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Abstract. This paper examines the elastodynamics of a propagating edge wave on a semi-
infinite orthotropic layer under the influence of a two-parameter foundation. The dispersion
relations of the stated edge problem amidst the influence of the Pasternak’s and Hetenyi’s elas-
tic foundations have been analyzed; the two famous members of the two-parameter foundation
family. Moreover, the dynamic response of the medium to the variation of these involving pa-
rameters of both elastic foundations has been captured, including the full examination of the
respective cutoff and static expressions. Lastly, the study ends with the analysis of the phase
and group velocities in the beseeched elastic foundations.
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1 INTRODUCTION

Propagation of edge waves in elastic plates has been studied in both the past and recent
literature owing to its vast applications in elastodynamics [1, 2]. Various studies have been
carried out concerning isotropic, anisotropic, and orthotropic materials, among others [3]. In
addition, some of the recent studies examined the relevance of edge wave propagations in plates
resting over elastic foundations, including the impact of a two-parameter elastic beneath an
isotropic plate [4], and that of an orthotropic bar supported by the classical Winkler’s elastic
foundation [5] to mention a few.

However, due to the availability of vast literature concerning the elastic foundations [6, 7, 8],
mostly in engineering fields, in addition to their untapped relevance, the present study exam-
ines the dispersion of edge waves, propagating on a semi-infinite orthotropic plate while rested
over two-parameter foundations, the so-called Pasternak’s and Hetenyi’s elastic foundations
[9]. More precisely, these foundations feature the Laplacian operator, which further compounds
the wave behavior in the media. An analytical approach will be utilized to obtain the conse-
quential characteristic equations in each case, in addition to the acquisition and analysis of the
resulting phase and group velocities. Lastly, the study intends to analyze the impact of all the
foundational parameters on the dispersion of waves in the medium.

sectionProblem formulation
The equation of motion for a homogeneous elastic orthotropic layer over the region −∞ <

x < ∞, 0 ≤ y < ∞, and −h ≤ z ≤ h, in the presence of contact pressure or forcing term
p(x, y, t) is expressed as [1, 2, 3]

Dxuxxxx + 2Huxxyy +Dyuyyyy + 2ρhutt + p(x, y, t) = 0, (1)

where u = (x, y, t) is the flexural displacement, Dx and Dy are the respective bending stiff-
nesses along x, y, directions, sequentially, H = 2Dxy +D1, h is the half-thickness of the layer,
while ρ is the density of the material. Notably, upon considering p(x, y, t) = 0, one recovered
the unforced Kirchhoff equation of motion. In addition, on the edge of the structure, see Figure
1 for the geometry of the plate that is adopted from Althobaiti et al. [5]; at y = 0, the following
boundary conditions are imposed when no modified shear force and moment are presumed

D1uxx +Dyuyy = 0, and (4Dxy +D1)uxxy +Dyuyyy = 0, at y = 0. (2)

Moreover, in connection to the forcing term p(x, y, t), this study examines the case of two

Figure 1: Elastic plate underlying a Winkler’s foundation (figure adopted from Althobaiti et al. [5]).

dissimilar two-parameter elastic foundations occupying the region −∞ < x < ∞, 0 ≤ y < ∞,
and 2h ≤ z < ∞, upon which the governing layer is rested over as follows:
I). The Pasternak elastic foundation [9] when one expresses the function p(x, y, t) as follows

p(x, y, t) = βu(x, y, t)− γ∇2u(x, y, t), (3)
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where β is the stiffness of the Winkler’s elastic foundation, while γ is the shear modulus pa-
rameter for the Pasternak foundation. In addition, ∇2 is the Laplacian operator expressed as
follows ∇2 = ∂2

∂x2 +
∂2

∂y2
.

II). The Hetenyi elastic foundation [9], where the function p(x, y, t) takes the following expres-
sion

p(x, y, t) = βu(x, y, t)− γ∇4u(x, y, t), (4)

where β is the stiffness of the Winkler’s elastic foundation, and γ is a flexural parameter of the
Hetenyi elastic foundation. Obviously, upon setting the parameter γ to zero in the Eqs. (3)-(4),
one obtains the famous Winkler’s model [3, 5] that admits the characteristic equation, upon
suppressing the effects of Winkler’s foundation as follows

K4 = Ω2 − 1, (5)

where K and Ω are the dimensionless wavenumber and frequency, respectively, which take the
following expressions K = kc 4

√
Dx

β
and Ω = ω

√
2ρh
β
, with c as a dimensionless quality take

takes the following expression

c4 = 1−

(√
D2

1 + 4D2
xy − 2Dxy

)
2

DxDy

, (6)

the main result by Norries [1] when no elastic foundation was considered. In addition, since we
care about the impact of the underlying elastic foundations in Eqs. (3)-(4) on the dispersion of
edge waves in the current study, the reported characteristic equation in (5) is now re-expressed
to feature the presence of Winkler’s elastic parameter as follows

K4 = Ω2 −W, (7)

with K = kc 4
√
h and Ω = hω

√
2ρ
Dx

, and W = βh
Dx

; where K and Ω are the dimensionless
wavenumber and frequency, respectively, while W is the dimensionless stiffness of the Win-
kler’s elastic foundation. Moreover, setting W = 1, in Eq. (7) one recovers Eq. (5).

2 Characteristic equation under Pasternak foundation

Under the consideration of the Pasternak foundation resting beneath the governing plate, the
bending edge wave is then analyzed through the acquisition of the consequential characteristic
equation. In this case, the following harmonic solution is assumed [5]

u(x, y, t) = Aei(kx−ωt)−kλy, (8)

where A, k, and ω are the waves’ amplitude, wavenumber and the frequency, respectively, while
λ is the attenuation parameter, with ℜ(λ) > 0; ensuring a bounded solution along the depth of
the underlying foundation that is placed at y = 0. Accordingly, substituting Eq. (8) into Eq. (1)
yields as follows

λ4 −
(
2H

Dy

+
p

Dy

)
λ2 +

β + γk2 − 2hρω2 + k4Dx

k4Dy

= 0, (9)

where p = γ
k2

and the roots of the latter equation λ1 and λ2 satisfy

λ2
1 + λ2

2 =
2H

Dy

+
γ

k2Dy

, λ2
1λ

2
2 =

β + k4Dx − 2hρω2 + γk2

k4Dy

. (10)

5488



Certainly, assuming the deflection u(x, y, t) to admit the following bounded wave solution

u(x, y, t) = A1e
i(kx−ωt)−kλ1y + A2e

i(kx−ωt)−kλ2y, (11)

where A1 and A2 are constants, k, and ω are the dimensional wavenumber and the frequency, re-
spectively, while λ1 and λ2 are attenuation parameters determined from Eq. (1) more explicitly
as follows

λj =

√
H

Dy

+
p

Dy

+
1

2
(−1)jκ, j = 1, 2, κ = 2

√
H2

D2
y

− Dx

Dy

(1− c4). (12)

Furthermore, with the help of the imposed edge boundary conditions at y = 0 in Eq. (2), the
following characteristic equation is thus obtained

λ2
1λ

2
2D

2
y + 4λ1λ2DxyDy −D1

(
λ2
1 + λ2

2

)
Dy + 4D1Dxy +D2

1 = 0, (13)

which relations in Eq. (10) triggers the acquisition of the overall characteristic equation as
follows

γ
(
γ + 4Hk2

)
− 4Dy

(
β − 2hρω2 + γk2

)
= 4c4k4DxDy, (14)

where the positive value of c portrays

c4 = 1−

(√
D2

1 (P1 + 1) + 4D2
xy − 2Dxy

)
2

DxDy

+ Py

(
H

Dx

+
Px

4

)
, (15)

In addition, P1, Px and Py emerged due to the presence of Pasternak foundation, which are
further scaled and expressed as follows P1 = p

D1
, Px = p

Dx
, and Py = p

Dy
. Moreover, when

P1 = Px = Py = 0 in Eq. (15), one obtains Eq. (6). However, accounting for the effects
of Winkler’s elastic foundation as in Eq. (7), alongside featuring the action of the Pasternak
foundation, the characteristic equation in Eq. (14) is non-dimensionalized as follows

K8 = K4
(
Ω2 −W

)
+ P

(
K4χ2 + Pχ1

)
, (16)

where K,Ω,W, P are the dimensionless wavenumber, frequency, stiffness of the Winkler’s
foundation, and the elastic moduli of the Pasternak foundation, respectively, as follows

K = kc
4
√
h, Ω = hω

√
2ρ

Dx

, W =
βh

Dx

, P =
γhk2

Dx

, χ1 =
c4Dx

4Dy

, χ2 =
H

Dy

− 1. (17)

Accordingly, the equation of cut-off frequency and static equation can be obtained by respec-
tively setting K = 0 and Ω = 0. In addition, one obtains the resulting phase velocity V ph and
the group velocity V g from Eq. (16) as follows

V ph =
Ω

K
=

4
√
2Ω

4
√
Ω2 −W +R1

, (18)

and

V g =
dΩ

dK
=

2 23/4
(
P 2χ1 +

1
4
(Ω2 −W +R1)

2
)

R2 (Ω2 −W +R1) 3/4
, (19)

where R1 and R2 are expressed as follows R1 = Pχ2 +
√

4P 2χ1 + (Ω2 −W + Pχ2) 2, and
R2 =

√
R3 − P 2χ1, with R3 appearing in R2 expressed as follows

R3 =
1
4
(Ω2 −W +R2) (R2 +W + Ω2 − 2Pχ2) .
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3 Characteristic equation under Hetenyi elastic foundation

Accordingly, with the consideration of the Hetenyi elastic foundation earlier expressed in
Eq. 4, the equation of motion in Eq. (1) upon deploying Eq. (8) yields

λ4 − 2

(
H − γ

Dy − γ

)
λ2 +

β − γk4 − 2hρω2 + k4Dx

k4(Dy − γ)
= 0, (20)

with the roots λ1and λ2 satisfying

λ2
1 + λ2

2 = 2

(
H − γ

Dy − γ

)
, λ2

1λ
2
2 =

β − γk4 − 2hρω2 + k4Dx

k4(Dy − γ)
. (21)

Accordingly, deploying the solution in Eq. (11), one further obtains the explicit expressions for
the related roots as follows

λj =

√
H

Dy

(
1 +QH

1−Qy

)
+

1

2
(−1)jκ, j = 1, 2, κ = 2

√
H2

D2
y

(
1−QH

1−Qy

)2

− Dx

Dy

(
1

1−Qy

)
(1− c4),

(22)
where Qy =

γ
Dy

, and QH = γ
H
; recall that H = D1 + 2Dxy.

Accordingly, as in the previous subsection, one obtains the resulting characteristic equation
as follows

2hρω2 − β + γk4 = 4c4k4Dx, (23)

where

c4 = 1−

(√
2D1 (H −D1Q1) + 4D2

xy − 4D1Dxy −D2
1 − 2Dxy

√
1−Qy

)
2

DxDy

. (24)

In addition, in the absence of Hetenyi’s foundation, one sets Q1 = Qy = 0, where one equally
recovers Eq. (6) for both the isotropic and orthotropic mediums. Additionally, the consequential
dimensionless characteristic equation is obtained from Eq. (23) as follows

K4(1−Q) = Ω2 −W, (25)

where K,Ω and W are the dimensionless wavenumber, frequency, and the stiffness of Winkler’s
foundation, earlier expressed in Eq. (16), while Q is the dimensionless stiffness of Hetenyi’s
foundation given as

Q =
γ

c4Dx

. (26)

Notably, when Q = 0 in Eq. (25), one obtains Eq. (6). What is more, the related phase velocity
V ps and group velocity V g are equally obtained as follows

V ph =
Ω 4
√
1−Q

4
√
Ω2 −W

, (27)

and

V g =
2 4

√
(Ω2 −W )3

4
√
1−Q

√
Ω2 −QW

. (28)
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4 Discussion

This section graphically examines the obtained expressions for the respective phase and
group velocities with regard to the consideration of Pasternak’s and Hetenyi’s foundations. No-
tably, the expressions reported in (18) and (19), and on the other hand, (27) and (28) eventually
reduce to those expressions determined by Althobaiti et al. [5] upon disregarding the elastic
supports by Pasternak and Hetenyi, respectively. That is, respectively setting P = 0 and Q = 0
in the said equations, while considering the stiffness of the Winkler’s foundation to be unity,
that is, W = 1; just to coincides with the referenced characteristic equation in Eq. (5) - more-
over, Figure 2 portrays the acquired phase and group velocities with two-parameter foundations
while setting W = 1 and disregarding the second parameter; affirming the already mentioned
results. Notably, the two velocity curves coincide when Ω =

√
2.

Figure 2: The phase V ph and group V g velocities in both cases against Ω when W = 1.

4.1 Impact of Pasternak’s elastic foundation

Having accounted for the impact of both the Winkler’s and Pasternak’s parameters W and P
in the acquired phase and group velocities in (18) and (19), it is evident that in the absence of
Pasternak parameter P and setting W = 1 one acquires the results of Althobaiti et al. [5], where
the two velocities are noted to coincide, and further have local a minimum when Ω =

√
2. Thus,

to examine the impact of the foundation parameters, Figure 3 (a) studies the variational impact
of dimensionless stiffness of the Winkler’s foundation W on the phase and group velocities
while disregarding Pasternak’s parameter presence, that is, when P = 0. Indeed, one notes that
both velocities steadily increase with an increase in W. In addition, analyzing the impact of the
elastic modulus of Pasternak’s foundation, P, Figure 3 (b) captures the scenario after setting
W = 1, χ1 = 0.35 and χ2 = 0.55. In particular, one notes an opposite trend, where an increase
in the Pasternak parameter decreases the two velocities.
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(a) Impact of Winkler’s foundation when
P = 0.

(b) Impact of Pasternak’s foundation when W = 1.

Figure 3: Variation of the phase V ph and group V g velocities (18) and (19) against the frequency Ω.

4.2 Impact of Hetenyi’s elastic foundation

Figure 4 equally studies the variational impact of dimensionless stiffness of the Winkler’s
foundation W on the phase and group velocities, (27) and (28) while disregarding the presence
of the Hetenyi’s parameter, that is, when Q = 0. In this regard, the discussion is the same
with that of Figure 3 since both models coincide by disregarding the second parameters, P and
Q; the phase velocity admits a local minimum V ph =

√
1 +W 4

√
1−Q at Ω =

√
1 +W -

coinciding with the results by Althobaiti et al. [5] when W = 1 and Q = 0. Further, Figure 4
(b) discussed the variational impact of varying Hetenyi’s parameter Q on the phase and group
velocities. Certainly, one notes from both velocity curves that an increase Q decreases the phase
velocity, while at the same time increasing the group velocity.

(a) Impact of Winkler’s foundation when
Q = 0.

(b) Impact of Hetenyi’s foundation when W = 1.

Figure 4: Variation of the phase V ph and group V g velocities (27) and (28) against the frequency Ω.

5 Concluding note

In conclusion, the present study examined the elastodynamics of a propagating edge wave
on a semi-infinite orthotropic layer under the influence of both the Pasternak’s and Hetenyi’s
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elastic foundations; the famous two-parameter elastic foundations with rich literature. The
consequential characteristic equations have been constructed and further resolved for the corre-
sponding phase and group velocities. Having noted the suppression of the Winkler’s parameter
in the previous literature while non-dimensionalizing the characteristic equation, the present
study endowed full independence to the Winkler’s elastic parameter, and further analyzed its
impact, together with the impacts of both the Pasternak’s and Hetenyi’s parameters on the dis-
persion of edge waves in the governing plate. Certainly, the Winkler’s foundation parameter
W has been noted to steadily increase both the phase and group velocities, while an increase
in Pasternak’s foundation parameter decreases the two velocities. In addition, an increase in
the Hetenyi’s foundation has been noted to decrease the phase velocity, while at the same time
increasing the group velocity. Lastly, the presence study reduces to the work of Althobaiti et
al [5] when both the second foundation parameters are disregarded. Moreover, future study
intends to examine the relevance of material nonhomogeneity on the dispersion of edge waves
in elastic plates [10], in addition to the consideration of multi-parameter foundation models,
including the recent four-parameter viscoelastic foundations [11].
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