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Abstract 

The paper explores the internal stress states of masonry structures as composed of no-tension 
material using an energy-based variational criterion. The numerical formulation directly con-
siders general boundary conditions in terms of loads and displacements and treats the structure 
as an assembly of rigid bodies, resulting in a three-dimensional partition of the structural do-
main. The analysis is performed on the interfaces defined by this partition to determine internal 
forces in equilibrium with given external loads and compatible with potential non-zero bound-
ary displacements.  
The mechanical problem is formulated as the Total Complementary Energy (TCE) minimum, 
which is then discretized and framed into a Linear Program (LP) or a Second-Order Cone 
Program (SOCP). The TCE objective function considers the non-homogeneous boundary con-
ditions, while the problem’s constraints enforce equilibrium and material compatibility condi-
tions represented by a Mohr-Coulomb criterion. The solution to this minimum problem provides 
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internal, admissible, equilibrated stress states that are also compatible with non-zero boundary 
displacements. It is shown how different boundary conditions can drastically influence and re-
direct the internal stress states, and, thus, the internal force pattern. Importantly, the use of 
foundation settlements allows to explore set of statically admissible stress and thus to define 
the resilience of the structure to the variation of external actions. 

Keywords: Masonry structures · Unilateral contact problems · Settlements · Internal stress 
states · Limit Analysis · Flow of forces · Force pattern. 
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1 INTRODUCTION 
URM structures make up a significant proportion of residential buildings and many historical 

monuments that possess high architectural value. Because of their vulnerability, significant re-
search effort has been dedicated to developing techniques that can preserve URM structures for 
future generations as a testament to our cultural heritage over the last few decades. However, 
addressing the mechanical issues associated with these structures is a complicated and highly 
non-linear task. URM structures exhibit unilateral behaviour, often experience fractures due to 
settlements, and the boundary conditions are frequently unknown or unknowable. Consequently, 
evaluating these structures represents a highly complex task. 

Currently, it is widely acknowledged that the unilateral behaviour of masonry cannot be 
overlooked, and the use of a non-negligible tensile capacity may lead to erroneous conclusions 
[1, 2]. This realization poses new challenges, particularly in numerical methods, as the standard 
and efficient techniques suitable for bilateral materials cannot be applied. Therefore, numerous 
numerical approaches have been developed and employed over the years to study and evaluate 
old masonry structures. Specifically, Finite Element (FE) methods with specialized and some-
times intricate constitutive material relations have been proposed for their capability to handle 
complex mechanical and geometric issues [3, 4, 5]. Discrete Element Modelling (DEM) meth-
ods [6] have also been widely utilized due to their capacity to tackle challenging 3D problems. 
DEM methods necessitate a model composed of a finite number of blocks that can move inde-
pendently, enable large displacements, allow contact opening, and the formation of new con-
tacts between blocks (even those that were previously not in contact). DEM techniques employ 
an explicit dynamics time-stepping procedure that makes the problem computationally inten-
sive. For further details, the reader may refer to [7, 8, 9, 10, 11, 12]. The primary disadvantage 
of both FE and DEM methods is that they are often computationally demanding and necessitate 
a detailed description of the mechanical properties of the material that may, at times, be part of 
the problem in old masonry structures. 

To address the challenges in assessing masonry structures, Limit Analysis methods have 
gained widespread acceptance. These methods rely on upper and lower bound formulations, 
significantly reducing the number of mechanical parameters required (in some cases, only the 
friction angle or the compressive strength is needed [13]. Non-associative, Limit analysis-based 
approaches [14, 15, 16, 17], are primarily inspired by Livesley's seminal works [18, 19] and 
view the masonry as a collection of rigid blocks in unilateral frictional contact. They employ 
force-based approaches and define displacements as the dual of the primal lower bound problem. 
The solution is guaranteed when dilatancy phenomena are absent, and the desired convergence 
is achieved. Narrowing down the attention to standard lower-bound Limit-Analysis approaches, 
modern research starts thanks to the seminal work of Jacques Heyman [20], who posed the basis 
for the rigorous modern application of Limit Analysis [21, 22]. Heyman assumptions allow 
characterising a material without using any mechanical parameter. Lower bound formulations 
are based on "his" Safe Theorem: if an admissible stress state lying within the material geometry 
can be found, the structure is in a safe configuration [23]. In recent years, many approaches 
have been developed to apply the Safe Theorem to complex 3D structures, such as those based 
on a pure compressive network of forces [24, 25, 26, 27, 28, 29], membrane or thrust surface 
analysis [30, 31, 32, 33, 34, 35, 36, 37], or in plane behaviour of panels and facades [38, 39, 40, 
41]. 

In the current scientific field, accurately modelling the effects of settlements is still an open 
topic and a critical issue for assessing masonry structures. Recent contributions to scientific 
literature have focused on this topic, as small foundation displacements can significantly alter 
internal stress states, leading to strong non-linear effects. The reader is referred to [42, 43, 44, 
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45, 46, 47, 48]. Standard Limit Analysis methods based on lower bound formulations are inca-
pable of defining internal stress states as a function of foundation displacements, which is cru-
cial when assessing the thrust exerted on boundary or secondary structures or understanding the 
working condition of the structure when foundation displacement can be measured. 

This paper proposes direct energy-, force-based strategy that provides as solutions internal 
equilibrated stress states that are also compatible with prescribed foundation displacements. 
The method is applied to 3D masonry structures and is based on the minimum of the Total 
Complementary Energy (TCE).  The first use and proof of the total complementary energy in 
solving the equilibrium problem with non-zero displacement data involving normal, rigid ma-
terial can be traced back to [49]. Moreover, for 2D masonry structures, it was already applied 
as linear programming (LP) problem and in in [50] for small displacements, and in [51] for 
large displacement fields. However, in both cases, it was obtained and used as the dual LP 
problem of the discretised version of the minimum of the total potential energy through the 
PRD approach [52, 53]. Here, a direct use of this minimum criterion extended to 3D structures 
is proposed. A partition of the structural domain defined by a suitable set of polyhedral elements 
is the starting point. The contact among the elements of the partition is supposed to happen only 
on interfaces' vertices as in a classical concave formulation [19]. The problem is discretized and 
can be solved in 2D as a Linear Program (LP) or in 3D as a Second-Order Cone Program 
(SOCP). The difference between these two numerical discretisations is due to the discretization 
of the Mohr-Coulomb cone, which is linear for plane problems or a 3D cone for a fully 3D 
model of a structure. Once the numerical method is introduced, various mechanical problems 
are addressed to demonstrate how different boundary conditions can significantly alter the in-
ternal stress states and force patterns. A simple masonry arch is used to clearly demonstrate the 
proposed method. 

2 MATERIALS AND METHODS 

This Section illustrates the essential mathematical ingredients at the base of the proposed nu-
merical strategy. A 3D continuum masonry structure Ω ⊂ ℝ3 is partitioned into M elements as: 

(Ωi)i∈{1,   ..,   M} . (1) 

The contact among the elements is unilateral and follows a Mohr-Coulomb friction-associ-
ated flow rule. The two open, disjoint parts ∂ΩU, ∂ΩF represent the constrained and loaded part 
of the boundary of Ω; while ∂ΩI is the union of ∂ΩI𝑖𝑖 for i ∈ {1, . . ., M}, i.e. the union of the 
interfaces shared by two adjacent elements of (1).  Prescribed displacements are applied on 
∂ΩU: 

𝐮𝐮 = 𝐮𝐮� , (2) 

while on ∂ΩF: 

𝐬𝐬(𝐓𝐓) = 𝐬̅𝐬 , (3) 

with 𝐬𝐬(𝐓𝐓) the trace of 𝐓𝐓 on the boundary. Fig. 1 gives an overview of the problem and its math-
ematical representation referring to a continuum decomposed into two elements.  
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Fig. 1 – An elastic body Ω subjected to body forces b, prescribed boundary displacements 𝐮𝐮� on ∂ΩU, 
friction boundary condition on ∂ΩI with given normal 𝐒𝐒N and tangential 𝐒𝐒T pressures, and to surface 
forces 𝐬̅𝐬 on the ∂ΩF. 

Equation (3) also holds on each internal interface. The space of admissible stresses and dis-
placements must account for singular stresses and displacement jumps, both represented by 
Dirac delta distributions whose support is ∂ΩI. Indeed, to model the unilateral behaviour on the 
internal interfaces, it is required that the displacement field 𝐮𝐮 can be singular on each ∂Ωi, i.e. 
on ∂Ωi u can have a jump ∆𝐮𝐮𝑖𝑖  that can be decomposed in its normal ∆𝐮𝐮N𝑖𝑖  and tangential ∆𝐮𝐮T𝑖𝑖  
components [52]. Denoting with �∆𝐮𝐮T𝑖𝑖 � the L2 norm of the displacement jump in the tangential 
direction t, the friction condition with an associated behaviour reads: 

if �𝐒𝐒T𝒊𝒊 � ≤ μ�𝐒𝐒N𝒊𝒊 �  then �∆𝐮𝐮T𝑖𝑖  � = 0 , (4) 

if �𝐒𝐒T𝒊𝒊 � = μ�𝐒𝐒N𝒊𝒊 �, there exists λ ≥ 0 s. t.  ∆𝐮𝐮T𝑖𝑖 = −λ𝐒𝐒T𝒊𝒊   and  ∆𝐮𝐮N𝑖𝑖 = −λμ𝐒𝐒T𝑖𝑖  , (5) 

where μ is the friction coefficient, and 𝐒𝐒N𝑖𝑖  and 𝐒𝐒T𝒊𝒊  are the unknown, normal and tangential 
force distribution on ΓI. The stress tensor is symmetric and fulfils the following requirement: 

𝐓𝐓 ∈ ∁   , (6) 

where ∁ is the convex Mohr-Coulomb cone. The set of admissible stress fields is: 

ℋ = {𝐓𝐓 ∈ SBM / div𝐓𝐓 + 𝐛𝐛 = 𝟎𝟎,𝐓𝐓 ∈ ∁, 𝐬𝐬(𝐓𝐓) = 𝐬̅𝐬 on ∂ΩF }  . (7) 

A solution of the boundary value problem (BVP) is thus represented by a stress 𝐓𝐓 ∈ ℋ and 
a displacement 𝐮𝐮 ∈ 𝒦𝒦 fulfilling equations (25-26) also. It can be shown that for the problem at 
hand [54], using the Gauss-Green theorem, the following variational criterion can be derived: 

A(𝐓𝐓∗,𝐓𝐓 − 𝐓𝐓∗) ≥ �  𝐮𝐮� ∙ (𝐓𝐓𝐓𝐓 − 𝐓𝐓∗𝐧𝐧)da
∂ΩU

,    ∀ 𝐓𝐓 ∈ ℋ1  , (8) 

where 𝐀𝐀 doubles the complementary elastic energy, and 𝐓𝐓∗  corresponds to the boundary 
value problem solution. Relation (10) is equivalent to the following minimisation problem: 

𝐓𝐓∗ = arg min�Πc(𝐓𝐓)𝐓𝐓ϵℋ1�  , (9) 

with 
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Πc(𝐓𝐓) = 1
2A(𝐓𝐓,𝐓𝐓) −�  𝐮𝐮� ∙ 𝐓𝐓𝐓𝐓 da

∂ΩU
  , (10) 

where Πc(𝐓𝐓) the total complementary energy (TCE). In the case of an associated flow-rule, 
the dual problem is represented by the total potential energy. Notably, if the cone ∁ of (7) is 
assumed to be coincident with 𝑆𝑆𝑦𝑦𝑦𝑦+, the previous formulation yields a typical Heyman prob-
lem. 

3 NUMERICAL DISCRETISATION OF MINIMUM PROBLEM (9) 

TCE minimum problem (9) is numerically discretised into the following Second-Order Cone 
Program adopting a typical concave formulation:  

Minimise −𝐁𝐁s 𝐅𝐅T 𝐔𝐔� + 𝐅𝐅T𝐃𝐃 𝐅𝐅 

s.t. 𝐀𝐀eq 𝐅𝐅 + 𝐛𝐛 = 𝟎𝟎 (11) 

�𝐟𝐟ti�2 ≤ μ 𝐟𝐟ni    𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 = 1, … ,𝑛𝑛

with: 
 n the total number of interfaces’ nodes;
 𝐅𝐅 the vector collecting the internal nodal normal 𝐟𝐟ni  and tangential 𝐟𝐟ti forces on the node

i; 
 𝐔𝐔� the vector collecting the boundary displacement of the supports;
 𝐅𝐅s = 𝐁𝐁s𝐅𝐅  the emerging stress vector obtained using the extract operator 𝐁𝐁s;
 𝐃𝐃 the compliance (deformability) matrix that takes the elastic block’s compressive re-

sponse into account;
 𝐀𝐀eq the equilibrium matrix; and,
 𝐛𝐛 the vector modelling the volume forces as lumped to the blocks' centroid.

Equation (11)2 ensures that the elements are in equilibrium using the equilibrium matrix 𝐀𝐀eq, 
while equation (11)3 represents the Mohr-Coulomb relationship between tangential and normal 
forces, scaled down by the friction coefficient 𝜇𝜇. There are n second-order cone constraints 
represented by equation (11)3, as the total number of nodes n. The objective function (11)1 
represents the TCE. The linear part represents the work on the boundary, i.e., is the opposite of 
the work done by the stresses and support displacements. The quadratic function enforces the 
elastic behavior of the interface using the compliance matrix 𝐃𝐃, which considers different me-
chanical properties of the interface and their geometric distribution in the digital model.  

If one neglects Equation (11) the problem yields a typical Heyman problem, as this is equiv-
alent to assume a infinite friction capacity. Moreover, the quadratic part can be excluded, mean-
ing that the contacts are assumed to be rigid. In this case, it provides exactly the dual formulation 
of the PRD problem for normal, rigid, no-tension, materials.  

4 SEMICIRCULAR ARCH: NUMERICAL APPLICATIONS 
This Section illustrates the method's potential on a semicircular arch considering different 

mechanical scenarios. The aim is to show how the minimum of the complementary energy 
provides an efficient numerical approach to computationally solve typical mechanical problem 
involving unilateral materials subjected to non-homogeneous boundary conditions. The geom-
etry and its discretisation are depicted in Fig. 2. The semicircular arch has an internal radius of 
1.00 m, a thickness of 0.20 m, a depth of 0.25 m and is discretised into 14 voussoirs. Two 
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additional blocks are added as supports, and the boundary displacements are applied to their 
centroids. The computational time required to solve each SOCP problem is about 0.002 s. 

Fig. 2 – The semicircular arch is discretised into 14 blocks, and two further blocks (in red) are added 
as supports: (a). In (b), the graph data structure. 

4.1 Foundation settlements 

This Section shows the TCE results when the semicircular arch is subjected to different 
foundation settlements. First, the mechanical response due to typical in-plane movements is 
explored. After that, a few meaningful out-of-plane foundation displacements are. The first 
analysis looks at the solution of a well-known mechanical problem: the minimum horizontal 
thrust problem (Fig. 3).  

Fig. 3 – Internal stress state for a small outward displacement: in (a) the results in terms of interface 
forces and torques (zero, in the present case); in (b) the interface resultant in red. 

The two supports are subjected to a small, outward, horizontal displacement: the TCE solu-
tion provides nodal forces, which can be reduced to their interface resultants. The visualisation 
of the internal stress state through resultants offers a clear understating of the stress state: Fig. 
3b shows a typical thrust line associated with the minimum thrust condition. The interface re-
sultant in the middle span is touching the extrados, as expected. Also, note that the scalar prod-
uct among the emerging singular stress field (thrust on the supports) and the small outward 
displacement is minimised (in the present case is positive). In Fig. 4a-b, two further, typical 
internal stress states are depicted. In Fig. 4a, the solution due to a small inward displacement 
results in the maximum thrust condition: the minimum work done by the inward displacements 
and the thrusts exerted on the supports is negative. Fig. 4c-d illustrate the internal stress states 
due to a small positive and negative rotation of the right support, respectively. The rotation is 
supposed to happen around the axis orthogonal to the plane of symmetry of the arch 

(a) (b)

(a) (b)
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Fig. 4 – Interface resultants minimising the TCE in four, different cases: in (a), a relative inward 
horizontal displacement is applied to both supports; in (b, c, d), the right support is subjected to a 
downward vertical displacement, to a negative and a positive rotation, respectively. 

. Notably, as expected, the TCE criterion provides internal stress states corresponding to a 
minimum and maximum thrust condition. Thus, the minimum and maximum thrusts are not 
only connected to an inward or outward horizontal displacement, but other possible movements 
may activate these conditions. 

 
Fig. 5 – The semicircular arch is subjected to relative transversal movement: internal stress states 
from (9) for μ = 0.8 (first row) and μ = 2 (second row). Beyond a slightly different pressure point 
positions, the second case provides torque resultants (in black) and higher tangential forces. 

(a) (b)

(c) (d)

(a) (b)

(c) (d)
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In all cases, the interface forces, as a measure of the internal stress state, return well-known 
thrust lines (the use of the term thrust line is not technically appropriate). These stress states are 
in a perfect agreement with the ones that can usually be found with classical, Heymanian Limit 
Analysis approaches. Nonetheless, it is pertinent to inquire about the internal, admissible stress 
state connected to relative transversal movements. 

However, problem (9), when formulated in the space 𝑆𝑆𝑆𝑆𝑆𝑆+, is unbounded. As soon as a 
finite friction capacity through additional friction constraints is introduced, the LP problem  gets 
bounded, and an admissible stress state can be found. Fig. 5 shows two different, admissible 
stress states evaluated using 0.8 and 2.0 as a friction coefficient μ. Specifically, the solution 
obtained for μ = 2 offers transversal, friction forces higher than those corresponding to 0.8. 
Moreover, the solution shows also non-negligible torques. Also, the interface pressure points 
are slightly different. 

Fig. 6 depicts the internal stress state due to a transverse rotation of the right support is 
depicted. Even in the present case, problem (9) without friction constraints is not bounded 
meaning that this movement is not admissible for an Heymanian material, at least for the pro-
posed discretisation. 

Fig. 6 –The semicircular arch subjected to relative transversal, rotational movement: internal stress 
states for μ = 0.8. 

4.2 Seismic actions: lateral loads 

The previous Section has shown typical cases of the arch subjected to its self-weight and to 
non-homogeneous foundation displacements. In the present Section, a classical load-bearing 
capacity analysis is provided increasing horizontal actions while still considering foundation 
displacements. The aim is to show how the TCE minimum can provide different solutions for 
increasing (but still safe) loading conditions and different foundation displacements. Solving 
the classical Limit Analysis problem (25) it is possible to evaluate the maximum horizontal 
multiplier λ for which the structure is still safe (just a little increment drives the system to a 
mechanism).  

Looking at the in-plane response, the internal stress states solving for increasing horizontal 
multiplier's value are depicted in Fig. 7, considering two specific cases. On the right column, 
the arch is loaded by increasing horizontal forces. On the left column, an additional outward 
horizontal displacement is prescribed to the right support. As one can see, the internal stress 
state (see the pressure points) is influenced by the foundation displacement for  λ0 < λ0max. 
When λ0 = λ0max, the two solutions coincide, because the limit state is unique.  

(a) (b)
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Fig. 7 – The semicircular arch subjected to increasing loads (right) and to also an outward horizontal 
displacement (left): the foundation displacement strongly influences the internal stresses when λ0 <
λ0max. 

To clearly illustrate this behaviour, Fig. 8 reports the trend of the horizontal and vertical 
components of the thrust exerted on the supports for increasing in-plane horizontal loads and 
in three different cases: inward, outward and downward settling of the right support. When the 
horizontal, static multiplier reaches its maximum value (λ0max = 0.243), the arch is in a limit 
state condition, and the thrusts are the same. 

Internal stress states solving the TCE problem for out-of-plane loading conditions and also 
considering different foundation settlements are reported in Fig. 9 with a focus on the limit state 
activated for λ90max = 0.178. The first row (Fig. 9a,b) depicts the internal stress state without 
considering foundation settlements. Conversely, the second (Fig. 9c,d) and third (Fig. 9e,f ) 
rows show the internal, limit stress states, taking into account two specific foundation displace-
ments. In this particular case, the reader can see that the internal Limit stress state is not unique 
even though the horizontal (in the load direction) thrusts exerted to the supports have to be the 
same because of the equilibrium. The internal thrusts of Fig. 9 suggest that the collapse mech-
anism involves a global out-of-plane rocking around the base. This explains why the internal 
stress states are different: the rocking happens around the base interfaces' edges, and different 
pressure points lying on those edges are still compatible with the solution.  

(a) (b)

(c) (d)

(e) (f)
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Fig. 8 – Diagrams of horizontal and vertical components of the thrust exerted on the supports for 
increasing in-plane horizontal loads and in three different cases: inward, outward and downward 
settling of the right support. For λ0max = 0.243 the solutions are the same: the arch is in a limit state 
condition. 

From a numerical point of view, it is evident that the limit state is dictated by the constraints 
of problem (11) (equilibrium and compatibility constraints). However, different energy solu-
tions are still possible, meaning that the constraints do not define a single limit-state point, but 
the collapse's feasibility limit domain is infinite. In this sense, the objective function allows 
exploring this region also in a limit state condition.  

5 CONCLUSIONS  
The present paper proposes a novel 3D energy-based strategy to explore internal stress states 

in masonry structures modelled with a no-tension material. Different external actions and foun-
dation displacements are considered. The problem is solved by the minimum of the total com-
plementary energy (TCE), which is the variational criterion that selects equilibrated solutions 
compatible with boundary displacements. The TCE minimum was already adopted and 

Limit State
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benchmarked for 2D problems in [50, 51]. Here, this methodology is presented to 3D structures 
also considering material compatibility relations as coming from a Mohr-Coulomb failure cri-
terion. 

The structure is partitioned as an assembly of rigid elements, and the interaction among them 

Fig. 9 – The semicircular arch subjected to out-of-plane horizontal loads corresponding to λ90max =
0.178. The second and third rows show the internal, Limit stress state due to two different foundation 
displacements. Note that the base pressure points are slightly different but still lying on the same 
interface edges.  

is supposed to happen only on the interfaces' vertices as in a typical concave approach. The 
problem is discretized and can be solved in 2D as a LP or in 3D as a SOCP, as the Mohr-
Coulomb cone is linear for plane problems or a cone for a fully 3D model. The objective func-
tion comprises a quadratic and a linear part. The last one represents the work among the emerg-
ing stresses at the boundary and the corresponding boundary displacements. 

The method’s potentials are illustrated on a semicircular arch paying particular attention to 
the influence of the material constraints.  First, referring to a given structural partition, it is 
shown that typical Heymanian problems cannot be solved if the friction capacity is neglected 
as the corresponding LP or SOCP is unbounded. Once the material compatibly is introduced, 
the TCE problem becomes bounded. On a theoretical perspective, this observation provides a 
clear criterion to understand if displacement data are compatible with an Heymanian material 
model. Nonetheless, it is pertinent to inquire if the discretisation affects the solution, making 

(e) (f)

(c) (d)

(b)(a)
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the problem unbounded. By changing the discretisation or using a suitable (maybe continuous?) 
approach [55, 56, 57], can the corresponding TCE problem be bounded even using an Hey-
manian approach? 

Second, it is illustrated how the boundary conditions drastically affect the internal stress 
states and redirect the flow of forces within the structure. Moreover, it is shown that the TCE 
minimum provides another strategy to solve a load-bearing capacity problem in an incremental 
way but still considering foundation settlements. Indeed, the incremental forces are increased 
in each step till the structure becomes unstable, while foundation settlements are used to active 
different internal stress states.  The main outcome is that different internal force patterns/distri-
butions in equilibrium with given external loads and compatible with different foundation set-
tlements are possible. It is worth pointing out that the numerical method, as proposed, can be 
easily adapted to more complex 3D structures as the dome depicted in Fig. 10. 

Fig. 10 – A hemispherical dome subjected to a uniform, radial outward settlement and increasing 
horizontal loads: internal stress state corresponding to three different horizontal multipliers. 
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