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Abstract. This paper presents a novel elastodynamic model for the analysis of end-bearing
piles embedded in generalised continuously inhomogeneous soils, resting on a rigid base and
subjected to vertically propagating P-waves. This approach models the pile as a rod, using
the strength-of-materials solution, and the soil as an approximate continuum of the Tajimi type.
The approximation resides in reducing the number of the elastodynamic equations which govern
the soil motion to one, which satisfies the equilibrium in the vertical direction, by eliminating
certain stresses and displacements in the soil. The proposed generalised formulation can treat
any continuous distribution of the soil stiffness with depth. Soil inhomogeneity is introduced via
a generalised power law variation of the soil shear modulus with depth. The response of the
pile-soil system is expressed in the form of a generalised Fourier series and the eigenfunctions
along the vertical coordinate are captured by employing simple trigonometric functions. The
predictive power of the model is verified through comparisons with finite element analyses.
Results are presented in terms of kinematic response factors across a wide range of excitation
frequencies, soil-pile stiffness contrasts, and types of soil inhomogeneity. It is shown that soil
inhomogeneity can reduce the kinematic response factor.
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1 INTRODUCTION

During an earthquake, the seismic excitation experienced at the base of a pile-supported
structure may differ substantially from the free surface motions. This complex dynamic phe-
nomenon, observed even in the absence of a superstructure, is commonly termed in the literature
kinematic interaction. Several research studies have emphasized the importance of considering
kinematic interaction in the seismic design of foundations [} 2} 3, 4]]. Notable seismic events,
including Loma Prieta (1989), Northridge (1994), Kobe (1995), and ChiChi (1999), have high-
lighted the potentially destructive impact of the vertical component of earthquake excitation [3]].
These observations suggest that P-waves may dominate seismic design considerations, partic-
ularly in cases involving near-fault earthquakes or locations with shallow, rigid rock forma-
tions [6]. In this context, the development of rational and cost-effective design tools is essential
to assess the effective motion impacting pile-supported structures accurately.

1.1 Available analytical solutions and proposed model

Studies by Mamoon and Ahmad [7]] and by Ji and Pak [8] have investigated the seismic
response of piles under various wave excitations. Mylonakis and Gazetas [9] introduced a
Winkler-type model to capture the kinematic response of piles subjected to vertically propa-
gating P-waves. Subsequent studies introduced more advanced elastodynamic solutions, with
Anoyatis et al. [10]], Dai et al. [[11}112}13]], and Zheng et al. [[14}[15]. Lately, Lin et al. [16] stud-
ied the kinematic response of floating piles in two-layered soils excited by P-wave. The studies
mentioned earlier are typically limited to scenarios involving either a uniform distribution of
soil stiffness with depth or layered soil profiles. More recently, Anoyatis et al. [6] introduced
a Tajimi-type solution for the kinematic response of end-bearing piles embedded in a continu-
ously inhomogeneous soil layer. However, this solution applies only to soils where the shear
modulus varies linearly with depth. Therefore, the main objective of this study is to provide a
novel elastodynamic benchmark solution for the axial kinematic response of end-bearing piles
embedded in a generalised continuously inhomogeneous soil deposit. The proposed solution
models the pile as a rod and the soil as an approximate continuum of the ‘Tajimi’ type [17],
following the seminal work of Nogami and Novak [18]], and the advancements by Anoyatis et
al. [19, 20, 21]]. The response of both the soil and the pile is expressed in terms of generalised
Fourier series of soil modes along the vertical coordinate. These soil modes are captured using a
generalised Fourier series and appropriate trigonometric functions to address generalised verti-
cal soil inhomogeneity [22, 23, 24]. In addition to its intrinsic theoretical interest, the proposed
model offers advantages over both simpler and more advanced analytical models by effectively
addressing any continuous variation of the shear modulus in the vertical direction. Furthermore,
it significantly reduces computational complexity compared to more rigorous solutions while
maintaining high accuracy. Moreover, the proposed model can serve as a scoping tool in the
early design stage and complement numerical analyses by providing a ‘benchmark’ solution
to verify more complex dynamic models. The model’s predictive power is assessed through
comparisons with finite element analyses in terms of kinematic response factors across various
excitation frequencies and soil-pile stiffness ratios.

2 PROBLEM CONSIDERED

The problem examined in this study is depicted in Figure [T} It consists of a single solid
vertical pile of length L and circular cross-section of diameter d, embedded in a generalised
inhomogeneous soil layer that rests on a rigid rock. The pile is modelled as an elastic rod
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of Young’s modulus £, and mass density p, according to the strength-of-materials solution.
Perfect bonding at the soil-pile interface is assumed. The soil layer is modelled as an approx-
imate continuum of the Tajimi type. It is characterised by its soil mass density ps, Poisson’s
ratio v, and hysteretic type material damping (3. Soil inhomogeneity is introduced through a
depth-dependent shear modulus defined by the following power-law function:

Gulz) = Gan [+ (1=0) (£)]" (1)

In Equation (1)), z denotes the vertical coordinate, while n and b are dimensionless parameters
that define soil inhomogeneity. Specifically, b relates the stiffness at the surface of the layer,
G0, to the stiffness at its base, Gy, through the expression b = (Gyo/ GSH)l/ " In the model,
hysteretic-type material damping is incorporated through a complex-valued, depth-dependent
shear modulus, G%(z) = Gs(2)(1 + 2if3;), where G5(z) is defined by Equation ().

Ug(z,t) = ugoe™

| o
;' I

— Gs(2)

ug(t) = u ge™” \
Gg(2),Bs s 2 ? ? § P waves I G |
]

Figure 1: Schematic illustration of a single end-bearing pile resting on a rigid base, embedded in a vertically
inhomogeneous soil layer and excited by vertically propagating P-waves.

3 SOIL ANALYSIS

The pile and soil are subjected to vertically harmonic compressional waves (P-waves), ex-
pressed through a time-dependent vertical displacement of soil layer base ug(t) = ug €™,
where uy 1s the displacement amplitude and w is the cyclic excitation frequency. The equilib-
rium of the vertical forces acting on a soil element in axisymmetric conditions in cylindrical
coordinates yields the governing differential equation [10]

a(rr) do 0?u

T—=— + Tps

or 0z o

2)
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where 7 = 7,(r,z,w) and 0 = 0,(r, z,w) are the vertical soil shear and normal stresses,
respectively. u' is the vertical total soil displacement that is expressed as the sum of the rigid
base motion ug and the motion relative to the rigid base u" i.e., ut = ut + Ugo. The stress-
displacement relations for axisymmetric deformations in a Tajimi-type continuum are expressed
as follows [[18.20]:

ou*
~ —n2GY 3
o s Gs 52 (3)
and
ou*
~ — G 4
TR =Gl )

where n? = 2(1 — 15)/(1 — 2v,) is a compressibility parameter related to the Tajimi approxima-
tion. By substituting Equations and (4) into Equation (2), and assuming vertical harmonic
soil motion of the form u = u(r, z, w) €™, the equilibrium equation of stresses can be reformu-
lated in terms of displacements as:

G 0 [ ou 5 0 ( . 0u 9 . B
Tar(rar>+nsaZ(GsaZ)+wps(u + ugp) = 0 5

The solution to Equation () is derived as the sum of the homogeneous solution and a particular
solution i.e., u" = wuy + uf) (e.g., [10, 16, 22 24]). The homogeneous solution is found by
applying the method of separation of variables, v = R (r) ® (z), which leads to two ordinary
differential equations:

1
R”+;R’—q2R =0 (6)

and

2
(G@) + AG, D + (” ) b =0 (7)
Equation (6) represents a linear second-order ordinary differential equation, the solution to
which was derived by Mylonakis [25]. Equation is a Sturm—Liouville equation, where
® denotes the associated eigenfunctions (soil modes). In this equation Gy = G*/G%y is a
dimensionless soil shear modulus, ®’ is the first derivative of the soil modes ® with respect to z,
and w/ Vo represents a complex wave-number which is related to the complex-valued velocity
(Vy = Vu V1 + 2if) of vertically propagating P-waves in the soil at 2 = H (i.e., V,n). ¢ and
A are variables that arise from the application of the method of separation of variables and are
linked through the compressibility coefficient as ¢ = 75 v/A. A comprehensive discussion on
this topic can be found in the earlier studies of the authors [19, 20]. The particular solution to
Equation () is expressed in a Fourier series and applying the orthogonality property of the soil
modes [[10, 6]. The displacements and shear stresses in the soil are expressed in Fourier series
as:

9
ut= )
m=1

2
w
B, Kolgur) + T, [ —2— o, 8
ol@mr) + (qusﬁ> ugo] ®
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and

7= G By g Ki(gur) P )
m=1
in which B,,, are the corresponding Fourier coefficients, and K and [ are the modified Bessel
functions of the second kind, zero and first order, respectively. In Equation (§)) 7, represents
a modal participation coefficient ([10]), which emerged from the expansion of the kinematic
excitation in Fourier series i.e., (w/ V;{I)Q Ugo Y ro_y Ty Gs @4y, and can be obtained from:

H
/(Pmdz
Tp = ——— (10)
/(_}Sfb?ndz

0
4 SOIL-PILE KINEMATIC INTERACTION ANALYSIS

The equilibrium of vertical forces acting on an arbitrary pile segment yields the governing
equation of the pile motion:

O?w*
P92
Likewise in soil analysis, the total pile displacement w* = w'(z,w) is expressed as the sum
of the motion at the rigid base and the pile displacement relative to the rigid base i.e., w' =
W' + ugo. In the above equation A, is the pile cross-sectional area, 7, is the pile mass density
and 7o = 7(r = d/2, z,w) is the vertical shear stress at the soil-pile interface. By substitut-
ing Equations and (9) into Equation and integrating along the pile length yields the
following equation for evaluating the coupled B,,, Fourier coefficients:

~E,A + Td7y — wripw' = 0 (11)

00 H H
Ey Ay Y (B Kolsm) + AngOTm)/ O O, dz+ 27 s BkKl(sk)/ G 02 dz

m=1 0 0

(12)

o] H H
— w? My Z (Bm Ko(sm) + AQUgOTm) / D, P dz = W? My ugo/o d.dz

m=1 0

where A = w/ (¢,,VJ;) can be seen as a dimensionless frequency parameter [3]. The pile
displacement relative to the rigid base is obtained from Equation (8)), considering the perfect
bonding at the soil-pile interface:

W= (B Ko(sm) + NugTy) P (13)

m=1

where s, = ¢,, d/2 is the dimensionless argument of the Bessel function K ().
The stiffer pile diffracts the vertically propagating P-waves in the soil, thereby altering the wave
field [1]. To quantify this effect, a kinematic response factor I, is used as the ratio of the total
motion at the pile head to the corresponding motion of the free field:
t
I, = Vo (14)
Ufro
where the total pile head displacement wj, = wi(z = 0,w) is evaluated from Equation (13]) and
the total free-field surface motion ugy = ug(z = 0,w) from Equation (8) by letting  — oc.
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S GENERALISED EIGENVALUE PROBLEM

Equation (7) can be solved by expressing the soil modes & = ®,,(z,w) in terms of Fourier
series as:

O, = > S, (15)
j=1

where S7"(w) are the Fourier coefficients to be determined, and W;(z) are sinusoidal functions
of the form cos(«;z), where o; = (7/2H)(2j — 1) in which j = 1, 2, 3, ... N. By substituting
Equation (T5)) into Equation (7)), making use of the orthogonality property of the trigonometric
functions and integrating along the thickness of the soil layer, yields:

v o0 H o\’ H
Zs;@/c;squq/kdz - Zs;mm/c;s\pj\ykdz - = S;j/\pzdz =0 (16)
0 0 pH 0

=1

The solution to Equation (I6) yields the frequency-dependent eigenvalues A, and the corre-
sponding eigenvectors S7".

6 KINEMATIC RESPONSE FACTOR
6.1 Model verification

Figure 2| plots the amplitude of the kinematic response factor, |/, |, with respect to the ex-
citation frequency normalized by the first resonance of the soil deposit (w/w;). The analysis
refers to a soil deposit with a linear variation of the shear modulus with depth (n = 1 and
b = 0.25), Eq. (I). Results are presented for two selected soil-pile stiffness contrasts: stiff
soils (B, /Eqn = 100) and soft soils (E,/Eqz = 1000), as reported in Figures [2(a) and 2{b),
respectively. A soil material damping ratio of 55, = 0.10 is used. The results are obtained using
a Poisson’s ratio of v = 0.4 and pile-soil material density ratios determined based on pile-soil
stiffness ratios i.e., ps = pp/1.25 for E,/Eq < 1000, and ps = p,,/1.5 for E,/Eq > 1000.
The proposed solution is validated through comparison with finite element (FE) results pre-
sented in a recent study by Anoyatis et al. [6] for commonly used piles of pile slenderness
ratio L/d = 25. Across the full range of excitation frequencies and soil-pile stiffness ratios
considered, the proposed model shows excellent agreement with the FE analyses. Specifically,
for stiff soils (£,/Es = 100), the agreement between the proposed solution and FE results is
slightly less accurate than for soft soils (£,,/ Es = 1000). This discrepancy arises from the lim-
itations of the Tajimi-type continuum in accounting for the increasing influence of radial soil
displacement, particularly in stiffer soils. However, this effect is generally minor for typical pile
applications in stiff soils.

6.2 Numerical results

The effect of soil inhomogeneity on the kinematic response factor is investigated in Figure
In this figure, the kinematic response factors |/,| are plotted for two selected soil-pile config-
urations, i.e., L/d = 10 (Fig. a)) and L/d = 25 (Fig. b)), as functions of the normalized
excitation frequency w/wy. The results correspond to a selected distribution of the soil shear
modulus with depth: parabolic (dotted line, n = 0.5) and linear (dash-dotted line, n = 1),
Eq. (I). Additionally, results for the special case of a homogeneous soil deposit (solid lines)
are included for comparison. All the investigated soil stiffness profiles are characterized by the
same soil shear modulus value at depth of z = H. The results are presented for both soft soils
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Figure 2: Variation of the amplitude of the kinematic response factor |I,| with normalised excitation frequency
w/wy for a medium with linear variation of the stiffness with depth. Results for: stiff soils with E,/Esg = 100
(Fig.a)) and soft soils with E,,/ Eqy = 1000 (Fig. b)). Comparison of the proposed solution with finite element
analyses (FE) from Anoyatis et al. [6].
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Figure 3: Variation of the amplitude of the kinematic response factor with normalised excitation frequency w/wq
for selected values of the soil inhomogeneity distribution, and for two selected pile slenderness ratios L/d = 10
(Fig. a)) and L/d = 25 (Fig. b)), for both soft £,/ Esy = 1000 (black curves) and stiff E},/Esy = 100 (grey
curves) soils. Gg0/Gsp = 0.25, 35 = 0.05, vs = 0.4, N = 10.

(Ey/Esq = 1000, in black) and stiff soils (£, /Esg = 100, in grey). Figures (a) and (b) show
that |I,| = 1 at w = 0, indicating that the pile follows the long-wavelength motion of the soil.
Overall, the kinematic interaction factor fluctuates with frequency, attaining values below unity.
This suggests that pile foundations typically reduce seismic motion, highlighting their potential
filtering effect. An exception occurs in the case of homogeneous soil deposits with L/d = 10
(Fig. a)), where |, | exceeds unity in the high-frequency range. In general, soil inhomogeneity
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leads to a reduction in the kinematic response factor |I,| over the entire frequency range. The
highest || is observed in homogeneous soil and decreases as n increases from 0.5 to 1. This
trend is attributed to the increased seismic amplification in inhomogeneous soil deposits, which
results in larger surface displacements in the free field.

7 CONCLUSIONS

A novel elastodynamic model is derived for the analysis of end-bearing piles embedded in
generalised continuously inhomogeneous soils, resting on a rigid rock and excited by vertically
propagating P-waves. This study extends the works of Anoyatis et al. [10, 6l], enabling the
analysis of piles embedded in soil deposits with a generalised variation of the soil stiffness with
depth. The response of the pile-soil system is expressed in the form of a generalised Fourier se-
ries and the eigenfunctions (soil modes), along the vertical coordinate, are captured by employ-
ing simple trigonometric functions. This novel technique avoids solving a laborious eigenvalue
problem, thus enhancing computational efficiency. The predictive power of the model is verified
through comparisons with finite element analyses across a wide range of excitation frequencies
and selected soil-pile stiffness ratios, showing excellent agreement. It is shown that soil inho-
mogeneity leads to a reduction in the kinematic response factor, |/, |, across the entire frequency
range compared to the homogeneous case, indicating that the filtering effect of piles can be
more significant in non-homogeneous soil conditions. Future research will extend the model
to accommodate a broader range of applications, including floating piles and pile groups. As a
final remark, to ensure results from this research can be verified and reproduced, python scripts
and data are shared on a KU Leuven web page titled Soil-Structure Interaction Toolkit, which
can be accessed following the link https://bwk.kuleuven.be/projects/SSItk/
(upon acceptance of the manuscript).
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