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Abstract. The study of the behaviour of masonry structure is of large relevance for the preser-
vation of architectural heritage, especially in areas subjected to seismic actions.

This contribution provides a methodology for the evaluation of the maximum sustainable
pseudo-static horizontal load, representative of a seismic action, under the framework of the
Static Theorem of Limit Analysis. In particular, we adopt the Continuous Airy-based for Stress
Singularities (CASS) method, consisting in the discretization of a domain in plate-type finite
elements, for the identification of admissible stress fields in equilibrium with given external
and internal loads, under the Heyman hypotheses of a normal, rigid, no tension material. In
particular, the limit horizontal force is the maximum load for which an equilibrated solution
still exists.

The considered application show the effectiveness of the method in dealing with the proposed
problem, and is the base for the development of fragility curves for seismic curves at different
local scales.
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1 INTRODUCTION

The large part of Italian and European architectural heritage is composed of masonry struc-
tures, in particular for what concerns religious buildings and historic residences. The preser-
vation of this heritage is therefore of large interest for the scientific community, fostering the
scientific research toward the development of simple, and at the same time, accurate models for
the description of the behaviour of masonry materials. Indeed, masonry is a particular material,
with an anisotropic behaviour, extremely rigid in compression, weakly reagent in traction, and
with strong resistantce to sliding. For this reason, a large part of the most common commercial
codes usually fail when dealing with masonry structures.

In recent years, masonry has been studied in different contexts (static or dynamic analyses,
Limit Analysis), and adopting different modeling strategies (as a continuous medium, with
block based discretisations, or macro-element discretisations). Each of them presents proper
peculiarities and advantages.

Continuous methods allow to choice properly the discretisation method, regardless of the
masonry constitution, block dimension, and other specific peculiarities. This category com-
prises Finite Element Method ([1, 2]), which need, however, complicated material models to
deal with the material restrictions; on the other hand, its effectiveness in the description of the
geometry of structures, even in the three dimensional case, makes this strategy particularly suit-
able when dealing with statics of large structure, under the effects of foundation settlements
[3, 4]. Block based methods, on the contrary, are able to deal with the particular stereotomy
of structures, describing precisely the block interlocking, and have a more clear understanding
of the effects of the block dimensions. Among these methods, the Distinct Element Method
[S, 6, 7] is widely adopted in sequential-static and dynamic analyses.

Limit-analyses based methods are often adopted to understand the level of safety of struc-
tures under different external actions. In this framework, the material model proposed by Hey-
man [8] of a Normal, Rigid, No-Tension (NRNT) material allows a strong simplification also
for computational strategies. NRNT materials are characterised by an infinite resistance in com-
pression, a vanishing strength in tension, and infinite resistance to sliding. All these condition
are met in dry masonry structure when proper interlocking is assumed.

In the framework of the Limit-Analysis based methods, a classification can be made in
displacement-based methods and force-based methods. In the first case, the Kinematic theo-
rem is exploited, and the solution of the Boundary Value Problem is got through minimisation
of a Total Potential Energy. Examples of this approach are the Piecewise Displacement Method
(PRD) [9, 10, 11], the Continuous Displacement for Fractures (CDF) [12], and other rigid block
models [13].

Force-based methods are commonly adopted for the assessment of the safety of vaults and
domes, as in the case of the Thrust Network Analysis (TNA) [14, 15, 16, 17], based on the
equilibrium of a network of forces as in a three-dimensional space frame structure. TNA has
been extended to finite dimension blocks in [18]. A continuous version of the TNA is the
Membrane Equilibrium Analysis (MEA), proposed in [19] and adopted to the equilibrium of
several vaulted structures in [20, 21, 22, 23, 24]. An extension of MEA is provided in the
shell-based methods [25, 26, 27, 28].

A large field of application of Limit-analysis based methods is the search for limit horizontal
loads, representative, for example, of seismic actions. Both displacement- and force-based
methods are applied in this case, as in [29, 30, 31].

In this paper, we propose an application of the Continuous Airy-based for Stress Singular-
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ities (CASS) method [32] to the computation of the limit horizontal load that a 2D masonry
structure, under the Heyman assumptions for NRNT material, can withstand. After recalling
the mathematical formulation for NRNT material (Section 2) and the CASS-based discretisa-
tion (Section 3), the formulation is applied to the equilibrium of a square rigid block and to a
masonry facade under body load and vertical distributed load, to compute the maximum seismic
action that a typical masonry structure can resist.

2 MATERIAL MODEL

Let us consider a domain 2 € R? made up of masonry material, under internal loads b,
defined in the interior of {2, and contact loads s, defined on the Neumann part of the domain,
namely 0{2x. The remaining part of the domain boundary is the Dirichlet boundary 9{2p, on
which displacements u are assigned.

The equilibrium in the interior of the domain is given by

V.- T+b=0, xe€Q |, (1)

where T is the stress tensor, V- is the divergence operator, and x is the vector position in a three
dimensional Cartesian reference frame. At the Neuman boundary, the equilibrium is imposed
through

Tn=s, xe€dy |, (2)

being n the outward unit vector normal to the boundary, and s the given boundary traction.
The stress field must comply with the Heyman hypothesis of a no-tension material, that is,
the material reacts only in compression. This conditions is expressed as

T € Sym~ 3)

where Sym™ is the cone of symmetric, negative semidefinite tensors. This condition, in the 2D
case, can be further expressed as

trT <0, detT >0 . 4)

The kinematic conditions on §2 are
1 T
Ezi(Vu-FVu), xeN (5)

where E the strain tensor, and u the displacement vector. In accordance with the Heyman
material model, that is, only opening deformations are allowed, the strain tensor is positive
semi-definite, which reads

E c Sym™ . (6)

At the Dirichlet boundary, the condition on assigned displacements holds, as
u=u, x€dQp . (7
The Heyman normality condition is enforced as
T -E=0 |, €))

The global boundary value problem is therefore described by the following conditions
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divT +b =0 , T € Sym™ Tn‘ =s
EIoT,
1
E=_(Vu+Vu") ., EcSymt | u‘ =u ©)
2 p
T-E=0

Such boundary value problem can be reformulated in terms of the minimisation of the Total
Complementary Energy functional, giving raise to a force based formulation, or of a Total
Potential Energy, leading to a displacement-based formulation.

In this work, we pursue the first strategy. The Total Complementary Energy for a rigid
material is expressed as

EC(T):—/BQ Tn-ads | (10)

and the solution, in terms of stress field, is found through a suitable minimisation problem,
formulated as
E.(T% = min E,(T) (11)

TeH
where H is the set of admissible stress fields, as defined in Equations (1)-(2)-(3), and reformu-
lated as follows

H:{TERQXQS.LV'T—}-]O:O, T € Sym™, Tn‘ :s} (12)
0

2.1 Airy stress formulation

To reduce the number of unknowns and conditions of the present formulation, a convenient
approach is the introduction of the scalar Airy stress potential F’, defined as follows:

Thw=Fo, Tu=F1; Tas=—Fi —(515172 + 52551) s (13)

where 71, x5 are the directions of a Cartesian reference system, by, b, are the components of the
internal load b on 1, 75, and the comma followed by an index, say ¢, indicates derivation with
respect to the variable ;.

The introduction of the Airy potential automatically satisfies the internal equilibrium; the
boundary equilibrium, conversely, is satisfied by the introduction of suitable conditions on the
the boundary values of the Airy stress function and on its normal slope, imposed as follows

F =m(s), VF-n =n(s) |, (14)
00N 00N
being m(s) and n(s) the contact bending moment and the contact axial force given by the load
s on a frame structure shaped as the Neuman boundary of €2 [33].
Finally, the condition (3) on the negative semi-definiteness of the stress tensor is translated,
following (13), into conditions on the Hessian of the Airy stress function, referred to as H(F'),
as

trH(F) <0, detH(F)>0 |, (15)
where H is a modified Hessian of the Airy stress potential, defined as
= Fiao —F 19 —(biwg + by112)
H(F) = ’ ’ 16
(F) —Fy12 —(b17a + b172) Fo (16)

2495



A. Montanino, F. L. Perelli, D. De Gregorio and G. Zuccaro

Conditions (15) result into the requirement on the Airy stress potential of being concave
within the domain €.

Summing up, the set H of the admissible stress tensor can be translated in the corresponding
set of admissible stress potentials as

Hy — {F eRst. trH(F) <0, detH(F)>0),

(17)
F’aQN =m(s), VF- n‘mN = n(s)} .

2.2 Limit load

Under the hypothesis of the Safe Theorem of the Limit Analysis, a masonry structure is safe
when it exist at least one admissible stress field in equilibrium with internal and external loads,
that is, the set H is not void.

Let us consider a varying contact load s as sum of a permanent load s, and a varying contri-
bution s,, as

S =S+ As, (18)

where A is a load multiplier i.e., proportional to the intensity of a seismic actions, following
the traditional approach of pseudo-static loads for the evaluation of the load bearing capacity of
structures under seismic actions.

Therefore, given Equation (18), the set of admissible stress fields, defined in (12), depends
intrinsically on A as follows:

H* = {TeRMs.t. V-T+b=0, TeSym , Tn :so+)\sv} . (19
Elor
to which corresponds the set
. = {F eR st trF(F) <0, detH(F)>0
(20)
F‘ - Am” VF- - A (s) b .
o mo(s) + Am*(s), nj no(s) + An (s)}

where ng(s), n,(s), mo(s), and m,(s) are the counterparts of m(s) and n(s) for the permanent
contact load s and the varying part s,,.

The problem of the compatibility of given loads is reformulated as the search of the limit
value of the load multiplier A\ for which the set H (and therefore, Hy) is non void. Assuming
that the load s, is compatible, that is

Hy #0 @1)

the search for the maximum varying load can be written as

Ae = max A, (22)
H #0

where ). is the maximum admissible load multiplier, and \.s, s the maximum variable load
that the masonry structure can sustain, and therefore, can be regarded as a collapse load.
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3 CONTINUOUS AIRY-BASED FOR STRESS SINGULARITIES

Problem (22) can be numerically solved through the Continuous Airy-based for Stress Singu-
larities (CASS) method, a numerical discretisation method based on a plate-type finite element
discretisation of the domain. A typical finite element adopted in the CASS method is shown
in Figure 1, where ¢ indicates the element node number, with : = 1, ..., 4, and 2, 1=1,..4 are
control points internal to the element.

4 5!

1 2

Figure 1: Standard finite element adopted in the CASS method

Each node of the discretisation is provided with three degrees of freedom, namely the value
of the Airy stress potential, and of its derivatives in the x; and x5 directions, that is

F = Fwy, w9 F . FYFL L FL FS L FS) (23)

Therefore, the Airy stress function on each element is described by a twelve-term polyno-
mial, as
Fel = C(l’l, Ig)Ta (24)

being

T

2 2 3 2 2 3 .3 3 T
C 1,:1:1,x2,wl,xlxg,w2,x1,x1x2,x1x2,x2,xlxg,xlxg]> az[al,...alg] (25)

The coefficients a are retrieved through the imposition of the C'-continuity conditions on
the nodes of the discretisation. It is worth noting that, though the C''-continuity is imposed
on the nodes of the discretisation, this conditions is not extended to the whole element bound-
ary, since the derivative in the normal direction to the boundary cannot be imposed with this
discretisation. However, this is not a concern for the proposed approach, since the continuity
of the derivative of the Airy stress potential in the normal directions implies continuity of the
tangential component of the element boundary traction, which is not required by the boundary
equilibrium.

Since the stress components are defined in terms of the second derivatives of the Airy stress
potential, their continuity at the domain boundary cannot be enforced. The condition on the
internal stress admissibility, that is the requirement of being negative semi-definite, can be im-
posed only in the interior of the domain. In particular we consider four internal points, to be
placed in the interior of each element, as shown in Figure 1.

In particular, from Equations (24) and (25), it comes out that

T11 ZF61722 = szrz a
Ty, =F',=c]a (26)
Tm = —Fel>12 —(b1Z2 + baT1) = —C;ipz a— (biTo + boy)
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being Tij the stress components in the control points.
By collecting Equations (26) for all the control nodes of the discretisation, the following
linear relation can be formulated:

r:i:‘ll :Kllfﬂ
Ty =KjF (27)
TIQ :K12F —I— f)

where F is the array of nodal degrees of freedom, and b collects the evaluation of the body load
in the control points.

Therefore, the semi-definiteness of the stress tensor, in terms of the curvature of the Airy
stress function, in discrete form, as

(Kn + KQQ)F S 0

. . SO A (28)
(K11F) © (KooF) — (Ki2sF +b) © (KisF +b) >0

where C = A ® B is the Hadamard product between vectors A and B, and is defined such that
The boundary conditions involve directly the discretisation degrees of freedom, and can be

written as
Koo, F =5 | (29)

where § is the array of the boundary conditions on the Airy stress function, following (14)
Introducing a discrete version of (18) into (29), we get

Koo F = 8+ A8, | (30)

leading to a final discrete version of the set H7. as

H?‘ = {F € RN S.t. (Kll + KQQ)F < O,
(K11 F) © (KpF) — (KioF +b) © (KioF +b) >0, (31)

The computation of the limit load (in terms of the collapse multiplier \.) is finally done
through the maximisation of the load multiplier A provided that the set of admissible, discrete
stress potentials is non void, as

Ae = max A . (32)
HA#0

4 APPLICATION

We apply the procedure proposed in previous Section to two different geometries: a panel
under self-weight, and a uniform load on its top edge, and a masonry facade under self-weight
and slabs load. For both problems, after describing the prescribed boundary conditions, we
compute the solution in terms of collapse multiplier A\. and show the corresponding principal
stress field.
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4.1 Rocking of a masonry square panel

We analyse the panel described in Figure 2, subjected to its self-weight b = 1 N/m?, a
distributed vertical load on its top side q = 1 N/m?, and an horizontal force of intensity AP on
the top left corner. The sample horizontal force is assumed as the sum of all vertical loads, and
therefore, its value is P = 2 kN

NREEEEEREEES

T

I7777777777777777777

Figure 2: Geometry and loads on a square panel.

The boundary conditions associated to this load distribution are given in terms of the Airy
stress potential as follows:

] bL
leftside: F =0 VF.-n= Y

1 1
top side: F = —gq(L +27)% + ZbHL(L +27)  VF-n=—-)\P+1/8hy(L*— 42?)

2
right side: F' = —AP(H —y) + —q% + %bHL2 VF-n=—-Lqg+b(HL — Ly/2)
(33)
Conditions (33) represent explicitly the boundary equilibrium in terms of the load multiplier
A. The solution of the problem in terms of load bearing capacity of the structure provides the
maximum admissible load multiplier, also referred to as collapse multiplier.
The problem is discretised through the CASS method, and formulated in the discrete form
(32). It solution provides a collapse load A = 0.33 N, to which corresponds the principal stress
distribution shown in Figure 3.

|

Figure 3: Minimum principal stress distribution in correspondence of the ultimate horizontal load

It is worth nothing that, contrariwise to the case of the absence of self-weight, where the load
multiplier was A\, = 0.5 (see [32]), in this case the maximum horizontal load is less than one
third of the total vertical load.
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4.2 A masonry facade under seismic load

In this section, CASS method is applied to the load bearing capacity of a two-story masonry
facade under self-weight and slab loads.

Y A

My e e vyt et vty

Ay 1m

Aq 1m

3 m

77777 7777777 77777 7=

T T T T T 1
15m 15m 25m 15m 15m

Figure 4: Geometry and loads of the masonry facade

The geometry and loads of the fagcade are depicted in Figure 4, where the distributed vertical
load is ¢ = 25 kN/m at both stories, and the vertical volume load is b = 17.64 kN/m?.

The horizontal forces F7 and F; are equal to the total vertical force affecting the areas A;
and A,, delimited by dashed lines in Figure 4. Considering both the self-weight and the slab
loads, F; = 600 kN, and F5 = 460 kN.

The CASS analysis returns a value of the load multiplier A = 0.30, to which correspond the
principal stress distribution shown in Figure 5.

Figure 5: Minimum principal stress distribution corresponding to the limit horizontal load for the masonry fagade.

From the analysis of Figure 5, it can be noted that the stress concentrate along small narrow
bands that tart from the application points of the two horizontal loads and reach the opposite
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corners. Actually, these stress bands represent preferential load paths for the structure, and
develop as much as the limit load is approached. Such narrow bands are representative of
singular stress fields, and their width is linked with the size of the discretisation.

The load multiplier can be translated into earthquake intensity, in terms of Peak Ground
Acceleration (PGA) following the Italian standard NTC, as

Acq
4

where ). is the collapse load multiplier, ¢ is a ductility factor, set to 2, and S is the subsoil factor,
fixed to 1.25. thus, for A\, = 0.3, the corresponding Peak Ground Acceleration is PGA = 0.48

g.

PGA =

S CONCLUSIONS

In the present contribution we show the application of the CASS method to the analysis of
the load bearing capacity of 2D masonry structures. In particular, after a brief discussion on
the method, in the frame of NRNT material and the Static Theorems of Limit Analysis, the
CASS discretisation has been shown, in the light of the problem of the search for a limit load.
The CASS method has then been applied to the rocking of a square panel, under self-weight
and a distributed load, and to a masonry fagade, to compute the limit horizontal load on rigid
slabs, and finally computing the theoretical maximum intensity of an earthquake, to which the
masonry structure can resist.

The present approach can be adopted for the construction of force-based collapse curves, on
the basis of the geometry and other constructive details of a large sample of buildings, from
local to national scale, similarly to what has been done in [34] adopting a displacement-based
approach.
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