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Abstract 

The train-induced forced vibration responses of railway bridges are investigated and evaluat-
ed under consideration of nonlinear effects. The considered nonlinearities refer to the ampli-
tude dependency of the natural frequencies, which was observed during in-situ measurements 
conducted by the authors for several existing railway bridges of different construction type. 
The nonlinearities detected during dynamic measurements on existing railway bridges are 
presented and discussed. The focus is on single-span steel and concrete slab bridges with bal-
lasted superstructure. Numerical simulations of train crossings are carried out under assump-
tion of nonlinear beam models for the considered railway bridges. The amplitude dependency 
of the natural frequencies is considered in these nonlinear simulations and the structural re-
sponses during train crossing are presented in the form of resonance curves. For comparison 
purposes, the calculations are also carried out on linear beam models with constant natural 
frequencies and the resulting deviations are discussed. The influence of the investigated non-
linearities on the vibration response behavior of railway bridges is highlighted and recom-
mendations for the future consideration of these effects in dynamic calculations of train 
crossing are given. 
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1 INTRODUCTION 
According to the currently valid standards [1] and regulations [2], [3], the effects of train-

induced vibrations on the serviceability and structural safety of new railway bridges and the 
dynamic assessment of existing railway bridges must be investigated by means of a dynamic 
calculation of the train crossings. In [3], [4] and [5] the limit values of 3.5 m/s² and 6.0 m/s² 
respectively are defined for the permissible vertical bridge deck acceleration for new bridges 
and for existing bridges with ballast superstructure. In the dynamic calculation of train cross-
ing, the considered HSLM trains and operating trains are usually assumed as moving individ-
ual loads in the sense of a "moving load model" and linear beam or plate models are created 
for the bridges of interest. The dynamic calculation of the structural responses resulting from 
train crossing simulations is usually carried out with finite element programs, whereby the 
equations of motion are solved by application of modal or direct time-step integration. Alter-
natively, the much more efficient combined numerical and analytical solution methods, such 
as the analytical time-step integration method presented by Pircher [6] or the DER- and LIR-
method presented in ERRI D214/RP 6 [7] are also used. 

All train crossing calculation methods applied in the past and currently in practice to de-
termine the vertical structural bridge deck response are based on linear models for the consid-
ered railway bridge. The solution methods for linear differential equations of motion are 
implemented in the common software products and thus time-efficient calculations can be 
carried out (e. g. application of modal time-step integration). In the recent past, however, sig-
nificant nonlinear effects have been detected during many dynamic measurements on existing 
railway bridges, especially regarding the amplitude dependence of the bridge natural frequen-
cies [8]-[12]. In the dynamic measurements on existing railway bridges documented in [8] 
and [9], forced vibration testing was used to determine the dynamic characteristics and the 
natural frequencies could be determined by gradually increasing the excitation force ampli-
tude at different levels of the vibration amplitude of the structure. It has been found that an 
increase of the bridge´s vibration amplitudes lead to a decrease of the measured natural fre-
quencies, which may be related to a decrease in the stiffness of the structure during the load-
ing phase. In [10], train acceptance tests were carried out during the commissioning of the 
new ICE 4 in Germany and a steel bridge susceptible to train induced vibrations was subject-
ed to a detailed analysis of its resonance behaviour during train crossing. These investigations 
also showed that there was a significant deviation between the theoretically calculated reso-
nance speed and the value determined out of the measurements. The actual resonance speed 
was significantly lower, and this was attributed, among other things, to occurring nonlinear 
stiffness effects in the ballast superstructure during train crossing. The theoretical principles 
of the oscillation behaviour of dynamic systems with an amplitude-dependent natural fre-
quency were presented by Duffing in 1918 [13] and additional theoretical investigations of the 
Duffing-oscillator were carried out by Parkus [14] and Magnus [15]. 

In this paper actual findings regarding the nonlinear amplitude dependent behaviour of the 
natural frequencies of railway bridges during the loading phase are presented and train cross-
ing simulations are carried out considering nonlinear beam models. The results of these simu-
lations are compared to linear bridge model calculations. The amplitude dependence of the 
natural frequency is considered by a suitable choice of the nonlinear spring characteristic of a 
boundary restraint modelled at the supporting points of the considered beam. The nonlinear 
spring law is derived based on measurements already carried out from the authors on existing 
railway bridges. The effects of nonlinearity and amplitude dependence of the natural frequen-
cies on the forced vibration response of railway bridges during train passage are further inves-
tigated. 
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2 ACTUAL FINDINGS ON NONLINEARITIES IN DYNAMIC MEASUREMENTS 

2.1 Nonlinear effects in reinforced concrete slab bridges 
In the paper by Vospernig & Reiterer [8], the results of measurement and numerical dy-

namic investigations carried out on two simple test bridges of identical execution as supported 
single span reinforced concrete slab bridges are presented. The span of the two identical 
bridge structures is l = 8.0 m, the total length 9.0 m, the structure width 4.50 m, and the slab 
thickness 0.66 m. With  = 2.5 t/m³ for the concrete density, this results in a total mass of 
66.83 t without any additional masses. The two reinforced concrete slab structures were built 
side by side on a formwork floor and after curing for 28 days they were supported on prefab-
ricated foundations with four elastomer mats each (250  300  52 mm). In the final state of 
the structure, the mass per unit length including all additional masses like track ballast, sleep-
er framework and concrete edge beams on both sides, resulted in a total mass per unit length 
of A = 12595 kg/m. The value for the average Young´s Modulus of the structural concrete 
was determined from laboratory tests with Ecm = 29.6  109 N/m². Together with the calculat-
ed bending stiffness EcmIy = 3191 MNm² and the span l = 8.0 m, the calculated first natural 
frequency of the vertical bending mode shape under assumption of an uncracked state of the 
concrete result to f1,ZI = 12.35 Hz [8]. 

The main objective of the investigations carried out in [8] was to determine the dynamic 
parameters (natural frequencies fi and the corresponding damping ratios i) of single span re-
inforced concrete slab structures at different stages of construction and to investigate the in-
fluence of the cracking of the structural slab on the change in the dynamic parameters. For 
this purpose, dynamic measurements were carried out during the construction of the test 
bridges, starting from the raw structure up to the final state with the entire superstructure 
loads. One of the two test bridges was placed in the cracked state after construction by apply-
ing a correspondingly high static load. The second test bridge was left in the non-cracked state 
for the entire duration of the test, so that the results of the two identical executed test bridges 
could be directly compared and evaluated. 

The longitudinal and cross-section of the two test bridges is shown in Figure 1 for the final 
executed state. The ballast superstructure with sleeper framework was not connected to an 
existing track and therefore the stiffness contribution of the transition area from the open track 
to the bridge is not realistically present in the test bridges under investigation. 

The forced vibration testing was used to determine experimentally the natural frequencies 
fi and the corresponding damping rations i for the different assembly conditions of the con-
crete slab bridges. With two long-stroke vibration exciters in parallel operation, an amplitude-
dependent determination of the dynamic characteristics could be carried out by gradually in-
creasing the excitation force amplitude from one measurement to the next in the range of FE = 
226 N  452 N. The gained amplitude-dependent frequency response functions are show in 
Figure 2 for the final state of the structure in the non-cracked state (a) and in the cracked state 
(b). It is seen that the maximum vertical bridge deck accelerations of 0.27 m/s² and 0.37 m/s² 
were achieved at the highest excitation force amplitude FE = 452 N in the steady state re-
sponse of the structure. The frequency response functions shown in Figure 2b for the test 
bridge in the cracked condition (T2) show a significant nonlinearity and amplitude depend-
ence, respectively, in the determined natural frequencies despite the very low vibration ampli-
tudes. When the harmonic resonance excitation with the excitation force amplitude FE = 226 
N is applied, the natural frequency of the cracked test bridge is 10.1 Hz. In contrast, applying 
the higher excitation force FE = 452 N results in a significantly lower first natural frequency 
of 9.97 Hz. The leftward bending of the frequency response curves is clearly visible here. 
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Figure 1: Longitudinal and cross section of the investigated test bridges (only one test bridge is shown; the sec-
ond test bridge is identical in construction) [8] 

Figure 2: Amplitude dependent frequency response functions in the final state of the two test bridges [8]: a) 
structure T1 - uncracked state; b) structure T2 - cracked state 
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In Figure 2a the experimentally gained frequency responses of the test bridge in the non-
cracked state also show a non-linearity and amplitude dependence, respectively, of the natural 
frequency, but this is somewhat lower than in the cracked structure. The test bridge´s damping 
ratios were determined with the half-power bandwidth method, and it does not show any non-
linearities in the amplitude range considered in the measurements. It is assumed that the de-
tected slight differences result from measurement inaccuracies. 

It is noted that the amplitude dependence of the natural frequencies of the reinforced con-
crete slab structures determined from the dynamic measurements can be clearly assigned to a 
decreasing structural stiffness with increasing vibration amplitude in the case investigated. 
The kinetic equivalent moving mass of the two test bridges was kept constant in all measure-
ments and the effect of the frequency shift due to the passing train [16], [17], which is often 
cited in the literature, does not occur here. In the case of the test bridge in cracked condition, 
the nonlinearity of the natural frequencies is attributed to the crack opening and closing 
mechanism occurring during the vibration process as well as changes in stiffness at the elas-
tomeric supports. For the non-cracked structure, the nonlinearity is only attributed to stiffness 
changes in the supports. As the track and superstructure connection to the free track was not 
executed realistically in the investigated test bridges, no nonlinear effects can be attributed to 
the transition area here. In the existing structures, however, additional nonlinearities are ex-
pected to occur during the passage of the train in the bridge end area due to the changes in the 
adhesion forces of the ballast grains to each other during the vibration process [18]-[20]. 

2.2 Nonlinear effects in steel bridges 
In [10], the experimental and numerical investigation of a single-span simple supported 

steel bridge with a span of 19.5 m carried out within the framework of the project "Bridge 
trafficability" [21] of DB Netz AG is presented. The structure consists of two adjacent identi-
cal hollow steel boxes, over each of which a track runs centrally (Figure 3). The two substruc-
tures are connected to each other via the ballast superstructure, resulting in coupled vibration 
modes. The main objectives of the investigation were the verification of the excitation mech-
anism of the ICE 4, the experimental determination of the resonance curve when excited by 
the ICE 4 at different crossing speeds, and the analysis of the influence of the longitudinal 
ballast joint and the ballast bed residual stress on the dynamic behavior of the bridge. 

Figure 3: Investigated steel bridge [10]: a) photo caption; b) cross-section at mid-span; c) longitudinal section 
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Prior to the executed in-situ measurement, an operational modal analysis of the unloaded 
structure was carried out using the "Reference-Based Combined Deterministic-Stochastic 
Subspace Identification (CSI/ref)" method implemented in the MACEC software [22]. This 
resulted in an experimentally determined first natural frequency of the structure of f1 = 5.75 
Hz, which can be assigned to the first vertical bending mode. The expected resonance velocity 
of the considered ICE 4 vehicle can be determined as follows [1]: 

üp
res 1 ,

L
v f

i
=   (1) 

where Lüp is the length over the buffer of the coaches and i is an integer between 1 and 4. 
For i = 3 and Lüp = 28.75 m, the resulting resonance velocity of ICE 4 is vres = 198 km/h. 
However, the resonance curve determined from in-situ measurements for excitations by the 
ICE 4 and shown in Figure 4 shows that the resonance overshoots of the structural response 
occur at a speed of approx. 171 km/h. This would correspond to a back-calculated natural fre-
quency of the structure of approx. 4.95 Hz, and it differs significantly from the experimentally 
determined first natural frequency of 5.75 Hz. It can therefore be concluded that the first natu-
ral frequency of the structure during train passage is approx. 14 % lower than that of the un-
loaded structure. Detailed calculations with consideration of the vehicle-bridge interaction [10] 
have shown that the natural frequency drop caused by the mass effects of the vehicle only 
plays a minor role. Thus, the significant frequency drop was also attributed to a stiffness re-
duction, identical to the findings regarding the considered concrete slab bridge in section 2.1. 
It should be noted at this point that the maximum measured acceleration values, which signif-
icantly exceed the limit value of 3.5 m/s² [3], had no negative influence on the stability of the 
bridge´s ballast bed. This was observed from visual inspections of the track position after each 
train crossing. 

Figure 4: Experimental resonance curve of the considered steel bridge determined for the loaded substructure at 
midspan of the outer web using train passages of an ICE 4 vehicle [10] 

Without going into a detailed discussion here, it should be mentioned that the experimen-
tally determined results for the dynamic characteristic values of railway bridges comprehen-
sively documented in [23] also show a significant reduction in natural frequency with 
increasing bridge deck vibration amplitudes. 
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3 LINEAR AND NONLINEAR BRIDGE MODELS FOR TRAIN CROSSING 
SIMULATIONS 

3.1 Linear bridge model for train crossing simulations 
In this section the numerical simulations of train crossings are carried out by application of 

a Finite Element Software and using the direct time step integration method considering a lin-
ear beam model for the bridge. All relevant bridge parameters necessary to conduct the nu-
merical simulations are taken from the reinforced concrete slab bridge presented in section 2.1. 
At first, the numerical calculations are carried out under consideration of the test bridge in the 
cracked state without taking the non-linear effects into account. The linear numerical model 
was calibrated to the initial value of the measured first natural frequency f0 = 10.10 Hz (Fig-
ure 2b) by properly adjusting the bending stiffness and the stiffness of the additional horizon-
tal spring modelled at the end supports of the beam model. This natural frequency was 
measured using the forced testing method with the excitation force amplitude FE = 226 N 
(Figure 2b). The value of the properly adjusted bending stiffness was selected as (EcmIy)red = 
0.5  EcmIy = 1595.5 MNm² to consider the reduction in stiffness due to cracking [24]. Addi-
tionally, to obtain the first natural frequency f0 = 10.10 Hz in the linear numerical bridge 
model, the stiffness of the horizontal spring at the end supports was chosen to the value 3520 
MN/m. Figure 5 shows the numerical model created in the finite element software. The model 
shown is used to simulate the train crossings in both the linear and nonlinear calculations. For 
the nonlinear calculations, the spring characteristic is defined as nonlinear (see section 3.2). 

Figure 5: Applied Finite Element model for train crossing simulations of railway bridges (applied for linear and 
non-linear simulations of train crossing) 

The train crossing simulations are carried out with the moving load model according to EN 
1991-2 [1], whereby in addition to the standard HSLM-A trains, the operating trains ICE 4 
and Railjet, relevant in Germany and Austria, are also considered. For simplification, only the 
critical model train HSLM-A01 of the ten different HSLM-A trains is considered. This results 
from the span of the examined reinforced concrete slab structure of l = 8.0 m by applying the 
procedure described in Annex E of EN 1991-2 [1]. The axle loads and axle distances of the 
operating trains ICE 4 and are taken from RW 08.01.04 [2] and RIL 804 [3]. 

The train crossing calculations are carried out in the train speed range from 60 to 420 km/h. 
The speed step is chosen with 5 km/h. The equations of motion are solved by applying the 
direct time step integration, whereby the time step for the integration is set to t = 0.01 sec-
onds. This captures the contribution of the governing first vibration mode to the bridge´s train 
induced acceleration response with sufficient accuracy. The Rayleigh damping is defined for 
the first and second natural frequency of the bridge according to EN 1991-2 [1] with total =  
+  = 2.56 %, where  = 2.34 % and  = 0.22 %. The evaluation of the maximum vertical 
bridge deck acceleration is carried out at each velocity step in the middle of the beam struc-
ture and the calculation results are used to create a resonance curve for each train type consid-
ered. The calculation results are presented and discussed in section 4. 
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3.2 Nonlinear bridge model for train crossing simulations 
The train crossing simulations on nonlinear beam models of the considered reinforced con-

crete slab bridge are also caried out by applying direct time-step integration with the numeri-
cal model shown in Figure 5. Here again, the structure in cracked condition is considered, 
whereby the nonlinearities (amplitude dependencies) of the natural frequencies are here con-
sidered. This is done approximately by two additional nonlinear eccentrically arranged hori-
zontal springs in the support area of the beam model (Figure 5). The definition of a realistic 
nonlinear spring characteristic for the simulation of train crossings is in itself a very complex 
task that can only be solved on a structure-specific basis and with a very high experimental 
effort. In the present case, a simplified approach is followed. Here, the frequency response 
curves determined from dynamic measurements and shown in Figure 2b are used for the 
structure in cracked condition. The reductions of the bridge´s natural frequencies due to the 
nonlinear amplitude-dependent behavior can be determined for the measured amplitude range 
(a1,max = 0.19 m/s² to a3,max = 0.37 m/s²) in the form of a negative gradient in the unit Hz / 
(m/s²) as follows: 

0,3 0,1
a3 a1

3,max 1,max

9,97 10,1 Hz0,70 .
0,37 0,19 m / s²

f f
k

a a−

− −
= =  −

− −
 (2) 

The derived amplitude dependence of the natural frequency according to Equation 2 is 
used as a rough orientation value for finding the optimal nonlinear spring characteristic of the 
considered concrete slab bridge. This step was carried out in an iterative process. It provides 
for the iterative adjustment of the supporting points of the spring characteristic curve so that 
the behavior of the numerical model reaches the desired tendency of the frequency reduction. 
The spring characteristic curve obtained in this way is shown in Figure 6, while the resonance 
curves obtained with it at different excitation frequencies are shown in Figure 7. It is seen that 
the (initial) natural frequency drops from approx. 10.1 Hz at 0.5 kN excitation force amplitude 
to approx. 8.8 Hz at a correspondingly increased force amplitude of approx. 35 kN. A further 
increase of the force amplitude causes only a relatively small decrease of the natural frequen-
cy. Furthermore, it can be observed that the slope of the frequency reduction is on average 
approx. 0.3 Hz/(m/s²) and is therefore smaller than the experimentally determined negative 
slope from Equation 2. It should be mentioned that the expected behavior does not show a 
linear amplitude dependence. In the low amplitude range, as also examined in the measure-
ment results in Figure 2, the frequency reduction can be approximated linearly. For larger 
amplitudes, the frequency dependence can no longer be represented by the linear relationship. 

Figure 6: Nonlinear spring characteristic determined from an iterative process 
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Figure 7: Resonance curves of the nonlinear beam model for harmonic excitation applied at midspan based on 
the nonlinear spring characteristic curve 

4 COMPARISON OF THE RESULTS OF THE NON-LINEAR WITH THE LINEAR 
BRIDGE MODEL 

The dynamic calculations of train crossings on the linear and nonlinear beam model of the 
investigated reinforced concrete slab bridge results the resonance curves shown in Figure 8 to 
10 for the train types considered, HSLM-A01, ICE 4 and Railjet. In the linear beam model, 
the maximum value of the vertical bridge deck acceleration results 23.8 m/s² for the HSLM-
A01 at the corresponding resonance speed of 320 km/h. In comparison, the resonance speed 
for the simulation of train crossings in the nonlinear beam model is significantly lower at 270 
km/h. The reduction of the resonance speed and thus also of the resonance frequency is there-
fore approx. 16 % due to the considered nonlinear system behavior. At the same time, the 
maximum value of the vertical bridge deck acceleration of the nonlinear system is with 21.2 
m/s² approx. 11 % lower. 

Figure 8: Calculated resonance curves due to crossing of the critical model train HSLM-A01 for the linear and 
nonlinear bridge model 
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For the operating train ICE 4, the maximum values of the vertical bridge deck acceleration 
in the linear and nonlinear beam model are 35.4 m/s² and 29.20 m/s respectively. In the non-
linear model, the maximum value is therefore approx. 18 % lower. It is seen from Figure 9 
that the simulation of the ICE 4 in the nonlinear model results in a significant reduction of the 
resonance speed compared to the linear model (from 340 km/h to 285 km/h). The reduction 
amounts to approx. 16 %. 

Figure 9: Calculated resonance curves due to crossing of the operating train ICE 4 according to [3] for the linear 
and nonlinear bridge model 

The simulation of the Railjet crossings results in a maximum value of 24.1 m/s² for the ver-
tical bridge deck acceleration in the linear beam model at the resonance speed of 315 km/h. In 
comparison, the nonlinear beam model yields a maximum value of 19.6 m/s² at the resonance 
speed of 265 km/h. The reduction of the resonance speed is therefore approx. 16 % and the 
reduction of the maximum vertical bridge deck acceleration is approx. 19 %. 

Figure 9: Calculated resonance curves due to crossing of the Railjet (configuration 1 according to [2]) for the 
linear and nonlinear bridge model 
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5 CONCLUSIONS 
The influence of the observed nonlinear, amplitude-dependent behavior of the resonance 

frequencies of railway bridges was investigated in relation to the vibration response behavior 
occurring during train passage. Based on the authors' existing findings on the amplitude de-
pendence of the resonance frequencies, which were determined during executed in-situ meas-
urements on reinforced concrete slab bridges and steel bridges, a non-linear spring law 
approximating the real behavior was derived and numerical train crossing calculations were 
carried out. For the numerical calculations, a single-span simple supported reinforced concrete 
slab was considered, and the crossings were carried out with the HSLM-A01 train, which is 
critical for the structure, as well as with the operating trains ICE 4 and Railjet in the speed 
range from 60 km/h to 420 km/h. The linear and non-linear behavior of the train crossings 
was calculated. The calculation results obtained in the linear and nonlinear beam model for 
the maximum vertical bridge deck accelerations of the considered railway bridge during train 
passage show that due to the amplitude dependence of the natural frequencies, a significant 
reduction of the resonance velocity and lowering of the maximum vibration responses of the 
bridge results. The reduction of the resonance velocity resulting from the nonlinearity of the 
resonance frequency is approx. 16 % and this agrees very well with the observations made 
during in-situ measurements on existing railway bridges. This frequency reduction can play a 
major role if the calculated resonance velocity is outside the range to be calculated, but the 
actual resonance velocity falls within the relevant range due to the frequency reduction. The 
maximum vertical bridge deck acceleration of the structure was determined in the nonlinear 
beam model with a value up to approx. 19 % lower than in the linear model. The investiga-
tions carried out show that considering the nonlinearities of the resonance frequencies deter-
mined in in-situ measurements in dynamic calculations of the train passage, a more exact 
agreement between the measured and the computationally determined vibration response be-
havior is achieved. The findings presented in the article regarding the significant reduction of 
the resonance velocity due to the amplitude dependence of the natural frequencies should be 
taken into account in dynamic calculations of train crossings of railway bridges. However, it 
should be mentioned that further investigations are necessary in order to develop a generally 
valid approach for the representation of non-linearities in the dynamic calculation of railway 
bridges. Nevertheless, the findings of this paper can be used as a rough guide to highlight the 
extent of the effects of non-linear behavior. 
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