainty can be expressed as

K̂s(ω, θ) = K̂(ω) + ε1

N∑
j=1

ξKj(θ)
√
λKjK̂j(ω) (31)

where ε1 indicates deterministic constant ranging between 0 and 1. K̂(ω) is the deterministic
part as derived in Eq. (6). N is the number of terms of the truncated series in the KL expansion
while ξKj(θ) denotes uncorrelated Gaussian random variables with zero mean and unit standard
deviation. Now based on the eigenvalues (λKj) along with even and odd eigenfunctions i.e. Eqs.
(26) and (30), the expressions of K̂j(ω) can be obtained as,

K̂j(ω) =

EA0F̂(:, 2N)T



∫ ϵ
0 ψjs

′
1
T (x, ω)s′1(x, ω)dx · · · 0

...
. . .

...
...

∫ pϵ
(p−1)ϵ

ψjs
′
p
T (x, ω)s′p(x, ω)dx

...
...

. . .
...

0 · · ·
∫ L
(N−1)ϵ ψjs

′
N

T (x, ω)s′N (x, ω)dx


F̂(:, 2N)

(32)

3 NUMERICAL SIMULATION

3.1 System specifications

Figure 3: Cantilever bar: (a) undamaged and (b) damaged at 0.7m

Table 1: Details of system specifications

length (L) 1 m
cross-sectional area (A0) 0.0003 m2

Young’s modulous (E) 200e9 Pa
mass density (ρ0) 7850 kg/m3

A cantilever bar has been modelled as shown in Fig 3. The structural specifications have
been shown in table 1. Now for the damaged system, damage severity of 20% has been con-
sidered at 0.7 m from the fixed-end. Both deterministic as well stochastic analysis have been
performed for undamaged and damaged system. In case of stochastic study both Gaussian and
gamma distribution have been considered to generate the stochasticity in spectral stiffness of
the undamaged system. However, only Gaussian distribution has been analysed in damaged
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Figure 4: (a) Graphical solution of ωk for even and odd terms and (b) Number of eigenvalues required to capture
90% of the stochastic field for different correlation lengths considering unit domain exponential covariance func-
tion

Figure 5: Distribution of responses due to different stochastic conditions in undamaged bar: (a) first three natural
frequencies, (b) 1st, (c) 2nd and (d) 3rd modal displacements at 0.2, 0.4, 0.6 and 0.8 m from fixed-end, respectively.
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bar. The coefficient of variation (CoV) of 0.01, 0.05 and 0.1 have been considered in the input
randomness along with a deterministic constant (ϵ1) of 0.01 for both undamaged and damaged
system. A set of 20 random variables with zero mean and unit standard deviation has been
considered for the Gaussian distribution. However for gamma distribution, memoryless trans-
formation has been applied. Considering the correlation length b = L

2
, the eigensolutions have

been obtained as shown in Fig. 4(a). It has been observed from Fig. 4(b) that in case of this
system, first 5 eigensolutions can capture 90% of the stochastic field [13]. The simulation study
has been performed for 10000 samples for each case of damaged and undamaged system.

Figure 6: Statistical indicators obtained from modal parameters due to different stochastic conditions in undamaged
system
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3.2 Results and discussion

The material uncertainty propagates into the modal parameters of any system. In this study,
the first three natural frequencies and the modal displacements at 0.2, 0.4, 0.6 and 0.8 m from
the fixed end of both the damaged and undamaged bar have been determined. The probability
distribution corresponding to the undamaged system considering material randomness as Gaus-
sian and gamma distribution has been shown in Fig. 5. The statistical indicators namely, mean,
standard deviation, CoV, skewness and kurtosis for all samples have been considered as the
key parameters for describing the randomness in response parameters. The statistical results
corresponding to the undamaged bar has been presented in Fig. 6. Similarly, for the damaged
bar element, the study has been performed considering only the Gaussian randomness as the
material uncertainty. The probability distributions and the statistical indicators of the damaged
system have been shown in Figs. 7 and 8, respectively. It has been observed that as the modal
displacement gets closer to zero crossing of any mode shape, the skewness increases. Again
in most of the cases of Gaussian randomness in material, the kurtosis is around 3 as should be
in Gaussian distribution. Whereas, in case of material uncertainty as gamma distribution, the
obtained kurtosis is mostly around 5. Some discrepancies have been observed in determination
of fundamental frequency of the damaged system which requires modifications. Again, the un-
certainty propagation in the damage quantification need to be studied along with the variation
in mode shape difference and damage severity due to various input uncertainty.

Figure 7: Distribution of responses due to different stochastic conditions in damaged bar: (a) first three natural
frequencies, (b) 1st, (c) 2nd and (d) 3rd modal displacements at 0.2, 0.4, 0.6 and 0.8 m from fixed-end, respectively.
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Figure 8: Statistical indicators obtained from modal parameters due to different stochastic conditions in damaged
system

4 CONCLUSION

In this study, a detailed literature survey regarding the appropriate probability distribution to
model material uncertainty has been conducted. A detailed derivation of KL expansion has been
described for modelling stochasticity in material properties of any system. It has been then ap-
plied to obtain the closed-form expression of spectral stiffness for a multi-damaged cantilever
bar-type structure. Extensive simulation study has been performed on both undamaged and
damaged bar-type system to understand the propagation of material uncertainty in the modal
parameters. Both Gaussian and gamma distribution-based randomness have been introduced
as input in the undamaged system. However in case of damaged system, only Gaussian distri-
bution has been followed as material uncertainty. Statistical indicators have been determined
to understand the uncertainty propagation in the structural responses. However, the study may
be further extended in quantifying multi-damage in bar-type systems as well as in real civil
structures.
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