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Abstract. Catastrophic risk management requires a comprehensive understanding of aggre-
gate loss distribution, as well as an in-depth knowledge of the uncertainties influencing the
reliability of this distribution. Aggregate loss distribution is particularly sensitive to uncer-
tainties arising in hazard assessment processes and the vulnerability of building typologies.
Traditionally, simulation-based methods are employed to estimate and analyze aggregate loss
distribution, as these methods enable the modelling of complex uncertainties in hazard exposure
and vulnerability. However, simulation-based approaches come with notable limitations: they
are computationally intensive and time-consuming, particularly when analyzing large asset
portfolios and attempting to calculate the tail of the loss distribution. Therefore, an alterna-
tive framework is proposed to calculate aggregate loss distribution using a convolution-based
approach grounded in the total probability theorem. This framework is further enhanced by in-
corporating spatial correlation in intra-event shaking intensity, which is crucial for calculating
aggregate loss in low exceedance probabilities for large portfolios. The improved convolution-
based and simulation-based methods are applied to a portfolio in Zeytinburnu, Istanbul. The
results demonstrate that the improved convolution-based method not only provides a more com-
putationally efficient method but also offers more reliable aggregate loss in the tails of the
distribution compared to the conventional simulation-based method. This framework offers a
valuable tool for enhancing decision-making in risk transfer and mitigation efforts.
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1 INTRODUCTION

Earthquake-induced exposure losses are typically divided into three categories, which in-
clude casualties, direct losses and indirect losses. Direct losses refer to physical damage affect-
ing structural and non-structural components and contents, along with the repair costs necessary
to restore their functionality. These losses may also include the insured value of the building,
which covers compensation for structural, non-structural and content damage. Indirect losses
arise from the partial or complete disruption of the building’s intended function due to physical
damage to the structure itself or surrounding infrastructure, leading to business interruption and
disruptions in social services that depend on the building functionality. Hereby, direct loss will
be our focus for loss analysis. However, the method that we propose in the paper can also be
utilized to aggregate indirect losses.

Effective management of catastrophic risk during the recovery process, as well as risk trans-
fer and reduction strategies, requires a comprehensive understanding of aggregate loss distri-
bution. These strategies often rely on the target exceedance probability of loss distribution. A
key component of this process is recognizing the epistemic uncertainties and aleatoric variabili-
ties within the seismic hazard, vulnerability and exposure models, as these factors influence the
reliability of loss distribution.

In seismic hazard models, uncertainties are associated with parameters such as ground mo-
tion intensity measures (GMIM), rupture location along a source, source geometry and max-
imum magnitude of a source. Vulnerability models, on the other hand, introduce epistemic
uncertainties due to a lack of detailed information on building characteristics, leading to varia-
tions in damage ratios. In this study, aleatoric variability in GMIM and epistemic uncertainty in
damage ratio at a given GMIM are considered.

In the literature, numerous Ground Motion Models (GMMs) establish relationships between
source-to-site distance, event magnitude, faulting mechanism, local soil conditions and other
explanatory variables. GMIM is generally observed to follow a lognormal distribution, with
its standard deviation comprising of two components: intra-event variability (σintra), which
describes dispersion within a single event, and inter-event variability (σinter), which describes
dispersion across different events. However, GMMs do not account for the intra-event spatial
correlation between sites of interest. While this is not essential for single-site assessments, it
becomes crucial when evaluating loss distributions for spatially distributed portfolios.

Two conventional methodologies are widely used to incorporate these uncertainties and vari-
abilities in loss assessment, enabling the modelling of complex uncertainties in hazard, exposure
and vulnerability. These include simulation-based loss assessment [1, 2] and convolution-based
loss assessment [3, 4, 5]. Each approach has its advantages and limitations.

Simulation-based techniques, such as Monte Carlo simulations, are well suited for captur-
ing uncertainties and implementing spatial ground-motion correlation within events. However,
these methods struggle with accurately representing low probability exceedances, which influ-
ence the tail value losses. Addressing this limitation often requires significant computational
resources, making these techniques time-consuming and costly.

Conversely, the convolution-based approach proposed by [3] accounts for the full distribution
of GMIM and damage ratio at a given GMIM level. This method aggregates loss distributions
by convolving two or more distributions using Fast Fourier Transformation (FFT). However, the
convolution-based approach does not incorporate spatial ground motion correlation between the
sites, which can significantly impact loss estimates for closely distributed exposures.

To address this gap, an improved convolution-based probabilistic loss assessment method
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is proposed by incorporating spatial correlation in ground motion fields. This study considers
only intra-event spatial correlation and does not account for cross-correlation. Furthermore, the
proposed method and its application will be demonstrated through a case study on a portfolio
located in Zeytinburnu, Istanbul.

2 PROPOSED METHOD

Given an earthquake scenario, the proposed method is explained by considering a single
asset at each site i, for i=1,. . . ,s. The earthquake scenario is described with a specific magnitude
(M=m), source-to-site distance (Ri=r), and other explanatory variables (θ). Later, the inter-event
variability is considered as a set of discrete ϵinter values covering the entire range of the standard
normal distribution N (0, 1) and aggregated with the Total Probability Theorem. We can write
the loss probability density function (pdf) conditioned on these explanatory variables at site i
when loss variability for each asset and intra-event variability is represented as:

f(li | M,Di, θ, εinter) =

∫ ∞

0

fl(li | IM = im) fIM(im | M,Di, θ, εinter) dim (1)

where fl(li | IM = im) represents the conditional probability density function of a vul-
nerability function for a given intensity measure (IM) while fIM(im | M,Di, θ) denotes the
probability density function of IM conditioned on explanatory variables, which can be defined
as N

(
ln(IM), σintra

)
.

2.1 One Site Multiple Assets

When site i contains a set of n assets, different correlation scenarios can be considered in
terms of the damage ratio, particularly for risks that are classified within the same typology. If
all assets are assumed to sustain the same level of damage, the damage ratios are fully corre-
lated. Conversely, if each asset is affected independently, the damage ratios are uncorrelated. In
practice, the correlation typically falls somewhere between these two extremes, influenced by
factors such as spatial proximity between the assets and their structural similarity.

For simplicity, we assume that the damage ratio for each asset within the same typology is
independent due to the lack of information on whether the assets belong to the same building
within the portfolio. Additionally, in terms of intra-event variability, since all assets are located
at the same site, no intra-event variability exists among them. Consequently, ϵintra should be
assigned the same value for each asset, following a standard normal distribution (N (0, 1)). As
a result, the ground motion ui is given by Eq. (2).

ui = exp
(
ln(IM) + εinter σinter + εintra σintra

)
(2)

Since losses for each asset are expected to be independent variables when conditioned on the
ground motion, convolution can be applied to aggregate the loss distributions of individual as-
sets. Consequently, the total loss probability density function for a set of assets within the same
site can be determined using the convolution of the conditional probability density functions of
asset losses, as expressed in Eq. (3).

flT (li | ui) =
(
f1|ui

∗ f2|ui
∗ · · · ∗ fn|ui

)
(3)
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The term f1,2,...,n|ui
represents the loss distribution of each asset conditioned on the ground

motion intensity ui. The symbol ∗ denotes the convolution operation. The exceedance proba-
bility, represented by the complementary cumulative distribution function (CCDF) for a given
loss threshold conditioned on intra-event variability, can be determined by integrating Eq. (3)
over the total loss distribution, taking into account all assets located within the site.

P (LT > l | εinter, εintra) = 1−
∫ l

0

flT (li | ui) dl (4)

Eq. (5) represents the exceedance probability of a specific aggregated loss threshold when a
single site contains multiple assets. This formulation accounts for the total loss distribution by
considering the contributions of all assets at the site of interest.

P T
L (LT > l | εinter) =

∫ ∞

−∞
P (LT > l | εinter, εintra) fεintra(εintra) dεintra (5)

2.2 Multiple Sites

Exposures are generally distributed over a geographic area, making it usual (compulsory) to
consider multiple sites in loss assessment. As previously mentioned, when multiple sites are
involved, the spatial correlation of intra-event variability begins to influence the aggregated loss
distribution, particularly when the sites are close to each other. Therefore, the spatial correlation
of intra-event variability should be accounted for based on the distance between sites (inter-
site distance). This correlation can be represented by using a multivariate normal distribution,
given that εintra follows a standard normal distribution. Consequently, the multivariate normal
distribution N (µ,Σ) of intra-event variability can be modelled as follows:

µ = [0 0 · · · 0]1×s (6)

Σ =


1 ρ1,2(h) · · · ρ1,s(h)

ρ2,1(h) 1 · · · ...
...

... . . . ...
ρs,1(h) ρs,2(h) · · · 1


s×s

(7)

where µ is a conditional mean vector, and Σ is the covariance matrix of the multivariate
normal distribution. Moreover, ρ(h) represents the spatial correlation as a function of the inter-
site distance h between the sites. This correlation describes how intra-event variability is related
across different locations, with higher correlation values typically observed for sites that are
closer together and lower values for those farther apart. Several studies have been conducted to
determine spatial correlation, including those by [6], [7], and [8]. In this paper, we adopt the
[6] model [Eq. (8)] along with its associated parameters, which are a, b, and c, to account for
spatial correlation in intra-event variability. So, Eq. (5) transforms into Eq. (9) by incorporating
Eq. (3).

ρ(h) = max
{
(1− c) + e−ahb

, 0
}

(8)
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PLT
(LT > l | εinter) =

∫ ∞

εintras=−∞
· · ·

∫ ∞

εintra1=−∞
P (LT > l | εinter, εintra1 , . . . , εintras)

× f (εintra1 , . . . , εintras) dεintra1 · · · dεintras

(9)

where f(εintra1 , . . . , εintras) is a multivariate probability density function with the mean µ and
the covariance Σ.

2.3 Multiple Sites and εinter

The proposed method can also account for a set of εinter by incorporating the full distribution
of inter-event variability, which also follows a standard normal distribution. In Eq. (9), the
formula is derived for a specific εinter. However, when inter-event variability is considered,
Eq. (9) transforms into Eq. (10) to reflect this uncertainty.

PLT
(LT > l) =

∫ ∞

εinter=−∞

∫ ∞

εintras=−∞
· · ·

∫ ∞

εintra1=−∞
P (LT > l | εinter, εintra1 , . . . , εintras)

× f (εintra1 , . . . , εintras) f(εinter) dεinter dεintra1 · · · dεintras

(10)

where f(εinter) is the probability density function of the standard normal distribution. It
should be noted that intra-event and inter-event variability are assumed to be independent of
each other.

However, the method cannot be implemented by treating εinter and εintra as continuous vari-
ables due to current computational limitations. Therefore, discrete random variables are used to
approximate the full distributions by considering values within the range of −2 to +2 standard
deviations, with increments of 0.5. This discretization is feasible for representing the variation
in εinter and εintra, ensuring a balance between accuracy and efficiency in the numerical imple-
mentation. As a result, Eq. (10) can be expressed as:

PLT
(LT > l) =

2∑
εinter=−2

2∑
εintras=−2

· · ·
2∑

εintra1=−2

P (LT > l | εinter, εintra1 , . . . , εintras)

× p (εintra1 , . . . , εintras) p(εinter)

(11)

where p(εintra1 , . . . , εintras) represents the probability mass function (pmf) of a multivariate
normal distribution, while p(εinter) denotes the pmf of a truncated standard normal distribution
bounded between −2.5 and 2.5.

In the next chapter, this method will be applied to a portfolio consisting of three sites located
in the Zeytinburnu district of Istanbul to demonstrate the potential impact of ground motion
spatial correlation on loss distribution. Additionally, each site in the district contains a set of
accumulated assets. This application enables the evaluation of the full correlation of ground
motion within each site, spatial correlation effects across different sites, and the aggregation of
loss distributions across multiple locations.

3 APPLICATION

The Zeytinburnu district in Istanbul was selected for this study due to the anticipated risk of
a devastating earthquake along the North Anatolian Fault. Numerous studies have highlighted
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the likelihood of an earthquake exceeding magnitude 7 in the Marmara Sea following the 1999
earthquakes in the Düzce and Kocaeli provinces [9, 10, 11, 12, 13, 14, 15, 16]. The seismic
scenario considered for the loss assessment involves an earthquake with a moment magnitude
of 7.07 occurring in the Central Marmara segment of the North Anatolian Fault. The selected
event, as proposed by [9], represents the 50th percentile of the probability of occurrence.

For analytical purposes, the Zeytinburnu district was divided into three subareas, each ap-
proximately two kilometres apart (see Figure 1). A total of 12,808 assets, which refers to
policies insured by TCIP, within Zeytinburnu were assigned to the centre of the nearest subarea
based on their geographical proximity. Additionally, as a preliminary analysis to demonstrate
the feasibility of the approach, all buildings within Zeytinburnu were assumed to be low-rise
reinforced concrete (RC) structures constructed between 1980 and 2000 (mid-code classifica-
tion), aligning with the selected vulnerability model. The vulnerability model corresponding to
this typology was retrieved from the GEM Vulnerability Library [17]. However, insured values
varied across assets due to differences in floor area.

The intensity measure, spectral acceleration at 0.3 seconds Sa(T = 0.3s), was computed
for the specified seismic event at both the actual coordinates of the buildings and the centres
of the subareas using the ground motion model (GMM) developed by Akkar et al. [18] via the
OpenQuake Platform [19]. Figure 1 also presents a heatmap illustrating the spatial distribution
of the median Sa(T = 0.3s) values at the actual building coordinates. However, as previously
mentioned, for the calculations, the intensity value at the centre of each subarea, along with its
intra-event and inter-event variability, was considered for all assets within that subarea.

Figure 1: Location of assets and map of ground shaking.
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Additionally, it should be noted that all assets located at the same site are assumed to be
fully correlated in terms of ground motion but independent in terms of loss ratio. Consequently,
the total loss distribution for all assets at the same site was computed using Eq. (4), while
Eq. (11) was applied to aggregate the loss distribution across different locations, accounting
for the spatial correlation between sites. The parameters and models for spatial correlation were
adopted from Jayaram and Baker [6].

The algorithms were coded in Python, and calculations were performed on a system equipped
with a 13th-generation Intel Core i9 processor, 32 GB of RAM, and an NVIDIA GeForce RTX
4060 GPU.

4 RESULTS

The loss distributions computed using the proposed method were compared with those ob-
tained through a Monte Carlo simulation-based approach to highlight the differences and simi-
larities between convolution-based and simulation-based methods. In the Monte Carlo simula-
tion, 1,000 inter-event epsilon values were generated. For each simulation run, one intra-event
epsilon was sampled for each site, either randomly (uncorrelated intra-event) or with spatial
correlation, depending on the comparison case. Additionally, one damage ratio was randomly
sampled for each asset, reflecting the assumption of independence among assets in terms of
damage ratio. The mean of the 1,000 loss distributions, each obtained from an inter-event simu-
lation, was then calculated and included in the comparisons to illustrate the variability inherent
in Monte Carlo simulations, a well-documented limitation of simulation-based methods, partic-
ularly in capturing the tail of the distribution. To assess the impact of the proposed model and
the role of spatial correlation, three comparative analyses were conducted:

• (a) a comparison of uncorrelated and spatially correlated convolution-based loss distribu-
tions (Figure 2),

• (b) a comparison of uncorrelated Monte Carlo and convolution-based loss distributions
(Figure 3), and

• (c) a comparison of spatially correlated Monte Carlo and convolution-based loss distribu-
tions (Figure 4).

Comparison (a) demonstrates the effect of incorporating spatial correlation into convolution-
based calculations, while (b) evaluates the differences in convolution-based loss distribution
and a simulation-based approach. Finally, (c) examines the differences between the proposed
convolution-based loss distribution, which accounts for spatial correlation, and the simulation-
based loss distribution.

Figure 2 illustrates that higher losses are observed at low exceedance probabilities when
considering spatial correlation. At high exceedance probabilities, the difference between the
correlated and uncorrelated cases becomes negligible, and in some cases, losses may even be
slightly lower with spatial correlation. Although the effect of spatial correlation is not apparent
in average losses, it becomes increasingly significant for loss thresholds associated with low
exceedance probabilities. This result is highly consistent with findings in the literature [20].
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Figure 2: Comparison of aggregated loss distributions considering spatial correlation versus no correlation.

Figure 3: Comparison of aggregated loss distributions obtained with MCS and Convolution without considering
spatial correlation.
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Figure 3 demonstrates that the Monte Carlo Simulation (MCS) method can yield varying loss
distributions across different runs, potentially leading to uncertainty and reduced reliability.
To address this issue, the simulation should be repeated multiple times, and the mean of the
resulting distributions should be taken to achieve more stable and reliable outcomes. However,
this repetition increases computational cost and slows down the process. As shown in Figure
3, the mean of the Monte Carlo simulations closely aligns with the results obtained from the
convolution-based approach. The minor differences observed may be attributed to the use of
discrete rather than continuous representations for intra-event and inter-event variability.

Figure 4: Comparison of aggregated loss distributions obtained with MCS and Convolution considering spatial
correlation.

Figure 4 clearly highlights that, although spatial correlation adds complexity to the modelling
process, the convolution method remains a robust and computationally efficient alternative to
repeated simulations, which may otherwise exhibit significant run-to-run variability.

5 CONCLUSION

The results show how important it is to consider spatial correlation for aggregated loss dis-
tributions, especially at the tail of the distribution (low exceedance probabilities). This effect
can have significant implications for many sectors, particularly the re/insurance industry. While
Monte Carlo Simulation is commonly used, it introduces variability across runs and requires
repeated sampling to achieve stable results, which increases the computational burden. In con-
trast, the proposed convolution-based approach proves to be more reliable and efficient, as it
captures the full distribution of asset damage without the need for multiple simulations. For
further improvement, incorporating spatial cross-correlation into the proposed method could
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enhance its accuracy, especially when modelling geographically diverse and heterogeneous
portfolios.
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