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Abstract 

In this study, numerical analyses demonstrate that a simple symmetrical 3D steel moment re-
sisting frame with slight eccentricity can exhibit torsional behaviour despite a diagonal load 
being applied in a perfectly symmetrical manner. The torsion may be caused by inelastic bi-
furcation buckling, where the combined effect of the material and geometrical nonlinearity 
plays an important role. The similarities between this phenomenon and the inelastic buckling 
theories found in the literature are discussed. 
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1 INTRODUCTION 
Although sophisticated analytical software allows the analysis of complicated large-scale 

structural models, epistemic uncertainties remain in the numerical analysis technique for trac-
ing the inelastic torsional behaviour of three-dimensional (3D) frames. Researchers have re-
ported that various uncertainties and irregularities in the stiffness and mass distribution 
leading to eccentricity as well as combined nonlinearity cause torsion. For example, Kohiya-
ma and Yokohama [1] highlighted the existence of a geometrical nonlinearity referred to as 
the Q-Delta effect and evaluated its influence on the elastic torsional response. Flores et al. [2] 
conducted numerical analyses of frames considering the material and geometrical nonlineari-
ties and demonstrated the importance of geometrical nonlinearities, namely, the P-Theta effect 
[3] and the P-Delta effect. Additionally, studies regarding the torsional behaviour of a perfect-
ly symmetrical frame with no irregularities subjected to a symmetrical load are limited, while 
accidental torsion has been well-studied and considered in the structural design in practice. 

In this study, quasi-static and dynamic analyses demonstrate that a simple symmetrical 3D 
steel moment resisting frame (SMRF) with slight eccentricity can undergo drastic torsional 
behaviour, despite a diagonal load being applied in a symmetric and deterministic manner. 
Namely, torsional behaviour in a structure can occur without irregularities in loading as well 
as in mass and stiffness distributions. Moreover, analysis demonstrates that the torsion is 
caused by inelastic bifurcation buckling, which is proven by the similarity between the results 
of the quasi-static analysis and inelastic column theory by Shanley [4], as well as the agree-
ment between the results and the predicted behaviour presented in studies by Fukuda and 
Ikago [5, 6], who theoretically considered the torsion of an SMRF owing to inelastic bifurca-
tion buckling. OpenSees [7] is used as the analysis framework, in which the combined effect 
of the material and geometrical nonlinearity is considered. 

2 MODEL AND ANALYSIS CONDITIONS 

2.1 Overview of the model 
Consider a one-bay, one-storey, and perfectly symmetric SMRF, as shown in Figure 1, 

where pins support the bottom of the columns. The span and storey height are both 4 m. Here, 
(1), (2), (3), and (4) shown in Figure 1 indicate the number of the frames; the red arrows indi-
cate the global axis of the coordinates. Regarding the beams in this model, only the in-plane 
bending stiffness is considered, while the torsional and out-of-plane bending stiffness are ne-
glected. Euler-Bernoulli beam-column elements are used; the beams are connected to the 
nodes via bi-linear rotational spring elements. The yielding stress of the beams in frames (1) 
and (2) is reduced by 1% relative to that of frames (3) and (4), introducing an initial imperfec-
tion. The tops of the columns are connected to a rigid floor diaphragm, and its central node is 
referred to as the ‘master node’ hereafter. The in-plane rotation angle of the rigid diaphragm 
around the vertical axis is represented by θ, as shown in Figure 1. The master node and the 
ground are connected by elastic horizontal shear springs to ensure the stability of the model 
after yielding of the beam-end rotational spring elements. Note, these shear springs are not 
arranged in the global X and Y directions, but in the direction parallel to frames (1) and (4). 
Finally, the lumped mass and mass moment of inertia are placed at the master node.  
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Figure 1: SMRF model 

2.2 Member specifications, constitutive law of materials, and mass (moment of inertia) 

The columns and beams are steel members (Young's modulus E = 2.05 × 108 kN/m2), 
which have box- (Figure 2(a)) or wide-flange shaped (Figure 2(b)) cross sections, respectively. 
The dimensions and specifications of the columns and beams are given in Table 1. Here, the 
local axes of the members are shown in Figure 2(a, b); the local z-axis direction of the beam 
shown in Figure 2(b) coincides with the global Z-axis direction shown in Figure 1. An infini-
tesimal value (10-15) was assigned for the neglected stiffness, which can be regarded as zero in 
the numerical analysis. 

 
Figure 2: Cross section of the (a) columns and (b) beams 

Considering the bilinear hysteresis of the beams, the initial stiffness kRy = 6EIy/l corre-
sponds to the bending stiffness of the Euler-Bernoulli element subjected to an asymmetrical 
bending moment (Figure 3). The ratio of the initial and post-yielding stiffnesses is α = 0.01. 
The yielding bending moment of the beams of frames (3) and (4) is Myield = 32 kN, and that of 
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frames (1) and (2) is 31.68 kN (= Myield × 0.99). The stiffness of the elastic horizontal shear 
springs between the master node and the ground is 40 kN/m in both directions. 

 
 Columns Beams  
Dimension 250 × 250 × 6 mm 250 × 125 × 5 × 8 mm 
Length: l 4 m 
Cross sectional area: A 5.763 × 10-3 m2 3.199 × 10-3 m2 
Second moment of area 
about the local y-axis: Iy 5.67 × 10-5 m4 

3.45 × 10-5 m4 

Second moment of area 
about the local z-axis: Iz 

10-15 m4 ≈ 0 
(ignored) 

St. Venant torsional constant 
of the cross section: Jx 

10-15 kNm/rad ≈ 0 
(bottoms are pin-supported) 

10-15 kNm/rad ≈ 0 
(ignored) 

Table 1: Specifications of members 

 
Figure 3: Nonlinear constitutive law of beam-ends 

The mass in the global X and Y directions, represented by mX and mY, respectively, are 
placed at the master node, while that for the global Z direction, mZ, is neglected. Furthermore, 
only the mass moment of inertia around the Z-axis, ZIm, is considered and placed at the master 
node, while the mass moment of inertia around the X- and Y-axis, represented by XIm and YIm, 
respectively, are neglected. Note, an infinitesimal value (10-15) was assigned for the neglected 
mass or mass moment of inertia. The mass is calculated provided that the mass per unit area at 
the top floor is 0.8 ton/m2, and its distribution is uniform (0.8 ton/m2 × 4 m × 4 m = 12.8 ton). 
ZIm is calculated using Equation (1), assuming that the lumped masses of 1/4 of the total mass, 
that is, 3.2 ton, were located at the centre of each quarter block shown in Figure 4(a). 

 2
n

Z
i

i im mI r= ⋅∑  (1) 

Here, n is the total number of lumped masses (n = 4), ri (i = 1, 2, …, n) is the distance from 
the master node to each lumped mass (uniformly ri = √2 m), and mi (i = 1, 2, …, n) represents 
the lumped mass (mi = 3.2 ton for each i); therefore, ZIm is 25.6 ton⋅m2. In this study, two 
comparison models were also employed, whose ri values were 1 and 1/√2 m, respectively 
(Figure 4(b)). Their ZIm values were also calculated by the same procedure; ZIm = 12.8 ton⋅m2 
and ZIm = 6.4 ton⋅m2 for ri = 1 and ri = 1/√2, respectively.  
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Figure 4: Calculation of the moment of inertia 

Table 2 presents the 1st to 3rd natural periods of these models. The 1st and 2nd natural peri-
ods of all the models are identical. Figure 5(a–c) depicts the 1st to 3rd eigenmodes of the mod-
el whose ri = √2. The 1st eigenmode exhibits a drift in the loading direction, as shown in Fig. 
5(a), the 2nd eigenmode exhibits a drift in the orthogonal direction of loading, as shown in Fig. 
5(b), and the 3rd eigenmode is a torsional mode, as shown in Fig. 5(c).  

 
 ri = √2 m ri = 1 m ri = 1/√2 m 
1st natural period 0.690 s 
2nd natural period 0.509 s 
3rd natural period 0.307 s 0.217 s 0.153 s 

Table 2: 1st to 3rd natural periods of the models 

2.3 Analysis cases 
For all the analysis cases, a vertical load of 31.36 kN that was divided into 10 000 steps 

was incrementally applied on the top of the columns. This vertical load was also calculated 
based on the assumption that the mass per unit area, 0.8 ton/m2, was uniformly distributed.  

Two types of horizontal loading analyses were performed, namely quasi-static and dynam-
ic. In both cases, the degree of freedom in the X-axis was not fixed. In the quasi-static analysis, 
a load of 55 kN that was divided into 100 000 steps was incrementally applied to the master 
node from the global Y-axis direction. In the dynamic analysis, a 1940 El Centro NS wave 
whose peak ground velocity (PGV) was scaled to 100 cm/s was input in the global Y-axis di-
rection for each model. The duration of the analysis was set to 80 s to examine the free vibra-
tion after the seismic input ended. A time interval of 0.001 s was used for the numerical 
integration. We assume an initial stiffness-proportional damping, where the damping ratio for 
the 1st mode h1 was 2% to the critical damping coefficient. 
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Figure 5: The (a) 1st, (b) 2nd, and (c) 3rd mode shapes of the ri = √2 model 

2.4 Modeling in OpenSees 
The elasticBeamColumn elements were used for the Euler-Bernoulli elements. The bilinear 

rotational springs at the beam ends are implemented by zeroLength elements. Double nodes 
are created at each beam-end to insert the zeroLength elements. The elastic horizontal shear 
springs are represented by an equivalent zeroLength element, and a double node at the loca-
tion of the master node is created to insert the zeroLength element. Steel01 and Elastic uniax-
ialMaterial are used to represent the hysteresis of the elastoplastic hinges and the elastic 
horizontal shear springs, respectively. The rigid floor diaphragm is implemented using elas-
ticBeamColumn elements, where sufficiently large or small values (1010 and 10-15, respective-
ly) that numerically represent the rigid or pin connection are assigned to the cross-sectional 
area and bending stiffness. The PDelta option of the geomTransf command is specified to ac-
count for the geometrical nonlinearity of the columns. The PDelta option assumes finite de-
formations, that is, the rotational deformation of the columns, ϕ, is small, and the 
approximations of sinϕ ≈ ϕ and cosϕ ≈ 1 are valid. The geometrical stiffness matrix is calcu-
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lated with this 1st order approximation and subtracted from the tangent stiffness matrix [8]. 
The other options are summarised in Table 3. 
 
 Gravity Loading Horizontal Loading 

Quasi-static Dynamic 
constraints Penalty 1.0e+15 1.0e+15 Pentalty 1.0e+18 1.0e+18 
numberer RCM RCM 
system SparseGEN (SuperLU) FullGeneral 
test NormDispIncr 1.0e-8 100 NormDispIncr 1.0e-2 1000 
algorithm NewtonLineSearch -maxIter 10000 Broyden -count 50 
integrator LoadControl LoadControl Newmark 0.5 0.25 
analysis Static Static Transient 

Table 3: Options of OpenSees 

3 RESULTS OF NUMERICAL ANALYSIS 
This section first presents the quasi-static analysis results and demonstrates that torsion can 

occur even in a symmetrical SMRF with an infinitesimal stiffness eccentricity, whose effect is 
generally considered to be negligible. Second, the fact that the torsion was apparently caused 
by inelastic bifurcation buckling is presented, followed by the discussion regarding the simi-
larity between the analytical results and the inelastic column buckling theory proposed by 
Shanley [4]. Finally, the dynamic analysis results reveal that torsional deformation occurred 
in the seismic response of these models, and the extent of torsion was influenced by the mass 
moment of inertia associated with the torsional resistance of the model. 

3.1 Quasi-Static Analysis 
Figure 6 depicts the step histories of the master node in the X-, Y-, and θ-directions, 

demonstrating that the torsional deformation θ occurs near step 82 000; thereafter, displace-
ments in the θ- and Y-directions significantly increase. Namely, a torsion can occur even in a 
symmetrical SMRF with an infinitesimal stiffness eccentricity. Note, displacement also oc-
curs in the orthogonal X-direction to loading, but its overall effect is small because the in-
creasing rate of the X-displacement is smaller than that in the Y- and θ-directions. Figure 7 
depicts the overall deformation at the end of loading without any scale factor, confirming that 
the contribution of the X-displacement to the overall deformation is insignificant.  

 
Figure 6: Step history of the master node displacement 
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Figure 7: Global deformation of the SMRF model at 100 000 steps 

 
Figure 8: (a) Relationship of the horizontal load–master node θ of the SMRF model, and 

(b) P–θc relationship of the Shanley Column 

The horizontal load–θ relationship in this SMRF model, Figure 8(a), is one source of evi-
dence that suggests that this torsion is inelastic bifurcation buckling. This is because a similar 
relationship (Figure 8(b)) can be found in an inelastic buckling problem of a centre-
compressed short column discussed by Shanley [4] (Figure 9, designated Shanley’s Column 
here). If a bifurcation occurs at the tangent modulus load Pt in a Shanley’s Column with elas-
toplastic springs whose hysteresis is bilinear, the load after the bifurcation Pb and the buckling 
deformation θc satisfy the following relationship.  
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( )

11
(1 ) 1

b t

c c c c

P P
a l θ α α

  = + + + −  
  (2) 

where a and lc are the parameters related to the dimensions of the Shanley’s Column, and αc 
is the tangent stiffness ratio of the elastoplastic springs. Figure 8(b) is based on the following 
conditions: Pt = 0.8, a = 0.1, lc = 0.5, and αc = 0.01. Based on this similarity, a load-controlled 
inelastic torsional bifurcation theory should be developed for the SMRF used in this study, 
and a relationship of the horizontal load–master node θ similar to Equation (2) can also be 
derived. 

 

 
Figure 9: Shanley’s Column model 

Another source of evidence that suggests that this torsion is an inelastic bifurcation is 
shown in Figure 10, which depicts the displacements of the rigid diaphragm and the yielding 
status of the beam-ends at every 1000 steps from steps 82 000 to 85 000. This verifies the re-
sults discussed in the study by Fukuda and Ikago [5, 6], who theoretically investigated the 
inelastic torsional bifurcation of a simple SMRF under limited conditions. According to Fu-
kuda and Ikago [5, 6], if the SMRF used in this study is subjected to a controlled load or con-
trolled displacement resulting in torsion, it is expected that the beam-ends of frames (1) and (2) 
will be in a post-yielding or designated loading state, while that of frames (3) and (4) will be 
in an elastic or unloading state after the bifurcation. The results shown in Figure 10 are con-
sistent with this prediction, except for step 85 000. Note, this prediction is inspired by the bi-
furcation process of Shanley’s Column revealed in the inelastic column theory as follows [4]: 
i) When a bifurcation occurs in a Shanley column, one of the two inelastic springs at the cen-
tre of the column is in a loading state, and the other spring is in a neutral state, which is nei-
ther in a loading nor unloading state, ii) the spring in the neutral state is continuously 
unloaded immediately after the bifurcation displacement occurs, and iii) subsequently, the 
states of these springs are fixed in a combination such that one is in a loading state, and the 
other in an unloading state. A similar process applies to a simple SMRF model in this study as 
follows: i) When a torsion occurs in this SMRF, a couple of frames orthogonal to one another, 
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that is, either frames (1) and (2) or frames (3) and (4) are in a state where their beam-ends are 
in loading, while the other couple are in a state in which their beam-ends are in a neutral state, 
which is neither in a loading nor unloading state, ii) immediately after the torsion occurs, the 
beam-ends in the neutral state are unloaded, and iii) subsequently, the state of the couples of 
frames and their beam-ends are fixed in a combination such that the beam-ends of one couple 
of frames are in a loading state and those of the other couple of frames are in an unloading 
state. Because the initial imperfection is intentionally introduced in this study, the frame cou-
ple of frames (1) and (2) is the former, and the remaining frames are the latter in this case.  

 
Figure 10: Displacements of the rigid diaphragm and the yielding status of the beam-ends 

The yielding state of step 85 000 shown in Figure 10 violates this prediction, which may be 
related to the X-displacement. According to Fukuda and Ikago [6], bifurcation in the orthogo-
nal direction of a controlled displacement can occur in a similar model if the problem consid-
ered is displacement-controlled. In these cases, couples of frames change to frames (2) and (4), 
and frames (1) and (3). A superposition of bifurcation may occur in the torsional and perpen-
dicular directions after step 85 000. As a result, in addition to frames (1) and (2), frame (4) 
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may also proceed into a yielding state at that time. Note, a load-controlled numerical analysis 
is conducted in this study, for which the details differ from the theoretical analysis presented 
by Fukuda and Ikago [6]; therefore, further investigation is required to clarify this behaviour.  

3.2 Dynamic Analysis 
Figure 11(a–c) presents the time history of the master node displacement for each model 

and demonstrates that torsion can occur even in a model with infinitesimal eccentricity during 
the dynamic response. Torsion occurs and increases in the ri = 1/√2 m and ri = 1 m models, 
whereas almost no torsion can be observed in the ri = √2 m model. Overall, a larger mass 
moment of inertia results in a smaller torsional deformation.  

The main cause of the torsion in this model is unclear at this stage because the damping, 
instantaneous eccentricity owing to plasticisation, fluctuations in the eigenvalues, Q-Delta 
effect, as well as inelastic bifurcation buckling, affect the response in a dynamic problem, and 
the contribution of each factor is complicatedly related to one another. For a clear understand-
ing of this phenomenon, further investigations from various point of views are needed to clar-
ify the contribution of each factor. Therefore, other interesting points relevant to 
understanding the phenomenon are reserved herein. First, when comparing two models in 
which torsional deformation occurs (the ri = 1/√2 m and ri = 1 m models), the torsional de-
formation converges to a constant value in the model with ri = 1 m, whereas the model with ri 
= 1/√2 m demonstrates a diverging behaviour. However, note that a finite deformation is as-
sumed in this analysis despite the deformation being relatively large. Therefore, the result can 
be meaningful for tracing the occurrence of a torsion but may underestimate the maximum 
response compared to the actual behaviour. Second, when comparing the results considering 
whether torsional deformation occurs, the X-axis deformation is apparently related to the tor-
sional deformation. In addition, the ri = √2 m model, which presents a small torsional defor-
mation, demonstrates a free vibration with damping in the Y-direction after the seismic 
excitation ends, whereas the ri = 1 m model, which exhibits converged torsional deformation, 
exhibits free-vibration behaviour without damping in the X- and Y-directions. 

4 CONCLUSION  
In this study, a symmetric SMRF with infinitesimal eccentricity subjected to quasi-static 

and dynamic horizontal loading in a diagonal direction is examined by a numerical analysis. 
The results of quasi-static loading indicate that torsion can occur in an SMRF with infinitesi-
mal eccentricity, suggesting that this torsion is caused by inelastic bifurcation buckling. This 
is demonstrated by the discussion regarding the similarities between the results of the analysis 
and Shanley's inelastic column theory. One of these similarities is the load–bifurcation dis-
placement relationship, and another similarity is the yielding status of the elastoplastic ele-
ments at the beginning of bifurcation. This result partially supports the theoretical predictions 
by Fukuda and Ikago. In addition, the torsional response in the SMRF also occurs when sub-
jected to dynamic excitation. The degree of torsion depends on the mass moment of inertia 
that is related to the torsional resistance. Further challenges are identified to determine the 
contribution of inelastic bifurcation buckling and other factors in the dynamic response. 
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Figure 11: Time history of the master node displacement for each model 
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