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Abstract. The conditional stability of explicit time integration algorithms limits the critical time
step size, which depends on the highest natural frequency of the discretized problem. For shear
deformable structural finite element formulations, efficiency is typically limited by the highest
transverse shear frequencies. Selective mass scaling (SMS) methods aim at selectively scaling
the high frequencies while preserving the important low frequency content. In particular, re-
cent SMS concepts, which are inspired by the discrete strain gap (DSG) method [1] and, thus,
are denoted as DSGSMS concepts, result in effective and accurate methods, which naturally
preserve both linear and angular momentum. In this contribution, we extend previous work on
DSGSMS for shear deformable element formulations [2] with respect to several aspects. First,
we perform a theoretical analysis of the DSGSMS method that provides new insight into spec-
tral properties and analytical time step estimates. Second, we extend the DSGSMS method from
Timoshenko beam elements to Mindlin plate elements. Third, we test the extended concept with
respect to spectral accuracy and the transient behavior in explicit time integration.
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1 INTRODUCTION

Explicit methods are very popular for highly non-linear and non-smooth transient problems
including contact, inelastic material response and fracture. However, the conditional stability
of explicit time integration algorithms limits the critical time step size ∆tcrit, which depends on
the highest natural angular frequency ωmax of the discretized system. For the central differences
method (CDM), which is used in this work, the limit of stability is defined by

∆tcrit =
2

ωmax

. (1)

Mass scaling methods aim at increasing the critical time step size ∆tcrit and thus increasing
efficiency by artificially adding inertia to the system. The simplest, but most inaccurate ver-
sion of mass scaling, that is conventional mass scaling (CMS), modifies the entire frequency
spectrum and increases both linear and angular momentum.

In the context of SMS, it has to be distinguished between local and global strategies, see for
instance [3]. In the present contribution, we restrict ourselves to local SMS methods, that is,
mass scaling is performed on element level and mass matrices on system level are subsequently
assembled by standard operations. Then, the general form of SMS schemes can be expressed as

m◦ = m+ λ◦, (2)

where m◦, m and λ◦ are the scaled element mass matrix, the initial element mass matrix and
the artificial element mass matrix, respectively.

As a fundamental requirement, SMS concepts are designed such that the artificial mass ma-
trix λ◦ does not increase translational inertia and, thus, linear momentum is preserved. In the
context of solid or solid-shell elements with translational degrees of freedom only, this is only
possible if artificial inertia is added to diagonal and off-diagonal terms of the mass matrix. Due
to non-diagonal artificial mass matrices, a linear system of equations has to be solved in each
time step, which decreases efficiency. But, in some applications, a good compromise between
accuracy and efficiency can be achieved. The SMS methods from the literature mainly differ in
the design of the artificial mass matrix λ◦. Examples for algebraic SMS methods can be given
as [4, 5, 6, 7, 8, 9, 10], among others. In addition to the algebraic methods there is also a class
of variational methods for selective mass scaling (VSMS), see for instance [11, 12].

However, for shear deformable structural finite element formulations with rotational degrees
of freedom, to the authors’ best knowledge, none of the above listed SMS methods has yet
been successfully extended to the scaling of the rotational inertia. But, in the case of shear
deformable structural element formulations, the rotational mass is decoupled from translational
mass when a lumped mass matrix (LMM) is used. Then, it is convenient to apply CMS solely
to the rotational part of the mass matrix, resulting in rotational mass scaling (RMS). Conse-
quently, RMS preserves linear momentum and the diagonal structure of a LMM, while angular
momentum is increased and the accuracy of bending frequencies is decreased. The historically
important and enabling technology of RMS can be traced back to [13, 14] and still represents
the state-of-the-art in explicit shell finite element analysis, as can be seen for instance from [15].

In the context of smooth discretization schemes, the concept of intrinsically selective mass
scaling (ISMS) [16, 17] has been introduced. It is based on the hierarchic, intrinsically locking-
free shear deformable structural formulations, see [18, 19, 20], among others, and combines
the simplicity of RMS with the high accuracy of SMS. But, since ISMS builds upon hierarchic
formulations, which require smooth, at least C1-continuous discretizations, its extension to stan-
dard, C0-continuous finite element discretizations is not directly possible. Since C0-continuous
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discretization methods are still state-of-the-art in most numerical simulations of dynamic pro-
cesses, the development of accurate and efficient SMS strategies for shear deformable beam,
plate and shell finite element formulations is desired.

Recently, the DSGSMS method has been introduced by the group of authors in the context
of Timoshenko beam elements [2] and for thin solid elements [21]. However, the present con-
tribution focuses on shear deformable structural element formulations and extends the initial
work from [2] with respect to several aspects.

The present contribution is organized as follows. Section 2 introduces the novel DSGSMS
method for a two-node Timoshenko beam element. The extension of the DSGSMS method
to four-node Mindlin plate elements is presented in Section 3. Inspired by the recent work of
[22], both Section 2 and Section 3 provide first theoretical analyses of the DSGSMS method for
structural element formulations. Next, we study the spectral properties of the DSGSMS method
and investigate its accuracy in a transient problem in Section 4. In all examples, the DSGSMS
method is compared to CMS and the state-of-the-art technology RMS. Section 5 summarizes
our findings and gives an outlook on future developments.

2 THE DSGSMS METHOD FOR TIMOSHENKO BEAM ELEMENTS

2.1 General concept

The DSGSMS method is first introduced for a simple two-node Timoshenko beam element.
As introduced in [2], the starting point for the DSG method is the removal of transverse shear
locking from a two-node Timoshenko beam element. Transverse shear locking can be identified
from the discrete transverse shear strain

γ ≈ γh = v′h + φh, (3)

where vh and φh describe the ansatz functions for the midline displacement and for the total
cross-sectional rotation of the beam. The usual element degrees of freedom are collected in
the discrete displacement vector dT = (v1, φ1, v2, φ2). Furthermore, it has to be stated that
(•)′ = (•)

dx
holds. For equal-order interpolation of both primary variables, the imbalance in

derivatives leads to overstiff element behavior due to transverse shear locking, that is, pure
bending deformation without transverse shear (γh = 0) cannot be captured. For the removal of
transverse shear locking from shear deformable structural elements, the DSG method from [1]
can be summarized in four basic steps, which read for Timoshenko beam elements:

1. integration: vs(x) =
∫ x

0
γhdx

2. collocation: vis = vs(x)|x=xi

3. interpolation: vmod
s (x) =

∑n
i=1 Ni(x)v

i
s

4. differentiation: γmod(x) = (vmod
s (x))′

In the present context of Timoshenko beam elements, SMS methods have to be designed such
that the highest, that is, transverse shear, frequencies are selectively scaled, while the bending
frequencies remain as unaffected as possible.

The starting point for structural dynamics is d’Alembert’s principle, which states that the
sum of the virtual internal work, the virtual kinetic work, and the virtual external work is equal
to zero:

δW = δWint + δWkin + δWext = 0 . (4)
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The basic idea of the DSGSMS method is to use the modified shear displacement vmod
s from

step 3 to enrich the virtual kinetic work

−δWmod
kin =

∫ L

0

(δvρAv̈ + δφρIφ̈) dx︸ ︷︷ ︸
−δWkin

+αDSG

∫ L

0

(
δvmod

s ρAv̈mod
s

)
dx︸ ︷︷ ︸

−δWDSGSMS
kin

.
(5)

The cross-sectional area, moment of inertia, density and length of the structure are denoted by
A, I , ρ and L, respectively. The parameter αDSG describes the scalar mass scaling parameter of
the DSGSMS method.

The consistent mass matrix (CMM) of a two-node Timoshenko beam element reads

mC =

∫ l

0

NT

[
ρA 0
0 ρI

]
N dx, (6)

where N is the matrix of shape functions and l is the length of the element. On element level,
the CMM (mC) and the LMM (mL, via row sum lumping) result in

mC =
ρl

3


A 0 A

2
0

0 I 0 I
2

A
2

0 A 0
0 I

2
0 I

 and mL =
ρl

2


A 0 0 0
0 I 0 0
0 0 A 0
0 0 0 I

 . (7)

Note that CMS simply consists of multiplying mL by a scaling parameter αCMS, which results
in m◦

CMS. The RMS method solely scales the rotational inertias of mL, that is, entries [2,2] and
[4,4], by a factor αRMS, which leads to m◦

RMS. As shown in [2], a naive extension of the SMS
concept from Olovsson et al. [6], which was initially designed for solid elements, cannot meet
the desired properties of scaling down the highest transverse shear frequency and is, thus, not
further considered herein. The DSGSMS method according to Eq. (5) results in an artificial
element mass matrix of the form

λ◦
DSGSMS = αDSG

ρlA

3


1 − l

2
−1 − l

2

− l
2

l2

4
l
2

l2

4

−1 l
2

1 l
2

− l
2

l2

4
l
2

l2

4

 , (8)

which modifies the LMM on element level by

m◦
DSGSMS = mL + λ◦

DSGSMS. (9)

2.2 Theoretical analysis

In order to test whether linear and angular momentum are modified by mass scaling, the cor-
responding (artificial) mass matrix can be multiplied by vectors representing unit translational
and rotational/angular accelerations, that is, at =

[
1 0 1 0

]T and ar =
[
l
2

1 − l
2

1
]T,

respectively. In case of the DSGSMS method, multiplying λ◦
DSGSMS by at and ar results in zero

inertia forces each. Thus, DSGSMS preserves linear and angular momentum on element level.
When the LMM is modified by RMS, linear momentum is preserved, while angular momentum
is increased. In the case of CMS, all entries of the LMM are affected and, thus, both linear and
angular momentum are manipulated which causes a large loss of accuracy.
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For practical use of SMS methods, suitable time step estimates are crucial. The stability
criterion from Equation (1) requires an estimation of the highest (scaled) eigenfrequency of the
discretized system. It can be shown that

ωmax ≤ ωe
max, (10)

where ωe
max is the highest eigenfrequency of the governing element in a finite element mesh [8].

The actual computation of ωe
max for each element is too expensive. This is why approximate

estimators are used in practice. For SMS, however, it turns out that both the Gershgorin theorem
and geometry- and material-based time step estimators are unsuitable [8]. But, for algebraic
SMS methods with a fixed structure of the artificial mass matrix λ◦, recent results from [22]
show that an upper bound is defined by the ratio

ωmax

ω◦
max

=
∆t◦crit
∆tcrit

≤
√

λmax(m◦,m), (11)

where λmax(m
◦,m) is the highest eigenvalue of the generalized eigenvalue problem (m◦,m).

The highest unscaled frequency ωmax and the corresponding critical time step size ∆tcrit can be
estimated by conventional procedures like geometry-based estimates, see for instance [23], or
recent data-based estimates [24]. For the DSGSMS method and m = mL, we get

λk(m
◦
DSGSMS,mL) =

{
1 for k = 1, 2, 3,

1 + αDSG
(Al2+4I)

3I
for k = 4,

(12)

and consequently the time step estimate from Eq. (11) reads

ωmax

ω◦
max

=
∆t◦crit
∆tcrit

≤
√
1 + αDSG

(Al2 + 4I)

3I
. (13)

Solving the generalized eigenvalue problem (m◦,m) for CMS and RMS yields

λk(m
◦
CMS,mL) = αCMS for k = 1, 2, 3, 4 (14)

and

λk(m
◦
RMS,mL) =

{
1 for k = 1, 2,

αRMS for k = 3, 4,
(15)

respectively, which can be inserted in Eq. (11) for estimating the critical time step size.
As shown in [22], the effect of mass scaling schemes on each individual eigenfrequency can

be investigated by

λk(k,m
◦) =

λk(k,m)

Q(ϕk)
, with Q(ϕk) =

ϕT
km

◦ϕk

ϕT
kmϕk

, (16)

where the k is the element stiffness matrix, ϕk are the eigenvectors of the unscaled eigenvalue
problem (k,m) and Q(ϕk) denotes a Rayleigh quotient. In the following, we use two-node
Timoshenko beam elements, for which we use the DSG method to remove transverse shear
locking. The element stiffness matrix reads

k =


GAs

l
−GAs

2
−GAs

l
−GAs

2

−GAs

2
EI
l
+ GAsl

4
GAs

2
−EI

l
+ GAsl

4

−GAs

l
GAs

2
GAs

l
GAs

2

−GAs

2
−EI

l
+ GAsl

4
GAs

2
EI
l
+ GAsl

4

 , (17)
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mode number mode type DSGSMS CMS RMS
k description Q(ϕk) Q(ϕk) Q(ϕk)
1 rigid body translation 1 αCMS 1
2 rigid body rotation 1 αCMS

Al2+αRMS2I
Al2+2I

3 bending 1 αCMS αRMS

4 transverse shear 1 + αDSG
(Al2+4I)

3I
αCMS

αRMSAl2+4I
Al2+4I

Table 1: Rayleigh quotients Q(ϕk) for DSGSMS, CMS and RMS; one two-node Timoshenko beam element.

displacement total rotations shear strains curvatures

v φx γx = ∂v
∂x

+ φy κx = ∂φy

∂x

φy γy =
∂v
∂y

− φx κy =
∂φx

∂y

κxy =
1
2

(
∂φy

∂y
− ∂φx

∂x

)
Table 2: Kinematic equations of the standard Mindlin plate formulation.

where GAs and EI denote the shear stiffness and the bending stiffness of the cross section.
Note that, in this simple case, an identical element stiffness matrix k could have been obtained
by the assumed natural strain (ANS) method or by reduced integration. With m = mL, the
unscaled eigenvalue problem (k,m) results in the eigenfrequencies λ1 = λ2 = 0, λ3 = 4EI

Il2ρ

and λ4 = GAs(Al2+4I)
AIl2ρ

. The corresponding eigenvectors read ϕ1 =
[
l 1 0 1

]T (rigid body

rotation), ϕ2 =
[
1 0 1 0

]T (rigid body translation), ϕ3 =
[
0 −1 0 1

]T (bending) and
ϕ4 =

[
− 2I

Al
1 2I

Al
1
]T (transverse shear).

With k, m, m◦ and ϕk at hand for DSGSMS, CMS and RMS, the Rayleigh quotients Q(ϕk)
are computed for the case of a two-node Timoshenko beam element and summarized in Ta-
ble 1. The results show that both rigid body modes and, thus, linear and angular momentum
are exactly preserved by DSGSMS. Also the bending frequency remains unaffected, while the
DSGSMS method selectively scales frequency 4, which is related to transverse shear. In con-
trast, as expected, all frequencies are equally affected by CMS, which results in unphysical
behavior and limits wide application. From the last column it can be seen that RMS preserves
the translational rigid body mode and the corresponding frequency. Thus, RMS is able to pre-
serve linear momentum. But, the modification of frequencies 2 and 3, which are related to rigid
body rotation and bending, comes along with a loss of accuracy. Note that the largest Rayleigh
quotient is associated with the bending frequency rather than with the shear frequency.

3 THE DSGSMS METHOD FOR MINDLIN PLATE ELEMENTS

3.1 General concept

Next, we focus on the Mindlin plate model assuming linearized kinematics and linear elastic,
isotropic and homogeneous material behavior, as presented in [25]. The kinematic variables and
the stress resultants are defined in Fig. 1, with a and b denoting the plate’s length in x- and y-
direction, respectively. The kinematic equations for the standard Mindlin plate formulation with
v, φx and φy as primary variables are shown in Table 2. The constitutive equation connects the
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a

b

y
x

z

my

myx = mxy

qy

mx

qx

mxy
φy

φx

v

Figure 1: Kinematic variables and stress resultants (bending moments mx and my , twisting moment mxy and
transverse shear forces qx and qy) of the Mindlin plate model.

stress resultants from Fig. 1 to the strain components from Table 2 via the material matrix C
mx

my

mxy

qx
qy


︸ ︷︷ ︸

σ

=


D νD 0 0 0
νD D 0 0 0
0 0 D

2
(1− ν) 0 0

0 0 0 Gd 0
0 0 0 0 Gd


︸ ︷︷ ︸

C


κx

κy

2κxy

γx
γy


︸ ︷︷ ︸

ε

, (18)

with D = Ed3

12(1−ν2)
being the plate modulus, which is a function of Young’s modulus E, Pois-

son’s ratio ν and the plate’s thickness d. The parameter G denotes the shear modulus.
The standard Mindlin formulation suffers from transverse shear locking, as can be seen from

the kinematic equations for the shear strains γx and γx in Table 2. Again, like for the Timo-
shenko beam, any equal order interpolation of the primary variables results in parasitic trans-
verse shear strains and overstiff behavior. For removing transverse shear locking from Mindlin
plate elements the DSG method from [1] can be summarized as:

1. integration: vsx(x, y) =
∫ x

0
γh
x(x, y)dx and vsy(x, y) =

∫ y

0
γh
y (x, y)dy

2. collocation: visx = vsx(x, y)|x=xi,y=yi and visy = vsy(x, y)|x=xi,y=yi

3. interpolation: vmod
sx (x, y) =

∑n
i=1 Ni(x, y)v

i
sx and vmod

sy (x, y) =
∑n

i=1 Ni(x, y)v
i
sy

4. differentiation: γmod
x (x, y) =

∂(vmod
sx (x,y))

∂x
and γmod

y (x, y) =
∂(vmod

sy (x,y))

∂y

For Mindlin plate elements, the DSGSMS method enriches the virtual kinetic work with the
modified shear displacements vmod

sx and vmod
sy from step 3:

−δWmod
kin =

∫
Ω

δuTρü dΩ︸ ︷︷ ︸
−δWkin

+αDSG

∫
Ω

(
δvmod

sx ρdv̈mod
sx + δvmod

sy ρdv̈mod
sy

)
dΩ︸ ︷︷ ︸

−δWDSGSMS
kin

.
(19)

In the present version, both contributions from −δWDSGSMS
kin are scaled by the same parameter

αDSG. But, in general, it is possible to define two independent scaling parameters. The con-
sistent element mass matrix mC is constructed by the density matrix ρ and the matrix of shape
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functions N, which is defined w.r.t. the displacement v and the total fiber rotations φx and φy:

mC =

∫
Ωele

NTρN dΩ (20)

with

ρ =

ρd 0 0

0 ρd3

12
0

0 0 ρd3

12

 . (21)

As for the Timoshenko beam element, The DSGSMS method according to Eq. (19) results in
an artificial element mass matrix λ◦

DSGSMS for a Mindlin plate element. Again, modification
of the LMM is performed on element level in the form of Eq. (9). For the sake of brevity, we
refrain from showing the expressions for mC, mL, λ◦

DSGSMS and m◦
DSGSMS in detail. The same

consideration holds for the stiffness matrix k. Again, we use the DSG method, as described in
this section, to remove transverse shear locking from a four-node Mindlin plate element.

3.2 Theoretical analysis

According to Eq. (11), the highest eigenvalue λmax(m
◦,m) of the generalized eigenvalue

problem (m◦,m) is essential for estimating the critical time step size. For a rectangular four-
node Mindlin plate element, the DSGSMS method yields

λk(m
◦
DSGSMS,mL) =



1 for k = 1, .., 8,

1 + αDSG
(6a2+6b2+4d2)−

√
(9a4−18a2b2+9b2+4d4)

3d2
for k = 9,

1 + αDSG
(6a2+6b2+4d2)+

√
(9a4−18a2b2+9b2+4d4)

3d2
for k = 10,

1 + αDSG
(4d2+12b2)

3d2
for k = 11,

1 + αDSG
(4d2+12a2)

3d2
for k = 12.

(22)

Solving the generalized eigenvalue problem (m◦,m) for CMS and RMS results in

λk(m
◦
CMS,mL) = αCMS for k = 1, .., 12 (23)

and

λk(m
◦
RMS,mL) =

{
1 for k = 1, 2, 3, 4,

αRMS for k = 5, .., 12,
(24)

respectively.
Unfortunately, for the Mindlin plate element, we were not able to solve the eigenvalue

problem λk(k,m
◦) symbolically. Thus, we also did not obtain analytical expressions for the

Rayleigh quotients Q(ϕk), as we were able to obtain for the Timoshenko beam element. But,
analytical expressions for upper bounds for the critical time step sizes exist with Eq. (11) and
Eqs. (22), (23) and (24), what will be shown in Section 4. Nevertheless, like for the Timoshenko
beam element, Eqs. (22), (23) and (24) indicate that the DSGSMS method is more accurate than
RMS and CMS, since for DSGSMS the highest number of eigenvalues remains unaffected.

98



Moritz Hoffmann, Anton Tkachuk, Manfred Bischoff and Bastian Oesterle

10.00m a

d

b

F (t)

vtip(t)

a = b = 1.25m
a

d
= 25

E = 200GPa

ν = 0.3

ρ = 8000 kg/m3

Figure 2: Eccentrically loaded cantilever, problem setup.
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Figure 3: Frequency spectra of a four-node Mindlin plate element, left: eigenfrequency spectra of different mass
scaling methods in comparison (without the three rigid body modes), right: ratio of scaled to unscaled eigenfre-
quencies.

4 NUMERICAL STUDIES

In this section, we investigate the problem of a cantilever plate, as shown in Figure 2. The
cantilever is discretized with eight four-node Mindlin elements with in-plane dimensions a =
b = 1.25m and thickness d = 0.05m, which results in a high element aspect ratio of a

d
= 25.

Further geometry and material data are given in Figure 2. Transverse shear locking is removed
by the DSG method, as described in Section 3. At the clamped edge, all degrees of freedom are
fixed. In mid-length, the cantilever is eccentrically loaded by a time-dependent load F (0 ≤ t ≤
0.05 s) = 3 kN, which will play a role in the transient solution of the problem.

But, first, we study the spectral accuracy of one four-node Mindlin element with a fixed as-
pect ratio of a

d
= 25 and different mass scaling methods, that is, CMS, RMS and DSGSMS. No

boundary are assigned. The corresponding mass scaling parameters are chosen as αCMS = 635,
αRMS = 970 and αDSG = 0.26. This particular choice is motivated by the scaling limit for
the DSGSMS method in the cantilever problem setup with eight elements, which will be dis-
cussed later. For this one-element problem, the highest natural angular eigenfrequency ωmax is
scaled by 95.5% compared to LMM. For this high scaling level, it is remarkable that frequency
number eight seems to be slightly modified for DSGSMS, although Eq. (22) indicates, that the
first eight frequencies are not affected. In fact, the scaling parameter αDSG is slightly too large
for this one-element test, what causes a scaling of eigenfrequencies 9-12 below the highest,
absolutely unmodified bending frequency, that is, initial eigenfrequency number eight. This
means that there is only a change in the order of the eigenvalues due to excessive mass scal-
ing. This change can be tracked by computing the eigenfrequencies numerically via Rayleigh
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Figure 4: Frequency spectra of the cantilever, left: eigenfrequency spectra of different mass scaling methods in
comparison, right: ratio of scaled to unscaled eigenfrequencies.

quotients, which is, for the sake of brevity, not shown in more detail. As expected, CMS scales
all frequencies by the same ratio, leading to inaccurate results. But, for this setup, also RMS
shows low accuracy. Only frequency number four is not as much affected as the others. This
again can be shown by numerical evaluation of the Rayleigh quotients, but cannot be seen from
Eq. (24). A similar behavior can be observed for the Timoshenko beam element, but, in this
case, analytically, as shown in Eq. (15) and Table 1.

Next, we study the spectral accuracy of the cantilever plate, discretized with eight Mindlin
plate elements, as shown in Figure 2. The element aspect ratio and the scaling factors remain
identical to the previous investigation, but the maximum reduction of the highest frequency is
slightly increased to 96%. The spectra for LMM and the different scaled mass matrices are
shown in the left of Figure 4, the ratio of scaled to unscaled eigenfrequencies is shown on the
right. Again, the results underline the high accuracy of DSGSMS. With mesh refinement, the
lowest frequencies obtained by RMS improved compared to the previous test with one element,
but still severe loss of accuracy in the first half of the spectrum is visible. As expected, applying
CMS to the whole structure scales the whole spectrum and provides the lowest accuracy of the
three investigated mass scaling concepts.

The effect of the spectral accuracy on the transient behavior within explicit time integration
using the central differences scheme is investigated next. Figure 5 shows the eccentric can-
tilever’s tip displacement vtip(t) over a simulation time of 3 s on the left and a detailed view on
the right. The eccentric load in mid-length of the cantilever is applied for the first 0.05 s, that is,
F (0 ≤ t ≤ 0.05 s) = 3 kN. The number of time steps used for LMM, DSGSMS, RMS, CMS is
321306, 12738, 12708, 12751, respectively. The results for DSGSMS are practically identical
to the unscaled solution obtained by LMM, but require only 4% of the time steps. The results
demonstrate the superior accuracy of DSGSMS over RMS, also in the transient case. Of course,
the accuracy of all mass scaling concepts depends on the range of relevant frequencies, which
is problem-dependent.

Last, as shown in [22], we motivate the choice of αDSG = 0.26 and validate the theoretical
results from Section 3.2. Figure 6 (left) shows that the estimate of the highest eigenfrequency
from Eq. (22) is very sharp, until the maximum value is reached, due to the highly selective
nature of DSGSMS. For the RMS method, the upper bound from Eq. (24) is not as sharp as for
DSGSMS. Further detailed investigations on these interesting properties are planned in future.
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Figure 5: Transient analysis of the cantilever for F (0 ≤ t ≤ 0.05 s) = 3 kN, and a reduction of the maximum
eigenfrequency by 96% compared to LMM, left: full computation time, right: detail.
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Figure 6: Cantilever, ratio of unscaled to scaled eigenfrequencies over the scaling parameters αDSG (left) and
αRMS (right).

5 CONCLUSIONS AND OUTLOOK

In this paper, we extended the DSGSMS method from Timoshenko beam elements to Mindlin
plate elements. For both beam and plate elements, we performed a theoretical analysis of the
DSGSMS method in comparison to CMS and RMS, the state-of-the-art technology for explicit
dynamics using structural element formulations, especially shell elements. The theoretical re-
sults gave new insight in the accuracy of the presented mass scaling concepts and were validated
in numerical experiments. The presented numerical results for spectral problems and transient
analyses indicate that DSGSMS is a promising method for efficient and accurate explicit dy-
namics of thin-walled structures.

In future work, several aspects need to be addressed. First, the DSGSMS concept needs to
extended to shell elements. In this context, the development of an isotropic DSGSMS method,
as developed for solid elements in [21], may be crucial for efficient simulation of non-linear
problems involving large rotations. Furthermore, conditioning and fill-in of scaled mass ma-
trices and their influence on the efficiency of iterative solvers need to be investigated. This is
particularly relevant for assessing the actual speed-up by DSGSMS in larger problems, while
keeping the error below a certain threshold.
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