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Abstract. This work introduces a novel minimally intrusive Proper Orthogonal Decomposi-
tion (POD)-based method for parametric dynamic structural analysis, addressing computa-
tional challenges posed by varying material properties such as Young’s modulus or thickness.
By leveraging two machine learning models—one predicting the mass matrix and the other
the stiffness matrix for a given set of parameters—the approach significantly reduces com-
putational demands while ensuring high accuracy. Validated through 65 case studies across
different parameter sets, the methodology demonstrated stable and accurate displacement pre-
dictions, with most cases achieving errors within 1-2%. Larger discrepancies observed for the
lowest thickness, caused by high oscillations in the dynamic modes’ coefficient, were effectively
mitigated using Savitzky-Golay filtering. These results underline the method’s capability to pro-
vide parameter-specific reliability and computational efficiency, positioning it as a promising
solution for real-time digital twin applications in dynamic structural analysis.
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1 INTRODUCTION

Dynamic structural analysis is critical for understanding how structures behave under time-
varying loads, such as those caused by wind, earthquakes, or mechanical vibrations. In indus-
tries such as civil engineering, aerospace, and automotive design, accurately predicting struc-
tural responses is essential for ensuring safety, reliability, and performance [1, 2, 3]. However,
traditional methods, such as the finite element method (FEM), often pose significant computa-
tional challenges, particularly when analyzing multiple parametric variations, such as changes
in material properties or manufacturing parameters [4}, 15, 6]].

To address these challenges, model order reduction (MOR) techniques have emerged as a
powerful approach, enabling structural analysis to be performed in reduced dimensions and
thus accelerating computation time [7, 8, 9]. Among these, Proper Orthogonal Decomposition
(POD) has demonstrated considerable success, particularly in static structural analysis, due to
its efficiency in reducing the dimensionality of complex systems while preserving essential
features of the solution [10, [11} 12} [13]]. This success has motivated its exploration in dynamic
structural problems, where the complexity increases due to time-dependent effects [[14, [15].
Indeed, POD has been applied successfully to dynamic structural analysis in previous studies
[16,117,18].

Despite these advances, dynamic structural analysis with parametric variations, such as
changes in Young’s modulus, thickness, or Poisson’s ratio, remains underexplored. Such vari-
ations necessitate repeated analyses for different parameter sets, significantly increasing com-
putational cost and limiting the practicality of traditional methods in real-time or large-scale
applications. Moreover, while intrusive MOR techniques offer high fidelity and stability for
large-scale problems, they require modifications to existing simulation codes, making them dif-
ficult to integrate with commercial finite element software. Non-intrusive MOR techniques, on
the other hand, are easier to integrate but often require a large number of solution snapshots to
achieve reliable performance, particularly in nonlinear contexts, and may still fall short of the
accuracy provided by intrusive approaches.

This study proposes a minimally intrusive, POD-based methodology for parametric dynamic
structural analysis that combines the strengths of both intrusive and non-intrusive MOR tech-
niques. The methodology introduces machine learning models to predict the mass and stiffness
matrices directly in the reduced space for a given set of parameters. This integration not only
reduces computational costs but also ensures high accuracy and fidelity, addressing the limi-
tations of existing methods in nonlinear and parametric contexts. By generating the inverted
stiffness matrix in the reduced space with machine learning algorithms, the proposed approach
enhances the applicability of reduced-order models while maintaining ease of integration and
operation.

In the following sections, the proposed methodology is described in detail, followed by val-
idation results based on 65 dynamic study cases with varying material properties. The results
demonstrate the stability and accuracy of the displacement predictions, underscoring the poten-
tial of this approach for real-time dynamic digital twin applications. This work bridges the gap
between computational efficiency and high-fidelity modeling, paving the way for advancements
in parametric dynamic structural analysis.
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2 METHODOLOGY
2.1 Governing Equation for Elastodynamics

The governing equation for the elastodynamics problem is expressed as:

MU(t) + DU(t) + KU(t) = F(t), (1)
where:

* M, D and K € RV*¥ are respectively the mass, damping and stiffness matrices.

(t) € RV*1: Time-dependent external force vector.

t) € RV*!: Time-varying nodal displacement vector.

F
U(t)

« U(t) € RV*!: Time-varying nodal velocity vector.

« U(t) € RN*!: Time-varying nodal acceleration vector.

Assuming small damping effects, the equation simplifies to:

MU(t) + KU(t) = F(t). )

Here, M, K, and F(t) retain their respective sizes, and the simplification focuses on the
dominant mass and stiffness contributions. This formulation is central to analyzing the dynamic
response of structures under time-dependent loading.

2.2 Proper Orthogonal Decomposition (POD)

Proper Orthogonal Decomposition (POD) is employed to represent high-dimensional data
in a low-dimensional space, providing an efficient way to reduce computational complexity
[19, 20]. This is achieved by identifying a set of orthogonal basis vectors that capture the
dominant modes of the system.

The POD process begins with the Singular Value Decomposition (SVD) of the snapshots
matrix:

U =[U'U? ..., UY e RV*¢, (3)

where N is the number of nodes, and () represents the total number of snapshots. The SVD
decomposes U into three components:

U =SxV7h, “4)
where:
¢ S=s!,s%...,89 € RNV*? is a matrix of orthogonal basis vectors.

¢ ¥ = diag(\}, \2,...,\9) € R9*? is a diagonal matrix of singular values (\! > \? >
L.> A9 >0).

e V=[vlv? ... v? € R?<C contains the right singular vectors.
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The singular values \° indicate the relative importance of the corresponding POD modes.
Using the dominant d modes (d < N), the original snapshots can be approximated as:

U~ Bo, (5)

where B = [5%,52%,...,8% € RV*d and ® = [¢',¢?%,...,¢%] € R is the expansion
coefficient matrix representing the reduced coordinates.

Thus, POD achieves compression by truncating the original data to d modes, retaining the
most significant features while substantially reducing dimensionality.

2.3 Reduced formulation

When forces and displacements are correlated, both can be expressed in a reduced subspace
R?, where d < N [24]. For a given combination of problem parameters y, the displacement
U’ can be computed, forming a collection of solution snapshots that is used as explained in
Section to construct a reduced basis V. From the latter, the displacement and acceleration
vectors can be approximated as:

U~ Vg, (6)
U~ VE, @

where & € R?*! is the reduced displacement vector.
Substituting the reduced displacement representation into the governing equation of elasto-

dynamics gives: )
MVE(t) + KVE(t) = F(t). ®)

To project this equation into the reduced subspace, the reduced basis V is used to obtain:
VIMVE(t) + VIKVE(t) = VIF(t). )

Defining the reduced mass matrix M, = VTMYV, the reduced stiffness matrix K, =
VTKYV, and the reduced force vector F, = VTF(t), the reduced-order governing equation
can be written as: )

M, £(t) + K, &(t) = F.(2). (10)

This reduced formulation significantly reduces the computational complexity while preserv-
ing the essential dynamics of the system.
2.4 Parametric reduced elastodynamics

2.4.1 Construction of the reduced stiffness matrix

For parametric solutions, the reduced stiffness matrix corresponding to the i-th set of param-
eters z1* is denoted as K', where ¢ = 1, ..., P. The reduced stiffness matrices are first expressed
in vectorized form to facilitate the construction of a compact representation:

K’ — x' = Vect(K"), (11)

where Vect(+) denotes the vectorization operator that transforms a matrix into a column vector.
The vectorized stiffness matrices x* for all parameter combinations are concatenated into a
martrix:

x =[x x% ... x") € RE*P, (12)
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where d is the dimension of the reduced basis, and P is the number of parameter combinations.
Applying a truncated Singular Value Decomposition (SVD) to x yields the most relevant

orthogonal singular vectors:
X~ AWV, (13)

where:

e A =[AV A2 .. A" € R¥>m: The basis matrix containing m orthogonal singular
vectors (m <K P).

e U ¢ R™*P: The coefficients of the reduced representation for each parameter set.

Using this orthogonal basis, the vectorized stiffness matrices for new parameter sets can be
approximated as:

X'~ Ay, (14)
where 1" is the coefficient vector for the parameter set /i’

To predict x* for unseen parameter values, a Random Forest regression model is employed.
The parameters /i’ serve as input features, and the model outputs 1), enabling the reconstruction
of ' using the orthogonal basis A. Once x’ is predicted, it can be reshaped into matrix form
to recover K.

2.4.2 Construction of the reduced mass matrix

The same methodology is applied to construct and predict the reduced mass matrices M.
The reduced mass matrices are first vectorized:

M! — n' = Vect(M"), (15)
and the corresponding vectorized forms are assembled into a matrix:
n=Mn"n%...,n"e R (16)
Applying a truncated SVD to n provides the reduced basis for the mass matrices:
n ~ CO, (17)

where C is the basis matrix for the mass matrices, and ® contains the reduced coefficients.
A Random Forest regression model predicts the coefficients 8* for new parameter sets fi'.
Using these predictions, the vectorized mass matrix 77° is reconstructed as:

n' ~ Co’, (18)

which is then reshaped into matrix form to yield the reduced mass matrix M.

2.4.3 Summary

This approach ensures efficient and accurate construction of both the reduced stiffness and
mass matrices for parametric variations. By leveraging Random Forest regression, the method-
ology seamlessly integrates machine learning predictions into the reduced-order modeling frame-
work, enabling rapid evaluation of parametric solutions.
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2.5 The Savitzky-Golay Filter

The Savitzky-Golay filter is a widely recognized smoothing technique commonly used in
signal processing and sensing data applications [21}, 22, 23]]. This filter operates by fitting
successive subsets of data with a polynomial of a specified degree, thereby preserving key
features such as local maxima and minima while reducing noise.

In this study, the Savitzky-Golay filter was applied to the coefficients of the reduced basis
for each parameterized case. The filter involves two critical parameters:

* Window Length (w): This parameter defines the number of data points considered in
each subset of the data. A larger window length results in a smoother output but may risk
oversmoothing important features, while a smaller window length retains finer details but
may not sufficiently reduce noise.

* Polynomial Order (p): This parameter specifies the degree of the polynomial used to
fit the data within each window. Higher-order polynomials provide greater flexibility in
capturing variations but may introduce artifacts if the order is too high relative to the
data’s characteristics.

The application of the filter resulted in significant improvements in the smoothness of the
coefficients, effectively mitigating high-frequency noise and oscillations. The smoother coeffi-
cients directly contributed to a reduction in errors observed in displacement predictions.

3 APPLICATION EXAMPLE

This example demonstrates the application of the proposed minimally intrusive approach to
reduce the dimensionality of displacement snapshots, which represent the structural response
of a plate subjected to dynamic loading. The setup consists of a square plate with its edges
constrained to prevent movement, subjected to a time-dependent vertical concentrated point
force, F(t), at its midpoint, as depicted in Figure [l| The applied force is defined as:

F(t) = —500 sin(rt). (19)

Numerical simulations are performed using a commercial finite element software to gener-
ate displacement data for each time increment. For each study case, displacement vectors are
collected at every time step. The total number of snapshots is calculated as:

Total snapshots = Number of study cases x Snapshots per case.

The displacement snapshots are processed using the POD methodology to extract dominant
modes, which provide a compact representation of the dynamic structural behavior. Material
properties, including Young’s modulus (£), thickness (¢), and Poisson’s ratio (), are varied
within the following ranges: E* € [100, 300] GPa, €' € [1,10] mm, and v* € [0.3,0.5].

Time integration is conducted using the Newmark-beta method with parameters g = 0.25
and v = 0.5. To refine the POD coefficients obtained from time-integration, the Savitzky-Golay
filter is applied with a window length of w = 51 and a polynomial order of p = 3. This filtering
process effectively addresses the undulations observed in cases with lower plate thickness, such
as Casel (1 mm thickness), as shown in Figure 2] The blue line represents the dominant POD
coefficient before smoothing, while the red line shows the filtered results, ensuring smoother
coefficients.

1715



Minyoung Yun, Mikhael Tannous, Chady Ghnatios, Trond Kvamsdal and Francisco Chinesta

000l 0 o TN T ¢.coeff|C|ent B
< —— Filtered ¢ coefficient
c
Q
'S 0.002
=
(]

(@]
Q
QO 0.000
[e)
o
)
C
T _0.002
£
o
a

—0.004

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time (s)

Figure 2: Time evolution of the dominant POD coefficient for Casel (1 mm thickness) before and after smoothing
using the Savitzky-Golay filter.

The smoothed coefficients are then multiplied by their respective POD modes to reconstruct
the displacement fields. This reconstructed displacement is compared with the reference solu-
tion for validation. Figure [3]shows the comparison of the predicted and reference displacements
in all directions (x, y, 2) for a specific time step at which the displacement reaches its maximum
value. A zoomed-in view of the indicated region in Figure [3]is provided in Figure [ revealing
excellent agreement between the predicted and reference displacements.

Displacement predictions in the z-direction, identified as the dominant direction of move-
ment, are presented in Figure [5] for all time steps. Figure [6] further illustrates the displacement
at the final time step. The latter two figures demonstrate the accuracy of the predicted results
over both space and time.

The elastic energy, used as a metric for evaluating prediction accuracy, is compared between
the reference and predicted solutions for all 10 time steps in Casel (Figure [7). Relative errors
in elastic energy across all 65 cases are summarized in Figure [§] where the error corresponds
to the time step with the maximum deviation. The maximum error remains within 6%, with
the largest deviations observed in cases with lower plate thickness due to sensitivity in time
integration results.

This analysis demonstrates the effectiveness of the proposed minimally intrusive, projection-
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Figure 3: Comparison of displacement predictions with reference solutions in all directions (z, y, z) at the time
step corresponding to the maximum displacement for Casel.
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Figure 4: Zoomed view of the indicated region in Figure3|for Casel, highlighting the accuracy of the displacement

predictions.

based, reduced order modeling methodology in accurately predicting dynamic structural re-
sponses while maintaining computational efficiency, particularly in scenarios involving para-

metric variations in material properties.
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Figure 5: Comparison of z-direction displacement predictions with reference solutions for all time steps in Casel.
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Figure 6: Predicted and reference z-direction displacements for Casel at the final time step.

4 CONCLUSION

This work presents a novel minimally intrusive Proper Orthogonal Decomposition (POD)
method for parametric dynamic structural analysis. The method was validated using 65 cases,
in which material properties—such as Young’s modulus, thickness, and Poisson’s ratio—were
varied within predefined ranges to assess the robustness of the approach. A key aspect of this
methodology was the incorporation of two machine learning models: one for predicting the
mass matrix and another for predicting the stiffness matrix. This allowed for efficient and accu-
rate modeling of the system dynamics without the need for full recalculation of these matrices,
which contributes to the efficiency of the minimally intrusive approach.
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Figure 7: Comparison of elastic energy predictions with reference solutions over 10 time steps for Casel.
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Figure 8: Relative errors in elastic energy for all 65 cases, showing the maximum error for each case.

The methodology successfully achieved stable displacement predictions, which was the pri-
mary objective of this study. In the majority of the 65 cases, the relative error was limited
to 1-2%, with exceptions mainly in cases with the lowest thickness, where higher discrepan-
cies were observed. These larger errors were attributed to the high undulations present in the
coefficients during the initial time integration process. However, this issue was significantly
mitigated through the application of Savitzky-Golay filtering, resulting in improved accuracy of
the predictions. Overall, the proposed minimally intrusive POD method has demonstrated its
capability to reliably handle parametric variations, maintaining accuracy while reducing com-
putational costs.

The application of this methodology, inspired by its success in static structural analysis,
demonstrates its feasibility for use in dynamic cases, which is crucial for digital twin technology.
By efficiently modeling dynamic responses with varying material properties and incorporating
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machine learning for predicting mass and stiffness matrices, this approach significantly reduces
computational costs. This makes real-time analysis and updates possible, a key requirement for
digital twins. The demonstrated stability and accuracy in displacement predictions highlight the
potential for integrating this method into digital twin systems for dynamic structural analysis in
various fields, such as civil infrastructure and aerospace.
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