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Abstract. Accurate modeling of structural dynamics is essential for designing effective vibra-
tion control strategies in earthquake engineering. Traditional system identification techniques
often struggle to distinguish intrinsic structural behavior from external forces, particularly in
the presence of measurement noise. Dynamic Mode Decomposition with Control (DMDc) of-
fers a data-driven approach to extracting system dynamics while accounting for external inputs.
However, its performance degrades significantly in noisy environments, leading to inaccurate
mode identification and misrepresented damping characteristics. To address this challenge,
we introduce Augmented Dynamic Mode Decomposition with Control (AugDMDc), a novel ex-
tension that incorporates time-delay coordinates into DMDc to enhance noise robustness. By
embedding past measurements into the state-space representation, AugDMDc effectively re-
duces the impact of sensor noise while preserving the ability to separate a structure’s natural
response from external excitations. We validate this approach using a structural dynamic sys-
tem equipped with an Active Mass Damper (AMD), comparing the performance of DMDc and
AugDMDc under various conditions.
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1 Introduction

Predicting, controlling, and mitigating vibrations in structures subjected to seismic forces is
a key challenge in structural engineering. Earthquakes introduce dynamic forces that induce
oscillations capable of compromising structural integrity, leading to extensive damage or, in
extreme cases, catastrophic collapse. Over the decades, engineers have introduced an array of
strategies to counteract these effects, ranging from passive systems such as tuned mass dampers
to active control mechanisms employing real-time actuators [1, 2, 3, 4, 5, 6, 7, 8]. These ap-
proaches aim to stabilize structures, dissipate energy, and safeguard both human lives and in-
frastructure. Yet, the efficacy of such methods rests heavily on the precision of the dynamic
models employed to forecast a structure’s response to seismic loads. Accurately capturing the
interplay between a building’s intrinsic behavior and the external forces it encounters remains a
challenge that demands robust, data-driven methodologies.

A central difficulty in constructing reliable dynamic models lies in isolating the intrinsic
dynamics of a system from the influence of external inputs, such as seismic forces or wind
gusts. Measurement data—typically acquired via accelerometers, strain gauges, or other sen-
sors—often reflect a combination of these factors, complicating efforts to isolate the evolution of
the system’s natural behavior [9, 10]. Traditional modeling techniques, including finite element
methods and classical system identification approaches like subspace methods, frequently rely
on simplifying assumptions that fail to fully account for this complexity [11]. Consequently,
these methods may produce representations that inadequately distinguish between forced re-
sponses and the structure’s inherent oscillatory modes, undermining their utility for control
design.

In recent years, data-driven techniques have emerged as powerful tools to address these
limitations, with Dynamic Mode Decomposition (DMD) gaining prominence for its ability to
extract coherent spatiotemporal patterns from high-dimensional datasets [12, 13]. Originally
developed in the fluid dynamics community, DMD approximates a system’s evolution as a
linear superposition of modes, offering a computationally efficient means to characterize dy-
namics without requiring an explicit governing equation. However, standard DMD assumes
autonomous system behavior, making it unsuited for scenarios involving external actuation—a
critical limitation in structural engineering applications where seismic inputs or control forces
are prevalent.

To overcome this shortfall, Dynamic Mode Decomposition with Control (DMDc) extends
the DMD framework by explicitly incorporating the effects of external inputs [14]. DMDc
constructs a low-order model that simultaneously identifies the state-space dynamics and the
input matrix, enabling a clearer separation between a system’s intrinsic behavior and its re-
sponse to external forcing. This capability renders DMDc particularly promising for structural
control applications, where distinguishing seismic effects from a building’s natural dynamics
is paramount for designing effective mitigation strategies. Studies such as those by [15] and
[16] have demonstrated DMDc’s versatility across diverse domains, from fluid-structure inter-
actions to robotics, underscoring its potential for engineering systems subject to controlled or
uncontrolled inputs.

Despite its advantages, DMDc inherits a well-documented weakness of the original DMD
algorithm: sensitivity to measurement noise [17, 18]. In real-world structural monitoring, data
collected from accelerometers or other sensors are invariably corrupted by noise arising from
environmental interference, sensor limitations, or signal processing artifacts. This noise can
significantly distort the identified modes and eigenvalues, leading to models that misrepresent
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the true system dynamics. For instance, noisy data may exaggerate damping ratios or shift
resonant frequencies, compromising the reliability of downstream control strategies. This vul-
nerability has spurred ongoing research into noise-robust variants of DMD and DMDc, with
approaches such as total least-squares DMD [19] and Forward-Backward Extended DMD [20]
gaining traction in the literature.

Building on this foundation, we propose an enhanced approach that combines DMDc with
time-delay coordinates to improve system identification in the presence of noise. Specifically,
we apply this methodology to the challenge of modeling structural dynamics under controlled
excitations, where accurate separation of intrinsic and external effects is critical. This work
seeks to advance the applicability of DMDc-based techniques in structural engineering, offer-
ing a more reliable tool for designing control strategies that mitigate vibrational responses. To
further enhance DMD’s capabilities, we incorporate Augmented Dynamic Mode Decomposi-
tion (AugDMD), first proposed by [13], which uses time-delay coordinates to improve DMD’s
ability to capture nonlinear dynamics. We extend this approach by integrating AugDMD with
DMDc (AugDMDc), offering a more robust framework for handling noisy data in structural dy-
namics and improving the separation of intrinsic dynamics and external excitations in seismic
environments.

2 Dynamic Mode Decomposition

This section summarizes the standard DMD [12, 21, 22] algorithm and its extensions AugDMD
[13] using time-delay coordinates, DMDc [14] considering the measured input signal, and the
novel AugDMDc formulation combining DMDc and AugDMD. The DMD algorithm provides
a spatiotemporal data analysis, identifying dynamic modes (DMD modes) from collected snap-
shots or measurements of a dynamical system.

The standard DMD method considers a set of snapshot data vectors x(k) ∈ Rn obtained at
discrete time steps k from a dynamical system described by

x(k + 1) = Ax(k), (1)

where A is an unknown operator and k ∈ {0, 1, . . . ,m}. The purpose of DMD is to approxi-
mate the eigenvectors and eigenvalues of A. The procedure can be summarized in the following
steps:

1. Snapshot matrix formation: Construct two snapshot data matrices from m snapshots:

X1 = [x(1) x(2) . . . x(m− 1)] , (2a)
X2 = [x(2) x(3) . . . x(m)] , (2b)

where X1,X2 ∈ Rn×(m−1).

2. Truncated Singular Value Decomposition (SVD): Compute the rank-r truncated econ-
omy SVD of X1:

X1 ≈ ŨΣ̃Ṽ∗, (3)

where Ũ ∈ Cn×r, Σ̃ ∈ Cr×r, Ṽ ∈ Cm×r, r is the rank of X1, and ∗ denotes conjugate
transpose.

3. Low-dimensional projection: Project A onto an r-dimensional subspace spanned by Ũ:

Ã = Ũ∗AŨ = Ũ∗X2ṼΣ̃−1. (4)
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4. Reduced-order dynamical system: Formulate a low-dimensional linear model:

x̃(k + 1) = Ãx̃(k), (5)

with the original state approximated as x(k) = Ũx̃(k).

5. Eigenvalue decomposition: Compute the eigendecomposition of Ã:

ÃW = WΛ, (6)

where the columns of W are eigenvectors and Λ is a diagonal matrix with eigenvalues
λk.

6. Reconstruction of original eigenvectors (DMD modes): The eigenvalues of A are ap-
proximated directly by those of Ã, and the corresponding DMD modes are given by

Φ = X2ṼΣ̃−1W. (7)

Finally, the continuous-time approximation of the system state can be expressed as

x(t) ≈
r∑

k=1

φk exp(ωkt)bk = Φ exp(Ωt)b, (8)

where bk are coefficients determined by the initial condition projected onto each mode, the
columns of Φ are the DMD modes φk, and Ω is a diagonal matrix containing continuous-time
eigenvalues ωk = ln(λk)/∆t.

2.1 Augmented DMD (AugDMD)

To improve the robustness of DMD when dealing with complex and noisy systems, the Aug-
mented Dynamic Mode Decomposition (AugDMD) considers time-delay coordinates based on
Takens’ embedding theorem [23]. This theorem suggests that the intrinsic dynamics of spe-
cific systems can be effectively reconstructed from a finite number of observations using time-
delayed embeddings [13]. AugDMD closely follows the standard DMD methodology but in-
stead utilizes augmented snapshot matrices defined as

X1 aug =


x(1) x(2) · · · x(m− s)
x(2) x(3) · · · x(m− s+ 1)

...
... . . . ...

x(s) x(s+ 1) · · · x(m− 1)

 , (9a)

X2 aug =


x(2) x(3) · · · x(m− s+ 1)
x(3) x(4) · · · x(m− s+ 2)

...
... . . . ...

x(s+ 1) x(s+ 2) · · · x(m)

 , (9b)

where s is the number of delay coordinates and X1 aug, X2 aug ∈ R(s·n)×(m−s).
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2.2 DMD with control (DMDc)

DMDc extends the traditional DMD framework by explicitly incorporating control inputs.
This approach distinguishes the intrinsic system dynamics from the external influences due
to actuated inputs, resulting in a disambiguated input-output model representation [14]. The
following summary of this methodology is based on [14].

The objective of DMDc is to describe the relationship between x(k+1), x(k) and the current
control u(k). This relationship is provided by the linear operators A and B as follows

x(k + 1) ≈ Ax(k) +Bu(k), (10)

where x(k) ∈ Rn, u(k) ∈ Rl, A ∈ Rn×n, and B ∈ Rn×l. Similar to standard DMD, data
matrices are constructed as in Eq. 2a and Eq. 2b. Consider additionally a new sequence of
collected control input snapshots as

Υ = [u(1) u(2) . . . u(m− 1)] , (11)

where Υ ∈ R(m−1)×l. Rewrite Eq. 10 in matrix form including the data matrices in Eq. 2a and
Eq. 2b and Eq. 11 as

X2 ≈ AX1 +BΥ. (12)

Focus on the general case where both linear operators A and B are unknown. Rewrite the
system in Eq. 12 as

X2 ≈ GΩ, (13)

where G = [A B] and Ω = [X1 Υ]T . The operator G is obtained using the pseudo inverse
as

G = X2Ω
†. (14)

To solve the least-squares problem in Eq. 14, a truncated SVD of the augmented matrix Ω is
performed

Ω ≈ ŨΣ̃Ṽ∗. (15)

The truncation rank p for Ω should generally exceed the truncation rank r used for X. Thus,
approximate G as

G ≈ G = X2ṼΣ̃−1Ũ∗. (16)

To obtain the operators A and B, we partition the columns of Ũ∗ as Ũ∗ = [Ũ∗
1 Ũ∗

2] where
Ũ1 ∈ Rn×p corresponds to the states and Ũ2 ∈ Rl×p corresponds to the input. Therefore one
can separately estimate A and B as

[A, B] ≈ [X2ṼΣ̃−1Ũ∗
1, X2ṼΣ̃−1Ũ∗

2]. (17)

For the case of large-dimensional systems, directly using the computed A and B becomes
computationally impractical. Instead, a second truncated SVD is perfromed, this time of the
output matrix X2 ≈ ÛΣ̂V̂∗, selecting a lower rank r truncation (r < p). Define a reduced-
order subspace via the linear transformation x = Ûx̃, and formulate a low-dimensional linear
model using the operators

Ã = Û∗X′ṼΣ̃−1Ũ∗
1Û, (18)

B̃ = Û∗X′ṼΣ̃−1Ũ∗
2. (19)
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The resulting reduced-order system then takes the form of

x̃(k + 1) = Ãx̃(k) + B̃u(k). (20)

The dynamic modes of the original system can be computed by performing the eigendecompo-
sition ÃW = WΛ. Finally the dynamic modes of A are given by

Φ = X2ṼΣ̃−1Ũ∗
1ÛW. (21)

2.3 AugDMDc

We propose to combine AugDMD and DMDc to increase noise robustness for actuated sys-
tems by using the DMDc algorithm described in Sec. 2.2 and augment the data matrices in
the same form described in Eq. 9. Since the scope focuses on applying DMD for structural
dynamics problems where n << m, no rank truncation from either the new augmented Ωaug or
X2 aug is required. To apply the proposed AugDMDc, we first consider a number s of time-delay
coordinates. We then deploy the normal DMDc without rank truncation when performing the
SVD. For this case, we would only need one SVD to calculate the pseudoinverse as in Eq. 14.
Consequently, we obtain an augmented system with Aaug ∈ R(n×s)×(n×s) and Baug ∈ R(n×s)×l.
Aaug consists of the first n × s columns of Gaug and Baug of the rest (starting from n × s + 1
until the end) of columns of Gaug.

In the presence of noise, we have a tuning parameter s (number of time-delay coordinates)
that we can adjust to improve our system’s modeling and time-ahead prediction. Furthermore,
AugDMDc keeps leveraging the DMDc’s disambiguation capability to obtain a free response
to the unactuated system and provides an augmented system capable of predicting the forced
system’s reaction to unprecedented input signals. Fig. 1 provides a schematic overview of the
AugDMDc algorithm.

xf

xc

kf

cf

mc

mf

Experiment Data Collection AugDMDc

Figure 1: Schematic overview of the AugDMDc algorithm.
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3 Structural dynamic example

This section presents the derivation of a toy example of a second-order state-space model of a
structural dynamic system with an Active Mass Damper (AMD) on the last floor given in Fig. 2.
We use this model to generate synthetic data to later test the capabilities and limitations of the
DMD, DMDc, and DMDc with time-delay coordinates (AugDMDc) algorithms in a systematic
and controlled manner. Several assumptions are considered for simplification. First, the input to
the system will be a theoretical torque signal applied to the AMD to regulate its linear motion,
as shown in Fig. 2. The linear motion of the AMD will generate oscillations in the structure
similar to the ones present during earthquakes or in the presence of wind disturbances. This
setting is slightly different from the actual conditions since, in the case of a real structure, we
want to use the measured signal corresponding to the acceleration at the ground floor as input
to our system. Second, for simplicity, assume access to the full state variables corresponding to
position and velocity instead of the acceleration of the last floor are given. This simplification
allows us to ignore the direct feedthrough from the torque input to the acceleration on the last
floor. Nonetheless, for completeness, we present the derivation of the state space, including the
output with direct feedthrough.

xf

xc

kf

cf

mc

mf

Figure 2: Simplified example of a structure with an AMD. The states of the system x1 and x2 correspond to the
position xf and velocity ẋf of the building, respectively.

The structural dynamic system with an AMD showed in Fig. 2 can be described with the
following equation as

−kfxf − cfẋf +mcẍc = ẍfmf, (22)

where kf = 500 corresponds to the stiffness coefficient of the structure, cf = 3 to the damp-
ing coefficient of the structure, mc = 0.39 kg the mass of the AMD, and mf = 0.68 kg to
the mass of the last floor. The variables xc and xf correspond to the horizontal displacement
of the AMD and the floor, respectively. Considering Eq. 22, and assuming as state vector
x(t) = [x1(t) x2(t)]

T = [xf ẋf]
T we derive a continuous-time state-space representation in the

form of

ẋ(t) = Ax(t) +Bu(t), (23)
y(t) = Cx(t) +Du(t), (24)

and with state matrices
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Figure 3: Left: Comparison of the measured and the DMDc simulated building position x1. Right: Eigenvalues of
the real system and the DMDc model.

A =

[
0 1

−kf/mf −cf/mf

]
, B =

[
0

mc/mf

]
, (25)

C =
[
−kf/mf −cf/mf

]
, and D =

[
0
1

rmcmf

]
, (26)

where u(t) corresponds to the torque τ and r = 6.3 mm to the radius of the motor. Finally,
we discretize the system in Eq. 23 using a zero-order holder to generate the synthetic data to
deploy the DMD algorithms.

4 Results and Discussion

A key advantage of DMDc is its ability to separate a system’s intrinsic dynamics from the
influence of external inputs. When identifying system behavior from measurement data, it is
often necessary to determine how the system evolves independently of external inputs. This dis-
tinction is particularly important in cases where actuation cannot be controlled or systematically
varied, requiring analysis based solely on available data. Fig. 3 (left) demonstrates that DMDc
achieves a high-accuracy reconstruction of the system, providing independent estimates of both
the state-space matrix and the input matrix. The method effectively captures the system’s natu-
ral behavior while accounting for external actuation, resulting in a nearly perfect reconstruction
of the original signal. Moreover, the eigenvalues of the real system closely align with those of
the DMDc model, as shown in Fig. 3 (right), confirming that the method accurately identifies
the underlying system dynamics.

DMD struggles with noise, often failing to accurately identify system dynamics when mea-
surement data are corrupted. The same limitation applies to DMDc, as it inherits this sensitivity
to noise. Fig. 4 (left) illustrates the effect of noise on the DMDc reconstruction, showing that
when noise is present, the reconstructed signal is significantly degraded. Examining the eigen-
values of the identified system in Fig. 4 (right) further highlights this issue. A clear mismatch is
observed when comparing the eigenvalues of the DMDc-identified system to those of the orig-
inal system. Specifically, the identified system exhibits much stronger damping than the true
system, a common issue that arises in noisy conditions.

To mitigate the impact of noise, we introduce time-delay coordinates to the data and apply the
AugDMDc algorithm as outlined in the previous section. The results, shown in Fig. 5, demon-
strate that by incorporating 96 delay coordinates, we are able to effectively suppress the influ-
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Figure 4: Left: The effect of noise on the DMDc reconstruction, showing significant degradation of the signal.
Right: Eigenvalues of the DMDc-identified system compared to those of the original system.
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Figure 5: Comparison of the measurements and the AugDMDc reconstruction with 96 delay coordinates.

ence of noise and accurately reconstruct the original system dynamics. This highlights a key
advantage of AugDMDc, as it addresses one of the primary limitations of classical DMDc—its
sensitivity to noise. By leveraging time-delay coordinates, AugDMDc enhances the robustness
of system identification, allowing for a more reliable identification of intrinsic dynamics even
in the presence of significant measurement noise.

A fundamental objective of DMDc is to identify a system representation that decouples its
intrinsic dynamics from the influence of external inputs. However, under certain conditions,
this separation is not achieved. Instead, the algorithm may generate a system that attempts
to reproduce the entire dataset as a whole, incorporating the external actuation as part of the
identified system dynamics. When this occurs, the resulting input matrix is nearly zero, meaning
that while the identified system can accurately replicate the observed data, it does not correctly
capture how the system would respond to a different external input. The problem becomes
particularly pronounced when an excessive number of delay coordinates is employed, arising
in both noisy and non-noisy data. As demonstrated in Fig. 6 (left) (for noisy data) and Fig. 6
(right) (for non-noisy data), applying a large number of delay coordinates yields a free response
that closely mirrors the provided dataset, implying that the system’s behavior is insensitive
to changes in external input. Rather than isolating the input effects, the algorithm effectively
absorbs them into the system’s dynamics. A possible way to mitigate this issue is to ensure that
the excitation signal provided to the system is sufficiently rich, spanning a broad spectrum of
amplitudes and frequencies. However, in many practical cases, control over the external input
is limited or entirely unavailable. Therefore, it is crucial to verify whether the identified system
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Figure 6: Comparison of measurements and free response. Left: AugDMDc with 500 delays (noisy data). Right:
AugDmdc with 40 delays (non-noisy data).

is truly decoupled or if it has absorbed the input dynamics into its state evolution.

5 Conclusion

This study presents a data-driven strategy for vibration control in structures using DMDc and
AugDMDc, addressing critical challenges in noise sensitivity and system identification. Key
findings reveal that DMDc successfully isolates structural dynamics from external seismic in-
puts, enabling precise eigenvalue estimation. However, noise-corrupted data degrade DMDc’s
performance, leading to exaggerated damping ratios. AugDMDc resolves this by leveraging
time-delay coordinates, improving noise robustness and accurately reconstructing system dy-
namics even with significant measurement noise.

Several open questions remain in the further development of these methods. One critical
challenge is determining how the number of required delay coordinates relates to the level of
noise in the data. Establishing a mathematical framework to determine the optimal amount of
delay for accurate system identification is essential, as this would allow us to better understand
how noise influences the delay requirements. Additionally, understanding the threshold beyond
which too many delays result in external inputs being incorporated into the system’s dynamics is
necessary to ensure that the algorithm isolates the system’s true behavior. Another major issue
is the sensitivity of time-delay methods to sampling frequency. Because time-delay techniques
rely on stacking delayed measurements, their effectiveness varies with the sampling frequency.
The investigation into which frequencies are effective or fail will be continued in future research.
Developing a method to identify the optimal sampling frequency is essential for ensuring the
reliability of this approach across different experimental setups.
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