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Abstract. Modelling and integration of the transient response of freestanding bowl- and pot-
shaped rigid objects under dynamic excitations, like bowls and vases subjected to seismic and
environmental actions, pose applied and pure research problems that hold considerable interest
in the protection of museum collections and archeological findings.

The half disk model with its smooth convex boundary exempt from flat edges at the bottom,
though of a simple archetypal nature, deserves consideration for modelling more elaborate
bowl-like objects since it allows to circumvent the nontrivial problem of addressing the sin-
gularity arising in dynamic balance equations at time instants associated with the impact of
flat edges, typically present in vases, while remaining rooted on canonical principles of La-
grangian Mechanics and on ordinary empirical postulates for sliding, rolling and impacting
bodies. Accordingly, insights can be gained from the rolling half disk on the response of free-
standing objects without resorting to additional heuristic postulates like angular momentum
conservation at time instants of impact of flat edges, as proposed by some authors.

To properly discern physical dissipation from numerical dissipation in computational analy-
ses, however, a proper investigation of algorithmic damping ratios and computational accuracy
becomes mandatory. This contribution investigates the numerical stability and accuracy of
the integration schemes employed for the half disk model, bringing a first comparison, based
upon spectral radii analysis, among collocation methods, and setting a base for a forthcoming
comparison with methods belonging to the Newmark family and with other widely employed
approaches like linear and higher order multistep methods.
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1 INTRODUCTION

Understanding the behavior of freestanding objects undergoing sliding-rolling motions in
response to dynamic excitations is relevant to various mechanical applications among which
the protection of museum exhibits with historical and artistic significance [1], [2], [3].

The rigid half-disk model provides an archetypal geometric and mechanical model employ-
able to interpret, understand and describe the behaviour of bowl-shaped artifacts. The specific
advantage brought by the smooth convex boundary of the half disk, compared to other rectan-
gular or polygonal models [6], is that, being exempt from flat regions at the bottom, it offers
a remedy to the nontrivial problem of addressing the singularity arising in dynamic balance
equations occurring across time instants associated with the impact of flat edges [3], [4]. Ac-
cordingly, remaining rooted on canonical principles of Lagrangian Mechanics and on ordinary
empirical postulates for sliding, rolling and impacting bodies [5], insights can be gained from
the rolling half disk on the response of freestanding objects, without invoking additional heuris-
tic postulates like angular momentum conservation at time instants of impact of flat edges,
which have also been invoked in some past research works [6], [7].

Numerical results from an implementation in Matlab [15] of an analytical scheme devised
by the authors [3], [4], based upon a general midpoint collocation method, which integrate
the nonlinear equations of a rolling half-disk subjected to impulsive and sinusoidal excitations
transmitted by a moving base, could recently find further numerical confirmation, on an empir-
ical numerical basis, of the experimental evidence [8, 9] that sliding and friction coefficients as
well as finishing properties of contacting surfaces are critical for capturing the true physical dis-
sipation and the quality of motion to be expected. This contribution briefly reports some further
recent numerical and analytical advancements on the accuracy, error bounding and stability of
several investigated collocation schemes, which permit to compare the perfomances of several
options for time collocation and which set a base for a forthcoming comparison with methods
belonging to the Newmark family and with other widely employed approaches like linear and
higher order multistep methods [10, 13].

2 Equation of Motion

The problem at hand involves a rolling homogeneous half-disk of radius R and area A, placed
on a rigid horizontal base undergoing a prescribed horizontal translation with velocity vB. It
is assumed that rolling with no sliding occurs between the disk and the base. As illustrated
in Fig. 1, the change of configuration of the system is defined by the rolling angle θ, positive
if counterclockwise, and the prescribed horizontal translation xB(t) of the base. Points C,
G and H are the center, centroid and contacting point in the reference configuration (dashed),
respectively. Primed notation is used for the configuration in which the base alone has translated
horizontally while the star indicates points in the current configuration of the system. The
horizontal displacement of the disk center is xC(t). The rolling constraint corresponds to:

xC(t) = xB(t)− θ(t)R, (1)

where R is the radius of the disk which is assumed to be constant irrespective of the rolling
rotation range. From a physical perspective, this assumption implies that, while the mass is
distributed only in the half disk, the model, differently from what one would expect for a real
half disk object, behaves as if the half disk would be capped by a massless half circumference,
so that toppling of the object is not adressed. As illustrated in Fig. 1, the initial contacting point
H is at the midpoint of the half circumference of the disk boundary.
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Figure 1: Kinematics of a rolling half disk on a sliding plane

Using a Lagrangian approach, the equation of motion for the idealized, non-dissipative, per-
fectly rolling model is derived from the Lagrange function L(θ, θ̇) [3], [4], obtained as the
difference by kinetic energy T and potential energy EP :

T =
1

2
IGθ̇

2 +
1

2
A
(
R2 + b2 − 2Rb cos θ

)
θ̇2 + A (2b cos θ − 2R) vB θ̇ +

1

2
Av2B, (2)

EP = ρAg (R− b cos θ) , (3)

where IG is polar moment of inertia of the disk about the center of mass, b = 4R
3π

is the offset
of the half disk’s center from the centroid, ρ is the area density, and g is the gravitational
acceleration. The resulting Lagrange function L(θ, θ̇) is accordingly:

L(θ, θ̇) = 1
2
IGθ̇

2 + 1
2
A (R2 + b2 − 2Rb cos θ) θ̇2+

A (2b cos θ − 2R) vB θ̇ +
1
2
Av2B − ρAg (R− b cos θ) .

(4)

From the least Action principle the following equation of motion is obtained from (4), which
governs the dynamics of the rolling disk when no friction is considered:[
IG + A

(
R2 + b2

)]
θ̈−2ARb cos θθ̈+ARb sin θθ̇2+Agb sin θ+A (−R + b cos θ) v̇B = 0. (5)

Rolling friction is introduced by adding the dissipative term cθ̇ to (5), which represents a
damping or braking moment:

(IG + A (R2 + b2)) θ̈ − 2ARb cos θθ̈ + ARb sin θθ̇2+

Agb sin θ + A (−R + b cos θ) v̇B + cθ̇ = 0.
(6)

A more compact equation of motion is achieved by the following positions:

(a3 + a4 cos θ) θ̈ = a1 sin θ + a2 sin θθ̇
2 + a5 cos θv̇B + a6v̇B + a7θ̇, (7)
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where the constants a1, a2, a3, a4, a5, a6, a7 are:

a1 = −2

3

g

R
, a2 = −2

3
, a3 =

3

4
π, a4 = −4

3
,

a5 = −2

3
R, a6 =

1

2

π

R
, a7 = − c

R4
.

The equation of motion is finally given normal form by expressing it as the following non-
linear system of two first-order differential equations{

θ̇ = fθ(θ, ω)

ω̇ = fω(θ, ω)
(8)

where fθ(θ, ω) and fω(θ, ω) are:

fθ(θ, ω) = ω, (9)

fω(θ, ω) =
a1 sin θ + a2 sin θω

2 + a5v̇B cos θ + a6v̇B + a7ω

a3 + a4 cos θ
. (10)

3 INTEGRATION SCHEME

The scheme employed for integrating (8) exploits a piecewise linear interpolation of θ and
ω in time and midpoint collocation. The time interval [t0, t∗] is discretized into N equal time
steps of size h = tn+1 − tn, and the differential problem is converted into an algebraic system.
The primary unknowns, θn and ωn, are iteratively solved at each n-th time step.

For each n, the midpoint tm = (tn + tn+1)/2 of the generic time interval [tn, tn+1] is com-
puted and, based on linear interpolation, midpoint values of primary functions θm and ωm are
computed as well as their time derivatives θ̇m and ω̇m.

By applying midpoint collocation to system (8), the differential equations are transformed
into the following nonlinear algebraic system:

θ̇m = fθ(θm, ωm) = ωm

ω̇m = fω(θm, ωm) =
a1 sin θm + a2 sin θmω

2
m + a7ωm + a5v̇B cos θm + a6v̇B

a3 + a4 cos θm
.

(11)

Substitution of the midpoint interpolated values for θm and ωm into (11) leads to the following
nonlinear algebraic system: 

θn+1

h
− θn

h
= Fθ(θn+1, ωn+1)

ωn+1

h
− ωn

h
= Fω(θn+1, ωn+1)

(12)

which is expressed in terms of two functions Fθ and Fω:

Fθ(θn+1, ωn+1) = fθ (θm, ωm) = fθ

(
θn + θn+1

2
,
ωn + ωn+1

2

)
, (13)

Fω(θn+1, ωn+1) = fω (θm, ωm) = fω

(
θn + θn+1

2
,
ωn + ωn+1

2

)
. (14)
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To solve system (12), a first-order linear approximation is applied to Fω(θn+1, ωn+1) via a
power series expansion:

Fω(θn+1, ωn+1) ≈ Fω(θn, ωn) +
∂Fω

∂θn+1

∣∣∣∣
θn,ωn

(θn+1 − θn) +
∂Fω

∂ωn+1

∣∣∣∣
θn,ωn

(ωn+1 − ωn), (15)

whereby the following system is obtained:

θn+1

h
− θn

h
=

ωn

2
+

ωn+1

2
,

ωn+1

h
− ωn

h
= Fω(θn, ωn) +

∂Fω

∂θn+1

(θn+1 − θn) +
∂Fω

∂ωn+1

(ωn+1 − ωn).
(16)

Upon rearranging terms of (16), the implicit iterative scheme is obtained:[
1 −h

2

−h
2

∂Fω

∂θn+1
1− h ∂Fω

∂ωn+1

] [
θn+1

ωn+1

]
=

[
θn +

h
2
ωn

hFω(θn, ωn)− h ∂Fω

∂θn+1
θn + (1− h ∂Fω

∂ωn+1
)ωn

]
(17)

which can be solved to finally provide θn+1 and ωn+1:[
θn+1

ωn+1

]
=

1

∆

[
1− h ∂Fω

∂ωn+1

h
2

h
2

∂Fω

∂θn+1
1

][
θn +

h
2
ωn

hFω(θn, ωn)− h ∂Fω

∂θn+1
θn + (1− h ∂Fω

∂ωn+1
)ωn

]
, (18)

with ∆ being the determinant of the coefficient matrix on the left-hand side of (17):

∆ = 1− h
∂Fω

∂ωn+1

− h2

4

∂Fω

∂θn+1

. (19)

All matrices in (18) are updated at each time step based on the values of the previous time instant
and of the updated acceleration v̇B of the supporting base. This iterative process provides,
proceeding from the initial boundary conditions [θ0, ω0]

T , the discretized solution of system
(7).

4 RESULTS

4.1 General model behavior

The general behaviour of the rolling disk under large base displacements, large rotations and
nonzero friction, as provided by Eq. (7) and integrated by scheme (18), can be appreciated by
comparing the time-history results of Figs. (2) and (3) corresponding to two examples which
differ by the friction coefficient alone, being c = 0.082 and c = 0.8 m4/s, respectively. Both
examples concern a same half disk with R = 0.5 m subjected to a same sinusoidal base exci-
tation of amplitude 0.30 m and frequency of 1.0 Hz prescribed for xB. In both examples the
integration covers a time lasting 20 s and employs 400 time steps. A necessary reminder for in-
terpreting the results presented is that, as specified above, since Eqs. (1) and (7) do not account
for curvature radius of the boundary different from R, the obtained mathematical solution for
angles π/2 + 2kπ < θ < −π/2 + 2(k + 1)π, with k ∈ Z, describes the configuration of a half
disk rolling over a half circular ‘cap’, with the half disk center C remaining at the same fixed
height R, as in ordinary configurations with −π/2 + 2kπ < θ < +π/2 + 2kπ.

Comparison of Figs 2 and 3 shows the critical sensitivity of the induced motion to variations
in rolling friction. Specifically, the rolling coefficient c discriminates the long-term behavior of
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Figure 2: Rolling angle, half disk and base displacements, c = 0.082 m4/s
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Figure 3: Rolling angle, half disk and base displacements, c = 0.8m4/s

the system. Depending on its value, the motion can either settle into a new oscillatory equilib-
rium position or continue oscillating around the initial original position of the disk (relative to
the moving base). When c is sufficiently low, the damping effect becomes more pronounced,
leading to the stabilization of the oscillations around a new center of motion. Conversely, for
higher values of c, the system retains its oscillatory behavior around its initial position.

4.2 Error bounds

In this opening study, the error bounds and the accuracy of the integration scheme presented
in Sect. 3 are preventively examined over a simplified problem by confining the analyses of
Sect. 4.1 to small rotations and to a fixed supporting base. A specific reference is also made to
a model sized over the marble half cylinder shown in Fig. 4, having a radius of approximately 7
cm. Moreover, since, under a computational stability perspective, absence of damping is a more
demanding condition [13], the integration scheme has been investigated assuming zero rolling
friction.

Altogether, the above selected model testing hypotheses imply the specialization of Eq. (5)
to:

θ̈ = − Agb

IG + A(R− b)2
θ. (20)
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Figure 4: Marble cylindrical specimen, radius 7 cm

By introducing the natural frequency of the system, as recovered from the simplified model at
hand,

ω2
0 = − Agb

IG + A(R− b)2
=

g

R
· 2
3
· 1

3π
4
− 4

3

, (21)

the mathematical form of the harmonic oscillator equation, can be emphasized:

θ̈ = −ω2
0θ (22)

and, after some elaborations not reported herein, Eqs. (18) and (19) achieve the form:

[
θn+1

ωn+1

]
=

1

1 +
ω2
0h

2

4

1− ω2
0h

2

4
h

−ω2
0h 1− ω2

0h
2

4

[θn
ωn

]
. (23)

In the sequel, error bounds to scheme (23) are first developed and discussed in general terms,
to be finally quantitatively appreciated for the small oscillations of the marble piece of 7 cm of
radius.

The exact solution in normal form corresponding to time ti, its corresponding algorithimic
approximation, and the initial boundary conditions are respectively denoted as:

yi =

[
θi
ωi

]
, ỹi =

[
θ̃i
ω̃i

]
, y0 =

[
θ0
ω0

]
. (24)

The error e
(k)
i is defined as the Euclidean (not dimensionally homogeneous) norm of the

difference between the approximate solution at time ti, as obtained from scheme 23 after k
consecutive iterations, and the exact solution relevant to the same time instant, yi:

δ
(k)
i = ỹ

(k)
i − yi, e

(k)
i =

∥∥∥δ(k)
i

∥∥∥ , (25)

so that δ(1)
1 = ỹ

(1)
1 − y1 is the corresponding vector difference after the first time step.

Since many works have compared several parametric updating options in search for optimal
schemes [10, 13], the optimality of midpoint collocation has been also investigated for the half
disk by defining the collocation point in the parametric form tc = tn + αch with 0 ≤ αc ≤ 1.
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Upon giving such parametric form to the present scheme, the following approximate small-
displacement solution results for the first time step:

ỹ
(1)
1 =

1− q
αc(1+q)

h
1+q

− q
α2
ch(1+q)

1− q
αc(1+q)

y0, (26)

in which q = (ω0hαc)
2, and the matrix on the right is denoted as A.

The exact solution to (22), customarily provided in the form of an infinite series by the method
of undetermined coefficients, can be set in the same matrix arrangement of Eq. (26):

B =



∞∑
k=0

(−1)k

(2k)!
r2k

1

ω0

∞∑
k=0

(−1)k

(2k + 1)!
r2k+1

−ω0

∞∑
k=0

(−1)k

(2k + 1)!
r2k+1

∞∑
k=0

(−1)k

(2k)!
r2k

 , y1 = By0. (27)

The expressions in summation in the entries of matrix B in (27) are trivially recognized to be
the basic trigonometric functions. By subtracting from (26) the second of (27) and using the
more compact and traditional sine and cosine notations, the difference between the exact and
the approximate numerical solution of scheme (26) for the single time step is obtained. Such
difference provides the argument of the error norm whose bounds are herein investigated:

ỹ
(1)
1 − y1 =

 1− q
(1+q)αc

− cos r h
(1+q)

− 1
ω0

sin r

− q
α2
ch(1+q)

+ ω0 sin r 1− q
(1+q)αc

− cos r

y0. (28)

This last matrix can be given the simpler form:

C =

 c11 c12

−ω2
0c12 c11

 , (29)

and applying a power series expansion, the coefficients c11 and c12 of (29) are computed:

c11 = r2
(
−αc +

1

2

)
− q

αc

∞∑
k=1

(−q)k −
∞∑
k=1

(−1)k+1

[2(k + 1)]!
r2(k+1), (30)

c12 = h

∞∑
k=0

(−q)k − 1

ω0

∞∑
k=0

(−1)k
1

(2k + 1)!
r2k+1. (31)

Since an objective of the method is to minimize c11 and c12 to minimize the error, an optimal
choice for αc is soon recognized to be 1/2. Upon setting αc = 1/2 in (30), the residual term
RESc11 which builds the error of the method for c11 turns out to be:

RESc11 =
q

αc

∞∑
k=1

(−q)k −
∞∑
k=1

(−1)k+1

[2(k + 1)]!
r2(k+1). (32)
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It can be shown that combination of the two sums in (32) is an alternating series whose indi-
vidual terms converge to zero as k → ∞, and that few more elaborations lead to the following
representation:

RESc11 =
∞∑
k=1

(−1) k+1 α2(k+1)
c r2(k+1)

{
1

αc

− 1

α
2(k+1)
c [2(k + 1)]!

}
. (33)

Accordingly, series (33) satisfies the conditions of Leibniz’s theorem, so that coefficient c11
has the following bound which is the first term of the series:

c11 ≤
(ω0h)

4

12
. (34)

By a similar reasoning on (31) and recalling (29), it can be shown that c12 and c21 admit the
following bounds:

|c12| ≤
ω2
0h

3

12
, |c21| ≤

ω4
0h

3

12
. (35)

The bounds so far computed can be assembled into the following matrix

MC =
ω2
0h

3

12

ω2
0h 1

ω2
0 ω2

0h

 (36)

which, as it can be shown, is such that, for any arbitrary vector u ∈ R2, ∥MCu∥ ≥ ∥Cu∥.
By iteratively combining (24)-(30) to express the total difference δ(n)

n , after n steps, between
transcendent solution and algorithmic solution, it can be also shown that (elaborations are omit-
ted to contain the length of this communication):

δ(n)
n =

(
n−1∑
k=0

A(n−k−1)CBk

)
y0. (37)

The bounding problem amounts to finding a real number M (n)
n , suitable for the application at

hand, such that the inequality e
(n)
n ≤ M

(n)
n ∥y0∥ over the total error e(n)n =

∥∥∥δ(n)
n

∥∥∥ holds for any
vector of initial values y0, and to accordingly calibrate a suitable number of time steps.

A suitable bound has been obtained from elaboration of the spectral radii of the matrices A,
MC and B based upon polar and spectral matrix decompositions. Since al three matrices are
not symmetric, the largest eigenvalues in absolute value have been computed for matrices A,
MC and B as well as for matrices ATA, MT

CMC and BTB, resulting into complex moduli
for the former three matrices and real moduli for the last three ones.

An upper bound associated with matrix B, rB, has been computed as the square root of the
maximum eigenvalues of matrix BTB over all possible values of the argument r of sine and
cosine functions. The resulting value depends on the natural frequency of the system and turns
out to be:

rB = max

{
1

ω0

, ω0

}
= ω0. (38)

For the object of Fig. (4), for which a natural frequency of ω0 = 9.56 s−1 can be computed from
equation (21) (being R= 7 cm and g = 9.81m/s2), corresponding to a period T0 of 0.6 s, the
rounded value of 10 s−1 is assigned to ω0 so that rB is equal to 10.
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Account of the complex eigenvalues of MC yields for its spectral radius rMC
the expression:

rMC
=

ω0h
3

12

√
h2ω2

0 + 1. (39)

Square root of the spectral radius of ATA provides a bound for the spectral radius of A

rA =
√
1 + ϵ, (40)

where
ϵ = β +

√
β2 + 2β, (41)

with β having the following expression:

β =

(
2
√
2h(ω2

0 − 1)

4 + h2ω2
0

)2

. (42)

Elaboration of the bounds associated with the matrix series
∑n−1

k=0 A
(n−k−1) in (37) leads to

a geometric series which ultimately results into a bounding term rGSA such that for any vector
v ∈ R2 the inequality holds: ∥∥∥∥∥

n−1∑
k=0

A(n−k−1)v

∥∥∥∥∥ ≤ rGSA ∥v∥ (43)

Upon further bounding based on notable limits, omitted here for brevity, the following inequal-
ity finally holds:

rGSA =
rnA − 1

rA − 1
≤ MGSA, where MGSA =

3t∗

h
, (44)

being t∗ = nh. Collecting all partial bounds, the finally resulting error bounding expression
is M

(n)
n = MGSArMC

rB. This bound has been empirically tested with the linearized half-
disk oscillator problem for which a sufficiently accurate reference comparison solution can be
constructed from Matlab’s [15] in-built sine and cosine functions.
Fig. (5) shows the results of a comparative analysis of three collocation methods and tests
the predictivity of the proposed error bounding method, applied to midpoint collocation. The
linearized half disk model (with small rotations and no friction) has been integrated for the
considered testing model problem, corresponding to ω0 = 10 s−1, over the time interval [0; t∗],
with t∗ being one second. Three collocation methods have been applied, associated with αc = 0,
αc = 1/2, and αc = 1 with progressively refined time discretizations n. Initial conditions are
θ0 = 0.0 and ω0 = 1.0 s−1.
For the three methods, the error e(n)n (t∗) computed a-posteriori by comparison with the Matlab
trigonometric function solution has been diagrammed in double logarithmic scale format.
In Fig. (5)it can be observed that e(n)n (t∗) is second order accurate for midpoint collocation and
is only first order accurate for collocation at extremal time step points, in line with what already
observed concerning Eq. (30) and confirming the proper choice of midpoint collocation in the
computation presented in Sect. 4.1.
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Figure 5: Loglog plot of computed error and error bound

5 CONCLUSIONS

This study has compared different collocation methods for integrating the differential equa-
tion governing the dynamics of a rolling half disk model which is being investigated by the
authors.

By employing power series expansions, the method of indeterminate coefficients, Leibniz
theorem and an analysis of the spectral radii of the matrices involved in the proposed algo-
rithimic procedure, the study could provide an effective methodology for theoretically deter-
mining an a-priori bound to computational error for midpoint collocation. The effectiveness of
this bound has been succesfully verified by a-posteriori comparison (after computation) with the
actual error experimented in numerical results. Investigation for further improving, fine-tuning
and theoretically generalizing the bounding methodologies employed in this study certainly
deserves consideration. The results obtained seem to deserve attention for their fundamental
connection with more general oscillatory problems, also considering that a review of general
texts on computational methods could not retrieve explicit expressions for such class of error
bounds [11], [12], [13] ,[14]. The comparison carried out in this study among the employed
midpoint collocation scheme and other collocation methods has shown, both theoretically and
empirically, the optimality of midpoint collocation.

The methodologies which in this opening study have been focused on the simpler condition
of small displacements are currently being investigated by the authors also for the more general
half disk problem with large rotations and in presence of friction, and for a comparison with
methods of the Newmark family [10, 13].

Given the simplicity and generality of the midpoint collocation schemes and of normal form
treatment of differential equations, the methodology herein explored appears to be generalizable
to more complex geometries and mechanical systems, such as noncircular bowls and vessels
with disparate shapes, as well as to assemblages of rigid objects.
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