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Abstract 

Understanding the mechanical behavior of ballast aggregates under multi-axial loading is 
key in railway foundation analysis and design. UBCSAND is an effective-stress constitutive 
model which can predict static and dynamic behavior of granular materials under combined 
shear and normal stresses. This study presents results from a suite of triaxial monotonic and 
cyclic compression tests for four different aggregates (gabbro, limestone, demolished con-
crete, steel slag) and discusses the applicability of UBCSAND model for simulating the rele-
vant non-linear stress-strain curves. To this end, UBCSAND is integrated, for the first time, 
analytically for shear and volumetric strains, to facilitate calibration against experimental 
data. Four novel solutions are derived, expressed in terms of monomials and Gauss’ hyper-
geometric functions (2F1) of the stress ratio (q/p’). Variation in the calibrated parameters is 
discussed considering different loading conditions and types of aggregates. 

Keywords: UBCSAND, drained & undrained triaxial tests, analytical solution, numerical cal-
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1 INTRODUCTION 
Understanding drained monotonic and cyclic behavior of ballast aggregates is key in rail-

way foundation design. The UBCSAND model [1-3] is often employed in such analyses, as a 
simple alternative to more complex constitutive formulations for predicting monotonic and 
cyclic response of granular soil under both drained and undrained conditions [4-23]. The spe-
cific model is employed in commercial finite difference and finite element software (e.g., [3, 
24-26]) as it realistically simulates volumetric and deviatoric strains in granular soils under 
monotonic and cyclic loading. 

The study at hand presents an analytical methodology for integrating the UBCSAND mod-
el that yields a set of four novel closed-form solutions for shear and volumetric strains. Con-
trary to numerical integration approaches, these solutions are free of numerical errors and, 
thereby, can provide insight on the role of the various model parameters and their calibration 
against experimental data. Three novel methodologies developed by the authors in a compan-
ion paper [27] for calibrating the model are compared: (1) a graphical “chart” solution based 
on results from forward numerical simulations; (2) a numerical approach based on minimiza-
tion of residuals; (3) a trial-and-error graphical approach based on the analytical solution. 
These calibration procedures are applied to experimental data from drained strain- and stress-
controlled triaxial compression tests carried out in the Geotechnical Materials Lab at Khalifa 
University on four types of aggregates: gabbro, limestone, demolished concrete and steel slag. 
The performance of the model with number of cycles is discussed against data from cyclic 
compression tests. 

2 UBCSAND FORMULATION 
The pressure-dependent, non-linear elastic shear and bulk moduli (Ge, Ke) can be 

established by means of Eqs. (1) and (2), as functions of the mean effective stress p’ and 
Poisson’s ratio  [30] 

   (1) 

  (2) 

where  is a dimensionless elastic shear modulus parameter, pa is the atmospheric pressure 
(usually taken equal to 100 kPa) and  is the familiar MIT mean effective 
stress. In Eq. (1), the elastic shear modulus exponent ne is often taken equal to around 0.5 
based on experimental observations of small-strain shear moduli (e.g., [31-33]).  

The incremental elastic stress-strain relation can be cast in terms of and  as shown in 
Eq. (3).  

   (3) 

where p’ and q are the corresponding Cambridge stress invariants defined as 
 ,  under triaxial loading, and ,  are the corre-

sponding incremental volumetric and shear strains , . 
Since UBCSAND employs the MIT stress path parameters  and 

, Equation (3) can be recast in the following equivalent forms: 
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  (4a) 

  (4b) 

With reference to elastoplastic response, the yield surface is defined as 

  (5) 

where  is the dimensionless stress ratio. Yielding occurs when  reaches the mo-
bilized stress ratio mob.  
 

 
Figure 1. (a) Hardening rule; (b) Yield criterion and flow rule for UBCSAND model [27] 

The hardening rule can be expressed in differential form using the total derivative:  

  (6) 

where  is a dimensionless plastic shear modulus relating  and . In the realm of the 
specific model,  is estimated from the empirical relation 

  (7) 

where  is a dimensionless plastic shear modulus parameter (being equal to at  
and mob = 0), and f is the stress ratio at failure. Rf is the failure ratio adjustment for prevent-
ing the over‐prediction of strength at failure [2, 34]. The plastic shear modulus exponent np is 
usually selected in the range 0.4 − 0.7 [29]. 

The flow rule is of the non-associative type and is given by the simple equation 

  (8) 

where cv is the stress ratio under constant volume. A graphical illustration of the UBCSAND 
hardening and flow rules, mathematically expressed by Eqs. (6) and (8) respectively, is pro-
vided in Figure 1. 

By combining Eqs. (6) and (8), the plastic strain increment can be expressed as 

  (9) 
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Adding Eqs. (4b) and (9), the combined elastic and plastic volumetric and shear strain in-
crements are obtained from the equation: 

  (10) 

where 

                                                          (11a,b) 

                            (11c, d) 

are the elements of the compliance matrix C. Explicit formulae obtained upon substituting Eq. 
(7) into Eqs (11) are provided in [27]. 

The stress increments are obtained from the stiffness formulation in Eq. (12): 

  (12) 

where D11, D12, D21 and D22 are the elements of the stiffness matrix D (inverse of matrix C in 
Eq. (10)). Explicit formulae obtained by substituting Eqs. (1) and (7) into Eqs (12) are provid-
ed in [27]. For stress-controlled drained triaxial compression qM = p’M ; the overall 
volumetric strain increment can then be obtained from d as follows:  

  (13) 

The initial shear modulus (Go) of isotropically consolidated samples under triaxial drained 
compression (dqM = dp’) can be obtained from the terms C21 and C22 in Eq. (10) as Go = 
dqM/dγ = 1/(C21 + C22). This yields the following solution 

    (14) 

where pM’ (= pc’) is the isotropic confining stress. Evidently, since ηmob is assumed equal to 0, 
there is no purely elastic regime so that elastic and plastic strains coexist even at zero 
deviatoric stress. Accordingly, a combination of parameters kGe and kGp control the value of 
Go. Setting ηmob = 0+ allows for an elastic region in the limit sense, prohibiting plastic 
deformations (kGP ). Imposing this condition to Eq. (14) yields the anticipated result Go 
= Ge according to Eq. (1). 

3. ANALYTICAL INTEGRATION 
The UBCSAND hardening and flow rule differential in Eqs. (6) and (8) can be integrated 

analytically for different stress paths. Considering triaxial compression and drained conditions, 
the mean effective stress can be expressed as , where  is the effective con-
fining pressure at zero deviatoric stress. As the stress ratio  is equal to , the mean ef-
fective stress and the deviatoric stress at the plane of loading can be expressed as functions of 
 via the equations: 

  (15) 

  (16) 
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Combining Eq. (16) with Eqs. (1) and (4b), and after some trivial algebraic manipulations, 
the elastic shear strain increment can be expressed as  

  (17) 

Integrating the above equation over  yields the elastic shear strain in closed form 

  (18) 

expressed as a function of five dimensionless parameters ( , ,  ne and /pa).  

In the same vein, using Eq. (15) and Eq. (7), Eq. (6) can be expressed in terms of  to give the 
plastic shear strain increment  

  (19) 

The above equation can be integrated analytically for the plastic shear strain  

(20) 

where  is the Gaussian hypergeometric function [35]. The elastic volumetric strain can be 
obtained in a similar manner as the elastic shear strain, by combining Eqs. (15) and (16) with 
Eq. (4b) to get 

  (21) 

Substituting Eqs. (1) and (2) in the above formula and integrating over  yields 

 (22) 

which is a function of the same dimensionless parameters as   in Eq. (18).  

Finally, the plastic volumetric strain can be derived analytically from the flow rule. Indeed, 
substituting Eq. (19) in Eq. (8) and integrating with respect to , one gets 

  (23) 

where a is a fitting parameter typically taken equal to 1. The solution to the above integral is   

  (24) 

where, 
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  (25a) 

  (25b) 

  (25c) 

are dimensionless functions. Like in the solution in Eq. (20), no general conclusions can be 
gleaned as to the behavior of functions X1, X2, X3 without numerical evaluation of the series. 
A graphical illustration of Eqs. (25) is provided in [27]. The above analysis can be readily ex-
tended to other stress paths (such as triaxial extension), but this lies beyond the scope of this 
work. 
As a final remark, integrating over η implies a monotonic increase of η from zero (or a finite 
value). This stress-controlled loading implies no η-softening with the analytical approxima-
tion. To account for such softening (which is a common trait of the response of dense sands 
under drained loading), modifications in the analysis would be required which lie beyond the 
scope of this work. 

4. PARAMETER SELECTION 

The dimensionless parameters involved in the model are: , , , cv,  ne and np. 
The last three, , ne and np, are often selected empirically and for the purposes of these study 
we have assumed  = 0.2, ne = 0.5, np = 0.4 based on the following brief discussion.  
The elastic Poisson’s ratio   is typically selected between 0 to 0.2 [2, 30] based on studies of 
small strain elastic response of sands [36]. Recent laboratory experiments have confirmed that 
 ranges from 0.1 to 0.3 for different granular materials [37-38]. In this light, the value  ≈ 0.2 
seems reasonable.  
In the ensuing, np has been taken equal to 0.4 based on the tested materials and stress condi-
tions.  

5. APPLICATION TO DRAINED MONOTONIC & CYCLIC TESTS 

5.1 Test Materials  
The experiments carried out in the Geotechnical Materials Lab at Khalifa University involved 
four different materials: (a) gabbro; (b) limestone; (c) demolished concrete; and (d) electric 
arc furnace (EAF) slag. Gabbro is a coarse grain igneous rock that is rich in iron, magnesium 
and calcium, and is extracted at the border between UAE and Oman. It is both strong and 
suitable for construction. Limestone is a sedimentary rock made of calcium carbonate, and is 
available throughout the UAE. It is weaker than gabbro, but also suitable for construction and 
provides excellent drainage when used as ballast. Demolished concrete is a recycled material - 
a mixture of cement and aggregates. The cement is weak and crushable. More than 29 million 
tons of cement are produced annually in the UAE [39]. Slag is a by-product of smelting 
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generated as industrial waste during steel-making process. Slag is stronger and more resilient 
than the other three materials. More than 800,000 tons of slag are annually produced in the 
UAE [40].  
Gabbro and demolished concrete particles are rounded, whereas limestone and slag have 
sharp angular shapes. Table 1 presents a summary of the grain-size distribution and their 
characteristics. All materials show uniform gradations. The effective grain size (D10) ranges 
from 4.6 to 12.8 mm, whereas the coefficient of uniformity (Cu) ranges from 1.3 to 1.7.   

Table 1. Summary of tested materials [27] 

Material D10 (mm) Cu Particle shape Mineralogy 
Gabbro 9.7 1.3 Sub-rounded Coarse-grained silicate 
Limestone 4.6 1.7 Angular Calcium carbonate 

Demolished concrete 6.7 1.4 Sub-rounded Calcium carbonate, 
silicate aggregate 

EAF Slag 12.8 1.3 Sub-angular Calcium and iron oxide 

5.2 Test Procedure 
Triaxial tests were conducted using a GCTS Testing System device (Model No.: SSC-2K-

0000). Details are provided in [27] The tests were conducted in three stages: 
Stage 1) Isotropic consolidation under confining stress ’c = 50 kPa. 
Stage 2) Drained cyclic loading with qM = 50 kPa with a loading frequency of 1 Hz. The 

applied number of cycles (N) varied from 50 to 200.  
Stage 3) Triaxial compression under drained conditions.  

5.3 Experimental Drained Cyclic and Monotonic Compression Measurements 

Figure 2 shows the cyclic loading responses between qM and axial strain (a) for each mate-
rial from 1 to 50 cycles. The gabbro testing displayed stiff behavior, whereas slag demonstrat-
ed ratcheting. The residual a and volumetric strain (v) against N, is presented in Figures 3(a) 
and (b). a and v gradually increase with N, where the slag and the gabbro show the largest 
and smallest strains, respectively. Limestone and demolished concrete exhibit an intermediate 
behavior. The accumulation of a and v is similar indicating that the radial strain is limited 
during cyclic compression. This observation is consistent with previous studies [41], where 
the radial strain was limited when the amplitude of cyclic load is less than 70% of the static 
peak strength. In fact, the amplitude of cyclic qM (Figure 2) applied in this study was approx-
imately 40% of the static peak strength (Figure 14). Figure 14(a) shows a drained monotonic 
compression response in terms of deviatoric shear stress qM versus shear strain . Limestone 
exhibits the highest strength (~160 kPa), whereas the other three materials have similar 
strengths in the range 120-150 kPa. Figure 14(b) plots v versus . The largest and smallest 
dilatancies were observed in gabbro and demolished concrete, respectively. 
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Figure 2. Drained cyclic compression test results: (a) Gabbro, (b) Limestone, (c) Demolished concrete, (d) 

Slag. In all tests ’c = 50 kPa, qM = 50 kPa [27]. 

 
Figure 3. Cyclic drained compression test results for different materials: (a) a vs. N, (b) r vs. N (d)  vs. N. 

In all tests ’c = 50 kPa, qM = 50 kPa [27]. 
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Figure 4. Monotonic drained compression test results for different materials (a) qM vs.  (b) v vs.  .  

5.4 Calibration of UBCSAND Model to the Experimental Data 
UBCSAND models were calibrated both numerically and analytically using the aforemen-

tioned experimental data from drained monotonic compression tests. The numerical and 
graphical ‘chart’ solutions for strain-controlled conditions follow the procedures described in 
detail in [27]. Table 2 provides UBCSAND parameters estimated by employing the three dif-
ferent calibration approaches presented in this study: analytical, chart solution, numerical. 
Figure 5(a)-(h) presents the calibrated responses of  vs.  and v vs.  computed following 
these approaches. It is demonstrated that the main aspects of the drained monotonic compres-
sion response are reproduced adequately by all three methods relative to the experimental data 
in Figure 4. The analytical and numerical solutions work best for strains above 1% while the 
chart solution deviates from both and from the experimental data as well, except for strains 
less than 1%. 

Table 2. Calibrated UBCSAND parameters against drained monotonic triaxial compression data for four differ-
ent ballast aggregates using the three methods described in this paper (’c = 50 kPa) [27]. 

Material Method    cv 

Gabbro 

Analytical 500 2.00 0.75 0.42 

Chart 234 2.00 0.73 0.36 

Numerical 620 2.77 0.74 0.41 

Limestone 

Analytical 400 0.10 0.77 0.50 

Chart 720 0.02 0.77 0.53 

Numerical 410 0.10 0.77 0.50 

Demolished concrete 

Analytical 1000 0.10 0.70 0.60 

Chart 1,640 0.02 0.71 0.55 

Numerical 980 0.05 0.68 0.59 

EAF Slag 

Analytical 300 0.50 0.68 0.42 

Chart 700 0.02 0.68 0.53 

Numerical 320 0.05 0.68 0.44 

ne, np, and v values are fixed at 0.5, 0.4, and 0.2, respectively. 
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Figure 5. Calibrated monotonic drained compression tests for four different aggregate materials using the analyt-
ical, numerical and chart solutions. The UBCSAND parameters for each case are provided in Table 3. (a)  vs. , 
(b) v vs.  for gabbro, (c)  vs. , (d) v vs.  for limestone, (e)  vs. , (f) v vs.  for demolished concrete, (g)  

vs. , (h) v vs.  for slag [27]. 

Figure 6 shows the example responses of UBCSAND for drained cyclic compression tests 
of gabbro and slag, using the parameters of numerical calibration in Table 2. The slag simula-
tion exhibits the largest residual a compared to gabbro, which is consistent with the experi-
mental observations in Figure 2. However, the rate of strain accumulation is constant for 
UBCSAND, which is different from the experimental findings. Figure 7 shows the residual 
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values of a and v for drained cyclic compression computed with UBCSAND using the pa-
rameters in Table 2. Comparing the results from Figures 3 and 7, it is fair to mention that the 
model parameters should be different for cyclic versus monotonic loading, which complicates 
its application for combinations of static and dynamic loads (a most common case in earth-
quake engineering).  

Moreover, the rate of increase of volumetric and shear strains with number of cycles is lin-
ear, hence cannot realistically reproduce results for excess pore pressures under undrained 
loading. This is evident in Fig. 8 where different calibrations are needed for different number 
of cycles. These observations are important when trying to apply the specific model to dy-
namic problems – notably for soil liquefaction analysis. 

 

Figure 6. Example of qM vs. a cyclic drained response predicted using UBCSAND model based on the calibrat-
ed parameters in Table 3: (a) gabbro, (b) slag [27]. 

 

Figure 7. Examples of residual axial and volumetric strains predicted using UBCSAND for drained cyclic com-
pression using the calibrated parameters in Table 2: (a) a vs. N; (b) v vs. N (’c = 50 kPa, qM = 50 kPa) [27]. 

The UBCSAND model was calibrated against drained cyclic compression tests for differ-
ent number of loading cycles. Table 3 shows the calibrated parameters for N from 0 to 2, 0 to 
10 and 0 to 50 cycles for different materials, respectively. The calibration procedure follows 
Figure 8 for stress-controlled conditions. The parameters  and  are fixed from 
Table 2 for drained monotonic conditions. The  ratio was fixed because the calibrated 
value was very large (i.e. small ) due to the plastic deformations developing during succes-
sive unloading cycles.  was fixed because it does not provide a reliable value due to the 
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low amplitude of cyclic loads to determine the failure parameters. Table 3 shows that the  
parameter increases as the number of cycles increases. cv similarly increases as the number 
of cycles increases when the material exhibits contractive behavior.  

Figure 8 shows the residual strains a and v for slag under drained cyclic tests compared 
with the calibrated UBCSAND for different loading conditions. The results suggest that the 
UBCSAND model can be reasonably fitted by adjusting the calibration range. The figure also 
shows that the calibrated parameters against drained monotonic compression tests only predict 
the cyclic compression responses well when N is not larger than 1 - 4 cycles. Evidently, there 
is no single set of parameters which can reproduce well both drained monotonic and cyclic 
conditions. 

Table 3. Numerically calibrated UBCSAND parameters against drained cyclic compression tests (’c = 50 kPa, 
qM = 100 kPa) [27]. 

Material # of cycles N    cv 

Gabbro 

0 – 2 5,400 2.77 0.74 0.61 

0 – 10 18,500 2.77 0.74 0.32 

0 - 50 69,600 2.77 0.74 0.36 

Limestone 

0 – 2 1,500 0.10 0.77 0.54 

0 – 10 4,800 0.10 0.77 0.74 

0 - 50 15,900 0.10 0.77 0.86 

Demolished concrete 

0 – 2 2,900 0.05 0.68 1.00 

0 – 10 7,700 0.05 0.68 1.00 

0 - 50 25,300 0.05 0.68 0.99 

EAF Slag 

0 – 2 760 0.05 0.68 0.50 

0 – 10 2,800 0.05 0.68 0.71 

0 - 50 11,900 0.05 0.68 0.83 

ne, np, and v values are fixed at 0.5, 0.4, and 0.2, respectively.  and  values are fixed 
based on the monotonic compression tests 

 

Figure 8. Comparison of residual strains of slag between experimental and UBCSAND models calibrated based 
on different loading conditions: (a) N vs. a, (b) N vs. v ; ’c = 50 kPa, qM = 50 kPa [27]. 
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6. CONCLUSIONS 
The popular UBCSAND constitutive model was reviewed and integrated analytically for 
monotonic and cyclic drained triaxial compression conditions. A novel closed form solution 
for the elastic and plastic shear and volumetric strains was presented. Three new methodolo-
gies for calibrating the model parameters to experimental data were compared: (1) a graphical 
“chart” solution; (2) a numerical approach based on minimization of residuals; and (3) a trial-
and-error approach based on the analytical solution. It has been demonstrated that: 

(1) The analytical solution provides an excellent tool, free of numerical errors, for calibrat-
ing the UBCSAND parameters against laboratory data.  

(2) Results from the numerical calibration against both monotonic and cyclic test data show 
that the parameters of UBCSAND are different between monotonic and cyclic drained 
compression conditions. The calibrated parameters against monotonic tests only predict 
the cyclic compression responses well when N is less than 1 - 4 cycles. Therefore, 
UBCSAND models should be calibrated against the target loading conditions and num-
ber of cycles. 

(3) The model parameters should be different for cyclic versus monotonic loading, which 
makes its application for combinations of static and dynamic loads (a most common 
case in earthquake engineering) difficult.  

(4) The rate of increase of volumetric and shear strains with number of cycles is always 
linear, hence cannot realistically reproduce results for excess pore pressures under 
undrained loading.  

These observations are important when trying to apply the specific model to dynamic 
problems – notably in soil liquefaction analysis. 
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