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Abstract 

The harmonic response of an inhomogeneous soil layer with exponentially varying stiffness 
with depth is explored by using one-dimensional viscoelastic wave propagation theory. An ex-
act solution of the Bessel type is derived from the governing equation, which allows for: (i) a 
novel interpretation of the attenuation patterns with depth for soil strains, displacements and 
stresses without a counterpart in other relevant solutions; (ii) identification of the parameters 
that control soil curvatures close to soil surface and at depth. New approximate solutions are 
also proposed for the fundamental natural frequency of the layer and the base-to-surface trans-
fer function at high and low frequencies, which show a good agreement with the exact solution. 
A full-domain approximation is finally proposed as an alternative to the complex exact solution 
furnishing base-to-surface transfer function over the entire frequency range which can be used 
in practical applications. A numerical example is presented.    
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1 INTRODUCTION 
Available analytical solutions for the seismic response of continuously inhomogeneous me-

dia reveal the possibility of higher amounts of seismic energy reaching the ground surface over 
media with discontinuous variation in elastic properties with depth [1]. Problems involving 
continuous inhomogeneity have been treated for different velocity models ([1], [2], [3], [4], [5], 
[6], [7], [8], [9], [10], [11], [12], [13], [14]), without necessarily acknowledging the importance 
of continuous versus discontinuous variation in soil material properties with depth. The effect 
of soil inhomogeneity has been studied in multiple dimensions for different types of waves. 
Vrettos [15] tackled the problem of dispersive SH-surface waves propagating in an inhomoge-
neous half-space for both bounded and unbounded variations of shear modulus with depth. A 
collection of available solutions (not restricted to elastic waves) for wave propagation in inho-
mogeneous media is available in Manolis and Shaw ([16], [17], [18]) and Brekhovskikh and 
Bayer [19]. Seismic response of inhomogeneous media modeled using “equivalent” homoge-
neous counterparts i.e. defined by means of an average wave propagation velocity, has been 
explored against exact solutions ([11], [14], [20], [21], [22]). Also, simple analytical formulae 
have been proposed for the fundamental dynamic characteristics of inhomogeneous soils at 
resonance conditions by means of Rayleigh approximations ([12]) and asymptotic analysis 
([14], [23]). 

Despite the research in the subject for over half a century, nearly all analytical solutions for 
inhomogeneous media are limited to cases where stiffness and shear wave propagation velocity 
vary as a power of depth. In this paper, the seismic response of an inhomogeneous soil layer 
resting on a rigid base is investigated in the realm of one-dimensional viscoelastic wave prop-
agation theory. An exponential function is adopted, which can describe both positive and neg-
ative velocity gradients. The latter may be relevant for cases of large confining stresses under 
building foundations, stiff over-consolidated surface crusts or ground improvement near the 
soil surface, which may result in soil stiffness decreasing with depth ([13], [24]). The problem 
is treated analytically leading to an exact solution, expressed in terms of Bessel functions, for 
the vibrational characteristics of the system, the base-to-surface transfer function and the vari-
ation of soil displacements, shear strains and curvatures with depth. The solution is compared 
against Rayleigh approximations for the fundamental frequency of the layer, by implementing 
different shape functions for the corresponding mode shapes. Asymptotic and approximate so-
lutions are proposed for the asymptotic response in low and high frequencies, which are com-
bined through a smooth transition function to provide a full-domain approximation. The model 
is validated against a numerical layer transfer-matrix (Haskell-Thomson) formulation for an 
actual soil profile. 

2 PROBLEM STATEMENT 
The problem considered in this work refers to a continuously inhomogeneous viscoelastic 

soil layer of thickness H, excited by vertically propagating seismic shear (SH) waves applied at 
its base (Figure 1). 

Soil mass density, ρ, and hysteretic damping ratio, ξ, are assumed constant with depth, while 
shear wave propagation velocity follows the exponential variation 

𝑉𝑉(𝑧𝑧) = 𝑉𝑉0 𝑒𝑒   𝛼𝛼 𝑧𝑧/𝑧𝑧𝑟𝑟             (1) 

where V0 is the shear wave propagation velocity at ground surface, zr is a reference depth, and 
α is a dimensionless inhomogeneity parameter. Rearranging Equation 1, parameter α can be 
defined as: 

𝛼𝛼 = 𝑙𝑙𝑙𝑙(𝑉𝑉0 𝑉𝑉𝐻𝐻⁄ )−1            (2) 
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Figure 1: Inhomogeneous soil layer with exponentially varying shear wave velocity with depth over a rigid base. 

where VH (= V0eα) is the shear wave propagation velocity at the base (zr = H). Evidently, positive 
and negative values of α correspond to stiffness increasing with depth (V0 < VH) and decreasing 
with depth (V0 > VH), respectively. For α = 0, the model degenerates to a uniform velocity 
distribution (V0 = VH). 

The input motion is specified at the base of the system in the form of a harmonic horizontal 
displacement, u = u0 exp[i ω t], ω = (2π f) being the cyclic excitation frequency, thereby gener-
ating shear waves propagating vertically up and down (upon reflection) in the profile. 

3 ANALYTICAL DEVELOPMENTS 
Under harmonic steady-state oscillations, one-dimensional shear waves in an inhomogene-

ous soil layer are described by the familiar ordinary differential equation ([1], [2]):  
𝑑𝑑
𝑑𝑑𝑑𝑑
�𝐺𝐺(𝑧𝑧) 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
� + 𝜌𝜌𝜔𝜔2𝑢𝑢 = 0                               (3) 

Upon introducing the displacement potential Y(z) through the transformation dY/dz = u(z) 
and integrating with respect to z, the governing equation in Equation 3 can be rewritten in the 
normal form: 

𝑑𝑑2

𝑑𝑑𝑧𝑧2
𝑌𝑌 + 𝑘𝑘2(𝑧𝑧) 𝑌𝑌 = 0                 (4) 

where the term associated with the first derivative of the new dependent variable, dY/dz, has 
disappeared and the depth-varying shear modulus has escaped differentiation. In the latter equa-
tion, 

𝑘𝑘(𝑧𝑧) = 𝑘𝑘0 𝑒𝑒−𝛼𝛼 𝑧𝑧/𝑧𝑧𝑟𝑟                 (5) 

stands for the depth-varying wavenumber of the associated stress waves, where k0 = (ω/V0) is 
the value at ground surface. The solution to Equation 4 is  

𝑌𝑌(𝑧𝑧) = 𝐶𝐶1 𝐽𝐽0 �
𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
𝑒𝑒−𝛼𝛼

𝑧𝑧
𝑧𝑧𝑟𝑟� + 𝐶𝐶2 𝑁𝑁0 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
𝑒𝑒−𝛼𝛼

𝑧𝑧
𝑧𝑧𝑟𝑟�  (6) 

where J0( ) and N0( ) are the zero-order Bessel functions of the first and the second kind, re-
spectively; C1, C2 are integration constants to be determined from the boundary conditions. 
Upon differentiating with depth, the general solution for displacements is obtained from Equa- 
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tion 6 as 

𝑢𝑢(𝑧𝑧) = 𝑘𝑘0 𝑒𝑒−𝛼𝛼
𝑧𝑧
𝑧𝑧𝑟𝑟  �𝐶𝐶1 𝐽𝐽1 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
𝑒𝑒−𝛼𝛼

𝑧𝑧
𝑧𝑧𝑟𝑟� + 𝐶𝐶2 𝑁𝑁1 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
𝑒𝑒−𝛼𝛼

𝑧𝑧
𝑧𝑧𝑟𝑟��    (7) 

where J1( ) and N1( ) denote the corresponding Bessel functions of the first order. The associated 
shear stresses can be derived by inspection, given that τ(z) = G(z) γ(z) = G(z) du/dz = G(z) 
d2Y/dz2 = − ρ ω2Y, to get  

𝜏𝜏(𝑧𝑧) = −𝜌𝜌𝜔𝜔2 �𝐶𝐶1 𝐽𝐽0 �
𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
𝑒𝑒−𝛼𝛼

𝑧𝑧
𝑧𝑧𝑟𝑟� + 𝐶𝐶2 𝑁𝑁0 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
𝑒𝑒−𝛼𝛼

𝑧𝑧
𝑧𝑧𝑟𝑟��    (8) 

The boundary condition of a traction-free surface, τ(0) = 0, yields a proportionality relation 
between constants C1 and C2 [29]; the solution for displacements becomes 

𝑢𝑢(𝑧𝑧) = 𝐶𝐶1 𝑘𝑘0 𝑒𝑒−𝛼𝛼
𝑧𝑧
𝑧𝑧𝑟𝑟 �𝐽𝐽1 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
𝑒𝑒−𝛼𝛼

𝑧𝑧
𝑧𝑧𝑟𝑟�𝑁𝑁0 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
� − 𝐽𝐽0 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
�𝑁𝑁1 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
𝑒𝑒−𝛼𝛼

𝑧𝑧
𝑧𝑧𝑟𝑟�� /𝑁𝑁0 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
�    (9) 

From Equations 3 and 9, the corresponding solution for shear strain is 

𝛾𝛾(𝑧𝑧) = − 𝐶𝐶1 𝑘𝑘02 𝑒𝑒−2𝛼𝛼
𝑧𝑧
𝑧𝑧𝑟𝑟 �𝐽𝐽0 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
𝑒𝑒−𝛼𝛼

𝑧𝑧
𝑧𝑧𝑟𝑟�𝑁𝑁0 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
� − 𝐽𝐽0 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
�𝑁𝑁0 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
𝑒𝑒−𝛼𝛼

𝑧𝑧
𝑧𝑧𝑟𝑟�� /𝑁𝑁0 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
�  (10) 

Finally, operating on Equation 3 one can easily establish the second derivative d2u/dz2, which 
expresses the curvature of soil with depth 

(1/𝑅𝑅) = − {2 [𝑉𝑉′(𝑧𝑧)/𝑉𝑉(𝑧𝑧)] 𝛾𝛾 + 𝑘𝑘2(𝑧𝑧) 𝑢𝑢}          (11) 

The above expression holds for general variations in shear wave propagation velocity with 
depth and it is not limited to a particular type of soil inhomogeneity. For the velocity model at 
hand (Equation 1) one obtains 

(1/𝑅𝑅) = −�(2𝛼𝛼/𝑧𝑧𝑟𝑟) 𝛾𝛾 + 𝑘𝑘𝑜𝑜2 𝑒𝑒−2𝛼𝛼 𝑧𝑧/𝑧𝑧𝑟𝑟  𝑢𝑢�          (12) 

In light of these analytical developments, it is worthy of note that the multipliers exp (− 2α 
z/zr) and exp (− α z/zr) appear, respectively, in the expressions for strains in Equation 10 and 
displacements in Equation 9, but not in the one for stresses (Equation 8). For the common case 
of positive a, this implies that strains and displacements attenuate with depth faster than stresses, 
while strains attenuate with depth faster than displacements. This is different from other basic 
problems in geo-mechanics, such as the Boussinesq point-load solution, where stresses attenu-
ate with depth faster than displacements ([25], [26]). The slower attenuation of stresses relative 
to strains and displacements in the problem at hand can be interpreted in light of the direct 
dependence of stresses on dynamic equilibrium with the imposed inertial loads, which forces 
stresses to exhibit a more “statically determined” behavior than the other response functions. 
Also, for positive values of a, soil curvature (1/R) attenuates rapidly with depth, as evident from 
the exponential multipliers exp(−2a z/zr) and exp(−3a z/zr) in the first and second term in the 
right-hand side of Equation 12. As the term associated with soil displacement attenuates faster 
than the one for strain, curvatures at depth tend to be governed by strains. On the other hand, 
shear strain at soil surface, γ(0), is always zero, as shear stress is by definition zero, while the 
corresponding shear modulus, G(0), is finite, while for z = 0, the displacement at soil surface is 
obtained as: 

 𝑢𝑢(0) = 𝐶𝐶1 �
2𝛼𝛼
𝜋𝜋𝑧𝑧𝑟𝑟
� /𝑁𝑁0 �

𝑘𝑘0𝑧𝑧𝑟𝑟
𝛼𝛼
�  (13) 
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3.1 Natural frequencies and mode shapes 
Setting the reference depth zr = H and considering undamped free oscillations, the displace-

ment at the base of the layer must be zero [u(H) = 0]. Enforcing this condition to Equation 9 
yields the characteristic equation: 

𝐽𝐽1 �
𝑘𝑘𝑛𝑛𝐻𝐻
𝛼𝛼
𝑒𝑒−𝛼𝛼�𝑁𝑁0 �

𝑘𝑘𝑛𝑛𝐻𝐻
𝛼𝛼
� − 𝐽𝐽0 �

𝑘𝑘𝑛𝑛𝐻𝐻
𝛼𝛼
�𝑁𝑁1 �

𝑘𝑘𝑛𝑛𝐻𝐻
𝛼𝛼
𝑒𝑒−𝛼𝛼� = 0          (14) 

the solution to which provides the (infinite) eigenvalues of the layer. Given the transcendental 
nature of Equation 14, the eigenvalues need to be established numerically; these can be written 
in normalized form as 

𝑓𝑓𝑛𝑛
𝑓𝑓1𝐻𝐻

= 2
𝜋𝜋
𝑘𝑘𝑛𝑛𝐻𝐻𝑒𝑒−𝛼𝛼   𝑛𝑛 = 1, 2, 3,...   (15) 

where kn (= ωn/V0) is the eigen-wavenumber at the surface and f1H (=VH/4H) is the fundamental 
natural frequency of a homogeneous layer of the same thickness as the inhomogeneous one, 
and shear wave propagation velocity equal to the wave velocity at the base, VH. Normalizing 
Equation 9 by u(0) in Equation 13 and introducing the dimensionless depth η = z /H yields the 
dimensionless mode shape 

𝛷𝛷(𝜂𝜂) = 𝜋𝜋
2
�𝑘𝑘𝑛𝑛 𝐻𝐻

𝛼𝛼
𝑒𝑒−𝛼𝛼 𝜂𝜂� �𝐽𝐽1 �

𝑘𝑘𝑛𝑛𝐻𝐻
𝛼𝛼
𝑒𝑒−𝛼𝛼 𝜂𝜂�𝑁𝑁0 �

𝑘𝑘𝑛𝑛𝐻𝐻
𝛼𝛼
� − 𝐽𝐽0 �

𝑘𝑘𝑛𝑛𝐻𝐻
𝛼𝛼
�𝑁𝑁1 �

𝑘𝑘𝑛𝑛𝐻𝐻
𝛼𝛼
𝑒𝑒−𝛼𝛼 𝜂𝜂��            (16) 

3.2 Steady state harmonic response 
Taking the ratio of Equations 13 and 9 and setting z = H, the amplification function of the 

inhomogeneous soil layer is readily obtained as: 

𝐹𝐹(𝜔𝜔) ≡ 𝑢𝑢(0)
𝑢𝑢(𝐻𝐻) = 2

𝜋𝜋
��𝑘𝑘0𝐻𝐻

𝛼𝛼
𝑒𝑒−𝛼𝛼� �𝐽𝐽1 �

𝑘𝑘0𝐻𝐻
𝛼𝛼
𝑒𝑒−𝛼𝛼�𝑁𝑁0 �

𝑘𝑘0𝐻𝐻
𝛼𝛼
� − 𝐽𝐽0 �

𝑘𝑘0𝐻𝐻
𝛼𝛼
�𝑁𝑁1 �

𝑘𝑘0𝐻𝐻
𝛼𝛼
𝑒𝑒−𝛼𝛼���

−1
     (17) 

where k0 is now a continuous function of excitation frequency ω. Note that soil material damp-
ing, ξ, can be readily accounted for in the above expression by replacing the real wavenumber 
with its complex counterpart 𝑘𝑘0∗ = 𝑘𝑘0/�1 + 2𝑖𝑖𝜉𝜉 ([27], [28]).  

The analytical base-to-surface transfer function in Equation 17 is plotted in Figure 2a and 2b 
for V0 ≤ VH (a > 0) and V0 ≥ VH (a < 0), respectively, with the abscissa normalized by the exact 
fundamental frequency of the inhomogeneous layer, f1, obtained numerically from Equation 14. 
All the plots in Figure 2 refer to constant hysteretic damping ratio of the soil at ξ = 0.05. Evi-
dently, the spacing between successive resonant peaks for V0 ≤ VH gets “compressed” (i.e. the 
ratios fn /f1 become smaller than in a homogeneous layer) with increasing inhomogeneity. Also, 
the amplification amplitude at a particular resonant peak increases relative to that of a more 
homogeneous layer. The opposite is true for the case when V0 ≥ VH; the natural frequencies tend 
to get “stretched” relative to f1 and their amplitudes decrease relative to those of a more homo-
geneous layer. In all cases, the amplitudes of successive resonance peaks decrease with fre-
quency. 

4 RAYLEIGH APPROACH 
Considering a unitary dimensionless shape function, ψ(z), representing the fundamental 

mode shape of the inhomogeneous layer, Φ1 (z), constant mass density and the normalized shear 
wave propagation velocity 𝑉𝑉�𝑠𝑠(𝜂𝜂) = 𝑉𝑉𝑠𝑠(𝜂𝜂)/𝑉𝑉𝛨𝛨 = 𝑒𝑒+𝛼𝛼(𝜂𝜂−1) , the familiar Rayleigh quotient ([9], 
[12]) can be re-written in normalized form as ([29]):  
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Figure 2: Effect of V0/VH ratio on base-to-surface transfer function of the inhomogeneous layer for (a) V0 ≤ VH, 
and (b) V0 ≥ VH. In all plots, ξ = 0.05. 

           𝑓𝑓1/𝑓𝑓1𝐻𝐻 = (2/𝜋𝜋) �∫ 𝑉𝑉�𝑠𝑠2(𝜂𝜂)(𝜓𝜓′(𝜂𝜂))2 𝑑𝑑𝑑𝑑1
0 /∫ 𝜓𝜓2(𝜂𝜂) 𝑑𝑑𝑑𝑑1

0 �
1/2

              (18) 

Shape 
function 𝝍𝝍(𝜼𝜼) Fundamental Frequency (𝒇𝒇𝟏𝟏/𝒇𝒇𝟏𝟏𝟏𝟏) 

Linear 1 − 𝜂𝜂 (2/𝜋𝜋)[(3/2𝛼𝛼)(1 − 𝑒𝑒−2𝛼𝛼)]1/2 

Parabolic 1 − 𝜂𝜂2 (2/𝜋𝜋)[(15/8𝛼𝛼3)(1 + 2𝛼𝛼2 − 2𝛼𝛼 − 𝑒𝑒−2𝛼𝛼)]1/2 

Sinusoidal 𝑐𝑐𝑐𝑐𝑐𝑐 �
𝜋𝜋
2
𝜂𝜂� �(𝜋𝜋2(1 − 𝑒𝑒−2𝛼𝛼) + 8𝛼𝛼2)/�2𝛼𝛼(4𝛼𝛼2 + 𝜋𝜋2)��1/2

 

Compatible [(2𝛼𝛼 + 1)𝑒𝑒−2𝛼𝛼 − (2 𝛼𝛼 𝜂𝜂 + 1)𝑒𝑒−2𝛼𝛼𝛼𝛼]
/[(2 𝛼𝛼 + 1)𝑒𝑒−2𝛼𝛼 − 1] 

2
𝜋𝜋

[32𝛼𝛼2(𝑒𝑒2𝛼𝛼 − 2𝛼𝛼2 − 2𝛼𝛼 − 1)/𝑠𝑠]1/2 
𝑠𝑠 =  32𝛼𝛼3 + 56𝛼𝛼2 + 44𝛼𝛼 − 16 (2𝛼𝛼 + 1) e2𝛼𝛼

+ 5 𝑒𝑒4𝛼𝛼 + 11 
Table 1: Rayleigh expressions for the fundamental natural frequency based on different shape functions. 

Following Mylonakis et al. [12], four shape functions are examined (Table 1): linear, parabolic, 
sinusoidal and “compatible”. The last function is obtained by imposing a distributed horizontal 
static load, proportional to soil mass along the height of the column ([29]). The Rayleigh solu-
tions are compared against the numerically - evaluated exact solution in Figure 3 for different 
values of the inhomogeneity factor α.  

5 ASYMPTOTIC AND APPROXIMATE SOLUTIONS 

5.1 Asymptotic behavior at high frequencies 
Employing pertinent asymptotic expressions of the Bessel functions for large arguments, it 

can be shown that the amplification function in Equation 17 simplifies to 

𝐹𝐹ℎ(𝜔𝜔) ~ 𝑒𝑒𝛼𝛼/2/𝑐𝑐𝑐𝑐𝑐𝑐[𝑘𝑘0𝐻𝐻(1 − 𝑒𝑒−𝛼𝛼)/𝛼𝛼]               (19) 

The above expression can be used to provide reasonable approximations of the higher 
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Figure 3: Normalized fundamental frequency of the inhomogeneous layer as function of the inhomogeneity pa-
rameter α. Comparison of the exact solution with approximate Rayleigh solutions obtained using Equation 18.  

resonant frequencies of the inhomogeneous stratum by means of the characteristic equations 
                𝑐𝑐𝑐𝑐𝑐𝑐[𝑘𝑘0𝐻𝐻(1 − 𝑒𝑒−𝛼𝛼)/𝑎𝑎] = 0 ,  𝑐𝑐𝑐𝑐𝑐𝑐[𝑘𝑘𝛨𝛨𝐻𝐻(𝑒𝑒𝛼𝛼 − 1)/𝑎𝑎] = 0          (20) 

the solution to which is 
                (𝑘𝑘𝛨𝛨𝐻𝐻)𝑘𝑘(𝑒𝑒𝛼𝛼 − 1)/𝑎𝑎 = (2𝑘𝑘 − 1) 𝜋𝜋/2,  𝑘𝑘 = 1, 2, 3, . ..          (21) 

where kH (= ω / VH) is the wavenumber at the base of the layer. 
In light of Equation 21, the following equivalent shear wave propagation velocity in the 

high-frequency range, Veq,h , can be defined: 
         𝑉𝑉𝑒𝑒𝑒𝑒.ℎ = 𝑉𝑉𝐻𝐻 𝛼𝛼 / (𝑒𝑒𝛼𝛼 − 1)   (22) 

The asymptotic solution in Equation 19 is compared to the exact one (Equation 17) in Figure 
4 for different V0/VH ratios. In the abscissa, excitation frequency is normalized by the exact 
fundamental frequency, f1, of the inhomogeneous layer. The agreement between the two solu-
tions beyond first resonance highlights the validity of the asymptotic solution at high frequen-
cies. Evidently, Equation 19 allows a reasonable approximation of the high-frequency response 
of the inhomogeneous layer for frequencies beyond approximately 1 to 2 times the fundamental 
natural frequency f1. Beyond second resonance (i.e. 2 to 4 times f1), the agreement between the 
results from Equation 19 and the exact solution is nearly perfect.     

5.2 Strain-velocity and curvature-acceleration relations 
Using the pertinent asymptotic expansions of the relevant Bessel functions for large argu-

ments, it is straightforward to show that at high frequencies, strain amplitude at depth is related 
to particle velocity at the surface through the ratio  

         𝛾𝛾(𝑧𝑧) ≅ −𝑢̇𝑢(0)/𝑉𝑉(𝑧𝑧)                    (23) 

which is an extension of the familiar relation for homogeneous soil ([28]). Likewise, operating 
on Equation 12, curvature at shallow depths can be related to particle acceleration at the surface 
through 
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Figure 4: Comparison of the base-to-surface amplification function between the exact solution (Equation 17), the 
high-frequency approximation (Equation 19) and the low-frequency approximation (Equation 26) for V0/VH ratio 
at (a) 0.25, (b) 0.5, (c) 3 and (d) 5; ξ = 0.05, ξeq.l from Equation 28  

 1/𝑅𝑅(𝑧𝑧) ≅ 𝑢̈𝑢(0)/𝑉𝑉2(𝑧𝑧)                   (24) 

Remarkably, the last two equations are related through the expression 1/R(z) = k(z)γ(z) which, 
again, is a generalized form of available solutions for homogeneous soil ([30], [31]). On the 
other hand, curvature at depth is related to corresponding shear strain via the equation 

1 𝑅𝑅(𝑧𝑧)⁄ ≅ −2 [𝑉𝑉′(𝑧𝑧) 𝑉𝑉(𝑧𝑧)⁄ ]𝛾𝛾(𝑧𝑧) = −2 𝛾𝛾(𝑧𝑧) 𝑎𝑎/𝐻𝐻               (25) 

which indicates that the absolute thickness of the layer has an influence on curvatures deep 
beneath the soil surface. The last equation has no counterpart in available solutions for homo-
geneous soil. 

5.3 Low-frequency approximation 
The following approximate relation is proposed for the amplification function (Equation 17) 

at low frequencies  

                 𝐹𝐹𝑙𝑙(𝜔𝜔) ≅ 1 cos�𝑘𝑘𝑒𝑒𝑒𝑒.𝑙𝑙  𝐻𝐻� ⁄               (26) 

which satisfies the limit condition F(0) = 1. In the above equation, (keq.l H) is a dimensionless 
wavenumber that reproduces the first resonance. The corresponding wave velocity can be de-
termined using the Rayleigh approach for the compatible shape function (Table 1) by means of 
the equation 

𝑉𝑉𝑒𝑒𝑒𝑒,𝑙𝑙 = 4𝑓𝑓1,𝑐𝑐𝑐𝑐𝑐𝑐𝐻𝐻               (27) 

where f1,com is the fundamental frequency of the layer. Given that the corresponding resonant 
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Figure 5: Comparison of the base-to-surface amplification function between the exact solution (Equation 17) and 
the full-domain approximation in Equation 29 for V0/VH ratio at (a) 0.25, (b) 0.5, (c) 3 and (d) 5; ξ = 0.05.   

peak in an inhomogeneous layer has a different amplitude than in a homogeneous one, the fol-
lowing empirical correction, back-calculated from the numerical data, is proposed for the equiv-
alent damping ratio 

                          𝜉𝜉𝑒𝑒𝑒𝑒.𝑙𝑙 ≅ (1 − 0.08 𝛼𝛼) 𝜉𝜉                             (28) 

where ξ is the actual soil material damping. No such correction is needed for higher resonances. 
The approximate solution in Equation 28 is plotted in Figure 4 for comparison. The agreement 
with the exact solution cannot be overstated. It is stressed that this low-frequency approxima-
tion is valid near first resonance. If Equations 26-28 are implemented for frequencies past ap-
proximately 2 times the fundamental natural frequency f1, they may induce large errors 
depending on the characteristics of the layer. 

5.4 Full-domain approximation  
Based on the foregoing, a full-domain approximation is possible according to the connection 

formula: 
                      𝐹𝐹(𝜔𝜔) ≅ 𝐹𝐹𝑙𝑙(𝜔𝜔) 𝑞𝑞(𝜔𝜔) + 𝐹𝐹ℎ(𝜔𝜔) [1 − 𝑞𝑞(𝜔𝜔)]                                     (29) 

where q(ω) is a smooth transition function adopted based on ([33]) 
                      𝑞𝑞(𝜔𝜔) ≅ 1/{1 + [𝑘𝑘0𝐻𝐻 /(𝜒𝜒1 𝑒𝑒𝜒𝜒2𝛼𝛼𝛼𝛼)]𝜒𝜒3}                                          (30) 

The vector of the fitted parameters (χ1, χ2, χ3) was established numerically at (2.5, 0.25, 20) 
for V0/VH < 1 and (7.5, 1.4, 20) for V0/VH > 1, respectively. The full-domain approximation is 
successfully compared against the exact solution in Figure 5. 
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Figure 6. (a) Discontinuous Vs profile employed as representative of San Francisco Bay area ([32]). (b) Comparison 
of amplification functions using the exact solution for the actual (layered) soil profile, the exact solution in Equa-
tion 17, the full-domain approximation in Equation 29 for the exponential model, and a solution for a homogeneous 
layer based on a Vs30 approximation: 

6 NUMERICAL EXAMPLE 
An actual profile with discontinuous variation in shear wave propagation velocity with depth 

was employed to assess the proposed solutions against a numerical simulation of soil response 
using a series of a piece-wise homogeneous layers, implemented through the classical Haskell-
Thompson algorithm, which involves a sequence of transfer-matrix multiplications ([27], [34]) 
To this end, a real multi-layer soil deposit typical of the San Francisco Bay Area ([32]), resting 
on bedrock at a depth of approximately 60 m, was selected. The shear wave propagation veloc-
ity profile is plotted in Figure 6a up to the elevation of - 60 m, following the above reference. 
Soil mass density and hysteretic damping ratio were assumed constant with depth, equal to 2 
Μg/m3 and 5% respectively. The exponential function velocity model was established by em-
ploying a least-squares fit. In this manner, the vector (V0, V0/VH) was established at approxi-
mately (134 m/s, 0.265) for the soil profile under consideration. Accordingly, the dimensionless 
inhomogeneity parameter α is equal to 1.326 and the exponential velocity profile is given by 
(Figure 6a): 

         𝑉𝑉(𝑧𝑧) = 134 𝑒𝑒+0.0221 𝑧𝑧 [in m/s]                (31) 

The exact base-to-surface transfer function computed for the above exponential model by 
means of Equation 17 and the prediction of the full-domain approximation (Equation 29) are 
compared to the reference numerical Haskell-Thompson solution in Figure 6b. The close agree-
ment of the analytical solutions with the numerical one, which is evident, especially in the low-
to-intermediate frequency range up to 5 Hz, highlights the applicability of these expressions 
when the velocity profile of a real soil deposit can be approximated by an exponential function. 
A code-based approximation, referring to the response of a 30 m thick homogeneous layer with 
shear wave velocity equal to Vs30, as defined in EC8, is also shown in Figure 6b. The large 
discrepancies observed between the Vs30 approximation and the more rigorous solutions beyond 
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Figure 7. Comparison of shear strains (a) and curvatures (b) with depth, between the exact solution and the ap-
proximate solutions in Equations 23, 24 and 25; 𝑢̈𝑢(0) = 1 m/s2, f = f3 = 5.13 Hz, ξ = 0.05.  

the first resonance indicates the inability of such a simplified approach to capture the actual 
response of inhomogeneous soil and should thus be employed with caution, especially for deep 
soil deposits excited by high-frequency motions. 

Τhe shear strain and curvature profiles with depth are further explored in Figure 7, in light 
of Equations 23-25. The approximate relations are compared to the exact solution for a unit 
ground surface acceleration at a frequency f = 5.13 Hz corresponding to third resonance. It is 
observed that Equation 23 (plotted for η = z/H > 0.4) provides a somewhat conservative predic-
tion of shear strain at depth. With reference to curvature, the general solution in Equation 11 
duly reduces to Equation 24 at z = 0 where the shear strain at soil surface, γ(0), is zero. Thus, 
Equation 24 is applicable regardless of the type of inhomogeneity. This property is particularly 
important when the soil interacts with embedded structural elements like piles or diaphragm 
walls, so that strains and curvatures are “transferred” from the soil to the structural elements. 
Relevant discussions on strain and curvature transmissibility pertaining to piles are provided in 
Di Laora et al [30], Mylonakis [35], Anoyatis et al [36] and in a recent review article by Di 
Laora and Rovithis [31]. However, this topic lies beyond the scope of the paper. Further, Equa-
tion 25 provides a good approximation of curvature at depth, which reflects the dominant con-
tribution of strain in this case.  

7 CONCLUSIONS 
An analytical solution was derived for the dynamic response of a soil layer with stiffness 

varying exponentially with depth. The main conclusions drawn from the study are: 

• For the velocity model at hand, strains and displacements attenuate with depth much faster
than stresses, while strains attenuate with depth faster than displacements. The slower atten-
uation of stresses with depth relative to displacements and strains could be interpreted in light
of the direct dependence of stresses on dynamic equilibrium that forces them to exhibit a
more “statically determined” behavior than the other response functions.

• For positive values of the inhomogeneity parameter a, soil curvature (1/R) attenuates fast
with depth, as evident by the exponential multipliers in the first and second term in the right-
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hand side of Equation 12. As the associated displacement term attenuates with depth faster 
than that of strain, curvature at depth tends to be governed by the strain component. 

• With reference to the base-to-surface transfer function in Equation 17, for V0 ≤ VH (a > 0),
the frequencies of resonant peaks tend to get “compressed” (i.e. the ratios fn/f1 become smaller
than in the homogeneous layer) with increasing inhomogeneity. Also, the amplitude of a res-
onant peak increases relative to the same peak in a more homogeneous layer. The opposite is
true for V0 ≤ VH: the frequencies of the resonant peaks tend to get “stretched” relative to the
f1 with increasing inhomogeneity. Also, their amplitudes tend to decrease relative to that of
a less inhomogeneous layer. In all cases, the peak amplitudes at successive resonance peaks
are a decreasing function of frequency.

• The compatible shape function in Table 1 provides excellent predictions of the fundamental
natural frequency of the soil layer using the Rayleigh quotient (Equation 18). In the special
case where a → 0, the compatible shape function collapses into the parabolic one in Table 1.

• The asymptotic and approximate solutions in Equations 19 and 26 provide good approxima-
tions of the high- and low-frequency behavior of the amplification function. To match the
response amplitude at first resonance (which is higher than in a homogenous layer for V0 <
VH and lower for V0 > VH), an empirical adjustment in damping was proposed in Equation
28.

• Equation 23 provides realistic yet somewhat conservative predictions of strain at depth and/or
high frequencies. On the other hand, Equation 24 provides exact values of curvature at ground
surface. This is true regardless of the specific velocity profile, provided that shear strain at
the surface, γ(0), is zero. This property has important implications in soil-structure interaction
e.g. in kinematic bending of piles. Equation 25 provides a good approximation of curvature
at depth, which reflects the dominant contribution of soil strain in this case.

• The full-domain approximation proposed in Equation 29 and 30 provides good predictions
of the exact solution in Equation 17 and allows application of the exponential velocity model
in applications, both in frequency and time domains.

As a final remark, the solution at hand can be readily extended to encompass an arbitrary num-
ber of inhomogeneous layers, or a combination of stacked homogeneous and inhomogeneous 
layers by means of multiplications of transfer matrices ([29]) 
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