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Abstract. The paper deals with the homogenization-based modelling of periodic porous struc-
tures saturated by a Newtonian fluid and locally controlable due to embedded piezoelectric
segments which can induce a peristaltic deformation of the microchannels, in response to pre-
scribed propagating voltage waves. The two-scale homogenized problem is nonlinear by the
consequence deformation-dependent homogenized coefficients in the macroscopic equations.
For this, a linear expansions based on the sensitivity analysis of the homogenized coefficients
with respect to the deformation induced by the macroscopic quantities is employed. A special
care is needed to apply this approach to the dynamic permeability which is involved in the time
convolution integrals. This approximate treatment of the non-linearity is justified as far as the
deformations are moderate. As an advatage, it enables to reduce the computational cost not
exceeding much the one of linear problems. At the same time, the nonlinearity is important to

capture the pumping effect of the porous material in a case of time periodic actuation by electric
field.
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1 INTRODUCTION

Fluid flow in porous materials can be generated by the peristaltic deformation of pores in
time; this important principle is well known in physiology, biology, and tissue biomechanics,
[5, 1, 8, 4], however, as a driving mechanism of fluid transport, it presents and important and
challenging issue in the design of smart “bio-inspired’” materials.

The desired peristaltic deformation wave propagating in the porous material can be induced
by various phenomena. In electroactive materials, such a deformation wave can be produced
by locally controlled electric field [10]. Alternatively, actuating electric wave can be coupled
with acoustic waves [11], whereby the actuators can compensate damping associated with the
transported fluid viscosity.

To explore functionality of such metamaterial structures, we develop computational tools
based on the multiscale homogenization approach. The computational models arise from the
homogenization of the dynamic fluid-structure interaction problem, taking into account nonlin-
ear effects.

We derived a homogenized model of a piezo-poroelastic material which enables to transport
fluid against small pressure slope. As the new contribution, all the inertia effects in the deform-
ing skeleton and in the flowing fluid are considered. This feature presents a nontrivial extension
of the quasistatic model in the context of the deformation-dependent homogenized coefficients.

To capture the peristaltic effects, nonlinear phenomena related to deformation are considered
in an approximate way to keep the computational modelling effective as much as possible. For
this, a linearization procedure is applied, being based on the sensitivity analysis of the local
characteristic responses with respect to the macroscopic strains and pressures which modify
the deformed configurations of the representative volume elements at the micro-level [9]. In
this way, by virtue of the methodology introduced in [9], we get first-order expansions of all
the homogenized coefficients; also the sensitivity of the dynamic permeability constituting the
convolution kernel is treated. The peristaltic flow in the porous structure is described by a non-
linear Darcy law with hydraulic permeability reflecting the deformed configuration of the local
microstructure. The numerical results illustrate some specific properties of the considered ac-
tive porous structures, namely the controlable transport of the fluid according to the propagating
acoustic and electric field waves.

We consider locally periodic porous structures occupying domain Q¢ C Q C R?, saturated
by a Newtonian fluid flowing in channels 7 = Q \ ¢, whereby ¢ is the microstructure scale.
Besides an elastic-dielectric part (22, the solid phase (2 = QF U QF U )5 contains piezoelectric
segments () C €25 which can induce peristaltic deformation wave of the microchannels in
response to the locally controlled electric field due to distributed electrodes €2 C €2 connected
to an external circuit. Such a structure presents a smart material, transforming a propagating
electric potential wave into a peristaltic deformation wave propelling the fluid.

This paper presents some important issues to cope with when extending the homogenization
problem for the dynamic flow, namely respecting the inertia in the fluid. First we introduce the
micromodel which is subject of the asymptotic homogenization using the unfolding method [3],
whereby a relevant scaling by ¢ of some micromodel parameters must be introduced. Then two
different situations of respecting the flow dynamics are discussed.

2 MICROMODEL AND THE FLUID-STRUCTURE INTERACTION PROBLEM

In the piezoelectric solid, the Cauchy stress tensor o° and the electric displacement D¢ de-
pend on the strain tensor e(u®) = (Vu® + (Vu©)T)/2 defined in terms of the displacement field
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Figure 1: Periodic microstructures and the representative cell Y decomposition.

u® = (u), and on the electric field E (p°) = V© defined in terms of the electric potential ¢°.
The following constitutive equations characterize the piezoelectric solid in 25 and, thereby, for
vanishing g%, also the elastic parts in €27 and €)% (infinite d°),

O-isj(uev ©°) = A?jkzeiz(ue) - gliijEli<90€) , Dp(uf,¢f) = gzijez]( )+ d B (¢°) (D

where A® = (A5;,) is the elasticity symmetric positive definite tensor satisfying A;n =
Akiij = Ajig, the deformation is coupled with the electric field through the 3rd order tensor
g = (9%ij)» 9kij = 9y and d = (dy,) is the electric permittivity tensor. We consider a Newto-
nian barotropic fluid characterized by the dynamic viscosity y°, a reference density p; and the
fluid compressibility -+, such that the stress tensor is

1
of = —pT+ 2 (1 - 2l @ Ie(v/*) . 2)

The micromodel involves the following differential equations governing the fluid-solid inter-
action and the electric field coupled with the deformation through the piezoelectric constitutive
law (1),

psiﬁ -V a.§<us7 906) :fs,z-: ) in an* )
V- D, ) =0, inQ,,
Py (vf’ (w® - V)vh ) + Vp° — (V) = fhe

W+V v E=0, inQ:,

3)

where f%°,d = s, f are the body forces. Note that the “dot” means the material derivative and
the seepage velocity w® = v/* — u® is defined using an extension u° of the solid phase velocity.

The homogenization procedure based on the periodic unfolding method [3] is applied to
the weak formulation of (3) which yields the following equations to be satisfied by admissible
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solutions (u*(¢,-), p°(t,-),w(t,-), p°(t,-)) € ST()

/E (A%e(u®) — g°V¢°) : e(v°)

mx*

—/ n® @v° oy (whu,pt) = F AR +/ b*° v° |
e 0z, EXo)

s .
/ﬂ ()" re(@’) +d°Vy©) - V& = /Q PEv° 4)

(zﬂse(ws i) — p€1> e(0) = [ flc-6°

27
J

for all admissible test fuctions (v¢, 1%, 0%, ¢°) € S§(€2). Here we need not specify the admissi-
bility sets S°(€2) and S (£2) which must respect all the Dirichlet type boundary conditions; note
that the seepage velocity w® and the pressure are defined in the pores only, whereby w® = 0 on
the pore walls I'},.

q (715€+V-(w€+fl)> =0,

£
f

2.1 Periodic microsctructure and the representative cell decomposition

The periodic microstructure is generated by a rescaled reference periodic cell Y =]0, 1[3
decomposed into non-overlapping subdomains Y,,,, Yy and Y,, see Fig. 1, Y =Y, UY; UY,,
such that Y,,, = Y, UY,, where the subdomains Y, generate corresponding domains €25, d =
e, z, *, f. For the device functionality, at least two groups of separated electrodes €2$°, a = 1,2
represented by Y. C Y, must be considered.

The union of all the interfaces, I'y, splits in two disjoint parts (in the sense of the surface
measure), assuming 9Y; N Y, = () (the conductors separated from the fluid)

FY:FfsUFm*7 Ffs:?sm?fa
Do =YENY, T =5 ©)

We also assume well separated conductor parts, i.e. Y,* N Y = (), such that the periodic lattice
Q¢ is constituted by mutually disconnected inclusions with the perimeter ~ ¢.

2.2 Scaling of the material parameters

To retain specific features of the micromodel (3) in the homogenization limit ¢ — 0, some
of the involved material parameters are considered to depend on €. To allow for microstructures
with strongly controlled electric field, in formulation (3), spatially constant potentials ¢ are
given for each simply connected domain §22°° occupied by the perfect conductor and represented
by Y.* within the cell Y. The following assumptions are made:

a) Strongly controlled field:  ¢° = @ in Q3° |
b) Weakly piezoelectric material: g°(z) = g, d°(z) =&’d, in€ , (6)

¢) viscous flow with the nonslip condition on pore walls, x° =¢°f, in Q5 ,

where 5 = 2, or § = 3/2, depending on the flow dynamics approximation. Above, the scaling
b) is the consequence of the locally controlled electric field, a).
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3 HOMOGENIZATION AND THE MACROSCOPIC MODEL

Neglecting the advection term (w® - V)»/ in (3) leads to the same scaling, as in the quasi-
static case, § = 2 in (6)(c). By th econsequence, the following truncated expansions (the so-
called recovery sequences) of displacements, electric potential, pressure and the fluid seepage
velocity are applied to derive the limit equations,

T-(w®) =~ u™(z,y) := u™(z) + eu'*(z,y) ,
T-(¢) = o (2, y) == % (x,y) | -
Te(p°) = p'™(2,y) = p™(2) + ep™(z,y) ,

To(w%) W' (2,y) = w(z,y)

where all the two-scale functions depending on x € €2, y € Y (and also on time ¢ — this is not
indicated in the notation) are Y -periodic in y.

The homogenization using the approach explained in [11] provides an extension of the piezo-
poroelastic model derived in [10] for disconnected porosity. The macroscopic displacement
u°, the flow seepage w® and pressure p° satisfy the following coupled equations involving the
homogenized (effective) coefficients H := (A, B, M, Z“ H") of the piezo-poroelastic model,
and the dynamic permeability K(t), such that

pou’ + dypow =V - (Ae(u) "B+ HW) _7

B:e(@tuo)—i-MatpO—l-V‘w:Zzaat@a ) (8)

[0}

t
where  w(t,z) — _i / K(t — 5)(Vp(s, ) + psouu® —fF(s,-)) dt |
0

where p and ¢;p; are the effective densities of the mixture and of the fluid, respectively. For a
suitable given electric potential control {¢®}, (¢, ), a peristaltic deformation wave propagates.
However, model (8) can induce a fluid flow opposed to the one caused by the pressure gradient
only when the nonlinearity associated with respecting the deformed configuration effect of the
homogenized coefficients is captured. For this, we suggest and approximate treatment using
the sensitivity analysis enabling to replace homogenized coefficients represented by IH using H
given by the linear formulae obtained using the sensitivity analysis approach, as exlained briefly
in Section 4.

3.1 Local limit flow equations, the dynamic Darcy law

We consider the model with neglected advection inertia in the flow for which the dynamic
permeability IC” is obtained using characteristic responses w; (y, t) of the non-steady Stokes
flow, see [11], where the acoustic problem in steadily perfused porous media was treated. Fur-
ther we employ the space of Y -periodic functions, namely

HL(Y;) = {v ¢ Hy(Y})|v =00nT}},

)
H#O*( ) {¢€H#( m)|¢:00nr*} .
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For a. a. x € (), the limit ¢ — 0 of the non-steady Stokes flow yields the local problem: Find
(ﬁ’(t? Z, ')7p1t7 xz, )) S H%Q(Yf) X H:}#D*(Ym)’ such that

prd Ow- 0+ f iV, W V,0+
Yy

Yy

f ¢V, w=0,
Yy

A

forall (0, ¢") € Hy,(Yy) x Hy,(Y,). We shall employ the following substitution,

V,pt 0= (ff — V.’ — pf&gtuo)-f 0,

Yy Yy

(10)

. o o
pim = (Vup® + psil® —f ) /py - (11)

Using the Laplace transformation applied in (10) and the decomposition w = wip®", the

dynamic permeability can be introduced (in the time domain) by virtue of the characteristic
response w! = (w?),

t
wit.) = = [ K(t.5) 39" (5.2)ds = K(t.0p"" (0.) .
0 S

with lCij = —f U)i 5
Yy

The characteristic response w/ = (wf ) is the solution of (10) with the substitution (11), com-
puted for loading by the unit volume dynamic force p™" := e/ = (8, ;,82.;,93;) in the respec-
tive direction.

(12)

3.2 Two-scale limit of the equilibrium and fluid mass conservation

The limit two-scale mass conservation is obtaiend from (3), using the ansatz (7), which
yields

V0" + V- w+ ¢V, -u'—4 V,-u' =0 ae inQ, (13)
Ys
where w(t, z) = ¢w°(t, z) is expressed in terms of the dynamic Darcy law (12).

The two-scale limit equilibrium of the solid skeleton interacting with fluid flow can be de-
rived in analogy with [11] concerning the the treatment of the interaction term fe(&jc, v°), as
described below. To get rid of the stress gradient on the interface I'f,, namely involving w;w,
the local flow equation integrated in Y7 is employed; from (10), upon integrating by parts, we
get

_ . N ~f
[ T R S T e (14)
Yy Yy Yy

since all other terms vanish due to the local incompressibility of velocities and the Y -periodicity
of all two-scale functions. Thus, using (14), we get

ff(&jc,vf) = / n’-o% v —
7s

o Lo (09 F =g i) v = [0 vt [ ol
Q Q Ffs 050
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Then the limit equilibrium equation associated with the solid skeleton attains the following
form,

[t [ f Aew) b ey s .00 +e,0%)

—][ e,(v') ¢gTVys’f>O—/¢f (P°V - —ps(@® +Ww°)) -V°+/p°f vien® o (15)
QXY Q Q Iy,

:/f-v0+/ Z-vo,
Q -0

for all admissible test functions, v’ € So(€2) and v! € HJ,(Y;), where g, is the mean density in
Y andf, b denote the effective loads.

4 Approximation of deformation-dependent homogenized coefficients

Using the asymptotic analysis w.r.t. the scale ¢ — 0, pursuing our previous work [10],
we have developed a nonlinear homogenized model of such a smart porous material which
describes the peristaltic-driven flow under a quasistatic regime, so disregarding any inertia ef-
fects [12]. Although the deformations are small and the channels do not collapse (the channel
lumen is not closing completely by the deformation), the homogenized model can mimic the
peristalsis-driven flow provided nonlinearity arising due to deformed configuration is accounted
for conveniently. For this, we employed an approximation which leads to a nonlinear model as
the consequence of the effective model parameters (tensors) depending on the solution by virtue
of the homogenization respecting locally deforming microstructures [9].

Using the sensitivity analysis approach explained in [9], all the coefficients H in (8) can be
replaced by H introduced using the first order expansion formulae which have the generic form

He(u), p) = H® + 6,H : e(u) + 5,H'p + Y 4, 3" , (16)

where 54IH" is the gradient w.r.t. the macroscopic quantity #. In the case of the permeability
K(t), an expansion analogous to (16) based on the sensitivity analysis is not obvious. A possible
treatment is based on the spectral decomposition of the seepage w using the eigenfunctions
{w"}, and eigenvalues {\" },. of an eigenvalue problem associated with the Stokes flow problem
in.Y}

Then the seepage is expressed using the basis {w"},, so that w(t, z,y) = > w"(y)V" (¢, x).
Respecting the deformation of the microconfiguration due to the response at time ¢ makes the
eigenpairs (w{,), A(;)) to depend on ¢, as indicated by (). Upon denoting by (v)yf =|Y|! fo v
the average, the seepage is given by

!

t t
w(t,x) = — / Kt s)p™ (s, x) ds = D (wfy),, e 0" / 0% (wiy)y, P (s, 2)ds
(7)

Hence, a nonlinear expression of the permeability, the convolution kernel C(¢, s) is obtained,
since (w’("t), )\E’t)) depend on the micro-deformation of channels Y;. Below we give more details.

1989



E. Rohan, and V. Lukes

4.1 Dynamic permeability and spectral decomposition

Although /C can be computed using (12), we shall use a different approach which is more
convenient to introduce the deformation-dependent permeability later on. For this, we consider
the spectral decomposition of the seepage w using the eigenfunctions {w"}, and eigenvalues
{A"} of the eigenvalue problem: Find (w”, 7") € Hi,(Yy) x Hy(Yy), such that

ap (@, )+ (Vyr" )y, = Npp (' )y, . (Vy.w7)y, =0, (o, &)y

=1,
f

(18)
for all (1, q) € Hi,(Yy) X H#(Yf). Then (10) holds when

w(t,y, ") Z o , p(ty,) Z o (19)

where o' (t) is computed upon substituting in (10) and using the orthonormality (w?, w’")yf =
51”59

Q" (t) + Na' (t) = —p™"(t) - (W)y, , a'(0) =ag, (20)

where both p#" (¢, x) and a" (¢, z) depend also on = € 2. Using the projection p®" := <w’“)yf :
p¥m", we obtain This yields the solution,

t
o (t) =e Nt (ag +/ N (—pPmy ds )
0

. . fettd
= (g @ oy + [ G preas) e
0

-
6)‘

t
T d
_ dyn< )/)\T—i—e*)‘ +/O )\r d gyn( )ds,

where we consider o, = p#"(0,x)/\". For simplicity we shall assume p&"(0, ) = 0 as the
initial state.

The dynamic Darcy law The eigenvalue problem (18) can be soved in a perturbed config-
uration due the microdeformation. Then the eigenpairs ( (1) A\t ) depend on ¢, which will be
indicated by the subscript (). For this case, (20) must be adapted so that using the first line in
(21) and (19) yield

) = = [ Rt o (s, ds = = 3wl ),, 0 [0, pn s
(22)

As announced above, a “nonlinear” Darcy law is obtained because of the nonlinear expression
of the permeability, the convolution kernel (%, s), since the pairs (wf,), A(;)) depend on the
micro-deformation of channels Y. In this case, we get

w(t,z) = / K(t,s)p™" (s, x)ds

Z< () r —ATnt AT (23)
Wiy )y, €O ®e Aoy® <w(s> = K[, e 0w’
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where

i) = (@ln)y, @ («l)y, (24)

For the linear model, thus without the influence of the deformation, w” being independent of the
deformation, K" is symmetric. Recall, that /C(#, s) is not symmetric, in general, as the results
of the eigenvalues and eigenfuctions associated with different times and, thus, computed for
different perturbed configurations, as explained below. A similar effect is observed in the linear
case of the acoustic problem under the steady perfusion [11].

Alternatively, the dynamic permeability can be introduced using the third line expression in
(21) substituted in (19), such that the convolution involves the time derivative of p®",

/ICts p™n(s,x)ds

/\zs)s d
- _Z N tt)l’dy (t,x) + Z<"" t)> Mo / o <w(5)>Yf : gpdy (s,z)ds

== ()\r K, jp™"(t,) /’Cts (t,5) dy"(S x)d8> :

(25)
where

~ _ e Wte

ICits)(t,5) = K@S)— . (26)

This definition of fc(t,s) (t,s) conforms with the one of the static permeability.
It is worth noting that for the linear (i.e. standard) case when (18) is not perturbed), we get
in (25)

Z /\TKT AT(E s)) =K+ lz(t, s) . (27)

By virtue of the approach announced in (16), the linearization of the deformation-dependednt
permeability defined in (24) and (26) requires the sensitivity analysis of the eigenvalue problem.
We can express the total variations of the eigenpairs due to advection velocity field V which
transforms the local microconfigurations in terms of perturbed coordinates z;(7,y) = y; +
7V;. Denoting by ¢, the (partial) directional derivative w.r.t. 7 involved in the perturbation,
the eignevalue and the averaged eigenvectors can be expressed in terms of the macroscopic
responses at time ¢, as follows

t) = )\6 + (5??)1:)\6 s

. r ot /, (28)
<w(t)>yf = <wo>yf + 6Et)t <w0>Yf ’

where 53’;() presents the total sensitivity w.r.t. the perturbed microconfiguration z;(7, -) with V
expressed using the macroscopic responses at time ¢, see [10].
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4.2 The recursive decomposition of the time convolution

For the sake of simplicity, we now consider the linear case, when (27) holds. Then the
following recurrent approximation related to the time discretization with time step At can be
applied to treat the convolution efficiently:

w(t) = —Kp™ (1)
w0 =~ [ Kt fpmias—— ([ Tor [ o) Rty 3ptn(s) s -

—At
_ Z %K?‘e—)\rAt/Z (pdyn(t) _pdyn(t _ At))

(29)
o NAL_ pt=At a4 g
—; Y K/o e Epy(s)ds
= —K(t,t — At)2) (p™"(t) —p™"(t — At)) = > e MR (t — At) |
whereby the recurence yields
o ATAL/2 i
hr(t) _ - K (pdyn(t) —pdyn(t _ At)) + Ze—)\ AthT(t _ At) ’

g (30)

hence  w(t) = w(t) +w(t) =w(t) — > h'(t).

The extension for the “nonlinear case” is obvious

S NUMERICAL SIMULATIONS

The two-scale simulation was implemented in the Python based finite element solver SfePy
[2]. The microscopic subproblems are solved on a representative periodic cell, see Fig. 2, and
the homogenized coefficients and their sensitivities with respect to the displacement, pressure,
and electric fields are evaluated. For the known coefficients, the nonlinear time-dependent
macroscopic problem is solved in an iterative loop. The macroscopic domain €2 with the applied
boundary conditions is depicted in Fig. 3.

<o *

periodic unit cell elastic part piezo material electrodes fluid

Figure 2: Periodic unit cell and its decomposition.

To illustrate the peristaltic pumping effect in the context of the model nonlinearity, we the
cumulative fluxes through the middle face I'); obtained in the simulations are compared in Fig. 4
for the linear and non-linear cases, i.e. without and with updating the homogenized coefficients
using the approximation (16). Positive flux values mean the flow from I'; to I'y. While in
linear case the flux oscillates around zero indicating no effective flux, in the non-linear case, the
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Figure 3: Macroscopic domain €2 with applied boundary conditions.

pumping effect is obvious since the cumulative flux values increase with time, so that the fluid
is transported from I'; to I'p.

10-5 Cumulative flux through T'y; - linear 10~ Cumulative flux through I"j; - non-linear

5 — QREF 6
— HOM =
E 21 Q E i
- - ‘\/
E E 2 S
- 1 — ~\ \/
S S _//\/
& /\ / S o4
il \/ \/
T T T T T T =2 = T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10
t[s] t [s]

Figure 4: Cumulative flux through the internal faces I'j;: linear model — left, non-linear model — right.

Further we compare the quasistatic and dynamic responses for the linear models. For the
considered low frequency of the electric potential control wave, there is almost no difference.
The inertia effect becomes more pronounced with increasing densities p, and py. In Fig. 5, the
differences in the pressure and displacement distribution along the 1D continuum are remark-
able for 100 times larger densities.

x10—4 «10°

0

“umlyu e— pumh"u

w

dyn dyn

ty

P

uy [m]
plPal

. : . . ; . . . ! :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 L0
1 -
A el

Figure 5: The comparison of the quasistatic and dynamic responses of the displacements and the pressure at a
given time instant.

6 CONCLUSIONS

A model of electroactive porous material has been derived using the homogenization of the
linearized fluid-structure interaction problem. As confirmed by numerical studies, to achieve
the desired pumping effect of the homogenized continuum, it is necessary to account for the
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nonlinearity associated with deformation-dependent microconfigurations and, hence, respect-
ing deformation-dependent effective properties of the homogenized material. For this, the sen-
sitivity analysis approach has been applied which leads to a computationally efficient numerical
scheme for solving the nonlinear problem. As a new contribution, dynamic aspects of the peri-
staltic deformation driven flow has been studied in the context of the homogenization. The flow
dynamics is reflected by the dynamic Darcy law introducing the time convolution in macro-
scopic model. A special treatment of the dynamic permeability approximation in terms of the
spectral decomposition and its sensitivity analysis required by virtue of the employed approach
[9].

The two-scale piezoelectric model respecting the geometrical nonlinearity seems to be an
effective tool for simulating peristaltic flows in porous piezoelectric structures. The influence
of the flow dynamics and respecting of all the inertia related phenomena is important for higher
frequencies of the voltage actuation through the piezoelectric actuators. Further studies and
model refinement are envisaged towards using the acoustic wave energy for the fluid transport,
in analogy with the “acoustic streaming” phenomenon.
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Scientific Foundation.
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