
 COMPDYN 2015 
 5

th
 International Conference on 

 Computational Methods in Structural Dynamics 
 and Earthquake Engineering 

European Community on 
Computational Methods in 
Applied Sciences 

Thema�c Conference 

M. Papadrakakis, V. Papadopoulos, V. Plevris (Eds)  

 An IACM Special Interest Conference  

PROCEEDINGS 

Volume I 



 

 

 



i 

 

COMPDYN 2015 

Computational Methods in Structural Dynamics and Earthquake Engineering 

Proceedings of the 5th International Conference on Computational  

Methods in Structural Dynamics and Earthquake Engineering 

Held in Crete, Greece 

25-27 May 2015 

 

 

Edited by: 

M. Papadrakakis 

National Technical University of Athens, Greece 

 

V. Papadopoulos 

National Technical University of Athens, Greece  

 

V. Plevris 

School of Pedagogical and Technological Education, Athens, Greece 

 

 

 

 

 

 

 

 

A publication of: 

Institute of Structural Analysis and Antiseismic Research 
School of Civil Engineering 
National Technical University of Athens (NTUA) 
Greece 

 

 

  



ii 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

COMPDYN 2015 

Computational Methods in Structural Dynamics and Earthquake Engineering 

M. Papadrakakis, V. Papadopoulos, V. Plevris (Eds) 

 

First Edition, September 2015 

 

© The authors 

 

ISBN: 978-960-99994-7-2 

 



iii 

 

PREFACE 

This volume contains the full-length papers presented in the 5th International Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering (COMPDYN 2015) that 

was held on May 25-27, 2015 on the Crete Island, Greece.  

COMPDYN 2015, one of the thematic Conferences of the European Community on Computational  

Methods in Applied Sciences (ECCOMAS), is a Special Interest Conference of the International  

Association for Computational Mechanics (IACM) and has been promoted by the European  

Committee on Computational Solid and Structural Mechanics (ECCSM) of ECCOMAS. The purpose 

of the Conference is to bring together the scientific communities of Computational Mechanics, 

Structural Dynamics and Earthquake Engineering in an effort to facilitate the exchange of ideas in 

topics of mutual interests and to serve as a platform for establishing links between research groups 

with complementary activities. The communities of Structural Dynamics and Earthquake 

Engineering will benefit from this interaction, acquainting them with advanced computational 

methods and software tools which can highly assist in tackling complex problems in 

dynamic/seismic analysis and design, while also giving the Computational Mechanics community 

the opportunity to become more familiar with very important application areas of great social 

interest. The COMPDYN 2015 Conference is supported by the National Technical University of 

Athens (NTUA), the European Association for Structural Dynamics (EASD), the European Association 

for Earthquake Engineering (EAEE), the Greek Association for Computational Mechanics (GRACM) 

and the John Argyris Foundation. 

The editors of this volume would like to thank all authors for their contributions. Special thanks go 

to the colleagues who contributed to the organization of the Minisymposia and to the reviewers 

who, with their work, contributed to the scientific quality of this e-book.  

 

M. Papadrakakis 

National Technical University of Athens, Greece 

 

V. Papadopoulos 

National Technical University of Athens, Greece  

 

V. Plevris 

School of Pedagogical and Technological Education, Athens, Greece 
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Abstract. This work presents a strategy for integrating a class of model reduction techniques
into two types of complex problems: finite element model updating using dynamic response
data; and reliability-based design of stochastic finite element models. The solution of this
type of problems is computationally very demanding due to the large number of finite element
model analyses required. Substructure coupling techniques for dynamic analysis are proposed
to reduce the corresponding computational cost involved in these processes. The idea is to carry
out the updating and design processes efficiently in a reduced space of generalized coordinates.
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1 INTRODUCTION

Finite element model updating using measured system response has a wide range of ap-
plications in areas such as structural response prediction, structural control, structural health
monitoring, reliability and risk assessment, etc. [1, 2, 3, 4]. For a proper assessment of the
updated model all uncertainties involved in the problem should be considered. The ability to
quantify the uncertainties accurately and appropriately is essential for a robust prediction of
future responses and reliability of structures [5]. In this context, a fully probabilistic Bayesian
model updating approach provides a robust and rigorous framework for model updating due to
its ability to characterize modeling uncertainties associated with the underlying structural sys-
tem [6, 7, 8]. A stochastic simulation approach called transitional Markov chain Monte Carlo
method is considered here for identification purposes [9]. Such algorithm requires a large num-
ber of finite element re-analyses to be performed over the space of model parameters. Thus,
the computational demands depend on the number of re-analyses and the time required for
performing each finite element re-analysis.

On the other hand, under uncertain conditions the field of reliability-based optimization pro-
vides a realistic and rational framework for structural optimization which explicitly accounts
for the uncertainties [10, 11]. Of particular interest in this work is the case of structural design
problems involving finite element models under stochastic loading. The design problem is for-
mulated as the minimization of an objective function subject to multiple design requirements
including standard and reliability constraints. The solution of this type of problems requires a
large number of finite element analyses to be perform during the design process. These analyses
correspond to finite element re-analyses over the design space (required by the optimizer), and
system responses over the uncertain parameter space (required by the simulation technique for
reliability estimation). Consequently, the computational demands depend highly on the number
of finite element analyses and the time taken for performing an individual finite element anal-
ysis. Thus, the computational demands in solving these reliability-based design problems may
be large or even excessive [12, 13, 14, 15].

In this framework, it is the main objective of this work to present a strategy for integrating a
class of model reduction techniques into the updating and design processes in order to reduce
the computational cost involved in the corresponding dynamic re-analyses of the finite element
models. Specifically, a class of model reduction techniques known as substructure coupling
for dynamic analysis is considered in the present implementation [16]. Such technique can be
used to carry out system analyses in a significantly reduced space of generalized coordinates.
A particular parametrization scheme in terms of the model parameters and design variables is
implemented in the present work. Such scheme reduces drastically the computational demands
involved in the updating and design processes without compromising the solution accuracy.

2 FINITE ELEMENT MODEL UPDATING

2.1 Problem Formulation

In this section the first type of problems to be considered is introduced. It corresponds
to finite element model updating using dynamic response data. To this end, consider a finite
element model class M of a structural system parameterized by a set of model parameters
θ ∈ Θ ⊂ Rnd . The plausibility of each model within a classM based on dataD is quantified by
the updated joint probability density function p(θ|M,D) (posterior probability density function).
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By Bayes’ Theorem the posterior probability density function of θ is given by

p(θ|M,D) =
p(D|M,θ) p(θ|M)

p(D|M)
(1)

where p(D|M) is the normalizing constant which makes the probability volume under the pos-
terior probability density function equal to unity, p(D|M,θ) is the likelihood function based
on the predictive probability density function for the response given by model class M , and
p(θ|M) is the prior probability density function selected for the model class M which is used to
quantify the initial plausibility of each predictive model defined by the value of the parameters
θ, allowing in this manner prior information to be incorporated. In what follows, it is assumed
that D contains input dynamic data and output responses from measurements on the system.
Specifically, let xn(tj,θ) denotes the output at time tj at the nth observed degree of freedom
predicted by the proposed structural model, and x∗n(tj) denotes the corresponding measured
output. The prediction and measurement errors en(tj,θ) = x∗n(tj)−xn(tj,θ) for n = 1, ..., No,
and j = 1, ..., NT , where No denotes the number of observed degrees of freedom and NT de-
notes the length of the discrete time history data, are modeled as independent and identically
distributed Gaussian variables with zero mean [17]. Using the above probability model for the
prediction error it can be shown that the likelihood function p(D|M,θ) can be expressed in terms
of a measure-of-fit function J(θ|M,D) between the measured response and the model response
at the measured degrees of freedom. Such function is given by [18, 19]

J(θ|M,D) =
1

NtNo

No∑
n=1

Nt∑
j=1

[x∗n(tj)− xn(tj,θ)]
2 (2)

2.2 Simulation-Based Approach

An efficient method called transitional Markov chain Monte Carlo is implemented for Bayesian
model updating [9]. Validation calculations have shown the effectiveness of this approach in a
series of practical Bayesian model updating problems [9, 20, 21]. The method can be applied to
a wide range of cases including high-dimensional posterior probability density functions, mul-
timodal distributions, peaked probability density functions, and probability density functions
with flat regions. The method iteratively proceeds from the prior to the posterior distribution. It
starts with the generation of samples from the prior distribution in order to populate the space in
which also the most probable region of the posterior distribution lies. For this purpose a number
of non-normalized intermediate distributions pj(θ|M,D), j = 1, ..., J , are defined as

pj(θ|M,D) ∝ p(D|M,θ)αjp(θ|M) (3)

where the parameter αj increases monotonically with j such that α0 = 0 and αJ = 1. The pa-
rameter αj can be interpreted as the percentage of the total information provided by the dynamic
data which is incorporated in the jth iteration of the updating procedure. The first step (j = 0)
corresponds to the prior distribution and in the last stage (j = J) the samples are generated
from the posterior distribution. The idea is to choose the values of exponents αj in such a way
that the change of the shape between two adjacent intermediate distributions be small. This
small change of the shape makes it possible to efficiently obtain samples from pj+1(θ|M,D)
based on the samples from pj(θ|M,D). The value of the parameter αj+1 is chosen such that the
coefficient of variation for {p(D|M,θkj )αj+1−αj , k = 1, ..., Nj} is equal to some prescribed tar-
get value. The upper index k = 1, ..., Nj in the previous expression denotes the sample number
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in the jth iteration step (θkj , k = 1, ..., Nj). Once the parameter αj+1 has been determined, the
samples are obtained by generating Markov chains where the lead samples are selected from
the distribution pj(θ|M,D). Each sample of the current stage is generating by applying the
Metropolis-Hastings algorithm [22]. The lead sample of the Markov chain is a sample from
the previous step that is selected according to the probability equal to its normalized weight
w̄(θkj ) = w(θkj )/

∑Nj

l=1w(θ
l
j), where w(θkj ) represents the plausibility weight which is given

by w(θkj ) = p(D|M,θkj )αj+1−αj . The proposal probability density function for the Metropolis-
Hastings algorithm is a Gaussian distribution centered at the preceding sample of the chain and
with a covariance matrix equal to a scaled version of the estimate covariance matrix of the cur-
rent intermediate distribution pj(θ|M,D). The procedure is repeated until the parameter αj is
equal to 1 (j = J). At the last stage the samples (θkJ , k = 1, ..., NJ ) are asymptotically dis-
tributed as p(θ|M,D). For a detailed implementation of the transitional Markov chain Monte
Carlo method the reader is referred to [9].

3 RELIABILITY-BASED DESIGN OPTIMIZATION

3.1 Design Problem

The second type of problems to be considered consists in the reliability-based design of
finite element models under stochastic excitation. The problem is formulated in terms of the
constrained non-linear optimization problem

Minθ c(θ)

s.t. gi(θ) ≤ 0 i = 1, ..., nc

PFi
(θ)− P ∗

Fi
≤ 0 , i = 1, ..., nr

θ ∈ Θ (4)

where θ, θi, i = 1, ..., nd denotes the vector of design variables with side constraints θli ≤
θi ≤ θui , c(θ) is the objective function, gi(θ) ≤ 0, i = 1, ..., nc are standard constraints, and
PFi

(θ)− P ∗
Fi

≤ 0 are the reliability constraints which are defined in terms of the failure proba-
bility functions PFi

(θ) and target failure probabilities P ∗
Fi
, i = 1, ..., nr. It is assumed that the

objective and constraint functions are smooth functions of the design variables. For structural
systems under stochastic excitation the probability that design conditions are satisfied within a
particular reference period T provides a useful reliability measure (first excursion probability).
In this context, a failure event Fi can be defined as Fi(θ, z) = di(θ, z) > 1, where di is the
so-called normalized demand function defined as di(θ, z) = maxj=1,...,lmaxt∈[0,T ] | rij(t,θ, z) |
/ri

∗
j , where z ∈ Ωz ⊂ Rnz is the vector of uncertain variables involved in the problem (char-

acterization of the excitation and system parameters), rij(t,θ, z), j = 1, ..., l are the response
functions associated with the failure event Fi, and ri∗j is the acceptable response level for the
response rij . The response functions rij are obtained from the solution of the equation of motion
that characterizes the structural model. The uncertain variables z are modeled using a prescribed
probability density function p(z). The probability of failure evaluated at the design θ is formally
defined as

PFi
(θ) = P [maxj=1,...,lmaxt∈[0,T ]

| rij(t,θ, z) |
ri

∗
j

> 1] (5)

where P [·] is the probability that the expression in parenthesis is true. Equivalently, the failure
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probability function evaluated at the design θ can be written in terms of the multidimensional
probability integral

PFi
(θ) =

∫
di(θ,z)>1

p(z)dz (6)

3.2 Reliability Estimation and Optimization Strategy

The reliability constraints of the nonlinear constrained optimization problem (4) are defined
in terms of the first excursion probability functions PFi

(θ), i = 1, ...nr. In general, these relia-
bility measures are given in terms of high-dimensional integrals in the framework of dynamical
systems under stochastic excitation. The difficulty in estimating these quantities favors the ap-
plication of advanced simulation techniques. In particular, a general applicable method named
subset simulation is adopted in the present formulation [23]. In this advanced simulation tech-
nique the failure probabilities are expressed as a product of conditional probabilities of some
chosen intermediate failure events, the evaluation of which only requires simulation of more
frequent events. The intermediate failure events are chosen adaptively using information from
simulated samples so that they correspond to some specified values of conditional failure prob-
abilities. Therefore, a rare event simulation problem is converted into a sequence of more fre-
quent event simulation problems. The method uses a Markov chain Monte Carlo method based
on the Metropolis algorithm for sampling from the conditional probabilities [23, 24]. Valida-
tion calculations have shown that subset simulation can be applied efficiently to a wide range
of dynamical systems [25, 26, 27]. Regarding the solution of the reliability-based optimization
problem, it can be obtained, in principle, by a number of techniques such as standard deter-
ministic optimization schemes or stochastic search algorithms [28, 29, 30, 31]. Of particular
importance are interior point algorithms based on descent feasible direction [32, 33]. By con-
struction these algorithms generate a sequence of steadily improved feasible designs. The above
schemes have proved to be quite effective for a wide range of applications including stochastic
optimization problems [34, 35].

4 MODEL REDUCTION TECHNIQUE

The proposed Bayesian model updating technique is computationally very demanding due
to the large number of dynamic finite element analyses required. In fact, the model updating
technique based on the transitional Markov chain Monte Carlo method involves drawing a large
number of samples (of the order of thousands) for populating the importance region in the un-
certain parameter space. Similarly, the solution of the reliability-based optimization problem is
also very expensive from a computational point of view. The reliability estimation at each de-
sign requires the evaluation of the system response at a large number of samples in the uncertain
parameter space (of the order of hundreds or thousands). In addition, the iterative nature of the
optimization strategy may impose additional computational demands. Consequently, the com-
putational cost may become excessive when the computational time for performing a dynamic
analysis is significant. To cope with this difficulty, a model reduction technique is considered
in the present formulation. In particular, a method based on component-mode synthesis is im-
plemented in order to define a reduced-order model for the structural system [16, 36, 37]. The
basic equations and relationships involved in the model reduction technique are reviewed in this
section.
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4.1 Reduced-Order Model

The so-called fixed-interface normal modes and interface constrain modes are considered
here to define a reduced-order model [16]. To this end, the following partitioned form of the
mass matrix Mc ∈ Rnc×nc and stiffness matrix Kc ∈ Rnc×nc of the component c, c = 1, ..., Nc

is considered

Mc =

[
Mc

ii Mc
ib

Mc
bi Mc

bb

]
, Kc =

[
Kc

ii Kc
ib

Kc
bi Kc

bb

]
(7)

where the indices i and b are sets containing the internal and boundary degrees of freedom of
the component c, respectively. The internal coordinates are kept in the set xc

i(t) ∈ Rnc
i while all

boundary coordinates are kept in the set xc
b(t) ∈ Rnc

b . The displacement vector of physical coor-
dinates of the component c is given by xc(t)T =< xc

i(t)
T , xc

b(t)
T >∈ Rnc , where nc = nc

i + nc
b.

The fixed-interface normal modes are obtained by restraining all boundary degrees of freedom
and solving the eigenproblem Kc

iiΦ
c
ii −Mc

iiΦ
c
iiΛ

c
ii = 0, where the matrix Φc

ii contains the com-
plete set of nc

i fixed-interface normal modes, and Λc
ii is the corresponding matrix containing

the eigenvalues. The fixed-interface normal modes are normalized with respect to the mass
matrix Mc

ii. On the other hand, the interface constraint modes are defined by setting a unit
displacement on the boundary coordinates xc

b(t) and zero forces in the internal degrees of free-
dom. From this condition the interior partition of the interface constraint-mode matrix can be
written as Ψc

ib = −Kc
ii
−1Kc

ib. Based on the previous normal and constraint modes the follow-
ing displacement transformation matrix is introduced to define a set of generalized coordinates
[16, 36]

xc(t) =

{
xc
i(t)

xc
b(t)

}
=

[
Φc

ik Ψc
ib

0c
bk Icbb

]{
vc
k(t)

vc
b(t)

}
= Ψc vc(t) , c = 1, ..., Nc (8)

where Φc
ik ∈ Rnc

i×nc
k is the interior partition of the matrix Φc

ii of the nc
k kept fixed-interface nor-

mal modes, vc(t) represents the component generalized coordinates composed by the modal co-
ordinates vc

k(t) of the kept fixed-interface normal modes and the boundary coordinates vc
b(t) =

xc
b(t), Ψ

c ∈ Rnc×n̂c is a transformation matrix with n̂c = nc
k + nc

b, and all other terms have
been previously defined. Based on the previous transformation two vectors of generalized co-
ordinates are introduced. First, the vector of generalized coordinates for all the Nc components
v(t)T =< v1(t)T , ..., vNc(t)T >∈ Rnv , where nv =

∑Nc

c=1 n̂
c, and the vector u(t) that contains

the independent generalized coordinates consisting of the fixed-interface modal coordinates
vc
k(t) for each component and the physical coordinates vl

b(t), l = 1, ..., Nb at the Nb interfaces
u(t)T =< v1

k(t)
T , ..., vNc

k (t)T , v1
b(t)

T , ..., vNb
b (t)T >∈ Rnu , where nu =

∑Nc

c=1 n
c
k +

∑Nb

l=1 n
l
b,

and nl
b is the number of degrees of freedom at the interface l (l = 1, ..., Nb). These two vectors

are related by the transformation v(t) = Tu(t), where the matrix T ∈ Rnv×nu is a matrix of
zeros and ones that couples the independent generalized coordinates u(t) of the reduced system
with the generalized coordinates of each component. The assembled mass matrix M̂ ∈ Rnu×nu

and the stiffness matrix K̂ ∈ Rnu×nu for the independent reduced set u(t) of generalized coor-
dinates take the form

M̂ = TT

 Ψ1TM1Ψ1 0 0

0 . . . 0
0 0 ΨNc

TMNcΨNc

T , (9)
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K̂ = TT

 Ψ1TK1Ψ1 0 0

0 . . . 0
0 0 ΨNc

TKNcΨNc

T (10)

where all terms have been already defined. Note that the dimension of the reduced-order matri-
ces can be much more smaller than the dimension of the unreduced matrices, e.g. nu ≪ nc.

4.2 Model Parametrization

In what follows, a particular parametrization scheme in terms of the model parameters and
design variables is considered. Let C0 be the set of components that do not depend on the vector
of uncertain system parameters θ (model parameters or design variables). In this case, the
component fixed-interface normal modes and interface constraint modes are independent of the
system parameter value. Thus, only a single analysis is required to estimate the interface modes
for a particular component c ∈ C0. The modes of these components are computed once during
the updating and design processes. On the other hand, let Cj be the set of components that
depend on the system parameters. Specifically, it is assumed that the stiffness matrix depends
on only one of the system parameters and it takes the form Kc = K̄c

hjK(θj), where the matrix
K̄c is independent of θj , and hjK(θj) is a linear or nonlinear function of θj . This parametrization
scheme is often encountered in several practical applications of model updating and structural
optimization. From Eq. (7) it is clear that the partitions of the stiffness matrix Kc admits the
same parametrization. Then, the eigenvalues and eigenvectors associated with the kept fixed-
interface normal modes can be expressed as

Λc
kk = Λ̄c

kk h
j
K(θj) , Φc

ik = Φ̄c
ik (11)

where the matrices Λ̄c
kk and Φ̄c

ik are the solution of the eigenproblem K̄c
iiΦ̄

c
ik = M̄c

iiΦ̄
c
ikΛ̄

c
kk,

where the matrices Φ̄c
ik and Λ̄c

kk are independent of θj . Furthermore, the interface constraint
modes are also independent of θj since Ψc

ib = −K̄c
ii
−1 hjK

−1(θj)K̄
c
ib h

j
K(θj) = −K̄c

ii
−1K̄c

ib =
Ψ̄c

ib. Therefore, a single component analysis is required to provide the exact estimate of the nor-
mal and constraint modes for any value of θj . This is a very important result since the computa-
tionally intensive re-analyses for estimating the fixed-interface constrained modes and the inter-
face constraint modes of each component for different values of θj required during the updating
and design processes are completely avoided. Based on the previous parametrization, it can be
shown that the partitions for the component stiffness matrix K̂

c
= ΨcTKcΨc ∈ Rn̂c×n̂c

, c ∈ Cj

(see Eq. (10)) follows the parametrization

K̂
c

kk = Λ̄c
kkh

j
K(θj) , K̂

c

kb = K̂
cT

bk = 0c
kb , K̂

c

bb = (K̄c
bb + K̄c

biΨ̄
c
ib)h

j
K(θj) (12)

The previous parametrization allows the stiffness matrix of the reduced-order system to be
written as

K̂ = K̂0 +

nd∑
j=1

ˆ̄K1jh
j
K(θj) (13)

where the matrices K̂0, and ˆ̄K1j , (j = 1, ..., nd) are independent of the values of the vector
θ, and nd is the number of independent model parameters or design variables. These matrices
can be obtained directly by replacing the parametrization defined in Eq. (12) into Eq. (10). It
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is noted that the previous formulation guarantees that the reduced-order model is based on the
exact component modes for all values of the system parameters.

4.3 Implementation Aspects

The dynamic response of the original unreduced finite element model, which is needed for
the updating and design processes, is approximated by the modal solution of the reduced-order
model. Such approach is quite effective since the dimension of the reduced-order model can
be substantially smaller than the dimension of the original model. In other words, dividing
the structural system into components and reducing the number of physical coordinates to a
much smaller number of generalized coordinates have an important impact in the computational
effort of the overall processes. The computational efficiency of the proposed approach can be
increased additionally by considering high performance computing techniques at the computer
hardware level. In fact, the proposed updating and design processes are very-well suited for
parallel implementation in a computer cluster [21]. For example, the Markov chains generated
at the different stages during the updating and design processes are independent from each other,
which means that the generation of different chains can be performed in parallel. Parallelization
techniques can also be used at the model level. In this case the definition of all component
matrices in generalized coordinates can be carry out concurrently, reducing the computational
time of the proposed implementation even further.

5 EXAMPLE PROBLEM

5.1 Formulation

For illustration purposes the effectiveness of the proposed strategy is demonstrated in the sec-
ond class of problems, that is, reliability-based design of finite element models under stochastic
excitation. Applications of the proposed model reduction technique for updating finite element
models can be found in [38]. The structural model to be considered consists of a three-span two
dimensional frame structure shown in Figure (1). The structure has a total length of 30.0 m and
a constant floor height of 5.0 m, leading to a total height of 40.0 m. The finite element model
comprises 160 two dimensional beam and column elements of square cross section with 140
nodes and a total of 408 degrees of freedom. The dimension of the square cross section of the
column elements is equal to 0.4 m. The axial deformation of the column elements is assumed
to be small and they are neglected in the model. The Young’s modulus of the different elements
is equal to E = 2.0 × 1010 N/m2. A 5% of critical damping for the modal damping ratios is
introduced in the model. The structural system is excited horizontally by a ground acceleration
modeled as a non-stationary stochastic process. In particular, a stochastic point-source model
characterized by a series of seismicity parameters such as the moment magnitude and rupture
distance is considered in the present implementation [39, 40].

The input for the stochastic excitation model involves a white noise sequence and a series
of seismological parameters as previously pointed out. Details of the entire procedure can be
found in [39, 41]. The duration of the excitation is equal to T = 30 s with a sampling interval
equal to ∆T = 0.01 s. Based on the characterization of the point source model, the generation
of the stochastic ground motions involves more than 3000 random variables for the duration
and sampling interval considered. Thus, the vector of uncertain parameters z involved in the
problem (see Section 3) has more than 3000 components.

The cost represented by the total volume of the column elements is chosen as the objective
function for the design problem. The design variables comprise the dimension of the column
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Figure 1: Three-span eight-story structural model

elements square cross section of the different floors. In particular, the dimension of the column
elements square cross section are linked into two design variables in this example problem.
Design variable number one (θ1) is related to the dimension of the column elements of floors
1 to 4, while the second design variable (θ2) controls the dimension of the column elements of
floors 5 to 8. To control serviceability, the design criteria are defined in terms of the relative dis-
placements of the first, fifth and eighth floor with respect to the ground. The failure probability
functions are defined as

PFi
(θ) = P [maxt∈[0,T ]

| δi(t,θ, z) |
δi∗

> 1] , i = 1, 2, 3 (14)

where δi(t,θ, z), i = 1, 2, 3 are the relative displacements of the first, fifth and eighth floor with
respect to the ground, respectively, and δi∗ , i = 1, 2, 3 are the corresponding critical threshold
levels. The threshold levels are defined in terms of a percentage of the total height of the frame
structure. The following values are considered: 0.05%; 0.3%; and 0.5% for the threshold levels
corresponding to the failure events associated with the first, fifth and eighth floor, respectively.
The design problem is formulated as

Minθ c(θ)

s.t. PFi
(θ) ≤ 10−4 i = 1, 2, 3

0.3m ≤ θi ≤ 0.8m i = 1, 2 (15)

Note that the estimation of the probability of failure for a given design θ represents a high-
dimensional reliability problem.

5.2 Reduced-Order Model

The structural model is subdivided into sixteen components as shown in Figure (2). Com-
ponents 1 to 8 are composed by the column elements of the different floors, while components
9 to 16 correspond to the beam elements of the different floors. Based on this subdivision it

9
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is noted that components 1 to 4 depend on the design variable θ1, components 5 to 8 depend
on the design variable θ2, while components 9 to 16 are independent of the design variables.
In connection with the previous section, the nonlinear functions of the design variables θj are
given by hjK(θj) = θ4j , j = 1, 2. For each component it is selected to retain all fixed-interface
normal modes that have frequency ω such that ω ≤ αωc, with α being a multiplication factor
and ωc is a cut-off frequency which is taken equal to 41.0 rad/s in this case (4th modal frequency
of the unreduced model). The multiplication factor is selected to be 10.0 for components 1 to
8, and 2.9 for components 9 to 16. With this selection of parameters only one fixed-interface
normal mode is kept for each component. Thus, the reduced-order model comprises a total of
16 generalized coordinates out of the 312 internal degrees of freedom of all components (95%
reduction in terms of the internal degrees of freedom). On the other hand, the total number of
interface degrees of freedom is equal to 96 in this case. Based on this parametrization, the er-
rors between the modal frequencies using the unreduced reference finite element model and the
modal frequencies computed using the reduced-order model are quite small. In fact, the error
for the lowest 4 modes fall bellow 0.1%. The comparison with the lowest 4 modes seems to be
reasonable since validation calculations show that the contribution of the higher order modes
(higher than the 4th mode) in the dynamic response of the model is negligible. It is observed
that an important reduction in the number of generalized coordinates is obtained with respect to
the number of the degrees of freedom of the original unreduced finite element model. In fact,
an almost 75% reduction is obtained in this example problem.

Substructure 1

Substructure 9

Substructure 2

Substructure 10

Substructure 3

Substructure 11

Substructure 4

Substructure 12

Substructure 5

Substructure 13

Substructure 6

Substructure 14

Substructure 7

Substructure 15

Substructure 8

Substructure 16

Figure 2: Components (substructures) of the finite element model for design purposes

5.3 Results of the Example Problem

The effectiveness of the model reduction technique in the context of the design problem
is shown in Figures (3) and (4). These Figures show some iso-probability curves in the de-
sign space constructed by using the original unreduced finite element model and the reduced-
order model, respectively. It is observed that the iso-probability curves obtained by the full
and reduced-order model are very similar. There is only a slight difference between the iso-
probability curves corresponding to low probability events (≤ 10−5). The small differences at
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low probability levels are due mainly to the advanced simulation scheme used to estimate such
probabilities. The previous results imply that the final design for the example at hand can be
obtained with high accuracy by using the reduced-order model instead of the full model. On the
other hand, the shape and structure of the iso-probability curves associated with the different
failure events give a valuable insight into the interaction and effect of the design variables on
the reliability of the structural model. For example, the iso-probability curves associated with
the relative displacement of the first floor (PF1) show a weak interaction between the dimension
of the column elements square cross section of the lower and upper floors. Contrarily, the iso-
probability curves associated with the roof displacement (eighth floor) (PF3) show a substantial
non-linear interaction between the dimension of the column elements square cross section of all
floors.

Figure 3: Iso-probability curves associated with the failure events of the first, fifth, and eighth floor (unreduced
finite element model)

Figure (4) also shows some normalized objective contours, the feasible domain and the final
design. It is observed that the side constraints are inactive at the final design. The reliability
constraints related to the relative displacement of the first and eighth floor with respect to the
ground are active at the final design. In terms of the computational cost, the number of finite
element runs involved during the design process depends mainly on the number of iterations and
the number of simulations necessary to estimate the failure probability for the different designs
required by the optimizer. Numerical results show that the speedup achieved by the proposed
formulation is about 8. In this context, the speedup is defined as the ratio of the execution
time of the design process by using the unreduced original model and the execution time of
the design process by using the reduced-order model. This reduction in computational effort is
achieved without compromising the accuracy of the final design.

6 CONCLUSIONS

A methodology that integrates a model reduction technique into a two types of complex
problems, namely, finite element model updating using dynamic response data, and reliability-
based design of stochastic finite element models has been presented. In particular, a method
based on fixed-interface normal modes and interface constraint modes is considered in this
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Figure 4: Iso-probability curves associated with the failure events of the first, fifth, and eighth floor (reduced-order
model)

work. The method produces highly accurate models with relatively few component modes. It
is demonstrated that under certain parametrization schemes, the fixed-interface normal modes
and the interface constraint modes of each component are computed once from a reference
finite element model. In this manner the re-assembling of the reduced-order system matrices is
avoided during the updating and design processes. Results show that the computational effort
for updating and designing the reduced-order model is decreased drastically by one or more
orders of magnitude with respect to the unreduced model, that is, the full finite element model.
Furthermore, the drastic reduction in computational efforts is achieved without compromising
the predictive capability of the proposed updating and design processes.
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[12] H.A. Jensen, M.A. Valdebenito, G.I. Schuëller, D.S. Kusanovic. Reliability-based opti-
mization of stochastic systems using line search. Computer Methods in Applied Mechanics
and Engineering, 198(49-52):3915–3924, 2009.
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Abstract. Seismic analysis of long tunnel is important for safety evaluation of tunnel struc-
ture under earthquakes. Simplified models of long tunnel are commonly adopted in seismic 
analysis by structural engineers. Meanwhile, tunnel is usually modelled as a beam continu-
ously supported by ground. Solving of the dynamic system is easy to get an overall response 
of tunnel structure. However, tunnels are not a tube with uniform cross-section. Road tun-
nel in mountain areas will be of varying section for emergence parking. Shield tunnel is as-
sembled with segments to form a lining ring. Furthermore, the soil stratum, where a long 
tunnel is situated, is never at an identical geological condition. All of these would invoke 
non-uniform excitation if there be an earthquake. Tunnel engineers would like to know 
what it would be if a long tunnel subjects to earthquake, whether overall or locally, with 
the help of improved continuous-based or discrete-based dynamic analysis. This paper pre-
sents several examples to handle the seismic analysis with unified method, in comparison 
with simplified method. The proposed method developed a framework, with FDM and DEM, 
to compute both overall seismic responses of tunnel and damage in particular locations. A 
multi-domain analysis coupling discrete model and continuum model is proposed to reduce 
the computational cost and improve the accuracy, and a bridging scale term is introduced 
such that compatibility of dynamic behavior between the DEM-based and FDM-based mod-
els is enforced. To simulate the damage process of lining structure numerical method based 
on continuous mechanics and failure process by means of discrete method are hired to de-
velop a coupled multi-scale method. Examples demonstrate the applicability. 
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1 INTRODUCTION 

Tunnels constitute a major part of civil infrastructure and serve as public transporta-
tion facilities, sanitation and irrigation utilities and storage places [1]. In seismically ac-
tive areas, these tunnels are subject to earthquake induced risks. Recent events such as 
Kobe Earthquake in Japan (1995), Duzce Earthquake in Turkey (1999), Chi-Chi Earth-
quake in Taiwan (1999), Bam Earthquake in Iran (2003) and the Wenchuan Earthquake 
in China (2008) showed that tunnels are susceptible to receive irrecoverable damage 
due to seismic loading [2]. 

Dynamic behavior of tunnels subjected to seismic loading has been widely studied by 
a number of researchers [3-5]. There are two basic approaches in present seismic design 
and analysis of tunnel structures. The first approach is to carry out dynamic, nonlinear 
soil-structure interaction analysis using finite element methods. The excitation inputs in 
these analyses are time histories emulating design response spectra, and the excitations 
are applied to the boundaries of a “soil island” to represent vertically propagating shear 
waves. The second approach assumes that the seismic ground motions induce a pseudo-
static loading condition on the structure. This approach allows the development of ana-
lytical relationships to evaluate the magnitude of seismically induced strains in tunnel 
structures [6-8]. These relationships are based on the premise that tunnel structures 
under seismic loading tend to deform with the surrounding ground, and thus the struc-
ture is designed to accommodate the free-field deformations without loss of its structur-
al integrity. 

The objective of this paper is to illustrate the seismic analysis of long tunnels with 
two different methods, i.e. simplified and unified. In the simplified method, multibody 
dynamics model and mass-spring-beam model for long tunnels are presented. The focus 
of the unified method is on the proposed multiscale method coupling both discrete mod-
el and continuum model to reduce the computational cost and improve the accuracy of 
the large soil-tunnel system. Examples are given to demonstrate the applicability of the 
proposed method. 

2 CASES OF LONG TUNNEL 

Three typical real-world long tunnels are described in this section, which will be used 
to demonstrate the simplified and unified methods presented in this study. 

2.1 HZM immersed tunnel 

HZM (Hong Kong-Zhuhai-Macau linkage) immersed tunnel, located at Lingding Sea, is 
under construction currently to connect Hong Kong, Zhuhai, and Macau, the cities 
around the Pear River. The length of the tunnel is more than 5,600 meters with 4-lane 
for highway, as shown in Figure 1. The immersed tunnel is made up of 33 concrete ele-
ments. Each element is 180m long, made up of 8 segments each 22.5 m long. The deep 
point of the seabed and the foundation level are approximately 30m and 45m below the 
mean sea level, respectively. The tunnel construction area is located in the seismic activ-
ity region, which is designed in accordance with the Chinese standards. 
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Figure 1: Layout of the HZM immersed tunnel 

2.2 Qingcaosha water conveyer tunnel 

The Qingcaosha water-conveyance tunnel is a double-line shield tunnel used for wa-
ter supply in Shanghai, China. The tunnel has a total length of 14 km. Its layout can be 
divided into three segments: island, cross-river and land. The general layout and loca-
tion of the shield tunnel are shown in Figure 2. Each ring consists of six segments, each 
with a length of 1.5 m. A stagger-jointed assembly is adopted between segments. 

Figure 2: Map of the Qingcaosha tunnel 

2.3 Road tunnel damaged during the Wenchuan earthquake 

In western areas of China, a number of tunnels have suffered severe damage during 
the Wenchuan earthquake in 2008. For instance, the Longxi road tunnel, 2 kilometers far 
away from the epicenter of Wenchuan earthquake and at the faulted zone, suffered sig-
nificant damage. The total length of the tunnel is 3,658 m, with a cross section composed 
of two parallel twin tunnels in two directions, 30m separated between axes. There were 
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a number of cross sections where the liner was observed to be collapsed. Close to the 
fault the tunnel completely collapsed, as shown in Figure 3. 

 
 

Figure 3: Collapse of the Longxi tunnel at the crossing of the fault. 

 

3 SIMPLIFIED SEISMIC ANALYSIS OF TUNNEL 

Two simplified models, i.e. multibody dynamics and mass-spring-beam, for seismic 
analysis of long tunnels are presented as follows. 

3.1 Rigid model  

Based on the modeling theory of MS-DT-TMM (discrete time transfer matrix method 
for multibody dynamics) and the structural characteristics of long tunnels, a chain of 
multi-system model for long tunnels is developed as a simplified method due to its high 
computational efficiency, as shown in Fig. 4. In this approach, a long tunnel is simplified 
and assumed as two types of components, rigid bodies and joints. Tunnel linings are 
considered as rigid bodies and the joints connecting each adjacent tunnel linings are as-
sumed as elastic damping hinges. Soil-structure interaction is taken into account by 
damping joints. The procedure of implementing the multibody dynamics model (Figure 
4) is illustrated as follows: all the bodies and joints are digitized as numbers; the me-
chanical properties of each element are expressed in matrix; then mathematical calcula-
tion is conducted for each body and the system, yielding the overall transfer matrices 
and the equations of the system simultaneously, and finally the dynamic response of the 
system are acquired according to boundary and initial conditions. 

The MS-DT-TMM based method is realized by using modern time integral approach at 
each discrete time in time domain. Compared with the finite element method, the MS-
DT-TMM method is simple, high-efficiency and practical, which provides a powerful tool 
for dynamic response of long tunnels. 

 

  

 
Figure 4: simplified multi-body dynamics model for long tunnels 
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3.2 Beam model 

Another simplified method using mass-spring-beam model, as shown in Fig.5, is 
widely used in seismic design and analysis of long tunnels, especially for immersed tun-
nels. In this approach), a beam element is used to simulate tunnel linings or segments; a 
nonlinear spring element is used to simulate soil-structure or soil-soil interaction and 
tunnel joints; and a mass element is used for soil. For the immersed tunnel, the spring 
stiffness for tunnel joints is derived with the assumption that the GINA rubber is as-
sumed as a spring with only the compression behavior. 

Based on the equivalence theory, a new method, i.e. one-dimensional multiple-
degree-of-freedom (MDOF) system, is developed in this study to represent the one-
dimensional layered soil deposit. A series of one-dimensional MDOF system is further 
connected to constitute a two-dimensional mass-spring model for soil. The equivalent 
mass-spring model is then used for the longitudinal seismic analysis of long tunnels. The 
modal equivalent MDOF system has the distinction and advantage that it can character-
ize the exact properties of one-dimensional ground under shaking, such as natural fre-
quency and hysteretic damping. By comparing the amplification function of the modal 
equivalent MDOF system with theoretical solution from one-dimensional wave propaga-
tion, it is concluded that an equivalent system of few degrees-of-freedom can provide 
accurate results. 

 
 

Figure 5: Mass-spring model for longitudinal seismic analysis of long tunnel 

 

4 MULTISCALE MESHES FOR DETAILED SIMULATION 

It should be pointed out that simplified seismic analysis  may not be able to provide 
the overall understanding of the dynamic behavior of long tunnels subjected to seismic 
loadings. A multiscale approach is developed to investigate the dynamic properties of 
long tunnels described in Section 2. 

4.1 Multiscale coupling approach 

The multiscale approach combines the discrete element method (DEM) and the finite 
difference method (FDM). The DEM has been shown to be particularly suitable for cap-
turing physical phenomena at small length scales where continuum mechanics is  no 
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longer applied. Its efficiency, however, is limited because of the computational intensity 
required. A multidomain analysis coupling DEM and FDM is thus proposed to reduce the 
computational cost. A bridging scale term is introduced such that the compatibility of 
dynamic behavior between the DEM-based and FDM-based models is enforced. The pro-
posed method does not result in spurious wave reflections and does not need additional 
filtering or damping in the overlapping domain between the FDM meshes and the DEM 
particles. It starts with the discretization of the entire domain with finite difference 
meshes and discrete particles. The meshes are employed to capture dynamic response 
characteristics of the system, whereas the particles are used to describe the dynamic re-
sponse at the mesoscale or microscale. In the overlapping domain as shown in Figure 6, 
the constraints between mesh and particle subdomains are imposed to the motion equa-
tions using Lagrange multipliers, which are developed in a consistent manner from the 
energy potential. This approach filters the high-frequency components at the interface. 

Figure 6: Bridging domain coupling discrete and continuum regions 

The equations of motion for the coupling method including Lagrange multipliers are 
[9] 

ext C int C LC C
0,  in J J J J JM = − − Ωu f f f (1) 

ext P int P LP P
0,  in I I I I Im = − − Ωd f f f (2) 

where JM  and Im  are the lumped mass of node J  and particle I , respectively; ext C
Jf  and 

ext P
If  are the external node force and particle force, respectively; and int  C

Jf  and int P
If  are 

the internal node force and particle force, respectively. 
The forces LC

Jf and LP
If  are caused by the constraints, enforced by Lagrange multipliers, 

and given by [9] 

LC CK
J K K KJ

K KJ

∂
= =

∂∑ ∑gf λ λ G
u

(3) 

LP PK
I K K KI

K KI

∂
= =

∂∑ ∑gf λ λ G
u

(4) 

where Kλ  is a vector of Lagrange multipliers, and Kg  is the representation of the kine-
matic constraints in the overlapping domain satisfying 
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u u

δ  (5) 

in which ( )IK I KN N= X  is the interpolation function. 
To solve the coupled dynamic system with the Lagrange multiplier method, an explic-

it algorithm is developed based on the central difference method. In this approach, dis-
placements and velocities are assumed to be known at time steps n and n+1/2. First, a 
set of displacements and velocities are initialized by neglecting the constraints. Second, 
Lagrangian multipliers are obtained to satisfy the constraints. Finally, displacements and 
velocities are updated. 

4.2 Implementation 

In the proposed multiscale method, the FDM subdomain is employed to capture seis-
mic response characteristics of the integral system, whereas the DEM subdomain de-
scribes in detail the dynamic response in locations with potential damage. This 
multiscale method couples two 2D commercial packages. The DEM computations are 
performed using Particle Flow Code (PFC) v4.0 and the FDM computations utilize Fast 
Lagrangian Analysis of Continua (FLAC) v5.0. Although data exchange at each time step, 
using different codes, is inconveniency, it should be noted that, both of these two codes 
are developed by Itasca software firm and share the same dynamic explicit algorithm. 
They have TCP/IP socket connection ability, which means that data can be exchanged 
rapidly on the same machine or on separate machines with a network connection. The 
data transmission between the two codes is invoked by FISH functions that allow large 
arrays of data to be exchanged with single function call [9]. 

The proposed multiscale method enforcing velocity continuity at the interface is 
adopted to handle FDM and DEM. The aim is to enforce the energy compatibility at the 
interface, and to ensure that energy can propagate through interface without spurious 
reflection. 

5 UNIFIED SIMULATION OF DAMAGE PROCESS 

5.1 Model description 

To validate the proposed multiscale coupling method for damage simulation, a 2D 
beam model, with dimensions of 1 m in height and 10 m in length beams as shown in 
Figure 7, is simulated by two different approaches, i.e. DEM and the multiscale coupling 
method. The radius for each particle is 0.09615 m, and the mesh size in both coupling 
and full continuum models is the same, i.e. 0.25 m×0.5 m. The overlapping zone is 2 m 
long and composed of 131 particles and 30 grid points. The right end of the model is 
fixed and the left end is subjected to dynamic bending loads in the vertical direction. The 
applied dynamic loading is  described in Equation (6), where the circular frequency is 
f=50 Hz. 

5.0 6 sin(2 )    0.01
  :

0.0 0.01y
e ft t s

F Unit N
t s

π



∗ ≤
=

>
(6) 

The parameters used in the continuum and the discrete model can be found in detail in 
[9]. 
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(a) Coupling method 

 
(b) DEM 

Figure 7: The cantilever beam model subjected to dynamic bending loads 

 

5.2 Results and analysis 

Cracks form between bonded particles and each subsequent bond-break event will 
result in a crack in the tunnel. The geometry and location of each crack are determined 
by the sizes and current locations of the two parent particles from which the crack orig-
inated. 

Figure 8 (a) shows particle force chains calculated by DEM at time t=0.028 seconds. It 
can be observed that the maximum force chain between particles is 1,388 kN, but no 
crack is observed on the beam at this time. With the time increasing, cracks are observed 
at the fixed end of the beam and the maximum particle force chain increases to 8,611 kN 
at time t=0.032 s, as shown in Figure 8 (b). Figure 8 (c) illustrates the results obtained 
by the multiscale coupling method at the same time t=0.032 s. From the comparison be-
tween Figure 8 (b) and (c), it can be observed that cracking is observed at the same loca-
tion (i.e. at the fixed end of the beam) and the difference of the maximum particle force 
chain is less than 1.2 percent. 

 

 
       

 
     
     

 

     

 

 
       

 
     
     

 

     

 

 
       

 
     
     

 

     

 

Particle force chains
Tension
Compression

Maximum=1.388e6 N

Particle force chains
Tension
Compression

Maximum=8.611e6 N
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(a)

(b)

(c)  
Figure 8: Particle force chains at time: (a) t=0.028 s by DEM, (b) t=0.032 s by DEM, and (c) t=0.032 s by the 
multiscale coupling method. 
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Figure 9: Particle contact bonds at time t=0.032 s.  (a) DEM , (b) the multiscale coupling method. 

 
Figure 9 (a) and (b) show the contact bonds of particles calculated by DEM and the 

multiscale method at time t=0.032 s, respectively. It can be seen from the figures that 
both the location and shape of the cracks are similar with the two methods. 

 

6 CLOSING REMARKS 

Two different methods, simplified method and unified method, are fully introduced to 
be used in seismic analysis of long tunnels. The simplified method using the rigid model 
or beam model can be an effective tool for practitioners. They allow readily identifica-
tion of the variables controlling the magnitude of the distortions and thus provide an in-
sight into the behavior of the structure. However, the simplified method fails to address 
in detail the structural response and damage process in positions of potential failure due 
to the simplified assumption of tunnel structure and soil-tunnel interaction. 

Thus, a novel and reliable multiscale coupling method is proposed to solve the prob-
lem. Two distinguished numerical methods: continuum-based FDM and discrete-based 
DEM are coupled in the proposed method. An overlapping domain is created between 
the finite difference meshes and the discrete particles and a bridging scale term is intro-
duced to ensure the compatibility of energy in the overlapping domain. The bridging 
domain coupling method is implemented to minimize, or at least reduce, spurious wave 
reflections at the continuum-discrete interface. The multiscale coupling governing equa-
tions are derived between the FDM and DEM, and the user-defined subroutines are de-
veloped based on two commercial packages, FLAC and PFC. The advantage of the 
multiscale continuum-discrete coupling approach is that it allows modeling of local 
physical phenomenon occurring at meso- or micro-scope scales in very large systems. 
An example is used to validate the proposed multiscale coupling method for damage 
simulation and hence demonstrate the applicability of the multiscale method in seismic 
analysis of long tunnels. 
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Abstract.
Rapid growth in railway infrastructure has led to numerous environmental technical chal-

lenges. This includes ground-borne vibration, which is becoming an increasing problem, par-
ticularly in urban environments. A common source of this vibration is local defects (e.g. rail
joints, switches and crossings) which cause large amplitude excitations at isolated locations.
Modelling this type of excitation mechanism using typical linear frequency domain analysis
is challenging and therefore non-linear time domain methods are required. Therefore, in this
study a validated and comprehensive time domain, three-dimensional ground vibration predic-
tion model is used to investigate the vibrations generated at the wheel/rail contact due to local
rail and wheel surface defects. Different types of rail and wheel defect are mathematically
modelled, including rail joints, switches, crossings and wheel flats. The track is modelled as a
typical ballasted track, using a two-step approach where the vehicle/track dynamics and ground
wave propagation are simulated separately. The first step models the effect of railway vehicles
(using a multibody approach with many degrees of freedom) on the dynamic excitation of the
track and incorporates a non-linear Hertzian contact law at the wheel/rail interface. The sec-
ond step applies these track-vehicle model forces to a finite/infinite element model to accurately
generate vibration time histories for required ground-borne vibration assessment. This work
focuses on the AM96 trainset, largely used in the Brussels Region (Belgium). The geometries
of a variety of local defect types are analysed and a sensitivity analysis is undertaken based
on the defect size and train speed. It is found that defect type and geometry have a significant
influence on vibration levels, and that only selected geometry types are effected by train speed.
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1 INTRODUCTION

Much research into railway-induced ground vibrations has focused on the effect of high-
speed trains on the environment. This is motivated by the so-called “supercritical phenomenon”
which appears when the vehicle speed is close to the Rayleigh ground wave speed. The latter
depends on the soil flexibility and may be close to that of conventional high-speed lines [1,
2]. Despite the large vibration levels generated by these lines which are underlain by soft
soils [3], the distanced between the track and neighbouring structures is relatively high and
the vibration attenuates rapidly. In the case of railway traffic, the attenuation is associated
with a power law of the formd−q, whereq lies between0.5 and1.1, depending on the soil
configuration [4]. Connolly et al. [5] proved that it is possible to establish relationships between
six key railway variables for ground vibration metrics in the case of high-speed lines. The
situation is significantly different in the case of urban transit, due to the presence of local defects
which induces elevated localised vibrations (dynamic effect).

The latter observation represents the main contribution of dynamic excitation in railway
track. The pioneering work of Nielsen and Abrahamsson [6], Zhai et al. [7] and Oscarsson,
Andersson and Dahlberg [8, 9] focus on the interaction between the track and the vehicle,
in order to establish accurate models. They take into account the different elements of the
track/foundation system. Similar work was recently done by Kouroussis et al. [10] to prove that
an accurate simulation of track/soil interaction is important in the prediction of ground-borne
vibration [11]. These numerical approaches offer the possibility of studying local defect effects
on track dynamics. The study of vehicle/track coupling with local defects and the associated
degree of dynamic coupling are of growing interest. The influence of vehicle-flexible mode
shapes on the ride quality has been investigated [12], including local geometrical imperfections.
Zhao et al. [13] employ a three-dimensional finite element model to evaluate the wheel/rail
impact forces at local rail surface defects. They also evaluate the resulting dynamic forces at
the discrete supports of the rail under different rolling speeds.

The aforementioned studies focus on the track/vehicle whereas few studies have analysed
the effect of local defects on ground vibration. Despite this, many ground-borne vibration
complaints in urban environments are due to local rail and wheel surface defects (e.g. switches,
rail joints, . . . ). Kouroussis et al. [14] quantify the vibration generated by a tram running on a
local rail defect using a numerical model in two successive steps (vehicle/track). Using the same
approach, Alexandrou et al. [15] also study the wheel flat effect on ground motion and analyse
the influence of wheel flat size. Vogiatzis [16, 17] undertakes a large-scale analysis of ground
vibrations generated by underground Athens metro lines by studying wheel flat impact forces as
impulses. As the source of vibration results from the wheel/rail contact, it is essential to study
vehicle interaction with the track and the soil. Therefore, Costa et al. [18] show the importance
of integrating a multibody model of the vehicle in the track/soil simulation and that in the case
of a distributed rail’s unevenness, sprung masses have minimal effects on the ground vibration
motion. Furthermore, Kouroussis et al. [19] conclude that the choice between a simple model
or a detailed model for the vehicle depends upon the importance of wheel and rail unevenness.

The purpose of this paper is to show the effect of typical rail and wheel surface defects. The
study utilizes a numerical two-step approach, previously validated for this kind of situation.
It focuses on the AM96 trainset circulating in Brussels, for which substantial measured data
exists [20]. The present work deals with a layered soil based on geophysical tests performed at
the same test site. In order to compile a dataset of the main parameters that influence ground
vibration levels, different defect geometries are considered for various train speeds and defect
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sizes.

2 CLASSIFICATION OF LOCAL DEFECTS
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Figure 1: Mathematical modelling of local rail and wheel surface defects: (a) smooth irregularity, (b) step-up joint,
(c) step-down joint, (d) stepwise joint (step-up), (e) stepwise joint (step-down) and (f) wheel flat.

Figure 1 presents the mathematical interpretation deduced from defects encoutered in prac-
tice. It shows the local discontinuity encountered in urban areas that commonly contribute to
ground vibration generation. For each defect, the dimensions are presented (illustrated by the
solid line under the wheel in Figure 1), and the shape “seen” by the wheel/rail interface (illus-
trated by the dotted line in Figure 1) which can be different than the defect shape, taking into
account the wheel radiusRw and the vehicle speedv0.

3 NUMERICAL MODEL

The proposed prediction model is based on two successive calculations [21]. Complexity
required the problem to be split. This approach allows the most well-suited modelling approach
to be used for each subsystem. First of all, the dynamics of the vehicle/track subsystem is simu-
lated by considering a multibody vehicle model moving at speedv0 on a flexible track with a rail
irregularity (Figure 2). The wheel/rail forces are defined using non-linear Hertz’s theory and al-
lows coupling between the vehicle model and the track. The latter is defined as a flexible beam
(Young modulusEr, geometrical moment of inertiaIr, sectionAr and densityρr) discretely
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supported by the sleepers (of massm and with spacingd), including viscoelastic elements for
the ballast (stiffnesskb and damping coefficientdb) and the railpads (stiffnesskp and damping
coefficientdp). To take into account the dynamic behaviour of the foundation, which plays an
important role at low frequencies, a coupled lumped mass (CLM) model is added to the track
model, with interconnection elements for the foundation-to-foundation coupling [22]. A C++
object-oriented program was developed, using the in-houseEasyDyn library [23]. An applica-
tion based on a symbolic engine platform generates mathematical kinematic expressions for the
vehicle. The generalized coordinates approach is used to obtain a system of pure ordinary dif-
ferential equations, without constraint equations. The symbolic engine platform creates a C++
code directly compilable against theEasyDyn library. The problem definition is completed by
generating applied forces (suspensions, wheel/rail contact) and a link to the track model (which
is already established and depends on site parameters only). An implicit scheme is used for the
simulation in this first step. The ballast reactions are then saved and used as input forces for the
second step.
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Figure 2: Description of the prediction model: vehicle/track/foundation simulation.

The second step addresses the dynamics of the soil subsystem, with the soil surface forces
representing the contribution from the sleepers (Figure 3). The dynamic ground response is
calculated using the finite element method, which is well suited for 3D analysis. Some analy-
ses were recently conducted by the authors to improve the performance of their finite element
model [24], namely:

• Complex geometry. A fully 3D finite element model allows treating complex geometry
(track embankment, inclined layer interfaces). Moreover, variability in track profile and
high ground vibrations originating in singular rail surface defects can be treated without
any difficulty.

• Non-reflecting boundary conditions. The combined use of viscous boundaries and infi-
nite elements provides more efficient non-reflecting condition than classical setups (free
or fixed boundaries). Here, the small dependence on incident wave angle and dynamic
parameters is quantitatively carried out for each solution. A spherical soil border geom-
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etry is defined, to which infinite elements are attached. This convex shape configuration
insures the condition of non-crossing infinite elements.

• Reasonable computation time.The simulation in time domain is an interesting solution to
study ground vibrations in a relatively small region of interest. As ground vibrations are
inherently a transient phenomenon, the time domain analysis is appropriate to simulate
wave propagation and does not impose any condition on the domain size, which would
be required in the frequency domain. Moreover, the equations of motion describing the
soil dynamics are integrated using explicit central difference integration to reduce the
computational burden.
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Figure 3: Finite element soil modelling using infinite elements and viscous boundary conditions.

4 NUMERICAL SIMULATIONS AND RESULTS

This study focuses on the InterCity train operating in Brussels (Belgium). The AM96 train-
set, largely used by the Belgian Railway Operator, SNCB, is typically used for InterCity and In-
terRegion connections. This study evaluates the AM96 trainset’s generation of elevated ground
vibration levels in comparison to other domestic trains [20]. It consists of three carriages, des-
ignated HVBX, HVB, and HVADX. The HVBX leading wagon is equipped with motorised
bogies, whereas the HVB (middle) and HVADX (end) wagons are trailer carriages. Figure 4
represents the configurations and the positions of each wheelset on the vehicle. A classical
multibody approach is used and limits the vehicle dynamics to pitch and bounce motions.

HVBX HVB HVADX

3.703.70

2.562.562.56 2.562.562.56

4.004.00 4.004.00
26.4026.4026.40

18.40 18.7018.70

Figure 4: Configuration of the AM96 electric multiple unit.

4.1 Free-field ground vibrations

Figure 5 presents an analysis of the numerical results, considering the cases without defect
and with a step-up stepwise joint representing a pulse defect (vertical heighth = 5mm and hor-
izontal lengthl = 10mm). The AM96 trainset runs at a speedv0 of 120 km/h. The comparison
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is based on the time history of numerical velocities in the vertical direction (Figure 5(a)) and
the corresponding normalized frequency content (Figure 5(b)), both for a distance of10m from
the track. A significant difference in levels is observed between the two cases’ velocity traces
(more than ten times magnification). The passing of each wheelset is more clearly defined in
the case where the defect is present. Although the frequency content is spread over a range
[0;100Hz], all dominant frequencies are located in the frequency range0 – 60Hz.

The frequency spectra present some similarities. For instance, both datasets identify several
dominant frequencies due to the fundamental and harmonic carriage frequencies. Moreover,
the fundamental axle and bogie passage frequencies imply a double amplitude modulation,
as considered in [19]. The effect of distance from the track is also analysed. As presented
in Figure 5(c), it shows the far field peak particle velocity,PPV , defined as the maximum
absolute amplitude of soil surface velocity in the vertical direction. The investigations are based
on a track with an embankment: receivers are placed out the embankment area (in the far field)
where ground vibration is most likely problematic.
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Figure 5: Comparison between numerical data (grey: with5mm height pulse defect; black: without defect) related
to the passage of an AM96 trainset (2×3 carriages) at a speedv0 of 120 km/h, (a) time histories at10m from the
track, (b) frequency contents at10m from the track and (c) Peak particle velocity as a function of the distance
from the track.

Figure 6 demonstrates the associated ground wave propagation for the same aforementioned
defect. It gives a comprehensive view of the free field response on the soil’s surface. The se-
lected time histories emphasize the instants when the first bogie crosses the local defect. At
times beforet = 0.75 s, the ground wave generation is due to the quasi-static contribution of
the vehicle (no contact with the local defect). At times aftert = 0.75 s, the ground wave prop-
agation is amplified by the wheel/defect contact due to the vehicle/track dynamics. This effect
is visible untilt = 1 s, showing that the phenomenon is transient and affects each wheel/defect
impact.

4.2 Influence of the defect type

The six shapes of discontinuity presented in Figure 1 (representing various defect types such
as transition zones, switches, crossings, rail joints, and wheel flats) are analysed in this section.
The case of an AM96 trainset running at a constant speedv0 and separately interacting with
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Figure 6: Birdseye view visualisation of the passage of an AM96 trainset at a speed of120 km/h on a5mm height
pulse defect: free field vertical component of the soil vibration waves (a) at0.7 s, (a) at0.75 s, (b) at0.8 s, (c) at
0.85 s, (d) at0.9 s, (e) at0.95 s, (f) at 1.0 s , (g) at1.05 s.

these defects is studied.
Figure 7 presents the level of surface ground vibration at different distances from the track, in

a region outside the embankment. The values of defect length and size were selected according
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to those commonly found in practice. For the smooth irregularity (ramp function), the lengthl
is 200mm (sufficiently long to replicate a smooth transition zone) with a heighth = 10mm.
For the pulse function (step-up stepwise joint), the length is fixed atl = 10mm with a height
h = 5mm. For the negative pulse function (step-down stepwise joint), the length is fixed at
l = 20mm. For the other rail defects, only the height is relevant, and is fixed ash = 5mm. The
flat spot is selected with a lengthr = 30mm. The results show large discrepancies between
ground vibration levels, with very small levels for the step-down stepwise joint and wheel flat,
which were close to those obtained without local defects (Figure 5(c)). Specifically, a difference
in results between the step-up and step-down joint cases occurs as a result of symmetrically
identical geometry. This is due to the non-linear effects at the wheel/rail contact where climbing
and dropping do not represent the same dynamic effect. The change in vibration level with the
distance from track offset has a general tendency to decrease.
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Figure 7: Peak particle velocity as a function of the distance from the source and the defect type for an AM96
trainset running at120 km/h.

4.3 Influence of the defect size

A sensitivity analysis is presented in Table 1 for when the main dimension varies (h for the
smooth irregularity, the step-up joint, the step-down joint, step-up stepwise joint;l for the step-
down stepwise joint;r for the wheel flat). Generally, there is a positive relationship between
thePPV and defect size.

At 120 km/h, the wheel flat and negative pulse have zero effect on ground vibrations. This is
due to the vehicle speed shifting the frequency content to a higher range. These high frequencies
are are then rapidly dampened by the soil and the track, meaning that at the studied distances,
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l = 200mm l = 200mm l = 200mm

h = 5mm h = 10mm h = 15mm

Smooth irregularity 4.78mm/s (−61%) 12.23mm/s 20.64mm/s (+69%)
h = 2.5mm h = 5mm h = 7.5mm

Step-up joint 4.29mm/s (−57%) 10.01mm/s 11.43mm/s (+14%)
h = 2.5mm h = 5mm h = 7.5mm

Step-down joint 2.13mm/s (−87%) 16.69mm/s 28.49mm/s (+71%)
l = 10mm l = 10mm l = 10mm

h = 2.5mm h = 5mm h = 7.5mm

Step-up stepwise joint 4.06mm/s (−59%) 10.00mm/s 10.31mm/s (+3%)
l = 10mm l = 20mm l = 30mm

Step-down stepwise joint0.32mm/s (−0.4%) 0.32mm/s 0.32mm/s (+1%)
r = 20mm r = 30mm r = 40mm

Wheel flat 0.32mm/s (+0.5%) 0.32mm/s 0.32mm/s (+0.5%)

Table 1: Ground vibration level at10m from the source for an AM96 trainset running at120 km/h.

their effect is insignificant. Figure 8 illustrates this by comparing the ground wave propagation
generated by the train’s passing. In Figure 8(a), the reference case without a defect is presented
and Figure 8(b) is related to the case with a defect. The same colour scale is used in both
results (vertical acceleration is displayed in order to more clearly emphasize the high frequency
content), showing the difference between the two cases observed in the near-field’s embankment
area.

(a) (b)

Figure 8: Numerical visualisation (x-axis planar view) of the passage of an AM96 trainset at a speed of120 km/h
(a) without defect and (b) with a40mm length negative pulse defect.

4.4 Influence of the vehicle speed

The previous section is devoted to the variation in vehicle speed levels (v0 = 100 km/h,
120 km/h and140 km/h). Figure 9 presents, for some studied defect, the variation inPPV .
Note that the two defects — step-down stepwise joint and wheel flat — present the same char-
acteristics, confirming that these defects are not greatly effected by train speed (in this case, the
effect with the speed is associated with the quasi-static contribution of the vehicle only). De-
spite this, for some defects (e. g. smooth irregularity), the higher the vehicle speed, the greater
the ground vibration level. For other defects (e.g. step-down joint), the opposite is true. To un-
derstand this difference, a frequency content study of the ground vibration signal is necessary.
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Therefore Figure 10 shows the corresponding frequency content in the case of the step-up joint.
For each speed, an additional curve representing the amplitude modulation, due to the funda-
mental axle passage frequency, is added. This illustrates that the frequency content of the initial
defect impact content is also modulated by the axle periodicity [19]. The maximum amplitude
of vibration generated by the defect impact can be inside the lobes (Figures 10(a) and 10(c)) or
between two lobes (Figure 10(b)).
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Figure 9: Peak particle velocity as a function of the vehicle speed at10m from the track and for an AM96 trainset
running on (a) smooth irregularity (l = 200mm, h = 5mm), (b) step-down joint (h = 5mm) and (c) wheel flat
(r = 50mm).
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Figure 10: Frequency content of ground vibrations calculated at10m from the track for the step-up joint (h =

5mm) and for a speed of (a)v0 = 100 km/h, (b)v0 = 120 km/h and (c)v0 = 140 km/h (the dash lines represent
the amplitude modulation due to the fundamental axle passage frequency).

5 CONCLUSION

Ground-borne vibration from railway traffic is becoming an increasing problem, particularly
in urban environments. A common source of this vibration is individual, localised local defects
which generate large amplitude excitations.

This study uses a time domain vibration prediction model is used to investigate the vibrations
generated at the wheel/rail contact due to these defects. Different types of rail and wheel defect
are mathematically modelled, including rail joints, switches, crossings and wheel flats. The
problem was broken into two sub-models: one for the train-track and one for the soil. This work
focuses on the AM96 trainset, largely used in the Brussels Region (Belgium). The geometries
of a variety of local defect types are analysed and a sensitivity analysis is undertaken based
upon the defect size and train speed. It is found that defect type and geometry have a significant
influence on vibration levels, and that only selected geometry types are effected by train speed.
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Abstract. Prestressed concrete sleepers (or railroad ties) are designed in order to carry and 
transfer the wheel loads from the rails to the ground and are installed as the crosstie beam 
support in railway track systems. They are subjected to impact loading conditions that are 
resulted from train operations over wheel or rail abnormalities, such as flat wheels, dipped 
rails, crossing transfers, rail squats, corrugation, etc. The magnitude of the shock load relies 
on various factors such as axle load, types of wheel/rail imperfections, speeds of vehicle, 
track stiffness, etc.  

This paper demonstrates the development of finite element modelling to evaluate the dynamic 
responses of prestressed tendons or wires embedded in concrete sleepers, particularly under 
a variety of impact loads. The force prediction under high speed rail environment was con-
ducted using D-TRACK. The 3D finite element model of prestressed concrete sleeper has been 
developed using a finite element package, LS-Dyna. It has been verified by the experiments 
carried out using the high capacity drop-weight impact machine at the University of Wollon-
gong, Australia. The experimental results provide very good correlation with numerical simu-
lations. In this paper, the numerical studies are extended to evaluate the dynamic behaviors of 
high strength steel wires and their responses under different parameters in high speed rail 
environments. The outcome of this study can potentially lead to the dynamic design guideline 
for prestressed concrete sleepers under low-cycle fatigues. Future work includes more de-
tailed investigation into the effect of track bed and rail pad degradation subject to higher fre-
quency impacts. 
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1 INTRODUCTION 
For ballasted tracks worldwide, railway sleeper is a major component to redistribute train 

axle loads from the rails to the underlying ballast supporting system. Typical ballasted railway 
track and its components can be seen in Figure 1 [1]. It has been chronically believed based 
on the industry practice that railway concrete sleepers possess reserved strength that are un-
tapped. Accordingly, it is crucial to evaluate the spectrum and amplitudes of forces applied to 
the railway track, in order to understand more clearly the behaviors in which track compo-
nents respond to those forces, and to identify the processes whereby concrete sleepers in par-
ticular carry those force actions. Recent findings show that the nature of the majority of 
loading conditions on track structures is of dynamic impact [2].  Those loads are normally of 
short duration but of very high magnitude. They are ascribed to the wheel/rail interactions as-
sociated with irregularities, i.e. wheel burns, wheel flats, corrugations, non-uniform track 
modulus, and any other out-of-round wheel defects. Structural performance monitoring is an 
effective way to establish better understanding into the impact behaviors of prestressed con-
crete sleepers.  

In addition, cracks in concrete sleepers have been visually observed by many railway or-
ganizations. As described in the review [3], the principal cause of cracking is the infrequent 
but high-magnitude wheel loads produced by a small percentage of “bad” wheels or railhead 
surface defects. For instance, the typical loading duration produced by wheel flats is about 1-
10 msec, while the force magnitude can be over 400 kN per rail seat.  Existing structural de-
sign concept for prestressed concrete sleepers in Australia is based on permissible stress prin-
ciple taking into account only the static and quasi-static loads, which are unrealistic to the 
actual dynamic loads on tracks. However, it is inevitable to avoid those criteria in any consid-
eration of rail track designs since even the standard quality ride of rail vehicles still involves 
with the low-velocity impact forces. In order to devise a new limit states design concept 
whereas the extreme loading conditions can be taken into account, the research efforts are re-
quired to perform comprehensive studies of the loading conditions, the static behaviour, the 
dynamic response, and the impact resistance of the prestressed concrete sleepers [4]. A major 
research task at the University of Wollongong is to evaluate the dynamic responses of con-
crete sleepers under static and impact loads. There have been only a few studies related to the 
modelling of prestressed concrete sleepers. Most of them predicted the rail seat flexural be-
haviour of the concrete sleepers [5-6]. Also, since high-capacity impact tests require signifi-
cant amount of resources and are time consuming, a suitable way to develop an understanding 
of the impact behaviour is to use the numerical impact simulations. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1 Typical ballasted railway track and its components [1] 
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Finite element analysis (FEA) provides a tool that can simulate and predict the responses 
of reinforced and prestressed concrete members. A three-dimensional non-linear finite ele-
ment model of a railway prestressed concrete sleeper for static analysis was developed using 
the general purpose finite element analysis package, ANSYS10 [7]. The concrete section was 
modelled using SOLID65 solid element where the compressive crushing of concrete and the 
concrete cracking in tension zone can be accommodated. In the current practice, the railway 
concrete sleeper is designed to resist prestressing force fully throughout the whole cross sec-
tion as the force/moment redistribution can be seen in Figure 2. This makes the smeared crack 
analogy unsuitable for the replacement of prestressing tendons in the fully prestressed con-
crete sleeper. The use of a truss element, LINK8, for discrete reinforcement modelling, is then 
more practicable. An initial strain real-constant feature in ANSYS appropriately substituted 
the pre-tensioning forces in the tendon elements. However, it was assumed that perfect bond-
ing between concrete and pre-stressing wires. The static full-scale experiment was conducted 
to validate this FE model [7]. The experimental details were based on the associated Australi-
an Standards [8, 9]. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2 Moment distribution for standard gauge sleepers (8) 
 
The calibrated finite element model has been extended to include ballast support and in situ 

boundary conditions. The extended model was linked to LS-Dyna [10] for impact analysis 
and validation against the drop impact tests. This paper investigates the impact responses of 
pre-stressing tendons in prestressed concrete sleepers and compares such the results with ex-
perimental data obtained from the drop impact machine, which are equivalent to the peak dy-
namic forces ranging from 200-1,700 kN. The highlights in this paper are the better 
understandings into the influence of track components particularly the ballast support and 
train speeds, which can be simulated by impulse duration, on the behavior of railway pre-
stressed concrete sleepers. 

 

2 THREE DIMENSIONAL FINITE ELEMENT MODEL 
In this study, the concrete part of the sleeper was modelled using a three-dimensional solid 

element, which has the material model to predict the failure of brittle materials [7]. This ele-

ballast pressure 
⊕- ⊕- 

- bending moment  
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ment is defined with eight nodes – each with three degrees of freedom: translations in nodal x, 
y, and z directions. To simulate the behaviour of prestressing wires, a truss element, were 
used to withstand the initial strain attributed to prestressing forces, by assuming perfect bond 
between these elements and concrete. Note that this truss element cannot resist neither bend-
ing moments nor shear forces. Non-linear elastic behaviour of concrete can alternatively be 
defined by the multi-linear stress-strain relationships. The modulus of elasticity of concrete 
( cE ) can be found based on AS3600 [11] using the compressive strength of 88 MPa. 

For prestressing wires, the bi-linear elasto-plastic material models can be used as well as 
the multi-linear isotropic model from the manufacturer’s data.  The 0.2% proof stress is 1,700 
MPa and the ultimate stress is 1,930 MPa. The static and dynamic elasticity of moduli of pre-
stressing wire are 190,000 MPa. 

The multi-linear isotropic dynamic stress-strain curve for the concrete and prestressing 
wires can be calculated based on the consideration of the effect of strain rate. Based on the 
assumption of perfect bond between prestressing wires and concrete, the dynamic material 
properties of concrete and prestressing wires can be determined as follows [12]. 

 
Concrete: 
 
 

(1) 
  

 
 

(2) 
 
 
 

(3) 
 
 
where σ is the dynamic stress, f’c,dyn is the dynamic compressive strength, f’c,st is the static 
compressive strength of concrete, ε is the dynamic strain, stc ,0ε  is the static ultimate strain, 
and ε  is the strain rate in concrete fibre.  
 
Prestressing wires: 
 
 

(4) 
 
 

where fy,dyn is the dynamic upper yield point stress, f’c,st is the static upper yield point stress 
of prestressing wires (about 0.84 times proof stress), and ε  is the strain rate in tendon. 

 
A three-dimensional model of a typical railway prestressed concrete sleeper was developed 

initially in ANSYS [7] as illustrated in Figure 3. The dedicated solid bricks represent the con-
crete and the embedded three-dimensional spar elements are used as the prestressing wires. 
The pre-tensioning was modelled using an initial strain in the tendons corresponding to the 
prestressing forces at final stage (sustained prestressing force after all losses). For impact 

41



Sakdirat Kaewunruen and Alex M. Remennikov 
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simulations, a FE model was extended to include rails, rail pads, ballast bed, and falling mass, 
as shown is Figure 4. The extended finite element model was calibrated using vibration data 
[13-16]. The updated finite element model was then transferred to LS-Dyna. The simulation 
results were achieved by assigning the initial velocity to the drop mass to generate an impact 
event, similarly to the actual drop tests. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3 A three-dimensional model of railway sleeper [4] 
 

 
 

Figure 4 Extended finite element model of railway sleeper [4] 

3 EXPERIMENT AND FINITE ELEMENT MODEL VALIDATION 
The prestressed concrete sleepers used in this study were kindly supplied by an Australian 

manufacturer, under a collaborative research project of the Australian Cooperative Research 
Centre for Railway Engineering and Technologies (Rail CRC). A series of static tests on the 
concrete sleepers was performed in accordance with the Australian Standards. The details of 
static responses, rotational capacity, post-failure mechanism, and residual load-carrying ca-
pacity of the prestressed concrete sleeper can be found in ref: [17]. 

Nose/Rail Contact     
(impact forces) 

Ballast/Sleeper Contact     
(impact forces) 
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a) sketch of impact machine 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b) impact test setup 
 

Figure 5 Experimental overview 
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A new high-capacity drop-weight impact testing machine has been developed at the Uni-
versity of Wollongong, as depicted in Figure 5a. The drop mass assembled is 5.81 kN with 
the varied height from 0 to 6m in total, which provide the maximum capacity of 10m/s drop 
velocities. Experimental setup and impact tests were arranged in accordance with the Austral-
ian Standards, as shown in Figure 5b. The accelerometers have been used to measure the dy-
namic responses at mid-span and railseat. The contact impact force between impactor and rail 
was recorded using the dynamic load cell connected to the data acquisition system. For the 
verification purpose, the drop height used was 0.1m since there was the measurement limita-
tion for the accelerometers employed. The in-situ conditions of railway concrete sleeper were 
replicated. Attempts to simulate impact loading actually occurred in tracks were succeeded 
experimentally and numerically. Comparison between numerical and experimental results can 
be found in Figure 6. It is found that the finite element model is fairly sufficient for use in 
predicting impact responses of the prestressed concrete sleepers. The trends of peak accelera-
tion responses are quite close to each other, although there is certain phase difference. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 a) contact shock load            b) at railseat (top); at mid-span (bottom) 
 

 
c) an example of prestressing force (at impact velocity 3 m/s) 
Figure 6 Comparison of numerical and experimental results  
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4 EFFECT OF TRACK ENVIRONMENTS  
In general, the main track components that require maintenance or renewal apart from the 

sleeper itself include the ballast bed and rail pads. The ballast bed requires re-packing and 
tamping every six months or a year depending on the characteristics of gravels used at par-
ticular locations. It degrades through the breakage of gravel, resulting in the large settlement 
of railway tracks [16-20]. Rail pads deteriorate through the age of use. Based on this under-
standing, the parametric studies have been conducted and highlighted in this paper. 

In the impact analysis, the drop velocity is also varied to evaluate the effect of drop heights 
on the impact force occurring on railway track structures. On the other hand, this analysis 
provides the insight into the effect of railway track environments on the contact impact forces 
due to the identical causes and the responses of concrete sleepers to such loading. For exam-
ple, a wheel, with 10mm wheel flat on a specific vehicle and running at 300 km/hr, generates 
different contact impact forces on tracks with different environments. However, this study 
focuses only on ballast and rail pad parameters as they play key role on the interface impact 
force characteristics and axial responses of pre-stressing tendon as illustrated below. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 

a) Axial force (ballast stiffness as percentage of original value) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b) Pulse duration 
Figure 7 Influence of ballast elasticity on axial forces of prestressing tendons 
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5 EFFECT OF DROP VELOCITIES (TRAIN SPEEDS) 
High speed trains often generate high frequency impact loading when they experience ei-

ther wheel or rail abnormalities such as out-of-round wheel, wheel flats, rail squats, rail sur-
face defects, rail joints and so on. In general, the high speed trains are designed to have light 
weights (around 12 to 14ton axle loads) in order to efficiently travel at high speeds. As a re-
sult, the magnitude of impact loads is somewhat similar to those in heavy rail operations. 
However, the effect of high speeds often results in higher-frequency impacts (i.e. shorter du-
ration of impact forces). In this study, the effect of short duration impact (which can be simu-
lated by increasing drop impact velocity in the numerical model) has been investigated. 
Figure 8 shows some results of the maximum positive and negative axial forces in pre-
stressing tendons. In this study, the weight of impact mass is maintained constant to investi-
gate impulsive effect due to larger magnitude but shorter duration of dynamic forces. In the 
future, the drop impact mass will be modified to evaluate the parametric study of impulse du-
ration. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

a) Axial force  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b) Pulse duration 
Figure 8 Influence of drop impact velocity on axial forces of prestressing tendons 

 

46



Sakdirat Kaewunruen and Alex M. Remennikov 

6 CONCLUSIONS  
The experimental and numerical simulations of prestressed concrete sleepers subjected to 

impact loading have been carried out in this paper. The three-dimensional finite element mod-
el have been established for investigate both static and dynamic behaviors of the railway 
sleepers. It has then been appended the track components to mimic in-situ conditions often 
found in actual tracks. A commercial finite element package, LS-Dyna, has been employed to 
extend the model for impact analysis and it has been validated against experimental drop im-
pact tests. Nonlinear material properties under high strain rate effects were used. The empha-
sis of this study is placed on the dynamic responses of pre-stressing tendons inside the 
concrete sleeper. The further study on the effect of high train speeds and better nonlinear ma-
terial models of track component degradation will be presented in the future. However, this 
paper firstly illustrates the influences of ballast moduli and drop impact velocity (simulating 
train speed effect) on the impact behavior of the pre-stressing tendons. 

It is found that the ballast bed has an influence over the contact impact force characteristics 
including magnitude and duration. On the other hand, train speeds tend to play a role by gen-
erate high flexures of concrete sleepers as observed from the tension and compression.  
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Abstract. This paper discusses the design, the installation, and the experimental and numerical
evaluation of the effectiveness of a stiff wave barrier in the soil as a mitigation measure for
railway induced vibrations. A full scale in situ experiment has been conducted at a site in
El Realengo (Spain), where a barrier consisting of overlapping jet grout columns has been
installed along a railway track. This barrier is stiff compared to the soil and has a depth of
7.5m, a width of1m, and a length of55m. Geophysical tests have been performed prior to the
installation of the barrier for the determination of the dynamic soil characteristics. Extensive
measurements have been carried out before and after installation of the barrier; this paper
focuses on free field vibrations during train passages. Measurements have also been performed
at a reference section adjacent to the test section in order to verify the effect of changing train,
track, and soil conditions over time. The in situ measurements show that the barrier is very
effective: during train passages, a reduction of vibration levels by5 dB is already obtained
from8Hz upwards, while a peak reduction of about12 dB is observed near30Hz immediately
behind the barrier. The performance decreases further away from the jet grouting wall, but
remains significant. This in situ test hence serves as a ‘proof of concept’, demonstrating that
stiff wave barriers are capable of significantly reducing vibration levels, provided that they are
properly designed.
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1 INTRODUCTION

Railway induced vibrations can lead to annoyance for residents of nearby buildings. During
the past decades, a lot of research has been performed to develop efficient and cost–effective
vibration countermeasures for reducing excessive levels of building vibration [1, 2, 3]. Mea-
sures can either be taken at the source (railway track) [4, 5, 6], on the propagation path between
source and receiver [7, 8, 9], or at the receiver (building) [10, 11]. An advantage of interven-
tions on the propagation path is that no modifications to the track are required, while multiple
buildings can be protected simultaneously from vibration. Furthermore, this type of measures
can relatively easily be implemented along an existing track.

A basic type of a mitigation measure on the propagation path is an open trench in the soil.
The latter aims at reflecting the impinging waves and is expected to be effective if its depth is
comparable to the penetration depth of the Rayleigh waves in the soil. The effectiveness of open
trenches has been investigated numerically by many authors as Woods [12], Segol et al. [13],
Beskos et al. [14], and Klein et al. [15]. For stability reasons, the construction of an open trench
in the soil is limited to shallow depths. Furthermore, an open trench can easily get inundated
due to surface water run–off or groundwater infiltration, posing concerns on effectiveness, dura-
bility, and safety. The use of either soft (polystyrene [9], rubber chips [16]) or stiff (concrete,
grout) in–fill materials (compared to the original soil) allows reaching larger depths and results
in a more sustainable solution. Various numerical approaches have been explored for predicting
the effectiveness of open and in–filled trenches, such as the finite element (FE) [17], the bound-
ary element (BE) [18], or coupled FE–BE methods [9]. Other examples of vibration mitigation
measures on the propagation path include buried wall barriers [19], wave impeding blocks [20],
rows of piles [21], and heavy masses placed along a railway track for scattering the incident
surface waves [22, 23].

Although numerical simulations are indispensable for understanding and designing efficient
wave barriers, there remains a strong need to validate the outcome of these simulations by means
of in situ tests. Early experiments with trenches have been reported by Woods [12], while results
from more recent field measurements involving open and filled trenches have been presented by
Al–Hussaini et al. [24] and Çelebi et al. [25]. The use of a soft geofoam in–fill material has been
assessed experimentally by Alzawi and El Naggar [17]; François et al. [9] describe the design
and efficiency of a composite vibration isolation screen near a tramway in Brussels. In most of
the aforementioned experiments, the length of the vibration isolation screens was limited to a
few meters and only artificial excitation sources such as impact hammers or harmonic shakers
were employed for assessing the isolation performance. Examples of longer screens (tens of
meters) can be found in Sweden and Germany, where gas–filled cushions have been installed
and tested [26, 27]. Apart from in situ experiments, complementary small scale laboratory tests
are also valuable. Haupt [28] presents model tests of various types of barriers, while Murillo
et al. [29] have investigated the efficiency of expanded polystyrene (EPS) barriers by means of
centrifuge tests. A small scale experimental study of a stiff wave barrier in gelatine has been
reported in [30].

This paper presents a full scale in situ experiment that has been specifically designed for
assessing the performance of stiff wave barriers in the soil. The circumstances in which such
barriers are expected to be effective have been analysed in detail in [31] by means of state–
of–the–art numerical simulations, highlighting how their performance critically depends on site
specific characteristics such as dynamic soil properties. Furthermore, the physical mechanism
that results in a reduction of vibration levels for stiff barriers has been identified and was found
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to fundamentally differ from that of open trenches or soft barriers. Based on these findings, a
field test has been designed and carried out in Spain within the frame of the EU FP7 project
RIVAS (Railway Induced Vibration Abatement Solutions) [32], which forms the topic of the
present paper. A more elaborate discussion with additional experimental results as well as a
comparison with numerical simulations can be found in [33].

The outline of this paper is as follows. Section 2 introduces the test site in Spain and ad-
dresses the determination of the dynamic soil characteristics. The design and construction of
the stiff wave barrier are also discussed, while the main physical principles affecting the per-
formance of this type of barrier are briefly reviewed. The measured free field response during
train passages before and after installation of the barrier is subsequently presented in section 3.
Conclusions are drawn in section 4.

2 EXPERIMENTAL SETUP

2.1 Description of the test site

A suitable site for testing a stiff wave barrier was identified in El Realengo (south–east of
Spain) along the conventional railway line between Murcia and Alicante. The track at this site
is a classical ballasted track with bi–block reinforced concrete sleepers supporting RN 45 rails
with Spanish wide gauge (1.668m). It is supported by a ballast layer and an embankment, each
0.50m high. Geotechnical studies, performed in preparation of the construction of a new high
speed railway line next to the conventional line, indicated the presence of soft silty clay soil
layers with a thickness of approximately10m on top of stiffer alluvial soil. These are particular
circumstances where a stiff wave barrier is expected to be very effective [31]. At the site, a test
section as well as a reference section were chosen, as indicated on figure 1. The jet grouting
wall is implemented along the test section; the aim of the reference section is to verify the effect
of changing track, train, and soil conditions over time. This is important when evaluating the
mitigation performance of the wave barrier, as will be discussed in detail in section 3.

TS10m

TS14m

TS18m

TS32m

RS10m

RS14m

RS18m

RS32m

x
y Railway track

Jet grouting wall

Murcia Alicante

Test section Reference section

Figure 1: Setup for the measurement of the free field response due to train passages (figure not to scale).

2.2 Determination of the dynamic soil characteristics

As numerical simulations indicate that the vibration mitigation efficiency of a stiff wave bar-
rier strongly depends on the dynamic soil characteristics [31], several geotechnical and geophys-
ical tests were carried out for an accurate determination of these properties. This includes Spec-
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tral Analysis of Surface Waves (SASW) tests, seismic piezocone down–hole tests (SCPTU),
and seismic refraction tests. These tests have allowed for the identification of a simplified hor-
izontally layered soil model, as summarized in table 1 (layer thicknessh, shear wave velocity
Cs, dilatational wave velocityCp, material damping ratiosβs andβp in both deviatoric and vol-
umetric deformation, densityρ). The soil densities given in the table are those determined from
undisturbed samples retrieved from boreholes drilled in preparation of the construction of the
new high speed railway line. The identified soil profile confirms the presence of a soft layer
of silty clay with a thickness of approximately10m (layers2 and3) that overlies hard alluvial
soil. The soil is saturated at depths below1.50m due to the presence of the ground water table.
This leads to a high dilatational wave velocityCp for layers 3, 4, and 5.

Layer h Cs Cp βs βp ρ
[m] [m/s] [m/s] [-] [-] [ kg/m3]

1 0.30 270 560 0.123 0.123 1800
2 1.20 150 470 0.112 0.112 1750
3 8.50 150 1560 0.014 0.014 1750
4 10.00 475 1560 0.010 0.010 1900
5 ∞ 550 2030 0.010 0.010 1900

Table 1: Dynamic soil characteristics at the site in El Realengo.

The dynamic soil characteristics summarized in table 1 have subsequently been used to cal-
culate free field transfer functions. Figure 2 shows the transfer functions between a vertical
point source and the vertical velocity at8m and16m from the source. With increasing distance
from the source, the transfer functions show a stronger decrease at higher frequencies due to
material damping in the soil. The predictions are compared to the mean value and the95%
confidence interval of the measured transfer functions at the test and reference section. The
latter have been determined using theH1–estimator, which is based on the average cross and
auto power spectral densities [34]. A good agreement is found between the predictions and the
experimental results, in particular in the frequency range up to50Hz. This demonstrates that
the dynamic soil properties have been identified with sufficient accuracy for making reliable
numerical predictions. The signal–to–noise ratio decreases at higher frequencies which leads
to a large confidence interval, however, making it more difficult to assess the accuracy of the
predictions. Furthermore, figure 2 shows a significant difference between the transfer functions
measured at the test and reference section, hence indicating a spatial variability of the dynamic
soil characteristics.

2.3 Design of the stiff wave barrier

Numerical simulations have revealed that a stiff wave barrier in the soil can be a very effective
vibration countermeasure, which is due to the interaction between Rayleigh waves in the soil
and bending waves in the barrier [31, 35]. The mechanism that leads to a reduction of free field
vibrations is concisely summarized in the following paragraphs; the reader is referred to [31, 35]
for a detailed discussion.

Figure 3a shows the real part of the vertical displacementuz(x, f) in the soil due to a unit
harmonic point load at5Hz and15Hz at the surface of the halfspace, if no barrier is present.
The railway track is disregarded in order to facilitate physical interpretation. The propagation
of Rayleigh waves can clearly be observed. The wavefield in the case of an infinitely long stiff
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Figure 2: Predicted free field transfer functions (black line)compared to the experimental results at the test (red
line) and reference (green line) section at (a)8m and (b)16m from the impact point. The95% confidence interval
of the measurements is indicated as a shaded area.

barrier (with a depth of7.5m, a width of1m, and dynamic characteristics as listed in table 2)
embedded in the soil is shown in figure 3b. The barrier’s vibration reduction effectiveness is
quantified through the vertical insertion lossILz(x, f) = 20 log10

(

|uref
z (x, f)|/|uz(x, f)|

)

in
figure 3c, where positive values of the insertion loss indicate a reduction of the vertical free
field vibrations. Figure 3c indicates that the barrier is unable to impede the propagation of
Rayleigh waves at5Hz, while a significant reduction of vibration levels is achieved at15Hz,
but only in a limited area behind the barrier.
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Figure 3: Real part of the vertical displacementuz(x, f) due to harmonic excitation at5Hz (left hand side) and
15Hz (right hand side) (a) without and (b) with a stiff wave barrier. The corresponding insertion lossILz(x, f) is
shown in (c). The dotted lines in (b) and (c) delimit2θc(f).

The observations in figure 3 can be explained by considering a decomposition of the wave-
field into plane waves, satisfying the Rayleigh wave dispersion relation1/λ2

x+1/λ2
y = 1/λ2

R(f) [36].
For propagating plane waves, the trace wavelengthλy observed by the barrier is situated be-
tweenλy = ∞ (for plane waves impinging perpendicularly on the barrier) andλy = λR(f) =
CR(f)/f (for plane waves travelling along the barrier), whereCR(f) is the frequency depen-
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dent velocity of the fundamental Rayleigh wave in the soil. Figure 4 comparesCR(f) to the
velocity of a free bending wave in the stiff wave barrierCb(f). The latter is obtained using Tim-
oshenko beam theory and assuming bending with respect to the barrier’s horizontal axis. At low
frequencies (i.e.5Hz in figure 3), the Rayleigh wave velocityCR(f) is larger than the bending
wave velocityCb(f) and all plane waves in the soil have a trace wavelengthλy larger than the
free bending wavelengthλb(f) = Cb(f)/f of the barrier (λb(f) < λR(f) ≤ λy ≤ ∞). These
waves propagate unhindered through the barrier, as observed in figure 3. If the velocityCR(f)
matches the velocityCb(f), a critical frequencyfc is attained. From this critical frequency
fc = 6.5Hz upwards, the wavefield contains plane waves in the soil with a trace wavelengthλy

that is smaller than the free bending wavelengthλb(f). The transmission of these plane waves
is impeded by the stiff barrier, as the latter’s bending stiffness varies proportionally to(λb/λy)

4

at a given frequency. Waves with a trace wavelengthλy larger thanλb(f) remain unaffected by
the presence of the barrier, however. As a result, a reduction of vibration levels is only achieved
in an area delimited by a critical angleθc(f) = sin−1 (CR(f)/Cb(f)), which can clearly be
distinguished at15Hz on figure 3.
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Figure 4: Phase velocityCR(f) of the fundamental Rayleigh wave in the soil (black line) compared to the phase
velocityCb(f) of bending waves in the stiff barrier (grey line)

If the passage of a train is considered (rather than transfer functions as in figure 3), several
dynamic axle loads contribute to the ground vibration at a certain receiver point of interest in
the free field. Due to the existence of the critical angleθc(f), the contribution of the axle loads
moving towards or away from the receiver will be reduced more effectively than the contribution
of the axle loads located near the receiver. The largest reduction is therefore expected to take
place at locations close to the track (as the contribution of a larger number of axle loads is
mitigated) and, at a particular location, at high frequencies (due to the decreasing critical angle).

2.4 Installation of the jet grouting wall

Several construction techniques are available for creating a stiff wave barrier in the soil, such
as deep vibro–compaction, the installation of gravel or cement columns, hydraulic fracture in-
jection with stable cement–bentonite mixtures, and vacuum consolidation. Jet grouting was
selected as an appropriate technique for the site in El Realengo due to its versatility and possi-
bility to strengthen a wide range of weak natural soils. Jet grouting is a bottom–up procedure,
where grout is injected under high pressure at the design depth in order to initiate the erosion
of the soil. A uniform rotation and lifting of the nozzle hence allows for the creation of in situ
cemented column formations, while the spoil material is expelled at the top of the borehole. 60
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overlapping grout columns with a diameter of1.5m and a centre–to–centre distance of0.9m
were installed to create a stiff wave barrier with an overall length of55m and a width of1m.
This was achieved using a monofluid consisting of90 kg of cement per100 l of water injected
under a pressure of40, 000 kN/m2, while maintaining a flow rate of310− 320 l/min, a nozzle
lift speed of200mm/min, and a nozzle rotation speed of20 rpm during the whole injection
procedure. Figure 5a shows the equipment that has been employed for creating the jet grout
columns, while the surface of the resulting wave barrier is shown in figure 5b. For safety rea-
sons and due to the presence of a water duct, the barrier could only be constructed at a distance
of 16.2m from the center of the railway track.

(a) (b)

Figure 5: (a) Construction of the jet grout columns and (b) the stiff wave barrier upon completion at the site of El
Realengo.

Five test columns were realized prior to the construction of the jet grouting wall. Further-
more, multiple test samples have been taken during the installation of the individual columns
to verify their strength and stiffness. Laboratory tests (unconfined compression tests, non–
dispersive P—S sonic tests, dispersive bender element tests) have been performed on these
samples; the best estimate of the dynamic characteristics (two months after construction) is
given in table 2. The lower part of the barrier is saturated, resulting in a higher dilatational wave
velocityCp and densityρ below a depth of1.50m.

Layer h Cs Cp βs βp ρ
[m] [m/s] [m/s] [-] [-] [ kg/m3]

1 1.50 600 1150 0.03⋆ 0.03⋆ 1400
2 6.00 600 1650 0.03⋆ 0.03⋆ 1750

Table 2: Dynamic characteristics of the jet grouting wall. Estimated values are indicated by a star.

3 EXPERIMENTAL EVALUATION OF THE VIBRATION MITIGATION PERFOR-
MANCE

Extensive measurement campaigns have been carried out before and after installation of
the stiff wave barrier in El Realengo in order to evaluate its performance. This includes the
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measurement of the free field response due to train passages, transfer functions between the
track and the free field, and track receptance tests. The experimental results are discussed in
the following. Only train passages are discussed in this paper, however; the reader is referred
to [33] for a discussion of the additional tests.

Passages of three different train types were recorded at the El Realengo site, before (October
2013) and after (December 2013) construction of the jet grouting wall: S592 commuter trains,
S599 medium distance trains, and long distance Talgo VI trains. These are train passages on the
classical ballasted track; the new high speed railway line was not in operation yet at the time
of the experimental campaigns. In this paper, only results obtained during the passage of S592
commuter trains are discussed, as similar trends are found for the other train types. The S592
commuter train is a short train consisting of three carriages. Each carriage has two bogies, while
each bogie is supported by two axles. The train has a total length of65m between the first and
last axle. Each axle has an estimated unsprung mass of2000 kg. As only a single track is present
at the site, both train passages from Murcia to Alicante and vice versa are recorded. The train
velocities are estimated from strain measurements on the rails at the reference and test section.
Ten and eleven passages of S592 trains have been recorded in October and December 2013, re-
spectively, with a train speed varying between112 km/h and122 km/h (with an average speed
of 117 km/h). Free field vertical vibration velocities were measured by means of geophones
along a line perpendicular to the track, at10m, 14m, 18m, and32m from the outer rail, both
at the reference and test section (and thus at10.834m, 14.834m, 18.834m, and32.834m from
the center of the track). These locations are referred to asRSxx andTSxx in the following,
respectively, where the labelxx represents the distance from the outer rail. The receiver loca-
tions at18m and32m at the test section are situated behind the jet grouting wall, as indicated
on figure 1. Only vertical vibration velocities were recorded in this test, although vibrations in
the transversal and longitudinal direction might also be of interest in practical situations [37].

Figure 6 shows the time history and frequency content of the vertical rail velocity at the test
and reference section during the passage of a S592 commuter train at a speed of117 km/h in
December 2013, i.e. after construction of the jet grouting wall. This particular train runs from
Murcia to Alicante, implying that it first passes the test section and subsequently the reference
section, as can be observed in figure 6. The passage of each individual axle is clearly apparent
in the time history, while the quasi–discrete spectrum is mainly situated below20Hz. The
response at the reference and test section are very similar, indicating that the track conditions
at the reference and test section are alike, but also that the presence of the jet grouting wall has
little effect on the response of the rail (as expected from numerical simulations [31]).

Figure 7 shows the time history and frequency content of the vertical free field velocity
at the reference and test section during the same train passage. As the train approaches, the
measured ground velocity increases, is subsequently followed by a nearly stationary part during
the passage, and finally decreases when the train moves away. The passage of individual axles
can no longer be distinguished as in the case of the rail response, however. The vibration
amplitude decreases with increasing distance from the track; the high frequency components are
especially attenuated due to material damping in the soil. Peaks are observed in the frequency
spectrum near10Hz and30Hz. Figures 7a and 7b indicate that the response at10m and14m
from the track is slightly larger at the test section than at the reference section. As can be
observed in figures 7c and 7d, the vibration levels at18m and32m from the track (i.e. behind
the barrier) are significantly lower at the test section than at the reference section, especially
from 8Hz upwards. This clearly suggests that the jet grouting wall is effectively reducing the
vibration levels.
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Figure 6: Time history (left) and frequency content (right) ofthe measured vertical rail velocity during the passage
of a S592 commuter train at a speed of117 km/h at the reference (solid black line) and test (dotted grey line)
section.

Vibrations due to train passages can also be quantified in terms of the vibration velocity level
Lv(f), which is defined as the one–third octave band spectrum of the stationary part of the
vibration velocityvzRMS(f):

Lv(f) = 20 log10

(

vzRMS(f)

v0

)

(1)

wherevzRMS(f) is the running Root Mean Square (RMS) value of the velocity, whilev0 =
10−8m/s represents a reference velocity. The stationary part of the measured response during
a train passage is selected using the German DIN standard [38]. Figure 8 shows the measured
vibration velocity levelsLv(f) during the passages of all S592 commuter trains before and after
construction of the jet grouting wall at the reference and test section, respectively. The arith-
metically averaged vibration velocity levels̄Lv(f) are also superimposed on figure 8. Although
train passages of the same train type at approximately the same speed are considered, a consid-
erable variation is observed in the frequency spectrum. This variability is caused by differences
in train properties (train speed, wheel unevenness) and the variation of track characteristics (rail
unevenness, ballast stiffness) and soil conditions (water table) in space and time. It is crucial to
take the latter into account when evaluating the performance of the jet grouting wall. Despite
the large variability between different train passages, it is nevertheless clear from figures 8c and
8d that the installation of the barrier leads to a significant reduction of vibration levels at the test
section.

The vibration reduction effectiveness of the jet grouting wall is quantified by means of the
vertical insertion lossILz(f). A first straightforward approach for determiningILz(f) consists
of comparing vibration velocity levels at the test section before and after installation of the
barrier:

ILz(f) = Ltest,before
v (f)− Ltest,after

v (f) (2)

This approach does not account for the changing train, track, and soil conditions in time, how-
ever, which might be significant as there was a two month period between the measurements
before and after installation of the barrier. Alternatively, the insertion loss is computed by com-
paring vibration velocity levels at the reference and test section at the same moment (i.e. after
installation of the barrier):

ILz(f) = Lref,after
v (f)− Ltest,after

v (f) (3)

57
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Figure 7: Time history (left) and frequency content (right) ofthe measured vertical free field vibration during the
passage of a S592 commuter train at a speed of117 km/h at the reference (solid black line) and test (dotted grey
line) section, at (a)10m, (b)14m, (c) 18m, and (d)32m from the outer rail.
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Figure 8: Measured vibration velocity levelsLv(f) in one–third octave bands at the reference (left) and test
(right) section during the passage of S592 commuter trains before (dashed black lines) and after (dashed red lines)
construction of the jet grouting wall, at (a)10m, (b)14m, (c)18m, and (d)32m from the outer rail. The averaged
vibration velocity levels̄Lv(f) are indicated in solid bold lines.
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The track and soil conditions at the reference and test sectionare not exactly the same,
however, hampering the use of equation (3). A more rigorous quantification of the vibration
mitigation performance is obtained in a combined procedure, in which measurements at the ref-
erence and test section before and after installation of the barrier are simultaneously accounted
for [39]:

ILz(f) =
(

Ltest,before
v (f)− Ltest,after

v (f)
)

−
(

Lref,before
v (f)− Lref,after

v (f)
)

(4)

= ∆Ltest
v (f)−∆Lref

v (f)

=
(

Lref,after
v (f)− Ltest,after

v (f)
)

−
(

Lref,before
v (f)− Ltest,before

v (f)
)

(5)

= ∆Lafter
v (f)−∆Lbefore

v (f)

The first bracketed term∆Ltest
v (f) in equation (4) corresponds to equation (2) and character-

izes the reduction of vibration levels at the test section, while the second term∆Lref
v (f) is a

correction for possible variations in time, based on measurements at the reference section. The
insertion loss is alternatively rewritten as equation (5), where the vibration levels at the refer-
ence and test section are compared as in equation (3), with a correction∆Lbefore

v (f) for possible
spatial variations between the reference and test section. Both expressions yield the same result,
but equation (5) is particularly useful for assessing the variability of the insertion lossILz(f).
The quantities∆Lafter

v (f) and∆Lbefore
v (f) can be evaluated for each individual train passage

before and after installation of the barrier, respectively, and their sample mean and variance can
be computed straightforwardly. This allows estimating the sample variance of the insertion loss
ILz(f) asσ2

ILz

(f) = σ2
∆Lafter

v

(f) + σ2
∆Lbefore

v

(f), assuming that∆Lafter
v (f) and∆Lbefore

v (f) are
uncorrelated. This is not the case when employing equation (4), as the quantities∆Ltest

v (f) and
∆Lref

v (f) can only be evaluated using the mean vibration velocity levelsL̄v(f) (as they involve
a different set of train passages before and after installation of the barrier).

Figure 9 shows the insertion lossILz(f) at 10m, 14m, 18m, and32m from the track,
decomposed according to equations (4) and (5). The intervalILz(f)± σILz

(f) is superimposed
in the second case, clearly illustrating the variability of the experimental results. Especially at
low frequencies, a large scatter up to10 dB and more is observed. At18m and32m, the mean
and the confidence interval estimates of the insertion loss are consistently above0 dB from 8Hz
upwards. The mean value reaches a maximum of about10 dB near25 − 35Hz at 18m, which
is also the frequency range where the highest vibration levels are found during train passages.
The insertion loss decreases further away from the barrier at32m, although it still reaches
almost7 dB near20Hz (but vibration levels also decrease further away from the barrier). These
results clearly demonstrate the vibration reduction effectiveness of the jet grouting wall. The
mean value of the insertion loss remains close to0 dB in front of the barrier, except above
30Hz at 10m, where significant negative values are obtained (indicating an amplification). It
is emphasized, however, that this results from a reduction of vibration levels at the reference
section (for unclear reasons) and not at the test section, which leads to a negative insertion loss
through the correction term∆Lref

v (f) in equation (4). No increase of vibration levels is actually
observed at the test section, nor at the reference section (cfr. figure 8a). Figure 9 also illustrates
that the correction terms∆Lref

v (f) in equation (4) are significantly smaller than the correction
terms∆Lbefore

v (f) in equation (5) (except at10m), indicating that spatial variations between
the reference and test section are more important than variations in time. This suggests that,
if no combined procedure can be applied for evaluating the mitigation performance (i.e. if no
correction terms can be computed), the methodology corresponding to equation (2) should be
favoured over the one corresponding to equation (3).
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Figure 9: Insertion lossILz(f) in one–third octave bands (red line) during the passage of S592 commuter trains
at (a)10m, (b) 14m, (c) 18m, and (d)32m from the outer rail. The insertion loss is decomposed according to
equation (4) (left) into∆Ltest

v (f) (green line) and∆Lref
v (f) (yellow line), and according to equation (5) (right)

into ∆Lafter
v (f) (black line) and∆Lbefore

v (f) (blue line). The confidence interval estimatesILz(f) ± σILz
(f) of

the measurements are indicated as a shaded area for the second decomposition.
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The experimental results presented in this subsection clearly demonstrate the effectiveness
of the stiff wave barrier for reducing the free field response during train passages. Additional
experiments have been performed in order to gain further insight in the dynamic behaviour of
the barrier. Furthermore, the measurements have been compared to state-of-the-art numerical
simulations; a reasonable agreement was found. The reader is referred to [33] for an elaborate
discussion.

4 CONCLUSIONS

In this paper, the experimental and numerical evaluation of the vibration reduction effective-
ness of a stiff wave barrier has been discussed. A site with soft soil characteristics was selected
at El Realengo and a full scale in situ test was performed. A barrier of7.5m × 1m × 55m
composed of overlapping jet grout columns was designed and installed near a conventional rail-
way line. Free field vertical vibration velocities were recorded during several train passages at
a test and reference section, before and after installation of the barrier. A combined procedure
has been adopted for assessing the effectiveness of the jet grouting wall, hence accounting for
varying train, track, and soil properties in space and time. The measurements demonstrate that
the barrier is very effective, as insertion loss values of5 dB are obtained from8Hz upwards,
with a peak of almost12 dB near30Hz, corresponding to the dominant frequency during train
passages. The performance decreases further away from the barrier, but remains significant.
This in situ test hence serves as a ‘proof of concept’, demonstrating that stiff wave barriers are
capable of significantly reducing vibration levels, provided that they are properly designed.
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Goran Vukotic (Keller Cimentaciones),Álvaro Andrés (ADIF), Miguel Rodrı́guez (ADIF), and
all the members of the geophysical and soil dynamic testing groups of CEDEX’s Geotechnical
Laboratory.

The first author is a post–doctoral fellow of the Research Foundation Flanders (FWO). The
financial support is gratefully acknowledged.

REFERENCES

[1] C.J.C. Jones. Use of numerical models to determine the effectiveness of anti-vibration sys-
tems for railways.Proceedings of the Institution of Civil Engineers-Transport, 105(1):43–
51, 1994.

[2] Y.B. Yang and H.H. Hung. A parametric study of wave barriers for reduction of
train-induced vibrations.International Journal for Numerical Methods in Engineering,
40(20): 3729–3747, 1997.

[3] A.M. Kaynia, C. Madshus, and P. Zackrisson. Ground vibration from high speed trains:
prediction and countermeasure.Journal of Geotechnical and Geoenvironmental Engineer-
ing, Proceedings of the ASCE, 126(6):531–537, 2000.

62
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[6] P.A. Costa, R. Calçada, and A.S. Cardoso. Ballast mats for the reduction of railway traffic
vibrations. Numerical study.Soil Dynamics and Earthquake Engineering, 42:137–150,
2012.

[7] H.H. Hung, Y.B. Yang, and D.W. Chang. Wave barriers for reduction of train-induced
vibrations in soils. Journal of Geotechnical Engineering, Proceedings of the ASCE,
130(12):1283–1291, 2004.

[8] A. Karlström and A. Boström. Efficiency of trenches along railways for trains moving
at sub- or supersonic speeds.Soil Dynamics and Earthquake Engineering, 27:625–641,
2007.

[9] S. François, M. Schevenels, B. Thyssen, J. Borgions, and G. Degrande. Design and ef-
ficiency of a vibration isolating screen in the soil.Soil Dynamics and Earthquake Engi-
neering, 39:113–127, 2012.

[10] D.E. Newland and H.E.M. Hunt. Isolation of buildings from ground vibration: a review of
recent progress.Proceedings of the Institution of Mechanical Engineers, Part C: Journal
of Mechanical Engineering Science, 205:39–52, 1991.

[11] J.P. Talbot and H.E.M. Hunt. A generic model for evaluating the performance of base-
isolated buildings. Journal of Low Frequency Noise, Vibration and Active Control,
22(3):149–160, 2003.

[12] R.D. Woods. Screening of surface waves in soils.Journal of the Soil Mechanics and
Foundation Division, Proceedings of the ASCE, 94(SM4):951–979, 1968.

[13] G. Segol, P.C.Y. Lee, and J.F. Abel. Amplitude reduction of surface waves by trenches.
Journal of the Engineering Mechanics Division, Proceedings of the ASCE, 104(3): 621–
641, 1978.

[14] D.E. Beskos, B. Dasgupta, and I.G. Vardoulakis. Vibration isolation using open or filled
trenches. Part I: 2-D homogeneous soil.Computational Mechanics, 1: 43–63, 1986.
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Abstract. The computation of the wave propagation in homogeneous and layered soils can be 

performed by a numerical integration in wavenumber domain. The numerical difficulties of 

an infinite integral and an integrand with poles can be solved. But if this computation must be 

repeated for many distances, many frequencies, many loads, or many soil models, it becomes 

a time consuming task which is not acceptable for a user-friendly prediction tool for railway 

induced ground vibration. Therefore, an approximate method for the computation of the wave 

field has been developed. The computation consists of several steps. At first, an approximate 

dispersion profile is calculated according to rules which have been derived from exact 

solutions. Secondly, the dispersion is used to achieve the amplitude for a certain frequency 

and a certain distance by calculating the approximate solution of a corresponding 

homogeneous half-space. Thirdly, three layer corrections are added which include low-

frequency near-field effects, high-frequency far-field effects, and a resonance amplification 

around the layer frequency. This procedure yields the wave field due to a point load. For a 

train load, many of these point-load responses have to be summed up, and a frequency-

dependant reduction factor has to be multiplied to incorporate the effect of the load 

distribution along and across the track. - The prediction method is applied to real sites, and 

the appropriate soil models are identified by approximating the measured transfer functions 

(frequency-dependant amplitudes) which is presented as an alternative to the approximation 

of the dispersion (frequency-dependant wave velocities). These examples demonstrate the 

general behavior of layered soils: the low amplitudes of the stiff half-space at low frequencies, 

the high amplitudes of the softer layer at high frequencies, the strong increase of amplitudes 

and a possible resonance amplification at mid frequencies. The material damping of the layer 

yields a strong attenuation of the amplitudes with the distance for high frequencies. The 

response depends strongly on the resonance or layer frequency which is shown for different 

layer depths and velocities always in good agreement with measurements. The layer 

frequency can be of immense influence if train-speed effects are analysed in a layered soil. 

The good agreement with many measurements in this contribution as well as in the references 

[1-4] validates the prediction of ground vibration based on the theory of a layered half-space. 
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Figure 1: Train induced ground vibration at a layered soil (sites W1 and W2 near a German high-speed line) 

1 EXACT METHOD FOR THE WAVE FIELD OF LAYERED SOILS 

The compliance N(f, k)of the layered soil is calculated by matrix methods in frequency-

wavenumber domain [1], and the particle velocity response v at a distance r from a point force 

F with frequency f follows as the infinite wavenumber integral 
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with the Bessel function J0, and the result HP is also called the transfer (admittance) function. 

The maxima of the admittance fN(f,k) in frequency-wavenumber domain can also be used to 

establish the dispersion of the soil model [5]. 

2 APPROXIMATE METHODS FOR THE PREDICTION OF TRAIN INDUCED 

GROUND VIBRATION 

The approximate prediction of train induced ground vibration [6] consists of four parts.  

The first part is the dynamic axle load spectrum F(f) which is approximately 1 kN per 

third-of octave [7]. The second part is a force reduction function due to the distribution of the 
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where vR is the velocity of the Rayleigh wave. The third part is the transfer function of the soil 

for a train load excitation 
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which is calculated as the sum of the contributions of all n axles at positions yj along the train 

length L (where n = 40 and L = 250 m are used as standard values), and x is the distance from 

the track. For each axle, the transfer function of a point load HP(rj, f) is used. This transfer 
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function includes the characteristics of the soil, and its fast approximate calculation is shown 

in the next section. The prediction of the railway induced ground vibration follows as 

 )()(
'

),(),( fFf
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F
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3 APPROXIMATE DISPERSAL SOIL METHOD 

A two step procedure to calculate approximately the transfer function of a layered soil has 

been developed. In the first step, the dispersion of the layered soil is approximated, and in the 

second step, the transfer function of a dispersal soil is approximated. The approximate method 

is faster and also yields smoother results than the exact method which can sometimes include 

strong interferences between different wave types. 

3.1 Approximate dispersion 

The exact dispersion curves of layered, multi-layered and continuously layered soils have 

been used to derive an approximate calculation of the Rayleigh wave dispersion vR(f) from the 

soil profile vS(z). It is based on the approximated dispersion of a layer on a stiffer half-space 

with the wave velocities vR1 and vR2 
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which is extended to a multi-layered situation. A correction for each layer is added to the 

wave speed vR1 of the top layer 
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hi is the depth where the layer i ends.  

3.2 Approximate transfer functions  

The amplitudes of a homogeneous soil can be approximated by the asymptotes 
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The upper part of equation (6) describes the near-field and the low-frequency response. At 

r* = r0* starts the lower part of equation (6), the far field which is dominated by the Rayleigh 

wave, see [4] for more details. 

The amplitudes of a homogeneous soil can be used to calculate the wave-field of an 

inhomogeneous soil. The amplitudes of the inhomogeneous soil with its dispersion vR(f) are 

approximated by the amplitudes of a homogeneous half-space, but for each frequency the 

half-space has a different wave speed – the wave speed vR(f). This method works very well for 

a soil with continuously increasing stiffness. 

If this method is applied to a clearly layered situation, the following modifications must be 

included: 

A frequency-dependent resonance amplification  
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can be introduced, where  
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are used for the normalized frequency , the resonance frequency f0, and the resonance 

damping DR is calculated according to the 1-dimensional wave theory.  

The effect of soft top layers on the low-frequency near-field and the effect of stiff deeper 

layers on the high-frequency far-field are included by a general procedure. Normally at a 

certain frequency f, the half-space amplitudes of the corresponding wave velocity vR(f) is 

calculated. Corrections of the transfer functions are made if deeper and stiffer soil material 

yields greater half-space amplitudes, or softer top layers yield greater “layer amplitudes” 

which are approximated by AL = AHexp(-ar/h), according to the low frequency behaviour of a 

layer on a rigid base. The greatest amplitude is always chosen as the correct transfer function. 

It has been observed that the method is improved if a modified dispersion, which is shifted 

one third of octave to the left, and a minimum resonance damping of DR = 0.1 is used. 

4 IDENTIFICATION OF THE SOIL MODEL 

4.1 Wave method 

The dispersion vR(f) of the soil is derived from the measurements by the frequency-

wavenumber transform method in this contribution, but other methods as the spectral analysis 

of surface waves SASW or the spatial autocorrelation method SPAC are also in use [5].  

The corresponding soil model is found by comparing the calculated dispersion  R(f) for 

each soil model with the measured dispersion vR(f). The total error for all frequencies is 

minimized on a grid of soil parameters yielding the soil model that fits best the measured 

dispersion (grid search algorithm). Instead of calculating the exact dispersion, the approxi-

mate dispersion function (6) can be used to achieve acceptable results in short computation 

time. In addition to the velocity profile vS(z) from the dispersion, the damping D of the soil is 

evaluated from the measured amplitude-distance relations [5]. 

4.2 Transfer function method 

The soil parameters can also be derived from the measured transfer function H(f, x). A high 

number of transfer functions H (f, x) have to be calculated and compared with the measured 

transfer function H(f, x). The total error for all distances and frequencies is minimized on a 

grid of soil parameters yielding the soil model that fits best the measured transfer function 

(grid search algorithm). This identification procedure yields both, the wave velocities and the 

damping, and therefore it is more time consuming than the wave method. The simplified 

calculation of the transfer function can be used to achieve an acceptable computation time. 

5 APPLICATION TO HOMOGENEOUS SOILS 

At first, two examples of homogeneous soils are presented in Figure 2. Measurements have 

been performed with an electro-dynamic vibrator and a sensor line from r = 2 to 100 m 

distance. The excitation force is measured by the acceleration of the moving mass of 150 kg. 

A resonance of the vibrator and base-plate mass of 200 kg is observed by an additional sensor 

at 50 or 90 Hz. The increased excitation force at and the reduced force above the resonance 

have been corrected. The smooth transfer functions, the slowly increasing admittances of all 

distances can be well approximated by a homogeneous soil model. The shear stiffness or 

shear wave velocity of the soil determines the amplitudes of the wave field. The small 
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damping has only little effect on the wave amplitudes. The identified soil parameters 

(vS = 175 and 250 m/s, D = 1.5 and 2 %) agree well with those determined by the wave 

methods (see Table 1). 

 

  

  

Figure 2: Transfer function measured by vibrator excitation (a,c) and approximated (b,d); homogeneous soil at 

site M (a,b), r =  2,  5,  10,  15,  30, 50 m, and at site G (c,d), r =  4,  6,  14,  38,  54 m. 

6 APPLICATION TO DIFFERENT LAYERED SOILS  

A total of 11 layered soils are presented in the next three sections and four of them are 

presented in this section by the following detailed results. The measured transfer functions for 

hammer excitation are shown in Figures 3a to 6a together with the approximating theoretical 

transfer function (Figs. 3b to 6b) where the approximating parameters can be found in Table 1. 

The transfer function which is found from the wave measurements is presented in Figures 3c 

to 6c for the point load and in Figures 3d to 6d for a standard train load. Figures 3e to 6e show 

specific predictions of train vibrations for each site which are compared with the measured 

train-induced ground vibrations (Figs. 3f to 6f). The stiffest underlying soil has a velocity of 

vS2 = 1000 m/s, the softest layer has a vS1 = 75 m/s. Low layer velocities of vS1 = 100 to 

125 m/s have also been found at sites Xi A, and V. The damping values in Table 1 are all in 

the normal range of D = 1 to 5 %. The damping yields a strong attenuation with distance at 

a) b) 

c) d) 
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the high frequencies, and therefore a strong reduction at the far-field points. This can be 

clearly observed at Figures 4b and 6b for the sites D and X1 with the strongest damping of 

D = 4.5 and 5 %. It should be mentioned that high-frequency amplitudes can be reduced by a 

stronger damping or by a stiffer soil so that the identification of a soil model is not unique. 

 

Site vS1(m/s) vS2 (m/s) h (m) D (%) Method Figure 

A 125 350 4 3.5 Transfer 3b 

A 150 250 3.5 2 Wave 3c-e 

D 150 300 2.5 4.5 Transfer 4b 

D 325 850 5 2.5 Wave 4c-e 

G 175  homogeneous 1.5 Transfer 2d 

G 170  homogeneous 1 Wave [2] 

M 250  homogeneous 2 Transfer 2b 

M 250  homogeneous 2 Wave  

O 150 300 1 4 Transfer 5b 

O 350 1000 17 1.5 Wave 5c-e 

U1 75 500 2.5 5 Transfer 7f 

U2 300 700 13 3 Wave 8e 

V 100 p = 0.25 continuous 4 Transfer 9d 

V 115 p = 0.25 continuous 3.8 Wave [2] 

W1 250 1000 5 4 Transfer 9f 

W1 270 1000 5 5.9 Wave [2] 

W2 270 1000 10 5 Transfer [8] 

X1 125 350 2.5 5 Transfer 6e 

X1 200 500 3.5 4 Wave 6c-e 

X1 150 p = 0.25 continuous 4.5 Transfer 9a 

X1 125 p = 0.4 continuous 5 Transfer 9b 

X2 100 250 2 3 Transfer 7b 

X2 150 300 3.5 2.2 Wave  

X3 125 300 3 4 Transfer 7d 

X3 150 350 3 2.1 Wave  

Y 150 300 2.5 5 Transfer 8b 

Y 180 900 3 6 Wave 8c 

Table 1: Parameters of the soil models, shear wave velocities vS1 and vS2, layer depth h and damping D. 

6.1 The characteristics of a layered soil  

The transfer functions of a layered soil for example in Figure 3 show a stronger increase at 

low and mid frequencies compared to the homogeneous soils in Figure 2. The increase is 

strongest just below the resonance frequency of the layer, where a small resonance ampli-

fication can be observed. The resonance or layer frequencies lie between 10 and 64 Hz for all 

measured sites. The lowest resonance frequency corresponds with a thick layer (h = 17 m, 

Fig. 5b), whereas the highest resonance frequency has been found for a thin layer (h = 1 m, 

Fig. 5c). For the same thickness h = 2.5 m of the layer, the softer soil of 75 m/s yields the 

lower resonance frequency of 16 Hz (site U1, Fig. 7f compared with site D, Fig. 4b). The 

resonance amplification can be higher if the velocity contrast of the shear wave is stronger 

(sites U1, Fig. 7f and Y, Fig. 8a-d).  
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Figure 3: Transfer functions for layered soil at site A, a) measured by hammer excitation, b) approximated, c) for 

soil model from wave measurements, d) for standard train load; e) specific train prediction and f) measurement 

of train vibration (r =  4,  8,  16,  32,  48,  62 m, a-b, r =  4,  8,  16,  32,  64 m, c-f) 

a) b) 

c) d) 

e) f) 
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Figure 4: Transfer functions for layered soil at site D, a) measured by hammer excitation, b) approximated, c) for 

soil model from wave measurements, d) for standard train load; e) specific train prediction and f) measurement 

of train vibration (r =  4,  8,  16,  32,  48,  62 m, a-b, r =  4,  8,  16,  32,  64 m, c-f) 

 

a) b) 

c) d) 

e) f) 
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Figure 5: Transfer functions for layered soil at site O, a) measured by hammer excitation, b) approximated, c) for 

soil model from wave measurements, d) for standard train load; e) specific train prediction and f) measurement 

of train vibration (r =  4,  8,  16,  32,  48,  60 m, a-b, r =  4,  8,  16,  32,  64 m, c-f) 

 

a) b) 

c) d) 

e) f) 
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Figure 6: Transfer functions for layered soil at site X1 a) measured by hammer excitation, b) approximated, c) for 

soil model from wave measurements, d) for standard train load; e) specific train prediction and f) measurement 

of train vibration (r =  4,  8,  16,  32,  48,  62 m, a-b, r =  6,  8,  16,  32,  64 m, c-f). 

a) b) 

c) d) 

e) f) 
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6.2 Comparison of measurements with the approximate theory 

The approximated transfer functions in Figures 3b to 6b agree quite well with the measured 

transfer functions in Figures 3a to 6a. The approximate transfer functions as well as the 

attenuation with distance are smoother what is beneficial for a robust prediction of railway 

vibration. Namely the low-frequency low amplitudes are more regular in the approximate 

theory and compensate possible measurement errors (environmental noise). 

6.3 Comparison of the transfer function for point and train load 

The transfer functions for a point load in Figures 3c to 6c show a stronger attenuation with 

distance than the transfer functions for a train load (Figs. 3d to 6d). This effect is strongest for 

the low frequencies where only the geometric attenuation occurs. At high frequencies with a 

strong attenuation due to the damping, the reduction of the geometric attenuation is not so 

noticeable.  

6.4 Comparison of the predicted and measured train vibration 

The prediction of the train induced ground vibration is done with the transfer functions for 

a train load (Figs 3d to 6d) and a specific excitation spectrum suited for the measurements. 

The specific excitation spectrum is always close to F(f) = 1 kN for all thirds of octaves 

(compare Figures 3e to 6e with Figures 3d to 6d). The predicted train vibration agrees well 

with the measured train vibration in Figures 3f to 6f. The train spectra are rather smooth 

spectra with only small peaks. The measured low-frequency amplitudes come close together 

at some sites, in theory there is always a weak attenuation with distance. 

6.5 Comparison of train and hammer excitation 

The measured transfer function and train vibration (Figs 3a to 6a and 3f to 6f) generally 

show a good agreement for all sites (except site X1 where the maximum train vibration are 

found below the resonance frequency of the layered soil). The characteristics of the layered 

soils are very similar for the hammer and train excitation while the attenuation is stronger for 

the hammer. 

6.6 Comparison of the transfer and wave method 

The characteristic layer frequencies are very similar for the transfer and wave method (Figs 

3b to 6b and 3c to 6c), 20-25 Hz at site A, 25-32 Hz at site X1, and 32 Hz at site D. At site O 

(Fig. 5), both methods identify a stiff soil of vS = 300-350 m/s which yields the correct 

amplitudes in a wide mid-frequency range. A stiffer underlying soil is identified by the wave 

methods which yields a very low-frequency resonance also observable in the train measure-

ments, whereas the hammer experiments clearly show a high frequency resonance and a softer 

top layer. Due to environmental noise, the transfer method has some uncertainties at very low 

frequencies. For site D and particular for site X1, the transfer functions for both methods are 

very similar. The amplitudes are a little lower for the wave method, and the high-frequency 

amplitudes are approximated by a softer layer and a higher damping using the transfer method. 

The mid-frequency region with the strong increase and the resonance are usually best 

evaluable in wave and transfer measurements [5]. A generally good agreement at all 

frequencies has been found for site A. 
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7 MORE EXAMPLES AND CONTINUOUSLY INCREASING SOIL STIFFNESS 

The transfer functions of two more sites X2 and X3, which are not far from site X1, are 

given in Figure 7 as measurements and theory. In this case, the soil models are very similar, 

  

  

  

Figure 7: Transfer functions for layered soil at site X2 (a,b), site X3 (c,d), and site U1 (e,f), a,c,e) measured by 

hammer excitation, b,d,f) approximated, (r =  4,  8,  16,  32,  48,  62 m). 

a) b) 

c) d) 

e) f) 
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Figure 8: Transfer functions for layered soil at site Y (a-d) and site U2 (e-f), a) measured by hammer excitation, b) 

approximated; c,e) specific train prediction and d,f) measurement of train vibration, (r =  2,  4,  8,  14, 

 24 m, a-b, r =  5,  6,  8,  10,  12m, c-d, r =  4,  10,  16,  32,  64 m, e-f). 

 

a) b) 

c) d) 

e) f) 
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Figure 9: Transfer functions for continuously varying soil at site X1 (a,b) and site V (c,d) and for layered soil at 

site W (e,f), approximated by a) vS ~ z
0.25

 , b) vS ~ z
0.40

 (best fit), c) measured by vibrator excitation, d) approxi-

mated by vS ~ z
0.25

, e) measured by vibrator excitation, f) approximated, (r =  4,  8,  16,  32,  48, 

  62  m, a-b, r =  3,  5,  10,  20,  30 ,  50 m, c-d, r =  3,  5,  7,  14,  30,  40 m, e-f). 

 

a) b) 

c) d) 

e) f) 
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but this should always be checked experimentally as will be demonstrated in Section 8. Site 

X3 (Fig. 7c) shows a stronger resonance amplification in the far field. A similar observation is 

made at site U1 in experiment and theory (Figs. 7e,f) and some sites in [2]. Amplitudes higher 

than 1 mm/s/kN have been measured at this site which correspond with the softest layer 

material of vS1 = 75 m/s x. A soft layer yields a low resonance frequency without a great 

thickness (h = 2.5 m). A soft soil also yields the strongest damping effect, and in addition the 

damping value D = 5 % is also high for site U1. Therefore a very strong attenuation with 

distance at high frequencies is observed. 

Figure 8 shows measurements and predictions of site Y where all results show a resonance 

at 32 Hz, for the hammer as well as for the train excitation. The clear resonance is attributed 

to the strong velocity contrast vS1/vS2 between the layer and the underlying half-space. At site 

U2, the resonance region is well predicted in Figure 8e, but the measured strong attenuation in 

the following mid-frequency range (Fig. 8f) cannot be represented by the theory. The medium 

attenuation at high frequencies, however, is in good agreement with the material damping of 

D = 3 %. 

The results at site X1 (Fig. 6) are rather smooth, so that a soil with continuously increasing 

stiffness has also been fitted to the measurements. Figure 9a shows the approximation with 

the theoretical law vS(z) = vS1 z
0.25

 and Figure 9b the result with a higher best-fit power vS1 z
0.4

 

which yields a stronger increase with frequency in better agreement with the measurements 

(Fig. 6a). It can be seen that the layer approximation in Figure 6b is a little better than the 

continuous approximation.  

Figure 9c shows the results of a vibrator testing at site V with a continuously increasing 

stiffness of the soil. The approximating transfer functions in Figure 9d agree well with the 

vibrator measurements as well as with the hammer measurements in [1], and the corres-

ponding model agrees well with the model identified from the wave measurements. Due to the 

very soft top layer, a rather low resonance frequency of the vibrator on the soil has been found 

at 30 Hz. This has been confirmed and corrected by stress measurements in the soil below the 

vibrator.  

The layered soil of the next section (site W1) has also been investigated by vibrator 

excitation (Fig. 9e). The strong increase of the transfer functions up to 25 Hz indicates the 

layered situation with a corresponding resonance frequency. The vibrator resonance at 50 Hz 

has been corrected as well as a redistribution of the low amplitudes at 10 Hz to higher 

harmonics at 20 and 30 Hz. The transfer-based soil models of this section and namely those 

from the vibrator experiments are in good agreement with the results of the wave method. 

8 SPEED DEPENDANCY OF THE AMPLITUDES IN LAYERED SOILS 

At the two sites W1 and W2 in only 100 m distance, trains with different speeds have been 

measured. At site W1 a strong increase of the amplitudes with train speed has been found 

whereas the amplitudes remain constant at site W2. The explanation has been identified by the 

different layering of the soils (Figs 10a,c). Both sites have the same layer and half-space 

materials, but site W2 has a deeper layer (h = 10 m) compared to site W1 (h = 5 m). This fact 

yields a lower resonance frequency at 12 Hz compared to 25 Hz at site W2.  

The ground vibration due to the train passage with 200 km/h is shown for both sites in 

Figure 10b,d. An important component can be seen around 16 Hz (Fig. 10d) which is 

dominant in the far field. This component is above the resonance frequency and has high 

amplitudes for site W2. At site W1 (Fig. 10b), this component is below the resonance 

frequency and has smaller amplitudes. The maximum amplitudes are rather at the layer 

resonance than at the mid-frequency excitation. For the speed variation it can be concluded: 

High and nearly constant amplitudes are observed for different train speeds if the mid-
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frequency range is higher than the resonance frequency. A strong increase of the amplitudes is 

observed if the mid-frequency component is just in the range of the strong increase before the 

resonance. These two extreme situations have been met at sites W1 and W2 during the high-

speed tests [8]. 

  

  

Figure 10: Layered soil at site W1 (a,b) and W2 (c,d), a,c) approximated transfer functions, (r =  4,  8,  16, 

 32,  64 m), b,d) measured train vibration, ( r =  2.5,  5,  10,  20,  30,   50  m). 

9 CONCLUSIONS 

A fast method has been presented to calculate approximately the transfer functions of a 

layered soil in good agreement with the exact theory. The approximate method has been 

beneficially used for the identification of a soil model and for the prediction of train-induced 

ground vibration at 14 real sites, see Table 1. Whereas two sites consist of an almost 

homogeneous soil and one site of a soil with continuously increasing stiffness, all other sites 

clearly demonstrate the typical behaviour of a layered soil. The transfer functions have low 

low-frequency amplitudes of the stiffer underlying soil and high high-frequency amplitudes of 

the softer layer. In the mid-frequency range the amplitudes strongly increase and a resonance 

amplification can occur. The resonance or layer frequency has been found between 10 and 

64 Hz for the different sites, depending on the stiffness and depth of the layer. The influence 

of the soil has been clearly presented for an example of train vibration, but it is generally 

   

   

a) b) 

c) d) 
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stronger for hammer excitation. Many items agree well between predicted and measured 

transfer functions and train vibrations, and between the transfer- and wave-based soil 

identification, validating thereby the prediction method. Alternative prediction methods are 

also available which use directly the measured or the exactly calculated transfer functions [4], 

or calculated force spectra [7]. 
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Abstract. In this paper the influence of the stress state within the soil on predicted railway 
vibrations in tunnels is studied, regarding Gs modulus degradation that occurs when the 
tunnel is excavated with Tunnel Boring Machine (TBM). The adopted procedure is uncoupled, 
using a 2D FEM model to simulate the process of tunnelling which incorporates the 
constitutive model known as Hardening Soil with small strain stiffness (HS-small). The Gs 
modulus values are then used in a dynamic numerical model based on a 2.5D FEM-PML 
approach in order to simulate the vibrations induced by railway traffic. Simulations are then 
performed assuming two different scenarios for the elastic properties of the ground: i) 
assuming Gs modulus for low strain deformation for whole domain, i.e., neglecting the 
perturbation of the soil due to the tunnel construction; ii) assuming values of Gs modulus 
computed taking into account the strains induced by the tunnel construction. The numerical 
results show a clear influence of tunnelling process, being more relevant at closest distances 
to the tunnel. 
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1. INTRODUCTION 

Vibrations induced by railway traffic in tunnels is a special interest and development topic 
in recent years, mainly in urban areas where nuisance generated can be common if no 
preventive measures are taken or if the initial design is not right. It is reasonable to affirm that 
transport infrastructure in the 21st century has much more requirements than previously, since 
environmental aspects have gained a significant importance. Nowadays, the impact of 
vibrations on working and living environments is considered as an important problem of 
modern societies [1]. Moreover, the relevant growth of population around metropolitan areas 
implies the need for more sustainable underground transport systems. One of the key 
advances to minimize the impact of railway systems is the development of the numerical 
models that are capable of predicting correctly the level of vibrations on free-field or on 
buildings and to help in finding technical solutions for mitigating possible nuisances. For that, 
in last recent years several models have been developed in order to understand the complex 
problem of railway vibrations in tunnels. It is worth mentioning semi-analytical models such 
as those proposed by Hussein and Hunt [2], Kuo et. al [3] and Muller [4], whose main 
advantage is a high computational efficiency although they could not be rigorously applied in 
some situations. Complex numerical models have also been developed, such as those 
presented by Clouteau et al. [5] and Gupta et al. [6, 7], among others. 

An interesting approach of the problem has been presented by Hung and Yang [8] and 
Lopes et al. [9, 10] in which 2.5D models are developed. The former is a 2.5D FEM-IEM 
model while the latter is a 2.5D FEM-PML model. The 2.5D models can be applied for 
longitudinally invariant structures, obtaining the 3D solution by numerical discretization of 
the cross-section combined with the Fourier transformation of the domain along the 
orthogonal direction. In addition to these three last researches, similar models have also been 
applied for the study of several railway lines both in surface and in tunnels [11-14]. 

In the above-mentioned studies the soil behaviour has been considered as linear-elastic as 
the vibrations induced by railway traffic in tunnels generate very small strains in soils. This 
approach seems to be clear and reasonably correct. Nevertheless, none of them has considered 
the possible effect of the tunnel construction on the degradation of the shear modulus of the 
soil. In fact and to authors’ knowledge, there are no studies about railway vibrations in 
tunnels in which this phenomenon had been taken into account. During tunnelling process the 
shear modulus of soil does not remain constant and its degradation magnitude depends on 
multiple factors such as diameter and depth of tunnel, excavation method and soil stiffness, 
among others. It is not easy to quantify standard values of shear strains during tunnel 
excavation although they could range between 10-4-10-2 [15]. Even though tunnel excavation 
with TBM is a three dimensional problem, Panet and Guénot [16] demonstrated that 3D 
ground response can be approximately analysed with a plane strain approach, introducing a 
stress release coefficient that could be evaluated through 2D and 3D numerical comparisons. 
However, such comparisons are very limited in the technical literature. Because of 
underground railway vibrations is the main focus of this paper, a 2D simplified method has 
been applied for studying Gs degradation during tunnelling process where the tunnel lining 
grouting has not been considered due to Gs degradation induced by this process is very 
located in the soil attached to the tunnel lining.  

Regarding the complete behaviour of the soil, from very small strains to large strains 
range, several constitutive models have been developed such as the Hyperbolic model [17], 
the Equivalent linear model [18], the Hardening soil model [19] and, recently, the Hardening 
soil model with small-strain stiffness [20], among others. The latter is applied in this paper in 
order to take into account Gs degradation during tunnelling process.  
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2. NUMERICAL APPROACH 

2.1 Generalities 

The applied computational scheme is uncoupled, using a 2D FEM static model to simulate 
the tunnelling process and calculate Gs degradation within soil by using the PLAXIS 
commercial code. The Hardening soil model with small-strain stiffness (HS-small) has been 
used to take into account the Gs modulus degradation. Once calculated the resulting stress 
state in soil after tunnel construction, a 2.5D FEM-PML model formulated in the 
wavenumber/frequency domain is used to obtain the free-field response, assigning on every 
finite element the resulting soil stiffness from the 2D FEM static model. This stiffness 
(different for each finite element) remains constant during the computing process with the 
2.5D FEM-PML model, since the strains induced by the traffic are very small. The computed 
results are compared with those obtained without regarding tunnel excavation, i.e. neglecting 
the perturbation of the soil due to tunnel construction. In the followings sections these 
numerical models are briefly described. 

2.2 2D Numerical simulation of tunnelling with TBM  

To simulate tunnel construction with TBM, a 2D FEM model has been used through 
software PLAXIS. A 2D simplified method is applied in order to calculate the stress state 
within soil. Some of the 2D available methods are: Core Support Method (α-method), Lining 
Reduction Method (δ-method) and Stress Reduction Method (β-method), among others [21]. 
In this research, β-method has been used to simulate the construction process of tunnel, whose 
main feature is to take into account arching effect that occurs within the soil due to near 
presence of tunnel face. The basis of this method is schematized in Fig. 1  and the idea is that 
the initial stresses pk that act in the contour of the tunnel are divided into two parts: the first is 
(1-β)·pk that is applied to the unsupported tunnel and the second is β·pk that is applied to the 
supported tunnel. In PLAXIS code this approach is performed through three construction 
phases, controlling in each one the staged construction process (through parameter ∑Mstage), 
as follows: 

 
1- Phase 1: Generate the initial stress field with K0-procedure in case of horizontal soil 

layers 
2- Phase 2: Eliminate tunnel clusters applying an ultimate level of  ∑Mstage equal a 1-β 
3- Phase 3: Activate the lining, allowing a complete staged construction (∑Mstage = 1) 

 
The main uncertainty of this method applied to tunnel excavation is the β value. This 

parameter can oscillate between 0.2-0.8 depending on excavation method, tunnel diameter, 
among others factors. In the TBM cases, β value is usually between 0.4-0.8. 

 
Fig. 1.  Schematic representation of the β-method for the analysis of tunnels 
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2.3 2.5D FEM-PML approach for simulation of traffic vibrations 

Contrarily to what happens on the tunnelling operations simulation, where a reasonable 
solution can be found using a 2D approach, the problem of vibrations induced by railway 
traffic is fully 3D and, consequently is not compatible at all with a 2D plane strain state 
approach. However, assuming that the system is invariant and infinitive along the longitudinal 
direction, the 3D solution can be achieved adopting a 2.5D procedure, i.e., only the cross-
section of the problem needs to be discretised into finite elements (in the present case a finite 
elements approach is considered; alternative approaches using BEM or MFS can be found on 
[13, 22] since a Fourier transformation is applied regarding the longitudinal coordinate.  

For the present case study, the 2.5D FEM approach seems to be advantageous since non-
homogeneous cross-sections are considered. However, there is a pitfall when using finite 
elements approaches on dealing with dynamics of unbounded domains: the demands of 
limitation of the discretized domain gives rise to the need for treatment of the artificial 
boundaries in order to prevent the spurious reflexion of waves. In the present approach this 
requirement is fulfilled using a 2.5D PML’s approach along the artificial boundaries. 

Due to the length limitation of the paper, the mathematical formalism inherent to the 2.5D 
FEM-PML approach is not here presented. However, it can be found in other papers of the 
authors, namely in: [9, 10, 23]. 

The prediction of vibrations due to railway traffic in tunnels constitutes a challenge by 
several reasons. One of these particular aspects is the train-track interaction, which is 
provided by the track irregularities, the out-of-roundness of the wheels or by the non-
homogeneous support of the rail. These heterogeneities of the system give rise to inertial 
forces on the train, i.e., to a train-track interaction force which is variable along time. By that 
reason, the structural behaviour of the train needs to be also simulated on the prediction 
model. In the present model, a sub-structured approach is followed, where the train simulated 
by a multi-body approach and the remaining system by the 2.5D FEM-PML model described 
above.  Fig. 2 shows a schematic representation of the distinct models considered on the sub-
structured approach. The dynamic interaction of the different models is also depicted on the 
same figure. Once again, the limitation of length of the paper prevents an exhaustive 
description of the train-track interaction model, but the reader can found a detailed description 
on previous papers of the authors, namely in: [9, 10, 24] 

 
Fig. 2.  Schematic representation of the sub-structured model used for prediction of vibration due to railway 

traffic 

Modelling of Track-Tunnel-Ground
system

2.5D FEM-PML

Track receptance on the moving
reference frame

Train-track
 dynamic loads

Structural model of the train and
interaction formulation

1

2

Multi-body
approach

Vibrations induced by railway
traffic at any point of the domain

3
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Despite the ability of the model for dealing with different sources of excitation of the train, 
as for instance the out-of-roundness of the wheels, in the present application it is assumed that 
the only source of dynamic excitation corresponds to the track unevenness. 

3. APPLICATION EXAMPLE 

3.1. Objectives 

As emphasized above, the main objective of this research is to study the influence of Gs 
degradation that occurs within the soil during the excavation process of tunnel with TBM on 
predicted railway vibrations in tunnels. For that, an only case has been analysed with a 
homogeneous soil for the whole domain, where β-value has been considered as 0.5. 

3.2. Model description   

Fig. 2shows the geometry of the finite element mesh used to simulate the tunnel 
construction with PLAXIS code. Although it usually works with unstructured mesh, in this 
case it has been structured in order to use a similar mesh to study both tunnel construction and 
railway vibrations. The size of mesh to analyse the tunnel excavation has been estimated 
according to Meissner [24]. The depth of tunnel has been chosen in order to consider a 
realistic geometry in which is possible to build it with TBM method.  

Fig. 4. shows the 2.5D FE-PML model to study railway vibrations. The size of finite 
element in the soil has been estimate regarding 6 elements per wavelength, limiting 
frequencies up to 80 Hz. The interest domain is limited by PML’s in order to avoid the 
spurious reflexion of the waves that impinges the artificial boundaries. 

3.3. Soil and tunnel properties 

The soil constitutive model applied is the HS-small (only in 2D FEM model for simulating 
tunnel construction) which is based on the Hardening soil model but considering the complete 
stress-strain curve including the very small strain range. The Hardening soil model and the 
Hardening soil model with small-strain stiffness are explained in detail by Schanz et al. [19] 
and Benz [20] respectively. The soil properties are shown in table 1 according to the HS-small 
model.  

 
Fig. 3. Finite element mesh (in metres) for tunnelling 
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Fig. 4. 2.5D FEM-PML mesh adopted for the analysis of vibrations due to railway traffic 

 
 
 

γap (kN/m3) 20 
E50

ref (kN/m2) 200·103

Eoed
ref (kN/m2) 200·103 

Eur
ref (kN/m2) 400·103 

m 0.5 
c’ (kN/m2) 25 

φ’ 35º 
ψ 5º 
νur’ 0.2 
Ko

nc 0.4264 
γ0.7 1.8·10-4 

G0
ref (kN/m2) 310·103

Pref (kN/m2) 100 
Rf 0.9 

Cp (m/s) 643 
Cs (m/s) 394 

Table 1: Soil properties in HS-small model and P and S-waves velocity 

The relationship between E50
ref and Eoed

ref has been estimated according to Schanz [25] and 
the relationship between E50

ref and Eur
ref is supposed to be equal to 2. G0

ref has been calculated 
as follows: 

	 																																																																			(1)                       

Where E0
ref has been calculated according to Alpan [26]. The relationships given by Alpan 

between E0 and Eur are shown in Fig. 5. 
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Fig. 5. Relation between dynamic stiffness (Ed=E0) and static soil stiffness (Es=Eur) [27] 

The “m” exponent has been estimated according to Benz [19]. The soil has been 
considered as normally consolidated and in this way K0 has been calculated according to Jaky 
[27]. Although γ0.7 is dependent on confining stress, in this case it has been considered to be 
constant for the whole domain and is obtained as follows [20]: 

.
. 2 ′ 1 cos 2 ′ ′ 1 sin 	 2 ′ 																												(2) 

Where ’1 is the effective vertical stress in the middle of considered soil layer in the 
numerical model. Fig. 6 shows the Gs/G0-γs relationship for the soil in the HS-small 
constitutive model and the tunnel properties are summarized in table 2. 

 
Fig. 6. Gs/G0-γs relationship in HS-small 

 

Thickness (m) 0.35 
Inner radius (m) 3.9 
Density (kg/m3) 2500 
Elastic modulus 

(kN/m2) 
30·106 

Poisson ratio 0.2 

Table 2: Tunnel properties 

3.4. Stress state within soil after tunnelling 

Fig. 7 shows computed Gs/G0 and shear strains (γ) contours after numerical simulating of tunnel 
construction, in which can be seen as Gs degradation is more evident closed to lining, even reaching 
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the ground surface although the effect of tunnelling process at ground surface is limited until a 
distance of 25-30 meters from symmetric axis of the model.  

 
Fig. 7. Computed contours Gs/Go (left) and shear strains (γ) (right) 

3.5. Track and train properties 

In what concerns the modelling of vibrations induced by railway traffic, additional description of 
the model is required. Two distinct computations are performed: i) non disturbed ground; ii) 
disturbed ground due to tunnel construction operations. In the former case, the shear modulus of the 
ground is assumed constant with value of G0 indicated in Table 1. On the other hand, the second 
computation set corresponds to the disturbed ground, where the distribution of G depicted in Fig. 7 
is adopted. In both situations, the volumetric mass was assumed as 2000 kg/m3; the Poisson ratio 
equal to 0.2 and a hysteretic damping ratio of 0.04. 

The railway track is composed by a continuous concrete slab track 0.3 m thick and 2.5 m wide, 
with a longitudinal bending stiffness of 1.62x108 N/m2 and a mass of 3000 kg per unit of length. 
The rails, materialized by UIC60 profiles are continuously supported by railpads with a stiffness of 
2.5x108 N/m2 and a damping coefficient of 6x104 Ns/m2. It is assumed a floating slab solution, 
introducing a resilient mat between the slab and the tunnel invert. The stiffness of the mat is 
0.153x109 N/m2 per meter in the longitudinal direction and a damping of 5.5x104 Ns/m2 is 
considered. 

In what concerns to the rolling stock, it was assumed the passage of the Alfa-Pendular train at a 
running speed of 40 m/s. The main geometrical and mechanical properties of the train Alfa-
Pendular are summarized in Fig. 8  and in Table 3. 

 

Fig. 8. Alfa-Pendular geometry 

 

Axles Mw (kg) 1538-1884 
Primary 

suspension 
Kp (kN/m) 
Cp (kNs/m) 

3420 
36 

Bogies 
 
 

Mb (kg) 4712-4932 
Jb (kg/m2) 5000-5150 

Car body Mc (kg) 32900-35710 

Table 3: Mechanical properties of the train 

CL

19.00 m

2.90 m

6.90 m

2.90 m 2.90 m 2.90 m 2.90 m 2.90 m

19.00 m 19.00 m
6.90 m 3.45 m

Vehicle 1 Vehicle 2 Vehicle 3
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As mentioned above, the first step of the calculation procedure concerns the solving of the train-
track interaction problem. The quasi-static and dynamic excitation mechanisms are uncoupled, 
being the solution obtained through a superposition procedure. 

In the present study, the source of vibration is due to the track unevenness. An artificial 
unevenness profile was generated taking into account the power spectral density of amplitude of the 
track unevenness for a range of wavelengths between 28 m and 0.55 m. The following equation was 
used for address the PSD of the track unevenness: 

 
w

,
, k

k
)k(S)k(S













01

1
011

                                                                 

(3) 

 
where, k1,0=1 rad/s, w=3.5 and S(k1,0) was assumed equal to 1x10-8 m3. 

Once the train speed was assumed to be 40 m/s, the unnevess profile considered excitates the 
train in the frequency range between 1.4 Hz to 72 Hz.. 

4. RESULTS AND DISCUSSION  

4.1. Transfer functions for stand still loads 

Firstly, to the study of the impact of construction operations of the tunnel on the vibration levels 
perceived at the ground surface, a simple analysis is presented where a unitary stand still load is 
applied at the centre of tunnel invert and the dynamic response is recorded at different positions at 
the ground surface. This simple analysis allows observing how the shear modulus degradation 
affects the transfer functions between the tunnel invert and the ground surface. In the present case it 
is assumed that the load is applied at the cross section defined by x=0 m (x is the longitudinal axle), 
and the receiver points are located at the same cross-section. 

 
a

 

b c

d

 

e f

Fig. 9. Vertical displacement transfer functions due to a load applied at the tunnel invert and evaluated at distinct 
positions of ground surface: a) P1(0,0,0); b) P2 (0,5,0); c) P3 (0,10,0); d) P4 (0,15,0);e)  P5 (0,20,0) f) P6 (0,40,0) (blue 

line – non disturbed soil; red line – disturbed soil) 
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The analysis of Fig. 9 allows to see an agreement of the response obtained for both scenarios in 
the lower frequency range, i.e., up to 15 Hz. Actually, the wavelengths generated in this frequency 
range are quite large, being not so much affected by point variations of the ground stiffness. On the 
other hand, for the receiver points located close to the tunnel, and for frequencies above the 
mentioned limit, a relevant influence of the construction operations on the transfer function is 
detectable. On Fig. 9.a to d, it is possible to see a change of the frequency of the troughs of the 
transfer function when the stiffness degradation due to the tunnel construction is taken into account. 
On the other hand, it seems that the difference between the two scenarios evanesces with the 
increase of the distance between the source and the receiver. This aspect is quite evident in Fig. 9f, 
where, for frequencies up to 50 Hz, there is a good agreement between the results obtained from 
both scenarios. However, for frequencies above this limit, differences remain, being justified by the 
fact that the wavelengths generated are short enough to be influenced by local changes on soil 
stiffness. 

4.2. Vibrations due to railway traffic 

Figs. 10 and 11 show time record and one-third octave spectrum of vertical velocity due to 
passage of the Alfa Pendular train respectively. It is worth mentioning that only 4 points at ground 
surface are shown, located at several distances from symmetric axis of the model: 0, 5, 20 and 40 
metres. 

a       b 

 

c d 

Fig. 10. Time record of vertical velocity at distinct points located at the ground surface: a) P1(0,0,0); b) P2 (0,5,0);  
c) P5 (0,20,0) d) P6 (0,40,0) (blue line – non disturbed soil; red line – disturbed soil) 

Regarding the compared response in the time domain is noteworthy that the effect of taking into 
account the tunnelling process is more notorious at points located closer to the tunnel, resulting 
minor differences between the two scenarios with the increase of the distance to the tunnel. In fact, 
the difference found at a distance of 40 metres is almost negligible. However, at the other points (0, 
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5 and 20 metres) the differences are noteworthy, being more important for smaller distances to the 
tunnel. 

a       b 

 
c d 

Fig. 11. One-third octave spectrum  of vertical velocity at distinct points located at the ground surface: a) P1(0,0,0);  
b) P2 (0,5,0); c) P5 (0,20,0) d) P6 (0,40,0) (blue line – non disturbed soil; red line – disturbed soil) 

A more clear comparison between the two considered scenarios is provided by Fig. 11, in which 
it can seen that the influence of tunnelling process is more evident with the decrease of the distance 
between the source and the receiver. However, regarding one-third octave spectrum it is also 
possible to comment that there are more differences in frequencies above 15 Hz than below this 
value, due to the wavelengths generated below 15 Hz are quite large, being not so much affected by 
point variations of the ground stiffness. Similar conclusion was also found for the analysis of 
transfer functions depicted on Fig. 9. Comparing the two scenarios in terms of decibels, it is 
possible to conclude that in frequencies below 15-20 Hz the maximum difference is 3 dB while 
above 20 Hz is it possible to achieve differences around 7 dB for the points located close to the 
tunnel. However, the influence of tunnelling process evanesces with the increase of the distance 
source-receiver. Actually, the differences found on Fig. 11d are almost negligible.  

5. CONCLUSIONS  

In this paper, the influence of the stress state within the soil on predicted railway vibrations in 
tunnels has been studied, regarding the degradation of shear modulus that occurs when the tunnel is 
excavated with Tunnel Boring Machine (TBM). In this way, the main conclusions are: 
 

- The influence of the degradation of shear modulus of soil during tunnelling process with 
TBM on predicted railway vibrations can be relevant, providing a higher level of vibrations 
at the ground surface when Gs degradation is considered. 

- This fact is more notorious at the closest points of the tunnel, being practically negligible at 
distances greater than 20 metres from the line of centre of the tunnel. 
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- The influence is more important for frequencies above 15 Hz than below this value. So, the 
maximum difference above this mentioned limit has been 7 dB while for frequencies up to 
15 Hz has been 3 dB. 

The numerical results show that the effect of degradation of shear modulus of the soil during 
tunnelling process on predicted railway vibrations should be taken into account in design process in 
order to find more accurate results.  

The research is on-going and numerical studies will be performed for other geotechnical 
conditions in order to accomplish more conclusive remarks. 

REFERENCES 

[1] M.G. Smith, L. Cray, M. Ögren, K. Persson Waye, On the Influence of Freight Trains on 
Humans: A Laboratory Investigation of the Impact of Nocturnal Low Frequency Vibration 
and Noise on Sleep and Heart Rate. PLoS ONE, 2013. 8(2): p. e55829. 

[2] M. Hussein, H. Hunt, A numerical model for calculating vibration from a railway tunnel 
embedded in a full-space. Journal of Sound and Vibration, 2007. 305(3): p. 401-431. 

[3] K.A. Kuo, H.E.M. Hunt, M.F.M. Hussein, The effect of a twin tunnel on the propagation of 
ground-borne vibration from an underground railway. Journal of Sound and Vibration, 
2011. 330(25): p. 6203-6222. 

[4] K. Muller, Dreidimensionale dynamische Tunnel-Halbraum-Interaktion, in Lehrstuhl fur 
Baumechanik. 2007, Technische Universitat Munchen: Munchen. 

[5] D. Clouteau, M. Arnst, T.M. Al-Hussaini, G. Degrande, Free field vibrations due to 
dynamic loading on a tunnel embedded in a stratified medium. Journal of Sound and 
Vibration, 2005. 283(1-2): p. 173-199. 

[6] S. Gupta, M.F.M. Hussein, G. Degrande, H.E.M. Hunt, D. Clouteau, A comparison of two 
numerical models for the prediction of vibrations from underground railway traffic. Soil 
Dynamics and Earthquake Engineering, 2007. 27(7): p. 608-624. 

[7] S. Gupta, Y. Stanus, G. Lombaert, G. Degrande, Influence of tunnel and soil parameters on 
vibrations from underground railways. Journal of Sound and Vibration, 2009. 327: p. 70-91. 

[8] H. Hung, Y. Yang, Analysis of ground vibrations due to underground trains by 2.5D 
finite/infinite element approach. Earthquake Engineering and Engineering Vibration, 2010. 
9(3): p. 327-335. 

[9] P. Lopes, P. Alves Costa, M. Ferraz, R. Calçada, A. Silva Cardoso,  Numerical modelling of 
vibrations induced by railway traffic in tunnels: from the source to the nearby buildings. Soil 
Dynamics and Earthquake Engineering, 2014. 61-62: p. 269-285. 

[10] P. Lopes, P. Alves Costa, R. Calçada, A. Silva Cardoso, Influence of soil stiffness on 
vibrations inside buildings due to railway traffic: numerical study. Computers & 
Geotechnics, 2014. 61: p. 277-291. 

[11] P. Galvín, S. François, M. Schevenels, E. Bongini, G. Degrande, G. Lombaert, A 2.5D 
coupled FE-BE model for the prediction of railway induced vibrations. Soil Dynamics and 
Earthquake Engineering, 2010. 30(12): p. 1500-1512. 

[12] Y. Yang, H. Hung, Soil Vibrations Caused by Underground Moving Trains. Journal of 
Geotechnical and Geoenvironmental Engineering, 2008. 134(11): p. 1633-1644. 

[13] P. Alves Costa, R. Calçada, A. Silva Cardoso, Track–ground vibrations induced by railway 
traffic: In-situ measurements and validation of a 2.5D FEM-BEM model. Soil Dynamics and 
Earthquake Engineering, 2012. 32(1): p. 111-128. 

[14] S. François, P. Galvín, M. Schevenels, G. Lombaert, G. Degrande,  A 2.5D coupled FE–BE 
methodology for the dynamic interaction between longitudinally invariant structures and a 
layered halfspace. Computer Methods in Applied Mechanics and Engineering, 2010. 
199(23-24): p. 1536-1548. 

94



 
J. Fernández Ruiz, P. Alves Costa, P Lopes, L. Medina Rodríguez 

 

[15] R. J. Mair, Developments in geotechnical engineering research: application to tunnels and 
deep excavations. Proceedings of Institution of Civil Engineers: Civil Engineering, 1993. 
93: p. 27-41. 

[16] M. Panet, A. Guenot, Analysis of convergence behind face of a tunnel, in Proc. 
Tunnelling’82. 1982. p. 197-203. 

[17] J. M. Duncan, C.Y. Chang, Nonlinear analysis of stress and strain in soil. ASCE Journal of 
the Soil Mechanics and foundations Division, 1970. 16: p. 1629-1653. 

[18] J. Lysmer, T. Udaka, C. Tsai, H. Bolton Seed, FLUSH: a computer program for 
approximate 3-D analysis of soil-structure interaction problems, R.E. 75-30, Editor. 1974, 
University of California: Berkeley. 

[19] T. Schanz, P.A. Vermeer, P.G. Bonnier, The hardening soil model: Formulation and 
verification, in Beyond 2000 in Computational Geotechnics-10 YEARS of Plaxis. Rotterdam 
1999. 

[20] T. Benz, Small-strain stiffness of soils and its numerical consequences. 2006, Institut für 
Geotechnik der Universität Stuttgart. 

[21] K. Schikora, T. Fink, Berechnungsmethoden moderner bergmännischer bauweisen beim u-
bahn-bau. Bauingenieur, 1982. 57: p. 193-198. 

[22] P. Amado Mendes, L. Godinho, P. Alves Costa, 2.5D modeling of soil-structure interaction 
using a coupled MFS-FEM formulation, in 11th World Congress on Computational 
Mechanics, E. Onate, J. Oliver, and A. Huerta, Editors. 2014: Barcelona. 

[23] P. Lopes, P. Alves Costa, R. Calçada, A. Silva Cardoso, Numerical Modeling of Vibrations 
Induced in Tunnels: A 2.5D FEM-PML Approach, in Traffic Induced Environmental 
Vibrations and Controls: Theory and Application, H. Xia and R. Calçada, Editors. 2013, 
Nova. p. 133-166. 

[24] P. Alves Costa, R. Calçada, A. Silva Cardoso, Influence of train dynamic modelling strategy 
on the prediction of track-ground vibrations induced by railway traffic. Proceedings of the 
Institution of Mechanical Engineers, Part F: Journal of Rail and Rapid Transit 2012. 
226(4): p. 434-450. 

[25] T. Schanz, Modellierung des Mechanischen Verhaltens von Reibungsmaterialen., in 
Stuttgart Universität. 1998. 

[26] I. Alpan, The geotechnical properties of soils. Earth-Science Reviews 1970. 6: p. 5-49. 
[27] J. Jaky, Pressure in silos., in Proc. 2nd International Conference on Soil Mechanics and 

Foundation Engineering. 1948: Rotterdam. p. 103-107. 
 
 
 

95



COMPDYN 2015
5th ECCOMAS Thematic Conference on

Computational Methods in Structural Dynamics and Earthquake Engineering
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.)

Crete Island, Greece, 25–27 May 2015

A MIXED SPACE-TIME AND WAVENUMBER DOMAIN MODEL FOR
PREDICTING GROUND VIBRATION FROM RAILWAY TRACKS

Samuel G. Koroma1, David J. Thompson1, Mohammed F.M. Hussein2 and Evangelos
Ntotsios1

1 Institute of Sound and Vibration Research, University of Southampton,
Highfield Campus, Southampton, SO17 1BJ, UK

e-mail: {S.G.Koroma,E.Ntotsios}@soton.ac.uk, djt@isvr.soton.ac.uk

2 Civil and Architectural Engineering Department, Qatar University
P.O. Box 2713, Qatar

e-mail: mhussein@qu.edu.qa

Keywords: Ground Vibration, Finite Element Method, Space-Time Domain, Wavenumber Do-
main.

Abstract. In this paper, a mixed model for studying ground vibration generated from surface
railway tracks is presented. A ballasted track with nonlinear resilient components is modelled
in the time domain using the Finite Element method. The ground is modelled as a linear homo-
geneous half-space in the wavenumber domain for faster computation. The interaction between
the track and the ground is incorporated into the track model through a lumped parameter
model representing the vertical dynamic stiffness of the ground. The coefficients of the compo-
nents of the lumped parameter model are obtained by curve fitting of the transfer function of the
half-space for a load applied at its origin.
The coupled equation of motion for the track/ground system is formulated with excitation from
a stationary point load- consisting of static and dynamic parts- acting at the centre of the rail.
The coupled equation is solved by numerical integration. The calculated interaction forces at
the ballast/ground interface from the space-time domain track model are Fourier transformed
to the wavenumber domain and used as excitation to the ground model in order to calculate
free-field surface vibration of the ground.
Results are presented for the vertical dynamic stiffness for the ground, and for the track and
ground displacement in the vicinity of the track and in the free-field. A comparative study
between the mixed formulation with the lumped parameter model for the ground, and a fully
coupled wavenumber domain model is conducted for linear parameters. Using the fully cou-
pled model as a benchmark, it is observed that the inclusion of the lumped parameter ground
model in the track model gives good estimation of the transmitted forces, and hence ground
vibration, both in the near and far fields. Finally, the effect of nonlinear track components is
briefly investigated for different levels of static preload.
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1 INTRODUCTION

The numerical modelling of ground vibration from surface railways has been the focus of
much research over the years. When linear parameters are used for the track and ground, the
modelling can be readily done in the frequency-wavenumber domain, e.g. [1, 2]. However, time
domain techniques such as Finite Element (FE) and Boundary Elements (BE) are necessary
for this problem when nonlinear components and/or complex irregular geometries are to be
modelled, e.g. [3]. The use of FE and BE methods can be very costly indeed in terms of the
computational hardware and the time required for the simulations. This is mainly due to the
large number of elements required to discretise the ground.

An alternative, which is widely used in soil-structure interaction problems, e.g. vibration of
machine foundation on a half-space, is to represent the ground as approximate lumped param-
eter models consisting of spring, dashpot and mass elements. This approach has been applied
to ground vibration from surface trains in [4, 5]. The lumped parameter model was formu-
lated based on Lysmer’s analogue fitting which, due to its simplicity, is mostly accurate for
modelling the asymptotic values of the dynamic stiffness at low and high frequencies, without
capturing mid frequency fluctuations. A systematic approach for formulating consistent lumped
parameter models with real, frequency independent coefficients, to represent an unbounded soil
medium was presented in [6, 7]. In this approach, each dynamic stiffness component in the fre-
quency domain; e.g. the vertical stiffness due to a vertical load, can be represented in discrete
form as a rational fraction. This is subsequently decomposed into singular, first- and second-
order parts, depending on the nature of the roots of the rational fraction. These models can
provide a high degree of accuracy when sufficiently high order of approximating polynomials
are used. They also have the advantage of being incorporated in standard FE/BE routines which
allows nonlinear parameters to be included in the structure.

In this paper, a mixed space-time and wavenumber-frequency domain approach for predict-
ing ground vibration is presented. In Section 2, a lumped parameter model for a halfspace sub-
jected to a rectangular loading is formulated by fitting the vertical dynamic stiffness calculated
in the wavenumber-frequency domain. This model is then used in a time domain nonlinear FE
model of a railway track, presented in Section 3, in order to calculate the dynamic track/ground
interaction forces. Once these forces are obtained, they can be transformed to the wavenumber
domain and used as input for predicting surface ground vibration in the far-field. The proce-
dure for doing this is briefly discussed in Section 4. Results are presented in Section 5 which
show the validity of the method and the influence of track nonlinearity on the predicted ground
vibration.

2 MODELLING OF THE GROUND

The ground is modelled here as a homogeneous elastic half-space in the wavenumber-frequency
domain. The excitation is a harmonic load distributed over a rectangular area and centred about
the origin of the half-space. The wavenumber-frequency domain representation of the vertical
dynamic stiffness of the ground is presented in Section 2.1. The approximate lumped parameter
model for this dynamic stiffness function is formulated in Section 2.2.

2.1 Wavenumber-domain modelling of the ground

Figure 1 shows a 3D model of a half-space that represents the ground. A harmonic rectan-
gular load, centred at the origin, acts on the halfspace with dimensions 2a and 2b in the x and y
directions respectively. The formulation for this problem was presented in [1].
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x

y z

a

b

Figure 1: Ground modelled as a 3D half-space and subjected to a rectangular load.

The distributed force on the rectangular area is defined as F0(x, y)eiωt, where F0(x, y) is
related to the total force, Fg, by

F0(x, y) =

{
Fg/4ab, |x| < a and |y| < b,

0, elsewhere
. (1)

The complex amplitude of the displacement of the ground in the wavenumber domain can
be expressed as

Ũg(ξ, γ, ω) = H̃g(ξ, γ, ω)Fg
sin ξa sin γb

ξaγb
, (2)

where H̃g(ξ, γ, ω) is the displacement of the ground at the origin due to the total force, Fg,
concentrated at the origin. H̃g(ξ, γ, ω) is given by [8]

H̃g(ξ, γ, ω) =
1

µ

[
η3 (ξ2 + γ2 − η21)

(ξ2 + γ2 + η21)
2 − 4η1η3 (ξ2 + γ2)

]
, (3)

where η1 = −
√
ξ2 + γ2 − ω2/v2s , η3 = −

√
ξ2 + γ2 − ω2/v2p; for <(η1) ≤ 0 and <(η1) ≤ 0,

v2p = (λ + 2µ)/ρ, v2s = µ/ρ; with vp and vs being the compressional and shear wave speeds
respectively, λ and µ the Lamé constants and ρ the soil density.

By transforming Eq. (2) from the wavenumber to the space domain using double inverse
Fourier transforms, the displacement in the space domain is obtained as

ug(x, y, ω) =
Fg
4π2

∞w

−∞

∞w

−∞

H̃g(ξ, γ, ω)
sin ξa sin γb

abξγ
ei(ξx+γy)dξdγ. (4)

The vertical dynamic stiffness kg(x, y, ω) is the ratio of the input force to the displacement and
can therefore be written as

kg(x, y, ω) =
4π2

∞r

−∞

∞r

−∞
H̃g(ξ, γ, ω)

sin ξa sin γb

abξγ
ei(ξx+γy)dξdγ

. (5)
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In the next section, the lumped parameter model that approximately models the dynamic
stiffness function in Eq. (5) will be formulated.

2.2 Lumped parameter representation of the ground

The objective of this section is to formulate a lumped parameter model with spring and
dashpot components having real frequency independent coefficients [6, 7], to approximately
model the dynamic stiffness function in Eq. (5). Suppose that Eq. (5) can be represented in
discrete form as the sum of its singular part, K̄s(iω), and the remaining regular part, K̄r(iω.
The singular part, K̄s(iω) = k0 + iωc0, describes its asymptotic value at high frequencies. The
regular part, K̄r(iω) can be expressed as a rational fraction with numerator having order one
less than the denominator. Hence, the discrete dynamic stiffness, K̄(iω) can be summarised as

K̄(iω) = k0 + iωc0︸ ︷︷ ︸
singular part

+
1 + p1(iω) + p2(iω)2 + · · ·+ pM−1(iω)M−1

1 + q1(iω) + q2(iω)2 + · · ·+ qM(iω)M︸ ︷︷ ︸
regular part

(6)

where pi and qi are the 2M − 1 unknown real coefficients to be determined by numerical curve
fitting. The regular part, K̄r(iω) can be alternatively represented using a partial fraction expan-
sion as

K̄r(iω) =
M∑
l=1

Al
iω − sl

, (7)

where sl and Al are the poles and corresponding residues of K̄r(iω). Note that for a stable
system, each sl should have a negative real part, and this condition can be achieved by adopt-
ing an iterative procedure in the curve fitting routine. The poles of K̄r(iω) can be all real, all
complex conjugate pairs or a combination of these. A real pole results in a first-order approx-
imation term with corresponding real coefficients whereas a pair of complex conjugate poles,
when added together, form a second-order term with real coefficients. For J complex conjugate
pairs and the remaining M − 2J real poles, the dynamic stiffness for the generalised lumped
parameter model can be written in parallel form that includes all the sub components as

K̄(iω) = k0 + iωc0 +
J∑
l=1

β1liω + β0l
(iω)2 + α1liω + α0l

+
M−2J∑
l=1

Al
iω − sl

, (8)

The coefficients of the second-order term are as follows

α0l =

j+1∏
i=j

si, α1l = −
j+1∑
i=j

si, β0l = −(Ajsj+1 + Aj+1sj), β1l =

j+1∑
i=j

Ai,

where j ∈ {1, 3, · · · , 2J − 1} and j + 1 form a pair of complex conjugates of poles and of
corresponding residues at those poles.

Figure 2 shows the generalised lumped parameter model, with the components marked (I),
(II) and (III) being the singular part, first-order terms and second-order terms of the regular part
respectively. The coefficients of the first and second order terms are derived in [6] as being
related to the poles and residues of K̄r(iω) as follows

k1,l =
Al
sl
, c1,l = −Al

s2l
, k2,j = −β0l

α0l

, c2,j =
α0lβ1l − α1lβ0l

α2
0l

,

k2,j+1 =
β0l(−α0lβ1l + α1lβ0l)

2

α2
0l(α0lβ2

1l − α1lβ0lβ1l + β2
0l)
, c2,j+1 =

β2
0l(−α0lβ1l + α1lβ0l)

α2
0l(α0lβ2

1l − α1lβ0lβ1l + β2
0l)
.
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Figure 2: Lumped parameter ground model approximation for a half-space

The force-displacement relationship of the generalised lumped parameter model can be ex-
pressed in matrix form as {

Fg
}

=
[
Cg
] {
U̇g
}

+
[
Kg

] {
Ug
}
, (9)

where

Kg =



k0 −k1,1 · · · −k1,M−2J −k2,1 0 · · · · · · −k2,2J−1 0
−k1,1 k1,1

... . . .
−k1,M−2J k1,M−2J
−k2,1 k2,1

0 k2,2
... . . .
... . . .

−k2,2J−1 k2,2J−1
0 k2,2J


,

Cg =



c0
c1,1

. . .
c1,M−2J

c2,1 −c2,1
−c2,1 c2,1 + c2,2

. . . . . .

. . . . . .
c2,2J−1 −c2,2J−1
c2,2J−1 c2,2J


,

and
{
Ug
}T

=
{
u0, u1, · · · , uM−2J , uM−2J+1, · · · · · · , uM

}
, with u0 being the dis-

placement at the ground surface and the remaining variables are internal degrees of freedom.
Equation (9) can be directly used in coupling a structure to the ground, as will be described for
the case of a railway track in the next section.
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3 SPACE-TIME DOMAIN MODELLING OF THE TRACK

3.1 Model description

Figure 3 shows a model of a ballasted railway track. The model consists of rail discretely
supported on sleepers via railpads. The sleepers are resting on ballast which is in turn resting on
the ground. The rail is modelled as an Euler-Bernoulli beam of mass, mr, per unit length and

tPP i
10 e

ru

su
rr EIm ,

bbb ckm ,,

pp ck ,

x

sm

Ground layer

gu

Figure 3: Model of a ballasted railway track on supporting ground layer, excited by a
moving vehicle on irregular rail surface

bending stiffness, EI . The railpads are modelled as nonlinear with preload dependent stiffness
and damping, kp and cp respectively. The sleepers are modelled as lumped masses, ms, having
only vertical translation. At each sleeper position, the ballast is modelled as having a mass, mb,
consistently distributed between the sleeper and ground nodes, stiffness and damping, kb and
cb respectively. The lumped parameter model formulated in the previous section to represent
the ground is coupled to the each sleeper node, with the assumption that there is no coupling
through the ground. It should be noted that appropriate scaling of the lumped parameter model
needs to be done to correctly account for the sleeper spacing.

3.2 Equation of motion of the track/ground model

The differential equation for the coupled track/ground model is given byMr 0 0
0 Ms + Mss

b Msg
b

0 Mgs
b Mgg

b


Ür

Üs

Üg

+

Crr
p Crs

p 0
Csr
p Css

p + Css
b Csg

b

0 Cgs
b Cgg

b


U̇r

U̇s

U̇g


+

Kr + Krr
p Krs

p 0
Ksr
p Kss

p + Kss
b Ksg

b

0 Kgs
b Kgg

b


Ur

Us

Ug

 = −


Fr
0

Fg

 ,

(10)

where M{·}, C{·}, K{·} and U{·} are the global mass, damping and stiffness matrices and dis-
placement vector of the track components indicated by the subscripts, r, s, b and g, for the rail,
sleeper, ballast and ground respectively. The superscripts on the other hand designate cross-
coupling between these components. Fr is the external nodal force vector of the rail due to
the excitation force and Fg is the interaction force vector at the ballast/ground interface. Fg
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contains the forces at all the ground nodes, each node represented by Eq. (9). Since the ground
displacements are also unknowns, direct substitution of Fg results in a modification to the global
damping and stiffness matrices of the track/ground model.

3.3 Nonlinear railpad and ballast properties

As stated earlier, the railpad and ballast properties are modelled as generally nonlinear with
preload dependent stiffness and damping. The static force-displacement behaviour of the rail-
pad and ballast can be approximated by polynomials of degree α and β respectively,

fps(ups) = kp,1ups + kp,2u
2
ps + · · ·+ kp,αu

α
ps (11a)

fbs(ubs) = kb,1ubs + kb,2u
2
bs + · · ·+ kb,βu

β
ps, (11b)

where fps, ups and kp,1 · · · kp,α are the static force (in Newton), displacement (in metre) and
stiffness coefficients of the railpad respectively. fbs, ubs and kb,1 · · · kb,β are the corresponding
values for the ballast. For the railpad, the values of the non-zero coefficients are kp,1 = 20.0
MN/m, kp,3 = 3.94× 106 MN/m3, kp,5 = −1.78× 1012 MN/m5 and kp,7 = 3.28× 1018 MN/m7

[9], and for the ballast, kb,1 = 22.75 MN/m and kb,3 = 2.6× 108 MN/m3 [10]. Note that when
the track is fully unloaded, the railpad and ballast possess unloaded stiffnesses of kp,1 and kb,1
respectively.

3.4 Solution of the coupled equation of motion

Under the action of the static load, the preloads and hence the preloaded stiffness of the
railpads and ballast are calculated by solving the nonlinear static equivalent of Eq. (10) using
a Newton-Raphson iterative routine. These are then used as input values for the dynamic part
of the problem, defined by Eq. (10). The solution for the track and ground displacements
and the interaction forces at the ballast/ground interface are obtained by progressive numerical
integration.

The calculated interaction forces at the ballast/ground are then used as input to calculate
ground vibration in the far-field. This process is described in the next section.

4 FREE-FIELD GROUND VIBRATION CALCULATION

Using the computed displacement and its derivatives, the interaction forces at the ballast/ground
interface can also be computed. For this problem, all sleeper and ground nodes vibrate with the
same frequency as the load. Therefore it is sufficient to consider only the complex amplitude of
the interaction force in the space-time domain. This is given as

Fg(xs) = |Fg(xs, t)| = |CU̇g + KpUg|. (12)

The non-zero forces of Fg(xs) occur at the ground nodes that are coupled to the sleepers, with
the internal nodes of the lumped parameter model being zeros. These non-zero forces are as-
sembled in a new vector, F̄g(xs), with size 2ns + 1 × 1, where ns and xs are the number of
sleepers and sleeper positions respectively. It is convenient to convert F̄g(xs) into a piecewise
continuous function, F̄ ′g(x), using linear interpolation functions.

The spatial Fourier transformation of F̄ ′g(x) to the wavenumber domain can be obtained from

ˆ̄F ′g(ξ) =

∞w

−∞

F̄ ′g(x)e−iξxdx. (13)
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The complex amplitude of the ground displacement in the wavenumber domain is therefore
given by

Ũ ′g(ξ, γ, ω) = H̃g(ξ, γ, ω) ˆ̄F ′g(ξ)
sin γb

γb
. (14)

Finally, the corresponding displacement in the space-time domain is obtained by applying the
double inverse Fourier transformation as follows

u′g(x, y, ω) =
1

4π2

∞w

−∞

∞w

−∞

H̃g(ξ, γ, ω) ˆ̄F ′g(ξ)
sin γb

γb
ei(ξx+γy)dξdγ. (15)

In the next section, numerical results will be presented to show the validity of this approach
and to investigate the effect of nonlinear track properties on ground vibration.

5 RESULTS AND DISCUSSION

Section 5.1 presents the result of the lumped parameter model approximation of the ground
dynamic stiffness. The lumped parameter model is then used to study nonlinear track dynamics.
Results for this application are given in Section 5.2 while free-field ground displacements are
presented in Section 5.3.

5.1 Dynamic stiffness of the LPM

The following parameters are used for the ground: ρ = 1800 kg/m3, vs = 245 m/s and
vp = 750 m/s and damping ratio of 5%.

The vertical dynamic stiffness from Eq. (5) is computed using b = 1.35 m and a = 0.724 m.
For the lumped parameter model approximation, polynomials of order 6 and 7 for the numerator
and denominator respectively are used. This results in one real and three pairs of complex
conjugate poles, hence the regular part of the lumped parameter model consists of one first-
order and three second-order terms. These are then arranged in parallel with the singular part
of the spring, k0 = −12.853 and dashpot, c0 = 2.569. The values of the coefficient of the
components of the lumped parameter model are given in Table 1.

Table 1: Coefficients of the components of the lumped parameter model

j k1,j c1,j k2,j k2,j+1 c2,j c2,j+1

1 -16.290 -1.142 1.755 -0.381 -0.110 0.077

3 2.524 -0.141 0.108 -0.106

5 1.821 -0.067 -0.118 0.109

Figure 4 shows the real and imaginary parts of the dynamic stiffness, normalised against the
static stiffness, K0. It shows a comparison between the semi-analytical and lumped parameter
model representations. A dimensionless frequency has been adopted, ω̄ = ωh/vs, where ω̄ = 1
corresponds to≈ 54 Hz. h is a characteristic length, taken as the smaller of the rectangular load
dimensions a and b. It can be seen that the lumped parameter model is a good representation of
the computed dynamic stiffness of the half-space.
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Figure 4: (a) Real and (b) imaginary parts of the dynamic stiffness of a half-space sub-
jected to rectangular harmonic load. Comparison between the semi-analytical and lumped
parameter models

5.2 Track and ground vibration

Table 2 contains the track parameters used in the computation of the track dynamic response
and, together with the lumped parameter model model, the ground response.

Table 2: Track parameters used in the numerical study

Rail Railpad Sleeper Ballast

mr = 60.21 kg/m ζp = 0.125 ms = 250 kg/m mb = 870 kg/m

EIr = 6.4 MN m2 ζb = 0.50

Figure 5 shows the variation of the rail, sleeper and ground displacement amplitude and
phase at the driving point with frequency for a unit load at the rail. The results obtained using
the lumped parameter model are compared with those of the semi-analytical procedure for linear
track parameters. For this calculation, the rail is modelled using 240 elements, each of length
0.3 m, 121 sleepers and therefore same number of ground nodes. Good agreement between the
two methods can be observed. At low frequencies, the rail displacement is about 6.1 dB larger
than the sleeper and 18.5 dB than the ground displacement. Resonances can be seen to occur
for the sleeper/ballast at around 48-60 Hz and for the rail at around 220 Hz. The fluctuations in
the ground displacement due to the width of the ballast can also be seen.

Results are now presented to show the effect of track nonlinearity for static loads of 0, 50,
87.5 and 125 kN. The stiffness of the railpad and ballast increases significantly with preload.
Figure 6 shows the amplitude and phase of the rail, sleeper and ground displacements at the driv-
ing point, plotted against frequency for these preload levels. The effect of increasing stiffness of
the railpad and ballast, which is a direct consequence of the preload dependence, is apparent in
the figure with lower amplitudes and increased resonance frequencies observed with increase in
static load. Also the preload dependence of the railpad and ballast results in higher interaction
forces at the ballast/ground interface and consequently leads to larger ground displacements
over a wide range of frequencies. Since the ground is linear, however, the peaks in the ground
displacement occur at approximately the same frequencies for all preload levels.
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Figure 5: Displacement amplitude and phase of the rail (—,◦), sleeper (-·-,�) and ground
(· · · ,*), plotted against excitation frequency. Comparison between track on half-space [2]
(lines) and on lumped parameter model for the ground (markers).

5.3 Free-field ground vibration

Finally, using the interaction forces at the ballast/ground interface, free-field ground vibra-
tion can be calculated in accordance with the procedure in Section 4.

Figure 7 shows the ground displacement amplitude at x = 0 plotted against distance away
from the track for the preload levels specified above, for a load oscillating at (a) 10 Hz and (b)
120 Hz. For the case in (a), it can be seen that the ground displacement consistently increases
with increase in the preload level, as is the case in Fig. 6, with maximum differences of up to 4
dB observed. For the higher frequency case in (b), however, this is not the case. The equivalent
nonlinear stiffness of the track foundation affects the load distribution on the halfspace. This
results in different levels of excitation of the ground, resulting in differences of up to 2.3 dB
between the ground displacements for the linear nonlinear cases.

6 CONCLUSIONS

This paper presents a mixed formulation involving both space-time and wavenumber-frequency
domain techniques applied to the study of ground vibration from surface trains. The track is
modelled in the time domain in order to include nonlinear track elements, and the ground in
the wavenumber domain. For the purpose of calculating the track/ground interaction forces in
the space-time domain, the ground is represented by a layer of consistent lumped parameter
model consisting of frequency independent stiffness and damping components. The calculated
interaction forces are then transformed to the wavenumber domain and used as input to study
ground vibration in the far field. For the example case presented, the lumped parameter model
shows good comparison with the fully coupled track-ground model. The effect of nonlinearity
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Figure 6: Displacement amplitude and phase of the rail, sleeper and ground, plotted against
excitation frequency for preload levels of 0 kN —, 50 kN -·-, 87.5 kN - - -, 125 kN · · · .

on ground vibration has been found to be significant in the vicinity of the track as well as in the
far field, with differences of up to 4 dB observed between the linear and the highly nonlinear
cases.
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Abstract. In this paper a numerical study about the influence of soil stiffness on the assess-

ment of vibrations induced by railway traffic in tunnels is performed. A comprehensive nu-

merical model is used to achieve the lumped objective, where the source of vibration (train-

track interaction), the propagation of vibrations (tunnel-ground system) and their reception 

(building close to the railway infrastructure) are simulated by a sub-structuring approach. It 

was found that the soil stiffness plays a relevant role on the mechanisms of propagation of 

vibrations through the ground as well as on the soil-structure interaction. Regarding the last 

topic, different approaches were attended for the inclusion of the SSI effects, namely a de-

tailed boundary elements formulation and a simplified lumped-parameter model. The study 

performed revealed that the usage of lumped parameter models can be faced as a good option 

taking into account the compromise between accuracy of the solution and reduction of the 

computation effort. 
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1. Introduction 

 

 

The relevance of environmental problems related with vibrations induced by underground rail-

way traffic has increased over the last years. Actually, the influence of vibrations on working and 

living environments is now considered one of the seven main environmental problems of modern 

societies [1, 2]. The first step to the minimization of the negative impact induced by vibrations due 

to railway traffic lies on a better understanding of this complex problem. Therefore, several predic-

tion models have been developed during  recent years, ranging from scope models [3] to analytical 

models [4, 5], without forgetting complex numerical models, as the ones suggested by Clouteau et 

al [6], Gupta et al. [7, 8] and Hung and Yang [9], among others. 

Due to the inherent complexity of the problem, Lai et al [10] suggests that the development of a 

comprehensive prediction tool for railway-induced ground vibrations should consider three distinct 

perspectives: i) the source problem associated to train-track dynamic interaction; ii) the propagation 

problem, comprising the transmission of borne vibrations from the source to the receiver; iii) the 

structural response problem, regarding to the soil-structure dynamic interaction developed due to 

the vibration field that impinges buildings surrounding railway facilities. 

The source problem has been object of intensive research during the last couple of years, so that 

it is now possible to state that the excitation source provided by the dynamic interaction mechanism 

plays the most relevant role in terms of vibrations induced in the ground due to railway traffic [11, 

12]. This fact demands for the solving of a dynamic interaction problem where the unsprung mass 

of the train plays an important role. 

However, it should be emphasised that the major research effort is visible on the second part of 

the problem, i.e., the propagation of vibrations from the tunnel through the surrounding ground. In 

the present paper, a numerical model based on the 2.5D FEM-PML (perfectly matched layers) con-

cept is used to simulate the propagation of waves induced by railway traffic in tunnels. [13].  

In spite of the considerable recent advances in this topic, there is still a lack of studies compris-

ing the complete problem, i.e., from the source to the receiver. The last part of the problem, com-

prising the dynamic response of the receiver (building close to the tunnel), has only been considered 

in a very small number of studies [14-17].  

The present paper aims to contribute to a better discernment of the comprehensive problem, tak-

ing into account not only the generation and propagation of vibrations induced by railway traffic in 

tunnels, but also its effect inside of buildings close to the tunnel. The soil-structure interaction is 

taken into account by a detailed formulation based on the sub-structuring approach.  

Among several parameters that influence the dynamic response of the system, Gupta et al.[18] 

concluded that soil stiffness plays an important role on the vertical vibration levels predicted at the 

ground surface. However, when the presence of the building is taken into account, the stiffness of 

the ground is also expected to affect the soil-structure interaction mechanism. So, the present paper 

develops a parametric study in order to assess the influence of soil stiffness not only on the vibra-

tion propagation mechanism, but also on the soil-structure (building) mechanism. Regarding this 

aspect, alternative approaches for dealing with SSI are investigated. 

Finally, the paper ends with a summary of the main conclusions of the developed study. 

 

 

 

2. Numerical approach 

 

2.1 Generalities 

 

Fig. 1 shows the main parts of the proposed numerical model, as well as the main steps involved 

in the solution [19]. As can be seen, a substructuring approach is followed, being each part of the 

problem simulated through distinct suitable approaches.  
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Fig. 1. Numerical modelling strategy. 

 

Since the model depicted in Fig. 1 was previously presented and validated [20] by the authors, a 

detailed description of the models is omitted. The reader is advised to consult the following docu-

ments [11, 15, 19, 20] for a detailed description of the modelling strategy followed to simulate the 

source and the propagation medium.  

Regarding the mathematical formulation followed for the soil-structure interaction, the reader 

can find a comprehensive description in recent papers of the same authors, namely on Lopes et al. 

[21]. Nevertheless, it should be referred that in the present paper two distinct methodologies are 

used for the assessment of the impedance of the building’s footings: i) a 3D BEM approach; ii) a 

lumped parameter approach. Fig. 2 shows both approaches followed. 

 

a

 

y
x

z

 

b  
Fig. 2. Assessment of footing impedance: a) 3D BEM; b) lumped parameter model [21]. 

 

 

3. Application example 

 

3.1.  Model Description 

 

Fig 3 represents a shallow tunnel embedded in a half-space. The circular geometry tunnel has a 

6.0 m diameter and is lined on the inside with a thickness of concrete of 0.3 m (continuous liner, i.e., 

without joints along the longitudinal direction). The mechanical properties of the tunnel liner and 

the ground are also indicated in Fig 3. 
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Fig 3. Geometry and properties of the application example. 

The railway track is composed by a continuous concrete slab track 0.3 m thick and 2.5 m wide, 

with a longitudinal bending stiffness of 1.62x108 N/m2 and a mass of 2800 kg per unit of length. 

The rails, materialized by UIC60 profiles are continuously supported by railpads with a stiffness of 

2.5x108 N/m2 and a damping coefficient of 6x104 Ns/m2. It assumed a floating slab solution, in-

troducing a resilient mat between the slab and the tunnel invert. The stiffness of the mat is 

0.153x109 N/m2 per meter in the longitudinal direction and a damping of 5.5x104 Ns/m2 is consid-

ered. 

Regarding soil properties, three distinct scenarios are assumed according to  

 

 

Table 1: 
 

 

 

Table 1 – Properties of ground 

Scenario Cs (m/s)   (kg/m
3
) 

1 150 0.3 1900 0.04 

2 250 0.3 1900 0.04 

3 410 0.3 1900 0.04 

Regarding the building, the presence of a two-story small building in the vicinity of the tunnel 

was also assumed. The geometry of the building is illustrated in Fig. 4. The footings of the building 

are squared with an area of 2x2 m2. The most distant column alignment of the building is 20 m 

away from the plane of symmetry of the cross-section of the tunnel.  

Table 2 summarizes the properties of the main elements of the building. Regarding the damping, 

Rayleigh damping factors were adopted in order to address a damping coefficient of around 2% in 

the frequency range between 5 Hz and 80 Hz. The coordinates of the centre of the footing are: A(-

5;16;0); B(-5;20;0); C(0;16;0); D(0;20;0); E(5;16;0); F(5;20;0). 

Additionally, a distributed mass of 300 kg/m2 was considered on the floors, in order to take into 

account the other permanent masses. 

To compute the impedance of the ground, the area of the footing-ground interface was discre-

tized by 144 square elements, corresponding to a maximum length size of 0.167 m. In what con-

cerns to the dimensions of the elements of the 2.5D FEM-PML model, it should be mentioned that 

the mesh was designed taking into account the recommendations presented by Yang et al.[22] and 

Alves Costa et al.[23]. 
 

Table 2 – Properties of the structural elements of the building 

Elements Properties Dimensions 
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E(GPa), (kg/m
3
) 

Slabs 30, 0.2, 2500 Thickness: 0.25 m 

Beams 30, 0.2, 2500 0.3 x0.60 m
2
 

Columns 30, 0.2, 2500 0.30x0.30 m
2
 

 
Fig. 4.Geometry of the building. 

 

Regarding the rolling stock, the passage of the Alfa-Pendular train at a running speed of 40 m/s 

was assumed. The main geometrical and mechanical properties of the Alfa-Pendular train are sum-

marized in Fig. 5 and in Erro! A origem da referência não foi encontrada.. 
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Fig. 5. Alfa-Pendular geometry. 

 

Table 3 – Mechanical properties of the train 

Axles Mw (kg) 1538-1884 

Primary sus-

pension 

Kp (kN/m) 

Cp (kNs/m) 

3420 

36 

Bogies 

 

 

Mb (kg) 4712-4932 

Jb (kg/m
2
) 5000-5150 

Car body Mc (kg) 32900-35710 

   

As mentioned before, the train-track interaction is taken into account, so, the dynamic interaction 

mechanism is given by the unevenness of the track. An artificial unevenness profile was generated 

taking considering the power spectral density (PSD) of amplitude of the track unevenness for a 

range of wavelengths between 28 m and 0.55 m. The following equation was used to address the 

PSD of the track unevenness [12]: 

w

,

,
k

k
)k(S)k(S


















01

1
011       (1) 

where k1,0=1 rad/s, w=3.5 and S(k1,0) is equal to 1x10-8 m3. 

 

Since the train speed was assumed to be 40 m/s, the adopted unevenness profile excites the train 

in the frequency range between 1.4 Hz and 72 Hz. This range of frequencies is particularly interest-

y 
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ing for the study of vibrations induced by traffic in buildings, since for frequencies above 80 Hz the 

building structure itself filters the vibration levels. 

 

 

3.2. Dynamic response of the track 

 

Fig. 6 shows the vertical velocity of the rail, at position x=0 m, during the passage of the train for 

the different scenarios under study (it is assumed that at t=0 s, the last wheelset of the train is at 

x=0m). Since almost all the resilience of the track is given by the elastomeric elements (railpads and 

mats beneath the slab), the track displacements almost aren’t affected by the elastic properties of the 

ground. However, it should be emphasize that outside the track, as for instance at the invert of the 

tunnel, the ground properties start to gain some relevance.  
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Fig. 6. Time history of the vertical velocity of the rail for soil properties: a) Cs=150 m/s; b) Cs=250 m/s; 
c) Cs=410 m/s. 

 

3.3. The dynamic response of the building 

 

The SSI effects are considered by evaluating the footing impedance (or the dynamic stiffness), 

which can be done using one of the two methodologies previously mentioned. The first methodolo-

gy, based on a 3D BEM formulation, is more accurate, however the computation effort required is 

somewhat higher. 

In order to obtain a better discernment of the effects involved in the problem, the following sec-

tions are organized as follows: i) analysis of the dynamic behavior of the building including SSI ef-

fects; ii) detailed approach of the dynamic response of the building due to the train passage. 

 

Dynamic behaviour of the building. 

Fig. 7 shows the mode shapes of the building structure associated to the first twelve natural fre-

quencies. The mode shapes herein presented were computed assuming full restriction of the degrees 

of freedom of the building that connect it to the ground, i.e., discarding the SSI effects. 

 
1st mode: f=2.259 Hz 

 
2nd mode: f=2.264 Hz 

 
3rd mode: f=3.228 Hz 
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4th mode: f=6.150 Hz 

 
5th mode: f=6.158 Hz  

6th mode: f=8.7622 Hz 

 
7th mode: f=14.933 Hz 

 
8th mode: f=15.633 Hz  

9th mode: f=16.774 Hz 

 
10th mode: f=18.607 Hz 

 
11th mode: f=30.790 Hz 

 
12st mode: f=33.316 Hz 

Fig. 7. Mode shapes of the building structure 

 

Observing Fig. 7, it is possible to conclude that the mode shapes related with natural frequencies 

up to 10 Hz comprise horizontal movement of the building slabs. On the other hand, the vertical 

movement of the slabs is mainly related to the natural frequencies that occur between 14 Hz and 20 

Hz, while the natural frequencies above 30 Hz are related with local mode shapes that also imply 

bending of the slabs and axial deformation of the columns.  

Since the ground is not infinitely stiff, the SSI effect will influence the dynamic behaviour of the 

building. This influence is seen in the shift of the natural frequencies towards lower values, due to 

the increase of flexibility of the system, and also in the attenuation of the response amplitude due to 

the radiation of energy of the footing towards the ground. These effects are clearly observed in Fig. 

8, where the FRF (Frequency Response Function) of the vertical displacement of point H (see Fig. 4) 

caused by a vertical unitary displacement applied at all footings of the building are depicted. In or-

der to better discern the influence of the building-ground coupling, a null value was assumed for the 

damping of the building structure at Fig. 8a.  
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Fig. 8. FRF of the vertical displacement of point H caused by an unitary harmonic vertical displacement 

applied at the footings structure: a) undamped scenario; b) damped scenario. 

 

As expected, the soil-structure interaction (SSI) has a huge influence on the dynamic behaviour 

of the building. This influence becomes more pronounced as the ground becomes softer. However, 

even for the stiffer scenario, it is possible to see a slight shift of the natural frequencies of the sys-

tem associated with mode shapes where the vertical movement of the footings can be involved.  

 

 

 

The dynamic response of the building due to traffic induced vibrations 

In what the vertical dynamic response of the slabs of the building is concerned, it is possible to 

see a clear influence of soil stiffness in the results depicted in Fig. 9. 

A first analysis of the results allows concluding that the peak vertical velocity increases as soil 

stiffness increases. Moreover, damping effect induced by the SSI is quite evident. For the stiffer 

scenario, it is possible to see a tail of free vibration of the building after the passage of the train, 

which is not so perceptible for the softer scenario.  

Generally, the major concern when dealing with vibrations in buildings due to traffic has to do 

with the vertical component of the response. However, the properties of the soil also affect the hori-

zontal components, as shown in the one-third octave spectra of the horizontal velocity (y-direction) 

depicted in Fig. 10. As can be seen, the frequency content of the response is concentrated in a nar-

row low frequency band, according to the natural frequencies of the building with the 2nd and 4th 

mode shapes. For the higher frequency range, the structure of the building acts as a “filter” of the 

incident wave field. However, it is notorious that the velocity increases with the decrease of the soil 

stiffness, since for this frequency range the system response is only affected by the quasi-static 

stiffness of the soil. 
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Fig. 9. Time record of the vertical velocity of point H: a) Cs=150 m/s; b) Cs=250 m/s; c) Cs=410 m/s. 
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Fig. 10. One-third octave spectra of the horizontal velocity (y direction) of point H for different ground 

properties. 

 

The relevance of the SSI analysis and alternative approaches  

The results presented in the last section were computed assuming a detailed 3D FEM-BEM anal-

ysis of the building-ground system. However, alternative approaches, preferably more simple, can 

also be considered. The simplest way is neglecting the contribution of the ground on the dynamic 

behaviour of the building, i.e., assuming that the stiffness of the ground is so high that its contribu-

tion is not relevant. Taking into account the FRF functions presented before it seems that this option 

is only acceptable when considering very stiff grounds. However, between that and the detailed 
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modelling of the ground impedance by a 3D BEM formulation, the reasonability of lumped-

parameter models should be checked in more detail. 

Fig. 11 compares the vertical velocity time history of point H, computed by the three distinct 

methods for the softest and stiffest scenarios under analysis.  
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Fig. 11. The influence of SSI on the time record of the vertical velocity of point H: a) Cs=150 

m/s; b) Cs=410 m/s. 

 

The results shown here point out two main remarks: i) the consideration of SSI effects is manda-

tory for an accurate assessment of vibrations inside of buildings due to railway traffic in tunnels; ii) 

in the present case, the results obtained using the monkey-tail model on the computation of the 

ground stiffness cope very well with the solution obtained by the 3D FEM approach. The first re-

mark is particularly evident on Fig. 11a, where a strong overestimation of the peak values is 

achieved when SSI effects are discarded.  These remarks gain robustness when analyzing the ho-

mologous results on the frequency domain, which can be seen in Fig. 12. 
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Fig. 12. The influence of SSI on the frequency content of the vertical velocity of point H: a) Cs=150 

m/s; b) Cs=410 m/s.  

As can be observed, for the softer scenario, the SSI effects negligence can lead to the overesti-

mation of the response up to 15 dB in the frequency range around 20 Hz. This overestimation is 

minimized for 5 dB when the stiffer scenario is assumed. Despite the differences in the results ob-

tained by the lumped-parameter model when compared with the 3D BEM, a general good agree-

ment is obtained, even when ground stiffness is quite low, which highlights the potentialities of the 

model.  

 

 

 

117



4. Conclusions  

 

A comprehensive numerical model was used to investigate of the influence of the soil stiffness 

on the vibrations induced by railway traffic in tunnels. The proposed model includes the simulation 

of the main aspects of the problem, i.e., the generation of vibrations, the propagation trough the 

ground and the reception of vibrations inside buildings surrounding the railway infrastructure. Due 

to the complexity of the problem, a sub-structuring approach was followed, using distinct numerical 

methods for the simulation of each part of the domain. 

Concerning the parametric study developed about the influence of soil stiffness on the dynamic 

response of the system the following key conclusions were obtained: 

i) The dynamic response of the track, as well as of the train, is not particularly affected by soil 

stiffness. This remark should be made carefully, since it is valid when resilient elements 

are included on the track. In these cases, almost all the flexibility of the track is given by 

these resilient elements and the soil stiffness influence is negligible. 

ii) The influence of soil stiffness on the dynamic response of the building comprises two main 

parts: i) the influence of soil-stiffness on the “incident wave field”; ii) the influence of 

soil-stiffness on the dynamic behaviour of the building. The former aspect depends only 

on the propagation mechanism, and can be analyzed without the need of ground-structure 

interaction. As for the latter aspect, it was found that the influence of ground stiffness on 

the SSI mechanism is quite relevant, mainly when dealing with relatively soft ground.  

iii) Since the lower frequency range dominates the response of the building on the horizontal di-

rections, i.e., up to 8 Hz, it is possible to establish the trend of the response to decrease 

with the increase of soil stiffness. Nevertheless, it should be noticed that this trend relies 

of the building structural characteristics, so the generalization of this conclusion should 

be made carefully. 

iv) The reasonability of the usage of lumped-parameter models on this kind of problem was 

checked, and it was found that it constitutes an attractive alternative observing the com-

promise between accuracy and computational cost.   
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Abstract. Vibration generated by underground railways can be a major source of disturbance
to occupants of nearby buildings. The numerical prediction of ground-borne vibration is a com-
plicated problem that has received extensive research attention in the past decades. However,
simplifying assumptions are always required in state-of-the-art numerical models in order to
reduce computational effort and resources. A common simplifying assumption is to neglect the
presence of a neighbouring tunnel, despite the fact that many underground railway lines around
the world consist of two tunnels. This paper investigates the dynamic interaction of two parallel
tunnels embedded in a homogeneous half-space. Two different methods are used to tackle the
problem. The first is a fully coupled approach, where two cavities are generated in the half-
space to which the tunnels are coupled. The second adopts a superposition approach, where
two sub-models each consisting of a single tunnel are superposed to calculate the vibration
response of the twin tunnels. In both modelling approaches, the tunnel wall is modelled using
the thick-shell theory, while the boundary element method is used to simulate the half-space of
the ground. The vibration response of the twin-tunnel system on the ground surface due to a
harmonic point load at one tunnel invert is studied and compared to that of a single tunnel. The
efficacy of the superposition method in modelling the dynamic interaction of the twin tunnels
is assessed against the fully coupled approach at different points on the surface. The results
reveal the significance of the interaction between the twin tunnels and also demonstrate the
accuracy of the superposition method. The feasibility of the superposition method in modelling
the dynamic interaction between tunnels and piled-foundations is also highlighted.
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1 INTRODUCTION

Underground railway systems are an environmentally-friendly solution to society’s increas-
ing demand for mass transport. A growing issue associated with railways, nevertheless, is
ground-borne noise and vibration that can cause significant annoyance within the built environ-
ment. Vibration is generated at the wheel-rail interface, due to wheel and track irregularities,
and propagates to buildings in close proximity with dominant frequencies in the range from
25Hz to 250Hz. Within this frequency range, both ground-borne vibration and re-radiated noise
may be perceived, causing discomfort to people and malfunctioning of sensitive equipment.

In the past decades, the numerical prediction of ground-borne vibration from railways has
received extensive research effort. Several numerical models have been developed for scru-
tinising the propagation of vibration from underground railway tunnels adopting, for example,
semi-analytical [1, 2, 3], finite-infinite element [4] and coupled finite element-boundary element
(FE-BE) [3, 5, 6, 7] approaches. The required number of parameters, however, to accurately
simulate the underground environment makes the formulation of a comprehensive model a chal-
lenging task, due mainly to computational resources. For this reason, most researchers have
adopted simplifying assumptions in the modelling process such as assuming homogeneous or
horizontally layered soil, imposing perfect contact at the soil-structure interface and neglecting
the existence of nearby buildings. Recently, some attention have been paid to the influence of
these simplifying assumptions, such as inclined layers and inhomogeneities of soil [8, 9, 10],
voids at the tunnel-soil interface [11] and source-building interaction [12, 13].

Another common simplifying assumption adopted in the majority of numerical studies of
vibration from underground railway tunnels is to neglect the presence of a neighbouring tunnel.
Twin tunnels constitute many underground railway lines around the world, such as in London,
Bangkok and Washington, DC, where one tunnel is used for the outbound direction and the other
is used for the inbound direction [14]. There exist in the literature a number of investigations
studying the static effects of excavating twin tunnels. However, with regard to the dynamic
interaction of twin tunnels, to date only two models are available in the literature. The first is a
wavenumber FE-BE model of twin tunnels embedded in a half-space developed by Sheng et al.
[15]. This model compares the performance of twin tunnels with that of a single double-track
tunnel in terms of vibration response on the ground surface. The second model is a semi-
analytical model of twin tunnels buried in a full-space developed by Kuo et al. [14]. In this
model, which is based on the well-known PiP model [1, 2], the dynamic interaction of twin
tunnels is acquired from the solution of a single tunnel model.

This paper presents a model of two parallel tunnels embedded in a homogeneous half-space,
in order to investigate the effect of a neighbouring tunnel on the propagation of surface ground-
borne vibration. Two different methods are used to tackle the problem. The first is a fully
coupled approach, where two cavities are generated in the half-space soil to which the tunnels
are coupled. The second is a superposition method, where two sub-models, each consisting of
a single tunnel, are superposed together to calculate the vibration response of the twin tunnels.
In both modelling approaches, the tunnels are modelled using the cylindrical thick-shell theory,
while the half-space soil is simulated using the BE method. The system is assumed invariant
in the longitudinal direction allowing for the formulation of the governing equations in the
wavenumber-frequency domain and hence implementing a 2.5D approach.

The paper falls into four sections. Section 2 summarises the modelling procedure of the soil
and tunnel and describes the superposition method and its governing equations. Section 3 gives
the simulation results and comparisons, and finally Section 4 highlights the concluding remarks.
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2 MODELLING STRATEGY

The modelling work presented in this paper is aimed at studying the dynamic interaction
between twin tunnels in a homogeneous half-space (Fig. 1). Two techniques are adopted: one
is a fully coupled approach and the other applies the superposition method. The fully coupled
approach is based on generating two cavities in the half-space soil in which the tunnels are
inserted, whereas the superposition method produces the response of twin tunnels from the
solution of a single tunnel. In both techniques, the soil cavities are modelled using the BE
method, while the cylindrical thick-shell theory is used for simulating the tunnel wall. It must
be noted that, both the fully coupled approach and superposition method account for the strong
coupling between the twin tunnels.

In the analysis, it is assumed that the tunnel is invariant in the longitudinal direction allow-
ing for the use of a 2.5D approach. In this approach, the calculations are performed in the
wavenumber domain (ξy), thereby representing the full 3D response of the structure and the
radiated wave field on a 2D mesh. Hence, a frequency response function (FRF) matrix of a
2D cavity is calculated at the frequency of interest and coupled to the FRF matrix of the tunnel
wall. The response in the space domain is obtained by applying the inverse Fourier transform
as

u(y, ω) =
1

2π

∫ ∞
−∞

u(ξy, ω)e
(iξyy)dξy, (1)

where u(ξy, ω) is the response in the wavenumebr domain. The following sections describe the
methods applied in modelling the soil and the tunnel, and present the superposition method.
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Figure 1: (a) 3D and (b) 2D (invariant section) illustrations of the layout of the model for twin tunnels embedded
in a homogeneous half-space.

2.1 The soil model

The soil is modelled using the BE method, based on 2.5D Green’s functions for a homo-
geneous half-space obtained with the aid of the ElastoDynamics Toolbox (EDT) [16]. These
fundamental solutions are calculated numerically based on the direct stiffness and thin-layer
methods of modelling wave propagation in layered media.

The BE mesh consists of a total of Ns constant nodal-collocated elements, at which tractions
and displacements are assumed to be uniform. For each of the Ns nodes of the BE mesh, there
are three values of displacements and tractions related by

Hu = Gp, (2)
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where H and G are 3Ns×3Ns matrices describing the behaviour of the soil in terms of its
Young’s modulus (E), density (ρ), Poisson’s ratio (ν), damping ratio (η) and frequency of
interest (f). The 3Ns×1 vectors u and p are assembled from the complex displacement and
traction amplitudes of each node as

u = {u1x u1y u1z u2x u2y u2z · · ·uNs
x uNs

y uNs
z }>

p = {p1x p1y p1z p2x p2y p2z · · · pNs
x pNs

y pNs
z }>

, (3)

where uj and pj are the displacement and traction vectors of node j.
Eq. (2) is rearranged as

u = H−1Gp
u = Hsp

, (4)

in which Hs is the FRF matrix relating displacements and tractions at the frequency of interest.
Throughout the BE analysis, a minimum of six constant elements are used per wavelength to
satisfy the Domı́nguez recommendations [17] and achieve convergence.

2.2 The tunnel model

The tunnel is simulated by the cylindrical thick-shell theory, in which the equations of motion
are formulated in the wavenumber-frequency domain. The tunnel is assumed periodic around
the tangential coordinate (θ), and hence any applied force can be represented by a Fourier series
of sine and cosine components. If the applied loading comprises harmonic components in space
and time, the equations of motion are satisfied by similarly harmonic displacement components.
Thus, the modal displacements {Ũrn, Ũθn, Ũzn}> at the mean radius (a) of the cylinder due to
applied forces in the radial, tangential and longitudinal directions {Q̃rn, Q̃θn, Q̃zn}> read,

Ũrn
Ũθn
Ũzn

 = [U]r=a[T]−1r=ri,r=re


Q̃rn

Q̃θn

Q̃zn

 , (5)

where the radial and tangential displacements are associated with cosnθ, and the tangential
is associated with sinnθ for the symmetrical loading and vice versa for the anti-symmetrical
loading. The top half of matrix [T] is calculated by substituting the inner radius and the bottom
half is obtained by substituting the outer radius. The elements of matrices [U] and [T] can be
found in [14] for symmetric and antisymmetric cases.

Since the tunnel in this paper is subject to a point harmonic load at its invert, it is necessary to
decompose the point load into its space-harmonic components before finding the corresponding
displacement. The variation of the load can be written as a linear combination of the ring modes
(n) by means of a Fourier series as,

δ(θ)

a
=

1

2πa
+
∞∑
n=1

1

πa
cosnθ =

∞∑
n=1

bn cosnθ, (6)

on the interval −π < θ ≤ π, where δ(θ) is the Dirac delta function. Using the representation
of the point load in Eq. (6), the input force can be written in a form that suits the formulation in
Eq. (5) in order to calculate the response due to symmetric and antisymmetric forces for a given
ring mode (n).

The FRF matrix of the tunnel is formulated using the dynamic stiffness approach by dividing
the shell into Nt nodes. Each node has three degrees-of-freedom (DoFs) representing the lon-
gitudinal, tangential and radial directions (Fig. 2). With the aid of the thick-shell formulation
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in Eq. (5) and the representation of the point load in Eq. (6), a FRF matrix (Ht) relating the
response at each DoF to the applied force is assembled.

rad.

a
ht

1

2 N t

3

long.

tang.

θ

Figure 2: Cross-section a thick-shell divided into Nt nodes.

Before combining, the systems in Eqs. (2) and (5), two transformations are carried out.
First, the soil FRF matrix is modified to relate displacements and forces instead of tractions
by dividing it by the area of the elements in the BE mesh. Second, the tunnel FRF matrix
is modified to relate displacements and forces in the Cartesian coordinates rather than in the
cylindrical coordinates as,

Hc
t = T>r HtTr, (7)

where the size of the transformation matrix Tr is 3Nt × 3Nt.
The tunnel can now be coupled to the soil cavity in the wavenumber domain by applying

compatibility of displacements, i.e. soil displacement (Us) equals tunnel displacement (Ut)
and equilibrium of forces at the interface as

Us = HsFs
Ut = Hc

t (Fa − Fs)
Fs = (Hs + Hc

t)
−1 Hc

tFa
, (8)

in which Fa is the force applied in the tunnel and Fs is the resulting force applied in the soil.
Knowing Fs, the response at any point in the soil can be calculated.

2.3 The superposition method

The superposition method is used to solve the system in Fig. 1 by breaking it into two sub-
models, each representing a single cavity embedded in a homogeneous half-space. As shown
in Fig. 3, each sub-model has a horizontal cavity, referred to here as a real cavity, and a virtual
cavity at the position of the real cavity in the other sub-model. The method used in this paper is
similar to that applied by Kuo et al. [14] for modelling twin tunnels embedded in a full-space.

The displacement fields for each sub-model due to forces acting on a single cavity can be
calculated at its interface and also at the interface of the virtual cavity. The vibration response of
the coupled system can be written as the superposition of the two displacement fields (Ur,Uv).
One displacement field is the result of forces acting on a single cavity, while the other is the
result of the interaction between the two cavities. Likewise, the total forces applied to the

124



Waleed I. Hamad, Hugh E.M. Hunt, James P. Talbot, Mohammed F.M. Hussein, and David J. Thompson

Coupled system

F
A
, U

A

=

Sub-model 1

+

Sub-model 2

F
B
, U

B
Fr

1
, Ur

1
Fv

1
, Uv

1
Fv

2
, Uv

2
Fr

2
, Ur

2

Figure 3: Schematic for the superposition method used for solving the twin tunnels, showing the coupled sys-
tem and the sub-models. The subscripts A and B refer to the cavity number, and 1 and 2 denote sub-model 1
respectively sub-model 2, whereas the superscripts r and v refer to real and virtual cavity respectively.

coupled system (Fr,Fv) are equal to the summation of the forces acting on one cavity with
those representing the motion induced by the neighbouring cavity. This is described by the
following equations,

UA = Ur
1 + Uv

2

FA = Fr1 + Fv2
UB = Uv

1 + Ur
2

FB = Fv1 + Fr2

, (9)

in which the subscripts A and B refer to the cavity number and 1 and 2 refer to the sub-model
number, and superscripts r and v denote the real and virtual cavity respectively.

From the sub-model 1 in Fig. 3, relationships between the forces (Fr1) on the real cavity and
its displacements (Ur

1) as well as the displacements (Uv
1) and tractions (Qv

1) on the virtual cavity
read

Ur
1 = Hrr

1 Fr1
Uv

1 = Hvr
1 Fr1

Qv
1 = Gvr

1 Fr1

, (10)

where Hrr
1 is the FRF matrix relating the real cavity forces and displacements, and Hvr

1 and Gvr
1

are the FRF matrices relating the real cavity forces and the virtual cavity displacements and
forces respectively. The force vector (Fv1) is obtained by integrating the traction vector (Qv

1).
Similarly for sub-model 2 in Fig. 3, relationships between the forces on the interface of the

real cavity (Fr2) and its displacements (Ur
2) in addition to the virtual cavity displacements (Uv

2)
and tractions (Qv

2) yield
Ur

2 = Hrr
2 Fr2

Uv
2 = Hvr

2 Fr2
Qv

2 = Gvr
2 Fr2

, (11)

in which Hrr
2 is the FRF matrix relating the real cavity forces and displacements, and Hvr

2 and
Gvr

2 are the FRF matrices relating the real cavity forces and the virtual cavity displacements and
forces respectively. The force vector (Fv2) is obtained by integrating the traction vector (Qv

2).
The FRF matrices (Hrr

1 , Hvr
1 , Hrr

2 , and Hvr
2 ) are obtained by applying a unit force at each

DoF of the real cavity (Fr1, Fr2) and calculating the corresponding displacements of the real
cavity (Ur

1, Ur
2) as well as the virtual cavity (Uv

1, Uv
2). The FRF matrices (Gvr

1 , Gvr
2 ) are

acquired from the displacements of the virtual cavity by calculating: (i) strains by differentiating
displacements, (ii) stresses from strains using constitutive relationships, and (iii) tractions using
Caushy’s stress law as

Q = σn, (12)
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where Q is the traction vector, σ is the stress tensor and n is the normal vector.
Now, there are 10× 3Ns system of equations presented in Eqs. (9) to (11), that can be solved

together to give the FRF matrix of the coupled system in Fig. 3. Substituting the displacement
vectors of the sub-models in Eqs. (10) and (11) in the displacement vectors of the coupled
system in Eq. (9) yields[

UA

UB

]
=

[
Ur

1

Uv
1

]
+

[
Uv

2

Ur
2

]
=

[
Hrr

1 Hvr
2

Hvr
1 Hrr

2

][
Fr1
Fr2

]
. (13)

Likewise, substituting the force vectors of the sub-models in Eqs. (10) and (11) in the force
vectors of the coupled system in Eq. (9) gives[

FA
FB

]
=

[
Fr1
Fv1

]
+

[
Fv2
Fr2

]
=

[
I1

Gvr
1

]
Fr1 +

[
Gvr

2

I2

]
Fr2 =

[
Gvr

2

I2

]
Fr2 =

[
I1 Gvr

2

Gvr
1 I2

][
Fr1
Fr2

]
, (14)

where I1 and I2 are identity matrices.
Rearranging Eq. (14) and substituting in Eq. (13), the displacement and force vectors of the

coupled system are related together as[
UA

UB

]
=

[
Hrr

1 Hvr
2

Hvr
1 Hrr

2

][
I1 Gvr

2

Gvr
1 I2

]−1 [FA
FB

]
. (15)

From Eq. (15), the soil FRF matrix of the coupled system (Hc
s) in Fig. 3 reads

Hc
s =

[
Hrr

1 Hvr
2

Hvr
1 Hrr

2

][
I1 Gvr

2

Gvr
1 I2

]−1
, (16)

which is to be coupled to the twin tunnels FRF matrix in the same manner of Eq. (8).

3 SIMULATION PARAMETERS AND RESULTS

The simulation results presented in this paper are intended to serve two purposes. The first
is to scrutinise the effect of a neighbouring tunnel on the vibration field from an existing tunnel.
The second is to testify the validity of the superposition method for modelling the dynamic
interaction of twin tunnels. These purposes are met by simulating twin tunnels embedded at
a depth of 20m and separated by a distance of 10m, see Fig. 1. One tunnel is subject to a
unit harmonic point load at its invert and the responses on the free-surface are calculated in the
frequency range from 1Hz to 80Hz, with a resolution of 1Hz for the fully coupled approach and
5Hz for the superposition method. A coarse frequency resolution is used for the superposition
method to reduce computation time. The number of elements in the BE mesh (Ns), which
comprises 40 constant elements of equal size, conforms to those in the tunnel model (Nt).
Table 1 summarises the parameters used in the simulations.

3.1 Effects of a neighbouring tunnel

The significance of the interaction of twin tunnels is presented here by investigating the
displacement fields of single and twin tunnels on the free-surface at example frequencies of
30Hz and 70Hz. Waves generated at the tunnel due to a harmonic point load at the invert
propagate through the soil and result in Rayleigh waves at the surface of the half-space. The
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Parameter Tunnel Soil
Radius, a 2.875m 3m

Thickness, h 0.25m −
Young’s modulus, E 50GPa 550MPa

Density, ρ 2500kg/m3 2000kg/m3

Poisson’s ratio, ν 0.3 0.44
Damping loss factor, η 0.06 0.06
Shear wave velocity, cs − 309m/s

Compression wave velocity, cp − 944m/s

Table 1: Tunnel and soil parameters used in the simulations.

results presented in this section are produced by the fully coupled approach. The insertion
gain (IG) between the two systems is calculated at both frequencies to quantify the effect of a
neighbouring tunnel as

IG = 20 log10

(∣∣∣∣ u(y, ω)twinu(y, ω)single

∣∣∣∣) . (17)

Fig. 4 depicts the transverse (x-axis) displacement field generated by single and twin tunnels
due to a harmonic point load at the invert. It can be observed for the single tunnel model that,
due to symmetry, there are no displacements on the plane x = 0, while the displacements at other
symmetry points are equal in magnitude and opposite in direction. The insertion of a second
tunnel at a centre-to-centre distance of 10m clearly disrupts this symmetry, causing diffraction
of the wavefronts particularly at 70Hz. The net effect of the second tunnel is a change in the
displacement field of up to ±10dB at both frequencies, as illustrated in the insertion gain plots.

Figure 4: Real part of the transverse (x-axis) displacement on the free-surface due to a unit harmonic point load on
one tunnel invert at a frequency of (a-c) 30Hz and (d-f) 70Hz for (a), (d) a single tunnel and (b), (e) twin tunnels,
and (c), (f) the corresponding insertion gain, as computed by the fully coupled approach.

The longitudinal (y-axis) displacement field of the single and twin tunnels due to a harmonic
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point load at the invert is shown in Fig. 5. All displacements on the plane y = 0 equal zero due
to symmetry for both the single and twin tunnels. At other symmetry points, the displacements
are equal in magnitude and opposite in direction. Again, the inclusion of a neighbouring tunnel
clearly distorts the wavefronts at both frequencies, resulting in an insertion gain of up to±20dB.

Figure 5: Real part of the longitudinal (y-axis) displacement on the free-surface due to a unit harmonic point load
on one tunnel invert at a frequency of (a-c) 30Hz and (d-f) 70Hz for (a), (d) a single tunnel and (b), (e) twin tunnels,
and (c), (f) the corresponding insertion gain, as computed by the fully coupled approach.

Figure 6: Real part of the vertical (z-axis) displacement on the free-surface due to a unit harmonic point load on
one tunnel invert at a frequency of (a-c) 30Hz and (d-f) 70Hz for (a), (d) a single tunnel and (b), (e) twin tunnels,
and (c), (f) the corresponding insertion gain, as computed by the fully coupled approach.

Fig. 6 illustrates the vertical (z-axis) displacement field on the free-surface, which shows that
the wavefronts are not cylindrical due to the nature of the source and the dynamic interaction
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between the soil and the tunnels. For the single tunnel, the displacements at the symmetry
points are equal, yet they are not equal for the twin tunnels. The addition of the second tunnel
modifies the displacement field by up to ±10dB. It is also noted that the second tunnel appears
to diffract the wavefront more than in the horizontal displacement field in Fig. 4.

Similar observations to those presented in Figs. 4 to 6 have been highlighted in a recent study
of dynamic interaction between twin tunnels in a full-space [14]. In this study, it was shown
that the presence of a neighbouring tunnel can modify the vibration field of an existing tunnel
at times of the order of 20dB.

3.2 Verification of the superposition method

The efficacy of the superposition method in modelling the twin tunnels is now assessed
against the fully coupled approach. The free-surface vibration response due to a harmonic point
load at one tunnel invert is calculated at points [0m, 0m, 0m], [5m, 0m, 0m], [10m, 0m, 0m],
[0m, 10m, 0m], [5m, 10m, 0m] and [10m, 10m, 0m] as shown in Fig. 1. Such predictions might
be useful for practising engineers who are often interested in vibration levels on the ground
surface for the assessment of train-induced vibration and vibration countermeasures.

Figs. 7 to 9 show the magnitude of the three displacement components (Ux, Uy, Uz) at the
six points on the free-surface as predicted by the fully coupled approach and the superposition
method. It is worth noting that the longitudinal displacements at points [0m, 0m, 0m], [5m,
0m, 0m] and [10m, 0m, 0m] are equal to zero due to symmetry. In general, a good agreement
between the two techniques is seen for all displacements, with small differences of less than
0.5dB at some frequencies. Such differences are still acceptable for vibration predictions, given
their sensitivity to changes in the measurement techniques, environmental conditions and/or
material properties.
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Figure 7: Magnitude of the transverse displacement at points on the free-surface above twin tunnels in a homo-
geneous half-space due to a unit harmonic point load on one tunnel invert, as computed by the fully coupled and
superposition approaches.

Theoretically, the superposition method should give exact results to those of the fully cou-
pled approach since the system in Fig. 1 is linear. The method, however, inevitably involves
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computation errors as it approximates the tractions of the virtual cavity numerically. It is there-
fore believed that the small differences are due to numerical errors resulting from calculating
strains by differentiating displacements.

0 10 20 30 40 50 60 70 80
−280

−270

−260

−250

−240

−230

−220

−210

−200

Frequency [Hz]

U
y [d

B
re

fm
/N

]

[0m, 0m, 0m]

 

 

0 10 20 30 40 50 60 70 80
−280

−270

−260

−250

−240

−230

−220

−210

−200

Frequency [Hz]
U

y [d
B

re
fm

/N
]

[5m, 0m, 0m]

 

 

0 10 20 30 40 50 60 70 80
−280

−270

−260

−250

−240

−230

−220

−210

−200

Frequency [Hz]

U
y [d

B
re

fm
/N

]

[10m, 0m, 0m]

 

 

0 10 20 30 40 50 60 70 80
−280

−270

−260

−250

−240

−230

−220

−210

−200

Frequency [Hz]

U
y [d

B
re

fm
/N

]

[0m, 10m, 0m]

 

 

0 10 20 30 40 50 60 70 80
−280

−270

−260

−250

−240

−230

−220

−210

−200

Frequency [Hz]

U
y [d

B
re

fm
/N

]

[5m, 10m, 0m]

 

 

0 10 20 30 40 50 60 70 80
−280

−270

−260

−250

−240

−230

−220

−210

−200

Frequency [Hz]

U
y [d

B
re

fm
/N

]

[10m, 10m, 0m]

 

 

Fully coupled
Superposition

Fully coupled
Superposition

Fully coupled
Superposition

Fully coupled
Superposition

Fully coupled
Superposition

Fully coupled
Superposition

Figure 8: Magnitude of the longitudinal displacement at points on the free-surface above twin tunnels in a homo-
geneous half-space due to a unit harmonic point load on one tunnel invert, as computed by the fully coupled and
superposition approaches.
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Figure 9: Magnitude of the vertical displacement at points on the free-surface above twin tunnels in a homoge-
neous half-space due to a unit harmonic point load on one tunnel invert, as computed by the fully coupled and
superposition approaches.

The results shown in Figs. 7 to 9 have indicated that the superposition method can robustly
model the dynamic interaction between underground neighbouring structures. This is essential
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for modelling systems that cannot practically be simulated by the fully coupled approach, due
to computational limitations, such as those including both fully coupled piled-foundations and
underground tunnels. The superposition method is valuable in such cases because it breaks
the problem into two manageable sub-models; one representing the tunnels efficiently in the
wavenumber domain (2.5D), and the other representing the full 3D behaviour of the piled-
foundations.

4 CONCLUSIONS

There are a number of underground railway lines around the world consisting of twin tunnels,
including those in London, Bangkok and Washington, DC. Despite this fact, the majority of
previous numerical studies of ground-borne vibration from underground railways consider a
single tunnel in the modelling process. This paper has presented two techniques for modelling
twin tunnels in a homogeneous half-space, both using the boundary element method for the soil
and the cylindrical thick-shell theory for the tunnels. The models have studied the vibration
response on the ground surface due to a harmonic point load at one tunnel invert.

It has been demonstrated that the dynamic interaction between twin tunnels is highly sig-
nificant. At the examined frequencies, the insertion gain of the displacement field on the free-
surface between the twin tunnels and the single tunnel reaches up to ±10dB for the transverse
and vertical directions, and up to ±20dB for the longitudinal direction.

The accuracy of the superposition method in predicting the dynamic interaction between
twin tunnels has been assessed against the fully coupled approach. Small discrepancies between
the two techniques are attributed to the inevitable numerical errors associated with calculating
the tractions of the virtual cavity in the superposition method. However, these discrepancies
are acceptable, and unlike the fully coupled approach, the superposition method is deemed a
feasible technique for modelling the interaction between longitudinally invariant structures and
finite structures, such as underground tunnels and piled-foundations.
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Abstract. In this paper, the dynamic pile-soil-pile interaction (PSPI) in a multi-layered half-

space is investigated for the prediction of the response of piled foundations due to railway 

vibrations. Two methods of modelling piled foundations in a multi-layered half-space are pre-

sented.  The first is an efficient semi-analytical model that calculates the Green’s functions of 

the multi-layered half-space soil using the thin layer and the dynamic stiffness matrix methods.  

The second is a fully-coupled model that utilises the boundary element (BE) method to simu-

late the soil, where the Green’s functions are calculated using the ElastoDynamics Toolbox 

(EDT). The paper aims to investigate the accuracy and the efficiency of the semi-analytical 

model by comparing the predictions of the two methods. A set of comparisons is performed, 

including the driving point response of a single pile and the interaction between two piles. 

The comparisons reveal that, at most frequencies, the semi-analytical model can predict the 

driving point response and the dynamic interaction with acceptable accuracy and computa-

tional efficiency. The model is then used for predicting the response of a pile-group due to the 

vibration field generated by a railway in varying distance from the piles. The vibration field 

generated by the railway is modelled as the superposition of the response due to harmonic 

loadings generated at the wheel-rail interface and the vibration response is examined at dif-

ferent points on the free surface away from the piles. The comparisons highlight the efficiency 

and accuracy of the semi-analytical model and illustrate its practical application. 
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1 INTRODUCTION 

Ground-borne vibration generated by sources such as earthquakes, railways, roads and 

construction activities often causes disturbance to nearby buildings that may lead to signifi-

cant social and economic impacts. Usually, structural foundations, such as piled foundations, 

act as a transmission path for ground-borne vibration into buildings. In some cases, however, 

piled foundations can serve as wave barriers to isolate vibration when arranged in appropriate 

configurations. As such, over the past four decades the dynamic pile-soil-pile interaction 

(PSPI) has received extensive research effort. Different techniques of modelling the dynamic 

PSPI have been formulated, most of them were recently reviewed by Kuo and Hunt [1]. 

The research interest in the dynamic PSPI was sparked by the pioneering work of Poulos 

[2, 3] on the static behaviour of pile groups. In his work, Poulos introduced the concept of in-

teraction factors, which express the displacement of a pile group as a function of the motion 

of the loaded, adjacent pile. A number of researchers have later applied this concept to study 

the dynamic behaviour of pile groups, which was observed to be a strongly frequency de-

pendent [4, 5]. These findings, along with the increasing interest in soil-structure interaction, 

have led researchers to develop further analytical methods for modelling the dynamic behav-

iour of pile groups [6, 7]. However, despite offering considerable reduction in computation 

time, the analytical models only provide approximate solutions for PSPI as the presence of 

neighbouring piles is ignored when calculating the interaction between two piles. The exist-

ence of neighbouring piles has two effects; the soil-stiffening effect, which dominates at low 

frequencies (wavelengths are greater than pile spacing), and the wave scattering effect, which 

dominates at high frequencies (wavelengths are less than the diameter of the piles) [8]. These 

shortcomings limit the application of such models in studying ground-borne vibration, and 

hence an efficient, yet rigorous analytical model is still required. 

The boundary element (BE) method, on the other hand, is considered to be a reliable ap-

proach for modelling the dynamic PSPI. Unlike the finite element method, wave radiation is 

inherently accounted for, resulting in accurate solutions within the interior of the domain. For 

instance, Sen et al. [9] presented a BE model of a pile group, in which the piles are modelled 

as an elastic bar/beam and inserted into a homogeneous half-space with multiple cavities. 

Talbot and Hunt [8] avoided adding extra cavities in the soil by adopting instead the periodic 

structure theory to model an infinitely long row of piles embedded in a homogeneous half-

space. Maeso et al. [10] developed a pile group model by simulating the piles as continuous 

elastic solids and the soil as an isotropic homogeneous fluid-filled poroelastic material. More 

recently, Millán and Domínguez [11] devised a simplified BE model for pile groups in vis-

coelastic and poroelastic soils. All these previous BE models provide a good solution for PSPI 

and are capable of considering different types of motion of pile heads. BE models of piles, in 

general, can serve as a benchmark to scrutinise the effects of simplifying assumptions inher-

ent in the analytical models. However, BE models are computationally inefficient and thus 

they may not be a suitable tool for design use by practicing engineers. This in turn shows the 

need for efficient models that account for essential aspects of the dynamic PSPI. 

This paper presents two approaches of modelling piled foundations in a multi-layered half-

space. The first is an efficient semi-analytical model that simulates the soil as a horizontally 

layered semi-infinite system. The second is a fully-coupled model that utilises the BE method 

to model the soil. The pile is modelled, in both approaches, by an elastic bar for axial loading 

and an Euler-Bernoulli beam for transverse loading. The approaches adopted for modelling 

the ground are discussed in Section 2. In Section 3 the pile model and the coupling techniques 

are presented. The simulation parameters and results are presented in Section 4, and finally 

some findings and conclusions are highlighted in Section 5.  
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2 GROUND MODELLING 

To model the dynamic soil-structure interaction appropriately, it is essential to have an ac-

ceptable representation of the soil. Given the low strain amplitudes of ground-borne vibration, 

it is plausible to assume that the soil behaves in a linear-elastic manner. In the following sec-

tions, the two techniques adopted in the current work to model the ground, which both treat 

the soil as a linear-elastic medium, are described.  

2.1 Semi-analytical approach 

In the semi-analytical approach, the soil is modelled as a horizontally layered semi-infinite 

system and the response field is obtained by the use of integral transforms. For this formula-

tion the source fields (displacements and tractions) are transformed to the wave-

number/frequency domain and the layered medium is modelled as an assembly of 

homogeneous layer and half-space elements. Closed-form solutions can be obtained to the 

Navier equations, governing wave propagation in a homogeneous layer or a homogeneous 

half-space, for each frequency and wavenumber. The response fields can be transformed back 

to the space/time domain by inverse Fourier transformation operations. 

From the different available methods based on the wavenumber/frequency domain ap-

proach, a hybrid formulation of the Thin Layer Method (TLM) [12, 13] and the Direct Stiff-

ness Matrix Method (DSMM) [12, 14] is used for the calculation of the response field in the 

soil. In both these methods, which are similar to the finite element method, element stiffness 

matrices are used to express the relation between displacements and stresses at the soil ele-

ment boundaries. The difference between the two methods is that the TLM is an approximate 

method using less computationally demanding polynomial functions whereas in the DSMM 

transcendental functions are used that are exact solutions for a given wavenumber and fre-

quency. It should be noted that, due to its approximate nature, the TLM requires that the layer 

elements have a thickness that is small compared with the smallest relevant wavelength. This 

gives rise to systems of equations with more degrees of freedom than the DSSM. Neverthe-

less, the coupling between the pile and the soil introduces multiple source tractions in the soil 

along the length of the pile, so that each soil layer has to be divided to multiple sublayers. 

Consequently, the TLM is considered to be more suitable since it already offers high density 

of soil discretization with depth. Below the depth reached by the piles no more traction 

sources exist, so the soil layers and the homogenous half-space are modelled using DSMM. In 

addition this is necessary as the TLM is only applicable to media with a finite thickness. 

Using the hybrid formulation and dropping for simplicity the dependence on the frequency 

  , the response  )(rsu  of the soil (receiver) due to a load vector (source) g  at a distance r   

is given by 

gHu )()( rr hs  (1) 

where hH  is the frequency response function (FRF) matrix relating displacements and  trac-

tions at the frequency of interest for an area or point load g . 

It should be noted that the soil with the cavity cannot be modelled using the semi-

analytical formulation. This means that effectively the volume of the piles is neglected, the 

interface between the pile and the soil being reduced to a line and the load delivered from the 

pile to the soil at each coupling node is distributed over an area. More details about the inter-

action between the pile and the soil is given in Section 3. 
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2.2 Boundary element approach 

In the second approach, the soil is modelled using the BE method, where three-

dimensional Green's functions for a multilayered half-space are obtained with the aid of the 

ElastoDynamics Toolbox (EDT) [12]. These fundamental solutions are calculated numerically 

based on the DSMM for wave propagation in layered media. A BE mesh is generated at the 

soil-structure interface to simulate a vertical cylindrical cavity. The mesh consists of a number 

of elements with nodal collocation, at which there are three values of displacements and three 

tractions. These variables are related at each collocation point SN  by 

GpHu  (2) 

where H  and G  are SS NN 33  matrices describing the behaviour of the soil in terms of its 

density (  ), shear modulus ( ), Poisson's ratio ( ), damping ratio ( ), shear wave speed 

( Sc ), compressional wave speed ( Pc ) and frequency of interest ( f ). The 13 SN  vectors u  

and p  are assembled from the complex displacement and traction amplitudes of each node as 
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where j
u  and j

p  are the displacement and the traction vectors of node j . 

Equation  (2) is rearranged as, 

pHu

GpHu

S

 1

(4) 

in which SH  is the FRF matrix relating displacements and tractions at the frequency of inter-

est. To couple the soil's cavity to the pile, this FRF matrix is modified to relate displacements 

to forces instead of tractions by dividing it by the area of the corresponding elements in the 

BE mesh. Throughout the BE analysis, it is ensured that there are more than six elements for 

each wavelength to satisfy Domínguez recommendations [13] and achieve convergence. 

3 PILE MODELLING AND COUPLING 

The pile model is identical in both modelling approaches, and it is modelled as an elastic 

bar for axial loading and an Euler-Bernoulli beam for transverse loading. It is represented by 

its centroid axis, which has lN  equally spaced nodes, Figure 1. At each node, there are six 

degrees of freedom (DOF) representing displacements and rotations in the three directions. 

The pile is assumed to be unconstrained at its ends and any local deformation of the cross-

section is neglected. Only the responses due to unit harmonic axial and transverse loads are 

given in this paper.  

Figure 1: Pile centroid (drawn horizontally) where the circles represent the nodes at which the forces are applied 

and the responses are calculated. Only the x-z plane is shown. 
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3.1 Pile response 

The response of the pile to a unit harmonic force with angular frequency   applied in the 

vertical z direction at node j  is calculated as 

P

jIIIIII

z

jIII

z

LzzzBzAzu

zzzBzAzu





for    )sin()cos(),(

0for     )sin()cos(),(




(5) 

where PP E   is the wavenumber, the superscripts I  and II indicate the sections 

above and below the excited node j  and the coefficients IA , IIA , IB  and IIB  are calculated 

from the boundary conditions. PL  is the length, P  is the density and PE  is Young's modulus. 

The general response of the pile to a unit harmonic force with angular frequency applied in 

the transverse directions ( x , y ) at node j  is given by 
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(6) 

where  4
1

2

PPPP IEA    is the wavenumber and the coefficients IA - ID  and IIA - IID

are calculated from the boundary conditions. PA  is the cross-section area and PI  is the second 

moment of inertia. 

The FRF matrix of the pile's centroid lH  is assembled from the general responses in equa-

tions (5) and (6) for forces at each node in turn and the response of the pile due to a load vec-

tor p  is given by 

pHu ll  (7) 

This FRF matrix is transformed, for the case of the BE approach, to give the FRF matrix 

PH  of the pile's nodes around the circumference as, 

rlrP THTH  (8) 

in which rT  is the transformation matrix, and the size of PH  is SS NN 33  . 

3.2 Coupling technique 

In the semi-analytical approach, two assumptions are adopted to perform the coupling be-

tween the soil and the pile. First, compatibility of displacements, i.e. the soil displacement 

)(rSu  in is equal to the pile displacement lu , and equilibrium of forces are assumed at the 

soil-pile interface. Second, the loads transmitted by the pile to each discretised ground layer 

are distributed either over a circular area of radius equal to that of the pile or over a circular 

annulus of width equal to one tenth of the pile radius. It should be noted that the calculation of 

the FRF due to an annulus loading is achieved by subtracting the FRF due to loading through 

the inner disc from the FRF due to loading through the outer disc. 

Considering these assumptions, the coupling is achieved by combining equation (1) with 

)( gfHu  all  (9) 
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that derives from equation (7) by substituting gfp  a . In equation (9), af  is the vector of 

applied forces at the pile centroid, and g is the vector of reaction forces between the pile and 

the soil, given by 

  allh fHHHg
1

))0(


 . (10) 

Once g  is known, the response at any point in the soil can be calculated using equation (1). 

For the case of multiple piles, the soil response is given as a superposition of the displace-

ment fields due to the tractions ig  of each individual pile i  as 





N

i

iihS r
1

)( gHu . (11) 

where ir  is the distance between the receiver and i th pile. For known applied forces aif , the 

forces on the soil ig  are given by 

ail

N

j

ijjijhilih r fHgHgHgH 



1
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where ijr  is the distance between the and i th and j th pile, and ij  is the Kronecker delta. 

 In the BE approach, the coupling is again performed by applying at the interface compati-

bility of displacements and equilibrium of forces. This is obtained by combining the systems 

in equations (4) and (7) as, 
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where F  is the vector of forces applied to the pile circumference and SF  is the resulting vec-

tor of soil force, from which the response at any point in the soil can be calculated. 

4 PILE MODELLING AND COUPLING 

To compare the two modelling approaches, three cases are considered as shown in Figure 2. 

The pile has radius 5.0PR m, length 10PL m and is made of concrete with Young's 

modulus 50PE GPa, Poisson's ratio 3.0P , damping loss factor 01.0P , and density 

2500P kg/m3. The soil consists of four layers of increasing stiffness; the top three have 

thickness 21 d  m, 42 d  m and 63 d  m while the fourth represents the half-space. All 

layers have density 2000S kg/ m3 and damping loss factor 06.0S  associated with both 

Lamé constants.  The layers have shear wave velocities  309 260, ,228 ,185c1   m/s and 

compressional wave velocities  944 485, ,373 ,277c2   m/s respectively. 
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Figure 2: Pile in a multi-layered half-space: (a) single pile, (b) two piles with separation distance s. 

4.1 Free-surface displacement field 

 The first set of results show the predictions of the BE model for the displacement field at 

the free surface for the cases in Figure 2 when one pile head is subject to a unit harmonic axial 

or transverse load at a frequency of 50 Hz. In Figure 3(a), the vertical displacement field ex-

hibits concentric circular wavefronts, which is expected when a single pile is subject to axial 

loading on its head. However, these circular wavefronts diffract when a second pile is inserted 

at 2 m in Figure 3(c) and at 4 m in Figure 3(e). This diffraction is more apparent in Figure 3(e) 

as the wavelength of the surface waves (~3.7 m) is of the order of the separation distance. 

When the pile is subject to transverse load as in Figure 3(b), the horizontal displacement field 

does not show cylindrical wavefronts due to the nature of the source and the dynamic interac-

tion between the soil and the pile. These wavefronts are not much influenced by the insertion 

of the pile at a distance 2 m as in Figure 3(d) where they slightly diffract. However, when a 

second pile is added at a distance 4 m the diffraction is more pronounced as shown in Figure 

3(f). 

4.2 Comparison between the two models 

 The comparisons between the models are given in terms of the driving point response of a 

single pile, and the interaction between two piles. The first is used to ensure that the semi-

analytical model is able to simulate the dynamic pile-soil interaction, whereas the other 

measures are utilised to scrutinise the dynamic PSPI. Since the BE model has been validated 

in [17] for a single pile, it is used to benchmark the semi-analytical model. For the semi-

analytical model both the case where the loads from the pile are transmitted to the ground lay-

ers distributed over a circular disc, and the case where they are distributed over an annulus are 

considered. 

Figure 4, presents the driving point response of a single pile predicted by both models for 

axial and transverse unit harmonic loading. In general, very good agreement is seen between 

the semi-analytical model and the BE model. When considering the disc loading, the FRF due 

to axial loading (Figure 4(a)) of both models compares well up to 40 Hz, above which an al 

most constant difference of less than 1 dB remains. In the FRF due to transverse load (Figure 

4(b)), however, this difference begins at very low frequencies and continues to increase until 

it reaches about 2 dB at frequencies higher than 70 Hz. For the annulus load the comparison 

of the FRF is much better for both axial and transverse loads. Nevertheless, when comparing 

the phase of the response between the two models, it is seen that the annulus load shows very 

good agreement with the BEM for the case of axial loading, but does not give such good 

agreement for the case of transverse loading. 
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Figure 3: Pile Free-surface displacement field predicted by the BE model due to a unit harmonic load on the 

pile's head at a frequency 50Hz. (a), (c), (e) vertical response due to axial load and (b), (d), (f) horizontal re-

sponse due transverse load for (a)-(b) single pile, (c)-(d) two piles with 2 m separation distance, and (e)-(f) two 

piles with 4 m  separation distance. 

In Figure 4, in general, it is seen that the FRF of the semi-analytical model is higher than 

that of the BE model, indicating that the semi-analytical model is softer even though it does 

not have a cavity as the BE model. This is believed to be due to the way of calculating the soil 

response in the semi-analytical model by applying circular or annulus load instead of a rigid 

disc load. The absence of the cavity in the semi-analytical model is believed to be another rea-

son for these differences, which may lead to more inertia effects. This is apparent in the phase 

plots, where the differences reach about 5o.  
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Figure 4: Driving point response of a single pile in a multilayered half-space due to (a)-(c) axial load and (b)-(d) 

transverse load predicted by the BE model (solid) and the semi-analytical model for disc loading (dashed) and 

annulus loading (dashed-dotted). 

Figure 5: Dynamic interaction between two piles in a multi-layered half-space due to (a)-(c) axial load and (b)-(d) 

transverse load predicted by BE model (solid) and semi-analytical model for disc loading (dashed) and annulus 

loading (dashed-dotted). The piles' separation distances are s = 4a and s = 8a, where a is the pile radius. 
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  The interaction between two piles, which is calculated at the pile head, is presented by 

means of the dynamic interaction factor [2] 

aa

ab

ii

ii

ii

fu
fu

fu

,

,
 (14) 

where 
ab ii fu ,  is the displacement i  of pile b  due to load i  applied on pile a , and 

aa ii fu ,  is 

the static displacement i  of pile a  due to load i  applied on pile a . 

Figure 5, shows the dynamic interaction factors between two piles at separation distances s 

of 2 m and 4 m. Both real (top) and imaginary (bottom) parts of the dynamic interaction fac-

tors are given for axial and transverse loading. The predictions of the semi-analytical model 

are generally in good agreement with those of the BE model, in particular when the separation 

distance is 4 m. For axial loading, discrepancies appear at frequencies higher than 50 Hz, 

while discrepancies appear at very low frequencies for transverse loading, especially for the 

real part (Figure 5(b)). The reason for these discrepancies is believed to be twofold; one is due 

to the absence of the cavity in the analytical model and another is because of the procedure 

followed in calculating the soil response. 

4.3 Free-surface response in the existence of a pile group 

The semi-analytical model has shown it is capable of predicting the driving point response 

of a single pile and the dynamic PSPI with acceptable accuracy. In this section, the response 

of the free surface, generated by a vertical harmonic point source in the presence of a pile or a 

pile group is presented using the semi-analytical model. Since the vibration field generated by 

a railway is modelled as the superposition of the response due to harmonic loadings generated 

at the wheel-rail interface, the current investigation is the first important step for the develop-

ing of a fully coupled railway-soil-pile model using the semi-analytical approach. More effort 

is needed in order to couple a model of a railway track with the coupled soil-pile model that 

was developed in the current paper.  

The results are presented in terms of the insertion gain (IG) between the displacements for 

the ground without any pile (free ground) and the displacements calculated with the existence 

of piles as 

freei

withi

u

u
IG

,

,

10log20 (15) 

where withiu ,  is the displacement with the pile and freeiu ,  is the displacement of the free ground 

due to a point harmonic force. 

The response is calculated at a distance of 8 m from the vertical point source and three cas-

es are considered, as shown in Figure 6. In the first case, a single pile is included midway be-

tween the source and the receiver (4 m from the source). In the second case, the pile is at 6 m 

from the receiver and in the third case two piles, one at 4 m and one at 6 m from the source 

are considered. The soil and pile material properties used are the same as in the previous sec-

tions and only the disc loading is considered for the current application. 
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Figure 6: Pile(s) insertion cases between a point harmonic source and a receiver at 8 m: (a) single pile at 4 m, (b) 

single pile at 6 m, (b) two piles at 4m and 6m. 

Figure 7(a) and 7(b), compare the vertical and horizontal displacements respectively, for 

the three cases considered, with the displacement of the free ground. Figure 7(c) and (d) show 

the corresponding insertion gains IG. From these plots, it can be seen that the existence of the 

piles reduces significantly the displacements in both directions and this reduction increases at 

mid- frequencies where it can be up to 4 dB for the case of the pile inserted at 4 m. The case 

where a single pile is inserted closer to the receiver (6 m from the source), shows 1 to 2 dB 

additional reduction compared with the case where the single pile is inserted at the mid-point 

(4 m). For the third case where two piles are inserted, the IG is, as expected, clearly better 

leading to an average reduction of about 4.5 dB in the whole frequency range for the vertical 

and about 7 dB in the range 10 to 60 Hz for the horizontal response. 

Figure 7: Vertical (a) and horizontal (b) FRF of the receiver at a distance 8 m from the source and IG of the ver-

tical (c) and horizontal (d) displacement of the receiver for the free-ground (dotted), for the existence of a pile at 

4 m (dashed-dotted), 6 m (dashed) and two piles at 4 m and 6 m (solid) from the source. 
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Figure 7 showed that piled foundations can serve as wave barriers to isolate vibration in 

the far field which for the case of railway ground-borne vibrations can be used for vibration 

mitigation. It should be noted that for optimizing the performance of such piled wave barriers 

the piles should be arranged at appropriate distances and in appropriate configurations. Cur-

rent modelling techniques can provide accurate and computationally efficient tools for the de-

signing of such mitigation measures. 

5 CONCLUSIONS 

Investigating the dynamic interaction between piled foundations and soil is of great im-

portance for predictions of ground-borne vibration. Such investigation entails comprehensive 

yet efficient models that consider essential aspects of the problem. This paper has presented 

an efficient semi-analytical model and a more versatile BE model to simulate the dynamic 

PSPI in multi-layered half-space. The models are compared together for predictions of the 

driving point response of a single pile subject to axial and transverse loading and the dynamic 

interaction between two piles. It has been demonstrated that the semi-analytical model cap-

tures the driving point response and the dynamic interaction between piles reasonably well, 

with some small differences at high frequencies. It is believed that the differences are due to (i) 

the absence of cavities in the semi-analytical model, which may provoke more inertia effects 

and (ii) the procedure followed in obtaining the soil response, which may result in a softer 

system. The semi-analytical model has then been used to predict the response of a pile-group 

due to the vibration field generated by a vertical load in varying distance from the piles. The 

example showed that the insertion of the piles in the wave propagation path can significantly 

reduce the level of vibration at the far field. Understanding and resolving the limitations of the 

semi-analytical model and coupling it with a detailed railway track model is the subject of on-

going work. 
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Abstract. This contribution contains a novel investigation of the influence of warping of the 
cross-section of twisted beams on their eigenvibrations. The investigation is based on the 
analogy of the bending beam theory and the non-uniform torsion theory of thin-walled open 
and closed cross-sections. Based on them, the differential equations for dynamic loads, 
considered as equivalent static loads, are presented. The effect of the secondary torsion 
moment deformation is taken into account. A part of the first derivative of the twist angle is 
taken as a warping degree of freedom. The solution of this differential equation is then used 
for setting up the transfer matrix. The numerical investigation contains the analysis of the 
natural frequencies and mode shapes of straight cantilever beams with and without 
consideration of the influence of warping of the cross-section. Beams with open and closed 
cross-sections are considered. Obtained results are compared with the ones calculated by 
standard solid and warping beam finite elements. 
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1 INTRODUCTION 
Beam structures are often exposed to time-dependent loads. Commercial FEM codes allow 

performing modal and transient dynamic analysis by 3D beam finite elements with and 
without consideration of the warping effect. Very often the improved Saint-Venant theory of 
torsion is used and special mass matrices are proposed. Mostly, the bicurvature is chosen as 
an additional warping degree of freedom and the secondary torsion moment deformation 
effect (STMDE) is not considered.  

For example in [1], the beam element can be used with a lumped or a consistent mass 
matrix. The consistent mass matrix includes warping effects but does not include the effect of 
shear deformation. For the standard beam element, the consistent mass matrix is based on 
reference [2] with the exception that there are additional terms arising from the warping 
constant I . For the warping element, lumped masses for the warping degree of freedom 

(bicurvature) are defined [3]. As stated in [1], for solid and closed thin-walled sections, the 
standard beam element can be used without significant error. However, for the open thin-
walled sections, the warping beam element should be used. In [4], the warping beam finite 
element is recommended to be used only for open thin walled section beams. In [5], the finite 
beam element is implemented with unrestrained or restrained warping (BEAM188). In [6], the 
warping beam finite element can be used only for elastostatic analysis of straight beams. It 
should be noted that in technical practice as well as in the Eurocodes 3 (EC3) the effect of 
non-uniform torsion by the steel beams with closed cross-sections is not considered. 

In the most recent literature relatively little information can be found that refers to the 
solution for free and forced torsional vibration of beams with hollow cross-sections that 
include non-uniform torsion effects. In [7], a boundary element method is developed for the 
nonuniform torsional vibration problem of doubly symmetric composite bars of arbitrary 
variable cross-section. Dynamic analysis of 3-D beam elements, restrained at their edges, 
subjected to arbitrarily distributed dynamic loading, is presented in [8]. In [9], Ref. [7] is 
extended taking the geometrical nonlinearity into account, and in [10], the effect of rotary and 
warping inertia is implemented. In [11], the nonlinear torsional vibrations of thin-walled 
beams exhibiting primary and secondary warping are investigated. In [12], a solution for the 
vibrations of Timoshenko beams by the isogeometric approach is presented, but warping 
effects are not considered. In [13], geometrically non-linear free and forced vibrations of 
beams with non-symmetrical cross sections are investigated by the Saint-Venant theory of 
torsion. In [14], an axial-torsional vibration of rotating pretwisted thin-walled composite box 
beams, exhibiting primary and secondary warping, are investigated. In [15], a new 
formulation of a 3D beam element is presented with a new method of describing the 
transversal deformation of the beam cross-section and its warping. 

As follows from the above overview of research papers on the area of nonuniform torsion 
and of the papers [16], [17], [18], the effect of warping should be considered also by torsion 
of closed thin-walled section beams. This fact was yet also experimentally proved by 
elastostatic torsional loading of hollow section beams [17]. It was also shown that the effect 
of the secondary torsion moment has to be taken into account especially by closed-section 
beams. Because the bicurvature cannot be used in the constraint equations, e.g. [1], it is 
straightforward to consider the part of the first derivative of the angle of twist caused by 
bimoment as the warping degree of freedom also for modal analysis. The new degree of 
freedom can be used in the constraint condition (it is e.g. exactly equal to zero at the clamped 
end of the beam), and it can make modal analysis more accurate as this is the case for 
nonuniform torsion elastostatic analysis [16 – 18]. That is the motivation for the investigation 
in the following chapters of the present paper.  
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In chapter 2, the differential equations of 4th order for nonuniform torsion eigenvibrations 
are established. The part of the bicurvature caused by the bimoment is taken into account as 
the warping degree of freedom, and the STMDE is also considered. The general 
semianalytical solution of the differential equation is presented and the transfer matrix 
relation is established. In chapter 3, the numerical investigation is performed. The results of 
modal analysis of open I and rectangular hollow cross-section beams by our method are 
presented and compared with the ones obtained by commercial FEM codes. The effect of 
STMDE is studied and evaluated. Final assessment of the proposed method and of the 
obtained results is listed in the summary and conclusions. 

2 EIGENVIBRATIONS DUE TO NONUNIFORM TORSION 
 

 
Figure 1: Non-uniform torsion: torsional moments and angles of twist.  

Fig. 1 refers to determination of the eigenvibrations due to non-uniform torsion. It shows 
the torsional moment  TM x , representing the sum of the primary torsional moment 

 TpM x  and the secondary torsional moment  TsM x , and the bimoment  M x . Fig. 1 

also shows the angle of twist,  x , corresponding to  TpM x . It represents the sum of the 

angle of twist, resulting from the primary deformation  M x   and the secondary deformation 

 S x  . Here and in the following, : /d dx  . 

 

 
Figure 2: Non-uniform torsion: equivalent static line load and line moment acting on an infinitesimal beam 

element. 

Fig. 2 illustrates an infinitesimal element of the beam. It is loaded by the torsional line 

moment  pI x  2  and the line bimoment   ,MI x   2  where I stands for the warping 

constant. These line moments represent the static equivalent of the respective dynamic action. 
In the following, the equilibrium equations will be formulated, considering the analogy 
between non-uniform torsion and second-order beam theory, see Table 1. They are obtained 
as 

     ,T pM x I x     2  (1) 

             ,T Tp M Ts MM x M x M x I x M x I x             2 2   (2) 
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where 

      .T Tp TsM x M x M x   (3) 

According to Table 1: 

    
,M

M x
x

EI



     (4) 

and 

      M Sx x x       (5) 

with 

    Tp

T

M x
x

GI
    (6) 

    
,Ts

S
Ts

M x
x

GI
    (7) 

where TsI  denotes the secondary torsion constant.  

Differentiation of equation (5) with respect to x and consideration of the equations (4) and (7) 
gives  

 
( ) ( ) ( )

( ) ( ) .Ts Ts
M

Ts Ts

M x M x M x
x x

GI EI GI



 

 
       (8) 

Making use of the equations (1) and (4) and of the derivative of equation (3) in equation (8) 
yields  

 

( ) ( )( ) ( )
( ) ( )

( ) ( ) ( ) ( )( ) ( )
.

T TpTs
M

Ts Ts

p Tp p T

Ts Ts

M x M xM x M x
x x

GI EI GI

I x M x I x GI xM x M x

EI GI EI GI





 

 

 

      

 
      

    
     

2 2  (9)  

Multiplication of equation (9) by EI results in  

 

 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) .

p T
Ts

T
p

Ts Ts

EI
EI x M x I x GI x

GI

EIGI
EI x M x I x

GI GI


 


 

    

   

    

 
     

 

2

21 0
 (10) 

Differentiation of equation (10) with respect to x and substitution of equation (3) into the so-
obtained relation yields 

  ( ) ( ) ( ) ( ) ( ) .T
p T Tp M

Ts Ts

EIGI
EI x I x M x M x I x

GI GI


       
 

        
 

2 21 0  (11) 

Consideration of the equations (5), (6), and (7) in equation (11) yields 

   ( )
( ) ( ) ( ) ( ) ( ) .TsT

p T T
Ts Ts Ts

EI M xGI
EI x I x M x GI x I x

GI GI GI


        
   

            
   

2 21 0  (12) 
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Differentiation of equation (12) with respect to x and consideration of equation (3) results in  

  ( ) ( ) ( ) ( ) ( ) .T
p T T T Tp

Ts Ts Ts

EI IGI
EI x I I GI x M x M x M x

GI GI GI
 

 
 

     
   

              
   

2
2 21 0  (13) 

Substitution of equation (1) and of the derivative of equation (6) into (13) gives 

 ( ) ( ) ( ) .T T
p T p

Ts Ts Ts Ts

EI IGI GI
EI x I I GI x I x

GI GI GI GI
 

 
         

     
                      

2
2 2 21 1 1 0  (14) 

Equation (14) is a linear homogeneous differential equation of fourth order for the angle of 
twist. It can be verified by means of the analogy between non-uniform torsion and second-
order beam theory (see Table 1).  
For free-of-warping cross-sections, for which I  0 , equation (14) degenerates to the 

equation for Saint-Venant torsion. 
The general semianalytical solution of the differential equation (14) can be written as follows: 

           i i i ix b x b x b x b x         0 1 2 3 , (15) 

where        ,  , ,b x b x b x b x0 1 2 3 denote the transfer functions and ,  ,  ,i i i i       represent 

the integration constants referring to the starting point i (e.g.  xii    for 0x , etc…). 

Equation (15) and its first three derivatives with respect to x are integrated into the following 
matrix equation:  

 

( ) ( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

ψ B

i

i

i

i

x x

b x b x b x b xx

b x b x b x b xx

b x b x b x b xx

b x b x b x b xx






   
              
       

            

0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3  
ψi








  (16) 

In equation (16), (x)B  is a matrix containing the solution functions and its first three 

derivatives at x,  ψ x  is a vector containing the angle of twist and its first three derivatives at 

x, and ψi is a vector containing the angle of twist and its first three derivatives at the starting 

point i. The transformation matrix T in the following matrix equation relates the vector 
 ψ x to the “static vector”   ,Z x  containing   ,x    ,M x     ,M x  and  TM x . 
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   (17) 

Details concerning determination of T are given in [20].  
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Non-uniform torsion 
 

Second-order beam theory 

Angle of twist   x   w x  Deflection 

Bimoment  M x   M x  Bending moment 

Torsional moment   TM x   R x  Transversal force 

Primary torsional moment  TpM x   Nw x  Without a mechanical meaning 

Secondary torsional moment  TsM x   V x  Shear force 

Derivative of the twist angle with 
respect to x  ' x   '  w x  Derivative of the deflection with 

respect to x 
Derivative of the twist angle from 
the primary deformation with 
respect to x 

 M x    x  Rotation of the cross-section  

Derivative of the twist angle from 
the secondary deformation with 
respect to x 

 S x   
 

s

V x

GA
   Shear force/Shear stiffness 

Torsional stiffness (Saint-Venant) TGI  N  
Axial force according to second-
order beam theory 

Secondary torsional stiffness TsGI  sGA  Shear stiffness 

Warping stiffness EI  EI  Bending stiffness 

Warping inertia moment I  I  Mass inertia moment 

Primary torsional inertia moment pI  A  Mass inertia force 

Table 1: Analogy between non-uniform torsion and second-order beam theory. 

By substitution of equation (16) into (17) the static vector  Z x  at x is obtained as 

   ( ) ,xiZ F Zix x   (18) 

where Zi  is the a static vector at the starting point i and  ( )xiF x is the transfer matrix, given as 

   ( ) .F T B Txi x x    1              (19) 

Calculation of the warping eigenfrequencies involves the following steps: At first, the 
equations (16) and (17) and the transfer matrix   Fxi x are specialized for the beam length L. 

The transfer equation (18) is specialized for the nodes i and k to the transfer matrix  LxFki  . 

Taking into account the boundary conditions, the reduced system of two homogeneous 
algebraic equations is obtained. The circular natural frequencies ,  , , ,  j j  1 2 follow from 
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the zeros of the determinant of the reduced system of equations. An iterative method was used 
to find the zeros of the determinant. The natural frequencies / ,  j , , ,j jf    2 1 2  are 

determined subsequently. 
The above algorithm was implemented into the software MATHEMATICA [21]. The 
eigenfrequencies were calculated for cantilever beams with thin-walled open and closed 
cross-sections. In chapter 3, the results of the numerical experiments are presented and 
compared with the results obtained from the available commercial software. 

3 NUMERICAL EXAMPLES 
In this chapter, the results of modal analysis concerning the nonuniform torsion 

eigenmodes of chosen open and closed shaped beams are investigated. 

3.1 Cantilever beam with an I cross-section 
Saint-Venant and nonuniform torsion eigenfrequencies of the cantilever beam (Fig. 3) with 
length 2L m were calculated. The cross-section is the one of a HEA-100 [22]. In Table 2 
and Table 3, the cross-sectional parameters and the material properties are listed, respectively.  
 

 
 

Figure 3: Cantilever beam with an I cross-section a) system, b) cross-section. 
 

Cross-sectional parameters [22]: 

Polar moment of inertia:  p y zI =I +I   94830 10  m4 

Torsion constant: .TI
  952 4 10  m4 

Secondary torsion constant:  .TsI   92581 3 10  m4 

Warping constant: . I
  11258 1 10   m6 

Table 2: Cross-sectional parameters for nonuniform torsion. 

Material characteristics: 
Young’s modulus:  E   721 10  kN/m²

Poisson’s ratio: v = 0.3  
Shear modulus:   . G  78 0769 10  kN/m²

Mass density: = 7.85 t/m³	
Table 3: Material properties. 
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In the torsional modal analysis the following boundary conditions were applied: 
a) Saint-Venant torsional vibration: 

  ( ) ,ixx    0 0 , . ( )T T kx L
M x M   0               (20) 

d) Warping vibration (according to chapter 2): 

 ,, , ( ) ( )Mx xi M ix x   
    0 00 0   

  , ,, .( ) ( )k T T kx Lx L
M x M M x M      0 0     

Important notice: According to the analogy between non-uniform torsion and second-order 
beam theory (Table 1), it holds at the clamped beam end:  

for the flexural vibration case  i
x

w
w

x 

  
 0

0  but  ix   0 0 ; and for the warping 

vibration  i
xx

 


  
 0

0  but 
,

 M
M i

xx

 


  
 0

0 .  

Table 4 contains a comparison of the results for the first three eigenfrequencies with 
corresponding results obtained by the computer programs RSTAB [6] and ANSYS [5]. All 
values were obtained by the mentioned computers programs with following number of finite 
elements: 

- 39700 elements of the type SOLID186 and 200 elements of the type BEAM188 – 
ANSYS [5]; 

- 50 elements of the type BEAM – RSTAB [6]. 
 

Type of eigenvibrations 
Eigenfrequencies [Hz] 

jf  Proposed 
method 

RSTAB [6] 
ANSYS [5] 

SOLID186/BEAM188

Saint-Venant torsion 
about the x-axis  

f1  41.7 41.7 ---/36.3 

f2  125.2 125.5 ---/109.1 

f3  208.8 209.9 ---/181.9 
Warping torsion about 
the x-axis including 
deformations due to the 
secondary torsional 
moment  

f1  51.4 --------- 50.8/--- 

f2  177.4 --------- 172.8/--- 

f3  
366.2 --------- 356.8/--- 

Warping torsion about 
the x-axis without 
deformations due to the 
secondary torsional 
moment 

f1  51.6 --------- 50.8/46.5 

f2  178.7 --------- 172.8/165.5 

f3  
373.0 --------- 

356.8/356.7 
 

Table 4: First three eigenfrequencies of a cantilever beam with an I cross-section. 

As expected, the difference between the uniform torsional eigenfrequencies (Saint-Venant) 
and the eigenfrequencies obtained by the proposed method and the commercial programs 
RSTAB [6] are negligible. But there is a visible deviation from the BEAM188 (warping 
unrestrained) results. These discrepancies are caused by the fact that in the FEM model based 
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on BEAM188 element the non-round transition between the web and the flange of I - profile 
was assumed, which has a small influence on the cross-sectional characteristics. 
In nonuniform torsion analysis without STDME by the proposed approach and by the 
BEAM188 finite element with restrained warping the eigenfrequencies difference has 
decreased. The both results agree relatively well also with the SOLID186 solution results. 
Our nonuniform torsion approaches with and without STMDE produce nearly the same 
results, what proves the fact, that the secondary torsion moment does not play significant role 
in torsion of open-section beams. On the other hand, the first three eigenfrequencies 
calculated with STMDE are closer to the SOLID186 solution results. 

The first three torsional modes of the beam are shown in Fig. 4 and 5. They were obtained 
by means of the SOLID186 finite element [5]. It is seen that the cross-section satisfies the 
deformation conditions for nonuniform torsion of thin-walled cross-sections, as given by the 
thin tube theory (TTT). The torsional eigenmodes can be evaluated by means of the transfer 
relations (17), but the graphical representation is quite cumbersome (as it is also the case for 
the beam finite elements). This problem will be treated in our future work. 

     
Figure 4: Mode shapes corresponding to the first and the second warping eigenfrequencies [5]. 

 
Figure 5: Mode shape corresponding to the third warping eigenfrequency [5]. 

3.2  Warping eigenfrequencies and mode shapes of a cantilever rectangular hollow 
section beam with constant ratio of h/b = 80/40 and h/b = 50/40, and with variable 
length L and wall thickness t. 

Fig. 6 refers to the investigated cantilever beam. Fig. 6(a) shows the rectangular hollow beam 
and Fig. 6(b) illustrates the cross-section.  
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Figure 6: Cantilever beam with a rectangular hollow cross-section: a) system, b) cross-section. 

The chosen material characteristics and the cross-sectional parameters are listed in Tables 3 
and 5. The boundary conditions are the same as in section 3.1, expressions (20) and (21). In 
the following, the cross-sectional parameters and the cross-sectional characteristics are 
calculated by ANSYS [4] and [23] for t = 5 mm and t = 10 mm: 
 

Cross-sectional parameters [5], [23] : 

 

Cross-sectional area 
[5]: 

/ / / /h b t  40 40 5  
/ / / /h b t  40 40 10  

A   47 10  

A   412 10  

m² 

/ / / /h b t  50 40 5  
/ / / /h b t  50 40 10  

A   48 10  

A   414 10  

/ / / /h b t  60 40 5  
/ / / /h b t  60 40 10  

A   49 10  

A   416 10  

/ / / /h b t  70 40 5  
/ / / /h b t  70 40 10  

A   410 10  

A   418 10  

/ / / /h b t  80 40 5  
/ / / /h b t  80 40 10  

A   411 10  

A   420 10  
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Polar moment of 
inertia [5, 23]: 

/ / / /h b t  40 40 5  
/ / / /h b t  40 40 10  

. p y zI =I +I   829 167 10  

. p y zI =I +I   840 000 10  

m4 

/ / / /h b t  50 40 5  
/ / / /h b t  50 40 10  

. p y zI =I +I   843 333 10  

. p y zI =I +I   861 833 10  

/ / / /h b t  60 40 5  
/ / / /h b t  60 40 10  

. p y zI =I +I   861 500 10  

. p y zI =I +I   890 667 10  

/ / / /h b t  70 40 5  
/ / / /h b t  70 40 10  

. p y zI =I +I   884 167 10  

. p y zI =I +I   8127 500 10  

/ / / /h b t  80 40 5  
/ / / /h b t  80 40 10  

. p y zI =I +I   8111 833 10  

. p y zI =I +I   8173 333 10  

Torsion constant [5]: 

/ / / /h b t  40 40 5  
/ / / /h b t  40 40 10  

.  TI
823 111 10  

.TI
  833 068 10  

m4 

/ / / /h b t  50 40 5  
/ / / /h b t  50 40 10  

.  TI
833 099 10  

.TI
  848 812 10  

/ / / /h b t  60 40 5  
/ / / /h b t  60 40 10  

.  TI
843 641 10  

.TI
  865 382 10  

/ / / /h b t  70 40 5  
/ / / /h b t  70 40 10  

.  TI
854 561 10  

.TI
  882 473 10  

/ / / /h b t  80 40 5  
/ / / /h b t  80 40 10  

.  TI
865 753 10  

.TI
  899 913 10  

Secondary torsion 
constant [23]: 

/ / / /h b t  40 40 5  
/ / / /h b t  40 40 10  

. TsI   80 169 10  

. TsI   99 836 10  

m4 

/ / / /h b t  50 40 5  
/ / / /h b t  50 40 10  

. TsI   80 374 10  

. TsI   98 040 10  

/ / / /h b t  60 40 5  
/ / / /h b t  60 40 10  

. TsI   82 048 10  

. TsI   928 418 10  

/ / / /h b t  70 40 5  
/ / / /h b t  70 40 10  

. TsI   84 503 10  

. TsI   962 903 10  

/ / / /h b t  80 40 5  
/ / / /h b t  80 40 10  

. TsI   87 910 10  

. TsI   812 754 10  
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Warping constant [5]: 

/ / / /h b t  40 40 5  
/ / / /h b t  40 40 10  

.  I
120 160 10  

. I
  1446 796 10  

m6 

/ / / /h b t  50 40 5  
/ / / /h b t  50 40 10  

.  I
121 080 10  

. I
  1323 901 10  

/ / / /h b t  60 40 5  
/ / / /h b t  60 40 10  

.  I
124 652 10  

. I
  1392 648 10  

/ / / /h b t  70 40 5  
/ / / /h b t  70 40 10  

.  I
1212 371 10  

. I
  1223 610 10  

/ / / /h b t  80 40 5  
/ / / /h b t  80 40 10  

.  I
1225 762 10  

. I
  1247 890 10  

Table 5: Cross-sectional parameters [4] and [23] for t = 5 and 10 mm. 

The aim of the investigation is the evaluation of the influence of the warping and the STMDE 
on the eigenfrequencies of the closed-section beam depending on the beam length and the 
wall thickness. 
Tables 6 – 8 contains a comparison of the results for the first three torsional eigenfrequencies 
obtained by proposed method (Saint-Venant torsion, in lines a) and non-uniform torsion with 
STMDE, in lines b)) and with corresponding results obtained by the computer programs 
RSTAB [6] and ANSYS [5] for t = 5 mm and t = 10 mm, respectively. The results of RSTAB 
[6] are based on number of 50 Saint-Venant torsion beam finite elements (denoted by WW-E). 
The results of ANSYS [5] solution are based on number of 37 500 of SOLID186 elements 
(denoted by 3D-E) and on number of 100 of BEAM188 elements (warping unrestrained) 
denoted by WW-E, and non-uniform torsion (warping restrained without STMDE) denoted by 
W-E. 
 

 

Type of 
eigen- 

vibrations 

Eigenfrequencies [Hz]

jf
 

Proposed 
method

Type of 
elements

RSTAB
[6]

ANSYS 
[5] 

h/
b/

t  
=

  8
0/

40
/5

 
L

 =
 1

00
 [

m
m

] 

a) 
f1  6149.0 WW-E 6149.0 6149.0 
f2  18446.8 WW-E 18447.3 18449.0 
f3  30744.7 WW-E 30746.8 30753.0 

b) 

f1  6333.0 
W-E --------- 6205.8 
3D-E --------- 7493.8 

f2  19017.8 
W-E --------- 19827.0 
3D-E --------- 22315.0* 

f3  30530.2 
W-E --------- 36090.0 
3D-E --------- 40007.0* 

h/
b/

t  
=

  8
0/

40
/5

 
L

 =
 2

00
 [

m
m

] 

a) 
f1  3074.5 WW-E 3074.5 3074.5 
f2  9223.4 WW-E 9223.5 9224.3 
f3  15372.4 WW-E 15372.6 15376.0 

b) 

f1  3126.9 
W-E --------- 3082.9 
3D-E --------- 4041.8 

f2  9417.1 
W-E --------- 9442.7 
3D-E --------- 10957.0* 

f3  15825.5 
W-E --------- 16322.0 
3D-E --------- 18816.0* 
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h/
b/

t  
=

  8
0/

40
/5

 
L

 =
 3

00
 [

m
m

] 

a) 

f1  2049.6 WW-E 2049.6 2049.7 
f2  6148.9 WW-E 6148.9 6149.5 
f3  10248.2 WW-E 10248.3 10251.0 

b) 

f1  2073.3 
W-E --------- 2052.3 
3D-E --------- 3306.8 

f2  6240.9 
W-E --------- 6218.9 
3D-E --------- 7497.3* 

f3  10463.0 
W-E --------- 10562.0 
3D-E --------- 11961.0* 

h/
b/

t  
=

  8
0/

40
/5

 
L

 =
 4

00
 [

m
m

] 

a) 

f1  1537.2 WW-E 1537.2 1537.3 
f2  4611.7 WW-E 4611.7 4612.1 
f3  7686.2 WW-E 7686.2 7688.2 

b) 

f1  1550.5 
W-E --------- 1538.4 
3D-E --------- 1430.8 

f2  4663.4 
W-E --------- 4642.3 
3D-E --------- 5728.0* 

f3  7807.2 
W-E --------- 7825.3 
3D-E --------- 9221.4* 

h/
b/

t  
=

  8
0/

40
/5

 
L

 =
 5

00
 [

m
m

] 

a) 

f1  1229.8 WW-E 1229.8 1229.8 
f2  3689.4 WW-E 3689.4 3689.7 
f3  6149.0 WW-E 6149.0 6150.5 

b) 

f1  1238.2 
W-E --------- 1230.4 
3D-E --------- 1178.8 

f2  3721.9 
W-E --------- 3705.4 
3D-E --------- 4735.5* 

f3  6224.5 
W-E --------- 6222.5 
3D-E --------- 7464.6* 

Table 6: Torsional eigenfrequencies of a cantilever beam with a hollow cross-section (Fig. 6) with 
54080  tbh  [mm] and varying length L: a) Sant-Venant torsion; b) Warping torsion including 

deformations due to the secondary torsion moment. 

 

 

 

Type of 
eigen- 

vibrations 

Eigenfrequencies [Hz]

jf
 

Proposed 
method

Type of 
elements

RSTAB
[7]

ANSYS 
[4] 

h/
b/

t  
=

  8
0/

40
/1

0 
L

 =
 1

00
 [

m
m

] 

a) 
f1  6088.3 WW-E 6088.4 6088.4 
f2  18265.0 WW-E 18265.4 18267.0 
f3  30441.7 WW-E 30443.9 30449.0 

b) 

f1  6291.0.1 
W-E --------- 6154.7 
3D-E --------- 9096.3* 

f2  18885.1 
W-E --------- 19856.0 
3D-E --------- 22694.0* 

f3  38296.1 
W-E --------- 36482.0 
3D-E --------- 39558.0* 
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h/
b/

t  
=

  8
0/

40
/1

0 
L

 =
 2

00
 [

m
m

] 

a) 
f1  3044.2 WW-E 3044.2 3044.2 
f2  9132.5 WW-E 9132.6 9133.3 
f3  15220.8 WW-E 15221.1 15225.0 

b) 

f1  3102.8 
W-E --------- 3054.2 
3D-E --------- 2975.0 

f2  9346.6 
W-E --------- 9392.1 
3D-E --------- 12326.0* 

f3  15723.6 
W-E --------- 16333.0 
3D-E --------- 19293.0* 

h/
b/

t  
=

  8
0/

40
/1

0 
L

 =
 3

00
 [

m
m

] 

a) 
f1  2029.4 WW-E 2029.4 2029.5 
f2  6088.3 WW-E 6088.4 6088.9 
f3  10147.2 WW-E 10147.3 10150.0 

b) 

f1  2056.1 
W-E --------- 2032.6 
3D-E --------- 2019.8 

f2  6191.5 
W-E --------- 6171.8 
3D-E --------- 9200.8* 

f3  10388.3 
W-E --------- 10519.0 
3D-E --------- 13346.0* 

h/
b/

t  
=

  8
0/

40
/1

0 
L

 =
 4

00
 [

m
m

] 

a) 
f1  1522.1 WW-E 1522.1 1522.1 
f2  4566.3 WW-E 4566.3 4566.7 
f3  7610.4 WW-E 7610.5 7612.4 

b) 

f1  1537.0 
W-E --------- 1523.5 
3D-E --------- 1522,0 

f2  4624.8 
W-E --------- 4602.9 
3D-E --------- 8037.7* 

f3  7747.5 
W-E --------- 7776.4 
3D-E --------- 10592.0* 

h/
b/

t  
=

  8
0/

40
/1

0 
L

 =
 5

00
 [

m
m

] 

a) 
f1  1217.7 WW-E 1217.7 1217.7 
f2  3653.0 WW-E 3653.1 3653.3 
f3  6088.3 WW-E 6088.8 6089.9 

b) 

f1  1227.3 
W-E --------- 1218.4 
3D-E --------- 1219.7 

f2  3689.9 
W-E --------- 3672.3 
3D-E --------- 3443.2* 

f3  6174.5 
W-E --------- 6176.2 
3D-E --------- 5061.7* 

Table 7: Torsional eigenfrequencies of a cantilever with a rectangular hollow cross-section (Fig. 6) with 
104080  tbh  [mm] with varying length L: a) Saint-Venant torsion; b) Warping torsion including 

deformations due to the secondary torsion moment. 
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Type of 
eigen- 

vibrations 

Eigenfrequencies [Hz]

jf

 
Proposed 
method 

Type of 
elements 

RSTAB 
[7] 

ANSYS 
[4] 

h/
b/

t  
=

  5
0/

40
/1

0 
L

 =
 1

00
 [

m
m

] a) 
f1  7124.9 WW-E 7125.0 7125.0 
f2  21374.8 WW-E 21375.3 21377.0 
f3  35624.6 WW-E 35627.1 35634.0 

b) 

f1  7154.1 W-E --------- 7135.1 
3D-E --------- 7145.9 

f2  21461.6 W-E --------- 21643.0 
3D-E --------- 22261.0* 

f3  35820.6 W-E --------- 36812.0 
3D-E --------- 36583.0* 

h/
b/

t  
=

  5
0/

40
/1

0 
L

 =
 2

00
 [

m
m

] a) 
f1  3562.5 WW-E 3562.5 3562.5 
f2  10687.4 WW-E 10687.5 10688.0 
f3  17812.3 WW-E 17812.7 17817.0 

b) 

f1  3570.7 W-E --------- 3563.8 
3D-E --------- 3576.3 

f2  10716.9 W-E --------- 10724.0 
3D-E --------- 10435.0* 

f3  17880.4 W-E --------- 17980.0 
3D-E --------- 18632.0* 

h/
b/

t  
=

  5
0/

40
/1

0 
L

 =
 3

00
 [

m
m

] a) 
f1  2375.0 WW-E 2375.0 2375.0 
f2  7124.9 WW-E 7125.0 7125.6 
f3  11874.9 WW-E 11875.0 11878.0 

b) 

f1  2378.6 W-E --------- 2375.4 
3D-E --------- 2382.1 

f2  7138.8 W-E --------- 7136.4 
3D-E --------- 7092.7 

f3  11906.7 W-E --------- 11928.0 
3D-E --------- 11389.0* 

h/
b/

t  
=

  5
0/

40
/1

0 
L

 =
 4

00
 [

m
m

] a) 
f1  1781.2 WW-E 1781.2 1781.2 
f2  5343.7 WW-E 5343.7 5344.2 
f3  8906.1 WW-E 8906.2 8908.4 

b) 

f1  1783.3 W-E --------- 1781.4 
3D-E --------- 1785.6 

f2  5351.5 W-E --------- 5348.8 
3D-E --------- 5336.7 

f3  8923.9 W-E --------- 8929.7 
3D-E --------- 8793.5* 

h/
b/

t  
=

  5
0/

40
/1

0 
L

 =
 5

00
 [

m
m

] a) 
f1  1425.0 WW-E 1425.0 1425.0 
f2  4275.0 WW-E 4275.1 4275.3 
f3  7125.0 WW-E 7125.4 7126.7 

b) 

f1  1426.3 W-E --------- 1425.1 
3D-E --------- 1427.9 

f2  4279.9 W-E --------- 4277.7 
3D-E --------- 4273.9 

f3  7136.1 W-E --------- 7137.7 
3D-E --------- 7081.7 

Table 8: Torsional eigenfrequencies of a cantilever beam with a hollow cross-section (Fig. 6) with 
104050  tbh  mm and with varying length L: a) Saint-Venant torsion; b) Warping torsion including 

deformations due to the secondary torsion moment. 
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The main conclusion drawn from Tables 6 – 8 is that, in contrast to the previous example, the 
influence of warping and the STMDE on the torsional eigenfrequencies of the beam with a 
rectangular hollow cross-section is not significant. It could be explained by the fact, that the 
beam stiffness is influenced by warping very locally only. This local action influences 
strongly the stress state at the restrained cross-sections of the closed sectional beam through 
the bimoment and secondary torsion moment, but not the eigenfrequency. 
As expected, the influence of the STMDE on the eigenfrequency increases with decreasing 
beam length L. For very small beam length the system is closer to 3D solid. Thus, the beam 
theory is not longer suitable. For longer beams the warping and the STMDE influence on the 
torsional eigenfrequencies is less significant. 
The best agreement of results obtained by the solid finite elements (denoted by 3D-E) and the 
proposed method (as well by the Saint-Venant and the warping beam solutions), achieved for 
the 1st torsional eigenfrequency. For the higher modes the discrepancy increases. The 2nd and 
3rd torsional eigenfrequency (denoted as 3D-E and by “*”in Tables 5 – 7) show buckling of 
the cross-sectional walls. This effect cannot be considered as by the proposed method as by 
the beam finite elements with restrained and unrestrained warping. These discrepancies are 
partly reduced by the beam with larger length with smaller section ratio bh /  and by greater 
wall thickness t. 
The mode shapes corresponding to the first three torsional eigenfrequencies (obtained by the 
SOLID186 finite element) are shown in Figs. 7 – 9 (evaluated for 104080  tbh and 
L = 400 [mm]). Except for the first torsional eigenmode, the cross-section walls are buckling. 
Therefore a comparison of the eigenfrequencies obtained by means of beam theories with 
eigenfrequencies based on 3-D solid theory is problematic. 

 
Figure 7: Mode shape corresponding to the 1st torsional eigenfrequency [5]. 

 

Figure 8: Mode shape corresponding to the 2nd torsional eigenfrequency [5]. 

 

Figure 9: Mode shape corresponding to the 3rd torsional eigenfrequency [5]. 
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4 SUMMARY AND CONCLUSIONS 
On the bases of the analogy of the beam theory and the nonuniform torsion theory of thin-
walled open and closed cross-sections, the differential equation of 4th order for nonuniform 
torsion eigenvibration was established. The general semianalytical solution of the differential 
equation was presented and the transfer matrix relation was established. The results from 
modal analysis of open I and rectangular hollow section beam by the proposed method were 
presented and compared with the ones obtained by commercial FEM codes. In the theoretical 
investigations by the authors, the effect of the secondary torsion moment deformation 
(STDME) was taken into account. A part of the first derivative of the twist angle was chosen 
as a warping degree of freedom. Contrary to the bicurvature, this warping degree of freedom 
can by used for satisfaction of boundary conditions. 
The main conclusions that can be drawn from this investigation are as follows: 
 

(1) Eigenvibrations of open I-section beam: 

- The results of modal analysis concerning nonuniform and uniform torsion of open 
section beams show large differences of the eigenfrequencies. This verifies the-well 
known fact that the warping effect must be taken into account by torsional analysis of 
open cross-sections in static and in dynamic analysis. 

- The proposed approach for calculation of nonuniform torsional eigenvibrations with 
and without STMDE produces nearly the same results. This proves the fact that the 
secondary torsion moment does not play a significant role in torsion of open-section 
beams. On the other side, the torsional eigenfrequencies obtained with STMDE are 
very close to results obtained by 3D solid finite elements.  

(2) Eigenvibrations of rectangular hollow-section beam 

- In contrast to the open cross-section, the influence of warping (with or without 
STMDE) on the nonuniform torsional eigenfrequencies of beams with a rectangular 
hollow cross-section is not significant. This is explained by the fact, that the beam 
stiffness is affected by warping only very locally. This has a strong influence on the 
local stress state at the restrained cross-sections, but not on the eigenfrequency. As 
expected, the influence of the STMDE on the eigenfrequency increases with 
decreasing length of the beam. For longer beams the influence of warping and of 
STMDE on the torsional eigenfrequencies is less significant. 

- The best agreement of results obtained by the solid finite elements and the proposed 
method (as well by the Saint-Venant and the warping beam solutions), achieved for 
the 1st torsional eigenfrequency. For the higher modes the discrepancy increases. The 
higher torsional eigenmodes show buckling of the cross-sectional walls. This effect 
cannot be considered as by the proposed method as by the beam finite elements with 
restrained and unrestrained warping. These discrepancies are partly reduced by the 
beam with larger length with smaller section ratio bh /  and by greater wall thickness t. 

- Because of to the discrepancies between the warping torsion eigenfrequencies of 
beams with a closed section obtained by the beam theory and the 3D solid theory, an 
experimental verification of the results is needed. 

 
In future work on the bases of the presented method, a new 3D finite beam element for modal 
and transient structural analysis will be established, wherein the STMDE and the new warping 
degree of freedom will be included. It is expected, that for forced torsional vibrations of 
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closed-section beams, with restrained warping, the effect of warping and of the secondary 
torsion moment will be stronger than it is in case of modal analysis. 
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Abstract. In this paper a general formulation for the nonuniform warping dynamic analysis 
of beams of arbitrary simply or multiply connected cross section, under arbitrary external 
loading and general boundary conditions is presented taking into account the effects of rotary 
and warping inertia. The nonuniform warping distributions are taken into account by employ-
ing four independent warping parameters multiplying a shear warping function in each direc-
tion and two torsional warping functions, respectively, which are obtained by solving the cor-
responding boundary value problems, formulated exploiting the longitudinal local equilibri-
um equation. A shear stress “correction” is also performed in order to improve the stress 
field arising from the employed kinematical considerations. Ten initial boundary value prob-
lems are formulated with respect to the displacement and rotation components as well as to 
the independent warping parameters and solved using the Analog Equation Method, a 
Boundary Element Method based technique in combination with an appropriate time integra-
tion scheme. The warping functions and the geometric constants including the additional ones 
due to warping are evaluated employing a pure BEM approach. 
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1 INTRODUCTION 
In engineering practice, the dynamic analysis of beam-like members under flexure is fre-

quently encountered. Besides, many conditions occurring in engineering practice, such as ro-
tating machinery, wind and traffic loads, blast and earthquake forces, require taking into ac-
count inertial effects in the dynamic analysis of beams. The inclusion of such effects, espe-
cially through distributed mass models, which are considered to be more reliable, requires a 
rigorous analysis. In the vast majority of these cases, Euler – Bernoulli beam theory assump-
tions are adopted, and when shear deformation effect is non-negligible these assumptions are 
relaxed by using Timoshenko beam theory. However, both theories maintain the assumption 
that plane cross sections remain plane after deformation. By maintaining this assumption, the 
formulation remains simple; however, it fails to capture the well-known shear lag phenome-
non, which was reported long ago (e.g. [1-3]) and observed in many structural members (e.g., 
beams of box-shaped cross sections, folded structural members, beams made of materials 
weak in shear). Shear lag is associated with a significant modification of normal stress distri-
bution, especially near the joint of the various cross-sectional components [4], due to non-
uniform distribution of shear warping [Figs. 1(d and e)] [5].  

In up-to-date regulations, the significance of shear lag effect in flexure is recognized; how-
ever, to simplify the analysis, the effective width concept [6-8] is recommended. This simpli-
fying approach may fail to capture satisfactorily the actual structural behaviour of the mem-
ber, because the influence of the shear lag phenomenon is not constant along the beam length. 
Apart from the geometrical configuration of the cross section, it depends also on the type of 
loading [9]. Therefore, it is necessary to include the effects of nonuniform shear warping dis-
tribution in both the static and the dynamic analysis. 

Generalizing the shear lag analysis problem, considerations similar to those made for flex-
ure could be also adopted for the problem of torsion. It is well known that when a beam un-
dergoes general twisting loading under general boundary conditions, it is led to nonuniform 
torsion. This problem has been extensively examined in the literature (e.g. see [10,11]), and 
its major characteristic is the presence of normal stress due to primary torsional warping [Fig. 
1(c)]. In an analogy with Timoshenko beam theory, when shear deformation is of importance, 
the so-called secondary torsional shear deformation effect (STSDE) [12,13] has to be taken 
into account as well. Thus, it could be concluded that the additional secondary torsional warp-
ing due to STSDE [Fig. 1(f)] can cause effects similar to shear lag in flexure, i.e., a 
modification of the initial normal stress distribution. It is noted that because of the complicat-
ed nature of torsion, simplified concepts such as effective width cannot be applied to take this 
behavior into account. 

Toward investigating shear lag effects, the inclusion of nonuniform warping in beam ele-
ment formulations based on so-called higher-order beam theories [14] is of increased interest 
because of their important advantages over more refined approaches (e.g. [15-17]). Beam el-
ements are practical and computationally efficient and offer better insight into the structural 
phenomena, since they permit their isolation and independent investigation. Furthermore, be-
cause of easy parameterization of all necessary data, beam elements are more convenient for 
parametric analyses than more refined models which, in most cases, require the construction 
of multiple models.  

The dynamic analysis of the generalized nonuniform warping problem has received rela-
tively less attention than the static one. Some researchers have employed the assumptions of 
TTT (Thin Tube Theory) and the nonuniform torsion theory with an additional degree of 
freedom for nonuniform warping that is the rate of angle of twist [23-34] or an independent 
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warping parameter [35-36]. Egidio et al [37] describe the non-linear warping of open cross-
section thin-walled beams in terms of the flexural and torsional curvatures. Minghini et al 
[38] take into account shear strain effects due to both nonuniform bending and torsion in the 
analysis of thin walled cross sections. Some other researchers have employed the nonuniform 
torsion theory for beams with arbitrarily shaped cross sections with the rate of the angle of 
twist as an additional degree of freedom [39-46].Sapountzakis and Tsipiras [47] have taken 
into account nonouniform torsion in the analysis of beam with arbitrarily shaped doubly 
symmetric cross sections using a secondary warping function. On the other hand Li et al [48] 
developed an element that includes the effect of warping using a displacement field that is as-
sumed to be cubic in the axial direction and quadratic in the transverse direction. Moreover, to 
the authors ’ knowledge, a BEM procedure for the dynamic analysis of the general nonuni-
form warping problem of beams of arbitrary cross sections has never been reported in the lit-
erature. 

 

   
(a) (b) (c) 

   
(d) (e) (f) 

Fig.1. Normal stress distribution due to flexure (a,b), primary torsional warping (c), shear warping 
(d,e) and secondary torsional warping (f). 

 
In the current study, which is an extension of a previous work of the same authors [49-50] 

at the dynamic regime, a general boundary element formulation for the dynamic nonuniform 
warping analysis of beams of arbitrary cross section, taking into account shear lag effects due 
to both flexure and torsion, is presented. The beam cross section (thin- or thick-walled) is ho-
mogeneous and can surround a finite number of inclusions. The beam is subjected to the com-
bined action of arbitrarily distributed or concentrated dynamic axial loading and transverse 
loading, as well as to bending, twisting, and warping moments. Nonuniform warping distribu-
tions are taken into account by using four independent warping parameters multiplying a 
shear warping function in each direction [49-50] and two torsional warping functions, which 
are obtained by solving corresponding boundary value problems. It is worth mentioning here 
that the stress field arising from the preceding kinematical considerations leads to the viola-
tion of the longitudinal local equilibrium equation and the corresponding boundary condition 
[22] due to inaccurate representation of shear stresses. In the current study, to keep the sim-
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plicity of the formulation to the highest possible level, the increment of the number of un-
knowns in global equilibrium is avoided and a correction of the stress field is performed with 
the aid of the longitudinal local equilibrium equation. Ten initial-boundary value problems are 
formulated with respect to the displacement and rotation components and the independent 
warping parameters and solved using the analog equation method (AEM) [52], a BEM-based 
method in combination with an appropriate time integration scheme (Mean Acceleration 
Method [56]). The warping functions, the additional geometric constants due to warping, and 
the elementary ones are evaluated with a pure BEM approach, i.e., only boundary discretiza-
tion of the cross section is used. After establishment of the kinematical components, the 
aforementioned boundary discretization can be used to evaluate through BEM the normal and 
shear stress components at any arbitrary point of each cross section. 

The essential features and novel aspects of the present formulation are summarized as fol-
lows: 

• The cross section is an arbitrarily shaped thin- or thick-walled. The formulation does not 
stand on the assumption of a thin-walled structure, and therefore the cross section’s warp-
ing rigidities are evaluated exactly (in a numerical sense). 

• An improved stress field is adopted with the aid of the longitudinal local equilibrium 
equation, leading to a better evaluation of stress components without increasing the glob-
al degrees of freedom. 

• The beam is subjected to arbitrary external loading and is supported by the most general 
boundary conditions, including elastic support or restraint. 

• The proposed formulation is suitable for the investigation of flexural and torsional shear 
lag effects in beams of closed or open cross sections. 

• The proposed method uses a BEM approach (requiring boundary discretization for the 
cross-sectional analysis) resulting in line or parabolic elements instead of area elements 
of the FEM solutions (requiring the whole cross section to be discretized into triangular 
or quadrilateral area elements), whereas a small number of line elements are required to 
achieve high accuracy. 

• The use of BEM permits the accurate computation of deriveatives of the field functions 
(e.g., stresses) which is very important in the nonuniform warping analysis of beams. 

• The generalized warping theory of beams presented in [49-50] is extended at the dynamic 
regime. 

• The necessity to include warping inertial and generalized warping effects is investigated 
in both thin- and thick walled open- and closed shaped cross section bars. 

• Both free and forced vibrations of bars are investigated obtaining free vibration character-
istics and both kinematic and stress results in the time domain, respectively. 

2  STATEMENT OF THE PROBLEM  

2.1 Displacement, strain and stress components 

Consider a prismatic beam of length l , of arbitrary cross section of area A . The homoge-
neous isotropic and linearly elastic material of the beam’s cross section, with modulus of elas-
ticity E , shear modulus G , Poisson’s ratio ν  and mass density ρ occupies the two dimen-
sional multiply connected region Ω  of the yz  plane and is bounded by the jΓ  ( 1, 2,...,j K =
) boundary curves, which are piecewise smooth, i.e. they may have a finite number of corners. 
In Fig.2 CXYZ  is the principal bending coordinate system through the cross section’s centroid 
C , while Cy , Cz  are its coordinates with respect to Sxyz  reference system of axes through 

168



Ioannis C. Dikaros, Evangelos J. Sapountzakis, Amalia K. Argyridi and Dimitris S. Papadopoulos 
 
the cross section’s center of twist S . The beam is subjected to the combined action of the ar-
bitrarily distributed or concentrated time-dependent axial loading ( , )x xp p X t=  along X  di-
rection, transverse loading ( , )y yp p x t= , ( , )z zp p x t=  along the y , z  directions, respective-

ly, twisting moments ( , )t tm m x t=  along x  direction, bending moments ( , )Y Ym m x t= , 
( , )Z Zm m x t=  along Y , Z  directions, respectively, as well as warping moments 

( , )P P
S S

m m x tϕ ϕ= , ( , )S S
S S

m m x tϕ ϕ= , ( , )P P
CY CY

m m x tϕ ϕ= , ( , )P P
CZ CZ

m m x tϕ ϕ=  (Fig.2) which will be 

later defined in section 2.2. 
 

 

(a) 

 

b) 

Fig.2. Prismatic beam under axial-flexural-torsional dynamic loading (a) of an arbitrary 
cross section occupying the two dimensional region Ω  (b). 

 
Under the action of the aforementioned general loading and of possible restraints, the beam 

is leaded to flexural, axial and/or torsional vibrations. In order to take into account nonuni-
form warping distributions which are responsible for shear lag effects due to both flexure and 
torsion, four additional time-dependent degrees of freedom (warping parameters), namely 

( ),x x tη , ( ),Y x tη , ( ),Z x tη , ( ),x x tξ  multiplying a shear warping function in each direction (

Yη , Zη ) and two torsional warping functions ( xη , xξ ), respectively, are employed [49, 50]. 
These additional DOFs describe the “intensities” of the corresponding cross sectional warping 
along the beam length at any time instant, while these warpings are defined by corresponding 
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warping functions ( ( ),P
CY y zϕ , ( ),P

CZ y zϕ , ( ),P
S y zϕ , ( ),S

S y zϕ ), depending only on the cross 
sectional configuration. Thus, the “actual” deformed configurations of the cross section due to 
primary (in each direction) shear and primary, secondary torsional warpings are given as 

( ) ( ), ,P
Y CYx t y zη ϕ , ( ) ( ), ,P

Z CZx t y zη ϕ , ( ) ( ), ,P
x Sx t y zη ϕ  and ( ) ( ), ,S

x Sx t y zξ ϕ  at any posi-
tion and time instant. It is worth here noting that the shear stresses generated by the above 
displacement considerations exhibit an inconsistency concerning the non-vanishing of trac-
tions xnτ  on the lateral surface of the beam [22, 49, 50]. As shown in previous studies, this 
inconsistency may be responsible for non-negligible errors in estimated normal stress values. 
In the present study this inconsistency is removed by performing a suitable shear stress cor-
rection, which is discussed in detail in a previous work of the same authors [49, 50]. Within 
the context of the above considerations, the displacement components of an arbitrary point of 
the beam at an arbitrary time instant are given as 
 

( ) ( ) ( ), , , , , , , , ,P Su x y z t u x y z t u x y z t= + =

( ) ( ) ( ) ( ) ( )
primary

, , , , ,P
Y Z x Su x t x t Z x t Y x t y zθ θ η φ= + − + +



( ) ( ) ( ) ( ) ( ) ( )
secondary

, , , , , ,P P S
Y CY Z CZ x Sx t y z x t y z x t y zη φ η φ ξ φ+ + +


 (1a) 

 ( ) ( ) ( ), , , , ,xv x y z t v x t z x tθ= −  ( ) ( ) ( ), , , , ,xw x y z t w x t y x tθ= +   (1b,c) 
 

where u , v , w  are the axial and transverse beam displacement components with respect to 
the Sxyz  system of axes, while Pu , Su  denote the primary and secondary longitudinal dis-

placements, respectively. Moreover, ( ),v x t , ( ),w x t  describe the deflection of the center of 

twist S , while ( ),u x t  denotes the “average” axial displacement of the cross section. ( ),Z x tθ 

, ( ),Y x tθ  are the angles of rotation due to bending about the centroidal Y , Z  axes, respec-

tively. ( ),x x tη , ( ),x x tξ  are the independent warping parameters introduced to describe the 

nonuniform distribution of primary and secondary torsional warping, while ( ),Y x tη , 

( ),Z x tη  are the independent warping parameters introduced to describe the nonuniform dis-

tribution of primary warping due to shear [49, 50]. ( ),P
S y zϕ , ( ),S

S y zϕ  are the primary and 
secondary torsional warping functions with respect to the center of twist S  [13], while 

( ),P
CY y zϕ , ( ),P

CZ y zϕ  are the primary shear warping functions with respect to the centroid C
[49, 50]. Finally, it holds that CZ z z= − , CY y y= − . 

Employing the displacement expressions given from eqns. (1) to the strain-displacement 
relations of the three-dimensional elasticity for small displacements and the Hooke’s stress-
strain law, the non-vanishing components of the Cauchy stress tensor are obtained as 
 

 

* *
, , , , , , ,

primary secondary

P P P S
xx x Y x Z x x x S Y x CY Z x CZ x x SE u Z Y Eσ θ θ η ϕ η ϕ η ϕ ξ ϕ   = + − + + + +   

 

 (2a) 

170



Ioannis C. Dikaros, Evangelos J. Sapountzakis, Amalia K. Argyridi and Dimitris S. Papadopoulos 
 

( ) ( ) ( )
primary

P P P P P P
Z CY Y CZ x SG Z Yγ ϕ γ ϕ γ ϕ = ∇ + + ∇ + + + ∇ + t r



 

( )
tertiarysecondary

S S S S S P S T S
Z CY Y CZ x S S x SG Gγ ϕ γ ϕ γ ϕ ϕ γ ϕ   + ∇ + ∇ + ∇ + + ∇  





 (2b) 

 

where 
T

xy xzτ τ =  t , [ ]Tz y= −r  and ( ) ( ) ( )* 1 1 1 2E E v v v= − + −   . If the plane stress 

hypothesis is undertaken then ( )* 21E E v= −  holds [10], while E is frequently considered 

instead of *E  ( *E E≈ ) in beam formulations [10]. The first consideration has been followed 
throughout the paper, while any other reasonable expression of E could also be used without 
any difficulty. Furthermore, ( ),i⋅  denotes differentiation with respect to i , while 

( ) ( ), ,y zy z∇ ≡ ⋅ + ⋅i i  is the gradient operator and yi , zi  the unit vectors along y , z  axes, re-

spectively. ,
P
x x xγ θ= , ,

S
x x x xγ η θ= − , ,

T
x x x x xγ ξ η θ= − + , ,

P
Y x Zvγ θ= − , ,

S
Y Y x Zvγ η θ= − + , 

,
P
Z x Ywγ θ= +  and ,

S
Z Z x Ywγ η θ= − −  are “average” shear strain quantities. In eqns. (2b) the 

primary shear stress terms correspond to the St. Venant shear stresses ( P
xyτ , P

xzτ ) [14], while 

the rest of the terms to warping shear stresses ( S
xyτ , S

xzτ , T
xyτ , T

xzτ ) arising from the use of in-
dependent warping parameters. The above stress components (2) could be employed in order 
to derive the global equations of motion. However, as stated above, attention should be paid 
to the fact that the terms ,

S P
Y CY iγ ϕ , ,

S P
Z CZ iγ ϕ ,  ,

T S
x S iγ ϕ  ( ,i y z= ) are not capable of representing 

an acceptable shear stress distribution, leading to violation of the longitudinal local equilibri-
um equation and the corresponding zero-traction condition on the lateral surface of the beam. 
This observation reveals an analogy with Timoshenko beam theory and nonuniform torsion 
theory with STSDE [12,13]. As a consequence, discrepancies in stress components near fixed 
supports or concentrated loads may arise [12,13,21,49,50]. In the present study, a correction 
of stress components is performed without increasing the number of global kinematical un-
knowns, following the analysis presented in [49, 50]. To this end, three additional warping 
functions ( ),S

CY y zϕ , ( ),S
CZ y zϕ , ( ),T

S y zϕ  are introduced in expressions (2b), which are mod-
ified as 
 

( )
secondaryprimary

P P P P P P S S S S S S
Z CY Y CZ x S Z CY Y CZ x SG Gγ γ γ ϕ γ γ γ   = ∇Φ + ∇Φ + + ∇ + ∇Φ + ∇Φ + ∇Φ +  t r





  

 

tertiary

T
x SG γ Τ + ∇Φ 



 (3) 

 

where 
 

 
P P
CY CYZ ϕΦ = +  S P S

CY CY CYϕ ϕΦ = +  (4a,b) 

 
P P
CZ CZY ϕΦ = +  S P S

CZ CZ CZϕ ϕΦ = +  (4c,d) 
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S P S
S S Sϕ ϕΦ = +  T S T

S S Sϕ ϕΦ = +  (4e,f) 
 

Warping functions (4) can be determined by formulating boundary value problems exploiting 
the longitudinal local equilibrium equation and the associated boundary condition, which will 
be discussed in next section. 

2.2 Global equations of motion 
In order to establish the differential equations of motion, the principle of virtual work in-

cluding virtual work due to inertial forces 
 

 int mass ext+ =W W Wδ δ δ  (5) 
 

is employed, where 
 

 
( )int dxx xx xy xy xz xzV

W Vδ σ δε τ δγ τ δγ= + +∫  (6a) 

 
( )mass , , , dtt tt ttVW u u v v w w Vδ ρ δ δ δ= + +∫  (6b) 

 
( )ext Lat

dx y zW t u t v t w Fδ δ δ δ= + +  ∫  (6c) 
 

In the above equations, ( )δ ⋅  denotes virtual quantities; xt , yt , zt  are the components of the 
traction vector applied on the lateral surface of the beam including the end cross sections, de-
noted by F  and V  is the volume of the beam. Moreover, the stress resultants of the beam can 
be defined as 
 

 
dxxN σ

Ω
= Ω∫  dY xxM Zσ

Ω
=  Ω∫  dZ xxM Yσ

Ω
=  Ω∫  (7a,b,c) 

 
dP

S

P
xx SMϕ σ ϕ

Ω
=  Ω∫  dS

S

S
xx SMϕ σ ϕ

Ω
=  Ω∫  (7d,e) 

 
dP

CY

P
xx CYMϕ σ ϕ

Ω
= Ω∫  dP

CZ

P
xx CZMϕ σ ϕ

Ω
= Ω∫  (7f,g) 

 ( ), , dP P P
y xy CY y xz CY zQ τ τ

Ω
= Φ + Φ  Ω∫  ( ), , dS S S

y xy CY y xz CY zQ τ τ
Ω

= − Φ + Φ  Ω∫  (7h,i) 

 ( ), , dP P P
z xy CZ y xz CZ zQ τ τ

Ω
= Φ + Φ  Ω∫  ( ), , dS S S

z xy CZ y xz CZ zQ τ τ
Ω

= − Φ + Φ  Ω∫  (7j,k) 

 
( ) ( ), , dP P P

t xy S y xz S zM z yτ ϕ τ ϕ
Ω

 = − + +  Ω ∫  (7l,m) 

 
( ), , dS S S

t xy S y xz S zM τ τ
Ω

= − Φ + Φ  Ω∫  ( ), , dT T T
t xy S y xz S zM τ τ

Ω
= Φ + Φ  Ω∫  (7n,o) 

 

where iM  ( ,i Y Z = ) are the bending moments and iM  ( , , ,P S P P
S S CY CZi ϕ ϕ ϕ ϕ= ) are the warp-

ing moments (bimoments). j
iQ  ( ,i y z= ,j P S= ) are the primary and secondary parts of total 

shear forces  iQ  ( ,i y z= ). It is noted that the secondary shear forces are also referred to as 
bishear stress resultants [5,18] since they equilibrate the corresponding warping moments 
(bimoments). Similarly, j

tM  ( , ,j P S T=  ) are the primary, secondary and tertiary parts of 
total twisting moment tM . Moreover, the geometric constants of the beam can be obtained by 
the following definitions [49, 50] 
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dA

Ω
=  Ω∫    dYS Z

Ω
=  Ω∫  dZS Y

Ω
=  Ω∫  (8a-c) 

 
2 dYYI Z

Ω
=  Ω∫  2 dZZI Y

Ω
=  Ω∫  dYZI YZ

Ω
=  Ω∫  (8d-f) 

 
( ) d , , , ,P S P P

i S S CY CZS i i ϕ ϕ ϕ ϕ
Ω

=  Ω     =∫  (8g) 

 
( )( ) d , , , , , , ,P S P P

ij S S CY CZI i j i j y z ϕ ϕ ϕ ϕ
Ω

=  Ω    =∫  (8h) 

 
( ) ( ) d , , , , , , ,S P S P S

ij S S CY CY CZ CZD i j i j Τ
Ω

= ∇ ⋅∇  Ω    = Φ Φ Φ Φ Φ Φ∫  (8i) 

 ( )2 2
, , dP P P

t S y S zI y z z yϕ ϕ
Ω

= + − +  Ω∫  (8j) 

 ( )2 2 dpI y z
Ω

= +  Ω∫  (8k) 
 

while as analyzed also in [49,50] it holds that 
 

 
P P
Z Z

P
YA DΦ Φ≡  S S

Z Z

S
YA DΦ Φ≡  (11a,b) 

 
P P
Y Y

P
ZA DΦ Φ≡  S S

Y Y

S
ZA DΦ Φ≡  (11c,d) 

 Φ Φ≡ S S
x x

S
xI D  Φ Φ≡ T T

x x

T
xI D  (11e,f) 

 

Using the expressions of the strain components, the definitions of the stress resultants 
(eqns. (7)) and applying the principle of virtual work (eqn. (5)), the differential equations of 
motion in terms of the kinematical components can be written as 
 

 
*

, ,xx tt xE Au u pρ− + Α =  (12a) 
 

( )( ) ( )( ), , , , ,S S S T
CY S CY S

P S S
Y Y xx Z x Y Y x x x x xxG A A v GA G D Dθ η η θΦ Φ Φ Φ− + − + + − − +  

 ( ), , ,S T
CY S

x x tt C x tt yGD A v z pξ ρ θΦ Φ+ + − =  (12b) 

 

( )( ) ( )( ), , , , ,S S S T
CZ S CZ S

P S S
Z Z xx Y x Z Z x x x x xxG A A w GA G D Dθ η η θΦ Φ Φ Φ− + + + + − − +  

 ( ), , ,S T
CZ S

x x tt C x tt zGD A w y pξ ρ θΦ Φ+ + + =  (12c) 

 

( ) ( ) ( ) ( )*
, , ,S S S T

CY S CY S

P S S
ZZ xx Y Y x Z Y Y x x xE I G A A v GA G D Dθ θ η η θΖ Φ Φ Φ Φ− − + − + + − − +   

 ,S T
CY S

x ZZ Z tt ZGD I mξ ρ θΦ Φ+ + =  (12d) 

 

( ) ( ) ( ) ( )*
, , ,S S S T

CZ S CZ S

P S S
YY Y xx Z Z x Y Z Z x x xE I G A A w GA G D Dθ θ η η θΦ Φ Φ Φ− + + + − − − − −  

 ,S T
CZ S

x YY Y tt YGD I mξ ρ θΦ Φ− + =  (12e) 

 

( ) ( )*
, , , ,P P P P P S

CY S CY CY CY S

S
x xx Y xx x xx Y Y x ZE I I I GA vϕ ϕ ϕ ϕ ϕ ϕη η ξ η θ− + + + − + +  

 ( )( ),S S S T S T
CY S CY S CY S

x x x xG D D GDη θ ξΦ Φ Φ Φ Φ Φ+ − − + +  
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 ( ), , ,P P P S P P P
CY S CY S CY CY CY

x tt x tt Y ttI I I mϕ ϕ ϕ ϕ ϕ ϕ ϕρ η ξ η+ + + =  (12f) 

 

( ) ( )*
, , , ,P P P P P S

CZ S CZ CZ CZ S

S
x xx Z xx x xx Z Z x YE I I I GA wϕ ϕ ϕ ϕ ϕ ϕη η ξ η θ− + + + − − +  

 ( )( ),S S S T S T
CZ S CZ S CZ S

x x x xG D D GDη θ ξΦ Φ Φ Φ Φ Φ+ − − + +  

 ( ), , ,P P P S P P P
CZ S CZ S CZ CZ CZ

x tt x tt Z ttI I I mϕ ϕ ϕ ϕ ϕ ϕ ϕρ η ξ η+ + + =  (12g) 

 

( ) ( )( ), , ,
P S T S T T
t t t x xx t t x x x t x xG I I I G I I GIθ η θ ξ− + + + + − − +  

 ( )( ) ( ), , ,S S S T S S S T
CY S CY S CZ S CZ S

Y x xx Z xG D D v G D Dη θΦ Φ Φ Φ Φ Φ Φ Φ+ − − + + − ⋅  

 ( ) ( ), , , , , ,Z x xx Y x C tt C tt p x tt tw A z v y w I mη θ ρ θ ⋅ − − + − + + =   (12h) 
 

( ) ( ) ( )*
, , , ,P P P P P P

S S CY S CZ S

S T T
x xx Y xx Z xx t t x x x t xE I I I G I I GIϕ ϕ ϕ ϕ ϕ ϕη η η η θ ξ− + + + + − − +  

 ( )( ) ( ),S S S T S S S T
CY S CY S CZ S CZ S

Y x ZG D D v G D Dη θΦ Φ Φ Φ Φ Φ Φ Φ+ − − + + − ⋅  

 ( ) ( ), , , ,P P P P P P P
S S CY S CZ S S

Z x Y x tt Y tt Z ttw I I I mϕ ϕ ϕ ϕ ϕ ϕ ϕη θ ρ η η η⋅ − − + + + =  (12i) 

 

( ) ( )*
, , , ,P S P S S S

CY S CZ S S S

T
Y xx Z xx x xx t x x x xE I I I GIϕ ϕ ϕ ϕ ϕ ϕη η ξ ξ η θ− + + + − + +  

 ( ) ( ), ,S T S T
CY S CZ S

Y x Z Z x YGD v GD wη θ η θΦ Φ Φ Φ+ − + + − − +  

 ( ), , ,S S SP S P S
S S SCY S CZ S

x tt Y tt Z ttI I I mρ ρ
ϕ ϕ ϕϕ ϕ ϕ ϕ

ρ ξ η η+ + + =  (12j) 
 

where the externally applied dynamic loads are related to the components of the traction vec-
tor applied on the lateral surface of the beam xt , yt , zt  as 
 

 
( ), d , , ,i ip x t t s i x y z

Γ
=      =∫   (13a) 

 
( ), dt z ym x t t y t z s

Γ
= −  ∫  (13b) 

 
( ), dY xm x t t Z s

Γ
=  ∫  ( ), dZ xm x t t Y s

Γ
= −  ∫  (13c,d) 

 
( ) ( ), d , , , ,P S P P

i x S S CY CZm x t t i s i ϕ ϕ ϕ ϕ
Γ

=      =∫  (13e) 
 

The above governing differential equations (eqns. (12)) are also subjected to the initial condi-
tions ( ( )0,∈x l ) 
 

 ( ) ( )0,0 =u x u x  ( ) ( ), 0,,0t tu x u x=  (14a,b) 
 ( ) ( )0,0 =v x v x  ( ) ( ), 0,,0t tv x v x=  (14c,d) 

 ( ) ( )0,0Z Zx xθ θ=  ( ) ( ), 0,,0Z t Z tx xθ θ=  (14e,f) 
 ( ) ( )0,0 =w x w x  ( ) ( ), 0,,0t tw x w x=  (14g,h) 
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 ( ) ( )0,0Y Yx xθ θ=  ( ) ( ), 0,,0Y t Y tx xθ θ=  (14i,j) 
 ( ) ( )0,0 =x xx xθ θ  ( ) ( ), 0,,0x t x tx xθ θ=  (14k,l) 
 ( ) ( )0,0x xx xη η=  ( ) ( ), 0,,0x t x tx xη η=  (14m,n) 
 ( ) ( )0,0x xx xξ ξ=  ( ) ( ), 0,,0x t x tx xξ ξ=  (14o,p) 
 

together with the corresponding boundary conditions of the problem at hand, which are given 
as 
 

 1 2 3ba u Nα α+ =  (15a) 

 1 2 3byv Vβ β β+ =  1 2 3bzw Vγ γ γ+ =  (15b,c) 

 1 2 3Z bZMβ θ β β+ =  1 2 3Y bYMγ θ γ γ+ =  (15d,e) 

 1 2 3P
CZ

Z bM ϕβ η β β+ =    1 2 3P
CY

Y bM ϕγ η γ γ+ =    (15f,g) 

 1 2 3x btMδ θ δ δ+ =  1 2 3P
S

x bM ϕδ η δ δ+ =  1 2 3S
S

x bM ϕδ ξ δ δ+ =    (15h,i,j) 
 

at the beam ends 0,x l= , where bN , byV , bzV , bZM , bYM , P
CYbM ϕ , P

CZbM ϕ , btM , P
SbM ϕ , 

S
SbM ϕ  are the reaction forces, moments and warping moments respectively. 

Finally, , , , , , , , ,k k k k k k k k k kα β β β γ γ γ δ δ δ              

  ( 1, 2,3k = ) are functions specified at the 
boundaries of the beam ( 0,x l= ). The boundary conditions (15) are the most general bounda-
ry conditions for the problem at hand, including also the elastic support. It is apparent that all 
types of the conventional boundary conditions (clamped, simply supported, free or guided 
edge) can be derived from these equations by specifying appropriately these functions (e.g. 
for a clamped edge it is 1 1 1 1 1 1 1 1 1 1 1α β β β γ γ γ δ δ δ= = = = = = = = = = 

 , 

2 3 2 3 2 3 2α α β β β β β= = = = = = =  

3 2 3 2 3 2 3 2 3 2 3 0β γ γ γ γ δ δ δ δ δ δ= = = = = = = = = = = =  

  ). 

2.3 Warping functions due to shear P
CYΦ , 

P
CZΦ , 

S
CYΦ , 

S
CZΦ  

The analysis described in the previous section presumes that the warping functions P
CYΦ , 

P
CZΦ , S

CYΦ , S
CZΦ   with respect to the centroidal principal bending system CXYZ  are already 

established. According to the procedure presented in [49, 50], examining each primary warp-
ing function P

CiΦ  ( ,i Y Z=  ) separately, a boundary value problem in each direction is formu-
lated as 
 

 
2 P

CY Z∇ Φ =               , 0 on the boundaryP
CY nΦ =          (17a,b) 

 
2 P

CZ Y∇ Φ =                 , 0 on the boundaryP
Z nΦ =          (18a,b) 

 

where ( )P P P
CY YY Z CYI AΦ = − Φ , ( )P P P

CZ ZZ Y CZI AΦ = − Φ , while ( ),n⋅  indicates the derivative 

with respect to the outward normal vector to the boundary n  (directional derivative). After 
establishing P

CiΦ  ( ,i Y Z=  ), geometric constants P
iA  ( ,=  i Y Z ) can be evaluated employing 

definition (8i) as 
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( )2

P P
Z Z

ZZP
Y

I
A

DΦ Φ

=

                     

( )2

P P
Y Y

YYP
Z

I
A

DΦ Φ

=  (19a,b) 

 

Moreover, after evaluating P
CiΦ  ( ,i Y Z=  ), warping functions P

Ciϕ  ( ,i Y Z=  ) can be estab-
lished through eqns. (4c,d).  

Subsequently, S
Ciϕ  ( ,i Y Z=  ) employed in order to correct shear stresses are indirectly 

computed through S
CiΦ  ( ,i Y Z=  ) which can be established by formulating the following 

boundary value problem in each direction 
 

 
2 S P

Ci Ciϕ∇ Φ = ,  ( ,i Y Z=  )             , 0 on the boundaryS
Ci nΦ =           (20a,b) 

 

while it holds that ( )P P
CY CY

S S P
CY CY ZZ I Aϕ ϕΦ = Φ + , ( )P P

CZ CZ

S S P
CZ CZ YY I Aϕ ϕΦ = Φ +  and 

( )P P
CY CY

S S S
CY Z CYI Aϕ ϕΦ = − Φ , ( )P P

CZ CZ

S S S
CZ Y CZI Aϕ ϕΦ = − Φ . After establishing S

CiΦ , the geomet-

ric constants S
iA  ( ,=  i Y Z ) can be evaluated employing definition (8i) as 

 

 

( )2
P P
CZ CZ

S S
CZ CZ

S
Y

I
A

D
ϕ ϕ

Φ Φ

=

                                      

( )2
P P
CY CY

S S
CY CY

S
Z

I
A

D
ϕ ϕ

Φ Φ

=  (21) 

 

2.4 Warping functions due to torsion P
Sϕ , 

S
SΦ , 

T
SΦ  

Similarly with the previous section, the torsional warping functions are established inde-
pendently as follows. P

Sϕ  is given by the following boundary value problem (St. Venant prob-
lem of uniform torsion) as 
 

 
2 0P

Sϕ∇ =                      , on the boundaryP
S n y zzn ynϕ = −         (22a,b) 

 

It is noticed that in order for P
Sϕ  to be the primary torsional warping function, the analysis has 

to be carried out with respect to the center of twist S , which is initially specified according to 
the procedure presented in [11]. Following the strategy presented in the previous section, S

SΦ  
can be established by formulating the following boundary value problem as 
 

 
2 S P

S Sϕ∇ Φ =     , 0 on the boundaryS
S nΦ =          (23a,b) 

 

where ( )P P
S S

S S S
S t SI Iϕ ϕΦ = − Φ . Employing eqn. (8i), S

tI  is evaluated as 
 

 

( )2
P P
S S

S S
S S

S
t

I
I

D
ϕ ϕ

Φ Φ

=  (24) 
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while, after evaluating S
SΦ , S

Sϕ  can be established through eqn. (4a). The final boundary val-

ue problem for T
SΦ  is constructed as 

 

 
2 T S

S Sϕ∇ Φ =     , 0 on the boundaryT
S nΦ =           (25a,b) 

 

while it holds that ( )S S
S S

T T P S
S S S tI Iϕ ϕϕΦ = Φ +  and ( )S S

S S

T T T
S t SI Iϕ ϕΦ = − Φ . Finally, employ-

ing definition (10b), T
tI  is evaluated as 

 

 

( )2
S S
S S

T T
S S

T
t

I
I

D
ϕ ϕ

Φ Φ

=  (26) 

 

It is remarked that all boundary value problems (17), (18), (20), (22), (23), (25) have solu-
tion, since the condition ( ), d 0ni s

Γ
=∫ , ( , , ,P S P S T

j j x x xi ϕ= Φ Φ Φ ,Φ  , ,j Y Z=  , , 1,...,m n M= ) 

[21] is satisfied. It is also worth here noting that, since the problems (17), (18), (20), (22), 
(23), (25) have Neumann type boundary conditions, each warping function contains an arbi-
trary integration constant indicating a parallel displacement of the cross section along the 
beam axis. The evaluation of these constants is performed as presented in [11]. 

3 NUMERICAL SOLUTION 
According to the precedent analysis, the flexural-torsional dynamic analysis of beams of 

arbitrary composite cross section including generalized warping effects reduces in establish-
ing the components ( ),u x t , ( ),v x t , ( ),w x t , ( ),x txθ , ( ),Z x tθ , ( ),Y x tθ , ( ),x x tη , 

( ),Y x tη , ( ),Z x tη  and ( ),x x tξ  having continuous derivatives up to the second order with 
respect to x  at the interval ( )0, l  and up to the first order at 0,x l=  and up to the second or-
der with respect to t , satisfying the initial-boundary value problem described by the coupled 
governing differential equations of equilibrium (eqns. (12)) along the beam, the initial condi-
tions (eqns. (14)) and the boundary conditions (eqns. (15)) at the beam ends 0,x l= . Eqns. 
(12), (14), (15) are solved using the Analog Equation Method [52]. Application of the bound-
ary element technique yields a system of linear coupled differential-algebraic equations of 
motion which can be solved employing any efficient time-integration scheme (e.g. Mean Ac-
celeration Method). The geometric constants defined in eqns. (8) are evaluated by converting 
the domain integrals into line ones along the boundary using integration by parts, the Gauss 
theorem and the Green identity. The expressions of these constants are given in the appendix 
A of [50].  

4  NUMERICAL EXAMPLES 
On the basis of the analytical and numerical procedures presented in the previous sections, 

a computer program has been written and representative examples have been studied. A 
commercial FEM package with solid and beam modeling capabilities [51] is employed to 
compare and verify the results of the proposed method. 

 

177



Ioannis C. Dikaros, Evangelos J. Sapountzakis, Amalia K. Argyridi and Dimitris S. Papadopoulos 

 
 
 

  

  

  

  

  

     

GWBT 
( ) ( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )

( ) ( )
( )

2 4

4 4

4 2

2 2

2 6

6 4

4

239.11 12624.32

107259.34 125.69

 193.09  149.42

12.11 71.13 

8.70  6920545.97

82942.84  119883.67

551.

P P
CZ CZ

P P
CY CY

P P
S S

S S
S S

ZZ

YY

P
Z

S P
Z Y

S
Y

p

P
t

A cm I cm

I cm I cm

I cm A cm

A cm A cm

A cm I cm

I cm I cm

I cm

ϕ ϕ

ϕ ϕ

ϕ ϕ

ϕ ϕ

= =

= =

= =

= =

= =

= =

= ( )
( )

4

4

59 82012.61

-4441.85

S
t

T
t

I cm

I cm

=

=

 

   (a) 

 

  

end 1 end 2 

(b) 

 

  

end 1 end 2 

(c) 

 

  

end 1 end 2 
  

(d) 
Fig. 3. Cross sections of beams of examples 1 (a) along with three types of boundary conditions (b-d). 

 

Example 1 
In the first example, the free vibration characteristics of four HEB500 cross section (Fig. 

3a) steel ( E 210GPa= , G 80.8GPa= , v 0.3= , 2 47.85kN sec / mρ = ) beams of lengths 
2.5l m, 3.5m, 4.5m, 5.5m=  for three types of boundary conditions (clamped at both ends 

(Fig. 3b), cantilever (Fig. 3c), simply supported with fixed torsional rotation (Fig. 3d)) have 
been analyzed. More specifically, the generalized eigenvalue problem of eqn(35) has been 
solved to obtain the natural frequencies for the Generalized Warping Beam Theory (GWBT). 
For comparison reasons Timoshenko Beam Theory (TBT [51]) and Solid (3-D hexahedral 
elements extruded by quadrilateral surfaces) FEM (Solid FEM [51]) models have been ana-
lyzed. In the Solid models, rigid diaphragms at every set of nodes having the same longitudi-
nal coordinate have been employed, pointing out that the diaphragms are designed so as each 
set of nodes has the same translation and rotation in the cross section plane, corresponding to 
the assumption employed in the proposed method that the cross section maintains its shape at 
the transverse directions during deformation (no distortion). In GWBT solutions 88 elements 
have been used while in TBT [51] 100 elements per meter of length. The number of Solid 
FEM [51] elements that have been used is 24300. There are three types of natural frequencies 
under examination, namely bending natural frequencies with deflections along the y  ( v  natu-
ral frequencies) and the z  axis ( w  natural frequencies) and torsional natural frequencies ( xθ  
natural frequencies). 
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Table 1. Discrepancies (%) of natural frequencies between GWBT- Solid FEM [51] and TBT [51]- Solid FEM 

[51] of the clamped beam of example 1 for various lengths. 

Natural 
frequency 

type 

l=2.5m l=3.5m l=4.5m l=5.5m 

GWBT TBT GWBT TBT GWBT TBT GWBT TBT 

1st v -0.04 11.46 -0.21 12.48 -0.39 12.96 -0.59 13.23 

2nd v 0.07 9.25 -0.14 11.00 -0.34 11.96 -0.56 12.52 

3rd v 0.16 7.43 -0.08 9.50 -0.29 10.83 -0.52 11.67 

4th v 0.23 6.02 -0.02 8.12 -0.25 9.68 -0.48 10.75 

1st w 0.77 4.35 0.44 5.61 0.26 6.99 0.17 8.21 

2nd w 1.10 3.36 0.71 3.80 0.48 4.63 0.33 5.59 

3rd w 1.16 3.38 0.77 3.36 0.56 3.78 0.41 4.39 

4th w 1.24 3.19 0.80 14.34 0.58 3.17 0.44 3.59 

1st θx -0.64 54.61 -1.35 54.29 -0.22 52.42 -0.39 49.93 

2nd θx 0.17 30.71 -0.11 36.00 -0.30 37.73 -0.46 38.03 

3rd θx -1.14 12.06 -1.99 22.40 0.14 26.93 -0.38 29.09 

4th θx 0.49 -5.02 0.10 -39.43 -0.19 17.69 -0.43 21.57 

 

  
(a) 

 

0.00

0.20

0.40

0.60

0.80

1.00

0.0 0.5 1.0 1.5 2.0 2.5
x (m)

GWBT

Solid FEM

TBT

 
(b) 

Fig. 4. 1st torsional modeshape of the clamped beam of length 2.5l m=  of example 1 as obtained from 
Solid FEM [51] (a) in comparison with those obtained by GWBT and TBT [51] (b). 

 
In Tables 1, 2 and 3the natural frequencies as obtained from GWBT and TBT [51] are 

compared with Solid FEM [51] solutions for the clamped, cantilever and simply supported 
boundary condition, respectively. Figs. 4a and 4b illustrate the 1st torsional modeshape of bar 
of length 2.5l m=  of example 1 as obtained from Solid FEM [51] and comparison among 
those obtained by GWBT and TBT [51] and Solid FEM [51] , respectively. Figs. 5a, 5b and 
6c illustrate the first four bending natural frequencies with deflections along the y  axis, the z  
axis and torsional natural frequencies, respectively as obtained from GWBT, TBT [51] and 
Solid FEM [51] solutions for the clamped boundary condition. Figs. 6a and 6b show the first 
four torsional natural frequencies for the cantilever boundary condition and the first four 
bending natural frequencies with deflections along the y  axis for the simply supported 
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boundary condition, respectively, as calculated by GWBT, TBT [51] and Solid FEM [51] so-
lutions. 

From the results of Tables 1-3, it is concluded that TBT [51] can not predict the natural 
frequencies as accurate as GWBT can. In more detail the discrepancies of GWBT with respect 
to Solid solutions is up to 2.00% (absolute value) for any of the examined boundary condition 
or length. On the contrast the discrepancies of TBT [51] with respect to Solid FEM [51] solu-
tions is up to 54.61% for Table 1, 52.49% for Table 2 and 16.91% for Table 3 (absolute val-
ues). 

 
Table 2. Discrepancies (%) of natural frequencies between GWBT- Solid FEM [51] and TBT [51]- Solid of the 

cantilever beam of example 1 for various lengths. 

Natural 
frequency 

type 

l=2.5m l=3.5m l=4.5m l=5.5m 

GWBT TBT GWBT TBT GWBT TBT GWBT TBT 

1st v -0.15 13.39 -0.27 13.58 -0.42 13.66 -0.61 13.70 
2nd v -0.09 11.39 -0.24 12.48 -0.41 12.97 -0.60 13.24 
3rd v -0.02 9.16 -0.20 11.03 -0.38 12.01 -0.58 12.57 
4th v 0.05 7.05 -0.15 9.41 -0.34 10.83 -0.56 11.70 
1st w 0.13 9.88 0.07 11.46 0.04 12.30 0.02 12.77 
2nd w 0.54 2.90 0.29 5.17 0.17 7.04 0.09 8.49 
3rd w 0.56 2.09 0.36 3.35 0.24 4.62 0.16 5.82 
4th w 0.54 -0.47 0.37 1.68 0.26 2.88 0.18 3.93 
1st θx 0.13 52.49 0.20 42.86 0.21 36.37 0.29 31.75 
2nd θx -0.06 31.13 -0.17 31.13 -0.25 29.58 -0.40 27.62 
3rd θx 0.00 16.11 -0.16 21.44 -0.27 23.22 -0.35 23.58 
4th θx 0.21 1.42 -0.12 11.73 -0.33 16.24 -0.55 18.39 

 
Table 3. Discrepancies (%) of natural frequencies between GWBT- Solid FEM [51] and TBT [51]- Solid FEM 

[51] of the simply supported beam of example 1 for various lengths. 

Natural fre-
quency type 

l=2.5m l=3.5m l=4.5m l=5.5m 

GWBT TBT GWBT TBT GWBT TBT GWBT TBT 

1st v -0.14 12.98 -0.27 13.36 -0.43 13.53 -0.62 13.62 
2nd v -0.10 11.04 -0.24 12.25 -0.41 12.83 -0.61 13.14 
3rd v -0.06 8.84 -0.21 10.76 -0.38 11.82 -0.59 12.43 
4th v -0.02 6.94 -0.18 9.21 -0.36 10.65 -0.57 11.56 
1st w -0.01 7.34 0.00 9.53 0.01 10.88 0.00 11.71 
2nd w -0.05 3.19 -0.04 4.97 -0.04 6.63 -0.03 8.01 
3rd w -0.05 2.01 -0.07 2.93 -0.07 4.11 -0.07 5.30 
4th w 0.00 1.83 -0.07 2.13 -0.08 2.84 -0.09 3.70 
1st θx -0.10 9.81 -0.08 9.64 -0.06 8.79 -0.04 7.79 
2nd θx -0.16 4.63 -0.24 8.35 -0.33 9.61 -0.42 9.93 
3rd θx -0.15 -4.64 -0.25 3.54 -0.38 7.04 -0.52 8.72 
4th θx -0.15 -16.19 -0.24 -3.07 -0.38 2.94 -0.53 6.10 
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Fig. 5. Comparison of first four bending natural frequencies with deflections along the y  axis (a) and the z  

axis (b) and first four torsional natural frequencies among GWBT, TBT [51] and Solid FEM [51] solu-
tions of clamped beam of example 1 for various lengths. 

181



Ioannis C. Dikaros, Evangelos J. Sapountzakis, Amalia K. Argyridi and Dimitris S. Papadopoulos 

 

f (
H

z)
 

 

1000 
 
 
 

800 
 
 
 

600 

 
 

GWBT 
TBT 
Solid FEM 

1st θ 
x 

2nd θ 
x 

 

400   3rd θ 
x 

4th θ 
x 

 
200 

 
 
 

0 
2.5 3.5 4.5 5.5 

l (m)              (a) 

f (
H

z)
 

 

1200 
 
 
1000 

 
 

 
800 

 

 
 

600 
 

 
 

400 

GWBT 
TBT 
Solid FEM 
1st v 

2nd v 
3rd v 
4th v 

 
 

200 
 
 

0 
2.5 3.5 4.5 5.5 

l (m)             (b) 
Fig. 6. Comparison of first four torsional natural frequencies of cantilever beam of example 1 (a) and of first 

four bending natural frequencies with deflections along the y  axis of simply supported beam of example 
1 for various lengths among GWBT, TBT [51] and Solid FEM [51] solutions. 

 
Example 2 

As a final example, the forced vibrations of a box shaped cross section (Fig. 7a) steel (
E 21 GPa= , G 8.08 GPa= , v 0.3= , 2 42.5 kN sec / mρ = ) beam of length l 30m= , clamped 
at end 1 and simply supported with fixed torsional rotation at end 2 (Fig 7b), have been exam-
ined. The beam is subjected to a uniform distributed dynamic load ( )zp t  (Fig 7a, b) along the 
axis of symmetry Z . Three load cases have been examined (Fig 7c). The time history of load-
ing is constant for load case I and sinusoidal for load cases II and III. The frequency of load 
case III is . sec51 48 rad that is very close to the first natural frequency as calculated by model 
B ( . sec56 44 rad ) while it is not valid for load case II that is . sec30 00 rad . 

More specifically, the initial boundary value problem of eqns(12),(14),(15) has been solved 
to obtain the response of Generalized Warping Beam Theory (GWBT). For comparison rea-
sons Timoshenko Beam Theory (TBT [51]) and Solid (3-D hexahedral elements extruded by 
quadrilateral surfaces) FEM [51] models have been analyzed. In the Solid model, rigid dia-
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phragms at every set of nodes with the same properties as in the first example have been used. 
In GWBT solution 62 elements have been employed as in TBT [51]. The number of Solid 
FEM [51] elements that have been used is 16400. 
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Fig. 7. Cross section (a), boundary conditions and loading (b), load cases (c) of the beam of example 2. 
 

Figs. 8a, 10a and 11a illustrate the time history of the displacement w at .x 16 94m=  
(position of maximum displacement) for Load Cases I, II and III, respectively. 

Figs. 8b, 10b and 11b illustrate the time history of normal stress xxσ  at the point A  (see 
Fig. 7a) at .x 1 5m=  of the beam for Load Cases I, II and III, respectively. From these figures, 
it is deduced the results of the Solid FEM [51] solution are closer to the proposed methodolo-
gy (GWBT) than the TBT [51], so the effect of Generalized Warping is pronounced. 
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Figs. 9a, 9b and 9c show the distribution of normal stresses xxσ  at 1.5x m=  for Load Case 
I acording to Solid FEM, GWBT and Timoshenko solutions, respectively, at time instances 
that appears the maximum stress at point A for each solution. The discrepancies of the distri-
bution and the extreme values of GWBT and TBT [51] with respect to Solid FEM [51] solu-
tions indicates that GWBT is much more appropriate for the analysis than the TBT [51]. 
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Fig. 8. Time history of the displacement w at .x 16 94m=  (a) and normal stress xxσ  at the point A  at 
.x 1 5m=  (b) of the beam of example 2 for Load Case I. 

5  CONCLUSIONS  
In this paper a boundary element solution is developed for the nonuniform warping dynam-

ic analysis of arbitrary cross section beams including shear lag effects due to both flexure and 
torsion. The beam is subjected to arbitrarily distributed or concentrated external loading, and 
its ends are supported by the most general boundary conditions. The formulation based on 
displacements stems from an improved stress field and is capable of yielding more accurate 
stress component values. The main conclusions that can be drawn from this investigation are  
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Fig. 9. Distribution of normal stresses xxσ  at 1.5x m=  for Load Case I of example 2, acording to 
Solid FEM [51] (a), GWBT (b) and TBT [51] (c) solutions at time instances 0.516sec, 
0.5025sec and 0.0624sec, respectively. 
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as follows: 

• The developed procedure retains most of the advantages of a BEM solution over a FEM 
approach, although it requires longitudinal domain discretization. 

• The accuracy and the validity of the proposed method are noteworthy.  
• TBT cannot predict the bending natural frequencies as accurate as GWBT can. 
• By GWBT normal stresses are evaluated with high accuracy compared with solid FEM 

model results. 
• The developed formulation is capable of giving accurate results without increasing the 

number of the involved kinematical unknowns. 
• In the treated examples, the influence of flexural and torsional shear lag effects was ap-

parent, modifying significantly the distribution of normal stress. 
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Abstract. It is common for Finite Element Model (FEM) validation activities to be carried 

out in the modal domain; using finite element modal analysis results and modal parameters 

extracted from test measured data. In order to obtain the required mode shapes and natural 

frequencies from the test measured Frequency Response Functions (FRFs), a modal parame-

ter estimation method must be employed. An alternative approach involves correlation based 

in the frequency domain. In that case the FRFs would be considered directly from the test, 

without the need to apply advanced modal parameter extraction, and compared to FEM FRFs. 

In this work, sine sweep test-FEM correlations of two full spacecraft have been considered. A 

variety of the aforementioned modal parameter estimation methods have been applied and 

compared in order to establish which approach is most suitable to the considered applica-

tions. Findings highlight the issues associated with applying the simple ‘peak picking’ ap-

proach to modal correlation, and as such indicate that more sophisticated parameter 

estimation techniques often need to be employed in modal correlation. Frequency based 

methods therefore have potential inherent advantages as the issue of modal parameter extrac-

tion, and the associated introduction of further errors, is avoided. Frequency domain method 

also have several drawbacks, however, including the inflexibility of the FRF based methods to 

account for a deflected shape being well matched between test and FEM, but occurring at a 

slightly different frequency.  
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1 INTRODUCTION 

From a structural perspective, launch is one of the most challenging phases in the mission 

of a spacecraft.  The interaction between the spacecraft and the launch vehicle is an important 

aspect of this; however for many reasons, not least of which being the size of the launch vehi-

cle, it is not possible to practically test the two systems together.  Thus, in order to simulate 

the launch experience, Coupled Loads Analyses (CLAs) are carried out which couple a Finite 

Element Model (FEM) of the spacecraft with a model of the launcher to virtually predict 

flight loads.  

If there is to be confidence in the results of the CLA, it is necessary to first validate the 

spacecraft FEM against test measured data.  The analytical and experimental results are com-

pared and the FEM updated where necessary to improve its representation of the behaviour of 

the real structure at the vibration modes of interest.  This correlation and model update pro-

cess can take a considerable effort and time. Therefore, one means of containing this process 

is through ensuring that the comparisons made between test and FEM are meaningful and able 

to accurately quantify the level of correlation.   

The focus here is on the ability of the mode shapes extracted from Frequency Response 

Functions (FRFs) to represent true mode shapes of the structure.  This is an important issue to 

explore as the data collected during the fixed base sine test of the structure is a representation 

of how the structure behaves when excited at a given frequency; this is known as the Operat-

ing Deflected Shape (ODS).  When the structure is excited at a resonant frequency, which is 

well separated and uncoupled from any other modes, the ODS will be essentially the same as 

the mode shape with the deflection dominated exclusively by that mode.  It is, however, often 

the case that modes are closely spaced and the ODS at a resonant frequency is ‘contaminated’ 

by other nearby modes and is not equivalent to the mode shape.  This issue has led to the de-

velopment of many algorithms and software, such as Frequency-Domain Direct Parameter 

Identification (FDDPI) [1], Least Squares Complex Exponential (LSCE) [2] or PolyMAX [3] 

methods for estimating and extracting modal parameters and mode shapes from test data. 

Here comparisons are made between: mode shapes estimated from FRFs obtained through 

sine-sweep analysis of spacecraft FEMs; and those found through direct modal/eigen- analysis 

of the same FEMs.   

As there will always be some level of ‘errors’ introduced through the modal parameter es-

timation process, one alternative approach is to avoid the effort and uncertainty associated 

with this process by performing correlation comparisons in the frequency/response domain 

through direct use of the FRFs.  As such, this topic is to be the subject of further investigation.    

2 CORRELATION CRITERIA 

It is essential that the spacecraft FEM provides a realistic representation of the behaviour 

of the real structure as the mathematical model will subsequently be employed in the CLA to 

investigate the spacecraft-launcher interactions and thus ensure that the spacecraft does not 

encounter unacceptable launch loads.  The spacecraft FEM correlation exercise is essentially a 

comparison between the experimental data and the analytical model.  The purpose of the cor-

relation is therefore to evaluate how well the FEM replicates the behaviour of the real struc-

ture, as depicted in Figure 1, at important modes such that updates to the model can be made 

where necessary to achieve a final spacecraft FEM which is ‘fit for purpose’.  In order to per-

form these correlations it is necessary to define some criteria to quantify and evaluate how 

well matched the FEM is to the test for a given target mode.   
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Figure 1. Aeolus STM [4]  (left) and Aeolus FEM (right). 

There are a wide variety of methods which may be used to perform these comparisons; 

some of the main methods are outlined in the table below from European Cooperation for 

Space Standardisation (ECSS) modal survey assessment document ECSS-E-ST-32-11C [5]. 

 

 

Table 1. ECSS [5] table of commonly used correlation techniques. 

2.1 Modal Based Correlation Techniques  

At this point one approach to the correlation of spacecraft models is modal analysis and 

subsequent comparison of FEM eigenvalues and eigenvectors with test derived natural fre-

quencies and mode shapes.  Comparisons may be made by using the common vector based 

techniques: Modal Assurance Criteria (MAC) [6] and Cross-Orthogonality Checks (COC) [7].  

 

Modal Assurance Criteria (MAC) 

For MAC, the test mode shapes, ψ, and FEM eigenvectors, φ, are compared, resulting in a 

value between 0 and 1 which indicates how closely matched the vectors are, with a perfect 

match yielding a 1.   
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(   )

 

(   ) (   )
 (1) 

It is generally considered, and indicated in the table below from ECSS-E-ST-32-11C [5], 

that target modes achieving a MAC of at least 0.9 indicates a good correlation and is the min-

imum required value for the fundamental bending modes of a spacecraft.  It is, however, also 

clear from Table 2 that the required degree of correlation is dependent on the perceived rela-

tive importance of the mode under consideration.   

 

Cross-Orthogonality Check (COC) 

The COC is also an ECSS [5] required check, and works similarly to MAC, but with the 

mass matrix employed to weight the relative importance of the DoFs being considered.  This 

approach takes advantage of the orthogonal relationship between normal modes and the sys-

tem mass matrix.  An ideal result of perfectly matched mode shapes which are orthogonal to 

the mass matrix will yield a diagonal matrix, and for mass normalised modes this becomes an 

identity matrix.  Again, in Table 2, it is shown that off-diagonal values <0.1 and leading diag-

onal terms >0.9 are deemed to indicate a good correlation.  The typical cross-orthogonality 

check is given by: 

     
(       )

√(       )√( 
      )

 (2) 

where the Test Analysis Model (TAM), or reduced mass matrix, MTAM, is generated by appli-

cation of an appropriate model reduction method.  The experimental and analytical mode 

shapes are again given by ψ and φ respectively. 

The introduction of the mass matrix has potential benefits as the mass associated to the 

modal vectors is accounted for and as such there is a weighting of the DoFs depending on 

their relative influence, which is not accounted for by the MAC criteria.  Although, the practi-

cal benefits are potentially reduced in circumstances where the DoF set is pre-selected and the 

perceived relative importance of selected DoFs is not necessarily directly related solely to 

mass weighting.   

 

Table 2: ECSS [5] required correlation levels. 
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Co-Ordinate Modal Assurance Criteria (COMAC) 

Co-Ordinate Modal Assurance Criteria (COMAC) [8] is similar to MAC, however, it com-

pares the  test and FEM responses at a given DoF across all modes, rather than comparing the 

response at all DoFs for a single mode.  This method is therefore useful in situations where 

the level of correlation for an individual DoF, or set of key DoFs, is of particular interest. 

 For a given DoF, i, the COMAC is given by: 

        
(∑ |      |
 
   )

 

∑    
  

   ∑    
  

   
 (3) 

The experimental and analytical mode shapes are again given by ψ and φ respectively.  

The subscript n represents the index of the considered mode pair, whilst N denotes the num-

ber of mode pairs to be considered. 

This method is less commonly applied than the aforementioned MAC and COC checks, 

and is not considered mandatory by ECSS [5], see Table 1.  One drawback of this method is 

that it requires all of the modes under consideration to be pre-paired, most likely through the 

use of MAC to match the modes from the test to the correct corresponding FEM mode shape. 

[9] 

2.2 Frequency Based Correlation Techniques  

Frequency Difference 

Frequency difference is simply the difference between the resonant frequencies identified 

from the test data and the eigenvalues from the FEM analysis, and is often given in the form 

of a percentage difference.  The equation given below can be used to calculate the frequency 

difference, where f is the natural frequency in Hz corresponding to the mode being considered. 

                      
|          |

     
      (4) 

Frequency Response and Response Vector Assurance Criteria (FRAC and RVAC) 

The frequency based equivalents of MAC and COMAC are Response Vector Assurance 

Criteria (RVAC) [10] and Frequency Response Assurance Criterion (FRAC) [11], respective-

ly.  For the frequency based methods, rather than comparing mode shapes, the FRFs are com-

pared as shown in Figure 2.  FRAC compares the FRFs, for a given DoF, across all measured 

frequencies.  RVAC compares Operating Deflected Shapes (ODSs), i.e. the responses of all 

measured DoFs at a given frequency.  

 
Figure 2. Illustration of FRAC (left) and RVAC (right) FRF Based Correlation Criteria [9] 
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The equations for FRAC and RVAC are given below.  For FRAC, the FRF for a given 

DoF across the entire frequency range of interest is given by H.  RVAC makes use of the 

ODSs, U, at a given frequency across all DoFs from the MPP. 
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 )
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An alternative to RVAC is the Frequency Domain Assurance Criteria (FDAC) [12], which 

is also based on comparing ODSs.  Where RVAC compares the ODSs for test and FEM FRFs 

at a particular frequency, with FDAC the corresponding resonant frequencies for test and 

FEM are identified separately and thus ωTest ≠ ωFEM.  In this manner, the deflected shape can 

be compared and the issue of differing resonant frequency can be considered separately by 

considering the frequency difference. 

These frequency based methods have the advantage that the FRFs from the test can be used 

directly in the correlation, without requiring the modal parameter extraction used to compare 

modal data [13].  This is a benefit in that it not only circumvents the effort required to extract 

the modal parameters, but also avoids the potential errors introduced to the test data as a result 

of modal parameter estimation issues.  

There are, however, significant drawbacks associated with these frequency base correlation 

methods.  One main issue is that damping, which is neglected in modal analysis, must be ac-

counted for in the FEM in order to produce the FRFs required for frequency based correlation 

[14].  It is also the case that both FRAC and RVAC can be influenced by the potential for a 

shift in resonance frequencies between test and FEM, although variations on these techniques 

have been developed which introduce shift parameters attempt to compensate for this effect.  

The use of ODS rather than mode shapes also has the drawback that a conventional orthogo-

nality check cannot be applied with frequency domain correlation. 

As such, modal based correlation is more common and, as shown by Table 1, is mandated 

by the ECSS modal survey assessment [5] where the FRF techniques are optional.   Due to the 

more frequent application of modal techniques, the results of MAC and COC checks are more 

widely understood and values indicating good correlation are well established.  The required 

level of correlation in terms of FRF based methods is less clear [15]. 

3 MODAL PARAMETER ESTIMATION 

It is not possible to directly measure the modal parameters of a structure through physical 

testing alone; therefore it is important to perform appropriate experimental data processing 

such that as close a representation as possible to the true mode shapes of the structure is ob-

tained for comparison with the analytical modal analysis results from the FEM.  If this is not 

accomplished, then any subsequent modal data based correlation is undermined, possibly 

triggering FEM updates which are unnecessary. 

3.1 Introduction to Modal Parameter Extraction Methods  

The data collected during the base-shake sine-sweep test of the structure is a representation 

of how the structure behaves when excited at a given frequency; this is known as the Operat-

ing Deflected Shape (ODS).  In theory, the ODS will be a linear combination of all modes 

contributing to the response of the structure.  In practice, when the structure is excited at a 

resonant frequency, which is well separated and uncoupled from any other modes, the ODS is 

likely to closely approximate the corresponding mode shape, with deflections dominated by 
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that mode pattern having negligible contribution from adjacent modes, as illustrated in Figure 

3.  It is, however, often the case for complex structures that modes are closely spaced and the 

ODS at a resonant frequency is ‘contaminated’ by the influence of other nearby modes, and as 

such is not equivalent to the mode shape.   

 

  

Figure 3. ODS between resonances, left, and ODS at resonant frequency, right. [16] 

This issue has led to the development of many algorithms and software packages for esti-

mating and extracting modal parameters from test measured FRF data.  The following sub-

sections explore the classifications of these methods and the advantages and disadvantages of 

each.  The method must ideally be selected as appropriate the application under consideration. 

 

Single or Multiple Degrees of Freedom  

Single Degree of Freedom (SDoF) methods determine modal parameters for each mode in-

dividually.  The main benefits of these methods are the ease and speed of application.  SDoF 

approaches work under the assumption that the structure behaves as an SDoF system when 

excited at resonance, i.e. that the ODS is equivalent to the corresponding pure mode shape 

with no influence from the other modes of the system.  This assumption is only valid under 

the condition that the system modes are not heavily coupled.   When this condition is met, 

these methods can be appropriate to use and accurate; if, however, this is not the case then 

Multiple Degree of Freedom (MDoF) methods are required in order to achieve a reasonable 

approximation of the modal parameters.  MDoF methods generate an estimation of modal pa-

rameters by analysing data for multiple modes simultaneously. [17, 18]  

 

Local or Global 

Local (otherwise referred to as single output) methods are so called as they are applied to 

one output at a time, such as an individual FRF curve for a particular sensor.  As such, any 

modal parameters estimated will apply to the FRF under consideration and not necessarily to 

the global system.  This has the disadvantage that the outcome is a set of multiple locally es-

timated values for a single parameter, such as for the natural frequency of a given mode, 

which may vary slightly between the different FRFs.  In such a case, it would be up to the an-

alyst to determine which natural frequency value was most appropriate, or simply apply the 

average given the results for all of the considered FRFs. [17, 18]  

Global (otherwise referred to as multiple output) methods are applied to many output sets, 

such as the FRFs considered in this work, simultaneously.  This allows parameters to be esti-

mated based on all available data on the full system, rather than locally for one sensors data at 

time. [17, 18] 
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Single or Multiple Input 

Experimental modal analysis can be conducted through the use of single or multiple excit-

ers.  Where multiple excitations are applied, it can be advantageous to then employ a modal 

parameter estimation method which can globally assess the FRFs by taking into account all 

applied inputs simultaneously.  This is possible as the modal parameters are not input depend-

ent, and as such should be consistent regardless of varying applied input location.  The main 

advantage of methods accounting for multiple input scenarios is improved estimation in the 

occurrence of closely coupled modes and even double poles (two distinct modes occurring at 

the same excitation frequency).   Methods which can accommodate multiple-inputs and mul-

tiple-outputs (MIMO) are sometimes referred to as ‘polyreference’ techniques. [17, 18]  

3.2 Single Degree of Freedom Modal Parameter Estimation 

SDoF methods are generally very straight forward to implement, computationally efficient 

and can give sufficiently accurate results under the right circumstances.  Where modes are 

well separated in frequency, see upper plot in Figure 4, these simple SDoF methods are 

known to be reasonably effective and may therefore be applied without the need to employ 

more sophisticated techniques for manipulation of the test data.  It should be noted, however, 

that where there is heavy modal coupling, see lower plot in Figure 4, these methods are not 

sufficient and a method considering the influence of the interactions between multiple modes 

is required. [19, 20] 

 

Figure 4. Modes well separated or heavily coupled [20] 

‘Peak/Mode Picking’ Method 

One simple SDoF method is to use the peaks in the imaginary part of (acceleration/force) 

FRFs to identify the resonant frequencies (‘peak picking’), and to estimate the mode shapes 

(‘mode picking’) as equivalent to the ODSs at those frequencies, as depicted by Figure 5.  The 

validity of this method for some example spacecraft cases has been investigated. 
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Figure 5. FRF imaginary part ‘peak picking’ method of SDoF mode approximation [20] 

3.3 Multiple Degree of Freedom Modal Parameter Estimation 

When modal coupling is such that the simple SDoF methods are not sufficient to provide a 

sufficiently accurate estimation of the required parameters; more advanced curve fitting 

methods, which simultaneously consider multiple modes or even an entire set of FRFs, may 

instead be applied.  Various methods have been developed over the years to deal with this im-

portant issue in experimental modal analysis. 

Maia and Silva [21] observed that the Complex Exponential (CE) [22] method has been 

one of the most important and influential modal parameter estimation methods. It is a time 

domain single-input-single-output (SISO) method and appeared in 1970 when proposed by 

Spitznogle and Quazi [22].  CE was eventually developed further to produce one of the most 

established methods; the least-squares complex exponential method (LSCE), introduced by 

Brown et al [2] in 1979. This LSCE method has the advantage of being a global method and 

has been widely used for processing data from single-input-multiple-output (SIMO) experi-

ments.  A frequency domain version of the least squares method, known as Least Squares 

Complex Frequency (LSCF) was subsequently created [23]. 

More recent work, such as that of Guillaume et al [24], has overcome some of the limita-

tions of previous techniques by generating a poly-reference version of the LSCF method, ca-

pable of handling multiple inputs.  There are many important potential benefits to the use of a 

multi-reference method for the cases to be considered in this work.  One of the main benefits 

from the perspective of this work is that it allows closely coupled modes to be more accurate-

ly identified than previous methods [24].   

MDoF modal parameter estimation methods often consist of two main procedures: first to 

determine the global parameters, such as system poles/resonant frequencies; and subsequently 

to estimate the local parameters, i.e. the modal displacements from which the modal vectors 

are comprised.  Different methods are typically employed to perform each of these key proce-

dures.  For the initial phase, Polyreference-LSCFD methods are now the most popularly em-

ployed, although Polyreference-LSCE are also still relatively common; whereas for the 

second phase of the process, Least Squares Frequency Domain (LSFD) techniques are the 

most commonly implemented. [17] 
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4 EXAMPLE APPLICATIONS 

As described previously, the simple SDoF ‘peak picking’ method uses the peaks in the im-

aginary part of the FRFs to identify the resonant frequencies and to extract the ODS at those 

frequencies.  More sophisticated MDoF methods of modal parameter estimation have been 

developed to account for structures, for which the SDoF method is not sufficient.  Poly-

reference LSCF methods are currently among the most commonly applied.  In order to exam-

ine the validity of these method for mode shape estimation in spacecraft applications, a fre-

quency response analysis has been performed on the spacecraft FEMs and the resulting mode 

shapes estimated from FRFs are compared to the FEM mode shapes obtained directly from 

modal/eigen- analysis of the same reference spacecraft FEMs.   

The studies presented herein focus on two large, unique, scientific spacecraft: 

 The ESA/JAXA collaboration spacecraft BepiColombo for the exploration of Mercury 

which has a stacked configuration comprising of two planetary orbiters and a propul-

sion module.  The spacecraft has a mass of 6446kg and the FEM consist of approxi-

mately 1,800,000 DoFs.  During base-shake sine-sweep vibration tests, data was 

collected using accelerometers capturing the response at approximately 400DoFs.  The 

corresponding 400 DoFs from the FEM will be considered in these investigations for 

the generation of FRFs and mode shape vectors. 

 ESA’s Atmospheric Dynamics Mission Aeolus spacecraft for global wind-component-

profile observation, which aims to improve weather forecasting. This spacecraft has a 

mass of 1800kg and the FEM consist of approximately 575,000 DoFs.  Again, these 

investigations focus on the 300 DoFs used as measurement points in the sine-sweep 

vibration test of the spacecraft. 

 

          

Figure 6. BepiColombo (left) and Aeolus (right) STMs during vibration test preparation [4] 

For the purposes of this investigation, the modes of interest have been selected based sole-

ly on the modal effective mass of each mode in the translational directions, as shown in Table 

3 below.  The modal effective mass gives an indication to the level of participation of each 

mode in the loads analysis and is often used to highlight significant modes for correlation [25]. 
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BepiColombo Aeolus 

Freq. 

(Hz) 

Effective Modal Mass (%) Freq. 

(Hz) 

Effective Modal Mass (%) 

TX TY TZ TX TY TZ 

12.68 0.66 25.96 0.02 15.96 42.35 0.02 0.00 

13.01 25.30 0.73 0.00 16.62 0.02 45.31 0.00 

26.50 4.79 0.23 0.00 40.94 0.00 6.89 0.02 

27.12 2.40 0.55 0.00 41.30 0.00 3.40 0.02 

27.68 1.21 0.00 0.00 48.95 1.50 0.00 0.02 

28.43 0.02 8.97 0.07 54.58 2.39 0.14 0.32 

32.43 0.11 0.10 1.21 55.63 0.75 0.15 6.76 

33.44 0.00 0.12 5.96 56.94 3.65 0.20 0.00 

35.82 0.33 1.14 0.08 58.68 0.47 0.58 1.65 

37.03 2.91 0.01 2.94 60.00 0.00 0.00 1.84 

37.19 0.36 0.19 3.38 61.47 0.00 0.15 1.46 

37.55 2.19 0.16 0.05 63.86 0.08 0.00 5.43 

37.77 0.50 0.52 13.15 64.35 0.47 0.00 22.90 

38.01 0.00 1.13 1.61 64.69 5.45 0.07 2.47 

44.07 0.02 0.03 1.32 69.60 0.01 1.04 0.01 

44.37 0.16 2.34 0.01 84.64 0.26 0.05 3.65 

45.01 0.00 0.00 1.20 85.01 0.02 0.03 1.52 

49.10 0.08 0.03 6.95 85.23 0.02 0.01 8.33 

49.77 0.00 0.12 1.03         

57.01 1.12 0.00 0.02         

57.17 2.10 0.00 0.02         

Table 3. Modal Effective Masses of Selected Target Modes 

 

Figure 7 shows the MAC comparison of the BepiColombo X-direction target FEM eigen-

vectors/mode shapes (partitioned to the ≈400 DoFs from the test measurement point plan) 

compared to their closest matching modes as estimated from the FEM frequency response 

analysis; with ‘peak picking’ results on the left and results from a poly-reference LSCF meth-

od on the right.  From ‘peak picking’ there is a reasonably good match for the 1
st
 target mode, 

however higher order modes show some degradation of MAC, as is depicted by the bar charts 

in Figure 9.  Attention should be drawn here that the MAC here is based upon ≈400 DoFs and 

illustrations here do not present influence of elimination of user identified DoFs to investigate 

their sensitivity into the MAC.  Correlation for example, in this case, for the second order can-

tilever modes showed the MAC was heavily influenced by certain DoFs which were deemed 

of low criticality to the mode considered (e.g. high DoF responses on local light structural fea-

tures within the second order cantilever modes).  Once eliminated, via technical justification, 

such modes were deemed reasonably well correlated. 

 Figure 8 provides plots of the imaginary part of the FRFs corresponding to selected exam-

ple DoFs, with vertical lines to indicate the target mode natural frequencies.  From these plots, 

it can be seen that, other than the 1
st
 mode which is well separated, there is heavy coupling 

between modes and at higher frequencies the curves resemble the lower plot in Figure 4 above.  

As such, it is to be expected that these ‘peak picked’ modes/ODSs will not closely match the 

corresponding mode shapes, and the more sophisticated poly-reference LSCF method will 

provide a better match, which is consistent with the MAC results given in Figure 7. 

201



J.F. Mercer, G.S. Aglietti and A.M. Kiley 

  

Figure 7. BepiColombo MAC results of FEM X-direction target modes compared with: 

Left - FEM ODS/modes from peak picking, Right - FEM modes from modal parameter estimator 

 
 

Figure 8. Imaginary part of example FRFs for FEM ‘Peak/Mode Picking’ 
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Figure 9. FEM ODS and eigen-mode matches for first 3 x-dominant target modes for 25 example DoFs 

Figure 10 shows the MAC comparison of the BepiColombo Y- and Z-direction target FEM 

mode shapes (directly from FEM normal modal analysis) compared to their closest matching 

estimates from the FEM frequency response analysis (of the same baseline FEM); again with 

‘peak picking’/ODS results on the left and result from dedicated modal parameter estimation 

software, using a poly-reference LSCF method, on the right.  Again there is a consistent im-

provement in the MAC result when the software is used to perform mode shape estimation 

rather than using simple ‘peak picking’ of modes equivalent to ODS’.   

Likewise, Figure 11 shows the MAC comparison of the Aeolus X-, Y- and Z-direction tar-

get FEM mode shapes (partitioned to the ≈300 DoFs from the test measurement point plan)  

compared to their closest matching estimates from the FEM frequency response analysis; 

again with ‘peak picking’/ODS results on the left and result from dedicated modal parameter 

estimation software on the right.  Here the target modes in each direction were reasonably 
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well separated and so the ‘peak picked’ results appear to give a relatively close match to the 

target modes.  Nevertheless, there is still a notable improvement in the MAC results when the 

Global MDoF mode shape estimation method is applied.   

The actual BepiColombo test data, processed with ‘peak picking’ as described above, was 

then compared to both the FEM mode shapes (from direct FEA modal analysis) and the FEM 

ODS/modes (from ‘peak picking’), with the resulting MAC comparisons given in Figure 12.  

This figure reveals that the test results generally give a better match to the FEM ODS than the 

FEM mode shapes, confirming that the ODS at resonance frequency is not necessarily repre-

sentative of the corresponding pure mode shape.  This could also be viewed as showing po-

tential for there to be merit in the argument to compare FRF data directly.  The right plot in 

Figure 12 is essentially a comparison of test and FEM ODS; in effect the same as applying the 

FDAC comparison method. 

      
(a) Y-direction target modes 

  
(b) Z-direction target modes 

Figure 10. BepiColombo MAC results of FEM normal modes compared with: 

Left - FEM ODS/modes from peak picking, Right - FEM modes from modal parameter estimator 
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(a) X-direction target modes 

    
(b) Y-direction target modes 

    
(c) Z-direction target modes 

Figure 11. Aeolus MAC results of FEM X-direction normal modes compared with: 

Left - FEM ODS/modes from peak picking, Right - FEM modes from modal parameter estimator 
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Figure 12. BepiColombo MAC of test ODS vs. FEM modes (left). MAC of test ODS vs. FEM ODS (right) 

5 CONCLUSIONS 

It has been shown that the modal parameter estimation method must be selected as appro-

priate to the problem under consideration.  Here it has been demonstrated that, although suffi-

ciently accurate under certain conditions, the simple single degree of freedom ‘peak picking’ 

method is not appropriate to large, complex spacecraft applications where modes are heavily 

coupled.  Under such circumstances it is observed that more sophisticated methods, such as 

the poly-reference least squares frequency domain approach, can give a more accurate repre-

sentation of the mode shapes of the system.  This is an important point to note if mode shapes, 

estimated from test measured imaginary frequency response functions, are used as targets in 

FEM correlation. If these estimated mode shapes are not an accurate representation of the 

modes of the system, correlation based on subsequent comparison with analytical mode 

shapes is undermined.   

An alternative which avoids the issue of modal parameter estimation is correlation based 

directly on frequency response functions.  This has been demonstrated by the direct compari-

son of test ODS with FEM ODS.  The potential to avoid both the effort of modal parameter 

investigation and, more importantly, the introduction of associated errors through the use of 

frequency domain merits further investigation and has the potential to be the subject of future 

work. 
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Abstract. In civil engineering, Experimental Modal Analysis (EMA) dynamic tests are powerful aids 
to the seismic design of new structures, and useful tools for the structural identification of existing 
structures. EMA tests require to accurately evaluate the harmonic forcing function that is applied to 
the structure under testing, in order to correctly apply “model updating” procedures. The present 
work experimentally investigates on the nature of the forcing function applied by a vibrodyne, and its 
influence on the results of simulations on the dynamics of a single degree of freedom system . By using 
wireless accelerometers attached to a vibrodyne, we were able to measure the applied accelerations 
in the time domain, and the applied forcing function under different frequencies. Such an identifica-
tion procedure was applied both in presence of 3+3 keyed masses, and in presence of 5+5 keyed 
masses, considering different angular speeds. In both cases, the forcing function applied by the vibro-
dyne was accurately determined as a function of time. We found out that the actual forcing function is 
slightly different from the theoretical sinusoidal profile, featuring marked oscillations.The work is 
completed by the analysis of the dynamic response a simple degree of freedom system under the ac-
tion of smooth and oscillating sinusoidal forcing functions. A comparison between the results of the 
analyzed systems highlights marked mismatches in terms of predicted displacements, velocities, and 
accelerations. We therefore conclude that an accurate knowledge of the applied forcing function in 
EMA tests is essential in order to correctly identify the properties of the tested structures. 
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1 INTRODUCTION 
 

In civil engineering, dynamic tests can be provided both during the construction phase, as 
theoretical and technical supports to structural design, and after construction, as useful tools 
to detect the actual material properties and construction details of existing structures, which 
have been exposed, e.g., to relevant seismic actions [1-8]. The most frequently employed  test 
procedures involve the application of sinusoidal forcing with variable frequency, providing 
useful information on a variety of structural properties. 

The experimental modal analysis (EMA) consists in exciting a building with harmonic 
forcing functions at different frequencies, in order to record accelerations, velocities and dis-
placements through applied sensors [6-8]. Numerical simulations are synced to the experi-
mental tests with the aim of simulating the test and identifying target structural properties. 
Such a procedure requires an accurate knowledge of the real forcing function applied to the 
tested structure, in order to correctly inform the numerical model of the actual experimental 
conditions.  

The present study deals with an accurate experimental procedure to identify the real forc-
ing function applied by a vibrodyne, and its application to the correct identification of the 
properties of structural models subject to forced vibrations. Vibration tests were initially intro-
duced in mechanical and aeronautical engineering. Nowadays, such tests are diffusely applied 
also in civil engineering, since they provide useful results regarding the seismic design of 
structures.  

We tested a real vibrodyne in laboratory, in order to accurately detect  the generated force 
time-history (“experimental forcing function” or EFF). The results of such an identification 
procedure were compared with the theoretical sinusoidal forcing function (“theoretical forcing 
function” or TFF), accurately measuring the theory-experiment mismatches. Next, we carried 
out numerical simulations of the dynamic response of a single degree of freedom oscillator 
subject to both theoretical and experimental forcing functions applied by the examined vibro-
dyne. Forcing functions with different frequencies were accounted for, with the aim of inves-
tigating the influence of the EFF vs. TFF mismatch on simulation results.  

2     VIBRODYNE EXPERIMENTAL SETUP 
The vibrodyne is an electro-mechanical excitation machine that is able to generate vibra-

tions, with known frequency and amplitude and is frequently employed in EMA [6-8]. Dy-
namic identification tests are commonly used to determine natural frequencies, mode shapes 
and damping ratios of structures [1].  The shaker is able to produce unidirectional harmonic 
forces, with variable intensity sinusoidal laws, thanks to the movement of lumped masses, 
which are coupled on disks and are  rotated around in opposite directions by an electric motor. 
Such a system allows to vary with continuity the number of disk laps with moving masses, to 
modulate the excitation frequency. The counter rotating masses generate centrifugal forces 
resulting in an unidirectional force. The working principle is based on opposed rotations of the 
disks. Some cylinder-shaped masses placed on the disks, generate a horizontal force history. 
The counter-rotating masses generate two centrifugal forces. Their resulting force shows zero 
axial component, and nonzero component in the normal direction (cf. force Rtot in Figure 1). 

The theoretical force amplitude is directly proportional to the distance re between the ro-
tation axis and the centers of the masses; the square of the  angular speed (ω) and the summa-
tion (m) of the counter-rotating masses. The theoretical forcing function is sinusoidal in time 
(t) and it can be written as follows 

F(t) = ω2 ⋅ r ⋅ m ⋅ sin(ωt) (1) 
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Figure 1: Illustration of the working principle of a vibrodyne. 
 

The maximum force amplitude (in module) is achieved when it results 

sin α = sin(ωt ) = 1 (2) 
and can be computed as follows 

Fmax = ω2
max⋅ m ⋅ r (3) 

The generated force is instead zero when the masses are next to the plane passing through 
the  rotation axis, since the centrifugal actions produced by each disk are opposite in verse in 
such a configuration. The sinusoidal force function (1) is applied to the tested structure 
through the connections placed between the vibrodyne support system and the structure. 

2.1    Vibrodyne Design 
 

The electric drive motor movement, with  programmable and user-adjustable rotational 
speed,  is transferred, by a timing belt kit, to a rotating part; the rotary motion, in turn, is 
transmitted to the counter-rotating part, through straight cut gears. 

Figure 2: Vibrodyne layout: plan. Figure 3: Vibrodyne layout: cross-section. 

During the design and the construction of the vibrodyne employed in the present work, a 
transmission system with timing belt kit on the two belt sides has been adopted, in order to 
allow  the machine to easily work up to a frequency of 50 Hz. 

2.2    Test setup 
A scrolling system was built to evaluate the forcing function at different frequencies. The 

scrolling system is composed by rails and rollers put on ball bearings with a very low friction 
coefficient. Such system permits the vibrodyne to freely scroll according to the force direc-
tion. By using wireless accelerometer attached to the vibrodyne, we were able to measure the 
vibrodyne acceleration in the time domain under different testing frequencies (Figs. 4-6). 
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Figure 4: Roller-rail system. Figure 5: Roller-rail mounting layout. 

 

 
                                             

Figure 6:Vibrodyne on the guides. 

2.3    Vibrodyne tests 
 

The system composed by the vibrodyne, the rollers and the guides is secured to two IPE 
200 beams through fillet welds (Fig. 7). Such beams are fixed to a steel plate placed on a rein-
forced concrete slab supported by a pile foundation. 
 

Figure 7: Vibrodyne handling phase. 
After fixing the vibrodyne, the eccentric masses were set on the disks. Such operation re-

quired an accurate registration of the impellers transmission belt. Tests with 3+3 masses and 
5+5 masses were performed. The theoretical forcing parameters generated by the vibrodyne 
with 5 masses on each disk are shown in Table 1. 
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2.4    Data acquisition system 
 

A piezoelectric unidirectional accelerometer WiTilt V3 was employed to measure the ac-
celeration produced from rotary motion of the masses. It was attached to the vibrodyne and 
set in bluetooth connection to a computer for data acquisition and processing. The mass of the 
overall system was measured by a dynamometer. Upon multiplying the system mass by the 
measured acceleration, we obtained an accurate recording of the applied forcing function. 

 

Figure 8: Overall test setup. 
 

rpm Angular 
velocity 

Angular 
velocity 
    Ω for 
 

Frequencies 
        f 

Period 
    T 

Weights 
on the  
vibrodyne 

Mass Radius Forcing 
  Fmax1 

    Force  
generated 
      Fmax tot 

60 376,99 6,28 1,00 1,00 153,60 15,66 0,40 247,87 495,74 
80 502,65 8,38 1,33 0,75 153,60 15,66 0,40 440,66 881,32 
100 628,32 10,47 1,67 0,60 153,60 15,66 0,40 688,53 1377,06 
120 753,98 12,57 2,00 0,50 153,60 15,66 0,40 626,95 1982,97 
140 879,65 14,66 2,33 0,43 153,60 15,66 0,40 1349,52 2699,04 
160 1005,31 16,76 2,67 0,38 153,60 15,66 0,40 1762,64 3525,28 
180 1130,97 18,85 3,00 0,33 153,60 15,66 0,40 2230,84 4461,68 
 

Table 1: Maximum force values as a function of  frequency. 

2.5    Main system parameters 
The vibrodyne has a weight of 8,60 kN, net of the masses that can be keyed to the discs in 

rotation. It is 2120 mm long and 1120 mm large. The machine is equipped with two rotors 
able to guest up to 11 eccentric masses, 6 of which with a  weight of 0,33kN, and additional 5 
masses with weight of 0,27 kN. The maximum force value that the machine can apply is 
equal to 220 kN in presence of eleven masses rotating at 275 rpm. We employed a maximum 
of 5+5 masses for safety reasons and to avoid an excessive pressure on the test apparatus. 

3  COMPARISON BETWEEN THEORETICAL AND EXPERIMENTAL FORCING 
 

We compared theoretical and experimental forcing parameters in presence of 3+3 and 5+5 
keyed masses at different angular speeds. The comparison between theoretical and experi-
mental (or real) forcing functions was carried out by plotting the corresponding force-time  
laws for angular frequencies varying  in the range 60 ÷ 180 rpm (cf. Figs. 9-12). 
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Figure 9: Experimental (left) vs theoretical (right) forcing function with 3+3 masses rotating at 60 rpm. 

 
Figure 10: Experimental (left) vs theoretical (right) forcing function with 3+3 masses rotating at 180 rpm. 

 
Figure 11: Experimental (left) vs theoretical (right) forcing function with 5+5 masses rotating at 60 rpm. 

 
Figure 12: Experimental (left) vs theoretical (right) forcing function with 5+5 masses rotating at 180 rpm. 
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The results in Figs. 9-12 highlight that the mismatches between theoretical and real forcing 
functions increase with the angular frequency of the rotating masses, as a consequence of 
larger friction effects in the high frequency regime. An extensive numerical analysis has 
shown us that the theory-experiment agreement is satisfactory up to the 160 rpm rotational 
frequency, and pretty rough for higher rotational frequencies. The results of such an analysis 
have allowed us to build up a rich numerical database collecting the real forcing functions of 
the examined vibrodyne over a wide range of test conditions. 

4   RESULTS OF DYNAMIC SIMULATIONS UNDER EXPERIMENTAL AND 
THEORETICAL FORCING FUNCTIONS 

 
The present section aims at investigating the influence of the actual shape of the forcing 

function applied by a vibrodyne on the results of dynamical simulations of a single degree of 
freedom (SDOF) system in the elastic regime (Fig. 13). Numerical simulations of the dynam-
ic response of such a system under experimental (real) and theoretical forced functions of the 
examined vibrodyne were conducted in correspondence with the test setup with 3+3 masses 
rotating at 180 rpm, on examining a wide range of forcing frequencies. Comparisons between 
the response of the SDOF system under experimental and theoretical forcing functions are 
shown in Figs. 14-16 in the frequency domain. 
 

Figure 13: Single degree of freedom system analyzed in dynamical simulations of forced vibrations. 

 
Figure 14: Theoretical (red)  vs. experimental (blue) displacement curves in the frequency domain. 

 
Figure 15: Theoretical (red)  vs. experimental (blue) velocity curves in the frequency domain. 
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Figure 16: Theoretical (red)  vs. experimental (blue) acceleration curves in the frequency domain. 

5    CONCLUSIONS 
 

The results shown in Figs. 14-16 of Sect. 4 highlight marked differences in predicted dis-
placements, velocities and accelerations of a SDOF oscillator under real and theoretical forc-
ing functions of a vibrodyne. The study conducted in Sect. 3 showed that such mismatches 
are particularly significant in correspondence with high angular frequencies of the keyed 
masses, i.e. for angular frequencies greater than 160 rpm. We are therefore led to conclude 
that an accurate measurement of the real forcing function applied by a vibrodyne is of funda-
mental importance when conducting EMA dynamic tests. It appears important to build up a 
database of the real forcing function applied by such a testing machine over a wide range of 
operating conditions. Proposed extensions of the present research will deal with accurate vi-
bration tests for diverse structural models, with special focus on the identification of the elas-
tic and damage properties of innovative truss and frame structures [9-15]. 
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Abstract. Soil structure interaction (SSI) plays a significant role during seismic excitations for struc-
tures. Therefore many researchers have assessed its importance in emphasizing earthquake response 
both in buildings and bridge arena. The present study aims at considering a 3D numerical simulation 
of a soil-structure system that applies nonlinear hysteretic materials with advanced plasticity models. 
This approach enables to reproduce soil hysteretic elasto-plastic shear response (including permanent 
deformations) and thus damping foundation impedances. In particular, the paper applies the open-
source computational interface OpenSeesPL, implemented within the FE code OpenSees. This frame-
work is capable of performing non linear dynamic analysis and apply user-defined materials to model 
the soil. It is also powerful in modeling the interface and boundary conditions that are of extreme im-
portance in SSI problems. The aim is to reproduce the seismic response by a parametric study based 
on mutual behavior of soil and structural deformability in order to assess safety and cost reduction 
when SSI is considered in design procedures. Therefore, this study can be considered one of the rela-
tively few attempts to assess seismic performances aiming at contributing to new easy-to-use design 
procedures for engineers all over the world. 
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1 BACKGROUND 

Soil structure interaction (SSI) takes into account the effects of the ground on the seismic 
response of a structural system. In particular, free field response can consistently under evalu-
ate effects due to soil structure dynamic interaction. Even if many codes suggest to neglect 
SSI (for example [1] and [2]) there are some researches where SSI is shown to be non-
conservative for safety and cost reduction. In such cases, it is fundamental to take into account 
SSI in design procedures in order to predict its effects as detailed as possible [3-14].  

Unfortunately modelling SSI is a changeling problem for numerical simulations and a few 
contributions [15-17] have provided insights. Many of them apply SSI simply by introducing 
springs, dashpots and artificial masses in the interface between the structure and the soil. This 
could be non-sufficiently detailed in order to model the problem complexity. In this regards, 
free field response can differ consistently from the soil – structure response because it is 
straightly connected with the mutual dynamic characteristics (natural frequencies) and thus 
with structural mass and stiffness, soil shear velocity and layer depth [4]. In particular [5] 
shows that SSI depends on several dimensionless parameters, such stiffness ratio, slenderness 
ratio and mass ratio.  

Taking into account these relevant contributions, the present study aims overcoming all 
previous simplifications considering a 3D soil-structure system that applies nonlinear hyster-
etic materials with plasticity models. This approach enables to reproduce soil hysteretic elas-
to-plastic shear response (including permanent deformations), damping foundation 
impedances and realistic boundary conditions at the base of the soils and in correspondence 
with the interface between the soil and the structure. In particular, the paper applies the open-
source computational interface OpenSeesPL, implemented within the FE code OpenSees.  

The proposed numerical simulations aim at reproducing the literature background in order 
to calibrate the model and thus study more detailed insight into soil structure interaction prob-
lems in order to obtain numeric results able to provide design and management decision mak-
ing assessment. 

 
 

2 COMPUTATIONAL PLATFORM 

Numerical simulations proposed in this study aim at reproducing the seismic response of a 
system structure and soil using the open-source computational interface OpenSeesPL, imple-
mented within the FE code OpenSees [18]. It consists of a framework for saturated soil re-
sponse as a two-phase material following the u-p (where u is displacement of the soil skeleton 
and p is pore pressure) formulation.  

In the study, the mechanical behavior of the soil has been modeled as a nonlinear hysteretic 
material, using a Von Mises multi-surface kinematic plasticity approach together with an as-
sociate flow rule. This constitutive formulation is able to capture both monotonic and hyster-
etic elasto-plastic cyclic response of those soils whose shear behavior is assumed insensitive 
to confining stress. According to this formulation, plasticity is exhibited only in the deviatoric 
stress-strain response, while volumetric response is linear-elastic. In particular, the study has 
been divided in two increasing detailed steps.  

The first step consists of  reproducing one degree of freedom (dof) structural systems with 
increasing fundamental periods. In particular, two parametric studies have been performed. 
The height of the structure has been changed in order to consider different number of floor 
composing the structure. Then, the importance of mass ratio has been investigated. Therefore, 
representative soil mass (and thus the foundation volume) has been varied and several anal-
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yses have been performed considering the same structural configuration. The aim of this first 
step is to calibrate OpenSees materials and potentialities in reproducing literature results. 

The second step consist of considering structural performance when SSI effects are applied. 
In particular, several structural configurations have been considered in order to assess the in-
fluence of stiffness ratio on equivalent system. Displacement have been taken into account as 
the main parameters in order to assess the system performance. The following sections detail 
the two steps.  

 

3 CALIBRATION  

 
The first step consists of performing a 3D mesh (Figure 1) aimed at performing tridimen-

sional soil structure interaction analyses, by applying OpenSees PL [19]. Originally the inter-
face has been calibrated for pile analysis. Here it has been modified in order to consider the 
presence of the system structure – foundation. The study considers two typical concrete shear 
type structures that can be studied as one single degree of freedom (DOF) models following 
procedure [20]. In particular dynamic characteristics structural mass (m), stiffness (k) and 
natural frequency (ω0) have been calculated and shown in Table 1. The foundation has been 
considered as a swallow foundation (0.50 m depth) with a rigid element.  

The soil has been considered one-layer homogenous cohesive material with a 30 m depth 
(see table 2). The adopted 3D (20m × 20m x 30m) FE mesh is composed of 2496 brickUP 
linear isoparametric 8 node elements with 2873 nodes (Figure 1). The model base boundary is 
set at a depth of 30 m from ground surface. Pore pressure generation effects have been ne-
glected. Opensees is able to simulate real wave propagation adopting realistic boundaries, by 
assuming that at any special location, symmetry conditions can be adopted and thus, periodic 
boundaries [21] have been considered. Displacement degrees of freedom of the left and right 
boundary nodes were tied together both longitudinally and vertically using the penalty method. 
In this regards, base and lateral boundaries were modelled to be impervious, as to represent a 
small section of a presumably infinite (or at least very large) soil domain by allowing the 
seismic energy to be removed from the site itself. For more details, see previous studies [22-
25]. Connections between the structure and the soil are built up with Equaldof elements that 
imposes the displacements to be the same between the structure and the soil nodes [18, 19]. 
The clay layer has been modelled with the implemented material named Pressure independent 
Multiyield [19]. It consists of a nonlinear hysteretic material, using a Von Mises multi-surface 
kinematic plasticity approach together with an associate flow rule. Its constitutive formulation 
is able to capture both monotonic and hysteretic elasto-plastic cyclic response of those soils 
whose shear behavior is assumed insensitive to confining stress. According to this formula-
tion, plasticity is exhibited only in the deviatoric stress-strain response, while the volumetric 
response is linear-elastic. The study has been divided into several steps.  

First of all, SSI has been neglected by considering shear velocity values up to 3000 m/s, in 
order to simulate fixed based conditions and reproducing the fundamental structural periods. 
In this regards, a eigenvalue analysis has been performed and the fundamental frequencies (3 
Hz and 6 Hz) have been confirmed.  

Then, soil stiffness has been varied in order to take into account SSI effects. In particular 
shear wave velocity (Vs) has been varied in order to simulate different soil conditions. Table 
2 shows soil characteristics in correspondence of Vs=250 m/s. Following the literature [5, 6], 
soil-foundation-structure equivalent system dynamic characteristics have been calculated in 
terms of equivalent system mass (me), stiffness (ke) and natural frequency (ωe). Figure 2 

220



D. Forcellini, S. Gobbi 

shows the 3D mesh deformation for Vs equal to 250 m/s and in correspondence with the 
equivalent system fundamental period.  

Therefore, mass ratio value (), defined as the ratio between the relative structural mass 
and the soil mass, has been considered constant and equal to 0.5 for the two structural config-
urations. Results in terms of stiffness ratio () and ratio of natural frequencies (between the 
equivalent system and the structure) are represented in Figure 3. Results for both structures 
show a good agreement with the theoretical approach [5], confirming Opensees potentialities 
and model assumptions in performing soil structure interaction 3D numerical problems. In 
particular, results in correspondence with stiff structure (f0= 6Hz) is shown to be more con-
sistent with the theory (figure 3). 

Finally, in order to evaluate the importance of mass ratio, a parametric study has been per-
formed by considering several values (=0.5, =1.0, =3.0). All analyses have been per-
formed considering the stiffest structural configuration (f0=6 Hz). Figure 4 shows the effects 
of increasing  values (and thus increasing the structural mass in comparison with the soil 
volume) on the relationship between dynamics characteristics and structural ratio. These re-
sults are still consistent with the theory [5].  

 
 

  
Structural 
Parameters 

f=6 Hz f=3 Hz 

m [t] 400 400 
k [N/m] 5.60·108 1.40·108 
h [m] 3.00 4.75  

ω0 [rad/s] 37.40 18.85 
T0 [s] 0.168 0.330 

Table 1. structural parameters. 

 

density 
[t/m3] 

G [kPa] B [kPa] ν C [kPa] 
Peak 
shear 
strain 

1.80 1.125·105 5.25·105 0.4 75.0 3% 

Table 2. soil parameters [VS=250 m/s]. 
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Figure 1. 3D mesh 

 

 
Figure 2. 3D deformed mesh for Vs=250 m/s (scale 1: 1000). 
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Figure 3. =0.5 results. Literature [5] and numerical results. 
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Figure 4. =0.5; =1; =3 numerical results. 
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4 SSI ASSESSMENT 

This section aims at investigating soil structure dynamic interaction significant role during 
seismic excitations. The study aims at assessing equivalent system seismic performance by 
referring to displacements. In particular, traditional approaches are based on introduction of 
linear (translational and rotational) springs and dashpot as to reproduce the stiffness and 
damping characteristics of the compliant soil-foundation system [5, 6]. On the contrary, the 
presented approach considers a 3D soil-structure system that applies nonlinear hysteretic ma-
terials with advanced plasticity models, without separating the different contributions with 
artificial elements. In particular, sinusoidal excitations were defined along the base in the lon-
gitudinal direction (x-axis), with 0.2 g of amplitude and 1 Hz frequency, considering three 
structural configurations (f0=3 Hz, f0=6 Hz and f0=10 Hz). All the analyses here have been 
performed considering the same mass ratio (=3).  

Displacements have been considering at different height of the equivalent system, as 
shown in Figure 5 that clarifies all the components:  

• UFF: free field displacement, calculated without the structure. 
• Us: soil displacement evaluated at the top of the soil layer and caused by the pres-

ence of the structure.  
• UST: structural displacement (the sum of the effects of rotation and longitudinal 

displacement) 
• UTOP: top structural displacement: UTOP = UFF + US + UST. 
• UBASE: displacement relative to free field: UBASE = UFF + US. 
In particular, for each performed case, UTOP and UBASE time histories have been taken 

into consideration while UST has been calculated with their difference.  
Figure 6 - Figure 8 show the response of equivalent soil-structure system in terms of 

structural (UST), top displacements (UTOP) and base displacements (UBASE) respectively, 
scaled with the maximum displacement reached. SSI effects are shown to increase all the dis-
placements until a particular value of  stiffness ratio (), where the displacements reach their 
maximum values. In particular, structural displacement (UST) is affected by foundation rota-
tions and translations. In this regards, the performed simulations have the advance to overtake 
the traditional approaches [5, 6] based on introduction of linear (translational and rotational) 
springs and dashpot reproducing directly stiffness and damping characteristics of the compli-
ant soil-foundation system. Figure 8 shows 3D deformed mesh for f0=3 Hz, =2 case. 

 

 
Figure 5. displacements scheme and acceleration. 
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Figure 6. Structural displacement - stiffness ratio ( =3) 
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Figure 7 Top displacement - stiffness ratio ( =3) 
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Figure 8 Base displacement - stiffness ratio ( =3) 

 

 

Figure 9. 3D mesh deformations (scale 1:100, f=3 Hz, =2 case). 
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5 CONCLUSIONS 

The paper shows a numerical study aimed at investigating soil structure dynamic interac-
tion significant role during seismic excitations. It can be considered a first study able to  over-
come traditional simplifications adopting a 3D soil-structure system that applies nonlinear 
hysteretic materials with advanced plasticity models. In particular, the paper applies the open-
source computational interface OpenSeesPL, implemented within the FE code OpenSees per-
forming parametric studies based on mutual behavior of soil and structure dynamic character-
istics.  

Calibration procedures show good agreement with theoretical approaches confirming 
Opensees potentialities and model assumptions in performing soil structure interaction 3D 
numerical problems. In particular, two parametric studies have been performed in order to as-
sess the role of structural dynamic characteristics and mass ratio. The paper shows also an as-
sessment study that investigates SSI significant role during seismic excitations assessing 
seismic performance in terms of displacements. The aim is the safety assessment and cost re-
duction in design procedures with particular attention to those cases where SSI can become 
non-conservative. 

The study reproduces several one degree of freedom (dof) structural systems with differ-
ent dynamic characteristics. Further analysis will aim at reproducing more complex systems, 
such as buildings and bridges. 
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Abstract. Prediction of the ground shaking response at soil sites requires knowledge and un-
derstanding of soil shear wave velocity Vs, a parameter that is strongly related to small strain 
shear modulus Gmax. While it is preferable to measure soil parameters in situ, this is often 
not economically feasible at all locations. For this reason, and in order to improve correla-
tions between geophysical measurements and key geotechnical parameters, this paper at-
tempts to propose new general correlations between shear wave velocity Vs and SPT standard 
penetration resistance N as well as the CPT cone penetration resistance qc. The studied site is 
located on the Mediterranean coast, in the North Eastern suburb of Beirut, the capital of 
Lebanon, where the level of water is present near the ground surface. The variable near sur-
face geological conditions throughout the city results in spatially variable ground shaking 
characteristics. In order to better understand seismic soil response, geotechnical data com-
prising both in situ and laboratory tests was gathered. This extensive data allows determining 
good correlations that may be validated by comparing the calculated shear wave velocity 
with previously obtained profiles from the inversion parameterization of dispersion estimates 
in order to derive shear-wave velocities (Vs) within each geological layer. In some relations, 
the depth factor D or effective stress σ’v and the corrected SPT-N60 were also introduced. The 
proposed relations are divided into three soil categories: sand, clay and all soils (mixed clay, 
sand and silt). The equations developed in this study compare very well with most of existing 
correlations in the literature. The proposed correlations are very important for both Lebanese 
and other soils, and may be used both in the design of a foundation system as well as in the 
assessment of soil behavior under earthquake loading conditions (Settlement and liquefaction, 
soil response...). These correlations should be used with caution in geotechnical earthquake 
engineering and should be checked against measured Vs. 
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1 INTRODUCTION 
Geophysical measurements are becoming important and common for geotechnical projects 

where earthquake loading is anticipated. Older site investigations lack geophysical measure-
ments and mainly provide beside the geologic setting, SPT blow counts or CPT cone tip pene-
tration resistances. Correlations between shear wave velocity, SPT blow counts N and qc cone 
tip resistance, including geologic setting and site stratigraphy are therefore potentially useful 
and beneficial at least as a primary screening tool before identifying the necessity for further 
geophysical testing. Shear wave velocity Vs has become one of the preferred methods for es-
timating the small strain shear properties and has been incorporated into site classifications 
systems and ground motion prediction equations. Shear wave velocity (Vs) is an important 
pointer of the dynamic properties of soil and rock because of its relationship with Gmax, given 
by Gmax = ρ V2

s, where (ρ) is the soil density. Characterization of the stress-strain behavior of 
soils is a fundamental component of many seismic analyses, including hazard analysis, site 
response analysis, and soil–structure interaction. The shear modulus (G) of soils is highly re-
liant upon strain level. The small-strain shear modulus (Gmax) is typically linked with strains 
on the order of 10–3% or less [1]. With knowledge of Gmax, the shear response at various le-
vels of strain can be estimated using modulus reduction (G/Gmax) curves [2, 3]. The impor-
tance of Vs has been widely recognized in ground motion prediction equations by 
implementation of site factors that modify ground motion based on the difference between a 
site Vs and a reference Vs or by direct incorporation of a Vs term in the ground motion regres-
sion equations. New relations include Vs30 as a constant required for ground motion prediction, 
where Vs30 is the average shear wave velocity in the upper 30m. Geophysical methods are 
being increasingly used for analyzing the subsurface, whether for landslides or site effects, 
because of their mainly non destructive nature and relatively simple execution; nevertheless, 
the measured geophysical parameters cannot be yet directly used by geotechnical engineers to 
perform stability or resistance calculations. 

In the present study, an overview of some of the existing correlations between shear wave 
velocity Vs with the SPT blow count number N, or with the cone tip resistance qc of CPT is 
given [4, 5, 6, 7]. Afterwards the general setting of the study site is presented with specific 
emphasis on available geological as well as geotechnical data [8]. And since there are actually 
no correlations available for Lebanese soil deposits between geophysical measurements such 
as shear wave velocity and geotechnical measurements such as SPT and CPT in situ tests, the 
existing correlations in the literature are used to establish specific correlations for the Leba-
nese context. Finally discussion and recommendations are proposed to help the geotechnical 
earthquake engineering community make a better assessment of the soil properties as far as 
liquefaction potential or seismic response are concerned. 

2 BACKGROUND AND EXISTING CORRELATIONS 
Many researchers have proposed correlations mostly between N-SPT or qc-CPT and Vs for 

different soils (sand, silt and clay). There have been attempts to incorporate some additional 
dependent variables in describing the relationships, among these some researchers tried to in-
clude a depth factor or the vertical effective stress in their correlations. The following tables 
present an overview of the relations that will be the point of departure of the research carried 
on by the authors. Table 1 presents the correlations with N-SPT and Vs, Table 2 shows corre-
lations involving the depth factor D, and finally Table 3 presents correlations qc-CPT and Vs. 
Further discussions on the influence of the parameters as well as propositions of new correla-
tions will be given later in the paper. 
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Reference All soils Sand Clay 
[9] Vs = 76N^(0.33)   

[10] - Vs = 100.5N^(0.29) - 
[11] - Vs = 57.4N^(0.49) Vs = 114.43N^(0.31) 

  Vs = 57N^(0.49) Vs = 114N^(0.31) 
[12] Vs = 51.5N^(0.516) - - 
[13] Vs = 22N^(0.85) - - 
[14] - - Vs = 27N^(0.73) 
[15] - Vs = 125N^(0.3) - 
[16] Vs = 107.6N^(0.36) - Vs = 76.55N^(0.445) 
[17] Vs = 90N^(0.309) Vs = 90.82N^(0.319) Vs = 97.89N^(0.269) 

 

Table 1: Correlations between shear wave velocity Vs and N-SPT. 

 
 

Reference All soils 
 

[18] 
 

Vs= 62.4× ×  
Vs = 72 × ×  

Vs = 93.8× ×  
[19] Vs= 85 × ×  
[20] Vs = 72.3× ×  

 

Table 2: Correlations between shear wave velocity Vs and N60-SPT including depth factor D. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 3: Correlations between shear wave velocity Vs and qc-CPT including depth factor D. 

 

Reference Type of soil Correlation 
[21] sand Vs= 17.48 qc^(0.13) σ'v^(0.27) 
[22] sand Vs= 13.18 qc^(0.192) σ'v^(0.179) 
[22] sand Vs= 12.02 qc^(0.319) fs^(-0.0466) 
[20] sand Vs= 25.3 qc^(0.163) fs^(0.029) D^(0.155) 
[22] clay Vs= 3.18*qc^(0.549) fs^(0.025) 
[23] clay Vs= 1.75 qc^(0.627) 
[20] clay Vs= 11.9 qc^(0.269) fs^(0.108) D^(0.127) 
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3 GENERAL SETTING OF THE STUDY SITE 
Soil investigation was carried out in Antelias, the northern suburb of Beirut, to get an esti-

mate of the physical and mechanical characteristics of the subsurface soil/rock existing be-
neath the site surface, in order to provide the necessary information for geotechnical aspects 
relevant to the proposed projects in the area. The site is a relatively flat land. It is bound by 
Beirut‐Tripoli coastal road to the west. A water course passes along the site limits. The site 
has an irregular surface area of about 10000m2. The site has an average level of about 
3.5mASL. The sea is present at a distance of about 150.0m to the west of the site. 

3.1 Field Works  
Ten boreholes were drilled down to depths reaching 66.0m from existing ground levels. 

Some Boreholes were drilled destructively with SPT in the soil formations and using double 
core barrel in marl and rock formations. Other Boreholes were destructively drilled with pres-
suremeter Tests at an average interval of 3.0m. A total of seventy nine pressuremeter tests 
were carried out in these boreholes. Cone penetration test was performed at a few locations. 
Laboratory tests were performed on selected samples obtained from the borings to help in the 
classification of the soil and to determine their engineering properties. Undisturbed clay sam-
ples were extracted using Shelby Tubes for the purpose of performing Triaxial and Consolida-
tion tests. This amount of data will help in the assessment of sol behavior during the analysis. 

3.2 Geology and Subsurface Conditions 
According to the geological map of Beirut, the site area is underlain by alluvial sand of the 

quaternary age followed by in order: 1) a grey fine‐bedded limestone and marly limestone of 
Sanine formation (C4); 2) a brown green marl of Hammana formation (C3); 3) a grey cliff 
forming limestone of Mdairej formation (C2b); and finally brown green variable units of li-
mestone, marl and sandstone of Abieh formation (C2a). A fault passes at about a distance of 
1000m to eastern south direction of the site. 

Interpretation of the geotechnical investigation paired with the available field data revealed 
that the ground formation beneath the site surface consists mainly of a top layer of fill materi-
al having a variable thickness ranging between 4.5m and 6.0m, followed by alluvial deposits 
consisting of interbedding sand, clay, silt and gravels. This alluvial soil is underlain by inter-
bedding marl and marly limestone. 

More specifically, the fill material was encountered in all the boreholes in layers ranging in 
thickness between 4.5m and 6.0m. It generally consisted of beige sand with gravels and cob-
bles of limestone. The presence of the site close to a water course confirms the presence of 
alluvial deposits. These deposits encountered beneath the site surface consisted of sand, clay, 
silt and gravel with thicknesses varying between 21.5m and 54.5m. However, the color of 
these formations varied between beige, light to grayish brown, red, yellow, and grey. 

Finally, the interbedding marl and marly limestone: This formation was encountered be-
neath the alluviums. The thickness of this layer varied between 12.0m and 33.0m. The marl 
was generally found to be beige to white sandy gravely marl with cobbles of limestone. The 
limestone was encountered within the marl in layers having a maximum thickness of 5.0m. 
These were found to be beige to yellowish cream and interbedded with layers of marl at some 
locations. Figure 1 shows typical N-SPT results. 
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Figure 1 Typical N-SPT results from a series of boreholes. 
 

4 ANALYSIS AND DISCUSSION  
In this study, analysis has been carried out for three groups of soils: Sand, Clay and All 

Soils. In the first phase, values of N as function of depth has been drawn based on all availa-
ble data. Three envelopes were obtained for each group of soil: an upper limit envelope, a 
lower limit envelope and an average envelope. Regression analysis was based both on a poly-
nomial third degree approach and a power type approach. For illustration, the polynomial 
third degree approach is shown in the figures. Figures 2 and 3 show the results of Vs as a 
function of N for sand. Figures 4 and 5 show the results of Vs as a function of N for clay. 
Figures 6 and 7 give the results of Vs as a function of N in the case of the group all soils. All 
the equations used to establish the models for our soils are presented earlier and listed in the 
references. Of course, all the measured values of Vs are in m/s. Based on the undertaken anal-
ysis, the equation for Vs as a function of N for sand based on a polynomial approach is: 

 
    Vs = 82.878 N0.3763      (1) 
 
And if the depth term D is to be included in the case of sands, the following equation to 

find Vs may be considered using a polynomial approach as a function of N60: 
 
    Vs = 77.17 N60

0.1899 D0.1960     (2) 
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Figure 2 Shear wave velocity Vs as a function of N for Sand 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3 Vs as a function of N for Sand, with upper limit, lower limit and average curves 
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Figure 4 Shear wave velocity Vs as a function of N for Clay 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5 Shear Vs as a function of N for Clay, with upper limit, lower limit and average curves 
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Figure 6 Shear wave velocity Vs as a function of N for All Soils Group 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7 Shear Vs as a function of N for All Soils, with upper limit, lower limit and average curves 
 

237



Muhsin Elie RAHHAL and Farah HARAKE 

 

 
For the same data analyzed, the equation to be considered for Vs as a function of N for 

sand based on a power approach is: 
 
    Vs = 83.455 N0.3739      (3) 
 
And if the depth term D is to be included in the case of sands, the following equation to 

find Vs may be considered using a power approach, as a function of N60: 
 
    Vs = 82.03 N60

0.1742 D0.1879     (4) 
 
As far as clay is concerned, the equation for Vs as a function of N based on a polynomial 

approach is: 
 
    Vs = 81.445 N0.3935      (5) 
 
And if the depth term D is to be included in the case of clays, the following equation to 

find Vs may be considered using a polynomial approach as a function of N60: 
 
    Vs = 76.39 N60

0.1573 D0.2007     (6) 
 
For the same data analyzed, the equation to be considered for Vs as a function of N for 

clay based on a power approach is: 
 
    Vs = 82.679 N0.3862      (7) 
 
And if the depth term D is to be included in the case of clays, the following equation to 

find Vs may be considered using a power approach, as a function of N60: 
 
    Vs = 136.76 N60

-0.046 D0.1204     (8) 
 
The third group of soils to be considered is called all soils, which means that correlations 

found should be applied to all types of soils regardless of their classification. The equation for 
Vs as a function of N based on a polynomial approach is: 

 
    Vs = 53.307 N0.4985      (9) 
 
And if the depth term D is to be included in the case of all soils, the following equation to 

find Vs may be considered using a polynomial approach as a function of N60: 
 
    Vs = 71.22 N60

0.2227 D0.1994     (10) 
 
The equation to be considered for Vs as a function of N for all soils based on a power ap-

proach is: 
 
    Vs = 54.308 N0.49      (11) 
 
And if the depth term D is to be included in the case of clays, the following equation to 

find Vs may be considered using a power approach, as a function of N60: 
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    Vs = 71.59 N60

0.2206 D0.1990     (12) 
 
All the above equations show that results are very close whether considering a polynomial 

third degree or a power approach. The thing to be noted is that in the case of the group all 
soils, results are more conservative because all points are considered. Values of Vs found us-
ing the equations range from 150 m/s to 400 m/s and these are reasonable values for these 
types of soils.  

In the last part of the discussion of results, CPT based results are considered. Based on the 
references [20, 21, 22, and 23], the following equations are derived. The correlation to be 
considered for Vs as a function of qc and the effective stress σ'v for sand based on a polynomi-
al approach is: 

 
    Vs= 225 qc

-0.002 σ'v 
0.0423      (13) 

 
The correlation to be considered for Vs as a function of qc and the effective stress σ'v for 

sand based on a power approach is: 
 
    Vs= 234 qc

-0.001 σ'v 
0.0405      (14) 

 
As far as clay is concerned, the equation for Vs as a function of qc based on a polynomial 

approach is: 
 
    Vs= 156 qc

0.024       (15) 
 
For the same data analyzed, the equation to be considered for Vs as a function of qc for 

clay based on a power approach is: 
 
    Vs= 141 qc

0.029       (16) 
 
The correlations obtained shall be very helpful for the earthquake geotechnical engineering 

community. It is very important nowadays to work both with geotechnical as well as geophys-
ical data when available. Not all geotechnical projects include geophysical prospection; this is 
why the use of correlations might be of interest for a first assessment only. Any soil seismic 
response analysis requires however a complete geophysical investigation couples of course 
with the traditional geotechnical investigation. Results obtained in the present study compare 
very well with an earlier published [24] Vs profile based on inversion parameterization of 
dispersion estimates obtained in the same area. More geophysical measurements are to be 
made in the near future. 

5 CONCLUSIONS  
Geotechnical and geophysical tests are of primary importance and complementary as far 

as characterizing the soil subsurface. Since geophysical testing is not systematically carried 
out, the use of existing correlations between in situ geotechnical testing (SPT and CPT) and 
shear wave velocity for soils is beneficial. In this paper, existing N-SPT and qc-CPT data has 
been thoroughly analyzed. Correlations between Vs, N-SPT and qc-CPT were established. 
Some of the proposed correlations include the depth parameter D as well as the effective earth 
pressure σ’v. The developed correlations are based on other correlations already available in 
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the geotechnical literature. The obtained results compare well with previous geophysical mea-
surements conducted at the same site. The proposed correlations should be used with precau-
tion by the earthquake geotechnical engineering community. Further analysis is being 
conducted in the hope of yielding still more representative correlations. Vs in situ measure-
ments are to be recommended in parallel with the use of the correlations. 
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Abstract. Soil liquefaction has been observed worldwide during earthquakes with induced effects 
responsible for damage, disruption of function and considerable replacement expenses for structures. 
The May 20, 2012 M5.9 shock in Emilia Romagna (Italy), is one example of moderate earthquakes 
yielding extensive liquefaction-related phenomena. The paper provides an attempt to simulate the ob-
served ground effects using a finite element (FE) approach. The study adopts a FE computational in-
terface (OPENSEES PL) implemented in OpenSees and able to analyze the earthquake-induced three-
dimensional pore pressure generation. Credited non-linear theories are applied in order to take into 
account appropriate flow rules as to reproduce the observed strong dilation tendency and resulting 
increase in cyclic shear stiffness and strength. The interface simplifies the 3D spatial soil domain, 
boundary conditions and input seismic excitation definition with convenient post-processing and 
graphical visualization of analysis results including deformed ground response time histories. The 
possibility to simulate wave propagation adopting realistic boundaries is of particular importance and 
significance in order to realistically reproduce liquefaction behaviour. 
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1 INTRODUCTION 

The seismic sequence that in May 2012 struck a large area of the river Po Valley (Emilia-
Romagna region, Northern Italy) and led to collapse many industrial buildings, churches, bell 
towers and more than ten thousand residential constructions [1], also triggered significant 
fractures and deformations in a number of riverbanks located close to the earthquake epicenter. 

Among them, one of the most severely damaged structures turned out to be the banks of an 
irrigation canal known as Canale Diversivo di Burana, flowing through the small village of 
Scortichino (Municipality of Bondeno), near the historic town of Ferrara (Figure 1). Large, 
longitudinally-oriented ground cracks were observed along a 3 km bank stretch, causing in 
turn severe structural damages to a large part of the approximately one hundred houses and 
productive activities built on the bank crown. At the same time, it was observed that the de-
formation phenomena did not equally affect the bank over its entire length, being the seismic-
induced fracture system particularly evident in the four main areas labelled as A, B, C and D 
in Figure 1.     

This study is based on the large experimental database collected in the context of an exten-
sive study carried out by a number of research groups from various Italian universities in co-
operation with technical experts of the Geological, Seismic and Soil Survey Regional 
Department. The paper provides an attempt to simulate the observed ground effects using a 
finite element (FE) approach together with an advanced constitutive formulation developed 
within a multi-surface plasticity framework for modelling of cyclic behavior in saturated 
sands. 

In this regards, FE analysis allows modelling the distribution of effective stress, pore pres-
sure, strain and permanent displacements, thus providing an accurate description of the sub-
soil response and failure mechanisms. In particular, the study adopts a FE computational 
interface (OPENSEES PL) implemented in OpenSees [2] based on a three-dimensional for-
mulation as to reproduce the observed strong dilation tendency and resulting increase in cyclic 
shear stiffness and strength.  

 
Figure 1. Aerial view of the Canale Diversivo di Burana, with location of the investigated areas.  

2 GEOTECHNICAL BACKGROUND 

Geotechnical characterization of the Canale Diversivo riverbank and the relevant founda-
tion soil was based on a comprehensive experimental program including both in situ and high-
quality laboratory tests. Figure 2 shows results from one of the piezocone tests (CPTU) car-
ried out from the top of the bank, in area C, together with the soil stratigraphy detected from 
an adjacent borehole (S3). Profiles of the corrected cone resistance qt, sleeve friction fs and 
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pore pressure u detail a well-defined 9 m thick, rather heterogeneous top layer of alternating 
sands, silty sands and sandy silts, partly forming the artificial riverbank (Unit R, upper 5 m), 
partly referable to the flood plain environment (lower 5 m, Unit B). A fine-grained strati-
graphic unit (C), mainly composed of clay-silty clay, can be then identified from 9 to 12 m in 
depth, followed by a medium-coarse sandy layer forming the so-called Acquifero Padano 
(Unit A), which was almost continuously detected down to a depth of 50 m. A thin interbed-
ded clayey lens, similar to Unit C, was encountered at depths between 29 and 32 m from the 
top of the embankment. Details on the whole laboratory testing results, including cyclic re-
sistance curves of coarse grained soils and modulus reduction curves G-γ, can be found in [3].  

Application of some well-known interpretation procedures, based on either piezocone data 
or dilatometer results, for the cyclic liquefaction susceptibility assessment, showed that a 
large part of Unit B is very likely to have experienced liquefaction phenomena for an earth-
quake moment-magnitude equal to the May 2012 main event (Mw = 6.1). By contrast, Unit A 
was generally found not susceptible to cyclic liquefaction. 

  

S3

Unit R

Riverbank

Unit B

Unit C

Unit A

 
Figure 2. CPTU 7 log profiles compared with the soil column obtained from the nearby borehole S3.  

3 COSTITUTIVE FORMULATION 

    In this study the mechanical behavior of cohesionless soil units R, B and A has been de-
scribed in terms of an advanced constitutive formulation developed within the framework of 
multi-yield-surface plasticity for numerical simulations of cyclic liquefaction response and 
associated accumulation of cyclic shear deformation observed in clean sands and silts. This 
model [4, 5, 6] is based on a conical yield surface in principal stress space, with the hardening 
zone defined by a number of similar yield surfaces having a common apex along the hydro-
static axis. The outermost surface is given by the failure locus, related to the shear strength 
angle φ′. Moreover, in order to properly reproduce the phenomenological interaction between 
shear and volume changes in sands and the associated cyclic mobility mechanisms, the devia-
toric component of the flow rule was assumed as associate, non-associativity being solely re-
stricted to the volumetric component. A detailed description of constitutive equations as well 
as of the parameter calibration can be found in [4, 5, 6]. The model requires the definition of 
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the soil peak friction angle and the associated shear strain, together with the G-γ curve and a 
set of dilatancy/liquefaction parameters governing the rate of shear-induced volume chang-
es/pore pressure development and the plastic shear strain accumulation.  
    The clayey Unit C has been treated as a nonlinear hysteretic material, using a Von Mises 
multi-surface kinematic plasticity approach together with an associate flow rule. This consti-
tutive formulation is able to capture both monotonic and hysteretic elasto-plastic cyclic re-
sponse of those soils whose shear behavior is assumed insensitive to confining stress. 
According to this formulation, plasticity is exhibited only in the deviatoric stress-strain re-
sponse, while the volumetric response is linear-elastic. 

  

4 FINITE ELEMENT MODEL 

Numerical model of the riverbank aims at reproducing a more detailed insight into the 
seismic-induced pore pressure response and displacement development of the silty-sandy sed-
iments, applying a versatile constitutive approach in conjunction with a fully coupled two-
phase formulation. In particular, the aim is to reproduce the seismic response of a soil column 
corresponding to the stratigraphic conditions provided by borehole S3 (Figure 2), applying the 
open-source computational interface OpenSeesPL, implemented within the FE code Open-
Sees [2]. This platform consists of a framework for saturated soil response as a two-phase ma-
terial following the u-p (where u is displacement of the soil skeleton and p is pore pressure) 
formulation [7, 8]. The 3D soil domain is represented by 20-8 nodes, effective stress fully 
coupled (solid-fluid) brick elements [2] built up with 20 nodes in order to describe the solid 
translational degrees of freedom and the eight-corner nodes for the fluid pressure [9]. The in-
terface used in this study, originally calibrated for pile analyses was modified in order to take 
into account free field response [9].  

Figure 3 shows the adopted 3D 40m × 40m x 120m FE mesh, composed of 792 brickUP, 
linear isoparametric 8 node elements with 1036 nodes. The model base boundary, set at a 
depth of 120 m from ground surface, corresponds to the top of the bedrock, whose position 
could be identified from velocity measurements provided by cross-hole tests. Opensees ability 
to simulate the real wave propagation adopting realistic boundaries is of particular importance 
in order to realistically reproduce the above scenarios. Assuming that at any special location, 
symmetry conditions can be adopted, periodic boundaries [10] have been considered. There-
fore, displacement degrees of freedom of the left and right boundary nodes were tied together 
both longitudinally and vertically using the penalty method. In this regards, base and lateral 
boundaries were modelled to be impervious, as to represent a small section of a presumably 
infinite (or at least very large) soil domain by allowing the seismic energy to be removed from 
the site itself (for more details, see previous studies such as [11, 12]).  

A seismic excitation was defined along the base in the longitudinal direction (x-axis), tak-
ing the main shock (Mw = 6.1) occurred on May 20th as reference event. In the absence of any 
strong motion station located in the area of Scortichino, a number of appropriate input mo-
tions were selected from the Italian Accelerometric Archive (ITACA, [13]), having moment 
magnitude Mw 5.50 to 6.50 and epicentral distance in the range 5÷10 km [3]. In this paper, 
only results of the analyses based on the east-west (E-W) acceleration record from the Cascia 
site during the 1979 Val Nerina (Italy) earthquake (Figure 4) are discussed.  

Table 1 summarizes the values adopted for material parameters, most of these derived from 
the available experimental data. However, a general difficulty was encountered in defining 
some of the so-called dilatancy/liquefaction model coefficients, hence values suggested from 
the literature [9] were preliminary adopted and a sensitive study was carried out in order to 
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identify the most appropriate set of material parameters. Particular attention was focused on 
parameters calibration of Unit B, where significant pore pressure build-up and permanent 
shear strain accumulation presumably gave rise to the observed ground surface effects. Such 
unit, similarly to the riverbank sediments (R), was modelled as medium-loose coarse soil lay-
er, while the deep unit A was treated as dense sand. 

 
Figure 3. FE model. 
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 Figure 4. Acceleration time history adopted in the FE analysis. 

 
Soil 

parameters 
Unit R Unit B Unit A 

φ′peak (°) 34 30 34 
c1 0.07 0.15 0.07 
d1 0.4 0.4 0.4 
d2 2 2 2 
l1 10 10 10 
l2 0.01 0.01 0.01 
l3 1 1 1 

Table 1. Pressure-dependent multi-yield model parameters. 

246



D. Forcellini, L. Tonni, C. Osti and G. Gottardi 

5 FINITE ELEMENT RESULTS 

Figure 5 shows excess pore pressures time histories at relevant depths (5-8 m) in order to 
study  saturated Unit B response. The graph clearly shows that significant excess pore pres-
sures develop during seismic excitation and that a maximum constant value is finally attained 
at each depth. Furthermore, there is no evidence of dissipation phenomena in the 10 seconds 
after the input motion duration.  

The associated Ru values (approximately equal to 0.60 - 0.65) turn out to be in substantial 
agreement with the estimate of Ru (0.75) obtained from the interpretation of cyclic simple 
shear tests on the basis of prudential assumptions, i.e. taking into account the combined effect 
on pore pressure build-up of multiple aftershocks and fully undrained conditions. 

Figure 6 shows lateral displacement time history at ground surface and provides immediate 
evidence of a gradual accumulation of permanent deformations. Time history shows a period-
ic shape with lateral displacements oscillating around zero. Figure 6 shows in red line that the 
permanent mean value is equal to 2.6 cm. Such predicted response, computed at the ground 
surface, is fully consistent with the observed seismic-induced cracks on the riverbank crest. 
Figure 7 shows that all the lateral spread is concentrated between 5 and 8 m depth (unit B). 
Therefore, lateral spread does not affect superficial layer (unit R).  

The interface allows to show 3D mesh deformation. Figure 8 represents 3D full mesh in 
correspondence of the maximum longitudinal displacements (t = 7.80 sec). In particular, lat-
eral displacements values are around 5 cm in the deepest layers and 2 cm in the superficial 12 
m layers. The corresponding mean deformation result 0.05% and 0.16% respectively. These 
values show a good agreement with the in situ tests response. Figure 9 details the superficial 
layers in order to show how they translate rigidly on the lower as a rigid body. 
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Figure 5. Excess pore pressures time histories at various depths. 
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Figure 6. Lateral displacement time histories at ground level. 
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Figure 7. Lateral displacement time histories in the superficial layer (Unit R). 

 

 
Figure 8. 3D mesh: maximum lateral displacement at 7.80 s (scale: 1:1000). 

 

 
 

Figure 9. 3D mesh (particular): maximum lateral top displacement at 7.80 s (scale: 1:1000). 
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6 CONCLUSIONS 

The paper shows a numerical study aimed at assessing the seismic response of a riverbank 
severely damaged by the May 2012 Emilia-Romagna earthquake, adopting OpenSeesPL. The 
FE computational platform is based on an advanced constitutive formulation specifically in-
tended for describing granular soil behaviour in cyclic loading conditions and thus liquefac-
tion phenomena.  

Numerical results have shown that during seismic excitation saturated silty sands of the 
riverbank subsoil developed significant excess pore pressures and permanent deformations. 
The proposed FE model confirmed the main observed ground effects at the riverbank surface, 
consisting in typical lateral spreading phenomena.  

According to the presented results, this study may be considered the first step for the de-
velopment of a detailed FE model of the entire riverbank, accounting for the real topography 
of the ground structure.        
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Abstract. The response of geotechnical structures under earthquake loading is highly nonlin-
ear and often leads to problems of slope stability, foundation settlement and soil liquefaction.
The prediction of these failure modes is a topic of great interest in geotechnical earthquake engi-
neering, particularly for structural integrity assessment, which requires estimation of structural
behavior during and after collapse. In this study, the earthquake response of a road embank-
ment resting on a soil foundation is investigated. Both fully drained and coupled effective stress
analysis are performed. Moreover, two different soil types are used for the embankment (loose-
to-medium and medium-to-dense sand). In the fully drained case, no failure of the embankment
is observed for the medium-to-dense sand and for a certain level of ground motion. However,
in the coupled effective stress simulation, for the same material and input motion, liquefaction
of the foundation soil can lead to the generation of a thick shear band which produce large
settlements and accelerate the failure of the embankment. The response of the loose-to-medium
sand is fundamentally different, as several localization zones are generated, at the foundation
part and inside the embankment body, as well. In both simulations - fully drained and coupled
effective stress analyis - the embankment fail can occur due to shear band generation inside the
embankment.
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1 INTRODUCTION

Localization phenomena are observed in most structural failures and can cause huge material
and human damage. Localization phenomena have proven particularly challenging to model in
conventional finite-element simulations. Several studies have analyzed earthquake triggered
landslides and the effect of ground-shaking on dry foundation-structure systems founded near
slope crests with a strain-softening soil [1]. The apparition of a shear band extending from toe
to crest was identified as failure mode, as soil has reached or exceeded its peak shear strength.
The fact that mesh dependency phenomena may appear was also taken into account and ex-
plored through a parametric dynamic analysis. After a dynamic parametric analysis of a road
embankment subjected to various amplitude ground motions, no significant mesh dependency is
observed in dry conditions and the localization zone initiates from the toe, due to the geometric
anomaly and produces the failure of the embankment [2].

A road embankment resting on liquefiable soil and subjected to the 2011 Off the Pacific Coast
of Tohoku earthquake is simulated by [3]. Their results showed that when the water-saturated
region in the embankment liquefies, it leads to large settlements and inclined shear localization
zones inside the embankment body.

In this study, the earthquake response of a road embankment resting on a soil foundation is
investigated. A plane-strain finite element model is built to analyze the arising failure modes
and earthquake induced deformations. Two different materials are used for the embankment,
a loose-to-medium and medium-to-dense sand. Moreover, fully drained and coupled effective
stress analysis are simulated for both materials. Modeling of advanced soil behavior is achieved
using the fully coupled effective stress ECP constitutive model developed atEcole Centrale
Paris [4]. Numerical simulations are performed using the open-source FE software CodeAster,
developed by EDF.

In the first section, the numerical model is presented. Thereafter, the dynamic analysis of the
road embankment is presented for both materials and simulations. The effect of liquefaction on
the foundation of the embankment is evaluated with the coupled hydro-mechanical analysis.

2 NUMERICAL MODEL

2.1 Geometry - Boundary conditions

Two different models are used for the purpose of this study. A thin elastic layer of 0.25m
is placed at the top of the embankment, representing a pavement layer. In the first model, the
dry road embankment is composed of a medium-to-dense sand (MDS), while in the second
one, a loose-to-medium sand (LMS) is used. In both cases, it is placed over a loose-to-medium
contractive saturated sand (LMS) substratum and the water table is situated 1m below the em-
bankment. At the lower part of the foundation a dense saturated sand is used. The embank-
ment’s slope inclination is equal to 1:2 (vertical:horizontal). The dimensions of the model and
its geometry are presented in Fig. 1.

Lateral horizontal displacements are fixed (ux=0) and the substratum is founded on a rigid
base. No flux is possible at the lateral surfaces and at the base. These boundary conditions
are equivalent to those of a centrifuge test. The mesh consists of 6-node triangular elements of
0.25m length on average.

The model was constructed in three steps. First, a static analysis was performed in order to
proceed to stress initialization. Afterwards, an excavation took place at the right upper part of
the embankment. The last step was the dynamic analysis, so as to impose the input seismic
signal. In all analyses gravity loading is taken into account.

252



I. Rapti, F. Lopez-Caballero, A. Modaressi-Farahmand-Razavi, A. Foucault, F. Voldoire

Soil column

Rigid Base

MDS/LMS (Dry)
LMS (Dry)

LMS (HM)

Dense sand (HM)

6.5m 4m 10m
8m10m

20.5m

ux=0ux=0 ~g
?

üx
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Figure 1: Illustration of numerical model.

The implicit method of Newmark integration is used for the dynamic analysis. Numerical
damping equal toξ = 0.2% is added to the model, as the set of integration parameters used is
β = 0.31 andγ = 0.61 [5, 6]. Since, the model is elastoplastic, no damping exists in the elastic
domain and numerical damping should be added.

2.2 Mechanical characteristics

The ECP elastoplastic multi-mechanism model [4] is used to represent soil behavior under
cyclic loading. This model can take into account soil behavior in a large range of loading paths.
The representation of all irreversible phenomena is idealized by four coupled elementary plastic
mechanisms: three plane-strain deviatoric plastic deformation mechanisms in three orthogonal
planes and an isotropic one. The model uses a Coulomb-type failure criterion and the critical
state concept. The evolution of hardening is based on plastic strain (deviatoric and volumet-
ric strain for the deviatoric mechanisms and volumetric strain for the isotropic one). To take
into account cyclic behavior both isotropic and kinematical hardenings are used. An implicit
integration scheme is used for the equations of the model [7]. The model takes into account
non-linear elasticity. Elastic mechanical characteristicsE, ν must also be defined.

Adopting the soil mechanics sign convention (compression positive), the deviatoric primary
yield surface of thek plane is given by:

fk(σ
′, εpv, rk) = qk − sinφ′

pp · p
′

k · Fk · rk (1)

wherep′k andqk are the effective mean and deviatoric values of stress tensors,φ′

pp is the friction
angle at critical state, the functionFk permits to control the isotropic hardening associated
with the plastic volumetric strain, whereasrk accounts for the isotropic hardening generated by
plastic shearing. They represent progressive friction mobilization in the soil and their product
reaches unity at perfect plasticity.

In Fig. 2, the curves of deviatoric stress - deviatoric deformation (q-εd) are plotted for all
materials, after drained and undrained triaxial test simulations. All triaxial tests were carried out
at confining pressures corresponding to the average geostatic pressure of each layer, i.e. 17kPa
and 45kPa for the dry medium-to-dense and loose-to-medium sand (see Fig.2a), and 60kPa and
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90kPa for the saturated loose-to-medium and dense sand (see Fig.2b,2c), respectively. Material
parameters can be found in Table 1.

Table 1: ECP model’s parameters for the soil.

Parameter MDS (Embankment) LMS (Embankment/Foundation) Dense sand (Foundation)

ρ [kg/m3] 1755 1755 1755
ν [·] 0.3 0.3 0.4
K0 [·] 0.5 0.7 0.7

Elasticity

E [MPa] 571.65 754 1850
ne [·] 0.4 0.5 0.47

pref [MPa] 1.0 1.0 1.0

Critical State and Plasticity

β [·] 43 33 44
b [·] 0.2 0.12 0.8
d [·] 3.5 2.0 5.0
φ [o] 31 30 37

pc0 [MPa] 1.8 40·10−3 0.4

Flow Rule and Hardening

amon [·] 0.004 0.005 0.0004
acyc [·] 0.0001 0.0001 0.0002
cmon [·] 0.06 0.004 0.01
ccyc [·] 0.03 0.002 0.005
ψ [o] 31 30 37
α [·] 1.0 1.0 1.0
χm [·] 1.0 1.5 1.0

Threshold Domains

rdela [·] 0.005 0.03 0.005
risoela [·] 0.001 0.001 0.0001
rdcyc [·] 0.005 0.03 0.005
risocyc [·] 0.001 0.001 0.0001
rhys [·] 0.03 0.04 0.04
rmob [·] 0.8 0.8 0.8

2.3 Hydraulic parameters

Two different simulations are performed, in order to evaluate the effect of the pore water
pressure generation, one fully drained and one coupled effective stress analysis [8]. In Table 2,
the hydraulic parameters of each material are presented.

2.4 Input motions

In order to test the dynamic response of the model, a nonlinear soil column with similar mate-
rial profile was subjected to 6 ground motions chosen from the Pacific Earthquake Engineering
Research Center (PEER) database and a coupled effective stress analysis was performed.

The peak ground acceleration (PGA) in free field was calculated as function of the maximum
acceleration of the input signal (abed,max) for all ground motions (Fig. 3). Soil liquefaction was
observed for moderate and strong input ground motions withabed,max >0.2g.
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Figure 2: Soil response of one material point - ECP constitutive model:q-εd.

Table 2: Hydraulic parameters for the soil.

Parameter Foundation (LMS) Foundation (Dense sand)

Fluid mass density,ρw [kg/m3] 1000 1000
Porosity,n [·] 0.35 0.35

Water dynamic viscosity,µw [kg/m·s] 0.001 0.001
Permeability,ks [m/s] 1·10−4 1·10−5

Fluid compressibility,Hw [Pa−1] 3.3·10−8 3.3·10−8

Consequent to these results and in order to evaluate the response of the embankment due
to the liquefiable foundation, a moderate motion (abed,max=0.24g) is used as input signal (see
accelerogram and Arias intensity of input motion in Fig.4).

3 DYNAMIC ANALYSIS OF ROAD EMBANKMENT

In this section the results of the dynamic response of the road embankment subjected to the
input motion of Fig.4 are presented, for both fully drained and coupled effective stress analysis
and for both materials used at the part of the embankment (MDS/LMS). In the first simulation,
effective stresses and zero pore water pressure are considered, while in the coupled simulation,
the pore water pressure is taken into account [8]. Both simulations start from the same effective
stress state at the beginning of the dynamic analysis, as shown in Fig. 5 for the LMS.
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Figure 4: Input moderate seismic signal.

(a) Fully drained effective stress simulation. (b) Coupled effective stress simulation.

Figure 5: Initial vertical effective stressesσ′

v,0 for both simulations (LMS).

3.1 Fully drained effective stress simulation

In the fully drained approach, the embankment with the MDS stays almost unaffected by
the ground motion, while in the model with the LMS, greater displacements are observed close
to the slope. Particularly, in Fig.6 the deformed shape of horizontal and vertical displacements
at the end of the motion are plotted. Horizontal displacement (≃2cm) is detected close to the
slope and settlement at the upper part of the embankment.

Subsequently, the stability of the embankment is tested by calculating the second order work
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(a) Horizontal displacement. (b) Vertical displacement.

Figure 6: Deformed shape at the end of the ground motion (Fully drained effective stress simu-
lation - LMS).

(d2W=σ̇:ε̇) [9, 10]. In this study the second order work is calculated in terms of invariants, i.e.
d2W=ṗ:ε̇v+q̇:ε̇d. During the main shock of the ground motion, the embankment - with both
materials - remains stable, as d2W >0 and for the sake of brevity, the figures are omitted as no
important information is provided.

In the MDS model, as the embankment is very rigid no remarkable deformations appear.
Only the upper part, at the interface with the elastic pavement layer, is affected and generates
shear strains (see Fig.7a). However, in the case of LMS, a shear band extending from toe to
crest is identified (Fig.7b). A stronger input motion will increase the level of deviatoric strains
and the embankment can fail due to this shear band generation.

(a) MDS (b) LMS

Figure 7: Deviatoric strainsεd at the end of the ground motion (Fully drained effective stress
simulation).

3.2 Coupled effective stress simulation

In the case of coupled effective stress simulation, the effect of excess pore water pressure in
the foundation part is significant for both materials. The liquefied soil at the foundation creates
an extended failure zone. In both models (MDS/LMS) almost the whole part of the embankment
settles and moves to the right, as a large part of the foundation moves to the right, too, and swells
due to the excess pore water pressure. More important displacement and settlement is remarked
for the LMS model and its deformed shape at the end of the ground motion is presented in Fig.8.
As the embankment is assymetric and it is constrained at the left boundary, it tends always to
move to the right.

During the main shock (between 2-3s) excess pore water (∆pw) pressure is observed in the
foundation part of LMS. In Fig.9a,9b,9c, the contours ofru (∆pw/σ

′

v,0) are plotted for the LMS
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(a) Horizontal displacement. (b) Vertical displacement.

Figure 8: Deformed shape at the end of the motion (Coupled effective stress simulation - LMS).

model at various instants of the ground motion. The soil has almost liquefied in the foundation
part of LMS, asru ≃0.8. The evolution of excess pore water pressure can be related to the Arias
intensity (Fig.4b), as between t=2-3s the total intensity of the motion has been accumulated. The
same response was obtained for the MDS, but the zone of liquefied soil was sligthly thinner.
Progressively, the dissipation of pore water pressure starts, as the strength of the ground motion
decreases (see Fig.9d for LMS).

(a) t=2s (b) t=2.5s

(c) t=3s (d) t=7.4s (end)

Figure 9: Excess pore water pressure ratio during the motion (ru) - LMS.

Concerning the stability of the embankment, during the liquefaction phase (2-3s), the em-
bankment becomes unstable (d2W <0). A circular surface of instability appears in both models
(MDS/LMS) which implies the expected failure mode (Fig.10a for MDS, Fig.10b for LMS).
Note that the instability becomes more significant in the embankment with the LMS, as almost
the whole embankment is unstable.

In the case of MDS model, a localization zone of shear strains is remarked in the foundation
part of LMS at the end of the ground motion (see Fig.11a). This shear zone extends through
the liquefied soil and leads to the circular failure mode of the foundation. Contrary to the fully
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(a) MDS

(b) LMS

Figure 10: Second order work (Coupled effective stress simulation).

drained case, where no shear strain generation is remarked (Fig.7a) and the only deformations
observed are those at the interface with the elastic pavement layer.

However, in the case of LMS model, two different zones of localization of shear deforma-
tions are noticed (Fig.11b). Due to the liquefaction at the foundation part of LMS, a thick and
more extended zone of shear strains appears. Moreover, a second shear band is observed inside
the embankment body (see zoom of the shear band in Fig.11c), as detected previously in the
fully drained approach (Fig.7b). Consequently, it should be highlighted the fact that in the case
of coupled simulation with a loose material at the embankment part, two different shear zones
are generated and lead to failure.

4 CONCLUSIONS

In this study, an analysis of earthquake-induced liquefaction is presented using a fully-
coupled hydromechanical model. The effect of a liquefiable foundation on the failure mode
of a river embankment is discussed. Two different materials are used for the embankment
(MDS/LMS), so as to better investigate the failure mode.

Firstly, a fully drained effective stress approach shows that the embakment consisting of a
dense-rigid material is generally unaffected by the moderate motion. Nevertheless, in the case
of a loose embankment, a shear band generates from the toe and extends to the crest.

In the coupled effective stress analysis, where the pore water pressure is taken into account,
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(a) MDS

(b) LMS (c) Zoom of shear band (LMS).

Figure 11: Deviatoric strainsεd at the end of the ground motion (Coupled effective stress sim-
ulation).

the embankment with both materials is strongly affected. A liquefied zone at the foundation part
leads to noticeable settlement and horizontal displacement. A circular failure mode is produced
and a zone of shear deformations at the liquefied foundation part is pointed out at the end of
the motion. Furthermore, in the model with the loose sand, a second shear band inside the
embankment body amplifies the displacements and leads to an extended failure.

To conclude, the effect of excess pore water pressure is of highly importance, as a stable
embankment - in fully drained conditions - becomes unstable in coupled analysis and is leaded
to failure due to a liquefiable zone in the foundation. It should also be remarked the double
shear band generation in the case of the loose embankment.

In future work, dynamic analyses with stronger seismic motions should be performed, in
order to reach flow liquefaction with larger settlements and total collapse. Post-liquefaction
effects (settlements) should be also examined. This work can be considered as a first step for
dynamic analysis of large scale structures, such as seismic response of earth dams.
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Abstract. Over the last years the environmental sustainability has been demanding a pro-
gressive increase in the waste valorisation in construction. The valorisation of Construction 
and Demolition Wastes (C&DW) reduces the use of natural resources (non-renewable) and, 
simultaneously, avoids congesting landfills with inert wastes coming from buildings and other 
infrastructures. Although some studies have been carried out on the use of recycled C&DW in 
construction industry, their valorisation as fill material in geosynthetic reinforced structures 
is almost an unexplored field. A research project aiming to contribute to the sustainable ap-
plication of recycled C&DW as backfill material in geosynthetic reinforced structures, is be-
ing developed at University of Porto, Portugal. Preliminary results of this research are 
presented in this paper. 

In this work the two-dimensional finite difference program Fast Lagrangian Analysis of Con-
tinua (FLAC) was used to model the behaviour of a geogrid reinforced wall, constructed in 
Brazil, with recycled C&DW. The wall is 3.6m high and was constructed at an inclination of 
1:4.3 (wall batter of 13º from vertical). The backfill was reinforced with six layers of geogrid 
placed at 0.6 m of vertical spacing and 2.52 m long. The seismic response of a similar wall, 
hypothetically constructed with recycled C&DW coming from a Portuguese recycling plant, is 
also evaluated. 

 An earthquake ground motions artificially generated for the greatest seismicity area of Por-
tugal was considered as seismic input. Two constitutive models were used to model the back-
fill C&DW material: the Mohr-Coulomb model and a Strain-Softening model. Permanent 
displacements of the wall face, settlements and reinforcement tensile forces are analysed and 
discussed. The numerical simulations have shown that the possible decrease of the backfill 
shear strength during cyclic loading is an important issue to be studied more closely. Not-
withstanding it was concluded that a well compacted and drained recycled C&DW can be 
used as fill material in geosynthetic reinforced structures. 

262



Castorina S. Vieira 

 

 
1 INTRODUCTION 

The reduction of non-renewable natural resources exploration has been a constant concern 
relating to the preservation of the environment that, simultaneously, encourages the use of al-
ternative materials. Thus, over the last years the environmental sustainability has been de-
manding a progressive increase in the waste valorisation in construction.  

The Construction and Demolition Wastes (C&DW) are wastes derived from construction, 
reconstruction, cleaning of the work site and earthworks, demolition and collapse of buildings, 
maintenance and re-habilitation of existing constructions. The composition of the C&DW is 
variable depending on the construction type and construction processes that predominate in 
the area. They include: concrete, bricks, tiles, soils, rocks, vegetation, materials from roads 
maintenance and a wide variety of other materials. 

Although some studies have been carried out on the application of recycled construction 
and demolition wastes, their purposes are mainly the production of aggregates for use in con-
crete and in base layers of transportation infrastructures. As regards the application of C&DW 
in geotechnical works, it has been verified that the valorisation is performed mostly in road 
construction, particularly in base and sub-base layers of the infrastructures. Outside the scope 
of road infrastructures, references to C&DW applications in embankments are scarse. The 
valorisation of Recycled C&DW in geosynthetic reinforced structures is almost an unexplored 
field.  

This paper presents results of a research project under development at University of Porto, 
aiming to contribute to the sustainable application of recycled C&DW in geosynthetic rein-
forced structures, proving the good performance of these structures. 

A preliminary calibration analysis using instrumentation data of a geogrid reinforced wall 
constructed with C&DW as backfill material [1] is presented. Based on results of direct shear 
tests carried out on recycled C&DW and presented by [2], the seismic behaviour of a similar 
reinforced wall, hypothetically constructed with the characterized C&DW material, is also 
evaluated. Several numerical analyses were carried out, considering distinct assumptions re-
lated to the backfill shear strength parameters. 

 

2 BRIEF DESCRIPTION OF FLAC CODE AND SEISMIC LOADING INPUT 

FLAC is an explicit finite difference program that performs a Lagrangian analysis. The fi-
nite difference method is perhaps the oldest numerical technique used for the solution of sets 
of differential equations, given initial values and/or boundary values [3]. For dynamic anal-
yses the full equations of motion are solved using lumped gridpoint masses derived from the 
real density of surrounding zones (rather than fictitious masses used for static solution). Each 
triangular sub-zone contributes one-third of its mass (computed from zone density and area) 
to each of the three associated gridpoints. The final gridpoint mass is then divided by two in 
the case of a quadrilateral zone that contains two overlays. In finite-element terminology, 
FLAC uses lumped masses and a diagonal mass matrix [3]. 

In FLAC, the dynamic input can be applied as an acceleration history, as a velocity history, 
as a stress (or pressure) history or as a force history. Dynamic input can be applied either in 
the x or y directions corresponding to the xy axes for the model, or in the normal and shear 
directions to the model boundary. 

In the dynamic analyses presented in this paper, two constitutive models were used: the 
Mohr-Coulomb model and a Strain-Softening model. 
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In the implementation of the Mohr-Coulomb model in FLAC, principal stresses σ1, σ2, σ3 
are used, being the out-of-plane stress, σzz, recognized as one of these. With the ordering con-
vention σ1 ≤  σ2  ≤ σ3 (compressive stresses are negative), the failure criterion for this model is 
represented in the plane (σ1, σ3) as illustrated in Figure 3. 

 
Figure 1: Mohr-Coulomb failure criterion in FLAC [3]. 

 
The failure envelope is defined from point A to point B (Figure 3) by the Mohr-Coulomb 

yield function: 

 φφ +σ−σ= Nc2Nf 31
s  (1) 

and from B to C by a tension yield function of the form: 

 3
ttf σ−σ=  (2) 

 
where φ is the soil friction angle, c is the cohesion, σt is the tensile strength and Nφ is defined 
as: 

 
φ−
φ+=φ sin1

sin1
N  (3) 

The tensile strength of the material, σt, cannot exceed the maximum value given by: 

 
φ

=σ
tan

ct
max  (4) 

The Strain-Hardening/Softening model is based on the Mohr-Coulomb model with non-
associated tension flow rules. The difference lies in the possibility that cohesion, friction, dila-
tation and tensile strength may harden or soften after the onset plastic yield [3]. The user can 
define the variation of the cohesion, friction and dilation as a function of the plastic shear 
strain. The variation of the tensile strength can also be prescribed in terms of plastic tensile 
strength. The code measures the total plastic shear and tensile strains at each timestep and 
causes the model properties to conform to the user-defined functions. 

An earthquake ground motion artificially generated [4], according to Portuguese National 
Annexes (PNA) of Eurocode 8, for the greatest seismicity area of Portugal, considering seis-
mic action type 2 (earthquake with moderate magnitude and small focal distance – close 
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earthquake) and ground type B (deposits of very dense sand, gravel or very stiff clay), was 
considered as seismic input. According to the PNA of Eurocode 8 for the greatest seismicity 
area, the peak ground acceleration on type B ground is 2.7m/s2 for a close earthquake (Figure 
2). The duration of the stationary part of the accelerograms is equal to 10 seconds. The Fouri-
er spectrum for the accelerogram presented in Figure 2(a) is plotted in Figure 2(b). This graph 
indicates that the highest frequency is lower than approximately 20 Hz. Before applying the 
seismic input motion, it was filtered to remove frequencies above the maximum frequency 
that can be modelled accurately. 
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Figure 2: Seismic input motion: a) artificial accelerogram; b) Fourier spectrum 

3 CALIBRATION STRUCTURE FOR STATIC LOADING 

Before running any dynamic analysis, a preliminary calibration analysis was carried out 
using instrumentation data of a geogrid reinforced wall constructed with C&DW as backfill 
material. Santos et al [1] report the performance of an instrumented 3.6 m high wrapped face 
geogrid reinforced wall constructed with C&DW. The foundation of the test wall is a natural-
ly collapsible soil that is common in Brazil (Figure 2). The wall was constructed in a rein-
forced masonry block container and the wrapped-face was constructed at an inclination of 
1:4.3 (horizontal:vertical). The backfill was reinforced with six layers of geogrid placed at 
0.6 m vertical spacing and 2.52 m long [1]. Based on the results presented by [1] an axial ten-
sile stiffness of 200 kN/m was assumed for the geogrids .  

The wall was instrumented with topographic markers, vertical and horizontal stress cells 
and strain gauges in the reinforcements. An inclinometer was also installed close to the wall 
toe to monitor the displacements of the foundation (Figure 3). 

(a) 

(b) 
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The wall was constructed in the Foundation and Field Investigation Site of the University 
of Brasilia. Based on field investigations, the foundation soil (porous collapsible soil) was di-
vided in three layers [1, 5]. The main parameters considered for the foundation layers and for 
the C&D material are presented in Table 1. Following the description presented by [5], layer 1 
(immediately bellow the wall) was considered 2 m high and layers 2 and 3 with thickness of 
3 m and 2 m, respectively. A rigid layer 1m high was also considered at the base of the model. 

 

 
Figure 3: Cross section of the experimental geogrid reinforced wall presented by Santos et al. [1]. 

 
Soil  γ (kN/m3) c’ (kPa)  φ’ (º) E (MPa) ν 
Foundation – layer 1 16.7 30 26 50 0.3 
Foundation – layer 2 17.3 19 30 50 0.3 
Foundation – layer 3 18.3 37 26 60 0.3 
Backfill – C&D 19.5 2 35.7 30 0.3 

Table 1.  Foundation and backfill parameters considered in the calibration model. 

The geometry of the model and the numerical grid is illustrated in Figure 4. The rein-
forcement layers were modelled using linear elasto-plastic cable elements with negligible 
compressive strength. The tensile yield strength was taken equal to 20 kN/m.  

The interface between the reinforcement and the soil was modelled by a grout material. 
The interface shear strength was considered dependent of the backfill shear strength. A coef-
ficient of interaction of 0.7 was admitted. 

Figure 5 compares the horizontal displacements recorded in the foundation inclinometer 
(Figure 3) at the end of the wall construction with those achieved in the numerical analysis. 
The trend of the displacements was captured by the numerical model, even if the maximum 
horizontal displacement was 20% lower than that recorded at the end of construction. 

According to Santos et al [1] the negative horizontal displacements close to the ground sur-
face are a consequence of the influence of the superficial stiffer soil crust, which restrains hor-
izontal displacements in that region. This phenomenon was not modelled. 

The horizontal displacements of the wall face at the end of construction are illustrated in 
Figure 6. The results are compared to the values recorded by [1] at the topographic marks lo-
cated at the wall face. 
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Figure 4: Geometrical properties and numerical grid. 
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Figure 5: Comparison of horizontal displacements recorded at the foundation inclinometer. 

At the end of construction, a maximum outward horizontal displacement of 51 mm at an 
elevation of approximately 3 m was recorded [1]. Close to the crest of the wall a negative hor-
izontal displacement of 107 mm was measured. This pattern of horizontal displacement was 
justified by the authors as a consequence of non-uniform deformation of the foundation soil. 

The numerical model followed the horizontal displacements of the wall face near the bot-
tom, notwithstanding the pattern of the curve is quite different. The numerical analysis under-
estimated the horizontal displacements of the wall face. It should be noted, however, that the 
maximum value of horizontal displacement measured at the end of construction is significant-
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ly greater than the values usually found for structures on strong foundation soils [1]. Local 
bulging at the face was also observed. 
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Figure 6: Horizontal displacements of the wall face. 

4 DYNAMIC ANALYSES 

4.1 General aspects 

The shear strength parameters of the C&DW reported by [1] are quite distinct from those 
that are being estimated in a research project under development at University of Porto, Por-
tugal, studying the use of recycled C&DW as backfill material in geosynthetic reinforced 
structures. 

Results of direct shear tests carried out on fine grain recycled C&D waste materials were 
presented by [2]. These authors concluded that C&DW, properly selected and compacted, 
could exhibit similar shear strength (even greater) to the backfill materials commonly used in 
the construction of geosynthetic reinforced structures. The material studied by [2] have shown 
a peak friction angle of 44.1° and cohesion value of 17.3kPa. The large displacement shear 
strength was characterized by a friction angle of 41.2º and a cohesion of 2.8kPa. The large 
reduction of the cohesive term for large shear displacements was pointed out as an important 
aspect to be considered in the design of of geosynthetic reinforced structures constructed with 
C&DW as backfill material. 

On this basis, it was decided that dynamic analyses should be carried out considering the 
shear strength parameters estimated for the recycled C&DW coming from a Portuguese recy-
cling plant. 

4.2 Boundary conditions 

The modelling of geomechanic problems involves media which are better represented as 
unbounded. Numerical methods are based on the discretization of a finite region, so the ap-
propriate conditions should be enforced at the artificial numerical boundaries. In static anal-
yses, fixed boundaries can be realistically placed at some distance from the region of interest. 
In dynamic problems, however, such boundary conditions cause the reflection of outward 
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propagating waves back into the model and do not allow the necessary energy radiation. The 
use of a larger model can minimize the problem, however this solution leads to a large com-
putational burden. The alternative is to use absorbing (or quiet) boundaries. 

The viscous boundary developed by Lysmer and Kuhlemeyer [6] is used in FLAC. It is 
based on the use of independent dashpots in the normal and shear directions at the model 
boundaries. The method is almost completely effective at absorbing body waves approaching 
the boundary at angles of incidence greater than 30◦. For lower angles of incidence, or for sur-
face waves, there is still energy absorption, but it is not perfect. However, the scheme has the 
advantage that it operates in the time domain [3]. More efficient energy absorption requires 
the use of frequency-dependent elements, which can only be used in frequency-domain anal-
yses. 

The boundary conditions at the sides of the model must account for the free-field motion. 
These boundaries should be placed at sufficient distances to minimize wave reflections and 
achieve free-field conditions. For soils with high material damping, this condition can be ob-
tained with a relatively small distance. However, when the material damping is low, the re-
quired distance may lead to an impractical model [3]. FLAC has implemented an alternative 
procedure in which the free-field motion is “enforced”. With these boundaries, called free-
field boundaries, outward waves originating from the structure are properly absorbed. 

The base horizontal boundary also causes the reflection of the waves back into the model. 
To avoid this reflection FLAC allows the introduction of absorbing boundaries called quiet 
boundaries.  

In order to apply quiet boundaries along the same boundary as the dynamic input, the input 
motion must be applied as a stress history, because otherwise the effect of the quiet boundary 
will be nullified [3]. It is suggested the following formula to convert a velocity wave into a 
shear stress wave: 

  

 sss v)C(a ρ=τ   (5) 
 

where a = adimensional factor (being suggested a value of 2), τs = applied shear stress, 
ρ = mass density, Cs = speed of S-wave propagation and vs = input velocity. The factor of 2 
accounts for the fact that the applied stress must be double that observed in an infinite medi-
um, since half the input energy is absorbed by the viscous boundary [3]. However, if the 
model is shallow, the free surface can cause an increase in the base velocity and an adjustment 
is necessary to produce the intended input velocity, that is to say, it is necessary to find the 
value of the factor “a”, which gives a velocity record that corresponds to the input velocity.  

Figure 7 illustrates the horizontal displacement and velocity records at the base of the 
model for “a” equal to 1.0 and 2.0, as well as, the curves achieved by integration of the accel-
eration record (goal). It can be observed that a = 2.0 gives displacements and velocities great-
er than those that are supposed to be introduced in the model (goal). On the other hand, for 
a = 1.0 a good adjustment is achieved. 

Prevost [7] demonstrate that at a “silent” boundary (x = h), the shear stress τ(h,t) can be 
expressed as: 

  )t,h(Cv)t,h( ρ−=τ  (6) 

where ρ is the mass density, C is the speed of wave propagation and v(h,t) is the velocity at 
x = h for the instant t. Comparing equations (5) and (6), the factor “a” equal to 1.0 is justified 
and seems suitable for this model. 
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Figure 7: Adjustment to convert a velocity wave into a shear stress wave: a) displacements at the base of the 

model; b) velocities at the base of the model. 

4.3 Effect of the backfill shear strength properties  

Most of the guidelines indicate explicitly the use of the peak shear strength parameters in-
stead of the residual shear strength parameters in the design of geosynthetic reinforced soil 
structures. Notwithstanding this approach is not consensual. Jewell [8] suggests the selection 
a design value for the soil shearing resistance equal to the critical state shear resistance and 
Leshchinsky [9] proposes a hybrid approach where the critical slip surface is determined 
based on peak shear strength and the required long-term reinforcement strength is estimated 
using the residual shear strength parameters.  

Regarding the cohesion of the fill material, earlier versions of some guidelines have pre-
cluded the cohesive component of the shear strength, but recent editions [10, 11] allow the use 
of cohesive fills.  

(a) 

(b) 
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As mentioned in 4.1, Vieira et al. [2] have concluded that the shear strength of the recycled 
C&DW is frankly encouraging but the cohesion should be used in design with great caution 
due to the significant reduction for large strain conditions. Based on this evidence, the effect 
of the values assumed for the backfill shear strength properties was studied in this work. 
Three numerical analyses were carried out, considering: i) the peak shear strength parameters 
(Peak values); ii) the peak friction angle and neglecting the cohesion (Peak friction angle); 
iii) the large displacement shear strength parameters (Residual values). 

Figure 8 presents the horizontal displacements of the wall face and the vertical settlements 
along the wall top at the end of the seismic motion. If the peak shear strength parameters were 
considered in the numerical analysis, the deformations at the end of the seismic loading would 
be very small. Nevertheless, if the cohesion is neglected, the backfill deformation will be have 
some relevance. Local bulging at the wall face, typical of wrapped face structures, is particu-
larly noteworthy (Figure 9). The maximum horizontal displacement of the wall face take 
place at the crest and it is 8.7% of the wall height. The maximum settlement at the surface oc-
curs, as expected, near the wall face and it is about 5.7% of the wall height. Figure 9 illus-
trates the contours of the horizontal displacements at the end of the earthquake loading for the 
Peak friction angle analysis, being noticed the large displacements at the crest of the wall. 

If the residual shear strength parameters were considered in the analysis, the pattern of the 
wall deformation is distinct. The local bulging at the wall face is minimized, particularly at 
the top of the wall, and the surface settlements are also reduced (1.1% of the wall height). 
This evidence is quite interesting since the difference between the peak friction angle (44.1º) 
and the residual friction angle (41.2º) is only 2.9º, which demonstrates the importance of the 
cohesive term of the shear strength. A cohesion of 2.8 kPa makes a significant difference. 
Based on this finding, the Peak friction angle analysis was repeated changing the null cohe-
sion by a cohesion of 1 kPa. This value has not any physical significance but means, due to 
the removal of numerical instability, smaller deformations in the retaining backfill (Figure 10). 

This numerical change leads to the decrease of 64% and 69% on the maximum horizontal 
displacement at the wall face and maximum settlement, respectively. The differences to the 
results achieved in the Residual values analysis, obviously, are also diminished. 
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Figure 8: Effect of the backfill shear strength parameters on: a) horizontal displacements of the slope face; b) 
settlements at the surface. 
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Figure 9: Contours of the seismic horizontal displacements at the end of the earthquake loading (Peak friction 

angle). 
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Figure 10: Effect of non-zero value of cohesion on: a) horizontal displacements of the slope face; b) settlements 
at the surface. 

To analyze, mainly, the importance of the backfill cohesion in the seismic behaviour of the 
reinforced wall, a numerical analysis considering the Strain-Softening model for the backfill 
material was carried out [12]. It was admitted, in the Strain-Softening model, the decrease of 
the friction angle and cohesion from their peak values to the residual values for shear plastic 
strains higher than 0.5%. 

Figure 11 compares the horizontal displacements of the wall face and the maximum tensile 
load at the reinforcement layers at the end of the seismic loading for the analyses carried out 
with Strain-Softening model and with the residual shear strength parameters. As expected, the 
analysis with the large displacement shear strength parameters during all the numerical simu-
lation, ie, independent of the shear strain, provides greater horizontal displacements. With the 
Strain-Softening model the bulging effect only occurs at the base of the wall. The maximum 
horizontal displacement estimated with the Strain-Softening model is 14% lower than that ob-

(a) (b) 
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tained with the large displacement shear strength parameters. The difference is maximum at 
height of 0.9 m and is about 55%. 

The tensile load distribution through the wall height estimated in these analyses is also dis-
tinct (Figure 11b). The maximum tensile reinforcement load is quite similar but it is recorded 
at different geogrid layers.  

With regard to the increase of the tensile load during seismic loading, an interesting con-
clusion was also achieved. Figure 12 illustrates the time histories of the normalized maximum 
tensile load recorded at the 6th reinforcement layer. The tensile load recorded during the seis-
mic motion was normalized by the tensile load at the end of wall construction (T0). With the 
Strain-Softening model the maximum tensile load recorded at the 6th geogrid layer increased 
140 times when compared to the value supported at the end of construction. This finding is 
justified by the extremely low value supported by this reinforcement layer at the end of con-
struction (note that in this analysis the peak shear strength parameters were considered until 
0.5% of shear plastic strain). 

The sudden increase observed in the normalized tensile load at 3.2 seconds after the begin-
ning of the motion (Figure 12b) is probably due the increase of the shear plastic strain, visible 
near the top of the wall, where the potential failure surface rise the top surface. 
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Figure 11: Effect of the backfill constitutive model on: (a) horizontal displacements of the slope face; 
(b) maximum reinforcement tensile loads. 

4.4 Effect of the foundation soil properties  

In order to investigate the influence of the foundation soil deformability on the seismic per-
formance of the structure, an additional numerical analyses considering a stiff foundation was 
carried out. Figure 13 compares the horizontal displacements of the wall face considering the 
large displacement shear strength parameters (Residual values) with those obtained if the ge-
ogrid reinforced wall had been constructed over a stiff foundation.  

As expected, a stiff foundation induces smaller deformations being the highest differences 
observed near the wall base (22%). One of the main reasons for this evidence is the occur-
rence of acceleration amplification for a non-rigid foundation. As shown in Figure 14 when 
the foundation is deformable an amplification factor greater than 1.5 is recorded at the base of 
the reinforced wall. 

 

(a) (b) 

273



Castorina S. Vieira 

0

1

2

3

4

5

6

7

8

0 2 4 6 8 10 12

T
/T

0

time (s)

Residual values

0

20

40

60

80

100

120

140

160

0 2 4 6 8 10 12

T
/T

0

time (s)

Strain Softening

 

Figure 12: Evolution of the normalized maximum tensile load for the 6th reinforcement layer: (a) analysis with 
the residual values; (b) analysis with Strain Softening model. 
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Figure 13: Influence of the foundation stiffness on horizontal displacements of the wall face (Residual values). 
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Figure 14: Acceleration record at the wall base for the collapsible soil foundation (Residual values analysis). 
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5 CONCLUSIONS 

The use of recycled Construction and Demolition Wastes as backfill material reduces the 
use of natural resources and, simultaneously, avoids congesting landfills with inert wastes 
coming from buildings and other infrastructures. Therefore it is important to study the behav-
iour of geosynthetic reinforced structures constructed with C&D materials. 

The numerical study herein presented allows to draw the following main conclusions: 
• The introduction of quiet boundaries at the base of the model in FLAC implies the con-

version of a velocity wave into a shear stress wave, which means that several analyses 
should be made to achieve the adjustment of the velocity records at the base to the input 
velocity; 

• The use of  the large displacements shear strength parameters seems to be the most ap-
propriate approach to model the seismic behavior of geosynthetic reinforced structures 
constructed with C&DW as backfill material; 

• When neglecting the cohesive term of the backfill shear strength, a null cohesion should 
be avoided. Due to the numerical instability resulting from zero cohesion, the backfill de-
formations seems to be overestimated. 

• This hypothetical geogrid reinforced wall, constructed with recycled C&DW, showed a 
good performance when submitted to an earthquake with moderate magnitude and small 
focal distance, artificially generated for the greatest seismicity area of Portugal. 
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Abstract. In this paper the ground response of the Lotung experiment site during the strong-

motion LSST7 occurred on May 1986 is simulated using two different numerical schemes: a 

simple equivalent-linear visco-elastic and a fully-coupled non-linear approach. The fully-

coupled includes an advanced elasto-plastic soil model which has been calibrated against 

resonant column data and in-situ cross-hole measurements. The two horizontal components of 

the input motion are applied separately at bedrock level. The results of the simple and ad-

vanced numerical simulations are compared with the down-hole motions recorded in-situ 

during the investigated seismic event in terms of acceleration time histories and response 

spectra. The comparison between predicted results and in-situ measurements highlights the 

limitations of the frequency-domain approach and demonstrates the good performance of the 

advanced numerical scheme. Further investigation is needed to improve the numerical pre-

dictions of the observed ground response, in particular the peak ground acceleration in the 

N-S direction. 
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1 INTRODUCTION 

Experience from historical and recent strong earthquakes has demonstrated the significance 

of local soil conditions on the seismic ground response. The changes in amplitude, frequency 

content and duration of the seismic motion during its propagation in soil deposits, commonly 

referred to as site effects, have a crucial impact on the response of buildings and infrastruc-

tures during earthquakes [e.g. 1].  

Site response analysis methods allow geotechnical engineers to quantify the effects of soil 

deposits on the propagation of waves from bedrock to ground surface. These methods can be 

divided into frequency-domain schemes (using equivalent-linear methods) and time-domain 

schemes (usually performed with finite element procedures). The equivalent visco-elastic ap-

proach has been widely adopted in engineering practice during the past thirty years, although 

its limitations have been highlighted in the literature [e.g. 2, 3]. Alternatively, time-domain 

finite element (FE) schemes are nowadays available to solve the ground response more accu-

rate accounting for the solid-fluid interaction by means of a coupled effective stress formula-

tion [e.g. 4]. In these schemes, the behaviour of soil can be described by non-linear 

constitutive models with different level of complexity. From the validation point of view, the 

performance of the different numerical approaches to simulate the complex wave propagation 

process has been tested over the last decades using real vertical array data and/or laboratory 

data obtained from centrifuge models [e.g. 5-8].  

This paper presents a validation study of the Lotung Large-Scale Seismic Test (LSST) site 

in Taiwan using the recordings from accelerometer arrays. In particular, the prediction of the 

free-field response at Lotung during the event recorded in May 1986 is investigated using a 

simple equivalent-linear visco-elastic and a fully-coupled non-linear approach.  

In the first part of the paper the geological and geotechnical properties of the LSST site are 

briefly described. Then, the numerical models adopted for the frequency-domain and the 

time-domain dynamic simulations are summarised along with the calibration against in-situ 

and laboratory data of the soil constitutive model used in the advanced analyses. Finally, the 

direct comparison between predicted and recorded motions at different depths within the soil 

deposit is presented. The predictions obtained with the advanced non-linear approach are par-

ticularly successful, although further improvements are still necessary to better capture the 

observed free-field response. 

2 THE LARGE-SCALE SEISMIC TEST AT LOTUNG 

The Large-Scale Seismic Test (LSST) is located in one of the most seismically active re-

gion in the North-East of Taiwan, and has been originally established in the 80’s to study the 

dynamic behaviour of two scaled-down nuclear plant containment structures [9]. The site re-

sponse has been monitored by a number of surface and down-hole accelerometer arrays, to-

gether with pore pressure transducers. The down-hole accelerometers have been installed at 

depths of 0, 6, 11, 17 and 47 m, oriented in N-S, E-W and vertical directions. Figure 1 shows 

the elevation and plan views of the instrumentation. Of particular interest here is the vertical 

array named DHB in Figure1(a) which has been considered as representative of the free-field 

response at Lotung. 

The site geology consists of recent alluvium and Pleistocene materials over a Miocene 

basement. The upper alluvial layer, 30 to 40 m thick, consists mainly of clayey-silts and silty-

clays [10]. The water table is located approximately at a depth of 1 m. The local geological 

profile shows a first layer of grey silty-sand and sandy-silt about 20 m thick underlain by 

about 10 m of more gravelly layer resting on a thick deposit of silty clay, as indicated by the 

SPT log profile reported in Figure 2(a). 
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Figure 1: Instrumentation at the LSST site: (a) down-hole arrays; (b) surface arrays [11]. 

40

30

20

10

0

z
 (m

)

0 10 20 30 40

NSPT

(a)

in-situ data
EERA
RMW

0 100 200 300

G0 (MPa)

(b)
 

Figure 2: Local soil profile at the LSST site: (a) SPT log; (b) elastic shear modulus. 

A series of geophysical seismic tests have been performed to measure shear and compres-

sion wave velocities at the LSST site. Figure 2(b) shows the elastic shear modulus data ob-

tained from seismic cross-hole tests [12]. The bedrock formation can be assumed to be at a 

depth of 47 m. Shear modulus and damping ratio curves have been measured through resonant 

column and cyclic torsion tests on undisturbed specimens [12, 13]. Alternatively, Zeghal et al. 

[14] have proposed to back-figure the in-situ moduli ratio curves for Lotung soil based direct-

ly on its seismic response recorded along the down-hole arrays during 18 earthquakes which 

occurred between 1985 and 1986. In particular, different sets of G/G0 and D- curves have 

been developed for the depths of 0-6, 6-11 and 11-17 m, producing for each depth a least-

square best fit (SF) as well as an upper (UB) and a lower bound (LB) curve indicative of the 

possible variations in the material dynamic properties (Figure 3). The shear modulus and 

damping ratio curves of the soil between 17 and 47 m have been assumed to be the same as 

those from 11 to 17 m. 
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Figure 3: Shear modulus and damping curves developed by Zeghal et al. [14] and RMW predictions. 

3 NUMERICAL MODEL 

The ground response analyses of the Lotung site during the LSST7 event occurred on May 

1986 have been performed using the equivalent-linear visco-elastic code EERA [15] and the 

FE code SWANDYNE II [16]. The earthquake, characterised by maximum accelerations of 

0.16 g and 0.21 g respectively in the E-W and N-S direction, has been selected due to its 

strong-motion characteristics. The two horizontal components of the seismic event have been 

applied separately as input motions at the bedrock level (i.e. at 47 m). 

3.1 Equivalent-linear visco-elastic model 

The code EERA is based on the assumption of equivalent-linear visco-elastic soil behav-

iour. The approach makes use of the exact continuum solution of wave propagation in hori-

zontally layered visco-elastic materials subjected to vertically propagating transient motions 

[e.g. 17]. The non-linear variation of soil shear modulus, G, and damping, D, with shear strain 

is accounted for through a sequence of linear analyses with iterative update of stiffness and 

damping parameters. For a given soil layer, G and D are assumed to be constant with time 

during the shaking. Therefore, an iterative procedure is needed to ensure that the properties 

used in the linear dynamic analyses are consistent with the level of strain induced by the input 

motion in each layer. 

In the presented EERA analyses, the profile of small-strain stiffness shown in Figure 2(b) 

with a dashed black line has been discretised by constant stiffness sub-strata of 1 m thickness. 
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The statistical fit (SF) curves reported in Figure 3 have been adopted in the visco-elastic simu-

lations for the top layers (i.e. between 0 and 17 m). From 17 to 47 m the same curves as those 

relevant to the depth between 11 and 17 m have been considered. 

3.2 Non-linear finite element model 

The ground response analysis of the Lotung experiment site has been also undertaken us-

ing the two-dimensional fully-coupled finite element code SWANDYNE II. The code allows 

to perform linear and non-linear dynamic analyses, using the Generalised Newmark method 

[18] for time integration. In particular, the values of the Newmark parameters selected in all 

the FE analyses illustrated in this note are β1 = 0.600 and β2 = 0.605 for the solid phase and 

β1
*
 = 0.600 for the fluid phase. These values ensure that the algorithm is unconditionally sta-

ble, while being dissipative mainly for the high frequency modes [e.g. 4]. A 5 m wide, 47 m 

high FE mesh composed by 235 isoparametric quadrilateral finite elements with 8 solid nodes 

and 4 fluid nodes has been used in the dynamic simulations. The base of the mesh has been 

assumed to be rigid, while equal displacements have been imposed to the nodes along the ver-

tical sides (i.e. tied-nodes lateral boundary conditions). Base and lateral hydraulic boundaries 

have been assumed as impervious, while drained conditions have been imposed at the top of 

the mesh. A small amount of viscous damping, equal to 3%, has been introduced into the 

model through a standard Rayleigh formulation [e.g. 19] to reduce the high frequency spuri-

ous spikes.  

In order to investigate the effects of soil non-linearity on the wave propagation process, 

plasticity has been implemented in the FE simulations through the advanced elasto-plastic 

model (RMW) developed by Rouainia and Muir Wood [20]. The RMW model allows to re-

produce some of the key features of the cyclic behaviour of natural soils as the decay of the 

shear stiffness with strain amplitude, the corresponding increase of hysteretic damping and the 

related accumulation of excess pore water pressure under undrained conditions. The model 

has been implemented in SWANDYNE II with an explicit stress integration algorithm adopt-

ing a constant strain sub-stepping scheme. RMW has been successfully employed to simulate 

both static [21, 22] and dynamic geotechnical problems [23, 24]. For more details on its for-

mulation and implementation the reader is referred to Rouainia and Muir Wood [20] and Zhao 

et al. [25].  

In previous versions of the model a classical hypoelastic formulation was employed for the 

determination of the bulk and shear moduli, K and G0. In this work, the well-known equation 

proposed by Viggiani and Atkinson [26] for the small-strain shear modulus has been imple-

mented to reproduce the dependency of G0 on the mean effective stress (p) and the overcon-

solidation ratio (OCR): 

 0
 

  
 

n

m

r r

G p
A OCR

p p
 (1) 

where pr is the reference pressure (equal to 1 kPa). The non-dimensional parameters A, m and 

n depend on the properties of the soil and can be determined as function of the plasticity index. 

In the initialisation of the FE model, a higher overconsolidation ratio has been assumed for 

the upper part of the FE column (from 0 to a depth of 6 m), with an average OCR equal to 4, 

while a constant OCR of 2 has been imposed for the remaining part of the model. The as-

sumed variation of OCR with depth is deemed to be realistic in accordance with the G0 data 

shown in Figure 2(b), where a non zero elastic shear modulus of about 25 MPa can be ob-

served near the ground surface (corresponding to a measured shear wave velocity of about 

100 m/s). Once the FE model has been initialised, a range of possible elastic shear modulus 
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profiles, reported in Figure 2(b) with the shaded area, have been investigated and the final G0 

profile adopted in the FE dynamic simulations is shown in the same figure with a solid black 

line. 

Numerical simulations of undrained cyclic simple shear tests have been carried out with 

RMW in order to produce normalized shear modulus and damping curves. The secant shear 

modulus and the damping ratio for each shear strain amplitude have been assessed after 500 

load cycles, a number sufficient to reach steady-state condition. The results of the single ele-

ment tests performed with the RMW model are reported in Figure 3 with a solid black line for 

each depth and compared with the corresponding curves presented by Zeghal et al. [14]. Ta-

ble 1 summarises the RMW model parameters adopted for the different soil layers. 

 

Depth  *
 *

 M R B  r0 

0-17 m 0.03 0.0015 0.922 0.08 0.60 1.0 1.0 

17-23 m 0.03 0.0015 1.096 0.08 0.60 1.0 1.0 

23-29 m 0.03 0.0015 0.814 0.08 0.60 1.0 1.0 

29-37 m 0.03 0.0015 0.941 0.08 0.60 1.0 1.0 

37-47 m 0.03 0.0015 0.730 0.08 0.60 1.0 1.0 

Table 1: Material parameters for the RMW model. 

4 RESULTS AND DISCUSSION 

The results of the EERA simulations are shown in Figure 4 with a dashed black line in 

terms of acceleration time histories recorded at depths 0 and 11 m. The corresponding down-

hole motions recorded in-situ during the earthquake along the DHB array [27], named FA1-5 

and DHB-11, are reported in the same figure. The comparison shows that EERA is able to 

predict the E-W motion very well, particularly at the depth of 11 m both in terms of peak ac-

celeration and zero crossing. The peak acceleration at ground surface in the E-W direction is 

slightly over-estimated. On the contrary, a poorer prediction can be obtained by applying the 

N-S component at bedrock level: the equivalent-linear analysis under-predicts the peak accel-

eration significantly both at ground surface and at the depth of 11 m. Moreover, a time shift in 

the acceleration peak between the recorded and predicted motions can be observed at surface. 

A similar performance of the equivalent-linear visco-elastic approach has been observed by 

Borja et al. [5] and Amorosi et al. [8]. 

In addition to the EERA results, Figure 4 also shows the predictions obtained with the FE 

non-linear approach. The time-domain analyses, undertaken within the SWANDYNE II finite 

element code along with the RMW constitutive model, are in good agreement with the rec-

orded data, especially at the depth of 11 m from surface, for both the E-W and N-S compo-

nent. The predicted peak acceleration of the E-W motion at ground surface agrees well with 

the observed array data, while a slight under-estimation of the PGA can be seen in the N-S 

direction. A very good agreement with the array data is obtained in terms of zero crossing. 

The response spectra (for 5% damping) of the acceleration time histories recorded during 

the EERA and SWANDYNE II simulations at ground surface and 11 m depth are presented in 

Figure 5. While the agreement with the array data obtained by both the visco-elastic and FE 

non-linear schemes is evident for the E-W component of the input motion, EERA is not able 

to correctly capture the frequency content of the N-S component both at 0 and 11 m depth. On 

the contrary, a significant improvement in the frequency prediction of recorded data is ob-

tained by the advanced numerical approach. It should be noted that the wave signal arrives at 

the depth of 11 m already significantly damped from the deeper soil layers, for which a proper 
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geotechnical characterization in terms of reduction in shear modulus and damping is not 

available. 
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Figure 4: Comparison between predicted acceleration time histories and array data. 
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Figure 5: Comparison between predicted response spectra and array data. 
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5 CONCLUSIONS  

The ground response analysis of the Large-Scale Seismic Test site in Lotung has been 

studied in this work using the simple equivalent-linear visco-elastic method and a fully-

coupled non-linear FE approach The incorporation of plasticity through an advanced elasto-

plastic model, which has been calibrated against laboratory and in-situ data, has allowed the 

effects of soil non-linearity on the wave propagation to be investigated. The comparison with 

recorded array data has enabled to assess the performance of the two numerical schemes, 

highlighting the limitations of the visco-elastic method and the advantages of the advanced 

approach. In particular, the results have shown how the frequency-domain approach is unable 

to capture the frequency content of the observed acceleration in the N-S direction at all inves-

tigated depths. In contrast, the fully-coupled simulations are in good agreement with the array 

data in terms of frequency, although a small under-estimation of the peak ground acceleration 

in the N-S direction has been observed. Further improvements are still necessary to better 

simulate the observed free-field response. 
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Abstract. Seismic safety of earth or rockfill dams and embankments is strongly conditioned 

by permanent displacements caused by earthquakes. For a severe earthquake, the permanent 

displacement pattern results from the combination of displacements generated by volumetric 

and shear plastic strains distributed within the structure, and those caused by sliding of the 

soil mass along one or more failure surfaces. Numerical procedures commonly used in prac-

tice do not consider the strain localization phenomena at failure surfaces and the associated 

mesh dependence of the solution. Typically, nonlinear finite element or finite difference codes 

yield an estimate of distributed deformations and dynamic response, without accounting for 

the plastic strain localization problem. In addition, some of the numerical approaches used in 

practice do not consider the change of configuration caused by large displacements. The ma-

terial point method or MPM is a lagrangian “particle-mesh” numerical method. It has been 

previously used in modeling dynamic problems with large displacements and strain localiza-

tion. With MPM, a body is discretized into a collection of lagrangian particles, which carry all 

the data needed to define the body’s state. Interaction between particles takes place in a back-

ground fixed mesh, similar to those used in the finite element method. The MPM is applied in 

this paper to model the three dimensional dynamic response of Punta Negra dam, a concrete 

faced gravel dam which is being built in San Juan Province, Argentina.. 
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1 INTRODUCTION 

The geomorphologic and climatic features of the central-west part of Argentina cause most 

of the population to concentrate in oases served by artificial irrigation. Water supply to these 

oases, both for irrigation and for human consumption, and the need of power generation have 

encouraged the construction of large dams in all rivers with permanent flow regimes. All the-

se dams are located upstream of important population centers and crop fields. Collapse of one 

of these works would threat human lives, properties and lifelines, like water provision sys-

tems for human consumption and for irrigation. In addition, this region is the one with the 

greatest seismic activity in the country. Considering the magnitude of past earthquakes it is 

clear that the region of Precordillera in west Argentina has a seismic hazard level comparable 

to that of the most seismically active areas in the world.  

During the 90’s decade of the twentieth century, the knowledge about the seismic motion 

in epicentral areas was substantially improved. This was due to the increase in extension and 

density of strong motion seismographs networks, which were installed in many countries 

across the world since the 80’s. The major increase in the amount of field data and the possi-

bility of obtaining measurements of the motion within the epicentral area (less than 20 km 

from the seismic source), have led to the identification of new features of seismic motions that 

were previously unknown. 

Several conclusions can be drawn from the strong motion information that was obtained. 

First, instrumental information shows that peak ground accelerations occurring in epicentral 

areas are substantially larger than the limits assumed as physically possible before the 90’s 

decade. In rock sites, the largest ground acceleration for any earthquake magnitude was sup-

posed to be less than 0.8g. This limit has been largely exceeded in many epicentral records 

obtained during recent earthquakes. Also it has been noted that many epicentral records con-

tain large velocity pulses, reaching values significantly larger than the ones thought as reason-

able before the 90’s decade. These velocity pulses are known to be caused by directivity 

(Somerville [1]) and fling effects (Steward [2]). Such features were detected in various earth-

quakes as Loma Prieta (USA, 1989), Landers (USA, 1993), Kocaeli (Turkey, 1999), Chi-Chi 

(Taiwan, 1999) and Ducze (Turkey, 1999). These velocity pulses imply the content of long 

period components in the acceleration record. These long period components particularly af-

fect large earth dams, which have typical natural periods (in the inelastic range) between 0.5 

and 2 seconds. 

 On the other hand, advances in seismic source characterization techniques, fundamentally 

neotectonic and paleoseismology, have led to a re-evaluation of seismic threat in dams sites, 

allowing detection of cases in which this threat had been underestimated at the time of dam 

design. 

It is important to emphasize the main role that paleoseismicity research plays in the seismic 

characterization of a region. This research is of main concern for the seismic design of dams, 

since seismic motions usually specified for the design of these structures have return periods 

between 5000 and 10000 years, whereas historical seismic activity in the midwest region of 

Argentina has been observed and recorded just for little more than 200 years. Paleoseismicity 

research allows the extension of the observation window to the whole Quaternary (1.6 million 

years), bringing great enhancement to our ability to understand and characterize a region’s 

seismic activity.  
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2  CRITERIA FOR SEISMIC VERIFICATION OF DAMS 

According to international practice, dams should be verified under two scenarios: normal 

operation earthquake and safety earthquake. Under the normal operation earthquake, the dam 

is expected to sustain seismic action with minor damage that not implies interruption in opera-

tion. For the safety earthquake, the structure is expected neither to collapse nor reach a situa-

tion of uncontrolled water release, although it is acceptable the occurrence of important 

damage leading to the need of stopping the operation or even to empty the reservoir in order 

to carry out reparations.  

From a methodological point of view and considering the available tools, analysis of the 

behavior of a dam sustaining normal operation earthquake does not pose great difficulty in 

most cases. The design process normally involves stability check, permanent deformation and 

displacements estimation and stress check in concrete structures. In contrast, when consider-

ing the safety earthquake, dams located in areas of high seismic hazard are expected to sustain 

major damage, taking the structure to a near-collapse stage. In fact, evaluation of safety 

should include analysis of all possible collapse mechanisms for the structure, in order to study 

the structure’s safety margin with respect to each of these mechanisms. An earthquake can 

induce over earth dams (Seed [3]) different natures of damage such as: settlement (loss of 

freeboard), embankments sliding, sliding of dam over foundation and cracking of watertight 

members and uncontrolled water leaks.  

Safety evaluation at high damage stages such as those expected to be produced by the safe-

ty earthquake may require sophisticated analysis tools. From a mechanical and hydraulic point 

of view, the analysis should take into account a series of complex phenomena. In earth dams, 

such phenomena may include the occurrence of plastic strains, liquefaction or cyclic mobility 

of saturated granular materials, strain localization in sliding surfaces, cracking, large dis-

placements problems and water seepage with particle erosion.  

In general, the kind of analysis tools that would be required to perform a complete analysis 

of the dam behavior under the action of the safety earthquake are still under development, 

some of them being used for research purposes, but they are not of common use in engineer-

ing practice. The main obstacle to achieve the spreading of sophisticated analysis tools to 

practice is that they are not yet conveniently tested against measurements and observations of 

real cases, being an additional difficulty the low number of dams that had sustained intense, 

epicentral area seismic motion.  

 

3 ANALYSIS TOOLS FOR EVALUATION OF DAMS SEISMIC BEHAVIOR. 

 

The level of seismic excitation currently considered for safety assessment of dams takes 

the analyses into behavior stages that were not considered previously, changing in many cases 

the scope and methodology of verification. 

As an example, in the case of earth dams with central clay core, years ago the goal of veri-

fication was to ensure that, within the body and the foundation of the dam, the water pressure 

built-up due to earthquake action is limited to moderate values. This was the logical design 

criterion following the Terzaghi’s effective stress principle, since if the pore pressure increase 

becomes equal to the existing effective stress, the material’s strength would drop to zero and 

such a dangerous situation should be avoided.  This situation does not really imply the struc-

ture to be at risk of collapse. Since dense granular materials tend to dilate when subjected to 

shear strains, the pore pressure would drop immediately if any minor sliding takes place. The 

undrained residual strength of dense granular materials is high, and therefore the stability of 

289



F. Zabala, R.D. Rodari, L. Oldecop 

many structures is ensured even if the earthquake does cause high pore pressures. In fact, the 

dilatant material can reach cyclic mobility during the seismic motion, which implies a mo-

mentary loss of stiffness without loss of strength. If this were the case, it would be necessary 

to estimate permanent deformations caused by the earthquake, and to check that these defor-

mations do not represent a risk to the structure (overtopping risk, for example). 

 

 Traditional tools used to perform safety analysis of dams subjected to seismic action are 

stability evaluation by limit equilibrium methods, dynamic response analysis by means of 

elastic or linear equivalent finite element models and estimation of permanent displacements 

using Newmark [4] method. Table 1 shows some features of the evolution of analysis meth-

ods, from the linear equivalent model used in the 80´s to nonlinear coupled effective stress 

analysis. 

 Particle models can deal with large displacement without the mesh distortion that arises 

with finite element method.  Mesh preparation and 3d models are simpler to develop.  

 

 

Dynamic analysis with line-

ar equivalent finite element 

model 

Nonlinear coupled effective 

stress analysis. 

Finite elements  

Nonlinear coupled effective 

stress analysis.  

Finite elements and  

Particle methods  

 

Model 

Results 

Final pore pressure  

distribution. 

 

Acceleration response. 

Step by step pore pressure 

buildup and dissipation. 

 

Acceleration response. 

 

Permanent deformations. 

 

Step by step pore pressure 

buildup and dissipation. 

Acceleration response. 

Permanent deformations. 

Localized deformation zones. 

Collapse mechanism arises 

from the model. 

Safety 

checks 

Post-earthquake stability 

analysis with effective 

stresses. 

Deformation potential. 

Newmark displacement  

analysis using acceleration 

response. 

Post-earthquake stability 

analysis with materials  

residual strength. 

Newmark displacement anal-

ysis. 

Final freeboard loss. 

Final displacements. 

 

Final freeboard loss. 

Model 

features 

Dynamic response errors. 

 

No estimation of plastic de-

formation. 

 

Poor definition of localized 

zones, yield surfaces and 

cracks. 

Mesh dependence of local-

ized deformation zones. 

Need of regularization tech-

niques for softening  

materials. 

Large displacement without 

mesh distortion. 

 
Table 1. Evolution of models for safety assessment of earthdams 

 

Seismic safety of earth and rockfill dams is strongly dependent on the magnitude of the fi-

nal displacements of the dam’s body and its foundation after a destructive earthquake. Perma-

nent displacements are caused by volumetric and shear plastic strains distributed within the 

structure combined with displacements caused by sliding along several failure surfaces. The 

numerical procedures used in current practice usually do not consider the strain localization in 

these failure surfaces nor the dependence of the solution upon the size of the finite element or 

finite difference mesh. Most of the nonlinear dynamic codes currently used, yield only an es-

timate of the strains distribution and dynamic response, without adequately considering the 

localization of plastic deformations. In addition, some of the numerical procedures used in 

practice do not consider the changes in the configuration of the dam caused by large dis-

placements. 
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In the dynamic analysis of finite element models of earth dams, it does not seem practical 

to solve the numerical problems arising from the strain localization phenomenon by using 

adaptive meshes coupled with some regularization procedure or discrete sliding surfaces or 

cracks that propagate within the dam model. This is because external loads change at every 

moment along the base acceleration history, imposing variable conditions of strain localiza-

tion to the soil mass. In other words, during the movement a number of failure surfaces may 

appear in downstream or upstream slopes. These surfaces may be active or not, depending on 

the evolution of accelerations imposed by the earthquake. On the other hand the width of the 

zone of localized plastic strains, or failure surface, is in the order of a few nominal diameters 

of soil particles, while a reasonable computation time for the calculations requires a minimum 

size of the mesh in the order of 1 to 2 m. Therefore the practical possibilities to solve this 

problem are reduced to the use of constitutive equations that render the softening strain re-

sponse as dependent on the size of the element or to introduce discontinuities in the displace-

ment field combined with discrete stress-displacement constitutive equations. Non-local 

constitutive equations or constitutive equations that take into account the strain gradient are 

unable to capture the failure surface, with the mesh sizes used in practice, but can provide 

mesh independence of the solution. 

It is worth noting that the behavior of each type of earthdam structure is different. In zoned 

dams, upstream displacements of the upstream shell are expected due to the phenomenon of 

cyclic mobility taking place in the saturated materials. On the contrary, in concrete faced 

dams, larger permanent displacements are expected to occur in the downstream slope when 

the reservoir is full. The upstream portion of the dam is under high confinement stresses due 

to the action of water loads over the concrete face and hence this portion is much stiffer than 

the rest.  

High accelerations are to be expected at the crest of dams, due to dynamic amplification ef-

fects. These accelerations may induce sliding failures in the crest area. Other failure surfaces 

may occur by the presence of weak zones. In these cases, unless special techniques are ap-

plied, usual finite element codes cannot satisfactorily reproduce this kind of failure involving 

strain localization. 

 

4 MATERIAL POINT METHOD  

 The method was initially described by Sulsky et al. ([5], [6]) and by Sulsky and Schreyer 

[7]. The material point method represents the material contained in a region as a collection of 

unconnected material points or lagrangian “particles”. An initial mass is assigned to each par-

ticle. Particle masses remain fixed throughout the calculation process, thus insuring global 

mass conservation. Other initial quantities, such as velocities, strains and stresses, are also as-

signed to the material points. 

The discrete motion equations are not solved at the material points. Instead a support mesh, 

built to cover the domain of the problem, is used (Figure 1). This mesh is composed of ele-

ments of the same type as those used in the finite element method. For the sake of simplicity, 

it is common to use bilinear regular quadrilateral elements. The variables required to solve the 

motion equations in the mesh at any step of the analysis are transferred from the particles to 

the nodes of the mesh by using mapping functions. These are the typical shape functions used 

in the finite element method. The boundary conditions are imposed at the mesh nodes and the 

motion equations are solved by using an incremental scheme. Then the quantities carried by 

the material points are updated through the interpolation of the mesh results, using the same 

shape functions. The information associated to the mesh is not required for the next step of the 

analysis; therefore it can be discarded provided that the boundary conditions that may have 
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been established are preserved. This avoids mesh distortion for large displacements and con-

vection errors. The method is well suited for dynamic problems with large displacements and 

incorporates in a natural way a non-slip contact algorithm. MPM is similar to the finite ele-

ment method  because the weighting functions which are used in the mesh are of the same 

type as those used in FEM, and the "particles" could be considered in some cases, as integra-

tion points that are not necessarily located at the coordinates of the Gaussian integration 

points used in FEM. Implementation of the MPM is easy because several of its fundamental 

assumptions and mathematical technologies are similar to those that support the widely ex-

tended finite element method. 

MPM is now being used in geotechnical engineering and some interesting applications 

have been developed. It was applied to the modelling of anchors placed in soil [8], to excava-

tor bucket filling [9], to problems of granular flow in a silo [10], to the simulation of experi-

ments related to fault induced ground deformations [11], to run-out analysis of earthquake-

induced soil flows  [12] and to geomembrane response to settlement in landfills [13]. Also, a 

quasi-static version of MPM has been developed for large deformations in geomechanics [14]. 

  

 

 
 

Figure 1: Components of a material point method model 

5 PUNTA NEGRA DAM  SEISMIC HAZARD  

Punta Negra is a concrete faced gravel dam under construction near San Juan city in Ar-

gentina. Figure 2 shows the Uniform Hazard Spectrum for a return period of 10000 years as a 

result of a probabilistic seismic hazard analysis (PSHA) for the site of Punta Negra Dam [15]. 

Figure 2 also shows the response spectra obtained from three horizontal strong motion records 

used for the dam seismic assessment.   
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Figure 2. Uniform Hazard Spectra for Punta Negra dam 

6  ANALYSIS OF PUNTA NEGRA DAM  

Figure 3 shows a simplified three-dimensional particle MPM model of Punta Negra dam. 

The initial downstream slope is 1:1.65 (vertical: horizontal) and the upstream slope is 1:1.5. 

With the aim of exploring the capabilities of MPM in dam analysis a first coarse model was 

made with 56250 particles, and a supporting grid of 5m x 5m cell size with 1 particle per cell 

in the initial configuration. A solid obtained from a 3d Delaunay triangulation of the initial 

particles position using Paraview [16] is shown in Figure 4. 

 The results presented here were computed using a modified version of Pastor–Zienkiewicz 

constitutive model [17] which is described in the appendix. 

Figure 5 shows the dam body clipped by a symmetry plane (upstream-downstream). In this 

figure particle colors refer to vertical effective stresses due to self-weight and reservoir water 

pressure applied on the concrete face (left side of figure).  As can be seen there is a zone be-

low the concrete face highly compressed due to water pressure. These pressures confine the 

material, increasing both the stiffness and the strength of the soil, so it is less likely that plas-

tic strains will develop in that area. The downstream slope is far less confined and therefore it 

is reasonable to expect larger deformations there.  

Shear equivalent plastic strains (equation 1) are shown in Figure 6 for a step during the 

model dynamical analysis with SV2 accelerogram and empty reservoir. Figure 7 shows a 2D 

cross-section derived from these results.  In this case the larger shear strains are developed in 

the more stepped upstream slope.
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p p p
eq ij ije e                                                                  (1) 

p
eq : equivalent plastic shear strain increment,  

pe :  deviatoric plastic strain 

 

Figure 3. CFRD tridimensional particle model. Initial particle position  

 

Figure 4. 3D Delaunay triangulation of the initial particles position 
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Figure 5.  Particle model central cross section. Vertical stresses 

 

  

Figure 6.  Particle model central cross section. Equivalent plastic shear strain 
 

 
Figure 7. Dam central cross section of particle model. Equivalent plastic shear strain 
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6.1 Strain localization  

In order to take account of strain localization the concept of smeared crack or sliding sur-

face in the cell has been applied, i.e. plastic strain concentrated on a sliding surface is distrib-

uted throughout the cell. To obtain an objective response (non dependent on the size of cells) 

in strain softening we follow the approach described in reference [18]. The volume averaged 

total strain rate of particles can be expressed as: 

                                             (1 )i of f  ε ε ε                                                            (2) 

where subscripts ‘‘i’’ and ‘‘o’’ are used for the strain inside and outside the localisation re-

gion, respectively and f = h/H  is the volume fraction of the locatization band to the total par-

ticle volume.    

7 CONCLUSIONS  

The Material Point Method can help to improve the dynamic analysis of geotechnical 

structures taking into account in a simple manner many of the issues related. The model pre-

sented in this paper captures the principal features of the expected dam behavior and can deal 

with large displacements without mesh distortion. 

8 APPENDIX. GENERALISED PLASTICITY  CONSTITUTIVE MODEL 

 

Pastor – Zienkiewicz model [17] for sands was used for the analysis. This model is formu-

lated in the frame of generalised plasticity. Constitutive matrix is defined as:  

/
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The plastic modulus HL/U is a hardening parameter that is a function of effective stress ratio, 

effective pressure and accumulated strain. The model is formulated in terms of the three in-

variant: effective mean pressure p’, deviatoric stress q, and Lode angle. The flow direction is 

a function of dilatance d, for loading and unloading. 
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The loading direction vector is defined in a similar form:  
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and the  plastic modulus H  for loading is: 

 

0 '( )L v s f DMH H p H H H H 
 

The details of the model formulation can be found in [17]. 

8.1 Modification of P-Z model. 

The model was modified due to the difficulties founded on selecting appropriate parame-

ters that can represent accurately the material steady state strength, using a plastic modulus for 

loading: 

 

0 '( )L v s ff f DMH H p H H H H H 
 

1ff

CS

H



 

 

cr

p'
 =  1 - 1  

p

g

CS f

f

M


 


   
            

 f=(1 + 1 / ) Mf   

 CS :  limit stress ratio that causes fH  =0  for  p´=p´cr  and g M CS     

 p`cr  is the effective pressure which the material reach under steady state conditions and 

depends on the void ratio.  
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Abstract. This paper presents an evaluation of the seismic collapse risk of self-centering 

moment-resisting frames (SC-MRFs) with viscous dampers located in near-fault regions. This 

evaluation is based on the comparison of different designs of a prototype steel building using 

four lateral load resisting frames: 1) conventional moment-resisting frames (MRFs), 2) MRFs 

with viscous dampers, 3) SC-MRFs and 4) steel SC-MRFs with viscous dampers. The frames 

are modeled in OpenSees where material and geometrical nonlinearities are taken into ac-

count as well as cyclic strength and stiffness degradation. A database of 91 near-fault, pulse-

like ground motions with varying pulse periods is employed for the nonlinear dynamic anal-

yses. Collapse resistance of the frames is evaluated through incremental dynamic analysis 

(IDA). The results of the IDA are combined with probabilistic seismic hazard analysis models 

that account for near-fault directivity to assess collapse risk of the structures. Results show 

that the predicted collapse capacity is affected by the pulse period of the near-fault ground 

motions and highlight that self-centering connections can significantly improve the collapse 

resistance of conventional MRFs. Finally, it is shown that supplemental damping provides 

superior collapse resistance for all frames. 
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1 INTRODUCTION 

A distinct velocity pulse with a long period often characterizes near-fault earthquake 

ground motions. Such pulse is typically observed at the beginning of the fault-normal (FN) 

ground velocity time-history and has a probability of occurrence that depends on the site-to-

source geometry, earthquake magnitude and other parameters [1-2]. Starting from the pioneer 

studies of Veletsos and Newmark [3] and Bertero et al. [4], the response of yielding single-

degree-of-freedom systems subjected to near-fault earthquake ground motions has been ex-

tensively studied by many researchers [5-6 and references therein]. Other studies focused on 

yielding frames and showed the potential of near-fault ground motions to induce large story 

drifts [7-9 and reference therein]. 

The destructive potential of near-fault ground motions was evident after many earthquakes 

such as the Northridge, California (1994); Kobe, Japan (1995); Chi-Chi, Taiwan (1999); and 

L’Aquila, Italy (2009). The economic losses caused by these earthquakes at near-fault sites 

highlighted the limitations of conventional seismic-resistant systems, which experience signif-

icant inelastic deformations (i.e. damage) in main structural members and appreciable residual 

story drifts. 

Modern codes in the USA have adopted risk-targeted seismic design maps, which define 

design spectral acceleration values that are intended to ensure that newly designed buildings 

have a uniform probability of collapse of 1% in 50 years [10]. However, in their current form, 

they do not explicitly account for the higher potential collapse risk for buildings located in the 

near-fault region. A recent study highlighted the need to account for such higher collapse risk 

by showing that the probability of collapse in 50 years for reinforced concrete buildings at a 

representative near-fault site is approximately 6%, i.e. significantly higher than the 1% limit 

[11]. 

The issue of large residual story drifts and higher collapse risk in the near-fault region 

could be possibly addressed by employing modern resilient structures instead of the conven-

tional yielding structures, which are promoted by current seismic codes such as the Eurocode 

8 (EC8) [12]. Steel self-centering moment-resisting frames (SC-MRFs) using post-tensioned 

(PT) beam-column connections are a promising class of resilient structures. SC-MRFs exhibit 

softening force-drift behavior and eliminate beam inelastic deformations and residual drifts 

(RDs) as the result of gap opening developed in beam-column interfaces and elastic PT bars 

which clamp beams to the columns and provide self-centering capability. PT connections use 

yielding-based [13-19] or friction-based [20-23] energy dissipation devices, which are acti-

vated when gaps open and can be easily replaced if damaged. Seismic design procedures for 

SC-MRFs have been proposed in [24-25]. Steel moment-resisting frames (MRFs) equipped 

with passive dampers are another class of resilient structures. Previous analytical and experi-

mental research showed that steel MRFs with passive dampers can be designed to be lighter 

and perform better than conventional steel MRFs under the design basis earthquake (DBE) 

and the maximum considered earthquake (MCE) [26-27]. A study shows that supplemental 

viscous damping does not always ensure adequate reduction of RDs [26-28]. A recent work 

evaluates the seismic collapse resistance of steel MRFs with linear viscous dampers and 

shows that supplemental viscous damping does not always guarantee a better seismic collapse 

resistance when the strength of the steel MRF with dampers is lower or equal to 75% of the 

strength of a conventional steel MRF [29]. 

Recent studies investigated the effectiveness of a seismic design strategy that combines 

self-centering systems with viscous dampers. The use of viscous dampers in parallel to self-

centering precast concrete base rocking walls has been proposed as an effective way to con-

trol peak story drifts [30]. The parallel combination of hysteretic and viscous energy dissipa-
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tion along with a friction slip mechanism in series connected to the viscous energy dissipation 

mechanism were found to achieve high levels of seismic performance for self-centering sys-

tems [31]. Tzimas et al. [32] also proposed a new seismic design procedure for SC-MRFs 

equipped with viscous dampers in the framework of EC8 [12]. 

Although the response of resilient structures has been thoroughly investigated up to the 

MCE, research on their behavior near collapse is still missing. In addition, their collapse risk 

in the near-source has not been studied. In this paper, the seismic collapse risk of SC-MRFs 

with viscous dampers subjected to near-fault ground motions is evaluated and compared to 

that of ordinary MRFs. The recently developed PT connection with web hourglass shape pins 

(WHPs) [15,18] is utilized for the SC-MRFs. A prototype building is designed as a SC-MRF 

with or without viscous dampers. Different design approaches for the SC-MRF with viscous 

dampers are considered to investigate all possible scenarios. The structures are modeled in 

OpenSees [33] where material and geometrical nonlinearities are taken into account as well as 

cyclic strength and stiffness degradation. A database of 91 near-fault, pulse-like ground mo-

tions with varying pulse periods is employed for the nonlinear dynamic analyses of this study. 

The concept of incremental dynamic analysis (IDA) [34] is used for the prediction of collapse, 

in which each ground motion is scaled appropriately, using as intensity measure the first-

mode spectral acceleration, Sa(T1), until dynamic instability occurs. The probability of col-

lapse is then calculated as a function of ground motion characteristics i.e. the ground motion 

intensity and the period of the velocity pulse. Finally, the results of the IDA are combined 

with probabilistic seismic hazard analysis models that account for near-fault directivity to as-

sess collapse risk of the structures. 

2 SC-MRFS WITH VISCOUS DAMPERS 

2.1 SC-MRFs using PT connections with WHPs 

Figure 1(a) shows a SC-MRF using PT connections with WHPs and Figure 1(b) shows an 

exterior PT connection with WHPs. The PT connection with WHPs has been experimentally 

and numerically evaluated by Vasdravellis et al. [15,18]. Two high strength steel bars located 

at the mid depth of the beam, one at each side of the beam web, pass through holes drilled on 

the column flanges. The bars are post-tensioned and anchored to the exterior columns. WHPs 

are inserted in aligned holes on the beam web and on supporting plates welded to the column 

flanges. Energy is dissipated through inelastic bending of the WHPs that have an optimized 

hourglass shape (Figure 1(c)) with enhanced fracture capacity. The beam web and flanges are 

reinforced with steel plates. The panel zone is strengthened with doubler and continuity plates. 

A fin plate welded on the column flange and bolted on the beam web is used for easy erection 

and resistance against gravity loads before post-tensioning. Slotted holes on the beam web 

ensure negligible influence of the fin plate on the PT connection hysteretic behavior. 

The connection behavior is characterized by gap opening and closing in the beam-column 

interface as a result of the re-centering force in the PT bars. Figure 2(a) shows the free body 

diagram of an external PT connection where d1u and d1l are the distances of the upper and 

lower WHPs from the center of rotation that is assumed to be at the inner edge of the beam 

flange reinforcing plates; d2 is the distance of the PT bars from the center of rotation; T is the 

total force in both PT bars; FWHP,u and FWHP,l are the forces in the upper and lower WHPs; CF 

is the compressive force in the beam-column interface; VC1u and VC1l are the shear forces in 

the upper and lower column, M is the PT connection moment, V is the beam shear force; and 

N is the horizontal clamping force that is transferred to the beam-column interface through the 

slab diaphragm and the beam. Figure 2(b) shows the SC-MRF expansion due to rotations θ in 

the PT connections. 
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Figure 1: (a) SC-MRF; (b) exterior PT connection with WHPs; and (c) WHP geometry and assumed static sys-

tem. 
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Figure 2: (a) Free body diagram of an external PT connection; (b) SC-MRF expansion and horizontal 

forces equilibrium; and (c) theoretical cyclic behaviour of the PT connections with WHPs. 

Figure 2(c) shows the theoretical cyclic moment-rotation (M-θ) behavior of the PT connec-

tion with WHPs, which has been verified by the large-scale experiments conducted by 

Vasdravellis et al. [15]. After decompression of the PT connection (Point 1 in Figure 2(c)), 

gap opens and the behavior becomes nonlinear elastic with rotational stiffness S1. At point 2, 

the upper WHPs yield and M continues to increase with slope S2. At point 3, the lower WHPs 
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yield and M continues to increase with slope S3. When loading is reversed, the connection be-

gins to unload until the gap closes. More details about the connection behavior can be found 

in [32]. 

2.2 Prototype building 

Figure 3(a) shows the plan view of a 5-storey, 5-bay by 3-bay prototype building having 

two identical lateral resisting frames (MRFs or SC-MRFs) in the x plan direction. Braced 

frames are located in the y plan direction. Viscous dampers are inserted in the interior gravity 

frames, with pinned connections, that are coupled with the perimeter lateral resisting frames 

through the floor diaphragm as shown in Figure 3(b). Due to the symmetry of the building, 

this paper focuses on one perimeter lateral resisting frame. The building has ductile non-

structural elements, and thus, maximum interstory drift ratio θs,max, should be lower than 

0.75% under the under the frequently occurred earthquake (FOE) according to EC8 [12]. The 

DBE is expressed by the Type 1 elastic response spectrum of EC8 [12] with peak ground ac-

celeration equal to 0.35g and ground type B. The FOE has intensity of 40% the intensity of 

the DBE. The model used for the design is based on the centerline dimensions of the lateral 

resisting frame without accounting for the finite panel zone dimensions. A “lean-on” column 

is included in the model to account for the P-Δ effects of the vertical loads acting on the 

gravity columns in the tributary plan area (half of the total plan area) assigned to the lateral 

resisting frame. The steel yield strength is equal to 355 MPa for the columns, 275 MPa for the 

beams, 930 MPa for PT bars, 235 MPa for the WHPs, 275 MPa for the beam reinforcing 

plates and 235 MPa for the fuse. The beam and column sections have different steel grades to 

achieve the capacity design rules of EC8 [12]. Nonlinear viscous dampers are designed with a 

horizontal configuration and a velocity exponent a equal to 0.5. The inherent damping ratio of 

the SC-MRF is equal to 3%. 
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Figure 3: (a) Plan and (b) side views of the prototype building. 

2.3 Design cases 

Four frames were designed as SC-MRFs with and without viscous dampers and conven-

tional MRFs with and without viscous dampers. All the frames have the same cross sections, 

but different structural performance under strong earthquakes. Table 1 provides the steel 

weight, fundamental period T1, damping ratio ξt and interstory drift ratio, θs,max, under the 

FOE and DBE of the frames discussed below: 

CP3D (SC-MRF or MRF): Conventional performance frame without viscous dampers (ξt 

=3%). 
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HP20D (SC-MRF or MRF): High performance frame with viscous dampers (ξt =20%). Its 

target performance led to the same cross sections and PT connections details with those of 

CP3D frame. It demonstrates the design scenario where viscous dampers are used to achieve 

θs,max significantly lower than the EC8 [12] limit. It also demonstrates the design scenario 

where strict design criteria for the PT connections along with a low θs,max target value are en-

forced to genuinely achieve seismic resilience. 

Table 2 provides the beams and columns cross-sections and the damping coefficient of the 

dampers, c, of the frames. The PT bar diameter, dPT, the total initial post-tensioning force, T0, 

the length, Lrp, the area, Arp, of the beam flange reinforcing plate, the length of half a WHP, 

LWHP (Figure 1(c)), the external, De, and internal, Di, diameters of the WHPs of the SC-MRFs 

are also listed in this table. 

 

FRAME Steel weight
*
 (kN) T (s) ξt (%) θs,max FOE (%) θs,max DBE (%) 

CP3D SC-MRF 268 1.27 3.00 0.72 1.80 

HP20 SC-MRF 268 1.27 20.0 0.48 1.20 

CP3D MRF 268 1.27 3.00 0.72 1.80 

HP20D MRF 268 1.27 20.0 0.48 1.20 

 
*
Beams and columns 

 

Table 1: Data and design criteria for the frames with and without viscous dampers. 

Storey 

  

Cross sections PT bars WHPs 
Reinforcing 

plates 

Viscous dampers 

c (kN∙(s./m)0.5) 

Beams Columns 
Gravity 

columns 

T0 

(kN) 

dPT 

(mm) 

De 

(mm) 

Di 

(mm) 

LWHP 

(mm) 

Lrp 

(mm) 

Arp 

(mm) 
CP3D HP20D 

1 IPE550 HEB650 HEB240 1087 50 43 33 70 1392 7350 - 2139 

2 IPE600 HEB650 HEB240 1256 60 46 36 70 1660 10120 - 1641 

3 IPE550 HEB650 HEB240 1087 48 43 33 70 1416 7350 - 1416 

4 IPE500 HEB600 HEB220 941 38 41 30 70 1092 5200 - 1102 

5 IPE500 HEB600 HEB220 941 36 39 28 70 743 4400 - 810 

 

Table 2: Design details for the CP3D and the HP20D frames. 

3 NONLINEAR MODELS 

Models for the SC-MRFs are developed in OpenSees [33]. The columns and the reinforced 

lengths of the beams are modeled as nonlinear force-based beam-column fiber elements. Fi-

bers have bilinear elastoplastic stress-strain behavior (Steel01 [33]) with post-yield stiffness 

ratio equal to 0.003. 

Beam local buckling is expected after the end of the reinforcing plates, and so, the unrein-

forced lengths of the beams are modeled as elastic elements with zero length nonlinear fiber 

hinges at their ends that exhibit strength and stiffness deterioration [35]. The fiber hinge sec-

tions are composed of the Bilin material [33] that simulates the modified Ibarra–Krawinkler 

[35] deterioration model. The hinges are calibrated individually in order to exhibit the same 

behavior as the multi-linear deteriorating concentrated hysteresis model [36]. 

For the PT connection, a simplified model is adopted [37] where the M-θ behavior of the 

PT connection is simulated by inserting 2 rotational springs in parallel at the beams ends. The 
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first spring corresponds to the PT bars behavior, while the second one corresponds to the be-

havior of the WHPs. The PT bars behavior is modeled using a bilinear elastic model, while 

for the modeling of the WHPs, a smooth bilinear elastoplastic model is used. 

Panel zones are modeled using the Krawinkler model [38] which consists of four rigid 

links connected at the corners by rotational springs. The springs at the lower left and upper 

right corners have no stiffness, and thereby act as true hinges. The spring at the upper left is 

used to represent panel zone shear resistance, and the spring at the lower right is used to rep-

resent column flange bending resistance. 

To account for P-Δ effects, the gravity columns associated with one of the two lateral re-

sisting frames of the plan in Figure 3(a) are modeled as 3 lean-on columns, i.e. one for each 

bay of the frame. Diaphragm action is modeled with truss elements connecting the lean-on 

columns nodes to nodes defined along the length of the beams at the points where secondary 

beams are placed. These trusses have stiffness of 100 times the axial beam stiffness. 

Nonlinear viscous dampers are modeled with zero length elements (Viscous material [33]), 

while their supporting braces are modeled with elastic braces as they are strong enough to 

avoid buckling. In the analytical model, the damper limit states caused by their stroke limit 

are not considered, i.e. it is assumed that dampers will be manufactured with enough stroke to 

avoid reaching their limit states even under very large storey drifts. 

The connections of the conventional MRFs are assumed to be rigid and have full strength, 

while beams are modeled as elastic elements with zero length rotational springs at their ends 

that exhibit strength and stiffness deterioration [35]. Columns and panel zones are modeled as 

described above for the SC-MRFs. 

The OpenSees models for the SC-MRFs and the conventional MRFs include the effect of 

the panel zone stiffness, and so, result in T value shorter than 1.27 s that is based on the cen-

terline models used for design. T from the OpenSees [35] models is 0.94 s for CP3D and 

HP20D SC-MRFs and 1.18 s for CP3D and HP20D MRFs. 

4 GROUND MOTIONS CONSIDERED 

A set of 91 pulse-like ground motions is used in 2D nonlinear dynamic time history anal-

yses of the abovementioned SC-MRFs and MRFs. These ground motions were selected by 

Baker [39] from the PEER NGA [40] database by implementing wavelet analysis for the de-

tection of pulses. A wavelets-based algorithm was used, which assigns a score, a real number 

between 0 and 1, to each record and determines the pulse period, Tp. The larger the score the 

more likely the record is to show a pulse. Only the FN ground motions having a pulse score 

equal or larger than 0.85 and a minimum peak ground velocity of 30cm/s were, arbitrarily, 

counted as pulse-type records. 

Ground motions were recorded from earthquakes with moment magnitudes, M, varying 

from 5.0 to 7.6 and include pulse periods that vary between 0.4 and 12.9 s. Although all of the 

records exhibit velocity pulses, site-to-source distances were not considered in the selection 

criteria and range from 0.10 to 102 km. Thus, some of the observed pulses were probably 

caused by other geological mechanisms, such as basins. Nevertheless, all pulse-like records 

are taken as representative of near-fault ground motions, assuming that large velocity pulses 

will produce similar structural response regardless of their geological characteristics. All of 

the records in the database have been rotated to the fault-normal direction. A complete list of 

the pulse-like ground motions used in this study can be found in [39]. 

In this study, the collapse seismic risk of the structures depends on the probability of oc-

currence or not of a pulse-like ground motion, which is calculated through the theorem of to-

tal probability. For this reason, a second set of far-field records is needed for the 

determination of collapse probability for sites that are not influenced by forward directivity 
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effects. Similarly to [11], the set of far-field ground motions used in this study is based on the 

FEMA P695 [41] far-field ground motion set, which includes 22 record pairs, each with two 

horizontal components for a total of 44 ground motions. Those ground motions are recorded 

at sites located greater than or equal to 10 km from fault rupture; event magnitudes range 

from M 6.5 to M 7.6 with an average magnitude of M 7.0. According to the NEHRP Site 

Class, 16 sites are classified as Site Class D (stiff soil sites) and the remaining are classified as 

Site Class C (very stiff soil sites). The wavelet classification algorithm developed by Baker 

[40] indicates that nine of these ground motion records have pulses in the velocity history [11]; 

these pulse-like record were then removed from the far-field database. It is worth noting that 

the ground motion records were selected without consideration of spectral shape. In fact, the 

FEMA P695 [41] far-field ground motion set consists of records that are structure type and 

site hazard independent, i.e., records do not depend on period, or other building-specific prop-

erties of the structure, as well as on hazard disaggregation, or other site- or hazard- dependent 

properties. 

5 COLLAPSE EVALUATION 

The collapse seismic intensity of each frame is assessed through IDA [34]. According to 

this methodology, the frame model is subjected to a specific ground motion scaled to multiple 

levels of intensity, until collapse occurs, as indicated by the dynamic instability of the struc-

tural system. For each intensity level a response parameter of the structure (e.g., story dis-

placements, floor accelerations, etc.) is monitored to produce an IDA curve. This process is 

repeated for all earthquake records and for each frame. In this work, the spectral acceleration 

at the fundamental period T1 of each building, Sa(T1), is used as intensity measure and the 

interstory drift ratio is the response parameter that is monitored. To determine the limit of to-

tal loss of lateral resistance, the incremental slopes are calculated by drawing straight lines 

between the consecutive data points in the IDA curve. The lowest Sa value corresponding to 

the i
th

 data point with the slope between the i
th

 and i+1
th

 points being less than 10% of the ini-

tial slope on the IDA curve is defined as the collapse capacity of the frames in this study, 

where the initial slope is determined from the straight line from the origin of axis to the first 

data point of the IDA curve. The IDA curves for the HP20D SC-MRF, obtained for the en-

semble of the far-fault ground motions, are shown in Figure 4(a). 

The collapse capacities obtained from the IDA curves are used for the construction of a 

fragility curve for each frame. Fragility curves express the probability of collapse due to 

earthquakes as a function of ground motion intensity. They are usually assumed to have the 

form of a lognormal cumulative distribution function with a median value, θ, and logarithmic 

standard deviation, β, of the ground motion intensities at which collapse occurs in IDA. The 

fragility curve resulted for the HP20D SC-MRF is shown in Figure 4(b) with a solid line to-

gether with the results from the numerical analyses. 

The parameter β influences the shape of the fragility curve and reflects the level of uncer-

tainty in the analysis results. Figure 4(b) shows two fragility curves corresponding to two dif-

ferent values of β. The solid curve has a value of βRTR=0.35 and the dashed curve reflects a 

βTotal=0.80. As indicated in this figure, larger values of β have the effect of “flattering” the 

curve. Two sources of uncertainty in quantifying the collapse capacity of structural systems 

are considered herein: aleatory sources and epistemic. The aleatory or record-to-record uncer-

tainty, reflects the variability in the response of the structures due to the random nature of 

ground motions. The epistemic or modeling uncertainty is mainly due to lack of knowledge 

about the building’s real model and real element properties. It is associated with nonlinear 

modeling, based on the evaluation of the accuracy and robustness of the nonlinear models 
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used and their ability to represent the true physical properties and the seismic response of 

structures. 
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Figure 4: (a) IDA curves for the HP20D SC-MRF (b) Corresponding fragility curve. 

In order to combine the contributions of aleatory and epistemic uncertainties, the mean es-

timates approach is used herein [42]. When the record-to-record uncertainties are only consid-

ered, the structural response is well-described by a lognormal distribution, with a median, θ, 

and standard deviation, βRTR. In addition, it is assumed that the epistemic uncertainty is also 

lognormally distributed with a median, θ, and standard deviation, βmodeling, and that the ran-

dom variables associated with these two uncertainties are statistically independent. Conse-

quently, when these two distributions are combined the resulting distribution is also 

lognormal with a median, θ, and a standard deviation given by the following equation: 

 2 2

modTotal RTR eling     (1) 

Thus, when the mean estimates approach is used, the median is unchanged when modeling 

uncertainties are incorporated, but the standard deviation increases. Values of βTotal are taken 

as 0.80, βRTR is calculated based on the IDA results and the βmodeling is derived though Equa-

tion (1). This value of βTotal has been adopted by other researchers [11] and seems to be logi-

cal for the risk assessment of frame systems. Note that the fragility curves, as shown in Figure 

4(b), have not yet been adjusted to account for the distinct spectral shape of rare ground mo-

tions, characterized by the parameter ε [43]. To do so, the methodology proposed by Haselton 

et al. [44] was employed. 

The risk assessment procedure of the frames, when subjected to near fault ground motions, 

is modified properly to take into account the effect of the pulse period of the record, Tp, and is 

based on the approach proposed by Champion and Liel [11]. This methodology is described 

in the following sections. 

6 EFFECT OF PULSE PERIOD IN COLLAPSE ASSESSMENT 

The pulse period, Tp, of the near-field ground motions strongly affects seismic collapse ca-

pacity of structures. To show this effect in the frames studied herein, the collapse capacities of 

the HP20D SC-MRF obtained from IDA curves are plotted versus the ratio Tp/T1 and are 

shown in Figure 5 as individual points. 

In addition, the moving average of the numerical data is computed by averaging the point 

of interest with the five previous and subsequent data points. This is done to fit the data points 

with a trend-line in order to investigate the behavior of collapse capacity. The shape of the 
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moving average curve illustrates the influence of the pulse period to collapse capacity. The 

maximum values of collapse capacities are obtained in the region of the moving average 

curve where the fundamental period of the frame is approximately equal to the Tp of the rec-

ord, i.e. Tp/T1≈1. This result is not consistent with the response of structures in the elastic 

range, since the largest displacement demand of these systems is observed when the period of 

the excitation is very close to T1. In contrary, collapse of structures is a very nonlinear phe-

nomenon, which is characterized by large inelastic deformations due to severe damage in-

duced to the structure. For this reason, the stiffness of the structure decreases, resulting in a 

significant elongation of its effective period. Therefore, collapse capacity is larger in this re-

gion, because it is influenced by the real elongated period of the building which is different 

than the elastic one. In addition, ground motions with longer pulse period are the most damag-

ing, giving very low collapse resistances. This is attributed to the effective lengthened period 

of the structure which tends to coincide with the pulse period of the excitation. In the region 

of Tp<T1 the collapse capacity of the frame tends to decrease, and this is probably due to high 

spectral velocities exhibiting in the shortest pulse period records. 
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Figure 5: Collapse capacities of the HP20D SC-MRF versus the Tp/T1 ratio together with the generated moving 

average curve. 

7 COLLAPSE FRAGILITY FUNCTIONS INCLUDING NEAR-FAULT 

DIRECTIVITY 

Near-fault directivity has an impact in collapse capacity of the structures, so it should be 

taken into account in their risk assessment. Collapse of structures depends not only on Sa(T1), 

but also whether a ground motion record exhibits a velocity pulse and the corresponding pulse 

period (see Figure 5). To incorporate this effect in the collapse fragility functions, the theorem 

of total probability is utilized to calculate the probability of collapse, P[Col|Sa = x], given a 

specific value of Sa(T1), i.e. the fragility function of each frame [11]: 

 [ | ] [ | , ] [ | ] [ | , ] [ | ]a a a a aP Col S x P Col S x Pulse P Pulse S x P Col S x NoPulse P NoPulse S x         (2) 

where P[Col|Sa = x, Pulse], P[Col|Sa = x, No Pulse], P[Pulse|Sa = x] and P[No Pulse|Sa = 

x] are the probability of collapse for pulse like ground motions, the probability of collapse for 

far-fault ground motions, the probability that a ground motion record exhibits a velocity pulse 

and the probability that a ground motion record does not exhibit a velocity pulse, respectively. 

The term P[Col|Sa = x, No Pulse] is determined from the fragility curves, obtained from 

the IDA results for the far-fault ground motions. The collapse probability when a pulse occurs, 

P[Col|Sa = x, Pulse], depends on the pulse period and the likelihood of different pulse periods 

occurring, P[Tp = ti|Sa = x, Pulse]: 
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1
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        (3) 

The probability of collapse for a given pulse period Tp value, P[Col|Tp=ti, Sa=x, Pulse], is 

computed through the moving average curve constructed for each frame. The moving average 

represents the median collapse capacity as a function of Tp. For any value of Tp and Sa(T1), the 

probability of collapse is computed by assuming a lognormal distribution with a median equal 

to the value of Sa(T1) of the moving average curve for a given Tp and a standard deviation 

βTotal = 0.8. 

The remaining parts of Equations (2) and (3) are computed with the aid of probabilistic 

seismic hazard analysis (PSHA), which provides the mean annual frequency, λ, of exceeding 

an IM level, x. Conventional far-field PSHA gives λ according to the following equation: 

 ,

1

[ | , ] ( , )
N

IM x i M R

i m r

P IM x m r f m r dmdr 



    (4) 

where νi is the mean annual rate of earthquakes occurrence on a nearby fault i, N is the to-

tal number of faults, M is the moment magnitude, R is the source-to-site distance and fM,R is 

the joint probability density function of M and R. The expression P[IM > x|m, r] is the proba-

bility that the ground motion intensity exceeds a specific value, x, given an earthquake of 

magnitude m at distance r, which can be obtained from ground motion prediction equations 

(GMPEs). Different IM are used in these equations (in this work Sa(T1) is adopted). 

PSHA has been recently modified to account for near source conditions, i.e., Near-source 

Probabilistic Seismic Hazard Analysis (NS-PSHA); more details, including implementation 

and applications, can be found in [2,45-49]. According to this methodology, Equation (4) is 

adjusted to account for potential near-source directivity by an additional term, Z, which de-

fines the site-to-source geometry: 

 , ,

1

[ | , , ] ( , , )
N

IM x i M R Z

i m r z

P IM x m r z f m r z dmdrdz 



     (5) 

In this case the probability that a specific ground motion intensity value is exceeded, 

P[IM > x|m, r, z], depends on the probability of occurrence of a pulse, the distribution of pos-

sible pulse periods and the peculiar spectral shape induced by the pulse. The probability of a 

pulse occurring is a function of site-to-source geometry and decreases with distance from the 

fault and for shorter fault rupture lengths [2,46]. The pulse period distribution is a function of 

earthquake magnitude, with larger magnitude events usually causing longer pulse periods 

[46,50]. 

When the NS-PSHA has been conducted for a given IM level, the probability that a pulse 

occurs, P[Pulse|Sa = x], can be calculated by the following equation: 

 
,

,

[ | ] a

a

S x Pulse

a

S x Total

P Pulse S x








   (6) 

where λSa=x,Pulse is the mean annual frequency of Sa = x when only pulse-like ground motions 

are considered and λSa=x,Total is the mean annual frequency of Sa = x when both pulse-like and 

far-fault ground motions occur. Note that NS-PSHA is computed here as λSa=x rather than 

λSa>x to allow for combination with the collapse fragility curves. The hazard disaggregation of 

Eq. (6) is required for each spectral acceleration level of interest (from the collapse fragility); 

a similar disaggregation process can also be used to identify the contribution of each pulse 
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period, ti, to each spectral value, i.e., P[Tp = t1|Sa = x, Pulse]. Finally, the term P[No Pulse|Sa 

= x] is derived through the following equation: 

 [ | ] 1 [ | ]a aP NoPulse S x P Pulse S x     (7) 

As an example, a fixed (characteristic) M 7 strike-slip (SS) fault is considered here to com-

pare the seismic performances of the structural systems introduced earlier. The single fault is 

42km long based on the median Wells and Coppersmith magnitude-scaling relation [51] and 

is assumed to have a recurrence rate of 0.05 earthquakes per year. The location of earthquake 

epicenters is uniformly distributed along the fault while six sites with site-to-source distances 

equal to 5, 10 and 15 km at the end (“End-of-Fault” sites) and midpoint (“Midfault” sites) of 

the fault line are considered in this study (Figure 6(a)). 

 

Figure 6: Representative near-field sites considered in this study, showing (a) site location and (b) seismic hazard 

curves for the midfault (dashed lines) and end-of-fault (solid lines) sites with varying site-to-source distances. 

Hazard disaggregation results show (c) the probability of pulse occurrence for the different sites at Sa(T1 = 0.944 

s) and (d) a typical pulse period distribution for one hazard level, Sa(T1) = 1 g, at the 5 km midfault site. 

The probability of a pulse occurring is computed by using the model in [2] and depends, in 

the case of a SS rupture, on rupture-to-site distance, R, the distance from the epicenter to the 

site measured along the rupture direction, s, and angle between the fault strike and the path 

from the epicenter to the site,  (a similar model is introduced in [46]). As noted in [49], a de-

terministic relationship between these parameters and rupture length, position of the rupture 

on the fault and epicenter location exist, allowing to easily simulate the uncertainty involved 

for the hazard computations. However, while rupture length and rupture position are, in prin-

ciple, random variables, the application here is implemented in the simplifying hypothesis of 

fixed rupture and position, similarly to the applications in [49]. Such a hypothesis appears to 

be acceptable if a single magnitude can be generated by the considered fault, as assumed in 
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this study where the main focus is to compare the seismic performances of different structural 

systems rather than to investigate NS-PSHA. 

Finally, the pulse period prediction is based on the empirical model in [47], although others 

are available (e.g., [46]). More details for the NS-PSHA calculation used here, including the 

GMPE modification to account for the 'bump' of spectral ordinates around the pulse period, 

can be found in [48]. 

NS-PSHA results are illustrated in Figure 6(b) for T1 = 0.944 s. Figures 6(c) and (d) pro-

vide disaggregated hazard results in terms of P[Pulse|Sa = x] and P[Tp = ti|Sa = x, Pulse] re-

spectively (the latter refer to Sa = 1 g as an example). 

8 SEISMIC COLLAPSE RISK ASSESSMENT IN THE NEAR-SOURCE 

Using the methodology of the previous section, the collapse fragility curves of all frames at 

the midfault sites for a distance 15 km away from the fault, are constructed and depicted in 

Figure 7(a). The fragility curves of the frames suggest that the least susceptible structures to 

collapse are the frames equipped with viscous dampers, with the HP20D SC-MRF exhibiting 

the lowest probabilities of collapse. Figure 7(b) shows the fragility curves obtained for the 

HP20D SC-MRF located at the midfault sites for site-to-source distances equal to 5, 10 and 

15 km. It observed that the probability of collapse is reduced with distance from the fault, be-

cause the likelihood that a pulse occurs, P[Pulse|Sa = x], decreases with distance and that af-

fects the first part of Equation (2). 

In addition, the probability of collapse in 50 years of the four frames is calculated at the 

midfault and end-of-fault sites, for site-to-source distances equal to 5, 10 and 15 km. To do so, 

a Poisson distribution of the earthquake occurrences is utilized, which is given by the follow-

ing equation: 

 [ 50 ] 1 tP Collapse in years e    (8) 

where t is the time in years and ν is the mean annual frequency of collapse, computed by 

integrating the collapse probability distribution, i.e. the fragility curve of each frame, with the 

rate of exceedance for each spectral acceleration and site of interest. The results of this calcu-

lation are listed in Table 3. 

A trend showing reduced seismic collapse risk with distance from the fault is obvious from 

the results of Table 3. When the site-to-source distance is decreased from 15 to 10 km the 

probability of the frames collapsing in 50 years is increased by a factor varying from 1.8 to 

1.9 at both the midfault and end-of-fault sites. In addition, collapse risk of the frames located 

5 km away from the fault, is 4.0 to 5.0 and 4.7 to 5.0 larger than that when they are located 15 

km from the fault, at the midfault and end-of-fault sites, respectively. The aforementioned ob-

servations suggest a very large increase in the collapse risk of the structures due to near-fault 

directivity, even in the case of site-to-source distances of 10 km. In general, modern seismic 

design codes, such as EC8 [12], use spectra derived from far-field ground motions, the ma-

jority of them are recorded at sites with distances from the nearest fault greater than 15 km. 

Therefore, structures designed based on EC8 [12], which does not take into account near-fault 

directivity, are more susceptible to collapse, when located at sites close to the fault, since their 

collapse risk is much larger in this region. Thus, there is a need of introducing in EC8 [12] 

more strict criteria for the design of structures situated in the near-source. 

When comparing the collapse risk at each of midfault and end-of-fault sites for a particular 

frame, it is observed that the seismic risk is not as largely affected by the relative position of 

the site to the fault axis as it is by the distance to the fault. However, slightly larger values of 

the probability of collapse of the frames are found at the end-of-fault sites. 
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Figure 7: Collapse fragility functions for (a) all the frames of the study when located at midfault sites for site-to-

source distance equal to 15 km (b) the HP20D SC-MRF at three different midfault sites. 

The efficiency of the SC-MRFs with and without viscous dampers to reduce seismic col-

lapse risk should be evaluated in comparison to the corresponding conventional MRFs. The 

probability of collapse in 50 years of the HP20D SC-MRF is approximately 0.7 times the one 

of the HP20D MRF, for all site-to-source distances and type of sites. A similar trend is ob-

served for the CP3D SC-MRF and the CP3D MRF. These results indicate that self-centering 

connections can significantly improve the collapse resistance of the frames. Moreover, self-

centering connections are very effective in reducing the collapse risk of the frames to which 

they were inserted, since an approximately 30% decrease in the collapse risk was observed. 

 

 
P[Collapse in 50 yrs] 

 
Midfault sites End-of-fault sites 

Frame 5km 10km 15km 5km 10km 15km 

HP20D MRF 3.49% 1.40% 0.73% 3.59% 1.46% 0.77% 

CP3D MRF 7.36% 3.30% 1.83% 7.55% 3.42% 1.92% 

HP20D SC-MRF 2.40% 0.93% 0.47% 2.52% 0.99% 0.51% 

CP3D SC-MRF 4.98% 2.14% 1.16% 5.21% 2.28% 1.25% 

 

Table 3: Probability of collapse in 50 years for the frames of this study. 

Finally, the effectiveness of providing supplemental damping in the frames examined here-

in, is investigated. The HP20D MRF exhibits 0.5, 0.4 and 0.4 times the probability of collapse 

in 50 years of the CP3D MRF for site-to-source distances equal to 5, 10 and 15 km, respec-

tively, at the midfault sites. Similarly, the HP20D SC-MRF has 0.5, 0.4 and 0.4 times the col-

lapse risk of the CP3D SC-MRF for site-to-source distances equal to 5, 10 and 15 km, 

respectively, at the midfault sites. Similar results were obtained at the end-of-fault sites. This 

suggests that the frames with viscous dampers have superior collapse resistance compared to 

the frames without viscous dampers. In addition, it can be concluded that supplemental damp-

ing reduced the collapse risk of the frames up to 60%, and its effectiveness was increased for 

larger distances from the fault. 
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9 CONCLUSIONS 

In this paper, the collapse risk of self-centering steel MRFs with viscous dampers subjected 

to near-fault ground motions was evaluated. The evaluation was based on the comparison of 

four different designs of a prototype steel building using as lateral load resisting frames: 1) 

conventional steel MRFs, 2) steel MRFs with viscous dampers, 3) steel SC-MRFs and 4) steel 

SC-MRFs with viscous dampers. Collapse capacity of these frames was predicted based on 

the concept of IDA. Results of IDA were combined with NS-PSHA to construct fragility 

curves for the probability of collapse of the frames and to compute the corresponding proba-

bilities in 50 years. On the basis of the developments presented in this paper, the following 

conclusions can be drawn: 

 The collapse capacity of all the frames strongly depends on the pulse period, Tp, of the 

excitation and it takes its larger value when the fundamental period of the frames is ap-

proximately equal to Tp. 

 Collapse risk of the frames is reduced with distance from the fault, indicating that struc-

tures designed based on EC8 can be very vulnerable when located in the near source. 

 Self-centering connections can significantly improve the collapse resistance of the frames. 

Moreover, they are very effective in reducing the probability of collapse of the frames to 

which they were inserted, since an approximately 30% decrease in the collapse risk of all 

SC-MRFs was observed. 

 The frames with viscous dampers have superior collapse resistance compared to the 

frames without viscous dampers. Supplemental damping is very efficient in reducing the 

collapse risk of the frames, since an up to 60% decrease was observed, and its effective-

ness was increased for larger distances from the fault. 
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Abstract. FUSEIS is an innovative seismic resistant system consisting of two closely spaced 

strong columns rigidly connected through multiple beams. The system resists lateral loads as 

a vertical Vierendeel beam. The dissipative elements are the FUSEIS beams and they usually 

have reduced beam sections (RBS) towards beam ends in order for the plastic hinge for-

mation to be shifted away from the connections. In this paper, the behavior of a FUSEIS sys-

tem with SHS and CHS beams made of high strength steel S700 is evaluated. The results of 

two full scale experimental investigations with different loading protocols are presented, to-

gether with corresponding numerical simulation. The tests were conducted in NTUA. Fur-

thermore an application of the system in a four-storey building case study is presented along 

with the assessment of its behavior factor based on non-linear static and dynamic analyses. 
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1 INTRODUCTION 

Seismic resistant systems are those which provide lateral stability and hence seismic safety 

to a structure. The most common seismic resistant systems in steel structures are currently: 

moment resisting frames, concentric braced frames, eccentric braced frames and steel or com-

posite vertical walls. Despite the structural efficiency of these conventional systems, their 

reparability after a strong earthquake is not equally advantageous. The FUSEIS on the other 

hand, is an innovative seismic resistant system with increased reparability while comparable 

to the conventional systems in terms of stiffness and ductility. The system was introduced and 

studied in the framework of a recent European Research Program named "FUSEIS" [8]. It is 

now further investigated with respect to its material properties in another European Research 

Program named "MATCH". 

The system is composed by two strong columns rigidly connected by multiple beams. The 

beams run continuously from column to column or are cut in the middle and connected by 

short pins. The system resists lateral loads as a vertical Vierendeel beam mainly by combined 

bending and shear of the beams and axial forces of the columns. Considering a typical floor 

height of 3.4 m, four or five beams may be placed per storey. The seismic resistance of a 

building with Fuseis systems may be provided either by the systems alone or by a combina-

tion of their action with a moment resisting frame action. That depends on whether the beam-

to-column connections of the structure are simple or rigid/semi-rigid. In order to prevent the 

transfer of moments to the foundations, the system’s columns supports are formed as simple 

and also a fuse beam just above foundation level is used. 

Modern seismic codes allow for the development of inelastic deformations in a structure's 

dissipative zones during the design earthquake. In case of a strong seismic event, the dissipa-

tive elements of the FUSEIS that can undergo damage up to a certain extent are the beams (or 

the pins) that thus constitute easily reparable fuses. In order for the plastic hinge formation to 

be shifted away from the beam-to-column joints the beams have reduced beam sections (RBS) 

towards their ends. The fuses-to-column connections must be designed with sufficient over-

strength to achieve energy absorption only in the fuses and with bolted end-plates in order to 

enable the replacement of the fuses beams if needed. The fuses beam sections may be hollow 

or open and they also may vary between the floors of a multi-story structure following the in-

crease of story shear or even vary within a story, leading to sequential plasticization of the 

fuses. 

This study presents the results of two full scale tests on FUSEIS frames with hollow sec-

tion beams. The beams material is high strength steel with nominal yield stress S700. The 

tests results are used for the development and calibration of simple FE models. Furthermore 

an example of the application of the system in a four-story structure is presented using fuses 

sections similar to those tested. The response of this case study is evaluated, using non-linear 

static and dynamic analyses. 

2 DESCRIPTION OF TESTS 

In total, eight FUSEIS full scale tests will be performed in the Institute of Steel Structures 

of the National Technical University of Athens in the context of the "MATCH" research pro-

gram, in addition to the tests that were performed in the previous "Fuseis" research program 

[9],[10]. The parameters differentiating the various experimental investigations are the cross 

sections of the fuses, their materials and the loading protocols applied. In this paper the results 

of two tests with identical fuses beam specimens but different loading protocol are presented. 

 The experimental setup includes a rigid frame test rig available in NTUA's Laboratory, a 

computer controlled hydraulic cylinder and the test frame. The dimensions of the test frame 
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correspond to a real building frame: its height is 3.4m and the axial distance of the strong col-

umns is 1.50m. The strong columns are rigidly connected by five fuses beams (Figure 3). The 

beam specimens were provided by RUUKKI-SSAB, a steel producer that focuses on high 

strength steel and also a participant in the research project. The beams have different cross 

sections along the height of the frame in order to achieve a sequential yielding of the speci-

mens. All beam specimens have the same length and consist of hollow sections welded with 

identical plates at both ends. Bolted connections are used between the plates and the flanges 

of the strong columns in order to facilitate the replacement of the fuses after tests (Figure 1). 

Mounting of the test configuration is carried out with a crane due to the size and weight of the 

various parts. Aiming to shift the plastic hinge formation away from the beam-column con-

nections, most of the specimens have reduced beam sections (RBS) towards their ends. The 

general properties of the fuses beams are summarized in Table 1. The steel grade of all beam 

specimens is S700 while the material of the end plates is S500. The yield stress of the material 

of the beams was provided by the steel producer and was specified as 790 MPa. 

   

Cross section Steel 
Length  

(mm) 
RBS 

SHS 100*4 S700 722  yes 

SHS 80*4 S700 722 yes 

SHS 60*3 S700 722 no 

CHS 76.1*3.2 S700 722 yes 

CHS 60.3*4 S700 722 yes 

 
Table 1: Summary of beam specimens 

 

  

Figure 1: Fuses beam specimens Figure 2: Bolted fuse beam 

The columns of the test frame are connected to the rigid test rig by pin connections. At the 

bottom of the columns two UPN horizontal beams are connected at each side of the frame 

with pins in order to simulate the floor diaphragm at this level and assure equal displacements 

of the columns during the tests. In order to avoid displacements of the test frame in its out-of-

plane direction, steel plates/leaders are used. The above details are depicted in Figure 3 and 

Figure 4. 

Cyclic loading was applied through a hydraulic actuator positioned horizontally between 

the bottom of the columns and a base via two hinges. The actuator is computer controlled and 

its capacity is 500kN and 250mm back and forth. Both testing procedures are displacement 

controlled. The maximum drift of the frame reached in Test 1 is 4.8% while the (constant) 

maximum drift applied for Test 2 is 3.0%. 
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Figure 3: Experimental setup, test frame, “diaphragm” simulation and actuator 

 

  

Figure 4:  Pinned supports of columns steel leaders to avoid out-of-plane displacements 

As far as the energy dissipation zones are concerned, the reduction of the fuses beam 

flanges at a certain distance from the connection areas was designed taking into account the 

EC8 and FEMA 350 recommendations [5],[16]. The selected reduced beam section properties 

are summarized in Table 2. The location and dimensions of the RBS are decided based on the 

following checks: 

Mcf,Ed = (0.85÷1.00)* Mpl,Rd,b (1) 

VEd,max /Vpl,rd ≤ 1.00 (2) 
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where Mcf,Ed is the capacity design bending moment that develops at the column face when 

a plastic hinge forms at the centre of the RBS, Mpl,Rd,b is the beam plastic moment resistance 

away from the RBS, VEd,max is the capacity design shear force and Vpl,rd is the beam's shear 

force resistance. 

 

 
Distance a 

(mm) 

RBS length  

(mm) 

Flange 

reduction 

 

FEMA 350 0.5÷0.75*bf 0.65÷0.85*hb <0.50*bf 

EC 8 0.6*bf 0.75*hb <0.50*bf 

SHS 100*4 50 60 0.44*bf 

SHS 80*4 50 60 0.40*bf 

SHS 60*3 - - - 

CHS 76.1*3.2 50 50 - 

CHS 60.3*4 50 50 - 
 

Table 2: Reduced beam sections 

2.1 Loading procedures and data measurements  

As mentioned above, the only difference between the two tests is the applied load protocol: 

in the first test the loading procedure has increasing amplitude and is based on the relevant 

ECCS recommendation [14] while in the second test a constant amplitude load protocol is ap-

plied. Both loading procedures are presented in Figure 5 andFigure 6 and Table 3. The re-

quired displacements are applied by the computer controlled hydraulic actuator with constant 

velocity 1.5mm/s. Short pauses are input between each cycle while longer pauses are input 

between cycles with increasing amplitude. The duration of each test was approximately 1.5 

hours. 

  

Figure 5:  Load protocol for Test 1 Figure 6: Load protocol for Test 2. 

During the tests the following data were measured: 

- Displacement of the actuator (controlled) 

- Hydraulic load applied by the cylinder piston 

- Differential displacement of beam ends in the direction vertical to the beams 
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- Displacement of the column connected with the actuator  

Furthermore, a thermal camera was constantly recording one of the beam specimens. 

 

 Test 1 Test 2 

Cycles 
Displacement 

(mm) 

Interstorey  

drift (%) 

Displacement 

(mm) 

Interstorey  

drift (%) 

1 ±3.4 ±0.1 - - 

1 ±6.8 ±0.2 - - 

1 ±10.2 ±0.3 - - 

3 ±13.6 ±0.4 ±102.0 ±3.0 

3 ±20.4 ±0.6 ±102.0 ±3.0 

3 ±27.2 ±0.8 ±102.0 ±3.0 

3 ±40.8 ±1.2 ±102.0 ±3.0 

3 ±54.4 ±1.6 ±102.0 ±3.0 

3 ±81.6 ±2.4 ±102.0 ±3.0 

3 ±108.8 ±3.2 - -  

3 ±136.0 ±4.0 - -  

3 ±163.2 ±4.8 -  -  

Table 3: Loading procedures of tests  

2.2 Test results 

In the following figures the test frame response curves (in terms of actuator force vs. frame 

drift) of the Fuseis systems are presented. As it can be noticed both tests were carried out until 

the frame strength dropped to less than 50% of its peak resistance. Load degradation occurred 

due to crack formation and opening and also due to local buckling. Plastic deformations took 

place within the fuses devices only.  

 

  
Figure 7: Frame response for Test 1 Figure 8: Frame response for Test 2. 

Yielding of most specimens started at the reduced beams sections (RBS) area where even-

tually ductile fractures were observed. In the following figures the deformations as well as the 

failure of some specimens are presented indicatively. 
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Figure 9: (a) Cracks at RBS of a SHS beam and (b) at welds of a beam without RBS 

  

Figure 10: (a) Cracks and (b) local buckling of CHS beam 

The process of hinge formation in the reduced beam section area is shown in Figure 11 

with snapshots of the thermal camera during the second (constant amplitude) test. The in-

crease of temperature in the area of the RBS can be easily observed.  
 

   

Figure 11: Thermal camera snapshots of a SHS during Test 2 in cycles 5,9 and 14 respectively. 

The experimental investigations verified that the system behaves like a Vierendeel beam, 

resisting lateral loads by combined bending of the fuses and axial forces of the columns. As-

suming that the hinges are formed in the midpoints of the reduced beam sections (and in case 

there are no RBS, they are formed at the beam end points), Figure 12 shows the theoretical 

static model of the frame and the forces equilibrium. The maximum theoretical story re-

sistance (Ftheor) can be calculated as following: 

Ftheor =(2∑Mpl,Rd,RBS/ lRBS )*(L/hstory) (3) 

where L is the axial distance of the fuses columns and lRBS is the distance of the midpoints 

of the reduced beam sections. 
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Figure 12: Static system and force/moments equilibrium 

 

Table 4 shows the theoretical force as derived from eq. (3), together with the maximum 

forces achieved by the tests. The good relation indicates that the Vierendeel model describes 

well the ultimum capacity of the system. The table shows also the ultimate rotations and 

number of cycles achieved during the two tests. Two values of this rotation are given that cor-

respond to different failure criteria: The first criterion represents the 20% reduction of the 

maximum strength and/or initial stiffness and the second criterion relates to 80% of the theo-

retical value Ftheor. While for the first test -which was performed with increasing displace-

ments- the failure criterion is stated in terms of drifts, in the second test -which had constant 

amplitude- failure is presented in terms of cycles (Table 4). 

Test Load Prot. Fmax (kN) Ftheor (kN) Fmax /Ftheor crit.1 crit.2 

T1 ECCS 113 113 1.00 θ=0.034 θ=0.034 

T2 const.ampl. 117 113 1.04 N=8 N=10 
 

Table 4: Comparison between maximum frame resistance and theoretical force 

2.3 Calibration of simple test model in SAP  

The relatively common software SAP2000 is selected in order to form a simple model that 

approaches the behaviour of the Fuseis test frames. The fuses beams are simulated with ap-

propriate beam finite elements. Their net length is subdivided to five zones representing the 

full sections and the reduced beam sections (RBS). Rigid zones are assigned from column 

centres to column faces. Aiming to match the initial stiffness of the model frame with its ex-

perimental elastic stiffness, rotational links were used in the position of the bolted end plates 

of the fuses beams  and stiff translational springs are used (Figure 13).   

The response of the model frame under lateral loading is evaluated using non-linear incre-

mental static analysis. The pushover's target displacement corresponds to the maximum dis-

placement applied by the actuator on the test frames. Having located the energy dissipation 

zones on the fuses during the experimental investigations, hinges were assigned respectively. 

More specifically regarding the RBS elements, plastic hinges were located in their middle. 
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The moments and rotations required to describe the non-linear behaviour of each fuse were 

calculated using the following equations: 

Mpl,RBS =Wpl,RBS*fy and My,RBS =Mpl,RBS/apl (4) 

θy = My*lb /(6*E*Iy) (5) 

The definition of the moment-rotation hinge properties was approached through compari-

son with the experimental data but remain to be verified with additional numerical and exper-

imental investigations. 

   

Figure 13: SAP model, pushover deformation and plastic hinge formation 

The pushover curve of the model is compared with the positive and negative skeleton 

curves derived from Test 1 (Figure 14). 

 
Figure 14: Comparison of pushover with skeleton curve for test calibration 

3 DESIGN OF A MULTI-STORY BUILDING FRAME WITH FUSEIS  

Based on the feedback from the experimental investigations, a four-storey building with 

Fuseis systems was designed using the SAP2000 software. The dimensions of the 2D frame 

are typical: the storey height is 3.4m and the span length is 7.0m. The axial distance of the 
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Fuseis strong columns is 1.50m (Figure 15). The loads applied are representative for office or 

residential buildings according to EC1 [1] while the effective width for the loads in the trans-

verse direction of the frame is assumed 6.0m. Composite action is taken into account, assum-

ing composite decks consisting of profiled steel sheeting. The effective widths as well as the 

equivalent lengths of the composite beams were calculated according to EC4 [3]. Composite 

beam sections are simulated by adversely taking into account only the participation of the 

concrete above the profiled sheeting. The general assumptions for the design of the buildings 

in terms of materials, vertical loads and seismic parameters are displayed in Table 5. 
 

Materials 

Steel members S355 

Fuses beams S700 

Vertical loads 

Dead (slabs) 2.2 kN/m
2
 

Additional dead 2.0 kN/m
2
 

Imposed loads 3.0 kN/m
2
 

Seismic parameters 

Type of spectrum EC8, Type 1 

PGA 0.25g 

Importance class II, γ=1.00 

Ground /Soil Type B, S=1.2 

Behaviour factor qdes 5.00 

Factors φ (EC8,p.1, 4.2.4) 
φ = 1.00 (roof) 

φ = 0.80  
 

Table 5: General assumptions for the design of the case study 
 

The design of the building was according to the provisions of EC3, EC4 and EC8 

[1],[2],[3],[4],[5]. Additional rules given in the FUSEIS Design Guide [7] were applied to en-

sure that yielding, takes place in the FUSEIS beams prior to any yielding or failure elsewhere. 

The sections of the fuses beams used in the design were chosen amongst the types tested. 

However, the specific sections chosen as well as the required number of the FUSEIS systems 

was mainly determined by the limitations of inter-storey drifts (dr*ν < 0.0075*H, for build-

ings with ductile non-structural members) and second order effects.  

 
Figure 15: model of the 4story frame in SAP 
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As far as the beam-to-column connections are concerned, in this case they were chosen to 

be semi rigid which means that the Fuseis systems are combined with the overall moment re-

sisting frame to provide the seismic resistance of the building.  

Regarding the modal analysis, the period of the first mode of vibration is 1.3sec and the 

mass participation ratio exceeds 88%. One more mode is needed for the activation of 97% of 

the mass while the respective percentage required by codes is 90%. 

4 NON-LINEAR STATIC ANALYSIS AND EVALUATION OF THE BEHAVIOUR  

FACTOR  

For further investigation of the case study’s seismic behaviour, non-linear static analysis 

was performed. The scope was to quantify the structure’s maximum base shear capacity and 

the ultimate displacement and eventually calculate the behaviour, ductility and overstrength 

factors. The analysis was performed under displacement control and the maximum displace-

ment applied on the top floor translated to an average building drift equal to 6%. Two types of 

vertical distribution of the lateral load were used: one with uniform pattern and another pro-

portionate to the fundamental modal shape (inverted triangle).These two types in a way repre-

sent an upper and a lower limit for the structure’s response (Figure 17). While the lateral loads 

increased monotonically, the gravity loads remained constant (1.0*G+0.3*φ* Q). Second or-

der effects were taken into account.  

In order to simulate material non-linearity, potential plastic hinges were assigned in all are-

as prone to exhibiting very large deformations or inelastic behaviour. More specifically plastic 

hinges were located in the middle of the fuses reduced beam sections (RBS), at the beams 

close to the beam-to-column connections and at selected areas of the columns. While the col-

umns were assigned with automatic hinges taking into account the interaction between axial 

forces and bending moments, the beams and the fuses RBS were assigned with user defined 

moment-rotation hinges. The simulation of the behaviour of the fuses hinges was based on the 

results of the test’s calibration presented above. 

 
 

Figure 16: Idealized pushover curve (FEMA695) 
Figure 17: Pushover curves for "uniform" and "modal 

shape" lateral load distribution  
 

In order to evaluate the structure’s behaviour factor the product of overstrength and ductili-

ty must be calculated. The overstrength of the structure is defined as the ratio of the maximum 

base shear resistance on the pushover curve over the base shear at first (fuse) yield (Ω = 

Vmax/V1). Ductility is defined as the ratio of the ultimate roof displacement over the effective 

yield displacement (μ=δu/dyeff) (Figure 16). The ultimate roof displacement may be assumed 

to represent either the point of 20% strength loss (δu) or a point at which another non-
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simulated failure mode occurs such as for example, the failure mode indicated by the experi-

mental investigations (δuexp) (Figure 18)[6]. In Table 6 the results of the pushover analysis are 

summarized. Calculations were based on the pushover analysis with uniform lateral load dis-

tribution. The performance point is also presented according to ATC-40 provisions [15]. It 

should be noted that the values of the factors presented need further recalculation to take bet-

ter into account the additional future experimental results and respective numerical simula-

tions. 

 
 

Figure 18: Pushover curve and bilinear approach Figure 19: Deformed frame at δu and hinge formation 

 

μ= δu/δy μexp= δuexp/δy Ω= Vmax/V1 q=μ*Ω qexp=μexp*Ω 

5.1 3.1 1.4 7.3 4.4 

Table 6: Calculation of μ,Ω and q factors 

5 NON-LINEAR DYNAMIC ANALYSIS AND PERFORMANCE ASSESSMENT  

 

Non-linear dynamic analysis was performed on the four-story case study using the Far-

Field Real Accelerograms set suggested by FEMA provisions [6]. This set includes 22 records 

(44 individual components) taken from 14 strong seismic events that have occurred around 

the world during the last decades (events with average magnitude of M7.0 and average site-

source distance 16.4km).The analysis was performed using OpenSees software. 

The scaling factors used for Incremental Dynamic Analysis (IDA) were obtained by divid-

ing the desirable level of acceleration over the first mode spectral acceleration for each accel-

erograms input (Sa(T1)). In this case, 20 scaling factors were used ranging from 0.1g up to 

2.0g, aiming to cover the range from elastic behaviour to collapse. In order to describe the 

scaling of each ground motion record and the structural response, an intensity measure (IM) 

and a damage measure (DM) were introduced respectively. For each ground motion record 

and every iteration the overall maximum (absolute) inter-story drift was selected and thus the 

IDA curve was produced.  

Generally, the IDA study is accelerogram and structural model specific, therefore the dif-

ferences between the various IDA curves represent the differences of the structure’s response 

when subjected to earthquakes with different frequency characteristics [11],[12]. As it can be 

seen in Figure 20, all curves exhibit a distinct elastic linear region that ends when the first 

nonlinearity occurs. IDA curves terminate at different levels of acceleration with a final sof-
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tening segment (“flatline”) which indicates increasingly high accumulation of DM and signals 

dynamic instability.  

 
Figure 20: 44 IDA curves (FEMA Far-Field Record Set) 

 

For a better evaluation of the IDA results, the 16%, 50% and 84% fractile curves were cal-

culated. The flatline of the 50% fractile (median curve) represents the median collapse inten-

sity SCT. The Collapse Margin Ratio (CMR) is used to characterize the collapse safety of the 

structure and is calculated as the ratio of the median collapse capacity SCT over the intensity 

of the maximum considered earthquake SMT. [12][13]  

 
 

Figure 21: IDA fractiles (16%, 50% and 84%) 

 

Collapse for a ground motion is judged to occur either directly from dynamic analysis (ex-

istence of “flatlines”) or assessed indirectly through non-simulated component limit state cri-

teria. The results of the IDA can be then summarized using a fragility function which 

describes probability of the defined collapse as a function of an earthquake’s intensity (accel-
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eration level) [6]. In this case, fragility curves are drawn by assuming two types of failure: (a) 

collapse due to excessive lateral displacements (flatlines) and (b) a non-simulated collapse 

due to exceedance of the drift representing a selected Limit State (Figure 22). More specifical-

ly, non-simulated collapse is assumed to occur at drifts beyond 3.4% which corresponds to 

20% strength loss of the Fuseis system as indicated by the experimental investigations. Both 

collapse fragility curves were defined by a cumulative lognormal distribution function and 

were fitted to the points representing the aforementioned failure criteria. The parameters re-

quired for the definition of these functions were the median collapse intensity SCT and a factor 

β representing dispersion in results due to uncertainties, for each case.  

 

 
Figure 22: Fragility curves for simulated and non-simulated failure modes 

 

As far as performance evaluation is concerned, the methodology suggested by FEMA 695 

is followed (Table 7) [6]. First, CMR is subjected to spectral shape adjustment by means of 

the SSF (spectral shape factor) which is a function of the fundamental period T and the struc-

tures ductility μ (ACMR=CMR*CCF). This adjustment is to assure that the peaked spectral 

shapes of the rare ground motions used in IDA are not less damaging than a standard design 

spectrum. Then acceptability is measured by comparing the ACMR to the acceptable values 

of ACMR10% that depend on the systems uncertainties (β).  

 

Collapse type SCT CMR ACMR ACMR10% 

Sidesway (flatline) 1.25 2.90 3.87 1.90 

Non-simulated 0.65 1.50 2.01 1.62 
 

Table 7: Assessment of collapse performance according to FEMA695 

 

As it can be observed in Figure 22 and Table 7, in case collapse is defined by non-

simulated limit state criteria, the probability of collapse for a certain level of acceleration is 

significantly increased while the Collapse Margin Ratio (CMR) is reduced likewise. However 

in both cases, the acceptance criterion was satisfied. 
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6 CONCLUSIONS 

 Innovative fuses systems may be applied to multi-storey steel buildings as an alternative 

to conventional seismic resistant systems. They combine ductility, architectural versatili-

ty, stiffness and reparability. 

 The system is composed of two closely spaced columns rigidly connected with multiple 

short beams that are its dissipative elements. 

 As an extension to previous research, experimental and analytical/numerical investiga-

tions have been carried out where the dissipative beams are of high strength steel S 700. 

 Results indicate that the system with high strength beams still shows ductility, together 

with strength and stiffness and could be used in seismic regions. 
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Abstract. Repair work of conventional steel-concrete composite frames can be very expensive, 

sometimes impossible due to practical problems. EU-funded research project FUSEIS 

(RFCS-CT-2008-00032) has introduced two innovative types of seismic resistant steel-

concrete composite frame types with dissipative fuses, which are cost-effective and robust 

alternatives to conventional frame types. In these frames, damage concentrates mainly in the 

fuses, which are easily and inexpensively replaceable after strong seismic events. In this study, 

performance of the type-2 fuse device from FUSEIS project have been assessed inside a multi-

level 2D steel-concrete composite frame, by means of nonlinear time history analysis. 

Performance of a benchmark building with and without fuse devices has been compared in 

terms of damage, floor displacements and drifts. 
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1 INTRODUCTION 

In general, it can be stated that the behavior of steel buildings during devastating earth-

quakes of the last three decades was quite satisfactory, if they were designed according to the 

modern seismic codes [1]. However, in most of the cases, despite not causing global collapse, 

main structural elements (steel beams, columns and concrete slabs) suffered costly damages. 

Repair work in these cases was most of the time not feasible, if not too expensive.  

In order to enhance the seismic performance of steel-concrete composite frames, and facili-

tate the repair work after strong seismic events, two innovative dissipative devices were de-

veloped within European research program FUSEIS (Dissipative devices for seismic resistant 

steel frames) [2]. The first device type (fuseis 1) is used as a dissipative “shear wall” [3], 

whereas the second device type (fuseis 2) resembles “replaceable plastic hinges” for moment 

resisting frames [4].  Both systems aim at controlling and concentrating inelastic deformations 

in the “fuse devices”, without imposing significant damage in the rest of the structure (steel 

columns and beams, concrete slab). In this way, after the seismic event, the damaged fuse de-

vices can be replaced with the new ones, instead of the costly operation of repairing major 

structural beams and columns. Therefore, the building with new fuses can turn back to service 

with a relatively minor repair cost. 

Behaviour of these fuse devices was studied numerically and experimentally during the 

FUSEIS research project, and the results have been published in several articles [2-8].  

This article presents the performance of a benchmark building, with and without fuse de-

vices (figure 1b, 1c), in terms of damage, floor displacements and drifts, by means of nonline-

ar transient dynamic analysis. Post processing of the results of this study is still underway, 

with which the authors aim to provide the energy dissipation characteristics of the building 

with fuses, based on the criteria suggested by Castiglioni et. al [9], and Ballio et. al. [10] 

The benchmark building is a five-storey and two-bay steel-concrete composite frame, 

which was studied numerically by Zona et.al [11]. Each bay has a span of 5.00 m and story 

height of 3.00 m. The steel columns are made of European HEB300 wide flange beams, while 

the composite beams are made of steel European IPE270 I-beams connected by means of stud 

connectors to a 100-mm-thick concrete slab with an effective width estimated at 800 mm, top 

and bottom reinforcements of 400 mm2 and a concrete cover of 30 mm (figure 1). Yield stress 

of column and beam steel is 275 MPa, reinforcement steel is 430 MPa, and compressive 

strength of concrete is 33 MPa. 

 

 
 

 

a. Benchmark steel-concrete 

composite frame [11] 

b. Numerical model 

of building without 

fuse (NOFUSE) 

c. Numerical model 

of building with 

fuse (FUSE) 
Figure 1 Benchmark frame and its representation with and without fuse devices 
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2 NUMERICAL SIMULATION 

Parametric analysis of the fuse devices were performed with refined numerical models at 

Politecnico di Milano, which can only be used for specific research applications. In order to 

study the performance of whole building structures, a simplified model has been proposed 

hereafter and validated against experimental results from previous studies.  

Numerical models of this study have been developed with the commercial software 

package Straus7 [12]. Nonlinear transient dynamic analyses have been performed, 

considering material and geometrical nonlinearities, using inelastic fiber-based cross sections 

for the beam and column elements, and plastic links for fuse elements. 

Fiber based modeling distributes plasticity by numerical integrations through the member 

cross sections and along the member length, and with a “plane sections remain plane” as-

sumption [13]. Uniaxial material models are used to capture the nonlinear hysteretic axial 

stress-strain characteristics in the element cross sections. Fibers are numerically integrated 

over the cross section to monitor the axial force and moments, incremental moment-curvature 

and axial force-strain relations (figure 2). The cross section parameters are numerically inte-

grated at several sections along the member length, using displacement or force interpolation 

functions. This approach allows performing nonlinear analysis considering both geometric 

and material nonlinearity, within a time much more limited than a 3D continuum finite ele-

ment analysis. However, using this approach local behaviour such as degradation due to local 

buckling is difficult to capture without sophisticated models. Fiber-based modeling approach 

with distributed plasticity (DPE) offers a good compromise in terms of accuracy and compu-

tational time to model hysteresis behavior of steel struts. Kanyilmaz [14] has demonstrated 

the accuracy and efficiency of this modeling approach for steel beam-column elements. 

 

 
Figure 2 Fiber based distributed plasticity approach [15] 

In order to investigate the effect of using fuse devices in building structures, two buildings 

have been analyzed: 

Model 1: Benchmark building with conventional moment-resisting steel-concrete compo-

site frame (NOFUSE) 

Model 2: Benchmark building with Fuse devices that are placed close to the end of compo-

site beams (FUSE). 

Since the sliding between steel beam and concrete slab has a negligible influence on the 

global response of the building, a simplified procedure has been used to model the composite 
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steel beam. The concrete slab has been modeled as a beam element accounting for its effec-

tive width and height. An additional beam element has been used to simulate the two rows of 

steel reinforcement, placed at the centroid of concrete slab. The distance between the cen-

troids of concrete and steel beam is taken into account applying an offset to the concrete slab 

element (figure 3). 

 

 
Figure 3 Numerical modeling of composite steel-concrete beam 

Elasto-plastic material has been used for all structural elements in the model, with kinemat-

ic hardening. This approach will give an insight on the distribution of plasticity in the struc-

ture under nonlinear time history analysis. Figure 4 presents the constitutive models of the 

material properties used for steel profiles, concrete slab, and steel reinforcement bars. The ex-

act values of each material property are shown in the reference articles. 

   
Figure 4 Material properties used in the models 

This numerical modeling procedure has been validated with reference to the previous ex-

perimental studies [16-18]. A summary of the validation process is given in the following 

sub-chapters. 

 Validation of Steel-Concrete Composite Frame Models 

The proposed modeling procedure has been validated with the experimental results of tests 

performed with simply supported beams (i) [16], continuous beams (ii) [17], and plane frames 

(iii) [18].  

i) The nonlinear static behaviour of a simple composite steel-concrete beam has been 

simulated under monotonic loading, and the numerical results have been compared 

with the experimental results. Figure 5 shows the test specimen, experimental and 

numerical results of the original study, and numerical results of this study. Initial 

stiffness and moment capacity behaviour of the test specimen have been captured 

adequately. 
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a. Experimental and numerical results 

of the original study [16] 

b. Numerical results of this study 

Figure 5 Numerical validation of composite simple beam element 

ii) The nonlinear behaviour of a composite steel-concrete joint has been simulated under 

cyclic loading, and the numerical results have been compared with the experimental 

results. Figure 6 shows the test specimen, experimental and numerical results of the 

original study, and numerical results of this study. Initial stiffness and moment 

capacity behaviour of the test specimen under sagging and hogging have been 

interpreted adequately. 

 

 

 

  
c. Experimental and numerical 

results of the original study [17] 

d. Numerical results of this study 

Figure 6 Numerical validation of composite joint 

iii) The nonlinear static behaviour of a 2D planar composite steel-concrete frame has been 

simulated under cyclic loading, and the numerical results have been compared with the 
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experimental results. Figure 7 shows the test specimen, experimental and numerical 

results of the original study, and numerical results of this study. Numerical models 

overestimate the moment capacity of the specimen, yet the results are quite reasonable 

to be used in a global model, for the performance comparison objective. 

 

 

 

 

 

 

a. Experimental and numerical 

results of Nie et. al [18] 

b. Numerical results 

Figure 7 Numerical validation of planar frame 

 Validation of Numerical Models of Composite Steel-Concrete Frames with Fuse De-

vices 

A numerical model has been developed, which simulates the nonlinear cyclic behavior of 

the full-scale specimen tested during the FUSEIS project. The specimen is a two dimensional 

portion of a storey of a composite steel multistory building, the configuration of which can be 

seen in figure 8. The frame consists of four HEB240 steel columns, two IPE300 steel beams, 

and a 150 mm thick reinforced concrete slab. The slab is supported by IPE160 transverse 

beams placed every 1.4 meters, in addition to a pair of transverse beams that are placed at 

each beam-column connection. Full shear connection is provided between the slab and the 

steel beam by means of IPE100 sections welded on top of the beam flange, acting as shear 

studs. To connect the steel plates to the beams in the fuse parts, high strength friction grip 

(HSFG) bolts are used.  
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Figure 8 Full scale test specimen of FUSEIS project [1] 

The column bases are restrained against horizontal and vertical displacement through pin 

connections. The beam-to-column connections are welded off site and can be considered as 

rigid connections. The IPE300 beam connected to the right column by fuse device n.3 is re-

strained only against the vertical displacement, but free to slide in horizontal direction. The 

out of plane stability of the frame is provided with transversal elements providing a pinned 

joint free to slide longitudinally on the reaction frame of the laboratory (Figure 8).  

The fuse devices are obtained by means of plates bolted to the web and the lower flange of 

the beam. They are installed within the distance of a beam depth to the beam-to-column con-

nection. The part of the beam near the connection is reinforced with steel plates welded to the 

web and to the flanges. These plates are positioned in order to avoid yielding of the beam due 

to bearing. Their thicknesses are chosen in order to provide, in that section, a total thickness 

two times the one of the web and the lower flange of the main beam respectively. In this way 

no plasticization is expected to occur in the beam but only in the replaceable part where the 

failure is expected to take place. Also the part of the column near to the connection is rein-

forced in order to obtain a rigid joint and hence concentrate all the damage on the fuse device. 

The interior and exterior fuse connection details are shown in figure 9. Thanks to this connec-

tion arrangement, the center of rotation at the fuse device is shifted above, and it stays in be-

tween the two reinforcement layers. As a result, the steel plates in the fuse devices can be 

easily deformed and buckled, causing energy dissipation without damaging the whole struc-

ture. At the same time the reinforced concrete slab does not get a significant damage due to 

large story drifts which cause large rotations in the fuse devices. 

 

  
a. Exterior Beam-Column Joint Detail b. Interior Beam-Column Joint Detail 

Figure 9 Details of fuse devices 

To avoid cracking of the concrete in the fuse section due to flexural deformation, a gap of 

50 mm is left in the concrete slab in the section of the fuse. The steel reinforcement is not in-

terrupted in the gap section. The scope of this gap is to allow concentrated rotational defor-

mation to occur in the gap section, avoiding both crushing of the concrete as well as damage 

to the floor finishes (like tiles, or other). For this reason, the gap is conceived to exist any-

where there is a need to accommodate concentrated rotational deformation according to the 

global deformed shape of the building under seismic action, provided that diaphragm action is 

ensured.   
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Columns, steel beams, concrete slab, and reinforcement steel are modelled with fiber-based 

inelastic beam elements. Reinforced parts of the structure (beam-column joints, and segment 

of beams close to the fuse device) are modeled with rigid links, and the beam element repre-

senting the concrete slab has been introduced with an offset. Fuse elements are simulated as a 

“connection element” (figure 10). 

 
Figure 10 Numerical modeling of composite steel-concrete beam joints with fuse devices 

Elasto-plastic material has been used for all structural elements in the model, with kinemat-

ic hardening. This approach will give an insight on the distribution of plasticity in the struc-

ture under nonlinear time history analysis. Figure 11 presents the material properties used for 

steel profiles, concrete slab, and steel reinforcement bars. 

 

   
Figure 11 Material properties used in the numerical model 

Connection elements have multilinear plastic moment-rotation input, which are calculated an-

alytically according to design guide of fuse-2 device [19], and calibrated according to the re-

sults of the component tests performed during FUSEIS project [20] (figure 12).   

  
Figure 12 Moment rotation input for fuse devices 
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The conformity of numerical and experimental results in terms of global force-

displacement behavior is shown in figure 13. The differences in the initial stiffness and ampli-

tude of the hysteresis plots are due to pinching phenomena occurred in the connections be-

tween the fuse devices, which were not accounted for in the numerical model.  

 

 
Figure 13 Numerical validation of FUSEIS test specimen 

The results of these simple models validate the modeling procedures used in this study, 

which can be used to study the nonlinear dynamic behavior of multi-story steel-concrete com-

posite frames. 

3. BUILDING MODELS 

To evaluate the performance innovative multi-story building frames with fuse devices un-

der seismic actions, nonlinear dynamic analyses have been performed for the two building 

models: 

1) Benchmark building with conventional moment-resisting steel-concrete composite 

frame (NOFUSE) 

2) Benchmark building with Fuse devices that are placed close to the end of composite 

beams (FUSE). Fuse device is the same, the validation of which is shown in chapter 2. 

All the elements in both models are inelastic beams with fiber-based formulation, so that 

the differences between two models in terms of “plasticity” index can be seen. Figure 14 

shows the input material properties.  

   
Figure 14 Material properties used in the building models 

The analyses have been performed under artificial accelerograms produced according to 

the design criteria of the benchmark building previously studied by Zona et.al. [11]. This 

building was designed according to Eurocode 4 to resist the static loads (composite cross sec-

tion self-weight=2.36 kN/m, permanent load G=16 kN/m, and live load Q=8 kN/m, uniformly 

distributed along the composite beams), and seismic forces were evaluated using response 

spectrum analysis with peak ground acceleration=0.35 g, Type 1 spectrum of Eurocode 8,  

modal damping ratio=0.05, and soil class B. Accelerograms have been produced with Gosca 

software [21]. Response spectra can be seen in figure 15.  
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Figure 15 Response spectra for 0.35g, Type 1, Soil type B, Damping ratio 5%. 

Each accelerogram has the last 5 seconds with zero accelerations, which will help to observe 

the residual displacements and drifts in the buildings, after the seismic event (figure 16). 

   
Figure 16 Three artificial accelerograms  

Results show the capability of innovative frame (FUSE) in controlling and concentrating 

the plasticity in the fuse devices. Figure 17 shows the yield index obtained at the end of the 

seismic event (acc2), for both frames. While in the NOFUSE frame, main steel beams and 

concrete slabs are significantly damaged, in FUSE frame, the damage is mainly concentrated 

in the “connection elements” that represent the fuse devices. Indeed, numerical convergence 

problems occurred in the former case, which probably indicates a “collapse” or very large 

damage in the structural elements.  All three analyses of FUSE frame were finalized without 

convergence problems. Plasticity observed in the concrete slab of FUSE model are due to ten-

sion cracks.  

  
a. NOFUSE frame b. FUSE frame 

Figure 17 Comparison of cumulative ratios between two building models 
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Figure 18 and 19 show comparisons in terms of floor displacements and drift ratios between 

two cases. It is seen that the structure with fuse devices reaches the end of the seismic event 

with limited displacements and drifts, whereas original building suffers from non-

homogenuous distribution of floor displacements and drifts (which can indicate a soft-storey 

behaviour). It is also interesting to see that after the seismic event, the residual floor drifts in 

the FUSE frame remain insignificant. In practice, this means that the repair work should be 

easy, which would not be the case for the NOFUSE frame. 

  

  

  

 
a. NOFUSE frame b. FUSE frame 

Figure 18 Comparison of floor displacements 
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a. NOFUSE frame b. FUSE frame 

Figure 19 Comparison of floor drift ratios 
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4. CONCLUSIONS 
This article compared the yield index, and floor displacements and drifts of a benchmark 

composite steel-concrete frame by means of nonlinear transient analysis, with and without 

fuse devices that were developed in FUSEIS project [19]. 

First, the proposed modeling procedure has been validated with the results of previously 

performed experiments. Then a numerical model has been developed, which successfully 

simulates the nonlinear cyclic behavior of the full-scale specimen tested during the FUSEIS 

project. Based on the results of these numerical validations, multi-story steel-concrete compo-

site frames have been modeled with and without fuse devices. Nonlinear transient dynamic 

analyses have been performed to study the seismic performance of these building frames. 

In the FUSE frame, damage was mainly concentrated in the fuse devices, the rest of the struc-

ture remaining mostly elastic. In this case, only concrete slabs had tension cracks, and column 

bases had some plasticity. Whereas conventional frame without fuse devices suffered from 

highly yielding beams and crushed concrete slabs which resulted in excessive story drifts. 

These results show that, using fuse devices, inelastic deformations can be controlled and 

concentrated in “replaceable fuses”, without damaging the main structural elements of a com-

posite steel-concrete frame. Authors suggest to investigate the problem of column base yield-

ing, which can again be solved through an innovative replaceable technology. Further 

analyses, which investigate the behavior of 3D buildings, are underway, and will be published 

soon.   
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Abstract. We design novel versions of pentamode materials whose bulk and shear moduli  are con-
trolled by adjusting  the dimensions of the struts and nodal junctions, and the material properties. We 
show that layers of such metamaterials can be effectively employed as deformable pads of novel base 
isolation systems. Benchmark examples highlight that a commercial rubber bearing can be effectively 
replaced by innovative isolators formed by pentamode pads confined between steel plates. Future re-
search lines concerned with seismic applications of tunable pentamode materials are presented and 
discussed. 
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1 INTRODUCTION 

The nascent, rapidly growing field of mechanical and acoustic metamaterials is attracting 
increased attention from many research sectors, due to the great technological potential of un-
conventional materials with properties mainly derived by their geometrical structure, rather 
than their chemical composition (refer, e.g., to review papers [1,2]). Mechanical and acoustic 
metamaterials exhibit a variety of unusual behaviors that are not found in natural materials. 
These may include: exceptional strength- and stiffness-to-weight ratios; excellent strain re-
coverability; very soft and/or very stiff deformation modes; auxetic behavior; phononic band-
gaps; sound control ability; negative effective mass density; negative effective stiffness; nega-
tive effective refraction index; superlens behavior; and/or localized confined waves, to name 
some examples (cf. [1-14] and references therein). The category of “extremal materials” has 
been introduced in [3] to define materials that simultaneously show very soft and very stiff 
deformation modes (unimode, bimode, trimode, quadramode and pentamode materials, de-
pending on the number of soft modes). This definition applies to a special class of mechanical 
metamaterials – composite materials, structural foams, cellular materials, etc. – which feature 
special mechanical properties. Rapid prototyping techniques for the manufacture of materials 
with near-pentamode behavior have been recently presented in [8] (macroscale) and [9] (mi-
croscale). Pentamode materials have been proposed for transformation acoustics and elasto-
mechanical cloak (refer, e.g., to the recent paper [10] and the references therein), but their po-
tential in different engineering fields is still only partially explored.  

The present study with the use of pentamode lattices as tunable seismic isolation devices, 
making profit from the control of the soft modes of such materials through the tuning of the 
bending moduli of members and junctions [8-11]. An illustrative numerical example shows a 
practical implementation of a pentamode lattice as a base isolation device, establishing a 
comparison of the elastic moduli and the force-displacement response of such a system with 
those exhibited by a conventional rubber bearing. 

2 ELASTIC MODULI OF LATTICE MATERIALS 
A recent study by A. N. Norris [11] presents a discrete-to-continuum approach to the elas-

tic moduli of different periodic structures, including pentamode, simple cubic, BCC, FCC oc-
tet truss and tetrakaidecahedral lattices. We hereafter summarize the main results  of such a 
study, with reference to the unit cell of a d-dimensional lattice that is composed of a number Z  
of elastic members (rods) and occupies a volume V.  

With reference to the unit cells examined in [11], it is easily shown that the elastic stiffness 
tensor that characterize the lattice response at the mesoscopic scale shows cubic symmetry 
with independent stiffness coefficients  11 12,C C  and 44C  (Voigt notation).  Let us introduce 
the following notations 

 
0

iR

i
i i

dxM
E A

  , 
2

0

iR

i
i i

x dxN
E I

   (1) 
 

for the axial and bending compliances of the lattice members, where x  is an axial coordinate 
with origin at the junction of the rods;  while iR , iE , iA  and iI  respectively indicate the refer-
ence length, the Young modulus of the material, the cross-sectional area and the moment of 
inertia of the cross-section of i-th rod, assuming polar-symmetry of such a cross-section (i = 
1, …, Z). By discarding the member forces induced by the node compliances, we obtain the 
results presented in Table 1, where  11 122 / 3K C C   denotes the  bulk modulus of the lat-
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tice;  1 44G C  denotes the shear modulus; and we set:  2 11 12 / 2C C   . All the lattices 
examined in Table 1, with exception to the case 14Z   (tetrakaidecahedral lattice), are char-
acterized by members with equal values of iR , iM , and iN  (respectively denoted by R , M , 
and N ). The tetrakaidecahedral unit cell can be regarded as the summation of the simple cu-
bic unite cell ( 6Z  ) and a scaled version of the BCC cell  ( 8Z  ). It is obtained by truncat-
ing the BCC members with an octahedron featuring 14 faces and 36 edges of equal length a . 
In this case, the members of the parent simple cubic cell have equal length 1 2R a  and 
equal compliances 1M  and 1N ; while the members of the parent BCC cell have equal length 

2
3
2

R a  and equal compliances 2M  and 2N . It is worth noting that, in the stretch-

dominated limit ( iN  ), the pentamode unit cell ( 4Z  ) has zero shear moduli: ( 2 0G μ  ) 
and nonzero bulk modulus K . This means that such a lattice material  can be regarded as a 
“solid water” [3,8,9], which is well suited for the manufacturing of next generation seismic 
isolation devices. 
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Table 1: Unit cells and elastic properties of three-dimensional lattice materials [11].  

3 USE OF PENTAMODE LATTICES FOR BASE ISOLATION DEVICES 
Let us refer to the representative pentamode element shown in Fig. 1, which is composed 

of four unit cells endowed with rods composed of two truncated bi-cones. The latter show a 
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small-size diameter d  at the extremities of the rods, and a larger diameter D  at the mid-span 
of the rods. The lattice constant a is related to the rod length R through  

 
4

3
Ra   (2) 

 

Figure 1: Geometry of a pentamode module formed by four unit cells. 

The law of variation the generic rod radius r  with the abscissa x  is written as 
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 (4) 

where min 2r d  and max 2r D . On using the above relationships, and taking into account 
that the cross-section area and the moment of inertia of the rods are respectively given by  

    2
A x r x     and     4

4
r x

I x
    , we finally obtain the following expressions of 

the axial and bending compliances of the generic rod 
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where E denotes the Young modulus of the rod material. Making use of Eqns. (5) into the ex-
pressions of K  and /G K ratio given in Tab. 1 ( 4Z  ), we finally obtain 
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It is worth comparing the analytic prediction of the /G K ratio provided by Eqn. (7),  with the 
numerical estimate of the same ratio given in Kadic et al. [9], which has been obtained by fit-
ting the results of finite element simulations of pentamode lattices under hydrostatic pressure 
and simple-shear loading 

 
12G R R

K d D


     
   

 (8) 

Fig. 2 compares the predictions of Eqns. (7) and (8) for the /G K ratio, assuming the lattice 
constant 15a   mm ( 6.5R   mm), different /D a  ratios ( 0.174,0.087,0 44/ .0D a  ), and 
letting the /d D  ratio vary from zero to one. The limiting cases with 0d D   and 1d D   
respectively correspond to a stretch-dominated pentamode lattice (no bending effects), and a 
pentamode lattice showing rods with constant cross-section (cylindrical rods). 

 

Figure 2  Curves  plotting the /G K  ratio of  pentamode lattices against the /d D  ratio, for 15a   mm and 
different values of the /D a  ratio. The solid curves correspond to the analytic predictions of Eqn. (7)  [11], 

while the dashed curves correspond to the numerical estimates of Eqn. (8) [9]. 

The mismatches between the analytic and numerical predictions of the /G K  ratio in Fig. 
1 are explained by the fact that the analytic formula (7) is based on a beam model for the rods 
(1D theory), while the numerical estimate (8) accounts for a 3D elastic response of such ele-
ments (through fine meshes of tetrahedral finite elements [9]). Both predictions highlight that 
the shear modulus of pentamode lattices can be finely tuned by properly designing the diame-
ters d  and D  of the struts [8,9]. The following section illustrates practical implementations 
of pentamode lattices for the construction of innovative seismic isolation devices.  

3.1 Practical examples 
Let us compare the mechanical response of pentamode lattices with that of a commercial 

rubber bearing with diameter  33.5 '' 0.8509 m  and height  13.85'' 0.3518m , which is 
composed of 29 rubber layers of 7 mm each; 28 steel shims (spacers) of 3.04 mm each; two 
terminal rubber layers  of 31.8mm each  and covers, without lead plug (isolator Type E [RB-
800] produced by Dynamic Isolation Systems, Inc, McCarran, NV, USA). Figs. 3 and 4 illus-
trate the hysteretic (low-damping) response of such an isolator in terms of cyclic shear stress 
( τ ) vs. shear strain ( γ ) curves, and normal stress (σ ) vs. axial strain ( ε ) curves (with preload 
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of 0.31σ MPa ) at constant velocity (courtesy of Caltrans Testing Facility, University of 
California, San Diego). Such experimental results provide an average shear modulus 

0.791G MPa , and an average compression modulus of the rubber-steel composite 
330cE MPa  [15].  

Table 2 illustrates the geometrical properties of  different pentamode pads, which can be 
confined between steel plates to form innovative pentamode bearings (PMBs). Such pads are 
obtained by replicating the pentamode module shown in Fig. 1 a an n  times in the plane of 
the pad, and one single time along the thickness ( 1vn  ), implying pad thickness t a . The 
lattice struts are made of steel (SPMB1 and SPMB2: 206E GPa ) or the “FullCure850 
VeroGray” polymeric material supported by Stratasys® 3D printers (PPMB1 and PPMB2: 

1.4E GPa  [8]), and show different values of the geometric variables a , D  and d . Making 
use of Eqn. (6) for the shear modulus of the pentamode pad, and the following formula for the 
composite, steel-pentamode compression modulus [15] 

 2
16.73cE G S  (9) 

where 1 4 4
a

v

nLS
t n

  , we predict 0.791G G MPa  , 341cE MPa  for all the PMBs based on 

the pads described in Table 2, i.e., shear and compression moduli almost equal to those of the 
comparative rubber bearing. Figures 3 and 4 provide comparisons between the experimental 
stress-strain curves of the analyzed rubber bearing and the linear stress-strain responses of the 
PMBs in Table 2 (assuming absence of dissipation in the latter, to a first, simplifying, approx-
imation). 

(a) 

(b) (c) 
Figure 3: (a) Comparison between the shear stress vs. shear strain responses of the pentamode bearings (PMBs)  

in Table 2 and a low-damping rubber bearing; (b-c) undeformed and deformed configurations of a PMB.  
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Figure 4 Comparison between the axial stress vs. axial strain responses of the pentamode bearings (PMBs)  in 

Table 2 and a low-damping rubber bearing. 

 

Case [ ]t a mm  [ ]R mm  an  [ ]aL n a m  [ ]
2
Dd mm  

SPMB1 5 2.17 32 0.16 0.19 

SPMB2 10 4.33 32 0.32 0.37 

PPMB1 5 2.17 32 0.16 0.66 

PPMB2 10 4.33 32 0.32 1.32 

Table 2: Geometric properties of pentamode pads to be employed to form seismic isolators. 

4 CONCLUSIONS 
We have presented novel versions of pentamode materials: artificial structural crystals 

showing shear moduli markedly smaller than the bulk modulus [3,8,9]. Innovative seismic 
isolators based on pentamode lattices confined between steel plates have been designed. The 
soft modes of such materials have been controlled by tuning of the bending moduli and the 
geometry of members and junctions. We have shown that such novel isolators can exhibit me-
chanical response similar to that of conventional rubber bearings, provided that the material 
and the geometry of the lattice are suitably designed.  

We may conclude that the main advantages of pentamode bearings over traditional struc-
tural bearings [16-18] are the following: 

- the mechanical properties of the soft layers forming such devices mainly depend on the 
geometry of the pentamode lattices, more than on the chemical nature of the employed 
materials (metallic, ceramic, polymeric, etc.); 
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- it is easy to adjust the mechanical properties of pentamode bearings to those of the 
structure to be isolated, by playing with the lattice geometry and the nature of the mate-
rial (see Eqn. (6) and Table 2), as opposed to rubber bearings, where instead the 
achievement of very low shear moduli implies marked reductions of the vertical load 
carrying capacity, making such devices not particularly convenient in the case of struc-
tures with very high fundamental periods of vibrations (such as, e.g., very tall buildings; 
highly compliant structures; very soft soils; etc.) [16-18]; 

- the dissipation of pentamode bearings can be conveniently designed through an accu-
rate choice of the material to be used for the pentamode lattices, and inserting, - when 
necessary, an additional dissipative element within the device (such as, e.g., a lead 
core); 

- the possibility to design and fabricate laminated composite bearings showing layers 
with different materials, geometries and properties: such a design approach is instead 
much less effective in the state-of-the-art laminated rubber bearings, where the only 
lamination variable consists of the type of rubber to be employed for the soft pads (nat-
ural rubber or synthetic rubber); 

- the freedom in the choice of the materials of the pentamode lattices, by keeping the 
elastic properties of the device essentially unchanged, allows the designer to adapt the 
energy dissipation capacity and the life span (i.e., the durability) of the device to the ac-
tual use conditions [17-18]; 

- the possibility to replace the fluid components of the structural bearings and energy ab-
sorbing devices currently available on the market (such as, e.g., viscous fluid dampers 
and tuned mass dampers) with pentamode lattices: such a replacement would lead to 
significantly reduce the technical issues related to fluid leaking and frequent mainte-
nance, which currently affect the state-of-the-art devices involving fluid materials [17-
18]; 

- the mechanical properties of pentamode bearings can be dynamically adjusted and 
measured, by equipping selected struts of the pentamode lattices with sensors and/or 
actuators;  

- pentamode bearings directly manufactured from computer-aided design data outputted by a 
computational material design phase, employing advanced and fast additive manufacturing 
techniques at different scales and single or multiple materials (metals, polymers, etc.). 

Several aspects of the present work pave the way to relevant further investigations and gener-
alizations that we address to future work. First, mechanical models for composite rubber-steel 
bearings [15] need to be generalized to pentamode-steel bearings, accounting for the peculiar 
deformation models of such systems. Second, physical models of pentamode isolators need to 
be constructed, employing, e.g., additive manufacturing techniques [8,9], and laboratory test-
ed as seismic base-isolation devices [19], in order to experimentally asses their isolation and 
dissipation capabilities arising, e.g., from inelastic response and/or material fracture [20]. An-
other relevant generalization of the present research regards the design of dynamically tunable 
systems  based on the insertion of prestressed cables and/or curved rods within pentamode 
lattices, with the aim of designing novel metamaterials and bio-inspired lattices tunable by 
local and global prestress [12-14, 21-28]. Future studies will also address the experimentation 
of pentamode materials as components of new-generation seismic dampers. 
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Abstract. Isolation of structures from horizontal ground motions is gradually becoming a 

more common method of providing protection from earthquake damage. By reducing the 

seismic forces transmitted, isolation protects the contents and secondary structural features 

as well as the main structure. Methods of retrofitting by base isolation of existing frame build-

ings were developed by the author of this paper and they are described for two buildings: 4-

story Armenian-American Wellness Center (AAWC) and 8-story Hematology Center Hospital 

Building (HCHB). These buildings were constructed about 40-50 years ago in Yerevan, the 

capital of Armenia. The bearing structure of AAWC existing building represents the moment 

resisting reinforced concrete (R/C) frames in both longitudinal and transverse directions. 

There are also stone bearing walls in some parts at the level of basement and the first floor. 

In the development of the structural concept of retrofitting of this building the objective was 

pursued to equip it with base isolation at the level of basement without interruption of the 

Center’s operations. There was also a task to increase the number of floors from 4 to 6 with 

creation of a conference hall in the top two floors. The bearing structure of HCHB, however, 

represents the R/C frames with shear walls in longitudinal direction and the moment resisting 

frames in transverse direction. For this building the objective was to create a base isolation 

system again at the level of basement and to carry out reconstruction/ renovation works in 

superstructure simultaneously. Paper describes in detail the new structural concepts of retro-

fitting by base isolation and the results of analyses of these buildings in accordance with the 

provisions of Armenian Seismic Code and also time history analyses. The created solutions 

are proposed for the first time and envisage gradual cutting the structural elements and plac-

ing simultaneously the seismic isolators. Operations are designed to be performed in several 

stages for the columns and for the shear walls. 
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1 INTRODUCTION 

The retrofitting technique using base isolation has great potential for rehabilitation of ordi-

nary civil structures such as apartment blocks and critical facilities such as schools, hospitals. 

It is well known that in this case the first dynamic mode of the isolated building involves de-

formation only in the isolation system, the building above being to all intents and purposes 

rigid. The higher modes do not participate in the motion so that the high energy in the ground 

motion at these higher frequencies cannot be transmitted into the building [1].  

Several remarkable projects on retrofitting by base isolation were developed and imple-

mented using technologies created by the author of this paper. One of them is retrofitting of a 

5-story stone apartment building in the city of Vanadzor (Armenia). The operation was made 

without resettlements of the occupants. World practice provides no similar precedent in retro-

fitting of apartment buildings. The project was implemented in 1996 [2].  

Then by the end of nineties, another project on retrofitting of about 100 years old 3-story 

stone bank building was implemented in the city of Irkutsk (Russia) with increasing of the 

number of stories up to 4 [3]. For retrofitting of this building by base isolation the author of 

this paper provided to Russian and Chinese colleagues all the needed drawings, photos, video 

film related to the retrofitting works carried out in Armenia.  

The other project is retrofitting of the 60 years old non-engineered 3-story stone school 

building which has historical meaning as well as a great architectural value. Unique opera-

tions were carried out in order to install the isolation system within the basement of this build-

ing and to preserve its architectural appearance. The project was implemented in Vanadzor 

(Armenia) in 2002 [4]. 

Experience accumulated in Armenia in retrofitting of existing buildings including those of 

historical and architectural value created a good basis for participation in the international 

competition announced by the Government of Romania for development of the design on ret-

rofitting of about 180 years old 3-story historical building of the Iasi City Hall by base isola-

tion. The structural concept, including the new approach on installation of seismic isolation 

rubber bearings was developed and the design of retrofitting was accomplished in cooperation 

with the Romanian company MIHUL S.R.L. The design was finally approved by the Tech-

nical Committee for Seismic Risk Reduction (a body especially created by the Government of 

Romania) on June 1, 2009 [5].  

By given above the brief description of several projects an objective is pursued to demon-

strate experience accumulated in Armenia in the field of retrofitting by base isolation of exist-

ing buildings with stone bearing walls. Later on the author of this paper has developed and 

proposed principally new structural approaches for seismic isolation of the existing buildings 

with R/C moment resisting frames, as well as with R/C frames which include the shear walls. 

One of them is a new structural concept on seismic isolation of the 4-story industrial R/C 

frame building located in the city of Yerevan (Armenia) and its simultaneous reconstruction 

into a 6-story hotel building [6]. 

The other new structural concepts are described in this paper for two buildings: 4-story 

Armenian-American Wellness Center (AAWC) [7] and 8-story Hematology Center Hospital 

Building (HCHB) [8] both constructed in Yerevan about 40-50 years ago. The seismic isola-

tion of the buildings in these projects is planned to implement at the basement level. Seismic 

isolation laminated rubber-steel bearings (SILRSBs) with medium damping of about 10% 

were used.  Their sizes and physical/mechanical parameters together with the detailed descrip-

tion of all phases for cutting the columns and shear walls and placing the seismic isolators are 

given in the paper. Results of analysis of these retrofitted buildings by the Armenian Seismic 

Code and the time histories are also given and discussed.  
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2 BASE ISOLATION RETROFITTING DESIGN FOR AN EXISTING 4-STORY 

R/C ARMENIAN-AMERICAN WELLNESS CENTER FRAME BUILDING 

Retrofitting technology using seismic isolation rubber bearings was developed for the ex-

isting R/C frame building of the AAWC [9]. It is a 4-story building with a bearing structure 

mainly in the form of R/C frames, as well as with stone bearing walls in some parts on the 

level of basement and the first floor. In the development of the structural concept the objec-

tive was pursued to equip this building with base isolation without interruption of the use of 

AAWC. There was also a task to increase the number of floors from 4 to 6 with creation of a 

conference hall on the top two floors. The design view of the retrofitted AAWC building with 

already increased number of floors and its vertical elevation are shown in Figure 1. 
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Figure 1: Design view of the retrofitted AAWC and its vertical elevation. 

2.1 Structural concept of retrofitting by base isolation of the R/C frame building  

The medium damping rubber bearings (MDRBs) from neoprene for seismic isolation of 

AAWC building were designed to provide for a horizontal displacement of 170 mm. Analysis 

of the isolation system for the design level earthquake was carried out based on spectral 

curves of Armenian Seismic Code and Spitak earthquake accelerogram recorded at Ashotsk 

station in 1988, scaled to 0.4g and digitized at the laboratory of Prof. Okada and Nakano of 

the Institute of Industrial Science, University of Tokyo [10], as well as accelerograms of Im-

perial Valley earthquake recorded at El Centro station (0.448g) and those of Northridge earth-

quake recorded at Arleta, Nordhoff Ave. fire station (0.444g).  

Two types of seismic isolators were proposed for this project. The first one, with a diame-

ter of 580 mm and height of 300 mm, was designed for placing in the columns of the base-

ment, simultaneously with their strengthening. The second type, with a diameter of 380 mm 

and height of 202 mm, was envisaged for placing in the basement’s bearing walls. This type 

of smaller size isolators with horizontal stiffness equal to 0.81 kN/mm was designed earlier 

[11] and widely used for retrofitting of existing and construction of new buildings in Armenia.  

Seismic isolation method for an existing building with R/C bearing frames is illustrated by 

Figure 2. Before starting the works on strengthening the existing columns, their surfaces 

should be cleaned from plaster and thoroughly washed. This is needed to ensure a good con-

tact between the fresh concrete of the jackets and the concrete surfaces of the existing col-
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umns. The R/C jackets around the existing columns, which have cross-sections of 400×400 

mm, are constructed using angles of 100×100×16 mm and steel plates of 10×100 mm, as well 

as reinforcing steel bars with diameter of 28 mm. Then immediately below the beams the 

parts of the columns with the height of about 200 mm are cleaned from the concrete cover 

layers and the steel plates of 20×200 mm are welded to the existing reinforcing bars of the 

columns. Created by these operations, the steel boxes right under the existing beams have four 

angles of 100×100×16 mm with short steel bars of 84×84 mm welded to them, which, in their 

turn, have bolts screwed into their body. The lower parts of these bolts are spherical and they 

rest on the spherical surfaces in the similar short steel bars of 84×84 mm welded to the angles 

of the jackets. Cross-section of the strengthened columns in the basement is 950×950 mm. 

 

 

    

 

Figure 2: Sequence of placing the large size rubber bearings in the columns of the existing  

R/C frame building of the AAWC. 
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Figure 2: Sequence of placing the large size rubber bearings in the columns of the existing  

R/C frame building of the AAWC (continued). 

In the next step the bolts should be unscrewed to a certain extent so that after cutting the 

existing columns the vertical loads could be reliably passed to the jackets without causing any 

damage to the existing beams. Operations of cutting of the columns should be performed in a 

special order stipulated in the design, and columns located next to each other should not be 

cut simultaneously. When any column is cut then immediately the following operations have 

to be implemented: placement of the isolator lower socket; placement of the isolator itself and 

its upper socket. The next step is the installation of the reinforcement frames above the isola-

tors. These reinforcement frames are needed in order to strengthen the existing beams, creat-

ing a strong base for the whole superstructure. Actually, these frames serve as jackets for 

existing beams and when the concrete placed in the jackets gets to 70% of its design strength, 

the bolts are loosened. This operation should be done very carefully, slowly and gradually un-
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til all bolts get out from the spherical surfaces of the lower jackets and the building is settled 

on rubber bearings. 

2.2     Design of the large-size isolator for retrofitting of the R/C frame building  

For the AAWC building the frequency of the first mode of oscillations was chosen equal to 

0.48 Hz. The total weight of the building W=37800 kN. Maximum vertical load on a single 

isolator w=2268 kN. Consequently, the total horizontal stiffness of isolation system is equal 

to: 

m
kN

T

m
Kht 35125

81.908.2

3780014.344
2

2

2

2







  (1) 

 

The plan of the seismic isolators’ location is shown in Figure 3, which demonstrates that 

20 isolators of a larger size are intended for placing in the columns and 8 isolators of a smaller 

size – for placing in the load bearing walls. The total horizontal stiffness of the 8 small-size 

isolators with a diameter of 380 mm is equal to: 
 

m
kN

mm
kNKhs 648048.6881.0  , (2) 

 

and the total horizontal stiffness of the 20 large-size isolators is equal to: 
 

m
kNKhb 28645648035125   (3) 

Using the value of total design displacement Dt = 170 mm and taking into account that the 

shear strain of rubber for this application was assumed  = 1.5, the total thickness of the rub-

ber tr was defined from the expression Dt = tr. 
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Figure 3: Plan of the seismic isolation MDRBs’ location in the basement of the AAWC building. 
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Thus, the total thickness of the rubber is tr=17.0:1.5=11.3 cm. The full cross-sectional area 

of the large-size rubber bearing was calculated by the formula: 
 

, 1618.0
1000

113.0

20

28645

20

2m
G

tK
A rhb   (4) 

 

where G is the shear modulus of rubber. 

In this case the diameter of large-size isolator  is equal to 0.454 m. The shape factor S is 

taken equal to 10 and the thickness of a single rubber layer is equal to: 
 

.4.110144.0
104

454.0

4
mmm

S
t 





  (5) 

 

This means the number of the rubber layers is nr = tr/t=113÷11.410. Let us assume the 

thickness of a single steel sheet equal to 3 mm, the thickness of the steel end-plates equal to 

25 mm and the thickness of the end cover layer equal to 2.5 mm. Then the total height of the 

bearing comes to ht=2×25+10×11+9×3+2.5×2=192 mm (h=137mm). The safety factor SF 

against buckling, which is defined by the expression SF= Pcrit/w has to be checked. For most 

types of bearings where S≥5, the Euler buckling load PE is much higher than the shear stiff-

ness per unit length PS, and the critical load can be approximated as follows [1, 7]: 
 

EScrit PPP  , (6) 

where 
r

S
t

h
GAP   and ,

3

1
2

2

r
cE

t

h
IE

h
P


  Ec=507 MPa, I0.05×0.4544=0.0021 m

4
. 

Consequently, the shear stiffness per unit length is equal to: 
 

, 196
113.0

137.0
1618.01000 kNPS   (7) 

 

 and the Euler buckling load is equal to: 
 

. 226030
113.03137.0

0021.050700014.3 2

kNPE 



  (8) 

 

Thus, the critical load is Pcrit=6656 kN and the safety factor is SF=6656/2268=2.93<3. 

From this it follows that the size of bearings should be reconsidered. The static compressive 

stress in the above designed bearing is about 14 MPa. Now let us assume this value is not 

more than 9 MPa, as it was taken for the small-size isolator. In this case the full cross-

sectional area and diameter of the large-size bearing will increase:  
 

. 65.56   , 2520
90

226800 2 cmcmA   (9) 

 

Let us finally accept =58 cm and A=2641 cm
2
. Then the total thickness of the rubber will 

be equal to tr=18.4 cm, the thickness of a single rubber layer t=15 mm and the number of the 

rubber layers nr=184÷1513.  

Assuming the thickness of the end cover layer equal to 2.5 mm and the thickness of the 

steel end-plates equal to 32 mm, the total height of the bearing will comprise  

ht=32×2+15×13+3×12+2.5×2=300 mm (h=231 mm). With these new recalculated values the 

shear stiffness per unit length is equal to: 
 

. 313
195.0

231.0
2641.01000 kNPS   (10) 
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Taking into account that for the accepted diameter of the bearing I0.05×0.584=0.0057 m
4
, 

the Euler buckling load is equal to: 
 

, 210850
195.03231.0

0057.050700014.3 2

kNPE 



  (11) 

 

and the critical load and the safety factor are respectively equal to: 

and , 8124313210850 kNPcrit  358.3
2268

8124
SF . (12) 

 

This means the designed bearing is acceptable and satisfies the requirement related to the 

safety factor. Its geometrical dimensions are shown in Figure 4 where the picture of the manu-

factured large-size bearing is given as well. 

 

 

 

Figure 4: Geometrical dimensions and the view of the manufactured large-size bearing (seismic isolator) de-

signed for retrofitting of the AAWC building. 

3 BASE  ISOLATION RETROFITTING DESIGN FOR AN EXISTING 8-STORY 

R/C HEMATOLOGY CENTER HOSPITAL FRAME BUILDING WITH SHEAR 

WALLS   

Implementation of the project of seismic isolation and reconstruction of the 8-story (plus a 
basement) HCHB (Fig. 5) has started in 2014.  

a. b. 

  

Figure 5: View of the existing HCHB before (a) and its design view after renovation and retrofitting  

by base isolation (b) 

During the development of the project design, principally new structural approaches have 
been proposed by the author of this paper for seismic isolation of the building’s R/C bearing 
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frames and shear walls. The existing building has rectangular plan with dimensions of 
36.4×24.4 m, six spans of 6 m each in longitudinal direction and four spans of 6 m each in 
transverse direction. The bearing (moment resisting) frames with strong beams of cross sec-
tion 400x520(h) mm are located in transverse direction, while in longitudinal direction, there 
are frames with the interior weak beams of cross section 1200x250(h) mm and exterior weak 
beams of cross section 800x250(h) mm and with shear walls of the thickness equal to 140 mm. 
Cross section of all the columns is equal to 400x400 mm. The height of floors from 1-st to 7-
th is equal to 3.3 m, of 8-th (technical) floor – 2.5 m.  

3.1     The set objectives and parameters of the used SILRSBs  

The seismic isolation of the building in this project is planned to be implemented at the 
basement level. The main objective is to implement the proposed structural solution for seis-
mic isolation of the existing building in parallel with its full renovation. This is one of the ad-
vantages of retrofitting by base isolation when superstructure can be renovated immediately 
with the implementation of the works on retrofitting. Obviously, this will significantly shorten 
the whole construction process. Such an approach becomes possible as due to application of 
base isolation to this existing building there is no need to strengthen the structural elements of 
the superstructure. Along with providing the high reliability to the building, seismic isolation 
also allows considerable savings in construction cost. The experience in seismic isolation of 
existing buildings in Armenia has shown that compared to other methods for improving the 
earthquake resistance of the buildings, seismic isolation is several times less expensive [5].  

Seismic isolators of same type and sizes were used to make the seismic isolation system. 
Total 117 SILRSBs were used with aggregate horizontal stiffness of 94,770 kN/m. These 
were manufactured according to the Republic of Armenia Standard HST 261-2007 with the 
sizes and physical/mechanical parameters given in Figure 6. 

 

External diameter of the bearing (D): (380  2.0) mm; 

Diameter of the bearing’s central hole (d1): (19  1.0) mm; 

Height of the bearing (H): (202.5  2.5) mm; 

Thickness of the rubber layers (S): (9  0.1) mm; 

Diameter of the steel shim plates (d2): (360  0.5) mm; 

Thickness of the steel shim plates (S1): (2.5  0.1) mm; 

Diameter of the upper and lower flanges (d3): (376  0.5) mm; 

Thickness of the upper and lower flanges (S2): (20  0.2) mm; 

Thickness of this flanges’ protective layer (S3): (2  0.1) mm; 

Mass of the bearing: (77.5  2.5) kg; 
The bearing must withstand a maximum (design) permissible 
vertical loading of 1500 kN; 

Shear modulus of the bearing’s rubber:  (0.97  0.15) MPa; 
Vertical stiffness of the bearing: no less than 300 kN/mm; 

Horizontal stiffness of the bearing: (0.81 0.1) mm; 
The bearing must withstand a maximum (design) permissible 
horizontal displacement of 280 mm, without causing cracks 
greater than 3 mm deep and 6 cm long; 

Shore A hardness of the bearing: 70  5 points; 

Damping coefficient of the bearing: 13-15%. 

Figure 6:  Dimensions and physical/mechanical parameters of SILRSB 

At the same time, an objective is set to determine the dynamic characteristics of the build-
ing after completing the seismic isolation and reconstruction works, and to compare dis-
placements during micro-oscillations for the superstructure and part of the building below the 
seismic isolation plane level. It is decided to thoroughly follow/record all activities in all 
phases of seismic isolation system construction by photo and video cameras, to archive the 
obtained materials, as well as to place seismic sensors with identical specifications at all lev-
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els of the building, including the basement floor, in order to record accelerations, displace-
ments and dynamic characteristics during seismic impacts in mutually perpendicular direc-
tions. 

3.2     Proposed structural solution of retrofitting by base isolation of the R/C frame 

building with shear walls    

The seismic isolation system is constructed at the basement floor level, between marks -0.9 
and -1.1. The seismic isolators are placed under all columns of the superstructure, grouped in 
two or three isolators. They are placed also within the limits of shear walls. The given struc-
tural solution developed for cutting the columns and shear walls and placing the seismic isola-
tors is proposed for the first time ever and it is performed in 11 stages for the columns (Fig. 7), 
and 12 stages for shear walls (Fig. 8).  
 

a. b. c.

 
d. e. f.

 

Figure 7:  Stages of installation of the seismic isolation rubber bearings under the existing interior  
columns of HCHB 
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g. h. i.

 
j. k. l.

 

Figure 7:  Stages of installation (Continued) 

Additional reinforcement around existing columns of the basement is anchored both to the 

existing spread footings and newly designed beams that connect the spread footings to each 

other. The mentioned additional parts increase cross-sections of the columns and ensure their 

required stiffness. Only after placing the reinforcement cages for these parts, concrete can be 

cast to make the designed mutually perpendicular strap beams that will connect the existing 

spread footings. 

As concrete is casted on the parts containing additional reinforcement around basement 

columns, it is necessary to follow that the lower sockets of seismic isolators are in strictly 

horizontal position. The same applies to concreting of the lower pedestals in sheer walls of the 

basement. All operations related to cutting the columns till the stage 6 can be performed si-

multaneously. However, after cutting a first column, all remaining stages up to stage 11 inclu-

sive have to be performed for it, by concreting the part above the seismic isolator. Afterwards, 

the next column can be dealt with and so on. 
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a.

 

b.

 
c.

 

1 - 1 2 - 2 3 - 3

 

d.

 

e.

 

f.

 

5 - 54 - 4 6 - 6

 

Figure 8:  Stages of installation of the seismic isolation rubber bearings within the limits of the existing  

shear walls of HCHB 

In parallel to the above-mentioned operations, the shear wall cutting can be performed up 
to the stage 5 inclusive. It is not allowed to make openings in the shear walls next to each 
other simultaneously. Special attention needs to be paid to the stairs to be built near the build-
ing’s back entrance and those leading to the basement. All these structures have gaps between 
them and superstructure. These gaps ensure unhindered movement of the superstructure and 
displacement of the seismic isolation system during design earthquakes. In the basement floor 
limits, the elevator shafts have metallic carcasses, which are hung on new beams designed at 
the mark ±0.00. There are 100 mm gaps between the lower parts of the mentioned metallic 
shafts and bottoms of the elevator pits. The sizes of pits are chosen in such way that during 
design earthquakes they allow free movement of elevator shafts, without touching the pit 
walls.  

Placing all isolators of the seismic isolation system brings in separating of the building’s 
superstructure from its base (Fig. 9). Consequently, the mass of the building and horizontal 
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seismic loads are passed to vertical structures and footings of the basement floor only through 
seismic isolators. 

 
g.

 

h.

 

i.

 

j.

 
k.

 

l.

 

m.

 

Figure 8:  Stages of installation (Continued) 

The seismic isolation works around the perimeter of the building are performed in a spe-
cific sequence. First, earthworks are implemented. According to the design, trenches are dug 
along the outer perimeter of the building. Then, the self-supporting walls at the first floor 
level and part of the walls encasing the basement down to the mark -1.10 are dismantled, and 
all façade beams along the outer perimeter of the building are constructed. Afterwards, around 
the basement’s outer perimeter retaining walls are built, which are covered by cantilever slabs, 
in order to protect the formed gap from precipitation and avoid possible accumulation of trash. 
However, the main purpose of this gap is to ensure effective action of the seismic isolation 
system during a seismic impact. 
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A

B

C

D

E

1 2 3 4 5 6 7  

Figure 9:  Plan of location of seismic isolators on the level of the existing basement of HCHB 

Once the seismic isolation system is completed, all partitions of the basement have to be 
built, with gaps ensuring unhindered movement of bearing structures above and below the 
seismic isolation plane relative to each other. The sizes of the gaps are determined by dis-
placement values obtained by calculations. The design involves constructing 50 mm thick 
R/C layers on all inter-storey floor slabs of the building. For this purpose, top surfaces of all 
prefab floor slabs and connecting cross-beams have to be bared, whereas the joints between 
these structural elements have to be cleaned from debris. Before making the R/C layers, all 
surfaces and joints must be thoroughly washed. After that, 300 mm long rebars with diameter 
of 8 mm have to be placed in joints with a spacing of 900 mm and concrete has to be cast. The 
rebars are necessary for creating reliable connection between reinforcement meshes of R/C 
layers and existing prefab slabs. Given the extremely low quality of connection between exist-
ing sheer walls and columns, it is also planned to strengthen these joints with R/C coatings. 
The areas to be coated must be cleaned beforehand from plaster and washed.  

3.3     Analysis of the seismic isolated existing HCHB on the basis of the Armenian Build-
ing Code and acceleration time histories     

According to a geological report, the site of the building is located in the Seismic Zone 3, 
and the site Soil Category is II corresponding to the Republic of Armenia Building Code 
(RABC II-6.02-2006). The report suggests an expected peak ground acceleration value of 
0.4g. Vertical loading and seismic impact analysis of the seismic isolation system and the 
whole structure was performed in accordance with RABC II-6.02-2006 and by the accelera-
tion time histories, using LIRA-SAPR2013 R2 software. The 3D design model (Fig. 10) was 
developed using bar frame finite elements, as well as membrane finite elements, with due 
consideration of the structural solution of the superstructure (i.e. part of the building above the 
seismic isolation plane). 
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Figure 10:  The 3D design model of the seismic isolated existing HCHB  

According to the RABC II-6.02-2006, the following parameters were assumed for analysis: 
- soil category II; 
-soil conditions coefficient is K0=1.0 and the site prevailing period of vibrations 0.3≤T0≤0.6 
sec; 
-permissible damage coefficient for determining displacements – K1=0.8; 
-permissible damage coefficient for analysis of seismic isolation system and reinforced con-
crete structures below it – K1z=0.8; 
-permissible damage coefficient for analysis of the superstructure – K1=0.4; 
-importance coefficient of the building – K2=1.3; 
-coefficient of seismicity – A=0.4. 

The following 8 acceleration time histories given in Table 1 were selected for calculations 

and acceleration amplitude was scaled to 0.52g (0.4g1.3) taking into account the importance 
of the building. The oscillations periods obtained for the building for the first oscillation mode 
were equal to T1long=1.9 sec in longitudinal and T1trans=2.0 sec in transverse directions. Maxi-
mum design displacements were equal to Dmax,long=146 mm and Dmax,trans=126 mm, respec-
tively. As an example, Table 2 presents some results of calculations related to the middle axes 
of the building in mutually perpendicular directions. Here the shear forces impacting the 
seismic isolation system, horizontal displacements and accelerations of the seismic isolation 
system and all floors and maximum drifts of superstructure’s floors, according to calculations 
by RABC II-6.02-2006 and respective average values by the time histories analysis are given.  

The obtained results prove high effectiveness of the seismic isolation system, thanks to 
which the superstructure of the Hematology Center building practically will not deform dur-
ing an earthquake and will act as a rigid body. This will ensure high reliability of the building, 
which will suffer no damage under seismic impacts, since the structural elements below and 
above the seismic isolation plane will work only in the elastic phase. Indeed, according to the 
RABC II-6.02-2006, the permissible drift in longitudinal direction (for braced frames) is 
equal to 1/300 of the floor height, which comprises 8.3 mm for the technical floor and 11.0 
mm for the other floors. These values are about 4.5 times in average bigger than the calcu-
lated drifts. Also in transverse direction (for moment resisting frames) permissible drift is 
equal to 1/200 of the floor height, which comprises 12.5 mm for the technical floor and 16.5 
mm for the other floors and these values are about 1.8 times in average bigger than the calcu-
lated drifts. An input acceleration of 0.52g at the foundation bed gets damped in average up to 
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3.3 times in the superstructure, and accelerations induced at the first and last floor slabs of the 
structure differ only by around 28% in average. 

 

Earthquake and record component Date 
Predominant 

period, sec 

Duration,  

Sec 

Hollister (USA) 09.03.49 0.30 9 

Eureka (USA) in horizontal NE direction 20.12.54 0.44 26 

Bar (former Yugoslavia) in horizontal EW direction 15.04.79 0.55 15 

Chiba (Japan) in horizontal NS direction 17.12.87 0.35 39 

Spitak (Armenia) in horizontal EW direction 07.12.88 0.43 18 

Spitak (Armenia) in horizontal NS direction 07.12.88 0.47 18 

Loma Prieta (USA) in horizontal EW direction 17.10.89 0.34 10 

Manjil (Iran) in horizontal NE direction 20.06.90 0.49 20 

Ttable 1: Acceleration time histories selected for earthquake response analysis of the seismic isolated HCHB 

Calculated values 

As per RABC II-6.02-2006 Average by the time histories 

 longitudinal 

direction along  

middle axis “C” 

 transverse  

direction along  

middle axis “4” 

 longitudinal 

direction along  

middle axis “C” 

 transverse  

 direction along  

middle axis “4” 

Si.s., kN 13050 12100 11200 9900 

Di.s., mm 119.9 122.6 109.1 105.5 

Ai.s. in portion of “g” 0.137 0.119 0.125 0.103 

Dn, mm/An in 

portion of “g”  

1 121.0/0.138 128.5/0.125 110.0/0.126 110.6/0.108 

2 123.5/0.142 137.9/0.134 112.4/0.129 118.7/0.116 

3 125.8/0.144 147.7/0.144 114.5/0.131 127.1/0.124 

4 128.2/0.146 157.3/0.153 116.6/0.133 135.4/0.132 

5 130.6/0.150 166.7/0.162 118.8/0.136 143.4/0.140 

6 133.0/0.152 175.4/0.171 121.0/0.138 151.0/0.147 

7 135.5/0.155 183.1/0.178 123.2/0.141 157.6/0.153 

8 137.4/0.157 185.6/0.181 125.0/0.143 159.7/0.154 

Δ, mm 2.5 9.8 2.4 8.4 

S i.s. – Shear forces at the level of the seismic isolation system 
Di.s. – Displacements of the seismic isolation system 
Ai.s. – Accelerations above the seismic isolation system 
Dn  – Displacements of the n

th
 floor of superstructure 

An – Accelerations of the n
th

 floor of superstructure 

Δ – Maximum drifts of the floors of superstructure 

Ttable 2: Some results obtained by calculations in accordance with Armenian Building Code and average by the 
time histories for seismic isolated HCHB 

The obtained results also show that vertical loads on seismic isolators do not exceed the 
stipulated value of 1500 kN, which is achieved through satisfying the requirements set in 
paragraphs 10.5.4 and 10.5.7 of the RABC II-6.02-2006. Consequently, there is practically no 
eccentricity between the horizontal stiffness center of the seismic isolation system and projec-
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tion of the structure’s mass center on SILRSBs’ plane. This is proven and also can be well 
observed in analysis by the time histories during the oscillations of the building.   

4 CONCLUSIONS 

 Paper briefly describes seismic isolation technologies developed by the author for retro-
fitting of the different types of existing buildings. Five projects, where base isolation is 
applied, are mentioned, demonstrating retrofitting experience accumulated in Armenia. 

 

 Paper dedicated to the further developments on retrofitting of existing buildings and is 
mainly focused on: (i) retrofitting by base isolation of the 4-story R/C frame building of 
Armenian-American Wellness Center with simultaneous increasing of the number of 
floors from 4 to 6, and (ii) retrofitting by base isolation of the 8-story R/C frame building 
of Hematology Center Hospital Building constructed 40-50 years ago. 

 

 Methods of creation of base isolation systems in both existing buildings at the level of 
their basements with application of the newly developed different types of large-size 

(=580 mm, ht=300 mm) and small-size (=380 mm, ht=202.5 mm) seismic isolators 
are described. 

 

 Details of the new and original structural concepts for retrofitting of the R/C frame hos-
pital buildings are presented in the paper by stages of installation of the seismic isolation 
rubber bearings under the existing columns and within the limits of the existing shear 
walls.   

 

 Retrofitting by base isolation of the existing 8-story Hematology Center Hospital Build-
ing is the most recent application in the city of Yerevan and the retrofitting process is 
currently going on in the mentioned building. Results of analysis of this building by the 
Armenian Seismic Code and the time histories have shown that the structural elements 
below and above the seismic isolation plane will work only in the elastic phase. The 
permissible floor drifts are about 2-4 times bigger than the calculated values. An input 
acceleration of 0.52g at the foundation bed gets damped in average up to 3.3 times in the 
superstructure. 
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Abstract. An innovative base isolation system has been recently proposed for the retrofitting 

of existing buildings, in which the isolation layer is inserted under the building foundations so 

that the building, along with its foundations, is isolated from the surrounding soil. The isola-

tion layer resides in closely-spaced micro-tunnels, constructed under the entire width of the 

building. These micro-tunnels, along with the trenches around the building, isolate the struc-

ture from the surrounding soil. The execution of these micro-tunnels is the most critical con-

struction stage, because it may result in settlements which can damage the structure. In this 

paper, the behaviour of an existing structure, consisting of a masonry wall subjected to tun-

nelling-induced ground subsidence, is analysed. A parametric study is conducted using 2-D 

nonlinear finite element analyses to understand the role of key factors such as strength and 

stiffness of soil and masonry, roughness of soil-structure interface, excavation sequence of 

tunnels, wall dimensions and openings configuration. The study identifies the design variables 

which influence the most the risk of structural damage and suggests the most effective damage 

symptoms to be monitored during construction. 
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1 INTRODUCTION  

The usual base isolation design to improve the seismic resistance of existing buildings 

leads to extensive and intrusive manipulations of the construction body that severely alter the 

original structural configuration, thus resulting generally inapplicable to historical construc-

tions or whenever existing architectural features are of economic importance.  

An innovative way of isolating buildings from seismic actions has been proposed by 

Clemente and De Stefano [1][2], which, unlike conventional methods, does not involve any 

modification of the existing structure. The method calls for isolation of the building along 

with its foundation soil from the rest of the ground and consists in executing a series of close-

ly-spaced micro-tunnels under the building and in placing isolators within the thickness of the 

tunnels lining. The execution of micro-tunnels is the most critical construction stage of the 

proposed intervention, because it may result in settlements, and therefore can induce structur-

al or non-structural damage into the building. In order to keep damage below the desired 

thresholds, it is of paramount importance to develop adequate analytical, numerical and em-

pirical tools, which can accurately and reliably predict the effect of excavations, and execu-

tion procedures capable to minimize the expected damage. Furthermore, it is important to 

properly track, during construction, possible deviations between the expected and the actual 

response of the soil-structure system, so as to identify the necessary corrections, if needed, to 

the execution process (soil consolidation, modification of the tunnelling sequence, etc.).  

Surface and subsurface ground subsidence accompanying tunnelling operation, as well as 

the effect of the tunnel-related ground subsidence on the structures on surface, have received 

attention in the form of empirical, numerical and analytical studies [3][4][5][6][7][8][9]. 

These studies refer to single tunnels only, and were subsequently extended to the case of mul-

tiple tunnels [10][11][12]. Researchers, such as Boscardian & Cording [13] and Burland & 

Wroth [6], identified damage indicators for structures undergoing tunnel-induced settlements 

and used them to establish several levels of damage-thresholds; they used average horizontal 

strain, angular distortion/strain and deflection ratio in their studies. Various case studies have 

been done in the past where the tunnelling-induced damage was anticipated in terms of dam-

age-indicators; damage-thresholds were determined for them and building was monitored dur-

ing tunnel construction, keeping those damage-thresholds in mind. Those studies involved 

cases where deformation caused by one tunnel was the main source of damage on the existing 

structure. No studies are reported, to the best of the authors’ knowledge, regarding closely-

spaced multiple tunnels like the one discussed in the present application and the correlated 

structural damage.  

The present paper aims to investigate how closely-spaced micro-tunnelling can adversely 

affect the structural state of existing masonry buildings and how monitoring during construc-

tion can help to reduce the risk of unpredicted damage. To this purpose, accurate 2-D nonline-

ar analyses are performed, simulating the coupled soil-structure interaction problem during 

sequential micro-tunnelling execution. The influence of different design variables on the onset 

and development of structural damage (crack opening) is first studied, and design recommen-

dations are formulated regarding the best procedures to adopt in executing closely-spaced mi-

cro-tunnels so as to minimize damage. Correlations are then searched for between the extent 

of damage and different damage-indicators, and recommendations are finally inferred as to 

which indicators should be observed during monitoring of tunnel-construction.  
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2 THE INNOVATIVE ISOLATION SYSTEM   

The new solution proposed consists in the realization of an isolated platform under the 

foundations of the building, without touching the building itself. A discontinuity between the 

foundations and the soil is created by means of the insertion of horizontal pipes and the posi-

tioning of isolation devices at the horizontal diametric plane. Then the building is separated 

from the surrounding soil in order to allow the horizontal displacements required by the isola-

tion system. So the structure is seismically isolated but not interested by interventions that 

could modify its architectural characteristics, which is very important for historical buildings 

but also for large structures such as industrial plants [14][15].  

Even underground level are not modified but can be part of the seismically protected build-

ing. In more details the construction phases are the following:   

• a trench is first excavated of at one side of the building and pipes are inserted by means 

of auger boring or micro-tunnelling technique; the diameter of pipes should be ≥ 2 m, in 

order to allow the inspection of the isolation system; the pieces of pipe should have a 

particular shape and are composed by two portions, the lower and the upper sectors, re-

spectively, which are connected by means of removable elements.  

• the connection elements placed in correspondence of the isolation devices are removed 

and each pipe is joined with the two adjacent ones, for example by means of a rein-

forced concrete elements;  

• the isolation devices are positioned and the upper adjacent sectors are connected in cor-

respondence of the isolators;  

• successively also the other connection elements are removed, so the lower and upper 

sectors are definitely separated;  

• finally vertical walls are built along the four sides of the building.  

The construction phases could be preceded by a stiffening of the soil by using jet grouting 

technique or others. This allows avoiding collapses during the works and is absolutely due 

when the distance from close structures is low. The system allows also the realization of a 

tunnel for pedestrian or vehicles. The size of the pipes must guarantee the accessibility and 

the possibility to substitute the devices.  

 

Figure 1 :  The proposed method for seismic isolation  
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During the response to the earthquake the ground mass, added to the isolated structure as 

part of the mechanical system in relative motion with respect to the supporting ground, can 

play a positive role thanks to a more regular mass distribution and reduction of the overturn-

ing moment. It makes easy to obtain a very long fundamental period and, consequently, a 

large acceleration reduction. The trench surrounding the isolated structure, if necessary, can 

be used to install supplementary damping devices to keep under control the relative displace-

ments. 

The following chapter is devoted to the numerical settlement prediction during the con-

struction of the micro-tunnels. A specific case study is explored in detail as a simulated exper-

iment. Results are not fully extendable to every possible application, with different soil 

conditions, different building configurations and bore depth. In specific cases a previous me-

chanical improvement of the ground can be required. Anyway the numerical simulation can 

suggest some general conclusions 

3 THE NUMERICAL MODEL  

3.1 The baseline model 

The 2-D numerical model used in the parametric study has been built using the commercial 

finite-element-method (FEM) software DIANA [16]. A general view of the model is reported 

in Figure 2, where two different opening configurations are exemplified, either with or with-

out crack pattern and mesh discretization. Soil is modelled as a homogeneous, isotropic, line-

ar-elastic perfectly-plastic material with Mohr-Coulomb yield surface and zero-tension cut-off. 

The soil is represented with 8-nodes quadrilateral plane-strain elements; few soil elements, 

inside and around excavation, are modelled as 6-nodes triangular plane-stress elements [17]. 

        

Figure 2 :  The two different opening configurations for the 24.2 m long wall (1-Door on the left, 2-Door on the 

right), either with or without showing the final crack pattern and mesh discretization 

Masonry is modelled as a homogeneous and isotropic material. A linear response is as-

sumed for masonry in the elastic regime, while a smeared crack approach with strain decom-

position is used to simulate its behaviour in cracking. A fixed-crack model with linear tension 

softening and constant tension cut-off criteria is used to simulate crack initiation and propaga-

tion (Figure 3). Masonry wall is modelled with 8-nodes quadrilateral plane-stress elements. 

The interaction between soil and masonry is modelled through interface elements, relating 

normal and shear forces to normal and shear relative displacements across the interface. The 

values of interface stiffness are chosen such that the interface allows slip (tangential move-

ment) between soil and masonry at very low shear stress. Interface is represented as 6-nodes 

line-interface elements. 

The lining and the lintel are modelled as a linear-elastic, isotropic and homogeneous mate-

rial; lining is represented as 3-nodes curved shell elements and lintel with 3-nodes 2-D beam 

elements. The bottom and lateral boundaries of soil are constrained in perpendicular direction; 
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top boundary is free to move in both directions. The model is loaded with gravity and super-

imposed loads, including dead and live loads acting on floors. In order to simplify the prob-

lem, dampers are not included in the model. 

 

Figure 3 :  Masonry constitutive law adopted in simulations 

3.2 Modelling excavation process 

Simulation of sequential tunneling obeys the following procedure. Initial soil stresses are 

established first, which are based on unit weight of soil and coefficient of earth pressure at 

rest; displacements are suppressed in this phase. Next step involves activation of masonry el-

ements along with their self-weight and superimposed load. Then the excavation process 

modelled. Namely: 

• Soil elements, corresponding to the first tunnel, are removed, and the model is allowed 

to establish equilibrium under gravity and superimposed loads. No internal pressure is 

applied on the periphery of excavation. DIANA’s ‘phased analysis’ is used for this pur-

pose. 

• Soil elements, corresponding to the second tunnel, are then removed; lining elements 

are added around the first tunnel and the model is allowed to establish equilibrium un-

der gravity and superimposed loads. No internal pressure is applied on the periphery of 

the excavation. 

• The previous step is repeated for the remaining tunnels. 

In the above steps, it is assumed that the “annular space” or the “gap” (i.e. the space be-

tween soil and lining) is the main source of volume loss, owing to the relatively stiffer soil 

conditions and small size of tunnel. Volume loss is simulated by allowing the tunnel to under-

go instantaneous settlement, with no pressure applied on the excavated boundary, before the 

installation of lining elements. Since the introduction of the lining elements into the model 

prevents further closure of the gap, the model is meant to be representative of a real tunnelling 

process in which the gap must be completely filled with grout after installation of lining. 

3.3 Wall configurations and excavation sequences in the parametric study 

The parametric study has been conducted assuming three different values of the length of 

the masonry wall (24.2 m, 15.5 m, and 12.6 m) while keeping constant the height of the wall 

and the diameter (D) of the tunnels. Consequently, the number of tunnels required to cover 

each wall length are: 11 tunnels for the 24.2 m wall; 7 tunnels for the 15.5 m; and 6 tunnels 

for the 12.6 m wall.  

Two types of opening configurations are considered for the 24.2 m wall, either 1-Door or 

2-Door (Figure 2), while other walls are analysed with one type of opening configuration only. 

Three construction sequences are considered for the 11-tunnel assembly, three for the 7-tunnel 

assembly, one for the 6-tunnel assembly. The adopted sequences are shown in Figures 4 to 6. 

For all the models, soil bottom boundary is kept at 8D from the centre of tunnels, the side 
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boundary is kept at 8D from the centre of the outermost tunnels, and the depth of the centre of 

tunnels is chosen as 6 m for all models.  

3.4 Geometric and material properties 

Material properties adopted for soil and masonry are shown in Tables 1 and 2, where E is 

the elastic modulus, c is the cohesion,  is the unit weight,  is the Poisson’s ratio, Ψ is the 

dilatancy angle, is the friction angle and Ko is the coefficient of lateral earth pressure at rest. 

Material parameters adopted for lining are:  = 24.5 kN/m
3
, E = 21 GPa,  = 0.15. For lintel, 

the same and  are adopted as for lining, but E is reduced to 15 GPa. The normal stiffness of 

the interface elements is selected as 4x10
8 

N/m
3
, while its tangential stiffness is 5 N/m

3
, as 

suggested by literature. 

In all the models, the height and the thickness of the wall are kept at, respectively, 6.75 m 

and 0.22 m; the thickness of lining at 0.1 m; the cross-section of the lintel at 0.22 x 0.16 m; 

the diameter of the tunnels at 2 m; and the distance between their centre at 2.2 m. 

 
Tunnel 

assembly 
E 

(MPa) 
c 

 (kPa) 
 

(kN/m3) 
  
(-) 

Ψ 
(°) 


(°)

Ko 

(-) 

11 200 80 17.5 0.3 0 13 0.47 
7 150 70 17.5 0.3 0 13 0.47 
6 50 70 17.5 0.3 0 13 0.47 

Table 1 :  Material properties for soil 

Tunnel as-
sembly 

Shear retention 
factor 

E 
(GPa) 

Ft 
(kPa) 

Gf 
(N/m) 

 
(kN/m3) 

  
(-) 

11 0.01 9 400 50 20.5 0.2 
7 0.01 5 275 45 20.5 0.2 
6 0.01 4.5 200 45 20.5 0.2 

Table 2 :  Material properties for masonry wall 

 

Figure 4 :  Sequence of excavation for the 6-tunnel assembly 

 

Figure 5 :  Sequences of excavation for the 7-tunnel assembly 

 

Figure 6 :  Sequences of excavation for the 11-tunnel assembly 
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4 RESULTS  

Results from different cases are looked at in terms of, on the one hand, the extent of dam-

age, and, on the other hand, a set of different possible damage indicators or symptoms, ob-

served in their respective evolution during the excavation process. The extent of damage is 

expressed by a measure of crack opening, either in mean or in maximum terms.  

Many different observation variables are alternatively considered as possible damage indi-

cators or symptoms, including: maximum angular strain, deflection ratio, maximum average 

horizontal strain, maximum differential settlement, tilt and maximum change in slope. Deflec-

tion ratio, maximum average horizontal strain and maximum angular strain have already been 

extensively used as damage indicators in the literature [13][6], whilst a correlation between 

the maximum change of slope and damage has not been presented yet to the best of the 

authors’ knowledge. In the present work, no apparent correlation with damage has been found 

for tilt and maximum differential settlement, so results will be presented in terms of the fol-

lowing quantities only:  

• Maximum average horizontal strain (εh), defined as the maximum change in length of 

wall at the foundation level over a distance of 1m; 

• Maximum change in slope (Δθ), defined as the maximum of the second derivative of 

the vertical settlement profile; 

• Angular strain (β) and deflection ratio (DR), defined as explained in Figure 7; 

• Maximum crack width (crack max) and mean crack width (crack mean). 

 

Figure 7 :  Angular strain (β) and deflection ratio (DR)  

Analyses were carried out for the 6-, 7-, 11-tunnel assemblies. Only the 11-tunnels assem-

bly is shown here, with two different opening configurations (one door and two doors) and 

different excavation sequence. Two different excavation sequences were considered for the 

case of opening configuration with one door. Results are reported in Figures 8-19. Figures in 

dotted lines depict the evolution of damage (in terms of maximum crack width) with the pro-

gression of excavation stages; figures in continuous lines present the damage-symptom corre-

lation at each excavation stage. Unlike the previous cases, tunnel-related damage started from 

the first excavation in this case. This is due to the fact that the excavation process started from 

the central portion for both excavation sequences (see again Figure 6). 

The last excavation stage inflicted much more damage than the other stages in excavation 

sequence 1, while the sixth excavation stage proved to be the one inducing most damage in 

excavation sequence 2. Overall, excavation sequence 2 inflicted much more damage than the 

excavation sequence 1. 

The behaviour of wall is very different for the two excavation sequences. The only symp-

tom showing a satisfactory correlation with damage for both sequences is . 

In the case of opening configuration with two doors, three different excavation sequences 

were considered in this case. Results are reported in Figures 20-31. The tunnel-related damage 
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started from the first excavation for sequence 1 and 2, while it started from the third excava-

tion for sequence 3; excavation commenced from the outermost tunnels for sequence 3 (Fig-

ure 6). 

 

Figure 8 :  Crack max evolution Figure 9 :  Crack max evolution Figure 10 : DR vs. crack max 

 

Figure 11 :  DR vs. crack max Figure 12 :  β vs. crack max Figure 13 :  β vs. crack max 

 

Figure 14 :  εh vs. crack max Figure 15 :  εh vs. crack max Figure 16 :  Δθ vs. crack max  

   

Figure 17 :  Δθ vs. crack max   Figure 18 :  Δθ vs. crack mean   Figure 19 : Δθ vs. crack mean  

The sequence 2 inflicted much more damage than the other two sequences. Excavation se-

quence 3 can be adopted for this case along with β as damage-indicator. Excavation sequenc-

es 1 and 3 gave highly nonlinear and chaotic correlation between DR/εh and maximum crack 

width; excavation sequence 2 resulted in regular nonlinear relationship between DR and εh, 
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and fairly linear relationship between average horizontal strain and maximum crack width. 

The correlation between β and maximum crack width is almost similar for all three sequences. 

 

Figure 20 :  Crack max evolution Figure 21 :  Crack max evolution Figure 22 :  Crack max evolution 

 

Figure 23 :  DR vs. crack max Figure 24 :  DR vs. crack max Figure 25 :  DR vs. crack max 

 

Figure 26 :  β vs. crack max Figure 27 :  β vs. crack max Figure 28 :  β vs. crack max 

 

Figure 29 :  εh vs. crack max Figure 30 :  εh vs. crack max Figure 31 :  εh vs. crack max 

5 CONCLUSIONS AND RECOMMENDATIONS  

The present paper aimed at investigating how closely-spaced micro-tunnelling can inflict 

damage onto existing masonry buildings and how monitoring during construction can help to 

reduce the risk of damage. In the light of the results discussed above, the following conclu-

sions can be drawn: 
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• For any given wall configuration/geometry, the extent of damage at the completion of 

the entire excavation process strongly depends on the excavation sequence. Damage is 

much less when excavation starts from outermost tunnels. 

• In all simulated cases, if the proper excavation sequence is adopted in design, the max-

imum crack experienced during excavation is limited to values ranging from 0.05 to 

0.35 mm depending on the case at hand; this can be regarded as a “very slight” damage 

according to the literature. This result is acknowledged to be strongly dependent on the 

geometric and mechanical parameters of the structure and the soil as well as on the de-

sign of micro-tunnels. In order to generalize this result, however, simulations need to be 

extended to include a wider range of mechanical/geometrical properties of soil and ma-

sonry. These preliminary results suggest the feasibility of the proposed, innovative base 

isolation system. 

• Different possible damage indicators or symptoms have been monitored during simula-

tions, some taken from the literature and others newly proposed. In general no simple 

correlation can be identified between damage and any particular symptom. No symptom 

appears to neatly prevail over the others in all explored simulation cases. On average, 

the best damage indicators, capable of well tracking damage evolution during construc-

tion, appear to be the maximum average horizontal strain, εh, and the maximum change 

in slope, Δθ, which provide a nearly linear relationship with the maximum or the mean 

crack width in several cases. The worst damage indicators appear to be the tilt and the 

maximum differential settlement. These results suggest that “global” indicators based 

on the knowledge of few settlement values along the structure, which are typically mon-

itored in common practice, are generally insufficient to reliably track the evolution of 

damage in a problem of closely-spaced multiple tunnels. “Local” indicators, unfortu-

nately requiring a larger number of measurement points from closely-spaced sensors, 

appear much more representative of the actual damage extent in the present application. 

Image acquisition and processing monitoring systems (e.g. laser-scanner) or distributed 

fibre optic sensoring technologies seem the most indicated to this purpose. 

ACKNOWLEDGEMENTS 

The Authors thank very much Dr. Badar Zeeshan for his very helpful contribution to this 

study.  

REFERENCES  

[1] Clemente P., De Stefano A. (2011). "Application of seismic isolation in the retrofit of 

historical buildings". In Brebbia C.A.& Maugeri M. (eds) Earthquake Resistant Engi-

neering Structures, 41-52, WIT Transactions on The Built Environment, Vol. 120, ISSN 

1743-3509 (on line).  

[2] Clemente P., De Stefano A., Renna S. (2011). "Isolation system for existing buildings". 

Proc., 12th World Conf. on Seismic Isolation, Energy Dissipation and Active Control of 

Structures - 12WCSI (Sept. 20-23, Sochi, Russia).   

[3] Peck, R. D. (1969). “Deep excavations and tunneling in soft ground”, Proceeding 7th 

International conference on soil mechanics and foundation engineering, (pp. 225-290). 

[4] O' Reilly, M. P. and New, B. M. (1982). “Settlements above tunnels in United Kingdom: 

their magnitude and prediction”, Proceeding of Tunneling (pp. 55-64). Institue of 

Mining and Metallurgy, London. 

386



Alessandro De Stefano, Paolo Clemente, Stefano Invernizzi, Emiliano Matta, Antonino Quattrone  

[5] Sagaseta, C. (1987). “Analysis of undrained soil deformation due to ground 

deformation”, Géotechnique, 37, pp. 301-320. 

[6] Burland, J. B. and Wroth, C. P. (1974). “Settlement of buildings and associated 

damage”, Settlement of stuctures, (pp. 611-654). Cambridge. 

[7] Rots, J. (1991). Numerical simulation of cracking in structural masonry. HERON, 36(2), 

pp. 49-63. 

[8] Rots, J. G. and Invernizzi, S. (2004). “Regularized sequentially linear saw-tooth 

softening model”, International Journal for Numerical and Analytical methods in 

Geomechanics, 28, pp. 821-856. 

[9] Franzius, J. N., Potts, D. M. and Burland, J. B. (2006). “The response of structures to 

tunnel construction”, ICE- Journal of Geotechnical Engineering, 159(1), 3-17. 

[10] Addenbrooke, T. I. and Potts, D. M. (2001). “Twin tunnel interaction-surface and 

subsurface effects”, International Journal of Geomechanics, 1, pp. 249-271. 

[11] Sagaseta, C., Lopez, A., Gomez, J. and Pina, R. (1999). “Soil deformation due to the 

excavation of two parallel caverns”, In F. B. Barends, J. Lindenberg and H. Luger (Ed.), 

12th European Conference on Soil Mechanics and Geotechnical Engineering , (pp. 

2125-2131). Amsterdam.  

[12] Chapman, D. N., Ahn, S. K., Hunt, D. and Chan, A. (2006). “The use of model test to 

investigate the ground displacements associated with multiple tunnel construction in 

soil”, Tunnelling and Undergound Space Technology, 21(3-4), pp. 413-413. 

[13] Boscardian, M. and Cording, E. J. (1989). “Building response to excavation-induced 

settlement”, ASCE-Journal of Geotechnical Engineering, 115(1), 1-21. 

[14] Clemente, P., Bontempi, F. and De Stefano, A. (2012). “Application of seismic isolation 

in masonry buildings”, 5th Europeon conference on structural control, (p. paper no. 

117). Genoa, Italy. 

[15] Clemente, P., De Stefano, A. and Zago, R. (2012). “Seismic isolation in existing 

complex structures”, 15th World Conference on Earthquake Engineering, paper No 712. 

Lisbon. 

[16] DIANA Finite Element Analysis (2012). User's Manual, Release 9.4.4. TNO Building 

Construction & Reseacrch. 

[17] Zeeshan B.A., De Stefano A., Matta E. and Quattrone  A. (2013). Monitoring of exist-

ing masonry buildings during construction of an ainnovative base-isolation system.  

Proc. 6th International Conference on Structural Health Monitoring of Intelligent Infra-

structure, Hong Kong, 9-11 December 2013.  

387



COMPDYN 2015 
5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

A NOVEL MECHANISM FOR RESTRAINING SEISMIC ACTIONS IN 
DUCTILE BRIDGES: ANALYTICAL MODELING AND 

EXPERIMENTAL VERIFICATION 

Vasileios G. Pilitsis, Vassilis K. Papanikolaou, Ioannis A. Tegos 
and Kosmas-Athanasios Stylianidis 

Aristotle University of Thessaloniki 
Faculty of Engineering 

School of Civil Engineering 
Laboratory of Reinforced Concrete and Masonry 

vpilitsi@civil.auth.gr 
billy@civil.auth.gr 

itegos@civil.auth.gr 
kcstyl@civil.auth.gr 

Keywords: Integral bridges, abutment, serviceability, experimental, seismic. 

Abstract. In the present study, a mechanism for restraining seismic actions on ductile bridges 
is suggested and verified analytically and experimentally. The mechanism consists of the wall 
abutment which is monolithically connected to the end of the deck and is rested either on elas-
tomeric bearings on the pile cap or on the abutment foundation as a stopper of adequate 
width, based on the serviceability demands due to the deck length variation. Using the sug-
gested mechanism, the restraining of seismic deformations is attained on both bridge direc-
tions, without any complications during serviceability states, also alleviating stresses in the 
end-spans due to a more favorable moment distribution. There are Code provisions which 
permit the computational analytical modeling of the system, however it was considered ap-
propriate to further examine of the proposed mechanism experimentally. For this purpose, 
eight 1:3 scale specimens of the suggested mechanism were prepared. Four of them were de-
signed for normal (large) shear ratios, while the other four were designed for small shear ra-
tios. The specimens were subjected in cyclic loading and interesting results were observed 
regarding the three response indexes, namely, strength, stiffness and ductility. 
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1 INTRODUCTION 
Integral abutment and integral pier bridges are jointless bridge structures whose deck is 

rigidly connected to the abutment and piers. They improve aesthetics and earthquake re-
sistance compared to traditional systems with expansion joints, bearings and other structural 
releases which permit expansion/contraction due to thermal actions, creep and shrinkage. The 
design of bridges has to accommodate both serviceability and earthquake resistance, which 
are conflicting components of the same problem and they impose opposite design require-
ments [1]. 

A novel mechanism for restraining seismic actions in ductile bridges while accommodating 
serviceability demands has been already suggested as an adjustment on the abutments [2], [3], 
[4]. The wall-web of the conventional abutment is suggested to be rigidly connected to the 
end-parts of the deck and the sliding bearings of the abutment are placed on the footing of the 
abutment wall, which is contained inside a gap (Fig. 1). The gap width depends on the total 
length of the bridge and is relevant to the expansion/contraction of the deck due to thermal 
actions and creep/shrinkage. The longitudinal restraining of the approach embankment is se-
cured by the existence of a second wall and its lateral restraining by the wing-walls. 

 
Figure 1: Longitudinal section cut of the novel mechanism. 

An experimental investigation of the mechanical behavior of this novel mechanism for re-
straining seismic actions in ductile bridges is attempted in this study. In particular three re-
sponse indexes are examined, namely strength, stiffness and ductility. Furthermore, the 
influence of the gap is examined in terms of energy dissipation capacity and durability of the 
abutment walls during cyclic loading. 

2 SPECIMEN GEOMETRY 
Eight cantilever specimens were prepared in 1:3 scale corresponding to the dimensions of 

two typical cases of wall-web for the suggested type of abutment: (a) a flexible wall-web with 
a height of 4.50 m and a thickness of 50 cm and (b) a stiffer wall-web with a height of 1.50 m 
and a thickness of 50 cm. Since it is difficult to achieve full fixity conditions in the laboratory, 
the eight cantilever specimens were formed as four beams, simply supported in both ends. 
Two of the beams had a length of 3.20 m while the other two of 1.20 m. Each beam consists 
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of two cantilevers of net length of 0.375 m for case (a) and 1.375 m for the case (b) (Fig. 2, 
Fig. 3). The width of the beams was equal to 36 cm for proper mounting of the loading device 
(actuator) to the beams. In the midspan of each beam, a stiff zone was formed with a thickness 
of 35 cm and a length of 25 cm, in which the external load is imposed and by which full fixity 
of each cantilever is achieved. The diagrams of internal forces and the deformed shape of a 
simply supported beam with a concentrated force in the midspan is equivalent to the composi-
tion of two mirrored cantilevers with a concentrated load at one end part, equal to the half of 
the simply supported beam force (Fig. 4). The hinge supports were placed at 10 cm from the 
edges of each beam. 

 
Figure 2: Geometry of the short span specimens. 

 
Figure 3: Geometry of the long span specimens. 

 
Figure 4: Static system, shear and moment diagrams of the specimens. 
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3 REINFORCEMENT DETAILING AND MATERIAL PROPERTIES 
The longitudinal reinforcement of each specimen consists of ten Ø10 bars, arranged as 

shown in Fig. 5 and Fig. 6. This corresponds to a longitudinal reinforcement ratio of ρl = 
1.45 %. The transverse reinforcement selected in both types of specimens guarantee that the 
specimens will experience flexural failure. The concrete cover was equal to 1.0 cm in both 
cases. 

 
Figure 5: Reinforcement of the short span specimens. 

 
Figure 6: Reinforcement of the long span specimens. 

The steel class used for longitudinal reinforcement corresponds to B500A [5]. Yield 
strength was equal to 586 MPa, the maximum strength equal to 700 MPa, the strain at yield-
ing was εy = 2.94 ‰ and the ultimate strain is equal to εu = 3.41 %. These values were the 
mean values of ten specimens of steel rebar used for the longitudinal reinforcement. Similarly, 
the yield strength of the transverse reinforcement was measured equal to 680 MPa. 

The properties of the used concrete were estimated by testing three cubic concrete speci-
mens in uniaxial compression for the case of the short beams (low shear span ratio) and six 
cubic concrete specimens in the case of the two long beams (high shear span ratio). The 
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strength class of concrete in the first case was estimated as C25/30 and in the second case as 
C30/37. 

Four through holes with a diameter of 25 mm were formed during casting of the specimens 
using PVC pipes. The mounting of the loading device (actuator) was achieved by using 
threaded rods passing through the holes.  

The hinge supports at the beam ends were implemented by two steel supports as shown in 
Fig. 7. The cylindrical rod of each support was inserted in the laboratory floor slab holes (77 
mm diameter). The rectangular opening of the steel supports where the beams (15 cm width) 
are inserted was equal to 16 cm. One short beam and one long beam were firmly mounted in 
the steel supports steel plates in order to suppress the 1 cm gap, while the other two beams 
were placed in the opening without closing the gap (i.e. free movement). However, by exam-
ining the resulting hysteresis loops of the specimens, the first two beams were not totally 
fixed in the supports, but a ±2 mm lash was measured. The other two beams had a measured 
lash of ±3.5 mm (instead of the nominal ±5 mm). The above information is summarized in 
Table 1. 

 

 Span Length (m) Concrete Class Gap Width (mm) 
S-4 1.0 C30/37 4 
S-7 1.0 C30/37 7 
L-4 3.0 C25/30 4 
L-7 3.0 C25/30 7 

 
Table 1: Specimen labeling and characteristics. 

 
Figure 7: (left) Plans of the steel supports, (right) steel support. 

4 EXPERIMENTAL SETUP 
The four beams were subjected to cyclic displacement using a hydraulic actuator [6]. The 

time-history of the imposed displacements for specimens S-4 and S-7 is shown in Fig. 8 (left) 
and in Fig. 8 (right) for specimens L-4 and L-7. Each time-history is consisted of eighteen cy-
cles divided into groups of three, of equal maximum displacement. Each cycle has duration of 
two minutes and the total running time is 36 mins. 
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Figure 8: Imposed displacement time-histories of S-4 and S-7 (left) and of L-4 and L-7 (right). 

In Fig. 9 a sketch of the experimental setup is shown, for the case of short beams. The cy-
clic displacement is imposed in the midspan of the beams, where the hydraulic actuator is at-
tached to the rigid zone of the beams through a QHS 140x140x4 mm steel hollow beam of 
460 mm length. 

 
Figure 9: S-specimens position relative to the hydraulic actuator. 

The displacement load history was imposed by a double acting hydraulic actuator in the 
Laboratory of Reinforced Concrete and Masonry Structures, Department of Civil Engineering, 
Aristotle University of Thessaloniki. Its load capacity is ±250 kN and its full stroke is ±150 
mm. The actuator is equipped with a build-in LVDT device for measuring the imposed dis-
placements. However, as shown in Fig. 10, the actuator was mounted on a horizontal support 
steel beam which is naturally susceptible to (elastic) bending during specimen loading. As a 
result, additional displacements due to this bending could be picked up by the actuator inter-
nal LVDT, resulting to considerable differences between the desired (target) displacement 
load history and the measured displacement of the internal LVDT. For this reason, the actua-
tor closed-loop control was not based on this internal LVDT (default setting) but was rather 
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transferred to an external measurement system, specifically an external ±75 mm LVDT for 
the short beams and a ±112.5 mm draw wire sensor for the long beams, attached to the speci-
men midspan. This decision was eventually justified by the comparative results shown in Fig. 
11, where the blue line shows the actuator internal LVDT measurement for the ±5.5 mm cycle, 
unfavorably deviating for about 2.5 mm from this target value. On the contrary, the closed-
loop reference external LVDT yields the desired target displacement (red line), while the 
green line shows the support beam midspan displacement (maximum 2 mm, measured using 
an auxiliary LVDT). The remaining 0.5 mm difference between the internal and external 
LVDTs can be attributed to mechanical lash of the various mounting bolts. 

 

 
Figure 10: Experimental setup - measurement points. 
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Figure 11: Measurement comparison between internal (actuator) and external closed-loop reference LVDTs. 
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5 ANALYTICAL CALCULATION OF THE SPECIMEN PROPERTIES  
The analytical calculation of the specimen properties regarding deformation and strength is 

based on Fig. 4 and the results of the section analysis (Fig. 13). These analyses were per-
formed using AnySection v.4.0.4 software [7]. The stress-strain law considered for the con-
crete behavior was the parabolic-rectangular diagram of EC2-Part 1 [5]. Regarding 
reinforcement steel, its stress-strain law was initially considered as bilinear without hardening. 
The analytical results did not approximate well the experimental results and thus a stress-
strain diagram according to Park & Sampson [8] was considered, which offered a better ap-
proximation (Fig. 12). 

 
Figure 12: Stress-deformation diagramm of longitudinal reinforcement steel. 

 
Figure 13: Moment-curvature diagrams of the S-specimens (left) and L-specimens (right). 

 
The calculation of the effective stiffness of the specimens was based on the method de-

scribed in section C.3 of EC8-Part 2 [9]. The calculation of the deformation ductility is based 
on the equations given in Fig. 14 for a cantilever beam. The length of the plastic hinge was 
calculated as proposed in EC8-Part 2. The results are given in Table 2 considering no gap in 
the supports for the S-specimens and in Table 3 for the L-specimens. 

 

395



Vasileios G. Pilitsis, Vassilis K. Papanikolaou, Ioannis A. Tegos and Kosmas – Athanasios Stylianidis 
 

 
Figure 14: Elastic-plstic behaviour of a cantilever beam.  

 
Μy 

(kNm) 
Py 

(kN) 
EJeff / EJun 

(%) 
φy 

(1/m) 
φu 

(1/m) 
Lp 

(mm) 
δy 

(mm) 
δu 

(mm) μδ 

31.25 166.7 33.99 0.033 0.286 114.5 1.5 10.8 6.94 
 

Table 2: Analytical results for the S-specimens. 
 

Μy 
(kNm) 

Py 
(kN) 

EJeff / EJun 
(%) 

φy 
(1/m) 

φu 
(1/m) 

Lp 
(mm) 

δy 
(mm) 

δu 
(mm) μδ 

30.85 44.9 35.03 0.034 0.288 225.4 21.2 93.6 4.41 
 

Table 3: Analytical results for the L-specimens. 

6 EXPERIMENTAL RESULTS  
Interesting results were observed during the experimental procedure regarding the three re-

sponse indexes, namely, strength, stiffness and ductility. Regarding the L-specimens, flexural 
cracks were observed in the area around the stiff zone of the beams, which increased along the 
increase of the imposed deflection and the progressive formation of plastic hinge. Crosswise 
cracks occurred in S-specimens, which indicated the intense presence of shear effect (Fig. 15). 
However these specimens managed to deplete their flexural strength as show by the experi-
mental results. 

  
Figure 15: Crack formation in S-4 (left) and L-7 (right). 
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By processing the specimen hysteresis loops (Fig. 16 and Fig. 17), the results given in Ta-
ble 4 and Table 5 were obtained. Table 4 summarizes the results considering no gap in the 
supports while in Table 5 test results are presented by taking into account the existence of the 
gap. It should be noted that the values of these tables are average values for both directions of 
cyclic loading. Equation (1) was used for the calculation of the experimental effective stiff-
ness of the cantilevers: 

 

  
2 2L L

(x) (x)
y y

eff s0 0

M V
P dx dx

EJ GA
δ⋅ = +∫ ∫

 
(1) 

 
where M(x) and V(x) are the moment and shear values of the cantilevers, respectively, Py is the 
half of the yield load of the beam, δy is the yield displacement of the beam, G is the shear 
modulus considering cracked concrete and As is the cantilever section shear area. 

 
 

 
Py 

(kN) 
δy 

(mm)  
δu 

(mm)  
EJeff / EJun 

(%) μδ 

S-4 172.4 3.4 13.2 13.5 3.91 
S-7 174.1 3.6 13.0 12.9 3.61 
L-4 44.3 19.9 >93.0 30.8 >4.67 
L-7 44.8 20.3 91.5 30.5 4.51 

 
Table 4: Experimental results disregarding the existence of the gap in the supports. 

 

  Py 
(kN) 

δy 
(mm) 

δu 
(mm)  

EJeff / EJun 
(%) μδ 

S-4 172.4 5.4 15.2 8.5 2.82 
S-7 174.1 7.1 16.5 7.1 2.32 
L-4 44.3 21.9 >95.0 28.0 >4.36 
L-7 44.8 23.8 95 26.0 3.99 

 
Table 5: Experimental results taking into account the existence of the gap in the supports. 
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Figure 16: Hysteresis loops of the S-specimens 
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Figure 17: Hysteresis loops of the L-specimens. 

By comparing Table 3 to Table 5, regarding the L-specimens, the analytical and experi-
mental results are almost identical. The existence of the gaps at the supports causes no change 
in the response indexes of the specimens. Regarding the S-specimens and the difference ob-
served between the analytical and experimental results in tables in Table 2 and Table 4 re-
spectively, the following is stated: 
• Perhaps the main reason of the results deviation is the non-regularity of these specimens 

regarding the shear span ratio. In this case the shear span ratio the difference observed 
between the analytical and experimental results is equal to as=0.375/0.15=2.5 and the 
shear deformation influences significantly the longitudinal stresses of the specimens. 

• Due to the high stiffness of the cantilevers with length of 0.375 m, the consideration of 
the full fixity of the cantilevers isn’t achieved in the side of the rigid zone but inside it 
near the midlength of the beams. 

Regarding the effective stiffness of the L-specimens, where the experimental results can be 
comparable to the analytical estimation, the experimental values are slightly lower. This is 
due to the provision of the EC8-Part 2 factor n = 1.20 which is a correction factor representing 
the effect of the stiffness of the non-cracked part of the cross section. The method presented in 
the Code concerns the calculation of the effective stiffness at bridge piers where normally the 
absolute value of the normalized axial force is greater than 0.10, while in this case there was 
no axial load. The analytical calculation of the effective stiffness omitting the n-factor gives 
results which are almost identical to the experimental. 

Comparing the values of Table 4, it is observed that the existence of gaps in the supports 
degrades the effective stiffness of the specimens. This effect is more intense in the case of the 
S-specimens whose yield displacement is comparable to the gap width.  

Regarding the available displacement ductility, it is observed that the existence of gaps in 
the supports affects it meiotically. This decrease is more profound in S-specimens, which are 
stiffer and have a yield displacement comparable to the gap width. In the case of the L-
specimens, whose yield displacement is greater, the effect in the available displacement duc-
tility is minimal. It should be noted that the failure of the specimens was defined as the point 
at which specimens lose 20% of their strength.  

The absolute values of dissipated energy and the dissipated energy per cycle (as a percent-
age of the dissipated energy of the first cycle of each group of the same displacement level) 
are presented in Figures 18 to 21. A general increase of the dissipated energy is observed as 
the deformation increases. The percentage of the dissipated energy of the second and the third 
cycle compared to the first of each displacement level group increases as the imposed dis-
placements increase and the plastic hinge progressively forms, except of the last two dis-
placement level groups in which the specimens are close to their failure. 
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Figure 18: Energy dissipation of specimen S-4. 
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Figure 19: Energy dissipation of specimen S-7. 
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Figure 20: Energy dissipation of specimen L-4. 
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Figure 21: Energy dissipation of specimen L-7. 

The damage factor of the specimens regarding the stiffness loss in each cycle [10] is given 
in Figures 22 and 23. It is observed that the damage factor is constant and low, around 3 % to 
5 %, except of the groups of same displacement level cycles that are near to the failure of the 
specimens. It is noted that specimen L-7 failed completely during the first cycle of the 95mm 
imposed displacement. 
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Figure 22: Damage factor (stiffness degradation) of the S-specimens. 
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Figure 23: Damage factor (stiffness degradation) of the L-specimens. 

 

7 CONCLUSIONS 
The experimental study of the mechanical behavior of a novel mechanism for restraining 

seismic actions in ductile bridges was presented in this study. In particular, three response in-
dexes were examined namely strength, stiffness and ductility. The importance of the experi-
mental investigation of this mechanism is intensified by the nonlinear behaviour of the 
mechanism during a seismic event due to the existence of the gap in the support of the abut-
ment wall. Furthermore, the influence of the existence of the gap on energy dissipation capac-
ity and durability of the abutment walls during cyclic loading was examined.  

 
The following conclusions are stated: 

• The strength and deformation of the examined specimens with high shear span ratio 
(long) were similar to the analytically calculated. The same conclusion applies on the 
available displacement ductility as well. This implies that the existence of the gap in the 
supports did not affect the mechanical properties of these specimens. 

• In the case of specimens with low shear span ratio (short), the analytically calculated 
strength had no significant difference from the experimentally derived. On the contrary, 
the experimentally measured specimen deformation and available displacement ductility, 
disregarding the existence of the gap at the supports, differed from the calculated values. 
This difference is due to the low shear span ratio of the specimens and their diversion 
from the pure bending case. 

• The existence of the gaps in the supports degrades the specimen stiffness. This decrease 
is more profound in the stiffer specimens and in the case of wider gaps. This observation 
confirms the ability of the mechanism to reduce the developing stresses in the servicea-
bility state. 
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• The gaps in the supports cause the reduction of available displacement ductility. The re-
duction is higher in the cases of the wider gaps and in stiffer specimens, in which the 
yield displacement is comparable to the width of the gaps. 

• The examined specimens had good behaviour regarding the energy dissipation capacity, 
regardless of the gap width and shear span ratio. It is observed that in the case of the 
wider gap, the specimens are activated in higher imposed displacements and this also 
confirms the ability of the mechanism to reduce the developing stresses in the servicea-
bility state. 

• The performance of the examined specimens is considered stable, regardless of the gap 
width and shear span ratio. 

REFERENCES  
[1] S. Mitoulis, I. Tegos, An Unconventional Retraining System for Limiting the Seismic 

Movements of Isolated Bridges. Engineering Structures, Elsevier Ltd., 32: 1100-1112, 
2010. 

[2] V. Pilitsis, M. Skordeli, I. Tegos, A Suggestion for Adjustment of the Load-Bearing 
Structure of Bridges with Antiseismic, Economic and Aesthetic Benefits. 2013 FIB In-
ternational Symposium, Tel-Aviv, Israel, April 22-24, 2013. 

[3] V. Piltisis, I. Tegos, Employment of Abutments and Approach Embankments for Seis-
mic Protection of Bridges. 2013 International Van Earthquake Symposium, Van, Tur-
key, October 23-27, 2013. 

[4] D. Anastasopoulos, Z. Kopelia, V. Piltisis, I Tegos, Conventional and Alternative De-
sign of Highway Bridge in Egnatia Motorway Including many Innovative Solutions. In-
ternational Conference IBSBI 2014, “Innovations on Bridges and Soil-Bridge 
Interaction”, Athens, Greece, October 16-18, 2014.  

[5] CEN [Comité Européen de Normalisation], EN 1992-1-1: Eurocode 2: Design of Con-
crete Structures - Part 1-1: General Rules and Rules for Buildings, 2004. 

[6] K.-A. Stylianidis, K.V. Papanikolaou, C. Ignatakis, T. Salonikios, The Novel Cycle-
Loading System of The Laboratory of Reinforced Concrete and Masonry of A.U.Th. - 
Potential and First Applications (Greek). 11th Greek Conference on Reinforced Concrete, 
Corfu, Greece, May 18-20, 1994. 

[7] V. K. Papanikolaou, Analysis of arbitrary composite sections in biaxial bending and ax-
ial load. Computers & Structures 98-99, 33-54, 2012. 

[8] R. Park, R.A. Sampson, Ductility of Reinforced Concrete Column Sections in Seismic 
Design, Journal of the ACI, 69-9: 543-551, 1972. 

[9] CEN [Comité Européen de Normalisation], EN 1998-2: Eurocode 8: Design of Struc-
tures for Earthquake Resistance - Part 2: Bridges, 2005. 

[10] S.K. Kunnath, C. Jenne, Seismic Damage Assessment of Inelastic RC Structures, 5th 
U.S. National Conference on Earthquake Engineering, Chicago, U.S.A., July 10-14, 
1994. 

401



COMPDYN 2015 
5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

EXPERIMENTAL AND ANALYTICAL INVESTIGATION OF AN 
UNCONVENTIONAL, ROCKING TYPE RESPONSE MECHANISM 

FOR EARTHQUAKE-RESISTANT BRIDGES 

Vasileios G. Pilitsis, Ioannis A. Tegos, Vassilis K. Papanikolaou 
and Kosmas-Athanasios Stylianidis 

Aristotle University of Thessaloniki 
Faculty of Engineering 

School of Civil Engineering 
Laboratory of Reinforced Concrete and Masonry 

vpilitsi@civil.auth.gr 
itegos@civil.auth.gr 
billy@civil.auth.gr 

kcstyl@civil.auth.gr 

Keywords: Integral bridges, reinforcement bond, rocking, experimental, seismic. 

Abstract. In the present study a new technique is investigated, which takes advantage of the 
rocking principle for the treatment of the two ambivalent demands in bridge designing, i.e. 
due to seismic and serviceability actions. The idea is based on the formation of cracks only in 
two positions on each bridge pier, which are the pier cross-sections in contact with the deck 
and the pile cap respectively, excluding the possibility of cracking in the mid-length of the 
piers. The possibility of flexural crack formation in one of these cross-sections was examined 
experimentally in order to reach the above objective. This was achieved through partial sup-
pression of the longitudinal reinforcement bond with the surrounding concrete. In order to 
confirm the feasibility of the above objective and to verify the influence of the bond suppres-
sion on all three response indexes, namely strength, stiffness and ductility, eight experimental 
specimens in the form of cantilevers, representing ductile bridge piers, were prepared. The 
varying parameter was the shear span ratio. Useful results were observed regarding the three 
response indexes and interesting conclusions were obtained.  

402

mailto:vpilitsi@civil.auth.gr
mailto:itegos@civil.auth.gr
mailto:billy@civil.auth.gr
mailto:kcstyl@civil.auth.gr


Vasileios G. Pilitsis, Ioannis A. Tegos, Vassilis K. Papanikolaou and Kosmas-Athanasios Stylianidis 
 
1 INTRODUCTION 

The basic objective of a seismic isolation system is to increase the fundamental period of 
the structure and reduce the design seismic acceleration. This phenomenon is known in the 
literature as "period shift effect" [1]. Increasing the fundamental period may be achieved by 
using seismic isolation devices, such as elastomeric bearings. A new technique for precast 
concrete bridges is the use of rocking as seismic isolation. Pure precast elements are connect-
ed though unbonded post-tensioning techniques; the inelastic demand is accommodated with-
in the connection where a “controlled rocking” motion occurs with opening and closing of 
existing gap [2], [3], [4]. 

An alternative to the rocking technique method is the canceling of total bond (i.e. adhesive, 
friction and mechanical interlock) between steel rebar and the surrounding concrete in the 
connection joint of the deck-pier and its pier-pile cap. This adjustment aims at the improve-
ment of the response, compared to with the corresponding monolithic connection, regarding 
the serviceability and seismic requirements, while reducing cost. The innovation consists in 
the way of anchoring the longitudinal reinforcement underlying pile-cap and the overlying 
deck of the bridge (Fig. 1). According to Fig. 1, longitudinal reinforcement is overlapped with 
awaiting rebars which are anchored to the pile cap in a way where a part of reinforcement 
length, nearest to the web of the pier, is not integrated into the surrounding concrete. Similarly, 
the outbound awaiting rebars on the head of the pier are not anchored in their full length to the 
deck, but only in their upper part. The construction joint in the footing of the pier is inserted 
in the pile cap for 15 cm, while the joint at the heading of the pier is inserted for 15 cm in the 
deck. These measures aim to prevent drifts at the interface of construction joints. The 
measures taken in order to prevent full fixity of the longitudinal reinforcement in the areas of 
anchorages, lead to the partial release regarding the rotations of the end-part sections of the 
piers. Via these rotations, the stiffness of the piers can be dramatically reduced for the benefit 
of serviceability requirements which are associated with alleviating stresses arising from the 
constraints caused by the expansion/contraction of the deck. By this generated high degree of 
flexibility, a satisfactory degree of seismic isolation is also achieved, since it leads to the sig-
nificant increase of the fundamental period [5]. 

 
Figure 1: Anchorage conditions of typical reinforcement. 
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An experimental evaluation of the mechanical behavior of this novel type of joint connec-
tion is attempted in this study. In particular, three response indexes are examined namely 
strength, stiffness and ductility. Furthermore, the influence of reinforcement to concrete bond 
suppression is examined on energy dissipation capacity and constant performance of the piers 
during cyclic loading.  

2 SPECIMEN GEOMETRY 
Eight cantilever specimens were prepared in 1:3 scale corresponding to the dimensions of 

two typical cases of a wall-web of an abutment with pinned base: (a) a flexible wall-web with 
height of 4.50 m and thickness of 50 cm and (b) a stiffer wall-web with height of 1.50 m and 
thickness of 50 cm. Since it is difficult to achieve full fixity conditions in laboratory, the eight 
cantilever specimens were formed as four beams simply supported in both ends. Two of the 
beams had length of 3.20 m and while the other two had length of 1.20 m respectively to the 
represented cases. Each beam consists of two cantilevers of net length of 0.375 m for case (a) 
and 1.375 m for the case (b) (Fig. 2, Fig. 3). The width of the beams was chosen 36 cm for 
proper mounting of the loading device (actuator) to the beams. In the midspan of each beam, a 
stiff zone is formed with thickness of 35 cm and length of 25 cm, in which the external load is 
imposed and by which the full fixity of each cantilever is achieved. The diagrams of internal 
forces and the elastic line of a simply supported beam with a concentrated load in the mid-
span is equivalent to the composition of two cantilevers diametrically opposed with concen-
trated load at one end-part and equal to the half of the simply supported beam’s load. The 
hinge supports were implemented at 10 cm from the edges of each beam. 

 
Figure 2: Geometry of the short span specimens. 

 
Figure 3: Geometry of the long span specimens. 
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3 REINFORCEMENT DETAILING AND MATERIAL PROPERTIES 

Longitudinal reinforcement of each specimen consists of ten Ø10. That corresponds to a 
longitudinal reinforcement ratio of ρl=1.45 %. The transverse reinforcement used in both 
types of specimens accrued so that to ensure that the specimens will experience flexural fail-
ure. The concrete cover was equal to 1.0 cm in both cases. 

Two of the specimens, namely one short specimen (low shear span ratio) and one long 
specimen (high shear span ratio), were reinforced without suppressing bond between concrete 
and reinforcement. In the other two specimens, the total bond of longitudinal reinforcement 
with the surrounding concrete was suppressed in specific regions. In the short specimen the 
suppression took place in length of 65mm symmetrically extended to the mid-length of the 
beam (Fig. 4). In the long specimen the suppression took place in length of 205 cm also sym-
metrically extended to the mid-length of the beam (Fig. 5). The reinforcement to concrete 
bond suppression was achieved by meticulous wrapping of the reinforcement rebar with poly-
ethylene sheets (Fig. 6). 

 
Figure 4: Unbonded reinforcement of the short span specimen. 

 
Figure 5: Unbonded reinforcement of the long span specimen. 
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Figure 6: Unbonded reinforcement in specimen SU-4. 

The steel class used for the longitudinal reinforcement corresponds to B500A [6]. Yield 
strength was equal to 586 MPa, the maximum strength equal to 700 MPa, the strain at yield-
ing point was εy=2.94 ‰ and the ultimate strain was equal to εu=3.41 %. These values were 
the mean values of ten specimens of steel rebar used for the longitudinal reinforcement. Simi-
larly, the yield strength of the transverse reinforcement was calculated equal to 680 MPa. 

The concrete properties were estimated by testing three cubic concrete specimens in uniax-
ial compression for the case of the two short beams and six cubic concrete specimens in the 
case of the two long beams. The strength class of concrete in the first case was estimated as 
C30/37 and in the second case as C25/30. 

Four through holes with diameter of 25 mm were formed during casting of the specimens 
by using PVC pipes. The mounting of the loading device (actuator) was achieved by using 
threaded rods passing through the holes.  

The hinge supports at the end-parts of the beams were implemented as in the case of refer-
ence [7]. After examining the hysteresis loops, a lash of 4 mm was measured in the supports 
of all specimens. The above mentioned information is summarized in Table 1. 

 

 Span Length (m) Concrete Class Unbondment Length (cm) 
S-4 1.0 C30/37 0 

SU-4 1.0 C30/37 65 
L-4 3.0 C25/30 0 

LU-4 3.0 C25/30 205 
 

Table 1: Specimen labeling and characteristics. 

4 EXPERIMENTAL SETUP 
The four beams were subjected in cyclic displacement with the use of a hydraulic piston 

[8]. The time-history of the imposed displacements for specimens S-4 and SU-4 is presented 
in Fig. 7(left) and for specimens L-4 and LU-4 is presented in Fig. 7(right). Each time-history 
is consisted of eighteen cycles divided into groups of three, of equal displacement. Each cycle 
has duration of two minutes and the total running time is 36 mins. 

In Fig. 8 a sketch of the experimental setup is shown, for the case of the short beams. The 
cyclic displacement is imposed in the midspan of the beams, where the hydraulic actuator is 
attached to the rigid zone of the beams through a QHS 140x140x4 mm steel hollow beam of 
460 mm length. 
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Figure 7: Imposed displacement time – histories of S-4 and SU-4 (left) and of L-4 and LU-4 (right). 

 
Figure 8: S-specimen position relative to the hydraulic piston. 

The displacement load history was imposed by a double acting hydraulic actuator in the 
Laboratory of Reinforced Concrete and Masonry Structures, Department of Civil Engineering, 
Aristotle University of Thessaloniki. Full details of the experimental setup can be found in [7]. 

5 ANALYTICAL ESTIMATION OF THE SPECIMEN PROPERTIES  
The analytical calculation of the specimens S-4 and L-4 properties regarding deformation 

and strength is presented on reference [7]. These analyses were performed using AnySection 
v.4.0.4 software [9]. The stress-strain law considered for the concrete behavior was the para-
bolic-rectangular diagram of EC2-Part 1 [6]. Regarding reinforcement steel, its stress-strain 
law was considered according to Park & Sampson [10]. The calculation of the effective stiff-
ness of the specimens was based on the method described in section C.3 of EC8-Part 2 [11]. 
The calculation of the deformation ductility is based on the elastic-plastic behavior of a canti-
lever beam [7]. The results of the analytical estimation of the S-4 and L-4 specimens are pre-
sented in Table 2 and Table 3. 
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The yield moment of specimens SU-4 and LU-4 (and consequently their yield load and 
displacement) cannot be calculated in the same way due to the partial suppression of the rein-
forcement to concrete bond. In this case, at global (specimen) yielding, reinforcement stress 
remains constant in the area of the unbondment and is equal to the reinforcement yield stress. 
As a result, the moment in the fixed end of the cantilevers will be the yield moment. It is not-
ed that due to reinforcement unbondment, one single crack will be formed in the point of the 
maximum moment, which is the fixed end of each cantilever. The width of the crack is deter-
mined by the deformation of the rebar (Fig. 9). 

 
Figure 9: Schematic representation of the crack formation in the side of the rigid zone. 

The crack width in each cantilever can be calculated with the following equation: 

  
unb,tot

s

l
l

2
∆ = ⋅ε

 (1) 
where lunb,tot is the total unbondment length. Considering that the deformation of the specimen 
is negligible in bonded reinforcement regions, the displacement of each specimen is calculat-
ed according to: 

  l tan= ⋅δ θ  (2) 
where θ is the rotation angle, equal to Δl / hc. 

 
The distance of the neutral axis from the centroid of the tensile reinforcement (hc) and conse-
quently the rotation angle (θ) were determined by modeling the section under consideration in 
SAP2000 [12]. More specifically, a totally rigid frame (according to the Bernoulli–Euler as-
sumption, i.e. plane sections remain plane and perpendicular to the axis of the element) with a 
length of 15 cm was meshed in segments of 1 cm. In each node a non-linear spring was as-
signed representing the rebar or the concrete of the section (Fig. 11). The force-displacement 
law defined for the springs representing the concrete of the section is the parabolic-
rectangular stress-deformation law of the EC2-Part 1 multiplied by the tributary area, namely 
1 cm x 36 cm (Fig. 10-left). The force-displacement law defined for the springs representing 
the rebar of the section is the stress-deformation law according to Park & Sampson multiplied 
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by the area reinforcement of each spring (5Ø10), considering deformation on yielding and 
failure that correspond to the length of the unbonded part of reinforcement (Fig. 10-right). 
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Figure 10: (Left) Sping stiffness diagram for concrete in the case of LU-4, (Right) Spring stiffness diagram for 

rebar in the case of LU-4 

 
Figure 11: Finite element modelling of the section under consideration. 

The type of the analysis conducted was static non-linear by gradual increase of the moment 
applied in the rigid frame. In both cases failure caused due to the failure of the tensile rein-
forcement. The moment-rotation diagrams and their bilinearization as calculated with BILIN 
software [13] are presented in Fig.12. 

The yield load can be calculated according Fig. 12 and the yield displacement is calculated 
according to the equation (2). The effective stiffness can be calculated from the following 
equation: 

 

2
y

eff
y

M l
EJ

3δ
⋅

=  (3) 

 
where l is the length of the cantilever from the side of the rigid zone to the support. 
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Figure 12: Moment-rotation diagrams of the critical section of SU-4 and LU-4. 

The analytically calculated properties of the specimens with the unbounded parts of rein-
forcement are presented in Table 4 and Table 5. 

 
Μy 

(kNm) 
Py 

(kN) 
EJeff / EJun 

(%) 
φy 

(1/m) 
φu 

(1/m) 
Lp 

(mm) 
δy 

(mm) 
δu 

(mm) μδ 

31.25 166.7 33.99 0.033 0.286 114.5 1.5 10.8 6.94 
 

Table 2: Analytical results for the specimen S-4. 

 

Μy 
(kNm) 

Py 
(kN) 

EJeff / EJun 
(%) 

φy 
(1/m) 

φu 
(1/m) 

Lp 
(mm) 

δy 
(mm) 

δu 
(mm) μδ 

30.85 44.9 35.03 0.034 0.288 225.4 21.2 93.6 4.41 
 

Table 3: Analytical results for the specimen L-4. 

 

θy 
(rad) 

θu 
(rad) 

Μy 
(kNm) 

Py 
(kN) 

EJeff / EJun 
(%) 

δy 
(mm) 

δu 
(mm) μδ 

0.014 0.104 31.41 167.5 8.69 5.1 39.3 7.71 
 

Table 4: Analytical results for the specimen SU-4. 

 

θy 
(rad) 

θu 
(rad) 

Μy 
(kNm) 

Py 
(kN) 

EJeff / EJun 
(%) 

δy 
(mm) 

δu 
(mm) μδ 

0.039 0.286 32.83 47.8 17.77 53.5 403.6 7.54 
 

Table 5: Analytical results for the specimen LU-4. 

6 EXPERIMENTAL RESULTS  
Interesting results were observed during the experimental procedure regarding the three re-

sponse indexes, namely, strength, stiffness and ductility. Regarding L-4, flexural cracks were 
observed in the area around the stiff zone of the beam, which increased along the increase of 
the imposed deflection and the progressive formation of plastic hinge. Crosswise cracks oc-
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curred in S-4, which indicated the intense presence of shear effect (Fig. 13). However these 
specimens managed to deplete their flexural strength as show by the experimental results. 

Regarding specimens SU-4 and LU-4 the failure mode was different from the initially sup-
posed. In low level displacements the cracks were formed at the side of the rigid zone, like it 
was initially supposed (Fig. 14). Along the increase of the imposed displacements, cracks 
showed up in the section around the end-part of the unbonded reinforcement. This happened 
because stress in the unbonded part of reinforcement was of constant value. The form of the 
cracks in the last load cycles, during high level of imposed displacements, is presented in Fig. 
15. The width of the initially supposed single crack at the side of the rigid zone was distribut-
ed into two cracks, one at the side of the rigid zone and one at the section of the end-part of 
the unbonded rebar. Especially, the absence of transverse reinforcement in the end-part of the 
unbonded rebar led to the delamination of the concrete coating and to intensive disrupt of the 
section concrete core (Fig. 15-right).  

  
Figure 13: Crack formation in S-4 (left) and L-4 (right). 

 
Figure 14: Crack formation at the side of the rigid zone in LU-4. 

  
Figure 15: (Left) Crack final form in SU-4, (Right) Concrete disrupt in LU-4. 

By processing the specimen hysteresis loops (Fig. 16 and Fig. 17), the results given in Ta-
ble 6 were obtained. The 4 mm gap in the supports of the specimens was omitted from the 
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calculations and the specimens were considered as firmly mounted in the supports. It should 
be noted that the values of these tables are average values of both the directions of cyclic 
loading. Equation (4) was used for the determination of the experimental effective stiffness of 
the cantilevers: 

   
2 2L L

(x) (x)
y y

eff s0 0

M V
P dx dx

EJ GA
δ⋅ = +∫ ∫     (4) 

where M(x) and Q(x) are the moment and shear values of the cantilevers respectively, Py is 
the half of the yield load of the beam, δy is the yield displacement of the beam, G is the shear 
modulus considering cracked concrete and As is the cantilevers section shear area. 

 

 
Py 

(kN) 
δy 

(mm) 
δu 

(mm) 
EJeff / EJun 

(%) μδ 

S-4 172.4 3.4 13.2 13.5 3.91 
SU-4 167.8 5.7 >15.5 7.8 >2.81 
L-4 44.3 19.9 >93.0 30.8 >4.67 

LU-4 42.1 29.8 89.6 19.5 3.01 
 

Table 6: Experimental results disregarding the existence of the 4 mm gap in the supports. 
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 Figure 16: Hysteresis loops of the specimens S-4 and L-4. 
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 Figure 17: Hysteresis loops of the specimens SU-4 and LU-4. 

By comparing the analytically calculated specimen properties with the experimental results 
of Table 6, regarding specimen S-4, the difference observed between the analytical and exper-
imental results is due to the low shear span ratio of the specimen and the influence of shear 
stresses. Regarding L-4, the analytical results are close to the experimental. The same denota-
tion applies for specimen SU-4. It is noted that SU-4 in contrast to LU-4 did not fail in the last 
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displacement level group of ±17.5 mm (by losing 20% of its strength). On the contrary, re-
garding specimen LU-4, the analytical results of displacements and the available displacement 
ductility are different from the experimentally obtained. This is due to the different mode of 
deformation and crack formation the specimen experienced. Initially, for the analytical calcu-
lation of its properties, the assumption of a single crack formation (at the side of the rigid 
zone) was made. During the experiment it was observed that a second crack formatted at the 
area of the end-part of the unbonded rebar. A part of the total deformation due to the rebar 
elongation was concentrated in that area. In addition, the absence of transverse reinforcement 
in that area led to the premature disrupt of the concrete. As a result of this were the lower than 
the expected displacements and available displacement ductility. 

Comparing the results of the four specimens the following can be stated: 
• The bond suppression in SU-4 and LU-4 did not seem to affect their strength, regard-

less of shear span ratio. 
• The specimens with the unbonded reinforcement yield in larger deformations than the 

specimens S-4 and L-4. Therefore, their effective stiffness is significantly lower com-
pared to the stiffness of S-4 and L-4. 

• Specimen SU-4 did not reach failure. Comparing its analytically calculated available 
displacement ductility with the one of S-4, the first mentioned has slightly greater value. 
Specimen LU-4, although it was analytically expected to have almost twice the availa-
ble displacement ductility of L-4, experimentally presented lower displacement ductili-
ty due to the formation of a second crack in the area of the end-part of the unbonded 
rebar. 

The absolute values of dissipated energy and the dissipated energy per cycle (as a percent-
age of the dissipated energy of the first cycle of each group of the same displacement level) of 
specimens SU-4 and LU-4 are presented in Figures 18 and 19. The corresponding diagrams of 
S-4 and L-4 are presented in reference [7]. An increase of the dissipated energy is observed 
when imposed displacement is increasing in both cases. The percentage of the dissipated en-
ergy of the second and third cycle compared to the corresponding of the first cycle of each 
displacement group increases in both cases along with the increase of the imposed displace-
ment. In the case of SU-4 this increase is not as obvious as in the case of the other specimens 
because this specimen was far from its failure according to Table 4 and Table 6. Specimen 
LU-4 corresponding dissipated energy percentage is descending in the last group of imposed 
displacements because of its premature failure. 

Comparing the dissipated energies of SU-4 and LU-4 with the corresponding of S-4 and L-
4 we observe that for the same extend of imposed displacements the second two specimens 
present in average 2.5 times larger amount of dissipated energy than the specimens with the 
unbonded reinforcement. It can be seen that specimens SU-4 and LU-4 appear to be activated 
in larger imposed displacements than specimens S-4 and L-4. 
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Figure 18: Energy dissipation of specimen SU-4. 
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Figure 19: Energy dissipation of specimen LU-4. 

The damage factor of the specimens SU-4 and LU-4 regarding the stiffness loss in each 
cycle [14] is given in Figure 20 and the corresponding diagrams of S-4 and L-4 are given in 
reference [7]. Regarding specimens S-4 and L-4, it is noted that the damage factor is constant 
and low, around 3 % to 5 %, except of the groups of displacement cycles that are near to the 
failure of the specimens. Specimen SU-4 exhibits stable performance during the consecutive 
cyclic imposing of displacement. On the contrary, specimen LU-4, which depletes its availa-
ble displacement ductility in imposed displacement below the maximum imposed during the 
experiment, presents sudden loss of stiffness in the second and third cycle in displacement 
groups of ±14.5 mm and ±17.5 mm. 
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Figure 20: Damage factor (stiffness degradation) of SU-4 and LU-4. 

7 CONCLUSIONS 
The experimental study on the mechanical behavior of a novel type of joint connection be-

tween pier and deck or between pier and pile cap was presented in this study. In particular, 
three response indexes were examined namely strength, stiffness and ductility. Furthermore, 
the influence of longitudinal reinforcement unbonding on energy dissipation capacity and 
constant performance of the pier during cyclic loading was examined. 

 
The main conclusions are as follows: 

• The specimen strength, where the reinforcement to concrete bond had partially been sup-
pressed, was slightly reduced - by 5 % - compared to the specimens without bond sup-
pression. Therefore, it can be stated that the reinforcement partial bond suppression does 
not seem to significantly affect strength. 

• The analytically calculated and the experimental values of the specimen effective stiff-
ness with unbonded reinforcement were significantly degraded compared to those with 
regular reinforcement. In the stiff (short) and flexible (long) specimens the degradation 
was 42 % and 37 %, respectively. This means that reinforcement partial bond suppres-
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sion renders piers more flexible and capable to withstand serviceability loads without de-
veloping major stress. 

• The available displacement ductility of the short specimen (low shear span ratio) did not 
depleted during the maximum imposed displacement. The analytically calculated value 
was increased by 11 % compared to the regularly reinforced specimen. Regarding the 
long specimen (high shear span ratio), its available displacement ductility depleted and 
accrued significantly lower to the analytically calculated. A safe conclusion cannot be 
obtained because the failure mechanism was not the same in the two cases. 

• The fact of plastic hinge formation in the area of the end-part of the unbondment leads to 
the conclusion that the bond suppression must not take place in the web of the piers but 
inside the connection joint of deck and pier or pile cap and pier. 

• The amounts of dissipated energy in the case of the specimens with unbonded reinforce-
ment are significantly lower than in the case of their ordinary counterparts, for a given 
size of imposed displacement. Comparing the percentage of the dissipated energy in the 
two cases, it is concluded that the specimens with unbonded reinforcement are activated 
in a higher level of imposed displacements compared to ordinary reinforcement. 

• Stiffness loss in the case of specimens with unbonded reinforcement during the consecu-
tive imposed displacement cycles is similar to the loss of specimens with ordinary rein-
forcement. 
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Abstract. The dynamic and earthquake response of the bell tower of Agios Gerasimos, lo-

cated at the city center of Lixouri in the island of Kefalonia, Greece is examined here. This 

structure was subjected during the winter of 2014 in an intensive earthquake sequence. The 

dynamic characteristics of this bell tower were measured in-situ through a series of free vi-

bration tests that were performed following the earthquake sequence. Subsequently the dy-

namic and earthquake response of the bell tower was numerically simulated employing a 3-D 

elastic numerical simulation shell elements. The foundation was included in the numerical 

model assumed to be a mass-less concrete block that is formed by mass-less horizontal slabs 

and vertical slabs. A number of linear horizontal and vertical links are also employed aimed 

at representing the resistance of the soil surrounding the foundation block in the x-x (N-S), y-

y (E-W) and vertical (z-z) directions. The numerical simulation examines the value of the 

stiffness of these vertical or horizontal links in a parametric way. First, the axial stiffness for 

all the vertical and horizontal links attains the value of 10000000KN/m that represents a non-

deformable soil. Next, the vertical and horizontal links are given a value for their axial stiff-

ness in such a way that the resulting 1st translational E-W (y-y) eigen-frequency is approxi-

mately equal to the corresponding value that was measured during the free vibration tests. 

Then a third case is also examined whereby the stiffness of these links becomes even lower. 

The obtained numerical results of all these examined cases are presented and discussed. It is 

demonstrated that the soil – foundation – structure interaction influences the dynamic and 

earthquake response predictions for this structure quite significantly. It also demonstrates the 

usefulness of such in-situ testing towards formulating realistic numerical models in order to 

yield realistic predictions of the dynamic and earthquake response of the examined structures. 
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1  INTRODUCTION 

The objective of this paper is to study the dynamic and earthquake response of a bell tower. 

This bell tower belongs to the church of Agios Gerasimos which is located at the city center 

of Lixouri in the island of Kefalonia, Greece. The whole locality was subjected during the 

winter of 2014 in an intensive earthquake sequence and this gave the opportunity to focus on 

the earthquake response of this bell tower which remained unscathed, despite the intensity of 

the seismic ground motion and the damage to neighboring structures. In figure 1 the location 

of the Agios Gerasimos bell tower is shown together with the location of the city hall of 

Lixouri at a distance of 0.35km from the bell tower.  

Figure 1. View of the center of Lixouri 

Figure 2. The two-story R/C building that housed the City Hall of 

Lixouri prior to the seismic event of 3
rd

 February 2015. Because of the 

developed structural damage is not occupied at present. 

Figure 3. The earth fill embankment 

at the harbor immediately after the 

seismic event of 3
rd

 February 2015 

The Lixouri City Hall is also shown in figure 2, a two-story reinforced concrete building, 

developed light structural damage during the 3
rd

 of February 2014 strong seismic ground mo-

tion. Similarly, the columns of another two-story reinforced concrete building were also dam-

aged, namely hotel Palatino shown at the left side of figure 1. It is interesting to note that the 
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intensity of shaking during this damaging 3
rd

 of February 2014 seismic event was recorded by

a strong motion accelerograph located at the ground floor of the city hall building [1]. More-

over, spectacular damage was observed at the earth fill embankment [1] that forms the harbor 

of Lixouri (shown at the bottom of figure 1) as well as the overturning of boats that were free 

standing at the sea front of this harbor (figure 3). 

Bell towers are structures that are of particular interest regarding their dynamic and earth-

quake response, which has been the subject of research in the past. A large number of bell 

towers with dimensions much larger than the one examined here are located in numerous cit-

ies in Italy and elsewhere. The largest percentage of these bell towers is built by stone or brick 

masonry. One of the well known cases of a bell tower collapse is that of the St. Marcus bell 

tower in Venice in July 1902 depicted in figures 4. The Campanile of St. Mark's Church, 

ninety-eight meters high, collapsed at 10:41 o'clock Monday morning and fell with a great, 

crash into the piazza. The Campanile, which was entirely detached from the cathedral, col-

lapsed where it stood in a heap of ruins (figure 5). This collapse was not due to an earthquake 

excitation.  

Figure 4-5. The Collapse of St. Mark’s Bell Tower in Venice in 1902. 

Figure 6-7. Torre dei Modenesi, Emilia-Romagna earthquake, May 2012 

However, in many other cases earthquake activity constitutes the major cause of serious 

damage for bell towers that many times leads to partial or total collapse.  These structures are 

characterized with considerable height, relatively to their narrow foundation, and considerable 

masses along their height; these facts together with the added weight from heavy bells at high 

elevations lead to large overturning moments and shear forces at their base. There are numer-
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ous examples of bell towers that were heavily damaged or collapsed due to earthquake activ-

ity.  Relatively recently, a 6.0 magnitude earthquake in the region of Emilia-Romagna of Italy 

caused the collapse of an old tower in the town of Finale Emilia on May 20, 2012. Torre dei 

Modenesi, a 13th century clock tower was destroyed during this earthquake (figure 6-7). An 

extensive effort was made by volunteers from all across the country to help salvage, collect 

and catalogue fragments of the 32-meter high tower in an effort to eventually restore it. On 

October 16th  2013, a 7.2 magnitude earthquake shook Bohol province in the central Philip-

pines.  The Basilica Minore del Santo Niño established in the 1500s and rebuilt in its present 

form in 1737. The earthquake caused the collapse of its bell tower and portions of its main 

building. the bell tower of the Church of San Pedro Apostol in Loboc, Bohol that collapsed 

during the same earthquake. 

. 

Figure 8-9 . The Basilica Minore del Santo Niño Figure 10. The bell tower of the Church 

of San Pedro Apostol.  

Consequently, there is a major international concern for the stability of numerous bell tow-

ers. This resulted to significant international research effort that includes in-situ monitoring of 

the response of bell towers on a temporary basis, like the one attempted here,  or more sophis-

ticated and on a permanent basis ([4, 6, 7, 8, 9, 12, 13, 14, 15, 16, 17, 18, 20]). Foundation 

problems for bell towers are evident in many case the most celebrated being Pisa’s grand bell 

tower in Italy (figure 11) that is quoted as a major medieval engineering error.  The two lean-

ing bell towers in Bolognia in Italy Another represent another example (figure 12). Therefore, 

the soil flexibility is also an area of research interest for these structures especially when their 

dynamic and earthquake response is under investigation [5, 16, 17, 18, 20]. 

Figure 11. Pisa’s grand bell tower Figure 12. Two leaning bell towers in Bolognia 
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East view of the bell tower West view of the bell tower 
Figure 13-14. Pictorial view of the Agios Gerasimos bell tower (September 2014) 

The bell tower that is studied here is depicted in figures 13-14. The height of this bell tow-

er is approximately 20m and it is made of reinforced concrete with a hollow cross-section that 

has dimensions 3.45m by 3.45m at the ground level and it keeps being reduced along the 

height, as shown in figures 15-16.  

Cross section and dimensions in meters 

of the bell tower at ground level 

Cross section and dimensions in meters of the 

bell tower at a height of 2.45m from ground level 
Figure 15-16. Horizontal cross sections of the bell tower at two different elevations 

The walls of the bell tower are made of reinforced concrete with a thickness equal to 

300mm. This bell tower was constructed during 1963, almost ten years after the damaging 

earthquake sequence of 1953 that hit this region [2]. Its foundation consists of a reinforced 

concrete foundation block that extends at a depth of at least 3.0 meters below ground level. 

Initially, summary results are presented in section 2 based on measurements of the dynamic 

response of this bell tower obtained during an in-situ experimental campaign conducted for 

this purpose on September 2014. Next, the dynamic response of this bell tower is also pre-

dicted through a 3-D numerical simulation. From the comparison between the measured and 

the numerically predicted dynamic response the influence of the soil-foundation interaction is 

studied and is presented in section 3. Based on the outcome of this comparison the numerical 

simulation that yield the best predictions is next being utilized to predict the earthquake re-
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sponse of this structure during the main event of February 3
rd

, 2015 [1]. The relevant results 

are presented in a summary form section 4 together with the final conclusions. 

 

2 IN-SITU MEASUREMENT OF THE DYNAMIC RESPONSE OF THE BELL 

TOWER  

The dynamic characteristics of this bell tower were measured in-situ through a series of 

free vibration tests that were performed following the damaging earthquake sequence 3
rd

 of 

February 2014 seismic. A set of two tri-axial accelerometers were utilized together with a dig-

ital data acquisition system. These accelerometers were fixed at two locations along the height 

of the bell tower. The first accelerometer was fixed on a horizontal reinforced concrete (R/C) 

slabs which was built internally on this bell tower and was connected in a monolithic way 

with all four peripheral R/C walls. This R/C slab was immediately below the bells and could 

be reached through a R/C staircase which was also built internally and was also connected in 

a monolithic way with the peripheral R/C walls. This R/C slab was located at 15.4m from the 

ground level, which is named here “High Measuring Point (up)” and the accelerometer fixed 

at this level is depicted in figures 17-18. The second tri-axial accelerometer was also fixed 

internally on the West R/C wall at a location 11.5m from ground level, which is named here 

“Low Measuring Point (down)”. This instrumentation arrangement is also shown in figure 19 

where it can be seen that both instruments were located at an axis of symmetry of this struc-

ture named y-y in figure 19 (East-West). 

 

  
Figure 17-18. Accelerometer fixed at “High Measuring Point (up)”. 

 

The bell tower was excited by a pull-out free vibration test sequence ([4, 6, 7, 8, 9, 12, 13, 

14, 15, 16, 17, 18, 20]) utilizing a sudden rupture of a high strength wire that was previously 

stretched being attached at on end at the bell tower just above the “High measuring point” 

level at the other end on a reaction point at the street level that passed near the South side of 

the bell tower and was accessible for this purpose. This is depicted schematically in figures 20 

and 21. As can be seen in figure 21 the excitation axis was at an angle of 14.7 degrees with 

the East-West axis of symmetry (y-y). As a result, and despite the structural symmetry, it was 

expected that the dynamic acceleration response of the bell tower for this excitation would be 

developed both in the y-y as well as in the x-x (North-South) direction. 
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Figure 19. Used instrumentation Figure 20.  Pull-out free vibra-

tion test sequence 

Figure 21. Used pull-out excitation 

 

 

Agios Gerasimos Pull-out High Point E-W (y-y)
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Figure 22-23. Free vibration horizontal acceleration response at the “High measuring point” of the bell tower 

 

Agios Gerasimos Pull-out Low Point E-W (y-y)
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Figure 24-25. Free vibration horizontal acceleration response at the “Low measuring point” of the bell tower 

Because the used instruments were tri-axial the response in these two horizontal directions 

x-x and y-y could be recorded simultaneously and are depicted in figures 22-23 and 24-25 for 

the “High and Low measuring points”, respectively. As can be seen, the presense of a quite 

dominant frequency is quite clear in all these free vibartion dynamic acceleration responses. 

This dominant response frequency was extracted from transforming the obtained 

High Point 

Low Point 

Pull-out 

force 
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measurements in the frequency domain through a fast fourier transform (FFT) algorithm. The 

following table 1 lists the results of this FFT frequency analysis of the obtained measurements.  

 

Table 1. Peak values from FFT frequency analysis of the East-West (y-y) free vibration 

acceleration response of the bell tower  

  

Frequency 

(Hz) 

 

Period 

(sec) 

 

FFT 

amplitude 

FFT 

Phase 

(rad) 

FFT 

phase 

adjusted 

(rad) 

Phase Difference  

Up-down (deg) 

FFTup/FFTdown 

 Agios Gerasimos High measuring point Test 006 (pass filter 0.1Hz-25Hz) 

High Point 
 

2.344 0.427 30.32(up) -1.411 1.365 0 / 1.789 

 Agios Gerasimos Low measuring point (down) Test 006 (pass filter 0.1Hz-

25Hz) 

Low point 2.342 0.427 19.627 1.365 1.365 0 

  

The peak FFT values of the East-West free vibration acceleration response of the bell tower 

are listed in this table together with the measured in this way dominant frequency which is 

equal to 2.343Hz (0.427 sec. period). Moreover, it can be seen in this table that the peak 

acceleration response at this dominant vibration frequency is at phase for the two “High and 

Low measiring points” 

 

3 NUMERICAL SIMULATION OF THE FREE VIBRATION RESPONSE OF THE 

BELL TOWER  

 

The dynamic response of the bell tower was numerically simulated employing a linear 

elastic dynamic analysis utilizing shell elements assumed to be of reinforced concrete as an 

isotropic material with a  Young’s Modulus equal to E=10000MPa and typical to reinforced 

concrete. The bells were assumed to weight 500kg. They were simulated with a steel beam 

that was placed at the right location and height where the actual steel beam supporting the 

bells is located. A mass and weight multiplier was used for this beam to account for the extra 

mass and weight of the bells.  

The foundation was assumed to be a mass-less concrete block that was numerically formed 

by the following parts: 

- Two mass-less and stiff horizontal slabs with a thickness 0.15m were located one at 

the ground level and the other at a depth of 3.0m from the ground level. These slabs represent 

the upper and lower horizontal planes of the foundation concrete block. In addition, four 

mass-less and stiff vertical slabs having a thickness 0.789m were also added. Two of these 

slabs were placed at the x-z plane and the other two at the y-z plane of the numerical model. 

These vertical slabs represent the peripheral vertical planes of the foundation block facing the 

East-West (x-z plane) and the North-South (y-z plane) directions. In this way the foundation 

block was formed (figure 26). All the stiffness properties of the finite elements representing 

these slabs were numerically increased by a multiplier equal to 1000. 

-  Next, four mass-less and weightless stiff vertical slabs were also formed parallel to 

the previously described vertical slabs. These later vertical slabs were placed in a way sur-

rounding externally the foundation block. They were located at a distance of 50mm externally 

surrounding the vertical slabs representing the foundation block. An additional mass-less and 
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weightless stiff horizontal slab was also added placed 50mm below the horizontal slab that 

represents the bottom of the foundation block (-3.0m from the ground level). All these slabs, 

both vertical and horizontal are presumed to represent the non-deformable support medium 

for the foundation block of the bell tower, and for this purpose they were considered to be 

practically non-deformable as well as they were constrained at all their nodes in the x-y-z di-

rection. 

 

 

 
 

 

Figure 26. Numerical simulation of the foundation 

block 

Figure 27. Numerical simulation of the soil-foundation 

interaction with links 

 

- In order to account for the soil deformability the rigid slabs representing the non-

deformable supports of the foundation block were connected to the corresponding vertical and 

horizontal slabs representing all the sides of the foundation block in contact with the sur-

rounding soil with two-node links (figure 27). These two-node links were placed within the 

space that was left in the numerical model between the non-deformable support slabs and the 

non-deformable foundation slabs. In this way, all the foundation soil interaction that could 

arise from the soil deformability was concentrated locally on these two-node links at the 

50mm space left for this purpose surrounding the numerical model of the foundation block 

from all its sides.  

- Three cases were considered regarding the value of the stiffness of these vertical or 

horizontal links. In the first case the axial stiffness for all the vertical and horizontal links at-

tains the value of 10000000KN/m. That represents a non-deformable soil. In the second case 

all the vertical and horizontal links are given a value for their axial stiffness in such a way that 

the resulting 1st translational E-W (y-y) eigen-frequency of the bell tower is approximately 

equal to the corresponding value that was measured during the free vibration tests. The axial 

stiffness value for all the links in this case was found to be equal to 21000KN/m. This was 

assumed to represent medium stiffness conditions for the soil.  
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Translational mode E-W (y-y)  

T=0.235 sec., f=4.258Hz (rigid soil) 

 
Translational mode  N-S (x-x)  

T=0.229, f=4.364Hz  (rigid soil) 

Figure 28-29. Predicted translational mode for the first examined soil condition (rigid soil) 

Axial link stiffness 10000000KN/m 

  

 
Translational mode E-W (y-y)  

T=0.4267sec., f=2.343Hz, (medium soil) 

 
Translational mode  N-S (x-x)  

T=0.4254, f=2.351Hz, (medium soil) 

Figure 30-31. Predicted translational mode for the first examined soil condition (medium soil). Axial link stiff-

ness 21000KN/m 

 

The excitation introduced by the free vibration tests that were performed in-situ should be 

considered as a rather low intensity excitation. Therefore, the soil surrounding the foundation 

is presumed to have stiffness properties that may be reduced when subjected to an intense ex-

citation during a prototype earthquake ground motion like the one experienced during the 

damaging 3
rd

 of February 2014 seismic event at Lixouri. For this purpose, a third case of axial 

link stiffness was also considered. In this third case the axial stiffness value for all the links 

was set equal to 10000KN/m. The values of the predicted eigen-frequencies / eigen-periods 

for the dominant translational modes for the examined three soil conditions of the Agios 

Gerasimos bell tower are shown in figures 32 to 33 and listed in table 2. 

426



G.C. Manos and E. Kozikopoulos 

 

 
Translational mode E-W (y-y)  

T=0.540sec., f=1.851Hz, (flexible soil). 

 
Translational mode  N-S (x-x)  

T=0.542, f=1.843Hz, (flexible soil). 
Figure 32-33. Predicted translational mode for the first examined soil condition (flexible soil). Axial link stiff-

ness 10000KN/m 

 

Table 2. predicted eigen-frequencies / eigen-periods for the dominant translational modes 

for the examined three soil conditions of the Agios Gerasimos bell tower 

 

Soil Foundation 

 deformability 

Predicted East-West transla-

tional mode eigen-frequency 

(Hz) / eigen-period (sec) 

Predicted North-South transla-

tional mode eigen-frequency 

(Hz) / eigen-period (sec) 

1
st
 case Rigid Soil 

Axial stiffness for links  

10000000KN/m 

 

4.258Hz / 0.235sec. 
 

4.364Hz / 0.229sec.   

2
nd

 case Medium Soil 

Axial stiffness for links  

21000KN/m 

 

2.343Hz / 0.4267sec. 
 

2.351Hz / 0.4254sec. 

3
rd

 case Flexible Soil 

Axial stiffness for links  

10000KN/m 

 

1.851Hz / 0.540sec. 

 

1.843Hz / 0.542sec. 

 

As already mentioned, the objective of this parametric study of soil-deformability was to 

be able to investigate the sensitivity of the fundamental dynamic properties of this bell-tower 

that arises from the deformability of the soil-foundation [5, 10, 16, 17, 18, 20]. In the table 

that follows the values of the measured eigen-frequencies / eigen-period that were obtained 

from the in-situ free vibration dynamic measurements are compared with the corresponding 

predicted values for the three soil-foundation conditions. 

As can be seen from the eigen-frequency / eigen-period values listed in table 3, the predic-

tions obtained through the bell tower numerical simulation employing deformable linear links 

at the interface between the foundation and the soil, as was described in this section, demon-

strate very good agreement with the measured values for the 2
nd

 case representing a medium 

flexibility soil which is approximated in the numerical simulation through an axial stiffness 

value for the links equal to 21000KN/m. 
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Table 3. predicted eigen-frequencies / eigen-periods for the dominant translational modes for 

the examined three soil conditions of the Agios Gerasimos bell tower 

Soil Foundation 

 deformability 
Predicted 

1
st
 case 

Rigid Soil 

Predicted 

2
nd

 case 

Medium Soil 

Predicted 

3
rd

 case 

Flexible Soil 

Measured 

values 

Axial stiffness  

for links 

10000000KN/m 21000KN/m 10000KN/m -- 

East-West transla-

tional mode eigen-

frequency (Hz)/ ei-

gen-period (sec) 

 

4.258Hz / 

0.235sec. 

 

2.343Hz / 

0.4267sec. 

 

1.851Hz / 

0.540sec. 

 

2.343Hz / 

0.4268sec. 

 

North-South transla-

tional mode eigen-

frequency (Hz) / ei-

gen-period (sec) 

 

4.364Hz / 

0.229sec. 

 

 

2.351Hz / 

0.4254sec. 

 

1.843Hz / 

0.542sec. 

 

2.344Hz / 

0.4266sec. 

 

 

4 EARTHQUAKE RESPONSE OF THE AGIOS GERASIMOS BELL TOWER  

Next, the numerical simulation of the earthquake response of the Agios Gerasimos bell 

tower for the previously presented three cases of soil-foundation deformability was examined. 

In this investigation the following load case combinations were considered in an effort to ap-

proximate the seismic forces that this structure was subjected to during the 3
rd

 of February 

2015 actual earthquake excitation. 

 

1. The gravity loads is signified as DEAD. It represents all the vertical gravity forces that 

are generated from the weights of all the structural and the non-structural components of the 

bell tower including the bells themselves. All the inclined R/C walls of the tower were con-

sidered to have a thickness of 0.3m. The 3-D shell F.E. representation follows the middle 

plane of these walls. From the level upwards from the upper slab (below the bells) the wall 

are vertical till the level of the upper dome. The top of the dome rises 21.4m from the ground 

level. All the window and door openings are replicated in the F.E. model. 

2. The horizontal seismic loads in the y-y (E-W) direction are applied in a static way. 

They are approximated as being 50% of the vertical gravity forces acting horizontally in the 

x-x direction. These loads are denoted as 0.5 Ey (E-W) static and together with the vertical 

gravity forces (DEAD) represent combination 1. Thus COMBI-1 = DEAD + 0.5 Ey (E-W). In 

a similar way, the horizontal seismic loads in the x-x (N-S) direction are also applied in a stat-

ic way. They are approximated as being 50% of the vertical gravity forces acting horizontally 

in the x-x direction. These loads are denoted as 0.5 Ex (N-S) static and together with the ver-

tical gravity forces (DEAD) represent load-combination 2. Thus COMBI-2 = DEAD + 0.5 Ex 

(N-S) 

3. Alternatively, The horizontal seismic loads in the y-y (E-W) direction are applied 

through the Lixouri E-W elastic acceleration response spectral curve for 5% damping ratio as 

it was derived from the E-W component of the acceleration record that was recorded during 

the strong aftershock of 3-2-2014 ([1]). This was recorded by an instrument located at the 

ground floor slab of a R/C two-story building (Dimarchion) located at a distance of 350m 

from the bell tower, as indicated in figure 1. This response spectrum values are scaled to ac-
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count for a response modification factor with a value equal to 2.5. This value must be consid-

ered as rather high value based on the fact that the bell tower is a cantilever and there were no 

visible signs that the reinforced concrete sections with their reinforcing bars were stressed to 

post-yield levels. Due to these reasons it is expected that the response of the bell tower pre-

dicted by dividing the response spectra curve by µ=2.5 will be rather low than what this bell 

tower could possibly have experienced during the actual seismic event according to the re-

corded ground acceleration. These seismic loads are denoted as E-W response spectrum and 

together with the vertical gravity forces (DEAD) represent load-combination 3. Thus 

COMBI-3 = DEAD + E-W Response spectrum.  

As already mentioned, figure 34 depicts the East-West constant ductility acceleration re-

sponse spectral curve, for damping ratio equal to 5% of critical and for ductility factor µ=2.5, 

together with the Euro-code 8 design spectral curves (Type 1 and Type 2) for soil category D 

(flexible soil) for design ground acceleration equal to 0.36g (g the acceleration of gravity), for 

importance factor γ=1, and for response modification factor q=3 [21].  In the same figure the 

acceleration spectral values corresponding to the measured and predicted eigen-periods values 

listed in table 3 for the three examined soil conditions are also indicated. The acceleration 

spectral value indicated in this figure as L.P.T. corresponds to the lowest eigen-period value 

of the bell tower for the 1
st
 case of rigid soil conditions. The acceleration spectral value indi-

cated in this figure as “measured” corresponds to eigen-period value of the bell tower for the 

2
nd

 case of medium soil conditions that also coincides with the measured value during the in-

situ tests described before. Finally, the acceleration spectral value indicated in this figure as 

H.P.T. corresponds to the highest eigen-period value of the bell tower for the 3
rd

  case of flex-

ible soil conditions. 
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Figure 34. East-West acceleration spectral values for the examined cases of soil conditions for the bell tower 

 

4. The horizontal seismic loads in the x-x (N-S) direction are approximated in a similar 

way as the one described below utilizing the Lixouri N-S elastic acceleration response spec-

tral curve for 5% damping ratio as it was derived from the N-S component of the acceleration 

record that was recorded during the strong aftershock of 3-2-2014 [1]. These loads are de-

noted as N-S response spectrum and together with the vertical gravity forces (DEAD) repre-

sent loadcombination 4. Thus COMBI-4 = DEAD + N-S Response spectrum.  
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Figure 35 depicts the North-South constant ductility acceleration response spectral curve, 

for damping ratio equal to 5% of critical and for ductility factor µ=2.5, together with the 

Euro-code 8 design spectral curves (Type 1 and Type 2) for soil category D (flexible soil) for 

design ground acceleration equal to 0.36g (g the acceleration of gravity), for importance fac-

tor γ=1, and for response modification factor q=3 [21].  In the same figure the acceleration 

spectral values corresponding to the eigen-period values of table 3 are plotted again here with 

the same symbols. 

Strongest Aftershock  3rd February 2014

Lixouri North-South component

Constant ductility (µ) Response spectra

0

100

200

300

400

500

600

700

800

900

1000

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Period (sec)

A
c
e
le

ra
ti

o
n

 r
e
s
p

o
n

s
e
 

(c
m

/s
e
c
2
)

ξ=5% µ = 2.5
EuroCode Type 1
EuroCode Type 2
Old Greek EQ Code
L.T.P. Bell Tower

Measured P. Bell Tower
H.T.P. Bell Tower

Soil D, ag=0.36g  

γ=1   q=3

 
Figure 35. North-South Acceleration spectral values for the examined cases of soil conditions for the bell 

tower 

 

5. Finally, the horizontal seismic loads in the y-y (E-W) direction are applied through the 

the E-W component of the acceleration record that was recorded during the strong aftershock 

of 3-2-2014. This is denoted as E-W time history. Similarly, the horizontal seismic loads in 

the x-x (N-S) direction are applied through the N-S component of the acceleration record that 

was recorded during the strong aftershock of 3-2-2014. This is denoted as N-S time history. 

Both these forcing actions together with the vertical gravity forces (DEAD) represent combi-

nation 5. Thus COMBI-5 = DEAD + E-W time history + N-S time history. For all these ac-

celeration forcing actions no scaling was introduced as was done for the horizontal forces 

based on the response spectral curves that were applied in the way explained before. The step-

by-step direct integration method was used for these time history dynamic analyses. For the 

case of flexible soil damping was introduced at all the vertical and horizontal links with the 

value of 10% of critical. This increase in the damping ratio value was introduced in order to 

mitigate the resulting earthquake response for this loading case and to account up to a point 

the radiation damping that would be introduced in this case from the soil-foundation interac-

tion. 

 

The following observations can be deduced from figures 34 and 35.  

 

a) For almost all the examined soil conditions the acceleration spectral values of the bell 

tower are considerably higher than the corresponding values of the Euro-code [21] 

(either type 1 or 2). The only exception is the spectral acceleration value for the rigid 

soil condition and for the type 2 Euro-code design spectral curve. This means that in 
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almost all cases the actual seismic loads that this structure experienced during this 

particular earthquake are larger than the design seismic loads even if this bell tower 

was designed with the current earthquake loads, as these are specified by Euro-code 8. 

b) The previous remark becomes even more outstanding if one uses for comparison the 

level of design seismic loads that was specified by the old Greek seismic code design 

acceleration  levels which are also indicated in figures 34 and 35 [11].  It must be 

pointed out here that during the period that this structure was designed and con-

structed the seismic loads generally considered were those indicated in figures 34 and 

35 as “Old Greek EQ Code’ [11].  

 

Table 4. Maximum base shear and horizontal displacement at the top of the bell tower 

1
st
 case Rigid soil 2

nd
 case Medium soil 3

rd
 case Flexible soil  

Load Combination Base 

Shear 

(KN) 

Top 

Displ. 

(mm) 

Base 

Shear 

(KN) 

Top 

Displ. 

(mm) 

Base 

Shear 

(KN) 

Top 

Displ. 

(mm) 

Combination 1 

D + static (E-W) 

 

Qy=633 

 

Uy=11.7 

 

Qy=633 

 

Uy=38.8 

 

Qy=633 

 

Uy=61.2 

Combination 2 

D + static (N-S) 

 

Qx=633 

 

Ux=12.4 

 

Qx=633 

 

Ux=38.7 

 

Qx=633 

 

Ux=62.2 

Combination 3 

D + R. Spectrum (E-W) 

 

Qy=344 

 

Uy=12.4 

 

Qy=511 

 

Uy=36.6 

 

Qy=380 

 

Uy=52.8 

Combination 4 

D + R. Spectrum (N-S) 

 

Qx=278 

 

Ux=9.1 

 

Qx=438 

 

Ux=37.6 

 

Qx=324 

 

Ux=44.7 

Combination 5 

D + Time history (N-S) 

+Time history (E-W) 

 

Qx=754 

Qy=1096 

 

Ux=18.8 

Uy=25.2 

 

Qx=1246 

Qy=1249 

 

Ux=102.5 

Uy=88.3 

 

Qx=839 

Qy=1218 

 

Ux=107.8 

Uy=139.2 

 

Table 4 lists the maximum (minimum) values of the earthquake response of the bell 

tower for all five examined load combinations as they were previously described. The 

listed values correspond to the base shear and to the horizontal displacements (Ux / Uy) at 

the top of the bell tower at a height equal to 21.4m from ground level. From the values 

listed in this table the following remarks can be made: 

a1) As can be seen from the values listed in table 4 the most demanding load combina-

tion for all three cases of soil flexibility is load combination 5 where the dead load is com-

bined with the two horizontal acceleration time histories of the ground motion in the East-

West and North-South direction recorded at the top surface of the foundation slab of the 2-

story City Hall R/C building located 350m away from the bell tower. This increase in the 

earthquake response of the bell tower when load combination 5 is employed becomes sig-

nificantly enlarged for medium and flexible soil conditions. 

b1) For load combinations 3, 4 and 5 that take into account the dynamics of the stud-

ied structure the flexibility of the soil resulted in larger response in terms of base shear. 

This increase in the value of the base shear must be attributes to the variation of the fun-

damental period of the structure with the soil flexibility combined with the characteristics 

of this earthquake ground motion, which can also be seen in the shape of the spectral 

curves depicted in figure 34 and 35.  

c1) The very noticeable increase in the amplitude of the horizontal displacement at the 

top of the bell tower when the soil conditions become relatively flexible is partly due to the 

corresponding increase of the horizontal seismic forces resulting from the variation of the 

soil deformability, as discussed in b1 before, as well as to a component of the horizontal 

431



G.C. Manos and E. Kozikopoulos 

 

displacement at the top of the bell tower resulting from the rocking of the foundation block. 

Obviously, this rocking tends to increase when the flexibility of the foundation becomes 

larger [20]. 

d1) This investigation is under process in order to examine further the implications of 

the structure-foundation-soil interaction as well as the structural performance of the bell 

tower. For the later task a more detailed investigation is needed in order to ascertain impor-

tant structural details of this bell tower. 

 

5 CONCLUSIONS  

• It was demonstrated by the in-situ measurements of the dynamic response of the Agios 

Gerasimos bell tower that the foundation deformability is a significant parameter that 

must be taken into account in order for the numerical response predictions to have any 

realism. 

• It was also demonstrated that for these measured fundamental eigen-period values the 

bell tower has been subjected to seismic loads higher than the ones specified by the cur-

rent Euro-code 8 provisions. 

• Furthermore, it was shown that for these measured fundamental eigen-period values the 

bell tower has been subjected to seismic loads considerably higher than the ones speci-

fied by the “Old Greek Seismic Code” provisions that were valid at the tine of its design 

and construction. 

• From the numerical prediction of the earthquake response of this bell tower based on the 

actual the earthquake ground motion recorded at a very close distance it was shown that 

the soil flexibility results in both an increase of the seismic loads as well as in a consider-

able increase of the resulting horizontal displacements that apart from the increase in the 

seismic loads bear also the outcome of the rocking response of the foundation block. 

• In situ measurements like the ones presented here are very important to be able to iden-

tify sources that may significantly influence the dynamic and earthquake response of 

civil engineering structures. They may also serve the purpose to help formulate a realistic 

numerical model by properly incorporating such influences in order to yield realistic pre-

dictions of the dynamic and earthquake response of the examined structure. 
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Abstract. The dynamic and earthquake behaviour of a two-story reinforced concrete(R/C) 

frame building with masonry infills located in Lixouri-Kefalonia-Greece is examined. This 

building was constructed according to old seismic code provisions and was subjected to in-

tense earthquake ground motion during the recent 2014 earthquake activity in the island. De-

spite the intensity of the seismic action this structure developed light to moderate damage that 

is confined mainly to the masonry infills and to the spalling of the unconfined concrete cover 

of the columns. The numerical simulation includes influences arising from the masonry infulls 

that are within the R/C frames as well from the R/C foundation mat that is resting on rela-

tively flexible soil. Use is made in the numerical simulation of the deformability of the founda-

tion based on the results obtained from a specific investigation that dealt in measuring the 

dynamic characteristics of a bell tower located at a close distance from the examined building. 

The response of the masonry infills is also included employing a methodology that takes into 

account various non-linear mechanisms that develop during the infill-R/C frame interaction 

when this type of structural system is subjected to horizontal seismic forces. In addition, the 

possibility of the development of plastic hinges at predetermined locations of the reinforced 

concrete elements is also included in the numerical investigation. Through the study of the 

obtained numerical predictions an effort is made to understand the observed performance of 

this building. The obtained numerical predictions of its earthquake response demonstrate that 

the minimum observed structural damage in this case may be attributed to the favourable in-

fluence of the well built masonry infills as well as of the continuous foundation mat interac-

tion  with the flexible soil without adverse effects. 
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1 INTRODUCTION 

The objective of this paper is to study the dynamic and earthquake response of a two-story 

reinforced concrete(R/C) structure that houses the City Hall of the city of Lixouri in the island 

of Kefalonia, Greece. This structure has two particular points of interest. The first point is that  

its ground floor R/C foundation mat hosted an instrument which recorded the acceleration of 

the damaging earthquake of 3
rd

 February, 2014. The second point is that this structure is at a 

350m distance from the bell tower of Agios Gerasimos (figures 1 and 2).  

 

 
Figure 1. View of the center of Lixouri 

 

 
 

Figure 2. The two-story R/C building that housed the City Hall of 

Lixouri prior to the seismic event of 3
rd

 February 2015. Because of the 

developed structural damage is not occupied at present. 

Figure 3. The earthfill embankement 

at the harbor immediately after the 

seismic event of 3
rd

 February 2015 

 

This bell tower has been the subject of in-situ dynamic measurements in order to quantify 

the influence of the soil-foundation deformability at this site[14]. Moreover, spectacular dam-

age was observed at the earth fill embankment that forms the harbor of Lixouri (shown at the 

bottom of figure 1) as well as the overturning of boats that were free standing at the prome-

nade  that was at a relatively close distance from the City Hall building (figure 3). The in-situ 
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study of the effects of strong earthquake ground motion gives the basis to check the validity 

of methods of analysis as the one attempted here [1, 2, 8, 13]. Use is made in this study of the 

measured acceleration of this particular strong ground earthquake motion.  

The island of Kefalonia has been subjected to intense earthquake activity for a long time 

[2]. The whole region near Lixouri was subjected during the winter of 2014 in an intensive 

earthquake sequence and this gave the opportunity to focus, among other structures, on the 

earthquake response of the City Hall building as well as this bell tower which remained un-

scathed, despite the intensity of the seismic ground motion and the damage of neighboring 

structures [14]. In figure 1 the location of the City Hall of Lixouri is shown together with the 

bell tower of Agios Gerasimos at a distance of 0.35km where in-situ tests for measuring its 

dynamic characteristics were performed ([14]). It is interesting to note that the intensity of 

shaking during this damaging 3
rd

 of February 2014 seismic event was recorded by a strong 

motion accelerograph located at the ground floor of the City Hall building (figures 4 to 6). 

 

 
Figure 4. Ground floor location of 

accelerograph 

Figure 5.  Ground floor loca-

tion of accelerograph 

Figure 6.  Signs of distress at the toe of 

nearby R/C column 

  

Figure 7 depicts the plan of the ground floor and the 1
st
 story of the City Hall at Lixouri. 

The total length in the longitudinal North-South (x-x) direction is equal to 24.3m whereas the 

total length in the transverse East-West (y-y) direction at the North side is equal to 16.54m 

and at the South side 11.07m. The mid-plane of the R/C slab that serves as the ground floor 

ceiling is located at 4.24m from the ground floor level (top surface of the foundation slab) 

whereas the mid-plane of the  R/C slab that serves as the 1
st
 story ceiling is located at 9.19m 

from this ground floor level. The structural system in the longitudinal North-South (x-x) di-

rection is characterized by relatively short length R/C beams, approximately 4m long, that are 

joined monolithically with the adjacent columns. On the contrary, in the transverse East-West 

(y-y) direction the structural system is formed by a number of single bay two-story R/C 

frames. The bays of these frames have a clear span of approximately 8.40m from the mid-axes 

of their columns. Moreover, as can be seen in figure 7 the columns of these two-story R/C 

frames are 300mm x 500m and the relevant beams are 300mm wide and 700mm deep. Most 

of these frames in the upper 1
st
 story are without any masonry infills in the transverse East-

West (y-y) direction, thus creating a considerable clear space which was utilized for the City 

Hall meetings (figure 8). On the contrary, brick masonry infills occupy most of the bays of 

these R/C frames at the ground floor, thus creating various separations to be utilized as office 

space.  

Concrete 

spalling 
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Figure 7.  Plan of the ground floor and the 1

st
 story of the City Hall at Lixouri 

Ground floor plan with the 

R/C beams and columns 

North 

1
st
 story plan together with the 

R/C beams and columns 

West 

North 

West 

North 
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Figure 8. Reinforced concrete frames in the upper 1

st
 story at the East-West y-y direction.  The clear 

space was utilized for the City Hall meetings. Visible signs of masonry infill R/C frame interaction. Ex-

terior wall. 

Masonry infills occupy a large number of bays of the R/C frames that are created at all the 

external sides of this structure. These sides facing East, West and North (figure 7) have door 

and window openings whereas the side facing South is fully built with masonry infills as it is 

almost in contact with the adjacent building. 

The most visible damage of the City Hall due to the 3
rd

 of February 2014 strong seismic 

ground motion was in the interior and exterior masonry infills (figures 8, 9 and 10). Signs of 

distress at the toe of certain interior and exterior R/C columns at the ground floor level could 

also be observed (figures 6 and 11, respectively). 

 

 
Figure 9. Visible signs of masonry 

infill R/C frame interaction. Interior 

wall . 

Figure 10. Visible signs of masonry infill R/C 

frame interaction. Exterior walls . 

Figure 11 Signs of 

distress at the toe of 

an exterior R/C col-

umn 

 

Concrete 

spalling 
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As can be concluded from the material presented here one point that is worth being inves-

tigated is the influence of the presence of masonry infills in the dynamic and seismic response 

of this building. Significant research effort has been devoted in the past in the study of the in-

teraction between masonry infills and the surrounding R/C frames during earthquake excita-

tions [4, 5, 6, 7, 9, 10, 11, 12]. These studies have investigated this problem experimentally as 

well as numerically in trying to understand the most significant response mechanisms. The 

experimental results were utilized to validate analytical and numerical tools capable of pre-

dicting the response of R/C structures with frames hosting relatively strong of masonry in-

filled frames [9, 10, 12]. Such tools will be employed also in this present work as will be 

explained in the following sections. The second point of interest is investigating the influence 

of the foundation deformability. As already mentioned, from various observation in the 

Lixouri area it becomes apparent that the soil foundation deformability may have exerted cer-

tain influence in the observed dynamic and seismic response. This became evident from the 

in-situ measurements of the dynamic response of the Agios Gerasimos bell tower ([]). There-

fore, it was decided to study this soil-foundation deformability in a parametric way as will be 

explained in the following sections. 

.Finally, the presence of a R/C staircase that leads from the ground floor to the 1
st
 story it is 

a third point of interest, which is also investigated. In summary the following parameters are 

studied: 

a1. The soil-foundation deformability, a2. The presence of the masonry infills, a3. The 

presence of the staircase. 

 

2 SOIL – FOUNDATION DEFORMABILITY 

The foundation of this building is a R/C continuous slab with a thickness approximately 

equal to 0.5m. It is already mentioned that in-situ studies were performed with the Agios 

Gerasimos bell tower in order to research influences on the dynamic and earthquake response 

arising from soil-foundation deformability [14]. In order to study numerically the soil-

foundation deformability the following process was utilized. 

First, a numerical model of the R/C foundation slab was formed as shown in figure 12. To-

gether with the foundation slab, which was modeled with shell elements having linear elastic 

properties based on the Young’s modulus of concrete, the soil layers underneath this slab 

were also modeled being in full contact with the R/C slab. These soil layers extended to a 

depth of 4m and were formed with linear elastic solid brick elements.   

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 12. Numerical model of the foundation slab and the underlying soil. 
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Because it was not possible to find reliable geotechnical data in the vicinity of the studied 

structure the investigation of the soil-foundation deformability was attempted in a parametric 

way as will be explained below in order to define the elastic properties of the soil elements. 

1
st
 case.  A shear wave velocity equal to 450m/sec was assumed for the underlying soil. 

This value, together with a soil density equal to 20KN/m3 leads to a shear modulus equal to 

416.7MPa. This value together with a Poisson’s ratio value equal to 0.2 leads to a Young’s 

modulus value for the soil equal to 1000MPa. This represents a rather hard soil. 

2
nd

 case. Following the same rational but this time assuming a shear wave velocity value 

equal to 200m/sec leads to a the Young’s modulus value for the soil equal to 196MPa. This 

represents a medium stiffness soil and is comparable with the corresponding value found from 

the Agios Gerasimos in-situ measurements. 

3
rd

 case. This time the shear wave velocity value was set equal to 150m/sec that represents 

a rather flexible soil that leads to a Young’s modulus value for the soil equal to 110MPa. 

 

Next, the top surface of the foundation slab was loaded in the vertical direction with a uni-

formly distributed pressure equal to -1.0MPa, with the positive vertical axis being upwards 

(figure 12). The bottom surface of the bottom layer of the soil volume was constrained to have 

zero displacements in all three directions. The side boundaries of the soil volume were con-

strained only in the two horizontal directions. In this way the foundation slab was displaced 

almost uniformly in the vertical direction being compressed in this way. The following table 1 

lists the resulting vertical deformation of the slab for the three cases of soil deformability be-

ing considered. 

 

Table 1. Vertical deflections of the soil-foundation simulation 

Soil deformability 1
st
 case 

Vs=450m/sec 

2
nd

 case 

Vs=200m/sec 

3
rd

 case 

Vs=150m/sec 

Vertical slab deflec-

tion (mm) 

 

3.6mm 

 

18mm 

 

33mm 

 

In order to simplify the final numerical model of the City Hall structure including the soil-

foundation deformability the following approximation was made. An alternative numerical 

model of the foundation slab was formed. This model retained the R/C foundation slab simu-

lated with shell elements. However, the soil layers being simulated before with solid brick 

elements were replaced with two-node 3-D link elements having one node fully restrained in 

the all three directions as the support to the earth and the other node in full contact with each 

node of the foundation slab. Moreover, these two-node links were given such an axial stiff-

ness that when the foundation slab was compressed with the same surface pressure as before 

(1.0MPa) the resulting vertical deflection of the foundation slab remained the same as before. 

Moreover, in certain cases a non-linearity was introduced in the axial direction of these two-

node link elements resulting in their inability to sustain any tension. Following this rational 

the axial stiffness of these two-node link elements is listed in the following table 2. 

 

Table 2. Axial stiffness of the equivalent two-node links 

 

Soil deformability 

 

1
st
 case 

Vs=450m/sec 

2
nd

 case 

Vs=200m/sec 

3
rd

 case 

Vs=150m/sec 

Axial Stiffness of the 

vertical two-node 

links (KN/mm) 

 

55 

 

10.5 

 

5.9 
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3 THE PRESENCE OF THE MASONRY INFILLS 

Use is made here of an equivalent post-elastic “pushover” type of analysis that draws in-

formation on the stiffness and strength variation from one-bay, one-story R/C masonry in-

filled unit frames that compose a given multistory structural formation [9, 10, 11, 12]. This 

numerical simulation is based on the well known substitution of the masonry infills with 

equivalent multi-linear diagonal struts. However, in order for this substitution to be realistic 

the following procedure is adopted, as is briefly described below. 

 

a1) The multi-story structural formation is decomposed to a number of individual single-

story masonry infilled frame units that are grouped according to their common geometric and 

mechanical characteristics of the R/C elements and their masonry infills, in order to minimize 

in this way the number of different units to be analyzed in the next steps (steps b1 to e1). 

b1) For each one of these single-story masonry infilled R/C frame units a fully non-linear 

simulation is performed in order to obtain through a “pushover” type of analysis the full non-

linear response for each individual single-story masonry infilled R/C frame composing the 

multi-story structural formation.  This simulation, which is described in detail in [10] and [12] 

includes:  

- The numerical simulation of the masonry infill utilizing non-linear plane stress finite el-

ements. 

- The numerical simulation of the surrounding R/C frame with linear elastic beam and col-

umn members together with predetermined locations of possible plastic hinge formation at the 

ends of each element. 

- The numerical simulation of the interface between the R/C frame and the masonry infill 

with 2-D non-linear joint elements in the axial and transverse direction. 

c1) For each one of these single-story masonry infilled R/C frame units a “pushover” type 

A analysis is performed and the horizontal load (H) versus horizontal displacement (δ) or 

shear strain (γ) response curve is obtained.  

d1) For each one of these single-story masonry infilled R/C frame units a number of alter-

native numerical simulations are next prepared. Each one of these alternative simulations as-

sumes that the R/C members of the surrounding frame retain their capability of developing 

plastic hinges at their ends as in b1) above whereas the masonry infill is replaced with an 

equivalent multi-linear diagonal strut member with properties as explained in e1) below.  

e1) The alternative numerical analysis is now performed for the same single-story units of 

step d1; the objective here is to obtain horizontal load (H) versus horizontal displacement (δ) 

or shear strain (γ) response for a number of inter-story drift values corresponding to a number 

of pre-selected shear-strain levels for the masonry infill (e.g. 0.1%, 0.15%, 0.2%, 0.25%, 

0.3%, etc.). The alternative analysis  response results should be in reasonable agreement with 

the response values obtained through the fully non-linear simulation for the same infill ma-

sonry single-story frame unit. This is achieved through a trial and error approach by adjusting 

properly in the alternative analysis the multi-linear properties of the diagonal strut that re-

places the masonry infill for each one of the single-story masonry infill R/C frame units ob-

tained initially  by n the fully non-linear simulation in step c1.   

f1)  Next, all the masonry infills in the numerical simulation of the  multi-story structural 

formation are replaced with such multi-liner equivalent struts 
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Figure 13  Ground floor plan with the indications of the masonry infilled “unit” frames designated with their 

code names:  P2-10, P2-6, P3-24, P6-40 

 

 
Figure 14  3-D  representation of the City Hall building with the diagonal struts representing the masonry in-

fills in place for the ground floor as well as for the 1
st
 story.  

Ground floor plan 

North 

West 
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Figure 13 depicts the ground floor plan where the various single-story one-bay infilled 

frames are denoted with a code name such as P3-24 for the infilled of the South side and most 

of the West side, P6-40 for the infilled frames of the North side and some of the East side, P2-

6 the remaining infilled frames of the East side and P2-10 an infilled frame of the interior in 

the East-West direction and some remaining infilled frames at the exterior of the City Hall 

R/C building. The same process is followed for the infilled frames of the first story (figure 14). 

These single-story one-bay infilled R/C frames represent the “unit” infilled frames that this 

multi-story building is decomposed to. Following the numerical process described before the 

properties of multi-linear equivalent diagonal struts are found for each one of these the “unit” 

infilled frames. These diagonal struts are represented in the numerical simulation with two-

node links having axial stiffness properties found in the way described before (steps a1 to f1).  

 

  
Figure 15. Numerical model of the City Hall building 

without masonry infills 

Figure 16. Numerical model of the City Hall building 

without masonry infills 

 

For the linear elastic analyses the masonry infill in each bay was represented by two di-

agonal struts (figure 16) having 50% of the stiffness of the single “equivalent” diagonal strut 

defined in the way described before (steps a1 to f1).  In figure 15, the numerical simulation of 

the City Hall R/C building without masonry infills is also shown. The following table 3 lists 

(2
nd

 row) the stiffness value of the first branch of these equivalents struts that is valid for the 

linear numerical analyses. 

 

Table 3. Axial stiffness value for the employed diagonal struts 

Code Name of “Unit” infilled frame and  

Used initial stiffness values KN/mm 

 

 

P2-10 P2-6 P3-24 P6-40 

Linear case 50% of or the single “equivalent” 

diagonal strut. Two struts per bay 

 

85.2  

 

 

19.6  

 

60.9  

 

79.0  

Non-linear case 100% of or the single 

“equivalent” diagonal strut. One strut per bay 

 

170.3  

 

 

39.2 

 

 

121.8  

 

 

158.0 
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For the non-linear push-over type of analyses these multi-linear links were defined in a 

way to be able to sustain only compression and no tension with initial stiffness equal to the 

full 100% of the value found  for the single equivalent” diagonal struts (Table 3 3
rd

 row). 

Moreover, only a single two-node link was provided per “unit” frame joined diagonally with 

the surrounding frame nodes in a way as to develop compression with the given stiffness val-

ue up to a level of inter-story drift beyond which each link was assumed to yield as shown in 

the following figures .  

 

 
Axial displacement (mm) 

 
Axial displacement (mm) 

 
Axial displacement (mm) 

 
Axial displacement (mm) 

Figure 17. Axial load – axial displacement properties of the nultilinear two-node links representing the 

equivalent diagonal struts as a numerical approximation of the maonry infills. 

  

4 THE LINEAR DYNAMIC RESPONSE OF THE CITY HALL BUILDING 

The eigen-modes and eigen-periods of the City Hall building are investigated next in a pa-

rametric way, assuming linear elastic behaviour of all the elements, including the diagonal 

struts and the foundation links. The following parameters are varied: 

 

a2) The superstructure is considered either with the diagonal struts representing the ma-

sonry infills or without these struts, thus numerically simulating the “bare” superstructure 

only with the reinforced concrete structural elements (slabs, beams and columns). These 

structural elements are the same in the numerical simulation without and with masonry infills 

when the diagonal struts are added with properties as outlined in section 3 (figures 15 and 16) 

b2) The soil-foundation deformability is approximated in the way described in section 2. That 

is  a 1
st
 case is examined having vertical two-node links at the soil-foundation slab interface 

with axial stiffness equal to 55KN/mm, representing relatively hard soil conditions. Then, a 

2
nd

 case is examined having vertical two-node links at the soil-foundation slab interface with 
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axial stiffness equal to 10.5KN/mm, representing a soil of medium deformability. Next, a 3
rd

 

case is examined having vertical two-node links at the soil-foundation slab interface with ax-

ial stiffness equal to 5.9KN/mm, representing a rather flexible soil. Finally, a 4
th

 case is exam-

ined whereby the foundation slab is presumed to be rigidly attached to the soil-foundation 

interface.  
Figure 18 Soil-Foundation deformability 1

st
 eigen-period T1 

 1
st
 case 

hard soil 

2
nd

 case 

medium soil 

3
rd

 case 

Flexible soil 

Non-deformable 

Soil 

Bare super-

structure 

without ma-

sonry infills 

North-South 

(x-x) 

T1=0.474sec 

mx = 83.8% 
T1=0.480sec 

mx = 83.8% 

 

 

---- 

T1=0.462sec 

mx = 87.6% 

Superstruc-

ture with ma-

sonry infills  

(two diagonal 

struts per 

bay) North-

South (x-x) 

East-West (y-

y) 

T1=0.214sec 

mx = 53.9% 

my = 31.6% 

T1=0.229sec 

mx = 45.0% 

my = 39.2% 

T1=0.237sec 

mx = 34.1% 

my = 48.9% 

T1=0.202sec 

mx = 23.8% 

my = 64.8% 

 Soil-Foundation deformability 2
nd

 eigen-period  T2 

 1
st
 case 

hard soil 

2
nd

 case 

medium soil 

3
rd

 case 

Flexible soil 

Non-deformable 

Soil 

Bare super-

structure 

without ma-

sonry infills 

North-South 

(x-x)  
T2=0.379sec 

my = 86.5% 

 
T2=0.386sec 

my = 86.2% 

 

 

---- 

 
T2=0.366sec 

my = 89.8% 

Superstruc-

ture with ma-

sonry infills  

(two diagonal 

struts per 

bay) North-

South (x-x) 

East-West (y-

y) 
T2=0.209sec 

mx = 35.8% 

my = 52.3% 

 
T2=0.220sec 

mx = 43.7% 

my = 44.0% 

T=0.227sec 

mx = 53.9% 

my = 33.7% 

T2=0.20sec 

mx = 71.6% 

my = 23.6% 
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The variation of the two structural formations (with and without masonry infills) and the 

four soil-foundation deformability conditions results in (8) different numerical models of the 

City Hall building. In figure 18 the 1
st
 and 2

nd
 eigen-modes are depicted together with the cor-

responding eigen-periods and the mass participation ratios mx and my. The following remarks 

can be made on the basis of the results presented in figure 8. 

1) As was expected, the addition of masonry infills increases drastically the stiffness of 

the structural system, and therefore reduces considerably the corresponding eigen-

period values, despite the mass increase that accompanies these masonry infills. It is 

well known that up to the point these masonry infills remain undamaged, and thus ac-

tive in terms of in-plane stiffness, the resulting structural formation is considerably 

stiffer than the corresponding structure that either it was not being built with such ma-

sonry infills or the infills become eventually inactive by being damaged during the 

earthquake sequence.  

2) An additional influence that becomes apparent from the eigen-periods values listed in 

figure 18 together with the corresponding mass participation ratio values is the fact that 

the structural system of the City Hall building, when it is considered as “bare” that is 

without the masonry infills, vibrates in its two fundamental eigen-modes in a mainly 

translational way, either in the North-South  or  in the East-West direction. The addi-

tion of masonry infills results in the two fundamental eigen-modes becoming coupled 

in the North-South and East-West direction. This must be attributed to the fact that the 

location and the stiffness of these masonry infills in the City Hall building is not sym-

metric thus resulting in this coupled dynamic response. 

3) The influence of the soil-foundation deformability is less drastic. Again, as was ex-

pected, the more flexible soil-foundation condition results in a modest increase in the 

fundamental eigen-periods values. 

4) The increase in the soil-foundation deformability does not have a noticeable influence 

on the mass participation ratio values for the two fundamental eigen-modes when the 

structural system is without masonry infills (“bare” structure). The addition of the ma-

sonry infills apart from resulting in a coupled translational response in the North-South 

and East-West direction also has a noticeable influence on the corresponding mass par-

ticipation ratio values. 

 

5 PREDICTIONS OF THE EARTHQUAKE RESPONSE FOR THE CITY HALL 

BUILDING  

Next, numerical simulations of the earthquake response of the City Hall building are pre-

sented. The numerical analyses that were performed towards obtaining earthquake response 

predictions of the City Hall building fall in the following two main categories.  

5.1 Static numerical analyses with non-linear mechanisms for the two-node links at 

the foundation-soil interface and for the diagonal struts 

In the first category a non-linear step-wise analysis is followed. For this type of numerical 

analyses the first step represents the application of the vertical loads; these loads result from 

the load combination D+0.3Q, where D represents the permanent vertical loads and Q repre-

sents the variable vertical loads.  The horizontal seismic loads are next applied stepwise at the 

levels of the slabs of the 1
st
 story floor and the 1

st
 story ceiling either in the North-South (x-x) 

or in the East-West (y-y) direction. The ratio of the amplitude of these horizontal forces is 
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kept constant in all steps and is set equal to the ratio of the corresponding horizontal dis-

placements that resulted from the modal analysis at the story mass centers in the horizontal 

direction (either x-x or y-y) being considered. These are obtained  for each particular struc-

tural formation, resulting from the combination of the superstructure with or without masonry 

infills and of the soil-foundation deformability variations, from the modal dynamic analyses 

presented in section 4. Two types of non-linearity are introduced in this first category of nu-

merical seismic analyses; the first is the one described in section 2 for the two-node links rep-

resenting the soil-foundation deformability; that is that these links are unable to sustain any 

tension. The second type of non-linearity is the one related to the behaviour of the diagonal 

struts representing the masonry infills, as described in section 3; this time these diagonal 

struts are assumed to yield at a certain level of axial deformation (figure 17). For this 1
st
 cate-

gory of numerical seismic analyses the R/C members are considered not to yield. The maxi-

mum seismic load that is applied in each case is defined according to the following rational. 

It is presumed that the seismic loads could be defined according to the acceleration re-

sponse spectral values derived from the acceleration measurements at the top surface of the 

foundation slab of this building. These are depicted in figures 19 and 20 for the North-South 

(x-x) and East-West (y-y) directions, respectively. 
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Figure 19. Definition of East-West (y-y) seismic loads through the recorded ground motion 

 

The horizontal seismic loads in the y-y (E-W) direction are applied through the Lixouri 

East-West elastic acceleration response spectral curve for 5% damping ratio (figure 19, q=1) 

as it was derived from the E-W component of the acceleration record that was recorded during 

the strong aftershock of 3-2-2014 ([1]). This was recorded by an instrument located at the 

ground floor slab of a R/C two-story building (City Hall) located at a distance of 350m from 

the bell tower, as indicated in figure 1 (se also figures 4 to 6).  

The response spectrum values have not being scaled to account for a response modification 

factor. The reason for this is the fact that, apart from the visible damage of the masonry infills, 

that has been described in the introduction (figures 7 to 9), the main R/C structural elements 
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are with relatively limited signs of distress at the toe of few interior and exterior R/C columns 

at the ground floor level (figures 6 and 11). As can be seen, the acceleration spectral values 

for 5% damping and response modification value (q) equal to 1 are quite high at the level of 

the acceleration of gravity (g=981cm/sec2). In comparison, the “Old Greek Seismic Code” 

level of seismic forces that one presumes that this building was designed for are approxi-

mately 5 times less than these acceleration spectral values [3]. If this building would have 

been designed today according to the Euro-code 8 [15] design specrtra (either type 1 or 2) and 

for a response modification factor value equal to q=3 (typical for this type of R/C frame build-

ing) the corresponding force levels would be one half (1/2) of the force levels resulting from 

the recorded ground motion response spectra values shown in figure 19. Under these consid-

erations, it is rather surprising that the structural damage of this building is at so minimal lev-

els. This issue will be further discussed on the basis of the numerical predictions. It is 

interesting to underline here that the various eigen-periods, as they resulted from the eigen-

mode study that was presented in section 4, correspond to almost the same acceleration spec-

tral value for 5% damping and q=1 for all the various structural configurations considered in 

this study (with or without diagonal struts and rigid or flexible soil conditions). 
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Figure 20. Definition of North-South (x-x) seismic loads through the recorded ground motion 

 

As explained before, the horizontal seismic loads in the x-x (N-S) direction are applied 

through the Lixouri North-South elastic acceleration response spectral curve for 5% damping 

ratio (figure 20, q=1) as it was derived from the N-S component of the acceleration record 

that was recorded during the strong aftershock of 3-2-2014, [1] (figure 1).  

The response spectrum values have not being scaled to account for a response modification 

factor, as explained before. As can be seen the acceleration spectral values for 5% damping 

and response modification value (q) equal to 1 are very high, reaching 1.3 times the accelera-

tion of gravity (g=981cm/sec2) in case the masonry infills were not present or approximately 

80% of the acceleration of gravity with the masonry infills present and before serious damage 
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could render them inactive. In comparison, the “Old Greek Seismic Code” level of seismic 

forces, that one presumes that this building was designed for, are approximately 6 to 4 times 

less than these acceleration spectral values [3]. If this building would have been designed to-

day according to the Euro-code 8 [15] design specrtra (either type 1 or 2) and for a response 

modification factor value equal to q=3 (typical for this type of R/C frame building) the corre-

sponding force levels would be 70% of the force levels resulting from the recorded ground 

motion response spectra values shown in figure 20. Under these considerations, it is again ra-

ther surprising that the structural damage of this building is at so minimal levels. This issue 

will be further discussed on the basis of the numerical predictions. It is interesting to under-

line here that the various eigen-periods, as they resulted from the eigen-mode study that was 

presented in section 4, correspond to much larger spectral acceleration values for the N-S re-

corded ground motion when the structural system is considered without masonry infills 

(“bare” structure) than when the masonry infills are present and not yet inactive by being 

damaged. 

 

The following table lists the base shear values (at the top surface of the foundation slab) as 

they resulted from a linear elastic dynamic spectral analyses utilizing the East-West or North-

South acceleration response spectral curves for 5% damping and q=1 derived from the re-

corded ground acceleration (figures 19 and 20).   

 

 Base shear Values (KN) 

 “Bare” structure 

without masonry 

infills and  

Medium soil 

Structure with 

masonry infills 

and Rigid foun-

dation 

Structure with 

masonry infills 

and Medium soil 

(2
nd

 case) 

Structure with 

masonry infills 

and Flexible soil 

(3
rd

  case) 

North-South  

(x-x) direction 

7180 6179 5209 4844 

East-West  

(y-y) direction 

6756 6448 6036 6046 

 

5.2 Push-over  numerical analyses with non-linear mechanisms for the two-node links 

at the foundation-soil interface, for the diagonal struts and all the R/C members 

In the 2
nd

 category of numerical seismic analyses the non-linear behaviour of all the R/C 

members is also considered on top of the non-linearity of the two-node soil-deformability 

links and of the non-linearity described for the  diagonal struts representing masonry infills. 

Thus, an additional set of non-linearity is introduced at all the ends of the R/C elements (rep-

resenting either R/C beams or R/C columns) in an effort to simulate numerically the devel-

opment of flexural plastic hinges at these locations when the flexural demand rises beyond 

certain amplitude. This type of numerical seismic analysis was performed considering the 

seismic loads and response only in the East-West (y-y) direction. This time the numerical 

analysis has again a first step when the vertical loads from the load combination D+0.3Q are 

introduced. Next, a “push over” type of horizontal loads are introduced at the 1
st
 story floor 

and the 1
st
 story ceiling levels. These horizontal seismic loads are applied at the center of 

mass of these slabs and result from the product of the corresponding story masses with the 

same acceleration amplitude that is gradually being increased at each subsequent step. The 

seismic horizontal displacement attained at each step is checked at the center of mass of the 

1
st
 story ceiling. 
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6 NUMERICAL PREDICTIONS OF THE SEISMIC RESPONSE  

6.1 Results from the static numerical analyses with non-linear mechanisms for the 

two-node links at the foundation-soil interface and for the diagonal struts  

 

In order to present the obtained results in a summary form the following process is fol-

lowed. First, the flexural demands in terms of maximum/minimum bending moment values, 

as they are obtained from the 1
st
 category of numerical analyses are found at the top and foot 

of all the columns as well as at the ends of all beams. This is done for all the studied numeri-

cal simulations of the structure with or without masonry infills and for the four cases of soil-

foundation deformability. In what follows, earthquake response predictions from the structure 

with diagonal struts (presence of masonry infills) and for three soil-foundation deformability 

(rigid, medium and flexible soil) are presented. Moreover, the seismic loads are applied both 

in the North-South / South-North (±x-x) and East-West / West-East (±y-y) directions.  

  

  
Figure 21. Flexural demand/capacity ratio values of R/C elements at the ground floor. Structure with diagonal 

struts and  rigid soil conditions. 

 

These results are presented in figures 21, 22 and 23 for the soil-foundation deformability 

cases that correspond to rigid, medium and flexible soil conditions, respectively. Instead of 

presenting the flexural demands by themselves these demands are compared with the corre-

sponding flexural capacities at the same location and the ratio values (λ) of flexural demand / 

capacity are finally plotted in figures 21 to 23. The flexural capacity of the cross-sections was 

found by employing RCCOLA.NETv0.972 assuming the concrete strength equal to 20MPa 

North accelerograph 
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and the steel yield stress equal to 385MPa. Apart from checking the various R/C members in 

flexure the shear capacity was also checked but is not reported here. 

  

  
Figure 22. Flexural demand/capacity ratio values of R/C elements at the ground floor. Structure with diagonal 

struts and medium soil conditions. 
 

  

North 

North 
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Figure 23. Flexural demand/capacity ratio values of R/C elements at the ground floor. Structure with diagonal 

struts and flexible soil conditions. 

These λ ratio values are further detailed as λb when this ratio value refers to the end of a 

beam; when the ratio value refers to the top of a column is designated as λct or λcf when it 

refers to the foot of the column. When these ratios attain values larger than one (λ > 1, e.g. the 

predicted demand is larger than the capacity) then structural damage is expected to develop at 

this location. When this is the case the relevant value is plotted with the red color in figures 21, 

22 and 23 otherwise is plotted with the green color when these ratio values are smaller than 

one (λ < 1), indicating that no structural damage is expected. Selected results are presented in 

the plots of figures 21, 22 and 23 for the columns of the ground floor and for the beams of the 

ground floor ceiling. Apart from these λ ratio values, the displacement demands at the four 

corners of the ground floor ceiling are also indicated in each plot of figures 21 to 23. The fol-

lowing remarks can be made on the basis of these results. 

 

1. The largest λct or λcf (demand/capacity) ratio values are observed for the columns of 

the ground floor in the case of rigid soil conditions. The corresponding values for the 

medium or flexible soil conditions are smaller in comparison and many times become 

smaller than 1. This indicates that whereby structural damage is predicted in the col-

umns for the rigid soil the presence of flexible soil results in most cases that these col-

umns remain undamaged. The above observation can be explained by the value of the 

corresponding level of seismic forces used in each case in terms of base shear ampli-

tude.  

2. For approximately the same level of base shear amplitude in either the ±North-South 

(x-x) or ±East-West (y-y) direction the predicted performance of the ground floor col-

umns demonstrates that the studied structure is more vulnerable when the seismic forc-

es are applied in ±the East-West (y-y) direction than when applied in the ±North-South 

direction. This must be partly explained by the difference in the presence of the ma-

sonry infills as well as by the fact that the structural system in the ±the East-West (y-y) 

direction is composed by a series of two-column two-story R/C one-bay frames that, as 

already mention, have a clear span of 8.40m and develop high flexural demands. 

3. For the same reasons, the beams of these frames are predicted to have large flexural 

demands that exceed in many cases the corresponding capacities (λb > 1), thus predict-

ing structural damage in many end of these beam locations when the seismic forces are 

applied in the ±the East-West (y-y) direction. 

4. The largest value of the λcf ratio (demand/capacity at the foot of the ground floor col-

umns) is predicted for the column at the South-East corner at the ground floor of the 

City Hall building for the case of the rigid soil (λcf =2.12, figure 21). This occurs when 

the seismic forces are applied towards the North. The same column is predicted to be in 
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distress for the same soil conditions when the direction of the seismic forces is towards 

the West. This prediction agrees, up to a point, with the in-situ observations as this col-

umn exhibited signs of distress (figures 24 to 26). 

5. Another location that the numerical analysis results predict column structural damage 

is the one at the west foot of the 4
th

 from the left long y-y R/C frame with a clear span 

of 8.40. The value of the λcf ratio (demand/capacity at the foot of the ground floor col-

umns) attains its largest value for rigid soil and seismic forces applied towards the 

West (λcf =1.42, figure 21).  Structural damage is also predicted for this column for the 

same direction of seismic forces even for medium and flexible soil conditions; this time, 

however, the value of this ration is lower than the value for rigid soil (λcf =1.30 for 

medium soil figure 22 and λcf =1.20 for flexible soil figure 23). It should be pointed 

out here that this is also a location that is quite close to the accelerograph (figure 21) 

that recorded the seismic ground motion which was made use extensively here (see al-

so figures 4 to 6). This prediction also agrees, up to a point, with in-situ observations as 

this column exhibited signs of distress (figures 4 to 6). 

6. Structural damage is also predicted at the ends of the ground floor beams that belong to 

the long y-y R/C frame with a clear span of 8.40.This is predicted for all soil conditions 

when the seismic forces are applied in the East-West (y-y) direction. The largest λb ra-

tio value (flexural demand/capacity for the beams) is obtained for the case of the rigid 

soil and the seismic forces applied towards the West (λb=2.28, figure 21). In-situ ob-

servations could not confirm obvious structural damage and distress at these locations. 

This is partly due to the fact that heavy plaster covered these locations which were at a 

considerable height from ground level as not to be easily accessible.  

 

Figure 24. Spalling of 

concrete all along the 

height of this column 

Figure 25. The exposed cor-

roded longitudinal reinforce-

ment at the foot of this column. 

Figure 26. Measuring in-situ 

the distance between the stir-

rups of this column 
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6.2 Results from the Push-over  numerical analyses with non-linear mechanisms for 

the two-node links at the foundation-soil interface, for the diagonal struts and all the 

R/C members  

As already mentioned, in this 2
nd

 category of numerical seismic analyses, the non-linear 

behaviour of all the R/C members is also considered here. A considerable number of 

numerical simulations were performed. Here only summary results are presented in fig-

ure 27.  

The base shear (Q) versus horizontal displacement (δ) at the center of mass of the 1
st
 story 

ceiling response is depicted in this figure. At the same time for certain levels of the base 

shear amplitude the numerically predicted non-linear mechanisms that develop at this 

stage are also indicated in this figure as follows: 

a) At the level of a base shear approximately equal to 7000KN the formation of plastic 

hinges is predicted for the foot of the ground floor columns together with the yielding 

of the masonry infills at the South side. 

b) At the level of a base shear approximately equal to 9500KN the yielding of the North 

side masonry infills is predicted. This is followed by the yielding of the interior ma-

sonry infills at the level of base shear approximately equal to 14000KN. The later oc-

curs for levels of horizontal displacements at the center of mass of the 1
st
 story ceiling 

of the order of 50mm. 

c) Further increase in this horizontal displacement level leads to relatively modest in-

crease in the resistance of the structure in this East-West direction, in terms of base 

shear levels, with plastic hinges developing at the top and foot of all the columns of 

the ground floor together with large horizontal displacement amplitudes at the 1
st
 sto-

ry ceiling (120mm, ground floor collapse mechanism). 
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Figure 27. Push-over response of the City Hall structure with rigid soil conditions being forced towards the 

West. 

 

As can be seen from the results of this analysis, the seismic force levels required to result 

in serious structural damage are above the forcing levels that were applied in the 1
st
 category 

of numerical analyses presented previously. 

One observation that becomes apparent from this comparison rises from the fact that both 

the 1
st
 and 2

nd
 category of the numerical analyses followed here do no incorporate the loss of 

bearing capacity of the masonry infills after a certain inter-story drift limit. This limitation can 

be tackled in a valid way by applying the full non-linear methodology described in [10]. 

Therefore, although these 2
nd

 category  numerical predictions can be accepted in describing 

reasonably well in a qualitative way all the incorporated  various non-linear mechanisms, such 

as masonry infills, flexural plastic hinges of the R/C members, tension cut-off for the soil-

foundation interface, the predicted seismic resistance in terms of base shear levels can be con-

sidered as rather non-conservative. In any case, the results of this category of numerical anal-

yses demonstrate once more the contribution of well built masonry infills to resisting the 

seismic forces up to the point of their failure. This is more likely to occur when the earth-

quake excitation is of relatively short duration, as was the case of the strongest aftershock of 

3
rd

 of February, 2015 of the Kefalonia earthquake sequence that is studied here. 

 

 

7 CONCLUSIONS  

• It was demonstrated that masonry infills, as is already known, can significantly influence 

the seismic response of an R/C framed structural system by increasing its stiffness.  
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• It was also demonstrated that in certain cases these masonry infills can also increase the 

seismic capacity of such structural systems, when adverse effects of short columns or soft 

stories are avoided in these structural systems. 

• The numerical predictions of the 1
st
 category of analyses, apart from the above conclu-

sion, can be considered as rather realistic, as these predictions are in reasonably good 

agreement with corresponding signs of distress of the ground floor columns of the 

Lixouri City Hall observed after this earthquake. 

• The 2
nd

 category of analyses result in  base shear versus horizontal displacement numeri-

cal predictions that describe reasonably well the various non-linear mechanisms in a 

qualitative way.  The results of this category also underline the favourable contribution of 

well built masonry infills of the Lixouri City Hall in resisting the seismic forces up to the 

point of their failure. This is likely to occur when the earthquake excitation is of rela-

tively short duration, as was the case of the strongest aftershock of 3
rd

 of February, 2015 

of the Kefalonia earthquake sequence that is studied here. 

• One observation that became apparent from the comparison of the numerical results with 

the actual performance  rises from the fact that both the 1
st
 and 2

nd
 category of the nu-

merical analyses followed here do no incorporate the loss of bearing capacity of the ma-

sonry infills after a certain inter-story drift limit. This limitation can be tackled in a valid 

way by applying the full non-linear methodology that is presented in [10].  

• It was shown, that the seismic force levels which were assumed to have acted on the City 

Hall building are well beyond those that were valid at the time of the design and con-

struction of this building. It was also shown that the seismic force levels that this struc-

ture as well as many neighboring structures experienced during the 3
rd

 of February 

earthquake are higher than the force levels defined by the current provisions of Euro-

code part 8.  

• Factors that may have contributed to the relatively limited structural damage for these 

high seismic force levels, apart from the contribution of well built masonry infills, is the 

influence of the soil deformability that through the effects of the radiation damping may 

have had favourable effects in cases like the one examined here with a continuous foun-

dation slab that prohibited the development of destructive differential foundation dis-

placements and settlements during this earthquake excitation. 
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Abstract. The dynamic and earthquake behaviour of structural systems representing Post-

Byzantine Christian churches located in Kefalonia-Greece is examined. All these churches 

are made of stone masonry. They developed damage to their masonry elements due to the am-

plitude of the gravitational forces acting together with the seismic forces that were generated 

by the recent 2014earthquake activity, combined with the deformability of the foundation. The 

numerical results together with assumed strength values are utilized to predict the behaviour 

of the various masonry parts of these churches in in-plane, shear, and normal stress as well 

as out-of-plane flexure. Use is made in the numerical simulation of the deformability of the 

foundation of the results obtained from a specific investigation that dealt in measuring the 

dynamic characteristics of a bell tower located in Lixouri-Kefalonia-Greece. It is shown that 

the foundation deformability partly explains the appearance of structural damage. When 

comparing the numerically predicted regions that reach limit state conditions with actual 

damage patterns a reasonably good agreement in a qualitative sense can be observed. In ad-

dition, the numerical simulation focused in reproducing numerically certain non-linear 

mechanisms that are typical for this type of structural systems. The numerically predicted 

non-linear response mechanisms at the corners of the masonry walls as well as at the roof to 

masonry wall level seem to reproduce in a realistic way the observed damage patterns in the-

se regions.  
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1 INTRODUCTION 

The objective of this paper is to study the dynamic and earthquake behavior of Christian 

churches of the Basilica typology in the island of Kefalonia, Greece (figure 1). The recent 

devastating earthquake activity in the island during the period from 26
th

 of January till the 3
rd

 

of February 2014 caused extensive damage to the masonry walls of many of these structures. 

The worst hit region lies at the West part of the island of Kefalonia with the peninsula of 

Paliki claiming the biggest share of damaged churches. This region is marked in figure 1 with 

the dotted circle. The most damaging seismic event for this region was the ground motion 

during the major aftershock of this earthquake sequence that occurred during the 3
rd

 of Febru-

ary, 2014 [1, 2, 3, 4]. This is depicted in figures 2 and 3. Figure 2 shows the location of the 

epicenters of the aftershocks of the earthquake sequence of January-February 2015 for the is-

land of Kefalonia, including the epicenter of the strongest aftershock of 3
rd

 February, 2015 [2]. 

Figure 3 marks the location of some of the various churches in the Paliki peninsula that were 

shaken by this strongest aftershock, leading to considerable damage and to certain cases to 

spectacular partial collapse (figures 4 and 5). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 1. View of the island of Kefalonia, Greece together with the  peninsula of Paliki 

 

The main event of this earthquake sequence occurred on the Sunday, 26
th

 of January 

2015, 13:55 local time [1]. Fortunately, this event was not so damaging for the churches and 

despite the fact that it occurred Sunday the Christian services were already completed by that 

time. The damaging aftershock occurred on the Monday of 3
rd

 February 2015, local time 

05:09. The fact that at this time the churches were empty companied with the warning of the 
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preceded main event are factors that helped to have no loss of life from the structural damage 

and partial collapse that was observed in certain churches as well as to a number of other 

structures and facilities ([1, 2, 3]).  

 
Figure 2. View of the epicenters of the aftershocks together with that of the strongest aftershock of 3

rd
 of 

February, 2015 (blue star) as they were recorded by the Institute of Geodynamics of the National Obser-

vatory of Athens, Greece.  

 

 
Figure 3. View of peninsula of Paliki together with the location of some of the churches that developed 

structural damage during the strongest aftershock of 3
rd

 February, 2015. 

462



G.C. Manos, E. Kozikopoulos 

        
Figure 4. Virgin Mary of Roggoi                                    Figure 5. St. Marina Soullaroi              

 

During the Frankish and Venetian periods in Kefalonia many churches of this typol-

ogy were rebuilt in Kefalonia. Indicatively, around the late 18th century there were 350-400 

churches in this beautiful island of the Ionian sea with the very active geological seismic 

background. Numerous churches in this island have the structural form the single aisle basil-

ica (Ionian) with an elongated rectangular shape. The value of the ratio of their longitudinal 

length over the transverse length varies from  1: 1.5 for relatively small churches to 1: 5 for 

the largest structures. This relatively simple structural system for these churches is formed by 

load-bearing stone-masonry peripheral walls that are connected with well built corners as well 

as by the presence of a soft system of trusses that form the lightweight roof. Table 1 lists a 

number of churches that were affected by this earthquake sequence together with the century 

of their construction as well as the century of their damage repair due to a previous earth-

quake activity [3]. The island of Kefalonia belongs to a high seismic hazard region, as this is 

depicted by the map of seismic zones of Greece in figure 6. This seismic zonation is included 

in the current seismic code of Greece[26]; it can be seen in this figure that the island of Kefa-

lonia belongs to the seismic zone having seismic design ground acceleration value equal to 

0.36g (g the acceleration of gravity equal to 9.81m/sec. However, it must be pointed out that 

this is a relatively recent regulation that does not apply to the construction methods of the 17
th

 

century. 

               Table 1. The name of the studied churches and the century of construction and repair. 

Α/Α name of church  Century of  Construction / Repair 

1 Kechrionos Monastery 17
th
 / 20

th
  

2 Virgin Mary Kontogennada 18
th
 / 20

th
  

3 St. Thekla 17
th
 / 20

th
  

4 Virgin Mary Damoulianouta 19
th
 / 20

th
  

5 Virgin Mary of Roggoi 17
th

  
6 Virgin Mary  Dematora 19

th
 / 20

th
  

7 St. Blaise  Dematora 18
th
  

8 St. Dimitrios  Kalata 18
th
 / 20

th
  

9 Birth of the Virgin Mary Kalata 18
th
  

10 12 Apostles -Chavdata 19
th
  

11 Birth of the Virgin Mary Havriata 17
th
 / 20

th
  

12 St. Marina  in Soullaroi 17
th

  
*  The repair for the 20

th
 century refers to interventions introduced after the damaging 1953 

earthquake sequence 
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Figure 6. The location of the six most damaged urban areas of Greece form the earthquake activity during the last 

thirty years together with the seismic zoning map (see also Tables 1 and 5). 

 

 Damage to Christian churches from earthquake activity in Greece is quite frequent [6 

to 21]. This must be attributed to the intense earthquake activity and the accumulation of 

damage as well as to the fact that such structures made of weak masonry are quite vulnerable 

as their heavy walls and heavy elements in their superstructure results in large amplitude 

earthquake demands that cannot be met by the resistance offered by relatively weak stone ma-

sonry structural elements [6]. This is also the case in the damaged churches of Kefalonia that 

will be investigated in the following sections.   

 
Figure 7. Peninsula of Paliki  with the location of the two churches being examined here       

 

It should be underlined here that neither the long history of intense seismic activity in the 

island nor the attempted damage repair from previous earthquake activity (see table 1) were 

able to create effective interventions that would protect these structures from future seismic 

Panagia of Roggoi 

Agia Marina Soullaroi 
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events. As can be seen in table 1 most of the repair efforts are dated on the 18th century. The 

objective of this paper is to present currently available scientific tools that can help under-

stand the earthquake behaviour of this type of structures and therefore serve the objective of 

their protection in a possible more effective way than the experience of the current earthquake 

damage indicates.  As indicated in table, the 20
th

 century repair effort refers to interventions 

introduced to these churches after the damaging 1953 earthquake sequence. In general, typical 

interventions in these churches included the construction of a reinforced concrete beam at the 

top of the masonry wall to connect the wooden roof at this level. However, as the full details 

of these interventions were not available their effectiveness in the observed performance is so 

far non-conclusive.  

 This investigation presents the evaluation of two Christian Basilica churches that are in-

dicated with relatively large letters in Table 1. The first is the church of Virgin Mary of Rog-

goi (No 5 in Table 1) and the second is church of St. Marina in Soullaroi (No 12 in Table 1 

and figure 4). Both these churches are structure that did not experienced any interventions af-

ter the 1953 earthquake sequence. The first church of Virgin Mary of Roggoi has dimensions 

in plan 7.5m by 15.8m and a height of 9.3m (No 5 in Table 1) and the second church of St. 

Marina in Soullaroi has dimensions in plan 9.5m by 22.3m and a height of 9.6m, a somewhat 

larger structure. The investigation being conducted here includes the effects of foundation de-

formability [21]. It has been demonstrated in the past [17, 19, 22, 23] as well as in two com-

panion works that are presented in this conference [22, 23], that the foundation deformability 

is a significant parameter in the effort to understanding the earthquake behaviour of these 

structures. The location of these two churches in the Paliki peninsula is shown in figure 7 to-

gether with the location of the accelerographs that recorded the seismic ground motion during 

the strongest aftershock of 3
rd

 of February, 2015. Use of this recorded ground motion will be 

made in the framework of the current investigation. 

 
Figure 8. Numerical model of the foundation slab and the underlying soil. 

 

2 SOIL – FOUNDATION DEFORMABILITY 

The foundation of both churches is considered to be formed by a peripheral masonry strip  

that is an extension of the masonry walls in the sub-soil at a depth of 0.5 m. In-situ studies 

that were performed with the Agios Gerasimos bell tower have demonstrated that certain in-
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fluences can arise on the dynamic and earthquake response from soil-foundation deform-

ability [22, 23] that should be investigated. In order to study numerically the soil-foundation 

deformability of these two churches the following process was utilized. 

First, a numerical model of the structure and the masonry foundation strip was formed as 

shown in figure 8. Together with the foundation masonry strip, which was modeled with shell 

elements having linear elastic properties based on the Young’s modulus of masonry, the soil 

layers underneath were also modeled being in full contact with the masonry foundation. These 

soil layers were formed with solid “brick” type finite elements with linear elastic properties 

that extended to a depth of 4m below the foundation – soil interface.   

Because it was not possible to find reliable geotechnical data in the vicinity of the studied 

structures the investigation of the soil-foundation deformability was attempted in a parametric 

way as will be explained below in order to define the elastic properties of the soil elements. 

1
st
 case.  A shear wave velocity equal to 419m/sec was assumed for these underlying soil 

layers. This value, together with a soil density equal to 20KN/m3 leads to a shear modulus 

equal to 354MPa. This value together with a Poisson’s ratio value equal to 0.2 leads to a 

Young’s modulus value for the soil equal to 1000MPa. This represents a rather hard soil. 

2
nd

 case. Following the same rational but this time assuming a shear wave velocity value 

equal to 200m/sec leads for the same value of soil density as in the 1
st
 case  to a the Young’s 

modulus value for the soil equal to 230MPa. This represents a medium stiffness soil and is 

comparable with the corresponding value found from the Agios Gerasimos in-situ measure-

ments [22]. 

 

 
Figure 9. Vertical deflections of the soil-foundation simulation, for 1st case Vs=419m/sec 

 

Next, this numerical simulation that included the superstructure, the foundation masonry 

strip and the soil layers, as described before, was subjected to the dead weight. The bottom 

surface of the bottom layer of the soil volume was constrained to have zero displacements in 

all three directions. The side boundaries of the soil volume were constrained only in the two 

horizontal directions. In this way the foundation was displaced almost uniformly downwards 

in the vertical direction being compressed in this way. Figures 9 and 10 depict the resulting 

vertical deformation patterns of the foundation-soil interface for the 1
st
 (Vs=419m/sec) and 

2
nd

 (Vs=200m/sec ) case of soil deformability, respectively. 

 

1
st
 case Vs=419m/sec 
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Figure 10. Vertical deflections of the soil-foundation simulation, for 2nd case Vs=200m/sec 

 

In order to simplify the final numerical model of the examined churches including the soil-

foundation deformability the following approximation was made. An alternative numerical 

model of the foundation masonry strip – soil interface was formed. This model retained all the 

aspects of the superstructure and the foundation masonry strip. However, this time the soil 

layers being simulated before with solid brick elements were replaced with two-node 3-D link 

elements having one node fully restrained in the all three directions as the support to the earth 

and the other node in full contact with each node of the shell elements which simulate the bot-

tom surface of foundation masonry strip. Moreover, these two-node links were given such an 

axial stiffness that when the same load was applied as before (Dead load) the resulting vertical 

deflection of the bottom surface of the foundation – soil interface was as close as possible to 

the values indicated before in figures 8 and 10. Moreover, for certain types of numerical anal-

yses a non-linearity was introduced in the axial direction of these two-node link elements re-

sulting in their inability to sustain any tension. Following this rational the axial stiffness of 

these two-node link elements, utilized for case 1 and 2 of soil-foundation deformability,  is 

listed in the following table 2. 

 

Table 2. Axial stiffness of the equivalent two-node links 

Soil deformability 

 

1
st
 case  Vs=419m/sec 2

nd
 case  Vs=200m/sec 

Axial Stiffness of the vertical 

two-node links (KN/mm) 

109 24.5 

3 THE LINEAR DYNAMIC RESPONSE OF THE CHURCHES 

The eigen-modes and eigen-periods of the two temples are investigated next in a paramet-

ric way, assuming linear elastic behaviour of all the elements of the superstructure as well as 

the foundation links [21]. The following parameters are varied: 

 

2
nd

 case Vs=200m/sec 
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a1) The church of the Panagia (Virgin Mary) of Roggoi. It is one of the oldest -along with 

Ag. Marina in Soullaroi- Christian churches that developed severe damage during the recent 

earthquake. It is a relatively small church with heavy structural damage in the façade (West 

side) and wide shear cracks in the longitudinal North (figure 12) and South walls.  

      
Figure 11:   West side                          -             Figure 12  North side 

a2) The church of Agia Marina is located in Soullaroi and was built in the 17th century, 

without being repaired in 1953. It has old type double stone masonry walls, which sustained 

heavy damage. There is almost partial collapse of the East (figure 5) and West side (figure 13)  

and a wide detachment of the longitudinal and transverse walls (figure 14).  very crosswise 

shear cracks in columns. There is also global failure of the east pediment and intense horizon-

tal cracks appear at the base of the west. 

        
Figure 13:      West side                                     -          Figure 14      South-East corner 

  

 In all these linear elastic simulations of the dynamic response the soil-foundation deform-

ability was approximated in the way described in section 2. That is  a 1
st
 case is examined 

having vertical two-node links at the soil-foundation slab interface with axial stiffness equal 

to 109KN/mm, representing relatively hard soil conditions. Then, a 2
nd

 case is examined hav-

ing vertical two-node links at the soil-foundation slab interface with axial stiffness equal to 

24.5KN/mm, representing a soil of medium deformability. Moreover, in all cases the vertical 

walls were connected at the corners with two-node 3-D links in an effort to control the rigidity 

of these connections as well as to approximate the structural behaviour when the examined 

structures exhibited heavy damage in these locations.  
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Figure 

15 
Panagia (Virgin Mary) of Roggoi  Soil-Foundation deformability  eigen-period T 

 T1 T2 T3 

1
st
 

case 

hard 

soil 

 
T1y=0.1773sec 

mx = 0.0% 

my = 77.9% 

 
 

T2=0.1051sec 

mx = 0.4% 

my = 79.3% 

 T3x=0.1025sec 

mx = 72.8% 

my = 79.3% 

2
nd

 

case 

Soft 

soil 

 
T1y=0.2014sec 

mx = 0.0% 

my = 75.3% 

 

T2x=0.1196sec 

mx = 60.6% 

my = 75.3% 

 
T3=0.1086sec 

mx = 60.6% 

my = 76.0% 

 

 
Figure 

16 
Agia Marina in Soullaroi - Soil-Foundation deformability 2

nd
 eigen-period  T2 

 T1 T2 T3 

1
st
 

case 

hard 

soil 

 
T1y=0.1786sec 

mx = 0.0% 

my = 80.3% 

 
 

T2=0.1109sec 

mx = 6.8% 

my = 80.4% 

 
T3x=0.1088sec 

mx = 74.2% 

my = 80.4% 

2
nd

 

case 

Soft 

soil 

 

T1y=0.1975sec 

mx = 0.0% 

my = 77.4% 

 
T2x=0.1206sec 

mx = 64.6% 

my = 77.4% 

  
 

T3=0.1133sec 

mx = 65.2% 

my = 77.5% 
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The results of this dynamic analyses in terms of eigen-modes, eigen-period values and val-

ues of the corresponding mass participation ratios are included in figures 15 and 16 for the 

church of Panagia of Roggoi and Agia Marina of Soularroi, respectively ([7 to 21]). 

The following remarks can be made on the basis of the results presented in these figures.  

1) The first dominant eigen-mode for both churches and for both cases of foundation-soil 

flexibility is the translational mode in the North-South direction (y-y). The eigen-period for 

this mode varies from approximately 0.18sec (hard soil) to 0.20sec. (medium soil) for both 

churches. This eigen-mode mobilizes in all cases approximately 75% to 80% of the total mass. 

2) The second dominant mode in the case of hard soil conditions is a torsional mode. The 

eigen-period for this mode is approximately 0.11sec for both churches. However, this mode 

mobilizes very little mass. 

3) The third dominant mode in the case of hard soil is the translational mode in the East-

West direction (x-x). The eigen-period for this mode is approximately 0.10sec. for both 

churches. This eigen-mode mobilizes for both churches approximately 70% of the total mass. 

4) The second dominant mode in the case of medium soil conditions is the translational 

mode in the East-West direction (x-x). The eigen-period for this mode is approximately 

0.12sec. for both churches. This eigen-mode mobilizes for both churches approximately 60% 

of the total mass. In the case of medium soil the third dominant mode is a torsional mode. The 

eigen-period for this mode is approximately 0.11sec for both churches. However, this mode 

mobilizes again very little mass. 

From the above remarks it can be concluded that the assumed variation of the soil-

foundation deformability results, as expected, in a modest increase in the fundamental eigen-

period values. Moreover, the increased soil-foundation deformability results in the two trans-

lational North-South (x-x) and East-West (y-y) eigen modes becoming the dominant eigen-

modes of the structural response for these churches mobilizing 75% and 60% of the total mass, 

respectively. 

4 PREDICTIONS OF THE EARTHQUAKE RESPONSE FOR THE POST-

BYZANTINE CHRISTIAN CHURCHES 

Next, numerical simulations of the earthquake response of these two churches are pre-

sented. The numerical analyses that were performed towards obtaining earthquake response 

predictions of such Christian Basilica churches fall in the following two main categories.  

4.1 Static numerical analyses with linear mechanisms for the two-node links at the 

foundation-soil interface as well as at the corner of masonry wall interconnections. 

In these dynamic numerical analysis use will be made of the ground acceleration that was 

recorded at two stations during the 3
rd

 of February strongest aftershock [1, 3]. As can be seen 

in figure 7, the location of one station is the center of the town of Lixouri (City Hall building) 

whereas the location of the 2
nd

 station in the old school of the village of Chavriata. As could 

be observed in figure 7 the church of Agia Marina at Sullaroi is at a distance of approximately 

2km from either the Lixouri or the Chavriata station located between these two locations. The 

church of Panagia of Roggoi is at a distance of approximately 5km North from Chavriata and 

North-West from Lixouri. In order to obtain an estimate of the horizontal seismic forces that 

these two churches were subjected to during the damaging aftershock of 3
rd

 of February 2015 

the constant ductility (µ=1.5) response spectra in the East-West and North-South direction 

were derived from those recordings of the ground motion.  The corresponding response spec-

tral curves are depicted in figures 17 and 18 for the Lixouri recording and in figures 19 and 20 
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for the Chavriata recording in the East-West and North-South horizontal directions, respec-

tively.  

Strongest Aftershock  3rd February 2014

Lixouri  East-West component

Constant ductility (µ) Response spectra
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Figure 17. Definition of East-West (y-y) seismic loads through the recorded ground motion at Lixouri during 

the 3
rd

 of February strongest aftershock 

 

Strongest Aftershock  3rd February 2014

Lixouri North-South component

Constant ductility (µ) Response spectra
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Figure 18. Definition of North-South (x-x) seismic loads through the recorded ground motion at Lixouri dur-

ing the 3
rd

 of February strongest aftershock 
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Strongest Aftershock  3rd February 2014

Chavriata  East-West component

Constant ductility (µ) Response spectra
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Figure 19. Definition of East-West (y-y) seismic loads through the recorded ground motion at Chavriata dur-

ing the 3
rd

 of February strongest aftershock 

 

Strongest Aftershock  3rd February 2014
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Figure 20. Definition of North-South (x-x) seismic loads through the recorded ground motion at Lixouri dur-

ing the 3
rd

 of February strongest aftershock 

 

The ductility factor value µ=1.5 is presumed to be a good approximation for these type of 

relatively brittle unreinforced masonry construction. In the same figures the design spectral 
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acceleration curves are also plotted for type 1 and type 2 earthquake, as these design spectral 

values are defined by EuroCode part 8 [24] assuming again a response modification factor 

value q=1.5 Soil category D (flexible soil) importance factor 1 and design peak ground accel-

eration equal to 0.36g (g the acceleration of gravity) as defined by the current Greek seismic 

code for Kefalonia [25]. In comparison, the “Old Greek Seismic Code” level of seismic forces 

that were introduced in 1959 are also indicated in this figure as “Old Greek Seismic Code” 

[5 ]. Moreover, the values of the eigen-periods found from the dynamic analyses of these two 

churches, as they were presented in figures 15 and 16 are also plotted in figures 17 to 20. The-

se values are designated as Longit. L.P.V or U.P.V., which correspond to the eigen-periods in 

the longitudinal East-West (x-x) direction for either the hard soil (Lower Period Value) or the 

medium soil (Upper Period Value). The same hold for the transverse North-South (y-y) direc-

tion  which are designated as Trans. L.P.V or U.P.V., for the hard soil (Lower Period Value) 

or the medium soil (Upper Period Value), respectively. The following remarks can be made 

on the basis of figures 17 to 20.  

 

1) For the period range from 0.1sec. to 0.4sec the Chavriata spectral acceleration curve 

would result in more demanding seismic forces for the corresponding structures, like 

the studied churches, than the Lixouri spectral acceleration curve for both the North-

South and the East-West directions. 

2) Structural systems that would be more flexible than the ones examined here, either be-

cause of more flexible soil-foundation conditions than the medium soil of this study or 

for more flexible structures themselves than the structures considered here, they would 

have been subjected to larger horizontal seismic forces than the ones to be considered 

for the studied here churches. This remark is valid for the Chavriata record for both the 

North-South and East-West direction and for the East-West direction for the Lixouri 

record. 

3) The Chavriata spectral acceleration curves (for µ=1.5 either E-W or N-S) for the period 

range from 0.1sec. to 0.4sec  would result in more demanding seismic forces for the 

corresponding structures, like the churches studied here, than the EuroCode 8 design 

spectral curves for q=1.5. 

4) The Lixouri spectral acceleration curve (for µ=1.5 either N-S or E-W) for the period 

range from 0.1sec. to 0.4sec  would result in less demanding seismic forces for the cor-

responding structures, like the churches studied here, than the Type 1 EuroCode 8 de-

sign spectral curves for q=1.5. The difference is not very significant for the type 2 

EuroCode 8 design spectral curves for q=1.5. The 

5) Seismic force levels for the period range from 0.1sec. to 0.4sec according to the old 

Greek seismic code are approximately 3 to 4 times smaller than the corresponding lev-

els obtained on the basis of the Lixouri spectral curves (for µ=1.5 either E-W or N-S) 

or the type 2 EuroCode 8 design spectral curves for q=1.5. 

6) Seismic force levels for the period range from 0.1sec. to 0.4sec according to the old 

Greek seismic code are approximately 5 to 6 times smaller than the corresponding lev-

els obtained on the basis of the Chavriata spectral curves (for µ=1.5 either E-W or N-S) 

or the type 2 EuroCode 8 design spectral curves for q=1.5. 

7) All the previous points underline the severity of seismic forces levels the examined 

churches had to withstand. One favourable parameter for the structural performance 

was the short duration of this intense shaking. However, the preceding discussion on 

the severity of the seismic forces ignored the unfavourable effect of the vertical com-

ponent of the ground motion, which is usually present in localities close to the epicen-
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ter like the ones examined here. This unfavourable influence of the vertical component 

of the ground motion is ignored throughout this study. 

 

The seismic forces that are used in this type of numerical analyses are obtained in the fol-

lowing way. 

a) First, employing either the Lixouri or the Chavriata spectral curves for µ=1.5 and the 

linear elastic numerical simulation of the examined structural system the base shear 

values in the North-South or the East-West direction are obtained. This is done 

through a dynamic spectral analysis utilizing the first four (4) eigen-modes and the 

relevant North-South or East-West spectral curves, respectively. Alternatively, a re-

sponse spectrum can be used resulting from the elastic response spectral curve for 

5% damping divided by a response modification factor equal to 1.5 for unreinforced 

masonry. In the subsequent analysis the later process was adopted. 

b) An amplification factor is also utilized to compensate for the fact that these first four 

(4) eigen-modes, which correspond to realistic structural responses for this type of 

structures, do not sum up to 90% of the total mass of the structure.  

c) The horizontal seismic forces are finally applied either in the x-x East-West longitudi-

nal direction (Ex) or the y-y North-South transverse direction (Ey) as static forces re-

sulting from constant acceleration along the height of the examined structures as 

shown in figure 21. This constant acceleration has such a value that results in the 

same base shear value found from the dynamic spectral analysis of steps a and b de-

scribed before. These equivalent seismic forces Ex or Ey  are combined with the 

permanent loads (D) to form the load combinations 0.9D ± Ex or 0.9D ± Ey. 

d) This is done because it is much easier to obtain in this way the demands of the various 

masonry structural elements from the seismic forces described in step c. Thus, the 

evaluation of the seismic performance of these structural elements can be done.  

           
Figure 21: Equivalent static loads. 

 

 

Table 3 Base shear Values (KN) based on the Chavriata response spectra 

 Virgin Mary of 

Roggoi 

Hard Soil 

Virgin Mary of 

Roggoi 

Soft Soil 

Ag. Marina 

Soullaroi 

Hard Soil 

Ag. Marina 

Soullaroi 

Soft Soil 

North-South  

(x-x) direction 

2465 2498 5229 5803 

East-West  

(y-y) direction 

2367 2874 8397 8828 
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Table 3 lists the base shear values,  as they resulted from the linear elastic dynamic spectral 

analyses utilizing the East-West or North-South acceleration response spectral curves for 5% 

damping and q=1.5 derived from the recorded ground acceleration (figures 17 to 20). As ex-

plained above, these values coincide with the equivalent seismic forces Ex or Ey.    

4.2 Push-over numerical analyses with non-linear mechanisms for the two-node links 

at the foundation-soil interface and the link elements which connect the vertical walls 

in the corners and the top face of the wall with the roof. 

In the 2
nd

 category of numerical seismic analyses the non-linear behaviour of the examined 

structures is considered by introducing the following non-linear mechanisms.  

a1) First,  the two-node 3-D links at the soil-foundation interface introduced to account for 

the soil-foundation deformability are provided with tension a cut-off  limit so they can sustain 

only compression in their axial direction and no tension. 

b1) Similarly, two-node 3-D non-linear link elements are also utilized in connecting the 

vertical walls at their corners with a tension cut-off limit in a way to transfer compression be-

tween the intersecting walls at the corner but limit transfer of tension.  

c1) A similar connection is used between the wooden elements of the roof  and the tym-

pana of the masonry walls at the East and West sides or at the top of the North or South longi-

tudinal masonry walls.  

Thus, through the proper use of these non-linear 3-D two-node link elements these non-

linear mechanisms are introduced in an effort to simulate numerically the capability of the 

uplifting of the structure at the soil-foundation interface, the possibility of detachment be-

tween the wooden elements of the roof and the masonry walls or between the vertical walls 

themselves at the corners.  

These numerical analyses were a push-over step-by-step type of analyses [6] with the first 

step being the application of the permanent vertical loads (D). Next, the horizontal seismic 

loads are introduced at each shell element (each mass) as a gravity load at direction either in 

the North-South (y-y) or East-West (x-x) directions. This is done gradually by increasing the 

level of the applied seismic forces by a small amount at each subsequent step. The seismic 

horizontal displacement attained at each step is checked certainly at the top point of East wall 

for the East-West (x-x) push-over analyses or at the top of the middle of the North wall for the 

push-over analyses direction in the North-South (y-y) direction.   

 

5 ASSUMED FAILURE CRITERIA USED IN THE VALUATION OF THE 

OBSERVED PERFORMANCE 

 

Table 4 lists the assumed mechanical characteristics for the stone masonry elements of 

both churches [5].  Moreover, a Mohr-Coulomb failure envelope was adopted for the in-plane 

shear limit state of the stone masonry, when a on normal stress is acting simultaneously, that 

is defined through the relationship (1) ([6], [21], [26]). 

                     

   fvk = fvko + 0.4 σn                                                                      (1) 

 

where: fvko is the shear strength of the stone masonry when the normal stress is zero; fvko 

was  assumed to be equal to 0.160 N/mm2. σn   is the compressive axial stress acting on the 

bed joint .  
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Table 4 lists the assumed mechanical characteristics for the stone masonry in terms of 

Young’s modulus and Poisson’s ratio as well as compressive and tensile strength values.  The 

values listed in table 4 were assumed to be valid for both churches based on relevant strength 

values employed in similar studies [6 to 21]. However, the necessity to quantify such limit 

value through tests based on in-situ samples must once more be underlined. 

Table 4. Assumed Mechanical Characteristics of the Stone Masonry 

 Young’s 

Modulus 

(N/mm
2
) 

Poisson’s 

Ratio 

Compressive  

Strength  

(N/mm
2
) 

Tensile Strength  normal 

/parallel 

bed-joint (N/mm
2
) 

shear strength 

fvko   (N/mm
2
) 

Limit 

values 

 

1000 

 

0.2 

 

3.50 

 

0.15 / 0.60 

 

0.16 

 

The above strength values will be used to evaluate the seismic performance of the various 

masonry structural elements in the most critical locations that the demands, obtained through 

the numerical analyses results, have maximum values. This will be done in comparing the 

various demands SEd with the corresponding strengths SRd through the following inequality 

(2): 

 

SEd   <  SRd    indicates safe structural performance.   (2) 

 

The above inequality can also have the form of a SRd   / SEd   in inequality (3).  

 

SRd   / SEd  > 1   indicates safe structural performance.   (3) 

  

This inequality in ratio terms is further detailed through the following ratios. For the in-

plane or the out of plane demands the following demands are checked (inequalities 4 to 6): 

 

a2) The in-plane shear demand in terms of shear stress for various bed-joint locations 

where shear and normal stresses are acting. This is done through the value of the following 

ratio Rτ 

 

Rτ  =  shear strength / shear stress  demand.     <  1 signifies shear failure (in-plane)         (4) 

 

     b2) The in-plane compression stress demand for various bed-joint locations where com-

pressive  stresses are acting normal to bed-joints. This is done through the value of the follow-

ing ratio Rς.  

 

Rς  = compressive strength /  compressive stress demand   < 1 signifies compression failure  

(in-plane)           (5) 

 

     c2) The in-plane tensile stress demand for various bed-joint locations where tensile  stress-

es are acting normal to bed-joints. This is done through the value of the following ratio Rσ.  

 

Rσ  =  tensile strength (fxk1) / tensile stress demand  < 1 signifies tensile failure normal to 

bed joint (in-plane)          (6) 
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     d2) The out-of-plane tensile stress demand for various bed-joint locations where tensile  

stresses are acting normal to bed-joints. This is done through the value of the following ratio 

RM 

 

RM= tensile strength / tensile stress demand from out-of-plane flexure  < 1 signifies out-of-

plane tensile failure normal to bed joint at the extreme fiber (out of plane)   (7) 

 

All the masonry parts of the studied structures were examined in terms of in-plane and out-

of-plane stress demands posed by the considered load combinations against the corresponding 

capacities, as these capacities were obtained by applying the Mohr-Coulomb criterion of 

equation 1 or the stone masonry compressive and tensile strength limits listed in Table 4. Ra-

tio values smaller than one (Rτ, Rς, Rσ, RM <1) predict a corresponding limit state condition. 

As can be seen, the followed methodology is based on combining numerical stress demands 

resulting from elastic analyses with limit-state strength values. A different approach is to in-

corporate these limit-state strength values in a non-linear push-over type of analysis (see 

Manos et al. [1]). It was shown that the methodology applied here correlates quite well with 

the non-linear approach in predicting regions of structural damage. 

 
a. Hard Soil 

 
b.     Medium Soil 

Figure 22. Predicted performance of the West side wall of the church of Panagia of Roggoi 

 
Figure 23. Observed damage of the West side of the church Panagia of Roggoi 
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6 THE RESULTS OF THE NUMERICAL ANALYSES 

Next, selected results from the numerical simulations of the earthquake response of these 

two churches are presented. The numerical analyses results obtained following the linear stat-

ic approach, described in sub-section 4.1, are presented first in sub-section 6.1. This is done 

by showing the predicted performance of the various masonry elements utilizing the obtained 

demands with the corresponding strength values through the process outlined in section 5. Se-

lected results obtained through the push-over type of numerical analyses, described in subsec-

tion 4.2, are next presented in a summary form in sub-section 6.2.  

6.1 Static numerical analyses with linear mechanisms for the two-node links at the 

foundation-soil interface as well as at the corner of masonry wall interconnections. 

 

 Figures 22a and 22b depict Rτ, Rσ, RM  ratio values for the in-plane and out-of-plane per-

formance of the West side of the Panagia of Roggoi church for either hard or medium soil, 

respectively. As can be seen in these figures the demands exceed by far the corresponding  

strengths either in shear or tension (in-plane) at the lower part of this masonry wall or the out-

of-plane tension at its upper part. The presence of medium soil signifies that these ratio values 

become in general even smaller. Thus, it is demonstrated that the presence of medium soil 

conditions increases the possibility of damage in this case. Good agreement can be seen by 

comparing the predicted (figures 22) with the observed (figure 23) performance for this wall.  

 

 
Figure 24a. Predicted out-of-plane performance, South wall, hard soil, church Panagia of Roggoi 

 
Figure 24b. Predicted out-of-plane performance, South wall, medium soil, church Panagia of Roggoi 

 

Figures 24a and 24b depict RM  ratio values for out-of-plane predicted performance of the 

South side of the Panagia of Roggoi church for either hard or medium soil, respectively. As 

can be seen in these figures the demands exceed by far the corresponding  strengths in tension 

(out-of-plane) at the upper part of this masonry wall between the door and window openings. 
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Again, the presence of medium soil signifies that these ratio values become in general even 

smaller. Thus, it is demonstrated that the presence of medium soil conditions increases the 

possibility of damage in this case. Good agreement can be seen again by comparing the pre-

dicted (figures 24) with the observed (figure 25) performance for this wall. 

 

 

Figure 25. Observed out-of-plane performance, South wall, church Panagia of Roggoi 

 

 
a. Hard Soil 

 
b. Medium Soil 

Figure 26. Predicted performance of the West side wall of the church of Agia Marina 

  

 
Figure 27. Observed damage of the West side of the church of Agia Marina 
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Figures 26a and 26b depict Rτ, Rσ, RM  ratio values for the in-plane and out-of-plane per-

formance of the West side of the Agia Marina church for either hard or medium soil, respec-

tively. As can be seen in these figures the demands exceed by far the corresponding strengths 

either in shear or tension (in-plane) at the lower part of this masonry wall or the out-of-plane 

tension at its upper part. The presence of medium soil signifies that these ratio values become 

in general even smaller. Thus, it is demonstrated that the presence of medium soil conditions 

increases the possibility of damage in this case. Good agreement can be seen by comparing 

the predicted (figures 26) with the observed (figure 27) performance for this wall.  

 
Figure 28a. Predicted out-of-plane performance, South wall, hard soil, church Agia Marina 

 

28b. Predicted out-of-plane performance, South wall, medium soil, church Agia Marina 

 

        

Figure 29. Observed out-of-plane performance, South wall, church Agia Marina 

480



G.C. Manos, E. Kozikopoulos 

Figures 28a and 28b depict RM  ratio values for out-of-plane predicted performance of the 

South side of the Agia Marina church for either hard or medium soil, respectively. As can be 

seen in these figures the demands exceed by far the corresponding  strengths in tension (out-

of-plane) at the upper part of this masonry wall between the door and window openings. 

Again, the presence of medium soil signifies that these ratio values become in general even 

smaller. Thus, it is demonstrated that the presence of medium soil conditions increases the 

possibility of damage in this case. Good agreement can be seen again by comparing the pre-

dicted (figures 28) with the observed (figure 29) performance for this wall. 

 

7 RESULTS FROM THE PUSH-OVER NUMERICAL ANALYSES 

Next, selected results from the push-over numerical simulations of the earthquake response 

of this type of churches are presented.  

7.1 The uplifting of the foundation. 

Figures 30a and 30b depict the push-over displacement response as predicted from the nu-

merical simulations that included the 1
st
 non-linear mechanism, that of the ability of the foun-

dation to uplift from the foundation-soil interface, when the loads combinations 0.9D + Ex or 

0.9D + Ey, with the seismic forces Ex (East-West) or Ey (North-South), are applied in a push-

over way.  

 
 

a. East-West (x-x) direction 
 

b. North-South (y-y) direction 
Figure 30. Push-over type of analysis with the ability of the foundation to uplift 

 
a. East-West (x-x) direction 

 
b. North-South (y-y) direction 

Figure 31. Base-shear versus top horizontal displacement Push-over response with foundation uplift 

Point756 Point989 
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The obtained base shear – horizontal displacement response from these push-over numeri-

cal analyses are depicted in figures 31a (0.9D + Ex) and 31b (0.9D + Ey) for the East-West 

and North-South directions, respectively. 

As can be seen in figures 31a and 31b the uplifting of the foundation limits the base shear 

levels in the East-West direction to approximately 12000KN and in the North-South direction 

approximately 9000KN. If the above values are compared with the corresponding values, 

listed in Table 3, which were obtained from the dynamic spectral analyses that employed the 

recorded ground motion response spectra (Chavriata record), it can be concluded that for the-

se force levels the uplifting of the foundation is unlikely. 

7.2 The detachment of the walls at the corners.  

Figures 32a and 32b depict the push-over displacement response as predicted from the nu-

merical simulations that included the 2
nd

 non-linear mechanism, that of the ability of the walls 

to be detached at the corners where these vertical walls are interconnected. This is simulated 

when the load combinations 0.9D + Ex or 0.9D + Ey, with the seismic forces Ex (East-West) 

or Ey (North-South) are applied in a push-over way. 

 

  
 

a. East-West (x-x) direction – detachment of East wall from 

the North wall 

 

b. North-South (y-y) direction – detachment of 

North wall from West wall 
Figure 32. Push-over type of analysis with the ability of the foundation to uplift 

 

 
a. East-West (x-x) direction – detachment of the 

East wall from the North wall 

 
b. North-South (y-y) direction – detachment of the North 

wall from the West wall 
Figure 33. Base-shear versus top horizontal displacement Push-over response with the ability of the vertical 

walls to be detached at the corners 

 

The obtained base shear – horizontal displacement response from these push-over numeri-

cal analyses are depicted in figures 33a (0.9D + Ex) and 33b (0.9D + Ey) for the East-West 
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and North-South directions, respectively. As can be seen in figures 32a and 33a the detach-

ment of the East wall from the North wall, when the seismic forces act in the East-West direc-

tion, limits the base shear levels in the East-West direction to approximately 4000KN.  

Similarly, the detachment of the North wall from the West wall (figures 32b and 33b), when 

the seismic forces act in the North-South direction, limits the base shear at the level of ap-

proximately 3500KN. If the above values are compared with the corresponding values, listed 

in Table 3, which were obtained from the dynamic spectral analyses that employed the re-

corded ground motion response spectra (Chavriata record), it can be concluded that for these 

force levels the detachment of these walls at the corners is very likely. 

 

7.3 The detachment of the walls at the corners as well as at the roof level. 

Figures 34a and 34b depict the push-over displacement response as predicted from the nu-

merical simulations that included the 2
nd

 and the 3
rd

 non-linear mechanisms; that is the ability 

of the walls to be detached at the corners where these vertical walls are interconnected as well 

as at the roof level. This is simulated when the load combinations 0.9D + Ex or 0.9D + Ey, 

with the seismic forces Ex (East-West) or Ey (North-South) are applied in a push-over way. 

 

 

 
a. East-West (x-x) direction- detachment of West wall  

b. North-South (y-y) direction-detachment of North wall 
Figure 34. Push-over type of analysis with the ability of the walls to be detached at the corners 

 
a. East-West (x-x) direction – detachment of the West 

wall 

 
b. North-South (y-y) direction – detachment of the 

North wall 
Figure 35. Base-shear versus top horizontal displacement Push-over response with foundation uplift 

 

Link102 Link257 
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The obtained base shear – horizontal displacement response from these push-over numeri-

cal analyses are depicted in figures 35a (0.9D + Ex) and 35b (0.9D + Ey) for the East-West 

and North-South directions, respectively. As can be seen in figures 33a and 33b the detach-

ment of the West wall limits the base shear levels in the East-West direction to approximately 

6000KN and in the North-South direction approximately 5000KN. If the above values are 

compared with the corresponding values, listed in Table 3, which were obtained from the dy-

namic spectral analyses that employed the recorded ground motion response spectra (Chavri-

ata record), it can be concluded that for these force levels the detachment of these walls at the 

corners is very likely. These are in agreement with the observed performance (see figures 13 

and 14). 

 

8 CONCLUSIONS  

• Through the systematic study of the characteristics of the ground motion records and the 

dynamic properties of the structural systems, representing the examined Christian 

churches damaged in Kefalonia by the 3
rd

 of February 2015 strongest aftershock, the lev-

els of the seismic forces land their severity that these churches had to withstand was es-

tablished. One favourable parameter for the structural performance was the short duration 

of this intense shaking. However, this study ignored the unfavourable effect of the verti-

cal component of the ground motion, which is usually present in localities close to the 

epicenter like the ones examined here.  

• The predicted performance of the examined Christian churches, employing demands 

from a linear analysis that utilizes these horizontal seismic force levels and assumed 

strength values for stone masonry, yield good agreement with the observed performance. 

• The predicted performance is approximated through a detailed process that makes use of 

strength / demand ratio values (Rτ, Rς, Rσ, RM ) in order to approximate the ability of 

the masonry structural elements to withstand or not the posed demands in in-plane shear, 

in-plane  compression/tension and out-of-plane tension. 

• The push-over non-linear numerical analyses that were next performed including the 

ability of foundation uplift and the ability of the walls to be detached from their intercon-

nections at the corners or at their connection with the roof seems to yield realistic esti-

mates of the observed performance.   
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Abstract. Unreinforced masonry made of stone and low strength mortar has been used for 

centuries in forming the structural system of old type buildings as well as monumental struc-

tures (such as churches etc.) The behaviour of this type of structural systems that survive to-

day, when subjected to the combined gravitational loads and seismic actions, is still of 

interest. In this framework, the present work tries to evaluate the limit-state in-plane behavior 

of stone masonry vertical structural elements. Initially, the basic aspects of a methodology 

are presented whereby the performance of vertical structural elements under seismic actions 

can be examined through a decomposition process whereby the demands at critical locations 

of individual piers, that the whole structural system is decomposed to, are compared with the 

corresponding bearing capacities in either in-plane shear/flexure or in out-of-plane flexure. 

Next, this methodology is applied to predicting with a reasonably good agreement the per-

formance of stone masonry piers of two churches damaged by the recent Kefalonia-Greece 

2014 earthquake. The possibilities offered by non-linear inelastic numerical analyses as al-

ternative means for examining the performance of unreinforced stone masonry vertical struc-

tural elements is briefly presented. In addition, numerical simulation results are also 

presented making use of such non-linear inelastic numerical analyses. The predictions ob-

tained through such non-linear inelastic numerical analyses toward predicting the measured 

behaviour of stone masonry specimens that were subjected in the laboratory to simultaneous 

compression and shear or diagonal compression had a reasonable level of success. 
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1 INTRODUCTION 

During the last thirty years various parts of Greece have been subjected to a number of 

damaging earthquakes ranging from Ms=5.2 to Ms=7.2 on the Richter scale. Some of these 

events, not necessarily the most intense, occurred near urban areas (Manos [7] and [10]). One 

of the most demanding tasks for counteracting the consequences of all these seismic events 

was the effort to ensure the structural integrity of old churches, that were built in periods rang-

ing from 400 A.D. till today; in many cases they sustained considerable damage. Selected re-

sults and summary observations of the seismic behavior of a specific type of structural system 

are presented by Manos et al. [5, 6, 8]. This system is utilized in many churches belonging to 

the so called Basilicas. This structural system is one of the oldest structural forms and it is 

frequently utilized for Greek Christian Churches with a number of variations in plan and 

height. The “Basilica” structural system is of rectangular shape, formed by the peripheral 

walls; a semi-cylindrical apse is usually part of the East wall, whereas the interior is divided 

in a number of naves by longitudinal colonnades of various dimensions and shapes, as shown 

in figure 1a. The roofing system is mainly in the longitudinal direction; this roofing system at 

the central nave usually rises at a higher level than that of the side-naves; in this sense, it can 

be seen as an elevated extension of the interior colonnades. On the contrary, the roofing sys-

tem that covers the side naves is partially supported on the peripheral walls and is usually 

lower than the roof of the central nave (figure 1b). In some instances this structural type takes 

the simplest form of one nave with no internal separations. This is also the form of rectangular 

old age masonry buildings with strong peripheral walls and weak internal separations. 

Patras-Greece Earthquake 2008 

 

 

 
Kefalonia-Greece Earthquake 2014 

Figure 1. Typical damage patterns of longitudinal walls 
 

2 TYPICAL DAMAGE PATTERNS 

When such structural formations are subjected to horizontal earthquake forces the longitu-

dinal and transverse walls represent the main structural elements that resist these forces ([3]). 

Despite the fact that the total structural dynamic response is quite complex it is convenient to 

simplify this response for each one of these main resisting structural elements by decoupling 

it to in-plane and out-of-plane response that leads to a corresponding state of stress which acts 

together with the state of stress due to the gravitational forces. When the state of stress due the 

earthquake forces keeps increasing certain in-plane and out of plane limit strength values are 

reached that lead to corresponding modes of failure (figures 1, 2 and 3).  
 

 

 

 

 

 

 

Typical in-plane damage of transverse walls 
 

Kefalonia-Greece Earthquake 2014 

Figure 2. Typical in-plane damage patterns for transverse walls 
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Figure 3. Typical in-plane damage patterns 

 

 

 
Figure 4. Decomposition of a masonry wall to piers between opennings 

 

3 THE STATE OF STRESS OF PIERS BETWEEN OPENINGS IN MASONRY 

WALLS  

 

Figures 1, 2 and 3 depict such typical in-plane damage patterns for longitudinal and trans-

verse masonry walls.  Each one of the in-plane damage patterns that develops in either the 

longitudinal or the transverse walls arises from the fact that at a certain location the state of 

stress resulting from combination of the gravitational loads (Vgr) and the earthquake forces 

(Heq), as shown in figure 4, leads to a demand that exceeds the capacity at this location.  

 

3.1 The decomposition of a masonry wall in a number of masonry piers 

One way to deal with this problem is to be able to continuously reaching realistic estimates 

of the demands at each location and compare these demands with the corresponding capacities 

and in this way at every forcing level Heq have a continuous adjustment of the contribution of 

Piers 
Heq 

Vgr 
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each part of the wall in the total stiffness and strength and note all the important changes as 

well as the location where a certain strength limit is reached. This requires a non-linear analy-

sis. For earthquake loads this non-linear analysis is usually performed by applying the hori-

zontal earthquake forces in a step-by-step push-over way. This has been applied with 

reasonable success by Manos and Soulis for the church of Metamorphosi toy Sotiros in 

Zaborda, Kozani, Greece.  

Alternatively, one can see each vertical wall as being composed by a number of masonry 

piers that are formed by door or window openings that are usually present, as indicated in fig-

ure . These piers usually form the weakest part of the structure. As was shown previously by 

figures 1 to 3, these piers are the locations where the most severe structural damage usually 

concentrates. 

The demands that arise at each location can be found by various simple or complex meth-

ods of numerical approximations and is not part of the current study. In any case these de-

mands can be seen as arising at the top of each individual pier that a vertical wall can be 

envisaged as being formed of. Thus, in this way each longitudinal and transverse wall is on its 

own by being composed of various vertical parts (piers) that together with the openings form 

each wall as a whole (figures 1 and 3). Following this decomposition of a wall to a sum of 

piers between openings it is on the conservative side to ignore the connections between the 

longitudinal and the transverse walls at the corner. Consequently each individual pier can be 

seen as a simple rectangular vertical structural element that is forced by the relevant stress re-

sultants at its upper horizontal boundary and is supported in its lower horizontal boundary in a 

way capable to transfer axial forces as well as in-plane shear forces and bending moments at 

depending on the shear and flexural capacity of this lower boundary of the masonry wall, lo-

cated at a distance equal to h form the upper boundary. 

 

H

N(Positive compression)

M (Positive anticlockwise)

l

h

t

y

z

x

l/2 l/2  
Figure 5. Single masonry pier being stresses in its upper boundary 

 

Consequently, each one of the piers is considered as being stressed in-plane mainly in their 

upper horizontal boundary and is being supported at their lower horizontal boundary as shown 

in figure 5. Figure 5 depicts the geometry of such a masonry pier together with the in-plane 

loads (N, H, M)  acting on its upper boundary. The stress resultants  Ny, Qy, My  at an horizon-

tal cross section located at a distance  y  from  the top horizontal boundary of the pier are giv-

en below: 
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My = M + H y   ,   Ny = M  +  lttttρ y    ,       Qy = H             (1) 

 

Where ρ is the specific gravity of the wall, l and tttt are the geometrical dimension of the pier 

as shown in figure 5. The calculation of the normal stress at this horizontal cross section is 

carried out as follows: 

 

Having obtained the demands in every horizontal cross section of the pier in this way the 

performance of this pier can be evaluated next by comparing these demands with the corre-

sponding shear and flexural capacities. Towards this objective it is essential to be able to ap-

proximate the state stress in any horizontal cross-section in terms distribution of axial stresses 

normal to this cross section and shear stresses parallel to the same cross-section. One particu-

lar complication for obtaining such realistic axial and shear stress distributions springs from 

the fact that masonry and especially old type stone masonry is constructed with mortar that is 

relatively much weaker in tension and shear than in compression. Moreover, the mortar is also 

much weaker in tension and shear than the masonry units that can be either man-made or 

formed from natural stone. 

 

l

l/2 l/2

(compression)

(compression)

My

Ny

 
a.  Case 1: 

The normal stress distribution is  compressive along all 

the length of the pier: 

 
The largest normal stress value must be smaller than the 

masonry compressive strength fkd 

lc l-lc

(compression)

(tension)

My

Ny

 
 b.  Case 2 :    

There is tension at the right zone of the cross section 

with stress σ2 lower than the tensile limit stress fxk1d ; 

consequently, the tensile zone is assumed being active: 

 

 

lc/3

x

My

Ny

Ny

l/2-lc/3

2/3 lc

l/2 l/2

(compression)

c.  Case 3 : 

There is tension at the right fiber of the cross section, 

larger than the tensile limit stress fxk1d ; consequently, 

the tensile zone is assumed being inactive: 

 

 

e

M

V

Ny

l/2 l/2

lc

lc/2lc/2

l/2-lc/2

 
d.  Case 4 : 

The tensile zone remains inactive but the compressive 

zone becomes narrower than before (towards developing 

flexural mode of failure):  

and 
 

 

Figure 6. Normal to the bed-joint axial stress distribution patterns 
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3.2 Predicting the shear bearing capacity of a pier against sliding 

For this purpose use could be made of the provisions of Eurocode 6 [1]. For the masonry 

pier which is studied here the shear strength of the masonry (fvk) is the minimum value of the 

following: 

 

fvk = fvk0 + 0.4 σn                 (2)       
 

where σn   is the value of the average normal stress,  fvk0 the shear strength of the masonry for 

zero normal stress that is specified by the provisions of Eurocode 6 [1].  

 
    

fvk  < 0.065 fb                 (3)       
 

where fb    is   the compressive strength of the masonry unit. 
 

 

 fvk  <  fvklim                      (4)   
 

where fvklim  is the upper shear strength of the masonry, as it is specified by   

  the national appendix of each member state.   
 

The distribution of axial stress (σn) normal to a bed joint with thickness equal to the pier 

thickness that develops at this horizontal section is assumed to be one of the following four 

simple cases depicted in figures 6a to 6d, which are incorporated in many design provisions. 

In order to obtain the shear capacity against sliding one should properly chooses which of the-

se four cases of normal stress distribution develops based on the geometry, the stress resul-

tants (Ny, Qy, My) and the masonry compressive and tensile strength values,  fkd  and fxk1d  

respectively. These strength values as well as the checks being performed are based on the 

provisions of Eurocode 6 [1]; however, provisions from other codes can be easily incorpo-

rated. Together with the normal stress distribution, the length of the compressive zone (lc) is 

also calculated as well as the value of the average normal stress (σn), which is assumed to act 

in this compressive zone as depicted in figures 6a to 6d. Use is made of both the compressive 

zone length and the average normal stress value for calculating next the masonry shear 

strength (see equations 2 to 4). 

3.3 Predicting the shear bearing capacity of a masonry pier against diagonal tension 

` This is done based on the following formula (Eq. 5) given by Turnsek and Cacovic [8, 

9, 10]. It is assumed that the tensile strength of the masonry   depends on the maxi-

mum average shear stress   of a horizontal section of the masonry pier and on the aver-

age compressive stress    that develops on the same location where A the area of this 

section and N the compressive load. 

 

                         (5) 

 

Where b represents the shear stress distribution factor, which is related to the stress distribu-

tion on the section and the slenderness ratio of the wall. It can be assumed that   , where 

h is the height and llll is the length of the pier. In this case b = 1.5 is the upper limit value and b 
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= 1 is the lower limit value. From the above relationship the value of    
   

can be ob-

tained based on  the values of   
 
and  : 

                         (6)  
 

 

4 EVALUATING THE PERFORMANCE  OF MASONRY WALLS WITH 

OPENINGS  

Based on the above described procedures from predicting the bearing capacity of a ma-

sonry pier either against sliding or against diagonal tension the following steps can be fol-

lowed in order to predict the expected performance of a given unreinforced masonry pier in 

terms of shear bearing capacity and expected mode of failure. The basis of such a prediction is 

to include in the expert system the most common modes of failure that such a structural ele-

ment can develop under the in-plane loads shown in figures 7. Because the focus of this study 

are the modes of failure that are due mainly to the seismic actions the first checks try to iden-

tify the development of the following modes of failure:  

 
               a)  Flexural                           b) shear/sliding                c) shear / diagonal tension 

Figure 7. Typical in-plane failure modes, considered by the expert system, for individual piers subjected to 

gravitational forces and in-plane seismic actions. 

 

a) The flexural mode of failure (figure 7a). This is done by assessing the distribution of the 

normal stress at a horizontal cross section, as explained before (figures 6a to 6d). At the same 

time the maximum compressive stress is also checked which must attain values below the 

limit compressive strength of the masonry (fkd). If not, flexural failure is predicted.   

b) The sliding mode of failure of a horizontal cross-section located either at the bottom or at 

mid-height of the pier (figure 7b). In doing so the simple Mohr-Coulomb friction is assumed 

as it is expressed by the provisions of Eurocode 6 (Eq. 2, [7]),  for unreinforced masonry, as 

presented before. The shear/sliding capacity in this case is found based on the masonry sliding 

shear strength, presented before, and on the compressive zone length (lc) (see figures 6a to 6d).   

c) The shear/diagonal mode of failure (figure 7c); this is calculated from the combined state of 

stress for the pier, as outlined before. The objective here is to predict this shear/diagonal ten-

sion capacity based on the procedure that calculates the maximum shear/diagonal tension 

stress (Eq. 6). 
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 Both procedures, which were described  in 3.2 and 3.3, are incorporated in an expert 

system that can predict through steps a), b) and c) the bearing capacity of a given pier and the 

expected mode of failure [ ]. This is applied in the following cases that were selected from 

vertical masonry walls of two churches damaged during the recent 2014 Kefalonia-Greece 

earthquake sequence [ ]. 

These Basilica churches are Panagia at Chavriata and Agia Marina at Soullaroi. Both  

churches sustained heavy structural damage depicted in figures 8a and 8b, respectively. The 

dimensions in meters are also indicated in these figures. The examined by the expert system 

piers are the ones at the West transverse wall (façade) between the door at and the North and 

South walls (see figures 8a and 8b). The base shear forces for the two churches were obtained 

through a dynamic spectral analysis with an acceleration spectrum the one derived from the 

ground acceleration recorded by an accelerograph located at the floor of an old school at 

Chavriata. The distance between the Agia Marina at Soullaroi and Chavriata is less than two 

kilometers. Consequently, the same input response spectrum (q=1.5) was used for both 

churches (4 and 5 first eigen-modes for Ag. Marina  and Panagia, respectively). Two types of 

soil were examined by introducing two-node links at the soil-foundation interface; hard soil 

conditions were assumed with link axial stiffness equal to 109KN/mm and soft soil conditions 

when this link axial stiffness value was equal to 24.5KN/mm 

  

Figure 8a. Church of Panagia at Chavriata Figure 8b. Church of Agia Marina at Soullaroi 

The shear demands when the seismic forces act in the transverse (y-y) North-South di-

rection and thus subject the relatively short East or West masonry walls of these churches to 

in-plane seismic actions are listed in table 1. The listed values are the base shear demands in 

this direction for the whole church as well as the shear demand (Q) for the examined here ma-

sonry piers. 

Table 1 Shear demands based on the Chavriata response spectra in the 

East-West (y-y) transverse direction 

                                 

Name of church 

Base Shear (KN) for the whole 

Church, Hard Soil  

 Shear Q (KN) for the studied pier 

(l,tl,tl,tl,t), Soft Soil 

Agia Marina, Soul-

laroi 

8828 1351 (4156mm x 750mm) 

Panagia, Chavriata 16308 2330 (3600mm x 750mm) 

 

Table 2 Compressive 

strength fk (ΜPa) 

Shear Strength 

fvko (MPa) 

Axial tensile strength normal/parallel 

to bed-joint fxk1/fxk2 (MPa) 

Limit values 3,50 0,16 0,15/0,6 
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Table 2 lists the assumed mechanical characteristics for the stone masonry in terms of 

compressive, shear and tensile strength values.  fvko is the shear strength of the stone masonry 

when the normal stress is zero; fvko was  assumed to be equal to 0.160 N/mm2. The values 

listed in table 4 were assumed to be valid for both churches based on relevant strength values 

employed in similar studies [1, 3, 4, 5, 11, 12, 15, 16, 17]. However, the necessity to quantify 

such limit value through tests based on in-situ samples must once more be underlined (see 

section 5). 

Table 3 Shear demands based on the Chavriata response spectra in the 

East-West (y-y) transverse direction 

                                 

Name of church 

Demands on the Pier  Ny (KN) 

/ My (KNm)  / and Qy  (KN)     

 Shear Capacity  Qsl (KN)  / 

against sliding  Qdg (KN) against 

diagonal failure 

Agia Marina, Soul-

laroi 

560 / 325 / 1351  864 / 694 (KN) 

Panagia, Chavriata 1059 / 475 / 2330 725 / 779 (KN) 
 

Next, the expert system [18] will be utilised in order to evaluate the performance of 

the piers of the West walls for both churches that are formed from the door openning. Table 3 

lists the more severe demands for these piers in terms of stress resultants Ny ,  My, and Qy , as 

these demands resulted from the numerical analyses with horizontal seismic forces equal to 

the base shear values listed in table 1. Together with these demands the shear capacity values 

of the examined piers are also listed in this table, against sliding and against diagonal failure, 

as they were found by applying the developed expert system. As can be seen for the piers of 

both churches the diagonal failure is predicted. Moreover, it can also be seen that the values 

of the shear capacity / demand ratio based on the values of table 3 are equal to 0.51<1 for the 

church of Agia Marina at Soullaroi, and 0.33<1 for the church of Panagia at Chavriata. Again, 

through this process of evaluating the performance of the examined piers the shear damage 

predictions are in agreement with the observed performance. 

 

Masonry Unit

Masonry Unit

Masonry Unit

Mortar Joint

Mortar Joint

Normal Load

Horizontal Load

Mortar - Masonry Unit 

interface

Mortar - Masonry Unit 

interface

Line of symmetry

 
 

Figure 9. Test arrangement for a triplet test 
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5 SIMPLE TESTS FOR OBTAINING THE SHEAR STENGTH OF STONE 

MASONRY PIERS  

5.1 The triplet test  

This a relatively simple and well known tests whereby two mortar joints are subjected to 

axial normal stress (σn) that remains at a constant amplitude throughout all the duration of the 

test. The horizontal load is applied in a way as to produce the desired sliding failure between 

the stones and the mortar joints as it is indicated in figure 9. The objective of such tests is to 

be able to quantify the parameters included in the Mohr-Coulomb criterion as expressed by 

equation 2.  

 
Figure 10a. Verification of the Mohr-Coulomb criterion 

 
Figure 10b. Experimental set-up 

 
Figure 9c. Sliding mode of failure 

 
Figure 9d. Sliding mode of failure 

A more complex extension of the above triplet test is the one shown in figures 10 to 10d 

where a short stone masonry pier with dimensions in plan somewhat larger than its height ia 

again subjected simultaneously to constant axial normal stress (σn) whereas at the same time a 

continuously increasing horizontal load tries to produce a shear mode of failure for this short 

pier.    A number of short stone masonry specimens were built at the laboratory of Strength of 

Materials and Structures of Aristotle University using lime mortar and natural stones. The 

lime mortar had such a composition as to be representative of old relatively weak mortars 

commonly used in the past. A series of such samples were tested accompanied by constant 

compression with variable shear as shown in figure 10b. This set-up was designed in an effort 

to record the shear force at a limit state which represented the failure of the mortar bed-joint 

as depicted in figures 10c,d. Based on these experimental results, the Mohr-Coulomb limit 

state criterion (figure 10a, equation 2) can be approximately quantified.  

Following these initial samples, another sequence of tests will be performed aimed at 

quantifying the Mohr-Coulomb failure envelope representing old stone masonry that was in-

jected in the framework of a mild retrofitting scheme. The injected mortar should be of such a 
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composition as: a) to be compatible with the existing materials b) to be able to fill the existing 

voids and c) to result in higher strength values.  

5.2 Diagonal tension of masonry piers.  

This type of tests is shown in figure 11 for a brick masonry pier. In the usual test set-up 

such masonry piers having equal length and height are placed in a diagonal orientation and the 

compressed in order to produce in this way the diagonal tension mode of failure, which was 

described in section 3.2. This testing arrangement is relatively difficult to be applied at stone 

masonry piers (figure 12). For such piers testing arrangement described in the next section is 

usually adopted.  

 
Figure 11. Brick masonry pier being subjected to 

diagonal compression/tension at the laboratory.  

Figure 12. Stone masonry pier being subjected to diagonal 

compression/tension in-situ. 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 13. Cantilever masonry pier subjected to simultaneous compression and shear 

5.3 Cantilever masonry piers being subjected to simultaneous compression and shear.  

This type of tests is shown in figure 13.  This loading arrangement reproduces under con-

trolled laboratory conditions the state of stress described by equation 1 and shown by figure 6. 
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The vertical load is applied at a desired level and kept constant throughout the test whereby 

the horizontal load is progressively increased. More advanced tests of this type include the 

variation of the horizontal load in a cyclic way thus simulating a seismic type of loading. The 

objective of this type of test is to be able through all the measured response parameters to 

identify the state of stress distribution for this pier and to be able to account for its mode of 

failure validating in this way one of the failure criteria presented in sections 3.2. and 3.3. 

 

6 NUMERICAL SIMULATIONS  

 

There is a variety of numerical simulations that can be performed in order to predict in a 

realistic way the performance of structures built with stone masonry. Elastic dynamic spectral 

numerical analyses try to obtain the demands in the various masonry components for a simple 

or complex structural system and then evaluate their performance by applying well estab-

lished failure criteria or code provisions as was presented in section 3. Alternatively, non-

linear inelastic “push-over” type of  numerical analyses were also performed whereby a ma-

sonry structure is subjected first to the permanent vertical loads and then the seismic horizon-

tal forces are applied through a realistic form of horizontal displacement pattern in order to 

obtain the bearing capacity of the structure under such a horizontal seismic-type loading  [12].  

 

 
Figure 14. Predicted limit state locations  

Figure 15. Predicted modes of failure 

 
Figure 16. Displacement patterns along the height 

 
Figure 17. Top displacement versus base shear response 

 

Summary results are shown in figures 14 to 17 from such an inelastic “push-over” type of 

numerical analysis. In figures 14, the location where the limit state conditions are predicted is 

shown whereas in figure 15 the predicted modes of failure for the peripheral walls of a Post-
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Byzantine church are depicted as they resulted from this push-over non-linear inelastic type of 

analysis. These predictions are based on realistic parameters of the incorporated in these non-

linear numerical analyses  of the Modified Von-Misses failure criteria for the various masonry 

components [12].  Zones of tensile failure (3a, 3b, 3c, 3d), zones of compression/tension fail-

ure (2a, 2b, 2c, 2d) and zones compression/compression failure (zones 1) are predicted from 

these analyses and are shown in figure 15. In figure 16 the distribution of the horizontal dis-

placement along the height of this church as it results from an elastic and non-linear inelastic 

numerical analysis. Finally, the response of the examined structural system in terms of hori-

zontal displacement at the top of the roof of this church against the base shear is depicted in 

figure 17 as it resulted either from the elastic or the inelastic numerical analyses. 

6.1 Numerical simulation of the triplet test for short stone masonry piers.  

In figures 18 to 21 the numerical simulation of the behaviour of the short pier and its load-

ing conditions, described in sub-section 5.1, is depicted utilizing the ABAQUS commercial 

software package [13]. The numerical prediction of the bearing capacity of this pier in terms 

of shear stress is shown in figure 20 and it compares quite well with the measured maximum 

shear capacity that was observed during the cyclic test for this short pier (figure 21). Similarly, 

in figure 22 predicted by the non-linear inelastic analyses plastic strains are shown and can be 

compared with the observed damage pattern for the short pier that is shown in figure 23. As 

can be seen good agreement can be observed. Finally, figure 24 depicts the distribution of the 

principal tensile stresses that compares well both with the plastic strain distribution and the 

observed damage 

 

 
Figure 18. Fixing the low part of the short pier 

numerical simulation in the same way that the 

actual test specimen was supported. 

 
Figure 19. Fixing of the low part of the numerical simulation of 

the short pier in the same way that the actual test specimen was 

supported together with the application of uniform compression 

at the upper boundary equal to 0.16MPa. 

Short pier under uniform compression

 of 0.16MPa and shear, Simulation of Test 2
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Figure 20. Numerical prediction of the mono-

tonic response  of the short pier in terms of 

shear stress (τ) /shear strain (γ) with simulta-

neous normal compressive stress 0.16MPa 

Shear cyclic response (τ-γ ) for stone masonry 

short  pier. Mortar M1 (lime+sand). Test 2
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Figure 21. Measured cyclic response of the short pier in terms 

of shear stress and shear strain when it is simultaneously com-

pressed with a normal stress equal to 0.16MPa 
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Figure 22. Distribution of predicted plastic strains Figure 23. Observed damage patterns 

of the short pier 

 
Figure 24. Distribution of tensile principal stresses at maximum load 

6.2 Numerical simulation of a stone masonry pier subjected to diagonal compression  

An unreinforced masonry wallette made of low quality three-leaf stone masonry  with a 

length of 0.70 m a height of  0.90 m and a thickness 0.50 m was compressed diagonally as 

shown in figure 24. This is a numerical simulation of specimen 4 from an experimental se-

quence described in detail by Vintzileou [14] that tested 8 stone masonry specimens; three of 

those were in axial compression and 5 in diagonal compression. All the information provided 

in [14] was utilized in this numerical simulation. The ABAQUS [13] commercial software 

package was employed for these numerical analyses.  

 

 
Diagonal Compression Unreinforced Stone Masonry Specimen 1
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Figure 24. Diagonal compression Figure 25. Comparison of numerical predictions with test results for the 

diagonal compression test 
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Figure 26. Distribution of predicted plastic strains Figure 27. Distribution of tensile principal stresses 

at maximum load 
 

 
Figure 28. Observed cracking patterns of the diagonal compression specimen [14] 

6.3 Numerical simulation of a cantilever pier with simultaneous compression and 

horizontal load. 

A stone masonry pier is examined here with a length equal to l=1500 mm height h=1400 

mm and thickness t= 500 mm. This pier is subjected to its upper boundary with a uniform 

compressive pressure equal to 0.1MPa. The special gravity of this masonry wall is considered 

equal to 2.20 tn/m3. Because this pier is assumed to be constructed by a relatively weak ma-

sonry therefore the Young’s modulus for the horizontal load is presumed to be equal to 200 

MPa. The horizontal load results from the imposed horizontal displacement at the upper 

boundary that reaches at the final stages of this numerical study to have a value equal to 

30mm.  The material properties listed in table 2 were considered together with the Mohr-

Coulomb criterion given in equation (1), e.g. fvk = fvk0 + 0.4 σn      

 

 
 

Figure 29. Horizontal load versus horizontal dis-

placement of the studied cantilever pier. 

Figure 30. Plastic strains during the response of the pier 

beyond the maximum load. 
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Figure 29 depicts the horizontal load versus horizontal displacement response at the top of 

studied pier whereas figure 30 depicts the plastic strains that develop at the right bottom toe of 

the pier when it reaches horizontal displacement levels at the top beyond the maximum load. 

Moreover, figures 31 the overall horizontal and vertical uplift displacement patterns of this 

pier at maximum load. Finally, figures 32 and 33 depict the distribution of the axial stresses 

normal to the bed joint and the principal tensile stresses, respectively, 

.  

 
Figure 31. Horizontal sliding displacements at maximum load together with partial vertical uplift 

  
Figure 32. Distribution of axial stresses normal to 

the bed joints 

Figure 33. Distribution of tensile principal stresses at 

maximum load 

As can be seen from these figure, the numerical simulation of the behaviour of this pier, 

under the simultaneous action of the constant vertical compression and the horizontal force at 

the top of the pier (figure 31), results in the complex state of stress described in sections 3.1. 

and 3.2.  The resulting pattern of the horizontal and vertical uplift displacements are compati-

ble with the assumed limit-state tensile and shear strength values. The shear capacity of this 

pear is governed by the sliding response rather than the diagonal tensile bearing capacity, de-

spite the fact that figure 33 shows the initiation of such a diagonal tensile crack pattern. 

 

 

7 CONCLUSIONS  

• The performance of masonry structures under seismic actions can be examined through a 

decomposition process whereby the demands of critical locations of individual piers that 

the whole structural system is decomposed to are compared with the corresponding bear-
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ing capacities in either in-plane shear/flexure or in out-of-plane flexure. The relevant 

methodology is outlined that forms the basis of an expert system which was developed 

for this purpose. 

•  When this methodology is applied for predicting the performance of stone masonry piers 

of two churches damaged by the recent Kefalonia-Greece 2014 earthquake, good agree-

ment could be found between shear damage predictions and the observed performance. 

• The importance of employing realistic limit-state criteria to be utilized in assessing the 

bearing capacities of unreinforced stone masonry structural elements is then out-lined to-

gether with a summary presentation of relatively simple laboratory testing that can be 

employed for this purpose. 

• The possibilities offered by non-linear inelastic numerical analyses as alternative means 

for examining the performance of unreinforced stone masonry structural elements is 

briefly presented. In addition, numerical simulation results are also presented making use 

of such  non-linear inelastic numerical analyses. The objective here is to numerically 

simulate the performance of masonry specimens that were subjected to relatively simple 

laboratory testing. Successful predictions of the observed performance are means to in-

crease the confidence in these numerical tools before employing them in more complex 

structural formations. 

• The predictions obtained through such non-linear inelastic numerical analyses toward 

predicting the measured behaviour of stone masonry specimens that were subjected to 

simultaneous compression and shear or diagonal compression can be considered that had 

a reasonable level of success. 
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Abstract. The successful validation of a numerical model is presented that can realistically 

approximate the shear behavior of reinforced concrete (RC) T-section beams strengthened 

against shear with externally applied open hoop steel fiber reinforcing polymer (SFRP) strips. 

For this purpose, the measured load-deformation response of three (3) full-scale R/C beam 

specimens is utilized. These specimens were imposed in a cyclic loading sequence up to fail-

ure. Open hoop steel FRP strip shear reinforcement was applied externally to upgrade the 

shear capacity of two (2) RC beam specimens. For the first specimen the SFRP strips were 

applied without anchorage, whereas for the other strengthened specimen the SFRP strips 

were attached together with a novel anchoring device. The successful numerical simulation 

predicts with a very good degree of approximation the observed load-deformation behavior 

and the ultimate shear capacity of all these specimens as well as the observed modes of fail-

ure including diagonal concrete cracking, debonding of the CFRP strips in the case of no an-

choring, or the plastification of parts of the anchoring devices plus the adjacent crushing of 

the concrete. 
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1 INTRODUCTION 

 

Reinforced Concrete (R/C) structures represent a substantial portion of the current infra-

structure and building stock in most countries worldwide. A large percentage of these were 

built several decades ago and in some cases require retrofitting or structural upgrading in or-

der to conform to more stringent design regulations, to accommodate additional live loads due 

to possible changes in the building’s function or to make up for the loss of strength brought 

about by environmental parameters that speed up structural deterioration. Moreover, the rapid 

evolution of seismic codes over the past two decades, which utilizes the knowledge gained 

following devastating earthquakes, necessitates the structural upgrading of most concrete 

structures that were built according to older design regulations, following a different design 

philosophy, in which the role of ductility was not central to the design process. On the con-

trary, all current seismic design codes pay particular attention to enforce ductile behavior on 

the various R/C structural elements, which is accomplished by prohibiting shear types of 

failure and favoring instead flexural types of failure with sufficient ductility [1-4, 10-18]. This 

ductile behavior is also desirable when one is faced with the task of designing a retrofitting 

scheme that aims at upgrading the seismic performance of R/C structures designed by older 

design codes [19]. This paper deals with the objective of upgrading the shear capacity of R/C 

T-beams, that are poorly reinforced against shear, as part of such a retrofitting scheme 

[5,17,18,20].  

Among several upgrading techniques available, the utilization of FRP sheets or plates that 

can be attached externally to existing structural components with the aid of resin has attracted 

considerable attention from both academics and practicing engineers [2,6,15,28]. Various re-

searchers have derived models for the prediction of the bond-slip response and required an-

chor lengths of FRP sheets attached to concrete [22,24-26,29]. Depending on the application, 

fibre reinforcing polymer (FRP) sheets can be employed to increase the flexural strength, the 

shear strength, the ductility and the serviceability performance of R/C structures, utilizing the-

se FRP sheets as additional external reinforcement.  

FRP sheets possess very high strength in the orientation of their fibres; however only a 

small part of the available strength can be exploited in practice, due to the onset of debonding 

at relatively small strains, which can initiate either at the ends of the FRP sheets, due to insuf-

ficient anchoring or within the mid-parts of the FRP sheets, when anchoring is provided at the 

FRP-strip ends, following the formation of cracks in the concrete [5-12,27]. Therefore, the 

development of innovative means for effective anchorage of the FRP sheets/plates in the con-

crete volume, which ensures the satisfactory transfer of forces from the FRP sheet to the con-

crete part of the structural member and allows for a more efficient utilization of the FRP 

strength, is warranted [24–28].  

In the present paper, a novel anchorage device [13] for FRP sheets employed as external 

shear reinforcement, which was recently developed at the Laboratory of Strength of Materials 

and Structures of Aristotle University of Thessaloniki is studied numerically. Its effectiveness 

has been experimentally verified. [18,25,26] The aim of the present study is to replicate nu-

merically the experimentally obtained results and to identify the key parameters controlling 

the structural response of reinforced concrete T-beams strengthened against shear by external 

FRP reinforcement, that will allow the optimization of the anchorage device and hence the 

more effective utilization of the FRP sheets, thus leading to more efficient design. Finally the 

R/C concrete T-beams are imposed to a cyclic loading sequence. 
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2 EXPERIMENTAL SETUP 

Several theoretical and experimental studies [4,9,15] have been carried out to analyze the 

phenomenon of the shear failure of reinforced concrete (RC) beams. Russo et al. [22] presents 

a comprehensive review of various proposed methods for predicting the shear behavior of re-

inforced concrete beams without any transverse reinforcement. In the design of R/C beams, 

this is usually considered as an initial condition that is supplemented by the strength provided 

by the transverse reinforcement in order to predict the total shear capacity of such a structural 

element. Following this rationale a comprehensive experimental program has been designed 

and carried out at the Laboratory of Experimental Structural Mechanics at the Aristotle Uni-

versity of Thessaloniki aimed to assess the structural efficiency and effectiveness of shear 

strength provided to R/C beams by externally attached open hoop FRP transverse shear rein-

forcement. Initially, one R/C T-beam specimens with only longitudinal reinforcement was 

tested. Two identical R/C T-beam specimens were then tested which were provided with open 

hoop FRP strips external shear reinforcement in order to study in this way the additional shear 

strength that can be attained by such a strengthening scheme. This open hoop FRP strip shear 

reinforcement was examined in two distinct forms. First, these open hoop FRP strips were 

simply attached on the external surface of the R/C specimens. The prevailing mode of failure 

for this specimen is the debonding of the FRP strips, which renders this type of shear rein-

forcement ineffective. This is because the FRP strips’ debonding occurs long before the ten-

sile strength capacity of such FRP strips is reached. In order to prohibit such a premature 

debonding type of failure a novel anchorage device [24–27] is introduced together with the 

open hoop FRP strips that can be attached relatively easily at R/C T-beams, which is the pri-

mary practical application. The second T-beams was strengthened utilizing this technique.  

2.1 T-section beam tests  

  

Three cantilever reinforced concrete beams with a T-section were fabricated and tested un-

der cycling loading conditions at the Laboratory of Strength of Materials and Structures of 

Aristotle University of Thessaloniki. The reinforcing details are depicted in figure 1. The set-

up consists of a T-beam with dimensions 120 by 360 mm with a slab width of 360mm and a 

rectangular column with cross sectional dimensions 400 by 500 mm. The part of the specimen 

that resembles the column was securely fastened to a rigid wall using two steel I-beams. The 

free end of the beam was attached via a hinge to a 2500 kN capacity hydraulic actuator which 

was used to apply the cycling load. The load was controlled with a 1000 kN capacity load cell 

under deflection control, driven by a personal computer. After applying three cycles in elastic 

region, loading cycles were increased gradually up to failure. Same loading methodology was 

applied to all specimens. The beam’s free end deflection and moment curvature at the maxi-

mum moment region were measured using LVDT’s. LVDT’s were also positioned vertical to 

the longitudinal axis of the beam to ensure that the beam did not deflect out of plain. LVDT’s 

were also placed at an angle of 45
o
. SFRP strains were measured with strain gauges. Strain 

gauges were attached on 8 consecutive SFRP tapes starting from the second from the fixed 

end. A strain gauge was attached to the mid-height of each SFRP tape along the fiber direc-

tion. Finally the time history of the loading sequence is presented in figure 2. 
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Figure 1. Specimen Details and Reinforcement 

         

Initially, one concrete T-beam specimen both without any SFRP, namely CTB was tested 

to obtain the basic structural response. This test was utilized in the present numerical study to 

calibrate the material parameters of the concrete material model. Subsequently, two more 

specimens without any steel stirrups were reinforced against shear by externally attaching U-

shape open-hoop SFRP strips with and without an anchorage scheme. (named TB150 and 

TB150a) The spacing of SFRP strips was considered equal to 150 mm. The anchorage was 

provided by the novel anchorage device [24] depicted in some detail in figures 3a and 3b. In 

this anchoring device a steel rod is used to wrap around it the FRP strip; this steel rod is se-

cured by a steel plate of equal length which is bolted by two anchor bolts as shown in figure 

3b.  

 

 
Figure 2. Time history of loading sequence 
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Figures 3a and 3b. Cross section of the tested specimens  

with the reinforcement details and the proposed anchoring device (dimensions in mm). 

 

Table 1 lists all the particular aspects that characterize each one of these three specimens.  

 

 

Table1. Summary of beam tests. 

Designation 

Shear 

rein-

force-

ment 

Mean con-

crete cylin-

drical 

strength 

(Mpa) 

Width 

of 

SFRP 

strip 

(mm) 

Spacing 

of 

SFRP 

strip 

(mm) 

An-

chora

ge 

Measured 

ultimate 

shear       

capacity 
exp

Vmax (kN) 

Mode of 

failure 

CTB No N/A 37.25 
Diagonal 

crack 

TB150 
SFRP 

(1layer) 
No 73.20 

Debond-

ing 

TB150a 
SFRP 

(1layer) 

22.40 100 150 

Yes 182.40 
Anchor-

age failure 

 

2.2  Material tests  

 

A series of standard tests have been carried out in order to establish the basic material 

properties for these beam specimens; e.g. basic material properties for the concrete, the rein-

forcing bars, the SFRP strips as well as the steel plates and steel bolts employed in the anchor-

ing device. These experimentally derived material properties were utilized in the subsequent 

numerical study. The measured mean concrete cylindrical strength for each specimen is listed 

in column 3 of Table 1 and is equal to 22.4Mpa. The longitudinal and transverse reinforce-

ment were grade S500, whilst the steel plates were grade S235. The bolts utilized in the an-

choring device were manufactured by HILTI and are designated as HILTI HUS herein. The 

full stress-strain response of all steel parts was experimentally determined and utilized in the 

numerical studies. The experimentally determined Young’s modulus E, yield strength fy and 

ultimate strength fu are reported in Table 2.  

Finally, unidirectional tension tests were conducted on resin rich SFRP sheets up to failure 

to obtain the Young’s modulus (E1) and strength (fu1) in their fibre orientation and the Pois-

son’s ratio (ν12 = (E1/E2)ν21). The remaining two material properties pertaining to the ortho-

tropic nature of the material under the plane stress assumption, namely the transverse Young’s 
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modulus E2 and the shear modulus G12, were derived by applying the conventional rule of 

mixture for composites [17], taking into account the manufacturer’s specifications for the res-

in and the FRP sheets (see acknowledgements) and the experimentally determined volume 

fraction of resin and FRP sheets.  

Both the experimentally and the analytically determined material properties are reported in 

Table 3. It should be noted that the analytical values obtained by applying the rule of mixture 

for E1 and v12 compare very well (discrepancy within 5%) with the experimental ones.  

 

    Table 2. Material properties of employed steel plates, rebars and bolts. 

Material 

property 

Longitudinal rebars of      

d = 20 mm diameter 

Steel plates of     

anchoring device 

Anchor bolts 

Hilti HUS 

E (MPa) 202,700 210,000 210,000 

fy (MPa) 527 255 800 

fu (MPa) 645 390 917 

 

    Table 3. Material properties of SFRP.  

Material property E1 (Mpa) V12 Fu1 (Mpa) E2 (Mpa) G12 (Mpa) 

SFRP 36,350 0.312 330 4,400 1,900 

 

2.3 Summary of observed behavior – modes of failure 

 

The key findings of all beam tests are summarized in Table 1, where the ultimate shear 

force (
exp

Vmax) resisted by these specimens is listed in column 7 of this table. As can be seen, 

the shear strength of the control rectangular beam (CTB) without any stirrups SFRP strips was 

recorded equal to 37.25 kN. From the results shown in Table 1, it is evident that the maximum 

recorded shear capacity for the two strengthened T-beams with SFRP strips was significantly 

greater than the shear capacity of CTB specimen. The observed mode of failure is listed in 

column 8 of Table 1. As can be seen, when SFRP strips are without anchors the debonding 

mode of failure of the FRP strips prevails. This debonding mode of failure limits the observed 

shear capacity increase to 96.5% (nearly 2 times larger than the initial value of 37.25 kN), 

when the shear capacity of the strengthened specimen is compared to that of specimen CTB 

(without any shear reinforcement). When the novel anchoring device was utilized for prohibit-

ing this debonding mode of failure it resulted in shear capacity increase of up to 390% (4.9 

times larger than the initial value of 37.25 kN). It should be noted that CTB has no internal 

shear reinforcement. The beneficial effect of anchoring the U-shape open-hoop SFRP strips in 

order to inhibit the debonding mode of failure is thus demonstrated. The subsequent numeri-

cal study will focus on these important features of the observed behavior, that is the prevailing 

mode of failure and the measured ultimate shear capacity (
exp

Vmax). 

 

3 NUMERICAL ANALYSIS 

 

The general purpose FE software ABAQUS [9] was employed to generate FE models to 

simulate numerically the structural response of the previously described concrete beams 

strengthened with externally attached FRP sheets. The generated models were validated 

against all respective experimental results. The aim of this part of the study is to generate reli-

able FE models that can be utilized to enhance the understanding of the fundamental struc-
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tural response of the FRP shear strengthening scheme of R/C T-beams with and without an-

chorage devices, under cyclic loadings and hence optimize the anchorage device design. 

3.1 Modeling assumptions  

The mean measured specimen geometries were utilized to simulate the test specimens. The 

full 3D geometry of the concrete volume and the steel plates employed for the anchorage of 

the SFRP was modeled with 3-D brick-type F.E. elements, whilst the FRP sheets were ideal-

ized as planar F.E. elements and their actual thickness (0.75 mm) was utilized as a section 

property. The bolts were assumed cylindrical with a diameter equal to the equivalent diameter 

corresponding to the net bolt area (i.e. the threaded part of the bolts was not explicitly mod-

eled). A further idealization pertinent to the bolt assembly simulation is the assumption that 

the bolt-hole diameter of the steel plate is equal to the assumed bolt diameter (i.e. the clear-

ance has not been accounted for). 

In order to reduce the computational cost, the symmetry of the structure with respect to the 

x–y mid-plane was exploited, by numerically simulating one quarter of the physical model 

and applying the appropriate boundary conditions at each of the two planes of symmetry as 

shown in figure 4. The load was applied incrementally as prescribed displacement on a steel 

plate (SP1) at the point of load application, which was applied iteratively utilizing a smooth 

amplitude curve available in ABAQUS. Restraint of the structure in the direction of the pre-

scribed displacement was provided by fixing all degrees of freedom of nodes at the supporting 

element. The sum of the reaction forces in all nodes of the supporting element yields the total 

reaction that is exerted to the model structure and will be compared with 
exp

Vmax of Table 1. 

 

                          
Figure 4. Modeled geometry and applied boundary conditions. 

 

 

The contact between the various parts of the model (steel bolts, steel plates and concrete 

volume) was explicitly modeled and a friction coefficient equal to 0.3 was assumed for tan-

gential contact behavior. Variation of the friction coefficient applied to the bolt-concrete inter-

SP1 
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face between the idealized frictionless and rough contact extreme cases was attempted, but no 

significant effect on the overall solution was observed. Moreover, in order to reduce computa-

tional cost, the actual detail of the cylindrical rod of the anchoring device through which load 

is transferred from the FRP strips to the concrete beam through the steel plate was somewhat 

simplified (see figures 3b and 5); towards this end, the displacements of the SFRP’s edge 

were constrained to be equal to the respective displacements of the steel plate’s mid plane for 

the numerical representation of the anchoring device. The interface between the SFRP strip 

and the concrete was simulated as a cohesive zone endowed with a suitable traction separation 

response, the properties of which are discussed below. 

 

                                         
Figure 5. Finite element discretization of the anchoring device 

3.2 Material modeling  

 

The auxiliary test results reported previously were utilized herein to define the material re-

sponse. The SFRP sheets were assumed orthotropic under plane stress conditions and the ma-

terial properties reported in Table 3 were adopted. The tensile failure in the principal direction 

was considered and the ultimate stress reported in Table 3 was adopted, whilst other failure 

modes were considered irrelevant to the present study. A fracture energy equal to 0.01 was 

assumed to simulate damage evolution, which was rapid, due to the severe stress concentra-

tion following the onset of failure. Steel plates, longitudinal reinforcing bars, steel stirrups and 

steel bolts and plates were assumed elastic-isotropic hardening and the experimentally ob-

tained stress–strain curves for the steel used for these parts were converted into the true stress-

logarithmic plastic strain format according to Eqs. (1) and (2) and utilized to define the mate-

rial response. 

eq.1,               eq.2 

 

The damaged plasticity model for concrete available in the ABAQUS material library was 

adopted to model concrete response, since it has been shown to perform satisfactorily in simi-

lar applications [23]. All material parameters were initially calibrated to accurately simulate 

the response of the control T-beam specimen CTB. The values adopted for the relevant mate-

rial parameters, namely the angle of dilation h, the eccentricity, the ratio of equibiaxial to uni-
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axial compressive stress fb0/fc0, the ratio of the second stress invariant on the tensile merid-

ian to that on the compressive meridian at initial yield Kc and the viscosity parameter were 40, 

0.1, 1.16, 0.666 and 0 respectively and were all within the range encountered in literature [23]. 

In accordance with similar studies [18], the stress strain response of concrete in compression 

was derived according to Saenz [23], whilst the tension stiffening response was defined in 

terms of tensile stress and axial deformation according to Cornelissen et al. [12], assuming a 

fracture energy equal to 0.06. The Young’s modulus E and tensile strength fct were deter-

mined according to ACI [1] as a function of the compressive cylindrical strength, whilst Pois-

son’s ratio was assumed equal to 0.2. The comparison between this assumed in the numerical 

simulation stress–strain concrete behavior and the one measured by testing concrete cylindri-

cal specimens taken during the construction of the beam specimens is depicted in figure 6. It 

must be borne in mind that these specimens were simply loaded in compression in such a way 

that the descending branch of the stress–strain curve could not be obtained. 

 

                               
Figure 6. Measured and assumed concrete stress-strain behavior 

in unconfined uniaxial compression. 

 

The resin rich layer, within which the debonding of the FRP strip from the concrete vol-

ume occurs, was modeled as a cohesive zone [3] endowed with a traction-separation response. 

The initial elastic stiffness for all three modes of debonding was set equal to 106 N/ mm2, 

which is within the range of values proposed by Turon et al. [28]. The quadratic stress-based 

damage initiation criterion available in ABAQUS was adopted, with the stress limit in all 

three principal directions being equal to the respective tensile concrete strength. Damage evo-

lution was defined in terms of fracture energy with linear softening, whilst mixed mode be-

havior was accounted for according to the model proposed by Benzeggagh and Kenane [8], 

with a power coefficient equal to 1.45, in accordance with the proposals of Obaidat et al. [29]. 

Best results were obtained for a fracture energy in both shearing and peeling modes equal to 

0.25 (GII = GIII = 0.25 N/mm2), whilst the fracture energy GI associated with the opening 

mode was set equal to 0.025. It should be noted that overall response is relatively insensitive 

to the assumed elastic stiffness and limiting stress adopted, but these properties have a signifi-

cant effect on the numerical cohesive zone length [16,28], which defines the minimum re-

quired mesh size.  

3.3 Non-linear analysis and discretization  

Linear 8-noded brick elements were adopted for the discretization of the concrete beam, 

steel bolts, steel plates and loading plates, whilst the longitudinal reinforcing bars and the 

steel stirrups were discretized with linear truss elements embedded in the concrete region (i.e. 
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no relative displacement between reinforcement and concrete was allowed for). Linear 4-

noded shell elements were used to discretize the SFRP sheets, the degrees of freedom (DOF) 

of which were tied to the respective DOFs of the underlying 8-noded 3D cohesive elements. 

The mesh size was dictated by the attempt to minimize computational time whilst maintaining 

accuracy and, upon extensive mesh convergence studies, a uniform mesh size of 15 mm was 

adopted for the concrete beam, cohesive zone and FRP sheets, whilst smaller mesh sizes were 

adopted for the steel plates, bolts and concrete regions surrounding the bolts. Due to severe 

convergence problems typically associated with strongly nonlinear response and with materi-

als exhibiting non-monotonic stress–strain response [13], such as concrete and cohesive ele-

ments, the explicit dynamics solver ABAQUS/EXPLICIT was employed to perform the 

nonlinear analyses. Quasi-static response was achieved by specifying a slow displacement 

rate and checking that the kinetic energy was smaller than 2% of the internal energy for the 

greatest part of the analysis.  

4 RESULTS AND DISCUSSION 

The F.E. numerical predictions regarding the ultimate shear capacity (
num

Vmax) and failure 

modes with the ones observed during testing (see Table 1) are summarized in Table 4.  

The ratio of numerically predicted over measured ultimate shear capacity is listed in col-

umn 3 of Table 4 with values very close to 1.0, which signifies a very good agreement of the 

numerically predicted ultimate shear capacity values with the respective experimental ones 

included in Table 1.  

 

Table 4. Summary of Numerical results and comparison with experimental values. 

Designation 

Numerical ultimate 

shear capacity 
num

Vmax (kN) 

num
Vmax / 

exp
Vmax 

Numerical fail-

ure mode 

Experimental 

failure mode 

CTB 37.43 1.00 Diagonal crack Diagonal crack 

TB150 63.63 0.87 Debonding Debonding 

TB150a 187.43 1.03 
Anchorage 

failure 

Anchorage 

failure 

 

Moreover, the numerically predicted modes of failure are also in very good agreement with 

the ones observed during testing. Detailed discussion for each of the three T-beams consid-

ered in the present study follows.  

 

4.1 CTB specimen (non-strengthened)  

The observed behavior of the control T-beam specimen, which was tested to obtain the ba-

sic structural response of the reinforced concrete beam specimen without the added complex-

ity of the attached SFRP sheets, was, in general, well-predicted by the FE numerical models, 

as can be seen in Table 5 (1st line), where the experimental and numerical modes of failure 

are depicted. The experimental failure mode, in the form of the dominant shear crack, and the 

numerical failure mode of specimen CTB are compared. It should be noted that in all these 

figures depicting numerical failure modes, the maximum principal plastic strain of concrete is 

depicted as a means to visualize concrete cracking since no discrete cracks form during the 

adopted numerical analysis.  
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Specimen Experimental failure mode Numerical failure mode 

CΤB 

 

Shear crack 
 

Shear crack 

TB150 

 

SFRP debonding 

 

SFRP debonding 

TB150a  

 

 

Failure of novel anchorage 

 

Failure of anchorage (yielding of bolt) 

 

Some flexural cracks 

 

4.2 TB150 (strengthened with SFRP without anchorage)  

The debonding occurred within a thin resin rich layer of concrete, the properties of which 

were assumed to be incorporated in the cohesive zone material properties. The crack pattern at 

ultimate load is shown in Table 5 (2nd line). The numerical failure mode is compared with the 

corresponding experimental one for specimen TB150; as can be seen, an excellent agreement 

between the experimental and the numerical results is achieved. The beam specimen behaved 

elastically prior to the formation of the initial flexural cracks, whereupon the flexural rein-

forcement prevented the opening of the cracks. Subsequently, a diagonal crack started to form 

beneath the point of application of the load, which was interrupted by the presence of the FRP 
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sheets, which were stressed and prevented the opening of the diagonal crack. Finally, the 

debonding of the FRP sheets commenced and propagated rapidly, leading to the formation of 

critical diagonal cracks and thus to failure. This observed behavior was also accurately repro-

duced by the previously described numerical simulations.  

 

4.3 TB150a (strengthened with SFRP with novel anchorage)  

As described in section 4.2 the SFRP-strengthened specimen to which no additional an-

chorage was provided failed abruptly, due to debonding of the SFRP strips. The provision of 

additional anchorage by means of the device shown in figures 3a and 3b allows for additional 

forces to be carried by the SFRPs once debonding has occurred; these forces are transferred 

by the anchoring device finally through the bolts into the concrete thus resulting in an in- 

creased ultimate shear capacity and thus in a more efficient utilization of the FRP material. 

The anchorage zone is stressed from the onset of loading but deformations and stresses re-

main small as long as the resin remains effective. Upon debonding, the anchorage zone ex-

periences high localized stresses. The failure is no longer due to FRP debonding but rather 

localized above the anchorage zone, due to the high stresses transmitted by the bolts in the 

vicinity of the bolt holes. The failure mode is complex and involves a combination of local 

concrete cracking and yielding of the anchor bolts. The generated complex FE models was in 

general able to capture the aforementioned failure mode. Table 5 (3rd line) depicts the ex-

perimental and numerical failure modes for TB150a with a very good agreement. 

  

5 CONCLUSIONS  

• The successful numerical simulation of the application of a novel anchoring device to-

gether with open hoop SFRP strips, which enhances the efficiency of these FRP sheets 

applied as shear reinforcement for reinforced concrete T-section beams, was demon-

strated by this study. 

• The validation of the numerical simulation is based on the measured behavior of a full-

scale reinforced concrete T-beams without nominal shear reinforcement as well as with 

two (2) full-scale reinforced concrete T-beams that employed open hoop SFRP strips, 

with or without a novel anchoring device, as a means of upgrading their shear capacity. 

  

• The success of the deployed numerical simulation is fully demonstrated by comparing 

first the observed and numerically predicted ultimate shear capacity for all three speci-

mens. The achieved accuracy of the predicted ultimate shear capacity is very good.   

• The success of the deployed numerical simulation is fully demonstrated by then compar-

ing the observed and numerically predicted mode of failure for each one of the three (3) 

tested specimens. It is shown that the deployed numerical simulations have been articu-

lated with all the significant features, to be able to portray in a very realistic manner 

complex non-linear mechanisms such as the cracking and crushing of concrete, the 

debonding and fracture of the SFRP strips and the yielding and fracture of the steel parts 

of the novel anchoring device.   

• From the above, it must be seen that the accurate numerical prediction of a relatively 

complex behavior is the result of all these intelligent features that were built into the nu-

merical model together with the accurate representation of all the individual material fea-
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tures, which were established by careful testing prior to the numerical simulation. The 

successful FE models, accurately capturing the basic structural response in terms of ulti-

mate load and failure modes, have been developed and discussed.  

• Based on the validated FE numerical models presented here, further research is underway 

to identify the key features affecting overall structural response and thus to optimize the 

structural arrangement of the proposed novel anchoring device in terms of strength and 

ductility.  

• A further goal is to derive a generic strengthening technique and associated design guide-

lines, which allow for a more efficient utilization of the FRPs’ strength and significantly 

enhance the structural performance of existing structures, strengthened with FRP sheets 

for both static and seismic type loads.  
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Abstract. The cyclic response of steel beam-to-column connections under a cyclic sinusoidal 

loading history was studied. The experimental investigation included two full-scale specimens 

having a cross section of IPE240 and a height of 1.0m. This part of the specimen was rigidly 

connected to a much stiffer steel beam thus representing a steel beam-to-column connection 

under investigation. These specimens were tested to failure being subjected to a cyclic sinu-

soidal point load of continuously increasing amplitude that produced a similarly varying 

bending moment at the steel beam-to-column connection. Instrumentation was provided to 

record both the applied moment as well as the deformation of the specimen in the region of 

the connection in terms of plastic hinge rotation. Each specimen experienced yielding and 

plastic rotation in this region that resulted initially in a plastic stable response till the final 

damage, which occurred either in the form of local  instability of the flanges or fracture. The 

response of this beam-to-column connection was numerically simulated employing commer-

cial software that tried to reproduce all the stages of the observed non-linear response. By 

comparing the numerical predictions with the measured response the success of the employed 

numerical simulation could be examined. The employed numerical simulation could yield re-

alistic predictions of the limit state local buckling of the flanges of the used IPE 240 cross 

section as well as good agreement with the observed measured response, in terms of flexural 

capacity, energy dissipation and deterioration characteristics, provided that the material 

model in this numerical simulation was equipped with the “proper” parameters. 
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1 INTRODUCTION 

Steel frame structures are commonly used in seismic areas because of their excellence on 

seismic resistance. This type of structures are usually composed of moment resistant frames 

whereby the performance of beam-to-column connections are of particular importance espe-

cially when these structures are subjected to strong earthquake ground motions [1, 2, 5]. Usu-

ally these connections undergo large moment reversals during the earthquake excitation, thus 

it is important to exhibit stable plastic flexural response in order to provide dissipative capa-

bility, without the development of undesired damage patterns, and in this way prevent any 

kind of local or global instability. However, two recent earthquakes, in Northridge, California 

1994 and Kobe Japan 1995, revealed the vulnerability of this type of construction. Premature 

cracks were observed at welded connections of steel beam-to-column joints leading to brittle 

failure without prior warning (obvious yielding) at the area around the weld.  Such a failure 

mode or the development of local buckling when beam-to-column connections undergo low-

cycle fatigue seismic-type of loading is of particular research interest [3, 4, 9, 14].   

The fatigue life of steel beam-to-column joints depends on the amplitude of the imposed 

loading cycles and the hysteretic behavior of the constituent material that is linked with the 

amplitude and rate of the developing plastic strains. In order to investigate the fatigue life of 

steel beam-to-column joints several fatigue testing investigations have been proposed leading 

to tests that can be categorized in two groups. Testing regimes in which the elastic strain am-

plitude is higher than the plastic strain amplitude and testing regimes in which the plastic 

strain dominates. The first type of tests is generally referred as high cycle fatigue (HCF); the-

se tests typically involve more than 10
6 

cycles to cause failure. The second type of tests is 

named low cycle fatigue (LCF) test and the number of cycles to failure generally ranges from 

10
2
 to 10

4 
cycles and this is usually employed for testing the seismic performance of steel 

beam-to-column joints [6, 8, 11, 12, 15]. 

The current work studies the performance of steel beam-to-column joints first by examin-

ing steel beam-to-column welded joint specimens at the laboratory subjecting them to cyclic 

seismic-type low-cycle fatigue loading as is explained in section 2. Next, the performance of 

the same specimens is simulated numerically. Similar studies have been performed in the past 

by other researchers. Despite the fact that many similar experiments have been performed in 

the past [6, 8], the current experimental investigation was considered as necessary in order to 

provide at first hand all the information required for the numerical analyses. That is, the exact 

geometric and material characteristics of the specimens as well as specific information on the 

type of loading conditions and on the measured response. The numerical simulation is per-

formed utilizing a commercial software package that is thought to be suitable to simulate the 

observed response and the non-linearities that developed and included large plastic strains and 

local instabilities. 

 

2 MATERIALS AND EXPERIMENTAL SETUP 

2.1 Tested specimens  

Two full-scale specimens have been constructed with prototype steel cross sections in or-

der to form a beam-to-column joint. Both specimens were of the same geometry and used as 

the beam part a IPE 240 steel section and as the column part a HEA 300 steel section. These 

two parts were welded together, as shown in figures 1 and 2, to form the beam-to-column 

connection to be tested. 
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In order to confine the damaged region, where large strains were expected to develop thus 

making this part unusable, it was decided to weld the IPE 240 beam to a steel base plate hav-

ing a thickness of 20mm. This steel plate in turn was bolted to the HEA 300 column (figure 1). 

Thus, after the end of the test sequence, the IPE 240 part with the steel base plate could be 

unbolted and removed from the HEA 300 column, which could be used again. Furthermore, 

in order to avoid the brittle type of failure at the welds joining the IPE 240 beam part with the 

base steel plate two 20mm thick steel stiffeners of triangular shape (with a height of 160mm 

and width of 170mm)  were welded at either side of the IPE 240 section connecting its flanges 

with the base plate as shown in figures 1 and 2. In this way, the region of the IPE 240 beam to 

be plastified was removed from the welded region to the region above these stiffeners, thus 

providing a controlled beam-to-column connection to be investigated. The height of the IPE 

240 beam part was 1200mm allowing on one hand to construct the beam-to-column connec-

tion in the described way and on the other hand to connect its upper part with the forcing fix-

tures that were provided by a double acting hydraulic actuator. This actuator was controlled 

by a servo-hydraulic digital electronic controller providing the desired imposed cyclic hori-

zontal displacement amplitude at a distance of 1000mm from the base plate (see figure 2). 
 

  
Figure 1. Details of the tested beam-to-column joint specimens 

Figure 2. Experimental set-up with the geometry of the specimens, the instrumentation and loading 
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Two IPE 240 beam-to-column connection specimens, namely Tbeam-2  and Tbeam-4, 

were tested as shown in figures 2 and 3. Both specimens were of the same overall geometry 

having webs with thickness equal to 6.5mm. The flange thickness varied from 9.16mm to 

9.36mm and from 9.5mm to 9.7mm for specimens Tbeam-2 and Tbeam-4, respectively.   

 
Figure 3: Experimental setup with the specimen being rigidly attached on the strong floor of the Laboratory 

of Strength of Materials and Structures of Aristotle University. 
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Figure 4. Typical cyclic seismic-type imposed displacement protocol for low fatigue loading 
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2.2 Loading arrangement 

The tested specimens were subjected to a cyclic seismic-type loading arrangement. An ex-

tensive discussion on the loading protocols was presented by Krawinkler [11]. This is a very 

important and difficult issue as on one hand it is believed that it influences the resulting per-

formance and on the other hand it poses demands on the capabilities of the experimental facil-

ity [6, 7, 8, 11, 12, 15]. As this work at its present stage aims to produce results that will be 

utilized for validating the numerical capabilities of existing software rather than checking the 

validity of code provisions the used loading protocol does not comply exactly with ones sug-

gested by Krawinkler and other researchers [6, 7, 11, 15]. Instead, a series of sinusoidal hori-

zontal cyclic displacements were used and were imposed on the top of the IPE 240 beam part, 

as shown in figures 2 and 3. Both specimens were rigidly attached on the strong floor of the 

Laboratory of Strength of Materials and Structures of Aristotle University. The hydraulic ac-

tuator was attached on the strong metal frame which together with the strong floor forms this 

experimental facility. The imposed horizontal displacement and the resulting horizontal load 

leads to the development of a bending moment at the beam-to-column connection which, if of 

sufficient amplitude, is expected to bring this part of the beam-to-column connection to a cer-

tain limit state condition, as will be explained in section 3. The imposed horizontal displace-

ment in amplitude and frequency content is controlled by the electronic servo-controller. A 

relatively simple imposed displacement protocol is depicted in figure 4. It consists of thirteen 

(13) groups of 3 full sinusoidal cycles. In each group the imposed maximum displacement 

amplitude remains constant and keeps gradually increasing from one group to the next in a 

prescribed manner, as a percentage of the maximum target displacement. The difficulty in im-

posing this protocol accurately lies on the fact that the target displacement is known at best 

through predictions that may differ considerably from the actual target displacement that, 

when imposed, will produced the desired phenomena. The protocol depicted in this figure was 

adopted in the current study in a general sense. That is, the amplitude of the imposed horizon-

tal displacement kept increasing from one group to the next till the plastification of the tested 

specimens led to some type of failure, as will be described in section 3. One distinct differ-

ence in the followed loading protocol for the specimen Tbeam-2 is the fact that the frequency 

content was relatively high (0.1Hz – 1.0Hz) as to allow this test to be characterized as a dy-

namic test accompanied with medium level of strain rate. On the contrary, the loading proto-

col for Tbeam-4 specimen was relatively low (0.003Hz to 0.03Hz) that is characterized as 

cyclic test of relatively low level strain rate. 

 

2.3 Instrumentation   

Instrumentation was provided capable to record the dynamic response of the specimen at 

the top in terms of imposed horizontal displacement (LVDT 01, figure 2) and horizontal force. 

In addition, four displacement transducers (LVDT 02, LVDT 03, LVDT 04 and LVDT 05) 

were attached to the specimen in order to record the relative vertical displacement of two sets 

of horizontal cross sections of each specimen near the plastification zone (figures 1, 2 and 3).  

The first set of horizontal cross sections was that at the base, where the IPE 240 part was 

welded at the base steel plate) and the one 500mm higher. Utilizing LVDT 02 and LVDT 03 

the relative elongation or shortening between these two cross sections of the specimen was 

measured at the flanges of both sides of the IPE 240 section. The second set of horizontal 

cross sections was that at 160mm from the base, where the triangular stiffeners ended, and the 

one 100mm higher. Utilizing LVDT 03 and LVDT 04 the relative elongation or shortening 

between these two cross sections of the specimen was measured at the flanges of both sides of 
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the IPE 240 section.  In this way, it became possible to deduce from the measured response 

the rotation between the first and the second set of these horizontal cross sections. The second 

set of horizontal cross sections is of particular importance as the highly plastified region (plas-

tic hinge), which was expected to develop during the experimental sequence, lies between the 

horizontal cross-sections of the second set. Indeed, the used instrumentation was able to cap-

ture the plastification of this region from the initial stages of yielding till the final stages of 

local instability. In addition, a set of strain gauges was also provided in order to control in a 

different way the initiation and development of plastification in this zone.  

Figures 5 and 6 depict the instrumentation of this zone near the beam-to-column joint. The 

used hydraulic actuator can also be seen in figure 5 whereas in figure 6 the vertical displace-

ment transducer utilized to measure the relative elongation or shortening between two hori-

zontal cross sections above the stiffener having a distance between them equal to 100mm can 

also be seen (second set of horizontal cross sections). 

 

  
Figure 5. Instruments located near the beam-to-column 

joint.   

Figure 6. Measuring the relative elongation/shortening 

between two horizontal cross sections above the stiffener 

2.4 Steel tensile properties   

In order to input the proper information related to the steel characteristic in the finite ele-

ment program monotonic tensile tests were performed with coupons taken from both speci-

mens. These coupons were taken from the flanges of the specimens after the completion of 

the relevant test sequence. In order to measure the material properties of the virgin steel prior 

to any plastification and permanent straining these coupons were taken from the upper part of 

the IPE 240 beam sections near the section where the imposed displacement was applied The 

corresponding results are shown in figures 7 and 8. 
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Figure 7. Tensile properties sample 1 Figure 8. Tensile properties sample 2 
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3 OBSERVED PERFORMANCE AND CORRESPONDING MEASUREMENTS.  

3.1 Observed over-all performance and actual damage 

Each specimen experienced plastic rotation above the stiffeners that was captured by the 

employed instrumentation.  Despite the fixity of the attachment of the specimens on the 

strong floor part of the imposed horizontal displacement was consumed by the rotation of the 

specimen at its fixed base as well as of the elastic response along the height apart from the 

plastic rotation that developed at the desired location above the stiffeners. Fortunately, despite 

the limitations of the capabilities of the experimental facility it was possible to attain the plas-

tic limit state for both studied specimens and produce the expected form of damage. This is 

depicted in figures 9 and 10 for specimen TBeam-2 and figure 11 for specimen Tbeam-4. 

 

  
Figure 9. Plastification of specimen TBeam-2 at the 

end of Test-12 

Figure 10. Plastification of specimen TBeam-2 and frac-

ture of the section above the stiffeners after Test-12 
 

 
Figure 11. Plastification of specimen TBeam-4  after test – 7. 
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3.2 Measured response in terms of plastic rotations at the plastic hinge.  

Figure 12, depicts the full loading sequence in terms of horizontal displacement at the top 

of the specimen that could be deduced from the employed instrumentation as directly linked 

with the elastic/plastic rotation at the zone of the specimen extending at a length of 100mm 

above the stiffeners of the IPE 240 beam (see section 2.3 and figures 2 and 6). The corre-

sponding development of the plastic rotation with time in this plastic hinge region is shown in 

figure 13. The imposed loading history in terms of plastic hinge rotation and the correspond-

ing horizontal displacement at the top of specimen Tbeam-4 is shown in figure 15 and 14. 
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Figure 12: Horizontal displacement at the top of specimen Tbeam-2 due to the plastic rotation at the plastic 

hinge region.  
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Figure 13: Plastic rotation at the plastic hinge region due to horizontal displacement at the top of specimen 

Tbeam-2.  
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  Figure 14: Horizontal displacement at the top of specimen Tbeam-4 due to the plastic rotation at the plastic 

hinge region.  
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Figure 15: Plastic rotation at the plastic hinge region due to horizontal displacement at the top of specimen 

Tbeam-4.  
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As can be seen in figures 13 and 15 both specimens reach their flexural plastic limit 

for plastic hinge rotations of the order of 0.023 radians, which represents a value approxi-

mately equal to 5Θpl [13],  having undergone a considerable number of low-fatigue cycles [10, 

13, 14]. Moreover, both specimens failed by developing local instability at the plastic region 

in the form of flange local buckling and eventually fracture. Figures 16 and 17 portray the ob-

served cyclic response in terms of bending moment and plastic hinge rotation, for specimens 

Tbeam-2 and Tbeam-4, respectively. The bending moment values were deduced at a section 

above the stiffeners from the measured horizontal load.  
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Figure 16: Measured cyclic response of the plastic hinge for specimen Tbeam-2. 
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Figure 17: Measured cyclic response of the plastic hinge for specimen Tbeam-4. 
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In both figures 16 and 17 a corresponding envelop curve is also plotted with a dashed 

blue line. As can be seen, both specimens developed large cycles of stable plastic response 

before reaching their failure mode thus dissipating considerable energy in terms of hysteretic 

damping.  Figure 18 depicts this hysteretic cyclic response through the corresponding envelop 

curves. As can be seen from the comparison of these two envelop curves in figure 18, both 

specimens performed in a quite similar way in terms of initial stiffness, maximum flexural 

bearing capacity and plastic hinge rotation corresponding to that flexural capacity. The meas-

ured flexural capacity is of the order of 138KNm and 134KNm for specimens Tbeam-2 and 

Tbeam-4, respectively. Similarly, the plastic hinge rotation values corresponding to these 

flexural capacity values are in the range approximately 0.020 to 0.025 radians for both speci-

mens. Consequently, it can be concluded that the variation in the frequency content that was 

employed in the loading sequence for specimen Tbeam-2, which was somehow different from 

the loading sequence of specimen Tbeam-4 (see figures 13 and 15), did not have any major 

influence on the observed cyclic response and limit state performance for the two studied 

specimens. 
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Figure 18: Measured cyclic response of the plastic hinge in terms of envelop curves  for both  specimens 

Tbeam-2 and Tbeam-4. 

 

4 NUMERICAL SIMULATION OF THE OBSERVED CYCLIC RESPONSE AND 

PERFORMANCE  

4.1 Numerical modeling.  

The commercial software ABAQUS [16] was utilized in this numerical simulation effort. 

In doing so, the IPE 240 beam part of the experimental sequence was reproduced through the 

finite element representation as accurately as possible. This is shown in figure 19 whereby it 

can be seen that the numerical simulation extended all the way from the top section where the 

horizontal load was imposed to the bottom horizontal section where the IPE 240 beam was 

welded to the base plate. Moreover, the triangular stiffeners with their actual thickness and 
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geometry were also included in this numerical simulation. The whole surface of the IPE 240 

and the stiffeners at the bottom level where the specimens were welded to the base plate was 

considered to be represented with absolute fixity conditions in the numerical simulation. 

Moreover, in one set of numerical simulation the specimen was free to displace horizontally 

in the out-of-the loading plane direction whereas in another set of numerical analyses this 

possibility of out-of the loading plane horizontal displacement was constrained. The discreti-

zation scheme that was adopted was considerably fine in an effort to be able to catch numeri-

cally the observed local modes of buckling of the flanges in the plastic hinge region. 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

      

 

 

 

 

 

 

 

 

 

Figure 19: Employed numerical model.  
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  Figure 20: Employed material stress-strain curves 
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4.2 Material modeling 

In the framework of the numerical investigation a parametric study was conducted that fo-

cused on the way the steel material properties were introduced in the numerical simulation. 

Two different approaches were tried. According to the first approach the measured tensile 

steel properties (see section 2.4) were introduced in the numerical simulation through the 

Abaqus isotropic hardening parameters whereas in the second approach the measured proper-

ties were modified accordingly in order to be introduced in the numerical simulation through 

the ABAQUS combined hardening material model [16]. This is depicted in figure 20. The 

measured small differences in the thicknesses and tensile stress-strain behaviour between the 

first specimen (specimen 1, e.g.Tbeam-2) and the second specimen (specimen 2, e.g. Tbeam-4) 

were also included in this parametric study. In what follows selected results will be presented. 

 

 

 

 

 

 

 

 

 

      Figure 21: Failure mode of  specimen 1            Figure 22 : Failure mode of  specimen 2 

     predicted by ABAQUS  (see also figures 9 and 10) predicted by ABAQUS (see also figure 11) 
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Figure 23: Predicted cyclic response of the plastic hinge in terms of envelop curve for specimen Tbeam-2 to-

gether with the measured response.   
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Cyclic Tests Steel Joint IPE240 

with bottom stiffeners Specimen Tbeam-4 
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Figure 24: Predicted cyclic response of the plastic hinge in terms of envelop curve for specimen Tbeam-4 to-

gether with the measured response.   

 

4.3 Numerical results from the parametric study 

Figures 21 and 22 depict the predicted failure mode of specimen 1 and specimen 2, respec-

tively,  as  predicted by the described numerical simulation  (ABAQUS [16], see also figures 

9 and 10 and 11). These predicted modes of local buckling of the IPE 240 flanges near the 

beam-to-column joint are in good agreement with the corresponding performance of the tested 

specimens. Figures 23 and 24 compare the envelop curves predicted by the numerical simula-

tion for specimens Tbeam-2 and Tbeam-4, respectively, with the corresponding envelop 

curves of the measured cyclic response for the same specimens. The predicted response was 

obtained by using either the isotropic or the combined hardening material model. As can be 

seen from figures 23 and 24 the introduction of the combined hardening material model yields 

a better agreement with the measured response than the isotropic hardening material model. 

The next stage in the numerical study was to systematically vary the various parameters 

that define the combined hardening material model. As could be seen, the variation of these 

parameters influences important aspects of the cyclic response such as the predicted flexural 

capacity as well as the plastic rotation range that the cyclic response remains stable in terms 

of bending moment and the plastic rotation range that the response deteriorates in terms of 

bending moment and the rate of this deterioration. 

This is depicted in figure 25 with the described numerical simulation applied for represent-

ing the cyclic response of specimen Tbeam-2. This resulted from an additional parametric 

study whereby the characteristic parameters that define the combined hardening model were 

varied within realistic limits in order to study the sensitivity of the obtained cyclic response to 

the values of these parameters. These parameters are σ0 (yield stress at zero equivalent plastic 

strain), C and γ (material constants)  Nip et al. [17] followed a certain experimental process 

whereby these parameters were defined in an explicit way through measurements obtained 

from tests of steel samples. The values that were found by Nip et al. [17] were utilized in the 

parametric study that was performed in the present work. Selective results from this paramet-
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ric study are presented in figure 25 whereby the value of parameter σ0 (yield stress at zero 

equivalent plastic strain) is in one case 250MPa and in the other case 308MPa whereas the 

values of the material constants C and γ remain the same for both cases. These two cases were 

selected from a considerable number of other trial cases. This selection was based on the fact 

that the resulting response exhibited the best possible comparison with the measured response 

of specimen Tbeam-2 as shown in figure 26.  
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Figure 25: Predicted cyclic response of the plastic hinge in terms of bending moment versus plastic hinge ro-

tation for specimen Tbeam-2 employing two variations of the combined hardening material model.  

  

Dynamic Tests 0.1Hz and 1.0Hz Steel Joint IPE240

with stiffeners Summary of Tests 8 to12 Tbeam-2

-160

-120

-80

-40

0

40

80

120

160

-0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05

Plastic hinge roation (rad)

B
e

n
d

in
g

 M
o

m
e

n
t 

a
b

o
v

e
 

s
ti

ff
e

n
e

rs
 (

K
N

m
)

Measured Test-11

Measured Test-12

Num. predictions σo=250MPa
 

Figure 26: Measured cyclic response of the plastic hinge in terms of bending moment versus plastic hinge ro-

tation for specimen Tbeam-2 and comparison with the best fitted numerical predictions employing the combined 

hardening material model. .   
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As can be seen in figure 25, the variation of the value of the parameter σ0 (yield stress at 

zero equivalent plastic strain) from 250 to 308 resulted in considerable variation of the pre-

dicted maximum value of the bending moment. In addition, as can be seen in figure 26, a rea-

sonably good agreement could be obtained between the measured in specimen Tbeam-2 and 

the predicted cyclic response in terms of maximum flexural capacity, dissipation characteris-

tics and deterioration of the flexural capacity for plastic hinge rotation values larger than 

0.023 radians, when the value of the parameter σ0 (yield stress at zero equivalent plastic strain) 

is set equal to 250MPa. 

 

5 CONCLUSIONS  

• The seismic performance of a steel beam-to-column connection was studied by subject-

ing two specimens of such steel beam-to-column connection specimens to imposed cy-

clic displacements with a variety of low to medium range strain rates. The tested 

specimens were constructed with prototype steel sections welded in a typical fashion. 

• Both these specimens performed in a quite similar way in terms of initial stiffness, max-

imum flexural bearing capacity and plastic hinge rotation corresponding to that flexural 

capacity. Both specimens developed local flange buckling modes of failure for plastic 

hinge rotation values approximately equal 0.023 radians, which represents a value ap-

proximately equal to 5Θpl. For values of plastic hinge rotation higher than 0.023 radians 

the deterioration of the flexural capacity became substantial for both specimens as the lo-

cal flange buckling mode of failure prevailed.  

• The consequence of the previous observation is that the employed strain rate variation in 

the used loading sequence of specimen Tbeam-2 from that of the loading sequence of 

specimen Tbeam-4 did not have any major influence on the observed cyclic response and 

limit state performance between these two studied specimens. However, this is a partial 

conclusions based on rather limited data. Therefore more research is needed to further 

investigate the strain rate influence on the beam-to-column connections earthquake per-

formance. 

• The numerical simulation of the tested specimens utilizing the capabilities of a commer-

cial software package yielded reasonable good agreement between both the measured and 

predicted cyclic response in terms of maximum flexural capacity, dissipation characteris-

tics and deterioration of the flexural capacity for plastic hinge rotation values larger than 

0.023 radians. Moreover, the numerical simulation also yielded realistic predictions of 

the limit state local buckling of the flanges of the used IPE 240 cross section thus exhibit-

ing good agreement with the observed performance. However, it is of utmost importance 

to have realistic estimates of the values of the parameters are σ0 (yield stress at zero 

equivalent plastic strain), C and γ (material constants)  which define the steel combined 

hardening material behaviour. 
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Abstract. This paper presents summary results from a numerical study that examined the dy-

namic behaviour of a mock-up of the proposed retaining wall scheme aimed at supporting the 

North ancient wall of the Macedonian Palace at Vergina, Greece. Part of this retaining wall 

scheme represents  the ruined ancient wall that will be restored. This wall will have at its 

base those monoliths of the ancient that survive in good condition so that can be used again. 

For the rest of the wall  new monoliths will be used which will be constructed in-situ for this 

purpose. The restored wall will be partly supported by an additional wall to be built at its 

back which will also support the ruins of the Macedonian palace. The restored ancient de-

fense wall will be connected at its back with special ties to the rest of the retaining wall 

scheme. The stability of the restored ancient wall is examined through a mock-up that simu-

lates the geometric non-linearities from the sliding and rocking of the monoliths as well as 

those from the special ties. The friction characteristics between the new prototype monoliths 

were investigated experimentally at the laboratory.  
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1 INTRODUCTION 

Ancient Greek and Roman walls are usually composed of large heavy members (monoliths) 

that simply lie on top of each other in an almost perfect-fit construction without the use of 

connecting mortar (figures 1 and 2). In this way they are distinctly different from other types 

of fortifications that use connecting mortar and different type of masonry construction. This 

type of dry stone masonry is also used as part of the typical structural form of ancient Greek 

or Roman temples of the peripteral form. The columns and the dry stone masonry are con-

nected at the top with the epistyle (entablature), also composed of monolithic orthogonal mar-

ble blocks, spanning the distance the columns and the stone masonry wall (figure 3). The 

earthquake response of free standing columns has been researched by the first author ([5 to 

18]) in the past as well as by other researchers ([1 to 4] and [19 to 27]). This paper focuses on 

the response of square monoliths that lie on top of each other without connecting mortar at 

their contact horizontal surfaces, as it is typical in the mentioned before dry stone masonry 

construction. 

Figure 1. Greek ancient walls at the ancient Palace of Tyrins, Greece. 
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Figure 2a. Mycenae, Greece, Outer wall Figure 2b. Part of the Hadrian wall, North of England 

Figure 3. The Erectheum, at the Acropolis of Athens. 

The seismic response mechanisms that develop on this solid block structural system during 

strong ground motions can include sliding and rocking of the various monoliths, thus dissipat-

ing the seismic energy in a different way from that of other forms of masonry. This paper pre-

sents results and conclusions from an experimental study that examines the dynamic response 

of such prismatic stone formations. Towards this objective the dynamic response of a simple 

dry stone masonry assembly that is composed by five (5) stones is studied. This stone dry-

masonry assembly is simply supported on the bottom of the first block (figure 4). It is then 

subjected to various types of horizontal base motions (including sinusoidal as well as earth-

quake base motions), reproduced by the Earthquake Simulator Facility of Aristotle University, 

as will be described in section 3.  

This study is partially linked with the North ancient walls of the Macedonian Palace of 

Vergina, Greece. At present, these walls are in a state of ruin; however, the restoration of 

these walls in their original formation is planned together with similar repair and restoration 

works for the Macedonian Palace itself. The restoration of the walls will utilize only those 

original monoliths that are in sound condition (figure 4). However, because such ancient 
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monoliths are in small numbers the construction of new monoliths, having the same dimen-

sions as the ancient ones is planned. 

a) View along the base of the North wall at the Vergina Macedonian Palace with the few remaining mono-

liths 

Figure 4.  The remains of the stone monoliths of the ancient North wall of the Macedonian Palace at Vergina 

Greece. 

Figure 5a. Detail of the horizontal contact surface 

of the new monoliths 

Figure 5b. Arranging two monoliths on top of each other at 

the laboratory of Strength of Materials and Structure at Ar-

istotle University 

 Such monoliths are shown in figures 5a and 5b as part of an experimental investigation 

that was conducted at the laboratory of Strength of Materials and structures of Aristotle Uni-

versity having as an objective to determine the coefficient of friction between these monoliths, 

as is reported in the next section. These monoliths were constructed in-situ at the archaeologi-

cal site of Vergina-Greece and were transported at the premises of the laboratory at Aristotle 

University. Prior to this, an experimental investigation was also conducted in order to deter-
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mine the compressive strength of the ancient monoliths as well as the new monoliths in com-

parison. However, these results are not reported here. 

2 STUDY OF FRICTION BETWEEN THE NEW MONOLITHS 

In this section summary results are presented as obtained from the study that was per-

formed in order to determine the coefficient of friction between the new monoliths that will be 

part of the restored ancient North wall of the Macedonian Palace at Vergina, Greece.   

a) Friction-sliding testing arrangement
b) Added dead load on top of the

tested monoliths 

Figure 6. Friction of the new monoliths at the laboratory 

The loading arrangement for these tests is shown in figure 6. One monolith (bottom mono-

lith, figure 6a) is attached on the strong reaction floor of the testing rig in a way that it cannot 

slide whereas the other monolith (top monolith, figure 6a) is simply supported on the bottom 

monolith in a way that it can slide on this contact surface when a horizontal force is applied 

very close to this contact surface. In order to permit the sliding displacement between the two 

monoliths only in the direction of the applied horizontal force and prohibit any other rigid 

motion  between the monoliths a set of two roller sliders were placed at either side of the top 

monolith as shown in figure 6b. Moreover, in order to study the influence of the amplitude of 

the dead load acting at a normal direction to the horizontal contact surface a number of con-

crete and steel blocks were placed above the top monolith for this purpose, as shown in figure 

6b.  Instrumentation was provided to measure the applied horizontal force as well as the hori-

zontal displacement that would develop at the contact interface between these two monoliths. 

Two displacement transducers were placed at either side of the monoliths in order to measure 

the sliding displacement at the interface. Moreover, apart from the load cell measuring the 

horizontal displacement the normal stress acting on the contact interface was obtained by di-

viding the weight of all the objects (top monolith as well as the concrete and steel blocks) 

placed above the top monolith by the area of the contact surface. This weight was varied in 

such a manner that it results in normal to the contact surface stress amplitudes varying in the 

following way: 

σn = 0.0126MPa,  0.0265MPa, 0.047MPa, 0.0686MPa and 0.0831Mpa 

Top Monolith 

Bottom Monolith 
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The sliding displacement was imposed gradually in the following way, shown in fig-

ure 7. For a given dead weight (in this case 35.32KN) the horizontal force was applied gradu-

ally that initially caused no sliding displacement. Next the horizontal force was increased and 

a sliding displacement of small amplitude was observed. The load/displacement was imposed 

in a cyclic seismic-type manner, as shown in figure 7 with a frequency of 0.10Hz. Next, the 

imposed sliding displacement was further increased in amplitude.  

Sliding of Vergina New Monolith Test 1  Dead 

Weight 35.32KN, Sliding displacement ±16mm
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Figure 7. Time history of imposed load/sliding displacement 

The last group of imposed load/displacement cycles reached an average maximum sliding 

displacement amplitude of ±16mm, as shown in figure 7. The obtained sliding response in 

terms of imposed horizontal load and resulting sliding displacement is depicted in figure 8.   

Sliding of Vergina New Monolith Test 1  Dead 

Weight 35.32KN, Sliding displacement ±16mm
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Figure 8. Cyclic friction load / sliding displacement cyclic response obtained for the Vergina new monoliths. 

As can be seen in figure 8, the cyclic sliding response of the two monoliths is stable 

resulting in a dynamic coefficient of friction equal to µ= 0.72. This value of the friction coef-

ficient remained almost constant for all the range of normal stress amplitudes that were tried 

during this experimental sequence, as already mentioned before. 
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3 PERFORMANCE OF THE STONE DRY-MASONRY ASSEMBLY UNDER 

HORIZONTAL BASE MOTIONS 

In what follows, summary results from the dynamic performance of the dry-masonry five-

stone assembly, mentioned in the introduction, will be presented. Two basic configurations 

are examined here; the first is that these stones are free to rock and slide till they become 

geometrically unstable and collapse. In the second configuration a practically non-deformable 

structure (steel beam) is built at the back of the stone formation that extends to the same 

height as the stone assembly. Whereas in the first structural formation the stone assembly and 

the steel beam are not connected in the second structural formation the upper three stones are 

connected with the steel beam with a system of flexible ties that can develop tensile and com-

pressive forces of certain limited amplitude. 

Figure 9. Testing arrangement of the five stone dry-masonry assembly 

The used testing arrangement is depicted in figure 9. A shear stack aluminum box filled 

with dry sand was rigidly secured on top of the earthquake simulator steel platform (shaking 

table). This box was hosted the foundation block of the five-stone dry masonry assembly as 

shown in figure 9. This foundation block was partially embedded within the sand and also 

carried, apart from the five-stone assembly, a counter weight lead mass rigidly fixed on the 

foundation block as well as a steel beam to be used to partially support the five-stone assem-

bly with horizontal links, as indicated in this figure. This is also shown in figure 10. This test-

ing arrangement was utilized in order to portray up to a point foundation conditions for the 

five-stone assembly that could be claimed to represent more realistically the in-situ soil-

foundation conditions of the ancient wall monoliths. A number of acceleration sensors were 
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rigidly attached on each of the five stones as well as on the foundation block. Moreover, addi-

tional acceleration sensors were also placed near the surface of the sand box as well as on the 

steel platform of the shaking table. These sensors are indicated in figure 9 from a1 to a8 and 

are also depicted in figure 10. 

Figure 10. Testing arrangement of the five stone dry-masonry assembly 

Five-stone assembly on the Sand-stack

Sinusoidal horizontal excitation 1Hz, Test 6a
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Figure 11. Acceleration response along the height of the unattached five-stone assembly 0.165g, Test 6a. 

3.1 Obtained results from sinusoidal tests with the unattached five-stone assembly 

In what follows, summary results will be presented from the dynamic tests of the five-

stone assembly when it was excited with sinusoidal horizontal base motions being unattached 

from the steel beam. A number of such dynamic tests were carried out keeping the frequency 

of the excitation constant (1.0Hz) and gradually increasing the amplitude of the base motion 

from test to test. Results from two tests will be shown here. Small rocking could be measured 

when the maximum horizontal base acceleration reached during a test the value of 0.15g, 

where g the acceleration of gravity. During the next test (Test 6a), despite the observed rela-

tive large amplitude of the base motion, the five-stone assembly did not develop any form of 

large rocking or sliding displacements leading to instability. The acceleration response along 
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the height of the five-stone assembly is depicted in figure 11. As can be seen in this figure, for 

a peak base acceleration equal to 0.165g the fifth (top) stone develops a peak acceleration of 

approximately 0.27g 

During the next test (Test 7a) with larger base excitation than Test 6a (0.173g), the five-

stone assembly developed large rocking displacement response as shown in figure 12. In addi-

tion, sliding between the various stones at their contact interface became also noticeable as 

depicted in figure 13. 

Figure 12. Large rocking displacement response of the unattached five stone dry-masonry assembly, being 

unattached from the steel beam 

Figure 13. Sliding between stone-blocks at the contact interface of the unattached five-stone assembly 

The acceleration response along the height of the five-stone assembly for Test 7a is de-

picted in figure 14. As can be seen in this figure, for a peak base acceleration equal to 0.173g 

the fifth (top) stone develops a peak acceleration of approximately 0.68g. It was observed in 

the past during the experimental sequences with columns having drums that for a given fre-

quency of excitation there is a boundary between the stable rocking response and the over-

turning. This boundary has relatively high values of non-dimensional excitation amplitude for 
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high frequency values and relatively low values of non-dimensional excitation amplitude for 

low frequency values. 

Five-stone assembly on the Sand-stack

Sinusoidal horizontal excitation 1Hz, Test 7a
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Figure 14. Acceleration response along the height of the unattached five-stone assembly (peak base horizon-

tal acceleration 0.173g, Test 7a) 

3.2 Obtained results from sinusoidal tests with the attached five-stone assembly 

Again, summary results will be presented from the dynamic tests of the five-stone assem-

bly when it was excited with sinusoidal horizontal base motions. However, the vive-stone as-

sembly is being now attached from the steel beam with relatively weak steel wires. A number 

of such dynamic tests were carried out keeping again the frequency of the excitation constant 

(equal to 2.0Hz) and gradually increasing the amplitude of the base motion from test to test. 

Results from two tests will be shown here. Small rocking could be measured when the maxi-

mum horizontal base acceleration reached during a test the value of 0.2g, where g the accel-

eration of gravity.  

Five-stone assembly on the Sand-stack attached with wire

Sinusoidal horizontal excitation 2Hz, Test 7b
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Figure 15. Acceleration response along the height of the attached five-stone assembly (peak base horizontal 

acceleration 0.4g, Test 7b) 

During the next tests, despite the observed relative large amplitude of the base motion, the 

five-stone assembly did not develop any form of unstable rocking or excessive sliding dis-

placements leading to instability. The acceleration response along the height of the five-stone 

546



assembly is depicted in figure 15 for test 7b. As can be seen in this figure, for a peak base ac-

celeration equal to 0.4g the fifth (top) stone develops a peak acceleration of approximately 

0.64g, responding in a stable rocking mode. However, during the next test (Test 8b) the five-

stone assembly developed unstable rocking response that was accompanied with the fracture 

of the wire links as is depicted in figure 16. The maximum acceleration measured at the top 

stone was in excess of 0.7g, as can be seen in figure 17 where the acceleration response along 

the height of the five-stone assembly is depicted.  

Five-stone assembly on the Sand-stack attached with wire

Sinusoidal horizontal excitation 2Hz, Test 8b
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Figure 17. Acceleration response along the height of the attached five-stone assembly (peak base horizontal 

acceleration 0.4g, Test 8b) 

As can be seen by comparing the measured acceleration response in figures 11 and 14 for 

the unattached mock-up five-stone assembly with the measured acceleration response of the 

same mock-up being this time attached with steel wire links with a supporting structure (fig-
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ure 15 and 17), the stability of the rocking response was retained for much larger base accel-

eration amplitudes when the steel links were present. 

4 CONCLUSIONS 

• The value of 0.72 was found as friction coefficient for the new monoliths to be used for

the restoration of the North wall of the Macedonian Palace at Vergina, Greece.

• The mock-up of a five stone dry masonry assembly developed stable rocking and unsta-

ble rocking dynamic response that was combined with sliding at the contact interfaces.

• This stable-unstable rocking response of the mock-up of a five stone dry masonry assem-

bly resembles similar behaviour that was observed for the response of mock-ups of an-

cient free standing columns with drums.

• Steel wire links with limited tensile capacity can have, up to a point, beneficial influence

on this stable-unstable rocking response of such type stone dry masonry. The stability of

the rocking response was retained for much larger base acceleration amplitudes when the

steel links were present than when the used mock-up of the five-stone assembly was un-

attached.

• In this case a supporting structure must also be properly designed to be used as support

system for such links.
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Abstract. This paper presents the loading arrangements that were conceived and constructed 

in order to tests in prototype scale the performance of the suspension devices (Column Head 

Assembly specimens) that are part of the total suspension system of the roof deck that will be 

constructed at the top of the Stavros Niarchos Foundation Cultural Center that is currently 

constructed at Athens, Greece.  Each suspension device utilizes 4 springs with a tensile ca-

pacity of two hundred tons and a corresponding extension of 300mm and two dampers with a 

maximum damping force of the order of 10tons. These springs and dampers form together 

with a stiff steel reaction frame and a sliding billet  the column head assembly (suspension 

device) with overall dimension approximately 4.4m x 4.4m in plan and 2.5m height. The billet 

can slide vertically within the core of the column head assembly approximately 250mm and 

withstand a vertical force of the order of 300tons. In order to test the performance of these 

column head assemblies at the laboratory prior to their being used in-situ a special loading 

arrangement was manufactured at the laboratory of Strength of Materials and Structures of 

Aristotle University. The basic loading functions of the suspension system of the roof deck 

that is to be constructed at the Stavros Niarchos Foundation Cultural Center is briefly de-

scribed as well as how this was simulated at the laboratory of Strength of Materials and 

Structures of Aristotle University in order to measure the performance of prototype suspen-

sion device specimens prior to being installed in-situ.  A special loading rig was designed and 

finally constructed to be utilized in the prototype testing of the performance of the springs. A 

series of linear and non-linear numerical simulations were employed towards securing the 

safe performance of this loading rig during the testing of the said springs. 
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1 INTRODUCTION 

This paper presents a summary of experimental procedures that were utilized to measure at 

the laboratory environment the basic components of a suspension system that is designed to 

be utilized in the suspended roof that will be built at the top of the building complex of the 

“Stavros Niarchos Foundation Cultural Center” that is currently constructed in Athens, that 

will be designated in the following as NCC. The drawing image of the NCC complex is de-

picted in figure 1a where it can be seen that the aerodynamically shaped hollow concrete roof 

deck is supported by a series of slender steel columns [1]. This hollow roof deck is formed by 

joining in-situ pieces of double relatively thin-skin cross-sections stiffened with vertical webs 

that are pre-constructed by fero-cement and specially formed steel reinforcement, as shown in 

figure 1b. The system that this roof is suspended from will not be visible as it will be built 

within the space left by the top and bottom thin skin faces of the hollow roof deck.   

 

 
 

Figure 1a. Suspended roof of the Stavros Niarchos 

Foundation Cultural Center 

Figure 1b. Parts of the suspended roof made of fero-

cement and steel reinforcement 

 

 
Figure 2. The supporting columns with the suspension devices shown schematically without the roof deck 
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The concept of this suspension system is shown schematically in figure 2. On top of every 

column a suspension device is constructed. These suspension devices are all the same for all 

columns that are named Column Head Assembly Type-4 (designated as CHA Type-4) except 

the four corner columns that are named Column Head Assembly Type-1 (designated as CHA 

Type-1). Each suspension device is formed by the following components: 

 
Figure 3. The horizontal strong square steel frame with the hollow cylinder at the center 

 

a) A horizontal strong square steel frame shown in figure 3 that is constructed with four 

corners where this frame is joined to the concrete deck and at the same time provides 

the bottom hinged support of the four springs that form the suspensions system. At the 

center of this strong frame a strong hollow cylinder is formed with a number of po-

lygonal webs from the outside and four identical vertical cylindrical surfaces from the 

inside that are constructed with special sliding material. 

b) A steel sliding core “billet” which is shown in figure 4 in its temporary supports. This 

sliding core (billet) of the suspension system is shown in figure 5 as it is lowered in a 

inside the hollow cylinder of the strong steel frame. This billet provided at its top 

hinged support for the springs of the suspension system. 

 

 
Figure 4. The sliding core “bil-

let” temporary supported out-

side of its host-steel frame 

Figure 5. The sliding core “billet” being lowered in position within 

its host-steel frame 
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c) Four identical springs having the required stiffness properties that join at their bottom 

end the four corners of the strong steel frame with the four hinges of the billet at their 

top end. This is depicted in figure 6. When the four corners of the steel frame do not 

bear any load the billet is at its lowest possible position and the springs are in their con-

tracted length. At this condition, the only load that is transferred at the bottom of the 

billet being supported at the top of the steel columns is the dead load of the components 

of this suspension system that is of the order of 50KN.  When the four corners of the 

strong steel frame are forced downwards with extra vertical load the this results in an 

extension of the spring by such a length that is required to equilibrate this vertical load. 

There are two types of springs. The ones depicted in figures 6 and 7 that belong to the 

CHA Type-4 specimen and are longer than the springs for the CHA Type-1 specimen 

that is depicted in figure 8. 
 

 
Figure 6. The sliding core “billet” in position within its host-steel frame and springs and dampers 
 

d) Two dampers (new dampers type-4 with the orange colour), that also join the top of the 

billet with the strong steel frame as shown in figure 6. Similarly, there are two types of 

dampers; first, the ones that belong to the CHA Type-4 specimen (figures 6 and 7) that 

are longer than the ones that belong to the CHA Type-1 specimen (figures 8 and 9) 

 
Figure 7. Springs and old dampers for CHA Type-4 
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Figure 8.  Springs for CHA Type-1 Figure 9. Springs for CHA Type-1 

 

 
Figure 10. Loading function of the suspension device  

 

2 BASIC LOADING FUNCTIONS OF THE SUSPENSION DEVICE AND 

EXPERIMENTAL SIMULATION 

2.1 Basic loading function of the suspension device.  

Figure 10 depicts the basic loading function of the suspension devise. The sketch in the 

middle of this figure depicts the suspension device carrying the dead weight of the roof deck 

(blue arrows). To perform this function, the following steps are necessary. 

 

a) The springs are initially extended, without internal forces, at a certain pre-determined 

length that corresponds to a relative zero condition. This initial extension of the springs 

corresponds to a vertical upward displacement of their upper length relatively to their 

bottom end which means that at this initial zero condition the billet has also being 

moved upwards by sliding into the hollow cylinder at the appropriate  location which 

represents for the billet the initial zero condition. At this initial zero condition the lower 

corners of the springs and the corresponding corners of the horizontal steel frame are 

secured being in contact with the corresponding host steel brackets embodied in the 

low thin-skin of the roof deck. At this stage the suspension devices are not carrying any 

of the roof deck load, as it is still supported by the temporary shoring. 
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b) Then, by applying the appropriate external pressure in the four springs simultaneously, 

the springs are developing internal tensile forces that step-by-step pick-up some portion 

of the dead weight of the roof deck.  

c) This operation is performed in turn gradually for all the suspension devices until the 

sum of the tensile forces that are exercised by the four springs of each suspension de-

vice to the roof deck equilibrate its total dead load. At this point, the roof deck is sus-

pended from the suspension system being freed from the temporary shoring which can 

thus be removed. 

d) With the suspension system at this Dead-Load condition when extra vertical load is ap-

plied downwards on the roof (snow, wind, seismic etc.) then the springs will be further 

extended in length to equilibrate this extra vertical load (red arrows, figure 10 left). 

This is possible, by an additional upward vertical displacement of the ends of the 

springs being hinged to the billet, which in turn slides upwards within the central hol-

low cylinder. The system at this condition has the springs extended to their maximum 

allowable length developing at the same time the maximum internal tensile forces that 

through the sliding “billet” core are transferred as maximum compressive vertical reac-

tions on top of the steel column supports. 

e) With the suspension system at this Dead-Load condition when extra vertical load is ap-

plied upwards on the roof (wind, seismic etc.) then the springs will be shortened in 

length appropriately to equilibrate this extra vertical load (pink arrows, figure 10 right). 

This is possible, by a downward vertical displacement of the ends of the springs being 

hinged to the billet, which in turn slides downwards within the central hollow cylinder. 

The system at this condition has the springs contracted to their minimum allowable 

length developing at the same time the minimum internal tensile forces that through the 

sliding “billet” core are transferred as minimum compressive vertical reactions on top 

of the steel column supports. 

f) The above steps d and e can also be seen in combination as being able to have each 

suspension devise being displaced from the condition where the springs have their min-

imum length and very little tensile force (zero load and zero vertical displacement con-

dition for the billet being at its lowest level) to the condition where the springs have 

their maximum length and their maximum internal tensile force (maximum load and 

maximum vertical condition for the billet being at its highest level). This rational will 

be made use of during the experimental process. 

 

2.2 Experimental simulation of the basic loading function of the suspension device.  

In order to study the performance of prototype suspension device specimens at the labora-

tory the rational stated in section 2.1. (step f) above was utilized [2]. That is a prototype sus-

pension device with all its parts being the prototype components was secured at the laboratory 

environment at a condition representing the minimum length of the springs condition section 

2.1. (step e). At this geometry of the suspension device the corners of the horizontal steel 

frame were secured on the strong reaction steel frame of the laboratory of Strength of Materi-

als and Structures as it is shown in figure 11. This was achieved by a system of pre-stressing 

steel rods. Moreover, with the suspension device fixed in this geometry the point where the 

sliding billet is supported on the prototype steel columns in-situ was secured here by support-

ing it to the rod of a hydraulic jack. This rod could be displaced upwards by a control system 

exercising in this way an upward force to the billet which by being equilibrated by the four 

springs would result to the springs being extended by the appropriate amount whereas at the 

same time the “billet” will also slide upwards by the corresponding amount of vertical dis-
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placement. This operation could be applied on a continuous manner till the suspension device 

reached the conditions with the four springs being extended at their maximum limit length 

which would correspond to the maximum upward vertical sliding displacement of the billet 

within the hollow steel cylinder. This condition corresponds to step d) above and obviously 

requires from the hydraulic jack to be able to apply a vertical force and a vertical displace-

ment that corresponds to the maximum level of forces the suspension device would develop 

during step d). This was approximately of the order of V=3000KN and δv = 250mm. This is 

depicted in figures 11 and 12. 

 
Figure 11.  The suspension device CHA Type-4 being supported at the strong reaction frame 

 

 
Figure 12.  The suspension device CHA Type-4 being supported at the strong reaction frame (brown and yel-

low colour) together with the hydraulic jack installed in a way to apply the required vertical load at the center of 

the billet 

With this laboratory loading arrangement (figures 11 and 12) the basic loading func-

tions of the prototype suspension device in-situ (section 2.1) was simulated in laboratory con-
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ditions. Two suspension devices were tried; the first on that was designated as CHA Type-4 

and the 2
nd

 one that was designated as CHA Type-1 (see introduction). A considerable num-

ber of tests were performed for each suspension device varying the following parameters: 

 

a1) The inclusion during testing in the device of the relevant two dampers. Thus the same 

tests were repeated with and without the two dampers. 

 

b1) The simultaneous application at the low part of the billet a certain level of horizontal load, 

as shown in figure 12, in order to check the performance of the device when apart from the 

upward and downward displacement each device was subjected to a certain level of bending 

moment with a tendency to create a rotation φ1 of the billet relative to the surrounding hollow 

steel cylinder, as is shown in figure 13. This horizontal load was applied through an additional 

horizontal hydraulic jack at the lowest part of the billet, as shown in figure 13. For each tests 

the level of horizontal load was kept constant whereas the level of vertical load and vertical 

displacement of the billet varied from the minimum to the maximum levels (section 2.1. steps 

d and e). For every vertical load variation two different levels of horizontal load (H) was 

checked, either horizontal load equal to zero (H=0) or horizontal load equal to H=400KN for 

CHA Type-4 or H=280KN for CHA Type-2., This combination of vertical and horizontal 

forces have been applied for all structural formations (with or without dampers).  

 
Figure 13. Imposed rotation of the billet relative to the hollow steel cylinder of the horizontal frame through the 

application of the appropriate horizontal load. 

 

c1) The vertical load (V) / vertical billet (δv) displacement that was applied through the verti-

cal hydraulic jack was applied in two different ways. First, this vertical displacement was ap-

plied in a continuous non-stop manner from the minimum to the maximum level and then 

after a brief stop back to the minimum level. Secondly, the vertical load (V) / vertical billet 

(δv) displacement was applied in 20mm vertical displacement intervals from the minimum to 

the maximum level and then after a brief stop back to the minimum level again in 20mm ver-

tical displacement intervals.  

 

The above parametric variation in the way the vertical load (V) / vertical billet (δv) 

displacement was applied was tried in combination with the variation of the previous two pa-

rameters; that is with or without the two dampers and with or without the horizontal H. This 

parametric variation was done together with the requirement to check the repeatability of the 

observed performance for each combination by performing at least three identical tests for 
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each combination. This resulted in a large number of tests and in a similar large number of 

corresponding measurements.  

2.3 Instrumentation scheme  

In order to measure the response of the various parts of the tested prototype suspen-

sion device specimens at the laboratory a number of load and displacement sensors were at-

tached on the specimens that were continuously recording during testing. The vertical and the 

horizontal load were measured at the location where they were applied at the bottom of the 

billet level (figure 13). Moreover, the vertical displacement of the sliding billet relatively to 

the surrounding hollow cylinder (and the horizontal steel frame) was measured with three ver-

tical displacement sensors that were fixed at the upper billet level (figure 3). The rotation of 

the billet relatively to the hollow steel cylinder was measured in two independent ways. First, 

by the differences recorded in the measurement of the vertical displacement of the billet rela-

tively to the surrounding hollow steel cylinder as these vertical displacement sensors were 

fixed in three different places at the periphery of the billet’s upper level. Secondly, by install-

ing horizontal displacement transducers that measured the horizontal displacement of the bil-

let relative to the hollow steel cylinder in two perpendicular directions at both the bottom 

billet level as well as at the top billet level. Apart from this instrumentation that is very essen-

tial to understand and describe the important behavioral characteristics of the performance of 

the CHA specimens additional instrumentation was also provided in order to che proper op-

eration of the experimental facility especially that of the supporting reaction frame. For this 

purpose, additional displacement transducers were installed in order to ensure that the CHA 

specimens were practically fixed at their four supports; in addition, strain gauges were also 

installed on the pre-stressing bars in order to get the proper warning in the case of an acciden-

tal overstress of these pre-stressing rods in transferring the forces that developed on the sus-

pension device during testing. 

 

3 DESIGN AND CONSTRUCTION OF A LOADING RIG FOR TESTING THE 

INDIVIDUAL SPRINGS.  

The tests of the full Column Head Assembly units (suspension devices), either Type-4 or 

Type-1, were complemented by a sequence of tests of every individual spring and damper that 

formed these CHA specimens. More than one hundred spring of the same type will be em-

ployed in the suspended roof of the Stavros Niarchos Cultural Center. In order to test the per-

formance of these springs at the laboratory prior to their being used in-situ a special loading 

arrangement was manufactured at the laboratory of Strength of Materials and Structures of 

Aristotle University. A numerical simulation of this loading arrangement was built prior to the 

actual manufacturing in order to check its design and its expected performance.  In what fol-

lows the basic steps of the design of the loading rig for these springs are briefly described to-

gether with the numerical simulations that were employed as part of this design process that 

led finally to the construction of this loading rig in the laboratory. 

These springs have a maximum tensile capacity of two hundred tons and a corresponding 

extension in their length of 300mm. Their initial length is approximately 2.0m and their cy-

lindrical part has a diameter of approximately 200mm. This paper presents the most interest-

ing parts of this simulation together with the actual capabilities of this loading arrangement 

during the stiffness testing of the described springs. The numerical simulation of this loading 

rig is depicted in figure 14. It is formed of two basic parts. The first is formed by two horizon-

tal UPN320 steel sections that are joined together at the right end by a stiff horizontal steel 
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block whereas they are joined together in the front with a vertical steel plate that also forms 

the basis of hydraulic jack (figure 14a). To the left of the hydraulic jack in figure 14a the load 

cell measuring the applied load is located. Through this loading cell the far left end vertical 

steel rigid block is forced horizontally towards the left. This steel block is connected with pre-

stressing rods with a similar rigid steel block that is placed at the middle of the loading rig 

between the UNP320 steel sections. The spring to be tested in axial extension is hinged in this 

steel block (green colour) as well as in the steel block at the far right of the loading rig. When 

the hydraulic jack is extended horizontally outwards from right to left it also forces the far left 

rigid steel block and through the pre-stressing rods the middle steel block. Thus, the spring 

that is secured between the middle and the far right steel blocks is appropriately extended by a 

similar amount of horizontal displacement. The force that is required for this horizontal exten-

sion of the spring depends upon the stiffness properties of the tested spring and it is provided 

by the hydraulic jack because the vertical rigid blocks are sliding horizontally in unison pro-

viding almost zero horizontal resistance. 

 
a) Conceptional representation of the loading rig 

 
b) The transfer of the horizontal forces from the hydraulic jack to the hinged spring 

 
c) The main horizontal deformation mode of the loading rig. 

 

Figure 14. The concept of the loading rig and its numerical simulation 
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3.1 Static numerical analysis results  

The numerical analyses results helped to identify the level of stresses that developed at the 

various parts of this loading rig and facilitate in this way its design and construction. Typical 

results are shown in figures 15a and 15b that depict the maximum (tensile) and minimum 

(compressive) axial stresses in MPa, respectively, that develop in the various steel parts of the 

loading rig for the maximum applied horizontal load of 2000KN (figure 14b). From the nu-

merical analyses it could be seen that the most stressed parts are the two UPN320 steel sec-

tions in compression. 

 

 
a) Tensile principal stresses (MPa) 

 
b) Compressive principal stresses (MPa) 

 

Figure 15. Axial stress distribution for the maximum horizontal load condition of 2000KN 

 

3.2 Modal dynamic numerical analysis results  

In this section the modal analysis results will be briefly presented and discussed. As part of 

the testing sequence was to test the spring in dynamic loading with a frequency of 0.75Hz the 

modal dynamic numerical analyses were aimed to understand the fundamental modes of vi-

bration of this loading rig. 
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a) Pure horizontal translational mode 

 
b) Torsional y-z response of the right steel block together with the UPN320 steel sections 

 
c) Rotational x-z response of the far left and middle steel blocks joined with the pre-stressing rods. 

 

Figure 16. First three modes of vibration of the loading rig. 

 

The first fundamental modes of vibration are depicted in figure 16a, b and c. It can be seen 

that the fundamental mode of vibration that is the pure horizontal translational mode, which 

coincides with the main displacement pattern that this loading rig is designed to be utilized 

during testing, is for an eigen-frequency equal to 11.292Hz which is a much higher value than 

the excitation of 0.75Hz that is the dynamic testing frequency. Moreover, the next two modes 

of vibration although at high frequencies demonstrate a tendency of the loading ring to de-

form in torsional and rigid body rotational modes  that can be considered as undesired for the 

main testing objectives of this loading rig. An effort was made to prohibit these undesired 

modes of vibration  by adding a minimum number of support restrains. These restrains were 

also materialized in the construction stage of this loading rig. Initially, a support was added at 

the far right steel block (see figures 16a and 17a) in order to prohibit the previously observed 

torsional response (figure 16b). Next, additional supports were added at the far left block pro-

hibiting its x-z rotational response. 
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a) Pure horizontal translational mode 

 
b) Torsional y-z response of the middle steel blocks joined with the pre-stressing rods. 

 
c) Non-symmetric buckling mode of the UPN320 steel sections  

 

Figure 17. First three modes of vibration of the loading rig. 

 

The first fundamental modes of vibration this time are depicted in figure 17a, b and c. It 

can be seen that the fundamental mode of vibration that is the pure horizontal translational 

mode, which coincides with the main displacement pattern that this loading rig is designed to 

be utilized during testing, remains almost unchanged with an eigen-frequency equal to 

11.296Hz which again is a much higher value than the excitation of 0.75Hz that is the dy-

namic testing frequency. The next mode is a y-z rotational response of the middle steel block 

whereas the third mode is a buckling flexural mode for the double UPN320 steel sections. 

These later eigen-modes have relatively very high eigen-frequency values (47Hz and 77Hz).  

Again, an additional effort was made to prohibit the second mode of vibration by adding  

again some extra restrains in the middle steel block. The corresponding modal analysis results 

are depicted in figures 18a, b and c. 
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a) Pure horizontal translational mode 

 
                                b) Non-symmetric buckling mode of the UPN320 steel sections 

 
c) Symmetric buckling mode of the UPN320 steel sections 

 

Figure 18. First three modes of vibration of the loading rig. 

 

It can be seen that the fundamental mode of vibration that is the pure horizontal transla-

tional mode, which coincides with the main displacement pattern that this loading rig is de-

signed to be utilized during testing, remains almost unchanged with an eigen-frequency equal 

to 11.296Hz which again is a much higher value than the excitation of 0.75Hz that is the dy-

namic testing frequency. The rigid body rotational modes are prohibited. Instead, the next two 

eigen-modes of vibration are the non-symmetric and the symmetric buckling flexural modes 

of the double UPN320 steel sections. These later eigen-modes have relatively very high ei-

gen-frequency values (77Hz and 80Hz). As already mentioned before, certain measured were 

taken in the construction process to insure that these undesired modes of torsion or rigid body 

rotation were prohibited. The finished loading rig is depicted in figure 19. 
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a) The loading rig for the springs Type-1 

 
b) Placing a Type-4  spring in the loading rig for testing 

 

Figure 19. The loading ring for the springs during testing 

3.3 Static non-linear analysis to identify the bearing capacity of the UPN320 steel 

cross-sections.  

As shown in sections 3.1. and 3.2. the UPN320 steel cross-sections develop considerable 

compressive stresses for the maximum test load that are of the order of 140MPa. In addition, 

the modal analysis results demonstrated that the non-symmetric and the symmetric modes of 

vibration are the two modes expected to develop in the system after the pure horizontal trans-

lational mode, when the torsional and rotational modes are prohibited with the proper restrain-

ing. In order to investigate the bearing capacity of the loading rig against this type of buckling 

an additional numerical simulation was performed. In all these numerical simulations the ac-

tual dimensions and mechanical properties of the steel cross-sections were employed. More-

over, both end supports were considered to be hinged. Initially, the two UPN320 sections 
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were joined together only at their ends. Next these two steel cross sections are joined at mid-

span with two steel stiffening steel plates with dimensions 600mm x 50mm and 5mm thick, 

that were placed at either side as shown in figure. The non-linear numerical analyses were 

performed utilizing the capabilities of the ABAQUS commercial software package ([3], [4]). 

As can be seen in figures 20b and 20d the buckling bearing capacity is equal to 3550KN in 

the case without the stiffeners and increases to 3810KN when the described stiffeners are put 

in place. When these buckling bearing capacity values are compared with the target axial load 

of 1900KN a safety factor value is found equal to 1.868 and 2.005 for the case without and 

with the stiffeners, respectively 

 

 

 

 

 

 

 

 

 
a) Central Axial loading  

b) Bearing capacity 3550KN 

 

 

 

 

 

 

 

 

 
 

c) Central Axial loading with stiffeners  

 

 

 

 

 

 

 

 

 
d) Bearing capacity 3810KN 

 

 

 

 

 

 

 

 

 
e)  Eccentric axial loading (e x = ey = 20mm) with 

stiffeners 

 

 

 

 

 

 

 

 

 
       f) Bearing capacity 3400KN 

 

Figure 20. Numerical simulation results of the buckling bearing capacity 

 

Finally, the last case with the stiffeners is numerically simulated again; this time, however, 

the axial load is applied with an accidental eccentricity in both the x and y direction equal to  

e x = ey = 20mm.  The bearing buckling capacity this time is found equal to 3400KN that cor-

responds to a safety factor value equal to 1.789. 

All these safety factor values ensure the safe performance of the described testing rig. This 

designed loading rid was constructed and was successfully utilized for all the  
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4 CONCLUSIONS  

• The basic loading functions of the suspension system of the roof deck that is to be con-

structed at the Stavros Niarchos Foundation Cultural Center is briefly described as well 

as how this was simulated at the laboratory of Strength of Materials and Structures of Ar-

istotle University in order to measure the performance of prototype suspension device 

specimens prior to being installed in-situ.   

• Each one of these suspension devices (Column Head Assemblies) is composed of a steel 

rigid frame that has in its center a hollow steel cylinder that hosts a sliding billet. In addi-

tion there are four springs and two dampers that are hinged at their bottom end to the  rig-

id steel frame and at their top to the sliding billet. Apart from testing the performance of 

the Column Head Assembly specimens the performance of the prototype springs and 

dampers that form these suspension devices were also tested in the laboratory. 

• A special loading rig was designed and finally constructed to be utilized in the prototype 

testing of the performance of the springs. 

• A series of linear and non-linear numerical simulations were employed towards securing 

the safe performance of this loading rig during the testing of the said springs. 
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Abstract. The present study focuses on the description and the application of a seismic re-

strainer system on a large scale bridge of Egnatia Highway for limiting the longitudinal 

bridge seismic movements. The investigated mechanism is considered as an alternative solu-

tion to the use of dampers that limit the longitudinal movements, as well. The restrainer sys-

tem consists of a group of struts - ties that are anchored at the one end in the outer span of 

the bridge and at the other end in the abutments in a manner that the abutments are activated 

along with their embankment under seismic loading and the piers develop lower seismic forc-

es. The cross section of the struts –ties consists of a group of common steel rebars of medium 

diameter that are placed in a cold formed tube inside the bridge sidewalks. Regarding the ex-

perimental study and, generally, the evaluation of the efficacy of the restrainer system, espe-

cially regarding the behavior of the system under compression loading, a series of 

experimental sets were conducted. The experimental procedure aimed on identifying the me-

chanical response of the steel rebar-tube system against buckling. After the completion of the 

experiments, the experimental results were used in the analytical modeling of the bridge with 

the restraining mechanism. Nonlinear seismic analysis was performed on the benchmark and 

the modified bridge systems for the evaluation of the effects of the presence of the restrainer 

system on the bridge response. The results from the analysis showed remarkable changes in 

the bridge seismic behavior and significant conclusion for the efficiency of the restraining 

system could be drawn. 
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1 INTRODUCTION 

In the last decades, there have been several research efforts for developing innovative meth-

ods[1] for the seismic design of bridges. In general, seismic isolation [2] which involves de-

vices, such as bearings (i.e. elastomeric, lead) or dampers (i.e. hydraulic, viscous), is the 

design method that has been used at most. Another common design practice is the design of 

bridges as ductile structures[3] that aim on the contribution of the post-elastic behavior of the 

structural components of the bridge, i.e. more often the piers. Except from the contribution of 

piers, international seismic design codes, i.e. Eurocode [4] and researchers [5] suggest the par-

ticipation in the seismic resistance of other structural members of bridges such as the abut-

ments. The ongoing research has shown that except the traditional seismic links that transfer 

forces to the abutments there are further effective systems that can activate their participation. 

The activation of the abutments can be achieved with link slabs [6], [7], friction slabs[8] and 

other examples that include the design of the approach slab for the connection of bridges with 

the abutments [9], the design of integral abutments with transversely directed R/C walls [10] 

and the design of sidewalks connected with the abutments as restrainers [11]  that can partici-

pate in the seismic resistance of bridges. In addition, improved seismic response of bridges 

especially against increased seismic longitudinal movements can be achieved with the use of 

steel or cable restrainers [12]. It is common in practice the cable restrainers to be used in ret-

rofit solutions of existing bridges for limiting the relative longitudinal movements between 

the abutments and the deck of the bridge and between intermediate joint spans and joints in 

simply supported bridges while they can be used in bridge design, as well.. A lot of research-

ers have focused on studying the design of this seismic restraining system [12]–[14] and the 

seismic response of bridges with steel restrainers [15], [16] or restrainers with enhanced mate-

rials like shape memory alloys [16]–[18].Although, the restrainers are considered effective in 

limiting longitudinal displacements, there are issues related to their response since a) they 

present the limitation of developing unilateral response, because they are activated only under 

tension loading, b) they are designed with a slack which can result in their late activation un-

der seismic excitation and c) as it is stated in Caltrans[19] an effective design method hasn’t 

been proposed yet. As a result there are cases were steel restrainers failed under strong earth-

quakes such as in Loma Prieta 1989 and Northridge 1994. 

In the frame of developing alternative methods for anti-seismic design, which are effective 

and with minor cost, the authors have presented in previous research work, [20] [21][22], a 

restraining system with bundles of steel rebars, which are installed on R/C bridges between 

deck and the abutments and can increase the contribution of the abutments to the bridge seis-

mic resistance and limit the longitudinal bridge seismic movements aiming at the decrease of 

the seismic forces on the main structural members, the piers. Although, the proposed mecha-

nism has some common characteristics with the steel restrainers, it has distinguishing differ-

ences regarding the actual response of the system and the goal of the application of this 

method which is the alteration and improved response of the whole bridge system and not the 

local limitation of bridge movements.  The key part of the behavior of the steel bundles is that 

they can be activated under tension and compression loading, acting as a struts-ties system. It 

is noted that the restraining system of struts-ties can be applied with some modifications, re-

garding its installation, in the superstructure of the bridge for the seismic retrofit of concrete 

bridges, as well [23]. The aim of the present study is to accommodate mechanic response is-

sues that arise regarding the response of the proposed mechanism under compression loading. 

The steel bundles are placed inside ducts that prevent the transverse deformation of the steel 

bundles that could be developed due to buckling. An experimental study was conducted for 

justifying the effective response of the steel bundles. The density, which is the level of filling 
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of the duct with steel bundles, is considered as the main parameter of the experimental inves-

tigation. The specimens tested in the experiment included duct cross sections that had variable 

densities, filling levels. After the completion of the experiment, the experiment results were 

used for evaluating the seismic response of a three span R/C bridge with the proposed mecha-

nism. 

 

2 LONGITUDINAL STRUTS - TIES SYSTEM  

The restraining system can be described as a mechanism that reduces bridge seismic dis-

placements through the activation of its components that act in tension and compression, 

(struts-ties), as well. The mechanism can be applied in different bridge classes. In the present 

study the mechanism is investigated for its response regarding the application on a bridge wih 

the piers monolithically connected to the deck. A schematic representation is shown in Fig. 1. 

The restraining system involves the installation of four bundles of steel bars in the sidewalks 

of the deck of the bridge. The steel bundles are installed along the longitudinal direction of the 

bridge and each two bundles are placed in the outer spans of the bridge extending through the 

abutments’ wing walls. The steel rebars are placed in ducts in order to avoid bonding between 

the steel bars and the concrete of the bridge. The steel bars are only bonded with the concrete 

at their ends to ensure sufficient anchorages. Each of the four bundles consists of groups of 

steel bars inside the ducts. The steel bars have common steel strength (i.e. S500) and medium 

diameters of 14mm or 16mm.  

The proposed system under seismic excitation receives seismic forces and limits the longi-

tudinal seismic displacements. The steel bundles transfer part of the seismic action to the 

abutments and the piers receive the rest. In this manner, the abutments that are usually de-

signed not to contribute to the seismic response participate in the seismic resistance, while the 

piers continue to have the major role in the seismic response as the main structural members. 

It shall be noted that balance between the contribution of the piers and the abutments is neces-

sary for ensuring an effective bridge seismic behavior with the creation of plastic hinges at the 

piers and the capacity of the abutments , [22]. Furthermore, the proposed mechanism is acti-

vated by in service loading, as well. The steel bundles are in tension during deck contraction 

and are compressed during deck expansion. Regarding the design of the system the elastic re-

sponse of the steel rebars under in-service loading is considered as a prerequisite, [22].   

Regarding the aforementioned seismic and in-service response, it is assumed that the bun-

dles of the steel bars are not only activated as tension members but also as members that re-

ceive compression. This assumption is based on the fact that the installation of the steel bars 

inside the bridge concrete protects them from any buckling issues. However, the area at the 

outer joint is the most sensitive regarding the response of the steel bars under compression 

because of the gap between the decks ad abutments concrete and may induce concerns regard-

ing buckling failures. The following experimental study was conducted in order to eliminate 

any concerns regarding the development of an effective response without any bucking occur-

ring. 
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Figure 1: Restraining System. a. Longitudinal view of the bridge, b. Detail 1: cross section of the deck of the 

bridge, c. Detail at the Expansion Joint between Deck and Abutment 

 

3 EXPERIMENTAL STUDY 

3.1 Aim of the study  

The target of the experimental investigation is to study the mechanical behaviour of the steel 

bundles under compression loading. For this purpose several steel bundle specimens were 

tested. By evaluating the experimental results the goal is to indicate whether the use of the 

steel bundles in plastic ducts as struts is can be assumed, in other words if the reception of 

compression loading without buckling is feasible. In addition to the compression tests, a ten-

sion loading test on a steel rebar was conducted for identifying the expected stress-strain re-

sponse of the steel rebars. 
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3.2 Parameters  

The proposed mechanism suggests that the steel bundles are placed inside ducts that pre-

vent the transverse deformation of the steel bundles that could be developed due to buckling. 

The parameters that were studied are the following: 

 One main parameter is the presence or not of concrete around the steel bundles. The 

presence of concrete corresponds to the position of the steel bundles inside the bridge 

concrete and the absence of concrete corresponds to the area of the expansion joint 

where the steel bundles are exposed to the environment.  

 Another significant parameter of the experimental investigation is the level of filling 

of the duct with steel rebars. The specimens tested in the experiment included duct 

cross sections that had variable filling levels. 

  

3.3 Specimens  

In Table 1 the specimens that were used in the experimental tests are presented. The spec-

imen scale is 1:2. The Table 2 includes the name of each specimen, the characteristics, rebar 

diameter, number of rebars and surrounded by concrete or not, and the filling level. A total 

number of 10 specimens were studied. Common steel rebars were used for the research with a 

diameter of 8mm. The filling level of 76% is the highest feasible for the available diameters. 

The two large classes of specimens are steel bundles that are inside concrete and bare steel 

ducts. The ducts used were steel type, 30cm log and had 30mm outer diameter (26mm inner + 

4mm wall thickness). High strength concrete (emaco) with spiral 4mm transverse reinforce-

ment was used in order to simulate the presence of the massive bridge concrete. A square steel 

plate with a steel dowel welded on it was used to all specimens for accommodating the re-

quirement for a smooth surface in order to transfer the compression loading to the steel bars 

inside the ducts uniformly. The two arrangements are shown in Fig. 2 and Photo 1. 

              

                                                

                    

 

Figure 2:. a) Specimen S-NC b) Specim.  S-C          Photo 1:. a) Specimen S-NC b) Specimen S-C 

 

Concrete No Concrete 

Name Characteristics Density (%) Name Characteristics Density (%) 

S-C-1 4D8mm 38% S-NC-1 4D8mm 38% 

S-C-2 5D8mm 47% S-NC-2 5D8mm 47% 

S-C-3 6D8mm 57% S-NC-3 6D8mm 57% 

S-C-4 7D8mm 66% S-NC-4 7D8mm 66% 
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S-C-5 8D8mm 76% S-NC-5 8D8mm 76% 

 
Table 1 : Specimen Properties 

3.4 Test Set-up and Results 

The experiment was conducted in Aristotle University of Thessaloniki. The preparation of 

the specimens took place at the Laboratory of Masonry and Concrete Structures and the tests 

were performed with the Compression Machine at the Laboratory of Experimental Strength of 

Materials and Structures in Aristotle University of Thessaloniki. The specimens were centred 

on the table of the machine and the steel smooth plates were placed at the top of the speci-

mens so that the loading part of the machine could rest on them. The target of the process was 

to induce clear compression loading to the steel bars without any bending or lateral additional 

forces.  

 
Photo 2: Test set-up 

 

 

        
                                                      (α)                                                    (b) 

Photo 3: a) Tension Test, b) Rebar Failure 

Photo 2 shows the test set up for the compression of the specimens. The deformation of the 

specimens was measured during the experiments, as well.  The machine used for these tests 

had a capacity of 20 tonnes in the vertical direction and only static loading could be applied. 

The compression tests were performed until the failure of the steel bars and returned the ma-

chine back to zero loading. After the completion of the compression tests, a tension loading 

test was performed on a single steel bar, Photo 3. 

As it has been described in the previous sections the purpose of the experimental study was 

to determine whether or not buckling occurs. Regarding buckling the critical buckling load is 

calculated from the well-known Euler Equation, where E is the Modulus of Elasticity, I is the 
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Moment of Inertia, L is the Length and K is the effective length coefficient depending on the 

support conditions. Figure 3 presents the K factor values depending on the support conditions. 

 

2

2

* *

( *L)
crP

  



 (1) 

        
Figure 3 :. Buckling modes and k effective length coefficient 

 

In Table 2, the critical load and stress due to Euler buckling is presented for all different 

support conditions. 

 

Δοκίμιο 
Peuler (hinges) 

[kN] 

σeuler 

(hinges) 

[MPa] 

Peuler (fixed at 

one end) 

[kN] 

σeuler 

(fixed at one end) 

 [MPa] 

Peuler (fixed) 

[kN] 

σeuler 

(fixed)  

[MPa] 

S-C-1 S-NC-1 65.6 326.26 66.94 332.93 131.20 652.54 

S-C-2 S-NC-2 82. 326.26 83.67 332.93 164.00 652.54 

S-C-3 S-NC-3 98.4 326.26 100.41 332.93 196.80 652.54 

S-C-4 S-NC-4 114.8 326.26 117.14 332.93 229.60 652.54 

S-C-5 S-NC-5 131.2 326.26 133.88 332.93 262.40 652.54 

 

Table 2 : Specimen critical buckling loading 

 

Photo 4 shows the specimens after the completion of the compression tests. The force-

displacement and stress-strain curves derived from the experimental study are shown in Fig. 4 

and 5 respectively.  Regarding the S-C specimens, that are surrounded by concrete, the obser-

vation of the experimental results and the comparison of the results to the buckling loading 

shows that the specimens failed without any buckling occurring before their failure. In fact, 

the stress-strain curves follow the stress-strain curve that was derived by the tension test. Re-

garding the N-SC specimens, the response is differentiated depending on the filling level of 

the ducts. There are cases where buckling occurs before yielding. Characteristic examples of 

such failures are specimens S-NC-1 and S-NC-2. From the experimental results, it can be 

concluded that the sparse (<50%) application of steel bars in a duct has negative effects on 

their response under compression loading. In the case of high densities the performance is 
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gradually improved and is similar to that of the tension loading behavior. Especially, in the 

case of the highest filling level the walls of the steel duct were engaged in the response of the 

steel bundle due to the development of friction forces resulting in higher forces than the fail-

ure of the steel bars. 

 

 
          (a)                                                      (b) 

 
                 (c)                                    (d) 

Photo 4 : (a) Specimen Failure S-NC-1, (b) Specimen Failure S-NC-2, (c) S-NC Specimens, (d) Spesimen S-C 

after test completion 

 

 

 

Figure 4 : Force - Displacement Curves  
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Figure 5 : Stress - Strain Curves 

 

The high activation of the proposed system has two side effects. The one refers to the fact 

the friction forces that appear between the steel rebars and walls of the steel duct lead to the 

early damage of the steel duct, which is not a preferable response for the system. In addition, 

the amount of forces that would be transferred by the mechanism to the abutment would be 

higher than the expected and could induce capacity issues to the abutments. As a result a level 

of 67-72% of filling or in other words 7 bars in a duct is a solution that shall be acquired for 

the analytical investigation of the effectiveness of the proposed mechanism. 

 

4 ANALYTICAL STUDY 

The results from the experimental study were used in an analytical case study that evalu-

ates the effectiveness of the proposed mechanism on the seismic response of bridges. 

4.1 Description of the Reference Bridge 

The Reference Bridge that was used foe the analytical study is a monolithic three span pre-

stressed R/C bridge. The end spans are 45.10m, the middle is 45.60m and the total length is 

135.80m. The deck is a concrete box section, connected to the piers monolithically, and is 

supported on the abutments by low friction sliding bearings. The piers are circular and are 

founded on 3x3 pile groups. The bridge’s abutments are seat-type and have transverse seismic 

links-stoppers. The bridge is founded on ground type B and the area is in seismic zone I, [24]. 

A 3-D finite element bridge model, Fig. 6, was generated in the analysis software OpenSees, 

[25], accounting for abutment-embankment interaction. 

 

  
Figure 6 : 3-D Reference Model 
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                               (a)                                                  (b)                                                        (c) 

Figure 7 : a)M-φ curve, b) Abutment P-Y curve, c) Sliding Bearing 
Bridge members are modeled with frame elements with material nonlinearities. The section 

analysis, Fig 7(a), for the assignment of concentrated plasticity (hinges) at the top and bottom 

of piers was performed with AnySection v4.0.6,[26]. The foundation springs were provided 

by the geotechnical report. The passive resistance of the abutments due to embankment mobi-

lization was simulated according to Shamsabadi guidelines [12],[13] and the HyperbolicGap 

compression material was used in OpenSees, Fig 7(b). The sliding Bearing were modeled as 

shown in Fig 7(c). 

The proposed mechanism is modeled as nonlinear springs as shown in Fig. 6. The nonline-

ar response of the steel bars was derived from the stress-strain experimental results. The stress 

– strain curves for tension and compression were bi-linearized. Respectively to the experiment 

7 rebars of a 16mm diameter were used in a steel duct of 52mm inner diameter, as the initial 

size of the mechanism. In the parametric investigation there were used 1-7 steel ducts in each 

steel bundle. The bi-linearization of the two stress-strain curves showed almost symmetrical 

response under tension and compression which is the initial assumption for the proposed 

mechanism. In the finite element model the response of the mechanism is modeled as a force-

displacement response including the cross section of one steel bundle based on the stress - 

strain curves. The steel bundle yielding force and yielding displacement is calculated by equa-

tion (2), where  σy is the yielding stress, A the cross section of the steel bundle, L is the length 

of the steel rebars without accounting for the anchorage lengths and εy is the yielding strain. 

The resulting curves are shown in Fig. 8. 

* , *Ly y y yF     
 
                              (2) 

 

 
Figure 8 : Steel bundle nonlinear spring response 

  

The proposed mechanism was studied for various characteristics regarding the cross sec-

tion and length of the steel bundles, in order to indicate the efficiency of the system in limit-

ing seismic movements and seismic actions on the piers. The properties of the system used for 

the analytical study are presented in Table 3 sorted by initial stiffness. The minimum length of 
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the longitudinal bars is determined based on the condition that the steel bars remain elastic 

under serviceability loading,[23]. The seismic analyses were conducted using five artificial 

accelerograms complying with seismic design zone I. Table 4 shows the analysis results for 

the Reference Bridge. In Figure 9 the displacement, shear and moment reductions and the re-

sponse of the steel bundles are shown for the two earthquake intensities respectively. 

 
Steel Bundle Κel [kN/m], Lmin=17.7m 

Steel Duct (D52mm) No. of Bars L=1.25Lmin L=1.5Lmin L=1.75Lmin L=2.0Lmin 

1 7D16 12722.56 10602.14 9087.545 7951.602 

2 14D16 25445.13 21204.27 18175.09 15903.2 

3 21D16 38167.69 31806.41 27262.63 23854.81 

4 28D16 50890.25 42408.54 36350.18 31806.41 

5 35D16 63612.81 53010.68 45437.72 39758.01 

6 42D16 76335.38 63612.81 54525.27 47709.61 

7 49D16 87240.43 72700.36 62314.59 54525.27 

 
Table 3 :  Steel Bundle Properties 

 

0.16g 
max U1 [m] max V2 [KN] max M3[KNm] 

0.08 4826 18968 

 
Table 4 :  Reference Bridge Analysis Results 

 

The analyses results indicate remarkable reduction, up to 50% in the longitudinal bridge 

movements and moment and shear force at the piers, as well, especially when large steel bun-

dle cross sections and small steel bar lengths are used. The efficiency of the mechanism is re-

duced when the length of the steel bundles is increased or the cross section of the steel 

bundles is low. Regarding the steel bundles, they have inelastic response for small steel bar 

lengths and a length increase leads to less stresses on the steel bars.  

 

 

1.25Lmin 1.50Lmin 1.75Lmin 2.00Lmin
0

10

20

30

40

50

60

K
Bundle

 

M
ax

im
u

m
 L

o
n

g
it

u
d

in
al

M
o

v
em

en
t 

R
ed

u
ct

io
n

 [
%

]

1.25Lmin 1.50Lmin 1.75Lmin 2.00Lmin
0

10

20

30

40

50

K
Bundle

 

M
ax

im
u

m
 P

ie
r 

 
S

h
ea

r 
R

ed
u

ct
io

n
 [

%
]

 

 

7D16 21D16 28D16 35D16 42D16 48D16

0.16g

0.16g

578



Olga G. Markogiannaki, Ioannis S. Tegos 

 

 

 
Figure 9  :  Analysis Results, 0.16g 

 

The forces that are developed at the proposed mechanism are transferred to the abutments. 

It is noted that the level of the aforementioned forces is acceptable for the capacity of the 

abutments, which indicates another aspect of the efficiency and applicability of the proposed 

system. 

 

5 CONCLUSIONS  

The present study focuses on the experimental study of a proposed seismic restrainer sys-

tem and the use of the experimental results for evaluating the efficiency of the proposed sys-

tem with an analytical study on an R/C bridge of Egnatia Highway. The following 

conclusions were derived: 

 The experimental results have shown that the cross section of the steel bundles shall 

be in accordance with the cross section of the steel duct used. A medium to high fill-

ing lower than to 76% is preferable for the proposed mechanism. In fact, in the analyt-

ical study 7 steel bars of 16mm were used inside a D52mm duct. 

 An extremely sparse installation of steel bars in the steel duct indicated that it will 

cause side effects on the response of the bars as struts, under compression loading. Ex-

treme high filling level of the steel ducts can develop side effects, as well. The side ef-

fects developed for the highest density achieved are related to the fact that friction 

forces are developed and activated which increase the efficiency of the struts. Howev-
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er, wear phenomena of the walls of the steel ducts and premature degradation arise 

that are not acceptable for the use of the ducts as part of the restraining system. 

 It has to be noted that as tension members, ties, the steel bars are not affected by the 

more or less density of the filling level of the steel bars in the steel duct.  

 The analytical study that took into account the experimental results for the proposed 

mechanism response showed high efficiency of the system in limiting longitudinal 

bridge movements,  moment and shear force at the piers. 
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Abstract. In the present study, the potential of expanding the use of prefabrication on bridge 
piers construction is investigated, as so far its use is limited on a portion of the bridge deck, 
namely the prefabricated girders and the deck panels. Stimuli for this study are the ad-
vantages of prefabrication, such as rapidity and convenience in construction and economy as 
well. The investigation regards any side effects of the suggested construction method concern-
ing safety, serviceability and durability aspects of the final product. Safety concerns flexural 
and shear resistance, which should particularly be controlled in the construction joints. The 
critical section of a partially prefabricated pier is undoubtedly located at the bottom of the 
pier. The response of this section was investigated experimentally. In order to study the re-
sponse of this type of piers, two specimens were prepared, one representing a conventionally 
constructed pier and another pier constructed with the suggested method. An analytical inves-
tigation of a prefabricated bridge on the main Greek North-South Highway (P.A.Th.E.) was 
conducted. Specifically, the bridge was studied in two configurations, one with piers con-
structed with the conventional method and one with piers constructed as suggested. Useful 
results were obtained by the comparison of the two configurations. Undoubtedly, the conclu-
sions can be regarded as encouraging. 
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1 INTRODUCTION 

It is commonly known that the most appropriate classification regarding the existing types 
of concrete bridges is the one that is based on the currently existing construction methods. 
These methods are five: a) the traditional cast in-situ case, b) the method combining cast in-
situ case with prefabrication, c) the incremental launching method, d) the balanced cantilever 
method and e) the self-advancing formwork system for bridge construction with cast in-situ 
method. The first two construction methods are the most frequently used, while the other 
three are special cases and are applied when the use of the first two is not applicable.  

The criteria for selecting the most appropriate construction method are mainly technical, 
economical and time-depended. Technical criteria mainly concern the possibility of using 
scaffolding placed on the ground, which means that the height of the bridge must not exceed 
10 m in order the use of scaffolding to be feasible. When the height is greater than 10 m, the 
use of prefabrication method is required. The economic criteria mainly concern the construc-
tion costs and the time-dependent criteria concern the rapidity of construction offered by the 
selected method.  

Prefabrication, as a bridge construction method, adequately meets the above criteria. The 
implementation of this method began after World War II and catered for the infrastructure 
construction of that period. At first implementations, prefabricated bridges consisted of stati-
cally independent (in the longitudinal direction of the bridge), simply supported parts of the 
deck, which caused problems related with functionality and durability, due to the existence of 
many construction joints. Later implementations of prefabrication included the casting in-situ 
of a continuous deck slab, the use of which dealt with the two mentioned disadvantages and 
the seismic requirements. Regarding the piers of this bridge type in past years, hollow rectan-
gular cross-sections were used in cases of large heights, but nowadays hollow circular cross-
sections are preferred due to their ability to have similar mechanical behavior regardless di-
rection. On the other hand, regardless of the construction method, abutments are isolated from 
the deck by the use of bearings for alleviating seismic stresses.  

Further on to this review, describing the evolution of prefabricated bridges through time, it 
can be said that till today prefabrication is very limited regarding the entire bridge structural 
system. This is not an exaggeration because prefabrication concerns only the beams of the 
deck and the precast deck panels. The other members, such as the cast in-situ slab of the deck, 
the piers and their crossheads are casted in-situ. It must be said that the casting in-situ in some 
cases, i.e. in the case of piers, is a very costly and time consuming construction practice. 

In the present study, the implementation of prefabrication in the entire bridge structural 
system is suggested. Being fully aware that the suggestion of a radical reformation requires 
appropriate documentation, the authors submit within the present study a documentation in-
cluding experimental and analytical part. 

2 MECHANIZED METHODS OF PIER CONSTRUCTION 
The mechanized methods of pier construction are used when the height of bridge is greater 

than 15 to 20 m. In this case, due to the impossibility of direct concreting, construction of 
piers is done segmentally. These methods have the characteristic of elevating the formwork 
from a manufacturing level to the next. There are essentially two different techniques for ele-
vation of the formwork: a) Sliding formwork method and b) Climbing formwork method. 

In the method of the sliding formwork, the pier construction proceeds with small but con-
tinuous steps and the parts of formwork are lifted by using an elevation system consisting of: 
hydraulic jacks, lifting rods and a suspension frame. The other parts of the elevating system 
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are: the formwork (of height circa 1.20 m), a working platform, ramps for inspection and safe-
ty barriers. Construction is carried out continuously, on a 24-hour basis. 

In the method of climbing formwork, casting of each segment is done within pre-
assembled, fixed parts of formwork with suitable height (i.e. 3.0 to 6.0 m). After hardening of 
the concrete, the formwork parts are released and elevated to the next level, re-assembled and 
prepared for the next phase of casting. The elevation of the formwork in this case is signifi-
cantly discontinuous (in contrast to the sliding formwork method) and the elevating is done by 
construction cranes or specific devices attached to the system (self-climbing). With the evolu-
tion of self-climbing systems, the use of this method became insensitive to the height con-
straints and crane lifting capacity and competes the method of the sliding formwork regardless 
of pier height and practically tends to replace it [1]. 

The existing mechanized pier construction methods are not effortlessly implemented and 
time consuming processes. Operation is performed on a 24-hour per day and depends on 
weather conditions and the landscape where the project is founded (access). They require con-
stant concrete production rate and a significant amount of special equipment, which increases 
the manufacturing cost. Besides that, there are construction issues which make these methods 
difficult to apply. Such problems are the friction development between concrete and form-
work, the pressure of freshly casted concrete on the formwork and the casting progress rate 
dependence on concrete composition and concrete production rate. 

3 SUGGESTION OF PIER CONSTRUCTION WITH THE METHOD OF 
PREFABRICATION  

The following sections describe the suggested construction method of piers with exploita-
tion of prefabrication. 

3.1 Description of pier construction methodology  
In the present study the use of prefabrication in piers of prefabricated bridges is suggested. 

The suggested methodology and the construction method concerns piers of hollow circular 
cross-section, which as mentioned above, is the most commonly used cross-section as its 
moment of inertia is the same regardless of direction. The cross-section of the prefabricated 
pier consists of two hollow circular prefabricated columns, one contained within the other. 
Between these two columns a void ring is created, which contains the longitudinal reinforce-
ment of the pier and it is casted in-situ (Fig. 1). Figure 1 presents the implementation of the 
suggested way of pier construction as an alternative method in the case of prefabricated 
bridges, which is elaborated in the next paragraph. The transverse reinforcement of the cross-
section is placed on both prefabricated columns, which are surrounding the cast in-situ seg-
ment. The need of facilitating the transfer of prefabricated elements on the project site and 
their constructability impose the pier to be composed of segments with ideal height of 5-10 m 
(Fig. 2), taking into account the overall height of each pier. The short length of each segment 
facilitates the transportation needs of these elements, in contrast to a greater length which in-
commodes both transportation and construction. 
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Figure 1: Pier cross-section geometry.                          Figure 2: Pier section. 

 The assembly of individual segments is based on the exploitation of the void between the 
two precast columns. Initially, at the pile cap (which is casted in-situ), outbound extending 
rebars with sufficient length are arranged, in order to fit with the geometry of the void be-
tween the two prefabricated hollow-circular columns. After placing the first part of the two 
prefabricated hollow-circular sections, longitudinal reinforcement rebars will be set in the 
void running the entire height of the first pier part, having a sufficient outbound extending 
length on the upper part. Subsequently, the void is casted in-situ and the second part of the 
pier is mounted on the first by repeating the reinforcement and casting in-situ process. This 
procedure is repeated until the complete assembly of all pier parts, resulting at the end in an 
integral pier web. 

Regarding reinforcement of the hollow-circular columns, it consists of skin and transverse 
reinforcement against shear, while the longitudinal reinforcement, which is placed in the void, 
will be the main reinforcement of the cross-section. Indicatively, the length of the outbound 
extending rebars is 1.75 m, which is based on EC2 provision for rebar diameter Ø25 mm (a 
commonly used diameter in bridge piers and also in the present case) and a minimum class of 
concrete C30/37. In this case, reinforcing lap length is calculated by the formula L = 70Ø = 
70 • 0.025 = 1.75 m [1]. 

The interaction between the prefabricated segments and the casted in-situ concrete can be 
improved by embossing the surfaces of the columns in contact with the cast in-situ concrete. 
In addition, stirrups on the interacting sides of columns (as used for improving the interaction 
between cast in-situ concrete and prefabricated panels during the construction phase of the 
deck) can significantly increase the interaction of the prefabricated columns with the cast in-
situ concrete. 

3.2 Description of the pier crosshead construction methodology  
An example of implementation of the suggested methodology is presented in the present 

study. The segmentation of the pier crosshead into to symmetrically prefabricated parts is 
preferable for reasons of crane lifting capacity. The two parts are symmetrical along the long 
side with dimension 14.20 m. The generated vertical joint does not affect the flexural shear 
resistance of the crosshead. 

586



N. G. Orologopoulos, V. G. Pilitisis, K. Katirtzoglou, I. A. Tegos and K.-A. Stylianidis 

Through holes are formed in each symmetrical part in order to assemble the pier with the 
prefabricated crosshead. The holes are geometrically located above the casted in-situ void be-
tween the two hollow circular columns of the pier. 

 

Figure 3: Plan view of prefabricated pier crosshead parts. 

 

       

 

Figure 4: Section 2-2΄of the assembled              Figure 5: Section 1-1΄ of the assembled pier 
pier crosshead.                                                        crosshead. 

As it is shown in Figures 3 to 5, each prefabricated part has three through holes and an 80 
cm diameter semi-circular through hole which serves pier inspection needs. The two holes, 
which are mirrored to the center of the semi-circular hole, have an arc length dimension of 
0.41 m. The arc length dimension of the third hole is 0.82 m. 

Once the pier is assembled, the two parts of the pier crosshead are placed onto the pier. 
The interaction of the two crosshead parts with the pier is achieved by outbound extending 
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rebars in the upper pier part, suitable to fit with the geometry of the crosshead through holes. 
Concrete is casted in the through holes, in order the connection joint between pier and the 
crosshead to gain integrity. 

It must be emphasized that the concreting of the peripheral through holes accommodates 
only the improvement of the pier-crosshead interaction and does not restore integrity between 
the two prefabricated crosshead parts, the segmentation of which does not affect the its flex-
ural and shear resistance, as mentioned above. 

4 EXPERIMENTAL INVESTIGATION OF THE SUGGESTED PIER 
MECHANICAL PROPERTIES  

The purpose of the experimental investigation is to prepare specimens, the testing of which 
will provide important conclusions regarding the outcome reliability of the suggested con-
struction method. The point at which the experimental research focused is the binding posi-
tion of the pier prefabricated parts, as this is considered to be the critical cross-section 
regarding the mechanical behavior during an earthquake. 

For this purpose two specimens were prepared: a) a specimen representing a pier con-
structed segmentally and according to the suggested construction method (Spec1) and b) a 
specimen representing a pier constructed according to the current pier construction method 
(Spec2). 

Specimen Spec1 consists of two parts. Each part consists of two hollow circular columns 
having thickness of 5 cm. The inner column has a diameter of 30 cm and the outer column 60 
cm. Each part has a height of 1.75 m. The generated void between the two columns is casted 
in-situ and has a thickness of 5cm. Specimen Spec2 has a height of 3.5 m and the thickness of 
its hollow cross-section is equal to 15 cm. The longitudinal reinforcement of Spec1 is pre-
sented in Fig. 6. The reinforcement of Spec2 is placed at the same position as in case of Spec1 
but its length is equal to 3.5 m, in contrary with Spec1, in which the longitudinal reinforce-
ment consists of 1.50 m rebars as shown in Fig. 6. The transverse reinforcement in both cases 
consists of two coils, an internal coil of Ø8/60 mm and an external coil of Ø8/50 mm. The 
transverse reinforcement is designed based on a 50% greater shear force than the correspond-
ing to the flexural strength of the specimens (Fig. 9). The yield stress of steel used for longi-
tudinal reinforcement was considered equal to 600MPa in the analytical calculation of their 
flexural resistance. Accordingly, the class of the concrete was C30/37, and therefore the 
strength of the concrete was considered to be 30 MPa. 
 

       
Figure 6: Reinforcement of specimem Spec1.       Figure 7: Reinforcement of specimen Spec2. 

Each specimen was subjected twice to an incrementally applied point load was applied, in 
two diametrically opposed points in their mid-length (Fig. 8) until their yield point, which was 
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circa 500 - 600 kN, as the ultimate load capacity had been calculated previously at about 50tn. 
Displacement at mid-length of the specimens was recorded by the use of an analog displace-
ment sensor. The static model is presented in Figure 9. The experiment was held in the Labor-
atory of Experimental Strength of Materials and Structures, Department of Civil Engineering, 
Aristotle University of Thessaloniki. 

 
Figure 8: Loading of specimen Spec1 in Laboratory. 

 
Figure 9: Static model of loading 
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Figure 10: Force – Displacement Diagram for the two specimens. 
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As it is shown in Figure 10, the diagram slopes at the state of Stage II (cracked section) are 
similar. That means that the two specimens have similar flexural stiffness. A comparison re-
garding the specimen displacement is considered not safe due to imponderables during their 
preparation. 

Regarding the spotted cracks, it must be mentioned that the specimen which represents the 
prefabricated case (Spec1) did not exhibit external cracks, whereas the specimen which repre-
sents the conventional case (Spec2) did exhibit cracks. In particular, this specimen during the 
first load input, exhibited four vertical cracks at its bottom with length 50 cm at a load of 500 
kN (Fig. 11-left). During the second load input (at the point diametrically opposed to the first), 
two vertical cracks with length of 25 cm emerged at a load level of 450 kN (Fig. 11-right). 
Two cracks that were formed during the first load input extended through the entire circum-
ference of the section and jointed the two cracks that were formed in the second load input. 

The absence of cracks in the segmentally constructed specimen can be credited to its con-
struction procedure. After an earthquake event the problem of sealing the cracks (to prevent 
the corrosion of the rebars) will not exist. 

   
Figure 11: Cracks of specimen Spec2. 

5 IMPLEMENTATION OF PRECAST PIERS AS ALTERNATIVE PROPOSAL 
The proposed piers were applied as an alternative design to an existing precast bridge in 

P.A.Th.E. motorway in Greece. The longitudinal axis of the bridge (with total length of 177.5 
m) is on a 3000 m radius circular arc. The bridge has five spans. The first and the last span 
have a length of 34.75 m while the other spans have a length of 36.0 m (Fig. 11). Each span 
consists of six prestressed-precast beams and a cast in-situ deck slab of 25 cm thickness (Fig. 
12-a). The piers are single-column of hollow circular cross-section with diameter of 3.0 m. 
The thickness of the hollow cross-section is 50 cm (Fig. 12-b). The piers have the form of 
hammer head with a crosshead of 3.5 m width. The pier heights range from 9.20 m to 13.80 m. 
The deck is supported on piers and abutments through circular elastomeric bearings with di-
ameter of 450 mm, total height of 211 mm and elastomeric thickness of 99 mm (9 layers of 
11mm). The abutments have the typical form of seat-type abutments. 
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Figure 11: Longitudinal section-cut of the bridge. 

The class of the used reinforcing steel is B500C. The class of the prestressing steel is St 
1570/1770. The class of the concrete for deck and piers is C30/37 and for abutments C20/25 
according to EC2-Part 1 [2] . 

 
Figure 12: (a) Deck cross-section at midspan, (b) Pier section cross-section. 

The bridge is founded on ground type B according to EC8-Part 1 [3] while the seismic 
design ground acceleration is equal to 0.24g. Τhe importance factor is consedered equal to 
γΙ=1.0. The sugested type of precast piers is applied in the re-designed case of the bridge. 
Software SAP2000 v.11.0.4 was used for the dynamic spectrum analysis. The design spectra 
used for the two horizontal directions of the bridge was calculated based on a behavior factor 
equal to 1.0 due to the presence of elastomeric bearings [4]. A behavior factor equal to 1.0 
was considered for the vertical direction as well. 

Each pier is composed of two parts (as described in paragraph 3.1) of equal length. Each 
part consists of two columns with hollow circular cross-sections of 10 cm thickness. The 30 
cm thick void between the two columns is casted in-situ with self-consolidating concrete and 
it is containing the longitudinal reinforcement of the cross-section arranged in three circular 
layers. The reinforcing coil (reinforcement against shear) is placed in the outer prefabricated 
part. The required longitudinal and transverse pier reinforcement is presented in Tables 1 and 
2 respectively. The reinforcement of piers P1 and P2 at bottom and top is presented in Figure 
13-a. In the re-designed bridge, the longitudinal and transverse reinforcement of the inner ring 
is considered secondary. Τhe transverse reinforcement of the prefabricated outer ring receives 
the total amount of shear force, contrary to the conventional case, in which the inner coil re-
ceives part of the developing shear force. 

Regarding the effective stiffness of the suggested pier cross-section, it accrued similar to 
the effective stiffness of the conventional case piers (Fig.13-b). Specifically, the effective 
stiffness in the re-designed case was equal to 45% of the uncracked cross-section stiffness, 
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while in the existing bridge the effective stiffness was 50%. Therefore the dynamic character-
istics and the seismic displacement (ded, x = 20 cm) of the bridge were not different in the two 
cases. 

 

Position Reinforcement Reinforcement 
Ratio (%) 

P1 - bottom 77Φ25 2.89 
P1 - top 52Φ25 1.95 

P2 - bottom 77Φ25 2.89 
P2 - top 52Φ25 1.95 

P3 - bottom 52Φ25 1.95 
P3 - top 52Φ25 1.95 

P4 - bottom 52Φ25 1.95 
P4 - top 52Φ25 1.95 

 
Table 1: Longitudinal reinforcement of piers of the re-designed bridge. 

 

Pier Transverse 
Reinforcement 

P1 2Φ14/135 
P2 2Φ14/135 
P3 2Φ14/135 
P4 2Φ14/160 

 
Table 2: Transverse reinforcement of piers of the re-designed. 

 
 

Figure 13: (a) Reinforcement of piers P1(bottom) and P2(bottom) of the reference bridge  
(b) Reinforcement of piers P1(bottom) and P2(bottom) of the re-designed bridge. 
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6 EXPANSION OF PREFABRICATION AT THE ABUTMENTS  
Prefabrication can be also exploited in the area of abutments. This implementation contrib-

utes to a further increase of the construction speed and to the full standardization of bridges 
made with the method of prefabrication. In this paragraph, indicative plans of a prefabricated 
abutment are given, tailored to the case of the examined reference bridge. The prefabricated 
abutment, due to its size and its geometric complexity, consists of four different kinds of pre-
fabricated products, each in a different quantity. It is assembled in 4 phases. It consists of four 
parts forming the wall-web of the abutment, four parts forming the back wall, two parts form-
ing the wing-walls (type B) and 2 parts of wing-walls (type A). These parts are assembled in 
the order they were mentioned (Fig. 14). 

 
Figure 14: Indicative precast pier assembly drawings. 

7 CONCLUSIONS  
In the present study a method of exploiting prefabrication at piers and abutments of precast 

bridges is presented. The applicability of the method and the benefits, gained by its applica-
tion, were examined analytically and experimentally. The main conclusions of the research 
are the following: 

 
• The segmentation of the piers in parts of equal length and their crossheads in two sym-

metrical halves provides a manageable outcome in terms of geometry and transferring 
them in site. 

• Similarly, the segmentation of an abutment, which consists of two main parts (the wall-
web and the two wing-walls), complies with the above mentioned criteria. 
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• Regarding the effects of segmental construction on the mechanical properties of the pier 
webs, which are the main recipients of seismic action, the presented coarse research con-
cluded that the segmentation resulted in no observable deviation in strength and stiffness 
from the conventionally constructed piers. Regarding ductility, it is obvious that it does 
not concern this case because precast bridges reside in non-ductile structures. 
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Abstract. In this work, we present a modal shape identification technique for an existing steel 

stairway located within the building complex comprising the Civil Engineering department of 

Aristotle University in Thessaloniki, Greece. The aforementioned flexible steel stairway was 

instrumented using a local multi-channel network of accelerometers in September 2014. We 

installed on the stairway two 12 bit-nominal resolution, digital uniaxial accelerometers of the 

type KUOWA-PCD-30A, connected by cables and with 'common time' and 'common start' 

characteristics. The dominant modes of vibration of the stairway were computed by the 'mod-

al response acceleration time history' methodology. In parallel, a detailed finite element 

method model of the stairway was formed and calibrated according to the ambient vibration 

results. We note that the identification procedure used for the dynamic characteristics of spa-

tial structures yields results that can be used to develop a family of numerical models for the 

stairway ranging from the simple single-degree-of-freedom system to highly detailed finite 

element method models, while some useful information on the theoretical procedure for the 

identification of modal shapes is included herein. 
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1 INTRODUCTION 

In the last few years, issues such as “monitoring” and “structural integrity” of structures is 

being developed rather vigorously by employing suitable, multi-channel networks for measur-

ing acceleration response time-histories, followed by appropriate data processing techniques. 

If the structural response remains within the linear elastic range, then the recorded accelera-

tion response time-histories contain the structure's modal response. It is well known that a 

clear deterministic relationship does not exist between ambient vibration loading or ground 

excitations as input and the ensuing structural response as output. Furthermore, the methodol-

ogies used to identify the dynamic characteristics (i.e., natural frequencies, mode shapes and 

modal damping ratios) of a structure must take into account the instrumentation configuration 

that is used on that structure. Thus, many methodologies are adapted to investigate dynamic 

structural response on a case-by-case basis (buildings, bridges, towers, dams, and also other 

categories of structures such as aircraft frames). Nevertheless, the main objective in all cases 

is to identify the dynamic characteristics of the structure through an analytic processing of the 

measured response. In the past, various deterministic and stochastic methods have been pro-

posed (see Basseville et al, 2001; Brincker et al, 2001; Peeters & De Roeck, 2001; Wenzel & 

Pichler, 2005; Overschee & De Moor, 1996; Makarios, 2012 & 2013; Manolis et al 2014). 

However, the engineering community has yet to agree on a unique, well-documented proce-

dure for identifying the dynamic characteristics of any structures or structural system through 

a detailed investigation of their measured response. The present paper identifies the dynamic 

characteristics of a specialized type of steel stairway with continuous mass distribution and 

stiffness. These stairways serve as escape routes from high-rise buildings, are placed external-

ly to the building and can be classified as being very flexible structures. The analysis proce-

dure presented in this work is adapted to the particular instrumentation configuration used on 

the steel stairway, supplemented by the method of “modal time-histories”. More specifically, 

the work is based on material drawn from the MSc diploma thesis of the authors, see Karetsou 

(2014) and Papanikolaou (2014), where ambient vibrations induced by ordinary, daily use of 

the stairway by pedestrians were used as the source of excitation to measure the stairway re-

sponse. Within this framework, a parallel finite element modeling procedure (SAP 2000) was 

developed and the results obtained were calibrated against the experimental evidence. These 

finite element models were then reconfigured and used to reproduce details in the dynamic 

response of the stairway. This way, the numerical models help extend the results of the exper-

imental effort and can be used to trace ageing and deterioration during the useful service life 

of the stairway. 

2 THE STEEL STAIRWAY AND ITS MATHEMATICAL MODEL 

The steel stairway under study is located in the courtyard behind the main building of the Civ-

il Engineering Department at the Polytechnic School of Aristotle University in Thessaloniki, 

Greece, see Fig.1. The stairway was constructed in 1982 and consists of three spans which 

terminate respectively in three landing levels of a low rise annex building housing laboratories. 
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Fig.1: The steel stairway with side (left) and front (right) views 

The second span is supported by two beams (IPN140 cross section), while the beams support-

ing the other spans as well as the landings are IPN100 cross sections. The columns supporting 

the beams at the second landing, as well as the main column of the third landing, are IPN140 

cross section. The remaining columns of the structure are IPN100 cross sections.  As illustrat-

ed in Fig.1, the IPN140 columns are connected by cross diagonal bars with RHS 60x40 cross 

section. The cross bars reinforce the later stiffness of the stairway and reduced the buckling 

length of the columns. The vertical stiffness of the landing is reinforced by the contribution of 

T50 beams on the first landing and IPN beams on the other two. Finally, the landings, the 

treads and the risers are made of sheet metal plates of 3mm thickness. The same material is 

used as protective sideway cover for the beams. Next, the instrumentation scheme used during 

a two week time period comprised three uniaxial accelerometers, as illustrated in Fig. (2). 

 

 

 

Fig.2: Location of accelerometers at important degrees of freedom of the structure 
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We note that the stairway under study cannot be modeled as a lumped mass system since 

there is no detectable concentration of mass at any level. Therefore, the structural system is 

strongly continuous with both continuous mass and stiffness distributions, and this causes dif-

ficulties in the identification of the eigen-modes. In accordance to the accelerometer place-

ment scheme, the vector u corresponds to three basic degrees of freedom, and the generalized 

matrices for the mass M, the stiffness K and the damping C of the steel stairway attain the 

following form: 

  [

  
  
  
] ,     [

         
         
         

]  ,    [

         
         
         

] ,   [

         
         
         

] 

Therefore, the equation of motion of the steel stairway subjected to environmentally-induced 

dynamic loads is the following: 

   ̈( )     ̇( )     ( )   ( )                                                          ( ) 

In the above,  ( ) is the load vector encompassing the unknown ambient vibration loading 

on the specified degrees of freedom. 

For this case, the solution of eq.(1) is of the following form: 

 ( )      ( )      ( )      ( )  [      ] [

  ( )
  ( )
  ( )

]     ( )                 ( ) 

where, 

  [      ]  [

         
         
         

] ,     ( )  [

  ( )
  ( )
  ( )

] 

More specifically,    ,    ,     are the corresponding three eigen-modes, Φ is the modal ma-

trix of the steel stairway and   ( )         are the corresponding time functions (i.e., gen-

eralized coordinates) of each eigen-mode  

It can been proved that the system of eq. (1), which is particular to the placement scheme of 

the three accelerometers, is equivalent to a single degree of freedom vibrator response for 

each eigne-mode i and is described by eq. (3) below (see Makarios 2012 & 2013): 

 ̈ ( )       ̇ ( )    
   ( )  

  
   ( )

  
      

                                                          ( ) 

Equation (3) shows that the exact solution for the calculation of the time varying modal func-

tions   ( ) requires knowledge of the environmentally-induced dynamic loading vector  ( ), 
which is of course impossible to estimate a priori. However, by observing eq. (3), it is clear 

that the exact solution is a superposition of the solution     ( ) to the homogenous equation 

and of the particular solution     ( ) , which depends on the dynamic loading  ( ): 

  ( )      ( )      ( )                                                          ( ) 

However, it is already known that in the free vibration case, the exact solution     ( ) for the 

homogenous equation of the structure coincides with the final, sought after solution. Conse-

quently, suppose a theoretical situation where the structure vibrates, then the action of the dy-

namic loading  ( ) ceases and its free vibration response is now being recorded. In this case, 
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the condition that the solution     ( ) of the homogenous equation constitutes the final quest-

ed solution of the problem is fulfilled, namely: 

  ( )      ( )                                                                            ( ) 

More specifically, each term in the summation of eq.(2) represents the modal response 

movements   ( ) for each i=1,2,3 eigen-mode: 

  ( )       ( )           [

   ( )
   ( )
   ( )

]  [

      ( )
      ( )
      ( )

]                                       ( ) 

From a combination of eq.(5) and eq. (6), the following conclusion is drawn: If the dissocia-

tion of the modal responses      ( ) for each degree of freedom of the system was feasible, 

then the direct estimation of the  components of each one of the eigen-modes by the elimina-

tion of the time function    ( ), which is common for all the degrees of freedom of the same 

eigen-mode, would also be feasible. Indeed, referring at the instant of the simultaneous ex-

treme widths of vibration (a, b, c)  for the of degrees of freedom (   ,         ) as shown in 

Fig. 3, the components of the i-eigen-mode are directly described by eq.(7) below: 

 

 

Fig.3: Modal time-histories for a three degree-of-freedom structural system 

[
  
 
 
]      [

  ⁄

  ⁄

  ⁄
]  [

   
   
   
]   [

 
   
   

]                                                ( ) 

The dissociation (or uncoupling) of the modal responses is achieved numerically by trunca-

tion of the harmonic having a frequency equal to the i-eigen-frequency of the structure. This 

truncation is achieved by the use of an appropriate digital filter applied to the initial record-

ings. This digital filter must permit only the transition of one specific frequency, which equals 

to the eigen-frequency of the structure, so long as the latter is already known. The eigen-

frequency of the structure can be determined by the combination of the “peak-picking” tech-

nique applied to the Fast Fourier Transform diagrams of the recordings, followed by an exam-
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ination of the phase difference between the extreme response values. This last point must take 

into account that a phase difference of 0 or π (rad) between different recordings corresponds 

to an eigen-mode. The aforementioned method is known as the “modal time-history method” 

and has been recently developed in Makarios (2012 & 2013). Thus, in the present work, the 

method is applied to the steel stairway, which is a system with infinite degrees of freedom 

having a continuous mass and stiffness distribution. This makes the identification of the im-

portant eigen-frequencies quite difficult. 

 

3 INSTRUMENTATION PROCEDURE FOR THE STEEL STAIRWAY 

The stairway was instrumented by a system of two 12 bit-nominal resolution, digital uniaxial 

accelerometers of the type KUOWA-PCD-30A. One sensor (ch.1) was used for the recording 

of the vertical accelerations, while the second sensor (ch. 2) was used for the recording of the 

horizontal accelerations, see Fig. 4. The fastening of the sensors on the lower surface of the 

treads was achieved by the use of silicon adhesives. The sensor recording the horizontal ac-

celerations (reference accelerometer) was installed in the middle of the third span, while the 

sensor recording the vertical accelerations was alternately installed in the middle of the first 

and second spans, see Fig.2. 

 

 

 

 

 

 
 

Fig.4: Installed accelerometers on the stairway underside during September 2014 
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Fig.5: Recorded unit of accelerometer network 

The ambient vibration loading was realized during regular use, with people ascending and de-

scending the steel stairway. A sufficient number of response recordings was made, and dura-

tions of two (2), five (5) and fifteen (15) minutes were considered, including the free vibration 

part of the response as well. The two accelerometers were connected to a logging unit for re-

ceiving data. The latter was connected to a laptop computer (see Fig.5). Using the appropriate 

software, visualization and calibration of the recordings took place. By selecting a range of 

10000 μm/m and a calibration factor of 0.000829, the accelerometer in the vertical vibration 

direction was capable of recording the acceleration of gravity g=9.81m/s
2
 under calm condi-

tions. The software used offers the ability of exporting data in the  .xls format. Therefore, the 

recordings were easily imported and processed in a spreadsheet (MS Excel program). 

 

4 SIGNAL PROCESSING TECHNIQUE 

During the processing of the recordings, multiple time windows were examined. The part of 

the forced vibration was truncated and only the part of the free vibration was taken into con-

sideration. The noise was removed from the free vibration recordings by the use of appropri-

ate filters (see Makarios 2012 & 2013). Finally, the Fast Fourier Transform of each degree of 

freedom was calculated. The main observation concerning the  FFT diagrams refers to the 

lack of the usual “spikes” for certain eigen-frequencies due to the fact that the steel stairway 

does not respond as a discrete system, since it does not contain any sizeable lumped masses 

(see Figs.6 & 7). 
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Fig.6: FFT of the three response components in the 5 - 8 Hz frequency range 

 

 

 

Fig.7: FFT of the three response components in the 10 - 13 Hz frequency range 

On the contrary, the FFT displacement amplitudes presented a rather smooth uniformity, due 

to the fact that that the structure performs as a system with continuous mass and stiffness dis-

tribution. Combining the “peak-picking” technique with an estimation of the phase difference 

between the modal response histories, it is possible to detect whether or not the peaks ob-

served refer to the modal response of the structure or simply stem from the external dynamic 

loading  ( ). In this way, the peaks in the entire frequency range of FFT diagrams were se-

quentially examined. As a result, two frequencies, f1=7.538Hz and f2=12.232Hz, were esti-

mated as being the eigen-frequencies of the structure. Indeed, the time histories corresponding 

to these two frequencies, present a phase difference of 0 and π rad respectively, as illustrated 

in Figs. 8 & 9. According to Fig.(3) and eq. (7), the modal components of the two eigen-

modes of the stairway were computed by the SeismoSignal (2012) program and the following 

values were recovered: 
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Fig.8: Modal acceleration time-histories for the first frequency f1=7.538Hz,  where the phase difference be-

tween the three components is zero 

 

Fig.9: Modal acceleration time-histories for the second frequency f2=12.232Hz, where the phase between the 

first component and the other two  is equal to π. 

Finally, the part of the free vibration of the modal time histories components was used in or-

der to calculate the equivalent modal damping ratios, applying the equation of the logarithmic 

decrement in each one of the three modal components, see Table 1. The final average equiva-

lent modal damping corresponds to the mean value of the aforementioned equivalent modal 

damping ratios. 
 

First Eigen-frequency 

f1=7.354 Hz 

Equivalent viscous damping ratio 

of modal component 

Mean equivalent viscous 

damping ratio ξ1. 

1
st
 Degree of Freedom 0.0037  

0.0045 2
nd

 Degree of Freedom 0.0048 

3
rd

 Degree of Freedom 0.0049 

Second Eigen-frequency 

f2=12.232 Hz 

Equivalent viscous damping ratio 

of modal component 

Mean equivalent viscous 

damping ratio ξ2. 

1
st
 Degree of Freedom 0.0073  

0.0070 2
nd

 Degree of Freedom 0.0065 

3
rd

 Degree of Freedom 0.0071 

Table 1: Equivalent viscous damping ratios for the steel stairway 
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5 FINITE ELEMENT MODEL OF THE STEEL STAIRWAY  

The finite element program SAP2000 was used for the numerical modeling of the steel stair-

way, see Fig. 10. Some of the most important features of this simulation are the following:  

 

Fig.10: Model of the steel stairway using SAP2000 

1. Beam elements were used to model the beams of the columns of the stairway. 

2. Isotropic shell elements were used to model the surface elements of the stairway, such as 

the risers, the treads and the landings, which were made of sheet metal. 

3. The total mass of the canopy was taken into account as lumped masses at the common 

nodes with the stairway beams. 

4. The stiffness of the supporting beams was appropriately modified into order to take into 

account the stiffness of the railways. Furthermore, the mass and the weight of the rail-

ways were also taken into account. 

5. The welded connections between all of the parts of the stairway were considered to be 

fully continuous connections. 

In order to investigate the effect of the mass change at the landings due to live loads and the 

effect of the boundary conditions as well on the dynamic characteristics of the stairway, vari-

ous parametric analyses were carried out. The values of the ten first eigen-frequencies of the 

optimized finite element model are presented in Table 2. The eigen-frequencies calculated by 

the use of the program SAP2000 yielded values close to 10Hz (or greater). The aforemen-

tioned results support the fact that the range of the real possible eigen-frequencies approaches 

or even includes the values of the eigen-frequencies estimated by the analytical-experimental 

results (i.e., frequency values f1=7.538Hz and f2=12.232Hz). 

6 DISCUSSION AND CONCLUSIONS  

In the present work, we present a method for the identification of the dynamic characteristics 

of a flexible metal structure which responds as a continuous (in terms of mass and stiffness 

distribution) dynamic system to environmentally-induced loads. This is a rather difficult prob-

lem in structural dynamics, since there is a spread of adjacently grouped eigen-frequencies 

with equivalent response amplitudes, and in the absence of any dominant frequency that 

would be detectable in terms of a bell or nail shaped bump in the FFT plots. In order to pro-
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duce reliable results, the method of modal acceleration time histories was applied, which cal-

culates the phase differences between the recorded degrees of freedoms in the total time histo-

ry response. Moreover, it is noted that the set up of a finite element model for the steel 

stairway is equivalent  to the development of a "discrete" model. Irrespective of how detailed 

this model is (in terms of use of large numbers degrees-of-freedom), it will always produce 

results that deviate from the real response. This means that for flexible and asymmetric types 

of structures, the dynamic characteristics according to the finite element modeling will not 

always correspond to reality. Nevertheless, the numerical model is capable of determining an 

acceptable range of eigen-frequencies, but without the possibility of convergence in terms of 

better accuracy. The on-site simultaneous recordings from the multichannel system of accel-

erometers, under the appropriate analytic processing, can produce a very good estimation of 

the real values of eigen-frequencies and eigen-modes, even in the case of continuous systems. 

It is of course acknowledged that the use of finite element models contributes to the identifi-

cation of the eigen-frequency range, narrowing the search for the true eigen-frequencies dur-

ing the processing of the experimental recordings. However, the development of a numerical 

modal is not absolutely necessary for the identification of the dynamic characteristics of the 

flexible structure, since the method of the modal time history accelerations method is auton-

omous. The true value of finite element models in our case lies elsewhere: Once calibrated, 

they can be used in conjunction with non-periodic dynamic response recordings to establish 

the structural decay over time as the stairway remains under continuous use.  

 

Output Case StepType Step Num Period Frequency Circ. Freq Eigenvalue 

Text Text 
 

(sec) (cyc/sec) (rad/sec) (rad/sec)
2
 

MODAL Mode 1 0.098988 10.102 63.474 4029 

MODAL Mode 2 0.084927 11.775 73.983 5473.5 

MODAL Mode 3 0.078137 12.798 80.413 6466.2 

MODAL Mode 4 0.074687 13.389 84.126 7077.2 

MODAL Mode 5 0.072954 13.707 86.126 7417.6 

MODAL Mode 6 0.067339 14.85 93.306 8706 

MODAL Mode 7 0.057517 17.386 109.24 11934 

MODAL Mode 8 0.049105 20.365 127.95 16372 

MODAL Mode 9 0.045839 21.815 137.07 18788 

MODAL Mode 10 0.044003 22.726 142.79 20389 

Table 2: Modal Periods and frequencies by FEM program SAP2000 
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Abstract. Results obtained from research conducted in the framework of an initiative intro-

duced by the Hellenic Earthquake Planning and Protection Organization aiming to support 

relevant provisions of the Greek Code for the repair and strengthening of R/C structures are 

presented and discussed. When trying to utilize fiber polymer sheets, as external reinforce-

ment attached on R/C elements, their potential of high tensile strength is prevented by the 

FRP sheets’ debonding mode of failure thus limiting the exploitation of the material. In order 

to confront this limitation the effectiveness of two novel types of anchoring devices that can be 

incorporated together with such FRP strips was studied. For this purpose special unit beam 

concrete specimens were fabricated and were used to attach the open hoop carbon strips 

(CFRP). The novel loading arrangement developed at Laboratory of Strength of Materials 

and Structures was utilized to apply the necessary forces to these unit beam specimens to-

gether with instrumentation capable of capturing the behavior of these specimens up to fail-

ure. Studying in this way the transfer of forces from the open hoop FRP strips it could be 

demonstrated that when this type of retrofitting was accompanied with a properly designed 

anchoring device, a significant increase in the bearing capacity of the tested specimens was 

observed. The present investigation incorporates also the influence of number of cycles, in a 

loading-unloading way, on the overall behavior of the strengthening scheme, in terms of ulti-

mate strength and observed mode of failure. Finally, this paper includes the most important 

findings of a supplementary numerical investigation, using the FEA software ABAQUS, aimed 

to study the behaviour of the novel anchoring device which is patented in Europe under the 

patent number WO2011073696. 

607



Konstantinos B. Katakalos and George C. Manos 

1 INTRODUCTION 

 

Many reinforced concrete (R/C) structural members need strengthening either because they 

were built according to old code provisions and do not meet the current design requirements, 

or because they are damaged after extreme events such as a strong earthquake sequence and 

they are in need of repair and strengthening. [1,2] When such a strengthening scheme uses 

externally bonded FRP layers one of the basic problems is the effectiveness of the anchorage 

of these polymer sheets to the concrete parts. This is necessary, in order to transfer success-

fully the desired level of tensile forces that develop on these layers and to exploit their high 

tensile capacity. Thus the satisfactory behavior of such an anchorage scheme, without prema-

ture failure, becomes critical in order to utilize successfully the high levels of tensile forces 

that these FRP layers can withstand and thus meet the strengthening design requirements for 

the structural members under consideration. 

There is a real necessity to develop reliable anchoring details that can accompany repair 

and strengthening schemes of Reinforced Concrete elements employing FRP layers in such a 

way that the FRP parts together with their anchoring detail can provide a feasible and safe so-

lution for such an application. 

When fiber reinforced polymer sheets are bonded to the face of an R/C member with the 

use of a structural epoxy resin, the most common type of failure is the debonding of the FRP 

sheets from the structural member. Numerous researchers [1-6] have conducted experiments 

to study this debonding type of failure (figure 1) and to investigate means for improvement. It 

was shown that the desired capacity of such a R/C member strengthened with the use of 

FRP’s could be reached easier when this debonding type of failure of the FRP sheets is de-

layed. It was also demonstrated that the surface preparation can be of importance for delaying 

this debonding type of failure. Apart from the good bonding an alternative way is to use ap-

propriate anchoring devices. It was also shown [7-11] that utilizing mechanical anchors one 

can rely less on the bond which is provided to the FRP-concrete interface by the use commer-

cially available epoxy resins. 

The work reported here is an extension of the research performed by Manos and Katakalos 

[16] on effective anchoring devices of externally bonded FRP strips. Such devices can uphold 

the premature FRP strip debonding mode of failure and instead direct the mode of failure to 

the fracture of the FRP strip, thus resulting in a substantial increase of the ultimate bearing 

capacity of the strengthening scheme. 

 

 

2 NOVEL ANCHORING SCHEMES UNDER MONOTONIC LOADINGS 

NUMRICAL AND EXPERIMENTAL INVESTIGATIONS 

2.1 Experimental Setup 

The present research aims to investigate the effectiveness of a specific FRP anchoring de-

vice (SWFX) combined with a typical FRP strip, by applying them to a number of small con-

crete prismatic specimens, which can house such strengthening systems with sufficient width 

and length. Totally 12 specimens were investigated utilizing the novel experimental setup de-

veloped on the Laboratory of Strength of Materials and Structures (LSMS) [7, 16] which is 

presented in figure 1. The details of all specimens are presented in the following Table 1.  

Two specimens were utilized as reference specimens having the CFRP strips fully wrapped 

around the concrete T-section prisms, as depicted in figure1. (Ref-1 and Ref-2) Three speci-
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mens were utilized to investigate the behavior of the FRP anchoring scheme it self. (SWFX-1 

to SWFX-3) Three specimens were tested having one layer of CFRP strip combined with one 

anchor; whereas four last specimens were investigated utilizing one layer of CFRP strip com-

bined with two anchors. The materials were provided by SIKA Hellas, which is greatly ac-

knowledged.  

All concrete prisms were fabricated using the same concrete mix and the same internal re-

inforcement, which was used to prohibit any accidental failure. The measured cylinder 

strength of the concrete was equal to 22 MPa.  

 

                Table 1. Details of experimental investigation 
Specimen’s 

name 
CFRP strip 

Anchoring 

Scheme 

No. of 

tests 
Remarks 

Ref 1 CFRP strip No 2 Full Wrapped 

SW600C/2 1 CFRP strip 2 X Anchors 4 

System Lay Up: 

Anchor Spread / Fabric 

/ Anchor Spread 

SW600C/1 1 CFRP strip 1 X Anchor 3 
System Lay Up: 

Anchor Spread / Fabric 

SWFX No strip ONLY Anchor 3 Full Wrapping 

 

The main goal of the experimental study is to investigate the combined behavior of the 

strengthening scheme (anchor + CFRP strip) and to demonstrate any limitations that may 

arise by the use of such anchoring schemes. For this specific investigation the experimental 

setup developed in the Laboratory of Strength of Materials and Structures of A.U.Th. (fig. 1) 

was utilized. [1, 7, 16]  

The loading arrangement is also depicted in figure 1, whereby the tensile force is directly 

applied in the axis of symmetry at the concrete prism; two sides of the FRP strip are bonded 

in a symmetric way on the top and bottom side of the concrete prism, as shown in this figure. 

 

 
Figure 1. Novel experimental setup developped at LSMS premises [7]. 

 

 

Despite the symmetry of this test set-up, instrumentation was provided that is able to re-

cord symmetric as well as asymmetric response of the specimen, especially during the initia-

tion and propagation of the debonding process. During testing, the applied load is measured 

together with the longitudinal (axial) strains at two different locations of the external surface 

of the FRP strip, as indicated in figure 1. (s.g.1 and s.g.3) The strains are measured in order to 

acquire an indication of the developed stresses locally at these specific locations. 
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The tested specimens with their details are listed in table 1 together with their reference 

names.  

 

2.2 Experimental results and discussion – monotonic conditions 

 

The summary of the experimental results is listed in Table 2. In this table, the observed 

failure mechanism is listed together with the corresponding value of the ultimate measured 

load at each CFRP strip. Moreover, the average maximum strain values measured by the 

strain gauges at locations 1 and 3 on the CFRP strip surface are also presented.  

 

        Table 2. Summary of the obtained results 

Specimen’s 

name 

Load at 

each FRP 

strip (kN) 

Average 

Load  

(kN) 

Average 

strain from 

both sides 

Average 

Strain 

(mm/mm) 

Mode of failure 

Ref-1 49.33 0.0066 Fracture of FRP strip 

Ref-2 36.30 
42.81 

0.0051 
0.0058 

Fracture of FRP strip 

SW600C/2 -1 39.73 0.0052 Fracture of FRP strip 

SW600C/2 -2 48.59 0.0064 Fracture of FRP strip 

SW600C/2 -3 30.93 0.0042 
Fracture of FRP strip 

first a width of 8mm 

SW600C/2 -4 52.99 

43.06 

0.0053 

0.0053 

Fracture of FRP strip 

SW600C/1 -1 30.44 0.0039 
Fracture of anchor at 

upper corner 

SW600C/1 -2 34.38 0.0044 
Delamination of FRP 

strips form anchor 

SW600C/1 -3 34.36 

33.06 

0.0044 

0.0042 

Fracture of anchor at 

upper corner 

SWFX -1 34.54 - Fracture of anchor  

SWFX -2 36.29 - Fracture of anchor 

SWFX -3 33.85 

34.89 

- 

  

Fracture of anchor 

 

CFRP strips of specimens Ref-1 and Ref-2 were fully wrapped around the concrete prisms 

and are utilized as reference specimens. The average ultimate load was recorded equal to 

42.81kN. The mode of failure for both reference specimens was observed at the fracture of the 

strips. The mode of failure for all specimens is presented in figures 2a to 2e. The performance 

of the FRP anchoring scheme was separately investigated before its application with CFRP 

strips. Specimens SWFX-1 to SWFX-3 were tested for this purpose monotonically to failure. 

The average ultimate load for these three specimens was equal to 34.89kN. The mode of fail-

ure was observed at the fracture of the anchoring scheme. (see figure 2d and figure 2e)  

The anchoring scheme together with one layer of CFRP strip was applied to strengthen 

specimens SW600C/1-1 to SW600C/1-3. The average load for all three specimens was re-

corded equal to 33.06kN, whereas the mode of failure was observed to the fracture of the  
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Figure 2a. Ref-1 and Ref-2 Figure 2b. SW600C/2-2 

 

 

Figure 2c. SW600C/1 -1 Figure 2c. SW600C/1 -2 

 

 

Figure 2d. SWFX -1 Figure 2e. SWFX -2 
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anchoring scheme. As observed both SW600C/1 and SWFX exhibit similar average ultimate 

load and similar mode of failure. The premature failure of the anchor, before the fracture of 

the strip results in decreasing the exploitation of CFRP strips. The fact that the ultimate 

strength of both SW600C/1 and SWFX is similar, enhance the validity of the experimental 

investigation.  

In order to avoid the premature failure of the anchoring scheme, specimens SW600C/2 

were fabricated combining 2 anchors with one CFRP strip. The average load for the three 

specimens is equal to 43.06kN whereas the mode of failure was observed at the fracture of the 

CFRP strip. Following the previous rational when applying two anchors the CFRP strip is ful-

ly exploited since the mode of failure is located at the fracture of the strip itself.  

The measured strains are also demonstrating the same observation. More specifically the 

average strain of specimens SW600C/2 is equal to 0.0053 (mm/mm) very similar with the 

measured strains of specimens ref-1 and ref-2. (0.0058 mm/mm) By comparing the average 

strains of SW600C/1 specimens with SW600C/2 specimens it could be said that the exploita-

tion of the strips increased almost 30%. Summarizing, the use of two anchors combined with 

one CFRP strip (width=100mm) ensures the full nominal exploitation of the strip, drives the 

mode of failure to the fracture of the strip it self and avoids the fracture of the anchorage 

scheme. 

When a properly designed anchoring device is employed the mode of failure is driven to 

the fracture of the FRP strip, resulting to an increase of the ultimate bearing capacity of the 

strengthening scheme and an increase of the exploitation of the material. The uncertainties 

imposed by this type of FRP anchor, such as the complete impregnation of the epoxy into the 

fibers of the anchor, the percentage of the fibers that are fractured during installation, the 

stress concentration at the edges of the anchoring scheme, are leading the writers to investi-

gate another anchoring device made of steel components which has been patented in Europe 

under the patent number WO2011073696 [15]. The following paragraph deals with the nu-

merical development of such a novel anchoring setup utilizing the numerical simulation soft-

ware ABAQUS.  

 

2.3 Numerical development of the novel patented anchoring scheme 

 

At this preliminary design stage, the novel patented anchoring scheme was initially devel-

oped through a parametric numerical simulation, which is eventually supplemented by spe-

cific tests with pilot anchor specimens. It should be noted that the developed numerical 

models are rather crude since they aim to extract the basic structural response of the proposed 

novel anchoring scheme, which are further studied experimentally. Figure 3 depicts the main 

outline of the device. It consists of two vertical steel bolts that support a horizontal cylindrical 

steel rod. The largest portion of the vertical steel bolts below the horizontal rod has sufficient 

length and shape to be effectively embedded within the volume of the R/C foundation. The 

horizontal steel rod is utilized to facilitate the wrapping of FRP layers around it. Both wings 

of these FRP layers wrapped around the steel rod become one sheet that is next attached, with 

the use of epoxy resin and anchor bolts, on to the side of the R/C pier specimen to a sufficient 

length. 
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Figure 3. Novel patented anchoring device (WO2011073696 [15]) 

 

The limit state that concerns the debonding of FRP layers from the side of the pier speci-

men is experimentally controlled through this specific attachment technique and the attach-

ment length; as a result it is not investigated further in this section. Furthermore the vertical 

steel bolts are assumed to have sufficient embedment details as to provide the required resis-

tance against the limit state that leads to the pull-out of these bolts from the concrete founda-

tion. Thus, excluding the debonding of the FRP layers from the side of the specimen and the 

pulling out of the embedded vertical steel bolts, the remaining failure modes that are consid-

ered in the parametric investigation are threefold. The first mode is the yielding and eventual 

fracture of the vertical steel bolts at the portion that lies between the foundation and the hori-

zontal rod. Any other type of failure of the connection between the vertical bolts and the steel 

rod is excluded. The second mode of failure is the yielding of the steel horizontal rod and the 

third and last mode of failure is the fracture of the FRP sheet, which is wrapped around the 

horizontal rod.  

A FEA commercial program, ABAQUS, is used for the parametric numerical simulation 

utilizing 3D finite elements. The horizontal rod is assumed to be made of mild steel with yield 

stress equal to 360Mpa, whereas the vertical bolts are assumed to be made of high yield point 

steel (550Mpa). In any case the same type of investigation can be easily repeated with alterna-

tive material properties.  

Thus the parametric investigation focuses on the following specific parameters that are di-

rectly connected with the novel anchoring scheme. These are:  

a) the width and thickness of the FRP layers that are wrapped around the horizontal steel rod 

b) the span and the diameter of the horizontal rod 

c) the length and the diameter of the portion of the vertical bolts that lies between the founda-

tion and the horizontal rod.  

All the parameters mentioned in the a), b), c) above are varied within certain practical lim-

its in order to investigate the sensitivity of the behavior of the novel and patented anchoring 

scheme to their variation. Of the outmost interest is how the variation of these parameters 

(a,b,c above) influences the post-elastic behavior and the prevailing mode of failure.  

A tri-linear constitutive material low is assumed for the mild steel and the high yield 

strength steel whereas the FRP layers are assumed to be made of carbon and to behave elasti-

cally till a fracture limit stress. The corresponding values for the constitutive laws of each one 

of these three materials, which were assigned in this particular software, are listed (Table 3).   

 

 

 Table 3. Material properties of the novel, patented anchoring device 
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Figure 4 shows a typical geometry of the device with a horizontal rod having a total length 

equal to 280mm and a diameter of 40mm. The vertical steel bolts have a diameter of 18mm. 

As mentioned before, this is an initial geometry with certain parameters varied through the 

parametric numerical investigation.  

                                                 
Figure 4. A typical geometry of the novel, patented anchoring device 

 

The numerical investigation assumed, as well, that the bottom ends of the vertical steel 

bolts are fully fixed. Moreover, the connection between the horizontal rod and the vertical 

steel bolts was assumed to be monolithic. The loading was imposed as a prescribed uniform 

vertical displacement pattern at the full length of the upper part of the CFRP sheet. As a result, 

the CFRP is subjected to tension whereas the horizontal rod undergoes flexure. The contact 

surface between the CFRP sheet and the horizontal rod is considered as frictionless; thus the 

CFRP sheet can slip or move independently from the rod.  

A large number of parametric numerical simulations have been conducted. Tables 4 and 5 

present the most important numerical models that were employed to study the novel, patented 

anchor’s behavior. They are categorized according to the investigated variable, which is listed 

in the rows of the first column. For the numerical simulations that correspond to each one of 

the main rows of Tables 4 and 5, the values of the corresponding variable are changed as 

listed, whereas the values of all the other parameters remain constant (with italics in the 1st 

column of Table 4) as defined in the initial geometry; that is a horizontal rod with a length of 

280mm (235mm from the supports), and a CFRP layer of thickness 0.7mm (4 layers) with a 

length of 180mm. The typical geometry of the vertical steel bolts is of 18mm diameter and 

70mm length. A typical deformed shape of the numerical model of the anchor under the im-

posed displacement pattern is depicted in Figure 4.  

In the first row of Table 4 the variable parameter is the diameter of the horizontal rod from 

40mm to 20mm. Figures 5a, b, c depict the axial stress distribution for the CFRP sheet 

wrapped around the horizontal steel rod. As expected, the bigger the diameter of the horizon-

tal rod the smaller the curvatures it develops along its axis leading to a more uniform axial 

stress distribution for the CFRP sheet, as shown by the white line diagram that represents the 

axial stress distribution on a cross section 40mm from the axis of the rod. It was assumed that 

a strain of 1.1% resulted in the failure of the CFRP sheet.  
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Figure 5. Distribution of axial membrane stresses 

 

Table 4. HAD with uniform diameter of the horizontal steel rod  

  
 

In the second row of Table 4 the variable parameters is the ratio of the CFRP sheet width 

over the length of the horizontal steel rod. As can be seen, when this ratio is increased from an 

initial value corresponding to the typical geometry, this leads to a less uniform axial stress 

distribution and consequently to a relatively premature fracture of the CFRP sheet. This is 

again due to the fact that a relatively flexible rod develops larger curvatures along its axis thus 

influencing the corresponding axial stress distribution of the CFRP sheet. From the above ob-

servations it can be further concluded that it is not desirable to have a steel rod, either of rela-

tively small diameter or large span, which develops large curvatures at the part where the 

CFRP sheet is wrapped around it. At the same time, horizontal rods with relatively large di-

ameter and small span perform in elastic state of stress leading the HAD to develop either 

fracture of the CFRP, which also remains almost elastic up to its fracture, or leading to the 

yielding of the vertical steel bolts; the latter present a possible plastic mode of failure as will 

be discussed next. The resulting non-uniform distribution of the axial stress for the CFRP 

sheet for relatively large curvatures of the horizontal rod was accompanied by a decrease in 

the bearing capacity of the device in terms of limit imposed displacement (column 6 of Table 

4) and applied total axial load (column 3 Table 4).  

At this point it should be mentioned that for the current investigation the longitudinal shear 

strains were relatively small (≈ 1.2·10
-4

), which led to the adoption of a rather simplified fail-

ure criterion based on the longitudinal strains. For other more complex applications a more 

sophisticated failure criterion could be included in the future, which will not neglect the pos-

sibility of shear splitting failure.  
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In the third row of Table 4, the thickness of the CFRP sheet was increased to 2.63mm (15 

layers) in order to lead the novel anchoring device into the yielding mode of the horizontal 

steel rod. As was expected, the smaller diameter rod resulted in much smaller yielding load of 

the device; however, in all these cases with the yielding of the horizontal rod, the limit total 

axial load (column 3 of Table 4) attained values larger than the corresponding values for all 

the previously investigated cases (rows 1 and 2) where the mode of failure developed due to 

the fracture of the CFRP sheet. Moreover, the obtained load-displacement behaviour of the 

patented anchoring scheme with the yielding rod, exhibited post-elastic trends that represent a 

desirable feature of its performance. Consequently, from all these findings of the numerical 

investigation it became obvious that the numerical performance of the device with a variable 

diameter, as shown in Figure 6, should be examined next.  

                             
Figure 6. Patented anchoring device with variable diameter 

 

Table 5. HAD with variable diameter of the horizontal steel rod  

 
 

This novel anchoring device model had a horizontal rod with two specific regions; the re-

gion near the vertical steel bolts was made with a diameter smaller than the diameter of the 

central region. The values of these parameters are listed in the first row of Table 5. The reduc-

tion of the diameter of the horizontal rod was aimed at developing the large curvatures from 

flexure leading to the yielding of these two regions, whereas the central region with the rela-

tively large diameter, used for the wrapping of the CFRP sheet, developed much smaller cur-

vatures and thus prohibited the premature fracture of the CFRP. In Figure 7 the obtained load-

displacement behavior of the patented scheme with variable diameter is compared with the 

corresponding behaviour of two model device’s with constant diameter. There is no plasticifi-

cation of the steel rod for the first model with constant diameter value the same as that of the 

central region of the variable-diameter-scheme (large diameter). On the contrary, plasticifica-

tion of the steel rod is evident for the second model with constant diameter value equal to the 

small diameter of the variable-diameter. Similar plasticification is evident for the variable di-
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ameter patented device, which develops the desired performance in terms of ductile behavior. 

Moreover, because of the non-plastification of the central region, which is accompanied with 

relatively small curvatures, the undesirable premature fracture of the CFRP is avoided.  

                              
Figure 7. Load-Deflection diagram for the three models 

 

The parameters that are varied in the second row of Table 5 are the diameter and length of 

the vertical steel bolts. In the corresponding numerical simulations the thickness of the CFRP 

sheet was increased to 1.05mm (6 layers) in order to lead the HAD into the yielding mode of 

the vertical steel bolts. The diameter of these bolts was varied from18mm to 20mm whereas 

the clear length was varied from 70mm to 100mm. In the initial modeling of the yielding be-

havior of the vertical steel bolts, the horizontal rod was artificially assumed to remain elastic. 

After this behavior was verified the next numerical model of the variable-diameter model was 

purposely formed to be capable of capturing the yielding mode of failure either of the vertical 

steel bolts or of the small diameter portion of the horizontal rod. As expected, relatively 

small-diameter, long vertical bolts will eventually lead the yielding mode of failure to these 

bolts rather than the horizontal rod, if so desired. As a result, varying the basic parameters of 

the device, e.g. the small diameter of the rod, the diameter of the vertical bolt and the number 

of CFRP layers (with their width and thickness), the desired performance of the patented de-

vice in terms of ductile bearing capacity and mode of failure can be obtained by the proposed 

numerical investigation as a preliminary design of this novel patented anchoring scheme. 

From the preceding investigation, the ductile performance can be obtained by either the yield-

ing of the small diameter portion of the rod or by the yielding of the vertical bolts, or if the 

parameters are adjusted properly by the yielding of both parts. However, it is believed that the 

yielding of the small diameter portion of the horizontal steel rod is preferable as the device 

can be manufactured in such a way that the ductile behavior of this part is reversible. It is be-

lieved that the vertical bolts should have a capacity large enough (with sufficient embedment 

within the concrete foundation) to exclude the possibility of any pull-out failure mode. Finally, 

the deformed horizontal rod can be replaced more easily compared to the replacement of the 

vertical bolts.  

The last row of Table 5 lists the parameters of a final numerical model, which was eventu-

ally manufactured and tested experimentally as will be explained in the following.  

This final numerical device model, depicted in Figure 8, had a horizontal rod with two spe-

cific regions called regions of plastic hinges, which were of a diameter smaller than the di-
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ameter of the horizontal rod away from these regions. This numerical model incorporated all 

the capabilities of the previously performed investigation in terms of non-linear behavior. 

Thus, the rod had sufficient diameter at both of its edges as to be able to incorporate relatively 

large diameter vertical bolts and confine the yielding of the device at specific regions named 

“plastic hinges”. This final numerical model, with the two plastic hinge regions, developed, as 

expected, a more uniform distribution of the axial tensile stresses for the CFRP without sig-

nificant stress concentration that may potentially lead to premature tensile fracture of the 

CFRP unlike the model with constant diameter. Finally, considerable plastic strains developed 

at the plastic hinges thus providing this model with the desired ductile behavior for a target 

axial load bearing capacity (Figure 9).  

 

                               
Figure 8. Novel patented anchoring scheme model with plastic hinges (zones) 

 

3 EXPERIMENTAL INVESTIGATION OF THE NOVEL DUCTILE ANCHORING 

DEVICE UNDER LOAD-UNLOAD SEQUENCE – NUMERICAL VALIDATION 

3.1 Experimental setup – cyclic loading sequence 

Different anchoring schemes of FRP strips, under monotonic loading conditions, have been 

studied in the past by several researchers. [12-19] On the other hand experimental investiga-

tions under cyclic loading – unloading sequence are rare in the literature. The present study is 

moreover, focusing on experimentally investigating under cyclic loading conditions, the novel 

anchoring device developed by the Laboratory of Strength of Materials and Structures of Ar-

istotle University of Thessaloniki in Greece, which is patented with patent number EP 

09386037.7 [8,15].  

Totally 3 specimens were tested under cyclic loading – unloading conditions. The idea of 

investigating experimentally the novel and patented anchoring scheme with combining FRP 

strips is further examined in this section. There are small differences in the shapes of the an-

choring device in order to investigate the developed ductility on the anchoring scheme. The 

first type is an anchoring scheme with plastic zones. The second type is identical with the first 

type with a small change, which is located in the plastic zones that have smoother corners. 

Finally the third type is an anchor device without any plastic zone. Figures 9a to 9c present 

the different types of the novel anchoring device. 
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Figure 9a. First type of anchoring scheme 

 

 

 
Figure 9b. Second type of anchoring scheme 

 

 

 
Figure 9c. Third type of anchoring scheme 

 

 

 

The experimental setup is depicted in the following figures 10a and 10b. The cyclic load-

ing unloading displacement is imposed utilizing a hydraulic actuator. The imposed load is 

monitored with a 100kN dynamic load cell.  

 

 

 

 

 

 

 

strain 3 strain 4 

FRP strip 

FRP strip 

strain 1 strain 2      strain 3        strain 4  strain 5  

Plastic zones 
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Figures 10a and 10b. Experimental setup and instrumentation 

 

 

At the same time four LVDTs are place at the edges of the plastic zones (see figure 11) to 

monitor their relevant deformations. Finally strain gages were placed to several positions in 

order to measure accurately the developed strains and stresses both on the anchoring device 

and on the FRP strips.  

The imposed displacement protocol is depicted in the following figure 12. The target dis-

placement was imposed for three cycles and was increased up to failure. For the first and sec-

ond type of the anchoring scheme, a metallic prismatic element was utilized to enable the 

ability of the anchoring scheme to withstand negative forces during the unloading sequence.  

 

 

 
 

Figure 11. Position of LVDTs at plastic zones Figure 12. Imposed displacement protocol 

 

Actuator 

Load cell 

FRP strips 
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3.2 Experimental results – cyclic loading sequence 

 

The cyclic loading – unloading sequence was performed to all three types of the novel pat-

ented anchoring scheme that is combined with FRP strips. Figures 13a to 13e present the load 

- displacement graphs for the three types of the anchoring scheme. 

 

Table 3. Load – displacement graphs for the three types of the novel anchoring scheme 

  

Figure13a.Total force – Displacement of type_1 anchor Figure13b. Envelope curves of type_1 anchor 

  
Figure13c.Total force – Displacement of type_2 anchor Figure13d. Envelope curves of type_2 anchor 

 
Figure13e. Total force – Displacement of type_3 anchor (two cycles of loading – unloading) 

 

Taking under consideration the graphs depicted above, it could be said that the overall be-

havior of the strengthening system FRP strip – Anchoring device exhibit a relative ductile be-

havior. Anchoring schemes with plastic zones exhibit a more ductile behavior than the 

anchoring zone without the plastic zone (3rd type). The number of cycles does not affect sig-

nificantly the behavior of the strengthening system. The potential influence of the number of 
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cycles could arise because of the type of the material, since the components of the anchoring 

device are made of steel. This parameter is not investigated in the present study.   

The novel anchoring device for FRP strips was tested under cyclic loading – unloading se-

quence. All three types of the novel anchoring device behaved in-elastically. The use of the 

anchoring system results in transmitting the linear developed stresses of the FRP strip, to the 

concrete elements in a ductile manner through this patented anchoring device. It is obvious 

that when the plastic zones exist, the ductile behavior is more pronounced.  

The following figure 14 presents four load-stress graphs. The blue and brown curves depict 

the strains in the middle and at the corner of the width of the FRP strip that is wrapped around 

the anchoring device with the plastic zones. The yellow and pink curves present the equiva-

lent strains on the FRP strip when it is combined with the anchoring device without the plastic 

zones.    

 
Figure 14. Comparison total load – developed strain graph with and without plastic zones 

 

Table 6. Modes of failure for all three types of the novel anchoring device 

  
Yielding and fracture of plastic zone  

(type_1 anchor) 

Yielding and fracture of plastic zone  

(type_2 anchor) 

 
Fracture of FRP strip (type_3 anchor) 

 

It is evident that the stress distribution on the FRP strip with the plastic zones is more uni-
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form than the equivalent one without the plastic zones. In this point of view and based on the 

results of the monotonic loading sequence, when the novel anchoring device has the plastic 

zones, the FRP strip could be exploited more efficiently. 

The modes of failure are depicted in table 6. The yielding of plastic zones was followed by 

their fracture. On the other hand type 3 anchoring scheme, without plastic zones, drove the 

mode of failure to the fracture of the FRP strip, a much less ductile mode of failure. 

3.3 Numerical validation – cyclic loading sequence 

The experimental behavior of the novel, patented anchoring scheme is compared with the 

numerical results of the aforementioned investigation. The mechanical properties of the mate-

rials forming the pilot device specimens were obtained by specific tensile experiments that 

resulted in mechanical values the same as the ones used in the numerical simulation. One pilot 

novel anchoring device specimen was made with a horizontal steel rod of constant diameter 

whereas the other had a variable diameter with the aforementioned plastic hinge zones at spe-

cific locations, as shown in Figure 8.  

Apart from this difference all the rest of the geometric and material properties were the 

same for all specimens. The depicted geometry is the same as the one assumed as being “typi-

cal” for the performed parametric numerical investigation; that is, a horizontal rod with a 

length of 340mm (290mm from the supports), an initial diameter of 40mm (and a diameter at 

the plastic hinge regions of 15mm) and a CFRP layer of thickness 0,7mm (formed by 4 CFRP 

layers) with a length of 120mm. Each plastic hinge region had a length of 20mm and each 

vertical steel bolt was of 18mm diameter and 70mm length. These two pilot novel anchoring 

specimens, including the CFRP layers wrapped around their horizontal steel rod, were placed 

in a reaction frame, which included a dynamic actuator (Figure 10), as mentioned before.  

The strains measured at the CFRP sheets are compared with the values predicted from the 

corresponding numerical simulation. Next, to compare the measured overall load-

displacement response of the pilot HAD specimens with that predicted numerically. Finally, 

to compare the observed mode of failure for both pilot HAD specimens with the relevant limit 

states predicted by the numerical simulation.  

                                
Figure 15. Numerical vs Experimental load-strain variation for the novel anchoring scheme 

with and without plastic zones (CFRP strains at edge of the CFRP layers)  
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The term axial strain indicates that the axis of the strains measured by the strain gauges co-

incide with the axis of the applied load and the axis of the carbon fibers forming the CFRP 

strips. The variation of the predicted and measured axial strains against the applied load are 

plotted in Figure 15. This is done for all novel, patented anchoribg schemes with or without 

plastic zones. For given amplitude of applied load the strains measured near the edge of the 

CFRP sheet are considerably larger than the corresponding strains measured at the middle of 

this CFRP sheet, validating a similar finding of the numerical investigation (Figures 5 and 

14). As has been already pointed out, this is an undesirable state of stress, which can lead to 

premature tensile failure of the CFRP sheets. In contrast, the measured strains at the CFRP 

wrapped around the horizontal rod of the variable-diameter-HAD with the plastic hinge re-

gions remain almost constant along the width of this CFRP sheet, a fact that also verifies the 

numerical investigation findings. On the basis of this evidence, it can be concluded that the 

proper location of the “plastic zone” regions along the span of the horizontal rod of the novel 

anchoring scheme, results in the mitigation of an undesirable non-uniform tensile stress field 

for the wrapped around this rod CFRP strips.  

Figure 16 depicts the measured and numerically predicted applied load – displacement re-

sponse for the device specimen with the plastic hinges. As can be seen in this figure, the pre-

dicted load level that corresponds to the development of large deformations (due to the 

material yielding of the plastic regions) agrees well with the corresponding measured value.  

  

                    
Figure 16. Load-deflection numerical and experimental behavior 

 

The measured initial stiffness is smaller than the numerically predicted value, a fact that 

must be attributed to the deformability of the vertical steel bolts connecting the experimental 

anchoring scheme specimen to the reaction frame. This observation can also be made when 

comparing the predicted and measured load-deflection response of the scheme without the 

plastic hinge regions. For an applied load of 40.4 kN the measured strain values are compared 

with the corresponding numerical strains for both the CFRP sheet (left part of Figure 17) and 

the plastic hinge zone of the horizontal rod of the variable-diameter anchor specimen (right 

part of Figure 17, ε = 1.13%). Reasonably good agreement can be seen in this comparison.  
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Figure 17. Developed strains on CFRP and on plastic zone 

 

Finally, as discussed in the previous section, the brittle fracture of the CFRP sheet oc-

curred, as expected, for the novel patented anchoring scheme without the plastic hinge zones. 

In contrast, the patented anchoring scheme with the plastic zones exhibited, as predicted, rea-

sonably good ductile behavior, due to the yielding of the steel at the plastic zones; this led 

eventually to the fracture of the left plastic hinge, after a considerable number of load rever-

sals that exceeded the measuring capacity of the strain gauges (Table 6). On the basis of all 

these observations it can be concluded that the behavior of the novel, patented anchoring de-

vice can be predicted numerically with sufficient accuracy employing the previously pre-

scribed modeling procedure.  

 

 

4 CONCLUSIONS  

• In order to transfer effectively the tensile forces developed on FRP strips that are bonded 

externally towards upgrading the flexural or shear capacity of reinforced concrete mem-

bers a properly designed anchoring device should be employed. In this way, the prema-

ture FRP strip debonding mode of failure can be prohibited and instead direct the mode 

of failure to either the fracture of the FRP strip or the yielding of the anchoring scheme, 

thus resulting in a substantial increase of the ultimate bearing capacity of the strengthen-

ing scheme.  

• Such an anchoring device, designated as SWFX, was examined in the framework of the 

present study under monotonic load conditions. It utilizes one or two FRP anchors with 

one CFRP strip. This anchoring scheme ensures up to a certain level of load the safe 

transfer of forces from the strip to the R/C prism. However, the final mode of failure is 

the fracture of the FRP anchor.  

• The alternative patented anchoring device, which is designated as anchoring device with 

European Patent, utilizes two steel anchor bolts and a steel rod. When properly designed 

it can withstand one or more FRP strips with the final mode of failure directed either to 

the fracture of the FRP strips or to the plastic zones of the device itself. In this way a very 

substantial increase of the targeted bearing capacity could be reached. Moreover, an ef-

fective exploitation of the FRP material can also be achieved.  
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• The anchoring device with the EU patent can also be detailed in a way that can include a 

zone that can be plastified at certain level of force to be transferred. The stress distribu-

tion on FRP strip with such plastic zones is more uniform than the equivalent one with-

out the plastic zones. In this way the FRP strip is protected from premature fracture, 

which is a common undesired mode of failure that occurs in such FRP location of stress 

concentration. 

• Such an anchoring device with plastification zones was examined under cyclic seismic-

type loading. It is demonstrated that this anchoring device was able to withstand a con-

siderable number of cyclic load reversals performing in a stable way and dissipating plas-

tic energy through the zones of the steel rod that this anchoring device was detailed for.  

• As already stressed, it is of the utmost importance the design and the detailing of such an 

effective anchoring device. Towards this objective, results from series of numerical 

simulations were compared with the corresponding experimental measurements in order 

to establish the validity of such a numerical simulation as a design tool for such an effec-

tive anchoring device. 
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Abstract. Shake table tests on a full scale three-dimensional model of a consultation room 
has been carried out at the University of Naples, Federico II ,Italy . The sample room con-
tains a number of typical medical components, which are either directly connected to the 
panel boards of the perimeter walls or are simple free-standing elements. System identifica-
tion was firstly carried out in order to identify the modal properties of the tested components. 
Selected ground motion records were scaled to detect different limit states for the medical de-
vices. Fragility analysis has also been carried out; in so doing, the fragility curves have been 
evaluated according to a systemic approach. Simplified yet reliable finite element models of 
the experimentally tested sample components are defined upon the laboratory outcomes 
through the computer platform routinely used for practical applications. The implemented 
numerical model is capable to simulate the variations of natural frequency as provided by the 
experimental tests, in case the component is shaken along the two horizontal directions. The 
main finding of the present analytical study is therefore that simple models are able to ade-
quately simulate the dynamic properties of the tested cabinets. 
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1 INTRODUCTION 
Surveys carried out in the aftermath of recent major earthquakes world-wide [1-3], e.g. the 

2008 Sichuan (China), the 2009 L’Aquila (Italy), the 2010-2011 Darfield-Christchurch (New 
Zealand), the 2011 Van (Turkey) and the 2012 Emilia-Romagna (Italy) earthquakes, have 
emphasized the poor performance of existing hospital buildings. 

As a result, in the last decades, numerous governmental actions, aiming at ensuring the life 
safety and collapse prevention of acute healthcare facilities, have been promoted worldwide. 
For example, in California, in addition to safety standards, over time, it is enforced that, by 
2030, hospitals should also meet performance levels meant to ensure that they are capable of 
providing services to public after an earthquake or any other disaster. Several initiatives have 
also been promoted by the World Health Organization (WHO) and the United Nation Interna-
tional Strategy for Disaster Reduction (UNISDR), e.g. the global campaign “Hospital Safe 
From Disasters” [4]. However, designing for resilient hospitals still remains a challenging 
task; it needs an interdisciplinary approach encompassing the physical, namely structure, non-
structural components and building contents, and non-physical components, i.e. procedures 
and organization, of a hospital system [5].  

Recently, few studies have been initiated to analyze the seismic performance of a variety 
of furniture items, medical appliances and service utilities of typical hospital buildings and 
pharmacies [6]. Full scale shake table tests were carried out on a base-isolated four story RC 
hospital structure [7, 8]. 

The need to maintain the functionality of health care facilities is essential in the aftermath 
of earthquake strong motions. The health care facilities are, indeed, classified as critical build-
ings and the limits on the structural and nonstructural components, as well as building con-
tents, are highly stringent. The hospitals may show several damage when they are struck by an 
earthquake, especially those that were designed primarily for gravity loads or do not employ 
base isolation. Due to the scarcity of analytical and theoretical studies on the earthquake re-
sponse of building contents, there is a urgent need to evaluate the capacity of such contents. 
Actually, the building contents are not protected by the existing design standards that espe-
cially affect the hospital buildings.  

The present paper focuses on an ongoing experimental and theoretical research study that 
was funded by the Consortium Reluis at the University of Naples Federico II. The study is 
aimed at evaluating the seismic performance of freestanding cabinets, which are typically in-
cluded in health care rooms. 

A shake table test on a full scale three-dimensional consultation room has been carried out 
in the laboratory of the University of Naples, Federico II. Such room contains a number of 
typical medical components, which are either directly connected to the panel boards of the 
perimeter walls or are simple free-standing elements. From the experimental standpoint, the 
system identification was firstly carried out in order to identify the modal properties of the 
sample components. The records were scaled up to the onset of different limit states for the 
building contents. The fragility curves were evaluated according to a systemic approach.  

Simplified finite element models of the experimentally tested sample components are de-
fined upon the laboratory outcomes through the computer platform routinely used for practi-
cal applications. Their dynamic response is compared to the experimental results, in order to 
validate such an approach. 
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2 EXPERIMENTAL TESTS 

2.1 Test setup, specimen and testing protocol 
A steel single-story framed system was designed (Figure 1a) with the purpose of simulat-

ing the seismic effects on the medical contents of a typical hospital room. The seismic tests on 
hospital building contents are carried out by the earthquake simulator system available at the 
laboratory of Structures for Engineering and Architecture Department of University of Naples 
Federico II, Italy. To simulate the effects of the earthquake at different floors on a hospital 
building, the geometry of the test frame was designed to prevent the onset of the resonance. 
As a result, the steel frame possesses a large lateral stiffness. Further details on the steel test 
setup are included in [9, 10]. The total weight of the sample structure is 19.2 kN. 

A realistic hospital ambulatory room background is reproduced within the sample steel 
frame. Plasterboard partitions and ceilings are mounted; linoleum sheets are also installed to 
cover both the floor and a large portion of the internal partitions. An overhead light and a ray 
film viewer are also installed in the room (Figure 1b). 

HE220A

HE220A

UPN160

  
(a) (b) 

Figure 1: Global perspective of the test setup (a); photo of the hospital ambulatory room contents (b). 

The building contents used for the ambulatory room include: (a) a hospital medicine cabi-
net made of cold formed sheet with dimension 80x60x165 cm, having double moving glass 
doors with locker and five mobile glass shelves; (b) a hospital medicine cabinet made of cold 
formed sheet with dimension 53x36x144 cm, having single moving glass door with locker 
and four mobile glass shelves; (c) a desktop computer (monitor, case, keyboard and mouse); 
(d) a desk made of a steel pipes frame and a wooden desktop and having two drawers with 
locker. Cabinet contents with different slenderness such as glass bottles, flasks and test tubes, 
are placed in the cabinets to simulate the actual conditions of a typical hospital room. Differ-
ent mass distributions are also selected to distribute such contents in the single- and double-
window cabinets. 

High quality digital accelerometers are used to monitor the response of the hospital build-
ing contents. They are characterized by a measurement range equal to ±10 g and by a fre-
quency range from 0.5 Hz to 3000 Hz. Four accelerometers are placed at the base, i.e. at the 
lowest shelf level, and at the top of the front side of each cabinet; one accelerometer is posi-
tioned at the top of the desk and at the top of the monitor; one accelerometer records the ac-
celeration at the shake table level. 

To investigate the seismic behavior of the hospital room, a suite of accelerograms, used as 
input for the unidirectional horizontal shakings, are adequately selected to match a target re-
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sponse spectrum, provided by the ICBO-AC156 code “Acceptance criteria for seismic quali-
fication testing of nonstructural components” [11]. Additional information on testing input 
and testing protocol is provided in [12, 13]. 

The definition of a realistic condition for the sample cabinets is a crucial issue of the re-
search study. Different variables, related to the arrangement of the contents on the different 
shelves, are considered. A few variables are investigated in the six test groups of the under-
taken test campaign. Test group 100 assesses the behavior of the cabinet with an equivalent 
mass, i.e. sand inserted in boxes, at each shelf of the cabinets. 6 kg mass and 4 kg mass is 
added for each shelf of the double-window cabinet and single-window cabinet, respectively; 
the mass is representative of the mass of typical contents inserted in such a cabinet. The use of 
the equivalent mass is required in order to investigate the behavior of the cabinets with differ-
ent contents on their shelves; the contents are simulated through the use of sand boxes in or-
der to avoid damaging and replacing the contents after each shaking. Test group 200 
investigates the behavior of the cabinets with a decreasing mass distribution along the height. 
From the base to the top, on the four shelves of the double-window cabinet, 6 kg, 4 kg, 4 kg 
and 2 kg masses are placed. Instead, on the four shelves of the single-window cabinet 4 kg, 2 
kg, 2 kg and 0 kg masses are placed. The aim is to investigate the behavior of cabinets in 
which, as typically suggested, the heaviest contents are placed at the lowest shelves. Typical 
glass contents are tested in test group 300. The contents are equally placed on the different 
shelves of each cabinet. They are filled with colored sand, that simulates the presence of water. 
In this test group the behavior of real contents is also investigated. 

In Figure 2a the plan configuration of the different components in test groups 100, 200 and 
300 is shown. A different plan configuration is defined in test groups 400, 500 and 600 
(Figure 2b). The different components are arranged in such a way that the different compo-
nents are shaken along the orthogonal direction, given the unidirectional input motion. In test 
groups 400, 500 and 600 the same content mass configurations of test groups 100, 200 and 
300, respectively, are chosen. 

Random vibration inputs are also applied in order to dynamically identify the sample com-
ponents, before executing the shake table tests. In particular, random tests 1000 are performed 
before the test group 100, random tests 2000 before test group 200, and so on. 

For the whole test campaign it is chosen to lock the cabinet windows and do not restrain 
the cabinet to the wall behind, which is representative of the typical conditions in European 
hospitals. Each test group provides a set of shakings with increasing intensity. A total number 
of 63 shakings are performed during the whole test campaign. After each shaking the different 
components are relocated in their original condition. 

2.2 Results and discussion 
A damage scheme is defined in order to correlate the visual damage to the achievement of 

a given damage state. Three damage states are defined, i.e. Damage State 1 (DS1), Damage 
State 2 (DS2) and Damage State 3 (DS3). The damage state definitions are strictly related to 
the loss that a given damage state would cause [14]. The level of damage required to reach a 
limit state is defined for each damage typology of each system component (i.e. cabinet, desk 
and contents). If possible, the damage type is defined quantitatively. The damage state 
achieved by the whole specimen is the maximum damage state recorded among the different 
components.  

In Table 1 and Table 2 the peak shake table acceleration (or peak floor acceleration, PFA) 
that causes the rocking mechanism initiation and the overturning, respectively, in both the 
cabinets is reported. The video recordings confirm the results of the “visual” damage detec-
tion. As expected, in test groups 400 – 500 – 600, in which the cabinets are shaken along their 
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longitudinal direction, a larger peak floor acceleration is required in order to let the rocking 
mechanism develop in the single-window cabinet; the double-windows cabinet, instead, does 
not exhibit the rocking behavior at all, exhibiting a sliding-dominated motion in the same test 
groups. Moreover, the overturning of the cabinet is recorded only in case the cabinets are 
shaken along their transversal direction. 

 

Shaking direction

Shake table

Single-window
cabinet

Desk

Double-window
cabinet

 
(a) 

Shake table

Shaking direction

Desk

Double-window
cabinet

Single-window
cabinet

 
(b) 

Figure 2: Plan view of the test setup: (a) configuration 1, adopted in test groups 100, 200 and 300 and (b) config-
uration 2, adopted in test groups 400, 500 and 600. 

 
Table 1. Peak floor acceleration (PFA) that causes the rocking mechanism initiation for the different 

test groups and for the two tested cabinets. 
Rocking single-window cabinet double-windows cabinet 

Test group PFA [g] PFA [g] 
100 0.37 0.48 
200 0.49 0.49 
300 0.49 0.61 
400 0.74  
500 0.95  
600 0.84  

 
Table 2. Peak floor acceleration (PFA) that causes the cabinet overturning for the different test groups 

and for the two tested cabinets. 
Overturning single-window cabinet double-windows cabinet 
Test group PFA [g] PFA [g] 

100 1.10 1.24 
200 1.24 0.97 
300 1.10  
400   
500   
600   

 
The input motion is unidirectional. In order to correlate the chosen engineering demand pa-

rameter, i.e. peak floor acceleration (PFA), to the three defined damage states, the results of 
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the test groups 100, 200 and 300 are combined with the results of the test groups 400, 500 and 
600. For instance, the PFA that causes the DS1 threshold is the minimum between the PFA 
that induces DS1 in test groups 100 and the PFA that induces DS1 in test groups 400. It is as-
sumed that the simultaneous combined effects of the two orthogonal motions are neglected. 

Given this assumption the PFA values that trigger the different damage states for the dif-
ferent test groups are reported. It should be noted that DS2 PFA values are omitted. This is 
due to the fact that DS2 is recorded only in tests 300-600 for the overturning of some contents 
that are inserted in the cabinets, corresponding to a PFA equal to 0.486 g. In tests 100-400 and 
200-500, in which sand equivalent masses are inserted in the cabinets, damage state 2 is not 
recorded at all, i.e. the specimen directly moves from DS1 to DS3. Hence, experimental data 
are not sufficient to evaluate the DS2 fragility curve. 

Based upon the data in Table 3, the fragility curve for the damage states 1 and 3 are evalu-
ated according to Porter et al. [15, 16] (Figure 3) 
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Figure 3: Fragility curves for the damage states 1 and 3 considering mass variability. 

3 NUMERICAL MODEL 
The tested components are also simulated numerically through the Sap 2000 program [17]. 

The results of the finite element models are compared to the experimental data measured dur-
ing the full-scale shaking table tests. The comparison is limited to the linear dynamic response 
of the tested contents. An accurate survey of the different components is required in order to 
increase the accuracy of the numerical models. 

The cabinets are composed of four steel vertical columns connected each other by steel el-
ements. The global dimensions of both the investigated cabinets are summarized in Table 3. 

 
 height [cm] width [cm] depth [cm] 

Double-window cabinet 165 74.5 38 
Single-window cabinet 139 53 36 

Table 3: Dimensions of the investigated cabinets. 

The vertical steel elements are characterized by an angular 55 cm x 50 cm “L” section with 
0.1 cm thickness, with the 55 mm wide flange parallel to the transversal side of the cabinet. 
They are connected by two steel horizontal plates with side stiffeners and bolted connections, 
at the top of the cabinet and at 17 cm height (Figure 4). The steel plates and their stiffeners are 
characterized by 1 mm thickness, whereas the stiffeners are 3.0 cm high. Three of the four 
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vertical bays are infilled with 1 mm thick steel plates, whereas glass windows are installed in 
the fourth bay. The double-window cabinet is also characterized by a 5 cm x 0.1 cm rectangu-
lar vertical steel element that separates the two glass windows. 

 
(a) 

 
(b) 

Figure 4: Global view of the sample cabinets. 

3.1 Single-window cabinet 
The vertical steel columns are modelled according to their actual geometry. The presence 

of the steel horizontal plates is modelled through four horizontal steel elements characterized 
by a 0.1 cm (width) x 3 cm (height) rectangular cross section both at the top and at 17 cm 
height of the cabinet. These horizontal elements are characterized by a large out-of-plane 
stiffness, i.e. large moment of inertia about the vertical axis, to simulate the presence of the 
steel horizontal plate element. Furthermore, two diaphragm constraints are imposed between 
the 4 points at the top and the 4 points at 17 cm height. The vertical panels are not included in 
the model, since they are connected so as not to increase the lateral stiffness of the cabinet. 
The glass window is modelled with a properly meshed shell element, assuming a 
80000 N/mm2 elastic modulus. Hence, the adopted model is able to capture both the global 
modes in the two horizontal directions, which involve the whole cabinet, and the local ones, 
which involve a portion of the cabinet. Rigid elements in the out-of-plane direction are in-
cluded between the steel elements and the glass window in order to model the restraint given 
by their connection, whereas the glass window does not contribute to the in-plane stiffness; 
indeed, the glass window is connected to the cabinet only along one of the two vertical sides. 
A rigid element in the out of plane direction is also included to model the lock of the glass 
window. 

The single-window cabinet mass is 15 kg, excluding the window mass; for the sake of 
simplicity, the mass is equally divided between the top and the base of the cabinet. The steel 
elements are characterized by no mass, whereas the mass is included in the glass window in 
order to correctly estimate the local vibrational modes of the glass window. Different mass 
amounts are inserted at the shelf levels, according to the actual mass adopted in the experi-
mental phase for the different test groups. The first and the second vibrational modes in test 
group 1000 are characterized by 6.18 Hz and 7.38 Hz natural frequencies (Figure 5). A local 
mode that involves the glass window, characterized by a larger natural frequency (23.12 Hz), 
is also identified. 
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(a) 

 
(b) 

 
(c) 

Figure 5: Single-window cabinet modal shapes in tests 1000 and 4000: (a) I vibration mode (6.18 Hz), (b) II vi-
bration mode (7.38 Hz), (c) III vibration mode (23.12 Hz). 

FEM results match very well the experimental results, evaluated through the use of the 
transfer curve method [18, 19]. The peak represented in the transfer curve that occurs at 26 Hz 
is compatible with the frequency of the local mode in the FEM model. The comparison be-
tween the numerical and the experimental natural frequencies for the different test groups is 
summarized in Table 4. 

 
Test group FEM model Experiment Δ [%] 

1000 7.38 Hz 7.03 Hz +5.0 

2000 8.84Hz 6.64 Hz +33.1 

3000 6.88 Hz 7.03 Hz -2.1 

4000 6.18 Hz 7.03 Hz -12.1 

5000 7.64 Hz 8.20 Hz -6.8 

6000 5.92Hz 7.81 Hz -24.2 

Table 4: Comparison between the fundamental frequency results from the FEM analysis and the transfer curve. 

The numerical and the experimental frequencies of the tested cabinet are close. Consider-
ing the low level of accuracy of the model with respect to the complexity of the geometry and 
the mechanical connections between the elements, the outcomes of the numerical analyses 
give a good approximation of the experimental ones. It is therefore demonstrated that simple 
models are able to capture the dynamic properties of the tested cabinet. 

3.2 Double-window cabinet 
The modelling approach of the double-window cabinet is very similar to the one provided 

for the single-window cabinet. However, the dimension and the mass, i.e. 20 kg, are slightly 
different than the corresponding values in the single-window cabinet. The vertical steel ele-
ment between the two windows is properly modelled according to its own geometry; such an 
element is hinged to the cabinet, in order to model the single-bolted connection. The connec-
tion between the cabinet and glass window is modelled by rigid elements in the out of plane 
direction, similarly to the single-window cabinet. The rigid elements simulate the actual re-
straints given to the glass window by a steel connector. The different mass amounts corre-

635



Luigi Di Sarno, Fabio Gustuti, Gennaro Magliulo and Crescenzo Petrone 

sponding to the different performed test groups are inserted at the shelf levels. The first two 
modes involve the whole cabinet, the third one is a local mode that involves the vertical ele-
ment between the two glass windows and the fourth mode involves the glass windows. 

The FEM outcomes (Figure 6) match very well the results of the experimental transfer 
curves. The three peaks represented in the transfer curves, which occur at about 6 Hz, 11 Hz 
and 25 Hz, respectively, are compatible with the frequencies of the first, third and fourth 
modes in the FEM model. In particular, the numerical model allows justifying the differences 
in the transfer curves among the single- and the double-window cabinets. Indeed, the double-
window transfer curve denotes three different peaks, whereas the single-window one exhibits 
only two peaks. The comparison between the numerical and the experimental natural frequen-
cies for the different test groups is summarized in Table 5. 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6: Double-window cabinet modal shapes in tests 1000 and 4000: (a) I vibration mode (4.74 Hz), (b) II 
vibration mode (5.08 Hz), (c) III vibration mode (10.35 Hz), (d) IV vibration mode (19.90 Hz). 

 
Test group FEM model Experiment Δ [%] 

1000 5.08 Hz 6.25 Hz -18.7 

2000 5.57 Hz 5.08 Hz +9.6 

3000 5.30 Hz 6.25 Hz -15.2 

4000 4.74 Hz 4.68 Hz +1.3 

5000 5.40 Hz 5.08 Hz +6.3 

6000 5.04 Hz 4.30 Hz +17.2 

Table 5: Comparison between the frequency results from the FEM analysis and the transfer curve. 

Also for the double-window cabinet, the numerical and the experimental frequencies of the 
tested cabinet are in similar ranges. It can be concluded that simple models are able to simu-
late reliably the dynamic properties of the cabinets. 

Experimental-to-numerical comparison of both mode shapes and transfer curves [18], 
omitted here for the sake of brevity, confirms the good agreement. 

4 CONCLUSIONS 
An examination (out patients consultation) room is selected as representative layout for the 

experimental seismic performance assessment of the core units of hospital buildings. The 
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building contents utilized for the examination room include two cabinets, a desktop computer 
and a desk; different glass contents are also included in the cabinets in some tests. Different 
mass distributions are selected to distribute such contents in the single- and double-window 
cabinets. 63 shakings are performed during the whole test campaign. 

The peak shake table acceleration (PFA) that causes the rocking mechanism initiation and 
the overturning, respectively, in both the cabinets are analyzed. In particular, the rocking 
mechanism in the two tested specimen initiates for a PFA that ranges between 0.37 g and 0.61 
g; instead the overturning of the cabinets occurs for PFA slightly larger than 1.00 g. 

A damage scheme is defined in order to correlate the visual damage to the onset of the se-
lected three-stage damage states in the hospital ambulatory room. Such fragility are derived 
based on a systemic approach, i.e. encompassing the performance levels of the components 
within the sample ambulatory rooms. Different groups of specimen are considered in the 
evaluation of the fragility curves in order to investigate the mass variability. 

Simplified yet reliable finite element models of the experimentally tested sample compo-
nents are defined upon the laboratory outcomes through the computer platform routinely used 
for practical applications. The implemented numerical model is capable to simulate the varia-
tions of natural frequency as provided by the experimental tests, in case the component is 
shaken along the two horizontal directions. The natural modes of the two tested cabinets are 
adequately simulated by the numerical model. The multiple peaks observed in the transfer 
curves are associated to a mode shape. The dynamic response of the defined models is as-
sessed through the numerical-to-experimental comparison of the transfer curves. Considering 
the low level of accuracy of the model with respect to the complexity of the components, the 
outcomes of the numerical analyses provide a close approximation of the experimental ones. 
The main finding of the present analytical study is therefore that simple models are able to 
adequately simulate the dynamic properties of the tested cabinets.  

Finally, it is emphasized that the outcomes related to the developed models is limited to 
freestanding components which do not exhibit any rocking mechanism, i.e. they are rigidly 
connected at their base to the floor. 
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Abstract. This study presents a numerical investigation of the influence of spatial variability 

of earthquake ground motion, site effects and Soil-Structure Interaction (SSI) phenomena on 

the inelastic dynamic analysis of bridge structures, considering a 2D analysis of the soil pro-

file via Boundary Element Method (BEM). First, seismic waves propagating through complex 

geological profiles are modeled, so as to recover ground motion records that account for lo-

cal site conditions. To that purpose, the BEM is employed for computing time-history records 

for four different geological profiles considering (a) canyon topography, (b) soil layering and 

(c) material gradient effect. Then bridge support-dependent ground motions and equivalent 

dynamic impedance matrices at the soil-foundation interface are generated for each support 

point of a bridge along the canyon. More specifically, a reinforced concrete, straight bridge 

with monolithic pier-deck connections is adopted as a case study. Next, a series of time histo-

ry analyses considering local nonlinearities is conducted for the bridge using the Finite Ele-

ment Method (FEM) taking into account subsoil-structure-interaction phenomena. To 

emphasize the relative importance of the topographic effects and the asynchronous motion, 

bridge response is determined under both synchronous and asynchronous earthquake input. 

In sum, the numerical results of this study show that the effect of spatially variable earthquake 

ground motion on the seismic response of the bridge studied depends on the interplay between 

the dynamic characteristics of the structure, the variability in space of soil and the properties 

of the incoming wavefield itself. It is also demonstrated that the detrimental or beneficial ef-

fect of spatially variable earthquake input is primarily dependent on the interplay of all the 

above mentioned key parameters. 
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1 INTRODUCTION 

During an earthquake, seismic waves radiate from a fault and travel through the earth’s 

crust. As seismic waves travel through bedrock and soil deposits, the various complex geolog-

ical profiles produce local distortions in the incoming wave field which lead to large amplifi-

cations as well as strong spatial variations in frequency, amplitude and phase along the 

surface in the seismic motions. For elongated structures such as bridges, pipelines, communi-

cation and power transmission grids, dams etc., the effects of local site conditions become es-

pecially important because spatial variations of ground motion would lead to multiple support 

excitation of the structure. The structure would respond differently to a variety of input mo-

tions due to its dynamic characteristics that tend to be triggered differently under uniform and 

non-uniform earthquake excitation patterns. This relative difference between the motions of 

the soil and the structure is further pronounced by the fact that soil-structure-interaction phe-

nomenon at each pier foundation-soil interface is strongly frequency-dependent, hence, inher-

ently sensitive to the variations of seismic input along the bridge length. 

So far, seismic codes for bridge design do not prescribe explicit procedures to simultane-

ously account for spatial variability, site effects and SSI phenomena maybe with the exception 

of some sporadic provisions to generate asynchronous ground motions (i.e., Eurocode 8 – Part 

2) and some rough guidelines to account for soil compliance in the above code Annex.  

Several previous studies have emphasized the significance of this complex problem for the 

seismic response of bridge structures. Among them, we mention Sextos et al (2003a;b), who 

developed a general methodology for deriving appropriate modified time histories that ac-

count for spatial variability, site effects and soil structure interaction phenomena. Parametric 

analyses were conducted and demonstrated that the presence of site effects, spatial variability 

and soil-foundation superstructure interaction strongly influences the input seismic motion 

and the ensuing dynamic response of the bridge. Jeremic et al. (2009) proposed a numerical 

simulation methodology and conducted numerical investigations of seismic SSI for a bridge 

structure on non-uniform soil. It was then stated that the dynamic characteristics of earth-

quakes, soil and structure all play a crucial role in determining the seismic behavior of an ex-

tended construction. Bi et al (2011) studied the simultaneous effect of SSI and ground motion 

spatial variation on bridge response and estimated the required separation distance that modu-

lar expansion joints must provide in order to avoid seismic pounding. Soyluk and Sicacik 

(2011) further investigated the effects of SSI and multiple support excitation on the seismic 

response of a cable-stayed bridge, though the latter type of bridges has been recently found to 

be a rather favorably affected by asynchronous excitations due to the relatively low contribu-

tion of the quasi-static component.     

However, in all the above mentioned studies the influence of local site conditions is evalu-

ated using models based on a uni-dimensional description of the local soil profile as a soil 

column and similarly for the seismic wave propagation path. Limited papers can be found 

which deal with the effects of local site conditions on bridge response considering 2D analysis 

of the soil profile. Esquivel and Sanchez-Sesma (1980) studied the influence of a semi-

circular cylindrical canyon on the dynamic soil-bridge interaction for the case of incident 

harmonic plane SH waves. Analytical scattered and free-field solutions are used to determine 

the driving forces and impedance stiffness matrix for the bridge foundation, while the bridge 

is modelled as a shear beam and solved analytically. Zhou et al. (2010) investigated canyon 

topography effects on the linear response of continuous, rigid frame bridges under obliquely 

incident SV waves. The seismic response of the canyon was analyzed using the FEM, while 

the response of the bridge was computed by the “large mass” method. It was shown that the 

distribution of ground motions is affected by canyon topographic features and the incident 
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angle of the waves. In case of vertical incident SV waves, the peak ground accelerations in-

crease greatly at the upper edges of the canyon and decrease at its bottom lateral boundaries. 

Note here that these studies are restricted to either very simple geometry of the topographic 

effects (so that can be solved analytically) or to a simple frame-like bridge model which typi-

cally neglects salient features of a real bridge. 

Along these lines, the main objective of the present work is to investigate the effects of (a) 

spatial variability of earthquake ground motion, (b) local site conditions and (c) SSI on the 

dynamic response of reinforced concrete bridges, considering 2D analysis of the soil profile 

via BEM. Briefly, the procedure consists of the following steps: (i) Time history records are 

considered as an input at the seismic bed of complex geological profiles with canyon topogra-

phy, soil layering and material gradient effect; (ii) site dependent ground motions and soil 

spring coefficients are generated at the surface using the BEM; (iii) the generated ground mo-

tions are used as input to a three dimensional, model of a monolithic, straight in plan R/C, 

bridge; (iv) the bridge is assessed using the FEM under the support-dependent acceleration 

earthquake input and the dynamic impedance considerations at the pier-foundation-soil and 

the abutment-embankment interface (vi) the dynamic response of the bridge is then assessed 

parametrically to identify the relative impact of each one phenomenon studied.  

    

2 WAVE PROPAGATION IN COMPLEX GEOLOGICAL PROFILES: 

METHODOLOGY 

There is a lack of high-performance computational tools able to simulate 2D and possibly 

3D complex geological profiles. The BEM is nowadays recognized as a valuable numerical 

technique to solve wave propagation problems, due to its many advantages with respect to 

domain techniques such as the FEM. It is briefly mentioned herein that it is possible to deal 

with semi-infinite media in terms of high accuracy and minimal modeling effort. 

In the present study, the BEM is used to model the seismic wave propagation through 

complex geological profiles so as to recover ground motion records that account for local site 

conditions. In particular, consider 2D wave propagation in viscoelastic, isotropic and inhomo-

geneous half-plane consisting of N parallel or non-parallel inhomogeneous layers Ωn (n=0, 1, 

2, …N) with a free surface and sub-surface relief of arbitrary shape. The dynamic disturbance 

is provided by either an incident SH wave or by waves radiating from an embedded seismic 

source, see Fig.1. For this problem, a non-conventional BEM is applied which is based on a 

special class of analytically derived fundamental solution for continuously inhomogeneous 

media with variable wave velocity profiles (Manolis and Shaw, 1996a, 1996b). The employed 

here BEM was recently developed and validated in Fontara et al. (2015). 

More specifically, the material inhomogeneity is expressed by a spatially variable shear 

modulus and density of arbitrary variation in terms of depth coordinate. We define the inho-

mogeneity parameter as cn=C
bottom (Λn-1)/ 

C
top (Λn) 

namely the ratio of the wave velocity at the 

bottom to that at the top of any given layer. This model is also able to account for wave dis-

persion phenomena due to viscoelastic material behaviour and to position-dependent material 

properties.  

Next, for the formulation of the boundary integral equation we use the well-known bound-

ary integral representation formula and insert as kernels the fundamental solutions for geolog-

ical media with a velocity gradient (Manolis and Shaw, 1996a;b): 
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Figure 1: Geometry of the problem treated by BEM: A multi-layered, continuously inhomogeneous geological 

medium with surface topography and buried inclusions. 

             


duPdtUcu
iiiii ),(),,(),(),,(),( )()*()()*()(  yyxyyxx 33333                      (1) 

cavcani SS x  

In Eqn. 1, x, y are source and field points, respectively, c is the jump term, U
*

3 is the funda-

mental solution for geological media with variable velocity profile, and P
*

3(x,y,ω) 

=µ(x2)U
*

3(x,y,ω) ni(x) is the corresponding traction fundamental solution, where i=1, 2…N is 

the number of layers. The above equation is written in terms of total wave field and expresses 

the case of incident SH waves. We note that by using this closed form fundamental solution in 

the BEM technique, only the layer interfaces, as well as the free and sub-surface relief need 

be discretized. 

After discretization of all boundaries with constant (i.e., single node) boundary elements, 

the matrix equation system is formed below and displacements along the free surface can be 

computed:  

                                                                 0uHtG                                                     (2) 

                    

The above system matrices G and H result from numerical integration using Gaussian quadra-

ture of all surface integrals containing the products of fundamental solutions times interpola-

tion functions used for representing the field variables. They are fully populated matrices of 

size MxM, where M is the total number of nodes used in the discretization of all surfaces and 

interfaces, while vectors u and t now contain the nodal values of displacements and tractions 

at all boundaries. 

Finally, the generation of transient signals from the hitherto derived time-harmonic dis-

placements is achieved through inverse Fourier transformation. Note here that both negative 

and positive values in the frequency, as well as in the time domain, are considered and both 

real and imaginary values for the response parameter are employed. The aforementioned 

BEM numerical implementation and production of the final seismic signal is programmed us-

ing the Matlab (2008) software package.  
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3 GEOLOGICAL PROFILES 

The methodology described in the previous section is now applied to four different hypo-

thetical geological profiles of increasing complexity, on which the R/C bridge in question is 

considered to be located, see Fig.2 below, in order to examine the influence of the following 

key parameters: (i) canyon topography; (ii) layering; (iii) material gradient. In particular, the 

site is represented by the following geological profiles: (A) a homogeneous layer with flat-

free surface producing a uniform excitation at all support points of the bridge; (B) a homoge-

neous layer with a valley  in which the bridge is located; (C) a two-layer deposit as a damped 

soil column with a valley at the surface; (D) a two-layer damped soil column with the bridge 

valley at the surface, in which the top layer is continuously inhomogeneous with inhomogene-

ity parameter c=1.2 expressing an otherwise arbitrary variation in the wave speed depth pro-

file. The bottom layer is homogeneous and the interface between the first and the second 

layers is irregular. All geological profiles are overlying bedrock. The soil material properties 

of these subsoil geological configurations are shown in Table 1 and Fig.2. 

Next, a suite of seven earthquake excitations given in Table 2 are recorded at outcropping 

rock on a class A site according to FEMA classification and are drawn from the PEER (2003) 

strong motion database. These records are considered as an input at the seismic bed level for 

all geological profiles. Note here that the selected ground motion sample is not necessarily 

unbiased. 

 

 

Figure 2: Four geological profiles, namely Types A-D, on which the R/C bridge is assumed to be located. 

4 GROUND MOTIONS 

We next investigate the influence of canyon topography, layering and material gradient on 

ground motions recorded along the free surface and start with the first geological profile com-  

(a) (b) 

(c) (d) 
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 Vs (m/sec) µ (Pa) ρ (N/m

2
) 

Layer 1 360 233.28·10
6
 1800 

Layer 2 500 450·10
6
 1800 

Bedrock 2000 800·10
7
 2000 

 

Table 1: Material properties of the basic geological structure. 

prising a single layer with a horizontal free surface that produces a uniform excitation pattern 

ridge as a reference case. Fig.3 plots the acceleration response spectra recorded at the surface 

of (a) Type B, (b) Type C and (c) Type D geological profile at the support points of the bridge 

at the canyon and for Northridge 2 ground motion (listed in Table 2). The shape of the record-

ed seismic signal is modified as the geological profile becomes more complex. This is also 

evident from the 3D time history generated along the surface of (a) Type B, (b) Type C and 

(c) Type D geological profile shown in Fig.5. From Fig.3 we observe that spectral values at 

the bridge support points are not the same and furthermore, they differ significantly at certain 

period values from those produced for the reference case of uniform excitation. An expected 

shifting to the right (higher periods) due to the layering effect is clearly depicted in Fig.3(b) 

and Fig.3(c). In case of Type D geological profile, the additional presence of material gradient 

increases the material stiffness gradually and the soil becomes stiffer. Moreover, the continu-

ous variation of the wave speed with depth at the top layer reduces significantly the wave 

speed contrast between the first and the second layer (see Fig.4) thus, decreasing the amplifi-

cation levels. As a result the spectral acceleration values are de-amplified across the entire 

range of periods examined herein. 

 
 

Nο Date 
Earthquake 

name 

Magnitude 

(M) 
Station name 

Closest  

distance  

(Km) 

Component 

(deg) 

PGA 

(g) 

1 22.03.1922 
San  

Francisco 
5.3 

Golden Gate 

Park 
-  100 0.112 

2 17.01.1994 Northridge 1 6.7 
Mt Wilson 

CIT  
26.8 000 0.234 

3 17.01.1994 
Northridge 

2 
6.7 

Littlerock 

Brainard Can 
46.9 090 0.072 

4 17.01.1994 
Northridge 

3 
6.7 

Lake Hughes 

#9 
28.9 090 0.217 

5 18.10.1989 
Loma  

Prieta 
6.9 

Monterey 

City hall 
44.8 000 0.073 

6 10.01.1987 
Whittier 

Narrows 
6 

Mt Wilson 

CIT  
21.2 000 0.158 

7 12.09.1900 Lytle Creek 5.4 

Cedar 

Springs, Al-

len Ranch 

20.6  

(Hypocentral) 
095 0.071 

 

Table 2: Ground motion records from the PEER (2003) strong motion database as recorded on a Class A site. 
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Figure 3: Acceleration response spectra of Northridge No2 ground motion recorded at the free surface of (a) 

Type B, (b) Type C and (c) Type D geological profile vs Uniform excitation (Type A). 

 

  

Figure 4: Velocity distribution of the subsoil structure: (a) Type C and (b) Type D geological profile. 

(a) (b) 

(c) 

(a) (b) 
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Figure 5: 3D acceleration time history of Northridge No2 ground motion recorded at the free surface of (a) Type 

B, (b) Type C and (c) Type D geological profile. 

5 DESCRIRTION OF BRIDGE AND MODELING 

We now focus on the nonlinear response of a theoretical monolithic, reinforced concrete, 

straight bridge with earthquake resistant abutments proposed by Mitoulis (et al., 2014). The 

total length of the bridge is equal to168m, supported on rectangular hollow piers of unequal 

height that varies from 14.35 to 21.8m, as shown in Fig.6. 

In terms of some additional details, the two end spans are 39m long, while the two inter-

mediate spans have span lengths of 45m each. The concrete deck is a hollow box girder with a 

constant cross section along the length. For the design of the expansion joints, 40% of the 

seismic movements of the deck are considered according to Eurocode 8, Part 2 (2003), as well 

as serviceability-induced constrained movements of creep, shrinkage, pressing and 50% of the 

thermal movements of the deck. The cracked flexural stiffness of the piers is estimated as 

equal to 65% of the original cross-section.  

The bridge is modeled using the FEM commercial program SAP2000, ver14 (CSI, 2007). 

For modeling the bearings, a number of nonlinear-link elements, with bilinear equation, are 

used in order to reproduce the translational and rotational stiffness of the bearings. Piers and 

deck are modeled by frame elements. Gap elements are used to model the 25mm opening at 

the expansion joints, which separate the backwall from the deck. Note here that the nonlinear 

response of the bridge is localized and considered only by the geometrical non-linearities of 

the gap elements as both the deck and the piers are designed to remain elastic under the design 

earthquake. 

(a) (b) 

(c) 
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Fig. 6: Section details along the bridge span: (1) Bridge abutment; (2) steel laminated rubber bearings; (3) deck 

cross-section; (4) plan view of the pier and its foundation. 

 

The interaction of the foundation with the subsoil-structure and the bridge is considered by 

assigning six spring elements at the contact points, namely three translational and three rota-

tional. For all support points of the bridge and for four different geological profiles, site de-

pendent spring coefficients are computed from closed form equations. For the present case of 

pile group foundation, equations referring to a single pile (Pender, 1993; Kavadas and Gazetas, 

1993) are modified in order to account for the waves that are emitted from the piles and prop-

agate towards the other members of the group. To that purpose, complex dynamic interaction 

factors αij are calculated from closed-form equations existing in the literature (Gazetas et al., 

1990). Soil-Structure-Interaction is strongly frequency dependent. Nevertheless, it is assumed 

that the dynamic impedance matrix is calculated based on the predominant frequency of the 

input motion. This assumption is rather common in the literature but it may not be accurate 

under certain conditions (Makris and Gazetas, 1992). Hence a range of values between the 

predominant spectral period and the smoothed spectral predominant period of excitation is 

considered in the present study 

Next, a series of Nonlinear Time History Analyses (NRHA) are conducted under the suite 

of seven ground motions for the following two cases: (i) the same seismic record is applied to 

all support points of the bridge(uniform case) and (ii) site dependent ground motions (i.e. the 

records are different for each support point of the bridge). These ground motions and the cor-

responding spring coefficients account for (a) canyon topography effect; (b) canyon plus soil 

layering effect and (c) canyon topography, layering with irregular interfaces and a material 

gradient effect. 

In order to estimate the relative importance of the topographic effects and the subsequent 

multiple support excitation of the bridge two parametric sets of analyses are carried out. 
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Namely, the following cases are considered: (1) “uniform” spring values where spring coeffi-

cients have the same values for all support points of the bridge for each ground motion and (2) 

“multiple” spring values where spring coefficients have different values for each support 

point of the bridge and for each ground motion based on 2D analysis of the subsoil structure. 

Fig.6 shows the  mean value of piers’ dynamic lateral stiffness due to ground motions rec-

orded at the surface of the Types A-D geological profiles that account for i) uniform excita-

tion, ii) canyon effect, iii) canyon and layering effect and iv) canyon, layering and material 

gradient effect. As can be seen, in terms of the foundation dynamic impedance matrix the 

presence of local site conditions has a beneficial effect to the bridge foundation stiffness for 

all here examined ground motions. 

0

200

400

600

800

1000

1200

S.F. Nor.1 Nor.2 Nor.3 L.P. W.N. L.C.

M
ea

n
 P

ie
rs

' 
D

y
n

a
m

ic
 L

a
te

ra
l 

S
ti

ff
n

es
s 

[k
N

/m
m

]

Uniform

Canyon

Canyon+layering

Canyon+layering+

material gradient

 

Fig. 7: Mean value of piers’ dynamic lateral stiffness due to ground motions recorded at the surface of the Types 

A-D geological profiles. 

6 DYNAMIC RESPONSE OF THE R/C BRIDGE 

The influence of (a) site effects, (b) spatial variability in terms of 2D analysis of wave 

propagation and (c) SSI on structural response of the R/C bridge is demonstrated in Figs.8-10. 

More specifically, maximum displacements of the bridge deck are shown in Fig.8 for the 

middle point of the first deck-span (joint A1-P1) and for the second deck-span (joint P1-P2) 

for the examined case of study. We observe that the presence of local site conditions can mod-

ify the kinematic response of the bridge either beneficially or detrimentally. For some ground 

motions, local site conditions have a significant effect on the response of the deck, while for 

other ground motions local site conditions produce a minor small difference in the displace-

ment of the deck as compared with the reference type A soil deposit. The pronounce response 

of the bridge under excitation Northridge 2 and Whittier Narrows for the case of the uniform 

excitation compared to the other cases that account for site effects is reminiscent of dynamic 

resonance. In particular, the presence of a complex subsoil structure modifies the frequency of 

the propagating wave as well as the dynamic characteristics of the bridge through the change 

in the spring coefficients and the subsequent fundamental period of the structure.  
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Fig. 8: Maximum absolute deck displacements at joints (a) A1-P1; (b) P1-P2, due to ground motions recorded at 

the surface of the types A-D geological profiles for (i) uniform spring values and (ii) multiple spring values. 

Furthermore, we can see that the effect of multiple spring values for the support points of 

the bridge produces minor small difference in the deck displacements comparing with the uni-

form spring values for all support points for each ground motion. Next, maximum absolute 

displacements at piers P1 and P3 are shown in Fig.10, where we observe that both piers re-

spond similarly to all examined here cases. Ignoring site effects may introduce difference up 

to 50% in the bridge response in terms of the displacements for the considered here case of 

study.  
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Fig. 9: Maximum absolute pier displacements at joints(a) P1; (b) P3, due to ground motions recorded at the sur-

face of the types a-d geological profiles for (i) uniform spring values and (ii) multiple spring values. 

 Displacement time history of the bridge deck, and in particular of the middle point of 

the first span, is presented in Fig.10 for Northridge Nr3 ground motion (listed in Table 2) due 

to uniform excitation case and to the ground motions that account for canyon, soil layering 

and material inhomogeneity for uniform or multiple values of spring coefficients. It is ob-

served that canyon topography effect may amplify or de-amplify slightly the displacement 

time history of the deck (the former holds for the present case). When the canyon effect is 

combined with soil layering, the effect produces strong de-amplification, due to the increase 

in stiffness of the soil system, plus an obvious shifting of the peaks. The presence of material 

gradient additionally to canyon and layering effect does not change the shape of overall time 

history picture. However in case of multiple spring coefficient values the additional effect of 

the material gradient produce a small decrease in the amplification levels. 

 

(a) (b) 

(a) (b) 
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Fig. 10: Displacement time history recorded at point A1-P1 on the deck due to ground motions recorded at the 

surface of the types A-D geological profiles for (a) uniform spring values and (b) multiple spring values. 

7 CONCLUSIONS 

In the present study, the influence of local site conditions, spatial variability and Soil-

Structure-Interaction on the inelastic dynamic response of a monolithic reinforced concrete 

bridge are all investigated using a 2D analysis of the subsoil configuration via BEM. Site-

dependent time history records and equivalent soil spring coefficients are recovered at the sur-

face of complex geological profiles that account for the following combinations: (i) uniform 

excitation; (ii) canyon effect; (c) canyon and layering effect; (iv) canyon layering and material 

gradient effect. Then, a series of dynamic analyses of the bridge, accounting for local nonline-

arities, are conducted under site dependent ground motions provided by the previous devel-

opment, which considers multiple support excitation. From the numerical simulation results, 

the following conclusions can be drawn: 

 

 Site dependent ground motions are generated by a new-developed BEM that can represent 

wave propagation in complex geological media with variable velocity profile, nonparallel 

layers, surface relief and buried cavities and tunnels. 

 

 The site dependent ground motions and the subsequent soil spring coefficients are strong-

ly affected by the canyon topography, layering and material gradient effect and this effect 

is frequency-dependent. 

 

(a) (b) 
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 The combination of local site conditions, spatial variability and SSI effects influence sig-

nificantly the nonlinear dynamic response of bridges. These effects cannot be neglected 

and should be modeled and implemented in as much as possible. 

 

 SSI effect is beneficial in terms of foundation dynamic impedance matrices regardless of 

the presence of site effects. However, in terms of structural response the combination of 

SSI, spatial variability and site effects can be detrimental, at least for the bridge examined 

here. 

 

 Ignoring site effects via 2D analysis of the soil profile may introduce an error around 50% 

in terms of the kinematic field for the case examined herein. 

ACKNOWLEDGEMENTS 

The authors would acknowledge support provided by DAAD (through the DeGrieLab pro-

ject, 2014-2016) and by DFG (through grant Wu 496/5-1). 

REFERENCES  

[1] Eurocode 8 (2003) Design of Structures for Earthquake Resistance, Part 1: General 

Rules, Seismic Actions and Rules for Buildings, Part 2: Bridges, European Committee 

for Standardization, Brussels. 

[2] A. Sextos, K. Pitilakis, A. Kappos. Inelastic dynamic analysis of RC bridges accounting 

for spatial variability of ground motion, site effects and soil-structure interaction 

phenomena. Part 1: Methodology and analytical tools. Earthquake Engineering and 

Structural Dynamics 32:607-627, 2003a. 

[3] A. Sextos, K. Pitilakis, A. Kappos. Inelastic dynamic analysis of RC bridges accounting 

for spatial variability of ground motion, site effects and soil-structure interaction 

phenomena. Part 2: Parametric study. Earthquake Engineering and Structural Dynamics 

32:629-652, 2003b. 

[4] B. Jeremic, G. Jie, M. Preisig, N. Tafazzoli, Time domain simulation of soil-foundation-

structure interaction in non-uniform soils. Earthquake Engineering and Structural 

Dynamics 38(5):699-718, 2009. 

[5] K. Bi., H. Hao. and N. Chouw, Influence of ground motion spatial variation, site condi-

tion and SSI on the required separation distances of bridge structures to avoid seismic 

pounding. Earthquake Engineering and Structural Dynamics, 40(9): 1027–1043, 2011. 

[6] K. Soyluk and E. A. Sicacik. Soil-structure interaction analysis of cable-stayed bridges 

for multiple-support excitations. 8th International Conference on Structural Dynamics, 

EURODYN, Leuven, Belgium, 4-6 July, MS03-499, pp. 547-554, 2011. 

[7] J. A. Esquivel and F. J. Sanchez-Sesma. "Effects of canyon topography on dynamic 

soil-bridge interaction for incident plane SH waves." Proceedings7th World Conference 

on Earthquake Engineering, Istanbul, Turkey, pp. 153-160, 1980. 

[8] G. Zhou, X. Li and X. Qi. Seismic response analysis of continuous rigid frame bridge 

considering canyon topography effects under incident SV waves,” Earthquake Science, 

23:53-61, 2010. 

651



Ioanna-Kleoniki Fontara, Magdalini Titirla, Frank Wuttke, Asimina Athanatopoulou,  

George Manolis and Anastasios Sextos 

[9] G.D. Manolis, R. Shaw. Harmonic wave propagation through viscoelastic hete-

rogeneous media exhibiting mild stochasticity-I. Fundamental solutions. Soil Dynamic 

and Earthquake Engineering 15:119-127, 1996a. 

[10] G.D. Manolis, R. Shaw. Harmonic wave propagation through viscoelastic hete-

rogeneous media exhibiting mild stochasticity-II. Applications. Soil Dynamic and 

Earthquake Engineering 15:129-139, 1996b. 

[11] I.-K. Fontara, P. Dineva, G. Manolis, S. Parvanova. and F. Wuttke, Seismic wave fields 

in continuously inhomogeneous media with variable wave velocity profiles. Archive of 

Applied Mechanics, 2015 (under review). 

[12] MATLAB. The Language of Technical Computing, Version 7.7. The Math-Works, Inc., 

Natick, Massachusetts, 2008. 

[13] PEER. Pacific Earthquake Engineering Research Center, Strong Motion Database, 

available at  http://peer.berkeley.edu/smcat/, 2003. 

[14] S.A. Mitoulis, M.D. Titirla and I.A. Tegos. Design of bridges utilizing a novel 

earthquake resistant abutment with high capacity wing walls. Engineering Structures 

66:35-44, 2014. 

[15] SAP 2000 Nonlinear Version 14, User's Reference Manual, Computer and Structures 

Inc., Berkley, California, 2007. 

[16] MJ. Pender. Aseismic pile foundation design analysis. Bulletin of the New Zealand Na-

tional Society on Earthquake Engineering; 26 (1):49-161, 1993. 

[17] M. Kavadas and G. Gazetas. Kinematic seismic response and bending of free-head piles 

in layered soil. Geotechnique; 43:207-222, 1993. 

[18] G. Gazetas, K. Fan, A. Kaynia, E. Kausel. Dynamic interaction factors for floating pile 

groups, vol. 1, NCEER-90-0021. National Center for Earthquake Engineering Research: 

Buffalo, NY, 1990. 

[19] N. Makris and G. Gazetas. Dynamic pile-soil-pile interaction. Part II: lateral and seismic 

response. Earthquake Engineering and Structural Dynamics; 21 (2):145-162, 1992. 

652

http://peer.berkeley.edu/smcat/


COMPDYN 2015 

5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

SLENDER PROFILES FOR MOMENT RESISTING FRAMES IN 

MODERATE SEISMICITY REGIONS 

- NUMERICAL AND EXPERIMENTAL INVESTIGATIONS - 

Matthias Wieschollek1, Benno Hoffmeister1 and Markus Feldmann1 

1 RWTH Aachen University 

Institute of Steel Construction 

52074 Aachen, Germany 

wieschollek@stb.rwth-aachen.de 

Keywords: Earthquake Engineering, Moment Resisting Frames, Welded and bolted Connec-

tions, Cyclic Behaviour of Slender Profiles, Seismic Design, Behaviour factor. 

Abstract. Moment resisting steel frames offer an excellent ductility and energy dissipation 

and can be designed using high behaviour factors. The condition however is, that compact 

cross-sections are used allowing for large rotations in the plastic hinges. Portal frames, as 

commonly designed and built for storage or industrial applications, are usually aiming at 

light weight solutions in order to be competitive to prefabricated concrete halls. Class 3 or 4 

profiles are preferably used, this prevents however the application of any significant behavior 

factor. In particular in low and moderate seismicity regions a behaviour factor in the range of 

2-3 would be fully sufficient in order to achieve an economically optimum design. 

The aim of the investigations presented in this paper is the determination of the cyclic per-

formance of knee joints made of slender steel-sections. Four different slender joint types are 

investigated numerically and experimentally and compared to the performance of a compact-

section joint. The definition of the test setup and testing procedure is done using a “virtual-

push-over” FE-analysis. This analysis is used to define the amplitudes of test cycles as well as 

the expected forces and deformations. By applying expected material properties also the cy-

clic tests are predicted allowing for an assessment of the expected damage and an optimum 

placement of measuring devices. Using the actual, measured dimensions and material proper-

ties of the test specimens a more refined calculation of the expected performance is obtained. 

The experimental tests are performed under cyclic loading only as the static push-over results 

are available from the numerical simulations. The cyclic tests provide the measured data of 

global and local deformations and strains, which are essential for the verification of the local 

buckling phenomena in slender cross-sections under cyclic actions. These results are used for 

a fine-tuning of the numerical models regarding imperfections and material properties. 

Knowing the influence and the range of parameter obtained from tests it is possible to extend 

the numerical simulations to other geometries and to complete frames under realistic seismic 

actions. 
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1 INTRODUCTION 

As part of the European Research Project MEAKADO “Design of steel and composite 

structures with limited ductility requirements for optimized performances in moderate earth-

quake areas” the cyclic behaviour of slender profiles for moment resting frames (MRF) in 

moderate seismicity regions are currently being researched. The experimental and numerical 

investigations are described in detail within the Deliverables D2.1a [1] and D2.2 [2]. By anal-

ogy with [3] this paper summarize the results for the investigated frame corners made of slen-

der steel cross sections. The motivation for this research was particularly the fact that 

according to the current version of Eurocode 8 [4] only cross-sectional classes 1 or 2 are per-

mitted for steel or composite structures when a considerable behaviour factor is intended to be 

taken into account. Within MRF’s almost all members are affected by this limitation: 

 Single-bay – single-storey steel frames: Such structures are part of a highly competitive 

marked requiring a strong optimisation in terms of material requirement and ease of 

construction. Light weight steel frames are an optimum solution so far, with the excep-

tion of seismic regions where the above mentioned restrictions strongly limit their ap-

plicability despite their low masses. 

 Multi-bay – multi-storey composite buildings: Due to the high position of neutral axis 

of composite cross-sections in negative bending the web of steel profiles is very often to 

be classified as class 3 or 4 section, although almost all rolled steel profiles may be clas-

sified as class 1 or 2 cross-sections. 

The above mentioned aspects are of particular importance in countries with moderate seismic-

ity regions, where a special adoption of the otherwise common types of structures presents a 

great obstacle for the small and medium size companies active in this market. Hence an ex-

tension of the applicability of the afore mentioned structural types to moderate seismic re-

gions would largely enhance their competitiveness. This leads to the following objectives: 

 Extension of the applicability of class 3 or 4 steel cross sections within single-bay –

 single-storey frames to moderate seismic actions by means of characterization of class 

4 cross sections in terms of rotational behaviour and energy dissipation. 

 Extension of the applicability of class 3 (web) composite sections to moderate seismic 

actions by means of characterization of class 3 composite cross section in terms of rota-

tional behaviour and energy dissipation. 

 Identification and definition of b/t values rather than cross-sectional classes to be lim-

ited depending on the targeted energy dissipation and the corresponding deformations 

by means of numerical analyses. 

2 EXPERIMENTAL TEST ON FRAME CORNERS 

2.1 Generals 

The test program considered typical welded profiles typically used for light weight frames 

of small industrial or storage halls. In total 6 cyclic tests on frame corners with welded and 

bolted connections as well as haunched and constant depth girders were carried out. The test 

specimens were designed such that for constant depth girders the plastic hinges developed in 

the beams whereas for the haunched girders the plastic hinges developed in the top of the col-

umn. The tests were performed according to the ECCS testing procedure [5] with increasing 

amplitudes of deformation cycles and were executed until collapse (e.g. rupture due to low 

cycle fatigue or extensive local buckling). The measurements were evaluated with regard to 

the development of the hysteretic behaviour with particular emphasis on the degradation. 
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2.2 Description of test specimens 

The 6 specimens have been manufactured in collaboration with the company OCAM in 

Italy. Each type of material used for the test specimens has been taken from a single steel 

charge, whereby plates with equal plate thicknesses were made of the same production batch. 

In order to have accurate material characteristics for the numerical simulations of the tests and 

especially for the determination of the test procedure for cyclic loading, some small scale 

specimens were taken from the material of the specimens. These small scale specimens were 

tested under monotonic loading. Table 1 summarizes the test results and Figure 1 shows the 

stress-true strain curves obtained from the tests together with the stress-strain curves extrapo-

lated according to Hollomon [6] which were applied for the monotonic simulations. 
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Figure 1: True and extrapolated stress-strain curves 

Steel grade S355J2+N S355J2+N S355J2+N S355J2+N S355J2+N S355J2+N

f y  [MPa] 376 420 372 385 389 331

f u  [MPa] 595 553 527 562 562 521

f y  / f u  [-] 0.63 0.76 0.71 0.68 0.69 0.64

ε u  [%] 24.6 30.0 31.2 31.0 31.5 35.7

Plate thickness

t [mm]
25.0 20.0 18.0 15.0 12.0 10.0

 

Table 1: Material characteristics obtained from small scale tests 

Different examples for MRF’s have been compiled from literature as well as from direct 

dialogue with manufacturers to mirror the state-of-the-art. Following these examples the ge-

ometries, plate thicknesses and joint details have been assigned. Furthermore it has been de-

cided to test only frame corners as subsystems of a complete MRF and due to the test setup 

the length of the beams and columns were limited. All specimens were made as class 3 cross 

sections and in order to reach plastic hinges in the beams and columns the panel zones were 

reinforced, whereby one additional test on a frame corner without a reinforcement and one 

additional test on a frame corner made of class 1 cross sections with comparable monotonic 

resistance and stiffness were carried out. The 6 different specimens that was decided on were: 
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 S1 - Welded frame corner with constant girder 

 S2 - Bolted frame corner with constant girder 

 S3 - Welded frame corner with haunched girder 

 S4 - Bolted frame corner with haunched girder 

 S5 - Welded frame corner with constant girder - class 1 

 S6 - Welded frame corner with constant girder - unreinforced panel zone 

 

Figure 2 shows the above mentioned specimens or types of frame corners respectively, 

while Figure 3 illustrates the principle geometry of the test specimens. The main dimensions 

(e.g. length of column and beam, cross-sectional height and width) were equal for all speci-

mens. After delivery all test specimens have been investigated with regard to tolerances that 

may influence the test results. Table 2 gives the results of the measured dimensions that have 

been taken according to the measurement scheme as shown in Figure 3. 

The final step to prepare the specimens for the tests was the application of strain gauges at 

the (numerically predicted) critical positions, but also on undisturbed areas of the beams and 

columns. These strain gauge applications on the one hand allowed to detect a damage initia-

tion during the tests as well as on the other hand enabled to calibrate and verify the numerical 

finite element models. 

 

 

Figure 2: Overview of the specimens - types of frame corners 

 

Figure 3: Overview of specimen dimensions using specimen S1 
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L h 1 h 2 b t fl t w a w

c/t Class c/t Class

S1 1772 296 296 300 15.3 10.0 6.0 24.9 1 9.0 3

S2 1760 296 296 300 15.5 10.0 6.0 24.8 1 8.8 3

S3 1760 303 442 300 15.4 10.0 6.0 39.4 1 8.9 3

S4 1760 304 446 300 15.5 10.0 6.0 39.8 1 8.8 3

S5 1760 298 298 250 18.6 10.0 6.0 24.4 1 6.0 1

S6 1760 299 299 300 15.5 10.0 6.0 25.1 1 8.8 3

H H 1 h b t fl t w a w c/t Class c/t Class

S1 1268 90 300 300 15.3 12.0 7.0 20.8 1 8.8 3

S2 1260 90 297 300 15.2 12.0 7.0 20.6 1 8.8 3

S3 1260 90 300 300 15.4 12.0 7.0 20.8 1 8.7 3

S4 1260 88 300 300 15.3 12.1 7.0 20.6 1 8.8 3

S5 1260 90 299 250 18.8 12.1 7.0 20.0 1 5.8 1

S6 1260 90 300 300 15.5 12.0 7.0 20.8 1 8.7 3

t 1 t 2 t 3 t 4 t 5

S1 15.2 15.0 18.8 25.2 25.2

S2 15.4 15.4  2x12.0 25.0 25.0

S3 15.3 15.4 18.7 25.1 25.2

S4 15.3 15.3  2x12.0 25.0 25.1

S5 18.7 18.6 21.2 25.2 25.2

S6 15.1 15.3 - 25.3 25.2

C
o

lu
m

n
P

la
te

s

Specimen
Web Flange

[mm]

G
ir

d
er

 

Table 2: Actual measured values of the specimen dimensions 

2.3 Description of test setup 

The boundary conditions of the test setup have been particularly focused on a best possible 

representation of the real load-deformation behaviour of a complete MRF. The test setup is 

shown schematically in Figure 4, whereas the final realization with a test specimen can be 

seen in Figure 5. 

 

Figure 4: Schematic representation of the test setup 
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Figure 5: Test setup with test specimen S2 

2.4 Test procedure for cyclic loading 

According to the ECCS testing procedure [5] monotonic tests are required to define the test 

procedure for cyclic testing. Instead of these monotonic tests, here numerical simulations 

were used. Since the displacement ey corresponding to the yield load Fy were similar for ten-

sion and compression range, the average values were taken for the cyclic tests (Table 4). The 

loading history was applied as given schematically in Figure 6 and Table 3. Thereby the load-

ing history was modified such that by refined gradation of the displacement amplitudes ei un-

til failure the resolution of cyclic results has been increased. 

 

Figure 6: Schematic representation of the modified loading history according to ECCS [5] 

Cycle 1 2 3 4 5-7 8-10 11-13 …

e i  [mm] 0.25e y 0.5e y 0.75e y e y 1.5e y 2.0e y 2.5e y …  

Table 3: Amplitudes of displacement for cyclic loading 

Specimen S1 S2 S3 S4 S5 S6

e y  [mm] 24.0 24.0 20.0 20.0 24.0 16.0  

Table 4: Reference amplitudes of displacement for cyclic loading 

2.5 Test results for cyclic loading 

The test results in terms of cyclic load-displacement curves referring to the point of load 

application and pictures of the specimens at the end of the loading history showing the differ-

ent failure modes of each specimen are shown in Figure 7 to Figure 12. 
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Figure 7: S1 – Cyclic load-displacement curve and failure mode 
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Figure 8: S2 – Cyclic load-displacement curve and failure mode 
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Figure 9: S3 – Cyclic load-displacement curve and failure mode 
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Figure 10: S4 – Cyclic load-displacement curve and failure mode 
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Figure 11: S5 – Cyclic load-displacement curve and failure mode 
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Figure 12: S6 – Cyclic load-displacement curve and failure mode 
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Due to slippage in the hinges of the test setup the test specimens were loaded with slightly 

smaller displacements than indicated by the true movement of the jack. The measured values 

of displacement as well as the number of cycles until failure Nf occurred are shown in Table 5. 

 

4 5-7 8-10 11-13 14-16 17-19 20-22 23-25 26-28 29-31 32-34 35-36

S1 20.7 31.4 42.7 54.1 66.3 78.6 91.0 104.1 - - - - 23.3

S2 20.8 31.9 43.5 55.1 67.0 79.6 - - - - - - 18.3

S3 15.9 24.2 33.2 42.7 52.5 62.6 73.2 86.3 - - - - 22.3

S4 16.1 24.8 33.8 43.4 53.1 63.5 77.2 - - - - - 18.3

S5 20.4 31.1 42.6 54.2 66.0 77.6 89.6 101.9 - - - - 22.8

S6 13.9 21.4 28.9 36.7 44.5 52.3 60.2 68.1 76.1 84.0 92.2 67.4 35.3

Specimen
N f

[-]

e i  in [mm] for cycle

 

Table 5: Measured values of displacement and number of cycles until failure 

3 NUMERICAL SIMULATIONS OF TESTS 

3.1 Description of numerical simulations  

Subject of these simulations was the numerical recalculation and verification of the above 

described tests. The geometries of the FE-models were chosen equal to the measured dimen-

sions of the test specimens, Figure 13. 

 

(S1) 

 

(S2) 

 

(S3) 

 

(S4) 

 

(S5) 

 

(S6) 

Figure 13: Overview FE-models 

The FE-program ABAQUS was used and the FE-models were created using 8-node re-

duced-integration solid elements (type C3D8R). Both geometric and physical non-linearities 

were considered and moreover the FE-mesh as well as the FE-mesh refinements around the 

critical points were calibrated to get stable and adequate results. 
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For monotonic loading conditions, in order to determine the test procedure for cyclic load-

ing, non-linear isotropic hardening was considered using the extrapolated true stress-strain 

curves shown in Figure 1, whereas for cyclic loading conditions linear isotropic and non-

linear kinematic hardening according to Lemaitre Chaboche [7] were considered. The re-

quired parameters were determined analytically and were verified using numerical simula-

tions; they are summarized in Table 6. 

 

f y C γ Q b

[N/mm
2
] [-] [-] [-] [-]

320 26000 120  -  -  

Table 6: Material parameter for cyclic loading conditions according to Lemaitre Chaboche [7] 

The boundary conditions of the test setup were considered using 2 reference points in con-

junction with “coupling” definitions at both ends of the specimens (see Figure 14). The lateral 

support of the frame corner was incorporated by adequate boundary conditions. The simula-

tions were run displacement-controlled with the measured loading history of the tests. 

 

Figure 14: Load application and boundary conditions 

3.2 Numerical results for cyclic loading 

The numerical results in terms of cyclic load-displacement curves referring to the point of 

load application as well as deformed shapes showing the accumulated plastic strains at the 

end of the loading history are given in Figure 15 to Figure 20. 
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Figure 15: S1 – Cyclic load-displacement curve and failure mode 
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Figure 16: S2 – Cyclic load-displacement curve and failure mode 
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Figure 17: S3 – Cyclic load-displacement curve and failure mode 
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Figure 18: S4 – Cyclic load-displacement curve and failure mode 
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Figure 19: S5 – Cyclic load-displacement curve and failure mode 
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Figure 20: S6 – Cyclic load-displacement curve and failure mode 

664



M. Wieschollek, B. Hoffmeister and M. Feldmann 

4 OBSERVATIONS AND CONCLUSIONS 

The numerical verification of the tests was aiming at two main aspects, the validation of 

the numerical model with regard to its accordance with the experimental behaviour and thus 

its applicability for parametric studies as well as the identification of damage and formulation 

of a equivalent damage criterion transferrable from damages observed in the tests to the nu-

merical model. 

The experimental and numerical load-displacement curves show a very good agreement 

confirming the capability of the FE-models to represent the overall performance of the inves-

tigated frame corners. For the identification of failure modes (cracks) in the numerical FE-

models an approach has been selected, in which the accumulated plastic strains ε̅p were com-

pared to a limit value ε̅p,limit. The limiting values have been calibrated by the test results such 

that for each tested specimen respectively its FE-models the location and the accumulated 

plastic strains have been determined from the simulations at the cyclic deformation stage of 

the tested specimen corresponding to the first visually detected crack. From this evaluation 

the number of cycles until failure and the location (point of failure) can be obtained. 

On the basis on the findings from the tests as well as from the simulated recalculation of 

the tests the next step will be a parametric numerical study. The main aim of this study will be 

the assessment of the influences of the different components on the cyclic behaviour of 

MRF’s as well as the development of pre-normative design rules. 
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Abstract. The objective of this paper is to describe a novel experimental setup for testing the 
concrete-to-concrete interface behavior under cyclic loading. Within the suggested configura-
tion, various investigation parameters can be facilitated, such as the variation of concrete prop-
erties, interface roughness and number of transverse dowels. The specimen consists of three 
distinct concrete blocks in contact, as to create symmetric double interfaces. The middle con-
crete block has different concrete compressive strength, which suggests interfaces cast in dif-
ferent times. For the specimen preparation, elaborate computer-aided manufacturing (CAM) 
methods such as 3D design, laser-cutting and CNC-milling have been utilized. Moreover, an 
ad-hoc numerical analysis is performed, in the form of a blind-test procedure against its forth-
coming experimental counterpart. The analysis is based on a three-dimensional nonlinear finite 
element model, accurately describing the physical specimen properties and loading setup. The 
analytical results are presented in a form of interface shear stress vs. slip, stress variation 
contours along the interface area and dowel tensile stress. A comparison with Code-based rec-
ommendations is performed and various interesting points are highlighted. 
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1 INTRODUCTION 

Concrete-to-concrete interfaces are formed in crack planes, construction joints, between con-
crete elements cast at different times and in prefabrication. Adding a new concrete layer (e.g. 
flexural strengthening of beams) or a new R/C member in various retrofit techniques (e.g. jack-
eting, infill walls) entails issues related to the connection between existing and newly cast con-
crete [1-3]. The response of the composite member, and subsequently of the whole structure, 
depends largely on the response characteristics of the interface, since shear transfer occurs. 

Shear transfer along concrete interfaces is an ongoing subject of research. Many experi-
mental test configurations have been suggested and used for studying the mechanisms that resist 
sliding along concrete interfaces with different characteristics (e.g. [4- 9], Fig. 1). Moreover, 
numerous empirical and analytical expressions have been derived for estimating the ultimate 
shear stress as a resultant of the various shear resistance mechanisms. A significant effort has 
been also made in deriving expressions describing the response of concrete-to-concrete inter-
faces under cyclic loading (e.g. [10, 11]). The phenomenon has also been studied numerically 
by finite element modeling (e.g. [12]).  

 

 
 

Mattock et al. [4] 
 

Dulacska [5] 
 

Millard and Johnson [6] 

Bass et al. [7] 
 

Tassios and Vintzileou [8] Júlio et al. [9] 

Figure 1: Different types of specimens for studying the response of concrete-to-concrete interfaces. Dimensions 
are given in mm [4-9]. 

Although the research conducted on the response of concrete-to-concrete interfaces under 
monotonic loading is extensive, studies referring to cyclic loading are limited. Moreover, re-
garding surface roughness characterization in most of the experimental studies, qualitative de-
scription relying on visual inspection is employed. This implies that the influence of roughness 
on the overall shear resistance is not explicitly estimated since roughness is not assessed fol-
lowing a quantitative procedure, as for instance the sand patch method suggested by Model 
Code 2010 [13]. The objective of current research is to study the shear resistance of concrete-
to-concrete interfaces under cyclic loading with explicit characterization of the interface rough-
ness. Other parameters of the experimental investigation are the concrete compressive strength 
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and the number of dowels perpendicularly crossing the interface. Each specimen consists of 
three distinct concrete blocks in contact, as to create symmetric double interfaces. The middle 
concrete block has different concrete compressive strength which suggests interfaces cast in 
different times. Before experimental testing, a finite element model of the test specimen was 
developed. The analytical results are presented herein in the form of interface shear stress vs 
slip, shear stress variation contours along the interface area and dowel tensile stresses. This 
analytical study is preceding, as a blind-test procedure, a consistent experimental verification, 
which is under preparation. 

2 ESTIMATION OF SHEAR RESISTANCE ACCORDING TO CODES 

Shear transfer along interfaces plays a crucial role in the response of composite members. 
Describing in detail the mechanisms mobilized along interfaces due to slip and their interaction 
is a rather complex mechanical issue, especially under cyclic loading conditions where degra-
dation should also be accounted for. The main contributions to the overall shear resistance are 
described in [13]: 

 
- Mechanical interlocking and adhesive bonding 
- Friction due to external compression forces perpendicular to the interface and clamping action 

due to reinforcement 
- Dowel action of reinforcement crossing the interface 
 

In the following paragraphs, the expressions providing the ultimate shear resistance from 
codes are presented. The expressions are utilized for estimating the ultimate shear resistance of 
the test specimens.  

Eurocode 2 [14] suggests the following expression for estimating the ultimate shear re-
sistance at the interface between concrete cast at different times:  

   Rd ct n y c
cohesion friction resistance

c f f 0.5 f         


 (1) 

where: 
 
- factor c depends on the roughness classification of the interface (very smooth: c=0.25, smooth: 

c=0.35, rough: c=0.45, indented: c=0.50). 
- μ is the shear friction coefficient (very smooth: μ=0.5, smooth: μ=0.6, rough: μ=0.7, indented: 

μ=0.9). 
- σn is the normal stress acting on the interface. 
- fct is the concrete tensile stress. 
- ρ = As/Ac is the dowel reinforcement ratio. 
- fy is the steel yield stress. 
- ν = 0.55∙(30/fc)1/3 < 0.55 is the strength reduction factor. 
 
Eurocode 2 [14], as it is evident from Eq. (1), does not explicitly account for the dowel action.  
 

In Model Code 2010 [13], the shear stress developed at the interface between concrete cast 
at different times for interfaces intersected by dowels or reinforcement is:  

  1/3
Rd r c n 1 y 2 y c c c

cohesion friction resistance dowel resistance

c f f f f f                  
 (2) 
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The first term corresponds to the aggregate interlock and adhesive bonding where parameter 
cr is modified according to the roughness of the interface [13]. The second and third term cor-
respond to the friction and dowel resistance, respectively. Friction is related to any external 
compression forces normal to the interface and/or clamping forces due to reinforcement cross-
ing the interface. In the problem examined herein, the compressive stress resulting from a nor-
mal force acting on the interface is zero (σn = 0). Moreover: 

 
- ρ is the reinforcement area ratio of the reinforcing steel crossing the interface. 
- fc is the concrete compressive strength of the weakest concrete. 
- fy is the yield strength of the reinforcing bars crossing the interface 
- μ is shear friction coefficient of the interface. 
- κ1 and κ2 are interaction coefficients for tensile force activated in the reinforcement and for 

flexural resistance, respectively. 
- βc is the coefficient for the strength of the compression strut. 
- ν = 0.55∙(30/fc)1/3 < 0.55) is the strength reduction factor. 
 

Model Code 2010 [13] relates the roughness of the interface with parameter Rt which is 
derived from the sand patch method. Coefficients cr,, κ1, κ2, βc and μ receive the values pre-
sented in Table 7.3-2 of Model Code 2010 [13]. For the needs of the present study, the selected 
values of the coefficients cr, κ1, κ2, βc and μ are presented in Table 1. 
 

Roughness cr κ1 κ2 βc μ 
Very smooth, Rt = 0.0 0 0 1.5 0.3 0.5 

Rough, Rt = 2.5 0.1 0.5 0.9 0.5 0.7 
Very rough, Rt = 5.0 0.2 0.5 0.9 0.5 1.0 

Table 1: Coefficients for different interface roughness employed in the present study. 

The ultimate shear stress of smooth interfaces according to the Greek Code for Interventions 
[15] is:  

 Rd F o D y c c

friction  resistance dowel resistance

f f 0.3 f          
 (3) 

Apart from the friction and dowel resistance, the code refers additionally to the cohesion 
resistance (a value equal to 0.25∙fct is suggested for smooth interfaces, where fct is the tensile 
stress of the weakest concrete) and states that it should be ignored in the presence of clamping 
action of reinforcing bars crossing the interface. Moreover, it is mentioned that in case of 
smooth interfaces the contribution of the clamping action is low and could be ignored. From 
the above, the dowel resistance is considered the only mechanism that resists sliding at the 
interface. The terms βF and βD are participation factors of the friction and dowel resistance, 
respectively, taken both equal to 0.5. In case of rough interfaces, Eq. (2) is further modified to: 

   1/32
Rd F c c y D y c c

dowel  resistancefriction  resistance

f f f f 0.3 f                
 (4) 

The first term of Eq. (4) represents the contribution of concrete as it depends on the frictional 
resistance of the interface planes.  

The shear strength of an interface where reinforcement is placed perpendicular to the shear 
plane is estimated according to ACI 318-14 [16]:  
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 Rd yf    (5) 

where ρ = As/Ac is the area ratio of the shear-friction reinforcement, fy is the yield strength of 
reinforcing bars and μ is the friction coefficient, which for normal weight concrete may range 
between 0.6 for concrete placed against hardened concrete that is clean and not intentionally 
roughened and 1.4 for concrete placed monolithically. ACI-318-14 [16] provides upper limits 
on shear friction strength. In case of normal weight concrete placed monolithically or placed 
against hardened concrete intentionally roughened the maximum shear strength is calculated as: 

  Rd c cmin 0.2f ,3.3 0.2f ,11  in MPa    (6) 

For all the above cases (Eqs. 1-6), the ultimate shear force transferred along the interface is 
estimated by:  

 Rd Rd cV A    (7) 

where Ac is the area of the interface.  

3 DESIGN OF EXPERIMENTAL SETUP 

The main concept behind the suggested experimental setup is to test concrete-to-concrete 
interfaces under pure shear, minimizing any adverse normal-to-interface actions caused by 
loading or geometric, first or second-order eccentricities (see Fig. 2). These normal actions 
could considerably affect the interface response, since they may induce additional friction 
stresses (μ∙σ) along the interface plane. Consequently, a symmetric double-interface solution 
was followed (as in [8]), as depicted in Fig. 2. 

Specifically, the specimen is consisted of three adjacent 250×250×400 mm concrete blocks, 
with the central one representing concrete cast at an earlier time (old) and the other two at 
present (new), allowing different old/new concrete strength configurations, as per the ordinary 
repair/strengthening practice (e.g. R/C jacketing). Between old and new concrete, two symmet-
rically arranged interfaces are formed, which effective area is deliberately reduced to 150×300 
mm by applying a 50 mm wide, thin insulating material on the perimeter (e.g. clear tape), before 
casting new concrete. The purpose of the above reduction is twofold, i.e. to localize failure on 
the interface by avoiding possible edge splitting cracks and to reduce the interface shear re-
sistance to manageable levels. Both interfaces are crossed by a configurable number (2, 4, 6, 8 
or 10) of 8 mm diameter (Ø8), 500 mm length dowels. These dowels are arranged on a 60×50 
mm, five-row by two-column grid and they are anchored at a length of 125 mm inside the new 
concrete block, complying with minimum Code requirements [15]. Cyclic loading is vertically 
applied on the middle block by fixing the two adjacent ones, creating symmetric stress flow to 
the two centerline-equidistant interface planes. For mounting purposes, four plastic tubes are 
longitudinally inserted in each block (Ø32 and Ø20 for old and new, respectively), allowing the 
insertion of threaded rods after casting, which will be subsequently anchored to the testing ap-
paratus (described later). Finally, four Ø8 closed hoops are also inserted in each block, provid-
ing a minimum level of confinement. 

In order to realize the above elaborate specimen configuration, a special steel mold was de-
signed and manufactured with the aid of 3D software. The main requirements for the design 
were the ability to facilitate different casting phases (old and new concrete), different dowel 
configurations and interface roughness, while providing a convenient and fast assembly/disas-
sembly process. Fig. 3 (left) shows the various parts of the steel mold that were laser-cut from 
a 5 mm thick steel plate. It is based on a modular male-to-female connection concept, assisted 
by interlocking side bars. Various circular openings can accommodate precise dowel and tube 
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positioning as well as necessary uplifting handles. The molds were manufactured and assem-
bled in the Laboratory of R/C and Masonry Structures, Civil Engineering Dept., Aristotle Univ. 
of Thessaloniki, Greece. 

 
Figure 2: Specimen design concept. 

Figure 3: Casting mold design and assembly. 
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The two middle panels which separate the old from new concrete blocks are removable and 
can be positioned with either face against the central block. When removed (after casting and 
curing of the central block), they naturally form a very smooth, effectively zero-roughness sur-
face. However, for investigating the effect of different interface roughness, three middle panel 
pairs were subsequently machined (on one face), in order to ‘stamp’ a pattern of prescribed 
roughness against the central block. These patterns were produced by precise CNC cross-rout-
ing using a 90° included angle bit, covering the aforementioned 150×300 interface zone (Fig. 
4). The milling depth (h) and spacing (s) were calculated for yielding exact values of the rough-
ness parameter (Rt), according to the sand patch method [13] (Eq. 8, Table 2). Three different 
roughness values, Rt = 2.5, 5.0 and 10.0 were selected, corresponding to rough, very rough and 
extremely rough conditions (for the rest smooth panel faces, it is assumed that Rt = 0.0). 

 

2
pyramid pyramid

cylinder
parallelog ram parallelog ram

parallelog ram

pyramidsand
t 2 2 2

V V d40 V 40 h
V V 4 V40 VR 10 h

d d d V



  


    


     

  
 (8) 

 
R - Rough  VR - Very rough  ER - Extremely rough 

h (mm) 0.5  h (mm) 1.0  h (mm) 2.0 

s (mm) 1.6  s (mm) 3.2  s (mm) 6.4 

b (mm) 0.6  b (mm) 1.2  b (mm) 2.4 

Vpyr. / Vpar. 0.505  Vpyr. / Vpar. 0.505  Vpyr. / Vpar. 0.505 

Rt 2.53  Rt 5.05  Rt 10.10 

Table 2: Calculation of prescribed roughness. 

 Rt = 2.5 Rt = 5.0 Rt = 10.0 

Figure 4: Prescribed roughness configurations. 

The specimen preparation using the above steel mold can be easily accommodated in nine 
steps, as follows (Fig. 5): 

 
Step 1: Assemble the central chamber by positioning both middle panel faces according to the 

required interface roughness (Rt = 0.0, 2.5, 5.0 or 10.0). Lock middle panels. 
Step 2: Insert the four Ø32 tubes and the four Ø8 hoops in the central chamber.  
Step 3: Insert the required number of dowels (2, 4, 6, 8, or 10), taping the rest of the holes (if 

any). 
Step 4: Cast the central concrete block (old). 
Step 5: After curing of the central block, unlock and remove the two middle panels.  
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Step 6: Insert and lock the two end panels, insert Ø20 tubes and hoops in the empty chambers 
and position the two lifting bars (Ø12). 

Step 7: Cast the new concrete. 
Step 8: After curing, disassemble mold completely. 
Step 9: Cut tubes flush, lift and rotate specimen for mounting on the loading apparatus. 

 
The finalized specimen is positioned and mounted on the loading apparatus, as depicted in 

Fig. 6. The two end blocks are firmly mounted on the two vertical pedestals using eight M16 
threaded rods and two 20 mm thick steel plates, placed on the top of the blocks. The middle 
block is mounted on a hydraulic actuator via a swivel appendage (extender), four M24 threaded 
rods and a 20 mm thick steel plate, placed on the bottom of the block. This configuration allows 
the actuator to transfer a prescribed cyclic action to the middle block by applying concentric 
compressive pressure only, either directly (downward movement) or through the bottom plate, 
by tensioning the four embedded rods (upward movement). The apparatus base is secured via 
two M36 threaded rods on the laboratory floor, featuring a 1.0×1.0 m grid of 80 mm diameter 
holes. The critical loading capacity of the apparatus is determined by the yielding strength of 
the eight M16 rods (722 kN, considering 8.8 material grade and 10% pre-tension), after provid-
ing a large safety margin against welding failure. 

 
Figure 5: Specimen casting procedure. 
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A prescribed displacement cyclic load history will be imposed by a single-ended hydraulic 
actuator (MTS 243.60) mounted on a steel loading frame, with a load capacity of 1013 kN 
(compression) / 648 kN (tension) and a full stroke of ±250 mm. The actuator is equipped with 
a build-in LVDT device for measuring the imposed displacements. However, since both the 
loading frame and the apparatus is naturally susceptible to (elastic) bending during specimen 
loading (especially for large loads), additional displacements could be picked up by the actuator 
internal LVDT, resulting to a discrepancy between the desired (target) displacement load his-
tory and the measured displacement of the internal LVDT. This adverse effect may become 
critical in the present setup, since the applied displacements will be in the order of a few milli-
meters. For this reason, the actuator closed-loop control will be transferred from the default 
actuator internal LVDT to an external measurement system, based on a draw-wire sensor (or 
alternatively a short-stroke LVDT), mounted on the transverse beam between two vertical ped-
estals and connected to the bottom face of the mounting plate (Fig. 6). The above experimental 
setup is currently under preparation and will be utilized shortly. 

 

Figure 6: Testing apparatus design, assembly and configuration. 
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4 NUMERICAL ANALYSIS AND RESULTS 

Before conducting experimental testing, an ad-hoc numerical analysis has been performed, 
serving as a blind-test prediction against its forthcoming experimental counterpart. The analysis 
is based on a three-dimensional nonlinear finite element model using the ATENA software [17], 
accurately describing the physical specimen properties and loading setup, as depicted in Fig. 7. 
For the old and new concrete blocks, the mean compressive and tensile strength properties of 
C12 and C20 concrete classes were employed, respectively [13, 14], assigned to a nonlinear 
fracture-plastic concrete constitutive model. Loading was applied in the form of prescribed dis-
placement, via a rigid loading block on the top of the middle concrete block, as per the experi-
mental setup. The top and bottom sides of the two adjacent blocks were fixed. The common 
planes (contacts) between old and new concrete were divided to the inner interface zone and 
the friction-free zone (see Fig. 2), assigned to a Mohr-Coulomb interface model and a no-con-
tact formulation, respectively. The dowel reinforcement was modeled using a batch of eight 
reinforcement fibers for each Ø8 bar (each having an equivalent area of 50.3/8 mm2 and a yield 
strength of fy = 500 MPa). This technique was preferred instead of the standard reinforcement 
representation using a single axial-only truss element, so that the bending action is modeled as 
well. The dowel bond-slip behavior was also accounted for, using a Code based constitutive 
model for pullout action and good bond conditions [13]. The global mesh size was fixed to 
2.5×2.5 cm, however, for increased accuracy, the mesh density was increased to 0.5 cm, in both 
normal directions to each interface zone, for a length of 5 cm. The model parameters analyzed 
were the number of dowels (2, 4 and 6) as well as the interface roughness, corresponding to 
smooth, rough and very rough conditions (Rt = 0.0, 2.5, 5.0). The corresponding friction (μ) 
and cohesion (c) values for the employed Mohr-Coulomb model were taken equal to μ = 0.5, 
0.7, 1.0 and c = cr∙fc1/3 = 0.0, 0.27, 0.54 MPa, respectively (Table 1, [13]). 

 
Figure 7: Finite element model details. 

The analysis results in terms of total shear force (reaction at the point of prescribed displace-
ment) vs interface slip are shown in Fig. 8. It is observed that the interface shear resistance is 
clearly increased for an increasing number of transverse dowels, as expected. A similar increase 
in shear resistance for rougher interfaces is not evident, however, increased roughness yields 
lower values of interface slip at maximum shear, indicating a stiffer interface response. More-
over, it is observed by comparing against a perfect-bond analysis that the effect of dowel bond-
slip plays a predominant role in determining the interface stiffness, leading to a considerably 
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stiffer response if neglected. By comparing the shear resistance of the various interface config-
urations between the present analysis and the various code recommendations (Eqs. 1-6, Fig. 9), 
a large dispersion in the results is observed, especially for different interface roughness levels. 
This implies that the friction contribution on the interface resistance is an issue that needs fur-
ther investigation especially in cyclic loading conditions. 

 
Figure 8: Interface response from finite element analysis. 

   
Figure 9: Comparison between analysis and various Code recommendations. 

As far as the above friction contribution issue is concerned, all Code recommendations sug-
gest that the total shear stress, which includes a significant friction component (depending on 
the stress normal to the interface), is uniform throughout the whole interface area (Eq. 7). How-
ever, from the analysis stress contours at maximum force (Fig. 10), it is observed that the normal 
stress produced by the dowel clamping action that creates friction (σxx) is operating only on a 
limited ellipsoidal boundary around dowels, while the remaining interface area is practically 
unstressed (red color), hence inducing no friction resistance. This is also visible in the stress 
distribution parallel to the interface (σzz), where unstressed regions are greatly influential. Pend-
ing experimental verification, this question is herein raised for further discussion. 

In Fig. 11, the dowel deformed shape (10× magnification) and the tensile stress contours at 
maximum shear force are depicted. It is observed that dowel yielding (σc = fy = 500 MPa) occurs 
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at the vicinity of the interface planes as expected, and that a gradual stress degradation is formed 
along the dowel length (reaching zero at both ends) due to the consideration of the bond-slip 
effect. Finally, the fiber division technique applied for dowel bars successfully captured their 
bending action, i.e. stress non-uniformity across the dowel section depth.  

 
Figure 10: Cross-interface longitudinal and transverse stress contours at max shear force (4 dowels, Rt = 5.0) 

 
Figure 11: Dowel stresses and deformations at max shear force (6 dowels, Rt = 0.0) 
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5 CONCLUSIONS 

In this paper, a novel experimental setup for testing the concrete-to-concrete interface be-
havior in various configurations under cyclic loading was described. The main concept was to 
create interfaces under pure shear which resulted in a symmetric double-interface solution, thus 
minimizing any adverse normal actions due to eccentricities. The parameters to be investigated 
is the number of transverse dowels and interface roughness, which for the first time is prescribed 
using elaborate CAM methods. While the suggested setup is under preparation, an ad-hoc non-
linear finite element analysis was performed, serving as a preceding blind test procedure to be 
compared with forthcoming experimental results. The analysis results showed acceptable cor-
relation in terms of interface shear resistance compared to various Code recommendations, 
which however show a significant scatter, especially for larger interface roughness levels. This 
may be accounted to the fact that under pure shear, friction is mobilized on a limited boundary 
around dowel positions. Moreover, the complete force vs slip curves provided by the finite 
element model gives a clearer view in terms of interface stiffness, where both roughness and 
dowel bond-slip play a significant role. Notwithstanding, the actual experimental testing is ex-
pected to further clarify the above issues and provide better overall insight on the present com-
plex research topic. 
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Abstract. An approach for the analytical prediction of the deformation capacity of reinforced 

concrete (RC) shear walls in existing buildings, designed with past non conforming seismic 

regulations is presented. Most modern seismic assessment and redesign provisions include 

models for the prediction of the capacity of existing RC members. Specifically, Eurocode 8-

Part 3 provides semi-empirical and analytical expressions which focus on the estimation of 

yield and ultimate chord rotation. For this purpose, cross section analyses were carried out 

using OpenSees platform in order to predict the Moment-Curvature diagram (M-φ) which is 

thereafter transformed, by analytical expressions, into the final Load-Displacement (P-δ) 

capacity curve of such members. In addition, numerical simulations were carried out using 

two alternative element models, available in OpenSees library, in order to directly predict the 

overall Load-Displacement (P-δ) curve of a shear wall. Both analytical and numerical results 

were compared with test results from a series of experiments of isolated non conforming RC 

shear wall elements, which were tested as cantilevers under statically reversed lateral 

loading in the RC Laboratory of the National Technical University of Athens.  
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1 INTRODUCTION 

Reinforced concrete (RC) shear walls play an important role in modern seismic design, as 

they constitute a bracing member capable of contributing to the lateral seismic resistance of 

the structure. Most modern seismic codes give great attention to the seismic detailing of RC 

shear walls, trying to secure the flexural behaviour of the member and to reach adequate 

ductility levels. This is mainly achieved by the configuration of confined boundary elements, 

which increase the ultimate concrete strain and, therefore, the ductility values, and by a 

capacity design procedure which leads to high ratios of shear reinforcement, in order to 

prevent a shear brittle failure.  

However, in a lot of countries with high seismic exposure, there is a significant number of 

existing RC buildings designed according to past seismic regulations, which include shear 

walls which are non-compliant to modern seismic design and detailing provisions. These non 

conforming shear walls do not include confined boundary elements and they are characterized 

by relatively thinner web dimension and low ratios of horizontal or vertical shear 

reinforcement.  

2 LITERATURE REVIEW 

An extensive experimental investigation of the behaviour of RC shear walls started taking 

place in the early 1970s. However, in most cases, the studies were made towards the revision 

of the applicable regulations at that time, so the conclusions and models arising from this 

research, which was adopted in the revisions that were effected from these, referred to 

improved design provisions rather than assessment procedures.  

In the next decades, the study of the behavior of RC members began to focus not only on 

the design but also on the assessment and redesign of existing members. Several models have 

been developed trying to predict the deformation capacity and the degradation of the shear / 

flexural strength with inelastic cyclic displacements of existing RC members. Some of these 

models have been adopted, with some modifications, in modern seismic regulations. 

2.1 Analytical assessment models – Plastic hinge analysis  

The deformation capacity of reinforced concrete members is commonly defined in 

currently enforced assessment regulations in terms of the chord rotation (or drift ratio), θ, i.e. 

the angle between the tangent to the axis at the yielding (assumed fixed) end and the chord 

connecting that end with the end of the shear span; fixed end effects may also be included in 

this form of deformation, attributed to effects due to bond deterioration in the region of fixity. 

Plastic hinge analysis of these rotations relates to the Moment-curvature, M-φ (or Force-

deformation, P-δ) envelope of the cyclic response of an RC member.  

The ultimate chord rotation at failure, θu, can be expressed as the sum of two separated 

terms: the chord rotation at yielding, θy, and the plastic part of the chord rotation, θpl. 

Assuming a pure flexural behavior, which means neglecting shear and bond slip effects within 

the member, the ultimate chord rotation can be expressed as: 

θu=θy+θpl=φ
y

LV

3
+ (φ

u
-φ

y
) Lpl (1-

Lpl

LV

)                                             (1) 

where 

φy is the section curvature at yielding 

φu is the ultimate curvature at failure 

LV is the length of the shear span (LV=M/V=moment/shear at the end section) 

Lpl is the plastic hinge length  
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In the literature, in most cases, the length of the plastic hinge is expressed by empirical or 

semi-empirical expressions. One of the first  is the one of Paulay and Priestley [1]: 

Lpl=0.08LV+0.022dbf
y
                                                          (2) 

where the second term is the contribution of slippage of the longitudinal rebars expressed by 

the product of the diameter db and the yield stress, fy, of the longitudinal tension 

reinforcement. 

Along the same premise Panagiotakos and Fardis [2] proposed a modified expression for 

plastic hinge length, Lpl, (Eq.(3)), trying to fit Eq.(1) to the results from a large experimental 

database. Panagiotakos and Fardis [2] distinguished the cases of monotonic and cycling 

loading, noting that the shear, bond slip and tension stiffening effects should be taken into 

account via the plastic hinge length expressions: 

For monotonic loading   

Lpl=0.18LV+0.021asldbf
y
                                                     (3a) 

For cyclic loading 

Lpl=0.12LV+0.014asldbf
y
                                                    (3b) 

where asl equals 1 or 0 depending on whether slippage of the longitudinal steel is possible or 

not.  
Based on an extended experimental database, Biskinis [3], proposed a new parametric 

expression for calculating the plastic hinge length, Lpl, as a function of geometrical 

characteristics only, taking into account shear and bond slip effects within the expression of 

ultimate chord rotation. This empirical model gradually evolved to its final form in Biskinis 

and Fardis [4]-[5], Grammatikou [6] and Grammatikou et al. [7] as: 

θu=θy+aslΔθu,slip+ (φ
u
-φ

y
) Lpl (1-

0.5Lpl

LV

)                                             (4) 

In Eq.(4) θy is the chord rotation at yielding and Δθu,slip is the rotation due to slippage from 

yielding until failure, calculated from Eq.(5) and Eq.(6a, 6b), respectively: 

θy=φ
y

LV+αVz

3
+0.0006 (1+

7

6

h

LV

) +aslφy

dbf
y

8√f
c

                                  (5) 

where 

αVz is the tension shift of the bending moment diagram due to shear  

z is the length of the internal flexural lever arm, taken equal to 0.8h in walls with 

rectangular section (h is the cross-section depth ), 

αV=1 if shear cracking is expected to precede flexural yielding at the end section (i.e. if 

My>LVVR,c ); otherwise αV=0, where VR,c is the shear resistance of the member considered 

without shear reinforcement according to Eurocode 2 - Part 1-1 [8] 

fc is the concrete compressive strength  

According to the model, Δθu,slip can be calculated as: 

For monotonic loading   

Δθu,slip=9.5dbφ
u
                                                              (6a) 

For cyclic loading   

Δθu,slip=5.5dbφ
u
                                                               (6b) 
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and Lpl can be calculated as: 

For monotonic loading with or without conforming seismic detailing   

Lpl=h [1.1+0.04min(9;
LV

h
)]                                                   (7a) 

For cyclic loading with conforming seismic detailing 

Lpl=0.3h [1.0+
1

6
min(9;

LV

h
)]                                                  (7b) 

Note that there is a direct interaction between Lpl and φu. Thus, each expression for 

calculating Lpl matches to a specific model for calculating the concrete compressive strength 

and the corresponding ultimate concrete strain. The model of Eq.(4) to Eq. (7) is based on the 

Newman and Newman [9] model for the confined concrete, according to which the 

compressive strength of the confined concrete, fcc, is calculated as: 

f
cc

=f
c

[1+3.7 (
aρ

sx
f
yw

f
c

)

0.86

]                                                    (8) 

where  

ρsx=Asx/bsh is the ratio of transverse steel parallel to the direction x of loading (Asx is the 

stirrup reinforcement area and sh is the stirrup spacing), 

     fyw is the stirrup yield strength (MPa) and 

α is the confinement effectiveness factor. 

The strain at maximum strength, ecc0, can be calculated as (Fardis [10]):  

εcc0=εc0 [1+5 (
f
cc

f
c

-1)]                                                           (9) 

 

The ultimate concrete strain, εccu, is taken as (Biskinis and Fardis [5]): 

For monotonic loading   

εccu=0.0035 + (
10

h0

)
2

 +0.57
aρ

s
f
yw

f
cc

                                              (10a) 

For cyclic loading 

εccu=0.0035 + (
10

h0

)
2

 +0.40
aρ

s
f
yw

f
cc

                                            (10b) 

where 

ho is the confined core height (in mm): In case the element does not include a confining 

detailing configuration, the value ho is replaced by the cross-section height, h, and the third 

term of Eq.(10) is set equal to zero.   

2.2 Eurocode 8 - Part 3 provisions 

 Eurocode 8 - Part 3 (EC8-3) [11], [12] in Annex A proposes models for the performance 

assessment of reinforced concrete members that refer to their deformation capacity, in chord 

rotation terms, and their shear strength. EC8-3 defines three different limit states, indicating 

the state of damage of the concrete member – Damage Limitation (DL), Significant Damage 

(SD) and Near Collapse (NC). 
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The value of the chord rotation, θy, in the DL limit state for rectangular walls is given in 

Eq.(11) and it corresponds to the yielding moment capacity, My.  

θy=φ
y

LV+αVz

3
+0.0013+φ

y

dbf
y

8√f
c

                                                 (11) 

The value of the ultimate (total) chord rotation, θu, in the NC limit state is given in Eq.(12) 

and it corresponds to the ultimate moment capacity, Mu.  

θu=
1

γ
el

0.016(0.3ν) [
max(0.01;ω')

max(0.01;ω)
f
c
]

0.225

(min (9;
LV

h
))

0.35

25
(αρsx

fyw

fc
)
  (1.25100ρd)        (12) 

where: 

γel is equal to 1.50 for primary seismic elements and to 1.00 for secondary seismic elements, 

ν=N/bhfc (b is the width of compression zone, N is the axial force positive for compression), 

ω, ω´ are the mechanical reinforcement ratios of the tension (including the web 

reinforcement) and compression, respectively, longitudinal reinforcement, 

ρd is the steel ratio of diagonal reinforcement (if any), in each diagonal direction. 

Note that for shear walls the above value must be multiplied by 0.58, while, specifically for 

members without seismic detailing, it must be also divided by 1.2. The intermediate value of 

the chord rotation, θSD, in the SD limit state may be taken as the 0.75θu.  

Alternatively, EC8-3 proposes an analytical expression for calculating the ultimate chord 

rotation (Eq.(13)).  Note that the specific expression is applicable only for the assessment of 

existing members with seismic detailing; no proposal for members with poor seismic detailing 

is made. 

θu=θy+ (φ
u
-φ

y
) Lpl (1-

0.5Lpl

LV

)                                                    (13) 

where the plastic hinge length, Lpl, depends on the constitutive model for confined concrete: 
     For the confinement model included in Eurocode 2 - Part 1-1 [8] 

Lpl=0.1LV+0.17h+0.24
dbf

y

√f
c

                                                  (14a) 

For a confinement model proposed in EC8-3 (based on Newman and Newman model [9]) 

Lpl=
LV

30
+0.20h+0.11

dbf
y

√f
c

                                                      (14b) 

The above confinement model of EC8-3 adopts Eq.(8) and (9) for fcc and εcc0, respectively, 

and proposes that the ultimate concrete strain εccu can be calculated as: 

εccu=0.004 + 0.5
aρ

s
f
yw

f
cc

                                                            (15) 

From the literature review, a main conclusion could be derived: Each empirical expression 

for predicting the plastic hinge length can be applied only in accordance with a certain model 

for calculating the ultimate curvature. The fact that the database, on which the above models 

were calibrated, comprises primarily members with seismic detailing, leads to the result that 

these expressions have application mainly (or only) to members with seismic detailing (e.g. 

EC8-3). 
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2.3 Numerical methods  

Apart from the analytical models previously described, efforts have been made towards the 

development of reliable numerical methods for simulating the monotonic and cyclic behavior 

of RC members. In most cases these methods are based on Finite Element Methods (FEM). 

An alternative numerical model which specially focuses on the simulation of RC shear 

walls is the one proposed in Massone et al. [13]. The base of the above model is a 

macroscopic fiber-based model, referred as Multiple-Vertical-Line-Element-Model 

(MVLEM), proposed by Vulcano et al. [14].  According to this approach an RC shear wall is 

modeled as a stack of Multiple-Vertical-Line-Elements (MVLEs), placed one upon the other. 

Each MVLE is simulated by a series of uniaxial elements connected to rigid beams, in order 

to capture the flexural component, and by a horizontal spring in order to capture the shear 

behavior. However, this simulation does not take into account the shear-flexure interaction. 

In view of this limitation, Massone et al. [13] and Orakcal et al. [15] suggested an 

improved model, by assigning a shear spring for each uniaxial element, achieving a RC 

membrane behavior for each element.  

3 EXPERIMENTAL PROCEDURE 

In order to evaluate both analytical and numerical models presented within this paper, as 

well as the aforementioned code provisions, a comparison of analytical predictions with 

experimental results was carried out. The experimental process included the testing of a series 

of four RC shear walls. This testing forms part of a general experimental program, which is 

taking place in the RC Laboratory of the National Technical University of Athens (NTUA), 

whose scope is the assessment and strengthening of existing non-conforming RC shear walls. 

Two of the specimens (W9 and W11) were previously presented in Christidis et al. [16], while 

the other two (W7 and W13) are described herein.  

3.1 Specimens characteristics 

Walls W7 and W13 represent a typical modern RC shear wall designed according to 

Eurocode provisions and a typical existing non-conforming RC shear wall, respectively. 

Specimens W9 and W11 also represent non-conforming walls but, in addition, a configuration 

of open stirrups was added in order to prevent the buckling of compressive reinforcement, 

found often to reduce the bearing capacity of the wall prematurely; in this way the influence 

of shear reinforcement can be evaluated directly. The dimensions and the reinforcement 

configuration of all specimens are shown in Fig.1 and they are summarized in Table 1. 

 

Concrete 
compression 

strength 
fc (MPa) 

Reinforcement yield/failure 
fy/fu (MPa) Longitudinal 

reinforcement ratio  

ρtot (‰) 

Transverse (shear) 
reinforcement 

ratio 

ρw (‰) Longitudinal 
Reinforcement 

Stirrups 

Wall W7 32.12 D10:604/705 –D8:588/681 588/681 14.33 6.69 

Wall W9 31.12 580/670 588/681 12.06 2.01 

Wall W11 31.12 580/670 568/654 12.06 1.13 

Wall W13 25.37 580/670 568/654 12.06 1.13 

     ρtot=Area sum of longitudinal reinforcement/cross section area=ΣAs,L/(bw*h) 
     ρw=Area sum of stirrup/(wall width*stirrups distance)=ΣΑs,w/(bw*s) 

Table 1: Reinforcement ratios and material properties of the specimens considered. 

It should be noted at this point that the flexural inelastic deformations, presented in detail 

in Section 2 (especially the ultimate values) can be attained provided that the structural 
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member has not previously reached its shear strength capacity, whose value can be calculated 

according to EC8-3 provisions. Walls W11 and W13 include such a shear reinforcement ratio 

that intentionally leads to a reduced value of shear capacity, typical of existing wall elements, 

so that the flexural behavior of the wall cannot be attained (see also Christidis et al. [16]). 

However, the expected brittle-shear behavior of the specimens was not verified by the test 

results (as also explained later), since all the specimens exhibited their flexural capacity and 

significant higher values of corresponding lateral displacement, not affected by the different 

reinforcement ratios. Thus, the evaluation of displacement capacity of Walls W11 and W13 was 

conducted in flexural terms: the investigation of the reliability of proposed models for 
calculating the shear strength capacity is beyond the scope of this paper. 

  

 (a) Wall W7                                       (b) Wall W9 

  

(c) Wall W11                                       (d) Wall W13 

Figure 1: Reinforcement configuration of specimens (in mm). 
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3.2 Experimental procedure 

The specimens were tested as cantilevers under static cyclic loading. During the testing 

procedure, a displacement control method was adopted, including an initial displacement of 

±10 mm with steps of 10 mm until failure. Three cycles of each displacement group were 

applied: the time history of the loading is shown in Fig.2.  

 

Figure 2: Time history of loading of specimens. 

3.3 Experimental results – failure modes 

The experimental results are presented in Fig.12 (together with analytical and numerical 

predictions) in the form of the Load-displacement diagram, P-δ, where δ refers to the 

displacement at the top of each specimen. In Fig.3, the cracking pattern is shown at the end of 

the experimental procedure. 

  

(a) Wall W7 (b) Wall W9 

  

(c) Wall W11 (d) Wall W13 

Figure 3: Cracks at the end of the experiment (at displacement 0.00mm). 
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As concluded from the experimental results, low ratios of shear reinforcement seem to 

affect neither the bearing capacity nor the top displacement capacity of walls. All four 

specimens reached approximately their flexural bearing capacity, while in most cases they 

exhibited a flexural post-yield behavior followed by significant values of ductility, except of 

Wall W13 which exhibited a descending post-yield branch, which, however, is attributed to the 

premature buckling of the compressive longitudinal reinforcement. Contrariwise, low ratios of 

shear reinforcement seem to determine the crack mode of walls, as in cases of walls W11 and 

W13 with low ratios of shear reinforcement the formation of significant inclined X cracks was 

observed. 

4 ANALYTICAL AND NUMERICAL ESTIMATION  

EC8-3 provisions (both empirical and analytical) and Eq.(4) to Eq.(10) model (for cyclic 

loading) were applied for all the four specimens and compared with the experimental results.  

In order to apply the analytical or empirical models cross-section analyses (CS) were 

preceded in OpenSees platform [17]. In addition to the analytical predictions of section 

response, numerical simulations were also carried out at the element level, again using the 

OpenSees platform [17], which were also compared with experimental results.   

4.1 Materials 

As previously described, each one of the analytical models can be applied only in 

accordance with a specific concrete constitutive law. Thus, Eq.(8), (9) and (15) were applied 

to describe the confined concrete, in order to evaluate the EC8-3 ([11], [12]) provisions while 

Eq.(8), (9) and (10) were applied in order to evaluate the model of Eq.(4) to Eq.(10). For the 

numerical analysis at the element level the EC8-3 confined concrete model was applied. 

Especially in Wall W13, where only unconfined concrete was used across the cross-section, 

the two previous models were used with a=0 for the unconfined core concrete. Note that in 

both models the value of strain at failure εccu (or ecu) corresponds to a concrete strength equal 

to 0.85fcc (or 0.85fc). Finally, the Kent and Park model [18] was used to describe the 

unconfined cover concrete constitutive law in all cases (Fig.4).  

 

     (a) Concrete fc=31.12MPa (Walls W7, W9, W11)                       (b) Concrete fc=25.37MPa (Wall W13) 

Figure 4: Concrete stress-strain (σ-ε) curves in compression. 

In all cases (cross-section and element level) the analyses were carried out ignoring the 

tension strength of concrete, so a Concrete_01-Zero Tensile Strength material was used in 

OpenSees for the concrete. Chang and Mander [19] model was used to describe the 

reinforcing steel constitutive law including the buckling of compressive bars according to 

Dhakal and Maekawa [20] model (OpenSees: Reinforcing Steel Material) (Fig.5). The 

buckling of compressive steel depends mainly on the ratio L/D, where L is the unsupported 

bar length and D is the diameter of the reinforcing bar. The influence of buckling to the 
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Moment - Curvature diagram is shown indicatively in Fig.6a, where the Moment-Curvature 

diagram of wall W13 is derived from a cross-section analysis for three different cases, namely  

without buckling and with buckling, for L/D = 8.33 and L/D = 33.33.  

 

(a) Reinforcing bars D10 and D8 in Wall W7                    (b) Reinforcing bar D12 in Walls W9, W11 and W13 

Figure 5: Reinforcing bars stress-strain (σ-ε) curves. 

Another parameter which influences the reduction of steel stress due to buckling is the 

parameter a (Dhakal and Maekawa [20]). As Dhakal and Maekawa [20] state, the value of a is 

found to be 0.75 for elastic–perfectly plastic bars and 1.0 for bars with continuous linear 

hardening. Thus, for bars with a limited hardening range, a should be chosen between 0.75 

and 1. Dhakal and Maekawa [21] recommend a system of equations for calculating the 

parameter a. In the case of reinforcing bars D10 and D12 of the wall models herein, the above 

equations lead to values 0.777 and 0.767, respectively, so the lower bound of 0.75 was 

adopted. Besides, the value of parameter a does not seem to have a significant influence on 

the overall Moment-Curvature of the cross-section, as also shown in Fig.6b.     

 

(a) Influence of L/D for constant a=0.75                          (b) Influence of a for constant L/D=8.33  

Figure 6: Influence of buckling parameters L/D and a to the Moment Curvature diagrams of Wall W13. 

4.2 Analytical estimation 

In order to apply the analytical equations a conventional yielding point was used, obtained 

from the bilinearization of the Moment-Curvature diagram, M-φ, using an equivalent bilinear 

curve (elastic-perfectly plastic), where the initial elastic stiffness is defined from the first yield 

point (Μy1, φy1). The conventional yield point (Μy, φy) was derived by equating the area 

(energy) of the two curves. Note that the ultimate curvature, φu, is taken as the one 

corresponding to a percentage 20% loss of the bearing capacity.  The Moment-curvature 

diagrams derived from the cross-section analysis in OpenSees and their equivalent bilinear 

counterparts are summarized in Fig.7; the Load-displacement (P-δ) curves derived from the 

application of the analytical expressions above, using the M-φ curves are discussed later on, in 

comparison with numerical and experimental results (see also Fig.12). 
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      (a) Wall W7 – EC8-3                                                      (b) Wall W7 – Eq.(8)-(10)  

 

      (c) Walls W9, W11 - EC8-3                                              (d) Walls W9, W11 - Eq.(8)-(10) 

 

          (e) Wall W13 – EC8-3                                                  (f) Wall W13 – Eq.(8)-(10)   

Figure 7: Moment curvature diagrams (M-φ).   

4.3 Numerical analysis  

In addition to the previous analytical approach, numerical simulations were carried out 

using OpenSees platform to predict the experimental response. The simulation of the RC 

shear wall was held in two alternative ways. The first one was by using the Displacement-

Based Beam-Column Element, which considers the spread of plasticity along the element 

height. This element is a flexural element model based on internal interpolation of 

deformations, while relying only on the flexural characteristics of the cross-section (i.e. 

geometry, longitudinal reinforcement, material laws) for the response evaluation; therefore, it 

does not take into account the shear component neither in the evaluation of the total strength 

nor the total displacement (also, fixed end effects were not included at the base end). Thus, 

via this model, it is possible to evaluate the differences in the total P-δ behavior of the wall 

only due to flexural changes in the cross section, i.e. the influence of the confinement and the 

influence of the buckling of the compressive longitudinal bars, but not the influence that 

different shear reinforcement ratios have. 

   On the other hand, the influence of the shear reinforcement can be simulated by using the 

Flexure-Shear Interaction Displacement-Based Beam-Column Element available in OpenSees 

that takes into account the interaction between flexure and shear components, based on 
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Massone et al. [13] work. The specific model is sensitive to three modelling factors: the 

discretization of the cross-section in n strips, the number of subelements, m, along the wall 

height and the value of the parameter c, which is the center of rotation (or the center of gravity 

of the curvature distribution) in each subelement.  

The discretization of the cross section in n strips for each element was performed in order 

to achieve the best simulation of the actual test cross-section configuration, i.e. the exact place 

of the rebars and the transitions between confined and unconfined concrete (Fig.8a,b). 

 

 

(a) Discretization in n strips - Wall W7 

 

(b) Discretization in n strips - Walls W9, W11, W13 (c) Discretization in m subelements - Wall W7 

Figure 8: Modelling of walls  in OpenSees. 

   As far as the number of subelements, m, along the wall height (see indicatively Fig.8c), it 

was decided to divide the total height according to the distance of the horizontal shear 

reinforcement. Thus, Wall W7 was divided in m=13 element (at 0.12m) while Walls W9, W11 

and W13 were divided in m=4 elements (at 0.40m). Each of these elements contains a constant 

area of shear reinforcement which, divided by the height of each mi element and the wall 

width, b, gives the actual shear reinforcement ratio, ρw, of each shear wall (see also Table 1). 

As Orakcal et al. [15] state, “increasing the number of uniaxial elements or the number of 

MVLEs along wall height does not change significantly the prediction of the global P-δ 

response”. On the other hand, “use of more MVLEs along wall height is valuable in terms of 

obtaining more detailed information on responses at a given location”. So from this point of 

view, using only m=4 elements for walls W9, W11 and W13 was considered as inadequate. 

However, it was observed that, increasing the number of MVLEs while trying to keep the 

shear reinforcement ratio constant and equal to the actual so as not to deviate from the actual 

wall model, led to the use of subelements with less or even no shear reinforcement. In both 

cases the P-δ analysis results were poor, as shown in Fig.9a, without significantly influencing 

the local behavior (flexural M-φ or shear V-γ), so the number m=4 elements was adopted 

herein.  

 

(a) P-δ curves                                                            (b) M-φ and V-γ curves 

Figure 9: Comparison of different element number for Wall W11. 
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Finally, regarding the location of the center of rotation, a value c=0.4 was recommended 

by Vulcano et al. [14], however, using a large number of MVLEs along wall height, 

diminishes the influence of this parameter on the predicted response (Orakcal et al. [15]). 

However, applying the value c=0.4 in wall W7, although it did not affect significantly the 

overall P-δ response (Fig.10a), led to an overestimated M-φ diagram compared to the one 

obtained from a cross section analysis (Fig.10b). Thus, a value of c=0.5 was adopted in this 

study, which led to a M-φ curve closer to the one of the cross-section analysis. 

 

                                    (a) P-δ curves                                                 (b) M-φ and V-γ curves at the bottom element 

Figure 10: Comparison of c=0.4 and c=0.5 for Wall W7. 

All the flexural (curvature φ) and shear (γ) deformations are summarized in Fig.11.  

 

 (a) Wall W7                                                                     (b) Wall W9 

 

      (c) Wall W11                                                              (d) Wall W13 

Figure 11: Flexural (Μ-φ) and shear (V-γ) deformations for Flexural-shear analysis (c=0.5) at the bottom element. 

As shown in Fig.11 the total deformation, δ, is attributed to the interaction between 

flexural and shear deformations. As a result shear deformation determines the overall 

displacement capacity of the walls (W11 and W13) with low shear reinforcement ratio. 
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5 EXPERIMENTAL VERIFICATION 

The analytical and numerical models presented within this paper are compared with the 

experimental results, in the form of comparisons of the corresponding P-δ diagrams (Fig.12), 

where δ refers to the lateral displacement of the top (at 1.5m) of the wall. 

 

(a) Wall W7                                                                      (b) Wall W9 

 

(c) Wall W11                                                                      (d) Wall W13 

Figure 12: Load-displacement, P-δ, curves of specimens (analytical, numerical and experimental results). 

All methods (analytical and empirical) were considered in wall W7 which represents a 

conforming shear wall designed according to modern seismic provisions. On the contrary, in 

Wall W13 only the empirical EC8-3 method was considered, as the specific specimen 

represents a typical non conforming wall without seismic detailing, where analytical models 

have no application. As far as specimens W9 and W11 are concerned, which constitute an 

intermediate case, analytical methods were considered for both walls, but the factor 1.2 for 

non conforming shear walls was conservatively used within the calculations using the 

empirical methods. Note that in Fig.12 above, the Eq.(4) to Eq.(10) analytical model is not 

superimposed, since it yields results very similar to the one of EC8-3(analytical). Both 

analytical methods seem to estimate with high accuracy the deformation capacity of the test 

shear walls, as they lead to high ductility levels. On the contrary, the empirical method of 

EC8-3 seems to underestimate the deformation capacity in most test cases. 

As shown in Fig.12, the Flexural element seems to estimate with quite good accuracy the 

overall P-δ response of the walls. As mentioned before, the specific model cannot take into 

account the shear component, consequently, it is not affected by the negative influence of 

inadequate shear reinforcement in cases of Walls W11 and W13; theoretically, for these walls a 

premature shear failure is expected. However, such a shear failure is not verified by the 

experimental results, something which is consistent with the results of the displacement based 

flexural model prediction. 

 On the other hand, the theoretically more accurate Flexure-shear interaction element 

seems to underestimate the behavior of the lightly reinforced (in shear) walls W11 and W13, as 

the numerical analysis leads to significantly lower values, both in load and top displacement 
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terms. However, it is noted that the Flexure-shear interaction element analysis led to stiffness 

values, until approximately the yielding point, closer to the experimental ones, something 

which was expected, as the shear component is added to the total displacement value.  

6 CONCLUSIONS  

Four reinforced concrete shear walls were tested under static cyclic loading. As concluded 

from the experimental results, low ratios of shear reinforcement seem to affect neither the 

bearing capacity nor the deformation capacity of these walls. All the specimens reached a 

maximum load close to their flexural capacity, while in most cases they exhibited a flexural 

post yield behavior, followed by significant values of ductility. The low ratios of shear 

reinforcement seem to influence the cracking pattern of the walls, which was characterized by 

the formation of significant inclined cracks, which, however did not lead to a loss of bearing 

capacity. The effect of buckling of the compressive longitudinal reinforcement appears 

intensely in Wall W13 which exhibited a descending post-ultimate branch. 

The experimental results were compared with the provisions provided in EC8-3, and with 

the Eq.(4) to Eq.(10) model proposed in the literature. Both analytical models seem to 

estimate with accuracy the behavior of RC shear walls, while the empirical method of EC8-3 

underestimates the ultimate deformation capacity and leads to lower displacement values than 

the experimental ones, being however on the safe side. Note that within this paper the 

equations for estimating the shear strength, which often indicate prior brittle failure and, 

therefore, poor deformation capacity, were not evaluated. As the experimental behavior seems 

not to be significantly affected by the presence of low shear reinforcement, the comparisons 

was conducted in flexural terms. 

Finally, the experimental results were compared with numerical analyses conducted with 

two alternative methods – by using a flexural displacement element type and by using a 

flexural-shear interaction displacement element type. Between the two types of elements the 

flexural one seems to estimate more accurately the overall P-δ behavior of the walls, while the 

flexural-shear interaction element estimates better the initial stiffness until yielding. However, 

the latter element predicts a prior brittle shear failure in the case of the two lightly reinforced 

walls W11 and W13, something which was not confirmed by the experimental results. 
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Abstract. The paper deals with seismic analysis of Austria largest stadium roof. Detailed fi-
nite element model is updated on the base of experimental modal analysis. The model enables 
to analyze the seismic behavior of the roof. The real stress in the natural prestressed structure 
plays an important role and has influence on the dynamic behavior. Natural frequencies and 
modes of numerical models with and without prestress are compared. The paper presents the 
time history analysis results using earthquake records from strong motion database.   

696



P. Rosko and A. Bekö 

1 INTRODUCTION 
Stadiums are civil engineering structures which reflect the mastership and building art of 

particular place and time they are built in.  Structures of stadiums surround large spaces with a 
free view of the field. That results in large spans of the roof structures. The structural design 
uses not only the advanced material technologies but also geometry, which allows the load 
transmission into reduced number of supports in the inner space. Places where many people 
gather demand the fulfillment of rigorous safety requirements. This is the reason why stadium 
structures are very interesting from civil engineering point of view. Ernst Happel Stadium in 
Vienna is the largest stadium in Austria. The comprehensive analysis of the stadium was done 
after 25 year lifetime since last rebuilding. The paper presents some interesting results ob-
tained in dynamic analyses of the stadium roof. 
 

 
 

Figure 1: Ernst Happel Stadium. 

2 STRUCTURE 
The geometry of the roof structure is defined by outer and inner elliptical ring in the plan 

view. The stadium roof is supported on the outer ring only. The inner ring withstanding ten-
sion stabilizes the roof. The shape of the stadium roof meets the minimum of the potential en-
ergy. For that reason is the height of the roof variable.  

The structure consists of steel beams and steel-concrete composite joints. 
 

                   
 

   Figure 2: Radial cross-section of the structure.                                  Figure 3: Steel structure. 
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3 FINITE ELEMENT MODEL IDENTIFICATION  
The finite element model of the stadium roof bearing structure was prepared in ANSYS 

environment.  
 

 
 

Figure 4: Finite element model of the whole roof bearing structure and join in detail. 
 

The initial state (geometry, stress) of the structure - model without external loading was 
compared with results of experimental testing. In the modeling the identification process of 
the model required to follow the process of the real structure erection: in the first phase the 
roof structure was supported over whole area and in the second phase the preliminary sup-
ports were removed. The removal of the preliminary supports resulted in the new roof shape 
formation and prestress generation.   

The simplified join model fulfilled the error minimization criteria of identification proce-
dure. 

3.1 Modal analysis  
The modal analysis is still the most frequently used method within the frame of structural 

model identification methods. The numerical modal analysis was carried out by block 
Lanczos method.  

The basic problem of the identification was to define the prestress in the model. The solu-
tion of this problem is explained above. Table 1 shows the natural frequencies considering the 
prestress caused during building and the case without prestress. Figures 5-7 compare the first 
10 modes of prestressed roof structure and 10 modes of roof structure without prestress.  
 

Frequency 1 2 3 4 5 6 7 8 9 10 
Prestress 0.392   0.392   0.479   0.480   0.645   0.647   0.766   0.789   0.826   0.833   
No prestress 0.224 0.225 0.258 0.263   0.338   0.339   0.472   0.474   0.630   0.631   

Table 1: Natural frequencies [Hz] for prestressed model and model without prestress. 
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Figure 5: First 4 modes, left: prestressed, right: not prestressed. 
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Figure 5: First 4 modes, left: prestressed, right: not prestressed. 

700



P. Rosko and A. Bekö 

   

 
 

Figure 7: Modes 9-10, left: prestressed right: not prestressed. 

3.2 Model update  

The experimental testing of the stadium roof structure was realized by Vienna Consulting 
Engineers with BRIMOS System. Ambient vibration was analyzed. The Ibrahim random 
decrement technique enables the modal identification of the structure. Natural frequencies 
and modes obtained from testing and numerical model were compared.  The finite element 
model update was proceeded until the error of the natural frequencies was < 2%. The Fig-
ure 8 shows identified modes. 

f1i = 0,48Hz   
 

Figure 8: Comparison of numerical and experimental obtained modes. (continue) 
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f2i = 0,65Hz 

 
f3i = 1,0Hz 

       

Figure 8: Comparison of numerical and experimental obtained modes. 
 
 

3.3 Time history analysis  
Comprehensive analysis of the Ernst Happel Stadium structure according Eurocodes [2] 

was carried out by Vienna Consulting Engineers. Load cases including static and dynamic 
forces caused by dead load, wind, snow and earthquake in prescribed combinations were ana-
lyzed in the report [1].  

The presented paper focuses analysis of the response of the structure excited by strong mo-
tion signal in time domain. Appropriate accelerogram from earthquake strong motion data-
base is used in time history analyses. Because of the roof geometry not only horizontal 
components of the seismic acceleration were required, but also the vertical component of the 
seismic acceleration was needed. Generally, the appropriate accelerogram must have the same 
frequency content as it is prescribed in EC8 for the soil and for the location of the structure. 
Inertia forces were calculated from seismic excitation (mass x seismic acceleration) in three 
directions (x, y, z). Results show that the geometry of the stadium roof had a decisive influ-
ence on the dynamics and the vertical displacements (uz) were dominant. 

The accelerograms from COSMOS database were applied. 
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Figure 9: Seismic excitation: X acceleration. 

 

 
 

Figure 10: Seismic excitation: Y acceleration. 

 
Figure 11: Seismic excitation: Z acceleration. 
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Figure 12: Vertical displacement Nd 841 - major axis. 
 

 
 

Figure 13: Vertical displacement Nd 895 - minor axis. 
 

 
 

Figure 14: Vertical displacement t = 24s. 
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4 SUMMARY  
Detailed finite element model of Austria largest stadium roof was created. The model was 

updated on the base of experimental testing. The model was verified using comparison of nat-
ural frequencies and modes obtained from numerical analysis and experimental testing. It was 
shown that the real prestressing in the structure plays an important role. The real prestress in 
the model was achieved by simulation of the building process. The obtained model was used 
for seismic analysis in time domain. The 3D excitation was chosen from strong motion data-
base. The results showed the dominancy of vertical displacement according the geometry of 
the stadium roof.   
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Abstract. The presented work discusses the potential use of elastic oscillations of different 

wavelengths to determine the dynamic parameters of the investigated buildings and structures. 

Furthermore, the use of acoustic methods is examined as nondestructive testing methods to 

assess the strength and composition of the building construction. Finally, the results of the 

research are presented, for example, to evaluate the earthquake resistance of buildings, the 

velocity sections of constructions and soils, as well as the options and measuring systems for 

research. The presented methods in this work are used in the survey of reinforced concrete, 

brick and wood structures. 

The monitoring of the building structures state presents on the example of The Naval 

Cathedral of Saint Nicholas in Kronstadt during the period between 2005 and 2010. 

Data on the surface waves velocities is obtained in the soil along the length of the tun-

nel during the survey behind the subway oblique course linear space. 

Data presented on the creation and adaptation of precast concrete structures finite el-

ement models with large spans of their actual dynamic parameters. Calculation of carrying 

capacity using the model is confirmed by the analysis of the initial design decisions of the in-

vestigated structures.  

The pass-through sensing method is used for the survey, as a rule, of large-scale struc-

tures with access to a variety of surfaces, such as foundations of buildings and structures, as 

well as arrays between underground excavations. The method was also used for cross-

borehole sensing.  
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1 INTRODUCTION 

 The main objectives of the existing buildings and structures structural design under seis-

mic actions taking into account the survey results are:  

- identification of the reserves (or deficit) of the buildings or structures earthquake re-

sistance generally and of its structural elements taking into account the data on their real 

state  which was obtained by results of survey abiding the requirements of the applicable 

regulatory documents; 

- identification of the causes which led to the appearance of building and structural ele-

ments’ defects and damages, detected in the survey; 

- based on the results calculation analysis of earthquake resistance of the buildings or 

structures, taking into account the survey results to develop proposals for engineering 

and technical measures that must be performed on an object to restore and maintain its 

functional stability, as under operational loads and as seismic action at a given intensity, 

and their design feasibility. 

2 DYNAMIC TESTING OF BUILDINGS WITH DIFFERENT STRUCTURAL 

SYSTEMS EXPOITING THE METHOD OF FREE OSCILLATIONS    

The earthquake resistance evaluation requires the use of test methods and means to obtain 

objective information about the main properties of materials, as well as building and structural 

elements. 

The amount and type of information received by the requirements of the synthesis and 

identification of the design models. 

The initial data for the design models identification uses the following structures and build-

ings dynamic characteristics, obtained in the free oscillations analysis recorded during the 

tests: 

- Periods and forms of oscillations; 

- Logarithmic decrement of oscillations.  

The main free oscillations forms of buildings and structures are presented in figure 1. 

For buildings with complex structural system with unevenly distributed weight or stiffness 

characteristics  can exist at different frequencies of higher tones which bending With oscilla-

tions height, and sometimes of the first tone, for different parts of the building. In this case, 

for these forms of oscillations build also diagrams along the length of the building.      

In this case the foundation of the building may remain stationary or to some extent involve 

in oscillations. 

Method of the construction dynamic characteristics’ determination according to their free 

oscillations [1-2] excited by shock impulse load, includes the following steps: 

- excitation and recording of oscillations; 

- calculation of their Fourier spectra; 

- analysis of the Fourier spectra aiming to allocate the resonance peaks corresponding to 

the various forms of free oscillations;   

- obtain the allocated resonance peaks impulse implementation for each form of free oscil-

lations performing the inverse Fourier transform; 

- diagram creation of various forms of free oscillations. 
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First form building oscillation 

 

1a. Bending oscillation about the vertical axis of the building 

 

 

 

1b. Bending oscillation about the horizontal axis of the building 

 

1c. Bending oscillation on soil foundation 

Figure 1. Main forms of oscillations of rectangular buildings 

To register oscillations recommend the use of equipment, technical characteristics of which 

is given in Table 1. 

Second form building oscillation 

 
  Third form building oscillation First form building oscillation  

Building second form torsional 

oscillation 
Building third form torsional oscil-

lation 

 

Building torsional oscillation 
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№ 

 

Name 

 

Technical 

Characteristics 

1. Accelerometer Sensitivity 300 mV / m / s
2
,  frequency range 1-300 Hz. 

2. Accelerometer Sensitivity 10 mV / m / s
2
, resonant frequency 15 kHz. 

3. Amplifier 

Measurement modes: acceleration, velocity, displacement; 

amplification from 1 to 10000 with a step increments of 10 

dB; frequency range from 1 Hz to 20 kHz; number of measur-

ing channels not less than 8; power supply 220 V or direct 

current battery.  

4. 
Analog to digital 

converter, ADC 

Number of channels – not less than 8, resolution – not less 

than 12 bits, ranges of measured signals –  5.12 V, 2.56 V, 

1.024 V, conversion maximum frequency – 300 kHz /channel. 

5. 
Personal Computer, 

PC 

Must be equipped with the measurement information input 

and processing software. Parallel port availability. 

6 

Mean for excitation 

of oscillations, con-

tainer filled with 

bulk material,  

tamper, hammer  

Container (sack) weight up to 50 kg, equipped with cushion 

liner ; 

Tamper weight up to 12 kg, equipped with cushion liner; 

Hummer weight up to 2 kg, equipped with cushion liner and  

threaded hole for fixing an accelerometer 

Table 1. Technical characteristics of equipment included in the measurement system 

To improve the frequency detection accuracy and for diagram generation of higher forms 

oscillations from initial implementations which recorded under applied load at different points, 

use the superposition principle. 

The use the superposition principle applied to the impulse method of free oscillations 

building construction excitation lies in: 

- excitation and recording of oscillations under action of impulse point load application at 

different points of the structure;  

- addition (taking into account the action of the load) of oscillations recorded under ap-

plied load at different points of the structure (simulating the simultaneous application of 

the load in several points). 

Processing of the obtained oscillations from the result of addition (combined implementa-

tions) in order to determine the resonance peaks corresponding to the analysed forms of oscil-

lations is performed for each measurement point by adding or subtracting implementations 

obtained by separate crashes. The inclusion of the implementation in the combination with 

minus sign means that by the preparation of the combination modelled the action in the oppo-

site direction. Implementations included in the combination, and the corresponding sign are 

selected in such a way as to amplify the oscillations in the direction of the applied load.  

The following are examples of creating combined implementations for the horizontal 

alignment measurements according to the scheme of sensors arrangement (figure 2). 
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2a. Scheme of load application 

 

2b. Scheme of sensors arrangement and form of oscillations 

Figure 2. Creating combined implementations for the horizontal alignment measurements 

The point of the actu-

al application 

нагрузки 
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1,0 
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The obtained combined implementation treated the same way as any initial implementation. 

Diagrams of torsional oscillations and bending oscillations along the front of the building 

showed in figure 3 and 4, respectively. 
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Figure 3. The diagram of oscillations (horizontal alignment, transverse direction, first tone) 

-0,6

-0,4

-0,2

0

0,2

0,4

0,6

0,8

1

1,2

0 10 20 30 40 50 60 70 80Distance, m

R
e

la
ti

v
e
 v

e
lo

c
it

y

 3,1 Hz

 

Figure 4.  Diagrams of oscillations (horizontal alignment, bending along the front, first tone) 

3 MATERIALS INTEGRATED CHARACTERISTICS EVALUATION WITH THE 

USE OF ELASTIC WAVES 

For the evaluation of physic-mechanical material characteristics, the surface elastic waves 

method use is recommended. 

The method of using elastic wave of acoustic frequency range [2] is intended to assess the 

state of materials of plane multilayer structures, which allow the installation of the measuring 

sensor on one of the surfaces. The length of the available structure surface for the surveys 

must be at least three depths of its sensing.   
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The material characteristics evaluation is executed in three stages: 

- At the first stage the building construction surface reaction on the shock impulse action is 

determined; 

- At the second stage the multilayer structures’ reaction is theoretically modelled on the 

shock impulse action;  

- At the third stage the measurement processing and results modelling as well as the com-

parative analysis of experimental and calculated dispersion curves (dependence of wave 

velocity on its length) of the surface waves and the adaptation of the acoustic model pa-

rameters to match criteria of the dispersion curves using the iteration method is per-

formed. 

By correlational dependence between the structure’s material acoustic characteristics (usu-

ally the velocity of longitudinal waves) and its strength the actual strength characteristics of 

the structure materials and their compliance with the design values are assessed. 

3.1 First stage – the surface waves measurement 

Building structure material acoustic characteristics are determined by oscillations, initiated 

by shock impulse load which is applied to the structure surface. 

For the surface waves the velocity of spread at different wavelengths as well as the damp-

ing intensity and the presence of reflections are determined. 

The absolute values of the elastic characteristics of the building construction material (elas-

tic or shear modulus) or its different layers (for multilayer structures) are determined using the 

velocities values of longitudinal or transverse waves for the theoretical model, provided that 

the maximum coincidence is actually received and calculated dispersion curves of surface 

waves. 

The strength of the structure’s material or its individual layers is determined by the correla-

tional dependence between the strength and velocity of longitudinal waves spread in it. 

Typical measurement scheme is shown in figure 5. 

 

А1-А7 – the points of installation of accelerometers 

      PI1, PI2 – the points of load application 

Figure 5. The scheme of the surface wave measurements of the velocity in the structure 

For generating the dispersion curves separate measuring rays are selected in different parts 

across structure surface and to build velocity hodograph measuring alignments are selected 

formed by several measurement rays (arrangement with the letters «a» and «b» in figure 5). In 

this case measuring rays are arranged in a straight line and shifted relative to each other along 

the measuring alignment by constant step. 
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The accelerometers installation locations  surface is prepared  for  the installation of the 

sensors by cleaning the dust, loose paint, etc., if necessary, dried and coated with a thin layer 

of plasticine or special mastics.  

The measuring layout represents a series connection of transducers (accelerometers), am-

plifiers, multi-channel analog-to-digital converter (ADC) and a personal computer (PC). One 

of the measuring channels is allocated to accelerometers installed on the shock loads to meas-

ure application moment and impulse value of shock load, and on structure surface.  

To excite oscillations tamper (hammer) is prepared, on which the piezoaccelerometer is fit-

ted. The duration of the shock impulse is regulated by cushion liner, which fixed to tamper. 

Tamper is a wooden beam weighting of 10-12 kg, one of its end has hemispherical shape 

or is equipped with an elastic material spherical tip. The accelerometer for measuring the load 

is fitted to the second end of tamper. For excitation of low-frequency waves it is recommend-

ed to use a heavier tamper with soft tip (porolon, cellular rubber). 

3.2 Second stage – the mathematical modeling 

For cases where the investigated structure can be considered as a homogeneous half-space 

or homogeneous plate, the acoustic characteristics of the structure material are defined as fol-

lows: 

- the surface wave velocity for the half-space is equal to the velocity of Rayleigh waves; 

- the dispersion curve of the surface (bending) waves in the plate at a predetermined veloc-

ity of the Rayleigh wave  in its material VR and thickness of the plate is built by solving 

the analytical equation of the form: 
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where:    H   –   thickness of the plate; 

                    –   bending wavelength; 

                    –   Poisson ratio; 

                Vи  –   phase velocity of the bending waves. 

  
Mathematical modeling of multilayer structure reaction on the shock impulse action is 

based on the integration of the equations system with using numerical methods in the plane 

statement.  

The transcendental equation  solution results using the iteration method yielded  text files 

containing the value λ / H in first column, in second - – VU / VR  for values of Poisson's ratio of 

(1) 
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0.1 to 0.5 through 0,1, which are used for the theoretical calculation of the dispersion curves 

for given values VR, H и μ. Dispersion curves diagrams of homogeneous plate for different 

values of Poisson's ratio shown figure 6 (а – section λ / H from 0 to 30, b – to 10). 

 

6а 

 

6b 

Figure 6. Graphics of dispersion curves for different values of Poisson's ratio 

3.3 Third stage – the processing of tests measurement 

  The initial realisations of wave processes are divided into monochromatic beams with a 

group of band-pass filters. For the selected monochromatic wave beams the time of wave 

spread successively for all measurement points are determined. The time is determined by the 

wave peaks or by intersection of the oscillations curve with the zero line.  

For each monochromatic wave beam spread time instance the phase velocity of the wave 

spread (equation 2) and the length of its wave (equation 3) are determined: 
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V = L/t,  ( m/sec) 

where: L – the length of the interval between the measuring points, on which the velocity 

is determined, m; 

              t  – run time of the surface wave on this interval, sec. 

    V,  (m) 

where: T – period of oscillations in the beam of monochromatic waves, sec. 

For the dispersion curves generation along the section of the measuring ray by length not 

less than 4 steps accelerometers placement, each monochromatic beam of wave are processed 

to yield several instances of wave run time from the beginning to the end of the section. Then, 

in each case the velocity and the wavelength is calculated. Thus the obtained data "speed - 

wavelength" is filtered to obtain a smooth dispersion curve. 

The velocity section along the length of the measuring alignment is determined by the av-

erage run time of the distance between each pair of measurement points in the measurement 

ray for all placements in both directions of wave spread, which enables the calculation of the 

wave velocity and its length. The entire range of obtained wavelengths is divided into 2-3 sec-

tions where the average velocity of the wave is calculated and the produced graph of wave 

velocity changes along the length of the alignment. 

Figure 7 shows an example of the initial implementation and the selected beam of mono-

chromatic waves with applied lines of wave run time hodograph. 

 

7а 

(2) 

(3) 
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7b 

Figure 7.  Example of the initial implementation (a) and of selected monochromatic wave beam (b) 

Manipulation results of wave processes of structural response by shock impulse action 

used to determine the acoustic characteristics of building construction materials by comparing 

the dispersion curves of surface waves, which obtained from the experimental and calculated 

theoretical responses to the shock impulse action.   

The parameters (geometrical and acoustic) of multilayer building construction model se-

lected by the iteration method and taking into account the results of the survey by other meth-

ods to achieve the best agreement between the theoretical and the experimental dispersion 

curves. 

Elastic characteristics of the building structure materials are determined by the acoustic 

characteristics of its different layers obtained in the mathematical model as a result of its ad-

aptation taking into account information about the properties of the structure material (density, 

Poisson's ratio, etc.) by the equations: 
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where:  VS, VR , VP –  the velocities of transverse, Rayleigh and longitudinal waves,         

m/sec; 

             Ed – elastic modulus of material, Pa; 

             Gd – shear modulus of material, Pa; 

                          – density of the concrete, kg/m
3
; 

             µd  – dynamic Poisson's ratio. 

The strength of the structure material is determined by correlational dependence among the 

strength of the material and velocity spread of longitudinal elastic waves in it.   

According to the test results using surface waves it is recommended to use the following 

data:  

- the surface wave velocity hodograph of different types;  

- the dispersion curves of waves on the most characteristic measuring rays; 

- the main acoustic characteristics of the structure material: 

  the velocity of longitudinal and transverse waves in different sections of the structure 

surface; 

 respective to them elastic and shear modulus of the material; 

 the strength of the structure  material in different sections of its surface. 

To determine the concrete strength is recommended to use the calibration curve which 

shown in figure 8, and to determine the strength of brick masonry use data of Table 2 from [1]. 

 

Figure 8. The calibration curve to evaluate the concrete strength  

 

(7) 
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Characteristics of masonry Rn, MPa Vp, m/sec 

High strength 4  4.5  3000 
Strength 3    4 2000  3000 

Reduced strength 2    3 1500  2000 
Low strength 1.5  2 1000  1500 
Weak strength 1  1.5 500    1000 

Very weak strength 0.5  1  500 

Rn  -  the normative masonry compressive strength; 

Vp  -  the longitudinal wave velocity of seismic-acoustic frequency range. 

Table 2. Qualitative classification of brick masonry strength by velocity of seismic-acoustic range 

For rigid cement masonry the given in the table Rm values, are multiplied by a factor 0,85.  

4 DEFECTIVE AREAS DETECTION  IN BUILDING CONSTRUCTION 

MATERIAL USING THE METHOD OF ENSOUNDING 

For the defective areas detection in building construction material  the use of method of 

ensounding is recommended, which is based on measuring of the acoustic waves spread ve-

locity  in the material: longitudinal or transverse. Determination of these velocities values in 

different points of the structure allows to reveal the defective areas and to evaluate the elastic 

characteristics of structure. 

For the wave spread velocity field generation in the building construction the tomographic 

measurement results processing of wave run time between its sources and receivers is used.   

For the structure’s velocity section a database is determined, which represents a group of 

tables containing source and receiver of wave coordinates and wave run time between them. 

The excitation and detection of longitudinal and transverse elastic waves can be performed 

using any means allowing a reasonable precision to fix run time of wave: 

- source should provide a short wave front (up to 1 msec); 

- receivers (sensors) must be wideband (1 - 3000 Hz) to measure this wave without dy-

namic distortion. 

Algorithm for calculating the velocity sections of structure is recommended to organize as 

follows: 

- introduce the table of wave run times between all sources and receivers; 

- introduce the initial model of structure in the form of layered medium: the relative thick-

nesses of the layers, the relative velocity at the boundaries of the layers and inclination 

angle of the layers plane to the coordinate axes, in this case the velocity  along the left 

edge of the first layer Vo is taken equal to 1; 

- calculate the run times of waves on all the specified rays for a given structure model at 

the wave velocity equal to the specified relative velocities; 

- calculate the velocity Vo as the ratio of sum run time of wave on all rays; 

- calculate the mean square deviation of the experimental and calculated run times of 

waves; 

- calculate  the velocity section of structure determined by iteration method, in which the  

mean square deviation of the experimental and  run times of the wave reaches minimum 

value; 
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- for "optimal velocity section" calculate the absolute values of the velocities at the layer 

boundaries and build the graph in the coordinates "distance (along the axis perpendicular 

to the plane of the layers) - the velocity of wave spread "; 

- calculate the ray paths and build situational plan, on which the ray paths and isolines of 

wave spread velocity are applied. 

Figures 9 and 10 show an example of generation the structure velocity section made of 

concrete and brick masonry. 

 

                                                           9a                                                9b 

Figure 9. The measurement ray paths (а) and velocity section (b) of concrete column 

 

 Figure10. The results of tomographic processing data of brick column by through ensounding 

Рис.10. Результаты томографической обработки данных сквоз-

ного прозвучивания колонны «К17» помещения столовой 
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5 CONCLUSIONS 

The presented methods above of nondestructive testing based on the use of free oscillations 

of buildings and building construction, as well waves of the acoustic frequency range initial 

data needed to determine the earthquake resistance and evaluation of technical condition of 

existing buildings and structures. 

The results obtained during long-term practical research allow to recommend these meth-

ods to: 

- evaluate the actual earthquake resistance of buildings and structures; 

- determine of integral strength characteristics of building structures materials; 

- evaluate the multilayer structures materials including the one-way access to its surface; 

- evaluate the "structural strength" of building structure elements. 

The proposed approach has been repeatedly used for mass surveys and certification of 

buildings and structure, monitoring the technical condition of particularly important objects, 

for research and practical purposes. 
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Abstract. The work reported herein summarizes the results of a series of nonlinear dynamic 
FE analyses devoted to assess the main criticalities in the seismic response of high-rise steel 
MRFs with outrigger and belt trusses. Thirty- and sixty-storey planar frames, extracted from 
reference three-dimensional structures composed of an internal one-way braced core, are de-
signed in accordance with European rules. The core consists of a CBF system, while outrig-
gers are placed every fifteen stories to limit inter-storey drifts and second order effects. FE 
models able to account for material and geometric nonlinearities have been developed within 
an open source FE code, using inelastic force-based fiber elements to model structural mem-
bers and equivalent nonlinear links to reproduce the behaviour of bolted beam-column joints 
and welded gusset-plate connections. Out-of-plane imperfections are explicitly included in the 
braces to allow for potential buckling mechanisms in both braces and gusset plates. NLTHAs 
have been performed, in comparison with response spectrum analysis, aiming to quantify the 
potential of such systems, when included in the lateral-force resisting system of modern high-
rise steel MRFs. Global and local performance have been investigated in terms of inter-storey 
drift and acceleration peak profiles and axial force-displacement curves and static-to-seismic 
load ratios in critical braces at different floor levels. Sensitivity to the structure height has 
been explored by comparing the response of the two prototype MRFs. Trends are discussed to 
show that, if accurately designed and detailed, these structural systems provide an optimum 
combination of stiffness and strength. 
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1 INTRODUCTION 

Super-tall buildings have become increasingly popular and have large impact on economy 
and society [1-3]. Such buildings have a complicated structural system consisting of hundreds 
of different components, including those with complex features and large dimensions. When 
compared to medium- and low-rise buildings, tall moment resisting frame (MRF) structural 
systems present several distinctive characteristics in their behavior and peculiar aspects in 
their design, such as long periods and higher mode effects [1-11]. To ensure safe and econom-
ic design, construction and operation under various extreme loading conditions in particular 
earthquake events, detailed studies are required to predict their response, being the majority of 
current seismic Standards often unsuitable for them [12-14]. Scaled shaking table tests [15, 16] 
are at the moment promising analysis techniques for research applications but they are not so 
easily applicable for design office use. Therefore, high-definition or simplified finite element 
(FE) idealizations still represent an attractive tool to explore the seismic performance of these 
complex structural systems, as proposed by a number of research efforts available in literature 
on that subject [1-11]. If early studies [5-11] introduced simplifications in either FE represen-
tation or analysis technique, significant improvements have been more recently achieved [1-4]. 

In light of this scenario, the present paper details a modeling procedure for large scale non-
linear dynamic simulation of mega-frame systems composed of a concentrically braced frame 
(CBF) core and belt trusses which are combined to resist vertical and earthquake-induced lat-
eral loads. First, two reference prototypes, the geometric characteristics of which are summa-
rized in the following, have been designed according to current European prescriptions [17], 
using response spectrum analysis (RSA), and then fiber-based models have been prepared to 
examine their nonlinear dynamic response using a set of natural ground motions scaled to ob-
tain displacement spectrum compatibility in accordance with EC8 requirements [18, 19]. 

Hence, global inter-storey drift and acceleration peak profiles, as well as shear and bending 
moment demands, are collected and their average is compared with the results determined by 
RSA to highlight design criticalities in current seismic Code provisions [17]. Finally, the local 
response of these two case-study buildings is discussed in terms of hysteretic behaviour of the 
braces and peak compressive loads experienced by the outriggers during nonlinear time histo-
ry analyses (NLTHAs). 

2 NONLINEAR DYNAMIC FE ANALYSES 

Even though detailed brick- or shell-based FE models, commonly used in seismic analysis 
of steel and reinforced concrete structural systems and components [20-27], give more insight 
than equivalent mechanical idealizations, being able to reproduce their local response in terms 
of stress/strain concentrations, the computational time increases tremendously, requiring nec-
essarily to take advantage of parallel processing on multiprocessor computers. Additionally, a 
detailed approach is currently almost unfeasible if the response of an entire mega-frame sys-
tem has to be investigated. By contrast, the complex contribution of bolted [22-25, 28-30] and 
welded [20, 21, 31, 32] joints can be easily incorporated into classical fiber-based FE models, 
able to represent the interaction among connection components in an equivalent manner. Thus, 
mechanical representations have been assumed in this research to include global response and 
potential failure mechanisms of these systems, as discussed later on. In particular, the prevail-
ing assumptions concerning modeling approach and simulation techniques will be given in the 
following, after a brief description of the main geometric characteristics and mechanical prop-
erties of the thirty- and sixty-storey planar frames examined here. Finally, details of the seis-
mic input selected to perform the series of NLTHAs and RSAs shown in the following section 
will be provided. 
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2.1 Description of case-study super-tall buildings 

The two prototype thirty- and sixty-storey MRF buildings investigated in this work, name-
ly HR-01 and HR-02, were extracted from reference three-dimensional structures designed for 
high seismicity (i.e. PGA = 0.40g) in accordance with the current European seismic code [17]. 
Soil class C (180 m/s < Vs < 360 m/s) was assumed to perform the design by a series of RSAs 
on three-dimensional models, including vertical seismic component, second order effects and 
accidental eccentricity of the seismic masses. As depicted in Fig. 1, where a schematic of plan 
and elevation is provided, the lateral-force resisting system (LFRS) of each high-rise building 
consisted of an internal one-way CBF core, with outriggers placed every fifteen stories to lim-
it inter-storey drifts and second order effects. 

 
Figure 1: Geometric characteristics of the reference 30- and 60-storey planar frames studied. 

The two structural layouts analyzed in this study consisted of a 6x6-bay building; the beam 
span for all bays was set at 8 m both for transversal and longitudinal direction, while the col-
umns were assumed to have a constant inter-storey height of 4 m, thus implying a total build-
ing height of 120 m and 240 m for HR-01 and HR-02, respectively. Dead and live loads were 
assumed to be 2 kN/m2 and 4 kN/m2, respectively. Table 1 summarizes member sizes and me-
chanical properties adopted for beams, outriggers, columns and braces at different floor levels, 
while Fig. 2 shows an example of welded gusset-plate and bolted beam-to-column connection 
systems used to detail the joints of the two structures. 

In detail, IPE400 beams were used at all floors for both prototypes, while HD 400x634 and 
HD 400x1200 tapered profiles were used for the first five columns of HR-01 and HR-02, re-
spectively. Similarly, HD 400x314 profiles were assumed as the outriggers of both structures, 
while HSS 300x20 and HSS 400x20 braces were chosen in the first five stories for HR-01 and 
HR-02, respectively. Both brace and column sizes were assumed to decrease along the height 
of the structure, as presented in Table 1. According to [33], steel grade S-275, S450 and S700 
were used for beams, columns and braces, respectively. 
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30-storey frames 60-storey frames 

Floor Profile Grade Floor Profile Grade 

Columns 

1-5 HD 400x634 S450 1-20 HD 400x1200 S450 

6-10 HD 400x509 S450 21-30 HD 400x900 S450 

11-15 HD 400x421 S450 31-40 HD 400x634 S450 

16-20 HD 400x421 S450 41-50 HD 400x509 S450 

21-30 HD 400x237 S450 51-60 HD 400x314 S450 

Beams 1-30 IPE400 S275 1-60 IPE400 S275 

Outriggers 15/30 HD 400x314 S700 15/30/45/60 HD 400x314 S700 

Braces 

1-5 HSS 300x20 S700 1-10 HSS 400x20 S700 

6-15 HSS 250x16 S700 11-20 HSS 350x16 S700 

16-20 HSS 200x16 S700 21-30 HSS 300x16 S700 

21-30 HSS 200x16 S700 31-60 HSS 250x16 S700 

 

Table 1: Member sizes and mechanical properties in key structural components for HR-01 and HR-02. 

 
Figure 2: Details of (a) gusset-plate and (b) beam-to-column connections. Note: HR-01 – first floor. 

As previously mentioned, Fig. 2 sketches an example of the connection systems used to de-
tail the joints of the two high-rise braced frames. In particular, Fig. 2(a) presents the geometry 
of the gusset plate used to connect the beam/column and the rectangular hollow section shape 
brace; fillet welds were provided between the web of the gusset plate and the rectangular HSS 
brace, while full penetration welds (FPW) were chosen to connect the edge of the gusset plate 
and the flanges of beam and column. In addition, Fig. 2(b) shows the layout of a bolted beam-
to-column connection used in the first floor of HR-01. Three M20x80 – 10.9 bolts were used 
to bolt the shear tab to the web of the beam and two M20x80 – 10.9 bolts were provided be-
tween a 180x250x20 mm plate, welded by FPW to the flange of the column, and the flange of 
the beam, in accordance with the prescriptions of [34]. 

2.2 Modeling approach and seismic input 

To investigate the seismic response of these two case-study buildings, a series of NLTHAs 
were carried out, using the open source platform OpenSees [35] to construct their fiber-based 
idealizations able to account for material and geometrical nonlinearities through classical con-
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stitutive law and co-rotational transformation [36]. As suggested in [36], inelastic force-based 
fiber elements, with five integration points, were used to model structural members, assuming 
a bi-linear stress-strain relationship with isotropic strain hardening to reproduce the permanent 
deformations exhibited by plastic materials during the loading-unloading history. The tangent 
stiffness-proportional Rayleigh damping calibrated on the first period of the two mega-frames 
was employed to perform the series of nonlinear dynamic analyses, as done in [37, 36]. Final-
ly, the Krylov subspace algorithm was used to iteratively equilibrate loads, since it has a larg-
er radius of convergence and requires fewer matrix factorizations than Newton-Raphson [38, 
36]. 

Fig. 3 shows a schematic of the modeling approach used for brace and gusset-plate connec-
tions [20, 21, 31, 32]. The model consists of two inelastic force-based beam-column elements, 
each of which having five integration points and a discretized fiber section. In order to capture 
the effects of gusset end restraint [20, 21, 31, 32], the present paper takes advantage of an ad-
ditional inelastic force-based beam-column element of length 2t – where t is the thickness of 
the gusset plate – at each end of the brace. A set of rigid elements is included to represent the 
confined portions of beam, column and gusset plate, as shown by [20, 21, 31, 32]. To account 
for potential buckling mechanisms in both braces and gusset plates, an out-of-plane imperfec-
tion equal to 0.1% of the entire brace length is applied, while the nodes of both beam and col-
umns are constrained to deform in-plane only. Similarly, an equivalent idealization developed 
along the lines of classical mechanical/component approach [22-25] is used to incorporate the 
cyclic behaviour of bolted joints. 

 
Figure 3: Schematic of the modeling approach used for gusset-plate connections. 

A classical displacement/rotation-based convergence criterion, with a threshold set equal to 
10-3 was adopted for the series of NLTHAs performed by assuming an auto-update integration 
time-step of the order of one-tenth of the time sampling of the ground motions considered [18, 
19]. In particular, a set of ten natural records scaled to obtain displacement spectrum compati-
bility according to EC8 requirements [17] was selected herein; type 1 spectrum with a PGA of 
0.4g and soil type C with TD equal to 8s were the prevailing criteria for this suite. Further and 
more comprehensive information may be found in [18, 19]. 

3 RESULTS AND DISCUSSION 

In the following discussion, the main results obtained from the series of numerical analyses 
carried out (i.e. RSAs and NLTHAs) will be summarized. In particular, the responses of these 
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two high-rise mega-frame structures will be compared and used to describe the global and lo-
cal behaviour of their LFRSs, when subjected to severe earthquake-induced demands. A gen-
eral overview of their main characteristics is given herein, and specific aspects are referenced 
when needed to explain key points. Particular care is paid to the response of braces and joints, 
showing their influence on the global structural performance. 

3.1 Global performance of mega-frame systems 

The global responses of the two super-tall buildings studied are provided in Fig. 4, in terms 
of inter-storey drift and acceleration peak profiles from NLTHAs and RSAs. In addition, peak 
displacements obtained at each floor are collected in Fig. 5 for both structures. 

  

  
Figure 4: Inter-storey drift and acceleration peak profiles in HR-01 and HR-02 from NLTHAs and RSAs. 

Peak roof displacements of up to 0.77 m and 1.83 m were observed for HR-01 and HR-02, 
in the case of the most severe record, while values of about 0.61 m and 1.17 m were computed 
in average, thus showing peaks 20% and 36% lower for HR-01 and HR-02, respectively. RSA 
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deviates from the average of the ten NLTHAs at approximately mid-height, reaching a discre-
pancy of about 10% and 20% at the top storey of the thirty- and sixty-storey buildings. A fair-
ly cantilevered shape, with discontinuities in correspondence to the outriggers, were predicted 
for both structures. This trend is even more visible in terms of inter-storey drifts and accelera-
tions, as shown in Fig. 4. In detail, peak inter-storey drifts of approximately 0.75% and 1.00% 
were shown to occur at two-thirds of the total structural height for both HR-01 and HR-02, in 
average and in case of the worst event, respectively. The stiffening effect provided by the out-
riggers was proven to be significant for both structural systems, as evidenced by a pronounced 
reduction in terms of peak inter-storey drifts experienced by dynamic simulations. By contrast, 
these members caused a significant acceleration and shear force demand in correspondence to 
them, as discussed later on. 

  
Figure 5: Peak displacement profiles for (a) HR-01 and (b) HR-02. 

This trend is particularly evident for the stiffest of the two structures – HR-01 – which has 
a fundamental period more than halved in comparison with HR-02 (i.e. 2.73 s vs. 6.17 s). The 
peaks in terms of floor acceleration were approximately 0.53g and 0.37g in HR-01 and HR-02, 
respectively. If the most severe ground motion is taken as reference, peaks of up to 1.09g and 
0.68g were undergone during NLTHAs. Finally, the higher modes contribution is pronounced, 
particularly in the upper stories of the tallest building, as a consequence of a higher flexibility. 

Hence, the series of nonlinear dynamic simulations conducted have confirmed that, if accu-
rately designed, these structural systems provide an optimum combination of overall stiffness 
and strength for super-tall mega-framed buildings, inducing a good balance between drift and 
acceleration demands. 

3.2 Local response of key structural components 

Once the global responses of the two high-rise structures were quantified, the local perfor-
mance of key components, such as columns, braces and outriggers, will be discussed in detail. 
Axial load, bending moment and shear force peak profiles in different columns will be shown, 
as well as the hysteretic response of critical braces in terms of axial force-displacement curves. 
In addition, the peak profiles of the static-to-seismic axial load ratios will be computed in two 
reference columns for both structures. 
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To evidence the effects caused by the in-plane rotation of the outriggers, Fig. 6 collects the 
set of earthquake-induced compressive loads experienced by the leftmost and central columns 
of HR-01 and HR-02 in comparison with those obtained in static conditions (i.e. dead and live 
loads in seismic combination). 

  

 
Figure 6: Peak profiles of static-to-seismic axial load ratios in the central column of (a) HR-01 and (b) HR-02 

and in the leftmost column of (c) HR01 and (d) HR02, respectively. 

As expected, the central column of both building are shown to remain almost unaffected by 
the dynamic excitation, since negligibly small extra-loads were observed, particularly for HR-
02. By contrast, the contribution to lateral resistance ensured by the outriggers caused signifi-
cant compressive overloads to be transferred to the lateral columns. In detail, an approximate-
ly 40% and 30% increase was computed at the base of HR-01 and HR-02, respectively; as the 
height of the structure increases, this effect tends to decrease, approximately showing a linear 
piecewise slope with the structure height. Pronounced discontinuities were again predicted in 
correspondence to the outriggers. 

Therefore, only the results collected for the leftmost column of both structures will be pre-
sented hereafter. In particular, the bending moment and shear force peak profiles predicted by 
NLTHAs and RSA for HR-01 and HR-02 are shown in Fig. 7 and Fig. 8. High concentrations 
are again obtained in correspondence to the outriggers, as a consequence of those highlighted 
in terms of floor acceleration (see Fig. 4). As previously mentioned, RSA tends to visibly un-
derestimate bending moment and shear force demands from NLTHAs. In some cases, values 
more than halved were determined. 

An example of the axial force-displacement capacity curves predicted in a brace at the first 
floor is presented, in Fig. 9, to characterize the hysteretic behaviour of such a critical member. 
A pseudoelastic cyclic response governed by strength rather than ductility can be observed for 
both HR-01 and HR-02. The narrow hysteresis loops were shown to be too unstable to devel-
op a well-established dissipative mechanism. Compressive peak forces of up to 5000 kN and 
7000 kN were obtained, in this case, for the thirty- and sixty-storey CBF structure, respective-
ly. As shown in Fig. 10, where the compressive force peak profiles constructed for HR-01 and 
HR-02 are provided, a similar demand was predicted in average in the upper stories where the 
outriggers are placed. RSA is confirmed to underestimate NLTHAs, particularly in the bottom 
and intermediate floor levels. 
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Figure 7: Bending moment peak profiles in the leftmost column of (a) HR-01 and (b) HR-02, respectively. 

  
Figure 8: Shear force peak profiles in the leftmost column of (a) HR-01 and (b) HR-02, respectively. 

In detail, a discrepancy of about 40% was predicted for both structures, if RSA and the av-
erage from NLTHAs are compared. 

In Fig. 11, a comparison is provided between the compressive peak loads determined under 
seismic excitation and static conditions, in the most critical brace, for both high-rise buildings. 
Dynamic effects much more pronounced than those evidenced in the columns can be observed. 
Furthermore, Fig. 12 collects the series of NLTHA-to-RSA axial force ratios (R) computed in 
leftmost and rightmost braces of the core. 
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Figure 9: Hysteretic behaviour of a critical brace at the first floor for (a) HR-01 and (b) HR-02. 

  
Figure 10: Compressive force peak profiles in a critical brace of the core for (a) HR-01 and (b) HR-02. 

 
Figure 11: Static-to-seismic axial load ratios in a critical brace of (a) HR-01 and (b) HR-02, respectively. 

  
Figure 12: NLTHA-to-RSA axial load ratios in the (a) leftmost and (b) rightmost brace of the core. 
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Being the mismatch between RSA and NLTHAs in the braces higher than that observed in 
other members, particular care has to be paid to the earthquake-induced demand considered to 
design the related joints. In particular, EC8 recommends the following equation to be used for 
this purpose: 

 fyovd RR γ1.1=  (1) 

where Rd is the axial resistance of the connection, γov is the material overstrength factor and 
Rfy is the plastic resistance of the connected dissipative member. 

Fig. 13 provides a comparison between the axial force peak profiles obtained by this EC8-
based approach and the average from NLTHAs, showing the former to lead to unconservative 
demands, particularly in correspondence to the outriggers. 

Finally, Fig. 14 presents a comparison between the peak axial forces predicted by RSA and 
NLTHAs in the outriggers placed at the 30th storey of both structures. 

 
Figure 13: NLTHAs vs. EC8-based demand – axial load peak profiles in a brace of (a) HR01 and (b) HR-02. 

 
Figure 14: Axial forces in the outriggers at the 30th storey in (a) HR-01 and (b) HR-02, respectively. 

Even though a negligibly small differences can be observed between RSA and the average 
from NLTHAs for HR-01, a larger discrepancy was evidenced in the outriggers at mid-height 
of the sixty-storey structure. 
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4 CONCLUSIONS 

This paper focuses on the seismic response of super-tall mega-braced frame structures, in-
cluding outriggers and belt trusses in their LFRS. In detail, thirty- and sixty-storey planar pro-
totype frames, extracted from three-dimensional reference buildings, were designed according 
to European prescriptions and analyzed, in nonlinear dynamic fashion, to examine both global 
and local behaviour of structural system and key components. Inelastic force-based fiber ele-
ments and mechanical fiber-based idealizations were used to represent structural members and 
connections in an equivalent manner. NLTHAs were performed in comparison with RSA, us-
ing a set of ten natural displacement spectrum compatible records selected from past works as 
a severe seismic input. The prevailing observations and conclusions drawn from the numerical 
simulations carried out can be summarized as follows: 

• A pseudoelastic response governed by strength rather than ductility was obtained for both 
structures, thus showing CBFs and outriggers to be effective in limiting inter-storey drifts 
and second order effects. In particular, peak inter-storey drifts of up to 0.75% and 1.00% 
were predicted to occur at two-thirds of the total structural height, whether the average of 
the NLTHAs and the most severe event are considered, respectively. 

• Visible discontinuities in displacement, inter-storey drift and floor acceleration peak pro-
files were shown in correspondence to the outriggers, as a consequence of the significant 
stiffening effect provided by them, which in turn caused a large increase in bending mo-
ment and shear force demands in columns, braces and gusset-plate connections. 

• The effects caused by the in-plane rotation of the outriggers were proven to be negligibly 
small in the central column of both prototypes, while high extra-loads of up to 40% were 
transferred to the lateral columns. In particular, the compressive force peak profiles were 
characterized by an approximately linear piecewise decaying slope, with pronounced dis-
continuities in correspondence to the outriggers. 

• RSA tends to largely underestimate NLTHAs and in some cases values more than halved 
were determined, in terms of local demands on key structural components; a similar con-
sideration can be drawn for peak displacements and inter-storey drifts. Therefore, the use 
of NLTHAs as a post-design check is reaffirmed to be a crucial aspect for these high-rise 
systems, the response of which is significantly affected by higher mode effects. 

• Sensitivity to the structure height was investigated by comparing the responses of the two 
prototypes, thus showing current European seismic rules to impose a similar performance 
point for both HR-01 and HR-02, in terms of global and local behaviour. When accurate-
ly designed and detailed, CBFs and outriggers were demonstrated to provide an optimum 
combination of stiffness and strength for these super-tall buildings, inducing a good bal-
ance between drift and acceleration demands. 
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Abstract. Due to the architectural efficiency of masonry-infilled reinforced concrete frames, 

the frames are highly common structural forms for buildings.  Research on responses of fully 

infilled RC frames under seismic effects has been active over the last few decades.  Neverthe-

less, the effect of openings in the infills on the nonlinear dynamic responses has seldom been 

studied.  This paper presents a numerical study on the global nonlinear seismic responses of 

RC frames containing infill walls with three types of openings, namely two-third storey height 

infills, window-opening infills and door-opening infills.  On the basis of the analysis results, it 

is found that infilled frames with window or door openings exhibit ratchetting phenomena in 

hysteretic behaviour leading to asymmetric damage and lateral force transfer mechanisms.  

Furthermore, serious short column phenomenon occurs in the 2/3-storey-height infilled frame 

structures, in where the central short columns experience serious localised damage resulting 

significant pinching phenomenon in the hysteretic loops. 
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1 INTRODUCTION 

Masonry infills are widely applied in partition of reinforced concrete frames.  Yet, 

throughout many worldwide devastating earthquakes [1-4], grave damage and catastrophic 

collapse of the infilled structures occurred time and again on account of altered structural re-

sponses of the RC frames containing infill walls.  It is well recognized that he structural be-

haviour of infilled frames and bare frames may differ because the presence of infills, 

particularly irregularly arranged infills, can significantly alter local stress distributions in the 

frame members surrounding the infill walls and vary the overall structural dynamic behaviour.  

Furthermore, the brittle nature of masonry infill materials often lead to severe degradation of 

the structural hysteretic behaviour and causes localised damage in the adjacent infill wall-

braced structural members under reversed cyclic loading.  These modifications of structural 

action can be detrimental to the seismic performance of buildings, resulting in non-reparable 

damage of the adjacent structural members, jeopardising human lives and property [5].   

Over the last few decades, awareness of the deficiency in current design and analysis 

methods for infilled frames prompted active research on responses of fully infilled RC frames 

under seismic effects over the last few decades [6-8], while significant progress in under-

standing their seismic behaviour has been achieved.  Nevertheless, the seismic behaviour of 

RC frame structures containing infill walls with openings has seldom been studied.  It has 

been reported that under seismic excitations the geometrically symmetric RC frame structures 

containing infill walls with openings can have significant asymmetric damage patterns [9].  

Obviously, this asymmetric damage arising from asymmetric loading transfer mechanisms 

can have implications for the typical capacity design approach.   

To understand the effect of openings in the infill walls on the nonlinear dynamic responses, 

hysteretic behaviour and force transfer mechanisms of infilled frame structures.  This paper 

presents a numerical study on the global nonlinear dynamic responses of masonry infilled RC 

frames with different type of openings in infills under seismic.  Nonlinear response history 

analyses of the masonry-infilled RC frames under realistic ground motion records are per-

formed to investigate their seismic behaviour.  The prototype used in this study is based on a 

2-storey RC building frame designed to resist earthquakes with PGA of 0.15g.  Four types of 

masonry-infills configurations: (1) full infills, (2) 2/3-storey-height infills, (3) infills with 

window openings and (4) infills with door openings are considered.  The prototype structures 

are modelled with advanced discrete-finite element methods. 

 

2 PROTOTYPE STRUCTURES 

The prototype structure is a two-storey RC building frame designed to resist earthquakes 

with a PGA of 0.15g.  Confining transverse reinforcement is provided in the frame members, 

which are detailed to obtain an expected displacement ductility factor of 2 to 4 [10].  The uni-

axial strengths of the concrete and longitudinal and transverse reinforcements are 20.1 MPa, 

400 MPa and 235 MPa, respectively.  The full height 125-mm-thick infill panels are com-

posed of 600×300×125-mm masonry units (compressive strength = 15 MPa) and 10-mm-

thick mortar joints (compressive strength = 5 MPa).  The reinforcement details and elevation 

view of the prototype frame is shown in Figure 1.  In addition to the full height infills, three 

typical types of masonry-infill arrangement containing openings are considered in this study: 

(1) 2/3-storey-height infills, (2) infills with window openings and (3) infills with door open-

ings.  The window size is 900 mm square, with two windows in each wall.  The windows are 

located at 2/3 height (from bottom to top) of the wall and 1/3 width (from left to right) of the 

wall.  The door size is 9002100 mm, with one door in each wall. The door is located in the 

middle-bottom of the wall.   
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Figure 1: Prototype frame structure. 

 

3 DISCRETE FINITE ELEMENT MODELS 

To adequately capture the local infill-frame interacting behaviour, detailed modelling and 

discretisation of the frame and infill components are required.  The prototype structures are 

modelled with advanced discrete-finite element methods are constructed with ABAQUS [11] 

and the mechanical behaviour of concrete and steel-reinforcement elements are modelled with 

the smeared isotropic damage-plasticity model [12] and Modified Menegotto-Pinto model [13] 

respectively.  Furthermore, to simulate the pre- and post-fracture behaviour of the mortar 

joints in the infills, damage-based cohesive interactions [14] are enforced on the contact sur-

faces of the masonry units.   The formulation of the interfacial constitutive model for the mor-

tar joints is briefly outlined below. 

As the strength of mortar joints is often much weaker than that of masonry units in infill 

walls, damage and cracks will likely propagate along the joints.  In computational modelling, 

inelastic deformation will thus be concentrated in the mortar joints with severe distortion of 

the elements that may impair the accuracy of the simulation.  In view of this, the contact for-

mulation is a more effective tool to simulate extended crack opening and propagation behav-

iour as well as component disintegration in infills.  The incremental form of the traction-

separation law for cohesive cracks considering the mixed-mode fracture behaviour of the 

mortar joints is given by 
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where  tsn ttt ,,t   and    tsn uuu ,,u   are the traction and displacement jump vector be-

tween two masonry unit surfaces, respectively, and ke is an initial isotropic elastic stiffness 

tensor.  The damage variable D is a scalar parameter of value within [0,1], and normal stiff-

ness is assumed to be completely recovered under the compressive normal traction to account 

for the unilateral effect.  )( ntH  is a step function: 1)( aH  if 0a , otherwise 0)( aH , 

which is used to characterise the unilateral effect or stiffness recovery effect.  Due to the ma-
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sonry units’ restraint, the macroscopic cracks, which inflict macroscopic stiffness degradation, 

in mortar joints are eventually aligned with the bed planes regardless of fracture modes.  By 

considering the major macroscopic damage mechanism and typical structural actions experi-

enced by infills, it is sufficient to use a damage variable to model the stiffness degradation 

effect due to the formation of cracks in mortar joints.  The criterion of damage initiation is 

defined as 

     0222222  ntttssn fttt       )0( nt  (2) 

     0)tan()tan( 22222  nttnttsnss ftttt       )0( nt  (3) 

where fnt is the tensile strength of the mortar joints; s and t are the ratios of the tensile 

strength to the mode II shear cohesion strength cs and mode III tear cohesion strength ct, re-

spectively; and s and t are the friction angles under mode II and mode III deformation, re-

spectively.  The crack-driving force GT is defined as 

 

              ttntssnsnnT uttuttutG   tantan  (4) 

where   denotes the Macaulay bracket:   aa   if 0a , otherwise   0a . 

It is assumed that the critical strain-energy release rate Gc under mixed-mode fracture is 

represented [15] as 
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where GIC, GIIC, and GIIIC  are critical strain-energy release rates under pure mode I, pure 

mode II, and mode III fracture, respectively; m is an exponent that depends on the brittleness 

of the material; and G0 is the strain-energy release rate at damage initiation.  The mixed-mode 

fraction criterion BK law was developed and verified for ductile and brittle polymer materials, 

which have amorphous and polycrystalline solid structures, respectively.  Hence, the fraction 

criterion is suitable for a wide range of materials with different molecular or grain structures.  

The evolution of damage is presented in the form of 
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When the contact surfaces are under compression, the joints behave similarly to Mohr-

Coulomb materials, and crack propagation is governed by mode II fracture.  However, when 

the surfaces are subjected to interacting tension and shear, a mixed-mode fracture criterion of 

the BK form would control the crack propagation.  Once the mortar joints are fractured, 1D , 

and the post-cracking interaction property of the two contact surfaces follows Coulomb’s fric-

tion law; thus the slip criterion is defined as   

     0)tan ()tan ( 22  tntsns ttttf   (7) 

The friction force is treated as constant, i.e., the change is zero at each time increment un-

der the explicit Euler integration scheme, and the possible change in friction force is account-

ed at the end of integration.  The model II or mode III fracture energy presented here is the 

macroscopically averaged energy, minus the frictional dissipation under normal compression, 

required for shearing masonry composites to failure or fracture states.  Thus frictions are sub-
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tracted from the total shear tractions in Eq. 6, and when a certain part of the strain energy is 

completely released due to fracture D = 1, the frictional dissipation dictated by Coulomb’s 

law (Eq. 7) can continue.  Hence, a smooth transition from the traction-separation law to Cou-

lomb’s law is attained. 

The model is implemented in ABAQUS through the user-subroutine VUINTERACTION 

for traction-separation behaviour in general contact simulations.  The integration scheme used 

for the implementation of the model is based on a standard modified explicit Euler scheme 

with substepping [16].  To illustrate the numerical algorithms of the model implementation, 

the solution steps for the mortar joints stressed from the elastic state to the damaged state, 

which are similar for other states, are outlined in Figure 2.    

 

 
Figure 2: Solution steps for the mortar joints stressed from elastic state to damaged state. 

 

4 SEISMIC FAILURE MODES AND FORCE TRANSFER MECHANISMS  

Each of the infilled frame structures are subjected to four real earthquake ground motions: 

(1) 1979 El Centro 1140-component at USGS-station 5056 (PGA = 0.14g), (2) 1987 Supersti-

tion Hills 225-component at USGS-station 5051 (PGA = 0.46g), (3) 1995 Kobe 000-

component at station Takatori (PGA = 0.61g) and (4) 1999 Chi-Chi EW-component at station 

CHY080 (PGA = 0.96g).  The elastic response spectra of the four ground motions are shown 

in Figure 3. 
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Figure 3: Elastic response spectra of the ground motions. 

 

Under the four ground excitations, the resulted hysteresis loops of the prototype structures 

are plotted in Figure 4.  Comparing with the frames with full-height solid infills, the introduc-

tion of openings in the infill panels significantly reduces the incurred bracing action against 

the bounding frame.  The maximum base shears experienced by the infilled frames with win-

dow openings are reduced to approximately two-thirds to as much as one-half of that experi-

enced by the fully infilled frames; surprisingly, the damage to the bounding RC frame and the 

infill panel is the most severe amongst the four infilled structures, as shown in Figure 5.  Yet, 

the structure is still able to attain higher lateral stability than the frame with captive columns, 

as shown in Figure 4. 

 

 

 

Figure 4: Hysteresis behaviour of infilled frames 
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Figure 5: Damage pattern of infilled frames. 

Although the incurred seismic forces are quite significantly reduced by the introduction of 

openings, very serious damage that is much more severe than that inflicted upon the fully in-

filled frames subjected to higher seismic forces is inflicted on the bounding RC frame under 

seismic loading.  This apparently abnormal behaviour is due to the partial collapse of the 

holed infill panels, as shown in Figure 5.  Stored strain energy in the collapsing infill compo-

nents is suddenly released, resulting in severe, localised damage to the infill.  In other words, 

following the toppling of infills, most of the seismic vibration energy is absorbed by the 

bounding frames rather than the infills in infilled frame structures with window openings, in 

contrast to the fully infilled frames, in which most of the vibration energy is apparently ab-

sorbed by the non-toppled infills.   

Nevertheless, the infilled frames with window openings can attain quite reasonable post-

damage lateral stability, although the structures suffer more extensive damage than other in-

filled frames.  Again, the vertical and lateral bracing actions provided by the full-height infill 

panels contribute this stability to the structure.  This result demonstrates the importance of the 

continuity of the infill distribution in a bounding frame to the global stability of the structure.  

A discontinuous infill distribution, such as the infilled frames with captive columns, tends to 

have lower post-damage lateral stability because any force-flow discontinuity can prohibit the 

development of other force transfer mechanisms, decreasing the potential for force redistribu-

tion.  Therefore, even with such severe damage being inflicted on the structure, the continuous 

non-toppled infills in the infilled frames with window openings are still able to transmit the 

lateral and vertical forces through multiple strut bracing mechanisms, as shown in Figure 6.  

By contrast, while other frames behave elastically under the 1979 El Centro earthquake, 

the infilled frames with openings exhibit a ratchetting phenomenon in which the irrecoverable 

inelastic drift develops progressively with each loading cyclic, as shown in Figure 4, quite 

similar to the fatigue effect.  This phenomenon occurs because the cracking strength of the 

infill panels with openings is lower than that of solid infills due to stress concentration in the 

corners, as shown in Figure 6.  As a result, sliding cracks are initiated at those corners and 

progressively propagate along the bed joints under cyclic loadings, and the inelastically de-

formed infill panels restrain the undamaged bounding frame from deflecting back to the origi-

nal configuration, resulting in the development of residual drift. 
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Figure 6: Force transfer mechanisms: plots of the principal compressive stress distribution of infilled frames (a) 

before major cracking and (b) after major cracking. 

Similar to window openings, door openings weaken the bracing action of infills to the 

bounding frame.  The incurred base shear is reduced to approximately 80%, as much as 50% 

of that experienced by the fully infilled frames.  As shown in Figure 5, the structures exhibit 

rather asymmetrical damage patterns; the rightmost columns suffer more severe damage than 

the leftmost columns, while opposite damage distributions are evident in the beams, which 

more damage is inflicted in the left beams.  Although the infilled frames with door openings 

exhibit lower initial stiffness and thus experience less seismic forces than the structures with 

window openings under the excitation of the El Centro earthquake, the post-damage stiffness 

and base shear of the former structures become considerably larger than that of the later struc-

tures under the other three strong earthquake excitations.  This increase can be understood by 

observing the initial and post-damaged force transfer mechanisms, as shown in Figure 6.   

The “door” structures have weaker initial bracing action than the “window” structures, but 

after the infills suffer severe damage with the formation of major cracks or even partially col-

lapse, the post-damaged lateral bracing mechanisms, as characterised by the inclined com-

pressive struts, of the “door” structures are much stronger and more robust than the “window” 

structures.  As a result, the incurred base shears of the “door” structures are larger in the post-

damage states and can reach magnitudes as high as 80% of that experienced by the fully in-

filled frames.  The structural damage of the frames with door openings is less than that in-

curred on the frames with window openings due to reduced disintegration of infill 

components.   

However, the damage is apparently more severe than that to the fully infilled frames, or 

more precisely speaking, the damage distribution is considerably asymmetric, as indicated 

previously.  This increase in severity occurs because the initially symmetric lateral force 

transfer mechanisms are destroyed by the ratchetting effect. In contrast to the “window” struc-

tures, the infills founded on the floors in the “door” structures are not horizontally continuous 
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due to the introduction of the door openings, which results in unrestrained sliding of the infill 

panels.  Sliding of the infill panels leads to strong variation of the lateral force transfer mech-

anisms, as well as the resulting drifts and hysteresis loops, of the structures under loading act-

ing in two opposite directions.  Although the lateral stability remains quite satisfactory for the 

prototype structure with door openings adopted in this study, if the structures were taller, the 

stability would decrease because a significant P- effect would be triggered under large verti-

cal loading and lateral drift. 

5 CONCLUSIONS  

On the basis of the analysis results, the following conclusions are drawn:   

 Non-toppled full infills panels can enhance the overall stability and energy dissipation, 

though the structures suffer much larger seismic forces.   

 Infilled frames with window or door openings exhibit, respectively, shakedown or ratch-

etting phenomena in hysteretic behaviour due to the propagation of sliding cracks initiat-

ed from the corners of the openings.   

 Unrestrained ratchetting deformation in the infilled frames with door openings incur se-

rious asymmetric damage patterns and lateral force transfer mechanisms.   

 Serious short column phenomenon occurs in the 2/3-storey-height infilled frame struc-

tures, in where the central short columns experience serious localised damage and this 

leads to significant pinching phenomenon in the hysteretic loops. 
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Abstract. The research presented in this paper deals with the seismic retrofitting of existing 
frame structures by means of passive energy dissipation. An iterative displacement-based 
procedure, based on capacity spectrum is described and some applications are discussed. The 
general procedure has also been discussed referring to the case of existing steel concentric 
braced frame structures (CBF). The procedure can be used with any typology of dissipative 
device and for different performance targets. In this work the procedure has been applied, 
with both traditional pushover (load profile proportional to first mode) and multimodal  
pushover, to an existing r.c. frame building. In the application presented the buckling re-
strained braces have been used in order to prevent damages to both the structure and non 
structural elements. The use of multimodal pushover proves to be more effective than  push-
over based on single mode in case of medium rise r.c. frame building (higher than 30 metres) 
but, once this building is retrofitted, and therefore regularized, with a bracing system, the dif-
ference between using  monomodal or multimodal pushover becomes not significant. 
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1 INTRODUCTION 

The use of dissipative bracings, though it seems conceptually clear and simple, requires a 
more complex design procedure than other retrofitting methods like base isolation. This 
greater complexity derives from the non linear behaviour of the dissipative devices and 
therefore of the final retrofitted structure. Despite that, during the last years, many design 
procedure has been published and, between those, the most useful for practical use seem to be 
those that are based on the capacity spectrum method. In fact with this approach non linear 
dynamic analyses can be skipped in favor of static non linear analyses that are simpler to be 
managed. Otherwise, also within those procedures, many have a theoretical approach that can 
be difficulty associated with a widespread professional use. In fact, frequently, the 
characteristics of an existing building (e.g. non regular distribution of masses and stiffness, 
presence of a soft story) can compromise the effectiveness of procedures that impose a 
predefined loading pattern during pushover analyses. As discussed in Bergami & Nuti (2013), 
the design of dissipative devices have two main goals: improve dissipation and regularize 
strength end stiffness distribution (this can be done adopting an adequate criteria to distribute 
the braces along the elevation and inside the plan of the building). Moreover, in case of  
medium rise building (quite widespread in Italy), it is a matter of fact that the relevance of 
higher modes depends not only on their level of irregularity but it is also related to the quite 
high number of stories. To check such hypothesis the design procedure, that is detailed in is 
general form and specialized to the case of steel braced frames, has been tested on a medium 
rise irregular existing r.c. building. The necessity of using a multi modal pushover (Goel & 
Chopra, 2004) instead of the standard single mode pushover procedure has been investigated 
performing multimodal pushover and non linear dynamic analysis on  both the existing and 
retrofitted building. 

2 DISSIPATIVE BRACINGS POSITIONING: STRUCTURAL EFFECTS 

The insertion of dissipative braces into the structural frame involves significant effects that 
can be grouped in two categories: effects on structural response and effects on the architecture 
of the building. Concerning the former the braces increase both stiffness and strength and 
consequently, as usually happens, both modal shapes and the capacity curve of the structure 
are modified. Moreover, for a given top displacement, these improve damping and, therefore, 
reduce demand. In this respect stiffness increase could render less efficient, or even useless, 
the increase of dissipation. Therefore a careful mix of stiffness and dissipation is requested: 
this subject is discussed in the following. 
The bracing system has to be compatible with the architecture of the building: therefore spa-
tial distribution of the braces descents from a compromise between the optimization of the 
dissipative system and the functionality of the building. 
Although braces distribution should be analyzed case by case some general considerations can 
be made: braces should reduce or eliminate eventual translation-rotation coupling effects, in-
duce constant interstorey drifts, exclude soft storey behavior and maximize damping for a 
given top displacement. 
Different criteria to distribute the additional stiffness are proposed in scientific literature: con-
stant at each story, proportional to story shear, proportional to interstorey drifts of the original 
structure. In this work the latter is assumed and therefore, given the interstorey drift δj, the 
stiffness K’b,j  corresponding to each storey of the bracing system is: 

 , ,'b j g loba l b jK K c=         
(1) 
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where: 
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=          (2) 

Each brace is a composite element realized coupling an elastic element (usually a steel pro-
file) with a dissipative device in series. The latter will determines the desired yielding force 
whereas the former will be designed to assure the desired stiffness of the series. 

3 EVALUATION OF THE EQUIVALENT VISCOUS DAMPING 

A specific energy dissipated by the structure and the braces corresponds to each deformation 
reached by the structure, be it with or without dissipative braces; the dissipated energy can be 
expressed in terms of equivalent viscous damping. Referring to the formula proposed by A.K. 
Chopra (2001), the equivalent viscous damping of the structure 

,eq Sν at the generic displace-

ment D can be expressed as follows: 

 

,
,

,

1

4
D S

eq S
S S

E

E
ν

π
=          (3) 

All the parameters of the Eq. (3) can be easily determined from the capacity curve: ,D SE is 

the energy dissipated in a single cycle of amplitude D and ES,S is the elastic strain energy cor-
responding to the displacement D. Referring to an equivalent bilinear capacity curve (it can be 
determined from the capacity curve using one of the methods available in literature) terms of 
Eq. (3), considering an ideal elasto-plastic hysteretic cycle, can be determined as follow: 

 

 
( )( ), 4bilinear

D S sy sy sE F D D F D= −
       (4) 

 

( ),

1

2S S sE DF D=
        (5) 

with: 
D the displacement reached from the structure 
Fs(D) the force corresponding to D (the force is the base shear) 
Dsy displacement at yielding 
Fsy the yielding force (base shear at yielding) 
It is well known that the hysteretic cycle of a real structure differs from the ideal cycle, 

therefore this difference can be taken into account adopting a corrective coefficient cS for the 

structure and cB for the braces (c =1 for the ideal elasto-plastic behaviour). Therefore: 

 
, ,

bilinear
D S S D SE Eχ=

        (6) 

 , ,
bilinear

D B B D BE Eχ=                    (7) 

with ,
bilinear
D BE  the energy dissipated by the ideal hysteretic cycle of the dissipative brace. 

For the applications discussed in this paper the parameter cS has been determined referring 

to the provisions of ATC40 [1996]. For the braces the assumption of cB ≈1 has been consid-
ered reasonable: in fact, according to AISC/SEAOC – Recommended Provisions for Buckling-
Restrained Braced Frames [2005], the force-displacement relationship of a BRB can be ideal-
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ized as a bilinear curve. However different values can be adopted, if the case, with no differ-
ence in the procedure. Authors have assumed a bilinear curve characterized by a yielding 
force equal to the yielding traction force (the maximum compressive strength of BRBs is 
slightly larger than the maximum tensile strength due to the confining effect of the external 
tube): the hysteretic cycle obtained is elasto-plastic but precautionary smaller than the real one. 
Than the evaluation of the equivalent viscous damping of the braced structure νeq,S+B, to be 
added to the inherent damping νI  (usually νI =5% for r.c. structures and νI =2% for steel ones), 
can be obtained using the following expression:  

 

, ,
, ,

,
, , ,

1 1

4 4

bilinear
B D B jbilinear

jD S B S D S
eq S B

S S B S S B S S B
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      (9) 

where , ,
bilinear
D B jE  is the energy dissipated by the dissipative braces placed at level j. 

Eq. (8) can be generalized assuming that , , , ,
bilinear bilinear
D B j D B i

i

E E=∑ with , ,
bilinear
D B iE the energy dissipat-

ed by the i braces placed at level j. Note that νeq,S and νeq,B are obtained dividing the dissipated 
energy, determined from the capacity curve of S or B respectively, by the elastic strain energy 
of the braced structure, determined from the curve of S+B. 

4 THE DESIGN PROCEDURE: GENERAL FORMULATION MAIN STEPS 

The design procedure can be applied using every typology of pushover because it requires the 
only definition of capacity curve and interstorey drift distribution. Therefore the use of the 
multimodal procedure doesn’t modify the proposed procedure that can be summarized in the 
following steps: 
1. Define the seismic action: the seismic action is defined in terms of elastic response accel-
eration spectrum (T-Sa).  
2. Select the target displacement: the target displacement is selected (for example the top 
displacement Dt

*) according to the performance desired (limit state). 
3. Define the capacity curve: the capacity curve of the braced structure S+B, in terms of top 
displacement and base shear (Dt-Vb), is determined via pushover analysis. The pushover anal-
ysis can be easily performed using a software for structural analysis: many different force dis-
tributions can be adopted selecting the best option for the specific case (e.g. modal shape load 
profile). 
If a modal shape load profile has been selected it is important to underline that the modal 
shape is influenced by the bracing system and consequently, at each iteration, the load profile 
has to be updated to the modal shape of the current braced structure. 
Notice that, at the first iteration, the structure without braces is considered and therefore the 
capacity curve obtained will be fundamental for the evaluation of the contribution offered by 
the existing structure to the braced structure of the subsequent iterations. 
4. Define the equivalent bilinear capacity curve: the capacity curve is approximated by a simpler 
bilinear curve Dt-Fs+b that is completely defined by the yielding point (Ds+b,y, Fs+b,y) and the hardening 
ratio βs+b (at the first iteration the parameters correspond to Ds,y, Fs,y, βs of the existing building). 
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Figure 1: Evaluation of the equivalent bilinear capacity curve 

5. Define equivalent single degree of freedom: MDOF system is converted in a SDOF sys-
tem by transforming the capacity curve into the capacity spectrum (Sdt-Sab) 

 
;t S B

dt a
t

D F
S S

LΓφ Γ
+= =
⋅

      (10) 

where Γ is the participation factor of the modal shape φ (Γ=(φTMI)/(φTMφ)) and L=φTMI. 
The modal characteristics of the braced structure may change at every iteration due to new 
brace characteristics. Therefore φ, Γ and L have to be updated with the current configuration 
6. Evaluate the required equivalent viscous damping: the equivalent viscous damping 
ν*

eq,S+B of the braced structure to meet the displacement of the equivalent SDOF system and 
the target spectral displacement Sdt

*=D t
*/(ΓφT) is determined.  

According to the Capacity Spectrum Method the demand spectrum is obtained reducing the 
5% damping response spectrum by multiplying for the damping correction factor h that is 
function of νtot  

 
5%

10

5 100
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S

S

νη
ν

= =
+ ⋅

    (11) 

From Eq. (11) one obtain *totν  the damping needed to reduce displacement up to the target Sdt
*. 

 

2

* 5%
*

0.1 0.05tot
dt

S

S
ν

 
= − 

 
      (12) 

7. Evaluate the equivalent viscous damping contribution due to the naked structure: the 
contribute to damping of the structure * *

, ( )eq S tv D can be determined from Eq. (3.12) being Dt
* 

the top displacement corresponding to ,
bilinear
D SE and ,S S BE + that are the energy dissipated by S 

and the elastic strain energy of S+B ( ,
bilinear
D SE and ,S S BE + are determined from the capacity curve 

of S and S+B respectively).  
8. Evaluate the additional equivalent viscous damping contribution due to braces: given 

*
totν  from Eq. (12) the equivalent viscous damping needed to be supplied by the braces 
* *

, ( )eq B tv D  is evaluated from Eq. (3.11) and Eq. (4.1) as follows:  

 
* * * * * *

, ,( ) ( ) ( )eq B t tot t eq S t Iv D v D v D v= − −      (13) 
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Figure 2: Evaluation of the equivalent viscous damping needed to achieve the target performance point

9. Dimensioning of the braces

been evaluated from Eq. (13), axial stiffness and yielding strength req
sired additional damping can be determined with the same procedure previously adopted for 
the structure (step 7). 
The energy dissipated by the braces inserted at each 
 

 E F F

 
being δ’ j the component of the interstory drift 

brace (δ’ y,j is the axial displacement corresponding to yielding of the device).
The axial displacement of the damping brace at the j

inclination angle θb,j and interstorey drift 
The dissipative brace is usually constituted by a dissipative device (

bled in series with an extension element (
the opposite corners of a frame (Fig. 3). 

Figure 2: Dissipative device “j” assembled in series with an extension element (e.g. a steel profile): equivalent 
model of springs in series (K’

Therefore, being K’b,j and K’by,j

plastic range respectively, a= 
and of the device and βd,j the ratio between stiffness after and before yielding of the dissip
tive device, the following expression can be derived:
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the equivalent viscous damping needed to achieve the target performance point

Dimensioning of the braces: once the required equivalent viscous damping 

evaluated from Eq. (13), axial stiffness and yielding strength required to achieve the d
tional damping can be determined with the same procedure previously adopted for 

The energy dissipated by the braces inserted at each j th level can be expressed as:

( )' ' ' ' '
, , ,

1

4 ( )
n

bilinear
D B by j y j b j j

j

E F Fδ δ δ
=

= −∑
 

the component of the interstory drift δj at j th of the n floors along the axe of the 
is the axial displacement corresponding to yielding of the device).

The axial displacement of the damping brace at the jth-floor δ′bj can be determined from its 
and interstorey drift δj=D j-Dj-1: therefore δ′b,j=δj cosθbj

The dissipative brace is usually constituted by a dissipative device (e.g.
bled in series with an extension element (e.g. realized with a steel profile) in order to connect 
the opposite corners of a frame (Fig. 3).  

Dissipative device “j” assembled in series with an extension element (e.g. a steel profile): equivalent 
model of springs in series (K’d,j; K’ p,j) and equivalent single spring model (K’

 
by,j the equivalent stiffness of the spring series in the elastic and 
= Kp,j

’/Kd,j
’ the ratio between elastic stiffness of the steel profile 

the ratio between stiffness after and before yielding of the dissip
lowing expression can be derived:
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the equivalent viscous damping needed to achieve the target performance point 

: once the required equivalent viscous damping * *
, ( )eq B tv D  has 

uired to achieve the de-
tional damping can be determined with the same procedure previously adopted for 

level can be expressed as: 

 
(14) 

floors along the axe of the 
is the axial displacement corresponding to yielding of the device). 

can be determined from its 
bj. 

e.g. the BRB) assem-
with a steel profile) in order to connect 

 
Dissipative device “j” assembled in series with an extension element (e.g. a steel profile): equivalent 

ent single spring model (K’b,j) 

the equivalent stiffness of the spring series in the elastic and 
the ratio between elastic stiffness of the steel profile 

the ratio between stiffness after and before yielding of the dissipa-

(15) 
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Therefore: 
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Consequently, if there is one brace per direction and per floor, substituting Eq. (16) into Eq. 
(14), * *

, ( )eq B tv D can be expressed in the following way: 
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(18) 

δ’ j are determined from the pushover analysis for the top displacement Dt and '
,y jδ , that is the 

yielding displacement of devices, can be reasonable assumed as ' '
, 4y j jδ δ≤ .  

'
,y jF is, for each direction, the yielding force of the floor brace: once '

,y jδ has been defined 
'
,y jF is consequently determined Eq. (17). Thus, according to Eq. (15), '

,d jK can be expressed 

as follows:  
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Therefore substituting Eq. (19) into Eq. (18), Kglobal can be determined as follows: 
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(21) 

A value of aj>3 is usual in applications, therefore K′b,j>3/4K′d,j , while the steel profile must 
be stronger (neither yielding nor buckling) than the device: for a given interstorey drift the 
larger is aj the larger are device displacements and hysteretic cycles. 

 
At this point all terms 

of Eq. (20) are known so, from Eq. (19) and Eq. (15) , the floor brace stiffnesses '
,b jK

 
can be 

defined (the yielding force '
,by jF can be directly derived since the stiffness '

,b jK  and the yield-

ing displacement '
,y jδ  have been defined). Though in this paper the procedure is discussed 

referring to Eq. (18) it is important to underline that, in a general case, one can have m differ-
ent braces for each level j. In fact, at the same level, each brace i can be characterized by its 
specific properties as a consequence, for example, of the geometry of the bays of the structur-
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al frame. Consequently Eq. (18) can be generalized as follows.
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(22) 

10. Check convergence: one must repeat steps from 3 to 9 until the performance point of the 

braced structure converges to the target displacement with adequate accuracy. 

4.1 Application to steel concentric braced frames (CBF) 

Recent studies and experimental courses have pointed out that the seismic capacity of steel 
concentric braced frames (CBF) is limited by diagonal yielding while buckling of compressed 
diagonals can be tolerated if they remain in the elastic range. The contribution of compressed 
diagonals is disregarded in design, though it can affect seismic response, reducing the period 
of vibration of the structure, while increasing the absorbed energy.  

The retrofit procedure previously presented has been specialized also to the case of CBFs, and 
is presented in this paragraph. The structural elements: beams and columns usually act as 
pendulum, hinged at their ends, though this assumption can be removed without any modifi-
cation to the presented procedure.  

The procedure allows to design a dissipative bracing system that can guarantee the upgrade of 
the existing CBF avoiding yielding in tension of the existing diagonals, or even, in some cases, 
to prevent compressed original diagonal from elastic buckling. In the latter case the pushover 
analysis can be easily performed using a software for structural analysis in fact, this typolo-
gies of structures (CBF) after the retrofitting should remain linear elastic even under seismic 
action (in some cases, as a rare seismic event, a limited plastic excursion of the diagonals 
could be accepted to guarantee to survive the event) and therefore the nonlinearity can be 
concentrated only in the dissipative devices. In case one accept elastic buckling of the com-
pressed original braces, one should consider the nonlinear elastic behavior of these elements, 
unless it is proved that their contribution to total stiffness is negligible, and disregarded in the 
analysis. 
The specialized procedure can be summarized  by modifying steps 2 and 3 as follows: 
2. Select the target displacement: the target displacement is selected (for example the top 
displacement Dt

*) according to the performance desired (limit state). Usually, working with 
steel buildings, deformation limits are relevant for the dimensioning. For CBF (concentric 
braced frame) the target can be selected as the inter story drift that corresponds to the stability 
limit of the existing braces in compression. When this latter is too small to be considered than 
one should accept elastic buckling and displacement corresponding to yielding in tension of 
the existing diagonals should be the maximum admissible state at least for life safety. Larger 
target displacement are usually of small practical interest. 
3. Define the capacity curve:. Given the target CBF displacement, the analysis can be re-
duced to the evaluation of the top displacement that corresponds to the achievement yielding 
in tensile original bracings or at most, the prevention of buckling in compressed original brac-
es. This latter seems an excessive request as buckling in the elastic range has small conse-
quences on structural damage and should usually be accepted. However if one prevent 
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the capacity curve of the existing CBF (that is the S of the procedure) will be 
, otherwise it will be non linear elastic due to compressed buckled braces

their contribution to structural stiffnes is negligible, less than 15%, they can certainly be di

If we disregard compressed diagonals or assume the stability limit of compressed diagonals as 
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spect to the case of disregarded compressed diagonal, and the equivalent 
is smaller adding the same BRB due to the larger elastic energy at the denominator 

During the design phase it is important to evaluate if, inside the range of displacement that 
allow to dissipate enough energy to obtain the performance target required, the existing dia

according to code requirements). If this condition is verified the di
sipative braces will be inserted inside the structure without modifying the CBF configuration. 
In the opposite case the designer can decide, for example, to remove the existing diagonals 

ize a completely new system of diagonals with the dissipative braces.

Deformation of the existing structure (CBF) and of the retrofitted structure (CBF+dissipative 
is the target of the retrofitting design: diagonals must remain elastic and D

nal compressed braces neglected. Right: original compressed braces considered.
systems (the BRBs) and S is the existing structure (CBF=CBFc+CBFt). 

 
In the following Figures the deformed shape before and after retrofitting are illustrated.

the capacity curve of the existing CBF (that is the S of the procedure) will be 
buckled braces. When 
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tribution to structural stiffness, than the pushover curve of the original struscture: S will be 
elasto plastic curve of the new braces to the original curve. 

In this case one should note that for the same displacement, the original structure has a larger 
spect to the case of disregarded compressed diagonal, and the equivalent 

is smaller adding the same BRB due to the larger elastic energy at the denominator 

During the design phase it is important to evaluate if, inside the range of displacement that 
required, the existing diag-

according to code requirements). If this condition is verified the dis-
sipative braces will be inserted inside the structure without modifying the CBF configuration.  

n decide, for example, to remove the existing diagonals 
ize a completely new system of diagonals with the dissipative braces. 

 

Deformation of the existing structure (CBF) and of the retrofitted structure (CBF+dissipative 
is the target of the retrofitting design: diagonals must remain elastic and Dtarget<Du. 

Right: original compressed braces considered. B is the bracing 

er retrofitting are illustrated. 
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Figure 5: existing structure (CBF) 
compressed diagonals buckled

Figure 6: Retrofitted structure (CBF+dissipative braces) before and 
still elastic and the dissipative braces are yielded
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mode based), until collapse displacement is reached. This fundamental mode based force di
tribution doesn’t account for higher mode contrib
this limits the applicability of this approach to cases where the fundamental mode is dom
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been analyzed, with a specific case study, if the use of the simple monomodal approach can 
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xisting structure (CBF)  under seismic action. The taut diagonals yielded (case 1 on the right), t
pressed diagonals buckled (case 2 on the left) when the top displacement

 
 

structure (CBF+dissipative braces) before and during seismic action. The diagonals are 
and the dissipative braces are yielded Dtop after retrotting is limited in order to obtain the retrofi

ting of the structure: Dtop=Dtarget>Du 

APPLICATION ON AN EXISTING R.C. STRATEGIC BUILDING

It is well known that results from a non linear static analysis are influenced by: pushover loa
s of the numerical models. The loading profile determines loads di

tribution and deformed shape of the building and, consequently, the plastic distribution of 
placements (interstorey drift can be strongly influenced). The most common 

profiles are: proportional to masses, proportional to first mode shape (monomodal), 
proportional to acceleration, multimodal. The procedure presented in the previous chapter is 
generally applied using a “standard” monomodal pushover where the structure is 
monotonically increasing lateral forces, with an invariant spatial distribution (fundamental 
mode based), until collapse displacement is reached. This fundamental mode based force di
tribution doesn’t account for higher mode contribution, which can be relevant, and therefore 
this limits the applicability of this approach to cases where the fundamental mode is dom
nant. Anyway it has to be highlighted that braces, if well designed, regularize the structure 
that can become strongly fundamental mode dependent. As discussed in the following has 
been analyzed, with a specific case study, if the use of the simple monomodal approach can 
be considered efficient. Therefore the proposed design procedure has been applied to retrofit 

structure (Fig. 7-8) designed to resist vertical loads only: it is a strategic 
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monotonically increasing lateral forces, with an invariant spatial distribution (fundamental 
mode based), until collapse displacement is reached. This fundamental mode based force dis-
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building, situated in a seismic area of Italy, that has been designed and built in the 1970s 
without seismic details.  

 

 
 

Figure 7: Longitudinal sections of the building 
 
 

  
Figure 8: Transverse section of the building and 3D view of the numerical model 

For brevity, in this paper, only results from longitudinal analysis are described: the design 
process has been performed considering the real 3D structure. The procedure has been applied 
in order to retrofit the building referring to a seismic action evaluated using the technical code 
currently in force in Italy (p.g.a. 0.25g; return period 949 years). The capacity curve has been 
derived considering a loading profile proportional to the first mode shape. In addition both the 
existing structure and the retrofitted structure have been studied using the multimodal push-
over (Chopra & Goel, 2002) in order to evaluate the effectiveness of the ”standard” procedure 
and therefore the advantages on using the monomodal pushover for such a building: in this 
case the effectiveness of the procedure has been confirmed and, comparing results from 
monomodal and multimodal pushover applied on the retrofitted structure, the use of multimo-
dal pushover can be considered not substantial for the design process applied on this typology 
of building. The performance point of the existing structure in terms of base shear and top 
displacement is VS =9908 kN and Dt,S=133 mm. Then, the selected performance objective was 
to reduce displacement in order to avoid damage on both  r.c. elements and masonry panels. 
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Therefore the target displacement has been selected adopting the following parameters: 
reducing the top displacement of about 50% (Dt,S,targ=66 mm) and limiting the interstorey drift 
to 2‰ at whichever level. Convergence to the desired values has been obtained with three 
iterations and the final result (performance point, iter 3) is the base shear  VS+B=12105 kN, 
with a 19% increase with respect to the original building, and the top displacement Dt,S+B=61 
mm (practically coincident with the target, see Fig. 9). 

 

 
Figure 9: Capacity curves from pushover analysis 
along the longitudinal direction (Existing structure 
and  braced structure at each iter from 1 to 3) 
 

Figure 10: Variation of the total equivalent viscous 
damping with the spectral displacement Sd. At the 
p.p. νeq,S+B=32% for the retrofitted structure and 
νeq,S=14% for the existing building. 

The contribution to dissipation offered by the dissipative system isνeqB=20% (νeqS=12%, 
νI=5%): Figure 10. In the final configuration the interstorey drift of each level has been 
significantly reduced to values lower than 2‰ and all the dissipative braces are in their plastic 
range (Fig. 11). The braced structure, if the distribution of interstorey drift is analyzed, is 
strongly characterized by a dominat first mode and consequently the multimodal analysis can 
be considered unnecessary: the two approaches differ of less than 1.5% (Fig. 12). 

  
Figure 11: Interstorey drift (longitudinal) distribution for 
the existing building and the retrofitted building (longitu-
dinal direction). In the graph is also indicated the drift 
corresponding to the yielding of the BRBs 

Figure 12: Interstorey drift (longitudinal) distribu-
tion in the retrofitted building obtained using the 
monomodal and the multimodal pushover. Differ-
ences are lower than 1,5% 

6 CONCLUSIONS 

A procedure for design of retrofitting of building structures using dissipative braces has been 
presented and the specific case of r.c. frame structures and CBFs have been detailed. The pro-
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cedure, that in previous works has been applied to retrofit building up to four stories (Bergami 
& Nuti, 2012), has been updated with the use of the multimodal pushover and successfully 
applied to a structure having eight floors (30 m height). The target displacement has been de-
termined, both in longitudinal and transverse direction, in order to limit both interstory drifts 
and ductility demand on existing structural elements. The final configuration obtained (the 
building braced along both the directions) has been tested performing pushover analyses pro-
portional to the most relevant mode shapes (along both the longitudinal and transverse direc-
tion) of the building fully braced. Afterwards, results obtained from the application of 
monomodal pushover have been compared with results from multimodal pushover: the effec-
tiveness of the procedure has been proved. Moreover, from this comparison, has been ob-
served that, in terms of drifts and displacements, the multimodal pushover can be considered 
not relevant for the design procedure for dissipative braces proposed by Bergami and Nuti 
(2012) if it is applied on structures such as the one analyzed (midrise r.c. frame building). 
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Abstract. This paper compares experimental measurements with predictions of different 

rocking models. These comparisons are carried out on the base of recent experimental results 

obtained by shake-table tests of four simple unreinforced load-bearing clay masonry walls 

that have exhibited a significant rocking behaviour for the highest acceleration inputs. In a 

first stage, the simple model proposed by Housner is used after slight modifications needed to 

properly consider the actual mass distribution. Two parameters are identified as governing 

the model response, namely the criterion defining the initiation of motion and the restitution 

coefficient. Then, a two stacked blocks model is developed and solved by an event-driven 

strategy. This two-block model is intended to allow a better description of the behaviour of 

tested specimens through a more precise modelling of the additional mass. Finally, the pres-

ence of rubber layers positioned at the top and bottom of two of the tested walls with the pur-

pose of improving their acoustic behaviour required the development of an updated rocking 

model with viscous and flexible interfaces at the base of the wall and between the two stacked 

blocks. The properties of these interfaces are deduced from experimental data and their sig-

nificant influence on the response is evidenced. 
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1 INTRODUCTION 

Rocking has been originally studied by Housner in 1963 [1] with the aim of explaining the 

survival of tall slender structures during earthquakes. To this purpose, the equation describing 

the rocking motion of a rigid block resting on a rigid base has been developed under the as-

sumption of neither sliding between the block and its foundation nor bouncing. Numerous 

studies and scientific contributions resulted from this original “inverted pendulum” model and 

the interest in this topic is still relevant today. 

Some authors have used the simple model of Housner to investigate analytically and nu-

merically the rocking response of rigid blocks subjected to a seismic action as well as their 

stability [2, 3, 4, 5], while others have defined a new formulation to unify the piecewise equa-

tion describing the rocking motion [6] or developed numerical tools based on the Discrete El-

ement Method (DEM) to model the rigid block [7]. 

Extensions of the simple model have been carried out on various aspects. First, the as-

sumption of a rigid support has been discussed. Psycharis and Jennings [8] introduced an elas-

tic foundation with damping in the problem and compared two possible solutions, namely the 

Winkler model and a simplified unilateral two-spring model. They concluded that both solu-

tions were equivalent, allowing the use of the simple one. The former solution was also stud-

ied in [9], whilst the latter was used in [10, 11]. ElGawady et al. [12] investigated the 

influence of the material constituting the interface through experimental tests and Vassilou 

and Makris [13] examined the benefits of different types of isolated base thanks to numerical 

simulations. A main outcome of this research showed that ancient classical columns of Greek 

temples are more stable without any isolation. Then, the consideration of sliding and bounc-

ing has been included. Shenton III and Jones established criteria for the transition between the 

possible modes of response (sliding, rocking, etc.) and derived the corresponding governing 

equations [14]. A particular attention is given to the effects of the friction coefficients in [15]. 

Finally, the deformability of the block has been taken into account. Psycharis carried out a 

parametric analysis on a SDOF oscillator with a harmonic excitation and outlined the im-

portance of the ratio of the natural period of the structure to the period of excitation [16]. 

Oliveto et al. enhanced previous models with a novel set of coordinates and transition condi-

tions [17] and Acikgos and DeJong were focused on the interaction between elasticity and 

rocking [18].  

All these contributions have extended the range of application defined by the simple model 

developed by Housner. Nevertheless, these studies were limited to a single symmetric block 

and horizontal bases. Plaut et al. studied the consequences of an asymmetric geometry and 

tilted foundations on the rocking behaviour of blocks [19]. They conclude that, in the case of 

asymmetric bodies, the initial direction of the excitation can significantly affect the response. 

Two other studies on non-symmetric rigid bodies dealt with the overturning criteria [20] and 

the assessment of the advantages of base isolation for such blocks [21]. The literature review 

has also pointed out some attempts to translate the research work into design procedures. To 

this purpose, Priestley et al. [22] represented the rocking block as an equivalent SDOF oscilla-

tor with damping. This analogy was however shown as unsubstantiated and oversimplified 

[23]. More recently, Kelly presented a design method aiming at substituting for special study 

required by the latest version of New Zealand code, NZS 1170.5 [24]. 

Besides the rocking behaviour of single block, a few researchers have been interested in 

the dynamic behaviour of stacked blocks although related experimental investigations are ra-

ther limited. The analytical formulation of the equations translating the rocking motion of two 

blocks with no sliding was developed by Psycharis [25]. Such structures can behave accord-

ing to eight different configurations, as illustrated in Figure 1. Spanos et al. [26] improved 
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these developments by adding different contributions to the transition criteria from one con-

figuration to another and proposed an alternative method for the linearization of the nonlinear 

piecewise equations. Kounadis et al. assessed the minimum amplitude ground excitation lead-

ing to the overturning instability [27]. In order to consider these structures in design proce-

dures, DeJong and Dimitrakopoulos proposed a methodology to derive approximate 

equivalence between rocking blocks and SDOF structures [28]. An experimental campaign 

has also been performed at the National Laboratory of Civil Engineering (LNEC) and where 

single blocks were tested, as well as multi-block structures lying on a rigid support [29]. This 

campaign allowed a better understanding of the rocking mechanisms and a comparison of 

measurements with model predictions. 

 

Figure 1: Rocking configurations for two-block assemblies 

The present contribution takes place in the general context of experimental shaking table 

tests carried out at the EQUALS Laboratory in the framework of the SERIES project. The 

tested specimens are four simple unreinforced load-bearing masonry walls. The walls have 

two different aspect ratios, namely 1.1 (long walls) and 0.4 (short walls), and are loaded with 

an additional 5-ton steel mass lying on their top. They are made of thin-bed layered clay ma-

sonry with empty vertical joints. One wall of each aspect ratio includes soundproofing rubber 

layers located at the wall bottom and top for acoustic reasons. Pictures of the walls are given 

in Figure 2. The objectives of this campaign are to enhance the understanding of the dynamic 

behaviour of unreinforced masonry and to investigate the influence of the rubber layers. The 

preliminary assessment based on equivalent static procedure predicted a shear collapse. The 

observed behaviour of the walls was actually characterized by a significant rocking effect, at 

least for the highest acceleration inputs. The importance of this rocking effect has also proved 

to be strongly dependent on the aspect ratio and the presence of acoustic devices. Details of 

this experimental campaign are given in [30]. 

 

Figure 2: Tested specimens 

The present paper is focused on the use of rocking models in view of comparing their pre-

dictive capacities with experimental measurements. On the one hand, the results obtained for 

walls without acoustic elements are assumed to be predictable by the simple model of Hous-

761



C. Mordant, V. Denoël, H. Degée 

ner. Several adjustments of the original theory are however needed in order to take into ac-

count the upper steel mass lying on the top of the wall. Two main parameters governing the 

model response are identified, namely the criterion of motion initiation and the restitution co-

efficient. A two-block model is then used to better describe the tested specimens by properly 

considering the upper mass, a priori likely to rock with respect to the underlying wall. On the 

other hand, a new rocking model is derived for the specimens with rubber devices. It aims at 

modelling two-block structures with viscous and flexible interfaces between the blocks as 

well as between the bottom block and the foundation. The properties of these interfaces are 

deduced from experimental data and highly influence the model response. 

2 ROCKING MODELS FOR WALLS WITHOUT RUBBER LAYERS 

A previous contribution of the same authors [31] already tried to reproduce the hereby con-

sidered experimental measurements with a model based on the theory developed by Housner. 

This model was chosen for its simplicity, but some modifications have been performed to fit 

with the experimental configurations and to consider the additional mass placed on the wall 

top especially. The results and conclusions of this work are summarized in the first part of this 

section. The second part is dedicated to the more complex two-block model. This one matches 

better the experimental reality as the masonry wall and the upper mass are both represented by 

a specific block. It is however time-consuming in comparison to the simple model (from 2 to 

5 times more). 

2.1 Comparison with modified Housner’s theory 

Figure 3 illustrates the studied rigid block assuming that the additional steel mass can be 

considered as a point mass, drawn in red. The mass of the block is assumed to be negligible 

compared to the top mass. In comparison to the developments of Housner, the consideration 

of the upper mass involves differences for the parameters R and , representing the radial 

distance from the centre of rotation O to the gravity centre and the angle between this distance 

and the vertical axis respectively. 

  

Figure 3: Modified model for simple rigid block 

Rocking motion of a single rigid block resting on a rigid foundation and subjected to a hor-

izontal acceleration gx  is characterized by its rotation around one of its bottom corners, meas-

ured with the positive clockwise variable θ. The following equation describes this motion 

     0sincos   signMgRsignxMRI gO
  (1) 

where  [s-2] is the second time derivative of θ [-], IO [kgm2] is the moment of inertia, M [kg] 

is the mass and g [ms-2] is the gravitational acceleration.  

O O’ 

  

 

2h 

2b 



R  
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Rocking is initiated if the overturning moment becomes larger than the restoring one, see 

eq. (2). The block and the support being rigid, energy dissipation only occurs when the block 

impacts on the base. This is practically translated by an instantaneous reduction of the angular 

velocity. Considering no bouncing, the angular momentum around the corner is conserved 

and allows the quantification of this reduction according to eq. (3). 

 bMgxhM g 2  (2) 

 2
2

sin21
OI

MR
e   (3) 

The equation of motion has been solved using a standard Newmark integration scheme un-

der the assumption of a constant acceleration. The comparisons of numerical predictions with 

measurements are given in Figure 4 (left) for the short wall and in Figure 4 (right) for the long 

wall respectively. The results correspond to the last shaking table test with the highest accel-

eration input, characterized by a PGA of 0.234g and 0.688g for the short and the long wall 

respectively.  
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Figure 4: Comparison of the numerical predictions with experimental measurements for the short (left) and long 

(right) walls without rubber under the assumption of a rigid body 

Figure 4 highlights differences between theoretical predictions and experimental measure-

ments. Two issues are identified. First, the initially chosen criterion for defining the initiation 

of the rocking motion is felt as not appropriate, since the predictions do not capture the mo-

ment when rocking starts during the shaking table test on the short wall. This is observed as 

well for the long wall or for tests with a lower acceleration level for which the numerical sim-

ulations do not predict any motion, contrary to the observations. Moreover, the restitution co-

efficient seems also not to be appropriate. The rotation is indeed getting damped at a slower 

rate in the model than in reality. Modifications are proposed in [31] and principally consist in 

discussing the description of the rigid body motion, leading to the choice of a global rotation 

around an arbitrary point rather than a rotation around the external bottom corners. It results 

in a change in the parameters R and  as well as in the criterion of motion initiation and resti-

tution coefficient. This latter also integrates a dependence on the square of the aspect ratio and 

on the ratio of the overall maximum rotation to the one reached during the oscillation before 

the considered impact. The consequences of these changes on the model predictions are illus-

trated in Figure 5 for the short wall.  
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Figure 5: Comparison of the numerical predictions with experimental measurements for the short 

The modifications proposed in [31] improve significantly the model predictions. The start-

ing of the rocking motion is better captured and the damping issues at the end of the signal 

have vanished, albeit some differences remain present. In the case of the long wall, the model 

is able to predict the occurrence of rotation peak but overestimate their magnitude. Therefore, 

it can be concluded that such a simple model is not suitable for the present masonry walls. 

The modelling of the additional mass with a material point located at the block top is identi-

fied as a possible reason. A proper consideration of this body should thus enhance the results, 

which constitutes the topic of the second part of this paper. Another reason for the discrepan-

cies is certainly the need for an educated-guess involved by relaxing the rigid body assump-

tion. Indeed, several possibilities do exist regarding the position of the rotation point. 

Moreover, the formulation of the restitution coefficient is questionable since the contact be-

tween the block and its base is no longer a point. 

2.2 Comparison with a two stacked blocks model 

With regard to the specimen's configuration and to the results presented in the previous 

section, the two stacked blocks model seems to be more adapted. In this model, the masonry 

wall and the upper steel mass are indeed each more consistently represented by a block. The 

equations of motion implemented in the present model are based on the developments of 

Spanos et al. [26]. Nevertheless, another linearization of these equations is applied and the 

adopted numerical scheme resorts to an event-driven strategy which principles are detailed in 

[32] and summarized as follows. The resolution method consists in the integration of the line-

arized equations of motion corresponding to the current configuration of the system. Once the 

system configuration changes, the integration is stopped and the event-driven strategy is acti-

vated for the handling of the transition. An event localization function is first applied in the 

perspective of detecting accurately the moment of the transition. The update of the system 

variables is then operated. The equations of motion corresponding to the new configuration 

are chosen and the integration restarts. The activation of the event-driven strategy is con-

trolled by “gap” functions defining the conditions to fulfil to change of configurations. In the 

present case, these “gap” functions are given by the equations translating the transition be-

tween configurations with or without impact. 

Using the two-block model with the short wall geometry and the acceleration signal as in-

puts provides the results given in Figure 6. 
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Figure 6: Predictions of the two-stacked-block model for the short wall 

As it was observed with the simple model in the previous section (Figure 4), the two-

stacked-block model cannot reproduce the specimen response. Nonetheless, the prediction of 

the initiation of the rocking motion is better, as is the energy dissipation. The assumption of a 

rigid block to model the masonry wall is also questionable. Similar modifications are made to 

consider a block rotating around another point than its corner, except for the energy dissipa-

tion. This leads to the results presented in Figure 7.  
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Figure 7: Predictions of the modified two-stacked-block model for the short wall 

The initiation of the rocking is now properly captured, but the magnitude of the first theo-

retical rotation peak is overestimated and occurs too late. This result is possibly due to inade-

quate account for the energy dissipation. Additional modifications are therefore required. 

Different attempts have been performed to improve the dissipation of energy at the impacts 

with a formulation based on the conservation of the angular momentum. These attempts allow 

a better approximation for the magnitude of the first peak, but the overall response remains 

remote from the measurements.  

As a conclusion, the two stacked blocks model gives better results than the simple model, 

when based on a similar set of assumptions. Improvements are however required and the as-

sumption of a rigid block for representing the masonry wall seems to be inappropriate. Ac-

cording to the authors, the main reason is the presence of empty vertical joints. Relaxing this 

assumption to allow rotation around a point to be determined leads to a better prediction of 

the rocking motion initiation, but makes questionable the quantification of the energy dissipa-
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tion by means of the principle of conservation of the angular momentum. This last point will 

be the topic of forthcoming investigations. 

3 ROCKING MODEL FOR WALLS WITH RUBBER LAYERS 

Literature review has highlighted a huge interest in the rocking behaviour of single block. 

Different assumptions have been made on the block, its foundation and the possible behav-

iours. Besides this, a few research works were focused on the rocking behaviour of two or 

more stacked blocks. These latter are however limited to rigid blocks standing on a rigid sup-

port. This section aims at developing a new rocking model for two-stacked rigid blocks with 

viscous and flexible interfaces between the support and the bottom block, like blocks standing 

on a flexible foundation, as well as between the blocks. This model will be then used to com-

pare theoretical predictions with measurements recorded during the shaking table tests on the 

unreinforced masonry walls including rubber devices. 

3.1 Development of the new rocking model 

The geometry of the modelled blocks is given in Figure 8 (left).  The blocks are symmetric 

and have bases 2bi, heights 2hi, masses mi and centroid moments of inertia IGi (i is equal to 1 

for the base block and 2 for the top block). The centroid of the block is denoted by Gi. The 

interfaces have heights eb and et respectively and are characterized by a stiffness (kb or kt) and 

a damping ratio (cb or ct). Rocking motion of rigid blocks including viscous and flexible inter-

faces can be described with four variables, namely the rotation of the blocks, θ1 or θ2, and the 

vertical displacement of the interfaces, zb,1 and zb,2, as denoted in Figure 8 (right). The friction 

is supposed to be large enough to avoid sliding. 

 

Figure 8: Two-stacked blocks model with viscous and flexible interfaces 

It is assumed that the interfaces have no tensile strength. Therefore, uplift occurs when the 

upward displacement of a part of the base is larger than the deflection due to gravity load. 

Four different configurations can thus be observed, namely (i) no uplift, (ii) uplift at the base 

interface, (iii) uplift at the top interface and (iv) uplift at both interfaces. Two parameters gb 

and gt are defined in order to define the configuration. They are equal to the unit if there is no 
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uplift and become zero in the contrary. The conditions to define the value of the parameters 

are given by (4) and (5). 
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The equations of motion for the possible configurations are obtained by the Lagrange’s 

method. Details of these equations will be provided in an upcoming contribution. A lineariza-

tion is then performed and Eq. (6) presents the result in matrix form when the blocks are sub-

jected to seismic horizontal ẍg and vertical żg accelerations. 

These linearized equations are implemented in a numerical procedure and is combined 

with an event-driven strategy for the handling of the transition between configurations. The 

corresponding “gap” functions are defined by the equations translating the change of value for 

the two parameters gb and gt. 
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The energy dissipation in this model is a continuous process. The viscous and flexible inter-

faces indeed dissipate energy through damping in the dash-pots. 
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3.2 Comparison of the new model with experimental results 

The application of the model requires the calibration of the mechanical properties of the in-

terfaces representing the rubber layers. This is one topic of [33] and is based on seismic tests 

at a low-to-moderate acceleration level. During these tests, the specimens remained in contact 

with the support. Deteriorated properties have however been chosen as tests at lower accelera-

tion levels probably damage the rubber devices. Tests at the highest seismic input have been 

therefore performed on damaged specimens. The interfaces are supposed to behave linearly 

and elastically. The others model inputs are the blocks geometry and the acceleration signals. 

The chosen acceleration signals have a PGA of 0.171g for the short wall and of 0.457g for the 

long wall. The results in terms of top and bottom rotations are presented in Figure 9 and Fig-

ure 10 for the short and the long walls with rubber respectively. 
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Figure 9: Comparison between model predictions and experimental measurements (short wall) 
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Figure 10: Comparison between model predictions and experimental measurements (long wall) 

The mechanical properties used are 4.95 (3.85) MPa for the elastic modulus and 5.44 

(1.67) % for the damping ratio in the case of the short (long) wall. The model predictions are 

in good agreements with the experimental measurements. The beginning of the rocking mo-

tion is well approximated without any further modifications. The assumptions of rigid blocks 

can indeed be felt here as realistic when referring the rigidity of the block to the one of the 

joints, which was of course not the case without rubber joints since, in that configuration, the 

rigidity of the blocks had to be referred to an infinitely rigid foundation. Nevertheless, some 

differences are observed, especially concerning the peak magnitudes. Consequently, further 

investigations are required. A larger parameter study is planned to highlight the most relevant 

properties to be tuned at the level of the interfaces. The possible influence of choosing another 

type of material law for the rubber layers has also to be studied, these interfaces being the 

main issue of the model. 
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4 CONCLUSIONS 

This paper deals with the rocking behaviour of masonry structures subjected to seismic 

loading. The main motivation of this paper is the observation during shake-table tests that a 

significant rocking motion was experienced by the structures when the tested unreinforced 

load-bearing clay masonry walls including or not soundproofing rubber layers are shaken at a 

sufficient acceleration level. 

On the one hand, the paper is focused on the rocking behaviour of walls without rubber. A 

first model is developed, based on the simple theory of Housner and modified to consider the 

additional mass placed on the walls top. The comparisons of the model predictions with the 

experimental measurements highlight the need in modelling the additional mass properly and 

the inconveniency of the assumption of a rigid block for the masonry walls. A second model 

of two-stacked blocks is therefore implemented with the developments of Spanos et al. This is 

accompanied with an event-driven strategy for the handling of the transition between configu-

rations. Additional investigations are however still required to allow the masonry walls not to 

be considered as rigid anymore. The energy dissipation is a main issue since the blocks do not 

rotate around their corners and, thus, the use of the principle of conservation of the angular 

momentum is not valid. 

On the other hand, a new two-stacked blocks model is developed for the walls with rubber. 

The main innovation is the consideration of a viscous and flexible interface between the 

blocks. A good agreement between model prediction and experimental data is found, even if 

some differences are outlined. In this case, the masonry walls can be assumed as rigid in 

comparison to the rubber interfaces. The comparison leads to a quite good agreement between 

theoretical results and experimental measurements. In order to improve the results, further 

developments are however still in progress, especially regarding the mechanical properties of 

the interfaces to be used in the model. Details of the new model will be the topic of an upcom-

ing contribution. 
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Abstract. The evaluation of the structural safety and seismic vulnerability of historical 
masonry buildings represents one of the most important problems affecting countries, like 
Italy, characterized by a wide cultural heritage whose original configuration shall be 
preserved against unexpected seismic events or insufficient maintenance. Recent earthquakes 
in the Italian regions (Umbria-Marche 1997, Molise 2002, L’Aquila 2009 and Emilia-
Romagna 2012) evidenced the high vulnerability of historical masonry buildings, severely 
damaged in both their structural and not-structural components (i.e. walls, vaults, domes, 
arches, ornaments and others) and the following significant economic effort required for the 
execution of retrofit interventions. According to the actual Italian Standard for Constructions 
(D.M. 14/01/2008) and to the Guidelines provided by the Italian Ministry for Infrastructures 
for the evaluation and reduction of seismic risk on historical heritage (2010), a multi-level 
approach is generally adopted for the assessment of the structural safety and seismic 
vulnerability of ancient masonry buildings and for the design of retrofit interventions. In the 
present work, the above mentioned multi-level approach is applied to “La Sapienza” Palace 
in Pisa (Italy). The building, ancient seat of the University of Pisa, was subjected to a wide in 
situ structural survey and to experimental testing campaigns (including geotechnical analyses, 
mechanical characterization of materials, structural monitoring and other) allowing the 
elaboration of a reliable FEM model used for the execution of structural verifications and for 
the individuation of the main retrofit techniques able to preserve its original nature providing, 
at the same time, a sufficient margin of structural safety. 
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1 INTRODUCTION 

The evaluation of the static safety and seismic vulnerability of existing buildings represents 
one of the most important topics in Italy, country characterized by a wide architectural 
heritage made up of buildings realized without the adoption of suitable measures against 
horizontal actions, following different and overlapping construction techniques and frequently 
characterized by the lack of adequate maintenance. Recent seismic events (such as  L'Aquila 
2009, Umbria-Marche 1997 and Emilia-Romagna 2012) evidenced the high vulnerability of 
the existing masonry heritage, as well as the need to define suitable strategies for modifying, 
improving or locally reinforcing structures (or portions of them), without altering their 
original architectural characteristics but providing, at the same time, a sufficient margin of 
structural safety.  

During the centuries, historical masonry buildings often underwent severe modifications, 
expansions, enlargements and super-elevations that transformed their original configuration of 
“single buildings” into “structural aggregates”, made up of different parts connected together 
without specific devices and not necessarily working in a global way, with the possible 
following activation of local mechanisms especially in presence of dynamic actions, such as 
overturning of facades, tilting of corners and others. As a consequence of what above 
presented, there is a clear and pressing need to execute extensive static safety and seismic 
vulnerability evaluations, with particular attention to buildings of historical-architectural 
importance, in order to organize suitable retrofit operations. 

Current Italian and international standards for constructions [1, 2, 3] provide a codified 
procedure for the vulnerability analysis and the planning of readjustment/improvement 
operations for existing buildings. Such procedure is based on the definition of a “Level of 
Knowledge” of the structure, achieved through structural and geometrical surveys, critical 
historical analyses and determinations of the material mechanical properties. According to 
this level, a specific degree of uncertainty is attributed to the execution of safety checks and to 
the organization of the retrofit proposals. The aforesaid approach, commonly adopted for 
‘ordinary’ structures (both masonry or r.c. ones), can be extended to historical-monumental 
buildings by accounting for their greater complexity and the following need of a very deep 
level of knowledge.  

A number of examples of evaluations of the seismic behaviour of monumental buildings 
are presented in the current scientific literature [4, 5, 6]. Within the framework of the 
European project "Perpetuate" [7, 8, 9], a displacement-based approach for the vulnerability 
analysis of existing monumental buildings was provided. Wide-scale analyses of historical 
villages (or portion thereof), to be executed in parallel with the adoption of macroseismic 
intensity maps in order to assess the behaviour of buildings, to define vulnerability curves and 
to finally identify the most vulnerable constructions for which  the organization of retrofit 
interventions can be considered a priority, were also proposed [10, 11].  

Oliveira [12] strongly discussed the problem of the numerical modelling of complex 
buildings, evidencing the possibility to adopt many different possible approaches (linear and 
nonlinear one-dimensional models for individual elements, 2-D and 3-D models for entire 
building complexes, etc.), as well as the difficulty of determining the most appropriate 
methodology for each specific case. Despite the ever-more refined and accurate numerical 
models made possible by modern calculation software, significant uncertainties remain 
regarding the correct representation of the materials’ mechanical properties and the dynamic 
behaviour of the entire building or portions thereof.  

In this context, Italian Technical Regulations for Constructions [1], together with the 
“Guidelines of the Ministry of Culture and Heritage” [13], underlines the necessity to analyze, 
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in parallel to the global behaviour of such structural aggregates, the possible activation of 
local collapse mechanisms of significant structural portions, identified on the base of the 
critical points and of the cracking scenario revealed during the in situ survey. According to 
the proposed approach, different evaluation levels of seismic safety, associated to different 
degrees of investigation/knowledge of the building, can be related to different safety checks, 
ranging from large-scale evaluations, to the formulation of macroelement models for 
structurally independent portions of the complex under study and to the execution of safety 
checks on specific global models of the individual buildings.  

In the present paper the methodology developed and refined for assessing the static safety 
and seismic vulnerability of the Pisa “Palazzo della Sapienza”, historical site of the 
University since the 14th century, is presented. Moreover, some general proposals for the 
retrofit interventions are provided. The verification of the structural safety of a building as 
complex as the one considered cannot be performed simply based on traditional approaches 
based on global numerical modelling: methods specifically developed for the particular 
construction, based on an extensive knowledge of the structure’s current state acquired 
through a multidisciplinary approach that combines historical studies of the building’s 
evolution, morphological-structural-geotechnical surveys, experimental determinations of 
materials' properties and structural monitoring, are then needed. More in detail, accurate 
critical historical studies and detailed architectural surveys through both direct and indirect 
techniques allows the determination of the structural units and of their connections in the 
whole building. The information obtained through the morphological-structural surveys allow 
the elaboration of reliable numerical models (both at local and global level) for evaluating the 
static and seismic behaviour of the entire building and portions thereof, and the following 
determination of the suitable retrofit techniques to be used for the whole building, for its 
portion of it or for single structural elements. Figure 1 shows the general scheme adopted for 
the assessment and retrofit of Palazzo La Sapienza in Pisa. 

HISTORICAL INVESTIGATION

OF THE STRUCTURE

origin, modifications, evolution, interventions
over the centuries

STRUCTURAL SURVEY

geometry of bearing and non bearing structural
elements, characterization of materials,

monitoring systems

NUMERICAL MODELING &

STRUCTURAL ANALYSIS

elaboration of global / local models and
execution of numerical analyses

VULNERABILITY ANALYSIS

STRUCTURAL ASSESSMENT

MULTI-DISCIPLINARY APPROACH FOR THE ASSESSMENT OF THE BUILDING

GEOTHECNICAL INVESTIGATIONS

Investigations and mechanical characterization
of the foundation soil

ANALYSIS OF THE STATE OF THE

BUILDING

 SAFETY ASSESSMENT

execution of global safety verifications, analysis
of the activation of local collapse mechanisms

RETROFIT PROPOSALS

Figure 1: Scheme of the adopted methodology − integrated approach. 
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2 PALAZZO LA SAPIENZA: ORIGIN AND STATE OF ART 

The building, originated from the medieval structures of Piazza del Grano and of Dogana 
del Sale adsorbing the adjacent single masonry units and ancient tower houses, was 
progressively extended, during the XV century, to house the seat of the University of Pisa and 
all the connected services. A significant modification in the original structure of the Palace 
was applied at the beginning of the XIX century, with the necessity to increase the available 
place for the books owned by the University Library (about 30.000 volumes). The works 
necessary for the enlargement of the building, including the demolition of many internal 
bearing walls, the super-elevation of the west part of the building of about 3.0 m, the 
modification of shape and dimensions of doors and windows, the realization of new storey 
slabs and others, started in 1819 and continued for about three years, immediately leading to 
structural diseases in several parts of the building: a wide cracking scenario was revealed in 
correspondence of the north and south-eastern parts of the building. The progressive 
deterioration of the building, as widely described in the ancient literature, was the direct 
consequence of the executed structural interventions, that neglected the original configuration 
of the Palace and its incapability to sustain higher loads respect to the design ones. 

Nevertheless, and also despite singular interventions executed during the XIX century (i.e. 
the application of steel ties to reduce the horizontal thrusts due to vaults, arches and to avoid 
overturning mechanisms of single and multiple walls), the enlargement of the building, with 
the following increase of vertical loads, continued during the XX century, once again due to 
the increase of the University Library. Between 1928 and 1929, the western part of the 
building was raised up reaching the height of the adjacent parts: this intervention finally 
transformed the original Renaissance structure of the Palace, made up of a relative small 
volume of two storeys into the actual massive three storey building (Figure 2). Several 
additional modifications (for example the reconstruction of the vault of the new Aula Magna) 
were then executed as a consequence of the damages of the second world war. The detailed 
description of the morphological development of the building is presented in [14].   

Figure 2: Structural modification of Palazzo La Sapienza during the first two decades of XIX century. 

Nowadays, the building presents a trapezoidal plan with three floors above ground, with a 
gable roof whose garret accessible only for inspection and maintenance. The plan dimensions 
are 80.0 m by 53.7 m, while the central courtyard, surrounded by a ground-level colonnade 
and a first-floor arcade running parallel to the ground floor sides, has maximum dimensions 
of 35.5 m by 21.2 m. Different  vaulted surfaces (i.e. cross and cloister vaults, some of them 
with lunettes) and various types of floor slabs (steel elements with different profiles) are 
present; the useful height of the ground floor varies from 4.30 m to 5.50 m. The situations are 
similar on the first and second floors, where the maximum heights attained are respectively 
equal to 5.60 m and 5.20 m, as measured during the in situ surveys. 
The ground floor of the building actually houses several university classrooms, university 
department offices and the historical “Aula Magna”. The first floor, besides more department 
offices and the double volume of the “Aula Magna Nuova” (not aligned with the one at 
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ground floor), houses the University Library, which takes up the entire surface area of two 
sides of the building (along Piazza Dante square and Vicolo dell’Ulivo). The University 
Library also covers nearly the entire second floor, in part overlying the first floor sections, in 
part along the opposite side (along Via della Sapienza). Mezzanine floors and loft structures 
are, moreover, present in correspondence of the first and second floor of the library. The 
general plans of the building, with the indication of the different activities carried out, are 
presented in the Figure 3. 
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Figure 3: Plans of a) ground floor, b) first and c) second floor with indication of the activities housed. 

3 MORPHOLOGICAL-STRUCTURAL SURVEY OF THE BUILDING 

The historical analysis of the building evidenced a series of critical structural issues 
affecting Palazzo della Sapienza, mainly due to the changes and transformations to which the 
building was subjected during the centuries, nowadays visible through widespread cracks in 
different portions of the construction. An extensive in situ survey campaign was executed, in 
order to deeply investigate the current structural condition of the building, with attention to 
the masonry patterns, horizontal storeys and vaults, roofing system, foundations, mechanical 
properties of materials and geotechnical properties of the soil. 

The masonry patterns were investigated by removing 50x50 cm plaster surface with 
following endoscopic examinations (Figure 4), necessary to determine the presence of air 
spaces or adjacent facings of different thickness and type. The studies revealed the presence 
of 5 different types of masonry patterns (i.e. full brick, full brick and split stone, stone with 
brick courses, etc.) and the absence of suitable connections between perpendicular walls. The 
distribution of the different masonry typologies present in the building’s various floors was 
reconstructed bearing in mind the results of the historical analysis (Figure 5). In general, the 
different types of masonry corresponded to the different historical stages of the building’s 
construction and modification; for example, the area at the corner between Via Curtatone e 
Montanara and Via della Sapienza, originated from the building’s medieval walls and tower-
houses, revealed greater complexity and heterogeneity, as well as already evidenced during 
the historical analysis. Three experimental flat jacks tests were then executed on three 
different masonry typologies to determine the compressive strength of the material and to 
estimate the effective actual stress state on vertical elements. 

Similar investigations (removal of plaster and endoscopic analyses) were also executed on 
vaulted surfaces, in order to define the masonry typology, the disposition of blocks and the 
total thickness of the filling materials. The direct in situ survey of horizontal storeys allowed 
the determination of the steel profiles’ dimensions and of the thickness of the slabs and 
flooring, necessary to estimate of the effective dead load (Figure 6). 

The roofing structure, consisting of trusses of different types and materials on which the 
secondary elements (longitudinal beams and joists) are placed to support the roof covering, is 
also the result of the modifications undergone by the building over the years. Steel Polonceau 
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trusses, wooden trusses of different sizes and shapes, all presenting various degrees of 
deterioration in their elements are present in the different portions of the building. The poor 
state of maintenance, the manner in which supports between the various elements were 
fashioned, the presence of small full-brick walls to support the bearing elements, as well as 
the accumulations of construction debris and other factors evidenced the strong vulnerability 
of the roofing system. 

   
Figure 4: Execution of in situ investigations on masonry walls. 
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Figure 5: Plan of ground floor with indications of the various types of masonry 

   
Figure 6: Execution of in situ investigations on horizontal floors with steel elements. 
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The historical analysis of the building evidenced, moreover, the instability and the non-
homogeneity of the foundation soil; the continuous growth of the building highlighted the 
inadequacy of the foundation system in sustaining the increasing loads due to the progressive 
enlargements of the structure, visible through a well defined cracking scenario. In order to 
better analyze the state of art of the foundation system, a series of core samplings at different 
angles in the proximity of the masonry walls, at locations planned according to the 
evolutionary reconstruction of the building, were executed: different types of foundations, in 
terms of both size and depth, corresponded to the different stages of the building’s 
construction. The investigations performed in correspondence to the interior colonnade 
revealed the absence of connections between columns, characterized by an isolated square 
foundation set at a depth of about 1.9 m from ground level, lower than that of the portico 
pillars, laid at a depth of 1.75 m below ground level. The foundation of the portico's interior 
walls reached different depths (ranging from 1.0 m and 1.5 m below ground level), with width 
varying between 1.50 and 2.40 m. The two investigations performed on the foundation 
structure on Vicolo dell’Ulivo provided analogous results, with foundation depths of 2.75 and 
2.10 m, and widths of 1.75 and 1.60 m, respectively, while the Piazza Dante side foundation 
reached a depth of about 1.50 m below ground level, with a width of 0.90 m. 

Based on the careful survey of the cracking scenario of both vertical walls and horizontal 
floors/vaults, two monitoring systems − periodic and continuous – were organized and 
installed in order to determine the possible evolution of the ongoing subsidence and 
disruptions (Figure 7). The periodic monitoring system involved fixed metal reference gauges 
straddling the cracks to enable measuring any further widening or narrowing of the cracks at 
time intervals of about 2 months. The continuous monitoring system, on the other hand, made 
up of electronic displacement transducers, provided a measurement for each considered point 
every 5 minutes, allowing the processing of collected data in graph form and the continuous 
checking of the ongoing cracking process. The analysis of the monitoring results enabled the 
identification of the areas characterized by differential displacements, such as, for instance, in 
correspondence to the vaults of the ground floor colonnade and first-floor arcade. 

a)  b)  

Figure 7: a) Periodic monitoring system, fixed metal reference; b) Continuous monitoring system. 

4 NUMERICAL MODELLING AND ANALYSIS 

4.1 Elaboration of FEM numerical model 

A numerical three-dimensional model of the structure was realized in order to develop 
numerical analyses according to what prescribed by [1]. Such a complex building shall be 
considered more similar to a "structural aggregate" than to a single building, made up of 
different parts connected together during the centuries; the difficulty to model material 
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discontinuities, disconnections between perpendicular walls, and other factors allowed the 
elaboration of a global numerical model that is representative of an "improved condition" of 
the structural system. The linear three-dimensional FEM model of the building (Errore. 
L'origine riferimento non è stata trovata.Figure 8) was realized using SAP 2000, with two-
dimensional "shell" elements for the walls and one-dimensional "frame" elements for the 
profiles of the floor slabs, the roofing and the university library mezzanines. The vaulted 
surfaces were modelled with equivalent two-dimensional plane. The mechanical 
characteristics of the masonry material were selected according to the results of in situ flat-
jack tests and to the indications contained in the Ministerial Memorandum Circ. 617/2009 
[15], for the different types of masonry pattern (Table 1). The presence of cracking 
phenomena was conventionally taken into consideration through the reduction of the stiffness 
of the masonry walls [1, 16].  

The interaction between the superstructure and the ground soil was represented through the 
Winkler model, with elastic three-directional springs calibrated according to the results of the 
geotechnical investigations. The horizontal stiffness (both in x and y directions) was assumed 
equal to the 25% of the vertical one. The stiffness of the Winkler springs was evaluated 
considering the effective dimension of the foundation structures and a spacing equal to 0.50 m, 
more or less corresponding to the discretization adopted in the model of masonry elements. 
The values of effective vertical stiffness (kv) are presented in the Table 2 for the different 
portions of the building, being B the average width of the foundation, i the springs’ spacing in 
the model and A the footprint of the foundation area for columns and pillars.  

a) b)  

Figure 8: a) Global model, b) vaulted surfaces and frame elements of the storeys. 

Masonry σ [MPa] E [MPa] Notes 

1 Full bricks 2.25 (*) 1500 * flat jack tests (mean values) 

2 Irregular split stones 1.40 870  

3 
Full bricks and rough-hewn 
stones 

2.20 (*) 1500 * from flat jack tests 

4 
Full bricks and irregular split 
stones 

2.20 (*) 1500 * type similar to (3) 

5 Full bricks and squared stones 2.20 (*) 2150 * type similar to (3) 

5 
Full bricks and squared stones 
with courses 

2.64 (*) 1500 * (3) improved by courses 

Table 1: Resistance and elastic moduli values adopted for the various types of masonry patterns 

780



S. Caprili, F. Mangini and W. Salvatore 

Foundation type K [kPa/m] i [m] B [M] A [m2] k [N/mm] 
Colonnade 32560 - - 1.21 39398 
Portico pillars 25300 - - 1.80 45540 
Via Curtatone Montanara/della Sapienza 3200 0.5 2.4 - 3840 
Piazza Dante/Via Curtatone e Montanara  7600 0.5 0.9 - 3420 
Other 4500 0.5 1.6 - 3600 

Table 2: Rigidity values of the springs modelling the ground-to-structure interactions. 

Vertical loads were determined in relation to D.M. 14.01.2008; an accurate estimation of 
the effective weight of the books of the libraries was also executed in order to obtain more 
reliable evaluations and safety checks. For what concerns the evaluation of seismic action, 
due to the complexity of the building, a local seismic response analysis under free-field 
conditions (i.e. neglecting the presence of the building), aiming to evaluate the response 
spectrum to be used for the safety checks was executed. The definition of the seismic input 
was performed selecting seven spectrum-compatible accelerograms, scaled according to the 
site’s reference design acceleration [17], and applying them directly to the representative 
model of the subsoil of the site on which the building rests. The subsoil model employed, 
made up of a finite number of parallel plane layers with infinite horizontal extension, was 
represented by an equivalent elastic medium set on a viscous-elastic half-space representing 
the bedrock. Each layer, assumed to be homogeneous and isotropic, was characterized by 
thickness h, density ρ, a transverse rigidity modulus G and damping factor D (Table 2). 
Applying this subsoil model to the seismic input to the bedrock enabled the determination of 
the specific response spectrum for the considered site. Analysis of the local seismic response 
was then conducted by calculating the average effects, in terms of acceleration over time at 
the depth of the foundation plane, of each of the seven accelerograms selected. Figure 9 
shows the elastic response spectrum for the site under examination (soil type C) in 
comparison to the standard spectrum for return period TR equal to 712 years. Linear dynamic 
analysis was then finally performed on the Palazzo della Sapienza using the response 
spectrum resulting from the foregoing determinations. A behaviour factor equal to 2.25 was 
adopted [15], minimum value allowable for masonry structures with irregular height, quite 
conservative respect to the value proposed by the Guidelines for cultural heritage [13], which 
specify a maximum value of 2.80. 
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Figure 9: Elastic response spectrum results for the site in comparison to regulatory indications for type C soils. 
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4.2 Safety checks and evaluation of critical issues 

Safety assessment was executed according to the indications provided by [1, 15]. The 
values of the design actions used to carry out the checks were derived from the global 
numerical model, which as stated, obviously cannot account for situations such as the lack of 
connections between perpendicular walls, discontinuities between adjacent walls or between 
walls and overlying vaults, the presence of air spaces, walled-off openings etc. The obtained 
results are therefore representative of an “enhanced” condition in comparison to the actual 
current state. The results of the global checks on the building are however indicative of the 
effective state of maintenance of the vertical walls, floors, vaults, and roofing and foundation 
structures.  

The obtained results were combined with the ones coming from the investigations of the 
most significant local collapse mechanisms, allowing the attainment of a general overview of 
the state of art of the construction. 

The global checks on masonry walls evidenced that the building essentially satisfies the 
safety requirements with regard to both static and seismic combinations, with the exception of 
extremely small-sized, slender elements characterized by a considerable heterogeneity in 
shape and materials and by extensive cracking due to the progressive structural layering and 
modifications made to the building. Relatively critical conditions were encountered in the area 
of the historical Aula Magna, where two of the original spaces of the colonnade were closed-
up, and in the proximity of the double volume of the new Aula Magna. 

Problems of out-of-plane overturning were found in correspondence to the interior wall of 
the 1st floor towards the arcade parallel to Piazza Dante, where the perpendicular masonry 
restraints were removed without taking into account their structural effects, as well as in 
correspondence to the wall of the double volume of the new Aula Magna. 

The horizontal structures (floors), with the exception of one under-dimensioned slab on the 
building’s second floor, did not evidence significant structural deficiencies in terms of either 
resistance or deformability, probably because they were realized relatively recently (during 
the post-war restructuring of the building). Analogous considerations can be executed for the 
vaulted structures, which, though presenting widespread cracking, especially in the colonnade 
area and in the proximity of the original Aula Magna, were able to sustain a load equal to 350 
daN/m3, as demonstrated by the in situ load tests executed. 

The wooden roofing structures presented signs of widespread degradation due insect and 
mold damage, with consequent reduction of the resistant section of the bearing elements, with 
the following not satisfaction of the prescribed safety requirements. Other critical issues were 
linked to the presence of curtain walls supporting trusses, supports of varying shapes and 
types, and to the accumulation of construction debris in various areas of the garret. 

Analysis and safety checks of the foundation structures, characterized by considerable 
geometric heterogeneity as previously presented (i.e., foundation depth and the width of the 
supporting base), revealed the substantial heterogeneity of the overall mechanical behaviour 
of the foundations, variable stiffness of the ground-foundation assemblage and different limit 
load values, minimal for ribbon foundations and higher in the case of isolated foundations. 
The unit load-subsidence diagrams for the foundation-ground assemblage for the various 
analyzed sections (Figure 10a) highlight the different responses of the various foundation 
elements as a function of the geometry, especially for unit load values below 1.0 MPa. A 
substantial difference in the behaviour was visible between the building’s perimeter and its 
interior part (i.e. colonnade and pillars of the interior courtyard, Figure 10b); in the presence 
of either static or seismic loads, these local differences can expose the building to 
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considerable damage in those areas with significant differences in rigidity characteristics or 
those subject to more heterogeneous loads. 

Apart from these structural issues, many other intrinsic critical situations were identified as 
a consequence of the building’s morphological conformation itself. Such problems were 
frequently aggravated by the modifications executed over the centuries in relation to the 
architectural and functional needs.  
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Figure 10: a) Unit load-subsidence curves for the different sections investigated, b) estimates of the subsidence 
of different building zones. 

5 RETROFIT INTERVENTIONS 

The organization of retrofit interventions on complex structural aggregates, such as the one 
presented in the previous paragraphs and, more generally, in the case of historical masonry 
structures, represents a very difficult engineering topic. The “traditional approach” proposed 
by current Italian standards [1, 13], that individuates the three possibilities of global retrofit 
(i.e. to make the existing building able to fully satisfy the safety requirements according to 
current standards), partial retrofit (i.e. to obtain a global increment of the structural safety of 
the building without the complete satisfaction of standards’ requirements) and local 
intervention (i.e. strengthening or consolidation of single structural elements), cannot be 
easily applied to the cultural heritage. This is due to the fact that such historical buildings 
shall be, above all, preserved towards significant modifications of their original nature, 
maintaining their historical aspect and providing, at the same time, a considerable margin of 
structural safety.  

As a consequence of what presented, and often in presence of localized static problems due 
to morphological and intrinsic features of the building, the "global" retrofit intervention on 
cultural heritage is the final amount of many “local” interventions regarding single elements 
or different portions of the building (for example masonry walls with significant cracks to be 
repaired, strengthening of horizontal storey through the introduction of additional elements, 
replacement of wooden elements of the roof and others). Figures 11, 12 and 13 show some 
examples of localized interventions regarding, respectively, horizontal floors, masonry walls,  
and wooden structure of the internal court roof. 
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Figure 11: Local strengthening of horizontal floor: a, b) general scheme and sections, c) executive drawings. 
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Figure 12: Example of local retrofit intervention of significant cracks on masonry walls. 
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Figure 13: Example of retrofit of wooden elements of the internal court. 

6 CONCLUSIONS 

According to what presented in the previous paragraphs, the analysis of complex historical 
buildings such as Palazzo La Sapienza in Pisa shall be executed considering the construction 
not a single unit but a "structural aggregate", made up of different parts interconnected to each 
other in various ways and often realized at different times and using different techniques. 
Such complexities and structural heterogeneity usually result in widely disparate responses of 
different parts of the building to external actions, with widespread cracking phenomena and 
possible structural problems and failures similar to the ones occurred over the centuries and 
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sometimes repaired with singular/local interventions. Moreover, the strong variation in the 
stiffness of the building’s different existing foundation structures (Figure 10) led to 
differential settlements, with consequent load concentrations, making even worse the already 
existing instability. 

The aforementioned complexity and structural heterogeneity translate into differences in 
the structural response and performance, consequently requiring detailed analyses of every 
single portion of the building and of its conditions of use, management and functional aspects. 
The structural analysis of La Sapienza building was therefore performed, considering the 
global behaviour of the structure (bearing in mind the simplifications necessarily to perform 
the numerical modelling for safety checks), and, at the same time, the behaviour of 
particularly significant sub-portions of building, subjected to the possible activation of local 
collapse mechanisms (for example out-of-plane tilting and overturning of façades or corners, 
horizontal thrusts due to vaults and roofing structures, presence of intermediary mezzanines 
with mechanisms of simple bending, etc.). A critical evaluation of the building’s safety, 
together with a clear, deep understanding and knowledge of the structure itself, constitute the 
basis to define the objective of any structural interventions, carefully designed to achieve 
appropriate safety levels, durability of relevant portions of the building and, at the same time, 
produce the least impact possible on this important living example of Italy’s historical 
heritage. 
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Abstract. This paper investigates the importance of numerical modelling decisions on the 
seismic assessment of reinforced concrete (RC) structures typical of construction practice in 
Italy prior to the introduction of seismic design codes in the 1970's. In particular, means of 
accounting for the formation of a shear hinge in the beam-columns, longitudinal 
reinforcement slippage due to the use of smooth bars with end-hooks, and the strength and 
stiffness degradation associated with the lapping of longitudinal reinforcement in beam and 
column member end zones are discussed.  A numerical model is validated by developing 
existing models in the literature capable of representing such behaviour and comparing with 
results obtained from quasi-static cyclic testing of a three storey RC frame. A case study 
structure designed using design provisions employed in Italy prior to the 1970's is then 
analysed via a series of dynamic analyses using ground motions representative of seismic 
hazard in Italy. An assessment of the structures is conducted at different return periods to 
determine the median storey drift and peak floor accelerations, as these demand parameters 
are typically used for refined performance assessment studies. For the considered structure, 
a number of cases are considered, where various modelling parameters are included or 
excluded to highlight the influence of each of these on the overall response of the structure. 
From this study, the importance of different numerical modelling decisions on the seismic 
assessment of pre-1970s' RC construction in Italy is highlighted and recommendations are 
provided for the modelling of phenomena critical to the seismic performance assessment 
process. 
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1 INTRODUCTION 
Much focus has been placed on developing methods of assessing a structure’s performance 

to a given seismic hazard. These range from simplified pushover analyses to more rigorous 
numerical analysis methods. The most comprehensive existing approach for the seismic 
assessment of structures is what is termed the PEER PBEE methodology [1], illustrated in 
Figure 1, where a convolution integral of site hazard, structural response, damage and loss 
analysis give a rigorous approach to the seismic assessment of structures. The drawback of 
such a methodology is the level of numerical analysis required to determine the desired 
decision variables. As such, more simplified methods of analysis have been developed for RC 
structures [2] in order to provide the same information, but at a fraction of the computational 
effort and within an acceptable tolerance, which can then assist designers in quickly 
establishing effective retrofit solutions for structures, as demonstrated by [3]. 

 

 
Figure 1: Overview of the PEER PBEE methodology (after [1]). 

 
While more simplified approaches to seismic assessment represent an obvious advantage 

from a practice point of view, there appears to be limited guidance for the use of approaches 
for the assessment of structures designed prior the introduction of seismic design codes in the 
1970’s. A number of inherent assumptions regarding the structural response and strength 
hierarchy in modern structures do not apply to older gravity-only designed structures. In order 
to develop more simplified methods of seismic assessment for older RC structures, the 
identification of the relative importance of different possible mechanisms associated with 
older RC structures in Italy is of concern. As such, this paper discusses the principle 
behaviour of gravity load designed RC frame structures constructed in Italy prior to the 
introduction of seismic codes in the 1970’s. Numerical modelling of such behaviour is 
discussed followed by identification of different considerations in relation to the modelling of 
various parameters. A 3-storey gravity load designed case study structure is then assessed for 
different levels of seismic hazard and assessed in terms of its roof drift and peak floor 
accelerations, which are typical demand parameters used in damage analysis step of Figure 1, 
to establish the relative importance of the various modelling considerations. As a result, this 
work highlights the importance of accounting for the numerical modelling of different 
behaviour mechanisms of older Italian RC frame structures.  

2 RELEVANCE OF MODELLING IN SEISMIC ASSESSMENT OF RC 
STRUCTURES 

The influence of joint behaviour on the seismic response of frame structures has been the 
subject of much discussion, and concerns have been raised about the cases where no 
flexibility or nonlinear behaviour of the joint is considered in numerical modelling. It has 
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been long recognised that such an assumption of rigid joint behaviour is grossly inadequate, 
with Paulay & Priestley [4] noting that as much as 20% of the interstorey deflection results 
from the deformation in the joints alone. As such, numerical modelling has moved to consider 
this behaviour in analyses with various joint models being proposed, such as that by [5]. 
However, models from such studies tend to typically consider a joint that has been well 
detailed with deformed reinforcing bars according to modern design codes. Pampanin et al. [6] 
noted that RC structures constructed in Italy prior to the introduction of seismic design codes 
resulted in the absence of shear reinforcement in the joint region, which resulted in a shear 
hinge mechanism forming in the joint. Accounting for this kind of behaviour specific to 
Italian construction has been the focus of much work recently, with Sharma et al. [7] 
providing a review into existing approaches for accounting for joint behaviour. In addition, 
Shafaei et al. [8] conducted a study on the modelling pre-1970 Iranian RC structures where it 
was shown that the consideration of joint behaviour considerably affects the lateral response 
of the structure, in addition to similar work by Jeon et al. [9] for older RC structures in the US 
where Jeon et al. [9] reported similar findings regarding the importance for proper joint 
modelling. Therefore, it is imperative that such considerations be developed for older Italian 
RC construction so that seismic assessments may be carried out using numerical models that 
are representative in terms of the additional deformability and nonlinear behaviour 
characteristic of older RC frames.  
 

In addition to consideration of the joint behaviour in older structures, the behaviour of the 
frame members is also of utmost importance. Experimental testing on members detailed with 
plain reinforcing bars and inadequate core confinement has shown that the hysteretic 
behaviour of these members differs quite a lot compared to well detailed ductile members, 
where the presence of plain bars tends to lead to a lot of hysteretic pinching between inelastic 
cycles [10–12]. In addition, inadequate confinement of the core concrete and large spacing of 
the stirrups limits the ductility capacity of older RC members. Studies on the influence of 
frame member behaviour by [13,14] showed the influence of considering ductile and non-
ductile detailing of members to be quite significant on the collapse capacity of RC structures 
in the US. In addition to affecting the hysteretic properties of frame members, the presence of 
plain bars can result in a reduction of flexural capacity of the members, where Calvi et al. [15] 
demonstrates that this reduction can typically be of the order of 20%, depending on the axial 
loading and bond conditions of the reinforcement. Hence, such a reduction in flexural 
capacity particular to older Italian RC frame should be taken into consideration when 
conducting seismic assessments.   
 

Welch et al. [16] investigated the impacts of some modelling decisions on the loss 
assessment of ductile RC frames. Between different considerations of initial stiffness 
calculation, post yield hardening ratio and elastic damping, the parameter that was shown to 
most heavily influence the loss assessment results was the consideration of elastic damping. 
Hence, the quantification of such an affect in relation to other modelling parameters 
considered in this study and those done by others is warranted. In addition to the response of 
RC frame members, the consideration of masonry infill contribution to the behaviour of RC 
frames is an important consideration, with [17] (amongst others) noting that the presence of 
masonry infills considerably modifies the strength and stiffness of the frames and ought to be 
considered in the numerical modelling of such structures for seismic assessment. 
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3 NUMERICAL MODELLING OF PRE-1970’S RC STRUCTURES 
The numerical modelling of structures examined here is carried out using the OpenSees 

framework [18]. The model consists of a number of parameters that ought to be considered 
for the modelling of pre-1970’s Italian RC frames such as the aforementioned joint behaviour, 
frame members and the masonry infills. The numerical model considers both material and 
geometrical nonlinearity and models the cyclic degradation of both the joint and frame 
elements. The following sections discuss the particular details regarding each of the modelling 
parameters, followed by the comparison of the numerical model with the experimental test 
results of a three storey gravity load designed RC frame.  

3.1 Beam-Column Joint Modelling 

The joint modelling of RC frames is based on previous efforts by [19,20], where the joint 
is modelled via a number of rigid links in the joint along with rotational springs to represent 
the shear response of the joint. Figure 2 shows the layout of both the interior and exterior 
joints, where the layout of rigid links is illustrated along with the location of the rotational 
springs. The properties of these springs are determined based on the consideration of the 
principle tensile stresses developed in the joint during shear deformation, as discussed by [19]. 
The upper and lower rotational springs are then slaved together in rotation and linked in the 
vertical direction by an axial spring with the same axial stiffness as the column section. The 
layout of the nodes and elements in the joint model are as per previous models, such as [20], 
although the hysteretic materials have been modified. The Hysteretic material rule available in 
OpenSees has been adopted to represent the shear behaviour of the connections, where the 
hysteretic parameters have been matched based on existing experimental results. For the case 
of exterior joints, experimental testing results from [6,21–23] were used, whereas for interior 
joints testing by [6,22–28] were considered. Using this database of test results, hysteretic 
parameters that govern the pinching behaviour and stiffness degradation of the joint have been 
established. In addition, the cyclic degradation parameters of the joint have also been matched 
to those observed in testing to give a joint model that not only represents the strength and 
stiffness of the joint, but also represents the hysteretic behaviour and cyclic degradation.  
 

  
(a) Exterior Joint (b) Interior Joint 

Figure 2: Joint Modelling. 

3.2 Beam-Column Member Modelling 

For the modelling of the frame members, a lumped plasticity beam column element is 
employed via the beamWithHinges element available in OpenSees. This allows the definition 
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of the hysteretic behaviour of the member end zones with a specified plastic hinge length and 
an internal elastic section with cracked section properties, as shown in Figure 2. The 
hysteretic model used for the plastic hinges is the Pinching4 material model available in 
OpenSees, which allows for the specification of a number of parameters to define the 
pinching behaviour of the multi-linear backbone curve. These parameters are determined from 
comparison with experimental test data provided in [10–12,29,30] members with plain 
reinforcing bars and poor core confinement. The backbone of the hysteresis rule is determined 
from consideration of the section flexural capacity with a reduction to account for the bar 
slippage due to plain bars, as outlined by [15]. The yield rotation specified in the hinge region 
is determined based on flexural deformations, where the additional flexibility due to the 
slippage of the longitudinal bars is modelled separately and is discussed further in Section 3.3. 
 
The plastic hinge length of the member end zones is determined as per the empirical 

expression given in [4]. However, [31] noted that this expression for plastic hinge length was 
developed based on testing of well detailed ductile members that can distribute plasticity 
along member ends, whereas testing on members with plain bars and poor core confinement 
has shown that these plain bar members tend to concentrate the inelasticity in the member 
ends. However, of the available test information of older RC members, none of the test 
campaigns appear to report an observed plastic hinge length with the exception of [32], where 
comparing the observed plastic hinge length of an RC beam with plain bars with the Park and 
Priestley expression is quite good and is therefore used here. However, experimental evidence 
suggests that this may not always be the case and is hence recommended for future work. 
 
In addition to modelling the behaviour of poorly detailed RC frame members, this study 

considers the possibility that the numerical model is developed using hysteretic parameters 
proposed for well-detailed ductile members. The ductile RC beam column member used in 
this study is from the calibration study by [33]. This considers a wide range of tests to propose 
a set of recommended parameters for the hysteretic behaviour of the beam column element 
using the modified Ibarra Medina Krawinkler material model available in OpenSees.  

3.3 Bar Slippage 

The slippage of the longitudinal bars affects the beam and column member hysteretic 
response in two ways. First, the slippage of the bars at the member ends results in an 
additional end-flexibility, therefore increasing the member’s yield rotation. Metelli et al. [34] 
proposed a set of guidelines to determine the additional flexibility of the member ends in old 
RC frames considering the poor bond conditions of the plain reinforcing bars and this was 
incorporated into the model considered here via an additional spring at the member ends. This 
approach is adopted here, where the behaviour due to the slippage of the bars is added to the 
member ends, as illustrated in Figure 2.  
 

In addition to the increase in member end-flexibility, the presence of plain bars with poor 
bond conditions can also affect the flexural capacity of the member sections. Calvi et al. [15]  
discuss how the flexural capacity can be reduced if the lack of a perfect bond between the bars 
and the joint concrete introduces a state of tension in bars that would ideally act as the 
compression reinforcement, therefore reducing the flexural capacity as a result of the 
rebalancing of the section forces. This reduction in flexural capacity was noted [15]  to be a 
function of both axial load ratio and bond conditions, where typical reductions can be between 
20 and 30% for column members. In order to consider the affect of the bar slip on the beam 
and column flexural capacities, the charts provided by [15] are used as a guide here 
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considering the expected axial load ratio for the case study structure presented in Figure 4, 
where a reduction of 20% for columns and 5% for beams is used here, the difference between 
the relative reductions stems from the presence of axial load in the member. This reduction in 
strength is approximated from the charts provided by [15], but future work should consider a 
more detailed approach to quantifying this reduction. Since the purpose of this study is to 
determine the relative influence of modelling parameters, this approximation is deemed 
sufficient for the case study presented herein.  

3.4 Validation of Numerical Model for pre-1970 Italian RC Structures  

The above modelling parameters are combined to compare the response of the numerical 
model to that of an experimental test on a 2/3 scale RC frame designed for gravity loads only 
and detailed as per pre-1970's Italian concrete construction practice. Calvi et al. [35] outline 
the testing of a 3-storey RC frame and report the response to quasi-static pushover cycles of 
increasing amplitude. Figure 3(a) shows the quasi-static cyclic response of the frame along 
with that obtained from cyclic pushover analyses using the numerical model developed in this 
study. It is apparent that the numerical model and experimental results match very well. This 
is especially seen through the initial stiffness and lateral capacity of the model. In addition, 
the hysteretic behaviour of the numerical model matches that of the test results very well also. 
In addition, the displaced shape shown in Figure 3(b) is matched reasonably well with that 
reported in the tests, where the shear mechanism in the joint at the first floor is captured by 
the model. This represents an improvement of the simplified modelling of pre-1970's Italian 
RC frames when compared to previous efforts such as [20], where lateral capacity and 
hysteretic comparisons were reasonable.  
 

  
(a) Cyclic Pushover Curve (b) Displaced Shape 
Figure 3: Comparison of numerical model with 3-storey RC frame tested by [35]. 

3.5 Masonry Infill Modelling  

Masonry infills in the case study structure are modelled using the equivalent strut model 
initially proposed by [36], which consists of modelling the infill through a series of rigid 
offsets and a single symmetrical hysteretic behaviour. This model was then further developed 
and incorporated into OpenSees by [37] where calibrations were performed using 
experimental test data provided in [38,39]. In order to calculate the equivalent strut’s 
hysteretic parameters, expression for first cracking, yield and ultimate lateral force of the infill 
wall given in [17] are used. The parameters governing the reloading and pinching behaviour 
of the equivalent strut model are calibrated based on experimental test observations, but agree 
well with previous parameters identified in [40]. To account for openings such as door and 
windows in the masonry infill, [37] proposes the force capacity reduction parameters outlined 
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in [17] and comparisons with testing [39] on a number of specimens with openings showed 
good agreement. The advantage of using such a simple macro element model such as the one 
employed here is its simplicity and computational efficiency. In addition, the degradation of 
the lateral resistance of the infill is no longer uncoupled in either direction, where other 
diagonal strut models possess a single compression-only strut for each direction. This 
approach means that one strut may have exhausted its capacity resulting in infill collapse, 
whereas the other strut will not recognise this loss of strength and continue to provide 
resistance in the other direction. Crisafulli et al. [41] provides a review into different 
approaches to modelling masonry infills; where modelling is varied in complexity from a 
detailed finite element modelling approach down to a single strut model, such as that just 
outlined. It was concluded that while simple strut models were not so accurate in the 
distribution of loads at the corners to the surrounding frames, the overall model captures the 
principle behaviour of the masonry quite well. This conclusion is also mentioned by [17], 
where the global response of the structure is captured by such models and thus is considered 
reasonable for studies considered here.  

4 CASE STUDY STRUCTURE  

The building typology used in this study is taken from a previous study by [42]. The 
structure consists of a 3-storey RC frame designed for gravity only loading as per Regio 
Decreto 2229/39 [43], which was typical of Italian construction prior to the introduction of 
seismic design code provisions in the 1970's. The basic layout of the structure is shown in 
Figure 4 where the structure possesses three bays in the longitudinal direction and two in the 
transverse. The structure contains two different types of beam section sizes; exterior beams 
with 500mm deep sections and shallow interior beams adopted at the time to avoid impeding 
on ceiling space. Seismic assessment and retrofit of a similar 6-storey version of the building 
has also recently been reported in [44]. 
 

Construction materials at the time of construction were somewhat different to those used in 
modern ductile seismic design where the cylindrical compressive strength of concrete was 
prescribed to be at least 12MPa at 28 days and allowable stress equal to one third of the 
characteristic value was used in design. Reinforcement consisted of plain smooth 
reinforcement with hook-ended anchorage terminated in exterior joints. The shear 
reinforcement consisted of stirrups at a minimum spacing and closed at 90°. Since a stirrup 
closing of 135° is typically required for effective confining of the concrete core, the cores of 
the beams and columns are considered effectively unconfined. Since the structure is designed 
for gravity loading only, the beam members are the same section size at each level, where the 
reinforcement for both beam types is shown in Figure 4(a). Despite the column design forces 
increasing down the height of the structure, the same section size and detailing are used 
throughout the entire building, which was typical of construction practice and these column 
section details are shown in Figure 4(b). Although not shown in Figure 4, the masonry infill 
considered in this structure consists of a 100mm weak clay masonry infill, which has a 
diagonal cracking strength of 0.55MPa. 
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(a) Plan Layout (b) Front Elevation (c) Side View 

Figure 4: Case study structure (after [42]). 
 

5 VARIATIONS IN MODELLING APPROACH  

Using the various modelling parameters outlined in Section 3, a number of variations in the 
structural model are considered for the sensitivity study conducted in Section 7. These can be 
divided into two main groups of structures - those containing masonry infills and those not. 
The rationale behind modelling structures without infills is two-fold. Firstly, the structures are 
modelled as bare RC frames as this is was the anticipated structural configuration at the time 
of design, where masonry infills were considered a non-structural element that did not 
contribute to the strength of the system. Although this is now widely known in the field to be 
wholly untrue, its implications on RC frame response relative to other permutations are 
highlighted here considering that there may cases where infills are not present. Secondly, the 
purpose of this study is to demonstrate the influence of the modelling decisions on the 
response of the RC frame. The combination of stiffening infills and relatively low seismicity 
results in a limited amount of ductility in the infill structure and therefore, the affects of these 
modelling decisions are not observed so easily at lower intensity levels. 
 
Considering the two principle variations in structural modelling, a number of parameters are 

then varied in order to establish their influence on the response of the case study structure. 
These are chosen in reference to the discussion presented in Section 2 and are listed as 
follows: 

• Reference Model - This consists of the modelling of both the bare and infilled frame 
with all of the expected response characteristics outlined in Section 3 fully modelled. 

• Ductile Members - This changes the beam-column member modelling approach, 
which has been calibrated for non-seismically detailed RC frame members and 
replaces it with an equivalent seismically detailed element as per the parameters 
outlined in [33]. This comparison is intended to highlight the effect of having beam-
column members with ductile detailing as opposed to older member with plain 
reinforcement and unclosed stirrups. In addition the effects of bond slippage on the 
flexural strength are not modelled in the ductile member. 

• No Bar Slip - In this variation, the additional beam and column end flexibility due to 
slippage of the plain bars is omitted in addition to the negligence of the apparent 
reduction of flexural strength of the members. This is intended to highlight the 
importance of properly addressing the influence of plain reinforcing bars with poor 
bond condition compared to those with a perfect bond and no slippage. 
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• No Joint Detail - This modelling deficiency consists of removing the rigid offsets and 
shear hinges at the joint centreline to the beam and columns faces, meaning that any 
joint flexibility is only provided via the apparent lengthening of the beam and column 
elements. Omitting the modelling of the shear joint behaviour is of particular interest 
here, since it is considered an important characteristic behaviour of RC joints 
susceptible to forming a shear mechanism, such as those constructed in Italy and 
elsewhere prior to the 1970's. 

• Elastic Damping - The variation of the elastic damping is performed as this has been 
previously shown to significantly affect the loss assessment in ductile RC frames by 
[16]. Hence, this is an important parameter that ought to be properly justified and its 
significance to the response of older RC frames is investigated here. 

 
Considering the above comments on the parameters to be modelled and omitted in the 

various case study permutations, a total of eight structures are therefore analysed. For each of 
these case study structures, the modelling parameters outlined in Section 3 are utilised to 
create the numerical models used for the analysis. From each of these models, the first three 
periods of vibration in the longitudinal direction are reported in Table 1. From these first 
mode periods, it can seen already that the small changes in modelling have had a noticeable 
affect on the initial period of the structure for the vase of the bare frame, whereas the infilled 
frame remains relatively unchanged between variations. These initial periods are then used to 
determine a suitable set of conditional mean spectrum ground motions in order to carry out 
the sensitivity study. 
 

Table 1: Periods of case study structures. 
 Bare Frame  Infill Frame 

Mode Full Ductile 
Members 

No Bar 
Slip No Joint  Full Ductile 

Members 
No Bar 

Slip No Joint 

1 1.49 1.36 1.34 1.66  0.23 0.23 0.23 0.23 
2 0.52 0.47 0.46 0.58  0.08 0.08 0.08 0.08 
3 0.32 0.29 0.28 0.38  0.05 0.05 0.05 0.06 

 
 

6 GROUND MOTIONS 

The seismic hazard considered in this study was that of a site in Napoli, using a catalogue of 
ground motions chosen for the site by [45]. The soil type considered in the hazard information 
used in [45] was hard rock. Using the disaggregation information available for the site shown 
in Figure 5, [45] proposed a set of conditional mean spectra for a range of return periods (TR) 
and conditioning periods (T*). For each return period considered, a set of 30 earthquake 
ground motion components were selected to match the conditional mean spectrum in terms of 
their mean component and corresponding epsilon value [46]. 
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Figure 5: Seismic hazard information for Napoli site (after [45]). 

 
Considering the results of the modal analyses of the case study structure variations shown 

in Table 1, two sets of conditional mean spectra are selected for the current study; those 
conditioned to T*=1.5s for the bare frame cases and those conditioned to T*=0.3s for the 
infilled frame cases. The resulting ground motion sets for the 475 and 2475 year return 
periods are shown in Figure 6 along with the mean value of both the selected ground motions 
and the available site hazard information. Since none of the structures in Table 1 have a 
fundamental period that matches the conditioning period of the available ground motion sets, 
a degree of dispersion is to be expected in all cases as a result, regardless of nonlinear 
behaviour of the actual structure. 
 

Figure 6: Selected ground motion record sets (after [45]). 
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7 ANALYSIS RESULTS 
For each of the variations in the numerical model for the case study structure outlined in 

Section 5, each of the ground motion sets at both return periods are run using the numerical 
model to determine the median response parameters and hence examine the sensitivity of the 
modelling variations of demand parameters of principle interest, namely the storey drifts and 
peak floor accelerations observed. A pushover analysis is first conducted for each of the 
structures to illustrate the difference in backbone curve response between model variations, 
followed by a small discussion into the assumptions for the modelling of the structure for 
dynamic response and the various assumptions made. The results of the sensitivity study are 
then presented for each of the modelling variations for both return periods considered. 

7.1 Pushover Analysis 
Using the modelling outlined in Section 3, a displacement-controlled pushover is 

performed on each of the configurations of the case study structure using a linear lateral load 
distribution. Figure 7 shows the pushovers of both the bare and infilled frame with the various 
modelling approaches. Considering the bare frame in Figure 7(a), the affects of excluding the 
joint modelling are immediately obvious as the flexibility increases suggesting the joints are 
stiffer than the equivalent beam elements in addition to a small drop in lateral capacity due t 
the increase in the span of the beam and column elements. The absence of the bar slip force 
reduction results in an expected increase in both lateral capacity and stiffness, in addition to 
the consideration of ductile frame members. The use of ductile frame members also has the 
anticipated effect of increasing the ductility capacity of the frame by almost double that of the 
fully modelled frame. Regarding the infilled frame, it is immediately obvious from Figure 7(b) 
that the presence of masonry infills results in a large increase in lateral capacity compared to 
that of the corresponding bare frame configuration. Figure 7(b) also shows how the presence 
of the masonry infill is dominating the initial stiffness, which was already seen through the 
observed initial periods in Table 1, and the difference between model configurations is not 
noticeable until the lateral capacity of the infill has been exhausted resulting in the remaining 
resistance being provided by the bare frame.  
 

  
(a) Bare frame (b) Infill Frame 

Figure 7: Pushover analysis. 
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7.2 Dynamic Analysis Modelling 
For dynamic analysis, the tributary mass was modelled as a lumped mass at each column 

centreline node and the corresponding gravity load applied also. A gravity analysis was 
carried out before each record, whereby the vertical loads were applied and maintained 
throughout the dynamic analysis to capture second order effects. For the dynamic analysis, an 
initial time-step of 0.005s was used with a Newmark average acceleration method integrator 
along with an Energy Increment test tolerance of 1e-8. If the analysis failed to converge after 
100 iterations, a sequence of time-step reductions are used for that point of the analysis, where 
the tolerance is reduced to a minimum of 1e-6 with 500 iterations. Further details on these 
parameters can be found at [18]. The analysis was carried out in the longitudinal direction and 
no transverse excitation was applied. For the reference case study structure, 5% tangent 
stiffness proportional Rayleigh damping was applied to the first and third modes of 
longitudinal response of the structure, as per recommendations by [47]. 

7.3 Dynamic Analysis Results 

Figure 8 to Figure 11 show the median response values for each of the 30 ground motions 
of the two considered return periods for each numerical model variation. The first comparison 
is between the bare frame model, which used the record set at T*=1.5s, whereas the infilled 
frame was carried out using the T*=0.3s set. In addition, the affects of the elastic damping are 
shown for both the infilled and bare frames in Section 7.3.3. 

7.3.1. Bare Frame Structure 

Figure 8 shows the plots of the median storey drifts and peak floor accelerations (PFA) for 
each of the numerical model variations at both seismic intensity levels.  In order to obtain a 
meaningful comparison between the infilled and bare frame structure, the infilled frame 
model was also run using the T*=1.5s records and its response included with the bare frame 
results. From Figure 8 it can be seen that the lack of any joint modelling details results in 
larger storey and roof at both intensity levels. Although the PFA appears to have reduced 
slightly with the lack of joint modelling, compared to the increase in PFA caused by the 
presence of masonry infills it is seen to be relatively small. The addition of the masonry infills 
is by fare the most influential parameter, with a significant decrease in storey drift and 
increase in PFA with respect to the bare frame case. This is seen through the amplification of 
the PFA throughout the height of the structure compared to the relative little amplification of 
PFA in the bare frame cases. This highlights the fact that the modelling of masonry infills is 
essential in the seismic assessment of structures and the influence of global structural 
response is significant, as opposed to considering the infill damage to be solely as a function 
of the bare frame storey drifts.  
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(a) Roof Drift vs. TR (b) PFA vs. TR 

  
(c) Storey Drift  at TR=475 years (d) PFA  at TR=475 years 

  
(d) Storey Drift  at TR=2475 years (e) PFA  at TR=2475 years 

Figure 8: Bare frame structure response. 
 
 
Comparing the observed median roof drift at the TR=2475 year intensity with the pushover 

curve in Figure 7 indicates that the majority of bare frame models have just yielded and 
exhibit a relatively low ductility. This is more apparent for the case of the infilled frame, 
where a predominantly elastic response is observed at both intensity levels. Examining the 
response of the models which considered the ductile members and neglected bar slip with the 
reference model it can be seen that the use of ductile members does not represent a significant 
change in response compared to that if the model lacking any bar slip consideration, where 
the increased flexural capacity of the members results in a noticeable difference in the 
response. This highlights the importance of the proper consideration of the effects of bar 
slippage on both the increased member flexibility and the reduction of frame member capacity.  

 
Overall, the difference between some of the results is not particularly large, especially 

comparing the case of ductile beam and columns with non-ductile member modelling. This is 
because the principle difference in the two modelling approaches was in the ductility capacity 
of the structures, with the ductile members model having a much larger ductility capacity. 
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Since the ductility demand on these structures is relatively low, this difference is not so 
apparent in the plots of Figure 8. However, if the seismic intensity was incrementally 
increased (i.e. incremental dynamic analysis [48]), this difference in behaviour would be more 
apparent in a study such as collapse fragility, where the median collapse drift would be 
expected to be much higher than that of the non-ductile member model. 
 

7.3.2. Masonry Infill Structure 
Figure 9 shows the response of the various model variations for the case of the infilled 

frame structures. As it obvious from Figure 9, the presence of the infill results in quite similar 
median response values for each model variation and the median roof drift value not 
exceeding the drift a peak force observed in a pushover analysis. This is mainly due to the 
dominance of the infill frame on the initial stiffness response of the structure. Hence, the 
combination of low seismicity with limited ductility results in a linear elastic response at both 
intensities, which from Figure 7 can be seen that the initial stiffness’s are quite similar, 
whereas the post peak behaviour when the infill has failed is quite different. As before with 
the ductile vs. non-ductile member comparison, this difference would be highlighted more in 
the collapse fragility of the structure through an incremental dynamic analysis study, where 
the ductility capacity is fully utilised. Dolsek and Fajfar [17] also noted this behaviour where 
it was reported that unless the masonry infill exceeds the drift at maximum capacity, the infill 
would tend to dominate the response of the structure, as can be seen in Figure 9. This is 
because unless the masonry elements lose significant resistance, the structure essentially 
becomes a braced frame system with the masonry infill acting as the diagonal bracing 
members.  

7.3.3. Elastic Damping 

Figure 10 and Figure 11 show the response of the bare and infilled reference frames for 
different levels of elastic damping, respectively. It is seen how the changes in damping result 
in a noticeable change in the median response ordinates of the structure. This agrees with the 
finding by [16], where the elastic damping term was shown to heavily influence the results of 
loss assessment for ductile RC frames compared to other parameters such as initial stiffness 
and post yield stiffness ratio. It is therefore shown that relative to the other parameters 
discussed in previous sections for both bare and infilled frames, the level of elastic damping 
assumed is an important parameter is seismic assessment.  

 
Since the elastic damping parameter is intended to represent the response of all the other 

elements not modelled, its inclusion is justified. However, should many of the non-structural 
elements such as cladding and internal partitions be modelled, their response is accounted for 
and the elastic damping should be reduced accordingly, which has been shown by [16] and 
also here to be an important parameter which should be properly justifies and not assumed 
using rules of thumb. Some guidance on the level of elastic damping to be expected from 
various structural may be obtained from [49]. 
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(a) Roof Drift vs. TR (b) PFA vs. TR 

  
(c) Storey Drift  at TR=475 years (d) PFA  at TR=475 years 

  
(d) Storey Drift  at TR=2475 years (e) PFA  at TR=2475 years 

Figure 9: Infill frame structure response. 
 

8 CONCLUSIONS 

• The numerical modelling of Italian RC frames constructed prior to the introduction of 
seismic design codes in the 1970’s has been discussed. The modelling of the 
behaviour associated with the joint and beam and column members constructed with 
plain reinforcing bars and poor seismic detailing was outlined and the behaviour 
attributed to such characteristics accounted for in a numerical model developed in 
OpenSees based on available experimental test data. The effects of the bar slippage 
on both the member flexibility and flexural capacity was discussed and incorporated 
into the determination of the modelling parameters. 
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(a) Roof Drift vs. TR (b) PFA vs. TR 

  
(c) Storey Drift  at TR=475 years (d) PFA  at TR=475 years 

  
(d) Storey Drift  at TR=2475 years (e) PFA  at TR=2475 years 

Figure 10: Influence of elastic damping on bare frame response. 
 

• The aforementioned numerical model was then compared experimental test results of 
quasi-static cyclic testing carried out on a two-thirds scale three-storey RC frame 
designed for gravity loads only. The comparison showed the numerical model 
represents the behaviour very well in terms of strength and stiffness in addition to the 
hysteretic behaviour and stiffness transitions between reverse cycles. 

• A number of variations in modelling of a case study RC frame designed using 
provisions used in Italy prior to the 1970’s were discussed and their expected 
influence on the seismic response of gravity load designed RC frames considered. As 
such, a number of numerical model variations were established for an assessment at 
two different return periods using the proposed numerical model to establish the 
relative importance of each of these modelling considerations on the response of the 
structure, which was evaluated in terms of storey drift and peak floor accelerations. 
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(a) Roof Drift vs. TR (b) PFA vs. TR 

  
(c) Storey Drift  at TR=475 years (d) PFA  at TR=475 years 

  
(d) Storey Drift  at TR=2475 years (e) PFA  at TR=2475 years 

Figure 11: Influence of elastic damping on infill frame response. 
 

• The sensitivity study showed that for the bare frame, the modelling of the joint 
behaviour particular to older RC frames is an influential parameter that should be 
considered. For the infilled frames, it was shown how the presence of masonry infills 
resulted in the diagonal strut behaviour dominated the behaviour and resulted in other 
parameters becoming less relevant at lower storey drifts where the drift at maximum 
capacity of the infills had not yet been exceeded. 

• The variation in elastic damping was shown to be an influential parameter in terms of 
the storey drift and peak floor accelerations for both the bare frame and infilled frame 
cases, demonstrating that the amount of elastic damping assumed in seismic 
assessment needs to be considered carefully with reference to the additional damping 
provided by elements such as non-structural components.  
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• While this study has shown that joint modelling and consideration of bar slip can be 
important parameters in seismic assessment, other parameters such as the use of 
ductile detailed members did not appear to significantly affect results. This is due to 
the relatively low level of demand relative to the actual lateral capacity of the frames 
resulting in relatively low ductility demands, especially in the case of infilled frames. 
It is therefore recommended for future work that a study such as that presented here 
be extended to consider the collapse fragility of the structures such that the influence 
of the entire hysteretic backbone curve will be evident, instead of a small ductility 
range, where strengths and capacities remain relatively similar for some cases.  
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Abstract. In regions of low or moderate seismicity there may be cases in which a rapid, sim-

plified and conservative seismic assessment may be sufficient to demonstrate that a building 

satisfies certain seismic risk requirements. In recognition of this, a simplified displacement-

based seismic assessment procedure, initially formulated for RC frame structures, is formu-

lated to permit the rapid seismic assessment of reinforced concrete (RC) wall buildings. The 

key aspect of the procedure is the simplified evaluation of the displacement demand as the 

maximum spectral displacement across all periods. The displacement capacity, shear capaci-

ty and shear demand are also estimated simply, using newly developed equations that are a 

function of wall geometry and material properties.  By adopting such formulations for the 

displacement and shear, the need to evaluate the period of vibration, stiffness and flexural 

strength of the walls is eliminated. The proposed approach is evaluated through the design 

and assessment of several case study buildings. Although the procedure is likely to be con-

servative in most cases, it is foreseen that it would be used in an initial screening process 

whereby a pass would require no further assessment and a fail would trigger a more detailed 

investigation. 
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1 INTRODUCTION 

Seismic assessment of a building is traditionally aimed at establishing whether the building 

satisfies a minimum level of acceptable risk, which is often measured by considering whether 

code-specified levels of seismic intensity can be sustained. Rigorous seismic assessment re-

quires identification of the structural system, estimation of material properties, and examina-

tion of a range of possible failure mechanisms, with an engineer undertaking careful analyses 

and calculations to quantify the likely capacity and compare this with expected demands. To 

this extent, a number of guidelines and proposals are available in the literature [1, 2, 3] for the 

detailed seismic assessment of buildings. In regions of low or moderate seismicity, however, 

there may be cases in which a rapid, simplified and conservative seismic assessment may be 

sufficient to demonstrate that a building satisfies minimum seismic risk requirements. In addi-

tion, regional building authorities may be interested to assess, with limited resources, groups 

of buildings in order to identify cases that should be subject to more rigorous seismic assess-

ment and possibly retrofit. In recognition of this, a simplified displacement-based seismic as-

sessment (DBA) procedure has been proposed by Pinho et al. [4] and recently developed by 

Piazza and Sullivan [5] to permit the rapid seismic assessment of RC frame buildings. 

Figure 1 illustrates the basis of the simplified procedure proposed by Pinho et al. [5]. The 

approach compares a conservative estimate of the displacement demand, taken equal to the 

peak spectral displacement demand as shown in Figure 1a, with a conservative estimate of 

displacement capacity, estimated assuming a column-sway mechanism in the case of RC 

frame buildings. By assuming a column-sway mechanism the approach intends to achieve a 

conservative estimate of displacement capacity, and if this capacity is greater that the peak 

spectral displacement demand, the seismic risk is deemed to be acceptably low. Inputs re-

quired to apply the approach are limited to the geometry of the building (member dimensions 

and the number of storeys) and an estimate of material properties. Note that estimates of the 

mass and stiffness are not required owing to the fact that the procedure conservatively takes 

the peak spectral displacement demand, independent of the building period, and nor are esti-

mates of strength required since performance is gauged solely via deformation considerations. 

The approach has been tested by Piazza and Sullivan [5] for a range of RC frame buildings 

and was found to perform reasonably well. As such, the objective of this paper is to extend the 

approach to permit the simplified displacement-based seismic assessment of RC wall build-

ings. To achieve this, a number of simplified equations, useful for the estimation of displace-

ment capacity, shear capacity and shear demand will first be derived. Subsequently, the 

approach will be applied to a series of case study wall buildings and results compared with 

those obtained from more rigorous assessment procedures. 

In order to extend the simplified DBA procedure to the case of RC wall buildings, it will 

be assumed in this work that (i) walls are continuous, with limited openings over the full 

height of the building; (ii) walls possess aspect ratios (wall height divided by length) greater 

than 2.5; (iii) walls are at least 200mm thick (this is intended to provide some protection 

against the likelihood of wall buckling, even though it is recognized [6] that the wall thickness 

alone is not sufficient to ensure this); (iv) the building possesses stiff, strong foundations, (v) 

the building is relatively regular in-plan and elevation, and (vi) the building is no more than 

20 storeys high and is in reasonable condition (e.g. no signs of concrete cover spalling due to 

reinforcement corrosion). The guidelines developed in the subsequent sections are not consid-

ered applicable to cases where these conditions are not met. 
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Figure 1. Overview of the displacement-based assessment procedure of Pinho et al. [4]. 

2 SIMPLIFIED EXPRESSIONS FOR THE DISPLACEMENT CAPACITY OF RC 

WALL SYSTEMS 

Slender RC walls can typically be expected to yield in flexure, with a plastic deformation 

component that will be a function of available confinement reinforcement and the tensile 

strain capacity of the longitudinal reinforcement. This section develops a simplified approach 

to estimating the plastic deformation capacity of RC walls, which can then be added to the 

yield displacement to get the total displacement capacity. It should be kept in mind though 

that lessons learnt from recent earthquakes have demonstrated [6] that there are a range of 

other phenomena that can affect the failure mechanism in RC wall structures and this under-

lines that there will always be considerable uncertainty in any simplified estimate of dis-

placement capacity. 

2.1 Simplified estimation of the deformation capacity of RC walls yielding in flexure 

The flexural displacement capacity, cap, of a RC wall can be estimated [7] as the sum of 

the displacement at yield, y, with a plastic displacement component, p, as shown in Figure 2 

and in Equation 1:  

nhpypycap Hf     (1) 

The right side of above equation also proposes that the plastic displacement component can 

be computed as the plastic rotation capacity, p, of a plastic hinge at the base of the wall, mul-

tiplied by the total height of the building, Hn, and an effective height factor, fh, used to relate 

the total height to an equivalent SDOF system height, noting that the displacement capacity 

provided by Equation 1 corresponds to an equivalent SDOF system representation of the wall  
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Figure 2. Displacement profile of a cantilever RC wall responding with a flexural plastic 

hinge (adapted from [8]). 

 

system. In line with the recommendations of [8], the effective height factor can be approxi-

mated well by the following expression:   

2

7.0
7.0

n

n
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      (2) 

where n is the number of storeys in the building. 

 

Subsequently, the flexural yield displacement of a RC wall can be computed using the fol-

lowing expression (adapted from the work of Priestley et al. [7]): 
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where y is the nominal yield curvature for the wall, obtained using the following expression 

for rectangular wall sections (similar expressions are provided for U-shaped walls by Beyer et 

al. [9] and T-shaped walls by Smyrou et al. [10]): 
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where y is the yield strain of the wall’s longitudinal reinforcement, obtained by dividing an 

estimated reinforcement yield strength, fy, by the Young’s modulus for steel, Es, and where Lw 

is the length of the wall (also shown in Figure 2).    

 

For what regards the plastic deformation capacity, part 3 of Eurocode 8 (EC8) [11] states 

that the plastic rotation capacity of an existing RC wall can be estimated using the following 

expression: 
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where el is equal to 1.8, v is the axial load ratio, ’ and  are, respectively, the mechanical 

reinforcement ratios of the compression and tension longitudinal reinforcement, Lv is the 

shear span (approximated as the base moment divided by the base shear according to EC8 part 
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3), Lw is the length of the wall, f’c and fy are the mean concrete compressive strength (MPa) 

and the stirrup yield strength (MPa), respectively, sx is the transverse reinforcement ratio 

parallel to the direction x of loading, d is the diagonal reinforcement ratio (if present) and  

is the confinement effectiveness factor.  

In order to apply the expression it is evident that a considerable amount of information is 

required; information that is not likely to be available to someone interested in a rapid seismic 

assessment. As such, in order to obtain a simplified estimate of the plastic rotation capacity, a 

number of values are assumed for various parameters in order to provide what is considered a 

reasonable, albeit conservative, estimate of the plastic deformation capacity. In particular, it is 

assumed that f’c=25MPa, ’/ = 1.0, v = 0.25, =0.0, d =0, and that the shear span can be 

computed as the effective eight which leads to the following expression: 

35.0

006.0 











w

nh
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where all the symbols have been defined earlier. 

 

At this point, it is clear that one can obtain a quick estimate of the flexural deformation ca-

pacity of a RC wall by summing the yield displacement from Equation 3 with a plastic dis-

placement component obtained by multiplying the plastic rotation capacity of Equation 6 by 

the effective height (fhHn).   

In order to gauge the performance of this simplified approach, displacement capacity esti-

mates obtained using the equations above have been compared with experimental values of 

the displacement capacity of walls, as reported in the literature. Table 1 lists the experimental 

test specimens examined together the with reference details from which additional infor-

mation on the experimental testing could be obtained. Note that while some of the wall spec-

imens listed in in Table 1 actually failed in shear, their displacement capacity values are still 

of interest here and as such, Figure 3 shows the ratio of the experimentally observed to pre-

dicted values of displacement capacity for all specimens. 

From the results seen in Figure 3 it is apparent that the new expressions perform reasona-

bly well. In some cases the expressions appear very conservative, and this was expected for 

walls with good confinement. There are four cases in which the observed displacement capac-

ity is less than the estimated value, but considering the simplicity of the approach and the fact 

that it is for the large majority of cases conservative, the results above are deemed acceptable. 

2.2 Accounting for P-Δ effects 

In cases where the displacement demand is high and the ratio of strength to system weight 

is low, P-Δ effects may play a significant role in seismic response. To account for P-Δ effects 

it is proposed that an upper limit is placed on Δcap, based on an allowable stability index of 0.3. 

As localised stability is unlikely to be an issue in an RC wall system it is assumed that the 

stability index can calculated based on an equivalent single-degree-of-freedom (SDOF) sys-

tem as per Equation 7: 

ebase

e
P

HV

gm 
        (7) 

where me and He are respectively the effective mass and effective height of an equivalent 

SDOF system, and Vbase is the base shear strength of the system. Assuming now that the base 
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shear strength is 10% of the effective weight and taking He as equal to fhHn, an upper limit for 

the displacement capacity is obtained: 

nhcap Hf03.0       (8) 

TEST 

NUMBER
SPECIMEN REFERENCE

1 R1 Oesterle, R.G., et al , (1976). “Earthquake Resistant Structural Walls-Tests of Isolated Walls”

2 R2 Oesterle, R.G., et al , (1976). “Earthquake Resistant Structural Walls-Tests of Isolated Walls”

3 B1 Oesterle, R.G., et al , (1976). “Earthquake Resistant Structural Walls-Tests of Isolated Walls”

4 B3 Oesterle, R.G., et al , (1976). “Earthquake Resistant Structural Walls-Tests of Isolated Walls”

5 B2 Oesterle, R.G., et al , (1976). “Earthquake Resistant Structural Walls-Tests of Isolated Walls”

6 B5 Oesterle, R.G., et al , (1976). “Earthquake Resistant Structural Walls-Tests of Isolated Walls”

7 B6 Oesterle, R.G., et al ,  (1979). “Earthquake Resistant Structural Walls-Tests of isolated Walls-Phase II”

8 B7 Oesterle, R.G., et al ,  (1979). “Earthquake Resistant Structural Walls-Tests of isolated Walls-Phase II”

9 B8 Oesterle, R.G., et al ,  (1979). “Earthquake Resistant Structural Walls-Tests of isolated Walls-Phase II”

10 B9 Oesterle, R.G., et al ,  (1979). “Earthquake Resistant Structural Walls-Tests of isolated Walls-Phase II”

11 B10 Oesterle, R.G., et al ,  (1979). “Earthquake Resistant Structural Walls-Tests of isolated Walls-Phase II”

12 W1 Su, R.K.L., Wong, S.M., (2007). “Seismic behavior of slender reinforced concrete shear walls under high axial load ratio”

13 W2 Su, R.K.L., Wong, S.M., (2007). “Seismic behavior of slender reinforced concrete shear walls under high axial load ratio”

14 W3 Su, R.K.L., Wong, S.M., (2007). “Seismic behavior of slender reinforced concrete shear walls under high axial load ratio”

15
RW-A20-P10-S63

Tran, T.A, Wallace, J.W., (2012). “Experimental Study of Nonlinear Flexural and Shear Deformation of Reinforced Concrete 

Structural Walls”,
16 SHW1 Tasnimi, A.A., (2000). “Strength and deformation of mid-rise shear walls under load reversal”

17 SHW2 Tasnimi, A.A., (2000). “Strength and deformation of mid-rise shear walls under load reversal”

18 SHW3 Tasnimi, A.A., (2000). “Strength and deformation of mid-rise shear walls under load reversal”

19 SHW4 Tasnimi, A.A., (2000). “Strength and deformation of mid-rise shear walls under load reversal”

20 SW1-1 Zhang, H., (2008). "Database on Static Tests of Structural Members and Joint Assemblies"

21 SW1-3 Zhang, H., (2008). "Database on Static Tests of Structural Members and Joint Assemblies"

22 SW1-4 Zhang, H., (2008). "Database on Static Tests of Structural Members and Joint Assemblies"

23 SW2-3 Zhang, H., (2008). "Database on Static Tests of Structural Members and Joint Assemblies"

24 SW4-1 Zhang, H., (2008). "Database on Static Tests of Structural Members and Joint Assemblies"

25 SW4-2 Zhang, H., (2008). "Database on Static Tests of Structural Members and Joint Assemblies"

26 SW4-3 Zhang, H., (2008). "Database on Static Tests of Structural Members and Joint Assemblies"

27 SW5-1 Zhang, H., (2008). "Database on Static Tests of Structural Members and Joint Assemblies"  

Table 1. List of RC wall test specimens used to compare experimental and analytical values of displacement ca-

pacity. 

 

Figure 3. Ratio of the experimentally observed ultimate displacement capacity to the displacement capacity esti-

mated using the simplified analytical approach. 
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3 SIMPLIFIED EXPRESSIONS FOR SHEAR CAPACITY AND DEMAND 

Even if a RC wall building is evaluated and shown to have sufficient displacement capacity 

there is still the possibility the other failure modes may occur. The most likely of these is 

shear failure and therefore an additional check is required. The following section develops 

simplified expressions for estimating both shear capacity and shear demand. It is assumed that 

the critical region is most likely to be at the base of the wall and therefore the check of shear 

capacity versus demand is conducted for this location only. 

3.1 Simplified estimation of the shear capacity of RC walls 

In order to estimate the likelihood of shear failure in RC walls, a simplified estimate is first 

required of the likely shear resistance. The shear capacity of a RC wall, Vcap, is typically esti-

mated in seismic codes by summing a shear contribution, Vc, associated with the concrete ten-

sile strength, together with a contribution, Vs, offered by transverse reinforcing steel, as shown 

below in Equation 9. Priestley et al. [7] explain that the shear resistance of a wall (or column) 

will also tend to be increased by the axial compression force, but this component is conserva-

tively ignored in formulating a simplified assessment procedure.  

sccap VVV         (9) 

Priestley et al. [7] point out that the concrete component of shear resistance tends to de-

grade as curvature ductility demands increase, in accordance with the modified UCSD shear 

resistance model. In this work, the concrete shear resistance component of RC walls as pre-

dicted by the modified UCSD model is simplified to Equation 10. These simplifications, 

aimed at avoiding the need for knowledge of reinforcement quantities or material properties, 

have assumed a concrete compressive strength, f’c, of 25MPa, and a longitudinal reinforce-

ment content of 0.5% (chosen to be conservatively low). It has further been assumed that the 

aspect ratio of the critical walls is greater than or equal to 2.0. To avoid the need to calculate 

the curvature ductility of the wall, it is assumed that the value of γ in the UCSD model is 

equal to 0.25. This assumption assumes a moderate curvature ductility and therefore will re-

sult in overly conservative estimates of shear capacity for walls responding elastically. 

wwc tLV 700       (10)  

where Vc is in units of kilonewtons when the wall length, Lw, and the wall thickness, tw, have 

units of meters.  

 

In order to arrive at a simplified estimate of the shear resistance offered by the presence of 

transverse reinforcement, it is assumed that a typical RC wall section will have at least two 

transverse reinforcing bars of 10mm diameter every 300mm. In addition, a reinforcement 

yield strength of fy=300MPa, a concrete compression zone of approximately 0.2 times the 

wall length and an inclined strut angle of 30° are assumed appropriate for simplified assess-

ment purposes. Using these values, the traditional expression for transverse reinforcement 

component of resistance, Vs, simplifies down to: 

 ws LV 220      (11) 

where Vs is in kilonewtons when the wall length has units of meters. 
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By making the above simplifications, it is evident that the combination of Equations 10 

and 11 permit the total shear resistance of a wall to be estimated with knowledge only of the 

wall section dimensions, as shown:  

 wwwcap LtLV 220700      (12)  

where Vcap is in kilonewtons when the wall length and the wall thickness have units of meters. 

 

3.2 Simplified estimation of the shear demands on RC walls  

Having obtained an estimate of shear capacity, it is then necessary to obtain an estimate of 

shear demand. Shear demands in RC walls are likely to be a function of the seismic intensity, 

the flexural strength of the wall (for cases in which the earthquake intensity is sufficient to 

make the walls yield in flexure), the periods of vibration of the wall (recognizing that higher 

modes will contribute significantly to shear demands in multi-storey RC wall buildings) and 

the ductility demand (or better, the spectral intensity and spectral shape) as explained by 

Priestley et al. [7], Sullivan et al. [12] and Sullivan [13] amongst others, who also demon-

strated that good estimates of peak shear demands can be obtained using modified modal 

analysis approaches. Building on the proposal of Pennucci et al. [14], Fox et al. [15] recently 

demonstrated that for coupled RC wall buildings, simplified closed-form solutions for total 

shear demands could be obtained by using a uniform cantilever beam analogy for the walls 

together with conservative assumptions regarding where the higher mode periods lie in rela-

tion to the spectral acceleration plateau. Adapting this approach for simplified assessment 

purposes here, the total shear demand at the base of a wall can be estimated as: 
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where Aw,i is the sectional area of wall i and N represents the total number of walls at the 

ground floor level, tw is the thickness and Lw the length of the longest wall in the direction of 

loading under consideration and Af,total the total floor area in the building (such that HnAf,total 

gives the building volume), Δdem is the spectral displacement demand at the corner period, TD, 

(which is also taken as the displacement demand, see Figure 1) and the other parameters have 

been defined earlier. This equation has been formulated assuming that first mode shear de-

mands can be related to the wall flexural strength (which has been approximated using the 

wall dimensions together with estimated values of reinforcement content and axial load ratio) 

and that higher mode shear demands can be obtained as described above with reference to the 

work of Fox et al. [15].  

3.3 Summary of proposed simplified assessment procedure for RC walls  

The previous sections have laid out the ingredients for a simplified displacement-based as-

sessment of RC wall structures. The final recommended procedure is shown in Figure 4. The 

first step is to obtain information on the building location (to establish seismic hazard infor-

mation), geometry (building height, number of storeys, total floor area, wall section dimen-

sions) and any other pertinent information that may impact the seismic performance. Secondly, 

the effective height factor should be found from Equation 2, the flexural yield displacement 

for the longest walls should be obtained using Equation 3 and the plastic rotation capacity  
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 Figure 4. Flowchart of simplified assessment procedure. 

from Equation 6. These values are then used in Equation 1 to estimate the displacement ca-

pacity, Δcap. Next the influence of P-Δ should be accounted for by reducing the displacement 

capacity in accordance with Equation 8 if necessary. The displacement capacity is then evalu-

ated against displacement demand. If the demand is larger than the capacity this indicates the 

need for a detailed assessment, if not, then the procedure continues to the next step, which is 

to evaluate the shear capacity and shear demand using Equations 12 and 13 respectively. If 

the shear demand is greater than the shear capacity then detailed assessment is required, if not, 

then the structure has passed the assessment and is assumed to be of acceptably low seismic 

risk. 

 

4 APPLICATION TO CASE STUDY WALL BUILDINGS 

4.1 Case study buildings 

This work examines various eight storey RC wall buildings all possessing the same generic 

layout indicated in Figure 5 (from Fox et al. [16]) and assumed to lie on rigid foundations. A 

total of 20 cases for the building are examined, with differences in wall length, reinforcement 

contents and confinement factors, as shown in Table 2. The buildings are assumed to lie in 

NO 

Calculate shear demand, Vcap,  

and shear capacity, Vdem    

Is Vcap> Vdem? 

Structure passes the assessment 

Gather information on building 

including location, geometry etc. 

Calculate fh, Δy, θp and use them 

to calculate the displacement ca-

pacity, Δcap 

Carry out P-Δ check and reduce  

Δcap if necessary 

Is Δcap> Δdem=Sd(T1)? 

YES 

YES 

Detailed assessment 

 required    

NO 
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one of four different regions of seismicity: two regions of low seismicity, a and b,  in which it 

is assumed that the reference ground acceleration (ag) associated with a 475 year return period 

event is 0.10g but with spectral displacement corner periods of TD=2s and 4s for sites a and b 

respectively, and two regions of moderate seismicity, c and d, in which the 475 year event ag 

is taken as 0.20g and with spectral displacement corner periods of TD= 2s and 4s for sites c 

and d respectively. The corner period spectral displacement demands, Sd(TD), for each of the 

four sites are also indicated in Table 2. Note that in all case study buildings the walls are giv-

en a thickness of 0.25m and walls 5 and 6 were assumed to possess lengths of 6.5m. 

Case

Configuration 

description
W1 W2 W3 W4 W1 W2 W3 W4 C*

Mass 

(t)
T 1  (s) Site T D  (s) a g  (g)

Sd (T D ) 

(m)
1 Simple cantilever 5 5 5 5 0.73 0.73 0.73 0.73 1.13 588 2.47 a 2 0.1 0.086

2 Simple cantilever 5 5 5 5 0.73 0.73 0.73 0.73 1.13 588 2.47 b 4 0.1 0.172

3 Simple cantilever 5 5 5 5 0.73 0.73 0.73 0.73 1.13 588 2.47 c 2 0.2 0.172

4 Simple cantilever 5 5 5 5 0.73 0.73 0.73 0.73 1.13 588 2.47 d 4 0.2 0.342

5 Heavy cantilever 5 5 5 5 0.73 0.73 0.73 0.73 1.13 1176 2.47 a 2 0.1 0.086

6 Heavy cantilever 5 5 5 5 0.73 0.73 0.73 0.73 1.13 1176 2.47 b 4 0.1 0.172

7 Heavy cantilever 5 5 5 5 0.73 0.73 0.73 0.73 1.13 1176 2.47 c 2 0.2 0.172

8 Heavy cantilever 5 5 5 5 0.73 0.73 0.73 0.73 1.13 1176 2.47 d 4 0.2 0.342
9 Large ρ v  cantilever 5 5 5 5 1.5 1.5 1.5 1.5 1.22 588 2.03 a 2 0.1 0.086

10 Large ρ v  cantilever 5 5 5 5 1.5 1.5 1.5 1.5 1.22 588 2.03 b 4 0.1 0.172

11 Large ρ v  cantilever 5 5 5 5 1.5 1.5 1.5 1.5 1.22 588 2.03 c 2 0.2 0.172

12 Large ρ v  cantilever 5 5 5 5 1.5 1.5 1.5 1.5 1.22 588 2.03 d 4 0.2 0.342

13 Unequal lengths 6 3 6 3 0.72 0.96 0.72 0.96 1.2 588 2.76 a 2 0.1 0.086

14 Unequal lengths 6 3 6 3 0.72 0.96 0.72 0.96 1.2 588 2.76 b 4 0.1 0.172

15 Unequal lengths 6 3 6 3 0.72 0.96 0.72 0.96 1.2 588 2.76 c 2 0.2 0.172

16 Unequal lengths 6 3 6 3 0.72 0.96 0.72 0.96 1.2 588 2.76 d 4 0.2 0.342

17 Torsional 6.5 6.5 3.5 3.5 0.59 0.59 0.68 0.68 1.2 588 2.62 a 2 0.1 0.086

18 Torsional 6.5 6.5 3.5 3.5 0.59 0.59 0.68 0.68 1.2 588 2.62 b 4 0.1 0.172

19 Torsional 6.5 6.5 3.5 3.5 0.59 0.59 0.68 0.68 1.2 588 2.62 c 2 0.2 0.172

20 Torsional 6.5 6.5 3.5 3.5 0.59 0.59 0.68 0.68 1.2 588 2.62 d 4 0.2 0.342

L w  (m) ρ v   (%)

 

 Table 2. Properties of case study building configurations. 

 

Figure 5. Plan view of case study building (from [17]). 
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Figure 6. Displacement response spectra of ground motions used in NLRHA (a) Site a, and (b) Site b (from [17]). 

4.2 Modelling and analysis 

To rigorously evaluate the performance of the case study buildings they are analysed using 

nonlinear response-history analyses (NLRHA). All buildings are modelled using a lumped 

plasticity approach with the finite element program Ruaumoko3D [17]. The frame elements 

(one per wall per storey) used to model the walls are all linear elastic above level one. Be-

tween level one and the foundation Giberson one component frame elements are used, which 

allow inelastic deformations over a pre-defined plastic hinge length, Lp, which is calculated in 

accordance with [7]. The ‘Takeda thin’ hysteresis rule (i.e. a Takeda hysteresis with parame-

ters α=0.5 and β=0.0. Refer Carr [19]) is used to model the hysteretic behaviour in the plastic 

hinge region. To include P-Δ a ‘large displacement’ analysis regime is used and additional 

gravity loads not supported by the walls are applied to a ‘dummy column’. All walls are con-

nected by rigid diaphragms. 

Two sets of seven ground motions were used for the NLRHAs one. Both sets of ground 

motions (when appropriately scaled) are compatible with the type 1 spectrum from EC8 [11] 

for ground-type C; however, the first set is selected to be compatible with a spectral dis-

placement corner period of TD= 2s while the latter is for TD= 4s. The target spectra and dis-

placement response spectra of the selected ground motions are shown in Figure 6. Further 

information on the specific ground motions can be found in [16]. 

 

4.3 Results 

The performance of the proposed assessment procedure is evaluated through comparison 

of results against those found using equivalent rigorous approaches. In the first instance the 

demands evaluated using the simplified procedure are compared to the demands obtained 

from NLRHA. This is shown in Figure 7 for both displacement and shear, and is expressed as 

a ratio of simplified demand to NLRHA demand, thus making results larger than one con-

servative. In general the demand predictions using the simplified method are very good. For 

shear, all values fall between one and 1.8. For displacement the majority of results are be-

tween one (or very close to one) and two. There are two exceptions for this in the torsional 

building, which are due to displacement demands being estimated at the centre-of-mass in the 

simplified method while NLRHA is able to capture the larger demands at the flexible edge of 

the building. 
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Figure 7. Ratios of demands obtained using the simplified procedure and from NLRHA. 

  

Figure 8. Ratios of capacities obtained using the simplified procedure and equivalent detailed procedures. 

Figure 8 shows the same ratios as Figure 7 but this time for capacity. In this case a value 

less than one is conservative. It can be seen that for both displacement and shear all ratios are 

less than one. Displacement ratios tend to average around 0.9, while for shear the simplified 

approach is more conservative giving predictions equal to around 60% of those obtained us-

ing the UCSD shear model in full. 

Figure 9 shows ratios of demand to capacity calculated using the simplified assessment 

procedure and using a detailed assessment procedure (with detailed capacity calculations and 

demand estimates obtained from NLRHA). In each case the ratio is the larger of those ob-

tained from considering displacements or shear. From the detailed assessment results it can be 

seen that all configurations of the case study building achieve an acceptable level of perfor-

mance. In fact they tend to have a fairly large reserve capacity against the limits for which 

they are being assessed. It can be seen that for all cases the simplified procedure produces 

more conservative demand/capacity ratios (in most cases significantly more conservative). In 

10 out of the 20 cases the demand/capacity ratios are large than one, which would invoke the 

need for a detailed assessment. 
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Figure 9. Demand to capacity ratios obtained using the simplified procedure and detailed assessment. 

4.4 Discussion 

The examination of the case study buildings has shown that the proposed assessment pro-

cedure works reasonably well. Predications of demand/capacity ratios are in most cases very 

conservative; however, this is in-line with the philosophy of the procedure, which is that con-

servative assumptions can be made and in doing so accuracy is sacrificed for expediency. For 

the cases considered, 50% would require no further seismic assessment. This reflects the fact 

that in general the buildings perform very well, as they are in regions of only low and moder-

ate seismicity. Of the two sides of the demand versus capacity equation it appears that the 

simplified procedure is better at estimating demands, and future work in simplified capacity 

predictions appears to be the best approach to approving the procedure over all. The results 

presented in Figure 9 do have to be interpreted with some caution as in all cases shear was 

critical. It therefore seems prudent that more rigorous evaluations be undertaken on a wider 

range of case study buildings with widely varying properties. 

5 CONCLUSIONS 

A simplified procedure has been presented for the seismic assessment of RC wall buildings. 

The procedure is based on the idea that a number of conservative assumptions can be made 

and thus the procedure simplified significantly. This has included the development of simpli-

fied equations for estimating displacement capacity, shear capacity and shear demand. Also of 

particular note is the assumption that displacement demand can be approximated by spectral 

displacement at the corner period of the displacement spectrum (i.e. Sd(TD)). 

Through a number of case study applications it was shown that the procedure performs 

reasonable well. As expected it give predictions of demand to capacity that are always more 

conservative than those obtained using a more detailed assessment with nonlinear response-

history analyses. To improve the procedure it was identified that future works should focus on 

improved shear capacity predictions and the procedure should be tested on a more diverse set 

of case study buildings. 

 

822



Timothy J. Sullivan and Matthew J. Fox 

ACKNOWLEDGEMENTS 

The authors gratefully acknowledge that part of the work leading to this research received 

funding from the Italian Department of Civil Protection (DPC) as part of the EUCENTRE-

DPC 2014-2015 agreement. 

REFERENCES  

[1] M.J.N. Priestley, Displacement-based seismic assessment of reinforced concrete build-

ings. Journal of Earthquake Engineering, 1, 157-192, 1997. 

[2] D.P. Welch, T.J. Sullivan, G.M. Calvi, Development of direct displacement-based pro-

cedures for simplified loss assessment in performance-based earthquake engineering. 

Journal of Earthquake Engineering, 18, 290-322, 2014. 

[3] T.J. Sullivan, D.P. Welch, G.M. Calvi, Simplified seismic performance assessment and 

implications for seismic design. Earthquake Engineering and Engineering Vibration, 

13(Supp. 1), 95-122, 2014. 

[4] R. Pinho, H. Crowley, M. Faravelli, Studio preliminare per identificare le soglie 

inferiori significative dello spettro di spostamento (in Italian), Progetto S5, Deliverable 

7, Task 2, for the Italian Department of Civil Protection, 2007 

[5] A. Piazza, T.J. Sullivan, Development of a simplified displacement-based procedure for 

the seismic design and assessment of RC frame structures. Proceedings of the Second 

European Conference on Earthquake Engineering, Istanbul, Turkey, 2014 

[6] S. Sritharan, K. Beyer, R.S. Henry, Y.H. Chai, M.J. Kowalsky, D. Bull, Understanding 

poor seismic performance of concrete walls and design implications. Earthquake Spec-

tra, 30, 307-334, 2014. 

[7] M.J.N. Priestley, G.M. Calvi, M.J. Kowalsky. Displacement-Based Seismic Design of 

Structures. IUSS Press, Pavia, Italy, 2007. 

[8] T.J. Sullivan, An energy factor method for the displacement-based seismic design of RC 

wall structures. Journal of Earthquake Engineering, 7, 1083-1116, 2011. 

[9] K. Beyer, A. Dazio, M.J.N. Priestley, Seismic Design of Torsionally Eccentric Buildings 

with U-shaped RC Walls, Research Report Rose 2008/03, IUSS Press, Pavia, Italy, 2008. 

[10] E. Smyrou, T.J. Sullivan, M.J.N. Priestley, G.M. Calvi, Sectional Response of T-Shaped 

RC walls, Bulletin of Earthquake Engineering, 11, 999-1019, 2013. 

[11] Comité Européen de Normalisation, Eurocode 8, Design of structures for earthquake re-

sistance – Part 3: Assessment and retrofitting of buildings, EN 1998-3. CEN, Brussels, 

Belgium, 2005. 

[12] T.J. Sullivan, M.J.N. Priestley, G.M. Calvi, Estimating the Higher Mode Response of 

Ductile Structures. Journal of Earthquake Engineering, 12, 456–472, 2008. 

[13] T.J. Sullivan, Capacity Design Considerations for RC Frame-Wall Structures. Earth-

quakes and Structures, 1, 391-410, 2010 

[14] D. Pennucci, T.J. Sullivan, G.M. Calvi, Inelastic higher-mode response in reinforced 

concrete wall structures. Earthquake Spectra in-press, doi: 

http://dx.doi.org/10.1193/051213EQS123M, 2014. 

823

http://dx.doi.org/10.1193/051213EQS123M


Timothy J. Sullivan and Matthew J. Fox 

 

[15] M.J. Fox, T.J. Sullivan, K. Beyer, Capacity design of coupled RC walls. Journal of 

Earthquake Engineering, 18, 735-758, 2014. 

[16] M.J. Fox, T.J. Sullivan, K. Beyer. Evaluation of seismic assessment procedures for de-

termining deformation demands in RC wall buildings. Submitted to Earthquakes and 

Structures, 2015. 

[17] A.J. Carr, Ruaumoko Manual – Volume 3: User manual for the 3-dimensional version 

Ruaumoko3D, Department of Civil Engineering, University of Canterbury, 2012. 

[18] A.J. Carr, Ruaumoko Manual - Volume 5: Appendices, Department of Civil Engineering, 

University of Canterbury, 2008. 

824



COMPDYN 2015 
5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

STRENGTH AND STABILITY ASSESSMENT OF EXISTING 
BUILDINGS IN ISRAEL (COMPDYN 2015) 

N. Gluck1, R.  Farhat1, R. Eid1, U. Tzadka1 

1 Sami Shamoon College of Engineering, Dept. of Civil Engineering 

Reh. Bialic 56 

84100 Beer Sheva, P.B. 45 

mikig@sce.ac.il  

Keywords: reinforced concrete structures, retrofitting of existent structure, assessment levels 
nonlinear analysis models, monitoring of existent structures. 

Abstract. The Middle East is  prone to frequent seismic tremors which affect buildings and 
civil engineering facilities. New demands of economical nature lead to achievement of larger 
structures with increased openings and augmented loads. This process affects both the existent 
and new structures with significant masses which contribute to the development of inertial 
loads endangering the structure loaded by dynamic effects (earthquake, wind, oscillations, 
blasts etc.). 

The structural safety assessment must take into account the age of the existent building and 
the future demands previewed by development of the socio-economic conditions. Most of the 
existent buildings have been erected during the former century.  The age of these buildings is 
close to the life limitation according to the codes. The strength and robustness of the buildings  
is affected by ageing, corrosion, fatigue etc., so that special attention must be accorded to 
these buildings to enable them to stand under the loads which might occur. The main goal of 
the assessment is to avoid occurrence of human or economic losses due to partial or full col-
lapse. 

The present work is devoted to the assessment of  the strength and the stability of the rein-
forced concrete buildings according to different levels of assessment enabling the building 
with nonlinear abilities to stand the previewed seismic and wind excitations, as well as the 
influence of changes of the temperature.   
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1 INTRODUCTION 

Civil engineering went under significant changes during the last decades. Many improve-
ments have been done concerning the analysis, the structure, materials and the risk definition 
which endangers the structure. The elements for the modern facilities and commodities lead to 
new strategies of achievement or to the need to retrofit the existent buildings. The activity to 
upgrade the buildings and ensuring their stability affects their shape and the structural ability 
to stand increased loads. 

This paper deals with the existent structures and the assessment of their ability to stand the 
increased loads of the actual demand. The existent structures are the ones built during the last 
decades and they are residential, cultural, commercial, administrative, communication, indus-
trial, etc. facilities. Since these buildings were designed and erected the demands changed, the 
codes were improved, new materials are used and new technologies have been provided. But 
significant money have been invested into these establishments and they must be kept stable 
for the future. Most of the documentation of these buildings has been lost so that the pos-
sibilty to achieve the structural identification of these buildings is almost impossible. Mean-
while the building materials have been changed together with the environmental factors which 
produce the decay of the materials which did not corrode, calcified or deteriorate a long peri-
od during their structural life. 

      New strategies of ductility provision into  new buildings lead to improved abilities of 
standing the loads which may occur. Reinforced concrete elements have been provided by 
increased ductility by confining them in specific zones to enable the dissipation of the energy 
induced by loads of dynamic nature. 

The assessment of the structural ability to stand the environmental and physical loads is 
made according a series of criteria. Among the most common criterion is the age of the struc-
ture which involves the codes used at a certain period, the designer which provided the project 
and the builder which erected the building. Non-destructive tests enable to verify the strength 
and the stability of  a certain structure. The data provided by a series of investigations lead to 
model the structure and check the structural behavior of the building. 

Due to the demands of the structures prone to increased load due to the actual technologies 
and the dynamic effects due the earthquakes, which might occur, an intense trend of retrofit-
ting the actual structures to increase their strength and stability capacity to the level provided 
by the actual codes. 

 
    

2 THE STRUCTURAL ASSESSMENT 

Engineers, designers and researchers devote large amount of time to study the causes lead-
ing to structural decay.  The aim of this activity is to preserve the existing structures and to 
ensure their stability under the occurring loads. This activity is motivated by economical de-
mands due to the necessity to provide residence and work opportunity for an increasing popu-
lation with more demands and providing housing for modern technology. 

Modern building industry [1] is based on updated codes which enable increased residential 
areas  by achieving higher, more storied buildings with abilities to stand strong winds, tem-
perature effects and other outstanding loads, among them earthquakes. All the mentioned ef-
fects may damage both the existent and the newly achieved buildings. The codes have been 
updated to provide improved materials, better methods of analysis and dissipative solution to 
diminish the energy penetrating into the structures. 
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Among the modern solutions which decrease the deformation effects of the structure [2] 
the piled-raft solution has been developed aiming the diminishing of the settlements of struc-
tures resting on clayey and sandy soils. These soils exhibit rheological behavior for clays and 
are prone to liquefaction under  intense vibrations. The provided piled-raft solution ensures 
stability under the moisture sensitive soils and provides stability in case of liquefaction phe-
nomena. 

Reinforced concrete structures [3] must be enabled to stand against chain failure. The de-
sign must be accomplished in a manner to avoid the failure of a structural element sustaining 
more elements to cease to stand under the loads. Avoidance of the structural progressive fail-
ure is very important to ensure the stability of the structure which has to be robust and save 
the life of its occupants. 

One of the ways to improve the structural stability is the use of FRP sheet to provide the 
confining of the sensitive zones in the structural elements increasing the ductility of the entire 
structure [4]. Increased ductility means the ability to dissipate more energy from the load act-
ing upon the structure. The strengthened structure will absorb the energy of the load and save 
the retrofitted structure. 

One of the most dangerous loads which might occur during the service of a building must 
be cnsidered the explosion of the gas used by the inhabitants to warm or to cook [5]. Since the 
danger of such an explosion to provoke a progressive failure is real it must be taken into ac-
count the way to ensure the desired robustness and to enable quick repair in case of the acci-
dent. 

The ability of the structure to stand under the loads which might occur is judged by means 
of the assessment of  the existent structure [5, 7, 8, 9, 10].  A large variety of scenarios have 
been provided to check both the existent and new buildings. Assessment can be done accord-
ing several strategies ranging between the simplest to the most intricate way to obtain the ro-
bustness of the structure. The structural model built according the information obtained by 
various investigative procedures may be analyzed by simple methods or numeric software 
based on linear to nonlinear means [11]. More accurate results may obtained by monitoring of 
the structural response of the building under dynamic excitations which can be based on pro-
voked loads or simply using the micro seismic movements occurring in the area. The changes 
of the registered structural frequencies indicate changes of the structural strengthening or de-
cay with time. 

The present work presents the expected decay of a wall due to horizontal loads, tempera-
ture changes, creep, corrosion, etc. In the same time there is presented a way to use structural 
monitoring to judge the structural changes. 

 
3.  NUMERICAL EXPERIMENTS 

 
3.1 Causes of structural deterioration 
The process of structural deterioration continues during the entire life of the structure. The 

environmental effects lead to loads which affect the properties of the materials the structure is 
made from. 

The reinforced concrete structures are affected from their cast stage from the creep of the 
concrete and the relaxation or the reinforcement. These effects enable the formation of cracks 
and initial stresses which reduce the structural stiffness and contribute to further deterioration 
of the structure. The cracks enable the penetration of  the moisture and Cl ions which affect 
the concrete and cause the corrosion of the reinforcement. 

Temperature changes between seasons and day – night produce stress changes in the struc-
ture causing ageing effects leading to fractures in the structural system. Microseisms produce 
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fatigue phenomena affecting the structure. More severe damages are produced by wind, 
earthquake, traffic and daily loading and unloading. 

The phenomena which are exemplified further use the analysis by means the finite ele-
ments (ADINA), and the data acquisition by means of  the CX1 Network Accelerometer & 
Inclinometer (SENSR). 

 
3.2  The Dynamic Effects 
To exemplify the effect of  the horizontal loads on a reinforced concrete wall the ADINA 

routine was used. The nonlinear behavior was used to follow the deformation, stress - strain 
behavior and crack development. The structure represents a wall provided by a door opening. 
The wall was achieved from concrete B30 reinforced by steel F400. The horizontal load was 
increased gradually till the collapse was achieved. Fig. 1 visualizes the deformation of the 
wall in x direction (on the left side) and the stresses in z direction (on the right side) 

    

 
Figure 1 Deformations in direction x and stresses in direction z 

 
Fig. 2 presents graphically the stresses in z direction along the bottom of the column of the 

concrete of the wall. Since the concrete of the wall exhibits its tension limit for 2 MPa it 
means that in the analyzed section cracks occur. The cracked area will permit the penetration 
of moisture and Cl ions enabling the calcification of the concrete and the corrosion of the re-
inforcement bars. As a demand to avoid development of the cracks on the face of the columns 
it is compulsory to provide bars with increased areas or  to  put the bars closer along the verti-
cal direction. Another way to avoid these cracks is by providing steel profiles along the edges 
of the wall. Since this supplementary steel may corrode and endanger the wall, FPR sheets 
can be glued along the edges to avoid crack and to improve the ductility of the wall. 

Fig. 3 visualizes the force and  the stresses in the vertical and horizontal bars  in the net 
which was provided as reinforcement of the wall. Due to modeling intricacy the horizontal 
bars continue through the opening. This shortcoming does not influence the results of the 
analysis. For better modeling the areas of the vertical bars at the edges of the wall have to be 
greater or placed closer.  
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Figure 2 ZZ stress in the wall. 

 
     
 

 
Figure 3 Axial forces and stresses in the reinforcement bars  

   
Fig. 4 presents a graph of the displacement of the upper part of the wall loaded by the hori-

zontal load. This graph visualizes the deformation of the base to the next story where more 
severe crack might occur in the lintels. This explains the crack which develop at the middle of 
the beams and their role in diminishing the stiffness of the entire structure. According to de-
sign provisions the development of cracks in the beams diminish the stiffness to 60% of the 
initial calculated stiffness. This kind of cracks may diminish the initial stiffness in a more se-
vere manner and retrofitting is compulsory. 

Fig. 5 indicates  the zones in the wall where cracks develop. By means of the ADINA 
software the minimum and maximum amount of cracks are indicated. Taking into account 
that the dynamic loads act in a cyclic manner the analysis must be achieved in a hysterically. 
The analysis becomes more intricate and scaled models with similitude procedures can lead to 
the best assessment analysis. 

 
 
 
 

829



N. Gluck, R. Farhat, R. Eid, U. Tzadka 
 

 
Figure 4. The vertical displacement at the top of the wall 

 
 

 

 
Figure 5 Minimal and maximal cracks  in the wall 

 
 
3.3   Temperature effects 
  
The change of temperature during seasons or day and night affects the structure by induc-

ing stresses into the elements. The design provisions underline the limitation of the dimen-
sions of the buildings to avoid development of stresses due to lengthening or stretching under 
temperature changes. Taking into account the fact that the wall former presented is fixed at 
the base hence the dilatation or contraction is prevented at its base and stresses will develop in 
the structure. Fig. 6 presents the sections along them the stresses were visualized. From the 
left the first section is done perpendicular to the axe of the beam at its middle. The stresses in 
x direction are presented in Fig. 7. The section along the base of the columns enables the 
stresses along the x direction to be represented in the graph from Fig. 8. The last section was 
made at the middle of the columns while the stresses are presented in Fig.9. 
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Figure 6 Sections through the wall 

 
 
 

 
Figure 7 Stresses in the beam 

 
 
The temperature was augmented by 10 °C a modest difference for most of the cases. The 

results show the stresses that develop as consequence the difference of temperature. Usually 
the stresses indicate compression for increasing the temperature. It means that in case of tem-
perature decrease the effect is inverse the elements get tension which produces cracks in the 
elements. 

According Fig. 7 the stress at the middle of the beam varies from -1.4 MPa to 0.2 MPa. 
This means that this temperature increment does not lead to cracking of the beam. Higher in-
crement or decrement will produce the cracks with the consequence in stiffness diminution 
and corrosive factor penetration. The most dangerous section is placed at the bottom of the 
columns (Fig. 8) where for the former change of temperature the stresses vary between -2.35 
to -3.45 MPa. It means that for similar contraction the entire section will be cracked. At the 
middle height of the columns the stresses will be less leaving the structure intact. 
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Figure 8 Stresses along the bottom of the columns 

 
 

 
Figure 9 Stresses at the middle of the columns 

 
 
 
3.4   Effect of seismic and micro-seismic movements 
 
ADINA enables the dynamic identification of the wall previously analyzed. According the 

modal analysis in Fig. 10 three eigenvectors where represented for the structure. Following 
the modal analysis the seismic response can be determined. According the seismic map of the 
given area the seismic analysis can indicate the expected deformations and stresses in the 
structure. The expected behavior of the structure can be visualized indicating the damages to 
develop in the structure. 

The dynamic identification of an actual structure can be found by means of a sensitive ac-
celerometer (Fig. 11). The presented device is the CX1 Accelerometer and Inclinometer 
which can record (monitor) the oscillations of a structure prone to micro – seismic or induced 
dynamic movements (13). The device can record the vibrations in 3 directions and find the 
spectral response of the structure showing the eigenvalues of the actual structure. If as conse-
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quence of severe loads the eigenvalues change a new seismic analysis may be done and the 
repairs or structural control can be implemented.   

 
 
 

 
Figure 10 Eigen vectors of the wall 

 
 

 

 
Figure 11 The device for data acquisition  
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Figure 12 Power Spectrum 
 
 

 
Figure 13 Data acquired for x direction 

 
 
 
 

4 CONCLUSIONS  

• In case of reinforced concrete walls the lateral reinforcement must be provided 
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• Walls may be strengthened by means of steel profiles. 

• FRP sheets can be uses to strengthen the structural elements 

• It must be taken into account the cyclic nature of  most dynamic loads. 

• Temperature changes can lead to crack development. 

• The structure must be protected by materials which avoid the penetration of corrosive 
factors. 

REFERENCES  

[1] N. Gluck, R. Farhat, R. Eid, U. Tzadka, Heuristic approach in structural strength evalua-
tion and retrofitting of existent buildings in seismic areas, COMPDYN 2013, Kos Island, 
Greece, 12 – 14 June 3013.  

[2] N. Gluck, R. Farhat, R. Eid, U. Tzadka, Numerical analysis on the interaction of com-
bined piled-raft foundations on liquefaction prone soils, 11th World Conference on 
Computational Mechanics. 

[3] R. Farhat, N. Gluck, R. Eid, U. Tzadka, On detailing of reinforced concrete frame struc-
tures for robustness and for earthquake resistance, 15WCEE, Lisboa 2012. 

[4] R. Eid, N. Gluck, On the confinement mechanism in FRP- strengthened reinforced con-
crete columns, The 7th International Conference on FRP Composites in Civil Engineer-
ing, Vancouver, Canada, August 20-22, 2014 

[5] C. Bob, Evaluation and rehabilitation of a building affected by a gas explosion, Prog. 
Struct. Engng Mater. , 2004; 6: 137-146. 

[6] FEMA 445, Appendix B, Example Application of Seismic Performance Assessment 
Using Numerical Integration Techniques. 

[7] M.B. Shoraka, T. Y. Yang and K.J. Elwood, Seismic loss estimation of non-ductile rein-
forced concrete buildings. EARTHQUAKE ENGINEERING & STRUCTURAL 
DYNAMICS, Earthquake Engng Struct. Dyn. 2013: 42:297-310. 

[8] S. Sankararaman and S. Mahadevan, Bayesian methodology for diagnosis uncertainty 
quantification and health monitoring, STRUCTURAL CONTROL  and HEALTH 
MONITORING, Struct. Control Health Monit, 2013;  19:88-106 

[9] W. Rucker, F. Hille, R. Rohrmann, SAMCO Final Report 2006, F08a Guideline for the 
Assessment of Existing Structures. 

[10] D. Ireland, R. Koerth, Structural Engineering Assessments of Existing Buildings, Engi-
neering Dimensions November/December 2012. 

[11] ADNA, Automatic Dynamic Incremental Nonlinear Analysis, Theory and Modeling 
Guide, ADINA R&D, Inc. Watertown, MA 02472 USA. 

[12] SENSR, Intelligent technology. Measurement results, CX1 Network Accelerometer Us-
er Guide, February 8, 2010.  

 

835



COMPDYN 2015 

5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

PROBABILISTIC EVALUATION OF DAM BASE SLIDING 

Gabriele Fiorentino
1
, Luca Furgani

1
, Simone Magliano

1
, Camillo Nuti

1 

1 
Department of Architecture, University of Roma Tre 

Largo Giovanni Marzi 10, Rome, Italy 

e-mail: gabriele.fiorentino@uniroma3.it 

Keywords: Concrete gravity dams, Monte Carlo Analysis, Dam base sliding evaluation, 

seismic analysis. 

Abstract. Concrete gravity dams represent a relevant part of the 500 large dams existing in 

Italy. Most of them were built following obsolete seismic design criteria, so they need to be 

verified with modern seismic analyses according to the new Italian Code on Dams (2014). 

Many of the parameters utilized in this evaluation are affected by large uncertainties. In the 

paper we present a procedure based on Monte Carlo simulation which evaluates the proba-

bility of exceedance of the sliding equilibrium of the dam obtained via static or response spec-

trum analysis in case of seismic action, as well as the probability of exceedance of different 

sliding displacements via nonlinear dynamic analyses. The application to four seismic sites 

(of different seismic hazard) and to three dams with different heights is presented. 
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1 INTRODUCTION 

The seismic risk connected to the collapse of a large dam is very high and it has to be as-

sessed with appropriate methods of analysis. According to the new Italian Code on Dams 

(2014) concrete gravity dams need to be verified using response spectra with 1950 years re-

turn period for existing dams and 2500 years return period for new dams. 

The evaluation of seismic safety of large concrete gravity dams is nowadays a challenging 

topic specially in country as Italy where great part of the existing 500 dams have to be reas-

sessed. Modern codes require to take into account all the uncertainties using characteristic 

values and safety factors. To high risk and strategic structures as dams it could be useful to 

solve this problem using a full probabilistic approach. In the following the Monte Carlo 

method is used to take into account the parameters uncertainty. 

Programs as CADAM [1] already permit to compute the probability that the SSF is smaller 

than 1, however CADAM doesn't perform dynamic analyses and it's not possible to obtain the 

actual value of the residual slip. 

Considering the definitions of the modern limit states associated to the collapse and the 

loss of service it is fundamental to estimate the damage produced by the earthquake. To ob-

tain these information dynamic nonlinear analysis are requested. 

Some studies stated that the base sliding is the most probable failure mechanism which can 

produce the collapse in a concrete gravity dam [2] The aim of this work was to develop a pro-

gram capable to evaluate the probability to have a sliding at the base of a concrete gravity 

dam, to compute the probability of having a base displacement and to evaluate if this could 

lead to damage or collapse of the dam. 

The program was developed using an increasing degree of complexity of analysis, starting 

from equivalent static analyses to understand which combinations of values of the input vari-

ables could lead to a Sliding Safety Factor SSF<1. Then these combinations were assigned to 

a simplified SDOF system to perform nonlinear dynamic analyses using acceleration time his-

tories. Knowing the evolution of the base displacement it is possible to understand if there 

could be failure of some part of the dam due to the base sliding. 

2 INPUT DATA 

2.1 Random variables 

The variables considered in Monte Carlo simulation analysis are the water level, friction 

angle and the Young modulus of elasticity of the concrete. All variables have a lognormal dis-

tribution. 

The water level governs the design of the dams. During an earthquake the level of the im-

pounded water plays an important role acting with an additional hydrodynamic pressure, 

changing the modal periods of the structure and, as consequence of this, the seismic actions. 

Considering that the maximum flood has a little probability to occur together with the earth-

quake, it’s useful to take into account the probability associated to the water level. 

In the present study, on the base of some water level registrations, reporting the daily var-

iation in a 5 years of observation, it is assumed that the maximum level is equal to the total 

height of the dam and the minimum level is 75% of the total height. The friction angle varia-

tion was chosen after an evaluation of the experimental values documented in literature [3]. 

The average value chosen was 40° with a minimum of 35° and a maximum of 45°. The asso-

ciated standard deviation was 1,5°. The contribution given by  cohesion was neglected. 
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For the Young modulus, referring to real data observed on existing dams, the average value 

chosen was 24,7x10
6
 kN/m

2
, the minimum value 18,78x10

6
 kN/m

2 
and the maximum 29,08

x10
6
 kN/m

2
. Standard deviation was chosen as 1,5x10

6
 kN/m

2
.

2.2 Seismic input 

In seismic areas where PGA > 0,15g for a 475 years return period, the Code requests a 

specific seismo-tectonic study in order to evaluate the response spectra. 

In this work four Italian dam sites (Table 1) requiring seismic hazard assessment and with 

different seismicity from 1 site to 4 site were chosen, and the seismic input for a return period 

of 1950 years was evaluated.  

Site Location (Region) PGA for Tr=475 yrs PGA for Tr=1950 yrs 

1 Calabria 0,27g 0,46g 

2 Abruzzo 0,26g 0,42g 

3 Toscana 0,22g 0,35g 

4 Piemonte 0,15g 0,25g 

Table 1: Dam sites considered for seismic input evaluation 

To evaluate response spectra a hybrid method combining both PSHA and DSHA was used, 

referring to the works of Bommer [4] and Ordaz [5]. The entire procedure is fully described in 

a previous work [6]. 

The target response spectra is evaluated with the Ground Motion Predictive Equation 

ITA10 [7]. A value of 1,5 standard deviation is added to the median value after a comparison 

with the Italian Code and the probabilistic response spectrum. 

3 EQUIVALENT STATIC ANALYSIS 

3.1 Monte Carlo method 

In the Monte Carlo method a distribution of probability which characterizes the epistemic 

uncertainty and the variability of the parameter in space and time is associated to each random 

variable. The output of the analysis is than computed n times through the random extraction 

of input variables obtaining n values of the response of the system. Given a large number n it 

is possible to obtain the probability distribution of the output variable, and to calculate the sta-

tistic moments of the distribution. 

According to the law of large numbers as the number of experiments or simulations in-

creases the average of the results should be closer to the expected value. It is therefore neces-

sary to define a minimum number of analyses to perform in order to obtain a stable solution. 

In this work a criteria suggested by Melchers [1] is used, so a minimum of 20.000 analyses is 

adopted.  

Latin Hypercube sampling method was used to exclude values with no physical meaning 

(e.g. height of impounded water bigger than the height of the dam) limiting the sample within 

a specific interval of the probability distribution. 

3.2 Sliding Safety Factors 

The aim of the simplified static analysis is to rapidly identify the input data combinations 

which could be critical for the structure. The Sliding Safety Factor (SSF) is a parameter which 

can be useful to evaluate the probability of the base sliding of the structure. The SSF is de-
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fined as the ratio between the sum of the stabilizing forces and the sum of the destabilizing 

forces. There is a possibility of sliding when SSF<1. In this work three different SSF were 

considered: 

1. Static SSF: is the most simple SSF because depends only on static forces, easy to

evaluate. Remembering that cohesion was neglected, it is possible to write:

W

P
st

P

tgUW
SSF




)(
(1) 

Where W is the weight of the dam, Up is the uplift pressure, tgϕ is the tangent of 

the friction angle. Pw is the hydrostatic pressure on the upstream wall of the dam. 

2. Dynamic SSF - 1° vibration mode: this SSF considers the dynamic contribution of

the first mode of vibration, as proposed by Fenves and Chopra [8].
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Where f1(y) is the seismic force acting on the dynamic system formed by the dam 

and the impounded water, for the first vibration mode.  

3. Dynamic SSF - 1° vibration mode and higher modes: this SSF considers the dy-

namic contribution of the first mode of vibration and the contribution of the higher

modes.
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(3) 

This factor was considered to obtain the failure set to be analyzed in the second part 

of the program. 

For each value of SSF the failure probability of exceedance has been obtained. 

3.3 Static analyses output 

In Figure 1, considering a dam with 100 m height and for site 1 seismic input the probabil-

ity density functions of the random variables defined as input are displayed. From left to right 

the friction angle, water level and Young Modulus PDF are showed. 

Figure 1: Results of the static equivalent analysis 
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Figure 2: Relative frequencies of SSF 

Figure 2 shows the results of the Monte Carlo analysis for the three SSF  obtained on the 

base of a static analysis. For each SSF the histogram represents the values of SSF obtained 

with all the analyses. The values are displayed in green when the SSF>1, whereas the values 

for SSF<1 are displayed in red. A table reporting the number of failures for each SSF factor 

and the probability that each SSF could be minor than 1 is given. 

4 DYNAMIC ANALYSES 

4.1 Dynamic analyses 

The dam is modeled as an equivalent SDOF system defined by the Nuti-Basili method [9] 

which includes fluid-foundation- structure interaction. According to this, the mass is increased 

to take into account reservoir contribution, the stiffness is modified to reproduce the effects of 

the interaction with the foundation and the damping is increased to consider both the contribu-

tion of fluid and soil. To evaluate the residual displacement produced during the earthquake, a 

nonlinear roller was introduced at the base of the system. A frictional sliding resistance was 

used for this scope.  

The system depicted in Figure 3 is analyzed using the open source program “Opensees” us-

ing a set of 20 accelerograms scaled in order to match the response spectra chosen as target. 

In static analyses there is a base sliding only if SSF<1, but when dynamic analyses are per-

formed it could be possible to have base sliding also for SSF major than 1. For this reason for 

dynamic analyses all SSF minor than 1,1 were considered. The second output includes all the 

statistical parameters of the analysis with the purpose to correlate the SSF values with the 

base sliding values. 

Figure 3: SDOF system 

It is possible to perform the dynamic analyses considering different initial values. There 

are three options:  
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1. Only values of the basic variables that lead to SSFmin, SSFmax, SSFav (average

SSF).

2. All the initial values that brought to a base sliding are considered.

3. All the initial values are considered.

4.2 Dynamic analyses output 

Let us first show the case of the response to a single accelerogram obtained for site 1, 

where PGA=0,46g. The response spectrum of the acceleration time history is given in Figure 

4 compared with the target response spectrum. Figure 5 shows the comparison between the 

linear and nonlinear displacement at the top of the 100 m dam, while Figure 6 displays the 

sliding response at the base .  

Figure 4: Comparison between single accelerogram (blue) and target response spectra (black) for site 1- H=100 

m  

Figure 5: Equivalent linear and nonlinear SDOF response for site 1 - H=100 m 

Figure 6: Sliding displacement at the base of the dam for site 1 - H=100 m 

Figure 7: a) SSF statistic b) Base sliding statistic 
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In Figure 7 are displayed two histograms showing the outcomes of the SSF minor than 1,1 

and of the base sliding. Probabilities to assume a value of base sliding displacement included 

in a certain interval are also reported. In Figure 8 the most critical values of acceleration (i.e. 

structural period) are reported. 

5 APPLICATION 

5.1 Case studies and results 

The two stage procedure is applied to three concrete gravity dams with different height: 

100 m, 75 m and 50 m using the seismic input of the 4 sites studied defined above. The failure 

probability of the three structures is computed taking into account the results of simplified 

static analyses and the dynamic nonlinear analyses.  

The probability of exceedance of SSF=1 has been obtained with static analysis and the 

probability of exceedance of displacement δ>0, 0,10 and 1 meter has been obtained by dy-

namic analysis. For the four sites these results are shown in figure 8. From a sensitivity analy-

sis it seems that the most influent parameter is the water level hw. The larger the water level 

the larger is the probability of failure also in case of seismic action. The effect of the water 

level changes for different dam heights and region (i.e. seismic hazard). 

The probability rapidly decreases in the dynamic case if the probability to have a base slid-

ing capable to trigger the collapse of the structure (δ>1 m). In fact the probability to have base 

sliding is 100%, the probability to have a sliding major than 10 cm is 64,4% and the probabil-

ity to have a sliding major than 1 m is only 13,4%. 

Figure 8: Probabilities of failure for dams with height H=50, 75, 100 m and for sites 1,2,3,4 

Comparing the static case Pfsismico1 or 2 with the dynamic case one notes that the latter is 

slightly larger. The static cases in which higher modes are included are very similar to the dy-

namic for δ>0. 
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If one accept to have δ=0,10 m as a failure the dynamic values are smaller than the static 

even with a single mode (Pfsismico1). Higher modes give a substantial contribution for all cases, 

especially when the probability of sliding is smaller: see for example site 4, dam H=75 m and 

site 1, dam H=50 m. 

6 CONCLUSIONS 

Great part of the Italian concrete gravity dams have been built following obsolete design 

criteria and now need to be verified against seismic action with a modern approach as that 

proposed in the new Italian Code concerning Dams Safety (2014). Several studies show that 

base sliding should be the first mechanism leading this type of structure to collapse. In this 

work a procedure to study the base sliding taking into account the uncertainty of the input pa-

rameters is presented. As preliminary check the Sliding Safety Factor (SSF) of static or re-

sponse spectrum analysis is evaluated using a Monte Carlo simulation procedure. If the 

SSF<1 it is necessary to carry out nonlinear dynamic analyses to evaluate the residual slip af-

ter the earthquake. In this work the base sliding is obtained using the Nuti-Basili simplified 

method [9] which evaluates it by means of nonlinear dynamic analysis of an equivalent SDOF 

system that takes into account the interaction of the structure with the foundation and with the 

impounded water. The two stage assessment procedure was implemented in a Matlab software 

and applied to four dams with different heights considering  four levels of seismic hazard. 

The results obtained demonstrate the effectiveness of the method and the useful infor-

mation given to rapidly estimate the risk connected to the sliding of a concrete gravity dam, 

considering the main parameters at hand and their dispersion. It represent a powerful tool for 

a preliminary but meaningful analysis of concrete gravity dams. 
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Abstract. The seismic damages of reinforced concrete bridges in recent events show that many of 

them have an inadequate behavior and safety. Therefore, is important to accurately define bridge 

safety assessment and hence evaluate the accuracy of the analytical methodologies for seismic 

response of bridges. The main objective of this paper is to present several options for structural 

simulation with different complexities in order to assess the seismic response of bridges and then use 

the results for the safety assessment with probabilistic approaches. The numerical simulations are 

carried out using three different methodologies: (i) plastic hinge model, (ii) fiber model and (iii) 

damage model. Seismic response of bridges is based on a simplified plane model, with easy practical 

application and involving reduced calculation efforts while maintaining adequate accuracy. The 

evaluation of seismic vulnerability is carried out through the failure probability quantification 

involving a non-linear transformation of the seismic action in its structural effects. The applicability of 

the proposed methodologies is then illustrated in the seismic analysis of two reinforced concrete 

bridges, involving a series of experimental tests and numerical analysis, providing an excellent set of 

results for comparison and global calibration. 
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1 INTRODUCTION 

In the evaluation of the seismic vulnerability of bridges, considering their non-linear 

behavior (a necessary consideration when a realistic analysis of the seismic response is 

intended) could involve enormous computing resources and corresponding calculation efforts. 

On the other hand, the development of research studies in this field has enabled a better 

understanding of their behavior, and the availability of numerical and experimental results 

allows the possibility of the calibration of simplified procedures.  

However very high refined models could be adopted, involving a 3D space modelling and 

the spread of the plasticity along the member length as well as across the section area, in this 

work a substantial more simplified model (without losing accuracy) is also explored. This 

simplicity is evidenced by a much lower number of parameters involved and an enormous 

lesser computing time – about 50 times less when compared with a more refined model. 

Therefore, the adoption of such simplified model shows the great advantage, from the 

practical use point of view, when a large number of analysis is needed, as is the case of 

vulnerability analysis.  

Several examples of numerical modeling can be mentioned, in particular, the fiber model 

[1-3], the continuous damage model developed by Faria et al. [4], the model of compression 

field theory modified [5], plastic hinge type models Takeda [6] and models based on 

distributed flexibility [7]. Some other numerical studies focusing on pier finite element 

modelling can also be found in the literature [8-10], which addressed the simulation of 3D 

pier behavior by considering several models ranging from elasto-plastic to microplane 

formulations for solid section piers. An approach based on a fracture-plastic model was also 

proposed and used for 3D numerical modelling of hollow piers in a more recent work [11,12], 

which discusses issues related with concrete confinement.  

 

2 METHODOLOGIES FOR NON-LINEAR ANALYSIS 

For the numerical simulations of bridge elements three main different methodologies were 

used. The plastic hinge model have adopted a simplified structural modelling with 2D 

characteristics and the non-linear behavior lumped in the elements extremities (plastic hinges). 

The fiber model considered a finite element mesh with non-linear behavior spread along the 

elements and cross sections. The more complex and detailed numerical model used in this 

work is the damage model, which is based on refined finite element meshes and the non-linear 

behavior considered in the constitutive laws defined for both concrete and steel materials.  

2.1 Plastic Hinge Model 

In order to obtain moderate calculation efforts, a structural modelling with plane bar 

elements could be adopted, where the elastic or inelastic behavior is carried out through an 

elastic central zone and two extreme zones with plastic characteristics. Thus, the non-linear 

material behavior of the bar elements are concentrated on its extremities, since those are the 

critical zones where cracking occurs, being developed in a short extension, generally not 

exceeding the cross section height. 

For the dynamic analysis of the bridge in the perpendicular direction of the deck axis 

(transverse direction), a simplified structural model is proposed. Such a model accurately 

simulates tri-dimensional behavior through a bi-dimensional analysis [13], when the bridge is 

nearly straight, as is the case. Taking into account that the main behavior of the bridge, for 

transverse direction actions, is dictated by bending moments on the deck and axial forces and 

bending moments on the piers, and that there is no significant interaction between torsional 
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effects on the deck and bending moments on piers, it could be concluded that, for obtaining 

the bridge response for transverse actions, the coupling between deck and piers could be made 

only by imposing the same transverse displacement at the points where the deck and the piers 

are linked. Therefore, with the model illustrated in Figure 1 it is possible to simulate, in a 2-D 

domain, the links between piers and deck through ties that insure compatibility of 

displacements, allowing independent rotations. The piers are oriented to have their larger 

dimension in the plane direction and an axial load equal to the vertical action of the deck must 

be considered. This plane model is extremely economic in terms of calculation effort, 

especially when non-linear effects must be considered, but it allows the main aspects of the 

structural behavior of the bridge for horizontal actions in the transverse direction of the deck 

axis to be captured in an accurate way. As mentioned above, only the eventual torsion 

stiffness of the deck mobilized with the rotation of the top extremity of the piers is not 

included. 

 

Figure 1: Bridge structural modelling. 

 

To characterize the plastic hinges behavior, a global non-linear model for the sections must 

be considered. Thus, the moment-curvature loops used in the idealization of the reinforced 

concrete are obtained by a modified Takeda model [6, 14, 15]. The characterization of these 

moment-curvature relationships is based on the initial cracking of the concrete and the 

yielding of the reinforcement that could be obtained from the monotonic material behavior of 

the reinforced concrete element. Therefore, the laws of monotonic material behavior cloud be 

numerically established through a procedure based on a cross section fiber model [16], 

knowing the geometric characteristics of the piers sections, reinforcement dimensions and 

location, and material characteristics. For the materials behavior several models are available 

for concrete and steel. An example of possible model that could be adopted for concrete is the 
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Kent-Park [17], which have in consideration the confined and unconfined properties for 

monotonic and cyclic behavior. This cross section fiber model also allows the separation of 

confined and unconfined concrete regions. As for the steel model, the widely used Giuffrè-

Menegotto-Pinto model [18] could be adopted, where the Bauschinger effect is considered in 

the cyclic behavior. The definition of the cyclic stress-strain response can be evaluated 

through the monotonic stress-strain curve of the structural element, associated with adequate 

rules that control the response evolution, in load-unload cycles, load inversion and the 

pinching effect, [6, 15]. The moment-curvature curve (m-), obtained with this procedure, is 

used to simulate the non-linear behavior and the hysteretic dissipation of energy for the 

structural seismic response analysis, including the stiffness degradation in the unload case and 

the pinching effect in the load inversion, essential aspects in the seismic behavior of structures.  

 

2.2 Fiber Model  

Fibers models are usually supported by a finite element discretization and based on a 

modeling section fibers (for concrete and steel fibers), where the non-linear behavior is 

distributed along the element length and cross-sectional area. Several models have been 

developed and suggested in the past [2, 3, 16]. Such type of numerical models are carried out 

with a three-dimensional structural modeling based on finite elements, where the structure is 

divided into 3D bar elements which are then divided into longitudinal fibers. Therefore, these 

fibers constitute a mesh at the level of their cross-sections, with no forces interaction between 

the fibers, i.e. each fiber mobilizes only the force corresponding to the cross section position 

and material properties. For the distribution of the nonlinearity along the length of the 

structural elements, a formulation based on its global deformations is performed. The 

numerical integration of this formulation is carried out at the level of Gauss points of each 

element. Thus, the behavior of spatial structures subject to static or dynamic loads can be 

carried out through analyzes that consider the local (beam-column effect) and global (effect of 

large displacements / rotations) geometric non linearity, as well as the material plasticity. 

 

2.3 Damage Model 

This numerical tool is supported on refined finite element (FE) meshes, with high 

complexity and detail levels in the constitutive laws defined for both concrete and steel. The 

concrete is simulated with a continuum damage model which is briefly described further on. 

As for the steel, it could be modelled by applying the well-known and widely used Giuffrè-

Menegotto-Pinto model. The continuum damage model used in these applications was 

initially developed by Faria [4, 19] to characterize the non-linear behavior of large-scale 

concrete mass structures and has proven to be a powerful tool [20, 21]. Essentially, this model 

is based on continuum damage mechanics applied to determine a given point stress tensor   

relying on two independent scalar damage variables which account for the non-linearity 

associated with continuous and irreversible concrete degradation. Such a stress tensor is 

defined by: 

       dd 11      (1) 

where 
d and 

d  are, respectively, the tensile and compressive scalar damage variables, 

whereas 


  and 


  are the corresponding principal tensile and compressive effective stress 

tensors as defined in Faria and Oliver [19]. The damage variables are controlled by evolution 
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laws related to material properties 


0r and


0r  (whose initial values are associated with uniaxial 

tensile and compressive concrete strengths which can be experimentally obtained) and 

expressed as follows: 
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where 


 and 


 are equivalent stress quantities derived from the components of tensors 


  and 


 , respectively. The A+, A- and B- parameters must be finely adjusted so that the 

expected uniaxial tensile and compressive responses can be suitably simulated by the model. 

The numerical analyses in this work were based on 3D solid FE modelling which, in 

particular, aimed to realistically simulate the main phenomena associated with shear, with 

special emphasis on the well-known shear lag effect that is characteristic of I or T shape 

sections as well as hollow-section elements. Even so, this 3D modelling strategy does not 

make it possible to directly and totally simulate the confining effects provided by stirrups, 

particularly concerning the effect of the increased concrete deformation capacity. As such, a 

complementary strategy was adopted, which consists on conveying these confining effects on 

the uniaxial compressive curve that is used for defining the A+, A- and B parameters. In this 

work, both the “confined” and “unconfined” compressive characterization curves are defined 

according to the proposal by Kent and Park [17], later modified by Park [22]. This strategy is 

essentially the same as the one used in previous works [20, 21, 23], which was found to yield 

good results in similar simulation studies. 

 

3 SEISMIC SAFETY ASSESSMENT 

Nowadays, several methodologies to assess the seismic safety of structures have being 

used, since the more complex and general to the more simples and easy to apply. These last 

ones involve usually more assumptions and simplifications in opposition with the more 

general methodologies that tries to reproduce the reality as close as possible. 

One safety assessment methodology wherein proposed, that correspond to a quite general 

procedure, can be used for any probability distribution of the seismic action and 

correspondent vulnerability functions with the desired polynomial approximation (including 

high order polynomial functions), as well as any probability distribution of the capacity. 

Although the origins of this methodology go back to the beginning of the 1980s [15, 24, 25], 

it continues to be developed and used for the calculation of seismic risk for a chosen 

confidence level. In addition, results obtained by this method may provide an excellent 

support for calibration of other methods involving simplifying assumptions. The fact that this 

methodology represents a more general approach for seismic risk assessment may imply a 

larger number of structural analyses. 

In order to evaluate the structural safety with the proposed methodology, it is necessary to 

calculate the probability of collapse, given by the convolution of the probability distribution 

of demand with the probability distribution of capacity, [15]. To obtain the demand 

probability distribution it is necessary to know the probability distribution of the seismic 
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action and define the so called vulnerability curve, a non-linear function that relates the 

seismic action with the action effect. Therefore, to establish the vulnerability curve, a seismic 

response of the bridge for increasing seismic intensities must be computed and, for each 

intensity level, the maximum response value obtained. This curve relates the seismic 

magnitude with the maximum value of the parameter chosen for describing the structural 

response, for example, the maximum ductility demand on the pier base. These values could be 

adopted as the control parameters for the safety evaluation, bearing in mind that in these 

structural elements the higher strains and the greater non-linear incursions are developed 

specially in the zones close to the foundation, which significantly influence the bridge 

behavior. 

Several accelerograms, in order to take into account the stochastic characteristic of 

earthquakes, should be synthesized, by a random manner, matching the response spectra that 

characterize the earthquake ground motion. With these accelerograms, the average values of 

the ductility demanded for each magnitude of seismic action are obtained and polynomial 

functions can be adjusted through this series of points, thus obtaining the vulnerability 

functions of each pier, and, consequently, of the bridge, illustrated with the curve number 3 in 

Figure 2. The intensity of an earthquake could be defined by the peak acceleration value in the 

horizontal direction, a. To a given region, these intensities should be estimated by combining 

i) seismological information expressed by: generation models, distribution of location, 

magnitude and intensity of a past earthquake in the region and ii) geological and geotechnical 

data [24]. The maximum annual values of peak acceleration can be computed using 

generation models based on the magnitude values and source locations observed from past 

earthquakes; magnitudes being transformed into bedrock accelerations by means of 

attenuation formula. The characteristic value of the distribution of peak acceleration, ak, to 50 

years of the structure life time, is equal to the 0.95 fractile (975 years of return period) of the 

annual extreme distribution, a975, as stated by Eq(4).  

  95.0
975

1
1

50









kaF                                                       (4) 

The most important part of the distribution of maximum peak accelerations in 975 years 

can be identified as an extreme type I probability distribution [26, 27]. Thus, the seismic 

action, represented as curve number 1 in Figure 2, can be characterized by the following 

equation, Eq (5): 

    f a y y . exp exp
                                                    (5) 

with  uay    and where  and u are the parameters that characterize the extreme 

distribution. The information that allows the estimation of the variation coefficient of the 

probability distribution of maximum peak acceleration in 975 years is scarce. The value of 0.5 

can be adopted, taking in consideration the research made by Borges and Castanheta [24], to 

the Portuguese territory. In this case, considering the characteristic value of the peak 

acceleration predicted to Lisbon, ak = 219,4cm/s2, that corresponds to a medium seismicity 

zone, the parameters of the extreme distribution  = 22,5E-3 and u = 87.4cm/s2 are obtained.  

A transformation of this action through the vulnerability function is carried out, and the 

action effect in the bridge obtained, more precisely in each of its piers, once the vulnerability 

function for each pier can be defined through the bridge response (curve 3 in Figure 2). Thus 

the probability density function of the action effect, fEA, expressed in demanded ductilities is 
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obtained (curve 4 in Figure 2) and the corresponding probability distribution of maximum 

ductility demand, FEA, is achieved. 

For the capacity characterisation of pier sections - in this case their available ductility - a 

probability density function, fR , was considered (curve 2 in Figure 2). This function could be 

defined through the mean ductility, µd, and its variation coefficient, VC, by means of a 

simulation method, the Latin Hypercubic Sampling, as employed by Delgado et al. [28]. 

Finally, the collapse probability of the bridge is evaluated through the integration of the 

convolution function, Eq (6) and curve number 5 in Figure 2, defined through the probability 

distribution function of the action effect, FEA - expressed in maximum ductilities demanded in 

the bridge - and the capacity probability density function, fR - expressed in available 

ductilities, [24, 25].  

   C F fEA R   1
                                                              (6) 

 

Seismic Action

Action 

Effect

1

4

5

2

3

 

Figure 2: Graphic representation of safety assessment procedure. 

 

4 APPLICATION TO THE TALÜBERGANG WARTH'S BRIDGE 

The first application, corresponds to the Talübergang Warth's bridge, built in the seventies 

in Vienna and designed for a low seismic level, where the comparison and calibration of the 

numerical simulations were carried out. For this purpose, static analysis were performed to the 

bridge piers with imposed displacements on the pier top end. This bridge was the main study 

purpose on the scope of a European project, Vulnerability Assessment of Motorway Bridges 

(VAB). The reinforced concrete Talübergang Warth bridge is located approximately 63 km to 

south of Vienna and it is constituted by a continuous deck, with five central spans of 67m and 

two extreme spans of 62m, supported by piers with rectangular hollow section, pinned in their 

connection to the deck and fully-fixed in the base, where is concentrated the largest seismic 

effects. This bridge is constituted by six piers with heights between 16.9 and 38.9 meters and 

identical rectangular hollow sections in concrete, being the external dimensions of 2.5x6.8m2 
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with the largest dimension in the transverse direction of the deck axis, and with a walls 

thickness of 0.3m along the largest dimension of the section of the pier and 0.5m along the 

smallest. In Figure 3 the geometry of the bridge is illustrated, with the further on adopted 

designation for the piers, and in Table 1 the piers height are presented, measured from the top 

of the foundation to the deck base. 

 

P1(A20)

WIEN GRAZ

62.00 m 62.00 m67.00 m 67.00 m 67.00 m 67.00 m 67.00 m

P2(A30) P3(A40) P4(A50) P5(A60)
P6(A70)

 
 

Deck section properties: 

 Area                                  :  10.02062 m2 

 Prin. moment of inertia Y :  124.3786 m4 

 Prin. moment of inertia Z :  34.77017 m4 

 Torsional constant           :  52.84362 m4 

 

Pier section properties: 

 Area                                 :  5.98 m2 

 Prin. moment of inertia Y :  34.61394 m4 

 Prin. moment of inertia Z :  5.538984 m4 

 Shear ratio Y                   :  3.40178 

 Shear ratio Z                   :  1.736134 

 Torsional constant          :  15.12595 m4 

 

Figure 3: Warth Bridge Geometry. 

Pier P1 (A20) P2 (A30) P3 (A40) P4 (A50) P5 (A60) P6 (A70) 

L (m) 29.8 38.9 37.8 36.0 30.0 16.9 

Table 1: Piers height. 

 

4.1 Non-linear material behavior of the piers sections 

All the piers have the same transverse hollow section in concrete, with the external 

dimensions of 2.5x6.8m2 and the interiors, corresponding to the hollow interior zone, of 

1.9x5.8m2. The piers longitudinal reinforcement is suppressed along its height in three 

regions, but it is distributed evenly in the transverse section. For all the piers the transverse 

reinforcement spacing is 20 cm, constituted by a single rectangular stirrup in each of the four 

walls of the hollow section, with an 8 mm diameter rebar for the current section and a 12 mm 

diameter rebar in a zone of 1m close to the basis of each pier. For all the piers, a 4cm thick 

cover concrete was used.  
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The concrete of the piers bridge is the B400, with a maximum compression tension of 43.0 

MPa and a Young modulus of 33.5 GPa. The concrete confinement depends on the efficiency 

of the stirrups. In this case, very small values are adopted, due to the much reduced 

confinement obtained with the transverse reinforcement, since only the four corners of the 

piers are really confined. The steel is the type TR50 according to the supplied design project, 

and a bilinear curve was adopted, defined through a Young modulus of 200 GPa and a 

yielding tension of 545.0 MPa, being considered that no hardening exists, therefore with a 

horizontal yielding. 

The axial force resulting from the deck and the piers weights are the following: 26460kN 

for the pier P1, 28633kN for the pier P2, 28473kN for the pier P3, 28218kN for the pier P4, 

27353kN for the pier P5 and 24610kN for the pier P6. 

In Figure 4 the moment-curvature curves computed at the base of piers P3 and P6 are 

illustrated, with several structural models. 

 

  

Figure 4: Moment-curvature curves at the base of piers P3 (left) e P6 (right). 

 

Using the cross section fiber model, Biax [16, 29] the moment-curvature curves with dot 

line were obtained, computing the section moment for a given curvature and axial force 

applied to the pier. Based on this curves, tri-linear laws were adjusted for the monotonic 

loading, ruling the piers non-linear behavior in the plastic hinge model (the PNL program). 

For this application the fiber model adopted was the Seismostruct program, where the 

moment-curvature monotonic curve (solid line) at the piers base was obtained through a 

pushover analysis. The concrete first crack and the steel first yielding in the cross section at 

the piers base were also computed with the analytical equations programmed (TRIL), 

developed by Arêde [30] and illustrated (in Figure 4) with square points. 

As it can be seen, the curves obtained with the cross section fiber model (Biax) and with 

the fiber model (Seismostruct) are reasonably close, but the ultimate moment value is higher 

in the Seismostruct program. For the plastic hinges model (PNL), these monotonic laws are 

the basis for the characterization of the piers cyclic behavior, involving alterations to their 

initial characteristics, caused by the cyclic loads, simulating the strength and stiffness 

degradation, as well as the pinching effect. 
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4.2 Pier response to imposed top displacements 

The analysis of the piers for cyclic loads is presented, corresponding to a horizontal 

displacement law applied to their top extremities, and considering an independent operation in 

each of them. The displacement is applied in the free extremity of the pier (P3 e P6) and in the 

largest transverse direction, therefore, in the perpendicular direction of the deck axis. The 

displacement time history imposed on the piers, corresponds to the application of twelve 

semi-cycles with 4 levels of growing intensity. For pier P3, the intensity levels correspond to 

0.08m, 0.18m, 0.35m and 0.62 and, for pier P6, the intensity levels correspond to 0.02m, 

0.07m, 0.14m and 0.25. 

These experimental cyclic tests were carried out at Ispra laboratory, Italy, giving a good 

basis for comparing the results obtained by the different numerical models. It was also 

possible to compare the results with a damage model carried out by Vila Pouca [20], as 

referred before one much more refined (and accurate) methodology based on finite elements. 

Figure 5 illustrated the force-displacement relationships obtained experimentally and 

numerically (PNL, Seismostruct and Damage Model) on the top of the piers, due to the 

displacement time history imposed on the piers. The force values and the dissipated energy of 

these numerical results are very close to the experimental results of Ispra [31, 32], showing 

the good performance of the numerical model used for simulating the inelastic behavior of the 

piers under cyclic loads. 
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Figure 5: Force-displacement curves. 

 

5 APPLICATION TO THE PREC8 BRIDGE 

This second application, corresponds to one reinforced concrete bridge experimentally 

studied at the Joint Research Centre, in Ispra, in the scope of the PREC8 (Prenormative 

Research in support of EuroCode 8), on which several studies are known. The methodologies 

for numerical simulation of bridges were applied in order to study its possibilities and the 

ability to assess the seismic behavior of reinforced concrete structures. In addition, the bridge 

seismic risk assessment, involving a larger number of structural analyses, was also performed. 

This bridge is a reinforced concrete bridge experimentally studied at the Joint Research 

Centre, in Ispra, in the scope of the PREC8 (Prenormative Research in support of EuroCode 

8), subjected to experimental and numerical studies, which constitutes an excellent basis for 

the calibration of the proposed models for the seismic safety assessment of bridges. 

Many methods of analysis were used to this bridge but as it is stated in the report n.º 4, 

November 1996, ECOEST/PREC8 (G.M Calvi and P. E. Pinto) there is an acute need of 

analytical tools for non-linear dynamics analysis which are simple and economical to use and 

provide answers of acceptable levels of accuracy. Therefore, this application is an effort to 

contribute for the development of analytical tools. 

The experimental studies [2] were accomplished on a reduced scale model of this bridge, 

represented in Figure 6, whose geometric characteristics correspond to a deck with four spans 

of 20m each and three piers of hollow section, 5.6, 2.8 and 8.4m in height, fully-fixed in the 

base and pinned in their connection to the deck. 
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Figure 6: Scaled bridge geometry. 

 

5.1 Non-linear material behavior of the piers sections 

The bridge was designed for a peak ground acceleration of 0.35g (343cm/s2) in medium 

soil condition (soil type B) and applying the EC8 provisions. The longitudinal reinforcement 

of the tall and medium piers is 7680mm2 (1.15%) and of the short pier, 3330mm2 (0.5%), 

being the current spacing of the transverse reinforcement of 80mm. In the first 1.5m next to 

the pier base, the confinement is better, once the spacing between stirrups is smaller, being 

60mm to the tall and medium piers and 50mm to the short pier. In the model the same 

reinforcement cover of 8mm was used for all the piers. Figure 7 illustrates the localization and 

the section diameters of the longitudinal reinforcement, as well as the transverse 

reinforcement details, with close stirrups assembling steel bars alternatively. 
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Figure 7: Piers reinforcement. 

 

In agreement with the supplied project details, the bridge piers concrete presents a 

maximum stress compression of 39.0 MPa and a Young modulus of 25 GPa. The confinement 

depends on the efficiency of the stirrups in the concrete jacketing, adopting for this case a 

confinement coefficient corresponding to a transverse reinforcement rate of v = 0.00555 [33]. 

For the steel a bilinear curve was adopted, defined through a Young modulus of 206 GPa 

and a yielding tension of 500.0 MPa, considering that no hardening exists, therefore with a 

horizontal yielding. 

The moment-curvature curves were obtained by using the abovementioned cross section 

fiber model and, for a given curvature and the axial strain of the piers, the corresponding 

moment was evaluated. The axial strain in the piers was considered equal to 1700kN. Based 

on these curves, tri-linear laws were adjusted for a monotonic loading that simulates the non-

linear behavior of the piers. These laws are the basis for the cyclic behavior definition of the 

piers, involving alterations to their initial characteristics, caused by the cyclic loads, 

simulating the strength and stiffness degradation, as well as the pinching effect [6]. 

 

5.2 Pier response to imposed top displacements 

The analysis of the piers for cyclic loads is presented, corresponding to a horizontal 

displacement law applied to their top extremities, and considering an independent operation in 

each of them. The displacement application was accomplished in the free extremity of the pier 

and in the largest transverse direction, therefore, in the perpendicular direction of the deck 

axis. 

In order to simulate the isolated behavior of each pier, the structural modelling was carried 

out only considering a vertical bar, composed by a central zone with linear and elastic 

behavior, and two zones in the bar extremities with inelastic behavior - the plastic hinges, 

where the non-linear behavior of the pier is concentrated. It was considered 0.8m for the 

length of the plastic hinge (lp), about half of the cross section height of the pier [33]. 

The displacement time history imposed on the piers top corresponds to the application of 

twelve semi-cycles of growing intensity. 
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Figure 8 represents the force-displacement relationships obtained numerically on the top of 

the tall and short piers, due to the displacement time history imposed on the piers. The force 

values and the dissipated energy of these numerical results are very close to the experimental 

results of Ispra [2], showing the good performance of the numerical model used for simulating 

the inelastic behavior of the piers under cyclic loads. 

 

Figure 8: Force-displacement curves for the tall pier (left) and short pier (right).  

 

5.3 Seismic response 

For the dynamic and non-linear analysis of the bridge several accelerograms should be 

used to take into account the stochastic characteristic of earthquakes, but in this application 

only the generated artificial accelerogram compatible with the response spectrum of the EC8, 

and used in Ispra [2], was considered. The numerical analysis was performed on the reduced 

scale model of the bridge (Figure 6), with a scale factor of 2.5, and so the peak acceleration 

and duration of the accelerogram were, respectively, multiplied and divided by this factor, 

obtaining 0.875g and 4s. 

The discretization of the structure was made with 22 elements, the deck comprising 16 

elements and the connecting ties and piers six elements. The deck bars and the connecting ties 

have elastic linear behavior, while the piers are made up of bars with plastic hinges, 0.8m 

long, at their extremities. Hence, the non-linear behavior of the structure is concentrated on 

the piers, more precisely at their plastic hinges close to the foundation, an acceptable 

assumption, since those will be the zones of the structure with greater strength during seismic 

action. 

Due to the hysteretic material behavior when subjected to cyclic loadings, the hinges carry 

the main responsibility for energy dissipation in the structure, so a null structural damping 

was considered, only bearing in mind the hysteretic mechanism with regard to energy 

dissipation. 

Figure 9 illustrates the comparison of the medium, short and tall piers top displacement 

response obtained numerically with the plastic hinge model (black curve) with the ones 

obtained in Ispra, by Guedes [2], which corresponds to the numerical analyses with a fiber 

model (grey curve with the label: Numerical MG) and the experimental results (black dashed 

curve). 
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c) Tall pier 

Figure 9: Seismic response of the piers. 

 

The seismic response obtained for the three piers is reasonably close with the experimental 

results, as much in frequency as in maximum values, thus demonstrating a satisfactory 

behavior. As it could also be seen, the solution obtained with the plastic hinge numerical 

approach has, in general, values a little bit lower than the experimental ones meanwhile the 

solution obtained by Guedes (referred as Numerical MG) has values a little bit greater. This 

illustrates the sensibility of the numerical non-linear dynamic analysis to the material 

parameters used when comparative analysis with experimental tests is made. In this 

application the problem is even greater because the boundary conditions could cause lower 

displacements in the numerical analysis, once in laboratory testing it is not possible to 

completely restrict the displacements at the piers base, especially the base rotation, as it was 

done in the present analysis where zero displacements were prescribed. 

Furthermore, during the experimental campaign a local deformation on the foundation 

connection with the pier was observed (Report EUR 16358 by Guedes and Pinto [34]). The 

numerical analysis carried out by Guedes has considered an additional elastic element 

between the pier and the foundation (with a support hinge at top of this element) to simulate 

the rotational deformation (without horizontal displacement) and accurately reproduce the 

experimental tests. The same strategy was performed in the plastic hinge model, using elastic 

characteristics for the additional elements in a way that the elastic stiffness of the piers 

become similar to the experimental conditions. The length of these additional elements was 

859



Pedro Delgado, António Arêde, Nelson Vila Pouca and Aníbal Costa 

0.025m and the Young modulus was: 0.13 GPa for medium pier, 0.04 GPa for short pier and 

0.10 GPa for tall pier. 

As expected, the short pier has the more significant non-linear behavior and, conversely, 

the tall one has the lesser non-linear behavior, being the closest to the experimental result. 
 

5.4 Safety assessment 

In the Portuguese code, to obtain the design value of the peak acceleration the 

characteristic value must be multiplied by a safety factor of 1.5, therefore the design 

earthquake and the extreme probability distribution of the action are referred to the same 

acceleration, about 0.35g, once the safety analysis was carried out in the full scale bridge 

(prototype). 

In order to obtain the vulnerability curves of the piers, different intensities of the referred 

earthquake were increasingly applied to the bridge. Therefore, from each peak acceleration 

value the corresponding moment-curvature result was obtained, allowing the evaluation of the 

maximum ductility demanded at the piers base, the values adopted as the control parameters 

to evaluate the safety assessment of the piers. 

Using the least-squares method, polynomial functions of 2nd order were adjusted through a 

series of points of the demanded ductilities for each level of seismic action, obtaining 

relationships between action and action effects that characterize the vulnerability functions of 

each pier, as represented in Figure 10. 
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Figure 10: Vulnerability functions of the piers. 

 

To quantify the collapse probability of the bridge, a sensitive analysis was carried out with 

different values for the characterization of the piers strength function - referred before in 

Figure 2 as curve number 2. In Table 2 the collapse probability values for each pier are 

referred to, given that the strength density function is defined by a normal distribution 

function with mean ductility values of 4, 8 and 12, and variation coefficient values of 0.05 and 

0.20. 
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Pier 
VC = 0.05 VC = 0.20 

µd = 4 µd = 8 µd = 12 µd = 4 µd = 8 µd = 12 

Short 0.0002689 0.0000462 0.0000093 0.0060939 0.0015345 0.0004698 

Medium 0.0000003 0.0000000 0.0000000 0.0000213 0.0000023 0.0000016 

Tall 0.0000000 0.0000000 0.0000000 0.0000011 0.0000005 0.0000006 

 

Table 2: Collapse Probabilities. 

 

As expected, observing at Table 2, the greater collapse probabilities occur consistently in 

the short pier (which correspond the more severe vulnerability functions), for any pair of 

mean ductility and variation coefficient values, being the one that controls the safety of the 

bridge. It is also possible to verify that the collapse probability increase for lower values of 

mean ductility and greater values of variation coefficient. The safety evaluation therefore 

shows that only for large available ductility and low variation coefficients values the bridge 

presents a collapse probability close to a reasonable limit (10-5). 

These values of collapse probability were computed considering that a flexural failure 

mechanism has occurred before the shear strength reaches the capacity value and, therefore, 

no brittle failure in shear was achieved in any pier. The experimental tests at Ispra have 

showed that the collapse mechanism was achieved with a horizontal crack at the base of the 

short pier, with the failure of the reinforcement bar in tension. To prove that, the shear 

capacity in the plastic hinges of the piers was computed, using the equations of Priestley et al. 

[35] and assuming high ductility: Medium pier – 1185kN; Short pier – 1375kN and Tall pier – 

1115kN. These values were not achieved in the piers base (plastic hinge) when the plastic 

moment capacity was reached. 
 

6 CONCLUSIONS  

In this work several numerical models were suggested for the cyclic and seismic responses 

of RC bridges, involving different approaches for the consideration of the structural modeling 

(plane or tri-dimensional behavior of the bridge) and for the simulation of the non-linear 

behavior. One methodology for seismic safety assessment of bridges, involving the evaluation 

of its failure probability, was also presented. 

Two applications were carried out with the proposed methodologies, which shows good 

accuracy for the structural assessment analyses of bridges subjected to cyclic and seismic 

loading confirmed by the excellent comparison of the obtained results with experimental 

responses. For calibration of the methodologies, the first application was mainly focus on the 

bridge piers static and cyclic analysis, of which several experimental and numerical results are 

known, allowing the comparison of results and evidencing the potentiality of the numerical 

models. The comparison of different approaches for the monotonic response of the cross 

section moment-curvature was performed, with quite good comparison of results. For cyclic 

response of the piers, with imposed top displacements, several numerical model simulations 

were carried out, allowing to conclude that all responses were satisfactorily close to the 

experimental tests. 

An irregular bridge was used for seismic analysis, with numerical simulations performed 

with plastic hinge model and fiber model. The numerical responses obtained compares quite 

well with the experimental results, both in the maximum displacement values and the 

frequencies. This models also allows the seismic response of the bridge to be obtained in a 
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realistic way, with reduced calculation efforts and a reasonable simplicity, which is a 

necessary condition for studies of risk assessment where a great number of analyses are 

required. Taking pier ductility as the control parameter, the seismic vulnerability of the bridge 

was evaluated, for different values of mean ductilities and variation coefficient of the strength 

distribution function. The safety evaluation performed provided the conclusion that the bridge 

only presents a collapse probability below an acceptable level for µd = 12 and VC = 0.05, 

demonstrating the total inability of this irregular bridge in dealing with earthquake loadings. 
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Abstract. The main purposes of this work it to present an experimental campaign of different 
strengthening strategies of RC columns, and evaluating benefits concerning their structural 
behaviour cyclic loading. 9 RC columns were tested, two of them original and the rest composed 
by strengthened columns by CFRP and steel plates jacketing. The aim is, therefore, to contrib-
ute for developing and calibration a procedure that enables the evaluation of the efficiency of 
the strengthening strategies, their possibilities and application. It was also an objective of this 
work to explore the possibility of use this techniques on the improvement of existing buildings 
performance 
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1   INTRODUCTION 

The seismic behaviour of RC structures is a widely studied theme in the last decades, however 
the experimental response of RC elements under biaxial cyclic bending still very limited  [1, 2]. 
Rodrigues et al. [3-7] tested 17 RC specimens with four types of full-scale rectangular building 
columns tested for different loading histories. The horizontal loading patterns considered were: 
cruciform; diamond; expanding quadrangular; and circular. In this study the comparison of the 
biaxial results is performed with similar columns under uniaxial load. Based on the obtained 
results, it was verified that: i) The initial column stiffness in both directions it is not significantly 
affected by the biaxial load path; ii) when comparing the maximum strength in one specific 
direction of the columns, for each biaxial test against the corresponding uniaxial test, lower 
values were obtained for all biaxial tests than uniaxial ones (the biaxial loading induces a 20-
30% reduction of the columns maximum strength in their weak direction, while reductions from 
8-15% for the stronger direction); iii) the ultimate ductility is significantly reduced in columns 
subjected to biaxial load paths; iv) the strength degradation is practically zero, in the first load-
ing cycles, increasing after displacement ductility demands of about 3. (from the strength deg-
radation analysis, more pronounced strength degradation was observed for biaxial tests when 
compared with corresponding uniaxial tests; v) the biaxial loading can introduce higher energy 
dissipation (circular, rhombus and cruciform load paths) than uniaxial loading, as previously 
recognized by other authors; vi) the viscous damping highly depends on the biaxial load path 
(however the repetition of cycles, for the same maximum displacement level, has practically no 
influence on the equivalent damping). 
The available experimental and numerical information allows us to recognize that RC elements 
under biaxial proved that the effect of biaxial cyclic bending moment is recognized as a very 
important topic for building structures in earthquake prone regions. Is also recognize the needs 
to strengthening of existing buildings. The experimental research work in this field is currently 
very limited and much behind the present knowledge about 1D bending. 
It is known that many buildings, designed with older codes, can be more susceptible to serious 
damage when submitted to earthquake. Older buildings have been design, according to at the 
time the codes, for much lower seismic actions. RC column jacketing is a very effective strength 
technique [8] to increase the strength capacity. To increase the shear strength can be added 
jackets (in steel, concrete, or other types) across the column length. A variety of techniques 
have been subjected to experimental studies [9, 10] in order to evaluate their performances. 
From the analysis of the available experimental work, it was possible to verify that all the 
strengthening techniques improves the bending strength, the stiffness, the ductility and the shear 
capacity. 
To analyze and assess the efficiency of different strategies for the seismic strengthening of RC 
columns, an experimental campaign was performed by the investigation group of Laboratory 
of Earthquake and Structural Engineering (LESE). The experimental campaign and the solu-
tions were based on the previous experience of the research team in the retrofitting of columns 
under uniaxial bending [11]. Full-scale RC columns were tested, in the original undamaged 
state and original undamaged with strengthening interventions according to different techniques. 
This paper presents the results of nine tested specimens, two “as built” columns and seven 
strengthened columns with steel plates and with Carbon Fibre Reinforced Polymers (CFRP) 
plates jacketing.  
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2   EXPERIMENTAL CAMPAIGN 

2.1  Specimens’ description and experimental setup 

Nine rectangular RC columns were constructed with the same geometric characteristic and re-
inforcement detailing, and were cyclically tested for two different loading histories. The col-
umns and cross-section reinforcement detailing are presented in Figure 1. The specimens have 
1.70m height, and are cast in strong concrete foundation blocks (1.30 x 1.30 x 0.50 m3). The 
foundation block has four holes near the corners to fix the specimen to the laboratory strong 
floor. 
With this kind of cantilever model it is assumed that the inflection point of a 3.0m height column 
is located at its mid-height (1.5 m). The same behaviour, special at the base, can be found in a 
column of a typical building when subjected to lateral demands induced by earthquakes. An 
extra 0.20 m height is added for attaching the actuator devices. 
Details of the reinforcement and material properties are summarized and shown in Fig. 1a and 
Table 1. 
The test setup is illustrated in Fig. 1b. The system includes two independent horizontal actuators 
to apply the lateral loads on the column specimens and one vertical actuator to apply the axial 
load. But, because the axial load actuator must remain in the same vertical during the test while 
the column specimen laterally deflects, a sliding device is used (placed between the top-column 
and the actuator), which was built to minimize spurious friction effects. 
 

 
a) 

 
b) 

Figure 1: a) RC column specimen dimensions and reinforcement detailing b) General view of the experimental 
test setup. 

2.2  Loading condition 

 
In order to characterize the response of the strengthened column specimens, several loading 
conditions were considered. Cyclic lateral displacements were imposed at the top of the column 
with steadily increasing displacement levels. The adopted load paths are summarized in Figure 
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2 and for each lateral deformation demand level, three cycles were repeated. The following 
nominal peak displacement levels (in mm) were considered: 3, 5, 10, 4, 12, 15, 7, 20, 25, 30, 
35, 40, 45, 50, 55, 60, 65, 70, 75, 80. 

     
Diagonal - 45o Diamond 

Figure 2: Horizontal displacement paths types. 

For the two “As built” specimens and the rest of the specimens, strengthened with different 
strategies as described next, were adopted to biaxial load the paths indicated in Table 1. 

Table 1: Specimens’ specifications and loading characteristics. 

Specimen Geometry 
[cm x cm] 

fcm 
[MPa] 

fyk 
[MPa] 

Axial 
Load 
[kN] 

Horizontal Displace-
ment path type Strengthening Technique 

PC12-N13 

30 x 50 

14.8 575.6 

300 

Diagonal – 45º 
As Built 

PC12-N14 Diamond 

PC12-N10S 

8.4 573.7 Diamond 

CFRP plates jacketing 

PC12-N11S Steel plates jacketing bonded 
with epoxy resin 

PC12-N12S CFRP plates jacketing 

PC12-N15S 

14.8 575.6 

Diagonal – 45º Steel plates jacketing bonded 
with epoxy resin 

PC12-N16S Diamond Steel plates jacketing bonded 
with epoxy resin 

PC12-N17S Diagonal – 45º CFRP plates jacketing 

PC12-N18S Diamond CFRP plates jacketing 

2.3  Retrofit Techniques 
Seven specimens were strengthened with two different techniques: CFRP plate’s jacket; and 

steel plates (see Table 1) The design and retrofit procedure is based on previous research work 

[12-14].After the construction of all specimens, seven of them were submitted to two different 

strengthening techniques: CFRP plates jacketing and steel plates jacketing. 

 

2.3.1.  CFRP plates jacketing 
 
The total thickness of CFRP jacketing tj = 0.342 mm was obtained for the total repaired zone 

height (500 mm). The total area value along this height (0.342 x 500 = 171 mm2) was divided 

X

Y
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by 3 CFRP plates with 80 mm wide, spaced at 70mm (40mm between the footing and the first 

plate), each one with 6 layers of CFRP sheet thickness of 0.117mm. Figure shows a general 

schematic view of the CFRP plates jacketing for specimens strengthened with this technique 

(Table 1). 

     
Figure 3 - Strengthened column specimen with CFRP plates jacketing. 

 
2.3.2.  Steel plates jacketing 

The plates were placed in four previously defined levels at different distances from the 

footing (125 mm, 225 mm, 325mm and 425 mm). After welding the steel bars in place, the 

voids between the plates and the concrete were filled with injection of two component epoxy 

resin in order to ensure full contact and early efficiency of the external strengthening. Figure 4 

shows the general schematic view of the specimen strengthened with steel plates jacketing. 

  
  

Figure 4 - Strengthened column specimen with steel plates jacketing.  
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The different strengthening techniques and details are described in Table 2. 
 

Table 2 - Specimen's strengthening techniques and details. 

Specimen Strengthening technique Solution details 

PC12-N10S CFRP plates jacketing 
3 CRFP plates, 8cm wide spaced at 7cm, with 4cm of gap to 

the footing and 3 CFRP layers per plate 

P12-CN11S 
Steel plates jacketing bonded 

with epoxy resin 
Steel plates (3x0.5 cm2), simply bonded with epoxy resin, 

 spaced at 12cm with 7 cm of gap to the footing 

PC12-N12S CFRP plates jacketing 
3 CRFP plates, 8cm wide spaced at 7cm, with 4cm of gap to 

the footing and 3 CFRP layers per plate 

PC12-N15S 
Steel plates jacketing bonded 

with epoxy resin 
Steel plates (3x0.5 cm2), simply bonded with epoxy resin, 

 spaced at 12cm with 7 cm of gap to the footing 

PC12-N16S 
Steel plates jacketing bonded 

with epoxy resin 
Steel plates (3x0.5 cm2), simply bonded with epoxy resin, 

 spaced at 12cm with 7 cm of gap to the footing 

PC12-N17S CFRP plates jacketing 
3 CRFP plates, 8cm wide spaced at 7cm, with 4cm of gap to 

the footing and 3 CFRP layers per plate  

PC12-N18S CFRP plates jacketing 
3 CRFP plates, 8cm wide spaced at 7cm, with 4cm of gap to 

the footing and 3 CFRP layers per plate  

3   EXPERIMENTAL RESULTS 
For the study of the efficiency of the strengthening technics applied in the behaviour of RC 
columns, the measured displacement and shear force paths (along the X and Y directions) are 
analyzed: Figure 5 shows the shear-drift results for the “As built” specimens; and in Figure 6 
and 7 the shear-drift diagrams for the columns strengthened with CFRP plates jacketing; and 
steel plates jacketing strengthened columns respectively. In order to help the understanding of 
each strengthening technic increments, the enveloping obtained in the tested ‘as built’ column 
with the same biaxial load path was also included, and a picture  
The analysis of the obtained results can be summarized as follows: 
•   In their enveloping curves the post-yield hardening zone is larger and the softening phase 

tends to start for higher drift demands in strength columns with both technics. This tendency 
is more evident in the tests with the diamond biaxial load path. 

•   The initial column stiffness, in both directions, it is not significantly affected by the 
strengthening technic. 

•   When comparing the maximum strength in one specific direction of the columns, for each 
strengthening technic against the corresponding ‘as built’ column test, higher values were 
obtained for all tests with the diamond load path (increase around 12%). In the tests with 
the diagonal load path the maximum strength is similar in “as built” and strength columns. 

As pointed by Rodrigues et al [15], the columns under biaxial load the post yielding plateau 
tends to be shorter and the softening is more pronounced. With the tested strengthening technics 
was enhanced the behavior of the columns mostly given by the; delaying of the strength degra-
dation beginning of, keeping the initial stiffness and, small increasing of the maximum strength 
of the elements.  
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a)  

  
b)  

  
c)  

  
d)  

Figure 5: Shear-drift diagrams for “As built” columns under biaxial load path a) and b) PC12-N13 and c) and d) 
PC12-N14. 
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c)  

  
d)   

  
e)  

  
f)   

     

Figure 6: Shear-drift diagrams for strengthened columns with steel plates jacketing a) and b) PC12-N11S and c) 
and d) PC12-N15S and e) and f) PC12-N16. 
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c)  

  
d)   

  
e)   

  
f)   

  
g)  

  
h)  

Figure 7: Shear-drift diagrams for strengthened columns with CFRP plates jacketing a) and b) PC12-N10S and 
c) and d) PC12-N12S and e) and f) PC12-N17S and g) and h) PC12-N18S. 

CONCLUSIONS 

 

An experimental campaign was carried out on 9 RC columns with: same geometries and rein-
forcement; subjected to similar biaxial horizontal displacement paths; and with equal constant 
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axial load. The study was focus on the influence of different strengthening strategies on the 
behavior of columns under certain load conditions. 

In different strengthening strategies studied and in both directions the initial stiffness it is not 
significantly affected. However, the strengthened columns present higher maximum strength 
capacity of about 12% (in particular in columns under diamond biaxial horizontal load path). 
The strength degradation in the strengthened columns starts for higher levels of drift demand. 
This improvement that different strategies caused on strength degradation is clear and more 
significant for the diamond path. 

The stiffness degradation is significantly reduced in the strengthened columns when compared 
with the original columns tested. Any of the proposed strengthening strategies leads to strong 
concentration of deformation and the concrete degradation at the critical section (base) of the 
specimens reducing significantly the plastic hinge length. 

A large number of questions are still open concerning the influence strengthening technics 
and the influence of the biaxial behavior of RC columns. In the present work, an exploratory 
work is presented giving a preliminary step towards this goal. Even so, the research work re-
ported is expected to contribute towards a better understanding of the biaxial response of RC 
columns and for the calibration of suitable numerical models for the response representation 
of reinforced concrete strengthened columns under biaxial lateral cyclic loading reversals. 
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Abstract. Proper steel model for reinforcing bar incorporating inelastic buckling is essential 

for precise seismic analysis of reinforced concrete structures. Steel model without considering 

inelastic buckling will obviously overestimate the corresponding stress if the rebar is under 

cyclic loading and the inelastic buckling emerges in compressive loading. In this paper, a 

modified version of the Monti-Nuti steel model that includes the inelastic buckling for rein-

forcing bar is proposed. This modified model considers the effect of the yielding stress on the 

critical slenderness and the behavioral anisotropy in tension and compression of some type of 

stainless steel rebars. A parameter identification is carried out to calibrate the main parame-

ters of the modified model. The identified parameters are robust. The effectiveness of the mod-

ified model is verified comparing the numerical stress-strain curves of carbon steel and 

stainless steel rebar with the experimental ones. 
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1 INTRODUCTION 

There are plenty of existing reinforced concrete (r.c.) structures built more than thirty years 

ago when the effects of the seismic actions on the r.c. structures were not sufficiently consid-

ered. The stirrup spacing in the column of those existing structures exceeds the maximum stir-

rup spacing limit in current seismic design codes. According to the investigations on damaged 

r.c. structures during the severe earthquake, the longitudinal rebars in the column showed lat-

eral deformations due to the unsufficient confinement of the transversal rebar, and this phe-

nomenon is called as inelastic buckling. In order to estimate the seismic performance of 

existing r.c. structures, proper steel rebar model is essential. All the models could be divided 

into three classes: the implicit algebraic model, the explicit algebraic model and the differen-

tial model, and among which the algebraic models are widely used in the numerical analysis 

with the Finite Element Method (FEM). In the implicit model, stress is the independent varia-

ble, and strain is the corresponding dependent variable. (i.e. Ramberg-Osgood [1]). On the 

contrary, in the explicit model, the strain is the independent variable and the stress is the cor-

responding dependent variable. Different explicit models were proposed to describe the be-

havior of the steel rebars. Menegotto and Pinto [2] built up a widely applied model to describe 

the cyclic stress-strain relationship. Filippou, Bertero and Popov [3] put forward one model 

including the isotropic hardening base on the Menegotto-Pinto Model. Monti and Nuti [4] 

proposed the first model which could consider the buckling of the reinforcement based on a 

series of experimental tests on carbon steel rebar. Gomes and Appleton [5] built up one model 

describing the monotonic compressive skeleton curve based on the equilibrium of plastic 

mechanism of a buckled rebar. Dhakal and Maekawa [6] suggested the monotonic skeleton 

curves of reinforcement in tension and compression respectively. Also they presented formu-

las to update the tangent modulus at the reversal points in tension and compression, respec-

tively. Then the parameter b (hardening ratio) in the Menegetto-Pinto model is modified and 

the skeleton curves are applied to describe the stress-strain relationship when the strain ex-

ceeds the attained maximum or minimum strain of previous half cycles. The Gomes-Appleton 

model and Dhakal-Maekawa model have been adopted in OpenSees which was developed by 

Kunnath [7]. Zong [8] proposed the “beam on spring” model which considers the stiffness of 

the confinement from the transverse stirrups. In this paper, the modified Monti-Nuti model 

incorporating the inelastic buckling for steel rebar with or without anisotropy is proposed. 

Through comparing with the experimental stress-strain curves, the effectiveness of this model 

is validated. 

2 ORIGINAL MONTI-NUTI MODEL FOR CARBON STEEL REBAR 

Consisting of four hardening rules, named as kinematic rule, isotropic rule, memory rule 

and saturation rule, the Monti-Nuti steel model was based on a series of experimental obser-

vations. Different rebars specimens (old steel Italian type FeB44k) with yield stress of 450 

MPa, diameter D=16, 20, 24 mm, were tested by monotonic tensile, monotonic compressive and 

cyclic tests applying different deformations histories.  

It is shown that the slenderness ratio L/D (L is the length between two subsequent trans-

versal rebars and D is the rebar diameter) determines the stress-strain relationship. When the 

slenderness ratio L/D=5, the monotonic compressive curve coincides with the monotonic ten-

sile curve. While the monotonic compressive curve diverges from the tensile ones as soon as 

it reaches the yield point when the slenderness ratio value is L/D=11. When the slenderness 

ratio L/D varies between 5 and 11, the compressive curve coincides with the tensile one until 

a given deformation value and then the compressive curve diverges from the tensile one. The 

rules to update the model parameters are described below. 

877



Zhihao ZHOU, Davide LAVAROTE, Camillo NUTI, and Giuseppe Carlo MARANO 

2.1 In absence of buckling 

In absence of buckling, the yielding stress is updated by Eq. (1): 

    1 1 1n n n n

y y p K IMsign P P             (1)  

Where n

K is the Kinematic Rule, n

IM is the Isotropic Rule mixed with Memory Rule. 

The branch after yielding could be defined by the hardening ratio b. Moreover, it is found 

that b varies according to the summation of plastic excursions of previous branches. b is de-

fined by Eq. (2) named as Saturation Rule. 
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2.2 In presence of buckling 

In case of buckling of reinforcement, the yielding stress is updated by Eq. (3).  

    1 1 1n n n n

y y p KM ,b Isign P P             (3) 

Where n

KM ,b is the Kinematic Rule combined with Memory Rule, n

I  is the Isotropic Rule. 

Concerning the tensile branch, b is defined by Eq. (2), while b is defined by Eq. (4) in 

compressive branch, named as Saturation Rule. 
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3 IMPROVEMENT OF ORIGINAL MONTI-NUTI MODEL 

The original Monti-Nuti steel model is updated by the authors to consider the effects of the 

yield stress value on the critical slenderness ratio and the anisotropic behavior of some stain-

less steel types in tension and compression. 

3.1 Effect of yielding stress on critical slenderness 

According to the experiments on the carbon steel rebars with yield stress equal to 450 MPa, 

Monti and Nuti suggested that the critical slenderness ratio (the length between two subse-

quent transversal rebars divided by diameter of the reinforcing bar) is 5. Dhakal [6] demon-

strated that both the yield strength and the slenderness have effect on the critical slenderness 

and proved that the combined parameter L yD f  determines the cyclic behaviors. Through a 

series of numerical experiments, it is illustrated that the rebars with different slenderness ratio 

L D  and different yield strengths could generate the identical cyclic stress-strain curves if the 

combined parameter L yD f  is equal. This conclusion is verified by Zong [8] who built three 

dimensional finite element model of individual reinforcing bar and verified that identical 

stress-strain curves could be obtained for the same value of the combined parameter 

 420 Lyf D  where 420 representing the average yield stress of commonly used steel rebar in 

structure and the unit is MPa. 

Based on the experimental data of Monti and Nuti [4], the slenderness ratio of longitudinal 

rebar should be redefined as  450 Lyf D . If  450 Lyf D  exceeds 5, the buckling of longitu-
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dinal rebar will emerge. It could be concluded that the greater the yield strength, the smaller 

the critical slenderness ratio L D when the buckling turns up. 

3.2 Anisotropy of rebar 

For the stainless steel reinforcing bar produced according to earlier production specifica-

tions, the yield stresses in tension and in compression are different, and this phenomenon is 

named as anisotropy of stainless steel. Tests on the stainless steel rebar specimens AISI304 or 

1.4301 [9] provided by Valbruna Italy, with slenderness ratio equaling 5 and 11, the monoton-

ic tensile and compressive curves are shown in Fig. 1. It could be observed that the yield 

stress in tension is around 800 MPa, but the yield stress in compression is 700 MPa.  

In order to improve the versatility of the model for reinforcing bar with different yield 

stresses in tension and in compression which is different from the original carbon steel rebar, 

three parameters were named as anisotropy coefficient  , critical slenderness coefficient   

and yield stress strengthening coefficient  , defined in Eq. (5). 

 yt ycf f  , yc Yf f  , yt Yf f   (5) 

where 
Yf  is the yield strength of the carbon steel rebar FeB44k tested by Monti and Nuti 

[4], ytf  is the yield strength of stainless steel rebar in tension, ycf is the yield strength in com-

pression. 

For the stainless steel with different yield stresses in tension and in compression, the criti-

cal slenderness should depend on the yield stress in compression because the buckling of rein-

forcement emerges under compressive load. Thus, the combined parameter should be 

modified as L ycD f , where ycf  is the yield stress of the reinforcement in compression. 

 

Fig. 1 Monotonic tests on stainless steel rebar 

4 PARAMETER IDENTIFICATION 

In order to do the parameter identification [10], the fitness function, as generally defined in 

Eq. (6), has the form: 

 

Y
f

Y




 (6) 
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Where Y  represents the difference between the numerical curve and the experimental 

curve and is defined as: 2 2

, ,

1

n

E i N i

i

Y y y


   , and ,E iy  and ,N iy  are the stress on the experi-

mental curve and numerical curve corresponding to the same x  value; Y  is the sum of the 

square of the experimental stresses, and is defined as: 2

E,

1

n

i

i

Y y


 . 

If there are more than one experimental test, define the weight coefficient kw  to decide the 

contribution of each test, thus the fitness function could be defined as: 
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4.1 Framework of parameter identification 

The general flowchart of the parameter identification method is shown in Fig. 2. It summa-

rizes the main steps of the method used in this study by means of a MATLAB script that is 

not described here. 

Start

Initialization of 

parameters in 

numerical model

Generate numerical 

stress-strain curve

Compare with 

experimental curve

OF<|OF|

Or n<Nmax
n=n+1

Generate new values 

of the parameters

Stop

YES

NO
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Fig. 2 General flowchart of parameter identification method 

4.2 Proposed formulas to improve Monti-Nuti model 

The anisotropy of the reinforcing bar results in different curve transitions in tension and in 

compression and then different parameters definitions to describe tensile and compressive 

curve branches. The parameters in the formula related to R  were redefined in Eq. (9). The 

values of parameters 
0R ,

1A  and
2A  are defined by Eqs. (10-14), considering the effects of ani-

sotropy and the yield value. The anisotropy is considered by three parameters: anisotropy co-

efficient  , critical slenderness coefficient   and yield stress strengthening coefficient  . 

The formula for R in the original model is modified: 
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where 
0R  is the initial value of R, defined in Eq. (10); 1

tA , 2

tA  are the coefficients under ten-

sile loading defined in Eq. (11) and 1

cA , 2

cA  are the coefficients under compressive loading de-

fined in Eq. (12), which are related to the mechanical properties of reinforcing bar; in 

presence of buckling 
1

bR  is the lower bound, thus 1

bR R , is defined in Eq. (13). 
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where 
tr  and 

cr  are the coefficients to calculate the initial value of 
0R  for the tensile curve 

and compressive curve respectively. 
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4.3 Robustness of Parameter Identification Method 

The bounds of the parameters and the identified values for the experimental tests are 

shown in table 1 and table 2. 

 XA1 XA2 XA3 XA Mean Standard Deviation 
Difference (%) 
Standard Deviation/ Mean 

1

tA  2.524 2.765 2.473 2.759 2.587 0.127 4.9 

2

tA  0.007 0.020 0.004 0.010 0.010 0.007 67.2 

1

cA  2.949 2.254 2.911 2.403 2.705 0.319 11.8 

2

cA  0.002 0.001 0.012 0.001 0.005 0.005 99.3 

Note: XA means the optimized values for XA1, XA2 and XA3, with L/D=5. 
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Table 1: Results of parameter identification for different experimental tests on rebar with L/D=5 

 

 
XC1 XC2 XC3 XC Mean Standard Deviation 

Difference (%) 
Standard Deviation/ Mean 

1

tA  2.584 2.858 2.985 2.842 2.809 0.167 6.0 

2

tA  0.004 0.003 0.002 0.002 0.003 0.001 27.2 

1

cA  2.509 2.004 2.688 2.429 2.400 0.290 12.1 

2

cA  0.004 0.002 0.009 0.002 0.005 0.003 58.9 

Note: XC means the optimized values for XC1, XC2 and XC3, with L/D=11. 

Table 2: Results of parameter identification for different experimental tests on rebar with L/D=11 

The robustness of the optimized could be observed from table 1 and table 2. 
1

tA  and 
1

cA are 

sensitive to the numerical model, and the identified  values of the parameters vary in a little 

range. But 
2

tA  and 
2

cA  are not sensitive to the model, thus the derivation of values have little 

effect on the numerical results. The column diagram of 
1

tA  and 
1

cA is shown in Fig. 3, the varia-

tions of the parameter
1

tA  and 
1

cA for the stainless steel rebar with different slenderness in dif-

ferent loading cases are small. 

 

Fig. 3 Results of the optimization of the steel model parameters A1t and A1c for rebar with L/D=5 or rebar with 

L/D=11 
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5 VALIDATION OF THE MODIFIES MONTI-NUTI MODEL 

The proposed modified Monti-Nuti model was calibrated and validated by comparisons 

with experimental tests on carbon steel rebars and stainless steel rebars.  

5.1 Steel Model for Carbon steel rebar 

For the carbon steel rebar, the specimen steel type is FeB44k (old Italian steel type), with 

yield stress equaling 450 MPa, diameter 12mm, 16mm and 20mm. For loading cases A1, A2 

and A3, the slenderness L/D=5, which means no buckling occurs during test; while C1, C2 

and C3 with slenderness L/D=11, and the buckling emerges during test. 

 

  

(a) in absence of buckling-A1 (L/D=5) (b) in presence of buckling-C1 (L/D=11) 

Fig. 4 Comparison between numerical and experimental curves for carbon steel rebars with different slender-

ness and the same deformation history 

 

  

(a) in absence of buckling-A2 (L/D=5) (b) in presence of buckling-C2 (L/D=11) 

Fig. 5 Comparison between numerical and experimental curves for carbon steel rebars with different slenderness 

and the same deformation history 
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(a) in absence of buckling-A3 (L/D=5) (b) in presence of buckling-C3 (L/D=11) 

Fig. 6 Comparison between numerical and experimental curves for carbon steel rebars with different slenderness 

and the same deformation history 

From the above comparison in Figs.4, 5 and 6, it is shown that the numerical curves could 

coincide with the experimental curves very well. There are some disagreements if the absolute 

compressive strain exceeds 0.01. However, the real absolute compressive strain of the rebar in 

r.c. structures could not exceed 0.01 due to the confinement of concrete, thus this model is 

still capable to simulate well the cyclic behaviors of rebar. 

5.2 Steel Model for Stainless steel rebar 

The specimen of the stainless steel rebar is AISI304 or 1.4301. The yield stress is equal to 

780Mpa in tension while it is equal to 680 MPa in compression. As for the loading cases XA1, 

XA2 and XA3, the slenderness L/D=5, and the diameter D=12 mm; while for XC1, XC2 and 

XC3, the slenderness L/D=11, and the diameter D=12 mm. 

  

(a) in presence of buckling-XA1 (L/D=5) (b) in presence of buckling-XC1 (L/D=11) 

Fig. 7 Comparison of numerical curves and experimental ones for stainless steel rebars with different slenderness 
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(a) in presence of buckling-XA2 (L/D=5) (b) in presence of buckling-XC2 (L/D=11) 

Fig. 8 Comparison of numerical curves and experimental ones for stainless steel rebars with different slenderness 

 

  

(a) in presence of buckling-XA3 (L/D=5) (b) in presence of buckling-XC3 (L/D=11) 

Fig. 9 Comparison of numerical curves and experimental ones for stainless steel rebars with different slenderness 

 

From the comparisons in Figs. 7, 8 and 9, the effectiveness of the modified model could be 

verified. 

6 CONCLUSIONS 

This paper proposes a modified Monti-Nuti cyclic model including the inelastic buckling 

for the reinforcing bar. The inelastic buckling of the steel rebars has important effects on the 

seismic behavior of the existing r.c. structures with poor seismic details and drop of resistance 

and ductility are observed. Following conclusions are obtained: 

 

 The inelastic buckling occurs when rebar slenderness is greater than the critical one. It is 

important to define the correct value of the critical slenderness. The yield strength has ef-

fects on the critical slenderness value. The proposed modified version of the steel model 

simulates properly the inelastic buckling including a correct estimation of the critical 

slenderness considering also the yield strength of the rebar. 

 Some stainless steel rebar types show an anisotropic behavior in tension and compression 

(i.e. different yielding strength). This behavior is described well in the proposed modified 
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version of the steel model including different parameters for tension and compression 

model branches description in case of cyclic deformation history. 

 The parameter identification method is adopted in this paper to identify properly the 

main parameters of the steel model equations for a better description of the cyclic behav-

ior of the steel on the base of different experimental curves. 

 Through comparing with the experimental stress-strain curves of carbon steel rebars and 

stainless steel rebars, the effectiveness of the modified Monti-Nuti is verified. 
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Abstract. The seismic assessment of structures depends on a large number of aleatory and epis-
temic uncertainties, which are majorly associated to the estimation of the structural demand and 
capacity, both usually featuring considerable dispersion levels, particularly when reinforced con-
crete structures are being assessed. When focusing on bridges, additional complexity may be in-
troduced by the irregular behaviour in the transverse direction. Several procedures may be used 
for the assessment of the seismic safety of bridges, deterministic or probabilistic, and all rely on 
an accurate prediction of the demand, obtained via linear or nonlinear static or dynamic analysis. 
This work employs both static and dynamic analysis methods for demand estimation within a rela-
tively straightforward framework to compute the failure probability of existing bridges. Different 
variables typically considered in a seismic assessment procedure (geometry, material properties, 
earthquake records, intensity level) are statistically characterized, catering for a global simula-
tion process, where each iteration step is associated to an independent structural nonlinear static 
or dynamic analysis. Failure probability is then obtained through different uncertainty models, 
corresponding to the convolution of capacity and demand distributions or the probabilistic analy-
sis of a safety indicator, defined as the difference between capacity and demand at each random 
simulation realisation. A case study of seven bridge configurations, with different (ir)regularity 
levels, is considered together with a relatively large set of real earthquake records. The simula-
tion process is carried out using Latin Hypercube sampling, expected to considerably reduce the 
number of realizations with no reliability loss. Conclusions have allowed the identification of vul-
nerable configurations and shown the differences in considering different uncertainty models. 
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1 INTRODUCTION 
A typical seismic safety assessment procedure involves a set of relevant elements that need 

to be properly defined, until the seismic safety itself is assessed. Such ultimate step may, simi-
larly to all the other safety problem components, feature different approaching scenarios, even 
though it will essentially consist in the comparison of the demand, estimated based on a 
properly selected seismic ground motion input, with the capacity of the structural elements to 
accommodate it, characterised according to the geometry, material properties, nonlinear be-
haviour models, among others. Even though the deterministic approaches are most likely the 
ones that practitioners are most familiarised with, given that it certainly goes along with the 
traditional design practice or structural safety verifications, the research trend of the past dec-
ades is mostly addressing the employment of probabilistic approaches, which tend to gain 
weight, as rationally more consistent, e.g. [1-3]. However, the employment of probabilistic 
procedures for seismic assessment by practitioners is far from being straightforward, which 
gives room to the proposal of relatively simple methodologies that do not require deep math-
ematical formulations but still provide accurate results. Even if simple, any probabilistic pro-
cedure requires a substantial amount of statistical information, in comparison with the 
deterministic ones, to characterise the uncertainty in the structural safety problem. Such in-
formation includes the probabilistic characterisation of seismic hazard, as well as the capacity 
and structural demand.  

For what concerns the seismic demand prediction, even if obviously depending on the 
structural characteristics and on the seismic hazard itself, the main differences tend to be as-
sociated to the nature of the employed analysis approach, either static or dynamic, each com-
prising different concepts and procedures. It is commonly recognised that nonlinear dynamic 
analysis (NDA), which reproduces directly the real phenomenon, will produce more accurate 
results. Nevertheless, several drawbacks may be pointed out when considering dynamic anal-
ysis, particularly related to the employment of ground motion records, to the structural model-
ling (including the reproduction of damping phenomena, the post-elastic behaviour and 
corresponding energy dissipation, during loading and unloading periods), amongst others. In 
addition, attention must also be paid to computational onus, which is well known to be signif-
icant in dynamic analysis. The commonly employed alternative to NDA is nonlinear static 
analysis, based on pushover analysis, which typically has the goal of somewhat enveloping all, 
or at least a considerable part, of the possible dynamic analysis results at each intensity level. 
This kind of outcome is accomplished through the application of an increasing lateral force or 
displacement vector to the structure. Even if inherently limited with respect to its dynamic 
counterpart, nonlinear static analysis constitutes nonetheless a very valuable tool within the 
framework of performance-based seismic assessment of structures, since it readily provides 
important insight into the main characteristics of the response of the latter when subjected to 
horizontal excitation. Consequently, in the last decade or so considerable effort has been 
placed in the development of credible, yet relatively simple, pushover-based methodologies, 
an effort that lead to the introduction of the so-called Nonlinear Static Procedures (NSP) in a 
number of guideline documents, such as ATC-40 [4, 5] and FEMA-273 [6], or design codes, 
such as Eurocode 8 [7, 8]. The main drawback of the pushover-based approaches is noticeably 
the level of simplification, given that one assumes that the structural behaviour obtained from 
horizontal pseudo-static loading is somehow equivalent to its dynamic counterpart. Although 
these have focused mainly on the application to seismic assessment of buildings, rather than 
bridges, recent studies, listed in the subsequent Section, have been made to explicitly verify 
the application of NSPs to individual and populations of bridge structures. However, these 
studies have been directed mainly at the direct validation of the nonlinear static procedures in 
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predicting the seismic demand and hence there is still a need for assessing the performance of 
such procedures within the scope of probabilistic safety assessment. 

In light of the above, this paper presents two different methodologies for the seismic safety 
assessment of structures, applied to bridges, which foresee the computation of the failure 
probability, through a relatively straightforward process, which can be used in current practice 
for seismic design or assessment purposes, without significant onus. In order to accomplish so, 
as well as to duly incorporate the uncertainty associated to all the considered variables of the 
safety problem, both capacity and demand are statistically characterised by means of assumed 
and/or adjusted distributions. Such statistical definition is carried out by obtaining, when nec-
essary, random samples making use of the Latin Hypercube sampling (LHS) technique. 
Roughly, the safety assessment of a single structural system could be carried out through the 
statistical characterisation of a safety indictor, given by multiple, aleatory deterministic differ-
ences between the capacity and the demand, or a failure probability obtained from the inde-
pendent statistical characterisation of the variables that are part of the process. Therefore, 
essentially, the difference between the two proposed methodologies lies on the way of dealing 
with the uncertainty of the different variables, which yield distinct failure probabilities. The 
distinction is established between accounting for uncertainty locally or globally. Both ap-
proaches are tested for a case study of seven bridge configurations, featuring different deck 
lengths and regularity levels. A companion paper addresses the relative accuracy of different 
nonlinear analyses (static and dynamic) in estimating the seismic demand within probabilistic 
framework, such as the ones herein proposed. This study also addresses the performance of a 
commonly employed nonlinear static procedure, within such probabilistic framework, with 
respect to the nonlinear dynamic counterpart, including the use of different versions of the 
static analysis, corresponding to different types of pushover load distributions. The parametric 
comparison of the static and dynamic approaches is then carried out. 

2 SAFETY ASSESSMENT 

The safety assessment herein carried out for RC bridges consists essentially of the proba-
bilistic comparison between the demand, properly characterized through the probability densi-
ty function of the structural effects, with the structural capacity, statistically defined in terms 
of parameters such as the geometry of the sections, properties and models of nonlinear behav-
iour of materials, among others. The statistical models of demand and capacity are then com-
bined to obtain the failure probability according to two different models – local and global 
uncertainty – described ahead.   

2.1 Nonlinear Static Demand 

Nonlinear Static Procedures (NSP) are nowadays extensively spread within the earthquake 
engineering community to rapidly estimate the nonlinear demand, mainly due to its simplicity 
and potentially easy application when assessing a large number of structures. Although these 
methods were initially thought having the application to buildings in mind, some very recent 
endeavours have dealt with the application to bridges of this kind of procedures (e.g. [9-13]). 
These methods are essentially based on the computation of the pushover curve, a representa-
tion of the nonlinear force-deformation behaviour of the structure and with the use of appro-
priate transformation relationships, the capacity curve of the single-degree-of-freedom (SDOF) 
system equivalent to the original multi-degree-of-freedom (MDOF) structure may be obtained. 
At this point the main differences between the proposed methods arise, such as the contempla-
tion or not and choice for a reference node, the way of reducing the demand spectrum so as to 
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account for the hysteretic energy dissipation, the consideration of higher modes of vibration, 
on the way to determine the displacement demand for a given ground motion.  

There are many available procedures to carry out nonlinear static analysis, ranging from 
truly simplified methods, based on coefficients, to others, more complex, including nonlinear 
and modal effects. A first group of proposed NSPs corresponds to the earliest attempts to pro-
pose a static method that would quickly lead to accurate results and includes the pioneering 
Capacity Spectrum Method (CSM), introduced by Freeman [14] and implemented in ATC-40 
guidelines, and N2 method [15] included in the recommended simplified procedures of the 
European Design Code [8]. Recently, an improved version of the CSM has been presented in 
FEMA-440 guidelines [5], mainly consisting of the update of the prescribed empirical rela-
tions to determine both the equivalent viscous damping and spectral reduction factor. Later, 
the Displacement Coefficient Method [6] has been proposed within the NEHRP Guidelines 
for the Seismic Rehabilitation of Buildings. An additional group of procedures includes more 
recent approaches to nonlinear static analysis, such as the Modal Pushover Analysis (MPA) 
[16, 17], the Adaptive Modal combination Procedure (AMCP), by Kalkan and Kunnath [18] 
and later adapted to bridges by Shakeri et al. [19], or the Adaptive Capacity Spectrum Method 
(ACSM), developed by Casarotti and Pinho [20] and optimized by Monteiro et al. [21] also 
for building frames. All of them come up with improvements, mainly the inclusion of higher 
modes contribution or, as in the ACSM, an alternative way of addressing the reference node 
issue.  

Recent studies [11, 22] have addressed the validation of different NSPs in estimating the 
seismic response of single or populations of bridges and the conclusions tend to point out to 
N2 and ACSM or modified MPA as the most accurate nonlinear static procedures. Moreover, 
the increased accurateness when using improved methods (ACSM, MPA) did not seem par-
ticularly advantageous when compared to the employment of N2, numerically less onerous. 
Similar findings were observed for RC building frames in a study by Pinho et al. [23]. Based 
on such, the N2 method was selected herein to test the use of nonlinear static analysis in the 
probabilistic seismic safety assessment of bridges. In addition, adaptive pushover analysis, 
which does not require the definition of a reference node, was included in the comparison. 

2.2 N2 Method 

The N2 method was proposed by Fajfar and Fischinger [15], and features the use of pusho-
ver analysis of a MDOF model combined with the inelastic response spectrum analysis of its 
equivalent SDOF system. Its implementation in the bridges chapter of Eurocode 8 foresees 
the computation of at least two pushover curves; one derived with a loading vector shape fac-
tor that is uniform along the deck and another where the first mode proportional shape is used 
instead. Two different loading possibilities have been considered in the application of the N2 
method: uniform load distribution and first mode load distribution. Because of the method’s 
reference node dependency, each of these modalities was carried out considering the reference 
node as both the deck’s centre of mass or the maximum modal displacement. 

2.3 Latin Hypercube sampling 
Safety assessment based on reliability calculations will involve repetitive simulation of 

several variables representing structural modelling parameters, which may become, for com-
plex finite element models, quite time-consuming and demanding in terms of computational 
onus. In order to overcome such drawback, advanced simulation techniques have been pro-
posed on the basis of relatively simple integrated modifications in the existing general proce-
dures. The Latin Hypercube sampling (LHS) simulation scheme [24, 25] is one of such 
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examples and can be seen as a particular case of the standard Monte Carlo (SMC) numerical 
simulation, requiring a smaller number of runs, tens to hundreds, to achieve an accurate ran-
dom distribution. Such key features are accomplished by means of the stratification of the 
theoretical probability distribution function of input random variables. The method is not re-
stricted to the estimation of statistical parameters of structural response but offers a quite 
broad usage domain that goes from sensitivity analysis to Bayesian updating, among other 
possibilities. The use of LHS as a valid sampling technique and is becoming widely employed 
in structural analysis of bridges [26-30].  

2.4 Failure probability 
The probabilistic methodologies considered herein are described in detail in a study by 

Monteiro et al. [31, 32] whereas a brief summary is provided next. 

2.4.1. Local uncertainty model 

This is considered the traditional approach, originally developed and applied in the work 
by Costa [33], which is focused on the definition of the probability density function of the 
seismic demand, which will be convolved with the capacity one. In order to do so, there is the 
need for a relationship between an intensity measure (herein considered as the peak ground 
acceleration) and a proper engineering demand parameter, measured from nonlinear static or 
dynamic analysis of the structure for that specific ground motion level. That relation is herein 
named vulnerability function and is essentially a mapping function, establishing the correla-
tion between the seismic intensity, its probability and the actual structural demand, to be 
“compared” with the capacity to obtain the final collapse probability. For a predefined num-
ber of intensity levels, corresponding to different return periods and probabilities of occur-
rence, different real ground motion records or corresponding response spectra, scaled to 
match the corresponding PGA, are considered. Nonlinear static or dynamic analysis is carried 
out using each of the scaled accelerograms or spectra, yielding a sample of the seismic de-
mand that accounts for record-to-record variability. For each ground motion intensity, and 
corresponding PGA, a statistical value, defined by the mean (or median) response measure, is 
computed and a polynomial function is adjusted to those points, to define the aforementioned 
vulnerability function, curve 3 in Figure 1 (left). Once the vulnerability function is defined, 
the statistical distribution of the seismic demand can be easily obtained through a numerical 
procedure based on equal areas under the probability density function, i.e. probability of oc-
currence, along with the changing of the variable from intensity measure to the selected engi-
neering demand parameter. The entire procedure corresponding to the traditional approach is 
schematically depicted in Figure 1 (left). The seismic intensity is characterised by its probabil-
ity density function, the curve 1. Analogously, for every intensity measure level for which 
curve 1 is defined, the seismic demand is obtained, in terms of a chosen parameter (for in-
stance, ductility). The so-called vulnerability function, curve 3, is therefore defined, represent-
ing the structural demand with increasing intensity. The latter function is fundamental to 
‘intersect’ with the seismic action probability density function and define the statistical distri-
bution of the seismic demand, curve 4. In other words, by putting together the probability 
density associated to an intensity measure level with the corresponding structural demand, one 
can obtain the probability density of such demand to be verified. 
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Figure 1: Failure probability computation with: (left) local uncertainty, (right) global uncertainty. 

At the same time, the distribution of the capacity, curve 2, in terms of the engineering de-
mand parameter used to define curves 3 and 4 (curvature ductility) needs to be defined. This 
step is typically carried out using random simulation procedures (herein Latin Hypercube 
sampling [24, 25, 34, 35] was adopted), based on the statistical distributions of the variables 
with a relevant role, usually cross section material properties. Finally, the convolution of ca-
pacity with the demand yields the intended failure probability. 

2.4.2. Global uncertainty model 

An alternative approach to the local uncertainty based failure probability computation con-
sists in considering the uncertainty associated to the different variables in a global manner, i.e. 
simultaneously rather than independently, within a global procedure carried out fully at each 
iteration step. It is recalled that in the procedure previously described the uncertainty has been 
taken into account independently, i.e. each relevant variable of the problem identified in Fig-
ure 1 (left) was defined by a statistical distribution, based on independent sets of random sam-
pling. On the other hand, the approach herein presented uses the statistical distributions of the 
different variables differently, as illustrated in Figure 1 (right). First, the distributions are de-
fined, characterising each input variable (e.g. material properties), the seismic hazard and the 
capacity. Once that initial step is completed, the assessment procedure is carried out com-
pletely, but individually, making use of those distributions. Using a global random simulation 
technique, the Latin Hypercube, each variable with known uncertainty, seismic intensity level, 
type of record and material properties, is randomly simulated; a nonlinear dynamic analysis is 
carried out on the bridge modelled with such parameters; the structural demand and capacity 
are determined; and the difference between those two figures, usually referring to ductility or 
displacement, is calculated. A statistical distribution is then adjusted to the variable given by 
such difference, which will enable the computation of the failure probability as the ordinate of 
the corresponding cumulative density function for the null abscissa. The difference (µR - µS), 
eventually non-positive, will represent the non-failure interval. The concept behind this pro-
cedure is that the entire process, up to the definition of such interval, can be repeated N times 
in order to fit a statistical distribution to that variable and the knowledge of such distribution 
will enable the calculation of the failure probability as the area under the corresponding prob-
ability density function, fR-S, for (µR - µS) < 0. The global uncertainty model for the calculation 
of the failure probability has not been employed with nonlinear static analysis, for the sake of 
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computational onus. However, given that it has yielded conservative results with respect to 
the local uncertainty model, it has been include in this comparison study for completeness. 

3 CASE STUDY 
The comparison of the use of different approaches for seismic demand estimate, within dif-

ferent safety assessment uncertainty models has been carried out using the a set of seven 
bridge configurations, corresponding to two bridge lengths (viaducts with four and eight 50 m 
spans), with regular, irregular and semi-regular layout of the piers’ height and continuous 
deck-abutment connections supported on piles, with bilinear behaviour. The bridges are de-
picted, in Figure 2, where the label numbers 1, 2 and 3 stand for pier heights of 7, 14 and 21 
metres, respectively. 
 

 
Figure 2: Case study bridge configurations. 

The employed set of seismic excitations is defined by an ensemble of ten records selected 
from a suite of historical earthquakes [36] scaled to match the 10% exceeding probability in 
50 years (475 years return period) uniform hazard spectrum for Los Angeles, which corre-
sponds, in the current endeavour, to the intensity level 1.0. Figure 3 illustrates the pseudo-
acceleration and displacement spectra for the selected earthquake records, with damping ratio 
of 5%, together with the median spectrum. The ground motions were obtained from Califor-
nia earthquakes with a magnitude range of 6-7.3 recorded on firm ground at distances of 13-
30 km; their significant duration [37] ranges from 5 to 25 seconds, whilst the PGA (for inten-
sity level 1.0) varies from 0.23 to 0.99g.  

 

 
Figure 3: Elastic pseudo-acceleration and displacement spectra. 

4 SAFETY ASSESSMENT – COMPARATIVE STUDY 
Two different procedures for the failure probability computation have thus been considered 

(traditional numerical safety assessment with local uncertainty and numerical safety assess-
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ment based on global uncertainty simulation with Latin Hypercube sampling) together with 
nonlinear static or dynamic analysis for the estimate of the seismic demand. The suitability of 
the nonlinear static predictions has been scrutinised by direct comparison with the failure 
probability obtained with nonlinear dynamic analysis (NDA). 

4.1 Nonlinear dynamic based failure probability – local uncertainty model 
The collapse probability for the several bridge configurations, obtained with nonlinear dy-

namic analysis and applying the local uncertainty model is summarised in Figure 4. For the 
sake of simplicity and interpretation of the results in the same plot, only the failure probability 
of the critical pier of each bridge is presented. The results have been sorted by increasing fail-
ure probability with drift limitation. The capacity has been defined as drift-limited or not, 
which can result in important changes on the available ductility and consequent safety evalua-
tion. When drift limitation was considered, a threshold of 5% drift was preliminarily assumed 
for the piers, after which it is considered, particularly for the 21m piers, that the top displace-
ment is too high to ensure the stability of the deck. 

 

 
Figure 4: Failure probability per bridge configuration – local uncertainty approach. 

Globally, there is agreement between considering the top deformation of the piers limita-
tion or not, given that the trend of results is similar. The exception occurs when a type 3 pier 
becomes the most vulnerable, such as in configurations 232 and 3332111. Moreover, the dis-
tinction between regular/semi-regular and irregular configurations is immediate from Figure 4, 
the latter being more vulnerable of about one order of magnitude, all in the right side of the 
plot. The record-to-record variability of the seismic input plays a very important part and the 
failure probability, traditionally computed using mean ductility demand, will indeed vary con-
siderably. The magnitude of the effect caused by such variability will depend on the bridge 
configuration or the pier characteristics.  

4.2 Nonlinear dynamic based failure probability – global uncertainty model 

The collapse probability obtained with nonlinear dynamic analysis and applying the global 
uncertainty model is summarised in Figure 5. Similarly to the safety assessment procedure 
using a local uncertainty model, which considers the variability of each component separately, 
there is a fair match of the collapse probability across the different configurations, whether 
drift limitation takes place or not. 
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Figure 5: Failure probability according to bridge configuration – global uncertainty approach.  

 
Major differences occur for the configurations where the critical pier is a type 3 one, 21 

meters high, the one that is most affected by the capacity reduction. Again the distinction be-
tween regular and irregular bridges is very noticeable (the former are safer) together with the 
trend for the short configurations to be also less vulnerable.  

4.3 Nonlinear static based failure probability 
The failure probability of the different bridge piers, obtained with the employment of static 

and dynamic vulnerability functions (local uncertainty) are compared and illustrated in Figure 
6. Again, for the sake of simplicity, the probability of failure is assumed as the highest among 
the different piers. Conventional and adaptive (adapt) pushover analysis have been used. Ac-
cording to the recommendations on the application of the N2 method, two loading distribu-
tions, uniform and 1st mode proportional (mod and uni), have also been tested. Additionally, 
two reference nodes have been considered: centre of mass of the deck and maximum modal 
displacement (centr and max), leading to a total of four versions using conventional pushover 
and one corresponding to the adaptive pushover, which skips the need for a reference node or 
load pattern.  
 

 
Figure 6: Critical pier failure probability, per bridge configuration. 

The observation of the plot indicates that regular configurations feature lower collapse 
probabilities, particularly through nonlinear dynamic analysis, even though associated to larg-
er variability in terms of different pushover approaches. Regarding the type of pushover to 

Bridge configuration
3332111 232    2222222 222    2331312 213    123    

Fa
ilu

re
 p

ro
ba

bi
lit

y

10-5

10-4

10-3

10-2

10-1

100

w/o drift limitation
w/ drift limitation

Bridge configuration
123    213    222    232    2222222 2331312 3332111

Fa
ilu

re
 p

ro
ba

bi
lit

y

10-3

10-2

10-1

100

max mod
max uni
centr mod
centr uni
adapt
NDA

895



R. Monteiro, R. Delgado and R. Pinho 

use, if a simple static analysis is intended, modal load pattern does not introduce significant 
advantage when compared to the uniform one, which, in addition, is easier to apply. Adaptive 
pushover, generally overpredicting, becomes relevant for highly irregular configurations, even 
if not necessarily for the critical piers. No important differences are found concerning the 
length of the configuration: short bridges are slightly less safe than the long ones together 
with a little less dispersion within different versions. 

4.4 Overall comparison of approaches 
Finally, Figure 7 illustrates the comparison of the static failure probabilities with the dy-

namic ones, obtained with local and global uncertainty models. For the sake of simplicity, and 
based on the conclusions drawn from Figure 6, only static failure probabilities based on con-
ventional pushover, with uniform load pattern and central reference node, and adaptive push-
over versions are presented. 

 

 
Figure 7: Failure probability, according to bridge configuration, for static and dynamic analysis based versions. 

The general observation is that pushover-based estimation of seismic demand leads, in 
most of the cases, to higher failure probability, especially when using adaptive analysis, 
which is frequently associated to a failure probability of one order of magnitude above. When 
compared to the global uncertainty dynamic failure probabilities, which were observed to play 
on the safe side, the static based approaches still play an enveloping role. These results rein-
force the important supporting role played by nonlinear static analysis in the use of probabilis-
tic methods, when compared to dynamic counterpart. 

5 CONCLUSIONS 
The analysis of different approaches to carry out seismic safety assessment of reinforce 

concrete bridges constituted the main objective of this manuscript. Alternative procedures 
have been proposed, corresponding to uncertainty models that account for the variability of 
the different variables: material properties, type of record and intensity level. An innovative 
statistical sampling method has been used to characterise capacity as well as to compute the 
failure probability within a global simulation procedure, using nonlinear dynamic analysis as 
seismic demand prediction technique.  

The parametric study concerning the aforementioned components of the safety assessment 
procedure, the observation of the performance of the alternative methodologies and the final 
comparison of results validated both of the uncertainty models in a range of seven bridges and 
ten real accelerograms, with good matching throughout the different configurations. The em-
ployed simulation method, Latin Hypercube, proved itself equally effective in simplifying the 
procedures by requiring a smaller number of realisations without accuracy loss.  
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In terms of nonlinear demand prediction, the observation of the results has indicated a ten-
dency for the static analysis approaches to be conservative, even when applied with conven-
tional uniform loading shape. The adaptive pushover is more suitable for the prediction of the 
behaviour of irregular configurations whereas conventional pushover, with uniform load pat-
tern, is enough to get rather acceptable estimates for regular configurations. Within methodol-
ogies such as the probabilistic ones, in which the seismic demand needs to be estimated 
through a large number of nonlinear analyses, this feature constitutes an important asset, at 
least for a preliminary analysis.  

 The final results also confirmed that the seismic hazard and record-to-record variability 
are critical in for the evaluation of the structural vulnerability, as their consideration as a 
probabilistic variable within the global uncertainty model led to higher probabilities of failure. 
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Abstract. The most recent developments in earthquake engineering design are based 
on the concept of prescribed performance levels, rather than the traditional prescriptive 
approaches. A relatively well-known software tool for conducting PBEE studies for 
bridge-ground systems (BridgePBEE), which is based on three-dimensional (3D) finite 
element model analyses carried out in OpenSees, considering a simplified soil-structure 
interaction macro element, has been recently applied to a limited number of individual 
bridge structures. This study aims to apply a Performance-Based Earthquake Engineer-
ing (PBEE) methodology to the seismic assessment of an existing road network, in which 
the nodes correspond to bridges, rather than to a single structural configuration, using 
BridgePBEE to study the response of different real bridges. Such versatile Finite-
Element (FE) environment provided the possibility of processing detailed information on 
effective damage, safety and economic assessment. In addition, by definition of PBEE, 
informed decisions of the evolution of seismic losses in terms of cost and time repair 
quantities were derived at different Peak Ground Acceleration (PGA) levels. Nonlinear 
dynamic analyses were then run by using properly selected seismic records as input, by 
means of the conditional spectrum method applied to the seismic hazard outputs for the 
considered target site, using peak ground acceleration as reference intensity measure. 
The conclusions provide performance considerations of the investigated population of 
bridges in terms of repair costs and time, deriving relevant considerations for design pro-
cedures.  
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1 INTRODUCTION 

Performance-Based Earthquake Engineering (PBEE) is a recent methodology developed 
by the Pacific Earthquake Engineering Research (PEER) Center based on the concept of de-
sign for prescribed performance as opposed to more conventional prescriptive approaches. 
The contributions of PEER to theoretical development, applications in academia and industry 
and the inclusion of precepts into building/design codes have also been applied to bridges: 
Mackie et al. [1] used the numerical PEER platform OpenSees [2] with the inclusion of 
ground-foundation interaction and the definition of a list of performance groups (PGs), on the 
basis of the commonly used repair methods and aggregation of decision data of typical pre-
stressed, single-column bent, multi-span, box girder bridges in California. In addition, damage 
to these PGs was tied to explicit repair procedures and repair quantities allowing the cost es-
timation of repair efforts necessary to bring back the bridge to the pre- seismic event func-
tionality level. Simultaneously, Elgamal et al. [3] developed a graphical user interface for 
three-dimensional (3D) ground-foundation systems, OpenSeesPL [4], which uses OpenSees 
as the finite element (FE) analysis engine, adding pre- and post-processing capabilities, which 
include material properties, boundary conditions and mesh characterization together with the 
possibility of performing pushover or seismic response analyses of single piles or group of 
piles. 

The aforementioned tools for the application of PBEE methodologies to bridge structures 
on one side and for the evaluation of the soil-structure interaction effects on the other, resulted 
in the development of bridge PBEE user interface [1, 3] to evaluate effective damage, safety 
and economic assessment either when nonlinear static analysis or nonlinear dynamic response 
of bridge structures are considered, following the trend of many other studies focusing on the 
nonlinear behaviour of bridge and building structures [5, 6, 7 ,8, 9].  

Past studies were carried out in order to scrutinize such framework [10, 11] however, in all 
of them, the pre-defined seismic input and individual bridge structures with certain properties 
were considered. On the other hand, the present paper considers the employment of such 
analysis framework to classes of existing bridges of a road network located in Italy, made up 
of structures with homogeneous and similar elements.  

 Nonlinear dynamic analyses were run using properly selected seismic records [12] as in-
put, compatible with the seismic hazard of the target site for 2% probability of exceedance in 
50 years. The response of the bridge class was then assessed in terms of repair cost, time 
quantities such as Crew Working Days (CWD), and the ratio between the cost of repair and 
the cost of the new construction as function of PGA. The selection of PGA as reference inten-
sity measure was motived by the findings of recent studies [4, 5], which place PGA among 
the optimal intensity measures to predict reliable seismic response of populations of bridges.  

2 PBEE METHODOLOGY 

The PBEE methodology aims to assess structural performance in terms of the probability 
of exceeding threshold values of socio-economic decision variables (DVs) in a seismic hazard 
environment. The PEER PBEE framework is essentially based on the application of the total 
probability theorem to disaggregate the problem into several intermediate probabilistic mod-
els that involve intermediate variables, such as repair items or quantities (Qs), damage 
measures (DMs), engineering demand parameters (EDPs), and seismic hazard intensity 
measures (IMs) [1, 3].  

The definition of Performance Groups (PGs) representing a collection of structural and 
non-structural components, used as indicator of global structural performance for decision-
making strategies, in which the decision variables in terms of repair cost ratio (RCR) and re-
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pair time (RT) are based on the most common repair methods, is a crucial phase of the PBEE 
methodology. The notion of a PG allows grouping several bridge components according to 
the associated repair work and, as such, PGs are not necessarily the same as the individual 
load-resisting structural components. 

The interface is built with 11 PGs [3] and 29 Quantities (Qs), representative of typical Cal-
ifornian bridge schemes, which in the present study are applied to a class of Italian bridges. 
Event though the US-based PGs were not updated to the Italian context, due to lack of infor-
mation for the present case study, such limitation is expected to be overcome in future work 
with additional investigations. The total repair cost was generated through a unit cost function 
based on the considered Quantities and for each Quantity an estimate of the repair effort was 
obtained through a production rate. More information regarding the derivation of the default 
DSs, Qs, unit costs, and production rates and numerical implementations inside the interface 
can be found in previous studies [1, 3]. 

3 CASE STUDY 

The PBEE methodology is herein applied to the seismic assessment of a group of bridges 
of similar characteristics, which are part of an existing road network and can be represented 
by a single structural configuration. More specifically, the present study focuses on a set of 13 
bridges (Figure 1) located in one of the major north-south connections in Italy, the A14 Italian 
freeway (16.9 km total length), which connects Bologna to Taranto. General information for 
each bridge in terms of geographical position and connection functionality is provided in Ta-
ble 1. 

 

 
Figure 1: Selected bridges in a road network. 

A functionality level (FL) has been defined considering a scale of values, in which “3” means 
that the connected network is a primary way of connection, such as the entrance to the cities 
nearby; “1” means a very small way such as connections to the countryside; and “2” is an av-
erage connection between the previous two (Table 1). Such piece of information might be par-
ticularly useful when priorities need to be established for the allocation of funds for 
retrofitting operations in in the immediate aftermath of an earthquake. 

In order to apply the PBEE methodology to a set of bridges, due to some practical limita-
tions of such software package, either in terms of bridge geometry or computational onus, 
some simplified assumptions were made. BridgePBEE is capable of performing different 
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types of analyses in bridges with two spans only and solid reinforced concrete pier sections 
hence the selection of typical Italian overpass bridges was carried out to match such features. 
Consequently, the set of selected bridges can thus constitute a bridge class and be represented 
by a single configuration.  
 

Bridge ID Location Latitude Longitude FL 
97 via Variano Rimini  44° 4'42.63"N  12°29'0.06"E 1 
96 via Tolemaide Rimini  44° 4'58.52"N  12°28'15.83"E 2 
95 via orsoleto S.Vito   44° 5'11.59"N  12°27'43.92"E 3 
94 sp13bis S.M. Pascoli  44° 6'10.59"N  12°26'13.38"E 3 
93 sp10 S. M. Pascoli  44° 6'46.34"N  12°25'6.87"E 3 
92 via del lavoro S.M. Pascoli  44° 6'56.31"N  12°24'45.19"E 2 
91 Sp33 Gatteo  44° 7'26.32"N  12°23'4.50"E 3 
90 sp97 Cesenatico  44° 8'1.38"N  12°22'6.65"E 3 
89 via vicinale Sala Bulgarnò  44° 8'8.73"N  12°21'42.78"E 1 
88 via Pavirana Pavirana  44° 8'24.48"N  12°20'52.30"E 1 
87 via Capannaguzzo Bulgarnò  44° 8'36.32"N  12°20'13.68"E 1 
86 SP123 Cesena  44° 8'45.00"N  12°19'45.30"E 3 
85 via Sant'Agà Cesena  44° 9'30.22"N  12°18'38.30"E 1 

Table 1: Bridge database 

The considered bridges have similar geometry, characterized by 38m long, 2-span deck 
(Figure 2), supported on rectangular columns (8m x 1m) 6m tall (Figure 3). The steel-concrete 
deck is 12m wide and 1.80m deep and exhibits a self-weight of 140 kN/m. The connections to 
the abutments consist of elastomeric bearings (represented in Figure 4) and each abutment is 
10m long with 10000 kN as total weight. 
 

 
Figure 2: Typical characteristics of the considered bridge class 

4 FINITE ELEMENT MODEL 

The seismic response of the representative bridge was assessed through the nonlinear dy-
namic analyses of the numerical model obtained with the open-source computational interface 
BridgePBEE, implemented within the FE code OpenSees [13]. A 3D soil model soil is repre-
sented by 208 nodes, effective stress fully coupled (solid-fluid) brick elements built up with 
20 nodes in order to investigate soil structure interaction behaviour (Figure 3).  
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Figure 3: Benchmark bridge model. 

In a preliminary stage of the study, a very stiff soil was considered. The ability of Open-
sees to simulate the real wave propagation adopting realistic boundaries is of particular im-
portance in order to realistically reproduce the above seismic input scenarios. Assuming that 
at any special location, symmetry conditions can be adopted, periodic boundaries [14] have 
been considered therefore displacement degrees of freedom of the left and right boundary 
nodes were tied together both longitudinally and vertically using the penalty method. To this 
extent, base and lateral boundaries were modelled to be impervious, as to represent a small 
section of a presumably infinite (or at least very large) soil domain by allowing the seismic 
energy to be removed from the site itself (more details can be found in [15]). 

The reinforced concrete column of the adopted bridge model adopted (Figure 3) is mod-
elled with nonlinear beam-column elements and fibre cross section, whilst the deck is mod-
elled with five separate elastic beam-column (BC) elements considering the equivalent 
characteristic of a homogenous material (Table 2). As far as abutments properties are con-
cerned, no additional resistance of the soil (at large relative bridge-abutment displacement) is 
considered and simple roller link connections between the deck and the abutments have been 
used. The approach ramps make the connection with the longitudinal boundaries. Each abut-
ment has been embedded 0.5m, 10m long and with 10000 kN as total weight. 

 
Deck property Crossing 

Young modulus [kPa] 1.03∙107 
Shear modulus [kPa] 6.22∙106 

Cross Section Area [m2] 5.40 
Moment of inertia (trasverse) [m4] 0.81 

Weight per unit length [kN/m] 140 

Table 2: Deck properties. 

The dynamic characteristics of the bridge have been assessed by comparison with a 3D 
model performed in SAP2000 (Figure 4) and simple hand calculation considerations. The 
comparison between the calculated longitudinal period of vibration, the SAP 2000 output 
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(Figure 5) and the BridgePBEE result (Table 3) denotes a fair agreement, confirming 
BridgePBEE potentialities and the assumptions done in performing 3D model. 

 

 
Figure 4: 3D Model (SAP 2000). 

 
Figure 5: Fundamental shape mode, scale 40:1(T1= 0.459 s, SAP 2000). 

Model T [s] 
Manual 0.473 

SAP2000 (3D) 0.459 
PBEE (3D) 0.460 

Table 3: Fundamental period comparison 

5 SEISMIC HAZARD  

The considered set of bridges are located in a central region of Italy, close to Rimini, and a 
full hazard characterization was carried out in order to properly select a suite of records as 
input for the nonlinear dynamic analyses performed through BridgePBEE. For such purpose, 
Openquake [16] was used for seismic hazard and disaggregation computations in order to co-
herently establish the connection between seismic hazard and structural assumptions. The sto-
chastic seismic hazard analysis was undertaken using the seismic hazard harmonization in 
Europe (SHARE) model for Italy [17], available in Openquake, which.was used to evaluate 
the hazard corresponding to 2% probability of exceedance in 50 years, considering a circular 
area of 250 km around the target location (Longitude: 12.483, Latitude: 44.079). “Very stiff 
soil” site condition (class B) was assumed, according to Eurocode 8 ground type classification, 
assuming 600 m/s as vs30 value. Such simplified assumption, particularly when dealing with 
road networks that can refer to broad areas, can be nonetheless seen as reasonable considering 
the soil modelling assumptions described in Section 4. The obtained hazard curve for the site 
is illustrated in Figure 6. 

Future developments can consider the effect of the variation in the soil type when different 
nodes of the network are considered.  
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Figure 6: Hazard curve for the target site. 

6 RECORD SELECTION AND SEISMIC ANALYSES 

The main source of uncertainty associated with seismic excitation is record-to-record vari-
ability [18], which has led researchers to investigate innovative record selection and scaling 
strategies for the reduction of such variability. In the present work the conditional spectrum 
method [12], a recently proposed selection and scaling procedure, recently employed with 
success in bridge assessment studies [19], has been employed for the selection of nine records, 
considered with the two horizontal and vertical components, as seismic input. To accomplish 
so, disaggregation results conditioned at the spectral acceleration of the target site at the fun-
damental period of 0.40s was considered in terms of mean values of magnitude, distance and 
epsilon, which for the target site were evaluated as 6, 14.5 and 1.5 respectively. The main 
characteristics of the selected records are summarized in Table 4 whereas the corresponding 
scaled response spectra are shown in Figure 7. 

 

Record ID 
Scaling 
factor 

Horizontal 
component 

(longitudinal) 
PGA [g] 

Horizontal 
component 

(transversal) 
PGA [g] 

Vertical 
component 
PGA [g] 

CHICHI/NST 2.42 0.748 0.939 0.2625 
DUZCE/MDR 2.99 0.360 0.169 0.178 

CHICHI04/CHY035 2.22 0.262 0.298 0.104 
LOMAP/G 0.67 0.275 0.3170 0.140 

CHICHI05/HWA2 2.52 0.253 0.322 0.062 
LOMAP/SFO 1.29 0.305 0.425 0.084 

WHITTIER/A-EJS 1.16 0.494 0.514 0.239 
LOMAP/GMR 1.50 0.338 0.484 0.173 

NORTH392/E-RRS 0.82 0.534 0.353 0.491 

Table 4: Ground motion records. 

In the present study, only PGA was taken as intensity measure with which draw the func-
tions of the main findings whereas the consideration of alternative intensity measures is en-
visaged in future developments. 
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Figure 7: Response spectra of the ten selected ground motion records for Sa(T1=0.40s). 

7 RESULTS 

Due to the assembly-based (vector) nature of the applied method and according to the total 
probability theorem, it is possible to disaggregate the results (repair costs and time) into indi-
vidual contributions. Nine performance groups have been taken into consideration (Table 5).  

 
Performance group (PG) # Performance group names 

1 Max column drift ratio 
2 Residual column drift ratio 
3 Max relative deck-end/abutment displacement (left) 
4 Max relative deck-end/abutment displacement (right) 
5 Max bridge-abutment bearing displacement (left) 
6 Max bridge-abutment bearing displacement (right) 
7 Approach residual vertical displacement (left) 
8 Approach residual vertical displacement (right) 
9 Abutment residual pile cap displacement (left) 
10 Abutment residual pile cap displacement (right) 
11 Column residual pile displacement at ground surface 

Table 5: Performance Groups. 

The results in terms of costs for each performance group, total repair cost ratio (%) and to-
tal repair time in crew working days (CWD) are illustrated in Figures 8 to 11. In particular, 
the main contribution to the Total Repair Cost and Time is shown to be the longitudinal resid-
ual drift ratio (PG2), representing column damage (Figure 9). The abutments seem to provide 
longitudinal and transverse resistance to the bridge deck displacement, not affecting the seis-
mic demand on the bridge. Figures 10 and 11 show that damage (and thus costs and time) is 
activated only at high PGA levels (approximately 0.95g), for which the bridge will be under 
severe conditions hence in need for re-design or retrofitting to avoid collapse. 
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Figure 8. Contribution to expected repair cost ($) from each performance group (left) and from each repair quan-

tity (right) 

 
Figure 9. Costs ($) for column damage (PG2). 

 
Figure 10. Total Repair cost ratio (%). 

 
Figure 11. Total Repair Time (CWD). 
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8 CONCLUSIONS 

This study presents a probabilistic based earthquake engineering based tool that enables a 
comprehensive analysis of single-column bridge-abutment models, applying the overall PBEE 
analysis framework. The utilization of such software tool allows for the expedite assessment 
of individual bridges that can represent a wider class of bridges with similar characteristics. 
The outputs in terms of expected damage ratios, losses and vulnerable elements represent an 
important information asset for different stakeholders involved with seismic risk analysis. In 
particular, a single benchmark bridge, representative of those overpassing one of the Italian 
freeway named A14, connecting Bologna to Taranto, was herein studied as the first step to-
wards a full seismic assessment of the involving network. The results have shown that the 
damage is essentially concentrated on the pier but only for relatively high values of PGA. The 
abutments seem to provide longitudinal and transverse resistance to the bridge deck displace-
ment, improving the seismic demand on the bridge. Further analysis will aim to consider more 
realistic configurations, especially for what concerns bridge connections, in order to properly 
assess the structural performance. The model for soil structure interaction also requires im-
provement in order to reproduce more realistically the abutments influence on the entire 
bridge-soil system. 
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Abstract. The risk-based design of buildings using nonlinear analysis is a challenging task. A 

question how to design components for non-simulated failure still remains unsolved. The sim-

plified possibility is to use the capacity design which prevents shear failure of the components 

according to deterministic approach. In this paper an attempt has been made to obtain addi-

tional insight regarding this issue. For this purpose, the demand hazard analysis was per-

formed for an example of an eight-storey reinforced concrete building. The ground motions 

were selected to match different target spectra. In addition to the uniform hazard spectrum, 

the conditional spectra conditioned to the first, second and third vibration periods were used. 

It was found that the return period of the design shear force according to capacity design 

vary significantly depending on location of the column as well as on the set of ground motions. 

However, for the investigated building it can be concluded that conditional spectrum with 

consideration of the first period of structure can be sufficient for determination of design 

shear forces. 
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1 INTRODUCTION 

No-collapse requirement is a fundamental performance objective of current standards for 
earthquake-resistant design of ordinary buildings which has to be met with an adequate relia-
bility. Although the significant damage is allowed in the case of this fundamental perfor-
mance objective, a structure is almost always designed by the linear elastic response analysis. 
Consequently the dissipation of energy due to damage of a structure is only implicitly ac-
counted in the design. Several assumptions have to be introduced when a structure is designed 
by utilizing linear elastic response analysis. For example, the global plastic mechanism is as-
sumed on the basis of capacity design approach, which, in the case of frame buildings, in-
volves the concept of strong column – weak beam. Additionally, the objective of the capacity 
design is to prevent shear failure of the columns and beams. However, it is well known that 
many different global plastic mechanisms can occur in frame buildings due to earthquakes 
although they are designed according to the capacity design approach. Some of them can be 
similar to that considered by the capacity design, whereas some other can be significantly dif-
ferent. Therefore it can be argued that the capacity design does not always guaranty global 
plastic mechanism which is considered in design. To overcome this issue the alternative 
methods of designing the structures can be used. For example, Lazar Sinković et. all [1] and 
Lazar and Dolšek [2] recently proposed an iterative design procedure which makes it possible 
to use different type of analyses (including non-linear), and to control the adjustment of struc-
ture during an iterative design. The iterative procedure is currently used for checking the ade-
quacy of collapse risk, whereas other performance objectives are considered according to 
building codes. Although the proposed procedure solves a wide range of issues (e.g. incom-
pleteness of capacity design procedure, the design of structure to target collapse risk), the 
problem of design against shear failure is still unsolved if the non-linear model is not capable 
of simulation of shear failure of the structural components.  

The aim of the study presented in this paper was to investigate if the design shear forces in 
the columns, which are obtained by capacity design, can be justified in terms of uniformity of 
mean annual frequency of exceedance. For this purpose demand hazard analysis [3–5] was 
performed for an example of an 8-storey building, which was analyzed for one direction of 
seismic action. Different sets of ground motions were selected using conditional spectrum 
(CS) approach [6] in order to study whether the conditioning period has an impact on the re-
turn period of shear forces. The three conditioning periods corresponded to the first three pe-
riods of the investigated 8-storey building. For comparison, the uniform hazard spectrum was 
also used as a target spectrum for the selection of a set of ground motions. The results are pre-
sented in terms of so-called demand hazard curves for the shear forces in selected columns. A 
discussion regarding the variability of return periods corresponding to design shear forces in 
the columns as well as the discussion about the relationship between so-called maximum 
credible design shear force and design shear force based on capacity design is also given. Fi-
nally the impact of the conditioning period of CS on the demand hazard curves for shear forc-
es in the columns is presented. 

2 THE SEISMIC DEMAND HAZARD 

A conventional risk integral can be used to determine the so-called seismic demand hazard, 
which provides relationship between mean annual frequency of exceedance of certain engi-
neering demand parameter: 

 ( ) [ ] ( )
0

| IM

EDP

d im
edp P EDP edp IM im dIM

dIM

λ
λ

∞

= > =∫  (1) 
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where [ ]|P EDP edp IM im> =  is the probability that EDP is greater than edp with given 
IM=im, and the ( )IM imλ  is the seismic hazard curve which provides the rate of exceedance of 
IM>im. Integrating the equation for intensities [0, ∞) mean annual frequency of exceedance is 
computed for only one edp. The entire seismic demand hazard curve is therefore obtained by 
evaluated the Eq. (1) for entire range of edp. More details about demand hazard and the corre-
sponding limitations are given elsewhere (e.g. [7,8]). 

The demand hazard curve is obtained by numerical integration of the Eq.(1). In the case if 
it is assumed that the probability Pi, which represent the probability that EDP is greater than 
edp at given intensity IM=imi, is constant in the range [imi-∆im/2  imi+∆im/2] and the trape-
zoidal rule on integration of derivate of hazard function is used, the Eq.(1) can be rewritten as 
follows:  

 ( ) [ ] ( ) ( )
1

|
2

n
IM i IM i

EDP i i

i

im im im im
edp P EDP edp IM im

λ λ
λ

=

+∆ − −∆
≈ > = ⋅∑  (2) 

The ∆im is defined as difference between intensities imi+1 and imi. The probability Pi could 
be calculated directly from complementary cumulative distribution function obtained on the 
basis of results of dynamic analysis. In such a case the type of distribution (usually lognormal) 
has to be assumed and the distribution parameters µ and σ which are obtained from EDPs at 
intensity IM=imi has to be calculated. However, in case of this study the probability Pi was 
estimated as the fraction of ground motions for which it was observed that at given intensity 
IM=imi the EDP>edp. For example, if 30 ground motions were used for calculation of EDPs 
and 4 of it exceed edp, then the probability Pi was equal to 4/30.  

In this study, the engineering demand parameter (EDP) is the shear force in columns Q, 
which is presented as a function of the return period ( 1R QT λ= ) and not as a function of 

mean annual frequency of exceedance of shear force. 

3 DESCRIPTION OF THE INVESTIGATED STRUCTURE 

The geometry of the 8-storey building is presented in Figure 1. The building was designed 
according to provisions of Eurocode 8 [9] for ductility class M, peak ground acceleration at 
rock outcrop equal to 0.25 g (Ljubljana, Slovenia) and soil type C (soil factor 1.15). The be-
havior factor was assumed 3.9, the quality of reinforcing steel was prescribed S500B whereas 
the concrete C30/37 was used. The slab depth was 20 cm. The total mass of structure amount-
ed to 2338 t. The first three periods in X direction were, respectively, 1.23 s, 0.40 s and 0.23 
s. The ratio between the design base shear and the weight was estimated to 7.6% and 7.3% for 
X and Y direction, respectively. The typical reinforcement of columns and beams are present-
ed in Figure 1. 

 
Figure 1: The elevation, plan view and reinforcement in typical columns and beams of 8-storey building  
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4 SEISMIC HAZARD AND THE SETS OF GROUND MOTIONS FOR DYNAMIC 
ANALYSIS 

The seismic hazard curves for spectral acceleration at the first three vibration periods of the 
investigating building when analysed only in X direction (Figure 2) were obtained on the ba-
sis of probabilistic seismic hazard analysis (PSHA) which was performed for the purpose of 
seismic hazard maps used in Slovenia [10,11]. The PSHA based on so-called distributed 
(background) seismicity since the seismicity could not be assigned to specific geologic struc-
tures due to inaccurate and insufficient seismologic and geologic data. Five different seismic-
ity models which were appropriately weighted were considered in the analysis in order to 
adequately take into account distribution of hypocentres and energy released during earth-
quakes. 

 

 
Figure 2: The hazard curves for Ljubljana for the spectral acceleration corresponding to the first, second and 

third period of the investigated building. 
 
The relationship between engineering demand parameters and seismic intensity, which is 

needed to calculate seismic demand hazard, was simulated by incremental dynamical analysis 
[12]. Four sets of 30 ground motions (Figure 3) were selected from PEER Next Generation 
Attenuation (NGA) strong-motion database [13,14]. Ground motions of the first three sets 
were selected according to conditional spectrum approach [6]. The conditioning periods cor-
responded to the first three periods (hereinafter referred as set CS T1, CS T2 and CS T3). For 
comparison, the fourth set of ground motions was also selected. It is consistent with the uni-
form hazard spectrum (hereinafter referred as set UHS). In this case the spectral acceleration 
corresponding to the first vibration period was selected for the intensity measure. All target 
spectra corresponded to return period of 475 years which defined in Eurocode 8 for design of 
ordinary buildings. The target conditional mean spectra were defined using Sabetta and Pugli-
ese [15] attenuation relationship which was also used in the PSHA. The mean magnitude (M), 
mean distance (R) and the epsilon (ε) are presented in Table 1. All selected ground motions 
were recorded on soil type C (Eurocode 8, shear-wave velocity in the upper 30 m from 180 to 
360 m/s), and corresponded to events with magnitudes between 4.0 and 7 and source-to-site 
distances in the range from 4.5 to 50 km.  

 
 CS T1 CS T2 CS T3 

R [km] 10.2 8.4 6.9 
M 6.0 5.8 5.6 
ε 0.78 0.89 0.94 

Table 1: The mean distance, mean magnitude and epsilon used for definition of conditional spectra. 
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Figure 3: Spectra of selected ground motions (GM) corresponding median spectrum and the of target spec-

trum for the four sets of ground motions.  

5 STRUCTURAL MODEL 

The structural model for nonlinear analysis is based on the Eurocode 8 requirements as 
discussed elsewhere [16]. The beam and column flexural behavior is therefore modelled by 
one-component lumped plasticity elements, composed of an elastic beam and two inelastic 
rotational hinges (defined by a moment-rotation relationship). The element formulation is 
based on the assumption of an inflexion point at the midpoint of the element. The gravity load 
is represented by the uniformly distributed load on the beams, and by the concentrated loads 
at the top of the columns. For the beams, the plastic hinge is used for major axis bending only. 
For the columns, two independent plastic hinges for bending about the two principal axes are 
used. The moment-rotation relationship before strength deterioration is modelled by a bi-
linear relationship. A linear negative post-capping stiffness is assumed after the maximum 
moment has been achieved. The axial force due to gravity loads is taken into account when 
determining the moment-rotation relationship for the columns, while in the case of the beams 
zero axial force and the T cross-sections were assumed. The ultimate rotation Θu in the col-
umns and beams at the near collapse (NC) limit state, which corresponds to a 20% reduction 
in the maximum moment, is estimated by means the EC8-3 formulas [17]. The parameter γel 
was assumed to be equal to 1.0, since mean values of near collapse rotation were used. Mean 
(actual) concrete (38 MPa) and steel (570 MPa) strength were assumed. Post-capping negative 
stiffness is calculated by assuming the ratio between the rotation at zero strength and the rota-
tion corresponding to the maximum moment equal to 3.5.  

All the analyses were performed with OpenSees [18], using the PBEE toolbox [16], which 
is a simple yet effective tool for the seismic performance assessment of reinforced concrete. 

6 THE DEMAND HAZARD CURVES AND SHEAR DEMAND IN COLUMN 
ACCORDING TO CAPACITY DESIGN 

The return period of design shear forces (QCD) in columns, which were estimated accord-
ing to capacity design, are presented on the basis of demand hazard analysis for four sets of 
ground motion (Table 2). Furthermore the influence of different target spectrum on the de-
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mand hazard curves for the shear forces in the columns are also presented. For simplicity, the 
results are presented only for columns C5 and C6 (Figure 4 and 5).  

In the most cases the lowest return periods for QCD corresponded to the ground motions 
consistent with the UHS, follows the set CS T1, CS T2 and CS T3. It is interesting to note, that 
the return periods for inner column C6 are greater than that observed for the column C5, 
which is positioned in the peripheral frame. The exception is the first storey. The return peri-
ods for QCD are the lowest in the 6-th and 7-th storey (271-480 years and 363-834 years, re-
spectively, in the case of columns C5 and C6) and the greatest in last 8-th storey (3310-10100 
years in case of column C5 and 4910-24400 for column C6). Note also, that the return period 
for QCD in storey one is greater than the return period for QCD in storey two in case of both 
columns. 

 
 TR [years] 

 Storey QCD [kN] CS T1 CS T2 CS T3 UHS 

C5 

1 371 3600 5430 8410 2120 
2 237 532 605 512 396 
3 247 1060 983 1130 804 
4 236 885 898 856 782 
5 216 609 585 667 442 
6 206 426 375 338 271 
7 193 480 371 336 271 
8 234 6900 8240 10100 3110 

C6 

1 451 1240 1410 1560 681 
2 369 987 1390 1460 624 
3 379 1910 2330 2450 1300 
4 327 1230 1220 1200 849 
5 307 1,020 832 1,390 797 
6 299 718 763 834 431 
7 268 602 546 537 363 
8 293 9110 10100 24400 4910 

Table 2: The return periods for the design shear forces in columns C5 and C6 over stories for different sets of 
ground motions. 

However, it was realized that it may be misleading to judge the adequacy of the design 
shear forces on the basis of uniform return period of demand. For example, let’s compare the 
results for column C6 in 3-th and 6-th storey. The return period of design shear force in 3-rd 
storey amounted from 1300 to 2450 years whereas in the 6-th storey the corresponding return 
periods are around three times lower (431-834 years). Although the design shear force is more 
frequent in the 6-th storey it cannot be concluded that the column in the 6-th storey is more 
sensitive to shear failure than the column in the 3-rd storey.  

The return period of the design forces in the columns may not be sufficient parameter in 
order to decide whether the occurrence rate of shear failure of the columns is acceptable or 
not. Several other issues may affect the decision. Firstly, the return period presented in Table 
2 corresponds to the design shear forces which are significantly smaller in comparison to the 
median shear resistance. Thus the return period of shear resistance of the columns is certainly 
significantly larger. Secondly, the return period is very sensitive to the variation of the shear 
force and the shape of demand hazard curve is slightly different for each column. Therefore, 
the ratio between actual shear strength and design shear force can be different in comparison 
to the ratio between the corresponding return periods. It is also worth to note that the nonline-
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ar model, which is used in dynamic analysis, is based on the median strength of the material, 
whereas the design shear forces are used to estimate the amount of shear reinforcement taking 
into account the design value of the material strength. Consequently the decision regarding an 
acceptable occurrence rate of shear failure cannot be solely based on the occurrence rate of 
design forces.  

 

 
Figure 4: The demand hazard curves for column C5  

In order to provide more insight into the adequacy of design shear forces in structural 
components it is quite reasonable to estimate the so-called maximum credible design shear 
force (QMC). Different definitions can be used for QMC. In this study it was simply assumed 
that QMC (Figures 4 and 5) is the shear force in the component which has very long return pe-
riod, e.g. Q(TR=106), divided by the overstrength factor, which takes into account the differ-
ence between the median value of shear capacity and design value of shear capacity of a 
structural component. If it is assumed that the contribution of the shear reinforcement is a 
dominant part to the shear resistance of the structural components (e.g. Eurocode 2), then the 
overstrength factor depends on the material safety factor used for the strength of steel 
(γS=1.15) and the ratio between median strength and the characteristic strength of steel, which 
was estimate from experiments (1.14). The total overstrength factor was thus estimated to 
1.31 (1.14ÿ1.15). The actual overstrength is even higher since the contribution of concrete and 

917



J. Žižmond and M. Dolšek 

diagonal strut to the shear strength, was neglected. The minimum requirement of standards 
Eurocode 2  and 8 [17,19] can additionally increase the overstrength. The QMC was then esti-
mates as Q(TR=106)/1.31. In this procedure, it is assumed that when QMC is based on 

Q(TR=106) the shear failure of the components, if simulated in the nonlinear model, do not 
have an impact on the probability of the failure of the system. Note that such an assumption 
may be even too conservative since the Q(TR=106) is almost always close to the maximum 
possible shear force observed from dynamic analysis. However, such hypothesis still has to be 
proven. 

 

 
Figure 5: The demand hazard curves for column C6  

The maximum credible design shear forces (QMC) were then compared to the design shear 
forces according to Eurocode 8 (QCD) (see Figure 4 and 5). Firstly, it can be observed that 
QMC does not vary significantly depending on the shape of the target spectrum. The smallest 
(3 kN) and the greatest (27 kN) difference are observed for column C6 respectively in 6-th 
and 3-th storey. Note that this is only 1-5% of total mean Q(TR=106). However, the variation 
between QMC and QCD is quite significant. For column C6 the QMC and QCD were quite similar 
for most of stories, but for the top storey it was observed that QCD > QMC. This means that the 
design shear force QCD is overestimated in the case of the column C6 at the top. The opposite 
conclusion can be made for the exterior column C5, where QCD < QMC in most of the stories. 
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In the worst case the QCD is only around 70% of maximum credible design shear force. Addi-
tional studies are needed in order to provide more insight regarding such observations. 

An interesting results of the study presented in this papers are the demand hazard curves 
for the shear forces in the columns, which were estimated using different sets of ground mo-
tions. Several trends can be observed. If someone would be interested to estimate the maxi-
mum shear force for given the return period it can be concluded that this cannot be achieved 
by a single set of ground motions. For example, if the long return periods are of the interest, 
then the maximum shear forces are obtained on the basis of the UHS spectrum using Sa(T1) 
for the intensity measure. However, this is not the case for the shear forces having high occur-
rence rate (short return period). In this case the shear forces are underestimated if assessed on 
the basis of UHS spectrum. 

If it is assumed that the UHS spectrum is not appropriate target spectrum for dynamic 
analysis, then it can be concluded that shear forces estimated on the basis of CS conditioned 
to the first vibration period can be considered  appropriate to use in design since in the case of 
long return periods so-determined shear forces are the greatest. However, this statement may 
not be general since it is based on the results obtained only for the investigated building. For 
this particular example, the envelope of the demand hazard curve is obtained by using CSs 
conditioned to the first and third vibration period. 

7 CONCLUSIONS  

In the presented study the return periods of capacity design shear forces in the columns of 
8-storey building were calculated for different sets of ground motions. It was found that the 
return period of the design shear force depends on position, storey and set of ground motion. 
The smallest return periods of QCD were observed for the exterior column (except in the top 
storey) when the demand was estimated on the basis of the ground motions consistent with 
target UHS. 

The adequacy of the design shear force in the columns according to capacity design was 
estimated by the ratio between QCD and the maximum credible design shear force. The results 
of the demand hazard analysis point to the following conclusions: (i) it is expected that the 
safety in design using capacity design procedure is greater for inner columns and (ii) the sets 
of ground motions do not have great impact on maximum credible design shear force. 

It was also observed that if the long return periods are of the interest, then the maximum 
shear forces for given return period are obtained on the basis of the UHS spectrum using Sa(T1) 
for the intensity measure, whereas in case of short return period, the maximum shear force are 
obtained for CS conditioned to the third vibration period (CS T3).  

Since only one example was used for this study, it is important to note that the conclusions 
are not general. Several issues have to be addressed in future research in order to develop 
guidelines for design of shear forces using demand hazard analysis. 
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Abstract. Introduction of trenches, barriers and wave impeding blocks on the transmission
path between a source and receiver can be used for mitigation of ground vibration. However, to
be effective a barrier must have a depth of about one wavelength of the waves to be mitigated.
Hence, while great reductions of energy transmission can be obtained within the medium and
high frequency ranges, barriers are a poor solution at low frequencies.

As an alternative, a periodic change in the properties of the soil can be introduced—to
the geometry and/or to the material. Periodic structures are known to act as filters for wave
propagation, effectively reducing the transmission of energy in certain frequency bands known
as stop bands or band gaps, thus only allowing propagation in the so-called pass bands.

In this paper, a stratified ground with two soil layers is considered and two types of peri-
odicity is analysed: A soil with periodic stiffening (ground improvement) and a ground with
periodic changes in the surface elevation obtained by artificial landscaping. By means of a
two-dimensional finite-element model, the stiffness and mass matrices are determined for a sin-
gle cell of the ground with horizonal periodicity. Floquet analysis is then performed in order
to quantify the number of propagating wave modes as well as modes with low degrees of at-
tenuation. As a conclusion of the analysis, effective mitigation in the low frequency range can
be established. The position of stop bands can be manipulated by engineering the soil with
periodic changes to the geometry and material.
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1 INTRODUCTION

Ground vibration from traffic or unbalanced machinery is a nuisance to people living and
working next to railways, roads or production facilitiesespecially in cases with poor sub grades
where waves can propagate over long distances. Further, sensitive equipment in laboratories and
hospitals may malfunction due to even small vibration levels. Different methods for mitigation
of ground vibration have been studied and tested, ranging from ground improvement and use of
trenches or barriers [1] to application of damping or isolation devices.

This paper proposes a different approach, namely the use of periodic shaping of the land-
scape, inspired by the curvy hills and valleys formed around the Max IV laboratory near Lund,
Sweden. Originally intended by the architects as an aesthetic improvement of the environment,
Persson [2] found in his licentiate work that the modification of the terrain is able to provide
ground vibration mitigation.

The idea of using periodic structures for mitigation of vibrations is not new. In the classical
work by Mead [3], wave propagation in a periodic one-dimensional waveguide was studied,
and many others have followed the same idea. Simple problems can be analysed analytically by
means of Floquet analysis, and combining this approach with, for example, the finite-element
method, periodic two and three-dimensional structures of complex geometries can be studied
regarding their wave propagation properties. Such models have been used, for example, by
Manconi and Mace [4] to study curved panels, and by Domadiyaet al. [5] to study wave propa-
gation in beams with periodically placed masses or changes to the cross section. The combina-
tion of Floquet theory and finite-elements has also be used for analysis of railways [6], mainly
to allow studying long structures with low computational cost. For a similar reason, Bian et al.
[7] used a so-called 2.5D model to study ground vibrations from a train running on a track with
irregular surface.

In the present work, the wave propagation in a soil layer is analysed by combining the finite-
element method with Floquet theory. A reference cell,i.e. one period of the periodic ground
geometry, is modeled using the commercial finite-element analysis software Abaqus 6.14 [8].
The stiffness and mass matrices are then extracted, and an in-house code is utilized for Floquet
analysis. The wave characteristics of the soil including periodicity are discussed in terms of
propagating, attenuating and evanescent modes, and pass and stop bands for vibration transmis-
sion are identified. Two different types of ground are examined. Firstly, a layer with periodically
changing material properties is considered, corresponding to a case with jet grouting or another
type of ground improvement implemented with equidistant spacing. Secondly, inspired by the
Max IV laboratory, a ground with periodic changes in the surface geometry is concerned.

2 COMPUTATIONAL MODEL

2.1 Finite-element formulation for soil with periodic geometry

Wave propagation in the layered soil is analysed by a two-dimensional finite-element model
assuming plane strain and linear elastic response. The geometry is periodic in the direction
along the ground surface—i.e. a reference “cell” is repeated infinitely many times in thex
direction as illustrated in Figure 1. In the absence of damping, the equation of motion for the
finite-element model of the cell can be written in the time domain as

Mü(t) +Ku(t) = f(t), (1)

whereM andK are the mass and stiffness matrices, respectively, whereasü(t) andu(t) are
the nodal acceleration and displacement vectors, respectively, andf(t) is the vector of external
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nodal forces. After Fourier transformation with respect to time, t, Eq. (1) may be written in
frequency domain:

(

K+ (iω)2M
)

U(ω) = D(ω)U(ω) = F(ω), D(ω) = K− ω2
M, (2)

wherei =
√
−1 is the imaginary unit andω signifies the angular frequency, whereasU(ω) and

F(ω) are the complex-valued Fourier coefficients of the displacement and external force vectors,
respectively. Finally,D(ω) is introduced as the complex-valued dynamic stiffness matrix.

In what follows, all calculations are expressed in the frequency domain and for convenience
the dependence of the angular frequencyω is assumed implicit. For example,U(ω) = U. The
next step is to split the dynamic stiffness matrix as well as the displacement and force vectors
into components associated with internal degrees of freedom and components associated with
degrees of freedom at the boundary where periodicity constraints are to be applied. Introducing
subscriptsi andb to identify degrees of freedom for internal nodes and periodicity boundary
nodes, respectively, sub-matrices and sub-vectors are defined as:

D =

[

Dbb Dbi

Dib Dii

]

, U =

{

Ub

Ui

}

, F =

{

Fb

Fi

}

. (3)

It is noted that the internal degrees of freedom include those at nodes on parts of the boundary
that are not subject to periodicity conditions. Inserting Eq. (3) into Eq. (2) and assuming that
no external forces are applied to the interior degrees of freedom provides:

[

Dbb Dbi

Dib Dii

]{

Ub

Ui

}

=

{

Fb

Fi

}

=

{

Fb

0i

}

. (4)

Here0i is the null vector with the same dimensions asFi.
By condensation of the internal degrees of freedom it follows that

D̃Ub = Fb, D̃bb = Dbb −DbiD
−1

ii
Dib, (5)

whereD̃ is a dynamic stiffness matrix for the cell, expressed in terms of boundary degrees of
freedom only. For the present problem,D̃ is much smaller than the original dynamic stiffness
matrix for the cell,D, given a small number of boundary nodes compared to internal nodes.
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Figure 1: Periodic ground with two layers over bedrock and repeated inclusion of an object.
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With reference to Figure 1, the boundary nodes are divided intothose belonging to theleft
periodicity boundary and those belonging to theright periodicity boundary, using the subscripts
L andR, respectively. Equation (5) can then be expressed into the form

[

D̃LL D̃LR

D̃RL D̃RR

]{

UL

UR

}

=

{

FL

FR

}

, (6)

where the sub-matrices̃DLL, D̃LR, D̃RL andD̃RR are all square matrices since the number
of nodes and degrees of freedom must be the same at the left and right boundaries of the cell.
Likewise,UL, UR, FL andFR are column vectors of the same length. Otherwise, periodicity
constraints cannot be applied.

The next step is to apply periodicity conditions. Based on Floquet theory, the following
continuity and equilibrium condiotions must hold for the displacements and forces, respectively,
at the left and right periodicity boundaries:

UR = exp (−ik∆)UL = λUL, exp (−ik∆)FL + FR = λFL + FR = 0L. (7)

Here0L is the null vector having the same length asFL andFR. Further,k is the complex-
valued wavenumber related to a given mode of vibration or propagation,∆ is the length of the
cell, i.e. the distance between the left and right boundaries, andλ = −ik∆. Propagating modes
without attenuation are characterised by real-valued wavenumbers and|λ| = 1.

Equation (7) can be reformulated into the form

Ub =

{

UL

UR

}

=

[

I

λI

]

UL = ΛΛΛRUL, ΛΛΛR =

[

I

λI

]

, (8a)

[

λI I

]

{

FL

FR

}

= ΛΛΛLFb = 0L, ΛΛΛL =
[

λI I

]

, (8b)

whereI is the identity matrix with the same dimensions asD̃LL. Pre-multiplying Eq. (5) byΛΛΛL

and making use of the results obtained in Eq. (8) lead to an equation in the form

ΛΛΛLD̃ΛΛΛRUL = ΛΛΛLFb = 0 ⇒
[

λI I

]

[

D̃LL D̃LR

D̃RL D̃RR

] [

I

λI

]

UL = 0L (9)

which can be expressed as a non-linear eigenvalue problem in terms of the eigenvaluesλ and
the eigenvectorsUL:

(

λ2
D̃LR + λ

(

D̃LL + D̃RR

)

+ D̃RL

)

UL = 0L. (10)

This may conveniently be reformulated into a generalized linear eigenvalue problem of the
doubled dimensions,

([

0LL D̃LL + D̃RR

D̃LR D̃LL + D̃RR

]

− λ

[

D̃LL + D̃RR 0LL

0LL −D̃LR

]){

UL

UR

}

=

{

0L

0L

}

, (11)

where0LL is the null matrix with the same dimensions asD̃LL. It is observed that the eigenvec-
tor corresponds to the boundary displacement vectorUb. Once the eigenvalue problem (11) has
been solved,i.e.λ andUb have been determined for a given angular frequencyω, the internal
degrees of freedom are determined asUi = −D

−1

ii
DibUb, which follows directly from Eq. (4).
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2.2 Geometry and material properties for the models

Two different periodic soil geometries are considered: a top layer with periodically changing
material properties (Model I), and a top layer with periodically changing position of the ground
surface (Model II). The overall geometry of the reference cells for the two cases are illustrated in
Figure 2. The first case may be considered as periodic ground improvement or wave impeding
blocks (WIBs) obtained by, for example, jet grouting. The second case can be obtained by
artificial landscaping. The curved ground surface is a combination of circular arcs. The concave
and convex parts each constitute one half of the cell length with the convex arc being placed
at the centre and the two concave parts constituting one quarter each in the left and right sides,
respectively. As shown in Figure 2, a second layer is present below the topsoil in either case,
separated from the upper layer by a horizontal interface. Further, it is noted that both cells are
symmetrical around thez axis.

Models I and II are characterized by the following parameters: width of the cell,w1; width of
the WIB,w2 (only Model I); depth of the top layer,h1; depth of the bottom layer,h2; amplitude
of the surface elevation,h3 (only Model II). Each material is defined by Young’s modulus,E,
Poisson’s ratio,ν, and mass density,ρ. In the present analysis, the properties listed in Table 1
have been utilized. The properties correspond to a top layer of medium stiff clay, a bottom layer
of till, and a WIB made of weak concrete. At the bottom layer is fixed in thex andz directions
at its base. This corresponds to a stratified soil over bedrock.

For the finite-element analysis of the master cell, the commercial code Abaqus/Standard [8]
has been employed, using Python scripting to allow parametric studies. Quadrilateral elements
with eight nodes, quadratic interpolation of the displacement and full integration are applied
in all models. A structured mesh is utilized with a global mesh size of 1.0 m, employing the
intrinsic mesh generator in Abaqus.

(a) Changing material properties (b) Changing ground surfaceelevation

h1h1

h2h2

w1w1

w2

h3 xx

zz

Cell −1Cell −1 Cell 0Cell 0 Cell 1Cell 1

Figure 2: Geometry of the two cell configurations considered in the analysis.

Table 1: Material properties.

Material Young’s modulus Poisson’s ratio Mass density
E [MPa] ν [−] ρ [kg/m3]

Top layer soil 50 0.48 2000

Bottom layer soil 500 0.45 2200

Stiff WIB material 5000 0.20 2400

Soft WIB material 5 0.20 1200
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3 ANALYSES AND DISCUSSION

In the following, results are presented and discussed for the two cases presented as Models I
and II in the previous section.

3.1 Model I: Periodic inclusions (wave impeding blocks)

Figure 3 shows the results for Model I with different cell lengths and wave impeding blocks
made of stiff material as defined in Table 1. The figure indicates the number of propagating
modes (in one direction only) that exist at frequencies in the range 0–20 Hz. Further, the num-
bers of attenuating and evanescent modes (decaying in one direction only) have been plotted.
Modes with absolute values of the imaginary parts of the wavenumber higher than 1.0 m−1,
corresponding to high degrees of attenuation, have been filtered out. Hence, only propagating
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Figure 3: Skyline plots for Model I with different geometries: Stiff WIB material.
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modes and evanescent or attenuating modes with low damping areincluded in the plots which
have been given the name “skyline plots” due to their visual appearance.

For all values ofw1 included in the study, a number of stop bands are present in the frequency
range 0–20 Hz, though most of the stop bands are narrow. Among the tested configurations,
the cell width of 14 m provides the better solution in terms of wave mitigation. Here, relatively
wide band gaps are present around 6.5 Hz and 10.5 Hz. Figuratively, these band gaps can be
considered “parks” where the “noise of the city” diminishes.

Results of Model I with soft WIB material are plotted in Figure 4. Evidently, the soft WIBs
provide an overall better solution in terms of mitigation. Especially it is noticed that a marked
band gap occurs at frequencies of around 7 to 8 Hz, depending on the width of the cell and only
for w1 = 14 to 18 m. This stop band has the interesting feature that not only propagating modes
but also attenuating modes disappear, leading to absolute tranquility at these frequencies.
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Figure 4: Skyline plots for Model I with different geometries: Soft WIB material.
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3.2 Model II: Curved landscape

Figures 5 and 6 contain results of Model II with two different surface elevations,i.e.h3 = 1m
andh3 = 2 m. Again, modes with absolute values of the imaginary parts of the wavenumber
higher than 1.0 m−1 are disregarded. Cell lengths smaller than about 8 m have been found to
be ineffective for mitigation purposes. However, the cell length should neither be too large as
this will make it difficult to obtain a sufficient number of repetitions to provide the required
near-periodicity. Due to these reasons, cell lengths of 8, 10, 12 and 14 m have been analysed,
and as in Model I it is observed that a number of stop bands occur.

Based on the results presented in Figure 5, the cells withw1 = 10, 12 or 14 m perform
almost equally well for the surface elevationh3 = 1 m, but the band gaps occur at different
frequencies. This should be taken into consideration when the ground surface is engineering
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Figure 5: Skyline plots for Model II with different geometries: Surface elevationh3 = 1 m.

929



L. V. Andersen

to prevent wave propagation a certain frequencies. On the other hand, whenh3 = 2 m (cf.
Figure 6) the cells withw1 = 12 and14 m have a superior performance. Here, a relatively wide
range of frequencies is covered by two closely space band gaps around 5 and 6.5 Hz.

4 Discussion

The skyline plots presented in Figures 3–6 provide an intuitive approach to understanding
how many propagating, attenuating and evanescent modes exist at a given frequency. The target
of vibration mitigation is to reduce the height of the “buildings” in the plot, especially the front
row which quantifies the number of propagating modes. It must be mentioned that the number
of propagating modes should not be influenced by the discretization of the finite-element model
of the cell, given that the solution has converged. Similarly, the number of lightly damped
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Figure 6: Skyline plots for Model II with different geometries: Surface elevationh3 = 2 m.
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attenuating and evanescent modes will not be influenced,i.e.only the number of highly damped
modes will increase as a result of mesh refinement.

Comparing the results of Models I and II, it is observed that stop bands of similar width
can be achieved by either concept of periodicity for the layered soil considered in the present
examples. A cell length of 14–18 m has the higher efficiency for Model I, whereas a cell length
of about 10–12 m is optimal for Model II. It must be noticed that this conclusion is only valid
for the stratification considered in the present case,i.e. with the material properties listed in
Table 1 and with the layer depthsh1 = 10 m andh2 = 20 m.

From an installation point of view, the main advantage of Model I is that the ground surface
does not need to be changed,i.e. it can remain plane. The main disadvantage is that new
material (stiff or soft WIB material) needs to be put into the top layer by grouting or another
technique. For Model II it is the opposite. No new material is needed—it is simply a relocation
of material from one place to another—but the ground surface elevation is changed by the
artificial landscaping. Thus, Model II is interesting for sites where no buildings, roads or other
structures are going to be placed directly on the ground as, for example, the site surrounding
the Max IV facility near Lund in Sweden [2].

Regarding the frequency range that can effectively be influenced by the periodic inclusions of
wave impeding blocks or artificial landscaping, the present analyses indicate that mitigation can
be achieved at frequencies well below 10 Hz. Here the wavelength of shear waves in the topsoil
is more than 9 m and typically, single barriers with depths less than one Rayleigh wavelength
are ineffective. Finally, it should be emphasized that the first modes of resonance in buildings
typically occur at frequencies around 4–6 Hz, and modes of individual floors may occur at fre-
quencies below 10–15 Hz. Consequently, the method of wave mitigation presented in this paper
can be attractive—especially for facilities with sensitive equipment or people (e.g.hospitals and
laboratories) in the vicinity of railways or heavily trafficked roads.

5 CONCLUSIONS

Mitigation of wave propagation in layered soil can effectively be achieved by periodic inclu-
sion of stiff or soft wave impeding blocks (WIBs) or by altering the ground surface in a periodic
manner. Based on the combined finite-element and Floquet analysis presented in this paper, the
following conclusions can be made:

• Stop bands for wave propagation can be obtained at frequencies as low as 5 Hz;

• To obtain an efficient solution, the cell length must be about 10–12 m for a solution with
periodic changes in the ground surface elevation, whereas for the WIB-based solution a
slightly longer cell (14–18 m in length) has been found optimal in the considered case;

• A “skyline plot” has been suggested as an intuitive way of illustrating the modal density
related to propagating, attenuating and evanescent modes in strata.

It should be noted that real soil layers are not perfectly homogeneous and horizontal. Hence,
the performance of a periodic change to the top layer of natural soils is subject to great uncer-
tainty. But if the entire top layer is engineered, which may be the case at sites like the Max IV
facility, mitigation of low-frequency ground vibration can be achieved.

Finally, the conclusions drawn in the present paper are only valid for the considered strata
which consists of a 10 m deep top layer of soft clayey soil on a 20 m deep bottom layer of
till over bedrock. Future investigations should include other stratifications, and expansion to a
three-dimensional model should is relevant to study the efficiency regarding point sources.
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Abstract. A thin linearly elastic shell made of heterogeneous anisotropic material is studied.
The general anisotropy described by 21 elastic moduli is examined. The material may be func-
tionally graduated or multi-layered. The asymptotic expansions in powers of the relative shell
thickness of the three-dimensional elasticity equations are used to deliver the two-dimensional
shell model. In the zeroth-order approximation the model of 8th differential order is obtained.
The asymptotic precision of this model is the same as the precision of the classic Kirchhoff–Love
model for isotropic shell. Influence of the elastic moduli variation in the thickness direction is
examined. As an example the Donnell system for shallow shells is presented, and this system is
used to discuss the free transversal shell vibrations spectrum.

933



Petr E. Tovstik, Tatiana P. Tovstik, and Daniil Al’chibaev

1 INTRODUCTION

Numerous studies are devoted to derive the two-dimensional (2D) models of plates and shells
from the three-dimensional (3D) equations of the theory of elasticity. The main used methods
are the following: the method of hypotheses about distributions of unknown functions in the
thickness direction z [1-4], the methods of expansions in the series of the Legendre polynomials
in z [5,6], and the asymptotic expansions in series in the small parameter h∗ which is equal to
the dimensionless thickness [7-11].

An anisotropy of the material introduces additional difficulties. Some 2D models including
a transverse shear for a transversely isotropic material are proposed in [12]. The Timoshenko–
Reissner hypotheses are used and the resulting system of the 10th order is obtained.

In the present paper we study the case of the general anisotropy with 21 elastic moduli. It is
shown [13,14] that for plates with the general anisotropy (in contrast to isotropic or orthotropic
materials) the 2D models based on the Kirchhoff–Love (KL) or on the Timoshenko–Reissner
(TR) hypotheses are inconsistent in the principal terms with respect to h∗. It is illustrated by
comparison with the asymptotic 3D solutions for the test problems. To obtain the correct 2D
plate model the generalized TR hypotheses are suggested [13,14]. The same hypotheses are
used to deliver the 2D shell model in the case of the general anisotropy [10,11]. The system
of 10th differential order is obtained. The main defect of this system consists in its high order
and as a result in the presence of boundary layers among its solutions. The main principle of
the correct 2D shell model is that the length of tangential waves is much longer than the shell
thickness [15]. The boundary layers do not satisfy this principle.

In the present paper it is assumed that all elastic moduli are of the identical orders, we expect
that in this case the KL model is better. But in connection with the generalized TR hypotheses
we have the TR model. In the studied case the TR model gives asymptotically the same results
as the more simple KL model. That is why it is desirable to exclude the boundary layers from
the TR model and to decrease the differential order of system to 8. This simplification of model
is partly made in [10], but some difficulties appear.

On the other hand if the transversal elastic moduli are relatively small the TR model gives
the essentially better results than the KL model [16,17].

In this paper the asymptotic expansions in powers of the relative shell thickness of the 3D
elasticity equations are used to deliver the 2D shell model. In the zeroth-order approximation
the model of 8th differential order is obtained. The asymptotic precision of this model is of the
order h∗, and is the same as the precision of the classic KL for isotropic shell. The accepted way
allows us to avoid any hypotheses and to obtain the desired model. Additionally this model is
acceptable for multi-layered (sandwich) and functionally graduated shells. For plates with the
general anisotropy the similar model is proposed in [18], and for transversely isotropic material
it is given in [19,20].

2 THE MAIN ASSUMPTIONS, 3D EQUATIONS AND ELASTICITY RELATIONS

Consider a thin shell of the constant thickness h with smooth mid-surface. We introduce curvi-
linear co-ordinates x1, x2 in the mid-surface coinciding with lines of curvature. The third co-
ordinate x3 = z (|z| ≤ h/2) coincides with the mid-surface normal (Fig. 1). The Lame
coefficients of a shell body are Hi = Ai(1 + kiz), i = 1, 2, H3 = 1, where Ai, ki are the Lame
coefficients of the mid-surface and its main curvatures. Further with the error of order h∗ we
put approximately Hi ≃ Ai, but ∂Hi/∂z = Aiki.
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Figure 1: The shell.

In these co-ordinates the equilibrium equations are [21]

∂(A2σ11)

A2∂y1
+
∂(A1σ12)

A1∂y2
+

∂A1

A1∂y2
σ12 −

∂A2

A2∂y1
σ22 +

∂σ13
∂z

+ k1σ13 + f1 = 0, (1 ↔ 2),

∂(A2σ13)

A2∂y1
+
∂(A1σ23)

A1∂y2
+
∂σ33
∂z

− k1σ13 − k2σ23 + f3 = 0,

∂y1 = A1∂x1, ∂y2 = A2∂x2,
(1)

where σij are stresses, fi(x1, x2, z, t) are the components of the external body forces densities.
Consider the material with general anisotropy containing 21 elastic moduli. To describe the

elasticity relations it is more convenient to use the matrix designations instead of the 4th rank
tensor. We divide stresses σij and strains εij into groups of tangential σt, εt and non-tangential
σn, εn stresses and strains,

σt = (σ11, σ12, σ22)
T , σn = (σ13, σ23, σ33)

T ,

εt = (ε11, ε12, ε22)
T , εn = (ε13, ε23, ε33)

T ;
(2)

the superscript T designates a transposition. Then the relations between stresses and strains are
written in the matrix form

σt = A·εt +B·εn, σn = BT ·εt +C·εn, (3)

where A = {Aij}, B = {Bij}, C = {Cij} are the matrices of the elastic moduli, the matrices
A and C being symmetric. The relations (3) contain 21 elastic moduli. It is assumed that the
matrix of 6th order (

A B
BT C

)
(4)

is positively definite.
The strains εij (in assumption that Hi = Ai) are

ε11 = ε11(u1, u2, w) =
∂u1
∂y1

+
∂A2

A1∂y2
u2 + k1w, (1 ↔ 2);

ε12 = ε12(u1, u2, w) = A1
∂

∂y2

(
u1
A1

)
+ A2

∂

∂y1

(
u2
A2

)
,

ε13 =
∂w

∂y1
+
∂u1
∂z

− k1u1, (1 ↔ 2), ε33 =
∂w

∂z
,

(5)

where ui, i = 1, 2 and w are the tangential and normal displacements respectively. With an
error of order h∗ the terms kiui may be neglected.
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Assume that the upper and lower shell surfaces z = ±h/2 are free from external forces,

σ13 = σ23 = σ33 = 0, z = ±h/2. (6)

If the surface external forces are presented, we assume that the conditions (6) are fulfilled and
these forces are included into the body external forces.

3 ASYMPTOTIC SIMPLIFICATION OF THE EQUILIBRIUM EQUATIONS

Relations (1–6) contain the full 3D description of the problem. To obtain the approximate 2D
model we use the asymptotic expansions in powers of the relative shell thickness h∗. Introduce
the dimensionless variables (with the signˆ).

{xi, ui, w} = l{x̂i, ûi, ŵ}, i = 1, 2, x3 = hz, h∗ =
h

l
,

{Aij, Bij, Cij, σij} = E{Âij, B̂ij, Ĉij, σ̂ij}, {fi} = (E/l){f̂i}, i, j = 1, 2, 3,
(7)

where l is the typical length of shell, E is the typical value of the elastic moduli, h∗ is the small
parameter. Further the signˆis omitted.

As a result we get the system with small parameter h∗ on the right sides
∂w

∂z
= h∗ε33; (8.1)

∂ui
∂z

= h∗

(
εi3 −

∂w

∂yi
+ kiui

)
, i = 1, 2, (8.2)

∂σi3
∂z

= −h∗L̂i, L̂i = Li(σt) + kiσi3 + fi, i = 1, 2, (8.3)

∂σ33
∂z

= −h∗L̂3, L̂3 = L3(σn)− k1σ11 − k2σ22 + f3, (8.4)

where

L1 = L1(σt) =
∂(A2σ11)

A2∂y1
+
∂(A1σ12)

A1∂y2
+

∂A1

A1∂y2
σ12 −

∂A2

A2∂y1
σ22, (1 ↔ 2),

L3 = L3(σ13, σ23) =
∂(A2σ13)

A2∂y1
+
∂(A1σ23)

A1∂y2
.

(9)

The main unknowns in the system (8) are u1, u2, w, σ13, σ23, σ33. For deriving the right sides
we use the relations (see(3))

εn = C−1 ·σn−C−1·BT ·εt, σt = A
∗·εt+B·C−1·σn, A∗ = A−B·C−1·BT . (10)

We seek the solution of the system (8) that satisfies conditions (6)

σi3 = 0, i = 1, 2, 3, z = ±1/2 (11)

in assumption that all elastic moduli are of the identical orders.
Let σt, σs, σn be the typical values of the tangential stresses, σ11, σ12, σ22, of the transversal

shear stresses, σ13, σ23, and of the normal stresses, σ33, respectively. From equations (8.3) and
(8.4) the asymptotic estimates follow

σs ∼ h∗σt, σn ∼ h∗σs ∼ h2∗σ. (12)

Accepting σs = σn = 0 we get the classic Kirchhoff–Love model. If we hold the stresses σs,
then we obtain the Timoshenko–Reissner model.
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4 ASYMPTOTIC SOLUTION OF THE SYSTEM (8)

As in [19,20], to find the approximate solution we use the method of iteration consisting
in the successive solution. The equations (8). After integration at z equations (8.1) (8.2) the
arbitrary functionsw0(x1, x2) and u0i (x1, x2) are introduced. Then these functions may be found
from the compatibility conditions of equations (8.3), (8.4) and boundary conditions (11), which
consist in the equality to zero of the average values of the right sides of equations (8.3), (8.4)⟨

L̂i

⟩
= 0, i = 1, 2, 3, ⟨Z⟩ ≡

∫ 1/2

−1/2

Zdz. (13)

In zeroth-order approximations equations (8.1) and (8.2) give

w = w0(x1, x2), ui = u0i (x1, x2)− h∗zφi, φi =
∂w0

∂yi
, i = 1, 2. (14)

From relation (10) omitting the small summand with σn we get

σ0
t = (σ0

11, σ
0
12, σ

0
22)

T = A∗ ·(ε0t − h∗zε
φ
t ),

ε0t = (ε11(u
0
1, u

0
2, w

0), ε12(u
0
1, u

0
2, w

0), ε22(u
0
1, u

0
2, w

0))T ,

εφt = (ε11(φ1, φ2, 0), ε12(φ1, φ2, 0), ε22(φ1, φ2, 0))
T .

(15)

The compatibility conditions (13) with i = 1, 2 give two equations for the unknown functions
u0i (x1, x2), w

0(x1, x2)

Li(a
(0) ·ε0t )− h∗Li(a

(1) ·εφt ) + kiσi3 + Fi = 0, i = 1, 2,

a(k) =
⟨
zkA∗⟩ , k = 0, 1, 2, Fi = ⟨fi⟩ .

(16)

The term kiσi3 is small and it may be omitted.
Here we study the general case in which the elastic moduli in matrixA∗ depend on z. There-

fore the multi-layered shells and functionally graduated shells are not excluded from consider-
ation. If matrixA∗ is constant in z or it is symmetric,A∗(−z) = A∗(z), then a(1) = 0 (further
we refer to this case as to symmetric one, the opposite case is asymmetric).

Now we find stresses σ0
13 and σ0

23 in zeroth-order approximation

σ0
i3(x1, x2, z) = −h∗

(
Li(ã

(0) ·ε0t )− h∗Li(ã
(1) ·εφt ) + F̃i

)
, i = 1, 2,

ã(k)(z) =
∫ z

−1/2
zkA∗dz, F̃i(z) =

∫ z

−1/2
fidz.

(17)

Lastly the compatibility condition for equation (8.4) gives the third equation for functions
u0i (x1, x2), w

0(x1, x2)

h∗L3

(
L1(a

(0) ·ε0t )), L2(a
(0) ·ε0t ))

)
− h2∗L3

(
L1(a

(1) ·εφt )), L2(a
(1) ·εφt ))

)
+

+h∗L3(⟨zF1⟩ , ⟨zF2⟩)− k1σ
0
11 − k2σ

0
22 + F3 = 0.

(18)

Three equations (16) and (18) give the system from which the unknown functions u0i (x1, x2),
w0(x1, x2) are to be found. The differential order of this system is 8 as in the Kirchhoff–Love
model.
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5 COMPARISON WITH THE KIRCHHOFF–LOVE MODEL

We introduce the tangential stress-resultants, T̂ , the stress-couples, M̂ , and the shear stress-
resultants, Q̂, by relations

T̂ = (T̂11, T̂12, T̂22)
T = ⟨σt⟩ = T +Nφ, T = a(0) ·ε0t , Nφ = −h∗a(1) ·εφt ,

M̂ = (M̂11, M̂12, M̂22)
T = ⟨zσt⟩ =M +N t, M = −h2∗a(2) ·εφt , N t = h∗a

(1) ·ε0t ,
Q = (Q1, Q2)

T = (⟨σ13⟩ , ⟨σ23⟩)T .
(19)

From (8.3), (11), (17) it follows

Qi = ⟨σi3⟩ = −
⟨
z
∂σ13
∂z

⟩
= h∗

⟨
z(Li(σ

0
t ) + fi)

⟩
= Li(M̂ ) + h∗ ⟨zfi⟩ (20)

Therefore equations (16) and (18) coincide with the corresponding Kirchhoff–Love equa-
tions, respectively

Li(T̂ ) + Fi = 0, i = 1, 2,

∂(A2Q1)

A2∂y1
+
∂(A1Q2)

A1∂y2
− k1T̂11 − k2T̂22 + F3 = 0.

(21)

In the non-symmetric case equations (21) are complex enough. In the symmetric case a(1) =
0 and N t = Nφ = 0, T̂ = T , M̂ = M , and the equations (21) accept the ordinary form of
the Kirchhoff–Love equations.

The surface potential energy density is

U =
1

2

3∑
i,j=1

⟨σijεij⟩ (22)

and after the accepted simplifications we get approximately

U ≈ U0 =
1

2

⟨
(ε0t − h∗zε

φ
t )

T ·A∗ ·(ε0t − h∗zε
φ
t )
⟩
. (23)

The variation of the full potential energy Π =
∫ ∫

S
U0 dS (here S is the shell mid-surface)

with respect to functions u01(x1, x2), u
0
2(x1, x2), w

0(x1, x2) gives the equations (16), (18) or the
equations (21) and the boundary conditions.

6 THE DONNELL TYPE SIMPLIFICATION

The more complex system (than the system (21)) of 10th differential order of the Timoshenko–
Reissner type is obtained in [10,11], and the main stress-strain states (SSS) are described. After
excluding the boundary layer the order of this system is decreased to 8, the obtained system
coincides with the system (21) in the symmetric case.

Here we study the system (21) in the asymmetric case in assumptions which lead to the
Donnell system. We suppose that the Lame coefficients, A1, A2, the curvatures, k1, k2, of the
mid-surface, and the matrices of elasticity, a(0),a(1),a(2), (a(1) ̸= 0) are constant, the external
forces f1 = f2 = 0. These assumptions are valid for the shallow shell, for the cylindrical shell,
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and for the SSS with the large variability (see [7] and the relation (33) below). Under these
assumptions the governing relations are

ε0t = (p1u1 + k1w, p1u2 + p2u1, p2u2 + k2w)
T ,

εφt = (p21w, 2p1p2w, p
2
2w)

T ,
p1 =

∂

∂y1
, p2 =

∂

∂y2
. (24)

p1T̂11 + p2T̂12 = 0, p1T̂12 + p2T̂22 = 0,

T̂ = (T̂11, T̂12, T̂22)
T = a(0) ·ε0t − h∗a

(1) ·εφt .
(25)

p1Q1 + p2Q2 − k1T̂11 − k2T̂22 + F3 = 0,

Q1 = p1M̂11 + p2M̂12, Q2 = p1M̂12 + p2M̂22 = 0,

M̂ = (M̂11, M̂12, M̂22)
T = h∗a

(1) ·ε0t − h2∗a
(2) ·εφt .

(26)

The system (24)–(26) may be reduced to the system with two unknown functions,w(x1, x2),Φ(x1, x2),

L4(p1, p2)Φ− (k1p
2
2 + k2p

2
1)w + h∗L̂4(p1, p2)w = 0,

h∗N̂4(p1, p2)Φ− (k1p
2
2 + k2p

2
1)Φ− h2∗N4(p1, p2)w + F3 = 0,

(27)

where differential operators L4, L̂4, N4, N̂4 of forth order are

L4 = P
T
1 ·b·P 1, L̂4 = P

T
1 ·c·P 2, b =

(
a(0)

)−1
, c = b·a(1)

N4 = P
T
2 ·â

(2)P 2, N̂4 = P
T
2 ·cT ·P 1 = L̂4,

â(2) = a(2) − a(1) ·b·a(1), P 1 = (p22, −p1p2, p21)T , P 2 = (p21, 2p1p2, p
2
2)

T .

(28)

Function Φ is the stress-function connected with the stress-resultants by relations

T̂11 = p22Φ, T̂12 = −p1p2Φ, T̂22 = p21Φ. (29)

The first equation (27) (the so called compatibility equation) is obtained after excluding u1
and u2 from the relations (25). The second equation (27) is the equilibrium equation (26) after
simplifications.

In the symmetric case

a(1) = 0, L̂4 = N̂4 = 0, â(2) = a(2) (30)

and the system (27) coincides with the earlier obtained Donnell system [22-24].

7 THE SHORT ASYMPTOTIC ANALYSIS OF THE DONNELL SYSTEM (27)

In the symmetric case the analysis of the Donnell system for anisotropic shells is carried out
in [10]. Here we pay attention to the difference between the symmetric and the asymmetric
cases.

Firstly, we estimate the possible values of the stiffness matrices. Assume that all elements of
the matrixA∗(z) depend of z as

A∗(z) = f(z)A∗
0, ⟨f(z)⟩ = 1. (31)

939



Petr E. Tovstik, Tatiana P. Tovstik, and Daniil Al’chibaev

If the function f(z) is linear then the most difference between the linear and the non-linear
cases has place for f(z) = 1− 2z. For this f(z) we get

a(0) = A∗
0, a(1) = −1

6
a(0), b·a(1) = −1

6
E,

a(2) =
1

12
a(0), â(2) =

1

18
a(0) =

2

3
a(2),

(32)

where E is the unit matrix of the third order. Therefore, for a functionally graduated material
with f(z) = 1 − 2z the bending stiffness matrix â(2) is 2/3 times of the matrix a(2) for an
isotropic material.

To fulfill the asymptotic analysis of the system (27) or of the system (24–(26), and to describe
the asymptotic behavior of functions at h∗ → 0 let us introduce partial variability indices t1, t2
of the state (SSS) by the relations

∂Z

∂x1
∼ h−t1

∗ Z,
∂Z

∂x2
∼ h−t2

∗ Z, (33)

where Z is any unknown function. We refer to t = max(t1, t2) as to a common variability indix.
From (24) it follows that

p1 ∼ h−t1
∗ , p2 ∼ h−t2

∗ . (34)

The asymptotic approach allows us simply to estimate the orders of the unknown variables
and to construct the approximate equations and their solutions (see also ([7,10,11,25]).

For the momentless (membrane) SSS the variability of unknowns is small (t = 0) and with
the error of the order h∗ the system (27) accepts the form

L4(p1, p2)Φ− (k1p
2
2 + k2p

2
1)w = 0, (k1p

2
2 + k2p

2
1)Φ = F3. (35)

As it is clear the effects of the asymmetry are not contained in (35). Also the equations (35)
may be approximately used to describe the SSS with t < 1/2, but the error is larger and it is of
the order h1−2t

∗ .
The differential order of the system (35) is not enough to satisfy all 4 boundary conditions

at the shell edges, and it is necessary to construct the additional SSS, namely the edge effect
solutions. Let us study the edge effect near the edge x1 = 0, for which the variability indices
are t1 = 1/2, t2 = 0. In this case with the error of the order h(1/2)∗ the edge effect satisfies to
the equation

h2∗(b33â
(2)
11 + c213)

∂4w

∂y4
− 2h∗k2c13

∂2w

∂y2
+ k22w = 0, (36)

where we hold only the largest elements of operators (28) and

b = {bij}, c = {cij}, â(2) = {â(2)ij }. (37)

According to (36) the asymmetry influence on the edge effect is essential.
If t1 = t2 = 1/2 then all terms in the system (27) are of the identical order and the asymmetry

influence is also essential.
For plates k1 = k2 = 0, and the equations (27) are

L4(p1, p2)Φ + h∗L̂4(p1, p2)w = 0, h∗N̂4(p1, p2)Φ− h2∗N4(p1, p2)w + F3 = 0. (38)

In the symmetric case (with L̂4 = N̂4 = 0) the equations (38) may be solved separately, but in
the general (asymmetric) case these equations are connected.

940



Petr E. Tovstik, Tatiana P. Tovstik, and Daniil Al’chibaev

8 FREE VIBRATIONS OF A SHALLOW SHELL

As an example of the Donnell equations applications we study the free transversal vibrations
of a shallow shell. According to the assumptions, in which the Donnell equations are acceptable,
we hold only the normal inertia forces. In equation (27) we put

F3 = Λw, Λ = ⟨ρ⟩ l2ω2E, (39)

where Λ is the unknown dimensionless frequency parameter, ω is the natural frequency, ⟨ρ⟩ is
the average mass density.

We seek the solution of system (27) in the form

w(x1, x2) = w0 exp{i(q1y1 + q2y2)}, Φ(x1, x2) = Φ0 exp{i(q1y1 + q2y2)}, i =
√
−1.
(40)

Then equations (27) give

Λ = h2∗N4(q1, q2) +

(
k1q

2
2 + k2q

2
1 + h∗L̂4(q1, q2)

)2

L4(q1, q2)
. (41)

This expression (through the term L̂4) indicates influence the asymmetry of elastic properties
on the natural frequencies. To use the expression (41) for calculations it is necessary to know
the wave numbers q1 and q2. They may be found satisfying the boundary conditions at the
shell edges. In the general case it is a very complex problem. For the rectangular shallow shell
(0 ≤ x1 ≤ l1, 0 ≤ x2 ≤ l2) this problem is solved in [26] by adding to the form (40) solutions
of the so-called dynamic edge effects decreasing away from the shell edges.

The expression (41) allows us to get a lot of qualitative conclusions about the dependence of
natural frequencies on the shell curvatures k1 and k2, and on the variability indices t1 and t2 of
the form (40) (qi ∼ h−ti

∗ ).
For the circular cylindrical shell we take q2 = m (m is integer).
The equations (27) and the expression (41) do not describe the tangential vibrations, and

frequencies of these vibrations are of the order Λ ∼ 1. That is why we discuss the lowest part
of the shell spectrum containing frequencies with Λ << 1.

The functions L4(q1, q2) and N4(q1, q2) are positively defined. Taking into account that all
elements of matrices â(2), b, c are of the order of 1 we deliver from the expression (41) the
following estimate

Λ ∼ h2−4t
∗ +

(
(k1h

−2t2
∗ + k2h

−2t1
∗ )h2t∗ + jch∗

)2
, t = max(t1, t2), t1 ≥ 0, t2 ≥ 0, (42)

where jc = 0 in the symmetric case and j = 1 in the asymmetric case.
From (42) it follows that

— inequality Λ ≪ 1 is fulfilled only if t < 1/2,
— for the cylindrical shell (with k1 = 0) minΛ ∼ h∗k2 at t1 = 0, t2 = 1/4,
— for the shell with negative Gaussian curvature (with k1k2 < 0) minΛ ∼ h

2/3
∗ at t1 = t2 =

1/3,
— for the convex shell (with k1k2 < 0) inequality Λ ≪ 1 is possible only if k21 + k22 ≪ 1.

For shells made of isotropic homogeneous material the similar conclusions are obtained in
[27]. In the accepted assumptions the anisotropy and the asymmetry of material effects on the
value of Λ, but its asymptotic order at h∗ → 0 remains the same.
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9 BUCKLING OF THE CIRCULAR CYLINDRICAL SHELL

The same method may be applied in study of the buckling of shallow shell. Consider for ex-
ample the circular cylindrical shell under normal pressure. For this case, we put in equation (27)

F3 = Λp22w, (43)

where Λ is the unknown loading parameter.
For the cylindrical shell the curvilinear coordinates x1, x2 coincide with the arc lengths in

the longitudinal and circumferential directions, 0 ≤ x2 ≤ 2π and k1 = 0, k2 = 1. For the
cylindrical shell the SSS is described with the variability indices t1 = 0, t2 = 1/4 (semi-
momentless SSS).

We seek the solution of system (27) in the form

w(x1, x2) = w(y1) exp{imy2}, Φ(x1, x2) = Φ(y1) exp{imy2}, i =
√
−1. (44)

where m is integer.
Since t2 = 1/4, we will seek the solutions w(y1),Φ(y1) and Λ as an asymptotic series of a

small parameter µ = h
1/4
∗ .

Let us assume, for example, that the boundary conditions are of clamped edge

w = u1 = u2 = γ = 0, (45)

where γ is average angle of the normal fibers rotation.
In zeroth-order approximation, equations (27) give

p41w0 − r4w0 = 0, r4 = m4b11

(
m2Λ0 −m4h2∗â

(2)
33

)
, (46)

with boundary conditions
w0 = p1w0 = 0, y1 = ±1/2. (47)

For r∗ ≈ 4.73 equation (46) with boundary conditions (47) has a non-zero solution

w0(y1) =
cos(ry1)

cos(0.5r)
− cosh(ry1)

cosh(0.5r)
. (48)

Opposed to the free vibrations case, we are interested in only finding minimal loading pa-
rameter. The expression for Λ0 and minimal m can be derived from (46):

Λ0 = min
m

1

m6

(
r4

b11
+m4h2∗â

(2)
33

)
.

As it was said earlier, the solution of equation (46) might not satisfy all 4 boundary conditions
because the differential order of equation (46) is less than order of the system (27). Nonetheless,
solution (48) satisfies the particular boundary conditions (45).

The equation in first approximation is

p41w1 − r4w1 = Λ1m
2b11w0 + 2irm7

(
â
(2)
23 b11 − â

(2)
33 b12 +

Λ0

m5
b12

)
p1w0 (49)

with following boundary conditions

w1 = 0, p1w1 = i
b12
m3b11

p21w0, y1 = ±1/2.

10
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Here, for equation (49) to have a solution, Λ1 should satisfy the compatibility condition:

∫ 1/2

−1/2

(
Λ1m

2b11w0 + 2irm7

(
â
(2)
23 b11 − â

(2)
33 b12 +

Λ0

m5
b12

)
p1w0

)
w0dy1 = 0. (50)

It is easy to see that Λ1 = 0.
The solution w1(y1) can be written in form

w1 = i
(α1y1
4r4

p21w0 + α2p1w0 + α3p
3
1w0

)
, (51)

where

α1 = 2rm7

(
â
(2)
23 b11 − â

(2)
33 b12 +

Λ0

m5
b12

)
,

α2 =
α1 (16r

4 − 4 + r tan (r/2)− r tanh (r/2))

16r4
, α3 =

α1

4r5 (tan (r/2)− tanh (r/2))
.

Let us examine the material with elastic moduli of symmetric case discussed in [10] with the
following matrix A∗

0:

A∗
0 =

 1.0577 0.0185 0.3056
0.0185 0.3903 −0.0103
0.3056 −0.0103 1.0482

 . (52)

For the cylindrical shell of the relative thickness h∗ = 0.01 we will have the loading param-
eter Λ ≈ 4.388× 10−4 with number of half-waves in circumferential direction m = 8.

On figure 2 the buckling form of first-order approximation is presented. Unlike the isotropic
case, the buckling form has an incline on circumferential direction.

Figure 2: The buckling form of the cylindrical shell.
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10 CONCLUSIONS

• For thin anisotropic heterogeneous in the thickness direction shell the 2D model is built.
To deliver this model the asymptotic expansions of the 3D equations of elasticity in pow-
ers of the relative shell thickness h∗ are used. As a result in zeroth-order approximation
the system of the 8th differential order is obtained. This approximation is based on the
approximate elasticity relations σt = A∗·εt which establish the dependence between the
tangential stresses σt and strains εt. These relations contain 6 effective elastic moduli
while the initial elasticity relations contain 21 elastic moduli.

• The same governing system may be obtained also by two alternative ways. One of them
consists of the direct using of the KL hypotheses in combination with the mentioned ap-
proximate elasticity relation, and then of the averaging the result in the thickness direction
z. In the other way we introduce the approximate elastic energy density σt(z) ·εt(z)/2
based on the approximate elasticity relation. After calculating the variation of energy
in u1, u2, w and after averaging in z we get the equilibrium equations and the boundary
conditions.
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Abstract. Complex interactions of small- and large-scale processes are characteristic for the
physics of the Earth, and their proper quantification is key to the integration of interdependent
geophysical systems that are today mostly treated as isolated.

Inferring Earth structure over a wide range of scales is the long-standing goal of seismic to-
mography. While much progress has been made in recent years, tomographic resolution remains
limited by our inability to model and invert seismic wave propagation across the complete ob-
servable frequency band with the currently available computational resources.

Here we propose a new concept for multi-scale seismic tomography intended to resolve Earth
structure from local to global scales, including mantle as well as detailed crustal features.
For this we develop a multi-scale full waveform inversion technique that assimilates complete
teleseismic and regional seismograms in a broad frequency band. Being based on spectral-
element modelling and adjoint techniques, our method simultaneously solves multiple regional-
and continental-scale inverse problems in order to jointly resolve Earth structure with resolv-
ing lengths ranging from around 20 to more than 5000 km. To further increase the exploitable
frequency band beyond what can be modelled numerically, we combine full waveform inversion
with classical ray tomography that assimilates the arrival times of high-frequency body waves
into the tomographic model. This combination results in an improved resolution of Earth struc-
ture, especially below 300 km depth.

We apply our method to Europe and Western Asia, where resolution is particularly high beneath
the North Atlantic, the Western Mediterranean and Anatolia. Quantitative resolution analysis
based on second-order adjoints, as well as comparisons with observed ambient noise correla-
tions, allow us to assess the quality and predictive power of the final model.
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1 INTRODUCTION

1.1 Scaling in waveform inversion

During the past decade, full waveform inversion in seismology has developed from a research
topic into a mature technique with numerous applications [1, 2, 3, 4]. Factors contributing to
this development include the design of misfit functionals that explicitly introduce traveltime in-
formation [5, 6, 7], the optimisation of numerical forward modelling tools [8, 9], and advanced
data processing and window selection techniques [10, 11].
While growing compute power has contributed as well, the availability of computational re-
sources is still the most significant limitation. Even with the unrealistic assumption of perfect
scaling, doubling the maximum frequency in a waveform inversion multiplies the computational
requirements by a factor of 25 = 32. A factor 23 = 8 is caused by the necessary refinement of
the numerical mesh in three dimensions. An additional factor 2 is imposed by the CFL stability
condition that enforces a reduction of the numerical time step. Finally, the volume covered by
sensitivity kernels is anti-proportional to frequency, meaning that at least twice as many data -
and therefore simulations - are needed to cover the same volume and avoid a loss of resolution.
Current full waveform inversions assimilate seismic waves that have propagated on the order of
100 wavelengths [1, 2, 3, 4]. This is in contrast to the O(1000) wavelengths that a 1 Hz P wave
travels through the Earth. The factor 10 in propagating wavelength translates to a factor of 105

by which computational resources would have to increase at least, in order to allow seismol-
ogists to assimilate recordings with the complete observable bandwidth into a full waveform
inversion.
This simple scaling argument, where storage requirements have not even been considered, illus-
trates the severity of the problem, and it calls for new methodological developments that allow
us to broaden the exploitable bandwidth in tomographic inversions.

1.2 Objectives

The purpose of this contribution is to describe the concept of a new tomographic technique
intended to assimilate data in a sufficiently broad frequency range to allow for the resolution of
both crustal and mantle structure. The backbone of our method is the coupling of tomographic
inversions on different scales and with different forward problem solvers. This strategy includes
the combination of full waveform inversion of shorter-period data on regional scales with full
waveform inversion of longer-period data on continental scales, but also the coupling with ray
tomography that inverts the traveltimes of high-frequency waves that cannot be modelled nu-
merically.

1.3 Outline

This paper is organised as follows: In section 2 we provide a summary of multi-scale full
waveform inversion and the coupling with ray tomography. The first application of our approach
to European upper-mantle and crustal structure is presented in section 3. Finally, we discuss
limitations of our method, as well as future directions in section 4. Since our main goal is to
introduce a concept, we will keep the description of mathematical and data processing details
at a minimum level, though providing numerous references.
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2 THEORY

In order to broaden the exploitable bandwidth of seismic data, we combine tomographic in-
versions that operate on different scales and are based on different forward problem solvers.
Our approach includes (i) multi-scale full waveform inversion through coupled inversions from
local to continental scales, and (ii) the coupling of full waveform inversion with classical ray
tomography. We describe these components of our method separately in the following para-
graphs.

2.1 Multi-scale full waveform inversion

The basic version of our full waveform inversion rests on spectral-element simulations of
seismic wave propagation through spherical sections of anisotropic, visco-elastic Earth models
[12]. With the help of a semi-automatic window selection algorithm [11], we choose time win-
dows where observed and computed seismograms are sufficiently similar to allow for physically
meaningful measurements of time- and frequency-dependent phase differences [7]. From these
measurements, we derive adjoint sources used in adjoint simulations to produce Fréchet kernels
for anisotropic Earth structure [13, 14, 15]. The Fréchet kernels are then used to iteratively im-
prove the Earth model. To ensure that as many data as possible enter the inversion, the window
selection is repeated every few iterations, typically leading to an increase in the number and
length of time windows where measurements can be performed. Furthermore, we re-invert for
the source location, timing and mechanism of the earthquakes in order to avoid contamination
of the Earth model from inaccurate source information.
To jointly assimilate longer-period data on larger scales and shorter-period data on smaller
scales, we employ the following inversion scheme [16]: From a multi-scale master model we
extract a smaller subvolume that contains both sources and receivers. The limited size of the
subvolume allows us to model and invert seismic data at higher frequencies. The updated sub-
model is then re-introduced into the master model. To compute an update on larger scales, we
first employ non-periodic homogenisation in order to construct a smoothed long-wavelength
equivalent of the master model [17, 18]. Being smooth, the long-wavelength equivalent can be
meshed more coarsely, which reduces the computational requirements to a level where iterative
updating with the longer-period data becomes feasible. The long-period update is then inter-
polated onto the master model, and the procedure is repeated until data are fit to within their
errors. Depending on the detail of Earth structure, the homogenisation step may be omitted and
replaced by directly meshing with a coarser grid spacing.
The advantage of this approach lies in its inherent scalability. There is no limit on the size
and number of the submodels, meaning that high-frequency data for small local domains can
be consistently assimilated into the master model. The major limitation is the requirement that
sufficiently many sources and receivers must be located within the submodels, though this may
be overcome using interferometric techniques [19, 20].

2.2 Ray tomography combined with full waveform inversion

Ray tomography uses traveltimes of distinct seismic phases to infer Earth structure. It relies
on the simplifying assumption that seismic waves can be represented by rays. The intensive
use of ray theory, which is closely related to geometrical optics, stems from its simplicity, its
intuitive interpretation as well as its computational efficiency. Indeed, most seismological in-
ferences concerning the structure of the Earth are based on this assumption.
Within the ray theoretical framework the arrival time of seismic waves solely depends on the
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velocity along the geometrical ray path between source and receiver. Instead of simulating the
full seismic wavefield, conventional approaches for computing seismic traveltimes try to find
the path taken by seismic energy between source and receiver based on Snell’s law by shooting
(e.g. [21, 22, 23, 24]) or pseudo-/bending methods (e.g. [21, 25, 26]). These schemes may,
however, fail to converge to the true two-point path even in mildly heterogeneous media and
do not guarantee that the computed ray indeed corresponds to a first arrival. To solve these
problems grid based solutions of the infinite frequency approximation of the wave equation, i.e.
the eikonal equation, were and are still developed as an alternative approach (e.g. [27, 28, 29]).
Most grid-based traveltime solvers can, however, only track first arrivals in continuous media,
but it is possible to adapt grid-based schemes to track later arriving reflection and refraction
phases in layered media (e.g. [30, 31, 32, 33, 34, 35]). Together with their robustness and
advancing efficiency, these schemes are nowadays established as coequal, if not preferable, al-
ternatives to conventional ray tracing methods.
In our application, we use the software package FMTOMO [38] for ray tomography. It com-
putes the synthetic traveltimes with a grid based eikonal solver and adjusts the model parameters
using a subspace inversion scheme [39]. On continental scales, limitations regarding the max-
imum amount of grid points for the propagation of information through the model prohibit a
detailed representation of the crust and upper mantle. Besides crustal phases we also exclude
the highly non-linear transition zone from crustal to upper/lower mantle phases and confine
ourselves for now to direct waves for epicentral distances larger than 25◦.
Ray tracing as well as grid-based eikonal solvers are only valid in the limit of a hypothetical
infinite frequency wave. Its applicability relies on the assumption of weak and relatively large-
scale lateral heterogeneities, which is not valid for structures with sizes that are comparable to
or less than the dominant wavelength. At finite frequencies seismic waves are sensitive to 3D
structure off the ray. Scattering, wave-front healing and other diffraction effects contribute to
their traveltimes (e.g. [36]). Neglecting these effects, ray tomography is limited to high fre-
quency information and especially long period waves cannot be inverted for.
Due to computational limitations full waveform inversion is limited to an intermediate period
band, typically 10-200 s on regional to continental scales (e.g. [37, 4, 16]). At periods above 200
s, the self-gravitation of the Earth becomes relevant. Since this cannot be modelled with suffi-
cient accuracy by numerical schemes, longer periods are omitted. More severly, the information
contained in high frequency P- and S-wave traveltimes is therefore missing. Consequently, full
waveform inversion yields promising results within the upper 300 km, where surface wave
sensitivity is large. P- and S-velocity heterogeneities at greater depth are, however, less well
resolved. Ray tomography explicitly incorporates information from arrivals of high frequency
P- and S-waves. By alternating between full waveform inversion and ray tomography in an
inversion, we intend to combine their complementary merits and produce 3D Earth models
explaining both waveform and traveltime data sets to constrain Earth structure in more detail.

3 APPLICATION

We illustrate our approach with preliminary results from an ongoing tomographic inversion
for crustal and upper-mantle structure beneath Europe and western Asia. In order to emphasise
the concept and the method, we will mostly focus on the combination of waveform inversion
and ray tomography, and on the Western Mediterranean as a smaller-scale subregion. Other
subregions such as Anatolia or the North Atlantic will receive less attention.
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3.1 Waveform data

The seismic waveform data used in the construction of our model fall into three categories,
depending on scale and subregion: (i) On the continental (10, 000 km) scale we use 14, 525
recordings from 84 earthquakes in the period range from 30 to 200 s, meaning that these data
mostly constrain large-scale upper-mantle structure. (ii) Within the Anatolian region, that is on
a 10 times smaller scale, we complement the data set with 2, 312 regional recordings from 29
earthquakes in Turkey with periods from 8 - 50 s that provide additional information on crustal
heterogeneities [41]. (iii) For the Western Mediterranean region, we added 13, 089 recordings
from 52 events in the period range between 12 and 120 s, also in order to constrain the uppermost
mantle and the crust. The data coverage for the Western Mediterranean is summarised in figure
1. The waveform data used in the alternating traveltime - full waveform inversion was a sub-
sampled version of the continental scale dataset, using 52 events and 13, 086 seismograms,
bandpass filtered between 40 and 100 seconds.

Figure 1: Source-receiver distribution in the Western Mediterranean region. Red-white beachballs indicate the
source mechanisms and locations of the 52 earthquakes used in the full waveform inversion for this subregion. The
great circles connecting sources and receivers are plotted in lighter colour when coverage is high.

3.2 Traveltime data

The traveltime updates are based on measurements from the International Seismological
Center (www.isc.ac.uk). The data set comprises 710 events with a total of 19, 010 S wave
traveltimes, measured at a frequency of 1 Hz. Since the measurements are on the transverse
component, and are therefore primarily sensitive to SH-velocity, we restrict our velocity updates
to the SH velocity component.

3.3 Inversion sequence

We started the inversion sequence with the construction of a long-wavelength model of the
European upper mantle using full waveforms with a minimum period of 40 s. Subsequently,
smaller-scale refinements within the Anatolian region and the North Atlantic were performed.
This was followed by the combined ray and full waveform inversion that primarily updated
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structure below 200 km depth. Avoiding difficulties in modeling the complexities in the crust
and upper mantle, the traveltime update primarily introduces information in deeper parts of the
model. Therefore, the traveltime update is nearly invisible to the waveforms, and the waveform
update does not influence the traveltime misfit. Finally, we refined the model in the Western
Mediterranean using full waveform inversion.
This sequence is the result of continuing methodological developments rather than a long-term
schedule. More systematic updates are planned for the near future, but require further automi-
sation and improved bookkeeping.

3.4 Multi-scale model of the European continent

Figures 2 and 3 summarise the current state of our model. The model is described in terms
of the 3D distributions of SH velocity vSH , SV velocity vSV , P velocity vP , and density ρ. Since
most of the data are primarily sensitive to S velocity structure, vSH and vSV are resolved best.
The European model embedded within longer-wavelength global structure [42, 43] is shown in
figure 2. Differences between oceans and continents dominate the 25 km slice. At 100 km, the
low-velocity imprints of the Iceland-Jan Mayen plume system [4] and the Alpine orogeny [41]
are the dominant features. Around 300 km depth, the heterogeneities are weaker and mostly
related to the deep structure of the North Atlantic plumes and the deep continental roots of
Eurasia.
Close-up views of the regional submodels for Anatolia, the North Atlantic and the Western
Mediterranean can be seen in figure 3. The uppermost mantle beneath Anatolia carries the
imprint of the North Anatolian Fault Zone and various volcanic fields, all expressed as low-
velocity anomalies [41]. The North Atlantic around 250 km depth is marked by the wide-spread
plume head of the Iceland-Jan Mayen plume system, also characterised by lower than average
seismic velocities [4]. Higher than average velocities associate with the subduction oceanic
lithosphere are dominant in a belt stretching from the Strait of Gibraltar though the Western
Mediterranean and into Italy.

Figure 2: Horizontal slices through the SH velocity structure beneath Europe at depth of 25 km, 100 km and 300
km.
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Figure 3: Close-up views of SH velocity structure in the mantle beneath Anatolia, the North Atlantic, and the
Western Mediterranean.

3.5 Model validation

The assessment of model quality and uncertainty is among the most challenging aspects of
seismic tomography. With the help of second-order adjoints we can compute resolution lengths,
that is the width of point-spread functions as a function of position and direction [44]. Maps of
resolution length for the Western Mediterranean are shown in figure 4. The maps indicate that
resolution is generally better in vertical direction because surface waves dominate the wave-
form data set. With increasing depth, the resolved volume shrinks, reflecting the decreasing
body wave coverage in this regional setting.
In addition to formal resolution analysis, we study the fit to data that have not been used in
the inversion. Ambient noise correlations are particularly useful for this purpose as they do
not suffer from incorrect earthquake locations and source mechanisms. Furthermore, they
probe the model in regions that may be less well covered by earthquake data. To compute
noise correlations, we obtained continuous seismic data for the year 2012 from the IRIS DMC
(www.iris.edu). The instrument response was removed for the recordings, after which data were
cut into overlapping nine-hour-segments, decimated and bandpass-filtered between 4 and 20 s.
The normalised cross-correlation was then calculated without further preprocessing. Geometric
normalisation of each correlation window ensures the downweighting of high energy signals
e.g. from earthquakes.
Figure 5 shows a selection of correlation functions compared to numerical Green functions.
Provided that a surface wave clearly emerges from the noise correlation data, it is matched by
the Green function to within a few seconds. A remarkable example is shown in the third row of
figure 5 where surface waves are not explained but the rare body wave arrivals in the correlation
function are explained by the numerical Green function. The above comparison is currently lim-
ited to a visual analysis that adds subjective plausibility to the model. A quantitative comparison
would require more detailed information on the distribution of noise sources.

4 DISCUSSION AND CONCLUSIONS

In the previous sections we introduced a concept for the construction of multi-scale Earth
models based on the solution of tomographic inverse problems on different scales and with for-
ward problem solvers that operate in complementary frequency bands. Specifically, we com-
bined full waveform inversion on regional to continental scales with ray tomography that as-
similates high-frequency traveltime data that cannot be modelled numerically due to limited
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Figure 4: Resolution length as a function of position and direction for the Western Mediterranean.

computational power.
While the focus of this contribution is on the European continent, our developments are ul-
timately designed to feed into the construction of the Comprehensive Seismic Earth Model
(CSEM), a 3D global multi-scale Earth model. As illustrated in Figure 2, the goal of the CSEM
is to represent the Earth on all seismically accessible scales, containing high resolution sub-
regions where data and computational limitations allow, and showcasing a smooth 3D Earth in
regions where detailed inversions have yet to be performed. By building a high resolution Earth
model in this manner, we sidestep the scaling issues outlined in the introduction, which become
even more severe when inversions move to the global scale. In addition to the multiscale model
of Europe, the CSEM also includes high-resolution images of Japan, Australia, and the South
Atlantic, with inversions of Africa and North America currently underway.
With such a variety of models across the scales, analysing the globally-varying resolution be-
comes a particular challenge. Methods based on second-order adjoints can provide an approx-
imation of resolution in full-waveform inverse problems [40], but the theory extending this
method to general multi-scale multi-solver problems remains to be developed.
The incorporation of ambient noise correlations into full waveform inversion consititutes an-
other future challenge. While traveltimes are only weakly affected by heterogeneous and vary-
ing noise sources [45], complete waveforms that feed into full waveform inversion are strongly
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Figure 5: Comparison of ambient noise correlations (black) and numerical Green functions (ref) for three different
station pairs. Rarely observed matching P and S wave arrivals for the station pair TIR-BFO are marked by dashed
lines.

distorted when the noise source distribution is not isotropic [46, 47]. Properly accounting for
the distribution of noise sources is therefore essential before correlations can be used to improve
earthquake-based full waveform inversion.
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Abstract. We consider the scattering of waves by an obstacle O ⊂ R2 having a sufficiently
smooth boundary Γ. By using a fictitious domain approach, we artificially extend the solution
inside the obstacle O. Then we solve the original problem in the simpler domain that includes
O and that is artificially bounded by a perfectly transparent boundary B, delimiting the region
of interest. We prescribe on B a Non Reflecting Boundary Condition (NRBC) which is based on
a space-time integral equation and that defines a relationship that the solution of the differential
problem and its normal derivative must satisfy on B (see [2]). Further, we enforce the Dirichlet
boundary condition on Γ in a weak sense, by means of Lagrange multipliers. The NRBC is
discretized on B by combining a special second order (in time) convolution quadrature and a
standard collocation method in space. In the enlarged domain, this discretization is coupled
with an unconditionally stable ODE time integrator and a FEM in space. The constraint on Γ
is imposed by a matrix Bh that represents a discrete trace operator.

A particularly useful application of this approach is the scattering of a wave by rotating
rigid bodies. In this case the method avoids the complexity of constructing at each time step a
new finite element computational mesh and requires only the construction of the discrete trace
operator Bh. We present some results we have obtained for rotating (even multiple) scatterers
and non trivial data.
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1 INTRODUCTION

In recent years, numerical methods for the solution of time dependent problems describing
waves scattered by an obstacle have received considerable attention. Boundary Element Meth-
ods are particularly useful for treating infinite domain problems and have been successfully
used in the solution of linear wave propagation problems in two and three dimensions. In such
problems the method offers the great advantage of describing the solution only by its bound-
ary values, thus reducing the problem dimensions by one; hence, only a discretization of the
boundary is necessary, which significantly reduces the number of unknowns, if compared to
domain-discretization-based methods such as finite element methods. Once the density func-
tion is retrieved (by solving the corresponding boundary integral equation), the solution at any
point is obtained by computing boundary integrals. This procedure may result costly, especially
when the solution is required at many points of the infinite domain.

Alternatively, the use of domain-discretization-based methods requires a finite computational
domain with prescribed boundary conditions. A key issue is therefore the choice of a bounded
computational domain, where one is interested in studying the behavior of the solution, and the
introduction of boundary conditions which guarantee that the solution of the initial boundary
value problem inside the finite computational domain coincides with the restriction to the com-
putational domain of the solution of the original problem, which is defined in the infinite region.
The method of Artificial (or Absorbing) Boundary Condition (ABC) consists of introducing an
artificial boundary B that truncates the infinite domain and determines two distinct regions: a
bounded domain of interest Ω and a residual infinite domain D. By analyzing the problem in
D, a Non Reflecting Boundary Condition (NRBC) on B is derived in order to avoid spurious
reflections. Once the NRBC is given, it is used to solve the problem in Ω by using a numerical
method such as, for example, finite differences or finite elements.

Many NRBCs have been proposed in the last two-three decades, and most of them are local,
both in time and space. For a review, see for example [5], [6], [7]. All these papers, except
for [12], Sections 5.5, 5.6, [8], [9], [2], deal with the construction of NRBC with the property
of absorbing only outgoing waves, not waves that are either outgoing or incoming. There-
fore, known sources must necessarily be included in the computational domain. However, this
can be a severe drawback when, for example, sources are far away from the physical domain.
Moreover, the NRBC holds only for a single convex artificial boundary having a special shape,
like a circle (sphere) or ellipse (ellipsoid). Only in the last years multiple scattering problems
have been examined (see [8], [9]). Very recently, in ([2]) we have proposed a (fully) non local
NRBC, based on a boundary integral relationship. For its discretization, we have constructed
a numerical scheme which is based on a second order Lubich discrete convolution quadrature
formula for the discretization of the time integral, coupled with a classical collocation method
in space. Among the advantages of this transparent condition we recall the following: it allows
the use of (smooth) curve (surfaces) of arbitrary shape; it can be used also in situations of mul-
tiple scattering; it allows the treatment of sources and initial data that must not be necessarily
included in the finite computational domain; its computational cost is much lower that what it
might first appear, due to some special properties of the coefficients of the Lubich convolution
quadratures. Indeed, if in the 2D case we choose as B a circle, the CPU required for the solution
of some test problems is similar to that of local NBRCs.

In this paper we aim at using the NRBC proposed in [2] as a transparent condition coupled
with a fictitious domain method. In particular, we consider the scattering of a wave by an ob-
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stacle O ⊂ R2 having a smooth boundary Γ. By using the fictitious domain approach, we
artificially extend the solution inside the obstacle O and we impose the boundary conditions on
Γ in the weak form, by means of Lagrange multipliers. Then, we truncate the infinite external
domain by an artificial boundary B where we impose the transparent boundary conditions pro-
posed in [2]. We solve the original problem in the finite computational domain Ω̃ that includes
O and is bounded by the artificial boundary B. To this end, we discretize the space-time integral
equation on B by combining a second order (in time) BDF convolution quadrature and a col-
location method in space. Such a discretization is then coupled with an unconditionally stable
ODE time integrator and a FEM in space. The main point is that the FEM mesh is defined on
the enlarged domain Ω̃ and that the constraint on Γ is imposed by a matrix Bh that represents a
discrete trace operator.

A significant application of this approach is the scattering of a wave by rotating rigid bodies.
In this case the method avoids the complexity of constructing at each time step a new finite el-
ement computational mesh and requires only the construction of the discrete trace operator Bh.
We will present some new results that we have obtained for rotating (even multiple) scatterers
and non trivial data.

2 The model problem

Let O ⊂ R2 be an open bounded domain with a sufficiently smooth boundary Γ; define
Ωe = R2 \ Ō. We consider the following wave propagation problem in Ωe:

uett(x, t)−∆ue(x, t) = f(x, t) in Ωe × (0, T )

u(x, t) = 0 in Γ× (0, T )

ue(x, 0) = u0(x) in Ωe

uet (x, 0) = v0(x) in Ωe.

(1)

Since in general one has to determine the solution ue of the above problem in a bounded subre-
gion of Ωe, surrounding the physical domainO, we truncate the infinite domain Ωe by introduc-
ing an artificial smooth boundary B. This boundary divides Ωe into two (open) sub-domains: a
finite computational domain Ω, which is bounded internally by Γ and externally by B, and an
infinite residual domain D. For simplicity, we assume that the initial condition u0, the initial
velocity v0 and the source term f have a local support which is included in Ω. We impose on B
the exact non reflecting boundary condition

1

2
u(x, t) = V∂nDu(x, t)−Ku(x, t) x ∈ B, (2)

where

Vψ(x, t) :=

∫ t

0

∫
B
G(x− y, t− τ)ψ(y, τ)dBydτ,

and

Kϕ(x, t) :=

∫ t

0

∫
B
∂nDG(x− y, t− τ)ϕ(y, τ)dBydτ,

are the single and double layer integral operators;

G(x, t) =
1

2π

H(t− ‖x‖)√
t2 − ‖x‖2

,
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is the fundamental solution of the wave equation (1) (being H(·) the Heaviside functions);
∂nDu is the outward normal derivative to B = ∂D. We refer the reader to [2] for details on the
derivation of the NRBC and on the regularity of the operators V and K.

Denoting by uB(x, t) = u(x, t)|B and λB(x, t) = −∂nDu(x, t), the model problem (defined
in the domain of interest Ω) takes the form:

utt(x, t)−∆u(x, t) = f(x, t) in Ω× (0, T )

u(x, t) = 0 in Γ× (0, T )
1
2
uB(x, t) + VλB(x, t) + KuB(x, t) = 0 inB × (0, T )

u(x, 0) = u0(x) in Ω

ut(x, 0) = v0(x) in Ω,

3 The fictitious domain approach

In order to describe the fictitious domain approach, we introduce the extended domain Ω̃ :=
Ω ∪ O which is bounded by the artificial boundary B (see Figure 1). The main idea of the
fictitious domain method (or domain embedding method) consists in extending artificially the
solution of the exterior problem inside the obstacle, and to solve the new problem in the whole
extended domain Ω̃ (see [4], [11] and their references). The main advantage of this approach
is the possibility of solving the problem in a simpler domain by treating the Dirichlet boundary
conditions on Γ by Lagrange multipliers, working with a given fixed mesh in the enlarged
domain.

Figure 1: Geometry of the problem (left plot) and the fictitious domain approach (right plot)

For a generic function w, we set w(t)(x) := w(x, t). Following [2] and [4], the prob-
lem defined in the domain of interest Ω̃ consists in finding the triad of unknown functions
(u(t), λΓ(t), λB(t)) ∈ H1(Ω̃) × H−1/2(Γ) × H−1/2(B) such that, for all w ∈ H1(Ω̃), ϕ ∈
H−1/2(Γ), µ ∈ H−1/2(B), the following generalized saddle-point evolution problem

d2

dt2
(u(t), w)Ω̃ + a(u(t), w)− < λΓ(t), w >Γ − < λB(t), w >B = (f(t), w)

< ϕ, u(t) >Γ = 0
1
2
< µ, uB(t) >B + < µ,VλB(t) >B + < µ,KuB(t) >B = 0 ,

u(0) = u0

du
dt

(0) = v0.

(3)
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holds in the distributional sense in (0, T ), where a : H1(Ω̃)×H1(Ω̃)→ R is the bilinear form

a(v, w) =

∫
Ω̃

∇v · ∇w,

and (v, w)Ω̃ =
∫

Ω̃
vw. The bilinear forms < ·, · >Γ and < ·, · >B denote the duality pairing

between H−1/2(Γ) and H1/2(Γ), and H−1/2(B) and H1/2(B), respectively.
The weak formulation (3) is the natural setting for the analysis of the method and to deal

with convergence issues and error estimates of the associated finite element numerical approx-
imation. However, its numerical solution using methods such as finite and boundary elements,
makes it hardly competitive with existing NRBC approaches of local type, in particular when
the problem does not have far field sources. From this point of view, replacing the weak for-
mulation of the NRBC with a strong one makes the scheme certainly more appealing, although
stronger smoothness conditions on the solution are required. Therefore, in the next section we
will consider the coupling of the weak form of the differential equation with the strong form (2)
of the NRBC.

At the moment, the theory to justify the validity of the presented approach is still at an early
stage. For this reason we have performed an intensive numerical testing to validate the proposed
method.

4 Approximation

4.1 Discretization of the NRBC

We start by briefly recalling the main steps of the Lubich-collocation method for the dis-
cretization of the NRBC (2) (for more details we refer to [10] and [3]).

The Lubich convolution quadrature formulas have the fundamental property of not using
explicitly the expression of the kernel of the integral equation they are applied to, which is
instead replaced by that of its Laplace transform. In particular, the discretization in time is
based on the splitting of the interval [0, T ] into N steps of equal length ∆t = T/N and in the
collocation of the equation at the discrete time levels tn = n∆t, n = 0, . . . , N .

The time integrals appearing in the definition of the single and double layer operators are
discretized by means of the convolution quadrature formula associated with the second order
Backward Differentiation Method (BDF) for ordinary differential equations (see [3]):

(VλB)(x, tn) ≈
n∑
j=0

∫
B
ωV
n−j(∆t; ||x− y||)λB(y, tj) dBy, n = 0, . . . , N

(KuB)(x, tn) ≈
n∑
j=0

∫
B
ωK
n−j(∆t; ||x− y||)uB(y, tj) dBy, n = 0, . . . , N

The coefficients ωJn ,J = V ,K, are given by

ωJn (∆t; ||x− y||) =
1

2πı

∫
|z|=ρ

KJ
(
||x− y||, γ(z)

∆t

)
z−(n+1) dz (4)

where in this case KV = Ĝ is the Laplace transform of the kernel G appearing in the definition
of the single layer operator V , andKK = ∂̂G/∂n is the Laplace transform of the kernel ∂G/∂n
appearing in the definition of the double layer operator K. In particular,

KV(r, s) =
1

2π
K0(rs), KK(r, s) = − 1

2π
sK1(rs)

∂r

∂n
,
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where K0(z) and K1(z) are the second kind modified Bessel function of order 0 and 1, respec-
tively. The function γ(z) = 3/2−2z+ 1/2z2 is the so called characteristic quotient of the BDF
method of order 2. The parameter ρ is such that for |z| ≤ ρ the corresponding γ(z) lies in the
domain of analyticity of KJ .

For the space discretization, we introduce a parametrization of the curve B, x = ψ(x) =
(ψ1(x), ψ2(x)) and y = ψ(y) = (ψ1(y), ψ2(y)) with x, y ∈ [a, b]. Then, at every time instant
tj we approximate the unknown function uB(ψ(x), tj) and its normal derivative λB(ψ(x), tj) by
continuous piecewise linear interpolants, associated with a partition {xk}M+1

k=1 of the parametriza-
tion interval [a, b]. Denoting by {Ni(x)} the classical Lagrangian basis functions of local degree
1 associated with the spatial partition, and collocating the fully discretized equation at the points
ξh = xh, we obtain (see [2]) the following absorbing condition at time tn (written in matrix no-
tation): (

1

2
I + K0

)
unB + V0λλλ

n
B = −

n−1∑
j=0

Kn−ju
j
B −

n−1∑
j=0

Vn−jλλλ
j
B, n = 1, . . . , N. (5)

where I denotes the identity matrix and the matrices V and K are given by

(Vn−j)hi =

∫ b

a

ωV
n−j(∆t; ‖ψ(xh)−ψ(y)‖)Ni(y)‖ψ′(y)‖dy,

and

(Kn−j)hi =

∫ b

a

ωK
n−j(∆t; ‖ψ(xh)−ψ(y)‖)Ni(y)‖ψ′(y)‖dy.

We remark that, since the role of the NRBC is to define on B a relationship between the wave
and its normal derivative, to prevent the raising of spurious waves, the more accurate is the
discretized relationship the more transparent this will be. To this end, having chosen a continu-
ous piecewise linear approximant for uB, we use an approximant of the same type also for λB.
The integrals appearing in the definition (4) of the coefficients ωJn of the quadrature formula
are efficiently computed by using the trapezoidal rule with L ≥ N equal steps of length 2π/L.
Moreover, they are computed simultaneously by using the FFT algorithm, with O(N logN)
flops.

4.2 Finite element approximation and time discretization of the complete scheme

For the space discretization we consider a regular decomposition of the enlarged domain
Ω̃ = ∪K∈ThK into triangles K of edge length h. We introduce the finite dimensional space

Xh = {wh ∈ C0(Ω̃) : wh|K ∈ P1(K), K ∈ Th} ⊂ H1(Ω̃),

for the finite element approximation of u. We also introduce the space Wh ∈ H−1/2(B) of
piecewise linear (continuous) functions defined on the boundary B (the traces of the piecewise
linear functions defined in Xh) and the space Mδ ∈ H−1/2(Γ) of piecewise constant functions
defined on a partition of Γ into segments of stepsize δ. We remark that the two stepsize pa-
rameters h and δ are a priori independent, but their choice is subject to a compatibility relation
between the two spaces Xh and Mδ which guarantees the well posedness of the problem (see
Lemma 4.1).
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We approximate the variational problem (3) by: find uh ∈ Xh, λΓ,δ ∈ Mδ, λB,h ∈ Wh such
that

d2

dt2
(uh, wh)Ω̃ + a(uh, wh)− < λΓ,δ, wh >Γ − < λB,h, wh >B = (f(t), wh) ∀wh ∈ Xh,

< ϕδ, uh >Γ = 0 ∀ϕδ ∈Mδ

For the time discretization we consider the Crank-Nicolson integration method; by intro-
ducing the new variable v := ∂u/∂t, with obvious notation, we approximate the variational
problem (3) by: find un+1

h ∈ Xh, λn+1
Γ,δ ∈ Mδ, λn+1

B,h ∈ Wh such that for all wh ∈ Xh and for all
ϕδ ∈Mδ

(un+1
h , wh)Ω̃ +

∆2
t

4
a(un+1

h , wh)− ∆2
t

4
< λn+1

Γ,δ , wh >Γ −∆2
t

4
< λn+1

B,h , wh >B=

(unh, wh)Ω̃ −
∆2
t

4
a(unh, wh) +

∆2
t

4
< λnΓ,δ, wh >Γ

+
∆2
t

4
< λnB,h, wh >B +∆t(v

n
h , wh)Ω̃ +

∆2
t

4
(fn+1 + fn, wh)Ω̃

< ϕδ, u
n+1
h >Γ= 0

vn+1
h = 2

∆t
(un+1

h − unh)− vnh

which, in matrix form, reads

(
Mh +

∆2
t

4
Ah

)
un+1 − ∆2

t

4
Bδλλλ

n+1
Γ − ∆2

t

4
Qhλλλ

n+1
B =

(
Mh − ∆2

t

4
Ah

)
un +

∆2
t

4
Bδλλλ

n
Γ

+
∆2
t

4
Qhλλλ

n
B + ∆tMhv

n

+
∆2
t

4
(fn+1 + fn)

Bδ
Tun+1 = 0

vn+1
k = 2

∆t
(un+1

k − unk)− vnk

(6)

where:

• Mh denotes the mass matrix;

• Ah denotes the stiffness matrix;

• the rectangular matrix Bδ represents a discrete trace operator on Γ;

• the rectangular matrix Qh represents a discrete trace operator on B.

Equation (6) is finally coupled with the discretized NRBC equation (5).

We recall that the following result holds (see [4]):

Lemma 4.1. Suppose that the spaces Xh and Mδ satisfy that the space mesh size used for
the discretization of the obstacle Γ is three times larger than the space mesh size used for the
discretization of the computational domain Ω̃, then there exists a constant C > 0 (independent
of h and δ) such that the following discrete inf-sup condition holds

inf
λδ∈Mδ

sup
vh∈Xh

< λδ, vh >Γ

‖λδ‖−1/2,Γ‖vh‖1,Ω̃

≥ C (7)

Condition (7) guarantees that the rank of the matrix Bδ is maximum.
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5 Numerical results

In this section, we present some examples of the numerical testing we have performed by
using the approach discussed in the previous section. We consider both fix and rotating ob-
stacles. In the first case, to test the accuracy of the approximation obtained by the fictitious
domain approach, we construct a reference “exact” solution by applying the Lubich-collocation
boundary element method described in [3] with a very fine space and time discretization. Once
the density function is retrieved, the solution at any point in the infinite domain is obtained by
computing the associated potential (see [3] for details). This solution will be denoted by the
acronym BEM.

Example 1 As a first test we consider the scattering of a wave by a fix obstacle, represented
by a disk of radius 2. The wave is propagating radially, starting from an initial configuration
u0(x, y) = e−5((x−5)2+y2), without the presence of any external source (f = 0). Although u0

does not have a local support (and thus contradicts one of our assumptions), it decays exponen-
tially fast away from its center x = (5, 0), in such a way that, from the computational point
of view, it can be regarded as compact and supported in a disk with radius smaller than 3 (at
distance 2.7 from its center it assumes approximately values of the order 1e − 16). We choose
the artificial boundary B as a circle of radius R = 10, so that the support of u0 is included in
Ω̃. The disk bounded by Γ represents a soft obstacle that acts as a reflecting body. The enlarged
domain Ω̃ is the whole disk of radius 10. In Figure 2 we show snapshots of the solution at some
time instants. In Figure 3, left plot, we compare the solution obtained by the fictitious approach
with the reference one (BEM) at the boundary mesh point x ≈ (10, 0) and for t ∈ [0, 20].
The approximate solution has been obtained by a decomposition of the domain Ω̃ into 68724
triangles and by choosing a uniform partition of Γ into 128 segments. With such a choice the
spatial step size is h ≈ 7.6e − 02, while δ ≈ 9.8e − 02. The time interval has been decom-
posed into N = 256 time steps. We note that the solution is zero until the initial data reaches
the artificial boundary (around t = 4). Approximatively at time t = 2.5, the wave reaches the
boundary Γ and is perfectly reflected back, so that around t = 9 we see another outgoing wave
at the artificial boundary B. After that time, the wave is completely out of the annulus, as the
reference solution and the approximate solution with the exact NRBC show. In the right plot
we show the energy of the system. Since the system is a conservative one, the energy remains
constant for the time instants t ∈ [0, 4] after which it starts dissipating because the wave reaches
the artificial boundary and leaves the finite computational domain. It is worthwhile noting that
the wave bumps the obstacle approximatively at t = 2.5 but, since the obstacle is fix, the energy
is perfectly preserved up to t ≈ 4.

In the next two examples we apply the proposed scheme to the diffraction of a wave by rotat-
ing bodies. In this case the location of the obstacles depends on t. Boundary element methods
seem difficult to apply to such types of problem and standard finite elements would require
the reconstruction of the computational mesh at each time step. To avoid such complexity, the
fictitious domain approach seems a very attractive solution. In case of rotating rigid obstacles,
the modification of the previously described scheme simply consists in replacing the boundary
matrix Bh by a time dependent one.

For the treatment of rotating obstacles, an alternative approach is the one of embedding the
rotating body in a domain that rotates together with the scatterer. Such a domain is in turn placed
inside a stationary residual domain (see for example [1] where a similar strategy is applied to
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Figure 2: Example 1: Snapshots of the solution at different times.

t = 0 t ≈ 2.6 t ≈ 4.2 t ≈ 4.6

t ≈ 8.5 t ≈ 9.8 t ≈ 12 t ≈ 13

Figure 3: Example 1. Behavior of the solution at P ≈ (10, 0) (left plot) and energy dissipation (right
plot).
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the computation of flows induced by rotating components). By imposing the continuity of the
discrete solution weakly on the interface between the rotating and the stationary subdomains, no
compatible discretizations are required at the interface. However, in the time marching scheme,
an interpolation technique is required to upload the solution at each time step. This increases
the computational overhead especially when the discretization of the rotating domain must be
chosen sufficiently fine to approximate accurately the boundary of the rotating scatterer.

Example 2 We consider a soft ellipsoidal obstacle whose boundary Γ is the ellipse of equation
x2/a2 + y2/b2 = 1 with a = 2 and b = 1. The scatterer rotates around its center with a constant
angular velocity equals to ω = π/128. We consider a wave with the initial configuration u0 as
in Example 1 and that impinges upon the rotating obstacle. The transparent artificial boundary
B is the circle of radius 10. In Figure 4 we show the snapshots of the solution at different times
instants. In Figure 6 we show the behavior of the solution at a point P ≈ (10, 0) that belongs
to the artificial boundary (left plot) and the energy behavior of the system with respect to time
(right plot). The space/time discretization parameters are the same of Example 1. The wave
bumps the rotating obstacle around t = 3.5, and the energy is preserved up to the time instant
t ≈ 5, when the wave reaches the transparent boundary and leaves the computational domain.
We remark that, even if in this case the system is not a conservative one, the velocity of rotation
of the obstacle is small if compared to the speed of propagation of the wave, so that the energy
remains constant until the wave starts vanishing from the computational domain.

Figure 4: Example 2: Snapshots of the solution at different times.

t = 0 t ≈ 3.8 t ≈ 4.6 t ≈ 5.7

t ≈ 6.2 t ≈ 7.4 t ≈ 10 t ≈ 14

Example 3 In this last example we consider two scatterers, both having helicoidal shape,
that rotate around their own center with constant angular velocity ω = π/128 and in opposite
directions (clockwise direction for the left obstacle and anticlockwise direction for the right
one). The two obstacles are surrounded by an artificial circular boundary of radius 10. The
initial configuration of the wave is given by the function u0 of Examples 1 and 2, now centered
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Figure 5: Example 2. Behavior of the solution at P ≈ (10, 0) (left plot) and energy dissipation (right
plot).

at the origin of the axis. In Figure 6 we show the snapshots of the wave propagation at some
instants. In Figure 7, left plot, we show the behavior of the solution at a point P ≈ (0, 4) for
t ∈ [0, 20] and in the right plot the energy of the system. The solution has been obtained by a
decomposition of Ω̃ into 69176 triangles, by choosing a uniform partition of the two boundaries
of the obstacles into 128 segments and with N = 256 time steps. In this case, since the system
is not a conservative one, we observe that the energy increases after it bumps the two obstacles
(around t = 4) and is reflected back.

Figure 6: Example 3. Snapshots of the solution at different times.

t = 0 t ≈ 3.8 t ≈ 5.4 t ≈ 7.4

t ≈ 7.7 t ≈ 10 t ≈ 12.4 t ≈ 15.5

6 Conclusions

We have considered a fictitious domain method for the solution of wave equation problems
in unbounded domains, coupled with a NRBC on a suitably chosen artificial boundary. For
its solution, we have used standard finite element methods and an unconditionally stable time
marching scheme for the approximation of the domain method, and a convolution quadrature
technique in time coupled with a collocation method in space for the approximation of the
NRBC. The coupling of the two schemes is a new topic and, although fictitious domain methods
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Figure 7: Example 3. Behavior of the solution at P ≈ (0, 4) (left plot) and energy dissipation (right plot).

have been successfully applied to time dependent problems with stationary obstacles (see for
example [13]), there is still much work to do on numerical methods for the treatment of rotating
scatterers. At the moment the theory to justify the validity of the presented approach is still at
an early stage, but the first numerical results we have obtained are very promising. Moreover,
we emphasize that for the other NRBCs (of local type) that have been proposed in literature,
it is not clear whether their application can be extended to the case of rotating obstacles. For
these reasons we believe that the proposed method represents a new efficient approach to the
diffraction of waves by rotating bodies.
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Abstract. Damage reduction of existing tall buildings subjected to earthquake ground mo-
tions has been studied in recent decades. Seismic base isolations, strengthening of structural 
system and installation of damping devices such as viscous dampers, friction damper and 
buckling restrained brace, have also been introduced to either reduce the seismic demand, 
improve the strength or dissipation characteristics of the building. However, their applica-
tions are very limited since their investment costs seem to be prohibited. A tuned mass damper 
(TMD) installed at rooftop is proposed as an alternative method to reduce the seismic dam-
age of the existing tall buildings under far-field earthquake excitations. Due to the long dura-
tion and narrow band nature of far-field excitation, its application becomes effective. In 
addition, the cost of the TMD is more attractive comparing to other seismic control systems. 
However, the performance of TMD might be seriously impaired due to the degradation of 
structural stiffness caused by severe earthquake. Therefore the real application of the TMD 
has to be extensively investigated. This paper studies the damage behavior of tall building 
under various magnitudes of harmonic and recorded ground motions. The dynamic inelastic 
analysis is employed. The effectiveness of TMD having mass ratio of 5% is evaluated consid-
ering the building’s damage and performance. The obtained simulation results reveal the ef-
fectiveness of the TMD under various intensities of ground motions. 
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1 INTRODUCTION 
Tuned mass dampers, consist of  stiffness, inertia and damping elements, has been used for 

vibration control of structures under lateral load  such as wind [1,2] and earthquake. Tuned 
mass damper is an inexpensive and effective control device when compare to other applica-
tions. Tuned mass damper can greatly reduce the seismic response of the structure within elas-
tic range but when experiences inelastic behavior, the effectiveness of tuned mass damper 
tend to decreases due to detuning effect under strong ground motion.  

Pinkaew et. al. [3] proposed the damage index, based on Park et. al. [4], to describe the ef-
fectiveness of TMD instead of displacement reduction of inelastic structure. The efficiency of 
TMD for control 20 story reinforced concrete building subjected to 1985 SCT is considered. 
It is found that although TMD cannot reduce the peak displacement after yielding, it can sig-
nificantly reduce the damages of the building and improve the ability to withstand the severe 
ground motions. Wong and Johnson [5] studied the seismic energy dissipation of inelastic 
structure of various placements of multiple TMDs. Their results indicate that placing one 
TMD at the top floor is the best location to dissipate a large amount of plastic energy. As a 
result, highest damage reduction in the structure can be expected. Rofooei and Abatahi [6] 
considered three structural models subjected to seven earthquakes varying the intensity. For 
the 12 and 15 story buildings, it is found that TMD can greatly reduce the damage of structure, 
however for the 8 story building, its performance significantly decreases at the same intensity 
because of the detuning effect. Assuming the building can be modeled by bilinear hysteretic 
SDOF, Zhang and Balendra [7] proposed a method to obtain the optimal parameters of TMD 
by minimizing the maximum inelastic response under narrow band excitations of long dis-
tance earthquakes. The effectiveness of TMD designed using their proposed method is inves-
tigated. It is found that the proposed optimal TMD can provide better damage reduction than 
traditional design formula.  

Nevertheless, the above mentioned researches did not consider the realistic inelastic behav-
ior of the buildings to evaluate the effectiveness of TMD. Therefore, in this study, the nonlin-
earity characteristics of a three dimensional 20-story reinforced concrete buildings are 
modeled by the lumped plasticity hinges according to ASCE 41 standard [8]. The Perform 3D 
program [9] is employed to conduct the inelastic dynamic analysis of the building under har-
monic and actual earthquake ground motions with varying peak ground accelerations from 
zero to collapsed acceleration. The obtained results are used to evaluate the effectiveness of 
TMD and its control characteristics. 

2 AN EXAMPLE REINFORCED CONCRETE BUILDING 
In this study, a 20 story reinforced concrete residential building as outlined in Moehle et.al. 

[10] is considered. The moment resisting frame and shear wall are re-designed to resist the 
gravity load based on ASCE7-10 and ACI318-08. The plan and elevations are shown in Fig. 1. 
This building is not designed for earthquake but only gravity loads and uniform wind pressure 
of 2.0 kN/m2 are taken into account. Compressive strength of concrete of 30 MPa and yield 
strength of reinforcement of 400 MPa are used. The thickness of shear wall is 0.15 m with 
0.33% and 0.25% of reinforcement in vertical and transverse directions, respectively. The 
cross-section of columns vary from 0.30 m x 0.30 m to 0.75 m x 0.75 m while the thickness 
of slabs are 0.2 m in every floors. 
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Fig. 1. Plan and elevation 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.  Example building installed by TMD 

3 THE PROPERTIES OF TUNED MASS DAMPER 
The example building as previously mentioned is installed by the tuned mass damper 

(TMD) on the top roof, Fig. 2. To design the optimal parameters of TMD, the equivalent 
SDOF system of the building is considered based on the fundamental mode of vibration. 

In this study, the tuned mass damper with 5% mass ratio is provided to resist both harmon-
ic ground motion and far-field earthquake with varying amplitudes until the collapse of the 
building. The parameters of TMD are set to the optimal values of the TMD installed on linear 
structure under harmonic loading given by Den Hartog [11] as shown in Eq.(1)  
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Where µ , γ  and ζ are, respectively, mass ratio, frequency ratio, and damping ratio 
 
Building Total   Mass = 19,941 tons 

 SDOF (Mode 1)   Mass = 5,334 tons,  Stiffness = 43,859 kN/m,   

  Period = 2.19 s,  Damping ratio = 0.015 

TMD   Mass = 997 tons,  Stiffness = 5,839 kN/m,   

  Damping ratio = 0.24 

Table 1 : Properties of  the equivalent SDOF system and tuned mass damper 

4 DAMAGE AND PERFORMANCE OF BUILDING 

4.1 Damage Index 

4.1.1   Component Damage 
To quantify the effectiveness of the tuned mass damper in damage reduction of the build-

ing induced by strong ground motion, the modified Park and Ang damage index as proposed 
by Kunnath et al. [12] is employed. This index consist of term of rotation and dissipated ener-
gy as in Eq.(2)   
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Where  mθ , uθ and rθ  are, respectively, maximum rotation, ultimate rotation, and recover-
able rotation (unloading) 

yM  is the yielding moment 

hE   is the dissipated energy of the element 
β    is the strength deterioration parameter (assumed to be 0.27 by Ciampoli et. al. [13]) 

4.1.1   Story Damage 
Damage index of story is evaluated by weighted average of dissipated hysteretic energy in 

the component, Eq.(3) . In this study, the maximum grid damage in each story is represented 
as a story damage of the building. 
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Where iE  are the total absorbed energy by the component  “i”. 
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4.1.2   Building Damage 

Building damage is assumed to be the maximum story damage of the building. 

4.2 Building Performance Levels  

Besides the quantitative evaluation of building damage as previously mentioned, this study 
also calculate the building performance based on the maximum plastic rotation of every struc-
tural components according to ASCE41 as following  

4.2.1   Operational 
Very light damage, no permanent displacement, substantially original strength and stiff-

ness, and backup utility services maintain functions. 

4.2.2   Immediate Occupancy (IO)  
Very light damage, no permanent displacement and substantially original strength and  

stiffness, Minor cracking, and The building remains safe to occupy; any repairs are minor. 

4.2.3   Life Safty (LS) 
Moderate damage, Some permanent displacement, Residual strength and stiffness in all 

stories. Structure remains stable and has significant reserve capacity; hazardous nonstructural 
damage is controlled. 

4.2.4 Collapse Prevention (CP) 
Severe damage, Large permanent displacement, Little residual strength or stiffness, Gravi-

ty elements function. Some exits blocked. The building remains standing but near collapse 
and other damage or loss is acceptable. 

5 EFFECTIVENESS OF TMD UNDER ASSUMED HARMONIC GROUND 
MOTION 

The effectiveness of TMD are evaluated under an assumed harmonic ground motion with 
time-varying amplitudes, as shown in Fig. 3. The amplitude of ground motion is assumed to 
be linearly increased from t = 0 s to reach its PGA at t = 15 s and is kept constant from t = 15-
45 s, then, is assumed to be linearly reduced to zero at t = 60 s.  The ground motion frequency 
is set to the first natural frequency of the building and its PGA is varied from zero until the 
collapse of the building is obtained.  

 

Fig. 3.  An assumed harmonic ground motion 
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Fig. 4. shows the typical roof displacement of the building with and without TMD when  
PGA of ground motion is 0.02g. Since the excitation frequency is intentionally set to the natu-
ral frequency of the building, the resonance vibration of the building is expected. With this 
magnitude of excitation, it is found that the building without TMD exhibits excessive vibra-
tion with building damage = 1.0 and the building performance goes beyond the collapse pre-
vention limit (CP) while that with TMD gets no damage and its performance are well within 
operational limit. It is noted that about 83% of roof displacement reduction by TMD can be 
observed. 

 

Fig. 4.  Roof displacement of the building along X direction with and without TMD under an assumed harmonic 
ground motion  with PGA = 0.02g 

Fig. 5 shows the comparison of damage index between building without and with TMD 
under harmonic ground motion with varying PGA. Damage Index of the building with TMD   
is equal to 1 when a PGA is 0.115g, while damage index of the building without TMD ex-
ceeds the collapse line when PGA is only 0.02g. Fig. 6 show the damage reduction from 
TMD, for PGA less than 0.002g, there is no damage to both buildings, so the damage reduc-
tion is not defined. For PGA between 0.002g and 0.05g, TMD can prevent the building dam-
age. In particular, the building without TMD collapses when PGA reaches 0.02g while that 
with TMD can resist the ground motion without any damage until PGA = 0.05g. Although, 
the building with TMD shows some damages when PGA is greater than 0.05g. The building 
is protected from collapse until PGA reaches 0.115g. In addition, it can be seen that when the 
structure is vibrated within a range of slight inelasticity, damage reduction slowly decreases. 
However, due to the de-tuning effect, the damage reduction rapidly decreases when the build-
ing is vibrated within a range of significant inelasticity. 

 

 
Fig. 5. Damage index of the building against PGA under harmonic ground motion 
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Fig. 6.  Damage reduction of the building with TMD under harmonic ground motion 

Fig. 7 shows the seismic performances of the critical frames and walls of the building 
with and without TMD under collapse ground motions.  Frames along Grid A and F in the top 
floor are the most damaged zones of both structures. While the shear wall damages are found 
only at the ground floor.  Fig.7a  shows the damage scenario of the building without TMD 
under PGA = 0.02g, it can be seen that the columns in the upper story get more damage than 
lower story. In particular, the corner columns in the 18th -19th floor reach CP performance lim-
it, while the performances of internal columns are well within LS limit. The damage in shear 
walls is found at the ground floor with CP performance limit. Fig. 7b, on another hand, shows 
the damage scenario of the building with TMD under PGA = 0.115g. It is found that it looks 
quite similar with that without TMD except the ground motion is about 5.7 times larger. 

 

 

 

 

 

 

 

 

 

 

 

 

(a)                                                                                                       (b)                                                                                   

Fig.7. (a) Performance of building without TMD under a harmonic ground motion with PGA = 0.02g  
(b) Performance of building with TMD under a harmonic ground motion with PGA = 0.115g 
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6 EFFECTIVENESS OF TMD UNDER A FAR-FIELD GROUND MOTION 
In this study, the Chi-Chi earthquake record (1999) at KAU082 station is adopted as a far-

field ground motion as shown in Fig. 8. It is noted that this record has a dominant frequency 
close to the natural frequency of the building and therefore the resonance vibration of the 
building can be expected 

 
(a) 

 
(b) 

Fig. 8. Chi-Chi (1991) earthquake in, (a) X direction and (b) Y direction 

Fig. 9 shows the roof displacement of the building along XX direction with and without 
TMD under the input ground motion with PGA of 0.0116g. With this magnitude of PGA, 
both buildings are vibrated within elastic range. It is observed that about 41.7% of displace-
ment reduction can be gained from TMD. Fig. 10 shows the roof displacement of the building 
with and without TMD when the PGA of the input earthquake is increased to the collapse 
PGA of the building without TMD at 0.042g. It is clearly seen that TMD is not effective in 
displacement reduction of the structure. In particular, only 0.04% displacement reduction is 
obtained. By comparing with elastic range of Building, TMD’s effectiveness in roof dis-
placement decreases when PGA increases. 

 
Fig. 9.  Roof displacement of the building along X direction with and without TMD under Chi-Chi earthquake 

with PGA of 0.0116g 
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Fig. 10.  Roof displacement of the building along  X direction with and without TMD under Chi-Chi earthquake 

with PGA of 0.042g 

Fig. 11. shows the comparison of damage index between buildings without and with TMD 
under input earthquake with varying PGA. It is noticed that the damage index of the building 
with TMD equals to 1 when PGA is 0.054g, while damage index of the building without 
TMD equals to 1 when PGA is 0.042g. This indicates about 30% enhancement of collapse 
prevention by TMD. Fig. 12 shows the damage reduction and roof displacement reduction by 
TMD. In term of damage reduction, for PGA less than 0.0116g, there is no damage to both 
building so that the damage reduction is not defined. For PGA between 0.0116g and 0.0193g, 
although the damages of the building without TMD increase as the PGA increases, there is no 
damage to the building with TMD in this range of excitation. For PGA between 0.0193g and 
0.043g, TMD can reduce the damage of the building, however it effectiveness in damage re-
duction becomes smaller as the PGA increases. For PGA is greater than 0.054g, the building 
with TMD also collapses and therefore TMD provides no benefit to the building.  In term of 
roof displacement reduction, TMD can suppress the roof displacement whenever the building 
vibration is within elastic range or slightly inelastic range.  

 

 
Fig. 11.  Damage index of the building against PGA under Chi-Chi earthquake 
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Fig. 12.  Vibration and damage reduction of the building with TMD under Chi-Chi earthquake 

Fig. 13 shows the seismic performance of critical frames and walls of the building 
with and without TMD under the input earthquake having PGA = 0.042g. Frames along grid 
A and F in the top floor are the most damaged zones of both structures.  Fig.13a  shows the 
damage scenario of the building without TMD. Similar to the case of harmonic ground mo-
tion, it can be seen that the damages occur in only upper story and the most damaged columns 
in the story are the corner columns. While the shear wall damage occurs only at the first story 
where the CP performance limit is observed. Fig. 13b shows the damage scenario of the 
building with TMD under the same magnitude of PGA. Obviously, the damages are not se-
vere comparing with the collapse of the building without TMD. In particular, there is no col-
umn and shear wall gets damage of CP performance limit 

 

 

 

 

 

 

 

 

 

 

(a)                                                                                     (b) 

Fig. 13.  Comparison of building performance level between (a) builiding without TMD  
 (b) building with TMD  under Chi-Chi earthquake with PGA of 0.042g 
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7 CONCLUSIONS 

In this study, the seismic effectiveness of TMD for a 20 story reinforced concrete building 
subjected to both harmonic and earthquake record ground motions with varying amplitudes 
until the building collapse is investigated. The inelastic modeling of the building according to 
ASCE 41 is employed to realistically represent the building behavior under strong ground 
motion. The dynamic inelastic analysis of the building with and without TMD is adopted. To 
evaluate the effectiveness of TMD, the damage index and building performance level are es-
timated. The obtained results indicate that, for these narrow band ground motions, TMD is 
effective in displacement reduction whenever the vibration of the building is within elastic or 
slightly inelastic ranges. When the building gets significant damages, the change in vibration 
frequency deteriorates its effectiveness due to de-tuning effect. Therefore, TMD cannot pro-
vide any significant displacement reduction in this high inelastic range. However, it is clearly 
found that TMD can protect or reduce the building damages induced by the ground motions. 
The damage protection and reduction are significant. In addition, it is also observed that TMD 
can prevent the building from collapse with a significant range of ground motion magnitude. 
Based on this investigation, the application of TMD to a tall building subjected to far-field 
ground motions seems to be an attractive alternative to other retrofitting techniques. 
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Abstract. Numerical modeling of MR dampers based on parametric models constitutes one of 

the main methodologies to simulate the behavior of this type of devices. However, its highly 

non-linear nature and also its inherent rheological behavior make this type of numerical 

modeling harsh and complicated, which hinders the development of simple models capable to 

cover all aspects associated with the proper numerical simulation of the damper behavior and 

therefore usually complex parametric models involving several parameters are required to 

achieve a reliable and accurate representation of its rheological behavior. Hence, non-

parametric models represent another feasible approach to simulate the complex non-linear 

behavior of MR dampers although in this case allowing to obtain a wide-ranging numerical 

model without the need to define or identify a large number of model parameters. In this con-

text, we attempt to model and predict the response of a sponge-type MR damper using a non-

parametric modeling technique based on an Adaptive Neuro-Fuzzy Inference System (ANFIS) 

model. Initially, the basic structure of this data modeling technique is presented and the main 

aspects regarding the development of a neuro-fuzzy model for MR dampers are addressed. 

Then, an ANFIS modeling technique is developed to obtain a non-parametric model for the 

MR damper. Finally, a comparison between the numerical and experimental results will be 

presented to validate the selected modeling technique. 
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1 INTRODUCTION 

Non-parametric models represent an alternative methodology to numerically simulate the 

complex behaviour of active and semi-active devices. Among these modelling techniques, 

neuro-fuzzy models incorporate pattern recognition capabilities of neural networks with the 

non-linear mapping modelling of fuzzy logic systems which make them a particularly suitable 

non-parametric modelling approach to characterize the highly non-linear behaviour of MR 

dampers. A generic schematic representation of a neuro-fuzzy model is shown in Figure 1.  

 
Figure 1: Neuro-fuzzy modeling of a MR damper. 

 

 Adaptive Neuro-Fuzzy Inference System (ANFIS) algorithm presents the advantage of 

providing automatic tuning of a Sugeno-type fuzzy inference system (FIS) to model the rela-

tionships of the input variables and their important parameters such as the mechanical excita-

tion and operating current to generate a single output. Moreover, numerical simulation based 

on fuzzy logic represents a robust and reliable modelling methodology that allows the numer-

ical model to account for some uncertainties associated with the typical hysteretic behaviour 

of MR devices but, especially due to its ability to represent unpredicted responses that are 

usually not quantified or considered with more accurate models (e.g., parametric models), 

since fuzzy logic models use continuous membership functions to relate inputs and outputs. 

Although FIS models can be considered less accurate than other numerical models, they have 

been shown to correctly represent the experimental response of MR dampers, presenting a 

good compromise between computational time and numerical precision [1-6].  

Hence, the present paper explores the use of this neuro-fuzzy technique in modelling the 

response of a sponge-type MR damper. The application of an ANFIS algorithm to emulate the 

non-linear behaviour of MR dampers device will be investigated to demonstrate the capabili-

ties of this hybrid intelligent system as a feasible modelling approach to map the relationships 

between inputs and outputs in order to create a fuzzy model for these devices even with un-

certain or imprecise knowledge about its behaviour. The proposed modelling approach can be 

applied to estimate the non-linear hysteretic response of this type of devices between different 

operating currents and mechanical excitations and is validated over a set of experimental and 

numerical datasets of the sponge-type MR damper. 
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2 ADAPTIVE NEURO-FUZZY INFERENCE SYSTEM (ANFIS) 

Neuro-adaptive learning techniques represent a simple methodology for the fuzzy model-

ing procedure to learn information about a dataset in order to compute the membership func-

tion parameters that best allow the associated fuzzy inference system to track a given 

input/output data. ANFIS uses a hybrid learning algorithm that combines the backpropagation 

gradient descent and least squares methods to create a fuzzy inference system whose member-

ship functions are iteratively adjusted according to a given set of input and output data [3,4]. 

The reasoning scheme of ANFIS architecture is shown in Figure 2. 

 

 
Figure 2: Adaptive Neuro-Fuzzy Inference System or ANFIS. 

 

 

Soft computing methods represent a relatively recent modeling technique of MR dampers 

that have been shown to be effective in representing the non-linear response of these devices. 

The development of a neuro-fuzzy model of a MR damper involve four main steps: 

 

1) Definition of input variables and the corresponding FIS membership functions (the 

FIS output is the desired damper force); 

2) Selection of experimental or artificial data sets to generate training and checking 

data; 

3) Use of ANFIS optimization algorithm for training the FIS membership function pa-

rameters to model the set of input/output data by mapping the relationship between 

inputs and outputs in order to generate a fuzzy model of the MR damper; 

4) Validation of the resulting fuzzy model. 

 

ANFIS system training procedure is summarized in the flowchart shown in Figure 3. The 

process begins by obtaining a training data set and checking data sets. The training data is 

used to find the premise parameters for the membership functions (MFs are dependent on the 

system designer). A threshold value for the error between the actual and desired output is de-

termined. The consequent parameters are found using the least-squares method. If this error is 

larger than the threshold value, then the premise parameters are updated using the gradient 

decent method. The process end when the error becomes less than the threshold value. Check-

ing data set can then be used to compare the model with the actual system. 

986



Manuel T. Braz-César, Rui C. Barros 

 
Figure 3: Flowchart of ANFIS training. 

 

After the ANFIS training process is complete, a fuzzy model of the MR damper is obtained 

based on the training data, training options and type/number of membership functions previ-

ously defined by the system designer. 

It is important to notice that the fuzzy inference system and the corresponding input (dis-

placement, velocity and operating current) and output (damper force) membership functions 

produced by the ANFIS training algorithm must be capable to conveniently represent the ac-

tual behavior of the device. Although the training data may have significant information about 

the behavior of the MR damper, the resulting fuzzy model may not accurately represent the 

damper response (incorrect training data, some wrong or uneven data points, singularities in 

the device response, etc.). Thus, a final verification is required to ensure realistic results of the 

fuzzy model, which can be done by performing an assessment of the fuzzy surfaces to con-

firm realistic input/output magnitudes and geometry. 
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3 FUZZY MODELING WITH ANFIS 

MR dampers are semi-active devices whose damping characteristics can be modified in re-

al time due to the capability to adjust the resistance to flow of a MR fluid within the damper 

through the application of a magnetic field. The particular properties of the MR fluid allow 

variations in the damping force that can be controlled by varying an applied current. Thus, the 

hysteretic behaviour of a MR damper is current dependent but also function of the amplitude 

of the excitation [9-11].  

The present section describes the application of ANFIS to develop a neuro-fuzzy model for 

a sponge-type MR damper (RD-1097-1 model). It is intended to optimize a fuzzy inference 

system by training a family of membership functions according to a predetermined input and 

output data set related with the damper behaviour. Thus, the piston displacement and velocity, 

and the operating current represent the three fuzzy variables assigned to the input membership 

functions and the damper force represents the fuzzy output variable. Generalized bell-shaped 

membership functions are used to represent the input variables. The fuzzy parameters as-

signed to each fuzzy input variable, i.e., the properties of the selected MFs (number, type and 

universe of discourse) are summarized in Table 1. 

 

 

Data Fuzzy variable Type 
Number 

of MFs** Universe of discourse* 

Input MFs 

- Piston displacement 
Generalized 

bell-shaped 
2 |-xmax, xmax|  with xmax=20 mm 

- Piston velocity 
Generalized 

bell-shaped 
3 |-ẋmax, ẋmax|  with ẋmax=14 cm/s 

- Operating current 
Generalized 

bell-shaped 
2 |0, Imax|  with Imax=0.50 A 

Table 1: Fuzzy MFs parameters (RD-1097-1 MR damper). 

 

According with the device specifications the sponge-type MR damper operates with an op-

erating currents up to 1.0 A (intermittent operation). The maximum stroke is around ±25 mm 

within a damping force range of 9 N (0.0 A) and 100 N (1.0 A). The expected operational 

ranges for this MR damper are x= ±20 mm, ẋ= ±14.0 cm/s and I= 0.5 A. Based on the exper-

imental results, the maximum damping force is around 30 N. These values represent the upper 

and lower boundaries of the proposed neuro-fuzzy model (i.e., fmin= 2 N, fmax= 30 N, xmax= 20 

mm, ẋmax= 14.0 cm/s, Imin= 0.0 A and Imax= 0.5 A). Hence, the training data should include 

enough information to cover the entire spectrum of operation of the MR damper within these 

ranges of values since the precision of the fuzzy model is mainly dependent on the training 

data used for the FIS optimization with ANFIS. 

This type of MR devices are usually commanded through a voltage-to-current controller 

unit designated as Wonder Box Device Controller and sold as a complementary product for 

MR devices. The device provides a closed-loop current control to compensate for changing 

electrical loads up to the limits of the power supply and can be used to investigate the control 

possibilities of the LORD MR technology since it can be operated as an interface device for 

PLC or computer control of the MR fluid devices. This controller was connected to a voltage 

power supply unit in order to feed the MR damper with a constant voltage converted to cur-

rent supply through the Wonder Box.  
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In this case, a set of numerical signals based on experimental results was used to develop 

the neuro-fuzzy model. More specifically, the numerical based fuzzy model was developed 

from the numerical results of the Bouc-Wen model which in turn was developed from exper-

imental data obtained from several experimental tests. Thus fuzzy model was developed to 

ensure good performance in solving the fuzzy parameter prediction problem by using artificial 

data inputs to generate the training data set. The aim is to verify the efficiency of the optimi-

zation algorithm to predict the damper response when a smooth, regular and plentiful data set 

is available for the training procedure. The artificial data set used for training the FIS of the 

neuro-fuzzy model for the sponge-type MR damper is illustrated in Figure 4. 

 

 
Figure 4: Training data for fuzzy model A (RD-1097-1 MR damper). 

 

 

Thus, a series of training sequences comprising five types of artificial displacement se-

quence inputs were used to generate the data set for training the fuzzy inference system of the 

proposed numerical based fuzzy model. Constant displacement (CD), triangular wave (TW), 

amplitude-modulated (AM) and frequency-modulated (FM) are the displacement sequences 

used to represent the MR damper dynamics and the hysteresis behavior under changes in the 

magnitude and frequency of excitation for stepped increments of the operating current level. 

To improve ANFIS optimization, displacements outside the expected operating range (i.e., x= 

±20 mm) were trimmed. The main characteristics of the five displacement sequences are pre-

sented in Table 2. 
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The signal sequences have 110000 data points. A training data set containing a total of 

22000 data points (110 sec.) was generated using a time step of 0.005 sec. In this case, odd 

numbered values were used for training and even numbered values for checking (50%-50% 

alternating training-checking partition). 

 

Case Type of displacement 
Amplitude 

(mm) 
Frequency 

(Hz) 
Current 

(A) 

1/2 Constant Displacement (CD) 20* 0.5/1.0 0.0-0.5 (5 steps) 

3 Amplitude-Modulated (AM) 4-20* (5 steps) 3.0 0.0-0.5 (5 steps) 

4 Frequency-Modulated (FM) 12 0.5-3.0 0.0 and 0.5 

5 Triangular Wave (TW) 18 0.5-3.0 0.0 and 0.5 

Table 2: Artificial training data (RD-1097-1 MR damper). 

 
The membership function parameter adjustment was performed using the ANFIS training 

routine included in the MATLAB fuzzy logic toolbox [12]. The input membership functions for 

command voltage, displacement and velocity before and after training are shown in Figure 5. 
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Figure 5: Input membership functions before and after training. 
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The fuzzy model was obtained after an iterative trial and error process to determine the ap-

propriate number of membership functions and the corresponding training parameters. Several 
training parameters (number of epochs, initial step size, error tolerance, etc.) must be defined 
before starting the learning process. The ANFIS training options used in the present study are 
presented in Table 3. 

 

 

Number of epochs 
Initial step 

size 

Increasing 

step size 

Decreasing 

step size 

Error  

tolerance 

200 0.11/0.15 1.20 0.80 0.1 

Table 3: ANFIS training parameters (RD-1097-1 MR damper). 

 

These input MFs were obtained with an initial step size of 0.11, which provided the best 

ANFIS optimization results in predicting the training data. The units of the fuzzy variables 

were also scaled to improve the optimization procedure (i.e., [m] to [mm], [m/s] to [cm/s], 

respectively). In accordance with the estimated MFs, ANFIS generated a FIS structure with a 

total of 24 if-then rules to map the non-linear response of the MR damper. A plot of the fuzzy 

surface for the trained FIS model representing the output force as a function of the piston dis-

placement and velocity, fMR= f(displi,veli) is shown in Figure 6. 
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Figure 6: ANFIS estimated fuzzy surface fMR= f(displi,veli). 
 

The fuzzy surface has an appropriate scale with a realistic geometry in accordance with the 

expected MR damper behavior. Moreover, changing the velocity for small displacements gen-

erates a significant change in the damper force while changing one of these input variables 

when both have the same magnitude has almost no effect in the output force.  

Another FIS surface displaying the resultant damping force as a function of the piston dis-

placement and the level of operating current, i.e., fMR= f(displi,curi) is displayed in Figure 7. 

The behavior depicted in the non-linear mapping of the trained fuzzy model is in line with the 

expected damper response for different operating current levels. 
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Figure 7: ANFIS estimated fuzzy surface fMR= f(displi,curi). 

 

 

The non-linear relationship between the damping force and the piston displacement with 

respect to different levels of operating currents is clearly visible in this fuzzy mapping, i.e., 

when the operating current is increased for equal values of piston displacement, the resultant 

damping force is also increased. Additionally, changing the magnitude of the piston dis-

placement for low levels of command current has almost no effect in the damper force pro-

ducing almost a flat surface while changing the piston displacement for high levels of 

operating current generates a highly non-linear force-displacement response, especially for a 

maximum command current where increasing the piston displacement produces a significant 

increase in the force developed by the MR damper.  

A similar fuzzy surface representing the resultant damper force as a function of the piston 

velocity and the applied operating current, fMR= f(veli,curi) is shown in Figure 8. In this case, 

this mapping surface emphasizes the highly non-linear relationship between the damping 

force and the piston velocity.  
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Figure 8: ANFIS estimated fuzzy surface fMR= f(veli,curi). 
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The level of damping generated by the MR damper is directly related with the damper 

force and the piston velocity since the gradient of the force-velocity relationship within the 

fuzzy surface represent the damping level. Due to the typical rheological behavior of this type 

of controllable devices, the damping level is a function of the current input, i.e., low operating 

currents generates a low damping state characterized by a flat surface while high command 

currents produce a high damping state represented by a steep slope in the fuzzy surface. So, 

increasing the operating current level will increase the resultant damper force and therefore 

the damping capacity of the MR damper.  

The performance of the neuro-fuzzy model can be assessed by examining the convergence 

trend of the RMS error and step size evolution for the training and checking data over the 

number of epochs. Figure 9 shows the error plots along with the corresponding step size evo-

lution. As can be seen, there is no model overfitting during the training procedure because the 

checking data RMSE exhibit nearly the same evolution as the training data error. A steady 

RMSE is achieved after 60 epochs after which the error curves tend to stabilize without a sig-

nificant RMSE and step size modification. 
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Figure 9: Training and checking errors obtained by ANFIS. 

 

A displacement signal generated by low-pass filtering a white noise signal through a 4th 

order Butterworth filter with a cutoff frequency of 4.0 Hz was used to generate the testing da-

ta set for the fuzzy model (Figure 10). Therefore, a testing data with 20 mm of maximum 

peak-to-peak displacement amplitude was obtained. The corresponding velocity data set was 

computed from displacement data using a 4th-order backward difference method. The com-

mand current was generated using a PRBS signal to represent a bi-state command signal con-

strained between 0.0 A to 0.5 A (maximum operating current for intermittent operation of the 

RD-1097-1 MR damper).  

993



Manuel T. Braz-César, Rui C. Barros 

A time step of 0.001 seconds is used to produce a total of 20000 data samples over a 20 

seconds numerical simulation. The damper force was also determined from the Bouc-Wen 

model of MR damper. The testing data and the reference damper force are shown in Figure 10. 

The results achieved with the fuzzy model were then compared to those found with the refer-

ence model for the second validation data set as shown in Figure 11. There is a general good 

agreement between the damper force estimated with the fuzzy model and the reference data. 

 

 
 

Figure 10: Testing data set for validation of the proposed fuzzy model. 

 

An important aspect in modeling the response of a MR damper is the capability of the nu-

merical model to represent the damper force upon a step change in the load current. It was 

found that the proposed model is able to represent the transient response during a command 

current change although the transition from pre-yield to post-yield behavior is not so accurate-

ly described. Besides peak damper forces can be slightly under or overestimated although the 

difference between the reference damping force and the fuzzy output force is small (|fref -

ffuzzy|max = 0.7 N) resulting in a residual error below 3% relatively to the maximum damping 

force. In conclusion, the results indicate that the proposed neuro-fuzzy model is capable to 

represent with acceptable accuracy the damper response which in this case was defined using 

a set of artificial data from a parametric model (i.e., the Bouc-Wen model).  
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Figure 11: Results obtained with the testing data set. 

 

The last performance assessment will be achieved comparing the experimental results 

achieved with a sinusoidal excitation and constant current (5 mm amplitude with a frequency 

of 1.00 Hz and 0.50 A) with the numerical responses obtained with both numerical models, 

i.e., the estimated fuzzy model and the Bouc-Wen model. The experimental and both numeri-

cal responses are displayed in Figure 12. It can be seen that, on the whole, the neuro-fuzzy 

model estimates the corresponding force-time, force-displacement and force-velocity experi-

mental responses with acceptable reliability and precision being effective in capturing the size 

and shape of the non-linear hysteresis loop.  

The already discussed mismatching between the fuzzy model prediction and the damper 

response around the yield point region is highlighted in the force-velocity plot (force over-

shoot). Although this problem affects the accuracy of the model in simulating the damper re-

sponse, it does not prejudge in a significant way the final outcome by comparison with other 

numerical models such as the Bouc-Wen model, given that the global behavior of the MR 

damper can be reliably estimated. Additionally, the results obtained with the fuzzy simulation 

show a very good agreement with the numerical response obtained with the Bouc-Wen model. 

Disregarding this slight error around the yield point region, the proposed fuzzy model should 

be considered adequate to simulate the MR damper behavior since it provides an acceptable 

prediction of the device response defined by an equivalent Bouc-Wen model or the corre-

sponding experimental data. 
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Figure 12: RD-1097-1 MR damper – Fuzzy model vs. Bouc-Wen model response  

(1.00 Hz, 5 mm amplitude and 0.50 A). 

 

4 CONCLUSIONS  

The present paper addressed a non-parametric modeling procedure for MR dampers based on 

an Adaptive Neuro-Fuzzy Inference System (ANFIS) model. This modeling approach was 

used to develop a neuro-fuzzy model for a sponge-type MR damper based on artificial train-

ing data. It was verified that the fuzzy model presents a similar numerical performance as the 

equivalent parametric model and therefore the proposed model is considered capable to simu-

late the hysteretic behavior of the MR damper. Hence, the damper response can be estimated 

with a relative high level of accuracy by the proposed fuzzy model. The greater the accuracy 

and usually the complexity of the numerical model, the better the performance in simulating 

the damper response. The proposed neuro-fuzzy model presents advantages and limitations 

that should be taken into consideration when planning and implementing a numerical model 

for a specific engineering application. 
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Abstract. The present paper investigates the effectiveness of a bio-inspired semi-active con-

troller to reduce seismic-induced vibrations in building structures. The control system is 

based on the use of a MR damper in combination with the so-called Brain emotional learning 

based intelligent controller (BELBIC), which is an intelligent controller based on the model 

of Limbic system of brain. A general case for a three degrees of freedom building structure 

excited by the El Centro earthquake will be used to demonstrate how a semi-active control 

system comprising a MR damper in a non-collocated configuration can reduce the structural 

response under seismic loading. Hence, the key objective of this study will be to evaluate and 

verify the efficiency of a MR damper in controlling the level of vibrations in a three degrees of 

freedom building structure by means of a BEL controller. A comparison between uncontrolled 

and controlled structural responses are used to validate the performance and efficiency of the 

proposed semi-active controller. 
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1 INTRODUCTION 

The Brain Emotional Learning (BEL) controller is a novel bio-inpired control model based 

on the emotional learning mechanism of the brain limbic system, which has been employed to 

develop feedback controllers for complex control problems [1-5]. Essentially the BEL con-

troller comprises four main components, i.e, the amygdala (Am), the orbitofrontal cortex 

(OC), the sensory cortex (SC) and the thalamus (Th). The amygdala and the orbitofrontal cor-

tex are used to process the emotional signal (SE) while the sensory cortex and the thalamus 

receives and processes sensory inputs (SI). Sensory inputs (SI) are processed in the thalamus 

initiating the process of response to stimuli and passing those signals to the amygdala and the 

sensory cortex. Then, the sensory cortex operates by distributing the incoming signals proper-

ly between the amygdala and the orbitofrontal cortex. In this controller, the learning proce-

dure is mainly processed in the orbitofrontal cortex and is based on the difference between an 

expected punishment or reward and the received punishment or reward (Rew). The perceived 

punishment/reward (ES) is processed in the brain using learning mechanisms while the re-

ceived punishment/reward represents an external input. If these signals are not identical, the 

orbitofronal cortex inhibits and restrains the emotional response for further learning. Other-

wise, the controller generates an output response [1,3]. 

The BEL controller presents interesting features that can be exploited to design structural 

control systems for civil engineering applications. Thus, the following semi-active control 

system was developed based on this bio-inspired controller. The Simulink model of the BEL 

controller is depicted in Figure 1. 

 

1
u

yd

f
SI

SI
yd

f
ES

ES

S

Rew

ModelOutput

1
z1

 
Figure 1: Simulink model of the BEL controller for the three DOFs system. 

 

In this case the sensory input (SI) and the emotional signal (ES) can be related with the 

system response yd (interstory drifts in this case) and the BEL model output u, which are de-

termined using the following equations 

  (1) 

  (2) 

where wi are weight factors that define the relative importance given to the drift response 

(z1=yd) and the output of the BEL controller (f=u). The sensory and emotional outputs are 

forwarded as the stimuli and the reward/punishment for the BEL controller, respectively. Fi-

nally, the BEL control block uses this information to construct a response (model output) that 

represents the control action. 

The BEL algorithm can be also combined with a PID controller to improve the perfor-

mance of the control system. The PID controller is integrated in the BEL controller as part of 

the emotional signal, i.e. 
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  (3) 

where KP, KI, and KD are weight factors of the PID controller that must be carefully selected 

to obtain the desired performance [5]. The learning system of both amygdala (Am) and orbito-

frontal cortex (OC) are based on internal weight adjusting rules defined by 

  (4) 

  (5) 

where α is the learning rate of the amygdala, β is the learning rate of the orbitofrontal cortex, 

ES and MO are the emotional signal and the model output, respectively. These learning rates 

represent model parameters that must be adjusted in accordance with the input variables (i.e., 

structural responses) to achieve the required control action.  

The main drawback of the BEL controller is related essentially with the appropriate defini-

tion of emotional and sensory signals that are able to represent with sufficient precision the 

system state and the control objective in order to maximize the performance of the control 

system. There are numerous optimization methods available for tuning these parameters (e.g. 

genetic algorithms) although a common approach is to use a trial-and-error procedure. 

 

2 NUMERICAL MODEL 

Consider a semi-active controlled system subjected to an earthquake ground motion with a 

control force applied to the first mass (or the first DOF, x1) as illustrated in Figure 2. The con-

trol force intends to reduce the response of the system and can be achieved placing an actuator 

between the base and the first mass. The damper force can be changed using a control system 

comprising a controller that monitors the system response and computes the required damping 

force that should be applied to the system changes the system response in order to improve its 

structural performance. An effective semi-active control involves an appropriate control algo-

rithm that can take advantage of the dissipative properties of the control device. There are 

several approaches available in the literature to control semi-active devices (further infor-

mation about semi-active control algorithms is provided in [7,8]).  

 

  
Figure 2: Schematic representation of a 3DOFs system under earthquake excitation - Semi-active control 

with a MR damper at the first floor. 
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MR dampers are semi-active devices in the sense that they are passive actuators with ad-

justable properties, i.e., they operate by following the response of the system instead of work-

ing against the structure motion like in the case of active devices. Also, they cannot be 

directly controlled to generate a specific damper force because the damper response is de-

pendent on the local motion of the structure where the device is located. A practical approach 

to control the MR damper it to adjust the voltage applied to the current driver to change the 

damper force. In this context, the following rules are used to design the control laws [8]: 

 

i. The control voltage to the device is limited ranging between zero voltage input (pas-

sive OFF case) and the maximum value of the operating voltage/current Vmax 

(passive ON case); 

 

ii. For a fixed set of states, the magnitude of the applied force increases and decreases 

when the voltage input increases and decreases, respectively. 

 

As already has been stated, the structure is equipped with a passive control system com-

prising a MR damper (Lord RD-1005-03 model) located between the ground floor and the 

first floor which can operate in two modes: as a passive energy dissipation device and as a 

semi-active actuator whose control action is being commanded by a BEL based controller. In 

this case, the modified Bouc-Wen model was selected to simulate the behaviour of the MR 

damper. The numerical formulation and the corresponding model parameters are presented in 

Table 1 [9]. Besides, the first-order time lag involved in the current driver/electromagnet dur-

ing a step command signal must be included in the numerical model of the device, which in 

this case is defined by a first order filter (η= 130 sec-1).  

 

 

Modified Bouc-Wen model 
Smart Mater. Struct. 20 (2011) 023001 Topical Review

Bouc-Wen

x

F

c
0

k0

Figure 27. Simple Bouc–Wen model for MR dampers [28].

where c0 and k0 are the viscous and stiffness coefficients,

respectively, an initial displacement x0 of the spring was

incorporated into the model to allow for the presence of an

accumulator in the considered damper and z is an evolutionary

variable governed by (50). By adjusting the parameter values

α, β, γ and n, it is possible to control the force–velocity

characteristic shape.

The simple Bouc–Wen model is well suited for the

numerical simulation, since the resulting dynamic equations

are less stiff than for the extended Bingham model. But it

cannot reproduce the experimentally observed roll-off effect in

the yield region, i.e. for velocities with a small absolute value

and an operational sign opposite to the sign of the acceleration,

as shown in figures 7(c) and 9(c).

In order to accurately characterize the behaviour of

MR dampers using the simple Bouc–Wen model given by

equations (51) and (50), a set of eight constant parameters that

relate the characteristic shape parameters to current excitation

should be identified and the set of parameters is as follows:

= [c0, k0, α, x0, γ , β, A, n].

6.2. Modified Bouc–Wen model

The mechanical idealization of an MR damper depicted in

figure 28 has been shown to accurately predict behaviour

of the MR damper over a broad range of inputs. The

phenomenological model proposed by Spencer et al [28] is

governed by the following equations:

F(t) = c1 ẏ + k1(x − x0) (52)

where y is the internal displacement of the MR damper ruled

by

ẏ =
1

c0 + c1

[αz + c0 ẋ + k0(x − y)] (53)

where z is the evolutionary variable ruled by (according to (50)

and figure 28):

ż = − γ |ẋ − ẏ||z|n− 1z − β( ẋ − ẏ)|z|n + A(ẋ − ẏ) (54)

where k1 represents the accumulator stiffness, c0 and c1

represent the viscous damping observed at large and low

velocities, respectively, k0 is present to control the stiffness at

k

k

c
F

xy

Bouc-Wen

0

0

c
1

1

Figure 28. Modified Bouc–Wen model for MR dampers [28].

large velocities and x0 is used to account for the effect of the

accumulator. The scale and shape of the hysteresis loop can be

adjusted by γ , β, A and n.

In order to accurately characterize the behaviour of

MR dampers using the modified Bouc–Wen model given by

equations (52)–(54), a set of ten constant parameters that relate

the characteristic shape parameters to current excitation should

be identified, and the set of parameters is as follows:

= [c0, c1, k0, k1, α, x0, γ , β, A, n].

To obtain a model which is valid for varying magnetic

field strengths, the parameters are assumed to be dependent

on the applied current (I ), which is determined by the voltage

(v) applied to the current driver. The proposed relationships

between the parameters and the applied voltage are as follows:

(i) Linear current relationship. Spencer et al [28] adopted a

linear relationship between the parameters and the applied

voltage, which is given by

α = α(u) = αa + αbu (55)

c1 = c1(u) = c1a + c1bu (56)

c0 = c0(u) = c0a + c0bu (57)

where c0a and αa are the damping coefficient and

Coulomb force of the MR damper at 0 V, respectively,

and u is an intrinsic variable to determine the function

dependence of the parameters on the applied voltage v.

The relationship between u and v is modelled by the first-

order filter given by

u̇ = − η(u − v) (58)

where η reflects the response time of the MR damper,

namely, larger η means faster response time, and v is the

command voltage sent to the current driver.

In order to accurately characterize the behaviour

of MR dampers using the current-dependent Bouc–Wen

model given by equations (52)–(58), a set of 14 constant

parameters that relate the characteristic shape parameters

to current excitation should be identified, and the set of

parameters is as follows:

= [c0a, c0b, c1a, c1b, k0, k1, αa, αb , x0, γ , β, A, n, η].

17

 

 

 

 

 

 

 

 

 

 

Current independent  

parameters 

A [-] β [mm−1] γ [mm−1] k0 [N/mm] f0 [N] n 

10.013 3.044 0.103 1.121 40 2 

Current dependent  

parameters
 

 [N] 

 [N.s/mm] 

 [N.s/mm] 

 

 

 

 

Table 1 - Modified Bouc-Wen model - Parameters of the RD-1005-3 MR damper [9].  
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In what follows, the results of the semi-active control system are compared with the uncon-

trolled, passive OFF and passive ON responses to evaluate the efficiency of each semi-active 

control scheme in reducing the structural response. The mass, damping and stiffness matrices 

of the model structure can be determined as 

  (6) 

  (7) 

  (8) 

In this study, the structure will be subjected to the El-Centro ground motion (1940 N-S 

component with a peak acceleration of 3.42 m/s2). Since the mechanical system seeks to rep-

resent a small-scale building, the earthquake signal needs to be decreased to represent the 

magnitude of displacements that would be observed in experiments tests. Thus, the time was 

scaled to 20% of the full-scale earthquake time history as shown in Figure 3. 

 

 
Figure 3: Time-escale El-Centro NS earthquake gound motion (0.2t). 

 

The state space equation of motion is given by 

  (9) 

where the column vector λ represents the location of the earthquake excitation (i.e., the seis-

mic acceleration). Equation 1 can be written in a simplified form as 

  (10) 

where matrix A represent the system matrix  
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  (11) 

and E is the disturbance locating vector given by 

  (12) 

The response of the system can be computed using the state space output vector y(t)  

  (13) 

If the system displacements, velocities and accelerations are required, then  

   (14) 

The uncontrolled response is displayed in Figure 4. 

 
Figure 4: Uncontrolled response of the 3DOFs system. 
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It should be noted that the response was obtained with a high excitation level of the El 

Centro earthquake achieved by scaling up the amplitude of the earthquake signal in 150%. 

This modification in the excitation signal was used only to amplify the magnitude of the dis-

placements making the system response more compatible with the operating range of the MR 

damper. The equation of motion of the controlled structure can be defined by a state space 

formulation as 

  (15) 

where Bc is an additional matrix accounting for the position of the control forces in the struc-

ture and fc is a column vector with the control forces. The location of the control forces is de-

fined by a location matrix Γ within Bc. In this case there is only one control force applied to 

the first mass and therefore, it follows that 

  (16) 

and then  

  (17) 

Equation 15 can be written in a more compact given that  

  (18) 

and finally 

  (19) 

The response of the system can be determined using the state space output vector  

   (20) 

where C is the same matrix of Equation 14, Dc comprising the control forces is 

  (21) 

and the column vector F describing the location of the earthquake signal is given by 

  (22) 

As for the state space equation, ẍg(t) represents the seismic excitation loading. 
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A new numerical simulation was carried out to obtain the response of the three DOF struc-

ture to the time-scale earthquake excitation (i.e., El Centro NS). The system response for the 

passive OFF case along with the maximum and minimum values of each output variable is 

displayed in Figure 5 and the damper behaviour is characterized in Figure 6. 

 
Figure 5: Results with the Modified Bouc-Wen model – Passive OFF case. 

 

 

 
Figure 6: 3DOFs system - RD-1005-03 MR damper control force. 

Passive OFF case – Modified Bouc-Wen model 
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Likewise, a numerical simulation was carried out to obtain the response of the three DOF 

structure to the time-scale earthquake excitation for the passive ON mode. The corresponding 

system response along with the maximum and minimum values of each output variable is dis-

played in Figure 7 and the damper behaviour is characterized in Figure 8. 

 
Figure 7: Results with the Modified Bouc-Wen model – Passive ON case. 

 

 

 
Figure 8: 3DOFs system - RD-1005-03 MR damper control force. 

Passive ON case – Modified Bouc-Wen model 
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The Simulink model of the semi-active control system based on the BEL controller is dis-

played in Figure 9. As can be observed in this figure, interstory drifs of the building structure 

constitute the responses of the controlled system used by the BEL controller to determine the 

desired control force. Subsequently, the required control signal, i.e., the command current is 

determined from the predicted/desired control force using an inverse Bingham model of the 

MR damper. 

The learning rates for the amygdala and orbitofrontal cortex were defined after a trial-and-

error procedure and are computed to be α = 0.8 and β =0.5. Likewise, the sensory and the 

emotional outputs are determined by applying weight factors w1 =2, w2 =0.56, w3 =2 and w4 

=0.85, which provide the best structural performance. 

 

MR damper RD-1005-3
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Figure 9: Simulink model of the BEL control system. 

 

The structural responses obtained with the BEL based semi-active control system along 

with the uncontrolled response of the third floor are displayed in Figure 10. The peak re-

sponses of the uncontrolled and controlled systems are listed in Table 2. The results show the 

effectiveness of the proposed bio-inspired controller in reducing the response of the structure. 

As can be seen, the proposed semi-active control system achieves a good performance in 

reducing the structural responses using only floor displacements as the reference signals to 

compute the control action. In fact, the main advantage of the BEL based control system is 

that only interstory drift responses of the structure are required to determine the control action. 

This means that the damping force generated during the control process does not need to be 

monitored, as happens in other controllers such as the clipped-optimal algorithm. Obviously, 

the main drawback regarding the implementation of the BEL based control system is related 

with the optimization of the controller parameters.  

It should be also noted that the combination of a BEL controller with other control tech-

niques (e.g. PID control) is shown to be able to improve the overall performance of the result-

ant control system [5].  
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Figure 10: Structural responses obtained with the BEL controller. 

 

 

Control strategy      

Uncontrolled 

0.695 

1.251 

1.587 

27.09 

45.78 

54.02 

1305 

1736 

2272 

---- 

Passive  

OFF 

Modified  

Bouc-Wen 

0.518 

0.907 

1.191 

20.02 

34.51 

42.79 

999 

1358 

1791 

166.4 

Passive  

ON 

Modified  

Bouc-Wen 

0.171 

0.423 

0.560 

7.77 

19.36 

25.58 

613 

1066 

1366 

1048.9 

Brain Emotinal Learning 

0.164   (-4%) 

0.403   (-5%) 

0.525   (-6%) 

 6.80 (-13%) 

17.88   (-8%) 

24.19   (-5%) 

 619 (1%) 

 964 (-10%) 

 1252 (-8%) 

1014.4 

 
Table 2 - Peak responses under the time-scaled El-Centro earthquake.  
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The damper force and the corresponding control signal are presented in Figure 11. As can 

be observed, the control system uses a continuous control signal to command the MR damper. 

The hysteretic behaviour of the MR damper during the numerical simulation is portrayed in 

the force-displacement and force-velocity plots presented in Figure 12. The proposed control 

system is capable to explore the dissipative nature of this type of actuators. 

 
Figure 11: Damper force and corresponding operating current (BEL controller). 

 

 
Figure 12: RD-1005-03 MR damper control force (BEL controller). 

 

3 CONCLUSIONS  

The present article addressed the non-linear hysteretic properties of MR dampers. An ex-

perimental testing procedure was carried out to characterize the response of a commercial MR 

damper and the experimental data were used to develop a numerical model. Some model pa-

rameters that must be initially found to construct a realistic numerical response. Thus, an 

identification routine was developed and the predicted response was compared with the exper-

imental data. The results showed that the selected numerical model is capable to simulate the 

hysteretic behavior of the MR damper. 
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Abstract. The substructuring concept has been used in different forms such as in hybrid simulation 
and parallel computing methods, all contributing significantly to experimental testing and 
numerical analysis research programs. In this paper, unlike previous studies, the main goal is to 
use the substructuring technique to develop a framework which expands the capabilities of current 
nonlinear programs, enabling detailed analysis of mixed-type reinforced concrete (RC) systems in 
an integrated fashion, to a degree of accuracy unattained before. To achieve this goal, the primary 
objective of the proposed framework is to combine different VecTor programs which are among 
the most advanced nonlinear analysis tools for RC structures, while fully considering the 
interaction between substructures. This can greatly extend the application of conventional stand-
alone nonlinear analysis. For instance, integrating VecTor2 (membrane software) and VecTor5 
(frame software) provides a unique and effective solution technique for detailed analysis of 
disturbed regions in RC frames which is not available in any other stand-alone frame type analysis 
program. The flexible and object-oriented architecture of the framework facilitates inclusion of 
new analysis software. The application and effectiveness of the proposed framework are illustrated 
by modelling and analysis of two experimental case studies. 
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1. INTRODUCTION 
Nonlinear finite element analysis (NLFEA) of reinforced concrete structures has seen 

tremendous advancement over the past few decades. There are some situations where using 
advanced NLFEA tools is essential due to complexity of the analysis or the required level of 
accuracy. For instance, if the structure is subjected to unintended or extreme loads, if the codes or 
standards used for its design are deemed to be deficient today, if the structure was incorrectly 
designed or constructed in the first place, or if the structure is damaged and requires rehabilitation, 
then a more comprehensive analysis may be warranted. Especially considering the ageing 
infrastructure, the importance of having an advanced analysis tool is apparent. 

Over the past decades, the VecTor programs, a suite of NLFEA software, have been developed 
on the theoretical basis of the Disturbed Stress Field Model (DSFM) [1]. The computational 
approach of the programs is based on a secant stiffness formulation using a total-load iterative 
process. Several experimental programs with a wide range of specimens and loading conditions 
have been conducted to examine the accuracy of the software [2, 3]. Moreover, analyzing real-
world structures including frames, slabs, shear walls, silos, bridges, offshore platforms, and 
nuclear containment structures have been demonstrated the value of the VecTor programs in 
evaluating the complex nonlinear behaviour of reinforced concrete structures [4, 5]. Analysis 
application and element types for each VecTor program are presented in Table 1. 

Program Structure Type Elements Type Available DOFs 

VecTor2 2D Membrane  Rectangular; Quadrilateral; Triangular; 
Truss; Link; Contact   Dx and Dy 

VecTor3 3D Solid  Hexahedral; Wedge; Truss; Link; Contact Dx, Dy and Dz 
VecTor4 Plates and Shells Heterosis; Truss Dx, Dy, Dz, R1 and R2 
VecTor5 Plane Frames  Frame Dx and Dy 

VecTor6 Axisymmetric 
Solids 

Rectangular Torus; Triangular Torus; 
Ring  Dx and Dy 

Note: Dx, Dy and Dz are translational DOFs in the X, Y and Z directions, respectively and R1 and R2 
are rotational DOFs in the local directions.  

Table 1: The analysis application and element types for each VecTor program 

In many finite element analysis software, it has become necessary to combine lower-
dimensional elements with higher-dimensional elements to provide both global and local 
assessment of the behaviour of the complex structural systems. In the VecTor analysis programs, 
each program is specialized for one particular type of problem; for example, VecTor2 can only 
model 2D planar continuums and VecTor5 can only model 2D plane frames. There are many 
applications where several types of structural components act together; for example, in a typical 
building, a moment resisting frame (2D frame) may act compositely with floor slabs (3D plate) 
and shear walls (2D continuum). Analysis capabilities for such systems or any other mixed-type 
structures are not available in the VecTor programs. In addition, modelling the entire structural 
system in detail is not practical due to computational time and memory storage limitations. 

The most common approach to analyze integrated structural systems and overcome the above-
mentioned limitations is the global-local method. In this approach, the structure is analyzed in two 
separate steps. In the first step, a global analysis of the entire structure is performed to find the 
force distribution and reactions. In the second step, using the global analysis results, the critical 
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components of the structure are analyzed in detail. However, determining the critical regions that 
needs to be modelled requires expert users with a very good understanding of the force flow in the 
structure. Also, defining the right boundary conditions for each component is a challenging task. 
Even if the critical components are chosen and modelled properly, force redistribution due to 
stiffness changes in the system raises questions about the accuracy of the method. 

One effective approach to accurately simulate the response of integrated systems is to develop 
a multi-scale framework which can combine the best features of different analysis software. UI-
SimCor [6] is an example of such framework, which is targeted toward hybrid (experiment-
analysis) simulation. In the multi-scale framework approach, each component, based on its 
mechanical characteristics, can be modelled using the most suitable analysis tool. The components 
are connected to each other through an integrated framework which coordinates the analysis of the 
whole system. The coupled nature of the simulation allows one to fully consider the interaction 
between the substructures, resulting in a more accurate analysis of the system. The framework 
provides a multi-platform analysis environment which includes a broad range of analysis methods, 
element types, material models, and load options. Moreover, it enables the use of the parallel 
processing technique to avoid computational time and memory storage limitations associated with 
sequential single-platform analyses. Developing such framework for the VecTor programs can 
greatly extend the application of the software to assess the behaviour of complex integrated 
reinforced concrete structures to a degree that was difficult or impossible before.  

In this paper, the proposed multi-scale simulation framework is presented. The effectiveness of 
the proposed framework are illustrated with two experimental case studies.   

2. PROPOSED INTEGRATED FRAMEWORK  
The proposed integrated framework, named as Cyrus, intends to incorporate single-platform 

NLFEA tools and provide a unique simulation environment which helps to eliminate the 
limitations associated with analysis of mixed-type reinforced concrete structures. The architecture 
of the framework is described in detail in subsequent sections. 

2.1 Overview of the Framework  
Cyrus is written in the C++ programming language using Microsoft Foundation Classes and 

Open Graphics Library. The architecture of the framework is based on object-oriented 
methodology, making it suitable to adapt to other analysis tools.  Cyrus consists of three main parts: 
solution algorithms, inter-process communication (IPC) methods, and graphical user interfaces 
(GUI). Detailed descriptions of each part are provided in the following sections. The framework 
is linked with advanced C/C++ libraries such as MKL [7] and PARDISO [8] enabling high-
performance, memory efficient sparse matrix calculation and fast multi-threaded partial 
factorization computation which is used in the static condensation phase of the substructuring 
technique. 

By running the simulation, Cyrus connects to all the components. The first stage of the analysis 
is the initial static equilibrium. In this stage, depending on the solution algorithm, Cyrus collects 
full or condensed forms of the stiffness and force values of all the substructures, maps them based 
on an internal numbering format, and solves for the displacements. This satisfies equilibrium for 
all DOFs of the mixed-type system including the boundaries between the substructures. Then, the 
framework sends computed displacements to each substructure along with a proceed command to 
continue their analyses. The boundary displacements between connecting substructures are taken 
to be identical so that compatibility is satisfied in the system.  
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For dynamic analysis, after imposing the static loads in the first load stage, Cyrus collects mass 
and stiffness values of all the components, performs an eigenvalue analysis, and sends the 
computed Rayleigh damping coefficients to the substructures. In this procedure, the equation of 
motion is formulated for each substructure separately using numerical integration methods 
available in the VecTor programs. Based on a total-load secant stiffness formulation of the 
integration methods developed by Saatci [9], equivalent stiffness matrix and force vector of 
dynamic effects are calculated in each component and sent to Cyrus.  These values will be added 
to the corresponding static values and will be used to compute displacements.  

In each load stage, when a substructure reaches convergence, Cyrus temporarily holds the 
analysis of that specific substructure and uses its converged stiffness and force values for the 
analysis of the rest of the system. At the end of the analysis, all the substructures are disconnected 
from the framework. Figure 1 demonstrates the overall architecture of the proposed framework 
and its application on a shear wall-frame system. The dotted line steps are only preformed in the 
dynamic analysis.     

 
Figure 1. Overall architecture of the proposed multi-scale framework 

2.2 Solution Methods 
To consider geometry and material nonlinearity of structures, analysis software use different 

types of iterative solution methods. The majority of these methods can be categorized into two 
groups: Tangent-Based methods and Secant-Based methods. In the Tangent-Based methods, the 
displacements are computed from tangent stiffness and unbalanced force values. The unbalanced 
forces are calculated by subtracting the applied external loads from sectional forces. Since finding 
the stiffness matrix in each iteration is computationally expensive, some methods use initial 
stiffness instead of tangent stiffness in their procedure. In the Secant-Based methods, unlike 
Tangent-Based methods, the force vector is constant and equal to the applied forces through the 
iterations while the nonlinear behaviour of the structure is taken into account by updating the 
secant stiffness values.  This section intends to demonstrate that, by using reasonably small load 
steps, the Tangent-Based methods and Secant-Based methods are equivalent; therefore, analysis 
tools with different solution techniques can be combined.  
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In the Incremental Tangent method, as shown in Figure 2(a), the next step displacement (  
is estimated from the current displacement (  based on: 

																																																													 																																																																							 1  

where 	 is the external applied force; 	 and 	 are the internal force and tangent stiffness 
corresponding to the 	displacement, respectively. In the Incremental Secant method, however, 
the next step displacement is computed from the intersection of applied force and incremental 
secant line 	(Figure 2(b)). The equation of the incremental secant line can be described as:  

																																															 																																														 2  

From	 , the next step displacement is computed as: 

																																											 																																																 3  

 
(a)                                    (b)                                           (c)                                              (d) 

Figure 2. (a) Tangent method; (b) Secant method; (c) Tangent stiffness approximation; (d) Combined method 

As illustrated in Figure 2(c), for small load steps one can approximate the tangent stiffness at  
with	 . Substituting this equation into the Tangent method equation gives the following: 

																																																		 																																																																 4  

Expanding this equation results in a similar equation as the one described in the Secant method.  
This also can be illustrated graphically. As shown in Figure 2(d), which presents the total form 

of the Tangent and Secant solutions, combing the two methods results in stiffness values which 
are not as high as the initial stiffness and not as low as the secant stiffness of the system. Similarly, 
the combined force values are within the range of the external force and total unbalanced force 
values. Therefore, the computed displacements from the combined method are always between the 
values obtained from the Tangent method and Secant method. Assuming small load steps, it can 
be concluded that the solution of the combined method is equivalent to the solution of Tangent 
and Secant methods.  

All the VecTor programs are formulated based on the Secant solution method except VecTor5 
(frame analysis) which uses the Tangent solution method (Newton-Raphson method). The 
combined solution method analysis results are examined using VecTor2 and VecTor5 programs 
in the application example section of this paper.        
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In order to solve the equilibrium equation and find displacements at coupled DOFs, two 
different solution techniques were implemented in Cyrus: Centralized solution and Distributed 
solution. While both methods give exact the same results, depending on the number of 
substructures, amount of communication data, and number of available nodes, their performance 
can be significantly different.  

In the Centralized solution method, substructures compute the stiffness and force values and 
send them to Cyrus in sparse format (non-zero values). Cyrus generates the global stiffness matrix 
and force vector and solves for the displacements of all DOFs of the system. This method is used 
in most previous simulation frameworks. However, for large systems, transferring the stiffness and 
force values of all the DOFs requires an excessive amount of communication which can 
significantly affect the analysis time. In addition, storing all the information of the entire system 
on as single computing node is not memory efficient.   

To avoid the aforementioned problems, a new solution technique, Distributed solution method, 
is implemented in Cyrus, which is not available in any other similar framework. In this method, 
unlike the Centralized method, only the condensed form of the stiffness matrix and force vector 
are sent to Cyrus. The simulation framework is responsible for solving equilibrium equations for 
the coupled DOFs while each substructure solves for the displacements of the internal DOFs. 
Therefore, the solution step of the analysis is distributed between the framework and components.  

2.3 Communication Procedures  
To exchange data among substructures, Cyrus is enhanced with several Inter-Process 

Communication (IPC) methods. These techniques enable transferring data between two or more 
threads of one or more processors. Processors can be located on multiple computers connected by 
a network. Figure 3 illustrates the overall architecture of the different communication methods 
implemented in the simulation framework. 

The first communication method available in Cyrus is pipe communication which can be used 
to redirect input and output of substructures and send them control commands (run and pause). To 
exchange data in both directions, Cyrus creates two anonymous pipes per substructure. It writes 
data to one pipe using its write handle, while the substructure reads the data from that pipe using 
its read handle. Similarly, the substructure writes data to the other pipe and Cyrus reads from it. 
Pipes have limited size which depends on the system properties. If the size of data is larger than 
the pipe size, the program transfers data in multiple byte blocks.  

 
Figure 3. Different communication methods in the multi-scale framework 
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For large structural systems, using the pipe option to transfer data in multiple byte blocks can 
be time consuming. To improve the communication performance, binary files are also used in 
conjunction with pipes.  In this configuration, pipes are responsible for sending control commands 
(run and pause) while binary files are used to send stiffness and force values. Unlike pipes, there 
is no limited size for files; therefore, all the data can be transferred between server and client in a 
single file instead of multiple byte blocks. 

Both pipes and files are local communication methods and cannot be used over a network. To 
perform geographically distributed simulation or connect multiple distinct computing nodes to 
increase the computational performance and storage capacity of the system, a socket 
communication method is implemented in the framework. The type of socket used is the stream 
socket, also known as connection-oriented socket, which uses TCP (Transmission Control 
Protocol) internet protocol for data exchange.  In this architecture, Cyrus, the server program, 
creates sockets on the startup and puts them in the listening state. Then, the sockets wait for 
initiatives from substructures which are the client programs. Each socket is characterized by a 
socket address which includes an IP address and a port number. 

2.4 Graphical User Interface 
Cyrus is compatible with a generalized graphical user interface program, FormWorks-Plus [10], 

which enables the user to conveniently generate finite element mesh for substructures and model 
the interface between the components. In addition, Cyrus is enhanced with a graphical user 
interface which facilitates the process of selecting sub-models, choosing coupled DOFs, and 
specifying proper analysis options. These developments make the mixed-type modelling process 
more transparent for engineers, contributing to acceptance and utilization of the simulation 
framework. 

2.5 Interface of Multi-Scale Models 
One of the challenges in combining different analysis tools is the modelling of the connecting 

sections at the interface of sub-models. Each FE program has a different element library and 
number of DOFs. There are many instances where the rotation at the interface nodes of one 
program must be transferred to the equivalent displacements for another program which only 
supports translational DOFs. The connection between the VecTor2 membrane elements and 
VecTor5 frame elements is an example of this type of mixed-dimensional problem. The common 
approach to connect the two programs is to use Rigid Constraints at the connecting section. This 
enables the analysis to transfer rotation from the frame sub-model to equivalent translational 
displacements in the membrane sub-model based on the plane sections remain plane assumption, 
while satisfying the compatibility and equilibrium in the multi-scale analysis. However, a set of 
transverse rigid members at the connection acts as a very strong stirrup which does not allow 
transverse expansion at the interface and adds additional stiffness to the structure which may affect 
the response of the system.  

To overcome the above-mentioned limitations and model the interface section more accurately, 
a new interface element, F2M element, is proposed. The F2M element is a two nodded semi-
deformable element which can fully transfer translational and rotational displacements at the 
interface. It does not add any additional stiffness to the system and allows lateral expansion at the 
connecting section. The stiffness matrix of the proposed element was set up such that it has high 
stiffness values in the transverse and rotational directions while zero stiffness in the axial direction. 
Similar to the rigid elements, F2M elements are defined along the membrane elements at the 
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interface. A master node connects each set of F2M elements to the corresponding frame sub-model. 
From the shear stress distribution at the master node of the frame sub-model, the equivalent axial 
forces at the F2M element nodes are computed. To transfer shear between the two sub-models, the 
computed equivalent forces are applied in the opposite direction on corresponding nodes of 
connecting membrane elements.  

3. APPLICATION EXAMPLES 
The application of the newly developed multi-scale framework is demonstrated through 

modeling and analysis of two different case studies. All the analyses were done according to the 
default material models and analysis parameters. No “fine tuning” of the analysis was done in an 
attempt to obtain a better fit to experimental results.  

3.1 Beam-Column Joint  
Shiohara and Kusuhara [11] conducted an experimental test program to investigate the response 

of six half-scale reinforced concrete beam-column joints under quasi-statically reversed cyclic load. 
Specimen A2 was selected for modeling and analysis in this section. The study intended to 
compare the analysis results against the experimental results and illustrate the improvements in the 
response of the multi-scale analysis over the stand-alone analysis.  

The test setup and experimental crack pattern are illustrated in Figure 4. Also, the cross-
sectional dimensions and reinforcement layout are shown in Figure 5. The loading conditions 
considered in the experimental program were a constant axial force of 216 kN and a horizontal 
reversed cyclic load in a displacement controlled manner. The loads were applied at the top of the 
column.  

  
Figure 4. Test setup and experimental crack pattern [11] 

  
Figure 5. Cross-sectional dimensions and reinforcement layout 
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A frame model of the entire structure (joint, beams, and columns) was created and analyzed 
using the frame analysis program, VecTor5 (Figure 6). Based on the analysis results, VecTor5 
calculated the overall response of the structure reasonably well. However, the load capacity after 
the first two cycles was considerably underestimated. Also, the pinching effect in the load-
deflection response was not captured accurately and was underestimated. These issues are not 
exclusively due to the limitations associated with VecTor5 program. Most frame analysis programs, 
including VecTor5, assume plane section remains plane and perfect bond between reinforcement 
and concrete in their analysis procedure. However, according to the experimental crack pattern, 
the test specimen experienced major cracks in the joint panel zone which is considered to be a 
disturbed region. Also, there were noticeable slips between the reinforcement and concrete at the 
joint region and extension of the left beam. 

 
Figure 6. Stand-Alone frame model and load-deflection analysis results 

To overcome the limitations associated with VecTor5 program and most frame type analyses, 
the critical part of the structure can be modelled using VecTor2 which is a more detailed analysis 
software. The critical zone consists of the joint region and an extension of connecting members in 
each direction. For the 2D membrane sub-model, rectangular and truss elements were used to 
model concrete and longitudinal reinforcement, respectively. The transverse reinforcement was 
modelled as smeared. In addition, link elements were used between rectangular elements and truss 
elements to capture any possible slip between concrete and longitudinal reinforcing bars. Newly 
developed F2M elements were used to connect the two finite element sub-models (VecTor2 and 
VecTor5). Cyrus combined the two sub-models and coordinated the multi-scale simulation. 

 
Figure 7. Mixed-Type model and load-deflection analysis results  
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The experimental and mixed-type analysis load-deflection results are presented in Figure 7. It 
can be seen that the mixed-type analysis predicted the peak loads and pinching effects with better 
accuracy than the stand-alone frame analysis. The reason is that unlike frame analysis software, 
VecTor2 is applicable for the joint panel zone where the strain distribution is significantly 
nonlinear. In addition, the VecTor2 sub-model was able to compute the slip in the critical part of 
the structure and consider it in the analysis. 

3.2 Three Story Reinforced Concrete Frame 
Calvi et al. [12] performed quasi-static cyclic test on a three-story 2/3-scaled reinforced 

concrete building frame designed only for gravity loads based on typical Italian construction 
practice common between the 1950s and 1970s (Figure 8). To be consistent with the old design 
practice, smooth bars were used for the reinforcements and the joint regions were constructed 
without any transverse reinforcement. Also, instead of bending the longitudinal bars in the exterior 
joints, they were anchored with end-hooks. The lateral loads were applied in a hybrid force-
displacement control manner; the displacement at the top floor was increased in reversed cyclic 
regime while maintaining a linear force distribution along the height of the structure. In addition, 
a gravity load of 73 kN was applied on the first and second floors and 54.2 kN on the third floor. 

The poor detailing of the reinforcements resulted in a brittle failure mode with most of the 
damage concentrated in the exterior beam-column joint regions of the first floor (Figure 9). The 
failure mechanism consisted of the shear cracks in the joint region along with the formation of a 
wide flexural crack at the interface of the beam due to the slip of smooth bars.   

 
Figure 8. Reinforced concrete frame tested by Calvi et al. [12] 

 
Figure 9. Experimentally observed crack pattern at ultimate load [12] 

1020



Vahid Sadeghian, Oh-Sung Kwon and Frank Vecchio 
 

A frame model of the entire structure was analyzed using VecTor5. Six DOF layered frame 
elements with member lengths in the range of half of the cross section depth were used. Since like 
most other sectional analysis procedures, VecTor5 is unable to analyze the disturbed regions, the 
amount of reinforcement was increased by a factor of two in the beam-column joint regions to 
avoid artificial damage.  

The calculated push-over load-deflection responses are compared to the experimentally 
observed behaviour in Figure 11. The stand-alone VecTor5 analysis response agreed reasonably 
well with the experimental results up to the point where joints began to crack. However, beyond 
this point, the analysis began to overestimate the strength and stiffness, resulting in much higher 
failure load than the experiment. This is a consequence of the aforementioned limitations 
associated with most frame analysis software including VecTor5.  

The proposed mixed-type analysis procedure can be used to extend frame analysis methods 
application from a global analysis tool to include local behaviour of critical parts of the structure. 
Here, based on the stand-alone frame analysis results and experimental crack pattern presented in 
Figure 9, the external joints in the first floor and an extension of connecting members in each 
direction (equal to the member height) were selected as critical parts of the structure. These regions 
were modelled using more detailed analysis software, VecTor2, while the rest of the structure was 
modelled using frame analysis software VecTor5 (Figure 10). The multi-scale framework, Cyrus, 
was used to combine the two sub-models and coordinate the mixed-type analysis.  

  
Figure 10. Mixed-type FE model of reinforced concrete frame  

Based on the load-deflection results, the mixed-type analysis computed the peak load and 
stiffness with better accuracy compared to the stand-alone analysis. The mixed-type analysis 
predicted multiple cracks in the joint panel zone followed by formation of a wide flexural crack at 
the beam-column interface (Figure 11). Thereafter, a large amount of slip was computed in the 
longitudinal reinforcement of the beams at the interface section, resulting in significant reduction 
in the stiffness of the system. The computed crack pattern and bond slip effects agreed well with 
the experimentally observed behaviour. The analysis also showed the post-peak decay in strength 
due to the local failure in the joints. It must be noted that none of these mechanisms were captured 
in the stand-alone frame analysis.    
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Figure 11. Load-deflection responses and mixed-type analysis crack pattern and deflected shape 

4. SUMMARY AND CONCLUSIONS  
A multi-scale analysis framework is presented which can integrate different finite element 

analysis software, enabling accurate simulation of complex mixed-type reinforced concrete 
systems. The primary goal of the framework is to combine different VecTor analysis programs, 
while fully considering the coupled nature of the simulation, although other commonly used 
software (e.g., OpenSees) can also be combined. The proposed framework greatly expands the 
software application and provides a unique analysis environment where well-recognized behaviour 
models for reinforced concrete (e.g., DSFM) can be applied to complicated structures. The object-
oriented architecture of the framework allows easy inclusion of new analysis tools.  

Using substructuring techniques and static condensation procedure, two solution algorithms are 
developed and implemented into the program to consider the interaction between components. The 
combined tangent-secant solution method is verified theoretically and numerically, illustrating that 
analysis tools with different solution algorithms can be integrated. The framework is implemented 
with a wide range of communication methods including binary file, pipe, and TCP/IP socket. A 
graphical user interface is implemented into the framework, facilitating the mixed-type structure 
modelling process. A new interface element is developed to address problems associated with 
traditional mixed-dimensional coupling approach.  

To demonstrate the new capabilities of the framework, two application examples are presented. 
In these examples, the frame type analysis is enhanced with an effective solution technique for 
detailed analysis of disturbed regions such as beam-column joints and bond effects between 
reinforcement and concrete. In both application examples, the mixed-type analysis predicted the 
behaviour of the structures with a level of accuracy which was impossible or impractical to achieve 
with most stand-alone analysis tools.  

The development of the framework is still in progress. In the near future, the program will have 
a feature to integrate experimental specimen such that pseudo-dynamic hybrid simulation is 
possible using the framework. In addition, by using a standardized communication protocol and 
data exchange format, which is under development at University of Toronto, the framework will 
be inter-operable with several other analysis tools.  
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Abstract. The assessment of existing infrastructures is a critical issue in the seismic protec-

tion of the modern societies. Field surveys in the aftermath of major seismic events have 

demonstrated the high vulnerability of highway bridges. This led to an increasing interest in 

the seismic performance assessment of existing bridges. The present paper deals with the 

seismic assessment of a bridge substructure reproducing typical existing Italian infrastruc-

tures. The reference structural system is a reinforced concrete (RC) 1:3 scale single span 

bridge that will be tested on the shaking table facilities at the University of Naples, Italy. The 

details of the numerical models adopted in the nonlinear dynamic analysis and the seismic 

performance prediction required for the test preparation are discussed in details. The record 

selection, the development of a step-by step validated numerical model are presented for the 

case study comprising an existing RC bridge designed primarily for gravity loads . The ad-

vanced numerical models and the assumptions made to account for the shear behavior of the 

piers are also illustrated. The preliminary results of the incremental dynamic analysis are 

presented and analyzed with reference to the effectiveness of the use of base isolation strategy 

commonly adopted for the seismic retrofit of the bridge deck. 

 

1 INTRODUCTION 

The damage and the collapse experienced by several highway RC bridges worldwide after 

moderate-to-major earthquakes are caused by the high vulnerability of bridges (e.g. [1]–[5], 

among many others).  A number of existing RC bridges constructed in 1980s or earlier are 
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designed primarily for gravity loads and require major structural retrofitting. Thus, there is an 

urgent need to assess the seismic performance of existing bridges, considering also the ageing 

effects that may detrimentally affect the performance of such structures. The reliable evalua-

tion of the support conditions of highway bridges is essential related to the structural dynamic 

response. Retrofitting measure may either employ traditional local and/or global interventions 

or use vibration control techniques, such as base isolation systems and supplemental damping. 

Adequate structural response parameters, such as pier chord rotations, lateral drift thresholds, 

shear for circular and hollow sections with smooth bars require experimental and numerical 

studies. 

Towards this aim, a recent comprehensive research program was initiated in the laboratory 

of structures and materials of University of Naples, Federico II. Such program, funded  by the 

Italian Ministry of Research through the Project PON-FESR 2007-2013 (PON01_02366, 

STRIT) “Tools and Technologies for the Management of the Transportation Infrastructures” 

focuses on the assessment of the structural response analysis of as-built and retrofitted RC 

bridges. This research includes a series of shaking table tests to be carried on substructures 

reproducing typical existing simply supported highway bridges in Italy, as further discussed 

in the next paragraphs. A representative bridge system, which is assumed to be located in a 

region of medium-to-high seismicity in the South of Italy, is first assessed in its as-built con-

figuration with simple supports at both end of the deck and then retrofitted with two types of 

base isolators that can be installed at the base of the deck. The design of such bridge configu-

ration is based on displacement-based approaches [6].  

This paper deals with the numerical seismic assessment procedure carried out in prepara-

tion for a set of shaking table tests on 1:3 scale bridge subassemblies. Incremental dynamic 

analysis are performed in order to characterize the seismic performance of the bridge consid-

ering the variability of input motions. A detailed report on the step-by-step validation of the 

proposed numerical model is presented along with the assumption made to account for the 

shear behavior. In compliance with the scope of the experimental program, the influence of 

the pier type (i.e. circular pier with full and hollow cross section) and the support conditions 

(i.e. with or without isolators) are investigated by means of incremental dynamic analysis. 

 

2 SUBASSEMBLY NUMERICAL MODEL 

2.1 Subassembly description 

The selected bridge subassembly is a 1:3 scaled specimen representing existing structural 

systems typical of the Mediterranean area designed with obsolete non-seismic code provisions 

[7]. The subassembly is a single span bridge with two piers supporting the bridge deck (see 

Figure 1). Because the objective of the study is to evaluate the response of the bridge piers 

and supports, the deck was designed to remain in elastic range during the tests. Thus, the deck 

is used to simulate the inertial force resulting from the structural mass only. Two different RC 

pier types are investigated; the variable is the member cross-section with its geometry and in-

ternal reinforcements. A bridge pier with a circular cross section and a hollow-circular cross 

sections have been designed according to typical 70-80s Italian practice. The reduced design 

seismic intensity and the absence of adequate seismic details led to structural systems with 

insufficient lateral capacity. Such response is caused primarily by insufficient transverse and 

longitudinal reinforcements. Furthermore, smooth bars have been adopted for internal longi-

tudinal and transverse reinforcements, according to old design practice.  

To improve the evaluation of the seismic capacity of the single span bridge, different seismic 

isolation devices, along with the simply supported configuration, have been properly designed 

and manufactured for the scaled subassembly. Specific construction details have been in-
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stalled in the pier cap to allocate the different supports to be used during the laboratory tests. 

The specimen geometry and reinforcements details are reported in Figure 1. 
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Figure 1: Details of the 1:3 scale bridge subassemblies (dimensions in mm). 

 

The experimental shaking table tests, will be carried out in different configurations, varying 

the pier and support type and the input motions. However only four configurations, derived 

from the combinations of two piers and two different support configurations (simply support-

ed or with Friction Pendulum Systems, FPS, isolators) have been analyzed in this study. In 

compliance with experimental tests, the input motion is applied to the left pier only (see Fig-

ure 1). Furthermore, to be representative of the real axial load available on typical bridge piers, 

further axial force have been introduced in the piers by means of internal prestressed rods. A 

total axial load about 0.05 (in terms of normalized axial load =N/(Acfc)) will be adopted for 

all the tests. The deck supports will be subjected to the deck self-weight. 

The specimens have been designed using materials properties commonly adopted in the 

old construction practice. In particular, a mean concrete compressive strength about 24 MPa 
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have been adopted in the calculation. The AQ50 steel (fym=370 MPa) has been adopted for 

internal reinforcements. Preliminary tests on  reference coupons confirmed the assumed me-

chanical properties. 

The adopted friction pendulum (FP) isolators have been experimentally characterized 

through dynamic tests at different frequencies and displacement amplitudes. Further details on 

the device specifics are reported in the next paragraphs.  

 

2.2 Numerical models  

One of the objectives of present study is to built a reliable and efficient numerical model 

of the selected bridge subassembly able to represent the real mechanical characteristic of the 

system until the collapse. Thus, a complete characterization of the specimen behavior with 

particular care of the seismic relevant response characteristics and failure mode is needed. 

This aspect has been found to be very sensitive for the seismic assessment of RC structural 

systems [8], [9]. The low amount of transverse reinforcements strongly reduce the lateral ca-

pacity of the piers,  resulting in low ductility capacity and potential shear failure. To account 

for these failure mechanisms, proper numerical models should be adopted for the specimen 

response prediction. Available literature studies [8]–[10] pointed out that, recently, specific 

computer programs have been developed to reliably predict the hysteretic behavior of shear 

critical members. New mechanical models and solution algorithms have been developed and 

great effort has been made to combine them with the state-of-the-art knowledge in refined 

tools suitable for the use in the practical applications (e.g., OpenSees [11], VecTor programs 

[12], among others). The numerical models considered in this study are based on the Modified 

Compression Field Theory (MCFT) [15] and Disturbed Stress Field Model (DSFM)[13]. Both 

these theories have been developed at University of Toronto. In this paper, the response of the 

selected bridge piers will be predicted by mean of two different computer software (Response 

2000, R2k [14], and VecTor2, VT2 [18] ). The latter software presents an increasing level of 

difficulty in the modeling and, in turn, higher accuracy in the response prediction. 

As described in the previous sections, the two piers of the single span bridge present 

structural details that could strongly affect the structural response. As well as these details are 

typical of existing structural viaducts, they can be difficult accounted in the numerical model-

ling. Furthermore, the dynamic response of the sample columns has been not completely 

characterized. Thus, due to the peculiarities of these structural members, the simplified nu-

merical models may be approximated and present many sources of uncertainties in the re-

sponse prediction. To develop a reliable numerical model suitable for shaking table response 

prediction and parametric studies, a step-by-step validation against experimental tests on 

specimens with the same structural details is adopted. Once that the proposed VecTor2 nu-

merical model is validated, it is thus adopted to predict the hysteretic response of the two 

bridge piers. Later, the hysteretic response will be used to calibrate a more efficient OpenSees 

model of the piers. This model will be included in the dynamic model of the bridge subas-

sembly along with the different support configurations. To move from a static model to a dy-

namic one a further step of validation against a shaking table test is needed in order to proper 

understand how to manage the input motion, masses, damping and solution algorithms.  

2.3 Step-by-step modelling 

Although the shear behavior of RC column subjected to cyclic loads can accurately cap-

tured by the MCFT/DSFM [8], [10], difficulties arise in the model definition in the case of 

circular members, especially if they have an hollow core. In fact, the behavior of a circular 
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cross section can be accurately reproduced in a 2D model by linearizing the curve shape and 

preserve the area and the inertia [9], [15], the reduced confinement pressure of the hollow 

cross section is difficult to be accounted in a 2D model. This phenomena was investigated by 

Ranzo and Priestley [16] that suggested for practical purpose to reduce the confinement pres-

sure calculated for a circular cross section of the 30% to account of the hollow core. To vali-

date the proposed VecTor2 numerical model for this particular case, the analytical results 

were compared against experimental evidence for the columns HS2 and HS3 (Ranzo and 

Priestley, 2000) exhibiting a shear failure. The consolidated modelling procedure [8]–[10] has 

been adopted to define the member mesh, longitudinal reinforcements, percentage of in-plane 

and out of-plane transverse reinforcements, applied load and displacement. Also in this case, 

VecTor2 default material properties and analysis options have been adopted except for the 

concrete constitutive model by Popovic and Mander [17], [18] is adopted to reproduce con-

crete compressive behavior. 

 

VecTor2

   
 

Figure 2: Comparison of experimental and analytical response for HS2 column  [16]. 

 

The VecTor2 numerical model show a good match with experimental results in terms of 

strength and deformability subjected to monotonic and cyclic loads. Thus, because no calibra-

tions have been made in order to fit the experimental results, it can be adopted for the predic-

tion of the structural response of hollow circular column that failed in shear. Response 2000 is 

also adopted to estimate the column shear strength, as a reference value. Although a good 

match with experimental results has been achieved for the selected hollow circular columns, it 

is less accurate than VecTor2 in the estimation of the member deformations. This is due to the 

assumption at the base of the MCFT that assumes no slip on the cracks and could not work 

properly in the disturbed stress field regions as at the base of the column in which there is a 

significant flexural-shear interaction. 

Another aspect that should be considered in modelling the bridge piers is the presence of 

smooth longitudinal reinforcements that strongly affects the structural behavior of reinforced 

concrete columns [19]–[22]. The significant slip at the interface of concrete and reinforce-

ments commonly resulted in a characteristic failure mode, with a large crack at the column 

base and a significant rocking mechanism. The numerical modelling of the structural mem-

bers with smooth bars is quite a challenging task. The significant slip between concrete and 

internal reinforcements fight against the basic assumption of perfect bond of the classic theo-

ries of RC. VecTor2 can use a piecewise linear bond slip model in terms of -slip to account 

for the effective slip between concrete and reinforcements at each node of the 2D mesh. The 
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adopted numerical model was validated against experimental results on a shear critical frame 

tested by Paolacci and Giannini (2012) (Del Vecchio et al. 2015). However, a more specific 

validation at the column level is required to evaluate the accuracy of the model predicting the 

strong nonlinear behavior at high level of ductility characterized by marked rocking mecha-

nism. For this purpose the experimental test on underdesigned RC column tested by 

Verderame et al. [19], [20] are adopted for the validation. The selected test (M270-A1) allows 

also to account of the overlap length of the longitudinal reinforcements at the column base. 

This is a typical construction detail that can be properly accounted only with an accurate 

modelling of the bond-slip behavior. Furthermore, the base overlapping may strongly affect 

the structural response due to the stress concentrations at the hooked ends detrimental for oth-

er local phenomena such as bar buckling and bond degradation. 

The smooth internal reinforcements have been modeled by using link elements in Vec-

Tor2. A typical bond-slip behavior in terms of -slip directly derived from pull-out tests have 

been adopted to characterize the link elements along the bar and in correspondence of hooked 

anchorages [21]. These elements have been inserted in each node of the mesh between the 

concrete and the truss elements adopted for the longitudinal reinforcements.  
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Figure 3: (a) Comparison between experimental results (Verderame et al. 2008) and adopted numerical models 

(VecTor2); (b) Analytical slip distributions along member height. 

 

The comparison with experimental results in Figure 3a, demonstrated the accuracy of the pro-

posed analytical model reproducing the column monotonic behavior and the failure mode 

characterized by a significant rocking followed by concrete crushing. The slip distribution in 

Figure 3b shows that before the first cracking (red line) the slip is uniformly distributed along 

the specimen height. On the other side, at the yielding of longitudinal reinforcements (blue 

line) the slip are concentrated at the column base. This allows the use of simplified numerical 

models (i.e. OpenSees model with strain penetration model at the column base, Bond_SP01 

command) to reproduce the nonlinear behavior  of columns with smooth internal reinforce-

ments [23]. However, this model can lead to initial stiffness overestimation because of slip 

concentration at the column base instead of a more realistic uniform distribution along the 

height in the elastic range. Thus, a proper calibration of the slip at the significant point of the 

longitudinal reinforcement stress is needed. 
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2.4 Pier response prediction 

A monotonic push-over analysis was carried out with VecTor2 nonlinear FEM model in 

order to define the nonlinear behavior of the two bridge piers. The member dimensions and 

the cross section details are those reported in Figure 1. In compliance with the design assump-

tion and preliminary tests, the material properties adopted in the analysis are: concrete com-

pressive strength fcm=24MPa; the steel adopted for the 10 longitudinal reinforcements is 

characterized by fym=370MPa and an ultimate stress fsu=480MPa. The elastic modulus is 

about 195000MPa, the strain at the hardening sh=0.0032 and ultimate strain su = 0.022. The 

steel adopted for 6 transverse reinforcement is characterized by a fym=400MPa and an ulti-

mate stress fsu=480MPa. The elastic modulus is about 195000MPa, the strain at the harden-

ing sh=0.0035 and ultimate strain su = 0.017. The adopted mechanical properties are in 

compliance with mechanical characterizations of the steel AQ50 reported in available litera-

ture studies ([20], [22], [24]). 

The column axial load is computed considering a normalized axial  load equal to 0.05 

(where N/(Acfcm)). Because of the differences in the effective column cross section, axial 

force about 254kN and 340kN loads the hollow and the circular column, respectively. 

The Vector2 modelling procedure described in the previous sections (including bar bond-slip, 

circular-hollow cross section, longitudinal reinforcement overlapping) has been adopted. The 

pier model includes the foundation block and the pier cap. The imposed external force and 

displacement have been applied at the pier cap in compliance with test setup for shaking table 

tests. The response prediction for both the piers is reported in Figure 4. 
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Figure 4: VecTor2 response prediction for both bridge piers: (a) monotonic response; (b) detected failure mode. 

 

The monotonic response of the two piers shows a typical nonlinear behavior of RC column 

with smooth internal reinforcements. The high initial stiffness depends by the low member 

aspect ratio (L/h≈2), typical of squat columns. Although a low amount of transverse rein-

forcement has been adopted, a ductile failure mode occurs. This is related to the significant 

slip of the longitudinal reinforcements at the column base which allows the concentration of 

inelastic deformation at the column base. Once that the reinforcement yielding has been 

achieved, a marked nonlinear behavior without significant hardening phenomena occurs. For 

large displacement demands, significant rocking phenomena can be detected. The concrete 

crushing and bar buckling limit the member ductility. The crack pattern analysis at the failure 

mode, confirmed this trend, also pointed out in other experimental tests [19], [20], [22], [23].         
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Both sample piers, i.e. the hollow and the circular piers, have a structural behavior character-

ized by a marked rocking mechanism. Due to the high strength and stiffness degrading phe-

nomena of the pier response, a more accurate characterization can be achieved performing a 

quasi-static cyclic analysis with increasing top displacement. 
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Figure 5: Comparison of the two proposed analytical models for the hollow bridge pier. 

The cyclic response is similar to the monotonic response in terms of maximum shear strength 

both for the circular and hollow piers (see Figure 5). Significant differences can be observed 

in terms of the ultimate displacement capacity. The cyclic response is characterized by a dis-

placement capacity lower than the monotonic response and this is related to the concrete and 

bond degradation. The ultimate displacement capacity, conventionally measured in corre-

spondence of a strength reduction of the 20% respect to the peak strength, is about 72 mm 

(5.3% Drift) for the hollow pier and 58 mm (3.9% Drift) for the circular one. Both the drift 

and top displacement are measured in correspondence of the pier top end. The cyclic response 

shows marked pinching effects, typical of rocking mechanism related to significant slips at 

the column base. 

2.5 OpenSees models 

With the scope to achieve a wide seismic characterization of the bridge subassemblies by 

means of nonlinear time-history analysis (NLTH) a more efficient numerical models need to 

be created. The latter requirement is due to the large computational demand associated with 

VecTor2 software [8], [9]. In compliance with consolidated modelling procedures for RC col-

umns [8]–[10], an OpenSees non-linear fiber model has been created including the foundation 

block and the pier cap. In the fiber model, three different materials are used to represent the 

cyclic behavior of column cross sections: the confined and unconfined concrete is simulated 

with the nonlinear Concrete01 material; the longitudinal reinforcement is modelled with the 

Reinforcing Steel uniaxial material with isotropic strain hardening. This command is strongly 

suggested for dynamic model of RC elements subjected to input motion, in order to accurately 

reproduce energy dissipation and residual displacements [25]. The confining effects of trans-

verse reinforcement on the mechanical properties of the concrete core are calculated accord-

ing to Mander et al. [18]. The ultimate compressive strain of confined concrete is calculated 

according to Fardis [26]. The uniform radial discretization scheme is employed, and each sec-

tion is divided into 50 fibers in circumferential direction, 8 fibers in the radial direction in the 

core, and 2 fiber in the radial direction in the cover. The Bond_SP01 command is used to in-
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clude in a zeroLengthSection element the effect of bar slip and strain penetration at the col-

umn base as suggested by Arani et al. [23] and with opportune calibration of the slip parame-

ters. Five integration points along the finite elements have been adopted, thus allowing the 

spreading of inelasticity to be accurately described. Applied axial load (P) and cyclic dis-

placement () are determined in accordance with the VecTor analysis. The P- effects are 

accounted by means of the geometric transformation tool PDelta Transformation. The New-

ton-Raphson solution algorithm is adopted to solve model nonlinear equations. 

The OpenSees model provides a close match to the the VecTor 2 prediction except for the 

strength loss at the ultimate displacement (see Figure 5). For this reason the ultimate dis-

placements pointed out by the VecTor2 analysis should be adopted to identify the collapse. 

In order to validate the OpenSees modelling procedure also for dynamic loads, the pro-

posed analytical model has been adopted to predict the dynamic response of shaking table 

tests performed by Hachem et al. [27]. The effects of added mass are accounted both in the 

lateral and rotational displacements. Furthermore additional viscous damping proportional to 

the current stiffness has been included in the model by means of the Rayleigh Damping com-

mand with the initial value of 2% as suggested by Petrini et al. [28]. The input motion has 

been defined by means of the UniformExcitation pattern in terms of acceleration history. The 

analysis has been performed with the AccelSeries command with a time step of 0.01s. The 

results of the comparison is reported in the Figure 6. 
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Figure 6: Comparison of experimental test and analytical results in terms of top displacement history; (a) run A3-

Max1 (peak displacement); (b) base shear comparison at run A3-Max1. 

 

The results presented in Figure 6 show the accuracy of the numerical modeling in predicting 

the dynamic behavior of the bridge pier. Comparing the displacements and the base shear his-

tory of the A3-Max1 run (Figure 6a and b), a close match with experimental results has been 

achieved. A low scatter of about 10% has been achieved in the estimation of maximum dis-

placement.  

Once that the proposed modelling procedure has been validated for dynamic loads, the 

numerical model of the entire bridge subassembly has been created. The OpenSees model is 

composed of two bridge piers modeled in order to reproduce the VecTor2 hysteretic response 

predictions and including dynamic properties and input motion as proposed for the Hachem et 

al. [27] pier. In order to include the FP isolator on the top of the left pier, a zeroLength ele-

ment has been introduced between node 7 and 8 not included in the Rayleigh damping calcu-

lation. The FP hysteretic behavior has been reproduced by means of the Steel01 uniaxial 
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material in the horizontal direction. In order to match the experimental behavior of tested FP 

and considering that two FP devices support the bridge deck on the left pier, the following 

parameters have been set: yielding force Fy=5000N, initial elastic modulus E=10000MPa, 

hardening ratio b=0.0036. The authors want to specify that this model is properly built to have 

preliminary results to make a subassembly characterization for shaking table tests. Thus, the 

analyzed support configurations (pin-roll or isolated-roll) may not reflect the real ones. 

The eigenvalue analysis and the analysis of the response to a white-noise signal carried 

out before the record motion analysis showed a fundamental period (T1) ranging between 0.10 

and 0.12s for the simply supported configuration. Using higher amplitude signal the period 

evolves until 0.4s at the ultimate displacement. A period significant higher has been detected 

for the isolated bridge. It ranges between 2.2 and 4s. 

 

3 INCREMENTAL DYNAMIC ANALYSIS 

3.1 Record selection 

Two sets of record motions have been selected for this study. The records have been se-

lected basing on the hazard disaggregation for the site selected for this study. In particular, the 

sets consists of far-field records with a magnitude in the range 5.2-7.0 and epicentral distance  

in the range of 10–30 km. The first set of records has been selected respecting the spectrum 

compatibility with the design response spectrum built in compliance with Italian building 

code [29] at the life safety limit state for a soil type B by means of the REXEL software [30]. 

As reported in Figure 7a, the spectrum compatibility is guaranteed in the entire range of varia-

tion of the structural period for the as-built configuration. However, it can be observed that by 

scaling the selected records, the average response spectrum matches the target spectrum also 

for period larger than 2.0s. Thus, the same set can be used in the seismic assessment of the 

isolated system. Because few records matching these requirements can be found in the Euro-

pean strong motion database, a new set of records has been selected from the PEER strong 

motion database of worldwide records. The record selection has been performed with the 

software ISSARS [31] by matching the EC8-pt2 Bridges spectrum [32]. The target spectrum 

for a soil type B and reference PGA 0.36 has been adopted to match the average response 

spectrum. All the records are on a C/D soil type, according to the National Earthquake Haz-

ards Reduction Program (NEHRP) classification. As depicted in Figure 7b, an acceptable 

spectral matching has been achieved at all the periods and this allow to use the same records 

both for as-built and isolated configuration. The damage factor (ID) [33] was computed for all 

records, and only records with a reduced damage were selected. This specific rule was includ-

ed in the selection of records because it allows the consideration of ground motion properties 

(e.g., number of plastic cycles and energy content of earthquake) that can strongly affect the 

dynamic response of SSD systems. More details about the selected records are reported in Ta-

ble 1and Table 2. 
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Figure 7: Spectrum compatibility of the selected records: (a) set 1; (b) set 2. 

 

N° Event Location 
Station 

ID 
Year M 

EC8 Site 

Class 

Epic. 

Dist. 
PGA PGV IA ID 

[-] [-] [-] [-] [-] [-] [-] [km] [g] [cm/s] [cm/s] [-] 

1_1 Patras Greece ST178 1993 5.6 B 27 0.05 4.7 2.7 7.3 

1_2 Campano-Luc. Italy ST276 1980 6.9 B 16 0.16 26.8 104.9 16.0 

1_3 Patras Greece ST178 1993 5.6 B 27 0.04 2.3 2.1 13.8 

1_4 Potenza Italy ST103 1990 5.8 B 24 0.04 1.9 1.5 14.4 

1_5 Almiros-aftersh. Greece ST1300 1980 5.2 B 14 0.07 5.5 4.7 7.6 

1_6 aftershock Montenegro ST77 1979 6.2 B 20 0.06 4.3 4.1 11.0 

1_7 aftershock Montenegro ST63 1979 6.9 B 24 0.30 38.5 185.1 10.3 

M, earthquake magnitude; EC8, Eurocode 8; Epic. Dist., Epicentral distance; PGA, peak ground acceleration; PGV, peak 

ground velocity; IA, Arias intensity; ID, damage factor. 
 

Table 1: Set 1 of earthquake records selected for the study. 

3.2 Scaling procedure 

The proposed advanced numerical models have been used to run NLTHs. The intensity 

measure (IM) is represented by the spectral acceleration for the elastic period Sa(T1, 5%), 

while the pier top displacement, measured in correspondence of the pier top end, is adopted as 

damage index (ID). The ultimate capacity is fixed at the displacement identifying the collapse 

of the piers or the FP devices. However, due to the high variability of the nonlinear dynamic 

response, a proper estimation of the motion intensity at the collapse is not easy. As a result, 

the nonlinear dynamic analyses have been carried out according to the IDA procedure [17]. 

The Hunt and Fill optimized scaling procedure has been adopted to scale the record to incre-

mental IMs, optimizing the number of runs to identify the collapse with an accepted level of 

confidence (i.e. 10%). 

A total of 1300 NLTH analyses have been carried out for the four studied structural sys-

tems. Twelve runs at different IMs for the two sets of record motions (7 and 20 records, re-

spectively) were required to properly assess the seismic capacity. The results of the analysis in 

the form of IDA curves are reported in Figure 8. Although the spectral acceleration has been 

used as IM to scale the selected records, the results are presented in terms of PGA in order to 

allow the comparison between the as-built and isolated configuration. 
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N° Event Location Station Year M 
NEHRP 

Soil 

Epic. 

Dist. 
PGA PGV IA ID 

[-] [-] [-] [-] [-] [-] [-] [km] [g] [cm/s] [cm/s] [-] 

2_1  Imp. Vall.-02 California  El Centro Arr #9 1940 7.0 D 13 0.26 29.7 170.4 14.2 

2_2 Friuli-01 Italy Tolmezzo 1976 6.5 C 20 0.35 22.0 78.0 6.5 

2_3 Tabas Iran Dayhook 1978 7.4 C 21 0.35 20.5 142.3 12.6 

2_4 Imp. Vall.-06 California El Centro Arr #10 1979 6.5 D 26 0.21 47.5 56.8 3.7 

2_5 Irpinia-01 Italy Calitri 1980 6.9 C 15 0.15 16.4 57.8 14.7 

2_6 Corinth Greece Corinth 1981 6.6 D 20 0.26 23.3 69.3 7.2 

2_7 Nahanni Canada Site 3 1985 6.8 C 22 0.15 6.1 28.3 19.7 

2_8 New Zeal-02 New Zeal. Matahina Dam 1987 6.6 C 24 0.29 21.7 65.2 6.5 

2_9 Super.H.-02 California Westm. Fire Sta 1987 6.5 D 20 0.21 23.5 80.3 10.4 

2_10 Super.H.-02 California Wildl. Liquef. Arr 1987 6.5 D 29 0.19 29.9 69.4 7.7 

2_11 Loma Prieta California UCSC Lick Obs. 1989 6.9 C 16 0.46 18.7 266.1 19.9 

2_12 Cape Mend. California Fortuna-Blvd 1992 7.0 C 30 0.12 29.9 26.1 4.7 

2_13 Cape Mend. California Rio Dell Over-FF 1992 7.0 D 23 0.42 43.8 152.3 5.2 

2_14 Landers California Desert Hot Sprin. 1992 7.3 D 27 0.14 20.0 70.7 15.9 

2_15 Landers California Morongo Valley 1992 7.3 D 21 0.16 16.6 95.8 22.8 

2_16 Northrid.-01 California Arleta-Nord Fire St 1994 6.7 D 11 0.33 40.4 152.3 7.3 

2_17 Northrid.-01 California Glendal -Las Palm. 1994 6.7 C 30 0.26 12.2 117.2 23.8 

2_18 Kobe Japan Kobe University 1995 6.9 C 25 0.30 54.8 122.3 4.7 

2_19 Duzce Turkey Lamont 1059 1999 7.1 C 24 0.13 12.0 38.2 15.5 

2_20 Hector Mine California Hector 1999 7.1 C 27 0.31 28.6 83.0 6.1 

M, earthquake magnitude; NEHRP, National Earthquake Hazards Reduction Program; Epic. Dist., Epicentral distance; PGA, 

peak ground acceleration; PGV, peak ground velocity; IA, Arias intensity; ID, damage factor. 

Table 2: Set 2 of earthquake records selected for the study. 
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Figure 8: IDA curves for bridge subassembly with circular piers: (a) Set 2 “as-built” configuration; (b) Set 2 iso-

lated. 

The results of NLTHs can be useful to make important considerations on the variability of the 

seismic performances with the input motion, pier type and on the effectiveness of the FP iso-

lators. The median PGA at the collapse limit state are reported in Table 3 for the eight differ-
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ent test configurations. The collapse limit state it has been identified with the ultimate 

placement of column or bearings. 

 

 
Median PGA [g] at the collapse 

 
as-built isolated 

Set 
Circular Hollow Circular Hollow 

(58mm) (72mm) (180mm) (180mm) 

1 (7 records) 1.253 1.708 3.504 3.304 

2 (20 records) 1.403 1.606 1.261 1.103 

Table 3: Summary of the Median values in terms of PGA at the collapse of the piers or the FP for the 8 analyzed 

configurations. 

Because the safety check on the seismic demand requirements for the selected bridge is 

out of the scope of this paper, only some considerations on the effects on the seismic response 

of pier type, input motion and support configuration are made. The NLTHs confirm the higher 

seismic capacity of the bridge pier with hollow cross section, due to the displacement capacity 

higher than the circular pier. The Median PGAs at the collapse of the two piers are almost in 

the same ratio as for the displacement at the collapse. This because the initial stiffness is very 

similar and only significant differences in the ultimate displacement and yielding strength can 

be appreciated (see Figure 5). No significant differences can be observed in the results respect 

to the input motion variability. The use of FP isolators allow to move the failure from the 

piers to the devices. In fact, FP devices allow to strongly reduce the acceleration transmitted 

to the piers, which response becomes essentially elastic not exceeding the flexural cracking. 

The comparisons in terms of median PGA between the as-built and isolated configuration 

shows a slight reduction in maximum seismic demand for the isolated systems. This results 

can be related to the variability of the input, but also to the configuration of the isolators, 

placed on the left pier only, while they have been designed to be applied on both piers. Fur-

ther analysis are required to characterize the response of the bridge in the other configurations.  

The high variability in the seismic response of the isolated systems respect to the set of 

input motions can be related to the particular spectral shape in terms of displacements of the 

records of the set 1. This evidence point out that further analysis, with displacement spectra 

matching the target displacement spectrum, are needed in order to accurately characterize the 

seismic response of the isolated systems.  

The NLTHs can be used also to select the input motion for shaking table tests. For this 

purpose, one of the record of the set 2 has been selected. Although, the records of the set 1 are 

all selected from the European strong motion database, and, thus more representative of the 

Italian earthquakes, they have a spectral shape in term of displacement irregular with a de-

scending slope for long periods. The selected record should be close, as much as possible, to 

the median value of the PGA both for the as-built and isolated configuration. 

 

4 CONCLUSIONS 

The present paper deals with the numerical seismic assessment of a bridge subassembly 

which will be tested on shaking tables. A total of 1300 NLTHs have been carried out investi-

gating the variability of pier type (i.e. circular or circular-hollow cross-section), input motion 

variability and support configuration (with or without FP devices). To be representative of the 

real behavior of the structural system and provide reliable information to design a shaking ta-

ble test program, an advanced numerical model has been created. The model was built in the 
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OpenSees environment, however to reliable predict the pier hysteretic response, preliminary 

analysis with VecTor2 program have been conducted. In fact, the presence of smooth longitu-

dinal reinforcements and the lack of proper transverse reinforcements may allow the occur-

rence of premature shear failure or other nonlinear phenomena which is typical of old-type 

members and difficult to be accounted for in the classical fiber-based program. The model has 

been validated at different levels against experimental results. 

Preliminary results of NLTHs show the influence of pier ductility on the seismic response 

and the effectiveness of the adopted seismic isolation solution is demonstrated. The use of FP 

devices as supports for the bridge deck limits the inertial force transmitted to the piers. The 

piers remained mostly in elastic range. Further considerations can be made on the effective-

ness of the proposed record selection for seismic isolated structures. In fact, the spectral 

matching with the target acceleration spectrum does not allow to control the variability in the 

response of displacement sensitive systems. High variability  in the seismic response is point-

ed out comparing the response of isolated bridge subjected to the records of set 1 and set 2. 

This emphasizes that a more appropriate record selection considering the displacement spectra 

is needed. The final results of this study can be useful to determine the support configurations 

and the earthquake signal for shaking table tests. 
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Abstract. The seismic design of reinforced concrete (RC) mass or stiffness irregular build-

ings, in accordance with the classifications of Eurocode 8, is adjusted through the quantifica-

tion of irregularity, through the use of irregularity indices and corresponding irregularity 

criteria. As a consequence, the design behavior factor in this case is no longer constant over 

a group of structures of similar form and building material, but varies on a case by case basis, 

since it involves modification of both behavior factors defining the design q, namely q due to 

structural overstrength (qΩ) and q due to the local ductility supply of the members (qμ). The 

reliability of this design approach is evaluated herein through the investigation of the inelas-

tic performance of a form of irregular building with different degrees of irregularity per EC8. 

Focusing primarily herein - for the sake of simplicity - on vertical irregularity, an automated 

and therefore objective design analysis procedure is presented, which has been developed on 

the Open System of Earthquake Engineering Simulation platform (OpenSees). Following the 

definition of the basic framing configuration, characteristic loads and material grades, the 

procedure includes the following automatic steps: i) successive analysis of the frame for all 

EC8 required combinations, ii) evaluation of the internal design forces and envelopes thereof, 

iii) evaluation of flexural and shear reinforcement in all member critical regions, iv) evalua-

tion of the local ductility supply of the members, v) formulation of the inelastic three-

dimensional model of the structure (base is assumed fixed), using spread damage fiber section 

finite elements, vi) three dimensional analysis of the model both statically (modal load pro-

files) and in the time domain (incremental base excitation); and vii) establishment of response 

details and damage indices, such as seismic shear and deformation profiles, the collapse pat-

tern, local and global ductility and supplied q. Given the module versatility, different levels of 

vertical and/or torsional irregularities can be established by removing selected structural 

members in plan, by adjusting selectively the plan or height geometry or by locally increasing 

the acting vertical loads. The process is applied to a typical tower; the code prescribed design 

procedure and irregularity indices are imposed and their reliability is established through 

local damage comparisons with the assumed design values.   
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1 INTRODUCTION 

Various functional and architectural requirements render important the presence of vertical 

irregularities in geometry, stiffness or mass between adjacent stories or continuous with 

height. Such vertical discontinuities increase the sensitivity to damages from earthquake 

ground motions and there are many examples of building failures in past earthquakes due to 

vertical irregularities. So, the engineer needs to have a thorough understanding of the seismic 

response of such irregular structures and reliable guidelines for the establishment of a safe, 

economic and reliable structural design that accounts for such irregularity, during inelastic 

response.  

Several studies have been carried out in order to evaluate the seismic response of irregular 

buildings. Concentrating our emphasis on vertically irregular buildings, Aranda [1] and 

Shahrooz and Moehle [2] compared the ductility demands of regular and setback structures by 

analyzing such systems. They concluded that setback structures demand higher ductility than 

regular structures and the effect is more pronounced in the tower portion of the building. Das 

and Nau [3] observed the same as aforementioned authors. In more detail, they observed that 

the presence of irregularity alters the inelastic response of the building causing marked in-

creases in the inelastic story drift in the vicinity of the irregularity and results in large increas-

es in curvature ductility demands in plastic regions. 

Ruiz and Diederich [4] examined the seismic performance of buildings with a weak first 

story. They concluded that the behavior of such irregular buildings greatly depends on the ra-

tio of the dominant periods of excitation and response, the resistances of the upper to the first 

stories and the base shear coefficient used for design. Moreover, Nasaar and Krawinkler [5] 

evaluated their seismic demand parameters and found that the strength required for a specified 

target ductility ratio depends on the type of failure mechanisms that developed during severe 

earthquakes. Finally, they observed that the weak first story led to large variations in ductility 

and overturning moment demands.  

Valmudsson and Nau [6] examined the earthquake response of multi-story framed struc-

tures with uniform mass, stiffness and strength distributions. They concluded that the re-

sponse parameters were not dependent on mass and stiffness requirements, but only on 

strength. At the same time, Al-Ali and Krawinkler [7] focused on the effects of vertical ir-

regularity by considering height-wise variations of the seismic demand and observed that 

mass irregularity was the least significant, while strength irregularity was more significant 

than stiffness irregularity. Moreover, stiffness and strength irregularity, in combination, was 

shown to be the most unfavorable factor under inelastic response. 

Zeris et al. [8] examined the behavior factor q of vertically irregular plane reinforced con-

crete frames, designed according to Eurocode 8, with different heights in the first story. A 

computer design-nonlinear analysis algorithm was used in order to estimate q, which adopted 

collapse criteria of global or interstory drift and local curvature ductility comparisons in all 

the critical regions. Using the program DRAIN2D for inelastic analysis, the critical base exci-

tation intensity was evaluated for a given earthquake record, at which nominal collapse was 

obtained due to the exceedance of the above collapse criteria. The procedure was applied in 

three six story, three bay RC frames with different first story heights; it was concluded that 

the estimated q were higher than those assumed for design, except from the frame with a rela-

tively taller first story. 

Repapis et al. [9] compared the earthquake response of typical regular and irregular in 

height existing RC buildings, designed with past non-conforming seismic provisions in 

Greece. The buildings differed in the form of discontinuity of their beams and columns or ac-

cording to the distribution of masonry infills in height. They concluded that past building 
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generations with relatively short column spacing behaved relatively better, and that buildings 

with a taller first story behaved better than buildings with a penthouse recess or with short 

ground story columns due to the infill. Also, the influence of the distribution in height of the 

infill walls was significant, causing an increase in inelastic demands.  

Chuny et al. [10] observed that irregular buildings in plan and elevation led to severe dam-

age under strong earthquakes. Based on their results they proposed changes in their designs 

that contributed favorably to the seismic capacity of the irregular structure. Simultaneously, 

Sarkar et al. [11] investigated the vertical geometric irregularity in stepped building frames. 

They proposed a measure for vertical irregularity, involving the fundamental period of the 

stepped building superstructure, as a function of regularity index, which was shown to be 

more reliable than existing measures. 

Contrary to all the above, Athanassiadou [12] examined multistory RC frame buildings, ir-

regular in elevation, which have been designed to the provisions of the EC8 for the High 

(DCH) and Medium (DCM) ductility classes; the study concluded that the effect of the ductil-

ity class on the cost of buildings was negligible, while the seismic performance of all irregular 

frames appeared to be equally satisfactory, not inferior to (and in some cases superior than) 

that of their regular counterparts, even for base inputs twice as strong as the design earthquake. 

Moreover, Elassaly [13] examined the seismic response of irregular in height RC buildings, 

which had been designed according to the most common type of irregular buildings in Egyp-

tian building environment. This type of buildings was distinguished from other studies in that 

it exhibited a varying first floor height. The study considered the seismic performance of such 

vertically irregular RC buildings and concluded that, in some cases, their response was supe-

rior to that of regular configuration, in terms of drift ratio and damage index limitations. 

The above literature review reveals that the seismic behavior of setback or tower frames is 

a rather controversial issue, since some works indicate adequate seismic performance, while 

some others show the opposite for those frames. Therefore, more research work is needed in 

order to better understand the elastic and inelastic seismic response of such frames. 

Several building codes address the seismic design of RC buildings having vertical irregu-

larities. For example, in the recent version of IS 1893 (Part 1) - 2002 (BIS,[14]), an irregular 

configuration for buildings is being defined explicitly. In fact, five types of vertical irregulari-

ty are defined, namely: a) stiffness irregularity, b) mass irregularity, c) setback irregularity (in 

geometry), d) discontinuity in capacity, e) in-plane discontinuity in lateral-force-resisting el-

ements in the vertical direction. Moreover, in the NEHRP code (BSSC,[15]) vertical irregular-

ities are classified similar to IS 1893 (Part 1) - 2002 (BIS) while a structure is defined as 

irregular if the ratio of one of the system parameters (such as mass, stiffness or strength) be-

tween adjacent stories exceeds a minimum prescribed value. These values have been defined 

using judgmental criteria. In addition to the issue of irregularity classification, as a common 

denominator, building codes require the use of dynamic analysis methods for irregular struc-

tures to establish the design lateral force distribution, rather than using equivalent lateral force 

procedures.  

In what follows, the irregularity quantification in accordance with the requirements of EC8 

[16] are considered in more detail, since this is the design code whose special irregularity 

provisions are under investigation herein. In order to address more efficiently research with 

engineering practice, an automated design procedure is developed on the Open System of 

Earthquake Engineering Simulation (OpenSees) platform [18]. The main features of the pro-

cedure are presented in the following sections.  
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2 CRITERIA FOR REGULARITY OF BUILDINGS WITH SETBACKS IN EC8 

In accordance with EC8 [16] building structures are categorized into being regular or non-

regular for the purpose of seismic design. Vertical irregularity significantly affects the behav-

ior factor q, which should be decreased in the case of the buildings being non-regular in eleva-

tion. In particular, for irregular buildings in elevation, the reduced values of the behavior 

factor are obtained by multiplying the reference values by 0.8. In EC8 [16] the behavior factor 

q is defined as follows (Eqn.1): 

    
 
        (1) 

where   

qo is the basic value of the behavior factor, dependent on the type of the structural system 

and its regularity in elevation. For buildings that are regular in elevation, in accordance with 

EC8, the basic values of qo are given in Table 1, below. 

kw is the factor reflecting the prevailing failure mode in structural systems with walls (see 

EC8, Section 5.2.2.2, (11)P). 

 
STRUCTURAL TYPE Ductility Class Medium Ductility Class High 

Frame system, dual system, coupled wall system 3.0 αu /α1 4.5 αu /α1 

Uncoupled wall system 3.0 4.0 αu /α1 

Torsionally flexible system 2.0 3.0 

Inverted pendulum system 1.5 2.0 

Table 1: Basic values of the behavior factor qo for systems which are regular in elevation. 

αu and α1 as defined in EC8 [16]. 

For buildings which are regular in plan and for frames or frame - equivalent dual systems 

the following approximate values of αu/α1 may be used: 

− One-story buildings: αu/α1=1.1. 

− Multi-story, one-bay frames: αu/α1=1.2. 

− Multi-story, multi-bay frames or frame-equivalent dual structures: αu/α1=1.3. 

Also, for buildings which are not regular in elevation, the value of qo should be reduced by 

20%. A building can be categorized as regular in elevation, if all the following conditions are 

satisfied: 

1) All lateral load resisting systems, for example the structural walls shall extend without 

interruption from their foundations to the top of the building or to the top of the relevant zone 

of the building, if setbacks exist at different heights.  

2) Both the lateral stiffness and the mass of the individual stories shall remain constant or 

decrease gradually without abrupt changes, from the base to the top of a particular building. 

3) In regard to framed buildings, the ratio of the actual story resistance to the resistance re-

quired by the analysis should not vary disproportionally between adjacent stories. 

4) In case of existing setbacks, the following additional conditions apply: 

a) For gradual setbacks, preserving axial symmetry, the setback at any floor shall be not 

greater than 20% of the previous plan dimension in the direction of the setback (Fig.1a, b).  

b) For a single setback within the lower 15% of the total height of the main structural sys-

tem, the setback shall be not greater than 50% of the previous plan dimension (Fig.1c). In this 

case the structure of the base zone within the vertically projected perimeter of the upper sto-

ries, should be designed to resist at least 75% of the horizontal shear force that would develop 

in that zone in a similar building without the base enlargement.  

c) In case of setbacks without symmetry, for each face, the sum of the setbacks in all the 

stories shall be not greater than 30% of the plan dimension at the ground floor above the 
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foundation or above the top of a rigid basement, and the individual setbacks shall be not 

greater than 10% of the previous plan dimension (Fig.1d).  

L2

L1

Criterion for (a): 
     

  
      

L

L1L3
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(c) (setback occurs below 0,15H) (d) 

Figure 1: Criteria for regularity of buildings with setbacks following EC8 (2004). 

If any one of the above is not satisfied, the building will be assumed as non-regular and the 

behavior factor q shall be decreased. It should be noted, however, that a behavior factor q of 

as low as 1.5 should be used in deriving the seismic actions, regardless of the structural sys-

tem and the regularity in elevation. 

3 DESCRIPTION OF MODELING AND ANALYSIS PROCEDURE 

A general frame design and analysis algorithm has been developed for the automated defi-

nition of RC frame designs of irregular structures (and their corresponding inelastic analysis 

models) in an objective manner, in order to evaluate the adequacy of  the seismic design pro-

visions of irregular RC buildings according to EC2 [17] and EC8 [16]. The algorithm was de-

veloped on the OpenSees platform [18] and is been coded entirely in Tcl, an open source 

language with which the OpenSees language has also been developed. Due to the versatility 

of this code and the fact that the entire building definition and simulation is entirely pro-
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grammable in the Tcl language syntax and the OpenSees object structure, it is possible to cre-

ate a fully parametrically automated and therefore objective design procedure for EC8 [16] 

compliant design generations. This procedure gives the opportunity to the user to define 

groups of irregular systems compliant to the codes and to perform sensitivity analyses on the-

se, by varying their design parameters. The algorithm includes both static analysis and/or dy-

namic excitation for the evaluation of the seismic performance of the design. In what follows, 

the algorithm (outlined in Fig.2 below), is described in some detail. 

 
 Modeling and Analysis Procedure 

 Input File 

  Model Formulation 

Gravity Load 

      Analysis 
    Spectral  

    Analysis 
 EC8 Checks Beam Design Column Design 

Modal Analysis 

Results 

 
Inelastic Analyses 

Gravity Load 

Analysis 

Static Pushover 

Analysis 

Dynamic 

Analysis 

Time History 

Analysis Results 

Static Analysis 

Results 
 

Figure 2: Principal Modules of the EC8 RC frame design and analysis algorithm. 

3.1 Input File and Model Formulation 

The Input File includes all necessary information for the definition of the geometry of the 

examined frame and the EC8 design parameters. In more detail, it contains input for: i) the 

material capacities, ii) the initial design and subsequent analysis properties (partial factors for 
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load and material strengths, Ductility Class, basic behavior factor qo, the design spectrum pa-

rameters), iii) the proposed cross section dimensions of the elements (namely vertical ele-

ments per floor and entire beam lines per floor and per bay), iv) the uniformly imposed area 

loads in plan (excluding self-weights, which are automatically established) and v) the three-

dimensional geometry of the frame. Members with a zero cross section are considered by the 

algorithm as missing and not contributing to mass and stiffness (e.g. a setback, a “planted” 

discontinuous column or a discontinuous beam forming an arcade in any location). Moreover, 

the definition of frame geometry includes the definition of the number of stories, the (variable) 

heights of these stories and the number of bays in each direction and the length of these bays, 

respectively. Unequal lengths of entire bays or story heights are possible to define. 

In the Model Formulation file then, the three-dimensional frame model is initially defined 

on a regular orthogonal grid of floor levels along the vertical (y) axis and transversely, along 

the (x,z) direction of bays, observing the frame geometry and boundary conditions (com-

mands model, node and fix, see [18]). Following this point, the algorithm entirely generates 

the topological connectivity between elements (slabs and their support boundary conditions 

each side, beams, columns) and the base constraints. In order to perform the initial elastic 

analysis model, the connectivity is achieved using “element elasticBeamColumn” [18], defin-

ing linear finite elements by specifying their Young Modulus, the Shear Modulus, the torsion-

al moment of inertia of cross section and lastly the second moment of area about the local 

axes, compatible with the input geometry. Eventually, loads are imposed in each element (in 

slabs, in beams and finally in columns) and the algorithm calculates the nodal coordinates and 

masses of the frame for all the following analyses (command mass, see [18]).  

3.2 Gravity Load – Spectral Analyses and EC8 Checks 

Linear elastic structural models are successively analyzed and the corresponding design 

force envelope resultants are obtained for the structural elements for all applicable load cases. 

These are: i) load combinations of Dead plus Live Loads only, using the proper maximum and 

minimum partial load factors (favorable and unfavorable) and a checkerboard distribution of 

Live Loads at each floor; ii) the Dead plus reduced Live (by Ψ2) plus Seismic Load combina-

tions, using either the equivalent static load distributions or the modal distributions (depend-

ing on the system parameters, as per EC8, [18]) and corresponding accidental eccentricities 

simultaneously applied over the entire height on each side of the floor center of mass. At this 

stage, serviceability limit state combinations are not considered. 

After these analyses, the algorithm evaluates, checks and prints the adequacy of the design 

according to the restrictions of EC8, including the limit for interstory drift and the limit for 

second order (P-δ) effects, as well as all relevant irregularity indices and checks. Moreover, 

this file contains all necessary information about the spectral characteristics of the subject 

frame, given a first point of view for the frame analysis.  

3.3 Member Design 

Following the corresponding design force envelope resultants, design procedures are as-

sumed for beams and columns.  

Concerning the design of RC beams, the following apply: 

Every beam is divided into three sections, namely end i, end j and midspan section m and 

the beams are designed according to the user defined the Ductility Class per EC8. Conse-

quently, the following are established for every critical section of a beam: 

1. Calculation of moments Msd and μsd. 
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2. Calculation of As1, As2 and comparison with maximum and minimum limits from Euro-

code 2 and 8 using the reinforcing Tables based on EC2 flexural analysis. 

3. Finally, the beam capacity and final steel ratios are evaluated.  

4. Inadequate choice of initial dimensions or code requirement violation issue correspond-

ing messages and the procedure stops.  

 According to the design of RC columns, the following apply: 

1. Each column section is checked for maximum permitted normalized compressive load 

(νd) under the gravity plus seismic load combinations.  

2. The section is designed for uniaxial bending with compressive load for all load combina-

tions. This procedure is repeated four times, once for every axis and critical section of 

column element (y-axis, z-axis, base section, top section), observing in each case the 

Code required minima and maxima in each direction (the constructability of the section 

is also verified, in terms of amount and layout of reinforcement provided).  

3. The flexural strength in each direction is defined. 

4. The section is verified in biaxial bending. If the maximum steel ratios established are in-

sufficient for the biaxial bending and axial load demands or the layout is improper, a 

message appears for section inadequacy and the procedure stops. Eventually, the final 

steel ratios are extracted for all the beams and columns of the frame, satisfying strength 

and material characteristics limitations.   

5. After the design of beams and columns, every beam-column joint is checked, according 

to EC8 (  RbRc 3,1 MM , see [18]), so as to take into account the joint overstrength. 

In case that no restrictions are met, the algorithm corrects the moment of column and re-

designs it, ending in final steel ratios. 

6. Eventually, columns are checked for confinement in critical and non-critical regions, re-

sulting in the transverse reinforcement (namely αωd, see [18]).  

7.  The column is checked and designed for shear, if confinement steel is insufficient, and 

new confinement properties (αωd) are evaluated. 

3.4 Inelastic Analyses 

Once the design of the frame is completed, the algorithm creates automatically the entire 

RunBuilding.tcl input file describing the entire inelastic finite element model of the designed 

structure for inelastic analyses. The file includes all the information for the geometry, the el-

ement connectivity, the fiber sections of the members and the corresponding uniaxial materi-

als for concrete and steel, loads and analysis specifications and output information.  

As before, for the definition of the design model, the three-dimensional frame geometry 

and masses with its boundary conditions are defined using commands: model, node, fix, and 

mass, [18]. Section objects are automatically established through the “Section Fiber, patch 

and layer” (see [18]) commands for all the beams and columns, with each fiber section object 

being composed of fibers, associated with an assembly of uniaxial materials (commands uni-

axialMaterial Concrete01 and Steel01 are used, respectively, see [18]), in the corresponding 

local coordinate system (command geomTransf, see [18], also including the rigid offsets of 

half the contributing member size in each end); all these parameters are established from the 

design section characteristics (section sizes, material properties and steel reinforcement) pre-

viously defined. Figure 3 depicts the using uniaxial materials for concrete and steel and the 

distributed - plasticity element, from the library of OpenSees [18]. 

In terms of the finite element model representation per se, beams are created using dis-

placement interpolation spread damage elements (element dispBeamColumn, see [18]). All 

the beams are automatically split into five sub elements per span with three Gauss integration 
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monitored sections each, in order to handle internal transversely distributed loads in the beam 

(case Dead plus Ψ2 Live). Columns, on the other hand, are defined using equilibrium interpo-

lation spread damage elements (element forceBeamColumn” (see [18]), with five integration 

points per column.  

  

a) b) 

Figure 3: a) Uniaxial Materials and b) Distributed Plasticity Element.  

The algorithm proceeds with the analysis of the design, including, in sequence, Gravity 

Load followed by Static Pushover analyses or/and Dynamic analysis. In the first case, two 

different Load patterns are defined, one for Gravity Loads and the other for Lateral Loads, 

(command pattern Plain, see [18]). The corresponding Dead plus factored Live Loads are au-

tomatically evaluated as vertical loads from the design of beams and columns. The Lateral 

Loads are applied at the frame nodes, connected to each other using diaphragmatic elastic 

truss elements (element truss, see [18]) of very large stiffness. In case of a time history inte-

gration dynamic analysis, the time resets to zero so that the dynamic analysis starts from time 

zero (command loadConst see [18]). In this case, the user defines the acceleration record for 

examination and applies the ground motion to the structure at the base (command uniform ex-

citation pattern, see [18]). Additional user defined information for the dynamic analysis in-

cludes the acceleration record time series, the digitization time step of the ground motion and 

the analysis time step, the scale factor applied to the ground motion and the direction in which 

the motion is to be applied. In all cases, prior to the analysis, test, convergence, system num-

bering and the model constraints are also specified by the code. 

In the end of the analysis, the response parameters are obtained through a set of output (re-

corder, see [18]) specifications, providing information on nodal displacements, global force 

components and plastic rotation histories and critical section information of the beams and 

columns. Nodal profiles, the frame geometry, mode shapes, internal force diagrams and se-

lected time history outputs are subsequently graphically post processed using MATLAB [19]. 

4 OVERVIEW OF THE CASE STUDY 

The algorithmic procedure described above is demonstrated in a six story irregular in ele-

vation RC frame, with four bays along the x-axis and four bays along the z-axis (Fig.4), 

which has been designed according to the provisions of EC8 for the DCH and DCM ductility 

classes. The spans are 5m long both in x-axis and z-axis. The irregularity exists from the third 

floor and above by reducing the bays to two, so as to create a central tower. Live vertical 

loads for residential construction of 2.0 kN/m
2
 and dead loads due to self-weight plus an addi-

tional surcharge load, including light partitions, of 2.1 kN/m
2
 and a perimeter infill load of 3.6 

kN/m
2
 of facade area, were assumed. The frame cross section dimensions are shown in Fig.4. 
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Figure 4: Frame Geometry (dimensions in m). 

The structures were designed using a design behavior factor q of 3.12 and 4.68 for DCM 

and DCH respectively, with the first fundamental mode period of each frame equal to T1= 

0.514sec and T1=0.535sec and for medium seismicity (design PGA of 0.24g). They were sub-

sequently analyzed under: i) a Static Pushover (SPO) using a monotonically increasing modal 

load pattern, following the first lateral mode (Fig.5a) and ii) a time history dynamic analysis, 

using the OTE accelerogram of the 1981 Korinth earthquake (Fig.5b), with a peak ground ac-

celeration (PGA) of 0.28g; in the latter case, two levels of excitation were considered, at 100% 

of the PGA (denoted PGA1) and at 200% of the PGA (denoted PGA2), respectively.  

 
                                            a)                                                                      b) 

Figure 5: a) Pushover Load Profile and b) Base Input Accelerogram Spectrum. 

5 SEISMIC RESPONSE AND ESTIMATION OF THE DESIGN q 

As mentioned above, the output from the OpenSees model enables the user to obtain in-

formation of the model response for nodes and elements, so as to check not only the local 

damages of elements, but also the global damage of the entire frame. The plastic hinges which 

are developed in frames during the analyses, are shown in Fig.6 for the External and Internal 

Frames and they are comparable for both ductility classes. The External Frame developed low 

demands of plastic hinge rotations (θplastic < 0.005 rad), in contrast with Internal Frame, which 

exhibited large demands of plastic rotations in the bottom and the top of the third floor col-

umns and beams at the recess, at the base of the tower.  
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Figure 6: Distribution of Plastic Hinges in External and Internal Frames. 

The inelastic demands in terms of plastic rotations for the interior frame column at the 

third floor are examined further in Fig.7, for SPO and the two dynamic analyses PGA1 and 

PGA2 and for both ductility classes DCM and DCH; it is seen that the plastic rotation de-

mands of the base (end i, bottom) of the subject column do not exceed the limits of EC8 for 

the Collapse Prevention Performance level in all load cases, static or dynamic, whereby the 

maxima refer to the SPO demand at the target point, estimated according to EC8, and to the 

maximum absolute values, for the time history analyses.  

 

Figure 7: Plastic Rotation – Roof Displacement demands of the third floor column, for DCM and DCH Frames.  

The interstory drift profiles of the examined frames for all executed analyses are compared 

in Fig.8. In all cases, relatively high demands in interstory drift are consistently developed in 

the third and fourth floor; generally, unlike the DCH frame, for the DCM frame larger inter-

story drifts are demanded by the SPO analysis, compared to the dynamic analysis under the 

100% PGA earthquake.  

 

Figure 8: Comparative Profile Drifts DCM – DCH Frames for SPO and Dynamic Analysis. 
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On the other hand, the response of both frames under dynamic analysis depends strongly 

on the intensity of imposed excitation, with the interstory drifts reaching values as high as 2% 

at the tower base and comparable amplitudes at the base of the building, under the extreme 

event PGA2 (Fig.8).  

The corresponding target point demands under SPO analysis are depicted below in Fig.9 

for the two frames in normalized base shear - roof displacement characteristics. In both cases 

the equivalent bilinear base shear - deformation diagrams are also evaluated, following the 

usual convention of equal areas under the inelastic and bilinear curves and an initial elastic 

stiffness passing through the point of 60% of the peak base resistance.  

 

Figure 9: Normalized Base Shear-Roof displacement characteristics of the two frames. 

The calculation of the q factor supplied by the structure depends on the type of structural 

system and on its regularity in elevation, which define both contributing factors, namely the 

ductility supplied (qu) as well as the structural overstrength (qΩ). From the results of the SPO 

analysis, taking into account the ultimate deformation supply for each frame for the Collapse 

Prevention Performance level (at column failure), the supplied qu of the DCM frame is calcu-

lated to be 3.0 and of the DCH frame is calculated to be 3.1. Based on the overstrength factors 

qΩ from the SPO analysis (Fig.9), it can be concluded that the supplied q exceeds the design 

value in both frames. 

6 CONCLUSIONS 

 A computerized procedure is developed on the OpenSees platform, aiming to produce a 

compliant design and to establish the inelastic seismic performance of a given vertically 

irregular three-dimensional RC building, according to the limitations of EC2 and EC8.  

 The efficacy of the method is demonstrated using two typical RC frames having a central 

tower configuration (vertical irregularity) at the bottom third of the building, which are 

designed for Class Medium and High respectively in a zone of medium seismicity.  

 For this class of buildings considered, it is shown that in both cases, the base of the tower 

develops high demands in plastic rotation and drift, concentrating a flexibility in this 

floor, thereby making it sensitive to the localization of damage.  

 Regarding the supplied behavior factor of the structures, q, it is concluded that it is great-

er than the design q, accounting for irregularity, for both cases considered.   

 It is observed that the two frames do not differ in regards to their inelastic response pre-

diction, either using static pushover or dynamic analysis, since they developed similar in-

elastic characteristics, both in local and global level. 

dy 
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Abstract. Concentric-braced steel frames often fracture at the mid-length of the braces dur-

ing strong ground motions when the members and connections are properly designed and de-

tailed. The paper describes a finite element model incorporating a damage accumulation 

model that is able to predict fracture of HSS braces under cyclic loading. Crack initiation is 

predicted through a refined fracture model. It is shown that the fracture life predicted from 

finite element analysis based on damage model agrees well with the experimental results and 

the refined fracture model results. Brace fracture performance is examined for an 8-storey 

inverted-V concentrically braced frame designed in accordance with the Canadian seismic 

provisions. Time history analysis of four selected ground motions is carried out on the CBF 

structure using the OpenSees program. Failure of the braces at the 7th storey is investigated 

with consideration of the deformation history demand. 

1054



M. Haddad, R. Tremblay, L. Chen, and L. Tirca 

1 INTRODUCTION 

Concentrically braced frames (CBFs) frequently use hollow structural steel section (HSS) 

braces to resist lateral loads and seismic excitations. Fracture of HSS braces was reported af-

ter the 1994 Northridge and the 1995 Kobe earthquakes [1]-[2]. Failure of HSS braces has 

also been observed in braced frame test programs [3]-[6] as shown in Fig. 1. When the end 

connections are properly designed, fracture typically occurs in the plastic hinge forming at the 

mid-length of the brace upon global buckling, as a result of high strains developing after local 

buckling. A review of the fracture life prediction criteria’s [7]-[25] revealed that a slightly 

varied form of the Cyclic Void Growth Model (CVGM) model in [23] for ultra-low cycle fa-

tigue is an appropriate candidate to predict fracture life of steel braces under seismic excita-

tions. With respect to the available plastic hardening models proposed in [26]-[34], it is 

shown in [35] that the kinematic hardening rule in [27] is a sufficient candidate to model the 

shift in the yield surface in stress space of HSS brace tests by [36]. 

Two micromechanics models were presented to simulate ultra-low cycle fatigue of mo-

ment connections [23]. The first model is the Degraded Significant Plastic Strain model 

(DSPS) and the second model is the Cyclic Void Growth Model (CVGM). The two models 

depend on the cumulative plastic strain, the triaxiality ratio and the characteristic length, to 

predict fracture. The significant cumulative plastic strain concept is introduced to the DSPS 

and CVGM models. This concept is compatible with the growth and coalescence mechanisms 

of the ultra-low cycle fatigue problems. The variation of triaxiality ratio with cycles is not 

considered in the DSPS model. This variation is taken into account in the CVGM model. Tri-

axiality is the mean stress over the effective or the Von Mises stress. The triaxiality ratio de-

pends on the load history and the geometry of the specimens (thickness for example). The 

cyclic fracture life predictions of the CVGM are better than the cyclic results of the DSPS 

model, especially with variable amplitude loadings. The change in triaxiality is considered 

with cycling in the latter. 

a) 

 

b) 

 
 

c) 

 
 

Fig. 1 Quasi-static tests on an HSS127x127x8.0 bracing member [6]: a) Global buckling; b) Local buckling upon 

brace global buckling; and c) Fracture upon reloading in tension. 
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Brace fracture prediction represents a critical ingredient for the assessment of the seismic 

performance of braced steel frames, especially when verifying life safety and collapse preven-

tion limit states. In this paper, a modified finite element model is presented to predict the on-

set of cracking for HSS specimen 4B of the brace tests in [36]. The significant cumulative 

plastic strain obtained from the refined CVGM model when cracking first seen is used in a 

cyclic damage model to predict the fracture life of specimen 4B. The cyclic damage model is 

needed to simulate the ductile damage initiation when the crack is first seen to failure. The 

same model is then tested on prediction of the fracture life of a bracing member identical to 

specimen 4B at the 7
th

 floor level of an 8-storey CBF subjected to seismic ground motion rec-

ords.    

2 FINITE ELEMENT MODEL DESCRIPTION 

The combined isotropic kinematic hardening material model was used in the finite element 

analysis with data type equal to half cycle. This model is capable of simulating the expansion, 

contraction and the shift of the yield surface in stress space to model the brace behavior under 

cyclic loading. The shift in the yield surface is a function of the plastic strains and the plastic 

hardening modulus. The shift (translation) of the yield surface is subtracted from the corre-

sponding stresses according to the kinematic hardening rule in [27], as described in [35]. The 

engineering stress strain curves obtained from coupon tests on HSS material in [37]-[39] were 

converted to true stress strain curves that were used here in the finite element model of speci-

men 4B. The true stress strain curves for walls and corners of specimen 4B in addition to the 

gusset plates are shown in Fig. 2.  

 

 
 

Fig. 2 Stress strain curve 

 

Specimen 4B was designed according to the weak brace strong gusset approach. The ten-

sile capacity of the gusset was greater than the tensile capacity of the brace. Two ways are 

possible to prevent the net-section fracture. The first way is by using reinforcement plates and 

the other way is by rounding the fillet weld to close the slot. Both ways are sufficient to pre-

vent net-section fracture. Specimen 4B was tested when rounding the weld even though it is 

more practical to use reinforcement plates. The detail of the slotted hole at the end of the weld 

should not affect the brace fracture response since fracture developed at the brace mid-length. 

The finite element analysis was performed using the Abaqus code [40]. The use of a four-

node quadrilateral shell element (S4R) in modelling steel braces accounts for in-plane and 

out-of-plane deformations and allows for changes in thickness with deformation. S4R is a re-
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duced integration element with three translational and three rotational degrees of freedom per 

node. Seven integration points were adopted through thickness of the S4R element. A high 

mesh density was used at the mid-length plastic hinge of the HSS. The element aspect ratio in 

this region was 1. The gusset plates were connected to the HSS by the nodes on their interfac-

es. The number of nodes, elements used in modeling specimen 4B, were 16730, 13580, re-

spectively. Fixed brace end conditions were used. It is worth mentioning that using shell 

elements in modeling braces subjected to cyclic loading is better than using solid elements. 

The solid elements are not able to simulate the kink at the mid-length of the brace, while this 

behavior is evident when using shell elements [41]. From experience on modeling concentric 

braces subjected to cyclic applied displacements, it is more convenient to use multiple inte-

gration points through the thickness of one shell element than staking solid elements with one 

integration point for each solid element. The number of integration points will have an effect 

on the local behavior and will not have pronounced effect on global behavior. In addition, sol-

id elements are stiffer than shell elements.    

The finite element analysis was carried out in two stages. First mode elastic buckling anal-

ysis was created in the specimens in the first stage. The initial imperfection to match the 

measured camber and the cyclic end displacements were then applied in the second stage 

where nonlinear inelastic analysis was adopted to simulate the hysteresis loops. Large defor-

mations are expected; therefore, the geometric nonlinearity was adopted with the material 

nonlinearity. The Newton-Raphson method was used to solve the nonlinear equilibrium equa-

tions in the stability based approach.  

3 VALIDATION OF EXPERIEMNTAL TEST 

Specimen 4B, characterized by an HSS 152x152x9.5 mm section with 300x25.4 mm gus-

set plates at each end of the specimen for end connections, has been selected from the brace 

tests in [36]. Specimen 4B had the largest cross-section and nearly the longest among the 

specimens tested. The length of the HSS is 4850 mm. The measured free length of the gusset 

plates was equal to 32 mm. Thus, the total length of the specimen was equal to 4914 mm. The 

effective slenderness ratio accounting for end flexural restraint by the gusset plates is 59.7 and 

the width-to-thickness ratio, (b-4t)/t, is 13.0. The yield strength Fy = 442 MPa and the modu-

lus of elasticity E = 196 GPa of the HSS material were obtained from stub column tests.  

The experimental and the finite element’s axial hysteresis loops are nearly identical in Fig. 

3(a), as well as the lateral hysteresis loops showed in Fig. 3(b). In the experiment and the fi-

nite element analysis, the specimen was subjected to four elastic cycles of compression-

tension loading. During the compressive side of the fifth cycle, the specimen noticeably buck-

led into a bow shape. Two plastic hinges formed progressively in the free length of the two 

gusset plates. The full tension side of the same cycle straightened the specimen. The specimen 

buckled at lower axial displacements in the sixth compressive cycle than in the fifth. This is 

mainly attributed to the residual elongation, or camber, and to the plastic hinges which had 

formed at both ends of the specimens. During the same cycle, the bow shape buckling became 

larger as shown in Fig. 4(a). The two free length plastic hinges formed completely during the 

sixth compressive cycle with filet weld cracking noticed in the experiment at both the com-

pression and tension sides of the gusset plate adjacent to free length. The weld was not mod-

eled in the finite element model. The compressive loads showed a marked decrease in 

capacity in the cycles following the fifth cycle. The tension side of the sixth cycle removed 

the camber and fully yielded the specimen. Stable plastic behavior of the gusset plates was 

evident at all times during the test and the finite element model.  
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a) 

 

b) 

 
 

Fig. 3 Hysteresis loops: a) Axial displacement; b) Lateral displacement. 

 

During the compressive side of cycles seven and eight, the specimen shape was changing 

from a bow shape to a kinked shape, concentrated at the mid-length of the specimen in the 

experiment and the finite element analysis. This shift in shape indicated the beginning of the 

development of a plastic hinge at the mid-length of the specimen.  

Local buckling at the mid-length plastic hinge began during the compressive side of the 

ninth cycle, with inward and outward bulging of the specimens’ compressive web and flanges, 

respectively. The outward bulging is closer to the compressive web rather than the tension 

web. A small inward bow of the tension web was also noticed. The local buckling partially 

disappeared during the tension side of the same cycle. Local buckling continued to increase in 

severity during the following cycles. As a result, the buckling shape transformed from a bow 

shape to a V-shape as shown in Fig. 4(b). 

 

a) 

 
b) 

 
 

Fig. 4 Lateral buckling: a) Half-bow shape; b) Half-V shape 

 

In the experiment, the continued working of the mid-length region resulted in the tearing of 

the flanges on the corners at the compressive side of the locally buckled region during the ten-

sion excursion of the 11
th

 and final cycle of loading. Small size bent was present at the com-

pressive corners and web at the mid-length plastic hinge upon compressive buckling. This 

bent is usually severe at the compressive corners (Fig. 5) due to the geometric nature of local 

buckling and bending. The bent opens during tensile loading and concaves during compres-
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sive buckling leading to crack formation due to the cyclic rotational demand and reduction in 

the cross-sectional area at those locations. Reduction in strain gauge measurements on the 

compressive side of cycles 11 and 12 is sees in Fig. 6 due to the formation of the small size 

bent. Tearing and subsequent propagation of the tear resulted in the failure of the specimen 

upon increasing levels of axial displacement. Failure of the specimen was shifted at a distance 

of less than the depth of the HSS as shown in Fig. 7. 

 

  
 

Fig. 5 Small size bent and local buckling 

 

 
 

Fig. 6 Axial displacement versus axial strain hysteresis loops 

 

  
 

Fig. 7 Fracture of specimen 4B 
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4 FRACTURE AND DAMAMGE MODELS 

During the compressive side of cycles seven and eight, the specimen shape was changing 

from a bow shape to a kinked shape, concentrated at the mid-length of the specimen in the 

experiment and the finite element analysis. This shift in shape indicated the beginning of the 

development of a plastic hinge at the mid-length of the specimen. 

An extension to the model proposed in [10] was the CVGM model in [23], which predicts 

fracture for ultra-low-cycle fatigue (ULCF) braces under cyclic loadings. The CVGM model 

is based on the following equation (fracture initiates in braces when the degradation in mono-

tonic capacity is less than the cyclic growth in demand): 
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On the demand side, the equivalent compressive strains are subtracted from the equivalent 

tensile strains and added incrementally for every cycle of loading taking triaxiality, T, into 

account. Cycles are considered compressive when triaxiality is negative and vice versa.     

The capacity side represents the degradation of the monotonic tensile capacity, ηmonotonic, 

due to cyclic loading according to the equation: 
 

                                              cyclic CVGM p monotonicexp( )                                             (2) 

 

where:  
 

                                               
0
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p
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                                (3) 

 

and 
p  is the cumulative plastic strain. 

The monotonic capacity could be obtained from standard coupon or notched bar tests. The 

monotonic capacity degrades according to the degradation coefficient, λCVGM. The values of 

ηmonotonic and λCVGM were calibrated by conducting notch round bar monotonic and cyclic tests, 

with two different loading protocols, on seven types of steel made in Japan and the USA [23]. 

The first loading protocol is to cycle the specimen under constant amplitude high tension 

and/or low compression cyclic displacements to failure. The second loading protocol is to cy-

cle the specimen under constant predefined low tension and/or compression amplitude dis-

placements, and then to pull the specimen to failure during the last tension cycle. The applied 

compressive displacements are greater than the applied tensile displacements of specimen 4B 

(Fig. 3(a)). Strain gauges were deployed at the expected plastic hinge location at the exact 

mid-length of specimen 4B. The strain gauges were inserted at the neutral axes of the speci-

men. The strain gauge deployed at the compressive web (Fig. 5) measured the greatest values 

of strain demand in compression among all strain gauges. Axial strains in compression are 

greater than axial strains in tension as shown in Fig. 8. Therefore, the significant plastic 

strains are taken to be compressive minus tensile strains. Plastic strains are accumulated dur-

ing compressive cycles in the model proposed in [42] where cycles are considered compres-

sive when triaxiality is negative.  
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For fracture life predictions in the current study, the significant plastic strains are taken to 

be compressive minus tensile strains on the demand side. Strains are considered compressive 

when triaxiality is less than -1/3. The -1/3 is a revised simplification for positive maximum 

principal stress [25]. The maximum principal stress is positive for damage evolution in cyclic 

loading [18]. For cyclic loading, a slightly modified form of damage evolution by [18] was 

used in [25]: 
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where c and m are material constants, E is the elastic modulus, ν is the Poisson’s ratio, σeq is 
the effective or the Von Mises stress, dD is damage increment and Dc is the critical damage 

limit.  

 

 
 

Fig. 8 Axial strain hysteresis loops 

 

For specimen 4B, ηmonotonic is 2.86, which is similar to the value obtained in [23] for AW50 

(ASTM A572 Grade 50) steel. In the finite element model, fracture is predicted for specimen 

4B during the tensile side of cycle number 12 with λCVGM equal to 0.11 as shown in Fig. 9. 

The previous prediction is identical to the fracture of the brace that occurred during the exper-

iment. Using a value of λCVGM equal to 0.4 or 0.6 for instance results in fracture of the brace 

during the compressive side of the same cycle (Fig. 9).  

The fracture life of specimen 4B is identical to the prediction of the finite element model 

when considering compressive minus tensile strains. As could be seen from Fig. 9 on the de-

mand side, the critical significant cumulative plastic strain at which tearing or cracking is first 

seen is 0.67 (tensile side of cycle number 11).  
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Fig. 9 Fracture life prediction 

 

The cumulative plastic strain is used to specify the location of crack initiation for specimen 

4B. The cumulative plastic strain is greater at the external integration point (outer face) than 

at the internal integration point (inner face) of the element where crack initiates, as shown in 

Fig. 10. The axial and rotational capacity of the element in consideration is exceeded at the 

outer faces due to cyclic loading leading to crack initiation at the external face of the element. 

At these locations, the geometric nature of local buckling leads to early pile up of dislocations 

that result in formation of slip bands. The continuous cyclic movement along the slip bands or 

plans leads to the formation of intrusions and extrusions at the outer free surface. At this loca-

tion, microcracks occur as a result of the formation of slip planes with high shear stress which 

is often inclined by 45 degrees to the maximum principal stress. Some microcracks join to-

gether to form a main crack. When the length of the main crack is sufficient for a stress field 

to be dominant, the main crack begins to propagate through the brace in the direction normal 

to the maximum principal stress. The significant plastic strain was equal to 0.67 for the main 

crack to be dominant for specimen 4B. The main or dominant crack continues to grow until 

the remaining uncracked cross-section is no longer able to resist the applied load triggering 

fracture of the brace.   

 

 
 

Fig. 10 Cumulative plastic strain at the element where crack initiates 
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The incremental deformation plasticity theory, based on the significant cumulative plastic 

strain, was implemented in the damage model to predict the behavior and fracture life of spec-

imen 4B. In the actual test, main crack formed on the compressive side at the mid-length of 

the specimen where a plastic hinge develops. Hence, the stiffness at this location will gradual-

ly decrease causing the specimen to fail. The stiffness in the direction of the maximum princi-

pal stress, when the significant cumulative plastic strain reached a value of 0.67, was reduced 

to zero at the appropriate integration points. The finite element model incorporating the dam-

age model stopped working during the tensile side of the 12
th

 cycle due to numerical error. 

The axial hysteresis loops of the finite element analysis incorporating the damage model is 

shown in Fig. 3(a). 

5 CASE STUDY 

Inverted V-bracing is a popular pattern of brace arrangements for special concentrically 

braced frames (SCBFs). The brace fracture and fatigue models are used to predict the fracture 

of braces in a typical 8-storey chevron braced frame located on a site class C in Victoria, Brit-

ish Columbia, subjected to four ground motions. The frame is shown Fig. 11. It is a Type MD 

(moderately ductile) braced frame designed in accordance with the provisions of NBCC 2010 

[43] and CSA S16-09 [44]. The dynamic (response spectrum) analysis method was used to 

determine seismic design forces in the braces. All braces are square tubing (HSS) conforming 

to CSA G40.20 with minimum specified Fy = 350 MPa. The braces at the 7
th

 floor level are 

examined. The size of these braces is HSS 152x152x9.5, which is the same as specimen 4B in 

[36]. The center line (o/c) length of the brace in the building frame is 5374 mm and the dis-

tance between the ductile hinges forming in the gusset plates upon brace buckling is 4836 mm. 

For specimen 4B, the length between the hinges was 4850 (HSS length) + 32 (two times half 

the free length) = 4882 mm. The latter is very close to the length of the brace in the prototype 

building. The same finite element model for specimen 4B is used to examine the fracture life 

of the brace in the braced frame with a slightly modified version concerning the gusset plate 

thickness (tGusset plate = 19.1 mm).  

 Nonlinear seismic response history analyses of the 8-storey structure were carried out us-

ing the OpenSees program [45]. The bracing members were modelled using force based non-

linear beam-column elements with fiber discretization of the cross-section [46], [47]. The 

Giuffré-Menegotto-Pinto (Steel02) material model was selected to account for Bauschinger 

effect and simulate kinematic-isotropic strain hardening response. The nominal yield strength 

Fy = 350 MPa was assigned to the steel material. Initial sinusoidal out-of-straightness with 

maximum amplitude of 1/500 of the unsupported member length was specified for the bracing 

members. A co-rotational formulation was chosen to consider geometric nonlinearities for the 

braces. The analyses were performed for four different earthquake records from the PEER 

ground motion database [48]: Nos. 057, 767, 986, and 1006, as listed in Table I. Hence, a total 

of eight axial deformation histories were obtained for the two braces, which is of interest be-

cause some include several cycles in compression while others have more demand in tension. 

All records were initially scaled to match the design spectrum.  

 The time histories axial deformation responses for the two braces (Left and Right) at the 

7
th

 floor, as monitored between the two gusset plate plastic hinges in the response history 

analyses were applied to the finite element model to verify fracture limit states. In the finite 

element model of the brace, the material properties used for specimen 4B were used after 

scaling the strength values so that Fy becomes equal to 350 MPa, same as in the response his-

tory analyses. The brace axial deformation at yield, y, is 8.3 mm. 
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In Fig. 12, excellent agreement is found between the brace hysteretic response predicted by 

the OpenSees and Abaqus models for both braces and all ground motions. In all cases, the 

braces sustained larger axial deformations in compression as a result of the downward result-

ant brace load that was imposed at the beam mid-span after buckling of the braces. Yielding 

in tension only occurred in the Right brace under records Nos. 57, 767, and 1006. Local buck-

ling did not develop in the finite element analysis of the 7
th

 floor braces. These braces did not 

fracture under the four earthquake records according to the refined fracture and damage mod-

els. 

 

 
 

Fig. 11 Prototype building studied 

 

For the ground motion record No. 767, incremental dynamic analysis was carried in Open-

Sees by applying the following scaling factors, SF, to the ground motion: 1.5, 2.0 and 2.5. The 

results for SF = 1.0, 1.5 and 2.0 are plotted in Fig. 13 for the 4.0-16.0 s time interval. The re-

sults are not shown for SF = 2.5 as inelastic deformations concentrated in braces at another 

level in the building under that amplified ground motion and the demand on the braces at the 

7
th

 floor level reduced. As shown in the figure, the Left brace is subjected to a series of ten-

sion excursions before it experiences a series of sequence of significant compression half-

cycles. The opposite is observed for the Right brace. 

No crack initiation was detected in the Left and Right braces for the previous magnifica-

tions of ground motion. For SF = 2.0, the displacement histories were magnified further by 

factors of 1.25, 1.5 and 1.75 to detect crack initiation. As could be seen from Fig. 14, crack 

initiation is detected when magnifying the displacement history by an additional factor be-

tween 1.25 and 1.5 for the Left brace while crack initiation is detected when magnifying the 

displacement history by an additional factor between 1.5 and 1.75 for the Right brace. This 

particular braced frame therefore possesses significant reserve capacity against fracture of the 

brace at the 7
th

 floor level. The results also indicate that it is more critical for the brace studied 

to experience damage when the brace is subjected to a series of tension excursions before 

compression excursions for the displacement histories used in the case study presented here.  
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Fig. 12 Axial Hysteresis Loops 
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No.  
Record Se-

quence Number 

Earthquake 

Name  

Station Name Mag. Comp. 

1  57 
1971 San 

Fernando  

Castaic - Old Ridge 

Route 

6.6 

 

291° 

2  767  
1989 Loma 

Prieta  

Gilroy Array #3 6.9 

 

0° 

3  986  
1994 

Northridge  

LA - Brentwood 

VA Hospital 

 

6.7 

 

195° 

4  1006  
1994 

Northridge  

LA - UCLA 

Grounds 

6.7 90° 

 

Table 1: Characteristics of ground motion earthquake records.  

 

  
 

Fig.13 Axial deformation time histories for the Left (L) and Right (R) braces under stepwise incremented ground 

motion record No. 767. 

 

 
 

Fig. 14 Significant plastic strain for the Left (L) and Right (R) braces under magnified displacement histories of 

SF = 2.0, record No. 767. 

6 CONCLUSIONS 

Accurate prediction of low-cycle fatigue failure of bracing members is essential for the 

verification of life safety and collapse prevention limit states when performing seismic as-

sessment of concentrically steel braced frames. A modified finite element model developed in 

Abaqus was presented to predict the onset of cracking based on the significant cumulative 
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plastic strain obtained from a refined CVGM model. The model was verified against test data 

for an HSS specimen. The finite element model could predict the overall cyclic inelastic re-

sponse of the brace as well as initiation of cracking in the plastic hinge that developed at mid-

length of the brace specimen. Nonlinear dynamic analyses were conducted using an OpenSees 

model in order to obtain time histories of the axial deformation demands imposed to the brac-

es at the 7
th

 floor level of an 8-storey CBF designed in accordance with current Canadian 

seismic design provisions. The computed time histories of the axial deformation were then 

applied to the brace finite element model. The analyses showed that fracture of the braces 

studied would not occur under seismic ground motions corresponding to two times the design 

earthquake level. Brace fracture was found to be more critical in braces that are subjected to a 

series of tension excursions before compression excursions are applied. 
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Abstract. Beams and columns constitute a continuous system with infinite degrees of freedom. 

To study the behavior of these systems the use of discretization techniques is required. How-

ever, one can associate them to a system with a single degree of freedom, restricting the form 

in which the system will deform and write their properties as a function of the generalized co-

ordinate. This technique is the called Rayleigh Method and is a resource largely used to study 

the vibration of elastic systems. However, actual structures are systems more complex than 

simple beams and columns, because they have properties varying along its length. In such 

cases, the use of the Rayleigh Method should be done by parts and its integrals resolved with-

in the limits established for each interval, being the generalized properties calculated for 

each segment of the structure. The actual structure selected for this study is a metallic high 

slenderness pole for which the frequency of the first vibration mode was calculated analyti-

cally, and as well as by a FEM - Finite Element Method model based computer for compara-

tive purposes, getting a very good result. 
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1 INTRODUCTION 

The vibration analysis response of framed structures modeled as beams and columns have 

been studied by many researchers and continue to be treated extensively in the literature. 

Beams and columns constitute a continuous system with infinite degrees of freedom. To study 

the behavior of these systems the use of discretization techniques is required, in which the 

structure is transformed into subsystems defined by points called joints. However, one can 

associate them to a system with a single degree of freedom, restricting the form in which the 

system will deform and write their properties as a function of the generalized coordinate. This 

technique was used by Rayleigh [1] in the study of vibration of elastic systems, being its 

equations valid in the whole domain of the problem. Leissa [2] claims that the precision ob-

tained through this method depends entirely on the functional form that is used to represent 

the free vibration mode. 

However, actual structures are systems more complex than simple beams and columns, be-

cause their properties vary along its length. In such cases, the use of the Rayleigh method 

should be done by parts and its integrals resolved within the limits established for each inter-

val, being the generalized properties calculated for each segment of the structure, paying spe-

cial attention to the geometric stiffness because each parcel must take into account the normal 

force distributed in its range and efforts that operate in the upper segments. The actual struc-

ture selected for this study is a metallic high slenderness pole for which the frequency of the 

first vibration mode was calculated as described above, and a computer model was developed 

using the Finite Element Method (FEM) for comparative purposes, getting a very good result, 

hence its importance can be realized independently of sophisticated computational programs. 

2 A QUICK OVERVIEW ABOUT THE MATHEMATICS CONSIDERATIONS 

The analytical formulation developed in this paper is based on the principle of virtual work 

combined with a technique similar to that of Rayleigh [1]. Rayleigh assumed that a system 

containing infinite degrees of freedom can be replaced by a finite SDOF (single degree of 

freedom) system that approximates their frequency. Applications of the Rayleigh technique to 

mechanical systems with vibration problems are found in a wide range of scientific studies. It 

is important to observe that the technique developed by Rayleigh and presented in his first 

book was only used to calculate the fundamental frequency. Leissa [2] claims that the preci-

sion obtained through this method depends entirely on the functional form that is used to rep-

resent the free vibration mode. If the exact shape were assumed, the exact corresponding 

frequency would be generated by this method. 

The basic concept behind the Rayleigh method is the principle of conservation of energy in 

mechanical systems, therefore it is applicable to linear and nonlinear structures, according to 

Clough [3]. According to Temple [4], the fundamental principles developed by Rayleigh are 

applied both to systems with finite degrees of freedom and to continuous systems. The pur-

pose is to determine the fundamental period of vibration and to analyze the stability of the 

elastic systems with the precision required for engineering problems. To do this, the Virtual 

Works Principles must be described by adequate chosen of generalized coordinates and by a 

functional form that describes the first mode of vibration. At the end of the calculation, the 

movement equation is written in terms of the generalized coordinate, from which one can ex-

tract the generalized elastic and geometric properties of the system. 

Assuming that the well-known trigonometric function 

 
x

(x) 1 cos
2L




 
   

 
 (1) 
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one finds the elastic stiffness,  

 

2L 2

0 2

0

d (x)
K EI dx

dx

 
  

 
  (2) 

 

with E being the elasticity modulus and I the inertia of the section. The geometrical stiffness 

is 

 

2L

g

0

d (x)
K N(x) dx

dx

 
  

 
  (3) 

 

where N(x) is a function of normal force. The total generalized mass, for their turn is 

 

 0M m m   (4) 

where m0 is the lumped mass at the element joint and 

 

  
L

2

0

m m (x)   (5) 

with m the mass per unit length. 

Finally, the natural cyclical frequency should be calculated doing 

 

 
K

 


 (6) 

taking into account that  

 
0 gK K K   (7) 

For a more detailed information about the development this analytical procedure 

Wahrhaftig et all [5] can be consulted. 

3 ACTUAL STRUCTURE CHARACTERISTICS 

The actual structure selected for this study is a metallic high slenderness pole, showed in 

Figure 1 and Figure 2. The geometric details also can be seen in Figure 2, where t means the 

thickness of the wall of each segment of the structure. 

This is a metal pole for supporting the radiating system of cellular mobile telephone signal. 

The structure has 48 meters of height and has hollow circular section of external diameter 

(ext) and thickness (t) variables, having slenderness equal to 310. 

Table 1 presents the structure proprieties and model discretization. Table 2 shows the 

structural parameters and the existent devices on structure. 
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Figure 1: Actual structure. 
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Figure 2: A slender metallic pole – geometric details. 
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Height ext t Height ext t Height ext t Height ext t 

(m) (cm) (cm) (m) (cm) (cm) (m) (cm) (cm) (m) (cm) (cm) 

48.00 40.64 0.48 30.00 80.00 0,80 20.00 90.00 0.80 10.00 97.56 0.80 

46.00 40.64 0.48 29.00 80.00 0,80 19.00 90.00 0.80 9.00 105.11 0.80 

44.00 40.64 0.48 28.00 80.00 0,80 18.00 90.00 0.80 8.00 112.67 0.80 

42.00 65.00 0.80 27.00 80.00 0,80 17.00 90.00 0.80 7.00 120.22 0.80 

40.00 65.00 0.80 26.00 80.00 0,80 16.00 90.00 0.80 6.00 127.78 0.80 

38.00 65.00 0.80 25.00 80.00 0,80 15.00 90.00 0.80 5.00 135.33 0.80 

36.00 70.00 0.80 24.00 90.00 0,80 14.00 90.00 0.80 4.00 142.89 0.80 

34.00 70.00 0.80 23.00 90.00 0,80 13.00 90.00 0.80 3.00 150.44 0.80 

32.00 70.00 0.80 22.00 90.00 0,80 12.00 90.00 0.80 2.00 158.00 0.80 

31.00 80.00 0.80 21.00 90.00 0,80 11.00 90.00 0.80 1.00 165.56 0.80 

         0.00 173.11 0.80 

Table 1: Structural geometry and discretization of the FEM model. 

 

Device Height Weight and distributed weight 

Pole from 0 to 48 m 7850 kN/m
3
 

Stair from 0 to 48 m 0.15 kN/m 

Cables from 0 to 48 m 0.25 kN/m 

Antenna and Supports 48 m 3.36 kN 

Table 2: Devices and weighs on structure. 

4 SIMULATIONS AND RESULTS 

4.1 Analytical procedure  

4.1.1. Geometric definitions and parameters adopted 

The parameters used for application of analytical procedure using the Rayleigh Method are 

the follows: 

 elasticity modulus of steel: E = 205 GPa, 

 density of steel: ρ = 7850 kg/m
3
, 

 lumped mass on the top: m0 = 342.40 kg, 

 distributed mass per unity height: me = 40 kg/m, 

 acceleration of gravity: g = 9.806650 m/s
2
. 

The corresponding order the heights in the structure and the geometric properties of the 

cross sections of the respective segments are given by:  

On the base to x = 0 , one has: 1D = 173.11cm , 1t = 0.80cm , 1 1 1d = D 2t , 

 2 2

1 1 1A D d
4

 


,  4 4

1 1 1I D d
64

 


. 

To the follow segment, of variable proprieties, one has: 2 1
1

1

D D
D(x) x D

L


  , 

1d(x) D(x) 2t  ,  2 2

1A(x) D(x) d (x)
4

 


,  4 4I(x) D(x) d(x)
64

 


. 
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To the ordinate 1L 11m , one defines: 2D = 90.00 cm , 2t = 0.80cm , 2 2 2d = D 2t , 

 2 2

2 2 2A D d
4

 


,  4 4

2 2 2I D d
64

 


. 

To 2L 25.00m , one has: 3D = 80.00 cm , 3t = 0.80cm , 3 3 3d = D 2t ,  2 2

3 3 3A D d
4

 


, 

 4 4

3 3 3I D d
64

 


. 

To 3L 32.00m , one has: 4D = 70.00 cm , 4t = 0.80cm , 4 4 4d = D 2t ,  2 2

4 4 4A D d
4

 


, 

 4 4

4 4 4I D d
64

 


. 

To 4L 38.00m , one has: 5D = 65.00 cm , 5t = 0.80cm , 5 5 5d = D 2t ,  2 2

5 5 5A D d
4

 


, 

 4 4

5 5 5I D d
64

 


. 

To 5L 44.00m  and 6L 48.00m , one has: 6D = 40.64cm , 6t = 0.48cm , 6 6 6d = D 2t , 

 2 2

6 6 6A D d
4

 


,  4 4

6 5 5I D d
64


  . 

4.1.2. The calculation of generalized mass 

The sub-indices in Roman numerals, introduced from this point on, aim to prevent redun-

dancy of notation in expressions. The generalized mass was measured by the following inte-

gral arranged. 

To the first segment 

 
1L

2

1 I

0

m m (x) (x) dx  , with I em (x) A(x) m   (8) 

To the second segment 

 
2

1

L

2

2 II

L

m m (x) dx  , with
 II 2 em A m   (9) 

Similarly, to the other segments, can be written in the general form 

 
i

i 1

L

2

i i

L

m m (x) dx



  , with i i em A m   (10) 

The generalized distributed mass is obtained by 

 
6

R i

i 1

m m


  (11) 

and the total generalized mass by: 

 0 RM m m   (12) 
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4.1.3. The calculation of generalized geometric stiffness 

To compute the generalized geometric stiffness is necessary to determine the normal ef-

forts for the parts defined in geometry. From top to bottom the structure of the axial forces are 

 0 0F m g  (13) 

 

5

L

6 VI

L

F m gdx   (14) 

 
5

4

L

5 V

L

F m gdx   (15) 

and so on, or better 

 
i

i 1

L

i i

L

F m gdx



   (16) 

The axial force on the first segment, which is linearly variable, was obtained by the follow-

ing expression 

 
1L

1 I

0

F m (x)gdx   (17) 

where g is de gravity acceleration. The generalized axial force F is so 

 

 
6

i

i 0

F F


  (18) 

 

and the geometric stiffness is calculated following the expressions 

 

5

2L

g6 0 VI 6
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4
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dx

  
        

   
 , 

2

1

2L

g2 0 6 5 4 3 II 2

L

d
K F F F F F m (L x)g (x)

dx

  
         

   
 , 

1 2L

g1 0 6 5 4 3 2 I 1

0

d
K F F F F F F m (x)(L x)g (x)

dx

  
          

   
 . 

(19) 
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So that, the generalized geometric stiffness Kg of structure is obtained by 

 

 
6

g gi

i 1

K K


  (20) 

4.1.4. The calculation of generalized elastic stiffness 

The elastic geometric parcels are 

 

 
1

2L 2

01 2
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d
K EI(x) (x) dx

dx

 
  

 
  (21) 
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d
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  (22) 

 

which in the same way, to the others segments, can be written as 

 

 
i

i 1

2L 2

0i i 2

L

d
K EI (x) dx

dx


 
  

 
  (23) 

 

and the generalized elastic stiffness, is given by the sum of their parcels, so 

 

 
6

0 0i

i 1

K K


  (24) 

4.1.5. The calculation of frequency 

The frequency of the first mode calculated using Eq. (6), transformed to Hertz, is 

0.569646 Hz. 

4.2 Finite Element Method 

To compare the results development above was elaborated a computational modeling by 

Finite Element Method (FEM). The vibration mode and frequency obtained for that method is 

listed in Figure 5.  

The structure analyzed was modeled using bar elements with constant and variable cross-

sections, as appropriate. The model was awarded the forces described in Table 2, with the cor-

responding masses. Figure 3 shows the three-dimensional model available by the program and 

the discretization of the built structure with 40 bar elements. 

The frequency by FEM was calculated taking into account the effect of normal force, using 

the correspondent formulation for them, the named geometric nonlinearity (GNL). For more 

details about the specific formulations in Finite Element Method Clough [3], Cook [6], Buca-

lem [7] and Zienkiewicz [8] can be consulted. 
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(a) 3D 

 
(b) Lateral view 

 
(c) Discretization 

Figure 3: Model by Finite Element Method (FEM). 

The form and frequency to the first mode vibration by Finite Element Method is presented 

in Figure 4. 

 

Finite Element Method 

(FEM) 

with geometric nonlinearity (GNL) 

  

Frequency of the 1
st
 Mode: 

0.489339 Hz 

  

 Figure 4: Natural mode and frequencies by Finite Element Method. 

A comparison which assesses the quality of analytical results of the development of this 

work is the appreciation of normal force on each segment of the structure, as shown in Table 

3. 
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L Analytical procedure FEM Differences 

(m) (kN) (kN) Absolute (%) 

48.00 3.355520 3.355520 0.0000 0.000000 

44.00 6.786842 6.786842 0.0000 -0.000001 

38.00 16.585633 16.585633 0.0000 -0.000001 

32.00 26.964392 26.964392 0.0000 -0.000001 

25.00 40.426203 40.426204 0.0000 -0.000002 

11.00 70.056344 70.056345 0.0000 -0.000002 

0.00 102.174047 102.174049 0.0000 -0.000002 

Table 3: Normal effort on structure. 

5 CONCLUSIONS  

 The formulation for calculating the geometric stiffness of the present study was reviewed 

by the Finite Element Method (FEM), for comparing the results of axial forces on each 

segment of the structure (Table 3), without difference between them. 

 The difference in relation to the vibration frequency of the fundamental mode, calculated 

under geometric nonlinearity, proposed for this paper, of 0.569646 Hz and the obtained 

by the Finite Element Method, of 0.489339 Hz, is different to 16 % upper. 

 This paper does not terminate the studies for the application of analytical procedure 

based in the Rayleigh Method to actual structures. That method can allow the calculation 

of frequency without the use of sophisticated computer resources, in a correct way and 

within the limits required by engineering.  
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Abstract. This paper presents the application of multiple-rank modifications to the sparse
Cholesky factorization LDLT for faster nonlinear finite element analysis of moment resisting
frames. Such frames resist lateral forces primarily by bending moments at the joints and are often
modeled by the concept of concentrated plasticity. That is, the joints are represented by rotational
springs with nonlinear material behavior, whereas the beams and columns remain linear elastic.
This implies that within a materially-nonlinear-only finite element analysis, large parts of the
system matrix remain unchanged. The Cholesky factors, however, are completely recomputed
amongst solution steps and no reuse is made of the previous factorization. I address this drawback
with a multiple-rank update routine implemented in the publicly available library CHOLMOD.
The routine allows an update or downdate of a sparse LDLT factorization with a runtime
proportional to the number of nonzero entries in L and D that change. Exemplary simulations
show that the proposed method can be substantially faster if changes to the simulation’s system
matrix can efficiently be expressed as a multiple-rank update problem. It also becomes apparent
that the method is not restricted to frame problems but rather can be applied to any physical
phenomenon where nonlinearities are locally bounded.
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1 INTRODUCTION

Realistic analysis of engineering structures often requires nonlinear methods. The occurring
nonlinearities stem from various reasons such as inelastic material behavior, large displacements
and rotations, or complex boundary conditions. For many practical applications only nonlinear
material behavior is of concern. Often, these nonlinearities are further restricted to local domains
whereas large parts of the structure remain linear elastic. Standard finite element codes used for
structural dynamic analysis do not take advantage of this fact, which leads to simulations that are
ultimately slower than necessary.

Finite element methods discretize the governing partial differential equations in space, leading,
in case of transient problems, to a set of ordinary differential equations. These can be solved by
direct integration, which ultimately means to solve a large sparse linear system in the form of

Ax = b (1)

in each time step. If the underlying physical behavior is nonlinear and an implicit integration
scheme is used in combination with a direct solver, the solution of Eq. (1) requires the repeated
computation of some decomposition of A. The computation of this factorization is a rather
expensive operation and the costs cannot be amortized across time steps. This fact has motivated
the search for methods, which allow for modifications of an existing factorization in order to
obtain the new factors more efficiently.

In this article I present the application of such an update routine in the context of nonlinear
structural dynamic analysis of frame problems. The method is substantially faster than full
refactorization and requires only minor extensions to the finite element code.

2 FINITE ELEMENT METHOD

The semi-discrete equations of motion of a structural system read

Mẍ(t) + Cẋ(t) + fint(x(t), κ) = fext(t) (2)

with M being the mass matrix, C the damping matrix, fint the internal force vector, and fext the
external force vector. Both M and C are herein assumed to be constant. The global unknowns are
contained in the displacement vector x with ẋ and ẍ being the first and second derivative with
respect to time, that is, velocities and accelerations. κ denotes a set of internal variables, needed
for the treatment of inelastic, path-dependent materials. The exact derivation of the equilibrium
equation is given, together with a thorough introduction to the finite element method, e. g., by
Bathe [1].

Eq. (2) is a system of ordinary differential equations of second order and can be solved by
direct integration. For this purpose, equilibrium is only satisfied at discrete time intervals ∆t
apart, and a variation of displacements, velocities, and accelerations is assumed in each interval.
Widely used is thereby Newmark’s assumption [2] that accelerations vary linearly from time t to
time t + ∆t, so that

ẋt+∆t = ẋt + ∆t
[(1 − γ)ẍt + γẍt+∆t

]
(3)

xt+∆t = xt + ∆tẋt + 1
2∆t2

[(1 − 2β)ẍt + 2βẍt+∆t
]

(4)

where the parameters β and γ determine integration accuracy and stability. Solving for ẍt+∆t from
Eq. (4) and substituting for ẍt+∆t into Eq. (3) yields equations for accelerations and velocities
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at time t + ∆t in terms of the unknown displacements xt+∆t . Inserting these two equations into
Eq. (2) yields now the fully discretized equations of motion as a system of nonlinear algebraic
equations

M
[

1
β∆t2 (xt+∆t − xt) − 1

β∆t ẋ
t −

1−2β
2β ẍt

]
+ C

[
γ
β∆t (xt+∆t − xt) + (1 − γβ )ẋt + (1 − γ

2β )∆t ẍt
]

+ fint(xt+∆t) − ft+∆t
ext = 0 (5)

The solution for each time step can then be found with iterative procedures.
One commonly applied iterative procedure to solve Eq. (5) is the Newton–Raphson method. It

successively finds better approximations to the roots of a vector function F(x) with its Jacobian
JF =

dF
dx and an already known state x j , according to

JF(x j)∆x j+1 = −F(x j) with ∆x j+1 = x j+1 − x j (6)

The resulting linear system is solved in each iteration j until some error measure lies within a
given tolerance. Using Eq. (6) with the discretized equations of motion as F(x), leads with

∂fint

∂xt+∆t

�����xt+∆tj

= K(xt+∆t
j )

finally to a relation in the form of Eq. (1)
[

1
β∆t2 M + γ

β∆t C +K(xt+∆t
j )

]
∆x j+1 = ft+∆t

ext − fint(xt+∆t
j ) −Mẍt+∆t

j − Cẋt+∆t
j (7)

for finding “dynamic equilibrium” within a time step.

3 DIRECT SOLUTION AND UPDATE PROCEDURE

For the solution of Eq. (7) either direct or iterative methods can be used. Direct methods
find an exact solution within a predetermined number of operations, whereas iterative methods
produce a sequence of approximate solutions that should ultimately converge to the exact one.
As long as memory is of no concern, that is, problems with low number of unknowns, direct
solvers are preferable because of their accuracy and robustness. I thus use CHOLMOD [3], a
sparse direct solver for symmetric, positive-definite matrices authored by Tim Davis.

Direct solution techniques solve a linear system by some decomposition of A, being basically
a variation of Gauss elimination [4]. If A is a real, symmetric matrix, the general form of this
decomposition is

A = LDLT

where L is a unit lower triangular matrix and D a diagonal matrix. With this factors at hand, a
solution for x can be obtained by forward reduction, diagonal scaling, and backward substitution,
which are simple and efficient methods for computing L−1b, D−1(L−1b), and L−T(D−1L−1b)
in succession. The computation of L and D, however, can be quite time consuming and has
obviously to be repeated each time the linearized system’s matrix A changes.

A change to A can most generally be expressed as A j+1 = A j + ∆A j+1. A special case and
one of particular interest is a so-called rank-one modification

A j+1 = A j + αvvT
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where α is a scalar and v a vector of appropriate size. Finding the factorization of A j+1 after such
a modification is usually described as a problem of updating the factors of A j and its importance
has long been recognized. An overview of several update schemes can be found in the classic
paper by Gill et al. [5] published back in 1974. More recently, Davis and Hager [6] took up some
ideas given therein and developed an algorithm in regard of modern sparse methods and extended
it in further consequence to the multiple rank case [7]. The resulting algorithm is implemented in
CHOLMOD as routine cholmod_updown and incorporated in the finite element code used for this
study.

The update/downdate routine cholmod_updown takes an LDLT factorization and computes a
new factorization according to

LDLT
= LDLT ± CCT

where A + CCT corresponds to an update and, conversely, A − CCT to a downdate. Apparently,
it is necessary to express ∆A as CCT to employ this routine. In so doing, I make use of the
idea stated at the beginning that in a materially-nonlinear-only analysis large parts of a structure
usually remain linear elastic. This implies that ∆A should be extremely sparse and should hold
a rank much smaller than the dimension of A. The n × n matrix ∆A can then conveniently be
expressed as

∆A = PWPT

where P is an n ×m sparse incidence matrix consisting solely of zeros and ones, and W is the the
change to the linearized system’s matrix in compressed (and dense) form of size m × m with
m ≤ n. Computing the eigendecomposition

W = QΛQT

and separating the eigenvalues together with the corresponding eigenvectors in positive and
negative ones, yields C in case of an update as

C+ = PQ+(Λ+)1/2

and in case of a downdate as
C− = PQ−��Λ−��

1/2

It should be obvious by now that the initial assumption of ∆A being extremely sparse is crucial,
as the eigendecomposition of the dense matrix W is an expensive operation where the costs can
easily outweigh a refactorization from scratch.

4 EXEMPLARY STRUCTURE AND NUMERICAL RESULTS

I implemented the cholmod_updown routine in my finite element code and tested its performance
against the standard methods from SuperLU [8] and CHOLMOD. The moment resisting frame
depicted in Fig. 1 thereby serves as a benchmark example. Such frames are amongst the most
common forms in modern engineering and basically are steel assemblages of beams and columns
rigidly connected to each other. They withstand lateral forces primarily by bending and should by
design avoid potentially brittle shear failure modes. To achieve a ductile behavior during strong
earthquake shaking, the beam ends and column bases are designed to sustain large inelastic
rotations and thus provide an energy dissipating mechanism.

For the numerical model, the concept of concentrated plasticity is used. Although these models
date back to the 1960s, they are the still amongst the preferred modeling approaches for seismic
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Figure 1: A three story moment resisting frame with nonlinear rotational springs at the beam ends and the column
bases, subjected to the ground motion record from the 1994 Northridge earthquake (Beverly Hills, 14145 Mulholland
station). The top right time history plot shows the horizontal roof displacement for linear-elastic springs (dotted line)
and for perfectly plastic springs (solid line).

performance assessment in earthquake engineering. Within this concept, beams and columns
are modeled as two-node linear elastic beam elements, whereas the parts which are designed
to experience inelastic deformations, are modeled with rotational springs of zero length. The
material behavior of these springs is for the case at hand elastic-perfectly plastic.

The exemplary structure is subjected to ground motions from the 1994 Northridge earthquake
(Beverly Hills, 14145 Mulholland station) and the horizontal roof displacement is chosen as
engineering demand parameter. The frame is 6 m wide and 11.6 m high, resulting from the first
story being 4.4 m and the remaining ones being each 3.6 m high. The flexural rigidity of the
beams and columns is assumed to be 1 · 106 kN/m2 and 2 · 106 kN/m2, respectively, and all
springs have an elastic stiffness of 210 · 106 kN/m2. The results of a linear elastic simulation is
shown in the top right time history plot of Fig. 1 as dotted line. For the nonlinear response, the
material behavior of the springs was modified such that they start yielding at a bending moment
of 2400 kN m (base), 1300 kN m (first floor), 1000 kN m (second floor), and 800 kN m (roof).
The nonlinear results are depicted in the same plot as solid line.

The nonlinear simulation was run three times: with the standard solution procedure, that is, a
complete refactorization of A in each solution step, using first SuperLU and second CHOLMOD.
In the third run I used the update routine cholmod_updown and applied incremental changes ∆A
to the system’s linearized matrix. The runtime of all three approaches is shown in Fig. 2. The top
graph shows the time needed for each individual solve, whereas the bottom graph shows the same
data in accumulated form. Of all three solvers, SuperLU is slowest which is apparent as the library
is intended to solve non-symmetric linear systems. These timings reflect no weakness of SuperLU,
but rather emphasize that only specially tailored routines achieve really high performance. The
standard solve from CHOLMOD, designed for symmetric matrices, thus outperforms SuperLU
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Figure 2: Runtime over solution steps for solving Eq. (7) of the exemplary structure individually (top graph) and in
accumulated form (bottom graph) using three different methods. SuperLU is slowest due to its general applicability
to non-symmetric linear systems, whereas CHOLMOD exploits this fact and is faster by a factor of 1.4. The update
routine logically has erratic performance and is in the best case around 3.8 times faster than CHOLMODs standard
solve. If the rank of the update matrix ∆A increases, the performance hit is evident.

by a factor of 1.4. The update procedure compares badly with the two previous methods because
it obviously has an erratic performance. In the best case where no update is needed, it is 3.8 times
faster than the reference solve from CHOLMOD. The time needed therein results only from the
solution phase (forward reduction to backward substitution) and eventually poses a lower bound.
In the worst-case scenario, the update routine is on par with CHOLMOD.

5 CONCLUSION

The solution of Eq. (7) is one the most time consuming parts in a finite element solution. If a
direct solver is used, this can be attributed to the computation of the LDLT factorization. For
nonlinear problems, this process has to be repeated in each iteration and can be problematic
regarding the overall performance. I address this problem by an update procedure which allows
for the modification of an existing factorization.

The runtime of the cholmod_updown routine is proportional to the numbers of nonzero entries
in L and D that change. The problem, however, is the form of the update matrix. The finite
element code can easily be modified to return ∆A, but it can be rather expensive to rewrite it
in the form CCT. If the compressed update matrix W is very small, the additional costs are
negligible, but with increasing size, they inevitably get higher and will ultimately exceed the
costs of a full refactorization. The crucial point is in consequence the central premise of local
plastic regions which result in local changes to A. This is, however, only true in the context of
materially-nonlinear-only analysis. If geometric nonlinearities have to be considered, the rank
of ∆A becomes far too big for the update method to still be performant. The exemplary frame
structure meets all requirements and thus allows for a considerably faster analysis using the
update approach.
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In future work, I will address the limiting factor of ∆A being of small rank. By implication, the
cholmod_updown routine has to be ruled out, but I believe that a different updating procedure can
be devised which has, in the worst-case scenario, the same runtime as a complete refactorization
from scratch.
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Abstract. The paper investigates the contribution of the warping deformations and the shear
center location on the dynamic response of 3D thin-walled beams obtained with an original
consistent co-rotational formulation developed by the authors. Consistency of the formulation
is ensured by employing the same kinematic assumptions to derive both the static and dynamic
terms. Hence, the element has seven degrees of freedom at each node and cubic shape functions
are used to interpolate local transversal displacements and axial rotations. Accounting for
warping deformations and the position of the shear center produces additional terms in the
expressions of the inertia force vector and the tangent dynamic matrix. The performance of the
present formulation is assessed by comparing its predictions against 3D-solid FE solutions.
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1 INTRODUCTION

The purpose of the present paper is to further develop the dynamic formulation proposed
in [31] so that beams with arbitrary thin-walled open cross-sections can be studied. For that, two
main ideas are used. Firstly, a seventh degree of freedom is added at each node to describe the
warping of the cross-section. Consequently, the linear interpolation for the local axial rotation
used in [31] is replaced by a cubic interpolation. Secondly, the main difficulty in the nonlinear
analysis of beams with arbitrary cross-sections is that, due to the eccentricity of the shear center,
the cross-section rotations are usually not defined at the same point. To avoid this difficulty, the
kinematic description proposed by Gruttmann et al. [1] is adopted. In this approach, the warping
function is modified and all the cross-section rotations are defined at the centroid.

Consequently, the inertia terms are consistent with the static ones developed by Battini and
Pacoste in [5] since the same corotational kinematic description is used to derive all the terms.
Regarding the dynamic terms, i.e. the inertia force vector and tangent dynamic matrix, the for-
mulation proposed in [31] is extended and several additional terms are introduced. The contri-
bution of these terms in the performance of the formulation is then investigated in the numerical
examples. Regarding the static deformational terms, i.e. the internal force vector and tangent
stiffness matrix, the corotational beam element developed by Battini and Pacoste [5] is adopted.
However, in order to introduce the bending shear deformations, the cubic Hermitian functions
are modified as suggested in the Interdependent Interpolation Element (IIE) formulation [39].

2 PARAMETRIZATION OF FINITE ROTATION

In this section, the basic relations concerning the parameterizations of finite rotations are
briefly presented. For a more complete description, the reader is referred to textbooks and
review papers such as [2, 12, 16, 20, 21, 28].

o

Figure 1: Finite rotation of a vector

The coordinate of a vector xo that is rotated into the position x (see Fig. 1) is given by the
relation

x = Rxo . (1)

Due to its orthonormality, the rotation matrix R can be parameterized using only three indepen-
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dent parameters. One possibility is to use the rotational vector defined by

θθθ= θ n , (2)

where n is a unit vector defining the axis of the rotation and θ = (θθθTθθθ)1/2 is the angle of the
rotation.

The relation between the rotation matrix and the rotational vector is given by the Rodrigues’
formula

R = I+
sinθ

θ
θ̃θθ+

1− cosθ

θ 2 θ̃θθθ̃θθ= exp(θ̃θθ) , (3)

where θ̃θθ is the skew matrix associated with the vector θθθ.

The variation of the rotation matrix in spatial and material form is given by

δR = δ̃wR = Rδ̃ωωω . (4)

Physically, δ̃w represents infinitesimal spatial rotation superposed onto the rotation R. δw,
which is also denoted as spatial spin variables, is related to the variation of the rotational vector
through

δw = Ts(θθθ)δθθθ , (5)

with

Ts(θθθ) = I+
1− cosθ

θ 2 θ̃θθ+
θ − sinθ

θ 3 θ̃θθθ̃θθ . (6)

The time derivative of the rotation matrix in spatial and material form is given by

Ṙ = ˜̇wR = R˜̇ωωω , (7)

where the axis vectors ẇ and ω̇ωω are spatial and material angular velocities, respectively.

The spatial and material quantities are connected by the relations

δw = R δωωω , (8)
ẇ = Rω̇ωω , (9)
ẅ = Rω̈ωω . (10)

The variation of the material angular velocity is given by (see [8])

δω̇ωω= ˙δωωω+ ˜̇ωωω δωωω , (11)

with ˙δωωω denoting the time derivative of the material spin variables.
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Figure 2: Initial and current configuration of the beam

3 KINETIC ENERGY

In the present paper, the kinematic description proposed by Gruttmann et al. [1] is adopted
(see Fig. 2). A beam with an arbitrary cross-section is considered. G and C are the centroid
and the shear center of the cross-section. ei and ai (i = 1,2,3) denote the global and cross-
section-attached orthogonal coordinates systems, respectively. The transformation from the
global coordinates system to the cross-section-attached one is defined by

ai = R ei . (12)

Let xP(x,y,z) denote the position vector of an arbitrary point P in the current configuration

xP(x,y,z) = xG(x)+ ya2(x)+ za3(x)+α(x)ω(y,z)a1(x) , (13)

with xG denoting the position vector of G in the current configuration.

The warping function ω(y,z) is defined within the Saint-Venant torsion theory and refers to
the centroid G, i.e.

ω = ω− yc z+ zc y , (14)

where ω refers to the shear center C with coordinates yc ,zc. Note that in connection with ω ,
the following normality conditions hold∫

A
ω dA = 0 ,

∫
A

ω ydA = 0 ,
∫

A
ω zdA = 0 . (15)

Using Eq. (12), the expression (13) can be put in the form

xP = xG +R (X+α nω) , (16)

with X = [0 y z ]T and nω = [ω 0 0 ]T.

By taking the time derivative of the above expression and using Eq. (7), the velocity is
obtained as

u̇P = ẋP = ẋG +R ˜̇ωωω(X+α nω)+R α̇ nω (17)

= u̇G +R (−X̃ ω̇ωω−α ñω ω̇ωω+ α̇ nω) .
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The kinetic energy of the beam is then calculated by

K =
1
2

∫
V

ρ u̇T
P u̇P dV =

1
2

[∫
lo

u̇T
G Aρ u̇G dl

+
∫

V
ρ (−X̃ ω̇ωω−α ñω ω̇ωω+ α̇ nω)

T (−X̃ ω̇ωω−α ñω ω̇ωω+ α̇ nω) dV
]
. (18)

The following notations are introduced

Iyz =
∫

A
y z dA , Iyy =

∫
A

y2 dA , Izz =
∫

A
z2 dA , Iω =

∫
A

ω
2 dA , (19)

Iω =
∫

A
ω

2 dA = Iω + z2
c Iyy + y2

c Izz−2yc zc Iyz , (20)

Iyc =
∫

A
y ω dA =−yc Iyz + zc Iyy , (21)

Izc =
∫

A
z ω dA =−yc Izz + zc Iyz , (22)

Jρ =
∫

A
ρ X̃T X̃ dA = ρ


Iyy + Izz 0 0

0 Izz −Iyz

0 −Iyz Iyy

 , (23)

Jω =
∫

A
ρ ñω

T ñω dA = ρ


0 0 0

0 Iω 0

0 0 Iω

 , (24)

Ja =
∫

A
ρ

(
X̃T ñω + ñω

T X̃
)

dA = ρ


0 −Iyc −Izc

−Iyc 0 0

−Izc 0 0

 , (25)

Jb =
∫

A
ρ X̃T nω dA = ρ


0

−Izc

Iyc

 , (26)

Jα = α
2 Jω +α Ja , Jω = ρ Iω . (27)

The expression of the kinetic energy can then be rewritten in the material form as

K =
1
2

∫
lo

[
u̇T

G Aρ u̇G +ω̇ωωT Jρ ω̇ωω

]
dl +

1
2

∫
lo

[
ω̇ωω

T Jα ω̇ωω−2 ω̇ωωT Jb α̇ + Jω α̇
2
]

dl , (28)

and, using Eq. (9), the spatial form is obtained

K =
1
2

∫
lo

[
u̇T

G Aρ u̇G + ẇT Iρ ẇ
]

dl +
1
2

∫
lo

[
ẇT Iα ẇ−2 ẇT Ib α̇ + Jω α̇

2
]

dl , (29)

with

Iρ = RJρ RT , Iω = RJω RT , Iα = RJα RT , Ib = RJb . (30)
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The first integrals in Eqs. (28) and (29) are the kinetic energy due to the translation and rotation
of the beam cross-section. The variation, in the spatial form, is obtained as

δKTrans+Rot =−
∫

lo

{
δuG

TAρ üG +δwT
[
Iρẅ+ ˜̇wIρẇ

]}
dl . (31)

The second integrals in Eqs. (28) and (29), named as KWarping, are the additional kinetic energy
due to the warping deformations and the eccentricity of shear center with respect to the centroid

KWarping =
∫

lo
kW dl =

1
2

∫
lo

[
ω̇ωω

T Jα ω̇ωω−2 ω̇ωωT Jb α̇ + Jω α̇
2
]

dl . (32)

The variation of kW is given by

δkW = δω̇ωω
T (Jα ω̇ωω−Jb α̇)+δα ω̇ωω

T J
′

α ω̇ωω+δ α̇ (Jω α̇−ω̇ωωT Jb) , (33)

where

J
′

α =
1
2

dJα

dα
= α Jω +

1
2

Ja . (34)

In order to derive an expression which only depends on infinitesimal rotations, an integration in
time is performed using Eqs. (11) and (33)∫ t2

t1
δkW dt =

∫ t2

t1

˙δωωω
T
(Jα ω̇ωω−Jb α̇) dt +

∫ t2

t1
δωωω

T ˜̇ωωωT
(Jα ω̇ωω−Jb α̇) dt

+
∫ t2

t1
δα ω̇ωω

T J
′

α ω̇ωω dt +
∫ t2

t1
δ α̇ (Jω α̇−ω̇ωωT Jb) dt . (35)

The first and fourth terms in the above expression are integrated by parts∫ t2

t1

˙δωωω
T
(Jα ω̇ωω−Jb α̇) dt = δωωω

T (Jα ω̇ωω−Jb α̇)
∣∣∣t2
t1

(36)

−
∫ t2

t1
δωωω

T (Jα ω̈ωω−Jb α̈) dt−
∫ t2

t1
δωωω

T 2 J
′

α α̇ ω̇ωω dt ,

∫ t2

t1
δ α̇ (Jω α̇−ω̇ωωT Jb) dt = δα(Jω α̇−ω̇ωωT Jb)

∣∣∣t2
t1
−
∫ t2

t1
δα (Jω α̈−ω̈ωωT Jb) dt . (37)

Due to the arbitrariness of the variations δωωω and δα

δωωω
T (Jα ω̇ωω−Jb α̇)

∣∣∣t2
t1
= 0 , (38)

δα(Jω α̇−ω̇ωωT Jb)
∣∣∣t2
t1
= 0 , (39)

hence, using Eqs. (36) and (37), Eq. (33) can be rewritten as

δkW =−

[
δωωω

δα

]T[ Jα −Jb

−JT
b Jω

][
ω̈ωω

α̈

]
−

[
δωωω

δα

]T
 ˜̇ωωω Jα Jc ω̇ωω

−ω̇ωωT J ′
α 0

[ ω̇ωω
α̇

]
, (40)
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where Jc = 2 J ′
α + J̃b .

Finally, the variation of the total kinetic energy, in the spatial form, is expressed as

δK =−
∫

lo

{
δuG

TAρ üG +δwT
[
Iρẅ+ ˜̇wIρẇ

]}
dl− (41)

∫
lo

[
δw

δα

]T[ Iα −Ib

−IT
b Jω

][
ẅ

α̈

]
dl−

∫
lo

[
δw

δα

]T
 ˜̇w Iα Ic ẇ

−ẇT I ′α 0

[ ẇ

α̇

]
dl ,

where I ′α = R J ′
α RT and Ic = R Jc RT.

By introducing the following notations

δww =

[
δw

δα

]
, ẇw =

[
ẇ

α̇

]
, ẅw =

[
ẅ

α̈

]
, (42)

I1
ρ =

[
(Iρ + Iα) −Ib

−IT
b Jω

]
, I2

ρ =

 ˜̇w (Iρ + Iα) Ic ẇ

−ẇT I ′α 0

 , (43)

the expression in Eq. (41) can be put in the form

δK =−
∫

lo

{
δuG

TAρ üG +δwwT
[
I1

ρẅw + I2
ρẇw

]}
dl . (44)

4 BEAM KINEMATICS

In this work, the corotational framework introduced by Rankin and Nour-Omid [36,38], and
further developed Battini and Pacoste [5] is fully adopted.

The definition of the corotational two noded-beam element, described in this section, in-
volves several coordinate systems, see Fig. 3. First a global reference system is defined by the
triad of unit orthogonal vectors e j ( j = 1,2,3). Next, a local system which continuously rotates
and translates with the element is selected. The orthonormal basis vectors of the local system
are denoted by r j ( j = 1,2,3). In the initial (undeformed) configuration, the local system is
defined by the orthonormal triad eo

j . In addition, t1
j and t2

j ( j = 1,2,3), denote two unit tri-
ads rigidly attached to nodes 1 and 2. The origin of each unit triad (except the global one e j)
coincides with the centroid of the cross-section.

According to the main idea of the corotational formulation, the motion of the element from
the initial to the final deformed configuration is split into a rigid body component and a defor-
mational part. The rigid body motion consists of a rigid translation and rotation of the local
element frame. The origin of the local system is taken at node 1 and thus the rigid translation
is defined by ug

1, the translation of the cross-section centroid at node 1. Here and in the sequel,
superscript g indicates quantities expressed in the global reference system. The rigid rotation is
such that the new orientation of the local reference system is defined by an orthogonal matrix
Rr, given by

Rr = [r1 r2 r3 ] . (45)
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Figure 3: Beam kinematics and the coordinate systems

The first coordinate axis of the local system is defined by the line connecting nodes 1 and 2 of
the element. Consequently, r1 is given by

r1 =
xg

2 +ug
2 −xg

1 −ug
1

ln
, (46)

with xg
i (i = 1,2) denoting the nodal coordinates in the initial undeformed configuration and ln

denoting the current length of the beam, i.e.

ln = ‖xg
2 +ug

2−xg
1−ug

1‖ . (47)

The remaining two axes are determined with the help of an auxiliary vector p. In the initial
configuration, p is directed along the local eo

2 direction, whereas in the deformed configuration
its orientation is obtained from

p =
1
2
(p1 +p2) , pi = Rg

i Ro [0 1 0 ]T (i = 1,2) , (48)

where Rg
1 and Rg

2 are the orthogonal matrices used to specify the orientation of the nodal triads t1
j

and t2
j respectively, and Ro specifies the orientation of the local frame in the initial configuration,

i.e. Ro = [eo
1 eo

2 eo
3 ]. The unit vectors r2 and r3 are then computed by the following vector

products

r3 =
r1×p
‖r1×p‖

, r2 = r3× r1 , (49)

resulting in the orthogonal matrix Rr (Eq. (45)) being completely determined.

The rigid motion previously described, is accompanied by local deformational displacements
and rotations with respect to the local element axes. In this context, due to the particular choice
of the local system, the local translations at node 1 are zero. Moreover, at node 2, the only non
zero component is the translation along r1. This can easily be evaluated according to

u = ln− lo , (50)
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with lo denoting the length of the beam in the original undeformed configuration. Here and in
the sequel, an overbar denotes a deformational kinematic quantity.

The global rotations at node i can be expressed in terms of the rigid rotation of the local axes,
defined by Rr, followed by a local rotation relative to these axes. The latter is defined by the
orthogonal matrix Ri. Consequently, the orientation of the nodal triad ti

j can be obtained by
means of the product Rr Ri. On the other hand, (see Fig. 3) this orientation can also be obtained
through the product Rg

i Ro, which gives

Ri = RT
r Rg

i Ro (i = 1,2) . (51)

The local rotations are then evaluated from

θθθi = log
(

Ri

)
(i = 1,2) . (52)

Due to the choice of the local coordinate system, the local nodal displacement vector dw
l has

only nine components and is given by

dw
l =

[
u θθθ

T
1 θθθ

T
2 α1 α2

]T
. (53)

with αi (i = 1,2) denoting the additional warping degrees of freedom.

The variation of the local nodal displacement vector is

δdw
l =

[
δu δθθθ

T
1 δθθθ

T
2 δα1 δα2

]T
, (54)

and the global counterpart is given by

δdw
g =

[
δugT

1 δwgT
1 δugT

2 δwgT
2 δα1 δα2

]T
, (55)

with δwg
i (i = 1,2) denoting spatial spin variables defined by

δRg
i = δ̃wg

i Rg
i . (56)

Since the warping is a deformational quantity, it remains constant during the transformation
between the global and local system, see Eqs. (54) and (55).

Further, let δwi and δwg
r denote the spatial spin variables defined by

δRi = δ̃wi Ri, δRr = δ̃wg
r Rr . (57)

By taking the variation of Eq. (51), one obtains the following relation (see [5])

δwi = δwe
i −δwe

r (i = 1,2) , (58)

where use of Eq. (51) has been made along the fact that Rr transforms a vector and a tensor
from global to local coordinates according to

xe = RT
r xg, x̃e = RT

r x̃g Rr . (59)
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Let consider only the global translational and rotational variables

δdg =
[

δugT
1 δwgT

1 δugT
2 δwgT

2

]T
, (60)

and let

δde
g = ET

δdg, E =


Rr 0 0 0

0 Rr 0 0

0 0 Rr 0

0 0 0 Rr

 , (61)

with 0 denoting the 3×3 zero matrix.

Using the chain rule, δwi is evaluated as

δwi =
∂wi

∂de
g

∂de
g

∂dg
δdg =

∂wi

∂de
g

ET
δdg (i = 1,2) . (62)

Then Eq. (58) can be rewritten as[
δw1

δw2

]
=

[ 0 I 0 0

0 0 0 I

]
−

[
GT

GT

]ET
δdg = PET

δdg , (63)

where the matrix G is defined by

GT =
∂we

r
∂de

g
. (64)

For the local coordinate system defined in Eqs. (46) - (49), the above equation yield to

GT =


0 0

η

ln

η12

2
−η11

2
0 0 0 −η

ln

η22

2
−η21

2
0

0 0
1
ln

0 0 0 0 0 − 1
ln

0 0 0

0 − 1
ln

0 0 0 0 0
1
ln

0 0 0 0


, (65)

η =
p1

p2
, η11 =

p11

p2
, η12 =

p12

p2
, η21 =

p21

p2
, η22 =

p22

p2
, (66)

where (see Eq. (48)) p j and pi j are the components of the vectors RT
r p and RT

r pi, respectively.

5 INERTIA FORCE AND TANGENT DYNAMIC MATRIX

5.1 Local beam kinematic description

The local motion of a beam cross-section from the initial (i.e. rotated but still undeformed)
configuration to the current configuration is defined by [u1 u2 u3 ]

T, the translation of the cross-
section centroid G and θθθ = [θ 1 θ 2 θ 3 ]

T, the local rotation of the section (see Figs. 4 and 5)
and α , the warping intensity (see Eq. (13)).
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Figure 4: Local beam configuration - Translation.
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Figure 5: Local beam configuration - Rotation.

The main interest in the separation of the local deformation and the rigid body motion is
that different assumptions can be made to represent the local displacements. Hence, linear
interpolation is used for the axial displacement whereas cubic interpolations are used for the
transverse displacements and for the axial rotation. Then, due to the particular choice of the
local degrees of freedom, one has

u1
u2
u3
θ 1
θ 2
θ 3
α


=



N2 0 0 0 0 0 0 0 0
0 0 0 N3 0 0 N4 0 0
0 0 −N3 0 0 −N4 0 0 0
0 N7 0 0 N8 0 0 N3 N4
0 0 N5 0 0 N6 0 0 0
0 0 0 N5 0 0 N6 0 0
0 N9 0 0 −N9 0 0 N5 N6


dw

l , (67)

where the local nodal displacement vector dw
l is defined by Eq. (53).

The expressions of the interpolation functions are given by

N1 = 1− x
lo
, N2 = 1−N1, N3 = x

(
1− x

lo

)2

,

N4 =−
(

1− x
lo

)
x2

lo
, N5 =

(
1− 3x

lo

)(
1− x

lo

)
, N6 =

(
3x
lo
−2
)

x
lo
,

N7 = 1− 3x2

l2
o

+
2x3

l3
o

, N8 = 1−N7 , N9 =
6x2

l3
o
− 6x

l2
o
.

Let ul = [0 u2 u3 ]
T denotes the local transverse displacement vector. From Eq. (67), this vector
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is given by

ul = P1

[
θθθ1
θθθ2

]
, (68)

with

P1 =

0 0 0 0 0 0
0 0 N3 0 0 N4
0 −N3 0 0 −N4 0

 . (69)

From Eq. (67), the local rotation and the warping degree of freedom are given by

[
θθθ

α

]
=

[
P2 P3
P4 P5

] 
θθθ1
θθθ2
α1
α2

 , (70)

with

P2 =

N7 0 0 N8 0 0
0 N5 0 0 N6 0
0 0 N5 0 0 N6

 , P3 =

N3 N4
0 0
0 0

 , (71)

P4 =
[
N9 0 0 −N9 0 0

]
, P5 =

[
N5 N6

]
.

5.2 Translational displacement variables

The position of the cross-section centroid in the global coordinate system is given by (see
Fig. 4)

OG = xG = xg
1 +ug

1 +(x+u1)r1 +u2r2 +u3r3 . (72)

Using Eqs. (46), (50) and (67), the above relation can be put in the following form

OG = N1xg
1 +N2xg

2 +N1ug
1 +N2ug

2 +Rrul , (73)

with ul as defined in Eq. (68).

Then by taking the variation of the above equation, the following expression is obtained

δOG = δu = Nδdg +Rrδul +δRrul , (74)

with N =
[

N1I 0 N2I 0
]
.

One interesting property of N is that

N = Rr NE T . (75)

The variation δRr is calculated

δRr = Rr δ̃we
r . (76)
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From Eqs. (61) and (64),δwe
r is obtained as

δwe
r = GT ET

δdg . (77)

By taking the differentiation of Eq. (68), one obtains

δul = P1

[
δθθθ1
δθθθ2

]
. (78)

In the corotational approach, the local rotations at the nodes θθθi (i = 1,2), defined in Eq. (52),
are small and the operator Ts(θθθi) is close to the identity matrix. Consequently, see Eq. (5), the
following approximation is adopted

δwi ≈ δθθθi . (79)

Then, using Eqs. (63) and (79), the expression in (78) becomes

δul ≈ P1

[
δw1
δw2

]
= P1 PET

δdg . (80)

Inserting Eqs. (75) - (77) and (80) into Eq. (74), one obtains

δu = Rr H1 ET
δdg , (81)

where

H1 = N+P1 P− ũl GT . (82)

Obviously, the translational velocity of the cross-section centroid is given as

u̇ = Rr H1 ET ḋg . (83)

By taking the time derivative of the above equation, the expression of the translational acceler-
ation reads as follows

ü = Rr H1 ET d̈g +
(

ṘrH1 ET +Rr Ḣ1 ET +Rr H1 ĖT
)

ḋg , (84)

with Ḣ1 given in [32].

By noting that Ṙr = Rr ˜̇we
r (see Eq. (76)), one has

Ė = EEt , Et =



˜̇we
r 0 0 0

0 ˜̇we
r 0 0

0 0 ˜̇we
r 0

0 0 0 ˜̇we
r


. (85)

ẇe
r (see Eq. (77)) is calculated as

ẇe
r = GT ET ḋg . (86)

By introducing the notation

C1 = ˜̇we
rH1 + Ḣ1−H1 Et , (87)

Eq. (84) can be rewritten in a more compact form as

ü = Rr H1 ET d̈g +Rr C1 ET ḋg . (88)
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5.3 Finite rotations and warping variables

Combining Eq. (70) with the approximation defined in Eq. (79), the local spatial spin and
warping variables are calculated as follows

δw =
[
P2 P3

]
δw1
δw2
δα1
δα2

 , δα =
[
P4 P5

]
δw1
δw2
δα1
δα2

 . (89)

Using Eq. (63), the above equation leads to

δw =
[
P2 P3

][PET 0
0 I2

]
δdw

g =
[
P2 P P3

]
EwT

δdw
g , (90)

δα =
[
P4 P5

][PET 0
0 I2

]
δdw

g = H3 EwT
δdw

g , (91)

where

Ew =

[
E 0
0 I2

]
, I2 =

[
1 0
0 1

]
, H3 =

[
P4 P P5

]
. (92)

Using Eqs. (58) and (59), the spatial spin variables, associated to the global rotation of a cross-
section, are evaluated using

δw = Rrδwe = Rr (δwe
r +δw) . (93)

Using Eqs. (77) and (90), the above expression can be rewritten in as

δw = Rr H2 EwT
δdw

g , (94)

with

H2 =
[
P2 P+GT P3

]
. (95)

ẇ and α̇ are calculated with expressions similar to (91) and (94)

ẇ = Rr H2 EwT ḋw
g , α̇ = H3 EwT ḋw

g . (96)

ẅ is obtained by taking the time derivative of ẇ

ẅ = Rr H2 EwT d̈w
g +Rr

(˜̇we
r H2 + Ḣ2−H2 Ew

t

)
EwT ḋw

g , (97)

with Ḣ2 given in [32]

Ew
t =

[
Et 0
0 02

]
. (98)
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By noting that

P4 P =
[

0 0 0 N9 0 0 0 0 0 −N9 0 0
]
, (99)

and by taking the time derivative of α̇ , the expression of α̈ is obtained

α̈ = H3 EwT d̈w
g −H3 Ew

t EwT ḋw
g . (100)

Introducing Eqs. (91),(94),(96),(97), and (100) into Eq. (42), one obtains

δww =

[
Rr 0
0 1

] [
H2
H3

]
EwT

δdw
g = Rw

r Hw
2 EwT

δdw
g , (101)

ẇw = Rw
r Hw

2 EwT ḋw
g , (102)

ẅw = Rw
r Hw

2 EwT d̈w
g +Rw

r C2 EwT ḋw
g , (103)

where

C2 =

[˜̇we
r H2 + Ḣ2−H2 Ew

t
−H3 Ew

t

]
. (104)

5.4 Inertia force vector and tangent dynamic matrix

By inserting the expressions of δu and δww given in Eqs. (81) and (101) into Eq. (44), the
inertia force vector is obtained as

fw
k = Ew


[∫

lo HT
1 RT

r Aρ üdl

0

]
+
∫

lo
Hw

2
T Rw

r
T
[
I1

ρẅw + I2
ρẇw

]
dl

 . (105)

As shown in the above equation, the inertia force vector depends on dw
g , ḋw

g and d̈w
g . Hence,

linearization of this force vector is evaluated as follows

∆fw
k = M∆d̈w

g +Ck∆ḋw
g +Kk∆dw

g . (106)

Some authors [8,18] proposed to keep only the mass matrix M, and to eliminate the gyroscopic
Ck and centrifugal Kk dynamic matrices. However, in [30], extensive numerical studies have
shown that it is advantageous to retain also the gyroscopic matrix as it enhances the computa-
tional efficiency. The same approach is used here. The centrifugal matrix, whose derivation is
complicated and would give rise to a lengthy mathematical expression, is neglected. Therefore,
the iterative scheme of the present formulation is implemented with the following approxima-
tive linearization

∆fw
k ≈M∆d̈w

g +Ck∆ḋw
g . (107)

1101



T-N LE, J-M BATTINI,and M HJIAJ

From the expressions (88), (102) and (103), the following linearizations are derived

∆ü = Rr

[
H1 ET

∆d̈g +C1 ET
∆ḋg +(

∂C1

∂ ḋg
∆ḋg)ET ḋg

]
+ f (∆dg)

= Rr

[
H1 ET

∆d̈g +(C1 +C3)ET
∆ḋg

]
+ f (∆dg) , (108)

∆ẇw = Rw
r Hw

2 EwT
∆ḋw

g + f (∆dw
g ) , (109)

∆ẅw = Rw
r

[
Hw

2 EwT
∆d̈w

g +C2 EwT
∆ḋw

g +(
∂C2

∂ ḋw
g

∆ḋw
g )EwT ḋw

g

]
+ f (∆dw

g )

= Rw
r

[
Hw

2 EwT
∆d̈w

g +(C2 +C4)EwT
∆ḋw

g

]
+ f (∆dw

g ) , (110)

with C3 and C4 given [32].

Using the above linearizations, the expression of the mass matrix M is obtained as

M = Ew


[∫

lo HT
1 Aρ H1 dl 0

0 0

]
+
∫

lo
Hw

2
T Rw

r
T I1

ρ Rw
r Hw

2 dl

 EwT

= Ew Me EwT . (111)

Regarding the gyroscopic matrix Ck, the following intermediate variation is used

∂ I2
ρẇw

∂ ẇw ∆ẇw =

 ˜̇w (Iρ + Iα)∆ẇ+ ∆̃ẇ (Iρ + Iα)ẇ+ Ic (∆ẇ α̇ + ẇ∆α̇)

−∆ẇT I ′α ẇ− ẇT I ′α ∆ẇ


=

 ˜̇w (Iρ + Iα) Ic ẇ

−ẇT I ′α 0

∆ẇw +

 ˜(Iρ + Iα)ẇ + Ic α̇ 0

−ẇT I ′α
T

0

∆ẇw

=
(

I2
ρ + I3

ρ

)
∆ẇw . (112)

Finally, the gyroscopic matrix Ck is calculated from

Ck =Ew
{[∫

lo HT
1 Aρ (C1 +C3)dl 0

0 0

]
+
∫

lo
Hw

2
T Rw

r
T I1

ρ Rw
r (C2 +C4)dl

+
∫

lo
Hw

2
T Rw

r
T
(

I2
ρ + I3

ρ

)
Rw

r Hw
2 dl
}

EwT = Ew Ce
k EwT . (113)

In this work, the warping deformations and the eccentricity of the shear center have been taken
into account in deriving the inertial terms, see Eq. (13). Consequently, several additional terms
have been introduced in the expressions of the inertia force vector and the tangent (mass and
gyroscopic) matrices. The importance of these terms can be discussed. In the five numerical
examples presented in Section 7, it has been found, as expected, that the warping deformations
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in the dynamic terms have a negligible contribution to the response and can be omitted. This is
done by setting Iω = 0 in Eqs. (19) and (20).

The eccentricity of the shear center with respect to the centroid generates extra dynamic
terms whose importance has been investigated. It appears that for slender beams (Exam-
ples 7.1), these terms do not affect the results and can be therefore neglected. But as it has
bee shown in [32], they may have a significant contribution for short beams.

If Iω = yc = zc = 0 is adopted, then the expression of the inertia force vector in Eq. (105) can
be simplified as

fw
k = Ew


[∫

lo HT
1 RT

r Aρ üdl

0

]
+
∫

lo
HT

2 RT
r

[
Iρẅ+ ˜̇wIρẇ

]
dl

 , (114)

and similar simplifications apply also for the expressions of the mass and gyroscopic matrices.

6 Internal force vector and tangent stiffness matrix

The purpose of this section is to present briefly the derivation of the inertial force vector and
the tangent stiffness matrix. A complete description can be found in [5].

The local nodal displacements and rotations defined in Eq. (53) are extracted from the global
degrees of freedom using Eqs. (50), (51) and (52).

The local internal force vector fw
l and the local tangent stiffness matrix Kw

l associated with
δdw

l (see Eq. (54)) are derived using the same local beam kinematic description as in 5.1. How-
ever, to incorporate the bending shear deformations, the Hermitian shape functions for the trans-
verse displacements are slightly modified as suggested in the Interdependent Interpolation El-
ement (IIE) [39]. The Maple codes for fw

l and Kw
l are given [32]. A low order of geometrical

nonlinearity is introduced through a shallow arch strain description and the Wagner term.

The global internal force vector fw
g and the global tangent stiffness matrix Kw

g associated
with δdw

g (see Eq. (55)) are obtained through a change of variables based on the transformation
matrix Bw defined by

δdw
l = Bw

δdw
g . (115)

By equating the internal virtual work in both the global and local systems, the expression of the
global internal force vector fw

g is obtained as

fw
g = BwT fw

l . (116)

By taking the variations of Eq. (116), the expression of the global tangent stiffness matrix Kw
g

is obtained

Kw
g = BwT Kw

l Bw +
∂ (BwTfw

l )

∂dw
g

∣∣∣∣∣fw
l

. (117)

The expressions of fw
g and Kw

g are given in [5].
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7 NUMERICAL EXAMPLE

The purpose of the five numerical examples presented in this section is to assess the accuracy
of the proposed corotational dynamic formulation for beam with thin-walled cross-section. For
that, additional 3D-solid analyses are performed with the commercial finite element program
Abaqus.

Besides, the influence of the warping deformations (Iω) and the shear center eccentricity
(yc, zc) in the dynamic terms of the corotational formulation is also studied. In all the examples,
and as expected, the same results have been obtained with and without Iω in the inertia terms.
In Example which consists of a slender beams, the same results have been obtained with yc =
zc = 0. However, for the short beam (see [32], different results are obtained with and without
account for the eccentricity of the shear center.

Regarding the time integration method, the HHT α method with α = −0.05 is used in this
work. This energy-dissipative method, which is implemented in several commercial FEM pro-
grams (Abaqus, Lusas) and was employed by many authors [8, 11, 27], limits the influence of
high frequencies by introducing a numerical damping. However, a numerical damping gives
also a dissipation of the total energy, which can affect long time analyses. It can be noted that
for beam structures, more robust alternatives to the HHT α method have been proposed in the
literature [23].

In the present work, at the beginning of each time step, the predictor proposed by Crisfield
[12] for the particular case of linear inertia force vector and further developed for the general
case by the authors [30], is adopted. The idea of this predictor is to use the tangent operator at
the time instant tn to predict the values at the time instant tn+1.

Damping is not considered. The following convergence criterion is adopted: the norm of the
residual vector must be less than the prescribed tolerance ε f = 10−5.

The following material properties are used for all the five examples: E = 210 GPa, ν = 0.33
and ρ = 7850 kg/m3. All the dimensions in the figures are in meter.

7.1 Example: Cantilever beam with a T cross-section

The nonlinear dynamic behavior of a cantilever beam with a T cross-section, see Fig. 6, is
investigated. The eccentricity of the shear center is yc = 0.046 m. At the left end, the beam
is clamped and all degrees of freedom, including warping, are set to zero. At the point O of
the right end section, two time-varying loads are applied: FO

y = −50F , FO
z = 25F . The time

evolution of F is given in Fig. 7.

The cantilever is modeled using 40 corotational beam elements. Besides, the commercial
finite element software Abaqus is employed considering both beam and 3D-solid elements.
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Figure 6: Cantilever beam with T cross-section : geometrical data.

t

Figure 7: Cantilever beam with T cross-section - Loading history.

Figure 8: Cantilever beam with T cross-section - Time evolution of the displacement uy of point G.

For the beam analysis, 80 B31OS elements are used. The beam element B31OS has seven
degrees of freedom at each node. The additional degree of freedom represents the warping
of the beam cross-section. Linear interpolations are used for all variables. For the 3D-solid
analysis, the mesh consists of 18 ·160 = 2880 isoparametric 20 node elements (see Fig. 6). All
analyses are performed with a time step ∆ t = 10−3 s.
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Figure 9: Cantilever beam with T cross-section - Time evolution of the displacement ux of point G.

Figure 10: Cantilever beam with T cross-section - Time evolution of the displacement uz of point G.

The displacements of the right end centroid G are depicted in Figs. 8, 9, and 10. A very
good agreement in the predictions of both the corotational beam element and Abaqus 3D-solid
analyses is obtained. However, large discrepancies in the predictions of both Abaqus beam and
3D-solid models can be observed, especially in Fig. 8.

A small but increasing phase lead can be observed between the results obtained with the
corotational beam element and those obtained with the solid analysis. To investigate this aspect,
the problem has been run for a time period of 7 s. The results are shown in Fig. 11. It can be
observed that after 7 s the phase lead remains negligible. In fact, this increasing phase lead is
due to a small difference in the estimation of natural frequencies between the two models.
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Figure 11: Cantilever beam with T cross-section - Time evolution of the displacement uz of point G for 7 s.

8 CONCLUSIONS

In this paper, a corotational dynamic formulation for nonlinear analysis of beams with ar-
bitrary thin-walled cross-sections was developed. The formulation is an extension of the one
proposed by the authors in [31]. The same kinematic assumptions were used to derive the static
and dynamic terms. Hence, the element has seven degrees of freedom at each node and cubic
shape functions are used to interpolate local transverse displacements and axial rotations.

The warping deformations and the shear center eccentricity were fully taken into account in
the derivation of the dynamic terms. This leads to additional terms in the expressions of the
inertia force vector and the tangent (mass and gyroscopic) dynamic matrices.

A very good agreement between the results obtained with the corotational beam element
and the 3D-solid element was obtained. Besides, the numerical results also showed that the
warping deformations have a negligible influence in the dynamic terms and could be omitted.
As shown in [32] However, the additional dynamic terms due to the shear center eccentricity
cannot always be neglected.
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Abstract. In this paper we investigate the numerical performance of a monolithic Newton-
multigrid solver with domain decomposition smoothers for the solution of a class of stationary
incompressible FSI problems. The physics of the problem is described using a monolithic ap-
proach, where mass continuity and stress balance are automatically satisfied across the fluid-
solid interface. The deformation of the fluid domain is taken into account within the nonlinear
Newton iterations according to an Arbitrary Lagrangian Eulerian (ALE) scheme. Due to the
complexity and variety of the operators, the implementation of the Jacobian matrix in the non-
linear iterations is not a trivial task. To this purpose, we make use of automatic differentiation
tools for an exact computation of the Jacobian matrix. The numerical solution of steady-state
problems is particularly challenging, due to the ill-conditioning of the induced stiffness matrix.
Moreover, the enforcement of the incompressibility condition calls for the use of incompress-
ible solvers either of mixed or segregated type. At each nonlinear outer iteration the resulting
linearized system is solved with a geometric multigrid solver. We consider a GMRES smoother
preconditioned by an Additive Schwarz Method (ASM). The domain decomposition of the pre-
conditioner is driven by the natural splitting between fluid and solid domain. The numerical
results of some benchmark tests for steady-state cases show agreement with the literature and
an increased robustness with our choice of smoothers with respect to standard ones.
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1 INTRODUCTION

Fluid-Structure Interaction problems (FSI) are of great interest because of a large number of
applications arising in various fields such as aerodynamics, elasticity, civil engineering, biome-
chanics and hemodynamics. Examples of interesting problems are the fluttering of wings and
bridges, mechanical vibrations or water hammer effects in pipe networks, blood flow in large
arteries, parachute modeling and oil flow in porous media.

Nowadays, many challenging questions are still open in the FSI community ranging from
mathematical modeling and analysis to numerical discretization and computational issues. The
fluid and the structure influence each other in a nonlinear way. Indeed, the structure changes
its shape under the action of the fluid force and, conversely, the fluid flow is altered by the
structure deformation. The numerical solution of FSI problems is a very challenging task.
Several choices are possible for the description of the solid and fluid parts, the determination of
the unkwnown variables (velocity, displacement, pressure in fluid and in solid), the treatment of
the moving domain (ALE, interface tracking/capturing), the linearization procedure (linearize
then discretize or viceversa; fixed point, Newton), the choice of the linear solver.

In this work we intend to address two main difficulties concerning FSI simulations: station-
ary cases and incompressible materials, both for the fluid and for the solid part. Our intent is to
highlight the performance of multigrid methods with domain decomposition smoothers in the
case of steady-state saddle-point problems. Pseudo-time stepping schemes, in which a station-
ary solution is reached as a limit of a time sequence, are typically considered due to a better
conditioning of the linear systems to be solved. We do not consider here the use of pseudo-
time steppers and we treat the fluid and solid as purely incompressible, without introducing
slightly-compressible stabilization terms.

Concerning the coupling between the solid and fluid unknowns, we consider a monolithic
approach. Monolithic algorithms solve simultaneously for the fluid and the structure unknowns
in a unique solver, so that the solid and fluid regions are treated as a single continuum and the
boundary conditions at the interface are automatically satisfied ([9, 12]). Monolithic algorithms
are CPU-time expensive. This issue is enhanced in the case of incompressible formulation by
the saddle-point character of the system. In this work we consider a monolithic strongly coupled
strategy. This approach is the most robust and stable one among the strong coupling approaches,
but it requires the development of strategies to reduce the computational time.

We consider the case of large deformations, thus obtaining a nonlinear system of equations
for the displacement, velocity and pressure variables. The implementation of the Fréchet deriva-
tive of the nonlinear FSI operator needed for building the Jacobian matrix is not a trivial task.
We have chosen to compute the exact Jacobian matrix by using Automatic Differentiation (AD)
tools provided by the Adept software package [10]. Other variants have been proposed in liter-
ature for the linearization. In [11] quasi-Newton outer iterations with line search are performed
and the Jacobian matrix is computed by a divided difference approach. A Newton method with
the analytical computation of the Jacobian using shape-derivative calculus is considered in [6].
A quasi-Newton method in which the variation of the fluid domain in the fluid equations is
neglected is proposed in [5, 4].

Inspired by the Arbitrary Lagrangian Eulerian (ALE) formulation for solving time-dependent
PDEs in moving domains, we adopt this approach for the movement of the domain within the
nonlinear iterations. An appropriate arbitrary mapping is chosen from the fluid fixed reference
configuration to the current domain. The ALE mapping is constructed as a harmonic extension
of the trace of the structure displacement on the fluid-solid interface.
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The solution of the linear system in each linearization step is the most time-consuming part.
Multigrid solvers are taken into account for the solution of large sparse linear systems due to
their optimal computational complexity, at least for elliptic problems. In this paper we pro-
pose to use a geometric Newton-multigrid solver, in which Newton linearization is performed
as an outer iteration and the resulting Jacobian system is solved using a geometric multigrid
solver. Multigrid F-cycle schemes are considered with a GMRES smoother preconditioned by
an additive Schwarz method (ASM). In this work we observed that the use of domain decom-
position methods in the smoothing step guarantees convergence where standard smoothers fail.
Another advantage of these methods is to allow for an effective parallel implementation. While
the coarse grid solution is obtained by inverting the corresponding matrix with a direct sparse
solver, several local subproblems are solved on finer levels over subdomain patches.

Both multigrid and domain decomposition methods draw a lot of attention within the FSI
community. In [12] a geometric multigrid solver with a Multilevel Pressure Schur Complement
(MPSC) Vanka-like smoother is considered, with applications to nonstationary FSI problems
in biomechanics. Applications of this scheme to hemodynamics are also addressed in [22, 14].
Monolithic Newton-Krylov algorithms are studied in [8, 26]. In [8] the inner Krylov iterations
are preconditioned with algebraic multigrid methods, while an overlapping additive Schwarz
preconditioner is considered in [26] with application to parallel three-dimensional blood flow
simulations. A partitioned method in which multigrid is used either within the fluid and solid
solves or as an outer iteration is addressed in [16, 18]. Other numerical studies are available in
the literature on the use of domain decomposition Vanka-type smoothers for multigrid both in
Computational Fluid Dynamics (CFD) and in Computational Solid Mechanics (CSM) [1, 19,
24, 25, 14, 2].

The paper is organized as follows. In Section 2 we present the strong and weak formulations
of the stationary incompressible FSI problem under investigation. We describe the linearization
procedure by means of automatic differentiation, and we illustrate the features of the multigrid
linear solver with domain decomposition smoothing. Numerical results of benchmark problems
are presented in Section 3. Finally, we draw our conclusions.

2 FORMULATION OF THE FSI PROBLEM

2.1 Strong formulation

Let Ω̂ ⊂ R3 be a reference undeformed configuration for a given domain. Let Ω ⊂ R3 be the
deformed steady-state configuration. Let assume that there is a one-to-one, uniquely invertible,
sufficiently smooth mapping X of the reference configuration Ω̂ to the deformed configuration

X : Ω̂→ Ω .

It is clear that the mapping X depends on the choice of the reference configuration Ω̂. All
the reference configurations are in principle equivalent. For instance, we can set Ω̂ as the initial
(stress-free) configuration. Let us denote an arbitrary material point in the reference configura-
tion Ω̂ by x̂. The position of this point in the deformed configuration Ω is given by

x = X (x̂), for all x̂ ∈ Ω̂ .

Let Ωf and Ωs be the regions occupied by the fluid and the solid at the final deformed con-
figuration, respectively. In the stress-free configuration the fluid and solid region are defined by
Ω̂f and Ω̂s. Let Γi = Ωf ∩ Ωs and Γ̂i = Ω̂f ∩ Ω̂s be the interface between solid and fluid in the
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final and undeformed configuration, respectively. The deformation of the domain Ω = Ωf ∪Ωs

can be described by considering the two applications

X s : Ω̂s → R3 ,

X f : Ω̂f → R3 ,

such that Im(X s(·)) = Ωs, Im(X f (·)) = Ωf . The application X maps the position of any
material point x̂ from the given fixed reference configuration Ω̂ to the deformed configuration
Ω. The displacement field d : Ω̂→ R3 is defined as

d(x̂) = X (x̂)− x̂ = x− x̂ , (1)

d =

{
ds on Ω̂s

df on Ω̂f
. (2)

In the solid domain ds is the actual solid displacement. In the fluid domain df is an artifi-
cial displacement with no physical meaning that is used to map the deformation of the fluid
domain which occurs because of the deformation of the solid domain. The displacement d
is an unknown of the FSI problem, and its knowledge also defines the unknown steady state
configuration Ω = Ω(d), where x ∈ Ω is given by

x = x̂ + d(x̂). (3)

The velocity field u : Ω̂→ R3

u =

{
us on Ωs

uf on Ωf
(4)

represents the fluid flow velocity uf in the fluid domain and the solid velocity us in the solid
domain. Since we only consider steady-state solutions we assume us = 0 everywhere in the
solid domain, including on the solid-fluid interface. Both the displacement d and the velocity
u are continuous across the interface and are treated as monolithic fields on the whole domain.

In the following we will use the notations ∇̂ or∇ to refer to the del operator in the reference
or in the deformed configuration, respectively.

The steady state momentum and mass balance equations for the solid and the fluid can be
written as

∇ · σs + f s = 0 in Ωs(d) , (5)

− ρ(u · ∇u) +∇ · σf + f f = 0 in Ωf (d) , (6)

J − 1 = 0 in Ω̂s , (7)

∇ · u = 0 in Ωf (d) . (8)

Here, ρ is the fluid density, f s and f f are the body forces in the solid and fluid domain, respec-
tively. In Eq.(7)

J = detF,

where F is the deformation gradient tensor, F = I + ∇̂d. Notice that the gradient is taken with
respect to the reference configuration. The symbol σ denotes the stress tensor (or Cauchy stress
tensor in the solid). For incompressible fluid flows the stress tensor is given by

σf (u, p) = −pI + µ∇u in Ωf , (9)
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where µ is the fluid viscosity. For the solid we consider either the case of an incompressible
Neo-Hookean material

σs(d, p) = −pI + 2C1B in Ωs , (10)

or the case of an incompressible Mooney-Rivlin material

σs(d, p) = −pI + 2C1B− 2C2B
−1 in Ωs , (11)

where the constants C1 and C2 depend on the mechanical properties of the material and

B = FFT

is the left Cauchy-Green deformation tensor. The Neo-Hookean and Mooney-Rivlin hyperelas-
tic models can be used for large strains. In Eqs. (6), (10) and (11) p is the pressure field and has
to be computed. In the fluid domain pf is the actual fluid pressure, while in the solid domain
ps does not have a clear physical meaning and can be regarded mathematically as the Lagrange
multiplier associated to the incompressibility constraint (7). Similar mathematical interpreta-
tion can also be given to the fluid pressure pf with respect to the incompressible constraint (8).
Although we use a monolithic formulation also for the pressure p, we do not require pressure
continuity across the solid-fluid interface.

We remark that the solid and fluid momentum equations are written in the final deformed
configuration Ω, as well as the fluid divergence-free condition. The mass conservation for the
solid is instead written in the stress-free configuration.

On the solid fluid interface we also enforce the stress continuity condition

σf · n = σs · n on Γi(d), (12)

where n is the unit normal vector on the deformed interface Γi(d) whose direction has been
fixed either from the fluid to the solid or from the solid to the fluid. No other interface condition
is needed for the velocity and the displacement since, as we already pointed out, these are
monolithic fields and their continuity is automatically satisfied.

Since these equations are posed on an unknown domain, their linearization will involve a
domain update. The kinematic conditions for the movement of the domain are chosen to satisfy

0 = u in Ω̂s , (13)

0 = ∇̂ · (k(x̂)∇̂d) in Ω̂f , (14)

where the role of the function k(x̂) is described below. The mesh deformation is dealt based
on the sizes of the elements. Following the work in [15] and [17] we want smaller elements
to be stiffer than larger ones. In regions where the mesh would undergo large distortions (e.g.
the region near the fluid-solid interface) we refine and build smaller and stiffer elements, in
order not to degrade the mesh quality. This is easily achieved setting the function k(x̂) to be
a piecewise-constant function discontinuous across the element boundary and whose value is
given by

k(x̂) =
1

Vel

,

where Vel is the volume of the mesh element that contains the x̂ coordinate.
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2.2 Weak formulation

In this part of the paper we focus on describing how the weak formulation of the FSI problem
is achieved using a monolithic approach. In this section we do not put too much emphasis on the
external boundary conditions, rather we assume that they are given, are physically meaningful
and compatible with all our assumptions. Different types of boundary conditions require us to
modify the Sobolev spaces on which the solution and the shape functions are defined. Later in
the numerical example part we will be more specific in choosing and describing the boundary
conditions. For the sake of simplicity we assume here physically compatible Dirichlet boundary
data everywhere.

Let the domain be divided as Ω = Ωs ∪ Ωsf ∪ Ωf . Here, Ωs and Ωf denote the solid and
fluid parts respectively, while Ωsf is the union of the supports of the shape functions associated
to the interface degrees of freedom. We will also define Ωsf = Ωs,i ∪Ωf,i, with Ωs,i ∩Ωf,i = ∅.
Namely, we assume the interface Γi to be on the boundary of Ωs and Ωf and contained inside
Ωsf .

Let d,u and p denote the displacement, velocity and pressure, respectively. After multipli-
cation by appropriate test functions and integration by parts, the weak problem of the coupled
FSI reduces in finding d,u, p inH1(Ω)×H1(Ω)× L2(Ω) such that∫

Ωs(d)

σ(d, p) : ∇φd − f s · φd = 0, ∀ φd ∈H1
0(Ωs(d)), (15)∫

Ωs,i(d)

σ(d, p) : ∇φd − f s · φd

+

∫
Ωf,i(d)

ρ(u · ∇u) · φd + σ(u, p) : ∇φd − f f · φd = 0, ∀ φd ∈H1
0(Ωsf (d)), (16)∫

Ω̂f

k(x)∇d · ∇φd = 0, ∀ φd ∈H1
0(Ω̂f ), (17)∫

Ω̂s

u · φu = 0, ∀ φu ∈H1(Ω̂s), (18)∫
Ωf (d)

ρ(u · ∇u) · φu + σ(u, p) : ∇φu − f f · φu = 0, ∀ φu ∈H1
0(Ωf (d)), (19)∫

Ω̂s

(J − 1)φp = 0, ∀ φp ∈ L2(Ω̂s), (20)∫
Ωf (d)

φp∇ · u = 0, ∀ φp ∈ L2(Ωf (d)), (21)

with appropriate boundary conditions on Ω. Notice that Eq. (15) represents the momentum bal-
ance inside the solid domain, while equation Eq. (19) represents the momentum balance inside
the fluid domain. Eq. (16) satisfies the momentum balance on the interface region between the
fluid and the solid domain. The test functions in Eq. (15) and Eq. (19) are on H1

0(Ωs(d)) and
H1

0(Ωf (d)), respectively, thus the two sets of equations are defined in two disjoint subdomains.
The momentum exchange between these regions occurs through Eq. (16) where the test func-
tions are defined onH1

0(Ωsf (d)), thus on a domain which overlaps with both the solid and fluid
parts. It is worth noting that, by the coupling conditions (12), the two boundary terms that result
from integration by parts at the solid-fluid interface Γi cancel out. This assures that stresses at
the interface are correctly balanced.
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Eq. (17) is the auxiliary displacement equation inside the fluid domain. Notice that the
test functions are in H1

0(Ω̂f ). In other words the solution of this equation yields a smooth
displacement field inside the fluid domain for given values on the boundary of Ω̂f . Thus, this
equation does not affect directly the value of the displacement on the solid-fluid interface, which
is an unknown of the problem that is evaluated by solving the other parts of the system.

Eq. (18) constrains the solid velocity to be equal to zero both inside the solid region and on
its boundary, including the solid-fluid interface Γ̂i, since the test functions are taken inH1(Ω̂s).

Eqs. (20) and (21) represent the mass continuity constraints in the solid and fluid domains,
respectively.

An idea of the variable dependence pattern for the equations in the previous system is given
in Figure 2.2. Notice that in the figure we shaded in black the variables that appear explicitly in

momentum solid

momentum interface

auxiliary displacement

auxiliary velocity

momentum fluid

continuity solid
continuity fluid

(15)

(16)

(17)

(18)

(19)

(20)
(21)

u u pd pd
ss s fff

Figure 1: Variable dependence pattern associated to system (15)-(21).

the integrands and in gray the variables that appear indirectly because the integrals are evaluated
on the deformed domain Ω(d). For the sake of clarity we split the solution variables in the solid
and fluid parts by adding the corresponding superscripts s and f , but we emphasize that the
formulation is monolithic and the solution variables are defined on the whole domain Ω.

It is worth nothing that the Jacobian matrix associated to equation system (15)-(21) has
exactly the same sparsity pattern as in Figure 2.2. The accurate choice of the equation ordering
(and corresponding shape function choice) optimizes the diagonal structure of the Jacobian
matrix and is crucial for achieving convergence of the proposed algorithm.

2.3 Automatic differentiation for the evaluation of the tangent operator

The nonlinear system (15)-(21) is solved by using a Newton scheme. Let v = (d,u, p) and
rewrite the equation system (15)-(21) in compact notation as

F(v) = 0. (22)

Let v0 be an initial guess. Then a single Newton iteration is given by

vi = vi−1 − J −1(vi−1)F(vi−1) for i ≥ 1, (23)
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and it is repeated till the difference in norm between two successive solutions ‖vi−vi−1‖ drops
below a given tolerance value. Here, J (v) is the tangent operator (or Jacobian) of F in v and
it is evaluated as

J (vi) =
∂F
∂v

(vi).

This basic iteration exhibits quadratic convergence provided that the initial guess is sufficiently
close to the solution. As already pointed out the Jacobian exhibits the same dependence variable
pattern as the original system (15)− (21) as described in Figure 2.2.

For the considered problem the symbolic differentiation of J is cumbersome, due to the
presence of the integrals evaluated on the moving domain Ω(d). An approximate evaluation
of J can be done either by neglecting some of the dependencies or by using approximate
differentiation perturbing each component of v in F(v). In the current work the authors have
instead computed the exact Jacobian using fast reverse automatic differentiation as described in
[10]. Automatic differentiation is a set of techniques that numerically evaluate the derivative of
a function specified in a computer program. It exploits the fact that every computer program
executes a sequence of elementary arithmetic operations (addition, subtraction, multiplication,
division, etc.) and elementary functions (exp, log, sin, cos, etc.). By applying the chain rule
repeatedly to these operations derivatives of arbitrary order can be evaluated. Among the several
libraries available we have chosen Adept, a software library that enables algorithms written in
C and C++ to be automatically differentiated using operator overloading strategy.

It is worth noticing that in almost all the other works available in literature the authors prefer
to rewrite all the equations in (15)-(21) in the fixed domain Ω̂ using Kirchhoff-Piola tensor
multiplication and Jacobian transformation, in order to avoid differentiation in moving domains.
This approach greatly complicates the formulation of the problem, but it is preferred because
once the equations are written in the fixed domain then the exact Jacobian J can be evaluated
using symbolic differentiation (however, it still remains a challenging task in both derivation
and numerical implementation). In our algorithm such an approach is not needed at all, and we
choose to rewrite each equation in the domain configuration that is most convenient and to use
automatic differentiation for the evaluation of the Jacobian. This approach results in high clarity
for the formulation, as well as exactness and ease of use in the numerical implementation.

2.4 Multigrid discretization and inter-grid operators

We hereby describe the general ideas that lie behind the multigrid algorithm used to discretize
and solve the FSI system for the variables d, u, and p. By starting at the coarse level l = 0,
we discretize the entire domain Ω̂ into a collection of finite elements, with the constraint that
any point on the solid-fluid interface Γ̂i is located on the boundary between two elements.
A geometrically conforming coarse triangulation T 0

h is then generated not only on the entire
domain Ω̂, but also on the subdomains Ω̂s, Ω̂f , and Ω̂0

sf . Recall that we defined Ω̂sf to be the
union of the supports of all the test functions associated to the interface degrees of freedom.
Therefore its extension depends on the triangulation and is given by the collection of all the
finite elements adjacent to the interface Γ̂i. For this reason we added the apex notation, Ω̂0

sf ,
indicating the level mesh where it is defined.

Based on a simple element midpoint refinement, successive level meshes T lh are built recur-
sively up to the top level l = n. Every triangulation T lh is geometrically conforming within all
domains Ω̂, Ω̂s, Ω̂f and Ω̂l

sf . The nodes of the coarser mesh are always included in the nodes
of the finer mesh. This is the key point for this kind of discretization and it is always true for
different level meshes generated by using midpoint refinement.
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Let Vl(Ω̂) ⊂ H1(Ω̂) be a finite-element space built on the triangulation T lh , and let Vl(Ω̂s),
Vl(Ω̂f ), and Vl(Ω̂l

sf ) be the corresponding spaces obtained by the restriction of Vl(Ω̂) to the
subdomains Ω̂s, Ω̂f , and Ω̂l

sf , respectively. Then the following nested relations between the
spaces hold

V0(Ω̂) ⊂ V1(Ω̂) ⊂ · · · ⊂ Vn(Ω̂), (24)

V0(Ω̂s) ⊂ V1(Ω̂s) ⊂ · · · ⊂ Vn(Ω̂s), (25)

V0(Ω̂f ) ⊂ V1(Ω̂f ) ⊂ · · · ⊂ Vn(Ω̂f ), (26)

but

V0(Ω̂0
sf ) * V1(Ω̂1

sf ) * · · · * Vn(Ω̂n
sf ), (27)

since the domain Ωl
sf reduces in size as l increases.

Similarly, let X l(Ω̂) ⊂ L2(Ω̂) be a finite-element space built on the triangulation T lh , and
let X l(Ω̂s) and X l(Ω̂f ), be the corresponding spaces obtained by restriction of X l(Ω̂) to the
subdomains Ω̂s, and Ω̂f , respectively. Then the following nested relations between the spaces
hold

X0(Ω̂) ⊂ X1(Ω̂) ⊂ · · · ⊂ Xn(Ω̂), (28)

X0(Ω̂s) ⊂ X1(Ω̂s) ⊂ · · · ⊂ Xn(Ω̂s), (29)

X0(Ω̂f ) ⊂ X1(Ω̂f ) ⊂ · · · ⊂ Xn(Ω̂f ). (30)

We solve for the FSI problem on the finest level spaces V = Vn and X = Xn. The solution
triplet (d,u, p) is sought in the finite dimensional space V×V×X . We recall that the pair of
spaces V×X , chosen for coupling either the solution variables (d, p) or (u, p) have to be taken
appropriately in such a way that the discrete inf-sup condition is satisfied. This guarantees the
stability of the approximation for both the incompressible hyperelastic material and the incom-
pressible Navier-Stokes equation. We have chosen for V the space of biquadratic Lagrangian
polynomials and for X the space of linear discontinuous polynomials, where the discontinu-
ity occurs across the element boundaries. This last choice is well suited for the pressure field
p since we do not enforce any continuity between the fluid and the solid pressure across the
interface.

The coarser spaces are used to define and solve a Full Newton Geometric Multigrid Algo-
rithm scheme, however extra attention should be given to define the inter level transfer operators
between levels. The coarse-to-fine (prolongation) operator is classical and is taken to be the nat-
ural injection on the whole domain Ω̂

I ll−1 : Vl−1 ×Vl−1 ×X l−1(Ω̂) −→ Vl ×Vl ×X l(Ω̂), (31)

given by
I ll−1v = v , for all v ∈ Vl−1 ×Vl−1 ×X l−1(Ω̂). (32)

The fine-to-coarse (restriction) operator is non classical, due both to the choice of the test func-
tion support and to the special ordering of the equations in the equation system (15)-(21). Rather
than defining it in a formal mathematical setting (that will just over-complicate this discussion)
we prefer to emphasize the major differences between a classical restriction operator and the
current one.
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When the multigrid algorithm is built on nested finite element spaces, the prolongation oper-
ator I ll−1 is generally taken to be the natural injection between the two nested level spaces V l−1

and V l, with V l−1 ⊂ V l, as

I ll−1 : V l−1 → V l . (33)

I ll−1v = v, for all v ∈ V l−1. (34)

Then, the corresponding restriction operator is defined to be the transpose of I ll−1 with respect
to the inner product (., .). In other words

I l−1
l : V l → V l−1 , (35)

(I l−1
l v, w) = (v, I ll−1w) for all v ∈ V l and w ∈ V l−1. (36)

This is done under the underlying assumption that the set of partial differential equations as-
sociated to a particular test function is defined on the whole domain. In the equation system
(15)-(21) this assumption is violated, since the equations have been fragmented, shuffled and
defined piecewise on part of the domain. Moreover, in the interface momentum equation 16, the
test functions in the target set have support Ωl−1

sf larger than the support Ωl
sf of the test functions

in the original set. Therefore contributions from the other momentum equations are needed.
To overcome these obstacles we build the restriction operator for each equation set, with spe-
cial attention to the momentum interface equations. With reference to Figure 2.4, we have the
following:

• the coarse solid momentum equations are obtained by restricting only the fine solid mo-
mentum equations;

• the coarse interface momentum equations are obtained by contributions not only from the
interface but also from the solid and fluid momentum equations;

• the coarse auxiliary displacement equations are obtained by restricting only the fine aux-
iliary displacement equations on the fluid domain;

• the coarse auxiliary velocity equations are obtained by restricting the fine auxiliary ve-
locity equations both on the solid domain and on the interface;

• the coarse fluid momentum equations are obtained by restricting only the fine fluid mo-
mentum equations;

• mass continuity equations are restricted in a standard way since the test functions associ-
ated to them are discontinuous and no interaction occurs between the two subdomains.

2.5 Domain decomposition for the multigrid algorithm

In the Newton-multigrid solver at each level we use a GMRES smoothing algorithm, where
the tangent matrix is preconditioned by means of a domain decomposition strategy. In partic-
ular, we use an Additive Schwarz Method (ASM) with overlapping subdomains, where first
we split the whole domain in the fluid and solid subregions, and then we further divide each
subregion into smaller blocks. In each block the equations to be solved are taken following a
Vanka-type strategy. The Vanka-type class of smoothers can be seen as a block Gauss-Seidel
method (for details see [13, 1, 19, 24]). In each step several small linear systems are solved,
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Figure 2: Restriction Scheme

each of which corresponds to all the degrees of freedom (DOFs) associated within the block of
elements. Each subsystem is then solved using a direct or iterative solver. Notice that the DOFs
associated to an element consists in displacement, velocity and pressure. While the support of
the test functions associated to the pressure DOFs is limited to the element itself, the support of
the test function associated to the displacement and velocity DOFs extends to the neighboring
elements. This extension is responsible for the overlapping and the exchange of information
between blocks.

3 NUMERICAL RESULTS

We seek to validate and evaluate the accuracy and performance of the proposed Newton-
multigrid solver for a set of FSI benchmark configurations that can be found in the literature
(see [3, 7, 23]).

3.1 Steady-state two-dimensional Hron-Turek FSI1 test

In [20] the authors proposed a benchmark for testing and comparing different numerical
methods and code implementations for fluid-structure interaction problems. This benchmark is
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based on the older successful flow around cylinder setting developed in [21] for incompressible
laminar flow. The overall setup of this interaction problem consists of an elastic solid object
attached to a infinite rigid cylinder in a laminar channel flow. The fluid is supposed to be incom-
pressible and the structure is allowed to be compressible or incompressible. The magnitude of
the average inlet velocity is chosen in order to induce a steady flow and stationary deformations.

The computational domain is based on the 2D version of the well-known flow around cylin-
der benchmark and it is shown in Figure 3. The parameters which define the geometry are given
as follows:

• the domain dimensions are: length L = 2.5m, height H = 0.41m;

• the circle center is positioned atC = (0.2m, 0.2m) (measured from the left bottom corner
of the channel) and the radius is r = 0.05m;

• the elastic structure bar has length l = 0.35m and height h = 0.02m; the right bottom
corner is positioned at (0.6m, 0.19m), and the left end is fully attached to the fixed and
rigid cylinder;

• the control point is A on the tip of the structure, with undeformed coordinates A0 =
(0.6m, 0.2m).

The thickness and the length of the beam are chosen in order to reduce the bending stiffness
without introducing additional numerical complications connected with high aspect ratios in
the geometry. As reported in [21], the setting is intentionally non-symmetric to prevent the
dependence of the onset of any possible oscillation on the precision of the computation.

L

l

H

(0, 0)

l

rC
hA

Figure 3: Computational domain and detail of the beam.

The FSI problem at hand needs to prescribe some boundary conditions.

• A parabolic velocity profile is prescribed in the left channel inflow section

vf (0, y) = 1.5Um
y(H − y)(

H
2

)2 = 1.5Um
4.0

0.1681
y(0.41− y) . (37)

• As outflow boundary condition the reference pressure at the outflow section is set to have
zero mean value. This value has no influence on the solid deformation since fluid and solid
are both incompressible. This is not true if the structure is supposed to be compressible.

• The no-slip condition is prescribed for the fluid on the other boundary edges. i.e. top and
bottom wall, circle and fluid-structure interface.
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We point out that the initialization of the nonlinear algorithm is performed by prescribing zero
velocity in the fluid and no deformation in the structure.

The results of the benchmark computations are summarized in Table 2: d1(A) and d2(A) de-
note the displacements in x− and y−direction of the control point A. The column “ndof” refers
to the sum of unknowns for all velocity components, pressure, and displacement components.

Table 1: Parameter settings for the Hron-Turek FSI1 benchmark.

Parameter symbol measure unit FSI1

Fluid density ρf [103Kg
m3 ] 1

Fluid viscosity νf [10−3m2

s
] 1

Solid density ρs [103Kg
m3 ] 1

Poisson coefficient νs - 0.4
Shear modulus µs [106 Kg

ms2
] 0.5

Density ratio β - 1
Dimensionless shear modulus Ae - 3.5 ×104

Average inlet velocity Um [m
s

] 0.2
Reynolds number Re - 20

All simulations have been performed with a fully implicit monolithic ALE-FEM method
with a fully coupled multigrid solver as described in the previous chapter. For the validation of
the employed fluid and solid solvers, we performed computations for different levels of spatial
discretization (see Table 2).

The FSI test has been performed for an inflow speed resulting in a steady state solution. The
parameter values of the test are given in the Table 1. This configuration of the benchmark has
been named FSI1 by the authors who proposed it.

Table 2: Results for FSI1.

# of Levels nel ndof d1(A)[×10−3] d2(A)[×10−3] drag lift

1 792 15,640 0.02277155 0.81681181 14.29122 0.77623
2 3,168 61,376 0.02274210 0.81849791 14.28967 0.77512
3 12,672 243,136 0.02271325 0.81848982 14.28475 0.77456
4 50,688 967,808 0.02269713 0.81855286 14.28432 0.77424

ref. 0.0227 0.818 14.284 0.774

3.2 Steady-state vertical beam test

The second test example is based on a 2D classical benchmark proposed by COMSOL Mul-
tiphysics and consists of a narrow vertical structure attached to the bottom wall of a horizontal
channel which bends under the force due to viscous drag and fluid pressure. As in the previous
benchmark the fluid and solid are both incompressible.
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The model geometry consists of a horizontal flow channel in the middle of which an obstacle,
a narrow vertical structure, is placed. The fluid flows from left to right, except where the
obstacle forces it to flow into a narrow path in the upper part of the channel, and it exerts a
force onto the structure wall resulting from the viscous drag and fluid pressure. The deformable
structure bends under the applied force thus modifying the path followed by the fluid flow. The
parameters which define the geometry are shown in Figure 4:

• the channel dimensions are: length L = 300µm, height H = 100µm;

• the elastic vertical structure has length l = 35µm and height h = 5.5µm; the left side is
positioned at d = 100µm away from the channel’s left boundary and the bottom end is
fully attached to the bottom wall of the channel; the top end of the beam is semicircular
which radius is r = 5µm;

• the control point isA, attached to the top of the vertical narrow structure, with undeformed
coordinates A0 = (105µm, 55µm).

As for the previous benchmark, the thickness and the length of the vertical structure are chosen
in order to get a significant excursion of the beam without introducing additional numerical
complications connected with high aspect ratios in the geometry.

H

L

d
h

r
A

(0, 0)

l

Figure 4: Computational domain.

The fluid flow in the channel is described by the incompressible Navier-Stokes equations for
the velocity field v and the pressure p in the ALE (deformed) moving coordinate system. We
assume that no gravitation or other volume forces affect the fluid motion. An incompressible
water-like substance with a density ρf = 1000Kg/m3 and dynamic viscosity µf = 0.001Pa · s
has been used as a fluid.

The structural deformations are solved by using a neo-Hookean hyperelastic material model
and a nonlinear geometry formulation to allow large deformations. The structure consists of a
narrow vertical flexible material with a density of ρs = 7850Kg/m3, Young’s modulus E =
200kPa and Poisson coefficient νs = 0.50.

At the channel entrance on the left, the flow has fully developed laminar with a parabolic ve-
locity profile. At the outflow (right boundary), a do-nothing boundary condition is prescribed.
On the solid (non-deforming) walls, no-slip conditions are imposed, v = 0, while on the de-
forming interface the continuity of the velocity between fluid and solid is prescribed.

The obstacle is fixed to the bottom of the fluid channel. All other beam boundaries experience
a load from the fluid, given by

σs|γi = (−pfI + µf (∇v + (∇v)T )) · n ,

where n is the normal vector to the boundary. This load represents the sum of pressure and
viscous drag forces.
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In this FSI benchmark we are interested in the computation of the displacement of a beam
subject to a bending force in order to highlight the potentiality of the multigrid algorithm that
has been presented in the previous chapter. The results of the benchmark computations are
collected in Table 3. We report the number of refinement, the number of elements, the number
of DOFs, the x and y displacements and the drag and lift forces.

The reference values are compared with the results obtained by solving the model using
COMSOL Multiphysics.

Table 3: Results for COMSOL benchmark.

# of Levels nel ndof d1(A) d2(A) drag lift

2 1,088 21,188 1.080789e−05 −1.357274e−06 0.0094275 -0.395467
3 4,352 83,716 1.081792e−05 −1.359843e−06 0.0083106 -0.384255
4 17,408 332,804 1.082601e−05 −1.361546e−06 0.0050521 -0.384331

ref. 1.0826e−05 −1.361e−06 0.005 -0.384

4 CONCLUSIONS

In this work we presented a monolithic Newton-multigrid solver with domain decompo-
sition smoothing for the solution of stationary incompressible FSI problems. This class of
problems presents several challenging features due to the nonlinearity of the operators, the
ill-conditioning of the matrices for steady-state cases and the enforcement of the incompress-
ibility constraint. The Jacobian matrix in the Newton linearization of the FSI operator has been
computed exactly by means of automatic differentiation tools. The numerical results are in
agreement with benchmark solutions. Robust computations of FSI steady-state solutions can
be performed with the proposed multigrid algorithm. No pseudo-time stepping needs to be
introduced, which brings to a drastic reduction in computational time.
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[16] Michael Schäfer, Marcus Heck, and Saim Yigit. An implicit partitioned method for the
numerical simulation of fluid-structure interaction. In Fluid-structure interaction, pages
171–194. Springer, 2006.

[17] K Stein, T Tezduyar, and R Benney. Mesh moving techniques for fluid-structure interac-
tions with large displacements. Journal of Applied Mechanics, 70(1):58–63, 2003.
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Abstract. Rockfall barriers are key protection systems in mountainous regions worldwide. They
are composed of a netting intercepting structure connected to steel posts by means of wire-rope
cables anchored to the ground. Additional energy dissipating devices can be attached to the
cables. Rockfall barriers are designed to intercept and capture falling rocks with kinetic en-
ergies from 100 to about 10000 kJ. They dissipate rock kinetic impact energies by friction and
plasticity. The accurate prediction of the dissipation rate, forces transmitted to the anchors and
wire-net deformations depends on the approximation of contact interactions among the differ-
ent structural components of the system. To treat the complex contact interactions occurring
in a rockfall barrier in an efficient and accurate manner a computational scheme relying on a
general contact algorithm has been developed in previous work. An issue that arises pertains
to the tensile and bending coupling taking place at the connections of the chain-link netting. We
considered tensile quasi-static laboratory tests to derive FE models that adequately describe
such a behavior. In order to deliver a more resistant connection design, a local enhancement
is proposed herein. The modified setup is optimally configured via a numerical optimization
procedure and its benefits against the standard design are illustrated by means of numerical
simulations. The developed modeling tools prove to comprise a versatile platform for enhanc-
ing existing designs of rockfall barriers, thereby extending the efficacy and performance of
industrial solutions.
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1 INTRODUCTION

When a block or group of blocks detach from a rock face, they propagate rapidly downs-
lope, endangering settlements and roadways. Rockfall is common problem in mountain regions
worldwide, resulting in casualties and damage to infrastructure [1, 2]. Rockfall events are miti-
gated using either passive or active measures. Concrete shelters, rockfall dams, drapery/netting,
and flexible wire-net barriers are common passive protection measures against rockfalls. These
systems do not prevent the rockfall phenomenon but attempt to control the outcome. The pur-
pose of passive measures is to dissipate the kinetic energy of rock impact by controlled plasticity
and friction.

Today, the use of flexible protection systems is one of the most common rockfall protection
measures [3]. These systems deform significantly to dissipate the impact kinetic energy of
falling rocks. The forces transmitted to the ground are significantly smaller in comparison to
rigid systems such as concrete shelters. Intercepting netting is responsible for slowing down the
dissipation process. High-performance wire-netting is therefore engineered to have a non-linear
response [4].

Product development in the sector of rockfall flexible systems has been carried out using a
classical engineering approach. This approach is based on intuition, experience of the design
engineer and extensive number of large scale experiments. As a result, product development
in this sector is slow and expensive [4]. The aim of this paper is to show how an accurate FE
simulation scheme in conjunction with optimization techniques can be used to develop new
designs in a cost-effective manner.

Explicit Finite Element (FE) calculation schemes have been developed to simulate rockfall
barriers in multi-purpose commercial codes like LS-DYNA and Abaqus [5, 6, 7, 8, 9, 10]. Initial
FE simulations supported in Abaqus/Explicit [11] made use of a Contact Pairs (CP) algorithm
[5]. This algorithm was able to only consider the interaction between slave nodes belonging to
the wire-net truss elements and the impactor modelled as a rigid body. This approach neglected
bending deformations in all structural components. Furthermore, it allowed only small relative
motions of the support cables at the connections with the steel posts.

Parametric studies on similar rockfall FE models were carried out to assess several prototype
modifications [6, 9]. The computational scheme was therefore developed to obtain results in a
short time. This scheme neglects bending deformations and contact interactions between wire-
net components. The authors approximated the real ring-net geometry by simpler geometries
neglecting contact. Moreover, the sliding of the cables through the posts was roughly approxi-
mated by means of special connector elements. With these schemes GC algorithms were used
under their capabilities in order to limit the computational effort. The model simplifications
cause the barrier model to behave more rigidly in comparison to the real barrier. Therefore,
numerically evaluated cable forces were higher and the time to achieve the impactor kinetic
energy dissipation was smaller in comparison to experimentally measured values [6, 9]. Fur-
thermore, the use of an "equivalent" numerical panel with different geometry caused the netting
deformation pattern to differ from the real net. Recent FE methodologies representing contact
in a more accurate manner have been implemented in LS-DYNA to model wire-nets subjected
to impact [8] or rockfall barriers [10]. A FE model of a rockfall barrier with wire-rope cables
and braces as part of the interception structure was implemented in LS-DYNA [10]. In this
approach, a one-side contact algorithm [12] is used to treat the interactions of the impactor with
the wire-netting and wire-rope cables. This algorithm only requires the definitions of the slave
surface. To enforce contact properly, the slave surface needs to have a relatively fine mesh.
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Moreover, the stiffer body needs to play the role of the master. Additionally, a single surface
algorithm [12] was used to treat additional interactions in a rockfall barrier. This algorithm con-
siders contact inside a slave surface list. Edge-to-edge and beam contact were considered with
this approach. This model takes into account contact between rope elements of the net. The
posts and impactor are modelled with solid elements. However, this modelling scheme leaded
to significant unresolved penetrations. A detailed FE model of a ring-net attached to support
cables that were connected to a rigid frame was accomplished [8]. In this case the impactor was
a concrete spherical ball. The simulation results showed a very good match of the deformation
pattern and overall stiffness.

Discrete Element (DE) calculation schemes have been developed in special-purpose codes
[13, 14, 15, 16]. A pure master-slave contact algorithm was developed to treat contact between
ring-net element nodes and the impact block treated as a lumped mass [14]. This algorithm was
implemented in the simulation code FARO. In this code, contact is only treated for the block-net
pair, which is a severe restriction. A special cable model was developed in FARO to simulate
the sliding between cables and posts and wire-net and cables. The netting nodes are part of the
cable macro-element. This special element allows these nodes to slide on the cable, thus creat-
ing a curtain effect [14]. In this approach, the wire ring-net is modelled as a collection of slave
nodes forming a close representation of the real geometry. The nodes are then attached to each
other by either purely translational springs [14] or by a combination of rotational and transla-
tional springs [13]. Chain-link elements are modelled in FARO as macro-elements in contact at
the connection nodes. The tensile forces transmitted from one element to the neighbour at the
connections depend on the so-called opening angle [15]. This is an approximate method to con-
sider the influence of the bending deformations of the connections on the tensile response. The
shape effects of the impact block are neglected with the contact algorithm of the FARO code.
The parameters of the macro-elements and springs are calibrated using quasi-static tensile tests.
Only a few parameters are needed for the calibration. However, the calibration process was
still time consuming because optimization algorithms were not coupled with the model. Ad-
ditional DE modelling attempts to determine the mechanical properties of wire-nets modelled
with equivalent homogeneous membranes have been performed [16]. DE models have been
developed to calculate double-twisted hexagonal wire-nets and to simulate rockfall kinetic en-
ergy attenuation with drapery systems. The model considers contact nodes and two types of
interactions among them. The model provided good estimates for impact velocity and run-out
distance [17].

This paper presents the state-of-art of a novel FE modelling scheme to simulate rockfall bar-
riers which relies on the GC algorithm programmed in the multi-purpose code Abaqus [11]. The
GC algorithm in Abaqus is two-sided, and therefore, the user does not need to define pure slave
and master bodies for contact interactions, thus facilitating model generation [4]. This GC al-
gorithm uses the penalty constraint method for explicit calculations. This method allows slight
penetrations of one surface into another surface. A "spring" stiffness is applied automatically
to the surfaces to resist these penetrations [11]. The "spring" stiffness is, in general, determined
from stable time increment considerations and masses of the nodes involved in contact [4]. This
new computational scheme was developed in order to treat the complex contact interactions oc-
curring in a rockfall barrier in an efficient and accurate manner. The frictional contact behaviour
is considered using a Coulomb-type model. The basic idea behind this scheme is to model the
contact interactions between structural components as close as possible to those of real systems.
Ring-net and loose chain-link rockfall systems have been already modelled with this approach
[4, 18, 19, 20, 21].
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Another challenge in rockfall barrier numerical modelling is, calibrating the parameters of
the wire-net models. An extensive database of quasi-static tests performed on ring and chain-
link nets have been collected on the course of several research projects [4, 13, 14, 15, 22].
Therefore, when a numerical model is elaborated, an inverse process needs to be performed to
obtain the model parameters. This process have been carried out in the past on the basis of
tedious and subjective back-calculations, which are only feasible when few parameters need to
be calibrated. However, when the number of parameters constitutes an n-dimensional space as
it is the case for the ring and chain-link-net models developed with this novel approach [4], the
use of optimization methods becomes necessary. Mastering the use of optimization algorithms
is also helpful to optimize new wire-net design as it will be shown in section 3.1.

2 STANDARD CONFIGURATION

This section presents the standard design of a chain-link net with loose connections. More-
over, it presents the standard design of a rockfall barrier where this netting typology is used.
These designs have been developed by the technical department of Geobrugg AG. The features
of the standard wire-netting design are presented, as well as the configuration of the proto-
typed rockfall barrier structure. Some aspects of the numerical models are presented. However,
more complete details of the state-of-art of the simulation approach that is used are provided in
[15, 18, 19, 20, 21]. In particular, a highly detailed explanation of the FE model of the chain-
link netting is provided in [21], as well as details on the mode ling of the prototyped rockfall
barrier structure.

2.1 Standard Chain-link net

In this particular investigation a chain-link net consisting of a three wire twisted spiral bundle
was investigated [21] (Fig. 1). Each wire has a 2 mm radius (rwire). The geometric dimensions
of the rhomboidal mesh elements are given in Tab. 1.

Figure 1: Triple twisted wire chain-link net components and mesh dimensions [21]
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wire net producer Geobrugg
x [mm] 180 (+/-5 %)
y [mm] 300 (+/-5 %)
mesh width DL [mm] 8.6
mesh angle ε [degrees] 47

Table 1: Summary of the mesh characteristics and dimensions as indicated in Fig. 1 [21]

A FE model of the triple twisted wire chain-link net with loose connections was developed
using the commercially available Finite Element code Abaqus/Explicit 6.14 [21]. An equivalent
circular wire cross-section is obtained, which is equal to the sum of the areas of the three wires
multiplied by a factor χ. This factor takes into account the fact that the cross-sectional area of
the single wires is not perpendicular to the axial load, as it is the case for the simplified area [21].
Furthermore, the bending stiffness is overestimated if the area is not reduced. This approach
has been applied and verified for ring net systems [18, 20]. The equivalent wire is modelled
with linear elasticity, strain-hardening metal plasticity (Von Mises) and ductile damage. The
numerical approach relies on the general contact algorithm of Abaqus/Explicit. The penalty
method is used to approximate hard contact. Additionally, Coulomb type sliding friction is
included in the contact model.

The input geometry of the chain-link elements and their connectivity is modelled according
to the geometrical measurements of the real netting (Figs. 2a-b). A finer mesh is needed in the
connections between chain-link elements to reproduce the axial, shear and bending behaviour
obtained by the analytical chain-link model discussed in [15, 21]. Three elements in the middle
of the connection are required to capture the shear transition while the remaining six elements
(three to each side of the centre elements) are needed to capture the bending deformations
of the connection, see Fig. 2a. These six elements were also necessary to obtain an accurate
pattern of the sliding between chain-link elements. Four elements (two to each side of the
centre elements) cannot correctly approximate the curved geometry of the contact zone, causing
unrealistic sliding patterns between chain-link elements. Furthermore, a finer mesh having more
than 9 elements per connection do not change the results significantly. Therefore, the optimal
number of elements converges to 9 per connection.

The knotted connections between the ends of the chain-link elements are simplified. The
connections between the border knots of the chain-link net elements are placed at the same co-
ordinate (Fig. 2.1a). Therefore, to avoid initial over-closures [11], contact between chain-link
elements is excluded in the region of the knots. Actions are transmitted from one "zig-zag"
element to its neighbour at the knots by means of the so-called connector elements available
in Abaqus [11]. Cartesian and Revolute connections are used to model the border "zig-zag"
chain-link element connections or knots (Fig. 2.1b). The Cartesian component provides a con-
nection between the vertices of adjacent "zig-zag" chain-link elements that allows independent
behaviour in three local Cartesian directions that follow the system at the vertex a (Fig. 2.1c).
Rigid behaviour is specified in the local 3-direction (z-local), while node b is allowed to change
position along 1- and 2-directions (x- and y-local). The relative positions of node b with re-
spect to node a in the local 1- and 2-directions is fixed in a working range by means of the stop
option available in Abaqus/Explicit [11]. A close observation of a physical net panel reveals
that the available gap for translational movement in the knotted connections is not constant.
Such irregularities influence the macroscopic behaviour of the net. It is necessary to take them
into account to better reproduce the soft response (stage 1) of the net panel to tensile loading
(Fig. 7. In this work, the connector stop in the 1-direction is assumed to be a random number
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between 5 mm and 6 mm (with a seed of 0.1 mm). A possible random variation of the gap in the
2-direction has a negligible effect on the net panel response and therefore is assumed to remain
constant and equal to 6 mm. The Revolute connection type (Fig. 2.1d) is used to constrain the
rotations around the 2- and 3-directions, while the 1-direction rotational component is free.

X

Y

Z

(a) element nodes

X

Y

Z

(b) connection three-dimensionality with rendered
beam profiles

Figure 2: Modelling of inner connections [21].

To solve the inverse problem of finding the model parameters, a series of quasi-static tensile
tests performed in the Geobrugg testing facility in Romanshorn (SG), Switzerland were con-
sidered. The tests were used to help quantify (1) the friction between the mesh elements, (2)
the onset of material damage [21] and (3) the change in load eccentricity during deformation.
For the quasi-static tensile tests, a rectangular net panel of 1100 x 900 mm is connected at three
sides via shackles to a fixed frame (in blue Figs. 4). The upper side is connected via shackles
to a moving frame (in red Figs. 4). The fixed frame is composed of steel beams which are
attached to each other via bolts. The moving frame is composed of two steel plates which are
attached by pins and screws. Steel sliding connections are inserted in between the frame beams
and pulling machine plates. Two wire-rope cables are attached to the moving frame, which pull
at a constant velocity. Prior to the test, the net is slightly pre-tensioned to avoid any possible
sag. Fig. 4a shows the initial configuration of the net panel. After applying the pretension, the
cables pull the moving frame at a constant velocity of 100 mm/min. The chain-link net strain
rate is approximately 0.002/s, which can be considered as quasi-static. The test machine dis-
placement and force response of the moving frame are automatically recorded. A high-speed
camera was placed above the net panel to capture the net deformation in time. Two tests were
performed. Both tests lasted approximately 115 s; damage takes place only within the last 0.5
s. The pulling force reaches a peak and then drops as a consequence of damage (Fig. 4b).

To accurately model this test, true contact conditions were considered to ensure that the
chain-link parameters were not influenced by significant contact simplifications. Under this
approximation, the rigid and moving frames, as well as the sliders were omitted, similar to
approach used in the first modelling attempts. However, in the new model, the steel pins con-
necting the net to the sliders were included as well as the shackles. The presence of the sliders
was taken into account by constraining the movement in the z-direction of all the shackles in
contact with the sliders. Furthermore, the movement in the z-direction of some beam elements
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Figure 3: Modelling of the knotted connections: (a) connection type CARTESIAN, (b) connection type REVO-
LUTE, (c) knotted connection at the initial configuration, and (d) deformed configuration of the knot [21].

Figure 4: Tensile quasi-static test set-up [21].
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was also constrained to simulate the presence of the sliders. The pins attached to the moving
frame were pulled quasi-statically. Figs. 5 show the boundary conditions applied in the model.
Fig. 5a shows the zones in the chain-link net were the boundary condition UZ = 0 was applied
to take into account the movement restriction caused by the sliders. Fig. 5b shows the shackles
where boundary conditions were applied, and the constrained degrees of freedom in the pins.

X

Y

Z

UZ=0

(a) applied to the net

VZ=VRX=VRY=0 and VY=V

UY=UZ=URX=URY=0

UX=UZ=URX=URY=0

(b) applied to pins and shackles

Figure 5: Model boundary conditions [21].

The numerical simulation of the tensile test was carried out using an explicit time integration
scheme. The calculation time was decreased by artificially increasing the density of the net
using the mass-scaling approach [23, 24, 25]. Criteria to verify the quasi-static nature of the
simulation was checked [20]. All shackles and pins were modelled as solid three dimensional
rigid bodies, because they are one order of magnitude stiffer than the chain-link net. The rigid
bodies were still discretized by means of finite elements, in order to have contact facets for the
contact calculations.

The measured non-linear force-displacement response curves exhibit a progressive stiffening
(Fig. 7) up to 100-120 mm deformation (stage 1) at which point the stiffness is approximately
constant until failure (stage 2). The behaviour observed in stage 1 and 2 is a consequence of the
different interaction steps between bending and axial behaviour at the connection. The details
of this axial-bending interaction are provided in [15, 21]. In [21] it is shown that it is important
to consider friction at the contact between chain-link elements.

To determine the best-fit parameters for the chain-link net model, a FEM based optimization
scheme was implemented. The software Isight 5.9 [26] is used for this analysis due to its
compatibility to the Abaqus software. The parameters to optimize in the bi-dimensional model
were set as: (1) the yield curve described by two points (0, σy) and (εpu, σu), (2) the Young
Modulus, (3) the area reduction factor χ, and (4) the damage parameters εp0 (plastic strain at
the onset of damage), and Gf (fracture energy per unit area). To increase the efficiency of the
optimization of the model, a two stage optimization process was performed. In the first stage,
damage was excluded, and to enhance the stability of the model, the ultimate plastic strain εpu
was assumed to be significantly large (1.5). Damage could be excluded from the first stage
of the optimization since it is observed to occur at the last 0.5 sec of the 115 sec long test.
The chosen objective function in this case consists in the difference between the numerical and
experimental maximum force, which can be expressed as:

Objective Function =| Fmax,exp − Fmax,mod | (1)
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where Fmax,exp is the maximum experimental force, while Fmax,mod is the maximum force of
a model optimization run. The parameters to be optimized are: (1) the equivalent wire cross-
section radius rsection, (2) the elastic modulus E, (3) the yield and ultimate stresses (σy, σu).
The corresponding χ factor of the chain-link net is obtained as:

χ = (rsection/rwire)
2/3 (2)

In this case the optimization surface is a smooth function. The applied scheme allowed us to
use a Downhill Simplex Technique (DST), which had a fast convergence to the optimal solution
[21]. For more details on the general workings of a DST one can refer to previous work by
[27, 28], as well as fundamental literature on this topic [29]. Further details about the parameter
optimization process are provided in [21]. Tab. 2 illustrates the optimization parameters for the
chain-link net along with their lower and upper search space bounds. These bounds were de-
fined after performing two Design of Experiments (DoEs) using the Latin Hypercube Sampling
technique [30]. Finally, the optimization process is formulated as the problem of minimizing
the specified objective function. Fig. 6 depicts the radial basis approximation of the objective
function vs. the yield stress σy and the equivalent wire cross-section radius rsection. The opti-
mization function surface is smooth and exhibits several local maxima and a region where the
global minimum value is found. The simulation results of the model with the best fit param-
eters, served to select the plastic strain at the onset of damage εp0. The value of Gf allowing
damage to occur at the end of the experiment was then optimized in the second stage of the
optimization cycle [21]. Fig. 7 displays the results from one of the quasi-static tests and of its
numerical simulation with the developed finite element model [21].

Parameter Lower Upper
σy [MPa] 1500 1700
σu [MPa] 2800 3000
E [MPa] 100000 110000
rsection [mm] 2.4 2.5

Table 2: Chain-link optimization parameters (constitutive)

Figure 6: Radial basis function surface approximation of the objective function vs. yield stress and equivalent wire
cross-section radius [21].
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Figure 7: Force vs. displacement curve (experimental and FE simulation with optimal parameters).

2.2 Standard net-to-cables connections

The netting of a rockfall barrier able to dissipate a MEL (Maximum Energy Level) rock
impact of 2000 kJ consists of loose chain-links of the typology described in the previous sec-
tion. This barrier obtained the European Technical Approval according to the ETAG027 [31]
guideline in 2010.

Field scale tests were performed to develop the final system. This tests revealed that when all
meshes of the netting are in contact with the support cables, local failures in the chain-links take
place around the posts. Therefore, through the tests an optimal solution was sought in order to
avoid large stress concentrations in the netting. The final solution was to interrupt the contact
between the chain-link meshes near the posts and the support cables. This is accomplished
by not threading the support cables through seven meshes on each side of the inner posts and
on one side of each border post (Fig. 8a). Three of the "free" meshes located on the top and
bottom of the net are attached to the support cables by means of round clips (Fig. 8a-c). The
round clips are made of galvanized steel wire with a diameter of 3 mm and a tensile strength of
1770N/mm2. Their maximum braking force is 13760 N. The clips have negligible structural
importance. All clips will fail in the case of an impact with the SEL (Serviceability Energy
Level), which is approximately 700 kJ. Cable-to-net openings are created as these round clips
fail progressively. The openings grow until all clips have failed. These gaps alleviate the stresses
on the retaining cables and on the chain-link elements in the vicinity of the posts [21].

Full scale test data [32] was used to verify the FE model developed to simulate this barrier
[21]. This rockfall fence has been modelled by using a novel computational scheme relying on
a general contact algorithm [11, 21]. The hard contact behaviour is approximated by using a
penalty method to enforce the contact constraint. The frictional behaviour at contact is modelled
using a Coulomb-type friction [21]. Further details about the FE model of this rockfall barrier
are provided in [21]. Additional features of the numerical modelling approach that has been
developed to model rockfall barriers with high accuracy can be seen in [4, 19, 18, 20, 21]. The
details pertaining to the test used to verify the FE model of the rockfall barrier are provided in
[21]. Fig. 9 depicts the positions of the load cell as well as the anchor and energy dissipating
devices in the rockfall barrier. The lateral cables (in yellow) are attached to separate anchors.
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(a) free meshes rule (b) connection between net panel and be-
tween net and cables (top) according to the
installation kit manual

(c) connection between net panel and be-
tween net and cables (bottom) according to
the installation kit manual

Figure 8: Connection of chain-link net to cables [21].

Figure 9: Load cell positions [21, 32].
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Fig. 10 compares the experimental measurements (first column) and numerical simulation
(second column) of the barrier during the MEL test. The third column depicts the z-location
of the concrete block in the simulation. The experimental and numerical results are shown at
approximately the same scale. The maximum net elongation during the MEL test (evaluated
according to the ETAG No. 027) was 8960 mm, while the calculated deformation is 9013 mm.
The sampling frequency of both the experimental and numerical force history data is 1/0.5 ms
(2 kHz). The force histories at the load cells (MEL test) are shown in Fig. 11. The experimental
force histories (dark) [32] are compared to the FEM force histories (light). Details regarding
the simulation steps are provided in [21].

Figure 10: Experimental video frames (first column), simulation video frames (second column), and block move-
ment evolution (third column): (a) t1 = 0.0 ms (b) t2 = 220 ms (c) t3 = 420 ms and (d) t4 = 600 ms [21].
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 11: Load cell histories: (a-d) lateral anchors, (e-h) uphill anchors [21].
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3 PROPOSED DESIGN

3.1 Optimized Chain-link net

The current chain-link net design exhibits a decrease in axial strength at the contact zones
(connections). This is due to the coupling effect between axial and bending behaviour. The
maximum value of the bending moment is reached at the connections and as a result the axial
capacity is significantly reduced in these zones. In order to increase the axial strength at the
connections, a thicker equivalent circular section can be assumed only at the contact points.
The larger thickness at the connections can be assumed to be the result of two options: (1) the
three wires forming the spiral bundle are thicker at the contact zones, or (2) an additional high-
strength wire is winded around the three-wire bundle in a helical manner through the whole
length of the connection (Fig. 12). However, in the second case, the friction between chain-
links would increase with respect to the standard design. Furthermore, the thickness increase
due to the additional wire would need to be determined from laboratory experiments. In this
work, we will only present a simple hypothesis.

Figure 12: Helical wire wound as tightly as possible on the equivalent chain-link wire (adapted from [33]).

The increase in axial strength due to the larger section area of the equivalent wire will in-
crease the resistance and elongation capacity of the chain-link panel. In this work, an elongation
capacity increase of approximately 10% with respect to the tested standard panel is considered.
Moreover, it is assumed that the strain energy of the optimized panel is the same to that of the
tested panel up to the displacement at which failure occurs in the tested standard panel. The pur-
pose of this assumption is to avoid higher forces to be transmitted to the cables in the rockfall
barrier standard design (section 4.2). To fulfil this assumption regarding the strain energy, the
dimensions of the three-dimensional chain-link connections need to be optimized (Fig. 13a-c).

Furthermore, if option two is chosen, the radius of the additional winded helical wire rhelix
is optimized. In this case, the chain-link is modelled with two circular cross-sections. Namely,
a cross-section that takes into account the area increase due to the winded wire along the con-
nections (helix shape), and a cross-section that considers the calibrated area of the equivalent
wire in the tested standard panel [21], which is applied to the whole chain-link except for the
connections (Fig. 13c). The approximate length of the connection is:

L = l + frrround (3)

where rround is equal to the radius of the round (Fig. 13b) created between the linear segments
shown in Fig. 13a, and fr is a factor that remains approximately constant for the range of
variation considered for rround. The length l = (L2

x + L2
z)

0.5 is shown in Fig. 13a.
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(a) connection before "create round" (b) finite element discretization at the connection

(c) rendered equivalent wire profiles

Figure 13: Connection dimensions.

The helical wire of radius a and pitch P = 2πb is described by the following parametrisation
[33]:

x(t) = a cos(t), (4)
y(t) = a sin(t), (5)

z(t) = bt. (6)

Where a = rhelix + rchain, and t = Nr2π. Considering a closely packed helix (Fig. 12) [33],
the pitch P is equal to 2rhelix. The number of turns Nr of the helix is approximated as:

Nr = int(L/P ) (7)

The volume of the helical wire is equal to:

Vhelix = 2π2r2helixNr

√
(a2 + b2) (8)

The radius of the equivalent wire modelling the connection section is then assumed to be
equal to:

Req = (r2chain + Vhelix/(Lπ))
0.5 (9)

The topology variables Lx, Lz, and rround plus rhelix are the optimization variables of the
problem. A Python script is used to generate the FE model, to calculate it using the Explicit
solver and to finally produce a force-displacement curve. The Python script is parametrized, in
other words, the definition of the FE model depends on the values of the optimization variables.
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The Isight software is used herein to quantify how fit a candidate solution is, i.e., how closely
it approximates the sought quantities. The first quantity is a desired force-displacement curve.
The optimization function to be minimized is then, the absolute area difference between the
sought and simulation curves (Fig. 14). The second quantity is the peak force, which is to
be maximized, then constituting a second optimization function. The multi-objective function
problem is posed as a single objective by combining both optimization functions into one, where
the resulting function is to be minimized:

fopt = fw1f1 − fw2f2 (10)

where fw1 and fw2 are the weight factors. In this case an equal weight was given to both
functions and therefore fw1 = fw2 = 1.0.

Figure 14: Area difference to be minimized (optimization function 1).

Tab. 3 illustrates the optimization parameters for the chain-link net along with their lower and
upper search space bounds. Finally, the optimization process is formulated as the problem of
minimizing the specified objective function. The process to obtain the lower and upper bounds
of the optimization variables, as long as the details of the solution of a similar optimization
problem are provided in [20]. Figure 15 depicts the radial basis approximation of the composed
objective function vs. the connection dimensions Lx and Lz. This figure reveals a multi-modal
optimization problem. The optimal values of Lx and Lz are approximately 29 mm and 26 mm
respectively. These values are larger than those used to model the standard netting design which
are: 25 mm and 23 mm respectively. Therefore, in case of using a thicker cross-section (either
just at the connection or globally), the optimal solution is to also increase the connection length.
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Parameter Lower Upper
Lx [mm] 25.0 31.0
Lz [mm] 24.0 28.0
rround [mm] 11.0 13.0
rhelix [mm] 1.0 2.0

Table 3: Chain-link optimization parameters (topology and contact equivalent wire section)

Figure 15: Radial basis function surface approximation of fopt vs. Lx and Lz .

3.2 Net-to-cable connection modifications

The higher resistance achieved by the new chain-link netting design is useful to perform
modifications aimed to improve the performance of the rockfall barrier system already dis-
cussed. The only modification considered in this work was to reduce the number of "free"
meshes from seven to six per post side (Fig. 16). The scheme used to connect the chain-link
netting to the support cables is explained in detail in [21]. Basically, there are two types of
modelled clips connecting the netting to the support cables: (1) rigid body [11] type clips which
by definition cannot fail. They are used in the locations where in the real barrier, the cables
are threaded through the netting. Large scale tests have shown that failures do not occur in
this type of connection, and therefore assuming rigid body type clips is acceptable [21]; and
(2) deformable type clips modelled with metal plasticity and a ductile damage law [21]. These
clips represent the realistic clips that connect some of the "free" meshes to the support cables.
The clips that fail are highlighted in Fig. 16. The purpose of the implemented modification is
to reduce the netting deformation. This is useful in locations where the space allowed for the
netting deformation is limited.

Figs. 17a-b shows the deformed state of the modified barrier at two different times (with
the same scale), namely: the time where the maximum deformation is achieved (Fig. 17a), and
the time where the maximum deformation was achieved in the standard design (Fig. 17b). The
maximum deformation of the proposed design with the optimal chain-link netting is 6330 mm,
that is 2630 mm. Therefore, the deformation space of the system with the proposed modification
is reduced by more than 2 meters. Fig. 17a shows that 3 deformable clips (type 2) did not
fail. This fact caused an antisymmetry effect on the model and therefore the impactor takes an
inclined direction. Those clips did not fail because the forces transmitted to the support cables
are reduced in the modified design. This is because the energy dissipating devices (brakes)
connected to the support cables dissipate less energy with the proposed design. The brakes
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experience a smaller sliding in comparison to the standard design case. The larger frictional
dissipation of the optimal netting compensates the lower energy dissipation of the brakes.

clips with failure law (top)

clips with failure law (bottom)

6 "free" meshes

Figure 16: Connection of chain-link net to cables with 6 "free" meshes by post side (bottom and top).

4 COMPARATIVE PERFORMANCE OF PROPOSED VS. STANDARD APPROACH

4.1 Chain-link panel

Fig. 18 illustrate the comparison between the simulation results of the standard and optimal
chain-link netting design. It can be observed that the modified net has an increase of ≈ 10%
in elongation capacity and of ≈ 5% in strength. It is also observed how the strain energy
of both curves is similar up to the force-elongation point where failure occurs in the standard
design. This in fact is a result of the optimization goal expressed by means of the multi-objective
optimization.

4.2 Rockfall barrier

Fig. 19 illustrate the comparison between the simulation results of the standard and modified
2000 kJ rockfall barrier design. It can be observed how the forces decay faster in the modified
design because of the smaller brake time. Until the decay time (about 750 ms) the forces in
the modified system are slightly larger in comparison to the forces in the standard system.
Therefore, it is proved that the optimal netting does not transmit forces that are significantly
larger than those transmitted by the standard chain-link netting.

5 DISCUSSION

The solution of a topology optimization problem of a wire-net approximated by an equiv-
alent circular section and discretized by beams elements can be obtained by means of simple
algorithms such as the Downhill Simplex (DS) [29]. On the other hand, when the shape of
cross-section is not knowing a priori, a three dimensional element discretization of the struc-
tural component is needed and the optimal cross-section shape and area is found by means of
more complex numerical procedures such as the SIMP (Solid Isotropic Material with Penaliza-
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type 2 clips that do not fail

(a) Maximum deformation of the proposed design

(b) Deformation of the barrier at the time where the standard design
achieves the maximum deformation

Figure 17: Simulation video frames: (a) t1 = 260 ms and (b) t2 = 420 ms.

Figure 18: Force vs. displacement curve from FE simulations (standard and optimal designs).
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 19: Comparison between the simulation results of the standard and modified 2000 kJ barrier: (a-d) lateral
anchors, (e-h) uphill anchors.
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tion) approach [34]. For structures subjected to impact, topology optimization problems can
be solved with the Hybrid Cellular Automata (HCA) [35] or the Equivalent Static Load (ESL)
[36, 37] method. The objective in the impact case is to maximize the internal energy.

Rockfall barrier developers should advance in the design of more efficient energy dissipat-
ing devices with larger absorption capacities. In order to optimize new designs, methods such
as the HCA and ESL can be used. Software such as Tosca [38] based on standard FE soft-
ware (Abaqus, ANSYS, MSC Nastran) is used to perform shape and topology optimization
of structures under static and dynamic loading. Additionally, LS-TaDSC [39] can be coupled
with LS-DYNA to also solve topology optimization problems involving large non-linearities,
dynamic loads and contact conditions. Another component where topology optimization would
be interesting for cutting costs, is the ground plates. The FE modelling aspects of standard
ground plates and their connection with the posts can be seen in [20, 21].

This paper presents an example of how topology optimization can be useful to obtain better
performing systems. Rockfall barriers can be therefore optimized using existing methods. In
order to speed up product development and to cut costs, the rockfall barrier developers would
benefit from an analytical/numerical approach to optimize their designs such as it is already the
norm in other industrial sectors [40, 41, 42, 43, 44]. The re-configured design for large scale
experiments (after optimization) is already close to optimum [45].

In the structural optimization of the chain-link netting, assumptions regarding the equivalent
wire at the connections and the friction coefficient between the modified chain-links were made.
In order to validate the results of the simulation, real scale tests need to be performed.

6 CONCLUSIONS

We make the following conclusions:

• Topology optimization of standard netting designs can be carried out using the same
techniques already employed to optimize the parameters of the netting FE models.

• Optimized existing wire nets can allow modifications to standard designs aimed to en-
hance their performance in terms of energy dissipation and barrier elongation.

• Topology optimization of completely new netting designs can also be performed. How-
ever, it is first necessary to obtain the equivalent circular cross-section as it has done for
ring and chain-link nets [20, 21].

• More advanced methods such as the HCA and ESL are necessary to perform topology
optimization of better performing energy dissipating devices. In these cases a 3D model
of the brakes and a three-dimensional finite element discretization is necessary.

• New ground plates including dissipation capabilities can also be subjected to topology
optimization. Such components will reduce the forces transmitted to the ground, causing
the installation costs of the rockfall barriers to be reduced.
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Abstract. Shock and Impact problems have been the focus of research for decades in many en-
gineering areas such as structural engineering, automobile industry, aerospace, multibody dy-
namics. In general, unlike classical dynamics, impact requires specials techniques to correctly
model the underlying physics. The solutions for the problems of impact have been developed in
different ways by many authors with each of them using different hypothesis. However, formu-
lations of impact of beams have received limited attention. The solution methods for impact can
be divided into two main groups: smooth and non-smooth approaches. In this paper we will
develop both smooth and nonsmooth formulations for impact between projectiles and beams.
The adopted beam kinematics is geometrically exact. In smooth formulations, the velocities
and forces are continuous functions. The impact forces is determined by the corresponding
deformations of the projectile, the deformation of beam is calculated with the applied impact
force. This approach is appropriate when the projectile is deformable and it reflects the reality
of many impact scenarios.
When it comes to impact between rigid projectile and deformable beams, the problem becomes
more complex and should be treated using non-smooth formulations where the velocities and the
impact forces may have jumps, thus, they are discontinuous. Set-valued force laws are used to
account for unilateral conditions on both displacement and velocities. The appropriate frame-
work is differntial measure combined with convex analysis The coefficient of restitution plays
also an important role. The integration is also split into smooth and non-smooth part. Though,
having stable time integration schemes for geometrically exact beams is not a straightforward
task. For both formulations, the use of a newly developed energy-momentum time integration
scheme conserve perfectly the total energy and the momentum of the system during and after
the impact. A range of numerical applications will be delivered to show excellent performances
of the new formulations.
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1 Summary of kinematics of beams and strain measure

In this section we briefly introduce the beam’s strain measures. We consider a general Carte-
sian co-ordinate basis ei, i = 1, 2, 3 and a curve X0(s), with s being the arc-length. We un-
derstand X0(s) as describing the centre line of the rod cross section. However, we restrict the
deformations to planar ones in the e1 − e2 plane and introduce the tangent vectorG0 = dX0(s)

ds
.

Perpendicular to this vector, we define N to be the normal vector with z as the corresponding
coordinate in the direction ofN .

In addition to the Cartesian system, we define a suitable convected curvilinear coordinate
system given by the triple s, z, x3. We define the vector X(s, z) = X0(s) + zN (s) as the
position vector of points in the direction ofN at the reference configuration. In a general cross
section the boundary is defined by z being a function of x3. Note that the third direction is not
explicitly included in this equation, though it is implicitly understood that it is in the direction of
e3 and that the deformation is independent of that direction. Consequently, a local basis in the
reference configuration is defined by the triple (G,N , e3), withG = ∂X

∂s
, N = ∂X

∂z
= ∂X

∂z
|z=0

and G0 = G |z=0. We have also the following relations G · N = G0 · N = 0, |N | =
1, N = e3 × G

|G| = e3 × G0, where | • | denotes the absolute value of a vector, × and (·)
denotes the cross and scalar product of vectors, respectively. The corresponding contra-variant
basis vectors are then given by (G∗,N , e3), withG∗ = G

|G|2 .
The deformed configuration is given as x = ϕ(X) which defines the actual configura-

tion. For our geometrically exact beam theory we make use of the Bernoulli model where
the cross sections are assumed to be rigid and remain perpendicular to the center line. Thus,
the corresponding tangent vectors at the deformed configuration are defined as (g,n, e3) with
g0 = g|z=0, and the following relations hold: g = ∂x

∂s
, n = e3 × g

|g| = e3 × g0
|g0| . The position

vector in the direction of n can be characterized by the following relation

x = X(s)− zN (s) + u(s) + zn(s) = X0(s) + u(s) + zn(s), (1)

where u(s) is the displacement vector of the centre line. From this we obtain immediately
g = X0,s +u,s+zn,s. The deformation gradient is written down in the curvilinear basis system
as F = g ⊗G∗ + n ⊗N + e3 ⊗ e3. The Green strain tensor is defined as E = 1

2
(C − 1),

where C = F TF . It has only one non-trivial component E11 = u,s · X0,s + 1
2
u,s · u,s +

z
(
n,s · (X0,s + u,s) −N,s ·X0,s

)
, where the term in z2 has been neglected. E11 is split into

two components as E11 = ε11 + zκ, the definition of which are given by ε11 = u,s ·X0,s +
1
2
u,s ·u,s, κ = n,s · (X0,s +u,s)−N,s ·X0,s. The first is the axial strain and the second is the

classical change of curvature.

2 Smooth formulation and equations of motion

2.1 Dynamic equations and force integration method

In this section, the projectile is assumed to be elastically deformable and modelled by a
spring with a mass, Fig. 1. The mass can only move in the horizontal direction which is parallel
to vector e2 with an initial velocity V . Before contact, the projectile moves freely without
friction and gravity, therefore the equation of motion of the projectile is:

MÜ2 = 0, (2)
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Figure 1: Impact model

where M is the weight of the projectile,
U2 = U · e2. U denotes the displacement
of the mass measured from the moment that
the spring hits the beam. Let’s call the con-
tact force F , so during contact, the equation
of motion of the projectile is written as fol-
lows:

MÜ2 +R1 (U2 − u2) = 0, F = R1 (U2 − u2) .
(3)

where u2 is the second component of the
displacement vector of the contact point on
beam, R1 is the stiffness coefficient of spring.
Starting from Hamilton’s principle for our
conservative mechanical system, the dynam-
ics equation for our beam is written down as
follows∫

L

ρAü · δu ds dt+

∫
L

ρIn̈ · δn ds+

∫
L

(EAε11δε11 + EIκδκ) ds− Fδu2 = 0. (4)

whereE is Young’s Modulus of the material, V is the volume of the system,u(s) is the displace-
ment vector at coordinate s, F = R1 (U2 − u2) > 0 during the contact and F = 0 otherwise,
I is the moment of inertia of the section and L is the length of the beam, ρ is the material density.

2.2 Energy-momentum method and force integration

After the spatial discretisation which is standard as presented in[1], the numerical approach
is completed by using a newly developed energy-momentum method for geometrically exact
Euler-bernoulli beams which has been proven to have long-term stability and perfect conserva-
tion of energy and momentum [1]. The summary of the energy-momentum method is given as
follows:

εn+ 1
2

= εn +
1

2
∆T ε̇n+ 1

2
, κn+ 1

2
= κn +

1

2
∆T κ̇n+ 1

2
, ṅn+ 1

2
= ṅn +

1

2
∆T n̈n+ 1

2
, (5)

The mathematical proof of conservations are presented in [1]. The projectile displacement is
updated using the classical midpoint rule. The value of force during the contact is integrated
flowing F n+ 1

2 = R1
(
U

n+ 1
2

2 − un+
1
2

2

)
with condition F > 0 to be verified at each time step,

otherwise it’s contact free and F is set to be zero.

2.3 Examples

In this example, we study the impact of an
elastic projectile with an in-plane Euler-Bernoulli
beam Fig. 2. Parameters of the problem are
given below:
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Figure 2: Impact model

Projectile’s mass: M = 500 Kg
Projectile’s initial velocity: V = 20 m/s
Projectile’s initial position:
d = −0.2 m - spring length
Spring stiffness: R1 = 7.5E5 N/m
Beam length L = 3 m
Cross section area A = 1E3 cm2

Cross section inertia I = 8330 cm4

Young’s Modulus E = 0.2E10 Pa
Density ρ = 3000 Kg/m3

Number of elements = 6
Time increment ∆T = 1E − 4 s

Figure 3: (a)displacement history, (b)contact force, (c)energy history, (d)momentum history

Fig. 3a illustrates the displacement of the mass compared to the displacement of the beam
contact point. The segment where the displacement of the mass is larger than the beam cor-
responds to the contact period which is also represented by a positive contact force period in
Fig.3b. Fig.3c shows that the total energy of the system is perfectly conserved. To verify the
momentum conservation, the same test has been carried out considering the same beam but
without support. The total momentum is also conserved perfectly, Fig. 3d. We note that when
increasing the spring stiffness, not only one but several separated contact scenarios can happen.
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3 Nonsmooth formulation and impact equations

3.1 Equations of motion

Hamilton’s principle in nonsmooth mechanics has been studied by many authors [2, 5]. For
our conservative system, the classical form still holds:

δ

∫ t2

t1

L dt = 0, (6)

where t refers to time and t1 and t2 are boundaries of the time interval, L is defined as the
Lagrangian given by

L = T −Ψint −Ψext, (7)

where T is the kinetic energy of the system and Ψint, Ψext are respectively the internal and the
external potential energies. Our body is non-conducting linear elastic solid and thermodynamic
effects are not included in the system. The quantities in (7) are defined as

δT =

∫
V

ρẋ · δẋ dV, δΨint =

∫
V

(EE11δE11) dV, δΨext = λNδu, (8)

where E is Young’s modulus of the material, V is the volume of the system, L is the length of
the beam, λN is the contact force during the impact time and equal to zero elsewhere. Let tk
be the moment of impact. t−k and t+k are the starting and the closing time of the impact event,
as a result, ∆t = t+k − t

−
k = 1

n
, with n → +∞. The impact event is assumed to happen in an

infinitesimal time. The displacement is continuous but the velocity is discontinuous[2, 3, 4, 5],
which read x

(
t−k
)

= x
(
t+k
)
, ẋ
(
t−k
)
6= ẋ

(
t+k
)
. For t < t−k and t > t+k the equation of motion

has its regular form, from (6), (7), together with an integration over the cross section, and due
to the fact that the variations vanish at the boundaries, standard arguments of the calculus of
variation deliver∫

L

ρAü · δu ds+

∫
L

ρIn̈ · δn ds+

∫
L

(EAε11δε11 + EIκδκ) ds = 0, (9)

where A and I is the area and the moment of inertia of the cross section, respectively. The
equation of motion for projectile holds

M1ÿ = 0, (10)

where M1 and y are the mass and the position vector of the projectile, respectively. For t−k <
t < t+k , from (6), (7), we have∫ t+k

t−k

∫
V

ẋδẋdV dt−
∫ t+k

t−k

∫
V

EE11δE11dV dt+

∫ t+k

t−k

λNδudt = 0. (11)

Let’s define the acceleration {ẍ} as follows {ẍ} −−−−→
n→+∞

ẋ(t+k )−ẋ(t−k )
t+k −t

−
k

. From (11), the fact that

the variations vanish at the boundary and the calculation of the integral over ∆t and then the
integral over the cross sectio, we obtain∫

L

A
(
u̇
(
t+k
)
− u̇

(
t−k
))
δuds+

∫
L

I
(
ṅ
(
t+k
)
− ṅ

(
t−k
))
δnds

+

∫
L

(EAε11δε11 + EIκδκ) ∆t ds−ΛNδu = 0, (12)
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where ΛN = λN∆t is the impulsive force during impact. The equation of motion for projectile
during impact holds

M1

(
ẏ+ − ẏ−

)
= −λN . (13)

(9), (10), (12) and (13) are fundamental equations of motion for our system before, after and
within the impact event.

3.2 Unilateral constraints

Let’s defineDN as the relative displacement between the projectile and the contact point on
the beam. On displacement level, we have the following constraint between contact forces and
DN holds DN ≥ 0, λN ≥ 0 and DNλN = 0. Due to the equivalence between Signorini’s
force laws and normal cone inclusion of force laws[2, 3, 4], one can write the previous relations
in a very compact form: DN ∈ NB (−λN), where B is the convex set containing all available
values of −λN . Equivalently, at velocity level, the constraint is written as ζN ∈ NR−′ (−ΛN),
where ζN is the relative velocity between the projectile and the beam contact point. Please refer
to [2, 3, 4] for more details on the solution of normal cone inclusion as proximal point.

3.3 Newton’s impact laws

Newton’s impact laws states: ζ+N = −αζ−N , where ζ−N and ζ+N are the relative velocities
just before and after impact, α = [0, 1] is the coefficient of restitution(CoR). Therefore, the
constraint on velocity level can be generalized to have the form:

ζ+N + αζ−N ∈ NR−′ (−ΛN) . (14)

(14) can be solved using proximal point equation [2, 3, 4] as follows

−ΛN = prox
R−0
B
(
−ΛN +R−1

(
ζ+N + αζ−N

))
, (15)

where R is a chosen parameter to only speed up the convergence and it doesn’t affect the con-
verged numerical results.

3.4 Space and time discretisation and local iteration

Before and after impact (t < t−k , t > t+k , DN > 0), the motion of the beam is regular and is
described by (9). Thus, the time integration scheme is similar to the smooth case, Cf.5. During
impact (t−k < t < t+k , DN = 0), the value of the impulsive force is determined via a internal
iteration by solving the proximal point equation [2, 3, 4]:

Λj+1
N = max

(
Λj

N −R
−1 (ζ+Nn+1 + αζ−Nn

))
, |Λj+1

N −Λj
N | ≤ error. (16)

In our case R is chosen to be equal to M1m
M1+m

, where m is the weigh of one beam element.

3.5 Examples

To assess the effectiveness of the formulation in dealing with impact problems, we first
examine an example of impact between a rigid projectile and a clamped Euler-Bernoulli beam
at both ends, Fig 4. The mass; the initial velocity of the projectile and the beam parameters are
given below:
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Projectile’s mass: M1 = 100 Kg
Projectile’s initial velocity: V1 = −40 m/s
Projectile’s initial position: d = 2 cm
Beam length L = 3 m
Cross section area A = 1E3 cm2

Cross section inertia I = 8330 cm4

Young’s Modulus E = 0.2E12 Pa
Density ρ = 3000 Kg/m3

Number of elements = 6
Time increment ∆T = 1E − 5 s
Coefficient of restitution = 1

Figure 4: Nonsmooth impact model

In Fig. 5a, both the motion of the projec-
tile as well as the motion of the contact point
on the beam are depicted. Jumps in veloci-
ties are illustrated in Fig. 5c. Impulsive force
are plotted in Fig. 5b which have value only
at the moments of impact. At the same time,
Fig. 5d shows clearly the conservation of to-
tal energy. To verify the conservation of mo-
mentum, the same example has been studied
but the beam doesn’t have any support. The
momentum is perfectly conserved, total mo-
mentum is independent of the coefficient of
restitution and always equal to the initial mo-
mentum of the projectile, Fig. 5e.

Figure 5: (a)displacement history, (b)contact force, (c)velocity of projectile, (d)energy history,
(e)momentum history

The same test has been carried out, but in this case the value of coefficient of restitution
is set to be zero. Similar results are obtained Fig.6 but we can see that preserved energy is
proportional to the coefficient of restitution (Fig. 6d, 6f, 5d) and total momentum is conserved
independently of the coefficient of restitution.
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Figure 6: (a)displacement history, (b)contact force, (c)velocity of projectile, (d)energy history,
(e)momentum history, (f)energy history (CoR=0.5)

4 Conclusions

In this work, two algorithms for impact on beam have been presented. Both smooth and
nonsmooth approaches have shown excellent performances in term of accuracy, stability and
conservation properties even for strongly non-linear situations. In the smooth formulation, the
impact force is calculated directly from projectile deformations, however the whole together has
to respect collision laws, dynamics equations for the beams and the projectile. The nonsmooth
ones are specially used when projectiles are rigids. The method is able to tackle perfectly the
discontinuities of velocities and impact forces via set-value force laws of normal cone and also
Newton’s Impact law where coefficient of restitution is incorporated.
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Abstract. Variational integrators provide a way to design structure-preserving time integrators
for problems presenting a Lagrangian structure. The basic idea consists in obtaining algorithms
from a discrete analogue of Hamilton’s variational principle. Then, the discrete trajectories are
stationary points of a discrete analogue of the action functional. The resulting methods enjoy
a number of remarkable properties: i) they exactly conserves the momenta associated to the
symmetries of a discrete version of the Lagrangian, ii) they define a discrete symplectic flow
on the phase space and iii) they show an error in the total energy that remains bounded for
exponentially long periods of time. A particularly interesting family of such methods is given
by the so called Galerkin variational integrators. Their construction is based on approximat-
ing the trajectory of the system by means of piecewise continuous polynomials and providing
suitable quadrature rules to approximate the action functional. Then, increasing the order of
the interpolating polynomials and the accuracy of the quadrature rules allow to obtain higher
order time integrators. In this work we extend the Galerkin methods to the discontinuous case
yielding to a family of discontinuous-Galerkin (dG)-methods. To this end, we resort to using
two key ingredients: 1) the trajectory of the system is approximated by means of piecewise poly-
nomials which may presents a finite number of discontinuities across time interval boundaries
and 2) we approximate the velocity of the system by means of an appropriate dG-time-derivative
of the trajectory following some ideas presented in [1, 2] for static problems in elasticity. The
resulting algorithms corresponds to a family of discontinuous-symplectic Runge-Kutta methods.
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1 INTRODUCTION

The construction of integrators for which the trajectories preserve invariants of the original
system is the realm of structured or geometric integration, see e.g. [3, 4, 5]. Variational inte-
grators (VI) provide a way to design structure-preserving time integrators for problems whose
dynamics is generated by a Hamiltonian. The basic idea behind these methods is to obtain the
algorithm from discrete analog to Hamilton’s variational principle. In this way, the computed
discrete trajectories are stationary points of a discrete action functional, the discrete action sum.
As a result, the discrete trajectories approximate the exact trajectories of the system, and nearly
exactly preserve the exact energy of the system for long times [4, Ch. 9]. Moreover, if the
discrete action sum is designed to respect symmetries of the original action functional, then by
virtue of a discrete version of Noether’s theorem, the discrete trajectories conserve the momenta
conjugate to each one of these symmetries, see e.g. [6]. Finally, the resulting algorithms are
symplectic by design. Nowadays it is possible to find a vast literature on VIs. Most of the basic
theory and analytical results may be reviewed in [7, 8, 9, 6, 10, 11, 12].

These methods have been successfully applied in numerous fields, such as to the construction
of asynchronous integration methods in solid mechanics [6, 10], to problems with constraints
[11, 13], to problems with contact [14, 15, 16, 17], with oscillatory solutions [18], to Langevin
and stochastic differential equations [19, 20], to problems where the evolution takes place over
a nonlinear manifold [21, 22, 23], to thermoelasticity [24, 25, 26] and to incompressible fluids
[27], to name some of the most relevant ones.

In this paper, we extend the standard methodology to constructuct (continuous) Galerkin
time integrators to the discontinuous case. The basic idea consists in approximating the discrete
Lagrangian by means of piecewise discontinuous polynomials. The corresponding discrete ap-
proximation to the velocity in the time interval is obtained by means of using the Discontinuous-
Galerkin (DG) derivative [1, 2]. The resulting integrators provide a methodology for construct-
ing discontinuous integrators which automatically have a number of properties: (i) they are
symplectic, (ii) they exactly preserve the momenta associated to symmetries, (iii) and they have
excellent longtime energy behavior (see [6, 10, 12, 28]). The proposed methodology is show-
cased through some examples.

2 Formulation of variational integrators

We consider a finite-dimensional mechanical system characterized by a Lagrangian function
L(q, q̇) with q = (q1, ..., qn) being generalized coordinates defined on a configuration spaceQ
andq̇ the velocities corresponding to time-dependent curves onQ. The action functional over
the time interval[ta, tb] is formed integrating the Lagrangian function alongq(t) as

S[q(·)] =

∫ tb

ta

L (q(t), q̇(t)) dt. (1)

Hamilton’s principle states that the system evolves following trajectories that are a station-
ary point ofS[q(·)] under arbitrary variations in the set of all smooth enough trajectories that
leave the end-points fixed. This condition yields the so calledEuler-Lagrange(E-L) equations,
namely

∂L

∂qi
(q(t), q̇(t))−

d

dt

(

∂

∂Lq̇i (q(t), q̇(t))

)

= 0, i = 1, ..., n. (2)

Moreover, Noether’s theorem states that there exists a correspondence between the quantities
conserved along solution trajectories and the symmetries of the Lagrangian [29].
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The Hamiltonian functionH : T∗Q → R is obtained as theLegendre transformationof the
Lagrangian function in the velocity variables as

H(q,p) = p · q̇− L(q, q̇), (3)

which considers the change of variables(q, q̇) → (q,p) after the introduction of the conjugated
(mechanical) momenta,

p =
∂L

∂q̇
(q, q̇). (4)

Then, taking the time derivative of (3) it is possible to see that the equations of motion (2) may
be rephrased in the following completely equivalent (Hamiltonian) form,

ż = J
∂H

∂z
(z), z(t0) = z0, (5)

wherez = (q,p) and

J =

(

0n×n In×n

−In×n 0n×n

)

is a cannonical symplectic matrix [29]. Moreover,0n×n andIn×n aren−dimensional zero and
identity matrices.

Two significant characteristics of time continuous (autonomous) Hamiltonian systems are:

• The Hamiltonian functionH is along solution trajectories of the system (5).

• They define symplectic flows over the phase space (cotangent bundle)T∗Q as explained
in [4, Ch. 6] or [30, Ch. 4].

2.1 General discretization procedure

The basic idea behind the formulation of variational integrators consists in a constructing
discrete approximations of the action sum instead of developing methods based on the dis-
cretization of the Euler-Lagrange equations. A complete review of the methods may be found
for example in [31, 6, 10]. Then, we begin by partitioning the time interval of interest into
equally spaced intervals of lengthh = (tb − ta)/Nt, and settk = ta + kh for k = 0, . . . , Nt.
The discrete LagrangianLd : Q×Q×R → R is constructed to approximate the action integral
over a time step[0, h] as

Ld(q
0,q1, h) ≈

∫ h

0

L(q(t), q̇(t)) dt, (6)

whereq(t) : [0, h] → Q is the solution of equations (2) subjected toq(0) = q0 andq(h) = qh

[11]. Then, the discrete action sum is constructed as

Sd(q
0, ...,qNt , h) =

Nt−1
∑

k=0

Ld(q
k,qk+1, h), (7)

and a discrete version of Hamilton’s principle allows to deduce the discrete Euler-Lagrange
equations (DEL) as

D2Ld(q
k−1,qk) +D1Ld(q

k,qk+1) = 0, k = 1, ..., Nt − 1, (8)
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whereDiLd denotes the partial derivative ofLd with respect the ith slot and the time step length
h has been omitted in the arguments ofLd to alleviate the notation. The above system of
equations defines an update map fromQ × Q to itself known as thediscrete Lagrangian flow
mapwhich takes a point(qk−1,qk) to (qk,qk+1). The discrete counterpart of the momenta (4)
are defined by means of a discrete Legendre transformation according to

Πk = −D1Ld(q
k,qk+1), (9a)

Πk+1 = D2Ld(q
k,qk+1). (9b)

The above equations define thediscrete Hamiltonian flow mapwich takes a point(qk,Πk) to
(qk+1,Πk+1). This maps defines implicitly a time integrator expressed in the so calledposition-
momentumform. The procedure consist in solving (9a) forqk+1 and then replacing it in Eq.
(9b) to obtainΠk+1.

A convergence result on variational integrators in [11] states that ifLd is anO(hp+1) (p > 1)
approximation for the action on a time step and some standard smoothness conditions onL are
satisfied, then (i) the discrete Hamiltonian flow maps is anO(hp+1) approximation of the exact
flow of the system onT∗Q and (ii) the discrete Legendre transformation ofLd has error that
decays at least ashp+1. Therefore, higher-order approximations in (6) result in correspondingly
higher-order integrators.

2.2 Continuous Galerkin VI

The basic idea behind the formulation of continuous Galerkin rules consist in extending tow
order quadrature rule to higher order. To this end, we considers control points{q0

ν}ν=0,...,s

(with q0

0
= q0 andq0

s = q1) corresponding to the values of the trajectory at control times
{dνh}ν=0,...,s with 0 = d0 < d1 < ... < ds = 1. Moreover, we assume that the trajectory over
[0, h] is approximated by a uniques−degree polynomialqp(t;q

0

0
, ...,q0

s, h) ∈ P
s([0, h]) such

that
qp(dνh) = q0

ν , ν ∈ {0, 1, ..., s}.

See Figure 1-a, c. Then, providing an appropriate quadrature rule, the discrete Lagrangian is
obtained as

Ld(q
0,q1, h) = inf

q(t)∈Ps([0,h])
q(0)=q

0,q(h)=q
1

nq
∑

i=1

wiL(qp(ξ
i), q̇p(ξi)). (10)

Thwn, we obtain that the discrete action sum will be of the form

Sd

(

{

q0

ν

}

ν=0,...,s
, ...,

{

qN
ν

}

ν=0,...,s

)

, (11)

subjected to the continuity constraints

qi
s = qi+1

0
, i ∈ {1, ..., N − 1}. (12)

Enforcing the action sum to be stationary under arbitrary variations{δq0

ν}ν=0,...,s that held the
endpoints of the trajectory fixed yields to the DEL equations (8) plus the following extra condi-
tions

∂Sd

∂qi
ν

(

{

q0

ν

}

ν=0,...,s
, ...,

{

qN
ν

}

ν=0,...,s

)

= 0,
i = 1, ..., N − 1
ν = 1, ..., s− 1

, (13)

which ensures that the values of the trajectory at the control point fulfil the infimum condition
(10).
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qk
q
k+d1h

q
k+dp-1h

qk+1

tk tk+1

q

td h1c h1 d p-1h cm-1h

qk+

q(k+1)+

t0 t1

q

td h1c h1 d p-1h cm-1h

qk-

q
k+d1h

q
k+dp-1h

q(k+1)-

a) b)

qk-

q
k+d1h

q
k+dp-1h

q(k+1)-

tk tk+1

q

t

c) d)

qk+

q(k+1)+

qk-

q
k+d1h

q
k+dp-1h

q(k+1)-

tk tk+1

q

t

qk+

q(k+1)+

�(tk) �(tk+1)

Figure 1:a) Schematic representation of a piecewise-continuous polynonial used to interpolateq(t) in echa time
step.b) Piecewise-discontinuous polynomial.c) Velocity profile obtained for the casea). d) Velocity profile for
the caseb).

3 Formulation of discontinuous Galerkin VI

In this case we we allow toqp(t;q0

0
, ...,q0

s, h) to be discontinuous across time interval bound-
aries. Thus, relaxing the constraint (12). See figure (1-b). Then, we have that

qk+ = lim
ǫ→0+

qp(t
k + ǫ) 6= lim

ǫ→0−
qp(t

k + ǫ) = qk−. (14)

Moreover, we define

JqKk := qk− − qk+, (jump operator)

{q}k :=
1

2
(qk− + qk+), (average operator).

and following [1, 2] we define the Discontinuous-Galerkin approximation to the time derivative
(DG-derivative) ofqp(t) as

DDGqp := q̇p − r(Jq̂− qK)− l({q̂− q}),

whereq̇p means derivation in each time interval,q̂ is a numerical flux (to be given bellow) and
the right and left lifting operatorsr(·) andl(·) are defined as

∫ T

0

r(ϕ)τ dt := −

N
∑

k=0

ϕk{τ}k,

∫ T

0

l(ϕ)τ dt := −

N−1
∑

k=1

ϕkJτKk,
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for all τ ∈ V n′

h := {v ∈ L2(0;T ) : v|(tk,tk+1) ∈ P n′

(tk; tk+1} with n′ ≥ n− 1 andqp ∈ V n
h .

Considering theBassi-Rebay[2] approximation for the flux,̂q = {q}, we obtain that

Ld(qp, DDGqp, h) =

ng
∑

i=1

wiL(qp(ξi), DDGqp(ξi)) ≈

∫ tk+1

tk
L(q, q̇) dt,

where{ξi, wi}i=1,...,ng
is a set of quadrature points and the corresponding weights used to ap-

proximate the action over[tk, tk+1].

4 Examples

In the following examples we consider separable Lagrangian functions of the form

L(q, q̇) = Mq̇ · q̇− V (q).

4.1 Bassi-Rebay

We consider a discontinuous piecewise linear approximation forq ∈ [tk, tk+1]. In this case
we always havepk− = p(k+1)+.

The discrete Lagrangian is

Ld

(

qk−, qk+, q(k+1)−, q(k+1)+,∆t
)

=M

(

−qk− − qk+ + q(k+1)− + q(k+1)+
)2

8∆t
−

∫ tk+1

tk

V (q) dt

The algorithm in position-momentum form thus reads

pk− =M

(

−qk− − qk+ + q(k+1)− + q(k+1)+
)

4∆t
,

pk+ =M

(

−qk− − qk+ + q(k+1)− + q(k+1)+
)

4∆t
+

∂

∂qk+

∫ tk+1

tk

V (q) dt,

p(k+1)− =M

(

−qk− − qk+ + q(k+1)− + q(k+1)+
)

4∆t
−

∂

∂q(k+1)−

∫ tk+1

tk

V (q) dt,

p(k+1)+ =M

(

−qk− − qk+ + q(k+1)− + q(k+1)+
)

4∆t
.

4.1.1 Piecewise linear rk(q)

In this case, letψk denote the standardP 1([0, h]) shape function of nodek in time. Then,

rk(1) =











h−1

k−1
(ψk−1(t)− 2ψk(t)), tk−1 < t < tk,

h−1

k (−2ψk(t) + ψk+1(t)), tk < t < tk+1,

0, otherwise.

As a result, with a constanthk = ∆t,

DDGq|(tk,tk+1)
=
q(k+1)− − qk+

∆t
+ rk

(

qk− − qk+
)

(t) + rk+1

(

q(k+1)− − q(k+1)+
)

(t)

=
q(k+1)− − qk+

∆t
+

1

∆t

(

qk− − qk+
)

(−2ψk(t) + ψk+1(t))

+
1

∆t

(

q(k+1)− − q(k+1)+
)

(ψk(t)− 2ψk+1(t)).
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We can use Simpson’s rule (Lobatto quadrature rule with 3 points) to exactly integrate
M(DDGq)

2. Doing so yields

∫ tk+1

tk

M(DDGq)
2 dt

=
M∆t

6

[

q(k+1)− − qk+

∆t
−

2

∆t

(

qk− − qk+
)

+
1

∆t

(

q(k+1)− − q(k+1)+
)

]2

+
2M∆t

3

[

q(k+1)− − qk+

∆t
−

1

2∆t

(

qk− − qk+
)

−
1

2∆t

(

q(k+1)− − q(k+1)+
)

]2

+
M∆t

6

[

q(k+1)− − qk+

∆t
+

1

∆t

(

qk− − qk+
)

−
2

∆t

(

q(k+1)− − q(k+1)+
)

]2

=
M

6∆t

{

[

−2qk− + qk+ + 2q(k+1)− − q(k+1)+
]2

+
[

−qk− − qk+ + q(k+1)− + q(k+1)+
]2

+
[

qk− − 2qk+ − q(k+1)− + 2q(k+1)+
]2

}

Thus

Ld

(

qk−, qk+, q(k+1)−, q(k+1)+,∆t
)

=
M

12∆t

{

[

−2qk− + qk+ + 2q(k+1)− − q(k+1)+
]2

+
[

−qk− − qk+ + q(k+1)− + q(k+1)+
]2

+
[

qk− − 2qk+ − q(k+1)− + 2q(k+1)+
]2

}

−

∫ tk+1

tk

V (q) dt

The algorithm reads

pk− =
M

2∆t

[

−2qk− + qk+ + 2q(k+1)− − q(k+1)+
]

,

pk+ =
M

2∆t

[

qk− − 2qk+ − q(k+1)− + 2q(k+1)+
]

+
∂

∂qk+

∫ tk+1

tk

V (q) dt,

p(k+1)− =
M

2∆t

[

−2qk− + qk+ + 2q(k+1)− − q(k+1)+
]

−
∂

∂q(k+1)−

∫ tk+1

tk

V (q) dt,

p(k+1)+ =
M

2∆t

[

qk− − 2qk+ − q(k+1)− + 2q(k+1)+
]

.

It can be checked that whenV ≡ 0, starting withq0− = q0+ = 0 andp0− = p0+ =M/(2∆t),
we get

pk− = pk+ =M/(2∆t), qk− = qk+ = k.

4.2 Higher order methods

The lifting operator in terms of Legendre polynomials:

rk(1) =











−(2hk−1)
−1

∑n
l=0

(2l + 1)Pl(ξ(t)), tk−1 < t < tk,

−(2hk)
−1

∑n
l=0

(−1)l(2l + 1)Pl(ξ(t)), tk < t < tk+1,

0, otherwise.
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The first few Legendre polynomials read

P0(ξ) = 1, P1(ξ) = ξ, P2(ξ) =
1

2

(

3ξ2 − 1
)

.

With n = 0 and1 we recover the expressions ofrk(1) above. Withn = 2,

rk(1) =











−(4hk−1)
−1 (1 + 6ξ + 3ξ2) , tk−1 < t < tk,

−(4hk)
−1 (1− 6ξ + 3ξ2) , tk < t < tk+1,

0, otherwise.

The DG derivative with degrees of freedomqk+, qk+1/2, andq(k+1)− reads

DDGq|(tk,tk+1)

=
1

∆t

[

(2ξ − 1) qk+ − 4ξqk+1/2 + (2ξ + 1) q(k+1)+
]

+ rk
(

qk− − qk+
)

(t) + rk+1

(

q(k+1)− − q(k+1)+
)

(t)

=
1

∆t

[

(2ξ − 1) qk+ − 4ξqk+1/2 + (2ξ + 1) q(k+1)+
]

−
4

∆t

(

qk− − qk+
) (

1− 6ξ + 3ξ2
)

+
4

∆t

(

q(k+1)− − q(k+1)+
) (

1 + 6ξ + 3ξ2
)

The discrete Lagrangian reads

Ld

(

qk−, qk+, qk+1/2, q(k+1)−, q(k+1)+,∆t
)

=

∫ tk+1

tk

(

1

2
MDDGq

2 − V (q)

)

dt

The algorithm reads

pk− = −D1Ld

(

qk−, qk+, qk+1/2, q(k+1)−, q(k+1)+,∆t
)

,

pk+ = −D2Ld

(

qk−, qk+, qk+1/2, q(k+1)−, q(k+1)+,∆t
)

,

0 = D3Ld

(

qk−, qk+, qk+1/2, q(k+1)−, q(k+1)+,∆t
)

,

p(k+1)− = D4Ld

(

qk−, qk+, qk+1/2, q(k+1)−, q(k+1)+,∆t
)

,

p(k+1)+ = D5Ld

(

qk−, qk+, qk+1/2, q(k+1)−, q(k+1)+,∆t
)

.

The Gauss quadrature rule with three points or the Lobatto rule with four points is sufficient
to integrate the kinetic energy exactly.
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Abstract. The car crash simulation describes the deformation of the car structure under high
velocity (up to 65 km/h) during a very short simulation time (about 100 ms). The simulation re-
presents many complexities of the finite element method in structural analysis: (i) high number
of degrees of freedom (from 5 to 20 M finite elements for a whole vehicle) in order to well take
into account of the geometrical and material nonlinearities; (ii) use of direct time-integration,
explicit algorithm, which needs very small time step (due to Courant’s condition) and conse-
quently long time simulation (till 24 hours); (iii) high performance software needed (solver).
Furthermore, the crash simulation is transient during all simulation; the contact management
is sophisticated and the results are scattered. We are interested in elaborating a reduced crash
model in order to cut down the total cost of an optimization study. The method should be
a posteriori allowing predicting a new simulation interpolated between existing simulation(s)
in a Design Of Experiments (DOE). We choose methods in the Singular Value Decomposition
(SVD) family in order to find temporal correlation among crash data in one simulation, spatial
and parametric correlation among crash data in several simulations. Two almost industrial use
cases (BoxBeam — representing the most important car part for energy absorption and TBeam
— representing the engine compartment) are tested with Matlab software.
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1 INTRODUCTION

In the design of a vehicle structure, the crash requirement for the security of occupants must
be satisfied before any other requirements such as Durability or Noise Vibration Harshness
(NVH). The simple Lumped Mass Spring (LMS) model of which properties are deduced from
static crush tests, like Kamal’s model [1], was firstly used for a crash simulation. Then, the
multibody model MADYMO [2] was developed for both car parts and occupants [3]. Since 20
years, thanks to advances of computer technologies, the nonlinear FE model including geome-
tries and material laws of vehicle parts become more and more popular. It becomes the high-
fidelity model because it is believed to be the best approximated model for a car simulation :
the physical phenomena are well modeled in particularly at the local level such as plasticity or
crack. The crash solver at Renault is Pam-Crash developed by ESI Group. It uses the explicit
algorithm which demands very small time steps, about µs (due to the stability condition – Cou-
rant’s condition) so long time simulation (till 24 hours). As a result, the system is considered
in balanced condition for each step. The mass matrix modeled by lumped-mass is already dia-
gonal so there is no need to inverse the mass matrix during in the simulation. That makes the
important difference to implicit algorithm.

Renault uses multi-objectives optimization in order to design the vehicle : there are a lot of
parameters in a vehicle such as the shapes, the material laws and so on ; engineers must choose
the parameters which match the technical specifications (crash, NVH . . .) and some objectives
such as mass minimization. While searching the best solution for an optimization study with the
FE model, it is interesting to increase the number of parameters in order to improve the quality
of the optimal solution but it rises dramatically the number of simulations. Nevertheless, it is
not possible for the industrial context because of three reasons :

— Firstly, we will not transform our model to a simplified model like LMS or MADYMO
because it will loose the ”high-fidelity”.

— Secondly, methods for parameters reduction are not already available so we can not have
fewer parameters than that defined in the car technical specifications. In fact, there are
perhaps correlations between parameters which allow us to reduce their number before
creating the parametric domain. However, no method is found until now for crash simu-
lation.

— Thirdly, the deadline must be respected : one or two days is needed for an engineer to
receive and analyze the results of a simulation ; so there is a limited number of points in
the parametric domain which can be explored.

As a result, our objective is to find out a method to reduce the cost of an optimization study,
with the same optimal solution if we use the high-fidelity model.

There are many ways to reduce the optimization cost. The first one is to use the meta-model
in order to approximate the solution in all parametric domain. However, this method is purely
statistical and not really efficient in crash simulation because of the very strong nonlinear cha-
racters of car structure. The second one is to reduce the cost of a unique simulation by changing
the crash code. As a user of Pam-Crash software, Renault will not tend to reduce a single simu-
lation, which is an intrusive reduction, because it is not belong to Renault skills but the software
developers. The last one is the method that we aim for : we are interested in a non-intrusive
and a posteriori method, i.e., no modification of the code is made and some points (crash si-
mulations) are necessarily realized before the reduction, respectively. We will take advantage
of the maximum physical outputs of these simulations (displacements, stress, strains, sectional
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efforts . . . in function of time) in order to interpolate other points in parametric domain and/or
to indicate which are next interesting points to simulate. The following reasons help us decide
to chose a non-intrusive and a posteriori method

— The first reason is due to the unpredictable behaviors of crash simulation when we change
parameters. It is impossible to calculate the crash results with analytic methods. That’s
why we should have some simulations done to see at least the crash behaviors of some
points in parametric domain .

— The second reason is that we can not modify the crash solver but the number and type
of outputs results (we call ”outputs”) are easily controlled so more outputs we get more
information we will explore. We hope to find their potential relations that the solver can
provide actually .

— The last reason is that the requirement of precision of the reduced model for optimization
is not the same as that for a unique simulation. More precisely, we only need to known
more exactly where is the optimal solution in the parametric domain without increasing
the number of high-fidelity simulations. The precision for each simulation is not really
necessary.

Recently, the Model Order Reduction (MOR) methods have been developed in many fields
like control systems, dynamical systems, fluid mechanics, heat transfer and structural mecha-
nics. The aim is to reduce the complexity and the time to resolve mathematical systems, usually
systems of (partial) differential equations. In industry, a system can have a great number of di-
mensions or degrees of freedom (about millions) and consequently a big number of equations.
In the dynamic context, the resolution is more and more difficult because these degrees of free-
dom depend on time. The reduction techniques involve the research of subspace that minimize
the projection errors of the initial space (space containing the degrees of freedom of the initial
problem). The dimension of subspace is much more smaller so the resolution is faster. The sub-
space is represented by its basis which can approximate the initial space. The non-intrusive and
a posteriori reduction techniques are then both physically and mathematically interesting for us
because they tend to conserve the physical properties and allow quantifying reduction errors,
which are not the same things concerning the simplified models (LMS and MADYMO).

There are a variety of reduction methods of which the major can be found in [17]. Theses
methods can be both applied for quasi-static and dynamic analyses, linear and nonlinear cases.
We can cite some recent and popular methods such as LArge Time INcrement (LATIN) [4, 5]
providing an iterative and non-incremental algorithm to resolve nonlinear problems, Proper
Generalized Decomposition (PGD) [6, 7, 8] in which the solution is decomposed in a sum of
products of variables (time, space and parameters), Reduced Basis (RB) [9, 10] which find a
discretization for parametrized problems , Empirical Interpolation Method (EIM) [12] in which
the base is built from points giving the maximum errors of projection, A Priori Hyper-Reduction
(APHR)[16] which tends to reduce the number of elements in the high-fidelity model and the
POD method [13, 14, 15] that we will detail after. These methods, firstly tested in academic
use cases, have been introduced in the industrial contexts. However, the method for car crash
simulation has not already been available. Our goal is not to invent another reduction method
but try to test and adapt existing ones for our context. The POD method is possibly the best
candidate for our non-intrusive and a posteriori reduction.

The POD method [21] is similar to Karhunen-Loève Decomposition [18, 19] and Principal
Component Analysis (PCA) [20] in statistics and Singular Value Decomposition (SVD) [22] in
linear algebra. From now on, we call SVD instead of POD because our data for reduction are
directly in a matrix form (see section 4).
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2 Short review of Singular Value Decomposition family

The SVD allows decomposing one matrix in a product of three ones. The extension to two,
there matrices and more than three constitute a family of SVD while staying on the fundamental
definition of SVD. In this section, we will review some significant methods. Their application
in crash simulation will be detailed in the section 5.

2.1 Singular Value Decomposition

While the eigenvalues and eigenvectors problems deal with square matrix, the SVD try to do
the same thing with a rectangle matrix.

Theorem 1. The singular value decomposition for real matrices [23, 21].
If A is a Nt ×Nx real matrix, then there exists real orthogonal matrices U (Nt ×Nt) and V

(Nx ×Nx), i.e. U.Ut = INt and V.Vt = INx

U = [u1 u2 . . . uNt ]

and

V = [v1 v2 . . . vNx ]

such that
U t.A.V = diag(σ1, σ2, . . . , σp)

where
p = min(Nt, Nx)

σ1 ≥ σ2 ≥ . . . σr > σr+1 = · · · = 0 rank(A) = r ≤ p

The σi are the singular values of A and the vectors ui and vi are respectively the i-th left and
i-right singular vector.

Then A can be expressed as :

A = U.Σ.V t (1)

where
Σ = diag(σ1, σ2, . . . , σp)

If r < Nx < Nt :

ANt×Nx = UNt×Nt .ΣNt×Nx . V
t
Nx×Nx

= (UNt×r UNt×(Nt−r)).

(
Σr×r 0

0 0

)
.(V t

Nx×r V t
Nx×(Nx−r))

= UNt×r .Σr×r . V
t
Nx×r

In all case A can be decomposed by the sum of r matrices of the same dimensions as A :

ANt×Nx =
∑r

i=1 ui .σi .v
t
i = σ1 u1 v

t
1 + σ2 u2 v

t
2 + · · ·+ σr ur v

t
r (2)
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Then

Frobenius norm of A : ‖ A ‖2F =
m∑
i=1

n∑
j=1

a2ij =
r∑

i=1

ui .σi .v
t
i

and

2-norm of A : ‖ A ‖2 = max‖x‖=1 ‖ Ax ‖= σ1 where x is an real n× 1 vector

We can prove easily that U and V are respectively eigenvectors of hermitian matrices A.At and
At.A, respectively. σi,(i=1,...,r) are eigenvalues of both two matrices A.At and At.A because

A.At = U .Σ2 . U t

At.A = V .Σ2 . V t

2.2 Generalized Singular Value Decomposition

Theorem 2. The generalized singular value decomposition for REAL MATRIX pairs
If A is aNt×Nx1 matrix withNx1 ≥ Nt and B is aNt×Nx2 matrix, then there exists orthogonal
matrices U(Nx1 ×Nx1) and V (Nx2 ×Nx2) and an invertible X(Nt ×Nt) such that :

X .A .U = DA = diag(αi) αi ≥ 0 i = 1, . . . , Nt

and
X .B . V = DB = diag(βi) βi ≥ 0 i = 1, . . . , q = min(Nt, Nx2)

where
β1 ≥ β2 ≥ · · · ≥ βr ≥ βr+1 = · · · = βq = 0 r = rank(B)

The elements of the set σ(A,B) are generalized singular values of A and B :

σ(A,B) = {α1/β1, . . . , αr/βr}

The generalized singular values corresponding to βi = 0 are infinite. While the SVD is to find
σ ≥ 0 such as :

det(A .At − σINt) = 0

the GSVD is to find σ(A,B) such as :

det(A .At − σ .B .Bt) = 0

Then A and B can be expressed as :

A = X−1 . DA . U
t

B = X−1 . DB . V
t (3)

We remark that the the decomposition above allows A and B, which contain the same number
of rows, to have the same left matrix X . If we have 2 matrix A and B having the same number
of columns, with A ∈ RNt1×Nx , B ∈ RNt2×Nx and Nt1 ≥ Nx, their properties stay the same
and their decomposition is call ”BSVD” by Van Loan[24] :

U tAX = DA = diag(αi)

1192



T.T.T. VUONG, L. JEZEQUEL and Y. TOURBIER

V tBX = DB = diag(βi)

where U(Nt1 ×Nt1) and V (Nt2 ×Nt2) are orthogonal matrices and X(Nx×Nx) non-singular
matrix. q = min{Nt2 , Nx}. Bart de Moor [25, 26] extended to matrices with complex values
with Quotient Singular Value Decomposition (QSVD) – generalized form of BSVD and Product
Singular Value Decomposition (PSVD) that we will not detail now for the sake of time.

2.3 Higher-Order Generalized Singular Value Decomposition

In many case, we need to work with more than two matrices simultaneously, so the GSVD
can not be applied. Van Loan et al. [27] developed a new method called ”Higher-Order Gene-
ralized Singular Value Decomposition” (HO GSVD) which allows the factorization for N ≥ 2
matrices.

Suppose we have a set of N real matrices Di ∈ Rmi×n and rank(Di) = n, so the HO GSVD
of N matrices is :

D1 = U1 .Σ1 . V
t

D2 = U2 .Σ2 . V
t (4)

...
...

DN = UN .ΣN . V
t

where

Ui ∈ Rmi×n : normalized left basis vectors
Σi = diag(σi,k) ∈ Rn×n : diagonal with σi,k > 0

V ∈ Rn×n : normalized right basis

We remark that U and V are not orthogonal, i.e. Ui.U
t
i 6= Imi

, i = 1, . . . , N and V.V t 6= In
but their columns are still independent and normalized. The interesting point here is that V is
the same for all matrices Di. The following steps show how to calculate Ui, Σi and V [27]. We
define the S matrix with Sij = 1

2
(AiA

−1
j + AjA

−1
i ), i 6= j where Ai = Dt

iDi.

S =
1

N(N − 1)

N∑
i=1

N∑
j>i

(AiA
−1
j + AiA

−1
j ) (5)

S =
2

N(N − 1)

N∑
i=1

N∑
j>i

Sij

S is proven has n independent eigenvectors so it can be decomposed :

SV = V Λ

Where V = (v1, . . . , vn), ‖ vk ‖= 1 and Λ = diag(λk), k = 1, . . . , n, λk ≥ 1. V and Λ are
eigenvectors and eigenvalues respectively. Then we compute matrices Bi by solving N linear
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systems :

V Bt = Dt
i

Bi = (bi,1, . . . , bi,n), i = 1, . . . N

Finally,

σi,k = ‖ bi,k ‖
Σi = diag(σi,k)
Bi = UiΣi

3 Description of crash use cases

A car is a complex object composing of millions of parts. Before testing a reduction method
for a whole car, it is desirable to know how it works for a unit part and then a set of part. As
a results, we made two use cases with the increasing complexity – BoxBeam (figure 1 (a)) and
TBeam (figure 2).

1. BoxBeam : the crushing of a thin-walled beam against a rigid wall at the left section and
hit by a rigid body, in the perpendicular direction to the wall, at the right section (the
rigid body is not presented in the figure 1). The BoxBeam has square section. Because of
the symmetry, we can consider from now on its quarter, see figure 1 (b). This represents
the crushing of a side-member during the crash.

2. TBeam : This presents some significant parts in the motor compartment. The purple part
(a rigid body) hits perpendicularly the dark green part with an initial velocity. In crash,
the motor doesn’t deform so it is modeled as a rigid body (cylinder int the figure 2).

(a) (b)
Complete BoxBeam A quarter

FIGURE 1: BoxBeam

4 Matrice representation of crash output

After a crash simulation, there are two kinds of outputs : one allows to visualize the temporal
evolution of the deformation of the whole structure (like a film of the deformed structure) and
other allows to draw plots of interested physical quantities in function of time (ex. displacements
of a node, efforts in some sections, . . .). We tend to use all available outputs for the reduction.

In order to use the properties of SVD family, we expressed all output in the matrix form.
Take a crash simulation, there are 3 kinds of outputs : local, partial and global if we consider a
car part.
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FIGURE 2: TBeam

— Local : They are elementary and nodal quantities, such as the displacements of a node or
the moment of a element.

— Parital : Ex. cross section efforts – the force transmitted from a part to another
— Global : Ex. Deformation energy of a part

For each part, we are going to write the output data in a matrix of which each column is the tem-
poral evolution of a physical quantity (local, partial or global) in each direction if this physical
quantity is a vector (ex. displacements have 3 components) or tensor (ex. tensor of stress has 6
components). The outputs are taken each 5 time steps (BoxBeam) and 10 time steps (TBeam)
of the crash solver Pam-Crash. They are ”fine” and ”reliable” for the reduction.

The BoxBeam has about m = 1500 output time steps and n = 700 nodes so the matrix of
the X-coordinate of all nodes is A :

A =

∣∣∣∣∣∣∣∣∣
at1,N1 at1,N2 . . . at1,Nn

at2,N1 at2,N2 . . . at1,Nn

...
...

...
atm,N1 at2,N2 . . . at1,Nn

∣∣∣∣∣∣∣∣∣
where t1, . . . tm : increasing time steps andN1, . . . , Nn : identity of nodes from 1 to n. SoAti,Nj

is the X-coordinate at instant ti of node Nj .

5 SVD family for reduction

In this section, we test the classical SVD to reduce a simulation and then try to interpolate
between two simulations when we modify parameters. We would like to rebuild the matrix
of all coordinates (concatenation horizontally of X-coordinate, Y-coordinate and Z-coordinate
matrices).

5.1 Singular Value Decomposition application

5.1.1 BoxBeam

Reduction of a unit simulation We call the matrix of all coordinates Abb. Its decomposition
following the (1) :

Abb = Ubb.Σbb.V
t
bb
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The number of column of Abb is 3 times the number of nodes, i.e. 2100. So

Abb = A15000×2100

The graph 3 shows that the logarithmic values of the first singular values (σi, i = 1, .. . . . , 20)
drop rapidly. We don’t display others because of their very small values. The graph allows us to
expect a possible reduction with crash simulation.

FIGURE 3: Evolution of 20 first logarithmic singular values

Then we try taking only 3 singular values to approximate Abb, following the formular (2).

Abb = σ(bb),1 u(bb),1 v
t
(bb),1 + σ(bb),2 u(bb),2 v

t
(bb),2 + σ(bb),3 u(bb),3 v

t
(bb),3 (6)

The rebuilt deformation of BoxBeam is showed in the figure 4. The left figures (with colors
in the whole surface) are different deformation states (from the beginning to the end of the
crash film). The right figures are the same thing but with an approximation of coordinates with
the (6) ; the location of a colored element is where euclidean error is greater than 50 % of
the maximum euclidean error (50 % quantile) (euclidean error is the distance point by point
between approximated mesh and initial mesh). We can conclude :

— Despite strongly nonlinear behaviors of the crash simulation, the SVD can rebuild quite
well a crash deformation by only 3 axes.
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— The errors are located in the folds so they will not spread from a part to another. This is
interesting in a system simulation because the total error will not amplify.

— The greatest errors are at the beginning of the simulation which is purely numerical.
— In term of data size, the SVD allows us to keep only 3 columns of U and 3 columns of V

so fewer than 300 times the number of columns of the initial matrix Abb (2100).
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(a) Without SVD (initial) (b) With SVD
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(a) Without SVD (initial) (b) With SVD

FIGURE 4: Initial deformation v.s. deformation with 3 axes SVD for coordinates1199
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Interpolation We try interpolating the simulation of thickness 1.2 mm between two different
thickness 0.8 mm and 1.6 mm, other parameters stay unchanged. These are real part thickness in
the car industry. The figure 6 compare the real simulation of 1.2 mm with the linear interpolation
of the reduced model by 3 axes SVD of 0.8 mm and 1.6 mm. We remark :

— The interpolation represents quite well the real simulation despite large errors (50 %
quantile) in the folds.

— If we increase the number of kept axes SVD, the interpolation errors reduce but stagnate
at a certain axis number, see the figure 5.1.1. This means that the linear interpolation is
not really good due to the fact than linear interpolation of two SVD is not a SVD. It is
desirable to test with other methods.

FIGURE 5: Evolution of average quadratic error in function of kept axes
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(a) 1.2 mm without SVD (initial) (b) 1.2 mm with 3 axes SVD then linear interpolation
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(a) 1.2 mm without SVD (initial) (b) 1.2 mm with 3 axes SVD then linear interpolation

FIGURE 6: Initial deformation of 1.2 mm v.s. interpolation of 0.8 mm and 1.6 mm with SVD1202
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5.1.2 TBeam

Reduce a unit simulation We do the same things for the TBeam with the matrix Atb

Atb = Utb.Σtb.V
t
tb

Different deformation states can be seen at the figure 7
The colors of the right figures are the errors between initial TBeam and that rebuilt with

3 axes SVD. The approximation is not really well in light colored area (the right end of the
horizontal part) but it can be cut back because these areas have rigid body movements.

For the sake of time, we do not present here the interpolation for TBeam.

5.2 Higher-Order Generalized Singular Value Decomposition application

In the subsection 2.3, the HO GSVD gives the same V , then the same basis for all matrix.
If we consider mi = Nti – number of time steps of the simulation i and n = Nx – number of
nodes of the FE model, we can have the same spacial basis for all simulations. The interpolation
is then very easy. That is exactly what we expected in a parametric domain : interpolation all
unknown simulations from done simulations.

Unfortunately, there are many restrictions that we can not apply HO GSVD for a coordinate
matrix :

— X (Y , Z) - coordinate matrix has not always full columns rank
— The calculation of S is difficult, see (5) because it needs the inversion of matrices.

We conclude that we should not use HO GSVD as a reduction method with local outputs. We
expected that may work with partial and global outputs, see definition in 4. In this article,we
will present the HO GSVD with a matrix of deformation energies, see 2. We call

— E1 : Kinetic energy of impactor (purple part)
— E2 : Deformation energy of dark green part
— E3 : Deformation energy of green part
— E4 : Deformation energy of spot-weld

We realized 11 simulation while modifying the velocity of impactor and the thickness of two
thin-walled parts. Each matrix Di can be expressed :

Di =

∣∣∣∣∣∣∣
E1

t1,i
E2

t1,i
E3

t1,i
E4

t1,i
...

...
...

...
E1

tm,i E2
tm,i E3

tm,i E4
tm,i

∣∣∣∣∣∣∣
The singular values of 11 matrices are showed in the figure 8.

It is proven in [27] that if a eigenvalue λk of S in formula (5) is equal to 1, σi,k = σj,k for all
i and j. In analogy with the GSVD, the ”common HO GSVD subspace” of the N > 2 matrices
to be the subspace spanned by the right basis vector vk corresponding to the eigenvalues of S
that satisfy λk = 1. As the result, in the figure 8 the simulation 119 is very ”different” from
others and the couple (125,126) is quite ”similar” which is better for interpolation.

6 CONCLUSIONS

— The classical SVD allows to reduce a unit simulation. To interpolate, we need to find
proper methods than linear interpolation.

— With partial and global outputs, the HO GSVD may show the difference and the similarity
among simulations. It is very useful before the interpolation.
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(a) Without SVD (initial) (b) With SVD

FIGURE 7: Initial deformation v.s. deformation with 3 axes SVD for coordinates
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FIGURE 8: Singular values of energy matrices

— Concerning the next work, the PSVD and QSVD may be tested as methods to estimate a
physical quantity from another quantity, i.e. if we know how to interpolate the coordinate
of an unknown simulation, we can calculate the velocity of this interpolated simulation.
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Abstract. Real-time hybrid simulation (RTHS) is a testing method that combines computer 
simulation (i.e., analytical substructure) with physical testing (i.e., experimental substructure). 
This enables investigation of dynamic characteristics of load-rate dependent complex struc-
tures. To ensure reliable experimental results, even in the presence of sophisticated control-
lers and compensation methods, it is necessary to evaluate the accuracy of the success of the 
hydraulic actuators in imposing the command displacements. With recent developments in 
tracking error monitoring, new indicators have been proposed that are based on frequency 
domain analysis and can successfully uncouple phase (lag and lead) and amplitude (over-
shoot and undershoot) errors and quantify them. These new frequency-based error indicators 
are not structure-specific and can be reliably used to examine the effectiveness of each com-
ponent of RTHS inner (i.e., servo-control) and outer (i.e., integration algorithm) loops. In this 
paper, frequency domain-based (FDB) error indicators are employed to evaluate the effec-
tiveness of five commonly-used integration algorithms (i.e. central difference method, explicit 
Newmark method, discrete state space formulation with a zero-order hold and first-order 
hold, the state-space formulation by Zhang et al., and the alpha method) in different test sce-
narios. The applicability of the FDB error indicators to nonlinear systems is first verified 
through numerical simulations performed on a nonlinear system with predefined parameters. 
Then these indicators are used to post-process the experimental results obtained from RTHS’s 
with various integration algorithms. The experiments are carried out on a system with a non-
linear analytical substructure and a linear experimental substructure at the University of To-
ronto. Findings from numerical simulation and experimental results demonstrate that the 
FDB method is an efficient approach to compare performances of different integration algo-
rithms. 
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1 INTRODUCTION 
Real-time hybrid simulation (RTHS) is a powerful experimental technique to investigate 

the dynamic response of complex and rate-dependent structures. In this method, there is an 
integration algorithm that solves the equation of motion and resulting displacements are im-
posed on a physical test specimen by using hydraulic actuators. The restoring force and dis-
placement information from the deformed specimen are measured and then used to compute 
next step command displacements. The block diagram of a typical RTHS is shown in Fig. 1.  

Figure 1: Block diagram of the inner and outer loops of RTHS. 

In the process of generating the command displacements, integration algorithms are central 
and are used to solve the discretized equations of motion of structures. In order for an integra-
tion algorithm to be reliable it must be stable and accurate. Several implicit and explicit inte-
gration methods such as central difference methods, explicit Newmark method have been 
used extensively in the past [1, 2] and many other robust integration algorithms have been re-
cently developed for RTHS. The analysis of integration algorithms are typically carried out 
either in the time domain or frequency domain. List of some of the available criteria for inves-
tigating the performance of integration algorithms are listed in [3]. One of the studies on the 
performance evaluation of integration algorithms was carried out by Mugan in which he 
found that frequency domain analysis can describe all of the time domain properties of an in-
tegration algorithm [4]. A frequency domain analysis will also be used in this paper to evalu-
ate different integration algorithms. 

In addition to the accuracy of the integration algorithms, another key factor for obtaining 
reliable RTHS results is system errors. Errors in a hybrid simulation can be attributed to either 
the numerical components or the experimental components, and even in the steps required to 
couple the two together. Due to the vulnerability of RTHS to error propagation, which can 
affect the accuracy and even the stability of the entire experiment, it is imperative to estimate 
and monitor the errors. Current available error assessment measures are categorized in [5, 6] 
and can also be divided into time domain and frequency domain assessment measures. In this 
paper, the application of one of the most recently developed frequency domain error assess-
ment measures is proposed to evaluate the performance of various integration algorithms. 

2 FREQUENCY DOMAIN-BASED ERROR INDICATORS 

2.1 Background 
Since the introduction of the RTHS, there has been a continuous effort on development and 

implementation of proper methods to assess the success of the simulation results. Current 
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methods for estimation of local response error such as the tracking error (i.e., the difference 
between the command and measured displacements) usually use time domain properties [7], 
cumulative growth of energy errors [8], synchronization subspace plots [9, 10] or the fre-
quency domain response of the signals [11] to develop error monitors and indicators. 

Although the abovementioned indicators are useful in evaluating the quality of the test re-
sults and have been successfully used by other researchers, there was a need for a new indica-
tor that was not structure or test specific and was capable of uncoupling the phase and 
amplitude errors. Mirza Hessabi et al. [12] introduced a new set of error indicators (i.e., Fre-
quency Domain-Based (FDB) error indicators) to solve these problems. Moreover, unlike 
their predecessors, the implementation of these new indicators is not computationally expen-
sive and therefore they can be executed in realtime and serve as online indicators. 

The FDB error indicators are developed using discrete Fourier transform (DFT). These in-
dicators can be employed to find the corresponding values of the amplitude ratio and phase 
error within each moving time window. As shown in Eq. 1, the amplitude ratio is defined in 
terms of the ratio of the command over measured displacement amplitudes. 

 ∆𝐴 = 𝐴𝑐/𝐴𝑚 (1) 

Similarly, a phase error is defined in Eq. 2 based on the discrepancy of the phase shifts be-
tween the command and measured signals. Positive and negative phase error values from Eq. 
2 show phase lead and lag, respectively. Similarly, a value greater than one obtained from Eq. 
1 is an undershoot error and a value less than one represents overshoot. 

𝜙 = 𝜙𝑐 − 𝜙𝑚 (2) 

It should be emphasized that the closer  ∆𝐴 and 𝜙 values are to 1 and 0, respectively, the 
more accurate is the actuator control and the more reliable are the RTHS results. 

In order to determine the FDB error indicators, first the DFT power spectra of the com-
mand and measured signals are computed independently and then, from each power spectrum, 
the frequency that corresponds to the largest amplitude is located (i.e. 𝑓�̅� and 𝑓�̅� for command 
and measured signals, respectively) [12]. As it is shown in Eq. 3, the ratio between the magni-
tudes of the power spectra at the frequencies of 𝑓�̅� and 𝑓�̅� can be used to determine the ampli-
tude ratio, 

∆𝐴 = �𝑈𝑐(𝑓�̅�)�/�𝑈𝑚(𝑓�̅� )� (3) 

Likewise, the phase error defined in Eq. 4 is found as the difference of the DFT phase 
spectrum values of the two signals at 𝑓�̅� and 𝑓�̅�. 

𝜙 = 𝜙𝑐∗(𝑓�̅�) − 𝜙𝑚∗ (𝑓�̅� ) (4) 

2.2 Application of FDB error indicators to nonlinear substructures 
Although several numerical simulations were performed in [12] to illustrate the advantages 

of using the FDB error indicators in comparison to other available error assessment measures, 
all of the evaluated cases were limited to structural elements with linear behaviour. In order to 
verify the applicability of the FDB error indicators to nonlinear systems, in this section Sim-
ulink is used and numerical simulations are carried out for a test structure that shows a hyster-
etic behavior as shown in Fig. 2-b. The hysteretic model exhibits elasto-plastic behaviour with 
strain hardening (the post-yield stiffness is 10% of the initial stiffness). Also, the yield force 
of the model is 25% of the weight of the analytical structure. The mass and damping ratio of 
the considered test structure are 1 ton and 5 %, respectively. In addition, a natural period of 
vibration of 0.7 seconds is assumed for the test structure and the initial stiffness is determined 
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accordingly. The Simulink models for modeling the servo-hydraulic set-up are the same as 
[13] and a sinusoidal signal with the amplitude of 0.2 m and frequency of 0.8 Hz is chosen as 
the input. Finally, the PID controller for the simulation is tuned with the kp, ki and kd coeffi-
cients of 25, 1 and 1, respectively. The measured and command displacements for the de-
scribed system is shown in Fig. 2-a. As it can be seen, the measured displacements have 
smaller amplitudes (undershoot) and are lagging behind the command signals. 

    
Figure 2: a) Command and measured displacements in time domain, and b) hysteresis loop for the structure with 

nonlinearity. 

In Fig. 3, FDB error indicators are employed to measure the tracking error. The oscillation 
of the indicators around the mean values is due to the application of moving windows and 
Fourier transforms in the calculation of these indicators. The average values of FDB ampli-
tude ratio and phase error are 1.160 and -28.189 degrees, respectively.  

    
Figure 3: FDB error indicators for the structure with nonlinearity. 

In order to verify these values and illustrate the accuracy of the FDB indicators, the time 
domain plots of command and measured displacements in Fig. 2-a, are enlarged around the 4th 
and 5th seconds in Fig. 4. 

    
Figure 4: Enlarged time windows around a) 4th and b) 5th seconds to verify FDB error indicator results. 
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The enlarged view around the 4th second (Fig. 4-a) shows that the peak command dis-
placement maximum (i.e., 0.2 m) is 1.140 times larger than the measured displacement (0.175 
m). Also, from a closer look at Fig. 4-b it can be observed that the measured displacement is 
delayed by 96 time steps. Considering the size of the time steps, (i.e., 1/1024 sec) this trans-
lates to a phase lag of 26.857 degrees. These observations are in agreement with the average 
FDB error indicators from Fig. 3. 

3 PERFORMANCE EVALUATION OF THE INTEGRATION ALGORITHMS 
USING FDB ERROR INDICATORS  

In this study, error analysis is not discussed from a mathematical point of view. Rather, 
FDB error indicators are employed to examine the experimental RTHS results and compare 
the accuracy of the integration methods with each other. A series of RTHS are carried out for 
which everything except the integration algorithms is kept identical. This way, the difference 
in the tracking performance of the simulations can be attributed to the effects of integration 
algorithms on the accuracy of the simulations. The RTHS were conducted for a system that 
was comprised of a linear spring with the stiffness of 194 N/mm as the experimental substruc-
ture and a nonlinear analytical substructure in which Bouc-Wen model was used to model 
hysteretic type nonlinearity. The integration methods that are considered in this section were 
the central difference method [1], explicit Newark method [2], discrete state space formula-
tion with a zero-order hold and first-order hold [14], the state-space formulation by Zhang et 
al [15] and the Hilber-Hughes-Taylor (HHT) (also called asalpha method) [16]. The system 
was subjected to the Canoga Park record from the 1994 Northridge earthquake. Fig. 5 shows 
the measured displacements for one of the RTHS with the central difference integration algo-
rithm. 

 
Figure 5: Measured displacement time history for the RTHS with central difference integration algorithm. 

Similar to Section 2.2., FDB error indicators are used to measure the errors in each simula-
tion. As a sample, the results for the test with the central difference method are shown below.  
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Figure 6: FDB error indicators for the RTHS with central difference integration algorithm. 

As it can be seen from Fig. 6 maximum variation in the FDB error indicators occur in the 
first five seconds of the simulation where the command displacements are small. After the 
initial five seconds, the amplitude ratio oscillates around one (no amplitude error condition) 
and the phase error oscillate around -2.5 degrees (phase lag). It should be emphasized again 
that the closer amplitude ratio and phase error values are to 1 and 0, respectively, the more 
reliable are the RTHS results. Since the error indicator values for different integration algo-
rithms are relatively close, enlarged views of these indicators are shown in Fig. 7. It can be 
observed that the application of the central difference method leads to the highest amplitude 
ratios. The worst results (i.e., the highest phase errors with sudden changes) belong to the 
simulations with the explicit Newmark and discrete state space formulation with a zero-order 
hold integration algorithms.  

Figure 7: Enlarged views of the FDB error indicators for the RTHS with different integration algorithms. 

Finally, in order to compare the abovementioned algorithms numerically, mean values of 
the FDB error indicators are calculated and reported in Table 1. To have other means to assess 
the accuracy of the experiment results, the maximum tracking error (MTE) and root mean 
square (RMS) of the tracking error are also included in Table 1. 

Integration Algorithm MTE RMS Amplitude 
Ratio 

Phase Error 
(deg) 

Central Difference Method 2.063 0.590 1.006 -2.679 
Explicit Newmark Method  2.093 0.606 0.999 -2.529 
DDS with a zero-order hold 2.069 0.600 1.001 -2.534 
DDS with a first-order hold 2.116 0.597 0.998 -2.416 
Zhang et al. method 2.045 0.583 1.003 -2.157 
HHT/Alpha method 2.031 0.620 0.999 -2.230 

Table 1: Error assessment measures for RTHS with various integration algorithms. 
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Table 1 shows that  the averaged values fail to fully capture the effects of large local errors. 
Thus FDB error indicators can be successfully used as an evaluation tool to monitor the per-
formance of RTHS during the entire simulation. 

4 CONCLUSIONS 
This paper presents a general approach utilizing the FDB error indicators to evaluate the 

different integration algorithms on the performance of RTHS. The state-of-the-art for error 
assessment measures is reviewed briefly and the formulation of the FDB error indicators is 
explained. Then a numerical case study is introduced where a system with a bilinear behav-
iour is used and the applicability of the FDB error indicators to nonlinear systems is verified. 
Followed by the numerical simulations, six different integration algorithms are selected to ex-
perimentally demonstrate the effectiveness of the FDB error indicators in characterizing the 
effects of selected integration methods. Based on the assumptions and limitations of this paper, 
it can be concluded that the effects of an integration algorithms on the performance of the 
RTHS cannot be judged based on averaged measures. Instead an evaluation tool is needed that 
can be used to monitor the effects throughout the simulation. FDB error indicators can be suc-
cessfully used to achieve this goal and can assist in the selection of a suitable integration algo-
rithm. 
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1Structural and Stochastic Dynamics, Université de Liège
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Abstract. In this paper, we present the DE3 integration scheme. This unconditionally stable
scheme is dedicated to the numerical integration of linear structural dynamics problems and
offers a simple and easy to use high-order alternative to the second-order accurate ones that
are usually employed. Its symmetric formulation makes it an interesting candidate to simulate
large-scale problems. In addition, the scheme offers the possibility to control the introduced nu-
merical damping via a single algorithmic parameter, which is very convenient for the filtering
of the spurious oscillations that can arise from large stiffness contrasts in certain models. The
properties of high-order accuracy and numerical damping are illustrated by way of a demon-
strative example.
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1 INTRODUCTION

Since Newmark’s landmark paper [1], a vast number of integration schemes have been de-
veloped to advance in time the canonical equation of motion of linear structural dynamics

Mü(t) + Cu̇(t) + Ku(t) = f(t). (1)

These are typically derived from the mathematical treatment of the equation of motion and
continuity assumptions of the field to be discretized, e.g., Taylor expansion, finite element ap-
proaches based on weak formulations, or finite difference approximations. For linear problems,
what matters, though, are the stability and accuracy properties of the derived schemes, their
structure-preserving nature (energy conservation for instance), if any, as well as their intrinsic
computational cost.

The DE3 scheme [2] belongs to the class of two-level one-step implicit integration schemes
enjoying unconditional stability. It is a reformulation of the scheme proposed by Bottasso and
Trainelli [3] by condensation of the original scheme internal variables. As such, it exhibits
the same properties. Namely, it preserves the linear momentum of the mechanical system and
offers control on the numerical dissipation of mechanical energy, in the high-frequency range,
via a single parameter. It is fourth-order accurate when used in its conservative setting; the
accuracy drops to third order when numerical damping is present, however. This makes it
an ideal candidate for structural dynamics simulations [4] or, even, wave propagation ones in
combination with the finite element method [5], as the numerical dissipation enables the control
of high-frequency Gibbs oscillations.

The focus of this contribution is set on the derivation of the scheme and the illustration of its
superior features by application to an example problem of structural dynamics.

2 THE DE3 SCHEME

Related to the time discontinuous Galerkin method [6] that is built on the assumption of
possible discontinuities of the underlying integrated field, the method proposed by Bottasso and
Trainelli [3] is similarly formulated in terms of the left and right limits of the field variables
at the time nodes. Assuming equation (1) to hold with constant symmetric stiffness, damping
and mass matrices under the typical positiveness assumptions (K,C ≥ 0 and M > 0), the
integration scheme they proposed reads

1
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tf(t) dt (3)
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Figure 1: The algorithmic parameter β enables the control of the numerical dissipation introduced by the scheme.
For β = 0, the integration scheme preserves the mechanical energy whereas it numerically dissipates some for
β ∈ (0, 1]. The time discontinuous Galerkin scheme (TDG) is recovered for β = 1. After [2].

denote the first- and second-order non-centered time moments of the external forces over the
timestep, and u,v represent the displacement and velocity fields. The indices refer to the time
argument of these fields; the syntax is equivalent to

xn = lim
ε→0−

x(tn + ε), xn+ = lim
ε→0+

x(tn + ε). (4)

Parameter β ∈ [0, 1] is an algorithmic parameter that controls the numerical dissipation intro-
duced by the scheme. It is related to the spectral radius of the integration scheme amplification
matrix at infinite frequency ρ∞ through the following expression

β =
1− ρ∞
1 + ρ∞

↔ ρ∞ =
1− β
1 + β

. (5)

For β = 0, the scheme is conservative, in the sense that it preserves the mechanical energy
of the system , whereas for β ∈ (0, 1] it is numerically dissipative. In the particular case of
β = 1, the time discontinuous Galerkin method is recovered. This configuration is spectrally
annihilating, as can be seen in Figure 1 that shows the evolution of the spectral radius of the
scheme in the case of the undamped/unforced single degree of freedom spring/mass oscillator.
Furthermore, the study of the balance of mechanical energy over a timestep shows that the
scheme is conservative when β = 0 and dissipative otherwise.

As the right-limit values un+ ,vn+ only appear on left-hand side of (1), they can be considered
as internal variables to the integration scheme and can be eliminated via static condensation. A
double application of the block inversion formula [7] enables the reduction of the four-level
formulation (2) to an equivalent two-level formulation based on the displacement and velocity
fields only. Completing all the algebra—see [2] for the details—the DE3 scheme is obtained

H0xn+1 = H1xn + `n+1
n , (6)
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with

xn =
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(7)

As the algebraic manipulations leading to DE3 scheme do not alter the structure of the scheme
(2), it enjoys the same properties. Namely, the algorithmic parameter β controls the spectral
radius of the amplification matrix at infinite frequency, in accordance with (5), and therefore
the amount of numerical dissipation introduced during integration. It also plays a role on the
accuracy of the scheme which can be demonstrated to be fourth-order for β = 0 (numerically
conservative scheme) or third-order for β ∈ (0, 1] (numerically dissipative scheme). Note that
high-order accuracy requires that the integrals I1 and I2 be computed with at least third degree
exactness, as is for instance offered by the Simpson-Cavalieri rule [8]. In such case, after
completing the algebra relative to the definition of the error metrics introduced in [2], it can be
shown that the local truncation errors for the free and forced responses are asymptotic to

Lfree ∼ β ffree(ω0, ζ)h3 + gfree(ω0, ζ, β)h4, (8)
Lforced ∼ β fforced(ω0, ζ)h3 + gforced(ω0, ζ, β)h4, (9)

for h � ω−10 , with functions gfree(ω0, ζ, β) and gforced(ω0, ζ, β) not vanishing when β = 0,
and ω0, ζ denoting the natural frequency and damping coefficient of a single degree of freedom
spring/dashpot/mass oscillator periodically excited. Similarly to the original formulation, the
two-level one is unconditionally stable.

The two-level formulation of the DE3 scheme offers a couple of advantages over the original
four-level formulation proposed by Bottasso and Trainelli. In particular, it is of lower size, as
the update equations no longer involve internal states, and it is symmetric, which is favorable
to reducing the storage size of matrices H0,H1 when dealing with large models. Also, in
comparison to other integration schemes that can employ multiple algorithmic parameters, the
control of numerical dissipation is achieved via a single algorithmic parameter, which makes
the integration scheme simple to use.

It is actually found that the DE3 scheme is very similar to the one proposed by Krenk [9],
which was derived from the equation of motion via a weak formulation. A significant difference
between the DE3 scheme and that proposed by Krenk concerns the handling of the contributions
of the damping and the external forcing terms, which allow the DE3 scheme to retain its fourth-
(and third-) order accuracy in the conservative (resp. dissipative) setting when integrating forced
and/or damped structural models, contrary to Krenk’s formulation.

3 DEMONSTRATIVE EXAMPLE

To illustrate the performance of the scheme, we consider the two degree-of-freedom os-
cillator depicted in Figure 2. This model has a single parameter Ω that is representative of the
stiffness contrast that could be encountered in finite element models; in the extreme case Ω� 1,
the stiff element can be interpreted as a penalty used to enforce a constraint. For this specific
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model, the Ω � 1 case corresponds to imposing a rigid link between degree-of-freedom 1 and
the boundary with imposed displacement.

Figure 2: Soft/stiff linear oscillator. External forcing is applied by controlling the displacement u0(t).

In the first part of this example, we compare the accuracy achieved by the DE3 scheme to
two other well-known integration schemes, namely the ones proposed by Newmark [1] and
Bathe [10]. In the second part, we illustrate the utility of numerical damping in structural
simulations and, in particular, the property of spectral annihilation that the DE3 scheme enjoys
when used in its most dissipative setting. In both parts, the forcing frequency is set to Ωp = 1.2.

To quantify the error resulting from the numerical integration of the equations of motion, we
use the energy-based metric introduced in [2]

E(t) :=
1√
2

√
(u(t)− u (t))T K (u(t)− u(t)) + (v(t)− v(t))T M (v(t)− v(t)), (10)

where the reference trajectory, denoted by an underlined variable, is calculated using modal
superposition [11]. For a proper assessment of the error, the system oscillations must be suf-
ficiently resolved. In other words, the timestep must be small enough to ensure a sufficient
number of computed points per period of the highest frequency signals. It is easily shown that
this frequency is set by the largest eigenfrequency of the model. For the soft/stiff oscillator, the
two eigenfrequencies read

Ω1 =

√
4 + 2Ω2 − 2

√
4 + Ω4

2
, Ω2 =

√
4 + 2Ω2 + 2

√
4 + Ω4

2
, (11)

and follow the evolution shown in Figure 3 when parameter Ω is varied. One eigenvalue is
always approximately equal to Ω and the other tends to

√
2 or 1 if Ω < 1 or Ω > 1. In the ab-

sence of damping, the oscillatory response of the model comprises three frequency component:
Ω1,Ω2,Ωp. Setting Ω = 100, we have Ω2 > Ωp > Ω1 and the resolution constraint is set by
Ω2 ' 100. Twelve points per period lead to a timestep requirement of h ≤ 5 · 10−3.

The evolution of the error E(10) with the timestep h ∈ [5 · 10−5, 5 · 10−3] is shown in
Figure 4. The high-order nature of the DE3 scheme is well established over the other consid-
ered methods. By order of increasing accuracy, we observe the following ranking: Newmark’s
scheme ((β, γ) = (1/4, 1/2)) is less accurate than Bathe’s method [10]—both are second-order
methods—than the DE3 scheme that is third-order accurate in its dissipative setting (ρ∞ = 0.5)
and fourth-order accurate in its conservative setting (ρ∞ = 1). It is observed that the require-
ment of twelve points per lowest period is not sufficient to ensure proper accuracy with the
second-order methods whereas it does for the DE3 scheme.

Besides offering high-order accuracy integration, the DE3 scheme can also be tuned to damp
Gibbs oscillations that can arise from the finite resolution of the finite elements typically used
in structural dynamics. This can be illustrated by setting Ω � 1 in the soft/stiff model and
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Figure 4: Comparison of the error introduced by the numerical integration procedure for several schemes. The
slopes of the lines give the order of accuracy of the schemes.
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Figure 5: Taming of spurious oscillations via the proper adjustment of the numerical damping introduced by the
DE3 scheme.

by interpreting the high-frequency oscillations at Ω2 ∼ Ω + (2Ω)−1 + O(Ω−3) to be spurious
ones. Proper filtering should then be achieved to ensure that they do not contaminate the lower
frequency components of the model response so that its dynamics is well resolved.

From Figure 1, we see that high-frequency oscillations are very quickly damped by the inte-
gration scheme if ρ∞ = 0 (most dissipative configuration) and the frequency-reduced timestep
is above 102, as the magnitude of the spectral radius of the amplification matrix is indicative
of the scaling of the amplitude of harmonic oscillations over a single integration increment.
We can thus deduce that spurious oscillations will be fast rejected by the integration scheme
provided

h > h∗ =
103

Ω2

' 103

Ω
. (12)

Setting Ω = 106 and keeping Ωp = 1.2, so that there is a timescale separation between the
slow dynamics we are interested in and the spurious dynamics, the above criterion reduces to
h > h∗ ' 10−3. Figure 5 illustrates the effect of numerical damping on the spurious oscil-
lations, by varying the integration timestep while keeping the numerical setting to ρ∞ = 0.
Reducing the timestep is equivalent to moving leftwards along the x-axis of Figure 1 and, thus,
the larger the timestep, the more damping is introduced with respect to the frequency set by
Ω2 ' Ω. As expected, the high-frequency oscillations are more quickly damped for large
timesteps than for small ones. In fact, they are even annihilated in one increment for h = 10−1,
whence the name of the spectral annihilation property. The DE3 scheme thus not only offers
high accuracy but also control on the numerical dissipation introduced in the simulations, mak-
ing it an interesting candidate for structural dynamics computations.

4 CONCLUSION

The DE3 scheme positions itself as a novel and unconditionally stable high-order alternative
to the second-order schemes commonly used in structural dynamics. Its symmetric formulation,
combined to the possibility it offers to control numerical damping via a single parameter, make
it an ideal algorithmic solution for the simulation of large-scale structural dynamics problems.
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Indeed, advantage can be taken from its symmetric nature on the solver side while the controlled
numerical damping can be used to tame spurious oscillations that typically arise in problems
showing a broad spectrum of eigenfrequencies, with the higher ones being associated with
numerical rather than physical eigenmodes.

In this paper, those properties are established and demonstrated by way of an example. In
particular, an error analysis shows its superiority on other well-know schemes and the control
of numerical damping to remove spurious oscillations is illustrated as well.
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Abstract. A meshless approach is presented for the computation of the approximated solution 

of static and dynamic problems in linear elasticity in terms of displacement fields. The 

displacement field is modeled by means of two different kinds of Artificial Neural Networks 

(ANN). This task is accomplished by means of a meshless approach coupled to a net training 

based on the weak formulation of the differential problem, related to Hu-Washizu principle. A 

common benchmark, namely the Timoshenko cantilever beam, is analyzed and discussed in 

detail; several researches have shown that severe difficulties are encountered with the 

Galerkin and the collocation approach since the neural networks never satisfy essential 

boundary conditions (EBC): in the proposed meshless approach, the trial functions can be 

modified in order to satisfy EBC. A possibility to overcome such difficulty in elasticity is to 

employ an energy-based training, that is, to employ an approach (such as the Hu-Washizu 

functional) which can take into account EBC in the error function to be minimized. An 

example is given in one dimension, analyzing the deflection of a horizontal beam subject to 

transverse loads. The presented examples clearly show the importance of the optimization of 

the non-linear pa-rameters of the network, which control the shape and location of the 

activation functions. It is shown that such parameters can be optimized for a static problem 

and subsequently employed for a dynamic problem. The paper in fact aims to extend the 

results investigating the bench-mark problem in the dynamic field. 
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1 INTRODUCTION 

Meshless approaches which are based on Artificial Neural Networks (ANN) have lately 

become widely used and investigated by the scientific community to find reliable 

approximations for the solutions of a great number of problems, described by one or more 

differential equations. Extensive summaries can be found f.i. in [1] and [2]. 

In the field of structural mechanics one of the most promising perspectives is the analysis 

of cracked structures and more generally the behavior of materials which cannot undergo 

tensile states. One of the most attractive features is that such approaches do not need the 

definition of a mesh, and many of them need a so-called background mesh of the structure for 

only numerical integration purposes. This leads, especially in the field of fracture mechanics, 

to model the cracked materials in a more reliable manner, as the crack pattern computed with 

a FEM-based algorithm often shows a strong sensitivity in the mesh definition in the 

surroundings of the crack itself. 

Usually, meshless approaches employ a weighted residual method (see f.i. [3] and [4]) to 

evaluate the solution; the activation functions are defined by means of a set of parameters – 

called non-linear parameters in the following – which control the shape and location of the 

support of the functions. The present work emphasizes the importance of the optimization of 

such parameters, showing that the non-linear parameters can be optimized with respect to a 

static problem, and subsequently employed to determine the dynamic characteristics of the 

investigated structure. 

2 THEORETICAL REMARKS 

A great amount of different kinds of neural networks can be found in specialized literature, 

but many of them can be represented as a linear combination of nonlinear functions of their 

arguments in the form 

     ∑          

  

   

 (1) 

where      is the independent variable and         is a vector function. It follows 

from the definition (1) that         are vectors coefficients and       are scalar functions 

of  . 

Typically, functions       determine the kind of neural network; in the present work, 

examples are presented which employ either sigmoid functions (utilized in feed-forward back-

propagation – FFBP – networks) or radial basis functions (RBF, giving rise to RBF 

networks). 

2.1 RBF Networks 

In the meshless approaches for structural mechanics, RBF are typically employed, such as 

multi-quadric, Gaussian bells, or compact support functions as the so-called Chebichev's hat 

or similar functions. RB functions can be expressed by means of the combination of the 

distance of the generic point   from the so-called center of the associated function, and a real-

valued function of a scalar variable which decreases for increasing argument (see f.i. [5], [6] 

and [7]): 

 {
       (        )

              ⁄  
 (2) 
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In expression (2),      can be seen as an underlying function which enables to define the 

RBFs      , and in this case a Gaussian bell is employed (Figure 1); usually, compact 

support functions are preferred to other kind of functions owing to the difficulty involved in 

the calculation of integrals, but such difficulty can be overcome by means of proper numerical 

techniques. 

As it is clear from definitions, RB functions depend on a limited number of parameters 

which control their shape and location. In information theory, trial functions are in fact called 

activation functions, as they change their value in a limited interval of the real axis: this 

means that, if the independent variable   falls into a limited region      , then the 

activation function attains non-negligible values. 

The region    is typically a hyper-sphere in    in the case of RBFs, so that its 

characterizing parameters are the coordinates of its center and its radius. Nevertheless, it can 

also attain different shapes, as its expression is mainly a function of the distance of the generic 

point   from the so-called center of the associated function as expressed in (2). 

 

Figure 1: A typical RB function defined by means of a Gaussian bell; the center is located at coordinates (5,5) 

and is highlighted by the black vertical line, while the parameter σ determines the radius of the black circle. 

An interesting example of an RB function is described in [5] and called the up function; 

such function is compactly supported and, if properly scaled and overlapped, possesses the 

following notable characteristics: 

∑       

 

 ∑         

 

 (3) 
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2.2 Feed-forward networks 

An interesting approach is represented by FFBP networks which make use of sigmoid trial 

functions: these are monotonically increasing functions of the independent variable, and 

among the most used are:  

(sigmoid function) {
                 

     
 

         

 (4) 

(hyperbolic tangent function) {
                 

     
              

              

 (5) 

The use of functions (4) or (5) as activation functions is equivalent: as a matter of fact, it 

can be shown that: 

     
          

          
          (6) 

2.3 Meshless approach for static problem 

The described functions are herein utilized to obtain a satisfactory approximation of a 

linear elastostatic problem, cast in the following terms: given a linearly elastic continuum   

subject to body forces   and to surface forces  ̂ on the boundary     (natural boundary 

conditions, NBC), and to restraints  ̂ on the boundary    , find a displacement field      

such that: 

(essential boundary conditions, EBC)         ̂     on     (7) 

(strain-displacement relation)             (8) 

(equilibrium equations)   {
div          n  
    ̂           n    

 (9) 

where       ,   being the elastic tensor. Even though it is simpler than the dynamic case, 

the solution of the elastostatic problem can nevertheless give some insight on the main issues 

of the solution procedure: usually, a weighted residual procedure is adopted to determine the 

unknown parameters      in (1), while the parameters which control the shape and the 

collocation of the generic function    are decided and fixed by the user, and the goodness of 

the obtained approximation mainly depend on the number    of functions chosen. 

Some indications can be found in specialized literature on the best possible way to choose 

the location and shape parameters of the activation functions. As an example, Peng et al. [8] 

observe that a larger support size and higher order of RB functions will yield better 

convergence results. This fact can be partially explained in the light of the stationarity of the 

total energy of the continuum, as explained in the following paragraph. 

The total energy of the structure, given by the sum of the elastic deformation energy and 

the potential energy of the applied loads, is defined as follows: 

     
 

 
∫      

 

 ∫      

 

 ∫  ̂      

   

 (10) 
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Finding the vector field which minimizes (10) and satisfies the EBC (7) and the strain-

displacement conditions (8) yields the solution of the elastostatic problem. 

Functional (10) can usefully be slightly transformed, making use of the symmetries of the 

elastic tensor and of the deformation and tension components, yielding: 

     
 

 
∫               

 

 ∫  ̂      

   

 (11) 

If the displacement is expressed by means of a neural network in the form: 

     ∑          

  

   

 (12) 

then its gradient is given by the expression: 

      ∑              

  

   

 (13) 

and, by substitution in relation (11), the stiffness matrix   and the load vector   can be 

computed such that the minimization of the total energy of the system yields: 

     (14) 

where   is a vector which groups all the components of the vectors     , which are therefore 

called linear parameters. Equation (14) represents the minimization of the structural energy 

with respect to the linear parameters, but not to the other characterizing parameters of the 

network, which will be discussed later. 

As a matter of fact, the stiffness matrix   and the load vector   are given by the 

integration, over the continuum body and surface, of the gradient of the displacement field, 

and therefore depend on the location and shape parameters of the activation functions      , 

which will be grouped in the vector   of non-linear parameters. In this way, it is possible to 

write that: 

                               (15) 

and therefore the total energy of the structure will be approximated by the expression 

     
 

 
                         

 

 
                (16) 

In other words, the minimum value of the total energy of the structure (with respect to the 

linear parameters) is a function of the non-linear parameters which define the activation 

functions, and it is therefore possible to optimize again the energy functional with respect to 

the non-linear parameters only, as shown in [9]. 

2.4 Meshless approach for dynamic problem 

In the case of an elastodynamic problem, the displacements, deformations, tensions and 

loads depend, of course, also on time. Following standard approaches for the numerical 

solution of the dynamical problem, a consistent mass matrix and a damping matrix can be 

computed such that: 

     ̈       ̇               (17) 
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where the dependence of   on time and   have been omitted for sake of simplicity. In the 

following, non-linear parameters will be optimized for the elastostatic problem, and the non-

linear parameters determined in this manner will be utilized to compute mass and damping 

matrices. 

3 APPLICATIONS 

In order to show the feasibility of the examined approach, two applications will be 

analyzed and discussed in the following, namely a 1D horizontal beam with a clamped and a 

hinged end, and a 2D horizontal cantilever, the solution of which can be found f.i. in [10]. 

3.1 1D application with a clamped-hinged horizontal beam 

The considered structure is represented in Figure 2 and is simply a beam with a clamped 

end on the left and a hinged end on the right. 

 

 

Figure 2: The examined structure. 

 

 

Figure 3: The initial arrangement of the RBFs (left) and the corresponding deflection (top right)  

and bending moment (bottom right). 

 

At first, a set of 7 RBF were chosen, with centers (shown by the black circles in Figure 3) 

located at                                          where L is the length of the beam. 

If the non-linear parameters of the network are left as they are, which means no 

optimization is carried out on them, but just the linear parameters are evaluated, the obtained 
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solution is poor from the point of view of both deflections and bending moment, as it is clear 

from a look at Figure 3 (right). 

On the other hand, if the optimization of the non-linear parameters is carried out, the 

results shown in Figure 4 are obtained, thus demonstrating the importance of the optimization 

of the non-linear parameters. 

As a matter of fact, the optimization of the non-linear parameters is not strictly necessary, 

but the number of functions   employed in equation (12) must be much higher. 

 

 

Figure 4: The final arrangement of the RBFs (left) and the obtained solution  

(top right: deflection, bottom right: bending moment). 

 

 
 

Figure 5: The solution (top: deflection, bottom: bending moment) with hyperbolic tangent activation functions; 

left: no optimization of non-linear parameters, right: optimized non-linear parameters. 

A similar situation is observed with the use of a FFBP network in the form (5) with 

hyperbolic tangent activation functions, as shown in Figure 5. 

3.2 2D application (Timoshenko cantilever) 

In this example, a horizontal cantilever is considered, but the displacement is modelled as a 

bi-dimensional vector field which depends on two independent variables   and  , as shown in 

Figure 6. The dimensions of the cantilever are 5.00 m (length) by 1.00 m (height). 
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In the current example, the displacement is modeled by means of equation (12); in order to 

obtain functions which vanish at    , the RBFs were slightly modified, and the following 

functions were used: 

{

 ̃                    

         (            ⁄ )

                        
 (18) 

Such modification is significant only when the RBF is centered near the clamped end, as is 

clear from a look at Figure 7. 

 

 

Figure 6: The considered cantilever: the left end is clamped, the right end is free and loaded by a parabolic 

vertical load f(y). 

 

Figure 7: Two examples of the employed RBFs: on the left a function centered near the clamped edge, while on 

the right a function centered far from the clamped edge. 

 

Element number and type Degrees of freedom Tip deflection 

       40 25,00% 

      40 67,00% 

       48 99,00% 

     20 93,00% 

     24 95,00% 

 

Table 1: Results reported in [11] for a cantilever beam. The tip deflections are the percentages of the solution 

obtained for a 1D horizontal slender beam.  

1231



Luca Facchini and Michele Betti 

 

 

Figure 8: The training of the RBF network in the case of the 2D cantilever: above, the positions of the centers 

(red crosses denote initial position and blue circles denote final positions), while below the radii of the circles 

indicate the scaling parameters (red: initial values; blue: final values). The green area indicates the position of 

the cantilever. 

In this case, the optimization of the RBF centers      and scaling parameters    shows that 

convergence is observed towards a pattern where the centers are placed at more or less equal 

distances from each other, and the scaling parameters allow a wide overlapping between the 

functions. 

Following such indications, several arrangements of RB functions were tested: a noticeable 

result is that, after a proper training of the non-linear parameters, a limited number of 

functions is sufficient to obtain a satisfactory approximation of the solution (see Figure 9 and 

Figure 10 for details). 

For sake of comparison, Table 1 reports results from [11] for a cantilever beam with aspect 

ratio   ⁄    , along with the element types employed in the analysis and the number of 

degrees of freedom. CST denotes triangular, 3-nodes plane stress elements with linear shape 

functions. LST denotes triangular, 6-nodes plane stress elements with parabolic shape 

functions. Q4 denotes quadrilateral, 4-nodes plane stress elements with bi-linear shape 

functions. Q8 and Q9 denote quadrilateral, 8- and 9-nodes plane stress elements with cubic 

and quartic shape functions, respectively. 
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Figure 9: The solution for the horizontal (above) and vertical (below) displacement given in [10] (left)  and 

obtained (right) with a network with only 13 RBFs. 

 

Figure 10: The solution for     (above),     (middle) and     (below) given in [10] (left) and obtained (right) 

with a network with only 13 RBFs (which corresponds to 26 linear and 39 non-linear parameters). 

3.3 2D dynamic application (modal shapes for the 2D cantilever) 

The non-linear parameters, optimized for a static load such that of the previous example, 

can be usefully employed to determine the consistent mass matrix of the structure; in the case 

of a time-dependent displacement field, equation (12) is changed in 

       ∑             

  

   

 (19) 

and, upon differentiation, the velocity field is given by: 

        ̇      ∑  ̇           

  

   

 (20) 

where the dot indicates differentiation with respect to time. 

The kinetic energy of the continuum is therefore given by: 
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∫               

 

 (21) 

thus leading to the usual evaluation of the consistent mass matrix  ; it is to be noted that such 

matrix can be regarded as a function of the non-linear parameters again:       . 

It is to be noted that a careful optimization of the non-linear parameters carried out in the 

case of a static load works well also for the determination of the dynamic characteristics of 

the structure, as can be seen by Figure 11. 

 

 

 

 

 

 

 

Figure 11: Some examples of the obtained modal shapes of the cantilever: first transverse (top), first axial 

(middle), fourth transverse (bottom). On the left side the shapes obtained with the meshless approach are shown, 

while on the right side the results from ANSYS FEM code are shown for comparison. 

 

CONCLUDING REMARKS 

The paper presents some results obtained by a RBF meshless approximation of the 

elastostatic and elastodynamic problems. Following the philosophy of neural networks, a set 

of non-linear parameters and a set of linear parameters have been defined. 

It is clear that the optimization of the non-linear parameters of the network can bring 

notable benefits on the quality of the obtained approximation, and enable to greatly reduce the 

numbers of activation functions employed in the network. 

The optimization performed for a static load can be extremely effective also in the 

computation of the dynamic characteristics of the examined structure.  
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Abstract. The wind turbine is supported by towers, which are slender and flexible due to their
geometry and great height. As a consequence, they may experience excessive vibration levels
caused by both the operation of the turbine and the wind loads [1]. One solution to this problem
is the installation of passive control devices. One common passive device is the Tuned Mass
Damper (TMD). Briefly, it is a pendulum-damper which transfers the energy of the vibration
from the main structure to itself, working as a passive device. These passive devices need to be
finely tuned to work as dampers; otherwise, they could amplify structural vibration levels. In
this paper we propose to optimize the vibration performance of a pendulum TMD using Genetic
Algorithm (GA). Harmonic analysis is used to describe the tower with pendulum TMD, and
restricting the mass and length of the pendulum, we propose two fitness functions for the GA:
(a) minimize high peaks of the vibration frequencies; (b) minimize high peaks of the vibration
frequencies and maximize the anti-frequency peak (min. max. restriction). We compare the
analysis of the GA optimization undertaken by report to Zuluaga [2] gradient approach.
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1 INTRODUCTION

The current energy crises coupled to the depletion of fossil fuel stocks and the need to reduce
emissions of carbonic gas, in order to preserve the environment makes wind power generation
a viable and attractive mean for producing electricity [1].

The wind turbine is supported by a tower that can experience excessive vibrations caused by
both the wind turbine and the wind forces because of its geometry and great height. A detailed
analysis of the structural behavior of the tower is of great importance due to its cost, which can
represent approximately 20% of the total cost of the system [3].

Given the great progress in analyses and structural dimensioning, with the advances in the
material field and construction techniques, higher and slender structures have become more
interesting to study. These structures, however, are more vulnerable to excessive vibrations due
to dynamic loads such as earthquakes, winds, storms, waves, etc.

An alternative option, widely studied in the last few years, is the structural control. Fun-
damentally, the structure stiffness and damping properties is changed adding external device
or applying external forces. It is classified as passive, active, hybrid, or semi-active control.
Several researchers have been studying the use of structural control to help suppress the wind-
induced vibrations experienced by wind turbine towers [4].

To minimize these vibrations, we implemented a structural control with a Tuned Mass Damper
(TMD) Pendulum type. A TMD is a passive control device composed of a mass-spring-dashpot
attached to the structure, aiming to reduce structural vibration response [5], since it exhibits a
pendulum absorber geometry. After that, a genetic optimization methodology was loaded with
multiple objectives to be compared to an existing mathematical and numerical optimization [2].

In this paper we propose a structural control optimization methodology to assist wind tur-
bine design projects, enabling the selection of a configuration that targets an optimum relation
between the min and max frequency peaks (Min.Max optimization). The variable parameters
surveyed are: pendulum length and ratio mass between the pendulum and the wind turbine.

Depending on the result obtained for the evaluation of TMD mathematical formulation, fit-
ness is ascribed to each configuration and inputted in a Genetic Algorithm (GA) to optimize
the initial values. This optimization method was chosen for its advantages at discontinuous
functions with multiple variables and complex formulations.

The following sections describe the modal analysis of a wind turbine tower, the TMD math-
ematical formulation for the pendulum settings, the optimization method chosen (definitions of
the chromosome, fitness function, and convergence criteria), and the results.

2 MODAL ANALYSIS

The goal of the modal analysis is to reduce the complex system of partial differential equation
which describes the dynamic behavior of a continuous structure. The motion of a cantilever
Bernoulli-Euler beam (Figure 1) is described in Equation 1 using the theoretical treatment of
the modal analysis [6].

∂2

∂z2

(
EI

∂2w(z, t)

∂z2

)
+ ρ

∂2w(z, t)

∂t2
= F (z, t) (1)

where w(z, t): normal displacement of the beam axis in some directions; z: distance along the
beam axis; ρ: mass per unit length of the beam; F : external force per unit length applied normal
to the beam axis in the direction of w; E: Young’s modulus; I: area inertia moment for bending.
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In general, the modulus of the inertia moment and the mass per unit length vary along the
span of the beam. However, in this example they may be considered uniform over the span.

Figure 1: Schematic description of a cantilever beam with a tip mass.

The boundary conditions for a cantilever beam are given by Equation 2.

w(0, t) = ∂zw(0, t) = 0

EI∂2zw(0, t) = ω2
nΦ′(L)JM

EI∂2zw(L, t) = ω2
nΦ(L)M

(2)

where M and JM : mass and corresponding rotatory inertia mass at the free end, respectively.
Separating a space-time function by w(z, t) = Φ(z)Y (t) and applying the Fourier method

into the associated equation for free vibration, we obtain Equation 3.

1

Φ

∂4Φ

∂z4
= − m

EI

1

Y

∂2Y

∂t2
= const. (3)

The solution of Equation 3 is given by Equations 4 and 5.

Φ(z) = C1 sinαz + C2 sinαz + C3 sinhαz + C4 coshαz (4)
Y (t) = A sinωnt+B cosωnt, with n = 1, 2, 3, . . . (5)

where ωn = (n2π2/L2)
√
EI/m: natural frequency of vibration; αn = ω2

nm/EI .
Using boundary conditions (Equation 2) and JM = 0 we determined the constants A, B and

Ci, i = 1, 2, 3, . . . Thus the spatial end-conditions of the cantilever beam with tip mass were
determined using Equation 6 [7].

Φn(z)

C1

= sinαnz − sinhαnz +

(
sinαnz + sinhαnz

cosαnz + coshαnz

)(
coshαnz − cosαnz

)
(6)

Using the fundamental mode shape Φ1(z), as first vector, the Gram-Schmidt orthogonality
process is going to be use to orthogonolize the other mode shapes. To determine the equivalent
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one-degree-of-freedom (one-DOF) for a dynamic system with distributed mass and stiffness, it
can be assumed that the fundamental mode shape is described by Equation 7 [8].

w(z, t) = Y (t)Φ(z) = Y (t)
[
1− cos

πz

2L

]
(7)

Substituting Equation 7 into Equation 1, we obtain Equation 8.

MsŸ +KsY = F (8)

Then the generalized stiffness and mass of the tower are computed, respectively in Equa-
tions 9 and 10.

Ks =

L∫
0

EI[Φ′′(z)]2dz =

L∫
0

EI
π4

16L4
cos

πz

2L
dz ⇔ K∗ =

π4

32L3
EI (9)

Ms =M +

∫ L

0

(
1− cos

πz

2L

)2

dz =M +
mL

2π
(3π − 8)⇔M∗ =

mL

2π

[
π
(
3 + 2

Le
L

)
− 8

]
(10)

where the tip mass Ms = mLe is defined proportional as an equivalent length Le.

3 TUNED MASS DAMPER MATHEMATICAL FORMULATION

Figure 2 shows a schematic description of a pendulum TMD attached to a main system
composed of a two-DOF. The main system is reduced to a one-DOF model, which corresponds
to the mode to be controlled [5]. The motion considering small displacements to the system is
given by the matrix of the Equation 11 [2].[

(Ms +Mp) MpL
MpL MpL

2

] [
ÿ

θ̈

]
+

[
Cs 0
0 Cp

] [
ẏ

θ̇

]
+

[
Ks 0
0 (Kp +MpgL)

] [
y
θ

]
=

[
Fs(t)

0

]
(11)

where Ms: main system modal mass; Cs: main system modal damping; Ks: main system
modal stiffness; Mp: pendulum mass; Cp: pendulum damping; Kp: pendulum stiffness; L:
cable length; g: gravity acceleration; Fs(t) = Fs0e

iωt: excitation modal force; y(t): main
system displacement; θ(t): pendulum angular displacement.

Figure 2: Structure with a linear pendulum attached: excitation due to a force Fs(t).
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Considering Fs(t) = eiωt, then was obtained y(t) = Hy(ω)eiωt θ(t) = Hθ(ω)eiωt. Substitut-
ing in Equation 11, we obtain the linear equation system given by Equation 12.[
−(Ms +Mp)ω

2 + Csiω +Ks MpLω
2

−MpLω
2 −MpL

2ω2 + Cpiω + (Kp +MpgL)

] [
Hy(ω)
Hθ(ω)

]
=

[
1
0

]
(12)

where Hy(ω): structure response function in the frequency domain; Hθ(ω): pendulum response
function in the frequency domain.

Solving this linear equation system (Equation 12), Zuluaga [2] obtained response functions
Hy(ω) and Hθ(ω) in the frequency domain. These responses are present in Equations 13 and
14.

Hy(ω) =
−ω2B2 + iωB1 +B0

ω4A4 − iω3A3 − ω2A2 + iωA1 + A0

(13)

where: B0 = Kp +MpgL; B1 = Cp; B2 = MpL
2; A0 = MpKsgL+KsKp; A1 = MpCsgL+

CsKp +CpKs; A2 = MsKp +MpKp +MsMpgL+M2
p gL+CsCp +MpKsL

2; A3 = MsCp +
MpCp +MpCsL

2; A4 = MsMpL
2.

Hθ(ω) =
−ω2B2 + iωB1 +B0

ω4A4 − iω3A3 − ω2A2 + iωA1 + A0

(14)

where: B0 = 0;B1 = 0;B2 = MpL
2; A0 = MpKsgL+KsKp; A1 = MpCsgL+CsKp+CpKs;

A2 = MsKp+MpKp+MsMpgL+M2
p gL+CsCp+MpKsL

2; A3 = MsCp+MpCp+MpCsL
2;

A4 = MsMpL
2.

4 OPTIMIZATION

In this section we discuss how to reduce wind turbine vibrations currently, analyzing the
analytic formulation and we propose a Genetic Algorithm (GA) optimization to reach this goal,
with length pendulum and mass ratio restrictions.

4.1 Current optimization

The structural optimization proposed by Zuluaga [2] considers some criteria such as reducing
the mean square displacement, velocity, and acceleration. A mean square value of x is E[x2],
where E is the expected value of a random variable, given by:

E[x2] =

∫ ∞
−∞

x2p(x)dx (15)

where p(x) is the probability density function of the random variable x.
Some power spectra was used in the optimization. In undamped structures subjected to ran-

dom excitations with a white-noise spectrum, Zuluaga [2] determined an analytical solution
for the TMD optimum parameters, such as: cable length and pendulum damping ratio (Equa-
tions 16 and 17, respectively).

L(optim) =

(
2g(µ+ 1) + 2

√
(µg + g2) + 2ωaω2

s(µ+ 2)
)

(µ+ 1)

2ω2
s(µ+ 2)

(16)

ξp(optim) =

√
µ(µ+ 2)(3µ+ 4)(µ+ 1)A

2ω2
s(µ+ 2)2

(17)
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whereA = (µg+g)2+ωaω
2
s(µ+2)+g(µ+1)

√
(µg + g)2 + 2ωaω2

s(µ+ 2); µ = Mp/Ms: mass

ratio; ωs =
√

Ks

Ms
: structure natural frequency; ωp =

√
Kp+MpgL

MpL2 : pendulum natural frequency;
ωa = Kp/Mp: ratio between stiffness and pendulum mass.

A white-noise is an idealized spectrum, but it can reach useful approximations of a physically
possible excitation. A white-noise has been used by many researchers in the study of random
vibrations such as the seism and wind [2, 9, 10].

Taking a damped structure in consideration, it is impossible to ascertain an analytical solu-
tion of the best pendulum settings. Therefore it is necessary to perform a numerical search.
This procedure consists of a setting search of the minimum value of the mean square response
to be controlled (displacement, velocity, and acceleration) of the main system. In this study
it was adapted by a Min.Max numerical search, which registers the peak of the frequency re-
sponse function and the forced frequency ratio corresponding to different setting combinations,
searching for minimum peak.

Furthermore, other criteria used by different researchers can be included, such as [5]:

• Maximum dynamic stiffness of the main structure;

• Maximum effective damping of the structure system/TMD;

• A mixed criterion involving tuning frequency using minimum displacement criterion and
determining the TMD damping using the criterion of maximum effective damping;

• Minimum force of the main portico structure.

Repeated attempt variations of each parameter were made to reach Zuluaga’s goal.

In the study carried out by Zuluaga [2], it was observed that the optimum pendulum length
decreases when the mass ratio increases. Therefore the pendulum period also decreases when
the mass ratio increases. Also, no significant difference was found between white-noise, Dav-
enport or Kanai-Tajimi spectra. In many cases, the white-noise provides good approximations
in random vibrations.

Knowing the hard work in the search of variable combinations (pendulum length and mass
ratio between the main system and the pendulum) and the uncertainty to reach analytical so-
lutions, in this paper we propose a best way to optimize the wind turbine vibration, with a
pendulum TMD. To reach this goal, a genetic algorithm optimization routine was created using
a white-noise spectrum.

4.2 Genetic Algorithm optimization

A Genetic Algorithm (GA) is a stochastic algorithm that mimics natural phenomena as op-
erators, proposed to find the best pendulum setting. GAs are search techniques based on the
processes of natural selection for survival through population genetics [11]. For the GAs to start
evolving, we can use the steps selection, recombination (crossover), mutation, and replacement,
where the survival-of-the-fittest mechanism can be applied to the candidate solutions [12, 13].

In the initialization, the algorithm replies the evolutionary genetics and generates a random
population by uniform distribution. The chromosomes represent the elements in evolutionary
algorithm space, where their features, called genes (quantified by values called alleles), are the
problem inputs to be rated by the fitness function [14].

The selection allocates more copies of those solutions with higher fitness values and the
roulette-wheel select is the procedure chosen to accomplish this idea. After that, recombination
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combines parts of two parental solutions to create new, possibly better, solutions. The mutation,
on the other hand, randomly modifies the solutions’ allele. At the end, a percentage of the
best elements is simply copied to the next generation using an elitism probability. This is a
mechanism to guarantee the best solutions are transmitted to the current generation [12].

The algorithm feeds the system back and evaluates each element from the population. Using
the aforementioned evolutionary strategies, the fittest elements will have more probability to
pass their features to the next generations.

They are depicted by real base, where each gene matches to the hereditary characteristics to
be combined and evaluated. The chromosome is described by the following function:

C = [L;µ] (18)

where L: pendulum length; µ = Mp/Ms, where Mp: pendulum mass; Ms: main system mass.
The real base is useful when the parameters to be optimized are continuous variables [15].

Working with any decimal digits of precision the computer uses flow point numbers to represent
the chromosome and its size is equal to the vector that represents the problem solution; thereby
each gene represents one problem variable [16].

Variable restrictions were inputted to control this optimization faster. The lanes for pendulum
length L (m) and mass ratio µ are:

0.70 ≤ L ≤ 2.00 (19)
0.05 ≤ µ ≤ 0.20 (20)

The performance of each element of the population is measured by the fitness function. It
rates the capability of the element (given a pendulum setting) to minimize high vibration level
and minimize high vibration level and the difference of frequency and anti-frequency peaks
(Min.Max restriction).

5 RESULTS

Given the presented model (Figure 1), the tower with realistic dimensions was considered for
the GA optimization and modeled as a uniform cantilever beam of circular hollow cross-section
with a tip mass (nacelle) at its free end. The tower was made of steel with a hub height of 60m,
a width of 3m, and a shell thickness of 0.015m, considering elastic modulus and density of the
steel with 2.1×1011N/m2 and 7850kg/m3, respectively. The tower carries a nacelle and a rotor
system mass of 19.876kg. The pendulum stiffness was calculated as 1% of the system stiffness,
Cs = 0, and the pendulum damping was fixed in ξp = 0.024 [3].

Using Equations 9 and 10 and considering wind force as a harmonic excitation, we obtained
the following generalized rigidity, mass, and force parameters:

MsŸ +KsY = Fs(t), where Ms
∼= 34.899kg and Ks

∼= 46.3671N/m (21)

Inputting these values in the algorithm, many tests were made to determine the best prob-
abilities of crossover, mutation, and elitism, as well as the population and generation sizes.
The parameters were adjusted with: 7% probability of mutation; 70% crossover; 10% elitism;
150 chromosomes per generation. After 80 generations, the figures were plotted containing the
curves of the best general fitness for each generation with their mean values.

Two function fitness were loaded with distinct objectives. First, a simple case aiming to
reduce the two high system response peaks. Second, a complex case trying to reduce, simulta-
neously, the high system response peaks and the difference between the high and low response
peaks. These two cases are detailed below.
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5.1 Reducing the high peaks

In this first case, the low peak of the response was not considered for the optimization. The
best fitness × generation curve was dramatically converged as shown in Figure 3, maximizing
Equation 22.

ffitness1 =
1

maxHy(ω)i
, where i = 1, 2, . . . , Nind (22)

where maxHy(ω)i: maximum response of each generation; Nind: size of the population.

Figure 3: Optimization results by fitness per generation of the best fitness of each generation (squares) and their
means (asterisks).

The frequency response of the structure was plotted, as well as the structure without a pen-
dulum TMD (Figure 4).

Figure 4: Displacement harmonic response of the wind turbine: with TMD (using GA), with TMD (using Zuluaga
optimization), and without TMD.
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Although the best fitness values look the same in the Figure 3, the convergence is in the
decimal places. The GA gives the best pendulum length and the best mass ratio between the
pendulum and the main system, respectively:

L = 0.9737m;µ = 0.1090 (23)

Using the mass ratio µ determined by the GA, the optimum pendulum length was calculated
using Zuluaga’s formulation (Equation 16), which gives:

L(optim) = 0.9713m (24)

The difference almost cannot be viewed between the best pendulum length given by the GA
optimization and Zuluaga optimization (0, 24%). This can validate the GA, because for the
same ratio mass µ, we can reach the same goal (L) with distinct ways.

We make a parametric analysis searching the maximum displacement of the transfer func-
tion. With the optimum Zuluaga length (Equation 23), we obtained the maximum displacement
of harmonic response as function of mass ratio µ (Figure 7). The minimum response found is
close to µ = 0.1088.

Figure 5: Relation between response function in the frequency domain Hy(ω) and the mass ratio µ between the
pendulum and the main system.

5.2 Reducing the high peaks and increasing the low peak

In this second case, we searched to minimize the main system pole peaks and maximize the
zeros peaks. Thus was necessary analyzed more than one situation, because probably existed
local maxima. The fitness function it was maximized is given by Equation 25.

ffitness2 =
minH∗y (ω)i

maxHy(ω)i
, where i = 1, 2, . . . , Nind (25)

where minH∗y (ω)i: minimum response of each generation between the natural frequencies
(λ1 ≤ Ωf ≤ λ2); Nind: size of the population.

The fitness evolution converges after 10 generations. The optimum combination between
the pendulum length L and the mass ratio µ was summarized in Table 1. For the same GA
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L(m) µ ξp
GA 0.76 0.0787 0.024

Zuluaga 0.97 0.0787 0.024

Table 1: Length results obtained by GA and Zuluaga optimization for the same mass ratio µ and pendulum damping
ratio ξp.

optimum mass ration, we can estimate a pendulum length by Zuluaga (Equation 16). The
pendulum damping ratio ξp was remain the same of previous case (Subsection 5.1).

Figure 6 compares harmonic responses Hy(ω) of GA and Zuluaga optimum values. GA
results present an harmonic response asymmetric with a pronounced resonant frequency. The
pendulum damping ratio ξp has a role importance in dynamic response. To obtain better har-
monic results, we need set ξp as a project variable.

Figure 6: Displacement harmonic response of the wind turbine: with TMD (using GA), with TMD (using Zuluaga
optimization), and without TMD.

The pendulum damping ratio has a crucial role to attain a min. max. harmonic response of the
structure. We inserted this pendulum damping as a chromosome variable, C = [L;µ; ξp]. The
interval lane assumed was 0.00 ≤ ξp ≤ 0.20, limiting the pendulum TMDs to lightly damped
oscillator. The assumed range was quite extensive to provide a large amount of possibilities.

Figure 7 compares GA results with Zuluaga approaches. To obtain Zuluaga’s length L(optim)

and damping ratio ξ(optim) optimum results, we used the mass ratio µ obtained by GA optimiza-
tion.

The displacement harmonic response of the min.max. optimization shows a flat level similar
to reject-band filter. Its harmonic response is worse compared to a Zuluaga optimum values, as
expected, due to a pendulum damping ratio increase.

Optimum project variables for GA and Zuluaga approaches was summarized in Table 2. For
the same mass ratio µ, the pendulum length was quite similar. Perhaps the min.max. optimiza-
tion point to underdamped system with highest pendulum mass ratio.
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Figure 7: Displacement harmonic response of the wind turbine: with TMD (using GA), with TMD (using Zuluaga
optimization), and without TMD.

L(m) µ ξp
GA 1.01 0.1051 0.18

Zuluaga 0.97 0.1051 0.15

Table 2: Length L and pendulum damping ratio ξp results obtained by GA and Zuluaga optimization for the same
mass ratio µ.

We undertake a parametric analysis optimizing pendulum length L and damping ratio ξp for a
fixed mass ratio µ. The mass ratio values was assumed as µ ∈ [0.04; 0.06; 0.08; 0.10; 0.12; 0.14].
Figure 8 shows a displacement harmonic response for each mass ratio µ.

Figure 8: Evolution of displacement harmonic response of the wind turbine: with TMD (using GA) and without
TMD.
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The increase of mass ratio µ presents an expected reduction of dynamic displacement of the
main structure. But reject-band filter shape has a degradation with the µ increase.

6 CONCLUSION

This paper present a GA application to optimize the vibration performance of a pendulum
TMD. We use harmonic analysis to obtain the frequency response function of a tower with a
pendulum TMD. The continuous system that describe the tower was reduced to the first mode.
Then the structure system was described as a 2-DoF dynamic system.

Using a genetic algorithm with floating point chromosome, we propose two restrictions in
objective function: (a) minimize high peaks of the vibration frequencies; (b) minimize high
peaks of the vibration frequencies and maximize the anti-frequency peak (min. max. restric-
tion).

We compare the analysis of the GA optimization undertaken by report to Zuluaga [2] gradi-
ent approach. The first restriction obtain an optimum harmonic response identical to Zuluaga
approach, as expected. This result validate present GA implementation. The second restriction
provide several results. Pendulum TMD is mainly influenced by mass ratio an damping ratio.

The optimum mass ratio µ to 10% of main structure mass. But the optimum pendulum
damping ratio ξp has a high value of 18%. More studies must be undertake to analyze damping
forces in other mode shapes.
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Abstract. Parabolic trough collectors focus insolation on receiver tubes to generate electrici-
ty in downstream steam cycles. Currently, commercially already established collector mod-
ules consist of spatial steel frameworks supporting mirror elements point-wise. The crucial 
disadvantage hereof is the separation between supporting and reflecting structure. To over-
come this drawback, a yet small-scale but continuous concrete shell prototype, that combines 
both tasks, has been manufactured. It consists of a single thin-walled shell made from high-
strength concrete with a thickness of 20 to 30 millimeters only. Tests have proven a consider-
able optical efficiency of the prototype developed in a cooperation of the universities of Bo-
chum and Kaiserslautern in Germany.  
In line with current trends to reduce costs by economy of scale, an up-scaled structure based 
on the prototype, but having an aperture of 10 x 30 m and a hollow cross-section, is now 
aimed for. To account for the specific action effects on such structures, like wind loads and 
temperature, an initial numerical model has been set up. Employing topology optimization 
techniques delivers an optimally balanced model candidate with respect to mass and stiffness 
iteratively. Structural parts that require low densities only are identified and substituted by 
hollow shapes of simple geometry. That way, the total structure is subdivided into appropriate 
substructures according to the flux of inner forces along with a significant weight-reduction. 
Obviously, the emerging partial segments defined by the substructures have to be designed for 
stability. Accompanying experimental studies of micro-meshed reinforced high-strength con-
crete elements prove both general feasibility and also manufacturing. 
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1 INTRODUCTION 

State-of-the-art for parabolic troughs is steel frameworks supporting curved mirror ele-
ments point-wise like in case of the EuroTrough module with an aperture of 5.77 x 12 m [1]. 
This kind of collectors has become the most mature technology in concentrating solar light 
during the last years. Today the worldwide installed power amounts to more than 2 GW. But, 
a disadvantage of these troughs has been claimed, too. Due to the point-wise supported mirror 
elements potential energy losses might arise, e.g. from wind-induced, deformation in between 
the boundary points. Recently, this drawback has been tackled in cooperative investigations of 
the two universities of Bochum and Kaiserslautern in Germany. A small-scale prototype made 
from concrete has been developed that merges support and reflection in a shell-like structure. 
To reflect solar light, a foil is glued plane on the concrete surface. Their small-scale prototype 
has an aperture of 2.205 x 3.20 m along with a thickness 2-3 cm only. However, it shows the 
general feasibility of highly accurate concrete collector modules with proven optical perfor-
mance [2]. Extending these fundamental findings and following current trends to reduce costs 
by economy of scale, a parabolic trough module of 10 x 30 m is now aimed for. To realize 
these dimensions with concrete, structural weight must clearly be saved. The massive single-
walled concrete shell is dissolved into a hollow structure. Employing topology optimization 
techniques the cross-section is re-designed claiming volume decrease and stiffness gains sim-
ultaneously. In an initial step before, the design space for topology optimization must be re-
stricted with respect to stiffness, low deformation and the concrete’s tensile strength pivotal 
for cracking. First results of this iterative form-finding process are presented in the remainder.  

2 CONCEPTUAL DESIGN  

Recently published conceptual designs of parabolic trough collector modules consist of 
thin-walled concrete shells made of high-strength concrete in which reflectors on the inner 
surface are adapted that do not contribute to structural bearing capacity [3, 4]. They concen-
trate on the concrete shell and do not comprise detailed analyses of the supports what might 
be necessary in a holistic optimization. Inspired by the EuroTrough module a small-scale pro-
totype with homogenous cross-section has been manufactured with wall thicknesses of 3 cm 
at vertex and 2 cm at the free edge [2]. In case of large-scale parabolic troughs similar low 
wall-thicknesses can be achieved dissolving a homogeneous concrete cross-section into an 
inhomogeneous hollow one. That way, significant portions of self-weight are saved whereby 
the adaptive inner lever arm of forces, the distance between compressive and tensile stress 
resultants in concrete, grants high stiffness. Following the concept of non-cracked concrete, 
the size of the inner lever arm is restricted by allowable tensile stresses due to concrete’s ten-
sile strength with respect to intended wall-thicknesses. Additionally, low deformations must 
be met to obtain high surface accuracy and total efficiency of the collector. An inhomogene-
ous cross-section shall be obtained by adjusted hollow shapes describing the inner geometry 
especially the position of vertical struts. Initial geometry and material properties of an envis-
aged large-scale trough module are presented in Fig. 1 and Table 1. 

Young’s modulus  47 593 N/mm² 
Bending tensile strength 15.1 N/mm² 
Cylindrical compressive strength 109.1 N/mm² 
Density of hardened concrete 2524 kg/m³ 

Table 1: Material properties of hardened Nanodur® concrete (mean values, determined at TU Kaiserslautern). 
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Figure 1: Sketch and dimensions of a large-scale parabolic trough. 

While the inner shape of the collector is required to be smooth and can be best described 
by a general parabolic function, the exterior shape is optional. This gives the opportunity to 
search for an optimum shape. Eq. 1 relates the focal length f of 2.98 m to a rim angle φ = 80 
and an aperture width b = 10 m with respect to a computational module model. 

y x =
1

4f
x2

(1)

To investigate the exterior contour on bottom side, the cross-section has been modelled as 
a cantilever beam. Its length is half the aperture width due to symmetry. Further, the so called 
design space (cf. Fig. 2, top left) is defined by six design variables of local thickness (h1-h6) 
initially set to 0.35 m. Self-weight and a distributed wind load perpendicular to the inner sur-
face is accounted for. Highly accurate surfaces are achieved penalizing maximum vertical 
displacements in the analysis.  

The numerical model set-up in ANSYS software consists of 8880 quadrilateral plane stress 
elements (plane 82) with quadratic shape functions in a regular mesh. The elements thickness 
is constant for all elements (0.20 m) [5]. Consequential, the volume amounts to 0.35 m³. The 
total strain energy  follows from Eq. 2 by integration of transposed elemental stresses  and 
strains  over the total volume V and gives 2.23 Nm. 

Π= 
1

2
σTε

V
dV (2)

Twice the strain energy is equivalent to structural compliance, the inverted stiffness. Its 
physical interpretation is hence straightforward. Strain energy is obviously anti-proportional 
to structural stiffness. If the stiffness decreases, the strain energy rises and vice versa.  

3 CROSS SECTIONAL OPTIMIZATION 

The optimization process is split into five independent but subsequent steps reducing al-
lowable vertical displacements from initially 9 to 5 mm in the end. In all steps the objective is 
to maximize the volume reduction by means of minimal local thicknesses (h1-h6). This is 
mathematically equivalent with finding the minimum structural compliance that grants the 
pre-scribed displacements. In general two optimization techniques are combined. At first, 
shape optimization fixes the outer contour of the parabolic trough that serves as the design 
space in subsequent topology optimization employing artificial material densities. The latter 
one then identifies domains where material is necessary for stiffness and others where hollow 
bodies reduce the total weight. Thereby, the output of shape optimization is simultaneously 
the input of topology optimization. To gain insight in the solution process of shape optimiza-
tion by ANSYS two consecutive methods, zero-order and first-order-method are combined. 
They deliver the progress of the objective function and the design variables continuously.  
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3.1 Outer shape optimization 

For the outer shape optimization, three different groups of variables have been defined. 
First group is the design variables x expressed by six heights (h1-h6) fixing the vertical dis-
tances between the radiation surface itself and its exterior end according to Fig. 2. These end 
points are connected one to another by a cubic spline function. At the very beginning equal 
heights (hi=0.35) are stored in an initial vector but changed during iteration. Each iteration 
starts with the solution of the previous one by means of adapted values of height.  
Second group are state variables g(x) used to restrict structural responses. They are formulat-
ed with respect to the design variables x and limited by upper (u) and lower (l) bounds (Eq. 3). 

x = [x1, x2, …, xn] 

xi,l ≤ xi ≤ xi,u i = 1,2, … n 

gj,l ≤ gj(xi) ≤ gj,u j = 1,2, … n

(3)

Restrictions are made concerning vertical displacements and concrete cracking that hap-
pens if stresses top the high-strength concrete’s tensile strength. Generally, the higher the 
structural stiffness is, the lower deflections under constant loads are. Vertical displacements 
are reduced in five independent steps from initially 9 to finally 5 mm. 

The last, third group comprises the objective function to be minimized. Here the volume of 
the trough subjected to self-weight and wind load shall be reduced to some extent. The wind 
load pressure according to Beaufort scale 6 is given with q = 0.18 kN/m² assuming an average 
pressure coefficient cpe = 4 that integrates different load positions due to sun tracking and oth-
er but minor effects [2]. Tolerances of the three groups are defined separately. While the ob-
jective function’s tolerance is set to 0.01 in ANSYS software, the design variables one is two 
times finer. For state variables a tolerance of 0.0002 is fixed.  

Conceptually in this study, a two-step approach for shape optimization of the exterior shell 
contour is employed. However, the optimum determined this way is intermediate only and 
serves for subsequent optimization of topology discussed in section 3.2. Here, the focus is on 
shape optimization. 

At first, a so called zero-order-method that relies on the design values, the state variables 
and the objective function but not on their derivatives is employed. It approximates the objec-
tive function by linear or quadratic polynomials according to Eq. 4. The coefficients herein a0, 
ai and bij, are obtained from regression employing weighted least squares to account for the 
restrictions set. Acc. to [5] the initially constrained optimization problem is transferred to an 
explicitly unconstrained one incorporating penalty terms for both, state variables and objec-
tive function.  

f=a0+ aixi bijxixj

n

j

n

i

n

i

(4)

Next is to improve the approximation obtained above by a first-order-method employing 
derivatives. Here, the derivatives of the objective function are evaluated and stored in a gradi-
ent vector. In general, the method is known to be superior to the zero-order-approach since it 
finds local and global optima more accurate due to steepest descent and conjugate line-search 
techniques [5, 7]. However, this advantage comes along with a disadvantage. Obeying the to-
tal solution process, the method reduces the number of general iterations needed to converge 
at minimum but also requires a greater number of sub-iterations in intermediate loops. This 
condenses in higher time-demands for a global iteration but a smaller amount of iterations 
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compared to the zero-order-method. Additionally, it is possible to use zero-order-solutions 
obtained before as input for further optimization with the first-order-approach.  

 

 
Figure 2: Cantilever beam as reduced cross sectional mechanical model (top left), general variables (top middle), 

objective function (top right) and design optimization progress for step 1 exemplarily (bottom). 

Exemplarily the progress of shape optimization for limited vertical deflections (9 mm, 
step 1) employing the two consecutive methods discussed above is shown in Figure 2. At bot-
tom three diagrams show the progress of the design variables during optimization. Six curves 
track the vertical heights (h1-h6) of the trough. While the first two diagrams were obtained 
from the zero-order-approach using approximation, the last one follows from the enhanced, 
derivative-based first-order-method. After 34 iterations, contained in the first graph, converg-
ing design variables could hardly be identified. Hence, another 17 iterations were performed. 
Thereafter all design variables have nearly converged. Physical interpretation is as follows: 
The closer the variable’s location to the center, the higher its thickness. The final contour is 
crescent-shaped as shown in Fig. 4. Two more iterations by the enhanced method leave these 
results unchanged. However, the convergence rate of the latter shows significantly improved. 
Additionally, the objective function’s progress in course of optimization is tracked in the up-
per-right graph of Fig. 2.  

 
Figure 3: Design variables (hi), stiffness indicator (strain energy Πi) and objective function (volume Vi) related to 

their initial values for step 1-5. 
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Figure 3 shows the variation of the solution by means of three newly developed dimension-
less indicators with step-wise intensified restriction of maximal deflection. On the horizontal 
axes step number and pre-scribed maximum deflection in mm is plotted, whereas the y-axes 
show the dimensionless indicators, e.g. design vector x, total strain energy  and volume V. 
In general, the indicators relate current to the initial values and reveal global tendencies 
meanwhile the restriction of deflection is tightened. As expected the volume V as well as the 
design variables hi show moderate increases, while the strain energy Π shows a steep descent. 
This sensitivity qualifies the strain energy as a perfect monitoring variable in structural opti-
mization. 

3.2 Topological optimization for identifying hollow shapes 

By contrast to shape optimization, the design space in topology optimization is (already) 
fixed. Here, design variables (ηi) are internal pseudo-densities of finite elements [5, 6]. Thus a 
finite element mesh, a discretization of the design space, is a prerequisite for this method. 
Here, the same mesh introduced before has been used. For every element the pseudo-density 
lies between its limits of zero and one. Intermediate values are theoretically allowed but 
should be avoided. Physical meaning of a zero density is that belonging elements might be 
removed in terms of structural stiffness, whereas ones mark the opposite. Of course, the densi-
ty value depends on boundary conditions and load patterns applied on the mesh but interest-
ingly not on the size of loads. Defining both, loads and boundary conditions, on a mesh leads 
to a distribution of material according to the inner flux of forces. Besides these two, obviously, 
the number of elements of the discretization chosen strongly influences the results. Aside the 
material itself is of minor interest. In practical application it is mostly assumed linear elastic, 
e.g. defined by Young’s modulus and Poisson’s ratio. A final driving parameter of the results 
is the mass reduction factor beta according to Eq. 5.  

mred = (1- )m0

m0 = initial mass, mred = reduced mass
(5)

It relates initial and final mass, thereby defining the extent of mass reduction allowed for in 
optimization. A typical strategy for topological optimization is to adapt the optimality-criteria 
(OC) algorithm. It minimizes the structural compliance, the inverse of structural stiffness, 
which equals twice the strain energy according to Eq. 2. Thereby, the mass reduction factor 
beta is fixed as a constraint [5, 6]. Consequently, the convergence of results must be checked 
to ensure optimality.  

For this study, the situation is different. Since the structural stiffness of the concrete trough 
has already been determined by shape optimization before, the ideal mass reduction factor 
beta remains to be searched for. Sequential Convex Programming (SCP) is known to be ad-
vantageous for this purpose [7, 8, 9]. Figure 4 contains first results of structural optimization. 
The upper cross-section of the parabolic trough achieves a maximum volume reduction with 
respect to the here allowed compliance in a range from 7 to 8. Although both parameters - 
structural compliance and mass reduction factor beta - have converged obviously the material 
distribution lacks plausibility in parts of the structure. For comparison the compliance for the 
solid case (about 7.25 Nm) is added to the plot of compliances. It is lower than the one ob-
tained by structural optimization and meets the expectation since the volume has been signifi-
cantly decreased. Nevertheless, at center, close to the symmetry axis, clear substructures by 
means of struts and hollow domains, can be identified. Here the wall thickness is low as ex-
pected due to the stress limitations set. Aside, at the very end of the structure no material 
seems to be needed which is unacceptable. A quick workaround excludes these parts from the 
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optimization not allowing for material reduction at all. The remaining design space is again 
optimized and results in a more plausible material distribution along the whole structure, 
which is still subject of current investigations to gain robust hollow structures with maximum 
material mass reduction factors. 

Figure 4: Material distribution (left), reduction factor β (middle) and maximum compliance (right) for initial (top) 
and reduced design space (bottom) of step 5. 

4 CONCLUSIONS AND OUTLOOK 

Large-scale parabolic troughs made from high-strength concrete have a high-potential be-
ing competitive on market. They can be cost efficient since serial production is a common 
concrete technology. Therefore, an essential prerequisite is an optimally balanced relation of 
stiffness and weight, to minimize material costs in construction and maximize bearing capaci-
ties subjected to a variety of different load cases expected during operation. In combination of 
two promising structural optimization methods a true-to scale prototype trough structure is set 
up and numerically analyzed in detail. Employing shape-optimization techniques in ANSYS 
software its outer contours are optimized with respect to concrete volume and the flux of inner 
forces. Meanwhile it also serves as the design space in a subsequent optimization step by 
means of topology optimization. Here, the solid inner concrete matrix is dissolved in distinct 
struts and hollow bodies leading to mass reductions about 15 % thereby fulfilling tight deflec-
tion limits of few millimeters. All intermediate solution steps and final results allow to be 
checked for adequacy and plausibility. A newly developed dimensionless progress indicator 
of the holistic optimization process identifies the total strain energy as the most sensitive pa-
rameter which is thus recommended for monitoring.  

Remaining tasks for the future are the extrapolation of the hollow cross-section derived 
from structural optimization in longitudinal direction as well as the experimental verification 
by means of large-scale trough structures made of high-strength concrete including its smaller 
sub-structures in view of bearing capacities and structural stability.  
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Abstract. Wind Turbines constitute a sustainable and effective solution for the production of 

energy using wind power. Offshore wind turbines especially are becoming of special interest. 

However, their design poses great challenges, since an offshore structure is subject to com-

bined wind and wave dynamic loading that is characteristic of the site of installation. The 

purpose of this paper is to provide a case study of fatigue life assessment for the cross-section 

at mudline (foundation) of a standard offshore wind turbine with a monopile design, under a 

probabilistic framework and assuming the thickness of the examined cross-section as the de-

sign variable. Two potential sites of construction in the Aegean Sea of Greece were examined. 

A probabilistic approach was employed in order to determine the fatigue life based on ane-

mological data at each of the two sites of interest. At its basis is an extensive Monte Carlo 

simulation of wind (velocity) and wave (height, period) characteristics. The results show the 

dependence of fatigue life on the local wind and wave conditions, the cross-section geometry 

(i.e. the thickness of the foundation’s pile) and the welded connection detail. All in all, the 

more benign conditions in the Aegean allow simpler connection details and smaller thickness 

of foundation pile’s cross-section to still have acceptable performance. 
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1 INTRODUCTION 

Wind turbines constitute a sustainable and effective solution for the production of energy 

using wind power. Wind turbines may be constructed either in land areas (onshore) or in sea 

areas (offshore). Offshore wind turbines are becoming of special interest in recent years. Alt-

hough an offshore wind turbine usually starts with a higher initial cost, it can outweigh a simi-

lar onshore one during its service life in a number of aspects such as: higher productivity due 

to stronger winds over sea areas, larger available installation areas and lower (or even non-

existent) public nuisance. The latter is especially important in countries such as Greece where 

protracted court battles have hindered most onshore wind farms, inflicting substantial cost and 

crippling delays. 

A wind turbine could be considered as a structure that lies between a civil engineering 

structure and a machine [1]. In specific, a wind turbine consists of structural elements (tower, 

substructure etc.) and a number of electrical and machine components with a control system 

(gear box, drivetrain etc.). Under a civil engineering perspective, the main components of a 

wind turbine could be considered the tower and the substructure system. The tower is the el-

ement on the top of which the mechanical parts of the wind turbine, such as the nacelle and 

the blades, are installed. The tower is made of steel and has a circular cross-section. It is usu-

ally tapered i.e. the cross-section size (e.g. diameter, thickness etc.) decreases with height, 

typically in a linear fashion. The tower is connected to the substructure, i.e., the part of the 

wind turbine that is submerged in the water. The substructure may be founded directly in the 

seabed or based on a floating platform. This type of the substructure’s foundation usually dis-

tinguishes an offshore wind turbine into two categories, namely fixed and floating. Fixed 

wind turbines are used especially in sites of low or medium depths, while the construction of 

a floating wind turbine is cost-effective in the case of deep waters. The most common type of 

design for fixed wind turbines, which is used for depths up to 30 meters, is the monopile. This 

is probably the simplest structural concept, where the tower is connected (directly or via a 

transition piece) to a pile that has been founded at the seabed. 

Regardless of the type of an offshore wind turbine, both structure and substructure are sub-

ject to dynamic combinations of wind and wave loads with a wide range of frequencies. This 

fact may raise critical issues during the turbine’s service life in terms of fatigue and power 

efficiency [2]. For this reason, special focus should be devoted on the appropriate analysis and 

assessment of the dynamic combination of loads during the design phase. Furthermore, since 

wind turbines are complicated structures including a number of different components, reliabil-

ity analysis considering consistent reliability levels and taking into account the dynamic na-

ture of loads has received considerable attention by researchers [1, 3]. However, a great 

challenge in the above analysis is posed by the stochastic nature of the main loading mecha-

nisms, namely wind and wave, as their characteristics tend to vary rapidly. Their stochasticity 

mainly depends on the climate at the area of construction. Thus, one could say that the design 

of an offshore wind turbine is a highly site-specific process. For this reason, the use of accu-

rate site anemological and wave data is essential.  

As far as the loads are concerned, the aforementioned stochasticity affects their magnitude 

and also subjects the structure to cyclic stresses making its components vulnerable to fatigue 

damage. Furthermore, they affect the overall performance and energy output. Research efforts 

are currently under way to incorporate climate information and relate it directly to the calcula-

tion of fatigue damage [4] or the assessment of performance [5]. However the stochastic na-

ture of the wind and waves, as physical phenomena, makes such an analysis very complicated 

and advanced methods from statistics and probability theory need to be incorporated. 
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The purpose of this paper is to provide a case study of a probabilistic fatigue life assess-

ment for a standard offshore wind turbine located in the Aegean Sea of Greece. In specific, a 

fixed offshore wind turbine with a monopile foundation is studied. Two potential sites of con-

struction, one in the north part and another in the south part of Aegean, with different wind 

and wave characteristics, are considered. For both sites dynamic loading analysis is performed 

and the corresponding fatigue damage of the pile’s cross-section at the mudline of the struc-

ture is calculated for different wind-wave states. The estimation of the expected fatigue life is 

made by incorporating Monte Carlo simulation. Furthermore, the thickness of the cross-

section is examined as the design variable. Thus, estimations of the expected fatigue annual 

damage and corresponding life are made for a range of values of thickness and inferences 

about the influence of this parameter to fatigue life are made for both sites.  

2 THE WIND TURBINE MODEL 

The National Renewable Energy Laboratory (NREL) 5MW Baseline Wind Turbine was 

selected as a standard offshore wind turbine for this study. The rated power is 5 MW. The 

tower of the turbine is tapered and of steel circular hollow cross-section. The base diameter is 

6.00 m and the thickness 27 mm, while the top diameter is 3.87 m with a thickness of 19 mm. 

The height of the tower at its top point (where the nacelle is based) is at 87.60 m from the 

Mean Sea Level (MSL). The rotor has three blades. The rotor disk has a diameter of 126.00 m 

and its center (hub height) is located at 90.00 m from the MSL. The cut-in and cut-out wind 

speeds are 3 m/s and 25 m/s respectively. For additional details regarding the characteristics 

of the standard turbine the reader may refer to [6].The tower is connected to a monopile foun-

dation via a transition piece (TP). The monopile is considered to be founded at a depth of 28 

m. It has a steel circular hollow cross-section, 6.00 m in diameter. The thickness of the pile’s

cross-section in the standard model is 60 mm. The connection of the base of the tower to the 

transition piece is considered to be at 10.00 m of the MSL (Figure 1). Finally, a rigid type of 

foundation is assumed. 

Figure 1: Wind turbine model (adapted from [7]). 
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3 THEORETICAL BACKGROUND 

Design criteria and analysis guidance are provided by published standards. The analysis of 

offshore wind turbines is mainly based on the IEC 61400-3 standard [8]. It specifies the con-

text for the assessment of external conditions and the design requirements to ensure the engi-

neering integrity of the structure. The IEC standard also provides an appropriate level of 

protection from all hazards during the planned lifetime of an offshore wind turbine. In addi-

tion, the DNV standards [9] can also be used for the assessment of loads on marine structures 

subjected to wind, wave and current loading. 

3.1 Loads 

The assessment of wind loads is critical for the analysis of an offshore wind turbine. Alt-

hough wind is essential for the operation and efficiency of a wind turbine, it is also the envi-

ronmental factor with the greatest contribution to the loading of the structure. For the 

assessment of wind loads, time-series of wind speed at the hub height of the wind turbine are 

used. The time-series may have been developed according to specific spectrums (such as 

Kaimal or von Karman), based on the characteristic (average) value of a 10-minute wind 

speed. For this process appropriate software can be used, such as the TurbSim software de-

veloped by NREL [10] and adopted in this study. The wind time-series are then used as the 

input to calculate the values of reactions and deflections at the structure due to the wind. In 

this study, the authors used the FAST software [11]. 

Offshore wind turbines are also subject to wave loads which in some cases (e.g. in North 

Seas) may be very significant. Wave characteristics, such as the significant wave height (Hs) 

and peak spectral period (Tp), depend on the wind speed and the available sea length, or fetch, 

over which the wind transfers energy to the sea. Several methodologies and associated wave 

spectra are available for the calculation of the dynamic wave characteristics. A very widely 

used spectrum is JONSWAP [8, 9] that will also be our choice. A simplified method to trans-

form wave characteristics into forces on a structure is the Morison equation [12]. This is a 

semi-empirical method for calculating the acting force on a body (e.g. a pile) that is sub-

merged into moving water. The general form of the equation is as follows: 

(1) 

where: D is the diameter of the member (pile), CD and CM are the drag and inertial coeffi-

cients respectively, ρ is the water density, Α is the cross-sectional area and u is the water ve-

locity relative to the body. The forces and the moments acting on the structure are then 

calculated by integrating the height-wise contributions of Eq. 1. For more details about the 

application of the Morison equation, the reader may refer to [9]. 

3.2 Fatigue 

According to Eurocode 3 (EC3) [13], fatigue is considered as the damage in a member of a 

structure through crack initiation and/or crack propagation due to repeated stress fluctuations. 

Various standards have been published for the design of steel structures against fatigue. In the 

Eurocode series, part 1.9 of EC3 [13] provides the analysis context for fatigue design of steel 

structures. For the estimation of fatigue damage, time-series of stress history associated with 

the structural member of interest are needed. After those time-series are obtained, the stresses 

of various magnitudes should be grouped into groups of specific stress magnitude. Then, the 
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number of cycles (i.e. the frequency) of each group is counted. A very widely used approach 

for counting the number of cycles is the rainflow counting algorithm [14, 15].  

By incorporating rainflow counting, the number of cycles of stress is calculated for each of 

the different stress amplitudes (or groups). Once the number of cycles for each group is speci-

fied, the corresponding fatigue damage can be estimated. In specific, if ni is the number of 

cycles observed for stress group i, and Nfi is the number of cycles to failure for stress group i, 

the corresponding damage di is: 

(2) 

The total damage D in a stress history of a specific length is then calculated by the follow-

ing formula (Palmgren-Miner rule): 

(3) 

The fatigue life of a structural member is the time until D reaches the maximum allowable 

value of 1. Assuming that D has been estimated for a representative enough interval of dura-

tion TD over which its accumulation may be assumed to be stationary, a good estimate (as-

suming deterministic capacity) of the corresponding fatigue life is equal to TD/D. For instance, 

if D is the mean annual fatigue damage of a member, the estimated fatigue life in years is 

equal to 1/D (in this case TD=1). 

4 CASE STUDIES FOR GREECE 

4.1 Examined Sites 

Offshore wind farms have been constructed and are in operation in the northern seas of Eu-

rope. On the other hand, none have been installed in the Mediterranean Sea. However, a num-

ber of projects are ongoing for examining the potential of design and installation of offshore 

wind farms by several Mediterranean countries [16]. In this paper, two case studies will be 

presented for the preliminary assessment of fatigue life for the cross-section at mudline of a 

standard offshore wind turbine with a monopile foundation for a range of thickness values of 

the cross-section. In specific, two different sites in the Aegean Sea of Greece were selected, 

shown in the map of Figure 2.  

The first site is located on the North part of the Aegean, while the second site on the South 

part. Each has its own wind and wave characteristics, in large part due to the difference in the 

surrounding geography. For the case of the North site, due to the proximity of the mainland, 

significant difference in fetch (i.e. the uninterrupted length of water over which waves can 

develop) exists for the various wind directions, with the maximum appearing for a southern 

wind. In the case of the South site though, no much difference could be assumed between the 

different directions and a practically uniform fetch could be used for the analysis. 

4.2 Analysis Process 

For both sites of the study a similar process was followed for the estimation of the fatigue 

life. First, anemological data was obtained from the National Weather Service of Greece. A 

statistical analysis for specifying the major trends and the distribution of that data was per-

formed. Given the relatively small fetch distances in the Aegean, the wind speed is reasonably 
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assumed to fully determine the wave state as well, something that would not be true, for ex-

ample, in an ocean environment. Thus, the wave characteristics (significant wave height and 

peak period) were calculated based on the JONSWAP spectrum for each possible value of 

local wind speed. Finally, the joint probability density function (joint PDF) of wind speed (U) 

and significant wave height (Hs) were estimated, a process that will be discussed in more de-

tail in the next section.  

Figure 2: Map of Aegean Sea with the examined installation sites. 

For the analysis of loads, time-series of wind speed at the hub height were simulated using 

the TurbSim software. In specific, time-series of 10-minute length, for a number of wind 

speed values, namely 3 m/s (cut-in), 5 m/s, 10 m/s, 15 m/s, 20 m/s, 25 m/s (cut-out) and 30 

m/s (parked turbine) were developed. The aforementioned time-series along with the corre-

sponding wave characteristics constituted the input for the FAST software, where a coupled 

(i.e. assuming that the wind and waves act simultaneously on the structure) dynamic analysis 

of wind and wave loadings was performed.  

A number of 10 simulations were performed for each mean wind speed. Of course, the 

above number might be small for some of the more variable wind-wave states, but it was se-

lected as a preliminary value due to the large computational effort that the process requires. 

At the end of each simulation, 10-minute time-series of reaction forces, moments, deflections 

and other values on the structure were obtained. Based on those time-series, the 10-minute 

stress history, by incorporating the reaction forces and moments were calculated for the cross-

section of interest. As far as the geometry of the cross-section is concerned, the diameter was 

kept equal to 6.00 m (as in the standard model) and values from the range between 25 mm to 

60 mm (with a step of 5 mm) were examined for the thickness. Rainflow counting and the 

Palmgren-Miner rule were used for the calculation of the 10-minute fatigue damage. Two dif-

ferent classes of detail, namely 40 MPa and 71 MPa, were assumed for the welded connection 

and the corresponding S-N curves of EC3 part 1.9 were employed. The Wöhler coefficients 

(which represent the slope of S-N curve) are equal to m=3 and m=5 as shown in Figure 3. Ac-

cording to EC3, a detail of 40 MPa corresponds to fillet welds, while a detail of 71 MPa cor-

responds to butt welds for connecting a circular hollow section to a ring-shaped flange plate. 
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Figure 3: S-N curves for steel from EC3 Part 1.9. 

From the above process, 10 potential values of 10-min fatigue damage were estimated for 

each of the selected wind speeds. Based on those 10 values the empirical cumulative density 

function of damage for each of the wind speeds was calculated and thus the empirical distri-

bution of the damage was specified. For intermediate values of wind speed linear interpola-

tion was used for determining the corresponding fatigue damage distribution. 

The final step was to estimate the annual damage based on the 10-minute damage and the 

distribution of the annual wind speed data. Once the annual damage is calculated, the estimat-

ed fatigue life in years is equal to the reciprocal of that value. The process of calculating the 

annual damage (and the corresponding fatigue life) can be repeated numerous times since the 

distributions of the fatigue damage and the anemological data of the site are known. Thus, a 

Monte Carlo simulation for 100 years was performed in this study, in order to estimate the 

distribution of the fatigue life in the cross-section of interest. The results of this simulation for 

both sites and details of connection will be presented in the next section of the paper. 

 

5 ANALYSIS RESULTS 

5.1 Case 1: North Aegean Sea 

The first site that was examined is in the north part of the Aegean Sea. The distribution of 

the 10 min mean wind speed at 10 m (U10) of the MSL in a typical year is shown in Figure 4. 

A statistical analysis also showed that the mean value of wind speed was 5.41 m/s and the 

standard deviation 2.92 m/s. Furthermore the distribution of the wind speed is best modeled 

by a lognormal distribution with parameters μ = 1.56 and σ = 0.51. Regarding the wind direc-

tion, North-East (24.6%) and North (12.9%) constitute the preferred directions of winds in a 

typical year. Finally, as for the surrounding geometry, Table 1 shows the values of fetch for 

each of the eight main directions considered in this study. 
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Figure 4: Distribution of non-zero 10 min mean wind speed at 10 m height (North site). 

There is also a ~30% probability of zero wind occurrence. 

Direction Fetch (Km) 
N 5.8 

NE 6.0 

E 8.8 

SE 34.4 

S 73.1 

SW 113.6 

W 86.2 

NW 18.9 

Table 1: Fetch for each of the directions considered (North site). 

The next step in the analysis was to estimate the joint PDF f(Hs,U10) of wind speed and 

significant wave height. The joint PDF is calculated by the following formula: 

(4) 

where: fU10(U10) is the PDF of U10, which is assumed to follow a lognormal distribution, as 

mentioned above and fHs/U10(Hs/U10) is the conditional PDF of significant wave height Hs giv-

en the wind speed U10. The distribution of the conditional PDF during a given storm is as-

sumed to follow a Rayleigh distribution according to IEC 61400-3.  

Using Eq. 4, the joint probability between wind speed and significant wave height can be 

estimated and the associated probability plots can be constructed. Since, the PDF takes into 

account two variables its plot is depicted as a surface in 3D or in a 2D contour plot. Figure 5 

shows a contour plot of the joint PDF for the North site studied. It is noteworthy that in Figure 

5, the part of the contours associated with higher Hs corresponds to South directions, where 

the fetch is higher according to Table 1. This is because according to JONSWAP methodolo-

gy the higher the fetch the larger is the Hs for a specific U10. 

From the specific PDF, one can determine the directions with the higher contribution for 

different wind speed values. The direction with the highest contribution for wind speed values 

up to 15 m/s at hub height (U90) was the North-East (NE), and the North (N) direction for 
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speed values larger than 15 m/s. As shown in Table 1, the aforementioned directions are asso-

ciated with fetch of 5.9 km and 5.8 km, respectively. Based on these values, the wave charac-

teristics for each speed were calculated, and as expected they are practically negligible. The 

results are shown in Table 2. 

Figure 5: Contour plot of the joint PDF f(Hs,U10) (North site). 

A power-law wind profile (IEC 61400-3) was assumed for the distribution of the value of 

wind speed along the height z. According to this, if the wind speed is known at specific height 

z0, the wind speed at height z is given by the formula: 

 

 
(5) 

where: α is the power-law exponent, taken to be equal to 0.14, as proposed by IEC 61400-3 

for normal wind conditions. For the case at hand, z0 = 10 m (reference value) and z = 90 m 

(hub height). 

U90 

(m/s) 

U10 

(m/s) 
Tp (s) Hs (m) 

Dominant  

Direction 

Fetch 

(km) 

3 2.21 1.26 0.08 NE 6.0 

5 3.68 1.50 0.12 NE 6.0 

10 7.35 1.93 0.20 NE 6.0 

15 11.03 2.24 0.30 NE 6.0 

20 14.70 2.48 0.40 N 5.8 

25 18.38 2.70 0.48 N 5.8 

30 22.06 2.90 0.52 N 5.8 

Table 2: Wind speed and wave characteristics at the North site. 

The values of wind speed at hub height and the corresponding wave characteristics consti-

tute the input to FAST, where the coupled dynamic analysis was performed. At the end of 

each simulation, time-series of stress history were obtained. A typical form of those time-

series is shown in Figure 6. The stress time-histories are used in the estimation of fatigue 

damage and the corresponding fatigue life for the different wind speed values following the 

methodology of EC3 part 1.9 as mentioned in the theoretical background of this paper. Thus, 

1265



Dimitrios V. Bilionis and Dimitrios Vamvatsikos 

the annual fatigue damage and the corresponding fatigue life could be estimated. To this end, 

a simple Monte Carlo simulation was performed and 100 possible values of annual fatigue 

damage and corresponding fatigue life were calculated for each of the two details and for the 

different values of thickness for the cross-section of study. 

Figure 6: Typical form of stress time-series. 

Table 3 shows the results of the analysis for the characteristics of the North Site. In specif-

ic, the average values of the annual damage and the corresponding estimated fatigue life for 

both types of detail, as resulted from the Monte Carlo simulations of 100 years are listed. An 

interesting finding is that the thickness of the cross-section has a significant effect on the an-

nual damage for both details. In specific, as the thickness increases the annual damage de-

creases. This trend makes an intuitive sense, since a cross-section with larger thickness is 

expected to tolerate greater loads and be less vulnerable to fatigue. For instance, for a detail of 

40 MPa, the annual damage of a cross-section with 25mm of thickness is around 40 times 

greater than a cross-section with 60 mm of thickness. The results are also plotted in Figure 7. 

Table 3: Results of Analysis for the North site 

Thickness 

(mm) 

DETAIL 40 MPa DETAIL 71 MPa 

Annual 

Damage 

Fatigue 

Life (yrs) 

Annual 

Damage 

Fatigue 

Life (yrs) 

25 0.1519 6.58 0.0159 63.06 

30 0.0801 12.48 0.0064 156.76 

35 0.0449 22.26 0.0026 382.21 

40 0.0262 38.16 0.0011 936.09 

45 0.0156 64.29 4.043E-04 2473.80 

50 0.0094 106.24 1.562E-04 6403.04 

55 0.0057 174.55 4.839E-05 20671.37 

60 0.0035 285.91 1.337E-05 74830.91 
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Figure 7: Annual damage and thickness of cross-section (top graphs) and fatigue life and thickness of cross-

section (bottom graphs) for North site 

The annual damage is directly associated with the fatigue life. As mentioned in a previous 

subsection, the fatigue life is approximately equal to the reciprocal of the annual damage. 

From the results listed in Table 3, an inference is that the fatigue life (which is a more tangible 

magnitude in common sense than damage, since it is measured in years) depends highly on 

the thickness of the cross-section. In specific, regardless of the detail, as thickness increases 

the expected fatigue life increases as well. Of course, this finding is intuitively expected, since 

a long fatigue life is associated with low annual damage.  

It is noteworthy that the estimation of the fatigue life may be of special interest during the 

design phase of an offshore wind turbine. In other words, based on the expected fatigue life 

the designer is able to select an appropriate thickness for the pile’s cross-section. This is be-

cause, it could be estimated whether a specific selection of thickness and detail of connection 

will make the specific cross-section to last during the whole design life of the structure. For 

example, in the case of an offshore wind turbine the structure’s life-time is usually considered 

to be equal to 50 years. Based on the values of Table 3, one could conclude that if a detail of 

40 MPa is selected, the minimum thickness that is expected to last longer than the design life 

(with respect to fatigue) is 45 mm. If a thickness less than 45 mm is used, then a fatigue fail-

ure is expected sooner than the end of the design life, i.e. during the service life of the wind 

turbine. For this reason a horizontal line is plotted in the bottom left graph of Figure 7 at the 

level of 50 years. The role of this line is to graphically show the above inference.  
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On the other hand, if a detail of 71 MPa for the welded connection is used, then no fatigue 

failure is expected during the life of the wind turbine, even if a thickness of 25 mm is used. 

This is because a thickness of 25 mm is associated with a fatigue life of around 63 years that 

is greater than 50 years. It is also noteworthy that if a thickness of more than 40 mm is used, 

then the fatigue life is estimated to be thousands of years. The latter means that no fatigue 

failure is expected in those cases. However, the benefit of the absence of fatigue may be asso-

ciated with a high price such as higher construction costs (larger cross-section, advanced 

welded connection). 

5.2 Case 2: South Aegean Sea 

The second site of this study was selected to be in the South Aegean. It was also assumed 

that this site is far enough from shore in order to use the same fetch (equal to 120 km) regard-

less of direction. This assumption is of course oversimplified but it has the advantage that it 

does not require the consideration of wind direction in the analysis. At this point, the authors 

would like to mention a legal limitation that may arise. As of today, Greece has not declared 

an Exclusive Economic Zone and its territorial waters are extended up to 6 nautical miles 

from the shore. Thus, any planned offshore wind farm would have to be placed inside the 

above 6-mile zone. For this reason, a site with such a large omnidirectional fetch may not yet 

be available for exploitation in the Aegean Sea. However, the authors performed an analysis 

in order to evaluate the effect of a duration-limited (rather than fetch-limited) sea state. When 

the regional politics will allow it, such a case can become more of a practical, rather than a 

theoretical possibility.  

Figure 8 shows the distribution of the wind speed at 10 m at the South site. A statistical 

analysis showed that the mean value of the wind speed is equal to 7.74 m/s and the standard 

deviation is equal to 5.10 m/s. Thus, a first inference is that South site is characterized by 

higher wind speeds than the North site. Finally, it was found that a Weibull (and not a 

lognormal) distribution with parameters λ = 8.65 and k = 1.58 provides the best fit. 

Figure 8: Distribution of Wind Speed at 10 m height (South site). 

The zero-wind probability is practically zero. 

The same assumptions and analysis process as in the case of the North site were undertak-

en for the estimation of the fatigue damage. Table 4 shows the wind speed and wave charac-

teristics that were used for the dynamic analysis. From Table 4 it becomes obvious that, as 

expected, the wave intensity characteristics are quite more significant compared to those of 
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the North site. Of course this can be attributed to the longer fetch distances that were em-

ployed. Figure 9 shows the contour plot of the joint PDF f(Hs,U10) for the South site. Now, all 

contours have an “oval” shape since the same fetch is assumed for all directions. In the North 

site, only South and South-East winds are practically fetch-unlimited, but generally less fre-

quent, this leading to the lower-right lobe appearing in Figure 5 that is absent from Figure 9.  

U90 

(m/s) 

U10 

(m/s) 
Tp (s) Hs (m) 

Fetch 

(km) 

3 2.21 3.42 0.36 120 

5 3.68 4.08 0.59 120 

10 7.35 5.23 1.24 120 

15 11.03 6.08 1.94 120 

20 14.70 6.78 2.70 120 

25 18.38 7.40 3.50 120 

30 22.06 7.96 4.36 120 

Table 4: Wind speed and wave characteristics at the South site 

Figure 9: Contour plot of the joint PDF f(Hs,U10) at the South site. 

The Monte Carlo analysis gave the results shown in Table 5. The results, as expected, fol-

low the same trends as in the case of the North site. However, due to the higher wind and 

wave conditions of the site, very large values of annual damage and low values of fatigue life 

were calculated. It is noteworthy that for a detail of 40 MPa, only if a thickness of 60 mm is 

used, the fatigue life will be slightly greater (only about 6 years) than the design life. For this 

reason only the combination associated with 60 mm of thickness is above the reference line of 

50 years in the bottom left graph of Figure 10. For lower values of thickness a detail of 40 

MPa will give fatigue lives lower than 50 years. Moreover, for very low values (lower than 40 

mm) the estimated fatigue life is lower than 10 years. 

If a detail of 71 MPa is selected, then longer values of fatigue life are expected. However, 

it should be mentioned that even with the better detail, only if the thickness of the cross-

section is larger than 30 mm, the estimated fatigue life is greater than the design life of the 

wind turbine. Finally, if a value of thickness larger than 50 mm is used then the estimated fa-

tigue is greater than 500 yrs (10 times the design life) and no fatigue failure is expected in 

practice. 
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Table 5: Results of Analysis for the South site. 

Figure 10: Annual damage and thickness of cross-section (top graphs) and fatigue life and thickness of cross-

section (bottom graphs) for South site 

5.3 Discussion of findings 

Based on the results of both sites, it is inferred that for the site with higher wind and waves 

(South site) larger fatigue damage is expected for all the values of thickness examined in this 

study. This finding is associated with shorter fatigue life for the cross-section of interest. This 

certainly makes sense since larger wind and wave loads are expected to act on the construc-

Thickness 

(mm) 

DETAIL 40 DETAIL 71 

Annual 

Damage 

Fatigue 

Life (yrs) 

Annual 

Damage 

Fatigue 

Life (yrs) 

25 0.5791 1.73 0.0687 14.55 

30 0.3130 3.20 0.0304 32.91 

35 0.1812 5.52 0.0139 72.02 

40 0.1087 9.20 0.0064 157.20 

45 0.0676 14.80 0.0031 326.10 

50 0.0429 23.29 0.0015 674.38 

55 0.0276 36.20 0.0007 1394.30 

60 0.0179 55.77 0.0003 3048.30 
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tion. Finally, as expected, the lower-quality fillet welds (detail 40 MPa) are more vulnerable 

to fatigue than butt welds. Figure 11 shows that for the case of the South site a fillet weld 

might not be appropriate since it will result to a fatigue failure before the end of the design 

life of the wind turbine (with only exception the case of 60 mm thickness). Furthermore, even 

in the case of North site, where the wind and waves are milder, the use of a fillet weld re-

quires at least 45 mm of thickness in order to last during the whole design life.  

Figure 11: Comparison of annual damage (left graph) and fatigue life versus thickness of cross-section (right 

graph) for fillet welds (detail 40MPa) for the examined sites 

On the other hand, the use of butt welds is found to be a safe (albeit expensive) solution 

regardless of thickness for the North site, since the expected fatigue life is longer than the de-

sign life, even when the smallest thickness is used. For the South site though, the use of butt 

weld requires a minimum with of 35 mm (see Table 5) in order the fatigue life to be longer 

than the design life.  

The inferences from the above discussion may be useful, especially during the design of 

the foundation pile. Fillet welds might not be appropriate in a construction site characterized 

by windy conditions, however they might be a potential cost-reduction technique for sites 

with less intensive wind loads, since they are much cheaper to execute than butt welds and 

with an appropriate thickness may last more than the design life. 

6 CONCLUSIONS 

In this paper, a probabilistic fatigue life assessment for a standard offshore wind turbine 

with a monopile design was presented. Two potential sites of construction in the Aegean Sea 

of Greece with different wind and wave characteristics were examined. A fully coupled dy-

namic analysis for the calculation of loadings due to wind and wave was performed using the 

freely available FAST software. The assessment of fatigue damage (and corresponding fa-

tigue life) was made considering two different details of welded connections according to 

EC3 for the cross-section at mudline of the structure.  

The results follow the obvious trends: Turbines at windier sites with longer fetch distances 

are obviously more vulnerable to fatigue. Lower quality fillet welds similarly attract higher 

fatigue damage compared to more expensive butt welds. The thickness of the cross-section is 

a crucial parameter for the design, since a small thickness may result in a very quick fatigue 

failure, especially in the case of fillet welds.  

Finally, as an overall conclusion of this work is that the accuracy offered by a detailed 

probabilistic approach can help in properly quantifying the actual performance of the structur-
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al components and thus result to a better compromise between safety and economy. Incorpo-

rating further sources of uncertainty and operational states of the wind turbine (e.g., starting 

and stopping) will only improve the accuracy in such predictions and help offer a cost-

effective custom-made solution for a site of interest.  
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Abstract. The paper presents recent results from a research project based on a continuous 
dynamic monitoring of a wind turbine. The monitoring system was developed with the capaci-
ty to detect structural abnormalities based on the continuous tracking of the modal properties 
of wind turbines (natural frequencies, modal damping ratios and mode shapes). In addition, 
the system is also capable to estimate the dynamic stress levels of the tower structure, in or-
der to assess the damage condition and evaluate its remaining fatigue life. 
In the first part of the present paper, preliminary results from one year of continuous tracking 
of the modal properties of the wind turbine vibration modes are introduced. The main charac-
teristics of the tracked modes are shown and the evolution of these modes with rotor rotation 
speed is characterized. 
In a second part, the methodology followed to evaluate the stress condition of the wind tur-
bine tower is introduced. This procedure is illustrated and validated with the help of a numer-
ical analysis of a wind turbine, developed in the HAWC2 aeroelastic code. 
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1 INTRODUCTION 
Wind power exploitation has shown a consistent growth both in onshore [1] and offshore 

installations [2], with increasingly competitive costs. This growth has been reflected in the 
installation of wind turbines composed by very flexible support structures and with large ro-
tors. Due to these characteristics, wind turbines became very susceptible to vibration prob-
lems and, consequently, to fatigue damage problems. 

This paper presents a continuous dynamic monitoring system, under development by the 
Laboratory of Vibrations and Structural Monitoring (ViBest, www.fe.up.pt/vibest) of FEUP, 
with the purpose of identifying structural changes (i.e. damage) and estimating the fatigue 
damage condition of a wind turbine. The system is based on the continuous tracking of modal 
properties of the structure (frequency values, modal damping ratios and mode shapes), identi-
fied during the different operating conditions of a wind turbine. The strategy adopted for the 
monitoring system has already proved to be suitable to be installed both in onshore and off-
shore wind turbines [3]. 

The modal identification of large structures excited by operational conditions, an approach 
usually named as Operational Modal Analysis (OMA), is a technique widely used in several 
applications [4]. Some examples of implementation of monitoring systems based on OMA in 
wind turbines are presented in [5, 6]. 

The assessment of fatigue condition through acceleration data records was already investi-
gated by some researchers [7, 8]. However, in these works, the authors used the results from 
modal identification tests to tune a finite element model in order to estimate the stress condi-
tion of the structure. 

This paper presents some results already achieved with the developed dynamic monitoring. 
Initially, the results obtained with the continuous tracking of the modal properties of the wind 
turbine during one year are presented. In the second part, an improved methodology to esti-
mate the stress time history of the tower structure is presented, where only the acceleration 
data, alongside with a simple stiffness matrix of the tower, is used. This methodology is ap-
plied to a numerical example using the HAWC2 aeroelastic code [9]. 

2 DESCRIPTION OF THE STRUCTURE 
The wind turbine under analysis is a 2.0 MW system with a variable-speed generator locat-

ed at the north of Portugal. It has a hub height of 80 m and an up-wind rotor with a diameter 
of 80 m. Its support structure is composed by a concrete slab foundation and a steel tower. As 
usual, the tower is constituted by individual cylindrical segments which are connected to each 
other by flanged bolted connections. 

The implemented dynamic monitoring system is composed by 9 uni-axial force-balanced 
accelerometers which are linked to a 24-bit digitizer and acquisition system. The sensors are 
located along the tower height according to Figure 1. Sensors S1 and S2 are not used in the 
modal identification and fatigue assessment process, since they are only used to evaluate the 
vibration levels at the foundation. 

The monitoring system is configured to record acceleration time series of 10 minutes sampled 
at a rate of 50 Hz, and then decimated to 25 Hz. Alongside, the systems also uses the data 
recorded by the SCADA system. This system records the 10 minutes averaged values of sev-
eral parameters such as rotor speed, yaw angle, wind speed and direction, temperature, among 
others. 
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   a)  b) 

Figure 1: Position of the accelerometers at the different levels of the wind turbine: a) front view; b) top view at 
different sections 

3 CONTINUOUS MODAL TRACKING 
The results presented in this section are referred to the modal tracking of the wind turbine 

vibration modes during a period of analysis of one year. During this period, the wind turbine 
operated under several conditions. In order to cope with this variability of conditions, a strate-
gy to automate the identification process was developed. 

3.1 Strategy for automated processing 
The strategy implemented for the continuous modal tracking of the turbine modal proper-

ties is composed by an initial pre-processing, where the signals are filtered and re-sampled. 
After this step, the modal properties of the structure are identified through the application of 
output-only system identification algorithms: SSI-COV [10] and SSI-DATA [11] (both in 
time domain); and p-LSCF [12] (in frequency domain). Usually, the results obtained with 
these algorithms are presented in the form of stabilization diagrams. These diagrams show the 
obtained poles with different model orders at the frequencies of suspected resonance peaks. 
Thus, if the properties of a pole (modal parameters) are kept constant, it is considered a stable 
pole and it is very likely to represent a physical pole, in opposition to a spurious one. 

Lastly, a methodology for automatic identification of the modal parameters is used. This 
method is based on a hierarquical clustering algorithm, which tend to cluster poles that are 
related to the same physical mode [13]. The properties of the cluster are then compared to ref-
erence properties of the vibration modes intended to be tracked, in order to classify the cluster 
as the correct vibration mode. 

Due to different operating conditions and, consequently, different structural configurations 
(e.g. pitch angle variations), 6 operating regimes were considered when defining the reference 
properties of the vibration modes. These regimes are presented in Table 1.  
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Operating regime Wind turbine condition 
1 Parked or idling (with high pitch angle) 

2 
Parked or idling (with lower pitch angle, in conditions 

to start operating) 

3 
Transition situation from non-operation to operation 
(mean value of rotor speed between 0 and the lowest 

operating rotor speed) 

4 
Operating situation, defined by the lowest operating ro-
tor speed and the point where the pitch angle starts to 

increase to avoid excessive rotor torque values 

5 
Operating situation, between regime 4 and highest op-

erating rotor speed 
6 Wind speed higher than cut-out speed 

Table 1: Operating regimes considered for reference modal properties of the vibration modes 

3.2 Identified vibration modes 
The analysis of the collected data clearly evidenced different vibration scenarios of the 

wind turbine support structure due to the different operating regimes. As an example, Figures 
2 and 3 present the results from the modal identification obtained with two different situations. 
In Figure 2, the stabilization diagram from a non-operating situation, where the wind turbine 
is idling and the wind speed is low, is shown. In this case, the assumptions for application of 
OMA are practically fulfilled and the identification of the vibration modes is straightforward. 
On the other hand, in operating situations, these assumptions are not present [14] and the 
modal identification is considerably hindered. Figure 3 presents the results from an operating 
situation (regime 4), where the rotor is rotating at a mean velocity of 14 rpm. As can be seen, 
there are several resonance peaks that are not present in Figure 2. These peaks, identified as 1, 
3, 6, 9 and 12P, are due to the harmonic excitation of the structure from the rotor rotation 
(where the rotation frequency is denoted as 1P). Although these resonance peaks are indicated 
as vibration modes from a raw analysis of the results from the modal identification algorithms, 
they should not be confused as such. 

Figure 2: Stabilization diagram from a non-operating situation 
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Figure 3: Stabilization diagram from a power production situation 

From initial analysis of the data, some vibration modes were selected to be tracked. For 
this decision, the modes with the higher contribution to the vibration of the structure and with 
little interference from harmonics excitation were selected. From this analysis, it was decided 
to track 9 vibration modes within a frequency range of 0 – 4.5 Hz. The mean value of fre-
quency of these modes is presented in Table 2. Although these modes include a support struc-
ture component in their mode shape, the modes identified with an asterisk (“*”) have a 
significant rotor motion. 

Vibration mode f  [Hz] 
1 SS 0.355 
1 FA 0.362 
1 SS* 1.363 
2 SS* 1.796 
2 FA 2.801 
2 SS 2.843 
3 SS 3.700 
3 SS* 3.813 
4 FA 4.300 

Table 2: Mean frequency value of the of the tracked vibration modes 

The configurations of the modes are presented in Figure 4. 
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Figure 4: Mode shapes of the selected vibration modes 

3.3 First monitoring results 
The automated analysis of the data was processed according to the presented strategy. Dur-

ing the period of one year, the 9 selected vibration modes were successfully identified under 
various operating conditions of the wind turbine. 

In order to illustrate the influence of the harmonic excitation in the identification of the vi-
bration modes, Figure 5 shows a Campbell diagram of all identified clusters of stable poles, 
plotted according to the direction of vibration (FA or SS), where the diagonal dashed lines 
represents the harmonic frequencies of rotor rotation (multiples of 3P). The vertical dashed 
lines indicate the non-production situation, a transition state and the operating regimes from 
the wind turbine. As can be seen, the influence of the harmonics is clearly noticed, particular-
ly from the 3P and 6P, with a large number of clusters around the diagonal dashed lines. 
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Figure 5: Campbell diagram of identified clusters of stable poles (including vibration modes and external sources 
of excitation) 

Since the aim of the monitoring system is the identification of the modal properties of the 
wind turbine, an accurate definition of the reference properties from the selected vibration 
modes was performed. Figure 6 presents the results of the modal identification after compari-
son of the clusters properties with the reference values of each vibration mode. It is possible 
to attest the almost inexistence influence of the harmonic excitation. 
One interesting phenomenon is observed in Figure 6. It is clearly visible that the frequency 
value of modes 1 SS*, 2 SS* and 3 SS* presents a clear dependency on the rotor rotation 
speed. This is a characteristic of rotor vibration modes that, when in operation, develops two 
whirl modes: one forward and one backward mode. From a non-rotating reference (like the 
one from the installed sensors on the tower), the frequency values of these modes tend to in-
crease and decrease, respectively for the forward and backward mode, with the increase of the 
rotor speed. 

Figure 6: Campbell diagram of the tracked vibration modes 

4 FATIGUE ASSESSMENT 
The methodology adopted in this paper to assess the fatigue condition of the wind turbine 

tower is based on the decomposition of the acceleration data records in modal acceleration 
responses. After this step, the fatigue stress due to each vibration mode or stationary respons-
es to harmonic excitations is computed. Finally, the real dynamic component of stress of the 
structure is obtained as the sum of every individual contribution. 
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The presented methodology is illustrated and validated with the help of a numerical exam-
ple developed with the HAWC2 code. 

4.1 Decomposition of the acceleration time series in modal acceleration responses 
The decomposition of the acceleration time series into modal responses is based on the ap-

proach present in [10]. This starts with the computation of the state-space matrix A and the 
output-matrix C from the state-space model of the wind turbine (both obtained from the mod-
al identification algorithms), and with the process and measurement noise covariance matrices 
Q, R and S (obtained as a post-process of the modal identification algorithms). 

After the computation of these matrices, the Lyapunov equation is used to obtain Σ: 

 Σ AΣA Q (1) 

where T represents the transpose operation. Then, the correlation and next-state output correla-
tion matrices (  and ) are computed: 

 CΣC R (2) 

 G AΣC S (3) 

in order to solve the Riccati equation for : 

  (4) 

Lastly, the Kalman gain ( ) is calculated according to: 

  (5) 

After the Kalman gain is computed, it is possible to define the identified model in a for-
ward innovation model: 

 
	 	
	  (6) 

where  represents the white noise innovation sequence and  is the acceleration recorded 
at  time step. Transforming equations (6) into modal basis equations: 

 , 	 , 	
	 ,

 (7) 

where Ψ and Λ  represents a matrix with the eigenvectors and a diagonal matrix with the ei-
genvalues of the state-space matrix and: 

 , 	  (8) 

 	  (9) 

With the model of the equation (7), an estimation of the acceleration data can be recon-
structed with the contribution of   modal responses: 

 ∑ , ∑ V 	 , ,  (10) 

Since Λ  is a diagonal matrix, equation (7) allows to decompose the measured acceleration 
time series into several acceleration time series with the contribution of vibration modes or 
stationary responses to external harmonic loads. 
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4.2 Modal fatigue stress 
Considering that a reasonable number of accelerometers is available, the resolution of each 

mode shape (eigenvector) along the tower height can be increased through a cubic spline in-
terpolation. With this step, it is possible to estimate the modal acceleration response at any 
point of the tower with equation (10). 

At this point, it is necessary to integrate the modal acceleration response signal obtained 
into modal displacements. In this paper, the double integration of the acceleration time series 
in the frequency domain was performed: 

 Y ,
,  (11) 

where  represents the estimated displacements of the structure in the frequency domain. 
Since the modal displacement field of the wind turbine tower has a sufficient characteriza-

tion (due to the performed interpolation), equivalent forces imposing the same deformation, 
for each vibration mode, are calculated according to: 

 , 	 ,  (12) 

where  indicates the height of the wind turbine tower and  represents the stiffness matrix of 
the wind turbine tower. Since the tower structure can be assumed as a simple cantilevered 
beam, the matrix  can be constructed through simple methods, once the structural character-
istics (variation of the bending stiffness along the height) are known. 

 After obtaining the equivalent forces for each vibration mode, the total dynamic compo-
nent of the force is obtained as the sum of all modal contributions. The stress at any height of 
the tower can then be evaluated.  Figure 7 illustrates the presented methodology. 

 
Figure 7: Illustration of the proposed methodology to estimate the dynamic forces along the tower height 

4.3 Numerical model of the wind turbine 
A numerical model of the studied 2.0 MW wind turbine has been developed using 

HAWC2 code [9]. HAWC2 is an aeroelastic code developed in Riso DTU, intended for calcu-
lating wind turbine response in time domain under aerodynamic loads. It uses the multibody 
formulation to model the wind turbine structure through beam elements with 6 degrees of 
freedom. 

The aerodynamic model implemented in the HAWC2 code is based on the blade element 
theory. In the performed analysis, the effect of the tip loss and dynamic stall of the blades 
were included. Also, the tower shadow effect, due to disturbance of the flow created by the 
tower, was included. 

The wind turbine tower structure was modelled according to the technical drawings made 
available by the manufacturer. However, since the characteristics of the nacelle and rotor were 

+ + +...=
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not provided, the characteristics from the NREL 5MW [15] reference wind turbine were 
scaled down to meet the characteristics of the desired wind turbine. 

The model was then used to perform a 600 s time-domain analysis with a time resolution 
of 0.02 s. In the analysis, the wind turbine was subjected to a tridimensional turbulent wind 
flow field with a mean wind speed of 9 m/s. The time history of the wind speed at hub height 
is shown in Figure 8. During the analysis, the rotor speed varied between 16.2 and 17.8 rpm 
(Figure 9). 

The same layout of sensors presented in Figure 1 was implemented to record the numeri-
cally simulated acceleration time series of the structure (although only the 3 sensors oriented 
in the FA direction were used in this work). 

Figure 8: Wind speed at hub height Figure 9: Rotor speed 

During the analysis, the SSI-DATA modal identification algorithm was used and the re-
sults obtained from the analysis were decimated to a sampling frequency of 25 Hz, to be con-
sistent with the settings of the monitoring system. The acceleration time series “recorded” by 
the top sensor (height of 74.988 m) is presented in Figure 10 a), alongside with the estimated 
acceleration obtained as the contribution of all identified poles. Figure 11 b) shows a zoom for 
a period of 20 seconds where it is possible to attest the very good agreement between the two 
signals. 

 

a) b) 

Figure 10: Estimated and recorded acceleration by the sensor: a) complete time series; and b) zoom of a period 
of 20 seconds 

0 100 200 300 400 500 600
6

7

8

9

10

11

12

Time [s]

W
in

d 
sp

ee
d 

[m
/s

]

0 100 200 300 400 500 600
15

15.5

16

16.5

17

17.5

18

18.5

19

Time [s]

R
ot

or
 s

pe
ed

 [r
pm

]

0 100 200 300 400 500 600
-0.5

0

0.5

Time [s]

A
cc

el
er

at
io

n 
[m

/s
2 ]

Heigth: 74.988 m

 

 

Original acceleration
Estimated acceleration

240 245 250 255 260
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

Time [s]

A
cc

el
er

at
io

n 
[m

/s
2 ]

Heigth: 74.988 m

 

 

Original acceleration
Estimated acceleration

1283



Gustavo Oliveira, Filipe Magalhães, Álvaro Cunha and Elsa Caetano 

 

In order to illustrate the procedure presented in 4.1, the acceleration signal obtained for the 
first vibration mode of the wind turbine and due to the harmonic excitation of 3P is presented 
(in both time and frequency domain) in Figures 11 and 12, respectively. 

a) b) 

Figure 11: Estimated acceleration due to the 1st vibration mode in time domain a) and comparison with the rec-
orded acceleration signal in frequency domain b) 

a) b) 

Figure 12: Estimated acceleration due to the harmonic excitation 3P in time domain a) and comparison with the 
recorded acceleration signal in frequency domain b) 

After the estimation of the acceleration response time series for every vibration mode and 
harmonic excitation, it is possible to apply the procedure introduced in 4.2. Firstly, the dis-
placement due to each mode and harmonic excitation is estimated. The displacements directly 
provided by the HAWC2 software (reference displacement) and estimated from simulated ac-
celeration time series (estimated displacement) at the height of 74.988 m are shown in Figure 
13. As can be seen, the agreement between the two signals is considerably good for the most 
important part of the spectrum. It is important to notice that, for very low frequencies (lower 
than 0.10 Hz), the signal coherence is not so good due to the frequency cut value chosen for 
the double integration process. However, this fact is not very important when trying to esti-
mate the dynamic component of the displacements. Since standards, such as [16, 17], use an 
approach based on accumulated damage and S/N curves to estimate the fatigue damage of 
steel structural components, that does not consider the quasi-static component of the stresses, 
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this fact has a very low influence in the estimation of the remaining fatigue life of the struc-
ture. 

  
Figure 13: Comparison between reference and estimated displacement at height of 74.988 m 

Lastly, after the equivalent forces are computed, it is possible to estimate the bending mo-
ment at the foundation level. The estimated bending moment at the foundation level is pre-
sented in Figure 14 and compared with the result directly obtained in the numerical analysis.  

  
Figure 14: Comparison between the reference and estimated bending moment 
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tion time series at the foundation level is presented in the histogram of the Figure 15. Once 
again, the histogram obtained with both signals is very similar, attesting the low influence of 
the simplifications adopted in the analysis. 
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Figure 15: Histogram with the number of cycles from the original and estimated bending moment at the founda-
tion level 

5 CONCLUSIONS 
The paper presents the work carried out up to the date in the development of a dynamic 

monitoring system for a 2.0 MW wind turbine system. 
In the first part, the strategy for the automated continuous modal identification of the wind 

turbine is introduced and preliminary results are presented. In addition, the influence of the 
harmonic excitation in the vibration of the wind turbine is also illustrated. 

The second part of the paper introduces a methodology to assess the fatigue stress of the 
wind turbine tower through the recorded acceleration data. In order to attest the suitability of 
the approach, a numerical analysis was used to illustrate the method. The good results 
achieved with the proposed methodology are a good indicator for the application of this ap-
proach in continuous processing of real acceleration time series. 
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Abstract. The investigation of gust induced dynamic responses of structures is still subject of
current research in wind engineering. Especially with regard to the fatigue life prognosis, dif-
ferent methods have been discussed in recent years - but all current design codes still have not
implemented a general reliable guidance for the determination of stress-range spectra and the
application of cumulative damage calculations. The present paper makes use of spectral meth-
ods for the determination of responses to stochastic loading and shows, that based on power
spectral densities of the structural responses, reliable approximations of the Rainflow stress-
range spectra are possible. Consequently, fatigue verifications are possible by means of closed
form spectral methods. The reliability has been proven, compared to time-domain solutions.
Thereby the bandwidth of the structural response does not affect the prediction quality. Due
to the tight manageability of the presented formulas, the application in all cases, where gust
excited structural responses may be significant, is advised. The second part of this paper ad-
ditionally implements an approximative consideration of nonlinear structural behaviour in the
closed form solution methodology.

Convolving with site related wind statistics, realistic predictions of the lifetime related distri-
bution of stress cycles are enabled. Based on the presented methodology, an extensive parame-
ter study has been perfomed in order to discover the dependencies between structural and aero-
dynamic properties on the resulting stress range distributions. Finally, a simplified approach is
presented, which suggests damage equivalence factors, taking into account an individual and
realistic shape of the cycle count distribution.

Based on the presented approach, both exact life time predictions and simplified estimations
are enabled for wind excited structures. The presented methodoly is demonastrated using the
example of a wind turbine tower. For these structures the cyclic loading induced by the wind
gust directly into the tower and by the rotor are decisive for the design of the steel structure.
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1 Introduction

Wind affected structures generally have to withstand fluctuating load cycles. For an ap-
praisement whether the resulting stress range spectra may lead to structural failures during the
designed lifetime, standard methods are still rare because the influencing parameters are mani-
fold. A realistic determination of structural stress range spectra provoked by the natural wind,
requires profound knowledge about the statistical properties of the wind flow at the consid-
ered site, as well as about the dynamic structural behavior. Eventually, the interpretation of the
resulting structural responses in terms of stress amplitudes ∆σ and associated frequencies of
occurrence N(∆σ)Life over the expected lifetime are the main task to allow fatigue verifica-
tions.

2 APPROXIMATIVE CLOSED FORM SOLUTIONS

The statistical description of the wind flow succeeds in two time categories, to consider both,
the short-termed flow fluctuations which may lead to resonant structural responses and the long-
termed fluctuations, which mainly influence the load level at which structural vibrations occur
over the expected life-time. Accordingly, the fatigue relevant loading over the lifetime can be
expressed as a combination of the short-termed dynamic effects at a mean load level, which is
influenced by the long-termed average flow conditions. With respect to possible resonant wind
effects under extreme wind conditions, site related power spectral densities (PSD) of the wind
velocity are needed.

Already 50 years ago, Davenport [2] laid the foundation and introduced the probabilistic the-
ory for a usage in the field of wind engineering. Meanwhile nearly all wind codes in the world
adopted procedures which are based on his early work for the rating of extreme (short-termed)
gust effects. Concerning the long-termed changes of the wind velocity, the probability density
function (PDF), e.g. using the two-parametric Weibull distribution, allows the determination of
the wind performance under usual conditions.

Structural system properties are generally described by the mechanical admittance function
H(iω), whereat in most cases a simplified consideration of single degree of freedom systems
deems to be sufficient. Decisive for the susceptibility to wind induced resonant vibrations and
the associated bandwidth of the structural response, are the natural frequency and the damping
ratio of the system. Namely, with increasing structural frequency, the excited responses decrease
as a consequence of the falling spectral density, furthermore the response becomes wider by
reason of the quasi-static range in the structural admittance function up to the natural frequency.

For the interpretation of structural responses with respect to fatigue, the rain-flow counting
method is admittedly the best instrument [17]. The procedure has been developed by Matsuishi
and Endo [12] for the application with time histories of stress and can therefore not be used
directly in frequency based analyzes. Hence, during the last decades a lot of research effort has
been focussed on the finding of approximative solutions.

3 PSD BASED CYCLE COUNTING

Although the numerical rainflow method is an efficient, reliable and widely accepted tool
for determining the amplitude distribution of stochastic responses, it requires the existence of
plausible stress time series. In case of a non-linear structural behavior a fatigue life prognosis
requires a considerable diversity of time series which belong to different wind speeds.

For the above reasons, it is more desirable that the determination of the rainflow classifi-
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Figure 1: Visualization of Time Series with different Bandwidths and Effect on the Distribution of Extremes

cations of stochastic processes is enabled in the frequency domain. This task has been exten-
sively treated in recent decades by researchers from different disciplines, especially in aviation
and space technology. In the following sections different approaches are presented (which are
partially described in [6]) and evaluated in the light of the particular problem of gust excited
structural responses. All methods have in common that they do not consider an influence of the
mean stress amplitude, which is in accordance e.g. with Eurocode 3-1-9 [4].

The initial point of most stochastic fatigue methods represents the level crossing formula
from Rice according to Eq. (1). It describes the density of the positive crossings of a given
amplitude level σ based on the standard deviation σσ of the process to:

f(σ) =
σ

σ2
σ

· exp

(
− σ2

2σ2
σ

)
(1)

For the determination of stress range collectives, an extension has been proposed by Bendat.
Using the spectral moments of a response power spectral density Saa(f):

mi =

∫ ∞
0

fi · Saa(f) df (2)

The cycle rate EP and the rate of the positive level crossings E0 (as expected value of the
frequency ν) is calculated as:

E0 = ν =

√
m2

m0

EP =

√
m4

m2

(3)

Finally an approach for estimating the probability density of the collective stress can be derived
[1]. The Bendat solution takes into account the rate of the positive extremes associated with the
distribution of these extreme values. It is assumed, that the distribution of the extreme values of
a narrowband process can be described by a Rayleigh distribution. Since the number of closed
stress cycles are relevant for the fatigue design, the double stress amplitude ∆σ is used for the
calculation. Consequently, the estimate of the stress range cycles of a narrow-band process is
given by:

N(∆σ) = ν · T · fr(∆σ, σ∆σ) = ν · T · ∆σ

σ2
∆σ

· exp

(
−∆σ2

2 · σ2
∆σ

)
(4)

Under gusty wind load narrow-band responses can be expected for low frequent structures
and weakly damped systems. A distinction between narrow-band and wide-band signals is
shown in Fig. 1(a) and Fig. 1(b). With increasing bandwidth of the signal, the presented
methodology fails to calculate appropriate level crossings. With respect to structural responses
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of different dynamic systems, alternative methods are needed in order to describe the frequency
distribution of the extreme values. The Rice formula overestimates in these cases the actual
stress range distributions significantly.

Especially in the field of mechanical engineering an empirical approach for estimating the
Rainflow distribution based on the power spectral density is meanwhile well established. Dirlik
derived this method based on continuous random processes and subsequent numerical Rainflow
counting [3]. He discovered an empirical relationship between the frequency range description
of the signal and the Rainflow distribution.

His studies were directed to stationary, ergodic random processes with arbitrary bandwidth.
Consistently, the Dirlik probability density function of peak values of a process with any band-
width is a weighted sum of a normal distribution and a Rayleigh distribution. In previous studies
of Wirsching and Shehata [18], a similar approach was chosen, but there an attempt was made
to describe the Rainflow distributions by Weibull functions. The simulations of Dirlik, as well
as own simulations showed, that the Rainflow distributions of peaks often differs significantly
from a Weibull distribution. For this reason, the Wirsching-Factor, which has been used for
instance from Holmes [7], is not realistic in case of higher response bandwidth [9].

With Dirlik’s formula, the density of the number of cycle counts N ′ of a given stress level
∆σ can be computed to:

N ′(∆σ) = EP · T · fD(∆σ) (5)

fD(∆σ) =

D1

Q
· e

−Z(∆σ)
Q + D2·Z(∆σ)

R2 · e
−Z(∆σ)2

2·R2 +D3 · Z(∆σ) · e
−Z(∆σ)2

2

2 · √m0

(6)

where:

xm =
m1

m0

·
√
m2

m4

R =
γ − xm −D2

1

1− γ −D1 +D2
1

D1 =
2 · (xm − γ2)

1 + γ2
D2 =

1− γ −D1 +D2
1

1−R

D3 = 1−D1 −D2 Z(∆σ) =
∆σ

2 · √m0

Q =
1.25 · (γ −D3 −D2 ·R)

D1

are auxillary values.
The accuracy of the method has been verified with respect to gust excited structures by

comparing the results to corresponding transient simulations. In all cases, the discrepancies
between transient Rainflow count and Dirlik formula where negligible [10]. Even geometrical
nonlinear structures can be analyzed based on the presented spectral approach. The necessary
stochastic description of the mechanical system has been presented in [11].

4 FATIGUE BEHAVIOUR AND STRUCTURAL INFLUENCE ON THE LIFETIME

4.1 Assessment of Gust Repsonse with the NLife-Formula

Making use of the presented PSD based cycle count algorithm, the assessment of stress
cycles is enabled. But so far, only the impact of a short-termed extreme wind on the stress
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range distribution has been considered. For the computation of the expected cycles during the
designated life-time with respect to fatigue phenomena, the prevalent wind events during this
time period have to be taken into account as well.

Hence, the resulting cycle count spectrum during the foreseen lifetime originates from a
convolution of short termed stress range spectra and a long-termed wind statistics. It can be
computed by the following expression:

N ′Life(∆σ) =

∫ u

0

TLife
Tref

· f(u) ·N ′(∆σ, u)du (7)

where: TLife is the designed Lifetime, Tref is the average time of the mean wind speed, f(u)
is the probability density function of the wind velocity and N(∆σ, u) is the stress range spectra
for a given mean wind speed within the average time period. The latter expression is computed
based on the Dirlik formula.

The probability density function for the frequency of occurrence of mean wind speeds can
be derived based on the Weibull-Distribution:

f(u) =
k

A

(
u

A

)k−1

exp

[
−
(
u

A

)k]
(8)

where: A is the scale and k is the form parameter of the distribution. Site dependent values for
these parameters can be taken from the European Wind Atlas [16].
Based on appropriate assumptions for the site dependent extreme wind impact and the prob-
ability of exceedance of the prevalent wind speeds, a realistic consideration of fatigue impact
is possible. Using the direction related Weibull Parameter, even a directional design is possi-
ble. Finally, the fatigue verification succeeds based on an appropriate damage accumulation
approach in conjunction with a suitable s-N-Curve. For example, using a elementary Miner-
Rule:

D =

∫
∆σ

N ′Life(∆σ)

Nc ·
(

∆σc
∆σ

)m d∆σ (9)

It is important to consider, that the cycle count density N ′Life(∆σ) has to be integrated over the
range of possible stress amplitudes in order to evaluate the cumulative number of cycles and
hence, the total damage.

4.2 Shape of Cycle Count Distribution and influencing Parameters

Due to the analytical formulation of Eq. (7), parametric studies of the relation between struc-
tural and aerodynamic characteristics on the resulting cycle count distribution can be studied
comparatively easy. The described procedure is significantly faster than time-domain methods,
which require wind field generations and transient dynamic analyzes. Nevertheless, in case of
linear structural systems, the computation succeeds without limitations.

In order to allow a general usage of the cycle count distribution, a normalization of the curve
is necessary. It is postulated, that the maximum stress amplitude ∆σmax occurs exactly once
in the designated lifetime. This demand requires the consideration of the cumulative function
NLife, as only in this notation a frequency of occurence ofN = 1 can be found. The cumulative
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Figure 2: Regression of the Cycle Count Distribution

function is defined as:

NLife(s) =

s∫
0

N ′Life(t) dt (10)

As a result, theNLife-Function allows a quantifiable description of the influences on the damage
life. The individual cumulative stress cycle count distributions can now be normalized by the
maximum amplitude ∆σmax at N = 1 and finally be fitted by a logarithmic polynomial 2nd

order:

∆σ

∆σmax
(NLife) = α · log2NLife + β · log NLife + 100 (11)

where the normalized stress ∆σ/∆σmax is given in percent. A general distinction has to be
made concerning parameters, which affect the amplitude (scaling) of the cycle count distribution
and those which affect the distribution (shape). Concerning the first, the normalization of stress
amplitude to its maximum separates scaling from shape. Concerning the second, the variation
in shape is expressed in the polynomial coefficients α and β.

4.2.1 Location

The of the Weibull parameters A and k on the fatigue loading of structures was desribed
by Höffer and Görnandt [15]. Assuming a quasi-static structural behavior, they showed how
different Weibull distributions of wind speeds at German sites affect the cumulative number
of cycles. They discovered that this influence is significant and a that a simplified, unique
assumption for the shape of cumulative cycle counts like in Eurocode 1 is not realistic.

Stochastic calculations have been performed in order to identify the influence of different
aerodynamic related parameters on the shape of the cycle count distribution. For these investi-
gations, a designated lifetime of TLife = 50 a has been assumed. As structural system a single
degree of freedom oscillator with a natural frequency of f = 1.0 Hz and a logarithmic damping
decrement of δ = 0.01 has been chosen. The cycle count density N ′(∆σ, u) has been deter-
mined based on the Dirlik formula according to Eq. (6) at a given level of mean wind speed u
and for a reference period of Tref = 3600 s.

Different aerodynamic values have been modified in order to evaluate the influence on the
fatigue life. It has been discovered, that the basic wind speed on site ub, the turbulence intensity
Iu, the integral length scale Lux and the quasi-static force coefficient affect mainly the scaling
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Figure 3: Regression of the NLife-Curve dependent on the Shape and Scaling Parameters of the Weibull Distribu-
tion and Visualization of 15 different Locations in Germany with varying Roughness Length z0

of the cycle count distribution [8]. Hence, all mentioned parameters primarily affect the maxi-
mum stress amplitude ∆σmax. Therefore, their influence is already covered by a standard gust
response factor approach [13], [14].

Nevertheless, also aerodynamic influences on the shape of the cycle count distribution have
been observed. Mainly the shape coefficient k of the long-termed wind statistic is to mention
in this regard. In the investigations, both parameters of the Weibull modell for the long-termed
wind statistic A and k have been modified. In Fig. 3 the regression parameter α and β are
plotted for a wide range range of A-k-pairs. Additionally, 18 pairs of Weibull distributions,
representing existing German locations and assuming different roughness lengths z0 have been
marked in this plot.

It becomes clear that the parameter of the Weibull distribution have a significant influence on
the regression function of the NLife histograms. In order to evaluate the influence on the actual
fatigue damage, the obtained cycle count distribution have been used with a linear damage
accumulation strategy (modified Miner Rule) and based on following assumptions:
• As a quasi-static maximum stress ∆σmax = 300 N/mm2 is assumed
• The slopes for the S-N-curve are assumed with m1 = 3 und m2 = 5
• A cut-off level of dynamic stress of ∆σL = 25,5 N/mm2 is considered, below this level

no damage growth is considered
In Fig. 4, the effect of different locational wind statistics on the actual fatigue damage is plotted
for two different structural notch cases ∆σC .

4.2.2 Dynamic Properties of the considered Structure

It is well known, that the dynamic structural properties affect the maximum response stress
∆σmax of a structure considering the gust response behavior. Using the presented stochastic
approach, it is furthermore of interest, to which extent these properties do effect the shape of
the long-termed cycle count distribution as well. For this aim, a parameter study has been
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Figure 4: Influence of Long-Term Distribution of Wind Speeds on the Fatigue Damage

performed, in which both parameters eigenfrequency and damping ratio have been changed
within structurally relevant limits. The influence on the regression parameter α and β of the
NLife function has been plotted in Fig. 5 for a specific pair of Weibull parameters. It becomes
apparent that both dynamic properties are of significant importance considering the distribution
of cycles.

Again, the influence on the actual fatigue damage has been considered under the same as-
sumptions than in section 4.2.1. In Fig. 6, the associated absolute values of damage are plotted.

4.3 Bilinear Regression of Cycle Count Distributions for various Systems

In the preceding section mainly four parameters have been identified, which affect the shape
of the cycle count distribution. These parameters are:
• Eigenfrequency f
• Logarithmic Damping δ
• Scale Parameter A of the Weibull distribution of wind speeds
• Shape Parameter k of the Weibull distribution of wind speeds

In order to enable a combined consideration of all these parameters, besides exemplary calcula-
tions (like those presented in Fig. 5), a wide matrix of Weibull pairs A-k has been investigated
in order to achieve a broader database concerning the influences on the cycle count distribu-
tions. All in all, over 14.000 dynamic calculations have been performed. For a tight provision
of these results, in the following a reduction of the 4-dimensional problem is described. The
two-dimensional result surfaces for α and β (in the f -δ-plane) of each Weibull-pair can be fit-
ted by an appropriate shape function with a least-squares method (s. Fig. 2). Subsequently,
the parameters of the chosen shape function can be plotted dependent on A and k. Hence, the
4-dimensional problem has been broken down into two 2-dimensional problems, which can be
easily plotted in surface diagrams.

The mathematical separation of the 4-dimensional result matrices for α and β succeeds with
introduction of the auxillary matrices κ and λ and the shape function Ω:
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α(f, δ, A, k) = κ(A, k) · Ω(f, δ) (12)
β(f, δ, A, k) = λ(A, k) · Ω(f, δ) (13)

Different shape functions have been investigated. As a most detailed approach, a biquadratic
polynominal with 6 parameters has been used. Further simplifications showed, that the number
of necessary parameters could be reduced to 3, representing a simplified bilinear approach:

Ω(δ, f) = c1 · log δ + c2 · log f + c3 (14)

Using a two-dimensional optimization according to the least-squares method allowed the de-
scription of the surface with the mentioned parameters:∑

i

∑
j

[Ω(δ, f)−Ψ(f, δ, A, k)]2 → min (15)

Where Ψ represents the result matrices for α and β. Accordingly, the conditional equations are
given by:

α =κ1(A, k) · log δ + κ2(A, k) · log f + κ3(A, k) (16)
β =λ1(A, k) · log δ + λ2(A, k) · log f + λ3(A, k) (17)

The planar representation of the regression results of the NLife-distribution showed partially
appreciable deviations between the exact calculation and the approximation to the bilinear shape
functions, see Fig. ??. This was mainly caused by the fact that there is a dependency between
the variables α and β, so the choice of a slightly larger α-value leads to a slightly smaller β value
and vice versa. With regard to the optimization strategy, this means that there may be no clear
optima, and the local minimum of Eq. (15) lies in a shallow valley and thus the optimization
found is not particularly stable. Therefore, a second constrained optimization step has been
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Figure 6: Damage values log(D) for an exemplary structure dependent on dynamic properties and considered
notch case ∆σC

made. In this step, the former linearized results for α have been kept and the corresponding,
optimum values for β have been determined.

The final results of the bi-linear optimization of all considered dynamic calculations are
plotted in Fig. 8. In combination with Eq. (16) and (17) the values κi and λi can be used
directly to determine a site and structure related cycle count distribution.

5 DAMAGE EQUIVALENCE FACTOR CONCEPT

In the preceding sections the main computation strategy and a simplified possibility for the
determination of realistic cycle count distributions is presented. The latter allows a detailed
verification of the actual fatigue life considering appropriate S-N curves and damage accumu-
lation strategies. However, at least for a pre-design stage, the damage assessment might be still
too extensive, as the damage integral has still to be solved. For this reason some additional
considerations have been made, allowing to reduce the fatigue assessment to a really simple
check of the fatigue endurance. The following items are addressed in order to allow a further
simplification:
• Consideration of a realistic shape of theNLife-curve based on α(f, δ, A, k) and β(f, δ, A, k)
• Assumption of a certain shape of the structural S-N curve (trilinear or single slope)
• Linear damage hypothesis (elementary or modified Miner rule)

Based on these preconditions, an equivalent stress amplitude ∆σE at a given number of cycles
can be computed which leads to an identical damage than the original collective. The ratio
between the maximum stress amplitude ∆σmax and ∆σE , is therefore denoted as a damage
equivalence factor.
In order to calculate the damage due to the NLife cycle count distribution in a general form,
the density of cycle numbers N ′Life(s) in accordance to Eq. (7) is needed. The deviation of the
cumulative cycle count function is given by:
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N ′Life(s) =
dNLife(s)

ds
= − ln(10)

γ(s)
· exp

[
−β + γ(s)

2α
· ln(10)

]
(18)

where:

γ(s) =
√
β2 − 400 · α + 4 · s · α

s = ∆σ/∆σmax

The general formulation of the structural damage under consideration of the elementary Miner
rule leads to:

D =

∫
∆σ

N ′Life(∆σ)

Nc ·
(

∆σc
∆σ

)m d∆σ (19)

where ∆σc is the notch case of the structural detail and m ist the slope of the S-N curve. As
the NLife curve represends the cumulative cycle counts within 50 years, Eq. (19) yields to the
associated damage within this period.

5.1 Elementary Miner-Rule (acc. to Palmgren)

In this section the steps are described, which allow the development of damage equivalence
factors using the elementary Miner rule. The equivalent stress range ∆σE can be calculated
implicitly by the definition of the number equivalent of cycles nE = ND = 5 · 106 and by the
demand of an identity of damages:

nE
NE

=
ND

NE

!
= DMiner,elementary (20)

The associated stress range amplitude ∆σE is defined based on the structural S-N curve:

∆σE =

(
∆σmD ·

ND

NE

) 1
m

(21)
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and hence, if the damage D is known:

∆σE = (∆σmD ·D)
1
m (22)

Under consideration of Eq. (19), the equivalent stress amplitude can finally be derived to:

∆σE =

 1

ND

·
∞∫

0

N ′Life

(
100 · s

∆σmax

)
· sm ds

 1
m

(23)

The damage equivalence factor KF for the consideration of the shape of the stress range collec-
tive is given by:

KF = ∆σmax/∆σE (24)

The fatigue endurance verification can be performed considering characteristic values as fol-
lows:

∆σmax/KF

!

≤ ∆σD (25)

A realistic damage assessment is enabled using the bearable cycle counts NE , which are asso-
ciated with the stress amplitude ∆σE:

NE =

(
∆σD
∆σE

)m
·ND (26)
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Finally, the corresponding damage value is defined as:

D =
nE
NE

=
ND

NE

(27)

The verification now includes implicitly the individual shape of the stress and leads to the same
collective damage value as the integral of the actual collective consideration based on Eq. (19).

5.2 Modified Miner-Rule (acc. to Haibach)

The derivation of the damage equivalence factor KF is slightly more complex, when a S-
N curve ∆σW (N) with different slopes is considered. Depending on the particular slope, the
equivalent stress amplitude ∆σE can be determined by a distinction of cases to:

∆σE = (∆σm1
D ·D)

1
m1 for NE < ND (28)

∆σE = (∆σm2
D ·D)

1
m2 for ND ≤ NE (29)

Using the modified Miner rule in the damage calculation, the value ofD is is generally lower,
but for most materials more realistic than according to Eq. (27). For the further computation,
Eq. (24) till Eq. (27) remain valid.

5.3 Damage Equivalence Factors for Application

For an enabling of a preferably simple and general fatigue assessment concept, it was essen-
tial to avoid dependencies of the damage equivalence factor KF to other parameters than the
shape of the cycle count distribution. Especially an influence of the maximum stress amplitude
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∆σmax and the notch case ∆σC would complicate the concept. Considering Eq. (22), it be-
comes apparent that the equivalent stress range depends on the fatigue endurance limit ∆σD in
a direct way and indirectly by the damage D. Therefore, the equivalent stress range ∆σE , and
thus the damage equivalence factor KF , are not dependent on the notch case ∆σC . However,
as soon as a S-N curve with different inclinations is used, this independency is lost, due to the
necessary case distinction according to Eq. (28) and (29).

Generally, the maximum value of the stress collective ∆σmax affects the computed structural
damage. In case of a simple linear S-N curve (elementary Miner rule) it follows for different
collective maximums ∆σmax,1 and ∆σmax,2:

D2 = D1 ·
(

∆σmax,2
∆σmax,1

)m
(30)

Consequently, in conjunction with equation (22) it follows, that the equivalent stress range
∆σE acts linear to the maximum stress amplitude ∆σmax of the collective. Thus, the damage
equivalence factor KF is also independent of the collective maximum amplitude ∆σmax.

When the modified Miner’s rule is used, the damage equivalence factor KF depends on both
the collective maximum and the notch case of the S-N curve. For the establishment of an easy
concept it is therefore advantageous to use the conservative elementary Miner rule with a unique
slope of m1 = 3.

In Fig. 11, the damage equivalence factors are plotted for arbitrary combinations of the
regression parameter α and β of the cycle count distribution NLife. Considering the influence
of wind characteristic and structural dynamic properties, the equivalent stress factors can be
read directly from the chart. Therefore, the bi-linear regression model from Section 4.3 has
been used. As the plot is restricted to three different values for the shape parameter k of the
Weibull distribution, the usage is limited to rather approximative calculations, for example as a
part of a pre-dimensioning. For the accurate determination of the damage equivalent factors it
is recommended to determine the parameter α and β in advance using the equations described
in section 4.3.
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For the fatigue assessment finally Eq. (25) can be simplified to:

γFf ·
∆σmax
KF

!

≤ ∆σD
γMf

(31)

Due to the implicit form of the elementary Miner rule this proof is generally on the safe side.
The corresponding damage value can be calculated as follows:

D =

(
∆σD

∆σmax
·KF

)−m
(32)

6 EXAMPLE

In this section the presented methods are demonstrated briefly using the example of a steel
chimney, which is located at the Institute for Steel Structures, see Fig. 12. Several years ago,
Gahlemann conducted measurements on-site and he calculated a fatigue Damage, which is
associated with measured the gust response behavior of the structure [5]. In his investigations
he computed a maximum dynamic stress amplitude of ∆σmax = 142.9 N/mm2 and a damage
value of DGust = 0.21 within a period of 50 years using the modified Miner rule.

Considering the structural and site dependent aerodynamic parameter, given in Fig. 12, a
damage equivalence factor of approximately KF = 6 can be extracted from Fig. 11. For the
notch case of ∆σC = 36 N/mm2, the fatigue endurance limit derives to ∆σD = 26.5 N/mm2.
Based on these values a damage of:

D =

(
26.5

142.9
· 6.0

)−3

= 0.72

is estimated. Taking into account, that the simplified approach is based on the elementary Miner
concept, the correlation of the damage values is quite impressive.
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7 CONCLUSIONS

It has been shown, that reliable fatigue verifications based on cumulative damage predictions
are possible by means of closed form spectral methods. Due to the tight manageability of the
presented formulas, the procedure is advisable for the fatigue verification of arbitrary structures
under gusty wind loads.

As main influencing parameters of the stress cycle count distribution, mainly the structural
frequency, the damping behavior and the wind statistic on site has been identified. Under con-
sideration of appropriate shape function, the four independent parameters have been brought
together in order to enable a simplified, graphical description.

Finally, the damage equivalence factor concepts has been introduced on the base of the re-
gression parameters which describe the actual shape of the cycle count distribution. In com-
bination with the elementary Miner rule it was possible to calculated divisors, which allow a
reduction of the maximum stress level in order to consider the distribution of cycle counts. The
methodology is very simple in use and it is demonstrated for an exemplary structure.
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Abstract. In order to improve the structural design of steel towers for wind turbines, and in
order to allow for detailed structural optimizations, a methodology is desirable which allows
for quick and reliable considerations of the complex dynamic load situations. Whereat for the
design of details for the machinery and the blade optimization time domain methods using multi-
body-simulations are well established, their usage is often to extensive due to the needed level
of detail to use them for an iterative tower design. Especially with regard to lattice towers, it is
therefore desirable to investigate faster stochastic methods which focus on the overall dynamic
behavior based on the probability of structural stresses within the tower construction. For this
aim, in the present paper a modern stochastic concept is presented and results are compared to
NRELS FAST algorithm.
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1 INTRODUCTION

The structural design of blades and the machinery of wind turbines are nowadays based on
detailed transient dynamic calculations using multi-body systems (MBS) - which are doubtless
indispensable for the construction of the machinery. But with respect to the design of the sup-
porting structure, i.e. the tower and its foundation, the MBS models are unnecessary complex
and the obtained results can therefore often only be taken in a simplified manner. With this load
input, the design of the structure is carried out afterwards by means of individual calculations.
As the dimensioning of the structural components influences the overall dynamic behavior of
the wind turbine with respect to the aeroelastic load components and the inherent dynamic am-
plifications induced by the rotor, the design has to be iterative. With regard to the number of load
cases and the time consumption of MBS simulations the structure is often not fully optimized,
due to necessary simplifications.

In the field of wind engineering it is common practice to consider the complex stochastic
wind load process on flexible structures by means of stochastic methods. An example of this
methodology is the gust response factor approach given in Eurocode 1. Besides this simplified
approach which is formulated for a single degree of freedom system, it is also possible to con-
sider arbitrary multi-degree of freedom systems as long as the structural dynamic behavior can
be treated linear. With application to wind turbines, this approach enables the necessary de-
scription of the correlated multivariate wind field and the formulation of the structural dynamic
behavior of the response using complex spectral matrices. The main advantage is the algorithm
is the allowance for a quick analysis of the load-response chain and to consider the structural
interactions between the main components implicitly.

With the presented strategy, a design tool is introduced which especially focusses on the
sup-porting structures of wind turbines taking into account the global dynamic behaviour and
neglecting machinery details. Due to its faster usability, it might turn out as a useful tool for an
optimized design of wind towers and foundations.

2 CONSIDERATION OF RANDOM LOADING

With respect to random loading, the response characteristic of structures is affected by the
dynamic properties of a structural system. Dependent on the composition of the natural fre-
quencies, mode shapes and on the damping behavior, the distribution of stress ranges and the
maximum amplitudes at the structural details may vary significantly.

Due to the energy composition of the natural wind flow, especially slender structures with
low structural frequencies tend to pronounced stress amplification due to this random process.
Wind turbines are in particular slender, as their efficiency is highly dependent on hub height and
the costs of the tower construction. The latter demands for strong optimization efforts which
lowers the stiffness as far as possible. In consequence, wind turbines structures are highly prone
to wind excited vibrations which have to be considered in the structural design and optimization
process.

Generally there exist two concepts for the computation of structural responses due to random
loading. The main difference is the domain in which the random loading is described. Basi-
cally, it is advantageous to describe random loads in a stochastic way as this allows for definite
description of the turbulence contributions which form the wind speed on a given site. General
recommendation for gust spectra are given e.g. in Eurocode 1. With respect to calculation of
structural responses it is possible to remain in the stochastic domain or to switch over to the time
domain. For the latter it is necessary to generate artificial wind fields. These fields are generally
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Figure 1: Definition of Axes and Directions of the Wind Turbine

only one representative of the stochastic description, for the needed statistical covering a higher
quantity of wind fields has to be considered.

Time-based methods allow for very detailed calculations of the structural dynamic response.
Furthermore they are able to consider structural non-linearities and the aeroelastic behavior of
structural parts quite easy. With respect to wind turbines time based methods are therefore
favored and in most cases performed using multi-body-simulations.

However, remaining in the stochastic domain is possible and it allows the prediction of the
stochastic structural responses. Hence, as a result e.g. for the bending moment the spectral den-
sity can be obtained which allows the calculation of the statistical moments (e.g. the standard
deviation). On a first look, this type of result is less ready to hand than having time series of
the bending moment. But in opposite to the time based results, the knowledge of the statistical
parameters is definite. Where the transient computations have to be repeated for multiple time-
series of loading in order to allow an extreme value prediction, such statistical measures can
be achieved directly based on the stochastic structural computation. Furthermore the stochastic
method is much quicker, as it is mainly performed by matrix multiplications instead of time
step integrations.

With stochastic concepts it is also possible to achieve the expected Rainflow distribution of
structural stresses, which is an important measure for the verification of the fatigue stability.
And again the method is much quicker the conventional time based procedure.

In the present paper a multivariate stochastic is presented which means that it is applicable for
multi-degree of freedom systems. Due the described fast computation algorithm it is expected
that the methodology may allow quicker structural optimizations in the future.

3 GENERAL DEFINITIONS

The Hub height of the investigated turbine equals to HHub = 90 m. A rotor diameter of
DRotor = 125.2 m has been taken into account. In the study, a conical steel tower with an
outer diameter of DB=6.0m at the bottom and DT=3.87m at the top respectively. As associated
thickness values of TB=27mm and TT=19mm have been considered.
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4 STOCHASTIC APPROACH FOR STRUCTURAL DESIGN OF WIND TURBINES

4.1 Wind Characteristics

For the description of the natural wind field, the reference values comparable to those of the
NREL Study have been taken. The formulation of the resulting wind loading for the spectral
method is described in the following subsections.

4.2 Spectral Description of the turbulent Wind Field

Due to the stochastic character of the fluctuating wind field, a general description succeeds
with the power spectral density (PSD). In most standards, the Kaimal spectrum assuming neutral
atmospheric stability has been implemented. For a single point in space with reference height
z, the natural turbulence spectrum according to IEC 61400-1 [1] is defined as follows:

SUU(f, z) =
4.0 · I2u(z) · u(z) · Lux(z)[

1 + 6.0 · f ·Lux(z)
u(z)

]5/3 (1)

where: Iu = turbulence intensity, u = mean wind speed andLux = integral length scale in wind
direction at the considered location. In order to take into account the spatial variability of wind
speeds, it is common to take into account the coherence function which can be interpreted as
the correlation measure of different spectra. According to Davenport [4], the vertical coherence
can be expressed as:

γi,j(f,∆) = exp

−12.0 ·

√(
∆ · f
uHub

)2

+

(
0.12 · ∆

Lc

)2

 (2)

Where Lc = coherence scale parameter, ∆ = spatial distance and uHub = mean wind speed
at hub height. Although formula (2) principally only applies to the vertical coherence, it is
common to use the formula for the entire spatial coherence, sometimes using adapted decay
constants C. To formulate the full coherence relation, the matrix of spatial distances ∆ is
needed, where each item is defined as follows:

∆i,j =
√

(xj − xi)2 + (yj − yi)2 + (zj − zi)2 (3)

Using Eq. (2) and (3) the nxn coherence matrix γ(f) for a point vector with n-entries with
respect to the flow direction can be assembled.

As the diagonal elements of the distance matrix ∆ equal to zero, the diagonal coherence
elements are unique. Using the coherence relation, the wind field can be expressed as a nxn-
spectral density matrix of wind turbulence as follows:

SUU(f) = γ(f) · SUU(f) (4)

The formulation of a symmetric gust spectrum neglects phase shifts, which have been re-
ported during on-site measurements. In most cases, this disregardance should be of minor effect
on the load formulation. Furthermore, realistic measures for certain locations are not available
in the literature.
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Figure 2: Aerodynamic Coefficients depend on the angle of attack, Exemplary curves of the NACA 64816 profile
which is used at the outher third of the blades, here at Re = 1 · 106

4.3 Aerodynamic Admittance

Wind loads on structures are generated due to a variable pressure fields, distributed over the
entire surface. The approaching wind field and rather the individual wind vector at a struc-
tural point is responsible for the shape of the resulting pressure distribution at the associated
structural section. The integrated pressure distribution leads to the instantaneous wind forces.
With respect to line-like structures like the tower sturcture and the blades of wind turbines, it
is common to define aerodynamic force coefficients, which can be interpreted as the integral
directional wind forces, related to the approaching velocity pressure and normalized to a geo-
metrical measure. The force coefficients are denoted as cD, cL and cM , related to the drag, lift
and moment forces and oriented to a wind-fixed coordinate system.

The force coefficients for all blade profiles have been calculated for various Reynolds num-
bers and angles of attack with the software QBlade [6] using the outer shape polygons. As the
force admittance depends on the actual aerodynamic angle of attack αA and the Reynoldsnum-
ber Re, the values are interpolated appropriately.

For simple cases it is sufficient to formulate a stationary admittance approach, meaning that
the time variability does not affect the resulting forces. Actually, with increasing frequency
of force attack, the resulting force amplitudes are decreasing, as the spatial extent of the wind
gusts are decreasing and consequently the correlation measure decreases as well. This effect
is denoted as instationary aerodynamic admittance and considered by the coherence relation
according to Eq. (2).

Due to the possible large vibrations, especially of the turbine blades, aeroelastic effects be-
come relevant. In time based calculations it is possible to use the time related relative wind
speeds to obtain a realistic aerodynamic damping behavior. Alternatively and suitable for usage
with spectral methods, an analytical expression Kuehn [5] can be used:

ξAero =
3 · ρAir · Ω

8 · π · f0 ·M0

∫ R

Rroot

δcl(r)

δα(r)
· c(r) · r dr (5)
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where: Ω = rotational speed of rotor, f0 first along wind bending mode frequency, M0 =
associated modal mass, δcl/δα = slope of lift coefficient with respect to angle of attack and
c(r) = chord length at radius r.

Eq. (5) is based on stationary rotor aerodynamics and considers some simplifications con-
cerning the tip speed ratio.

4.4 Blade Aerodynamics

Blades of wind turbines are specially designed with respect to the rotor diameter and the
expected wind speed distribution on sited. In this paper the aerodynamic blade properties are
taken in dependence on the NREL 5-MW Reference Wind Turbine [2]. The blade sections are
defined in table 1.

Table 1: Blade Aerodynamic Characteristics

Blade Section Start-Pos [m] End-Pos [m]
DU99W405LM 0 13.07
DU99W350LM 13.07 20.54
DU97W300LM 20.54 24.28
DU91W225LM 24.28 31.75
DU93W210LM 31.75 39.22
NACA 64618 39.22 61.63

For the detailed description of the blade properties reference is made to the NREL report
[2]. In the present study, the aerodynamic coefficients for the blade profile sections have been
computed with QBlade [6] for various angles of attack αA and for different Reynolds numbers
Re. In Figure 2, some exemplary force coefficients for two blade sections are illustrated.

For the computation, the blades have been discretized in 17 sections, the loads are induced at
16 aerodynamic nodes. For later calculations, the discretization can be simply increased. The
aerodynamic properties of turbine blades dependent on the angle of attack and the Reynolds
number Re. The presented stochastic computation method has been implemented in Matlab.
The code automatically assigns the appropriate aerodynamic coefficients to the aerodynamic
blade sections, dependent on the angle of attack and the current Reynolds number, which is
computed based on the individual chord lengths and the mean nodal wind velocity.

The power spectral density of the acting wind force is expressed as spectral density matrix
SFF (f), where the indiviual items can be obtained as follows:

SFF,ij(f) = SUU,ij · ρ2Air · ui(z) · cf,i(αA,Ω, Re) · Ai · uj(z) · cf,j(αA,Ω, Re) · Aj (6)

Based on the spectral density matrix of the wind forces, the instationary wind loading can
be described for each DOF of the model. With respect to the necessary consideration of the
individual angles of attack, the rotation speed and the Reynolds number, the admittance function
has to be updated for each step in rotational discretization.

4.5 Mechanical Properties of the Structural System

Both, blades and tower have been modeled elastically with realistic bending stiffness. How-
ever, occurring aeroelastic effects have been neglected in this first setup. The chosen approach
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allows for a direct computation of the stationary and instationary rotor loading using the coher-
ence matrix of wind forces at the aerodynamic nodes of the blades. The stiffness matrix K has
been set up based on three-dimensional beam elements with the full set of 12 DOF per element.
With the prepared algorithm within Matlab, the discretization density of the tower and blade
structure can be adjusted individually.

A corresponding mass matrix M has been assembled considering the transversal masses
associated with the model nodes. Using a Rayleigh model, a damping Matrix D has been
assembled based on a linear combination of mass and stiffness matrix.

D = α ·M + β ·K (7)

Where the Parameter and are the Rayleigh coefficients, calculated based on two arbitrary
frequencies and the desired damping ratio ξ. Due to the resulting frequency dependent char-
acteristic of the obtained damping behavior, it is meaningful to fit the Rayleigh coefficients in
order to match the damping ratio at the most relevant Eigenfrequencies. For further explanation
reference is made e.g. to [6].

Using all structural matrices, the complex mechanical admittance function can be computed:

H(f) =
1

− (2πf)2 ·M + iD +K
(8)

The complex spectral admittance function of a system includes the complete structural infor-
mation, including element wise damping and single damping elements (in contrast to the modal
analysis concept). In Figure 3, the admittance function is plotted for the computed system.

4.6 Structural Responses of the stopped Machine

Based on the turbulent wind field, the aerodynamic and the mechanical admittance, the sta-
tionary and instationary responses of the stopped can be calculated using a multivariate stochas-
tic approach. The spectral density matrix SRR(f) can be computed as follows:

SRR(f) = H(f) · SFF (f) ·H(f)T (9)

The spectral density of the wind loading in this study only comprises the drag load, which is
most decisive for the structural design of the supporting tower.

As described in section 2, the usage of a stochastic computation method allows for a full
set of all statistically relevant response measures. All results are available within the resulting
density matrix of structural deflections SRR(f). Based on the mechanical admittance of the
structural system, the corresponding frequencies of occurrence of inner forces and stresses can
be obtained.

The calculations have been made for Nf = 500 frequency steps with a logarithmic spac-
ing between f=0.01 Hz and 10 Hz. The algorithm allows the computation of arbitrary rotor
positions Ω and pitch angles Θ.

4.7 Consideration of Operational States

A special challenge is the consideration of the operational states in the stochastic algorithm.
The influence of the blade rotation is determined based on calculations for different rotor angles
. Dependent on the rotation, the single blade elements are loaded variably due to the chang-
ing average wind velocities and turbulence contents with height. In Figure 4, the resulting tip
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displacement is plotted over the rotation angle . Due to the consideration of three blades, the
relative variability of the out of plane displacement at the top of the tower is much less. How-
ever, the periodic load distribution is vulnerable when tower Eigenfrequencies are affected. In
Figure 5 the admittance function of a blade tip is plotted over the rotational angle. As the stiff-
ness of the tower support varies dependent on the rotational position, the admittance function is
not unique with respect to .

Dependent on the load variability and the angular speed, the periodic load contribution can
be calculated. In consequence, a modified stochastic load case is generated which can be super-
imposed with the load set of a stationary rotor.

5 TIME DOMAIN APPROACH

Time domain calculations have been performed using the FAST program [4]. Wind fields
have been computed using TurbSim [3] for different average wind speeds. All settings have
been made in accordance the the NREL reference wind turbine [2]. Only the description of the
gust spectrum has been formulated divergent (IEC 61400-1 instead of smooth).

The FAST algorithm allows the fully aerodynamic and aeroelastic calculations of a pitch-
controlled wind turbine. Various response measures can be chosen for the output files. In this
paper the dynamic responses of the tower are mainly focused. In Figure 3, the time related
results for the tower deflections are plotted.
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Figure 3: Exemplary Time Series of Tower Deflection, Operation Wind Speed of vHub = 18 m/s

For the design of tower structures the dynamic response at the top of the tower is the most
important measure. Therefore, in the following section the corresponding frequency-related
results are compared.

6 COMPARISON OF RESULTS

Simulation with FAST have been performed for four different mean wind speed at hub
height: vHub = 9 m/s, vHub = 14 m/s, vHub = 18 m/s and vHub = 27.5 m/s. The FAST
simulations considered a pitch-control algorithm (conventional variable speed, variable blade-
pitch-to-feather configuration). The resulting average rotational speeds have been used for the
stochastic computations at the same average wind speeds.
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Figure 4: Along-wind Hub Deflection: Operation Wind Speed of vHub = 9 m/s (left) and vHub = 14 m/s (right)
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Figure 5: Along-wind Hub Deflection: Operation Wind Speed of vHub = 18 m/s (left) and Cut-Out Wind Speed
of vHub = 27.5 m/s (right)
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Figure 6: Along-wind Tip Deflection of Blade 1: Operation Wind Speed of vHub = 9 m/s (left) and Cut-Out Wind
Speed of vHub = 27.5 m/s (right)
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In order to allow a comparison of results, the resulting time series of the FAST algorithm
have been analyzed with respect to its frequency domain content. Therefore a windowed spec-
tral analysis has been made using a Hanning-window with a length of one fourth of the total
simulation time. Due to the sudden loading at the beginning of the simulation the first 30s of
the simulation time has been neglected for all further analyzes (and in the figures as well).

The comparison of the obtained result are presented in Fig. 4 till 6. Aside from the rota-
tional frequency Ω and its multiple (this effect is not implemented yet), the general decay trend
and most Eigenfrequencies are represented quite satisfactory using the stochastic method. The
spectral sum, which represents the variance of the response process, is comparable.

7 CONCLUSIONS

For a possible future usage of spectral methods for the optimization of tower structures, the
computation of structural responses of 3 bladed wind turbine has been performed in the time
and the frequency domain. For the former, the well established FAST algorithm has been used.
For the latter, a multivariate stochastic approach has been implemented in the programming
environment of Matlab. The computation time with FAST averages out at some minutes (which
is already extremely fast for a time domain algorithm) whereat the stochastic approach only
takes seconds.

The structural and aerodynamic properties have been taken from the 5MW NREL reference
wind turbine. Simplified assumptions had to be made for the aeroelastic behavior of the blades
in the frequency domain. Furthermore, some inaccuracies remained in the stochastic model
with respect to the structural detailing (rotary inertia of hub and nacelle), the eccentricity of
the center of masses and the lateral gust components have been made. Additionally, a unique
Rayleigh Damping has been assumed. Finally, the stochastic gust model in the present study
is just one-dimensional at the moment. Lateral gust components should be included in future
work. The mentioned improvements will certainly lead to a further increase of model reliability.

Currently, the stochastic approach considers rotating blade positions but it neglects the peri-
odic loading which is caused by this rotation (Ω and 3 · Ω load contributions). For this aim, an
analytical approach will be implemented in further developments.

Results have been obtained in the frequency domain for discrete rotor angle positions Ω. The
average power spectral densities of the associated hub displacements have been compared to the
results of the operating state based on the FAST calculation.

The obtained structural responses of the tower show wide banded contributions in a range of
f =0.3 to 3 Hz. Fundamentally, the multivariate stochastic approach is able to predict the tower
responses with respect to the average spectral magnitude and the location of natural frequencies
with satisfactory precision. The major aim, a quicker analytical method to estimate dynamic
responses for an improved structural optimization, seems reachable. Especially with regard to
lattice towers, it seems to be helpful in combination with stochastic optimization algorithms.
However, further incorporation of modeling details is necessary.
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Abstract. Wind energy presents itself, nowadays, as one of energy sources in fast 

development and implementation all over the world. The project, building and maintenance of 

the so called wind farm still present lots of challenges for engineers and researches. In this 

context, offshore wind turbine are found: wind turbines installed on ocean next to coast which, 

between other advantages, gets benefit of more intense and consistent wind with less 

turbulence in these regions. One of conceptions from this kind of wind turbine is the floating. 

This kind of structural system can be analyzed like a discrete model of inverted pendulum. 

This type structure can be vulnerable to excessive vibration caused by wind loads. One of the 

most used vibration control systems is the Tuned Mass Damper (TMD). It basically consist of 

a mass-spring-damper system attached to the main structure, the frequency of the damper is 

tuned to a particular frequency, with the goal of making the TMD vibrate out of phase with 

the main system, thus transferring the energy system to the damper. However, passive devices 

only work properly for the design frequency range, and wind forces are random type of 

excitations. In this sense, a better approach would be design a semi-active device. Semi-active 

control joins confidence and simplicity typical of passive systems with active control 

adaptability. It is characterized by not adding mechanical energy due to the structure and to 

have properties that can change dynamically. These devices can be viewed as controllable 

passive devices because despite of its changing properties of damping and/or stiffness it 

action on the structure is passive. This work aims to achieve better results in vibration control 

of offshore wind turbines proposing a semi-active controller to it, considering an inverted 

pendulum discrete model. 
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1 INTRODUCTION 

Wind power is a clear, sustainable source of energy. A great number of wind farms have 

been installed all over the world in recent years. It appears as an attractive option to reduce 

carbon dioxide emissions. The wind turbine transforms kinetic energy, generated from wind 

velocities, in electric power. It is constituted of a supporting structure (tower), a nacelle, a 

gearbox, a cube, blades and a generator. 

Wind farms located at the seaboard, the so called offshore wind turbines, have some 

advantages compared to the onshore ones: do not have land space limitations; do not have 

audible or visual impact; at the sea occurs less turbulent winds [1]. Meanwhile, offshore wind 

turbine stability has to be taken into account, since it has shallower foundations and can even 

be a floating structure with a mobile base. Floating wind turbines also experience an 

additional source of dynamical loads: the movement of the sea waves at its base. 

Wind turbine towers generally are slender and flexible due to its high altitude and can 

present excessive vibrations caused by its own operation, as well as, wind action. A detailed 

analysis of the structural behavior of the tower is of great relevance as it can represent up to 

30% of the total system cost [2]. 

A technology that proposes to reduce excessive vibration of the structures is called 

structural control. It consists in the addition of external devices such as dampers or 

application of external forces that change properties of stiffness and/or damping. It can be 

classified as: passive control, active control, hybrid control and semi-active control. [3] 

One widely used device is the tuned mass damper (TMD). It reduces the main structure 

response amplitudes by transferring energy between the structure and an auxiliary mass. TMD 

consists of mass-spring-dashpot system that is designed tuning it to a given modal frequency, 

for high towers, usually the first one [4]. 

The TMD can also be designed as pendulum system [5], it has the vibration period 

depending on pendulum length and can only be considered as a linear oscillator when 

amplitude vibrations are small, and otherwise the system turns to be nonlinear. 

However, passive control strategies have disadvantages: they only are efficient within the 

frequency range for which they were designed. It is a little robust control. In the case of 

structures subjected to wind loads this fact becomes critical, since this type of loading has a 

random characteristic. 

One alternative to passive control is the so called semi-active control. Semi-active devices 

do not add energy to the structure and its properties can be varied dynamically [6]. The semi-

active systems are more reliable and more robust than active systems. Damping and stiffness 

properties can be controlled in an active way by a control signal. These are controllable 

passive devices since they don’t apply any additional force to the structure. 

Chey et al [7] proposed passive and semi-active tuned mass damper (PTMD and SATMD) 

building systems to mitigate structural response due to seismic loads.  

Zemp et al [8] describes the implementation of a proof-of-concept pendulum tuned inertial 

mass magnetorheological (TM-MR) damper assembly in a tall building in Santiago, Chile, 

designed primarily to control building motions, and hence indirectly, interstory deformations. 

Rafieipour et al [9] proposed a semi-active TMD with an innovative variable stiffness 

device called folding variable stiffness springs (FVSS), with the capability to change stiffness 

between lower and upper bounds through a small change between its supports. It is verified 

that this damper has an effective performance compared to a passive device. 

Despite previous studies and reasonable number of practical applications of structural 

control in bridges, high towers and buildings, the application of structural control techniques 

in wind turbines is still a new topic [10-12]. However, despite previous studies, obstacles 
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remain to be overcome. These include: reducing cost/maintenance and increase reliability, 

efficiency and robustness. 

On previous studies [13-15] an inverted pendulum model was proposed to study the 

dynamic behavior and stability of a floating offshore wind turbine. Two passive control 

systems, a simple pendulum TMD and an inverted pendulum TMD were proposed aiming to 

reduce the angular amplitude of the main structure. The results obtained showed that inverted 

pendulum model had a better performance. 

In this work a semi-active TMD pendulum is proposed to control excessive vibration of an 

offshore floating wind turbine. The structure is modeled as an inverted pendulum discrete 

model. This model is presented as a preliminary model for structural control alternatives 

studies, the results serve as a basis for real structures design with a more careful modeling. A 

bang bang control strategy was considered, TMD stiffness and damping values were 

calculated trough optimal control theory. Satisfactory results were find out compared to those 

of passive TMD pendulum. 

2 FLOATING WIND TURBINE MODEL: INVERTED PENDULUM 

For modeling the dynamic behavior of an offshore wind turbine, a discrete model of an 

inverted pendulum is considered [13] as presented in Fig. 1(a). It is a system with a spring and 

a damper at the base that simulates fluid resistance of the sea. The excitation of the system is 

a dynamic force applied to the mass m, simulating the wind force on the turbine blades. 

Figure 1(b) presents the installation of an inverted pendulum TMD to reduce vibration’s 

amplitude of the structure. Some simplifying hypotheses were assumed [14]: (a) angular 

amplitude is kept within boundaries for a linear behavior; (b) a two dimension vibration 

system is considered; (c) wave loading is disregarded (d) a top mass represents nacelle+blades 

[10]. 

 

  

(a) (b) 

Figure 1: Model of an inverted pendulum over a mobile base (a) with inverted pendulum TMD installed (b). 

Where 𝑚 is the tip mass at the end of the bar, 𝜃 is bar angular amplitude, 𝑙 is bar’s length, 

𝐾  is torsional stiffness, 𝑚𝑐  is base’s mass, 𝑘𝑐  is base’s stiffness, 𝑐  is base’s damping 

coefficient, 𝑚𝑑  is TMD pendulum’s mass, 𝑙𝑑  is TMD pendulum’s length, 𝑑 is the distance 

from pendulum to bar’s base, 𝑟 is TMD disc’s radius, 𝑐𝑑 is TMD’s damping coefficient, 𝑘𝑑 is 
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TMD’s stiffness and 𝜃𝑑 is TMD pendulum’s angular amplitude related to the bar. The motion 

equation of the system with control (Figure 1(b)) is given in matrix form: 

[

𝑀1,1 𝑀1,2 𝑀1,3

𝑀2,1 𝑀2,2 𝑀2,3

𝑀3,1 𝑀3,2 𝑀3,3

] [
�̈�
�̈�𝑑

�̈�

] + [
0 0 0
0 𝑐𝑑. 𝑟2 0
0 0 𝑐

] [
�̇�
�̇�𝑑

�̇�

] +

[

𝐾 − 𝑔 (𝑚. 𝑙 +
𝜌.𝑙2

2
+ 𝑚𝑑(𝑑 + 𝑙𝑑) − 𝜌𝑑 . 𝑙𝑑 (𝑑 +

𝑙𝑑

2
)) +𝑚𝑑. 𝑔. 𝑙𝑑 + 𝜌𝑑 .

𝑙𝑑
2

2
. 𝑔 0

+𝑚𝑑. 𝑔. 𝑙𝑑 + 𝜌𝑑.
𝑙𝑑
2

2
. 𝑔 𝑘𝑑 . 𝑟2 − 𝑚𝑑 . 𝑔. 𝑙𝑑 − 𝜌𝑑 .

𝑙𝑑
2

2
. 𝑔 0

0 0 𝑘𝑐]

[
𝜃
𝜃𝑑

𝑢
] =

[
𝐹(𝑠). 𝑙 

0
0

] (1) 

Where: 

𝑀1,1 = 
𝜌.𝑙3

3
+ 𝑚. 𝑙2 + 𝑚𝑑(𝑑 + 𝑙𝑑)2 + 𝜌𝑑 . 𝑑. 𝑙𝑑(𝑑 + 𝑙𝑑) + 𝜌𝑑 .

𝑙𝑑
3

3

𝑀1,2 = −𝑚𝑑 . 𝑑. 𝑙𝑑 − 𝑚𝑑 . 𝑙𝑑
2 − 𝜌𝑑 . 𝑑.

𝑙𝑑
2

2
− 𝜌𝑑 .

𝑙𝑑
3

3

𝑀1,3 = 𝑚. 𝑙 +
𝜌.𝑙2

2
+ 𝑚𝑑(𝑑 + 𝑙𝑑) + 𝜌𝑑 . 𝑑. 𝑙𝑑 + 𝜌𝑑 .

𝑙𝑑
2

2

𝑀2,1 = −𝑚𝑑 . 𝑑. 𝑙𝑑 − 𝑚𝑑 . 𝑙𝑑
2 − 𝜌𝑑 . 𝑑.

𝑙𝑑
2

2
− 𝜌𝑑 .

𝑙𝑑
3

3

𝑀2,2 = 𝑚𝑑 . 𝑙𝑑
2 + 𝜌𝑑 .

𝑙𝑑
3

3

𝑀2,3 = −𝑚𝑑 . 𝑙𝑑 − 𝜌𝑑 .
𝑙𝑑
2

2

𝑀3,1 = 𝑚. 𝑙 +
𝜌.𝑙2

2
+ 𝑚𝑑(𝑑 + 𝑙𝑑) + 𝜌𝑑 . 𝑑. 𝑙𝑑 + 𝜌𝑑 .

𝑙𝑑
2

2

𝑀3,2 = −𝑚𝑑 . 𝑙𝑑 − 𝜌𝑑 .
𝑙𝑑
2

2

𝑀3,3 = 𝑚𝑐 + 𝑚 + 𝑚𝑑 + 𝜌. 𝑙 + 𝜌𝑑 . 𝑙𝑑 

Usually, the formulation and solution of control problems present equations of motion 

Equation (1) as state equations: 

)()()()( tttt EfBuAzz   (2) 

where z(t) is the state vector 4n + 2m; A corresponds to the matrix system state 4n + 2m x 4n 

+ 2m; B and E are the control and disturbance input matrices; Finally, the vector )(tz  

represents the state of the structural system which contains the relative velocity and responses 

to acceleration of the structure with respect to the ground. The details of each vector and 

matrix are listed as follows: 
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Where x(t) and 𝒙(𝑡)̇  are system displacement and velocities vectors, respectively. Matrices 

D and H define the location of control forces and of external loading, respectively. 

3 SEMI-ACTIVE CONTROL STRATEGY 

The Bang Bang control, also called control ON / OFF control, is a feedback controller that 

suddenly changes between two limit values. This device compares the input with a target 

value, so that if the output exceeds the input, the actuator is switched off, otherwise, the 

actuator is now on. Figure (2) shows an example of a bang bang controller block diagram. 

This is a low cost controller, further its simplicity and convenience. 

Figure 2: Bang bang control [16]. 

The control strategy is to control structural response using bang bang control, varying 

pendulum TMD stiffness kd and damping cd, switching from one extreme set of values to the 

other. The optimal parameter values (kd and cd) are obtained based on linear optimal control 

algorithm (linear quadratic regulator – LQR) [17].  

First a LQR controller is designed assuming an active pendulum TMD system and 

neglecting the actuator dynamics. The optimal actuator force u(t) is defined by the gain matrix 

G. The actuator force is not really applied at the TMD, this force is applied through a semi-

active damper.  

The linear optimal control problem consist in finding the control vector u(t) that minimizes 

the performance index J subject to the constraint (3). In structural control, the performance 

index is usually chosen as a quadratic function in z(t) and u(t), as follows 

  

ft

t

dtttttJ

0

)()()()( RuuQzz
TT

(4) 

Where Q is a 2n x 2n positive semi-definite matrix and R is a m x m positive definite 

matrix. The matrices Q and R are referred to as weighting matrices, whose magnitudes are 

assigned according to the relative importance attached to the state variables and to the control 

forces in the minimization procedure. The minimization problem leads to a Riccati 

differential equation system: 

0P

0QPAPBBRPAPP TT1



 

)(

,2)()()(
2

1
)()(

.

ft

ttttt
(5) 
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where P(t) is the Ricatti matrix. The control vector u(t) is linear in z(t). In this case, the 

linear optimal control law is 

)()(
2

1
)()()( ttttt zPBRzGu T1

(6) 

where )(
2

1
)( tt PBRG T1  is the control gain. In most structural applications, numerical 

analysis show that Riccati matrix P(t) stays constant during the control range, converging fast 

to zero on the neighborhood of tf  [17]. Thus P(t), in most cases, can be approximated by a 

constant matrix P and Riccati equation (5) is reduced to 

,2
2

1
0QPAPBPBRPA TT1   (7) 

and the constant control gain is given by 

PBRG T1
2

1 (8) 

As it was stated above the control vector u(t) is proportional to state vector z(t) which 

contains system displacements and velocities. The elements of control gain matrix G that 

multiplies 𝜃𝑑 and �̇�𝑑 are considered to set optimum values for pendulum TMD parameters kd 

and cd. 

4 NUMERICAL RESULTS 

The present work numerical study considered properties of the turbine NREL 5 MW [18], 

they are exhibited in Table 1. 

Rating 5 MW 

Rotor, hub diameter 126.3 m 

Hub Height 90 m 

Rotor mass 110,000 kg 

Tower Mass 347,460 kg 

Table 1: Wind turbine’s properties [18] 

Also the following values were considered for system parameters [14]: l = 90 m,

mc = 240,000 Kg; g = 9.81 m/s2, K  = 8.94 x 108 N/rad, m = 110,000 kg, md = 49,267 kg, 

d = 79.6 m. The wind dynamic loading was modeled as an applied load at the inverted 

pendulum mass. Two loading cases were considered: harmonic force and white noise force. 

The system without control fundamental frequency is 0,97 rad/s. 

In previous studies [15], parameter values for pendulum TMD were found out through a 

parametric study: kd = 5.9 x 106 N/m, cd = 4.4 x 105 Ns/m and ld = 7.4 m. It results on an 

efficient vibration control of the wind turbine tower when subjected to a harmonic force 

approximation of wind load and also for a white noise wind load. In order to improve the 

performance of this structural control device it is proposed in the present work a semi-active 

pendulum TMD that varies 𝑘𝑑 and 𝑐𝑑 properties through a bang bang (ON/OFF) control.  
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Aiming to design an efficient semi-active controller, the values of parameters kd and cd 

were optimized via classical optimal control algorithm (LQR), assuming an active pendulum 

TMD system. The optimal actuator force u(t) is defined by the gain matrix G, obtained 

through solution of Riccati equation (Equation 7). It is not really applied at the TMD, this 

force is applied through the semi-active damper.  

Optimal control effectiveness is directly related to a proper choice of the weighting 

matrices Q and R. The flexibleness on this matrices choice allows the generation of a family 

of multiple different controllers; this represents the great advantage, as well as, the great 

disadvantage of this method. It is extremely important to carry out a detailed parametric study 

of weighting matrices in order to ensure control robustness [19]. 

The optimal control algorithm does not lead to a control force truly optimal in certain cases, 

since the excitation is ignored in obtaining the Riccati matrix [3]. Because of this, in this work 

two loading cases were considered to obtain the optimum control force u(t): harmonic (HSA) 

and white noise (WNSA). Parametric studies were performed in both loading cases to set Q 

and R matrices. 

The parametric study for HSA loading case provided the following weighting matrices and 

the corresponding gain matrix: 

Q = 5 x 106 

[

1 0
0 1

0 0
0 0

0 0
0 0

0 0
0 0

1 0
0 1

0 0
0 0

0 0
0 0

0 0
0 0

1 0
0 1]

 R = 10-4 

G=[2.897 ∗ 106 2.924 ∗ 104 1.677 −1.150 ∗ 108 1.725 ∗ 106 −2.633 ∗ 106] 

As for WNSA loading case, the following weighting matrices and the corresponding gain 

matrix are: 

Q = 3 x 106 

[

1 1
1 1

1 1
1 1

1 1
1 1

1 1
1 1

1 1
1 1

1 1
1 1

1 1
1 1

1 1
1 1

1 1
1 1]

 R = 10-4 

G=[1.444 ∗ 106 1.563 ∗ 104 1.332 ∗ 104 −7.220 ∗ 107 1.070 ∗ 106 −1.563 ∗ 106] 

Gain Matrix G coefficients are applied to displacements and velocities θ, θd, u, θ̇, θ̇d and u̇, 

however only the coefficients associated to θd and θ̇d, are considered on the semi-active case. 

The optimum values of kd and cd are obtained adding G[2,1] and G[5,1] to passive kd and cd 

values, respectively, obtaining: kd = 5.9292 x 106 N/m and cd = 2.1654 x 106 Ns/m for HSA 

case and kd = 5.9112 x 106 N/m and cd = 1.1886 x 106 Ns/m for WNSA case. 

Comparing those optimum parameter values to passive parameter values (kd = 5.9 x 106 

N/m and cd = 4.4 x 105 Ns/m to the optimum ones it can be observed that a significant 

increase occurs only for cd, showing that a semi-active device varying only damping 

parameters would be satisfactory. 

A time domain analysis was performed, four situations were considered for analysis: (1) 

structure without control, (2) system with passive TMD (sTMD) [14] considered as the semi-
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active turned OFF, (3) system with semi-active ON, with optimum parameter for harmonic 

loading (HSA) and (4) system with semi-active ON, with optimum parameter for white noise 

loading (WNSA). Time domain simulations for harmonic loading were performed varying 

forcing frequency in a range from 0 to 2 rad/s. 

Figure 3 shows efficiency relation of the semi-active device in ON (HSA) and OFF 

position (sTMD). This efficiency is measured by rms values as follows: 

𝐸𝐹𝐹 =  
𝜃𝑂𝐹𝐹 −𝜃 𝑂𝑁

𝜃𝑂𝐹𝐹 
 x 100 % (9) 

Figure 3 shows efficiency value as a function of forcing frequency. On the frequency range 

where efficiency has positive values HSA (ON) is effective and  turns to be ineffective for 

negative values of efficiency. 

Figure 3: Efficiency of HSA (ON) semi-active control 

Figures 4(a) and 4(b) shows angular displacement θ time history for OFF and ON(HSA) 

cases, considering forcing frequencies of 0.66 rad/s and 0.74 rad/s, respectively. These 

frequencies values match to maximum and minimum efficiency curve peaks of Figure (3). 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-60

-40

-20

0

20

40

60
ON(HSA) VS OFF

%
 R

e
d
u
c
ti
o
n
 o

f 
O

N
(H

S
A

)

Wind Frequency

1324



Suzana Moreira Avila and Pedro Varella Barca Guimarães 

(a) (b) 

Figure 4: Angular displacement time history (a) ωf=0.66 rad/s; (b) ωf=0.74 rad/s

It can be noticed, as expected from Figure 3, that for ωf = 0.74 rad/s HSA(ON) is less 

effective than OFF position. The same time histories are presented in Figures 5(a) and 5(b) 

plotting also the system uncontrolled response, in a way to verify semi-active ON/OFF 

control effectiveness. It can be verified that the semi-active controller presents a good 

performance on reducing excessive vibration amplitudes. 

(a)  (b) 

Figure 5: Angular displacement time history with and without control 

Figure 6 shows angular displacement time history when the structure is subjected to a 

white noise wind loading. It is verified that HSA(ON) case presents a better efficiency in most 

of the time response. 
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Figure 6: Angular displacement time history: white noise loading. 

Similar to Figure 3, Figure 7 shows the efficiency curve for the case ON (WNSA). On the 

frequency range where efficiency has positive values ON (WNSA) is effective and turns to be 

ineffective for negative values of efficiency. 

Figure 7: Efficiency of WNSA (ON) semi-active control 

Figures 8(a) and 8(b) shows angular displacement θ time history for OFF and ON(WNSA) 

cases, considering harmonic load with forcing frequencies of 0.66 rad/s and 0.74 rad/s, 
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respectively. These frequencies values match to maximum and minimum efficiency curve 

values of Figure 7. 

(a) (b) 
Figure 8: Angular displacement time history (a) ωf=0.66 rad/s; (b) ωf=0.74 rad/s

It can be noticed, as expected from Figure 7, that for  ωf = 0.74 rad/s WNSA(ON) is less 

effective than OFF position. Figure 9 shows angular displacement time history when the 

structure is subjected to a white noise wind loading. It is verified that WNSA(ON) case 

presents a better efficiency in most of the time response. 

Figure 9: Angular displacement time history: white noise loading. 

Comparing efficiency curves on Figures 3 and 7 it can be noticed that HSA present high 

peak amplitudes than WNSA, this is also visible comparing time histories on Figure 4(a) with 

Figure 8(a) and Figure 4(b) with Figure 8(b). It can be concluded that HSA(ON) present the 
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best efficiency and the greater inefficiency compared to WNSA(ON), however semi-active 

switch ON-OFF supplies this inefficiency. 

5 CONCLUSIONS 

In this work a semi-active TMD pendulum is proposed to control excessive vibration of an 

offshore floating wind turbine. The structure is modeled as an inverted pendulum discrete 

model. This model is presented as a preliminary model for structural control analysis, the 

results serve as a basis for real structure design with a more careful modeling. A bang bang 

(ON/OFF) control strategy was considered, semi-active TMD stiffness and damping values 

were calculated trough optimal control theory. It was held a detailed parametric study of 

weighting matrices in order to ensure control robustness. Since the excitation is ignored in 

obtaining the Riccati matrix, two loading cases were considered: harmonic and white noise, 

leading to a set of two kd and cd parameters (HSA and WNSA). It was concluded that HSA 

parameters are the best choice for setting the semi-active TMD ON position. Satisfactory 

results were found out compared to those of passive TMD pendulum. Semi-active controller 

presents a good performance on reducing excessive vibration amplitudes. Further studies 

would be necessary in order to test other control strategies to semi-active controller design. 
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Abstract. According to the current recommended practice for design of substation equipment 
in seismic regions, high-voltage electrical equipment needs to be tested in a shaking table test. 
The test is conducted in as-installed configuration that includes a support structure and the 
electrical equipment mounted on top of the latter. According to the requirement, the equip-
ment has to be re-tested every time a new support structure is introduced. The support struc-
ture’s design for the same equipment varies from utility to utility and is related to the utility’s-
specific needs, design practice, and constraints. Therefore, every time  a utility company re-
quires a new support structure, a complete assembly of the new support structure and its 
equipment, needs to be re-tested in a shaking table test which is time consuming and expen-
sive. The main objective of this paper is to study numerically such coupled systems consisting 
of a support structure and high-voltage substation equipment to provide recommendations on 
the design of the support structures. Optimization of the support structure design that results 
in adequate seismic performance of the equipment is studied in this paper. The results of the 
analysis are verified by full-scale tests of a 500-kV air disconnect switch on the shaking table. 
The complete assembly of the full-scale switch including the support structure is more than 10 
m tall and the equipment is about 5 m tall. The same piece of equipment is seismically tested 
on different support structures to estimate the effect of the support structure on the overall 
performance of the coupled system. Moreover, the results of this experimental and analytical 
research are compared to real-time hybrid simulation results of similar equipment  published 
earlier. 
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1 INTRODUCTION 

In past and recent earthquakes, high voltage substation components have suffered damage 
leading to disruption in power distribution [1]. As a result, electric utilities have suffered fi-
nancial losses and the lag in restoring power delayed the restoration of essential services and 
post-earthquake recovery. Lengthy power outages may potentially inflict significant economic 
damage on affected communities or whole regions.  The recent earthquakes in New Zealand 
and Japan serve as representative examples of such failures as well as the challenges of the 
recovery efforts. The IEEE693 Working Group was formed in part to address the seismic vul-
nerability of such high voltage equipment and to formulate procedures for seismic qualifica-
tions of such equipment in the standard.  

The current version of the IEEE standard covering the seismic qualification of substation 
equipment was published in 2006 [2]. The standard requires that equipment and components 
of higher voltage classes must be seismically qualified by multi-axial testing on earthquake 
simulators (shake tables). In general, equipment requiring shake table testing possesses vul-
nerable characteristics, such as massive tall insulators or other components that have histori-
cally performed poorly in earthquakes. 

The IEEE693 Working Group is developing the next version of the standard and bases its 
requirements on the feedback received from open discussions with academia, utility compa-
nies, consulting engineers, and equipment manufacturers. The involvement of all interested 
parties in the development process of the standard has been proven to be very beneficial. 

2 EQUIPMENT AND ITS SUPPORT STRUCTURE 

Substation components or entire equipment assemblies are often installed on a supporting 
structure to provide structural integrity as well as achieve electrical clearance from the ground. 
Examples include: a disconnect switch on a support structure, bushings on top of a transform-
er, a circuit breaker on a supporting structure and many others. Since all equipment requiring 
shake table testing must be tested full-scale (preferably in the as-installed configuration), the 
feasibility of seismic qualification by testing can be limited by the capacity of a test laboratory. 
These limitations may include the clearance above the shake table, the footprint of the support 
structure and the equipment itself. The allowed payload of a shake table, displacement and 
velocity limits are also significant factors to consider. Utilities may often use support struc-
tures of their own design, and certain types of equipment may be installed with widely vary-
ing support configurations depending on functional needs. 

To address these issues, the standard allows the testing of electrical equipment without a 
support structure under amplified strong motion that accounts for the effects of a support 
structure. Since no guidance on how that amplification has to be derived, there is some mis-
understanding when it comes to testing equipment without a support structure. To some ex-
tend this approach is somewhat related to the sub-structuring idea when a system is 
subdivided into two or many components. These components are interacting with each other 
ensuring interaction of the components as parts of a coupled system. To achieve this interac-
tion, all six degrees of freedom needed to be imposed at all interfacing nodes between the 
components. Since the majority of shaking tables can reproduce only three degrees of freedom, 
this approach is not conservative enough and can miss amplification coming from the remain-
ing degrees of freedom. This shortcoming of this approach is discussed in this paper and is 
based in part on the extensive research program conducted on the 550-kV vertical break dis-
connect switch at the University of California, Berkeley as part of the Lifelines Program [3]. 
The switch was tested using many configurations, including the two major ones: main blade 
closed and main blade open. The latter configuration was tested with amplified strong motion 
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obtained from the top of the support structure. The switch in closed configuration is presented 
in Figure 1. Later on, the same equipment was tested on three different support structures to 
investigate the effect of support structure with stiffer designs. 

a) b)

Figure 1: Photo of 500-kV switch installed on shaking table (left) and its schematic drawing (right). 

3 PHYSICAL PROPERTIES OF EQUIPMENT AND SUPPORT STRUCTURES  

3.1 Support structure  

In the recent years following study [3], several support structures were introduced into the 
investigation and the 500-kV switch was tested on three more support structures. All the sup-
port structures had a similar overall design and they consisted of two identical steel columns 
with octagonal cross sections. The columns were fabricated from 4.76 mm and 7.94 mm thick 
steel and were tapered as summarized in Table 1. As presented in the table, the distance be-
tween opposite flats of  column, D, measured at its top and bottom, varied from column to 
column. This distance was incrementally increased to increase the stiffness of the support col-
umns. Here, in D, also called AF (Across Flats) distance. 

Support D at base, m D at top, m Wall thickness, mm Length, m Reference 
SA 0.445 0.305 4.76 4.29 [3]
SB 0.457 0.305 7.94 4.64 [5]
SC 0.508 0.406 7.94 4.64 [6]
SD 0.660 0.406 7.94 4.64 [7]

Table 1: Design details for each support column studied. 

As a general practice, a support structure is installed on several anchors embedded into a 
concrete foundation. An exposed portion of the anchors is long enough to accommodate level-
ing nuts under the bottom plate of the support column as presented in Figure 2a. In some cases 
this space is packed with grout or left exposed as presented in Figure 2b. An earlier study [4] 
showed that the presence of grout under the support structure has a negligible effect on the 

1332



Shakhzod Takhirov, Amir Gilani, Frank Blalock and Cary Ahrano 

stiffness of the support column and its natural frequency. Hence, the effect of grout is neglect-
ed in this study. 

 

a) space left between bottom plate and foundation b) the same space packed with a grout 

Figure 2: Details of the support structure installation on the anchor rods 

The difference between completely rigid installation of the column SA and installation 
with leveling nuts was also studied earlier [3] and summarized in Table 2. The table also pre-
sents a summary of natural frequencies obtained from a numerical analysis of other columns. 

 
Support installation Cantilever stiffness, kN/m Frequency, Hz Damping, % 

SA: Rigid 972.0 15.41) 0.5 
SA: 8 D44.5 mm rods 796.8 NA NA 

SB NA 13.62) NA 
SC NA 14.72) NA 
SD NA 19.62) NA 

Notes: 1) measured in impact test; 2) estimated from the numerical models of the columns 

Table 2: Measured structural response of support column. 

3.2 Equipment Components: Insulators  

A switch design varies from manufacturer to manufacturer. The switch considered in this 
study was assembled from several porcelain insulators installed on a tubular base of the 
switch (please refer to Figure 1b). Two insulators are structurally connected to each other to 
provide main functionality of the switch – to open and close an electrical connection between 
terminals of the switch. They’re usually called rigid and rotating insulators depending on the 
function they perform. One terminal of the electrical connection is installed on this group and 
another terminal is installed on a stand-alone insulator (called jaw insulator). A blade is manu-
factured from a conductive material (aluminum in this case) and provides a flow of electricity 
when the switch is in a closed configuration. The structural performance of the switch is con-
trolled by the design details of all its connections and strength capacity of the insulators. In-
creasing the strength of the insulators usually leads to an increase of the insulators’ weight.  

Since the switch design is under constant development and enhancement, the switch tested 
in this study had some variations from specimen to specimen. The enhancements of the switch 
design are aimed at strengthening the connections while utilizing insulators with greater 
strength (larger mass).  

Structural properties of the insulators used in one of the switch designs tested earlier [3] are 
summarized in Table 3. The table presents the data obtained for the insulators rigidly fixed to 
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a strong structural floor, so the frequencies and the stiffnesses represent physical properties of 
an ideal rigid installation. 

Insulator Cantilever stiffness, kN/m Frequency, Hz 
Rigid and Jaw 164.6 8.3 

Rotating 162.9 8.2

Table 3: Measured structural properties of insulators (rigid installation). 

3.3 Equipment Assembly 

The switch without a support structure was studied in rigid and, so-called, flexible installa-
tion. The latter configuration simulated the flexibility of the support’s top plate. A summary 
of this study is presented in Table 4. 

Configuration Direction Frequency, Hz Damping, % 

Rigid 
In-plane 3.9 1.0

Out-of-plane 3.0 2.0
Flexible (flexibility 

of sup-port’s top 
plate was simulated) 

In-plane 3.4 2.0

Out-of-plane 2.5 2.0

Table 4: Measured structural response of switch assembly without a support 

3.4 Complete Assembly (Support and Switch) 

A complete assembly of the switch will combine all the structural properties of each indi-
vidual component into one interconnected and complex system. Since the attachment details 
of each component is quite different from an ideal rigid installation, the overall frequency and 
stiffness of the switch will be much lower than that of its individual components as presented 
in Table 5. 

Direction Cantilever stiffness, kN/m Frequency, Hz Damping, % 
In-plane 87.6 1.7 1.0

Out-of-plane 218.9 2.6 1.0

Table 5: Measured structural properties of switch SW1 on Support SA 

Other switches were studied in lesser detail and as such, only natural frequencies are sum-
marized in Table 6.  

Switch/Support con-
figuration 

Frequency in-plane, Hz Frequency in out-of-plane, Hz 

SW1 on SA (2003) 2.6 1.7 
SW2 on SB (2011) 2.8 2.2 
SW3 on SC (2013) 2.9 2.4 
SW4 on SD (2014) 3.5 2.8 

Table 6: Measured resonant frequencies of all systems 
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3.5 Complete Assembly Tested on Shaking Table 

All the switches presented in Table 6 were tested on a shaking table to evaluate their seis-
mic performance. One of the main performance parameters studied in this paper is a spectral 
amplification on top of the support structure. In many cases it serves as a good parameter, 
showing the frequency content of the energy passed to a switch installed on top of a support 
structure. A typical result is presented in Figure 3 that shows test results for SW2 and SW3 
installed on support columns SB and SC, respectively. The spectral amplification peaks at the 
natural frequencies of the switch: 2.2 Hz for SW2 and 2.4 Hz for SW3. The plot presents re-
sults for out-of-plane direction of the switch in a closed configuration which was the most 
demanding for the switch. 

Figure 3: Spectral amplifications estimated from the accelerations recorded during shaking table tests (re-
sponse on top of support structure versus input at the bottom of the supports) 

4 THEORETICAL ESTIMATES AND FINITE ELEMENT ANALYSIS  

4.1 Simplified Frequency Estimate for Tubular Columns of Support Structure 

As a starting point, it was assumed that the structural performance of the support columns 
can be closely approximated by thin-walled cylindrical tubes with the same wall thickness as 
the support columns studied. In this case, the frequency of the column can be estimated from 
an analytical expression derived from the Euler–Bernoulli beam theory [8]: 

fn=(βn)2sqrt(EI/ρA)/(2πL2), 

where E is the Young modulus of the tube’s material, I is the second moment of area of the 
beam's cross-section, A is the cross-section’s area, ρ is the density of the tube’s material, (βn) 
is the factor obtained from the eigenvalue solution which is equal to 1.875 for the first fre-
quency of a cantilever beam. 

If the inner diameter is denoted by Ri and the outer radius of the tube is denoted by Ro, the 
following expressions can be obtained for I and A: 

A = π(Ro
2 - Ri

2) and I = π(Ro
4 - Ri

4)/4. 

The latter equation can be simplified to the following: 

I = A(Ro
2 + Ri

2)/4. 
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Hence, a change in radius of the tubular support, while keeping its height and wall thick-
ness the same, will result in a new frequency fn

(2) that is related to the original frequency fn
(1) 

by the following expression: 

fn
(2)=sqrt((Ro

(2)2+ Ri
(2)2)/(Ro

(1)2+ Ri
(1)2)) fn

(1), 

where it is assumed that the radii of the tube charges from Ri
(1) and Ro

(1) to Ri
(2) and Ro

(2). In 
many practical applications, including the cases considered in the study, the wall thickness is 
much less than the radius of the tube. Ignoring terms of higher order, the last equation can be 
simplified to the following: 

fn
(2)= (Ro

(2)/Ro
(1)) fn

(1) (1) 

Hence, for a thin-walled tubular column the new frequency will be proportional to the ratio 
of the new radius to that of the original. Therefore, one of the first suggestions in the increas-
ing frequency of the support structure would be the increasing radius of the support column as 
it was done in the experimental phase of this study. For example, a radius change from 0.222 
m to 0.330 m will result in a 49% increase of frequency. 

In opposite to that, increasing the height of the support structure leads to drop in the reso-
nant frequency. From the equations provided above, this change will be proportional to the 
ratio of the heights L(1) to L(2) in the second power: 

fn
(2)= (L(1)/L(2))2 fn

(1) (2) 

For example, a height increase from 4.29 m column to 4.64 m column will result in a 17% 
percent drop of the resonant frequency. 

The combined effect of the height and radius variations on the frequency is presented in 
Figure 4. 

Figure 4: Combined effect of height and radius variation on resonant frequency of thin-walled tubular support 
column with constant wall thickness. 

4.2 Finite Element Analysis of Tapered Columns 

A number of finite element models of the tapered columns with octagonal cross sections 
were created as presented in Figure 5a. The models were generated by generating a mesh in 
Matlab [9] environment and running analysis in SAP2000 [10]. An extensive parametric study 
was conducted on a large set of tapered columns, a small subset of which, was represented by 
the columns used in the testing program. The natural frequencies of the models were com-
pared against that of the straight circular pipe. The taper and the distance across the flats (AF) 
were varied independently from each other. 
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For the parametric study investigating the AF distance effect on the natural frequency, the 
columns length, its taper, and the wall thickness remained the same from model to model. A 
taper of column SB was selected as a benchmark. When the taper remains constant, the ratio 
of frequencies has almost linear relationship with the AF ratio as presented in Figure 5b. This 
type of a linear correlation between the frequencies and radii of the thin-walled circular col-
umns was discussed earlier and can be closely described by Eq. 1. In the case of the tapered 
thin-walled columns, the natural frequency of the column is lower than that of the pipe with 
the same diameter as AF distance and the slope of the frequency change is less than that for 
the circular column. For example, a 50% increase in AF distance will result in about a 45% 
increase in the natural frequency (please refer to Figure 5b). 

a) Typical FE model b) Relationship between frequency and AF ratio (red)

Figure 5: Comparative analysis for circular versus tapered-octagonal support column (taper is constant). 

A taper of the octagonal columns  also varied from the largest one studied (support SD) all 
the way to zero. The latter corresponds to a column with no taper. For this parametric study, 
the column length, AF distance on top or bottom, and the wall thickness remained the same 
from model to model. Column SD was selected as a benchmark. Figure 6a shows a significant 
frequency decrease when the top of AF is fixed and the bottom of AF is reducing. The latter 
fact is expected, since the second moment of the cross section’s area will reduce dramatically 
at the bottom of the column when the bottom of AF is reducing. This will reduce the column’s 
effective stiffness and natural frequency. It is quite opposite for the case when the cross sec-
tion at the bottom of the column is fixed and top cross section is changing as presented in Fig-
ure 5b (vertical axes in Figure 6a and Figure 6b are in the same scale). These results on Figure 
5b are less expected. A significant reduction in the top cross section (to AF is reduced by 
about 60%) results in only a 6-7% reduction of the natural frequency. This result demonstrates 
a clear advantage of tapered columns that were utilized in the design of the disconnect switch. 
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a) Top AF fixed and bottom AF is changing b) Bottom AF is fixed and top AF is changing 

Figure 6: Comparative analysis on variation of column when taper changes from that of column SD to zero (no 
taper). 

4.3 Finite Element Analysis of Complete Switch Assembly 

A parametric study on a number of switches installed on different support structures is 
conducted. The switch’s complete assembly is simplified to two Euler–Bernoulli beams in-
stalled one on top of another. It is assumed that the switch is the one extensively investigated 
in [3] with natural frequency of 3 Hz (see Table 4). This beam model of the switch is installed 
on supports structures with natural frequency varied from 0.5 Hz (very flexible) to 100 Hz 
(essentially rigid) as presented in Figure 7. 

 

 
a) FE model of coupled sys-

tems 
b) Models studied (top) and deformed shapes (bottom 

Figure 7: General approach followed for FE model generation of a switch as a coupled system  

The overall frequency of the switch as a coupled system will depend on the frequency of 
the support structure as presented in Figure 8a. A peak displacement on top of the switch has a 
peak at 12 Hz support structure and drops down after that as presented in Figure 8b. This is 
consistent with the test results which also showed that the stiffer support structure is more 
beneficial for reducing spectral accelerations on top of the support structure (please refer to 
Figure 3) and for reducing peak displacements on top of the switch (as shown in Figure 8b). 
The variation of the peak moment at the bottom of the equipment from model to model is pre-
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sented in Figure 9. In the case of equipment constructed with porcelain or polymer insulators, 
strain gages are usually installed at this location to estimate a moment at the bottom of the 
equipment and correlate it to the insulator’s cantilever strength. Clearly, the moment can be 
minimized by selecting a correct support structure for each equipment and, as such, the seis-
mic performance of the switch can be optimized by means of the proposed finite element 
analysis. 

a) Overall frequency of coupled system
b) Peak displacement versus frequency of sup-

port structure 

Figure 8: Variation of the system’s overall frequency and peak displacement at top of the equipment from model 
to model 

a) Moment at the bottom of the equipment
can be correlated to cantilever strength

b) Peak moment at the bottom of the equipment

Figure 9: Variation of peak moment at the equipment’s bottom from model to model  

Similar conclusions about the feasibility of support structure optimization were made earli-
er in a hybrid simulation study investigating a coupled system consisting of a FE model of the 
support structure and a physical object (electrical equipment) [11]. 
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5 CONCLUSIONS  

 Similar to a theoretical prediction for a thin-walled cylindrical support column, a fre-
quency of a tapered thin-walled octagonal support column linearly increases when the AF
distance increases and it is independent of the wall thickness.

 The increasing taper of the thin-walled octagonal support column results in a relatively
small decrease of the natural frequency. Hence, such columns are beneficial for use in
support structures.

 Stiffer support structure reduces spectral accelerations on top of the support structure that
results in smaller spectral amplifications.

 Stiffer support structures help to minimize peak displacements on top of the switch which
is important for interconnected electrical equipment.

 Proper finite element analysis with well-calibrated models can help with optimization of
the seismic performance of switches and other electrical equipment installed on support
structures.

 The simplified analysis demonstrated the validity of the concept. A numerical analysis of
more detailed switch models is required to reconcile test results with the analysis.
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Abstract. Probabilistic characterization of a system’s response under random dynamic input

is essential for performance-based engineering. Monte Carlo simulation is the only general

method available for estimating response statistics. However, the method is computationally

expensive for realistic structural systems since it involves repeated deterministic dynamic anal-

yses for a large number of samples of the random input. The framework of random vibration

is also inadequate for calculating response statistics for linear systems under non-Gaussian

inputs and non-linear systems subjected to both Gaussian and non-Gaussian excitation.

We propose a novel, highly efficient method for calculating response statistics. The method

is based on stochastic reduced-order models (SROM), i.e., stochastic processes that have a

finite number of samples selected in an optimal manner from samples of the input process. The

SROM-based method can be viewed as a smart Monte-Carlo. Like Monte-Carlo simulation, the

method uses random samples of the input to characterize structural response. Unlike Monte

Carlo, which uses a large number of samples selected at random, SROM selects just a small

number of samples in an optimal way. Numerical examples of the newly proposed method are

presented for single-degree-of-freedom linear and non-linear Duffing and Bouc-Wen systems.
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1 INTRODUCTION

Calculation of response statistics of structures subjected to seismic loads is an essential part

of performance-based seismic design. Monte Carlo is the only general method available for

calculating this type of statistics. However, the method is computationally impractical for real-

istic structural systems since it involves repeated deterministic dynamic analyses for randomly

selected samples of seismic load processes. This procedure makes Monte Carlo method com-

putationally expensive.

The framework of linear/non-linear random vibration is also inadequate for calculating re-

sponse statistics. Classical theory of linear random vibration provides efficient tools for cal-

culating the first two response moments for linear systems. For example, unless the input is

Gaussian and the system is linear or the output can be assumed to be Gaussian, the first two

moments of the response are insufficient for calculating exceedance probability ([1], Sect. 7.2).

This is a significant limitation since structural systems behave non-linearly under strong seismic

loads.

The main goal of this paper is to propose two novel, conceptually-simple, accurate, non-

intrusive and computationally-efficient methods for calculating response statistics for structures

subjected to seismic loads. The methods are based on stochastic reduced order models (SROMs)

[2], i.e. stochastic processes that have a finite number of samples selected in an optimal manner

from the samples of the target process. Like Monte Carlo simulation, the methods use samples

of seismic load processes to characterize structural response and is not intrusive in the sense

that their construction uses deterministic solutions. However, the proposed methods use a small

number of load samples selected in an optimal manner. In contrast, Monte Carlo simulation

uses a large number of samples selected at random.

The first method, referred to as the first-order SROM, constructs a SROM using directly the

input samples. The second method, referred to as the second-order SROM, requires a parametric

model, with random parameters, whose samples are evaluated from input samples. A SROM is

constructed for the random parameters, which implicitly defines a SROM for the random input.

The use of optimally selected samples allows to reduce the number of simulations required

by the Monte Carlo method by one or two orders of magnitude while retaining accuracy. The

method has been originally developed for dynamic response [3]. Recently, it has been shown

that for static problems the SROM-based method can be improved significantly [4]. Preliminary

studies indicate that similar improvements will provide accurate solutions for random vibration

problems [5]. Optimization algorithms have been developed for constructing SROMs for ran-

dom random vectors [2, 6]. Applications of SROM in earthquake engineering, for efficient

calculation of fragility surfaces, were already developed in [7].

Response statistics are calculated for linear and non-linear systems subjected to samples of

random input through the two new SROM methods and results are compared with the reference

Monte-Carlo ones. The SROM match satisfactory the expected results with a fraction of the

computational effort.

2 PROBLEM DEFINITION

Simplified models of real systems are often used in structural engineering. Three simple

examples of models of single-degree-of-freedom (SDOF) systems are represented by the fol-
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lowing three ordinary differential equations:

Ÿ (t) + 2ζνẎ (t) + ν2Y (t) = X(t) (1)

Ÿ (t) + 2ζνẎ (t) + ν2(Y (t) + ρY 3(t)) = X(t) (2)

Ÿ (t) + 2ζνẎ (t) + ν2(ρY (t) + (1− ρ)W (t)) = X(t) (3)

Ẇ (t) = −γẎ (t) + α|W (t)|η−1W (t) + βẎ (t)|W (t)|η

where X(t) is the random input represented by a stochastic process; Y (t), Ẏ (t) and Ÿ (t) are

the displacement, velocity and acceleration of the SDOF system, respectively; and ν, ζ , α, β, γ,

ρ and η are scalars representing system parameters. Equations (1-3) define known systems, i.e.

linear, Duffing and Bouc-Wen oscillators, respectively. Parameters ν and ζ in Eq. (1) are also

known as the natural frequency and the damping ratio of the linear system.

We want to find statistics of the extrema for the processes Y (t) defined in Eqs. (1-3). For

example, we will calculate the probability of exceedance P (max0≤t≤τ |Y (t)| > ycr), where τ is

the duration of the process X(t) and ycr is some critical value of the displacement.

The input process X(t) is a stochastic process and it can represent any type of random

loading, such as earthquake or wind. Usually the input process is available in the form of a

catalog of recorded events, i.e. samples of X(t). Therefore, for generality we consider that our

input is represented by a specified large number n of samples x(t) of X(t).

3 SOLUTION

Two SROM-based methods are used to solve the problem and results are compared with

the reference Monte-Carlo results. SROM can be seen as a smart Monte-Carlo method. Like

Monte-Carlo, it uses randomly generated samples of the stochastic process X(t). Unlike Monte-

Carlo, in which samples are equally likely, in SROM the samples are chosen in an optimal way

and are weighed by probabilities.

3.1 Monte-Carlo Solution

The Monte-Carlo method relies on solving the ODEs in Eqs. (1-3) for all available samples

{xi(t), i = 1, ..., n} of X(t). Then the exceedance probability of interest is calculated as

PMC(ycr) = P

(

max
0≤t≤τ

|Y (t)| > ycr

)

=
1

n

n
∑

i=1

1

{

max
0≤t≤τ

|yi(t)| > ycr

}

. (4)

3.2 First-order SROM Solution

The first-order stochastic reduced order model is defined directly for the samples of the input

process X(t). Any number m1 of samples {x̃k(t), k = 1, ...., m1} of X(t) and probabilities

{pk ≥ 0, k = 1, ..., m1} such that
∑m1

k=1 pk = 1 define a stochastic reduced order model. We

denote the SROM as X̃(t) = {(x̃k, pk), k = 1, ..., m1}. It is shown [2] that it is possible to find

a selection of {(x̃k(t), pk), k = 1, ...., m1} such that X(t) and X̃(t) have similar probability

laws for m1 << n.

We are looking for a SROM X̃(t) with a range {x̃k(t), k = 1, ...., m1} of a relatively small

number m1 of independent samples of X(t). Our objective is to find an optimal vector popt =
(poptk , k = 1, ..., m1) that minimizes the discrepancies between the probability laws of X(t) and

X̃(t) [9]. We obtain popt by solving an optimization problem with an objective function which
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measures differences between various statistics of X(t) and X̃(t). It is suggested in [2] to use

an objective function of the form

h(p) =
3
∑

i=1

eihi(p), (5)

where h1(p), h2(p), h3(p) measure the differences between the moments, marginal distribu-

tions and covariance functions of X(t) and X̃(t), respectively, where p = (pi, i = 1, 2, 3) and

(ei ≥ 0, i = 1, 2, 3) are some weights which account for the relative importance of components

hi(p).
Statistics for X(t) can be calculated directly from its probability law if X(t) is well defined.

However, in our case, in order to maintain the idea of the input being defined as a catalog of

samples, statistics for both X(t) and X̃(t) are estimated from their samples. Thus, the moments

of order q are

µ(t; q) = E[Xq(t)] =
1

n

n
∑

i=1

xq
i (t), (6)

µ̃(t; q) =

m1
∑

k=1

pkx̃
q
k(t), (7)

the marginal distributions are

F (ξj; t) = P(X(t) ≤ ξ) =
1

n

n
∑

i=1

1 {xi(t) ≤ ξj} , (8)

F̃ (ξj; t) =

m1
∑

k=1

pk1 {x̃k(t) ≤ ξj} , j = 1, ..., nF (9)

and, finally, the covariance functions can be calculated as

Σ(t, s) = E[X(t)X(s)] =
1

n− 1

n
∑

i=1

xi(t)xi(s) (10)

Σ̃(t, s) =

m1
∑

k=1

pkx̃k(t)x̃k(s). (11)

Components of the objective function in Eq.(5) are calculated using the statistics estimated

above.

h1(p) = max
0≤t≤τ

{

nq
∑

q=1

wµ(t, q) |µ(t; q)− µ̃(t; q)|

}

(12)

h2(p) = max
0≤t≤τ

{

nF
∑

j=1

wF (ξj, t)
∣

∣

∣
F (ξj; t)− F̃ (ξj; t)

∣

∣

∣

}

(13)

h3(p) = max
0≤t,s≤τ

{

wΣ(t, s)
∣

∣

∣
Σ(t, s)− Σ̃(t, s)

∣

∣

∣

}

, (14)

where wµ, wF , wΣ ≥ 0 are weighing functions. Minimizing the objective function in Eq. (5)

results in obtaining the vector popt. The optimization problem will be repeated for a specified
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number of independent sets of m1 samples of X(t), {x̃k, k = 1, ..., m1}. The minimum value

of h(popt) indicates a sub-optimal solution popt.
The selected SROM pairs {(x̃k(t), p

opt
k ), k = 1, ..., m1} are used to solve the ordinary dif-

ferential equations and the target probability is calculated as

P SROM1
f (ycr) =

m1
∑

k=1

poptk 1

{

max
0≤t≤τ

|ỹk(t)| > ycr

}

, (15)

where ỹk(t) are the solutions of Eqs. (1-3) to x̃k(t), k = 1, ..., m1.

3.3 Second-order SROM Solution

The second-order SROM method involves using a parametric model for the input process

X(t) of the form

X(t) = X(t, Z) ≈

d
∑

i=1

Ziϕi(t), (16)

where Z = (Zi, i = 1, ..., d) is a random vector and {ϕi(t), , i = 1, ..., d} are deterministic

specified functions of time. Parametric models of this type can be calculated for any stochastic

process. We use a truncated Karhunen-Loève model to calculate functions {ϕi(t), i = 1, ..., d}
by calibrating it to the first two moments of X(t), that is, the mean and covariance functions

[10]. Functions ϕi(t) are the eigenvectors of the covariance matrix Σ(t, s) defined for 0 ≤ t, s ≤
τ . Unlike the Karhunen-Loève expansion, for which X(t) = limn→∞

∑n
i=1

√
λiXiϕi(t), t ≥ 0,

where λi are the eigenvectors and Xi are random variables with zero mean and unit variance, we

use the approximation in Eq. (16). The random vector Zi will be characterized by its samples.

Samples zk,i of the random vector Zi are obtained by minimizing the difference between the

actual samples xk(t) of X(t) and their approximations
∑d

i=1 zk,iϕi(t), where zk,i denotes the

i-th component of sample zk of Z. In other words, for each sample xk(t) available we find

a sample of zk = {zk,i, i = 1, ..., d} by minimizing, for example, the mean squared error
∫

(

xk(t)−
∑d

i=1 zk,iϕi(t)
)2

dt.

In this second method we construct a SROM Z̃ for Z using the samples of the random vector

Z. Let Z̃ be a random vector of the same dimension as Z and samples {z̃k, k = 1, ..., m2}
selected from samples of Z. We associate probabilities (p1, ..., pm2

) for each sample z̃k such

that
∑m2

k=1 pk = 1 and the probability laws of Z and Z̃ are similar, following the same procedure

presented in the first-order SROM solution. We call Z̃ a stochastic reduced order model of Z.

Moreover, we denote by {Γk, k = 1, ..., m2} the cells of a Voronoi partition of the range of Z,

with centers {z̃k} [4]. A cell Γk contains all samples zi of Z that are closer to z̃k than any other

z̃l, i.e. |zi − z̃k| ≤ |zi − z̃l|, l 6= k. Note that the probability pk defines also the probability that

Z takes values in cell Γk.

The SROM Z̃ of Z also defines a SROM X̃(t;Z) of X(t;Z) with samples {
∑d

i=1 z̃k,iϕi(t)}
with probabilities pk, k = 1, ..., m2. As in the previous SROM method, X̃(t;Z) has only

m2 samples x̃(t; z̃k), much smaller than the large number n of available samples of X(t). We

denote by ỹ(t; z̃k) the solutions of Eqs. (1-3) to x̃(t; z̃k). The response process is approximated

by

Ỹ (t;Z) =

m2
∑

k=1

1{Z ∈ Γk} [ỹ(t; z̃k) +∇ỹ(t; z̃k)(Z − z̃k)] , (17)
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where ỹ(t; z̃k) are the responses as defined previously with their corresponding probabilities

pk and ∇ỹ(t; z̃k) = ∂Y (t;Z)/∂Zi, i = 1, ..., d are called sensitivity factors of the response

Y (t;Z) calculated at Z = z̃k. Function 1 denotes the indicator function.
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Figure 1: Samples of X(t) and their approximation
∑

d

i=1
Ziϕi(t) for d = 100, 200, 300.

The sensitivity factors can be approximated numerically from the differences between the

responses Y (t;Z) calculated at Z = z̃k and Z = z̃k +∆z̃k, where ∆z̃k denotes a perturbation

of z̃k. They can also be determined by solving deterministic differential equations as illustrated

below. The sensitivity factors for the linear system are the solutions of the follwoing ODE with

constant coefficients

∂Ẍ(t, Z)

∂Zi

+ 2ζν
∂Ẋ(t, Z)

∂Zi

+ ν2∂X(t, Z)

∂Zi

= ϕi(t), (18)

where i = 1, ..., d and they do not depend on the values of z̃k. The sensitivity factors for the

Duffing oscillator in Eq.(2) are the solutions of

∂Ẍ(t, Z)

∂Zi

+ 2ζν
∂Ẋ(t, Z)

∂Zi

+ ν2∂X(t, Z)

∂Zi

(

1 + 3ρX2(t; z̃k)
)

= ϕi(t). (19)

Finally, the sensitivity factors ∇ỹ(t; z̃k) for the Bouc-Wen system are the solutions of the fol-

lowing system of deterministic ordinary differential equations

∂Ẍ(t, Z)

∂Zi
+ 2ζν

∂Ẋ(t, Z)

∂Zi
+ ν2

(

ρ
∂X(t, Z)

∂Zi
+ (1− ρ)

∂W (t, Z)

∂Zi

)

= ϕi(t) (20)

∂W (t, Z)

∂Zi
= −γ

∂Ẋ(t, Z)

∂Zi
+ α

(

(n− 1) sgn(W̃k)|W̃k|
n−2W̃k + |W̃k|

n−1

)

∂W (t, Z)

∂Zi

∣

∣

∣

∣

Z=z̃k

+ β

(

∂Ẋ(t, Z)

∂Zi
|W̃k|

n + n sgn(W̃k)
˙̃Xk|W̃k|

n−1∂W (t, Z)

∂Zi

∣

∣

∣

∣

Z=z̃k

)

, (21)
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where W̃k = (∂W (t;Z)/∂Zi)|Z = z̃k and
˙̃Xk = (∂Ẋ(t;Z)/∂Zi)|Z = z̃k are deterministic

quantities and are calculated from Eq. (3).

Note that the larger the dimension d of vector Z, the better the approximation of X(t, Z) to

X(t) is. Figure 1 show one sample of Z using different lengths for the truncation of the KL

expansion, i.e. d = 100, d = 200 and d = 300, respectively. Figure 2 shows the mean-squared-

error probability density functions between the original samples of X(t) and their approxima-

tion by X(t, Z) for various values of d.
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Figure 2: Error densities between samples of X(t) and
∑

d

i=1
Ziϕi(t) for various d.

The selected SROM pairs {(z̃k, p
opt
k ), k = 1, ..., m2} are used to solve the ordinary differen-

tial equations and the target probability is calculated as

P SROM2
f (ycr) =

m2
∑

k=1

poptk 1

{

max
0≤t≤τ

ỹ(t; zk) > ycr

}

, (22)

where ỹ(t; zk) are the samples of Ỹ (t;Z) calculated in Eq.(17).

4 Numerical Examples

A numerical example is considered in order to compare the performance of the two SROM-

based methods with respect to the reference Monte-Carlo results. We calculate the response

statistics for all three systems described above.

For the current example we consider the input process X(t) to be a non-stationary, zero-

mean, Gaussian process with known second-order moment properties. We use n = 10, 000
samples of X(t) in our catalog of input samples. Note that the methodology described in

the previous section works also for non-Gaussian processes. The Monte-Carlo statistics are

calculated by solving Eqs. (1-3) to all n samples.

First-order SROM The first-order SROM X̃(t) is calculated using just m1 = 20 samples

of X(t). Figure 3 shows the means of processes X(t) and X̃(t), respectively. Figure 4 and 5

compare marginal distribution and covariance function of X(t) estimated from n samples with

the same statistics obtained from the SROM X̃(t) of X(t).
While the means and the marginal distributions of X(t) and X̃(t) are reasonably close to

each other, it is more difficult to capture the covariance function of X(t) with just the m1 = 20
samples used in the construction of X̃(t).

Note that the first-order SROM may be improved by either increasing the dimension its di-

mension m1 or by improving the selection of the samples in order to minimize the discrepancies

between the probability laws of X(t) and X̃(t).
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Figure 3: Estimated mean of X(t) and X̃(t)

Figure 4: Estimated distribution function and covariance matrix for X(t)

Figure 5: Estimated distribution function and covariance matrix for X̃(t)

Second-order SROM The second-order SROM method involves the construction of a SROM

Z̃ for the random-vector parameter Z. We use only m2 = 20 samples of Z. The dimension

of Z used is d = 200, for which the mean squared error between samples of X(t) and their

approximates is around 5× 10−3 as shown in Figure 2.

Figure 6 shows the means of random-vector parameters Z and Z̃, respectively. Figure 7 and

8 compare the mean, marginal distribution and covariance function of Z and Z̃, respectively.

As previously, out of the three statistics, the covariance function is the hardest to match with

just m2 = 10 samples of Z.

Note that the second-order SROM built may be improved by either increasing the dimension

of the SROM m2, by increasing the dimension d of the parameter Z, or by using a more efficient

methodology of selecting the range of Z̃ in order to optimize the discrepancies between the
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Figure 6: Estimated mean of Z and Z̃
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Figure 7: Estimated distribution function and covariance matrix for Z
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Figure 8: Estimated distribution function and covariance matrix for Z̃

statistics of Z and Z̃.

Once the SROMs are constructed, Eqs. (1-3) may be solved using just the samples selected

and exceedance probability curves calculated as shown in Eqs. (15) and (22), respectively.

Finally, the probability that the response Y (t) exceeds a critical value ycr is compared in Figure

4 calculated by using each method, i.e. first-order SROM (black dashed line), second-order

SROM (red dashed line) and Monte Carlo (solid blue line).

A good approximation within a 5% mean squared error of the Monte-Carlo solution is ob-

tained using the first-order SROM with the least computational effort. The solution obtained by

the second-order SROM is almost identical with the Monte-Carlo results. Table 4 summarizes

the error and the computational effort in term of the number of dynamic analyses required to

calculate the statistics of interest.
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Figure 9: Exceedance probability for Linear, Duffing and Bouc-Wen oscillators

Model 1st order SROM 2nd order SROM MC

Dynamic Analyses m1 m2 × d n
Dynamic Analyses (example) 20 2, 000 10, 000

Error ∼ 5% ∼ 0 0

Table 1: Computational effort vs. relative error by comparing SROM-based methods with Monte Carlo

An important difference between the two SROM-based methods can clearly be noticed in

this table. Unlike the first-order SROM, the second-order SROM produces almost zero error

with respect to Monte Carlo at the expense of d-times more analayses.

5 CONCLUSIONS

Two novel, highly efficient methods have been proposed to calculate response statistics for

structural systems subjected to random input. The methods are based on the stochastic reduced

order models that can be viewed as smart Monte Carlo simulations. Unlike the Monte Carlo

method which uses a large number of samples selected at random, the new methods use much

smaller numbers of samples that are selected in optimal manner. The methods are implemented

to calculate exceedance probabilities of linear and non-linear single-degree-of-freedom systems

subjected to samples of stochastic processes. The SROM estimates of exceedance probabilities

match satisfactorily the Monte-Carlo estimates of these probabilities although they are based on

a small number of input samples. Even though both methods produce very good approximations

of the reference results, one method produces almost zero error at the expense of more dynamic

analyses.
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Abstract. Different semi-analytical reduced-order models for calculating the unsteady aero-
dynamic loads of subsonic slender wings are proposed. The lift-deficiency functions due to a 
unitary step change in the angle of attack and a unitary sharp-edged vertical gust are first 
obtained in the (reduced) time domain for both elliptical and rectangular wings of arbitrary 
aspect ratio, based on previous fundamental works available in the literature. Nonlinear op-
timisation is then employed to find their best analytical approximation as a series of exponen-
tial functions with optimal time constants and amplitudes, as intensively sought for efficient 
computations of the wing loads as well as aeroelastic stability analyses, especially in the con-
text of aircraft’s preliminary multidisciplinary design and optimisation. When the gust pene-
tration effect is also applied, the final curve fitting is performed in the (reduced) frequency 
domain, where the transfer function between flow perturbation and aerodynamic load is ex-
pressed as a series of rational functions with optimal poles and gains; the approximation of 
the corresponding indicial function is then still obtained as a series of exponential functions 
with optimal time constants and amplitudes in the (reduced) time domain via Laplace trans-
form. The optimal parameters of the lift-deficiency functions are finally tabulated and analyt-
ically expressed as function of the wing’s aspect ratio, for each type of wing and flow 
perturbation. The obtained reduced-order models for unsteady aerodynamic loads are criti-
cally discussed and, due to their remarkable computational efficiency and theoretical insights, 
also suggested for suitable use in the preliminary multidisciplinary design and optimisation of 
flexible wings in the low-subsonic regime, characterised by attached incompressible flow. 
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1 INTRODUCTION 
Today’s aircraft preliminary design requires a multidisciplinary approach [1] where robust 

and reliable aeroelastic tools as well as an effective synthesis of the model data are extremely 
important [2]. Suitable model reduction approaches [3-7] are hence increasingly in demand, 
among which fast semi-analytical calculations of the aerodynamic loads due to both aircraft 
motion and wind gusts are still highly desirable [8-10] for efficient aeroelastic stability analy-
sis and structural sizing, especially in the context of wing multidisciplinary design and opti-
misation (MDO) [11]. 

For wings undergoing small variations in the effective angle of attack due to either aircraft 
motion or vertical gust occurrence [12], the circulatory unsteady airload due to each flow per-
turbation can conveniently be formulated in terms of Duhamel convolution [13] of the latter 
with the relative lift-deficiency indicial function [14-16]; the contributions of all flow pertur-
bations are then linearly superposed [17-18]. Assuming incompressible potential flow [19], 
Wagner and Kussner derived the lift-deficiency functions due to a unitary step change in the 
angle of attack [20] and a unitary sharp-edged vertical gust [21-22] for a thin flat airfoil in the 
(reduced) time domain, respectively, while Theodorsen [23] and Sears [24-25] solved the 
same problems in the (reduced) frequency domain. Based on these very fundamental two-
dimensional studies [26-28], the lift-deficiency functions due to a unitary step change in the 
angle of attack and a unitary sharp-edged vertical gust [29] have been investigated for thin flat 
wings of various shapes [30-38], including elliptical [39-40], rectangular [41] swept trapezoi-
dal [42] and delta wings [43], for which panel-based methods are particularly useful [44-47]. 
Alternatively, the aerodynamic indicial functions have empirically been obtained by collect-
ing data from dedicated wind tunnel tests [48-53]. 

More recently, computational fluid dynamics (CFD) [54] has also been employed as the 
most general high-fidelity aerodynamic tool [55-58], capable of calculating numerically the 
unsteady load build-up of arbitrary wings in any (practical) flow condition [59-61]. However, 
CFD simulations are still computationally expensive and rather sensitive to the specific model 
settings; they often require a significant amount of pre- and post- processing efforts as well as 
specialist experience to prevent numerical instability and grid singularity [62] (which is a pre-
requisite for robust and reliable implementations of fully-automatic parametrised MDO rou-
tines) and thus grant correct convergence to physically and mathematically sound results, to 
be confirmed by either rigorous analytical validation or trusted experimental evidence [63]. 
Indeed, coupling CFD with complex structural solvers [64-65] is still a challenge [66-67]. 

In order to re-write the aerodynamic load build-up in the state-space form [68-69] suitable 
for aero-servo-elastic simulations, nonlinear optimisation [70-71] has then been used to obtain 
the best analytical approximation for the indicial functions as a series of exponential/rational 
functions with optimal time-constants/poles and amplitudes/gains in the (reduced) 
time/frequency domain [72-77]; the optimal curve fitting [78] was historically performed in 
both domains, which are related via Laplace transform [79-80]. Due to fluid dynamics simili-
tude [81], the approximate lift-deficiency functions may finally be parametrised with respect 
to few fundamental nondimensional numbers, such as Reynolds, Mach and Strouhal numbers 
of the airflow [82] as well as sweep angle, aspect and thickness ratios of the aircraft wing [42]; 
correction-based approaches have also been proposed in order to retain the high accuracy of 
nonlinear CFD at the low computational costs of linear potential-flow aerodynamics [83-86]. 

In this paper, the lift-deficiency coefficients due to a unitary step change in the angle of at-
tack and a unitary sharp-edged vertical gust are first obtained in the (reduced) time domain for 
both elliptical and rectangular thin wings of arbitrary aspect ratio, by means of different semi-
analytical reduced-order models developed from previous works in the literature [39,42]. 
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Nonlinear optimisation [70] is then employed to find their best approximation as a series of 
exponential functions with optimal time constants and amplitudes [17,75], where the root 
mean squared error (RMSE) is set as the objective function to be minimised and the maxi-
mum absolute error (MAXE) is monitored [87]. Depending on the availability of the lift-
deficiency coefficient, the optimal curve fitting [78] is performed in either the (reduced) time 
or the (reduced) frequency domain, where the optimal approximation parameters act as the 
constrained optimisation variables and sequential quadratic programming (SQP) [88-89] is 
employed as the optimisation algorithm. The optimal coefficients of the approximate lift-
deficiency functions are finally tabulated and analytically expressed as function of the wing’s 
aspect ratio, for each type of wing and flow perturbation. The obtained parametric reduced-
order models are hence critically discussed and their mathematical features clarified in terms 
of their main physical assumptions, so to provide with the best theoretical insight. 

2 ELLIPTICAL WINGS 

Flat elliptical wings  yx,  are geometrically defined as [39]: 

sin
2
Rcx  , cos

2
by  , (1) 

where Rc  is the root chord, b  the span and   the polar angle; thus, their local chord  yc ,
surface S  and aspect ratio AR  are explicitly given by: 

221 







b
ycc R ,  RbcS

4


 , 
Rc
bAR


4

 . (2) 

For such wings, the influence of the tip vortices on the lift distribution along the span may 
be calculated based on lifting line theory as function of the aspect ratio (which introduces the 
dependency of the airload on the finite wing span [81,90]) and the unsteady lift of the three-
dimensional wing hence obtained from the one of the two-dimensional airfoil [91-92]. In par-
ticular, considering a suitable distribution of elementary vortex loops, the lift-deficiency coef-
ficient  tC D

L
3  of the wing may be calculated in the (reduced) time domain as [39]: 
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where   and t  are the reduced and physical time, respectively, whereas V  is the reference 
flow speed,  tC D

L
2  is the airfoil’s lift-deficiency coefficient,  tD

w
3  the related circulation 

and  twi  the induced wing downwash, which evolve as [39]: 
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with  tD

w
2  the airfoil circulation induced by a unitary step in the wing downwash and  tw  

the wing downwash induced by a unitary step in the wing circulation. 
The airfoil’s lift coefficient and circulation may be calculated using Peters’ inflow theory 

[91-92] and reciprocity relations [93-95] for thin airfoils and then analytically approximated 
as a series of n  exponential terms as [96]: 

 









 




C

C
j

n

j

BC
j

D
L eAC

1

2 12  ,               
2

1
2
0

1

D
L

n

j

C
j

C
A

C




, 









 







n

j

B
j

D
w

jeA
1

2 12  ,               1
1







n

j
jA , 

(5) 

 
where all coefficients C

jA , C
jB  and 

jA , 
jB  may be obtained by fitting the exact curves [20-

25], as the result of a nonlinear constrained optimisation problem [70] where the approxima-
tion error is minimised in a root mean square sense [96] (see Appendix A). Note that the exact 
asymptotic (steady) conditions 22 

D
LC  and 22  

D
w  are indeed automatically satisfied 

and this is also true for the exact initial conditions [91-92], being D
LC 2

0  in the case of 
Wagner’s function for the unsteady lift due to a unitary step change in the angle of attack and 

02
0 D

LC  in the case of Kussner’s function for the unsteady lift due to a unitary sharp-edge 
gust, with 02

0  D
w  in both cases. It is important to stress that Kussner’s lift-deficiency func-

tion is also the airfoil circulation corresponding to Wagner’s lift-deficiency function [93-95]. 
The wing downwash may be calculated as the vertical velocity induced at the mid-chord by 

a vortex ring extending along the wake and reads [39]: 
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where  sK  and  sE  are the elliptic integrals of the first and second kinds [97], respectively, 
which are functions of the nondimensional spatial variable s , with tVxw   the wake length 
behind the mid-chord; since 1s , K  and 1E  for 0t , the wing downwash is initial-

ly 00 w  and then reaches the asymptotic steady condition 
b

w
2
1

 , as 0s , 
2


K  and 

2


E  for t . In fact, by conveniently fixing 2Rc , with 
2
ARb 

  and wx , the 

wing downwash can more suitably be rewritten in terms of both wing aspect ratio and reduced 
time (i.e., the number of travelled semi-chords) as: 
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and then also analytically approximated as a series of n  exponential terms as: 
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where all coefficients w

jA  and w
jB  may still be obtained by fitting the exact curve and both 

initial 00 w  and asymptotic 
AR
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  exact conditions are automatically satisfied. How-

ever, as the wing wake actually leaves from the trailing edge, the initial length 0wx  of the 

wing wake is set equal to half of the wing’s mean geometric chord 
4
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  [39] and the wing 

downwash may finally be written as: 
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Integrating by parts, the three-dimensional lift-deficiency coefficient, related wing circula-

tion and induced wing downwash can conveniently be rewritten as [96]: 
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due to Laplace transformation [79-80], the integral convolution process in the (reduced) time 
domain can then be realised by the equivalent differential form: 
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where the added aerodynamic states  tz  are defined in the (reduced) Laplace domain p  as: 
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and evolve in the (reduced) time domain as [96]: 
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with initial conditions 00 C
jz , 00 

jz  and 00 w
jz . The resulting asymptotic conditions are 
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 2
2 , in perfect agreement with lifting line theo-

ry for elliptical wings [90]; therefore, the computed wing’s lift-deficiency coefficient may an-
alytically be approximated as a series of n  exponential terms as: 
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where all coefficients jA  and jB  are consistently obtained by fitting the numerically integrat-
ed curve for each aspect ratio and both asymptotic and initial exact conditions are automati-
cally satisfied, being D

LC 3
0  in the case of a unitary step change in the angle of attack and 

03
0 D

LC  in the case of a unitary sharp-edge gust, with 03
0  D

w  and 00 iw  in both cases. 
Note that both Wagner’s [20] and Kussner’s [21-22] functions are correctly obtained in the 
limit of infinite wing. 

In fact, due to the Kutta-Joukowsky condition [98-99], the impulsive start of the wing 
wake (which initially moves as an extension of the wing) generates some flow inertia which 
modifies the initial behaviour of the load build-up, especially for a unitary step change in the 
angle of attack. This further three-dimensional effect may be calculated by considering the 
two-dimensional distribution of kinetic potential  t  and pressure difference  tp  over 
each wing section in normal motion, namely [39]: 

   xx
E
w 11 ,  
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2 , (15) 

where   is the reference flow density and the variations in the kinetic potential are due to 
the apparent variation of the wing shape (although the change in the wing perimeter may be 
neglected during widening). In particular, with cosx , right at the wake start it is [39]: 
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where Vw  for a unitary angle of attack; therefore, the approximate initial behavior of the 
wing’s lift-deficiency coefficient may then be estimated by suitably scaling the approximate 
initial behavior of the airfoil’s lift-deficiency coefficient [93] as (see Appendix B): 
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for the case of unitary step change in the angle of attack and unitary sharp-edge gust, respec-
tively. Note that, due to the gust penetration effect, this three-dimensional correction may rea-
sonably be neglected in the latter case [39], since the initial perturbations of both kinetic 
potential and tip-vortices strength are fairly marginal, the wing’s lift-deficiency coefficient 
starting at zero directly and then increasing very rapidly with an infinite theoretical rate. Thus, 
by accounting for the flow inertia acting at the impulsive start of the wake, the wing’s lift-
deficiency coefficient due to a unitary step change in the angle of attack can finally be ap-
proximated as: 
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where the two coefficients of the additional exponential term read: 

 







 


 EAR

ARAn
11

2
2

1 ,                    










 




n

j
jj

n
n BA

EAR
AR

A
B

11
1 8

21 , (19) 

 
and Wagner’s function [20] is still correctly obtained in the limit of infinite wing. 

 

3 TRAPEZOIDAL WINGS 
Flat trapezoidal wings the local chord is explicitly given by [42]: 
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where 10    is the taper ratio and Tc  the tip chord; surface and aspect ratio then read: 
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respectively, for any sweep angle  . The latter is geometrically defined with respect to the 
wing’s quarter chord line, where the aerodynamic centre of each wing section is assumed in 
accordance with thin airfoil theory [100]; the downwash control point is then consistently lo-
cated at the three-quarter chord, where the non-penetration boundary condition for inviscid 
potential flow is satisfied [47]. In particular, fully symmetrical wings with isosceles trapezoi-

dal planform own 













1
11tan

AR
, which gives 

AR
1tan   for isosceles triangular 
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wings (with straight symmetry axis); whereas forward and backward swept wings with trape-

zoidal planform own 













1

11tan
AR

 and 













1
13tan

AR
, which give 

AR
1tan   

and 
AR
3tan   for forward and backward delta wings (with straight leading and trailing 

edge), respectively; in all cases, a straight wing characterised by two-dimensional flow is cor-
rectly obtained in the limit of infinite wing. Rectangular and parallelogram wings have 1 , 
while rhomboidal and delta wings have 0 . 

Within a simplified yet effective approach [42], a single vortex-ring is considered for mod-
eling the total (lumped) wing circulation and a single control point is then placed at the third 
quarter of the wing’s root chord. Both bound and shed vortex lines are parallel to the wing’s 
quarter chord line, whereas the two wing-tip trailed vortex lines are parallel to the free-stream. 
All vortices have the same (lumped) intensity and the shed vorticity travels towards infinity 
with half the reference airflow speed from half the wing’s root chord behind the control point, 
hence stretching the vortex-ring and increasing the wake length; when the wing wake eventu-
ally approaches infinity, its influence on the wing flow fades away and the steady condition is 
asymptotically obtained. The influence of the wing’s tip vortices and wake on the (uniform 
yet time-varying) lift distribution along the span is then calculated with the simplest imple-
mentation of the unsteady lifting line theory [47,101-103] and the lift build-up of the three-
dimensional wing is hence obtained as function of its aspect ratio, taper ratio and sweep angle. 
In particular, the lift-deficiency coefficient due to a unitary step change in the angle of attack 
was calculated in the (reduced) time domain based on Kutta-Joukowsky theorem as [42]: 
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where  tP ,  tQ  and  tR  give the vortex-ring contributions due to bound, wing-tip trailed 
and wake shed vortices, respectively, based on Biot-Savart law [47] and read [42]: 

 

  

















 tan

cossinsec

tansec
22

2

e

e
e

AR

AR
ARbP , 

  2
222

2
tan1

2
tan1

tan1

tan1

ee

e

ee

e

ARAR

AR

ARAR

AR
bQ







 













, 










































 















 







 


 tan

cos
2

1sin
2

1sec

tan
2

1sec

2
1

22

2






e

e
e

AR

AR
AR

bR ; 

(23) 

 
the wing’s lift-deficiency coefficient may finally be approximated as a series of n  exponential 
terms as: 
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where all coefficients jA  and jB  are obtained by fitting the exact analytical curve [42] and 
both asymptotic and initial exact conditions are automatically satisfied. 

For the special case of rectangular wing, 1  and 0  and the lift-deficiency coeffi-
cient reduces to: 
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with initial behavior and asymptotic (steady) condition given by: 
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respectively, which degenerates into Garrick’s approximation [93] of Wagner’s function for 
thin airfoils in the limit of infinite wing. Note that, due to the intrinsic limitations of the sim-
ple vortex-system representation employed, it is known that the calculated asymptotic (steady) 
conditions are not very accurate and should rather be provided by other higher-fidelity sources 
(e.g., lifting line theory [90] as in Appendix B, vortex or doublet lattice methods [104], com-
putational fluid dynamics [54], wind tunnel tests [51]). In any case, the reported model [42] is 
better suited for slender thin wings with high aspect and taper ratios as well as small sweep 
angle, for which the three-dimensional flow and geometry effects are less significant (i.e., the 
induced downwash speed is smaller and the control points of each wing section are closer to 
the one at the root section). 

Unfortunately, no analytical expression was provided for the lift-deficiency function due to 
a unitary sharp-edge gust [42]. Nevertheless, this may numerically be obtained in the (reduced) 
frequency domain by multiplying the Laplace transform of the lift-deficiency function due to 
a unitary step change in the angle of attack by the transfer function of the gust penetration ef-
fect, which is here approximated as the ratio between (modified) Sears’ and Theodorsen’s 
functions [23-25] (see Appendix A); the corresponding lift-deficiency function in the (reduced) 
time domain may then be obtained via inverse Laplace transform [79-80]. Note that this is 
equivalent to convolving the lift-deficiency function due to a unitary step change in the angle 
of attack with the delay function given by the inverse Laplace transform of the transfer func-
tion of the gust penetration effect [96]. Of course, it is implicitly assumed that all wing sec-
tions encounter the wind gust at the same time, even in the case of swept tapered wings [42]. 

 

4 NONLINEAR CONSTRAINED OPTIMIZATION FOR BEST APPROXIMATION 
The lift-deficiency functions due to a unitary step change in the angle of attack and unitary 

sharp-edge gust for elliptical wings [39], as well as those due to a unitary step change in the 
angle of attack for rectangular wings [42], were either numerically obtained or analytically 
expressed in the (reduced) time domain directly, where their best approximation as a series of 

1361



M. Berci 

exponential terms with optimal time constants and amplitudes is sought [96]. On the contrary, 
the lift-deficiency functions due to a unitary sharp-edge wind gust for rectangular wings were 
numerically obtained in the (reduced) frequency domain, where their best approximation as a 
series of rational terms with optimal poles and gains is sought [96]; the corresponding best 
approximation of the lift-deficiency function as a series of exponential functions in the (re-
duced) time domain is then obtained via inverse Laplace transform [79-80]. 

Analytical approximation functions with many free coefficients may generally better adapt 
to the target curve and reproduce its local features but also misbehave between sample points, 
especially when just few spare are available [78]. An adequate selection of the sample points 
is hence necessary [105], since their “fixity” drives the “flexibility” of the analytical function, 
and, in order to avoid focusing on certain regions of the lift-deficiency functions a priori, a 
uniform distribution of 100N  sample points is here first obtained by imposing an equal dis-
tance among each couple of consecutive sample points and solving a preliminary nonlinear 
optimisation problem [96]. Then, with  χF  the target curve, the quality of its analytical ap-
proximation  χF~  is assessed at the sample points χ  according to the MAXE and RMSE,
namely [87]: 

   χχ FF 
~maxMAXE ,  

   
N

FF χχ 


~
RMSE , (27) 

the latter being set as the objective function to be minimised in the nonlinear optimisation 
problem, under the constrains given on the approximation function coefficients in order to 
satisfy the exact limit conditions of the lift-deficiency functions [96]. This choice of the objec-
tive function ensures the approximation function being close to the exact curve, as many sam-
ple points are indeed readily available in the present case; otherwise, a parametric aggregate 
objective function where the RMSE of the segments connecting consecutive sample points is 
also minimised is suggested, which ensures the approximation function being rather smooth 
without oscillating much around the exact curve [96]. 

SQP has been employed as gradient-based, iterative optimisation algorithm [88-89], which 
assumes both the objective function and the constraints are twice continuously differentiable 
and searches for the point where the gradient of the objective function vanishes within a gen-
eral Lagrangian formulation, reducing to Newton's method for unconstrained problems [70]. 
The heuristic gradient-free Nelder-Mead simplex method (NMSM, where the absolute value 
of the poles was considered for a meaningful unconstrained implementation of the problem) 
[106] and genetic algorithm (GA, where the initial population was taken as the SQP solution 
in order to boost convergence) [107] were also employed and the same optimal results even-
tually obtained, confirming the consistency and robustness of the proposed approach as well 
as granting confidence the global optimum was actually reached in all cases. 

5 LIFT-DEFICIENCY FUNCTIONS AND THEIR OPTIMAL APPROXIMATION 
Considering a flat elliptical wing with 3AR  and 6AR , Jones’ preliminary results for 

the three-dimensional lift-deficiency coefficient due to a unitary step change in the angle of 
attack [39] are reproduced in Figure 1 (left) for code validation purposes. These results are 
based on Jones’ analytical exponential approximations shown in Figure 1 (right) for the wing 
downwash build-up as well as Figure 2 for the lift-deficiency coefficient and related circula-
tion due to a unitary step change in the angle of attack of a two-dimensional flat plate. The 
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proposed analytical approximations (see Appendix A) are also shown in the same figures for 
direct comparison, along with the exact curves wherever available; the approximations coeffi-
cients are summarised in Table 1. 

Apart from the initial correction due to the impulsive start of the wing wake [39], Jones’s 
draft results depart from the final ones where his approximations of both wing downwash and 
especially airfoil circulation depart from the respective exact curves, without approaching the 
correct asymptotic value and hence artificially increasing the wing’s lift coefficient; it is then 
apparent that accurate analytical approximations are strictly necessary for all flow variables. 

Figure 1. Lift-deficiency coefficient (left) and wing downwash (right) due to a unitary step change in the 
angle of attack for flat elliptical wing with AR=3,6 (left) and AR=3,4,6,10,20 (right) 

Figure 2. Lift-deficiency function and circulation due to a unitary step change in the angle of attack (left) 
and unitary sharp-edge gust (right) for flat airfoil 

Table 1. Coefficients of the exponential approximation for the fundamental flow variables 

1A 2A 3A 4A 5A 1B 2B 3B 4B 5B
D

LC 2
 0.0684 0.2657 0.1659 - - 0.0222 0.1343 0.4915 - - 
D

LgC 2 0.0954 0.3836 0.3184 0.1380 0.0646 0.0291 0.1673 0.6602 4.2399 69.585 
D

wg
2 0.0973 0.4522 0.4382 0.0123 - 0.0287 0.1602 0.5011 2.2338 - 

w 0.0924 0.3730 0.5346 - - 0.0483 0.3788 1.5867 - - 
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Figure 3 shows the lift-deficiency coefficient due to a unitary step change in the angle of 
attack and a unitary sharp-edge gust for elliptical wings with different aspect ratios; the opti-
mal approximation is also shown and the relative coefficients are presented in Table 2, for the 
case 2n . Indeed, two exponential terms appear sufficient to grant a good approximation; 
however, an additional one is still needed for reproducing the correct initial behavior of the 
three-dimensional lift development due to a unitary step change in the angle of attack [39] and 
would be beneficial to improve the accuracy of the three-dimensional lift development due to 
a unitary sharp-edge gust [96]. Figures 4 and 5 then show the analytical approximation of the-
se coefficients as function of the inverse of the wing’s aspect ratio, as implicitly suggested by 
the generalised formula for the wing downwash. In particular, a cubic polynomial is generally 
found sufficient and exhibits a linear behavior for high (inverse) aspect ratios, where all ap-
proximation coefficients converge to the ones characterising two-dimensional flow (i.e., the 
intercepts). Note that Jones’ results [39] are rather conservative, as they provide the wing with 
a faster load build-up and the asymptotic (steady) conditions reached much earlier; this is 
mainly due to the approximations of both airfoil circulation and wing downwash being con-
servative in the first place and just a single exponential term being adopted (see Appendix B). 

 

 
Figure 3. Lift-deficiency coefficient due to a unitary step change in the angle of attack (left) and a unitary 

sharp-edge gust (right) for flat elliptical wing with AR=3,4,6,10,20 
 

Table 2. Coefficients of the exponential approximation for the lift-deficiency functions of an elliptical wing 
 angle of attack sharp-edge gust 

AR  1A  2A  1B  2B  1A  2A  1B  2B  
3 0.0235 0.1432 0.0190 0.2954 0.1736 0.8264 0.1729 1.5882 
4 0.0398 0.2102 0.0257 0.3156 0.1887 0.8113 0.1222 1.3119 
6 0.0599 0.2734 0.0297 0.3044 0.2240 0.7760 0.0996 1.1014 

10 0.0793 0.3207 0.0315 0.2842 0.2556 0.7444 0.0858 0.9421 
20 0.0962 0.3538 0.0320 0.2652 0.2806 0.7194 0.0767 0.8263 
 
Figure 6 shows the lift-deficiency coefficient due to a unitary step change in the angle of 

attack and a unitary sharp-edge gust for rectangular wings with different aspect ratios; the op-
timal approximation is also shown and the relative coefficients are presented in Table 3, for 
the case 2n  which still grants good approximation. Note that the asymptotic (steady) lift-
deficiency coefficient for rectangular wing is slightly higher than the corresponding one for 
elliptical wing since not very accurate [42]; in fact, it should be lower according to lifting line 
theory [90] (see Appendix B). 
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Figure 4. Coefficients of the exponential approximation for the lift-deficiency function due to a unitary 

step change in the angle of attack for a flat elliptical wing 
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Figure 5. Coefficients of the exponential approximation for the lift-deficiency function due to a unitary 

sharp-edge gust for a flat elliptical wing 
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Figure 6. Lift-deficiency coefficient due to a unitary step change in the angle of attack (left) and a unitary 
sharp-edge gust (right) for flat rectangular wing with AR=3,4,6,10,20 

Table 3. Coefficients of the exponential approximation for the lift-deficiency functions of a rectangular wing 
angle of attack sharp-edge gust 

AR 1A 2A 1B 2B 1A 2A 1B 2B
3 0.0740 0.2679 0.1038 0.4781 0.6917 0.3083 0.4026 5.7145 
4 0.0865 0.2923 0.0930 0.4250 0.6882 0.3118 0.3512 5.0027 
6 0.1061 0.3117 0.0808 0.3741 0.6794 0.3206 0.2950 4.1989 
10 0.1286 0.3216 0.0676 0.3362 0.6652 0.3348 0.2458 3.4764 
20 0.1426 0.3324 0.0514 0.3041 0.6484 0.3516 0.2070 2.9203 

Figure 7 shows the complex transfer function of the lift-deficiency coefficient due to a uni-
tary sharp-edge gust for the rectangular wings with 3AR  and 6AR  in the (reduced) fre-
quency domain, as numerically obtained by multiplying the Laplace transform of the lift-
deficiency coefficient due to a unitary step change in the angle of attack by the delay function 
introducing the gust penetration effect (see Appendix A). The corresponding rational function 
approximations are also shown in the same figure for the cases 2n  and 4n , the former 
being rather conservative with respect to the latter, which is more accurate and hence general-
ly suggested (note that the curve of the lift-deficiency coefficient due to a unitary sharp-edge 
gust should approach that of the lift-deficiency coefficient due to a unitary step change in the 
angle of attack from below, because of the gust penetration effect). 

Figure 7. Lift-deficiency coefficient due to a unitary sharp-edge gust for flat rectangular wing with AR=3 
(left) and AR=6 (right) 
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Figure 8. Coefficients of the exponential approximation for the lift-deficiency function due to a unitary 
step change in the angle of attack for a flat rectangular wing 
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Figure 9. Coefficients of the exponential approximation for the lift-deficiency function due to a unitary 
sharp-edge gust for a flat rectangular wing 

1367



M. Berci 

 
Figures 8 and 9 show the analytical approximation of the optimal parameters for the case 

2n , still as function of the inverse of the wing’s aspect ratio; a cubic polynomial is again 
found sufficient and exhibits a linear behavior for high (inverse) aspect ratios, up to the inter-
cept characterising two-dimensional flow. For the lift-deficiency coefficient due to a unitary 
step change in the angle of attack, both magnitude and trend of the approximation parameters 
for rectangular wing are rather similar to those for elliptical wing, as the underlying physical 
principles are substantially the same; for the lift-deficiency coefficient due to a unitary sharp-
edge gust, higher discrepancies can be found in the magnitude of the approximation parame-
ters, as different approaches are employed to derive the indicial function. 

 

6 CONCLUSIONS 
In this work different semi-analytical reduced-order models for calculating efficiently the 

unsteady aerodynamic loads of subsonic slender wings have been proposed, as intensively 
sought in the context of aircraft preliminary MDO. The lift-deficiency functions due to both a 
unitary step change in the angle of attack and a unitary sharp-edged vertical gust have first 
been obtained in the (reduced) time domain for both elliptical and rectangular wings of arbi-
trary aspect ratio, based on previous fundamental works available in the literature. Nonlinear 
optimisation has then been employed to find their best approximation in terms of a series of 
exponential functions with optimal time constants and amplitudes, allowing the load build-up 
to be re-written in the state-space form most suitable for aero-servo-elastic simulations and 
stability analyses. The approximation error being set as the objective function to be minimised, 
different optimisation algorithms such as SQP, NMSM and GA have been employed and pro-
vided with identical results using the least number of free parameters, thus ensuring the global 
optimum was reached in all cases under the prescribed constraints. Depending on the availa-
bility of the lift-deficiency function, the optimal curve fitting was performed in either the (re-
duced) time or the (reduced) frequency domain, which are related via Laplace transform; 
significant improvements were found with respect to previous approximations available in the 
literature, even without error-weighting. The optimal parameters have then been tabulated and 
finally expressed as analytical functions of the wing’s aspect ratio, for each type of wing and 
flow perturbation. In order to offer the best theoretical insight, the obtained parametric re-
duced-order models have critically been assessed with respect to their mathematical features 
and physical assumptions and useful analogies consistently found in the results for elliptical 
and rectangular wings, confirming the robustness of the proposed approach. Due to their 
computational effectiveness, the presented semi-analytical aerodynamic models are suggested 
for suitable use in the preliminary MDO of flexible wings characterised by attached incom-
pressible flow in the low-subsonic regime and may also be used to assess higher-fidelity aero-
dynamic tools for unsteady aerodynamics. 

 

APPENDIX A. WAGNER, KUSSNER AND DELAY FUNCTIONS 
Assuming small perturbations of incompressible potential flow, analytical solutions have 

been derived to calculate the unsteady airload around an oscillating flat plate in both the (re-
duced) time and the (reduced) frequency domains; in particular, Theodorsen [23] and Wagner 
[20] derived the lift-deficiency function for a unit step-change in the angle of attack, while 
Sears [24-25] and Kussner [21] derived the lift-deficiency function for a unit step-change in 
the vertical speed of a “frozen” wind gust. Due to the infinite speed propagating the perturba-
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tions, circulatory and noncirculatory load contributions are distinguishable a priori [108]: giv-
en a step-change in the boundary conditions, the noncirculatory flow adapts instantaneously 
and embodies the flow inertia (applied at the airfoil’s mid-chord), while the circulatory flow 
adapts with some delay and embodies the flow circulation (applied at the airfoil’s aerodynam-
ic center and control point, located at the first and last quarter-chord, respectively) [28]. 
Theodorsen  kC  and (modified) Sears  kCG  functions being defined in the (reduced) fre-
quency domain as [23-25]: 

 
 

   2
0

2
1

2
1

jHH
HC


 ,                            k
G eBBBCC j-1

1
1

1
1

0 jj  , (A1) 

 
with            kBkBkH nnn

212 j  Hankel functions of the second type and n -th order while 
  kBn
1  and    kBn

2  Bessel functions of the first and second type and n -th order, Wagner 
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and quantify the decaying influence of the wake’s inflow speed on the airfoil lift, in terms of 
semi-chords travelled by the shed vorticity [28]. 

 

 
Figure A1. Theodorsen (left) and modified Sears (right) functions and their approximations 

 
Figure A1 shows both Theodorsen and modified Sears functions along with their optimal 

analytical approximations; the initial guess for the optimal parameters was taken from those 
found in the literature [39]; deviations have also been investigated but no significant sensitivi-
ty found [96]. Note that any error in approximating these functions translates into an error in 
approximating Wagner and Kussner functions, respectively, and vice-versa; in particular, a 
good accuracy in approximating the formers at high reduced frequencies (i.e., highly-unsteady 
flow) translates into a good accuracy in approximating the latter at low reduced time (i.e., 
transient response), while a good accuracy at low reduced frequencies (i.e., quasi-steady flow) 
translates into a good accuracy at high reduced time (i.e., asymptotic response). Jones’ ap-
proximations [39] deviating quite significantly from the exact curves, many other approxima-
tions are readily available in the literature [109-116] but the present ones grant the best 
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agreement along the entire exact curves with the least number of poles [96] (additional poles 
have been investigated but no significant improvement found) and possess the correct limit 
values (which is an essential feature for the present applications). 

Noting that the gust penetration delays the circulation growth and hence reaching the as-
ymptotic (steady) condition in Kussner’s problem [21], the ratio between (modified) Sears 
and Theodorsen functions [23-25] may be considered as the transfer function of the gust pene-
tration effect in the (reduced) frequency domain; therefore, the delay function  kD  and    
may suitably be defined in the (reduced) frequency and (reduced) time domains as: 

C
CD G ,  dk

k
De k







j2

j






, (A3) 

respectively, as shown in Figure A2. Lastly, Figure A3 presents the application of such func-
tion to Jones’ approximation [39] of the lift-deficiency function due to a unit step-change in 
the angle of attack and the present curve is in excellent agreement with his approximation [39] 
of the lift-deficiency function due to a unit step-change in the vertical speed of a “frozen” 
wind gust. 

Figure A2. Delay function in the reduced frequency (left) and reduced time (right) domains 

Figure A3. Approximate lift-deficiency coefficient due to a unitary sharp-edge gust for flat elliptical wing 
with AR=3 in the reduced frequency (left) and reduced time (right) domain 
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APPENDIX B. SIMPLEST PARAMETRIC APPROXIMATIONS 
For thin elliptical wing [39], the simplest approximation of the lift-deficiency coefficient 

due to a unitary step change in the angle of attack employs a single exponential term connect-
ing initial behaviour and asymptotic (steady) condition directly as: 
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whereas for the case of thin rectangular wing [42] as: 
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selected curves are shown in Figure B1 and compared to those of Jones [39] and Jones [31]. 

As mentioned, the available steady lift coefficient for thin rectangular wings is not very ac-
curate, due to the intrinsic limitations of the vortex-system representation employed [42]; if 
calculated according to lifting line theory [81,90], then the simplest approximation of the lift-
deficiency coefficient due to a unitary step change in the angle of attack reads: 
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with   shown in Figure B2 and initial behavior and asymptotic (steady) condition given by: 
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Figure B1. Lift-deficiency coefficient due to a unitary step change in the angle of attack for flat elliptical 

wing with AR=3,6 (left) and flat rectangular wing with AR=4,6 (right) 
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Figure B2. LLT-based coefficient for the asymptotic (steady) lift coefficient for a flat rectangular wing 
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Abstract. This paper addresses the statistical evaluation of vertical peak floor acceleration
(PFAv) demands on elastic multistory buildings using recorded ground motions. Typical
buildings are considered to be relatively flexible in the horizontal (lateral) direction and rel-
atively rigid in the vertical (longitudinal) direction. The vast majority of studies conducted
on the quantification of component acceleration demands have considered the flexibility of the
nonstructural component (NSC) and its supporting structure primarily in the lateral direction.
Studies on the evaluation of vertical component acceleration demands throughout a building
are scarce and different opinions exist on the relevance of vertical accelerations in buildings.
This paper focuses on the quantification of PFAv, which implies that NSCs are assumed to be
rigid in the vertical direction. Only rigid NSCs located close to columns of moment-resisting
frames are considered. Thus, the influence of vertical floor vibrations and their dependence on
the properties of the floor system is not addressed. The results demonstrate that the amplification
of vertical ground acceleration demands throughout a building depends on the vertical stiffness
of the load bearing structure, and hence, the common assumption of rigid-body responses in the
vertical direction is highly questionable.
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1 INTRODUCTION

Many studies have been conducted during the last decades to assess seismic acceleration
demands on nonstructural components (NSCs, also referred to secondary structures, building
contents, mechanical and electrical equipment, architectural components) attached to elastic
and inelastic buildings. Most research activities have focused on the horizontal acceleration
components of ground motions. As a result, design engineers have relied upon simplified
equations provided by building codes [1–3] to estimate the maximum horizontal acceleration
demands on NSCs with much less attention been paid to maximum vertical acceleration demands.

Currently, a relatively small number of studies incorporates the effect of the vertical component
of ground motions and its corresponding vertical floor motions. Generally, structural systems
commonly used in buildings are considered to be relatively flexible in the lateral direction and
relatively rigid in the vertical (longitudinal) direction. If columns were axially rigid, negligible
amplification of the vertical component of the ground motion would occur for NSCs located at
or near columns. On the other hand, for NSCs located at open-bays, i.e., at locations away from
columns and relatively close to girders or in the middle of slabs, an amplification of the vertical
floor acceleration with respect to ground has the potential to be significant. This is a result of
resonance effects due to the out-of-plane flexibility of the girder/slab and the frequency content
of the base excitation [4]. Therefore, vertical floor accelerations are highly dependent on the
location of the component in a specific floor, the location of the component along the height of
the building, and the characteristics and properties of the floor system.

For NSCs of various frequencies, a rigorous and comprehensive evaluation of their response
must consider floor response spectra. This is particularly important given the myriad of periods
(in this case horizontal vibration periods) associated with secondary structures such as electrical
and mechanical equipment. These systems are generally classified as acceleration-sensitive
because of their relatively large stiffness. In the United States of America, components are
classified as either rigid or flexible based on their horizontal fundamental period, where NSCs
with a period Ts < 0.06 s are denoted as rigid [5]. Hence, flexible NSCs are susceptible to
experiencing significant amplification of acceleration responses with respect to ground. In the
specific case of vertical floor motions, and based on the study presented in [4], the flexibility of
the girder/slab plays an important role.

Design forces for nonstructural components due to vertical base excitation are proposed in
standards of the United States of America [1, 2]. In contrast, the European standard [3] does not
provide explicit information on design vertical component accelerations or forces. In the United
States of America, the recommended design component forces in the vertical direction Fp,v are
simply 50 % of the product of the design horizontal peak ground acceleration PGAh times the
seismic active mass in vertical direction:

Fp,v = ±0.20SDSWp = ±0.50PGAhWp (1)

where SDS is the design horizontal spectral acceleration in the short period region, and Wp is the
operating mass of the component.

In contrast to the definition in [1], in this study the subscripts v and h are used in order to
clearly define the difference between horizontal and vertical direction. However, this simplified
estimation is questionable since the proposed equation for vertical component forces is not based
on rigorous analyses or reliable experience data. One of the main problems is the lack of recorded
vertical responses from buildings due to general unavailability of buildings instrumented with
accelerometers able to record vertical motions. Thus, there is the need to quantify peak vertical
floor acceleration demands (PFAv) and their associated vertical floor response spectra.
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2 GROUND MOTION RECORD SELECTION

Any ground motion record selection approach based on seismic hazard information necessi-
tates the availability of vertical pseudo-spectral acceleration spectra (Sa,v (T, ζ)). Unfortunately,
probabilistic seismic hazard information is only available for the horizontal component of ground
motions. Campbell and Bozorgnia [6, 7] developed a procedure to address this challenge without
having to conduct a full-blown probabilistic seismic hazard analysis for the vertical component
of ground motion. The first step involves converting the ζ = 5 % damped horizontal spectral
acceleration at a period of 0.20 s Sa,h (T = 0.20 s, ζ) to vertical spectral accelerations using
vertical-to-horizontal (V/H) acceleration ratios for the site class BC boundary [8]. These ratios
were estimated based on a study that involves near-source strong ground motions [6]. The
second step entails the estimation of vertical spectral ordinates at all periods based on the vertical
spectral ordinate at T = 0.10 s, modified for appropriate site conditions.

As part of the National Earthquake Hazards Reduction Program (NEHRP) in the U.S., a
ζ = 5 % damped design vertical acceleration spectrum was proposed in [8]. The design vertical
acceleration spectrum is based on modifications made to the procedure proposed by Campbell
and Bozorgnia [7]. The primary modification involved estimating design vertical spectral ac-
celerations from horizontal spectral acceleration values, which are available in seismic design
maps [9]. These seismic design maps were obtained from hazard analysis using ground motion
records that are part of the NGA ground motion database [10], which is the database used
in this study to select ground motion records. A modified conversion factor is introduced in
[8] to transform design horizontal to design vertical spectral accelerations for all soil condi-
tions. In this process, estimates of design horizontal spectral accelerations are obtained from
the MCER (risk-targeted Maximum Considered Earthquake) horizontal spectral acceleration
at a period of T = 0.20 s (SS) [1]. These MCER values are provided in seismic design maps.
Once this modified conversion is applied, limits are set on the design vertical spectral acceler-
ations, and ordinates at periods other than 0.10 s are estimated based on relationships that are
a function of the period in the vertical direction [8]. This transformation is possible primarily
because for most soil conditions, as well as for magnitudes (MW > 6.5) and focal distances
(rjb < 60 km) (Joyner-Boore dinstance) of interest for engineered structures, the (V/H) ratio
Sa,v (T = 0.10 s, ζ) /Sa,h (T = 0.20 s, ζ) is about 0.80 [8].

The approach described above leads to the vertical response spectrum in [8] (from here on
referred to in this paper as NEHRP-spectrum). Figure 1 shows the normalized vertical spectral
ordinate over the vertical frequency in Hz, fv = 1/Tv. Spectral ordinates are normalized by the
acceleration due to gravity g and CV SDS , where CV can be obtained from Table 1 and SDS is
the design horizontal spectral acceleration at short periods according to [1, 8]. The normalized
NEHRP-spectrum can be constructed by evaluation of:

Sa,v(fv, ζ)

g CV SDS
=


0.3 if fv ≥ 40 Hz
2.0 (1/fv − 1/40) + 0.3 if 20 Hz ≤ fv ≤ 40 Hz
0.8 if 20/3 Hz ≤ fv ≤ 20 Hz
0.8 (20/3 fv)

3/4 if 0 Hz ≤ fv ≤ 20/3 Hz

(2)
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Figure 1: Normalized vertical design response spectrum (NEHRP-spectrum).

SS

CV
NEHRP Site Class

A, B C D, E, F

≥ 2.00 0.90 1.30 1.50
1.00 0.90 1.10 1.30
0.60 0.90 1.00 1.10
0.30 0.80 0.80 0.90
≤ 0.20 0.70 0.70 0.70

Table 1: Conversation factor CV for different site classifications.

2.1 Selection of ground motions for compatibility with the NEHRP-spectrum

Currently, a consensus on how to select ground motions for response history analysis (RHA)
is nonexistent. However, an approach that is widely accepted and used in the earthquake
engineering community is the use of base accelerations whose spectral ordinates over a desired
frequency range are consistent with a target spectrum that is representative of the site. In general,
this target spectrum can be obtained from either seismic hazard analysis (e.g., a design response
spectrum) or a scenario analysis (e.g., from a ground motion prediction equation, GMPE). A
more comprehensive discussion regarding ground motion selection methods as well as their pros
and cons can be found in [11].

The ground motion record selection in this paper is based on the NEHRP-spectrum, more
specifically, on its spectral shape. Equation (2) shows that the regions of constant acceleration
are independent of site conditions. In other words, the corner frequencies are constant (in
contrast to those present in NEHRP design horizontal spectra). Therefore, this property of the
vertical NEHRP-spectrum facilitates in part the selection of ground motion records from the
NGA (PEER) ground motion database [12] based on how consistent the central value and the
dispersions of the chosen record set is with the spectral shape of the NEHRP-spectrum. The
proposed ground motion record selection method explicitly accounts for the record-to-record
variability in the estimation of seismic demands, and hence, provides the means to evaluate
seismic demands statistically.
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2.2 Spectrum-compatible record sets

In order to evaluate seismic demands statistically, a set of records is required to account for
the record-to-record variability. Finding spectrum-compatible ground motion record sets is a
computational expensive procedure. Thus, the 3179 earthquake recordings provided by the NGA
(PEER) ground motion database were evaluated and a subset of recordings pre-selected based on
the following characteristics:

• Moment magnitude: MW ≥ 5.50.

• NEHRP Site Classification D (stiff soil, shear wave velocity: 180 m/s ≤ vs30 ≤ 360 m/s).

• Fault mechanism (FM): strike-slip (SS), reverse (RV), reverse-oblique (RVO).

• Distance (as defined by Joyner and Boore [13]): 0 km ≤ rjb ≤ 30 km.

A comprehensive overview of the characterization of ground motions (magnitude, fault mecha-
nism, source to site distance, etc.) can be found in [14].

In this paper, the motivation is to find a set of records with the same scale factor α applied to
each record according to the following criteria:

• The median spectral acceleration for the set S̃a,v(fv, ζ, α) should match the normalized
NEHRP-spectrum over the frequency range of interest.

• The dispersion, which is measured as the standard deviation of the natural logarithm of the
values for a given frequency, σSa,v(fv ,ζ,α) should be equal to a predefined target dispersion
σt(fv) = σt.

These two targets constitute two different spectrum-matching requirements. This leads to two
coupled objective functions that can be minimized using genetic algorithms implemented in
Matlab [15] for multicomponent objective functions:

F1(α) =
∥∥∥Sa,v(fv, ζ)− S̃a,v(fv, ζ, α)

∥∥∥
F2(α) = ‖eσtSa,v(fv, ζ)− S84,a,v(fv, ζ, α)‖

 −→ min (3)

In order to generate a record set independent of site conditions, the product of the conversion
factor and the spectral acceleration at short periods was set to CV SDS = 1.00 g for the opti-
mization procedure. Additionally, spectral accelerations for a given frequency are assumed to
be log-normally distributed, which is typical for response quantities in earthquake engineering
[16]. Therefore, 84th percentile values S84,a,v(fv, ζ, α) can be estimated by the product of the
parameter eσt and the median spectral acceleration. The implementation of this approach for
ground motion selection can be interpreted as semi-probabilistic since the choice of σt biases
the record selection. However, a variation of the target dispersion of σt = 0.4 g, 0.6 g, 0.8 g and
1.0 g is used to quantify this influence. This range of values is reasonable and in agreement with
the range of dispersions depicted in the spectra of [17].

The solutions of the multi-objective optimization can be graphically interpreted as a Pareto-
optimal solution [18], sometimes referred to as Pareto frontier. Possible realizations (i.e.,
spectrum matching record sets) are shown in Figures 3 to 6. Figures 3a to 6a show the spectra
of individual records, their statistical measures, and the NEHRP-spectrum. Figures 3b to 6b
show the distribution of the records as a function of magnitude-distance (MW − rjb) coordinates.
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No. recs σt α

1 55 0.40 1.98
2 62 0.60 1.89
3 91 0.80 2.10
4 82 1.00 2.55

Table 2: Basic characteristics of ground motion record sets compatible with the normalized NEHRP-
spectrum.

Table 2 lists the basic properties of each record set; the total number of records in each set is
given in the second column.

A qualitative evaluation of the median spectrum of each ground motion set shows that each
median spectrum is an adequate approximation of the target spectrum in the region 0 Hz ≤
fv ≤ 20/3 Hz (Figures 3a to 6a). The quality of the approximation in the region around the
corner frequency fv = 20 Hz increases with increasing number of records (not with increasing
dispersion as discussed later). Furthermore, the median spectrum of each record set fits optimally
the NEHRP-spectrum at the frequency of fv ≈ 27 Hz and each record set over predicts the target
spectrum in the high frequency region.

The distribution of ground motions with respect to magnitude and distance for each record
set is shown in Figures 3b to 6b. It is evident that most of the ground motion records belong to
earthquakes with moment magnitudes between 6.0 ≤MW ≤ 6.7, as shown in Table 3.

In order to define an optimal record set out of the four sets presented in Table 2, an understand-
ing of the influence of the number of records and the target dispersion is required. Therefore,
the relation between number of records and target dispersion is depicted in Figure 2, where the
markers show the data listed in Table 2 and the solid line is a smooth interpolation polynomial.
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Figure 2: Relation between target dispersion σt and number of records (graphical interpretation of Table 2)
and its smooth interpolation.

A larger number of records provides a closer and smoother approximation of the median to
the NEHRP-spectrum. Moreover, when the target dispersion σt approaches zero, the spectrum
of each ground motion record should closely match the target spectrum. This condition is only
a theoretical consideration since each record has a different spectral shape. The probability
density function (PDF) for this theoretical case degenerates from a log-normal distribution to the
Dirac delta function. The conclusion is that competing objectives are present and, in general,
increasing the number of records is required to obtain larger target dispersion values.
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An optimal solution for the proposed record sets used in this paper can be obtained from
Table 2 and from the graphical interpretation shown in Figure 2. Record set number three
(σt = 0.80 g) consists of the maximum number of records. Comparison of the median spectrum
between Figures 5a and 6a as well as a qualitative evaluation of the relative error in Figure 7 leads
to a different conclusion than described before - record set number four shows fewer records than
set number three but a median spectrum with a better compatibility with the NEHRP-spectrum. It
can then be expected that a record set with a target dispersion of 0.80 g ≤ σt ≤ 1.00 g should lead
to an optimal solution, i.e., a reasonable compromise between number of records, dispersion, and
medium spectrum compatibility. Figure 2 shows that, based on the discrete values of dispersion
used in this study, the peak value is very close to σt = 0.80 g, thus the median of record set
number three is selected as the optimal fit to the NEHRP-spectrum. From here on, in this paper,
this record set is referred to as the VGM record set. The basic characteristics of the single ground
motion records constituting the VGM record set are listed in Table 3.

A practical tool for selection of spectrum compatible record sets is currently under develop-
ment of this research group and will be published to the community in the near future.
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Figure 3: (a) Spectra of ground motion record sets and (b) distribution of records compatible with the
normalized NEHRP-spectrum for a given target dispersion σt = 0.40 g.

0 10 20 30 40 50
0

0.2

0.4

0.6

0.8

1

fv / (Hz)

S
a
,v
(ζ

=
5

%
)
/
(g
) single

16th
50th
84th
NEHRP

(a)

5.5 6 6.5 7 7.5 8
0

10

20

MW

r j
b
/
(k

m
)

SS
RV
RVO

(b)

Figure 4: (a) Spectra of ground motion record sets and (b) distribution of records compatible with the
normalized NEHRP-spectrum for a given target dispersion σt = 0.60 g.
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Figure 5: (a) Spectra of ground motion record sets and (b) distribution of records compatible with the
normalized NEHRP-spectrum for a given target dispersion σt = 0.80 g.
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Figure 6: (a) Spectra of ground motion record sets and (b) distribution of records compatible with the
normalized NEHRP-spectrum for a given target dispersion σt = 1.00 g.
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No. Earthquake Name Station Name Year MW FM rjb/(km)

1 Parkfield Cholame - Shandon Array 5 1966 6.19 SS 9.58
2 Managua, Nicaragua-01 Managua, ESSO 1972 6.24 SS 3.51
3 Gazli, USSR Karakyr 1976 6.80 RV 3.92
4 Coyote Lake Gilroy Array 2 1979 5.74 SS 8.47
5 Coyote Lake San Juan Bautista, 24 Polk St 1979 5.74 SS 19.46
6 Imperial Valley-06 Aeropuerto Mexicali 1979 6.53 SS 0.00
7 Imperial Valley-06 Calexico Fire Station 1979 6.53 SS 10.45
8 Imperial Valley-06 Chihuahua 1979 6.53 SS 7.29
9 Imperial Valley-06 Delta 1979 6.53 SS 22.03
10 Imperial Valley-06 El Centro - Meloland Geot. Array 1979 6.53 SS 0.07
11 Imperial Valley-06 El Centro Array 1 1979 6.53 SS 19.76
12 Imperial Valley-06 El Centro Array 11 1979 6.53 SS 12.56
13 Imperial Valley-06 El Centro Array 12 1979 6.53 SS 17.94
14 Imperial Valley-06 El Centro Array 4 1979 6.53 SS 4.90
15 Imperial Valley-06 El Centro Array 5 1979 6.53 SS 1.76
16 Imperial Valley-06 El Centro Array 6 1979 6.53 SS 0.00
17 Imperial Valley-06 Holtville Post Office 1979 6.53 SS 5.35
18 Imperial Valley-06 Parachute Test Site 1979 6.53 SS 12.69
19 Imperial Valley-06 SAHOP Casa Flores 1979 6.53 SS 9.64
20 Westmorland Parachute Test Site 1981 5.90 SS 16.54
21 Coalinga-01 Cantua Creek School 1983 6.36 RV 23.78
22 Coalinga-01 Parkfield - Fault Zone 7 1983 6.36 RV 29.91
23 Coalinga-01 Pleasant Valley P.P. - yard 1983 6.36 RV 7.69
24 Coalinga-05 Coalinga-14th Elm (Old CHP) 1983 5.77 RV 7.02
25 Coalinga-05 Pleasant Valley P.P. - yard 1983 5.77 RV 13.16
26 Morgan Hill Gilroy Array 3 1984 6.19 SS 13.01
27 Morgan Hill Gilroy Array 7 1984 6.19 SS 12.06
28 Morgan Hill Halls Valley 1984 6.19 SS 3.45
29 Morgan Hill San Juan Bautista, 24 Polk St 1984 6.19 SS 27.15
30 Bishop (Rnd Val) McGee Creek - Surface 1984 5.82 SS 21.79
31 Chalfant Valley-01 Zack Brothers Ranch 1986 5.77 SS 6.07
32 Chalfant Valley-02 Bishop - LADWP South St 1986 6.19 SS 14.38
33 Chalfant Valley-02 McGee Creek - Surface 1986 6.19 SS 28.20
34 Chalfant Valley-02 Zack Brothers Ranch 1986 6.19 SS 6.44
35 Whittier Narrows-01 Bell Gardens - Jaboneria 1987 5.99 RVO 10.31
36 Whittier Narrows-01 Carson - Catskill Ave 1987 5.99 RVO 29.85
37 Whittier Narrows-01 Compton - Castlegate St 1987 5.99 RVO 18.32
38 Whittier Narrows-01 Downey - Birchdale 1987 5.99 RVO 14.90
39 Whittier Narrows-01 Downey - Co Maint Bldg 1987 5.99 RVO 14.95
40 Whittier Narrows-01 El Monte - Fairview Av 1987 5.99 RVO 0.75
41 Whittier Narrows-01 Hacienda Heights - Colima 1987 5.99 RVO 9.60
42 Whittier Narrows-01 Inglewood - Union Oil 1987 5.99 RVO 21.41
43 Whittier Narrows-01 LA - Baldwin Hills 1987 5.99 RVO 21.51
44 Whittier Narrows-01 LA - Fletcher Dr 1987 5.99 RVO 11.07
45 Whittier Narrows-01 LA - N Faring Rd 1987 5.99 RVO 27.94
46 Whittier Narrows-01 LA - N Westmoreland 1987 5.99 RVO 15.34
47 Whittier Narrows-01 Lawndale - Osage Ave 1987 5.99 RVO 26.31

Continued on next page

1387



L. Moschen, R. A. Medina and C. Adam

No. Earthquake Name Station Name Year MW FM rjb/(km)

48 Whittier Narrows-01 Pasadena - Brown Gym 1987 5.99 RVO 4.30
49 Whittier Narrows-01 Pasadena - CIT Calif Blvd 1987 5.99 RVO 4.30
50 Whittier Narrows-01 Playa Del Rey - Saran 1987 5.99 RVO 29.42
51 Whittier Narrows-01 West Covina - S Orange Ave 1987 5.99 RVO 6.42
52 Spitak, Armenia Gukasian 1988 6.77 RVO 23.99
53 Loma Prieta Agnews State Hospital 1989 6.93 RVO 24.27
54 Loma Prieta Capitola 1989 6.93 RVO 8.65
55 Loma Prieta Coyote Lake Dam (Downst) 1989 6.93 RVO 20.44
56 Loma Prieta Gilroy Array 2 1989 6.93 RVO 10.38
57 Loma Prieta Gilroy Array 3 1989 6.93 RVO 12.23
58 Loma Prieta Hollister - South Pine 1989 6.93 RVO 27.67
59 Loma Prieta Hollister Differential Array 1989 6.93 RVO 24.52
60 Landers North Palm Springs 1992 7.28 SS 26.84
61 Northridge-01 Arleta - Nordhoff Fire Sta 1994 6.69 RV 3.30
62 Northridge-01 Beverly Hills - 14145 Mulhol 1994 6.69 RV 9.44
63 Northridge-01 Canoga Park - Topanga Can 1994 6.69 RV 0.00
64 Northridge-01 Canyon Country - W Lost Cany 1994 6.69 RV 11.39
65 Northridge-01 Hollywood - Willoughby Ave 1994 6.69 RV 17.82
66 Northridge-01 LA - Century City CC North 1994 6.69 RV 15.53
67 Northridge-01 LA - Fletcher Dr 1994 6.69 RV 25.66
68 Northridge-01 LA - N Westmoreland 1994 6.69 RV 23.40
69 Northridge-01 LA - Pico Sentous 1994 6.69 RV 27.82
70 Northridge-01 Moorpark - Fire Sta 1994 6.69 RV 16.92
71 Northridge-01 N Hollywood - Coldwater Can 1994 6.69 RV 7.89
72 Northridge-01 Newhall - W Pico Canyon Rd. 1994 6.69 RV 2.11
73 Northridge-01 Pacific Palisades - Sunset 1994 6.69 RV 13.34
74 Northridge-01 Playa Del Rey - Saran 1994 6.69 RV 24.42
75 Northridge-01 Rinaldi Receiving Sta 1994 6.69 RV 0.00
76 Northridge-01 Sylmar - Converter Sta 1994 6.69 RV 0.00
77 Northridge-01 Tarzana - Cedar Hill A 1994 6.69 RV 0.37
78 Kobe, Japan KJMA 1995 6.90 SS 0.94
79 Kobe, Japan Kakogawa 1995 6.90 SS 22.50
80 Kobe, Japan OSAJ 1995 6.90 SS 21.35
81 Kobe, Japan Shin-Osaka 1995 6.90 SS 19.14
82 Kobe, Japan Takatori 1995 6.90 SS 1.46
83 Kocaeli, Turkey Yarimca 1999 7.51 SS 1.38
84 Chi-Chi, Taiwan CHY025 1999 7.62 RVO 19.07
85 Chi-Chi, Taiwan CHY101 1999 7.62 RVO 9.94
86 Chi-Chi, Taiwan CHY104 1999 7.62 RVO 18.02
87 Chi-Chi, Taiwan TCU038 1999 7.62 RVO 25.42
88 Chi-Chi, Taiwan TCU110 1999 7.62 RVO 11.58
89 Chi-Chi, Taiwan TCU112 1999 7.62 RVO 27.48
90 Denali, Alaska TAPS Pump Station 10 2002 7.90 SS 0.18
91 Chi-Chi, Taiwan-03 CHY025 1999 6.20 RV 27.88

Table 3: Basic characteristics of ground motion records constituting the VGM record set (σt = 0.80 g,
α = 2.10) compatible with the normalized NEHRP-spectrum.
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3 GENERIC STICK MODELS

The generic stick models used throughout this paper are developed on the basis of an evaluation
of modal properties of the steel frames from the SAC steel project [19] and the ATC-76-1 project
[20]. In a pilot study, conducted by this research group [21], the modal properties of the perimeter
frames from the aforementioned projects were evaluated. Results demonstrated that linear first-
mode shapes are reasonable approximations to the fundamental mode shapes in the lateral and
longitudinal direction of these steel frames. Additionally, an analytical expression in terms of a
two term power series is used to quantify the relation between the fundamental periods in both
lateral, T1h, and longitudinal, T1v, directions, as a function of the total number of stories, N , of
the structure:

T1h = 0.720N0.63 − 0.401 (4)
T1v = −3.602N−0.02 + 3.621 (5)

Figure 8 shows a graphical representation of Equations (4) and (5). The squared markers in the
scatter highlight the empirical data observed from structural models of the SAC steel project [19],
and the circled scatter marks the data from the ATC-76-1 project [20]. Equations (4) and (5) and
linear first-mode shapes in the lateral and longitudinal direction are the basis to develop generic
stick models as shown below for an interior column of a perimeter frame.
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Figure 8: Relation between (a) the fundamental period T1h respectively (b) the fundamental period T1v
and the number of stories for the SAC steel project and the ATC-76-1 project.

Typical perimeter frames consist of two exterior columns and, if required, interior columns to
transfer the effects of equivalent lateral forces from the structure to the foundation. Figure 9a
shows schematically a six-story, two-bay generic frame. Lumped masses are depicted as gray
circles. The degrees of freedom with respect to the ground (xg(t), zg(t)) are denoted as xi(t)
in the lateral direction and as zi(t) in the vertical direction, where i is the floor number. In this
context, a generic stick model represents an isolated column line of a frame as shown for the
6-story generic frame in Figure 9b for an interior column. In this paper the development of the
generic stick model of interior columns is illustrated. The story and the floor numbering as well
as the enumeration of the seismic mass are defined in Figure 9b. Figure 9c shows the generic
stick model of the interior column consisting of columns, rotational springs cθi (representing the
flexural stiffness of the frame) and vertical springs cui (representing the shear stiffness of the
girders and the axial stiffness of the exterior columns). An additional rotational spring at the
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base cθ0 is required to make sure that the fundamental mode in the lateral direction is a straight
line over the structure’s height and to obtain a uniform distribution of the moments of inertia
over the height [22].
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Figure 9: Development of generic stick models for interior columns based on a two-bay generic frame. (a)
Complete generic frame, (b) isolated interior column with floor / story / mass numbering and (c) generic
stick model including equivalent springs.

Furthermore, the assumptions outlined below are required for the development of models
with appropriate flexibility in the vertical and horizontal directions:

• P∆ effects are not included. In other words, modal quantities are based on first-order
analyses. Thus, the global stiffness matrix K does not include the geometric stiffness.

• Lumped masses as shown in Figure 9 are used. When modeling the structure with a generic
stick, the mass matrix M is a diagonal matrix for the lateral as well as the vertical degrees
of freedom.

• The story height h is the same for each story and the bay width is l for each one of them
(see Figure 9).

• Since SAC and the ATC-76-1 frames are steel frames, Young’s modulus ofE = 2 · 1011 N/m2

is used.

• Column splices are located at column mid-heights (except the columns of the first story, the
splices of those members are located at mid height of the second story). Therefore, column
cross sectional properties Ai and Ii between story mid-heights are constant. Furthermore,
at each beam-column (BC) connection, column and girder member sizes are assumed to
be the same as shown in Figure 10b for the ith floor.

3.1 Structural parameters in the lateral direction

In this study, it is assumed that the first mode dominates the structural response and the
fundamental mode shape in the lateral direction is linear over the structure’s height. The
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deflected shape of the frame under lateral loading assumes points of inflection POIs at column
mid-heights and beam mid-spans (Figure 10a). This assumption allows the use of the free-body
diagram presented in Figure 10b by constraining the substructure using pinned supports at the
POIs.

At each floor level, the same seismic masses m(l)
ih , m(m)

ih and m(r)
ih are used at the left, mid, and

right of the BC connection as shown in Figure 10b. Thus, the total seismic mass in the horizontal
direction acting at each floor level of the perimeter frame equals:

m
(story)
h = m

(l)
ih +m

(m)
ih +m

(r)
ih (6)

For this generic stick model only the mass associated with the interior column is required,
therefore, mh = m

(m)
ih , which implies that floor masses are constant with a value equal to that

of the diagonal elements of the mass matrix Mh (note, the labels of the masses in Figure 9b
don’t have a subscript h to keep the figure independent from the lateral / vertical direction). The
seismic mass can be determined from the dead load of the structure including the weight of
cladding.

Equivalent lateral stiffness for the generic stick models can be obtained by imposing the
deflected shape shown in Figure 10b to the various substructures along the height of the frame.
Both exterior columns are the same. In particular, each BC connection consists of a half column
of the lower story, a half column of the upper story, and a half girder. In contrast, the BC
connection at the interior column is stiffer since two half girders frame into it.

The stiffness of an isolated BC connection can be expressed in terms of the relative lateral
deformation u of the bottom and top column nodes in the free-body diagram of Figure 10b for a
unit shear load. Thus, the individual contribution of the half columns below and above the girder
to the total horizontal deflection is given by:

u(col) =
(h/2)3

3EIi
(7)

The deflection given by Equation (7) is equivalent to the deformation at the tip of a cantilever
column of length h/2 that frames into a rigid girder when a unit shear load is applied. Now, if
the girder is flexible and the column is considered to be rigid in flexure, then, the relative lateral
deformation between the bottom and top column nodes in the free-body diagram of Figure 10b
for a unit shear load is given by:

u(gir,int) = 2
l/2 (h/2)2

3EIi
(8)

u(gir,ext) = 4
l/2 (h/2)2

3EIi
(9)

The total substructure flexibility caused by the flexibility of the columns and the girder(s) is
given by:

u(int) = 2u(col) + u(gir,int) (10)

u(ext) = 2u(col) + u(gir,ext) (11)

The equivalent lateral stiffness for each column line of the substructure of Figure 10b is then the
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inverse of the flexibility given by Equations (10) and (11) and it is equal to:

c(int) =
1

u(int)
(12)

c(ext) =
1

u(ext)
(13)

Then, the total lateral story stiffness yields:

c(story) = 2c(ext) + c(int) (14)

Since the story shear force is directly proportional to the story mass (if damping is neglected),
the seismic mass on the exterior columns and the interior column is proportional to the ratio
between the individual joint stiffnesses and the total lateral stiffness for the substructure:

m
(m)
ih =

c(int)

c(story)
m

(story)
h =

5

11
m

(story)
h (15)

m
(l)
ih = m

(r)
ih =

c(ext)

c(story)
m

(story)
h =

3

11
m

(story)
h (16)
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Figure 10: Generic frame vibrating in its lateral linear fundamental mode. (a) Complete generic frame
and (b) isolated substructure.

For vibration in the lateral direction the beam members are assumed to be axially rigid. The
equivalent stiffness cθi of the rotational spring that represents the girders at the ith floor level
(see Figure 10b) can be obtained by evaluation of:

cθi = 2
3EIi
l/2

=
12EIi
l

(17)

In order to obtain a uniform distribution of the moments of inertia over the structure’s height a
rotational spring is added at the base, which simulates beams framed at the bottom of the first
story column:

cθ0 = 2
3EI1
l/2

=
12EI1
l

(18)
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Assembling the global mass- and stiffness matrix leads to the eigenvalue problem formulated
in terms of the first eigenvalue and the corresponding linear mode shape:

(Mh − λ1hKh)φ1 = 0 (19)

where the first eigenvalue λ1h is the inversion of the square of the fundamental circular frequency
ω1h, which can be estimated by using Equation (4):

λ1h =
1

ω2
1h

=
T 2
1h

4π2
(20)

Hence, the unknown parameters in the system of nonlinear equations in Equation (20) are the
moments of inertia Ii. In other words, there are N unknown moments of inertias if the structure
is a N -story frame. Equation (19) can be seen as a simple optimization problem. The roots of the
nonlinear system of equations can be found by the function fsolve, which is a part of Matlab’s
Optimization Toolbox [15].

3.2 Structural parameters in the vertical direction

For vibration in the vertical direction the seismic mass is simply defined by the associated
floor tributary area. From Figure 11b it can be seen that the seismic mass of the exterior column
is equal to the half of the mass acting on the interior column:

m
(m)
iv =

1

2
m(story)
v (21)

m
(l)
iv = m

(r)
iv =

1

4
m(story)
v (22)

When the structure vibrates in its vertical fundamental mode (see Figure 11a) the vertical
springs in Figure 9c represent the flexural stiffness of the girders. The POIs are assumed to be
located at column mid-heights and beam mid-spans as shown in Figure 11a. The equivalent
stiffness of the vertical springs cui can be obtained from Equation (23), which is analogous to
Equation (17):

cui =
3EAiIi (h+ 12l)

3Iih2 + Aihl3 + 36Iihl + 3Ail4
(23)

The eigenvalue problem formulated in terms of the linear fundamental mode shape and the
corresponding eigenvalue in the vertical direction leads to:

(Mv − λ1vKv)φ1 = 0 (24)

The first eigenvalue in the vertical direction can be estimated by using Equation (5):

λ1v =
1

ω2
1v

=
T 2
1v

4π2
(25)

The unknown variables are the cross sectional areas Ai, which can determined using simple
optimization techniques.
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Figure 11: Generic frame vibrating in its vertical linear fundamental mode. (a) Complete generic frame
and (b) isolated substructure.

3.3 Evaluation of structural parameters

The parameters of the generic stick model are determined based on the mass and geometric
characteristics outlined below.

• Seismic active story mass for vibration in the horizontal direction:

m
(story)
h = 229 741 kg ≈ 230 t ≈ 10 000 kip (26)

• Seismic active story mass for vibration in the vertical direction:

m(story)
v = 19 271 kg ≈ 19 t ≈ 830 kip (27)

• Story height, h, and bay width, l:

h/l = 1/2, h = 3.96 m = 13 ft (28)

Substituting Equation (28) into Equation (23) leads to a simplified formulation for the stiffness
of the equivalent vertical springs:

cui =
1

7

75

l3

EIi
+

1

2

l

EAi

(29)

Equations (26) and (27) are substituted into Equations (15) and (21) to define the seismic mass
in each story in the vertical and horizontal direction.

Performing the optimization problem defined by the eigenvalue problems in Equations (19)
and (24) for generic stick models with N = 3, 6, 12, and 24 stories leads to the moments of
inertia Ii and the area Ai of the cross sections of the generic stick.
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Figure 12a shows the ratio between the moment of inertia of the cross section in the ith
floor Ii and the cross section of the first floor I1. The same variation of this parameter over the
structure’s height is applied to all generic stick models with different number of stories. The
moment of inertia decreases with an increase in height. This behavior is consistent with the
variation of moment of inertia found in real perimeter steel moment-resisting frames [4, 19,
20]. In contrast, the profiles of the normalized area of the cross sectional area Ai/A1 are shown
in Figure 12b. The 3-, 6-, and 12-story structures have distributions of cross sectional area
consistent with the corresponding profiles of the moments of inertia. However, for the 24-story
generic steel model, the cross sectional area grows with increasing height up to approximately
2/3hrel, which is not consistent with the distribution of cross sectional areas in real perimeter
frames. A reasonable explanation is that the generic structure is based on results (fundamental
modes and corresponding periods) of real structures. A qualitative evaluation of the difference
between the fundamental periods predicted from regression equations and their associated data
points, as shown in Figures 8a and 8b, leads to the conclusion that the error is larger for tall
structures than for low-rise structures. This is another reason why the profile of the relative cross
sectional-areas of the 24-story generic stick model deviates from that of the actual structure.
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Figure 12: Distribution of (a) the moments of inertia Ii and (b) the areas Ai of the cross sections over the
relative height for the generic stick models used in this study.

4 RESULTS

4.1 Profiles of the vertical peak floor acceleration demand

Profiles of vertical peak floor acceleration demands PFAv normalized to the vertical peak
ground acceleration PGAv due to ground motions of the VGM record set are shown in Figure 13.
Gray lines show profiles of single records, bold black curves indicate statistical measures.
PFAv demands increase with the number of stories (or vertical period). The maximum

median amplification occurs for all structures at the roof level and it is approximately 4PGAv.
The importance of higher modes can be observed by evaluating the behavior of the 6-story

frame (Figure 13b). In this case, the structure is tuned to a fundamental period in the vertical
direction equal to T1v = 0.15 s = 20/3 Hz. This period lies exactly on the lower corner frequency
of the NEHRP-spectrum in Figure 1. Thus, the first few higher modes of the 6-story structure
experience relatively high modal spectral acceleration demands, which causes an increase in
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accelerations with respect to the 3-story structure. This behavior is also observed for the 12- and
20-story generic stick models.

These results show that, in general, PFAv demands tend to vary linearly over the structure’s
height. The taller the structure, the more S-shaped the PFAv profiles are. This behavior is
also reported in a study of R.S. Chaudhuri [23] on the evaluation of PFAh demands. While
regression equations are proposed for the S-shaped PFAh demand in [23], a very simple linear
fitting equation could lead to a useful approximation of the PFAv demands over the height of
the structure.
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Figure 13: Profiles of the vertical peak floor acceleration demand normalized to the vertical peak ground
acceleration for the (a) 3-story, (b) 6-story, (c) 12-story, and (d) 24-story generic stick models exposed to
records from the VGM record set.

In order to evaluate the adequacy of Equation (1), which was developed for NSCs [1],
Figure 14 shows the ratio of PFAv to PGAh. The vertical dash-dotted line at PGAv/PGAh = 1/2
represents Equation (1) in terms of the vertical acceleration demand of a nonstructural component
based on seismic design provision in the United States of America. It is evident from Figure 14
that the codified procedure leads to an underestimation of the PFAv demand in contrast to the
median profiles. As already mentioned, a linear variation of PFAv over the height is a more
representative characterization. A reasonable distribution analogous to the PFAh (i.e. height
factor) demand determined from the seismic equivalent lateral forces acting on NSCs defined in
[1] would lead to a better approximation based on the results from this study.
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At the base of the structures, the resulting PFAv to PGAh ratios are consistent with the V/H
ratios discussed in the study of Bozorgnia and Campbell [7]. Traditionally, the PGAv/PGAh ratio
is assumed to be 2/3, which is adequate for a median ratio. However, the 84th percentile value is
larger than unity and the peak value is larger than two. Therefore, if the objective is to propose a
codified procedure to estimate V/H ratios, a value greater than 2/3 may be warranted.
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Figure 14: Profiles of the vertical peak floor acceleration demand normalized to the horizontal peak
ground acceleration for the (a) 3-story, (b) 6-story, (c) 12-story and (d) 24-story generic stick models
exposed to records from the VGM record set.

5 SUMMARY AND CONCLUSION

The focus of this paper is on the evaluation of vertical peak floor acceleration demands
in elastic, regular perimeter frames of steel structures designed according to older [24] and
more modern generations of U.S. design codes [25]. Rigorous treatment of the vertical peak
floor acceleration (PFAv) demand on NSCs is neglected in building codes since typical civil
engineering buildings are assumed to behave rigidly in vertical direction.

This study highlights critical research needs as well as the importance of studying PFAv
demands for NSCs. The most salient observation from the results of this study is that neglecting
the vertical component of the base acceleration may lead to a drastic underestimation of the
vertical design forces for NSCs. This underestimation may lead to risk of injuries; loss of
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functionality; and/or significant repair costs associated with damages to components, their
supports, and attachments.

In this paper, a ground motion record set compatible with the recommended vertical design
response spectrum in the United States of America [8] (in this report referred as NEHRP-
spectrum) is generated and generic stick models of column lines in steel perimeter frames are
designed. These generic structures were used to evaluate PFAv demands close to the locations
of columns in the structure.

The results from this study show that the vertical floor acceleration demands are in general
much larger (up to a factor of three in the median) than the peak vertical ground acceleration. In
addition, peak vertical floor accelerations tend to increase with height. These two observations
are not explicitly accounted for in current design provisions in the United States of America,
which may lead in many cases to the underestimation of vertical component design forces.
However, these conclusions are based on assumptions made on numerical models and ground
motion properties consistent with the ones used in this study. In addition, only record-to-record
variability was accounted for.
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Abstract. Recent research has shown that structures may experience quite different response 

when the components of any given ground motion record are rotated in the horizontal plane. 

On the other hand, significant differences are also associated with using different ground mo-

tion records. This paper examines whether it is preferable to use a small set of records, each 

rotated to multiple incidence angles, or a larger set with fewer (or no) rotations, in the case 

we wish to perform a fixed number of nonlinear dynamic analyses and we have little site in-

formation. To this purpose we collected a relatively large, non-pulsive set of records and ap-

plied it to an elastoplastic single-degree-of-freedom (SDOF) system. Finally, bootstrapping 

was performed to investigate the effect of the number of rotation angles studied versus the 

number of records on the statistics of response. The results indicate that, in all cases, and es-

pecially when a small number of nonlinear analyses is allocated, the effect of record-to-

record variability clearly outweighs the incidence angle influence. Using a small set of rec-

ords can lead to unreliable results by both inaccurate estimation of the central value and se-

vere underestimation of the dispersion. 
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1 INTRODUCTION 

In the past few years, several researchers have examined the impact of the record orienta-

tion on both single-degree-of-freedom (SDOF) and multi-degree-of-freedom (MDOF) sys-

tems. As a general conclusion, it can be said that the incidence angle can influence the 

structural response. On the other hand, various studies have shown that when performing time 

history analyses, e.g. with Incremental Dynamic Analysis (IDA, Vamvatsikos and Cornell 

[1]), the use of large sets of records is crucial, for the better probabilistic assessment of the 

results, due to the substantial record-to-record variability. 

Particularly, Rigato and Medina [2] studied the influence of the earthquake direction on 

seismic demand for both symmetrical and asymmetrical inelastic single-story structures, of 

various degrees of inelasticity and of a wide range of fundamental periods, and demonstrated 

that applying bi-directional ground motions only along the principal axes of an inelastic build-

ing underestimates the inelastic peak deformation demand when compared to those obtained 

at other angles of incidence. The same trend, with an increase of up to 37%, for rotated rec-

ords, in terms of both roof displacements and plastic hinge rotations, was found in the re-

search of Magliulo et al [3], which was based on an L-plan shape multi-story RC building. 

Kalkan and Kwong [4] examined the merits and demerits of rotating ground motion records to 

fault-normal (FN) and fault-parallel (FP) for response history analysis in the case of pulsive 

records, using an instrumented 6-story concrete building. They concluded that though the crit-

ical angle varies with the ground motion pair and the response quantity of interest, the use of 

the larger response among the two values corresponding to the FN and FP directions, com-

pared to no rotation at all, is warranted. Lagaros [5] implemented multicomponent incremen-

tal dynamic analysis (MIDA) on both symmetric and non-symmetric, in plan, 3D mid-rise RC 

buildings, while taking the incidence angle as variable. Based on 15 different records and on 

Latin Hypercube Sampling (LHS) he came to the conclusion that the use of 30 record-

incidence angle pairs is sufficient for probabilistic analysis. The same author [6] researched 

the impact of the earthquake orientation on the seismic loss estimation in order to perform life 

cycle cost assessment using MIDA. He concluded that MIDA represents a more suitable way 

to take into consideration the randomness of both record and incidence angle, while his find-

ings that 5 randomly chosen incident angles are enough for taking the randomness of attack of 

the earthquake into account, were based on an increasing number of total analyses. In the 

same study he highlighted that the use of a large number of different records is crucial. Fragi-

adakis et al [7] pointed up that different ground motion records, stemming from either differ-

ent seismic events or even different recording stations, will produce different demand that 

varies considerably. Therefore, in order to get reliable response estimates, an appropriately 

selected set of several ground motion records is necessary, since a single time history analysis 

is of limited practical use. The uncertainty in the collapse fragility curve and furthermore in 

the mean annual frequency of collapse associated with record-to-record variability was exam-

ined by Eads et al [8] and it was shown that using a small number of ground motions can lead 

to unreliable estimates of a structure’s collapse risk. Finally, we need to mention that using 

the seismic codes at their lower limit (of 3 or 7 records), has been the source of criticism for 

potentially unconservative results by several researchers (e.g. Bradley, [9]). 

The objective of this paper is to investigate the effect of the number of both rotations and 

records on the structural response, based on a statistical approach, and suggest whether it is 

preferable to use a small set of records, each rotated to various angles, or a larger set of rec-

ords, without considering more orientations, in the case we can only run a fixed number of 

analyses and there is little site information that would favor one orientation over another. As a 

first step we present plots which make clear that both rotations and records can severely influ-
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ence the elastic and inelastic response of a SDOF system and then we give the full IDA and 

statistical analyses for SDOF systems of various periods for the non-pulsive set of records. 

Based on the aforementioned, it will be shown that the record-to-record variability clearly 

overshadows the impact of the incidence angle, especially when a small number of non-linear 

dynamic analyses is conducted. 

2 A FIRST APPROACH TO ROTATION-TO-ROTATION AND RECORD-TO-

RECORD VARIABILITY 

Initially we examine the influence of both rotations and records in the case of an elastic 

SDOF system that was arbitrarily chosen to have a period of 1 sec. This model is analyzed for 

30 different records, each one rotated with a constant step of 1o in the interval of [0o, 180o], 

and the maximum elastic displacement versus the angle of rotation is shown in Figure 1. From 

this plot, it is clear that the angle of rotation affects the maximum response of the structure, 

since every single line, which corresponds to a different record, takes different values while 

the orientation θ changes. It is also observed that for θ = 0o, we have a vast range of values for 

the elastic displacement, which means that different records lead to different responses as well. 

 

Figure 1: Maximum elastic displacement for 30 records versus angle of rotation. T = 1 sec, ζ = 5%. 

The records used for Figure 1 were of different intensity, as they were applied as originally 

recorded. On top of that, in real life all structures are designed to yield and reach their plastic 

region, so the approach based on the response of the elastic SDOF system is insufficient. In 

order to address this problem, we create the elastic response spectra shown in Figures 2a and 

2b, for ζ = 5%, which are all scaled to the same value of spectral-acceleration for T = 1 sec. 

Particularly, Figure 2a shows 30 spectra of the same record (based on the event of Loma Prie-

ta) rotated with a constant step of 6o in the interval [0o, 180o), while Figure 2b depicts 30 

spectra each one from a different recording. In the case of a SDOF system with period T = 1 

sec, yielding would cause a period larger than 1 sec, clearly leading to uncertainty in terms of 

structural response as it is evident in both figures for periods greater than 1 sec. Thus, it is ob-

vious that the structural response is a function of both orientation and record, due to the fact 

that for periods greater than the initial fundamental period, the seismic demand takes values 

from a wide range. 
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(a) Same record, different orientations. (b) One orientation, different records. 

Figure 2: Scaled (T = 1 sec) elastic response spectra for ζ = 5% for (a) various orientations of the same record 

and (b) various unrotated records. Both figures show 30 spectra. 

Thus far, it has been shown that both records and rotations seriously affect the seismic de-

mand. In order to quantify the emerging uncertainty and obtain an idea on which variable is 

more critical, we implement statistical methods, and particularly bootstrapping [11], on a 

large number of IDA curves of a SDOF system with T = 1 sec, that originate from 135 records 

and 60 rotation angles, i.e. 135x60 = 8,100 total analyses. The details regarding these dynam-

ic analyses, the probabilistic assessment methods, the set of records, the SDOF model etc, will 

be given in the next chapter. We make the assumption that the total number of analyses is 

constant and equal to 60. That being said, we use two statistical approaches: one with 60 dif-

ferent records for each sample, therefore only 1 angle of rotation, and one with 2 different 

records for each sample, thus 30 equidistant angles of rotation. From the analyses mentioned 

before we create Figures 3a and 3b. Figure 3a shows the plasticity μ, defined as the maximum 

plastic displacement over the yielding displacement, versus the normalized intensity R, de-

fined as the demand acceleration over the yield acceleration. On Figure 3b we plot the disper-

sion β of each sample, defined as the standard deviation of the logarithm of the data, versus 

the normalized intensity. From Figure 3a it is apparent that when using a small number of 

records, the mean of the median value of all samples is close enough to the actual median val-

ue that is taken from the whole population. When using only one random sample, which is the 

case when designing a real structure, the probability of having a large deviation that would 

lead to unrealistic results, either conservative or unconservative, is much higher than in the 

case of using a larger number of records. From Figure 3b it is apparent that choosing to use 

few records rotated in various orientations will lead in both underestimation, in means of cen-

tral value, of the natural dispersion which is caused by the phenomenon of the earthquake it-

self, as it is clear by comparing the mean value of all samples with the one of the whole 

population, and increased estimation error due to the poor sampling. This error is obviously 

downsized when using a large number of records. From all the previous analyses, it is clear 

that for this SDOF model the use of a large number of different records will produce much 

more realistic and reliable results than using a large number of angles of incidence, due to the 

fact that the record-to-record variability is greater than the rotation-to-rotation one. In the fol-

lowing chapters we investigate whether this trend stands for various values of the period of 

the SDOF system.  
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(a) Distribution of the median. 

 

(b) Distribution of the dispersion. 

Figure 3: Statistical distribution of a SDOF model with T = 1 sec and ζ = 5%, for (a) Median and (b) disper-

sion, for a total of 60 analyses. 

3 ANALYSIS OF SDOF MODEL WITH NON-PULSIVE SET OF RECORDS 

3.1 Assumptions, input data and basic calculations  

The SDOF system examined is a relatively simple model. Particularly, we assume that the 

system is bilinear with elastic-perfectly plastic response, while degradation and hardening 

have not been taken into account. The damping ratio is 5% and we use a wide range of peri-

ods, i.e. 0.2, 0.5, 1.0 and 2.0 sec, so as to investigate both rigid and flexible systems. The 

yielding displacement is arbitrarily assumed to be dy = 0.035m. 
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Regarding the earthquake data, we use a set of 135 non-pulsive records from 33 events all 

around the world from all kinds of faults.  The maximum number of records from each earth-

quake was chosen to be equal to 8 to avoid introducing any bias, caused by over-representing 

a single event. The moment magnitude ranges from 6.4 to 7.7, while the Joyner-Boore dis-

tance ranges from 0 to 30 Km. Despite the small distance, care was exercised to avoid “con-

sensus” pulse-like motions. The site class, according to the NEHRP, is chosen to be C or D, 

so the soil shear wave velocity takes values from 183 to 762 m/s. 

The as-recorded accelerograms are rotated in the horizontal plane using the equations: 

 
cos sin

sin cos

a x y

a x y

x a a

y a a

 

 

 

  
 (1) 

θ being the angle of rotation in the counterclockwise direction, with a constant step of 3o in 

the [0o,180o) interval, creating 60 different orientations. For the scaling of the accelerograms 

that is needed to conduct IDA’s, we define the normalized intensity R in the interval [1.5, 6] 

with a constant step of 0.5, thus every IDA has 10 levels of intensity. 

Finally, for the statistical assessment of the results we use bootstrap. Particularly, we create 

a large number of samples (10,000) for each case and the results produced by this sampling 

can be assumed to represent the potential variation for the statistical parameters of interest. 

Based on this methodology, we can easily come to conclusions regarding whether it is better 

to use more orientations or more records by comparing both central values and dispersions. 

  

(a) Bias of the median (b) Bias of the dispersion β 

  

(c) Variance of the median (d) Variance of the dispersion β 

Figure 4: Constant number of rotations for T = 1 sec (a) Bias of the median, (b) Bias of the dispersion β, (c) Var-

iance of the median and (d) Variance of the dispersion β. 
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3.2 Results  

After running the analyses for the whole set of records, i.e. 135x60 = 8,100 analyses, for 

each period mentioned before, we choose to use two comparison paradigms: the first one is 

for constant number of rotations while the number of total analyses, i.e. the number of records, 

is increasing and the second one is for constant number of total analyses while both numbers 

of rotations and records are variables. In the next paragraphs we give the results for T = 1 sec 

and T = 0.2 sec as the results for T = 2 sec and T = 0.5 sec follow the same trends.  

Using the approach of constant number of rotations, we take the graphs shown in Figures 4 

and 5. From these figures it is clear that: i) for constant number of total analyses, the more 

records we use the less error we have in the results, ii) regardless of the number of rotations, 

the increase in the number of records leads to decreased values of estimation error, iii) the in-

crease in the number of rotations does not decrease the error, iv) by using few records for 

longer periods, the bias of the median is negligible, while the bias of the dispersion as well as 

the variance of both the median and the dispersion are not, meaning that by choosing only one 

single sample for real life applications both the median and the dispersion may include severe 

errors leading to unreal estimates of the collapse probability and v) by using few records for 

lower periods, the error in the estimates is much higher and cannot be neglected even for the 

central value of the median. 

  

(a) Bias of the median (b) Bias of the dispersion β 

  

(c) Variance of the median (d) Variance of the dispersion β 

Figure 5: Constant number of rotations for T = 0.2 sec (a) Bias of the median, (b) Bias of the dispersion β, (c) 

Variance of the median and (d) Variance of the dispersion β. 
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(a) Bias of the median (b) Bias of the dispersion β 

  

(c) Variance of the median (d) Variance of the dispersion β 

Figure 6: Constant number of analyses Ntot = 60 for T = 1 sec (a) Bias of the median, (b) Bias of the disper-

sion β, (c) Variance of the median and (d) Variance of the dispersion β. 

Using the approach of constant number of analyses for Ntot = 60 we take the graphs shown 

in Figures 6 and 7. From these figures we see that: i) the more records used the less error is 

introduced, ii) for longer periods the bias of the central value tends to be zero regardless of the 

number of records used, but all the other parameters have severe errors, iii) the error increases 

for lower periods and iv) the differences between 30 and 60 records are negligible meaning 

that using 30 records can lead to acceptable results for an elastoplastic SDOF; meanwhile 10 

records may lead to wrong estimates so the provisions of the EC8 for using either the maxi-

mum response based on 3 records or the mean based on 7 can lead to unconservative calcula-

tions. 

In the aforementioned, when using the term error we mean the bias and the variance of the 

statistical parameter being examined. Particularly, the bias is defined as the difference be-

tween the mean value of the parameter (median or dispersion β) based on all samples and the 

actual parameter value taken from the whole population over the latter, while the variance is 

defined as the coefficient of variation, i.e. the standard deviation over the mean of the parame-

ter. 
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(a) Bias of the median (b) Bias of the dispersion β 

  

(c) Variance of the median (d) Variance of the dispersion β 

Figure 7: Constant number of analyses Ntot = 60 for T = 0.2 sec (a) Bias of the median, (b) Bias of the disper-

sion β, (c) Variance of the median and (d) Variance of the dispersion β. 

4 CONCLUSIONS 

The effect of the incidence angle on the structural response has been investigated in prob-

abilistic terms vis-à-vis the number of distinct records used while running time history anal-

yses. The most significant findings of this work can be summarized as follows: 

 The record-to-record variability is clearly larger than the one of rotation-to-rotation, 

so, in the case of having no site information regarding the actual orientation of the 

fault with respect to the structure, the use of the largest set of records possible is war-

ranted. 

 The provisions of EC8 regarding time history analysis that suggest using the maxi-

mum response based on 3 records or the mean based on 7 records can lead to uncon-

servative results, especially if one is interested in the dispersion of structural 

demand. The use of the central value based on 30 records seems to be accurate 

enough. 

 The error induced by poor sampling when using a small number of records is larger 

for lower periods of the oscillator. 
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We need to mention that these findings only concern a single-degree of freedom oscilla-

tor. Still, we expect that real structures will generally show similar results, unless perhaps 

there is some directional preference in the structural system. This subject is the current re-

search topic of the authors. 
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Abstract. To assess the seismic performance of a structural system within an analytical con-
text, we need, among others, to specify a ground motion Intensity Measure (IM). The wary IM 
selection is undoubtedly an important step towards the successful implementation of a risk 
assessment, since insufficient and/or inefficient IMs can induce unwanted bias and variance 
in the vulnerability estimates. Supplementary issues related to practicality, necessitate the use 
of IMs for which ground motion prediction relationships exist, such as the elastic response 
spectral values (i.e. acceleration, velocity and displacement). Several past studies suggested 
as an improvement the use of IMs defined as the geometric mean of spectral acceleration val-
ues computed over a period range. The latter range may span between periods that are below, 
at or above the fundamental one. Some of these choices were proven to significantly improve 
both efficiency and sufficiency of the IM compared to more commonly used counterparts. 

This study investigates the efficiency and sufficiency of a newly developed scalar IM that 
combines the geometric mean IM concept with the significant duration of the ground motions. 
Improving the geometric mean IMs via including the significant duration of the ground mo-
tions, was driven by recent findings suggesting there is a strong tie between the collapse ca-
pacity of a structure and the ground motion duration. Hence, the performance of the proposed 
next generation IM is addressed in detail by means of comparisons and statistical signific-
ance tests. The testing is performed at specific levels of local engineering demand parameters 
that are closely related to losses, using a testbed capacity-designed steel moment-resisting 
frame. It was demonstrated that ground motion duration is closely related to the collapse ca-
pacity whereas its effect at lower demand levels is insignificant. Hence, the proposed IM may 
be employed to improve the estimates in collapse assessment studies. Nevertheless, at least 
for steel moment-resisting frame buildings that exhibit moderate cyclic degradation rates and 
sustain most losses prior to the global collapse state, the significant duration is anticipated to 
only minimally affect the evaluated vulnerability and consequently may be disregarded.    
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1 INTRODUCTION 
To perform an analytical seismic vulnerability assessment of a structural system, we need, 

among others, to specify a ground motion Intensity Measure (IM). An IM is actually an inter-
face variable that efficiently separates the seismology and the structural engineering domains. 
This distinction is manifested in that the seismologists could independently estimate the IM's 
statistical properties via a probabilistic seismic hazard analysis [1], while the engineers can 
economize by assessing structural responses, vulnerability and losses conditioned solely on 
the IM level, rather than on the basis of the several seismological parameters (e.g. magnitude, 
distance etc). To achieve this desirable decoupling, the IM needs to be (a) practical, (b) effi-
cient and (c) sufficient with respect to the underlying characteristics of the site and source [2]. 

Practicality necessitates the use of IMs for which Ground Motion Prediction Equations 
(GMPEs), also known as attenuation relationships, are available. This generally restricts us to 
the realm of peak ground acceleration/velocity/displacement and pseudo spectral acceleration 
values. Efficiency means that structural response, measured by appropriate Engineering De-
mand Parameters (EDPs), at any given level of the IM, should exhibit a low record-to-record 
variability. This enables the evaluation of the conditional EDP distribution with a small num-
ber of time-history analyses without incurring considerable estimate errors. Finally, the suffi-
ciency requirement stipulates that the IM can “cover” the effect of any important 
seismological parameter, thus removing any bias from considering e.g. ground motions of dif-
ferent magnitudes, distances, fault rupture mechanisms, or epsilons (see [3]). 

On account of the above, several past studies suggested as an improvement the use of IMs 
defined as the geometric mean of spectral acceleration values computed over a period range. 
For instance, Cordova et al. [4] suggested the use of the geometric mean of two Sa compo-
nents evaluated at two period levels, these being the fundamental period (T1) and a period that 
is two times the fundamental one (2T1). The latter period level was introduced at the IM esti-
mation so as to account for the period elongation associated with the structural damage. This 
choice was proven to significantly improve both the efficiency and the sufficiency of the es-
timation, compared to Sa(T). It also remains practical, as a GMPE for Sagm(Ti) is easily esti-
mated from existing Sa(T) GMPEs, given the correlation of spectral ordinates [4]. In a similar 
track, Tsantaki & Adam [5] showed that the improvement achieved over the resulted record-
to-record variability at collapse, by means of adopting a geometric mean of spectral accelera-
tions, may be further increased by espousing an enhanced period range. For the latter, they 
proposed a simple analytical expression that links the initial period T1 to an elongated period 
and illustrated that the geometric mean of the spectral accelerations evaluated across that pe-
riod band, leads to a notable reduction in the seismic collapse capacity dispersion. An addi-
tional scalar IM based on Sa(T1) and a parameter Np that accounts for the spectral shape in a 
period range, was proposed by Bojorquez & Iervolino [6] and was found to have good effi-
ciency.  

Even more recently, Kazantzi & Vamvatsikos ([7], [8]) demonstrated that an efficient and 
sufficient IM for a class of buildings may be attained by specifying an appropriate period 
range that includes periods above (to account for the period elongation due to structural dam-
age), at and below (to account for the contribution of higher modes) the class-average first-
mode period and using the geometric mean of the spectral accelerations evaluated at these pe-
riods. The satisfactory performance of the proposed IM was verified across the entire practical 
range of peak floor acceleration (PFA) and interstory drift ratio (IDR) values at every floor 
and story, respectively, for building classes that involved both low and high-rise structures. 
On that premise, and considering the recent findings suggesting the ground motion duration to 
affect the collapse capacity of both non ductile and ductile structures [9], we will propose in 
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this study a new scalar IM that combines the geometric mean IM concept with the significant 
duration property of the ground motions. The testbed for the present study will be a single 
contemporary capacity-designed midrise steel moment-resisting frame (MRF) [10]. Neverthe-
less, it is believed the results being applicable to collapse vulnerability studies that involve 
either higher numbers of stories or even a class of buildings, but this is up to upcoming ongo-
ing research to prove. 

2 SIGNIFICANT DURATION 
As discussed in the preceding section, an efficient IM, is one for which the structural re-

sponse, measured by an appropriate EDP at any given level of intensity, yields a low record-
to-record variability. On the other hand, a sufficient IM, renders the structural response at a 
given level of IM insensitive to seismological parameters, such as the magnitude (Mw) and the 
source-to-site distance (R). The significant duration of the ground motion is actually a func-
tion of the magnitude [11] and hence its effect may be considered masked when using a per-
fectly sufficient IM. Nevertheless, since the latter could only exist theoretically, the ground 
motion duration effect on the structural response and/or the collapse risk is likely to be non-
negligible. To this end, such field has attracted some research efforts in recent years, which 
have so far concluded that ground motions with larger durations do not necessarily result in 
larger peak drift demands [12] but they might trigger a negative correlation with the collapse 
capacity, more likely due to the higher hysteretic energy demands imposed to the structural 
system [9]. 

The term significant or strong motion duration refers, in this study, to the time interval 
where 5% and 75% of the ground motion Arias Intensity (AI) has been recorded [13]. This 
time interval is denoted as T5-75% (=T75%-T5%) whereas, the AI property may be calculated us-
ing the following equation, 

 
rT

dtta
g

AI
0

2 )(
2
  (1) 

where, )(ta is the acceleration history over time in units of g, rT is the total recorded time of 
the accelerogram and g  is the acceleration of gravity. 

 
3 DEFINITION OF THE NEW SCALAR IM 

In previous studies undertaken by the authors ([7], [8]) it was demonstrated that a geome-
tric mean IM which uses five periods, Sagm(Ti), ranging from the second-mode (T2) to twice 
the first-mode period (2∙T1), performs satisfactorily, efficient and sufficient-wise, for both low 
and high-rise buildings. Despite its apparent advances compared to other commonly used 
spectral based IMs, this IM still disregards the potential correlation of the collapse risk to the 
significant ground motion duration, which was recently found to have a non-negligible effect, 
especially in the case of ductile structures [9]. To deal with this limitation as well as to ex-
plore its potential consequences, we introduce a new definition for a scalar IM that combines 
the Sagm(Ti)  with the significant duration property, T5-75%. The newly proposed IM, denoted in 
this study as IM(T5-75%) maintains practicality and predictability, since both of its terms are 
readily available by means of existing GMPEs. Nevertheless, its ability to relate more effec-
tively with the structural response and collapse capacity will be thoroughly investigated by 
means of a testbed application. The IM(T5-75%) may be evaluated using the following formula, 

   )()( %755%755 iagm
k TSTTIM    (2) 

1412



Athanasia K. Kazantzi and Dimitrios Vamvatsikos 

where, k is a weight factor that needs to be determined via calibration studies and Sagm(Ti)  is 
defined as, 

 5
1112122 )2()5.1()(])5.1,2/)(min[()()( TSTSTSTTTSTSTS aaaaaiagm   (3) 

The effectiveness of the new scalar IM(T5-75%), will be tested against three IMs, namely 
Sa(T1), Sa(1sec) and the Sagm(Ti) choice as this is defined in Equation 3. 
 
4 TESTBED APPLICATION 

The testbed application of the present study is a capacity-designed steel MRF building. The 
building consists of four stories, the first being 4.6 m high and the ones above 3.7 m. It was 
designed as an office building to 2003 IBC and AISC provisions for the Los Angeles area and 
it has a rectangular floor plan consisting of 3 bays at 9.1 m in the North–South direction and 4 
bays at 9.1 m in the East–West direction. Our focus will be the East–West framing, in which 
only the two middle bays are moment-resisting. The columns of the moment-resisting bays 
were assumed to be fixed at their bases, whereas they are also spliced at the mid-height of the 
third story. The beams were designed as reduced sections (RBS) with their ‘dogbone’ geome-
tries detailed according to FEMA 350 [15]. The building’s seismic performance was eva-
luated using a 2D analytical model with elastic elements in OpenSees [16] were plastic hinge 
formation (point plasticity) was allowed at column ends as well as at the ‘dogbone’ location 
for beams. P–Δ effects were included using a first-order treatment of geometric nonlinearity. 
In addition, a leaning column was added to account for the destabilizing effect of the gravity 
frame loads without axially stressing the lateral load resisting columns.  

The empirical relationships derived from experimental data and recently proposed by Lig-
nos & Krawinkler [17] are used to model the cyclic behavior of steel components via parame-
ters that determine the pre- and post-capping plastic rotation, the cyclic deterioration in 
flexural strength and stiffness, the effective yield strength and the post-yield strength ratio of 
steel components subjected to cyclic loading. The first two vibration periods of the analyzed 
frame were found to be 1.33 s and 0.40 s, whereas 2% Rayleigh damping was assumed at the 
first and third-mode of vibration. Figure 1 depicts a 2-D idealization of the East-West MRF 
along with the beam and column section sizes. A detailed description of the MRF geometry, 
design and modeling can be found in Lignos et al. [18] and Kazantzi et al. [10]. 
 

 
 

Figure 1: 2D model idealization with leaning column of the analyzed East–West MRF. 
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5 INCREMENTAL DYNAMIC ANALYSIS AND GROUND MOTIONS 

For assessing the seismic performance of the model steel MRF structure, Incremental Dy-
namic analysis (IDA) was employed [19]. IDA is a powerful tool of structural analysis that 
involves performing a series of nonlinear time-history analyses for a suite of ground motion 
records, the latter scaled at increasing intensity levels. To define the IDA curves, two scalars 
are needed, these being an IM to represent the severity of the seismic input and an EDP to 
monitor the structural response.  

For the needs of this study we have analyzed the testbed MRF under a ground motion set 
that consists of 76 records. The set contains 68 natural ground motions and 8 simulated ones 
[21], of which 39 are categorized by Raghunandan & Liel [9] as short duration records, on the 
basis of having a significant duration  T5-95% < 35 s, whereas the remaining 37 were characte-
rized as long duration records, on the basis of having a significant duration T5-95% > 35 s. The 
record set contains ground motions of Mw 4.8 or above, with a maximum of eight records se-
lected from a single earthquake event. The natural records were obtained from the PEER 
NGA database [20], the COSMOS Virtual Data Center [22] and the USGS National Strong-
Motion Project [23] whereas, the simulated ones from the Caltech Virtual Shaker [21]. Table 
1 summarizes the main properties of the considered record set. Further details with respect to 
this set may be found in [9]. 

 
6 IM COMPARISON STUDY 

The efficiency and sufficiency of the newly defined IM(T5-75%), which explicitly accounts 
for the significant duration of the ground motions, was tested against the three IMs defined in 
Section 3 (i.e. Sa(T1), Sa(1sec) and Sagm(Ti) ) across the entire structural response range, i.e. 
from elasticity up to global collapse. The response is monitored by means of two structural 
response measures, these being the IDR and the PFA. The adopted methodology for undertak-
ing the comparison between the various considered IMs, is novel in that, contrary to past 
similar studies that exist in the literature (e.g. [3], [24]), (a) it is performed on a IM given EDP 
(IM|EDP) basis and (b) it employs all IDR and PFA values at each story or floor, respectively, 
along with the overall maximum drift quantities. The first deviation from the standard practice 
has the apparent advantage of allowing a detailed point-wise assessment of efficiency and suf-
ficiency that can reach all the way up to global collapse. By contrast, past studies which were 
performed on an EDP|IM basis were forced to stay away from the collapse state, since in this 
region EDP becomes either infinite or undefined. The second deviation point yields useful 
output for selecting an appropriate IM for loss assessment studies, in which case local rather 
than overall maximum quantities are considered. Hence, in the present study, each IM will be 
tested for the 4-story MRF against 11 EDPs: One IDR per story (4 total), one PFA per floor (5 
total to include the ground level) plus the overall maximum interstory and roof drift. The lat-
ter two may not be used per se in vulnerability calculations, yet they often appear in fragility 
estimates used in simpler methodologies and collapse risk assessment studies and, thus should 
not be discounted. 

Regarding the weight factor k that appears in the definition of the IM(T5-75%), calibration 
studies revealed that a value of 0.2 produces results of satisfactory accuracy. The factor k is 
likely to be correlated with the cyclic degradation rate of the analyzed MRF but to thoroughly 
explore that relation is out of the scope of the present study. Nevertheless, in view of this in-
tuition, the presented findings are believed to be valid at least for modern steel MRFs whose 
structural members experience, in a mean sense, similar cyclic degradation rates. 
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Year Earthquake Mw Epis. dist. (km) NEHRP soil type pga (g) T5-95% (s) T5-75% (s) 
1980 Mammoth Lakes 4.8 1.1 D 0.53 1.1 0.3 
1935 Helena, Montana 6 6.3 C 0.15 2.2 1.3 
1980 Mammoth Lakes 5.7 2.8 D 0.43 3.5 2.4 
1976 Friuli, Italy 6.5 20.2 C 0.35 4.2 2.5 
1976 Friuli, Italy 6.5 20.2 C 0.30 4.9 2.5 
1994 Northridge 6.7 26.5 D 0.48 5.6 2.9 
1989 Loma Prieta 6.9 31.4 D 0.54 6.4 1.7 
1989 Loma Prieta 6.9 94 D 0.27 7 3.6 
1994 Northridge 6.7 16.3 C 0.39 7.6 5.0 
1992 Landers 7.3 82.1 D 0.31 8.2 3.8 
1999 Duzce, Turkey 7.1 41.3 D 0.73 8.5 2.6 
1994 Northridge 6.7 13.4 D 0.42 9.2 6.1 
1979 Imperial Valley 6.5 12.4 D 0.29 10 5.7 
1999 Kocaeli, Turkey 7.5 98.2 D 0.33 10.6 2.1 
1979 Imperial Valley 6.5 17.7 D 0.27 11 5.8 
1994 Northridge 6.7 25.5 D 0.47 11.5 5.4 
1995 Kobe, Japan 6.9 24.2 D 0.34 12.9 6.5 
1987 Superstition Hills 6.5 11.2 D 0.45 13.8 9.8 
1979 Imperial Valley 6.5 17.6 D 0.17 14.6 7.2 
1992 Cape Mendocino 7 22.6 D 0.24 15.3 4.2 
1987 Superstition Hills 6.5 35.8 D 0.36 16 7.0 
1989 Loma Prieta 6.9 48.2 C 0.37 16.4 4.6 
1989 Loma Prieta 6.9 47.9 D 0.25 17.4 6.4 
1992 Landers 7.3 86 D 0.15 18.8 10.9 
1987 Superstition Hills 6.5 19.5 D 0.16 19.6 11.8 
1986 Taiwan SMART 7.3 77.6 D 0.24 20.3 11.4 
1986 Hollister 5.4 14.8 D 0.10 21.2 10.1 
1985 Valparaiso 7.8 85.7 A/B 0.53 22.4 12.6 
1999 Chi-Chi, Taiwan 7.6 40.5 C 0.30 24.3 5.6 
1990 Manjil, Iran 7.4 84 D 0.13 25.7 11.1 
1992 Landers 7.3 13.7 C 0.28 26.0 21.7 
1992 Landers 7.3 13.7 C 0.27 27.2 20.9 
1999 Hector Mine 7.1 48 D 0.18 27.5 12.5 
1999 Chi-Chi, Taiwan 7.6 32 D 0.33 28.3 13.3 
1990 Manjil, Iran 7.3 40.4 C 0.51 28.9 7.5 
1992 Landers 7.3 27.3 D 0.17 31.8 20.9 
1992 Landers 7.3 21.3 D 0.13 32.1 22.8 
1985 Valparaiso 7.8 115 D/E 0.43 33.7 20.4 
1999 Chi-Chi, Taiwan 7.6 28.4 D 0.18 34.6 20.5 
1979 St Elias, Alaska 7.5 74.8 D 0.09 35.5 18.2 
1992 Landers 7.3 32.3 D 0.11 36.3 23.6 
1992 Landers 7.3 32.3 D 0.10 37 25.1 
1999 Chi-Chi, Taiwan 7.6 33.8 D 0.12 38.7 28.6 
2002 CA/Baja Border 5.3 42.2 D 0.04 39.9 11.6 
1985 Valparaiso 7.8 74.3 A/B 0.31 40.4 20.3 
1985 Valparaiso 7.8 65 Not available 0.68 42.6 30.4 
2002 CA/Baja Border 5.3 42.2 D 0.08 43.5 13.0 
1999 Chi-Chi, Taiwan 7.6 41.4 D 0.19 45.9 26.1 
1985 Valparaiso 7.8 25.4 Not available 0.30 48.4 31.3 
1985 Valparaiso 7.8 25.4 Not available 0.16 49.9 37.1 
2007 KM, Indonesia 7.9 164.6 Not available 0.13 50.3 35.5 
1979 Imperial Valley 6.5 33.7 D 0.35 50.3 22.4 
1979 Imperial Valley 6.5 33.7 D 0.22 51 24.2 
2007 KM, Indonesia 7.9 164.6 Not available 0.09 52.9 36.0 
1985 Valparaiso 7.9 25.3 Not available 0.20 55.9 28.2 
1985 Valparaiso 7.9 25.3 Not available 0.23 56.3 37.0 
1995 Kobe, Japan 6.9 47.5 D 0.08 58.3 12.1 
1999 Chi-Chi, Taiwan 7.6 69.3 D 0.12 61.4 27.8 
1995 Kobe, Japan 6.9 47.5 D 0.06 70.6 21.2 
2002 Denali, Alaska 7.9 189.6 C 0.08 73.6 51.5 
2002 Denali, Alaska 7.9 189.6 C 0.07 76.6 48.7 
1999 Chi-Chi, Taiwan 7.6 71.6 D 0.10 76.9 29.5 
1999 Chi-Chi, Taiwan 7.6 71.6 D 0.10 80.1 35.7 
2002 Denali, Alaska 7.9 148.1 D 0.04 94.4 25.7 
2002 Denali, Alaska 7.9 93.4 C 0.07 97.4 39.3 
2002 Denali, Alaska 7.9 93.4 C 0.06 98.7 42.3 
2002 Denali, Alaska 7.9 150 C 0.07 104.2 27.8 
2002 Denali, Alaska 7.9 296.4 D 0.02 116.1 61.1 
n/a Cascadia 9.2 446.8 B/C 0.16 132.3 59.5 
n/a Cascadia 9.2 446.8 B/C 0.13 137.2 61.8 
n/a Cascadia 9.2 481.3 B/C 0.05 162.2 94.2 
n/a Cascadia 9.2 481.3 D/E 0.13 188 116.4 
n/a Cascadia 9.2 446.8 D/E 0.16 196.7 142.0 
n/a Cascadia 9.2 481.3 D/E 0.14 206 116.3 
n/a Cascadia 9.2 446.8 D/E 0.18 230.1 147.1 
n/a Cascadia 9.2 481.3 B/C 0.04 271.3 116.3 

 
Table 1: Short and long significant duration ground motion dataset. 
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6.1 IM efficiency testing 

Figure 2 illustrates for the testbed application and the four considered IMs, the “maximum 
over height” dispersions of the IM capacities βIM given IDR or PFA. The range of both EDP 
types has been selected to span from the elastic up to the inelastic level of structural response. 
The maximum signifies the worst performance along the height of the building. The “average 
βIM over height” of the building is also plotted to indicate the average efficiency of each IM at 
each level of deformation/response.  
 

 
(a)  maximum dispersion of IDR given IM 

 
(b) average dispersion of IDR given IM 

 
(c) maximum dispersion of PFA given IM 

 
(d) average dispersion of PFA given IM 

 
Figure 2: Maximum and average dispersions of the IM for given values of IDR and PFA response of the steel 

MRF considering three IMs. 

Considering the aforementioned results some characteristic features appear. Quite notably, 
the IM ranking is not clear across the entire range of IDR values (Figures 2a and 2b). In par-
ticular, Sa(T1) shows the best performance in the early elastic region, Sagm(Ti)  takes advantage 
in the post-yield region where the spread of inelasticity results in elongated periods and final-
ly the newly proposed IM(T5-75%), which combines significant duration with Sagm(Ti), per-
forms best in the post-capping range, which at a global level denotes the range from the 
maximum base shear to collapse. Regarding the IM ranking for the PFAs (Figures 2c and 2d) 
the dispersions reported for all four IMs are significantly higher than those reported for the 
IDRs, while the best performing IM is the Sagm(Ti). Interestingly though, regardless of the IM, 
there is significant difficulty in capturing the complex interaction of modes that affects the 
PFA response and the use of all four IMs was proven to be relatively expensive, i.e. more 
ground motion records are needed to provide relatively stable PFA dispersion estimates. 

Evidently, there does not seem to be a perfect single IM that is optimal for all EDPs and 
ranges. Hence, when considering both accelerations and drifts in loss assessment studies, 
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where the majority of the damage occurs prior to the global collapse in modern buildings, 
then Sagm(Ti)  seems to be a reasonable choice. By contrast, in the case of collapse vulnerabili-
ty studies, which are performed on a drift basis considering the responses beyond the capping 
point, then the significant duration was proven to affect the collapse capacity and hence its 
inclusion in a scalar IM, such as the IM(T5-75%), results in an improved efficiency in the region 
of interest.  

6.2 IM sufficiency testing 
The sufficiency of the considered IMs is tested against the significant duration T5-75%. Giv-

en that we are only interested in demonstrating the sufficiency of IM(T5-75%) for use with col-
lapse assessment studies in view of the efficiency findings, the results will be presented only 
for the testing performed on a drift basis. To accomplish this, a linear regression analysis be-
tween ln(IM|EDP), i.e. the logarithm of IM capacity values for a given value of any of the 
drift related EDPs, and the T5-75%  value of the record was undertaken as follows, 

   %755|ln  TbaEDPIM  (4) 

The logarithm of IM|EDP was adopted, since the latter is generally lognormally distri-
buted for the considered range of IMs and EDPs [25]. The proposed methodology for check-
ing sufficiency is advantageous, since it avoids the problems associated with performing the 
regression analysis over the entire EDP range, an approach that obviously becomes proble-
matic close to collapse (defined here as dynamic instability), but has been found considerable 
use in previous studies (e.g.[3], [24]). On the other hand, the proposed process reduces the 
number of data points available for fitting Equation 4 since the fitting process takes place at 
distinct EDP levels, thus requiring a large number of records for sound interpretation. The re-
sults of such tests will be summarized by the following quantities:  

 
(a) The ratio of the number of EDPs for which T5-75% is significant over the total number 

of EDPs considered,  
(b) The average p-value for significance of the T5-75% regression, 
(c) The average dispersion β explained by T5-75%, 
(d) The average T5-75% regression coefficient. 

 
Figure 3 illustrates the sufficiency testing against T5-75%. Clearly, across the examined IDR 

range there is significant scatter. By inspecting Figure 3a we can say that as the structure ap-
proaches its collapse state, the sole IM that remains sufficient against T5-75% is the one ac-
counting for the significant duration, i.e. the IM(T5-75%), whereas the remaining three show a 
significant dependence on T5-75% which escalates gradually and becomes absolute for IDR 
values greater than 4%. The aforementioned finding is further supported by inspecting Figure 
3b, where for IDR values beyond 4%, the Sa(T1), Sa(1sec) and Sagm(Ti) exhibit quite a strong 
dependence on T5-75% that is manifested by the small p-values (p<0.05) for IDRs>4%. With 
respect to the dispersion explained by T5-75% (see Figure 3c), this was found to be very low for 
the newly proposed IM(T5-75%) when the structure is well in the inelastic range, whereas the 
same quantity for the remaining IMs may reach ~0.1-0.15 close to collapse. This observation 
demonstrates that adding T5-75% in the definition of the IMs can offer a significant reduction in 
the overall collapse dispersion. Finally, Figure 3d illustrates the average regression coefficient 
b. The maximum reported values for b in the close to collapse response range are in the order 
of 7-8.5∙10-3. Considering that for the given set of records T5-75% ranges from ~0.3-147 s (with 
a mean of ~27 s) a value of b=8.5∙10-3 indicates a maximum change due to T5-75% for the 
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worst performing IM by a factor of exp(b∙(147-27))=2.8. The magnitude of this factor denotes 
a significant local bias close to the collapse range. 
 

 
(a) ratio of IDR for which T5-75% is significant 

 
(b) average p-value for T5-75% regression 

 
(c) average dispersion β explained by T5-75% 

 
(d) average T5-75% regression coefficient 

 
Figure 3: Variables for testing the sufficiency of the IMs against T5-75% across the IDR range. 

7 CONCLUSIONS 
The efficiency and sufficiency of a scalar IM for use in vulnerability studies that is based 

on the geometric mean spectral acceleration concept combined with the significant duration 
was explored in this study. It has been demonstrated that significant duration is closely corre-
lated to the collapse capacity and hence should not be disregarded in collapse vulnerability 
assessment studies. By contrast, in loss assessment studies of modern structures, where the 
majority of the losses occur at drift and acceleration levels well before the global instability 
state, the adoption of a geometric mean of spectral accelerations across the entire range of in-
terest seems to be a reasonable choice while its further refinement with adding the significant 
duration to the IM definition does not add to the accuracy. The aforementioned findings were 
obtained on the basis of a capacity-designed steel MRF and hence their projection to other 
cases should be done with caution.  
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Abstract. Nonlinear static procedures, which relate the seismic demand of a structure to that 

of an equivalent single-degree-of-freedom (SDOF) oscillator, are well-established tools in the 

performance based earthquake engineering  framework and have gradually found their way 

into modern codes for seismic design and assessment. Initially, such procedures made recourse 

to inelastic spectra derived for simple elastic-plastic or bilinear oscillators, but the request for 

demand estimates, which delve deeper into the inelastic range, shifted the trend towards inves-

tigating the seismic demand of oscillators with more complex backbone curves. 

 Meanwhile, the engineering relevance of near-source (NS) pulse-like ground motions has been 

receiving increased attention, since it has been recognized that such ground motions can induce 

a distinctive type of inelastic demand. Pulse-like NS ground motions are usually the result of 

rupture directivity, where seismic waves generated at different points along the rupture front 

arrive at a site at the same time, leading to a double-sided velocity pulse, which delivers most 

of the seismic energy. Recent research has led to a methodology being proposed for incorpo-

rating this NS effect in the implementation of nonlinear static procedures.  

Both of the aforementioned lines of earthquake engineering research motivate the present study, 

which investigates the ductility demands imposed by pulse-like NS ground motions on SDOF 

oscillators who feature pinching hysteretic behavior with trilinear backbone curves. This in-

vestigation uses incremental dynamic analysis (IDA) considering a suite of one hundred and 

thirty pulse-like-identified ground motions. Median, as well as 16% and 84% fractile, IDA 

curves are calculated, on which an analytical model is fitted. Least-squares estimates are ob-

tained for the model parameters, which importantly include pulse period Tp. The resulting equa-

tions effectively constitute an R-μ-T/Tp relation for pulse-like NS motions. A potential 

application of this result is briefly demonstrated in an illustrative example of NS seismic de-

mand estimation. 

1421

mailto:georgios.baltzopoulos@unina.it
mailto:iunio.iervolino@unina.it
mailto:divamva@mail.ntua.gr


Georgios Baltzopoulos, Dimitrios Vamvatsikos and Iunio Iervolino 

1 INTRODUCTION 

Estimating the seismic demand for structures expected to respond inelastically to future 

earthquakes attaining a certain intensity, is one of the key issues in performance based earth-

quake engineering (PBEE, see for example [1]). What sets near-source (NS) seismic input apart 

is the fact that NS ground motions often contain significant wave pulses. In fact, the engineering 

relevance of NS pulse-like ground motions has been receiving increased attention during the 

past decades, since it has been recognized that such ground motions can be more damaging than 

ordinary ground motions and can induce a distinctive type of inelastic demand. The primary 

cause of these impulsive characteristics in NS strong ground motion is rupture forward directiv-

ity (FD). During fault rupture, shear dislocation may propagate at velocities very near to the 

shear wave velocity. As a result, there is a probability that, at sites aligned along the direction 

of rupture propagation, shear wave-fronts generated at different points along the fault arrive 

almost simultaneously, delivering most of the seismic energy in a single double-sided pulse 

registered early in the velocity recording [2], [3]. See Figure 1 for a schematic representation 

of this effect and an example of a velocity pulse due to FD. 

Procedures relating the structural seismic demand to that of an equivalent single-degree-of-

freedom oscillator, collectively known as nonlinear static procedures [4], have carved their own 

niche in the PBEE framework and have gradually found their way into modern codes for seis-

mic design and assessment.  

 

Figure 1: Snapshot of wave fronts; pictorial representation of the directivity of seismic energy adapted from [2] 

(a) and initial segment of the velocity time history of the fault-normal component of ground motion recorded on 

the left abutment of the Pacoima Dam, during the 1971 San Fernando (California) earthquake (b). 

Initially, these static nonlinear procedures made recourse to inelastic spectra derived for sim-

ple elastic-perfectly-plastic or bilinear oscillators. One such procedure applicable in NS condi-

tions has been suggested in [5]. However, the request for demand estimates that delve deeper 

into the inelastic range and arrive at quantifying collapse capacity (definition to follow), led 

researchers to also investigate the seismic demand of oscillators with more complex backbone 

curves such as the trilinear backbone depicted in Figure 2.  

In order to fully describe this backbone curve mathematically in ductility - reduction factor 

normalized coordinates, three parameters are required: the slope, h , of a plastic or hardening 

branch that simulates post-yield ductility and the slope, c  and “capping point” ductility c of 

a softening branch that is typical of the behavior of most structures, either brittle or ductile, that 

reach a maximum strength and then exhibit in-cycle degradation that leads them to negative 

stiffness due to strength loss. The phenomena that actually lead to negative stiffness in a real 

structure can include P-∆ effects and material strength degradation (often both). Negative stiff-

ness can be encountered on the static pushover curves of many types of structures, such as 

braced steel frames, moment resisting steel frames, concrete frames or other types of structure 

that exhibit sensitivity to second order effects. 
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Figure 2: Representation of trilinear backbone curve in normalized coordinates (ductility μ in the abscissa and 

reduction factor R in the ordinate) and defining parameters: post-yield hardening slope h , softening branch neg-

ative slope
c  and capping ductility 

c which separates the hardening and softening branches. 

This study employs incremental dynamic analysis (IDA, [6]) in order to investigate the seis-

mic demand of oscillators with tri-linear backbones, when subjected to NS pulse-like ground 

motions, with the ultimate goal of developing an analytical model. Development of this model 

closely follows the methodology of Vamvatsikos and Cornell [7] and uses a dataset of one-

hundred and thirty pulse-like ground motions exhibiting FD effects [8]. 

The remainder of this article is structured as follows: after a brief note on the ground motion 

suite employed, the methodology is laid out in detail followed by a description of the parameter-

fitting procedure that leads to the analytical model. Finally, an illustrative example, involving 

a NS design scenario, is presented to highlight the applicability of the model, followed by a 

brief discussion on the main conclusions of this study. 

2 DATASET OF NS PULSE-LIKE GROUND MOTIONS 

The present study employs a dataset of one-hundred and thirty pulse-like NS ground motions, 

whose impulsive nature is most likely related to rupture directivity. This is motivated by the 

fact that the stated objective is the characterization of NS structural response in relation to pulse 

duration Tp. Velocity pulses significantly deviating from the characteristic double-sided, early-

arriving waveform associated with directivity, may not exhibit the same type of correlation 

between inelastic structural response and pulse period.  

Having as a starting point the dataset used in [9], the pulse identification approaches sug-

gested in [10] and [11] were used to seek out additional directivity ground motions. This search 

mainly focused on more recent seismic events which provided a multitude of NS recordings, 

such as the Parkfield 2004 (California) event, the Darfield 2010 and Christchurch 2011 (New 

Zealand) events and the South Napa 2014 (California) event. During this search, some effort 

was made to discern those velocity pulses most likely to have been the result of directivity for 

eventual inclusion in this investigation. A more detailed account on the methodology employed 

in order to assemble this dataset, along with a complete list of the ground motion recordings 

and relevant metadata can be found in [8]. 

3 MODELLING NEAR-SOURCE PULSE-LIKE SEISMIC DEMAND FOR TRI-

LINEAR BACKBONE OSCILLATORS 

Incremental dynamic analysis is a procedure to semi-empirically estimate probabilistic seis-

mic structural demand and capacity. This well-established procedure, typically entails a non-

linear numerical model of the structure which is subjected to a suite of ground motion records, 
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all scaled at a common seismic intensity measure (IM) level. This IM level is gradually in-

creased by applying a common scale factor simultaneously to all the records, in order to reveal 

the entire range of post-yield response of the structure, conditional to several IM values, up to 

global dynamic instability and consequent collapse. 

During IDA, structural response to a single record is usually represented by plotting two 

scalars against each other: an IM characterizing the various scaled incarnations of the record 

and an engineering demand parameter (EDP) representing the amplitude of response, to obtain 

a single record IDA curve. Once a set of IDA curves has been collected, representing the entire 

suite of ground motions, it is an efficient practice to summarize the curves into sample fractile 

statistics. Typically sample medians, 16% and 84% fractiles are calculated [6]. 

IDA can be a computationally intensive procedure. This fact motivated Vamvatsikos and 

Cornell to develop a software tool, which provides a shortcut, at the cost of introducing some 

approximation in the process [7]. Having observed that summary IDA curves of SDOF systems 

with multi-linear backbone curves exhibit a consistent behavior in correspondence with each 

segment of the backbone (elastic, post-yield hardening, post-cap softening and residual strength 

segments, the first three represented in Figure 1), they used IDA to investigate the response of 

a large population of oscillators with varying backbone parameters.  

Having thus mapped the behavior of many backbone shapes against a suite or ordinary 

ground motions, not affected by directivity, they proposed a tool, aptly named SPO2IDA, ca-

pable or reproducing the IDA curves of these SDOF systems without having to run any analysis. 

Essentially SPO2IDA is nothing less than a complex R-μ-T relation applicable to ordinary 

ground motions (SPO2IDA tool available online at http://users.ntua.gr/divamva/soft-

ware/spo2ida-allt.xls , last accessed April 1st, 2015). 

The objective of this study is to follow in the footsteps of Vamvatsikos and Cornell [7] and 

employ IDA on trilinear backbone SDOF systems using a set of pulse-like records, in order to 

develop the equivalent of an R-μ-
pT T  relation appropriate for NS FD ground motions. 

3.1 Predictor variables  

A parametric model that predicts the fractile IDA curves of pulse-like FD ground motions 

(which will occasionally be referred to as pulse-like IDAs for brevity in the following) for SDOF 

oscillators featuring a generic trilinear backbone will necessarily include  all the parameters that 

uniquely define the geometry of the backbone curve. This means h , c  and c   (see Figure 

1) should all be included as explanatory variables in the model. The effect of varying these 

parameters on the seismic response to pulse-like ground motions has already been the object of 

investigation [12]. An additional variable that must be included in the model is pulse period, by 

virtue of its demonstrable value as a predictor for the inelastic response of this type of ground 

motion [9], [13]. In this case, pulse period is included as the denominator of the normalized 

period ratio pT T , in a manner analogous to [9]. Consequently, the ground motion IM adopted 

for the IDAs is strength reduction factor R, defined as per Equation (1). EDP of choice for the 

SDOF systems is ductility μ defined as the ratio of maximum displacement to displacement at 

yield – Equation (2). 

 
 

 
a i p,i

yield

a i p

S T T , 5% T
R ,    0.10, 2.00

S T ,5% T

    
   

 

(1) 
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max

yield


 


 

(2) 

This effectively means that IDA curves computed in this study for given values of the 
pT T  

ratio, collect the responses of oscillators with different vibration periods (since, in general, 

every record has a different pulse duration 
pT  associated with it) and thus only make sense as 

cross-sectional data when plotted in normalized  ,R   coordinates. This approach raises the 

concern that one should avoid mixing the response of very low-period oscillators, which is 

characterized by high ductility demands even when ordinary records are concerned, with the 

response of moderate-to-long period oscillators subjected to long duration pulses. To address 

this concern an additional restriction is imposed, that of only considering response data at each 

pT T cross-section for which T 0.30s . 

3.2 Hysteretic rule 

When oscillators featuring a descending branch are concerned, it was found that a kinematic 

hardening hysteretic rule is not representative of how actual structures have been observed to 

behave during experiments [14]. With this information in mind, a peak-oriented, moderately 

pinching hysteresis rule developed by Ibarra and Krawinkler [15] was adopted for the present 

study. This hysteretic rule does not include any cyclic strength degradation, but this is consid-

ered to be of secondary importance. Strength degradation only tends to supersede the shape of 

the backbone in importance when severe degradation is encountered in low-period structures. 

However, given the range of pulse-periods associated with the NS-FD record suite employed 

in this study [8], the model is more oriented towards moderate to long period structures and 

cyclic degradation is not included in the hysteretic rule used in the analyses. 

3.3 Equivalent ductility concept 

A straightforward way of tackling the problem of modelling pulse-like IDAs could be to run 

a very large number of individual incremental dynamic analyses in an attempt to span the entire 

parameter space of c , h , c  and
pT T . However, structural responses exhibit a complicated 

interdependency with respect to the four parameters (backbone characteristics and normalized 

period), which cannot be regarded independently one from another; this means that considering 

all their meaningful combinations leads to a population of SDOF oscillators numbering in the 

thousands, and an amount of IDAs which can be hard to obtain and manage. 

Fortunately, one can take advantage of the experience accumulated in [7] to drastically re-

duce the amount of necessary analyses. More specifically, it was found that the equivalent duc-

tility eq  concept (see Figure 3), which was introduced in the analogous study of ordinary 

ground motion IDAs [7], can also be employed for the case at hand. In that study Vamvatsikos 

and Cornell found that oscillators with a generic backbone containing both a hardening segment 

and negative-stiffness softening branches with coincident post-capping slope, such as those 

shown in Figure 3, have a very similar part of the IDA between capping ductility   and the flat-

line. The flat-line actually develops at some point slightly prior to reaching zero strength at  , 

which is given by Equation (3). 

c h h
end c

c

1  
   


 

(3) 
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Figure 3: Schematic representation of the “equivalent ductility” 
eq  concept. 

Furthermore, flat-line height among these oscillators varies in an almost linear fashion be-

tween the two extremes marked by h 0   and h 1  in Figure 3. Therefore, for any tri-linear 

oscillator with given capping ductility c , one needs only determine ductility at maximum 

strength reduction factor 
peak , given by Equation (4) and equivalent ductility 

eq where an 

h 0   oscillator meets the common negative branch and is given by Equation (5). 

 c c h c

peak

c

1 1

1

      
 

 
 

(4) 

 h c

eq c

c

1   
   


 

(5) 

As long as a comprehensive model is available for these limit cases, interpolation can be 

used to provide the IDA curves of the intermediate oscillators, as will be shown in a subsequent 

example. 

4 ANALYTICAL FORM AND FITTING OF THE MODEL 

4.1 Bilinear oscillators with hardening post-yield behavior  

The analytical functional form selected to model the pulse-like IDA curves for bilinear os-

cillators with hardening (positive post-yield slope) is given by Equation (6). It is a rational 

function (in log-space) of ductility given reduction factor fractiles, containing a total of four 

parameters to be determined by fitting the model to the data.  

   
2

x% x%
x% (100 x)% c

x% x%

a ln R b ln R
ln ,   R 1,R ,  x= 16,50,84

c ln R d


  
       

(6) 

The fit follows a two-stage procedure: the first stage entails obtaining non-linear least 

squares estimates of the model parameters x% x% x%a ,  b ,  c  and x%d for each distinct backbone 

(uniquely characterized by h ), normalized period pT T  and x% fractile IDAs, for a total of 

1426



Georgios Baltzopoulos, Dimitrios Vamvatsikos and Iunio Iervolino 

 

nine-hundred instances of parameter estimation. Subsequently, a linear model represented by 

Equation (7) is fit to each of the parameters, in order to capture their dependence on the remain-

ing variables of the problem, namely h  and 
pT T . This second stage entails a total of twelve 

two-dimensional fits, since for each one of the four parameters, three fractile curves must be 

accommodated. 

     x% x% x% x% x%,i i h i h p

i p

T
a , b ,c ,d p q ,  0,0.8 ,  T T 0.1, 2.0

T

 
         

 
  (7) 

The terms  i hp   and i

p

T
q

T

 
  
 

 represent simple functions of the variables in parentheses. 

A sample of the obtained results can be seen in Figure 4, where the fitted curves for all 3 fractile 

x% R  IDA curves are plotted against the analysis results for three oscillators with increasing 

post-yield stiffness and for different 
pT T  ratios. Coefficient estimates for Equation (7) can be 

found in [8]. 

 

Figure 4: Comparison of the fitted model of Equation (6) with the underlying data for SDOF systems (a) with 

h 3%   at
pT T 0.50 , (b) h 15%   at

pT T 0.30  and (c) h 50%   at
pT T 0.40 . 

4.2 Bilinear oscillators with softening (negative slope) post-yield behavior  

The appearance of a softening on the backbone curve, automatically introduces the question 

of collapse capacity (i.e. strength reduction factor that causes dynamic instability in the oscil-

lator) into the problem. In the trilinear backbones examined here (where no residual strength 

part is taken into consideration), the segment with negative post-yield slope will eventually 

cross the zero capacity axis at end ; see Equation (4). Dynamic instability, indicated by the 

typical IDA flat-line will actually occur at a ductility level slightly lower than end . The height 

of the flat-line will be henceforth referred to as collapse capacity capR  while the corresponding 

ductility will be indicated as cap  (ductility at capacity, not to be confused with capping ductil-

ity c ). 
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In the case of bilinear oscillators, ascending post-yield slopes starting from close to unity 

and running up to (and including) the horizontal, were examined in the previous section. How-

ever, as soon as the slope of the backbone past the yielding point begins to descend, the addi-

tional variable of flat-line height 
capR  must be also accounted for by the model. 

Contrary to the hardening case, for which Equation (6) gives fractile   given R ( x% R ) 

IDAs, for the negative post-yield slope case it was chosen to fit a reduction factor given ductility 

(fractile x%R  ), model, which is given by Equation (8) and supplemented by Equation (9).  

  x%
x% cap(100 x)%

x%

a ln
ln R ,   1, ,   x= 16,50,84

ln b


 
    

 
(8) 

     x% x% x%,i i c i c p

i p

T
a , b p q , 4.0, 0.05 ,  T T 0.1, 2.0

T

 
           

 
  (9) 

According to [16], the x% R  and 
(100 x)%R    fractile IDA curves are almost identical, even 

when the typical IDA properties of continuity and monotonicity are slightly violated. Therefore, 

collapse capacity 
cap,x%R  should also appear on the corresponding 

(100 x)% R curve. The moti-

vation behind this modeling choice lies in the prediction of collapse capacity. As can be seen 

in Figure 5, the tangent slope of each summary IDA curve, progressively decreases as ductility 

approaches end . This means that, as strength reduction factor approaches 
capR , small varia-

tions in reduction factor correspond to much greater variations in ductility.   

 

Figure 5: Model fit of Equation (8) plotted over calculated SDOF pulse-like IDAs for oscillators with (a) 

c 0.20    at
pT T 0.30 , (b) c 0.50    at

pT T 0.50  and (c) c 0.90    at
pT T 0.80 . Note that the 

fitted model has been extended past the collapse capacity point only for presentation reasons. 

This observation has an important practical implication. Given a hypothetical model for 

x%R   or (100 x)% R  fractile IDAs with misfit (i.e., a model exactly reproducing the data) and 

a separate model for capR , some inevitable misfit in the latter will cause the point of collapse 

not to fall exactly on the predicted IDA curve. Recalling now the observation about the tangent 
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slope of the curve, it becomes apparent that a small misfit in predicted flat-line height can cause 

the flat-line to intersect the IDA “too early” or even unrealistically “late” (beyond end ). 

On the other hand, if one were to adopt a model that predicts ductility at collapse capacity 

cap( ) , any fitting error would perturb the prediction along the abscissa (assuming μ is plotted 

on the horizontal axis as in Figure 5) resulting in negligible difference on the corresponding 

reduction factor. However, modelling 
cap does not automatically resolve the problem; an ordi-

nary least squares fit of Equations (8-9) does not guarantee that the x%R   curve passes 

through 
capR . For this reason, the finally adopted solution is the combination of a weighted 

least squares fitting scheme for Equation (8) with a model for 
cap,x%  fractiles given by Equa-

tions (10-11). 

 
     h c

cap,x % c x% h c

c

1 1
c , 0,0.8 ,  4.0, 0.05 ,  x= 16,50,84

   
          


 (10) 

   c peak

x% x% x%

eq peak

c ,  0.85,1.00,1.05  for x= 16,50,84
 

    
 

 (11) 

This concept, employs an adaptive weighting scheme when fitting Equation (8) to the data; 

the point of collapse capacity is given an increased weight until the fitted curve passes through 

this point within a prescribed tolerance on the ordinate axis (reduction factor). Essentially, the 

model is forced to prioritize capturing the point of collapse capacity with increased accuracy. 

Thus, we may consider that cap,x% x% cap,(100 x)%R R      as per Equation (8), having ensured 

that this estimate is less susceptible to fitting error than direct modelling of the flat-line height. 

Coefficient estimates for Equation (9) can also be found in [8]. 

5 RESULTS AND DISCUSSION  

The analytical models whose development was presented in the preceding paragraphs, can 

be combined to obtain a prediction for pulse-like IDAs of oscillators in procession of a fully-

trilinear backbone curve. The empirical principles underlying this approach have already been 

either detailed or alluded to in the previous sections. What remains is an illustration of their 

application. Such an application is shown in Figure 6, for an oscillator characterized by back-

bone parameters h 0.20  , c 6   and c 0.50   . In order to obtain this composite predic-

tion, Equation (6) is implemented for as long as  , with each segment culminating at reduction 

factor levels  indicated as   in Figure 6.  Subsequently, the negative slope part is modeled, by 

using Equation (8) for an interval of ductility  . This segment is adjusted in height at the inter-

section with the previous model, so that the   points will belong to both segments, in the interest 

of continuity. 
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Figure 6:  Model prediction of the fractile pulse-like IDAs for a trilinear backbone oscillator (
h 0.20  ,

c 0.50   and c 6  ) at 
pT T 0.40 . 

6 ILLUSTRATIVE APPLICATION  

Despite the fact that the model provides output in the form of fractile IDA curves, these 

should not be employed to directly estimate the probabilistic distribution of EDP given IM. The 

reason behind this is the fact that the IDA curves refer to a given 
pT T  ratio, rather than a 

specific structure. In fact, the model acts like an R-μ-
pT T  relation, which must be combined 

with site-specific information on pulse period and likelihood of directivity. As such, it could be 

employed in a manner analogous to the methodology of [5] in order to render a static non-linear 

procedure, for example the capacity spectrum method [17], applicable in NS conditions. 

An illustrative example of this concept is presented in Figure 7. In the first panel, Figure 

7(a), the median SPO2IDA ordinary prediction for a bilinear oscillator characterized by a 

T=1.0s period of natural vibration, post-yield hardening slope h 0.20   and spectral accelera-

tion at yield yield

aS 0.10g  is compared against various median IDAs which incorporate pulse-

like effects in both arbitrary and systematic fashion. 

The median IDAs used for the comparison, consist of one curve obtained by running IDA 

for a set of thirty randomly selected pulse-like ground motions (with an average pulse period 

pT 1.62s ), another obtained by means of Equation (6) for pT T 0.40  and a third curve ob-

tained by integrating Equation (6) over various potential pulse periods from a site-specific NS 

design scenario (to follow). A final comparison is made with an IDA curve that accounts for 

both the ordinary and pulse-like component of seismic demand at the site, each weighted by its 

respective likelihood. 

The NS scenario under consideration refers to a site being affected by a seismic source char-

acterized by a nearly vertical strike-slip mechanism, with seismicity governed by an M7 char-

acteristic earthquake model and maximum rupture area of 1330km2. The site is 5km distant 

from the horizontal projection of the assumed fault plane and therefore some directivity effects 

are to be expected (Figure 8).  
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Figure 7: (a) Ordinary SPO2IDA median prediction for a bilinear oscillator with vibration period T=1.0s, post-

yield hardening slope h 0.10  and spectral acceleration at yield yield

aS 0.10g  compared with  curves incorpo-

rating pulse-like effects in both arbitrary and systematic fashion. (b) Information obtained from site-specific (see 

Figure 8) NS hazard incorporated into the pulse-like IDA model to obtain site-specific IDA curves. 

 

Figure 8: Schematic representation of NS design scenario used in the illustrative example. 
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NS hazard at the site expressed in terms of spectral acceleration at the oscillator’s period was 

disaggregated for various values of   chosen to translate into reduction factors . Thus, the con-

ditional probability density functions of pulse period   are obtained at each stripe of reduction 

factor (the interested reader is referred to [18] and [19] for a detailed treatment of the method-

ology involved in these NS probabilistic seismic hazard analysis calculations).  

This information is incorporated into Equation (6) by assuming that ductility given demand 

follows a lognormal distribution, leading to Equation (12), where the abbreviated notation is 

used to indicate the conditional probability mass , resulting from discretizing the random vari-

ables involved  (see Figure 7b) in order to avoid integral notation when writing the law of 

conditional expectation. 

 
p,i50% p,i t

i

E ln R,pulse ln R,T t P       
 

(12) 

Under the same assumption of log-normality, the law of conditional variance can be written 

as in Equation (13), where the notation Var[∙] indicates the variance operator. It should be men-

tioned that in order to maintain a more parsimonious notation, the condition a aS (T) s , which 

holds for all expected values and variances, is replaced by strength reduction factor R in the 

following equations (for the specific structure, yield force is known).  

 

p,i

p ,i

p t

i
2

50% p,i t

i

Var ln R,pulse Var ln R,T T P

E ln R,pulse ln R,T t P

          

         




 (13) 

Note that in Equation (13)    
2

p 84% p,i 16% p,iVar ln R,T T 1 4 ln R,T t ln R,T t          

due to the log-normality assumption invoked earlier. This procedure and its end result (in terms 

of both mean and variance), are illustrated in the second panel, Figure 7(b). To the right of the 

IDA curves plot, the conditional densities of pulse period for two stripes of  aS 1s 0.2g and 

 aS 1s 0.4g  are shown, while on the left of the vertical axis, the probabilities of pulse occur-

rence being causal of  a aS 1s s ,  a aP pulse S 1s s     are plotted, which are also the result of 

NS hazard disaggregation. 

The final step of the procedure consists of accounting for both cases, i.e. occurrence of di-

rectivity pulse and absence thereof, in a single set of IDA curves. As already mentioned, the 

SPO2IDA prediction serves as an estimate of the ordinary component of seismic demand in this 

example. Applying the laws of conditional expectation and variance one more time, Equations 

(14) and (15) are obtained, where E ln R,nopulse     is the logarithm of the median SPO2IDA 

prediction and the corresponding variance is estimated as Var ln R,nopulse    

   
2

SPO2IDA,84% SPO2IDA,16%1 4 ln R ln R       . These results lead to the curves labeled “NS 

IDAs” in Figure 5.7(b). 

 E ln R E ln R,pulse P pulse R E ln R,nopulse 1 P pulse R                            (14) 
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E ln R,nopulse E ln R 1 P pulse R

    
                      

                

                

 (15) 

7 CONCLUSIONS 

The present study saw the use of IDA to investigate the response of oscillators with trilinear 

backbone curves to NS pulse-like ground motions. To this end, an analytical model was devel-

oped for the prediction of pulse-like IDA curves. This model includes the pulse period as a 

predictor variable and captures central tendency and dispersion of NS pulse-like seismic de-

mand and capacity.  

Overall, it can be observed that the assumption of a specific pulse period being considered 

representative across all scale factors of the IDA can lead to overestimation of NS seismic de-

mand, when said pulse period corresponds to a fraction of structural period associated with 

aggressive NS FD ground motions. On the other hand, a random sample of pulse-like ground 

motions, where 
pT  is not accounted for explicitly, can result in demand which is even less than 

the ordinary estimate (albeit said ordinary estimate corresponds to an analytical model). 

Finally, consideration of 
pT in manner consistent with NS hazard, can result in seismic de-

mand which supersedes the ordinary estimate, when site-to-source geometry renders the site 

prone to FD effects. In the provided example, the NS median seismic demand represented by 

the corresponding IDA curve shows a trend of increasing detachment from the ordinary curve 

as aS  levels increase. The example further demonstrates that it is possible to integrate the model 

into the SPO2IDA tool, in order to extend applicability of the latter into the domain of NS 

demand. However, such integration will require that the model be extended to also cover a 

residual strength segment on the backbone curve, as well as lower period ( 0.10s T 0.30s  ) 

oscillators, in order to match the applicability range of the existing SPO2IDA tool.  
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Abstract. This paper assesses the seismic reliability of single degree of freedom rocking 
structures subjected to near-fault excitations within a probabilistic framework. In this context, 
it proposes a physically consistent and practically useful methodology to scale the rocking 
behavior for excitations of different intensity and predominant frequency. According to the 
assumptions of the proposed methodology the definition of both the Engineering Demand Pa-
rameter (EDP) and the corresponding limit states is rather straightforward, since when the 
rocking structure does not overturn it eventually returns to its original configuration without 
permanent deformation or damage. On the contrary, identifying appropriate intensity meas-
ure/s (IM/s) for rocking structures is far from trivial, longstanding challenge. Two groups of 
dimensionless-orientationless IMs are considered as candidate IMs: one giving the frequency 
ratio ωg/p and one equivalent with the dimensionless slenderness αg/(gtanα). Using four well-
known strong ground motion parameters (the peak ground velocity, the peak ground acceler-
ation, the predominant period of the pulse and the mean period of the CSGM) six different 
versions of IMs are examined. In addition, this study, introduces a more ‘holistic’ approach 
for the description of the rocking fragility using hybrid bivariate IMs. Analytical fragility 
curves (FCs) for slender, rigid rocking structures are obtained, using either univariate IM/s 
(conventional FCs) or bivariate IM/s (bivariate FCs). The study shows that while the use of a 
univariate IM is a simpler approach, it results in increased scatter. On the other hand, the 
more complex bivariate IM approach utilizes additional information and reduces uncertainty. 
Further, the study also unveils that when the rocking structure survives the excitation without 
overturning, the peak response follows a bi-planar distribution. Specifically, it brings forward 
the existence of critical peak ground motion acceleration, below and above which rocking 
response scales differently. 

1435



Elias G. Dimitrakopoulos and Themelina S. Paraskeva 

1 INTRODUCTION 

The present study focuses on slender rigid structures that exhibit rocking (without sliding) 
during seismic excitation. This work is part of a broader study [1-3] on the dynamics of rock-
ing structures, which aims to examine the potential merits of rocking behavior as a seismic 
isolation technique for contemporary structures.  

An essential characteristic of rocking dynamics is the negative stiffness that prevents the 
structure from resonance under constant frequency (e.g., harmonic) excitation [4]. However, 
the negative stiffness renders also rocking structures inherently unstable, and very sensitive to 
the characteristics of ground motion. Thus, rocking dynamics remain difficult to predict, es-
pecially if one considers the inherent uncertainty related to the specific characteristics of fu-
ture ground motions. To deal with the non-predictability of rocking response several 
researchers adopted a probabilistic approach. Housner [5], in his 1963 paper, tackled the prob-
lem of rocking behavior also from a stochastic perspective, estimating the probability of over-
turning via an energy balance equation (see also [6]). Almost two decades later, researchers 
(e.g., [7]) showed that small changes in size, slenderness, or ground motion could cause dras-
tic differentiation of the rocking response. This prompted the prediction of rocking overturn-
ing via probabilistic methods: Spanos and Koh [8] deployed a stochastic linearization 
technique, Cai et al. [9] assessed the reliability of a rigid block against toppling under nonsta-
tionary and nonwhite (random process) base excitations, and Shao and Tung [10] estimated 
the overturning probability of a rigid body subjected to real earthquake records. Kafle et al. 
[11] developed overturning fragility curves, for unrestrained blocks, based on physical and 
numerical experiments, while Roh and Cimellaro [12] and Deng et al. [13] offered fragility 
curves for frames with rocking columns [14] and bridges with rocking foundations, respec-
tively. 

Motivated by the growing interest in rocking, the present study acknowledges the need to 
tackle the non-predictability of the rocking response probabilistically. Its particular goal is to 
assess the seismic reliability of (negative stiffness) rocking structures to near-fault excitations. 
In this context, it integrates two different components: (i) a ‘universal’ description of rocking 
response from [2] and (ii) a probabilistic framework, from recent studies of Psycharis et al. 
[15] and Acikgoz and DeJong [16]. This work brings forward the different sensitivity of rock-
ing response to excitations with low versus high amplitude. In addition it sheds light on the 
effect of the high-frequency stochastic component of the seismic excitation on rocking behav-
ior and contributes towards improved, specialized intensity measures (IMs) for rocking.  

2 PROBABILISTIC SEISMIC DEMAND ANALYSIS 

2.1 Stochastic model for near-fault ground motions  

For the assessment of the seismic reliability of a structure we can use either natural/historic 
records (e.g., [16]) or synthetic ground motions (e.g., [15]). In the present study, we employ a 
stochastic synthetic ground motion model [17-19]. First, we model the low-frequency (long 
period) and high-frequency components of the ground motion, independently (see Figure 1). 
Then, we superpose the two aforementioned components and generate the combined synthetic 
ground motions (CSGMs). For economy of space, we keep the presentation of the method 
(Section 2.1) short, as it is described in detail in [17-19] and references therein.  

To model the low-frequency (coherent) pulse of the CSGM, we utilize the well-established 
Mavroeidis and Papageorgiou (M&P) [19] wavelet. Its velocity time-history expression is:  
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where A, ωp, υp, γp and  t0 describe the velocity amplitude of the envelope of the pulse, the an-
gular frequency, the phase angle, the oscillatory character (i.e., number of half cycles), and 
the time shift to specify the epoch of the envelopes peak, respectively; Tp (=2π/ωp) is the pre-
vailing period of the pulse.  

For every earthquake moment magnitude Mw and epicentral distance from the fault Re, the 
mean value of the velocity amplitude Vp in centimeters/second and the corresponding mean 
value of the period Tp in s are obtained from [20]: 

 2 2log( ) 5.17 1.98 0.14 0.10log( 0.562)p w w eV M M R       (2) 

and  

 log( ) 2.87 0.47p wT M    (3) 

where log denotes the base 10 logarithm. Equation (2) holds for 7.0wM  ; for higher values 

( 7.0wM  ), wM  is taken as 7.0 [15]. The values of Mw are in the range of 5.5 to 7.5 with a 

step of 0.5 (i.e., five values); the epicentral distance Re varies from 5 to 20 km with a step of 
2.5 km (i.e., seven values) [15]. For each of the 35 Mw scenarios, we generate 100 samples of 
the Vp, Tp, υp and γp with the Latin hypercube sampling procedure [21]. Further, we assume 
that the logarithms of Vp and Tp follow a normal distribution with standard deviation equal to 
0.16 and 0.18, respectively [15], and that γp and υp follow also a normal distribution with 
mean values 1.93 and 1.83 and corresponding standard deviations 0.47 and 0.98, accordingly 
[22]. The distribution of γp is left truncated to 1 [15]. Alternatively, the velocity pulse expres-
sion of Equation (2) can be utilized with the scaling laws of Tp and Vp proposed by Mavroeidis 
and Papageorgiou [19] and Halldorsson et al. [22], respectively. Note that the predominant 
periods estimated by [19] and [20] are not necessarily the same. In addition, the peak ground 
velocity (PGV) obtained from [20] has not the same value with the Vp estimated by [22].  

To model the high-frequency (>0.1–0.2 Hz) component (HFC) of the ground motions, we 
adopt the point source stochastic method of Boore [23]. The method uses a parametric de-
scription of the ground motion’s radiation spectrum, which is a product of quantities that con-
sider the effect of source, path, site, and instrument (or type) of motion. The duration of the 
ground motion is incorporated through an envelope function. Both the radiation spectrum and 
the duration of the ground motion depend on Mw and Re. The particular parameters used here-
in are taken from the Atkinson and Silva [24] study. 

Finally, the CSGM is obtained by a superposition procedure of the two components (long-
period and high frequency), which is described in detail in [17-19]. Overall, the model param-
eters consist of the seismological parameters Mw and Re, the additional parameters for the ve-
locity pulse (Vp, Tp, υp and γp), and the white noise sequence [17, 18]. Figure 1 illustrates the 
two components, as well as the final (sample) CSGM. All simulations for this section are per-
formed using MATLAB [21]. 
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Figure 1: Sample of a CSGM: high frequency component (first column), pure/coherent pulse (second column). 
Acceleration time history (first row) and velocity time history (second row).  

2.2 Structural/Seismic response analysis  

The present study examines the seismic response of a rocking frame (see Figure 2). This is 
a single degree of freedom rocking structure. The equation of motion describing the pure 
rocking behavior of this structure subjected to a horizontal ground motion with acceleration 

time history  g
u t  [25] is:  

      2 sin sgn cos sgn
g

u
p

g
          

 
 
 


  (4) 

where  sgn()  is the (standard) sign function;  α  is the slenderness angle;  g  is the accelera-
tion of gravity; and  p  ( = pf) is the rocking frequency parameter for the rocking frame [25], 
given as: 
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o

p
g

R









 (5) 

where, γ  is the beam-to-columns mass ratio; and  Ro  is the semi-diagonal. If sliding is re-
stricted a sufficiently slender frame uplifts and commences rocking once the ground accelera-
tion exceeds a minimum magnitude: 

 ,min ,min tan( )g gu g    (6) 

Impact takes place when the structure returns to its initial position (θ=0). Then, the pivot 
point changes, and the rotation switches sign. To treat impact is with a coefficient of restitu-

tion η, which is taken as the ratio of the post-impact (  )and pre-impact (  ) angular veloci-
ties. The value of  η  is material and application dependent (e.g., [1, 2] and references therein) 
and, therefore, is considered as an additional, independent, governing parameter of the rock-
ing problem. In the present study, we use a coefficient of restitution equal to η=0.92. The 
rocking response is determined numerically solving the nonlinear equations of motion (4) in 
MATLAB [21].  
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Figure 2: Adopted rocking structure: the single degree of freedom rocking frame.  

2.3 Engineering demand parameters and limit states   

The definition of appropriate engineering demand parameters (EDPs) and limit states (LS), 
for rocking structures, is straightforward, considering the assumptions of the present study. 

We adopt as EDP the absolute peak rocking rotation max scaled with respect to the slender-

ness, ɑ:  

 
maxEDP





 (7) 

The dimensionless EDP of Equation (7) has a straightforward physical meaning: values 
larger than zero imply that the structure commences rocking, whereas high values (e.g., 
EDP > 1.5) indicate overturning due to rocking. Accordingly, we define two pertinent per-
formance levels as an upper and a lower limit to assess the response of a rocking structure: the 
lower limit (LSl ) marks the initiation of rocking and it is equal to zero; the upper limit (LSup ) 
corresponds to overturning due to rocking. Overturning occurs, when the system becomes dy-
namically unstable, in which case the response tends to numerically infinite values. Thus, the 
threshold of LSup does not correspond to a particular rotation value (e.g., EDP = 1.5), but ra-
ther at EDP→∞. Intermediate limit states LS1, LS2, …, LSn can also be defined to indicate ob-
servable rocking during seismic response. The values of these limit states are based on 
engineering judgment to express the level of marginal/limited rocking action that is usually 
targeted in rocking applications without the substantial danger of overturning. In this context, 
we define three limit states equal to 0.10, 0.25 and 0.50 to indicate a structure that exhibits 
rocking without overturning, for different levels of observable damages due to contact (see 
Figure 10 later on).  

 Figure 3 plots the EDP values of all nonlinear dynamic response analyses (in total 3500) 
versus the peak ground velocity PGV (Figure 3 (b)) (or Vp in the case of pure pulse ground 
motions, in Figure 3 (a)) and the prevailing period Tp of the pulse. Figure 3 concerns a rock-
ing bridge frame/bent [25] (as shown in Figure 2), with frequency parameter p = pf = 1.0 rad/s 
and slenderness ɑ=0.149 rad. The structure is subjected to two suites of ground motions: (a) 
pure M&P pulses (Figure 3(a) top panel), and (b) CSGMs (Figure 3(b) bottom panel). The 
results are divided in three groups: (i) the ‘non-rocking’ simulations (crosses), when the peak 
ground acceleration is less than the minimum acceleration that initiates rocking (Eq.(6)) and 
hence the structure remains at rest; (ii) the ‘safe-rocking’ simulations (hollow circles), when 
the structure commences rocking and does not overturn, and (iii) the ‘rocking-overturning’ 
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simulations (solid circles). Recall that a rocking structure becomes statically unstable after 

EDP ≥ 1.0, because the highly nonlinear nature of rocking dynamics overturning does not 

necessarily occur when EDP ≥1.0. On the contrary, a rocking structure might exhibit 
significantly higher rotations θmax than α without overturning [3], a behavior counter to the 
common quasi-static viewpoint of seismic response.  
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Figure 3: Seismic response analyses of a rocking frame with p=1.0 rad/s and α=0.20 rad. 

The results of Figure 3 verify the sensitivity of rocking structures to the characteristics of 
the ground motion and bring forward the influence of the stochastic HFC in the excitation. 
Note the virtual straight line on the Vp-Tp plane that separates the ‘non-rocking’ from the rock-
ing simulations in Figure 3 (top left). The slope of this separating limit line on the Tp-Vp plane, 
corresponds to the minimum ground acceleration (Equation (6)) that triggers (uplifting and) 
rocking. However, when the stochastic HFC is included in the excitation, this limit line disap-
pears (Figure 3, bottom left), the number of ‘non-rocking’ simulations is drastically reduced, 
and rocking response becomes significantly more probable. This is because of the numerous 
CSGMs for which the presence of the HFC triggers rocking, whereas the (low acceleration 
M&P) pulse alone would not. Consequently, this introduces observable noise in the results 
(Figure 3, bottom right), and the response becomes less ordered. Figure 3 verifies also that 
rocking is sensitive to more than one strong ground motion parameters. Overturning occurs as 
both PGV and Tp increase, without though a distinguishable pattern. 
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2.4 Physically similar (‘universal’) rocking behavior  

In this section we propose a physically consistent method to scale the rocking behavior for 
excitations of different intensities and predominant frequencies. According to this concept, we 
generate normalized fragility curves, indifferent to the size and the frequency of the rocking 
structure or the amplitude and the predominant frequency of the near-fault ground motion.  

For a given ground motion with a specific waveform (i.e., a specific acceleration time-
history shape), for example, the CSGM excitation of Figure 1, the (acceleration) amplitude αg 
= PGA and the frequency  ωg = 2π/Tp characterize the length and time scale of the waveform, 
respectively [26]. Then, the response (e.g., the absolute peak rocking rotation) can be written 
as a function of the general form: 

 max , , , ,g

gf p
g


 

 
   

 
 (8) 

Equation (8) contains six characteristic variables that involve only one reference dimension, 
time [T]. The six variables can be grouped into a reduced number of independent dimension-
less Π-products according to Buckingham’s Π theorem [27], which can be further reduced to 
a group of dimensionless- orientantionless products, according to the theory of orientational 
analysis [2, 28] as:  
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Figure 4: Seismic physically similar rocking response for frame-structures subjected to different CSGMs.  
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The products of Equation (9) yield an exact representation of the rocking response when 
the slenderness angle α is small [2]. If α is not small, it should be included explicitly as an ad-
ditional independent group [2].This study focuses solely on the case of small α (slender rock-
ing structures).  

Figure 4 (left) illustrates the time-history response of two different rocking structures, sub-
jected to two CSGM excitations of different amplitude and frequency, but the same waveform 
(of Figure 1), The two structures differ both in size (p) and in shape (α). However, when the 
associated dimensionless–orientationless products of Equation (9) take the same values, the 
response curves of the two different structures are identical (Figure 4 (right)). This physical 
similarity (or self-similarity in [45]) is a special type of symmetry of unique importance for 
nonlinear phenomena. The dimensionless - orientantionless groups of Equation (9) unveil 
what matters in rocking response, for example, not the frequency parameter, p or slenderness 
α but the frequency ratio  ωg/p, or the dimensionless-orientationless slenderness  ag/(gα). 

2.5 Intensity measures (IMs) 

Following the proposed dimensionless–orientationless products of Equation (9), we select 
IMs similar to that in [29] for sliding objects. According to Equation (9), there are two groups 
that could be considered as candidate IMs: the frequency ratio ωp /p and the dimensionless 
slenderness  αg/(gtanα). We examine four common strong ground motion parameters that 
could be used as  αg  or  ωg  accordingly: the peak ground velocity PGV (= Vp for pulse excita-
tions), the peak ground acceleration PGA, the predominant period  Tp  of the pulse, and the 
mean period of the CSGM  Tm  (see [26] and references therein). Using the four well-known 
strong ground motion parameters, we construct the following alternative versions of the two 
groups  ωp /p  and  αg/(gtanα):  

 

1 2 3

4 5 6

, ,

, ,
tan tan tan

p m

m

PGA
IM IM IM

p p pPGV

PGVPGA pPGV
IM IM IM

g g g

 



  

  

  

 (10) 

where  ωp = 2π / Tp and  ωm = 2π / Tm; IMs IM1 to IM3 reconstruct the frequency ratio (ωp / p  
of Equation (9)), whereas IM4 to IM6 are alternative dimensionless slenderness (αg/(gtanα) of 

Equation (9)) groups. In the following, we refer to the former as ‘frequency ratio’ IMs and 
to the latter as ‘dimensionless slenderness’ IMs.  

3 FRAGILITY ANALYSIS  

In general, fragility (or vulnerability) analysis is the estimation of the conditional probabil-
ity Pf  that an EDP(=D), will exceed a certain capacity limit C(= c), given an IM value: 

  |fP P D C c IM    (11) 

Figure 5 illustrates the probability tree diagram that describes the rocking problem and fa-
cilitates the calculation of the conditional probability  Pf | r, that the EDP of a structure will 
exceed a certain (capacity) threshold, given an IM value and given that the structure is rocking. 
Pnr  is the probability that the structure will remain resting on the ground (non-rocking re-
sponse; Figure 5) during the earthquake excitation; Pro  is the probability that the rocking 
structure overturns. In general, the probability  Pf | r  is derived by the union of two likelihoods 
(Figure 5): (a) the probability that the structure commences rocking and overturns, and (b) the 
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rocking structure does not overturn, but during its rocking response, the EDP exceeds the ca-
pacity limit c. Thus, Equation (11) becomes [15] 

 | r r(1 ) ( | )f r o o exP P P P D C IM     (12) 

The overturning probability, Pro  (in Figure 5), can be estimated as in [15], from the ratio of 
the number of simulations (response analyses) that result to rocking overturning to the total 
number of the simulations. An alternative solution for the estimation of probability  Pro  is 
[30], to adopt a maximum likelihood approach  (Pnr, in Figure 5). The present study, focuses 
on the calculation of the conditional probability Pex of Equation (12), in which the EDP of a 
rocking structure will exceed a capacity limit, C=c, given an IM value without overturning.  

D > C

rocking
initiation

overturning |θm|/α >c

ground motion
excitation

no rocking
(no response)

no
overturning |θm| /α < c

 

Figure 5: Probability tree diagram for the rocking problem.  

3.1 Probability of limit state exceedance during ‘safe rocking’.  

In this section we present the calculation of the conditional probability Pe x (see Figure 5 
and Equation (11)) that a rocking structure exceeds a performance/capacity limit C(=c), with-
out the occurrence of overturning (‘safe rocking’) under a ground motion with IM = x. The 
calculation procedure is based on two typical assumptions.  

Firstly, that both the capacity C and the demand D, are random variables following 
lognormal distributions. Then, Pe x  is:  

 
|

ln
( | )ex ex

D IM

x
P P D C IM x





 
      

 
 (13) 

where Φ( ) is the standard normal cumulative distribution function; μ is the median value of 
the structural demand as a function of IM and βD|IM is the dispersion (or logarithmic standard 
deviation) of the demand conditioned on the IM [31].  

The second typical assumption ([32]) is that the median demand Dm and the IM are related 
through the function:  

 ( )b
mD IM  (14) 

Conveniently, the assumed function (Eq. (14)) becomes a straight line on the lnDm vs lnIM 
plane: 

 ln( ) ln( ) ln( )mD b IM   (15) 

which enables the estimation of parameters α and b by means of linear regression analysis.  
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Figure 6 presents sample results of the linear regression analyses considering solely rock-
ing without the overturning (‘safe rocking’ cases of Figure 3). The regression analyses show a 
significant dispersion in the response for both pure pulse excitations (Figure 6 (a)), as well as, 
CSGMs (Figure 6 (b)). Regardless which of the IMs performs best compared with the others, 
none of the examined IMs shows a strong effect on the response. To some extent, this failure 
of the well-known strong ground motion parameters (e.g., PGV, PGA, PGA/PGV) to predict 
rocking response should be attributed to the negative stiffness mechanism and further to the 
lack of resonance of rocking structures under constant frequency ground motions [4].  
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Figure 6: Sample results of the linear-regression analyses for (a) pure M&P pulse excitations and (b) CSGMs.  

3.2 Proposed bivariate IMs   

Alternatively, this section, examines the use of bivariate IMs, instead of univariate IMs, to 
capture the rocking response of a structure subjected to seismic (synthetic) excitations [31].  

Figures 7 (a) and 8 (a) present a three-dimensional view, ln(|θmax|/α) – lnVp – lnTp, of the 
same ‘safe-rocking’ simulations (of Figure 3) for pure M&P pulse ground motions and for 
CSGMs, respectively. In the same Figures, the results are also plotted in the three two-
dimensional viewpoints of the 3D plane: (i) a lnVp-lnTp (Figures 7 (b) and 8 (b)), (ii) a 
ln(|θmax|/α) – lnVp (Figures 7 (c) and 8 (c)), and (iii) a ln(|θmax|/α) – lnTp view slice (Figures 7 
(d) and 8 (d)). If viewed from the proper viewpoint (compare Figures 7 (a) and 8 (a) with Fig-
ures 9(a) and (b), respectively), remarkable order emerges: The response points lie consistent-
ly on two distinct planes; a trend hidden in the two-dimensional representations of the same 
results (e.g., Figure 6). The existence of the two distinct planes unveils that rocking response 
scales differently for low intensity, versus high intensity, excitations. In particular, rocking is 
more sensitive to low amplitude excitations, meaning that even slight variations of the excita-
tion characteristics have a strong effect on the peak rocking response. Figure 9 illustrates al-
ternative three-dimensional plots from different viewing angles of the same results of Figures 
7 (a) and 8 (a), respectively.  
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In general, the equation of a plane in a three-dimensional (ln(|θmax|/α) – lnIMx – lnIMy) 
space is given as: 

 1 2ln( ) ln( ) ln( ) ln( )m x yD b IM b IM     (16) 

which suggests that the mean demand is given by a bivariate (vector-valued) intensity meas-

ure ˆ ( , )x yIM IM IM as  

  1 2b b
m x yD IM IM  (17) 

where IMx and IMy are two appropriate (scalar) IMs, and α, b1, b2 are coefficients calculated 
using multi-linear regression analysis [50]. For IMx and IMy, we adopt the dimensionless slen-
derness IM4 , and the frequency ratio IM3  from Eq. (10), respectively, based on [30]. 
  

Excitation 1.00<PGA/(g tanα) <1.30  PGA/(g tanα)≥1.30 
 α b1 b2 (R2) α b1 b2 (R2) 
M&Ps 0.001 29.40 -1.994 (0.915) 1.490 1.574 -2.004 (0.896) 
CSGMs  6.02e-6 28.31 -0.236 (0.737) 0.104 2.640 -1.436 (0.557) 

Table 1: The fitted planar distributions for the response analyses of Figure 3. 
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Figure 7: Plots of ‘safe-rocking’ results ( same as Figure 6(a))for M&P pulses excitations in: (a) a 3D plane; (b) 
a lnVp-lnTp , (c) a ln(|θmax|/α) – lnVp, and (d) a ln(|θmax|/α) – lnTp views.  

The transition between the two planes takes place at a constant acceleration boundary (Fig-
ures 7 and 8). The estimation of the transition limit can be made with iterative multi-linear 
regression analyses that minimize the dispersion of both planes of Figures 7 and 8 simultane-
ously (e.g., through the coefficients of determination R2). The ‘low’ (e.g., PGA < 1.30 αg,min) 
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and the ‘high’ (e.g., PGA > 1.30 αg,min) amplitudes are then defined according to the minimum 
rocking acceleration αg,min=gtanα. 

0 0.5 1 1.5 2 2.5
0

1

2

3

4

-6

-4

-2

0

ln(PGA/(pPGV))

(a) CSGMs : 3D view

R2=0.557

R2=0.737

ln
(|

θ m
|/α

)

R2
tot = 0.598

ln
(|

θ m
|/α

)

ln (PGA/(g tanα))

ln
 (

P
G

A
/(

p
P

G
V

))

ln (PGA/(g tanα))

ln
(|

θ m
|/α

)

ln (PGA/(p PGV))

(b) CSGMs: ln(PGA/(gtanα))-ln(PGA/(pPGV)) view

(c) CSGMs: ln(PGA/(gtanα))-ln(|θm|/α) view (d) CSGMs: ln(PGA/(p PGV))-ln(|θm|/α) view

0 0.5 1.0 1.5 2.0 2.5
0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

0 0.5 1.0 1.5 2.0 2.5
-7

-6

-5

-4

-3

-2

-1

0

0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
-7

-6

-5

-4

-3

-2

-1

0

 
Figure 8: Plots of ‘safe-rocking’ results (same as Figure 6(b)) for the combined synthetic ground motions for 

different views: (a) a 3D view; (b) a lnVp-lnTp , (c) a ln(|θmax|/α) – lnVp, and (d) a ln(|θmax|/α) – lnTp views 
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Figure 9: Alternative 3D views from other viewing angles of: (a) Figure 7(a) plot, and (b) Figure 8(a) plot.  
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In Table 1 are listed all the regression parameters α, b1, b2, and the coefficient of correla-
tion R2 (i.e. the fitted planar distributions) when the structure (e.g., the rocking frame with p= 
1.0 rad/s and α= 0.149 rad) is subjected either to pure (M&P) pulses or CSGMs. 

4 PROPOSED ‘UNIVERSAL’ FRAGILITY CURVES   

In this section, we estimate the probability of a limit state threshold (LSi) being exceeded 
during ‘safe rocking’ Pex. The fragility curves of Pex can be generated using either a univariate 
or a bivariate IM. The use of a univariate IM is a simpler approach, but (as shown late in Fig-
ure 10) it results in increased scatter. Moreover, the more complex bivariate IM approach re-
duces drastically the uncertainty (Figure 10), but it requires more information about the 
frequency content of the excitation.  
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(b) M&P pulses: LS2=0.25
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(c) M&P pulses: LS3=0.50
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(d) CSGMs : LS1=0.10
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(e) CSGMs : LS2=0.25
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(f) CSGMs : LS3=0.50

 
Figure 10: Comparison of bivariate with univariate Pex fragility curves for different PGA/( pPGV) values. 
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Figure 10 plots Pex fragility curves of different limit states using  pPGV/(g tanɑ)  as the 
univariate IM and the pair of IMs, (PGA/(gtanɑ), pPGV/PGA) as a bivariate IM. The fragility 
curves of Figures 10 (a) to (c) are obtained for M&P pulse excitations (Figure 3(a)), while the 
fragility curves of Figures 10 (d) to (f) are obtained for CSGMs (Figure 3b). The limit states 
we adopt herein are: LS1=0.10 (Figures 10 (a) and 10 (d)), LS2=0.25 ((Figures 10 (b) and 10 
(e)), and LS3=0.50 ((Figures 10 (c) and 10 (f)). These values are based on engineering judg-
ment, and they express an amplitude of rocking action raging from marginal up to extensive 
rocking. In particular, LS1 indicates a rocking structure that may have minor and local damage 
due to contact. Accordingly, LS3 corresponds to extensive local damages, while LS2 demon-
strates an intermediate level of observable local damages on the rocking structure. Figure 10, 
compares the univariate FC with bivariate FCs for given PGA/PGV values. As the PGA/PGV 
ratio increases, the fragility of the rocking structure (Figure 10) decreases a well-known trait 
of rocking behavior that the univariate FCs neglect. In addition, the univariate FC is substan-
tially flatter than the bivariate FCs, which indicates higher uncertainty. 

5 CONCLUSIONS 

This paper offers analytical FCs for slender, rigid structures rocking under (synthetic) 
near-fault ground motions. The proposed FCs can be generated by either univariate (conven-
tional) IM or bivariate IM/s. The study shows that the bivariate FCs offer a superior estima-
tion of the fragility, compared with the conventional univariate FCs. In this context, the study 
proposes a group of various dimensionless–orientationless IMs that offer a normalized (ap-
proximately ‘universal’) description of rocking, indifferent to the characteristics of the struc-
ture or to the  ag  and  ωg  of the (near-fault) ground excitations. Importantly, the paper unveils 
that rocking response without overturning follows a biplanar distribution with respect to the 
frequency ratio and the scaled acceleration amplitude of the ground motion. In particular, the 
paper brings forward the existence of a critical peak ground acceleration, below and above 
which, rocking response scales differently. This observation is stronger for pure pulse ground 
motions.  
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Abstract. Research from the past ten years shows that the seismic fragilities of different in-
frastructure networks are better understood and estimated than the recovery of a community 
subjected to these fragilities. Modeling the recovery process for a specific infrastructure sys-
tem-community-hazard combination is a challenging task due to the lack of data and because 
the recovery process is subject to a large set of interdependent factors and variables. The 
primary objective of the present work is to understand how typical modeling assumptions af-
fect the estimated seismic resilience of a community, whose electrical power supply network 
has been affected by an earthquake. The recovery model relies on component recovery prob-
ability functions conditioned on the initial post-disaster damage state of the single compo-
nents. The loss of resilience (LOR) of a set of systems, composed by an electric power supply 
system and a community demanding electric power is assessed using a compositional ap-
proach to quantify the loss of resilience of the combined system. The modeling assumptions 
that are considered are: a) the time-varying recovery function, and b) the probabilistic model 
for recovery. For the recovery function, the adopted probability model of the infrastructure 
system is found to have a strong influence on the loss of resilience, while it is relatively insen-
sitive to that of the community. LOR is also observed to have a significantly higher sensitivity 
towards the mean of the used recovery functions than towards their variance.  
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1 INTRODUCTION 
Seismic resilience assessment of the building stock and of infrastructure systems, like the 

Electric Power Supply System (EPSS), is essential to estimate the impact of earthquakes to a 
community and to evaluate pre-disaster mitigation measures or post-disaster emergency plans. 
The resilience of a system or a community is influenced especially by the robustness of the 
considered system towards a disastrous event and by its recovery in the aftermath of that 
event. The fragility of components of the built environment or engineered systems can easily 
be assessed using, for example, fragility curves, that can be obtained through laboratory tests, 
finite element analyses of the structure or from diverse databases. However, the computation 
of recovery is much more challenging. Recovery is a complex, multifaceted and multidimen-
sional process depending on many factors, including especially political decisions and socio-
economic considerations which might not be known in advance of the disastrous event and 
are therefore difficult to model numerically.  

The objective of this work is to understand the impact of the modeling assumptions of the 
component recovery functions to the resilience of a set of systems. The findings should pro-
vide guidelines for future modeling of the seismic recovery of infrastructure systems and in-
dicate which parameters need more intricate assessment than others. 

2 LITERATURE REVIEW 

2.1 Definition of Resilience 
The definition of resilience, especially the resilience of a community has been refined dur-

ing the last decade and the term is often used in different settings (Buffalo). For an engineered 
infrastructure, the loss of resilience (Figure 1) of a given system can be expressed as the loss 
of functionality or performance over time [1].  

 
Figure 1: Loss of resilience (shaded area). Adapted from [1] 
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It can be mathematically defined as 

R= 100−Q(t)"# $%dt
t0

t f

∫         (1) 

where, t0 is the time when the disastrous event (e.g. the earthquake) occurs, tf the time when 
the system is fully recovered and Q(t) the performance of the system at a given point in time. 
The performance function is set at 100% at t0 [1]. 

The recovery starts after the absorption phase and ends with the full restoration of the sys-
tem to its pre-event performance level. Different recovery models have been proposed in the 
literature. These models can be ordered into five main categories: statistical curve fitting, de-
terministic resource constraint, Markov processes, network models and discrete event simula-
tions [2].  

Statistical curve fitting models usually estimate the parameters of one recovery curve for 
the whole system using statistical data [3] or a probabilistic parametric approach for a range 
of parameters [4]. The shape of the system recovery function is predetermined and can take, 
for example, a trigonometric [4,5], linear or exponential shape [5]. These models do not con-
sider any community or network topology and don’t explicitly model the activities that take 
place during the post-disaster recovery process. 

The network approach takes into account the topology of the infrastructure system, which 
is composed of a number of supply and demand nodes and links between these nodes. It al-
lows the consideration of the temporal and spatial evolution of the systems recovery. This ap-
proach has mainly been used in the optimization of the recovery process of the infrastructure 
system while statistical curve fitting has been used more frequently to model the current re-
covery process [2]. 

3 METHODOLOGY  

3.1 Estimating the loss of resilience of a set of systems  
The definition of the loss of resilience reviewed above only allows to assess the impacts on 

the performance of a single system - for example, the supply capacity of the electric power 
supply system over time - and to compare it to its initial performance level. This paper makes 
use of a compositional approach [6] to calculate the loss of resilience of a set of systems. The 
compositional approach allows taking into account the changes on the demand side, depend-
ing on the performance of a second system, for example a community.  

The loss of resilience is therefore the amount of supply that cannot be provided by the 
damaged supply network in order to cover the demand of a damaged second system or a set of 
systems (Figure 2). In the example of an EPSS, failure occurs if the post-disaster demand of 
the community exceeds the available post-disaster power supply capacity of the EPSS. The 
analytical expression of the loss of resilience (LOR) can be written as  

LOR= D(t)− S(t) dt
to

t f

∫        (2) 

where, D(t) is the demand over time, S(t) is the available supply over time and tf is the time 
when both systems have recovered. This quantity is represented by the shaded area in Figure 
2. 
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Figure 2: Loss of resilience, compositional approach. Adapted from [6] 

3.2 Recovery model 

The proposed recovery model combines aspects of the statistical curve fitting and the net-
work approach models. The recovery of every component of the considered systems is ex-
pressed by a time-dependent recovery probability distribution conditioned on the damage state 
of the component. This allows expressing the probability that a certain component of the net-
work has recovered after a certain time after the disastrous event, depending on its initial post-
disaster damage state. 

It is possible to assign a characteristic recovery distribution to every component in the con-
sidered networks and therefore the shape of the system recovery curve is not predetermined. 
Using the information about the network topology, the available supply and the needed de-
mand at different locations of the considered networks can be calculated and the loss of resili-
ence can be computed using Equation (2). 

The advantage of the proposed model is its flexibility and that it only requires few data and 
no specific knowledge of the detailed recovery process and recovery phases of the considered 
systems. A specific recovery probability function can be assigned to each component type. 
The parameters of the used recovery distributions can be estimated using available empirical 
data, expert opinion or approaches like a discrete event simulation. Different values can be 
assigned to the parameters depending on the damage state of the components. This allows tak-
ing into consideration that heavily damaged components need a longer time to repair than 
slightly damaged ones [7]. If new information becomes available, all parameters can easily be 
updated and different recovery speeds can be simulated by simply adapting the parameters of 
the recovery functions. 

4 CASE STUDY  
The case study makes use of the introduced concept of loss of resilience (LOR) and the 

proposed recovery model. In the following, the sensitivity of the LOR of the considered sup-
ply-demand system towards the adopted probability distribution type and the probability dis-
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tribution parameters is analyzed using an example of an EPSS supplying to a virtual commu-
nity affected by an earthquake. 

4.1 Probability distribution for modeling vulnerability and recovery 
To model the probability of recovery of a component at a time t after the disastrous event, 

two distribution types are compared: the lognormal and the Weibull distributions. The inves-
tigated distribution types meet the criterion that the support is defined in [0,+∞], which is 
necessary as the probability of recovery is dependent on the time after the disastrous event 
and can not take place before the event itself.  

The lognormal distribution has been chosen for two reasons: the parameters are easy to es-
timate from available data or expert opinion and most of the fragility curves for structural 
seismic demand are based on lognormal distributions. The lognormal recovery functions are 
therefore orthogonal to the vulnerability functions [6]. Its cumulative distribution function 
reads: 

FX(x) =Φ ln x −µ
σ

#

$
%

&

'
(  (3) 

where, Φ is the cumulative distribution function of the standard normal distribution, and µ and 
σ are the mean and the standard deviation of the associated normal distribution. 

The skewness of the lognormal distribution is always positive, which may not reflect the 
actual recovery process of many systems. The recovery probability might be better represent-
ed using a distribution that allows different negative and positive skewness, for example the 
Weibull distribution. The disadvantage of the Weibull distribution is that the parameters are 
more difficult to estimate. The cumulative distribution function for a Weibull model reads: 

FX(x) =1− e−(x/λ )
k

 (4) 

where k (k>0) is the shape parameter and λ is the scale parameter. The skewness of the 
Weibull distribution is only dependent on k. For k=1 an exponential distribution can be ob-
tained. 

4.2 Modeling of the vulnerability of the EPSS and the virtual community 
The topology of the EPSS used in the case study corresponds to a part of the IEEE 118 

network, which “represents a portion of the American Electric Power System (in the Mid-
western US) as of December, 1962” [8]. It is composed of a total of 34 nodes: 15 supply 
nodes and 19 demand nodes (Figure 3). Two different types of substations are considered in 
the EPSS, supply substations (220 kV) and distribution substations (35 kV). The substations 
are modeled using a simplified topology. The supply substation topology includes 3 bus bars 
(1 reserve) and 7 circuit breakers. Two generators are directly linked to every supply substa-
tion [9]. The distribution substations are composed of 3 bus bars (1 reserve), 11 circuit break-
ers and 3 transformers. Two damage states are considered for bus bars, circuit breakers and 
transformers: failure and no failure. The corresponding fragility functions are taken from [11]. 
For generators, three damage states are considered: no damage (DS1), slight / moderate dam-
age (DS2) and extensive damage (DS3), fragility functions are taken from [12]. 
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Figure 3: EPSS, virtual community and epicenter. By [6] 

The different distribution substations are supplying power to a virtual community, com-
posed of residential buildings, industrial facilities, businesses and critical infrastructure 
(schools and hospitals), grouped together in several cities, villages and industrial zones situat-
ed close to the distribution nodes of the network. 8 different building types are considered and 
each building type’s vulnerability is represented by its own fragility functions 
[13,14,15,16,17,18]. Three damage states are considered for each building type: no damage 
(DS1), slight/moderate damage (DS2) and extensive damage/collapse (DS3). The consump-
tion data are obtained from various sources [9]. A power flow balance analysis is run in order 
to distribute the available supply according to the demand in the network. 

The epicenter of the considered seismic event is located close to the geographic center of 
the considered virtual community environment (Figure 3). The intensity of shaking at the lo-
cation of each component is measured using peak ground acceleration and peak ground veloc-
ity computed using the NGA ground motion model proposed in [19]. The temporal 
distribution of earthquake recurrence is determined using a Gutenberg-Richter recurrence law, 
with a=4.4 and b=1 [21]. 

4.3 Modeling of the recovery  
The recovery of the EPSS and the community it supplies to are modeled using different 

settings (Table 1).  
 

 Setting 1 Setting 2  Setting 3  Setting 4  
Components of 
EPSS  Lognormal  Weibull 

(k=1) 
Weibull 
(k=1) Lognormal 

     
Components of 
community  Lognormal  Lognormal  Weibull 

(k=5)  
Weibull 
(k=5)  

 
Table 1: Distribution types of the component recovery functions used in the case study. 
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The mean and standard deviation of the different lognormal component recovery functions 
of Setting 1 (the ‘reference scenario’) are estimated for each damage state of each component 
using existing data for recovery rates from natural hazards [3,7,20]. To account for the longer 
reconstruction time and uncertainties for severely damaged components, it is assumed that the 
mean and standard deviation for recovery functions from DS3 back to DS1 are considerably 
higher as those from DS2 back to DS1 [7]. 

The shape parameter k of the Weibull recovery functions in Settings 2, 3 and 4 is set ac-
cording to Table 1. Data from past earthquakes show that considerable effort is put in the fast 
post-disaster reparation of the EPSS. The recovery of the built environment is much more 
complex and requires often many preliminary processes (financing, building permit) before 
the actual reconstruction of repairing can start [20]. For the recovery of the EPSS, k is there-
fore set to 1 and for the recovery of the built community k is set to 5. The mean of the 
Weibull component recovery functions is set equal to the corresponding mean of the lognor-
mal component recovery functions used in Setting 1. 

The comparison of the LOR for the different settings provides an understanding of the sen-
sitivity of the LOR to the different recovery function types. In order to assess the impact of 
the mean and standard deviation to the loss of resilience, a sensitivity analysis for these pa-
rameters are performed, using Setting 1. 

5 RESULTS OF THE CASE STUDY 
The described case study is run for 2000 MC simulations for moment magnitudes ranging 

from 4.5 to 7 with an incremental step of 0.1.  

 
Figure 4: Loss of resilience (LOR) for Settings 1-4 for earthquakes from magnitudes 4.5-7.5. 
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Figure 5: PSHA: Expected loss of resilience (LOR) per year for magnitudes 4.5-7.5. 

Figure 4 and Figure 5 illustrate the results for the different recovery settings indicated in 
Table 1. Figure 4 shows the results of a scenario-based assessment while Figure 5 shows the 
results of a probabilistic seismic hazard analysis (PSHA). It can be observed that the LOR is 
higher for the settings, in which the recovery of the EPSS is modeled as lognormal, ie. Setting 
1 and Setting 4. This is due to the fact that in Setting 2 and Setting 3, where the recovery of 
the EPSS is assumed to follow a Weibull distribution, the shape parameter k is set to 1 and the 
recovery distribution therefore becomes an exponential distribution.  

The distribution type of the community recovery function influences the LOR barely. In 
the modeled set of systems, the recovery of the community is quite slow compared to the one 
of the EPSS (please note that this may change in other sets of supply-demand systems and the 
influence of the distribution type of the demand system has to be reassessed for these envi-
ronments).  

Figure 5 indicates that for moment magnitudes ranging from 5 to 6, the difference between 
Settings 1/4 and Settings 2/3 has the highest impact on the expected LOR per year. If it is as-
sumed that the probability of the recovery of the EPSS following an exponential distribution 
increases with the preparedness of the community, the elaboration of detailed restoration 
plans for earthquakes of that range (i.e. Mw 5-6) can considerably reduce the expected LOR. 
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Figure 6: Normalized LOR in function of normalized mean for Scenario Analysis and PSHA. 

 
Figure 7: Normalized LOR in function of normalized standard deviation for Scenario Analysis and PSHA. 
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Figure 6 shows the sensitivity of the LOR towards the variation of the mean of the compo-

nent recovery functions. It can be seen from the relationship between the normalized LOR and 
the normalized mean (both normalized to the reference setting) that the LOR is very sensitive 
to the mean. They change in the same order of magnitude, i.e. a 25% reduction of the mean of 
the component recovery functions causes a 25% reduction of the LOR of the entire set of sys-
tems. The LOR appears to be perfectly correlated to the mean. The sensitivity of the LOR to-
wards the standard deviation of the component recovery functions is relatively smaller (Figure 
7). If the standard deviation is reduced for example by 50%, the LOR only changes by 10%. 
The observations remain the same for the scenario-based simulation and the PSHA. 

6 CONCLUSIONS 
The loss of resilience of a given set of systems consisting of a supply and a demand system 

was computed using a compositional approach. It is especially influenced by the recovery of 
the system. The employed recovery model defines for each component its own time-
dependent recovery function conditioned on the component’s initial post-disaster damage 
state. It allows the implementation of the advantages of statistical curve fitting and network 
approaches. A case study, including a sensitivity analysis, has been carried out in order to de-
termine the influence of the distribution type and the parameters of the recovery functions to 
the system’s total loss of resilience. The distribution type of the recovery of the EPSS has a 
strong influence on the LOR, while the type of the distribution of the community recovery 
only causes a slight change in the system’s loss of resilience. The results also indicate that the 
LOR has a higher sensitivity towards the mean of the used recovery functions than towards 
the standard deviation. These findings should be useful in future modeling of the seismic re-
covery of infrastructure systems, indicating which parameters need more intricate modeling 
than others. However, the generality of these outcomes are arguable and should be verified for 
different network topologies and settings and using different earthquakes sources. 
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Abstract. During seismic sequences, repeated shocks of varying intensity hit previously 
damaged and unrepaired building stock. The cumulative damage from repeated shocks affects 
the building vulnerability to subsequent events. This paper introduces a methodology for 
estimating the displacement demand, assumed as a damage measure, to existing unreinforced 
masonry buildings during earthquake sequences in probabilistic terms, only given the 
intensity levels of each event of the sequence. The damage prediction is based on statistical 
interpretation of a collection of analytical results derived prior to the occurrence of the 
seismic sequence. This procedure can be a useful tool when a rapid evaluation of damage is 
desirable during the earthquake sequence, in order to be incorporated into risk and loss 
assessment calculations. The analytical results used for damage predictions consist of results 
of nonlinear dynamic analyses with a large number of unscaled records and a set of SDOF 
models representing undamaged and damaged URM buildings. In order to investigate the 
parameters that affect cumulative damage evaluation, application examples are developed by 
considering records from the Canterbury (New Zealand, 2010-2011) and the Emilia (Italy, 
2012) earthquake sequences. 
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1 INTRODUCTION 
The undesired implications of cumulative damage on the seismic performance of 

unreinforced masonry buildings (URM) were recently observed during earthquake sequences 
that occurred in various locations (e.g. the demise of URM buildings after the Canterbury 
earthquake sequence, New Zealand, 2010-2011 [1][2] and Emilia, Italy, 2012 [3]). The need 
of developments in the quantification of aftershock risk calculation for pre-damaged buildings 
became obvious for all buildings, and especially URM buildings, since they constitute a large 
proportion of the total existing building stock, even in many seismically active countries. This 
paper proposes a procedure for calculating, in probabilistic terms, the expected seismic 
demand, by only knowing the intensity level of each earthquake event. This procedure uses 
the intensity levels of the events that have occurred (during a sequence), for the derivation of 
a distribution of demand values. Specifically, the procedure takes advantage of the results of 
state-dependent assessment (results of dynamic analyses performed with pre-damaged models 
and a large number of unscaled records), to proceed to a quick estimation of seismic demand 
during an earthquake sequence, without further analysis and by considering only the intensity 
of the occurring earthquakes and the damage state of the structures due to the preceding 
earthquake events. 

The probabilistic prediction of damage demand for an earthquake sequence can be a useful 
tool for rapid post-earthquake assessment of a population of buildings, each represented by a 
model, whose seismic response can be evaluated by means of nonlinear time-history analyses 
(NLTHA) prior to the occurrence of the sequence. In particular, it can be very useful for 
emergency assessments, since a quick estimation of damage expectation is possible as soon as 
the sequence occurs. This could provide, very quickly, a basic idea for the decision-makers 
regarding the damage distribution among the building population, which was modelled and 
analyzed with dynamic analyses prior to the occurrence of the earthquake sequence. Moreover, 
the predictions referring to a single event can be combined with seismic hazard models, in 
order to derive the seismic risk and loss for expected earthquake events. Alternatively, during 
the occurrence of seismic sequences, the expected seismic demand can be combined with 
aftershock seismic hazard and the probability that seismic demand exceeds the limit states of 
interest can be calculated for given time ranges. Since aftershock hazard is time-dependent 
[4][5], the calculations can be repeated as the time lapses, by adopting the updated hazard or 
the updated demand, if more aftershocks are occurring. The outcome of each calculation can 
be interesting for stakeholders and decision makers for organizing emergency plans. 

In the following sections, the methodology for the demand prediction is presented and 
some necessary considerations for obtaining a reliable prediction are discussed. Then, its 
applicability is examined through calculations of demand with four real earthquake sequences, 
for a single case study URM building. 

2 OUTLINE OF THE PROPOSED METHODOLOGY  
The procedure for deriving a probabilistic estimate of the expected displacement demand 

(and corresponding damage) for earthquake sequences can be divided in two parts, which will 
be discussed in the following sub-sections. The first and more time-consuming part should be 
performed prior to the occurrence of the sequence and includes the modelling and analyses in 
order to obtain maximum displacement (or other damage index) demand, as a function of the 
level of pre-existing damage and of the shock intensity, covering an adequate range of 
intensity measure (IM) values, consistent with the seismic hazard of the area. The second and 
quicker part (post-earthquake sequence) can be performed either by using the IM values of 
each event that has occurred during the sequence, in order to assess the accumulated damage, 
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or by using IM values of hypothetical sequences relevant to the aftershock seismic hazard at 
the site, in order to assess future demands. The distributions of the expected damage are then 
calculated for each shock. It should be noted that only the most significant records of the 
sequence should be used in the calculation. The exclusion of records of intensity below an 
adequate IM threshold is intended to exclude non-damaging earthquake events in order to 
speed up the damage prediction. The repetition of events of low intensity could indeed 
potentially change the expected response, depending on the model and the EDP used. 

2.1 Calculation of displacement demand (before earthquake sequence) 

The first steps of the procedure are common to those presented in [6], for the derivation of 
state-dependent fragility curves for URM buildings: 

• Step 1: Derivation of appropriate multi-degree-of-freedom (MDOF) models 
representative of the building typologies of interest and calibration with adequate 
mechanical properties.  

• Step 2 (Optional): Derivation of single-degree-of-freedom (SDOF) models, 
calibration and verification according to static and dynamic analyses with the 
MDOF models (if the response can be represented by SDOF models).  

• Step 3: Derivation of pre-damaged models, representing the implications of damage 
experienced due to previous earthquake shocks on the building behavior during 
subsequent earthquake events, for example with a nonlinear static procedure (cyclic 
pushover analysis).  

• Step 4: Selection of a sufficient number of appropriate records representative of the 
possible seismic action at the site of interest.  

• Step 5: Calculation of seismic demand by means of NLTHA with the selected  
records and the undamaged and pre-damaged SDOF (or MDOF) models.  

• Step 6: Representation of ground motions by appropriate scalar or low-order vector 
IMs.  

• Step 7: Storing of analytical results, in terms of damage (displacement or drift) 
demands and the corresponding ground motion IM values, for each considered 
level of pre-existing damage. 

2.2 Rapid evaluation of cumulative seismic damage (after earthquake sequence) 

The steps to be carried out after the occurrence of a seismic sequence, in order to obtain a 
rapid evaluation of the cumulative damage consist of: 

• Step 1: Representation of the earthquake sequence by a sequence of IM values. 
• Step 2: Given the IM value of each earthquake event of the sequence, derivation of 

maximum displacement demand in probabilistic terms (using the results of the 
undamaged models for the first earthquake and by combining the results for 
damaged models for the rest of the events of the sequence). The final prediction 
regards the maximum damage demand that the building is expected to experience 
during the whole sequence. 

The derivation of the distribution of maximum displacement demand is based on simple 
probability rules. For the first earthquake of the sequence, given its intensity, the displacement 
demand distribution (discrete levels) is taken from the previously calculated distributions of 
displacement from the results of NLTHA with the undamaged model, in a range in the 
vicinity of the IM value. The latter is based on the assumption that the building under 
examination is not damaged before the occurrence of the first strong motion of the studied 
sequence. According to the above, the probability of occurrence of discrete damage levels is 
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calculated )|( 11max, EQi IMDLdp = , where i corresponds to the damage levels (or bins) that 
have a non-zero probability of occurrence.  

For the next considered earthquake event of the sequence, the probability of occurrence of 
each discrete damage level is calculated, according to the previously derived damage levels. 
Particularly, the probability that each damage level DLj is reached after the second earthquake 
event is equal to the probability of DLj, conditional on the pre-existing DLi: 

∑
=

====
DLn

i
EQiEQji IMDLdIMDLdpEQDLdp

1
11max,22max,2,12 )||()|( I  (1) 

where nDL represents the total number of damage levels (DLs) with non-zero probability of 
occurrence, during the previous earthquake events. Since the prediction focuses on the 
maximum experienced damage through the whole sequence, if the probabilistic calculation 
for the subsequent earthquake event includes damage levels lower than the lowest damage 
level reached at the preceding event, the probability of these low damage levels is added to 
the lowest damage level attained from the previous earthquake event.  

For the subsequent earthquake of the sequence (3rd event), following the same principles as 
for calculating the damage demand for the sequence of EQ1 and EQ2, the probability of 
occurrence of each DL can be calculated according to: 

p(d3 = DLk | EQ1,2,3 ) = p(dmax,2 = DLk | IMEQ3 ! dmax,2 = DLj | EQ1,2 )
i=1

nDL

!  (2) 

In the same way, the probabilities of reaching each damage level are calculated for all the 
earthquakes of the considered sequence. Finally, the probabilistic predictions of damage 
demand can be compared to the deterministic results of real earthquake sequences derived 
from NLTHA with the earthquake sequence records. 

3 REPRESENTATION OF SEISMIC DEMAND FOR UNDAMAGED AND PRE-
DAMAGED MODELS   

In this section, application examples of the procedure are presented in order to demonstrate 
its applicability and indicate the parameters that can affect the reliability of the probabilistic 
cumulative damage prediction. After a short presentation of the SDOF model used and the 
results of dynamic analysis (pre-earthquake steps), the probabilistic damage prediction 
calculations for four real earthquake sequences are presented and the considered parameters 
are introduced. 

3.1 URM building model and considered levels of pre-existing damage 

A model of a two-storey typical clay-brick URM building was used for the application 
examples. The building was assumed to develop a global in-plane failure mechanism, 
assuming that the out-of-plane failure of the walls is prevented. First, a MDOF model was 
developed using the software TREMURI [7][8], with mechanical properties adopted from 
ranges derived from collection and processing of available parameters for clay-brick masonry 
from experimental studies. Then, in order to reduce the computational burden of the necessary 
nonlinear dynamic analyses, an equivalent SDOF model was developed, according to the 
procedure proposed by Graziotti et al. [9], consisting of a static and dynamic calibration. The 
scheme adopted for the SDOF model is reported in Figure 1. The system is composed of two 
two-node macro-elements coupled by an axially rigid link, with the scope of allowing an 
accurate reproduction of the behaviour of the structure, characterised by a combination of 
flexural (left macro-element) and shear (right macro-element) responses. The degree of 
freedom corresponds to the horizontal displacement of the mass on top of the system. The 
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procedure followed for the calibration of the equivalent SDOF system is described in more 
detail in [6] and [9].  

M

Axial rigid link
F1 F2

Fh

 

Figure 1: SDOF model of the selected building prototype [9]. 

This appropriately calibrated SDOF model was then used for the creation of models 
representing the various levels of pre-damage of the structure. For the applications presented 
here, the pre-damaged models were derived from the results of nonlinear static analysis, with 
reference to 15 discrete levels of damage, each represented by a level of top displacement of 
the MDOF model, starting from 2 mm (damage level 1, DL1) and increasing by 2 mm when 
moving to the following DL. In order to obtain the damaged model, the undamaged SDOF 
model was subjected to one loop of a cyclic pushover analysis up to the displacement level 
characterizing the damage level. 

Alternative damage level definitions could obviously be adopted, depending on the 
application of the damage prediction. For example, the damage levels could correspond to 
significant damage states (DS), which would allow a direct calculation of loss when the DS 
are combined with corresponding loss values. Nevertheless, using damage levels 
independently defined from significant DS is preferred here because it does not require 
making assumptions on the definition of the limit states, whose uncertainty can have a strong 
impact on the procedure [10][11]. Lastly, the limit to the number of possible considered 
damage levels is also set by the need to derive bins with a reasonable number of NLTHA 
results for the derivation of damage distributions. For the application examples presented in 
the following, it was assumed that a more detailed discretization of DLs was not likely to be 
beneficial. 

In order to be consistent, the maximum displacement used for deriving the pre-damaged 
models by cyclic pushover analyses should coincide with the displacement characterizing the 
DLi for the calculations of the post-earthquake assessment. A uniform definition of damage 
levels allows, during the calculation of seismic demand for sequences, to use results from 
analyses with pre-damaged model up to the displacement corresponding to DLi, if a model 
has reached DLi in a preceding record of the sequence. During all the steps of the procedure, 
the damage levels can be converted into displacement demand values and vice versa.  

Finally, before applying the procedure for predicting the response during earthquake 
sequences, the maximum considered DL should be decided. Independently from the model 
used for NLTHA, either MDOF or SDOF, an upper threshold of displacement beyond which 
the structure is considered collapsed has to be set. For the following applications, a threshold 
of maximum MDOF displacement equal to 30 mm was selected and the results beyond 30 
mm were considered as DL16, which can represent a collapse condition in the assessment 
scenarios. 
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3.2 Results of dynamic analyses 
The relationships between displacement demand and ground motion intensity were derived 

from the results of NLTHA with the SDOF model and with the two horizontal components of 
the 467 real unscaled records of the SIMBAD database [12]. As already mentioned, 
meaningful intensity measures should be selected to characterise the severity of each 
accelerogram. For the applications of this paper, two scalar IMs and two two-dimensional 
vector-based IMs were considered. The aforementioned IMs were derived after a statistical 
investigation performed on the results of NLTHA, for a significant number of scalar and two-
dimensional IMs [13]. In more detail, the selected scalar IMs were the Modified Housner 
Intensity, mHI, and the Average Spectral Acceleration, Saavg, whereas the two vector IMs 
were composed by one of the aforementioned, as primary component, and the spectral shape 
factor, Np [14], as secondary component. Housner Intensity is an energy-based intensity 
measure, calculated for each earthquake record as the integral of the pseudo-velocity spectrum 
(5% damping) for periods between 0.1 and 2.5 s [15]. This intensity measure was modified by 
reducing the period range of integration from 0.1 to 0.5 s (as already done in [9]), to better 
account for the period range of interest for masonry structures, whose effective fundamental 
period is rarely beyond 0.5s. Similarly, Saavg was defined as the average of spectral 
acceleration for periods from 0 to 0.5s. Only combinations of the primary intensity measures 
with Np were finally used, since Np was found to be non-correlated to the primary components, 
whereas the opposite occurred for other secondary IMs examined (e.g. uniform duration [16] 
and peak ground acceleration). 

Figure 2 shows the maximum displacement demand versus modified Housner Intensity 
values, obtained from NLTHA of the undamaged SDOF model with unscaled records from 
the SIMBAD database [12]. Since the number of records is decreasing for increasing intensity 
levels, the semi-logarithmic scale was used to allow a similar number of records in all the 
considered bins, in order to avoid giving different weights to the different bins. The green 
markers in the figure indicate the results considered for the maximum displacement prediction, 
while the rejected results, shown in red, correspond to values of displacement exceeding the 
maximum displacement limit (blue horizontal line) and maximum IM value (light blue 
vertical line). The IM upper limit was set as the level for which almost all the records lead to 
near collapse conditions (displacements higher than the collapse limit of 32 mm). 

	  
Figure 2 . Maximum displacement demand versus the logarithm of mHI 
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4 EXAMPLE OF QUICK PROBABILISTIC ESTIMATION OF DAMAGE 
DEMAND DURING A SEISMIC SEQUENCE  

4.1 Considered real earthquake sequences 
Four real earthquake sequences were considered for this example. The records of the first 

sequence were obtained from ITACA (Italian Accelerometric Archive, http://itaca.mi.ingv.it/) 
and were recorded at the Mirandola station (MRN) during the Emilia earthquake sequence in 
2012. Additionally, the records of the three Christchurch sequences were obtained from 
GeoNet, (New Zealand geological database http://geonet.org.nz/) and correspond to the events 
of the Canterbury earthquake sequence that occurred in 2010-2012. The three considered 
stations are the Riccarton High School (RHSC), Papanui High School (PPHS) and 
Christchurch Hospital station (CHHC). A summary of the IM values of the ground motions of 
the considered sequences is provided in Table 1 and Table 2, for the NS components and EW 
components of the ground motions, respectively.  

 
 Emilia (2012) Canterbury Earthquake Sequence (2010-2011) 

Station MRN RHSC PPHS CHHC 

IM mHI 
(m) 

Saavg 
(ms-2) 

mHI 
(m) 

Saavg 
(ms-2) 

mHI 
(m) 

Saavg 
(ms-2) 

mHI 
(m) 

Saavg 
(ms-2) 

EQ1 0.117 6.27 0.115 5.91 0.083 4.07 0.090 4.36 
EQ2 0.086 4.91 0.145 7.13 0.102 4.89 0.188 8.81 
EQ3 0.123 6.62 0.093 4.63 0.070 3.42 0.100 4.55 
EQ4 0.056 3.34 0.114 5.87 0.095 4.53 0.090 4.36 
EQ5 0.029 1.75 0.050 2.55 0.050 2.48 0.188 8.81 
EQ6 - - 0.094 4.93 0.062 2.90 0.077 4.03 
EQ7 - - 0.100 5.21 0.030 1.52 0.127 5.93 
EQ8 - - 0.090 4.54 0.045 2.25 0.100 4.55 
EQ9 - - 0.070 3.83 0.069 3.34 0.064 3.14 
EQ10 - - - - - - 0.079 3.86 
EQ11 - - - - - - 0.074 6.98 

Table 1: Intensity measure values of the records of the considered sequences (NS components) 

Station MRN RHSC PPHS CHHC 

IM mHI 
(m) 

Saavg 
(ms-2) 

mHI 
(m) 

Saavg 
(ms-2) 

mHI 
(m) 

Saavg 
(ms-2) 

mHI 
(m) 

Saavg 
(ms-2) 

EQ1 0.140 7.11 0.100 5.05 0.088 4.47 0.075 3.56 
EQ2 0.059 3.43 0.137 6.79 0.100 4.72 0.170 7.99 
EQ3 0.095 5.41 0.152 7.49 0.097 4.59 0.067 3.43 
EQ4 0.036 2.35 0.121 6.21 0.102 4.94 0.075 3.56 
EQ5 0.043 2.97 0.038 2.08 0.061 2.86 0.170 7.99 
EQ6 - - 0.081 4.34 0.053 2.54 0.049 2.55 
EQ7 - - 0.083 4.41 0.047 2.32 0.065 3.18 
EQ8 - - 0.067 3.52 0.048 2.36 0.067 3.43 
EQ9 - - 0.070 3.75 0.051 2.52 0.055 2.74 
EQ10 - - - - - - 0.087 4.22 
EQ11 - - - - - - 0.0903 4.45 

Table 2: Intensity measure values of the records of the considered sequences (EW components) 
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For the application examples presented here, only the events with at least one of the two 
components with mHI equal to or greater than 0.04 m were considered in the prediction 
calculations. It is worth highlighting (as can be seen from mHI values of the records of each 
sequence) that two moderate intensity sequences of ground motions were considered 
(recorded at RHSC and MRN), one low intensity sequence (recorded at PPHS) and one high 
intensity sequence (recorded at CHHC).  

The displacement demand of each event and each entire sequence was calculated by 
NLTHA, in order to provide a measure of comparison to the median prediction of the damage 
demand, derived from the application of the methodology. 

4.2 Evaluation of damage demand with earthquake events represented by scalar IMs 

The calculation of cumulative damage demand was carried out for the four considered 
sequences of records. For each event, only the results from NLTHA with ground motions of 
IM values close to the IM value of the event were considered for the probabilistic calculation 
of damage levels. The IM range of interest was centred on the IM value of the considered 
event, whereas its width was defined taking into account the availability of high intensity 
ground motions in the adopted accelerometric database. Indeed, even for the highest level of 
ground motion, the number of records should be sufficient to allow the statistical treatment of 
the NLTHA results and the derivation of a displacement distribution.  

For the presented results, the higher limit of the IM range was set equal to 0.20 m in terms 
of mHI and equal to 10 ms-2, in terms of Saavg and the IM range was divided into 10 bins. The 
resulting distribution of expected damage levels derived from the results of the undamaged 
model is shown in Figure 3 (top).  

On the other hand, the ranges of the vector-based IMs were defined from adequate ranges 
of both components of the vectors. Primarily, the range of considered mHI or Saavg values was 
derived and then, from the results contained in the range, only the results with values of Np 
around the Np value of the event were considered for the derivation of the damage distribution. 
The range of considered spectral shape ratio values was centred on the Np value of the 
examined earthquake of the sequence (NPE), plus and minus a fixed deviation of 0.15. It was 
observed that the deviation was not a governing parameter for the predictions. The limitation 
was set in order for the range of the second IM to be broad enough to include an adequate 
number of results for statistical use.  

For each subsequent event, values of damage demand were calculated for all the levels of 
pre-existing damage, as indicated in the two multi-plots of Figure 3, for the two subsequent 
events of the MRN sequence. 

Once the results were sorted in bins of IM and DL, the probabilistic displacement demand 
after each subsequent event was calculated, as well as the intermediate and final damage 
demand distributions, as shown in Figure 4 for the sequence recorded at MRN station. 

The resulting damage levels for the complete sequences recorded in the four stations under 
study (components in the two perpendicular directions) are summarized in Figure 5 and Table 
3. In Figure 5, each plot contains, for each direction, the median of the predicted damage 
demand for the sequences, represented either by the scalar mHI or Saavg, or by considering 
them as primary components of vector-based IMs, combined to Np. The deterministic demand 
derived from NLTHA with the time histories of the earthquake sequences is also included in 
the plots. 

1469



Mouyiannou A., Rota M. and Penna A. 
 

 

EQ
1:

 m
H

I=
 

 0
.1

40
3 

m
 

 

  

EQ
2:

 m
H

I=
0.

05
94

 m
 

 

  

EQ
3:

 m
H

I=
0.

09
46

 m
 

 
Figure 3: Predicted damage levels, for the undamaged model corresponding to the first earthquake event (top, 

EQ1) and for increasing levels of pre-existing damage (from DL1, top left, to DL16, bottom right), for 
the two subsequent events of the MRN sequence (EQ2 and EQ3) 
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Figure 4: Probabilistic evaluation of seismic damage demand for subsequent events during an earthquake 
sequence (example of prediction with EW (blue) and NS (red) component of records from MRN 
station). The median values and the deterministic values for each component are indicated with 
dashed and continuous vertical lines, respectively, with the corresponding colour.  

 
 

  
Figure 5: Median predicted damage levels for EW (left) and NS (right) components of the sequences recorded at 

MRN, RHSC, PPHS and CHHC. The deterministic response is indicated with black points. Each 
sequence is represented either with scalar IMs (ln(mHI) and ln(Saavg)) or vector IMs (ln(mHI)&Np and 
ln(Saavg)&Np) 
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The median values of the predicted maximum displacement distributions are found to be 
slightly lower than the deterministic response for the sequence recorded at the CHHC site 
(high intensity sequence), while the opposite is observed for the sequence recorded at PPHS 
(characterized by lower intensities). For the former case, the median of the prediction with 
mHI is closer to the deterministic results than the median of the prediction with Saavg and the 
use of vector IMs instead of scalar ones does not seem to improve the median prediction. 
Conversely, for the latter case, prediction with Saavg is closer to deterministic results and the 
use of vector IMs leads to median predictions closer to the deterministic results than the 
prediction calculated with scalar IMs. For the remaining sequence examples (recorded at 
RHSC and MRN), the deterministic response differs significantly between the two 
components of motion. It can be observed that, for the higher levels of damage, the use of 
mHI in the calculations leads to median values closer to the deterministic result. For the lower 
levels of damage (DL5), there is an overestimation of damage resulting from both the IMs 
(NS component of RHSC and EW component of MRN), which is slightly improved by using 
Saavg. Still, with exception of RHSC (NS component), the use of vector IMs does not 
significantly affect the median prediction. 

The precision of the predicted damage distributions can be evaluated by the scatter of the 
obtained probability distributions. If the results are assumed to follow a lognormal 
distribution, this scatter can be defined for example by the standard deviation of the 
lognormal distribution fitting them. More specifically, lognormal standard deviations can be 
calculated as one half of the difference of the logarithms of the displacement corresponding to 
the 84th percentile of the lognormal distribution and the one corresponding to the 16th 
percentile of the same distribution. The values calculated for all the sequences are shown in 
Table 3.  

In the case of vector IMs, the damage distributions were found to be sensitive to the range 
of the considered primary IM and to the selected number of bins, especially for the earthquake 
sequences of moderate intensity (RHSC and MRN). For this reason, Table 3 reports 
lognormal standard deviation values corresponding to the cases of subdivision of the range of 
the primary IM both into 10 bins and 6 bins. The shaded cells indicate the lower values for 
each damage prediction.  

 

EQ seq. 
Scalar IMs(10bins) Vector IMs(10binsIM1) Vector IMs(6binsIM1) 

mHI Saavg mHI&Np Saavg&Np mHI&Np Saavg&Np 

N
S 

MRN 0.42 0.44 0.49 0.46 0.52 0.52 
RHSC 0.33 0.40 0.44 0.48 0.55 0.59 
PPHS 0.26 0.22 0.27 0.10 0.35 0.26 
CHHC 0.14 0.32 0.39 0.33 0.19 0.39 

EW
 

MRN 0.36 0.39 0.38 0.37 0.48 0.46 
RHSC 0.39 0.39 0.47 0.47 0.47 0.45 
PPHS 0.29 0.28 0.32 0.30 0.34 0.27 
CHHC 0.02 0.14 0.19 0.14 0.03 0.19 

 
Table 3: Lognormal standard deviations of the predicted damage distributions for the four considered earthquake 

sequences, for the cases of vector and scalar IMs 
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Table 3 shows that the predictions for moderate intensity sequences leads to large standard 
deviations for both scalar and vector IMs. By comparing the scatter of the predictions 
calculated with the two scalar IMs, it seems that the use of mHI leads to a slightly lower 
scatter for the majority of the sequences. For some cases, the scatter calculated with vector 
IMs was smaller than the scatter resulting from scalar IMs. An example is the case of Saavg 
and Np for the low intensity sequence (PPHS).  
Nevertheless, given the sensitivity of the scatter to the number of bins used to divide the range 
of the primary IM, it seems that, for the cases considered in this study, the use of 
combinations of IMs does not provide a significant improvement over the use of a scalar IM. 

4.3 Comparison between main-shock and complete sequence damage demand 
predictions 
In its established form, the calculation of seismic risk is based on the vulnerability of 

buildings to a single earthquake, i.e. it does not account for the cumulative damage occurring 
to the buildings for subsequent events. Adversely, as observed during the occurrence of real 
earthquake sequences, the damage demand due to the main-shock only can be different from 
the damage demand due to the whole sequence. In this work, the potential differences 
between the prediction for the main-shocks only and for the entire sequence were investigated.  

Figure 6 shows the damage predictions derived for the four investigated sequences, 
including the results from analyses with both components of earthquake motion, considering 
Saavg as scalar IM. The damage levels derived from dynamic analyses with the records of the 
main event and the complete sequence are also reported in the plots, indicated with vertical 
continuous lines. It is noted that the event with the larger moment magnitude of each 
sequence was considered as the main-shock, even if the records at the considered stations did 
not have the largest local intensity value. 

With the only exception of the sequence recorded at the PPHS station, considering the 
complete sequence increases the probability of higher levels of damage with respect to the 
case of the main-shock only. It is interesting to note that, for the sequence recorded at the 
MRN station, there is no increase in the damage demand with respect to that obtained from 
the deterministic values.  

This comparison confirms that the use of the median value only of the predicted damage 
distributions should be avoided, and the scatter in the demand should always be accounted for.  

For the majority of the main-shock predictions (with the only exception of the CHHC 
sequence), the demand distribution obtained for discrete levels of damage could be fitted with 
a lognormal distribution. This would allow the prediction calculation in a continuous range of 
damage and the development of a closed-form calculation of the damage demand, when the 
maximum value of earthquake intensity is known for a main-shock. Nevertheless, from the 
distributions resulting after damage calculations for complete sequences of events, it seems 
that the fitting by a mathematical distribution is not a trivial issue. 
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Figure 6: Predicted damage level distributions for main-shock (left) and entire sequence (right) for the four 
considered earthquake sequences (top to bottom), with EW and NS indicated by blue and red, 
respectively. The median values and the deterministic values for each component are indicated with 
dashed and continuous lines, respectively, with the corresponding colour.  
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4.4 Example of application of the proposed methodology for post-earthquake damage 
assessment 

In several countries worldwide, after the occurrence of an earthquake event, fast-tagging 
procedures are often applied together with site surveys, where structural engineers are called 
to quantify the aftershock vulnerability and risk, mainly based on visual inspections, and 
judge if each building can be reused (green tag), further inspected (yellow) or in danger of 
collapse (red) in case of aftershocks. The decision is made without any knowledge of the 
transition probability of the observed damage to collapse. Some guidelines for the 
quantification of aftershock risk were provided in the past for reinforced concrete buildings 
[17]. The procedure developed in this work can allow some rapid calculations of damage 
demand, from the results of previous analytical studies, based on the seismic response of the 
structures of interest and the intensity of the events of the occurring sequence. This can 
provide indications for stake-holders and decision makers for organizing fast-assessment 
plans and prioritizing the operations.  

The results of a simple example of this type of fast calculation, based on the results of 
analyses with pre-damaged SDOF models, are presented in Table 4. The probability 
distributions were calculated as previously, for the case of only main-shocks and for all events 
of the considered earthquake sequences. The only additional step required is an adequate 
definition of the limit state thresholds or, in other words, the translation of DL to significant 
DS, represented by the tagging colours. For the example presented here, three LS can be 
considered, consisting of operational limit state (OLS), damage limitation limit state (DLS) 
and ultimate limit state (ULS). Consequently, four damage states (DS1<OLS, 
OLS<DS2<DLS, DLS<DS3<ULS, DS4>ULS) are identified. The LS displacement 
thresholds were defined as the attainment of the first yielding pier for OLS, the attainment of 
the maximum base shear for DLS and the drop of base shear to 80% of its maximum value for 
ULS [13].  

In this example, the green tag damage state corresponds to damage levels up to OLS, the 
yellow tag to damage levels between OLS and DLS and the red to damage levels beyond DLS. 
Making reference to the DLs adopted in this study, DL6 corresponds to the threshold for the 
attainment of OLS, while DL10 to the attainment of DLS. After DL10 the structure shows a 
degrading response, with the ULS obtained for DL12. For this example, all damage levels 
beyond DL10 are considered as red-tagged damage state. Table 4 reports the probabilities of 
damage occurrence of the three significant damage states, for the four considered sequences, 
considering either only the main-shock or the entire sequence. It can be observed that the 
probability of more severe damage is increasing if the entire sequence is considered in the 
damage prediction calculation. 

 

DL 
RHSC PPHS CHHC MRN 

Main-
shock Sequence Main. Seq. Main. Seq. Main. Seq. 

<DL6 0.40 0.05 0.99 0.97 0.16 0.02 0.60 0.24 
DL6-DL10 0.50 0.55 0.01 0.03 0.24 0.14 0.32 0.50 

>DL10 0.10 0.40 0 0 0.60 0.84 0.08 0.26 

Table 4: Example of tagging estimation: probabilistic prediction of damage states for four earthquake sequences 
(recorded at RHSC, PPHS, CHHC and MRN), considering only main-shocks or entire sequence of 
events 
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5 CONCLUDING REMARKS 
A methodology for quick estimation of maximum displacement demand during and after 

earthquake sequences was proposed. The methodology was applied to a single case-study 
building, with the aim of investigating its applicability and identifying the parameters that can 
affect the reliability of the damage predictions. In more detail, the ability of the procedure to 
estimate (in probabilistic terms) the damage demand due to main-shocks and complete 
sequences was studied by means of four examples with real earthquake sequences and the 
predictions were compared to the seismic demand calculated with (deterministic) NLTHA 
with the considered records. 

It is recognized that improvements in the procedure can and should be considered. First of 
all, the proposed procedure currently accounts only for the global response of the buildings, 
assuming that early local failure modes are prevented. The consideration of local out-of-plane 
mechanisms should be incorporated as a future development. A further improvement of the 
methodology could be aiming at deriving predictions of damage demands representative of 
more general building typologies, represented by similar geometries and varying mechanical 
properties.  

Another possible improvement regards the SDOF model and the representative engineering 
demand parameter used to recreate the URM seismic response during earthquake sequences. 
Indeed, an advanced (MDOF) modelling that accounts for out-of-plane failures and allows 
partial collapses can be significantly more efficient in the prediction of damage. Nevertheless, 
the downside of the advanced modelling is that the more complex it is, the more case-specific 
it becomes, and therefore it cannot be adopted in the assessment of a large population of 
buildings. A compromise between the level of detail in the modelling and its 
representativeness of a building population should always be considered, taking also into 
account the inevitable increase of computational time when detailed models are used.  

Lastly, former studies (e.g. [18]) showed that, in addition to the ground motion intensities, 
aftershock ground motion features such as the frequency content and the strong motion 
duration can affect the post-main-shock response. These aspects should be investigated within 
the damage prediction procedure and their impact should be studied through applications with 
more real earthquake examples.  

Finally, for the validation of the procedure, empirical data for the observed damage 
evolution during earthquake sequences should be considered in order to assist the 
identification of representative thresholds corresponding to significant damage states. The 
analytical limit state thresholds should be related to more observational damage data, 
provided that the considered models adequately represent the seismic behaviour of the 
structures. 
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Abstract. Decisions on reparability for damaged buildings after an earthquake are often con-

troversial, and they should properly take into account the variation of building safety level due 

to damage and the repair costs. A significant indicator for the appropriate course of action is 

the so-called Performance Loss (PL), that is a measure of seismic safety decay. PL can be 

determined as a function of the variation of building seismic capacity from the intact to dam-

aged state. This study investigates, by means of a detailed case study, on the expected PL for 

increasing seismic demand and its relationship with varied building safety level and repair 

costs. We simulate the response of an existing non-ductile reinforced concrete building using a 

finite element model that properly accounts for both flexural, shear and axial failure of mem-

bers and accounts for joints behavior. Different definitions of building collapse are introduced, 

and Incremental Dynamic Analyses are performed with a representative set of input ground 

motions both for the intact and damaged structure. In order to evaluate aftershock fragilities, 

multiple Mainshock-Aftershock sequences are built through suitable scaling of selected accel-

erograms. Fragility curves for the intact building and the aftershock fragility curves are used 

to evaluate PL and the variation of collapse probability for main-shocks of increasing return 

period TR. Also, corresponding repair costs are determined. The study shows interesting rela-

tions between damage levels and repair costs that may be simulated with detailed analyses and 

associated PL, representing a first insight in the establishment of relations between PL and 

repair and/or upgrade decisions. 
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1 INTRODUCTION 

After a seismic event, a number of possible alternatives for dealing with a building damaged by 

an earthquake, ranging from the acceptance of the damage up to the building replacement are 

available. For instance, for buildings complying with modern seismic codes, the upgrading is 

generally not required, but damage must be repaired to bring the building back to pre-earth-

quake conditions. On the other hand, existing buildings designed with older seismic codes, or 

gravity load designed ones, are required to be retrofitted or improved as well as repaired, to 

make the building more robust in future earthquakes. Indeed, while buildings compliant with 

modern seismic codes, if damaged, only need to restore pre-earthquake capacity, for older 

buildings a good strategy is to establish damage “triggers” that require not only repair of dam-

age, but also retrofit to improve seismic performance (e.g. [1]).  

The most commonly used damage trigger is a threshold value for the loss of strength in the 

lateral-force-resisting system above which retrofit is required. The Performance Loss index (PL) 

accounts for the loss in lateral strength due to earthquake. 

Acknowledging the need for a standard method for calculating the loss levels triggering re-

pair/upgrade requirements, in ATC52-4 [2] a set of retrofit trigger values for selected building 

typologies was outlined, and more recently, in [2] further specifications on PL thresholds and 

on their calculation based on FEMA 306 [3] were given. However, the suggested PL thresholds 

are based on previous established values of percent loss triggers (e.g. [4]), without a clear quan-

titative justification for the proposed values. Therefore, there is a clear need to further investi-

gate on criteria and methods for establishing suitable PL thresholds governing damage 

acceptability.  

In Polese et al. [5] tools for simplified assessment of PL and related repair costs for existing 

RC building classes were presented; the application of those tools within the performance based 

policy framework introduced in FEMA 308 [6] allowed to show how it is possible to establish 

PL thresholds that are linked to expected repair costs, therefore supporting informed decisions 

on reparability [7]. 

However, although it has been shown that simplified methods for the assessment of the be-

havior of damaged structures yield comparatively acceptable results with respect to detailed 

methods, e.g. based on nonlinear time history analyses [8, 9], the quantification of these loss 

thresholds represent a key issue into a reconstruction policy framework, and requires further 

investigations through detailed cases. 

On the other hand, in addition to detailed evaluation of building safety variation, also suitable 

assessment of expected repair costs should be pursued. Indeed, along with a clear framework 

for the assessment of lateral loss strength, the estimate of the costs to repair the building to its 

original state represents a key aspect for the evaluation of building reparability. 

Expected repair costs can be determined based on effective damage amount and distribution 

on the building structural and non-structural system, allowing for accurate assessment towards 

reparability decisions. In this sense, the PEER approach (e.g., [10]) allows the complete assess-

ment of expected damage and costs within a fully probabilistic framework. Different perfor-

mance assessment can be carried out using PEER framework; a recent introduction is the Time-

based assessment [11], that evaluate performance over time, considering all possible earth-

quakes and their probability of occurrence. This loss assessment can be linked to a Time-based 

assessment of seismic structural safety in order to obtain a full indication of future building’s 

performances. 

This paper presents the results of a detailed case study finalized to the assessment of PL and 

repair costs for an existing building when subjected to earthquakes of increasing intensity. Alt-

hough other studies addressed AS fragility assessment with detailed analyses on representative 
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buildings (see e.g. [12]), or performed detailed evaluation of expected damage and losses for 

archetype buildings (see e.g. [13]), the present work performs a time-based assessment of both 

AS fragilities and costs, deriving both with reference to selected TR. Derivation of results in 

terms of TR–dependent indices allows to have an easy term of comparison in case of earthquakes 

having the same return period in the region, without the need to refer to predefined damage 

states. 

In particular, an existing seven-story non-ductile reinforced concrete (RC) structure with 

moment-resisting frame is considered. The response of the building is simulated with a de-

tailed 2D nonlinear multi-degree-of freedom (MDOF) model. The model properly account for 

cumulative damage due to multiple earthquakes through hysteretic rules, damage progress, as 

well as both shear and axial failure in structural members. In addition, the definition of col-

lapse modes typical for non-ductile frames are considered. 

A clear probabilistic framework is introduced for evaluation of building seismic safety de-

cay after a Mainshock (MS) associating it to building PL and expected repair costs. Multiple 

damaging earthquake intensities, representative of specific return periods (TR) for the studied 

site are considered. Applying Mainshock – Aftershock (MS-AS) earthquake sequences, AS fra-

gilities are built and used to estimate the variation of collapse probability. Also, the repair costs 

to ideally restore building’s intact capacity were estimated and linked to PL for analyzed TR to 

obtain a full indication of expected building performance and losses. 

After definition of significant performance indices (section 2), section 3 synthetically pre-

sents the framework and the formulation to build AS collapse fragilities conditioned to multiple 

TR. Section 4 describes the case study application introducing two different collapse modes that 

are typical for older RC buildings. The collapse fragilities are derived for both intact and TR-

damaged buildings and first results are shown. Section 5 presents the application of the PEER 

framework for the computation of repair costs for the case study. Finally, section 6 presents 

first considerations about relationship between PL and repair costs. 

2 BUILDING PERFORMANCE LOSS 

The building capacity after an earthquake may be significantly reduced due to the spread of 

damage all over the building, while the probability of collapse increases. Seismic behavior of 

damaged buildings, and their relative seismic safety, may be suitably represented by their seis-

mic capacity modified due to damage, the so-called REsidual Capacity REC [14, 15].  

REC can be defined as a parameter aimed at representing the building seismic capacity (up 

to collapse) in terms of a spectral quantity. In particular, REC of a building is defined as the 

smallest ground motion spectral acceleration (at elastic period of the Single Degree Of Freedom 

SDOF system equivalent to the real structure) corresponding to collapse state of the building. 

The performance index PL may be determined based on the value of the residual capacity in 

the intact and damaged states. In particular, considering the collapse capacity in terms of spec-

tral acceleration of the intact building REC0 and  

the variation of REC for a structure that is damaged due to an earthquake with a given return 

period (TR), PL may be expressed as follows: 
 

 
0

1
REC

REC
PL TR  (1) 

  

with RECTR the residual capacity of the MS-damaged structure. As shown in [7] this expression 

of PL is equivalent to the expression introduced in [6], where PL is derived as a function of the 

variation of building displacement capacity. 
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3 TR-DEPENDENT AFTERSHOCK FRAGILITY FRAMEWORK 

REC for building damaged by earthquakes of known intensity can been assessed through a 

dynamic procedure. Fig. 1 illustrates a schematic view of the framework for the dynamic com-

putation of REC of damaged building, and the associated PL.  

 

Figure 1: REsidual Capacity assessment framework. Back-to-back IDA sequence 
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The framework is composed of several moduli. After having identified the case-study build-

ing, first module entails its elastic and nonlinear structural modeling as well as the assessment 

of building dynamic properties, such as the fundamental vibration period. This first aspect is 

addressed for the specific case study in §4.1. Once the properties of the system are calculated, 

the knowledge of the geographical position of the building and the soil characteristics at the 

site, allows to perform a Probabilistic Seismic Hazard Analysis (module 2), PSHA, the results 

of which can be used in order to select an appropriate bin of natural ground motions to perform 

dynamic analyses (§4.2).  

Further, PSHA allows the computation of earthquake intensities at the site with a given prob-

ability of exceedance in a time window (or representative of a given return period TR). In this 

study a bin of 31 natural accelerograms was selected to assess the capacity of the intact structure 

and the REsidual Capacity after damage. With the selected bin of accelerograms, the so called 

“Back-to-back-IDA” (B2B-IDA) is used to assess the capacity of building to withstand future 

earthquakes after damage. Usually, a first earthquake is applied to the undamaged structure in 

order to reach a specific level of damage; however, in this study the damage level is not known 

a priori because the sole damaging earthquake intensity is imposed that is representative of a 

given return period. Once the structure has been damaged, the IDA procedure is applied to the 

damaged structure in order to assess the new capacity of the building. The output of this proce-

dure is an IDA curve and an ultimate spectral acceleration capacity of the building for the set 

Mainshock-Aftershock return period (MS-AS-TR). Note that the accelerograms of the selected 

bin have been used independently as Mainshock or Aftershock when assessing building’s re-

sidual capacity.  

This simulation must be repeated for each combination MS-AS for all considered return pe-

riods for a total of 961 simulations for 5 different return periods (4805 simulations) to properly 

account for record-to-record variability. The result of this framework is a set of fragility curves 

representing the Residual Capacity of the building conditioned on the return period (i.e., the 

intensity level of the earthquake conditioned on the site hazard), indicated as  “TR-dependent 

fragility curves”. The simulation of the damaging earthquake and the estimation will be ad-

dressed in §4.3, while the mathematical formulation for TR-dependent fragility curves in §3.1. 

In order to evaluate AS fragilities, multiple earthquake sequences MS-AS are built through 

suitable scaling of selected accelerograms (see Fig. 2). In particular, the MS records are scaled 

to represent different return periods for the specific area and structure.  

 

 

Figure 2: Example of Mainshock-Aftershock sequence. 

 

For the Los Angeles Area and a T1=1.0 sec, the disaggregation of seismic hazard provides 

Sa,MS values of 0.29, 0.49, 0.65, 0.82 and 1.06g corresponding to the considered TR = 72, 224, 

475, 975, 2475 years respectively (http://geohazards.usgs.gov). For each (scaled) MS, nonlinear 

time history is performed and the response is recorded; then an AS record is applied to the MS-

damaged structure. A time gap of 10 seconds between MS and AS is considered to allow the 
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ceasing of vibration produced by the MS. Dynamic AS analysis is repeated with increasing scale 

factor applied to the AS record, providing IDA analysis results for MS-damaged structure, until 

the MS-AS sequence causes collapse. To account for the effect of record-to-record variability 

on structural response MS-AS sequences are generated using a set of 31 ground motions that are 

applied as both MSs and ASs, generating a total of 961 record sequences for each return period. 

3.1 Aftershock Fragility Curves Formulation 

 Starting from the initial damage state produced by a MS corresponding to a given TR, TR-

dependent collapse fragility functions can be built. Because the structure is subject to a series 

of consecutive events, cumulative damage is accounted for in the estimate of the collapse prob-

ability. Considering a seismic sequence consisted of a pair of mainshock MS and the consecu-

tive aftershock event AS, the aftershock collapse probability conditioned on the MS intensity 

Sa,MS can be calculated by considering two mutually exclusive and collectively exhaustive 

events [16] defined as C and NC, Eq. (2). C accounts for cases where collapse occurs due to the 

mainshock and NC accounts for cases where collapse does not take place due to the mainshock 

(see [17-19]). 
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In Eq. (3) Sa,MS is MS spectral acceleration corresponding to a specific TR conditioned on the 

site hazard, the fundamental vibration period of the intact structure (T1), and the critical damp-

ing ratio assumed; Sa,AS is the AS spectral intensity at T1 and SC
a,AS is the AS spectral intensity 

corresponding to collapse. Assuming an equal probability of occurrence for each MS, the term 

𝑃(𝑁𝐶|𝑆𝑎,𝑀𝑆) can be estimated as the number of NC-cases over the number of MS considered 

(NMS), while 𝑃(𝐶|𝑆𝑎,𝑀𝑆)  can be estimated as the number of C-cases over NMS and 

𝑃(𝑆𝑎,𝐴𝑆
𝐶 ≤ 𝑥|𝑆𝑎,𝑀𝑆, 𝐶) = 1. Hence, the AS fragility can be interpreted, for each considered 

structure and TR (corresponding to Sa,MS), as the sum of the mainshock collapse fragility (last 

term in Eq. (2)), and an inflating term (first term in (3)). 𝑃(𝑆𝑎,𝐴𝑆
𝐶 ≤ 𝑥|𝑆𝑎,𝑀𝑆, 𝑁𝐶) is the collapse 

probability conditioned on MS intensity Sa,MS and on NC and can be expanded as in Eq. (3). In 

(4) MS stands for the mainshock wave-form vector; 𝑓(𝑀𝑆|𝑆𝑎,𝑀𝑆, 𝑁𝐶) is the joint probability 

density function for the mainshock wave-form vector given a specific value for Sa,AS and given 

NC. The integral in Eq. (3) is an application of the Total Probability Theorem in conditioning 

on all possible mainshock waveforms conditioned on a given spectral acceleration value. It 

should be noted that the approximation to the integral in Eq. (3) is based on the assumption that 

the various mainshock wave-forms have equal probability of occurrence (see [20] for more 

detail on this kind of approximation). 
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4 APPLICATION TO A NON-DUCTILE BUILDING 

4.1 Description of building’s structural model 

The building selected for this study is the perimeter moment resisting frame of the Van Nuys 

Holiday Inn, that is a seven-story eight-bay non-ductile reinforced concrete frame building lo-

cated in Los Angeles, California, already described in Krawinkler [21].  

A two-dimensional finite element MDOF model developed using OpenSees [22] is adopted 

to simulate the seismic response of the building. Beams and columns are modelled using the 

force-based nonlinear beam–column element [23]. Due to non-ductile details that characterize 

both of the structures, is expected that the joints may influence the failure mechanism, conse-

quently the joints are modeled using rotational spring elements, the so called “scissor model” 

by Alath and Kunnath [24], including a pinching hysteric behavior to account for the nonlinear 

shear deformation of the joint. Similarly, shear and axial failure are expected to occur in non-

ductile detailed columns, and consequently shear and axial failure in the columns are modeled 

using the Limit State material [25]. Bond-slip rotations for beams have been included modify-

ing joint backbone as proposed in [26]. P- effects are included. A schematic view of the 

adopted numerical model is shown in Fig. 3. 

The eigenvalue analysis of the intact structure provides a fundamental vibration period of 

1.0 sec. A damping of 2% is assigned to the first and third modes using Rayleigh damping. The 

damping is updated during the first-to-second earthquake analysis at the beginning of each seis-

mic sequence, accounting for the first mode period elongation due to structural damage.  

 

 

Figure 3: South frame elevation and column, beam and joint models (adapted from Krawinkler, 2005) 

4.1.1. Collapse definition 

Older RC structures, non-conforming to modern design standards, are likely to experience 

gravity load collapse prior to side-sway collapse [27]. For this reason, this study considers two 

possible collapse mechanisms to capture the actual capacity in the model, as firstly proposed in 

Baradaran Shoraka et al. [28]: Side-sway collapse (SC) and Gravity load collapse (GLC). The 

SC occurs when a single storey has reached its capacity to withstand lateral loads (i.e., when 

every column in a given floor has exceeded its residual shear capacity at the same time). GLC 

occurs when vertical load demand exceeds the total vertical load capacity at a given storey. 

Collapse is detected based on a comparison of storey-level gravity load demands and capacities 
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(adjusted at each time step to account for member damage and load redistribution). The gravity 

load demand is considered constant during each analysis. 

An internal algorithm monitors the dynamically varying capacity of each element and checks 

the GLC and SSC criteria throughout each nonlinear time history analysis to detect the collapse. 

A bisection algorithm is then implemented to find the collapse capacity with a precision of 

0.05g during the IDA procedure. The collapse is considered as the first between GLC and SSC. 

4.2 Accelerogram selection  

Disaggregation of the seismic hazard for the site is performed based on Bazzurro and Cornell 

[29]. A shear wave velocity of 218 m/s and a first-mode period of 1 second are assumed. Based 

on the results of the seismic hazard disaggregation, a set of 31 ground motions is selected from 

the PEER Next Generation Attenuation (NGA) database [30]. To reflect shaking intensity at 

site, ground motions have been selected using a target (T1) = 1.18 for a reference return period. 

Ground motions MS-AS sequences are generated using this ground motions set where single 

earthquakes are applied as both MSs and ASs. 

These 31 ground motions have Mw between 6 and 7.6, a closest distance from fault rupture 

between 7.1 and 48 km and a PGA varying between 0.105g and 0.82g. For further information 

on selection of accelerograms, refer to Baradaran Shoraka et al. [28]. 

4.3 Fragilities for intact and damaged structure 

The fragility computation is based on the use of IDA analyses [31], scaled up until collapse 

is reached; Sa(T1) is assumed as representative earthquake intensity. To quantify structural re-

sponse of the intact building, IDA is carried out on the nonlinear model of undamaged building 

using the set of 31 ground motions acting as MS. Residual capacity for each MS is calculated 

as the spectral intensity corresponding to the attainment of structural collapse (as defined in 

previous section); also, median REC is determined as the median spectral intensity over all MSs, 

Fig. 4.  
 

 

 

Figure 4: Mainshock incremental dynamic analyses 

 

In order to evaluate AS fragilities, multiple earthquake sequences MS-AS are built through 

suitable scaling of selected accelerograms as indicated in §3. In particular, the MS record is 

scaled to represent different return periods for the specific area and structure. The results show 

1485



M. Gaetani d’Aragona, M. Polese and A. Prota  

 

that in the majority of cases a first floor mechanism is activated due to the sole MS ground 

motion; also, usually the Gravity load collapse precede the Sidesway collapse. The type of 

mechanism usually does not change when considering the MS-AS sequence with the same MS, 

this may be attributed to the fact that the damage produced in the building by the MS, especially 

for higher return periods, may significantly affect the future collapse mechanisms that can de-

velop in the building for ASs. B2B-IDA is carried out on more than 4800 MS-AS sequences (961 

MS-AS sequence for 5 return periods). The process is computationally intensive, due to the use 

of a fiber model coupled with the Limit State Material, that allows to account for both shear 

and axial failure and load redistribution. In order to speed the analyses, OpenSees parallel [22] 

was used on SCoPE grid at the University of Naples Federico II [32]. Running the analysis on 

the SCoPE grid in parallel reduces the computation to about 7 days with respect to 240 days 

required on a desktop computer with 4 processors.  

The REC of MS-damaged building is computed in terms of Sa based on the IDA results 

obtained from MS-AS sequences. The results are here represented in terms of fragility curve at 

collapse. For the undamaged building, the collapse fragility curve is based on the IDA results 

performed on the intact building using the set of 31 ground motions. The collapse fragility curve 

for damaged building, according to Eq.(2), is calculated based on the AS collapse capacities 

obtained for each of 961 MS-AS sequences in which the MS is scaled in order to be representa-

tive of the TR of interest. Fig. 5 illustrates the collapse fragility curves for the intact and damaged 

building in terms of probability of collapse conditioned on the MS for given TR as a function of 

AS spectral intensity, Sa,AS(T1). The red curve represents the behavior of the intact building.  

As the TR increases, due to the increasing building damage for MS application, the collapse 

fragility curve shift left and up. Because for increasing TR an increasing number of collapses 

due to MS is detected, the collapse fragility curves for higher TR have nonzero probability of 

collapse for Sa,AS=0. 

 

 

Figure 5: Mainshock TR-dependent aftershock fragility curves and fragility curve for the intact building. 
 

A comprehensive indicator of the structural safety that involves considering both the hazard 

curve at the site and the collapse fragility curves is the probability of collapse over t years. 

Under the hypothesis that the occurrence of earthquakes in time follows a Poisson process, the 

probability of one collapse over t years can be computed as: 
 

    ttP cc  exp1years in                   (4) 
 

1486



M. Gaetani d’Aragona, M. Polese and A. Prota  

 

with c the mean annual frequency of collapse. c can be calculated integrating the collapse 

fragility curve of the structure over the seismic hazard curve (Fig. 5) at the site using the relation 

𝜆𝑐 = ∫ 𝑃(𝐶|𝑖𝑚)|𝑑𝜆𝐼𝑀(𝑖𝑚)|
∞

0
 [33], where P(C|im) is the probability that the structure will col-

lapse when subjected to an earthquake with ground motion intensity level im, and IM is the 

mean annual frequency of exceedance of the ground motion intensity im. In order to account 

for the possibility that the MS caused collapse, the Eq.(4) can be rewritten using the Total Prob-

ability Theorem by separating C and NC cases for a given TR. 

The “degraded” RECTR, corresponding to each return period, is computed as the median 

collapse capacity from the Aftershock IDA analyses. Then, the corresponding PL is calculated 

with Eq. (1). Fig. 6 shows the relation between PL, REC, TR and the probability of collapse in 

a time window of 50 years. Note that in more than 50% of cases for TR ≥ 975 years collapse 

occurs due to the MS, with a median value of PL corresponding to 100% (not shown in figure); 

obviously, in calculating collapse probability the entire fragility is taken into account, resulting 

in different (increasing) PC (in 50 years) for TR 975 (56%) and 2475 (90%). As expected, for 

increasing TR the probability of collapse increases. The same trend is observed for PL, while 

the ratio RECTR/REC0 decreases. 

 

 

Figure 6: Relations between TR, PC in 50 years conditioned to TR, PL and REC variation. 

 

The median probability of collapse in 50 years is 6.1% for the intact building while it in-

creases to 7.0% for a 72-years-MS-damaged structure and up to a maximum value of 89.6% 

when considering a return period of 2475 years. In the same figure the restore and retrofit trigger 

values in terms of PL, as suggested in [1] are shown.  

Other remarkable observation concern the variation in the fundamental vibration period 

(T1), which is strictly related to the global damage [34]. The median variation of the fundamen-

tal vibration period with respect to the one for intact building varies with TR. These values vary 

in a non-linear way, from a minimum of 0.5% for 72 years return period up to 21% for the 2475 

years return period. The same trend is observable for the maximum interstorey drift ratio: the 

median for TR=72 years is 0.9% and increases up to 3.7% for TR=2475 years. 

Another interesting parameter is the maximum residual drift, that is often used as limit for 

technical feasibility of repair intervention and is a directly measurable damage indicator. Its 

median values vary with TR from a minimum of 0.02% for TR=72 years up to 0.46% for TR=2475 

years. 
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5 ECONOMIC LOSSES  

In the previous sections, the collapse performance of a non-ductile RC frame was analyzed 

along with its variation after damaging earthquakes. Here, results are extended to consider eco-

nomic losses as an additional metric of building seismic performance. In particular, the direct 

costs associated to repair and/or substitution of the building due to structural and non-structural 

damage are considered; this metric can support stakeholders’ decisions with information, usu-

ally in probabilistic terms, about the risk for the building in terms of earthquake economic losses, 

that is a means of quantifying and communicating risk.   

5.1 PEER framework  

To evaluate expected economic losses for the studied building, the performance-based 

framework established by the Pacific Earthquake Engineering Research Center (PEER) is 

adopted [10]. The PEER methodology, briefly summarized in Fig. 7, divides the analysis in 4 

subsequent steps, starting from hazard analysis, followed by structural response analysis, eval-

uation of damage and finally loss analysis; the outcome of each analysis is then integrated using 

a total probability theorem, allowing to take into account combined numerical integration of all 

the conditional probabilities and to propagate the uncertainties from one level of analysis to the 

next, resulting in probabilistic prediction of performance. 

 

 

Figure 7: Summary of PBEE framework [10] 

5.1.1. Hazard Analysis 

The first step, the hazard analysis, involves a probabilistic seismic hazard analysis (PSHA) 

[35] to determine the mean annual rate of exceedance of the ground motion of intensity IM at 

the building site. This analysis take into account the earthquake sources, the distance to the fault, 

local site conditions, etc. The spectral acceleration at the fundamental period is here assumed 

as IM. Using the results of the PSHA, a suite of acceleration histories can be selected and scaled 

to be compatible with the site hazard. This section adopts the same ground motion bin indicated 

in §4.2.  

5.1.2. Response Analysis 

The second step involves a suite of nonlinear response history analyses of a structural model 

of the facility to evaluate its response in terms of engineering demand parameters (EDPs), such 

as peak interstorey drift and peak floor acceleration, conditioned on IM. The resulting EDPs 
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will be used as input for the next analysis step to define the damage state reached in each con-

sidered component. In this study, the analyses were carried out for the model presented in §4.1, 

for the five different level of the seismic action corresponding to a 72, 224, 475, 975, 2475 

years return period as indicated in §3.1. The response of building is assumed to be the same in 

two orthogonal directions. 

5.1.3. Damage Analysis 

The third step, the damage analysis, adopts fragility functions that express the conditional 

probability that a component (e.g. beam, partition, etc.) reaches or exceeds a particular damage 

state given the attainment of increasing values of significant EDPs. The selected damage states 

reflect the repair actions needed to restore the component to its undamaged state and corre-

sponding repair costs. Input data for vulnerable components must include information on the 

types of damage, the structural demands that cause this damage, and the consequences of the 

damage in terms of repair methods and repairs costs. 

Collection of damage fragility functions and unit-repair-cost distribution functions for dam-

ageable building components, represent a necessary input to the economic loss analysis. In this 

study, damage fragilities and repair costs as proposed in [36] were assumed. Ramirez and Mi-

randa [36] provided damage fragility functions for both drift and acceleration-sensitive compo-

nents, and the expected value of component repair cost expressed as a fraction of component 

cost as new. It is here noted that lognormal fragility functions are adopted to represent damage 

distribution, while in this study the uncertainty in repair costs is neglected, adopting expected 

values as proposed in [36]. 

Architectural layouts, components and cost of new elements were adopted from Aslani and 

Miranda [37]; those data are necessary for effective quantification of the amount of damage and 

costs in the real building. More details can be found in Gaetani d’Aragona [38].  

5.1.4. Loss Analysis 

The final step of PBEE uses the results of previous steps for the computation of the proba-

bilistic losses, which may include repair cost, downtown of activities, and loss of life. In this 

study, only direct monetary losses (i.e., repair costs) were considered. Further details on the 

procedure can be found elsewhere (e.g., [11, 39, 40]). 

5.2 Evaluation of repair costs 

The loss framework outlined in §5.1 was used to carry out the loss simulation for the case-

study building. Having simulated the response of the building for different intensities corre-

sponding to return periods ranging from 72 to 2475 years (§3.1), the loss analysis was per-

formed using the fragility data and costs as indicated in §5.1.3. In particular, to solve PEER 

equation integral, a Monte Carlo procedure was adopted. According to Yang et al. [39] and 

FEMA P-58 [11], the Monte Carlo approach uses inferred statistical distributions of building 

response obtained from limited suites of analyses to generate additional response parameters 

(EDP) that properly incorporate the effects of modeling uncertainty along with ground motion 

uncertainty [39]. In this study, 500 realizations were performed for each intensity level. Yang 

et al. [39] indicated that stable cost estimates can be obtained with as few as 200 realizations. 

Fragility groups were divided in subsets of group components subjected to the same earthquake 

demands (i.e., Performance groups, PG). For each realization and PG, a unique damage state 

was determined using a uniform random generator over the interval [0,1] considering the prob-

ability of the PG experiencing each damage state at the EDP obtained from structural analysis. 

Once the damage state for a performance group is identified, the repair action and the associate 
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repair cost for that performance group is obtained by multiplying cost of new elements by cor-

responding normalized repair costs by the number of elements in the considered PG. If collapse 

has not occurred, losses are calculated for each realization based on the damage sustained by 

each component and the consequence functions assigned to each performance group and by 

summing repair costs of each PG. If structural collapse was detected, the total repair cost is 

calculated using the replacement value of the building plus additional costs related to demoli-

tion and debris removal (15% of the replacement value of the building).  

Next, direct economic losses are expressed in terms of normalized repair costs (cr), that are 

obtained dividing repair costs by the building’s replacement value (including expected demoli-

tion costs and debris removal as well as cost of new building).  

The probability of exceeding a certain level of total normalized repair cost accounting for 

both the collapse and non-collapse cases can be calculated using the total probability theorem: 
 

          IMCPCIMxCPIMCPNCIMxCPxCP rrr |,|]|1[,|   (5) 
 

where 𝑃(𝐶𝑟 ≥ 𝑥|𝐼𝑀, 𝑁𝐶) is the probability conditioned on IM when the structure do not 

collapses that the normalized repair cost exceeds x; 𝑃(𝐶𝑟 ≥ 𝑥|𝐼𝑀, 𝐶) is the probability of ex-

ceeding the normalized repair cost x given the collapse, that is actually independent from IM 

and equal to the replacement value of the building; 𝑃(𝐶|𝐼𝑀) is the probability of collapse con-

ditioned on IM. The complementary cumulative distribution of the total normalized repair costs, 

is shown in Fig. 8 considering five different hazard levels (i.e. damages due earthquakes char-

acterized by 5 different TR). 

 

 

Figure 8: Probability of exceeding normalized cost at five different hazard levels for the American case study. 

 

As it can be seen in Fig. 8, with the increase of the damaging action (i.e., return period) the 

repair cost inflates making the curve translate rightward. Furthermore, it can be noted that total 

repair cost of at least 20-25% can be expected even for the lowest considered return period. 

This high cost is due to the nonstructural components and contents, which significantly con-

tribute to damage and costs even for relatively low levels of seismic action (e.g. for TR=72 

years). It is worth to note that the total normalized repair cost conditioned on the return period 

of the damaging action at the site is strongly influenced by occurred collapse cases, see second 

member of the Eq.(5). This effect is particularly evident for higher return periods, for which the 

curve results translated upward.  
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6 REPAIR COSTS AND PERFORMANCE LOSS 

PL is a measure of variation of building seismic capacity from intact to damaged state and 

also implicitly account for the seismic safety variation after damage. In addition to performance 

assessment in terms of safety, repair costs represent a different metric that is normally ac-

counted for in the process of establishing due actions for a damaged building. Hence, it is in-

teresting to observe the relationship between PL and repair costs to gather further insights and 

trend supporting reparability decisions. Fig. 9 shows the median PL and the earthquake-induced 

repair cost cr determined for the case study building considering increasing return period of the 

damaging earthquake (the black dots for TR =72, 224 and 475 years). In order to show the trend 

for increasing TR, also dots obtained along the line connecting the PL-cr points of TR = 475 and 

TR = 975 at fixed values of cr are represented as empty dots. 

 
 

 
 

Figure 9: Relation between PL and cr, median values, for the American building and the PL-cr relationship pro-

posed in Polese et al. [5]. 

 

In particular, Fig. 9 shows that also for lower PL (corresponding to lower return periods) the 

repair cost is not negligible starting from a median value of about 40%. This effect can be 

explained considering the source of repair costs, that are structural components, nonstructural 

components, and building contents. These damageable quantities can be further divided in drift-

sensitive and acceleration-sensitive (mainly building contents). The latter quantities result to be 

severely damaged (contributing to costs) also for lower return periods driving to relatively large 

repair costs also for a 72 years return period.  

The initially increasing trend seems to grow in a less than linear way for higher PL (corre-

sponding to higher TR). This fact suggests some interesting observations. In fact, when the re-

turn period increases along with PL, then the additional contribution to repair costs is mainly 

due to drift-sensitive components, whose damage level increases with increasing TR (and PL). 

It is interesting to compare PL-cr relationship predicted analytically for this case study, with 

PL-cr relationship proposed in [5]. This relationship, represented in Fig. 9 with a dotted bold 

line, was obtained considering a simplified mechanism-based approach that does not account 

for brittle failures, and observed repair costs after L’Aquila earthquake (2009). In spite of the 

noticeable simplifications and assumptions for the PL-cr relationship proposed in [5], this first 

1491



M. Gaetani d’Aragona, M. Polese and A. Prota  

 

comparison seems to confirm on the average the proposed trend. Further investigations are re-

quired for a better understanding of PL-cr relationship considering different building typologies 

and hazard level. 

7 CONCLUSIONS 

The study presented in this paper aims to contribute, with a detailed case study, to the devel-

opment of tools and applications supporting reparability decisions in a performance based 

framework. Both the residual capacity variation, that is connected to the variation of safety, and 

direct economic losses are considered as significant variables for reparability decisions. 

In particular, the PL index and normalized repair costs were computed with reference to five 

different return periods, for an existing non-ductile seven-story building in the Los Angeles 

area. 

The response of the building was simulated by means of a detailed 2D nonlinear multi-de-

gree-of freedom (MDOF) finite element model. The model properly account for brittle failures 

and captures typical non-ductile RC frames failure modes.  

The analytical model of building was subjected to multiple sequences comprised of two rec-

orded ground motions to simulate the damage produced on the building by main-shocks of a 

given return period.  

The results show that the REsidual Capacity REC of a MS-damaged building may be signif-

icantly smaller (PL higher) than the REC of an intact building. However, for a MS with a TR=72 

years the building capacity is only slightly affected. For increasing TR, the PL increases very 

fast up to the 100% for MS corresponding to TR= 975 years. For TR=975 years or larger, the 

number of collapse cases due to MS becomes greater than the non-collapse cases, and the me-

dian capacity becomes zero. 

Previous studies [12] highlighted that the polarity of the second earthquake may affect the 

behavior of the building and vary the collapse capacity. However, in this study the effect of 

polarity on REC was neglected and has to be properly taken into account in future works. 

Adopting existing component fragilities and repair costs, direct economic losses were com-

puted for the case study building. The results show that repair costs can be significantly high 

also for low return periods due to the damage of nonstructural components and contents, with 

a total repair cost of at least 20-25% even for the lowest considered return period. This high 

cost is due to the nonstructural components and contents, which significantly contribute to dam-

age and costs even for relatively low levels of seismic action. 

For increasing TR the contribution of collapse cases becomes more significant, leading to 

increasing probability of overcoming the reconstruction costs (cr=1) already starting from 

TR=224 years.  

The study performed within this performance-based framework seems to support its applica-

bility for reparability decisions based on quantitative assessment of safety and cost thresholds. 

Clearly, the level of detail required renders it suitable for specific evaluation of single buildings. 

On the other hand, the results can be used to calibrate/verify reparability thresholds to be 

used in a performance based policy framework of selected building typologies. Indeed, the pre-

liminary comparison with a simplified relationship connecting PL and cr for existing buildings 

is encouraging towards the possibility to obtain generalized relationships, useful for certain 

building classes. To this end, further studies are required in order to gather more results on 

effective thresholds and to assess different factors influencing the trend of variation of repair 

costs with PL, considering different building typologies and hazard levels.   
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Abstract. In recent years, there is an increasing need to quantify earthquake-induced losses 
throughout the expected life of a building in order to evaluate alternative design options and 
to minimize repairs in the aftermath of an earthquake. For this reason, the next generation of 
performance-based earthquake engineering evaluation procedures has formalized procedures 
that assess several metrics of seismic performance including economic losses. This paper dis-
cusses an analytical study that quantifies the expected earthquake-induced losses in typical 
office steel buildings designed with perimeter special moment frames or perimeter concentri-
cally braced frames at various ground motion intensities. These buildings are designed in ur-
ban California in accordance with today’s seismic design provisions in North America. The 
expected economic losses associated with repair are computed based on a refined perfor-
mance-based earthquake engineering framework developed within the Pacific Earthquake 
Engineering Research (PEER) center. This framework integrates site-specific seismic hazard, 
state-of-the-art nonlinear models that incorporate complex deteriorating phenomena of the 
structural components of a steel frame building, fragility curves of structural and non-
structural components that express the probability of being or exceeding a specific damage 
level, and the resulting repair costs. The effect of residual deformations along the height of 
steel frame buildings on their earthquake losses is also examined. It is shown that repair costs 
in the aftermath of earthquakes vary significantly depending on the employed lateral load re-
sisting system, as well as the analytical model representation of the steel frame building itself.  
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1 INTRODUCTION 
The next generation of performance-based earthquake engineering (PBEE) procedures [1,2] 

has formalized a framework for assessing the seismic performance of frame buildings through 
collapse that was established within the Pacific Earthquake Engineering Research Center 
(PEER) [3]. The same framework can be employed to assess earthquake-induced losses in 
buildings [4]. This is particularly important for stakeholders and building owners in order to 
take informed decisions for effective designs that minimize such losses in the aftermath of an 
earthquake. In building-specific earthquake loss assessment a numerical model representation 
of the building is typically subjected to a number of ground motions and critical engineering 
demand parameters (EDPs) associated with structural and non-structural damage are comput-
ed. Such EDPs are related with different damage states of each component of the building 
such that when these components are repaired their undamaged state is restored. Earthquake-
induced losses are calculated through component-based fragility functions that express the 
probability of exceedance of a component being into a damage state given an EDP of interest 
(e.g., story drift ratio, absolute floor accelerations). A number of researchers introduced the 
first generation of building-specific loss estimation methodologies [5–7] that was later refined 
within PEER including a number of studies associated with earthquake-induced losses in rein-
forced concrete (RC) and wood structures [8, 9]. More recently, Ramirez and Miranda [10] 
introduced the influence of residual story drift ratios on building-specific earthquake-induced 
losses. They indicated that losses in RC frame buildings designed according to modern seis-
mic provisions in highly seismic regions in United States are dominated by residual story drift 
ratios. This could be a fundamental issue in the case of mid- to high-rise steel frame buildings 
that utilize perimeter steel special moment frames (SMFs) or special concentrically braced 
frames (SCBFs). Figure 1 shows a 2-story steel building from the 2011 Tohoku earthquake in 
Japan that although it did not collapse it still had to be demolished due to excessive residual 
deformations in its second story after the earthquake. Another interesting aspect of the same 
problem is the effect of the numerical model that is typically employed to conducted the struc-
tural analysis and compute the critical EDPs of interest that are employed to compute the ex-
pected losses of a building under a seismic event. To the best of our knowledge, both issues 
have never been addressed in prior studies associated with building-specific economic losses 
in the aftermath of an earthquake. 

 

Figure 1: Example of a steel building with residual displacements leading to demolition (source from [11]). 

This paper employs a building-specific loss estimation methodology that was originally 
developed by Ramirez and Miranda [10] that explicitly considers the effect of residual defor-
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mations along the height of frame buildings on the economic loss estimation after a seismic 
event. Low- and mid-rise steel frame buildings with perimeter SMFs and SCBFs designed in 
urban California are utilized to first compute their expected earthquake-induced losses for 
various seismic intensities from the onset of structural damage through dynamic collapse. The 
effect of different analytical model representations of the steel frame buildings on their earth-
quake-induced losses is also assessed. Two loss metrics are employed for this purpose includ-
ing the expected losses conditioned on the seismic intensity IM=im and the expected annual 
losses (EAL) that provide information to compare to annual insurance premiums, assuming no 
deductible. 

2 OVERVIEW OF LOSS ESTIMATION METHODOLOGY 

This section presents a summary of the main aspects of the employed loss estimation 
methodology adopted by Ramirez and Miranda [10] considering the three possible outcomes 
for a building after an earthquake, namely (a) collapse does not occur and structural and/or 
non-structural damage in the building is repaired; (b) collapse does not occur, but the building 
is demolished and rebuilt; (c) collapse occurs and the building is rebuilt. Assuming that these 
outcomes are mutually exclusive, then the expected value of the loss in the building for a giv-
en seismic intensity IM can be computed as follows, 

 E LT IM!
"

#
$= E LT NC∩R, IM

!
"

#
$P NC∩R IM( )+ E LT NC∩D!

"
#
$P NC∩D IM( )+ E LT C!

"
#
$P C IM( )  (1) 

where, E[LT | NC∩R, IM ]  is the expected value of the total loss in the building given that col-
lapse does not occur and the building is repaired given that the seismic intensity was IM=im; 
E[LT | NC∩D]  is the expected loss in the building when there is no collapse but the building is 
demolished given that the seismic intensity was IM=im; and E[LT |C]  is the expected loss in 
the building when collapse occurs given that the seismic intensity was IM=im and corre-
sponds to the cost of removing the building from the site plus the replacement cost of the 
building. Moreover, P(NC∩R | IM ) , P(NC∩D | IM )  and P(C | IM )  are the probability that the 
building will not collapse but that it will be repaired, the probability that the building will not 
collapse but it will be demolished due to large residual deformations and the probability that 
the building will collapse given that the seismic intensity of the earthquake is IM=im. Equa-
tion (1) can be rewritten as follows, 

 E LT IM!
"

#
$= E LT NC∩R, IM

!
"

#
$P R NC, IM( )P NC IM( )

                    +E LT NC∩D!
"

#
$P D NC, IM( )P NC IM( )+ E LT C!

"
#
$P C IM( )

 (2) 

where, P(R | NC, IM ) , P(NC | IM )  are the probability that the building will be repaired given 
that no collapse occurred and the probability that the building did not collapse, respectively, 
given a seismic intensity IM=im; P(D | NC, IM )  is the probability that the building will be de-
molished given that it has not collapsed when subjected to an earthquake with seismic intensi-
ty IM=im. Equation (2) becomes, 

 
E LT IM!
"

#
$= E LT NC∩R, IM

!
"

#
$ 1− P D NC, IM( ){ } 1− P C IM( ){ }

                    +E LT NC∩D!
"

#
$P D NC, IM( ) 1− P C IM( ){ }+ E LT C!

"
#
$P C IM( )

 (3) 

In order to estimate the probability that the building will be demolished given that it has not 
collapsed when subjected to an earthquake with seismic intensity IM=im the following rela-
tion can be employed, 
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 P D NC, IM( ) = P D RSDR( )dP RSDR NC, IM( )
0

∞

∫  (4) 

where, P(D | RSDR)  is the probability of having to demolish the building conditioned on the 
maximum residual story drift ratio (RSDR) from all stories of the building; P(RSDR | NC, IM )  
is the probability of experiencing a certain level of RSDR in the building given that it has not 
collapsed and that it has been subjected to an earthquake with seismic intensity IM=im. We 
have assumed that P(D | RSDR)  is lognormally distributed with a median of 0.015 and a loga-
rithmic standard deviation of 0.3 as suggested in [10]. This value is purely based on engineer-
ing judgment. 

3 DESCRIPTION OF CASE-STUDY STEEL FRAME BUILDINGS 

In order to quantify the earthquake-induced losses in steel frame buildings with perimeter 
SMFs and SCBFs, four steel buildings were considered whose seismic response was thor-
oughly studied through collapse in prior analytical studies [12–15]. In particular, the four steel 
buildings are as follows: 4- and 12-story steel frame buildings with perimeter SMFs [12–14]; 
3- and 12-story steel frame buildings with perimeter SCBFs [15]. All four buildings were as-
sumed to be located in the Bulk Center (34.000oN, 118.150oW) in Los Angeles, which is con-
sidered to be a representative location in urban California with high-seismicity [16]. A 
seismic design category Dmax and soil class D is considered. The site-specific seismic hazard 
curves for the four steel buildings considered as part of this paper are shown in log-log scale 
in Figure 2. All the buildings were designed in accordance with ASCE-7-10 [17], ANSI/AISC 
341-10 [18] seismic provisions. A plan view and elevation of a typical 4- and 3-story steel 
frame building with perimeter SMFs and SCBFs, respectively, are shown in Figure 3. The 
steel SMFs utilize typical fully restrained beam-to-columns connections with reduced beam 
sections (RBS) designed according to AISC-358-10 [19]. Details regarding the design of the-
se buildings are summarized in [12–14]. The SCBFs utilize round steel hollow structural sec-
tions as braces as discussed in [15]. Their gusset plates have been designed according to a 
balanced design approach proposed by Lehman et al. [20]. Note that for the 3-story steel 
frame building with SCBFs only two SCBFs were designed per loading direction (see Figure 
3c). The interior gravity framing (i.e., floor system and gravity columns) of the four steel 
frame buildings was explicitly designed based on ANSI/AISC-360-10 [21]. Note that the ori-
entation of the strong axis of the interior gravity columns is assumed to be perpendicular to 
the loading direction of interest [i.e., east-west (EW)] as shown in Figures 3a and 3c. 
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Figure 2: Site-specific hazard curves for the four steel buildings considered. 
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Figure 3: Typical office steel buildings with perimeter steel SMFs and SCBFs. 

3.1 Fragility and cost distribution functions 

In order to compute realistic loss estimations for the steel frame buildings being considered 
architectural layouts are developed. A rectangular footprint that is 1,296.25m2 (14,000 sq.ft) 
and 1,871.36m2 (20,144 sq.ft) is developed for the steel frame buildings with perimeter SMFs 
and SCBFs, respectively (see Figures 3a and c). Prior studies by Aslani and Miranda [22] 
have demonstrated that a large contributor to earthquake-induced losses in frame buildings is 
the damage to their nonstructural components even for moderate seismic intensities. The re-
placement cost estimates for the four buildings that were studied as part of this paper are 
summarized in Table 1. These replacement cost estimates are employed to normalize the ex-
pected losses for the four steel frame buildings at various seismic intensities as discussed later 
on in Section 5.Cost estimates were developed using the RS Means Cost Estimating Manuals 
[23] and listed in Table 2 based on the considered damageable components (structural and 
nonstructural) together with the fragility distribution functions assigned with the repair of the-
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se components. Note that the source for each component fragility curve is also noted as part of 
Table 1.  
 

Building type Footprint Area 
[m2] 

Replacement 
cost ($) 

Cost per m2  
($) 

4-story with perimeter SMFs 42.5m x 30.5m 5,185 7,000,000 1350.1 
12-story with perimeter SMFs 42.5m x 30.5m 15,555 21,000,000 1350.1 
3-story with perimeter SCBFs 36.4m x 54.4m 5,614 8,100,000 1442.8 
12-story with perimeter SCBFs 36.4m x 54.4m 22,456 32,400,000 1442.8 

 
Table 1: Cost estimates for steel frame buildings studied 

Assembly de-
scription Damage state Fragility parameters Repair cost pa-

rameters 
EDP xm beta xm ($) beta 

Columns  
(base plate) 

[1,2] 

Crack Initiation SDR  
(unitless) 

0.04 0.40 19224 0.41 
Crack Propagation 0.07  0.40  27263 0.37 

Fracture 0.10 0.40 32424  0.34 

Columns  
(splices)  

[1,2] 

Cracking of the groove 
welded flange SDR  

(unitless) 

0.04  0.4  9445  0.32 

Column web failure 0.07  0.4  11246  0.30 
Fracture 0.10  0.4  38473  0.17 

Round HSS 
Braces 

(Brace weight < 
40 plf) [24] 

Brace flexural buckling  
SDR  

(unitless) 

0.0041 0.51 30897 0.33 
Brace local buckling 0.0096 0.45 39438 0.30 
Brace strength loss 0.0275 0.51 39438 0.30 

Round HSS 
Braces 

(41 plf < Brace 
weight < 99 plf) 

[24] 

Brace flexural buckling  
SDR  

(unitless) 

0.0041 0.51 30897 0.33 
Brace local buckling 0.0096 0.45 54892 0.28 

Brace strength loss 0.0275 0.51 54892 0.28 

Non-RBS beam-
column moment 

connections  
(beam depth <= 

W27) [1,2] 

Local buckling 
SDR  

(unitless) 

0.03 0.30 16033 0.35 
lateral-torsional buck-

ling 0.04 0.30 25933 0.31 

fracture  0.05 0.30 25933 0.31 
Non-RBS beam-
column moment 

connections 
(beam depth >= 

W30) [1,2] 

Local buckling 

SDR  
(unitless) 

0.03 0.30 17033 0.33 
lateral-torsional buck-

ling 0.04 0.30 28433 0.28 

fracture  0.05 0.30 28433 0.28 
 

Table 2: fragility and cost distributions. 
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RBS beam-
column moment 

connections 
(One side of 
beam) [25] 

Yield Anywhere SDR  
(unitless) 0.01 0.17 0  0 

Yielding First in 
Panel Zone 

SDR  
(unitless) 0.01 0.15  0  0 

Yielding First in 
Flange 

SDR  
(unitless) 0.0096  0.10  0 0  

Local Buckling SDR  
(unitless) 0.0216  0.30 16033  0.352 

Fracture SDR  
(unitless) 0.05  0.30  26000  0.305 

RBS beam-
column moment 

connections 
(Both sides of 

beam) [25] 

Yield Anywhere SDR  
(unitless) 0.01  0.17  0 0  

Yielding First in 
Panel Zone 

SDR  
(unitless) 0.01  0.15 0 0 

Yielding First in 
Flange 

SDR  
(unitless) 0.0096  0.10 0 0  

Local Buckling SDR  
(unitless) 0.0216  0.30 24000  0.33 

Fracture SDR  
(unitless) 0.05  0.30 41840 0.27 

Shear tab con-
nections [1,2] 

Yielding of shear 
tab 

SDR  
(unitless) 

0.04 0.40 12107 0.37 

Partial tearing of 
shear tab 0.08 0.40 12357 0.38 

Complete separa-
tion of shear tab 0.11 0.40 12307 0.38 

Corrugated Slab 
(90mm steel; 

100mm overlay) 
[26] 

Crack Initiation 

SDR  
(unitless) 

0.00375  0.13 18 0.35 
Crushing Near 

Column 0.01  0.22 33  0.35 

Shear Stud Frac-
ture 0.05  0.35 57  0.35 

Drywall parti-
tion [1,2] 

Visible SDR  
(unitless) 0.0039  0.17 90  0.20 

Significant SDR  
(unitless) 0.0085  0.23 530  0.20 

Drywall finish 
[1,2] 

Visible SDR  
(unitless) 0.0039  0.17 90  0.20 

Significant SDR  
(unitless) 0.0085  0.23 250  0.20 

Acoustic ceiling 
[1,2] Collapse  PFA(g)*  92/(l+w)  0.81 2.2×A  0.50 

Automatic 
sprinklers [1,2] Fracture PFA(g)* 0.32  1.40 900 0.50 

Elevators [1,2] Failure PGA(g)+ 0.41  0.28  5000  1.00 
*PFA: Peak floor absolute acceleration (units of g); + PGA: Peak ground acceleration (units of g) 

Table 2 (continued): fragility and cost distributions. 
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4 NONLINEAR BUILDING MODELS AND COLLAPSE SIMULATIONS 
Nonlinear analytical model representations of the steel frame buildings discussed in Sec-

tion 3 are developed in the OpenSees simulation platform [27]. These models are 2-
Dimensional (2-D). In order to assess the effect of the analytical model representation of a 
steel building on its loss estimation due to earthquake shaking two types of analytical models 
are developed. The first one is a model that considers the bare steel structural components of 
the corresponding lateral load resisting system (i.e., bare SMF and bare SCBF: noted as B-
model); the second one is a model that considers the effects of the composite slab and the in-
terior gravity framing system on the lateral strength and flexural stiffness of the steel frame 
building under consideration (noted as CG model).   

The SMF steel beams and columns are modeled with concentrated plasticity hinges (i.e., 
lumped plasticity) employing a phenomenological deterioration model that was developed by 
Ibarra et al. [28] and was further refined and calibrated by Lignos and Krawinkler [29] with a 
comprehensive steel beam database [30] (publically available from the following link: 
http://dimitrios-lignos.research.mcgill.ca/databases/). In order to take into consideration the 
effect of composite action on the hysteretic response of the beams with RBS modeling rec-
ommendations by Elkady and Lignos [13] are employed. Figure 4a shows a comparison of the 
simulated and measured moment-rotation hysteretic relation of a fully restrained beam-to-
column connection with RBS including the composite action. The effect of gravity framing on 
the overall seismic performance of steel frame buildings is captured as discussed in Elkady 
and Lignos [14]. This necessitates a realistic representation of typical shear-tab beam-to-
column connections that are used for the design of the floor system of a steel frame building. 
Figure 4b illustrates a comparison of the measured and simulated moment-rotation hysteretic 
relation of a shear-tab beam-to-column connection including the possibility of beam binding 
on the column flange as discussed in [14]. 
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Figure 4: Examples of modeling the moment-rotation hysteretic relation of fully-restrained beam-to-column 
connections with RBS and typical single-row shear tab beam-to-column connections (data from [30,31]) 

 
The SCBFs are modeled based on the computational approach discussed in Karamanci and 

Lignos [33]. In summary, steel braces are modeled with fiber-based elements that are able to 
trace flexural buckling as well as fracture initiation due to low-cycle fatigue based on the ma-
terial model proposed by Uriz et al. [34]. Figure 5a illustrates a comparison of the measured 
and simulated hysteretic axial force-axial deformation relation of a round HSS steel brace 
based on the approach discussed in Karamanci and Lignos [33,35]. The flexibility and flexur-
al yielding of the gusset plates at the ends of the steel braces due to out-of-plane brace defor-
mations is explicitly considered based on the model proposed by Hsiao et al. [36]. Cyclic 
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deterioration in flexural strength and stiffness of SCBF beams and columns are simulated 
based on the approach discussed earlier for SMFs. 
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(a) modeling inelastic buckling and fracture in steel braces  (b) definition of sidesway collapse  

Figure 5: Modeling inelastic buckling and fracture in steel braces and definition of sidesway collapse in steel 
frame buildings (data from [37]). 

The analytical model representations of the steel frame buildings discussed earlier are sub-
jected to the Far-Field set of 44 ground motions from FEMA P695 [37]. This set represents 
large magnitude earthquakes, recorded on rick or stiff soil sites and they represent the seismic 
hazard of the design location. Incremental dynamic analysis (IDA) is employed as discussed 
by Vamvatsikos and Cornell [39] in order to trace the dynamic collapse due to sidesway in-
stability for each analytical model. Collapse occurs when a story or a number of stories dis-
places sufficiently such that P-Delta effects accelerated by component deterioration make the 
first-order story shear resistance of the respective model equal to zero. Figure 5b illustrates an 
example of such case for the CG-model of the 12-story steel frame building with SMFs. This 
definition of collapse is consistent with prior small and full-scale shake table collapse tests of 
steel frame buildings [39–41]. The EDPs of interest [i.e., peak story drift ratios (SDRs), peak 
absolute floor accelerations (PFAs), residual story drift ratios (RSDRs)] are obtained for each 
ground motion over the full range or seismic intensities through collapse. Figures 6a and 6b 
illustrate the peak SDRs and PFAs versus IM [i.e., Sa(T1,5%)], respectively, for the 12-story 
steel frame building with perimeter SMFs (CG-model). In the same figures we have superim-
posed the counted median, 16th and 84th percentiles based on the set of 44 ground motions. 
Based on the IDA, a collapse fragility curve is computed per analytical model representation 
that describes the probability of collapse as a function of the first mode spectral acceleration 
Sa(T1,5%). Figure 6c illustrates the collapse fragility curves for the four CG models of the 
steel frame buildings with perimeter SMFs and SCBFs. 
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Figure 6: Critical EDPs and collapse fragility curves for steel frame buildings with perimeter SMFs and SCBFs. 
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5 EXPECTED LOSSES CONDITIONED ON SEISMIC INTENSITY 
The expected losses are computed for each building conditioned on the seismic intensity, 

as shown in Figures 7a and c for the 12-story steel frame buildings with perimeter SMFs and 
SCBFs, respectively, when the bare frame is only considered as part of the analytical model 
representation of the building under consideration (i.e., B-models). These curves are also 
known as loss vulnerability curves [10]. The total repair losses conditioned on seismic intensi-
ty are further disaggregated into losses due to structural and nonstructural component repair, 
losses due to demolition given that building collapse has not occurred and losses due to dy-
namic collapse. In these figures the expected losses for the 12-story steel frame building are 
normalized with respect to its total replacement cost (see Table 1). For steel frame buildings 
with perimeter SMFs (see Figure 7a) the total loss vulnerability curves initially increase line-
arly with respect to the seismic intensity. Note that for the case of the 12-story steel frame 
building under service level [i.e., SLE: Sa(T1,5%) = 0.11g] and design level [i.e., DLE: 
Sa(T1,5%) = 0.32g] earthquake intensities losses are dominated by damage into nonstructural 
components (see Figure 7b). This is to be expected based on past reconnaissance reports for 
steel buildings with moment resisting frames [42,43]. However, from Figure 7c, this is not the 
case for steel frame buildings with perimeter SCBFs. In particular, under the DLE intensity 
[i.e., Sa(T1,5%) = 0.40g] the expected losses equal to the 20% of the replacement cost of the 
12-story steel building with SCBFs is attributed to damage due to flexural buckling of its steel 
round HSS braces (see Figure 7d). This is to be expected due to the fact that steel braces 
would typically buckle in flexure at about 0.5% story drift ratios as discussed in Lignos and 
Karamanci [24]. From Figure 7 losses are dominated by the non-collapse losses at lower in-
tensities that have a higher rate of occurrence regardless of the lateral load resisting system. 
From the same figure, for seismic intensities higher than 0.4g that are associated with maxi-
mum considered earthquakes (i.e., MCE: 2% probability of exceedance over 50 years) col-
lapse losses tend to contribute much more to the overall earthquake-induced losses of a steel 
frame building regardless of its height and its lateral load resisting system. This can be clearly 
seen in Figures 7b and 7d. From the same figures, another notable observation is that at higher 
seismic intensities associated with MCE shaking building losses are dominated by demolition 
given that building collapse has not occurred. This is much more evident for the 12-story steel 
building with SMFs (see Figure 7b) compared to the 12-story steel building with SCBFs (see 
Figure 7d). This agrees with earlier findings on code-compliant RC frame buildings [10]. 
Similar observations hold true for the 4-and 3-story steel frame buildings with perimeter 
SMFs and SCBFs, respectively. 

In order to examine the effect of analytical model representation of a steel frame building 
on its earthquake loss estimation the same analysis discussed above is repeated for the CG 
models (see Section 4). Figures 8a and 8c illustrate the loss vulnerability curves for the 12-
story steel buildings with perimeter SMFs and SCBFs, respectively, when the gravity framing 
is considered as part of the analytical model of the respective building. From these figures, the 
findings associated with (a) the magnitude of earthquake losses and (b) the primary contribu-
tors to total losses for low seismic intensities (i.e., SLE, DLE) are practically the same with 
the ones computed based on the B-models building representations. This can be seen in Fig-
ures 8b and 8d for the 12-story steel frame with perimeter SMFs and SCBFs, respectively. It 
is worth mentioning that for the 12-story building with perimeter SMFs for seismic intensities 
associated with extreme earthquake events (i.e., MCE intensity) the losses due to demolition 
become nearly half compared to estimated ones based on the B-model of the same building 
(see Figure 8b). Losses associated with collapse are also reduced by about 50% as shown in 
Figure 8b in comparison with Figure 7b (i.e., results are based on the B-model). Similarly, for 
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the 12-story steel building with perimeter SCBFs losses due to demolition become very small 
under a MCE seismic intensity as shown in Figure 8d. This indicates that there is less drift 
concentration in the bottom stories of steel frame buildings with SCBFs when the interior 
gravity framing is considered as part of the lateral-force resistance system. This agrees with 
findings from prior analytical studies on braced frames [45]. Note that for Sa(T1,5%) > 0.7g 
losses due to demolition become fairly large the 12-story steel frame building with perimeter 
SCBFs. However, losses due to collapse practically are not affected by the analytical model 
representation of the same building. This is attributed to the fact that in concentrically braced 
frames it is nearly impossible to achieve a uniform demand-to-capacity ratio along their 
height and ultimately avoid local story mechanisms that are associated with concentration of 
plastic deformations that trigger structural collapse [33]. 

 

  
 (a) 12-story steel building with SMFs (b) 12-story steel building with SMFs-three intensities 
  

  
 (c) 12-story steel building with SCBFs (d) 12-story steel building with SCBFs-three intensities 

Figure 7: Normalized loss vulnerability functions for steel frame buildings with perimete SMFs and SCBFs con-
ditioned on seismic intensity without considering the gravity framing system and composite action as part of the 

analytical model representation (B-models) 

In summary, from a comparison of Figures 7 and 8 it is clear that earthquake induced loss-
es in steel frame buildings may be significantly overestimated under MCE seismic intensities 
if the contribution of the interior gravity framing and the composite action to lateral strength 
and stiffness is neglected. 
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6 EXPECTED ANNUAL LOSSES 
This section summarizes the normalized EAL results for the four steel frame buildings that 

are studied depending on the employed analytical model representation (i.e., B-models versus 
CG models). The EAL is computed as follows, 

 E LT( ) = E LT IM( )dλ IM( )
0

∞

∫ = E LT IM( )
dλ IM( )
dIM

dIM
0

∞

∫  (5) 

where λ(IM) is the mean annual frequency of the ground motion intensity and |dλ(IM)/d(IM)| 
is the derivative of the seismic hazard curve (see Figure 2). 
 

  
 (a) 12-story steel building with SMFs  

 

 (b) 12-story steel building with SMFs-three intensities 

 
 (c) 12-story steel building with SCBFs (d) 12-story steel building with SCBFs-three intensities 

Figure 8: Normalized loss vulnerability functions for steel frame buildings with perimeter SMFs and SCBFs 
conditioned on seismic intensity based on analytical mode representations that include the gravity framing sys-

tem (CG-models). 

Figure 9a illustrates the normalized EAL results for the 4- and 12-story steel frame build-
ings with perimeter SMFs. Based on this figure the expected annual losses vary between 0.41 
to 0.67% of the replacement costs for mid-rise and low-rise steel buildings, respectively. The 
total normalized annual losses for the 3- and 12-story steel frame buildings with perimeter 
SCBFs tend to be larger than the equivalent results for steel frame buildings with SMFs as 
shown in Figure 9b. In order to explain this finding the EAL results are further disaggregated 
into losses due to acceleration- and drift-sensitive nonstructural components, structural repair 
and demolition losses and collapse losses. For steel frame buildings with perimeter SMFs the 
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expected annual losses and demolition and collapse expected annual losses. From Figure 9, 
the drift-sensitive nonstructural components of steel frame buildings with perimeter SMFs 
contribute more to the total EALs than the equivalent EAL results for steel frame buildings 
with SCBFs. This is to be expected given the flexibility of the former compared to the latter. 
However, steel frame buildings with perimeter SCBFs tend to have nearly double EALs due to 
acceleration-sensitive nonstructural component repairs compared to steel frame buildings with 
perimeter SMFs. This is attributed to the fact that SCBFs are typically much stiffer than SMFs 
with the same height. Another notable observation from Figure 9b is that EALs due to struc-
tural damage into steel round HSS braces in mid-rise steel buildings with perimeter SCBFs 
become comparable with EALs due to acceleration-sensitive nonstructural component repairs. 
This is attributed to the relatively small story drift ratios that flexural buckling may occur in 
steel braces [24]. On the contrary, in steel frame buildings with perimeter SMFs the EAL re-
sults in terms of repairs of the primary structural components (e.g., beam-to-column connec-
tions and/or steel columns) is a negligible fraction of the total EALs. The reason is that such 
components are typically damaged at story drift ratios larger than 1%. 

It is worth mentioning that EAL results weight all possible levels of seismic intensity by 
taking into account their probability of occurrence (see Eq. 5). Therefore, it may be a more 
comprehensive loss metric than other loss metrics conditioned on a single seismic intensity 
such as a service, design or maximum considered earthquake in order to evaluate a steel frame 
building’s seismic risk. 

 
(a) Normalized expected annual losses for steel frame buildings with perimeter SMFs 

 

 
(b) Normalized expected annual losses for steel frame building with perimeter SCBFs 

Figure 9: Normalized expected annual losses for steel frame buildings with perimeter SMFs and SCBFs. 
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7 CONCLUSIONS  
This paper evaluated the earthquake-induced losses in four steel frame buildings with pe-

rimeter special moment frames (SMFs) and special concentrically braced frames (SCBFs) de-
signed in urban California in accordance with today’s regional seismic provisions. Two types 
of analytical model representations of the steel frame buildings were considered including (a) 
models that represent the bare structural components of the lateral load resisting system of a 
building; and (b) models that take into account the composite action and the interior gravity 
framing of a steel frame building. The earthquake loss assessment was based on two primary 
loss metrics including (a) the expected losses conditioned on seismic intensity and (b) the ex-
pected annual losses. The effect of residual deformations of a building that did not collapse at 
a given seismic intensity on its earthquake losses was considered based on the approach dis-
cussed in [10]. Even though the present assessment is based on four steel frame buildings only, 
the main findings discussed in this paper are summarized as follows: 

 Non-collapse repairs at low seismic intensities associated with service and/or design lev-
el earthquakes dominate building earthquake losses. The primary contributor to these 
losses is damage to the nonstructural content of a building regardless of the selected lat-
eral load resisting system. 

 At seismic intensities associated with design level earthquakes, steel buildings that utilize 
perimeter SCBFs tend to have considerable repairs due to steel brace flexural buckling. 
This is not the case for steel buildings that utilize perimeter SMFs. 

 Demolition and collapse losses tend to dominate building earthquake losses at seismic in-
tensities associated with maximum considered earthquakes. Demolition losses are at-
tributed to large residual deformations that steel frame buildings may experience during a 
large earthquake. 

 Earthquake-induced losses in steel frame buildings may be considerably overestimated 
when critical engineering demand parameters (EDPs) that control losses are based on an-
alytical models that represent the bare lateral load resisting system only. The considera-
tion of the composite action and the interior gravity framing of a steel frame building in 
the analytical model representation of a building reduces the earthquake-induced losses 
due to demolition by more than 50% regardless of the employed lateral load resisting 
system. 

 In steel frame buildings with perimeter SMFs repairs in drift-sensitive nonstructural 
components followed by acceleration-sensitive nonstructural components primarily dom-
inate the expected annual losses. The expected annual losses in steel frame buildings with 
perimeter SCBFs are dominated by acceleration-sensitive nonstructural components due 
to high absolute floor acceleration demands because of the considerable lateral stiffness 
of a SCBF. An important contributor to the expected annual losses is steel brace repairs 
due to flexural buckling at fairly small story drift ratios. 
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Abstract. People living in a city represent the most important agents of the urban system. In 

fact, people organize bits of the city, while organizing their own lives, hence directly influenc-

ing much of the city structure, from both a human point of view and a topological one. Such a 

self-organizing process reflects on both safety and life quality of citizens and efficiency of city 

services. 

As a result, in order to better manage a city one should know its inhabitants’ behaviour and 

its topological configuration too. An ambitious goal that can be pursued in the sense of com-

plex networks theory approach, studying the urban centre as a hybrid social-physical network 

made by both human and physical components (HSPN)[1]. 

In this study different topological structures and geometric shapes of cities are investigated, 

focusing on the efficiency of cities themselves, and their resilience. Moreover, due to the cur-

rent increasing risk of natural and human-induced disaster threatening local communities, 

urban societies are suffering a gradual reduction of their actual and potential resilience, as 

their ability to cope and withstand with external events. 

To this purpose, seismic events are simulated for each investigated urban geometry, referring 

to the most common shapes existing worldwide. A novel systemic measure of the expected 

damage state is here defined, which allows for a vectorial measure of the city efficiency in its 

entirety. Urban resilience is assessed as an integral measure, before, during and after an ex-

treme event occurs. Thence, a recovery strategy is hypothesized and the efficiency of the 

HSPN network and the resilience of the city are then evaluated and compared in a time-

discrete analysis. 
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1 INTRODUCTION 

Urban environment can be easily studied as a complex system, made by several different 

components and agents coexisting and mutually interacting. The main constituents of such a 

structure are the social ones, that are the citizens. They are semi-autonomous agents, which 

take choices and act following rules, such as laws, codes, guidelines, but also trends and tradi-

tions. These are rather like the “DNA” of the city, affecting its shape both from a human point 

of view and a topological one [2]. In fact, such social dynamic, together with urban planning 

choices performed by local governments, produces different outcomes, depending on the geo-

graphical configuration of the single urban system and on its sociological, cultural and eco-

nomic background.  

Hence, the resulting urban structure shows wide differences from city to city, which can in-

fluence the overall behaviour of local centres both in terms of the quality of life and safety of 

citizens. In order to understand how much and in which way this happens, one need to charac-

terize the topological configuration of the city itself, once the features of both its physical and 

human components are well known. 

To face such an issue, the modeling of the city as a hybrid social-physical network (HSPNs) 

[1] can be performed. HSPNs' approach is an innovative mean which can lead to the effective 

enhancement of the city resilience and efficiency, according to a human-centric perspective. 

Moreover it also allows for the improvement of urban planning instruments and risk man-

agement. 

HSPNs’ modeling allows to focus on connectivity too, in the sense of complex networks 

theory approach. In fact, it has been studied as a fundamental feature of some human behav-

iours, depending on “if” and “how” they are linked together to form a city [3]. 

Several efforts have also been made during last years for enhancing urban planning in-

struments and control urban evolving dynamics. Actually, one should let a city evolving itself 

while contextually performing strategic and catalytic interventions, such as in the case of the 

modern “top-down” approaches, so as to catalyse modern self-organization growth processes 

around specific areas [4]. The “physiological” behaviour of a city would be thence respected, 

and actions would be undertaken just acting on the enhancement of the efficiency of city pat-

terns according to citizens’ choices and preferences. 

The focus of this study is just to investigate different topological structures and geometric 

shapes of cities, which can already exist and also result from modern urbanization processes. 

Nowadays modern communities are seriously threaten by global risks, such as climate change, 

natural catastrophes and human-induced disasters. Moreover they are ever more exposed and 

vulnerable to such risks, given the high urbanization and the high concentration of economic 

and strategic activities in urban centres. Modern urban systems are suffering a gradual reduc-

tion of their actual and potential resilience, as their capability to face and to bounce back from 

external events.  

A particular focus is done on seismic risk, through the simulation of earthquakes with dif-

ferent values of peak ground acceleration (PGA) for each investigated urban geometry. 

Thence, a recovery strategy is hypothesized, accounting for cheaper damaged buildings to be 

repaired and the efficiency of the HSPN network and the resilience of the city are then evalu-

ated in a time-discrete manner. 

New paradigms are recognised in the field of damage assessment allowing for a systemic 

measure of damages to be performed. Efficiency evaluated in the sense of complex networks 

theory is merged together with engineering damage assessment of buildings and streets, ac-

cording to the performance based earthquake engineering methodology. As a result an integral 

measure of the impacts of seismic events on urban centres is assessed.  
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Urban resilience and city efficiency are evaluated, before, during and after the seismic 

event occurs according to different typical geometric shapes of the street patterns and building 

locations. In fact, cities are modeled with different geometric shapes referring to the most 

common existing worldwide, all having a grid-like layout, which is particular to cities whose 

shapes are the result of large-scale top-down planning efforts, which represent one of the 

preferential option for modern urban city planning [7]. 

The different city shapes which are herein investigated have already been classified within 

different scientific studies. In particular, circular, rectangular, hexagonal and star shapes are 

modeled. 

Moreover, according to the complex networks approach, it is also accounted for particular 

aspects concerning the number of nodes (representing citizens, strategic buildings, commer-

cial activities and/or residential buildings), the number of links (streets) and their geographic 

site. These are variables which deeply influence cities' behaviour, being urban areas modelled 

as graphs. 

Cities’ behavior, as they are modelled as graphs, apart from the overall geometry of the 

network itself, is described by the number of nodes (representing citizens, strategic buildings, 

commercial activities and/or residential buildings), the number of links (streets) and the geo-

graphic site of them. Given that, the research project will be based on three main aspects, ac-

counting for all these variable aspects, within two main subprojects: 

1. urban resilience and network efficiency assessment for different urban geometries, 

having the same number of buildings but different locations together with different 

number of links, when earthquakes with different magnitude occur; 

2. urban resilience and network efficiency assessment for different urban geometries, 

hence different number of links, being the same for each geometry both the number 

and location of buildings, when earthquakes with different magnitude occur. 
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2 CITY MODELING ACCORDING TO THE COMPLEX NETWORKS THEORY  

2.1 HSPNs modeling 

A system of typical street patterns is constructed for the modeling of each urban geometry, 

into a GIS environment, which is inspired to the European and US major cities and ancient 

city centres. 

Then the primal graph is constructed whereas a set of nodes represent street junctions and 

another one represents residential buildings. 

In order to model the cities, for each studied configuration some assumptions and hypothe-

sis are made to characterize it. Structural typology is assumed to be frame buildings made of 

reinforced concrete, with all buildings designed for gravity loads. Referring to the Italian built 

environment, in fact, and to the building constructing practices in most of the European cities, 

it is known that reinforced concrete buildings usually exhibits plane parallel frame schemes 

and regularity both in plane and in height. This is for both, non-seismic designed and seismic 

designed buildings. Buildings considered for city scenario simulations are assumed to be typi-

cal 70s – 80s constructions, with number of storey being comprised between 2 and 5. 

Citizens living in each city are accounted depending on the total floor area of each struc-

tural typology and assuming about 1 citizen each 30 square meters, as suggested by the data-

base of the Italian Institute of Statistics, ISTAT. 1 dwelling each floor is assumed for 2-storey 

buildings, hence 100 – 150 sqm of total floor area each storey, 2 dwelling are assumed for 3-

storey buildings (180 – 250 sqm), 4 dwelling are assumed for 4-storey buildings (300 – 450 

sqm) and 6 dwelling are assumed for 5-storey buildings (500 – 600 sqm). 

Moreover, the percentage of buildings with reference to their number of storey is taken 

fixed, given that the number of inhabitants is calculated depending on the total residential 

square meters for each simulated urban centre. Residential buildings are modelled for 10% as 

2-storey, 40% 3-storey, 30% 4-storey and 20% 5-storey. This allow to compare more accu-

rately and realistically data from scenario simulations, keeping in this way the number of citi-

zens always in the same magnitude.  

Also street network configuration is hypothesized assuming denser streets concentrations 

near the centre, being topologically different for each simulated city, according to its shape.  

Different HSPNs are constructed, being divided into two typology, according to the re-

search project: 

- for each geometry, being fixed the street patterns and the number of designed build-

ings, four different configurations of residential HSPNs are designed, where the build-

ings location is always different (Figure 1 – 4); 

- for each geometry, being fixed the number and the location of residential buildings, 

one different configuration of residential HSPNs is designed (Figure 5a – 5d). 

HSPNs are then described by means of a graph with N = | Ɲ | nodes and K = | Ʋ| edges. 

Being Ɲ = {ɳ1, ɳ2, …, ɳN} and Ʋ = {ʋ1, ʋ2, …, ʋN}. Actually the modelled HSPNs consist of 

two set of nodes and two set of edges, being: 

 Ɲi, the set of node intersections representing crossings in the street network;  

 Ɲb, the set of building nodes; 

 Ʋss, the set of street segments, representing links between couple of node intersections; 

 Ʋsb, the set of street segments linking street segments to building nodes. 

The city graph can then be defined and is denoted by G(Ɲi ∪ Ɲb ∪ Ʋss ∪ Ʋsb).  Different 

geometries are modelled , being inspired by the major European cities, as shown following: 
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 Circular (ex. Rome, l’Enfants’ plan for Washington DC, Regent’s park in London, 

Karlsruhe) 

 Rectangular (ex. Savannah, Regensburg on the southern bank of river Danube, from 

Roman times [6]), better known as the typical structure of US modern cities, ex. Or-

lando, New York, Philadelphia, etc., they typically exhibits T-shaped crossing as self-

organised urban networks. Also Venice and Cairo shows similar geometric shapes, ac-

tually they are not just rectangular but self-organised cities as well; 

 Hexagonal/Octagonal (Vitruvius model) [5] [6] 

 Star, ideal city model of renaissance, an example is the Italian city of Palma Nuova, 

outside Venice, originally accredited to the architect Scamozzi. 
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Figure 1 – Four different buildings spatially configuration for rectangular city shape 
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Figure 2 - Four different buildings spatially configuration for star city shape 
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Figure 3 -  Four different buildings spatially configuration for circular city shape 
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Figure 4 - Four different buildings spatially configuration for hexagonal city shape 

 

Four different urban configurations are modeled according to the case study 1. In Figures a set 

of discrete links is observed, which represent street patterns. Colored starred nodes represent 

instead residential building nodes, which are connected to streets by fictitious links. These 

represent the access point from the main streets to the residential buildings.  

The case study 1 considers always the same street patterns, while buildings’ location is al-

ways different within the four studied topologies. Residential buildings’ location is differently 

modeled for each city, considering for scattered locations, more peripheral locations and more 

central locations within the urban context. 
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Figure 5 - Four different street patterns configurations with 200 buildings with fixed location 

 

Just four different cities are modeled in the case study 2, one for each urban shape. Here seg-

ments shown in Figures, which define the geometric urban shape, represent streets as for the 

case study 1. Colored starred nodes are the building nodes, whose locations remain always the 

same for the four shapes, while street patterns change according to the adopted geometry. 

Links connecting buildings to streets are the same as in case study 1.  

2.2 Efficiency assessment 

In this study cities are modelled as spatial networks, which are a particular kind of complex 

networks and they are embedded in a space in turn associated with a metric. 

Urban environment is represented through the modeling of a planar graph, usually embed-

ded in a two-dimensional Euclidean space, whose typical metric is the Euclidean distance. 

Dealing with spatial networks, it is fundamental to know in which way nodes are con-

nected, to move or send information from a node i to a node j. A sequence alternating nodes 

and edges is called a walk from i to j, and whether each node of the walk is traversed only 

once, it is called a path. A cost is then associated to each walk/path, as the sum of all involved 

edges.  

The path from i to j having the minimal length is called the shortest path, having length 

equal to dij. One can then gather that the lower is the length of the shortest paths and the better 

is the communication between any pair of nodes belonging to the network. 

The concept of efficiency here is understood as the capability of the urban shape to effec-

tively ensure connection between pair of nodes, even whether a shocking event occurs, like an 

earthquake.  

In order to measure the network efficiency as the average reachability of its nodes, the 

network efficiency as proposed by Latora and Marchiori (2001) [10] is used. Hence such 
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reachability can be measured even when the network is not connected, as typically happens in 

the aftermath of a disaster, when road networks get partially or totally disrupted.  

The efficiency between pair of nodes is evaluated as the inverse of the length of the short-

est paths connecting them, eij=1/dij, and it is minimal when dij=∞, that is when i and j are dis-

connected. 

 Usually the efficiency between two nodes is then normalized as: eij= dij
 eucl

/dij, where dij
 

eucl
 is the Euclidean distance. The global efficiency is then assessed as the normalized pairwise 

efficiency, averaged on all possible pairs of nodes: 
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The global efficiency is normalized in [0,1]. This is due to the distance between node i and 

node j, dij, being larger than the Euclidean distance between i and j. Such a measurement of 

the global efficiency allows to consistently compare two distinct graphs, even whether they 

have a different number of nodes and links.  

Actually such an equation does not allow to evaluate efficiency of the residential HSPN, 

since it does not account for people living in each building. Hence a further equation is de-

fined to calculate the citizen-citizen efficiency, as outlined in Cavallaro et al. (2013) [1], as 

follows: 
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Where i, j are the indexes of building nodes, Htot is the number of citizens living in the 

studied city, Hi is the total number of citizens living in building i, Nb is the set of building 

nodes, dij is the length of the shortest path connecting node i and node j and hi is the number 

of citizens living in buildings, which belong to the set I, of buildings having zero distance 

from to building i. The result is a measure of connectivity between inhabitants inside build-

ings, which is obtained by summing over all couples of citizens and imposing dij
 eucl

/dij = 1 for 

inhabitants living at distance zero. This last is obviously the case in which the efficiency is 

maximised in communication between couples of citizens. 

3 A NOVEL SYSTEMIC DAMAGE ASSESSMENT 

3.1 Probability-based earthquake simulation  

Earthquake scenarios are simulated for 0.25g and 0.30g PGA, which describes medium in-

tensity seismic phenomena. Resulting building damages are simulated through the implemen-

tation of literature fragility curves, as the probability of exceedance of the “onset of damage” 

of each building belonging to the set of the residential ones. Hence only the exceedance of a 

very heavy limit state is accounted for, that is buildings are not available for occupation and 

use any more. Two kind of damages for the urban centre can be considered through the im-

plementation of the vulnerability functions. 

First of all, the probability of being damaged or becoming unfit for use when hit by an 

earthquake of a certain intensity for each building. It is represented by the fragility function, a 

probability law which is described by a log-normal distribution function, as follows: 
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Simulations are performed considering (µ, σ)=(-0.91,0.29) for reinforced concrete build-

ings fragility curve from Ahmad et al. (2011) [9], which refer to the “moderate” damage state 

as shown in Table 1.  

 

N° of 

Limit 

States 

Limit 

State 

Median, 

µ  

Standard 

Deviation, 

σ 

3 

Slight -1.07 0.22 

Moderate -0.91 0.29 

Extensive -0.71 0.27 
 

Table 1: statistics of the fragility curve by Ahmad et al. [9] 

 

Such a choice follows from the need of not being too conservative but also to avoid to 

overestimate the vulnerability of the built environment, that is clear from fitted curves, shown 

in Figure 6. 
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Figure 6 – Fragility curves according to Ahmad et al. for non-ductile reinforced concrete buildings 
 

Then the probability that a damaged building limits or interrupts the transit along a street, 

that is adjacent to it. In fact, it is well-known that whenever an earthquake occurs, buildings 

located along a street could suffer damages making it inaccessible, due to the debris fallen. 

Moreover accessibility to a street, which is adjacent to buildings, could however be limited 

for safety purposes, from civil protection and other local authorities managing the emergency. 
Due to this last dynamics, the street patterns probability of interruption is defined: 
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Stream of uniform pseudorandom numbers is generated and values from the standard uni-

form distribution are selected on the open interval (0,1) and compared to the value from the 

fragility function, related to the PGA value attained by the simulated event. Being such value 

larger or smaller than those obtained from the stream simulation, decide respectively whether 

the building will not obstruct the adjacent street or will make it inaccessible. 

This has got a further effect on the behaviour of the HSPN itself: due to the street being 

eventually become inaccessible, the link which represents it, will not be useful for network 

connectivity purposes. Hence, being the link inactive, it is removed from the network, so as 

the building which was adjacent to it, and caused the street usage restrictions. 

Moreover damages on buildings result, for each simulated earthquake and damaged city 

configuration, in a certain number of citizens to be reallocated. In fact, as already explained, 

the number of citizens living in each city is accounted assuming a certain floor area for each 

storey, depending on the storeys number itself, and assuming an inhabitant each 30 square 

meters.  

Once the city is modelled the methodology allow for the damage assessment right after a 

seismic event occurred, both in terms of street pattern and damaged buildings which are re-

moved and also in terms of citizens, which remain without their homes and need to be reallo-

cated. Ten scenario analysis are performed for each different urban geometrical configuration, 

drawing values from the pseudorandom number simulation, which are always different, and 

giving, as a consequence, different results, as shown in Figure 7 and in Figure 8: 

 

0.00

0.20

0.40

0.60

0.80

1.00

1.20

0 0 89 178 268 357 446

Ec
c(

C
)/E

cc
,p

re
ev

en
t

# reallocated citizens

1st sim
2nd sim
3rd sim
4th sim
5th sim
6th sim
7th sim
8th sim
9th sim
10th sim

 
 

Figure 7 – Normalized efficiency against the number of reallocated citizens for the star shape HSPN, in the case 

of seismic scenario analysis with PGA=0.30g and 50 residential buildings with different location 
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Figure 8 – Normalized efficiency against the number of reallocated citizens for the star shape HSPN, in the case 

of seismic scenario analysis with PGA=0.30g and 100 residential buildings with fixed location 

 

3.2 Efficiency of damaged urban centres as a measure of the integral urban damage 

Since HSPNs are modelled as graphs, the basic principle to measure their overall behav-

iour in a scientific manner refers to the complex network theory. Damages suffered by a city 

are measured starting from the single building. This is conceived as a physical structure itself, 

but also as an “ideal reference point”, in which citizens live and from which they are served. 

Urban services, such as gas and water pipelines and electric grids, and also road infrastruc-

tures are linked to such buildings. Hence, once the links between buildings and all urban ser-

vices are modelled, one can simply assume that when the building goes out-of-service, even 

all services which are linked to it are useless. Particularly, in this work the link between the 

couple of nodes representing buildings are modelled based on the street patterns of the studied 

city. This assumption is easily justified by the fact that in nearly every urban centre urban ser-

vices infrastructures (pipelines for instance), are located on the streets.  

The fragility curve here implemented gives a probability-based measure of the capacity of 

buildings within an urban centre to withstand a seismic event. Hence, it allows to quantify the 

vulnerability of the built environment. 

Given the assumption made, it also allows to identify which urban areas become useless 

whenever an earthquake occurs.  

Structural measures performed through the fragility function on each single building are 

then extended to streets and to all urban services which are linked to it. Hence, the engineer-

ing assessment is understood as a scattered measure of each urban area usability.  

On the other hand, all urban areas are mutually interrelated by further streets and services 

distribution plants. The evaluation of the quality of such links, the connectivity and the effi-

ciency level leads to the knowledge of the overall behaviour of the investigated urban system. 

An information which is obtained through the implementation of complex networks measure 

techniques. Particularly, global efficiency measurement are performed according to Latora 

and Marchiori (2001) [10].  

Finally the novelty in the assessment of the state of service of the urban environment after 

the occurrence of a catastrophic event is underlined, as the chance to merge civil engineering 

and complex networks methodologies. Such an approach, allow to perform a measurement of 

the after-event level of performance of the city which is a systemic and integral one. Further-
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more, the performed measures follow the modern multi-scale approach, from the lower to the 

higher degree of network complexity.  

Given the residential HSPN efficiency, as evaluated in Cavallaro et al. (2013), the systemic 

damage measure can be simply evaluated as: 
 

eventpost

cc

eventpre

cc EED        ( 5 ) 
 

Whereas the ratio between this two quantities is also defined as the recovery function, as 

well as the normalized efficiency corresponding to the first time step soon after the earth-

quake has occurred: 
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Values for all investigated urban shapes for such a ratio, are shown in Table 2. 
 

City Shape 

Mean Pre-event 

Efficiency         

[Ecc
pre-event

] 

Mean Post-event    

Efficiency               

[Ecc
post-event

] 

Y(0) 

 

D 

Case 1 - Different city shape with different building location 

Hexagonal 3,034 2,512 0,826 0,523 

Rectangular  2,643 2,001 0,761 0,642 

Star 3,103 2,584 0,833 0,519 

Circular 2,977 2,281 0,765 0,696 

Case 2 - Different city shape with same building location 

Octagonal 2,603 1,075 0,413 1,529 

Rectangular  2,505 1,046 0,417 1,459 

Star 2,693 1,077 0,400 1,616 

Circular 3,127 1,029 0,329 2,098 
 

Table 2: Pre-event and post-event efficiency values of residential HSPNs according to different modelled geo-

metrical forms, in the case in which building location is modelled as variable and fixed 

 

According to the normalized efficiency values, the star and hexagonal shapes exhibit the 

best behaviour in case 1, while in case 2 the efficiency for octagonal, rectangular and star 

show values, which are very similar. From case 1 to case 2 efficiency is almost halved while 

the number of residential buildings is doubled. This is due to the major effort in case 2 of hav-

ing efficient links. Obviously a major quantity of buildings is much difficult to get connected. 

Moreover the lower the distance among people in the urban network, the higher the efficiency 

of the residential HSPN. 

 Such a lower efficiency in case 2 has not to be ascribed to the building vulnerability in-

stead, since they are all reinforced concrete buildings, whose percentage in terms of number 

of storeys is keeping invariant when passing from case 1 to case 2. 

4 LINKING URBAN DAMAGE AND RESILIENCE ASSESSMENT 

The systemic measure of damages suffered by the urban environment when a seismic event 

occurs are also understood according to the classical approach to urban resilience.  

The recovery function, Y, is the measure of the performance of the system at a certain in-

stant in time, t. Hence, if it is evaluated for each step of the recovery strategy implemented 
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after the shock, the capability of the city to bounce back to its previous performance level can 

be assessed as the integral of such quantity in time.  

Resilience is, in fact, defined as the area under the recovery curve, divided by the time 

passed by from the start of the recovery process, tb, to its completion, tc, as follows: 
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According to the implemented HSPN model and to the definition of the recovery function 

previously given: 
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In fact, while Y(0) is the value of the recovery function soon after the occurrence of the 

earthquake, Y(t) is the same function evaluated for each step of the recovery strategy. 

Such formulation requires a good knowledge of the state of service of the city for each step 

of time, during reconstruction. But it depends on several factors (available monetary budget, 

promptness of reconstruction, first aid time, etc.) and it is not easy to know in detail, so any 

dependence on time is removed and the recovery function is calculated depending on the 

number of reallocated citizens, C, for each step of the recovery strategy: 
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Also the dependence on total damage is removed by defining: 
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Where Y(0) is zero in the aftermath of the seismic event, that is when no citizen has been 

yet reallocated. And disaster resilience is then calculated through the following: 
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Where Cmax is the total number of citizens to reallocate after the earthquake and the inte-

gral is simplified with a summation, being the strategy implemented in a discrete number of 

steps. 

In this study, a recovery strategy is hypothesized according to which first cheaper buildings 

are restored after the earthquake. Hence, efficiency is evaluated, for each urban shape, for 

each step of the recovery strategy and then it is integrated by the number of reallocated citi-

zens to compute resilience. Mean values from simulation are fitted against the number of real-

located citizens for each urban geometry in the case of an earthquake of PGA=0.25g and in 

the case of an earthquake of PGA=0.30g for both the case of study 1 and 2 (Figures 9 – 12). 
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Figure 9 – Normalized efficiency against number of reallocated citizens in the case of different buildings loca-

tion (Case 1) and PGA=0.25g 
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Figure 10 - Normalized efficiency against number of reallocated citizens in the case of different buildings loca-

tion (Case 1) and PGA=0.30g 
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Figure 11 – Normalized efficiency against number of reallocated citizens in the case of fixed buildings locations 

(Case 2) and PGA=0.25g 
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Figure 12 – Normalized efficiency against number of reallocated citizens in the case of fixed buildings locations 

(Case 2) and PGA=0.30g 

 

Experimental results show a clear major downfall of the efficiency curve in the case of an 

earthquake occurrence whose PGA is 0.30g. Obviously the more intense is the earthquake the 

many more buildings are damaged, and many more citizens are deallocated too. A major 

slope is outlined in case 1 between star and hexagonal shapes, which are clearly more effi-

cient, rectangular and circular shapes. Conversely, in case 2 the behavior seems to be much 

similar even when geometric shape changes. There are slight differences in the case of an 

earthquake of PGA=0.25g in which the circular shape reveals to be the less efficient one, and 

such a behavior is confirmed when PGA=0.30g , together with the star shape. 

All things considered no major differences are revealed when comparing results in terms of 

resilience from case study 1 and case study 2. Hence,  

Considerations are validated when performing the resilience assessment for each geometry 

in the two case studies, which is averaged on the ten scenario simulations performed for each 

of them, as shown in Table 3. 
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RESILIENCE 

Case 1 - Different spatial buildings configura-

tion and same links 
PGA=0.25 PGA=0.30 

RECTANGULAR  0,0168 0,0092 

HEXAGONAL 0,0146 0,0086 

STAR  0,0200 0,0085 

CIRCULAR 0,0142 0,0080 

Case 2 - Fixed spatial buildings configuration 

and different links 
PGA=0.25 PGA=0.30 

RECTANGULAR  0,0031 0,0024 

OCTAGONAL  0,0031 0,0024 

STAR  0,0033 0,0021 

CIRCULAR 0,0032 0,0022 

 

Table 3 – Mean seismic resilience assessed for each urban geometry in the case of an earthquake with magni-

tudes, PGA=0.25g and PGA=0.30g 

 

5 CONCLUSIONS  

The present study focus on the evaluation of the efficiency of cities when subjected to 

seismic events according to their topological structure. A methodology merging civil engi-

neering and complex networks metrics is implemented in order to assess the global state of 

damage and the urban resilience. The equation used for the quantification of resilience allows 

to appreciate the efficiency in the recovery process of a city after a disaster has occurred. Effi-

ciency is then evaluated closely after the earthquake and has to be compared with as many 

strategies for reconstruction. 

The paper proposes a novel approach which take also into account people living in a city, 

through the modeling of urban centres as hybrid social-physical networks (HSPNs). Urban 

street patterns and infrastructures are modelled as undirected graphs, and also citizens are 

considered as the sensors of urban efficiency and connectivity. 

Earthquake scenarios are simulated and a recovery strategy is hypothesized. A probability-

based approach is used to evaluate buildings’ vulnerability and urban efficiency measure soon 

after the earthquake occurrence are used as a systemic measure of the overall damage suffered 

by each investigated urban centre. 

Resilience is then evaluated for each urban shape and each earthquake scenario. 

Results show some differences in resilience levels, with the star shape in every case the 

most efficient and the circular one the worst. 

Not significant differences have been instead recorded for the different city geometries, 

while considering the different number of links between fixed building distributions. Even if 

higher slope in the efficiency level is observed for urban shapes investigated in the case study 

2 with respect to those in the case study 1. This can be attributes to the higher number of resi-

dential buildings being modelled within the second case study (they are doubled), which 

makes cities more exposed. Hence, for the same simulated seismic intensity the global re-

sponse in terms of both efficiency and resilience is quite similar in the two case studies. But if 
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the urban efficiency is observed within a time-discrete analysis, it is clear that major problems 

and inconveniences are expected in the case study 2. That is the case in which many more 

buildings are located within the studied urban area. 

Further analysis are needed, with the purpose to model urban networks with many more 

buildings and real cases to be compared with. 

Moreover further developments are needed to compare attained urban resilience when dif-

ferent recovery strategies are implemented.  

The proposed methodology can be an effective mean, to used as a support for disaster 

management. Best practises can be recognised for each investigated topology, by implement-

ing scenario analysis in which different recovery strategies are adopted and by comparing the 

evaluated resilience and efficiency for each of them. 

The proposed methodology has a dual application field, being potentially used as an effec-

tive engineering mean to quantify a unique indicator as a vectorial measure of city damages. 

On the other hand, the quantification of resilience being reiterated for each city, different 

magnitudes of simulated disaster and different hypothesized recovery strategies, is a very 

powerful mean to be used as a support for urban planning and disaster management.  
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Abstract. We present a method for a probabilistic estimation of the time variation during af-

tershock sequences of the vulnerability of reinforced concrete structures which deteriorate as 

they accumulate damage and become more vulnerable. First we describe the steps of the pro-

posed method and then we apply it in the case of two building models and two aftershock se-

quences. The degradation of the structural elements of the buildings is assumed to be stochastic 

and computed with time-history analyses using a hysteretic model of bending response. Then 

the engineering demand parameter of maximum drift is associated with the elongation of the 

fundamental period of the structure and we define limit damage states using as thresholds val-

ues of the period elongation ratio. The numerical models of the buildings that correspond to 

the defined damage states are defined and analyzed, in order to calculate their fragility curves 

and the probability of the damaged building models transitioning to higher damage states. The 

cumulative probability of exceeding a damage state for the selected aftershock sequences is 

calculated with a Markov chain whose transition matrices are a function of the intensity of the 

aftershocks. This results to the variation of the probability of exceedance of period elongation 

thresholds due to damage accumulation as a function of time during the selected aftershock 

sequences. 
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1 INTRODUCTION 

Earthquakes is a principal cause of degradation of the properties of structural elements in 

reinforced concrete buildings. Stiffness degradation is one of the reasons modern seismic codes 

such as the Eurocode 8 [1] demand the stiffness of structural elements to be taken into account 

with its effective value, which equals a portion of the stiffness of the geometric section of each 

member. Apart from stiffness degradation an increase of the damping ratio of the building may 

accompany seismic damage and affect its vulnerability [2]. Another source of structural degra-

dation is the non-seismic progressive natural deterioration of the structural materials. Pitilakis 

et al. [3] estimated the detrimental effect of reinforced concrete steel corrosion with time-de-

pendent fragility curves of multistory buildings. Sanchez-Silva et al. [4] proposed a stochastic 

model that takes into account the effect of gradual non-seismic deterioration of structural ma-

terials along with the structural deterioration due to sudden events such as earthquakes and 

highlighted the importance of both modes of deterioration.  

Iervolino et al. [5] focused on earthquake clusters (aftershock sequences) and developed a 

probabilistic damage accumulation model for elastic-perfectly plastic single-degree-of-freedom 

(SDOF) structures and estimated the failure probability as an increasing function of time. Re-

peated earthquakes and the subsequent damage accumulation may lead to an increased inelastic 

displacement demand of SDOF systems and an increased ratio of the inelastic displacement to 

the maximum displacement of the elastic system [6]. Apart from displacement demands, 

strength demands may also be 20 % averagely higher for degrading SDOF structures in com-

parison to non-degrading structures, if their period is shorter than the predominant period of the 

excitation [7] and their ductility demand may be higher, if excited with soft soil seismic records. 

One way of quantifying the structural degradation of a building is through the elongation of 

its fundamental period. The degree of cracking in reinforced concrete elements because of static 

loads as well as the cracking of infill walls during the earthquake are considered to contribute 

significantly to the elongation of the natural period of buildings [8]. Katsanos et al. [9] estimated 

the period elongation for the design earthquake and twice the design earthquake at approxi-

mately 1.2 and 1.7 on average in the case of moment resisting frames and dual structural system 

multi-storey buildings designed with Eurocode 8. Only in extreme cases of severely degrading 

buildings a ratio of 2.0 was estimated. Katsanos and Sextos [10] also proposed an empirical 

function for period elongation based on the structural period and the force-reduction factor. 

Moreover, they showed that PGA has a low correlation with the predominant inelastic period 

in contrast to spectral acceleration. Based on measurements in damaged buildings after the 2011 

Lorca earthquake Vidal et al. [11] proposed relationships for the period of the damaged build-

ings as a function of the number of stories. According to these relationships the period elonga-

tion corresponding to EMS-98 [12] damage grade 1, 2 and 3-4 is equal to 20 %, 43 % and 65 % 

and is independent of the number of storeys. The period elongation ratio has been observed to 

be in an analogy to the stiffness and the force-reduction factor (ratio of the maximum seismic 

force to yield force) of SDOF oscillators [10] while the effect of earthquake magnitude, distance 

and soil conditions has been estimated to be of minor significance.  

Given that reinforced concrete buildings may accumulate damage during aftershock se-

quences and become more vulnerable we deem necessary the development of a model of time-

variable vulnerability for the aftershock time-period. This is the aim of this paper and we con-

sider the variation of the vulnerability over these time-periods a significant piece of information 

for buildings part of critical infrastructures such as the Port of Thessaloniki, whose location we 

use in one case study. In many cases the structural health of such buildings is monitored with 

proper instrumentation and since structural degradation can be observed and localized through 

eigenfrequency variation [13, 14] we are employing limit damage-state thresholds in terms of 
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the ratio of the periods of the elastic and the degraded building (Tin/Tel) for developing an op-

erative tool in emergency situation. The properties of the structural elements of the degraded 

building models are computed based on the stochastic inelastic deformations calculated with 

finite element time-history analyses of the original building with excitations covering a wide 

intensity range. Using the derived fragility curves the cumulative probability of exceedance of 

period elongation thresholds is then calculated for the cases of two real aftershock sequences. 

2 SELECTED BUILDING MODELS 

For the application of the developed method for time-varying vulnerability two reference 

mid-rise building models [15] are selected (Figure 1, Table 1). The first is a high-code rein-

forced concrete moment resisting frame designed with the Greek seismic code of 2001 (EAK 

2000) [16] and the second building is a low-code building with a shear wall system, i.e. a struc-

tural system with shear walls carrying more than 65 % of the base seismic shear force [17], 

designed with the first seismic code that came into effect in Greece in 1959. The provisions of 

the 2001 code bear similarities to EN 1998-1 [17] and demand capacity design with structural 

member detailing for ductile behavior aiming for energy dissipation in the seismic resisting 

system and plastic building collapse mechanisms. According to a 2001 survey 32 % of the 

building stock of Greece predated the 1959 code, 46 % was constructed between 1959 and 1985, 

when a new seismic code was introduced [18], under which 22 % of the stock was built. Based 

on more recent data in the city of Grevena in Greece the reinforced concrete buildings built 

after 1959, 1985 and 2001 consist respectively 49 %, 11 %, and 19 % of the stock [19]. The 

selected models fall under the C1M and C2M model building types of HAZUS [20] and will 

be thus referred to for brevity. 

 

Figure 1: Reference building models: C1M high-code moment resisting frame, C2M low-code coupled shear wall 

and moment resisting frames. 
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Type Structural System Code Concrete Steel Mass (t) Tel (s) 

C1M Moment resisting frame High C20 S400 130.0 0.64 

C2M Shear walls Low B225 StI 491.9 0.38 

 

Table 1: Details of the selected building models. 

Three types of analyses are performed with OpenSees [21]; fiber, non-linear time-history 

and modal. The fiber analyses are employed to calculate the yield moment and curvature of 

each structural element through a bi-linear approximation of the numerical results. This data is 

then used to model the inelastic response of the elements with a distributed plasticity model of 

hysteretic response. Pinching in the moment-curvature loops is used only for the structural walls 

with a factor of 0.3 assuming a strong pinching effect. The modal analyses are used to calculate 

the fundamental period of the models in their undamaged and structurally degraded states. In 

the total mass of each model the mass corresponding to structural elements infill walls, live and 

dead loads of the slab floors are included. According to the code for interventions in existing 

buildings in Greece [22] the bending stiffness (EI) of structural elements should be reduced to 

the value of the modulus at yield, which is averagely 25 % or less of the stiffness of the geo-

metric uncracked section (EIg) [17]. It is assumed that this is intended for pushover analysis 

with elastic-perfectly plastic springs. Since a hysteretic law is used for bending behavior in the 

context of dynamic analyses, which models stiffness degradation after yield, the reduced elastic 

stiffness of the concrete elements is required to account for Stage II cracking. In the C2M model 

the stiffness is taken equal to 40 %, 60 % and 80 % of the geometric stiffness for beams, pe-

rimeter columns and shear walls, and inner columns respectively according to the comments of 

EAK 2000. This leads to bending stiffness of the elements in agreement with the moment-

curvature results from the fiber analyses at the range of small elastic deformations (Figure 2) 

and to a more effective estimation of the elastic fundamental period of the building (Tel).  

 

Figure 2: Moment-curvature results at the foot of the perimetric columns of the C1M building compared to the 

geometric, Stage II and yield stiffness of the section. 

3 METHOD DESCRIPTION 

The assessment of the variation of the vulnerability of the studied buildings during an after-

shock sequence is performed by following steps 1-7: 
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1. For each seismic event (Magnitude/Distance couple) in the sequence (i = 1-n) compute 

the corresponding Intensity Measure (ai), e.g. PGA, with a suitable Ground Motion Pre-

diction Equation either from [23] or [24] for Europe. 

2. Calculate the fragility curves of the undamaged building prior to the main shock for each 

damage state as a function of the selected Intensity Measure(s). 

3. Define the damage states of the building in terms of period elongation due to structural 

degradation (Tin/Tel or ΔT = (Tin-Tel)/ Tel). Calculate the degraded stiffness of the struc-

tural elements of the building in each damage state in order to model the building in each 

state. This step is described analytically in Paragraph 4. 

4. For each of the considered damage states (DSj, j = 1-m) of the building calculate the 

fragility curves for every higher damage state. 

5. Form the vector of the probabilities of exceedance of each damage state (e.g. Table 2 for 

four DSs) in terms of drift and frequency reduction at the time of the first seismic event 

(t1) and its corresponding IM value (a1) from the computed fragility curves of the undam-

aged building (Equation 1). 

 𝑃(𝑡1),𝑗 = 𝑃[𝐷𝑆(𝑡1) ≥ 𝑗 | 𝐼𝑀(𝑡1) = 𝑎1],   𝑗 = 1 − 𝑚 (1) 

 

P(t1),01 P(t1),02 … P(t1),0m 

 

Table 2: Vector of probabilities of exceedance of damage states at the time of the main shock (t1). 

6. Calculate the probability of exceedance of each damage state for the IM values (ai) that 

correspond to the events in the catalog (catalog to be defined) from the computed fragility 

curves (Equation 2) of the building in all considered damaged states (1 - m). These values 

are then used to form the damage state transition matrices for each seismic event as shown 

in Table 3. 

 𝑃(𝑡i),𝑗 = 𝑃[𝐷𝑆(𝑡i) ≥ 𝑗 | 𝐷𝑆(𝑡i) ≥ 𝑘, 𝐼𝑀(𝑡i) = 𝑎i],   k ≤ 𝑗 = 1 − 𝑚 (2) 

 

 DS(ti) ≥ 0 DS(ti) ≥ 1 DS(ti) ≥ 2 … DS(ti) ≥ m 

DS(ti-1) = 0 1.0 P(ti),01 P(ti),02 … P(ti),0m 

DS(ti-1) = 1 0.0 1.0 P(ti),12 … P(ti),1m 

DS(ti-1) = 2 0.0 0.0 1.0  P(ti),2m 

… … …  … … 

DS(ti-1) = m 0.0 0.0 0.0 … 1.0 

 

Table 3: Transition matrix (Tr(ti)) consisting of time-variant probabilities of exceedance of a damage at the time of 

an aftershock (ti) depending on the damage state of the building prior to the event (ti-1). 

7. Calculate the probability of the building exceeding a damage state at the time points of 

the aftershocks with a discrete-time Markov chain with a discrete time space (Equation 

3) using the transition matrices. Markov chains are used to describe systems going 

through a chain of events or states, in which every following state depends only on the 

current state. Note that the initial state vector in the right hand side has zero values with 

the exception of its first element which is equal to 1.0. This way the probability of ex-

ceedance of the damage states is computed given that the building is at the beginning of 
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the calculation in its first state, which here is its original undamaged state. With Equation 

3 it is also possible to compute the exceedance probabilities given that the building is in 

a higher damage state by assigning the 1.0 value to the corresponding element of the 

vector. 

 [ 𝑃[𝐷𝑆𝑡𝑛 ≥ 1]  …   𝑃[𝐷𝑆𝑡𝑛 ≥ 𝑚] ] =  [1  0 …   0] ∏ 𝑇r(𝑡𝑖)
𝑛
1  (3) 

4 PERIOD ELONGATION-BASED DAMAGE STATES 

In this paper the damage states that are used are defined using as thresholds values of the 

elongation of the period of the building (Tin/Tel or ΔΤ). Limit damage states are typically de-

fined with thresholds of the maximum interstorey drift (e.g. in HAZUS [20]). The advantage of 

using such thresholds is that, since the elongation of the first eigenperiod of a building can be 

measured by means of instrumentation immediately after the mainshocks, the degree of the 

suffered structural damage can be available remotely and in real time without the need for in-

spection. These limit damage states are defined using the results of the same set of non-linear 

analyses used for the calculation of the fragility curves of the building in its original state. 

 

Figure 3: PGAs of the synthetic input motions. 

4.1 Seismic input time-histories 

The time-history analyses are performed assuming full fixity of the foot all vertical structural 

elements of the ground floor, where the seismic excitation was applied. Fourteen groups of 15 

synthetic acceleration time histories are used as base excitation in the time-history analyses. 

Each group was generated with Eurocode’s Type C spectrum as the average target spectrum. 

The synthetic time-histories were generated with SeismoArtif [25], which implements a method 

based on Hallodorson and Papageorgiou [26], for the case of a near field source under an inter-

plate regime, with hypocentral distance of 9 km. The PGA of each of the 14 target spectra 

ranges from 0.005 m/s2 to 15.0 m/s2. However individual time histories have a wider range 

exceeding 20.0 m/s2 (Figure 3). By using such a set of synthetic accelerograms with a varying 

intensity it is assured that the frequency content of each accelerogram corresponds to its inten-

sity. Zacharenaki et al. [27] have shown that the response to time-histories with frequency con-

tent resulting from scaling in Incremental Dynamic Analysis [28] may be lower than the 

response to natural and synthetic records in the case of SDOFs with a period lower than 0.50 s, 

while being unbiased for SDOFs with period higher than 0.70 s. Although for structures with 
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multiple degrees of freedom the assessment of this bias may be more complex, we consider the 

selected time-histories suitable for the C2M building, as its fundamental period is 0.38 s.  

4.2 Structural degradation and period elongation 

Besides the calculation of the storey drifts for each building from the series of analyses model 

we calculate the stiffness degradation ratio at selected sections of each structural element (the 

ratio of the secant modulus (EIsec) of the moment-curvature loops of each section to the elastic 

(EIel) stiffness of the section) as a function of the first storey drift (Figure 4). HAZUS sets the 

collapse threshold at a maximum interstorey drift of 0.0333 for C2M buildings, while Kappos 

[29] at 0.02 for buildings in Greece. Therefore we calculate the degraded stiffness of each struc-

tural element with its corresponding power fit function (excluding values equal to 1.0) for a 

series of first storey drift in the range of 1∙10-4 to 4∙10-2 and perform modal analyses of the 

resulting building models. The ratio of the fundamental period of these building models that 

have undergone inelastic deformations to the period of the elastic building models in its original 

undamaged state (Tin/Tel) is shown in Figure 6a. We observe that the period elongation of the 

C1M building starts at a higher drift compared to the stiffer C2M building and that its period 

elongation is sharper. The ratio of the total drift to the first storey drift –as expected– is signif-

icantly higher for the building with the shear walls in comparison to the moment resisting frame 

building. Using the computed ratio of total to first storey drift (Figure 5) we then plot the period 

elongation ratio Tin/Tel as a function of the total drift (Figure 6b). By defining damage limit 

state thresholds as period elongation equal to 20 %, 40 % and 60 % we obtain the corresponding 

drifts (Table 4). We assume that ΔΤ = 60 % corresponds to a damage state on the verge of 

collapse based on the observations in Vidal et al. [11]. For these drift values we calculate the 

stiffness of each element and model the studied buildings in the defined limit damage states. 

 

Figure 4: Stiffness degradation ratio at the foot of a corner column; results and power fit. 
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a) b)  

Figure 5: Total versus 1st storey drift in the case of the studied C1M high code (a) and C2M low code building 

models. 

a) b)  

Figure 6: Period elongation ratio (Tin/Tel) as a function of the first storey drift (a) and total drift (b) of the buildings 

in this study. 

 

  C2M Low-code C1M High-code 

ΔΤ (%) Tin/Tel Tin θmax θtot Tin θmax θtot 

20 1.2 0.47 0.0070 0.0042 0.769 0.0076 0.0029 

40 1.4 0.54 0.0177 0.0107 0.898 0.0125 0.0047 

60 1.6 0.62 0.0328 0.0199 1.026 0.0181 0.0068 

 

Table 4: Period elongation thresholds and the corresponding inelastic periods and drifts of the two building models. 
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5 TIME-VARYING VULNERABILITY 

5.1 Structural period elongation-based fragility curves 

Having modeled the studied buildings in the defined period-elongation based damage states 

we perform inelastic time history analyses with the degraded building models with the same set 

of excitations described in paragraph 4.1 in order to calculate their fragility curves. Typically 

fragility curves are plotted in groups corresponding to the probability of each limit state being 

exceeded given that the building is in its original state. These fragility curves for the selected 

buildings are presented in Figure 8. The fragility curves of the C1M building have higher values 

than the curves of the C2M building in the considered range of PGAs. Figure 7 shows the 

numerical results of the first storey drift versus PGA and the corresponding relationships. The 

scatter of the results is higher in the case of the C2M model, which can be seen both visually 

and by comparing the values (0.95 versus 0.81) of the coefficient of determination (R2). A pos-

sible explanation for this is the adoption of PGA as an intensity measure [30]. 

a)  b)  

Figure 7: First storey drift versus PGA numerical results for the C1M (a) and C2M (b) buildings. 

a) b)  

Figure 8: Fragility curves of the C1M (a) and C2M (b) buildings based on period elongation thresholds. 
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We are proposing an alternative grouping which gives the probability of exceedance of a 

specific damage state given that the building is in all lower damage states. This way the proba-

bility of transition from the current state to a higher damage state is obtained in order to be used 

in the transition matrices (Paragraph 3). Figure 9 gives the exceedance probabilities of limit 

damage states with period elongation thresholds of 40 % and 60 % as a function of the PGA 

given that the building models are in a lower damage state. We observe that the probability of 

exceedane of ΔΤ = 40 % is higher for the building models in damage state with ΔΤ = 20 % than 

for the building in its original state (ΔΤ = 0 %) and that the difference is larger in the case of 

the C2M low-code building. 

a) b)  

c) d)  

Figure 9: Probability of transition of the studied building models at a time point (ti) from lower damage states to 

the damage states defined by the period elongation thresholds of 40 % (a, c) and 60 % (b, d). 
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5.2 Probability of exceedance of period elongation thresholds over periods of aftershock 

sequences 

The probability of exceedance of the three defined threshold of period elongation are com-

puted for the cases of the aftershock sequences of the 1978 Thessaloniki (events with M ≥ 4.3 

[31]) and 1994 Northridge earthquakes [32, 33] considered as case studies. We assume that the 

studied buildings have the coordinates listed in Table 5 with a main-shock epicentral distance 

of 28.2 km and 16.0 km. For the calculations for the 1978 Thessaloniki sequence the building 

location was selected assuming that the building is part of the critical infrastructure of the port 

of the city, while for the Northridge case a fictional location is used. In the case of the Thessa-

loniki sequence the event details from the seismicity catalog [34, 35] were used since the listed 

magnitudes are practically equal to the moment magnitude [36]. The PGA at the base of the 

building for each seismic event is estimated with the ground motion prediction equation (GMPE) 

of Akkar and Bommer [37], as it is considered suitable for the tectonic setting of Thessaloniki 

[24]. The same equation is also used for the case of the Northridge sequence for demonstration 

The prediction of ground motion parameters such as the PGA is characterized by significant 

uncertainty and an elaborate approach is recommended (e.g. logic tree) including other GMPEs 

(e.g. [38]) and different types of excitation time series [39] for detailed studies. We limit this 

study to the computed PGAs by the selected GMPE for simplicity, since our aim is the presen-

tation of the proposed method. 

Next we form the transition matrices by computing the values of the fragility curves that 

correspond to the PGAs of the seismic events in the aftershock sequences. The probability of 

exceedance of the limit damage state thresholds at the time points of the seismic events is then 

computed as the product given by Equation 3. Figure 10 shows the results of this calculation 

for the 1978 Thessaloniki aftershock sequence and Figure 11 for the 1994 Northridge sequence. 

The largest increase of the exceedance probabilities is observed at the time points of the main 

shocks. In the Northridge case it takes place at the beginning of the aftershock sequence, while 

in the case of Thessaloniki on day 43. In both cases the C1M building has a higher probability 

of sustaining damage in comparison to the C2M building although it’s a high-code building and 

the C2M is low-code. 

 

Case λ φ R (km) 

Thessaloniki 1978 40.634 N 22.937 E 28.2 

Northridge 1994 34.194 N -118.376 W 16.0 

 

Table 5: Fictional coordinates of the studied buildings for the two case studies and the main shock epicentral 

distance. 

6 CONCLUSIONS 

Our main goal was to present a method that calculates the variation of the vulnerability of 

reinforced concrete structures during aftershock sequences. The proposed method and the nu-

merical results show that reinforced concrete buildings indeed may become more vulnerable 

due to damage accumulation during aftershock sequences. It is shown that the probability in-

crease due to the main shock is the largest in the presented case studies, but it is only a fraction 

of the cumulative probability of exceedance of a damage state throughout the aftershock se-

quences. The probability of damage state exceedance in the numerical results for the case stud-

ies of the aftershock sequences of the Thessaloniki (1978) and the Northridge (1994) follows a 

similar trend to the failure probability during the aftershock sequence period as estimated by 

Iervolino et al. [5]. Moreover, the assumption that period elongation of ΔΤ = 60 % corresponds 
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to a state near collapse is in agreement with the empirical estimations by Katsanos and Sextos 

[10]. 

This study makes the hypothesis that the response of plane numerical models is representa-

tive of the response of the actual three-dimensional buildings, however this is a common hy-

pothesis in seismic vulnerability studies and it reduces the computational load. We also ignore 

the variation of the damping of the structure as it accumulates seismic damage and the degra-

dation of strength of the structural elements. Furthermore, the sensitivity of the numerical re-

sults on the type of input time-histories is not investigated.  

a)  

b)  

Figure 10: Probability exceedance of limit damage state thresholds in the form of period elongation (ΔΤ) in the 

case of the 1978 Thessaloniki aftershock sequence for the C1M high-code (a) and the C2M low-code building (b). 
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a)  

b)  

Figure 11: Probability exceedance of limit damage state thresholds in the form of period elongation (ΔΤ) in the 

case of the 1994 Northridge aftershock sequence for the C1M high-code (a) and the C2M low-code building (b). 

The proposed calculation procedure can be performed for RC buildings with a structural 

system of moment resisting frames, shear walls, or dual irrelevant of the number of storeys, and 

for any series of seismic events, e.g. in order to estimate structural deterioration due to small 

magnitude earthquakes during a time period. Moreover, this method gives the stiffness degra-

dation ratio of the structural elements of a building and therefore the location of seismic damage 

depending on the frequency content of the excitations and the dynamic characteristics of the 

building. This is considered an advantage over pushover analyses, during which the locations 

of the plastic hinges depend significantly on the load pattern. 

Improvements upon the presented study may be achieved by accounting for the uncertainties 

in the prediction of the PGA, and by exploring alternative Intensity Measures and different 
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types of time-histories as excitation of the numerical models. It is also worth taking into account 

infill walls and their possible irregularity in height, as well as possible shear and residual de-

formations of the structural elements. 
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Abstract. In Performance-Based Earthquake Engineering, it is often necessary to be able to 

estimate the response of a structure whilst accounting for various sources of uncertainty. A 

number of simplified procedures have been proposed whereby record-to-record variability is 

accounted for using empirical estimates of dispersion. It is shown herein how the calibration 

of empirical dispersion estimates may prove challenging due to the numerous factors that in-

fluence dispersion. An alternative simplified numerical approach is examined, in which rec-

ord-to-record variability is accounted for through use of the conditional spectrum. This 

simplified procedure is evaluated through a comparison with results obtained from nonlinear 

response-history analyses. Both inter-storey drift ratio and base shear are examined, with 

promising initial results. 
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1 INTRODUCTION 

Traditionally, in the field of earthquake engineering, the seismic design or assessment of 

structures has been based around rather prescriptive code provisions. However, over the last 

couple of decades there has been a realisation that these more simplistic approaches may not 

be satisfactory and thus there is an ongoing shift towards Performance-Based Earthquake En-

gineering (PBEE). From the seismic assessment point of view, the core concept of PBEE is 

that the expected performance of a structure should be able to be expressed to an end user in 

terms of useful performance metrics. To this extent it is becoming evident that an effective 

means of expressing performance is to use time-dependent performance metrics such as ex-

pected annual economic loss or the annual rate of exceedance of a predefined limit state. 

To calculate time-dependent performance metrics, a conditional approach is typically 

adopted, whereby information on the fragility of the structure is combined with hazard infor-

mation. For example, the annual rate of exceeding a limit state inter-storey drift ratio, idr, can 

be determined through numerical integration of Equation 1, adapted from [1]: 

 

      
x

xdxIMidrIDRPidrIDR  |     (1) 

where P(IDR>idr|IM=x) is the probability that IDR exceeds the limit state value (idr) condi-

tioned on the occurrence of an event with intensity IM=x, in which IM is the specific  intensi-

ty measure being considered (e.g. PGA), and |dλ(x)| is the absolute value of the derivate of the 

hazard curve times dx. In simplistic terms |dλ(x)| can be considered as the rate of events oc-

curring within an infinitesimal intensity range dx about x. Alternatively, closed form solutions 

exist whereby the annual probability of exceeding a given level of demand can be approxi-

mated. For example, as shown in Equation 2, again adapted from [1]: 

 

  







 2

2

2

2

1
exp)( 

b

k
xedpEDPP edp

    (2) 

where λ(x
edp

) is the hazard rate corresponding to a median response equal to edp, k is related 

to the slope of the hazard curve, b is used to described the relationship between intensity and 

the median conditional response and β is the dispersion in the engineering demand parameter 

(EDP) being examined. 

Regardless of whether the rigorous numerical solution (Equation (1)) or the simplified 

closed form solution is used, a critical aspect is that for one or more intensity levels the engi-

neer must determine not only the mean (or median) response of the structure but also the dis-

persion in response. In the case of Equation 1 this uncertainty manifests itself in the 

P(IDR>idr|IM=x) term, whereas in Equation 2 the uncertainty is incorporated directly as the 

term β, which is the standard deviation of the logarithms of the EDP. Note that both epistemic 

and aleatory uncertainty in demand and capacity should be considered [1]; however, this pa-

per will be limited to consideration of the aleatory component in demand, or record-to-record 

variability, only. 

To obtain the probability distribution of an EDP at a given intensity, it is possible to con-

duct nonlinear response-history analyses (NLRHAs) using an appropriate set of ground-

motions. However, both the numerical modelling and ground-motion selection aspects of this 

approach may be too demanding in practice. Furthermore, for large structural models the 

computational time required for the step-by-step integration schemes can be significant. Al-

ternatively, a number of simplified approaches exist in which the median value of an EDP is 

obtained through simplified analyses, for example using the N2 method [2,3] or Direct Dis-
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placement-Based Assessment [4], and then combining the median response with an empirical 

estimate of dispersion. In most cases a lognormal distribution can be assumed [5]. Some nota-

ble examples of the aforementioned simplified approach include FEMA P-58 [5], Fajfar and 

Dolšek [6], Welch et al. [7] and Sullivan et al. [8]. The ability to estimate the dispersion, β, is 

the focus of the remainder of this paper. Section 2 starts by looking at the factors that influ-

ence dispersion. Section 3 then discusses a proposed simplified method for determining dis-

persion numerically, rather than relying on empirical estimates. Section 4 then covers a case 

study application of this method. 

2 FACTORS INFLUENCING DISPERSION 

As mentioned in the previous section, a number of proposed simplified procedures rely on 

empirical estimates of dispersion, such as those provided in FEMA P-58[5]. The values pro-

vided in FEMA P-58 [5] are given as a function of the relative intensity and different values 

are provided depending on the EDP being considered. In addition to the relative intensity and 

EDP being considered, there are additional factors that will also influence dispersion, in par-

ticular, building configuration and local site conditions.  

To demonstrate the influence that these factors can have on dispersion, a number of simple 

numerical analyses are carried out: 

 

 A regular three storey RC wall building, described in [9], is analysed in two configura-

tions, one corresponding to a reduction factor of R=2 and the other corresponding to R=4, 

to show the influence of relative intensity on dispersion. IDR is investigated as the EDP. 

 For the same three storey building with R=4, the dispersion in both IDR and wall curva-

ture, φw, are compared to show that dispersion is dependent on which EDP is being con-

sidered. 

 The same case study building for R=2 is increased in height to six storeys, but with the 

walls stiffened and strengthened so that the same fundamental mode period and strength 

reduction factor are retained. The dispersion in IDR is then compared to that for the three 

storey building to show the influence of structural configuration on dispersion. 

 Finally, the three storey building for R=4 is considered at two different sites with differ-

ent ground types and seismic hazard characteristics. 

 

In all cases the buildings are modelled using Ruaumoko3D [9] and analysed using NLRHA. 

A set of 40 ground motions (Set 1), selected to match the conditional spectrum [11, 12, 13] is 

used in the analyses. For the final case, a second set of 40 ground motions (Set 2), selected 

assuming different site characteristics, is used. The conditional spectra and displacement re-

sponse spectra of the selected ground motions are shown in Figure 1. The different site char-

acteristics are provided in Table 1. Note that these characteristics have been selected so that 

the two different conditional spectra differ significantly in their shape, but possess the same 

value of spectral displacement at the conditioning period, T*, of 1s (equal to the fundamental 

period of the case study building). The choice to use the conditional spectrum as a target for 

ground motion selection was made as it is considered a superior alternative to other target 

spectra, such as the uniform hazard spectrum. In particular, because the conditional spectrum 

accurately captures the record-to-record uncertainty on a spectrum level (conditioned on 

Sd(T*)) it is consider as a robust starting point for obtaining estimates of record-to-record var-

iability in structural response. Further discussion relating to the ground–motion sets used in 

this work and the target conditional spectra is provided in [9]. 
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Set VS30 (m/s) M  R  (km) ε 

1 400 6.0 20 1.45 

2 200 7.0 50 0.72 

Table 1: Key parameters for conditional spectra and ground-motion selection (from [9]). 

 

Figure 1. Conditional spectra and displacement response spectra of selected ground motions. (a) Set 1. (b) Set 2 

(from [9]). 

The results from the four different analyses are presented in Figure 2. In each case the re-

sults are plotted as empirical cumulative distribution functions of the EDP being considered. 

However, in order for the analyses to focus on the differences in dispersion, the results are 

first normalized by the median value of the EDP being considered. It can be seen that in each 

case the dispersion of the EDP distributions changes as different factors are varied. In Figure 

2a, dispersion increases as R increases. This reflects how the empirical dispersion estimates in 

FEMA P-58 [5] vary with relative intensity. In Figure 2b the dispersion in curvature is ob-

served to be larger than the dispersion in IDR. This is a consequence of curvature starting to 

increase rapidly once the walls start to yield, whereas the effect of yielding is not as dramatic 

on drift response. In Figure 2c it is observed that dispersion is larger for the six storey build-

ing. This is due to the stronger influence of higher-modes in the taller building, which con-

tribute significantly to the total base shear. Finally, in Figure 2d it is observed that the 

different sets of ground motions produce very different levels of dispersion in drift response. 

This is despite the fact that the parameters used to construct the target conditional spectra do 

not vary too dramatically between the different ground-motion sets.  

It is difficult to envisage how all these different factors could be taken into account when 

compiling empirical distribution data, in particular, the last aspect considering different site 

characteristics. As such, Fox and Sullivan [9] proposed a simplified numerical assessment 

procedure capable of estimating, with reasonable accuracy, the dispersion in the structural re-

sponse of simple RC wall buildings. 
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Figure 2. EDP distributions for examining different factors influencing dispersion. (a) Relative intensity, (b) 

different EDPs, (c) different building configurations, and (d) different site characteristics. 

 

3 SIMPLFIED ASSESSMENT PROCEDURE INCORPORATING RECORD-TO-

RECORD VARIABILITY IN STRUCTURAL RESPONSE ESTIMATES 

To avoid the need for empirical dispersion estimates, Fox and Sullivan [9] proposed a sim-

plified numerical assessment procedure for estimation of structural response whilst account-

ing for record-to-record variability. The procedure is considered “simplified” in the sense that 

ground-motion selection and NLRHA are not required. The key aspect of the procedure is that 

it relates the displacement response of an equivalent single-degree-of-freedom (SDOF) sys-

tem to the spectral displacement at the effective period of the structure, Sd(Te), sampled from 

the conditional spectrum. The effective period is defined in accordance with [5] as the period 

of an equivalent linear system with the stiffness equal to the secant stiffness to the maximum 

displacement of the inelastic system. As this relation between displacement demand and spec-

tral displacement is formed at the effective period, the procedure can capture the influence of 

the dispersion that is already defined within the conditional spectrum. 

To start the procedure it is necessary to convert the multi-degree-of-freedom (MDOF) wall 

system to an equivalent SDOF system. This can be done using numerous existing approaches, 

for example, through the equations provided in [14]. Once the equivalent SDOF properties are 

obtained the following step-by-step procedure is used: 

 

1) Construct the conditional (displacement) spectrum using T1 as the conditioning period. 
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2) If Sd(T1) is greater than the yield displacement, Δy, the SDOF system will respond in 

the inelastic range and so the procedure moves on to step 3. If instead the structure 

remains in the elastic range then the solution is trivial i.e. Δd =Sd(T1). 

3) Make an initial estimate of the displacement demand. A good initial guess is 

Δd=Sd(T1) i.e. the ‘equal displacement rule’ [15]. 

4) Calculate the displacement ductility demand and subsequently the effective period us-

ing Equations 3 and 4 respectively. 

y

d




       (3) 

 rr
Te








1
     (4) 

 where r is the post-yield hardening ratio. 

5) Obtain a randomly sampled value of spectral displacement at the effective period us-

ing Equation 5: 

    
eTSdee KTSdTSd ln.lnexp)(      (5) 

where  eTSdln  and σlnSd(Te) are the mean and standard deviation of the natural loga-

rithms of spectral displacement obtained from the conditional spectrum at the effective 

period and K is a randomly sampled value from the standard normal distribution. 

6) Calculate a ductility dependent displacement reduction factor (DRF), which is defined 

as η= Δd /Sd(Te). This can be done in using the concept of equivalent viscous damping 

as per Priestley et al. [4].  Equation 6, which is based on a thin Takeda hysteresis rule 

and considered appropriate for well detailed RC wall systems, is used to calculate the 

equivalent viscous damping ratio. Equation 7 is then used to adjust the 5% damped 

displacement spectrum to that corresponding to the new damping ratio ξeq. 






1
444.005.0


eq

    (6) 

eq





02.0

07.0
     (7) 

An alternative approach to this step is to use equations that provide DRFs as a function 

of ductility directly, such as those provided by Pennucci et al. [16]. 

7) Using the DRF found in the previous step, calculate a revised displacement demand 

from Equation 8. If the difference between the initial estimate of displacement demand 

(made in step 3) and the revised value is small, say within 2%, then continue to step 7. 

If not, then start again at step 3 using the revised estimate of displacement demand. 

Note that within each loop from steps 2 to 6, the same value of K should be used. 

 ed TSd.       (8) 
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8) Record the calculated value of displacement demand and then start again at step 2 with 

a newly sampled value of K. This process is repeated until the desired number of esti-

mates for displacement demand is obtained. Note that each estimate roughly corre-

sponds to a displacement value calculated using NLRHA for a single ground motion. 

It is therefore recommended that the number of samples of K be comparable to the 

number of ground motions one might use in NLRHA. 

With the set of displacement estimates, each corresponding to different sampled values of 

K, the distribution of different EDPs can be obtained. This is achieved by, for each different 

displacement estimate, converting the SDOF system back to a MDOF system and extracting 

values of the relevant EDPs. Any desired statistics, such as the median and dispersion, can 

then be calculated for each EDP. An example of the core part of the procedure is illustrated in 

Figure 3. In Figure 3a two iterations of steps 2-7 are shown for the case where K=+1.2, which 

results in a single estimate of displacement response. Figure 3b then shows 10 iterations of 

steps 2-8, which results in 10 different estimates of displacement demand, each corresponding 

to a different value of K. 

The aforementioned procedure is suitable for obtaining estimates of EDPs that are not 

strongly influenced by higher-modes of vibration. To account for higher-mode effects Fox 

and Sullivan [9] proposed an additional procedure based on similar principals; however, it is 

limited to elastic structures only. To account for higher-mode effects, the contributions from 

multiple modes of vibration are combined using the square-root-sum-of-the-squares rule. As 

the conditional spectrum is chosen to be conditioned on Sd(T1) the first mode (elastic) re-

sponse is deterministic. On the other hand, for the second mode of vibration there is a known 

distribution of Sd(T2) conditioned on the occurrence of Sd(T1). Therefore, a sampling proce-

dure can again be used to estimate the distribution of different EDPs in the elastic range, con-

sidering the distribution of Sd(T2). It is assumed then that the contribution from the third mode 

and higher is not significant. Extension of this approach to account for higher-mode effects is 

a subject of ongoing research; however, for illustrative purposes it be assumed in this work 

that the SRSS modal combination rule can be extended to inelastic structures. This is approx-

imately equivalent to what is done in Modal Pushover Analysis [17]. 

 

Figure 3. Example of the sampling procedure for an SDOF system. (a) Two iterations of steps 1-7. (b) 10 itera-

tions of steps 1-7 (from [9]). 
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4 APPLICATION EXAMPLE  

To illustrate the performance of the simplified approach of Fox and Sullivan [9], a case 

study application is examined. The building is the same three storey building used in section 

three, but with the walls having flexural strength corresponding to a force reduction factor of 

R=3 for Sd(T1)=0.05m. The site under consideration is in Campobasso, Italy and it is assumed 

the building is located on Rock/Stiff Soils. The hazard curve for the site is obtained from the 

Italian National Institute of Geophysics and Volcanology (INGV) website [18] and the corre-

sponding disaggregation data obtained from Barani et al. [19]. 

Conditional spectra are constructed using the same methodology and tools as in Fox and 

Sullivan [9]. A limitation of this is that the GMPE used for constructing the conditional spec-

tra [20] is inconsistent with those used in the probabilistic seismic hazard analyses (PSHA). 

Furthermore, hazard is defined in terms of envelope spectral acceleration, whereas it is herein 

assumed to correspond to a random component of spectral acceleration. Although these limi-

tations mean the resulting conditional spectra are not consistent with the PSHA, they are suf-

ficient for a comparative evaluation of the method of [9]. 

Nine different levels of hazard are considered, corresponding to those provided by INGV 

and shown in Figure 4a. The resulting conditional spectra are expressed as conditional mean 

spectra and dispersion, shown in Figures 4b and 4c respectively. Once the conditional spectra 

were constructed, ground-motion selection was carried out using the same tools and method-

ology discussed in [9]. 

Multiple-stripes analyses were conducted using NLRHA and the simplified [9] approach 

was used to evaluate the inter-storey drift ratio at roof level and the maximum shear at the 

base of the wall. The results for the nine intensity levels are shown in Figure 5. It can be ob-

served that the results from the simplified approach match those of the NLRHA rather well. 

For drift, the simplified approach tends to give a lower prediction of the median response, 

but with larger dispersion than the NLRHA results. It is interesting to note that after yield, the 

inter-storey drift ratio tends to increase less quickly (with increasing demand) than prior to 

yield. This is a result of post-yield wall deformations being due to essentially rigid body rota-

tion only (refer [21]). Figure 5b shows that after flexural yielding, the shear force at the base 

of the wall continues to increase, albeit at a slower rate. This is due to the contribution of 

higher modes, which play a significant role, even though the building is only three storeys. As 

the first mode contribution to shear cannot increase post-yield, a more appropriate intensity 

measure for evaluation of shear forces may be Sd(T2), as discussed in [22]. 

 

Figure 4. (a) Hazard curve for Campobasso, Italy. (b) Conditional mean spectra.  

(c) Conditional spectrum dispersion 
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Figure 5. Multiple-stripes analysis curves showing individual data points, median response, and median +/- one 

standard deviation for (a) inter-storey drift ratio, and (b) base shear. 

 

Using the information obtained from the multiple stripes analyses, fragility curves were 

constructed for the exceedance of several levels of drift and shear. Specifically, inter-storey 

drift ratios of 0.4, 0.6, 0.8 and 1.0% are considered and shear forces of 400, 600, 800 and 

1000kN. Fragility curves are assumed to be well represented by a lognormal distribution and 

the data is fitted using maximum likelihood estimation, as discussed in [23]. For drift, the 

match between the NLRHA results and those obtained using the simplified method is not par-

ticularly good, but is still deemed reasonable considering the minimal effort required for the 

simplified approach. Furthermore, one must keep in mind the inherent uncertainty associated 

with the use of only 30 ground-motions at each intensity level. For shear, the match between 

the simplified and NLRHA results is extremely good. One will note, however, the large dis-

persion for the higher shear limits. 

 

Figure 6. Fragility curves constructed from multiple-stripes analyses. (a) Inter-storey drift ratio. (b) Base shear. 
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Figure 7. Annual rates of exceedance for various (a) inter-storey drift ratios, and (b) base shear forces. 

 

Using the fragility curves of Figure 6 and the hazard curve from Figure 4a, the annual rate 

of exceedance is calculated for the different drift and shear limits. This calculation is done 

numerically using Equation 1. The resulting curves are shown in Figure 7. In general, the 

curves obtained using the two approaches match rather well. The exception to this is at the 

low levels of drift (0.4% and 0.6%). This is a result of poor fitting of the fragility curves for 

large probabilities of exceedance. Because the dispersion for the low drift levels is small, the 

most significant contribution to the annual rate of exceedance comes from the region above 

the median intensity i.e. the region in which there are large errors. 

 

5 CONCLUSIONS 

This paper has examined the record-to-record variability in the response of RC wall build-

ings subjected to ground motions matched to the conditional spectrum. It was shown through 

numerical examples that dispersion is a function of relative intensity, the EDP being consid-

ered, properties of the structure, and site characteristics. This presents a challenge in the cali-

bration of empirical dispersion estimates for use in simplified probabilistic seismic 

assessment procedures. 

The simplified approach of Fox and Sullivan [9] was investigated as an alternative to over-

come this difficulty. For a case study example it was shown to give predictions of response 

that were comparable to those obtained from NLRHA, in most cases. The results were used to 

construct fragility curves, which for shear gave an excellent match to those obtained for 

NLRHA. For drift, the match in fragility curves was not as good. The annual rate of exceed-

ance was calculated for a number of drift and shear limit states. Again in most cases the match 

between the NLRHA results and those obtained using the simplified method was good, the 

exception being for low levels of drift. 
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Abstract. In the seismic performance assessment of existing Reinforced Concrete buildings, 

non-ductile failures related to beam-column joint regions can represent a critical issue. 

Therefore, within the context of Performance-Based Earthquake Engineering, a growing at-

tention should be addressed to the behavior of these non-ductile elements, starting from the 

classification of their failure typology. 

In particular, in typical existing buildings, seismic performance might be significantly affect-

ed by the non-linear behavior of joints which are involved in the failure mechanisms because 

of poor structural detailing (e.g. lack of an adequate transverse reinforcement in joint panel, 

deficiencies in the anchorage or absence of any capacity design principle). Nevertheless, con-

ventional modeling approaches consider only beam and column flexibility, although joints 

can provide a great contribution to the global deformability. 

In this study, a numerical investigation on the influence of joint response on the seismic be-

havior of a case study RC frame – designed for seismic loads according to an obsolete tech-

nical code – is performed. A preliminary classification of joint failure typology of the 

elements within the frames and the definition of the corresponding nonlinear behavior are 

carried out. Structural models that explicitly include beam-column joints are built. A proba-

bilistic assessment based on nonlinear dynamic simulations of structural behavior is per-

formed to evaluate the seismic response at different performance levels. Uncertainty in 

seismic ground-motion is accounted for. 
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1 INTRODUCTION 

Assessment of seismic performance of structures requires the development of nonlinear 

analysis models that can detect all possible local and global collapse modes. 

Potential element deterioration and failure modes are a consequence of the design and de-

tailing requirements, materials properties and structural system. Thus, once all failure typolo-

gies have been identified for a given structural system, the attention can be focused on a 

subset of likely collapse mechanisms by means of the analysis of experimental test data, engi-

neering judgment, analytical models, and observations of damage from past earthquakes. The 

identified collapse modes then serve as the basis for selecting appropriate simulation and 

damage models that can be used to predict structural seismic performance. 

The building code requirements for modern moment-resisting frames are designed to pro-

mote ductile and more desirable collapse modes, preventing the formation of the brittle col-

lapse modes ([1]-[3]): the strong column – weak beam requirement promotes flexural hinging 

in beams before columns; likewise, shear strength capacity design provisions for beams and 

columns should ensure that shear failure is highly unlikely in beam-column elements. Vice-

versa, older RC moment-resisting frames, with minimal detailing requirements used in their 

design, are vulnerable to a wider range of possible collapse modes ([4]-[7]). These structures 

have a demonstrated tendency to fail in soft story or column-hinging mechanisms [8], when 

they are designed for gravity loads only, or to exhibit joint failures [9], also if old seismic 

codes are adopted for the design [10]. Less stringent detailing requirements may also promote 

lap-splice failure or pull-out of the bottom beam reinforcing bars anchored into the joint panel. 

Moreover, column shear failure may occur, depending on the column’s design and gravity 

loading [11]. 

Therefore, in seismic performance assessment of non-conforming RC buildings, non-

ductile failures related to beam-column joint regions and their modeling may represent a criti-

cal issue. 

In this study, a numerical investigation on the influence of joint failures on the seismic per-

formance at different performance levels of a case study RC frame - designed for seismic 

loads according to an obsolete technical code - is performed. A preliminary classification of 

joint failure typology within the frames and the definition of the corresponding nonlinear be-

havior are carried out. Structural models that explicitly include beam-column joints are built. 

In particular, the empirical model proposed by the Authors [12] for exterior joints was applied, 

in conjunction with modeling proposals from literature for interior joints [9] and 

beam/column behavior [13], as explained in Section 2. 

A probabilistic assessment based on nonlinear dynamic simulations of the structural re-

sponse is performed taking into account record-to-record variability. 

2 STRUCTURAL MODELING 

Analytical evaluation of seismic performance at different performance levels requires pri-

marily the accurate modeling of nonlinear behavior and deterioration due to seismic loading 

for each of the constituent element in the structural system, such that all possible local and 

global collapse modes can be captured. Therefore, to ensure that the model faithfully repre-

sents the structure and its possible failure modes, an accurate representation of material prop-

erties and deterioration of beam/column elements and joints is needed. 

An overview of the frame modeling adopted in this study is shown in Figure 1. 
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Figure 1: Adopted structural model. 

Nonlinear element models for RC beams/columns developed by Ibarra, Medina, and 

Krawinkler [14] and calibrated by Haselton et al. [13] is adopted in this study to capture the 

yielding, strain hardening, and spalling and rebar buckling that lead to degradation of strength 

and stiffness in the structure. The database adopted for the calibration by [13] includes RC 

columns with both ductile and non-ductile detailing, and varying levels of axial load and ge-

ometries. Approximately 35 of the 255 column tests have non-ductile detailing and failed in 

flexure-shear, as expected for the older RC columns of interest in this study. However, the 

model cannot capture explicitly the onset of shear failure with the subsequent axial collapse of 

column, because the column model does not incorporate axial-shear interaction.  

Lumped plasticity models also account for bond-slip that occurs in regions of high bond 

stresses in beam-column joints. Also rebar pull-out and the resulting loss in strength could be 

accounted for by introducing an additional spring, properly defined as a function of bond 

stress-slip relationship and anchorage length. However, in the case study analyzed herein, the 

latter possible failure is excluded, by assuming that a sufficient anchorage length or efficient 

anchorage devices are guaranteed, as common construction practice provided for, especially 

for seismic designed structures. 

It is worth noting that the simulation model is not able to capture all possible collapse 

modes, in particular the onset of columns shear failures and the subsequent degrading behav-

ior. To develop flexural behavior, the member shear strength must be larger than the flexural 

strength, which is the condition typically required in capacity design provisions for seismic 

design. Where the shear strength is not sufficient to preclude shear failure (such as in most of 

the existing buildings), shear effects must be considered in the analysis model in addition to 

flexural and axial load effects. Nevertheless, modeling the cyclic response of a RC element 

experiencing shear deterioration is complex due to the interactions of shear, moment, and axi-

al forces, as well as the overall brittle nature of this deterioration mode. A review of previous 

researches on the shear behavior of existing columns [15] have indicated that it is quite diffi-

cult that column shear models satisfy all the needed requirements of accuracy, computational-

ly efficiency and compatibility with existing software programs. The problem is still an open 

and important issue, but, in the present work, shear failures are not accounted for. 

Modeling of joint shear behavior in beam-column joints is the focus of Section 2.1.  
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2.1 Joints modeling 

Two main different modes of joint failure can be identified (if no anchorage failure of lon-

gitudinal reinforcement anchored into the joint panel occurs, as in the case analyzed in this 

study): (i) joint shear failure prior to (J-failure) or after than (BJ-failure) yielding of beam 

longitudinal reinforcement (in hypothesis of strong column-weak beam). In both cases, to 

capture nonlinear behavior and deterioration associated with degradation of shear strength and 

stiffness in the beam-column joint regions, the shear panel is modeled with an inelastic rota-

tional spring and rigid offsets spreading into the joint panel, namely by means of the so-called 

scissors model [16]. 

In literature there are several models available to reproduce joint shear behavior into nu-

merical analyses of RC frames, basically lumped plasticity approaches, multi-spring macro-

models or finite element simulations. It can be pointed out that finite element models are too 

demanding in terms of computational efforts for a great number of analyses, while models 

with multiple nodes and multiple springs (e.g. [17]-[19]) require more limited computational 

efforts allowing to capture realistically the joint panel kinematic behavior and simulate the 

horizontal translation that can occur between the centerlines of the columns above and below 

the joint. Vice-versa, the scissors model by Alath and Kunnath [16] does not capture this pos-

sible kinematic response, but it is the simplest and computationally less demanding joint 

model and it seems to be sufficiently accurate in predicting the experimental beam-column 

joint panel response for simulating the seismic response of non-conforming RC frames for 

purposes of fragility assessment and performance-based earthquake engineering [9]. 

Therefore, both for exterior and interior joints, the scissors model has been adopted. No 

springs at the interface between the joint panel and the adjacent beams/columns representing 

the bond-slip contribution are introduced in these analyses because the deformability contri-

bution due to bond slip is already accounted for in beam/column rotational springs. 

The joint panel model adopted herein is implemented by defining duplicate nodes, node A 

(master) and node B (slave), with the same coordinates at the center of the joint panel. Node 

A is connected to the column rigid link and node B is connected to the beam rigid link. A zero 

length rotational spring connects the two nodes and allows only relative rotation between 

them through a constitutive model which describes the shear deformation of the joint panel 

zone, and that is different for exterior and interior joints. In both cases, such a rotational 

spring is defined as a quadri-linear moment (Mj) – rotation (j) spring characterized by four 

characteristic points (Figure 2): cracking, pre-peak, peak and residual points. 

 

j

j

Mj

j

cracking

pre-peak

peak

residual

j

 

Figure 2: Schematic stress-strain relationship for the rotational spring representing joint panel. 

In particular, in this study, the model approach proposed by the Authors [12] is adopted for 

exterior joints. The proposed model provides only a backbone for the joint moment-rotation 
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relationship. The calibration of the relative cyclic behavior, that is essential to perform dy-

namic nonlinear analyses, is carried out herein including cyclic degradation in unloading and 

reloading stiffness and pinching effects. 

 

Exterior joints 

The joint panel zone model for exterior unreinforced joints was calibrated through tests 

well documented in literature, different for the failure mode they exhibited, namely J-failure 

(by [20] – here referred to as Pant2, Pant3, Pant5, Pante6) and BJ-failure (by [21] – here re-

ferred to as Clyde2, Clyde4, Clyde5, Clyde6), for which experimental shear stress-strain rela-

tionships for joint panel were available. 

Key parameters defining the quadri-linear backbone of the proposed joint rotational spring 

for exterior joints are reported in details in [12] and [15] and briefly summarized in Table 1, 

in terms of shear stress (j) – versus shear strain (j), separately for J- and BJ-mode of failure. 

From simple equilibrium equation, for each characteristic point of the backbone, the moment 

transferred through the rotational spring Mj can be obtained as a function of the joint shear 

stress j. 

 
Backbone  

point 

J-failure BJ-failure 

j j j j

cracking from [22] 0.06% from [22] 0.06% 

pre-peak 0.9 peak 0.21%  (Myielding,beam) 0.26% 

peak from [23] 0.48% from [23] 0.63% 

residual 0.6 peak 2.86% 0.7 peak 3.03% 

Table 1: Summary of the proposed backbone for the joint panel. 

The same tests adopted for the calibration of the backbone described above are considered 

to calibrate the cyclic behavior of the joint shear stress-strain response of this typology of 

joints. The calibration is performed in OpenSees ([24]) on the basis of the hysteresis rules 

characterizing the Pinching4 material, so that the obtained parameters can be practically em-

ployed in modeling of RC frames. Pinching4 material is a four-points uniaxial material devel-

oped by Lowes et al. ([25]) and belonging to the library of OpenSees, that allows to model the 

cyclic degradation of unloading and reloading stiffness (through the parameters gk and gD, 

respectively), degradation in strength (through the parameters gF) and pinching effects 

(through the parameters rDisp, rForce and uForce). Calibration of these key parameters was 

performed starting from the experimental shear stress-strain backbones and minimizing the 

error in terms of energy dissipated between the numerical and the experimental responses. No 

degradation in strength was introduced since it is already included in the backbone of the joint 

response obtained from experimental data. 

In Figure 3 two examples of the comparison between numerical and experimental cyclic 

responses are presented: experimental backbone and cyclic response are reported in red and 

grey, respectively; while numerical cyclic response is reported in black. The graphical numer-

ical versus experimental comparison for each of the eight tests is reported in [15]. 

Table 2 presents the modeling parameters of the Pinching4 material (in positive “P” and 

negative “N” loading directions) adopted to obtain a good fit of the experimental response of 

the analyzed non-ductile exterior beam-column joints. The mean value of these parameters 

will be utilized in structural analyses for a probabilistic performance assessment. 
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(a) (b) 

Figure 3: Cyclic behavior calibration for tests by Pantelides et al. (2002) [20] – Pantelides6 (a) and Clyde et 

al. (2000) [21] – Clyde6 (b). 

 
Pant2 Pant3 Pant6 Pant5 Clyde2 Clyde4 Clyde5 Clyde6 Mean Adopted 

rDisp P 0.2 0.2 0.2 0.2 0.1 0.2 0.2 0.2 0.19 
0.16 

rDisp N 0.2 0.2 0.2 0.2 -0.1 0.2 -0.1 0.3 0.14 

rForce P 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.20 
0.23 

rForce N 0.2 0.2 0.2 0.2 0.2 0.2 0.4 0.4 0.25 

uForce P -0.2 -0.2 -0.2 -0.05 -0.05 -0.25 -0.2 -0.5 -0.21 
-0.22 

uForce N -0.2 -0.2 -0.2 -0.2 -0.2 -0.2 -0.2 -0.4 -0.23 

gK1 0.9 0.9 0.9 0.8 0.9 0.95 0.95 0.5 0.85 0.85 

gK3 0.1 0.1 0.1 0.1 0.1 0.2 0.15 0.1 0.12 0.12 

gKlim 0.95 0.95 0.95 0.95 0.95 0.99 0.95 0.95 0.96 0.96 

gD1 0.35 0.35 0.35 0.35 0.25 0.35 0.6 0.4 0.38 0.38 

gD3 0.15 0.15 0.15 0.15 0.15 0.15 0.9 0.9 0.34 0.34 

gDlim 0.95 0.95 0.95 0.95 0.95 0.95 0.99 0.99 0.96 0.96 

gF1= gF2= gF3= gF4= gFlim=0; gK2=gK4=0; gD2=gD4=0. 

Table 2: Parameters adopted to reproduce the hysteretic behavior of exterior unreinforced joints in Pinching4 

material. 

Interior joints 

The joint moment-rotation constitutive relationship proposed by Celik and Ellingwood [9], 

within the modeling approach of the scissors model, is adopted in this study for interior joints. 

This relationship was based on a statistical analysis carried out on the basis of experimental 

tests. 

Celik and Ellingwood also suggested that the shear stress-strain backbone curve for the 

panel zone in typical non-conforming RC beam-column joints can be defined through four 

key points, which correspond to joint shear cracking, reinforcement yielding, joint shear 

strength or contemporary achievement of adjoining beam or column capacity, and residual 

joint strength, respectively. The ordinates of the backbone points were reduced if the shear 

failure of the joint occurs before beams or columns reach their capacities. Shear failure of the 

joint is assumed to depend on the kind of joint (interior/exterior) and the anchorage conditions. 

In particular, the abscissas of the four key points j,cr, j,y, j,max, j,res, typicalIy fall within 

the following ranges: 0.0001-0.0013, 0.002-0.010, 0.01-0.03, and 0.03-0.10 radians, respec-

tively. Joint shear strength j,max is proposed in analogy with ASCE-SEI/41 prescription and it 

falls within the range 0.75-1.00 (MPa)
0.5

 for interior beam-column joints. Residual strength is 
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assumed equal to shear stress corresponding to joint cracking (evaluated by means of Uzumeri 

formulation [22]). Mean values of the proposed ranges are adopted in this study, since model-

ing uncertainties are not considered in structural analyses herein. 

The proposal by Celik and Ellingwood also included joint moment-rotation constitutive re-

lationship for exterior joints. However, from the analysis of the experimental dataset they 

adopted, it was observed that the proposed joint shear strain values for the four key points are 

related to interior joints tests only; such values are very high if compared with shear strain 

values obtained from experimental tests on exterior beam-column joints. Therefore, the pro-

posal by Celik and Ellingwood is adopted for interior joints only. 

In the proposal by Celik and Ellingwood [9], anchorage failure was also taken into account 

through a reduced envelope for the joint shear stress-strain relationship. However, in this 

study, no reduction of joint shear stress is considered, since the hypothesis that a sufficient 

anchorage length or efficient anchorage devices are guaranteed, thus excluding this failure 

mode. 

By proposing that joint strength should be assumed as the minimum between empirical 

shear strength and the maximum joint shear stress related to beam/column flexural capacity, 

this model is the only one able to reproduce the softening response of the joint panel also 

when a BJ-failure occurs. This is in accordance with the modeling adopted for exterior joints 

(since the nature of the strength model by [23] adopted for exterior joints) and with observed 

experimental results [26], which showed that beam-column intersections always exhibited a 

degradation response if joint cracking was occurred. 

Furthermore, since the proposal by Celik and Ellingwood suggests only pinching parame-

ters to model joints hysteretic response, the parameters calibrated by Jeon et al. [10] for the 

Pinching4 material in OpenSees for the hysteretic response of interior joints are adopted here-

in. However, these parameters are modified so that no strength degradation was taken into 

account (since strength degradation is already included in the backbone of the joint response 

obtained from experimental data). 

It is worth noting that, in order to reproduce the softening response of the joint when a BJ-

failure occurs - as observed experimentally (e.g. [26]) – also for interior joints, the adjacent 

beams have to be modeled with no post-peak strength degradation. In fact, in the case of BJ 

failure, the peak strength of interior joints is defined as the maximum shear stress correspond-

ing to the contemporary achievement of flexural capacity in both the adjacent beams. If beam 

response degrades after its peak is reached, it is highly unlikely that this condition can be 

achieved during the analysis thus leading the interior joint to go through its softening branch. 

Since the adjacent beams are in series with the joint panel spring, it was necessary to model 

the response of the beams as perfectly-plastic after the peak strength is reached. In this way, 

the contemporary achievement of peak strength in the adjacent beams can be obtained and 

thus the joint can reach its peak strength, then starting to degrade. For the same reasons, no 

degradation in strength should be modeled in beams. 

 

This simulation model is not able to capture axial failure in beam-column joints. Therefore, 

both for exterior and interior joints, this non-simulated failure mode is detected in this study 

by post-processing dynamic analyses results. Such an approach is adopted because of the lack 

of experimental data and reliable models that allow capturing this failure mode explicitly in 

numerical modeling. Unfortunately, very few unconfined joint tests are available with con-

firmed axial failure, since, generally, during laboratory tests, a common practice has been to 

terminate the test after dropping to 80% of lateral load resistance without testing the axial ca-

pacity of the joint. 
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In this study, the empirical shear-friction capacity model proposed by Hassan and Moehle 

[27] calibrated on the basis of available experimental data is adopted. The expression of the 

IDR threshold (IDRAxJ) that identifies the onset of joint axial failure is reported in Eq. (1): 

 

0.5

0.057AxJ

sb yb

P tg
IDR

A f




 
  

  

 (1) 

where P is the axial load acting on the joint, Asb and fyb are longitudinal reinforcement area 

and strength, respectively, of the bottom beam bars, and  represents the shear critical angle, 

as reported in [27]. 

3 CASE STUDY FRAME 

A symmetric four-story three-bay frame is designed, modeled as explained in Section 2, 

and assessed. This case-study frame is the internal frame of a structure with 5 m-transverse 

bay. Figure 4 represents frontal and in-plane views of the analyzed frame. 

Dead load from slab is equal to 5 kN/m
2
 for the last story and 7 kN/m

2
 for all of the other 

ones; live load is equal to 1 kN/m
2
 for the last story and 2 kN/m

2
 for all of the other ones. 

The case-study frame (referred to as OLD SLD) is intended to be realized in 1980s and it is 

designed by means of a simulated procedure according to an obsolete technical code [28] in 

force in Italy until 1990s, by means of the allowable tensile stress method. The structure is 

located in a first-category site, corresponding to a design horizontal peak ground acceleration 

equal to 0.1g. Element dimensions are calculated according to the allowable stresses method; 

the design value for maximum concrete compressive stress is assumed equal to 6.0 and 8.5 

MPa for axial load (c) and axial load combined with bending (c,f), respectively. Reinforcing 

bars (FeB38K) are deformed and their allowable design stress (s) is assumed equal to 220 

MPa. 

 
(a)  (b) 

Figure 4: Case-study frame: frontal (a) and in plane (b) views. 

Section dimensions are (30x50) cm
2
 for beams and columns of the third and fourth levels, 

and (30x60) cm
2
 for beams and columns belonging to the first and the second levels. 

Longitudinal reinforcement ratio ranges between 2 and 2.5% in columns, whereas longitu-

dinal reinforcement at the end sections of beams varies from 0.75 and 0.9% of the section area 
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for the top layer, and from 0.34 and 0.4% of the section area for the bottom layer. Stirrups 

spacing in columns was defined as the minimum amount of transverse reinforcement required 

by the adopted code, namely 8/240 mm in this case. 

Expected values of concrete compressive strength (fc), and steel yielding strength for longi-

tudinal and transverse reinforcement (fy) adopted in the assessment phase are 20 MPa and 450 

MPa, respectively. 

In Table 3, it is shown that column-to-beam flexural capacity (Mc/Mb) is significantly 

higher than the unity; therefore, strong column-weak beam hierarchy characterizes this frame. 

By reporting beam flexural capacity to the joint centerline (Mj,b) and by comparing Mj,b and 

joint moment strength (Mj,R), it can be observed that prevalently J-failures characterize this 

frame. Mj,R/Mj,b is equal to the unity when joint strength is limited to the flexural capacity of 

the adjacent beams, according to the modeling approach described in Section 2. 

 

story joint 
Mb  Mc Mc/Mb Mj,R Mj,b Mj,R / Mj,b failure  

mode (kNm) (kNm) () (kNm) (kNm) () 

1 
ext 376.52 1028.46 2.73 384.12 434.45 0.88 J 

int 582.46 1112.56 1.91 528.27 693.41 0.76 J 

2 
ext 376.52 896.44 2.38 358.46 434.45 0.83 J 

int 582.46 950.81 1.63 423.42 693.41 0.61 J 

3 
ext 306.29 767.83 2.51 294.69 344.57 0.86 J 

int 473.82 794.07 1.68 333.49 546.71 0.61 J 

4 
ext 186.16 375.61 2.02 209.43 209.43 1.00 BJ 

int 281.37 383.27 1.36 324.66 324.66 1.00 BJ 

Table 3: Beam/column hierarchy and joints classification. 

4 PERFORMANCE LEVELS AND GROUND MOTION RECORDS 

In order to perform dynamic analyses, input ground motion records have to be selected and 

performance levels of interest should be identified. 

In this study, natural records representing Italian seismicity are selected and scaled to dif-

ferent levels of seismicity. The records selection has been performed by using REXEL soft-

ware [29], from ITACA strong-motion database. Earthquakes characterized by a low-medium 

magnitude levels (between 4.4 and 5.7), with a source-to-site distance ranging between 10 and 

40 km, and recorded on soil class B are selected. On the whole 50 ground motion records are 

selected. 

As far as performance levels of interest are concerned, the structural capacities are primari-

ly defined by the maximum interstorey drifts (IDR) that correspond to three widely used per-

formance levels (or limit states) in the earthquake community (e.g. [30]): immediate 

occupancy (IO), life safety or significant damage (SD), and collapse prevention (CP). Table 4 

reports the values of the IDR thresholds (IDRLS) for the selected performance levels, chosen 

on the basis of previous literature researches ([30], [31]). 

 
 IO LS SD LS CP LS 

IDRLS 0.2% 2% 5% 

Table 4: IDR thresholds for the selected performance levels. 

Additional LSs, defined on the basis of the achievement of characteristic points in the non-

linear response of the primary structural elements, are adopted. In particular the first achieve-
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ment of a particular condition or a “conventional failure” is detected, in analogy with the ap-

proach of typical European code prescriptions (e.g. [2], [3]), as shown in Figure 5. 

For columns, green circles represent a pre-yielding condition; yellow, orange and red cir-

cles indicate the achievement of yielding, capping and post-peak rotations, respectively. 

For beam-column joints, white circle identifies a pre-cracking condition of joint; while 

green, yellow, orange and red circles represent the achievements of joint cracking, pre-peak 

point, peak joint strength, and residual strength, respectively. Such a convention will be 

adopted in Section 5 when damage states in RC elements are presented.  The corresponding 

LSs will be referred to as summarized in Table 5. 

 

M

My

Mc

y c pc 

Mj

Mj,pP

Mj,P

j

Mj,cr

j,pP j,P j,Rj,cr  
(a) (b) 

Figure 5: Characteristic points of columns (a) and joints (b) response. 

FY first element at yielding 

FC first element at capping  

FPC first element at post-capping  

FcrJ first joint cracking 

FpPJ first joint at pre-peak point 

FPJ first joint at peak strength  

FRJ first joint at residual strength  

Table 5: Additional LSs acronyms. 

5 PRELIMINARY NONLINEAR STATIC ANALYSES 

Preliminary, nonlinear static analyses with first-mode-shape-proportional lateral load pat-

tern are performed in OpenSees [24] on the structural models (obtained as described in Sec-

tion 2) in a double condition:  

(i) with “rigid joints”, assuming a very high stiffness and shear strength for beam-column 

connections, and 

(ii) “with joints”, explicitly modeling the nonlinear behavior of joints, as explained in Sec-

tion 2.1.  

Results of this kind of analysis are reported in this Section. 

First of all, elastic periods from modal analysis are reported in Table 6 for both conditions 

(“rigid joints” and “with joints”). An increment of about 8% in elastic period is observed 

when joint elastic deformability is taken into account. 

 
 Rigid joints With joints 

T1 (s) 0.694 0.747 

Table 6: Elastic periods. 
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In both cases, for rigid joints condition and when nonlinear response of beam-column 

joints is modeled, the OLD SLD frame exhibited a global collapse mechanism, as expected 

due to the strong-column-weak-beam hierarchy observed in Section 3.  

Static pushover (SPO) curves and collapse mechanisms and damage levels in each 

beam/column hinge at the last step are reported in Figure 6 and Figure 7, respectively. 

In the case of “rigid joints” no red circle (namely, no beam/column that reach post-peak ro-

tation) is present (see Figure 10a), since SPO was interrupted before the first element reached 

its post-peak rotation capacity because of a convergence issue. When nonlinear response of 

beam-column joints is modeled, even if the maximum top displacement at last step is higher 

with respect to the case of “rigid joints”, a lower damage level can be observed in beams (for 

example at the 2
nd

 and 3
rd

 stories) and a quite distributed damage level in beam-column joints 

is exhibited, especially from the first to the third story. 

 

 

Figure 6: SPO curves: “rigid joints” (noJ) versus “with joints” (wJ). 

  
(a) (b) 

Figure 7: Collapse mechanism and damage levels at last step: “rigid joints” (a) versus “with joints” (b). 

In Table 7, a comparison in terms of peak base shear (Vb.max) and the corresponding dis-

placement (Dmax) in SPO analyses “with joint” (wJ) and with “rigid joints” (noJ) is carried out. 

It can be observed that the explicit modeling of beam-column joints in the structural analysis 
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implies a reduction of the maximum base shear (equal to 21%) and a slightly higher peak de-

formability (that increases of about 6%). 

 Vb,max (kN) Dmax (m) Vb,max wJ/ Vb,max noJ (-) DwJ/DnoJ (-) 

noJ 959.5 0.343 
0.79 1.06 

wJ 745.2 0.362 

Table 7: Comparison in terms of peak base shear and peak displacement in SPO – “with joint” (wJ) and “rig-

id joints” (noJ). 

6 INCREMENTAL DYNAMIC ANALYSES 

The incremental nonlinear dynamic analyses (IDAs) [32] are conducted in OpenSees [24] 

with the selected ground motion records with “rigid joints” and “with joints”. 

Robust convergence algorithms for solving simultaneous equations when strength and 

stiffness are degrading are implemented. 

Five percent mass- and tangent stiffness-proportional Rayleigh damping is applied to the 

first and third mode of elastic response. 

First, IDA curves have been obtained and, then, fragility curves have been calculated, at 

different LSs taking into account only aleatoric uncertainty, namely record-to-record variabil-

ity. In this study, the structural demand measure is selected to be the maximum interstory drift 

in the frame, IDRmax, which occurs during its dynamic response to earthquake shaking. At 

lower levels of excitation, the IDR typically provides insight regarding the potential for dam-

age to non-structural components, while at higher levels it is closely related to structural or 

local collapse. The adopted seismic intensity measure is the spectral acceleration at the fun-

damental period of the frame, Sa(T1), for 5% damping, a measure that is consistent with that 

used in previous studies and that is generally considered as a more efficient parameter to 

characterize earthquake intensity than peak ground acceleration [33]. 

In this Section, IDAs and fragility curves at different LSs for the OLD SLD frame are re-

ported and commented. It is worth noting that IDA curves have been scaled to Sa(T1), where 

T1 is the elastic period of the “with joints” configuration, namely 0.747 s. 

6.1 Rigid joints 

In Figure 8a, IDAs curves related to the “rigid joints” model obtained from all the ground 

motion records are shown in terms of first-period spectral acceleration Sa(T1) versus maxi-

mum IDR, together with the related median IDA curve. 

Starting from such IDAs, fragility curves at LSs defined as the achievement of a given 

maximum IDR threshold can be easily obtained, by means of a lognormal fit of Sa(T1) given 

the value of IDR threshold. In this way, fragility curves shown in Figure 8b have been calcu-

lated. Related parameters are reported in Table 8, with  and  representing the estimated 

median (expressed in (g)) and logarithmic standard deviation of Sa(T1) capacity, respectively, 

at IO, SD, and CP LSs. -coefficient provides an useful indication about the overall sensitivi-

ty of seismic capacity to the variability of the ground motion record, confirming that record-

to-record variability is a very important source of uncertainty ( ranges between 41 and 51% 

for these LSs). Table 8 also reports the maximum IDR threshold (IDRmax) corresponding to 

IO, SD, and CP LSs and the median values (Sa(T1)median) of Sa(T1), given the maximum IDR. 

By means of the same approach based on a lognormal fit of the intensity measure capaci-

ties, fragility curves related to the achievement of a certain condition in the elements response 

for the first time (i.e. in the first element) can be calculated. These fragility curves are report-
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ed in Figure 9 and the related parameters in Table 9, where Sa(T1)median is the median value of 

Sa(T1) capacity and IDRmax the corresponding median value of maximum IDR. 

It can be observed that the yielding condition in the first element (FY LS) occurs for a me-

dian value of Sa(T1) equal to 0.158g, while the achievement of the peak strength for the first 

time (FC LS) occurs for a quite high value of Sa(T1)median (1.648g) thanks to the uniform dis-

tribution of inelastic demand in the frame. Also in this case, it can be observed that the record-

to-record variability provides a logarithmic standard deviation of Sa(T1) capacity () that var-

ies from 42 to 46% for these LSs. 

 

  
(a) (b) 

Figure 8: IDA curves and median IDA (a); fragility curves at IO, SD, and CP LSs (b) – “rigid joints”. 

LS 
Sa(T1),median 

(g) 

IDRmax  

(%) 

  
(g) 



IO 0.067 0.20 0.062 0.417 

SD 0.783 2.00 0.717 0.506 

CP 2.455 5.00 2.293 0.411 

Table 8: Fragility parameters at IO, SD, and CP LSs – “rigid joints”. 

 

Figure 9: Fragility curves at FY, FC, FPC LSs – “rigid joints”. 
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LS 
Sa(T1),median 

(g) 

IDRmax  

(%) 

  
(g) 



FY 0.158 0.47 0.145 0.464 

FC 1.648 3.71 1.532 0.422 

FPC 2.722 5.43 2.656 0.449 

Table 9: Fragility parameters at FY, FC, FPC LSs – “rigid joints”. 

6.2 With joints 

The same results are reported also for the structural model that explicitly takes into account 

joints nonlinear behavior. Figure 10a shows IDAs curves related to the model “with joints” 

obtained from all the ground motion records, together with the related median IDA curve. 

Figure 10b reports the fragility curves at IO, SD, and CP LSs, obtained by means of a 

lognormal fit of Sa(T1) given the value of IDR threshold for each LS, and Table 10 shows the 

related parameters. 

 

  
(a) (b) 

Figure 10: IDA curves and median IDA (a); fragility curves at IO, SD, and CP LSs (b) – “with joints”. 

LS 
Sa(T1),median 

(g) 

IDRmax  

(%) 


(g) 



IO 0.070 0.20 0.059 0.432 

SD 0.665 2.00 0.617 0.502 

CP 2.034 5.00 1.969 0.362 

Table 10: Fragility parameters at IO, SD, and CP LSs – “with joints”. 

Figure 11a and b reports fragility curves obtained in this case at FY, FC, and FPC LSs, but 

also, at LSs defined as the achievement of particular “limit conditions” in joints response, 

namely FcrJ, FpPJ, FPJ, and FRJ (defined in Table 5). The related parameters are reported in 

Table 11, where Sa(T1)median is the median value of Sa(T1) capacity and IDRmax the corre-

sponding median value of maximum IDR.  

It can be observed that the first achievement of peak strength in beam-column joints antici-

pates the first achievement of capping strength in beams or columns, in terms of Sa(T1)median; 

the achievement of the peak strength in beams or columns occurs for a value of Sa(T1) quite 
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close to that corresponding to the achievement of the first residual strength in joints, thus sug-

gesting that joint damage can be very critical in such a frame, especially for loss estimation. 

Moreover, also when joints are explicitly modeled into the numerical model, the possible 

axial failure of joints cannot be captured directly due to the features of the adopted model. As 

anticipated in Section 2, a post-processing of the nonlinear analyses can lead to the detection 

of such kind of failure when the maximum IDR in a story overcomes the minimum IDR ca-

pacity (IDRAxJ) among joints at that story. In this way, the achievement of the first axial fail-

ure (FAxJ LS) has been detected for each ground motion record and the related fragility 

parameters has been obtained by means of a lognormal fit (see Table 11 and Figure 11b). A 

maximum IDR equal to 7.54% leads to the first joint axial failure. 

 

  
(a) (b) 

Figure 11: Fragility curves at FY, FC, FPC LSs (a); Fragility curves at FcrJ, FpPJ, FPJ, FRJ, and FAxJ LSs 

(b) – “with joints”. 

DS 
Sa(T1)median 

(g) 

IDRmax 

(%) 


(g) 



FY 0.166 0.49 0.157 0.594 

FC 1.614 4.14 1.572 0.433 

FPC 2.349 5.66 2.441 0.389 

FcrJ 0.081 0.24 0.082 0.435 

FpPJ 0.296 0.87 0.265 0.394 

FPJ 0.470 1.37 0.421 0.385 

FRJ 1.706 4.31 1.685 0.354 

FAxJ 3.059 7.54 2.947 0.476 

Table 11: Fragility parameters at FY, FC, FPC, FcrJ, FpPJ, FPJ, FRJ, and FAxJ LSs – “with joints”. 

6.3 Comparison 

By comparing median IDA curves between the two analyzed frame models (“rigid joints” 

and “with joints”), as in Figure 12, it can be observed that joint damage leads to lower Sa(T1) 

capacity for a given IDR, until about 6% maximum IDR is achieved; successively, when 

joints involved in the mechanism reach their residual strength - thus starting to go through a 

constant-strength branch -, IDA curves “with joints” (wJ) keeps increasing, while IDA related 

to “rigid joints” (noJ) frame goes toward a “flatline”. 
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The difference in Sa(T1) capacity given IDR that can be observed from the comparison be-

tween IDA curves, produces the “distance” between fragility curves that can be observed in 

Figure 13. The comparison between median Sa(T1) capacity (from lognormal fitting) with rig-

id joints (noJ) and with joints (wJ) for the OLD SLD frame is summarized in Table 12 for IO, 

SD, CP LSs, and also at FY, FC, FPC LSs.  

 

 

Figure 12: Comparison between median IDA curves. 

 

Figure 13: Comparison between fragility curves at IO, SD, and CP LSs. 

LS 
SanoJ 

(g) 

SawJ 

(g) 

SawJ/SanoJ 

(-) 

IO 0.062 0.059 0.96 

SD 0.717 0.617 0.86 

CP 2.293 1.969 0.86 

FY 0.145 0.157 1.08 

FC 1.532 1.572 1.03 

FPC 2.656 2.441 0.92 

Table 12: Comparison between median Sa(T1) capacity with rigid joints (noJ) and with joints (wJ). 
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It can be observed that the minimum ratio between Sa(T1) capacity with and without non-

linear joint modeling (SawJ/SanoJ) is related to higher seismic intensity, namely at SD, CP and 

FPC LSs, thus highlighting that the influence of joints in seismic assessment of RC frames 

becomes more relevant at higher performance levels. 

7 CONCLUSIONS 

In this paper, a numerical investigation on the influence of joint failures on the seismic per-

formance at different performance levels of a case study RC frame - designed for seismic 

loads according to an obsolete technical code – has been presented. A preliminary classifica-

tion of joint failure typology within the frames and the definition of the corresponding nonlin-

ear behavior were carried out. Structural models that explicitly include beam-column joints 

were built. In particular, the joint model proposed by the Authors has been applied for exterior 

joints, in conjunction with modeling proposals from literature for interior joints and 

beam/column behavior. A probabilistic assessment based on nonlinear dynamic simulations 

of the structural response was performed taking into account record-to-record variability. 

The structural capacities were primarily defined by the maximum interstorey drifts (IDR) 

that correspond to three widely used performance levels in the earthquake community: imme-

diate occupancy, life safety or significant damage, and collapse prevention. Additional LSs, 

defined on the basis of the achievement of characteristic points in the nonlinear response of 

the primary structural elements, have been adopted. In particular, the first achievement of a 

particular condition or a “conventional failure” has been detected, in analogy with the ap-

proach of typical European code prescriptions (e.g. Eurocode 8, DM 2008). 

Preliminary nonlinear static analyses and incremental nonlinear dynamic analyses under 

selected ground motion records have been performed in OpenSees in a double condition: 

(i) with “rigid joints”, assuming a very high stiffness and shear strength for beam-column 

connections; 

(ii) “with joints”, explicitly modeling the nonlinear behavior of beam-column intersections. 

It was observed that for the analyzed frame (characterized by strong column-weak beam 

design): 

 the minimum ratio between Sa(T1) capacity with and without nonlinear joint modeling is 

related to higher seismic intensity levels, thus highlighting that the influence of joints in 

seismic assessment becomes more relevant at higher performance levels; 

 when nonlinear response of beam-column joints is modeled, a lower damage level can be 

observed in beams/columns and a quite distributed damage level in beam-column joints 

is exhibited, thus confirming that joint damage can be very critical in such a frame, espe-

cially for loss estimation.  

Incremental dynamic analysis alone does not account for how well the nonlinear simula-

tion model represents the real frame, since no modeling uncertainties have been considered. 

These modeling uncertainties are especially important in predicting collapse. Thus, also mod-

eling uncertainties should be accounted for in future works to a more reliable evaluation of 

seismic performance. 

Another important improvement of the study presented herein will be the explicitly model-

ing of shear failures with degrading behavior after detection and consequent axial failure by 

means of a reliable, realistic and computational sustainable model. 
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Abstract. The pounding of adjacent RC frames with different heights is studied. The main is-

sue behind this investigation is the influence of the local behaviour of the columns that suffer 

the hit from the slabs of the adjacent building during the seismic excitation. This column’s 

requirements for ductility and shear capacity have been proven to be the critical parameters 

for the behaviour and final performance of the whole structure. These parameters can be de-

signed in order the obtained performances to satisfy the seismic demands of the Eurocodes. In 

this study the critical column’s requirements for ductility and shear capacity are evaluated 

for three seismic demands based on Eurocode 8-part3: (a) demand for Damage Limitation 

limit state that corresponds to ground motions with return periods of 225 years (b) demand 

for Significant Damage limit state that corresponds to ground motions with return periods of 

475 years and (c) demand for Near Collapse limit state that corresponds to ground motions 

with return periods of 2475 years.  The evaluated requirements are for seven different seismic 

excitations that have been properly scaled to fit the Eurocode’s three seismic demands of low 

zone of seismic hazard. Afterwards, the minimum required gap distances between the adja-

cent structures are evaluated taking into account the local capacities of the columns that suf-

fer the inter-story pounding effect. These results are compared with the corresponding 

limitations for adequate gap distances that are provided by the Eurocode 8. The results show 

that even in the case of Damage limitation seismic demand special measures have to be taken 

for the column of the multistory RC frame that suffers the hit. The seismic performance of the 

columns at a specific limit state of the assessment should be considered for the estimation of 

an adequate gap distance between the adjacent structures. Thus, the minimum gap distance 

that is required in order to eliminate the possibility for interaction between adjacent struc-

tures depends on the limit state of the assessment. Eurocode’s provisions for adequate gap 

separation do not depend on the seismic demand (limit state) but in any case based on the re-

sults of this study these provisions seem to be conservative. 
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1 INTRODUCTION 

An important issue in the field of the structural engineering is the assessment of the 

seismic performance of the structures under strong ground motions while the inter-story 

pounding between adjacent structures has been recognized as the most crucial case of 

interaction for the integrity of the structural stability. The problem of earthquake induced 

pounding between adjacent buildings has received substantial attention over the last two to 

three decades [1–23]. However, most of the studies have been focused on modeling the floor 

to floor collision. Most of these studies have yielded conclusions not directly applicable for 

the design or the assessment of multistory buildings potentially under pounding. It has to be 

stressed (see also Cole et al [9]) that the majority of the inter-story (floor to column) pounding 

research has been undertaken by Karayannis and Favvata [1-6]. In these studies the influence 

of the structural pounding on the seismic behaviour of adjacent multistory RC structures was 

investigated taking into account several parameters such as: the height variations between the 

adjacent structures, the positions of the contact points, the separation gap distances, the beam 

to column joints damage effect, the infills effect with and without openings, the case of open 

ground story (pilotis type building) and the seismic excitations. The most important problem 

in the case of inter-story pounding is the developing critical shear state at the columns that 

suffer the hit. The local damage of the critical column that suffers the impact as a result of the 

seismic pounding was investigated for the first time in 2005 by Karayannis & Favvata [1], [2].  

2 SCOPE OF THIS STUDY 

The main issue behind the inter-story pounding between adjacent structures is the local 

behaviour of the columns that suffer the hit during the seismic excitation. This column’s 

requirements for ductility and shear capacity have been proven to be the critical parameters 

for the behaviour and final performance of the whole structure. These parameters can be 

designed so that performances that could satisfy the seismic demands of the Eurocodes to be 

obtained. Nevertheless, in the modern seismic design codes there are no provisions to ensure 

the column that may be suffer the impact effect from critical increase of the flexural and shear 

capacity requirements. 

A key parameter for the elimination of the interaction is the initial gap distance between 

the adjacent structures. About this issue Eurocode 8 provides gap separation limits between 

the structures in order to prevent possible pounding problems during strong motion 

earthquakes. However, none of these limits is directly associated with the seismic demand and 

the seismic hazard design code approaches for the structures. Furthermore, the new design 

philosophy of the codes leads to flexible frame structures while the adequate seismic 

separation that is required by the codes is not always easy to apply. 

Based on these thoughts in this study, the minimum required gap distance between the 

adjacent structures at different seismic demands of the Eurocode 8 is also evaluated taking 

into account the local capacities of the columns that suffer the inter-story pounding effect. 

These results are compared with the corresponding limitations that are provided by the 

Eurocode 8.   

3 EXAMINED CASES 

The seismic assessment of the 8-storey RC frame structure that suffers the inter-story 

pounding effect from an adjacent 3-storey structure with unequal interstory heights is 

investigated. Considering that the level of the seismic hazard for the examined interaction 

problem is low the seismic performance of the external column that suffers the impact from 
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the upper floor slab of the adjacent shorter and stiffer structure is evaluated for three different 

seismic demands according to the Eurocode 8 - Part3: 

(a) seismic demand for Damage Limitation (DL) limit state that corresponds to ground 

motions with return periods of 225 years and peak ground acceleration 0.13g 

(b) seismic demand for Significant Damage (SD) limit state that corresponds to ground 

motions with return periods of 475 years and peak ground acceleration 0.16g 

(c) seismic demand for Near Collapse (NC) limit state that corresponds to ground motions 

with return periods of 2475 years and peak ground acceleration 0.28g. 

For this purpose, both components of seven different seismic excitations extracted from the 

PEER’s database are taken into account. The selected ground motions are scaled to fit 

Eurocode’s 8 elastic spectrum of low zone of seismic hazard at three different seismic 

demands and ground type A (Fig. 1). 

The two adjacent structures are considered to be in contact from the beginning (dg =0) 

while the highest contact point of the two structures lies between the levels of the 3rd and the 

4th floor of the 8-storey frame at the 1/3 of the height of the column of the 4th floor. 

Beams, columns, and walls of the examined structural systems were designed according to 

Eurocodes 2 and 8, meeting the Ductility Capacity Medium (DCM) criteria of the codes. The 

structure geometry and reinforcement of the columns of the 8-storey frame are shown in 

Figure 2. The well known nonlinear dynamic structural analysis program Drain-2dx is used. 

Non-linear dynamic step-by-step analysis and special purpose elements are employed for the 

needs of this study. More details about the design of the structures and the structural 

modelling assumptions can be found in a previous work by Karayannis and Favvata [1]. 

Results concerning the flexural and the shear demands of the critical external column of 

the 8-storey frame structure that suffer the impact are presented and compared with the 

corresponding available capacities at different limit states for low intensity level of seismic 

hazard. Of course, results in terms of displacements and interstory drift requirements due to 

pounding effect are presented and compared with the Eurocode’s 8 limitations. 
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Figure 1: Eurocode’s 8 elastic spectra for three different seismic demands of low seismic hazard in comparison 

to the corresponding Mean spectra of seven seismic excitations. 
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Figure 2: Structural system and column reinforcement of the 8-storey frame structure. 

4 RESULTS 

The seismic assessment of the 8-storey RC frame structure that suffers the inter-story 

pounding effect from the adjacent 3-storey structure is investigated. In this study the adjacent 

structures are considered in contact from the beginning (dg=0). Based on the provisions of the 

Eurocode 8, the minimum gap distance that the 8-storey frame structure should have in order 

to prevent inter-story pounding problems with the adjacent structure is defined and discussed. 

According to the Eurocode 8 the gap distance between adjacent structures can be considered 

adequate when it is greater than the maximum plastic design displacement of the structure at 

the level of pounding. The maximum plastic design displacement (δEC8,plastic) that can be 

developed by the structure is the corresponding maximum elastic design displacement 

(δEC8,elastic) multiplied by the seismic behavior factor q.  

The maximum elastic (δEC8,elastic) and plastic (δEC8,plastic) design displacements that can be 

developed by the 8-storey frame structure at all the story levels are presented in Figure 3a and 

are compared in the same figure with the maximum displacements (at the pounding side) of 

the 8-storey frame without and with the inter-story pounding effects at limit states of Damage 

Limitation (DL) and Near Collapse (NC). It can be observed that in the examined cases the 

maximum displacements of the 8-storey frame are less than the capacity of the structure for 

inelastic response. Also, as it was expected the demands for displacement of the structure are 

depended on the limit state that is used for the evaluation. However, the code’s provisions for 

the minimum gap distance separation do not depend on the limit state. Based on the Eurocode 

8 a minimum gap distance of 9.0cm should be adopted in order to prevent the interaction 

between the 8-storey frame structure and the 3-storey structure at the 4th floor level (Fig. 3a). 

The maximum displacements of the 8-storey frame at the pounding side are decreased due to 

the pounding effect. 

The maximum interstory drifts at three limit states for low level of seismic hazard due to 

the interaction of the 8-storey frame with the 3-storey structure are presented in Figures 3b, 3c, 

3d and are compared with the ones of the 8-storey frame vibrating without pounding effects. 

As it was expected the maximum interstory drifts of the 8-storey frame are increased in the 
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floors above the upper floor level of contact (4th floor level) in comparison with the 

corresponding ones without pounding effect. It can also be observed that the developing 

requirements for interstory drift are increased when the limit state for the evaluation of the 

seismic performance becomes more exigent. 

Further, in Figures 3b, 3c and 3d the maximum interstory drifts that can be developed by 

the 8-storey frame structure without suffering the pounding effect are also presented. These 

drifts are deduced from the maximum plastic design displacement (δEC8,plastic) of the frame 

structure. It can be observed that in the case of evaluating the pounding effect at the Near 

Collapse limit state the capacity of the structure for interstory drift is exceeded at the last two 

floor levels (7th and 8th) (Fig. 3d). In Figure 3, each value of drift or displacement 

requirement is the mean value of fourteen maximum interstory drifts or displacements as 

resulted from both components of the seven seismic excitations that are used in this study. 

Figure 4 presents the maximum curvature ductility requirements that are developed at the 

critical part of the column of the 4th floor level of the 8-storey frame that suffers the inter-

story pounding effect from the slab of the adjacent 3-storey structure. The developed 

requirements are compared with the corresponding available capacity of the column. Based on 

these results it can be observed that for the same level of seismic hazard (low) the evaluation 

of the pounding effect on the column’s maximum ductility requirements is influenced by the 

seismic demand (limit state) under consideration. In fact, the column that suffers the impact 

appears to be in critical condition due to high ductility demands when the limit state for the 

assessment is enhanced from Damage Limitation to Significant Damage and to Near Collapse. 

The maximum shear requirements of the critical column of the 4th floor level of the 8-

storey frame due to the pounding effect at the limit states of Damage Limitation, Significant 

Damage and Near Collapse are also evaluated for all the seismic excitations. In all the 

examined cases the requirements for shear exceed the available shear strength of the column, 

indicating this way that the column that suffers the hit is always in a critical condition due to 

shear action (Table 1). 

Nevertheless, shear failure of the column due to the pounding effect cannot be concluded 

based only on the number of times that the shear force is exceeding the available strength 

during the analyses. A parameter that could be used in order to identify possible shear failure 

is the sequence of the impacts that cause high values for shear strength. In other words, the 

number of critical demands for shear that are developing at a time or/and at successive times 

during the seismic analysis at the column that suffers the inter-story pounding problem. Thus, 

in Figure 5 the time history of the shear requirements that are developing due to the inter-

story pounding effect on the critical part of the column of the 4th floor level of the 8-storey 

frame are presented and compared with the corresponding available shear strength during the 

analysis. The exact time the demand exceeds the available strength is also depicted in the 

same figure. Based on these results, it can be observed that different seismic demand (limit 

state) for the evaluation of the pounding effect on the shear requirements of the column 

altered the times and the successive times that the column is in critical condition of shear 

failure. It is noted that the column’s behaviour is elastic in flexure and in shear in all the 

examined cases of this study without the pounding effect. 

Also, the adjacent structures suffered the inter-story pounding effect almost from the 

beginning of both seismic excitations EQ59 and EQ804 and for the three limit states (Fig. 5). 

From the beginning of the seismic excitation EQ59 the critical column of the 8-storey 

frame structure developed high demands for shear that restrict the development of high 

ductility requirements (see also Fig. 4). However, in the case of the seismic excitation EQ804 

that column is in critical condition due to high demands for both shear and flexure strength at 

all the limit states.  
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Figure 3: Maximun displacements and interstory drifts requirements of the 8-storey frame structure at three limit 

states in comparison to the Eurocode’s 8 demands for the elimination of the pounding effect between the 

adjacent structures. 
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Figure 4: Maximun curvature ductility requirements of the column of the 8-storey frame structure that suffers 

the hit at three different limit states. 
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 Shear Demands of the critical column of the 4th floor level of the 8-storey frame structure  

that suffers the inter-story pounding effect at different limit states 

  Damage Limitation  Significant Damage  Near Collapse 

Earthquake V (kN) 
Total times

†
 

V > Vavail. 
V (kN) 

Total times
† 

V > Vavail. 
V(kN) 

Total times
†
 

V > Vavail. 

EQ283 
FN 582 (1.6)* 56 684 (1.9)* 85 642 (1.7)* 101 

FP 615 (1.6) 94 698 (1.8) 65 791 (2.1) 108 

EQ284 
FN 705 (1.9) 68 721 (2.0) 76 771 (2.1) 142 

FP 545 (1.5) 75 683 (1.9) 89 769 (2.0) 123 

EQ3479 
FN 736 (1.9) 90 758 (2.0) 90 771 (2.0) 98 

FP 646 (1.9) 65 681 (1.9) 80 781 (2.1) 116 

EQ2107 
FN 647 (1.7) 24 777 (2.0) 22 802 (2.0) 38 

FP 675 (1.9) 21 614 (1.7) 31 695 (1.9) 75 

EQ804 
FN 823 (2.0) 91 829 (2.1) 97 772 (2.0) 98 

FP 677 (1.8) 58 785 (2.0) 56 795 (2.1) 67 

EQ2805 
FN 630 (1.7) 27 699 (1.8) 42 749 (2.0) 73 

FP 725 (1.9) 38 753 (2.0) 36 761 (2.0) 62 

EQ59 
FN 551 (1.5) 84 650 (1.7) 92 742 (2.0) 182 

FP 553 (1.4) 79 620 (1.6) 50 688 (1.8) 75 

Maximum:   823 (2.0) 94 829 (2.1) 97 802 (2.1) 182 

Average:  690 (1.8) 71 741 (1.9) 75 778 (2.0) 113 

* Ratio of the maximum shear demand to the available shear strength 
†
 Total times steps the shear demand exceeds the available shear strength during the analysis 

Table 1: Shear demands of the multistory RC frame external column that suffers the inter-story pounding  

at three different limit states for all the examined cases. 
 

Further, as it can be observed in Figure 6a, in the case of the seismic excitation EQ804 at 

the limit state of Damage Limitation the minimum gap distance (dg) that is required between 

the examined adjacent structures in order the critical developing shear forces and ductility 

demands due to the pounding effect to be minimized is 2cm.  

However, for the same gap distance (dg=2cm) at the limit state of Significant Damage the 

column is still in critical condition due to shear action (Fig. 6b) while at the limit state of Near 

Collapse the critical part of the column has increased demands for shear strength and ductility 

(Fig. 6c). Finally, the local performance of the column can be considered safe due to the inter-

story pounding effect at the limit state of Near Collapse when a gap distance (dg) equal to 4cm 

is provided (Fig. 6d). Thus, the seismic performance of the column that suffers the impact 

should also be taken into account for the evaluation of the minimum gap distance between 

adjacent structures so that the critical shear actions and ductility demands could be eliminated. 

Similar results also hold for all the examined cases of this study.  

It is noted that according to the Eurocode 8 a minimum gap distance of 9cm is required in 

order to prevent the pounding between the 8-storey frame structure and the 3-storey structure 

at the 4th floor level (Fig. 3a). This code provision for the gap distance is independent of the 

seismic demand (limit state) under consideration. 
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Figure 5: Time history shear requirements of the critical column of the 8-storey frame structure that suffers 

the hit at three different limit states. Comparison with the available shear strength.  

5 CONCLUSIONS  

In this study the seismic assessment of the inter-story pounding problem between adjacent 

structures is evaluated at different limit states for the case of low level of seismic hazard. 

Dynamic step by step analyses were performed and results in terms of displacement, 

interstory drifts, ductility requirements and shear requirements were presented. Further, the 

minimum required gap distance between the adjacent structures at different seismic demands 

of the Eurocode 8 was evaluated taking into account the local performances of the columns 

that suffer the inter-story pounding effect. These results are compared with the corresponding 

limitations that are provided by the Eurocode 8. The main conclusions of this study can be 

summarized as: 
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Figure 6: Estimated gap distances between the adjacent structures to prevent the critical shear demands of the 

critical column of the 8-storey frame structure that suffers the hit at three different limit states.  

 

 The developing requirements for interstory drift are increased when the seismic demand 

for the assessment becomes more exigent. 

 The column that suffers the hit is always in a critical condition due to shear action.  

 The column that suffers the impact appears to be in critical condition due to high ductili-

ty demands when the limit state for the assessment is altered from Damage limitation to 

Significant damage and to Near collapse. 

 Even in the case of Damage limitation limit state special measures have to be taken for 

the columns of the multistory RC frame that suffer the hit.  

 The seismic performance of the columns that suffer the impact at a specific limit state of 

the assessment should be considered for the estimation of an adequate gap distance sepa-

ration between adjacent structures.  

 Thus, the minimum gap distance that is required in order to eliminate the possibility for 

pounding between adjacent structures depends on the limit state of the assessment. 

 Eurocode’s provisions for adequate gap separation do not depend on the seismic demand 

(limit state) but in any case based on the results of this study these provisions seem to be 

conservative.   

1588



Maria J. Favvata, Sofia E. Mochla, Maria C. Naoum and Chris G. Karayannis 

REFERENCES  

[1] C.G. Karayannis, M.J. Favvata, Earthquake-induced interaction between adjacent 

reinforced concrete structures with non-equal heights. Earthquake Engineering and 

Structural Dynamics, 34(1), 1-20, 2005. 

[2] C.G. Karayannis, M.J. Favvata, Inter-story pounding between multistory reinforced 

concrete structures. Structural Engineering and Mechanics, 20(5), 505-526, 2005. 

[3] M.J. Favvata, C.G. Karayannis, A.A. Liolios, Influence of exterior joint effect on the 

inter-story pounding interaction of structures. Structural Engineering and Mechanics, 

33(2), 113-136, 2009. 

[4] M.J. Favvata, C.G Karayannis, The inter-story pounding effect on the seismic behavior 

of infilled and pilotis RC structures. Geotechnical, Geological and Earthquake 

Engineering, 24, 87-101, 2013. 

[5] M.J. Favvata, C.G. Karayannis, V. Anagnostopoulou, Influence of infill panels with and 

without openings on the pounding effect of RC structures. 15
th

 World on Earthquake 

Engineering, Lisbon Portugal, 24-28, 2012. 

[6] M.J. Favvata, M.C. Naoum, C.G Karayannis, Earthquake induced Earthquake induced 

interaction between RC frame and steel frame structures. WIT Transactions on the Built 

Environment, 134, 839-851, 2013. 

[7] S.A. Anagnostopoulos, C.E. Karamaneas, Use of collision shear wall to minimize 

seismic separation and to protect adjacent buildings from collapse due to earthquake-

induced pounding. Earthquake Engineering and Structural Dynamics, 37(12), 1371-

1388, 2008.  

[8] S.E. Abdel Raheem, Pounding mitigation and unseating prevention at expansion joints 

of isolated multi-span bridges. Engineering Structures, 31(10), 2345-2356, 2009. 

[9] G.L. Cole, R.P. Dhakal, A.J. Carr, D.K. Bull, Building Pounding State of the Art: 

Identifying Structures Vulnerable to Pounding Damage. New Zealand Society for 

Earthquake Engineering Annual Conference, New Zealand, P11, 2010. 

[10] R. Jankowski, Non-linear FEM analysis of pounding-involved response of  buildings 

under non-uniform earthquake excitation. Engineering Structures, 37, 99-105, 2012. 

[11] E. Tubaldi, M. Barbato, S. Ghazizadeh, A probabilistic performance-based risk 

assessment approach for seismic pounding with efficient application to linear systems. 

Structural Safety, 36-37, 14-22, 2012. 

[12] G.L. Cole, R.P. Dhakal, F.M. Turner, Building pounding damage observed in the 2011 

Christchurch earthquake. Earthquake Engineering and Structural Dynamics, 41(5), 

893-913, 2012.  

[13] M. Lu, Q. Yang, N. Yang, Maximum relative displacement of adjacent buildings during 

ground motions. Transactions of Tianjin University, 18(5), 366-371, 2012. 

[14] D.R. Pant, A.C. Wijeyewickrema, Structural performance of a base-isolated reinforced 

concrete building subjected to seismic pounding. Earthquake Engineering and 

Structural Dynamics, 41(12), 1709-1716, 2012. 

1589

http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=7004238801&zone=
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=25625147400&zone=
http://www.scopus.com/record/display.url?eid=2-s2.0-54749142436&origin=resultslist&sort=plf-f&cite=2-s2.0-11844299067&src=s&imp=t&sid=905B672A0A38D620A3B50657D1621C53.ZmAySxCHIBxxTXbnsoe5w%3a100&sot=cite&sdt=a&sl=0&relpos=16&relpos=16&searchTerm=
http://www.scopus.com/record/display.url?eid=2-s2.0-54749142436&origin=resultslist&sort=plf-f&cite=2-s2.0-11844299067&src=s&imp=t&sid=905B672A0A38D620A3B50657D1621C53.ZmAySxCHIBxxTXbnsoe5w%3a100&sot=cite&sdt=a&sl=0&relpos=16&relpos=16&searchTerm=
http://www.scopus.com/record/display.url?eid=2-s2.0-54749142436&origin=resultslist&sort=plf-f&cite=2-s2.0-11844299067&src=s&imp=t&sid=905B672A0A38D620A3B50657D1621C53.ZmAySxCHIBxxTXbnsoe5w%3a100&sot=cite&sdt=a&sl=0&relpos=16&relpos=16&searchTerm=
http://www.scopus.com/source/sourceInfo.url?sourceId=15620&origin=resultslist
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=16030768900&zone=
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=16030768900&zone=
http://www.scopus.com/record/display.url?eid=2-s2.0-70349100328&origin=resultslist&sort=plf-f&cite=2-s2.0-11844299067&src=s&imp=t&sid=905B672A0A38D620A3B50657D1621C53.ZmAySxCHIBxxTXbnsoe5w%3a100&sot=cite&sdt=a&sl=0&relpos=12&relpos=12&searchTerm=
http://www.scopus.com/source/sourceInfo.url?sourceId=15652&origin=resultslist
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=7102473802&zone=
http://www.scopus.com/record/display.url?eid=2-s2.0-67349171856&origin=resultslist&sort=plf-f&cite=2-s2.0-11844299067&src=s&imp=t&sid=905B672A0A38D620A3B50657D1621C53.ZmAySxCHIBxxTXbnsoe5w%3a100&sot=cite&sdt=a&sl=0&relpos=14&relpos=14&searchTerm=
http://www.scopus.com/record/display.url?eid=2-s2.0-67349171856&origin=resultslist&sort=plf-f&cite=2-s2.0-11844299067&src=s&imp=t&sid=905B672A0A38D620A3B50657D1621C53.ZmAySxCHIBxxTXbnsoe5w%3a100&sot=cite&sdt=a&sl=0&relpos=14&relpos=14&searchTerm=
http://www.scopus.com/source/sourceInfo.url?sourceId=15652&origin=resultslist
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=36716923300&zone=
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=23988735100&zone=
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=55014627400&zone=
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=55014627400&zone=
http://www.scopus.com/record/display.url?eid=2-s2.0-84857277373&origin=resultslist&sort=plf-f&cite=2-s2.0-11844299067&src=s&imp=t&sid=905B672A0A38D620A3B50657D1621C53.ZmAySxCHIBxxTXbnsoe5w%3a100&sot=cite&sdt=a&sl=0&relpos=4&relpos=4&searchTerm=
http://www.scopus.com/source/sourceInfo.url?sourceId=17470&origin=resultslist
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=36875937700&zone=
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=6602644788&zone=
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=7101719873&zone=
http://www.scopus.com/record/display.url?eid=2-s2.0-84858862546&origin=resultslist&sort=plf-f&cite=2-s2.0-11844299067&src=s&imp=t&sid=905B672A0A38D620A3B50657D1621C53.ZmAySxCHIBxxTXbnsoe5w%3a100&sot=cite&sdt=a&sl=0&relpos=5&relpos=5&searchTerm=
http://www.scopus.com/record/display.url?eid=2-s2.0-84858862546&origin=resultslist&sort=plf-f&cite=2-s2.0-11844299067&src=s&imp=t&sid=905B672A0A38D620A3B50657D1621C53.ZmAySxCHIBxxTXbnsoe5w%3a100&sot=cite&sdt=a&sl=0&relpos=5&relpos=5&searchTerm=
http://www.scopus.com/source/sourceInfo.url?sourceId=15620&origin=resultslist
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=7003414847&zone=
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=6701655909&zone=
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=6701655909&zone=
http://www.scopus.com/record/display.url?eid=2-s2.0-84866002312&origin=resultslist&sort=plf-f&cite=2-s2.0-11844299067&src=s&imp=t&sid=905B672A0A38D620A3B50657D1621C53.ZmAySxCHIBxxTXbnsoe5w%3a100&sot=cite&sdt=a&sl=0&relpos=1&relpos=1&searchTerm=
http://www.scopus.com/source/sourceInfo.url?sourceId=15620&origin=resultslist
http://www.scopus.com/source/sourceInfo.url?sourceId=15620&origin=resultslist


Maria J. Favvata, Sofia E. Mochla, Maria C. Naoum and Chris G. Karayannis 

[15] S. Mahmoud, A. Abd-Elhamed, R. Jankowski, Earthquake-induced pounding between 

equal height multi-storey buildings considering soil-structure interaction. Bulletin of 

Earthquake Engineering, 11(4), 1021-1048, 2013. 

[16] S. Efraimiadou, G.D. Hatzigeorgiou, G.D. D.E. Beskos, Structural pounding between 

adjacent buildings subjected to strong ground motions: Part I: The effect of different 

structures arrangement. Earthquake Engineering and Structural Dynamics, 42(10), 

1509-1528, 2013. 

[17] L. Zou, K. Huang, L. Wang, L. Fang, Pounding of adjacent buildings considering pile-

soil-structure interaction. Journal of Vibroengineering, 15(2), 905-918, 2013. 

[18] S. Naserkhaki, M. El-Rich, F.N.A.A. Aziz, H. Pourmohammad, Pounding between 

adjacent buildings of varying height coupled through soil. Structural Engineering and 

Mechanics, 52 (3), 573-593, 2014. 

[19] P. Skrekas, A. Sextos, A. Giaralis, Influence of bi-directional seismic pounding on the 

inelastic demand distribution of three adjacent multi-storey R/C buildings. Earthquake 

and Structures, 6 (1), 71-87, 2014. 

[20] A. Moustafa, S. Mahmoud, Damage assessment of adjacent buildings under earthquake 

loads. Engineering Structures, 61, 153-165, 2014. 

[21] I. Yüksel, S. Büyükçapar, Structural Performance Degeneration by Inclusion of a Seis-

mic Joint. Arabian Journal for Science and Engineering, 39 (8), 5991-5999, 2014. 

[22] J.G. Chase, F. Boyer, G.W Rodgers, G. Labrosse, G.A. Macrae, Probabilistic risk anal-

ysis of structural impact in seismic events for linear and nonlinear systems. Earthquake 

Engineering and Structural Dynamics, 43(10), 1565-1580, 2014. 

[23] R. Jankowski, A. Seleemah, S. El-Khoriby, H. Elwardany, Experimental study on 

pounding between structures during damaging earthquakes. Key Engineering Materials, 

627, 249-252, 2015.  

 

1590

http://www.scopus.com/source/sourceInfo.url?sourceId=15600154703&origin=resultslist
http://www.scopus.com/source/sourceInfo.url?sourceId=15600154703&origin=resultslist
http://www.scopus.com/source/sourceInfo.url?sourceId=15652&origin=resultslist
http://www.scopus.com/authid/detail.url?origin=resultslist&authorId=7102473802&zone=
http://www.scopus.com/source/sourceInfo.url?sourceId=12378&origin=resultslist


COMPDYN 2015 
5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

SEISMIC RETROFIT DECISION-MAKING OF BRIDGES BASED ON 
LIFE-CYCLE COST CRITERIA 

Hossein Ebrahimian1, Fatemeh Jalayer2, and Gaetano Manfredi3 

1 Post-doctoral Researcher 
Dep. of Structures for Engineering and Architecture, University of Naples Federico II, Naples, Italy 

e-mail: ebrahimian.hossein@unina.it 

2 Associate Professor 
Dep. of Structures for Engineering and Architecture, University of Naples Federico II, Naples, Italy 

fatemeh.jalayer@unina.it 

3 Professor 
Dep. of Structures for Engineering and Architecture, University of Naples Federico II, Naples, Italy 

gamanfre@unina.it 

Keywords: Seismic Retrofit of Bridges, Retrofit Decision-making, Life-Cycle Cost Criteria, 
Time-dependent Risk, Limit State Probability. 

Abstract. In a decision-making framework within the context of performance-based design, 
life-cycle cost can be regarded as a suitable benchmark performance variable to quantify and 
measure performance objectives for a set of (discrete) limit states. Life-cycle cost criteria is 
identified as an economic term expressed in monetary units; it accounts for the initial con-
struction costs, the repair costs taking into account also the loss of revenue due to down time, 
and finally the maintenance cost. The expected life-cycle cost is used for retrofit design of an 
existing reinforced concrete bridge infrastructure that is located in south of Italy. The retrofit 
design involves decision-making between a set of viable rehabilitation schemes, which mainly 
isolate the simply-supported bridge deck from the pier cap or force the deck to have a uniform 
displacement along its longitudinal direction. The proposed methodology for life-cycle cost 
assessment takes the advantage of a closed- and analytic-form approximation in order to take 
into account the time-varying profile of the probability of exceeding a set of structural limit 
states. The presented procedure can be effectively used for screening among alternative pro-
posed upgrading strategies while satisfying prescribed reliability-based criteria. The optimal 
solution is highlighted based on the minimization of the life-cycle cost. 
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1 INTRODUCTION 

In the context of performance-based design, several performance objectives (e.g., minimize 
initial cost of construction, ensure life-safety in case of extreme and rare events) can be con-
sidered for a set of discrete limit states. In order to implement the performance objectives in a 
decision making framework, it is desirable to quantify and measure these objectives in terms 
of a common benchmark variable. The life-cycle cost has been proposed by many researchers 
(see e.g. [1-7]) as a suitable benchmark performance variable. Life-cycle cost, which is histor-
ically identified as an economic term expressed in monetary units, accounts for initial costs of 
construction of facility, the regular costs of its maintenance and its functionality over time, 
loss of revenue in case of damage, re-pair / replacement costs, social losses including eventual 
loss of life and end-of-life recycling costs. The evaluation of life-cycle cost is subjected to 
several sources of uncertainty, such as the occurrence and the intensity of future earthquake 
events, the structural resistance and the service life itself. Life-cycle cost is generally evaluat-
ed in terms of its expected value over the life-time of the infrastructure. 

The present study aims to apply the life-cycle cost criteria to retrofit design of an existing 
reinforced concrete (RC) bridge with simply-supported decks built in the 1970s and located in 
the Campania Region, south Italy. The retrofit design involves decision making between a set 
of viable options which can be evaluated and compared in terms of their corresponding life-
cycle cost and subjected to reliability constraints. In particular, for each upgrade option, the 
corresponding life-cycle cost is evaluated by calculating in monetary terms, the direct cost of 
the installation of the upgrade solution, the maintenance cost of the upgraded system, the re-
pair/replacement costs in case of damage. After the low-cost option is identified among the set 
of retrofit schemes, the structural reliability for the corresponding upgraded infrastructure 
needs to be verified against an acceptable threshold. 

The methodology for calculating the life-cycle cost takes into account the time-varying 
profile of the probability of exceeding a set of structural limit states. Thus, in the first step, a 
procedure is proposed for calculating the time-dependent probability of exceeding different 
structural limit states given a sequence of major seismic events. It takes advantage of a recent-
ly developed framework by the authors which was proposed for post-mainshock risk assess-
ment [8-10]. Later, a closed- and analytic-form approximation to the time-dependent limit 
state probability is derived (see also [10]). The calculated time-dependent limit state proba-
bilities based on the closed-form expression are then used in order to estimate the expected 
life-cycle cost for each retrofit option considered.  

For the simplicity of calculations, the three-dimensional (3D) model of the case-study 
bridge is subjected to ground motions in its longitudinal direction. Five alternative schemes 
are adopted for rehabilitation of the bridge. They aim mainly at improving the global behavior 
of bridge deck by using friction pendulum isolators and/or force the deck to have a uniform 
displacement along its longitudinal direction. The optimal solution is highlighted based on the 
minimization of the life cycle cost satisfying the acceptable reliability-based criteria. 

2 METHODOLOGY 

The objective of this methodology is to evaluate the expected life-cycle cost for a bridge 
that is subjected to seismic actions during its life-time neglecting the effect of aging (given the 
fact that this methodology is used for optimal decision-making and not for assessment pur-
poses). First, a method is proposed in order to calculate the time-dependent risk in terms of 
the probabilities corresponding to the exceedance of desired (discrete) limit states during the 
entire lifetime of the bridge (considering the sequence of seismic events that may take place 
during the bridge life cycle). It implements the methodology presented primary in [6, 8], and 
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further developed in [9]. Subsequently, to facilitate the estimation of time-dependent limit 
state exceedance probability, a simple closed-form and analytical approximation is derived. It 
employs the standard tools in risk assessment such as the fragility curve for the intact struc-
ture and takes into account that the bridge is going to be repaired before the next events takes 
place. These results are directly used within the calculation of the repair cost.  

Accordingly, the expected life-cycle cost is calculated by taking into account the initial 
construction costs, the repair costs taking into account also the loss of revenue due to down 
time, and finally the maintenance cost. The calculations involved in this methodology are 
based on a set of assumption described in the following section. The presented probability-
based methodology for evaluation of the expected life-cycle cost herein can be effectively 
used for screening among various proposed upgrading strategies while satisfying prescribed 
reliability constraints. 

2.1 The Set of Assumptions  

The following assumptions are adopted herein: 
1. Once a major seismic event (i.e., the one with magnitude greater than a prescribed 

threshold) hits the bridge, the decision follows the immediate shutdown of the bridge 
and repairing of the infrastructure. 

2. The repair operation is supposed to restore the infrastructure back to its intact initial 
state. 

3. The time of repair, which is also equal to the down-time for the infrastructure, depends 
only on the state of the damaged bridge. It is likely that major seismic events take place 
while the bridge is under repair. 

4. The bridge is going to be replaced / recycled while the following conditions arise: a) 
the infrastructure goes beyond the defined ultimate limit states, and b) the cost of repair 
operations exceeds the replacement costs. 

5. The sequence of major seismic events taking place does not include the clustering of 
seismic events (i.e., aftershocks); previous works by the authors has focused on the 
clustered events (see [8-10]). 

6. The effect of aging is not considered. 

2.2 Calculation of Time-dependent Limit State Probability  

Assume that I1 stands for the information as follows: t denotes the life time of the bridge 
(generally defined in unit of year); Nce represents the maximum number of critical seismic 
events that can take place during the time interval [0,t] and have magnitude M within the 
range Ml≤M≤Mu (Ml is the lower magnitude and Mu defines the upper-bound magnitude). The 
probability of first-excursion for the desired limit state LS given I1, denoted by P(LS|I1) can 
be expanded by using Total probability Theorem [11]: 

      1 1 1
1

| | , |
ceN

n

P LS P LS n P n


Ι Ι Ι  (1) 

where P(LS|n,I1) is the probability of exceeding the limit state LS for the first time given that 
exactly n=1:Nce events take place and I1; P(n|I1) is the probability that exactly n events with 
Ml≤M≤Mu take place during t. Assuming that the earthquake occurrence in the life-time of the 
bridge infrastructure is expressed by a stationary Poisson probability mass function, P(n|I1) 
can be expressed as: 
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where  is the annual rate of seismicity (i.e., annual rate of occurrence of events with 
Ml≤M≤Mu). The best-estimate for Nce in Eq. (1) can be adopted herein as the expected value 
plus two standard deviations (Nce≈t+2[t]1/2) for the distribution P(n|I1) provided by the 
Poisson model. The term P(LS|n,I1) in Eq. (1) can be calculated by taking into account the set 
of mutually exclusive and collectively exhaustive (MECE) events that the LS first-excursion 
is taken place at one and just one of the previous events (see [6-10]): 

    1 1 1 2 1 2 3 1 2 1| , ... .... n nP LS n P C C C C C C C C C C    Ι  (3) 

where Ck, k=1:n, is defined by the following statement: 

 
first-excursion after th event 

not exceeded after th event (read as NOT )

k

k k

C LS k

C LS k C





 (4) 

The authors have shown that P(LS|n,I1) in Eq. (3) can be written as (see Appendix of [9]): 
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where k denotes the probability of LS first-excursion due to the occurrence of the kth event 
given that the limit state has not exceeded in the previous (k-1) events and I1. For the sake of 
brevity, the conditioning information that the limit state first-excursion did not take place in 
the previous events together with I1 is expressed hereafter as I2. The probability term k in 
Eq. (5) can further be expanded with respect to the ground motion intensity measure IM, as 
follows (see also [9]): 

            2 2

all all all

d1 1
| , | d d d

d
IM

k k k k IM

x x x

x
P C x p x x x x x x

x


  

 
 

     
  

  Ι Ι  (6) 

where x specifies IM associated with the kth event; k(x) is called event-dependent fragility for 
the kth event given I2 [9]. The set of event-dependent fragilities {πn(x)|n=1:Nce} is estimated 
through a non-linear dynamic analysis procedure named Sequential Cloud Analysis which is 
discussed in Appendix of this paper. The probability p(x|I2) is the likelihood of IM at x corre-
sponding to the kth event (among the information within I2, the conditioning that the previous 
(k-1) events have not led to the exceedance of the limit state LS is ignored as it is already seen 
in calculating k); p(x|I2) can be derived directly from the site-specific seismic hazard in terms 
of the mean annual rate of exceeding x, i.e. IM(x), as shown in Eq. (6) where dIM(x)/dx is the 
slope of the seismic hazard curve. In general, k is solved using numerical integration by 
computing the product of the event-dependent fragility and the differential of the seismic haz-
ard curve at discrete values x, adding the results from all x, and then multiplying by 1/

Although P(LS|I1) is estimated within the time-interval [0,t], the first-excursion probabil-
ity in the time interval [0,t+t] denoted as P(LS|t+t,I1) where t is a time increment, can be 
expressed as: 
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      1 1 1| , | | [ , ],P LS t t P LS P LS t t t     Ι Ι Ι  (7) 

where the second term in Eq. (7) denotes the time-dependent limit state first-excursion proba-
bility in the time interval [t, t+t], and equals [8]:  

      1 1 1| [ , ], | , |P LS t t t P LS t t P LS     Ι Ι Ι  (8) 

Thus, by setting t=1 year, the limit state first-excursion probability in one-year time in-
terval [t, t+] can be attained. 

2.3 A Closed-form Approximation to Time-dependent Limit State Probability  

The term P(LS|I1) in Eq. (1) is approximated with a closed-form analytic expression based 
on the methodology preliminary proposed in [10]. Assume that the set of probability terms 
{k|k=1:n} introduced in Eq. (5) is identical and equal to the time- and event-invariant func-
tion . Thus, P(LS|n,I1) in Eq. (5) can be regarded as the sum of a geometric series: 
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Substituting P(LS|n,I1) from Eq. (9) and P(n|I1) from Eq. (2) into P(LS|I1) in Eq. (1), we 
have: 
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The first term in Eq. (10) equals the sum of the Poisson Probability Mass Function (PMF) 
terms starting from n=1. Knowing that the sum of the Poisson PMS terms starting from n=0 is 
equal to unity, the first term in Eq. (10) equals 1-exp(t). Subsequently, Eq. (10) can be fur-
ther simplified as follows: 
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As a result, the closed-form approximation to the time-dependent limit state probability 
P(LS|I1) in Eq. (11) is derived as: 

    1| 1 expP LS t  Ι  (12) 

The closed-form expression in Eq. (12) serves as a simple analytic equation for calculating 
the time-dependent LS first-excursion probability due a sequence of events. There are differ-
ent proposals that can be drawn for , which can be defined based on the alternative decisions 
for the repair of the bridge system, as will be discussed in the next section. 

Nevertheless, it is interesting to note that with reference to Eq. (6), k=1 denotes the occur-
rence of one event, where 1 can be interpreted as the structural fragility for the intact bridge, 
and the limit state exceedance can be described by a homogenous Poisson process with rate 
LS. Thus, 
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In case of using 1, the exceedance probability in Eq. (12) can be further expressed as: 

    1| 1 exp LSP LS t  Ι  (14) 

which is respectively the standard and well-known equation of the probability of occurrence 
of at least one event in a period of time [0,t], considering the fact that the occurrence of events 
are described by a homogenous Poisson process. In this method, it is assumed that the bridge 
is going to be repaired immediately after the occurrence of a major seismic event with a repair 
time,  that is assumed to be equal to zero. Thus, the limit state first-excursion becomes a 
Poisson process. As a convention for the rest of current paper, the calculation of time-
dependent limit-state probability by employing Eq. (14) is addressed as “Standard method”, 
and is denoted as P(LS|=0,I1). 

In a research study conducted recently by the authors [10], the closed-form analytical ex-
pression was utilized for calculating the post-mainshock limit state probability. It was investi-
gated the even using the fragility of intact structure in Eq. (12) leads to a very good agreement 
with the computationally extensive and time-consuming exact solution for limit state proba-
bility (as described in Section 2.2 by using the sequence of event-dependent fragilities). 
Therefore, in this study, the fragility of the intact bridge infrastructure, π1, is used without 
emphasizing to provide any further comparison with the exact solution introduced in Section 
2.2. 

2.4 How does the decision for repair affect the probabilistic time-dependent risk for-
mulation? 

According to the assumptions previously made in Section 2.1, the objective here is to take 
into account the repairing decision (addressed in this paper as R decision) with a predefined 
repair time . Accordingly, the time-dependent limit state probability by this approach is 
denoted herein as P(LS|,I1). Hence, the limit-state first excursion is not a Poisson process and 
depends on the history of events taken place. This decision is taken into account while esti-
mating the set of probability terms {n|n=1:Nce}. For the Repair (R) decision, the set of prob-
ability terms {n,R|n=1:Nce} should further break down into the sum of two MECE events 
considering the fact that event n hits the intact (not damaged) bridge (denoted by D0) or the 
damaged bridge (defined by D), as follows: 

    , 0 2 2, | , |n n nP C D P C D  R Ι Ι  (15) 

As noted previously, I2 comprises the background information I1 and the information that 
the previous (n-1) events have not led to the first-excursion of the limit state LS. Eq. (15) ex-
pands as: 

        
1

, 0 2 0 2 2 2
1

| , | | , |
n

n n n j j
j

P C D p D P C D p D




  R I I I I  (16) 

where P(Cn|D0,I2) is the conditional probability of LS first-excursion due to the occurrence of 
the nth event given that the bridge is repaired (back to its intact state) right before the last nth 
event takes place. As a result, this probability term equals Π1 associated with the intact bridge 
infrastructure. Accordingly, p(D0|I2) is the probability that the bridge is repaired before occur-
rence of the nth event, which reveals that the inter-arrival time (IAT) between the last subse-
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quent events, i.e. nth and (n-1)th events, is greater than the repair time  associated with the 
limit state LS. Thus, p(D0|I2) is the probability that IAT> which can be expressed as an Ex-
ponential distribution equal to exp(-). Consistently, P(Cn|Dj,I2) can be interpreted as the LS 
first-excursion due to the nth event given that the damaged bridge is already subjected to 
j=1:n-1 seismic events while it have been under repair (the information extracted from I2 is 
that the previous j events have not led to the first-excursion of limit state LS). Hence, this 
probability term is identical to Πj+1. In addition, p(Dj|I2) is the probability of experiencing ex-
actly j events (before the last nth event take place) while the bridge is being under repair (i.e., 
for all of the preceding j events, IAT< and the bridge became intact before jth event); 
hence, there are j independent and exponentially distributed probabilities that the IAT<, 
each can be expressed as 1-exp(-) in addition to the probability exp(-). As a result, Eq. 
(16) can be re-written as: 
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, 1 1
1

1
n j

n j
j

e e e  


  




    R  (17) 

With reference to Eq. (17), 1 is calculated from Eq. (13), while Πj+1 should be estimated 
from Eq. (6) using the event-dependent fragility j+1. However, in case of directly using the 
closed-form expression proposed in Eq. (12) for time-dependent limit state probability, proper 
assignment should be given to In this case, one can set Πj+1=1, and directly calculate Π2,R 
to be used as . Nevertheless, it would be much more convenient if one uses the so-called 
damaged bridge (i.e. 2) and assign it to all Πj+1, and then set 2,R in Eq. (12). The time-
dependent limit-state probability by considering the repair, R, decision is called herein as “R 
decision”. 

2.5 Expected Life-Cycle Cost 

The expected life-cycle cost given the information I1 can be expressed as [1]: 

 2 0 R M[ | ]C C C C  Ι  (18) 

where C0 is the initial construction or upgrade installation cost, CR is the repair or replacement 
costs taking into account also the loss of revenue due to downtime, and CM is the annual 
maintenance costs. The repair cost CR can be calculated from the following equation: 
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where NLS is the number of desired limit states ordered from the service up to the collapse, 
and ls, where ls=1:NLS, accounts for the limit state under consideration; LSCls is the expected 
cost of restoring the bridge infrastructure from the lsth limit state LSls back to its intact state 
including eventual loss of revenue caused by interruption for repair operations; d is the annu-
al discount rate and exp(-dt) denotes the change in the monetary-based evaluations per time; 
P(LSls|[t,t+],I1) derived from Eq. (8) is the time-dependent first-excursion probability of limit 
state LSls in one-year for the time-interval [t,t+]. The term P(LSls|[t,t+],I1) denotes the an-
nual probability in the time interval [t,t+] that the infrastructure is between the two subse-
quent limit states ls and ls+1; needless to say that for the collapse limit state (i.e., the last limit 

1597



H. Ebrahimian, F. Jalayer and G. Manfredi 

state ls=NLS), this probability differential P becomes P(LSNLS|[t,t+],I1). It is also noteworthy 
that t starts from one as the relationship in Eq. (8) is meaningful for tlife starting from one.  

The cost of maintenance CM can be estimated as: 

 dd m
M m0

d

[1 ]
life life

t tt C
C C e dt e 


    (20) 

where Cm is the (constant) annual maintenance cost.  

3 NUMERICAL EXAMPLE 

The methodology described in Section 2 is applied to screening of alternative retrofit op-
tions associated with an existing bridge infrastructure in order to find the most suitable retrofit 
solution according to life cycle cost and reliability criteria. 

3.1 Bridge Infrastructure Description  

The case-study bridge examined in this study is a RC bridge built in the 1970s and located 
in the Campania Region, south Italy. It consists of six simply supported decks having inde-
pendent spans of 41.00 meters, as illustrated in Fig. 1. It is worth mentioning that the bridge is 
representative of the Italian bridge inventory considering the fact that approximately 90% of 
the Italian highway bridges are represented by multi-span simply supported deck bridges (ei-
ther with independent spans or with continuous cast in situ top slab above the piers) (see 
[12,13]). 

 

Figure 1: The longitudinal profile of the case-study bridge 

The decks are supported by five pairs of box-type piers which are classified into two dif-
ferent types of cross section as shown in Fig. 2: the central piers (numbered as 3 and 4 in Fig. 
1) which are approximately 40 m high, and the remaining tree piers defined with numbers 1, 2 
and 5 in Fig. 1, with a height of around 20 m. 

The simply-supported deck, whose cross section is illustrated in Fig. 3, consists of eight 
longitudinal beams with an upper cast-in-place slab of thickness 20 cm. The decks are sup-
ported on the cap-beams by means of elastomeric (neoprene) bearing supports. The abutments 
are seat-type, with neoprene bearing pads. 

Pier 1 

Pier 2 
Pier 3 

Pier 4 

Pier 5 
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Figure 2: The cross section of piers 

 

 

Figure 3: The cross section of simply-supported decks (dimensions are in meters) 

3.2 Development of Bridge Model  

The three-dimensional (3D) model of the bridge was created in the nonlinear finite element 
analytical program OpenSees [14], which provides an adequate element and material library 
for earthquake engineering applications. Illustrative descriptions of the nodal and element 
designations and boundary conditions corresponding to the spine-line model for the case-
study bridge, with line elements located at the centroids of the cross-sections, are shown in 
Fig. 4. This figure serves as a representative model for a typical double pier and the deck 
above it as well as the abutment in both longitudinal and transverse directions, which is used 
as the OpenSees simulation model. The global directions are shown on this figure 

In this figure, nodes are shown with hollow black circles. Individual components are in-
cluded in this figure: (1) pair of piers considered as nonlinear components, (2) deck consid-
ered as a linear elastic component, (3) cap-beam shown as rigid element (RE), (4) bearing 
device defined with zero-length (denoted as zeroLength) elements, and (5) the seat-type 
abutment where the deck beam is seated on the abutment bearing pad defined with zeroLength 
element. It is noteworthy that the connection of the column bent to the pile cap is considered 
to be rigid for the case-study herein; hence, no pile-soil-structure interaction is taken into ac-
count. In addition, many features in the modeling of abutments and its interaction with the 
soil are neglected herein for simplicity. Important assumptions and main aspects of the model-
ing process of each individual component are described in the following subsections. 
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Figure 4: The cross section of simply-supported decks (dimensions are in meters) 

3.2.1. Modeling of Deck 

Simply-supported Decks are modeled using elastic beam-column elements, since flexural 
yielding of the deck during seismic response is not expected to take place. Although cracked 
section properties can obtain realistic values for the infrastructure’s period and the seismic 
demands generated from the analyses, the effective moment of inertia of the deck beams, de-
noted as Ieff is set to that of the gross section (Ig). Needless to say that since all elements are 
modeled in the centerline of the bridge components (as mentioned earlier), it is required to 
consider the distance between the centroid of the deck-beam’s cross-section (see Fig. 3) and 
the cap-beam’s top. Instead of assigning a rigid joint offset to the deck beams, rigid beam el-
ements (red RE elements in Fig. 4) are modeled which connect the deck beam to the bearing 
devices on the top of cap-beams. The material properties of deck members are defined subse-
quently. 

3.2.2. Modeling of Cap-beam 

A rigid beam element is used to represent the cap-beam, as shown by horizontal blue RE 
elements in Fig. 4. The cap-beam is connected by the elastomeric bearing supports to the su-
perstructure. 

3.2.3. Modeling of Piers 

The main source of nonlinearity in this bridge model is reflected in its piers, where the 
evolution of column yielding and damage are expected under strong ground motions. Hence, 
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nonlinear force-based beam-column elements are used to represent the nonlinear behavior of 
piers in Opensees [14]. It is worth mentioning that in the distributed plasticity integration 
methods for force-based beam-column formulation (e.g. Gauss–Lobatto integration), it is not 
possible to represent both the spread of plasticity under hardening and member and section 
response under softening. Therefore, a new plastic hinge integration method based on modi-
fied two-point Gauss-Radau quadrature has been implemented which has the capability to 
overcome the difficulties that arise with Gauss–Lobatto integration for strain-softening behav-
ior in force-based beam-column finite elements (for more details, see [15]). 

Accordingly, the nonlinearity is assigned to both end of the piers within the plastic-hinge 
length and the interior portion of the beam-columns remains elastic. The analytical length of 
the plastic hinge in the piers is taken herein as the median of the equations suggested in [16], 
[17], and [18] respectively: 

 bL
p V

(MPa)
0.1 0.17 0.24

(MPa)
y

c

d f
L L h

f
    (21) 

 p bL0.10 0.015 (MPa) 0.10yL L d f L    (22) 

 p bL bL0.08 0.022 (MPa) 0.044y yL L d f d f    (23) 

where LV is the shear span (which is equal to the pier height L in longitudinal direction), h is 
the depth of the cross section, dbL is the diameter of tension reinforcement, fc is the concrete 
compressive strength (MPa), and fy is the estimated mean value of steel yield strength (MPa) 
(see Section 3.2.5 for the material properties).  

Fiber sections are assigned to the two pier sections (see Fig. 2) with two constitutive rules 
used simultaneously within a cross-section: (1) unconfined concrete, and (2) steel rebar. The 
concrete and reinforcing steel material properties are defined subsequently. In order to model 
the portion of the piers that are embedded in the cap-beam, a vertical blue RE elements are 
defined in the bridge model which connect pier’s top to the centroid of the cap-beam (see Fig. 
4). It should further be noted that the effect of bar-slip is not considered within the nonlinear 
modeling of bridge piers in this study. Slip of a pier’s reinforcing bars in the base will cause 
rigid-body rotation of the pier, which cannot be accounted for in a flexural fiber analysis, 
where the column ends are assumed to be fixed. 

3.2.4. Modeling of Abutments 

A detailed description of abutment modeling with appropriate references can be found in 
[19]. In addition to the resistance of distributed bearing pads in both horizontal as well as ver-
tical directions, there are important issues that should be considered in a comprehensive mod-
eling of abutment. In the longitudinal direction of the bridge, the longitudinal stiffness of the 
zero-length element shown in Fig. 4 should also accounts for the gap between the deck and 
the abutment backwall as well as the active soil pressure behind the abutment backwall. Simi-
larly, the transverse stiffness of the zero-length element should take into account the shear 
strength of the backfill soil behind the abutment backwall. In the vertical direction, in addition 
to the neoprene bearing pad stiffness in vertical direction, the abutment embankment stiffness 
should also be taken into account. All the assigned nonlinear zero-length elements should 
work only in compression. 

Nevertheless, herein, a very simple abutment modelling is used, where the stiffness as-
signed to zero-length elements in three directions represents the stiffness of the neoprene 
bearing pads. The zero-length elements can work in tension and compression simultaneously; 
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this assumption can introduce a horizontal instability in the model when all the piers’ chord 
rotations go beyond the rotational capacity associated with the maximum strength of piers. 

3.2.5. Material Properties 

For the reinforced concrete piers, the Concrete04 UniaxialMaterial of the OpenSees [14] 
material library is used in the modeling process which has the capability to consider the con-
crete model proposed by [20]. The following parameters were employed: unconfined concrete 
compressive strength fc=20 MPa, the strain at maximum concrete stress c0=0.002, the ulti-
mate unconfined concrete strain c0=0.005, and the concrete modulus of elasticity defined as 
follows: 

 1.50.043 (MPa) 4700 21019 MPaC c cE w f f       (24) 

where w is the unit weight of concrete. It is noteworthy that no tensile strength is considered 
for the concrete material. In addition, it is also recommended to assign unconfined and con-
fined concrete material to the concrete cover and core of the pier section, respectively; never-
theless, this study assume an unconfined concrete material, as defined previously, for the 
whole pier section.  

For the reinforcing steel material, a uniaxial Giuffre-Menegotto-Pinto steel material object 
with isotropic strain hardening, called Steel02, is used from OpenSees [14] material library. 
The advantage of this steel material is mainly the smooth translation of backbone curve from 
elastic range to plastic range, which leads to fewer convergence problems. For this purpose, 
the steel modulus of elasticity and the mean value of steel yield strength were set as 
Es=200000 MPa and fy=310 MPa, respectively. A strain-hardening ratio (ratio between post-
yield tangent and initial elastic tangent) equal to 0.01 is considered. 

3.2.6. Assignment of Masses and Damping 

In order to achieve an accurate distribution of mass along the length of the bridge deck, a 
distributed mass is assigned to the elastic beam-column element of the deck beam which has 
the capability to construct a consistent mass matrix for these elements. In addition, a distribut-
ed mass along the height is also considered for the piers (see Fig. 4 for the assigned distribut-
ed masses). The mass of the cap-beam (i.e., those portions that are RE in Fig. 4) are 
concentrated at the mid-node of the cap-beam, as shown in Fig. 4. 

Rayleigh damping is employed with a 5% of critical damping coefficient in the first two 
modes of vibration (see [19, 21]). The classical damping matrix is a linear combination of the 
mass and stiffness matrices with the coefficients M and K, respectively [22]: 

 1 2

1 2 1 2

1
2 , 2M K

    
   


 

 
 (25) 

where 1 and 2 are the frequencies associated with the first and second modes, respectively. 

3.2.7. Shear Deformation in Pier Sections 

In order to account for the shear deformation in piers due to shear force and torsional bend-
ing, section aggregator in OpenSees is used. To aggregate the shear deformation in the fiber 
section analysis of the piers, three elastic uniaxial materials are defined: 

1. Two elastic materials with elastic shear stiffness equal to GC×Avy and GC×Avz, which 
account for the shear deformation in two (local) perpendicular directions of the pier 
section y and z. GC is the shear modulus of concrete; Avy and Avz are the effective shear 
area of the box-type piers which are less that the gross area of the pier, Ag. 
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2. One elastic material that accounts for the torsional deformation in the fiber section of 
the pier with the elastic torsional stiffness ×GC×Jg where Jg is the polar moment of 
inertia of the cross-section of the pier. The reduction factor of 0.20 is used due to crack-
ing of the pier cross-section [21]. 

It is to note that the shear deformation is calculated by assigning an elastic material. The 
use of more sophisticated models that account for nonlinear shear deformation is a plan for 
near future developments. 

3.3 Alternative Retrofit Strategies 

Five alternative schemes are adopted for rehabilitation of the case-study bridge infrastruc-
ture herein. They aim at improving the global behavior of bridge deck by using friction pen-
dulum isolators and/or force the deck to have a uniform displacement along the longitudinal 
direction (see Table 1). More details about different retrofit options can be found in [23, 24]. 
The first-mode period, T1, of the original (as-built) model of the bridge considering also the p-
delta effect due to gravity loads is 2.46 sec. The first-more period of alternative retrofit op-
tions are outlined in Table 1.  
 

Retrofit option Description 
Implementation in OpenSees 
 (see Fig. 4) 

ROD  The simply-supported decks are con-
nected with chains 

Impose the same longitudinal dis-
placement to the adjacent nodes of the 
deck beams in both sides of the pier, 
T1 = 1.99 sec 

FP-R25  Friction Pendulum isolator with ef-
fective radius of concave sliding sur-
face equal to 2.5 m and a Coulomb 
friction of 2%  

Using Single Friction Pendulum Bear-
ing Element together with a Coulomb 
friction model, T1 = 3.20 sec 

FP-R25-ROD The combination of ROD and FP-
R25 

T1 = 2.84 sec 

FP-R31 Friction Pendulum isolator with ef-
fective radius of concave sliding sur-
face equal to 3.1 m and a Coulomb 
friction of 5% 

T1 = 3.47 sec 

FP-R31-ROD The combination of ROD and FP-
R31 

T1 = 3.15 sec 

 

Table 1: Alternative retrofit strategies. 

3.4 Definition of Limit States 

In order to be consistent with recent studies on bridge infrastructures in Italy (see [12, 25]), 
two limit states (LS) or performance levels are considered: damage Limit State and collapse 
Limit State. The time-dependent limit state probabilities are evaluated based on both limit 
states. Each LS is associated with states of damage as summarized in Table 2. 

According to this Table, Damage LS (denoted as DS) defines the condition of having lim-
ited structural damages in which it would be prudent to implement structural repairs. This 
may require traffic interruptions or the installation of temporary bracing systems. For this LS, 
the only DS that is considered is the pier yielding associated with ductility equal to one. Two 
important DSs that are not considered in this study are as follows: the bearings’ failure when 
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the displacement exceeds the displacement capacity of the bearing device (it leads to the sim-
ple fall of the deck from the bearing seat); attainment of the active resistance of abutments 
(pulling action). 

The Collapse LS takes into account the condition in which the extensive damages to bridge 
retain no margin against collapse. This implies that significant degradation has occurred in the 
stiffness and strength of the piers, and/or large displacements take place which might cause 
unseating of the decks. The infrastructure may be technically repairable, but costs could be 
very high and the closure of the bridge for long time is inevitable. The DSs considered for this 
limit state are: (1) pier collapse due to the attainment of its ultimate ductility or shear strength, 
(2) unseating of the deck due to the full loss of support from the cap-beam. It is to note that 
attainment of the passive resistance of abutments (pushing action) is also an important DS 
which is not taken into account in current study. 

 
Limit Sate (LS) State of Damage (SD) Description 
Damage (DS)  Pier flexural yielding Pier chord rotation exceeds pier 

chord rotation at yielding,  ≥ y 
Collapse (CS) Pier flexural capacity  Pier chord rotation exceeds pier 

chord rotation at collapse,  ≥ u 
Pier shear capacity Pier shear force exceeds pier shear 

resistance, V ≥ VR () 
Unseating of the deck Deck displacement in the longitudi-

nal direction is greater than the seat 
length 

 

Table 2: Definition of Limit States. 

According to Table 2, the allowable unseating length of the case=study bridge with refer-
ence to its original drawings is set to 60 cm. Moreover, Table 2 outlines the two thresholds 
considered for chord rotation of piers, namely y and u. These values are obtained directly 
from pushover analysis of single piers (i.e., base shear versus chord rotation) after applying 
the associated axial force due to gravity loads on each pier. Fig. 5 illustrates the actual pusho-
ver curves associated with two types of piers (i.e. piers 1-2-5 and piers 3-4, as shown in Fig. 2) 
in longitudinal (global X) direction. The onset of damage and collapse limit states are marked 
on the pushover curves in terms of the chord rotation. It is noteworthy that y is marked by 
visual inspection on the pushover curve trend, while u threshold is set to 20% drop in ulti-
mate strength of the piers as denoted in [26]. 

The shear strength, VR, is calculated by the provisions of [16] (see also [27]), that is com-
monly suggested for the assessment of existing buildings under cyclic loads. The shear 
strength is obtained from the following equation: 
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where el=1.15; x is the depth of the neutral axis at yielding; N is the is axial load; Ac is the 
area of the section; c=1.50 is the partial safety factor of concrete; 

pl is the plastic ductility 
factor which is equal to y-1; tot is the total longitudinal reinforcement ratio; w is the 
transverse reinforcement ratio; s=1.15 is the partial safety factor of reinforcing steel; bw is 
the section width; z is the internal lever arm. In this study, Ac=bw·d for the box-type section of 
the piers with the effective thickness bw equal to two times the web thickness in the direction 
of loading, and d equal to the effective depth of the section. 

The estimated values of the shear strength at the base of the two types of piers as a function 
of  are also shown in Fig. 5 for the sake of comparison. It can be depicted that the shear 
strength is more critical in case of short piers (piers 1-2-5). 
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Figure 5: The pushover curve with the onset of both limit states associated with chord rotation marked on it, together with 
shear strength curve of the bridge piers (a) pier type 1-2-5, (b) pier type 3-4 

3.5 Calculation of the structural performance variable YLS 

The structural performance variable YLS, which is comprehensively defined in the Appen-
dix of this paper as a time and history dependent performance variable, is generally the criti-
cal demand to capacity ratio. It is primarily introduced in [28], and further utilized in [9, 29]. 
It is recently used as a proper decision variable for assessing the existing bridge infrastruc-
tures in Italy [25, 30]. Since there are various SD’s for a given limit state, YLS is capable of 
finding the critical situation while relating the structural behaviour at the component level to 
its global performance. For the case-study bridge system, a simple scheme of finding the 
weakest failure mode leads us directly to the global failure. Accordingly, for each limit state 
LS, YLS is obtained as: 

  SD ele
,max maxN N

LS i j LS jiY Y  (30) 

(a) (b) 
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where NSD is the states of damage for the considered LS, Nele is the number of components 
taking part in the ith SD, and YLS,ji is the value of YLS for the jth component of ith SD. Accord-
ingly, in case of damage limit state, NSD=1 and j=1:6 (as there exists 6 piers). Consequently, 
for the collapse limit state, NSD=3 (i.e. i=1:3), where i=1:2, j=1:6 correspond to the pier flex-
ural and shear capacities; nevertheless, i=3 denotes the SD corresponding to unseating of the 
deck with j=1:12 since the displacements at start and end nodes of the 6 simply-supported 
deck beams should be simultaneously monitored (see Fig. 1).  

3.6 Selected Suite of Ground-motion Records 

For performing the cloud analysis, a set of 25 European (especially Italian) strong ground 
motion records are selected from the NGA-West2 database [31], and listed in Table 3. This 
suite of selected records covers a wide range of magnitudes from 5.50 up to 7.51, and closest 
distance to ruptured area (RRUP) up to 16 km, as illustrated in Fig. 6(a). This set of ground mo-
tions is chosen without emphasizing on detailed record selection which is not a primary focus 
in this study. The main concern, herein, is to provide a proper cloud response that cover the 
range of YLS from lower values to values higher than 1. 

The associated spectral shapes are shown in Fig. 6(b). With reference to Table 3, nine rec-
ords out of 25 are identified as pulse-like based on the algorithm proposed in [32], which can 
acquire pulses at arbitrary orientations in multi-component ground motions. The outlined 
pulse periods in Table 3 are obtained from the extracted pulses in the direction of the strong-
est observed pulse. It is to note that pulses are often found in other orientations due to com-
plex geometry of a real fault; thus, the velocity pulse can be present in orientations other than 
the computed fault-normal orientation. The spectral accelerations of the nine pulse-like rec-
ords are shown in Fig. 6(b) with bold lines. In order to draw a point of comparison, the uni-
form hazard spectra (UHS) for two hazard levels of 10% and 5% exceedance in 50 years are 
also illustrated on Fig. 6(b). It reveals the appropriateness of the selected set of records which 
provides a good variability around the UHS (although selecting spectrum compatible records 
has not been an objective herein). 

3.7 Seismicity of the Site 

The bridge’s site with the coordinate [41.0264N, 14.795E] is located in the Campania re-
gion in the boundary of seismic zones 927 and 928, based on the Italian Seismogenic Zona-
tion (ZS9) [33]. Fig. 7(a) shows the seismogenic zonation ZS9 with different zones identified 
on it; it can be seen that the desired sire is surrounded by the seismic zones 923, 924, 925, 
926, 927 and 928, separately indicated in Fig. 7(b). The key seismicity parameters of each 
zone are outlined in Table 4. 

Based on the seismicity data of each zone, a simplified site-specific probabilistic seismic 
hazard analysis (PSHA) is performed on the bridge site using the MATHAZARD [34]. The 
Sabetta and Pugliese 1996 attenuation relation [35] is chosen because of its wide use in Italy, 
and consistency with the INGV hazard maps (Istituto Nazionale di Geofisica e Vulcanologia, 
Progetto INGV-DPC S1, http://esse1.mi.ingv.it). 
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NGA 
Record 
Number 

Earthquake Name Station Name 
Horizontal 
Component 

Magnitude 
Closest distance 
to the ruptured 
area, RRUP (km) 

Fault mecha-
nism 

NEHRP Site 
Classification 

Lowest 
Usable 
Frequency 
(Hz) 

Strongest 
Pulse 
Period 
(sec) 

125 Friuli, Italy-01 Tolmezzo 2 6.5 15.82 Reverse C 0.1625 
126 Gazli, USSR Karakyr 1 6.8 5.46 Reverse D 0.1625 
132 Friuli, Italy-02 Forgaria Cornino 2 5.91 14.75 Reverse C 0.1875 
139 Tabas, Iran Dayhook 2 7.35 13.94 Reverse C 0.25 
143 Tabas, Iran Tabas 2 7.35 2.05 Reverse B 0.1 6.19 
156 Norcia, Italy Cascia 2 5.9 4.64 Normal C 0.25 
285 Irpinia, Italy-01 Bagnoli Irpinio 2 6.9 8.18 Normal C 0.1125 1.71 
292 Irpinia, Italy-01 Sturno (STN) 2 6.9 10.84 Normal C 0.1125 3.27 
300 Irpinia, Italy-02 Calitri 2 6.2 8.83 Normal C 0.1625 
313 Corinth, Greece Corinth 2 6.6 10.27 Normal-Oblique C 0.25 
821 Erzican, Turkey Erzincan 1 6.69 4.38 Strike-Slip D 0.1125 
1158 Kocaeli, Turkey Duzce 2 7.51 15.37 Strike-Slip D 0.1 
1176 Kocaeli, Turkey Yarimca 1 7.51 4.83 Strike-Slip D 0.0875 4.95 
1602 Duzce, Turkey Bolu 2 7.14 12.04 Strike-Slip D 0.0625 0.88 
1605 Duzce, Turkey Duzce 2 7.14 6.58 Strike-Slip D 0.1 5.94 
1633 Manjil, Iran Abbar 2 7.37 12.55 Strike-Slip C 0.13 
4040 Bam, Iran Bam 1 6.6 1.7 Strike-Slip C 0.0625 2.02 
4352 Umbria Marche, Italy Nocera Umbra 2 6 8.92 Normal C 0.875 
4367 Umbria Marche (aftershock 1), Italy Nocera Umbra 2 5.5 9.33 Normal C 0.75 
4451 Montenegro, Yugo. Bar-Skupstina Opstine 2 7.1 6.98 Reverse C 0.1625 1.44 
4456 Montenegro, Yugo. Petrovac - Hotel Olivia 1 7.1 8.01 Reverse C 0.375 
4480 L'Aquila, Italy L'Aquila - V. Aterno - Centro Valle 1 6.3 6.27 Normal C 0.0375 1.07 
4481 L'Aquila, Italy L'Aquila - V. Aterno -Colle Grilli 1 6.3 6.81 Normal C 0.05
4509 L'Aquila (aftershock 1), Italy L'Aquila - V. Aterno -Colle Grilli 1 5.6 14.95 Normal-Oblique C 0.125 
4510 L'Aquila (aftershock 1), Italy L'Aquila - V. Aterno - Centro Valle 1 5.6 14.81 Normal-Oblique C 0.1125 

 

Table 3: The suite of strong ground-motion records used in this study 
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Figure 6: (a) Scatter diagram for the suite of records (Table 3) showing its range of magnitude and closest distance to 
ruptured area (RRUP), (b) the spectral shape for the suite of records 
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Figure 7: (a) The Italian seismogenic zonation ZS9 with different zones identified, the Campania region highlighted by a gray pol-
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ing the bridge site 

 

Zone 
Seismicity rate 
 

Richter 
b-value 

lower magnitude 
Ml 

upper magnitude 
Mu 

923 0.14 1.05 4.76 7.06 
924 0.13 1.04 4.76 6.83 
925 0.17 0.67 4.76 6.83 
926 0.10 1.28 4.76 6.14 
927 0.43 0.74 4.76 7.06 
928 0.21 1.04 4.76 5.91 

 

Table 4: Parameters of the ZS9 seismic zones surrounding the bridge site. 

It is apparent that the selection of a suitable IM for representing ground motion uncertain-
ty is a major concern and challenging issue that has to be addressed properly. The stronger is 
the correlation between the predicted YLS and the adopted IM, the more accurate will be the 
result of the limit state probabilities. This issue becomes more sensitive in the presence of var-
ious retrofit strategies, which are mainly isolation-type rehabilitation schemes. Nevertheless, 
this is currently not the major concern herein; thus, we opted to use the more simple and well-
known IMs composed of peak ground acceleration (PGA), peak ground velocity (PGV), and 
spectral acceleration at the first-mode period of the bridge, Sa(T1). 

Fig. 8 illustrates the site-specific PSHA in terms of the mean annual rate of exceedance 
for three aforementioned IMs, which was denoted in Section 2 as IM. In Fig 8(a, b), the mean 
rate of exceedance in terms of PGA and PGV are shown respectively for each of the individu-

(a) (b) 
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al zones as well as for their combination. However, in Fig. 8c, combined PSHA for Sa(T1) is 
shown for a range of periods. 
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Figure 8: The site-specific seismic hazard results for (a) PGA, (b) PGV, and (c) Sa(T1) 

3.8 Estimating the time-dependent limit state probability P(LS|I1) 

This section provides an objective description for calculating the time-dependent limit 
state probabilities P(LS|=0,I1) (denoted in Section 2.3 as Standard method) and P(LS|,I1) 
(defined in Section 2.4 as R decision) for the two desired limit states (see Table 2). The 
framework described in Section 2 is applied step-by-step to the case-study bridge infrastruc-
ture retrofitted with five different schemes outlined in Table 1. Nonetheless, it is worth men-
tioning that this study aims to use the simple analytic closed-form expression derived in 
Section 2.3 for estimating the limit state probability P(LS|I1). As further explained in Section 
2.3, the comparison between the results extracted from the closed-form expression with the 
exact solution proposed in Section 2.2 in not performed herein.  

 
Step (1): Derive the fragility of the intact infrastructure π1 based on the Sequential Cloud 

Analysis methodology described in Appendix. In order to perform this operation, the bridge 
infrastructure is subjected to the set of ground-motion records outlined in Table 3. In this 

(a) (b) 

(c) 
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study, the records are applied only in the longitudinal direction of the bridge (i.e. bi-
directional analysis of the bridge infrastructure is not performed herein). The results of non-
linear dynamic analysis in terms of YLS are calculated based on the methodology described in 
Section 3.5. The cloud data, which consist of the IM of each record and the associated YLS, are 
consequently extracted. Fig. 8 illustrates the cloud regressions associated with YCS vs. IM for 
the Collapse limit state (CS) based on the three different IMs considered, respectively. The 
cloud data corresponding to the original bridge and the five proposed rehabilitation schemes 
are shown. It can be observed that the cloud data tend to cover the range of YCS from small 
values up to YCS>1 (the line corresponds to YCS=1 is marked on each figure). Moreover, the 
specific SD that has caused YDS based on Eq. (30) is assigned by a representative color as 
shown in the title of each regression plot.  

The suitability of one IM with respect to another could be evaluated in terms of the average 
difference in information provided about the predicted YLS. To accomplish this task, a measure 
called Relative Sufficiency Measure (RSM) proposed in [37] is used herein. The RSM of IM1 
with respect to IM2, denoted as I(YLS|IM2|IM1), quantifies on average how much more infor-
mation IM1 relays to YLS about the ground motion with respect to IM2. The RSM herein is cal-
culated in an approximate manner (see [37, 38] and for the corresponding expression). If 
I(YLS|IM2|IM1), measured in bits of information, is positive, this means that on average IM2 
provides more information about YLS than IM1; hence, IM2 is more sufficient than IM1. Simi-
larly, if I(YLS|IM2|IM1) is negative, IM2 is less sufficient than IM1. The reference intensity (i.e., 
IM1) is taken to be Sa(T1), and the RSM is measured for the other two candidate IMs (i.e. PGA 
and PGV) relative to Sa(T1), as summarized in Table 5 for both limit states, DS, and CS, and 
different bridge models. 

 
Limit 
state 

RSM 
IM1=Sa(T1) 

Bridge Model 
original ROD FP-R25 FP-R25-ROD FP-R31 FP-R31-ROD 

DS 
IM2=PGA -1.72 -2.09 -1.20 -1.14 -1.30 -1.64 
IM2=PGV -0.75 -1.15 -0.28 -0.26 -0.38 -0.50 

CS 
IM2=PGA -0.81 -1.18 -0.82 -0.92 -0.57 -0.76 
IM2=PGV -0.24 -0.52 -0.15 -0.20 -0.07 -0.12 

 

Table 5: RSM for IMs of PGA and PGV relative to Sa(T1) for both limit states DS and CS and different bridge 
models 

With reference to Table 5, it can be concluded that Sa(T1) is the more efficient compared to 
PGA and PGV. Nevertheless, PGV is still more informative with respect to PGA for various 
retrofit alternatives of the case-study bridge. 

The fragility curves for both limit states and for different bridge models can directly be 
calculated from the cloud regression data (as explained in the Appendix). Fig. 10 illustrates 
the fragility curves of various retrofit options based on desired IMs and for both limit states.  
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Figure 9: Cloud regression of different bridge models associated with the Collapse limit state (CS) based on the three different IMs 
considered 

 
Step (2): Estimate 1 from Eq. (13) by convolving the fragility of the intact structure and 

the hazard IM, for both limit states and different IM scenarios. Subsequently, {n,R|n=1:Nce} 
is evaluated directly from Eq. (17) by substituting Πj+1=1 as defined in Section 2.4. The re-
pair times, denoted as , associated with alternative limit states are outlined in Table 6. 

 
Limit state, LS Repair time, [year] 

Damage 1/2 
collapse 1 

 

Table 6: Repair time for alternative limit states 

Step (3): Calculate the limit state probability by two different methodology: 
(a) Directly substituting the probability Π1 into Eq. (12) which is addressed as the Standard 

method for calculating the limit state exceedance probability in a given time interval. It 
is denoted as P(LS|=0,I1) and expressed by Eq. (14) (see Section 2.3). 

(b) Calculating Π2,R from Eq. (17) by substituting n=2, and subsequently set Π=Π2,R in Eq. 
(12) as noted in Section 2.4. The limit state probability is addressed as R decision and 
denoted as P(LS|,I1). 

Fig. 10 and Fig. 11 reveal the variation in P(LS|=0,I1) and P(LS|,I1) for both limit states giv-
en the desired IMs and given the time interval up to 100 years. It can be seen that by consider-
ation of R decision, the time-dependent limit states will be fairly lower than those estimated 
by the Standard method. Moreover, the ordering of the limit state probabilities given IMs 
Sa(T1) and PGV reveal similar trend among both limit states as well as different limit state 
probability models. It is concluded that the retrofit strategies FP-R25, and FP-R25-ROD have 
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the lowest exceedance probabilities. However, this result cannot be clearly reported from 
those curves that correspond to the intensity PGA. 

3.9 Calculating the Expected Life-Cycle Cost 

The expected cost in the life-time of the bridge infrastructure is calculated for the five ret-
rofit options described in Table 1 using Eq. (18). The initial costs C0, which are composed of 
the initial cost of the construction (see [39, 40]) plus the cost of the desired retrofit upgrading 
[41], are tabulated in Table 7 for various retrofit options. The cost of maintenance CM is cal-
culated with reference to Eq. (20), where the constant annual maintenance cost Cm is also tab-
ulated in Table 7. 
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Figure 10: The fragility curves of various retrofit options based on desired IMs for (a) Damage and (b) collapse limit states 
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Figure 10: The time-dependent limit state probabilities for Damage LS (DS) for the case-study bridge with various retrofit 
schemes based on (a) Standard method - P(LS|=0,I1), (b) R decision - P(LS|,I1) 
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Figure 11: The time-dependent limit state probabilities for Collapse LS (CS) for the case-study bridge with various retrofit 
schemes based on (a) Standard method - P(LS|=0,I1), (b) R decision - P(LS|,I1) 
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The repair/replacement cost CR is calculated by using Eq. (19). Accordingly, LSCls where 
ls=1:NLS=2, is the annual expected cost of restoring the infrastructure from the lsth limit state 
LSls back to its intact state including eventual loss of revenue due to downtime for repair op-
erations. This expression is calculated herein as follows: 

 d
ls lsLSC DTC e RC     (31) 

where DTC is the annual cost of downtime outlined in Table 7, exp(-d) denotes the change 
in the monetary-based evaluations within the repair time where d=0.05; RCls is the replace-
ment cost associated with desired lsth limit state, ls=1:NLS=2, and tabulated in Table 7; they 
are extracted from updated data calculated in [39, 40] and considered the same through differ-
ent retrofit strategies. 

 

Retrofit Option 
C0  

(×106, €) 
DTC 

(×106, €/year) 
RCDS 

(×106, €/year) 
RCCS 

(×106, €/year) 
Cm 

(×C0, €/year) 
Original Model 4.906 1 0.44 7.10 0.01 

ROD 5.004 1 0.44 7.10 0.01 
FP-R25 5.072 1 0.44 7.10 0.01 

FP-R25-ROD 5.170 1 0.44 7.10 0.01 
FP-R31 5.118 1 0.44 7.10 0.01 

FP-R31-ROD 5.216 1 0.44 7.10 0.01 
 

Table 7: Life-cycle cost analysis parameters 

With reference to Eq. (19), the probability P(LSls|[t,t+],I1) is the limit state time-
dependent probability in 1-year as a function of time t and for the lsth limit state, LSls, which 
is evaluated by using Eq. (8). However, in case of using the closed-from expression in Eq. 
(12) for time-dependent limit state probability, the following expression can simply be de-
rived: 

        1

d
| [ , 1], 1 exp 1 exp

d
P LS t t t t t

t
             Ι  (32) 

Fig. 12 and Fig. 13 illustrate the resulting annual time-dependent limit state probabilities 
P(LSls|[t,t+],I1) for ls=1:2 given the desired IMs and given the time interval up to 100 years. 
Each figure reveals the annual exceedance probabilities in the Standard method (i.e. extract-
ing P(LSls|[t,t+],I1) from P(LS|=0,I1) in Eq. 8) as well as considering the R decision by cal-
culating P(LSls|[t,t+],R,I1) from P(LS|,I1). 

In order to have a point of comparison, two threshold levels of 10% and 5% exceedance 
probability in 50 year are assigned to DS and CS, respectively, as shown by cyan bold line in 
Fig. 12 and Fig. 13. Thus, the admissible annual exceedance probability Padm will become: 

    3 3
adm,DS adm,DS adm,DSexp (2.1 10 ) exp 2.1 10P t t              (33) 

    3 3
adm,CS adm,CS adm,CSexp (1 10 ) exp 1 10P t t              (34) 
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Figure 12: The Damage LS exceedance probability in 1-year as a function of time t for the case-study bridge with various retrofit 
schemes based on (a) Standard method, (b) R decision 
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Figure 13: The Collapse LS exceedance probability in 1-year as a function of time t for the case-study bridge with various retro-
fit schemes based on (a) Standard method, (b) R decision 
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It can be seen the by maintaining the R decision, the annual limit states probabilities are to 
some extend different with respect to the Standard method; moreover, the differences are 
more apparent compared to those revealed between P(LS|=0,I1) and P(LS|,I1) in Fig. 10 and 
Fig. 11. In addition, the outcomes of annual exceedance probability for CS based on PGA as 
the desired IM imply conservative decisions where the probability is higher than the admissi-
ble level even for the bridge with different retrofit strategies. The opposite conclusion will be 
extracted from those based on PGV as the desired IM where even the original infrastructure 
lies below the admissible level. However, the annual exccedance probabilities based on Sa(T1) 
denote that the original infrastructure is above the admissible level while the alternative retro-
fit strategies put the infrastructure below the admissible level. Since alternative IMs result in 
different decisions regarding the safety checking which directly affect the life-cycle cost as-
sessment, their selection requires more detailed study.  

In terms of life-cycle cost, Fig. 14 demonstrates the resulting expected life-cycle cost for 
alternative retrofit decisions based on using the Standard method or taking the R decision. It 
can be observed that: 

(a) Based on both methods (i.e. Standard and R decision), the expected life-cycle costs for 
different retrofit options given the PGV as the desired IM does not reveal any en-
hancement in using alternative retrofit options. Hence, in terms of life-cycle cost as-
sessment, the use of this IM requires more detailed studies (this conclusion was also 
drawn in the previous paragraph). However, the expected life-cycle costs given PGA or 
Sa(T1) reveal that the option FP-R25 (see Table 1) offers the lowest life-cycle cost 
while renders the bridge infrastructure competitively more reliable for the collapse lim-
it state (see Fig. 13).  

(b) Although the FP-R25 options are more expensive in the early stage of life time of the 
bridge infrastructure, it can be seen that after around 10-20 years (depends on the kind 
of IM for investigation), its corresponding expected cost fall beneath the other retrofit 
options. On the other hand, the retrofit option FP-R25-ROD has similar costs; however, 
it will decisively become the more expensive compared to FP-R25 as the time pass. 

(c) The distinction between the expected costs of different retrofit options is more apparent 
while taking into account the repair time  (i.e. using R decision with the limit state ex-
ceedance probability P(LS|,I1)) compared to the Standard method, which assumes that 
=0. Furthermore, the selection of IM affects the decisions regarding the life-cycle cost 
which requires more detailed studies.  

(d) Taking the advantage that the Standard method is more convenient in its use, and 
knowing that it informs the same decision regarding life-cycle costs, it can be used in 
case of rapid screening among various retrofit options in terms of their life-cycle costs. 
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Figure 14: The expected life-cycle cost for alternative retrofit options (a) Standard method, (b) R decision 
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4 CONCLUSION 

 A procedure is presented for retrofit decision-making based on life cycle criteria subject-
ed to safety constraints. It can be effectively used for screening among various proposed 
retrofit strategies. 

 Based on the assumption that a bridge is immediately subjected to repair operations after 
a major earthquake event, the finite repair time is considered in the life-cycle cost evalua-
tion. This has been done by implementing a procedure developed by the authors for cal-
culating the limit state exceedance probability taking into account the effect of 
cumulative damage due to a sequence of back-to-back seismic events. In particular, a 
simplified closed-form analytical expression for the limit state probabilities based on the 
fragility of intact infrastructure is employed.  

 The time-dependent limit state probabilities are then used to calculate the expected life-
cycle cost taking into account the total initial construction costs, down time, re-
pair/replacement costs, and regular maintenance costs. 

 This methodology is used as a decision-making tool for retrofit design of an existing RC 
bridge infrastructure in south Italy. The expected life cycle is calculated for the existing 
bridge (original model), and 5 different retrofit strategies. It is demonstrated that the Fric-
tion Pendulum isolator with effective radius of concave sliding surface equal to 2.5 m 
and a Coulomb friction of 2% (denoted as FP-R25) is the option that leads to the least 
expected life cycle cost. Although it is among the most expensive options in terms of in-
stallation costs, the corresponding expected cost falls beneath the other retrofit options 
after a certain amount of time. 

 Alternative sufficient intensity measures (IMs) result in different decisions regarding the 
safety checking which directly affect the life-cycle cost assessment. Thus, their selection 
requires more detailed study.  

The proposed methodology has its limitations: 

 The effect of aging is not considered in the calculation of the limit state probabilities and 
the expected life cycle costs. 

 The effect of cumulative damage is approximated by a simplified closed-form equation 
and based on the fragility of the intact bridge. That is, no back-to-back analyses are per-
formed. 

 The 3D model of the bridge infrastructure is subjected to ground-motion records in its 
longitudinal direction. 

 The spatial variability in ground motion is not considered. 

 The soil-structure interaction is not considered. 

APPENDIX 

The general procedure for calculating the set of event-dependent fragilities 
{πn(x)|n=1:Nce} (entered in Eq. 6) in this study is described as follows (see also [6-9]): 
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1. Construct the nonlinear model of the desired structure. 
2. Select a suite of ground motion records. 
3. Clone (repeat) each record in the set n times (n=1:Nce) to construct a sequence. 
4. Perform a finite element nonlinear dynamic analysis of the representative model of struc-

ture by subjecting it to the suite of constructed sequences comprising of the cloned 
ground motions (previous step). However, exclude those sequences, in which the limit 
state first-excursion has already taken place in their previous (n-1) events, from the suite 
of sequences. 

5. For each sequence, calculate the time- and history-dependent performance variable YLS
(n) 

that tends to reflect and to conditionally isolate the effect of the nth event on the desired 
structure [9]: 

  
   

 

1
max

1

n n
n r

LS n
LS r

D D
Y

C D









 (A.1) 

where Dmax
(n) is the maximum demand due to the nth event in the sequence; Dr

(n-1) is the 
residual demand corresponding to the sequence of (n-1) events; CLS is the limit state ca-
pacity of the (intact) structure. The term YLS

(n) can be regarded as the ratio of maximum 
demand increment due to the nth event divided by the reduced capacity right after the se-
quence of (n-1) events. Needless to say that at the onset of the limit state, YLS

(n)=1.  
6. For each sequence, register the pair of cloud data [IM(n), YLS

(n)] corresponding to nth event. 
7. Modify the cloud analysis data at nth step (if required). This issue can be addressed by 

paying attention to the range of YLS
(n) values, which should manage to especially cover 

the values greater than or equal to unity (see general notes on cloud analysis while using 
YLS in [27]). This modification can be accomplished by deliberately substituting the exist-
ing nth cloned record in the sequence with the one that has been excluded (see Step 4) 
while maintaining YLS

(n) ≥1. 
8. Let Ngm(n) be the number of ground motions in the suite of records at nth step, carry out a loga-

rithmic linear regression on Ngm(n) cloud data by assuming that the conditional distribu-
tion of YLS

(n) given a level of IM(n)=x is described by a lognormal distribution ([29, 42, 
43]); thus, the fragility term πn(x) can be expressed as: 
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where Φ is the standardized Gaussian cumulative distribution function (CDF); YLS|IM
(n) 

and YLS|IM
(n) are conditional median and standard deviation (dispersion) of the natural log-

arithm of YLS
(n) given spectral acceleration and given that the structure has already been 

subjected to n events. The median and dispersion can be calculated as [40]: 
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 (A.3) 

where lna and b are the coefficients of the logarithmic linear regression.  
9. Repeat steps 3-8 for the same suite of ground motion records until n=Nce. 
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Abstract. The 3R method (Response analysis, Record selection, Risk-based decision making), 

which is used to check the adequacy of structural collapse safety by few nonlinear dynamic 

analyses, is briefly presented. The 3R method uses characteristic ground motions, which are 

selected by two-step selection procedure. Hazard-consistent set of ground motions is selected 

in the first step, while in the second step a subset of a few ground motions is obtained on the 

basis of the seismic response analysis of equivalent single-degree-of-freedom model, which is 

not computationally demanding. All ground motions are scaled to single intensity level, which 

corresponds to target collapse risk. The objective of the method is not precise assessment of 

collapse risk, but decision making whether the collapse risk is lower or greater in comparison 

to the target collapse risk. For this reason simple decision model may be introduced. If col-

lapse is observed for less than half of characteristic ground motions, it can be decided that 

the reliability of structure against collapse is appropriate and vice versa. For an example of 

reinforced concrete dual structural system it is shown that an intensity-based assessment can 

provide sufficiently accurate risk-based decision making.  
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1 INTRODUCTION 

Seismic safety of built environment should be guaranteed by an appropriate design of 
structures for earthquake resistance. Thus it would be appropriate to include an assessment of 
the seismic risk in design codes. In the simplest case the seismic risk can be communicated in 
terms of mean annual frequency of exceeding a designated limit state. In this paper collapse 
safety is taken under consideration, since this is the fundamental performance objective in de-
signing structures for earthquake resistance. 

Several procedures for risk-based seismic design of structures were already introduced 
(e.g. [1, 2, 3]). These procedures are aimed to satisfy the condition that the collapse risk is 
lower than the target collapse risk, which is assumed acceptable. However, the target collapse 
risk is to some extent subjective performance measure, which is dependent on potential fatali-
ties, direct and indirect economic losses due to earthquakes in the lifetime of structures. 

In general, the calculation of the collapse risk is a complex task, which is performed by in-
tegrating the risk equation that combines seismic hazard function with collapse fragility func-
tion. For example, definition of collapse fragility function requires large number of 
computationally demanding dynamic analysis of nonlinear structural model. For practical 
purposes the estimation of collapse risk was simplified by different procedures. Cornell [4] 
developed a closed form solution of risk equation, which assumes linear approximation of 
hazard function in logarithmic space and lognormal distribution of collapse intensities. On 
this basis Fajfar and Dolšek [5] proposed a practice-oriented estimation of the failure prob-
ability of building structures, where the collapse fragility function is determined by assumed 
standard deviation of collapse intensities and approximate evaluation of median collapse in-
tensity by N2 method [6]. However, different failure modes may strongly impact the seismic 
behaviour of structures, which can be taken into account by nonlinear dynamic analysis. An 
important issue of the dynamic analysis is the appropriate selection of ground motions, which 
should be consistent with seismic hazard at the site and should produce unbiased estimate of 
seismic demand. Since this is not a trivial task, many ground motion selection procedures 
were developed (e.g. [7-9]). In addition, different procedures were proposed aiming to reduce 
the computational time needed to obtain seismic demand by nonlinear dynamic analysis, e.g. 
[10, 11]. Eads et al. [12] developed a practice-oriented procedure for seismic collapse risk es-
timation, where lognormally distributed collapse fragility function is determined by nonlinear 
dynamic analyses at two carefully selected intensities. Such an approach still requires large 
amount of dynamic analyses due to large sets of ground motions. 

Recently, Dolšek and Brozovič [13] proposed the 3R method, which realized a concept of 
intensity-based assessment for risk-based decision making about adequate seismic collapse 
safety. Only few dynamic analyses at single intensity are needed to decide whether the seis-
mic collapse risk is adequately low or not. The 3R method uses characteristic ground motions, 
which are selected by two-step selection procedure. In the first step hazard-consistent set of 
ground motions is selected, while in the second step a subset of a few ground motions is se-
lected on basis of approximately estimated collapse intensities by using computationally non-
demanding seismic response analysis for a proxy of the structural model. All ground motions 
are scaled to single intensity level, which corresponds to target collapse risk. 

In the following the overview of the 3R method is firstly given. Then the application of the 
3R method is demonstrated by means of the seismic collapse safety assessment for a dual 
structural system. At the end evaluation of the accuracy of the 3R method is given. 
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2 OVERVIEW OF THE 3R METHOD 

The building codes, e.g. [14], commonly assume that structures designed according to sim-
ple design rules are safe against collapse due to earthquakes. It is clear that such a principal 
assumption should be checked in the design. To simply check the adequacy of collapse risk 
the concept of intensity-based assessment for risk-based decision making can be realized by 
means of the 3R method (Response analysis, Record selection, Risk-based decision making), 
which was recently proposed [13]. 

2.1 Decision model 

The purpose of the 3R method is not precise assessment of seismic collapse risk, but intro-
duction of the simple decision model to decide whether the collapse risk is lower or greater 
than then the target collapse risk λt,. Such an approach provides slightly less information in 
comparison to direct estimation of seismic collapse risk λ. However, the adequacy (accepta-
bility) of seismic collapse risk can be estimated and the number of required dynamic analyses 
of nonlinear structural model is significantly reduced. Assessment of structure is performed 
only at one intensity, so-called characteristic value of target collapse intensity Sa,ct, which cor-
responds to target collapse risk λt and seismic hazard at a site. In addition, assessment can be 
performed only for a few, e.g. seven, hazard consistent ground motions, so-called characteris-
tic ground motions (CGMs), which are scaled to Sa,ct. Estimation of seismic collapse risk ade-
quacy on basis of results of few dynamic analyses is then straightforward. If less than 50% of 
CGMs cause the collapse of a structure, it can be concluded that the structure is safe against 
collapse due to earthquakes. In the opposite case, the performance objective is not met. 

2.2 Assumptions 

The 3R method uses several assumptions. A type of distribution and standard deviation of 
collapse intensities have to be assumed in order to definite the characteristic value of target 
collapse intensity Sa,ct, at which the seismic assessment is performed. Commonly lognormal 
distribution of collapse fragility function is used. Lazar and Dolšek [15] showed that standard 
deviation of natural logarithms of collapse intensities in terms of spectral acceleration at fun-
damental period in the case of reinforced concrete frames is within the interval from 0.3 to 0.5. 
To minimize the influence of error in assumed standard deviation of natural logarithms of col-
lapse intensities βt on the value of Sa,ct Dolšek and Brozovič [13] showed that the target col-
lapse intensity should be associated with a low percentile, so-called characteristic percentile, 
of collapse intensities. Due to simplicity a characteristic percentile was set to 16th percentile. 
There are several other reasons why the characteristic value of collapse intensity is selected at 
low percentile of collapse intensities. For example, (i) uncertainties associated with the seis-
mic hazard are controllable at lower intensity levels, (ii) scale factors of ground motions are 
more likely in the range which still allow unbiased estimates of seismic demand, (iii) the ac-
curacy of simplified methods to provide approximate collapse intensities is greater for those 
ground motions which cause the collapse of buildings at low intensities [16] and (iv) it is well 
known that the intensities which have the largest contribution to the collapse risk occur in the 
lower half of the collapse fragility function, e.g. [12]. 

In addition, it is assumed that a suitable subset consisting of CGMs can be selected from 
larger hazard-consistent set using proxy of collapse intensities, which can be obtained by the 
pushover-based methods. In this paper a number of the CGMs was set equal to seven. In this 
case the initial set must contain at least 19 ground motions to assure that the median collapse 
intensity of CGMs is in the vicinity of characteristic value of collapse intensities for the whole 
hazard-consistent set of ground motions. If there are less than 19 ground motions, the accura-
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cy of the method would be reduced. However, the hazard-consistent set can contain a large 
number of ground motions, since the approximate collapse intensities are obtained by selected 
simplified method of analysis, which is not computationally demanding. 

2.3 Step by step procedure 

In the following the algorithm of the 3R method is presented: 
1) Define the target collapse risk 

tλ . The target collapse risk can be defined by code-
writing organizations, e.g. [14], or can be adopted on the basis of models of tolerable 
risk, e.g. [17]. It can also be simply prescribed by the stakeholders due to higher risk 
aversion. 

2) Obtain detailed information regarding the seismic hazard at the site of interest. The 
results of probabilistic seismic hazard analysis are required in order to estimate the 
characteristic target collapse intensity ,a ctS  (i.e. the hazard function), and to select a 
hazard-consistent set of ground motions. 

3) Determine the characteristic value of the target collapse intensity ,a ctS . The median 
value of target collapse intensity ,a tSɶ  can be determined utilizing risk equation in 
closed-form or iteratively by numerical integration of the risk equation. In both cases, 
the standard deviation of collapse intensities in log domain tβ  has to be assumed. If 
the closed-form solution of the risk equation is used, the median value of target col-
lapse intensity ,a tSɶ  can be determined from the following equation [4] 

 ( )
2 20.5

0 ,
t

k
k

t a tk S e
βλ

−
⋅ ⋅

= ⋅ɶ  (1) 

where k and k0 represent the slope and intercept of linear approximation to the hazard 
curve in log domain, respectively. However, the characteristic value of target collapse 
intensity ,a ctS  is then estimated at 16th percentile of the target collapse fragility func-
tion as follows 

 , ,
t

a ct a tS S e
β−
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4) Select a hazard-consistent set of ground motions. The results consist of ground mo-
tions which are scaled to ,a ctS . Different procedures can be used to select appropriate 
ground motions. Disaggregation of the hazard is also required, if, for example, the 
conditional spectrum approach [8] is used for the selection of the hazard-consistent set 
of ground motions. Hazard-consistent set of ground motions selected in this step may 
be large, since the subset of ground motions is selected in the following. 

5) Perform conventional pushover analysis and define a simple model of the structure. 
Conventional pushover analysis is performed with invariant distribution of the lateral 
forces. It is recommended that a load pattern is associated with the most important 
mode shape. The simple model is represented by an equivalent single-degree-of-
freedom model, which can be defined, for example, by analogy to the N2 method [6]. 
However, the force-displacement relationship of the simple model can be represented 
by multi-linear idealization of the pushover curve taking into account strength degra-
dation. 

6) Assess approximate collapse intensities. Dynamic analysis should be performed at the 
level of the simple model. Each ground motion is scaled until collapse occurs, e.g. by 
performing incremental dynamic analysis [18]. 

7) Determine the characteristic ground motions. The subset of ground motions from the 
hazard-consistent set of ground motions (step 4) is obtained gradually, taking into ac-
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count approximate collapse intensities from step 6. The selected subset of ground mo-
tions corresponds to approximate collapse intensities, which are close to the character-
istic value of approximate collapse intensities. It is also required that the median value 
of approximate collapse intensities corresponding to CGMs closely match with the 
characteristic value of approximate collapse intensities. 

8) Perform nonlinear response history analysis using a nonlinear model of the entire 

structure. The response history analysis is performed for all the CGMs at characteris-
tic value of target collapse intensity Sa,ct. 

9) Make a risk-based decision. It can be decided that the collapse risk of the investigated 
structure is less than the target collapse risk if collapse is observed for less than half of 
the CGMs. This means that the collapse ratio rC, which is defined as the number of 
CGMs causing collapse divided by the total number of all the CGMs is lower than 0.5 
(Figure 1). In the opposite case (rC > 0.5), the structure is not safe against collapse due 
to earthquakes. 

More details and description of alternative variants of the 3R method can be found else-
where [13]. The 3R method requires a lot of steps, which are not computationally demanding, 
but for practical purposes it would be inconvenient to perform all of these steps manually. For 
this reason the web application for the selection of CGMs was developed [19], which auto-
matically performs steps 3, 4, 6 and 7 from the above described step-by-step procedure.  
 

 
Figure 1: An example of risk-based decision making in the case of the 3R method. 

3 CASE STUDY OF SEISMIC COLLAPSE SAFETY ASSESSMENT FOR THE 8-

STOREY DUAL STRUCTURAL SYSTEM 

3.1 Description of the structure 

An 8-storey reinforced concrete dual structural system designed according to Eurocode 8 
requirements for medium ductility class was investigated in X direction (Figure 2). 

 

 
Figure 2: Typical plan view of dual structural system [22]. 
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The height of each storey amounted to 2.8 m. The span of exterior and interior bays 
amounted to 6 m and 5 m, respectively. Cross sections of all columns and beams were, re-
spectively, 50/50 cm and 40/45 cm. Slabs with 20 cm thickness were considered with beam 
effective width of 1.6 m. The width and thickness of the wall were 6 m and 20 cm, respec-
tively. Concrete class C30/37 and reinforcement class S500 were prescribed. The structure 
was modelled with simplified nonlinear model utilizing OpenSees [20] in conjunction with 
PBEE toolbox [21], which was extended for analysis of dual structures [22]. The fundamental 
period of the structure was 0.87 s. 

3.2 Hazard-consistent ground motion selection 

The target collapse risk λt was selected to be 5·10-4. The seismic hazard curve and disag-
gregation was obtained for site in Palo Alto, California from probabilistic seismic hazard 
analysis computation web tool prepared by United States Geological Survey 
(https://geohazards.usgs.gov/deaggint/2008/). It should be noted that spectral acceleration at 
fundamental period of structure Sa(T1) was used as intensity measure. On this basis the char-
acteristic value of target collapse intensity Sa,ct was estimated to 0.96 g by taking into account 
lognormal fragility function with βt = 0.4. The first four steps of proposed 3R method resulted 
in hazard-consistent set of 40 ground motions, which were selected by matching the condi-
tional spectrum [8] determined for Sa,ct (Figure 3a) by using computationally efficient ground 
motion selection algorithm for matching a target response spectrum mean and variance [23]. 

3.3 Selection of characteristic ground motions and decision-making 

The pushover curve was idealized with a force-displacement relationship (Figure 3b) 
which was intentionally quite inaccurate at the tail of the pushover curve. This caused an ad-
ditional bias in the approximate collapse intensities obtained by the SDOF model (Figure 4a). 
The subset of hazard-consistent ground motions (CGMs) was then selected and the dynamic 
analysis of the structure was performed taking into account CGMs. Since only two CGMs 
caused collapse (rC = 2/7 = 0.29 < 0.5), as indicated in Figure 4a, it was decided that structure 
met the performance objective. Thus it can be concluded that the collapse risk of the investi-
gated dual structure is less than the target collapse risk. 

If the analyst would perform dynamic analysis for all ground motions from the hazard con-
sistent set at Sa,ct, then the decision regarding the adequacy of the structure would be the same. 
Note that only 3 ground motions caused collapse of the structure (Figure 4a), which means 
that the rC = 3/40 = 0.075. This is less than threshold value 0.16 associated with the character-
istic percentile. 

The decision made by 3R method was correct, since the collapse risk of the structure was 
estimated to 3.5·10-4, which is less than the target (acceptable) collapse risk (5·10-4). In addi-
tion, the risk-based decision making of the 3R method was validated by calculating the col-
lapse ratio rC for multiple levels of the target collapse risk (Figure 4b). Dynamic analyses 
have been performed for the CGMs scaled to different intensities Sa,ct corresponding to differ-
ent levels of target collapse risk. On this basis an approximate collapse risk was obtained, 
which corresponded to the 50% collapse ratio (Figure 4b). Therefore, the decision based on 
3R method for this particular example would be incorrect if the target collapse risk would be 
assumed somewhere in the interval between ‘exact’ collapse risk (3.5·10-4) and approximate 
collapse risk (4.7·10-4), i.e. the interval of target collapse risk indicated in Figure 4b with grey 
color. The largest possible error εmax in terms of seismic collapse risk would be 32%. The 
method provide sufficiently accurate decision making in the case of a selected dual structure, 
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although the intensities causing collapse of SDOF model are significantly different to the cor-
responding intensities obtained by the entire structural model (Figure 4a). 

 

 
Figure 3: (a) Conditional spectrum consistent with the characteristic value of target collapse intensity Sa,ct, spec-

tra of selected ground motions and the corresponding 16th, 50th and 84th percentile and (b) the pushover curve 
with simple idealization of base shear – roof displacement relationship. 

 

 
Figure 4: (a) Approximate versus ‘exact’ collapse intensities for 40 ground motions with indicated CGMs and 

the characteristic value of target collapse intensity Sa,ct and (b) the collapse ratio rC for multiple levels of the tar-
get collapse risk λt with the indicated interval of target collapse risk, for which the 3R method would result in an 

inaccurate risk-based decision making. 

4 CONCLUSIONS  

The theoretical background and application of the practice-oriented 3R method was briefly 
presented. The 3R method is intended to be used for checking the adequacy of collapse risk of 
structures on basis of few nonlinear dynamic analyses. Seismic demand is determined at sin-
gle intensity, which is associated with target collapse risk, taking into account characteristic 
ground motions, which are selected by two-step ground motion selection procedure. If col-
lapse is observed for less than half of characteristic ground motions, it can be decided that the 
design of the structure is appropriate and vice versa. The 3R method is not meant for estima-
tion of precise collapse risk, but to decide whether the collapse risk of investigated structure is 
larger or lower in comparison to the target collapse risk, which is assumed acceptable. 

The method was demonstrated by means of example of checking the seismic collapse 
safety of the reinforced concrete dual structural system. It was shown that the concept of in-
tensity-based assessment for risk-based decision making can be applied to realistic structures. 
Decision made by the 3R method was confirmed by direct estimation of collapse risk on the 
basis of incremental dynamic analysis of the nonlinear structural model.  
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The proposed seismic analysis method requires only few (e.g. 7) nonlinear dynamic analy-
ses of model of entire structure. This makes it attractive for practical purposes.. Additional 
work, which should be performed within the 3R method in order to obtain characteristic 
ground motions and an appropriate characteristic value of target collapse intensity is not com-
putationally demanding and can be automated, which has actually already been realized by 
means of the web application. An advantage of the proposed method is that scale factors of 
ground motions are small, which reduces biased estimates of seismic demand. 

The 3R method could be used for checking the collapse risk of newly designed and exist-
ing structures. Due to computational efficiency it could be also incorporated to iterative risk-
based design procedures based on dynamic analysis of nonlinear structural model. However, 
additional studies are needed in order to assess the applicability of the method for other types 
of structures and performance objectives. 
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Abstract. A method taking into consideration the topographic effects in dynamic analysis of a 

train-bridge system subjected to earthquake action is presented and the influence of topogra-

phy on the seismic response of train-bridge system is studied. Based on the theory of viscous-

spring artificial boundary, a 3-D finite element model for the site considering topographic 

effect is established by using the ANSYS. The procedure of wave input is realized by trans-

forming the seismic time history into equivalent loads acting on the artificial boundary, by 

means of which the seismic time histories at the supports of bridge are obtained. The dynamic 

model for a train-bridge system subjected to multi-support seismic excitations is established, 

in which the velocity and displacement time histories of earthquake waves are exerted on the 

bridge supports. With a train passing through a 480m bridge as a case study, the dynamic 

response of the train-bridge system under earthquakes considering local topography of the 

site is analyzed, and compared with those without considering the topographic effect. The re-

sults show that when the topographic effect is considered, the dynamic response of the train-

bridge system changes on the peak value as well as the time of the peak appearance, showing 

that it is necessary to consider the topographic effect in dynamic analysis of train-bridge sys-

tem under earthquakes. 

1637



Hong Qiao, He Xia, Xianting Du and Yong Nan 

1 INTRODUCTION 

In recent years, the railway transportation has gained rapid development. To ensure the 

safety and stability of running trains, more and more bridges including viaducts are built, 

which inevitably increases the possibility of trains on bridges when an earthquake occurs. As 

a result, the problem of train-bridge interaction during an earthquake has become a research 

hotspot recently [1-7].  

In China, among the extensive railways which have already been built or are under con-

struction, many of them are located in the southwestern regions with mountainous site topog-

raphies. On the other hand, these regions are also seismic zones susceptible to earthquakes. 

The 2008 Wenchuan Earthquake occurring in Sichuan Province is a typical example which 

caused a wide range of damages on different types of railway bridges [8]. Therefore, it is of 

significance to study the seismic response of bridges located at these regions. In seismic de-

sign, it has been long recognized that the local topography has a significant effect on the am-

plitude of ground motion during earthquakes. Celebi performed site-response experiments 5 

months after the Chile earthquake (Central Chile, M7.8) and found that structures located at 

ridges suffer more intensive damage than other places [9]. Jibson measured the acceleration 

peaks across a ridge in Japan and the measurements showed that compared with the base, 

there was an amplification at the crest varying from 1.8 to 5.5 [10]. In the 2008 Wenchuan 

Earthquake, the complex topography may be one of the main factors leading to the collapse of 

the Baihua Bridge as well as the Miaoziping Bridge [11]. Lee et al. [12] investigated the ef-

fects of high-resolution surface topography on seismic ground motion and found that the am-

plification of ground motion mainly occurs at the tops of hills and ridges while the valleys and 

flat-topped hills experience lower levels of ground shaking. There are also many other papers 

discussing the topographic effects on the peak of ground motion and on the seismic response 

of bridges [13-18]. All these publications indicated the necessity of considering the topo-

graphic effects in seismic design, but few of them discussed the seismic response of train-

bridge coupling system considering this aspect. 

In this regard, this paper presents a method for dynamic analysis of train-bridge system 

subjected to earthquake action considering local topography. In this method, the train-bridge 

system consists of the bridge subsystem and the train subsystem. The two subsystems are es-

tablished by mode superposition method and rigid-body dynamics method, respectively and 

the Newmark-β method is used to solve the dynamic interaction. To take the topographic ef-

fects into account, a 3-D analytical model of local site based on the theory of viscous-spring 

artificial boundary and finite element method is established. The process of wave input is real-

ized by transforming the seismic time history into equivalent loads acting on the artificial 

boundary, by means of which the seismic time history at each support of bridge can be ob-

tained. Then the dynamic analysis of a train-bridge system subjected to multi-support seismic 

excitations is carried out, in which the velocity and displacement time histories of seismic ex-

citations obtained by the above method are exerted on the bridge supports. A train passing 

through a 480m continuous bridge is taken as a case study and the dynamic response of train-

bridge system under earthquakes considering local topography are analyzed. 

2 SEISMIC EXCITATIONS CONSIDERING LOCAL TOPOGRAPHY 

To realize the procedure of earthquake wave propagating in the soil of local site, the finite 

element method is an efficient way. A key step of this method is to extract a finite domain 

from the infinite soil medium, which means a verified virtual artificial boundary able to ab-

sorb the energy of the scattering waves is necessary. The 3D viscous-spring artificial bounda-

ry proposed by Liu [19] not only satisfies the above criterion but also has advantages of high 
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numerical precision, adequate stability and convenience in application. Therefore, in this 

analysis, the 3D viscous-spring artificial boundary is used when establishing the model of lo-

cal site. 

2.1 Input method of seismic wave  

The problem of how to input the seismic wave can be converted into a wave source prob-

lem [20], which means the input motion is converted into equivalent loads acting on the artifi-

cial boundary to simulate the procedure of seismic wave input. The equivalent loads FBN and 

FBT, respectively in the normal and tangential directions, can be expressed as follows, 

     BN 0 B B BN 0 B B BN 0 B B, , , , , ,F x y t C u x y t K u x y t                           (1) 

     BT 0 B B BT 0 B B BT 0 B B, , , , , ,F x y t C v x y t K v x y t                             (2) 

where u0(x, y, t) and v0(x, y, t) are the normal and tangential displacement of the incident wave, 

respectively; σ0(x, y, t) and τ0(x, y, t) are the normal and tangential stress determined by u0(x, y, 

t) and v0(x, y, t), respectively; xB and yB are the node coordinates of the artificial boundary; 

KBN、KBT、CBN、CBT are the spring coefficients and damping coefficients of the normal and 

tangential springs respectively, the values of which can be determined according to the fol-

lowing equations [19], 

N
BN
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BT

BN p

BT s

=

=

G
K

R

G
K

R

C c

C c
















 
 

                                                         (3) 

where αN and αT are the coefficients in the normal and tangential directions respectively, 

which can be referred to Table 1; G is the shear modulus and ρ is the mass density of the me-

dium, namely the solid of the local site; R is the distance between the load point and the 

boundary, which can be obtained approximately by simply taking the value of the perpendicu-

lar distance from the load point to the boundary. 

Parameters Value range Recommended value 

αN 1.0~2.0 4/3 

αT 0.5~1.0 2/3 

Table 1: Recommended value of αN and αT 

2.2 Calculation of equivalent loads  

Generally, the focus of an earthquake is deep and there are usually many refractions hap-

pening during the propagation process of the seismic wave, which results in the vertical inci-

dence of the earthquake wave when it arrives at the earth surface. Therefore, in this analysis, 

the seismic wave is assumed to be a plane incident one travelling perpendicularly to the 

ground surface. The time histories of the incident plane P wave and S wave are uP(t) and uS(t) 

respectively. The x-y plane of the rectangular coordinate system is parallel to the bottom of 

the model and the z-axis points to the finite domain, as shown in Figure1. 
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Figure1: Vertical incidence model of seismic wave 

Assuming the incident S wave vibrates along the x-axis, the equivalent loads acting on 

each node of the artificial boundary can be obtained based on the wave propagation law and 

the stress state of the wave field [21], namely, 

(1) Under the condition of incident P wave: 

BN p BN p p p( ) ( ) ( ) ( )z

zf t A K u t C u t c u t                                        (4) 

p 1 p 2 p( ) ( ) ( ) /x

xf t A u t t u t t c                                         (5) 

BT p 1 BT p 1 BT p 2 BT p 2( ) [ ( ) ( )+ ( ) ( )]x

zf t A K u t t C u t t K u t t C u t t               (6) 

( ) ( ) ( ) ( )y x y x

y x y xf t f t f t f t                                               (7) 

( ) ( ) ( ) ( )y x y x

z z z zf t f t f t f t                                              (8) 

(2) Under the condition of incident S wave: 

 BT s BT s s s( ) ( ) ( ) ( )z

xf t A K u t C u t c u t                                     (9) 

BN s 3 BN s 3 BN s 4 BN s 4( ) [ ( ) ( ) ( ) ( )]x

xf t A K u t t C u t t K u t t C u t t             (10) 

 s s 3 s 4( ) ( ) ( )x

zf t A c u t t u t t                                     (11) 

( ) ( )x x
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xf t A K u t t C u t t K u t t C u t t            (14) 

( ) ( )y y

x xf t f t                                                     (15) 
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                                                  (16) 

where the subscript of each equivalent load represents the direction of the load, and the super-

script represents the outer normal direction of the boundary where the node locates; t1~t4 

represent the time delay of the incident P wave, the reflected P wave, the incident S wave and 

the reflected S wave, respectively; l is the distance between the node and the lower boundary; 

L is the distance between the lower boundary and the ground surface; A is the representative 

area of the node on the artificial boundary [19]; λ is the lame constant. 
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2.3 Realization of the artificial boundary in FE platform 

Taking ANSYS as an example, the medium can be modeled with the Solid45 elements, 

and the springs and dampers in the viscous-spring artificial boundary can be simulated by the 

Combin14 elements with its one end fixed. 

3 DYNAMIC ANALYSIS MODEL OF TRAIN-BRIDGE COUPLING SYSTEM 

SUBJECTED TO SEISMIC LOAD  

The train-bridge system consists of the bridge subsystem and the train subsystem, as shown 

in Figure 2. A global coordinate system satisfying the right-hand rule is defined for the train-

bridge system, in which the y-axis is taken as the longitudinal direction of the bridge and the 

x-axis is the lateral direction of the bridge. Before establishing the motion equations of these 

two subsystems, several assumptions are made, 

(1) The train passes through the bridge with a constant speed; 

(2) The seismic ground motions at all supports of the bridge are different; 

(3) The seismic load only directly acts on the bridge subsystem and the influence on the 

train subsystem due to earthquake can be realized by the wheel-track interaction relation. 

 

Figure 2: The bridge-train system 

The train-bridge dynamic interaction during earthquakes can be described by finite element 

method and the motion equations of the train subsystem and the bridge subsystem can be ex-

pressed as [7]: 

V V V V V V V,B  M u C u K u F                                                 (17) 

ss sb s ss sb s ss sb s B,V

bs bb b bs bb b bs bb b

             
              

             0

M M u C C u K K u F

M M u C C u K K u
                 (18) 

where M、C、K are the mass, damp and stiffness matrices, respectively, u, u , u  are the dis-

placement, velocity and acceleration vectors, with the subscript V representing the train sub-

system, B the bridge subsystem, s the superstructure and b the base of the bridge, respectively; 

FB,V and FV,B are the interaction forces between the two subsystems which are determined by 

the wheel-track interaction relation. 

From Equation (18), the equilibrium equations of the superstructure with the specified ab-

solute displacement at the bases of the bridge can be written as: 

ss s ss s ss s sb b sb b sb b B,V      M u C u K u K u C u M u F                         (19) 

The term Msb is usually neglected and as a result, Equation (19) can be written as: 

ss s ss s ss s sb b sb b B,V     M u C u K u K u C u F                              (20) 
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where the first two terms at right side of the equation are the seismic load acting on the bridge. 

Applying the mode superposition method to Equation (20), a series of mutually independ-

ent modal equations can be obtained, namely: 

2 2

ss b ss b B,V 1,2,2 (2 ) ( ) ( ),T T T

i i i i i i i i i i i iq q i nq         M R u M R u F      (21) 

where φi and qi are the ith normalized mode shape and generalized coordinate, ωi and ξi are 

the ith circular frequency and damping ratio, respectively; n is the number of the modes used 

in the analysis; R is called displacement influence matrix, which can be obtained by the fol-

lowing equation: 

-1

ss sb R K K                                                            (22) 

Equation (17) and Equation (21) constitute the basic motion equations of the train-bridge 

coupling system, and on condition that the wheel-track interaction relation is known, the dy-

namic response of the train-bridge system can be obtained by solving the above equations by 

means of numerical step-by-step integration. 

4 THE PROCEDURE OF TRAIN-BRIDGE DYNAMIC ANALYSIS DURING 

EARTHQUAKES CONSIDERING TOPOGRAPHIC EFFECTS  

Based on the theory of viscous-spring artificial boundary and the finite element method-

based framework for seismic analysis of train-bridge system, the overall procedure of calcu-

lating dynamic response of train-bridge system during earthquakes considering local topogra-

phy can be summarized as follows: 

(1) According to the conditions of local topography, establish the 3-D finite element mod-

el with viscous-spring artificial boundary; 

(2) Calculate the equivalent loads acting on the boundary. If the incident wave is travel-

ling perpendicularly to the ground surface, use Equation (4) ~ (15); if not, there are other 

equations which are not presented in this paper for the moment; 

(3) Apply the loads obtained in step (2) on the nodes at the boundary in the finite element 

model established in step (1), and then the ground motions considering the local topography 

at each support can be obtained. 

(4) With the ground motions obtained in step (3) taken as seismic excitations, analyze the 

seismic response of train-bridge coupling system considering topographic effects through the 

element method-based framework proposed above. 

5 CASE STUDY  

5.1 The bridge model  

In order to study the dynamic response of train-bridge system subjected to seismic action 

considering local topography, a train passing through a 480m bridge is taken as a case study. 

The local topography at the bridge site can be seen in Figure 2. It is located in a valley, as a 

result of which the height of the piers are different. The piers are numbered from Pier #1 to 

Pier #8 and the abutments are expressed as A and B at the ends of the bridge. The highest pier 

is Pier #5, 49m in height, and the shortest is Pier #1, 13.5m in height. 

The total length of bridge is 480m composed of two continuous girders and the span layout 

is (40+64+64+64+40)m+(40+64+64+40)m. The girders have a box section and the configura-

tions of the section can be seen in Figure 3. 

A 3-D FE model of the railway bridge is established and the beam elements are used to 

model the main girder and the piers. The bottoms of Pier #1 to Pier #8 are fixed and the finite 
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element model is shown in figure 4. The first 100 modes are used for the train-bridge dynamic 

analysis and the damping ratio is assumed to be 0.05 uniformly. 

 

(a) Section at the top of main piers 

 

(b) Section at the mid-span 

Figure 3: The girder section 

 
Figure 4: Finite element model of the bridge 

5.2 The train model 

The train used in this case study is ICE3 high-speed train with 8 vehicles. The fourth and 

the eighth vehicles are trailer cars and the others are motor cars. Based on the rigid body dy-

namics method, the model of the train subsystem is established. In this model, each vehicle is 

a rigid body-spring-damper discrete system and is independent from other vehicles. The mass, 

damping and stiffness matrices can be obtained based on the D’Alember principle and then 

the motion equation can be formed [5]. It is assumed that the wheel-track interaction obeys 

the wheel-track corresponding assumption and the German low disturbance spectra for high-

speed railway are used as rail irregularities, whose vertical irregularity curve is shown in Fig-

ure 5 for reference. 
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Figure 5: The vertical irregularity curve 

5.3 The local topography  

According to the actual conditions, the bridge is located in a valley, based on which the FE 

model of local topography can be established. Then according to the theory of viscous-spring 

artificial boundary, the equivalent loads acting on the boundary are calculated and finally the 

ground motions considering the local topography at each support are obtained. 

A 3-D FE model of the local topography is built using a general finite element platform 

ANSYS [22]. The Solid45 elements are used to simulate the soil medium and the Combin14 

elements are used to model the viscous-spring artificial boundary. The parameters of the local 

soil are shown in Table 2. The size of the element is 8m and the overall dimension of the 

model is 640m×160m×160m, which is shown in Figure 6. 

Item Parameter Item Parameter 

Mass density 2610kg/m
3
 Elasticity modulus 5GPa 

Poisson's ratio 0.26 Damping ratio 0.05 

Velocity of P wave 1530m/s Velocity of S wave 871m/s 

Table 2 The parameters of the soil 

 
Figure 6: Finite element model of local topography 

Assuming that the earthquake happens when the train just moves onto the bridge, the com-

putational procedure for the dynamic interaction analysis of the train-bridge system during 

earthquakes is realized based on the above conditions. 
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5.4 Ground motions at each support of  bridge 

The ground motion time histories of the KOBE earthquake are used in this case study, as 

shown in Figure 7. It is assumed that the seismic waves are plane P wave and plane S wave, 

and the corresponding equivalent loads acting on the artificial boundary are obtained by Equa-

tions (4)~(8) and Equations (9)~(15), respectively. After the loads applied on the nodes at the 

boundary in the FE model, the ground motions at all supports of bridge are obtained via time-

procedure analysis in ANSYS. 
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(c) Displacement time history 

Figure 7: Seismic time history 

The finite element model without considering local topography is also established for 

comparison, in which the upper surface is taken as free horizontal surface. Through the same 

procedure, the ground motion time histories without considering topography are obtained. 

Listed in Table 3 are the RSDs (Ratios of Seismic Displacement) at different supports, 

where RSD is defined as the ratio of a seismic displacement maximum with considering the 

topography to the corresponding one without. It can be seen all the values of RSD are less 

than 1.0 either in horizontal or in vertical direction, meaning that the displacement maximums 
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decrease at all the supports after considering the topography, which corresponds to the con-

clusion in Reference [12]. 

 
Direction A 1# 2# 3# 4# 5# 6# 7# 8# B 

Left(←) 0.9767 0.9540 0.9251 0.9149 0.9177 0.9154 0.9192 0.9194 0.9484 0.9773 

Right(→) 0.9763 0.9521 0.9165 0.9025 0.9040 0.9017 0.8984 0.9089 0.9468 0.9766 

(a) RSD in horizontal direction 

Direction A 1# 2# 3# 4# 5# 6# 7# 8# B 

Up(↑) 0.9883 0.9736 0.9510 0.9360 0.9334 0.9331 0.9352 0.9474 0.9688 0.9865 

Down(↓) 0.9884 0.9711 0.9428 0.9257 0.9237 0.9232 0.9251 0.9387 0.9653 0.9862 

(b) RSD in vertical direction 

Table 3: RSD at different supports 

5.5 Dynamic response of train-bridge system subjected to incident P wave  

First, the ratios of displacement response maximums and acceleration response maximums 

with and without considering the topography are defined as Ratio of Displacement Response 

(RDR) and Ratio of Acceleration Response (RAR), respectively. Shown in Figures 8 and 9 

are, respectively, the vertical acceleration and displacement time histories at mid-span of the 

first continuous girder at the train speed of 150km/h. It can be seen that the calculated RAR is 

1.25 and the RDR is 0.94, namely for this bridge, the vertical acceleration increases while the 

vertical displacement decreases when the topographic effects are considered. 
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Figure8: Vertical acceleration time history of mid-span subjected to incident P wave 
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Figure9: Vertical displacement time history of mid-span subjected to incident P wave 
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Shown in Figures 10 and 11 are, respectively, the vertical acceleration and displacement 

time histories of the car-body in the first vehicle when the train speed is 150km/h. It can be 

seen that both the vertical acceleration and displacement of the 1
st
 car-body increase when the 

topographic effects are considered, and the magnifications are 1.08 and 1.03, respectively, 

which demonstrates that it is necessary to take topographic effects into consideration when 

analyzing the dynamic response of train-bridge coupling system and assessing the running 

safety of trains. 

0 2 4 6 8 10 12 14 16 18

-0.4

-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

0.4

A
cc

el
er

at
io

n
 o

f 
th

e 
1
st

 c
ar

-b
o
d
y

(m
/s

2
)

Time(s)

 Considering topography

 Not considering topography

 

Figure 10: Vertical acceleration time history of 1
st
 car-body subjected to incident P wave 
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Figure 11: Vertical displacement time history of 1
st
 car-body subjected to incident P wave 

5.6 Dynamic response of train-bridge system subjected to incident S wave  

Shown in Figures 12 and 13 are, respectively, the horizontal acceleration and displacement 

time histories at mid-span of the first continuous girder at the train speed of 150km/h. It can 

be seen that both the horizontal acceleration and displacement of the bridge decrease when the 

topographic effects are considered and RAR and RDR are about 0.92 and 0.91, respectively. 
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Figure 12: Horizontal acceleration time history of mid-span subjected to incident S wave 
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Figure 13: Horizontal displacement time history of mid-span subjected to incident S wave 

Shown in Figures 14 and 15 are, respectively, the horizontal acceleration and displacement 

time histories of the car-body in the first vehicle when the train speed is 150km/h. Similarly, it 

can be seen that both the acceleration and displacement of the 1
st
 car-body decrease when the 

topographic effects are considered, and the RAR and RDR of the train subsystem are about 

0.80 and 0.97, respectively. The results demonstrate that the local topography of the bridge in 

this case study is beneficial to the coupling system. 
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Figure 14: Horizontal acceleration time history of 1
st
 car-body subjected to incident S wave 
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Figure 15: Horizontal displacement time history of 1
st
 car-body subjected to incident S wave 

6 CONCLUSIONS  

In this paper, a method is presented to take into consideration the topographic effects in 

dynamic analysis of a train-bridge system subjected to multi-support seismic excitations. The 

influence of topography on the seismic response of train-bridge system is preliminarily stud-

ied by a case study. According to the analysis results, some conclusions can be obtained: 

(1) Under the condition of incident P wave, when the topographic effects are considered, the 

vertical acceleration of the bridge increases while the vertical displacement decreases, and 

both the vertical acceleration and displacement of train increase, which demonstrate the 

necessity to consider the effects of local topography in bridge aseismic analysis. 

(2) Under the condition of incident S wave, when the topographic effects are considered, the 

dynamic response of both the train subsystem and the bridge subsystem decrease, which 

means that in this case study, the valley helps to reduce the seismic response of train-

bridge system. 

(3) Different bridges may be located in different kinds of sites, as a result of which the influ-

ence of the topography on the seismic response of train-bridge coupling system may be 

different. Besides, there are also many other factors affecting the analysis results. Howev-

er, the method proposed in this paper has its universal applicability and if necessary, it can 

be used in other railway bridges for seismic response analysis and running safety assess-

ment. 
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Abstract. Bridge damage can be detected by observing changes in its spectral properties. In 

its infancy, bridge health monitoring involved monitoring physical properties via direct in-

strumentation, i.e. sensors attached to the bridge. In recent years many authors have investi-

gated the ability of indirect methods to assess the structural health of bridges, i.e. the vehicles 

traversing the bridges are fitted with sensors. This has the potential of reducing monitoring 

costs as the vehicle may be used to monitor many bridges on the network. Most of the investi-

gation in this relatively new field of study has been on road bridges and road vehicles. A 

method is proposed in this paper for the detection of the bridge damage through an analysis 

of vehicle accelerations resulting from the train/track/bridge dynamic interaction. In a 

train/track/bridge interaction there are additional complications which do not exist on road 

bridges. The signal generated by the train as it traverses the bridge is normally short in dura-

tion. Studies on railway bridges are complicated by the addition of rails, sleepers and some-

times ballast between the tracks and the bridge deck. However, the weight of the train relative 

to the bridge is considerably larger than previous studies using road vehicles and this will 

excite the bridge to a higher degree.  

Numerical validation of the drive-by concept is achieved by using a 2-dimensional dynamic 

vehicle model with 10 degrees of freedom. The finite element interaction model is implement-

ed in MATLAB. The track is modelled as a continuous beam, supported at 0.545m centres on 

three layers of springs and masses representing sleepers, and ballast lying on a simply sup-

ported bridge beam. This paper reports the results of the numerical simulations and the plans 

that are underway to test the concept in field trials.
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1 INTRODUCTION 

At present most condition monitoring of bridges on rail networks is carried out by periodic 

visual inspections and non-destructive testing. This monitoring method is time consuming, 

prone to human error and as such can be unreliable and inconsistent in its findings. Direct in-

strumentation of bridges, whereby sensors are attached to the bridge, can be used to detect 

changes in the spectral properties of the structure and infer damage. This method of structural 

health monitoring is widely documented in the literature [1]. More recently, indirect methods 

of assessing the structural health of bridges, whereby the measured response of a vehicle 

crossing the bridge is analysed to detect damage, have gained increased interest in research 

projects due to the cost saving potential they offer [2]–[4]. 

The concept, similar to a track damage detection algorithm presented by Cantero and Basu 

[5], involves using an instrumented vehicle to regularly record geo-located vehicle accelera-

tion responses, establishing a baseline response to a bridge crossing event. The monitoring 

method makes comparisons to the baseline to detect large differences which could indicate 

possible structural damage. 

For this study it is proposed to analyse the acceleration response of railway vehicles using 

a continuous wavelet transform, comparing the response to a baseline, or healthy, analysis in 

order to detect damage in a bridge. The continuous wavelet transform is a time–frequency 

analysis that provides more detailed information about non-stationary signals which tradition-

al Fourier analysis miss. It is applied to various fields including civil, mechanical and aero-

space engineering, especially for damage detection and structural health monitoring (SHM) 

[6]. Wavelet analysis has advantages over traditional Fourier transform methods in that fre-

quency information is provided while retaining the corresponding time information. The 

wavelet transform can analyse smaller portions of larger signals and return the frequency in-

formation for that portion. This property of the transform means it has the potential, not only 

to detect damage, but also to locate it. The wavelet transform was developed by Daubechies 

[7]. Definitions of the wavelet transform and descriptions of the most common wavelets are 

published in her work. The wavelets most commonly used in structural health monitoring are 

investigated by Reda-Taha et al, [8] who find that some wavelets perform better in certain 

situations. A number of authors use the ‘Mexican Hat’ wavelet in structural health monitoring 

and bridge damage investigations [9], [10], and is therefore adopted as part of this study.  

Zhu and Law [9] use wavelet analysis to detect an irregularity in a beam using its dis-

placement response. Hester et al. [10] build on that work by applying the wavelet transform to 

bridge deck acceleration responses in order to increase the level of accuracy required when 

assessing vehicle bridge interactions. Hester et al. assess the wavelet energy of a signal by 

squaring the wavelet coefficients over incremental time intervals. 

Wimmer et al. [11] use experimental data from strain sensors to measure the excitation of a 

flat steel plate to detect damage in welds along the edge of the plate. This is achieved by com-

parison of the wavelet transform of the strain data to a baseline state and examining the max-

imum difference in wavelet transform coefficients.  

In this study, the acceleration response of a railway vehicle is generated using a validated 

finite-element vehicle-bridge interaction model called the Train-Track-Bridge (TTB) model 

developed by Cantero et al. [12]. The model generates acceleration responses at any degree of 

freedom in the structure or vehicle. Damage is simulated in the bridge structure by reducing 

the stiffness of affected bridge elements. Acceleration outputs from the TTB model provide 

the inputs for the wavelet-based damage detection algorithm. Wavelet transforms for vehicle 

acceleration responses measured for different levels of damage are compared to investigate if 

damage can be detected and located.  
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This paper is divided into the following sections. Firstly, the Train-Track-Bridge model 

used in the investigation is described. This is followed by a brief section describing the wave-

let tool and methodology. Results are presented for a range of damage levels, locations and 

signal noise. Finally, an overview of the results and suggestions for further research are pre-

sented.  

2 MODEL DESCRIPTION 

The Train-Track-Bridge (TTB) model is presented in this section. The vehicle model, track 

model and bridge model are all described separately before the coupling of the model is 

briefly described.  

2.1 Vehicle Model 

The vehicle model used in this study is shown in Figure 1. The vehicle is modelled as a 

‘half-car’ consisting of 10 Degrees Of Freedom (DOF) including 4 wheels (vertical 

displacements only), 2 bogies (vertical displacement and rotation about the centre of gravity 

on each bogie) and the main body (vertical displacement and rotation about the centre of 

gravity of the main body). The wheels are represented as masses (mw1, mw2, mw3, mw4). The 

bogies are modelled as rigid bars with mass (mb1, mb2) and moment of inertia (Ib1, Ib2), while 

the main body of the vehicle is modelled as a rigid bar with mass (mv) and moment of inertia 

(Iv). The wheels are connected to the bogies by means of primary suspension systems 

consisting of springs (kp) and viscous dampers (cp) in parallel. Similarly, the bogies are 

connected to the main body by means of a secondary suspension system consisting of a spring 

(ks) and a viscous damper (cs) in parallel. Assuming small rotations, we can adopt a linearized 

system of equations of motion. Vehicle properties are gathered from the literature [13] and are 

listed in Table 1.  

 

Figure 1: Sketch of vehicle model 
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Property Symbol Value Unit 

Mass of wheel 4321 ,,, wwww mmmm  1843.5 kg 

Mass of bogie 21 , bb mm  5630.8 kg 

Mass of main body vm  59364.2 kg 

Moment of Inertia of bogie 21 , bb II  9487 kg.m
2
 

Moment of Inertia of main body vI  1.723×10
6
 kg.m

2
 

Stiffness of Primary Suspension 4321 ,,, pppp kkkk  4.7992×10
6
 N/m 

Stiffness of Secondary Suspension 21 , ss kk  1.7716×10
6
 N/m 

Damping of Primary Suspension 4321 ,,, pppp cccc  60×10
3
 Ns/m 

Damping of Secondary Suspension 21 , ss cc  90×10
3
 Ns/m 

Distance between bogies vL  11.46 m 

Additional distance (front and back) ,b fL L  3 m 

Distance between axles 1 2,b bL L  3 m 

Table 1: Properties of the vehicle – Chinese Star – Power Car. 

2.2 Track Model 

The track is modelled as a beam supported on a three-layer sprung mass system representing 

a sleeper, pad and ballast support system as shown in Figure 2. This three-layer system is the 

structure recommended by the UIC for assessing rail bridges due to dynamic interaction 

between the train, track and bridge [14]. Track supports are spaced at a regular interval Ls, 

representing the spacing between the sleepers. The rail is modelled as a finite element Euler-

Bernoulli beam with two beam elements per sleeper spacing. Each track element has 2 nodes 

with 2 DOF at each node. Properties of track structures vary significantly throughout the 

literature. Values used in this study are taken from Zhai et al.[15] and are shown in Table 2. 

Note that properties marked with an asterisk (*) in the table are for single rail only and are 

doubled in order to include both rails in the planar TTB model. Ballast is omitted over the 

bridge where sleepers are fixed directly to the beam. Vibrations are dissipated through 

sleeper-beam pads, the properties of which are shown in Table 2. 

 

Figure 2: Sketch of track model 
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Property Symbol Value Unit 

Elastic modulus of rail rE  2.059×10
11

 N/m
2
 

Rail cross-sectional area rA  7.69×10
-3

 m
2
 

Rail second moment of area rI  *3.217×10
-5

 m
4
 

Rail mass per unit length rµ  *60.64 kg/m 

Rail Pad stiffness pk  6.5×10
7
 N/m 

Rail Pad damping pc  7.5×10
4
 Ns/m 

Sleeper mass (half) sm  *125.5 kg 

Sleeper spacing sL  0.545 m 

Ballast stiffness bak  137.75×10
6
 N/m 

Ballast damping bac  5.88×10
4
 Ns/m 

Ballast mass bam  531.4 kg 

Sub-ballast stiffness sbk  77.5×10
6
 N/m 

Sub-ballast damping sbc  3.115×10
4
 Ns/m 

Beam-sleeper pad stiffness bsk  77.5×10
6
 N/m 

Beam-sleeper pad damping bsc  90×10
3
 Ns/m 

Table 2: Properties of the track 

2.3 Bridge Model 

The bridge used in this study is shown in Figure 3. The bridge is modelled as a simply 

supported finite element beam with properties listed in Table 3. For the purposes of symmetry 

the beam element length is equal to the track model element length, i.e. half the sleeper 

spacing, resulting in a total of 74 elements in the beam. Each beam element has 2 nodes with 

2 DOF at each node. Properties of the concrete beam have been taken from the literature [16]. 

The theory behind global damage detection methods is that damage changes the stiffness, 

mass or damping properties of a structure, altering its dynamic response. Damage in the beam 

is modelled simply as a percentage loss of sectional depth in selected elements producing a 

reduction in the elemental stiffness of the affected elements in the beam. 

Rayleigh damping is used in the model to simulate energy dissipation in the beam response. 

 

 

Figure 3: Sketch of beam model 

Property Symbol Value Unit 

Length bL  20 m 

Elastic modulus bE  25×10
9
 N/m

2
 

Second moment of area bI  1.46 m
4
 

Damping ratio bζ  1 % 

Cross-sectional area bA  1 m
2 

Mass per unit length bµ  17777 kg/m 

Table 3: Properties of the beam 
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2.4 Coupled Model 

The vehicle, track and beam subsystems are combined together to form the TTB model. 

The model can be visualised in Figure 4. A static analysis is carried out before a dynamic 

analysis is initiated. Furthermore, a bridge approach distance of 10 m from the leading wheel 

to the left hand bridge support, is incorporated into the model to allow the vehicle achieve 

dynamic equilibrium before the first wheel enters the bridge. A section of track is included 

after the bridge to allow the vehicle to fully exit the bridge and for free vibration of the bridge 

to take place after the vehicle has passed. 

 

Figure 4: Sketch of TTB model 

The vehicle track and beam subsystems can each be defined by a set of second order 

differential equations that can be represented in matrix format as: 

 
X X X X X X XM u +C u +K u =F�� �  (1) 

where M, C and K are the mass, damping and stiffness matrices of the subsystem 

respectively. The subscript ‘x’ denotes which subsystem the matrix refers to and may be 

substituted by V, T, and B to denote the vehicle, track and bridge subsystems respectively. F 

is the external force vector while u�� , u� and u are the vectors of accelerations, velocities and 

displacements respectively. The coupling of the subsystems is expressed mathematically with 

additional off-diagonal block matrices as shown in Eqn (2).  
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+ + =           
            

            

�� �

�� �

�� �
 (2) 

The vehicle and track/bridge model are coupled together via the wheel/rail interaction, i.e. 

the DOF’s of the wheels and the DOF’s of the rail are combined. The coupling terms in the 

coupled matrices need to be updated at each time step. The vehicle wheels do not always act 

at the nodes of the rail and the vehicle’s contribution to the coupled terms needs to be distrib-

uted to the DOF’s of the rail using Hermitian shape functions. This method of distribution is 

well documented in the literature [17]. 

The equations of motion are solved using a numerical integration scheme. The Newmark-β 

method is employed in this study [18]. The TTB model was implemented in Matlab. 

3 WAVELET ANALYSIS 

A wavelet is a waveform of limited duration with an average value of zero.  

 (x)dx = 0ψ
+∞

−∞∫  (3) 

where ψ(x) is the base or mother wavelet. The base wavelet can be scaled and translated to 

create a range of analysing wavelets:  
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,

1
( )x s

x x
x

ss
ψ ψ

− 
=  

 
 (4) 

where s is the scaling factor and x is the translation parameter. The base wavelet can be a real 

or complex function; however only real wavelets are used in this study. The continuous wave-

let transform of a function, or in this study, a continuous acceleration signal, y(x), is given by 

the following equation: 

 1
( , ) ( )W

x x
Y x s y x dx

ss
ψ

+∞

−∞

− 
=  

 
∫  (5) 

where ( , )WY x s refers to the transformed quantity, or coefficient, of ( )y x using the wavelet, 

,( )
x s

xψ .  

In a wavelet transform the base wavelet is compared to a portion of the signal being ana-

lysed and its coefficient is calculated. The wavelet coefficient is a measure of how closely the 

base wavelet matches the function in the area of interest. The wavelet is translated along the 

entire signal resulting in a series of wavelet coefficients in time. The wavelet is then scaled, or 

stretched, and the process is repeated until the signal has been analysed by all scales in a spec-

ified range. The result of the analysis is a 3-dimensional surface or 2-dimensional contour plot 

in which wavelet coefficients, scales and time can be represented [8]. 

The scale axis of the plot can be related to a pseudo frequency [10]. A large scaling factor 

implies a stretched base wavelet that detects low frequency content in the signal. A low scal-

ing factor detects high frequency content in the signal. There exists a relationship between the 

scale of the base wavelet and a pseudo frequency given by the following equation: 

 c
s

F
F

s
=

∆
 (6) 

where 
sF is the pseudo frequency corresponding to scale, s, in Hz, 

cF  is the centre frequency 

of the wavelet in Hz and ∆  is the sampling period of the signal being analysed. 

In this study the TTB model is used to simulate the passage of a train across a finite ele-

ment track model featuring a bridge beam as described in Section 2. The acceleration re-

sponse of the front bogie on the vehicle is chosen as the function analysed in the wavelet 

transform. Two simulations are carried out to generate a ‘healthy’ acceleration response, 

( )hy x and a ‘damaged’ response, ( )dy x . Wavelet transforms are carried out on both signals 

independently using the same base wavelet and scale. The difference between the wavelet co-

efficients for the ‘healthy’ response and ‘damaged’ response is given by the equation: 

 ( , ) ( , ) ( , )W h W d WY x s Y x s Y x s= −  (7) 

where ( , )h WY x s represents the wavelet coefficients calculated for the ‘healthy’ response 

( )hy x , and ( , )d WY x s represents the wavelet coefficients calculated for the ‘damaged’ re-

sponse ( )dy x . With all other parameters being equal, the difference in the wavelet coeffi-

cients will return the magnitude and location of the damage in the beam. 

4 RESULTS AND DISCUSSION 

In the first simulation, the vehicle is simulated traversing the model with a smooth rail pro-

file and no bridge damage at a constant velocity of 120 km/hr, producing a healthy accelera-

tion response. For the second simulation, damage is introduced into the bridge in elements 22 

and 23 (out of a total of 74 elements), and the same vehicle is simulated crossing the model 
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from the same starting point at the same velocity. A comparison of the wavelet transform pro-

duced is shown in Figure 5. It is shown that damage is located where the maximum difference 

between the healthy and damaged wavelet coefficients occurs. 

It is found that scales between 10 and 50 (corresponding to pseudo-frequencies of 20 Hz – 

2 Hz) are most successful in finding the damage and damage location using the Mexican hat 

wavelet for this particular model. The first mode of vibration of the healthy bridge (5.535Hz) 

is found within the corresponding frequency range. Damage causes a change to the natural 

frequencies of the bridge which manifests itself in the vehicle response thereby allowing the 

detection of the damage from the vehicle response. 

 

Figure 5: Wavelet contour plot showing difference in Wavelet Coefficients for Bogie1 Accelerations - 0% Noise 

- 10% Damage 

For the next simulation, damage is increased by 10% to 20% in the same beam elements. 

All other parameters are unchanged. Again, the wavelet transform for the acceleration re-

sponses are compared. The differences in the wavelet transform coefficients are shown in 

Figure 6. As before, the presence of damage, and its location, are determined. By comparison 

to Figure 5 an estimation of the relative magnitude of the damage can also be made. In Figure 

5 the magnitude of the maximum difference was 0.0008 for 10% damage. For 20% damage it 

is found that the maximum difference is just over twice that (0.0018). 

To determine if a relationship exists between the difference in wavelet coefficients and 

damage level, a number of simulations were carried out and the maximum difference between 

wavelet functions determined for increasing damage level. Figure 7 shows that the maximum 

difference between wavelet coefficients increases with damage level suggesting that the level 

of damage can be estimated using this approach. 
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Figure 6: Wavelet Scalogram showing difference in Wavelet Transform Coefficients for Bogie1 Accelerations - 

0% Noise - 20% Damage 

 

Figure 7: Difference in Wavelet Transform Coefficients vs. Damage 

To test the algorithm further, additive white noise related to the signal is introduced to both 

healthy and damaged signals before wavelet analyses are carried out. Wavelet transforms car-

ried out for both acceleration responses with 1% noise are compared and the differences be-

tween the wavelet transform coefficients are shown in Figure 8. As before, the presence of 

damage, and its location are determined even in the presence of noise. From running multiple 

simulations for a range of damage levels it is found that damage levels below 5% become 

generally undetectable in the presence of 1% noise while only damage levels of 8% and above 
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are detectable when 2% noise is added to the signals. It is found that the addition of noise also 

reduces the reliability of the damage location capabilities of the algorithm. 

 

Figure 8: Wavelet contour plot showing difference in Wavelet Transform Coefficients for Bogie1 Accelerations 

- 1% Noise - 10% Damage 

5 CONCLUSIONS 

A methodology has been presented whereby damage in a bridge can be detected using in-

strumentation fitted to a traversing vehicle. A wavelet transform-based damage identification 

and location technique has been found to be simple, efficient, and independent of damage 

magnitude and location with an acceptable tolerance to signal noise. The basis of the tech-

nique is the comparison of vehicle acceleration response while crossing a damaged bridge to a 

healthy baseline response. Variations in the acceleration response due to variations in the 

global properties of the bridge resulting from the bridge damage can be detected as a differ-

ence in the resulting wavelet plots. 

The authors are in the process of acquiring accelerometers to attach to an Irish Rail train 

vehicle so that the actual acceleration responses of a vehicle can be obtained while it traverses 

a section of track featuring a bridge. It is planned to acquire the data at regular time intervals 

in order to make comparative studies into the structural health of the bridge. A potential chal-

lenge with the application of this methodology for structural health monitoring of rail bridges 

using acquired data is the fact that acceleration responses of vehicles can be influenced by 

many other factors. Obtaining comparable signals may prove difficult. 
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Abstract. CRTS II ballastless slab track is widely adopted in high-speed railways in China. 

The influence of temperature induced deformation of CRTS II slab track on the running safety 

of high-speed trains is an important issue to be considered. With the temperature field of 

track slab simulated by applying temperature load on the track slab nodes, the warping of 

CRTS II track slab under overall temperature change and temperature gradient is analyzed. 

By applying the vertical rail displacements caused by the slab warping as the additional rail 

irregularities, the dynamic analysis model for the train-track system is established, to analyze 

the dynamic performance of the train. With the additional rail irregularities caused by slab 

warping under the most positive temperature difference as excitations, the dynamic responses 

of the track and the train vehicles, such as the wheel-rail interaction forces, wheel offload 

factor, reaction forces of fastener, as well as the accelerations of rail and track slab, are cal-

culated, when the train passes on the track at the speed of 250km/h. The results show that the 

dynamic responses are larger, especially the accelerations of rail and track slab when con-

sidering the additional rail irregularities caused by temperature warping of track slab. 
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1 INTRODUCTION 

The CRTSII slab ballastless track widely adopted in high-speed railways in China is com-

posed of rail, fasteners, track slab, CA (cement asphalt) mortar layer, concrete supporting lay-

er and anti-frozen layer. A standard track slab is 6.45×2.55×0.2m, as shown in Figure 1. The 

CA mortar layer is 0.03m thick and 2.55m wide. The concrete supporting layer is 0.3m thick 

and 2.95m wide. 

  

Figure 1: The standard track slab 

There are mainly two types of temperature loads to be considered when analyzing the track 

slab, namely the overall temperature change and the temperature gradient. The temperature 

gradient of track slab has already been studied thoroughly 
[1-7]

, However, the overall tempera-

ture change and the temperature gradient happen at the same time, and the concretes at differ-

ent heights of track slab have different temperature changes to form the temperature gradient 

in height. The temperature warping of track slab should be caused by the overall temperature 

change and the temperature gradient. 

The warping of track slab under overall temperature change and temperature gradient is 

analyzed with the temperature field of track slab simulated by applying temperature load on 

the track slab nodes. By applying the vertical rail displacements caused by the slab warping as 

the additional rail irregularities, the dynamic analysis model is established, to analyze the dy-

namic performance of the train-track system. 

2 TEMPERATURE WARPING OF CRTS II SLAB BALLASTLESS TRACK 

The temperature field of track slab is simulated by applying temperature load on the track 

slab nodes. The initial temperature is the construction target temperature when track slab has 

neither temperature difference nor deformation. The final temperature is the measured tem-

perature.  

The calculation is simulated with the software Midas. The track slab, the CA mortar and 

the concrete supporting layer are simulated by solid elements. The track slab and the CA mor-

tar are connected by nonlinear springs which are only compressed. The CA mortar and the 

concrete supporting layer are concurrent in contact surface. The rail is simulated by beam el-

ements, and the fastener is simulated by the common springs. 

The model of a track slab is shown in Figure 2. 

 

Figure 2: Model of a track slab 
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The temperature is cited from literature [6] to analyze the warping of track slab during a 

whole day. The surface temperature, the bottom temperature and the temperature difference of 

track slab during the whole day are shown in Figure 3. The temperature warping of track slab 

within 24 hours is shown in Figure 4. 
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Figure 3: The surface temperature, the bottom temperature and the temperature difference of track slab during 

the whole day 
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Figure 4: Temperature warping of track slab within 24 hours 

The temperature warping of the track slab at the time of the most positive temperature dif-

ference and the most negative temperature difference are respectively shown in Figure 5 and 

Figure 6. The temperature warping is upward in the central area of the track slab at the time of 

the most positive temperature difference and the temperature warping is upward in the four 

corners of the track slab at the time of the most negative temperature difference. 

 

Figure 5: Temperature warping of the track slab at the time of the most positive temperature difference 
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Figure 6: Temperature warping of the track slab at the time of the most negative temperature difference 

3 DYNAMIC ANALYSIS OF TRAIN-TRACK SYSTEM UNDER TEMPERATURE 

LOAD  

By applying the vertical rail displacements caused by the slab warping as the additional rail 

irregularities, the dynamic analysis model for the train-track system is established, to analyze 

the dynamic performance of the train. With the additional rail irregularities caused by slab 

warping under the most positive temperature difference as excitations, the dynamic responses 

of the track and the train vehicles, such as the wheel-rail interaction forces, wheel unloading 

rates, reaction forces of fastener, as well as the accelerations of rail and track slab, are calcu-

lated based on inter-system iteration
[8-11]

, when eight vehicles pass on the track at the speed of 

250 km/h.  

3.1 The influence of fastener stiffness on the additional rail irregularities 

The deformations of the rail and the track slab are calculated under the most positive and 

negative temperature difference when the stiffness of the fastener is respectively 22.5 kN/m, 

60 kN/m and 60000 kN/m. The results are shown in Table 1. 

The vertical stiff-

ness of fastener 

The maximum vertical displacements 

of rail 

The maximum vertical displacements 

of track slab 

The most positive 

temperature dif-

ference 

The most negative 

temperature dif-

ference 

The most positive 

temperature dif-

ference 

The most negative 

temperature dif-

ference 

22.5 kN/m 1.34mm 0.09 mm 1.56 mm 0.44 mm 

60 kN/m 1.27 mm 0.11 mm 1.50 mm 0.43 mm 

60000 kN/m 1.07 mm 0.11 mm 1.32 mm 0.34 mm 

Table 1 The maximum vertical displacements of rail and track slab with different fastener stiffness 

Table 1 shows that as the vertical stiffness of fastener reduces, the maximum vertical dis-

placements of rail and track slab under the most positive temperature difference decrease. Be-

sides, the maximum vertical displacement of rail under the most negative temperature 

difference can be ignored compared to the most positive temperature difference. So the addi-

tional rail irregularities caused by slab warping under the most positive temperature difference 

when the stiffness of the fastener is 22.5 kN/m are taken as excitations in this analysis. 

3.2 The dynamic index for safety evaluation  

The safety indexes of vehicles are composed of the derailment factor, offload factor of the 

wheel, and the lateral wheel-rail interaction force
[12]

. However, the lateral wheel-rail interac-

tion force and the derailment factor are zero in this paper, because the lateral rail irregularities 
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are neglected. So only the wheel offload factor is considered in this paper and it should satisfy: 

∆P/P≤0.6, according to the <<Code For Design Of High Speed Railway>> in China. 

3.3 Dynamic responses under temperature load 

With the additional rail irregularities caused by slab warping under the most positive tem-

perature difference when the stiffness of the fastener is 22.5 kN/m as excitations, the dynamic 

responses of the track and the train vehicles, such as the wheel offload factors, reaction forces 

of fastener, as well as the accelerations of rail and track slab, are calculated when eight vehi-

cles pass on the track at the speed of 250 km/h. The results are shown in Table 2. 

 

Dynamic indexes 
Normal road sec-

tion  

Road section un-

der temperature 

load 

The increase per-

cent 

Wheel offload fac-

tor 
0.300 0.318 6.0% 

The maximum 

vertical reaction 

force of fastener 

24.39/kN 25.25/kN 3.5% 

The maximum 

vertical accelera-

tion of rail 

79.49/(m/s
2
) 95.93/(m/s

2
) 20.7% 

The maximum 

vertical accelera-

tion of track slab 

1.72/(m/s
2
) 2.08/(m/s

2
) 20.7% 

Table 2 The dynamic responses under temperature load 

Table 2 shows that the dynamic responses are larger when considering the additional rail 

irregularities caused by temperature warping of track slab. The wheel offload factor increases 

by 6.0%, the maximum vertical reaction force of fastener increases by 3.5%, and the maxi-

mum vertical accelerations of rail and track slab increase obviously by 20.7%. 

The wheel offload factor under temperature load is 0.318 and it satisfies: ∆P/P≤0.6, so it is 

safe for the train vehicles. 

The vertical wheel-rail interaction forces, the vertical reaction forces of fastener, and the 

vertical accelerations of rail and track slab are shown respectively in Figures 7 to 10. 
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Figure 7: Vertical wheel-rail interaction force histories of vehicle’s first wheel 
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Figure 8: Vertical reaction force histories of fastener 
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Figure 9: Vertical acceleration histories of rail 
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Figure 10: Vertical acceleration histories of track slab 

4 COCLUSIONS  

In this paper, the warping of track slab under overall temperature change and temperature 

gradient is analyzed with the temperature field of track slab simulated by applying tempera-

ture load on the track slab nodes. By applying the vertical rail displacements caused by the 

slab warping as the additional rail irregularities, the dynamic analysis model is established, to 

analyze the dynamic performance of the train-track system. According to the analysis results, 

some conclusions can be obtained: 
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(1) The temperature warping is upward in the central area of track slab at the time of the most 

positive temperature difference and the temperature warping is upward in the four cor-

ners of track slab at the time of the most negative temperature difference. 

(2) The maximum vertical displacements of rail and track slab under the most positive tem-

perature difference decrease as the vertical stiffness of fastener reduces. Besides, the max-

imum vertical displacement of rail under the most negative temperature difference can be 

ignored compared to the most positive temperature difference. 

(3) The dynamic responses become larger when considering the additional rail irregularities 

caused by temperature warping of track slab. The wheel offload factor increases by 6.0%, 

the maximum vertical reaction force of fastener increases by 3.5% and the maximum ver-

tical accelerations of rail and track slab increase obviously by 20.7%. 
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Abstract. Several of the bridges belonging to the Bothnia Line, located in northern Sweden,
do not theoretically fulfil the current design limit for the vertical deck acceleration, when being
subjected to high-speed trains. Hence, it is important to find appropriate vibration mitigation
strategies that are applicable to railway bridges, in order to reduce the acceleration caused by
passing trains. One way of solving this problem is to install external viscous dampers.

A finite element solution for damper retrofit of high-speed railway bridges is proposed in
this paper. The bridge is modelled as a two-dimensional Euler-Bernoulli beam, with inclined
dashpots connected between the superstructure and the abutments. Furthermore, this paper
highlights the influence of several parameters on the effectiveness of the dampers.
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1 INTRODUCTION

The Bothnia Line is a subsection of the Swedish railway system, which stretches along the
northern coastline and includes a total of 140 bridges [1]. The tracks and bridges of the line are
designed for train speeds of up to 250 km/h. The maximum vertical bridge deck acceleration
must not exceed 3.5 m/s2, for bridges with ballasted tracks, according to the Eurocode [2].
However, theoretical results from previous studies [3] indicate that many of the steel-concrete
composite bridges along the Bothnia Line fail to fulfil this requirement.

The demands for analyses of the dynamic behavior of high-speed railway bridges are con-
stantly increasing, due to the combination of higher train speeds and loads together with the
decreasing weight of modern railway bridges [4]. One fundamental problem that must be in-
cluded in the analyses is the risk of resonance in the bridge, caused by train loading. Reso-
nance arises when the forcing frequency from the train coincides with the eigenfrequency of the
bridge, which may occur due to the periodic and repetitive action of axle loads.

Consequently, procedures for mitigating the dynamic response of structures have to be em-
ployed for both new and existing high-speed railway bridges. An efficient approach is to install
control devices, in order to reduce the response of bridges subjected to passing trains [5]. Thus,
the structural safety and serviceability of the bridge will be significantly increased.

One example of a damping device, which is a widely accepted application within civil struc-
tures, is the tuned mass damper (TMD). The TMD consists of a spring, an added mass and
a damper and can relatively easy be attached to structures, in order to efficiently mitigate the
vibrations [6]. However, the TMD is tuned to a certain frequency of the structure and will, thus,
be inefficient at other ranges of frequencies [7]. Hence, inaccurate estimates of the properties of
the bridge can lead to a detuning effect [8]. This results in increased installation and calibration
costs, in order to tune the dampers correctly and avoid estimation errors. Furthermore, the TMD
may be unsuitable for existing structures, since the structure may not be able to carry the added
mass.

The fluid viscous dampers (FVD), on the other hand, provides the robustness necessary for
applications in railway bridges. This type of control system covers a wide frequency band,
which eliminates the detuning effect. Therefore, the installation and maintenance costs are
significantly decreased. Another advantage is that the device does not consist of an added mass
and will, thus, not affect the resistance of the bridge to the same extent as a TMD. Figure 1
shows a sketch of a FVD.

Piston rod Cylinder
Compressive
silicone fluid

Accumulator
housing

Seal retainer
Seal

Chamber 1 Rod make-up
accumulator

Chamber 2
Piston head
with orifices

Control valve

Figure 1: A sketch of a type of FVD, reproduced from [9].

Several studies include investigations of FVDs using auxiliary beams, in order to connect
the dampers to the superstructure [7, 10–13]. This retrofit method (as well as installation of
TMDs) may, however, be unsuitable for some bridges, where ground conditions or barriers in
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the surroundings limit the accessibility for heavy construction machinery. It is expensive to
restrict the traffic during the installation of the dampers, wherefore measures that have a small
impact on the rail services are desirable.

This study contains a proposal of a retrofit approach, where the FVDs are installed between
the superstructure and the abutments. Furthermore, the installation method imposes a distance
between the neutral axis of the beam and the connection point of the damper, referred to as
eccentricity in the present study. Conclusively, an investigation of some influential parameters
on the efficiency of the damping properties is conducted as well.

2 NUMERICAL CALCULATIONS

The bridge is idealized as a two-dimensional Euler-Bernoulli beam, while the FVDs are mod-
eled as dashpots and the eccentricity is obtained through constraint equations. Furthermore, the
equation of motion for the system can be described by the viscously damped, linear oscillator

Mü+ Cu̇+Ku = F (1)

where ü, u̇ and u are the acceleration, velocity and displacement of the structural compo-
nents. Moreover, M , C andK are the matrices of the mass, damping and stiffness, respectively,
and F is the force. The damping consists of the damping contribution from the external dampers
Cd and the structural damping of the bridge Cs. Hence, the governing equation of motion for
the bridge-damper system can be expressed as

Mü+ [Cd + Cs]u̇+Ku = F (2)

The calculation of the train forces is based on a procedure that is described by Frỳba [14].
The axle distances and loads determine the magnitude and position of the forces at each time
instant. These values correspond to the high-speed load model (HSLM) trains that are stated in
the Eurocode [2].

The force matrix is assembled by assuming a linear interpolation between the nodes, in
order to find the distribution of each concentrated force to the closest vertical degree-of-freedom
(DOF) at each time step. The nodal forces at each time instant are shown in Equation (3), where
the indices i and i+ 1 correspond to the vertical DOF that the force has already passed and the
one it will pass in the immediate future, respectively.

Fi(t) =
N∑

n−1

Fnεn(t)

[
ct− dn − di
di+1 − di

]
(3a)

Fi+1(t) =
N∑

n−1

Fnεn(t)

[
1− ct− dn − di

di+1 − di

]
(3b)

node i node i+1

di di+1
Fn

Figure 2: A sketch of the moving concentrated force acting on a beam element.
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The quantities in Figure 2 and Equation (3) are the axle force of the nth train axle Fn, the
train speed c, the time t and the distance between the first force and the nth force dn. di and di+1

are the positions of the two nodes of the loaded element, whereas i = 1, 2, 3, ..., Ny − 1 and Ny

is the number of vertical DOFs along the beam. Furthermore, εn is a function that determines
whether or not the force is acting on the beam and is defined as

εn(t) = H [t− tn]−H [t− Tn] (4)

where tn and Tn are the times when the nth force enters and exits the bridge (with a total
bridge length L), respectively

tn = dn/c

Tn = [L+ dn]/c
(5)

and H(t) is Heaviside’s function, given by

H(t) =

{
0 for t < 0
1 for t ≥ 0

Thereafter, direct time integration using the implicit Newmark’s method is conducted, in
order to obtain the maximum bridge deck acceleration and velocity at each time instant. The
first step is to initialize the values for the force, F0 = 0, and displacement u0 = 0, as well as its
derivatives, u̇0 = 0 and ü0

ü0 =
F0 − Cu̇0 −Ku0

M
(6)

The same applies for the Newmark’s coefficients, a1, a2 and a3. These depend on the mass
and the damping of the system.

a1 =
β∆t2

M
+

γ

β∆t
C

a2 =
β∆t

M
+
γ − β
β

C

a3 =
1− 2β

2β
M +

γ − 2β

2β
C∆t

(7)

The constants β and γ in Equation (7) are the Newmark’s average acceleration parameters,
which are 0.25 and 0.5 respectively. After the initialization, the following procedure is then
performed for each time step, ∆t.

K̂ = K + a1

F̂ = Ft+1 + a1ut + a2u̇t + a3üt
(8)

which gives the displacement, velocity and acceleration at time t+ 1

ut+1 = F̂ /K̂

u̇t+1 =
γ

β∆t
∆ut +

β − γ
β

u̇t +
2β − γ

2β
üt∆t

üt+1 =
1

β∆t2
∆ut −

1

β∆t
u̇t −

1− 2β

2β
üt

(9)
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where ∆ut = ut+1 − ut. Equations (8) and (9) are then repeated for all time steps.
The values for u̇ and ü in Equation (9) are then used to derive the maximum acceleration and

calculate the damper force. The maximum acceleration is found by collecting the maximum
value of ü, at any time instant, for each train speed. Furthermore, the maximum velocity in
the dampers must be determined, in order to calculate the required damper force according to
Equation (10).

fd,max = cd|u̇max| (10)

The constant cd in Equation (10) is the damping coefficient for the external damper. The
maximum velocity, u̇max, is obtained by extracting the maximum velocity at the damper con-
nections, for all time steps and each train speed.

3 CASE STUDY

A case study of one of the bridges along the Bothnia Line, which theoretically fails to fulfil
the Eurocode acceleration requirement, is performed. The investigated bridge (see Figure 3)
is called the Banafjäl Bridge. It is a simply supported, single track, steel-concrete composite
girder bridge. The relevant bridge properties are shown in Table 1, where the given quantities
are: Young’s modulus E, the eccentricity e (i.e. the distance between the neutral axis of the
bridge and the connection point of the damper, see also Figure 4), the area moment of inertia I ,
the span length L, the mass of the bridge m and the damping ratio of the constituent materials
ξ (chosen according to recommendations in [2]).

Figure 3: The Banafjäl Bridge.

Table 1: Properties of the Banafjäl Bridge.

E e I L m ξ
[GPa] [m] [m4] [m] [kg/m] [%]
200 2.2 0.61 42 18 400 0.5

Figure 4 shows the proposed retrofit, where cd is the damping coefficient for the external
dampers, e is the eccentricity between the bridge deck neutral axis and the connection point of
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the dampers (which is assumed to coincide with the vertical coordinate of the support point).
Furthermore, α is the inclination of the dampers and xd is the distance between the support and
the connection point of the dampers. On this bridge, dampers could be installed using cross
beams, attached between the bottom flanges of the main girders.

e

cd

α

xd

L

cross beam

Figure 4: The proposed retrofit method of the dampers.

Previous studies [3] have shown that the critical HSLM-train for this bridge is the HSLM-A4
(see [2]), so the following investigations are limited to this train. The speed of the train, during
the passages of the bridge, is varied from 100-300 km/h, with a speed increment of 1 km/h.

4 PARAMETRIC EVALUATION

Four different parameters are varied within the scope of this study, in order to observe the
impact on the damping properties, namely;

− the damping coefficient of the dampers

− the eccentricity between the neutral axis of the bridge and the damper connections

− the inclination of the dampers

− the distance from the supports to the connection points of the dampers

Only one of the different parameters are changed within each investigation, while the re-
maining variables are held constant. The damping coefficient is changed to cd = 0, 2, 3, 4.5
MNs/m. Moreover, the eccentricity is altered between the following values: e = 0, 2.2, 2.6, 3.0
m. The first two values, e = 0 m and e = 2.2 m, correspond to the cases when the dampers
are attached directly to the neutral axis of the bridge and to the lower flanges of the girders, re-
spectively. The remaining values are the eccentricity together with two different heights of the
additional cross beam (i.e. 0.4 m and 0.8 m). The inclination of the dampers is varied between
α = 30, 45, 60, 75◦ and the distance from the support to the connection point of the dampers
is increased within an interval of xd = 1, 2, 3, 4 m. A prerequisite for the evaluations of α and
xd is that elongation of the dampers is possible, without introducing any impairments of the
stiffness or damping properties. The results in the following sections are presented in the form
of maximum acceleration and required damper force as a function of train speed. From Figure
5, it is clear that the bridge has a resonance condition at a speed about 168 km/h.
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4.1 The damping coefficient

Figure 5 shows the result of varying the damping coefficient while keeping the eccentricity,
inclination and distance from the support constant as e = 2.2 m, α = 45◦ and xd = 1 m,
respectively. The top figure shows the acceleration levels for different values of the damping
coefficient and train speeds. The bottom figure shows the corresponding damper forces.

100 120 140 160 180 200 220 240 260 280 300
0

2

4

6

8

Train speed [km/h]

 

 

100 120 140 160 180 200 220 240 260 280 300
0

100

200

300

400

Train speed [km/h]

 

 

A
cc

el
er

at
io

n 
[m

/s
2 ]

Fo
rc

e 
[k

N
]

cd = 0 MNs/m

cd = 2.0 MNs/m

cd = 3.0 MNs/m

cd = 4.5 MNs/m

Eurocode limit

cd = 0 MNs/m

cd = 2.0 MNs/m

cd = 3.0 MNs/m

cd = 4.5 MNs/m

Figure 5: The maximum acceleration and damper force at different train speeds and damping coefficients.

4.2 The eccentricity

Figure 6 includes the results when the height of the cross beam (and, hence, eccentricity) is
altered. The upper figure gives the amplitude of the acceleration after the damper retrofit with
varying eccentricities and a constant damping coefficient cd = 4.5 MNs/m. Both the damper
inclination and the distance from the support is fixed as α = 45◦ and xd = 1 m, respectively.
Moreover, the lower figure shows the required damper force, when altering the same parameter.
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Figure 6: The maximum acceleration and damper force at different train speeds and eccentricities.
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4.3 The damper inclination

The results in Figure 7 show the impact on the damping properties when changing the incli-
nation of the damper, with a constant damping coefficient cd = 4.5 MNs/m, eccentricity e = 2.2
m and distance from support xd = 1 m. The upper and lower figures show the acceleration and
force for different inclinations and train speeds, respectively.
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Figure 7: The maximum acceleration and damper force at different train speeds and damper inclinations.

4.4 The distance from the supports

Figure 8 shows the influence of the distance from the supports to the damper connections,
while the damping coefficient is cd = 4.5 MNs/m, the eccentricity is e = 2.2 m and the damper
inclination is α = 45◦. The figure shows the impact on the maximum acceleration and the
damper force.
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Figure 8: The maximum acceleration and damper force at different train speeds and distances from support.
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5 DISCUSSION

The results from Figure 5 to Figure 8 indicate that the bridge deck vertical accelerations can
be significantly reduced, when using FVDs according to the proposed attachment method. As
expected, the dampers are most efficient for the reduction of the vibrations at resonance, which
arises at the critical train speed. The acceleration level only exceeds the design code limit at
resonance for this particular bridge, therefore the dampers are efficient for this case.

As shown in Figure 5, the damping coefficient has a major impact on the results. Theo-
retically, the acceleration can be reduced from 6.4 m/s2 to 3.3 m/s2 and 1.9 m/s2, when using
damper coefficients of 2.0 MNs/m and 4.5 MNs/m, respectively. However, the required damper
force increases with the damping coefficient. This is important to consider when using FVDs
as a retrofit approach for existing bridges.

The height of the cross beam affects the acceleration level, which is shown in Figure 6. Both
the acceleration and damper force are lower for a longer distance between the neutral axis and
the connection point of the dampers. Thus, an optimal eccentricity exists for each individual
bridge, which must be considered in the design of the cross beam.

The dampers are more effective when installed with an angle between 15◦-30◦ to the horizon-
tal plane, than for steeper inclinations (see Figure 7). A reason for this is that the eccentricity
of the bridge gives a rotational contribution to the movement of the connection point of the
dampers. This results in a more prominent horizontal movement. A less steep angle is, thus,
preferred, since the damper device is only able to operate in its axial direction.

From Figure 8, it is clear that the acceleration and the damper force at resonance are further
reduced, as the distance to the midpoint of the bridge decreases. Hence, the optimal connection
point of the dampers is further out from the support. However, the effect seems to diminish, as
the distance between the support and the connection point of the dampers increases. Further-
more, the possible positions of the attachment point are limited, since a connection point further
from the support requires a longer damper. This may lead to a lower stiffness of the device and,
thereby, a reduced damping capacity.

The proposed solution can be optimized and adapted to many different bridge configurations.
However, this retrofit method may lead to problems that have to be investigated and remedied.
As seen in the results presented here, the effectiveness of the FVDs is sensitive to changes of
certain parameters. Hence, it is important that all uncertainties of the bridge-damper system are
accurately and appropriately accounted for in the analysis.
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Abstract. The study presented in this paper deals with the excessive transversal vibrations of 

the catenary poles located on the Savoureuse viaduct; a railway bridge on high speed line in 

France. This viaduct across the Savoureuse River opened in 2011 for commercial runs of 

high speed trains between Dijon and Mulhouse in France. During inspection visits, the 

maintenance agents on site detected that the catenary poles presented strong transversal vi-

brations perpendicular to the track axis. RFF and SNCF were then concerned for the integri-

ty of the concrete boxes fastening the catenary poles and the stability of the catenary itself. A 

full study was carried out by SNCF to explain the phenomenon and to find the best solution to 

reduce these transversal vibrations. 
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1 INTRODUCTION 

The viaduct across the Savoureuse River is special bridge with 12 independent spans based 

on 2 abutments and 11 architecturally designed tetra-pod piers. The bridge deck is composed 

of two main lateral girders, transversal floorbeams and a filler beam slab resting on the floor-

beams. Each span is bearing 2 catenary poles (HEA 240 girders) per track. The poles are lo-

cated on the filler beam slab at approximately quarter-span on either side.  

 

 

Figure 1: Aerial photograph of the Savoureuse viaduct 

 

Figure 2: Cross section of the Savoureuse viaduct 

During inspection visits, the maintenance agents on site detected that the catenary poles 

presented strong transversal vibrations perpendicular to the track axis. These vibrations oc-
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curred only when TGV trains were passing at 170 km/h to stop at a train station a few kilome-

tres further; TGV trains running at full speed (320 km/h) did not create any important vibra-

tions.  

 

In order to fully explain the phenomenon and to find an adapted solution, it was decided to 

model the effect of trains passing on the bridge on the dynamic response of the catenary poles. 

To quantify exactly the transversal vibrations and to validate the model, dynamic measure-

ments were carried out on the bridge and the catenary poles. 

2 DYNAMIC MEASUREMENTS ON THE STRUCTURE 

The dynamic measures consisted in setting accelerometers and displacement sensors on 

different points of the structure. 

 

For the bridge, measures were made at the line opening in 2011 with accelerometers and 

displacement sensors at the middle of spans number 1, 10, 11 and 12. These measures were 

used to adjust the Finite Elements model of the bridge. The first eigenmode of longitudinal 

bending was found at 2.23Hz for 66m-long spans (between pier n°2 and pier n°12) and 

2.62Hz for 66m-long spans (end spans). 

 

For the catenary poles, transversal accelerometers were placed at the top of 3 poles on the 

same span of the viaduct. The amplitude of transversal displacement was obtained by integrat-

ing twice the acceleration signal. 

 

 

Figure 3: Location on the viaduct of the poles equipped with accelerometers 

 

Figure 4: Fastening of the accelerometer on top of the catenary pole 
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Figure 5: Results of measurement for the 3 equipped poles 

These measurements on top of the catenary poles showed that the amplitude of transversal 

displacements reaches the maximum of 51mm on pole 31 for trains running at 170km/h. This 

form of curve is characteristic of a resonance phenomenon. 

 

The main frequency measured on all the poles is comprised between 2.5 and 2.6 Hz, which 

corresponds exactly at the critical speed for TGV of 170 km/h (a bogie passing every 18.7m). 

3 MODELLING OF THE STRUCTURE 

3.1 Bridge model  

To explain perfectly this resonance phenomenon and to find the best solution to reduce the 

vibration, a Finite Element model of the structure was created.  

 

To reduce the calculation times, only the first three spans of the bridge were modelled and 

the results were extracted on the central span. The program ANSYS was used to create the 

model.  

 

All the beams (Main girders, floorbeams, piers, etc.) were represented as BEAM188 ele-

ments and the filler beam slab as SHELL181 elements. 

 

 

Figure 6: General view of the viaduct Finite Elements model 
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Figure 7: Zoom on the pier of the viaduct Finite Elements model 

The young’s modulus of the concrete was adjusted to 36GPa to get results as close as pos-

sible from the measurements. 

 

The catenary poles were then added as simple beams on the viaduct taking into account the 

different masses of: 

 The HEA 240 girder 

 The concrete foundation in which is clamped the girder 

 The earth wire 

 The cantilever 

 The line feeder and its support 

 The messenger and contact wires 

 

The transversal offsets of the cantilever, the line feeder and its support and the messenger 

and contact wires were respected in order to get the exact mass in rotation. 
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Figure 8: FE Modelling of the catenary poles on the viaduct 

The first transversal bending eigenmode for the poles was calculated by Ansys at 2.19Hz 

(very close to the bridge first bending mode at 2.2Hz). This value is not exactly the value 

measured on the poles at 2.5Hz. Moreover, the dynamic response of the catenary poles ob-

tained with this model was very far from the measured response. No resonance was highlight 

with the TGV at a running speed of 170 km/h, nor at 150 km/h (critical speed for TGV with 

bogies every 18.7m to excite a frequency of 2.2Hz). This model did not seem to represent 

well what happened really on the viaduct.  

 

 

Figure 9: First bending mode of the catenary poles 
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A more detailed model of the poles seemed then needed to characterize the resonance phe-

nomenon: the interaction between the wire and the poles is probably of great influence. The 

aspect of all the curves measured on the poles (see Figure 10 for example) validates this hy-

pothesis as a beating phenomenon can be observed: the transversal vibration increases again 

after the train has left the bridge. These kinds of beats are usually observed in case of coupled 

systems. 

 

 

Figure 10: Example of transversal displacement obtained on top of the pole 

3.2 Catenary pole model  

The different wires (messenger, contact and line feeder) are coupled with the poles and 

create a coupling between all the poles. This system can be first approximated by a simple 

system with 2 oscillators as shown in the figure below. 

 

 

Figure 11: Catenary wires as 2-degrees of freedom oscillating system 

Only the effect of the messenger and contact wire is first studied. The effect of the line 

feeder has then proven to be negligible as the connection to the pole is free to move transver-

sally.  
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Figure 12: FE modelling of messenger and contact wire 

To simplify the calculation with the different wires, it was shown by FE model that the ef-

fect of both messenger and contact wires linked by droppers was equivalent to one wire with 

both masses and initial tensions. By FE model, the first bending frequency was calculated 

transversally at 2.09Hz and vertically at 2.11Hz. 

 

The frequency calculated analytically by the following equation for a taut wire is equal to 

2.08Hz which is sufficiently close to the modelled values. 

𝑓 =
1

2𝐿
√
𝑇

𝜇
 

 

 

(1) 

          

With  L: the wire length 

  µ: the linear mass 

  T: the wire tension 

 

Taking into account notations of Figure 11, the 2 frequencies of the coupled system are: 

𝑓1 =

√|
−𝐵 + √𝐵2 − 4𝐶

2
|

2𝜋
 

𝑓2 =

√|
−𝐵 − √𝐵2 − 4𝐶

2
|

2𝜋
 

 

 

 

 

 

 

(2) 

With  

𝐵 =
𝑘1 + 𝑘3
𝑚1

+
𝑘2 + 𝑘3
𝑚2

 

 

𝐶 =
𝑘1𝑘2 + 𝑘2𝑘3 + 𝑘1𝑘3

𝑚1 ×𝑚2

 

 

 

 

 

(3) 

Knowing that the frequency of the pole alone is 2.2Hz and its mass 710 kg, k1 is calculated 

as 9.59x10
4
N/m; and k2 is calculated equal to 1.11x10

4
N/m with the frequency of the wires 

equal to 2.08Hz and its mass to 80kg. 
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Finally, with the above equations, f1 is calculated equal to 2.18Hz and f2 to 2.52Hz with 

2.52Hz corresponding to the vibration of the pole. This value is very close to the measured 

frequency. 

 

The next step in the study was to know which force actually excites the pole to the reso-

nance: vertical displacement or rotation of the bridge deck. A simple model of a pole with the 

characteristics defined above was made with Ansys (see Figure 13). In this model, the fre-

quencies of 2.18Hz and 2.52Hz were found again. The vertical displacement and rotation of 

the bridge deck found at the foot of the pole are applied separately at the bottom of the model. 

 

 

Figure 13: FE modelling of a catenary pole 

 

Figure 14: Comparison of transversal displacement on top of the pole under different excitations 
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With this test, it is clear that most of the resonance comes from the rotation of the bridge 

slab. This bridge composed of 2 very rigid main girders and a softer slab is more sensible to 

this type of transversal bending than reinforced concrete slab or bridges with the main girders 

below the slab. 

 

Figure 15: Transversal bending of the deck slab and rotation of the catenary pole when a TGV bogie is passing 

Finally, the FE model representing the bridge and the poles was updated to take into ac-

count the previous investigations. 

 

 

Figure 16: New FE model of the catenary poles on the bridge taking into account the interaction of the wires 
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The following figure shows that with this FE model, the results of calculations are quite 

close to the measurements. With this new model, the different solutions could be tested to 

check their efficiency. 

 

Figure 17: Comparison of the transversal displacement amplitude between calculations and measurements 

4 PROPOSAL OF DIFFERENT SOLUTIONS 

Different solutions were proposed by SNCF to solve this vibration problem: 

 Replacement of the HEA 240 girders by HEA 300 

 Setting of an additional crossbar linking the poles on each side of the tracks to create a 

portal frame effect 

 Setting of Tuned Mass Dampers (TMD) on top of the poles 

4.1 Replacement of the girders 

The first idea submitted to solve this problem was to replace the HEA 240 girders by HEA 

300 that are usually recommended by SNCF for high speed lines. 

 

In the model shown in Figure 16, the characteristics of the beam representing the girders 

are then updated to those of HEA 300. The results of maximum amplitude of transversal dis-

placement regarding the running speed of TGV are given in Figure 18. 

 

Figure 18: Comparison of the transversal displacement amplitude between HEA 240 and HEA 300 
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According to the previous figure, it is clear that replacing the girders is not an efficient so-

lution as it offsets the resonance problem to a higher speed. The bending frequency of the ca-

tenary pole with a HEA 300 girder is 2.9Hz, corresponding to a critical speed for TGV of 

200km/h. The new girder being stiffer, the response at the resonance is expected to be lower. 

However, the bridge deck rotation increases with the speed. The maximum amplitude ob-

tained at resonance is therefore equal with HEA 300. 

4.2 Setting of a crossbar 

Another solution proposed by SNCF was to add a crossbar between the poles on each side 

of the tracks to create a portal frame effect. The position of this crossbar on the poles is very 

constrained by the isolation offsets to respect regarding the conductors. 

 

 

Figure 19: Example of crossbar 

 

Figure 20: Isolation distances to respect 

The crossbar was then modelled in Ansys at its determined position and the transversal re-

sponse of the catenary poles was calculated with the TGV at different speeds. The first trans-

versal bending frequency of the whole portal was calculated at 1.99Hz. 

 

 

Figure 21: FE model of the Savoureuse bridge with crossbars on the catenary poles 

The results for this FE model are given in Figure 22.  
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Figure 22: Comparison of the transversal displacement amplitude with and without crossbar 

It is clear that the addition of the crossbar is very efficient. However, this solution presents 

the disadvantages of being: 

 Complicated and therefore expensive to implement: the operation would require among 

others to remove the line feeder and the earth wires. 

 Too rigid for maintenance: the position of the crossbar being constrained by the isolation 

distance it will not be possible to raise the contact wire if needed. 

 Quite unsightly on a bridge designed by an architect. 

4.3 Setting of Tuned Mass Dampers 

Tuned Mass Dampers (TMD) presents interesting characteristics to improve the response 

of slender structure with low damping ratio (typically the case of catenary poles). They con-

sist in adding a small mass to the structure with a certain stiffness and additional damping. 

The stiffness of the added system is adjusted to the eigenmode frequency of the main structure, 

so that the added mass resonates at the same excitation as the main structure. The additional 

damping dissipates quickly the energy of the resonance. 

 
 

 

 

Figure 23: Functioning principle of Tuned Mass Dampers (TMD) 

For the catenary poles of the Savoureuse viaduct, the TMD were imagined to fit in a box 

that could be fixed onto the poles. It was then calculated that the whole system could be locat-

ed in a 1.2 x 0.18 x 0.18 m box. This box could therefore be fixed inside the flanges of the 

HEA240 girders for more discretion and aesthetics. 
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This TMD is composed of a mobile mass fixed on a stainless steel rod turning around a pin 

at the top of the box. The rod ends at the bottom with a piston able to dissipate the energy in a 

viscous fluid. The transversal movement of the catenary pole leads the mass to rotate around 

its axis as a pendulum. The frequency of the mass is adjusted with the height of the mass on 

the steel rod. 

 

 
 

Figure 24: Diagram of TMD for the catenary poles 

The effect of these TMD was calculated on the FE model of the bridge. 

 

 

Figure 25: FE model of TMDs on the Savoureuse viaduct 
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The results of such calculations are shown in Figure 26 regarding the height of the TMD 

on the girder. It can be seen that when the TMD is placed relatively high on the girder, the 

system is very effective (displacement reduction around 80%). 

 

Figure 26: Comparison of the transversal displacement amplitude without and with TMD at different heights 

This solution seems to be very efficient and presents different advantages: 

 The TMD is easier to set than the crossbar, with a lower calculated implementation cost 

 There is less impact on maintenance than the crossbar. The maintenance actions for TMD 

were identified in a document and adapted to the existing maintenance of the catenary 

poles. 

 The solution is more aesthetic than the crossbar. 

 

In consequence, it is the solution taken on by RFF. 

5 IMPLEMENTING TUNED MASS DAMPERS 

 

The TMD were set on the catenary 

poles of the viaduct and measurements 

were made before and after their im-

plementation to verify their efficiency. 

 

In a first step, two Φ14mm holes 

were drilled in the HEA 240 flange. To 

assure the exact positions of the holes, a 

drilling template was used. 

 

 

 

 

 

Figure 27: Drilling in the girder flange 
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The TMD was then lifting by a crane 

and fixed with 2 M12 stainless steel 

bolts. A spacer was placed between the 

TMD and the girder flange in order to 

let the air circulating around the TMD. 

 

At the moment of this article writ-

ing, only 6 TMD were implemented as 

a test phase. The equipment of the cate-

nary poles with TMDs has proven to be 

very easy. The rest of the TMDs will be 

set in March 2015. 

 

Figure 28: Lifting and fastening of the TMD 

The signal measured on top of the pole after the implementation of TMDs was very differ-

ent than the original signal (See Figure 29). It has to be noted on this figure that the scales of 

both curves (before and after) are different. 

 
 

 

 

Before 

 
 

 

 

After 

 

Figure 29: Comparison of the transversal displacement amplitude without and with TMD 

It is clear according to this figure that the TMD is very efficient. The following figures 

show the maximum measured amplitude, the percentage of displacement reduction and the 

measured damping for the 6 catenary poles equipped with TMD. As it is a system composed 

of different coupled oscillator, it was not easy to determine the exact damping of the poles. 

This value was calculated by logarithmic decrement on 1.5 seconds after the train has left the 

bridge just before the beating phenomenon. This period is relatively short and sometimes the 

beating phenomenon starts earlier. The values given in Figure 32 should therefore be taken as 

average values. 
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Figure 30: Comparison of the transversal displacement amplitude without and with TMD 

 

Figure 31: Reduction of the transversal displacements with TMD 

 

Figure 32: Comparison of the whole system damping without and with TMD 
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From the above figures, it can been seen that the displacement reduction obtained for catenary 

poles number 130-41 and 130-42 reaches 75% in average. This value is very close to the 80% 

obtained by the FE model. These 2 poles are surrounded by poles 130-39, 130-40, 130-43 and 

130-44, themselves equipped with TMD. The efficiency of the TMD is then maximal on these 

2 poles. For the 4 other poles, the displacement reduction is lower (around 55% in average). 

This can be explained by the fact that their neighbouring poles have not been equipped yet 

with TMD. These 4 poles are therefore still sensible to the vibration of these other non-

equipped poles. It is expected that when all the poles will be equipped with TMD, the dis-

placement reduction obtain for all the poles will turn around 80%. 

 

For most of the poles, it can be noticed that the damping ratio has notably increased from 1.2% 

to 3% in average. 

6 CONCLUSIONS  

 This transversal vibrations phenomenon of catenary poles on a railway bridge was first 

observed in France in 2011 on the Savoureuse viaduct. 

 It was shown in this study that the resonance the poles are subjected to is created by the 

transversal flexion of the bridge slab on which the poles are fastened. 

 FE models and analytic calculations highlighted that the effect of the different wires of 

the catenary (messenger and contact wires especially) was very important on the global 

response. Therefore, they had to be taken into account to understand the phenomenon 

and to design an adapted solution. 

 This phenomenon was never observed before because it is linked to a combination of pa-

rameters: bridge type (stiff lateral girders with a long transversal slab), train type and 

speed (TGVs at 170 km/h when stopping at a train station) and position of the poles at 

quarter span and on the slab close to the track where the rotation is maximal. 

 The best solution found to reduce the poles resonance was to set Tuned Mass Dampers 

on top of the catenary poles. 

 SNCF is now thinking about updating some of the rules for the design of catenary poles 

on railway bridges. Internal reference document will be modified to take this phenome-

non into account. 
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Abstract. Cable-Stayed bridges consist of many structural components, which contribute to 
the overall resistance ability of the system. These structural syntheses give a valuable envi-
ronment for the nonlinear behavior due to material nonlinearities and geometrical nonlinear-
ities of the relatively large deflection of the structure on the stresses and forces. To improve 
the bridge seismic performance and to control expected damage, the necessity has arisen to 
develop more efficient bridge structural systems that can lead to resist the seismic actions. 
The seismic response of steel structures can be improved by providing bracing elements 
which can resist the lateral forces affecting the structure. In this paper, the feasibility of pro-
viding bracing system as damping elements in cable-stayed bridge steel tower is studied. 

The steel tower of Tappu cable-stayed bridge located in Hokkaido, Japan is considered as 
model of study. The steel tower is taken out of the bridge and modeled as three-dimensional 
frame structure. The proposed braced model is to provide the tower by X-bracing elements 
connecting the upper part of the tower. The study based on comparison of the seismic re-
sponse of the original un-braced tower and that of proposed braced tower. A nonlinear dy-
namic analysis program based on total Lagrangian formulation using linearized finite 
displacement theory and fiber model has been developed to be used in this study. The finite 
element procedure for the nonlinear time history analysis of the steel tower under seismic 
loadings is set up. Geometric and material nonlinearities are implemented and bending-axial 
force interaction is considered. The evaluation of the proposed bracing system response was 
based on displacements at tower top and vertical forces and moments at supports.  

The results of this study show that the seismic response of cable-stayed bridge steel tower 
can be improved by providing bracing elements which will enhance the seismic ductility of the 
tower. The proposed bracing system, in this study, can reduce the horizontal displacement of 
the bridge tower and moment at tower base. In addition, shearing and vertical forces at tower 
base have slight effect. 
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1 INTRODUCTION 

Thousands of highway bridges throughout the world are located in areas of moderate to 
high seismicity. The seismic resistance of these bridge structures controls their safety and the 
functional capability of the associated transportation routes in the aftermath of a major earth-
quake. Among the various structural forms available for the bridges, cable-stayed and suspen-
sion bridges have been researched for several past studies on the seismic response of bridges 
[1,2]. The damages of highway bridges in the 1989 Loma Prieta, 1994 Northridge and 1995 
Hyogoken Nanbu earthquakes together with the research triggered as a consequence of the 
recent earthquakes have led to significant advance in bridge seismic design and retrofitting [3]. 
The seismic vulnerability of cable-stayed bridges was made dramatically evident by the fail-
ure of many of these structures in recent earthquakes. These earthquakes provided a stimulus 
to investigate the seismic response of highway bridges and emphasized the need to develop 
new procedures and specifications to assess existing bridges and to improve the seismic de-
sign of new bridges. 

The seismic resisting system should provide a reliable and uninterrupted load path for 
transmitting seismically induced forces into the ground and sufficient means of energy dissi-
pation and/or restraint to reliably control seismically induced displacements. All structural 
elements of the bridge should be capable of achieving anticipated displacements consistent 
with the requirements of the chosen mechanism of seismic resistance and other structural re-
quirements. One of the traditional seismic coefficient methods is providing the structures with 
bracing systems. 

Braced system is considered as an effective system in enhancing the stiffness and strength 
of steel structures where it can exhibit high lateral stiffness [4-12]. The capacity of a steel 
structure can be greatly strengthen under moderate-to-large magnitude earthquakes by in-
creasing the energy absorption of structures and decreasing the demand imposed by earth-
quake loads. Though, the connections and foundations which need to be strengthened are 
affected by using braces.  

Due to the high efficiency, braced steel frame systems are widely used. Braced steel frame 
system is effective if the braces in linear stage. The asymmetrical response is developed when 
at the nonlinear stage starts whereas the lateral stiffness starts to decrees. To resist seismic 
loads, braced steel frames have many bracing systems, such as concentric bracing system, ec-
centric bracing system, knee bracing system and mega bracing system.  

Bracing is concentric when the center lines of the bracing members intersect. The concen-
tric bracing used in structures include X, Chevron and Knee bracing. X bracing is the most 
common type of bracing. The diagonal members of X and Chevron bracing go into tension 
and compression. Connections for X bracing are located at beam to column joints. The frame 
lateral stiffness is increased resulting in natural frequency increasing and lateral drift decreas-
ing.  A larger inertia force in seismic region is attracted due to stiffness increasing. While the 
axial compression in the braced connected columns is increased with decreasing the bending 
moments and shear forces in columns. The beams of frames should be strengthened enough to 
resist the shear vertical forces developed from the concentric braces. 

The present study objective is to investigate the seismic response of steel tower of cable-
stayed bridges provided with X-bracing system at tower top in order to enhance the seismic 
behavior of the tower. A finite element methodology based on theoretical approach and com-
puter simulations for nonlinear dynamic analysis problem is presented. A representative prob-
lem of a cable-stayed bridge tower subjected to strong ground motion of Hyogoken-Nanbu 
earthquake is analyzed. In addition, the maximum displacements at tower top and the vertical 
forces and moments at tower bases are computed. 
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2 FINITE ELEMENT OUTLINE 

2.1 Finite element model of tower structure 
The steel tower of Tappu cable-stayed bridge located in Hokkaido, Japan is considered. 

Figure 1 shows a general view of the cable-stayed bridge elevation. The steel tower is taken 
out of the bridge and modeled as three-dimensional frame structure. A fiber flexural element 
is developed for characterization of the tower structure, in which the element incorporates 
both geometric and material nonlinearities. The stress-strain relationship of the beam element 
is modeled as bilinear type with kinematic strain hardening rule. The yield stress and the 
modulus of elasticity are equal to 355 MPa (SM490Y) and 200GPa, respectively. The plastic 
region strain hardening is 0.01. 

The tower has nine cables in each side; the dead load of the stiffening girder is considered 
to be equivalent to the vertical component of the pretension force of the cables and acted ver-
tically at the joint of cables. The inertia forces acting on the steel tower from the stiffening 
girders is neglected. For the numerical analysis, the geometry and the structural properties of 
the tower is shown in figure 2. The tower has rectangular hollow steel section with internal 
stiffeners, which has different dimensions along tower height and its horizontal beam; the 
geometrical properties of the tower are summarized in table 1. A spectral damping scheme of 
Rayleigh’s damping is used to form damping matrix as a linear combination of mass and 
stiffness matrices, which effectively captures the tower structures damping and is also compu-
tationally efficient. The damping ratio corresponding to the frequencies of the fundamental in-
plane and out-plane modes of tower free vibration is set to 2%. The natural periods for differ-
ent modes in three global directions obtained from the linear analysis are shown in table 2. 

C. S.  Dim.  Outer dimension Stiffener dimension 
A B t1 t2 A b t11 t22 

To
w

er
 p

ar
ts

 I 240 350 2.2 3.2 25 22 3.6 3.0 

II 240 350 2.2 3.2 22 20 3.2 2.8 

III 240 350 2.2 2.8 20 20 2.8 2.2 

IV 270 350 2.2 2.6 31 22 3.5 2.4 

Table 1: Cross section dimensions the tower (cm) 

Mode order Period (sec.) Mode type 
1 2.072 H
2 0.934 L
3 0.773 T
4 0.156 V
Table 2: Principal vibration modes for tower model 
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Figure 1: General view of the cable-stayed bridge (m) 
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Figure 2: Steel tower of cable-stayed bridge 
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2.2 Nonlinear equilibrium equation solution technique 
Based on the total incremental equilibrium equations, finite displacement three-

dimensional beam-column element formulation is carried out. The tangent stiffness matrix 
and nodal point force vectors considering both geometrical and material nonlinearities can be 
determined by using the fiber model in which the bending-axial force interaction is automati-
cally considered. The initial state of residual stresses effects on both tangent stiffness and 
force vector is considered. The implicit Newmark step-by-step integration method is used to 
directly integrate the equation of motion. Since it has been experienced that the Newmark me-
thod is the most suitable for nonlinear analysis; it has the lowest period elongation and has no 
amplitude decay. In addition, the stability concern is not a problem with the variable ratio of 
time increment to natural period. The equation of motion is solved for the incremental dis-
placement using the Newton Raphson iteration method where the stiffness matrix is updated 
at each increment to consider the geometrical and material nonlinearities and to speed the 
convergence rate. As the incremental displacement is determined, the response acceleration 
and velocity components of the tower can be determined. In addition, attenuation of the steel 
tower structure is adopted the Rayleigh’s viscous damping with damping coefficient equal to 
2% to the in-plane and out-plane fundamental natural vibration modes.  

Inelasticity of the flexure element is accounted for by the division of the cross section into 
a number of fiber zones with uniaxial plasticity defining the normal stress-strain relationship 
for each zone, the element stress resultants are determined by integration of the fiber zone 
stresses over the cross section of the element. By tracking the center of the yield region, the 
evolution of the yield surface is monitored, and a stress update algorithm is implemented to 
allow accurate integration of the stress-strain constitutive law for strain increments, including 
full load reversals. 

To ensure path dependence of the solution, the implementation of the plasticity model for 
the implicit Newton Raphson equilibrium iterations employs a stress integration whereby the 
element stresses are updated from the last fully converged equilibrium state. The transforma-
tion between element local and global coordinates is accomplished through a vector transla-
tion of element forces and displacements based on the direction cosines of the current updated 
element coordinate system. 

3 SELECTED GROUND MOTIONS 
In the dynamic response analysis, the ground motion that was recorded during Hyogoken-

Nanbu earthquake 1995 with the largest intensity of ground acceleration is used as an input 
ground motion to assure the seismic safety of bridges. The horizontal and the vertical accele-
rations recorded at the station of JR Takatori observatory, as presented in figure 3, are sug-
gested for dynamic response analysis of the steel tower of cable-stayed bridge at type II of 
soil condition, because it is considered to be capable of exciting of this tower well into its 
nonlinear range. The selected ground motion has maximum acceleration of its components 
equal to 642 gal (N-S), 666 gal (E-W) and 290 gal (U-D). From Fourier spectrum analysis, 
the predominant frequencies for N-S and E-W components are 0.83 and 0.81 Hz, respectively, 
which are relatively low, and that for the U-D component is 7.96Hz, which includes high fre-
quency components and indicates the vertical motion time lag to horizontal motions. The 
earthquake force of E-W wave is put into the bridge axis direction (out-plane), and N-S wave 
to the right angle to the bridge axis (in-plane). 
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Figure 3: Strong ground motion measured at JR Takatori 

 

4 RESULTS AND DISCUSSION 
Seismic response analysis using the time history inputs is required to meet the goals of per-

formance based design. Seismic response behavior of the cable-stayed bridge tower provided 
with bracing system under a great input ground motion is presented, and compared to the re-
sponse of un-braced tower. 

A finite element analysis of steel tower and provided with suggested bracing system was 
carried out. A seismic response analysis comparison to un-braced steel tower (original case) is 
presented. The resulting seismic characteristics of the braced tower model are different from 
the un-braced tower due to control of the upper part from side sway. The providing tower with 
bracing system displays more pronounced difference in tower model seismic response as the 
lateral displacements controlled.  

It is noticeable that the results of seismic response vary with different structural system for 
the same input earthquake motion. The acceleration response for the braced system shows 
lower acceleration response than the un-braaced system along all the time history. The accele-
ration response is significantly affected by the tower lateral stiffness. It is interesting to see 
that the braced and the un-braced systems show similar acceleration responses along the time 
history with higher amplification of input excitation in the high frequency bridge axis direc-
tion as can be illustrated in figure 4.  

The displacement response of the tower structure is calculated, the braced system gives 
much lower displacements in the right angle bridge axis direction, figure 5. This effect is cha-
racterized by three cycles of large displacement amplitude related to the large pulse in the in-
put ground motion, decaying rapidly after the peak excursions due to the large plastic 
deformation caused by the high intensity. Unfavorable residual deformation in the tower 
structure after earthquake is attained. The bracing system can control the residual deformation. 
The providing tower with bracing system can affect the tower top displacement global re-
sponse, where its contribution in the maximum displacement reaches about 30 % of that of the 
un-braced tower. 
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 Figure 4: Acceleration time history at tower top   Figure 5: Displacement time history at tower top 
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Figure 6: Shear force time history at tower base Figure 7: Vertical force time history at tower base 

The negative effect of bracing system is increasing the shearing force at supports of struc-
tures. Hence, the shearing force is important to be examined at tower base after providing the 
bracing system. The shear force time history at tower base is shown in figure 6. Providing the 
tower with bracing system gives negligible increasing in the shearing force magnitude. The 
increasing of the shearing force can be calculated by 0.5 % only which considered has no ob-
vious effect. By comparing the vertical reaction force time history at the tower base for the 
two different tower models, it is found that the tower provided with bracing system displays 
slight increase in the reaction force responses compared to the un-braced tower response 
(original case), as shown in figure 7. The increase of the vertical reaction force in both nega-
tive and positive directions may be reaches around 0.2 % which can be considered has no ef-
fect. It can be concluded that the bracing system provided to the tower structure has no effect 
on the reaction forces at tower base. 
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Figure 8: Curvature time history at tower base Figure 9: Moment & curvature relationship at tower base 

Figure 8 shows the curvature time history which represent the residual curvature at tower 
base in case of original un-braced tower. It is can be shown the great effect of suggested brac-
ing system which can control this residual curvature after earthquake end. Form the moment 
curvature relation for the original un-braced tower, figure 9; it can clarify the effect of the near 
fault acceleration pulse on the tower structural response that tends to be characterized by pro-
gressive yielding in one direction starts from tome 5 seconds in the negative direction. The 
asymmetric accumulation of inelastic deformation in one direction becomes increasingly im-
portant as the duration of the ground motion is increased. For the mass proportional damping, 
it can be observed that the asymmetry strength and moment curvature diagram shift due to 
fluctuating axial force effect. This asymmetric completely disappears in case of using bracing 
system. That means using of the bracing system can overcome the effect of near fault accele-
ration pulse in the input wave and makes equalization of the hysteric response. On the other 
hand, the axial force-moment interaction which leads to irregular shape due to presence of 
vertical motion can be balance by the suggested bracing system.  

5 CONCLUSIONS  

The feasibility of providing bracing system in cable-stayed bridge steel tower is studied. 
The steel tower of Tappu cable-stayed bridge located in Hokkaido, Japan is considered as 
model of study. The steel tower is taken out of the bridge and modeled as three-dimensional 
frame structure. The proposed braced model is to provide the tower by X-bracing elements 
connecting the upper part of the tower. The study based on comparison of the seismic re-
sponse of the original un-braced tower and that of proposed braced tower. A nonlinear dy-
namic analysis program based on total Lagrangian formulation using linearized finite 
displacement theory and fiber model has been developed to be used in this study. The finite 
element procedure for the nonlinear time history analysis of the steel tower under seismic 
loadings is set up. The results of this study show that the seismic response of cable-stayed 
bridge steel tower can be improved by providing bracing elements which will enhance the 
seismic ductility of the tower. The proposed bracing system, in this study, can reduce the ho-
rizontal displacement of the bridge tower. In addition, the vertical force and bending moments 
at tower support give more reduced values compared to those of un-braced tower.  
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From this study, the following conclusions can be drawn as follow:  
• Providing the tower with proposed X-bracing system can affect the tower top displace-

ment response, where its contribution in the maximum displacement reaches about 30 % 
of that of the un-braced tower.  

• The proposed X-bracing system provides slight increase in the reaction forces while the 
moment reduced compared to the un-braced original tower response, moreover the curva-
ture at tower base give symmetrical response. 

• The proposed X-bracing system leads to no residual curvature at tower column.  
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Valhallavägen 117, 102 51 Stockholm, Sweden

e-mail: christoffer.svedholm@elu.se

Keywords: Bridge, Damping, Soil–structure interaction, Modal properties, Non–proportionally
damped

Abstract. Resonance vibration of railway bridges has become an important design issue during
the last decade due to the development of new high-speed lines. At resonance it is well known
that the damping of the structure has a great influence on the final response. The current paper
presents modal parameters, such as modal damping ratios and natural frequencies, derived
based on a simply supported Bernoulli–Euler beam on an elastic half–space.

In the current chapters of Eurocode dealing with dynamical analysis of railway bridges, the
expression for the modal damping ratio is essentially empirical. The novelty of this paper is
therefore two-fold: (1) provide modal damping ratios for soil–structure interaction, and (2)
show that the damping should not be considered as constant for all modes but it varies depend-
ing on the particular mode shape and interaction with the soil.

1709



Christoffer Svedholm, Costin Pacoste and Raid Karoumi

1 INTRODUCTION

In the field of dynamics, it is well known that damping is of the essence for structures under
periodic loading. This would not be a problem in it self but in practice, damping is also the
most difficult and complicated problem in vibration. One of the reasons for this seems to be
that there exist several mechanisms for energy transfer. Today it is believed that the most impor-
tant sources of damping for a railway bridge are: (1) bending stresses, (2) friction at supports,
(3) wave propagation in soil, and (4) friction in ballast. Given these points, it is not surpris-
ing to find that the damping ratios proposed by design handbooks are based on empirical data
obtained solely by measuring the free vibration response. The key point is that in this type of
measurement the sources of damping are unknown and only the dominant mode is taken into
account. For railway bridges, the most well–known and widely used damping ratios (see Fig. 1)
are presented in ERRI D-214 [1]. Looking at the figure, it is apparent that there is a pronounced
degree of scatter. For example, the ratio of damping for two identical bridges, may vary by a
factor 8 [2].
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Figure 1: Measured damping values. Reproduced from ERRI D-214 [1]

Therefore, it is the purpose of this paper to provide new insight to this problem. Here,
we focus on soil-structure interaction (SSI). Ülker et al. [8] performed the dynamic analysis
of a portal frame bridge to study the effect of soil–structure interaction. Through numerical
simulation, it was found that the modal damping ratio could vary between 1 and 15%. In
another interesting paper, Romero et al. [7] studied soil–structure interaction in resonant railway
bridges. It is shown by means of numerical calculations that soft soils have a favourable effect
on the response due to geometric damping.

The novelty of this paper is to perform a thorough investigation of modal parameters due to
SSI in railway bridges. For this purpose, we begin by deriving an analytical expression for the
natural frequencies and modal damping ratios of an elastically–supported beam with two ver-
tical viscous dampers. An approximation of the spring–dashpot parameters can be found from
Gazetas model [4]. Based on this model, we are able to address several important questions. In
particular, good correspondence is found between theoretical and measured damping values.
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2 FORMULATION OF THE PROBLEM

Let us start by considering Fig. 2, a Bernoulli–Euler beam supported by a spring–dashpot
system representing the elastic half–space. Then, the equation of motion for free vibration is
given by,

m
∂2w

∂t2
+ EI

∂4w

∂x4
= 0 (1)

where the mass per unit length m and bending stiffness EI are assumed constant over the span
L.

EI, m
c kww

L

Figure 2: Structural system of an elastically–supported beam with two vertical viscous dampers.

Using the separation–of–variables technique, the transverse displacement w(x, t) can be written
as a product of two functions, each depending only on one parameter:

w(x, t) = q(t)φ(x) (2)

Here q(t) is the generalized coordinate and φ(x) is the normal mode. Then, by substituting
Eq. 2 into Eq. 1 and grouping all terms involving t and x on the left–hand side and right–hand
side, respectively, we obtain Eq. 3.

q̈(t)
EI
m
q(t)

= −φ
′′′′(x)

φ(x)
(3)

Now Eq. 3 can be reduced to a pair of ordinary differential equations by making each side of
the equation equal a constant −λ4.

φ′′′′(x)− λ4φ(x) = 0 (4a)

q̈(t) + λ4EI

m
q(t) = 0 (4b)

The solution to the above equations are of the form:

φ(x) = A1e
λx + A2e

−λx + A3e
iλx + A4e

−iλx (5a)

q(t) = BeΛt (5b)

A relationship between the separation constant λ and the eigenvalue Λ is obtained by substitut-
ing Eq. 5b into Eq. 4b.

λ4 = −mΛ2

EI
(6)

We have now to introduce the boundary conditions to be able to calculate Λ and A1−A4. From
the free body diagram (Fig. 3) it follows that the sum of forces and moments, at x = 0 and
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x = L, should be zero:

EIφ′′′(0) = −Zw(Λ)φ(0) (7a)
EIφ′′(0) = 0 (7b)
EIφ′′′(L) = Zw(Λ)φ(L) (7c)
EIφ′′(L) = 0 (7d)

where the impedance is evaluated as Zw(Λ) = cwΛ + kw. Now, by substituting Eq. 5a into

3

3 ),0(
x

twEI
∂

∂

2

2 ),0(
x

twEI
∂

∂

),0( twkw t
twcw ∂

∂ ),0(+

2

2 ),L(
x

twEI
∂

∂

3

3 ),L(
x

twEI
∂

∂

),L( twkw t
twcw ∂

∂ ),L(+

Figure 3: Free body diagram.

Eq. 7 and arranging the four equations into matrix form, i.e. Γ(Λ)J = 0, we obtain:
η + 1 η − 1 η − i η + i

− (η − 1) eLλ − (η + 1) e−Lλ − (η + i) eLλi − (η − i) e−Lλi
1 1 −1 −1
eLλ e−Lλ −eLλi −e−Lλi



A1

A2

A3

A4

 =


0
0
0
0

 (8)

where η = Zw/λ
3EI . The eigenvalues are calculated by solving Det(Γ) = 0. Once the

eigenvalues have been estimated, it is possible to calculate the angular natural frequency ωn and
the modal damping ration ζn.

ωn = |Λn| (9a)

ζn =
−<(Λn)

ωn
(9b)

The angular natural frequency of vibration is given by the familiar equation ωn = 2πfn, where
fn is the natural frequency of vibration.
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3 SOIL–STRUCTURE INTERACTION

Through the years, there have been a number of studies looking at soil–structure interaction
(SSI) during dynamic loading. In the authors’ opinion, the most comprehensive work in this
area is due to Gazetas [4, 3, 5]. The present paper uses Gazetas solution for a rigid slab on
an elastic half–space to calculate spring and dashpot coefficients. Hereafter, for the sake of
completeness, we provide a brief summary of Gazetas method [4].

First, let us consider a general shape foundation with a soil contact area of Ab and a circum-
scribed rectangle 2B1 by 2B2, where B1 ≥ B2. Once the geometry of the slab and the soil
properties are known, the dynamic stiffness kw can be calculated with the following equation:

kw =
2GL

1− ν
(
0.73 + 1.54χ0.75

)
k̃w (B1/B2, ν; a0) (10)

where χ =
Ab
4L2

Here the dynamic stiffness coefficient k̃w (Fig. 4) accounts for the frequency–dependent effects.
It is important to note that frequency–dependent parameters only arise if the half space is re-
placed by a spring-dashpot model. In Fig. 4, the dimensionless circular frequency is defined
by a0 = ωB2/Vs, where Vs stands for the shear wave speed. The radiation dashpot, cw, which
accounts for the spreading of elastic waves in the half–space medium, is defined by:

cw = ρVLaAbc̃w (B1/B2, ν; a0) (11)

where VLa =
3.4Vs

π (1− ν)

The radiation dashpot coefficient c̃w is plotted in Fig. 4. It should also be noted here that c̃w
varies with frequency. However, from the figure it is evident that frequency dependence is
relatively small for B1/B2 < 6. The variable VLa in Eq. 11 is known as Lysmer’s analog wave
velocity, which physically represents the velocity of compression waves at the foundation–soil
interface.
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Figure 4: Dynamic stiffness and dashpot coefficient. Reproduction from Gazeta [4]
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4 NUMERICAL EXAMPLES

Numerical simulations have been performed on bridges with a span of 5 m (short) to 60 m
(long) supported by a granular material with a Young’s modulus Esoil of 50 MPa (loose) to 800
MPa (dense). The Poisson’s ratio and density of the soil was assumed constant ν = 0.4 and
ρ = 1800 kg/m3, respectively. Also, the size of the foundation is fixed to a constant value of
8 × 8 m. Both the mass per unit length m and the bending stiffness EI was assumed to vary
with the span L. This relationship was previously derived in Johansson et al. [6], where Eq. 12a
and 12b are proposed, for single–track ballasted concrete bridges, by collecting data from ”real”
bridges.

m = 580L+ 5350 [kg/m] (12a)
EI = 4(265L−1.28)2mL4/π2 [N/m2] (12b)

On the basis of this information, numerical simulation have been carried out in MATLAB
R2013a to determine natural frequencies, modal damping ratios and mode shapes.

4.1 Loose granular material

This section presents the results, see Fig. 5 and Table. 2, for a loose soil with an elastic
Young’s modulus of 50 MPa. Using the parameters presented above, this corresponds to a shear
wave speed of Vs = 99.6 m/s. By examining the figures, it turns out that the solution consist
of a set of underdamped (bending mode 1-6) and overdamped (mode 7-10) modes, hereafter,
these modes are referred to as ”real” and ”imaginary” modes, respectively. If we only consider
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Figure 5: Damping ratios and natural frequencies for Esoil = 50 MPa.

the imaginary modes, it seems that something interesting is happening at L = 52 m. This is
because at L < 52 m there exist four imaginary modes with ζ > 1, but at L > 52 m these
merge into two modes with ζ < 1. The reason for this is not clear, but it could be that the wave
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propagation characteristics change. Let us then consider the modal damping ratios of the real
modes in Fig. 5. Here the results show that the modal damping ratio varies depending on the
particular mode shape and span. The smallest (1.75 %) and largest (31.4 %) damping ratios
were, for example, obtained at L = 60 m, for the 1st and 3rd bending mode, respectively. This
difference is most easily explained by looking at the modal displacement and phase angle of the
relevant modes (see Table. 2 Case C). Here it is obvious that the 1st bending mode is dominated
by standing wave (all points in–phase or out–of–phase) and the 3th bending mode is vibrating
in a combination of traveling and standing wave. Finally, Table. 1 show the maximum damping
ratio for the bending modes.

Table 1: Maximum damping ratios for Esoil = 50 MPa.

1st bending 2th bending 3th bending 4th bending 5th bending 6th bending
L [m] 11 42 60 60 44 58
ζn [%] 10.0 19.3 31.4 17.5 12.2 8.3
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Table 2: Modal displacement and phase angle for Esoil = 50 MPa.

1715



Christoffer Svedholm, Costin Pacoste and Raid Karoumi

4.2 Dense granular material

The results presented in Section 4.1 show that loose soils provide high modal damping val-
ues. However, these values are drastically reduced for dense soils. Taking for illustrative pur-
poses E = 200 MPa (Vs = 199.2 m/s, see Fig. 6 and Table 4), we find that ζ , at L = 60 m,
varies from 0.3 % (1st bending) to 12.9 % (4th bending). This corresponds to a reduction of
the modal damping ratio by 82.9 % and 58.9 %. With this in mind the engineer should, when
designing a bridge, use stiff material for the soil in order not to overestimate the damping.
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Figure 6: Damping ratios and natural frequencies for Esoil = 200 MPa.

For both soil types, it was found that ζn tends to ↑ (increase) with the first few modes,
after which ζn tends to ↓ (decreases), see Table. 1 and 3. In fact, if we let n → ∞, then
the model shows that ζn → 0. To put the same thing in other words, SSI cannot damp the
high frequency oscillation in general. Another aspect that the authors found interesting is that
maximum damping seem to occur in the vicinity points where the natural frequencies of real and
imaginary modes coincide. This observation, together with previous studies by the authors show
that imaginary modes provide damping to real modes if their natural frequencies are closely
spaced.

Table 3: Maximum damping ratios for Esoil = 200 MPa.

1st bending 2th bending 3th bending 4th bending 5th bending 6th bending
L [m] 5 23 51 60 60 60
ζn [%] 4.5 6.2 9.5 12.9 12.7 11.1
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Table 4: Modal displacement and phase angle for Esoil = 200 MPa.

4.3 Damping of the fundamental frequency

In this section, we compare measured and calculated modal damping ratios for the 1st bend-
ing mode. Higher modes of vibration are not studied due to limited amount of published experi-
mental data. The measured data points, in Fig. 7, are reproduced from a plot in reference [1]. A
fairly reasonable interpretation of the scattering in the figure might be that the modal damping
ratio cannot be uniquely defined by the span and type of bridge. Here, we propose that the
foundation is another important aspect, which needs to be studied in detail to accurately predict
the damping of each mode. To exemplify this fact, we also present in Fig. 7 numerically calcu-
lated modal damping ratios (solid lines) of the 1st bending mode for soils with Esoil = 50− 800
MPa. Looking at the figure one can see good consistency between experimental and numerical
data. Namely, the modal damping ratio is of the right magnitude and tends to decrease with the
span. From a practical point of view, a typical soil in Sweden lies between 100 MPa and 400
MPa. Damping ratios for soils outside of this range should therefore be considered as a theoret-
ical exercise. With this in mind, the expected damping ratio from soil alone is between 0.1 %
(long span & dense soil) and 6.6 % (short span & loose soil). This findings clearly indicate that
geometric damping of soil is one of the main contributor to damping in railway bridges.
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Figure 7: Damping of the 1st bending mode as a function of span. The solid lines are the simulated results.

5 CONCLUSIONS

In this paper, a model for calculating modal properties of a Bernoulli–Euler beam, supported
by an elastic half–space, is derived. The model is then used to study the effects of soil–structure
interaction (SSI) for ballasted reinforced concrete bridges. From these numerical results, it is
possible to draw the following conclusions:

• The expected damping ratio for the 1st bending mode from soil alone is between 0.1
% and 6.6 % for a long span bridge supported by a dense soil and a short span bridge
supported by a loose soil, respectively.

• The results of the calculation show that traveling waves provide a damping ratio of 6-12.9
% to the 2-6th bending mode for medium to long span bridges.

• A good correlation is found between theoretical and measured damping values for the
1st bending mode. Higher modes of vibration are not studied due to limited amount of
published experimental data.

• SSI will only damp the first few bending modes.

• It is found that imaginary modes provide damping to real modes if their natural frequen-
cies are closely spaced.

REFERENCES

[1] ERRI D-214. Rail bridges for speeds over 200km/h, final report, 1999.

[2] ERRI D-214. Rail bridges for speeds over 200km/h, recommandations for calculating
damping in rail bridge decks, 1999.

[3] G Gazetas. Analysis of machine foundation vibrations: state of the art. International
Journal of Soil Dynamics and Earthquake Engineering, 2(1):2–42, 1983.

1718



Christoffer Svedholm, Costin Pacoste and Raid Karoumi

[4] G Gazetas. Foundation engineering handbook, chapter 15, 1991.

[5] G Gazetas, K Fan, and A Kaynia. Dynamic response of pile groups with different configu-
rations. Soil Dynamics and Earthquake Engineering, 12(4):239–257, 1993.

[6] C. Johansson, A. Andersson, J. Wiberg, M. Ülker-Kaustell, C. Pacoste, and R. Karoumi.
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Abstract. The behaviour of small span railway bridges is known to be particularly difficult to 

predict due to the complexity of the coupled train-track-bridge system, as well as for being 

particularly sensitive to resonant phenomena. The objective of this paper is to present an effi-

cient methodology to evaluate the safety of small span bridges in high-speed railway lines, 

bearing in mind the real variability of the parameters that influence the dynamic response of 

the train-track-bridge coupled system. This requires the development of adequate numerical 

models for the bridge, the track and the train subsystems, as well as the definition of the dis-

tributions and variability of all the variables related to the structure, the train, the track and 

also the wheel-rail contact. Track irregularities are also accounted for in the dynamic analy-

sis. Canelas railway bridge, located in the North of Portugal, was selected as case study. The 

bridge has six simply supported spans of 12 m each, leading to a total length of 72 m. The 

deck is a composite structure with two half concrete slab decks with nine embedded rolled 

steel profiles HEB 500, each supporting one rail track. In order to assess the safety of the 

bridge two simulation methods were used: the Monte Carlo method and the Latin Hypercube 

method. Furthermore, both simulation methods are combined with two different approaches 

to enhance efficiency. One based on the extreme value theory that uses the Generalized Pare-

to Distribution to model the tail of the distribution. The other uses an approximation proce-

dure based on the evaluation of the failure probabilities at moderate levels to estimate the 

target probability of failure by extrapolation. The track stability safety due to the deck vibra-

tions level is used as the safety criterion to validate the proposed methodology.  The results 

are extremely promising and indicate the feasibility of this methodology due to the very rea-

sonable computational costs that are required. 
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1 INTRODUCTION 

Safety has always been one of the main Engineering concerns, particularly for important 

structures such as bridges. Due to the generalized use of computers and their continuous evo-

lution, the safety assessment techniques have become increasingly sophisticated and complex, 

allowing more realistic and accurate analysis. In recent years, the use of probabilistic methods 

to assess the safety of new and existing structures has become more frequent.  

Due to the degree of complexity of the safety assessment of railway bridges the use of such 

methods is not very common. Simulation methods are generally used when probabilistic 

methodologies are employed to study these problems. The Monte Carlo method [1] is usually 

selected, but more refined methods like the Latin Hypercube [2] can also be applied. Regard-

less of the selected method, the objective is always to obtain an accurate assessment using an 

efficient methodology. The efficiency of a methodology represents its capacity to reduce 

computational costs without compromising accuracy. Besides accuracy, the quantification of 

the uncertainties in the predictions is also important. 

Despite the potential of the simulation methods, it is observed that for several problems the 

use of such technique may be computationally prohibitive. For this reason several authors 

proposed complementary procedures in order to enhance the efficiency of such methods. 

Naess et al. [3] proposed an approach that estimates the probability of failure by extrapolating 

the tail probabilities based on the estimates of the failure probabilities at moderate levels. 

Ramu et al. [4], on the other hand, proposed the estimation of the probability of failure by 

modelling the tails of the obtained distributions. 

In previous research works the safety due to track instability caused by excessive deck vi-

brations [5] and the running safety of trains [6] on this type of bridges have already been stud-

ied using probabilistic approaches. In the present study the safety assessment of a short span 

composite high-speed railway bridge is performed. The current paper is focused on the analy-

sis of the efficiency of different probabilistic methodologies in the safety assessment of short 

span railway bridges. Besides the standard Monte Carlo simulation, that has been used in pre-

vious works, in this paper a more refined simulation technique, namely the Latin Hypercube 

sampling method, is also applied. Furthermore, both simulation methods are combined with 

two different approaches to enhance efficiency. One is based on the extreme value theory and 

uses the Generalized Pareto Distribution to model the tail of the distribution. The other uses 

an approximation procedure based on the evaluation of the failure probabilities at moderate 

levels to estimate the target probability of failure by extrapolation. 

The safety of the train-track-bridge system is assessed through the analysis of the track in-

stability due to excessive deck vibrations. The results obtained by different methods are com-

pared in order to identify the most efficient approach. 

 

2 STRUCTURAL RELIABILITY ANALYSIS 

 

The use of analytical techniques for the reliability analysis of complex structural systems, 

which are often characterized by non-linear limit-state functions, can be extremely difficult. 

In this section, several alternatives to asses this problem are presented and discussed.  The dif-

ferent investigated techniques are used in the safety assessment of a short span high-speed 

railway bridge presented in Section 3. The obtained results are compared in order to identify 

the most efficient approach. 
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2.1 Tail modelling - Generalized Pareto Distribution (GPD)  

Since structural reliability problems are determined by the tail of the obtained statistical 

distributions, the computational cost can be significantly reduced if an extrapolation of the 

Cumulative Distribution Function (CDF) is made using tail modelling techniques [4]. The 

classical tail modelling is based on the extreme value theory and consists on approximating 

the tail portion of the CDF above a certain threshold, u, by the Generalized Pareto Distribu-

tion [7]. The approximation function, Fξ,ψ(z), can be written as [4]: 
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where z is the exceedance, ξ and ψ are the shape and scale parameters, respectively. This 

method has been applied in previous research works [5] and proved its efficiency in the analy-

sis of complex multi-modal response problems. However, the tail needs to be modelled accu-

rately, as small variations in the tail of the distribution can result in a variation by an order of 

magnitude of the safety level. Furthermore, the method relies significantly in the most ex-

treme values, which are the ones that present the largest uncertainty. For this reason the esti-

mated probability of failure may require, in some cases, a larger number of simulations until it 

stabilizes. 

 

2.2 Enhanced simulation method (ES)  

Naess et al. [3] proposed an enhanced simulation method which is able to overcome some 

limitations of high computational cost due to large samples needed for a robust estimation as 

in the previously presented method. It exploits the regularity of the tail probabilities to set up 

an approximation procedure based on the estimates of the failure probabilities at more moder-

ate levels for the prediction of the far tail failure probabilities. The safety margin, M, repre-

sents the difference between the capacity and the demand to define the probability of failure 

as Prob( 0)fp M    and is extended to a parameterized class of safety margins in the fol-

lowing way: 
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where μM is the mean value of the safety margin M and λ is the scaling parameter that assumes 

values in the interval 0 ≤ λ ≤ 1, putting the emphasis on the more reliable data points. Thus, 

the original system is obtained for λ = 1 while λ = 0 represents a system highly disposed to 

failure. 

For a sample of size N an empirically estimated probability of failure is given by: 
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where Nf(λ) represents the number of realizations where there was failure for the given λ level. 

The 95% confidence interval for the value pf(λ) can be reasonably estimated by: 

        fvf pCpC ˆ.ˆ  9611 (4) 

Introducing an approximation function fitted to the estimates allows estimating the target 

probability of failure by extrapolation. As proposed by [3], it is assumed that the probability 

of failure in the tail is dominated by a function that can be written as a function of λ: 

      c

f baqp 





exp
1

(5) 

where q(λ) is a function that varies slowly compared with the exponential function 

  c
baexp  . Thus, for practical applications it can be assumed that q(λ) = q and can then

be applied in the following form for a suitable value of λ0 [3]: 

    c

f baexpqp   (6) 

Therefore, an important part of the method is the identification of this suitable λ0 so that Eq. 

(5) represents a good approximation of pf(λ) for λ ϵ [λ0, 1], and at least such that b0 . The

optimum values for the four parameters q, a, b and c can be obtained through a least square 

optimization method using the Levenberg-Marquardt algorithm to the failure probabilities ob-

tained by the Monte Carlo simulation. 

For the estimation of the confidence intervals the empirical confidence band is re-adjusted 

to the optimal curve through Eq. (4). Then, the optimized confidence intervals are determined 

using a similar optimization procedure based on the re-adjusted confidence band. The fact that 

the confidence intervals can also be obtained by extrapolation, reducing significantly the in-

fluence of the sample size, is an important feature of this method. This enables it to be used to 

determine the accuracy of the estimated probability of failure. The fitted curves, extrapolated 

to the level of interest, will determine an optimized confidence interval of the estimated target 

failure probability. 

3 CASE STUDY 

3.1 Canelas Bridge 

Canelas Bridge is selected as case study. It is located in the Northern line of the Portuguese 

railway and is composed of six simply supported spans of 12 m each, with a total length of 

72 m. The bridge deck is a filler beam consisting of two half concrete slab decks, each sup-

porting a single ballasted track, with nine embedded rolled steel profiles HEB 500. Laminated 

neoprene elastomeric bearings are placed underneath each steel profile, in a total of 9 bearings 

per half deck. A longitudinal view of the bridge used as case study and the typical deck cross 

section is shown in Figure 1. 
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a) Longitudinal view 

 

b) Typical cross section 

Figure 1: Canelas railway Bridge. 

 

The main reason for the selection of this bridge is that this is a very common structural sys-

tem used for the European railway lines. A detailed description of the case study bridge can 

be found in [8]. The numerical model developed for the bridge is similar to the one used in [5] 

and is presented in the following section. 

 

3.2 Numerical models  

The Finite Element Method is used for the numerical modelling of both the bridge and the 

train. Regarding the bridge a 2D model is developed and discretized using beam elements. A 

single span is modelled and only one track is analysed, as the two half slab decks are inde-

pendent. Furthermore, the model assumes that the bridge is inserted in a straight section of a 

high-speed railway line. 

The deck is modelled as a beam positioned at the corresponding centre of gravity. The 

bearings are also included in the numerical model as springs positioned at the corresponding 

centre of rotation. The vertical and horizontal stiffness of the bearings are calculated accord-

ing to [9]. With respect to the ballasted track, the model includes the rails, modelled as beams, 

the sleepers which are simulated by lumped masses and also the rail pads and the ballast layer, 
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modelled as sets of springs and dampers. The shear behaviour of the ballast layer due to com-

posite effects is also accounted for and is computed in accordance with the elastic range of the 

bi-linear behaviour proposed by [10]. A more detailed description of the numerical model can 

be consulted in [5]. A schematic representation of the track-bridge numerical model is shown 

in Figure 2. The zoom in Figure 2 corresponds to the same section that is composed by an 

overlap of the two represented elements. 

 

 

Figure 2: Track-bridge numerical model. 

 

The existence of track irregularities is also taken into account in this paper and they are 

randomly generated using power spectral density functions according to SNCF proposal, 

which is limited to wavelengths between 2 m and 40 m [11]. In the current paper the wave-

length range D1 defined by [12] is considered, limiting the analysis to wavelengths between 3 

m and 25 m. The numerical process used to generate track irregularities can be consulted in 

[5]. In order to comply with the quality demands of EN13484-5 [12] the maximum standard 

deviation of the generated track irregularities profiles is limited to 1.5 mm over a track exten-

sion of 200 m. 

Bearing in mind the bridge case study, variables that might have relevant nondeterministic 

properties which can lead to a significant change of the dynamic response were identified. 

This results in the selection of the random variables presented in Table 1. Similarly, the set of 

selected random variables for the track is specified in Table 2. 

 

Variable  Distribution 

Mean (gaussian) 

or 

Min. (uniform) 

Std. Deviation (gaussian) 

or 

Max. (uniform) 

Concrete density weight (c) Gaussian 2.5 t/m3 0.1 (CV = 4%) 

Concrete elasticity modulus (Ec) Gaussian 36.1 GPa 2.888 (CV = 8%) 

Concrete height (hc) Gaussian Nominal value 10 mm 

Concrete width (bc) Gaussian Nominal value 5 mm 

HEB 500 area (As) Gaussian Nominal value 0.04 x nominal area 

Neoprene shear modulus (G) Uniform 0.75 MPa 1.2 MPa 

Structural damping () Gaussian 2 % 0.3 % 

Table 1: Bridge random variables. 
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Variable Minimum Maximum 

Ballast density weight (b) 1.5 t/m3 2.1 t/m3 

Ballast elasticity modulus (Eb) 80 MPa 160 MPa 

Ballast height (hb) 0.30 m 0.60 m 

Ballast load distribution angle () 15 º 35 º 

Sleeper weight (Ms) 220 kg 325 kg 

Rail pad stiffness (kp) 100 kN/mm 600 kN/mm 

Track shear resistance (Rt) 20 kN/m 60 kN/m 

Irregularity amplitude (A) 160 275 

Table 2: Track random variables. 

Regarding the train, the dynamic behaviour of the bridge is assessed for the crossing of a 

TGV double high-speed train. This is an articulated train that is composed by a total of 20 

coaches: four power cars, four power passenger cars and twelve passenger cars. The train 

model includes the car bodies, the bogies, the primary and secondary suspensions, the wheel-

sets and also the wheel-rail contact stiffness. A schematic representation of the train and the 

corresponding numerical model is illustrated in Figure 3. A more detailed description of the 

train numerical model can be consulted in [5]. 

Figure 3: Schematic representation of the TGV double train numerical model. 

Adopting the same principle that is considered for the bridge and the track, the random var-

iables selected for the train model are indicated in Table 3. It should be mentioned that the 

dynamic properties of the train are defined according to the values presented by [10]. 

Variable Distribution 

Mean (gaussian) 

or 

Min. (uniform) 

Std. Deviation (gaussian) 

or 

Max. (uniform) 

Occupancy rate Uniform 0 % 100 % 

Bogie mass Uniform 2.32 t 3.48 t 

Wheel set mass Uniform 1.6 t 2 t 

Primary suspension stiffness Uniform 1300 kN/m 3900 kN/m 

Primary suspension damping Uniform 6 kN.s/m 18 kN.s/m 

Secondary suspension stiffness Uniform 290 kN/m 870 kN/m 

Secondary suspension damping Uniform 10 kN.s/m 30 kN.s/m 

Wheel-rail contact stiffness Gaussian 1.61x106 kN/m 4.1x104 kN/m 

Table 3: Train random variables. 
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4 SAFETY ASSESSMENT 

In this section the safety assessment of the bridge is discussed. The different methodolo-

gies presented in Section 2 are used and the results compared in terms of efficiency. Both 

Monte Carlo (MC) and Latin Hypercube (LH) simulation are used. Furthermore, each of these 

simulation methods are combined with the Generalized Pareto Distribution (GPD) fit and also 

with the Enhanced Simulation method (ES) proposed by [3]. The safety of the train-track-

bridge system is assessed through the analysis of the track instability due to excessive deck 

vibrations. The train-bridge system is considered to be safe if the estimated probability of 

failure is lower than 10-4, which corresponds to a reference value in the Joint Committee on 

Structural Safety (JCSS) Probabilistic Model Code [13]. 

 

 

4.1 Track instability  

The safety due to track instability is assessed by the bridge deck acceleration. For each 

simulation the maximum acceleration along the bridge deck is identified and selected as rep-

resentative to assess the safety. The track instability is characterized by the loss of interlock 

between ballast grains, leading to the loss of the lateral resistance of the sleepers. Laboratory 

tests confirmed that the ballast instability only tends to occur for deck accelerations higher 

than 7 m/s2 [14]. Below this limit the sleeper hardly moves and no loss of lateral resistance is 

observed. However, EN1991-2 [15] limits deck acceleration to a maximum of 3.5 m/s2 for 

ballasted tracks, which indicates that a safety factor of 2 is applied. Since the safety of the 

train-bridge system is only at risk when deck accelerations are over 7 m/s2, the probability of 

failure of the train-bridge system is established as the probability of the bridge deck reach this 

acceleration level. 

It is observed that the obtained distributions are very similar for both simulation methods, 

as expected. However, the obtained distribution is not unimodal, due to the existence of two 

distinct types of response: resonant and non-resonant behaviour. This provides an interesting 

opportunity to check on how the complexity of the response affects the efficiency of the dif-

ferent methodologies. The estimated probabilities of failure for the different methods are 

summarized in Table 6, whereas Table 7 shows the required number of simulations to accu-

rately assess the probability of failure due to track instability. 

 

Speed (km/h) MC LH GPD-MC GPD-LH ES-MC (C- ; C+) ES-LH (C- ; C+) 

275 0.20 < 0.1 0.05 0.14 0.08 (0.06 ; 0.31) 0.08 (0.03 ; 0.22) 

280 0.40 0.50 0.58 0.70 0.44 (0.26 ; 1.47) 0.48 (0.24 ; 1.24) 

285 1.40 1.33 1.32 1.03 1.45 (0.81 ; 3.55) 1.19 (0.82 ; 3.49) 

290 5.80 2.67 5.17 4.93 4.40 (2.94 ; 8.17) 3.76 (2.11 ; 8.24) 

295 10.30 8.33 13.00 7.81 10.80 (7.45 ; 21.1) 10.30 (8.21 ; 14.4) 

Table 6: Estimated probability of failure due to track instability ( 10-4). 
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Speed (km/h) GPD-MC GPD-LH ES-MC ES-LH 

275 8000 8000 3000 9000 

280 14000 7000 3000 4000 

285 15000 25000 3000 3000 

290 6000 7000 3000 3000 

295 5000 5000 2000 9000 

Table 7: Number of simulations required to accurately assess the probability of failure due to track instability. 

Compared to the GPD approach the ES proves to be more efficient, resulting in reducing 

the necessary number of simulations to slightly less than 30% (less 34,000 simulations) for 

the MC simulation and a little over 50% (less 24,000 simulations) for the LH simulation. Re-

garding the influence of the complexity of the limit state function it became evident that if the 

response is not monotonic the LH may cause problems thus affecting the efficiency of the ES 

procedure. Furthermore, it was shown that if the computational costs can be reduced through 

a refined simulation method then the use of the ES approach will result in even further bene-

fits. Another important feature of the ES procedure that should be pointed out is the fact that it 

enables quantifying the uncertainties of the estimated probability of failure, thus providing an 

extra tool to assess the quality of the failure estimation. The GPD approach seems to be much 

more sensitive to the level of irregularity of the tail of the distribution rather than the com-

plexity of the limit state. 

Globally, the safety assessment due to excessive deck acceleration can be accurately ana-

lysed with 14,000 simulations by enhanced MC simulation for the critical speed range (275 – 

295 km/h). In order to guarantee the track stability the train speed over the bridge should be 

limited to 280 km/h. 

5 CONCLUSIONS 

The current work is focused on assessing the efficiency of different probabilistic method-

ologies for the safety assessment of short span railway bridges. A composite bridge with six 

simply supported spans of 12 m and ballasted track was selected as case study for the crossing 

of the TGV-double high-speed train. The variability of parameters related to the bridge, the 

track and the train were taken into account along with the existence of track irregularities. The 

selected case study offers the possibility of analysing a failure modes that is characterized by 

a non-unimodal distribution limit state functions. 

Two different simulation techniques (Monte Carlo and Latin Hypercube) are combined 

with two different procedures: a tail modelling approach based on the extreme value theory 

that uses the Generalized Pareto Distribution to model the upper tail of the obtained distribu-

tion, and an Enhanced Simulation technique which uses an approximation procedure based on 

the estimates of the failure probabilities at moderate levels for the prediction of the far tail 

failure probabilities. 

The ES approach proves to be more efficient than the GPD, resulting in reducing the nec-

essary number of simulations to slightly less than 30% (less 34,000 simulations) for the MC 
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simulation and a little over 50% (less 24,000 simulations) for the LH simulation. It also be-

came evident that if the response is not monotonic the LH may cause problems thus affecting 

the efficiency of the ES procedure. Furthermore, it was shown that if the computational costs 

can be reduced through a refined simulation method then the use of the ES approach will re-

sult in even further benefits. The ES procedure benefits from another important feature which 

is the fact that it enables quantifying the uncertainties of the estimated probability of failure. 

This provides an extra tool to assess the quality of the failure estimation. Regarding the GPD 

approach it seems to be much more sensitive to the level of irregularity of the tail of the dis-

tribution rather than the complexity of the limit state. 

Globally, the safety assessment due to excessive deck acceleration can be accurately ana-

lysed with 14,000 simulations by enhanced MC simulation for the critical speed range (275 – 

295 km/h). In order to guarantee the track stability the train speed over the bridge should be 

limited to 280 km/h. 
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Abstract. Bridge structures have attracted the interest of Engineers throughout the history
because they represent the attempt of men to overcome obstacles. Bridges allow easier connec-
tions between two different points and faster displacements of goods and people. The present
work makes use of truss structures to search for the most efficient bridges. We first present
numerical results for minimal mass truss bridge designs. Our approach creates a network of
tensile and compressive members distributed throughout the system at many different scales.
We leave the prestress calibration to a second step of our design strategy, to be carried out after
the minimal mass topology has been determined, with the aim of optimizing the dynamic per-
formance of the structure. A numerical example shows that the vibration modes of the examined
bridge model can be tuned by playing with the prestress of the deck members.
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1 INTRODUCTION

Tensegrity structures are axially loaded prestressable structures. Motivated by nature, where
tensegrity concepts appear in every cell, in the molecular structure of the spider fiber, and in the
arrangement of bones and tendons for control of locomotion in animals and humans, Engineers
have only recently developed efficient analytical methods to exploit tensegrity concepts in engi-
neering design. Previous attempts to judge the suitability of tensegrity for engineering purposes
have simply evaluated the tensegrity produced as art-forms, but then judges them according to
a different (engineering) criteria. The development of ”tensegrity engineering” should allow
tensegrity concepts to be optimized for the particular engineering problem at hand, rather than
simply evaluating a structure designed only for artistic objectives. The development of such
tensegrity engineering methods is the continuing goal of our research.

The tensegrity paradigm used for bridges in this paper allows the marriage of composite
structures within the design. Our tensegrity approach creates a network of tension and com-
pressive members distributed throughout the system at many different scales (using tensegrity
fractals generates many different scales). Furthermore, these tension and compression mem-
bers can simultaneously serve multiple functions, as load-carrying members of the structure,
and as sensing and actuating functions. Moreover, the choice of materials for each member of
the network can form a system with special electrical properties, special acoustic properties,
special mechanical properties (stiffness, etc). The mathematical tools of this paper can be used
therefore to design metamaterials and structural networks (cf., e.g., [1–9]) with unusual and
very special properties not available with normal design methods.

This paper focuses on bridge design for minimal mass. The subject of form-finding of tenseg-
rity structures continues to be an active research area [10–15], due to the special ability of such
structures to serve as controllable systems (geometry, size, topology and prestress control), and
also because the tensegrity architecture provides minimum mass structures for a variety of load-
ing conditions, [16–19]. Particularly interesting is the use of fractal geometry as a form-finding
method for tensegrity structures, which is well described in [16–18, 20]. Such an optimization
strategy exploits the use of fractal geometry to design tensegrity structures, through a finite or
infinite number of self-similar subdivisions of basic modules. The strategy looks for the op-
timal number of self-similar iterations to achieve minimal mass or other design criteria. This
number is called the optimal complexity, since this number fixes the total number of parts in the
structure.

The self-similar tensegrity design presented in [16–18] is primarily focused on the generation
of minimum mass structures, which are of great technical relevance when dealing with tensegrity
bridge structures (refer, e.g., to [21]). The ‘fractal’ approach to tensegrity form-finding paves
the way to an effective implementation of the tensegrity paradigm in parametric architectural
design [11, 12, 22, 23].

Designing tensegrity for engineering objectives has produced minimal mass solutions for
five fundamental (but planar) problems in engineering mechanics. Minimal mass for tensile
structures, (subject to a stiffness constraint) was motivated by the molecular structure of spider
fiber, and may be found in [24]. Minimal mass for compressive loads may be found in [16].
Minimal mass for cantilevered bending loads may be found in [17]. Minimal mass for torsional
loads may be found in [18]. Discussions of minimal mass solutions for distributed loads on
simply-supported spans, where significant structure is not allowed below the roadway, may be
found in [25]. It is also worth noting that tensegrity structures can serve multiple functions.
While a cable is a load-carrying member of the structure, it might also serve as a sensor or
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actuator to measure or modify tension or length. Other advantages of tensegrity structures
are related to the possibility to integrate control functions within the design of the structure.
A grand design challenge in tensegrity engineering is to coordinate the structure and control
designs to minimize the control energy and produce a structure of minimal mass. This would
save resources (energy and mass) in two disciplines, and therefore ”integrate” the disciplines
[26].

This paper reviews the minimum mass design of tensegrity structures carrying distributed
bending loads (Sects. 2, 3), which has been diffusely presented in [25], and investigates on the
vibration modes of the examined bridge model by varying the state of prestress applied to the
structure (Sect. 4). Prestress design is a typical feature of tensegrity systems. The procedure
illustrated in [25] returns the minimal mass structure, for a given loading condition, together
with a certain prestress state. By changing such a prestress, while increasing the mass, one can
improve the ability of a structure to tolerate larger uncertainties in the external loading, and
avoid slackening problems in cables. We leave the prestress calibration to a second step of our
design strategy, to be carried out after the minimal mass topology has been determined, with
the aim of optimizing the dynamic performance of the structure.

2 TENSEGRITY BRIDGE MODEL

In a famous work dated 1904, A.G.M. Michell examines the problem of finding the mini-
mum volume network of fully stressed truss elements, which transmit a vertical force applied
at the middle point C of a given segment AB to two fixed hinge supports applied at A and B
[27]. On pages 594-597 of this work, Michell deals with a truss network spanning a 2D contin-
uous domain including the points A, B and C along its boundary (centrally loaded beam), and
assumes that the material of such a domain is homogenous. Without entering the mathematical
aspects of Michell’s problem (refer, e.g., to [28]), we notice that the Michell topology under
consideration includes a portion DE of a circumference centered in C, the segments DA and EB
lying on the tangents in D and F to the arch DE, and all the radii of the circular sector CDE (cf.
Fig. 1, where the compressive elements (or bars) of the Michell frame are represented through
thick black lines, while the tensile elements (or strings) are represented through thin red lines).
Such a topology can be applied to both the regions placed above and below the applied force
F , with the difference that the arch ADEB (hereafter also called Michell arch) works in com-
pression and the radii pointing to C work in tension in the first case (Fig. 1, top), while, on the
contrary, the arch ADEB works in tension and the radii pointing to C work in compression in
the second case (Fig. 1, bottom). It is worth noting that the central angle of the circular sector
CDE gets larger and larger, as the angle α (or β) gets closer and closer to 90 deg (Fig. 1).

We here introduce a parametric model of a tensegrity bridge obtained through n self-similar
subdivisions of a basic module. This module is formed by a single Michell arch showing p
radii, placed above the deck of the bridge, and two arches, each of them showing q = p radii,
placed below the deck. Such a bridge is constrained by a fixed hinge support at one end of the
deck, and a rolling hinge support at the other end. We show the basic module corresponding to
n = p = 1 in Fig. 2, while more complex shapes corresponding to higher values of n and p are
shown in Fig. 3 of [25]. Notice how each arch above the deck features p radii, and each arch
below the deck features q radii, with p = q. The angles α and β can assume arbitrary values,
and the horizontal elements at the level of the deck (represented through blue lines in Fig. 2)
can work either in tension or in compression (bidirectional elements, cf. [19]). Such elements
provide the horizontal components of the lateral (supporting) forces of the Michell arch (Fig.
1). The basic module shown in Fig. 2 exhibits a single compressed arch above the deck, two
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Figure 1: Michell frames for a centrally loaded beam.

tensile chords below the deck and a subdivision of the deck into four elements of equal length.
Hereafter, we let f denote the total force transferred from the deck to the bridge structure. For
n > 1, we assume that the elements of the nested arches placed above the deck can overlap
each other. Moreover, to consider a common requirement for bridges over navigable water, we
discard the outer arches placed below the deck (indicated by dotted lines in Fig. 3 of [25]),
in order to reduce the size of the substructure below the deck, for clearance above the water.
In a real bridge structure, the elements placed above the deck would have a 3D geometry that
prevents member overlapping. It is worth noting that the geometry corresponding to an arbitrary
number n of self-similar subdivisions of the basic module features 2n+1 elements at the level
of the deck, and show nodal forces equal to f/(2n+1) in correspondence with the intermediate
nodes placed at the level of the deck. The following variables completely define the geometry
of the bridge structure: the total span L, the ‘top aspect angle’ α, the ‘bottom aspect angle’ β,
and the complexity parameters n, p and q. The total numbers of top arches, nta, bottom arches,
nba, strings, ns, bars, nb, and nodes, nn, are given by:

nta = 2n − 1, nba = 2n, (1)

ns = qnta + (p+ 1)nba + 2n+1, nb = (q + 1)nta + pnba + 2n+1, (2)

nn = q nta + p nba + 2n+1 + 1. (3)

As to the node coordinates, we observe that the nodes belonging to the ‘superstructure’ (i.e.,
the portion of the bridge placed above the deck) lie on n nested circumferences with radii Rti

(i = 1, ..., n), while the nodes of the ‘substructure’ instead lie on sequential circumferences
with radius Rb. Such radii are computed as follows

Rti =
L

2i
sinα, (i = 1, ..., n); Rb =

L

2n
sin β. (4)

We look for the optimal values of the complexity parameters n, p and q and the aspect angles
α and β, which minimize the mass of the bridge under yielding and buckling constraints. As
anticipated, we prescribe q = p and we assume that all bars and strings are made up of the same
material, for the sake of simplicity. The removal of such constraints is not a big issue from the
theoretical point of view, but might lead to a significant increase in the number of optimization
variables.
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Figure 2: Basic module of the tensegrity bridge (n = 1, p = 1).

3 MINIMAL MASS DESIGN

In this section we present a collection of numerical results extracted from [25], which aim to
illustrate the potential of the minimum mass design under consideration. We use the symbols
µ∗, α∗ and β∗ to denote the minimum mass and the optimal aspect angles of the tensegrity bridge
under combined yielding and buckling constraints, respectively, and the symbols µ∗

Y , α∗
Y and

β∗
Y to denote the optimal values of the same quantities under simple yielding constraints. In all

the examples, we search for a global minimum mass configuration of the bridge, by recursively
running the optimization procedure presented in [25], so that the design variables n, p, α and
β may range within prescribed search domains. We set the step increments of n and p to 1,
the step increments of α and β to 0.01 deg. In addition, we set L, f and ρ to unity, in abstract
units, and make use of the following assumptions: σ̄Y = 6.9× 108L2/f ; E = 2.1× 1011L2/f .
In order to highlight the relative ‘weight’ of the elements placed at the level of the deck, we
introduce the following ratios,

µ∗
db

µ∗
b

,
µ∗
ds

µ∗
s

. (5)

where µ∗
db, µ

∗
sb, µ

∗
b , µ

∗
s denote the total mass of the bars placed at the level of the deck, the

total mass of the strings placed at the level of the deck, the overall mass of the bars and the
overall mass of the strings, respectively, in correspondence with any arbitrary minimum mass
configuration under combined yielding and buckling constraints. We remind the reader that the
elements placed at the level of the deck are bidirectional, in the sense that they can contem-
porarily serve as bars or strings [19].

The examined minimum mass design assumes that all the design variables n, p, α, and β
may simultaneously vary within the following bounds,

n ∈ [1, 5], p ∈ [1, 7], α ∈ (0, 90) deg, β ∈ (0, 90) deg. (6)
The most relevant results corresponding to the present case are illustrated in Tab. 1 and Fig.

3. The results in Tab. 1 highlight that the global minimum mass configuration under com-
bined yielding and buckling constraints is reached for n = 2, p = 7 (µ∗ = 333.17, α∗ =
62.52 deg, β∗ = 17.77 deg), within the search domain (6). Referring to the case with n = 2,
in order to detect if the global minimum mass configuration is obtained for finite complex-
ity p or not, we let this parameter grow up to p = 13, and determine the corresponding rel-
ative minimum mass configurations of the bridge. We find out that the mass of the bridge
monotonically decreases when p grows from 1 to 13, and n remains equal to 2. In par-
ticular, the relative minimum mass configuration for n = 2 and p = 13 is the following:
µ∗ = 225.98, α∗ = 69.45 deg, β∗ = 23.97 deg. Such results, together with those presented in
Tab. 1, indicate that the global minimum mass configuration of the bridge might be achieved
either for rather large values of p, or in the limit p→∞, when n ≥ 2.
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n p α∗
Y β∗

Y µ∗
Y α∗ β∗ µ∗

1 1 41.83 24.11 1.1180 26.11 13.77 808.84
1 11 54.44 34.97 0.9867 53.42 33.97 337.69
1 20 54.65 35.18 0.9855 51.98 32.60 352.24
2 1 44.62 9.34 1.5207 26.58 4.77 1086.23
2 3 57.81 14.83 1.3329 45.20 9.53 558.02
2 7 66.42 20.90 1.2534 62.52 17.77 333.17
3 1 44.96 4.08 1.7545 26.58 2.05 1186.33
3 3 59.52 6.92 1.5232 45.31 4.13 607.67
3 7 72.52 12.78 1.4137 63.71 8.23 354.03
4 1 44.96 1.91 1.8761 26.58 1.03 1221.82
4 3 59.73 3.27 1.6256 45.31 1.93 625.75
4 7 75.51 7.35 1.5021 63.82 3.88 363.95
5 1 45.01 0.93 1.9378 26.58 0.75 1234.39
5 3 59.92 1.60 1.6784 45.32 1.44 632.19
5 7 76.80 3.96 1.5489 63.83 1.88 367.65

Table 1: Selected results for the minimal mass design of the examined bridge model.

By adding gravity forces [19], and referring to the case with n = 2 and p = 13, we obtain
µ∗ = 227.49, α∗ = 69.48 deg, and β∗ = 23.52 deg. Such results show that the inclusion of
self-weight does not cause a significant change of the minimum mass configuration at hand. As
to the elements placed at the level of the deck, we observe the following results: µ∗

db/µ
∗
b � 1,

and µ∗
ds/µ

∗
s � 1, for n ≤ 3. The ratio µ∗

ds/µ
∗
s becomes relevant for n > 3, being equal to 0.06

for n = 4 and p = 1, and 0.3 for n = 5 and p = 1. Nevertheless, the same ratio decreases with
p for fixed n, being equal to ≈ 10−4 for n = 4 and p = 7, and ≈ 10−5 for n = 5 and p = 7.
We can therefore conclude that such elements serve as tensile members (strings) for n > 1, and
that their structural relevance increases with n and decreases with p. It is also seen from Tab.
1 that, in each of the examined cases, the optimal values of α very slowly increase with n, and
rather markedly increase with p. The optimal values of β instead markedly decrease with n, and
significantly increase with p. It is worth noting that the two examined design strategies (simple
yielding constraints and combined yielding and buckling constraints) lead to rather different
aspect ratios of the bridge for p = 1, and, on the contrary, to more similar geometries as p
gets larger, for any given n (cf. Tab. 1). The results shown in Fig. 3 emphasize that the
current minimum mass design of the bridge leads to rather large values of α and considerably
small values of β, as the complexity parameters n and p progressively increase. In particular,
the bottom height of the bridge dramatical shrinks for n ≥ 3 (Fig. 3 ). This is explained by
observing that the lower chords of the bridge carry tensile forces tba = fn

2Sin(β)
(cf. Fig. 1), with

fn = f/(2n+1). As n goes to infinity and β goes to zero, it can be verified that tba approaches a
finite limit. The solution with β → 0 becomes convenient in terms of mass savings as n→∞,
since it reduces the lengths of the tensile chords and compressed rays placed below the deck.
We wish to remark, however, that the global minimum mass configuration is achieved for n = 1
under simple yielding constraints, and n = 2 under combined yielding and buckling constraints.
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µ∗ = 501.0 µ∗ = 500.3
n = 5 n = 5
p = 40 p = 50

µ∗ = 542.6 µ∗ = 525.0
n = 5 n = 5
p = 7 p = 10

µ∗ = 1419.4 µ∗ = 650.4
n = 5 n = 5
p = 1 p = 3

µ∗ = 369.9 µ∗ = 370.2
n = 1 n = 1
p = 40 p = 50

µ∗ = 808.8 µ∗ = 375.8
n = 1 n = 1
p = 1 p = 5

Figure 3: Optimal topologies under combined yielding and buckling constraints for different values of the exam-
ined design variables.

4 VIBRATION MODES

It is worth noting that the minimal mass design illustrated in the previous section leads to
statically determinate structures with no applied prestress. Nevertheless, the prestress design
is of great importance for a number of properties of tensegrity structures, including structural
stiffness, stability and dynamics (refer, e.g., to [10–15, 29] and references therein). In particular,
an optimal prestress design oriented to control the free vibration modes and frequencies of the
structure awaits attention, being at present only partially investigated in the literature [29].

We study the influence of the prestress design on the dynamical response of the present
bridge model with reference to the the basic module in Fig. 2, assuming optimal aspect angles
(α = 26.11 deg, β = 13.77 deg). In order to allow statically indeterminacy, which is necessary
to permit the existence of self equilibrated member forces, we replace the roller hinge support
of such a structure with a fixed hinge. As a consequence, we allow the string elements placed
at the level of the deck to be axially prestrained of an arbitrary quantity p (deck prestrain).
The assumed material is steel for all members (Young modulus E = 210 GPa, yield strength
σy = 690 MPa); the total span of the bridge is set equal to 30 m; and the total bridge weight
(including the deck) is set equal to 450 kN .

Fig. 4 shows the first vibration modes of the basic module under zero deck prestress (p = 0),
and deck prestress corresponding to p = 10−3. We observe that the vibration mode of the
prestressed structure is slightly different from that of the structure under zero prestress. As a
matter of fact, the first vibration mode of the structure for p = 10−3 features a ratio η = 7.5
between the vertical displacement at the central node of the deck and the vertical displacements
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Figure 4: First vibration mode for different prestrains of deck members.

at the nodes of the deck placed at one quarter of the bridge span, i.e. prevalent vertical deflection
at the midspan (cf. Fig. 4-right). The vibration mode of the structure under zero prestress
instead exhibits η = 0.96 (cf. Fig. 4-left), i.e. vertical displacements at the lateral nodes of
the deck that are comparable to that of the central node. It is also with noting that the structure
under p = 0 exhibits first natural frequency which is 3.5% lower than the first natural frequency
of the structure undergoing p = 10−3.

5 CONCLUDING REMARKS

A first goal of the present study has been concerned with the minimal mass design of tenseg-
rity bridge structures. The forces, locations, and number of members of a parametric bridge
model in 2D have been optimized to minimize mass subject to both buckling and yielding con-
straints. We have optimized the complexity of the structure, where structural complexity as the
number of members in the design. This can be related to 3 parameters (n, p, q), where 2n is
the number of deck sections along the span; p is the number of compressive members (bars)
reaching from the span center to the substructure; and q is the number of cables reaching from
the span center to the superstructure. Hence we refer to (n, p, q) as the three different kinds
of complexities of the structure. We used a tensegrity structural paradigm which allowed these
several kinds of complexities. The complexity n has been determined by a self-similar law to
fill the space of the bridge. As the number of self-similar iterations goes to infinity we get a
tensegrity fractal topology. The numerical results presented in Sect. 3 have pointed out that
the global minimum mass configuration of the examined bridge model shows finite complexity
n, and markedly large or infinite complexities p = q. We can therefore conclude that such a
bridge feature a multiscale, discrete-continuum complexity. Concerning the aspect ratios of the
bridge, we have observed that, as the complexity n increases, the height of the portion of the
bridge placed above the deck increases, while the height of the structure placed below the deck
decreases dramatically.

An illustrative example regarding the first vibration mode of the basic module (n = p = q =
1) has demonstrated that the application of a state of prestress to the string elements placed at
the deck level may significantly affect the geometry of such a mode and the associated natural
frequency. A comprehensive study on the dynamics of tensegrity bridges will follow as future
work, to impose suitable design constraints on stiffness issues (vibrational frequencies, mode
shapes, displacements for high winds conditions, etc). It is worth noting, however, that the ca-
pability all of these choices and adjustments are within the free parameters of the designs in this
work. The subsequent dynamics approach will evaluate the value (economics and performance
tradeoffs) the use of feedback control for the deployable and service functions, or to adjust the
stiffness of the structure (varying the prestress of the cables) to modify stiffness or damping
after storm damage.
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Abstract. Traditionally, the traffic and the seismic dynamics have been considered inde-
pendently when analyzing the seismic response of bridges. Given the ever increasing traffic 
volume though, vehicles are more likely to encounter an earthquake while crossing a bridge. 
Hence, there is a growing need to examine the dynamic vehicle-bridge interaction (VBI) un-
der the simultaneous action of seismic ground motions. This study presents an original 
framework to analyze the seismic response of a coupled vehicle-bridge system during earth-
quake excitation. The examined dynamical system consists of the vehicle subsystem and the 
bridge subsystem. The two subsystems are coupled through the contact forces between the 
vehicle wheels and the bridge. The bridge subsystem is simulated with the finite element 
method, while the truck vehicles are modelled as rigid body assemblies. The proposed ap-
proach relies on the calculation of the coupling contact forces, and results in a system of 
global equations which provides the response of both the bridge and the vehicle simultane-
ously. A pilot application of the proposed scheme to a realistic case of (highway) bridge – 
(truck) vehicles interaction is presented. In this context, the study brings forward new prob-
lems encountered when analyzing the seismic response of interacting vehicle-bridge systems. 
Specifically, the paper underlines the need to consider different positions of the vehicle/s (on 
the bridge) during earthquake shaking, and highlights the importance of selecting representa-
tive parameters for the speed, the number and type of vehicles, which should reflect the site-
specific traffic characteristics. 
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1 INTRODUCTION 

The accumulative experience of past earthquakes (e.g., the 1989 Loma Prieta, the 1994 
Northridge and 1995 Kobe earthquakes) unveils the devastating consequences of vehicle ac-
cidents due to (any type of) bridge failure [1, 2]. With bridges covering a significant percent-
age of the existing road network, in many earthquake-prone regions, and with the ever 
increasing traffic volume, the possibility of vehicles encountering an earthquake while cross-
ing a bridge is also increasing. This observation underlines the growing need to investigate 
the seismic response of the interacting vehicle- bridge systems instead of focusing solely on 
the seismic analysis and/or assessment of bridges.  

However, the dynamics of traffic and earthquake shaking have been traditionally consid-
ered independently when analyzing the response of the bridge. The existing codes and guide-
lines worldwide [3-5] account for the traffic load solely as an additional live load on the 
bridge. Research on vehicle - bridge dynamic interaction has shown [6-8] that it is not realis-
tic to treat the vehicle as additional stationary mass; the seismic response of the bridge is re-
duced when the dynamics of the vehicles are properly simulated and it is amplified when the 
vehicles are treated as additional vertical masses.  

There is a vast body of research on the seismic response of bridges detached from the run-
ning vehicles [9, 10], as well as, on the dynamic vehicle bridge interaction (VBI) without con-
sidering earthquake shaking (e.g. [11] and references therein). On the other hand, a limited 
amount of research focuses on the simulation of the effects of earthquakes on the interacting 
vehicle - bridge system. More specifically, Yang and Wu [12] investigated the stability of 
train vehicles, stationary or moving, on bridges shaken by earthquakes, and they stressed the 
importance of the vertical ground motion component on the stability of the vehicle. Tanabe et 
al. [13-15] studied numerically the behavior of the Shinkansen trains and railway bridges dur-
ing earthquakes, and verified part of their results experimentally. Matsumoto et al.[16] exam-
ined the running safety of railway vehicles on bridges subjected to earthquakes using an in-
house computer simulation software. Xia et al.[17] and Du et al. [18] concluded that the vehi-
cle running safety during earthquakes is overestimated when not considering the seismic wave 
propagation effect.  

Another group of studies focuses on the vehicle performance on bridges in windy envi-
ronments [19-21]. Chen and Cai [22, 23] deployed a framework for the analysis of vehicle 
accidents on long-span bridges under strong winds. They conducted dynamic interaction 
analyses of the coupled vehicle-bridge-wind system to predict both the bridge and vehicle re-
sponse. Zhang and Cai [24], presented an approach for fatigue reliability assessment of exist-
ing bridges also considering an interacting vehicle-bridge system. They examined the effects 
of the road surface condition, vehicle speed and annual traffic increase rate on the fatigue reli-
ability index, using 3D bridge-truck interaction simulations.    

The present research is motivated by the need to elucidate the VBI dynamics between ve-
hicles and highway bridges, during seismic excitation. Recently, the authors proposed [11, 25] 
an analysis approach of the VBI problem for curved (or straight) bridges and different types 
of vehicles, without considering seismic excitations. Herein the analysis examines a realistic 
bridge model, and a truck vehicle model under the influence of seismic ground motion excita-
tions. In this context, the study brings forward various new problems which arise when the 
traffic and seismic loading are accounted for simultaneously.  
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2 SEISMIC RESPONSE OF THE INTERACTING VEHICLE-BRIDGE SYSTEM: 
THE PROPOSED METHODOLOGY  

The present paper proposes a new approach for the dynamic analysis of the vehicle-bridge 
interacting (VBI) systems under earthquake ground motions. The examined dynamical system 
consists of the vehicle subsystem and the bridge subsystem. The two subsystems are coupled 
through the contact forces between the vehicle wheels and the deck of the bridge. The study 
simulates the bridge with the finite element method and models the vehicle as a multibody 
assembly. The proposed approach derives from a previous work of Dimitrakopoulos and Zeng, 
on vehicle-bridge interaction between trains and straight, or curved in-plan, bridges [11]. The 
present study adjusts this approach for truck vehicles travelling along the bridge, and adds the 
simultaneous action of earthquakes.  

The VBI problem can be divided into four parts: the simulation of (i) the bridge, (ii) the 
vehicle model, (iii) the interacting vehicle-bridge system and (iv) the earthquake ground mo-
tion shaking. As a first approach, the present study adopts a two-dimensional (2D) vehicle-
bridge model. This simplifies the analysis procedure and makes it more economic in terms of 
computational cost. For brevity we keep the presentation of the VBI analysis short, as it is de-
scribed in detail in [11, 25]. 

The finite element model of the bridge is built with the commercial software program, 
ANSYS [26]. The bridge is modeled with Euler-Bernoulli beam elements [27]. The stiffness 
matrix KB, the mass matrix MB and the Rayleigh damping matrix CB are then exported to an 
in-house MATLAB[28] algorithm, developed and verified, previously [11]. The equations of 
motion for the bridge can be written in a general form as: 

B B B B B B B B(t) + + + =  M u C u K u W λ F      (1) 

where superscript ( )B denotes the bridge subsystem; uB is the bridge displacement vector; FB 
is the vector of forces acting on the bridge, in this case the earthquake ground motion; WB is 
the direction matrix of the contact forces for the bridge subsystem and λ is the vector of 
the coupling contact forces. Since the analysis herein is 2D, three DOFs are considered per 
node: two displacements and one rotation with respect to the X-longitudinal and Z-vertical 
axis, respectively.  
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Figure 1: The adopted 3-axle 2D vehicle model. 

1743



Qing Zeng, Elias G. Dimitrakopoulos, and Themelina S. Paraskeva 

The truck vehicles are modeled as assemblies of rigid-bodies (representing the car body 
and the wheel sets) connected with springs and dashpots [11, 23]. Figure 1 presents the 2D 
vehicle model utilized in the present study (see for details in Section 3.2). The Newton- Euler 
equation of motion can describe the motion of the vehicle model in terms of generalized coor-
dinates, as 

V V V V V V V V+ + - =  M u C u K u W λ F      (2) 

where: superscript ( )V denotes the vehicle subsystem;  V  u  is the acceleration vector; VM , 
VC  and VK  are the mass matrix, the damping matrix and the stiffness matrix of the vehicle, 

respectively; V  F  is the force vector, containing the gravity forces and the earthquake ground 

motion forces; and V  W is the direction matrix of the contact forces. 

The two sets of equations describing the motion of the bridge (Eq. 1) and the motion of the 
vehicle (Eq. 2) are coupled by the time-dependent contact forces λ. Considering one single 
wheel at contact point j, the coupling contact force can be expressed as: 

   Bj T B B j T B
j lj ja j lj jaλ =K ( )  -Z +r +C ( )  -ZW u W u     (3) 

where: Klj and Clj are the stiffness and damping coefficients of the wheel at contact point j; rj 

is the road roughness at that point; jaZ  and jaZ  are the displacement and velocity of the wheel 

at j, respectively (Figure 1). The superscript ( )T denotes the transpose of a matrix.  
The final form of the equation of motion of the coupled vehicle-bridge system is: 

* * *    Mu C u K u F       (4) 

The global stiffness matrix K*, the global damping matrix C* and the force vector F* are 
defined as:  

* T

* T

*

c

c

c c

 

 

 

K K WK W

C C WC W

F F WK r

      (5) 

where, rc is the road roughness vector [24] which is given as an expression of irregularities of 
the road surface [29]; Kc and Cc are the diagonal matrices of the stiffness and damping of the 
wheels (Figure 1), given as:  

1 2 3 1 2 3[ ],  [ ]c l l l c l l ldiag K K K diag C C C K C    (6) 

The global mass matrix M (of Eq. (4)), the global stiffness matrix K and the global damp-
ing matrix C (of Eq. (5)) are created by gathering the pertinent matrices of the two individual 
subsystems together as: 

,     = ,    
V V V

B B B

     
      
     

M K C
M K C

M K C
   (7) 

Accordingly, the displacement vector u, the force vector F and the direction matrix W are:  

VV V

B B B
,  = ,   

    
      

      

Wu F
u F W

u F W
     (8) 
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Further, this study assumes that the bridge elements and the wheels of the vehicle remain in 
contact without separation during the analysis.  

The equations of motion of the interacting vehicle-bridge system (4) and (5) are numerical-
ly solved with MATLAB [28] 

3 CASE STUDY: MODELLING, ASSUMPTIONS AND OBTAINED RESULTS 

This paper presents a method for estimating the dynamic response of the interacting vehi-
cle-bridge system under seismic excitation. The inelastic response of a bridge under strong 
ground motions is a topic that has been extensively covered in the literature, but it is not of 
interest for this study as it corresponds to strong ground motions. On the other hand, the lack 
of simultaneous consideration of earthquake and traffic loads is the primary motivation for the 
present analysis. In this study the focus is on R/C bridges that remain elastic during frequently 
occurring earthquakes. 

3.1 Modelling of the adopted bridge  

The bridge model adopted herein is based on an actual bridge configuration. The selected 
R/C highway bridge is a 3-span structure of 246.20m total length (Figure 2), constructed with 
the cantilever method. The deck consists of a 14.00m wide prestressed concrete box girder 
section. The spans of the deck have different lengths (63.80m+118.60m+63.80m). The height 
of the deck varies from 7.00m above the piers up to 3.00m at the midpoint of the middle span 
and to 2.50m above the abutments. The structure is supported on two single column piers (P1 
and P2) of heights 36.00 m and 46.00 m. The deck is monolithically connected to the piers. 
Piers have a full height hollow rectangular cross section of 3.50m x 7.30m, with 0.74m wall 
thickness.  

P1

P2

 

Figure 2: Layout of the bridge configuration and finite element model; inserts in Figure are the deck section (a) 
in the middle of each span, (b) on top of the piers and (c) on the top of the abutments. 

The deck movement at the abutments is free in the longitudinal direction; in the transverse 
direction, the displacements are restrained by stoppers. The shear keys (Figure 2) at the spe-
cific part of the bridge, result in the restraint of the transverse displacements, as well as, the 
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displacement along and the rotation about the vertical axis. The bridge is assumed to be 
founded on very stiff soil therefore the boundary condition at the base of the piers is taken as 
a fully fixed support. Both the deck and the piers are designed to remain into the elastic range 
during the earthquake excitations. 

3.2 Modeling the vehicle   

The vehicle model should be representative of the actual traffic load anticipated. In order 
to define a representative vehicle type and its distribution, the traffic flow information is re-
quired. Under real-life conditions, multiple types of vehicles with different distribution pat-
terns may occupy different lanes at the same time randomly. It is still technically difficult to 
conduct a coupled analysis using all possible vehicles together, based on simulated real traffic 
flow through current computer techniques. The common practice in analyzing the interaction 
between vehicles and bridges is to use only one type of vehicle alone or a series of identical 
vehicles in one line [22, 23, 30]. Therefore, in the present study, it is assumed that vehicles 
have the same truck geometry, number of axles, axle spacing and gross vehicle weight. The 
differentiation of the vehicle characteristics and their impacts on the bridge response are not 
investigated herein. In addition, the traffic loading is based on the assumption that the traffic 
flow is free-flowing and that traffic is only in a single lane of the bridge.  

Parameter Description Value 
Mass Truck body 30.000 kg 
 First axle suspension 490 kg 
 Second axle suspension 808 kg 
 Third axle suspension 653 kg 
Spring stiffness Upper, 1st axle (Ku1) 242.604 N/m 
 Lower, 1st axle (Kl1) 875.082 N/m 
 Upper, 2nd axle (Ku2) 1903.172 N/m 
 Lower, 2nd axle (Kl2) 3503.307 N/m 
 Upper, 3rd axle (Ku3) 1969.034 N/m 
 Lower, 3rd axle (Kl3) 3507.429 N/m 
Damping coefficient  Upper, 1st axle (Cu1) 2.190 N.s/m 
 Lower, 1st axle (Cl1) 2.000 N.s/m 
 Upper, 2nd axle (Cu2) 7.882 N.s/m 
 Lower, 2nd axle (Cl2) 2.000 N.s/m 
 Upper, 3rd axle (Cu3) 7.182 N.s/m 
 Lower, 3rd axle (Cl3) 2.000 N.s/m 
Length  L1 2.90 m 
 L2 5.00 m 
Total length of the truck L 13.40 m 

Table1: Parameters of the vehicle model (see Figure 1) [24]. 

The simulated vehicle model used herein is a three-axle truck with gross vehicle weight 
equal to 30t, which corresponds to a fully loaded truck [31], as shown in Figure 1. The truck 
body is assigned 2 DOFs: the vertical displacement of the center of mass of the rigid body ex-
pressed as Zv, and the pitching displacement in x-z plane, θv. For each wheelset, only 1 DOF 

is designated: the vertical displacement in the central line of the j axle, jaZ . The displacement 

vector Vu  for each vehicle is:  
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 V
v v 1a 2a 3a= Z   θ    Z    Z    Z

T
u     (9) 

Table 1 lists the main parameters [24] of the vehicle model used in this study.  
Different numbers of vehicles during the earthquake excitation, as well as, different rela-

tive distance between them may have important impact on the dynamic response of the bridge. 
The present study, assumes a series of up to two vehicles moving along the side lane. The typ-
ical length of the selected truck is 13.40m. Therefore, a 2m full-stop bumber-to-bumber min-
imum gap [32] gives 15.40m required length for each truck on the deck. Based on this, we 
investigate the impact of three different values of relevant distances between the moving ve-
hicles: (i) a distance of 5m, (ii) a distance of 20m and (iii) a distance of 50m, in order to en-
sure a variety of distances between the moving vehicles. In order to investigate the influence 
of the speed of the vehicles on the dynamic response of the bridge, we examine three vehicle 
speeds: (i) 90km/h (25.0 m/s), (ii) 70km/h (19.4 m/s) and (iii) 50km/h (13.8 m/s). In all cases, 
analyses are conducted with and without considering earthquake excitations. 

3.3 Selection of the earthquake records  

The aim of the present study is to explore the seismic response of interacting vehicle-
bridge systems and not just to assess the seismic response of a bridge. The focus is on fre-
quently occurring earthquake excitations, as they are more likely to happen. Therefore, we 
adopt a ground motion recorded (CDMG, station 1117) during the historic San Francisco 
earthquake (22/3/1957) with magnitude 5.28 (PEER) [33]. Specifically, both the east-west (E-
W) and the upper-down (U-D) components are considered simultaneously along the longitu-
dinal direction of the bridge, and the vertical axis of the system, respectively. The peak 
ground accelerations (PGA) are 0.1073g (or 1.053 m/s2) in the X (longitudinal) direction, and 
0.047g (or 0.46 m/s2 ) in the Z (vertical) direction.  

4 SEISMIC RESPONSE  OF THE INTERACTING VEHICLE- BRIDGE SYSTEM  

This study examines the following three scenarios: (i) the seismic response of the bridge 
neglecting the dynamics of the vehicles; (ii) the dynamic interaction between the moving 
truck vehicles and the bridge, not considering earthquake excitations; and (iii) the seismic re-
sponse of the interacting vehicle-bridge system. First, a conventional time history response 
analysis of the bridge model is performed for the earthquake excitation of Section 3.3, without 
considering the influence of the traffic. Figure 3, illustrates the results in terms of vertical dis-
placements of the midpoint of the bridge versus time. The results of the developed in-house 
MATLAB algorithm are identical with the pertinent results obtained from ANSYS [11]. 

Further, the present section examines the response of the interacting vehicle-bridge system 
considering (and not) the simultaneous action of earthquake ground motions. Interaction starts 
when the first vehicle enters the bridge and stops when the last vehicle leaves the bridge. Fig-
ure 4, illustrates the seismic response of the bridge in terms of vertical displacements of the 
midpoint of the deck, for three cases: (i) there is no vehicle moving on the bridge (standard 
approach); (ii) there is only one vehicle moving on the deck, and (iii) there are two vehicles, 
moving in line, with a relevant distance of  5m  between them. For cases (ii) and (iii) it is as-
sumed that vehicles move with a constant speed of 90km/h ( or 25m/s). In addition, all the 
results assuming the earthquake occurs when the first truck enders the bridge. For the first 
four seconds of the analysis, the response of the midpoint of the bridge is the same for all cas-
es independently of the presence of the moving vehicles. The influence of the trucks on the 
response of the particular node of the deck can be seen when the first vehicle is at a distance 
of 23.11m from the observed point. The presence of one vehicle (continuous black line) caus-
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es an increase (from 0.2mm to 1.0mm) of the vertical displacements of the observed point, 
compared to the seismic response without considering the interacting vehicle-bridge system 
(black dashed line). Higher vertical displacements (up to 1.5mm) can be observed when two 
vehicles move along the deck (continuous grey line). The influence of the traffic on the re-
sponse of the bridge stops when the last vehicle leaves the bridge, at 9.85s. As will be seen 
later, both the vehicle speed and the distance between the moving vehicles have important ef-
fect on the response of the bridge. 
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Figure 3: The vertical displacement time history of the midpoint of the bridge. 
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Figure 4: Seismic response of the bridge for the cases: (i) bridge without vehicles; (ii)VBI with one truck, and 
(iii)VBI with two trucks in line with a relevant distance equal to 5m. The speed of the vehicles 90km/h (25m/s).  
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Figure 5: The response of the vehicle in terms of (a) vertical displacements of the rigid body; (b) vertical accel-
erations and (c) pitching rotations. 

1749



Qing Zeng, Elias G. Dimitrakopoulos, and Themelina S. Paraskeva 

-0.0010

-0.0005

0.0

0.0005

0.0010

0.0015

without earthquake
with earthquake

driving speed: 
90km/h

-0.0005

0.0

0.0005

0.0010

0 5 10 15 20 25
-0.0015

-0.0010

-0.0005

0.0

0.0005

0.0010

CM

without earthquake
with earthquake

driving speed: 
70km/h

without earthquake
with earthquake

driving speed: 
50km/h

time (s)  
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Figure 5 plots: (a) the vertical displacements Zv; (b) the vertical accelerations, and (c) the 
pitching rotations θv, versus the time of the center of mass of the truck (see Figure 1), of the 
first vehicle that moves on the bridge with speed 90km/h. The total duration of the moving 
vehicle on the bridge is 9.85s. Results are obtained for the interacting vehicle-bridge system 
with and without the simultaneous action of the earthquake ground motions. When the vehicle 
enters the bridge (time=0.0s), the study accounts for the non-zero starting values of the verti-
cal displacements and the pitching rotations, due to the steady-state vibration of the moving 
vehicle. Figure 5(a) shows significant differences between the vertical displacements of the 
truck (from the second up to the fifth second of the vehicle response) when the seismic excita-
tion is considered. In Figure 5(b) the ground motion amplifies the accelerations by a factor of 
3. On the contrary, the effect of the earthquake shaking on pitching rotations (Figure 5(c)) is 
hardly noticeable.  

Figure 6 presents the effect of vehicle speed on the response of the bridge with and without 
considering the earthquake excitation. In all cases, only one vehicle is accounted for, while all 
other analysis parameters are as in Figure 5. Different vehicle speeds have significant impact 
on the peak value of the vertical displacements of the midpoint of the bridge. On the contrary, 
the VBI last longer, and the amplification of the bridge response increases as the vehicle 
speed decreases. However, it seems that at a specific time of the response, a higher speed can 
result in either higher (i.e., at t=5s) or lower (i.e. at t=12s) vertical displacement of the deck. 
This observation underlines the time-dependency of the problem and the additional complica-
tions which emerge from the time superposition of the seismic and the traffic loading.  

In order to investigate the influence of the distance between the moving vehicles on the 
bridge response, the analysis of Figure 6 is repeated for 70km/h considering two moving ve-
hicles with (i) a 5m relative distance between them, (ii) a 20m relative distance and (iii) a 50m 
relative distance. Figure 7 gives the vertical displacements of the observed point (deck of the 
midpoint of the deck), during the earthquake excitation, for the aforementioned cases. The 
maximum response of the bridge appears for the shorter relative distance of the two vehicles. 
As the distance between the vehicles increases, the influence of the vehicles on the seismic 
response of the bridge in terms of maximum vertical displacements decreases. This is in 
agreement with the expected trend based on influence lines.  
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Figure 7: The vertical displacements of the midpoint of the bridge for three different relative distances between 

the moving vehicles: (i) a 5m relative distance, (ii) a 20m relative distance and (iii) a 50m relative distance.  
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Figure 8: Vertical displacement time histories of the midpoint of the deck for different positions of the vehicle on 

the deck when the earthquake strikes. The vehicle speed is 70km/h.  

Figures 8 and 9 show the seismic response of the bridge for different locations (xi) of the 
vehicle, on the deck, when the earthquake excitation occurs. In particular, Figure 8 illustrates 
the time histories of the vertical displacements of the deck considering three different loca-
tions of the truck on the deck: in the first plot, it is assumed that the earthquake occurs when 
the truck enters the bridge (xi/L=0.0); in the second plot the vehicle is located at  
xi=0.2L(=49m) when the earthquake excitation starts; and in the third plot the earthquake oc-
curs when the vehicle is at the middle of the deck, xi=0.5L. L is the total length of the bridge. 
For the adopted earthquake excitation, the seismic response is accentuated the closer to the 
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midpoint of the deck the vehicle is at the time the earthquake occurs. When the vehicle is 
passing over the midpoint of the bridge, it maximizes the vertical displacement of the ob-
served point. Therefore, when the earthquake acts at that time, the seismic effects are added 
on the response of the deck and as a result the deck vertical displacements are maximized.  

Figure 9, extends the results of Figure 8 considering ten different positions of the vehicle 
on the deck when the earthquake excitation occurs. The first set of analyses (the black column 
in Figure 9) accounts for only one moving vehicle. The second (the grey column in Figure 9) 
and the third set (the stripes) of analyses assume two moving vehicles with a relative distance 
between them equal to 5m and 20m, respectively. In all cases, vehicles are crossing the bridge 
with a constant speed of 70km/h (or 19.4m/s). The stronger influence is observed when the 
first vehicle is at the middle of the bridge and specifically when it is at position xi=0.4L (= 
98m) at the time the earthquake starts. In most cases, the moving vehicles with a relative dis-
tance of 5m, have higher impact on the deck compared to those with a relative distance of 
20m. When the first vehicle is at positions xi equal to 0.7L up to 0.9L, the peak vertical dis-
placements of the midpoint of the bridge are governed by the contribution of the seismic exci-
tation (for the adopted ground motions), and not by the impact of the presence of the vehicles 
on the bridge. For these cases, the impact of vehicles is not crucial to the peak values of the 
seismic response of the bridge. In general, and as expected, the presence of two vehicles on 
the bridge, instead of a single vehicle, induces higher deck vertical displacements. 
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Figure 9: Peak values of the midpoint vertical displacements of the deck for (i) one vehicle; (ii) two vehicles 
with a 5m relative distance, and (iii) two vehicles with a 20m relative distance. All vehicles have a speed of 

70km/h.  

5 NEW PROBLEMS ENCOUNTERED DURING THE SEISMIC RESPONSE 
ANALYSIS OF INTERACTING VEHICLE- BRIDGE SYSTEMS. 

In developing the proposed approach of estimating the seismic response of interacting ve-
hicle –bridge systems two new significant problems are encountered. First, given the proba-
bilistic nature of earthquakes, it is practically impossible to predict the position of the moving 
vehicles on the bridge at the time the earthquake occurs. Each vehicle can be located at any 
position on the deck when the earthquake strikes. Therefore, different positions of the vehicle 
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on the deck are equally probable events that should be examined. However, the different posi-
tions of the vehicles on the deck may alter substantially the seismic response of the vehicle-
bridge system. For instance, when a vehicle enters a bridge (xi/L=0.0) and at the same time an 
earthquake occurs, the interacting vehicle-bridge system response is different than when the 
vehicle is in the middle of the deck (xi/L=0.5) at the time the earthquake strikes (Figure 8).  

The second very important issue that needs to be addressed, in future studies, is the defini-
tion of an accurate interacting traffic vehicle model. The selection of a representative type of 
vehicle, the number of crossing vehicles, as well as, the distance between them as they move 
on the deck during the earthquake excitation, are some of the parameters that have to be esti-
mated for an accurate seismic VBI analysis. These parameters are dependent on the site-
specific traffic density. The traffic density can be defined as the ratio of the truck flow rate to 
a constant speed for the traffic stream [31]. Again, when considering the uncertain nature of 
earthquakes, this problem is far too complicated to be defined deterministically. The study, 
offers a first insight on the influence of these parameters to the seismic response of the inter-
acting vehicle-bridge system, in order to bring forward these problems. 

6 CONCLUSIONS  

The present study proposes a framework for the seismic response analysis of interacting 
vehicle-bridge systems during earthquake excitation. To demonstrate the proposed methodol-
ogy a numerical example of a realistic case of three–axle trucks on a straight R/C bridge is 
presented. The particular goal of the work is to unveil new problems encountered when ana-
lyzing the seismic response of interacting vehicle-bridge systems.  

The study shows that several additional variables may influence the response of the inter-
acting vehicle-bridge system. Thus, for a given ground motion, both the number of moving 
vehicles and the relative distance between them, influence substantially the seismic response 
of the vehicle-bridge. As expected, more vehicles induce larger vertical displacements of the 
deck, whereas different relative distances of the vehicles cause different response of the 
bridge. The vehicle speed affects significantly the displacement time history of the bridge re-
sponse. Different vehicle speeds have significant impact on the duration of the VBI, as well as, 
the amplification of the response of the bridge: it increases as the driving speed decreases. 
However, for a specific time of the analysis, a higher speed can result in either a larger verti-
cal displacement of the deck or in a lower deck displacement. In the process, the study shows 
that the position of the moving vehicles on the deck at the time the earthquake occurs, influ-
ence significantly the seismic response of the bridge. In this context, the VBI analysis reveals 
the need for further investigation of all the parameters that influence the seismic response of 
the interacting vehicle-bridge system under the simultaneous consideration of earthquakes. 
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Abstract. The motivation behind this work is the need for a resilient structural health moni-

toring (SHM) scheme for road network components that will allow for monitoring continuity 

and efficient data transfer after major seismic events. We have identified the critical specifi-

cations, in terms of resiliency, regarding key components of an SHM system, i.e., data trans-

fer from the structure to the remote end user and energy supply of the SHM components. 

Based on these specifications, we propose an optimal SHM data managing scheme to be im-

plemented on the already instrumented G9 bridge of the Egnatia motorway, in Western Mac-

edonia, Greece, as a case study. The scheme is based on serial/ optical fiber data transfer 

from the data loggers to a local communication center, hybrid wired/ cellular/ satellite gate-

ways from the local center to the end user, and uninterruptable power supply unit-based back 

up energy sources. The collected monitoring data will be made available to the end us-

er/stakeholder - in our case, the RETIS-RISK platform for real-time seismic risk assessment- 

via web access. The innovative elements of the proposed design are the redundant end user 

gateways and the use of satellite communication that will provide crucial independence from 

terrestrial telecommunication networks. The proposed data managing approach meets the 

identified specifications for resilient SHM and minimizes the possibility of data loss in case of 

major seismic events. 
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1 INTRODUCTION 

In the past years, advances in technology have lead to the implementation of highly sophis-

ticated structural health monitoring (SHM) schemes towards a more effective remote monitor-

ing of the integrity of structures. Here, the focus is placed on SHM implementations of large 

structures such as components of road networks, e.g., bridges, which allow for remote access 

on monitoring data. Besides the ongoing monitoring of the integrity during the service life of 

a structure, it is evident that SHM data is of crucial importance during or after individual ab-

normal events, such as earthquakes, that may cause structural damages [1]. Consequently, 

SHM implementations must, first and foremost, withstand such events in order to allow for 

post-event monitoring; in other words, they should be resilient. 

Key components of an SHM system are the sensors and their deployment on the structure, 

the way monitoring data are transferred from the structure to the end user, and the energy effi-

ciency of the SHM system. Common practices concerning sensors deployment can be catego-

rized in two classes, i.e., wired and wireless sensors network (SN) [2]. In the case of the wired 

SN (for a recent proposed design see [3]), cables are used to provide both power and data 

connectivity, with initial cost, manipulation, and damage risk of such schemes constituting the 

main disadvantages. However, they are more reliable and the most cost-effective solution for 

a long service life. On the other hand, wireless SNs (recent implementation in [4]) rely on 

over the air data transfer and batteries for energy supply. Such systems may be more cost-

effective for short service life and easily manipulated, but, potential problems with over the 

air propagation and battery life limitations render them more unreliable. Either through wires 

or wirelessly, monitoring data are usually collected to a nearby data center from where they 

are further communicated to the remote end user. In most cases, there is a single end user 

gateway, usually, through a wired internet line or a dedicated wide area network. Certain de-

signs have incorporated wireless end user gateways, such as data transfer over the 2G+ [5] or 

3G cellular network [6]. Regarding energy supply, the power grid is the most common source, 

either directly powering devices, or indirectly, recharging device batteries. During recent 

years, several technologies [7] have been proposed to replace the power grid as the source of 

recharging batteries, e.g., photovoltaic panels, but, there is no strong evidence of their reliabil-

ity and effectiveness. In certain cases, e.g., in [1], [4], battery-based uninterruptible power 

supply (UPS) units serving as backup power sources of certain components are used, in addi-

tion to the power grid. In general, the design of the SHM system depends on several factors, 

such as the structure itself, especially if it is a large scale one, the surrounding area and 

weather conditions, as well as the available infrastructure [8].          

In this context, the present work addresses, initially, the key specifications, in terms of data 

transfer and energy efficiency, for an outdoor SHM implementation with resiliency to seismic 

events, and, secondly and more importantly, it presents such an SHM scheme to be imple-

mented on a already instrumented bridge as a small-scale case study. The design of the pro-

posed scheme focuses on data transfer and energy supply, given the available measuring 

instruments. The work is part of the RETIS-RISK research project and it aims, eventually, at 

providing real-time measurement data to the RETIS-RISK platform for real-time seismic risk 

assessment of urban and interurban road networks in the area of Western Macedonia, Greece.      

2 RESILIENT SHM SPECIFICATIONS 

The term resilient is used here to describe an outdoor and remote SHM implementation 

that is designed in such a way as to ensure, to a large extent, that the monitoring continues 

after natural disasters, such as major seismic events, that may cause damages to the infrastruc-

ture. Damages to infrastructure refer to deformation of the structure itself, interruptions of tel-
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ecommunication networks or outages of the power grid [9]. Such an SHM implementation 

should allow for immediate/ continuous assessment of the structural integrity after the event, 

serving, in this way, as a decision support system. As far as the crucial specifications regard-

ing such a resilient design are concerned, here, we place the focus on data transfer to the end-

user and energy supply of the SHM system, highlighted, also, in [1].  

Data transfer refers to the whole process of collecting monitoring data from the structure 

site and making them available to the remote end user/stakeholder. It usually takes place in 

two stages. The first stage involves the transferring of monitoring data from the structure to a 

collecting point, i.e., a small room or a building, near the structure, through a dedicated local 

area network, while the second stage includes the data transferring from the collecting point to 

the remote end user via a wide area network. Crucial specifications regarding the data transfer 

process are: 

d1) Data transfer from the structure site to the local collection point must be efficient and 

secured from structural damage. To this end, sensors and networking devices should 

be protected and of industrial specifications in order to withstand weather conditions 

and minor structural deformation. In addition, lengthy cables for networking, if any, 

should be installed in such a way as to avoid damage or cuts.     

d2) Data transfer from the collection point towards the end user must be also efficient, in 

the sense that necessary steps are taken to minimize the possibility of data loss. To this 

end, availability of redundant end user gateways is considered a good practice. It is of 

high importance that one of the gateways does not rely on terrestrial telecommunica-

tions that suffer from interruptions and congestion in case of emergencies.  

In all stages, data transfer speeds, with respect to the monitoring data volume, should suffice 

for a real-time or on-demand assessment of the structural integrity. 

Energy supply refers to the power sources of the individual components that constitute the 

SHM system. Usually, it takes place through the power grid. However, as local power grid 

outages are usual in case of seismic events, it is crucial that: e1) every electrical component of 

the SHM system has a backup power source, and e2) the backup power sources should pro-

vide runtimes enough for, at least, an initial assessment of the condition of the structure, im-

mediately after the event.    

3 CASE STUDY 

Based on the aforementioned specifications, we propose an SHM scheme to be implement-

ed on a part of the road network (Egnatia motorway) that is included in the area of interest, 

i.e., Western Macedonia, Greece, as a case study. The part of the Egnatia motorway that was 

selected corresponds to the G9 bridge in the area between Veria city and Kozani city, Greece 

(Figure 1(a)). The selection was made after the evaluation, in terms of the existing SHM in-

frastructure, of the road network in collaboration with the motorway administrative body, i.e., 

Egnatia Odos S.A. (EO S.A.), and it was based on two criteria: 1) it is, currently, the only in-

strumented part of the road network in the area of interest, and 2) it belongs to second most 

frequent type of bridges of the Egnatia motorway, built using cantilever construction.     

3.1 G9 Bridge Structure and Surrounding Area 

The bridge body is T-shaped, consisting of a box-shaped cross-section body with 

parabolically varying height, which is monolithically connected to the central pier (Figure 

1(b)-(c)). The deck has a total length of 173 m. The body is circular in plan view and exhibits 

a significant slope both along its axis (about 5%) and in the transverse direction due to curva-

ture [5] (Figure 1(d)). 
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 On its base, the central pillar is grounded on a compact rectangular box-like foundation 

socket, and then continues, along its height, as two compact section transverse blades which 

are monolithically connected to the deck. The connection of the superstructure with the 

abutments (Figure 1(e)) is made via special type bearings which allow free movement (sliding) 

along the longitudinal axis of the bridge (for receipt of the temperature expansion and 

contraction), while functioning as elastomeric in the transverse axis. These bearings operate 

as elastomeric in the longitudinal axis too, until there is an excess of the static or dynamic 

(depending on the load) friction between the bridge deck and the Teflon surface of the bearing. 

The bridge is situated at an altitude of ~ 600 m (~ 1970 ft) in a rural area. Weather condi-

tions in the area are typical of Northern -Western Greece. Year round, the average lowest 

temperature is -2 ºC (28 ºF), while the average maximum temperature is 34 ºC (92 ºF). Precip-

itation ranges from ~60 mm in December (15 rainfall days on average) to ~5 mm in August 

(five rainfall days on average).        

3.2 Current SHM Status and Nearby Infrastructure 

The current SHM status of the bridge includes a measuring system that records ambient vi-

brations on the ground near the bridge. The system consists of triaxial accelerometer that is 

connected on sight to a GeoSIG GSR-24a data logger (GeoSIG Ltd, Switzerland) with a 24 

bit high resolution digitizer [10] (Figure 2(a)). The data logger is also connected to a GPS de-

vice and, via a serial RS232 cable, with a Siemens TC35i GSM (Global System for Mobile 

telecommunications) modem (Siemens A.G., Germany) that is equipped with a SIM card and 

allows for the remote access to the measurement data over the 2G+ cellular network [11]. Da-

ta can also be accessed locally by connecting a laptop via a serial cable to the data logger. The 

measuring system is powered through the power grid (220 V AC), while, the data logger is 

also equipped with a battery that offers several hours of system functionality in case of power 

 

Figure 1: (a) Position of the G9 bridge on the map. (b), (c) Views of the bridge. (d) Overview of the two 

branches. (e) Abutment of a branch. 
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grid outage. The system is enclosed in a metallic box (Figure 2(b)) that lies on the ground, 62 

m away from the bridge entrance lane, with direction from Kozani city to Veria city, Greece, 

on the right side (Figure 3). According to EO S.A., a second identical measuring system will 

be installed in a metallic box located midway of the bridge deck, on the right side of the traf-

fic lane with direction from Veria to Kozani, which will record structural vibrations (Figure 3). 

In the following, a short presentation of the available infrastructure in the area surrounding 

the bridge will be given that is not directly related to its current instrumentation, but, it will be 

taken advantage of during the case study (Figure 3). In particular, on the right side of the exit 

of the traffic lane with direction from Veria to Kozani, there is a variable-message sign (VMS) 

on the base of which lies a metallic container where the message routing system is located. 

The routing system mainly consists of an Ethernet (VMS side) -to-Optical Fiber converter, i.e., 

a Siemens optical switch module (OSM) (Siemens A.G., Germany) that allows for connection, 

via an optical fiber, to the nearby traffic control centre (TCC). The TCC building is located on 

a hill, at a distance of about 1 km from the bridge and within sight of it. There, the optical fi-

ber is converted back to an Ethernet interface that leads to the network switches that constitute 

the local gateway to the EO S.A. computer network. It must be noted that, from the TCC 

building, there is visual contact with two nearby villages, the importance of which will be 

highlighted in a following section. The TCC infrastructure is powered from the grid, while 

there is also a diesel generator and UPS units that function as backup power sources. 

After the evaluation of the current SHM status, the following key conclusions were drawn: 

 The measuring instruments that are/ will be installed provide adequate and quality 

measurements for the assessment of the condition of the bridge. Image monitoring of 

the bridge would have been useful. 

 The way measurement data are accessed remotely, i.e., via the GSM network only, is 

insufficient and ineffective for two reasons: 1) download speeds of the 2G+ service are 

low (of the order of 100 Kbit/s, for data the size of several megabytes) [11], and 2) the 

cellular network suffers from congestion, especially, in cases of emergency, and as a 

result, it becomes unreliable for data transfer.  

3.3 Proposed Data Managing Scheme 

Based on the aforementioned conclusions and by taking into consideration the identified 

specifications, the intervention to the current SHM status of the bridge was designed with the 

 

Figure 2: (a) Measuring system of ambient vibrations consisting of a triaxial accelerometer, a data logger, a 

GPS module, and a GSM modem. (b) Metallic box/ container where the measuring systems are /will be in-

stalled. 
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focus placed on data management that is currently problematic. An overview of the proposed 

scheme includes the addition of image monitoring, the routing and collection of bridge moni-

toring data in the TCC (local communication centre), their transfer to the end user through 

multiple gateways, as well as the efficiency of the whole system in terms of energy supply 

(Figure 4(a)). 

In particular, acceleration data recorded by the two accelerometers will be carried by foil 

screened twisted pair (FTP) cables, over the RS485 serial protocol, and routed through a local 

network switch that will be added in the metallic container on the base of the VMS and it will 

be connected to the OSM. A monitoring camera will be installed on the VMS and connected 

via Ethernet cable to the network switch. The switch, as well as the OSM system, will be con-

nected to a UPS unit that will be also added to the container and it will serve as a backup 

power source. The data (accelerations and image) will be carried by the optical fiber to the 

TCC, where, via optical fiber-to-Ethernet interface conversion, they will be forwarded from 

the existing EO S.A. network switches to a desktop personal computer (PC) that will be in-

stalled and it will serve as a data router to three planned end user gateways: 1) the existing EO 

S.A. network, 2) an upgraded connection to the 3G cellular network, and 3) a satellite link. 

Specifically: 

1. Data transfer through the EO S.A. network will be realized by routing monitoring data 

back to the network switches that will then forward them through the EO S.A. com-

puter network to the end user. 

2. Connection to the 3G UMTS (Universal Mobile Telecommunications System) cellular 

network will be realized by forwarding monitoring data to an Ethernet-to-3G converter 

that will be connected to a UMTS antenna. The latter scheme will allow for signifi-

cantly higher transfer 3G speeds (of the order of 1 Mbit/s) [11] as compared to the 

2G+ service currently used. 

3. As far as the satellite link is concerned, data from the PC router will be forwarded to a 

satellite system that will provide access to fast satellite internet. In this way, monitor-

ing data will be made available through the internet to the end user; there is no need of 

satellite equipment to be installed to the end user's side.  

 

Figure 3: Critical points in the area surrounding the G9 bridge, i.e., the VMS and the metallic container on its 

base, the TCC, and locations of the two measuring systems.   
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At a given period, monitoring data will be forwarded through one of the aforementioned 

gateways according to a priority protocol and their availability that will be monitored by the 

PC-router. Devices that will be added in the TCC will be powered from the grid, and, addi-

tionally, they will be connected to the backup power sources that are available, i.e., the diesel 

generator and the UPS units. Collateral advantages of centralizing the three user gateways in 

the TCC are the facilitation of network monitoring and the protection of the associated 

equipment. 

3.4 Equipment and Implementation Issues  

This section summarizes the required equipment and the implementation issues for the 

proposed scheme to be realized. On the bridge side, the serial ports on the two data loggers 

will be connected to RS232-to-RS485 serial protocol converters (Figure 5(a)) in order to al-

low for long distance transfer [12]. Via FTP cables, data will be transferred to the VMS base, 

where, via serial-to-Ethernet converters (Figure 5(b)) and Ethernet cables, they will be for-

warded to the network switch that will be installed on site. FTP cable deployment is illustrat-

ed in Figure 4(b). Since, the distance between both the data loggers and the VMS is long 

enough, conversion from RS232 to RS485 serial protocol transfer is mandatory in order for 

satisfactory data transfer rates to be achieved [12]. In particular, a ~120 m-long cable will be 

used for the data logger that will be installed midway of the bridge, and a ~133 m -long cable 

will be used for the data logger located on the ground near the bridge. In the case of the latter, 

part of the cabling will go under the bridge. Rugged foil screened twisted pair (FTP) cables of 

 

Figure 4: (a) Schematic of the proposed data management scheme. (b) Ethernet cable deployment from the 

two measuring systems to the metallic container at the VMS base. Dashed line denotes the part of the cabling 

that will pass under the bridge. 
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Category 5e (Figure 5(c)) will be used for both serial and Ethernet-based cabling, which pro-

vide insulation from noise interference and allow for outdoor deployment. The day/night 

monitoring camera will be installed on the top of the VMS scaffolding and it will be IP and 

PoE-based (Figure 5(d)). It will be connected to the network switch on the base of the VMS 

via a ~10 m Ethernet cable. The switch will have 5 ports (two ports for the connection with 

the data loggers, one for the monitoring camera, one for the connection to the OSM and a 

spare port) and it will be of industrial specifications to withstand weather conditions in the 

area and with PoE injecting capability to power the IP camera. PoE is a technology, under the 

IEEE 802.3a(f, t) standards [13], that allows for both data and power to be transferred through 

an Ethernet cable, and as a result, the main advantage of using PoE-enabled devices is the 

elimination of additional power sources that would be required to power individual compo-

nents. A 220V alternating current (AC) UPS unit will be installed that will serve as the back-

up power source for the network switch, the OSM, and the serial-to-Ethernet converters with 

external battery that will provide two hours of runtime.  

On the TCC side, the desktop PC serving as a router will be equipped with four Ethernet 

adapter cards (one for the input data and three for the planned gateways to the end user) and a 

special version of Linux operating system ('Clear OS', Clear Foundation, New Zealand) that 

allows for easy configuration of the routing functionality. Regarding the 3G-based end user 

gateway, an Ethernet-to-3G router (Figure 5(e)) will forward the Ethernet data to a 3G anten-

na (Figure 5(f)). A directional UMTS antenna with 16 dBi gain, functioning in the 1.9-2.1 

GHz range, will be installed on the facade of the TCC building and it will be pointed to one of 

the nearby villages in order for access to be gained on the 3G enabled-base stations that are 

located there. The latter configuration is necessary as in the surrounding area of the bridge 

there is no 3G service (2G+ only). For the satellite-based user gateway, a satellite dish (Figure 

5(g)) will be used that will be also installed on the facade of the TCC building in a precisely 

selected position (elevation and geographical azimuth) in order for a proper pointing and con-

nection with the satellite to be realized. All connections from the PC-router to the three 

planned end-user gateways will be done via Ethernet cables that will not exceed 30 m in total. 

4 MEETING THE SPECIFICATIONS 

In the following, the ways that the proposed scheme addresses issues regarding the identi-

fied data transfer and energy supply specifications are discussed. 

 

Figure 5: Representative images of parts of the equipment that will be used: (a) RS232-to-RS485 serial pro-

tocol converter, (b) Serial-to-Ethernet converter, (c) FTP cable, (d) Day/night IP surveillance camera, (e) 

Ethernet-to-3G router, (f) directional UMTS antenna, (g) satellite dish. 
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4.1 Data Transfer Efficiency (d1-d2) 

On the bridge side, data transfer from the monitoring instruments to the TCC will take 

place through cabling that is unfolded in such way that the risk of suffering damage due to a 

seismic event is minimized. In particular, the largest part of outdoor cabling is unfolded on the 

ground alongside the bridge, rather than on the structure itself, minimizing in this way the 

possibility of being damaged or cut due to structural deformation. Furthermore, the optical 

fiber that will carry the data to the TCC is buried deep into the ground and, as a result, it is 

nearly impossible to suffer catastrophic damage due to a seismic event. It must be also noted 

that most of the equipment will be installed in metallic boxes that offer protection from ex-

treme weather conditions or/and will be of industrial specifications (e.g., weather proof, wide 

range of operating temperatures) in order to operate in such conditions.  

Regarding the gateways to the end user, the scope of the proposed scheme is to provide re-

dundancy, i.e., multiple ways for the end user to have access to the monitoring data, an issue 

that is often neglected in SHM designs. In this vein, in case of damage or network congestion, 

there will be alternative ways to access the monitoring data. Especially in the case of the satel-

lite link, the technology allows for independence from the terrestrial telecommunication net-

works that can suffer damages from a major seismic event. To the authors' knowledge, this is 

the first SHM design that incorporates such a number of user gateways and intends to take 

advantage of satellite communication as one of the means to transfer data to the end user.      

4.2 Energy Efficiency (e1-e2) 

The proposed design ensures that every component in the network will have backup power 

sources in order to continue operation in case of power interruption. Specifically, the two 

measuring instruments have batteries that offer several hours of functionality, while the IP 

camera is powered over Ethernet. The latter combined with the fact that the serial-to-Ethernet 

converters and the PoE injecting network switch will be connected to the AC UPS unit en-

sures that the bridge-side network will continue to function for two hours after a power grid 

outage. The UPS unit will also serve as a backup power source for the OSM. Finally, on the 

TCC side, all the devices that will be installed will be connected to the existing backup power 

sources, i.e., the diesel generator and the UPS units. Consequently, a remote and detailed as-

sessment of the structural integrity of the bridge over a sufficient two hour-interval will be 

possible, in case of a seismic event that will lead to grid power outage in the area.      

5 CONCLUSION 

The present work addressed the key specifications regarding an SHM design with resilien-

cy to seismic events and proposed such a scheme to be implemented on a road network bridge 

as a case study. We consider the proposed data management scheme as an optimal solution 

for the G9 bridge that not only meets the identified specifications for resilient SHM monitor-

ing, but it also takes advantage of the existing infrastructure in the area, eliminating, in this 

way, the cost of additional equipment and installation. Apart from the bridge-side data trans-

fer scheme that depends on the structure and the surrounding area, the TCC side data man-

agement design, i.e., the three proposed end user gateways, can be applied in most SHM 

implementations, existing or future, which include a monitoring data collecting point.  

Following the implementation of the SHM scheme, acceleration data being acquired from 

the bridge will be integrated, as additional input, with the novel RETIS-RISK software plat-

form for seismic risk assessment of urban and interurban road networks. Hence, besides statis-

tical data, the platform will be capable of updating models and providing risk assessment 

feedback for the G9 bridge, based, partially, on valuable real-time measurements.   
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Abstract. There is an urgent need for maintenance-free transportation infrastructures
worldwide. Integral Abutment Bridges (IABs) are robust structures, without bearings or ex-
pansion joints that require zero or minimum maintenance. The challenge to the assessment of
existing and the application of IABs is the dynamic interaction between the bridge and the
backfill soil. In many cases, this interaction is misinterpreted due to the inherent non-linear
behavior of the soil during the so-called in-service interaction, which modifies drastically the
stresses within the backfill soil under daily displacements of the abutment. A step towards the
better understanding of the seismic response of IABs is the evaluation of the resistance of the
abutment, which depends upon the geometry of the abutment, the properties of the soil and
the successive interactions, i.e. quasi-static, under thermal expansion and contraction of the
deck, or dynamic, when the bridge is subjected to seismic excitations and/or breaking loads.
Towards this end, this paper attempts to: (a) interpret the condition of the abutment and the
backfill soil at the onset of the dynamic excitation based upon the antecedent in-service inter-
action of the components and (b) to evaluate the stiffness and the damping properties of exist-
ing and/or representative integral abutments under dynamic loads to extend the Direct
Displacement-Based Design (DDBD) to the design of integral bridges. A typical geometry of
the integral abutment and typical backfill soil is investigated based on 2D fully coupled FE
simulations adopting a visco-elasto-plastic stress model for the soil (coupled approach) under
static and dynamic loads.
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1 INTRODUCTION

Integral Abutment Bridges (IABs) are structures that require minimum or zero mainte-
nance. The barrier for the extended application of IABs is the limited knowledge on the
bridge-backfill interaction, namely the in-service displacements of the deck, the consequent
movements of the abutment and its non-linear interaction with the backfill soil [1] [2] [3]. On
the other hand, there is an acknowledged lack of codes to provide guidance for the design of
IABs, as the only standards that support their design are BA 42/96 [4] and BD 37/01 [5],
which in principle require that all bridges with a length of less than 60 metres should be inte-
gral. More importantly, for earthquake resistant bridges, the use of integral abutments requires
the use of a behaviour factor [6] equal to 1 and 1.5 when the bridge is locked in backfills and
for abutments rigidly connected to the deck respectively. The aforementioned problems are
more challenging in longer bridges, due to the fact that large daily and seasonal movements of
the abutment [7] are imposed on the backfill soil. This interaction adversely affects both the
long term response of the structure and the condition of the backfill soil, as it imposes settle-
ments and permanent dislocations of the abutment.

It has been recognised that the backfill soil is a source of stiffness [8] [9] [10] and damping
due to the highly non-linear response of the soil [11] [12]. This has been addressed by past
studies [1] [13] [14] [15] and Caltrans seismic design criteria [8] (section 2.1.5). Despite the
large number of numerical and experimental studies on the stiffness of integral abutments
there are not many studies available for the estimation of the damping, which influences
mainly the displacements of the bridge, but not the overall dynamic response [15]. The design
and assessment of integral bridges by the displacement-based design method requires the con-
trol of the inelastic lateral displacements. One such method is the Direct Displacement-Based
Design (DDBD) approach [14] that utilises the concept of equivalent linearisation to predict
the response of inelastic systems with equivalent linear properties of effective stiffness and
equivalent viscous damping. Several studies have been conducted to verify the performance
of this method for a variety of bridges [16] [17] [18]. However, integral bridges are structures
of short fundamental periods, which are expected to remain elastic under the design earth-
quake, whilst the effective stiffness of the bridge that is strongly dependent on the stiffness of
the backfill soil, is required for the equivalent linearisation of the system. Additionally, the
yielding of the backfill soil material under the seismic displacements of the deck requires a
reliable estimation of the damping ratio to estimate the displacement of the equivalent linear
system. Towards this end, bridge systems with fundamental periods ranging from 0.4 to 0.8
sec were analysed. The bridges had a typical integral abutment and backfill soil. Numerical
analyses of the coupled abutment-backfill system were performed with the FE code PLAXIS
adopting a visco-elasto-plastic stress model for the soil and the equivalent damping ratios
were estimated based on the derived force-displacement curves. Subsequently, the concept of
equivalent viscous damping that was first proposed by Jacobsen [19] to approximate the
steady forced vibration response of linear SDOF damped systems was employed. The results
showed that damping is successfully predicted by the proposed method for long-period sys-
tems, whilst for short period systems the method seems to underestimate the damping. Also,
the method is not able to account for the formation of the voids that are developed between
the abutment and the backfill soil, which reduces the stiffness of the system abutment-backfill
and hence leads to larger displacements. This effect is described herein as period shift effect.
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2 METHODOLOGY FOR DEVELOPMENT OF EQUIVALENT VISCOUS
DAMPING MODEL FOR INTEGRAL BRIDGES

The following procedure was applied for the estimation of the equivalent viscous damping
model for integral bridges. The successful prediction of the equivalent damping was assessed
with three bridge cases having periods ranging from 0.4 to 0.8 sec.

Step 1 Generation of time histories and average compatible design spectrum.
Seven artificial accelerograms compatible to EC8-1 spectrum for soil C and PGA=0.5g

were generated with Seismoartif [20] for damping ratios ranging from 5% to 35%. Subse-
quently, the average displacement response spectra were generated. Figure 1 shows the accel-
eration response spectra of the artificial accelerograms, the average spectrum of the artificial
motions (red line) and the type 1 response spectrum of EC8-1 (blue line) for 5 percent damp-
ing.
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Figure 1: The acceleration response spectra of the artificial accelerograms and the average spectrum (red) and
the EC8-1 type 1spectrum for Soil C and PGA=0.5g (blue).

Also, Figures 2a and 2b show the displacement response spectra of the artificial accelero-
grams, the average spectrum of the artificial motions (red line) and the response spectrum of
EC8-1 (blue line) for 5% damping. Small discrepancies are observed in the range of periods
between 0.6 and 0.8 sec. The average values of the design spectrum for these seven compati-
ble accelerograms at the corresponding seven values of damping are then obtained, which rep-
resent average compatible design spectra for 5% to 35%, Figure 3.

Step 2. Determination of design displacement demand
Step 2.1 Hysteretic damping of the abutment-backfill
The effective period is selected and the equivalent viscous damping (ξeq) is estimated (eq.

1). The simplest approach for estimation of hysteretic damping is proposed by Jacobsen [19],
as given by eq. 2, where A1oop is the area of the hysteretic loop and ARPP is the area of the rig-
id-perfectly plastic rectangle that encloses the loop. Figure 5d shows the graphical representa-
tion of the parameters.

ξeq=ξel+ξhyst (1)
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Figure 2: (a) The displacement response spectra of the artificial accelerograms and the average spectrum (red);

(b) comparison of the average response spectrum of the artificial motion (red) with the EC8-1 displacement
spectrum (blue) for ζavg=5%, Soil type C and PGA 0.5g.
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Figure 3: Average displacement response spectra for ξavg ranging from 5 % to 35 %.

In eq. 1, ξel corresponds to the damping in the elastic range and ξhyst corresponds to the
damping due to energy dissipation in the abutment-backfill system. Damping in the elastic
range is used to represent the damping that is not captured by the hysteretic model adopted for
the analysis such as energy dissipation due to nonlinearity in the elastic response. Traditional-
ly, this term is taken as 5 % of critical damping for reinforced concrete structures.

RPP

loop

A

A
hyst 




2
(2)

For the estimation of the hysteretic damping ratio ξhyst, two different loading conditions
were considered, as shown in Figure 4, for the system abutment-backfill. It was found that the
system abutment-backfill has different stiffness and damping when loading 1 or 2 was applied
on it. More specifically, it was found that the abutment has greater stiffness and smaller
damping when the abutment initially pushes the backfill and subsequently moves away from
it (loading 1, shown in Figure 4a). The opposite was found to be valid, i.e. smaller stiffness
and higher damping, when the abutment first moves away from the backfill and then pushes
the backfill (loading 2), as shown in Figure 4b. This is also given in Table 1.
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Subsequently the F-d curves of the bridge-abutment-backfill system were obtained for short
period integral bridges. Analysis of bridge-abutment-backfill systems with fundamental peri-
ods 0.4 to 0.8 sec was performed. The input motion was a sinusoidal input motion with peri-
ods ranging from 0.4 to 0.8 sec. As an example, Figure 6 shows the two loadings that were
employed to excite the short period system that had a fundamental period of 0.4 sec. The in-
put motions in Figure 6 are not symmetrical due to the different stiffnesses of the abutment
under loading conditions 1 and 2. Target displacements (dt) in the range of 25mm to 130 mm
were obtained for one full cycle of loading.

It is noted that Figure 5 shows the F-d response of the overall bridge system that took into
account the equivalent stiffness at maximum displacement of one abutment under loading 1
(Kps), one abutment under loading 2 (Kpl) and the stiffness of the bridge (Kb) i.e. the stiffness
of the bridge piers. This is further explained in step 2 below and by equation 3. Also, Table 2
summarises the Kps and Kpl values for different bridge systems that were analysed. The values
of the ξeq given in Table 1 correspond to the sum of the elastic damping ratio plus the average
damping ratio of the two loading conditions (cond. 1 and 2), because when one abutment is
pushing the backfill soil, the other one is moving away from the relevant backfill soil.

1
3

4
2

1
3

4

2

(a) push-pull (b) pull-push

Figure 4. (a) loading 1: the abutment first pushes (ps) the backfill soil and (b) loading 2, the abutment first pulls
(pl) the backfill soil.

bridge period (sec)
target displ. dt (mm)

ξel (%) ξhyst,1 (%)
loading 1: push

ξhyst,2 (%)
loading 2: pull

ξeq (%)
ξel+aver(ξhyst,1+ξhyst,2)

0.4 sec
25 mm

5% 11.3% 14.8% 18%

0.62 sec
60 mm

5% 12% 15% 18.5%

0.8 sec
130 mm

5% 8.0% 9.8% 13.9%

Table 1: Calculation of ξeq for short period integral bridges.

bridge period (sec)/(dt) Kps (kN/m) Kpl (kN/m)
0.4 sec  / (25mm) 75829.8 30716.5
0.62 sec / (60mm) 56587.4 21193.3
0.8 sec  / (130mm) 32224.5 10901.3

Table 2: The stiffness of the abutment-backfill for different effective periods and target displacements ranging
from 25 to 130 mm.
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Figure 5: The F-d curves for loading condition 1: (a), (c), (e) and for loading condition 2: (b), (d), (f). Figures (a)

and (b) are for Teff=0.4sec and dt=25mm, figures (c) and (d) are for Teff=0.62sec and dt=60mm and figures (e)
and (f) are for Teff=0.8sec and dt=130mm (see Table 1).
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Figure 6: The input motion at the abutment for the systems with effective period 0.4 sec.

For the first iteration the equivalent viscous damping is estimated using the damping Eq. (2)
for ξhyst=10%. The design displacement demand (dt) is obtained by entering the average de-
sign spectra with the effective period (Teff) to the point of the estimated equivalent viscous
damping value as shown in Figure 3. Linear interpolation is used to find the damping value if
it lies between two damping values of the average design spectra.
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Step 3: Determination of SDOF system properties
For the analysis of the SDOF there are three components that define the stiffness, (see eq.

3), and the damping of the system, namely: (a) the bridge, which was considered to respond in
an elastic manner with stiffness Kb and mass mb, (b) the abutment that pushes the backfill soil
and has an effective stiffness Kps that corresponds to the target displacement dt and (c) the
other abutment that moves away from the backfill soil that has a smaller effective stiffness of
Kpl, due to the fact that the backfill soil resists to the movement of the abutment mainly due to
its self-weight that sits on the surface foundation of the abutment. Hence, the effective stiff-
ness of the bridge-abutment-backfill system is:

Keff=Kb+Kps+Kpl (3)

whilst eq. 4 relates the effective stiffness of the bridge, the mass of the bridge and the effec-
tive period of the equivalent SDOF system:

b
eff

eff mK

2

2















(4)

Step 4 Characterisation of SDOF systems for nonlinear time history analysis (NLTH) of
the SDOF-Determination of the ΔNL.

NLTH analysis is performed to a SDOF that has ξel=5%, stiffness Kb and mass mb, which
correspond to the stiffness and mass of an integral bridge. No yielding of the structural com-
ponents of the bridge was taken into account, i.e. the bridge remains elastic. The only non-
linearity that was taken into account here was due to the elasto-plastic behaviour of the back-
fill soil. The mass of the backfill soil was not considered in mb. The equivalent linear SDOF is
given in Figure 7a. The SDOF that accounted for the non-linearities of the soil is given in
Figure 7b. The SDOF is in series connected to four non-linear links that represent the non-
linear response of the abutments as shown in Figure 7b. Two links that receive only compres-
sion and represent the cases where the abutment is pushing the backfill soil and two links that
receive only tension and correspond to the case that the abutment is moving away from the
backfill soil. The Fps-d and Fpl-d curves were obtained by PLAXIS under two different condi-
tions that were either push (ps) or pull (pl) of the backfill soil. For the modal analysis half of
the eff

psK and eff
plK values were used as these springs in fact receive only compression or tension.

The stiffnesses eff
psK and eff

plK were estimated at the target displacement that is given in Table

1, for periods of the systems ranging from 0.4 to 0.8 sec. The resulting displacements of the
NLTH were averaged and the displacement ΔNL was compared to the Δel (i.e. the one we ob-
tain from Figure 3).

The Fps-d Fpl-d curves were produced based on the bi-linearisation shown in Figure 8a. The
dashed line shows the response of the system abutment-backfill soil for the push and pull
conditions as calculated with the FEA in PLAXIS that is described below. The solid lines
show the bi-linear curve that was used to model the non-linear response of the backfill soil.
Figure 8a also shows the secant stiffness of the system abutment-backfill under loading condi-
tion 1. Figure 8b shows the response of the equivalent SDOF system of Figure 7b when the
response of abutment-backfill was idealised as per Figure 8a. Figure 8b corresponds to a tar-
get displacement dt=60mm. Similar bilinear models were used for the smaller 25 mm and
larger 130mm target displacements. The figure shows that there is a reasonable agreement
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between the predicted and the actual response of the system abutment-backfill for both load-
ing conditions, i.e. push and pull. Also, Figures 8a and 8b show that indeed the system abut-
ment has different stiffness and prospected damping for the two different loading conditions.
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Figure 7: (a) The equivalent linear SDOF and (b) SDOF bridge model employed for the non-linear analysis.
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Figure 8: (a) Bi-linearisation of the F-d at target displacement (for dt=60mm) for push (ps) and pull (pl) loading
conditions 1 and 2 and (b) comparison of the F-d response bilinear curve to the response of the non-linear SDOF

system.

3 MODELLING OF ABUTMENT-BACKFILL SYSTEM IN PLAXIS

The coupled integral abutment-backfill interaction analyses were performed with the 2D
(plane strain) finite element code PLAXIS v8.2 [21] as shown in Figure 7 The basis was as-
sumed to be rigid and the lateral sides were characterized by standard earthquake boundaries.
The total width of the model is 250m, which is sufficient to avoid boundary effects. The do-
main was discretised in a total of 2682 15-node plain strain triangular elements. In the area
around the abutment the mesh was refined (Figure 9). The foundation soil domain was mod-
eled with 10 horizontal layers to account for the variable stiffness with depth. In particular, a
clay material is used with shear wave velocity (Vs) that varies from 180 m/s at the surface to
310 m/s at the bottom layer, corresponding to soil type C according to the Eurocode 8. The
backfill was modeled in 17 horizontal layers. A sandy material with an average Vs equal to
270m/s was selected for the backfill. The values of other soil properties were consistently se-
lected. The integral connection of the abutment to the bridge deck is modeled through a rota-
tion fixity and a fixed-end anchor at the top of the abutment. The axial stiffness of the anchor
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has been estimated equal to EA/L where EA=2.637∙107 kN/m for 1.0m of the abutment
width and L is 240.0m the length of the bridge.

Initial stage analysis was performed to simulate the initial geostatic stresses. Then the dy-
namic analyses followed where the sinusoidal force with specific fundamental periods as de-
scribed in Step 2.2 is applied at the top of the abutment. The analyses were characterised by
the assumption of elasto-plastic behavior (i.e. Mohr-Coulomb criterion) for the soil and elastic
behavior for the concrete elements. Proper interface elements with a friction coefficient of
Rinter=0.70 were used to model the interface between the backfill and foundation soil with the
abutment [11].

1m

8.5m

1m 4m

Concrete
C30/37

1m

Deck

abutment

foundation

2.5m

(a)

(b)
Rotation fixity and
fixed-end anchor

(c)

Figure 9: (a) The geometry of the typical abutment, (b) the model of the integral abutment with the backfill soil,
(c) detail of the modelling in the vicinity of the integral abutment.
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4 RESULTS

The results obtained and the discrepancies of Δel and ΔNL are given in Table 3.

bridge period (sec)/(dt) Δel (mm) ΔNL (mm) Δel/ΔNL

0.4 sec  / (25mm) 31.4 24.5 1.28
0.62 sec / (60mm) 71.6 80.9 0.89
0.8 sec  / (130mm) 114.0 115.0 0.99

Table 3: Comparison of Δel and ΔNL.

For the short period bridge system that has a period of 0.4 sec it seems that the proposed
procedure underestimates the hysteretic damping, which was found to be equal to 13%, ac-
cording to the hysteretic damping that is proposed by Jacobsen. If ΔNL is considered to be the
accurate displacement of 24.6mm, this displacement corresponds to an equivalent damping
ratio of approximately ξeq=30%, based on the response of the equivalent linear SDOF system,
given in Figure 3. It was also found that the permanent displacement of the abutment, for a
target displacement of 25 mm, was of the order of 1 mm (i.e. 4% of the dt) for loading condi-
tion 1 and 0.8 mm for loading 2. Therefore, no considerable permanent deformation of the
backfill soil is expected and hence the change in the stiffness of the system during the seismic
motion due to the creation of voids between the abutment and the backfill soil is negligible.

For bridge systems with a period of 0.6 sec and a target displacement of 60mm the NLTH
showed that the displacement was underestimated by the equivalent linear SDOF and hence
the hysteretic damping ratio, which was found to be 12-15%, was overestimated. However,
the non-linear response of the backfill soil results in the formation of clearances behind the
abutment, i.e. gap are formed between the abutment and the backfill soil during the dynamic
response of the system. The magnitude of this gap increases during the seismic displacements
of the abutment, as it is becoming larger gradually when the abutment pushes the backfill soil
and the latter yields, and also when the abutment moves away from the backfill soil. Hence,
the stiffness of the system abutment-backfill soil decreases along the earthquake motion and
this is described here as period shift effect. This effect is important as the increase in the peri-
od was found to be of the order of 18% for the bridge that has an effective period of 0.6 sec.
The permanent displacement of the abutment top, for a target displacement of 60 mm, was 14
mm (i.e. 25% of the dt) for loading 1 and 10 mm for loading 2. This has also been described
by Dwairi [16] as softening effect. One way to account for this effect is to use the secant stiff-
ness at maximum deformation, which will account for the formation of the gaps as per Kow-
alsky et al. [22]. Hence, it is believed that the non-linear displacements ΔNL are larger than the
elastic ones Δel due to the fact that gaps are being formed behind the abutment.

For the bridge system with a period of 0.8 sec, it seems that equivalent damping ratio is
predicted successfully as the equivalent elastic system and the non-linear analysis of the
SDOF yielded approximately the same displacements. In this case, the absolute permanent
displacement of the abutment top for the target displacement of 130mm, was 57 mm for load-
ing 1 and 61 mm for loading 2.

Also, Figure 10 shows the areas of the backfill soil that exhibited plastic deformations
when the abutment displacement was 20, 60 and 80 mm. The Figure suggests that the perma-
nent dislocations (displacement and rotation) of the abutment is very small when the dis-
placements are 20mm and hence no significant permanent displacement of the abutment is
observed. On the contrary, when the displacement of the abutment is 60 or 80mm both the
foundation of the abutment and the backfill soil yields and as a result the abutment exhibits
significant permanent, dislocations which is in line with the above findings.
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(a) (b) (c)
Figure 10: Points in the backfill soil where plastic deformation of the soil material is developed for

20, 60 and 80 mm.

5 CONCLUSIONS

The response of short period systems was studied for integral abutment bridges. The aim of
the research was to define the stiffness and the equivalent damping ratio of the system bridge-
abutment-backfill to extend the use of DDBD method to existing and new IABs. FEM soft-
ware PLAXIS was used to obtain the force-displacement curves of the system abutment-
backfill under dynamic loads having fundamental periods ranging from 0.4 sec to 0.8 sec.
Non-linear response of the system was considered due to both the material non-linearities
(soil) and due to the development of voids between the abutment and the backfill soil. The
equivalent damping ratio of the integral bridge system (bridge-abutment-backfills) accounted
for the elastic damping (ξel =5%) and the hysteretic damping (ξhyst) due to the inelastic behav-
iour of the backfill soil. The damping model did not take into account the mass of the backfill
soil or other types of damping. The results showed that for the bridge systems with periods in
the range of 0.6 to 0.8 sec the equivalent damping ratio can be predicted with adequate accu-
racy by the proposed methodology. For the short period systems the methodology was found
to underestimate the damping ratio and hence overestimate the displacement by 28%.

It was evident throughout the analyses of different bridge systems that the hysteretic damp-
ing of the system abutment-backfill was not strongly dependent on the magnitude of the target
displacement, as for greater target displacements the damping ratio, was not increased signifi-
cantly. On the contrary, greater frequencies of the input motion lead to larger damping ratios.
The equivalent damping ratios for bridge systems having periods in the range of 0.4 – 0.8 sec
was found to be in the range of 14-18.5%.

The softening of the system due to the yielding of the backfill soil, the gaps that are formed
between the abutment and the backfill soil during an earthquake and the significantly different
response of the abutment when it pushes the backfill soil and when it moves away from it,
complicate the interaction problem. The above, along with the geometry of the abutment, the
foundation soil and the properties of the backfill soil will be the object of further investigation.
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Abstract. Recognising the key role of bridges within a roadway network and the substantial 
direct and indirect losses related to bridge damage, a new methodology for the development 
of bridge-specific fragility curves is proposed, intended for application  to the bridges form-
ing part of a roadway network. with a view to estimating seismic losses in the network. The 
key features of the proposed methodology are the explicit definition of critical limit states 
(damage thresholds) for bridge components, considering the effects of geometry, material 
strength, reinforcement, and loading properties on the component capacity; the methodology 
also includes the correlation of local to global damage and the estimation of uncertainty in 
both capacity and demand. Advanced  analysis methods and tools (nonlinear static and re-
sponse history analysis, IDA) are used for bridge component capacity and demand estimation, 
whereas Latin Hypercube Sampling is used for uncertainty treatment. Based on processing of 
a large volume of  results from analyses of full bridges, a simplified methodology is developed 
for seismic demand assessment, involving the use of an elastic (generic) bridge model and 
response spectrum analysis; demand is then related to component capacity and bridge-
specific fragility curves are readily derived. The methodology can be applied, using an ad-
hoc developed software, to a large number of bridges( having different geometries and prop-
erties) within a network, and direct and indirect losses can then be assessed.  
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1 INTRODUCTION 

Damage due to recent earthquakes worldwide highlights the role of bridges as the most 
vulnerable component of a roadway system. In view of this, during the last two decades, sev-
eral methodologies have been developed for the assessment of bridge vulnerability, mainly in 
the context of developing fragility curves.  

Since fragility is the probability that bridge damage exceeds a specific threshold limit state 
value for a given level of earthquake intensity, the key issue in the methodologies proposed in 
the literature is the estimation of capacity and demand at the system [1] or component level 
[2]. Threshold limit state values for critical components are quantified in terms of local (cur-
vature, rotation) [3], [4]  or global parameters [5] based on experimental data [6]. The capaci-
ty spectrum (or capacity and demand spectra) method and nonlinear response history analysis 
are commonly proposed for the demand calculation, while in most cases analytical fragility 
functions are derived using the Probabilistic Seismic Demand Model (PSDA or IDA) [7], or 
response surface metamodels [8]. Finally, it should be noted that in most cases uncertainties 
in demand and capacity are considered in a ‘lumped’ way. 

The main drawback of the existing methodologies is that they are either based on advanced 
analysis tools, increasing dramatically the computational cost when applied to a large bridge 
inventory, or on approximate methods that do not account for the seismic performance of all 
critical structural components, hence risking to miss potential failure modes in some cases. 

In view of the above, the key objective of this paper is to put forward a new methodology 
for the derivation of bridge-specific fragility curves, feasible for application to a bridge inven-
tory with a view to estimating seismic losses in the bridges, as well as in the roadway network 
[9]. In general, bridges in a roadway network have different geometries, structural systems 
and component properties, due to differences in the topography and the construction method 
selected (figure 1). Therefore, the proposed methodology aims to reconciliate two conflicting 
requirements, namely the need for a detailed and reliable estimation of bridge capacity and 
demand, and the broad and efficient applicability. To this purpose, the end product of the 
methodology involves an elastic (generic) 3d bridge model and elastic response spectrum 
analysis results for the derivation of fragility curves. However, different component (i.e. pier) 
types have been previously analysed in order to correlate local to global damage, assess the 
effect of different geometry, material, reinforcement and loading properties on component 
capacity, and finally derive empirical relationships for component threshold limit state values. 
Moreover, the seismic performance of bridges with different structural systems is investigated 
using advanced analysis methods (nonlinear response history analysis, IDA) and the results 
are incorporated in the simplified methodology proposed. 

 
Figure 1: Different bridge types within a roadway network 
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2 BRIDGE CLASSIFICATION SCHEME 

In the frame of a network loss assessment, the vulnerability of bridges having different ge-
ometries, structural systems and properties should be estimated. The most important step prior 
to fragility analysis is the definition of a classification scheme for the bridges in the network, 
based on the parameters deemed as the most significant with respect to the seismic response. 
Therefore, a slightly enhanced version of the classification system developed in the frame-
work of the research programme ASProGE [1], was adopted for the bridges of the roadway 
network of Greece. A three-digit code is used for each bridge type; the first digit denotes the 
pier type, the second the deck type, and the third the type of pier-to-deck connection (Table 1). 

 
Code X1 

Pier Description 
Code X2 

Deck Description 
Code X3 

Pier-Deck Connection 
1 : Single Column (Solid) 1 : Slab (Solid or with voids) 1 : Monolithic  
2 : Single Column (Hollow)  2 : Box girder   2 : Bearings  

3 : Multi-column 
3 : Simply supported pre-

cast- prestressed beams 
3 : Combination of mon-

olithic & bearing 
4 : Wall-type 
5 : V-shaped 

  

Table 1: Classification scheme proposed for Greek bridges. 

3 DESCRIPTION OF THE METHODOLOGY FOR THE DERIVATION OF 
BRIDGE SPECIFIC FRAGILITY CURVES 

Seismic performance of bridges is highly dependent on the structural system and properties 
of different components, namely piers, abutments, and bearings. Therefore, the first stage of 
the proposed methodology is to define the capacity of components, based on the results of 
inelastic analysis, considering different failure modes. Component limit states (minor, moder-
ate, major and collapse), are qualitatively described based on experimentally observed dam-
age sequence and performance and quantified defining threshold limit state values in terms of 
global engineering demand parameter (displacement), dependent on component geometry, 
reinforcement, material and loading properties. Uncertainty in capacity, namely in the damage 
threshold definition, is estimated using reduced Monte Carlo (Latin Hypercube Sampling) 
simulation for each component. The second stage is the development of a simplified 3d model 

 
Figure 2: Input data for the derivation of bridge-specific fragility curves 
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 (linear springs for bearings and abutments) in order to estimate seismic demand on each 
component. Seismic analysis is performed at bridge level, in order to consider the correlation 
of different components during the evaluation of bridge seismic performance for different 
levels of earthquake intensity. However, since the main target of the methodology is the fea-
sibility to apply to a large bridge inventory, elastic response spectrum analysis is used for the 
demand calculation. To account for inelastic performance of the bridge system under seismic 
actions, the uncertainty in demand is calculated using nonlinear response history analysis for 
selected accelerograms and various intensity levels (Incremental Dynamic Analysis). Repre-
sentative bridges of each category (according to the classification scheme described in §2) are 
selected and Monte Carlo simulation with Latin Hypercube sampling is performed in order to 
quantify the uncertainty in seismic demand; in a practical context, uncertainty in demand is 
assumed to be the same for bridges classified in the same category. Having defined capacity 
and demand at a component level, bridge fragility is calculated assuming (conservatively) se-
ries connection between components (except for limit state 4, see §4). Since the demand cal-
culation is based on the results for an elastic model (linear springs), the effect of gap closure 
should be accounted for, considering two models (open and closed gap), retaining the results 
of the first model until gap closure. The methodology outlined above, is described in detail in 
the following paragraphs. 

3.1 Step 1 : Component Threshold Limit State values (Capacity) and correlated un-
certainty 

During the first step, threshold limit state (capacity) values are defined in terms of global 
engineering demand parameters. Displacement of the component control point is used, since it 
can be easily recorded during analysis and is a representative measure of the system’s seismic 
performance (damage); therefore it should be correlated to local (component) damage. As far 
as bridge piers are concerned, the main objective is to develop a database including all differ-
ent pier types shown in Table 1. Damage is initially quantified at section level (figure 3), us-
ing local engineering demand parameters (curvature) corresponding to material strain limits 
and developed crack widths. Moment - curvature analyses for varying geometric, material, 

 
Figure 3: Component (piers) threshold limit state values in displacement terms 
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reinforcement and loading properties are performed, defining threshold limit state values in 
curvature terms and the secant stiffness of the fully cracked section at yield (EIeff=My/φy), to 
be used as input in component analysis. Varying pier heights are considered for each different 
pier type and inelastic pushover analyses of piers are performed. Displacement values at pier 
top (component control point) for the time step that section curvature exceeds the threshold 
limit state value are recorded in order to define threshold limit state values in displacement 
terms. Shear failure modes are also considered, therefore shear checks of the pier model are 
performed, comparing the shear force to shear capacity (Vu =Vc(μφ)+Vw+Vp). Displacement 
value at the time step that the developed shear force exceeds the relevant capacity is recorded 
and the relevant threshold displacement value is corrected, i.e. the minimum of the top dis-
placements corresponding to flexural and shear failure modes is considered. Regression anal-
ysis for every different pier type is performed and empirical closed-form relationships are 
proposed for each case (pier type). The proposed empirical relationships can be used when the 
relevant properties are known, however it should be noted at this point that threshold values in 
displacement terms (capacity) are strongly dependent on the boundary conditions, namely the 
pier to deck connection and the foundation support. Since, as depicted in figure 3, the control 
point displacement (cantilever top) can be correlated to the top/bottom moment ratio (point of 
contraflexure), modal analysis for the first translational mode of the 3d generic beam model of 
the bridge studied should be initially performed to define the height xo of the contraflexure 
point and subsequently calculate threshold limit state values using the proposed closed-form 
relationships and considering the effect of the component boundary conditions. 

Uncertainty in the threshold limit state value definition in displacement terms (d1,d2,d3,d4) 
is calculated for each pier type separetely. Uncertainty in material properties, namely the con-
crete compressive strength (fc) and steel yield strength (fy), the ultimate concrete stain (ecu) 
and the plastic hinge length (Lpl) is considered and Monte Carlo simulation with Latin Hyper-
cube sampling is carried out for N=100 statistically different, yet nominally identical, realiza-
tions. Analyses results are processed and logarithmic standard deviations βc are derived for 
every different pier type. Finally, uncertainty in the limit state definition (βLS) is calculated 
based on statistical analysis of data (threshold values) available in the literature. 

Threshold limit state values are defined in displacement terms for bridge bearings and 
abutments, based on the literature [10], [11], considering different failure modes, namely 
yielding of steel shims, lift-off, rotation and unseating for elastomeric bearings, and backwall 
damage, as well as abutment soil yielding and deformation for seat-type abutments. Damage 
states for pot bearings are additionally defined based on experimental data [12]. Uncertainty 
in limit state definition is calculated for abutments and bearings as well (βLS). 

 

Figure 4: Component (abutments &piers) threshold limit state values in displacement terms 
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3.2 Step 2 : Component Demand and Bridge System Fragility 

So long as threshold limit state values (capacity) and the associated uncertainty are defined, 
the demand at the control point of every component should be estimated in order to derive 
fragility curves for each limit state. The proposed methodology is based on elastic response 
spectrum analysis, and the equal displacement approximation (delastic=dinelastic) for the seismic 
demand estimation, a reasonable assumption for T>0.5~0.6sec, which is the case for most 
bridges. A simplified elastic model, as depicted in figure 2 (linear springs for bearings and 
abutments) has to be set up, to which member properties are fed. The pier cracked stiffness 
(EIeff=My/φy) is calculated for all piers based on empirical relationships proposed for yield 
moment and curvature (e.g. φy=f [(fc/fy,v,ρl,ρw)/D] for cylindrical sections/bilinear M-φ sec-
tion diagram). It should be noted that in the longitudinal direction of the bridge, analysis of a 
single-degree-of-freedom system is generally sufficient; however this is not the case for the 
transverse direction, since the displacement profile is strongly dependent on the deck geome-
try and the boundary conditions at the abutments. 

 
Figure 5: Outline of the proposed methodology for the derivation of bridge-specific fragility curves 

Response spectrum analysis (for a site-specific spectrum or mean spectrum of selected ac-
celerograms scaled from 0.1g to 1.0g) is performed and the displacement demand at the com-
ponent control point versus earthquake parameter is plotted, representing the evolution of 
damage parameter (displacement) with increasing earthquake intensity (PGA=0.1g~1.0g in 
this case). From this diagram, median threshold values of the earthquake intensity parameter 
can be obtained for every damage state (figure 5). Apart from mean values, the standard devi-
ation corresponding to the total demand and capacity uncertainty value, under the assumption 
of statistical independence, should be defined. Since uncertainty in capacity is calculated in 
step 1, uncertainty in demand is defined at this step, based on the results of detailed structural 
models and nonlinear analysis of representative bridge types (according to the classification 
scheme described above). Uncertainty in material properties, gap size, bearing stiffness and 
soil properties are considered during analysis of representative bridges; as noted previously, 
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reduced Monte Carlo simulation for N=100 samples is used and Incremental Dynamic Analy-
sis for selected accelerograms scaled to different levels of earthquake intensity is performed in 
order to calculate βd for the relevant bridge class.  

Bridge-specific fragility curves are calculated on the basis of the above (mean and standard 
deviation values), assuming series connection between components, except for LS4 corre-
sponding to bridge collapse and related to collapse of bridge piers only. As already outlined, 
fragility analysis is based on the response spectrum results of two simplified models (open 
and closed gap), retaining results of the first model until gap closure. 

Application of the methodology presented herein is presented in the following paragraphs, 
providing the empirical closed-form relationships for the quantitative definition of threshold 
limit state values (capacity) of all different bridge pier types, the relevant βc and βLS values, as 
well as the βd values for 3 different bridge classes (#221, #232, #221). 

4 BRIDGE COMPONENT CAPACITY AND ASSOCIATED UNCERTAINTIES 

Different geometric, reinforcement, material and loading parameters affect the available 
strength and ductility, and eventually the seismic performance of piers. The fact that a cylin-
drical pier designed according to the provisions of EC2 and EC8 will eventually have a differ-
ent threshold limit state value (considered limit states are 1 to 4, see Table 2) compared to a 
similar pier not being designed according to code provisions (reinforcement ratio, confine-
ment) or a pier with different axial load and even more, compared to a hollow rectangular or a 
wall pier, is recognised. The effect of different pier types, dimensions, material properties and 
constitutive laws, longitudinal and transverse reinforcement ratio and finally axial load on the 
threshold limit state values was evaluated and closed form relationships are proposed here for 
different pier types. 

 

Limit State (LS)  Threshold values of curvature (φ) 
Quantitative Performance  
Description  

LS 1 – Minor/Slight 
damage 

φ1:φy 
Quasi-elastic behaviour – Cracks 
barely visible. 

LS 2 – Moderate 
damage 

φ2: min (φ: 0.004c   , 

 φ: 0.015s  ) 

Spalling of the cover concrete, 
strength may continue to increase 
– Crack width 1-2mm. 

LS 3 – Ma-
jor/Extensive dam-
age 

φ3: min (φ: 0.004 1.4 yw

c w

cc

f

f
     , 

φ: 0.06s  ) 

First hoop fracture, buckling of 
longitudinal reinforcement, initia-
tion of crushing of concrete core – 
Crack width>2mm. 

LS 4 –  
Failure/Collapse 

φ4: min (φ: 
max0.85M M  , 

 φ: 0.075s  ) 
Loss of load-carrying capacity - 
Collapse 

Table 2: Component Piers: Threshold limit state values (local edp) 

In line with the above, different properties for all the aforementioned parameters are se-
lected and moment-curvature analysis of all possible combinations is performed as described 
in figure 6. It should be noted that the parameters considered fall, in most cases, within the 
prescribed code requirements, however lower strength classes for concrete and steel are addi-
tionally considered, in order to include cases of older bridge piers. In-house developed soft-
ware [13] that incorporates stress-strain models for confined, unconfined concrete [14], [15] 
and steel is used for moment-curvature analysis. Threshold values for the different limit states 
are initially defined in curvature terms (local engineering demand parameter) as depicted in 
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table 2. Empirical relationships for the estimation of secant stiffness of the fully cracked sec-
tion at yield (EIeff=My/φy) are proposed for every different pier type (equation 1, figure 7 – 
cylindrical piers). 

 
Figure 6: Bridge piers: Local to global engineering demand parameter mapping 
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Since the main goal is to define bridge capacity and threshold limit state values in dis-

placement terms, an inelastic generalised single-degree of freedom model is set up. All differ-
ent bridge pier section types are analysed, namely cylindrical, hollow cylindrical, rectangular, 
hollow rectangular and wall type, while different pier height range is considered according to 
the pier type (i.e. 5~20m for cylindrical pier type and 20~50m for hollow rectangular). It 
should be noted that both weak and strong axis orientation were examined for rectangular 
shaped piers. Lumped plasticity model is used (bilinear moment-curvature curve), while the 
plastic hinge length is taken equal to Lpl=0.09Ls+0.2h  for rectangular, hollow rectangular and 
wall type piers and Lpl=0.09Ls+2D/3 for circular and hollow circular according to [16] . 

 
Figure 7: φy-ρl-ρw diagram for cylindrical piers 

Nonlinear static (pushover) analyses of the single-degree of freedom models are performed 
individually for each pier type case (and both strong and weak axis orientation) and the dis-
placement of cantilever top (component control point) at the time step that the deformation of 
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the plastic hinge exceeds threshold limit state values (φ1,φ2,φ3,φ4 in table 2) is recorded. Shear 
failure mode is considered, since the shear demand at each step is compared with the ultimate 
shear capacity and the displacement value associated with LS4 is recorded and compared with 
the one derived considering flexural failure. It should be recalled at this point that the reduc-
tion in the Vc contribution with increasing curvature ductility is considered.  

Practically all possible combinations of properties and pier heights are considered (e.g. 
~51800 analyses for the case of hollow rectangular piers) and threshold limit state values in 
displacement terms (δ1,δ2,δ3,δ4) are obtained. Analysis results are processed using the ad-
vanced least squares method (robust fit) and empirical relationships for threshold δi values are 
provided for every different pier type (equations 2 for the case of cylindrical piers).  

Depending on the boundary conditions, i.e. the type of pier to deck connection and the type 
of foundation, the moment pier diagram may vary, as shown in figure 8. Therefore the equiva-
lent cantilever height xo, corresponding to the height of the contraflexure point should be es-
timated in order to use the proposed empirical relationships, derived from cantilever analysis. 

 
Figure 8: Pier types and boundary conditions 
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The empirical relationships proposed are applied and results regarding all different pier 

types examined are presented in figures 9 and 10 in terms of dimensionless parameters (dis-
placement ductility and drift) for them to be comparable. Curvature at yield and available cur-
vature ductility (related to displacement ductility via the plastic hinge length) of hollow 
rectangular and wall pier type sections is less compared to circular, hollow circular and rec-
tangular section. However, the fact that different constitutive models for confined concrete are 
used for the case of circular [14] and rectangular sections [15] should be highlighted, since the 
results are dependent on the ultimate strain value εcu.  
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Figure 9: Displacement ductility for all limit states and pier types 

As depicted, the threshold capacity values for the four limit states considered (minor, ma-
jor, extensive and collapse), vary depending on the pier type, therefore a uniform value may 
either overestimate or underestimate the component’s capacity. Detailed results regarding pier 
component capacity can be found in the technical report of RETIS-Risk (Aristeia II) research 
programme (expected to be available in July 2015). 

 
Figure 10: Drift for all limit states and pier types 

Uncertainty in capacity is considered, assuming the distribution of random variables with 
mean and standard deviation values as shown in Table 3, according to [11], [17]. Again, Latin 
Hypercube sampling is used for 100 realizations of each different pier type. Analysis results 
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are processed and βc values are proposed for every different pier type and limit state. For ex-
ample, analysis of the sample size of cylindrical bridge piers resulted in different βc values for 
every limit state, in particular βc1=0.22, βc2=0.35, βc3=0.44, βc4=0.53. 

Random Variable Distribution Mean COV 
fc (MPa) normal 34.5 18% 
fy (MPa) normal 463 8% 

εcu/εcu,conf. model (%) normal 0.99 35.8% 
Lpl / Lpl(Biskinis) uniform 0.96 47.4% 

Table 3: Assumed distributions for random variables related to pier capacity) 

Limit state definitions for the abutments are given in Table 4 [11]. Inelastic static (pusho-
ver) analysis is performed for the abutment subsystem in order to define the threshold value in 
terms of displacement of the control point for the first limit state (the other three states are di-
rectly expressed in terms of fractions of the backwall height). 

Limit State   Threshold values 
Quantitative Performance  
Description  

LS 1 – Minor/Slight damage μφ,backwall=1.5 
Cracking and significant damage to 
the backwall 

LS 2 – Moderate damage 0.01 backwalld h  First yield of the abutment soil 

LS 3 – Major/Extensive damage 0.035 backwalld h   Excessive deformation of abutment 
soil 

LS 4 – Failure/Collapse  0.1 backwalld h   Ultimate deformation of abutment 
soil (cohessionless soil) 

Table 4: Component Abutments: Threshold limit state values (global edp) 

Limit State   
Threshold values 
of shear strain (γ) 

Quantitative Performance Description 

LS 1 – Minor/Slight damage 100% 
Initiation of nonlinear behaviour, po-
tential yielding of anchor bolts and 
cracking of pedestals. 

LS 2 – Moderate damage 150% 
Visible damage to the bearing. Yield 
of steel shims. 

LS 3 – Major/Extensive damage 200% 

Lift off at the edge of the bearing, up-
lift and rocking. May cause delamina-
tion, bonding failure between rubber 
layers and steel shim plates. 

LS 4 – Failure/Collapse  250% 
Lift-off, rotation. Unseating, failure of 
bearings. 

Table 5: Component Bearings: Threshold limit state values (global edp) 

The engineering demand parameter used to define threshold limit state values for elasto-
meric bearings is the shear strain (γ=d/t,rubber); threshold values based on information from the 
literature are given in Table 3. Pot bearings, frequently used in modern motorway bridges, 
have different failure modes and therefore threshold limit state values. Minor damage is relat-
ed to the displacement that the lateral load exceeds 10% of the vertical load [12], while mod-
erate, major and collapse limit states are defined according to [12]. 
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5 BRIDGE COMPONENT SEISMIC DEMAND AND ASSOCIATED 
UNCERTAINTIES 

As already mentioned, the median threshold value of the earthquake parameter (PGA,Sa,Sd) 
for every damage state is calculated using response spectrum analysis results for scaled accel-
erograms, based on the equal displacement approximation (delastic=dinelastic). The main objec-
tive of the proposed methodology is the derivation of fragility curves for the longitudinal and 
transverse direction of the bridge, representing the conditional probability of reaching or ex-
ceeding a limit state as a function of the selected ground motion intensity parameter. Fitting of 
fragility analysis results to a lognormal distribution to express results in a probabilistic man-
ner, requires the mean and standard deviation value for each component. 

 
Figure 11: Case Study Bridges  

Random Variable Distribution Mean COV 
fc normal 34.5 MPa 18% 
fy normal 506 MPa 8% 

gap size normal 24.5 cm 20% 
bearings uniform G=0.9 MPa 22% 

soil properties uniform G=663 MPa 20% 

Table 6: Assumed distributions for random variables (uncertainty in demand) 

A Probabilistic Seismic Demand Model (PSDM) is used to estimate the dispersion value, 
representing the uncertainty in demand. It is recalled that there are two approaches regarding 
the implementation of the PSDM, namely the “cloud” (Probabilistic Seismic Demand Analy-
sis) and the “scaling” (Incremental Dynamic Analysis) approach, with the latter having the 
advantage of not requiring an a priori assumption for the probabilistic distribution of seismic 
demands for fitting fragility curves [7]. The approach implemented herein is IDA for different 
levels of seismic action ranging from 0.1~1g. The limit state probability of exceedance at a 
specific IM level equals the occurrence ratio of the specific limit state, defined as the ratio of 
the number of damage cases ni, for the damage state i over the number of simulations N, i.e. 

                                                                         [(D DS ) (i 1 4)i
i M

n
P I to

N
                                                                 (3) 
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Standard deviation, is calculated for every bridge component (piers, bearings, abutments) 
based on the results of nonlinear response-history analysis of all the realizations considered 
and different levels of Ag. Their values are obtained from equation 5, where M is the number 
of realizations and ai is associated with the onset of collapse for the ith realization [18].       
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Two representative bridges of the most common categories in Greek motorways (#221-
Polymylos-Leukopetra bridge and #232-Kalogirou bridge according to the classification 
scheme presented in §2) are studied. Another common category (overpass #121) has been 
studied and results can be found elsewhere [19], however they are briefly presented herein as 
well. Both case study bridges are part of the Egnatia Motorway. The structures are modelled 
and analysed using the OpenSees platform. For the formulation of the 3d model, elastic beam-
column elements are used for the deck and beam-column with hinges (lumped plasticity) ele-
ments for the piers, as depicted in figures 12 and 13. Cross section analysis was performed for 
the piers to obtain moment-curvature diagrams for the potential plastic hinges (pier top and 
bottom for the case of monolithic pier-to-deck connection and pier bottom only for the case of 
connection through bearings), while the plastic hinge length Lp was calculated according to 
[16]. The abutment-backfill interaction (passive earth pressures) after gap closure was consid-
ered according to [11] . 

 
Figure 12: Polymylos-Lefkopetra Bridge (#221) 

Uncertainty in demand is considered, assuming the distribution of random variables with 
mean and standard deviation values as shown in Table 6 [17], [20], [21]. Again Latin Hyper-
cube sampling is used for 100 realizations of each different bridge. Accelerograms (7) for re-
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sponse history analysis were selected using ISSARS (M=6.6~6.8 and R=20~40) and scaled 
according to EC8-Part 2 provisions [22]. A Matlab-code was generated in order to perform 
analysis for all realizations and various levels of earthquake intensity (i.e. 0.1~1g) resulting in 
a total of 710100=7000 analyses for every bridge and every direction, and standard devia-
tion value was calculated for all components considered. 

 
Figure 13: Kalogirou Bridge (#232) 

Both cases studies involve long bridges, constructed in the early 2000s, having tall hollow 
rectangular piers monolithically connected to the deck in the case of Polymylos-Leukopetra 
bridge and connected through bearings in the case of Kalogirou bridge. Bridge piers are de-
signed according to current provisions. Dispersion values for piers and bearings of the bridges 
studied are presented in tables 7 and 8. Uncertainties regarding the abutment response have 
not been taken into account at this stage of development (only uncertainty in gap size is in-
cluded); therefore the relevant dispersion value is not presented herein. 

 Polymylos_X (#221) Kalogirou_X (#232) 
Component βd,LS1  βd,LS2 βd,LS3 βd,LS4 βd,LS1 βd,LS2 βd,LS3 βd,LS4 

Piers 26% 24% 13% 8% 30% 21% 15% 10% 
Bearings 20% 18% 12% 10% 26% 19% 15% 11% 

Table 7: Uncertainty in demand - βd values for Polymylos and Kalogirou Bridge (X direction) 

 T7_X OverPass (#121) 
Component βd,LS1 βd,LS2 βd,LS3 βd,LS4 

Piers 36% 30% 18% 12% 
Bearings 29% 28% 22% 20% 

Table 8: Uncertainty in demand - βd values for T7 Overpass (X direction) 

1793



Sotiria P. Stefanidou, Andreas J. Kappos 

 

6 BRIDGE SYSTEM FRAGILITY 

Bridge component capacity and demand as well as related uncertainties are calculated uti-
lising the proposed methodology. The total uncertainty value is calculated for every compo-
nent according to equation 6, under the assumption of statistical independence. 

                                    2 2 2

tot C D LS                                           (6) 

Series connection between components is assumed for the calculation of bridge fragility, 
according to equation 7 (i: bridge components considered; namely bridge piers, bearings, 
abutments). 

                                       
1

( ) 1 1 ( )
m

br i
i

P F P F


                                (7) 

Since collapse of the bridge system is not expected to occur if bearings or abutments reach 
LS4 as described previously at a component level, limit state 4 at bridge (as a system) level is 
related to pier collapse only. Therefore series connection assumption is not invoked for the 
estimation of system fragility for the collapse limit state.  

Fragility analysis is based on the results of response spectrum analysis of the simplified 3d 
bridge model described above. Two alternative connections of bearing and abutment linear 
springs depicted in figure 14 are considered for seat type abutments for the case of open and 
closed gap, respectively. Bridge-specific fragility curves are derived using the first model 
analysis results up to gap closure. 

 
           Figure 14: Pier types and boundary conditions 

7 SOFTWARE DEVELOPMENT 

A Matlab-based software was developed for the implementation of the previously de-
scribed methodology and the derivation of bridge-specific fragility curves, briefly described 
in figure 15. The software is based on a generic simplified 3d bridge model created using the 
OpenSees platform [23]. Input data provided by the user are depicted in figure 15 and concern 
general bridge geometry and loading properties, component (pier, bearing, abutment) proper-
ties, and the (site-specific) response spectrum. Threshold limit state values for piers are auto-
matically calculated according to the geometric, material, reinforcement, loading properties 
and boundary conditions of each case, while dispersion values, calculated in line with the pre-
viously described procedure, are included. Different boundary conditions at abutments are 
considered for the case of open and closed gap, and fragility curves are automatically calcu-
lated for longitudinal and transverse directions separately. The software developed is applied 
to 76 bridges of a Egnatia Motorway (Western Macedonia section), for the seismic assess-
ment of the road network in the frame of RETIS-Risk (Aristeia II) research programme and 
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will be included in a GIS-based freeware for the management of seismic risk of roadway net-
works.  

 
Figure 15: Input data 3d generic beam model 

8 EXAMPLES OF BRIDGE-SPECIFIC FRAGILITY CURVES  

Fragility curves of the two case study bridges described above are presented in Figures 16 
and 17. Since bridges are designed according to code provisions, the probability that demand 
exceeds bridge capacity is low even for higher levels of earthquake intensity. For both bridges, 
the lower limit states are controlled by bearing damage, since the yielding of piers occurs for 
higher levels of earthquake intensity. Regarding the collapse limit state for the system, it is 
controlled by pier collapse limit state only, as discussed in section 6. 

 
Figure 16: Fragility longitudinal direction (Kalogirou bridge) 
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Figure 17: Fragility longitudinal direction (Polymylos Bridge) 

It has to be noted that, as evident from Figures 16 and 17, the uncertainty (βtot) associated 
with each individual fragility curve is generally different (see also Tables 7, 8), hence the dif-
ferent shape of the curves and the possibility of intersecting curves (e.g. for Polymylos Bridge 
when PGA exceeds about 1.0g). This is still a controversial issue worldwide, since while it is 
widely recognised that the uncertainty is different for each type, intersection of fragility 
curves is conceptually incorrect.  

9 CONCLUSIONS  

The conclusions reached at this stage of this ongoing study can be summarised as follows: 

 All critical components should be considered for the derivation of bridge fragility curves. 
In addition to those addressed herein (piers, abutments, bearings), one could also consid-
er foundation elements that might be critical in some bridge types. 

 Threshold limit state values of components should be expressed in global terms (typically 
displacements) and correlated to relative local damage. 

 Different geometry, material, reinforcement, loading properties as well as boundary con-
ditions, affect component capacity and threshold limit state values and should be taken 
under consideration during fragility analysis. 

 Uncertainty in capacity, demand, and limit state definition should be estimated for every 
component and limit state separately. 

 Bridge-specific fragility curves should be based on the results of a simplified 3d model in 
order to account for the correlation between different components and the dependence of 
the displacement profile on deck geometric properties and boundary conditions.  

 Feasible methodologies for the derivation of bridge-specific fragility curves are those 
that can be readily applied to a bridge inventory with a view to estimating earthquake  
losses of a roadway network. 
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Abstract. It is widely known that retrofit processes are based on two different retrofit ap-

proaches that depend on the treatment of the general safety inequality which requires the ca-

pacity to always exceed the demand. The first retrofit approach, direct, includes 

strengthening of specific bridge members which refers to an increase in capacity that shows 

focus on the first term of the safety inequality. The second retrofit approach, indirect, includes 

force limitation or response modification that lowers the demand (second term of the safety 

inequality) to the level of the existing member’s capacity. Characteristic examples of indirect 

retrofit approaches are seismic isolation and, in general, methods that include the addition of 

new structural members in the bridge system and/or the activation of non-seismic members. It 

can be claimed that the advantage of indirect retrofit approaches when compared to direct 

ones is that they do not depend on the existing member’s capacity, while they transfer the 

seismic forces to new structural members that are highly reliable. In view of the above, the 

key objective of this paper is to present an alternative retrofit system that follows the indirect 

retrofit approach that involves the use of unbonded tendons. In this study the tendons are used 

innovatively for restraining the longitudinal seismic direction. The proposed system is based 

on previous studies on the use of common steel rebars, which are placed in the bridge super-

structure and activated as struts - ties under longitudinal earthquake. Regarding the proposed 

system, the tendons are placed in the bridge sidewalks at the outer spans through the abut-

ments and the struts - ties response is achieved with appropriate prestressing. The research 

work performed focuses on evaluating the effectiveness of the application of the proposed ret-

rofit system on R/C multi-span bridges while dealing with in-service issues, as well. The ret-

rofitted bridges were properly modeled with nonlinear elements. The demand of the structural 

systems was computed using time-history analysis. The time history analyses were performed 

using a suite of representative ground motions and multiple parameters regarding bridge and 

the proposed system characteristics were studied.  The results of the analyses are presented 

and show the significant restraining response of the proposed system. 
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1 INTRODUCTION 

In the last decades, there have been several research efforts for developing effective seis-

mic retrofit methods [1]. Generally, retrofit solutions aim on complying with the safety ine-

quality [2], Eq.(1), which requires the structural capacity of bridge members to exceed 

seismic demand at all times.  
 Capacity ≥ Demand                                                           (1) 

According to Rustum (2012), [3], the various retrofit methods can be summarized in two 

retrofit philosophies depending on the focus of each procedure on the first or second term of 

Eq.(1). The first retrofit philosophy which is the direct approach involves methods that are 

applied on the as-built bridge components with the goal to increase their capacity against 

seismic loads. For instance, these methods include pier retrofit with steel or concrete jackets 

or FRP materials,[4]. It shall be noted that the structural capacity of the existing bridge mem-

bers can be determined with a series of tests, but since the capacity estimation depends on 

sample measurements it is not considered equally reliable to the estimation of the new struc-

tural member’s capacity and it may result in misidentifying hidden deficiencies that are not 

apparent and have severe consequences on the effectiveness of a direct approach retrofit 

method or in overdesigning the retrofit solution. The second retrofit philosophy, indirect ap-

proach, involves the addition of new members in the bridge structural system. The new bridge 

components are intended to reduce the seismic demand on the as-built bridge members at the 

level of their structural capacity and they are properly designed for contributing to the seismic 

resistance by receiving the seismic forces. Such common indirect approach retrofit methods 

include the use of bearings or energy dissipating devices, i.e. dampers[5], or restrainer 

cables[6]–[8]. It can be claimed that the advantage of indirect retrofit approaches when com-

pared to direct ones is that they do not depend on the existing member’s capacity, while they 

transfer the seismic forces to new structural members that are highly reliable. A key point in 

the effectiveness of such methods is the timely activation of the mechanism installed on the 

bridge; otherwise it is possible that the capacity of the existing components will be exceeded 

before the activation of the seismic contribution of the retrofit system. In the case of continu-

ous monolithic concrete bridges appropriate indirect retrofit methods are devices like dampers, 

whilst bearings and restrainer cables are more often used for simply supported bridges, 

[9],[10]. 

The key objective of the present study is to study an alternative indirect retrofit approach 

method which aims on upgrading bridge seismic response by restraining the longitudinal 

seismic movements. The proposed method involves unbonded tendons and is based on other 

restraining systems that have been proposed by the authors for limiting longitudinal bridge 

movements that use steel rebars ,[11], [12] and FRP strips [13] that are applied longitudinally 

in the bridge superstructure receiving tension and compression loading. The mechanism in-

volving the unbonded tendons has already been proposed by the authors for the design of new 

bridges[14]. The system can be applied in common monolithic bridges, mainly, and the ex-

pected tendons response that reduces their longitudinal movements can be characterized simi-

lar to that of seismic links,[15], and dampers which dissipate seismic energy in seismically 

isolated bridges,[16].  

Prestressing in bridges is mostly used for providing necessary resistance to the superstruc-

ture’s vertical loading and to ensure that concrete stays within its tensile and compressive ca-

pacity under the range of the loads applied, [17]. It can be applied with tendons (wires, 

strands, bars) that are of high strength steel. They can be either internal or external,[18], to the 

concrete member and can be bonded or unbonded to the structure’s concrete. External pre-

stressing can be a rational strategy for strengthening existing bridge superstructures against 
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increased traffic loading demands, as well,[19].Some research efforts have been conducted for 

utilizing prestressing for upgrading bridge’s seismic response, as well. These methods belong 

to the direct retrofit approach, focus on increasing the pier’s capacity against seismic demand 

and take several forms, such as enhancing pier’s flexural resistance with prestressed tendons 

and rebars [20],[21], introducing prestressed confinement systems for piers, i.e. prestressed 

FRP strips [22] or prestressing pile and pier caps [1]. Some researchers have investigated the 

use of unbonded prestressing tendons for limiting the horizontal displacements but their ap-

plications are limited to beams in building frame and wall systems [23],[24]. 

In view of the above, the proposed method can be an alternative approach of the use of un-

bonded tendons in seismic retrofitting. 

  

2 UNBONDED TENDONS PROPOSED MECHANISM 

The restraining system can be described as a mechanism that reduces bridge seismic 

movements through the activation of its components for both earthquake signs in the longitu-

dinal direction. The restraining system involves the installation of four symmetric groups of 

unbonded tendons in the sidewalks of the deck of the bridge. The tendons are of high strength 

steel (i.e. S1570). They are installed along the longitudinal direction of the bridge and each 

two groups are placed in the outer spans of the bridge extending beyond the abutments’ wing 

walls. The unbonded tendons avoid bonding with the concrete of the bridge. At the positions 

where the unbonded tendons are installed the sidewalks are replaced with new ones of high 

strength concrete and the new sidewalks are connected with the deck with dowels. The ten-

dons are anchored at a new pile-diaphragm structure behind the wingwalls, where the seismic 

forces can be transferred safely without increasing seismic demand on the abutments. The pile 

diaphragm consists of concrete members which have equal width to that of the wingwalls.  

 

 

Figure 1: Restraining System. a. Longitudinal view of the bridge, b. Detail 1: cross section of the deck of the 

bridge 
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The unbonded tendons receive seismic forces under seismic excitation and limit the longi-

tudinal seismic displacements. The proposed restraining system is an evolution of the struts-

ties system that has been proposed by the authors, which uses common steel rebars placed in 

the superstructure instead of tendons. Although the steel rebars are a reliable solution, as well, 

they require special care for buckling protection at the positions of the outer expansion joints 

in order to respond as a struts-ties system. Prestress allows the tendons to receive “compres-

sion” loading in terms of lower tensile stresses. Therefore, the prestressed tendons are consid-

ered as an efficient alternative system that can develop a “strut” behavior by decreasing their 

initial prestress (tensile stress). Since the tendons cannot receive compression stresses, the de-

sign of the system shall ensure that the seismic demand in the “compression direction will not 

exceed the tension region. Figure 2 shows the tendon’s response 

 

Figure 2: Unbonded tendon response 

Furthermore, the proposed mechanism is activated by in service loading, as well. The ten-

dons are in tension during deck contraction and are “compressed” during deck expansion. It is 

ensured that with in-service loading the proposed mechanism does not arise any issues related 

to the response of the deck (early cracking) due to the imposed eccentric moments by the 

mechanism. Analytical investigation shows that an exaggerate size of the mechanism would 

be required in order to increase the in-service demand on the deck. 

In view of the above the determination of the initial prestress shall take into account both 

seismic and service loads. The initial prestress shall be equal to half of the yielding stress plus 

a stress caused by in service loads, which is decreased by a factor of 0.5 according to Euro-

code 8 provision that service loads are accounted with low values during earthquake events, 

as shown in Equation 2. In Equation 2 σyd is yielding stress, Es is the modulus of elasticity, 

ΔΤ is uniform load temperature which corresponds to the critical in service load, Ltot is the 

length of the bridge, leff  is the length of the tendons inside the bridge, l is the total tendon 

length. 

max
.

0.5* * *( )
1 1 2( * )

2 2 2


  

    
AV

tot

prestr yd yd s

L
T leff l

E
l




                (2) 

Regarding the design of the system the elastic response of the tendons under in-service 

loading is considered as a prerequisite. More specifically, the maximum allowable strain(or 

stress) for service loading  is determined equal to 70% of the yielding strain(or stress). The 
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minimum tendon length can be determined by equations 3 and 4, based on similar equations 

for the previous systems ([11], [12]), where ΔΤ,con is the contraction temperature which corre-

sponds to the critical in service load and εsmax is the yielding stress. 

 , ,* * * * 2
2

 
       

 

tot
N con eff N con b

L
l a T l a T l l                           (3) 

max0.7*
2

 




prestr
s

b

l l

l l
                                                            (4)   

Regarding the seismic design of mechanism, the size of the tendons is determined accord-

ing to the seismic demand in order to avoid excess seismic loads beyond the capacity of the 

prestressed tendons. 

3 DESCRIPTION OF REFERENCE BRIDGE 

 

The Reference Bridge that was used foe the analytical study is a monolithic three span pre-

stressed R/C bridge. The end spans are 45.10m, the middle is 45.60m and the total length is 

135.80m. The deck is a concrete box section, connected to the piers monolithically, and is 

supported on the abutments by low friction sliding bearings. The piers are circular and are 

founded on 3x3 pile groups. The bridge’s abutments are seat-type and have transverse seismic 

links-stoppers. The bridge is founded on ground type B and the area is in seismic zone I, [25]. 

A 3-D finite element bridge model, Fig. 3, was generated in the analysis software OpenSees, 

[26], accounting for abutment-embankment interaction. 

 

  
Figure 3 : 3-D Reference Model 

 

              
                               (a)                                                  (b)                                                        (c) 

Figure 4 : a)M-φ curve, b) Abutment P-Y curve, c) Sliding Bearing 
 

Bridge members are modeled with frame elements with material nonlinearities. The section 

analysis, Fig 4(a), for the assignment of concentrated plasticity (hinges) at the top and bottom 

of piers was performed with AnySection v4.0.6,[26,27]. The foundation springs were provid-

ed by the geotechnical report. The passive resistance of the abutments due to embankment 
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mobilization was simulated according to Shamsabadi guidelines [12],[13] and the Hyperbol-

icGap compression material was used in OpenSees, Fig 4(b). The sliding Bearings were mod-

eled as shown in Fig 4(c). 

The proposed mechanism is modeled as nonlinear springs as shown in Fig. 5, where K s 

the initial stiffness of the group of tendons equal to EA/L, (E is the modulus of Elasticity, A 

cross section of tendons, L length of tendons 

 
Figure 5 : Tendon nonlinear model 

 

 

4 ANALYTICAL STUDY 

4.1 Parameters  

A number of parameters are utilized to screen the effects of the application of the proposed 

mechanism on the seismic response of continuous concrete box girder bridges. The parame-

ters considered involve the mechanism characteristics and the earthquake intensity. 

The first set of parameters consists of the mechanism characteristics. In particular, the ef-

fect of the cross-section and the number of tendons each bundle that are installed in the outer 

spans of the bridge is screened. The variable characteristics correspond to various effective 

stiffness values of the mechanism that influence the seismic response and the distribution of 

forces on the bridge. Regarding seismicity, all parameters are screened for the three seismic 

design intensity levels (I, II and III) according to Eurocode 8, [1].  Seismic zone I is the de-

sign intensity level, while the other two levels are used for upgrading the bridge with the same 

pier dimensions to higher seismic levels by installing in the bridge system the proposed 

mechanism. For each seismic design level, five artificial accelerograms were used that were 

compatible to the respective spectrum of Eurocode 8. The parameter values used in the study 

are presented in Table 1. In Table 2 the specific tendon characteristics are shown. The mini-

mum length of the longitudinal tendons is determined based on equations (3) and (4). 

 
PARAMETERS VALUES 

Diameter of  Tendons (mm) 7T15  15T15 

No. of  Tendons/Bundle 1 2 3 4 

Seismicity 0.16g 0.24g 0.36g 

Table 1: Parameter Values 

5.2 Results Discussion 
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Table 3 includes the analysis results for the Reference Bridge for the three intensity levels 

and maximum longitudinal movements, moments and shear forces on piers. 

 

 
 

Table 2 :  Tendon Properties 
 

0.16g 
max U1 [m] max V2 [KN] max M3[KNm] 

0.08 4826 18968 

0.24g 
max U1 [m] max V2 [KN] max M3[KNm] 

0.12 6143 27193 

0.36g 
max U1 [m] max V2 [KN] max M3[KNm] 

0.14  >Mu(27268) 

Table 3 :  Reference Bridge Analysis Results 
 

Figure 6 demonstrates the effect of the tendon mechanism on the seismic response of the 

three span concrete bridge for seismic level I. The significant reductions close to 30% on the 

longitudinal seismic movements the pier moment and shear forces are the first indicators of 

the effectiveness of the proposed mechanism. The amount forces that are developed on the 

tendons under seismic level I earthquake, show that a pile diaphragm of 3x0.3x0.7m dimen-

sions has the capability to receive them safely and the stress and strain plots demonstrate the 

elastic response of the tendons for both earthquake signs, a behavior which is expected for the 

proposed system.   

 

 

Figure 6: Analysis Results, 0.16g 

Τendons L [m] A [cm2] K [kN/M] σprestr[Mpa] σy [Mpa] σu [Mpa] Fy [kN] δy [m] Fu [kN] δu [m]

1*7T15 41.00 12.37 5732.45 701.56 663.44 776.70 820.68 0.14 960.78 1.54

2*7T15 41.00 24.74 11464.90 701.56 663.44 776.70 1641.36 0.14 1921.57 1.54

3*7T15 41.00 37.11 17197.35 701.56 663.44 776.70 2462.04 0.14 2882.35 1.54

4*7T15 41.00 49.48 22929.80 701.56 663.44 776.70 3282.72 0.14 3843.13 1.54

1*15T15 41.00 26.51 12283.82 701.56 663.44 776.70 1758.60 0.14 2058.82 1.54

2*15T15 41.00 53.01 24567.64 701.56 663.44 776.70 3517.20 0.14 4117.64 1.54

3*15T15 41.00 79.52 36851.46 701.56 663.44 776.70 5275.80 0.14 6176.46 1.54

4*15T15 41.00 106.03 49135.28 701.56 663.44 776.70 7034.39 0.14 8235.28 1.54

Ε=190 GPa        Fy=1570 MPa    
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Figure 6 (continued) : Analysis Results, 0.16g 
 

Regarding the capacity of the piers it is observed that since the bridge is designed for this 

seismic level the initial moment is lower than the Mu. However, the ratio of M/Mu for the 

bridge systems with the mechanism can be an indicator of the effectiveness of the restraining 

system on reducing seismic actions, as well. In the results of the two next seismic intensity 

levels the upgrade of the bridge can be even more obvious. 
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In Figure 7 the displacement reduction results for seismic levels I and II are shown, while 

in Figure 8 the ratios or pier moments M/Mu, respectively for the two levels. From the dis-

placement reduction plots, it can be derived that the efficiency of the proposed mechanism is 

decreased as the earthquake intensity increases, especially for 0.36g when the tendons of 

small cross section have even negative effect on the seismic movements. However, it can be 

claimed that the proposed mechanism can upgrade the seismic resistance of the bridge to the 

higher than the design level seismic intensities. The pier moment ratios in Figure 8 show that, 

firstly, regarding 0.24g the maximum pier moments are reduced below the yield mo-

ment(ratios<0.9) and, secondly, regarding 0.36g the maximum pier moments are reduced be-

low the ultimate moment(ratios<1), which demonstrates the capability of the  piers to receive 

the increased seismic forces in comparison the piers in the Reference Bridge that fail for this 

specific seismic level.  

 

 
 

Figure 7 : Long. Movement Reduction, 0.24g and 0.36g 
 

 
 

Figure 8 : Pier M/Mu, 0.24g and 0.36g 
 

For selecting an optimum tendon size for the two retrofit cases of 0.24g and 0.36g the level 

of forces developed at the mechanism is taken into account, as well. Figure 9 presents the re-

sponse of the tendons for both seismic intensities, where it is apparent that the response of the 

proposed mechanism is elastic for both earthquake signs. The combination of low seismic 
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forces and significant reduction results in movements and pier moments is required for select-

ing the appropriate size of the tendons. From the observation of the Figures 7-9 it can be con-

cluded that the cross section of 1*7Τ15 is sufficient for the seismic retrofit-upgrade of the 

reference bridge to seismic level II, while a larger cross section with increased stiffness equal 

to 2*15T15 is required for the seismic retrofit-upgrade of the reference bridge to seismic level 

III. The maximum forces developed at the selected tendon sizes are included in Table 4 which 

indicates that they can be transferred to the pile diaphragm without raising any capacity issues. 

 

 
 

Figure 9 : Tendon Response, 0.24g and 0.36g 

 

Tendons 
Forces 

0.24g 0.36g 

1*7Τ15 1750kΝ 1900kΝ 

2*15T15 5900 kΝ 6100 kΝ 

 

Table 4 :  Tendon forces, 0.24g and 0.36g 
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5 CONCLUSIONS  

The key objective of the present study was to investigate the efficiency of a system consist-

ing of prestressed unbonded tendons that is proposed  for  seismic retrofit of bridges by limit-

ing longitudinal seismic movements. The investigated system belongs to indirect approach 

retrofit methods due to the addition of new members to the bridge system. The main conclu-

sions derived are the following: 

 The indirect accommodation of the increased seismic demand is, in general, the safest way 

to perform retrofit solutions. Therefore, regarding the longitudinal requirements, the sur-

plus of the seismic actions was driven through the use of the proposed restraining system 

of tendons to new structures behind the abutments. More specifically, the high seismic de-

mand in combination with the low available additional bearing capacity of the abutments 

was accommodated with the introduction of tendons in the bridge structural system. 

 The proposed system presented high efficiency in limiting longitudinal bridge movements 

and pier seismic actions for all seismic intensity levels up to 30%. Since the bridge was de-

signed for seismic level I it was taken into account as an indicator of the efficiency of the 

system. The possible upgrade of the Reference Bridge was more evident for the next two 

seismic levels. Especially for seismic level III, the seismic demand at the reference bridge 

exceeded pier capacity, while the installation of the mechanism lowered the seismic de-

mand on the piers to the level of their capacity.  

 The tendons are advantageous regarding their response, since they can develop a “strut-tie” 

behavior with the use of prestress without developing any compression stresses. Analyses 

for all seismic levels have shown that the proposed system can remain in the elastic region. 

 The efficiency in reducing longitudinal movements and in seismic retrofit, the long life-

time of the tendons and the simplicity of the application contribute to the high reliability of 

the proposed system, as an alternative indirect retrofit method. 
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Abstract. The main objective of this paper is to evaluate the cyclic behavior of RC hollow 

piers, with and without with CFRP retrofit, by comparison of experimental tests results with 

structural numerical modeling. The retrofit techniques aim to increase the shear strength and 

the ductility capacity through the establishment of principles and strategies applied in an 

experimental cyclic campaign of RC hollow piers, carried out in the Laboratory for 

Earthquake and Structural Engineering (LESE) of the Faculty of Engineering of University of 

Porto (FEUP). The evaluation and calibration of the efficiency of several retrofit solutions is 

also performed. The numerical simulations are carried out using two different methodologies: 

(i) fiber model and (ii) damage model. The fiber models based in a finite element discretiztion 

with non-linear behavior distributed along the elements length and cross-sectional area, 

while the damage model is supported on refined finite element (FE) meshes, with high 

complexity and detail levels in the constitutive laws defined for both concrete and steel. The 

concrete is simulated with a continuum damage model where several applications for bridges 

with hollow section piers can be found at Faria et al. [1]. Results of the experimental 

campaign allow to discuss and conclude about the efficiency of each numerical method, 

namely regarding the shear strength and the ductility capacity assessment. 
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1 INTRODUCTION 

Hollow piers have large section dimensions, with reinforcement bars spread along both 

wall faces, and unlike common solid section columns, quite often the shear effect has great 

importance on the pier behavior. Thus, special attention should be given to this issue when the 

numerical assessment and retrofit of such type of section piers is envisaged.  In line with this 

concern, an experimental campaign has been carried out at LESE – FEUP (Laboratory of 

Earthquake and Structural Engineering of the Faculty of Engineering of University of Porto), 

on a set of RC piers. The test setup characteristics and more detailed results are available in 

previous reports [2-5]. This set of specimens was based on square piers tested at the 

Laboratory of Pavia University, Italy [6, 7], consisting on hollow section RC piers with 

450mm x 450mm exterior dimensions and 75mm thick walls, and is being tested in order to 

understand the influence of the cross section geometry of rectangular hollow piers on the 

cyclic behavior, bearing in mind the purpose of assessing retrofitting solutions.  

 

2 PROTOTYPES 

Ten prototypes with square and rectangular hollow section (see Table 1 and Figure 1) were 

tested with different transverse reinforcement details, namely: piers N2, N3 and N4 - simple 

stirrups with 2 legs (representative of the old bridge construction); piers N5 - more detailed 

transverse reinforcement with 2 legs, with EC8 type, and piers N6 - also detailed stirrups (like 

piers N5), but with 4 legs (twice cross section area of transverse reinforcement). 

 

Piers Square Section Rectangular Section 

2ª Construction series 
PO1-N2 

PO1-N3 

PO2-N2 

PO2-N3 

3ª Construction series 

PO1-N4 

PO1-N5 

PO1-N6 

PO2-N4 

PO2-N5 

PO2-N6 

Table 1: Construction series. 

 

The unconfined concrete compressive strength (fc) is 28 MPa and the longitudinal and 

transversal reinforcement yielding strengths (fsy and fswy) are represented in Table 2. The 

model schemes shown in Figure 1a correspond to ¼ scale representations of bridge piers with 

square and rectangular hollow section, herein referred to as PO1 and PO2, respectively. 

Instrumentation to measure curvature and shear deformations was included along the pier 

height, because important shear deformations were expected in these tests. The LVDT 

configuration used in both specimens is shown in Figure 1b. 
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Designation Geometry 
Concrete 

fc (MPa) 

Long. Reinf. Transv. Reinf. 

area fsy (MPa) (mm) fswy (MPa) type 

PO1-N2 Square 28 408 435 2.6 440 2 legs 

PO1-N3 Square 28 408 435 2.6 440 2 legs 

PO1-N4 Square 28 408 560 2.6 440 2 legs 

PO1-N5 Square 28 408 560 2.6 440 2 legs (EC8) 

PO1-N6 Square 28 408 560 2.6 440 4 legs (EC8) 

PO2-N2 Rectangular 28 648 435 2.6 440 2 legs 

PO2-N3 Rectangular 28 648 435 2.6 440 2 legs 

PO2-N4 Rectangular 28 648 560 2.6 440 2 legs 

PO2-N5 Rectangular 28 648 560 2.6 440 2 legs (EC8) 

PO2-N6 Rectangular 28 648 560 2.6 440 4 legs (EC8) 

Table 2: Hollow piers characteristics. 
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a) b) 

Figure 1: Hollow RC piers: a) geometry of specimen and b) lateral LVDT layout. 

To define the values of Table 3, simple calculation were carried out for the cross section to 

compute the flexural capacity, while to evaluate the shear capacity the methodology suggested 

by Priestley [8] was adopted, usually referred in the bibliography as original UCSD shear 

model [9], being the shear strength (Vd) obtain for these piers through equation 1: 

 

Vd VcVsVp (1) 

 

where Vc, Vs and Vp are the shear force components accounting, respectively, for the nominal 

strength of concrete (which depends on the pier displacement ductility), the transverse 

reinforcement shear resisting mechanism and the axial compression force. These values were 

obtained for an axial load of 250 kN (except pier PO2-N3 with 440kN) that corresponds to a 

normalized axial force of 0.08 and 0.05, respectively for the square and rectangular pier cross 

sections [2]. 
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Designation Geometry 
Flexural Capacity (kN) Shear Capacity (kN) 

yielding ultimate ductility of 2 ductility of 8 

PO1-N2 Square 155 180 170 105 

PO1-N3 Square 155 180 170 105 

PO1-N4 Square 185 215 170 105 

PO1-N5 Square 185 215 170 105 

PO1-N6 Square 185 215 220 160 

PO2-N2 Rectangular 230 265 170 105 

PO2-N3 Rectangular 255 290 200 135 

PO2-N4 Rectangular 280 320 170 105 

PO2-N5 Rectangular 280 320 170 105 

PO2-N6 Rectangular 280 320 220 160 

Table 3: Flexural and shear capacities. 

To define the cyclic behavior of piers for experimental tests, was followed a displacement 

history with three cycles repeated for each range, represented in Table 4. 

 
Displacement. 

(mm) 

Drift (%) 

1 0,07 

3 0,21 

5 0,35 

10 0,70 

4 0,28 

14 1,00 

17 1,20 

7 0,50 

25 1,80 

30 2,10 

33 2,40 

40 2,90 

45 3,20 

Table 4: Displacement history of experimental tests.  

 

3 RESULTS OF ORIGINAL PIERS 

The damage of flange walls (face north and south, which are the perpendicular to the 

applied force) exhibited mainly horizontal cracking along the pier height. On the other hand it 

becomes clear that the pier webs (lateral faces east and west) were the most damaged zones of 

all specimens, exhibiting inclined cracking and concrete spalling on extensive zones, Figure 2. 

Generally, these damage patterns are associated with shear mechanisms, reveling insufficient 

shear capacity provide by transverse reinforcement. However, some square piers have shear 

capacity slightly above the flexural capacity (see Table 5), which have resulted on a mixed 

collapse mechanism, bending/shear. 
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(a) square – flange              (b) square – web                       (c) rectangular – flange             (d) rectangular – web 

Figure 2: Typical final damage on the webs and flange for square and rectangular cross sections piers. 

In the Table 5 is presented a summary of shear and flexural capacities, the values of 

experimental results, as well as the collapse mechanism. The definition of collapse 

displacement corresponds to the value when the horizontal force applied to the pier reached 

80% of the maximum force. For almost all the piers the shear capacity is clearly below the 

flexural capacity, being the maximum experimental force closer to the numerical estimation 

of shear strength, although in some cases the experimental response has reached a peak force 

slightly above the expected values. 

 

Piers 

Numerical 

Flexural Cap. 

(kN) 

Numerical 

Shear Cap. 

(kN) 

Experimental 

Max. Force 

(kN) 

Experimental 

Collapse Displ. 

(mm) 

Collapse 

mechanism 

PO1-N2 155 / 180 170 / 105 130 33 Flexural / Shear 

PO1-N3 155 / 180 170 / 105 130 33 Flexural / Shear 

PO1-N4 185 / 215 170 / 105 170 25 Shear 

PO1-N5 185 / 215 170 / 105 170 25 Shear 

PO1-N6 185 / 215 220 / 160 210 30 Shear 

PO2-N2 230 / 265 170 / 105 190 25 Shear 

PO2-N3 255 / 290 200 / 135 220 25 Shear 

PO2-N4 280 / 320 170 / 105 190 30 Shear 

PO2-N5 280 / 320 170 / 105 200 30 Shear 

PO2-N6 280 / 320 220 / 160 250 40 Shear 

Table 5: Resume of forces and collapse mechanism for square and rectangular cross section piers. 

For illustration purpose the cyclic response of two piers (PO2-N5 and PO2-N6) are shown 

in Figure 3, where it is also included the shear capacity lines for both piers (equation 1). In 

comparison with PO2-N5, a significant improvement was observed in the cyclic response of 

pier PO2-N6, due to the effect of doubling the transverse reinforcement. This pier has reached 

the expected level force determined numerically, but, not enough to achieve the strength level 

needed to yielding of the longitudinal reinforcement. However, the residual strength level 

obtained at the end of this experimental test is only slightly lower than the maximum peak 

value of the experimental test PO2-N5, those values occurring for a displacement, relative to 

PO2-N5, almost double, as demonstrated in Figure 3. Since both piers have the same 

maximum flexural force of about 300kN, associated with the yielding of the longitudinal 

reinforcement, premature shear failure was found for both piers, PO2-N5 and PO2-N6. 

1816



P. Delgado, F. Sousa, P. Rocha, A. Arêde, N. Vila Pouca, A. Costa, R. Raimundo 

 

Figure 3: Experimental results comparison - PO2-N5 vs PO2-N6 

 

4 RESULTS OF RETROFIT SOLUTIONS 

The main objective of reinforcement techniques are improve the strength and ductility of 

structural elements. Therefore, the specimens used in previous experimental tests will be 

subject to a retrofit process in order to evaluate the increase of shear strength and ductility 

capacities of the retrofit solutions. 

4.1 Retrofit process 

After the original specimen cyclic tests, piers were repaired and retrofitted by an external 

contractor (S.T.A.P.) according to the following steps: 1) delimitation of the repair area; 2) 

removal and cleaning of the damaged concrete; 3) inside retrofit with transversal steel bars; 4) 

alignment or replacement of the longitudinal rebars; 5) application of formwork and new 

concrete (Microbeton, a pre-mixed micro concrete, modified with special additives to reduce 

shrinkage in the plastic and hydraulic phase); 6) outside retrofit with the CFRP sheets. In 

order to provide a general idea of the pier damage and of the retrofit process, the following 

pictures show the piers during repair and after retrofit with CFRP sheet jacketing (Figure 4). 

The inside retrofit with transversal steel bars (only for pier PO2-N3) was designed taking in 

account the feasibility for future real retrofits; such bars were concentrated at the bottom, in 

correspondence with the outer CFRP jackets, for improving the plastic hinge confinement. 

In order to design the outside shear retrofit with CFRP jackets, the methodology suggested 

by Priestley [8, 9] was adopted to evaluate the thickness of the rectangular hollow pier jacket 

for increasing the shear strength above the maximum flexural force while keeping the initial 
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section conditions. According to this methodology the shear strength can be conveyed by 

equation 2: 

Vd VcVsVp+Vsj (2) 

 

where Vc, Vs and Vp are the shear force components accounting, respectively, for the nominal 

strength of concrete, the transverse reinforcement shear resisting mechanism and the axial 

compression force; the term Vsj corresponds to the possible retrofit contribution with CFRP or 

metal jackets and can be estimated according to equation 3:  

cot hf
s

A
V j

j

sj  (3) 

where h is the overall pier section dimension parallel to the applied shear force, fj is the 

adopted design jacket stress, Aj is the transverse section area of the jacket sheets spaced at 

distance s and inclined of the angle θ relative to the member axis.  

4.2 Experimental results of PO2-N5-R1 and PO2-N5-R2 

For PO2-N5-R1 pier, one strip layer of CFRP sheet with 0,177 mm thick and 100 mm wide 

was applied. The spacing was 100 mm along the pier height in order to increase the shear 

capacity, but it was decided to leave a 100 mm distance at the base in order to analyze the 

available ductility of the pier if shear collapse mechanism was avoided [2]. 

When it reached 2.5% drift, occurred a premature rupture of CFRP sheet in west side, as 

can be seen from in Figure 4. As the purpose of this experimental test was the evaluation the 

flexural behavior of pier, the test was interrupted and the pier was conveniently retrofitted in 

all its height to avoid any weakness to the shear effect.  

 

 
a) east side 

 
b) south side 

 
c) north side 

 
d) west side 

Figure 4: Final damage of pier PO2-N5-R1, for 2,5% drift. 

After this second retrofit with the objective to prevent collapse mechanism by shear, the 

pier was renamed to PO2-N5-R2. However, when it reached 2.9% drift, the four strips of 

CFRP closest to the bottom of the pier suffered a sudden rupture in west side, causing a 

collapse mechanism of pier by shear effect. In Figure 5, it can be observed the fiber and 

concrete damage, as well as the cracks that appear during the test.  

By analyzing the results depicted in Figure 6, it can be concluded that the retrofit executed 

showed an unsatisfactory behavior, particularly in terms of maximum displacement achieved. 

However, this retrofit presented a higher strength capacity in compared to the original pier. 

But, indeed, this retrofit failed to prevent the shear collapse mechanism [2]. 
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a) east side 

 
b) south side 

 
c) north side 

 
d) west side 

Figure 5: Final damage of pier PO2-N5-R2, for 2,9% drift. 

 

Figure 6: Experimental results comparison - PO2-N5 vs PO2-N5-R1 vs PO2-N5-R2. 

 

4.3 Experimental results of PO2-N6-R1  

For this specimen, one strip layer of CFRP sheet was used, which was 0.177 thick, 100 mm 

wide and spaced at 100 mm along the pier height in order to increase the shear capacity. As 

considered in pier PO2-N5-R1, it was decided to leave a 100 mm distance at the base in order 

to analyze the available ductility of the pier if shear collapse mechanism was avoided. 

When 3.0% drift was achieved, corresponding to 45 mm of top pier displacement, the 

second strip of CFRP (counting for the bottom) broke up in the northeast corner. In the 

subsequent cycles, broke up the 3º, 4º, 5º and 6º fiber strips, in ascending order, in the same 
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corner as the second strip, Figure 7. After the abrupt rupture of the fibers, the pier lose the 

concrete confinement, causing the desegregation of the material on the east side wall pier, as 

can be seen in Figure 7. Finally, after the experimental test has been stopped, high 

deterioration of the concrete and some buckling phenomena of longitudinal rebars were 

observed [10]. 

 

 
a) east side 

 
b) south side 

 
c) north side 

 
d) west side 

Figure 7: Final damage of pier PO2-N6-R1, for 3.0% drift. 

 

Although the failure mechanism of the pier PO2-N6-R1 was achieved by shear mechanism, 

it can be observed from Figure 8 that the maximum strength increased about 50% in 

comparison with the original pier (PO2-N6). 

 

Figure 8: Experimental results comparison - PO2-N6 vs PO2-N6-R1 vs PO2-N5-R2. 
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Therefore, a higher bending contribution was obtained in the pier behavior (in comparison 

with the original pier), despite the shear deformation effects that occurred during the test. But 

in terms of displacement, this pier retrofit just have reached the ductility between 3 and 4, due 

to CFRP strips failed to accommodate the pier web deformation and broken.  

Also in Figure 8, it can be observed an increase of the maximum force achieved for the 

same displacement level exceeding 50 kN in relation to PO2-N5-R1. These differences may 

be due to the difference in amount of transverse reinforcement, because the retrofit of both 

piers was exactly the same. In fact, as already mentioned, N6 piers have the double area of 

transverse reinforcement in relation to N5. 

 

5 NUMERICAL ANALYSIS  

After the interpretation of the results obtained by experimental tests, will be carried a 

numerical analysis of pier PO2-N6 to explain all phenomena involved, namely the failure 

mechanisms by shear and bending. The first numerical tool used to perform these analyzes 

was the fiber method, the freeware Seismostruct [11]. The numerical analyzes were 

performed with the displacement history used in the experimental tests (Table 4) and with the 

characteristics and properties of piers shown in Table 2. 

In Figure 9 are shown the results of experimental tests and numerical PO2-N6, with and 

without retrofit in a diagram force - displacement. 

 

Figure 9: Experimental results vs Numerical results 

The difference between the results of the fiber model and the experimental test of pier 

PO2-N6 is due to a limitation of this numerical model to simulate the shear effects. Namely, 

the fiber model of Seismostruct [11] assumes that the pier is governed by bending behavior, 

which leads to a maximum forces achieved similar to those obtained in the experimental test 
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of the retrofit pier (PO2-N6-R1), once it is capable to explore a higher bending component 

due to the CFRP strips retrofit. This numerical model does not consider the deformation and 

stiffness degradation from shear effects, which is quite relevant for the piers behavior when 

inclined cracks occurs in its webs. This inability to consider the shear effect leads to 

maximum forces of fiber model (in Figure 9) similar to those shown in Table 5 for flexural 

capacity (about 320 kN) [10]. 

The deformation and strength mechanisms associated to shear are related to the concrete 

tensile behavior [5]. The damage model [1] makes use of "effective stress tensors" 

decomposed in compression and tensile stresses that lets you explore the deformation and 

stiffness degradation by shear. As can be seen in figure 9, the damage model results show a 

good approximation to the experimental test of pier PO2-N6, with a quite accurate simulation 

of the shear effects. 

 

6 CONCLUSIONS  

The comparison of the experimental tests of original piers, PO2-N5 with PO2-N6, allowed 

to confirm the importance of transverse reinforcement to control the shear deformation. 

Despite rupture of both piers has been obtained by a shear mechanism, the solution with the 

twice transverse reinforcement achieved a significant increase in the maximum strength and 

maximum displacement, exploring a higher bending component.  

The comparison of original and retrofit piers, allow concluding that this retrofit technique 

increases the achieved maximum strength, with similar values of those determined by simple 

expressions of the bending capacity. 

After the tests of retrofitted piers was observed that was difficult to achieve high levels of 

ductility, due to the difficulty of the CFRP sheets to follow the piers web deformation. This 

resulted in the collapse of the CFRP sheets to ductility levels below 4. 

The numerical analysis were quite useful for helping to understand some phenomena 

observed in the experimental tests, as for example the formation of failure modes. Through 

the damage model was possible to observe the influence of the concrete tensile behavior in the 

results, due to the significant shear component that occurred during the tests. Therefore, it is 

quite important the accurate simulation of the tensile behavior of reinforced concrete, to 

account for deformations due to shear effect. The numerical analysis through the fibers 

method allowed capturing the behavior of retrofit pier, PO2-N6-R1, once the model considers 

the behavior dominated by bending. The fiber model, which usually only take in account the 

bending failure mechanism, does not consider the piers web cracking due to shear and, 

therefore, cannot account for the stiffness degradation due to this piers cracking. 
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Abstract. Depending on the numerical accuracy required, we can choose a simple mass spring
system or a solid element model in carrying out structural seismic response analysis. The impor-
tant issue is the consistency of the models, and meta-modeling proposed by the authors gives a
solution to this issue. Presuming that continuum mechanics is the foundation of structural seis-
mic response, for which a suitable Lagrangian is formulated, a model is constructed by making
suitable mathematical approximations, and hence the model is consistent in the sense that it is
used to solve the identical physical problem of estimating structural seismic responses. In this
paper, we explain the basic concepts of meta-modeling and present numerical experiments of
constructing consistent models for actual structures such as a large scale tunnel and a freeway
bridge.
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1 INTRODUCTION

In earthquake engineering, the use of a structure element, such as truss, beam, plate, or shell
is a usual practice; see, for instance, [8, 9]. It is rare that solid element analysis is made for
a structure of complicated configuration, even though solid element analysis becomes much
easier and less expensive due to the progress of computer hardware and software. While there
are several reasons for rare use of solid element analysis, a major reason is that it is believed
that the structure element analysis is able to make more accurate estimation, compared with the
solid element analysis.

The authors are proposing ameta-modelingtheory [1]. The essence of this theory is that there
are structure mechanics modelings that areconsistentwith continuum mechanics modeling.
Hence, the structure element analysis that stems from consistent structure mechanics modeling
is mathematical approximation of the solid element analysis that corresponds to continuum
mechanics modeling. That is, structure mechanics modeling solves the physical problem of
continuum mechanics modeling by applying suitable approximation.

There is a trade-off relation between computational cost and numerical accuracy; see Table 1.
According to meta-modeling, solid element analysis that uses a model of high fidelity is an
extreme case of high accuracy and high cost. Structure element analysis ends up much less
computational cost, with some loss of the numerical accuracy. A key issue here is that the
same physical problem is solved; due to difference in mathematical approximation, the physical
problem is converted to different mathematical problems. The meta-model theory clarifies this
point, and it is the choice of a user whether he employs solid or structure element analysis
considering the trade-off relation between the computational cost and the numerical accuracy
of solving the same physical problem.

The content of this paper is as follows. First, the meta-modeling theory is briefly summarized
in Section 2. As illustrative examples, we study lumped mass modeling and beam theory and
present beam theory that is consistent with continuum modeling in Section 3. Numerical ex-
amples of applying meta-modeling to tunnel and highway networks are presented in Section 4.
Concluding remarks are made at the end.

2 SUMMARY OF META-MODELING

We start from a Lagrangian of an elasticity body,V . For simplicity, we assume that the body
is homogeneous and has isotropic elasticity tensor and density, denoted byc andρ, respectively.
Denoting velocity and strain byv andϵ, respectively, we write the Lagrangian as

L[v, ϵ] =
∫
V

1

2
ρv · v − 1

2
ϵ : c : ϵdv, (1)

where · and : are the inner product and the second-order contraction. For displacementu
which satisfies suitably prescribed boundary and initial conditions, we computev = u̇ and

Table 1: Trade-off relation between computational cost and numerical accuracy.

soil-structure

interaction
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distribution of 
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solid element
interface 
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bar or beam

3D tensorial stress-strain relation of 
is measured

1D stress-strain relation of is assumed

material sample

assumption of 1D stress-strain relation is 

not validated in experiment Poisson effect

Figure 1:Assumption of one-dimensional stress-strain relation.

ϵ = sym∇u with ˙(.) and∇(.) being temporal and gradient of(.) and sym standing for the
symmetric part of a second-order tensor.

Structure mechanics does not use the fourth-order tensorc as material property ofV . It
uses Young’s modulus,E, instead. More specifically, structure mechanics employs a one-
dimensional stress-strain relation expressed in terms ofE. For instance, in the Cartesian co-
ordinate of{x1, x2, x3}, the normal stress and strain components in thex1-direction are related
as

σ11 = E ϵ11,

rather thanσ = c : ϵ or

σ11 = c1111ϵ11 + · · · = (1− ν)E

(1 + ν)(1− 2ν)
ϵ11 + · · · .,

whereσ is stress tensor. While it is usually used, it is not understood that the assumption of the
one-dimensional stress-strain relation is not validated in experiments, which assure the tensorial
relation ofϵ andσ via the fourth-order tensorc; see Fig.1.

Meta-modeling does not employ the one-dimensional stress-strain relation [1]. Instead, it
modifies the Lagrangian as

L∗[v, ϵ,σ] =

∫
V

1

2
ρv · v − (σ : ϵ− 1

2
σ : c−1 : σ)dv. (2)

wherec−1 is the inverse fourth-order tensor ofc. It is readily shown that, if non-zero compo-
nents ofϵ andσ areϵ11 andσ11 only, the second term in the integrand becomesσ11ϵ11− 1

2
σ2
11/E,

and the variation with respect toσ11 is

δ

(
σ11ϵ11 −

1

2

σ2
11

E

)
=
δσ11
E

(Eϵ11 − σ11).

As is seen, the one-dimensional stress strain relation is derived from the mathematical operation
of taking variation. It is readily shown thatL∗ of Eq. (2) is equivalent withL of Eq. (1) in the
sense thatu that stationarizesL∗ coincides withu for L.

Meta-modeling leads to consistent modeling which solves the variational problem ofL∗. If
no approximation is made foru (that producesv andϵ) andσ, it results in continuum mechanics
modeling, and the governing equation foru is the wave equation, i.e.,

ρ ü(x, t)−∇ · (c : ∇u(x, t)) = 0; (3)

see, for instance, [4]. If certain approximations are made foru andv, it results in a consistent
modeling that solves the same variational problem of the Lagrangian using different partial
differential equations.
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Figure 2:Schematic view of mass spring system consisting of two mass points.

3 EXAMPLES OF META-MODELING

In this section, we present two examples of applying the meta-modeling theory to make
consistent modeling. They are modeling for mass spring system and modeling for beam theory.

3.1 Mass spring system

As the simplest case, we consider a mass spring system which consists of two mass points,
as shown in Fig. 2. According to the meta-modeling theory, we consider an approximate dis-
placement function of the following form:

u(x, t) =
2∑

α=1

Uα(t)ϕα(x), (4)

whereUα is a certain direction component of theα-th mass point andϕα is displacement mode;
by definition, a component ofϕα(xα) which corresponds toUα takes on a value of 1, withxα

being the location of theα-th mass point, andϕα(xβ) = 0 for α ̸= β.
For simplicity, we substituteu of Eq. (4) intoL of Eq. (1) rather thanL∗ of Eq. (2) which

requires setting ofσ. We obtain

L =
∑
α,β

1

2
mαβU̇αU̇β − 1

2
kαβUαUβ

where

mαβ =

∫
V

ρϕαϕβ dv, kαβ =

∫
V

∇ϕα : c : ∇ϕβ dv. (5)

We choose{uα} so that some elements of{mαβ} and{kαβ} vanish and the aboveL becomes

L =
1

2
M1(U̇1)2 +

1

2
M2(U̇2)2 − 1

2
K1(U1)2 − 1

2
K2(U2 − U1)2. (6)

As is seen, thisL corresponds to a Lagrangian of the mass spring system shown in Fig. 2;M1

andM2 are the bottom and top masses, andK1 andK2 are the spring connecting the bottom
mass to the ground and the top mass to the bottom mass, respectively.
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Figure 3:Schematic view of consistent mass spring system consisting of two mass points.

It is easily seen that in order to deriveL of Eq. (6),{ϕα} must satisfy∫
ρϕ1 · ϕ2 dv = 0,

∫
(∇ϕ1 +∇ϕ2) : c : ∇ϕ2,dv = 0.

Choosing{ϕα} that satisfy the first condition is relatively easy, compared with choosing{ϕα}
that satisfy the second condition.

It is of interest to use the first two dynamic modes ofV , denoted by{ψα} with natural
frequency{ωα} (α = 1, 2). By definition,ψα andωα satisfy

ρ (ωα)2ψα +∇ · (c : ∇ψα) = 0,

and
∫
ρψα ·ψβ dv = 0 and

∫
∇ψα : c : ∇ψβ dv = 0 for ωα ̸= ωβ. As is seen,{ψα} decouple

the kinematic energy but do not decouple the strain energy. That is, if{ψα} are used for{ϕα}
of Eq. (4), the Lagrangian becomes

L =
1

2
M1(U̇1)2 +

1

2
M2(U̇2)2 − 1

2
K1(U1)2 − 1

2
K2(U2 − U1)2 − 1

2
K3(U2)2. (7)

Figure 3 showsa spring system which correspond to the above Lagrangian. This system has
a third spring, denoted byK3, that connects the top mass (M2) to the ground. This spring is
essential to make the system consistent so that the natural frequency coincides with that of the
continuum. It should be noted that{ϕα} are set to satisfy the condition that a component of
ϕα(xα) which correspond toUα is 1, but that they do not have to satisfyϕα(xβ) = 0 for α ̸= β.

3.2 Beam theory

According to the meta-modeling theory, a governing equation of beam theory is derived from
L∗ of Eq. (2), by using{u,σ} of the following non-zero components:

u1 = −z w′(x, t), u3 = w(x, t), σ11 = z s(x, t). (8)

Here, thex1- andx3-axes are the longitudinal and (bending) transverse directions, andx andz
are used instead ofx1 andx3.

SinceL∗ becomes a functional ofw ands, the variation ofL∗ with respect to these functions
is

δL =

∫
δw

(
ρ(ẅ2 − z2ẅ′′ + z2s′′

)
δsz2(

s

E
+ w′′) dxdydz. (9)
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Recall thatc is assumed to be homogeneous and isotropic; Young’s modulus and Poisson’s ratio
areE andν. It thus yieldss = −E w′′ and

ρA ẅ2 − ρ I ẅ′′ − (E I w′′)′′ = 0, (10)

whereA =
∫

dzdy andI =
∫
z2 dzdy. As is seen, this equation forw coincides with the

governing equation of Rayleigh beam theory; at quasi-static state, Eq. (10) yields the governing
equation of Bernoui Euler beam theory, too.

A beam element solution is now regarded as an approximate numerical solution of solving
the variational problem ofL∗. A beam element solution which isclosestto a solid element
solution is determined by minimizing a suitable distance in the function space of{u,σ}. For
instance, when a solid element solution{u,σ} is given, we measure the distance of a beam
element solution given byw as follows:

N(w) =
1

|u|2

∫
(w − u1)

2 + (−zw′ − u3)
2 dv+

1

|σ|2

∫
(σ11 − zEw′′)2dv, (11)

where||2 is the L2 norm ofu andσ; 1
|u|2 and 1

|σ|2 are necessaryso thatN does not have physical
dimension of length nor stress.

It is a usual practice of the beam element analysis that a rotation function,θ, is introduced
besides for deflection,w. This θ providesu1 = −zθ andσ11 = −Ezθ′, since it is defined as
θ = −w′. In numerical computation,θ is discretized separately fromw in order to obtain a
more accurate solution. Hence,w′ is replaced byθ in N of Eq. (11) whenθ is used in the beam
element analysis.

The conversion from the solid element solution to a beam element solution is readily made
by minimizingN . In discretized index form,u andσ are expressed as

u =
∑
α

uαϕα(x), σ =
∑
α

c : (uα ⊗∇ϕα(x)), (12)

whereuα andϕα are theα-th nodal displacement and shape function, respectively. Similarly,
w andθ are expressed as

w =
∑
β

wβψβ(x), θ =
∑
β

θβψβ(x), (13)

wherewβ, θβ andψβ are theβ-th nodal displacement, rotation and shape function, respectively.
In order to minimizeN , {wβ} and{θβ} satisfy∑

β

Aγβwβ +
∑
α

Bγαuα3 = 0,
∑
β

Cγβθβ −
∑
α

Dγαuαi = 0, (14)

deflection in z-direction

Young’s modulus
area and second moment of inertia

Figure 4:Schematic view of beam and coordinate system.

1829



M. Hori, S. Tanaka, T. Ichimura, W.L.L. Wijerathne and J.A.S.C. Jayasinghe

y

z

x

unit: mm

posed displacement

Figure 5:Schematic view of cantilever beam.

for γ = 1, 2, · · · , where

Aγβ = (ψγψα), Bγα = (ψγϕα), Cγβ = (z2ψγψβ) +
(u : u)

(σ : σ)
E2((ψγ′(ψβ′),

Dγα
i = δ3i(zψ

γϕα) +
(u : u)

(σ : σ)
(Eψγc33ij

∂ϕα

∂xj
). (15)

Here, for simplicity,() is used to denote the volume integration taken overV , and summation
convention is employed (repeated indices are summed).

4 NUMERICAL EXPERIMENTS FOR CONSISTENT MODELS

4.1 Cantilever beam

Biaxial bending in beam or column is encountered in structural analysis [5]FF. Prediction
of bidirectional bending made by ordinary methods is not a simple task due to coupling of bi-
axial bending with axial force; the ordinary methods employs interpolation and curve fitting
of element stress (or nodal stress that is computed from element stress) in order to compute
biaxial bending moment. The meta-modeling theory is readily able to decouple biaxial bending
moment without introducing any assumption, since it uses genuinely mathematical approxima-
tion of functions. In this subsection, we examine the capability of the meta-modeling theory of
handling the de-coupling of biaxial bending moment.

A cantilever with uniform square (200× 200 mm) cross section is used in the present numer-
ical experiment; see Fig. 5 for the problem setting of the cantilever. Three boundary conditions
of displacement are posed at one end, while the other end is clamped. Sufficiently fine mesh
is used for both the solid and beam element models. This is essential for the numerical model
that is used in the meta-modeling, in order to remove (or minimize) numerical errors caused by
coarse meshing.

A solid element solution is converted to a beam element solution, according to the procedures
present in the preceding section. The cross-section forces which are computed by the converted
beam element solution are shown in Fig. 6. For comparison, the cross sectional force which are
computed by the conventional method that uses interpolation and curve fitting of element stress
are shown in the figure, too. As is seen, there are some differences in the converted forces and
the estimated ones. However, the difference is not significant, suggesting that the cross sectional
force computed by the converted beam element solution is sufficiently accurate.

It should be emphasized that de-coupling of the biaxial bending moment is successfully made
in the proposed conversion method that is based on the meta-modeling theory. The converted
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Figure 6:Distribution of cross-sectional force of cantilever computed by converted beam element solution.

beam element solution has a set of displacement and cross-sectional force. The conventional
method which calculates cross-sectional force from element stress does not produce such a set.
Moreover, interpolation and curve fitting of element stress is laborious when cross sectional
force and moment are computed at every cross section. The proposed conversion method is
much simpler, since it casts a solid element solution to a beam element solution just by solving
Eq. (14) so that the closest beam element solution is found.

4.2 Tunnel structure

A tunnel needs a ramp tunnel which connects the main tunnel to the ground level. By this
nature, the ramp tunnel has a complicated configuration and the resulting seismic response
ought to be complicated; it often passes through several soil layers of different wave velocities.
Therefore, two-dimensional analysis of cross-section has limited accuracy in estimating such
complicated responses. Three-dimensional solid element analysis is needed if the seismic re-
sponse has to be evaluated at highest accuracy [2, 3]. For the purpose of design, cross sectional
forces and moment are of primary importance, and hence the results of the three-dimensional
solid element analysis must be converted to cross sectional force and moment, in the same
manner as shown in the preceding subsection.

A solid element model of a main tunnel connected by a ramp tunnel is used in the present
numerical experiment; see Fig. 7 for a schematic view of the tunnel. It should be mentioned that
this model is a part of a solid element model that is used for large-scale numerical computation
of the main tunnel, the length of which is longer than 2,000 m. A targeting frequency range of
the present model is 0 to 6 Hz, and suitably fine meshing is made for the model. Longitudinal
ground motion is input to the tunnel; see Fig. 8 for the wave form of the input ground motion.

For simplicity, we convert a solid element solution at an instant at when displacement takes
on a maximum value. It is indeed laborious to convert a time series of the solid element solution
to that of the beam element solution. However, this conversion is much easier than computing
cross sectional force and moment by the conventional method that uses interpolation and curve
fitting of element stress. Spatial distribution of three cross sectional forces which are computed
from the converted beam element solution are presented in Figs. 9 and 10; the latter shows
rapid change in the cross sectional forces along the longitudinal direction of the tunnel. At
three cross sections, the forces that are computed by the converted beam element solution are
compared with those computed by the ordinary method; see Table 2 for the values of the cross
sectional forces.

As is seen in Fig. 10, the main part of the tunnel behaves like rod rather than beam, since the
axial force is dominant in the cross sectional forces and the shear force and bending moment
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Figure 7:Schematic view of large scale tunnel with ramp tunnel.

-0.12

-0.08

-0.04

0

0.04

0.08

0.12

0 25 50 75

V
el

o
ci

ty
 (

m
/s

ec
)

Time (sec)

Figure 8:Input ground motion of tunnel.

Table 2:Comparison of cross sectional force of tunnel computed by converted beam element solution.

ocation proposed ordinary

400 -109.21 -105.22

500 -23.15 -30.22

600 -36.88 -32.24

ocation proposed ordinary

400 59.66 65.25

500 1.27 3.21

600 1.45 3.25

a) z-direction shear force b) y-direction shear force

is small. It is also easily seen that the distribution of the cross sectional forces is not uniform;
concentration is observed between 400 m and 500 m along the tunnel longitudinal direction.
Choosing a part of the tunnel in which the cross sectional forces are concentrated is easily
found. The location of such concentration of the cross sectional force could be different from
that of stress. For the purpose of design, it is surely better to use the cross sectional forces if
they are easily computed.

Difference in computing the cross sectional force between the present conversion method
and the ordinary method is not negligible. Larger relative difference is found for the shear force
compared with the axial force. But this is probably because the shear force is smaller than the
axial force. These results suggest that the numerical accuracy of computing the cross sectional
force from the converted beam element solution is sufficiently high, just like the cantilever of
the preceding subsection. We can see a potential usefulness of the conversion method that is
based on the meta-modeling theory, since it accurately estimates cross sectional forces that are
associated with the converted displacement of the beam theory.
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Figure 9:Distribution of cross-sectional force of tunnel computed by converted beam element solution.
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Figure 10:Detailed distribution of cross-sectional force of tunnel computed by converted beam element solution.

4.3 Freeway bridge structure

A freeway bridge which consists of a few pier and a deck is large in scale and compli-
cated in configuration, and it is another target of seismic response analysis that uses the three-
dimensional solid element analysis. Modeling connection between the pier and the deck is not
straightforward since shoes and bearings that have distinct friction characteristic are used there.
Indeed, there are cases when analysis models have natural frequencies different from the ob-
servation. The meta-modeling theory could help us to construct a solid element model of high
fidelity by gradually increasing the complexity of consistent models.

As an example, we consider a freeway bridge as shown in Fig. 11; it has a curved deck
supported by fourteen piers. The material properties are summarized in Table 3. Beside for the
deck being curved, the height of the piers is not uniform and each pier has its own configuration.
For simplicity, however, we assume that all the piers share the identical cross section, as shown
in Fig. 12, while the height of the piers is different.

According to the meta-modeling theory, we construct a mass spring system for each pier; the
system consists of one mass and one spring. The mass and stiffness of each pier are presented
in Fig. 13. And the natural frequency of the mass spring system of each pier is summarized in

Table 3: Material properties of freeway bridge.

density of pier (concrete)

density of deck (steel)

Young’s modulus (concrete)

Young’s modulus (steel)

damping ratio (concrete)
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Figure 11:Schematic view of freeway bridge.
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Figure 12:Cross section of freeway bridge.

Table 4:Comparison of natural frequency of freeway bridge computed by converted beam element solution.

transverse (Hz) longitudinal (Hz)

lumped mass 3.426 3.426

frame 3.420 3.421

Table.4.
For some piers, the maximum displacement of the mass spring system is compared with that

of the frame model; see, for intance, [6, 9, 11, 12] for the comparison of the seismic response
of bridge piers. The frame model is made by manual work, while the mass spring system is
automatically constructed according to a given data of the freeway bridge; the mass spring
system is much simpler than the frame model and hence we can make such automated model
construction. While there are some differences in the natural frequency, they are not significant;
see Table4. This suggests that, for the natural frequency of the first mode, the mass spring
system that is constructed by the meta-modeling theory is sufficiently accurate.

We compute seismic response of the piers of the free bridge using the mass spring system.
Input ground motion is shown in Fig.15. For comparison, we carry out the seismic response
analysis using the frame model. The difference in the displacement response of the two models
is presented in Fig.16.

As is seen in Fig.16, there are some difference in the response. This difference is inevitable
since even the natural frequency of the mass spring system is different from that of the frame
model; see Table4. However, this difference is not significant since the peak displacement
reaches a few ten centimeter. Again, this suggests high accuracy of the consistent mass spring
system in computing the seismic response analysis.

Small difference in the seismic response is partial due to the nature of input ground motion
which does not have large contribution of the higher modes of the bridge piers. It is inevitable
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Figure 13:Mass and stiffness of mass spring system for bridge piers.
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Figure 14:Maximum displacement of freeway bridge computed by converted beam element solution.

for a simple mass spring system to fail computing higher modes accurately. A simple solution
to overcome this shortcoming of the mass spring system is to use a more complicated mass
spring system which consists of a few masses and springs. Consistency is surely required for
such a mass spring system which may need additional springs; compare Fig.3 with Fig. 2.

5 CONCLUDING REMARKS

This paper presents the meta-modeling theory and its application, in order to construct a set
of consistent models for structure seismic response analysis. The consistency of modeling is that
it solves the same variational problem of continuum mechanics by using different mathematical
approximation. Consistent mass spring system and beam theory are explained. Numerical
experiments demonstrate that for actual structures, this theory is applicable to construct a set of
consistent models.

The present numerical experiments use linear analysis only. It is surely necessary to study
the material and kinematic non-linearity, in applying the meta-modeling theory to construct
consistent non-linear models. The key issue of this study is to find a Lagrangian for the non-
linear case.
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Abstract. This paper presents a numerical investigation of the seismic response of monolithic 
and multidrum columns. The effect of the column size and the effect of the input motion char-
acteristics on the dynamic response of free standing columns are studied. Single columns and 
two columns coupled with an architrave subjected to a set of 20 ground motions are examined. 
The selection of the seismic excitations was made in order to provide a wide spectrum of 
structural damage due to statistical reasons. Further various prototype geometry sections are 
considered in order to include as key parameter the column size effect on the seismic behav-
ior of these structural systems. Correlation study is performed to estimate the interrelation-
ship between the most substantial ground motion parameters and the damage indices. 
Moreover the effect of the column geometry on the seismic response of classical column struc-
tural systems is studied based on the results of the linear regression analysis. Finally the rela-
tion between the maximum developed rotations and the residual displacements is examined. 
For the purposes of this study finite element models for the in space simulation of the mem-
bers are adopted and results in term of relative rotations and relative residual displacements 
between the drums are presented. 
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1 INTRODUCTION 
The investigation of the seismic response of ancient structural systems such as ancient col-

umns and colonnades has received increasing attention during the last decades. Different 
types of columns with numerous variations in their geometrical characteristics can be found in 
the Eastern Mediterranean region. Usually these are constructed of limestone or marble blocks 
(drums), which are placed on top of each other, without connecting mortar between them. 
These rigid-body assemblies display a very different dynamic response compared to modern 
structures, as their response is composed primarily of the rocking and the sliding among the 
individual drums of the structure. This behavior can be characterized as highly nonlinear due 
to the continuously changing of the geometry and boundary conditions of the structural sys-
tem during a strong earthquake. 

Early studies on the rocking response of a rigid block undergoing horizontal motion were 
presented by Housner [1]. Extensive investigation specifically on the response of single mul-
tidrum columns or of columns connected with each other at the top level by architraves has 
been presented by several researchers [2-7]. A numerical study of the seismic response of an-
cient columns conducted in two dimensions based on the distinct element method has been 
presented by Psycharis et al[2] while, Papantonopoulos et al [3] used a three dimension mod-
eling in order to predict the experimental results of a scale multidrum column model[4]. Fur-
thermore, Konstantinidis and Makris [6] examined the effect of wooden poles installed in 
ancient times, in the dynamic response of multidrum columns.  Additionally Papaloizos and 
Komodromos [7] investigated the seismic response of ancient columns and colonnades with 
epistyles using a custom-made software based on the Discrete Element Method (DEM). 

 It is concluded that the dynamic behavior of free standing columns is very sensitive even 
to trivial changes in the ground motion characteristics or of the geometry of the model. Clas-
sical columns are, in general, earthquake resistant, as proven from the fact that many classical 
monuments have survived many strong earthquakes over the centuries. The predominant peri-
od of the excitation significantly affects the response, with low frequency pulses being much 
more dangerous while, the size of the column is another important parameter, with bigger 
structures being much more stable than smaller ones with the same slenderness. 

In this paper, we present a numerical investigation of the seismic response of classical col-
umns. The parameters we examined refer to the column geometry and the excitation charac-
teristics. Regarding the numerical model, four prototype geometry sections are considered in 
order to examine the column size effect on the seismic behavior of these structural systems. 
Both monolithic and multidrum columns are simulated so as to provoke the beneficial drum 
dislocation. In addition two columns coupled with a varying geometry architrave is consid-
ered as to arise its influence on the dynamic response of colonnades. Regarding the excita-
tions a set of 20 ground motions is used.  

Correlation coefficients are evaluated to express the grade of interdependency between 
seismic parameters and the structural damage. Correlation between seismic parameters and 
structural damage has been studied mainly for RC buildings [8]. The ground motion parame-
ters considered are the peak parameters (PGA, PGV and PGD) and the spectra parameters 
provided by the Fourier spectrum. Due to the fact that such structures do not possess natural 
modes in the classical sense and the periods of free vibrations are amplitude dependent the 
Fourier spectrum is used to find out the period and the amplitude of the main pulse of each 
ground motion record. The structural damages are represented in terms of relative rotation and 
relative residual displacements between the drums.  

Moreover, linear regression analyses have been performed between the seismic parameter 
which has the strongest correlation with the overall structure damage, so as to compare the 
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seismic response between the various models. Especially is examined the size and the slen-
derness influence, the construction technic (monolithic against multidrum) and the colonnade 
with epistyle against the single column response. Finally, is presented the interrelationship 
between the two damage indices which are the maximum developed relative rotation and the 
relative residual dislocation, in order to arise the dominant response responsible for the col-
lapse of classical columns. 

2 NUMERICAL MODEL 
For the purpose of this study finite element models are adopted for the in space simulation 

of the members, in which the blocks are simulated as deformable elements and the ground as 
a rigid surface. Specifically Young’s modulus (E=84.5 GPa), the poison ratio (ν=0.23) and the 
density of the marble (d=2750 kg/m3) are defined.  

Of particular significance of the simulation are the appropriate modeling of the contact be-
tween the drums. A Mohr-Coulomb model is adopted to describe the mechanical behavior of 
the joints. For both normal and tangential direction of the contact element the stiffness is as-
sumed as infinite. In the normal direction no tensile strength is considered while the shear 
strength is governed by the Coulomb friction coefficient. Typical values of the friction coeffi-
cients for marble blocks are μ=0.7. 

Prototype geometry columns with two different heights and two different ratios of the 
heights over the columns diameter are studied. Table 1 presents the dimensions of the exam-
ined models. The selection of the dimension was made to be in accordance with the size and 
the slenderness of recorded ancient columns. Regarding the multidrum columns, a drum of 
1m height is considered for every model. Concerning the effect of the architrave existence, 
two varying geometry architraves are examined. The values of the architrave height defined 
as a ratio over the columns diameter taking values h/2B =0.5, 1. The axial distance between 
the columns is L=3m and is spanned with a single block architrave. Figure 1 shows the di-
mensions specified in the models. 

 

Model 2H  
(m) H/B Number of 

Drums 

I 5 6 
5 

II 5 7 

III 8 6 
8 

IV 8 7 
 

Table 1: Examined models geometry 
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Figure 1: Columns and colonnades with epistyle geometry. 

3 SELECTION OF GROUND MOTIONS 
Our analyses used a set of 20 ground motions (Table 2) with different characteristics in or-

der to investigate how the response of the columns is influenced by the characteristics of the 
seismic excitations. The events have been chosen from worldwide well-known sites with 
strong seismic activity. A further aspect which has been taken into consideration is the ex-
pected damage potential of the seismic excitation on the structure to be analyzed. Seismic ex-
citations which provide a wide spectrum of structural damage, from negligible to severe, are 
taken into account due to statistical reasons. The selected ground motion are in the range of 
Mw=6.2-7.62. As the predominant period of the ground motion seems to be the main parame-
ter which affects the stability of the column, the ground motion acceleration signal must be 
converted from a time domain to a frequency domain. 

Due to the fact that the free standing columns do not possess natural modes in the classical 
sense, we do not use the response spectrum parameters. On the contrary, the period of the 
maximum Fourier amplitude spectrum is not dependent on the structural response and there-
fore is a more accurate method to find out the period of the main pulse which affects the 
seismic response of these structures. The term αp•Tp = vp seems to be representative as it 
combines the amplitude with the period of the main pulse. Also the product αp•Tp

2 = Lp is ex-
amined which is a characteristic length scale of the main pulse [9, 10]. Several peaks are 
shown in the Fourier spectrum. The combination αp - Tp selected is the one that maximizes the 
products αp•Tp and ap•Tp

2 which do not necessarily correspond to the maximum acceleration 
amplitude spot. 
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Earthquake Record Mw PGA 
(g) 

PGV 
(cm/s) 

PGD 
(cm) 

Tp 
(s) 

αp 
(g) 

vp 
(m/s) 

Lp 
(m) 

Bucharest 
04/03/1977 Bucharest 7.50 0.20 73 126 1.71 0.31 5.31 9.06 

Chi-Chi 
20/09/1999 TCU52 7.62 0.34 159 184 2.28 0.48 10.64 24.2 

Chi-Chi 
20/09/1999 TCU88 7.62 0.52 35 29 0.10 0.24 0.23 0.02 

Chuetsu 
16/06/2007 Kariwa 6.80 0.36 103 54 2.34 1.03 23.7 55.6 

Corinth  
24/02/1981 Corinth 6.60 0.30 25 7 0.85 0.14 1.20 1.02 

Duzce  
12/11/1999 

Lamont 
531 7.14 0.16 13 8 0.39 0.15 0.59 0.22 

Erzincan 
19/03/1992 Erzincan 6.69 0.52 84 28 2.28 0.30 6.64 15.1 

Friuli  
06/05/1976 Tolmezo 6.50 0.31 31 5 0.67 0.23 1.50 1.01 

Gazli 
 17/05/1976 Karakyr 6.80 0.72 71.6 23.7 0.52 0.32 1.65 0.87 

Imperial Valley 
19/05/1940 

El Centro 
Array #9 6.95 0.31 30 13 0.85 0.26 2.16 1.84 

Imperial Valley 
15/02/1979 

El Centro 
Array #7 6.53 0.33 48 25 1.20 0.17 1.98 2.39 

Kalamata 
13/09/1986 Kalamata 6.20 0.25 29 9 1.22 0.10 1.13 1.39 

Kobe  
16/01/1995 

Nishi -
Akashi 6.90 0.51 37 10 0.47 0.40 1.88 0.90 

Landers 
28/06/1992 

Joshua 
Tree 7.28 0.28 43 14 1.51 0.31 4.62 7.02 

Loma Prietta 
18/10/1989 

UCSG 16 
LGPC 6.93 0.97 109 66 2.93 0.40 11.54 33.7 

Northridge 
17/01/1994 

Jensen  
Filter Plant 6.69 1 68 25 2.05 0.27 5.38 11.0 

Parkfield 
28/06/1966 

Cholame 
#2 6.20 0.48 75 22 1.37 0.19 2.61 3.56 

San Fernando 
09/02/1970 

Paicoma 
Dam 6.61 0.32 16 2 0.34 0.15 0.52 0.18 

Superstition Hill 
24/11/1987 

Mtn    
Camera 6.54 0.68 33 5 0.66 0.27 1.72 1.14 

Tabas 
16/09/1978 Dayhook 7.35 0.33 20 11 0.64 0.14 0.87 0.56 

 
Table 2: Ground motion used in the analyses 
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4 RESULTS 
Numerical analyses are performed in order to examine the correlation between the parame-

ters of the earthquake excitations and the seismic response of the examined columns. Subse-
quently the effect of the structural system geometry is performed comparing the lines 
exported by the linear regression analyses. The overall structure damage index is presented in 
terms of maximum rotation and residual relative displacement. Both indices are introduced as 
a ratio over the critical overturning rotation and the critical relative displacement respectively. 
The critical overturning rotation (θcr) is equal to the slenderness (α) and take the value 

 arctan( / )cr B Hθ α= =  (1) 

Finally for the multidrum columns, the two indices are plotted in order to display the inter-
relationship of both and as a result to highlight the most crucial phenomenon between the 
rocking and the sliding response. 

4.1 Correlation analysis 
To estimate the degree of the correlation between the ground motion parameters and the 

damage indices, the linear rank correlation coefficients after Spearman is calculated. Table 3 
presents the correlation coefficients regarding all the models (monolithic, multidrum, colon-
nade connected with architrave) of the 8m height column with dimensional ratio H/B=6 and 
h/H=1. 
 

Excitation       
Parameters Monolithic Multidrum Colonnade 

PGA 0.353 0.396 0.515 
PGV 0.852 0.903 0.929 
PGD 0.768 0.746 0.792 

Tp  0.845 0.843 0.775 
αp 0.752 0.748 0.847 
vp 0.930 0.912 0.917 
Lp 0.876 0.860 0.821 

 
Table 3: Correlation coefficients  

Examining Spearman's rank correlation coefficient in Table 3, easily reconcilable is the 
maximum correlation of the maximum developed rotation with PGV and vp. Significant val-
ues of correlation coefficient also have with Tp and Lp. The lower correlation occurred with 
PGA, PGD and αp. It is obvious that the seismic parameters associated with the predominant 
period of the ground motion exhibit better correlation. It is known that the period of the exci-
tation affects the response of the classical columns, with long period pulses being more dan-
gerous. As expected the columns overturn when they are subjected to excitations with 
predominant period longer than Tp > 2s. Concerning the correlation coefficients from all 24 
modes, vp is the highest correlated seismic parameter whose coefficient ranges from 0.713 to 
0.93. 
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4.2 Linear regression analysis 

Linear regression analyses have been performed considering all of the results for each par-
ticular model, to notice the relations of maximum developed rotation to vp, which is the high-
est correlated seismic parameter with that damage index. Furthermore by comparing the linear 
regression results between the models are extracted considerable results as regards the effects 
of the geometry alteretions. Comparative presentation of the performed linear regression 
analyses results are shown in Figures 2-7.  

The response of the 8m height monolithic columns exhibit important stability when excited 
by ground motion with vp < 4m/s. Comparing the two columns with same height but with dif-
ferent slenderness ratio H/B (Figure 2) is apparent that both columns overturn when exited by 
long period ground motions. Only for the Erzincan earthquake the bulkier column developed 
rotation 72% of columns slenderness without overturns in contrast with the less slender col-
umn. Comparing the maximum rotations, the main difference occurred for ground motion 
with low values of vp where an increased value of rotation developed to the thinner column.  
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Figure 2: Maximum rotations (a) of the 8m height column, (b) of the 5m height column. 

The 5m height columns seismic response demonstrates a significant rocking instability. As 
it can be observed in Figure the column with slenderness ratio H/B=7 is vulnerable when it is 
subjected to ground motions with low values of vp. Overturn of the column occur even when 
excited by El Centro Array #7 which takes value vp=1.98m/s. The bulkier column show 
smaller rotations in relation with the thinner one. Moreover, comparing the columns with the 
same slenderness ratio but with different actual size (Figure 3) the taller columns displays in-
creased stability 
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Figure 3: Maximum rotations of columns with slenderness ratio (a) B/H=6, (b) B/H=7. 
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The seismic response of a structural system composed of two columns linked with an ar-
chitrave is also examined. Comparative presentations of the maximum developed rotations of 
the examined columns with and without architrave are shown in Figure 4. It can be observed 
that the 8m height colonnade request lower values of rotation in contrast with the single col-
umn. The epistyle geometry do not significantly affects the response of the structural system. 
Nevertheless, regarding the 5m height colonnade the geometry of the architrave seems to be 
of crucial importance.  

The seismic response of the colonnade with an architrave with dimensional ratio h/2B=0.5 
displays important similarities with the single column models. The maximum developed rota-
tion is almost the same while overturn of the structural system occurs for the same excitations 
as to the single column. In the examine case when the architraves dimensional ratio is 
h/2B=0.5 the colonnade system exhibit reduction of the developed rotations. Moreover in 
contrast with the single columns response the colonnade systems do not overturn excited by 
the Gazli ground motion. 
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Figure 4: Developed rotations of colonnade systems with (a) 8m height column, (b) 5m height column. 

Multidrum columns exhibit very complicated, highly nonlinear seismic response that de-
pends on numerous parameters. Their response are very complex containing both sliding and 
rocking when they are subjected to low predominant period pulses. On the other hand rocking 
is the prevailing phenomena when they are subjected to high period pulses. Subjected to 
ground motion such as Erzincan (vp=6.67m/s), Chi-Chi TCU52 (vp=10.60m/s) or to the rest of 
the earthquakes with greater value of vp, the columns overturn regardless of whether is mono-
lithic or multidrum column. Comparing the monolithic with the multidrum columns the de-
veloped rotation on average does not present large alterations. 

Figure 5 demonstrates the comparison of the developed rotations between the monolithic 
and multidrum 8m height columns. The requested rotations is slight reduced to the multidrum 
column with slenderness H/B=6. When excited by ground motion which overturn the mono-
lithic column, the drums tend to rotate in a single group with similar to the monolithic column 
response. Regarding the more slender column did not overturn when it is subjected to long 
predominant period excitation such as Erzincan’s and Northridge’s. Nevertheless, it overturns 
partially when subjected to Gazli and Superstition Hills excitations. 
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Figure 5: 8m height multidrum column developed rotations (a) for slenderness B/H=6, (b) for slenderness B/H=7. 

It is apparent from the Figure 6 that regarding the 5m height column the developed rota-
tions are smaller in the case of the multidrum columns when subjected to excitations with 
small values of vp. This remark is common for both considered slenderness’s. Subjected to 
ground motions which have higher values of vp the demanded rotations of the multidrum 
models are bigger than those of the monolithic columns especially for the bulkier one. Par-
ticularly, subjected to the Landers excitation the monolithic column developed 78% of it slen-
derness in comparison with the multidrum column which overturn. Similar response occur 
also to the less slender column. 
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Figure 6: 5m height multidrum column developed rotations (a) for slenderness B/H=6, (b) for slenderness B/H=7. 

The seismic response of two columns connected with architrave is studied also for multi-
drum columns. It is clear that the effect of the architrave to the dynamic response of the struc-
tural system is similar among the monolithic and the multidrum column. Regarding the 8m 
height column the colonnade exhibit significant stability when is excited to ground motion 
wictht demand large values of rotation. On the other hand the 5m height column models ex-
hibits grate instability and therefore the effect of the architrave on the seismic response of the 
structural system minor. 
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Figure 7: Colonnades developed rotation (a) for the 8m height column, (b) for the 5m height column. 

4.3 Relationship between the residual displacement and the maximum rotation 
Noticed from the correlation analysis regarding the multidrum column models, results in 

term of residual displacements did not interrelated with none of the examined seismic parame-
ters. In addition even results in terms of maximum developed rotation did not correlate with 
the residual dislocation of the drums. The maximum relative dislocation is demonstrated be-
tween the drums in which is presented the maximum rotation and specifically they are in-
duced during impacts when the rocking drums alternates pivot points.  

Figure 8 displays the maximum relative rotation versus the relative residual displacement. 
It can be easily observed that rocking is the dominant response of multidrum columns excited 
by earthquake excitations and the prevailing phenomenon that occur ancient columns collapse. 
Even for rotation which reached the 65% of the columns slenderness the relative dislocation is 
restricted to 15%. This Figure data correspond to the 8m height with slenderness H/B=6 col-
umn and is representative of all the analyzed multidrum models  
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Figure 8: Relation between the developed maximum rotations and the residual relative displacements. 

5 CONCLUSIONS  
This paper presents an extensive numerical investigation on the seismic response of classi-

cal columns. Standalone monolithic and multidrum columns, as well as colonnades with epi-
styles subjected to a set of 20 excitations are analyzed. The effect of the ground motion 
characteristics and the effect of the structural system geometry on the dynamic response of 
these structures are studied.  
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The effect of the ground motion characteristics was examined through a correlation study 
between the main seismic excitation parameters and the damage occurred to the structure in 
terms of maximum rotations. The estimation of the interrelationship has been expressed by 
the linear Spearman rank correlation coefficient. The results have shown that the developed 
rotation exhibit strong interrelation with the product αp•Tp = vp, the values of αp and Tp are 
extracted from the Fourier spectra. This product combines the amplitude with the period of 
the main pulse which is significantly affects the rocking response of these structures. 

The effect of the geometry on the seismic response of these structural systems is based on 
the results of the linear regression analysis in terms of maximum developed rotations. The 5m 
height columns displays significant vulnerability even when they are subjected to excitations 
with limited values of vp. In general the bulkier columns demonstrated increasing stability as 
they are requested smaller values of rotation. The 8m height colonnade regardless of the ar-
chitrave geometry present restricted values of developed rotation in contrast to the single col-
umn model. However, regarding the 5m height colonnade the dynamic response do not appear 
great difference in comparison with the single column model.  

Multidrum columns presented very complicated dynamic response and sensitive even to 
minor changes of the excitation characteristics. Subjected to ground motions with long pre-
dominant period their response are similar with the corresponding monolithic columns as the 
drums tend to rotate in a single group while when they are excited by short predominant peri-
od ground motions the relative developed rotations are restricted. The colonnade structural 
systems with multidrum columns present similar response with the multidrum columns. 

Furthermore, comparing the maximum developed rotations with the residual relative dis-
placements between the drums is obvious that rocking is the dominant response that occur 
ancient column collapse as the drum dislocations are minor even when notable rotations are 
developed. 
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Abstract. This paper presents a study on the behaviour of the walls of the Rocca Roveresca 

of Senigallia in Italy built in the XIV century on the ruins of a former Roman defensive struc-

ture. This is a peculiar example of a small fortress that had undergone in the XV century im-

portant modifications of the plant in order to enhance its defensive performances. A linear 

finite element model is first developed in order to understand the dynamic behaviour of a ge-

neric portion of the wall and to detect the probable incipient failure mechanisms. A subse-

quent static nonlinear analysis is carried out, with the same finite element model, to 

investigate the formation of the cracking layout and to detect the position of plastic hinges. 

The last analysis level is carried out with a tailored macro-element constituted by three bod-

ies, namely the two external curtains and the inner fill for which a degradation of the behav-

iour is considered. The results obtained demonstrates the efficiency of the wall against 

earthquakes characterized by return times typical for ultimate limit states. Same issues that 

deserve further investigation are highlighted. 
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1 INTRODUCTION 

Historical defensive systems, including fortresses, castles, defensive walls, and towers, are 

often characterized by very specific construction technologies and seismic vulnerability prob-

lems. In general, the core of the construction is always very ancient because located in strate-

gic places, e.g. a mountain pass, a junction of rivers or roads, and such core experienced a lot 

of restorations, upgrades, and changes. The history of the defensive systems follows the histo-

ry of offensive weapons and the upgrades and modifications usually consist of adding new 

elements to the previous construction. For example, with the advent of cannons in the XV 

century, obsolete defensive walls were strengthened by constructing a second line of walls 

and by filling with incoherent or slightly coherent material (stones or other materials) the 

space in between so that the derived systems were such to absorb the energy of fire weapon 

shots. The juxtaposed strata are characterized by different behaviours and by well definite 

discontinuity surfaces [1][2]. 

Under the point of view of the seismic risk, this type of construction are characterized by a 

vulnerability associated to hidden discontinuity surfaces and cavities that can be potentially 

very hazardous during a seismic event, as demonstrated by a number of damages in the past: 

Krak des Chevaliers, Syria, 1170, 1202; Poenari Castle, Romania, 1913, 1940, 1976; San Ped-

ro de la Roca, Cuba, 1675-1679, 1757-1766, Arc-e-Bam citadel, Iran, 2003, St George Castle, 

Kefalonis, 1953; Santo Stefano di Sessanio Tower, Italy, 2009; Emilia fortresses, Italy, 2012. 

All of these examples involved monuments that constitute cultural heritage, and the most part 

considered as UNESCO World Heritage Sites. So, the global seismic risk is enhanced by the 

unlucky combination of seismic hazard of their location, vulnerability of the construction, and 

tangible and intangible value of the object. 

The assessment of the seismic vulnerability usually cannot be developed by standard 

methods essentially because this type of construction are not organized by vertical panels and 

horizontal floors. The failure mechanisms that can be activated by the horizontal forces due to 

the earthquake are mainly controlled by the internal hidden structure and this requires differ-

ent approaches for structural analysis, survey techniques, and diagnostic test planning. Only 

some recent studies focused on the seismic response of defensive systems, e.g. [3][4][5][6]. 

This paper traces a methodology for the seismic vulnerability assessment by starting from 

a very specific case study involving the most diffused problems: massive walls, internal dis-

continuity surfaces, cavities and internal passages organized in a complex three-dimensional 

geometry. Given that the resisting mechanisms involved in buildings organized as a combina-

tions of walls and floors do not apply to the considered case, and given that survey and diag-

nostic are more complex, the knowledge of the historical evolution is indispensable as a guide 

to achieve the required information for seismic vulnerability assessment. The considered case 

study presents the analysis of the behaviour of the walls of the Rocca Roveresca of Senigallia 

in Italy built in the XIV century on the ruins of a former Roman defensive structure. This is a 

peculiar example of a small fortress that had undergone in the XV century important modifi-

cations of the plant in order to enhance its defensive performances. A linear finite element 

model is first developed in order to understand the dynamic behaviour of a generic portion of 

the wall and to detect the probable incipient failure mechanisms. A static nonlinear analysis is 

then carried out, with the same finite element model, to investigate the formation of the crack-

ing layout and to detect the position of plastic hinges. The last analysis level is carried out by 

supposing the wall to behave as a set of rigid blocks constituting a kinematic chain subjected 

to a finite displacement field typical for the collapse situation by introducing the degradation 

of the behaviour of the inner (the less consistent) stratum. The results obtained demonstrates 
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the efficiency of the wall against earthquakes characterized by return times typical for ulti-

mate limit states. 

2 CASE STUDY 

2.1 General characteristics and historical evolution 

The fortress Rocca Roveresca of Senigallia, Italy, presented here as a case study, is charac-

terized by construction stratifications starting from the second half of the XIV century over a 

pre-existing Roman structure. The historical investigation permitted to identify in details the 

main evolution phases of the building depicted in Figure 1, each phase associated to parts that 

are generally homogeneous in terms of constructive methodologies and adopted materials. 

Such construction sequences have determined a structural system with important discontinui-

ties, e.g. those at the interface between the various layers that constitute the walls.  

 

Figure 1: Rocca Roveresca construction phases: (a) Roman ruins; (b) Late Medieval Period fortress; (c) Malates-

ta family fortress expansion and (d) wall strengthening; (e) building of the Rocca under the Della Rovere family 

over the Malatesta fortress; (f) internal enlargement at the main entrance. 

Since 1965 restoration and strengthening works were undertaken by the regional authority 

for cultural heritage (Soprintendenza per i Beni Architettonici e Paesaggistici delle Marche) 

in order to eliminate local seismic vulnerabilities, e.g. possible overturning of parapets facili-

tated by the deteriorated stone elements, cracking in the circular walls of the corner bastions 

due to the induced horizontal tractions. The works involved the substitution of the damaged 

stone elements, the realization of reinforced concrete curbs and slabs, and the use of steel ten-

dons. 

2.2 Survey and in situ experimental investigations 

The technical drawings and documentations of the Rocca Roveresca available from the na-

tional (Ministero per i Beni e le Attività Culturali) and regional authorities, were verified 

through systematic floor by floor inspections that allowed to identify some missing infor-

  
    (a)           (b)              (c)   

  
    (d)           (e)              (f)   
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mation, mostly concerning the position of the vertical openings, the typology and thickness of 

the walls, the nature and dimension of the flooring systems. Afterwards, a large scale survey 

of external and internal spaces was made based on laser scanning technology. This allowed 

the definition of a three-dimensional model of the Rocca Roveresca that was the starting point 

for the development of the structural models later described. The inspections confirmed that 

the construction has an overall good grade of conservation as no significant active damage 

mechanisms or damages due to past events are evident. Only some cracking in the spiral stair-

case at the second level, some sporadic material degradations, some cracking in the circular 

towers due to their geometry and to the poorer quality of the adopted materials are present. 

The absence of diffused cracking patterns, vertical misalignments, and other geometric ab-

normalities are a proof of the soundness of the foundation system. Thus, investigations on the 

foundation geometry as well as on the soil bearing capacity were not made during the survey. 

The only studies that involved the soil regarded the characterization of the seismic input, as 

described in a dedicated paragraph.    

Given the need to verify the hypotheses regarding the construction phases, in situ experi-

mental testing was undertaken to identify the various construction layers with their materials 

and constructive techniques. The evaluation of the homogeneity of the internal parts of the 

walls that are part of the same stratification is also an important information for the sake of 

the vulnerability assessment of the single walls. Such information is also fundamental in order 

to identify the geometry of the analysis model (global model and macro-elements) and the 

mass distribution required to determinate the entity of the seismic actions. To this end, endo-

scopic tests in the sub-horizontal and vertical directions were made from the internal and ex-

ternal of the North tower as well as sub-horizontal endoscopic tests were made from the 

walking path internal to the South-West defensive wall. Such tests confirmed the hypotheses 

made on the wall stratification with sufficient confidence. In addition, inspections were made 

to evaluate the conservation of the strengthening works made in the recent past (from 1975 to 

1983) through non-destructive tests on the reinforced concrete curbs and on the steel tendons.  

2.3 Mechanical characteristics of the materials and confidence factor  

The masonry typologies in the Rocca Roveresca can be divided in three subsets according 

to their expected mechanical behaviour: 1) masonry made by squared stone blocks, used in 

the lower and older parts of the structure as well as in some of the subsequent construction 

layers, e.g. internal elements in the towers; 2) masonry made by clay bricks and thin layers of 

mortar, mostly dated XV Century, with homogenous properties except for some minor recon-

structions and good conditions for both the bricks and the mortar; 3) rubble masonry, consti-

tuting the massive elements, characterized by a compact arrangement with very few voids and 

uniform characteristics along the thickness, as evidenced in the endoscopic tests and well in 

the observations made possible in some openings. An estimation of the mechanical parame-

ters was made based on the prescripts of the current Italian structural code [7][8], based on the 

masonry typology and conditions as well as on the conducted investigations. The obtained 

results are reported in Table 1.      

 

Masonry typology fm  E G w 

 N/cm2 N/cm2 N/mm2 N/mm2 kN/m3 

1 Squared stone blocks 720 9,9 2880 936 22 

2 Bricks and mortar 360 7.5 1800 600 18 

3 Rubble masonry 150 3.0 1035 345 19 

Table 1: Estimated mechanical parameters of the identified masonry typologies. 

1853



G. Leoni, A. Zona, Q. Piattoni, A. Meschini, E. Petrucci, A. Dall’Asta, L. Dezi 

Given the amount of information obtained from the documentations in the archives of the 

regional authority for cultural heritage providing details on the restoration and static refur-

bishment works conducted in the past, considering that most of the wall layout and stratifica-

tions are visible, it was deemed possible to achieve the structural knowledge of the Rocca 

Roveresca through historical studies as well as geometric survey, with reduced use of experi-

mental testing, mostly used to confirm the made hypotheses. Hence, the determination of the 

confidence factor (FC), defined according to the indications of the Italian recommendations on 

seismic risk of cultural heritage [9]: 

 



4

1k

CkC F1F  (1) 

was defined from the following values deduced from Table 4.1 of the recommendations. The 
geometric survey was conducted with an high level of completeness, including the cracking 

patterns and the deformation fields, hence FC1 = 0. The investigation of the materials was 

made in a detailed way thanks to the fact that masonry typologies can be easily inspected, 

hence FC2 = 0. The material parameters were deduced from available sources based on the un-

dertaken field inspections, hence FC3 = 0.12. Regarding the foundations and the underneath 

soil, the available data are considered to provide a good confidence level, hence FC4 = 0.03. 

As a result, the obtained confidence factor is FC = 1.15. Such value works as a strength reduc-

tion coefficient in strength-based structural verifications and as an acceleration capacity re-

duction factor in kinematic chain models where materials are assumed without strength limit. 

2.4 Local seismic hazard and design seismic input 

The evaluation of the local seismic hazard was conducted by the Italian National Research 

Council (CNR) that produced seven accelerograms at the foundation of the Rocca Roveresca, 

used to generate the information needed for the structural analyses of the presented case study. 

 The nonlinear static analyses as well as the kinematic analyses requires the acceleration 

and displacement response spectra averaged over the assigned seven accelerograms. Figure 2 

and Figure 3 depict the averaged spectra (solid red curves), the code spectra [7] for rock 

(dashed blue curves) and for ground type C (solid blue curves), as well as the spectra from 

each of the seven accelerograms, for the two return periods (TR = 201 years and TR = 712 

years) that are considered for the Damage Limitation State and Ultimate Limit State assess-

ments. 
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Figure 2: Acceleration (left) and displacement (right) response spectra for returning period 201 years. 
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Figure 3: Acceleration (left) and displacement (right) response spectra for returning period 712 years. 

 

3 PRELIMINARY ANALYSIS OF THE DEFENSIVE WALLS 

The structural analysis was carried out using representative models comprising the strati-

fied walls and the rubble stone infill thorough the definition of a tailored macro element (Fig-

ure 4). 

The seismic response of the defensive walls was investigated in their transverse direction 

in order to assess the influence of the discontinuity surfaces on the failure mechanisms. Spe-

cifically, the following analyses were carried out: (1) modal analysis in order to obtain prelim-

inary results on the structural behaviour under seismic loadings; (2) static nonlinear analysis 

in order to define the incipient failure mechanisms and to highlight the probable cracked lay-

out and the position of the plastic hinges; (3) nonlinear kinematic analysis of a structural 

model, i.e. kinematic chain made of rigid blocks, defined starting from the results of the pre-

vious analyses. 

A finite element model of a section of the defensive wall was developed in the structural 

software Straus7 by using triangular elements with plane strain state. The mesh is generated 

taking into account the different strata of the masonries with their specific material properties. 

The discontinuity surfaces were modelled by reduced mechanical properties to allow slip and 

simulate their failure mechanisms. 

 

 

 

Figure 4: Model for the defensive walls. 
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3.1 Modal analysis 

The results of the modal analyses highlight the relevant stiffness of the investigated struc-

tural model. The percentage of participant mass relative to the first mode of vibration is equal 

to 57%. Thus, the first mode of vibration is representative of the dynamical behaviour of the 

considered masonries. The values of the stress (Figure 5) relative to the first mode of vibra-

tion highlight a possible failure mechanism characterised by a hypothetic hinge at the lower 

part of the first layer of the considered model. The position of this hinge is determined by the 

sloping surface of the stone block masonries at the base of the defensive wall as well as by the 

ground level of the inner ward at and higher level than that of the external zone. The inner 

rubble stone infill influences the modes of vibration of the defensive walls. The peak values 

of the stress highlighted near the inner tunnel than suggest a failure mechanism of the mason-

ry vaults due to the global behaviour of the model. The external strata of the defensive walls 

is interested by stress values lower than those of the other strata of the model. The other vibra-

tion modes are characterized by low period of vibration and their behaviour is influenced by 

the discontinuity surfaces between the masonry blocks. 

 

 

Figure 5: Considered modes of vibration. 

 

3.2 Nonlinear static analysis 

The elastic-plastic behaviour of the materials was defined according to the Mohr-Coulomb 

criteria. The values of the material parameters were obtained from the mechanical properties 

assessed as previously described (Figure 6). The nonlinear analysis was carried out by force 

control in two steps: (i) only the gravitational loads are applied to the model; (ii) horizontal 

static forces proportional to the mass are added. The loading increases are equal to 0.01 g in 

order to assess the maximum value of the multiplier of the horizontal forces. The last loading 

step relative to the numerical convergence of the used parameters resulted equal to 0.51 g 

(horizontal loadings) for the horizontal loading direction towards the inside and equal to 0.40 

g for the horizontal loading direction towards the outside (Figure 7). 
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Figure 6: Material properties for nonlinear analysis. 

 

Figure 7: Nonlinear static analysis global response curves. 

 

Low values of the normal and tangential stresses (Figure 8), less than 0.20 MPa, are ob-

served under gravitational loads with peak values at the base of the external part of the defen-

sive walls. These stress concentrations are caused by the sloping discontinuity surface of the 

stone block masonry at the base of the walls. Another stress concentration is highlighted at the 

base of the inner block due to both the rotation of the external wall and the presence of the 

sloping surface of the stone block masonry. The last stress concentration could be uncertain 

due to the constraints applied to the considered model. 

The normal and tangential stress values under gravitational loads plus horizontal loads 

(0.40 g) toward the inside or the outside of the fortress are reported in Figure 9 and Figure 10, 

respectively. The performed analyses are representative of the seismic behaviour of the defen-

sive walls under earthquakes characterised by significant intensity. These analyses allow to 

investigate the considered failure mechanism deriving from the results of the modal analyses. 

The masonry cracks occur in the white areas while the compressive stress concentrations are 

highlighted in red, where plastic hinges can be located. 
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Figure 8: Stress state under gravitational loads. 

 

Figure 9: Stress states under gravitational loads and horizontal loads applied toward the inside. 

 

 

Figure 10: Stress states under gravitational loads and horizontal loads applied toward the outside. 
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4 KINEMATIC ANALYSIS 

The kinematic analysis was carried out by considering a new tailored macro-element con-

stituted by three bodies, namely the external curtains and an intermediate infill. In the case 

under examination, the first body is that built in the Malatesta family period (internal layer of 

the defensive wall), it is constituted by brick and lime mortar masonry. The second body (ex-

ternal layer of the wall), built under Della Rovere family, is also constituted by brick and lime 

mortar masonry. The third body is constituted by the cemented inner rubble stone infill (Fig. 

4). The inner batter, made of stone block masonry juxtaposed to the first body, constitutes a 

sharp sloping surface. Stratifications due to the construction phases, geometry of the layers 

and the partial buried wall produce a non-symmetric behaviour of the system, as already 

demonstrated by the nonlinear static analyses. For this purpose, two different overturning 

mechanisms, one towards the inside of the fortress and the other towards the outside, were 

considered.  

In both the cases, the bodies were assumed to interact each other depending on the magni-

tude of the displacements imposed to the system. For the incipient mechanism, when the ma-

terial has not yet cracked and when interlayer slips have not yet occurred, interlock actions 

and tensile reactions were considered at the discontinuity surfaces of the bodies. Tensile 

strength and interlock strength were assumed to be equal to 0 values reported in Table 1, for 
the incipient mechanism, and were suitably reduced to account for the degradation occurring 

in the collapse mechanism. The effects of the limited compression strength was accounted for 

by placing the hinges according to the stress state detected in the static nonlinear analyses. 

4.1 Wall overturning towards the inner ward 

Incipient mechanism (linear analysis) 

Overturning incipient mechanism is characterized by the undeformed configuration of the 

system. In this phase, it is assumed that masonry is still undamaged and that the rubble stone 

infill, characterized by a slight cohesion, is still capable to behave as a rigid body. The mech-

anism is thus characterized by the rotation of the three bodies that also slip with respect to one 

another. The three base hinges are placed according to the results of the nonlinear static anal-

ysis (Fig. 9): for the internal curtain (body 1), hinge C1 is assumed at the ground level; hinge 

C2 of the external curtain (body 2) is assumed taking place over the discontinuity of inner bat-

ter at a lower level with respect to C1 and, hinge C3 takes place at the base of the fill (body 3) 

at the internal discontinuity. It is also assumed that the three bodies undergo rotations keeping 

in touch each other; this mechanism is constrained by considering that points C13 e C23 at the 

top of the curtains undergo the same horizontal displacements while vertical displacements 

remain unconstrained. The incipient mechanism is depicted in Fig. 11a. Weights of the three 

bodies, applied in the relevant centroids, tensile forces applied orthogonally to crack surfaces, 

friction forces applied to the interface surfaces between the various bodies and horizontal 

forces proportional to masses are considered. The limit equilibrium condition of the system 

permits to calculate the horizontal acceleration that triggers the overturning mechanism.  

 

Collapse mechanism (nonlinear analysis) 

The collapse mechanism is characterized by the finite displacements of the system. In this 

phase, only bodies 1 and 2 are supposed to be still whole whereas the weakly cemented rubble 

stone fill is assumed to be in a disgregation phase. The mechanism is thus characterized by 

rotations of bodies 1 and 2 whereas body 3 becomes and interposed deformable stratum 

(Fig. 11b). In particular, bodies 1 and 2 are restrained at the base by hinges C1 e C2, placed at 

the same positions of the incipient mechanism, and are constrained to undergo the same finite 
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rotations. The fill undergoes a shear deformation that produces interaction with the external 

brick curtains.  

The level of the resisted horizontal forces is derived from the equilibrium conditions of the 

system written with respect to the deformed configuration. The equilibrium conditions in-

volve weights of bodies 1 and 2, applied at the relevant centroids, and the horizontal forces 

due to inertia of the three strata. Interlock forces and friction forces, suitably penalized to ac-

count for degradation under increasing displacements, are applied at the interface surfaces.  

In order to assess the seismic vulnerability of the wall, results of the kinematic analysis 

have to be post-processed to define an equivalent nonlinear 1dof system [8]. For this purpose, 

the acceleration of the equivalent 1dof is given by 

 g
eF

a
C *

1 
  (2) 

where  is the multiplier of the horizontal loads calculated from the equilibrium conditions, 
FC is the previously defined confidence factor, introduced here to account for uncertainties, 

and e* is the participating mass (derived considering the virtual displacements of the incipient 

mechanism as a vibration mode) calculated with the formula  
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where Pk is the weight of the k-th body and Qk are weights not applied to the k-th body whose 

masses produce horizontal forces in the k-th body. Finally, the displacement of the equivalent 

1dof system can be calculated as 
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Figure 11: Overturning toward the inner ward: (a) incipient mechanism; (b) collapse mechanism; (c) capacity 

curve  of the equivalent 1dof system 
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where dC is the displacement of the control point of the mechanism and Cx is the relevant vir-

tual displacement. The curve of capacity of the equivalent 1dof system obtained for the defen-

sive wall is plotted in Fig. 11c. 

4.2 Wall overturning towards the outside 

Incipient mechanism (linear analysis) 

As in the previous case, in this phase the masonry curtains are considered to be undamaged 

and the rubble stone infill, characterized by a slight cohesion, is capable to behave as a rigid 

body. Position of hinges at the bases of bodies are derived from the static nonlinear analysis 

(Fig. 10). Hinge C1 of the internal curtain (body 1) is supposed to take place at the ground 

level of the inner ward. Hinge C2 of the external curtain (body 2) is placed at the foundation 

level. Internal hinges C13 e C23 are placed at the interface surfaces between curtains and fill so 

that the formation of a strut within the fill is reproduced as highlighted by the static nonlinear 

analysis. Fig. 12a depicts the assumed incipient mechanism. 

 

Collapse mechanism (nonlinear analysis) 

In this phase only bodies 1 and 2 are supposed to be undamaged whereas the rubble stone 

fill is assumed to be in a disgregation phase. The mechanism is thus characterized by rotations 

of bodies 1 and 2 (Fig. 12b) and by the interaction of the fill that undergoes a mechanical deg-

radation under the increasing displacements. 

Hinges C1 e C2 take place at the same position of the incipient mechanism whereas the in-

ternal hinges are placed so that the two masonry curtains are subjected to the same rotations; 

it is worth noting that position of internal hinges varies with the increasing displacements. 

The fill undergoes a shear deformation that produces interaction with the external brick cur-

tains. As in the opposite mechanism previously analysed, interlock forces and friction forces 

applied at the interface surfaces are suitably penalized to account for the mechanical degrada-

tions. Fig. 12c reports the curve of capacity of the system reduced to an equivalent 1dof sys-

tem. 
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Figure 12: Overturning toward the inner ward: (a) incipient mechanism; (b) collapse mechanism; (c) capacity 

curve of the equivalent 1dof system 
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4.3 Remarks on the results 

Results obtained from the nonlinear kinematic analysis highlight some peculiarities of the 

system.  

The asymmetric geometry leads to different levels of triggering for the two incipient 

mechanisms: overturning towards the outside is more probable even if a minor softening be-

haviour is evident due to the geometry of the external curtain that is characterised by an im-

portant batter.  

Influence of the weakly cemented rubble stone fill on the overall behaviour of the defen-

sive walls is positive but uncertainties about its real cohesion may change the results of the 

assessment and also may modify the collapse mechanism. 

Results obtained with the kinematic analysis seems to be more conservative with respect to 

the nonlinear static analysis for what concern the resistance of the wall (maximum base shear); 

this is due to the mechanical characteristics of the material that were not penalised with the 

confidence factor in the static non linear analysis. 

The displacements obtained with the kinematic analysis are very high due to the aspect ra-

tio of the external layers of the defensive wall (brick curtains). This issue is critical as disgre-

gation of the masonry, not considered in the kinematic analysis, may occur in the early 

overturning phases of the wall depending on the quality of the masonry. 

4.4 Vulnerability assessment 

Seismic vulnerability is assessed by comparing the results obtained from the nonlinear kin-

ematic analysis and the seismic demand for fixed return periods. According to the Italian 

standards the Damage Limitation State is satisfied if the spectral acceleration that triggers the 

mechanism is greater than the expected PGA. For the case under examination, a return period 

Tr = 201 years was considered. The expected PGA obtained from the local site analysis is 

2.16 m/s2 that is lower than the minor trigger accelerations of 2.78 m/s2 obtained for the incip-

ient mechanism of overturning towards the outside. 

For what concern the Ultimate Limit State, the verification consists in the comparison of 

the seismic capacity in terms of displacements with the relevant demand defined convention-

ally as the spectral displacement corresponding to the secant period Ts at the 40% of the ulti-

mate displacement of the system. The verification is satisfied if  

    
2

2

4
s

sesDeu

T
TSTSd   (5) 

 
du 0.4 du Ts SDe  du 0.4 du Ts SDe 

m m s m  m m s m 

0.100 0.040 0.751 0.067  0.100 0.040 0.795 0.078 

0.200 0.080 1.159 0.100  0.200 0.080 1.184 0.100 

0.300 0.120 1.600 0.100  0.300 0.120 1.559 0.098 

0.400 0.160 1.987 0.103  0.400 0.160 1.883 0.100 

0.500 0.200 2.375 0.087  0.500 0.200 2.221 0.090 

0.600 0.240 2.870 0.086  0.600 0.240 2.556 0.084 

0.700 0.280 3.505 0.084  0.700 0.280 2.938 0.084 

0.755 0.302 3.641 0.080  0.726 0.291 3.042 0.087 

(a)                                                          (b) 

Table 2: Verification at ULS: (a) overturning towards the inside; (b) overturning toward the outside 
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As previously discussed, the displacements obtained from the kinematic analysis are quite 

high and disgregation of the masonry may likely occur. For this reason, the verification is car-

ried out by assuming as ultimate displacements a set of values within the maximum displace-

ment obtained in the analysis. For what concerns the displacement demand, reference is made 

to the mean spectrum obtained from the site amplification analysis with return time Tr = 712 

years. Table 2 reports the results for the two opposite mechanisms; the verifications are satis-

fied for all the selected ultimate displacements but it is worth to notice that verifications for 

the lower ultimate displacements are satisfied with a minor margin. This is due to the spectral 

values obtained from the site response analysis that for the highest periods are quite low 

(Fig. 3). This point is crucial and rises doubts about the earthquake selected in the definition 

of the seismic actions even if the fortress has overcome important earthquakes without under-

go important damages. 

5 CONCLUSIONS  

A study on the seismic vulnerability of particular historical defensive walls was presented 

with reference to the case study of the Rocca Roveresca of Senigallia that underwent in the 

XV century important modifications of the plant in order to enhance its defensive perfor-

mances.  

A generic portion of the stratified walls was considered. A linear finite element model was 

first developed in order to understand the dynamic behaviour of the wall and to detect the 

probable incipient failure mechanisms. A static nonlinear analysis was then carried out to in-

vestigate the formation of the cracking layout and to detect the position of plastic hinges. The 

last analysis consisted in a nonlinear kinematic analysis. A new tailored macro-element con-

stituted by three bodies, namely the two external curtains and the inner infill, is presented. In-

teraction forces between the bodies are introduced by considering empirical degradations 

under the increasing displacements. Special emphasis is placed on the behaviour of the weak-

ly cohesive rubber stone fill. The results obtained demonstrated the efficiency of the wall 

against earthquakes characterized by return times typical for Damage Limitation State and 

Ultimate Limit State. At the same time, some issues that deserve further investigation were 

highlighted: 

1. influence of weakly cemented rubble stone fills on the behaviour of stratified defensive 

walls is positive but uncertainties about the real cohesion of the material are crucial as 

this can affect the collapse mechanism; 

2. the displacements obtained with the kinematic analysis carried out by considering the 

proposed macro-element are very high due to the aspect ratio of the external layers of 

defensive walls; this issue is critical as disgregation of the masonry may occur in the 

early overturning phases of the wall depending on the quality of the masonry. 

REFERENCES  

[1] S. Toy. A History of Fortification from 3000 BC to AD 1700. Pen & Swords Ltd, Barn-

ley, England, 2006. 

[2] J.E. Kaufmann, H.W. Kaufmann. The Medieval Fortress: Castles, Forts, and Walled 

Cities Of The Middle Ages, Da Capo Press, 2004. 

[3] V. Bosiljkov, M. Uranjek, R. Zarni, V. Bokan-Bosiljkov. An integrated diagnostic ap-

proach for the assessment of historic masonry structures. Journal of Cultural Heritage, 

Vol.11, 239–249, 2010. 

1863



G. Leoni, A. Zona, Q. Piattoni, A. Meschini, E. Petrucci, A. Dall’Asta, L. Dezi 

[4] V. Greif, J. Vlcko. Key block theory application for rock slope stability analysis in the 

foundations of medieval castles in Slovakia, Journal of Cultural Heritage, Vol. 14, 

359–364, 2013.  

[5] A. Baratta, I. Corbi, S. Coppari. A Method for the Evaluation of the Seismic Vulnerabil-

ity of Fortified Structures. COST ACTION C26: Urban Habitat Constructions under 

Catastrophic Events, Taylor & Francis Group, ISBN:978041560685, 2010. 

[6] L. Binda, C. Modena, F. Casarin, F. Lorenzoni, L. Cantini, S. Munda, Emergency ac-

tions and investigations on cultural heritage after the L’Aquila earthquake: the case of 

the Spanish Fortress, Bulletin of Earthquake Engineering, Vol. 9(1), 105-138, 2011. 

[7] Repubblica Italiana, Ministero delle Infrastrutture e dei Trasporti, Nuove norme tecniche 

per le costruzioni, D.M. 14 gennaio 2008. Gazzetta Ufficiale n. 29 del 4 febbraio 2008 - 

supplemento ordinario n. 30. 

[8] Repubblica Italiana, Ministero delle Infrastrutture e dei Trasporti e Consiglio Superiore 

dei Lavori Pubblici, Istruzioni per l'applicazione delle Nuove norme tecniche per le cos-

truzioni di cui al decreto ministeriale 14 gennaio 2008. Circolare 2 febbraio 2009, n. 

617. Gazzetta Ufficiale n. 47 del 26 febbraio 2009 - supplemento ordinario n. 27 

[9] Repubblica Italiana, Ministero per i Beni e le Attività Culturali, Linee guida per la valu-

tazione e la riduzione del rischio sismico del patrimonio culturale con riferimento alle 

Norme tecniche per le costruzioni di cui al decreto del Ministero delle Infrastrutture e 

dei trasporti del 14 gennaio 2008. Gazzetta Ufficiale n.47 del 26 febbraio 2011 - Sup-

plemento ordinario n. 54. 

1864



COMPDYN 2015 
5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

VULNERABILITY OF TORSIONALLY SENSITIVE                     
HISTORICAL BUILDINGS UNDER SEISMIC LOADS 

Stylianos I. Pardalopoulos1 and Stavroula J. Pantazopoulou2 
1 University of Cyprus 

Dept. of Civil & Environmental Engineering, Nicosia, Cyprus 
sjpard@gmail.com 

 
2 University of Cyprus  

Dept. of Civil & Environmental Engineering, Nicosia, Cyprus 
pantaz@ucy.ac.cy 

Keywords: Historical buildings, Torsion, Seismic Assessment, Monuments, Masonry. 

Abstract.  The paper explores the effects of asymmetry in plan owing to the occurrence of 
slender wings in massive monumental and historical URM buildings that belong to the post-
renaissance neoclassical school of architecture. Although it is common in buildings with flex-
ible diaphragms to disregard the implications of torsion, in this particular case these effects 
are significant causing important differential displacements and therefore a high risk of dam-
age in the wings. To study the problem, three-dimensional finite element models of a neoclas-
sical building with asymmetric plan shape located in Thessaloniki, Greece, are analyzed to a 
strong ground motion that has been recorded in the region and their maximum seismic re-
sponse is explored. This response is then compared with results obtained from application of 
the rapid seismic assessment procedure of unreinforced masonry buildings, which has been 
recently introduced by the authors and conclusions on the procedure’s accuracy are derived. 
Emphasis is placed on the sensitivity of the torsional aspects of the response to the stiffness of 
horizontal diaphragms that is provided by the architectural forms of the era under investiga-
tion. Application of this rapid methodology enables easy inspection over the building’s geom-
etry to identify those characteristics that may predispose the tendency for a strong torsional 
component of response, but it may also help identify the efficacy of retrofitting through the 
addition of diaphragms as a strengthening approach that may mitigate the occurrence of 
damage. 
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1 INTRODUCTION 
Monumental unreinforced masonry (URM) buildings built during and after the Renais-

sance were constructed to house government or state activities (palaces, universities, hospitals, 
etc) in many European cities, symbolizing at the same time the economical, political or cul-
tural maturity of the society to which they belonged. Having a lifetime ranging from one to 
more than five centuries, today this category of buildings are a living part of the European his-
tory, serving as a reminder of the era in which they have been constructed. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1: Examples of massive monumental structures across Europe [1]: (a) the palace of Versailles (1770), (b) 

the Schoenbrunn palace (1750), (c) the Hellenic parliament (1847). 

During their long period of existence, buildings of this class of massive load-bearing ma-
sonry have suffered significant damages in their structural system, especially in countries of 
the eastern Mediterranean basin that have high seismicity. Due to those buildings' historical 
importance, preservation and restoration of their unique architectural and structural character-
istics is among the main priorities of the states that own them, often regulated by international 
treaties for noninvasiveness and reversibility of the intervention (Charters adopted by the gen-
eral assembly of ICOMOS, [2]). Assessment of the residual strength of those buildings is 
therefore a necessary task in order to identify those cases that are most vulnerable and have a 

(b) 

(a) 

(c) 
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disposition for torsional response components owing to their plan morphology. Although in 
most of these cases retrofitting solutions for strengthening are restricted due to international 
treaties, an assessment methodology can shed light to the most pertinent strategies that might 
mitigate a possible accidental loss of part of this heritage in the future.  

Assessing the residual strength of monumental URM buildings is a much more demanding 
task as compared to assessment of residential buildings of the same era, not only because of 
their massive volume but mostly because this type o buildings possesses special dynamic 
characteristics due to their Architectural design that may cause significant damages during an 
earthquake. In order to achieve the desired harmony, which was inspired from highly regarded 
classical forms of Hellenic antiquity, monumental multi-unit buildings have a system-plan 
organized along a main axis of symmetry, whereas in many cases a transversal axis of sym-
metry in plan also exists. To achieve the desired symmetry in plan, Architects of that era or-
ganized the building volumes in the form of an H, an L, a Π or a T, with courts located in the 
recesses of these shapes so that the overall plan could be thought to form a concave prism, 
whereas at each building volume long corridors are usually spanning from one end of the 
building volume to the other (Fig. 2).  The long and slender wings are always susceptible to 
out of plane action; but in many cases of uniaxial symmetry the plan arrangement of monu-
mental buildings is responsible for the development of in-plan torsional phenomena during a 
seismic excitation in direction orthogonal to the axis of symmetry, and this can cause signifi-
cant damages at locations of the building that are remote relative to the center of twist of the 
complex building plan. This is why systematic development of structural damages mainly at 
the locations where separate building volumes are joined, as well as at the walls of corridors 
with significant length between successive transverse walls, due to dynamic displacements in 
the out-of-plane direction is frequently reported in post earthquake reconnaissance reports of 
monumental URM buildings (Fig. 2). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: Plans of neoclassical monumental buildings (Athens [3]) and notation of locations of developed dam-
ages during the 1999 Athens earthquake: (a) the Academy of Athens (1887), (b) the University of Athens Central 

Building (1864). 
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In the present study the torsional response excited by the plan shape morphology of mon-
umental and historical URM buildings is investigated. This is achieved via time-history dy-
namic analyses of three-dimensional finite element models of a neoclassical building with 
asymmetric plan shape located in Thessaloniki, Greece. Emphasis is given into investigating 
the effect of horizontal diaphragm stiffness provided by the architectural forms of that era to 
the overall torsional response of this class of buildings. This building is then assessed utilizing 
the latest version of the rapid seismic assessment procedure for URM building, which was 
recently introduced by the authors [4 - 6] enabling the evaluation of the accuracy of the rapid 
procedures when torsional behavior is prevalent.   

2 RAPID SEISMIC ASSESSMENT PROCEDURE OF URM BUILDINGS 
To facilitate seismic assessment of historical and heritage URM buildings a rapid proce-

dure has been recently introduced by the authors [4 - 6], which produces results of equivalent 
accuracy to detailed time-history dynamic analysis based assessment procedures while requir-
ing significantly less effort and shorter computational time. This procedure consists of the fol-
lowing two steps: 

Step 1: Determination of envelope of the developed deformations along the examined build-
ing The first step of the introduced rapid assessment procedure is the determination of the en-
velope of the developed horizontal deformations along the structural system of the examined 
building during its seismic excitation. To do so, a three-dimensional finite element model of 
the examined building is subjected to a notional gravitational field that acts horizontally in 
each of the two principal plan directions of the building and then is analyzed statically. Tak-
ing into consideration the brittle response of URM, which cannot secure a positive definite 
stiffness of pier members after cracking, the examined building can be simulated as a linear 
finite element model with localized points of non-linear response at contact points. To capture 
both in-plane and out-of-plane actions, basic element unit in the discretization of the piers and 
spandrels is a typical thick shell with elastic properties. Each static analysis provides a de-
flected shape of the examined building analogous to the one corresponding at the instant of 
the building's maximum seismic response when subjected to a seismic excitation capable of 
mobilizing the biggest possible fraction of the building's total mass in the corresponding plan 
direction; note that the percentage of the total mass of a vibrating structure that can be activat-
ed during a seismic excitation depends of the correlation between the structure's dynamic 
characteristics and the earthquake's frequency content and height-wise mass distribution - in 
the case of URM historic buildings it ranges up to 50% [4]. The envelope of developed de-
formations along the structural system of the examined building corresponding to the spectral 
demand imposed at the building's site by the associated seismic code is then calculated by 
amplifying the deflected shape obtained from the static analysis in the i-th plan direction (i = 
X or Y) with the amplification factor fi: 

               iroofiDdi UTSf ,1, )(                    (1) 

where, SDd(T1) is the spectral relative displacement demand corresponding to the building's 
fundamental period of vibration, T1, and Uroof,i is the average horizontal translation at the roof 
level of the building in the corresponding plan direction i, as calculated from static analysis. 
The same scaling (through fi) maybe applied in the estimated member forces from the static 
analyses in order to obtain a rough estimate of peak member stresses/forces during the ground 
excitation. SDd(T1) can be evaluated according to EC8-1 [7], as per: 
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where, I is the importance factor of the building, gRa is the reference peak ground acceleration 
on type A ground and S is the soil factor; Sd(T1) in Eq. 2 is the total spectral acceleration for a 
SDOF system with a period of T1. The building's fundamental period of vibration, 1T , is ap-
proximated as (EC8-1 [7]): 

        4/3
1 050.0 HT                     (3) 

where, H is the total building height, in m, measured from the level of foundation or the level 
of rigid basement. 
Step 2: Determination of local seismic demand and application of acceptance critiria Bear-
ing capacity in URM historical structures can be best identified by the amount of deformation 
occurring in the various components of the structure. Using deformation demand for the pur-
pose of seismic assessment is more meaningful than force demand estimation as, based on 
equal displacement rule, elastic displacement demands are close to the inelastic ones, whereas 
analogous similarities do not exist between the forces calculated from inelastic and elastic 
analyses. In the framework of the introduced rapid seismic assessment procedure, local seis-
mic demand is specified in terms of relative drift ratios referring to the in-plane relative devia-
tion of the piers' and walls' ends from vertical, θin, and to URM facades deviating from the 
horizontal initial orientation out-of-plane, θout. The relative drift ratio in plane, θin, is defined 
as the horizontal relative displacement (i.e. the difference) that occurs between two points 
along the building height, (i.e. ends of a pier or a wall), divided by their distance. θout is de-
fined as the outwards relative deflection between successive points in the building plan.   
Meaningful indices include the relative displacement between the midspan and corners of 
walls oriented normal to the direction of seismic action, depicting the out-of-plane action; also 
the relative displacement at the end points of wings relative to the main structure, indicating 
the tendency for torsional response, θtor. This may be examined at the floor levels and at the 
crest of the building. Definitions of θin, θout and θtor are presented in Figure 3. Thus, the frac-
tion of the θin value which is owing to the torsional response is equal to θtor·L/H, where L is 
the length of wing from the point of support and H the height of the structure at the point con-
sidered.  
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

Figure 3: Definitions of θin, θout and θtor relative drift ratios. 

lv 

lh 

G
ra

vi
ty

 L
oa

ds
 

ΔUin-plane ΔUout-of-plane 

Ea
rt

hq
ua

ke
 D

ir
ec

tio
n 

ΔUtrans 

θtor 
Llong 

v

planein
in l

U 


h

planeofout
out l

U 


2


long

trans
tor L

U


1869



Stylianos I. Pardalopoulos and Stavroula J. Pantazopoulou 

The values of θin, θout and θtor calculated above are then compared to the corresponding per-
formance levels imposed by the seismic code applicable at the site. Cracking rotations (drift 
ratios) in masonry elements, θy, are in the order of 0.15% for in-plane and 0.20% for out-of-
plane wall deformation (corresponding to the Operational/Immediate Occupancy limit state). 
The Hellenic code for assessment and structural interventions in masonry buildings (KADET 
2014, [8]) classifies as Significant but Repairable Damage performance level values of rela-
tive drift ratios that vary between θy and 3/4∙θu (i.e. ductilities < 2.5), whereas for higher 
values of θin and θout ranging up to the limit of 4/3∙θu damages occurring to the structural ele-
ments are classified as having attained the Life-Safe/No collapse performance level. The value 
of ultimate drift ratio, θu, according to the same code depends on the kind of deformation im-
posed on the examined wall. For in-plane deformations, θu equals: 

          θu = 0.008 / L                  (4) 
whereas, for out-of-plane deformations: 

           θu = min {θu,1, θu,2}  ;  θu,1 = 0.003 ∙ Ho / t ,  θu,2 = θR,u ∙ (1 - My / MRd)              (5) 
In Equations 4 and 5, L is the length of the wall (measured in the horizontal direction), t is its 
width, ou,R Ht ,   6tBfM 2

wty  , fwt is the tensile strength of the wall, B is the dimen-
sion of the wall pier or spandrel that defines the width of the section that is bending, Ho is the 
distance from the point about which rotation of the wall occurs, 2/HFM oRdRd  , 

wLdRd AtTSF ,1)(    and wwL HLA , , and Hw is the total wall height. 

3 DEMONSTRATION OF THE SEISMIC RESPONSE OF MONUMENTAL URM 
BUILDINGS 

To investigate the seismic response of torsionally sensitive monumental and historical 
buildings a series of time-history dynamic analyses have been performed to different types of 
finite element models of a monumental building located in Thessaloniki, Greece. The building, 
known as “Papafeion”, was constructed in 1902 according to the designs of the architect 
Xenofon Paionidis and the sponsorship of Ioannis Papafis in order to function as an orphan-
age for the children of the Hellenic community of Thessaloniki, which at the time was under 
Ottoman rule. Since 1903 the building is being continuously in operation, functioning mainly 
as an orphanage or a hospital, with the most recent function to be a boarding school for or-
phan boys under the management of the Orthodox Church. 

3.1 Description of the examined building  
The Papafeio building is a three storey neoclassical building, consisting of three building 
wings which in plan forms the shape of the capital letter E (Fig. 4), codifying the initial letter 
of the words Ελλάς, Ελευθερία and Ειρήνη, the Greek words for Greece, Freedom and Peace 
which at the time were the object of national struggle. The entire building complex is en-
closed within a rectangle of external dimensions of 81.50 by 55.44 m, whereas the building 
height measured from the floor of the first storey to the top of the third storey (the height of 
the timber roof is omitted) is 16.23 m (foundation height: 1.20 m, 1st storey: 3.60 m, 2nd storey: 
5.65 m, 3rd storey 5.78 m) except of the central part of the central wing, where the correspond-
ing height is 19.03 m due to an elevation of the roof of the building's ceremonial hall (Fig. 
4(e)). The walls of the first storey are made of stone, having a thickness equal to 0.80 m at the 
perimeter of the building and 0.70 m at the inner plan. Walls of the second storey were built 
of solid bricks, whereas third storey walls are made of voided bricks. Perimeter walls are  
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Figure 4: The Papafeio building: (a) North view, (b) 3D finite element model, (c - e) plan views of the 1st, the 2nd 

and the 3rd storey. 
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0.55 m in width, whereas internal walls are 0.40 m thick at both storeys. Floors of the first and 
the second storey are made of double T iron beams having a 100 x 180 mm and a 80 x 180 
mm cross section at each storey, respectively, spacing along the small sides of the rooms and 
the corridors at 0.65 m at the first and 0.67 m at the second storey. The roof of the third storey 
is also made of double T iron beams, oriented similarly to the iron beams of the 1st and the 2nd 
storey floors, having a cross section of 80 x 200 mm and spacing at 0.85 m. At all floors and 
the roof brick–arches spanning in the transverse direction between successive iron beams are 
encased between the upper and lower flanges of the double T beams. The total thickness of 
the building's horizontal structural elements (including the finishing) at the location of the 
iron beams is 0.34 and 0.30 m at first and second storey floor and 0.20 m at third storey roof, 
whereas the thickness at highest point of the arches is about 0.10 m smaller. The last storey is 
covered by a roof made of timber, trusses spanning along the longitudinal dimensions of the 
building's wings, yet this roof is not part of the structural system of the building. 

3.2 Modeling and analysis of the examined building 
Investigation of the seismic response of the Papafeio building was achieved via simulation 

of the building as a three-dimensional finite model (Fig. 4(b)) by subjecting the model to 
time-history dynamic analyses [9]. In the building model walls were idealized using four-node 
shell elements, capable of supporting in plane and out of plane forces and moments (6 d.o.f. 
per node), whereas floors were simulated using linear elements for the iron beams and shell 
elements to represent the brick arches spanning between steel beams. A total number of more 
than 91000 area and 16000 frame elements were utilized, resulting in the formation of a finite 
element model of an input size of 180 MB. Response of the shell and the linear elements was 
considered elastic. The modulus of elasticity of stone and bricks was considered 1000 times 
the value of the corresponding compressive strength, fk; this variable was taken equal to: (a) 
for stone fk = 5.5 MPa, (b) for solid bricks fk = 4.0 MPa and (c) for voided bricks fk = 1.5 MPa. 
In the case of frame elements (iron beams), the modulus of elasticity was taken equal to 150 
GPa. In all cases self weight of the building was calculated according to the material density; 
for stone 25 kN/m3, for solid bricks 18 kN/m3 and for voided bricks 14 kN/m3. A roof weight 
equal to 1.5 kN/m2 was assumed, uniformly distributed along the area elements of the third 
storey roof. Service loads were considered equal to 2.50 kN/m2 for the roof and 3.50 kN/m2 
for the floors of the building. Masses considered in the dynamic analyses were automatically 
calculated by the program, by multiplying each element (shell or linear) volume by their re-
spective density. 

In order to investigate the influence of floor and roof stiffness within their plane to the 
overall seismic response of torsionally vulnerable URM buildings, two different versions of 
the produced building model were considered in the dynamic analyses. Note that according to 
the construction practices used from Renaissance until the 20th Century all over Europe, dif-
ferent types of floors and roofs were used in this category of buildings, providing different 
types of stiffness within their plane. In the first version of the considered building, the stiff-
ness of the horizontal structural elements (floors and roof) was omitted, accounting for a 
building response which is controlled only by the response of the building's walls. The second 
version of the examined building model had full diaphragm action established at its floors and 
roof levels, accounting for the theoretical case where the horizontal structural elements of the 
same level at height in all building wings respond in plan as if they belong in the same unde-
formed horizontal plane. The actual seismic response of the building lies somewhere within 
the response of the two examined versions of the building model, which form the envelope of 
seismic response that can be developed from it. 
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Each of the two versions of the building model were subjected to time-history dynamic 
analyses for the case of the 1978 Thessaloniki earthquake record, selected from the ITSAK 
earthquake database [10]. From among the three components recorded for the specific earth-
quake case (two horizontal and one vertical) the record used in dynamic analyses corresponds 
to the horizontal component with the maximum recorded absolute peak ground acceleration 
(PGA). This component was applied separately in each of the two principal directions in plan 
of the examined building in each case of dynamic analysis. The absolute acceleration and 
relative displacement response spectra of the acceleration record used in the dynamic analyses, 
Sa and Sd respectively, as those were calculated considering a viscous damping equal to = 
5%, are presented in Figure 5 in comparison to the corresponding spectra imposed by EC8-1 
for seismic assessment of URM historical buildings at the building's site (γI = 1.3, S = 1.20). 

 
 
 
 
 
 
 
 

 

Figure 5: Response spectra of the earthquake record used in the analyses (calculated for 5% damping) and         
imposed by EC8-1 for assessment: (a) absolute acceleration spectra, (b) relative displacement spectra. 

3.3 Examination of the results of time-history analyses 
To understand the seismic response of torsionally sensitive, monumental, URM buildings, 

first the time-history of the horizontal displacements at the roof of the third storey of the 
Papafeio building is investigated. Figures 6 and 8 depict the time-history of the horizontal 
displacements parallel to both the X and Y plan directions, UX and UY, at selected locations of 
the building's plan (for the location of each control point see Fig. 4(e)). Ui (i = X or Y) at those 
two figures derived from the dynamic analyses of the building model with no floor and roof 
stiffness, subjected to seismic excitation parallel to X and Y directions, respectively. Each plot 
depicts a time interval of 1.5s before and after the instant of maximization of the horizontal 
displacement of the control point in the same direction with the earthquake excitation. Note 
that time-histories of Ui are presented as a ratio of the maximum value of the time-history of 
the maximum horizontal displacement developed at the examined locations, estimated from, 
Umax= (UX

2 + UY
2), so as to investigate the degree of influence of torsional phenomena owing 

to the building's plan shape. Similar graphs corresponding to the dynamic analyses of the 
building model with established diaphragm action at floors and roof levels are presented in 
Figures 7 and 9. 

As depicted in Figs. 6 - 9, the degree of provided stiffness within the horizontal structural 
elements at this category of buildings plays a crucial role at the building's overall seismic re-
sponse. In the case where floor stiffness is omitted (Figs. 6 and 8), each of the control points 
of the building displaces not only parallel to the earthquake excitation but also in the orthogo-
nal direction by a significant amount, which may exceed up to 50% of the magnitude of its 
principal displacement. This applies at the edges of the building and at walls whose plane is 
parallel to the direction of the earthquake excitation, whereas walls oriented orthogonal to the 
ground excitation displace mainly in their out-of-plane direction (Figure 6, Facade Y3). On the 
contrary, when full diaphragm action is achieved within building's floors and roof, all control 
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Figure 6: Time-histories of the developed horizontal displacements at roof level of the Papafeio building when 
zero stiffness is considered within its floors and roof levels - Earthquake action parallel to X plan direction. 
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Figure 7: Time-histories of the developed horizontal displacements at roof level of the Papafeio building when 
full diaphragm action is considered within its floors and roof levels - Earthquake action in X plan direction. 
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Figure 8: Time-histories of the developed horizontal displacements at roof level of the Papafeio building when 
diaphragm action is neglected in its floors and roof levels - Earthquake action parallel to Y plan direction. 
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Figure 9: Time-histories of the developed horizontal displacements at roof level of the Papafeio building when 
full diaphragm action is considered within its floors and roof levels - Earthquake action in Y plan direction. 
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points displace mainly parallel to the direction of the earthquake action, regardless of orienta-
tion of the walls to whom they belong with respect to the earthquake's direction (Figs. 7 and 
9). Also note that in the case of zero stiffness within the plane of the floors and roof the wave-
form of developed displacements varies among the different control points of the building, 
indicating a differential movement within locations of the same horizontal level of the build-
ing. 

To further understand the influence of torsional effects developing at monumental URM 
buildings in association to the degree of achievable diaphragm action at their floors and roof  
to the structures' overall seismic response, Figures 10 and 11 depict the lateral displacements 
occurring height-wise at control locations at the instant of maximization of the horizontal roof 
displacement. The two figures present the deflected shapes of the same ten control locations 
examined at Figs. 6 - 9 at X and Y plan directions respectively, when the earthquake acts in 
the corresponding direction. Lines in light blue and orange in Fig. 10 and 11 respectively refer 
to the responses obtained from the building model with no-diaphragm action within its floors 
and roof, whereas lines in dark blue and red in the same figures correspond to the seismic re-
sponse of the building model with full diaphragm action. Continuous lines plot the deformed 
shape of the control locations at the instant of their maximum roof displacement. Also plotted 
with dashed lines are the corresponding deformed shapes obtained after performing the pro-
posed static analysis procedure for rapid determination of the building's maximum seismic 
response. These shapes have been amplified by the fi factors (Eq. 1) so as the maximum hori-
zontal displacement of the respective control location obtained from time-history dynamic 
analysis be equal with the horizontal displacement occurring from the proposed static analysis 
procedure at the same building height (this location in height corresponds to the roof level at 
all control locations except of the case of facade Y3 when full diaphragm action is considered, 
which is at 91% of the total building height). 

As illustrated in both figures, the horizontal deformations occurring at the building's con-
trol locations when the earthquake excitation acts in the same plan direction and full dia-
phragm action at the floors and roof level is considered are greater as compared to the 
corresponding displacements obtained in the absence of a diaphragm action. This difference is 
greater when the earthquake acts in X plan direction (perpendicular to the building's axis of 
symmetry) ranging up to the value of 3. Also depicted at Figs. 10 and 11 is the very good cor-
relation between the deformed shapes of the control locations obtained by the two analysis 
procedures, whereas even when there is some discrepancy in the results, the interstorey drift 
calculated from the static analysis procedure results is greater than the corresponding one de-
rived from the results of time-history dynamic analysis. 

Therefore, in terms of determination of the lateral displacement profiles, application of the 
rapid analysis procedure yields results of the same accuracy as a time–history dynamic analy-
sis. Yet, application of the introduced rapid analysis procedure requires significantly smaller 
computational time and means. Among the examined analyses cases, the volume of produced 
output files in the case of time–history dynamic analyses is in the range of 57 GB, requiring 
an execution time of about 18 h, whereas execution of the rapid analysis procedure in the 
same 3-D finite element models required less than two minutes for each plan direction of the 
examined building models and the volume of the produced output files were is the range of 1 
GB (note that the input file of the Papafeio building alone has a volume of 0.18 GB). Thus, 
the proposed static analysis procedure is much simpler to process and handle than the time-
history dynamic analysis procedure, especially in cases of massive structures, such as the 
monumental URM buildings; this renders the rapid approach a useful tool in the hands of 
practitioners in the field of seismic assessment. 
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Figure 10: Lateral displacements at control locations of the Papafeio building (for identification of location see 
Fig. 4) in the X plan direction at the instant of the maximum roof displacement, when the building is subjected to 

earthquake excitation in the same direction. 
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Figure 11: Lateral displacements at control locations of the Papafeio building (for identification of location see 
Fig. 4) in the Y plan direction at the instant of the maximum roof displacement, when the building is subjected to 

earthquake excitation in the same direction. 
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4 SEISMIC ASSESSMENT OF THE PAPAFEIO BUILDING 
As demonstrated from the seismic response of the two versions of the Papafeio building 

model, the different degree of diaphragm action provided at floor levels of historic URM 
buildings due to the vast variety of construction practices used at horizontal structural ele-
ments in association with the influence of torsion due to the shape in plan of many of this type 
of buildings can lead to very different responses of their structural system. Therefore, seismic 
assessment of monumental and historical URM building is essential, especially in countries 
that suffer from high seismicity, so as to identify potential locations of damage at the case of 
the earthquake scenario applied in the greater region and to select the appropriate retrofit 
strategy that will secure the integrity of the structure as well as the preservation of its unique 
historic and architectural characteristics. In this framework, the rapid seismic assessment pro-
cedure introduced by the authors provides accurate results in a relatively straightforward 
manner. In this section an example application of the proposed procedure to the two versions 
of the Papafeio building model is presented for the case of the EC8-1 earthquake scenario ap-
plied at the building's site (agR = 0.16 g, Fig. 5) and the results are compared to the building's 
actual seismic response during the 1978 Thessaloniki earthquake (Fig. 5).  

Application of the rapid seismic assessment procedure first requires the determination of 
the envelope of the structure's horizontal displacements caused by the earthquake scenario 
imposed at the building's site. Considering the height of the Papafeio building, measured from 
its foundations to the roof of the third storey as H = 16.23 m the building's fundamental period 
of vibration in both of its principal plan directions can be estimated according to Eq. 3 as T1 = 
0.40 s. According to EC8-1 (Eq. 2) the value of spectral absolute acceleration used for the 
building's seismic assessment is Sd(T1) = 1.3 ∙ 1.57 ∙ 1.20 ∙ 2.50 = 6.121 m/s2 (intersection of 
blue and gray lines, Fig. 5(a)), whereas the target roof displacement valid for both the build-
ing's principal plan directions is SDd(T1) = 6.121 ∙ (0.40 /(2 ∙ π))2 = 24.81 mm (Fig. 5(b)). The 
average horizontal displacement of the third storey roof in the X plan direction, as this was 
derived from the proposed static analysis procedure, is 21.88 and 19.92 mm when diaphragms 
were neglected and when full diaphragm action at floor levers was considered, respectively 
(i.e., practically the same). The corresponding values in the Y plan directions are 5.80 and 
4.79 mm. Therefore, calculation of the developed displacements or stresses for conducting 
seismic assessment can be obtained by multiplying the corresponding parameter from the stat-
ic analysis with the amplification factors (Eq. 1) fx = 24.81 / 21.88 = 1.13 and fy = 24.81 / 
19.92 = 1.25 when floor stiffness is neglected and with fx = 24.81 / 5.80 = 4.28 and fy = 24.81 
/ 4.79 = 5.18 in the case of full diaphragm action at the building's floors. Consider for exam-
ple the building's external wall Y1 (Fig. 4(c-e)), whose length is L = 12.88 m. In the case of the 
building model with zero diaphragm action at floors and roof levels the horizontal displace-
ments UX at midspan (out-of-plane wall response) resulting from the proposed static analysis 
procedure in the X plan direction at roof levels of the 3rd, the 2nd and the 1st storey are 38.418, 
22.876 and 4.626 mm, whereas the corresponding displacements at the northern end of the 
wall (Y = 0 m) are 6.245, 3.814 and 1.036 mm and at the wall's southern end (Y = 12.88 m) 
are 9.830, 6.031 and 2.955 mm. Therefore, the out-of-plane deflection of the Y1 wall at the 
instant its maximum seismic response, θout, calculated according to Fig. 3 and the amplifica-
tion factor fx = 1.13, will be 0.58%, 0.34% and 0.05% at roof levels of the 3rd, the 2nd and the 
1st storey, respectively. Note that when full diaphragm action is considered at floors and roof 
levels θout = 0, as all points of the same level move as if they belong in a perfectly undeformed 
plane. In the case of in-plane wall seismic response, the UY horizontal displacements at the 
roofs of the 3rd, the 2nd and the 1st storey and the floor of the 1st storey of wall Y1 resulting 
from the proposed static analysis procedure in the Y plan direction are [4.172, 2.521, 0.708, 
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0.095] mm when no-diaphragm action is considered and [4.818, 2.838, 0.924, 0.116] mm in 
the case of full diaphragm action at floors and roof. With the corresponding values of fy and 
the storey heights (see §3.1) the maximum value of in-plane relative drift ratios, θin, of the 3rd, 
the 2nd and the 1st storey of the wall Y1 at the instant of their maximum seismic response will 
be [0.04, 0.04, 0.02] % and [0.18, 0.18, 0.12] % in the case of negligible and full diaphragm 
action, respectively. 

The rapid seismic assessment procedure leads to the evaluation of performance of the 
Papafeio building for the EC8-1 earthquake scenario from the local seismic deformation ca-
pacities, as calculated from Eqs. 4 and 5. Table 1 presents the results of the seismic assess-
ment procedure in terms of θin and θout at selected locations of the external walls denoted at 
Fig. 4(c-e) of the two versions of the building model (note that in the case of the building 
model with complete diaphragm action at its floors and roof θout = 0). The relative drift ratios 
along the height of the building edges that belong to the walls presented at Table 1 are equal 
to the corresponding values of θin (for example, the relative drift ratios along the height of the 
edge E1 in the X plan direction equal to θin of the wall X1, whereas those in the Y plan direc-
tion equal to θin of the wall Y1). Furthermore, Table 2 presents the values of θtor which are ex-
pected at selected locations of the exterior of the building when the earthquake acts 
perpendicular to the examined locations, as the result of the torsional phenomena developing 
at the floors and the roof of the building due to its plan shape. Note that in the case of com-
plete diaphragm action at floors and roof of the building the values of θtor are systematically 
lower than the corresponding ones when no diaphragm action is considered, by as much as 
200 times. Exception to this rule is the response of the southern façade of the Papafeio build-
ing (the E2 – E3 façade) where in the case of complete diaphragm action the values of θtor at 
the floors and roof levels are greater by 8 to 73 times as compared to the corresponding values 
when no diaphragm action is considered. 
 

  No Diaphragm Action Complete Diaphragm Action 
Location Storey θin  (%) θout  (%) θin  (%) θout  (%) 
X1  3rd 0.05 0.52 0.21 0 
 2nd 0.05 0.32 0.21 0 
 1st 0.03 0.06 0.15 0 
X2 3rd 0.08 1.10 0.21 0 
 2nd 0.09 0.48 0.22 0 
 1st 0.04 0.08 0.15 0 
X3 3rd 0.08 0.26 0.21 0 
 2nd 0.08 0.16 0.22 0 
 1st 0.04 0.03 0.15 0 
Y1 3rd 0.04 0.58 0.18 0 
 2nd 0.04 0.34 0.18 0 
 1st 0.02 0.05 0.12 0 
Y2 3rd 0.04 0.30 0.16 0 
 2nd 0.04 0.25 0.18 0 
 1st 0.02 0.01 0.09 0 
Y3 3rd 0.08 1.75 0.33 0 
 2nd 0.09 0.81 0.37 0 
 1st 0.03 0.11 0.14 0 

Table 1: Values of θin and θout at selected locations of the external walls of the Papafeio building. Values in red 
correspond to development of moderate damages.  
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In the case of in-plane response of the building’s walls, the value of θu derived from Eq. 4 
according to the walls’ geometric characteristics equals to 0.80%. Therefore, the onset for the 
Repairable Damage and No-Collapse performance levels equal to 0.60% and 1.07%, respec-
tively. When out-of-plane response is considered, given the geometric characteristics of the 
walls at the selected locations, the onset for the Repairable Damage performance level ranges 
between 1.16% and 3.44%, whereas the corresponding value range for the Life-Safe/No-
Collapse performance level is between 2.05% and 6.12%. Considering the values of θin and 
θout presented at Table 1, moderate damages are expected to occur at the external walls of the 
Papafeio building in the form of flexural cracking of the walls due to out of plane action. The 
results of the rapid seismic assessment are confirmed by the actual response of the building 
during the 1978 Thessaloniki earthquake, whose response spectra approximate those of EC8-1, 
calculated for agR = 0.16 g (Fig. 5). 
 

  No Diaphragm Action Complete Diaphragm Action 
Location Storey θtor  (%) θtor  (%) 
E1 – E2 = E3 – E4 3rd 0.006164 0.000169 
 2nd 0.003268 0.000265 
 1st 0.000460 0.000193 
E2 – E3 3rd 0.000048 0.000411 
 2nd 0.000042 0.000321 
 1st 0.000003 0.000225 
E6 – E7 3rd 0.035967 0.000178 
 2nd 0.016499 0.000257 
 1st 0.002991 0.000198 
E1 – E9 = E4 – E5 3rd 0.030183 0.000427 
 2nd 0.017470 0.000321 
 1st 0.003281 0.000214 

Table 2: Values of θtor at selected locations of the Papafeio building. 

5 CONCLUSIONS  
This paper investigates the seismic response of monumental buildings built during the 

post-renaissance era in many European cities. Buildings of this category often have a unidi-
rectional plan symmetry, whereas in the other principal plan axis asymmetry occasionally 
triggers torsional phenomena during a seismic excitation, which can lead to important differ-
ential displacements along their structural system and therefore a high risk of damage locali-
zation in the remotest edges of the structure. Given the historical value of those buildings, 
which in many cases are inseparably connected with political, economical or cultural national 
milestones, seismic assessment of them is an essential step towards identifying potential loca-
tions of damage and towards selecting the appropriate retrofit strategy that will secure the in-
tegrity of those structures as well as the preservation of their unique historic and architectural 
characteristics. 

In this framework, the rapid seismic procedure for unreinforced masonry buildings, which 
has recently been developed by the authors, has been applied to a monumental neoclassical 
building of Thessaloniki, Greece and results have been evaluated to assess the extent of antic-
ipated damage. It was shown that the assessment procedure yielded results of equivalent accu-
racy to detailed time-history dynamic analysis based assessment procedures, as well as to the 
actual seismic response of the examined building. Yet, the introduced procedure required sig-
nificantly shorter computational time and effort, and produced significantly smaller volume of 
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output files, which makes it ideal for use in the case of massive structures such as the monu-
mental buildings, where, even when powerful computational means are utilized seismic as-
sessment can be an especially demanding task. 
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Abstract. Masonry walls are exposed to various potentially damaging factors, which arise due 

to common environmental effects or accidental actions. Local damage on a masonry wall 

operating as a primary load carrying component may trigger partial or full collapse of the wall 

and of the structural system it is supporting. Therefore, reliably assessing (potentially) 

damaged masonry walls is a crucial aspect in maintaining the desired safety level and decide 

the appropriate retrofit measures possibly required. 

In the present work, the influence of deterioration at the base of stone masonry walls on their 

structural response is investigated. For this purpose, plane stress non-linear Finite Element 

(FE) analyses are performed for various wall configurations and base deterioration scenarios. 

Hence, the in-plane lateral strength is computed for walls, which are artificially damaged by 

notionally removing masonry material from the walls’ base. By comparing the remaining 

carrying capacity of a ‘damaged’ wall with the carrying capacity of the corresponding intact 

wall, the structural damage tolerance of the deteriorated wall can be quantitatively assessed. 

The results obtained demonstrate the effects of base deterioration on the lateral resistance of 

stone masonry walls and facilitate the decision making process for a possible small- or large-

scale intervention. 
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1 INTRODUCTION 

Stone masonry walls operating as primary load carrying components are encountered in 

several historic/traditional as well as contemporary structures. As any structural component, 

such walls are exposed to various potentially damaging factors, which arise due to common 

everyday or frequent environmental effects, as well as infrequent severe/accidental actions [1-

5]. Local damage may trigger partial or full collapse of a masonry wall and of the structural 

system it is supporting. Therefore, the understanding of the structural behaviour and the 

estimation of the remaining carrying capacity of a damaged masonry wall are crucial aspects in 

its assessment with respect to the safety level provided and the retrofit measures possibly 

required. 

Typically, the part most prone to deterioration is the base of the masonry wall. Hence, the 

present work is concerned with the influence of deterioration at the base of stone masonry walls 

on their structural response. Base deterioration develops primarily due to rising damp, which 

penetrates into the wall and then evaporates causing disintegration of the wall constituents 

(stone/mortar). This deterioration process starts from the foundation level, at the external wall 

surface, and proceeds upwards and inwards, undercutting this way the wall structure. 

Depending on the extent of deterioration, possible interventions may aim at eliminating or at 

least diminishing the impacts of the deterioration factor (e.g. reduce damp by installing more 

effective drainage system) and/or at repairing/strengthening the damaged wall (e.g. through 

stone/mortar replacement or injection grouting). 

In this work, plane stress non-linear Finite Element (FE) analyses are performed to examine 

the in-plane lateral resistance of stone masonry walls under various base deterioration scenarios. 

The length of the masonry walls considered is 6m, the height is 3m and the thickness is 50cm, 

while various configurations of door/window openings are assumed. For each case investigated, 

the intact (non-deteriorated) wall is first analysed. Then, several base deterioration scenarios 

are defined through the notional thickness reduction of certain elements of the wall FE mesh. 

The results obtained for the FE models with notionally removed masonry material allow the 

estimation of the structural damage tolerance of the deteriorated wall. Such results can greatly 

assist in establishing rational damage control and retrofit strategies for masonry walls with 

deterioration at their base. 

The remainder of this paper is organized as follows. Section 2 provides the geometrical 

characteristics of the masonry walls analysed in the present work. Section 3 describes the base 

deterioration scenarios assumed for the analysed masonry walls. Section 4 presents the way the 

walls are simulated using non-linear FE analysis. FE simulation results are reported in section 

5. Finally, the conclusions of the paper are given in section 6. 

2 GEOMETRICAL CHARACTERISTICS OF ANALYSED MASONRY WALLS 

Four different stone masonry wall configurations are examined in this work (Fig. 1). In all 4 

configurations, the same basic geometrical wall characteristics are assumed: 6m×3m×50cm 

(length×height×thickness of the wall). The difference in these configurations is made by the 

presence of window/door openings. Hence, the 4 configurations correspond to: (a) a wall 

without openings, (b) a wall with a central window opening, (c) a wall with a central door 

opening and (d) a wall with a door and a window opening. Window openings have dimensions 

1m×1m, while door openings have dimensions 1m×2m (width×height). Timber lintels are 

assumed to be installed above all openings. The detailed geometrical characteristics for the 4 

wall configurations are given in Fig. 1. 
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Figure 1: Geometrical characteristics of analysed masonry walls. 

 

3 ARTIFICIAL DETERIORATION THROUGH NOTIONAL MATERIAL 

REMOVAL 

In the present work, deterioration is simulated by the notional material removal from the 

base of a wall. It is assumed that deterioration develops uniformly over the wall’s length. Hence, 

3 longitudinal deterioration zones are defined, as shown in Fig. 2; the height of zone 1 is 10cm, 

while the height of each of zones 2 and 3 is 20cm. Masonry material is notionally removed from 

the ‘deteriorated’ wall region (i.e. from the 3 deterioration zones) in 15 phases, as described in 

Table 1. In each phase, the masonry material removed from a zone has a constant thickness 0-

25cm within this zone, i.e. the deterioration thickness is constant over the length and height of 

a zone. At any phase, each zone may have a different deterioration thickness, however the 

deterioration thickness in a lower zone is always larger or equal to the one of a higher zone. 

The maximum height of the ‘deteriorated’ wall region is 50cm, which is encountered when all 

3 zones have non-zero deterioration thicknesses. Characteristic deterioration phases are 

illustrated in Fig. 3. 

Each of the 15 material removal phases defined corresponds to a deterioration scenario of 

the masonry wall. A FE analysis is conducted to determine the load carrying capacity of the 

wall for each deterioration scenario. Through the ‘gradual’ material removal in phases and the 

FE analysis in each phase, we can monitor the wall’s structural behaviour for deterioration 

effects of increasing severity. 

In order to facilitate the reference to deterioration phases, a deterioration index Idet is defined, 

which quantitatively describes the extent of artificial deterioration assumed. Referring to the 

rectangular cross-section 50cm×300cm (thickness×height) of the masonry wall, we concentrate 

on its lowest square of 50cm×50cm, which includes the 3 deterioration zones mentioned earlier; 

this base part of the wall has a cross-sectional area Ab=2500cm2. Hence, the deterioration index 

is expressed as: 
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Figure 2: Side view of typical masonry wall showing the 3 longitudinal deterioration zones at the base. 

 

 

 

Deterioration 

phase 

Idet Deterioration thickness [cm] 

Zone 1 Zone 2 Zone 3 

0 0.00 0 0 0 

1 0.02 5 0 0 

2 0.04 10 0 0 

3 0.08 10 5 0 

4 0.12 10 10 0 

5 0.14 15 10 0 

6 0.18 15 15 0 

7 0.22 15 15 5 

8 0.26 15 15 10 

9 0.30 15 15 15 

10 0.32 20 15 15 

11 0.36 20 20 15 

12 0.40 20 20 20 

13 0.42 25 20 20 

14 0.46 25 25 20 

15 0.50 25 25 25 

Table 1: Definition of deterioration phases. 

  

Zone 1 
Zone 2 
Zone 3 

Zone 1 
Zone 2 

Zone 3 
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            Phase 1 

 

       Phase 10 
 

 

Figure 3: Cross-sectional view at the base of a masonry wall – illustration of characteristic deterioration phases. 

 

 
b

b,det
det

A

A
I  , (1) 

where Ab,det is the cross-sectional area of the wall, which is notionally removed to simulate the 

masonry material lost due to base deterioration. For example, in deterioration phase 10 (Fig. 3), 

the removed wall material has a cross-sectional area Ab,det=20cm×10cm+15cm×40cm=800cm2, 

which yields a deterioration index Idet=800/2500=0.32. Thus, Idet expresses the reduction of the 

effective load-bearing section at the base of the wall and takes values between 0 (no 

deterioration – phase 0) and 0.5 (maximum deterioration – phase 15). Table 1 gives the indexes 

Idet for all deterioration phases considered. 

4 FINITE ELEMENT MODELLING AND ANALYSIS OF MASONRY WALLS 

Various analysis and assessment approaches for masonry structures can be found in the 

literature (e.g. [6]). In the present work, computational analysis of the in-plane response of 

masonry wall configurations is conducted with Abaqus/CAE [7] using plane stress FE 

continuum models (Fig. 4). In the numerical models examined, both the masonry walls and the 

openings’ timber lintels, which are commonly incorporated in traditional constructions, are 

represented. All bodies are discretized into structured meshes composed of 4-noded 2D bilinear 

plane stress quadrilateral elements with reduced integration and hourglass control (CPS4R). 

The plane stress thickness of the undamaged masonry elements and of the lintels is defined as 

50cm. Depending on the damage pattern examined, different plane stress thicknesses are 

assigned to areas of the masonry subjected to deterioration. 

 

Zone 3 

Zone 2 

Zone 1 

Zone 3 

Zone 2 

Zone 1 
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Figure 4. Side view of typical masonry wall and its FE mesh. 

 

Masonry is numerically handled in the context of a macro-modelling strategy. The masonry 

constituents (i.e. the units, mortar and the unit-mortar interfaces) are hence smeared out into a 

fictitious homogeneous continuum represented by a FE mesh. The behaviour of the 

homogenized masonry medium is simulated using the damaged plasticity constitutive model 

[8], which has been successfully used in FE analyses of masonry structures [9,10]. The adopted 

model uses brittle fracture concepts in combination with scalar (isotropic) damage plasticity to 

represent the inelastic response of a material. Two principal damage mechanisms are assumed: 

tensile cracking and compressive crushing. 

The modelling parameters used for the formulation of the constitutive law are based on 

relevant experimental data reported in the literature. Density is specified as ρ=2500kg/m3 

according to the properties assessed in [11] and the parameters used in [12] for the simulation 

of stone masonry structures. The elastic modulus and Poisson’s ratio are defined as E=3000MPa 

and v=0.15, respectively, in line with the information given in [13] and [14] for single-leaf 

calcarenite stone masonry walls and the range of experimental results summarized in [15]. 

Under uniaxial compression, initial yielding is assumed to be followed by hardening 

behaviour up to the maximum allowable stress. After the ultimate strength is attained, stress 

softening is assumed to develop. Compressive response is specified by expressing compressive 

stresses as a function of plastic (crushing) strains (Fig. 5(a)). For this purpose, the polynomial 

stress-strain relation developed in [16] for tuff masonry is adopted: 

 











412.1for  545.16487.01388.00107.0

12.10for  2595.14549.07144.0

23

23

cccc

cccc

c




  (2) 

In the above equation, c  and c  are normalized values obtained by dividing the stress with 

the compressive strength ( cc f/  ) and the axial deformation with the strain at peak stress 

( cc  / ). A stress-strain expression analogous to (2) has been derived in [17] for adobe 

masonry. Material non-linearity in compression is considered to initiate at stresses exceeding 

30% of the bearing capacity. Compressive strength is set as fc=2MPa based on the data quoted 

in [16], while strain at peak compressive strength is computed as εc=0.00094mm/mm after 

solving Eq. (2). 
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                                                 (a)                                                                                     (b) 

 
Figure 5: Compressive stress-plastic strain and tensile stress-crack displacement input data specified for the 

homogenized stone masonry medium in compression (a) and tension (b), respectively. 

 

Under uniaxial tension, masonry’s behavior is presumed to be linearly elastic up to the point 

where the failure stress is reached. Beyond the failure stress, softening stress-strain response is 

specified using the exponential model proposed in [18]: 
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tt
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hf
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In equation (3), ft is the tensile strength of the masonry, assumed equal to 10% of the 

compressive strength, Gf is the tensile fracture energy, selected as Gf=100N/m [19], ck
t  is the 

tensile cracking strain and h is the characteristic crack length that is estimated from the elements’ 

average dimensions (hx, hy) as yxhhh 2  [20]. The global size of the masonry elements’ sides 

is set as hx=hy=10±1cm, in order to satisfy the energy criterion associated with the tension 

softening model used: 

 
2

t

f

f

EG
h  . (4) 

Softening behaviour is assigned by converting tensile plastic strains to equivalent cracking 

displacements using the elements’ characteristic crack length and by specifying stress-cracking 

displacement tabular data (Fig. 5(b)). 

The complete description of the yield surface, in addition to the above, requires the definition 

of four plasticity parameters. Default values suggested in [7] for concrete and cement-based 

materials are hereby adopted. The rate at which the hyperbolic flow potential approaches its 

asymptote is set as e=0.1. The ratio between the initial equibiaxial and the initial uniaxial 

compressive yield stresses is defined as σb0/σc0=1.16. Parameter Kc that affects the shape of the 

yield surface in the deviatoric plane is set equal to 0.67. Based on [21], a value of ψ=12º is 

specified for the dilation angle controlling the plastic volumetric strain developed upon plastic 

shearing. 
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The timber lintels of the masonry structures examined are modelled to exhibit linearly elastic 

and isotropic behaviour. The material parameters used are also drawn from the literature [22,23] 

and are as follows: density ρ=670kg/m3; Young’s modulus E=7000MPa; Poisson’s ratio ν=0.3. 

Perfect bonding is assumed to exist between the timber members and the walls. Therefore, 

common nodes are assigned at the areas where the lintels are in contact with the masonry. The 

walls’ base is considered to be pinned and hence translational degrees of freedom in the x- and 

y-directions are constrained. 

As regards gravitational loads, the self-weight of each wall analysed is taken into account, 

as well as a dead load corresponding to a 20cm thick concrete slab supported by the wall; 

moreover, a live load of 2kN/m2 is applied. The wall is also subjected to a horizontal seismic 

load, which is simulated as a lateral displacement enforced at the top of the wall. Specifically, 

a lateral displacement of up to 5mm is incrementally imposed at each top node of the wall. 

Each FE analysis is conducted in two phases: first, the gravitational (dead and live) loads are 

applied in up to 100 increments; then, the lateral displacements are imposed in up to 1000 

increments at the wall’s top nodes. Both phases are performed using a general non-linear static 

procedure with automatic stabilization employing the full Newton solution scheme. The effects 

of geometric non-linearities are taken into account in both analysis phases. 

5 FINITE ELEMENT SIMULATION RESULTS 

The main structural response quantity monitored during a masonry wall’s FE simulation is 

the base shear developed due to the lateral top displacement imposed. The base shear is 

calculated by summing the lateral reactions developed at all base nodes of the wall, which are 

pinned. Thus, force-displacement curves are constructed, which describe the relation between 

the incrementally enforced lateral displacement and the corresponding base shear developed. 

The maximum base shear observed at any instance of the FE analysis represents the lateral in-

plane strength (carrying capacity) of the masonry wall analysed. 

Figure 6 presents the force-displacement curves derived by the FE analyses performed for 

the 4 masonry wall configurations without removed material to simulate base deterioration. The 

4 curves have similar highly non-linear shapes, which are typical in masonry structural analysis: 

a non-linear ascending branch is followed by a post-peak softening branch. In all 4 intact walls, 

the maximum base shear is attained for a lateral top displacement of 1.0-1.5mm, while a 

significant residual carrying capacity is observed at the end of the FE analysis (at lateral top 

displacement of 5mm). It is noted that, in all other FE analyses conducted with assumed base 

deterioration, force-displacement curves have shapes that are similar to the ones depicted in Fig. 

6. 

The effect of openings on the intact wall’s lateral strength is evident in Fig. 6. The maximum 

base shear for the wall without openings is 473kN; for the walls with openings, it reduces to 

370kN (window opening), 326kN (door opening) and 311kN (door and window openings). The 

4 configurations exhibit differences also in terms of the crack pattern sustained by the structure 

at the end of the FE analysis (Fig. 7). The tensor diagrams with the maximum tensile plastic 

strains computed at the elements’ integration points, which are presented in Fig. 7, actually 

illustrate crack patterns, because the direction of the vector normal to a crack plane is assumed 

to be parallel to the direction of the maximum principal plastic strain [7]. Thus, due to the 

different configurations of openings, the 4 walls have significantly different lateral strengths, 

but also quite different failure modes. 
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Figure 6: Force-displacement curves obtained for the 4 masonry wall configurations in their intact state (without 

induced base deterioration, Idet=0). 

 

 

For the deterioration phases of Table 1, the variation of the wall’s lateral strength is depicted 

in Fig. 8. Increasing the extent of deterioration generally leads to lower lateral strength for all 

4 masonry wall configurations. However, the most significant effect is observed for the wall 

without openings. More specifically, compared to the intact state (Idet=0), the maximum 

deterioration phase (Idet=0.50) results in about 27% reduction of the maximum base shear for 

the wall without openings; for the walls with openings, the corresponding reductions are about 

19% (window opening), 20% (door opening) and 11% (door and window openings). It is also 

interesting to notice that the wall with the door opening, in its intact state, is stronger that the 

wall with door and window openings. But, when base deterioration is induced, the wall with 

the two openings is stronger. 

As regards the developed failure modes when base deterioration is induced, the wall without 

openings and the wall with the door opening actually exhibit the crack patterns of Figs 7(a) and 

7(c), respectively, regardless of the adopted Idet-value. In the other two wall configurations, 

however, base deterioration changes the developed crack pattern after a certain Idet-value. Hence, 

Fig. 9 illustrates the crack pattern of the wall with window opening for Idet=0.50, which presents 

some differences compared to the crack pattern of Fig. 7(b). Moreover, Fig. 10 shows two crack 

patterns of the wall with door and window openings that are completely different compared to 

the crack pattern of Fig. 7(d). Thus, the presence of base deterioration may significantly affect 

not only the strength of a masonry wall, but also the cracking initiation and propagation 

mechanism and the ultimate failure mode. 
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(a) 

 
 

(b) 

 
 

(c) 

 
 

(d) 

 
Figure 7: Deformed meshes at the final FE analysis step with tensor diagrams showing the maximum tensile 

plastic strains computed at the element integration points for the 4 intact masonry wall configurations (Idet=0). 
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Figure 8: Lateral resistance versus deterioration index (Idet) relation obtained for the 4 masonry wall 

configurations. 

 

 

 

 

 

Figure 9: Deformed mesh at the final FE analysis step with tensor diagram showing the maximum tensile plastic 

strains computed at the element integration points for the deteriorated masonry wall with window opening 

(Idet=0.50). 
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(a) 

 
 

(b) 

 
 

Figure 10: Deformed meshes at the final FE analysis step with tensor diagrams showing the maximum tensile 

plastic strains computed at the element integration points for the deteriorated masonry wall with door and 

window openings; (a) Idet=0.32, (b) Idet=0.50. 

 

6 CONCLUSIONS 

In this work, the aim was to numerically investigate the capability of masonry walls to 

sustain local damage without allowing extensive or global failure, i.e. to estimate their structural 

damage tolerance. More specifically, plane stress non-linear FE analyses were performed to 

examine the lateral in-plane strength of masonry walls under various deterioration scenarios, 

which were realized by notionally removing material from the base of the walls. Four wall 

configurations without or with window/door openings were assessed with respect to the 

deterioration scenarios specified. According to the obtained FE analysis results, the presence of 

openings and/or base deterioration in a wall result in significantly reduced lateral strength 

compared to an intact wall without openings. The presence of openings and/or base 

deterioration can also have an effect on the crack pattern developed in the wall and its eventual 

failure mode. 

More work along the research path followed in this paper is certainly needed. It is planned 

to examine also masonry walls with other geometrical characteristics. In addition, the influence 

of the boundary conditions assumed at the foundation level could be assessed. Last but not least, 

future work will investigate the effect of base deterioration on the out-of-plane structural 

response of masonry walls damaged by base deterioration. 
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1 INTRODUCTION 

The true behavior of structural systems is nonlinear and dynamic. For nonlinear dynamic 
analysis of structural systems, the broadly accepted approach is to define the structural and 
mathematical models, discretize the mathematical models in space, and solve the resulting 
ordinary initial value problems in time. In view of the typical initial value problem defining 
the structural motion, stated below [1-3]: 
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( t  and endt  imply the time and the duration of the dynamic behavior; M is the mass matrix; 

intf  and  tf  stand for the vectors of internal force and excitation;  tu ,  tu , and  tu  denote 

the vectors of displacement, velocity, and acceleration; 0u , 0u , and 
0intf  define the initial 

status of the model (regarding the essentiality of considering 
0intf  in Eqs. (1), also see [4]); 

and finally, Q  represents some restricting conditions, in problems involved in nonlinearity; 
see [5, 6]), the most versatile analysis method is time integration [7, 8]. The process of time 
integration is schematically displayed in Figure 1, and in addition, for nonlinear analyses, at 
time stations, where nonlinearities are detected, some iterative computation, for localizing the 
nonlinearities, is strongly recommended [3, 9-12]. Before each nonlinearity iteration, condi-
tions not to implement the iteration are being checked, and lead to either stop of the iteration 
and continuation of the analysis, repeat of the iterative computation, or stop of the iteration 
and halt of the analysis, i.e. (a) stop of the iteration after k iterations and continuation of the 
analysis, expressed as: 
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(b) Another iteration, formulated as 
 

 
Kk

ki i



 :3,2,1 
 (3) 

and (c) Stop of the iteration and halt of the analysis, stated as 

 
Kk

ki i



 :3,2,1 
 (4) 

In Eqs. (2)-(4), i is an indicator for the nonlinearity iteration, k stands for the number of itera-

tions carried out, equivalently introducing the last or current iteration, i  implies the residual 
of a balance equation in terms of force, displacement, energy, momentum, etc. at the ith itera-
tion,   is the tolerance introducing the maximum residual acceptable, and finally, K denotes 
the maximum number of iterations acceptable, at each detection of nonlinearity, essential to 
prevent useless unending iterations in presence of dominating round off errors.  
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Figure 1: A schematic illustration of the time integration process. 
 
 

In static nonlinear analyses, Eq. (1) is replaced with  
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and the step-by-step consideration of the f at sequential time instant throughout the time inter-
val  endt0  is being replaced with incremental implementation of f, i.e.  
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where, n denotes the total number of the increments and a left subscript implies the amount 
and value of the argument. Nevertheless, Eqs. (2)-(6) remain unchanged and valid in both 
static and dynamic analyses (see [9-11, 13]). Therefore, it is reasonable to expect differences 
between the notions of the parameters in Eqs. (2)-(4), in static and dynamic analyses. This 
paper is dedicated to this purpose, based on which, a deficiency in the current analysis 
soft wares is also introduced and suggestions for overcoming the deficiency are stated. 

2 NOTIONS OF THE TOLERANCES IN STATIC AND DYNAMIC ANALYSES 

In a static analysis, the analysis in each increment is exact, unless some nonlinearity is de-
tected. To say better, at the jth increment,  
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where, Kj  is a constant matrix representing the stiffness, at the application of the jth incre-

ment of loading  
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Accordingly, uj  is available exactly, and hence, when detecting nonlinearities, the residuals 

are representations of deviations from the exact solutions. Therefore, the tolerances stand for 
the maximum acceptable inaccuracy, at the detections of nonlinearities.  

In the dynamic case, Eq. (7) is replaced with 
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to be generally and conventionally solved for ju  and ju , by a time integration scheme. Time 

integration methods generally result in approximate responses [4, 14, 15]. Consequently, dif-
ferent from static analyses, where, uj  can be computed exactly, in dynamic analyses, ju  and 

ju  are available approximately (even in totally linear analyses). Therefore, the residuals can 

not represent deviations from exact solutions, but only, stand for the differences between the 
carried out analyses and the ideal analyses, for which, throughout the analyses, 

 0  (10) 

Accordingly, in dynamic analyses, tolerances are merely upper bound controls for the above 
mentioned differences, and do not necessarily control the inaccuracy of the computations at 
the detected nonlinearities. In other words, different from the tolerances in static analyses, the 
tolerances in dynamic analyses do not represent upper limits for the computational errors, and 
hence, disregarding them would not necessarily deteriorate the accuracy. This is specifically 
true, when the contribution of the errors because of the approximate formulation of time inte-
gration is considerable compared to the errors originated in nonlinearity. 

3 A DEFIECIENCY IN TRANSIENT ANALYSIS COMMERCIAL SOFTWARES 
AND A SIMPLE SOLUTION FOR IT 

As implied in the last lines of Section 2, in nonlinear dynamic analyses, no accuracy can be 
guaranteed, by nonlinearity iterations and considering specific tolerances. Consequently, 
Eq. (4), and the halt of the analyses, via Eq. (4), loses its essentiality. 

Currently, the commercial soft wares, dedicated to structural dynamic analysis, consider 
Eq. (4) and stop the analysis when incapable of arriving at residuals not larger than the toler-
ances, in a maximum number of iterations (K in Eq. (4)). This halt of analyses is in fact a de-
ficiency causing the analyzer/operator to repeat the analyses with different values of the 
parameters, e.g. integration step size, nonlinearity tolerance, K, nonlinearity iterative method, 
etc. entailing additional computational cost. 

Since, with attention to the explanation in Section 2, the source of the above mentioned 
halt is independent of the analysis accuracy, as a solution to the deficiency above, even when 
the residuals are not small enough after K iterations, the analyses can be continued. In simpler 
words, in nonlinear dynamic analyses, we can replace Eqs. (2)-(4) and: (a) stop the iterations 
and continue the analysis, when 

  Kkki ki  or         and              :13,2,1   (11) 

and (b) implement another repetition when 

 Kkki i  and              :3,2,1   (12) 
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In other words, we claim that replacing Eqs. (2)-(4) with Eqs. (11) and (12), leads to non-
stop analysis of nonlinear structural dynamic problems (even when the residuals are not nec-
essarily smaller than or equal to the tolerances), with no significant effects or at least practi-
cally acceptable effects on the accuracy of the analyses. The implementation of this idea is 
simple and merely needs disregarding the control of residuals, when Kk  ; see [4, 16]. In 
view of the conventional approach, i.e. Eqs. (2)-(4), the approach proposed above can be also 
considered as temporarily changing the tolerance to infinity, in order to prevent the halt of the 
analysis; see [17]. 

4 NUMERICAL STUDY  

Consider the two shear buildings in Figure 2(a), with the structural members introduced in 
Table 1, subjected to the ground acceleration displayed in Figure 2(b). Obviously, the behav-
ior is potentially nonlinear, because of the linear-elastic/perfectly-plastic characteristics, and 
meanwhile the possibility of poundings. The behavior is actually nonlinear in view of the re-
sponses depicted in Figure 3, where, the superposition principle [18] is violated. Implement-
ing the average acceleration time integration [19], integration step sizes equal to the steps of 
the ground motion’s record, the fractional time stepping nonlinearity solution method [20-22], 
and nonlinearity iterations over displacements, considering 5K , and 610 , lead to the  
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 2: The structural system in the second example: (a) configuration; (b) excitation. 

 
 

Floor 1 2 3 4 5 6 7 8 9 10 
Mass 310  2068 2064 2060 2056 2052 2048 2044 2052 2048 2044 

Stiffness 610   840 820 700 680 660 640 620 660 640 620 
Yielding displacement 

310  
18.5 19 20 20.5 21 21.5 22 21 21.5 22 

Damping Negligible (considered zero) 
Restitution factor 1.0 

 

Table 1: The characteristics of the system introduced in Figure 2. 
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Figure 3: Highly precise responses histories for: (a) the system introduced in Figure 2 and Table 1, (b) the sys-

tem introduced in Figure 2 and Table 1 after dividing the excitation to ten. 
 

responses displayed in Figure 4. Apparently, by using Eqs. (11) and (12), we have arrived at 
responses histories throughout the total integration interval (different from the conventional 
analyses, where the analysis is stopped at 58.4t  sec). Comparing these responses (reported 
in Figure 4(b)), with the highly precise responses in Figures 3(a), reveals the acceptable accu-
racy provided by the proposed approach, specifically, in practical areas like earthquake engi-
neering. The study is repeated, as below: 

(a) After changing the nonlinearity tolerance twice to 810  and 410 . 
(b) After omitting one of the two sources of nonlinearity, and once considering only the 

piece-wise linear/perfectly plastic behavior and once considering only the pounding. 
(c) after changing the time integration method, once to the Wilson-  ( )42.1  method 

[23-25], and once to the Generalized- ( 8.0 ) method [26]. 
(d) After changing the nonlinearity solution method. 
(e) After adding nonzero classical damping equal to two and five percent. 
(f) After scaling the excitation and causing nonlinear behaviors with different severities. 
(g) After changing the excitation to excitation different in peak acceleration and frequency 

content. 
(h) After changing the structural system to systems with different complexities. 

The results were conceptually similar, revealing the validity of the claims in Section 2, not 
reported here for the sake of brevity. 
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Figure 4: Responses histories computed by average acceleration for the system in Figure 2 and Table 1: (a) con-
ventional, i.e. using Eqs. (2)-(4), (b) when implementing Eqs. (11) and (12) instead of Eqs. (2)-(4). 

 
 

5 CONCLUSION 

Concentrating on the notions of nonlinearity residuals and tolerances in static and dynamic 
analyses, we in this paper demonstrated that, different from static analyses, in dynamic analy-
ses, nonlinearity tolerances do not necessarily imply upper bounds on the computational er-
rors at nonlinearity detections/localizations. Accordingly, no analysis needs to be stopped 
when the nonlinearity residuals are not small enough after the maximum acceptable number 
of nonlinearity iterations. This is both computationally possible, and also leads to accuracies 
practically acceptable. The claims are discussed theoretically and demonstrated numerically. 
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Abstract. Pseudo-static analysis is an analysis approach in many seismic codes. With atten-
tion to the dependence of the results to the finite elements sizes, this paper examines the suffi-
ciency of the finite elements as large as the structural element, for 2D frames’ pseudo-static 
analyses, using Euler-Bernoulli theory. As the consequence, structural elements’ sizes are 
adequate to be considered for finite elements sizes. Further study is however recommended. 
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1 INTRODUCTION 

Earthquakes are of major disasters, and the infrastructures, and in general buildings, should 
be designed such that to stand or damaged slightly against earthquakes. Many national codes 
are prepared, presenting comments for better seismic designs, e.g. see [1-4]. Nevertheless, the 
designs are all based on seismic analyses, which can be divided in the two categories of static 
and dynamic analyses, both including sub-categories. Pseudo-static is a linear static analysis 
approach belonging to the first category. Regardless of the analysis approach, conventionally 
the first step of seismic structural analysis is discretization of the models in space and arriving 
at MDOF (Multi-Degree-Of-Freedom) structural properties at the degrees of freedom. Finite 
Element Method (FEM) is broadly accepted for discretization in space, conventional in prac-
tical seismic analyses. Specially, because of the approximation in the shape functions, discre-
tization by finite elements is involved in errors and inexactness, inversely depending on the 
number of the degrees of freedom, or to say better, directly on the elements sizes. Being con-
centrated on seismic analysis of frame structures, traditionally we consider each beam or col-
umn as one finite element, e.g. see Figure 1. 

 
                     

 

 

 

 

 

 

 

 

 

 

Figure 1: Typical placement of finite elements’ nodes and elements in seismic analyses. 

 
The objective in this paper is to briefly study the amount of inaccuracy caused by this con-

vention in linear static analysis of frames against earthquakes, i.e. pseudo-static analyses. For 
the numerical study the designs are considered in accordance with the seismic standards of 
Iran [4-6]. In Section 2, a brief theoretical study on the inaccuracy caused by finite elements 
sized as large as the structural elements is presented. Numerical study of the claims, in Sec-
tion 2, is presented, in Section 3; and finally, with a brief review on the achievements, the pa-
per is closed in Section 4.        

2 THEORITICAL STUDY 

In pseudo-static analysis of structures against earthquakes, a total design lateral load, i.e. 
base shear force, is being determined, taking into account the structural system, it’s impor-
tance, and the soil type and seismicity of the region; then, the lateral load is being distributed 

        Structural Nodes 
 
       Finite Element Nodes 
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between the frames potentially resisting against this load according to the stiffness of the 
frames; later, the lateral load for each frame is being distributed between the floors levels, 
with special attention to the top floor, leading to the typical case displayed in Figure 2, for 
each 2D frame  [1-4]. The resulting distribution of forces and displacements in the 2D frame   
 

 
 

        Figure 2: Typical distribution of the lateral load of earthquake in pseudo-static analyses. 

need to be added to the distribution of forces and displacements caused by the dead and live 
loads, according to the seismic code, e.g. 

D+L 
 0.75[D+L±(E or W)]                        (1) 

0.75[D±(E or W)] 

(D stands for the dead load; L implies the live load, E denotes the load of earthquake, and W 
represents the wind load), according to the Iranian codes [4,6].by considering the typical dis-
tributions of live and dead loads as displayed in Figure 3, and putting it besides the distribu-
tion in Figure 2 and also Eq. (1), and not forgetting the superposition principle in linear 
analyses [7], it would be apparent that pseudo-static analysis is a static analysis against loads 
that do not change, unless at structural nodes (see Figure 1). Consequently, in view of the 
considerations in the simplest column-beam theory [8] and strength of materials [9], it is rea-
sonable to except sufficient accuracies, when locating the finite elements nodes on the struc-
tural nodes. This is studied numerically in Section 3. 

3 NUMERICAL STUDY 

The 2D frame in Figure 4 with structural members introduced in Table 1, located on a type 
II soil [4], and designed according to Iranian codes (see [4-7, 10-12]) is undergone pseudo-
static seismic analysis, considering the beam column members using Euler-Bernoulli beam 
theory, and elements sized according to Figure 1. Separately, the much more accurate results 
are obtained using about twenty times smaller elements. Accordingly, the errors of top and 
mid-floor displacements in the direction of the earthquake load are reported in Table 2. The 
structural system is changed to a special moment resisting frame (see also Table 3) and the 
study is repeated, resulting in Table 4, similar to Table 2, displaying the sufficiency of the 
provided accuracy.   
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Figure 3: Typical distribution of live and dead loads in pseudo-static analyses against earth-
quake. 

 

 

 

 

 

 

 

 

 

 

Figure 4: Some main features of the frame under study. 

 
Floor Side column Middle column Beam 

1 TUBO 250*250*15 TUBO 260*260*20 IPE 360 
2 TUBO 220*220*15 TUBO 240*240*15 IPE 330 
3 TUBO 220*220*15 TUBO 240*240*15 IPE 330 
4 TUBO 200*200*15 TUBO 200*200*15 IPE 270 
5 TUBO 200*200*15 TUBO 200*200*15 IPE 270 

 

Table 1: Structural members of the frame in Figure 4 considering ordinary moment resisting structural system 
for the frame. 

Floor 1 

Floor 2 

Floor 3 

Floor 4 

Floor 5 
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Loading 
Top Floor Displacement in 
the Direction of Earthquake 

Mid-height Floor Displace-
ment in the Direction of 

Earthquake 
Earthquake Load 0.062 0.067 

Combined Dead Live and 
Earthquake  

0.083 0.030 
 

Table 2: Errors of the analysis of the frame introduced in Figure 2 and Table 1 (%). 

 

Floor Side column Middle column Beam 
1 TUBO 220*220*15 TUBO 240*240*15 IPE 330 
2 TUBO 200*200*15 TUBO 220*220*15 IPE 330 
3 TUBO 200*200*15 TUBO 220*220*15 IPE 330 
4 TUBO 160*160*12 TUBO 180*180*12 IPE 300 
5 TUBO 160*160*12 TUBO 180*180*12 IPE 300 

 

Table 3: Structural members of the frame in Figure 4 while change the system to special moment resisting 
frame. 

 

Loading 
Top Floor Displacement in 
the Direction of Earthquake 

Mid-height Floor Displace-
ment in the Direction of 

Earthquake 
Earthquake Load 0.049 0.076 

Combined Dead Live and 
Earthquake  

0.065 0.101 
 

Table 4: Errors of the analysis of the frame introduced in Figure 2 and Table 3 (%). 

 

 

4 CONCLUSION 

After brief theoretical and numerical study on the analyses of two dimensional frames de-
signed against earthquakes, we can claim about the adequacy of the finite elements’ sizes 
equal to the structural elements sizes. Further study, specifically for cases with complicated 
geometries and loadings’ discontinuities along structural members, or analyses involved in 
nonlinearities are recommended. 
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Abstract. The true behaviors of structures, specifically when subjected to earthquakes, are 

dynamic. Time integration is a versatile tool in analysis of the semi-discretized equations of 

motion. Although the implementation of time integration is simple, the computational costs 

are considerable and the responses are inexact. The integration step size is the main parame-

ter affecting the accuracies and computational costs. When the excitations are available as 

digitized records, conventionally, the integration step sizes are to be set not larger than the 

excitation steps. In 2008, a technique is proposed, providing the capability to analyze with 

steps larger than the excitation steps, leading to considerable less computational cost. This 

technique is implemented in analyses of different structural systems, including bridges, tall 

buildings, residential buildings, etc., and the observed losses of accuracies were negligible. In 

this paper, after brief theoretical discussions, the technique is applied to the analysis of the 

three space structures, where the structural members are sized, with attention to the existing 

national codes. The average acceleration method of Newmark is considered as the integration 

method; an El Centro as well as a Loma Prieta strong ground motion record are considered 

as the excitations applied in the vertical direction, and the analyses are carried out consider-

ing the linear behaviors. To address the main consequence, though the smallest oscillatory 

periods with considerable contribution in the response were estimated approximately, the 

losses of accuracy in cases with the applicability of the technique were small, still depending 

on the structural system and excitation. 
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1 INTRODUCTION 

In many cases, the true performance of structural systems is dynamic that, cannot be sim-

plified to static. In order to study dynamic behaviors of structures, the widely accepted ap-

proach is to define the structural models, set the mathematical models, and, discretizing them 

in space then semi-discritized model is as follows: 
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                                                                                        (1) 

Where, t and tend imply the time and the duration of the dynamic behavior; M is the mass 

matrix; fint and f(t) stand for the vectors of internal force and excitation; u(t), u (t), and u (t) 

denote the vectors of displacement, velocity, and acceleration; u0, u 0, and fint0 define the ini-

tial status of the model (regarding the essentiality of considering fint0 in Equations (1), also see 

[1]); and finally, Q represents some restricting conditions, e.g. additional constraints in prob-

lems involved in impact or elastic–plastic behavior [2, 3], all in view of the degrees of free-

dom set for the model. 

Equation (1) can be analyzed with an appropriate method [4-6]. The most versatile method 

to analyze equation (1) is direct time integration [7]. However, the time integration methods 

are accompanied by some errors and are inexact. The integration step size is the main parame-

ter affecting the accuracies and computational costs. In general, the accuracies of obtained 

results depended on the integration step size and the shorter one, the more accuracy can be 

obtained. However, time integration analysis using so small time step significantly increases 

computational costs. One of the broadly accepted comments is as follows: 

 
(2) 

Where, T is the smallest dominant period in the response, in general, approximated with 

the smallest natural period of the system at t = 0 , likely effectual in the response,  is the 

largest value of the integration step, providing numerically stable responses (  for un-

conditionally stable methods), and  is the digitization step size for excitations available as 

digitized records. Considering equation (2), if  is much smaller than , the time 

integration step size must be smaller than be required for convergence or accuracy. Hence, 

computational cost should be expensive. In 2008, a technique is proposed, providing the ca-

pability to analyze with steps larger than the excitation steps, leading to considerable reduc-

tion of computational cost. The technique changes time step  to the longer one . In 

fact, the technique replaces the excitation with a new one which is digitized at time steps 

equal to  responses convergence and the rate of convergence are preserved after the re-

placement of excitation. This technique implemented in analyzing for some different structur-

al systems,. i.e. a tall building [8], a fuel storage tank [9], and a silo [10], and also subjected to 

further theoretical investigation [11]. 

In this paper, we aim to evaluate this method for some specific kinds of space structures. A 

brief review of the technique is presented in the following section. 
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2 THE BRIEF REVIEW OF THE TECHNIQUE  

The main idea backing this technique is to replace the digitized records of seismic excita-

tions, with records, digitized, at larger steps, such that the loss of integration accuracy result-

ing from considering the new excitation (instead of the original excitation) is tolerable.in brief, 

provided the assumptions bellows: 

1. The excitation steps,  i =1,2,… , are equally sized, 

                                    (3) 
2. The integration steps,  , are equally sized, 

                                                         (4) 
3. The excitation steps are embedded by the integration steps (the first time station, i.e. 

t0 , is a station for both excitation and integration), 

 
(5) 

4. The f(t) in equations (1) is a digitized representation of an actual excitation, g(t), 

smooth [12] with respect to time, i.e., 
                                                          

 smooth with respect to time 
 

 

(6) 

We can replace the excitation in equations (1), f, with the new excitation, , digitized at 

steps equal to n   , according to: 

   

                                            (7) 

 
where, 

                                                          
 

 

 (8) 

and , n ( n  Z+
 ) are the largest values satisfying 

 
(9) 

with generally small loss of accuracy in time integration. Since, the new excitation, , is 

digitized at steps equal to  ,when considered instead of the original excitation, can lead 

to a reduction in computational cost. 

3 NUMERICAL STUDY 

In this paper, three different space structures, a barrel vault, a diamatic dome, and a double 

layer grid, as shown in figure (1), are considered. The span of the diamatic dome and barrel 

vault is 46.3 and 30 meters, respectively and the height of them is 36 and 18 meters respec-
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tively. For double layer grid the span is 10 meters and the layer thickness is 1.5 meters. 

Young’s modules, mass density, and yield stress are 2.1 × 1010 kg/m2, 7850 kg/m3, and 2.4 × 

106 kg/m2, respectively. These structures are designed considering national code [13].  

  

   

Figure 1: The three space structures under consideration: (a) barrel vault, (b) diamatic dome,(c) double layer grid. 

The average acceleration method of Newmark is considered as the integration method, an 

El Centro and a Loma Prieta strong ground motion record are considered and their time step 

sizes are 0.02 and 0.005 Sec, respectively, shown in figure 2. Considered to study the perfor-

mance of the technique. 

 

 

  

(a)   (b) 

Figure 2: The ground motion applied to the structural model, (a) the Loma Prieta and (b) El Centro strong 

ground motion record 

 These models are subjected to the considered excitations applied in vertical direction. In 

view of the approximate response partially reported in Figure 3, studying the response shows 

the technique is applicable for the barrel vault for both considered excitation and double layer 

grid only for the Loma Perieta ground motion record. In other hand, dominate period of struc-

tures considered is small and the technique application is limited, hence, the time history 

analysis implement only for n=2. A point displacement is shown in figure (4). The results 

show the application of this technique can reduce computational costs without considerably 

compromising the accuracy of responses. Although the technique considering Loma Perieta 

strong ground motion record is not applicable, comparison the displacement results after im-

plementing the technique are shown in figure (4c).   

 

(a) (b) (c) 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 3: approximate point displacement, (a) and (b) the double layer grid, (c) and (d) the barrel vault, and (e) 

and (f) the diamatic dome when applying the Loma Preita and El Centro ground motion record respectively. 

4 CONCLUSION 

The performance of the technique proposed for accelerating of seismic analysis by time in-

tegration is examined considering space structures analysis. The results show, though the 

smallest oscillatory periods with considerable contribution in the response were estimated ap-

proximately, the losses of accuracy in cases with the applicability of the technique were small, 

still depending on the structural system and excitation. The results show, in some cases, the 

performance of the technique depends on the excitation that needs further study to investigate 

this effect. Further study in this regard, considering different ground strong motions, and non-

linear time history analysis is suggested.  
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(a)    (b) 

 
(c) 

Figure 4: The performance of the technique when applied to, (a) and (b), the barrel vault subjected to the El Cen-

tro and Loma Prieta strong ground motion record respectively, and (c) double layer grid subjected to Loma Prie-

ta strong ground motion record. 
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Abstract: 

Nonlinear static analysis is a simple and practical method to evaluate seismic 

demands in structures that has been considered in most of seismic instructions in 

recent years. Since the concept of energy is more theoretic than other similar 

methods, the present article evaluated the models of lateral loads discussed in the 

concept of energy. This approach can be updated in the steps of nonlinear static 

analysis or remains constant in all steps of the analysis. One of updated pushover 

models called “story shear-based pushover" has used the concept of energy to 

estimate the target displacement; so that instead of control point displacement, all 

stories displacement has been used. Multiple mode load model (MPA) has used 

energy method to adjust single freedom degree curve and eliminate the problems of 

rood point displacement reverse in loading models. In the present research, different 

bracing structures have been subject to lateral loading to evaluate energy-based 

methods, and the results were compared and assessed by dynamic analytical results. 

The results of Steel Bracing structural analysis show that energy-based methods 

have been successful to estimate the storey shear values as the most important 

parameter in the design of structures. 

Keywords: Lateral load pattern, energy, non-linear analysis time history; pushover  
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1- Introduction  

It seems that nonlinear static analysis methods are one of the most popular analysis 

methods due to the ease of use, and also present an effective graphical display of 

general response of structure directly to the pushover curve. This curve is directly 

related to the system capacity, usually defined by base shear with an important 

structural node (controller node) response. This kind of overall response allows a 

direct idealization of structure as a single degree of freedom (SDOF) system that 

simplifies design or evaluation. Essential steps to perform a nonlinear static analysis 

method would be as follows:  

Conducting a static pushover analysis.  

Defining an equivalent SDOFS, based on pushover curve, obtained from a static 

pushover analysis.  

Estimating maximum total displacement demand, based on a selected design 

response spectrum.  

Equivalent and Actual SDOFS response of structure are related by a shape factor, 

usually determined in the first mode participation factor.  

Finally, the response parameters, in-floor drift and forces on each structural member 

can be evaluated through pushover curve (or capacity curve) by knowing the overall 

demand of the system. All non-linear static methods have been proposed are 

different, especially in defining the overall displacement demand (step 3) and they 

can vary in two main groups: equivalent linearization and coefficient classification 

methods. Among the equivalent linearization methods, Rosenblueth and Herrera, 
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Gülkan and Sozen, Iwan, Priestley and Kowalsky, Freeman CSM, and adjusted CSM 

(Chopra and Goel) can be pointed out. Methods of Newmark and Hall, Miranda, 

Federal Emergency Management Agency (FEMA) 353, and N2 method of Fajfar 

can be implied for coefficient methods. Some researchers such as Hernàndez-

Montes and Shakeri have used the energy concept to define structural capacity curve 

with single degree of freedom for equivalent linearization and obtained better results 

with stronger theories. In this research, these methods have been evaluated. 

 

2- Literature Review 

As it was described by Kunnath, the term “pushover analysis” makes a new change 

in classic collapse analysis, thereby a repetitive-incremental solution of static 

equilibrium equations will be done to obtain the response of a structure under 

bilateral incremental lateral load pattern. The structural strength is evaluated and 

stiffness matrix is updated at each step of the loading function. The solution will 

continue until (1) a predetermined level of performance is reached, (2) collapse of 

structure is formed or (3) the program fails to converge. In this manner, each point 

of the basic shear capacity curve shows a state of effective and equivalent stress 

against displacement, in other words, indicates a state of the deforming directly 

corresponded to the vector of applied external load.  

Even by the simplified analytical tool against nonlinear dynamic analyses, important 

information for structural response, such as the followings may be provided:  

Recognizing the progress of overall capacity curve of the structure.  

Recognizing the critical areas, where large inelastic deformations may occur.  
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Recognizing resistance irregularities in plan and height which could cause 

significant changes in the inelastic dynamic response characteristics (for example, 

Krawinkler and Seneviratna, 1991).  

Energy demand estimation in the potential fragile elements.  

Predicting sequence submission or failure in structural members.  

Modal pushover analysis (MPA) has been proposed by Chopra and Goel. In this 

method, Pushover analyses in each mode have been performed independently, using 

lateral load profiles showing the expected response in any of the modes. Pushover 

curve related to each modal pushover analysis is idealized as a bilinear SDOF 

system. And the responses were combined with each other using SRSS or CQC to 

define overall answer of the system. 

One of the main deficiencies of MPA, as shown in Figure 1, is reversible capacity 

curve for the higher modes. Since the roof displacement changes in higher modes is 

not appropriate with the changes of other modes, the roof displacement in the higher 

modes of some structures are reduced by the increase of base shear after the 

establishment of structure and formation of plastic hinges, then the pushover curve 

is moved reversibly that make it difficult to use this method and its application in 

engineering offices as an alternative approach to the regulations methods. 
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Figure 1: The pushover curve of a two story building, buckling bracing for the 

second mode 

Hernàndez-Montes in 2224 solve this problem focusing on the concept of energy. 

So in order to determine displacement characteristic in the capacity spectrum of 

single degree of freedom system, the displacement of all stories is used. The increase 

of displacement characteristic in capacity spectrum curve in each stage is obtained 

by dividing the work done in all stories due to the increased load on the base shear 

at the same story.  

In recent years, FIMA 442 (ATC, 2222) has compared this approach with another 

pushover model. The results show that, although this method has been advanced to 

the most of simple load mode vectors, the estimations of in-story drift on the total 

height of structure might be unreliable. It seems that the main limitations of MPA is 

in connection with the precision of engineering parameters such as forces and 

rotation of plastic hinges, structural characteristics, and specific details of the 

method.  
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A new pushover method called SSAP has been proposed by Shakeri and Shayanfar, 

in which the energy concept is used to obtain the target displacement of the structure. 

Such new pushover procedures have the following features:  

 Are based on the energy method and solve the problems associated with 

displacement of roof control.  

 Calculate the effects of higher modes by combining multiple response modes.  

 Have very simple concepts that applicable in seismic codes and simple 

programming.  

 Apply progressive degeneration and loss of stiffness and strength directly to 

the load pattern.  

 

 

3- complete description of the research methodology  

The accuracy of SSAP, FAP, DAP, ELF, EMPA, the distribution of the first mode, 

the inverted triangular distribution, regulative distribution, and uniform distribution 

based on mass by using dynamic time history as the most accurate method were 

compared and evaluated in this research. Except traditional pushover methods, first 

three modes have been used for the rest of nonlinear static methods to include the 

effects of higher modes. The target displacement is obtained by maximum inelastic 

deformation resulted from nonlinear dynamic analysis of a single degree of freedom 

system.  

A nonlinear dynamic analysis has been used to analyze this system, and then the 

submission and failure of the member is considered. Thus, system capacity is not 

based on initial submission or even the failure of single member, and it is defined 
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when the rate of lateral displacement increase of the system is exceeded. Therefore 

the predicted seismic capacity of this method is different for each earthquake.  

The parameters selected for assessing the accuracy of different methods include drift 

ratios of the stories, the displacement of stories and storey shear. The drift ratios 

within the storey indicate the maximum values of in-storey drift between two 

adjacent balances, which are calculated for each storey over time and are normalized 

to the height of associated storey. The results of the mean and standard deviation are 

shown based on the maximum values obtained in the building height for each 

earthquake record. To estimate the maximum peak of in-storey drifts created in each 

of these structures for the earthquake records, nonlinear dynamic analyses have been 

used. In this study, the normal in-storey drift (normalized to the height of each floor) 

is used as a parameter to describe the damage to the overall structure. It is expected 

that, in-storey drift is related to the maximum plastic deformations in the structural 

elements, the degree of damage to sensitive- to-displacement non-structural 

elements, and inclination of the structure to create general instability due to P-Δ 

effects. In this study, in order to detect damage imposed to the building in a certain 

earthquake, the maximum in-storey drift of each floor is used. Considering a set of 

earthquakes and assuming a normal probability distribution, the mean and standard 

deviation for the maximum in-storey drift were calculated and also were used as an 

index to express the dispersion of answers. 

Also storey shears were compared as one of the most important engineering 

parameters.  

The error criterion used to evaluate the accuracy of estimation obtained by different 

pushover methods is the index proposed by Lopez and Mengivar that is presented as 

formula (1). It should be noted that this criterion is applicable only to describe the 

difference between methods and do not represent the absolute error.  
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(1)  

In this equation, n represents the number of floors, 
i NTHA the mean of maximum 

response obtained by dynamic time history analysis, and 
i NSP the mean of response 

obtained from nonlinear static analysis. 

 

4- structural models  

Index model for BRBF system has been designed in accordance with the 

requirements of AISC 341-22 design, Seismic Provisions for Structural Steel 

Buildings, ASCE / SEI 7-22 regulations, Minimum Design Loads for Buildings and 

other structures. The beams, columns, and bracing components are designed such 

that excessive strength doesn’t create in the structure. These samples have adapted 

from the reference [21] and have been analyzed and evaluated in the software 

OpenSEES.  

In this research, two 6-storey and 12-storey braced samples were used as the 

representatives of average and high structures; the gap between columns is 32 feet 

as type and the height is 12 feet. Buckling braces are arranged as two story- X. 

Additional information on these models are available in [21].  

Ground motions used to evaluate the performance of different pushover methods in 

converging braced steel frames in this study have been prepared by FEMA P-692 

which are the representative of far-fault ground motions scaled for soil type SD and 

risks corresponding to a probability of 121 at 22 years in downtown Los Angeles. 

These earthquakes include 7 ground’s motions, these movements are scaled such 

that their average response spectrum is consistent with the spectrum of ASCE / SEI 
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7-22 [22] of the same risk level and soil. The technical specifications of these records 

are presented in Table 1.  

Table (1): 

EQ 

label 

PEER-

NGA 

Rec. 

Num. 

Description 
Earthquake 

Magnitude 

Campbell 

Distance 

(km) 

Joyner-

Boore 

Distance 

(km) 

Number 

of 

 Points 

Time 

Step 

(sec) 

PGA 

 (g) 

GM1 359 
1331, Northridge, 

Beverly Hills - Mulhol 
7.6 16.1 3.1 1332 ...1 ..51 

GM1 37. 
1331, Northridge, 

Canyon Country-WLC 

7.6 11.1 11.1 1332 ...1 ..12 

GM9 1626 
1333, Hector Mine, 

Hector 

6.1 11 1..1 1513 ...1 ..91 

GM1 173 
1363, Imperial Valley, 

Delta 
7.5 11.5 11 333. ...1 ..95 

GM5 1111 
1335, Kobe, Japan, 

Nishi-Akashi 

7.3 15.1 6.1 1.35 ...1 ..51 

GM7 1152 
1333, Kocaeli, Turkey, 

Duzce 

6.5 15.1 19.7 5197 ....5 ..97 

GM6 1112 
1333, Kocaeli, Turkey, 

Arcelik 

6.5 19.5 1..7 5333 ....5 ..11 

 

5- Results and interpretation  

Following figures show the results of the seismic response of structures under 

dynamic time history analysis and different nonlinear static analyses. 
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Figure 2: Mean of maximum displacement obtained from all selected records in the 

height 

 

Figure 3: The displacement error obtained by different methods towards time history 

analysis for all selected records 

Figure 2 shows the mean of maximum displacement of the 6-storey building in the 

height for the average of all selected records with the standard deviation values. 

Figure 3 shows the error rates of different methods toward non-linear time history 

analysis. 

0 1 2 3 4 5 6 7 8 9
0

1

2

3

4

5

6

DISPLACMENT(in)

F
L

O
O

R

44 RECORDS AVERAGE DISPLACMENT DIAGRAM, BRBF-6

 

 
NTHA

FAP

DAP

SSAP

M1

EMPA

ELF

Code

Un

IT

+StD NTHA

-StD NTHA

FAP DAP SSAP M1 EMPA ELF Code Un IT
0

5

10

15

20

25

44 RECORDS DISPLACMENT-AVERAGE ERROR, BRBF-6

E
R

R
O

R
 %

1930



 

Figure 4: Mean of maximum in-story drift obtained from all selected records, in the 

height 

 

Figure 2: Error of in-story drift obtained from different methods toward time history 

analysis for all selected records 

Figure 4 shows the mean of maximum in-story drift of 3-storey structure for all 

selected records with the standard deviation values. Figure 5 shows the error rates 

of different methods toward non-linear time history analysis. 
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Figure 6: Mean of maximum story shear obtained from all selected records, in the 

height 

 

Figure 7: Error of in-story shear obtained from different methods toward time history 

analysis for all selected records 

Figure 6 shows the mean of maximum in-story shear of 6-storey structure for all 

selected records with the standard deviation values. Figure 7 shows the error rates 

of different methods toward non-linear time history analysis. 

As it can be seen in above figures, SSAP method still presents reliable estimations 

of maximum structural response. Another point can be observed in these figures is 
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that, unlike most of engineers who estimate stroey shear forces by the distribution 

recommended in regulations, it seems that inverted triangular simple method is 

considerably better than the state where whip force is applied in roof balance. It 

should be noted that the results are calculated for converging braced structures with 

buckling bracings and necessitate the evaluation of other structures to present 

definite results. 

As it is evident in above figures, M1 method in shorter structures presents better 

performance of displacement and drift, as one of the most important parameters of 

damage control. Regulative methods as well as other advanced updated methods did 

not achieve such accuracy. It can be due to the lateral behavior of bending bracing 

structures and overall deformation of the structure appropriate for the first mode of 

vibration. It can be also observed that EMPA method has a weak performance to 

estimate the storey shear that can be due to the selected combination law and requires 

further expertise revisions. 

Although regulative methods couldn’t cover the results of time history analysis with 

acceptable accuracy, the results show that conservative estimations are presented 

which can reduce the concerns about sufficient strengths. 

As it can be inferred from above figures, SSAP method among updated methods 

showed a good estimation of displacement and drift and also had the least standard 

deviation. It also provide better performance in storey shear estimation by increasing 

the height. 

As above, Figures 8, 11, 12 show the mean of maximum displacement, in-storey 

drift and shear of a 12-storey structure for all selected records with the standard 

deviation values. Figures 9, 11, 13 show the error rates of different methods toward 

non-linear time history analysis. 

1933



 

Figure 8: Mean of maximum displacement obtained from all selected records, in the 

height 

 

Figure 9: The displacement error obtained from different methods toward time 

history analysis for all selected records 
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Figure 11: Mean of maximum in-storey drift obtained from all selected records, in 

the height 

 

Figure 11: Error of in-storey drift obtained from different methods toward time 

history analysis for all selected records 

 

Figure 12: Mean of maximum in-storey shear obtained from all selected records, in 

the height 
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Figure 13: Error of in-storey shear obtained from different methods toward time 

history analysis for all selected records 

The above figures show that the performance of storey shear-based methods such as 

SSAP is increased by increasing the height and inclination to shear behaviors; and 

the performance of methods such as DAP will be decreased. 

The above figures for 12-storey model show that EMPA, unlike the poor 

performance in short structures, has shown better results in the high structures. It 

shows that SRSS combination principle has greater error within elastic responses 

rather than resilient responses. However, achieving better results in storey shear 

requires further researches that seems to be related to the higher modes’ response (as 

three modes used in this study). 

 

6- Conclusion 

As evident, SSAP method has the lowest standard deviation among the existing 

methods and thus increase the reliability of the results. By increasing the height, the 

precision of SSAP method for the estimation of response is increased and present 

better results of response values, especially for storey shear. Another point is that, 
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the difference between seismic provisions for load distribution estimations toward 

time history method requires a revision in these methods.  

Although regulative methods couldn’t cover the results of time history analysis with 

acceptable accuracy, the results show that conservative estimations are presented 

which can reduce the concerns about sufficient strengths. It is interesting that 

inverted triangular simple method is considerably better than the state where whip 

force is applied in roof balance. 

Despite the poor performance of EMPA method in short structures, has shown better 

results in the high structures. It shows that SRSS combination principle has greater 

error within elastic responses rather than resilient responses. 

The results show that in low to average structures, M1 method gives better and 

acceptable results, and it is better to use updated methods for higher structures. SSAP 

method gives good results in the high structures. Among non-updated methods, M1 

in the short and medium height structures and EMPA method for high structures are 

recommended. 
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Abstract. A frequently used technological solution for reducing lateral vibrations of rotating 

machines as a result of their unbalance consists in adding damping devices to the rotor sup-

ports. To achieve their optimum performance their damping effect must be adaptable to the 

current operating conditions. This is offered by magnetorheological squeeze film dampers.  

Magnetorheological oils belong to the class of liquids with a yielding shear stress. In the de-

veloped mathematical model of a short magnetorheological squeeze film damper the lubricant 

is represented by Bingham material. Then the pressure distribution in the lubricating layer is 

governed by the Reynolds equation adapted for Bingham fluid. The yielding shear stress de-

pends on magnetic induction. Its stationary value can be approximated by a power function 

and its dependence on its time history in the past (characterized by a time constant) by a con-

volution integral that is consequently transformed to a linear differential equation of the first 

order. Efficiency of the studied magnetorheological damper was investigated by means of 

computational simulations. The obtained results show that the rising magnetic flux passing 

through the layer of the magnetorheological oil arrives at increasing attenuation of the rotor 

vibrations. On the other hand the damping effect is going down with increasing magnitude of 

the delayed yielding time constant. 
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1 INTRODUCTION 

A technological solution frequently used to reduce lateral vibrations of rotors induced by 

their unbalance consists in adding damping devices to the rotor supports. To achieve their op-

timum performance their damping effect must be adaptable to the current operating conditions. 

There are several possibilities based on different physical phenomena how to control the 

damping force. Some mechanical and hydraulic approaches are discussed in [1-2]. A new 

concept is represented by application of squeeze film dampers lubricated by magnetorheolog-

ical oils. The derivation of the relations governing the pressure distribution in the lubricating 

layer can be found in [3-4]. Some results of the experimental research of the vibration atten-

uation of a small test rotor damped by magnetorheological dampers are reported in [5]. 

Magnitude of the damping forces developed by magnetorheological damping devices de-

pends on formation of a chain structure of ferromagnetic particles dispersed in carrying oil by 

acting of a magnetic field. This paper deals with the study of effect of the time history of 

magnetic induction on the formation process and thus on efficiency of attenuation of the rotor 

lateral vibrations. 

2 DETERMINATION OF THE DAMPING FORCES  

The main parts of magnetorheological squeeze film dampers (Fig. 1) are two concentric 

rings. The inner one is firmly fixed to the damper housing while the outer one is coupled with 

the rotor journal by a rolling element bearing and with the damper body by a squirrel spring. 

The gap between the rings is filled with magnetorheological oil. The rotor journal lateral vi-

bration arrives at squeezing the lubricating layer which produces the damping effect. An im-

portant part of the damper is an electric coil generating magnetic flux passing through the 

lubricating layer. As resistance against the flow of magnetorheological fluids depends on 

magnetic induction, the damping effect can be controlled by the change of electric current 

feeding the coil. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: The arrangement of a magnetorheological squeeze film damper. 

The developed mathematical model of a magnetorheological squeeze film damper is based 

on assumptions of the classical theory of lubrication [6-7] except those for the lubricant. As 

the magnetorheological oil behaves as liquid with a yielding shear stress, it is modelled by  

Bingham material. In addition, it is assumed that the damper is symmetric relative to its mid-

dle plane perpendicular to the journal axis and that its design and geometry make it possible 

to consider it as short [6-7]. 

Then the pressure distribution in the thin film of the lubricating oil is described by the 

Reynolds equation modified for Bingham material [3] 
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p denotes the pressure, p' is the pressure gradient in the axial direction, h is the thickness of 

the oil film, τy, ηB are the yielding shear stress and the Bingham viscosity, Z is the axial coor-

dinate referred to the frame of reference describing positions in the oil film (Fig. 2) and (
.
) de-

notes the first derivative with respect to time. The details on calculation of the film thickness 

h can be found in [6-7]. 

 

 

 

 

 

 

 

 

 

 

 

Figure 2: The damper coordinate system. 

The Reynolds equation (1) holds only at locations where the beeing squeezed lubricant 

flows in the direction outside from the damper gap (where the pressure gradient is negative). 

In areas where the clearance between the inner and outer rings rises with time the lubricant is 

sucked into the gap from the ambient space and therefore, occurrence of a cavitation is as-

sumed there. In cavitated regions a constant pressure equal to the pressure in the outer space is 

supposed. 

With regard to the assumed damper symmetry, the damping force components are calcu-

lated by integration of the pressure distribution pd in the oil film taking into account a differ-

ent pressure determination in non cavitated and cavitated regions 
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Fdy, Fdz are the y and z components of the damping force, R is the middle radius of the damper 

gap, L denotes the length of the damping device and φ is the circumferential coordinate. 

3 DETERMINATION OF THE YIELDIG SHEAR STRESS 

Magnetorheological fluids are formed by carrying liquid in which tiny ferromagnetic parti-

cles of micrometre size are randomly dispersed. After application of a magnetic field they 
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start to form a chain structure which causes that the liquid starts to flow only after the shear 

stress between two adjacent layers exceeds a limit magnitude (the yielding shear stress). 

The steady state value of the yielding shear stress τys can be expressed by a power function 

of magnetic induction B  

 yn

yys Bk . (5) 

ky, ny are the proportional and exponential material constants of the magnetorheological oil. 

The formation of the chain structure of ferromagnetic particles is a process that is rapid but 

not instantneous. This implies the yielding shear stress depends on the whole time history of 

magnetic induction in the past which can be suitably described by a convolution integral 

 
 




d
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0

1

yy n
t t

T

y

yy Be
T

k 


 . (6) 

Relation (6) is consequently transformed to the differential form  

 
ysyyyT   . (7) 

J denotes the time in the past history before the moment of time t and Ty is the time constant 

of the delayed yielding process whose value is usually of order of units of miliseconds. 

The design arrangement of the damper makes it possible to consider the inner and outer 

rings as a divided core of an electromagnet with the gap filled with magnetorheological oil. 

Then the magnetic induction in the lubricating layer can be expressed 

 
h

I
kB rB 0 . (8) 

μ0 is the vacuum permeability, μr is the magnetorheological fluid relative permeability, I is the 

applied current and kB is the design parametre whose value depends on the number of the coil 

turns and on the design arrangement of the damping device. After inserting (8) into (5) and 

introducing the damper design parametre kDP  

   yn

rByDP kkk 0  (9) 

the steady state value of the yielding shear stress reads 

 
yn

DPys
h

I
k 








 . (10) 

4 THE INVESTIGATED ROTOR SYSTEM 

The analyzed rotor is rigid. It consists of a shaft and of one disc (Fig. 3). At both its ends it 

is supported by rolling element bearings and squeeze film magnetorheological dampers. The 

rotor turns at constant angular speed and is loaded by its weight and unbalance. The squirrel 

springs of the damping elements are prestressed to be eliminated their deflection resulting 

from the rotor dead loading. 

The task was to investigate the rotor lateral vibrations after the current feeding the magne-

torheological dampers is switched on and to analyze influence of the delayed yielding process 

on amplitude of the resulting transient and steady state oscillations. 
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Figure 3: Scheme of the investigated rotor. 

In the computational model the rotor is represented by an absolutely rigid body and the 

dampers by spring elements and nonlinear force couplings. Axis x of the introduced coordi-

nate system is identical with the shaft centre line in the rotor undeformed position and its 

origin is placed in its intersection with the plane perpendicular to the shaft axis going through 

the rotor centre of gravity. The rotor can perform four independent motions, displacements in 

two mutually perpendicular directions (in the directions of axes y and z) and two rotations 

about y and z axes. Therefore, its oscillations are governed by a set of four equations of mo-

tion 

    )cos(2

21 TTySySTP tmeFFybym    , (15) 

 )sin(2

2121 TTPSPSzSzSTP tmemgFFFFzbzm    , (16) 

 2211 TSySTSySyRPzAyD xFxFbJJ    , (17) 

     222111 TSPSzSTSPSzSzRPyAzD xFFxFFbJJ    . (18) 

m is the rotor mass, JD and JA are the diametre and axial moments of inertia the rotor, bTP , bRP 

are the external damping coefficients referred to the rotor translational and rotational motions, 

xTS1, xTS2 are the distances between the rotor supports and the rotor centre (intersection of the 

shaft centreline and the perpendicular plane going through the rotor centre of gravity), ω is 

angular speed of the rotor rotation, eT is eccentricity of the rotor unbalance, g is the gravity 

acceleration, FS1y is FS1z are the y and z components of the support force (hydraulic and elastic) 

acting on the shaft at location of support B1, FS2y is FS2z are the y and z components of the 

support force (hydraulic and elastic) acting on the shaft at location of support B2, FPS1, FPS2 

are the prestress forces at supports B1, B2, ψT is the phase shift of the unbalance force, y, z are 

the y and z displacements of the rotor centre, φy, φz  are the rotor rotations about axes y and z 

and (
..
) denotes the second derivative with respect to time. 

To solve the motion equations the Adams-Moulton direct integration method was applied. 

5 THE SIMULATIONS RESULTS  

The technological and geometric parameters of the studied rotor are: the rotor mass 

425.9 kg, the rotor diametre and axial moments of inertia 18.9 kgm
2
, 9.9 kgm

2
 respectively, 

the external damping coefficients referred to the rotor translational and rotational motions 

10 Ns/m, 10 Nms/rad respectively, the squirrel spring stiffness 30 MN/m, the damper diame-
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tre/length 150/60 mm, the damper clearance 1 mm, the oil dynamical viscosity (no influence 

of a magnetic field) 0.3 Pas, the exponential coefficient of the yielding shear stress in its de-

pendence on magnetic induction 2, the damper design parameter 0.001 N/A
2
 and the rated 

speed of the rotor rotation 400 rad/s. At the moment of time of 0.1 s the electric current feed-

ing the coils of both magnetorheological dampers is switched on and reaches its final value of 

2.5 A during the time period of 10 ms. 

Fig. 4 shows the steady state orbits of the rotor centre (R) and of the journal centres in sup-

ports B1 and B2 before switching the current on. The orbits are concentric as the squirrel 

springs of both dampers are prestressed to be eliminated their deflection caused by the rotor 

weight. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4: Orbits of the rotor (R) and journal centres (B1, B2) before switching on the current. 

Time histories of the horizontal displacement of the rotor centre for three values of the de-

layed yielding time constant (1 ms, 5 ms, 9 ms) are drawn in Fig. 5-7. It is evident that appli-

cation of the current increases the damping effect which leads to reducing amplitude of the 

vibrations. The results also show that the oscillations amplitude after switching the current on 

strongly depends on the delayed yielding phenomenon. The rising time constant considerably 

decreases the damping effect which leads to lower suppresion of the rotor oscillations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5: The horizontal displacement of the rotor centre of gravity - 1 ms delayed yielding time constant. 
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Figure 6: The horizontal displacement of the rotor centre of gravity - 5 ms delayed yielding time constant. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7: The horizontal displacement of the rotor centre of gravity - 9 ms delayed yielding time constant. 

6 CONCLUSIONS 

The principal aim of the carried out study was to investigate influence of the delayed yield-

ing process occuring in thin lubricating films of magnetorheological squeeze film dampers on 

the vibration attenuation of asymmetric rigid rotors performing a complicated spatial motion. 

The magnetorheological oil was modelled by Bingham material and influence of the time his-

tory of magnetic induction on the yielding shear stress was described by a convolution inte-

gral. The carried out computational simulations proved that the rising applied current reduces 

amplitude of the rotor vibrations. On the contrary, the delayed yielding decreases the damping 

force and the decrease rises with increasing value of the delayed yielding time constant. Such 

behaviour can reduce efficiency of magnetorheological squeeze film damping devices during 

the working regimes when fast responses on varying operation conditions or control manipu-

lations are needed. 
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Abstract. The present paper is devoted to an issue of possible localization of waves prop-
agating within a structure that consists of a film connected to a backing material through a
substrate. The substrate is initially damaged.In the first approximation the film model in the
present paper is assumed to be a string on an elastic foundation with a coefficient depending
on the substrate damage degree. The elastic foundation imitates the substrate and backing ma-
terial effects on the film.Initiation of a string delamination resulted from the structure damaged
at localized oscillations caused by a periodic impact load has been considered.At loading the
initial damage of the substrate is changing in time and space according to the proposed law of
the damage growth.It has been shown that at impact the cause of the string substrate material
damage increase can be localized oscillation modes. The localized mode existence depends
on relation between the initial substrate rigidity and the main material rigidity.There is also
possible a passage through a sequence of resonances under the action of a periodic impact
force.
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1 INTRODUCTION

Multilayered structures coated with thin films are widely used in various fields of engineer-
ing. An illustrative example is auto windshields that either are coated with special films or are
laminated structures consisting of thin films bound together by some other material [1]. Shock
resistance capability of such multilayered structures depends on a backing material strength
and parameters of the film itself. Thin films coating a backing material are employed in mi-
croelectronics of flexible screens that can be rolled up, electronic skin production and flexible
solar batteries convenient for transportation and application. One of the main problem of de-
veloping and application of the aforementioned multilayered structures is their shock resistance
capability. An important aspect of the problem is wave processes in the multilayers structures
initiated by an impact action. Issues of the multilayered structure shock resistance, in particular
the composite material structure, have been investigated during the last 50 years and are still of
great interest. The in-depth review of the problem can be found in [2, 3]. The present paper is
devoted to an issue of possible localization of waves propagating within a structure that consists
of a film connected to a backing material through a substrate. The substrate is initially damaged.
Modeling and analysis of waves propagation in elastic solids undergoing damage and growth
process were reported in [4]. It was found that a certain low-frequency band exists where the
group velocity is antiparallel to the phase advancement,thus indicating an acoustic metamaterial
phenomenon. In the first approximation the film model in the presenting paper is assumed to be
a string on an elastic foundation with a coefficient depending on the substrate damage degree.
The elastic foundation imitates the substrate and backing material effects on the film.A similar
spring model has been used by the authors of [5, 6] for comparing the calculated results with
the obtained experimental data on ultrasonic investigation of defects in multilayered structures.
Papers [7, 8, 9] have revealed that in structures with delamination zones the oscillations local-
ization is possible in those zones. It is explained by the fact that rigidity and density parameters
of the delamination zones differ from those in other parts of the structure. The present paper
studies initiation of a string delamination resulted from the structure damaged at localized os-
cillations caused by impact loads. The thin film is simulated as a string in the present paper,
and, therefore the substrate and backing material reactions to outside impact effects are taken
into account only as the Winkler foundation. The elastic string foundation coefficient is equal
to the total rigidity of substrate strings linked together in series plus the rigidity of the backing
materials. At loading the initial damage of the substrate is changing in time and space according
to the proposed law of the damage growth. The spring model, as the name implies, substitutes
the problem of a wave propagation in a medium with the analog problem of exciting an equiva-
lent set of springs. The method is stable and convergent as long as the equivalence between the
two problems is justified.The 1-D case is, of course, very elementary. Nevertheless, it is dis-
cussed because it allows us to define in a very natural way the ingredients - internal springs,and
condition of a string defoliation, which can later be extended to 2D.

2 STATEMENT OF PROBLEM

The main equation of the string dynamics has the form:

γuxx −K(n)u− ρ0utt = Q(t, x), x ∈ (−∞,+∞), t ≥ 0 (1)

Where K(n) is the reduced coefficient of the elastic foundation, n is the damage function (see
for the classical definition of n [10]), u is the vertical displacement of the string, ρ0 is the string
material density,Q(x, t) is the external force. In order to underline the purposes of our approach

1950



Andrei K. Abramian, Sergey A. Vakulenko

let us introduce the following definitions.The total volume of a substrate V of M particles is
divided into equal cells w = V/M ,every cell being either filled by ”damaged” particles (N
is the number of ”damaged” particles per cell) or occupied by an undamaged particle(N0 is
number of undamaged particles per cell). The nature of these cells can,in principle,be choose
arbitrarily;in practice,it would probably be most satisfactory to chose cells sufficiently small so
that the probability of two particles occupying a single cell is negligible.Thus, we can introduce
the damaged function n as follows: n = 1 − N0

N+N0
. There is the following expression for

the damage function n ( see [11]): ∂n
∂t

+ n∇V∗ = J , where V∗ is the velocity of the particles
of the substrate, J is the damage growth source.The term n∇V∗ in that equation is neglected
in the first approximation , i. e. the particle diffusion of the damaged material is not taken
into consideration. Assume, that G = G0(1 − n) is the tension/compression rigidity of the
substrates, where G0 is the rigidity of the interstitial layer of the acoustic medium (substrate)
with compression modulus G = ρ1c

2 . Here c is a wave speed in the material of substrate, and
ρ1 is the density of the substrate material.Then, a pressure value in the substrate layer in quasi-
static approximation is p∗ = ρ1c2(u−v)

h
, where v is the vertical displacement of the foundation,h

is the substrate layer thickness, and u−v
h

defines the relative deformation . Assume , that J =
βH(p∗ − pcr). Here H is the Heaviside function. Thus, we assume that the damage growth
source starts increasing the damage when the pressure in the layer reaches its critical value
pcr = G0∆. Note, that ∆

h
is the maximum value of the interstitial layer relative deformation.

Finally, as a result we have :J = βH[(u−v)−∆]. Since the substrate rigidities and the rigidity
of the main material of the structure (designated as k0) are joint in series, one has : v = Gu

k0+G

and u − v = k0u
k0+G

. Thus, finally the following system of equations describing dynamics of a
film connected to an elastic foundation and containing damaged material has been obtained:

γuxx −K(n)u− ρ0utt = Q(x, t), x ∈ (−∞,+∞), t ≥ 0, (2)
K(n) = µ(n)G(n),

µ(n) = k0
k0+G(n)

;

∂n
∂t

= βH(u k0
k0+G(n)

−∆)(1− n),

where n = n(x, t), n0 = n(x, 0); k0 > 0 is a constant,

G(n) = G0(1− n), 0 ≤ n ≤ 1,

G(n) = 0, n > 1,

In the case when n = 1 the film comes off the substrate. It may be assumed that the film
separation starts at some critical value of the damage coefficient n = n∗. Thus, the present
paper investigates the process of the damage growth leading to the initial film detachment.
Let us consider the system of Eqs.(2) describing the elastic system model with the damaged
substrate. Here K(n) is the complicated functional of u that includes a damage function n.

The time evolution of the damage function n(x, t) is defined by the following differential
equation

∂n

∂t
= βH(µ(n)u−∆)(1− n), (3)

where β,∆ > 0 are positive constants, and H is the Heaviside step function. It is assumed that
Q is a smooth function fast decreasing in |x| , and the boundary and initial conditions are as
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follows:
u(x, t)→ 0 (|x| → ∞) (4)

u(x, 0) = 0, ut(x, 0) = 0, x ∈ (−∞,+∞) (5)

n(x, 0) = n0(x), x ∈ (−∞,+∞) (6)

where n0 also is a smooth function fast decreasing in |x|.
For bounded domains, if x ∈ [−h, h], we set the Dirichlet boundary condition

u(h, t) = u(−h, t) = 0. (7)

Below we will show that weak solutions for the case x ∈ (−∞,+∞) can be obtained as a limit
of solutions satisfying (7) as h→ +∞.

Note that Eq. (3) implies 0 ≤ n(x, t) ≤ 1 for all n if 0 ≤ n(x, 0) ≤ 1. This can be shown by
the maximum principle. In fact, if n > 1 at some x0, t0 > 0, then there is a point (x∗, t∗) where
nt > 0 and n = 1, but this is in contradiction with Eq.(3). Therefore, Eq. (3) correctly defines
the damage function. There are possible alternative versions of Eq.(3) for the damage function
but they are not considered in the paper. Eq. (3) means that the destruction (the damage growth)
starts when the displacement reaches the particular threshold.

To describe the time of the elastic system destruction the criterion of critical damage level is
used.

Criterion of critical damage level

Assume that the elastic material is destroyed at point x and at the moment t when the damage
function n(x, t) reaches some critical level n∗ at that moment:

n(x, t) = n∗ (8)

The minimal time TF such that Eq.(8) holds for some x, is called the full destruction time.
The front of full destruction LF (t) is defined by the following relation

n∗ = n(LF (t), t), (9)

where n∗ is a critical damage level. In the general case when u(x, 0) 6= 0 the function LF (t) is
increases in time.

3 ASYMPTOTIC FOR SMALL β

If β is small, then dn/dt = O(β) << 1 and the coefficient K(n) is a function of the slow
time τ = βt. Therefore, we can use a quasi-stationary approximation by the two time scales
perturbation method. Let us use the ansatz

u = U0(x, t, τ) + βU1(x, t, τ) + ...

Then, by substituting this series into Eq.(2) one obtains for terms of the orderO(1) the following
equation

γU0xx −K(n)U0 − ρ0U0tt = Q(t, x), x ∈ (−∞,+∞), t > 0 (10)

In this equation n = n(x, τ) can be considered as a slow parameter. Different asymptotic of
U0 will be found in coming sections. The parameter n is defined, in the first approximation, as
follows:

∂n

∂τ
= H(

k0U0(x, t, τ)

k0 +G(n)
−∆), τ = βt. (11)
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The destruction process starts in points where the following conditions hold:

k0U0(x, t, τ)

k0 +G0(1− n(x, τ))
= ∆. (12)

The roots Tbeg(x, τ) of eq. (12), can be named the time when the destruction process start.
The correction U1 can be found from the following equation :

γU1xx −K(n)U1 − ρ0U1tt = Q1(t, x, U0), x ∈ (−∞,+∞), t > 0

where Q1 = 2ρ0U0tτ . In general, it is not easy to find explicit relations for U0 and U1, and
because of that, different cases where asymptotic can be obtained in the coming sections are
considered.

4 PERIODIC FORCES AND RESONANCE EFFECT

4.1 Resonance condition

In some experiments one studies external loads consisting of some periodical strikes. This
can be described by equation (1), where

Q(x, t, ε) = δε(x− x0)
M∑
j=0

δ(t− j∆t), x ∈ (−∞,+∞), t > 0. (13)

where ∆t is a time step for the strikes. The solution depends on the localization parameter ε
and M . Let us assume that the initial data are as follows:

u(x, 0, ε) = φ0(x), ut(x, t, ε)|t=0 = φ1(x).

Let us construct some particular solutions of (1) describing resonances between the time peri-
odic external load and localized modes. We consider the limit ε→ 0 and suppose thatM >> 1.
To investigate this initial value problem, we can use the Fourier transformation :

u(x, t, ε) = 2π−1/2
∫ ∞
−∞

exp(iωt)û(x, ω, ε)dω,

Q(x, t) = 2π−1/2
∫ ∞
−∞

exp(iωt)Q̂(x, ω)dω, i =
√
−1

The Fourier coefficients Q̂(x, ω) can be computed and have the form:

Q̂(x, ω) = δε(x− x0)2π−1/2Ŝ(ω), Ŝ(ω) = 2π−1/2
M∑
j=0

exp(−ijω∆t).

Let us make a remark. For large M the quantity Q̂(x, ω) has the order M only if ∆tω ≈ 2m0π,
where m0 is a positive integer. Indeed, if |∆tω − 2m0π| >> M−1, then Ŝ(ω) is bounded for
large M

M∑
j=0

exp(−ij∆tω) =
1− exp(−(M + 1)iω∆t)

1− exp(iω∆t
= O(1),

and it is large if |ω∆t− 2m0π| = 0 for some integer m0. Then

M∑
j=0

exp(−jiω∆t) = M
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Therefore, we observe a resonance for ω close to ω(m0) = 2m0π(∆t)−1.
For û(x, ω, ε) one finds the following equation

γû(x, ω, ε)xx −K(n)û(x, ω, ε) + ρ0ω
2û(x, ω, ε) = δε(x− x0)

√
2π
−1/2

Ŝ(ω). (14)

The left hand side of (14) is the Schrödinger operator, which has the localized eigenfunctions
Ψj(x) with eigenvalues Ej , and non-localized eigenfunctions Ψ(x, k) with eigenvalues E(k),
where k is a wave number. Note that Ej is a complicated functional of n(x, τ), and these
quantities depend on slow time τ as a parameter.

4.2 Asymptotics describing resonance effect

There is also possible a passage through a sequence of resonances. We consider the following
cases: (a) initial stage of destruction when n is small, (b) final stage where n ≈ 1.

Remind some facts about the Schrödinger operator with shallow potentials wells. Consider
the operator

HΨ = (−∆ + ρΦ(x))Ψ

in R1, where Φ(x) is a smooth function fast decreasing as |x| → ∞. Then, under condition

IΦ =
∫ +∞

−∞
Φ(x)dx < 0 (15)

for sufficiently small ρ > 0 we have a single eigenfunction Ψ1(x) with the eigenvalue E1(ρ)
defined by

E1 = −η2, η =
ρIΦ

2
. (16)

If IΦ > 0, we have no eigenfunctions. For Ψ1 we have asymptotics

Ψ1 = η3/2
∫ +∞

−∞
exp(ipx)a(p)(p2 + η2)dp, a(p) =

Φ̃(p)

Φ̃(0)
, (17)

where
Φ̃(p) = (2π)−1/2

∫ +∞

−∞
Φ(x) exp(−ipx)dx

is the Fourier image of the potential Φ.
Let us apply these results to the cases (a) and (b).
In the first case (a) the expression K(n) has the form a2

0 − b0n + O(n2), where a2
0 =

k0G0/(k0 + G0) and b0 = k0/(k0 + G0) > 0. Then we obtain a Schrödinger operator with
a small potential well. The condition (15) holds. Thus we have a single localized mode and the
corresponding energy E1 admits the estimate E1 = −a2

0 + O(n). For n << 1 The resonance
condition takes the form

k0G0/(k0 +G0) +O(||n||) = ρω(m0)2 (18)

for some integer m0. To obtain this condition in a more precise and general form, below we
consider a particular case when Φ is a rectangle potential, where resonance condition can be
derived by a straight forward way, and after we derive this condition in general form.

Let us introduce the detuning parameter κ by

κ2 = γ−1(a2 − ρω(m0)2), a2 = k0G0/(k0 +G0). (19)
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Let us investigate the resonance effect in more detail. Suppose n << 1, then we can use
asymptotics

K(n) = a2 − k0G0

(k0 +G0)2
n(x) +O(n2) = a2 + γW (x)

for the case when Φ(x) is a rectangle potential

Φ(x) = −h, |x| < l, Φ = 0, |x| > l. (20)

Equation (14) takes the form

û(x, ω)xx − k̄0û(x, ω)− Φ(x)û(x, ω) = γ−1δε(x− x0)
√

2π
−1/2

Ŝ(ω). (21)

Due to the basic properties of the Schrödinger equation mentioned above the localized eigen-
function exists if

h− κ2 = β2 > 0, κ > 0.

We assume that these conditions hold. In the case (20) and ε → 0 the solution of eq. (21) can
be found. The solution U = limε→0 û(x, ω, ε) has the form (we assume that |x0| < l, i.e., the
external force is localized within the destruction zone). For x < x0 we have

U = C−(
κ

β
sin(β(x+ l)) + κ cos(β(x+ l)), x ∈ (−l, x0), (22)

U = C− exp(κ(x+ l)), x < −l (23)

and for x < x0 we obtain

U = C+(−κ
β

sin(β(x− l)) + cos(β(x− l)), x ∈ (x0, l), (24)

U = C+ exp(−κ(x− l)), x > l. (25)

Let x0 = 0. Then the constants C± are defined by

C+ = C −− =
1

2(κ sin(βl)− β cos(βl))
. (26)

Finally, the resonance condition has the form

κ sin(βl)− β cos(βl) = 0. (27)

The left hand side of this equation is the eigenvalue E1 of the corresponding Schrödinger oper-
ator. This condition does not depend on x0 however the solution U depends on x0.

It is clear that the general form of the resonance condition is

k0G0/(k0 +G0) + Ej = ρω(m0)2, j = 1, ... (28)

where Ej are eigenfunctions of the corresponding Schrödinger operator. An explicit expression
for Ej can be obtained only in some cases. For small damage densities n0(x) we obtain, by
asysmptotics (16)

E1 =
k0G0

(k0 +G0)2

∫
n0(x)dx. (29)
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4.3 Wave regime

Consider the case when the external load is defined by (13) and n ≈ 1. In the case (b) the
expression K(n) has the form G0(1 − n) + ((1 − n)2). Then again we obtain a Schrödinger
operator with a small potential well. However, now condition (15) does not hold. We have
no single localized modes and no resonances. Therefore, we conclude that close to a final
destruction stage, localized mode and resonances vanish. In this case we observe purely wave
regime. Namely, taking into account that K(n) ≈ 0, we note that eq. (1) takes the form

γuxx − ρ0utt = Q(x, t, ε), x ∈ (−∞,+∞), t > 0. (30)

Using (13) in limit ε → 0 we can find the following solution of this equation. One has
u(x, t, ε)→ u(x, t) as ε→ 0 and

u = (2c)−1
M∑
j=1

(H(x− c(t− j∆)− (H(x− c(t+ j∆))H(t− j∆t), t > 0. (31)

where H is the Heaviside step function. This solution describes M propagating waves.

5 DESTRUCTION FRONT DYNAMICS.

The formal solution of Eq.(3) can be written down as follows:

n(x, t) = 1 + (n0(x)− 1) exp(−βS(x, t)), S =
∫ t

0
H(µu−∆)ds. (32)

The equation for LF is as follows

n∗ = 1 + (n0(LF )− 1) exp(−βS(LF , t)). (33)

It is natural to assume that the critical parameter n∗ is close enough to 1. The integral S can be
computed using expression for u. This gives the following asymptotic for large t:

S = C1t, |x− x0|/c < t,

S = 0, |x− x0|/c > t,

where C1 is a constant depending on the system parameter in a complicated way. Therefore, if
|x − x0| > ct, i.e., the wave does attain x within time t, Eq.(33) has no solutions for n∗ ≈ 1
since n∗ > maxn0(x). If the right hand side of Eq.(33) is smaller than n∗, then there are no
solutions for all x and the destruction process does not start. If the right hand side of Eq.(33) is
bigger than n∗ then the solution LF of (33) exists. So, finally, the following result is obtained:
for large t we have two destruction fronts such that

LF (t) ≈ ±c t+O(1). (34)

Consider an influence of the wave contributionW and the localized mode contribution V to a
destruction process. It is seen that this effect depends on x and t. For some x the localized mode
contribution reinforces the destruction process, while for others that contribution diminishes it.
So,we have two qualitatively different dynamics of a destruction front. If the localized mode
amplitude is smaller than the amplitude of the wave term, then the dynamics of the front is
linear. If the localized mode amplitude has the same order as the wave term amplitude, we have
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alternation of time intervals,where LF increases, and time intervals where LF (t) is a constant.
The transition from oscillating dynamics to wave dynamics with a linear growth, when the front
leaves the zone where the localized mode is not small, can be observed. Finally, for large times
the front moves in a linear manner, and for very large times the front stops since the amplitude
of the wave contribution slowly decreases as t−1/2. The time when the front stops can be
estimated roughly with the help of the asymptotic for the wave contribution, which finally gives
the following expression:

Tstop ≈ Aε2k̄0γ
−1√ρ0.

Moreover, there is a possibility for a transition region in which oscillating front dynamics with
stop intervals change to the monotone linear dynamics if the zones of the impact force applica-
tion, and the localized mode concentration, are different.

6 PASSAGE OF FAST LOCALIZED IMPULSE THROUGH DESTRUCTION ZONE

An inhomogeneous distribution of the damage parameter influences the localized solution
propagation. The goal of this section is to estimate the impulse amplitude. Experimental data
show that the impulse amplitude decreases during this propagation process. In this section, we
will find asymptotic solutions, which are valid for any β > 0 and also for not small inhomo-
geneities. We can describe a localized solution by the asymptotic solution in the form:

u(x, t, ε) = a(x, t) exp(−ε−1S(x, t)), (35)

where S(x, t) ≥ 0 is a smooth function such that S(x, t) = 0 at a point x = X(t), ε > 0 is
a small parameter. Then this solution describes a displacement impulse localized at x(t). One
can get the following equation

ε−2a(γS2
x−ρ0S

2
t )+ε

−1(γ(−2axSx−aSxx)+ρ0(2atSt+aStt)+K(n)a)+γaxx−ρ0att = 0. (36)

We consider first terms of the orders ε−2. Then one has the eikonal equation in the form:

γS2
x − ρ0S

2
t = 0. (37)

For a(x, t) one has

γ(−2axSx − aSxx) + ρ0(2atSt + aStt) + ε(K(n)a+ γaxx − ρ0att) = 0. (38)

One of simple solutions of equation (37) is S = (x−ct)2
2

. Then X(t) = ct. The form of solution
for a(x, t) (which is not so simple, in general) can be simplified. In fact, in this case we can set
a(x, t) ≈ a(ct, t) = A(t) + O(ε) and n(x, t) ≈ n(ct, t) + O(ε) = n̄(t) + O(ε) with accuracy
ε, since for |x − ct| >> ε the solution u is exponentially small. It is difficult, however, to use
(38) in order to find a(t). We apply the energy balance equation. Let us compute the main
asymptotic contribution of the localized solution into the energy, up to small corrections. This
gives

E[u, ut] =
1

2

∫ h

−h
(γu2

x + ρ0u
2
t +K(n)u2)dx ≈ R(ε, t)

ā2(t)

2
, (39)

where
R(ε, t) ≈

∫ ∞
−∞

exp(−2S/ε)(ε−2(γS2
x + ρ0S

2
t ) +K(n̄(t)))dx. (40)

Let us denote
M0(ε) =

∫ ∞
−∞

exp(−2S/ε)dx.
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For S = (x−ct)2/2 the third termK(n̄(t) in the right hand side of the equation can be removed,
since the contributions of the first and second ones have the order O(ε−1M0), where the third
term give O(M0). Then R(ε, t) = R0(ε) is independent on t, and up to small corrections vanish
as ε→ 0. For the dissipative functional D one has:

D(ε, a) ≈ 1

2
n̄tā

2(t)
dK

dn
(n̄(t))H, M0 =

∫ ∞
−∞

exp(−2S/ε)dx. (41)

If we suppose that the impulse is powerful enough to start the destruction process at x = ct,then:

da

dt
= M0R

−1
0 (ε)βKn(n̄(t))a. (42)

So, the impulse amplitude decrease according to the following expression:

a(t) = Θ(t)a(0), Θ(t) = exp(M0R
−1
0 (ε)

∫ t

0

K(n̄(s)

dn̄
ds). (43)

For a small β we can replace n̄ in this formula to n̄0(t) = n0(ct), where n0 is initial damage
distribution. Finally,we obtain for Gaussian impulses with S = (x− ct)2/2 that

Θ(t) = exp(−constεγ−1βk2
0G0

∫ t

0
(k0 +G0(1− n0(cs)))−2ds, (44)

and for small G0 or n0 ≈ 1 one has:

Θ(t) = exp(−constεγ−1βk0G0t). (45)

7 CONCLUSIONS

In the paper an influence of the wave contribution and the localized mode contribution to
a destruction process has been considered. This effect depends on x and t. For some x the
localized mode contribution reinforces the destruction process, while for others that contribution
diminishes it. So,we have two qualitatively different dynamics of a destruction front. If the
localized mode amplitude is smaller than the amplitude of the wave term, then the dynamics
of the front is linear. If the localized mode amplitude has the same order as the wave term
amplitude, we have alternation of time intervals,where LF increases, and time intervals where
LF (t) is a constant. The transition from oscillating dynamics to wave dynamics with a linear
growth, when the front leaves the zone where the localized mode is not small, can be observed.
Finally, for large times the front moves in a linear manner, and for very large times the front
stops since the amplitude of the wave contribution slowly decreases as t−1/2. Some particular
solutions describing resonances between the time periodic external load and localized modes
has been obtained. Also possible passage through a sequence of resonances has been observed.
The conclusion that close to a final destruction stage, localized mode and resonances vanish can
be made. In this case one can observe purely wave regime. An inhomogeneous distribution of
the damage parameter influences the localized solution propagation. It has been shown that at
impact the cause of the string substrate material damage increase can be localized oscillation
modes. The localized mode existence depends on a relation between the initial substrate rigidity
and the main material rigidity. The impact energy is redistributed between propagating waves
and localized waves in such a way that the latter may make the main contribution to the growth
of the material damage.
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Abstract. We investigate the experimental response of additively manufactured tensegrity
prisms under compression loading and different states of internal prestress. Physical models
of tensegrity prisms are additively manufactured through an electron beam melting facility.
Spectra strings are applied to the 3D printed models through a post-tensioning approach, which
endows the structure with the desired prestress. Experimental tests highlight that the examined
structures exhibit strongly nonlinear mechanical response under compression, which appears
to be useful for the construction of a new class of nonlinear mechanical metamaterials featuring
solitary wave dynamics to be controlled by internal and external prestress.
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1 INTRODUCTION

One of the most common techniques nowadays employed for the fabrication and the rapid
prototyping of innovative periodic structures and lattice materials is additive manufacturing
(AM). Several fabrication methods have been proposed in this field, with resolution rang-
ing from the centimetre- to the nanometre-scale. It is worth mentioning polyjet 3d printing
technologies; Electron Beam Melting (EBM); x-ray lithography; deep UltraViolet lithography;
soft lithography; two-photon polymerization; atomic layer deposition; and projection micro-
stereolitography, among other available methods (refer to [1]-[5], and references therein). The
processing of detailed components through the consecutive addition of small quantities of ma-
terial, usually in thinner layer than 100 µm, makes AM capable of producing highly complex
structures at different scales. EBM is a popular AM technique used to fabricate metallic struc-
tures. Its name is down to the technique’s deposition, in which, it makes use of a beam of
electrons to fully melt powder particles of a conductive material. This melting operation is per-
formed in a selective way to produce a structure corresponding to a surface file, commonly STL.
The use of EBM has been successfully demonstrated in several studies of structured materials
including; lattices with graded porosity [4], metallic foams [6], optimized topologies [7] and
structures with negative Poisson’s ratio [8] to name a few.

Tensegrity structures are axially loaded prestressable structures. Motivated by nature, where
tensegrity concepts recurrently appear [9], engineers have only recently developed efficient an-
alytical methods to exploit tensegrity concepts in engineering design. Traditional construction
of tensegrity structures through manually assembling of different components can represent a
challenging task. Potentially resulting in a series of mitigated results because of structural and
connecting issues; eccentricities at the joints, unwanted movements and friction (refer, e.g.,
to [10] and references therein). Hence in order to systematically study complex tensegrity sys-
tems, the development of fabrication techniques based on AM would be of great help. The paper
begins by describing the Computer Aided Design (CAD) of the tensegrity prisms to be manu-
factured, which consist of three titanium alloy (Ti6Al4V) bars; two Ti6Al4V plates (bases), and
three Spectra fibers connecting the base plates (Sect. 2). Sect. 3 describes the EBM process
used for the AM manufacturing of temporary models without the Spectra fibers, while Sect. 4
illustrates the placement and the post-tensioning of such elements within the final models. The
experimental part of the study presents quasi-static compression tests that investigate on the
response of the examined structures under compressive axial loading. The given results vali-
date the theoretical predictions presented in [10, 11], highlighting the geometrically non-linear
nature of the axial force vs. axial displacement response of such structures (Sect. 5). Sect.
6 illustrates the wave dynamics of chains of tensegrity prisms featuring either hardening-type
or softening-type nonlinear response, highlighting that hardening-type chains support compres-
sion solitary waves, while softening-type chains support rarefaction solitary waves. We end in
Sect. 7, by drawing the main conclusions of the present study and future research lines.

2 GEOMETRIC MODELS OF TENSEGRITY PRISMS

We focus in the present Section on the computer aided design of provisional models of
structures showing tensegrity prisms endowed with rigid bases as building blocks [10]. Each
prism is composed of three struts, two rigid bases (a top-base, and a bottom-base), and three
cross-cables. Fig. 1 shows a computer model of metallic structures formed by the struts and
the terminal bases of the building blocks, plus some sacrificial supports connecting the bases
of the building blocks (vertical elements in Figs. 1). The connections between the bars and the
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bases are realized through hemispherical joints (cf. Fig. 1). Such provisional structures will be
additively manufactured in a titanium alloy (Ti6Al4V) through the EBM facility Arcam S12 (cf.
Sect. 3). Next, the 3D printed structures will be finished with the addition of tensioned Spectra
strings connecting the struts and the terminal bases of the building blocks. Once the insertion
of the Spectra strings is completed, and a suitable prestress is applied to the structure, the
sacrificial supports will be removed (post-tensioning approach, cf. Sect.4). We will now show
in detail how we design the building blocks of the structures under investigation. To ensure zero
bending moments, the extremities of the bars composing such units should have almost zero
diameter at the nodes. Unfortunately, it is impossible to additively manufacture elements with
nearly zero diameter, due to the limited precision tolerance of the available printing equipment.
In the present case the ARCAM S12 EBM facility allows to smoothly manufacture features
with size down to 0.5 mm [6]. Such a limitation also affects the manufacturing of the tensile
elements (cables or strings) of the building blocks, due to the small diameter that is needed for
such elements. As already explained, our fabrication strategy makes use of 3D printed partially
complete models in which the strings are replaced by sacrificial supports with diameter d∗ = 0.5
mm. The latter are removed in a second phase, when Spectra strings are manually inserted into
the building blocks, with the aim of ‘sewing’ the 3D printed models (Sect.4). To this end, the
models to be 3D printed show holes passing through the joints, which will host the Spectra
strings in the post-tensioning phase. We design the compressive elements (bars or struts) of the
temporary models with a bi-conic shape obtained by joining two truncated cones. The latter
feature decreasing radii towards the extremities (Fig. 1), so as to minimize the bending rigidity
of the nodes. Let d denote the minimum diameter of the struts (at the extremities), and let D
denote the maximum diameter of such elements (at the mid-span). Following [12] we make use
of the following tapering ratio: β = D/d = 6. Overall, each building block to be 3D printed
is composed of three truncated bi-cones (bars), three sacrificial supports, two triangular plates
of thickness t (bases), and six hemispherical joints with radius r (Fig. 1). Table 1 shows the
geometric properties of such elements, making use of the symbols sN , bN and hN to respectively
denote the length of the edges of the base plates; the length of the struts; and the height of the
prism (measured from the centre to centre of the bases), in correspondence with the unstressed
(or natural) configuration of the structure.

Figure 1: Graphical model of a building block composed of three sacrificial supports (yellow), six hemispherical
joints (orange), three struts (blue) and two terminal plates (gray).
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t (mm) r (mm) sN (mm) bN (mm) D(mm) d (mm) d∗ (mm) hN (mm)
1.0 1.5 34.0 44.1 3.0 0.5 0.5 22.3

Table 1: Geometrical properties of the building blocks of the examined models.

3 ADDITIVE MANIFACTURING OF PHYSICAL MODELS

The present section focuses on the EBM technique employed to process the CAD model il-
lustrated in the previous section. We begin by describing the geometrical and chemical charac-
teristics of the employed Ti6Al4V alloy. Next, we briefly describe the employed manufacturing
process. We end by presenting an experimental study on the influence of the direction in which
the part is built (i.e. how the layers are built up) on the mechanical properties of the melted
Ti-6Al-4V alloy.

3.1 Raw materials

The manufacturing process examined in the present work starts with the spreading out of a
layer of Ti4Al6V prealloyed powder into the build platform of the printing machine (Arcam
EBM S12). Such a powder is provided by the manufacturer and is made of spherical particles
with 45 − 100 µ m diameter. The raw material is grade 5 under the standards of the American
Society of Testing and Materials (ASTM Grade 5, 6Al-4V). It must be considered, however, that
the continuous material reuse, which is a common practice in the EBM manufacturing, might
slightly change the chemical composition of the Ti6Al4V powder (for example by gradual pick
up of oxygen). Tab. 2 provides the chemical composition experimentally determined for the
powder employed in the previous study.

Ti Al V Fe C N O
88.28 6.88 4.27 0.18 0.007 0.026 0.33

Table 2: Chemical composition of the Ti-6Al-4V prealloyed powder in wt%.

3.2 Manifacturing process

EBM works in vacuum conditions at 1.9×10−3 mbar, and heats the base of the build area up
to the temperature of 720◦C. Layers of Ti-6Al-4V powder are progressively deposited, heated
and melted, according to a sliced version of the CAD model to be manufactured, which is
prepared by an internal preprocessor of the Arcam EBM S12. Layer heating (using a defocused
beam) is employed to reduce the energy needed for the melting phase. The EBM working
parameters are varied for the bars, joints and plates, with the aim of ensuring uniform material
density throughout the model, as much as possible (cf. Tab, 3). The voltage is kept constant at
60kV. Once manufactured, all remnants of unmelted powder are removed using compressed air.

3.3 Parent material properties

We printed twelve tensegrity prisms with two different building orientations for material
characterization purposes. The main goal of such a study was to detect the influence of the
EBM build direction on the mechanical properties of the melted Ti-6Al-4V alloy. We built six
samples along the vertical direction (V specimens: prism bases parallel to the building plate),
and six other samples along the horizontal direction (H specimens: prism bases perpendicular to
the building plate). Parts of such specimens, manually cut using shears, were subject to tensile
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Beam current Beam speed Focus Offset
(mA) (mm/s)

Preheat 30 14600 50
Plates 17 500 19

Spheres 1.7 200 0
Bars 1.7 200 0

Table 3: Beam parameters employed for the manufacturing of the model parts.

tests according to the ASTM standard E8-13a [13]. The data obtained from tensile tests include
the 0.2 % Yield strength (YS), ultimate tensile strength (UTS), and Young’s modulus (YM),
see Table 3.3. The yield strength of V- and H-specimens was found to be slightly different
(V-specimens more resistant than H-specimens, cf. Table 3.3), hought to be due to changes in
material porosity with the deposition angle [14]. It is worth mentioning that the reproducibility
of material properties in the AM of lattice materials in general is subject of debate. This is
as the fraction of defects, such as internal porosity and surface roughness, dramatically affect
the material strength, especially in the case of small features, such as, e.g., the nodal junctions
[6]. The results presented in Table 3.3 led us to prefer the vertical deposition technique for the
manufacturing of the final specimens (Fig. 2).

Build orientation 0.2 % Y.S. UTS Young’s modulus
(MPa) (MPa) (GPa)

Horizontal 881± 8.4 1040±6.7 110±2.1
Vertical 923±10.7 1042±9.2 116±2.8

Table 4: Bulk material properties based on tensile tests for two build orientations.

Figure 2: EBM-printed left-handed (left) and right-handed (right) tensegrity prisms.

4 POST-TENSIONING OF 3D-PRINTED SPECIMENS

As anticipated, we ‘sewed’ the 3D printed structures by slipping Spectra R© fibers with 0.1
mm diameter through the holes crossing the joints. We used Spectra fibers supplied by Shimano
American Corporation (Irvine, CA, USA), with declared maximum load bearing capacity of 5
kg. Hereafter, we assume that such string elements have Young modulus Es=5.48GPa, based
on the results of the experimental study presented in [10]. Since the cross-section area of the
strings isAs = π 0.12/4 = 0.0078 mm2, their axial stiffness is computed as: EsAs = 0.043 kN.
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After slipping the Spectra strings through the holes crossing the joints, we fixed them in cor-
respondence with the top-base of the structure through slipknots (Fig. 3). Next, we removed
the sacrificial supports of the 3D printed structure (cf. Figs. 2, ), and we tensioned the strings
by fixing them to the bottom-base. A level was placed on the top-base of the structure during
the post-tensioning phase, in order to ensure that such a base was horizontal, and the strings
approximatively carried equal tensile forces. We applied the post-tension approach to manu-
facture single prisms, either left-handed (L-prisms, Fig. 3-left) or right-handed (R-prisms, Fig.
3-right).

Figure 3: L-prims (left) and R-prism (right) prisms obtained by ‘sewing’ the EBM-printed models with Spectra
strings.

5 QUASI-STATIC COMPRESSION TESTS

We investigated on the experimental response of the tensegrity prisms illustrated in the pre-
vious section under quasi-static compression loading, on employing a strain rate of 1 · 103 s1.
The testing apparatus consisted of a Zwick/Roell Z050 testing machine equipped with 20 kN
load cell (Fig.4). To minimize the frictional effects between the terminal bases of the prisms
and the testing machine plates, we carefully lubricated all such surfaces, before initiating the
compression tests. We lubricated the joints of the tested structures as well, in order to reduce
the friction between the strings and the rough internal surface of the joints.

Figure 4: Experimental set-up for the compression testing of post-tensioned structures.

Fig. 5 shows the results of compression tests on different L-prisms and R-prisms, which
differ from each other for the value of the applied prestress. The cross-string prestrain p [11]
was estimated by comparing the lengths of the cross-strings in the unstressed and prestressed
configurations (cf. Fig. 5). The axial force F vs. axial-displacement δ plots in Fig. 5 highlight
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a marked hardening behavior of the L- and R-prisms (tangent stiffness increasing with δ), up to
the specimen failure. Such an elastic hardening (or hardening) effect is magnified by increasing
the internal prestress (cf. Fig. 5), in agreement with the theoretical results presented in [11] for
tensegrity prisms endowed with rigid bases. The specimen collapse was due to the detachment
of one or more bars from the joints. It is worth mentioning that we did not observe plastic
yielding of the strings or buckling of the bars up to the specimen failure.

L-prisms

R-prisms

Figure 5: Axial force F vs. axial-displacement δ curves of single-prism structures under axial compression loads.

6 NONLINEAR DYNAMICS OF TENSEGRITY METAMATERIALS

Ordinary engineering materials typically exhibit either elastic hardening (e.g., crystalline
solids), or elastic softening (e.g., foams). More puzzling is the geometrically nonlinear response
of structural lattices based on tensegrity prisms, which may gradually change their elastic re-
sponse from hardening to softening through the modification of mechanical, geometrical, and
prestress variables. Recent studies have indeed shown that the elastically hardening regime ob-
served in the tensegrity prisms analyzed in Fig. 5 can switch to an elastically softening regime
when the rigid bases are replaced with deformable string networks, and the prism features suit-
able aspect ratios between the height and the radius of the circumference circumscribed to the
base triangles [10, 11, 19]. In particular, it has been shown that a low acoustic impedance chain
of prisms with with elastic hardening response (LIEH chain) supports compression solitary
waves, while a high acoustic impedance chain of prisms with elastic softening response (HIES
chain) supports compression solitary waves [19].

Fig. 6-top illustrates the behavior of a compression solitary pulse approaching the interface
between two chains in tensionless contact with each other: a LIEH branch with 700 masses
and a HIES branch with 2200 masses (refer to [19] for numerical data). The two branches are
subjected to different global prestrains εs0 (initial axial strains of the prisms composing the
branches) and local prestrains p0 ≡ p (cross-string prestrains). Fig. 6-top shows the evolution
of strain pulses in the examined system under the impact velocity v0 = 5.0 m/s. We observe that
initial solitary compression wave travels along the LIEH branch. The interaction of such waves
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with the LIEH-HIES interface generates a gap between the branches and unexpected transmitted
solitary rarefaction waves with oscillatory tail in the HIES branch. A train of reflected solitary
compression waves is observed in the LIEH branch [19]. The results in Fig. 6-bottom instead
deal with the interaction of a rarefaction solitary wave with an interface between a HIES lattice
of 5000 masses and LIEH lattice of 1000 masses under the the impact velocity v0 = 5.0 m/s
(refer to [19] for numerical data). It is seen that HIES system supports an incident solitary
rarefaction pulse with oscillatory tail. Its interaction with the given interface results in a train of
transmitted solitary compression waves in LIEH system. A reflected solitary rarefaction wave
followed by oscillatory tail propagates back into the HIES branch. The results in Fig. 6-bottom
suggest that the oscillatory tail of the incident rarefaction pulse degenerates into an infinitely
small amplitude trail.

7 CONCLUSIONS

We have investigated on the fabrication of physical models of tensegrity prisms, by com-
bining the additive manufacturing of metallic models, via EBM, with the manual insertion of
tensioned Spectra strings in 3D printed structures. Compression tests have been performed with
the aim of characterizing the nature of the mechanical response of such structures under large or
moderately large axial displacements. We have observed a markedly nonlinear response of the
examined structures, and elastic hardening effects under large axial displacements. Such results
confirm the outcomes of previous theoretical and experimental studies available in the literature
on the mechanical response of tensegrity prisms endowed with rigid bases [15, 10, 11].

Elastically hardening mechanical metamaterials support compressive solitary waves and the
unusual reflection of waves on material interfaces [16]-[19] (cf. Fig. 6). Solitary wave dynamics
has been proven to be useful for the construction of a variety of novel acoustic devices. These
include: acoustic band gap materials; shock protector devices; acoustic lenses; and energy trap-
ping containers, to name some examples (refer, e.g., to [20] and references therein). The present
study represents a first step towards the additive manufacturing and testing of nonlinear tenseg-
rity metatamerials to be employed for real-life engineering devices. We address the formulation
and implementation of innovative, multimaterial deposition techniques that are able to apply
internal prestress in AM-fabricated tensegrity structures to future work. We plan to fabricate
macro- and small-scale models of such structures using materials with different coefficients
of thermal expansion for struts and cables. In addition, we plan to manufacture micro-scale
tensegrity models through projection micro-stereolitography [5], employing swelling materials
for the tensile members [21], and accounting for material fracture [22]. Once dried, the ten-
sile members will contract, creating internal prestress. Engineering applications of the such
metamaterials will deal with novel, tunable focus acoustic lenses, impact mitigation devices,
bio-inspired membranes and innovative tools for monitoring structural health and damage de-
tection in materials and structures [18],[23]-[30].
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Figure 6: Top: Interaction of a rarefaction solitary wave with the interface between LIEH (left) and HIES (right)
chains of tensegrity prisms. Bottom: Interaction of a rarefaction solitary wave with the interface between HIES
(left) and LIEH (right) chains of tensegrity prisms.
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Abstract. Stochastic resonance (SR) is a phenomenon which can be observed at some non-
linear dynamic systems under combined excitation including deterministic harmonic force and
random noise. The Duffing single degree of freedom oscillator is treated and the Gaussian
white noise as the random excitation component is considered. Mathematical basis of this phe-
nomenon follows from properties of the Duffing system with negative linear part of the stiffness.
Under certain combinations of the system and excitation parameters the SR can emerge. It
manifests by stable periodic hopping between two nearly constant limits perturbed by random
noises. SR is observed and practically used in a number of disciplines in physics, biophysics,
chemistry, etc. However it seems to be promising as a theoretical model of several aeroelastic
post-critical effects arising at a prismatic beam in a cross flow.

Three independent theoretical solution methods have been addressed and tested in order to
compare results of the system response. The first kind is semi-analytic dealing with the relevant
Fokker-Planck Equation (FP). It is solved by means of the stochastic moment procedure. The
multiharmonic non-stationary solution of the Probability Density Function (PDF) is expected.
The Galerkin approach is adopted. The second way is based on the FEM solution of the FP
equation. It is analyzed in an original evolutionary form which enables an analysis of transi-
tion effects starting the Dirac type initial conditions. The last procedure represents simulation
regarding the original Duffing or relevant Ito stochastic system. Comparison of results provided
by the above three methods has revealed appropriate domains of their application to particu-
lar problems regarding a preliminary analysis or careful detailed inspection in specific small
domains in final stage of an engineering system design.
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Jiřı́ Náprstek, Cyril Fischer, Radomil Král and Stanislav Pospı́šil

1 INTRODUCTION

Stochastic resonance (SR) is a phenomenon which can be observed at some non-linear dy-
namic systems under combined excitation including deterministic harmonic force and random
noise, see for instance papers [1], [2], monograph [3] and many other resources. This phe-
nomenon manifests by stable periodic hopping between two nearly constant limits perturbed by
random noises. SR is observed in a number of disciplines in physics, life sciences and industry
(optics, plasma physics, chemistry, biophysics, etc.). The occurrence of this phenomenon de-
pends on certain combinations of input parameters, which can be determined theoretically and
verified experimentally. The long-term experience shows that SR can be assumed either as a
dangerous effect of a post-critical system response which should be avoided (plasma physics,
aeroelasticity, etc.) or oppositely as a requested process representing functionality of the system
itself (optics, special excitation devices, etc.).

With reference to wind channel observations in a wind channel, it seems that SR is promising
as a theoretical model inherent for several aeroelastic post-critical effects arising at a prismatic
beam in a cross flow. In particular the divergence or buffeting of a bridge deck can be modeled
as a post-critical process of the SR type at an SDOF or TDOF system. Dealing with a particular
project these post-critical effects should carefully investigated in order to eliminate any danger
of the bridge deck collapse due to aeroelastic effects.

The mathematical basis of SR follows in the most simple case from properties of the Duffing
equation with negative linear part of the stiffness. Therefore in this study the Duffing SDOF
oscillator is treated under excitation by a Gaussian white noise together with a deterministic
harmonic force with a fixed frequency. It should be noticed that also other types of nonlinearity
can produce a significant periodic part of the response when excited by additive random noise.
See for instance [4], where influence of bistable nonlinear damping is discussed.

Let us assume the nonlinear mass-unity oscillator with one degree of freedom:

u̇ = v;
v̇ = −2ωb · v − V ′(u) + P (t) + ξ(t).

(1)

V (u) - potential energy being introduced in a form corresponding with the Duffing equation:

V (u) = −ω
2
0

2
u2 +

γ4

4
u4 ⇒ V ′(u) = dV (u)/du = −ω2

0 · u+ γ4 · u3 (2)

ξ(t) - Gaussian white noise of intensity 2σ2 respecting conditions:

E{ξ(t)} = 0 ; E{ξ(t)ξ(t′)} = 2σ2 · δ(t− t′) (3)

P (t) = Po exp(iΩt) - external harmonic force with frequency Ω. Amplitude Po should be
understood per unit mass.

Symbols ω0 and ωb have a usual meaning of the circular eigen-frequency and circular damp-
ing frequency of the associated linear system. The linear part of the V ′(u) is negative making
the system metastable in the origin, while the cubic part acts as stabilizing factor beyond a cer-
tain interval of displacement u. The system is drafted in the Fig. 1 in two versions: (a) system
with symmetric potential typical by an equivalent energy needed for hopping from the left into
the right potential well and in opposite direction (b) system with asymmetric potential due to the
supplementary linear string which could be able (when rising its stiffness) to bring the oscillator
to monostable type.
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Figure 1: Bistable nonlinear system: a) Symmetric potential; b) Non-symmetric potential.

Response of the system defined by Eq. (1) can be significantly enhanced introducing an
optimal amount of additive random noise, which results in the phenomenon called stochastic
resonance. The traditional interpretation of stochastic resonance involves the concept of photon
inter-well hopping in nonlinear optics, see e.g. [1]. For the symmetric potential (∆V− =
∆V+) and in the absence of periodic forcing the approximate frequency of escape from one
well into the second (bistable system of type (2)) is given by the following estimate published
in the comprehensive study [5]:

ωe =
√

2 · exp(−∆V/T ) (4)

where ∆V is height of the barrier separating potential minima and T absolute temperature. It
is obvious that T is proportional to σ2 introduced in Eq. (3). The formula (4) is a result of
theoretical and empirical investigation motivated by problems of nonlinear optics. However,
it is widely used and works very well. During the last decade a number of areas of optics,
quantum mechanics, chemistry, neurophysiology, etc. investigated this formula attempting to
use the phenomenon of stochastic resonance for description of various effects arising in their
branches using both experimental and theoretical ways of investigation, see e.g. [2, 6].

The Duffing equation under above excitation is treated addressing three independent theoret-
ical solution methods in order to compare results of the system response in general and mainly
looking for system and excitation parameters leading to the SR phenomenon.

2 FOKKER-PLANCK EQUATION – SEMI-ANALYTIC SOLUTION

The first procedure considered is based on a manipulation with the response probability den-
sity function of the system (1). It is commonly supposed that input and output can be regarded
as Markov type processes. In such a case the most effective analytic tool of investigation offers
the Fokker-Planck Equation. We try to formulate a semi-analytic solution using the stochastic
moment procedure with non-Gaussian closure. The multiharmonic solution is suggested and
therefore the solution in a periodic form is fixed. The transition effects due to initial conditions
are omitted and only quasi-stationary part is investigated.

Taking into account that random noise in Eq. (1) has an additive character, no Wong-Zakai
correction terms emerge, see e.g. [7, 8, 9]. Then the relevant FP equation, e.g. [10] can be

1973
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easily written out:

κu = v ; κv = −2ωb · v − V ′(u) + P (t) ; κvv = 2σ2 (5)

∂p(u, v, t)

∂t
= −v∂p(u, v, t)

∂u
+

∂

∂v
[2ωb · v + V ′(u)− P (t)]p(u, v, t) + σ2∂

2p(u, v, t)

∂v2
(6)

together with boundary and initial conditions:

lim
u,v→±∞

p(u, v, t) = 0 (a) p(u, v, 0) = δ(u, v) (b) (7)

Provided P0 = 0 and the external excitation is limited to random component only, the right
side of Eq. (6) becomes time independent and it is meaningful to investigate the FP equation
with canceled left side. In such a case it admits the closed form time independent solution of
the Boltzmann type. For details, see e.g. [11, 12, 13], and other papers and monographs. The
appropriate solution has the form:

po(u, v) = D · exp

(
−2ωb

σ2
H(u, v)

)
(8)

where D is the normalizing constant and H(u, v) represents the Hamiltonian function of the
basic system. In particular:

H(u, v) =
1

2
v2 + V (u) =

1

2
v2 − 1

2
ω2
ou

2 +
1

4
γ4u4 (9)

which implicates:

po(u, v) = pu(u) · pv(v),

pu(u) = Du · exp(−2ωb

σ2
(
1

2
ω2
ou

2 +
1

4
γ4u4)), pv(v) = Dv · exp(−2ωb

σ2

1

2
v2)

(10)

indicating that u, v are stochastically independent processes.
It is obvious that solution of type Eq. (8) or (10) type can be provided for any arbitrary

symmetric/non-symmetric potential including cases leading the system into monostable type.
PDF of the response has significantly non-Gaussian form in displacement u (see Fig. 2) and
Gaussian form in velocity v. The final shape is influenced by quotient 2ωb/σ

2, i.e. approaching
zero as quickly as the damping ωb rises and white noise intensity σ2 decreases.

When excitation force consists of both component (P0 > 0), time independent solution of
Eq. (6) no more exists. In order to approximate its solution, the formula (8) can be used as a
basic part which should be multiplied by a space and time dependent series. The PDF can be
expected periodic or cyclic-stationary in a certain meaning of the term in time coordinate for
t → ∞ and the Floquet theorem or the maximum entropy principle, e.g. [11] could also be
alternatively used as a basic tool for the solution.

With respect to the linearity of the FP equation the periodicity of the PDF should be relevant
to the frequency of the deterministic excitation component Ω and its integer powers. Therefore
the series can be written in the following form:

p(u, v, t) = po(u, v)
J∑

j=0

qj(u, v) · exp(ijΩt) (11)

1974
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Figure 2: Response PDF of the system excited by white noise only: (a) Symmetric potential; (b) Non-symmetric
potential.

where Ω is the harmonic component excitation frequency. The series Eq. (11) represents an
approach of a weak solution of FP equation, which repeats in the period T = 2π/Ω. It gives a
true picture of solution within one period, but cannot express any influence of initial conditions.

The unknown functions qj(u, v) in Eq. (11) can be searched for using the generalized method
of stochastic moments as it can be found e.g. in [10]. Using the Galerkin method approach, the
expression (11) should be substituted into Eq. (6) and the whole equation should be multiplied
by the testing functions α(u, v).

The testing functions α(u, v) and unknown function qj(u, v) are assumed to have a following
advantageous form:

α(u, v) = αr,s(u, v) = ur ·Hs(βv) ; r = 0, ..., R ; s = 0, ..., S (12)

qj(u, v) =

R,S∑
k,l=0

qj,klu
k ·Hl(βv) (13)

where Hs(βv) are l’Hermite polynomials and β =
√
ωb/σ2. After applying the mathematical

mean operator with respect to probability density function po(u, v), see (8), and employing
orthogonality of l’Hermite polynomials a linear algebraic system for unknown coefficients qj;k,l
arises (qo(u, v) = 1, q−1(u, v) ≡ 0):

2β(ijΩ + 2ωbs)Aqj,s − 2(s+ 1)Cqj,s+1 + Bqj,s−1 = 2β2PoAqj−1,s−1 (14)

qj,s = [qj,0s, qj,1s, ..., qj,Rs]
T - column vector (R + 1 components) and A,B,C ∈ R(R+1)×(R+1)

- square arrays containing moments:

Ar,k =

∞∫
−∞

ur+kΦ(u)du ; Br,k =

∞∫
−∞

kur+k−1Φ(u)du ; Cr,k =

∞∫
−∞

rur+k−1Φ(u)du

Φ(u) = exp(βω2
ou

2 − 1
2
γ4u4)

(15)

Function Φ(u) is symmetric with respect to zero and therefore Ar,k = 0 for odd r + k, while
Br,k, Cr,k vanish for even r + k.
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Figure 3: Typical response of a system with combined excitation - white noise and harmonic (left). The spectral
amplification of the system response due to stochastic resonance effect (right). Three levels of noise are assumed:
a) low noise, b) optimal noise – stochastic resonance occurs, c) high noise .

For each j the three-term recurrence formula (14) forms an algebraic system of size (S +
1)(R+ 1)× (S+ 1)(R+ 1) for all unknown coefficients qj,rs. The block diagonal of the system
matrix consists from scaled regular matrices A, see (15), and thus it is invertible.

Let us deal with the main idea of the solution method from other point of view. The Eq.
(6) represents a linear partial differential equation of the second order with non-symmetric
operator defined on an infinite domain, with homogeneous boundary conditions and parametric
”excitation”. It can be shown, that the weak solution exists and can be found using variational
methods. Nevertheless some properties of the operator (non-symmetry, etc.) are limiting in a
choice of methods. For instance Ritz method cannot be used due to operator non-symmetry. The
modified Galerkin method seems to be acceptable. The presented solution process corresponds
in principle to this method. The basic series employed is given by the formula (11) together
with Eq. (13). Because qj(u, v) are polynomials and po(u, v) can be interpreted as a weight
function, every term of the series (11) separately fulfills the boundary conditions requested for
the unknown p(u, v, t) and its derivatives in u, v. The series (11) with respect to Eqs (8,9) is
then substituted in fact into the Eq. (6) and then the orthogonality to the function α(u, v) for
any arbitrary r, s is requested. The proces of orthogonalization corresponds to the application
of mathematical mean value operator with respect to the PDF defined by Eq. (8). Equivalence
appeared ascertains the convergence of the approximate formula (13), see e.g. [14]. Therefore
the PDF can be reached with any prescribed accuracy. Due to structure of Eq. (11) the same
holds also for stochastic moments which are to be used studying various physical effects related
with PDF.

In order to validate the approaches presented in the this paper, the differential system (1) will
be examined using several numerical methods. The following values of the individual parame-
ters are adopted: ωb = 0.5 rad. s−1, ω2

0 = 1 rad. s−2, γ4 = 1 rad. m−2 s−2, Po = 0.4 m.s−2,Ω =
0.0942 rad.s−1. The stochastic resonance occurs for noise level κvv = 2σ2 = 0.25, where the
signal-to-noise ratio curve reaches its maxima, cf. the case b) in Fig. 3.

To approximate the time dependent probability density function according to relation (11)
the coefficient matrices A,B,C has been computed according to relation (15) and the block
tridiagonal matrix was set up following the three-term recurrence formula (14). The values of
R, S has been selected to R = S = 8 because for higher polynomial degrees the system matrix
became badly conditioned and serious numerical errors were introduced in the solution.

The resulting probability density function varies in time with periodicity, which correspond
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Figure 4: Left: the probability density function according to approximate relation (11) for t = 30. Right: the
corresponding planar section for v = 0 (solid line) and stationary solution of the Boltzmann type (dashed).

to the frequency of external loading Ω. The individual peaks alternate but the lower peak never
vanishes completely, see Fig. 4. The computed joint probability density is shown in the left
figure, the corresponding curve for the displacement variable u (section for v = 0) is in the right
graph. The solid line shows the computed time-dependent probability density for t = 30, the
dashed line corresponds to the stationary solution of the Boltzmann type po(u, v), see Eq. (8).
Only J = 5 terms of expansion Eq. (11) was used in this case, the shape of the curves was not
influenced by higher terms of Fourier expansion.

Despite of good theoretical properties of the polynomial ansatz Eqs (12-13) the current model
does not fit well the expected flat (low probability) areas. Moreover, there is no theoretical rea-
son preventing subtle overshoots into the negative values. Occurrence of these overshoots is
understandable from numerical point of view, however, it can cause problems in subsequent
analysis of the approximate probability density function. On the other hand, the presented ap-
proach brings results which can provide insight into the problem and mediate a good qualitative
analysis of the stochastic resonance effect.

3 FOKKER-PLANCK EQUATION – FEM NUMERICAL SOLUTION

The second solution procedure is based on the FEM solution of the FP. The FP is analyzed
in an original evolutionary form which enables an analysis of transition effects starting the
(nearly) Dirac type initial conditions. The FEM efficiency when solving FP which follows
from the Duffing stochastic differential equation without external harmonic forces was already
studied by the authors in [15]. With the periodic force taken into account, certain difficulties
arise due to the time inhomogeneity of the corresponding stochastic process.

The method is based on the approximaltion solution of Eq. (6) in the Galerin-Petrov meaning
on the piecewise smoothly bounded domain Ψ ∈ u× v, in Rd, d = 2. The initial conditions at
t = 0 s for PDF are considered in a form of the Gauss distribution function with an initial system
position at the point u0 = 0, v0 = 0. For a small values of standard deviation it approaches to
the Dirac function as it is primarily requested.

After a spatial discretizating of Ψ onto the rectangular finite elements using the bilinear
approximation functions and implying boundary condition p(∂Ψ, t) = 0, the system of ordinary
differential equations emerge with global matrices M, K(t) and vector of PD values p(t) in
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Figure 5: Axonometric and sectional display of the PDF at the highest value of probability of residing in selected
potential well: a) κvv = 0.10; b) κvv = 0.25 - Stochastic resonance c) κvv = 1.0.

nodes of the mesh:

Mṗ(t) = K(t)p(t). (16)

The matrix K(t) is time-dependent due to the periodic perturbation entering the drift term of FP
and, in the result, the solution oscillates periodically between the potential wells. In the regime
of SR, the switchings are in phase with the external periodic signal P (t) and the mean residence
time is most close to half the signal period 2π/Ω.

Since convection indicators of SR such as Spectral Power Amplification (SPA), the Signal-
to-Noise Ratio (SNR) or the residence-time distribution density are not applicable in the present
approach, other way of treating the stochastic response in SR regime is adopted. As a specific
measure of optimally selected noise intensity, the integral value of PD distribution over one
potential well, u ∈ (0,∞), for various κvv is introduced as:

PN(t;κvv) =

∫ ∞
−∞

(∫ ∞
0

p(u, v, t;κvv)du
)

dv (17)

that is periodic in time with the amplitude Ap(κvv). The stochastic resonance occurs for such
κvv for which the amplitude Ap(κvv) assumes its maximum.

Let us solve Eq. (6) with the identical parameters as introduced in the previous section. The
computational domain in size of u, v ∈ 〈−10, 10〉 is adopted and split onto the structured mesh
grid with an element edge size of 0.1 m. Selected results of the FEM solution are depicted in
Fig. 5. It contains a response PDF in the axonometric view and vertical section under various
noise intensities. The figures represent the solution taken in the time instant corresponding
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Figure 6: Time history of integral value of PDF over positive and negative domains PN,〈−10,0〉 and PN,〈0,10〉 for
a) κvv = 0.10; b) κvv = 0.25 - Stochastic resonance c) κvv = 1.0.

to the highest value of probability of residing in one selected potential well. In the temporal
evolution case, the peaks periodically oscillate between the relevant potentials with a period
close to the excitation frequency. Note that the role of transient effect following from the initial
condition has subsided.

Fig. 5(a) shows the approximation PDF at a low noise intensity κvv = 0.10 with regards
to the stochastic resonance. The solution forms a bimodal shape with two strong peaks around
the stable points at (u, v) = (±1, 0) separated by a deep saddle point at (u, v) = 0. As the
noise intensity increases to the optimal value for the stochastic resonance κvv = 0.25, the PDF
becomes wider over Ψ and consequently, its peak values drop while still maintaining the evident
bistable character, see Fig. 5(b). For higher excitation densities the bistable shape together with
the saddle point disappear as pointed out for κvv = 1.0 in Fig. 5(c).

The results given by Eq. (17) are illustrated in Fig. 6 that depicts the time history of integral
value PN(t;κvv) for three sets of noise intensities. Each set consists of one couple of the integral
value determined for both the positive and negative integral domain u ∈ (〈−10, 0〉, 〈0, 10〉).
Starting at low density of noise with κvv = 0.1, plot (a), the flattened sine-like functions emerge
with the amplitude of Ap(0.1) = 0.864. As the intensity grows, the curves change the shape
towards a typical sine form and the phase shift between the external excitation and integral
value function decreases. At optimal dose of noise in sense of stochastic resonance, the system
reaches maximum amplitude Ap(0.25) = 0.927, plot (b). Beyond this point the amplitude
decreases again, as presented in plot (c) for which yields Ap(1.0) = 0.825.

4 STOCHASTIC SIMULATION

The last procedure represents simulation regarding the original Duffing or relevant Ito stochas-
tic system. This way is used, among other things because it allows an effective procedure of
searching domains of adequate parameters leading to SR phenomenon.

Introducing the potential energy V (u) Eq. (2) into the general oscillator equation (1), the
detailed Duffing system reads:

u̇ = v;
v̇ = −2ωb · v + ω2

0u− γ4u3 + Po exp(iΩt) + ξ(t).
(18)

The equation Eq. (18) is solved numerically with the same parameters as used before. The time
period taken into account was T = 1000 s with the time step δt = 0.05 s. The white noise was
simulated as a finite sum of harmonic functions with uniformly distributed random frequencies
ωi ∈ (0, ωmax〉 and phases ϕi ∈ (0, 2π〉 , cf. Eq. (19). The parameter ωmax represents the noise
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Jiřı́ Náprstek, Cyril Fischer, Radomil Král and Stanislav Pospı́šil

cut-off frequency, value ωmax = 10 rad.s−1 was used in the simulation.

ξ(t) =
√

2σ
N∑
i=1

cos(ωit+ ϕi) (19)

The results of the stochastic resonance analysis are illustrated starting by Fig. 7 which
presents the signal-to-noise ratio as the function of the noise intensity expressed by 2σ2 = κvv
and the results (Fourier spectra) of the numerical simulations using the basic system Eqs (18).
In the individual spectral lines it can be seen the influence of rising white noise intensity, which
acts together with a harmonic force onto the system. For very low level of the noise the har-
monic component is hardly able to overcome the inter-well barrier and therefore only seldom
irregular jumps between stable points occur.

Figure 7: The spectral amplification of the system response due to stochastic resonance effect. The signal-to-noise
ratio (SNR) as the function of various noise strengths (σ2) due to stochastic resonance. Right - Fourier spectra of
the response obtained by numerical solution of Eqs (18).

In local regimes the system response is relatively small and nearly linear. Optimal ratio of
the noise intensity and the amplitude of the harmonic force results for its certain frequency in
the system response containing a visible spectral peaks (amplification) corresponding with the
frequency of the external harmonic modulation. The single peak (in the case of coloured noise
more peaks may appear) and thus the ”optimal” noise strength can be identified.

5 CONCLUSIONS

The response of a dynamic non-linear single degree of freedom system with cubic character-
istic to a combination of additive random noise and external deterministic periodic force were
studied. Three different approaches have been addressed in order to compare results obtained
using various definitions of the problem.

The effect of stochastic resonance has been described firstly theoretically using the FP equa-
tion and method of generalized stochastic moments for its approximate solution. The conver-
gence of this method is expected with respect to theoretical properties of the solution process
being similar to Galerkin method applied to the equations with non-symmetric operator. The
convergence has also been observed when numerical evaluation of formula and algorithms ob-
tained has been done. The non-stationary character of the response PDF with the basic and
the higher harmonics has been verified and used for periodic component detection in the input
signal containing both random and deterministic parts. Therefore adding noise to a system can
improve its ability of information transfer.
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The FEM solution of the FP equation exhibits with a high accuracy the effect of stochastic
resonance. Concurrently acting additive deterministic input and random excitation lead to the
periodically driven differential system with the time-dependent stiffness matrix. In order to
identify the effect of stochastic resonance, the transition response of such a noise-controlled
stochastic system was examined using integral formula applied over one potential well. This
treatment fully detected the optimal dose of noise for the stochastic resonance regime.

The paper describes also the numerical simulation of the Duffing system. It shows, that under
certain ”optimal” value of the parameters, the signal-to-noise ratio of the response increases and
the resonant-like peak occurs in the amplitude spectra. This makes an optimistic perspective
for the experimental analysis, which together with the analytical and numerical ones should
continue to obtain better insight into the general tendencies when individual parameters of the
system and the input signal are changed.

Possibilities of other analytical solution procedures should be also investigated (Floquet the-
orem, maximum entropy principle, etc.). Also other types of non-linearities in the system stiff-
ness (especially non-symmetric) should be carefully studied. Other application areas like post-
critical processes in aero-elasticity or vehicle dynamics should be thoroughly examined from
the point of view of the adverse effects of the response amplification due to stochastic resonance
effects.
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Abstract. A general model capable of simulating the vortex-induced vibration of a flexible 
curved cylinder is presented. The 3-D motion of the cylinder is modeled using a curved Euler-
Bernoulli beam, which accounts for bending, extensibility and geometrical nonlinearity. The 
finite element method is used to solve the beam equation. The hydrodynamic forces are mod-
elled with the help of the van der Pol wake oscillators attached to the nodes of the FE model 
of the beam. Such phenomenological oscillators are conventionally used for the prediction of 
vortex-induced vibration of rigid cylinders subjected to cross flow perpendicular to their axis. 
In order to cope with the curvature of the beam, a local reference frame is introduced and the 
tangential component of the flow velocity is neglected. Comparison is performed of the pre-
dictions of the proposed model with experimental observations of the vortex-induced vibra-
tion of a curved cable available in the literature. The comparison showed that the proposed 
model can reproduce some features observed in the experiment, such as the location of pow-
er-in region and the travelling wave. 
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1 INTRODUCTION 
In offshore engineering applications, slender structures such as risers, cables and pipelines 

are widely used. These types of structures usually have very large aspect ratio (L/D) and have 
to be considered as flexible. When exposed to marine currents, these slender structures under-
go vortex-induced vibrations (VIV) due to the space-time varying hydrodynamics associated 
with vortex shedding. The prediction of VIV is one of the key issues in the analysis and de-
sign of offshore slender structures because these vibrations result in significant fatigue dam-
age. 

Although VIV of a short rigid cylinder has been well documented in many reviews [1, 2, 3], 
the features of VIV of long slender structures have not been fully understood. A review of the 
recent studies on the VIV of long slender cylinders can be found in [4].  

In the prediction of VIV of a short rigid cylinder, nonlinear wake oscillator models have 
been widely used in recent years and gained popularity due to the low computational effort 
and acceptable accuracy. In [5], a classical van der Pol oscillator is used to model the near 
wake dynamics and the effects of several types of linear coupling terms (displacement, veloci-
ty and acceleration) modelling the fluid-structure interaction are investigated. It was found in 
[5] that the acceleration coupling is most appropriate for the modelling of most of the features 
of VIV. This van der Pol oscillator model was further improved by properly including the ef-
fect of stall term dropping the assumption of a small angle of attack [6]. 

Several papers can be found in the literature, which employ the wake oscillator models for 
the prediction of VIV of straight flexible cylinders exposed to a normal cross flow. In contrast, 
the VIV of curved cylinders has not been widely addressed. In all known to the authors works 
on this matter, strong simplifications have been made regarding either the flow direction [7, 8] 
or the motion of the cylinder [9]. 

The main novelty of this paper lies in the improved model of the cylinder-wake interaction, 
which includes the geometric nonlinearity of the structure and a projection of the initially in-
clined to the cylinder axis flow direction. 

2 MODEL DISCRIPTION 

2.1 Nonlinear structural model 
In theoretical studies of VIV of slender cylinders, the latter are usually modelled by 

straight tensioned beams or cables whose equations of motion (excluding the hydrodynamic 
forces) are assumed to be linear. However, in practical applications many slender structures, 
such as catenary risers, pipelines during the laying process and mooring cables have a curved 
shape. So a general Euler-Bernoulli beam model valid for both curved and straight cylindrical 
structures is used here. It accounts for bending, extensibility and geometrical nonlinearity. 
The description of the beam position is based on the differential geometry of 3D curves [10] 
where the arbitrary point on the beam axis can be described by a position vector r: 

 
 
 
 

,

, , ,

,

x s t

s t y s t

z s t

 
 

  
 
 

r (1)

where s is the Eulerian coordinate measured along the stretched beam and t is the time. Let us 
introduce the tangential unit vector t=∂r/∂s, the principle normal unit vector n and the binor-
mal unit vector b, such that b=t×n, n=b×t and t=n×b. The curvature vector of the beam is 
k=∂t/∂s=∂2r/∂s2, and the axial strain of the beam is ε=|∂r/∂p|-1, where p is the Lagrangian co-
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ordinate measured along the unstretched beam. It should be noted that the torsion of the beam 
is ignored here. For the convenience of writing, the following notation will be used to repre-
sent the partial derivative with respect to s: r,s=∂r/∂s. 

The weak form of the equations of motion of the beam is derived from the Lagrange-
D’Alembert equation: 

,E S IW W W    (2)

where δWE denotes the virtual work of the external forces, δWS is the virtual work done by the 
internal forces and δWI is the virtual work of the inertial forces. The elastic internal forces are 
split into two parts, namely a part due to bending based on the curvature of the deformed 
beam, and a part due to axial strain. The virtual work done by the axial force is given as 

, ,0
,

l

A s sW EA ds    r r (3)

while the virtual work due to bending reads 

 2
, , , ,0

,
l

B ss ss s sW EI EI ds     r r r r  (4)

where EI is the bending stiffness, EA is the axial stiffness and l is the length of the beam in 
deformed configuration. Then the total virtual work of internal forces can be written as 

 2
, , , , , ,0

.
l

S ss ss s s s sW EI EI EA ds        r r r r r r   (5)

For the virtual work of the inertial forces, the rotational inertia is ignored and only the inertia 
due to the linear acceleration is considered. Thus 

0

l

IW m ds   r r (6)

where m is the mass of the beam per unit length in the deformed configuration. When this 
model is applied in the simulation of the VIV, m includes the ideal added mass ma=1/4 
πCaρD

2, in which ρ denotes the density of the fluid, D is the outer diameter of the cylinder and 
Ca is the added mass coefficient which is assumed to be equal to one in this paper. 

As the formulas presented above are derived in the frame of the Eulerian description, they 
need to be transformed to the Lagrangian description where the original length of the beam L 
is already known. The relations used for the transformation are  

, ,
, , , , , , ,3

, ,,

1 1
, .p pp

s p ss p pp p p

p pp

and ds dp
 
    
 
 

r r
r r r r r r r

r rr



(7)

Applying these relations to Eq. (4) and (5), we obtain 
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, ,
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A p p
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  (8)

and 
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where 

, , ,3

,

1
.ss pp p

p

   r r r
r

(10)

A two nodes beam element, the same as the one described in [11], is used in this paper. 
The vector of nodal coordinates of the element consists of 12 degrees of freedom  

           
           

, , ,

0 0 0 , 0 , 0 , 0

0 0 0 0 0 0

,

T
p p p

p p p

x y z x y z

x L y L z L x L y L z L

 


e
(11)

where L0 is the length of the beam element. Based on that, the global position vector of an ar-
bitrary point, originally placed at p of the undeformed beam axis, in the deformed configura-
tion can be interpolated in terms of the nodal coordinates and the element shape function as 

.

x

y S

z

 
   
  

r e (12)

A cubic polynomial shape function is employed to describe each components of the position 
vector. Thus, the global shape function S can be written as 

1 2 3 4[ ],S S S S S I I I I (13)

where I is the 3×3 unit matrix and the function  i iS S p  are given by 

3 2 3 2

1 2

2 3 3 2

3 4

2 3 1 , 2 ,

3 2 , .

p p p p
S S L L p

L L L L

p p p p
S S L

L L L L

                   
       

                            

(14)

2.2 Wake oscillator model 
In this study, a van der Pol wake oscillator model proposed in [6] is used to compute the 

hydrodynamic forces due to vortex shedding. In order to introduce the model, let us consider a 
case where cylinder is rigid and flow is perpendicular to its axis. By assuming that the flow 
around the cylinder is two-dimensional (uniform along the cylinder axis), the interaction be-
tween the cylinder and the flow can be simplified as shown in Fig. 1. The total vortex force 
acting on per unit length of the cylinder is decomposed into a drag part FVD and a lift part FVL, 
where the drag and the lift are defined as, respectively, being in-line with and perpendicular to 
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U, the latter being the total flow velocity relative to the moving cylinder. The lift force 
 ,VLF s t is expressed through the wake variable  ,q s t as 

21
, ,

2 2
L

VL VL VL

C
F DU C C q  (15)

where CL is the lift coefficient measured for a stationary cylinder. Furthermore, the inertial 
coupling is assumed between the wake oscillator and the structure: 

 
2 2

2 2
2 2

1s s

d q dq A d Y
q q

dt dt D dt
     (16)

where ωs is the Strouhal frequency, whereas A and ε are tuning parameters.  
The drag force  ,VDF s t  is defined as 

21
, ,

2VD VD VD DF DU C C C  (17)

where CD is the drag coefficient measured for a stationary cylinder. 

Figure 1: Decomposition of the vortex fluid force in drag, lift, X and Y direction [6]. 

The force acting on the cylinder in the Y (vertical) direction due to the vortex shedding is 
given as 

2
2 21 1

.
2 2VY VY VL VD

dY dY
F DV C D V C C

dt dt
                 

(18)

In order to gain insight into the conditions under which the VIV may occur, let us assume 
that the cylinder is forced to vibrate in the cross-flow direction harmonically with an ampli-
tude y and a frequency c : 

   sin .cY t y t (19)

Substituting Eq.(19)  into Eq. (15) and then using the following dimensionless parameters 
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 , , ,s c c st y y D        (20) 

we obtain 

    
2

2
2

1 sin .c c

d q dq
q q A y

d d
 

 
      

 (21) 

Applying the same procedure to Eq. (18), the following expression can be obtained for VYC : 

     2 2 2 22 St cos 1 4 St cosVY c c VD VL c cC y C C          

 (22) 

According to the harmonic balance method and accounting for the contribution of the fun-
damental frequency only, the solution to Eq. (21) is sought for in the form  0 sin cq q t    . 

Substituting the latter expression in Eq. (22) and considering only the main harmonic contri-
bution of the nonlinearities, collection of multipliers of  sin ct  and  cos ct  yields two al-

gebraic equations with two unknowns q0 and φ. Then the component of VYC  that in phase 

with the velocity of the cylinder can be approximated as 

   2 2 2
0

1
2 St sin 1 4 St

2yv c VD L cC y C C q         
 



 (23) 

It is the sign of Cyv in Eq. (23) that implies whether the flow provides the cylinder with the 
energy or extracts it from the moving cylinder. If Cyv is positive, the flow increases the energy 
of the cylinder while otherwise the energy of the vibration of the cylinder will be reduced due 
to interaction with the flow. As can be seen from Eqs. (21) and (23), if tuning parameters A 
and   are fixed, the sign of Cvy depends on the dimensionless amplitude y



and dimensionless 

frequency c . In Fig 2 the density plots of Cvy are shown in the plane of the reduced velocity 

1/ St /c cV    and the normalized amplitude y y D  for two sets of the tuning parameters. 

For both cases, the following figures for the other parameters are used: St=0.17, CVD=1.2, and 
CL=0.3842. 

 
Figure 2: Force coefficient Cyv in phase with the velocity of the cylinder: (a) A=4,  =0.05, (b) A=1,  =0.1. 

As can be seen from Fig 2, the power-in range can depends significantly on the tuning pa-
rameters. In Fig 2a, the power-in region is located approximately between reduced velocity 5 
and 7, and the maximum amplitude in this range is about 1D. In Fig 2b, due to the small pa-
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rameter A, the power-in range is extremely narrow and is localized around the reduced veloci-
ty of 6. The maximum amplitude in the power-in range in the latter case is less than 0.5D. 

2.3  Coupled system 
As mentioned before the wake oscillator model described above has been developed for 

rigid cylinders subject to the normal cross flow. However, for the VIV of long flexible cylin-
der, the attack angle and relative to the flow velocity of the cylinder depend on the position 
along the cylinder. In this paper, by assuming that the Independence Principle is valid and the 
vortex shedding is correlated within certain length of the cylinder, the wake oscillators are 
attached to the nodes of beam elements where local frames are used so the wake oscillator 
described before is applicable. 

Using the local frame described by the tangent, principal normal and binormal unit vectors, 
the 2-D vortex shedding process is assumed to happen in the plane (i.e., b-n plane) that is 
perpendicular to the orientation of the beam, see Fig 3. 

The absolute normal flow velocity and the relative normal flow velocity are given by 

 
 

,

,

N s s

N

 

 

V V V t t

U U U t t





(24)

where V is the flow velocity in the earth-bound reference frame, U is the relative flow veloci-
ty and ts is the unit tangent vector measured under the initial static configuration due to the 
mean in-line forces.  

n

b

t
Flow(V)

Figure 3: Local vortex shedding for a spatial curved cylinder. 

The lift and drag forces are defined as 

21
,

2 2
LC

DL qL N LF U D (25)

1
,

2 DDLCD N NF U U (26)

where DL is the direction of the lift force: 
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.



N
L

N

U tD =
U t

(27)

The coupling term in the wake oscillator equation is also changed accordingly:  

 2 21 ,s s

A
q q q q

D
     ar D 

 (28)

where  

.s

s





N

a
N

V tD
V t

(29)

One of the major drawbacks of the approach adopted in this paper is that the Independence 
Principle is not applicable for large angles between the flow and the cylinder axis. Experi-
ments showed that there is a critical angle above which the relatively wide plateau of the large 
amplitude oscillations observed in the case of small attack angles disappears and, instead, 
large-amplitude oscillations occur in a very narrow range of normalized reduced velocities 
[12]. This means that the parameters of the wake oscillator model should be dependent on the 
local inclination of the cylinder. For convenience, in this paper only two sets of tuning param-
eters are used. One set corresponds to the inclination smaller than the critical angle, and the 
other one is used when inclination is bigger than the critical angle. 

3 COMPARISON WITH EXPERIMENTAL RESULTS 
In this section, results of a case study are presented and compared with those of a large-

scale field test. The objective is to check if experimentally observed results can be reproduced 
by the model introduced in the previous sections. 

A series of field tests were conducted by MIT and the Deepstar Consortium in and near the 
Gulf Stream in 2004 and 2006. The specific test selected for comparison in this paper is de-
scribed in [13]. In the tests, a fiber glass composite pipe of 152.4 meters long and 3.63 cm in 
outer diameter was towed in Gulf Stream with a railroad wheel attached to the tip of the pipe 
to provide tension. A diagram of the test configuration is shown in Fig. 4. The properties of 
the pipe are summarized in Table 1. 

Figure 4: Set-up of the Gulf Steam experiments 2006 [14]. 

When towed in water, due to the tension applied at the tip and the drag forces acting on the 
pipe, it will assume a curved shape. This shape defines the angle of attack at various positions 
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along the pipe. In [13], no information about the pipe shape is given. Only the distribution of 
the normal velocity of the current relative to the deformed shape is given. In order to get the 
shape of the pipe, static analysis of the pipe under uniform current is carried out. The drag co-
efficients were iterated until the calculated and the given in [13] normal current profiles 
matched each other. Since the wake oscillator model underestimates the amplification of drag 
forces due to VIV, extra in-line forces were applied during dynamic analysis to maintain the 
shape. 

Parameters  Value 
Inner Diameter 0.0249 m 
Outer Diameter  0.0363 m 
EI 613 Nm2

EA 3.322e6 N
Weight in sea water 0.1972 kg/m 
Weight in air 1.2682 kg/m 
Effective Tension 3225 N 
Length 152.4 m

Table 1: Gulf Stream 2006 pipe properties. 

In view of many uncertainties involved in the experiment, the focus of this paper is placed 
on the qualitative reproduction of the test results. According to [14, 15], the power-in region 
is set to belong in the reduced velocity interval from 5 to 7, and the critical angle of inclina-
tion is set to 45 degrees. The adopted parameters of the wake oscillator model are given in 
Table 2. 

Parameters  Value 
St 0.17

A  
4      (θ < 45) 
1      (θ > 45)

epsilon 
0.05 (θ < 45) 
0.1   (θ > 45)

Table 2: Parameters of wake oscillator. 

Fig 5 shows the time evolution of the cable response as resulted from both the test and the 
simulation. The time period from 20 to 30 seconds of the simulation is chosen. Similar to the 
test, a strong presence of traveling waves along the cable is observed. The dominant waves 
are generated from the power-in region at the bottom of the cable and then propagate upwards. 
There are also differences between the simulation results and test data. The most obvious one 
is that the simulation also predicts waves with lower frequency generated at the top of the ca-
ble which then propagate downwards. Intermittent standing waves are observed in the region 
where the waves travelling upwards and downwards interact. Another difference is that in ex-
periments standing waves are observed at the bottom of the cable due to the reflective bound-
ary condition at the tip. The simulations do not show such a phenomenon. The first difference 
may be attributed to additional factors that could influence the test results. For example, the 
VIV generated at the top of the cable might be significantly suppressed by the waves or the 
motions of the boat. 

1991



Yang Qu and Andrei V. Metrikine 

Figure 5: Evolution of the cable response in time and space: (a) fundamental harmonic strain observed in the test; 
(b) dimensionless cross-flow displacement obtained in simulations. 

In order to find a reason for the absence of the standing waves near the tip in the simula-
tions and to understand whether the response of the cable is dependent on the initial condi-
tions, several simulations are conducted with varying initial conditions. 

Figure 6: Time evolution of the cross-flow dimensionless displacement in three simulations with different initial 
conditions. 

Fig. 6 shows results of three simulations with different initial conditions. It can be seen that 
initial conditions do not have apparent influence on pattern of the cross-flow response. For all 
three cases, the dominant waves are generated at the tip of the pipe and propagate upwards. It 
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is also noticeable that, in the beginnings of all three simulations, standing waves occur near 
the tip. However, these standing waves seem to be unstable and are replaced by travelling 
waves within a few seconds.  

Fig. 7 gives a zoom in on the time evolution of the fluctuating lift force (in terms of the 
wake variable q) acting on lower half of the cable. Results of the same simulation are present-
ed as used for plotting Fig. 6b. Fig. 7 shows that the excitation force is also in the form of a 
travelling wave which is expectable. However, the evolution of the pattern of the lift force in 
time is quite interesting. First, a standing wave seems to be present, which is later transferred 
into a travelling wave. An additional investigation is needed in order to conclude whether 
such an evolution is generic or it occurs only for specific combinations of the system parame-
ters. 

Figure 7: Time evolution of wake variable q . 

4 CONCLUSIONS 
A model capable of simulating the vortex-induced vibrations of a curved flexible cylinder 

has been developed. The cylinder model is based on the Euler-Bernoulli beam theory and ac-
counts for bending, extensibility and geometrical nonlinearity. The spatial configuration of the 
cylinder is described by a position vector, and the 3D motion of the cylinder is solved for us-
ing the finite element method. Wake oscillators are attached to the nodes of the structural 
model to mimic the fluctuating lift and drag forces due to the hydrodynamic interaction of the 
cylinder with the flow.  

A comparison with results of a large-scale test has shown that the developed model can 
predict main features of the VIV of a long curved cable. The presence of travelling wave that 
has been observed in the test has been successfully reproduced and the power-in region has 
been located correctly. However, the model failed to capture the standing waves observed 
near the tip of the cable in the test. The standing waves generated near the tip at the beginning 
of simulations seem to be unstable and are gradually replaced by travelling waves within a 
few seconds. Simulations have also shown that the initial conditions do not have perceptible 
influence on the steady-state response of the cable. 
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Abstract. The transient response of an infinite orthotropic strip subjected to a transverse load
is investigated using an analytical method in this work. The material properties of the strip
are described by the discrete model of standard linear viscoelastic solid. In this study, the case
of special orthotropy is assumed, i.e., the principal material and geometric axes of the strip
are coincident. Once the final system of equations describing the plane-stress problem solved is
derived, the integral transform method is used to obtain the Laplace transforms of displacement
and velocity components. The inversion of the resulted formulae back to time domain is carried
out by the help of numerical inverse Laplace transform. In particular, an algorithm based on the
FFT and Wynn’s epsilon accelerator was used for this purpose. In the last part of this work, the
analytical results obtained for selected orthotropic material are compared to those resulted from
numerical simulation performed in the finite element code MSC.Marc. The comparison made
showed good agreement between analytical and numerical results and proved their correctness.
Finally, the efficiency of both approaches is discussed.
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1 INTRODUCTION

In-plane loaded thin orthotropic and general anisotropic structures are of intensive research
interest for many years. This interest is related to the use of thin ribs and panels in many in-
dustrial applications, e.g. fuselages and wings of aircrafts, stiffeners in car bodies etc. With
respect to high demands on the weight reduction, such structural elements are more often made
from composite materials. Due to the fact that these components are mostly subjected to dy-
namic loading (stationary or transient), it is necessary to be able to describe and analyse their
behaviour under such operating conditions.

Since the composite materials have low resistance to crack propagation, most of existing
works dealing with the elastodynamics of strip-like solids focus on the stationary problems
of fracture mechanics. The number of works dealing with the transient response of orthotropic
strips of elastic or viscoelastic properties is very small, especially those which present analytical
or semi-analytical approaches.

In this work, the transient response of an infinite viscoelastic orthotropic strip subjected to
transverse load is investigated. The integral transform method and numerical inverse Laplace
transform are used for solving this plane-stress problem. This study follows [1, 2] in which
similar isotropic problems of elastic and viscoelastic strips are solved using analytical methods.

2 PROBLEM FORMULATION

Let us assume an infinite thin orthotropic strip of total height 2d. The lower boundary of
the strip will be free of traction and the upper one will be loaded by a pressure which will be
non-zero only for x1 ∈ 〈−h, h〉, see Fig. 1. The amplitude of the pressure will be constant
through the strip thickness and its dependence on x1 will be the same as in [2]. This means that
the boundary conditions of this problem can be written as:

σ22(x1, d, t) =

{
−σa cos

(
π
2
x1
h

)
H(t) for x1 ∈ 〈−h, h〉,

0 otherwise ,
(1)

σ22(x1,−d, t) = 0 , σ12(x1, d, t) = 0 , σ12(x1,−d, t) = 0 ,

where σij (i, j = 1, 2) denotes normal (i = j) and shear (i 6= j) stress components. From the
above mentioned, it is clear that the plane-stress problem in x1 − x2 plane will be solved and
that σ11, σ22 and σ12 are the only non-zero stress components. Further, zero initial conditions
will be considered for simplicity, i.e., the strip is free of load and in a rest at t = 0.

Figure 1: The scheme of the problem.
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The orthotropic properties of the strip will be such that the principal geometric and material
axes x1 and x2 are coincident. Moreover, the memory effect of the material will be taken into
account. This will be modelled by using the discrete model of standard linear viscoelastic
solid in the Zener configuration [3] in both directions x1 and x2. It means that the viscoelastic
model consists of a spring and the Maxwell element in parallel, while the Maxwell element
contains a spring and a dashpot in series. It is well known that the behaviour of an orthotropic
elastic material under the state of plane-stress is described by four independent parameters [4].
They can be denoted by E0,1, E0,2, G0,12 and ν0,12 for the alone-standing spring of the model
and they represent two Young’s moduli in the direction of principal axes, shear modulus and
Poisson’s ratio in sequence. Analogously, the parameters of the spring present in the Maxwell
element will be introduced in the same way omitting the subscript 0, i.e., E1, E2, G12 and ν12.
Finally, the viscous properties of the dashpot will be characterised by two coefficients of normal
viscosity λ1, λ2, by the coefficient of shear viscosity η12 and by the viscous Poisson’s ratio µ12.
It is known, see [3, 4], that there hold

ν12
E1

=
ν21
E2

and
µ12

λ1
=
µ21

λ2
. (2)

Additionally, hereinafter we will consider that µ12 = ν12 and µ21 = ν21, i.e., the corresponding
viscous and elastic Poisson’s ratios are equal for simplicity.

Based on the assumptions made, it is clear that the actual state at an arbitrary point of the
strip is described by two independent functions u1(x1, x2, t) and u2(x1, x2, t) which are the
displacement components in x1 and x2 directions, respectively, and which will represent the
solution of the problem solved.

3 ANALYTICAL SOLUTION

3.1 Governing equations

The equations of motion describing the general plane-stress problem of elastodynamics have
the form [5]

ρ
∂2u1
∂t2

=
∂σ11
∂x1

+
∂σ12
∂x2

, ρ
∂2u2
∂t2

=
∂σ22
∂x2

+
∂σ12
∂x1

, (3)

where ρ denotes the density of the strip material. In the following, constitutive and kinematic
equations will be introduced into (3).

The kinematic equations giving the relationship between the displacement and strain com-
ponents can be expressed as [2]

ε11 =
∂u1
∂x1

, ε22 =
∂u2
∂x2

, γ12 =
∂u1
∂x2

+
∂u2
∂x1

. (4)

The functions ε11(x1, x2, t), ε22(x1, x2, t) and γ12(x1, x2, t) represent two normal and one shear
strain components in sequence.

The constitutive relations valid for an orthotropic Zener model can be simply derived based
on the superposition principle of stresses and strain rates applied to the appropriate parts of the
Zener model [3]. Doing so and taking into account the zero initial conditions, the resulting
constitutive equations have the form

σ11 = b0,11 (ε11 + ν0,21ε22) + b11 (ε11 + ν21ε22)− α1b11

t∫
0

(ε11 + ν21ε22) e
−α1(t−τ)dτ , (5)
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σ22 = b0,22 (ε22 + ν0,12ε11) + b22 (ε22 + ν12ε11)− α2b22

t∫
0

(ε22 + ν12ε11) e
−α2(t−τ)dτ ,

σ12 = (b0,66 + b66) γ12 − βb66
t∫

0

γ12 e
−β(t−τ)dτ ,

where bij are the so-called reduced stiffnesses for a plane-stress state in the plane x1 − x2 and
there hold [4]

b11 =
E1

1− ν12ν21
, b22 =

E2

1− ν12ν21
and b66 = G12 . (6)

The parameters b0,ij in (5) corresponding to the alone-standing spring in the Zener model are
defined analogously. The coefficients αi were introduced as αi = Ei/λi and they represent the
reciprocal values of relaxation times. The constant β is defined in similar way as β = G12/η12.
Using the relations (2) and the assumption µij = νij made in the section 2, it is clear that it
holds α1 = α2 = α.

Based on these assumptions and substituting (5) and (4) into (3), the equations of motion
take the form

∂2u1
∂t2

= c20,11

(
∂2u1
∂x21

+ ν0,21
∂2u2
∂x1∂x2

)
+ c211

(
∂2u1
∂x21

+ ν21
∂2u2
∂x1∂x2

)
(7)

+ c20,12

(
∂2u1
∂x22

+
∂2u2
∂x1∂x2

)
+ c212

(
∂2u1
∂x22

+
∂2u2
∂x1∂x2

)

−
t∫

0

[
αc211

(
∂2u1
∂x21

+ ν21
∂2u2
∂x1∂x2

)
e−α(t−τ) + βc212

(
∂2u1
∂x22

+
∂2u2
∂x1∂x2

)
e−β(t−τ)

]
dτ ,

∂2u2
∂t2

= c20,22

(
∂2u2
∂x22

+ ν0,12
∂2u1
∂x1∂x2

)
+ c222

(
∂2u2
∂x22

+ ν12
∂2u1
∂x1∂x2

)
(8)

+ c20,12

(
∂2u2
∂x21

+
∂2u1
∂x1∂x2

)
+ c212

(
∂2u2
∂x21

+
∂2u1
∂x1∂x2

)

−
t∫

0

[
αc222

(
∂2u2
∂x22

+ ν12
∂2u1
∂x1∂x2

)
e−α(t−τ) + βc212

(
∂2u2
∂x21

+
∂2u1
∂x1∂x2

)
e−β(t−τ)

]
dτ ,

where the quantities c11, c22 and c12 are defined as

c211 =
b11
ρ
, c222 =

b22
ρ

and c212 =
b66
ρ
. (9)

Analogous relations hold also for c0,11, c0,22 and c0,12.
Hereinafter we will further assume that β = α and that the Poisson’s ratios of both springs in

the Zener model are the same, i.e., ν0,ij = νij . These assumptions will lead to the simplification
of the system (7) - (8).
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3.2 Application of Laplace and Fourier transforms

In this subsection, the Laplace transform will be applied to the simplified system (7) - (8). In-
troducing a new complex variable p and taking into account the zero initial conditions specified
in the section 2, the transform of the system (7) - (8) takes the form

p2U1 = C2
11

(
∂2U1

∂x21
+ ν21

∂2U2

∂x1∂x2

)
+ C2

12

(
∂2U1

∂x22
+

∂2U2

∂x1∂x2

)
, (10)

p2U2 = C2
22

(
∂2U2

∂x22
+ ν12

∂2U1

∂x1∂x2

)
+ C2

12

(
∂2U2

∂x21
+

∂2U1

∂x1∂x2

)
,

where the functions U1(x1, x2, p) and U2(x1, x2, p) denote the Laplace transforms of the un-
known displacement components u1(x1, x2, t) and u2(x1, x2, t), respectively, and the complex
functions C11(p), C22(p) and C12(p) are defined as follows:

C11(p) =

√√√√c20,11 +

(
1− α

p+ α

)
c211 , C22(p) =

√√√√c20,22 +

(
1− α

p+ α

)
c222 , (11)

C12(p) =

√√√√c20,12 +

(
1− α

p+ α

)
c212 .

In contrast to the problem of isotropic viscoelastic strip solved in [2], the system (10) cannot be
rewritten to an uncoupled system of PDEs.

Now we will suppose that the solutions U1 and U2 of (10) can be written in the form of
Fourier integrals. With respect to the fact that the applied load (1) is an even function of x1, the
functions of displacement components u1 and u2, as well as their Laplace transforms, will be
odd and even functions of this variable, respectively. Therefore one can write

U1(x1, x2, p) =
1

π

∞∫
0

A(ω, x2, p) sin (ωx1) dω , (12)

U2(x1, x2, p) =
1

π

∞∫
0

B(ω, x2, p) cos (ωx1) dω .

Substituting the relations (12) into (10), taking the assumption that all necessary functions are
integrable and after rearrangement of terms, the equations (10) give the coupled system

∂2A

∂x22
− a1A− a2

∂B

∂x2
= 0 ,

∂2B

∂x22
− b1B + b2

∂A

∂x2
= 0 (13)

for the unknown Fourier spectra A(ω, x2, p) and B(ω, x2, p). The function ai(ω, p) and bi(ω, p)
present in (13) are given by

a1(ω, p) =

[(
C11

C12

)2

+
(

p

ωC12

)2
]
ω2 , a2(ω, p) =

[
1 + ν21

(
C11

C12

)2
]
ω , (14)

b1(ω, p) =

[(
C12

C22

)2

+
(

p

ωC22

)2
]
ω2 , b2(ω, p) =

[
ν12 +

(
C12

C22

)2
]
ω .

After some calculus, it is possible to show that the solution of (13) can be expressed as

A(ω, x2, p) = P sinh (Λ1x2) +Q cosh (Λ1x2) +R sinh (Λ2x2) + S cosh (Λ2x2) , (15)
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B(ω, x2, p) = L1 (P cosh (Λ1x2) +Q sinh (Λ1x2)) + L2 (R cosh (Λ2x2) + S sinh (Λ2x2)) ,

where

L1(ω, p) =
Λ2

1 − a1
Λ1a2

, L2(ω, p) =
Λ2

2 − a1
Λ2a2

, (16)

Λ1(ω, p) =

√
1

2

(
k +
√
s
)
, Λ2(ω, p) =

√
1

2

(
k −
√
s
)
,

k(ω, p) = a1 + b1 − a2b2 , s(ω, p) = a22b
2
2 − 2a2b2 (a1 + b1) + (a1 − b1)2.

The complex functions P (ω, p), Q(ω, p), R(ω, p) and S(ω, p) present in (15) are unknown at
this moment and they will be determined by using the boundary conditions (1).

3.3 Final formulae for displacement and velocity components in Laplace domain

In this subsection we will focus on finding the functions P , Q, R and S and then on the
derivation of final formulae for displacement and velocity components in Laplace domain.

First, the Laplace transform needs to be applied to the boundary conditions (1) and the
Laplace transforms of stress components σ22 and σ12 have to be determined in terms of U1

and U2. Let us denote Σ22(x1, x2, p) and Σ12(x1, x2, p) the transforms of stresses. Then using
the constitutive equations (5) and the zero initial conditions, one can write

Σ22 = h22

(
∂U2

∂x2
+ ν12

∂U1

∂x1

)
, Σ12 = h12

(
∂U1

∂x2
+
∂U2

∂x1

)
, (17)

where the functions h11(p) and h12(p) were introduced by the following relations:

h22(p) = b0,22 +
p

p+ α
b22 , h12(p) = b0,66 +

p

p+ α
b66 . (18)

When we introduce (17) into the left hand sides of transformed conditions (1) and substituting
(12) and (15), a non-homogeneous system of four equations for the unknown functions P (ω, p),
Q(ω, p), R(ω, p) and S(ω, p) is obtained. If we define the functions

k1(ω, p) = h22 (ν12ω + L1Λ1) , k2(ω, p) = h22 (ν12ω + L2Λ2) , (19)

k3(ω, p) = h12 (Λ1 − ωL1) , k4(ω, p) = h12 (Λ2 − ωL2) ,

k5(ω, p) = k2k3 cosh (dΛ1) sinh (dΛ2)− k1k4 cosh (dΛ2) sinh (dΛ1) ,

k6(ω, p) = k2k3 cosh (dΛ2) sinh (dΛ1)− k1k4 cosh (dΛ1) sinh (dΛ2) ,

the solution of the mentioned system can be written in the following compact form:

P (ω, p) = −1

2

a(ω)k4 cosh (dΛ2)

pk5
, Q(ω, p) = −1

2

a(ω)k4 sinh (dΛ2)

pk6
, (20)

R(ω, p) =
1

2

a(ω)k3 cosh (dΛ1)

pk5
, S(ω, p) =

1

2

a(ω)k3 sinh (dΛ1)

pk6
,

where

a(ω) =
4πσah cos(ωh)

π2 − 4ω2h2
. (21)
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The final formulae for the Laplace transforms of displacement components u1(x1, x2, t) and
u2(x1, x2, t) can be now simply obtained by the substitution of (20) and (15) into the rela-
tions (12). The Laplace transforms V1(x1, x2, p) and V2(x1, x2, p) of the velocity components
v1(x1, x2, t) and v2(x1, x2, t) then can be derived analogously because it holds

V1(x1, x2, p) = pU1(x1, x2, p) and V2(x1, x2, p) = pU2(x1, x2, p). (22)

4 ANALYTICAL AND NUMERICAL RESULTS

To obtain analytical results in time domain, the inverse Laplace transform (ILT) of U1 and
U2 (or V1 and V2) has to be performed. Basically, there exist two possible approaches. The
analytical one is based on the evaluation of the Bromwich integral defining the ILT by using
the theorem of residue [6]. This approach is feasible in this case but it involves the process of
finding the solution of dispersion equation, i.e., the dispersion curves need to be investigated,
which is very computer time consuming process. The application of a suitable and sufficiently
precise numerical algorithm to ILT is the next possibility. With respect to the complexity of the
formulae derived and to authors’ previous good experiences with this procedure, the numerical
code based on FFT and Wynn’s epsilon accelerator was used for ILT of required functions. This
code has been previously tested and verified by authors on different transient wave problems
(e.g. radial impact on a thin isotropic viscoelastic disc [7], transverse impact on an isotropic
viscoelastic strip [2], impact on functionally graded beams [8] etc.) such that it can be said that
its use does not mean the loss of analytical results accuracy.

The results obtained by this procedure were then compared to those of numerical simulation
performed in the commercial FE code MSC.Marc. This comparison served both for the verifi-
cation of the derivation process of the final formulae in the Laplace domain and for finding the
limits of the FE model used.

Considering the symmetry of the problem, see Fig. 1, the geometry of the finite element
model consisted only of one-half of the strip of total length 200 mm. The spatial discretisation
was done by regular bilinear isoparametric elements for 2D plane-stress problem. The basic size
of elements was 0.4 × 0.4 mm and the mesh was once refined in the area close to the applied
load such that the total number of elements was about 25000. Using the procedure described
in [9], the frequency limit of the model can be estimated as 0.9 MHz. The implicit Newmark
algorithm with constant step 4× 10−8 s was used for the integration in time domain.

The evaluation of analytical solution and the numerical simulation were performed for the
following parameters: d = 20 mm, σa = 1 MPa, h = 2 mm. The material properties of the
strip were assumed to be the same as in [10], i.e., ρ = 2250 kg m−3, E0,1 = 35×109 Pa, E0,2 =
11.584×109 Pa, G0,12 = 4×109 Pa, ν0,12 = 0.278, E1 = 18.48×109 Pa, G12 = 1.83×109 Pa
and λ1 = 5× 104 Pa s−1. The other parameters were then determined by using the assumptions
mentioned in the previous sections. All the constants have been chosen in such a way to roughly
correspond to the parameters of orthotropic material Gevetex (E-Glass 21xK43) which can be
found in [11].

The comparison of analytical and numerical results was made at several points lying on the
upper (x2 = 20 mm) and bottom (x2 = −20 mm) edge of the strip. Figs. 2(a) - 2(d) show
this comparison for horizontal v1 and vertical v2 velocity component for x1 = {2, 6, 20}mm.
It is clear from these figures that the analytical (solid lines) and the numerical (dotted lines)
solutions are in a very good agreement. Additionally, it is clear that this agreement is better
for x2 = 20 mm than in the case of x2 = −20 mm. This is mainly caused by too large finite
elements which cannot suppress the dispersion due to spatial discretisation when the waves are
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(a) Upper strip edge (x2 = 20mm) (b) Bottom strip edge (x2 = −20mm)

(c) Upper strip edge (x2 = 20mm) (d) Bottom strip edge (x2 = −20mm)

Figure 2: Comparison of horizontal v1 and vertical v2 velocities determined by analytical and FEM approaches for
x = {2, 6, 20}mm at the upper and the bottom edge of the strip.

propagated through the whole strip height. The numerical results could be further improved,
especially in the vicinity of the steep wave fronts (see Figs. 2(b) and 2(d) ), when the element
size is reduced. Naturally, this improvement of numerical model will leads to significant in-
crease of computational time. For comparison, the numerical simulation for t ∈ 〈0, 50〉µs takes
about 48 mins whereas the evaluation of analytical solution for the same spatial grid only about
7 mins.

5 CONCLUSIONS

Non-stationary wave problem of an infinite viscoelastic strip of special orthotropic properties
was solved for a specific type of external load. The method used was based on the combination
of the classical method of integral transforms and the numerical inverse Laplace transform. The
analytical results were compared to the numerical ones obtained by using an existing FE code.
The agreement of both types of results proved the correctness of the derivation process and
showed the limits of the FE model used. Due to the efficiency and accuracy of the algorithm
used for the evaluation of analytical solution, the presented solution can be used e.g. for solving
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the problems of material parameters identification. For instance, the evaluation of the time his-
tory of velocity at one particular point composed of 256 time steps takes less than 13 s using one
core of 2.4 MHz CPU. Moreover, this solution will be used for solving the problem of general
orthotropic viscoelastic strip in future, which will find even more practical applications.

Acknowledgement: This work was supported by the project GA CR P101/12/2315 with the
institutional support RVO: 61388998.
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[10] V. Adámek, F. Valeš, A viscoelastic orthotropic Timoshenko beam subjected to a general
transverse loading. Applied and Computational Mechanics, 2, 215–226, 2008.

[11] P.D. Soden, M.J. Hintonb, A.S. Kaddoura, Lamina properties, lay-up configurations and
loading conditions for a range of fibre-reinforced composite laminates. Composites Sci-
ence and Technology, 58, 1011–1022, 1998.

2003



COMPDYN 2015 

5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

PROBABILISTIC ASSESSMENT OF PIPELINE – FAULT CROSSING  

Vasileios E. Melissianos1, Dimitrios Vamvatsikos2, and Charis J. Gantes3 

1 JB ATE 

30, Itanou Str., GR-71307 Herakleion, Crete 

e-mail: melissianosv@gmail.com 

2 National Technical University of Athens 

9, Iroon Polytechneiou Str., GR-15780 Zografou Campus, Athens 

divamva@central.ntua.gr 

3 National Technical University of Athens 

9, Iroon Polytechneiou Str., GR-15780 Zografou Campus, Athens 

chgantes@central.ntua.gr 

 

Keywords: buried steel pipeline, fault crossing, fault displacement, seismic risk assessment, 

probabilistic approach. 

Abstract. Buried steel pipelines transporting oil and oil products play a vital role in the en-

ergy supply chain. Pipelines extend to long distances and thus intercepting tectonic faults, 

when a seismic area is crossed, is often inevitable and may heavily threat the pipeline integri-

ty. Earthquakes and the associated fault displacements are naturally random events and 

therefore the imposed large ground displacements on the pipeline have to be considered 

through a probabilistic perspective. In the present study, a comprehensive seismic risk analy-

sis of buried pipeline – fault crossing is presented, consisting of two steps. The first step is the 

probabilistic assessment of the fault displacement accounting also for the pertinent uncertain-

ties. The second step is the pipeline structural analysis. The transition from the seismological 

data to the structural analysis is realized through the fault displacement components as the 

selected vector intensity measure. The outcome of the proposed methodology is the strain 

hazard curves for both tensile and compressive longitudinal strains. The resulting strain ca-

pacities are compared to strain demands from structural codes in order to assess the potential 

of pipeline failure due to local buckling or tensile fracture. Furthermore, uncertainty and dis-

aggregation results from the fault displacement hazard analysis are presented for the selec-

tion of the appropriate deterministic design scenario and the evaluation of the fault 

displacement hazard parameters. Lastly, the proposed process is a reliable estimation tool for 

seismic risk assessment of pipeline – fault crossing and a decision making tool for route se-

lection and application of preventive measures against the consequences of faulting on pipe-

lines.  
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1 INTRODUCTION 

Industrial experience has demonstrated over the years that the most efficient way for trans-

porting hydrocarbonates over long distances is buried steel pipelines with continuous welded 

joints. Pipelines are structures of high importance acknowledging that any potential failure 

may have devastating consequences on the environment, nearby residential areas, as well as 

economic losses. Thus, pipelines are designed and constructed within a stringent framework 

of standards and regulations as societies are highly concerned about such projects. So, the 

combination of the route selection restrictions and pipelines’ extended length between oil 

producers and oil consumers leads several times to the transverse of seismic areas that usually 

incorporate areas prone to large ground displacements, such as tectonic faults. Fault activation 

due to earth plate movement imposes large ground displacements that the pipeline has to ac-

commodate safely. Investigation of previous earthquake events has demonstrated that the 

premier cause of pipeline failure is the imposed large differential ground displacement due to 

fault offset, compared to other seismic induced actions, such as seismic wave propagation, 

liquefaction induced lateral spread or landslide [1]. Possible failure modes in such situations 

are wall local buckling/wrinkling due to compressive strains, tensile fracture of girth welds 

due to tensile strains and in case of reverse fault type, upheaval buckling due to compressive 

forces. 

Hydrocarbonate pipelines are classified as hazardous structures given the consequences of 

a potential failure. Thus, it is deemed appropriate to perform a comprehensive risk analysis of 

pipeline – fault crossing hazard by incorporating the uncertainty of the loading, i.e. fault offset, 

and the response of the pipeline – soil interaction system. Even though fault rupture is a rare 

event, most pipeline operators are willing to accept the damage related to fault activation, as 

long as the pipeline’s integrity is maintained, i.e. no leak or rupture. However, earthquakes 

and the associated fault displacements are naturally random events and thus the dominant 

question during the design pertains to the appropriate magnitude of fault offset that has to be 

taken into account. Additionally, the seismic risk analysis is useful in order to design or eval-

uate financial (insurance) or physical mitigating measures (retrofitting or upgrading) against 

the fallouts of fault offset. Regarding the construction of a new pipeline project, hazard esti-

mation is necessary so that the appropriate measures are taken to control the subsequent levels 

of risk through redirecting the design procedure. With reference to the financial loss estima-

tion for insurance purposes, the quantification of failure hazard is the vital information re-

quired to fix premiums [2].  

The proposed procedure for seismic risk analysis of buried pipeline – fault crossing con-

sists of two parts: (i) conduct the probabilistic analysis of fault displacement hazard, (ii) per-

form pipeline structural analysis and then merge the results to conduct the seismic risk 

analysis. The basic aspects of the theoretical background of the proposed procedure for pipe-

line – fault crossing have been presented in previous work of the authors [3]. The appropriate 

tool for the probabilistic analysis of the fault displacement hazard is the Probabilistic Fault 

Displacement Hazard Analysis (PFDHA) introduced by Youngs et al. [4], which aims at 

quantifying the mean annual rate of exceeding various fault displacement levels at the site of 

pipeline – fault crossing. PFDHA integrates available geological and seismological data in-

cluding, for example, the probability of fault activation, rupture location, fault slip rate, distri-

bution of earthquake magnitudes and their associated uncertainties. Then, the seismic risk 

analysis is the combination of the results for developing the hazard curves for the selected in-

tensity measure and the quantification of the potential of pipeline failure. 

 

2005



Vasileios E. Melissianos, Dimitrios Vamvatsikos and Charis J. Gantes 

2 SEISMIC HAZARD ASSESSMENT 

2.1 Probabilistic vs. determinist approach 

In seismic engineering there are two approaches for seismic risk assessment: the first one is 

the deterministic that is implemented through the Deterministic Seismic Hazard Analysis 

(DSHA) and the second is the probabilistic one applied trough the Probabilistic Seismic Haz-

ard Analysis (PSHA).  

The aim of DSHA is the development of earthquake scenarios that consist of a postulated 

occurrence of an earthquake of a specified magnitude, namely the characteristic or critical 

earthquake at a specific location, which could affect the structure under consideration. The 

DSHA implementation does not provide any information regarding the expected level of 

shaking or fault displacement during the structure’s life time; it does not account for the 

earthquake occurrence probability or the effect of uncertainties throughout the various meth-

odology steps. In proportion to DSHA that deals with ground shaking (e.g. PGA estimation), 

the Deterministic Fault Displacement Hazard Analysis (DFDHA) has been developed to deal 

with fault offset hazard. 

PSHA, then, aims at quantifying the probabilistic nature of earthquake effects. The hazard 

derived from different seismic sources is considered separately and the influence of every 

source on the final outcome is transparent [2]. On the other hand, the contribution of all 

sources under consideration is combined through PSHA into a single exceedance rate for the 

specified ground-motion parameter (e.g. PGA). This leads to the estimation of a range of pa-

rameters, such as the spectral ordinates at several periods; thus the results may not be compat-

ible with any physically feasible earthquake scenario. The pipeline – fault crossing derives 

special attention both during the design and the life-cycle of a pipeline project, as the conse-

quences of a potential pipeline failure are usually grave. Thus, the probabilistic approach is 

selected for the seismic risk assessment of pipeline – fault crossing assisted by our generally 

incomplete knowledge about the variable nature of earthquake loading and the complex prop-

erties of the coupled pipeline – soil system. Within the probabilistic framework the most suit-

able tool for seismic risk assessment of buried pipeline – fault crossing is the Probabilistic 

Fault Displacement Hazard Analysis (PFDHA) that quantifies the probabilistic nature of the 

loading. The basis of PFDHA was presented in [5] where the required data for assessing the 

probability of rupture for a given fault and its effect on a site under investigation were pre-

sented. Then, Youngs et al. [4] presented the framework of PFDHA in order to quantify the 

mean annual rate of exceeding various fault displacement levels at a site by considering the 

fault location, the fault slip rate, the strongest expected earthquake, as well as their epistemic 

uncertainties. 

2.2 Pipeline – fault crossing geometry 

A straight pipeline segment without any bends is considered that intercepts a single fault at 

a specific location and thus the crossing site is represented by a single point. The fault is as-

sumed to be planar appearing on the ground surface as a straight line and the fault thickness is 

approximated to zero. The pipeline – fault crossing is schematically illustrated in Figure 1, 

therein β is the pipeline – fault crossing angle, LF the fault length, Lp the crossing site from 

the fault closest edge and ψ the fault dip angle. The fault displacement is defined by D and is 

related to the spatial components [Δ1,Δ2,Δ3], where Δ1 and Δ2 are the fault parallel and fault 

perpendicular horizontal components, while Δ3 represents the vertical component: 

 2 2 2

1 2 3D      (1) 
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 3 2 tan    (2) 

When rotating the fault coordinate system (1,2,3) horizontally by the angle β, then Δ1 and 

Δ2 are transformed to Δx and Δy, i.e. the longitudinal and the transverse displacements with 

respect to the pipeline axis, while the vertical displacements Δ3 and Δz coincide: 
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Figure 1: Pipeline fault crossing plan and section view. 

2.3 Probabilistic fault displacement hazard analysis 

The PFDHA methodology includes two discrete approaches within it: the “earthquake ap-

proach” and the “displacement approach”. The “earthquake approach” is directly derived 

from the PSHA, as developed by Cornell [6], and explicitly relates the occurrence of fault 

displacement on a fault at a site near or at the ground surface to the occurrences of earth-

quakes in the site region. On the other, the “displacement approach” needs extensive recorded 

or paleoseismic data. However, these data are not always available and thus within the pro-

posed methodology, the “earthquake approach” is adopted. Furthermore, in the “earthquake 

approach” of PFDHA the distinction among two types of faulting is introduced, namely the 

“principal faulting” and the “distributed faulting”. The former type is adopted hereinafter, as-

suming that pipeline crosses a single and sufficiently recorded fault that its displacement may 

be represented along a single narrow trace or over a zone that be may a few meters wide. 

The required information to assess any potential consequences of faulting on pipeline in-

tegrity is provided by PFDHA. This information assists engineers on risk-informed decisions 

regarding site suitability when geological investigations are inconclusive. The outcome, then, 

of PFDHA is the fault displacement hazard curve on pipeline crossing site, where the fault 

displacement is presented versus the mean annual rate of exceeding every fault displacement 

values: 
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| | ,

u
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k n n kn kn

n m

v d m f m f r m P D d m r dr dm
 

     
 

    (4) 

where αn(m
0) is the rate of all earthquakes on source n above a minimum magnitude of engi-

neering significance m0, fn(m) is the probability density of earthquake size that seismic source 

2007



Vasileios E. Melissianos, Dimitrios Vamvatsikos and Charis J. Gantes 

n can produce between values m0 and mn
u estimated using the Gutenberg – Richter Bounded 

Recurrence Law [7], fkn(r|m) is the conditional probability density function for distance from 

site k to an earthquake of magnitude m occurring at source n. Finally, P*(D>d|m,r) is the con-

ditional probability that, given an earthquake of magnitude m at distance r from crossing site, 

the fault displacement will exceed displacement d. In practice it relates the occurrence of fault 

displacement at the crossing site to the occurrence of an earthquake through an attenuation 

model and thus is referred as the Displacement Attenuation (or prediction) Function, which 

differs from the usual ground motion prediction. Moreover, this term is the product of the 

conditional probability of slip and the conditional probability of exceedance. 

3 PROPOSED METHODOLOGY 

3.1 Conceptual algorithm 

The estimation of fault displacement hazard in terms of practical applications depends on 

three factors: (i) the earthquake magnitude as the key factor for describing a seismic source, 

which ranges from a minimum value Mmin to a maximum value Mmax and is discretized into a 

numbers of bin to account for all possible values, (ii) the surface rupture length (SRL) along 

the fault trace, acknowledging that different earthquakes may rupture lengths of different size 

and (iii) the SRL position on the fault trace, as the location of a given earthquake may not en-

counter the pipeline – fault crossing. 

The uncertainty of fault rupture intercepting the pipeline crossing site is handled by con-

sidering a variety of potential SRLs, each at a different location. Without more detailed data 

being available, SRLs of the same size are considered to be equiprobable. Additionally, for 

simplicity of bookkeeping, a minimum SRL size is determined as for example corresponding 

to the minimum magnitude of interest via empirical Equations and all subsequent larger sizes 

are simply integer multiples. So, every SRL size is accounted for at all possible positions, 

keeping track of those where the rupture crosses the pipeline and thus contributing to the pipe-

line displacement hazard.  

The PFDHA, as presented in section 2.3, is employed as an application of the total proba-

bility theorem trough a conceptual algorithm that deals with only one seismic source, i.e. n=1. 

The mean annual rate of exceeding a defined fault displacement value λD(d) at the pipeline 

crossing site is estimated as: 

      |D o i M i

i

d v P D d m f m      (5) 

where vo stands for the rate of all earthquakes above a minimum magnitude of engineering 

significance and is calculated based either on the Equation describing the seismicity of the 

investigated seismic source zone or provided by the engineer as an input parameter and fΜ(mi) 

is the earthquake probability calculated according to Gutenberg-Richter Bounded Recurrence 

Law [7]. Probability function P(D>d|mi) estimates the probability that fault displacement ex-

ceeds a defined value d given earthquake magnitude mi and is summed over all magnitude 

values as centers of bins. Further breakdown of Equation (5) yields to: 

      | | , , , , , |i i j k l j k l i

i j k

P D d m P D d m SRL FD Pos P SRL FD Pos m     (6) 

In order to calculate the probability function P(D>d|mi) of Equation (5), apart from earth-

quake magnitude range discretization in i bins and rupture length discretization in j bins, a 

third discretization for the fault displacement option (FD) of PFDHA is necessary. It is point-

ed out that the proposed conceptual algorithm applies equally for the maximum fault dis-
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placement (MD) and the average fault displacement (AD) option of PFDHA. Then, Equation 

(6) has two constituent elements, the first term is the conditional probability of exceedance 

and the second term is the conditional probability of SRL, rupture position along the fault 

trace and the FD approach of PFDHA given an earthquake magnitude. 

The conditional probability of exceedance (6) is the term P(D>d|mi,SRLj,FDk,Posl) that 

stands as the core of the PFDHA and necessitates detailed calculations that are carried out 

over each combination of bins of earthquake magnitude, rupture length, fault displacement 

and all possible positions of SRLj along the fault trace. The second element of Equation (6) is 

the conditional probability of SRL, rupture position along the fault trace and the FD approach 

of PFDHA given an earthquake magnitude mi, which is decomposed in:  

        
1

, , | , | | , |j k l i j k i l i j k i

l

P SRL FD Pos m P SRL FD m P Pos m P SRL FD m
N

     (7) 

where the first term is the probability of a given range of fault displacement and size of SRL 

to occur given an earthquake magnitude. However, SRLj and FDk are well correlated given the 

earthquake magnitude. Therefore, for each combination (i,j,k) the value of P(SRLj,FDk|mi) 

needs to be estimated with the appropriate joint distribution f(SRLj,FDk|mi). The best known 

such distribution comes from Wells and Coppersmith [8] and allows the definition of 

f(SRLj,FDk|mi) as a joint lognormal with positive correlation. Assuming that the discretization 

is sufficiently fine, the probability of SRL and FD falling in a bin given the magnitude can be 

approximated via a single PDF value at its center: 
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Still, the sum of Pi,j,k over j and k for all SRLj and FDk should equal one. Thus, the required 

probability function is renormalized as: 
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 (9) 

3.2 Interface variable 

In seismic risk analysis the roles of the seismologist and the structural engineer are linked 

by the use of an interface variable, known as the intensity measure (IM). In pipeline – fault 

crossing seismic risk analysis the structural engineer needs to estimate the mechanical behav-

ior of the pipeline to given IM values. The proper such values are the fault displacement spa-

tial components Δ1, Δ2 and Δ3, as defined in section 2.2. The spatial distribution of fault 

components is not only necessary for the fault characterization as normal, strike-slip or re-

verse, but also dominates the pipeline’s response. The latter is of great importance as normal 

faulting leads to pipeline bending and tension, strike-slip faulting leads to pipeline bending 

and tension or compression, while reverse fault leads to pipeline bending and compression. 

Thus, it is deemed necessary to define a vector intensity measure [9]. The appropriate such 

vector IM consists of two components, namely [Δ1,Δ3], which are structure independent and 

can fully describe the loading of the structural model, given that Δ2 component is functionally 
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dependent to them. Moreover, the selected IM covers the design goal of assessing the struc-

tural behavior of the pipeline due to faulting. However, if the proposed methodology needs to 

be extended to encompass frequency related events, such as low-cycle fatigue, then the adopt-

ed IM might be insufficient. 

3.3 Fault displacement components 

The outlined PFDHA methodology deals with the magnitude of fault displacement norm, 

neglects its spatial orientation and passes up the fact that fault displacement in nature is usual-

ly three-dimensional. Thus, the necessity arises to introduce a calculation procedure of com-

ponents’ magnitude with reference to fault type. So, fault types are divided into two 

categories, namely strike-slip type where offset is dominated by Δ1 component and normal or 

reverse type where the Δ3 component is dominant. However, there are not sufficient published 

data regarding the spatial distribution of the components. Hence, within the scope of the pro-

posed methodology, the dominant component is calculated assuming it is normally or uni-

formly distributed. Due to the lack of adequate data, the distributions adopted are reasonable 

assumptions and shall be adjusted or replaced if reliable data are available in the future. 

In case the dominant fault component is assumed to be uniformly distributed, it is estimat-

ed as: 

  1 3or 0.70 0.90D D     (10) 

where the discretization, the lower and the upper bound are input engineering parameters. The 

proposed lower and upper bounds stand for a reasonable estimation to indicate the dominance 

of the component that characterizes the fault type and at the same time to assure that fault off-

set remains three-dimensional.  

In case the dominant fault component is assumed to be normally distributed, it is estimated 

using the parameters listed in Table 1. 

 

Parameter  Value 

μ 0.80D 

σ 0.20×μ  

Upper bound  0.90D 

Lower bound 0.70D 

 

Table 1: Normal distribution parameters for dominant fault component calculation. 

 The component’s mean annual rate of density, whether Δ1 is the dominant component for 

strike-slip fault, or Δ3 for normal/reverse fault, respectively, is estimated as: 

    ' 3
1 3 1, | Dd

f D
dD D





     


 (11) 

    ' 1
3 1 3, | Dd

f D
dD D





     


 (12) 

where f(Δ1|D) is the distribution probability density function (either normal or uniform) of the 

dominant component (either Δ1 or Δ3), dλD/dD is the rate density for given D, while ∂Δ1/∂D or 

∂Δ3/∂D is the derivative of the dominant fault component over D that is necessary in order to 

change the variable [10]. It should be noted that λ΄(Δ1,Δ3) is not rate, but rate density and thus 
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an integration of λ΄(Δ1,Δ3) over a two-dimensional interval of Δ1 and Δ3 yields the mean annu-

al rate of events occurring in this interval.  

3.4 Pipeline strain hazard curves 

Fault offset is the primary cause of pipeline failure due to earthquake events, as the differ-

ential ground movement imposes large permanent ground displacements on the buried pipe-

line that the pipeline has to accommodate. Thus, high levels of tensile and compressive strains 

are developed and endanger the pipeline’s integrity. Compressive strains may lead to local 

buckling of the wall, while tensile strains may lead to fracture of the girth welds between ad-

jacent steel parts. So, the primary consideration for pipeline earthquake resistant design is the 

determination of strain capacity and for this reason, strain hazard curves are the most suitable 

tool to perform a probabilistic estimation of any potential pipeline failure throughout the pipe-

line life-time. However, whilst structural analyses provide strain demands, strain capacity 

terms are adopted by code recommendations. ALA [11] provisions suggest for the longitudi-

nal strains resulting from ground movement due to fault offset the tensile strain limit εt,c=2% 

and the compressive limit εc,c of: 
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where t is the pipeline wall thickness, De is the pipeline external diameter, Dmin is the internal 

diameter, p is the internal pressure and E the pipeline steel modulus of elasticity. Equation (13) 

includes a term for internal pressure, which acts as a relief against the external earth pressure. 

In the present study the internal pressure is assumed to be equal to zero, as a less favorable 

situation, thus the pertinent term is neglected.  

Strain hazard curves present the mean annual rate of exceeding a defined strain value λΕ(ε) 

and are evaluated as: 
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where Δλ(δ1i,δ3j) is the mean annual rate of equaling or reaching a given range of fault dis-

placement with components δ1i and δ3j. It is estimated by integrating the mean annual rate of 

density λ΄(Δ1,Δ3) in the appropriate range of components displacement δ1i and δ3j. Finally, this 

result is in turn summed over all i and j values of Δ1 and Δ3 respectively that are found in the 

structural analysis to correspond to strain values larger than ε.  

3.5 Uncertainty 

PFDHA, from its origins, can incorporate any quantifiable uncertainty, as identification 

and quantification of uncertainties is integral to the seismic hazard analysis. Uncertainties are 

usually divided into two main categories, namely aleatory and epistemic. The division of un-

certainties demands a distinct treatment and it is good practice to treat them separately, in or-

der to identify the key uncertainties, although this is not always an easy task. The aleatory 

uncertainties refer to the inherent variability of the nature over time, while epistemic uncer-

tainties are related to the inadequate understanding of the nature and can be in time reduced 

with better observations. In the present study, epistemic uncertainties are handled though a 

logic tree, as the latter is considered to be the state-of-the art tool to quantify and incorporate 

epistemic uncertainties [12]. The set-up of a logic tree includes the production of alternative 
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models for various input variables and then the assignment of weight factors to tree branches. 

These factors represent the engineer’s degree of belief in the alternative models or in other 

words they represent the degree of belief in one model with respect to another. Epistemic un-

certainties are considered in the present study through the logic tree that is presented in Figure 

2 and includes three parameters. 

 

Figure 2: Uncertainty analysis logic tree. 

The first parameter is the seismic rate v as the main characteristic of the seismic source that 

is under question, given that seismologists usually provide the mean value. The second is the 

maximum expected earthquake magnitude Mmax. While the minimum earthquake magnitude is 

selected based on the assumption that lower magnitudes do not contribute to seismic hazards 

of engineering significance, the maximum earthquake magnitude is uncertain. The third un-

certainty parameter is the choice of the average fault displacement (AD) or the maximum 

earthquake displacement (MD) approach of PFDHA, as presented in section 3.1. 

4 ILLUSTRATIVE EXAMPLE 

The proposed methodology for seismic risk assessment of buried pipeline – fault crossings 

consists of two interrelated steps: (i) the seismological part, where the probabilistic fault dis-

placement hazard analysis is conducted to extract the mean annual rate of exceeding fault dis-

placement and the intensity measure on crossing site and (ii) the structural part, where the 

structural analysis of the buried pipeline is performed to extract the strain demands. Then, the 

results of both steps are combined, yielding the pipeline strain hazard curves. To demonstrate 

the proposed methodology a numerical example and its associated results are hereinafter pre-

sented. 

4.1 Example of fault displacement hazard analysis 

A normal fault is considered with length equal to LF=100km, fault dip angle ψ=70ο and 

average seismic rate v=1.2. Pipeline crossing is located Lp=40km from the fault closest edge, 

while pipeline – fault crossing angle equals β=80ο, with reference to Figure 1. The minimum 

earthquake magnitude under consideration is selected as Mmin=4.5 and the average maximum 

earthquake magnitude is Mmax=7.3. Analysis is carried out for fault displacement values rang-

ing from 0.01m to 3m. Uncertainty parameters considered in the analysis are listed in Table 2 

with respect to Figure 2. Regarding the AD or MD approach of PFDHA, they are both as-

signed a weight factor of 0.50, given that there is not sufficient data to favor one approach 

compared to the other. For the same reasoning, both the normal and the uniform distribution 

approach for estimating the dominant fault component are assigned a weight factor of 0.50. In 

addition, the component calculation procedure is an approximation and thus one cannot favor 

the uniform distribution against the normal distribution. 
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Parameter value  Weight factor 

v1=1.1 v1=0.30 

v2=1.2 v1=0.40 

v3=1.3 v1=0.30 

Mmax,1=7.2 vM1=0.20 

Mmax,2=7.3 vM2=0.60 

Mmax,3=7.4 vM3=0.20 

AD approach vA1=0.50 

MD approach vA2=0.50 

Normal distribution vF1=0.50 

Uniform distribution vF2=0.50 

  

Table 2: Uncertainty parameters considered in the illustrative example. 

The output of PFDHA is the weighted average fault displacement hazard curve that is illus-

trated in Figure 3, where in logarithmic scale the mean annual rate or exceedance λD(d) is pre-

sented on the horizontal axis, while the fault displacement on crossing site d is presented on 

the vertical axis. The descending curve shape is predictable as the larger the fault displace-

ment is, the lower the mean annual rate of exceedance is. The fault displacement components 

hazard surfaces are estimated according to section 3.3 and depicted in Figure 4, where on the 

vertical axis the mean annual rate of density is presented, while on the horizontal axes the two 

structural independent fault displacement components Δ1 and Δ3 are presented.  

 

 

Figure 3: Weighted average fault displacement hazard curve on pipeline crossing site. 

 

Figure 4: Weighted average fault components hazard surface on pipeline crossing site. 
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4.2 Disaggregation and uncertainty 

Uncertainties are an integral part of seismic risk assessment and are incorporated in the 

proposed methodology through the logic tree of Figure 2, where weight factors are assigned to 

tree branches. So, there are in total 18 “triplets” of (wvi,wMj,wAk) weight factors and in prac-

tice each branch corresponds to a single factor being the product of partial factors: 

 , ,  i j k i j kw wv wM wA    (15) 

Therefore, the weighted average hazard curve is produced as: 
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For the sake of simplicity, a Monte Carlo simulation approach can be adopted, assuming 

that the mean value μ and standard deviation σ for a sample size of N are evaluated as follows: 
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Then, the weighted average fault displacement hazard curve is illustrated in Figure 5 along 

with its dispersion, together with the mean minus one standard deviation.  

 

Figure 5: Weighted average fault displacement hazard curve with dispersion. 

 The conditional probability of exceedance that is incorporated in the fault displacement 

hazard calculation offers two approaches regarding the normalization of the displacement 

along the length of the rupture, i.e. the average fault displacement and the maximum fault dis-

placement. As indicated previously, there are not adequate data to favor one approach against 

the other. Thus, disaggregation results are presented in order to evaluate the selection impact 

among the two approaches on the fault hazard curve. So, Figure 6 presents the weighted aver-

age fault displacement hazard curve adopting the AD or the MD approach of PFDHA, which 

indicates that for small displacement values the AD approach leads to higher values of mean 

annual rate of exceedance and vice versa for the MD approach. 
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Figure 6: Weighted average fault displacement hazard curve adopting AD or MD approach of PFDHA. 

 In Eurocode 8 – Part 4 [13] two limit states are introduced for buried pipelines, namely the 

Ultimate Limit State (DLS) related to a return period of TNCR=475years or 10% probability of 

exceedance in 50 years and the Damage Limit State (DLS) related to a return period of 

TDLR=95years or 10% probability of exceedance in 10 years. The probability of exceedance is 

related with the mean annual rate of exceedance through the Equation (19). 

    
 ln 1

  1 exp 1 / 1 expreturn

P
P t T P t

t
 

 
           (19) 

Thus, the mean annual rate of exceeding the ULS is λULS=0.0021 and the DLS is 

λDLS=0.0105. It is also useful to associate the limit states with earthquake magnitude in order 

to highlight the contribution of earthquake magnitude values, ranging from Mmin=4.5 to 

Mmax=7.3, to the limit states. Then, using the weighted average fault displacement hazard 

curve, by neglecting the uncertainty of the Mmax, it can be found through linear interpolation 

that the fault displacement corresponding to the ULS is DULS=0.86m. For the DLS, there is no 

practically permanent fault offset for the fault under consideration for such low intensity and 

frequent earthquakes. The disaggregation on earthquake magnitude regarding the ULS is 

evaluated though: 
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The implementation of Equation (20) leads to Figure 7, where on the horizontal axis the 

earthquake magnitude values are plotted in bins and on the vertical axis their contribution to 

the limit states. Disaggregation results indicate that magnitude m=7 contributes most to the 

ULS. Larger magnitudes may cause larger displacements yet they are apparently too rare for 

this fault to figure more prominently for ULS.  
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Figure 7: Disaggregation on earthquake magnitude with reference to Eurocode 8 pipeline ultimate limit state. 

The spatial distribution of fault components is assessed in the present study through an ap-

proximate procedure. Due to the lack of sufficient data, the dominant component is calculated 

by adopting a uniform or a normal distribution. However, it is essential to demonstrate the 

differences among the two assumptions in terms of fault components hazard surfaces. There-

by, the independent Δ1 and Δ3 components are presented on the horizontal axes, while on the 

vertical axis their mean annual rate of density λ’(Δ1,Δ3) is presented. The hazard surface using 

the normal distribution is lower than the corresponding using the uniform distribution. It is 

also essential to recall that the mean annual rate of density is not a rate but a rate density and 

thus if an integration is carried out over a two-dimensional interval of Δ1 and Δ3 one can esti-

mate the mean annual rate of occurrence in that interval.  

 

Figure 8: Fault displacement hazard surfaces adopting a uniform or a normal distribution.   

4.3 Pipeline structural analysis 

Pipeline structural analysis can be carried out either numerically or analytically in order to 

assess the pipe response due to faulting. The usual design process includes the use of analyti-

cal approaches in the preliminary design stage and then numerical simulations in the final 

stage. For the purposes of the illustrative example, the pipeline structural analysis is per-

formed using the analytical procedure presented by Karamitros et al. in [14],[15] as a reliable 

approach to estimate the maximum and the minimum developing strain on the pipeline.  
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A typical high-pressure natural gas API5L-X65 pipeline is considered, featuring an exter-

nal diameter of De=0.914m (36in) and a wall thickness of t=0.0127m. The pipeline steel is 

considered to be elastic with isotropic hardening, while its properties are listed in Table 3.  

 

Parameter  Value 

Yield stress 448.50MPa 

Ultimate stress 531.00MPa 

Ultimate strain 4.00% 

Young’s modulus 210GPa 

Yield strain 0.233% 

Hardening modulus 1.088GPa 

  

Table 3: API-5L X65 steel properties considered in the structural analyses. 

The pipeline is assumed to be buried under 1.30m of medium-density sand and coated with 

coal-tar. Backfill sand’s friction angle is φ=36ο and unit weight is equal to γ=18kN/m2. The 

surrounding soil is modeled as a series of mutually independent elastoplastic springs accord-

ing to Winkler soil model, while their properties are estimated according to ALA [11] provi-

sions and listed in Table 4.  

 

Spring type Force (kN/m)  Displacement (m) 

Axial (frictional) springs 22.7 3.0 

Transverse horizontal springs 134.4 35.7 

Vertical upward springs 41.2 2.6 

Vertical downward springs 1021.8 95.3 

  

Table 4: Soil spring properties considered in the structural analyses. 

4.4 Pipeline strain hazard curves 

Within the scope of the present illustrative example, strain hazard curves are derived by 

combining structural analysis results and a basic determinist approach, where fault displace-

ment hazard is represented by its weighted average (Figure 3), considering epistemic uncer-

tainties. Also, strain capacities are considered to be deterministic, rather than uncertain, i.e. 

uncertainty regarding the pipeline steel properties and the soil properties and hence the pipe-

line mechanical behavior is neglected. The mean annual rate of exceeding a defined strain 

value is estimated via Equation (14). For the pipeline under investigation, the tensile strain 

limit equals 2%, while the compressive strain limit yields 0.35%. Then, the combination of 

analytical results with PFDHA results leads to the estimation of the pipeline strain hazard 

curves that are illustrated in Figure 9 and Figure 10 for the tensile and the compressive strains 

respectively. Strain hazard curves indicate that there is no risk of pipeline failure either due to 

tensile failure of girth welds, or due to local buckling. 
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Figure 9: Tensile strain hazard curve. 

 

Figure 10: Compressive strain hazard curve.  

5 CONCLUSIONS AND REMARKS  

A two-step methodology for seismic risk assessment of buried steel pipelines crossing ac-

tive faults is presented. The first step includes the Probabilistic Fault Displacement Hazard 

Analysis methodology as adjusted for pipeline fault crossing. The conceptual algorithm of the 

proposed methodology is also presented, by taking into account epistemic uncertainties. The 

second step is the “transition” from seismological data to structural analysis through the vec-

tor intensity measure of fault displacement components. Strain hazard curves are derived by 

associating results from pipeline mechanical behavior to hazard analysis in order to compute 

the mean annual rate of exceedance of longitudinal strains, which are compared to code-based 

strain failure criteria. Moreover, an illustrative example is presented to demonstrate the pro-

posed methodology. Results regarding the uncertainty of adopting the average fault or the 

maximum fault displacement are presented to identify its impact on the mean annual rate of 

exceeding fault displacement on pipeline crossing site. Additionally, the fault components are 

estimated through an approximate calculation procedure and thus the differences between as-

suming a uniform or a normal distribution to estimate the dominant component are presented. 

Disaggregation results on earthquake magnitude with reference to Eurocode 8 limit states are 

displayed to evaluate the contribution of earthquake magnitude to the limit states. 

The proposed approach offers a path for comprehensive performance-based assessment of 

buried pipelines crossing active faults. Using an adjusted PFDHA implementation for pipeline 

– fault crossing together with the pipeline response pipeline due to faulting using a reliable 

analytical approach, the hazard of pipeline crossing in terms of strains can be estimated. The 

proposed methodology provides engineers with a reliable estimation tool, admittedly requir-

ing programing of the conceptual algorithm, but offering both seismic risk and pipeline struc-

tural analyses at low computational effort.  
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Abstract. The present paper presents the up-to-date results of an on-going research effort 
aiming to develop novel, efficient and reliable computational (analytical) methods for 
assessing the vulnerability of pressure vessel structures as well as at advancing their 
performance-based seismic design framework. More specifically, various potential 
simplifications of a refined model of a pressure vessel in order to develop a surrogate one are 
investigated in detail and the derived results and conclusions lead to the proposal of 
guidelines for the development of surrogate, cost-effective yet reliable, models for pressure 
vessels. 
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1 INTRODUCTION 
Until now the various procedures in the literature used to assess the vulnerability of 

pressure vessels are focused to a specific structural type and as a result refined (detailed) finite 
element models were used [1]. In a previous research effort by the authors [2], a methodology 
was proposed for the derivation of fragility curves for various types of industrial pressure 
vessels. In order for this methodology to be applicable to a large number of pressure vessels 
the computational effort for analyses has to be minimized; for this reason, the proposed 
methodology was based on static nonlinear analysis and four damage states were defined 
directly on the derived pushover curves. A further significant reduction of the time for 
analyses can be achieved by using surrogate models instead of refined ones, the development 
of which is the subject of the present paper. Such models were also used in other studies [3, 4] 
to assess the seismic performance of pressure vessels, but without any investigation of the 
effect of their inherent simplification assumptions on their accuracy in describing the seismic 
response of pressure vessels. For this reason, in the present work several simplification 
approaches that can be applied to a refined model so as to produce a surrogate one are 
extensively studied and the derived conclusions are then used to form specific guidelines for 
the development of surrogate models for pressure vessels that can be reliably used in 
assessment procedures. 

2 INVESTIGATION OF SIMPLIFICATION APPROACHES FOR THE 
DEVELOPMENT OF SURROGATE MODELS 

The structural system of a pressure vessel consists of the the spherical shell, the supporting 
columns and, in some cases the column-bracing trusses. In a refined model the first two parts 
are modeled with shell elements; the latter one is modeled either with frame elements or, in 
case wherein braces cannot resist compression forces due to their negligible buckling strength, 
with hook elements placed at the end of each brace which are activated only in tension. 

The development of a surrogate model is usually based on the following modeling 
approaches: 

 
- Simplified modeling of braces, 
- Simplified modeling of the spherical shell, 
- Simplified modeling of columns  

 
In the following, these modeling simplifications are parametrically investigated in order to 

determine the range and limits of their applicability and their effect on the accuracy of the 
derived surrogate models. 

In a previous paper by the authors [2] two actual pressure vessels were used for 
investigation purposes, one without braces (PV1) and one with braces (PV2). For these two 
vessels two refined finite element models were developed in ABAQUS (AB1 and AB2, 
respectively) using the S4R and S3R shell elements for the discretization of the spherical shell 
and columns and the T3D2 truss element for braces. Based on these two models, 12 additional 
finite element models (Fig. 1) were derived for parametric investigations, through addition or 
removal of braces and through differentiation of the column thicknesses so as to correspond to 
EC3 classification thresholds for section classes 1, 2 and 3. The same models and terminology 
are used in the present research effort. The interested reader can refer to [2] for further details. 
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Figure 1: Pressure vessel models used for parametric investigations. 

2.1 Simplified modeling of braces 
According to the refined method for modeling braces (Fig. 2a), i.e. placing of hook (i.e. 

tension-only activated) elements at one of their ends, the horizontal elastic stiffness of the 
vessel is successively increased, due to the successive activation of braces in tension, resulting 
in a corresponding decrease to the eigenperiod of the translational mode. For this reason, it is 
very difficult to use this method in response spectrum analysis and also, in performance-based 
design, to define an appropriate inelastic equivalent single degree of freedom (ESDOF) 
system to estimate the target displacement on the basis of pushover analysis procedures. 

A simplified approach to tackle these problems is to remove any hook elements, keeping 
only braces in tension in the model (Fig. 2b). In this way, the horizontal elastic stiffness of the 
vessel, and consequently the period of its translational mode, are constant making this method 
more appropriate to use in response spectrum analysis and in the definition of the inelastic 
ESDOF system. However, modeling only the tension braces results in an antisymmetric 
structural system, which, for the symmetric operating loads, i.e. the internal pressure and the 
self weight, leads to a small horizontal displacement that actually does not exist. 

    
 a. Refined modelling b. Simplified modelling c. Modelling details (pushover) 
 (all braces and hook elements (only braces in tension)  
 at one of their ends) 

Figure 2: Modeling of braces. 
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Both aforementioned modeling methods are applied to the pressure vessel AB2 and the 
derived pushover curves are shown in Fig. 3, while the results at their characteristic points are 
given in Table 1. When all braces are modeled, the derived pushover curve (Fig. 3a – red line) 
has an increasing slope at its initial stage (Fig. 3b) due to the successive activation of braces 
in tension. At first, due to the self weight and the internal pressure all braces are inactive, 
since they cannot carry the resulting compression force. Then, when the horizontal force is 
applied the stiffness of the vessel has its minimum value, corresponding to an unbraced vessel, 
until a displacement of 0.011m wherein the first two braces (the nearest parallel ones to the 
loading direction on the tension side of the vessel – see Fig. 2c) are activated.. The other two 
braces at the compression side of the vessel are activated at the next step. Then, the slope 
remains constant until the activation of the next four braces at two successive steps for a 
horizontal displacement of 0.016m, firstly the two at the tension side and then the two at the 
compression side. These braces are the ones with an angle of 45° with respect to the loading 
direction. The last four braces that are activated are the almost normal ones to the loading 
direction. Again, the two braces at the tension side of the vessel are activated first and next the 
two at the compression side for displacements 0.040m and 0.055m, respectively. After all 
tension braces are activated the horizontal stiffness of the vessel remains constant, reaching its 
maximum value until the first yield. 
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Figure 3: Simplified modeling of braces – Pushover curves. 

 

Quantity Refined 
modeling 

Simplified 
modeling Difference [%] 

Yield displacement [m] 
(Yield of braces) 0.064 0.050 -28.0 

Ultimate displacement [m] 0.985 0.898 -14.8 
Yield force [kN] 
(Yield of braces) 14703 11693 -25.7 

Ultimate force [kN] 28595 28454 -0.5 
Table 1: Simplified modeling of braces – Values at characteristic points of pushover curves. 

Tension braces with smaller angle to the loading direction (almost parallel) are activated 
first and the ones with larger angle (almost normal) are activated last. In other words, the 
activation sequence is proportional to the contribution of tension braces to the horizontal 
stiffness of the structure. It should be noted that all tension braces are activated for a 
horizontal displacement of 0.055m which is very small compared to the ultimate displacement 
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of 0.985m. For this reason, the derived pushover curve (Fig. 3a – red line) can be practically 
considered as linear in the elastic range with a slope that corresponds to the stiffness of the 
vessel with all tension braces activated. 

From the comparison between the refined and the simplified modeling methods (Fig. 3a 
and Table 1) it observed that in the simplified model (i.e. when only tension braces are taken 
into account) the first yield takes place earlier at an average percentage of 28%, while the 
ultimate displacement at a smaller and acceptable percentage of 14.8%. The significant yield, 
i.e. the point that corresponds to 10% reduction of the secant stiffness, and all column 
buckling (with a small exception at the first column buckling), also take place slightly (i.e. 3% 
to 5%) earlier. The horizontal displacement for the symmetric operating loads due to the 
antisymmetry of the structural system of the simplified model is only 0.0011m, i.e. very small 
compared to the yield displacement of 0.050m and of course the ultimate displacement of 
0.898m. Hence, it is concluded that in pushover investigations, modeling only the braces in 
tension is an acceptable simplification. 

2.2 Simplified modeling of the spherical shell 
A next step and probably the most critical issue in the development of a surrogate model is 

the modeling of the spherical shell in a simplified manner. An approach that is commonly 
used [3, 4] is the substitution of the spherical shell with a rigid body connection of the column 
heads. In the following, the applicability range of this simplification is investigated. 

2.2.1 Effect of internal pressure 

Due to the in plane rigidity of the assumed rigid body connection, moments and shear 
forces at columns mainly due to the internal pressure and secondary due to the self weight are 
not taken into account. In order to investigate the effect of the internal pressure, models AB1 
and AB2 are analyzed with and without the corresponding internal pressure. The derived 
pushover curves are shown in Fig. 4. It is observed that in model AB1 the overall shape of the 
two pushover curves is the same and only specific characteristic points differ at percentages 
varying from 17.5% for the first yield to 4.3% for the ultimate displacement. In  model AB2 
the ultimate displacement is significantly larger (64.3%) when the internal pressure is ignored, 
while the difference for the ultimate force (strength) is only 3.3%. 
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Figure 4: Effect of internal pressure – Pushover curves of AB1 and AB2 models. 

The next step is to investigate whether the presence of braces and/or the class the column 
sections cause the observed overestimation of the ultimate displacement in model AB2. For 
this reason all models used for parametric analyses in [2] are analyzed for both cases, i.e. with 
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and without internal pressure. Some of the derived pushover curves are shown in Fig. 5 and 
the comparison of the corresponding ultimate displacements is given in Table 2. 
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Figure 5: Effect of internal pressure – Pushover curves of models in [2]. 

 

MODEL t 
[mm] 

D 
[mm] BRACES 

dultimate [m] Difference 
[%] With 

internal pressure 
Without 
internal pressure 

ESC11 33 1016 NO 0.566 0.556 -1.8 
ESC12 23 1016 NO 0.378 0.370 -2.1 
ESC13≡AB1 18 1016 NO 0.315 0.318 0.9 
ESC14 33 1016 YES 1.344 1.356 0.9 
ESC15 23 1016 YES 0.747 0.740 -0.9 
ESC16≡EB1 18 1016 YES 0.522 0.532 1.8 
AB2 25-30 1100 YES 0.985 1.618 64.2 
ESC21 40 1100 YES 1.989 2.743 37.9 
ESC22 28 1100 YES 0.990 0.660 -33.3 
ESC23 22 1100 YES 0.794 0.599 -24.6 
EB2 25-30 1100 NO 0.534 0.549 2.8 
ESC24 40 1100 NO 0.765 0.628 -18.0 
ESC25 28 1100 NO 0.536 0.558 4.1 
ESC26 22 1100 NO 0.449 0.487 8.6 

Table 2: Effect of internal pressure –Comparison of ultimate displacements of models in [2]. 
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From Fig. 5 and Table 2 it is observed that in all models derived from the original pressure 
vessel PV1, the pushover curves for the two cases, i.e. with and without internal pressure, 
practically coincide and the corresponding ultimate displacements differ only at negligible 
percentages varying from 0.9% to 2.1%. Only specific characteristic points are significantly 
different, e.g. the first yield in model ESC11. On the contrary, in all models derived from the 
original pressure vessel PV2 the derived pushover curves differ in both strength (with small 
variations up to 4%) and ultimate displacement (with significant variations ranging from a 
33.3% underestimation up to a 64.2% overestimation). Consequently, the similarities in all 
models of PV1 and the differences in all models of PV2 are not due to the presence of braces 
or the column section class. 

The other major difference between the two pressure vessels is the thickness of the 
spherical shell, which in PV1 is 74.5mm and in PV2 is 42mm, i.e. significantly smaller. 
Hence, in order to investigate whether the reduced shell thickness is responsible for the 
observed differences in PV2 models, a set on 14 new models without braces are created on the 
basis of EB2 model. More specifically, in all new models the shell thickness is 42mm and the 
internal pressure 1120 kN/m2 (i.e. same as those of vessel PV2). In seven models the 
thickness of column sections is 25mm and in the other 7 is 30mm. At three of the seven 
models the diameter of columns corresponds to the limit of each of three section classes 
(Class 1, 2 and 3), while in the remaining four models columns’ diameter corresponds to 1/3 
and 2/3 of the difference in diameter between two subsequent classes. The derived pushover 
curves of some models are shown in Fig. 6 and the comparison of the corresponding ultimate 
displacements are given in Table 3. 
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 c. T30D1057 model d. T30D1433 model 

Figure 6: Effect of internal pressure – Pushover curves of new models based on EB2 – Shell thickness 42 mm. 
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MODEL tshell 
[mm] 

tcolumn 
[mm] 

D 
[mm] 

Section 
Class 

dultimate [m] 
Difference 
[%] 

With 
internal 
pressure 

Without 
internal 
pressure 

T25D0750 42 25 750 1 1.072 1.405 31.1 
T25D0867 42 25 867  1.562 1.834 17.4 
T25D0984 42 25 984  1.606 1.971 22.7 
T25D1100 42 25 1100 2 0.536 0.558 4.1 
T25D1183 42 25 1183  0.966 1.499 55.2 
T25D1267 42 25 1267  0.898 1.289 43.6 
T25D1350 42 25 1350 3 0.711 0.972 36.7 
T30D0930 42 30 930 1 2.158 2.493 15.5 
T30D1057 42 30 1057  1.627 2.235 37.4 
T30D1184 42 30 1184  1.335 1.930 44.6 
T30D1310 42 30 1310 2 1.179 1.679 42.4 
T30D1433 42 30 1433  0.913 1.360 48.9 
T30D1557 42 30 1557  0.889 1.378 55.1 
T30D1680 42 30 1680 3 0.716 1.037 44.9 

Table 3: Effect of internal pressure – Comparison of ultimate displacements of new models based on EB2 – 
Shell thickness 42mm. 
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 c. T30D1057 model d. T30D1433 model 

Figure 7: Effect of internal pressure – Pushover curves of new models based on EB2 – Shell thickness 74.5 mm. 
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MODEL tshell 
[mm] 

tcolumn 
[mm] 

D 
[mm] 

Section 
Class 

dultimate [m] 
Difference 
[%] 

With 
internal 
pressure 

Without 
internal 
pressure 

T25D0750 74.5 25 750 1 0.670 0.678 1.3 
T25D0867 74.5 25 867  0.812 0.823 1.4 
T25D0984 74.5 25 984  1.093 1.110 1.6 
T25D1100 74.5 25 1100 2 0.431 0.439 1.7 
T25D1183 74.5 25 1183  0.691 0.727 5.3 
T25D1267 74.5 25 1267  0.624 0.635 1.8 
T25D1350 74.5 25 1350 3 0.555 0.565 1.7 
T30D0930 74.5 30 930 1 1.232 1.252 1.6 
T30D1057 74.5 30 1057  1.191 1.213 1.8 
T30D1184 74.5 30 1184  0.912 0.950 4.2 
T30D1310 74.5 30 1310 2 0.748 0.779 4.1 
T30D1433 74.5 30 1433  0.583 0.620 6.3 
T30D1557 74.5 30 1557  0.624 0.623 -0.3 
T30D1680 74.5 30 1680 3 0.581 0.593 2.2 

Table 4: Effect of internal pressure – Comparison of ultimate displacements of new models based on EB2 – 
Shell thickness 74.5 mm. 

 
It is observed that in all models the derived pushover curves for the two cases (with and 

without internal pressure) show small differences (up to 5%) in strength, and significant 
differences (up to 55.2%) in the ultimate displacement. Furthermore, in all cases the ultimate 
displacement is constantly overestimated when the internal pressure is not taken into account. 

Then, the thickness of the spherical shell is increased to 74.5 mm and the internal pressure 
to 2400 kN/m2, i.e. same as those of vessel PV1, and the 14 models are analyzed again. Some 
of the derived pushover curves are shown in Fig. 7 and the comparison of the corresponding 
ultimate displacements are given in Table 4. In this case, in all models the derived pushover 
curves practically coincide and the ultimate displacements differ only at an acceptable 
maximum percentage of 6.3% (similar to the case of all models derived from PV1) 

The above analysis shows that when the shell thickness is relatively small, the ultimate 
displacement is mainly overestimated when the internal pressure is not considered. Of course, 
this is not on the safety side, since the vessel seems to have significantly larger ductility than 
it really has. When the thickness of the spherical shell is increased, the overestimation in the 
ultimate displacement, and consequently in the ultimate ductility, decreases. Hence, the 
substitution of the spherical shell with a rigid body connection between the heads of columns 
that does not take into account the stresses from internal pressure is a valid simplification only 
when the shell thickness is sufficiently large so as to be practically undeformable. 

2.2.2 Effect of the consideration of column heads as rotationally fixed 

In a refined model columns allow for a small rotation at their heads, which cannot be 
modeled during the substitution of the shell with a rigid body connection (due to its out of 
plane rigidity) and, as a result, column heads are considered as rotationally fixed. 

In order to investigate the effect of this simplification a surrogate model is created with the 
shell substituted by a rigid body connection and the columns modeled with shell elements and 
having their real height, i.e. from their base up to the beginning of their connection to the shell. 
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Then, modal and pushover analysis are performed; the derived mode shapes for the 
translational mode are shown in Fig. 8 and the corresponding periods are given in Table 5, 
while the pushover curves are shown in Fig. 9 (a and c) and the corresponding differences at 
characteristic points are given in Table 6. 

   
 a. AB1 refined model b. AB1 surrogate model with shells 

   
 c. AB2 refined model d. AB2 surrogate model with shells 

Figure 8: Effect of the consideration of column heads as rotationally fixed – Translational mode shapes of : 
(a) AB1 and (c) AB2 refined models and (b,d) surrogates with shell-modeled columns. 

 

MODEL 
Period [sec] Difference 

[%] Refined 
model 

Surrogate model 
with shells 

AB1 1.53 1.22 20.3 
AB2 0.72 0.61 15.3 

Table 5: Effect of the consideration of column heads as rotationally fixed – Translational modal periods of AB1 
and AB2 refined and surrogate with shells models. 

From Table 5 it is observed that the eigenperiod of the translational mode in PV1 is 
significantly increased by 20.3% when the column heads are considered as rotationally fixed, 
since columns in the surrogate model are stiffer than those in the refined one, resulting to a 
68.6% increase of the horizontal elastic stiffness (see Table 6). In case of PV2, the 
contribution of columns in the horizontal stiffness of the pressure vessel is smaller, due to the 
presence of braces, and the corresponding increases are somewhat smaller (15.3% for the 
eigenperiod and 43.8% for the horizontal elastic stiffness - see Table 7). 
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 c. AB2 model d. AB2 model with equivalent height 

Figure 9: Effect of the consideration of column heads as rotationally fixed – Pushover curves of AB1 and AB2 
refined and surrogate with shells models. 

From Fig. 9 (a and c) and Table 6 it is firstly observed that in both cases surrogate models 
are stiffer than the refined ones when column heads are considered as rotationally fixed, not 
only in the elastic range, as previously mentioned, but in the whole range of the response. 
More specifically, the ultimate displacements are smaller by 34.9% for AB1 and 33.0% for 
AB2, while the strength is larger, varying from a 25.0% increase at the yield point to 8.0% at 
the ultimate point for AB1 and from a 45.3% increase at the yield point to 5.0% at the 
ultimate point for AB2. 
 

Height of 
columns Quantity Refined 

model 
Surrogate model 
with shells 

Difference 
[%] 

Real 

Yield displacement [m] 0.114 0.084 -26.3 
Ultimate displacement [m] 0.321 0.209 -34.9 
Yield force [kN] 5079 6348 25.0 
Ultimate force [kN] 8310  8971 8.0 
Elastic stiffness [kN/m] 44660 75300 68.6 

Equivalent 

Yield displacement [m] 0.114 0.117 2.6 
Ultimate displacement [m] 0.321 0.247 -23.1 
Yield force [kN] 5079 5213 2.6 
Ultimate force [kN] 8310  7321 -11.9 
Elastic stiffness [kN/m] 44660 44660 0.0 

Table 6: Effect of the consideration of column heads as rotationally fixed – Values at characteristic points of 
pushover curves for models of AB1. 
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Height of 
columns Quantity Refined 

model 
Surrogate model 
with shells 

Difference 
[%] 

Real 

Yield displacement [m] 0.064 0.072 12.5 
Ultimate displacement [m] 0.985 0.660 -33.0 
Yield force [kN] 14703 21367  45.3 
Ultimate force [kN] 28595 30036 5.0 
Elastic stiffness [kN/m] 240000 345000 43.8 

Equivalent 

Yield displacement [m] 0.064 0.063 -1.6 
Ultimate displacement [m] 0.985 0.480 -51.3 
Yield force [kN] 14703 15016 2.1 
Ultimate force [kN] 28595 26603 -6.7 
Elastic stiffness [kN/m] 240000 240000 0.0 

Table 7: Effect of the consideration of column heads as rotationally fixed – Values at characteristic points of 
pushover curves for models of AB2. 

In order to make the surrogate models less stiff in order to comply with the refined ones, a 
common practice is to increase the height of the columns [3, 4] keeping their heads 
rotationally fixed. In the present study the column height is increased until the elastic stiffness 
of the surrogate model becomes equal to the elastic stiffness of the refined one. Following an 
iterative procedure it was found that for AB1 the column height has to be increased by 50% of 
the height of the shell-to-column connection, while in AB2 by 33% of the same height. In the 
two new surrogate models pushover analyses were performed and the derived pushover 
curves are shown in Fig. 9 (b and d), while the differences at characteristic points are given in 
Tables 6 and 7. It is observed that for both models the response in the elastic range is almost 
similar, as expected, and the differences at the yield point are negligible (about 2%). Going to 
the inelastic branch of the response curve it is observed that now both strength and ultimate 
displacements are smaller in the surrogate models the former at a acceptable percentage 
(11.9% for AB1 and 6.7% for AB2) and the latter with a significantly larger percentage 
(23.1% for AB1 and 51.3% for AB2). In addition, in the surrogate model of AB2 the stiffness 
after the yielding of braces is not reduced as sharply as in the corresponding refined model 
(after the significant yield, Figs. 9c and 8d), because the increase of the column height results 
to larger length of braces, thus smaller stiffness, and to larger angle with respect to the 
horizontal direction, hence a smaller contribution to the horizontal stiffness of the pressure 
vessel. In conclusion, since the use of an equivalent column height describes the elastic 
response sufficiently and the inelastic response on the safety side (regarding the vulnerability 
of the pressure vessel), it is a acceptable method to implement in order to counteract the 
increase in stiffness caused by the consideration of column heads as rotationally fixed. 

2.3 Simplified modeling of columns 
Having substituted the spherical shell with a rigid body connection between column heads, 

the next step is to model the columns in a simpler manner with frame elements. The major 
aspect that has to be dealt with is the proper modeling of the inelastic behavior. More 
specifically, in the refined model a distributed plasticity model is used, wherein each shell 
element is provided with the inelastic stress-strain relationship of steel. In case of the 
surrogate model the use of frame elements implies the use of a lumped plasticity model, 
wherein point hinges are placed at the ends of frame elements. 

In each point hinge the inelastic behavior is implemented through use of a specific 
moment-chord rotation (Μ-θ) diagram. In general, such a diagram can be adopted by various 
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proposals found in the literature [4] but it is not ensured that it will (and most probably will 
not) match the inelastic behavior of the distributed plasticity model of the refined model (or 
the surrogate model with shell-modeled columns). Hence, in order to eliminate the differences 
between the two plasticity models, and consequently modeling of columns with shell and 
frame elements to become directly comparable, pushover analysis of each shell-modeled 
column with its corresponding axial force was performed and the derived pushover curve was 
converted to a Μ-θ diagram which was then used for the plastic hinge at the end of columns. 
In our study, since the columns of the vessels under investigation are pinned at their bases, a 
plastic hinge was introduced only at the top of each column. In the new surrogate model with 
frame elements, modal and pushover analyses were performed; the derived mode shapes are 
shown in Fig. 10 and the modal periods are given in Table 8. The derived pushover curves are 
shown in Fig. 11 and the comparison of strength and displacements at characteristic points are 
given in Table 9. 

   
 a. AB1 surrogate model with shells b. AB1 surrogate model with frames 

   
 c. AB2 surrogate model with shells d. AB2 surrogate model with frames 

Figure 10: Simplified modeling of columns – Translational mode shapes of AB1 and AB2 surrogate models with 
shells and frames. 

 

MODEL 
Period [sec] Difference 

[%] Surrogate model 
with shells 

Surrogate model 
with frames 

AB1 1.220 1.250 2.5 
AB2 0.606 0.614 1.3 

Table 8: Simplified modeling of columns – Modal periods of AB1 and AB2 surrogate models with shells and 
frames. 
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In regard to the modal analysis results it is observed that in both AB1 and AB2 models the 
difference in modal periods is negligible (2.5% and 1.3%, respectively). In regard to the 
pushover analysis results it is observed that for model AB1 there is an acceptable difference 
of 10.2% in the elastic stiffness, which in case of AB2 model becomes negligible (only 1.2%) 
due to the presence of braces. Also negligible are the differences in the ultimate strength with 
(3.6% and 1.8% for each model), while there is no difference for ultimate displacements in 
either model. Conversely, the observed difference at the yield point is significant (varying 
from 15.7% to 34.9%), since the interaction between moment and axial force (M-N 
interaction) is not taken into account at the lumped plasticity model. However, overall the 
observed differences are acceptable, and it can be concluded that modeling of columns with 
frame elements produces similar results with shell modeling provided that appropriate 
measures are taken so that the corresponding distributed and lumped plasticity models are 
compatible. 
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 a. AB1 model b. AB2 model 

Figure 11: Simplified modeling of columns – Pushover curves of AB1 and AB2 surrogate models with shells 
and frames. 

 
Pressure 
vessel Quantity Surrogate model 

with shells 
Surrogate model 
with frames 

Difference 
[%] 

PV1 

Yield displacement [m] 0.084 0.105 25.0 
Ultimate displacement [m] 0.209 0.209 0.0 
Yield force [kN] 6348 8562 34.9 
Ultimate force [kN] 8971 9298 3.6 
Elastic stiffness [kN/m] 75300  83000  10.2 

PV2 

Yield displacement [m] 0.072 0.054 -25.0 
Ultimate displacement [m] 0.660 0.660 0.0 
Yield force [kN] 21367 18017 15.7 
Ultimate force [kN] 30036 30575 1.8 
Elastic stiffness [kN/m] 344100 348300 1.2 

Table 9: Simplified modeling of columns – Values at characteristic points of pushover curves for AB1 and AB2 
surrogate models with shells and frames. 

2.4 Analytical calculation of stresses at shell-to-columns connections 
When a surrogate model with shell or frame-modeled columns is used, the connection 

between the pressure vessel and the columns is not modeled as in the case of a refined model. 
However, the developing stresses at the interconnection points in general have to be 
calculated, so as to check whether the material has reached its yield or in the worst case, its 
failure point. 

2034



Christos Z. Karakostas, Ioannis F. Moschonas, Vassilios A. Lekidis and Savvas P. Papadopoulos 

 

For this reason a theoretical procedure proposed in [6] was used in order to estimate the 
elastic stresses developed at the shell-to-column connection (Fig. 12). It is noted that to the 
authors’ knowledge, no analytical procedure is proposed in the literature for the calculation of 
stresses developed in the inelastic range of the response. According to this procedure ( named 
as Procedure 7-5 in [6], pp. 465-472), the elastic stresses in a spherical shell due to external 
loads (moment M and radial force Pr) imposed by a circular attachment with radius r0 at a 
distance x≥r0 (Fig. 12a) are calculated using nomograms (Fig. 12b) derived from [7] and [8]. 

   
 a. Stress and sign conventions b. Nomograms 

Figure 12: Calculation of elastic stresses at the shell-to-column connection (from D.R. Moss, M. Basic, Pressure 
vessel design manual, 4th Edition). 

 
Figure 13: Von Mises stress at the shell-to-column connection of the column with the maximum compression – 

AB1 model. 

The aforementioned procedure is applied to pressure vessel PV1 and specifically to the 
column with the maximum compression, since it is the critical one regarding the stresses at 
the shell-to-column connection at the ultimate point of the pushover curve. The derived 
results are then compared with those from the corresponding numerical model AB1 in Table 
10, while in Fig. 13 the derived Von Mises stress at the shell at the bottom of its connection to 
the column with maximum compression is shown. The observed results between the 
theoretical procedure and those of the numerical model are negligible (0.25%), thus 
confirming the validity of the FE model, at least within the elastic behavior range. 
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Stress Numerical Model Theoretical  Difference [%] 

Latitudinal [kPa] 
(Circumferential)  279267 278581 -0.25%  

Meridional [kPa] 315139 315684 0.17%  
Von Mises [kPa] 298823 298865  0.01%  

Table 10: Analytical calculation of stresses in shell-to-column connections – Comparison of results between 
refined model and analytical procedure. 

Given the absence of a theoretical procedure, the FE models were used to numerically 
predict the inelastic stresses at shell-to-column connections. More specifically, for all cases 
the developed stresses were checked and it was found that at the ultimate displacement point 
the stresses at all shell-to-column connections were below the failure point of steel. This 
means that in general a properly designed pressure vessel will not fail due to stress failure of 
the spherical shell, since the failure due to buckling of columns typically precedes it. 

3 CONCLUSIONS 
In the present study various approaches for the development of surrogate models for 

pressure vessels in order to be used in assessment procedures, such as vulnerability (fragility) 
assessment methodologies, were extensively investigated resulting to the following 
conclusions and guidelines : 

 
• For pushover analysis purposes, modeling of braces in tension only by common frame 

elements is an acceptable simplification over the refined modeling, wherein all braces 
are taken into account, together with hook (tension-only activated) elements at one of 
their ends. 

• The spherical shell can be substituted by a rigid body connection with the column heads 
in cases where its thickness is large enough for the shell to be practically undeformable. 

• The height of columns should be increased in order to alleviate the increase in their 
stiffness due to the restriction of the rotation at their top imposed by the substitution of 
the spherical shell with the rigid body connection. In case of pressure vessels without 
braces this increase is around 50% of the height of the shell-to-column connection, 
while in case of pressure vessels with braces this increase is around 33% of the 
interconnection height. 

• Modeling of columns with frame elements will produce similar results as with their 
modeling with shell elements only in case where the lumped plasticity model used in 
frames is derived using the results from a pushover analysis of the column modeled 
with shells.  

• In properly designed vessels, the stresses developed at the shell-to-column connections 
are in general not expected to be the critical failure factor, since the failure due to 
buckling of columns typically precedes it. However, if the need arises a theoretical 
procedure described in [6] can be applied with an acceptable accuracy at the results, but 
only in the elastic range of the response. Regarding inelastic stresses there is not any 
procedure in the literature for their analytical calculation and resort to numerical 
analysis using refined FE models is necessary. 
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Abstract. Piping systems, a vital part of energy industries, e.g. petrochemical, oil & gas and 

chemical plants, have been found particularly vulnerable under earthquake loading, as re-

ported in recent publications. During past earthquakes, piping systems and their components 

suffered significant damages causing severe consequences. Thus, seismic assess-

ment/evaluation of these structures has become an imperative for their proper design to safe-

guard them against seismic events. Nevertheless, there exists an inadequacy of proper seismic 

analysis and design rules for petrochemical piping systems, and designers have to follow 

seismic standards conceived for other structures such as buildings and nuclear plants. More-

over, the modern performance-based design approach is still not widely adopted for piping 

systems, where the allowable design method is the customary practice. Along these lines, this 

paper presents a performance-based seismic analysis of petrochemical plants through two 

case studies. Initially, main issues on seismic analysis and design of industrial piping systems 

and components are addressed followed by a discussion on the selection of proper seismic 

inputs. The current allowable stress and strain based seismic verification methods are pre-

sented afterward. Then, nonlinear finite element analyses of two typical petrochemical piping 

systems under modern design earthquake levels are presented. Finally, performance of these 

piping systems is commented by comparing the maximum stress and strain levels -found from 

the analyses- with the allowable design values that exhibited a favourable behaviour of the 

analysed systems under earthquake limit state levels. 
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1. INTRODUCTION 

Piping systems play a critical role in meeting the increasing global energy demand. Cur-

rently, there exists about 3.5 million kilometers of transmission pipelines, while about 231900 

km of oil and gas pipelines are under construction or planned (www.dnv.com); a great portion 

of which is located in high seismic-prone areas. A piping system consists several components 

and support structures, e.g. flange joints, tee joints, elbows, valves, pressure vessels and stor-

age tanks, where failures in a single component may hinder the whole transmission process 

and cause catastrophic consequences. Hence, such systems deserve particular attention to 

safeguard them against any accidental event such as earthquakes. Nevertheless, piping sys-

tems and their components have been found particularly vulnerable under seismic events and 

suffered severe damages during past earthquakes causing serious accidents both to human 

lives and to the environment [1, 2, 3, 4]. 

Current seismic design approach to petrochemical piping systems are mainly based on the 

allowable design method; the most modern Performance-Based design approach is not strong-

ly implemented yet. One of the main reasons of this is the scarcity of information about the 

definitions of limit states for pipes and the structural modelling, which have not yet been 

treated in a satisfactorily manner. Moreover, most seismic codes and standards don't contain 

enough rules and details for the proper design of industrial piping systems in seismic-prone 

areas. For example, [5], the Structural Eurocodes that introduce novel seismic design concepts 

for industrial structures, lacks adequacy for seismic design of pipelines [6]. Also, seismic 

problem is only partially treated in EN 13480-3 (2002) [7], the main European contribution 

for piping system design. EN 13480-3, like American codes ASME B31.1 (2001) [8] and 

ASME B31.3 (2006) [9], prescribes an allowable stress verification method under a de-

sign/operating basis (OBE) and a safe shutdown (SSE) earthquake, the latter being addressed 

only in EN 13480-3. However, no indications on the selection of earthquakes and analysis 

methods are provided in these standards, instead they refer to general seismic standards con-

ceived for buildings, e.g. [10, 11], or for nuclear plants, e.g. [12]. Some standards have recent-

ly been developed in the US that specifically addresses natural gas plants, e.g. [13]; but, in 

general, there exists a clear scarcity of adequate seismic design rules for petrochemical/Oil & 

Gas piping systems. 

To this end, this paper presents a performance-based seismic analysis of petrochemical 

piping systems through two realistic case studies. In a greater detail, several aspects of seis-

mic analysis and design of piping systems, such as proper modelling of support structures, 

straight pipes, elbows etc., dynamic interaction analysis, selection of seismic inputs and anal-

ysis methods, have been discussed. Current allowable stress and strain based verification 

methods for piping systems are presented, which are followed by non-linear analyses of two 

case studies that investigate two realistic petrochemical piping systems under several limit 

states. Finally, performance of the piping systems is commented by comparing stress and 

strain values found from these analyses with allowable stress and strain limits suggested by 

relevant codes and standards. 

 

2. SEISMIC DESIGN ISSUES OF PIPING SYSTEMS 

 The seismic design of a piping system entails a number of issues. They are essentially re-

lated to overall structure modelling, to a correct definition of the seismic action, to a proper 

analysis method to be applied, and finally, to an appropriate design method to be used. In the 

following, relevant aspects are analysed under the light of the current standards recalled above 

and, in particular, of the European (EN13480-3) and the American (ASME 31.3) standards.  
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2.1 Definition of numerical models of piping systems 

A synthetic scheme of what European and American Standards prescribe for a correct numer-

ical modelling of a piping system and the definition of the seismic conditions is reported in 

[6]. In that occasion it was clearly shown that the suggested numerical model to use in seismic 

analysis is always elastic both for EN13480 and ASME B31.3. This choice comes certainly 

from the old way to evaluate the safety level of a structure: the allowable stress method still 

diffused in designing of piping systems. Usually, only the piping system is modelled, using 

the supporting structure only to evaluate the seismic action at pipes level (e.g., in-structure 

spectra). The supporting structure (e.g. pipe-tack) is treated as elastic too. The assumption of 

elastic behaviour would not be a strong limitation if a correct value of the behaviour factor 

were adopted. 

A key point in modelling a piping system is the possibility to neglect the interaction 

(static and dynamic) between the pipes and the supporting structure. EN13480 does not pro-

vide any indication about it, whereas ASME B31.3, by means of ASCE-07, prescribes a crude 

rule based on the ratio, W, between the weights of pipes and supporting structure. In particu-

lar, if W< 25% the interaction can be excluded and the piping system can be considered as a 

non-building structure, loaded by a seismic action coming from the supporting structure at 

pipes level.  

This rule has been recently analysed by several authors. For example, in [14] the rule 

has been analysed using time-history analysis. From the results and discussion, the author 

concluded that in some cases this decoupling rule could produce gross errors in the evaluation 

of the dynamic behaviour of piping systems. In particular, it seems that in dynamic assess-

ment of such systems, in addition to the primary-secondary system weight ratio criteria, atten-

tion should be paid to other aspects as “end conditions of pipes”, “relative stiffness of 

supporting structure to piping system” and “relative stiffness of pipes to pipe-supports”, even 

though only partial conclusions where reached by the authors, that suggested more investiga-

tions on this matter. 

Another relevant aspect about modelling of piping systems is the adoption of a proper 

model for pipes and fittings (elbows, tee-joints, nozzles, etc.). At this regards, usually beam 

elements with hollow section are used for straight pipes. The fittings are also modelled using 

beam elements, but modifying the stiffness for the effect of geometry. For this purpose, both 

European and American Codes define a flexibility factor (k >1) using which the moment of 

inertia of the pipe is reduced. In addition, to take into account the stress concentration effect, 

the Stress Intensification Factor (SIF) is used to increase the stress calculated using the beam 

theory. The values of k and SIF calculated according to EN13480 and ASME B31.3 are very 

similar. Alternatively, it is possible to use shell elements to model fittings [15]. This approach 

is appropriate to account for ovalization of the section and stiffening pressure effect also in 

non-linear field [16]. For these reasons, this model has been used for the Case Study and a 

comparison with beam model has been carried out. We can anticipate that the numerical simu-

lations have shown a similar behaviour of both the models and the reliability of modified 

beam element, at least for standard fittings, like pipe elbows. 

A last but not less important aspect regards the boundary conditions of the pipes. In fact, 

because a piping system is realized by hundreds of miles of pipes, the analysis involves nec-

essarily a limited part of the structure. Consequently, proper boundary conditions have to be 

accurately adopted to simulate the remaining part of the structure. Also, for this delicate as-

pect no indications are provided by European and American Standards. As already shown in 

literature, uncertain boundary conditions may significantly influence the dynamics of the pip-

ing system; however, their proper modelling vary from case to case [14, 17]. 
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2.2 Seismic actions and analysis methods 

Both European and American Standards assume the following two types of analysis for pipes: 

 Movements due to inertia effects. 

 Differential movements of the supports (within the supporting structure or between adjacent 

pipe-racks). 

The first type of analysis is essentially related to the effects of the absolute acceleration 

on the pipe mass. The second one is due to the relative movements between two supports, 

within the supporting structure or belonging to adjacent structures. Often the relevant effects 

are due to the displacement effect rather than acceleration effects. 

Concerning the inertia effects the seismic action for pipe-racks is usually represented by 

design response spectra or accelerograms (natural records or synthetic accelerograms). For the 

analysis of pipes only, “In-structure” spectra or “filtered response spectra” are instead used. 

The design spectra are the main representation of a seismic action and usually are defined by 

the seismic codes in terms of hazard conditions of the site, the level of dissipation capability 

of the supporting structure and pipes (response or behaviour factor), the right level of damp-

ing to be employed, and the level of structure reliability to impose, identified by the im-

portance factor. For the support structure, hazard conditions apart, the damping usually 

adopted is equal to 5%, as suggested by Eurocode 8 and 3 for steel structures, whereas the be-

haviour factor, q, depends on the type of structure used for the pipe-rack. While for building-

type structure this aspect has been well identified and quantified, for structures like pipe racks 

that may often be considered as non-building structures [10], the problem may be quite differ-

ent. 

The current American and European seismic codes provide a q factor for steel racks 

equal to 3 ½ and 4 respectively. This choice probably derives from the hypothesis of no-

coupling between the rack (primary system) and the pipes (secondary system). In fact, usually 

the level of dynamic coupling between pipes and rack can be neglected. But in other some 

cases its influence cannot be excluded a priori [14]. The spectral responses of the modal 

oscillators are then combined to obtain the resultant response of the system. Moreover, the 

resultant forces and displacements from bi-directional analysis are typically obtained by the 

square root sum of square of the response in each direction, or by applying the well-known 

100-30 rule. 

The in-structure spectra allow a seismic action to be defined for single pipes at several 

floors of the pipe-rack, in which the pipe is placed. Both European and American Codes pro-

vide their explicit expressions. They are defined as the spectrum acceleration multiplied by an 

amplification factor AF defined by codes. The behavior factor provided by the Codes, espe-

cially by the American one, seems to be overestimated. For example, ASCE-07 prescribes the 

use of a behavior factor 6 or 12 according to the deformability of the material used. In some 

cases this hypothesis may not be totally true [18]. 

A time history seismic input is rarely used for the design or retrofit of piping systems. 

Often it is used to generate facility specific response spectra analyses, or as a research tool, to 

study in detail the full non-linear behavior of a component or system as a function of time. 

Nowadays, the scientific community has widely accepted the use of natural records to re-

produce a real input, for several reasons. For many engineering applications, the purpose of 

selection and scaling of real earthquake is to fit the Code design spectrum considering the 

seismological and geological parameters of the specific site. To help engineers in selecting a 

proper set of records, some tools have already been proposed in the literature. 

Seismic anchor motion (or “SAM”) is the differential motion between pipe support at-

tachment points (for example, supports attached to an upper floor would sway with the build-
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ing, with a larger amplitude than supports attached at a lower elevation), or the differential 

motion between equipment nozzles and pipe supports. Seismic anchor movements are input 

as displacements (translations and rotations) at the support attachments or at equipment noz-

zles. The resulting stresses and loads in the piping system can be properly combined to obtain 

stress and loads in the pipes.  

No specific indications are provided by EN13480:3, whereas, ASCE-07 provides a sim-

plified criterion based on the elastic analysis of the pipe-rack. Here, it is suggested to evaluate 

first the relative displacements between two connection points within the structure and at the 

same level for each vibration modes and then to combine them using a proper combination 

rule as the SRSS rule. 

 

2.3 Verıfıcatıon methods 
 

One of the fundamental steps for the qualification of a pipe system is the fulfillment of some 

limits of the pipe stress or strain, for a given working condition. For a seismic action, usually 

two working conditions, namely an Operating Basis Earthquake (OBE) and a Safe Shutdown 

Earthquake (SSE) as will be discussed later, are used.  

Both European and American standards, e.g., EN 13480-3, ASME B31.1, ASME B31.3, 

provide guidelines for allowable stress based verifications of pipes subject to earthquakes. For 

instance, ASME B31.1 and EN 13480-3 provide a similar formula expressed as, 

 

σ = pc do / (4en) + 0.75i MA /Z + 0.75i MB /Z ≤ kfh (1) 

 

where 0.75i is the stress intensity factor whose value is 1 for straight pipes; MA is the moment 

from sustained mechanical loads; MB defines the moment from occasional loads; Z is the 

modulus of inertia; pc defines the internal pressure; do represents the pipe outer diameter; en is 

equal to the pipe wall thickness and fh represents the allowable stress as defined in these 

Codes. For an Operating Basis Earthquake ground motion (OBE), the value of k is given as 

1.2 and 1.33 in EN 13480-3 and ASME 31.3, respectively; conversely, the Safe Shutdown 

Earthquake ground motion (SSE) entails values of k equal to 1.8 for EN 13480-3; no value is 

foreseen for ASME 31.3. Corresponding moments are indicated as Ma,OBE and Ma,SSE, respec-

tively.  

A strain based verification method is also provided in the newly developed strain-based 

design equation [19] that entails an ultimate design load for a pipe based on the maximum 

strain, i.e., 

 

εc
crit= 0.5t/D – 0.0025 + 3000 ((Pi - Pe)D / (2tEs))

2 (2) 

 

where εc
crit defines the ultimate compressive strain capacity of a pipe wall; Pi is equal to the 

internal pressure; Pe defines the external pressure; t is equals to the pipe wall thickness; D is 

the pipe outer diameter; Es is the modulus of elasticity of pipe material. 

Moreover, several standards provide tensile strain limits in pipes [20] as reported in Ta-

ble 1. 

 

Table 1. Tensile strain limits in pipelines 

Code Tensile strain limit 

CSA-Z662 (2007) 2.5% 

DNV-OS-F101 (2000) [31] 2.0% 

ASCE (2005) [32] 2.0% 
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3. APPLICATIONS RELEVANT TO TYPICAL PETROCHEMICAL PIPING 

SYSTEMS  

3.1 Selection of seismic loading 
 

The definition of the levels of earthquake motions to be considered for analysis requires extra 

attention and assumptions. In fact, several standards dealing with seismic analysis of onshore 

petrochemical and process plants, e.g., EN 13480-3, ASME B31.1, ASME B31.3 and NFPA 

59A, among others, in view of enhanced performance and damage limitation, use the same 

seismic hazard definitions adopted by nuclear standards [12]. Nonetheless, intended safety 

objectives are different: in fact, (i) conventional facilities are designed for human lives protec-

tion and damage limitation, see for instance Eurocode 8, Part 1 [11], and therefore, crossing to 

elastoplastic domain is allowed; conversely, (ii) nuclear seismic rules enforce integrity and 

functionality of structures systems and components important to safety; as a result, incursions 

in the elastic plastic domain is not allowed. Thus in moderate seismicity regions, one can es-

tablish a correspondence between the 10% probability of exceedance in 50 years, i.e. 475 

years return period used in Eurocode 8 Part 1 and the OBE ground motion defined in nuclear 

standards. For clarity, the OBE can be defined as the ground motion for which those features 

of the –nuclear power- plant necessary for continued operation without undue risk to the 

health and safety of the public will remain fully functional. Increased return periods can be 

achieved through additional peak ground acceleration (pga) multipliers; for instance, the im-

portance factor γI can reach a value of 1.4 for power plants of vital importance [11].  

The link of the return periods corresponding to the SSE (pga) is more involved; in fact 

in NFPA 59A (2013) the SSE pga at the site can be defined as the “risk-adjusted maximum 

considered earthquake (MCER) ground motion” per the definition in [10]. For most locations 

except near active faults, ASCE 7 adjustment establishes a uniform probability of failure cri-

teria for a 1% probability of exceedance within a 50 year period corresponding to 4975 year 

return period. However, ASCE 7 requires the base design level earthquake to be 2/3 of MCER; 

thus, setting γI = 1.5 for structures containing extra hazardous materials results in a design 

level equal to MCER. Also in France the return period for new “special risk” plants corre-

sponds to 5000 years [21]; whilst the corresponding value defined in nuclear seismic stand-

ards is based on 0.5% to 0.05% probability of exceedance in 50 years, e.g. 10000 to 100000 

years return period. We recall that the SSE is the ground motion in which certain structures, 

systems and components important for - nuclear- safety must be designed to remain opera-

tional.  

For each of the two case studies presented and analysed in the following, the seismic 

input is represented by the elastic spectrum provided by the current seismic European and 

Italian codes, based on which a set of natural records have been selected and used to perform 

linear non-linear analysis.  
  

3.2 Case Study #1 
 

The first Case Study (CS) is relevant to a typical petrochemical piping system as illustrated in 

Fig. 1(a); details of the CS can be found in [6]. The support steel structure was composed of 

seven transverse moment resisting frames placed every 6 m, made of commercial steel pro-

files. The piping system presented a typical layout with pipes having different diameters. In 

order to simplify the analysis, only the structural contribution of 8” pipes was considered; the 

remaining pipes acted only as weight. Several flanged elbows were present within the pipe-

rack and at both ends of the piping system. Columns and beams of the support structure were 

modelled by using inelastic fibre-discretized beam elements, whereas straight truss elements 
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were used both for vertical and horizontal bracings. The straight braches of pipes were mod-

elled by linear beam elements whilst shell elements were used to better capture the behaviour 

of elbows as depicted in Fig. 1(b). In order to better simulate the boundary condi-

tions/flexibility of elbows, that is the connection between the straight portions of pipe and el-

bows, a portion of the connected straight pipes of length (L) was modelled using shell 

elements as well. In this specific case, we assumed L=1100 mm, R=8’’ and R/D=1.5. 
 

 
 

(a) (b) 

Figure 1. (a) The piping system considered in the Case Study; (b) shell element assemblage used for each pipe 

elbow. 

  

 
 

 
Figure 2. Fiber discretization of an element section of the support frame 

 

 

Given the fact that this Case Study (CS) is not part of a hazardous facility and is located 

in a site characterized by a PGA=0.24g, the OBE ground motion was firstly considered, asso-

ciated with a 5% damped response spectrum foreseen in EN 1998-1, with 475 years return 

period. The far field spectrum associated with Soil B for the CS is illustrated in Fig. 2(a). Be-

cause of unintended consequences of the plant associated with possible failure, a value of 

γI=1.2 foreseen for the plant was assumed [11]. The elastic spectrum was employed to select a 

set of compatible accelerograms; in greater detail, they have been extracted from the Europe-

an strong motion database (ESD, http://www.isesd.hi.is/ESD_Local/frameset.htm) according 

to a Magnitude range 6-7, a distance from the epicentre less than 30 km, and a pga in the 

range 0.25-0.35 g. The natural accelerograms selected using the REXEL software [22] were 

characterized by the mean spectrum -bold blue line- shown in Fig. 2(a). The accelerograms 

were scaled to ensure full compatibility with the target elastic spectrum of Eurocode 8 Part 1, 

being endowed with a mean spectrum within the lower (-10%) and upper bound (+30%) spec-

tra (line-dot graphs) with respect to the target spectrum. 

The selected accelerograms have been used to perform a series of non-linear analyses on 

the CS evaluating the response both at pipes and support structure. The dynamic characteriza-

tion of the system provided vibration periods of the support structure equal to Tx=0.35 sec and 
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Ty=0.46 sec in longitudinal and transversal directions, respectively, which correspond to an 

excited mass of 53% and 68%. The period of the first modes with and without pipes was simi-

lar, whereas the excited mass was higher in the second case, showing some coupling effect of 

the transverse frames along the Y-axis owing to pipes. 

The obtained level of non-linear behaviour of the analysed system was limited and 

mainly concentrated in the support structure. This is clearly shown in Fig. 2(b) where the re-

sults of an incremental dynamic analysis [23] applied to the piping system are shown in terms 

of dynamic pushover curves, plotted for each accelerogram. Each dot corresponds to the max-

imum base-shear calculated for a given value of pga and the corresponding displacement 

measured at the pipe level. The limited plastic deformations level exhibited by the steel struc-

ture suggest an actual value of behaviour factor q – equivalent to the response modification 

factor Rp of ASCE 7- of about 1.8. 
 

  

(a) (b) 

Figure 2. (a) Elastic spectra of the set of seven chosen accelerograms; (b) Dynamic pushover curve of the piping system. 

 

This value underlines that the use of q factors for support structures from [11] must be 

done with care. In fact, the value of q=4 suggested in that Standard is unsafe for this particular 

CS, because the layer of present pipes cannot ensure a rigid floor behaviour in the Y direction, 

see Fig. 1(a), typical of buildings. On the other hand also [13] allows a maximum Rp value of 

6 for Seismic Categories II and III. Only for Seismic Category I, the use of Rp is not allowed. 

Results of the analysis in terms of moments along local axes y, My and z, Mz (see Fig. 

1(a)) of the pipe are reported in Table 2. The resultant moments MR of the single moments My 

and Mz calculated according to the [7] are reported too. ASME B31.3 does not provide a defi-

nition of MR whereas the definition contained in the ASME B31.1, the standard for power 

piping, is the same. For this reason the same definition has been adopted for the American 

standard for process piping. The maximum moment was found near the left edge of the rack 

(bay 2); similar values were also obtained within bay 6 and 7. The average values of the max-

imum moment was found to be 16.79 kNm; the maximum axial force corresponding to the 

maximum tensile stress, i.e., 86.41 MPa, was about 180.50 kN.  
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Table 2. Maximum bending moment and tensile stress in the pipes of the Case Study (OBE) 

Moment 
Bay 

1 2 3 4 5 6 7 

My (kNm) 1.56 6.91 5.98 4.94 5.04 3.47 2.50 

Mz(kNm) 
13.7

2 
15.30 14.15 7.01 8.75 15.84 15.84 

MR (kNm) 
13.8

1 
16.79 15.36 8.58 10.10 16.22 16.04 

Tensile stress 

(MPa) 

76.7

1 
86.41 81.76 59.67 64.62 84.54 83.96 

 

These values were far from the leakage and yield loads of pipe itself and bolted flange 

joints typically used in piping systems, as already evidenced in [24, 25]. It is, therefore, evi-

dent that piping systems like the analysed one possess a good capacity to operate safely under 

a typical OBE ground motion. The level of stress is well under the elastic limit of the materi-

al, i.e. 241 MPa, and allowable stresses at OBE, i.e. 165.60 MPa and 183.50 MPa according 

to EN13480-3 and ASME B31.3, respectively (see [6]). Moreover, the maximum strain, i.e. 

about 0.04%, in the pipes was much lower than the allowable limits suggested by standards; 

see Table 1 in this respect.  

In order to evaluate the seismic behaviour of the structure also in beyond-design con-

ditions the response at SSE level has been evaluated. As stated before, SSE can be identified 

with the Near Collapse condition that corresponds to a return period TL=2475 years [11] and 

thus to a importance factor L=2.2 that is a peak ground acceleration ag= 0.55g. All records of 

Fig.2 have been scaled accordingly, and used for another set of non-linear analyses. The aver-

age values of bending moment and stress in the pipes at several bays are reported in Table 3.  

 

Table 3. Maximum bending moment and tensile stress in the pipes of the Case Study (SSE) 

Moment 
Bay 

1 2 3 4 5 6 7 

My (kNm) 1,78 5,28 6,94 5,67 5,62 3,36 2,39 

Mz(kNm) 23,09 26,11 22,18 10,07 10,01 16,94 16,9 

MR (kNm) 23,16 26,64 23,24 11,56 11,48 17,27 17,07 
Tensile stress 

(MPa) 132,44 147,57 132,80 82,00 81,66 106,84 105,96 
 

      
Figure 3. SSE: (a) Stress in the support structure, b) Moment-Curvature - Section A (Acc. 1) 

 

The maximum moment was found to be 26.64 kNm that correspond to a maximum 

stress equal to 147.57 MPa. The maximum stress in the support structure is located in the col-

Section 

A 

Moment-

Curvature 

Section A 
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umns, whose value is about 280 MPa, slightly greater than the yielding strength, symptom of 

a slight plasticity in the elements (Fig. 3).   

In conclusion, even in presence of a stronger seismic action, the stress level in the pipe 

at SSE is still confined in the elastic range, as already shown applying the pushover analysis 

(Fig. 2b). This demonstrates once again the strong conservatisms generally adopted in design-

ing this kind of structures and fully justify the typical usage of linear models for their seismic 

analysis.  
 

3.3 Case Study #2 
 

The piping system considered within Case Study #2 is a typical petrochemical piping system 

placed on a steel support structure as illustrated in Fig. 3(a) and 3(c). General dimensions and 

other geometrical properties of the piping system –presented in Fig. 3(b)- were taken from 

[15]. The piping system contained 8” and 6” scheduled 40 straight pipes, several elbows, a 

Tee joint and an EN 1092-1 Standard PN 40 weld-neck bolted flange joint. The pipes were 

made of API 5L Gr. X52 steel (nominal yield and ultimate strengths: 418 MPa and 554 MPa, 

respectively) and were filled with water at an internal pressure of 3.2 MPa, corresponding to 

80% of the maximum allowable pressure of the piping network.  

The support structure was a steel frame structure, 12m high, mainly composed by steel 

HE and IPE profiles and some vertical and horizontal cross or K-steel bracings. Only a single 

pipeline ran on the frame supported by sub-frames placed at 3rd floor of the main frame. Two 

edges of the frame were connected to cylindrical storage tanks whereas the third one was con-

nected to the frame by an anchor. Some design parameters considered for the structure are 

presented in Table 3. 
 

 
 

Figure 3(a). A 3D FE model of the support 

structure of the piping system. 

Figure 3(b). Specifications and dimensions of the piping 

system. 
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Figure 3(c). Dimensions and lateral views of the support structure. 

 

In order to perform non-linear seismic analysis, a 3D Finite Element (FE) model of the 

piping system was developed in [26] software. The pipes including elbows were modelled 

using straight elements with pipe sections. Mass of the water present inside pipes was consid-

ered by increasing the mass density of the pipe material. Although elbows were modelled us-

ing straight elements in the FE model, flexibilities (see [7]) of these elements were adjusted 

based on an ABAQUS-based [27] FE analysis. Each elbow had a radius equal to 1.5 times the 

outer diameter of the connecting pipe; moreover, we considered that the effect of flexibility of 

an elbow spreads across a distance, L equal to two times the mean diameter of the pipe as il-

lustrated in Fig. 4. The adjusted geometry and properties of elbow elements including the di-

mensionless flexibility factor, kB, considered in the piping system model are reported in Table 

4. 

Table 3. Some design parameters of the support structure. 

Location High Seismic-prone region 

pga 0.33g 

q factor 3.2 

Ground type C 

Return Period 712 years 

Importance Class III* 

*Industries with dangerous activities; Reference life, Vr = 75 years 

 

As discussed before, these types of structures with piping systems are normally mod-

elled elastically. However, in order to exploit ductility of the support structure, some nonline-

arity was introduced in the model, but only in some brace members. In a greater detail, 

plastification was allowed only in the some vertical cross and k-bracings of the structure by 

introducing nonlinearities to those members based on the US standard [28]; see Fig. 5 in this 

respect which shows the nonlinear model adopted for the vertical cross bracing x3 as shown 

in Fig. 3(c). 
 

Table 4. Elbow properties considered in the piping system model 

Property 
8" Elbow 6" Elbow 

Original  Modified Original  Modified 

Thickness, en (mm) 8.18 6.61 7.11 4.35 

Flexibility factor, kB 6.84 1.35 5.97 2.46 

Moment of inertia, J* (mm4) 3.02 x 107 2.49 x 107 1.17 x 107 7.53 x 106 
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The support structure was placed in Sicily, a high seismic region in the south of Italy. 

As can be noted from Table 3, soil type C and an important class III was considered for the 

support structure. Thus, the support structure was designed for an earthquake with a return 

period TR equal to 712 years corresponding to the Safe Life Limit State (SLLS) suggested in 

the Italian standard [29] which, differently from EN 1998-1, prescribes four limit states, as 

listed in Table 5, in the spirit of performance-based earthquake engineering. Corresponding 

pga values are also reported in Table 5. 
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Figure 4. Elbow geometry and equivalent straight 

elbow element 
Figure 5. Nonlinear model for cross bracing x3. 

 

Since the piping system considered herein represents a moderately hazardous facility, 

the SLLS was considered equivalent to the OBE earthquake. However, as discussed above the 

SSE ground motion would be too severe. Nonetheless and in order to consider a ground mo-

tion beyond the OBE, the one associated with the CLS earthquake reported in Table 5 -

corresponding to a TR equal to 1462 years- was considered. Along this line, the input earth-

quake for the analysis was generated using the Italian spectrum specific of the place where the 

structure was placed; see in this respect Fig. 6(a) that shows the input accelerogram corre-

sponding to the CLS.  

 

Table 5. pga values corresponding to different limit states 

Limit States pga (g) 

Serviceability 

limit state 

Operational limit state OLS 0.05 

Damage limit state DLS 0.08 

Ultimate 

limit state 

Safe life limit state SLLS 0.29 

Collapse limit state CLS 0.41 

 

The piping system was analysed with the four levels of earthquakes listed in Table 5. 

Seismic loadings were applied in the horizontal x direction (see Fig. 3(b)) adopting a Ray-

leigh damping considering a 4% damping for the structure suggested in [30]. The maximum 

stresses and strains in pipes at SLLS and CLS were then compared to the Ma,OBE and Ma,SSE, 

respectively. Analysis were also carried out at OLS and DLS level earthquakes to check the 

performance of piping systems at those levels.  
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Figure 6. (a) Input earthquake accelerogram and (b) Moment about z axis in the piping system at CLS. 

 

Moments about z axis, Mz in the piping system at CLS is presented in Fig. 6(b); the 

maximum moment was observed in Elbow #1. Stresses and strains were then compared with 

corresponding allowable values (see Table 8) calculated according to Eq. (1) and (2) listed in 

Table 6 and 7. One can see from Table 8 that both the maximum stress and strain at SLLS 

were below the allowable stress at OBE, σa,OBE, while these values at CLS were below the al-

lowable stress at SSE, σa,SSE. One may note that while the maximum stress levels are below 

the allowable limits by a lower margin, maximum strains were found to be far below the al-

lowable limits suggested by standards. In fact, a higher level of plastification is allowed by 

the strain based design methods. Nevertheless, the above analysis indicates that the piping 

system remains below its nominal yield strength, i.e. 418 MPa, under an OBE or SSE level 

earthquake. 

 

Table 6. Allowable stress at OBE, σa,OBE and at SSE, σa,SSE 

 Stress limit 

Code σa,OBE (MPa) σa,SSE (MPa) 

EN 13480-3 195.99 293.99 

ASME B31.1 & B31.3 217.23 - 

 

Table 7. Allowable strain in pipes 

 Strain limit 

Code Tension limit Compression limit 

CSA-Z662 (2007) 2.5% 1.6% 

DNV-OS-F101 (2000) 2.0% - 

ASCE (2005) 2.0% - 

 

Table 8. Maximum stresses and strains in the piping system at SLLS and CLS 

Limit States Elbow Stress (MPa) Strain 

SLLS 
Elbow #1 186.46 0.093% 

Elbow #2 184.02 0.092% 

CLS 
Elbow #1 251.53 0.126% 

Elbow #2 248.11 0.124% 

 

4. CONCLUSIONS  

Due to the scarcity of adequate and uniform seismic design guidelines for petrochemical, oil 

& gas piping systems, designers are compelled to follow standards conceived for other struc-
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tures, such as buildings and nuclear plants. In this paper, a performance-based seismic analy-

sis of petrochemical piping systems through two realistic case studies was presented. Several 

issues related to the seismic design and analysis of piping systems were addressed, and rele-

vant design/analysis rules suggested by international codes and standards were discussed. 

Current allowable stress- and strain-based verification methods were commented. In this re-

spect, a discussion on the selection of proper seismic inputs was offered showing the limits of 

current guidelines. Two realistic piping systems were analysed in the nonlinear regime for 

limit states suggested by modern performance-based earthquake standards; and a comparison 

between computed stresses and strains and allowable code-based design values were made. A 

favourable performance of both the piping systems under chosen limit states was found. It 

was found maximum stress and strain values in both the piping systems remained below their 

yield strengths and allowable limit values even at the collapse limit state. 
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Abstract. Earthquakes can cause significant damages to industrial liquid storage tanks re-

sulting in losses of functionality, fires or environmental contamination due to the leakage of 

hazardous chemicals. Typical damages of ground supported tanks during past earthquakes 

were in the form of cracking at the corner of the bottom plate and compression buckling of 

tank wall due to uplift, sliding of the base, anchorage failure, sloshing damage around the 

roof, failure of piping systems and plastic deformation of base plate. Liquid tanks can be also 

located at some elevated positions due to operational purposes. This makes them susceptible 

to collapse due to increased base shears and overturning moments. The seismic response of 

elevated tanks has been widely investigated in the past considering different materials and 

configurations of support structures. This paper addresses the problem of elevated tanks with 

particular attention focused on the steel storage tanks resting on short RC columns. The vul-

nerability of a real example of elevated tanks is assessed though the probabilistic analysis 

performed using non-linear lumped mass models. Consequently different fragility curves are 

built for identifying the most important damage states and calculating the corresponding 

probability of occurrence. The results show how the support structure, especially when com-

posed by RC columns, is the most influencing one, whereas the remaining damage states have 

a limited influence. 
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1 INTRODUCTION 

Earthquakes can cause severe damages to the tank structures and other facilities in indus-

trial sites resulting in losses of functionality, fires or environmental contamination due to the 

leakage of hazardous chemicals [1], [2], [3], [4], [5], [6], [7], [8], [9]. Above ground liquid 

storage tanks have suffered serious damages during past earthquakes. These typical damages 

were in the form of cracking at the corner of the bottom plate and compression buckling of 

tank wall (elephant’s foot buckling) due to uplift, sliding of the base, anchorage failure, slosh-

ing damage around the roof, failure of piping systems and plastic deformation of base plate. 

Liquid tanks can also be elevated due to operational purposes. Steel storage tanks upon re-

inforced concrete columns represent a typical structural configuration. Moreover, in case of 

reinforced concrete supports, the high lateral stiffness may induce premature failure in the 

columns, as shown in recent seismic events. For example, during Izmit earthquake (1999) in 

Turkey, a group of elevated tanks for the storage of liquefied oxygen were seriously damaged 

or collapsed [10], [11], [12], [13]. 

On the basis of the above-depicted framework, this paper addresses the problem of the 

vulnerability assessment of elevated tanks with particular attention focused on the steel stor-

age tanks resting on short RC columns. The seismic response of one of the liquefied oxygen 

storage steel tanks collapsed during the 1999 Izmit earthquake due to premature failure of 

columns has been analyzed under seismic excitation using a 3D model implemented in Open-

SEES [14]. 

Consequently, after a brief review of existing methods for the evaluation of fragility curves 

and the definition of damage limit states for steel storage tanks, the vulnerability analysis of 

the selected case study has been assessed using two different methods, namely Cloud method 

and Increment Dynamic Analysis highlighting the most frequent damage conditions for the 

tank under seismic action [15]. 

2 DAMAGE STATES OF STORAGE TANKS 

The seismic vulnerability of a structure is generally expressed as probability of exceeding 

one of more structural limit states. Existing data concerning post earthquake damage observa-

tions for steel storage tanks have been collected in order to propose the limit state classifica-

tions of equipment response. In fact, according to HAZUS damage state list [16], the effects 

of seismic actions have been related to structural damage and its reparability. Possible damage 

limits for steel storage tanks are reassumed in Table 1. 

 

# Failure mode 

1 Overturning 

2 Elastic buckling 

3 Sliding 

4 Elasto-plastic buckling 

5 Tank roof damage 

6 Uplift 

Table 1: Possible failure modes for tanks 

These failure modes are usually collected in a limited number of damage states, as reported 

in Table 2 [16]. 

In this work, the attention is paid on elevated tanks, whose typical configuration does not 

include any floating roof. In order to estimate the seismic vulnerability and to derive fragility 
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curves, extensive (buckling) and complete damage states (complete collapse due to the failure 

of the support system) have been here considered.  

 

# Damage state Description 

1 No damage --- 

2 Slight damage Roof and pipes damages, sliding without leakage 

3 Moderate damage Elastic buckling, yielding of tank wall and uplift with-

out leakage 

4 Extensive damage Elastic buckling, uplift, pipes detachment with leakage 

5 Complete damage  Complete damage (boilover, injections, complete LOC, 

total collapse)  

Table 2: Damage states for tanks 

The damage state associated to instability phenomena in the tank wall can be quantified 

with the level of stress that activates buckling. Three distinct buckling phenomena have been 

observed during past seismic events: Diamond Shape Buckling (DSB), Elephant’s Foot Buck-

ling (EFB) and Secondary Buckling (SB) [17]. An example of both the buckling phenomena 

is illustrated in Figure 1. 

 

Figure 1: EFB and DSB observed after the 2012 Emilia Earthquake in Italy [8] 

DSB is due to excessive meridional stresses so that to induce lateral instability of the wall 

in the elastic field. This form of buckling has been observed in those parts of the shell where 

the thickness is reduced with respect to the thickness of the base and/or the internal pressure 

(which has a stabilizing effect) is also reduced with respect to the maximum value attained at 

the base. EFB normally occurs close to the base of the tank, due to a combination of vertical 

compressive stresses and tensile hoop stresses inducing an inelastic biaxial state of stress.  

These two buckling types are explicitly mentioned in current codes as Eurocode 8 [18] and 

New Zealand guidelines [19] and implicitly accounted for in the API formulation [20]. For 

example, Eurocode 8 and New Zealand guidelines suggest the Rotter [21] formula to compute 

the buckling capacity with respect to elastic–plastic buckling: 
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where σc1 = 0.605EwtwR is the Euler’s critical axial compressive stress, R is the tank radius, p 

is the total internal pressure, Ew and tw are the elastic modulus and the thickness of the tank 

walls, fy is the steel yielding stress, and r  is a coefficient defined as r  = R /(400tw). 

In addition to the well-known elephant’s foot and diamond shape buckling modes, a third 

kind of buckling, due to external pressure and cavitation, is mentioned by Rammerstofer et al. 

[22] and confirmed also by observations on real tanks after earthquakes. However, this buck-

ling mode is not covered by current codes, and until now, no empirical formula associated to 

it exists in literature.  

Failure conditions in the support structure can be usually treated using common approaches 

adopted for civil structures. For example, it is frequent to find RC columns as support struc-

ture. In this case, the ultimate capacity can be calculated in accordance to the current codes 

for the assessment of existing RC structures, both for ductile and fragile mechanisms [23]. 

3 FRAGILITY ASSESSMENT METHODS 

In this paper, a fragility function, P[DEDP>LS|IM] is developed for the liquid storage tanks 

to investigate the damage likely to occur during a seismic event. This function represents the 

probability of the response, DEDP, of the selected engineering demand parameter, EDP, ex-

ceeding a selected structural limit state, LS, for a specific intensity measure, IM, of seismic 

excitation. 

Different methods to build fragility curves have been already proposed in literature, con-

sidering or not the randomness of the structure characteristics [15]. The most common used is 

the Cloud method. This method implements non-linear dynamic analyses through (linear) re-

gression-based probabilistic model [24]. When the seismic demand and the structural limit 

states are assumed to follow a lognormal distribution, the probability of exceeding a specific 

damage state can be estimated with the lognormal cumulative distribution function, given as: 

 [ ] ( ) ( )
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where Φ(⋅) is the standard normal cumulative distribution function, LSm is the median esti-

mate of the structural limit state, Dm is the median estimate of the demand, βd|IM is the disper-

sion of the demand conditioned on the IM, and βLS is the dispersion of the structural limit state.  

The estimate of the median demand can be predicted by a power function: 

 ( )b

mD a IM=  (3) 

where a and b are regression coefficients based on the collection of di and IMi from the time-

history seismic analyses of the analyzed tank and from the selected a suite of n ground mo-

tions. The dispersion of the demand conditioned on the IM can also be estimated from the re-

gression analysis of the seismic demands: 
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 The Cloud method is very attractive because it allows deriving closed-form solutions of 

the fragility curves. However, the power-law form of the demand is, at best, only a good esti-

mate of the behavior of a structure under earthquake excitation in the interval of values where 
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the locally linear fit is made. In addition, the dispersion is considered as constant, when in re-

ality there is a clear dependency of the level of IM analyzed. 

In order to correctly incorporate the above-mentioned variability of mean and dispersion 

with IM, many alternative methods have been proposed. One of them is the Incremental Dy-

namic Analysis (IDA) method that was initially derived only for collapse condition [25] but 

can be adopted for different damage levels. This method produces a set of IM values associat-

ed with the onset of collapse for each ground motion. Fragility function parameters can be 

estimated by taking logarithms of each ground motion’s intensity measure value associated 

with onset of collapse or damage, and computing their mean and standard deviation: 
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where n is the number of ground motions considered, IMi is the IM value associated with on-

set of collapse or damage for the ith ground motion. 

Consequently, given the limit state, the IM is now a random variable, whose probability of 

being lower than given IM is the following that also represents the analytical expression of the 

fragility curve: 
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Other possible methods can be derived from the reliability theory, as for example the Ef-

fective Fragility Analysis, already proposed for the vulnerability assessment civil and indus-

trial structures [26], [27], [28]. This method makes use of the Response Surface technique. 

In this work, Cloud method and IDA will be used to derive fragility curves of the elevated 

tank described in section 4. 

4 PROBABILISTIC SEISMIC RESPONSE ANALYSIS 

4.1 Numerical model of elevated tanks 

In this paper, the probabilistic seismic analysis of elevated liquefied gas storage tanks at 

the Habas facility in Izmit, Turkey is presented [10], [12]. The two tanks containing 80% full 

liquid oxygen were collapsed during the Kocaeli Earthquake in 1999 while the tank and sup-

porting structure containing 25% full liquid nitrogen was undamaged except for some hairline 

cracks in the columns, as shown in Figure 2. 

 

Figure 2: Storage tanks of Liquid Oxygen at Habas plant after the strong event of Izmit (1999) 
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These tanks were built in 1995 and each tank consisted of two concentric stainless steel 

shells, one with an outside diameter of 14.6 m and the other with an outside diameter of 12.8 

m. The gap between the shells is filled with insulation. Both shells were supported on a 14.6 

m-diameter and 1.07 m-thick reinforced concrete slab that was in turn supported by sixteen 

500 mm-diameter reinforced concrete columns. Each column was 2.5 m in height and rein-

forced with sixteen 16 mm-diameter longitudinal bars and 8 mm-diameter ties at 100 mm on 

the center. According to [10], the concrete used for the columns and the bottom slab was of 

class C30/37, whereas the steel bars had a yielding strength of 430 MPa. The density of the 

oxygen was 11.50 kN/m
3
. 

mc

mi

kc

ki

I I

I - I 16φ16

φ8@100

rigid base

 

Figure 3: Numerical model of 3D elevated tanks 

Based on the typical details taken from the examined elevated tank, 3D numerical model is 

generated using the finite element platform OpenSEES [14]. The hydrodynamic pressure act-

ing on the tank wall during earthquake loading can be easily performed using the simplified 

model shown in Figure 3, in which the liquid mass is lumped and subdivided in two compo-

nents: impulsive and convective masses named mi and mc, respectively [29], [30], [31]. The 

impulsive and convective masses are connected to the tank wall by springs of stiffness ki and 

kc. The RC base is assumed to be rigid and the RC supporting columns are modeled using 3D 

nonlinear beam–column elements with fiber-defined cross-sections. Concrete is modeled ac-

cording to Kent-Park model, which include the confinement effect of stirrups whereas the 

steel bars are modeled using the Menegotto-Pinto model. 

The seismic response of the elevated tank is evaluated by using a set of time-history anal-

yses using the nonlinear 3D model of Figure 3. In this respect, the system is subjected to 30 

natural records selected from PEER Strong Ground Motion Database. They have been identi-

fied according to the following hazard criteria: 

- Magnitude: 5 < M < 7 

- Distance from the fault: 0 < d < 20 km  

- S-waves velocity between 360 m/s and 760 m/s 

The response spectra of all un-scaled records are shown in Figure 4 together with the elas-

tic spectrum imposed by the EN1998:1 [32]. The design ground acceleration of 0.4g is select-

ed for a soil condition A. 
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Figure 4: Response spectra of the 30 un-scaled accelerograms 

4.2 Probabilistic seismic response analysis of the case study 

Concerning the Cloud method, for each ground motion a series of non-linear time-history 

analyses are performed, where the peak value of seismic response for each accelerogram is 

recorded. For example, Figure 5 shows the maximum lateral displacement, δ, of the tank base 

for each of the 30 accelerograms.  In this work, the selected demand parameters (EDPs) in-

clude the drift ratio of supporting columns, δ/H, and the meridional stress in the tank wall, σz.  
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Figure 5: Peak displacement response of tank base for each selected ground motion 

Given the high axial stiffness of columns, the drift well approximates the chord rotation 

that is θ ≈ δ/H. This latter is usually adopted as a parameter for the seismic assessment of duc-

tile mechanism of columns [23]. The meridional stress has been calculated according to the 

approximated formula provided by the standard API 650 [20]. 
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A linear regression analysis has been performed to determine the regression coefficients of 

the probabilistic seismic demand model. The coefficient a and b have been identified using a 

log-log representation of the EDP-PGA relationship (Figure 6). The fragility curves can be 

developed using Eq. (2). 

-3.5 -3 -2.5 -2 -1.5 -1
-7.5

-7

-6.5

-6

-5.5

-5

-4.5

-4

-3.5

ln(PGA)

ln
(θ

)
D

m
 = 0.045(PGA)-0.00059

 

Figure 6: Linear regression analysis for peak drift ratio of supporting columns 

With IDA, the ground motions are scaled to a given LS. This process produces a set of 

PGA values associated with the onset of the LS. Fragility function parameters for each EDP 

are then estimated from these values by using Eq. (5-6). Figure 7 shows the IDA results for 

supporting columns in terms of maximum column drift ratio. 
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Figure 7: IDA results for peak drift ratio of supporting columns 
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4.3 Fragility curves estimation 

According to the methods presented in section 3, fragility curves of the tank as shown in 

Figure 8 have been constructed for the several above-described damage states. However, giv-

en that the prevalent damage condition is represented by the damage in the RC columns for 

excessive lateral displacement of the tank base, the fragilities have been calculated under the 

hypothesis that the other failure modes due to the buckling phenomenon would be excluded. 

This has also been demonstrated in the reality where the collapse was uniquely caused by the 

failure of the columns. In this respect, the ultimate capacity of the columns is evaluated in 

terms of chord rotation θu under the hypothesis of ductile mechanism. The ultimate chord ro-

tation can be evaluated according to EN1998:3 [23] as follows: 

 ( ) 0.51
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θ θ φ φ
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where γel = 1.5 is the safety coefficient, θy = φyLv/3 is the chord rotation at yielding, φu and φy 

are the ultimate and yielding section curvatures, Lpl is the plastic hinge height and Lv is the 

distance between the zero moment point and one of the two edges. 

Given that the model of Figure 3 includes the overturning effect of the tank, and thus the 

variation of axial force in the columns during the earthquake, θu = 0.0036 has been calculated 

as the minimum value obtained during the time-history analyses. 
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Figure 8: Fragility functions obtained by Cloud method and IDA for ductility of columns 

The fragility curves obtained based on the Cloud and the IDA methods are presented in 

Figure 8. For a given PGA, the probability of exceedance of the ductile mechanism in the 

support columns is similarly predicted by the two methods. However, IDA method appears to 

be slightly more conservative. It can be noticed that for a PGA = 0.2g, the probability of fail-

ure is approximately equal to 95%. This is a clear demonstration of the high seismic vulnera-

bility of the tank, as dramatically demonstrated during the 1999 Izmit earthquake [10]. 

For completeness, the fragility curve relative to the failure mode of the tank due to ele-

phant’s foot buckling has been calculated. As previously mentioned, because an eventual col-

lapse due to the failure of the columns avoids any buckling phenomena in the tank wall, the 

2062



Fabrizio Paolacci, Hoang N. Phan, Daniele Corritore, Silvia Alessandri, Oreste S. Bursi, M. Shahin Reza 

fragility curve has been built assuming for the columns a linear elastic behavior whose stiff-

ness has been calculated according to the secant modulus of the concrete. The curve is illus-

trated in Figure 9 compared with the fragility curve for columns collapse condition. 
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Figure 9: Fragility functions obtained by IDA for ductility of columns and buckling of tank wall 

5 CONCLUSIONS 

Typical damages of above-ground and elevated tanks during past earthquakes were in the 

form of cracking at the corner of the bottom plate and compression buckling of tank wall due 

to uplift, sliding of the base, anchorage failure, sloshing damage around the roof, failure of 

piping systems and plastic deformation of base plate. The high vulnerability of this typical 

industrial component is thus evident. A typical tool for a quantitative evaluation of the vul-

nerability of a structure is the fragility analysis, whose outcome is represented by evaluation 

of the probability of exceeding a certain damage state for a given intensity measure (e.g. the 

PGA). 

In this respect, the present paper addressed the problem of steel storage tanks. The seismic 

vulnerability has been assessed though the probabilistic response analysis (Cloud method and 

IDA) performed using non-linear lumped mass models. As case study, an emblematic exam-

ple of elevated tank collapsed during the Kocaeli Earthquake in 1999 at Habas pharmaceutics 

plant in Turkey was considered. Different fragility curves were built identifying the most im-

portant damage states and calculating the corresponding probability of occurrence. The results 

have shown that the use of different methods provides similar results. In particular, it was ev-

idenced that failure in support structure columns is the most influencing one. This is fully in 

accordance with the real collapse mode. 
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Abstract. The finite element method (FEM) is often employed to create detailed models for the 

seismic assessment and design of liquid storage tanks. This comprehensive approach offers 

accuracy, which is counter-balanced however by its computational inefficiency, especially for 

the case of large-scale engineering problems. Regardless of the continuous evolution of com-

puter technology, surrogate models are necessary when such problems of engineering practice 

are encountered. This study, attempts to develop an appropriate surrogate modelling approach, 

tailored for the design and seismic risk assessment of liquid storage tanks. A formulation that 

disregards fluid-structure-interaction is employed in view of providing a reasonable compro-

mise between modelling complexity and error. At the same time, a simplified methodology 

based on nonlinear static procedures is proposed for the assessment of atmospheric tanks. The 

comparison with Incremental Dynamic Analysis reveals a reasonable, yet conservative in some 

cases, match for the damage states considered, thus offering an alternative methodology that 

may easily be incorporated within code-based provisions. 
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1 INTRODUCTION 

Large-capacity cylindrical tanks are widely used to store a variety of liquids, such as petro-

leum and liquefied natural gas. The seismic risk of such industrial facilities is considerably 

higher compared to ordinary structures, since the damage induced by a strong ground motion 

may trigger uncontrollable consequences, not only on the actual facility but also on the envi-

ronment. Recent earthquakes, e.g., Kocaeli (1999) and Tohoku (2011), have shown that heavy 

damage on tanks may lead to temporary loss of essential facilities, usually followed by leakage 

and/or fire. In order to meet a desired level of safety, Performance-Based-Earthquake-Engi-

neering (PBEE) concepts can be employed to account for any potential sources of uncertainty. 

However, recent codes of practice have not fully adopted the PBEE concept, and its application 

to industrial facilities is limited to simple code provisions. 

2 PROBLEM DEFINITION  

Recent earthquakes have highlighted the need for innovative engineering concepts in order 

to mitigate the devastating consequences following a strong ground motion. Although extensive 

research takes place to date, earthquakes remain a major threat to the community both from a 

social and a financial point of view. The PBEE concept forms the state-of-the-art approach for 

evaluating the seismic risk, and should also be extended to critical infrastructure, such as the 

liquid storage tanks found in industrial complexes. Various approaches serve under this frame-

work, ranging from simplified deterministic to comprehensive probabilistic. In the latter case, 

the structural model adopted constitutes a key parameter for the successful performance evalu-

ation, due to the computational time required during the analysis. This remark is highlighted 

for the case of atmospheric liquid storage tanks, where the simulation of the fluid-structure-

interaction may result in complex finite element models (FEM) that require a considerable 

amount of time even for a single dynamic analysis [1]. Similar studies have developed numer-

ical approximations for the contained liquid [2,3], in an attempt to minimise the estimated com-

putational time. Although the aforementioned FEM-based procedures may be able to capture 

complex modes of failure (e.g. local buckling), their suitability within a probabilistic framework 

may become computationally prohibitive. Still, at least two studies have attempted to develop 

simplified simulation techniques that blend efficiency and accuracy. Malhotra and Veletsos [4–

6] presented a simplified model for the two-dimensional (2D) analysis of liquid storage tanks, 

while Cortes et al. [7] developed a model based on rigid beams and equivalent springs that can 

be used for rapid dynamic analysis. Still, neither of the two models can be easily applied out-

of-the-box with commercial software: The first approach is based on custom-made analysis 

software, while the second needs to be calibrated with a detailed finite element model (origi-

nally taken from the NZEE standards [8] by the authors). 

3 MODELLING OF LIQUID STORAGE TANKS 

The response of liquid storage tanks can be idealised using a two-degree-of-freedom (2DOF) 

system, where the two masses (impulsive and convective) are considered decoupled [9–11]. 

The geometric and modal characteristics of the hydrodynamic problem are determined using 

equivalent parameters for the impulsive and convective masses. For the purpose of this study, 

the recommendations of Eurocode 8 [12] are adopted featuring Part 4 [13], where the design of 

tanks is discussed in detail. Under the assumption that the impulsive pressure is acting on the 

tank walls only, estimates for parameters such as the natural period coefficients (Ci and Cc), the 

masses (mi and mc) and the effective height components (hi and hc) are obtained. Subscripts “i” 

and “c” are used to denote “impulsive” and “convective” respectively. Previous studies have 

shown that the contribution of the convective mass to the overall response of the structure can 
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be ignored, as the impulsive mass is held responsible for the majority of the damage that tanks 

suffer during a strong ground motion event [2,14]. 

A simplified modelling methodology for liquid storage tanks was recently proposed by Ba-

kalis et al. [15]. The surrogate modelling approach offers a compromise between computational 

efficiency and accuracy for the nonlinear static or dynamic analysis. It is based on the work of 

Malhotra and Veletsos [6] for liquid storage systems, where the uplifting mechanism of unan-

chored tanks is modelled analytically. According to the modelling procedure adopted the base 

plate is divided into an even number of strips and one of them is subjected to an incremental 

uplifting static load (V) in order to determine the associated resistance (Figure 1). The strip 

model consists of force-based fibre beam column elements with element length equal to ap-

proximately 15 times the base plate thickness, tb. A uniaxial elastoplastic material is assigned 

to the fibres in order to capture the inelastic behaviour of the base plate during uplift. Geometric 

nonlinearities are taken into account through the co-rotational formulation. The foundation of 

the tank is modelled using Winkler springs to account for the soil (or concrete slab) stiffness 

beneath the plate. The Winkler springs are also assigned an elastic-no-tension material which 

is suitable for the simulation of the base plate uplift. The base plate itself is modelled using 

rigid beams that are supported on elastic multilinear springs. The latter simulate the nonlinear 

uplifting resistance for each of the ‘N’ beam-spokes, representing equal-area sectors of the cir-

cular base plate. One may notice that the convective component of the fluid is not considered 

in the model. This decision is twofold. Obviously, the contribution of the long-period convec-

tive component to the rigid-impulsive response of a broad tank may be deemed negligible [2]. 

That essentially provides a single rather than a double degree-of-freedom (DOF) system, the 

efficiency of which can only be appreciated within a probabilistic framework. As a result, the 

impulsive mass (mi) of the system is connected to the base using the elastic element shown in 

Figure 2(a). The deflected shape shown in Figure 2(b) presents the uplifting mechanism of the 

tank, where the base shear (Vb) induces a certain amount of uplift (w) on the beam-spokes of 

the model. This mechanism offers the ability to estimate all major modes of failure, when they 

are expressed as a function of uplift. Sloshing response on the other hand is only affected by 

parameters such as the convective mass of the fluid and the available freeboard, and may be 

calculated though a simple response spectrum analysis for the convective component, following 

the Eurocode 8 [13] provisions.   
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Figure 1: Strip model explained. 

 

 

Figure 2: (a) Tank model and (b) its deflected shape. 

3.1 Case Study  

As a case study the liquid storage tank with the following geometric characteristics is 

adopted. The tank considered has a radius (R) equal to 13.9m and a total height (ht) of 16.5m. 

The bottom course wall (tw) is 17.7mm thick, while the corresponding base plate (tb) and annular 

ring (ta) thickness are 6.4mm and 8.0mm, respectively. The fluid stored in the tank is assumed 

to reach the maximum allowable fluid height of hf=14m, resulting to a ‘fluid height over radius’ 

ratio (hf/R) equal to 1.01. The properties of the liquid storage system adopted are summarised 

on Table 1. 
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Table 1. Properties of the tank examined. 

 Variable description Notation (units) Numerical values 

Tank properties 

Radius Rt (m) 13.9 

Height ht (m) 16.5 

Wall thickness per course tw (mm) 17.7/15.7/13.7/11.7/9.7/7.8/6.4/6.4/6.4 

Base plate thickness tb (mm) 6.4 

Annular ring thickness ta (mm) 8.0 

Roof mass mr (ton) 35 

Yield strength fy (MPa) 235 

Steel Young’s Modulus Es (GPa) 210 

Fluid properties 
Height hf (m) 14.0 

Density pf (kg/m3) 1000 

3.2 Validation 

Figure 3 presents a comparison of the overturning moment obtained with our model and with 

the detailed finite element model of Vathi et al. [2]. Good agreement between the two curves is 

observed, despite the discrepancies found in the post yield zone. The modelling procedure de-

veloped herein presents a practically perfect match close to the yield point, although it seems 

to underestimate the response of the unanchored tank for larger deformations. In all, the mod-

elling procedure adopted provides a good match to the FEM solution, as the differences found 

do not exceed 15%. 

 

 

Figure 3. Base plate rotational resistance. 

4 PERFORMANCE OBJECTIVES  

Field investigations after major earthquakes have revealed a variety of failure modes on at-

mospheric tanks. They may be summarised to shell buckling, base sliding and sloshing damage 

to the upper tank shell and roof. EC8-part 4 [13] provides special provisions for these modes of 

failure, as shown by Vathi et al. [2]. For instance, when partial uplift is allowed, either for 

design purposes or due to poor detailing of the anchors, the rotation of the plastic hinge devel-

oped on the base plate of the tank should not exceed a certain rotational capacity. Moreover, 

the excitation of the long period convective mass may cause sloshing of the contained liquid, 
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which can in turn damage the upper parts of the tank (roof, upper wall course). During strong 

ground motion events, hydrostatic and hydrodynamic effects may lead to high internal pressure 

on the tank walls. Overturning for those thin shell structures is resisted by compressive merid-

ional stresses on the wall. Although high pressure may increase the capacity against buckling 

by introducing high hoop stress, local yielding may trigger an elastic-plastic buckling failure 

around the lower course of the tank’s perimeter, known as the “Elephant’s Foot Buckling”.  

The most damaging failure modes are mainly associated with plate/shell rupture, as they 

may result in loss of the contained liquid. Rupturing either the bottom layers of the tank wall or 

the base plate is expected to trigger uncontrolled loss of the stored material, with all the associ-

ated consequences considered. Recently, Bakalis et al. [16] developed a performance-based 

assessment methodology for atmospheric steel liquid storage tanks. The PBEE framework con-

siders three damage states of increasing severity, namely minor (DS1), severe without leakage 

(DS2) and loss of containment (DS3). Although this classification may seem reasonable for 

roughly understanding the extent of damage, the accurate assessment of loss may become tricky 

as, for example, the different mechanisms involved in a single damage state may be associated 

with varying degrees of component damage. For instance, the sloshing height response repre-

sents relatively easy-to-repair damage at the top of the tank, compared to an exceedance of a 

plastic rotation limit at the base. Thus, it becomes more informative to also classify damage 

based on the actual component that has failed. Figure 4 presents the associated failure modes 

on the median Incremental Dynamic Analysis (IDA) curve [17] for the unanchored liquid stor-

age tank considered. The FEMA P695 [18] far field ground motion set is used for the nonlinear 

dynamic analysis. The base uplift is adopted as one of the Engineering Demand Parameters 

(EDP) and the impulsive period spectral acceleration Sa(Timp) or the peak ground acceleration 

PGA (similar due to low Timp) are employed as suitable Intensity Measures (IM) that adequately 

capture the response of a liquid storage system. It is evident that a component-based classifica-

tion of damage is quite informative, where the upper course of the tank (SL=sloshing), its lower 

course (EFB), the base plate (θpl=plastic rotation), and the anchors (AN=yielding/fracture of 

anchors) are individually examined. Failure modes such as buckling and plastic rotation are 

revealed during the nonlinear time-history analysis. Sloshing damage at the top of the tank wall 

is also considered. Still, as shown in Figure 4, this may only appear at excessive spectral accel-

eration values for large tanks due to the ultra-long convective period (Tcon).   

 

 

Figure 4: Single record and median IDA curves for the unanchored tank examined. Sloshing damage appears 

well beyond the limits of the graph. 
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The local performance objectives summarised in Table 2 may indeed offer a comprehensive 

procedure for understanding the extent of damage on a liquid storage unit, even offering the 

potential for assigning detailed repair cost estimates. However, it may often be the case that a 

global classification is required, suitable for characterising one or more tanks without specific 

reference to the component that has been damaged. In that sense, DS1 represents minor damage 

induced by a sloshing wave height of the contained liquid equal to the freeboard. DS2 refers to 

severe damage at any component of the tank without leakage, where the exceedance of either a 

sloshing wave height equal to 1.4 times the available freeboard or a plastic rotation of 0.2 rad 

at the base plate triggers the damage state violation. DS3, finally, provides information on the 

loss of containment through the exceedance of either the axial EFB capacity (NEFB) or the base 

plate plastic rotation of 0.4 rad. As far as anchored systems are concerned, the yielding of the 

anchors is considered for DS1, while the fracture of the connection for DS2. Global perfor-

mance objectives are presented on Table 3. 

 

 

Figure 5: Global versus Local performance objectives for unanchored tanks. 

 

Table 2: Local performance objectives. 

Local DSi DS Capacities 

DS1SL freeboard 

DS1AN Anchorage yielding  

DS2SL 1.4* freeboard 

DS2AN Anchorage fracture  

DS2θpl 0.2rad 

DS3θpl 0.4rad 

DS3EFB EFB strength 
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Table 3: Global performance objectives 

Tank Description Global  (DSi) DS Capacities 

Unanchored 

DS1 DS1SL 

DS2 DS2SL or DS2θpl 

DS3 DS3θpl or DS3EFB 

Anchored 

DS1 DS1SL or DS1AN 

DS2 DS2SL or DS2AN or DS2θpl 

DS3 DS3θpl or DS3EFB 

5 SIMPLIFIED INELASTIC RESPONSE FOR LIQUID STORAGE TANKS 

Performance objectives may be well defined, however, their application within a code-based 

methodology is still out of the box without the enforcement of nonlinear dynamic analysis. 

From the early days of earthquake engineering [19] till the development of more sophisticated 

methods [20–22], several research efforts exist for the prediction of inelastic response of struc-

tures. In spite of the miscellaneous approaches developed to date, there is common ground re-

lated to the translation of complex engineering concepts to simpler solutions that are more 

appropriate for practicing engineers. In that sense, the Static Pushover analysis (SPO) plays an 

important role in the assessment as well as the design of structures, where the well-known re-

duction factor (R)–ductility (μ)–period (T) relationship is required to determine the nonlinear 

response of the equivalent SDOF oscillator. Such relationships are available for a variety of 

structural systems (see Ruiz-Garcia and Miranda [21] for elastoplastic systems, Vamvatsikos 

and Cornell [20] for oscillators with complex quadrilinear backbones). Malhotra and Veletsos 

[6] have already shown that liquid storage tanks develop a nonlinear-elastic response with post-

yield hardening behaviour. Unfortunately, to the authors’ knowledge, such R-μ-T relationships 

are not available in the existing literature, while Malhotra and Veletsos chose to use instead an 

equivalent linearization technique that was also calibrated for elastoplastic systems. Left alone 

with an ‘accuracy versus rapidness’ dilemma, the generation of new relationships that corre-

spond to the system examined is preferred over an obscure approximation that is based on ex-

isting R-μ-T relationships.  

5.1 Fitting the hardening branch 

A SDOF model with a bilinear backbone and a hardening ratio ah=1% is used to simulate 

the response for a wide range of periods (0.1-1sec). A series of Incremental Dynamic Analyses 

is performed for the given periods in order to form a set of data that will allow the fitting of the 

hardening branch response. A pattern in log-space is adopted for the regression of the μ|R set 

of data, as shown in Eq. (1). A pattern in the form of Eq. (2) is adopted for the regression of the 

Eq. (1) coefficients (βix%) versus the system period. The entire fitting procedure is presented 

below, where Figure 6 depicts the IDA curves and Figure 7 the Eq. (1) coefficient fits. Table 4 

summarises the results of the fitting procedure.   

   5.1

%,2%,1%,0% lnlnln RR xxxx    (1) 

 )/1(,3,2,1, TbTbbβ x%x%x%x%i   (2) 
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Figure 6. Strength reduction factor versus median ductility for T=0.1–1. 

 

Figure 7: Regression on the Eq. (1) coefficients. 

Table 4: Coefficients and functions for the IDA hardening branch fit. 

 bix% for β0,x%  bix% for β1,x%  bix% for β2,x% 

hardening 16% 50% 84%  16% 50% 84%  16% 50% 84% 

1 0.1056 0.6032 0.9851  0.4134 -0.2010 -1.4072  0.3221 0.7521 2.0113 

T 0.0551 -0.3320 -0.6725  0.3290 0.9319 2.6714  -0.26667 -0.5504 -1.8568 

1/T -0.0354 -0.0868 -0.0979  0.4275 0.7613 1.3283  -0.1659 -0.3598 -0.8404 

6 FRAGILITY CURVES BASED ON STATIC PUSHOVER ANALYSIS  

Several methodologies for estimating fragility curves have been proposed based on nonlin-

ear static procedures. The Static Pushover analysis is often employed to evaluate the system 

performance in view of the simplicity offered to practicing engineers. Despite the approximat-

ing nature of the method, there is a major drawback related to record-to-record variability which 
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is in turn propagated to the seismic fragility estimation. Thus, an inherently probabilistic prob-

lem is treated in a deterministic way, simply due to pushover analysis. Using the aforemen-

tioned expressions, record-to-record variability can be incorporated explicitly, while limit-state 

capacity uncertainties can also be included for a structural system that can adequately be ap-

proximated by a SDOF oscillator. The aforementioned procedure finds application for the case 

of liquid storage tanks when a model similar to the one developed by Bakalis et al. [15,16] is 

used. Following a Static Pushover analysis performed on the full tank model, a bilinear ideali-

sation of the system’s performance is necessary to obtain the yield point (δy, Vby). Figure 8 

presents the impulsive mass displacement (here noted as δroof for compatibility reasons with the 

pushover terminology) versus the horizontal force (i.e. base shear) Vb.  

 

 

Figure 8: Pushover curve and bilinear fit for the unanchored tank examined.  

Converting the damage state capacities outlined above to δroof terms constitutes a very simple 

task due to the direct mapping offered through the pushover analysis. For the case of plastic 

rotation, the estimation is fairly obvious due to the underlying correlation with uplift. On the 

contrary, EFB capacity is slightly trickier to estimate, as according to Eurocode 8 [13], the 

buckling stress σm is not only a function of the tank wall thickness but also of the internal pres-

sure (p) acting on the walls in the seismic design situation (see Eq. (3)-(5)). The internal pres-

sure is nothing more but the direct sum of the hydrostatic and hydrodynamic (i.e. impulsive) 

components. The latter involves the impulsive mass acceleration response (A) as shown in Eq. 

(6), which implies that the inelastic fundamental spectral acceleration should be used instead of 

the corresponding elastic one.  
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The bilinear approximation adopted allows decoupling of the elastic and inelastic regions, when 

the corresponding stiffness (kel, kh) is considered. Simply put, at the time of maximum defor-

mation, the inertia force equals the maximum spring restoring force. If we let Sa
el and Sa

inel 

denote the absolute spectral accelerations in elasticity and inelasticity, respectively, and Sd
el, 

Sd
inel stand for the corresponding spectral displacements, then, equilibrium for an elastic system 

would be expressed as: 

   el
a

el
del mSSk   (7) 

leading to the well-known expression Sa
el =  ω2∙Sd

el. Instead, the equilibrium of an inelastic 

system would appear as 

   
 

  inel
dhhy

inel
a

y
inel
dhyel

inel
a

SaaS

SkkmS





12 

 
 (8) 

that allows us to conveniently use the impulsive mass displacement (available from a pushover 

analysis) to estimate the corresponding inelastic spectral acceleration that influences EFB fail-

ure. As far as sloshing damage is concerned, one may rush into the conclusion that an accurate 

seismic fragility estimation is not possible using pushover analysis, due to the inherent decou-

pling between the impulsive and convective response. From a first point of view, this is a valid 

comment as the pushover analysis fundamentally refers to the first-mode loading pattern only. 

However, in view of providing an approximate solution for the derivation of fragility curves, 

the median convective spectral acceleration Sa(Tcon, 0.5%) may be converted to Sa(Timp, 2%) 

terms in order to allow for the corresponding limiting δroof displacement estimation. In  our case, 

the FEMA P695 far-field ground motion set [18] was used to derive the relationship between 

the central (i.e. median) value of  the impulsive and convective spectral accelerations. Although 

one may follow the scaling procedure for a given set of records shown in Figure 9, in practice 

the design spectrum could also be employed with the aid of a damping adjustment factor. Care 

should be exercised though for long convective periods (i.e. Tcon>4 sec), as the spectral accel-

eration shape is not adequately captured through the corresponding design (uniform hazard) 

spectrum, something that can also be said for accelerograms that have been excessively high-

pass filtered. 

 

 

Figure 9: Single record and median spectra featuring the impulsive versus the convective component.  
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With the limiting capacities defined, the associated impulsive spectral accelerations may be 

estimated by inverting the well-known control node displacement response equation found in 

FEMA 440 [23] (see Eq. (10)). The inelastic displacement ratio CR (also noted as C1 in FEMA 

440) can be estimated though Eq. (9), where the limiting reduction factor is known from the 

linear regression equation, for a given ductility. Unlike the majority of static pushover applica-

tions, the fundamental-mode participation factor (C0) is set equal to one, as the capacity curve 

shown in Figure 8 is a product of a simple SDOF model. Similarly, the stiffness degradation 

modifier (C2) is also equal to one due to the nonlinear elastic response of the liquid storage 

system.  
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The seismic fragility estimation forms a very simple procedure within a probabilistic frame-

work, where the capacities are considered lognormally distributed around the corresponding 

limiting median estimates. The probability that demand exceeds the median limit state capacity, 

for a given earthquake intensity, may be calculated through the standard normal cumulative 

distribution function Φ shown in Eq. (11). Following a power law approximation for the median 

demand (valid for performance levels away from the global instability region) [24], the latter 

can also be given in the form of Eq. (12), where 2
lim
roof

  and 2
  are the median capacity and 

demand dispersions, and b the slope corresponding to the power law equation (see Eq. (13)). 

The FEMA P-58 [25] guidelines are recommended for the median capacity dispersion estima-

tion. The proposed strength (EFB), ductility (plastic rotation) and displacement-based (sloshing) 

procedures are employed for the damage state dispersion estimation. Obviously, for the case 

that relevant data is available, the corresponding dispersion should be used in view of providing 

a rather smaller margin of error in the final fragility estimation. Demand dispersion on the other 

hand should be calculated through the 16% and 84% R-μ fractiles, as shown in Eq. (14).   
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In order to accurately assess the seismic risk involved in liquid storage tanks, an inten-

sity measure that characterises the structural system’s response in an optimal manner must be 

identified. There could be a lot of discussion regarding which intensity measure better repre-

sents the structural response during the seismic risk assessment procedure. Unfortunately, such 

a discussion is not valid when the pushover analysis is used, as the fundamental-mode load-

pattern adopted mandates the use of the corresponding spectral acceleration. For the case of 

liquid storage tanks that would be the impulsive mass spectral acceleration Sa(Timp).  

Figure 10 presents the seismic fragility evaluation based on the simplified procedure 

outlined above. Fragility curves are provided for all local damage states given in Table 2, and 

a comparison with the IDA-based assessment procedure discussed by Bakalis et al. [16] is per-

formed in view of evaluating the proposed SPO-based methodology. It appears that fragility 

curves are in good agreement for the sloshing and plastic rotation damage states, although minor 

discrepancies exist throughout the intensity considered, that can be attributed to the fitting pro-

cedure of the cumulative distribution function. The Elephant’s Foot Buckling failure mode also 

presents a good match for low to moderate seismic intensities. Discrepancies are noticed though 

as the impulsive spectral acceleration is increased, where the response seems to be significantly 

overestimated when the pushover analysis is employed. Although further research is necessary 

to verify the results of Figure 10, the complexity of the EFB mode of failure as well as the 

associated uncertainties is of an extent that cannot probably be captured through a SDOF model 

pushover analysis. Still the seismic fragility product presents a rather conservative illustration 

of the system’s performance, and hence its application within a code-based methodology could 

be considered. 

 

 

Figure 10: A comparison between IDA and SPO-based fragility curves for the local DS classification.  

7 CONCLUSIONS  

A surrogate, yet robust, beam element model has been presented for the analysis of liquid 

storage tanks. Its accuracy in comparison with computationally expensive finite element models 

make it appealing for design applications. Since the computational effort for a single nonlinear 

response history analysis does not exceed a few seconds, one may realise that the applicability 

of the SDOF model can be extended to a seismic risk assessment framework. Incremental Dy-

namic Analysis is employed for the identification of the most damaging failure modes. Local 

as well as global damage states are defined, favouring the seismic risk assessment of either a 
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single liquid storage system or an entire group of tanks, respectively. Following the damage 

state definition, a simplified assessment methodology is presented based on static pushover 

analysis, where the estimation of the corresponding limiting capacities is discussed in detail. 

The evaluation of the pushover-based seismic risk assessment methodology is performed 

through the extraction of fragility curves that correspond to all local damage states. The com-

parison with an IDA-based methodology shows the pushover to offer a conservative estimate 

for the Elephant’s Foot Buckling damage state, but a reasonable agreement for the remaining 

failure modes. The proposed assessment methodology is not intended to substitute well-tested 

procedures based on nonlinear dynamic analysis. Instead, it attempts to form a simplified tech-

nique that may serve under a code-based framework the majority of practicing engineers.  
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Abstract. Permanent ground deformation is one of the most damaging hazards for buried 

lifelines such as gas and oil pipelines. The most frequent cause of permanent ground defor-

mation is a landslide. Landslides can be triggered by a variety of causes, yet the factors re-

sponsible for the most damaging landslides are water and especially earthquake. The scope of 

this study is to investigate the response of a continuous buried pipeline subjected to ground 

deformation caused by landslide triggering, considering two characteristic cases: (a) the 

pipeline running perpendicularly to the soil movement vector and (b) the pipeline is parallel 

to the soil movement vector. An idealized landslide of 3D geometry is considered. Due to the 

inconsistency between the colossal dimensions of the landslide and the much smaller pipe ge-

ometry (a combination that would call for a numerical model of several millions elements), 

the problem is decoupled. In the first step, a “global” free-field model is employed to simu-

late the landslide evolution, ignoring the presence of the pipeline. The free field analysis pro-

vides the input for the second step, in which a “local” detailed model of the pipeline, along 

with the surrounding soil, is used to simulate its distress. This allows the use of adequately 

large elements for the global model, and reasonably small elements for the local one, circum-

venting the aforementioned scale-related problem. 
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1 INTRODUCTION 

Oil and gas pipelines typically run for very long distances (of the order of hundreds or even 

thousand kilometers) crossing various topographic anomalies such as slopes. Many of these 

slopes can be prone to failure during an earthquake or heavy precipitation incident and there-

fore potentially hazardous for landsliding occurrence. Past experience has proved that pipe-

lines are quite vulnerable to permanent ground deformation (such as landslide) compared to 

other geohazards such wave propagation [1] [2]. Therefore, it is of paramount importance to 

be able to realistically simulate the response of pipelines subjected to ground deformation 

caused by landslide triggering. To this end, this study presents an integrated numerical meth-

odology for the simulation of both the landslide triggering and evolution as well as the re-

sponse of the pipeline that crosses the critical area. 

2 ANALYSIS METHODOLOGY 

The 3D nature of the problem is accounted for and the simulation is conducted in 3D. 

Since the simultaneous simulation of the pipe and the landslide is practically impossible the 

problem is decoupled. This happens because in order to simulate pipe instability issues, such 

as local buckling, a very fine mesh is needed for the pipe and the soil at its vicinity. On the 

other hand, this demand cannot be combined with the large dimensions of the landslide. Ac-

cording to the decoupled methodology, the landslide evolution is first analyzed ignoring the 

presence of the pipe assuming that the presence of the pipe does not affect the landslide at a 

global level. The free field analysis provides the input for the second step, in which a “local” 

detailed model of the pipeline, along with the surrounding soil, is used to simulate its distress. 

This allows using adequately large elements for the global model, and reasonably small ele-

ments for the local one, circumventing the aforementioned scale-related problem. 

3 NUMERICAL SIMULATION OF THE LANDSLIDE 

Landslides can be of various types. The most widely used classification system was de-

vised by Varnes [3]. Varnes identified five principal categories: falls, topples, slides, spreads, 

and flows. With respect to the distress of the pipeline, falls and topples may cause damage to 

above-ground pipelines by direct impact of falling rocks. These types of landslide have little 

effect on buried pipelines though given that the embedment depth is adequate. In cases of 

spreads and flows the transported material behaves as a viscous fluid, for which the properties 

must be defined with caution. On the other hand, in an earth slide, the soil moves more or less 

as a block, with the materials retaining approximately the same properties with their initial 

state. For the purposes of this study, an idealized rotational slide is considered. The geometry 

of the slope and the properties of the soil remain constant. A distinct zone of weakness is pre-

defined, representing the interface between the stable “healthy” soil and the unstable part of 

the slope, consisting of a loose material (a hypothesis of deposits from a previously triggered 

landslide is made). 

A section of the analyzed slope is presented in Figure 1a (i.e., the two dimensional geome-

try of the landslide). The elevation difference between the foot and the crest of the slope is 20 

m, while the length of the slope is 70 m, yielding a slope angle of 16o. Regarding the sliding 

surface geometry, a circular failure surface is assumed, described by the intersection of the 

slope with a circle of radius R = 100 m, with its center 95 m higher and 15 m to the left of the 

toe of the slope foot. In order to obtain the 3D geometry of the landslide, it is tactically as-

sumed that the 2D section of Figure 1 corresponds to the middle cross section of the landslide, 

where the largest volume of material is mobilized, while the sliding surface is getting shal-

lower as it moves away from the middle cross section. The 3D geometry of the sliding soil 
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mass is introduced through the intersection of the 3D slope with the cutting shape that is pre-

sented in Figure 1b. This cutting shape comprises a circular middle section in the z–x plane, 

identical to that presented above. However, in both x–y and y–z plane the adopted shape 

comprises elliptical sections in order to simulate a smooth sliding mass shape fade out. 

z

x

R = 100 m

70 m

16o

95 m

15 m

ΔH = 20 m

dense 
sand

loose sand

R = 100 m

circle

ellipse

ellipse

z

x

y

(a) (b)
 

Figure 1: (a) The 2D geometry of the slope and the selected circular cutting plane and (b) the cutting shape used 

to derive the 3D geometry. 

In Figure 2 the finite element model used is briefly presented. Taking advantage of the 

symmetry of the problem geometry, half of the slope is examined. The middle section, where 

the largest volume of material is mobilized, is the surface of symmetry. The sliding mass is 

assumed to consist of a loose material and therefore simulated with a loose sand of Young’s 

modulus E = 10 MPa and friction angle φ = 32o. The stable soil surrounding the sliding mass 

comprises dense sand of E = 25 MPa and φ = 45ο. The soil is modeled with 8-noded brick 

type elements, while its strength and nonlinear response is described with a Mohr-Coulomb 

constitutive model. The sliding plane is simulated with a row of elements of reduced stiffness 

and strength (E = 8 MPa and φ = 30o) between the sliding mass and the stable soil. The land-

slide is triggered by progressively reducing the strength of these elements with time from φ = 

30o to φres = 5o.  

Figure 3 presents snapshots of the triggering and evolution of the landslide. As expected, 

due to the 3D depiction of the geometry of the slide, the soil does not dislocate in a uniform 

manner throughout the sliding mass; both displacement magnitude as well as the vector of the 

displacement vary along the sliding mass. It is worth noting that for this slope, the landslide 

triggering takes place near the crest of the slope, since the inclination of the failure surface is 

larger in this area. As observed from the displacement contours, during the initial stages of the 

phenomenon, the soil near the crest of the slope displaces significantly more than the soil near 

the toe of the slope (top right snapshot). Subsequently, there comes a point where the land-

slide fully mobilizes and the displacement of the sliding mass becomes more uniform (bottom 

left snapshot for maximum displacement U = 1 m). In the ensuing the displacement of the 

point lying on the crest line and on the plane of symmetry (called hereon reference point) is 

used as an index to describe the evolution of the landslide. 
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Figure 2: The finite element model of the landslide. 
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Figure 3: Representative snapshots of the landslide evolution. 

4 PIPELINE – LANDSLIDE INTERACTION 

A continuous steel pipeline is considered that crosses the aforementioned slope. Two ex-

treme cases are investigated: (a) the pipeline crosses perpendicularly the slope and the poten-

tial soil movement direction is parallel to its axis and (b) the pipeline runs in parallel with the 

slope contour lines and the soil movement direction is perpendicular to its axis. The pipe is 

made of X65 steel with yield stress σy = 450 MPa and maximum stress σmax = 545 MPa at 

strain εmax = 0.2. The pipe is of diameter D = 36’’ and it is designed for a maximum internal 

pressure of pmax = 9 MPa. Its thickness is calculated at t = 12.7 mm as dictated by the expres-

sion: 

  (1) 
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To make the results more realistic the pipeline is considered to be functional under operat-

ing pressure poper = 6 MPa. The pipe is assumed to be embedded in depth 1.5 m from the sur-

face to the crown pipe. 

4.1 Pipeline axis parallel to the soil movement  

To begin with, the case where the pipe axis is normal to the contour lines of the slope is 

considered. The centerline of the pipe is at 2 m away from the plane of symmetry of the slope. 

In order to accommodate the change in the axis inclination two bends are used, one at the toe 

and one at the crown of the slope. Those bends have a radius of curvature 40 times the pipe 

diameter (representative of cold bends). 

(a)

(b)

 

Figure 4: The displacement time histories are extracted from the “global” free field model and imposed as input 

at the boundaries of the “local” pipeline - soil interaction model. 

After the installation of the pipe the aforementioned landslide occurs. As already stated, 

the analysis is decoupled (Figure 4). Figure 5 presents the local finite element model, used to 

model soil–pipeline interaction and its various components. Only a soil prism around the pipe 

is modeled. The pipeline is modeled with 4-noded reduced integration shell elements. 48 ele-

ments along the pipe circumference are used of length dFE = 2.5 cm, aiming to realistically 

capture local instability phenomena.  

For the correct simulation of the pipe response, the behavior of the pipe beyond the bound-

aries of the 3D model has to be accounted for. The soil displacement is expected to cause 

(among others) axial stressing to the pipe. Axial distress may affect large length of the pipe 

(of the order of several hundred meters or even kilometers), rather than the limited segment 

that is simulated in this analysis. In order to account for the axial response of the pipe along 

its theoretically infinite length the following procedure is followed. First, the soil reaction to 

axial pulling of the pipe is calculated. For this, a full 3D finite element model of a pipe seg-

ment within the soil is employed. The model accounts for the inelastic behavior of the soil 

and the contact between the pipe and the soil considering interface friction (in this case fric-

tion coefficient between the pipe and the surrounding soil is μ = 0.5). The pipe is considered 

rigid. Knowing the soil reaction per meter to a potential axial movement of the pipe, a simpli-
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fied model is used to calculate the force – displacement response of the soil pipe system to an 

imposed axial displacement. This simplified model is lengthy enough to be considered infinite 

(the stresses developed on the pipe dissipate within the length simulated). The soil reaction is 

simulated with distributed springs along the pipe length that are calibrated against the force-

displacement behavior of the soil derived from the first step. The pipe is simulated with beam 

elements accounting for the steel material nonlinearity. An axial displacement is applied at the 

end of the pipe and the reaction of the pipe–soil system is measured. This reaction (in terms of 

force – displacement) is attributed to a nonlinear spring at the ends of the pipe at the bounda-

ries of the 3D pipe – landslide interaction model. 

Dext = 0.92 m

dfe = 2.5 cm

(a)

(c)

130 m

1.5 m

Δz = 20 m

(b)

1.5 m

 

Figure 5: The finite element model that focuses on the soil–pipeline interaction for the case of pipeline posi-

tioned parallel to the soil movement: (a) longitudinal view of the model, (b) a detailed view of the pipeline mesh, 

(c) Cross section showing the meshing of the soil and the dimensions of the soil prism. 

Figure 6 presents the deformed mesh of the pipe–landslide interaction model correspond-

ing to displacement magnitude of the reference point Uref = 0.75 m. Figure 6a presents the de-

formed mesh of the soil prism with superimposed displacement contours, while Figure 6b 

presents the deformed mesh of the pipe with superimposed stress contours. It is proven that 

the two bends are the most stressed components by the downslope movement of the soil. Fig-

ure 6c concentrates on the top bend (i.e. the one at the crown of the slope). The stressing 

mechanism can be seen as mechanically analogous to a normal fault. The failure surface 

where the sliding of the soil mass occurs can be seen as the rupture. Therefore, a part of the 

bend is fixed within the stable soil while the rest is dragged downwards and outwards by the 

moving soil. The fixed part bends as cantilever developing tension at the top side and com-

pression at the bottom side, while the dislocating part develops compression at the top side 

and tension at the bottom side. The bottom bend exhibits similar response, only this time the 

response mechanism is analogous to a reverse fault. Due to the geometry of the sliding sur-

face, at the intersection with the pipe at the vicinity of the slope toe the soil goes upwards with 

the simultaneous compression component. The part of the pipe that follows the sliding mass is 

stressed by the underlying soil (bending) resulting in compression at the bottom side and ten-

sion at the top side of the pipe. The part of the pipe that lies within the stable soil bends due to 

reactions from the overlying soil with the top side under compression and the bottom side un-
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der tension. Yet, the downward movement of the soil prevails with the pipe ultimately failing 

due to local buckling at the part of the bend that is within the stable soil. 

0 0.75

displacement magnitude (m)

16 450

Von Mises stress (MPa)

0 0.75

displacement magnitude

0 0.65

displacement magnitude

(a)

(b)

(c)

(d)
 

Figure 6: Deformed mesh of the pipeline – landslide interaction problem for displacement magnitude of the ref-

erence point Uref = 0.75 m. (a) Deformed mesh of the soil prism. (b) Deformed mesh of the pipe. (c) Cross sec-

tion of the deformed model concentrating on the top bend. (d) Cross section of the deformed model 

concentrating on the bottom bend.  

Figure 7 and Figure 8 present a closer look at the response of the two bends. Figure 7a pre-

sents the deformed mesh of the top bend with superimposed axial strain contours depicting 

the response mechanism described above. Figure 7b presents the axial strain distribution 

along the tensile side of the critical area. Considering a tensile failure criterion of εmax = 3% 

[3], the pipe ultimately fails for Uref = 0.46 m of displacement of the reference point. Figure 

8a presents the deformed mesh of the bottom bend with superimposed axial strain contours, 

while in Figure 8b the axial strain distribution along the compressive side of the critical area 

of the bottom bend is presented. As evidenced by the shape of the distribution, wrinkling oc-

curs for displacement of the reference point (at the slope crest) Uref = 51 cm. Practically, the 

two bends fail at the same time, with a minor difference in the critical displacement of the ref-

erence point (51 cm for the bottom bend compared to 46 cm for the top bend). However, we 
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have to remind that this displacement is not uniform throughout the sliding mass; when the 

reference point at the crest line of the slope has been displaced by 51 cm the respective point 

at the toe line has displaced 28 cm. 
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Figure 7: The finite element model that focuses on the soil–pipeline interaction for the case of pipeline posi-

tioned parallel to the soil movement: (a) longitudinal view of the model, (b) a detailed view of the pipeline mesh, 

(c) Cross section showing the meshing of the soil and the dimensions of the soil prism. 
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Figure 8: The finite element model that focuses on the soil–pipeline interaction for the case of pipeline posi-

tioned parallel to the soil movement: (a) longitudinal view of the model, (b) a detailed view of the pipeline mesh, 

(c) Cross section showing the meshing of the soil and the dimensions of the soil prism. 

4.2 Pipeline axis perpendicular to the soil movement 

In this section, the other extreme case is considered where the pipe runs in parallel with the 

contour lines of the slope intersecting at 90o with the potentially unstable soil deposit. As an 

illustrative example of such case, the pipe axis is assumed to be located at the middle of the 

slope between the toe and the crest of the slope. As explained before, in order to analyze the 

response of the pipeline subjected to the landslide actions the problem is decoupled. The free 
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field analysis provides the input for the second step, in which a “local” detailed model of the 

pipeline, along with the surrounding soil, is used to simulate its distress as shown in Figure 9.  

 

Figure 9: The finite element model that focuses on the soil–pipeline interaction for the case of pipeline posi-

tioned parallel to the soil movement: (a) longitudinal view of the model, (b) a detailed view of the pipeline mesh, 

(c) Cross section showing the meshing of the soil and the dimensions of the soil prism. 

 

Dext = 0.92 m

dfe = 2.5 cm
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50 m

1.5 m16o
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Figure 10: The finite element model that focuses on the soil–pipeline interaction for the case of pipeline posi-

tioned perpendicular to the soil movement: the dimensions of the soil prism, a cross section of the prism and a 

detail of the pipeline mesh. 

The finite element model that focuses on the pipeline – landslide interaction is presented in 

Figure 10. As with the free field model, taking advantage of the symmetry of the problem on-

ly half of the pipeline is modeled. In the plane of symmetry all the appropriate degrees of 
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freedom are constrained. On the other end of the 3D model the pipeline – soil behavior is tak-

en into account using nonlinear springs. The displacements calculated from the free field 

analysis are imposed at the bottom of the model and at the two sides parallel with pipe axis. 

Therefore, the distance of these two sides from the pipe axis is equal to 5 diameters to mini-

mize any boundary effects, and to allow any interaction phenomena between the pipe and the 

surrounding soil to take place. 

Figure 11 presents the deformed mesh of the pipe – landslide interaction model for dis-

placement magnitude of the reference point Uref = 1.07 m. It should be noted that at this spe-

cific moment, the soil that lies on the plane of symmetry at the immediate vicinity of the pipe 

(and therefore the pipe end at the plane of symmetry) has been displaced U = 0.95 m. The 

pipe deforms due to the landslide induced actions and axial strains are developed as shown in 

for the same Figure 11b displacement. Two maximum curvature points are observed, where 

the concentration of the axial strains is substantial. The pipe ultimately fails due to excessive 

tensile strains at the tensile side of the maximum curvature point within the stable soil (Figure 

11c). This is expected since the stable soil is of greater strength than the sliding soil, resulting 

in increased actions on the pipe. Finally, Figure 11d presents the evolution of the axial strain 

distribution along the most stressed generator at the critical area. Considering a failure criteri-

on of maximum tensile axial strain εmax = 3 % the pipe fails for displacement magnitude of the 

reference point Uref = 1.0 m (which translated to 0.89 m of displacement of the pipe end lying 

on the plane of symmetry). 

5 CONCLUSIONS  

In this study, a two-step analysis methodology has been developed, allowing realistic simula-

tion of pipeline distress due to landslide displacement. Landslides have a 3D geometry, which 

depends on a variety of factors, which are quite unique for each case. In terms of an illustra-

tive example, an idealized landslide was selected and analyzed. To overcome numerical diffi-

culties, arising from the scale differences between the landslide and the pipeline, the problem 

is decoupled and the analysis is conducted in two steps. In the first step, a global free-field 

model is used to simulate the evolution of the landslide, ignoring the presence of the pipeline. 

In the second step, a more detailed local model is developed, comprising the pipeline and the 

surrounding soil. The computed displacement time histories from the first step (global model) 

are imposed as boundary conditions to the local model. The methodology was employed for 

an illustrative example. A 36’’ pipeline of thickness t = 12.7 mm and internal pressure of 6 

MPa crosses an idealized rotational landslide considering two characteristic cases: one where 

the pipeline axis is parallel to the soil movement and one where it is perpendicular to the soil 

movement. In the first case the bends prove to be most vulnerable components and the pipe-

line fails for Uref = 0.46 m of displacement of the reference point. In the second case the pipe 

fails for Uref = 1 m of displacement of the reference point. 
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Figure 11: (a) The deformed mesh of the pipeline – landslide interaction model with superimposed displacement 

contours for displacement of reference point Uref = 1.07 m.  (b) Deformed pipe with superimposed axial strain 

contours for the same displacement. (c) Detail of the pipe mesh at the area of the maximum curvature point with-

in the stable soil (critical area). (d) Evolution of the axial strains at the most stressed generator of the critical area 

of the pipe with the increase of the pipe displacement. 
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Abstract. Buried steel pipes are commonly used in oil and gas industry for transmitting 

hydrocarbon products. Fault crossing is considered as one of the most important extreme 

events. Buried steel pipes are more vulnerable to compressive strains as compared to  tensile 

strains.  In this study, a numerical study is carried out on a simplified numerical model to 

determine the seismic demand on steel pipes at fault crossings. The proposed model permits 

plastic hinge formation in the pipe due to incrementally applied fault movements, allow 

determining the critical length of the pipeline and measure strains developed on the tension 

and compression sides in the pipe. Based on the analyses carried out on the simple model and 

previous studies, two performance levels are defined for pipelines; namely, fully functional 

and partially functional.   
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1 INTRODUCTION 

Buried steel pipes are commonly used in oil and gas industry for transmitting hydrocarbon 

products from sources to end points. Critical hazard locations for such pipes are in spatially 

varying permanent ground deformation (PGD) zones (liquefaction and landslide) and fault-

crossing locations. Among these, the fault crossing is considered as one of the most important 

extreme events since the axial strains in the pipe can reach to very high values  due to 

combined effects of bending and axial deformations.  

Past earthquakes (1999 Kocaeli earthquake, Turkey; 1999 Chi-Chi earthquake, Taiwan) 

revealed the fact that the strain demand on pipes crossing active faults may be quite extreme 

due to relative movement of the fault with respect to the pipe axis [1]. When a continuous 

pipe is subjected to permanent ground deformation due to fault rupture, the damage pattern 

depends on the type of the fault, material and geometric properties of the pipe. Pipes with 

high D/t ratios are usually more vulnerable than the pipes with low D/t ratios, where D and t 

are the diameter and thickness of the pipe, respectively [2, 3].  In Turkey, most of the pipe 

damage data is available for segmented pipes in PGD zones [4].  O’Rourke et al. [5] 

calculated the data points to develop the  fragility curves for segmented pipes in Turkey using 

damage  data from 1999 Kocaeli earthquake. Possibly, one of the best documented case study 

of buried continuous pipe response to fault offsets is the Thames Water Pipeline during the 

1999 Izmit (Turkey) event [6, 7]. A welded steel, D= 2.2m  water  transmission pipe with (D/t 

= 122) crossing  the Sapanca  Segment of the North Anatolian Fault at an angle β = 125 

degrees in Kullar,  southeastern Izmit,  Kocaeli, Turkey (Figure 1) was subject to right lateral 

fault ruptured with an offset of 2.45 m in Kullar, Izmit.  The fault offset caused two major 

wrinklings and one minor buckling at three different locations on the pipe. 

The limit states for buried steel pipes are: a) the maximum tensile strain, b) local buckling 

due to axial compressive strain (critical buckling strain), c) distortion of pipeline cross section, 

and d) tearing of the pipe wall [2].  The amount of the strain depends on the type and 

orientation of the fault with respect to the pipe axis, geometric and material properties of the 

pipe (steel grade, pipe diameter and thickness), burial depth (deep or shallow), and the 

properties of the surrounding soil [2, 8].  

 

 

  

Figure 1. A close-up view to the wrinkled pipe in Kullar, Izmit during the 1999 Kocaeli Earthquake 
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In this study, a numerical study is carried out on a simplified numerical model which takes 

into account the plastic hinge formations and nonlineat soil springs is constructed. The 

response of the nonlinear pipe-soil interaction system to incrementally applied fault 

displacements (perpendicular to the pipe axis) is calculated. Critical length of the pipeline, Lcr 

(the distance between the first plastic hinges at both sides of the fault line), and strain demand 

on compression and tension sides of the pipes are selected as the major response parameters.  

Large displacement analyses are first verified on a benchmark problem and then applied to the 

model. The proposed model permits plastic hinge formation in the pipe due to incrementally 

applied fault movements, allow determining the critical length of the pipeline and measure 

strains developed on the tension and compression sides in the pipe. The model also considers 

the effect of bending minimum performance criteria for pipelines are proposed. Based on the 

analyses carried out on the simple model and previous studies, minimum performance criteria 

for pipelines are proposed. Two performance levels are defined for pipelines; namely, fully 

functional and partially functional.   

 

2 STEEL PIPELINES AT FAULT CROSSINGS 

Design of steel pipelines crossing a major fault line is based on the determination of axial 

strain. In general, two types of axial strains are involved in the pipe [3]: 

a. Axial bending strains due to the transverse component of fault offset, 

b. Net axial deformations of the pipe due to the axial (longitudinal) component of the 

fault offset. 

The magnitude of the pipe strain, in general, depends on the orientation of the pipeline 

with respect to the pipe axis as well as the slip direction.  A strike slip fault movement will 

induce an axial as well as transverse movement on steel pipes. Axial component will cause 

uniform axial strain in the forms of tension or compression. In the fault normal direction (90
0
 

to the pipeline axis), axial strain will be equal to zero, whereas axial strain 

(tension/compression) will gradually increase with increasing fault movement. As the fault 

movement increases, the tensile strains will develop due to stretching of the pipe in reversed 

direction. This will cause reduction in the compressive strains after the peak compressive 

strain has been reached [3]. The most significant deformation will happen in an effective 

length, L, of the S shaped segment of the pipeline (Figure 2).  L is determined analytically and 

is based on the elastic behavior of the pipe. In this study, L is calculated numerically as the 

length of the pipe segment, Lcr, which is defined as the distance between the points where first 

significant yielding occurs in the pipe on both sides of the fault (Figure 2). Seismic design and 

analyses of steel pipes crossing fault lines are provided by ALA [9], Eurocode 8 [10] and 

ASCE [11] in detail. Seismic evaluation of these pipes should be based on performance-based 

design principles as proposed in this paper.  

 

3 NUMERICAL ANALYSES 

As a case study, seismic response of a steel pipe is investigated. The pipe is assumed to be 

perpendicular to the strike slip fault line in the horizontal plane. A structural model consisting 

of two segments (1
st
 block and 2

nd
 block) is constructed with a total length of 100.0 m; width 

of 10.0 m, and depth of 5.0 m (Figure 2). Incremental fault displacement is applied gradually 

to the 2
nd

 block up to the total fault displacement of 3.0 m, while keeping the 1
st
 block fixed.  
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Z 

Fault line 

Steel pipe 

Soil springs 

Fault movement 

Deformed shape 

First Block Second Block 

 

Figure 2. A plan view of the simple model representing pipe behavior under prescribed fault movement 

perpendicular to the pipe axis (Z axis) 

 

A simplified model consisting of a nonlinear beam element to represent the pipe and 

linear/nonlinear soil springs attached to the pipe at discrete points is proposed to determine 

the seismic response of the pipe (Figure 2). Detailed information about the model can be 

found in [12]. The prescribed displacements are applied to the support nodes of the 2
nd

 block 

(moving block) only. Nonlinear static analysis is performed to compute the deformations and 

strains in the pipe of the soil-pipe interaction system (Figure 2). SAP2000 V15 software [13] 

is used for the analyses. SAP2000 V15 [13] allows to consider large displacement and strain 

in the analyses. This is verified in a simple arc structure.  

The steel pipe used in the study has a diameter (D) of 914.4 mm and thickness (t) of 12.7 

mm (Figure 3). Steel grade is assumed as A992Grade50. To determine the plastic hinge 

formation, axial force (P)-moment (M) hinges are assigned along the pipe at 2.5 m intervals 

(Figure 4). Soil cohesion for soft clay is assumed to be 10 kPa at a depth of 3.0 m. The beam 

elements used in the analysis provide stresses and bending moments at nodal points. For 

further verification of the simplified model, a detailed 3-D finite element (FE) model of a 

similar pipeline with material and geometric nonlinearities has been constructed as well 

(Figure 5). Critical pipe length, Lcr, axial force and bending moments in the pipe, and strain 

demand in the pipe on the tension and compression sides are selected as response parameters.  

The response of a buried pipeline due to fault offset consists of three phases.  In Phase I 

(small offsets), both axial and bending strains are important, and both increase with fault 

offsets. Bending strains are large enough such that there is a non-zero net compressive strain. 

In Phase II (intermediate offsets), the axial strain is beyond yield, and bending stiffness (and 

hence bending strain) are decreasing and the net compressive strains approach zero. In Phase 

III (large offsets), the bending strain remains constant while axial strain increases with 

increasing fault offsets [6] .  
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D=914.4 mm 

t=12.7 mm 

 

Figure 3. Steel pipe cross-section (Ag=36,000 mm2)  
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Figure 4. Moment hinge properties for the steel pipe 

 

 

Figure 5. Stress analyses on 3-D FE model of a pipe [14] 
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4 DISCUSSION OF ANALYSES RESULTS 

As a result of nonlinear static analyses, plastic hinge formation indicates Lcr of 12.5 m for 

the pipe. Lcr according to Vazouras et al. [3] is found to be 15.5 m for the pipe. Vazouras et 

al.’ [3] expression is based on D/t ratio and soft clay as well as steel grade of X65, fault 

clearance of 33 cm and no internal pressure. Results can be considered as in reasonable 

agreement.  

Fault movement is applied at small increments, d=0.2 m, 0.4 m, 0.6 m, 1.0 m, 1.50 m , 2.0 

m, 2.5 m, and 3.0 m. The variation in the axial forces developed in the pipe is shown in Figure 

6. The axial force is uniformly distributed throughout the pipeline and reaches to 10,900 kN 

for the pipe at d=3.0 m. The critical fault displacement (dcr) corresponding to the first plastic 

hinge formation with low D/t ratio is found to be 1.28 m (Figure 7). As the fault movement 

increases, the plastic hinge formation spreads to the vicinities of the first plastic hinge 

formations at both sides of the pipe segment, Lcr. The variation of bending moment diagram 

for the pipe is plotted in Figure 8. 

The pattern of the bending moment diagram remains the same along the pipe axis and is 

symmetrical with respect to the inflection point which is nearly in the middle of the Lcr. The 

peak bending moment is about 2,700 kNm at d=3.0 m at which the axial load is the maximum. 

It is about 4,750 kNm at dcr=1.44 m which corresponds to the fault movement where the first 

plastic hinge is observed, at which the axial load is only 2,900 kN. Strains along Lcr on the 

tension and compression sides of the pipe are also plotted in Figure 9. The maximum tensile 

strains are about 0.04 and 0.05 at dcr=1.28 m and d=3.0 m, respectively. On the other hand, 

the maximum compressive strain is about 0.03 at dcr=1.28 m and occurs at a distance for 

about 7.5 from the fault line. It tends to decrease as the fault moves further from dcr. 
d = 0.2 m 

d = 0.4 m 

d = 0.6 m 

d = 0.8 m 

d = 1.0 m 

d = 1.28 m 

d = 1.5 m 

d = 2.0 m 

d = 2.5 m 

d = 3.0 m 

0 

10,000 
(kN) 

 
Figure 6. Axial forces developed in the pipe due to stretching at different fault movements 
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d = 0.2 m 

d = 0.4 m 

d = 0.6 m 

d = 0.8 m 

d = 1.0 m 

d = 1.28 m 

d = 1.5 m 

d = 2.0 m 

d = 2.5 m 

d = 3.0 m 

Lcr= 12.5 m 

 

Figure 7. Deformed shape of the pipe at different fault movements (scale factor=5) 
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d = 0.2 m 

d = 0.4 m 

d = 0.6 m 

d = 0.8 m 

d = 1.0 m 

d = 1.28 m 

d = 1.5 m 

d = 2.0 m 

d = 2.5 m 

d = 3.0 m 

0 

10,000 
(kNm) 

-10,000 
(kNm)    

Figure 8. Bending moment diagram of the pipe at different fault movements 

5 PERFORMANCE CRITERIA FOR PIPES 

Depending on the ductility of the pipe, the pipeline can still be operational after the 

formations of plastic hinges.  However, some micro-cracks or stress concentrations might 

have been occurred in the pipe during this stage [2]. Therefore, in the post earthquake phase, 

pressure fluctuations due to service loads may cause initiation of fatigue related fractures.    

Pipe rupture-/tearing of the pipe wall and loss of the pressure boundary, on the other hand, 

clearly constitute failure. Thus, performance criteria of the pipe in response to fault movement 

should be defined considering the critical length, the extent of the plastic hinge zone, 

geometric and material properties of the pipe and surrounding soil. 

Two performance levels are defined for the pipelines; namely, fully functional (no 

permanent deformation such as wrinkling of the pipe wall) and partially functional 

(permanent deformation but no tearing/rupture of the pipe wall) (Table 1). Both limit states 

envision pressure integrity of the pipeline as a whole. Fully functional performance level is 

defined as the one where no significant damage occurs to the pipeline and the pipeline is fully 

operational after the earthquake. Partial functional performance level corresponds to the 

deformed shape of the pipeline where plastic deformations occur within the critical length and 

approximately 60% of the rupture capacity of the pipe has been reached. Suggested 

acceptability criteria corresponding to these two performance levels; fully functional and 

partially functional are 0.01% and 0.04% strain levels, respectively (Figure 10).  
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Figure 9. Strains along critical length of the pipe: a) on tension side; b) on compression side 
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Table 1. Minimum performance criteria for pipelines 

Earthquake Performance Level 

E
a

rt
h

q
u

a
k

e 
D

es
ig

n
 L

ev
el

 Probability 

of 

exceedance 

in 50 years 

Fully 

functional 

(operational)* 

Partially 

functional 

(operational)** 

Occasional 

(50%) 

  

Rare    

(10%) 

  

Very rare 

(2%) 

  

Note: yellow zones indicate minimum acceptance criteria, whereas red zones are not allowed. 

*Fully functional: no significant damage has occurred to the pipeline system and the pipeline is fully operational after the 

earthquake.   

**Partially functional and operational: Plastic deformations occurred within the critical length. 60% of the rupture capacity of 

the pipeline has been reached. 

 

 

Figure 10. Suggested acceptibility criteria for buried pipelines corresponding to different performance levels  

 

6 CONCLUSIONS 

The present paper investigates the seismic response of buried steel pipes crossing strike-

slip faults in the horizontal plane causing stress and deformation in the pipeline and proposes 

performance based design criteria for the pipes. A practical analysis model is presented for 

determining the critical design and response parameters. The proposed model is intended to 

be adopted for use in design and engineering practice. The buckling of the steel pipe is not 

considered in the proposed model. Large displacement and strain are included in the model to 

estimate the pipe response to PGD due to fault rupture. The distortion of the pipe cross 

section is ignored. The main outcomes of this study can be summarized as follows: 

 

a. D/t ratio and steel grade affect the behavior of the pipe.  
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b. Axial load level in the pipe during the fault movement due to stretching is independent 

of the D/t ratio and increases almost linearly with respect to fault displacement. 

c. The peak axial strain in the compression side of the pipe occurs nearly at a fault 

movement of twice the diameter of the pipe. This is consistent with the previous 

published research papers based on analytical formulations [2]. 
 

The results of this study are expected to enhance the available performance-based design 

methodologies for buried steel pipelines in engineering offices. Recommendations for further 

studies are given as follows: 

 

a. Fragility expressions for buried pipelines at fault crossings should be developed by 

simplified methods. 

b. The effects of stiffness of the steel pipes and the surrounding soil on the seismic 

response should be studied through a parametric study.  
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Abstract. The experimental masonry research in Mexico has concentrated in confined ma-

sonry walls, primarily those made with brick, However, a modality named as “combined and 

confined masonry”, where courses of lightweight concrete blocks (cheap in Mexico), are al-

ternated with courses of bricks (more expensive) is being widely used in seismic zones of 

Mexico. Since there were no tests available for the described combined and confined masonry 

walls, Mexicans have no information about the performance of such walls under alternated 

earthquake loading. Therefore, an experimental program was needed in order to evaluate the 

strength and deformation mechanisms of such walls subjected to cyclic loading. The results of 

the first cycling testing conducted for combined and confined masonry walls are reported in 

this paper. The cyclic testing followed the protocol established by Mexican guidelines, which 

is similar to that used worldwide for the cyclic testing of wall structures. The research not on-

ly evaluates resisting mechanisms and deformation characteristics of such walls, but also de-

fines values of useful parameters for analysis and design. 
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1 INTRODUCTION 

The great demand of housing in Mexico for low income people living in small cities, towns 

and suburbs, has forced these people to look for alternative constructive systems that would 

allow them to build their homes with a reduced budget, using then some of the cheapest mate-

rials available. One of the new systems used for this purpose is what we call here “combined 

and confined masonry”, where courses of lightweight concrete blocks (cheap in Mexico), are 

alternated with courses of bricks (more expensive), as depicted in Figure 1. This type of ma-

sonry construction allows important saving in costs and execution time, besides having an 

aesthetic appearance. 

 

 
a) 3 bricks courses by 1 block course  

 
b) 2 brick courses by 1 block courses 

 
c) 3 brick courses by 3 block courses 

 
d) 3 brick courses by 2 block courses 

 

Figure 1. Combined and confined masonry construction 

 

This modality of construction has historical background in old construction in Europe in 

places like Istanbul, Turkey or Athens, Greece (Figure 2) and in few buildings of the XVII or 

XVIII century in Mexico (Figure 3), where natural stones were alternated with fired bricks. 

However, this newer version became popular in recent times by the initiative of the inhabit-

ants of the Mexican states of Puebla, Tlaxcala and Oaxaca. They tried to solve with this mo-

dality the cracking problem observed in walls made with concrete blocks due to differential 

settlements. As a matter of fact, their idea of alternating courses of bricks with concrete 

blocks was successful to solve that problem. 
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a) Acropolis Archeological site area 

 
b) Acropolis Museum area 

Figure 2. Existing old combined masonry buildings in Athens, Greece 

 

 
a) Downtown Mexico City 

 
b) Downtown Mérida 

Figure 3. Existing old combined masonry buildings in México 

 

This modern version of combined and confined masonry has been being used since early 

1990s. Different arrangements to combine and alternate brick courses with block courses have 

been used [1-4, Figure 1], but the one that it is more commonly used is the one depicted in 

Figure 1a, where three courses of clay bricks alternate with a course of concrete blocks. 

Previous experimental masonry research in Mexico that started in the late 1960s has con-

centrated in confined masonry walls, primarily those made with brick [for example, 5-10], 

although there are also some testing with confined walls made with concrete blocks [for ex-

ample, 11]. Since there were no tests available for the described combined and confined ma-

sonry walls, Mexicans have no information about the performance of such walls under 

alternated earthquake loading, other than the satisfactory performances observed for one and 

two stories houses at small towns in Puebla and Tlaxcala states during the moderate June 15, 

1999 Tehuacán earthquake (M=6.5). The described system is being used in seismic regions of 

Mexico where the earthquake hazard is high, and the number of applications is growing very 

fast. In fact, this system is starting to be used in Mexico City as well. Therefore, an experi-

mental program was needed in order to evaluate the strength and deformation mechanisms of 

such walls when subjected to strong lateral cyclic loading. 

The results of the first cycling testing conducted for combined and confined masonry walls 

are reported in this paper. The cyclic testing followed the protocol established by Mexican 

guidelines, which is similar to that used worldwide for the cyclic testing of wall structures. 
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The research not only evaluates resisting mechanisms and deformation characteristics of such 

walls, but also defines values of useful parameters for analysis and design. 

2 MATERIAL PROPERTIES 

The combined and confined masonry construction currently used in Mexico for non-

engineered construction is composed of non-industrial fired clay bricks and lightweight con-

crete blocks with no quality control, which dimensions are depicted in Figure 4. 
 

 
a) Typical clay brick used  

 
b) Typical concrete block used 

Figure 4. Pieces commonly used in recent combined and confined masonry construction 

 

The mortar bed joint ranges from 1 cm (3/8”) to 1.5 cm (5/8”) in thickness. Head joints are 

filled with mortar and they are usually 1 cm (3/8”) thick. The mortar mix used by the people 

has the following volumetric proportions:1:2:6 (cement: lime: sand). It is worth noting that 

the proportion used for non-engineered construction in Mexico does not satisfy the minimum 

volumetric requirements proposed by NTCM-2004 [12], but it is used as it is an inexpensive 

mortar and workability is good. However, it is also worth noting that this mortar mix has bet-

ter volumetric proportioning than mortar type O (1:2:9) allowed by masonry codes of the 

United States like ACI 530-14 [13] for non-seismic regions. 

The best mortar mix proportion (a volumetric mortar mix 1:¼:3½) recommended by 

NTCM-2004 [12] for structural application, known as “Mortar Type I” was also used. The 

purpose of using this mix is that most lateral loading cyclic tests conducted in Mexico for 

confined masonry walls have used this mortar type [5-11], and cross comparisons with the 

dominant masonry construction in Mexico is also desirable. 

Therefore, it was also necessary to assess physical and mechanical properties of the mate-

rials and the masonry used in this type of construction, as well as determine these properties if 

a code-based mortar mix is used. These testing are documented in detail elsewhere [1-3], and 

is summarized in Tables 1 to 6. 

 
Property Bricks Blocks 

Number of Tested Units 19 18 

Volumetric Weight (Ton/M
3
) 1.57 1.08 

Absorption 18.3% 26.5% 

Initial Rate of Absorption (Gr/Min) 59.4 32.7 

Saturation Coefficient 0.94 0.94 

Modulus of Rupture, Fr (MPa) 0.86 0.96 

Compressive Strength   

Mean: 
p

f (MPa) 10.1 4.2 

Design: pf * (MPa) 5.4 2.4 

Table 1. Index properties for bricks and blocks 
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Property Type I Non-Engineered 

Number of Cubes 30 35 

Volumetric Weight (Ton/M
3
) 1.57 1.51 

Compressive Strength   

Mean: 
j

f (MPa) 24.1 7.8 

Design: *

jf  (MPa) 13.4 4.3 

Table 2. Index properties for mortar 

Mexican standards are similar to ASTM guidelines, particularly in testing procedures; 

however, they differ in the sampling and statistical criterion, particularly to define mechanical 

design properties denoted with and asterisk (*).  

For example, the design compressive strength of a masonry unit *

p
f according to NTCM-

2004 [12] should be computed as: 

 

p

p

p
c

f
f

5.21

*


          (1) 

where 
p

f is the mean value from test results and 
pc is the coefficient of variation of the test 

results that shall not be taken less than recommended minimum values established by NTCM-

2004. As the 
pc  value obtained during test results [1, 2] was smaller than the minimum values 

allowed by NTCM-2004, then minimum values established by NTCM-2004 [12] were used 

for the reported values in Table 1, that is, 3.0pc  was used for concrete blocks (mechanized 

production with no quality control) and 35.0pc  for the fired clay bricks (non-industrial pro-

duction). 

2.1 Axial compression prism tests  

Given the particularity of the combined masonry, where brick layers alternate with block 

layers, and that bricks and blocks have very different properties (Table 1), two different ar-

rangements were constructed for each mortar type used (Figure 5). It is worth noting that 

guidelines worldwide for masonry prism tests assume that the same material (brick or block) 

is used to build the prisms, so combined masonry is not really fully addressed at this time. 

 

38 cm

57 cm

 
Arrangement 1 

38 cm38 cm

57 cm

 
Arrangement 2 

38 cm38 cm

57 cm

 
 Arrangement 3 

38 cm

57 cm
 

 
Arrangement 4 

a) Mortar Type I b) Non-engineered Mortar  

Figure 5. Prisms arrangements for the walls under study 

 

Nine prisms were tested for each arrangement, according to the minimum required by 

NTCM-2004. The slenderness ratio for the prisms was 4.78, within the range 5/2  th es-

tablished by NTCM-2004.  
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Test results for prisms with mortar type I are summarized in Table 3, where it can be ob-

served that although higher values for the mechanical properties are obtained under arrange-

ment 1, differences are no significant: around 20% for compressive strength and 5% for the 

modulus of elasticity. Therefore, for practical purposes it would be convenient to take the 

weighted properties obtained from the data of both arrangements, that is, f*m=19.7 kg/cm
2
 

(1.9 MPa) and Em=12,245 kg/cm
2
=1,201 MPa (Em=621.6f*m).  

 

Arrangement 
m

f   

MPa 

cm 
 

mf *  

MPa
 

mE  

MPa
 

1 3.1 0.15 2.2 1,233 

2 2.6 0.17 1.8 1,171 

1 and 2 2.8 0.18 1.9 1,201 

Table 3. Index properties from prism tests using mortar type I 

Test results for prisms with non-engineered mortar are summarized in Table 4, where it 

can be observed that there are no differences between arrangements 3 and 4 for practical pur-

poses. Therefore, the weighted properties obtained from the data of both arrangements are 

f*m=15.7 kg/cm
2
 (1.5 MPa) and Em=15,572 kg/cm

2
 =1,527 MPa (Em=991.8f*m). 

 

Arrangement 
m

f   

MPa 

cm 
 

mf *  

MPa
 

mE  

MPa
 

3 2.3 0.20 1.5 1,604 

4 2.3 0.20 1.5 1,458 

3 and 4 2.3 0.19 1.5 1,527 

Table 4. Index properties from prism tests using non-engineered mortar 

It is worth noting that there are no significant differences between the design compressive 

strength f*m for the prisms built with mortar type I and non-engineered mortar, as it is around 

25.5%, perhaps good enough for design under gravitational loading. 

2.2 Diagonal compression wallet tests  

According to NTCM-2004 [12], small square masonry subassemblies (wallets) as depicted 

in Figure 6 can be tested under axial compression (commonly using an universal press ma-

chine) in order to define an indirect shear (diagonal tension) strength v*m for design and the 

shear modulus Gm.  
 

 
Figure 6. Axial compression test of NTCM-2004 to determine v*m and Gm. 
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Given the particularity of the combined masonry and the reasons stated in the previous sec-

tion, two different arrangements of wallets were also constructed for the diagonal compres-

sion tests for each mortar type used (Figure 7). 

 

58 cm

58 cm  
Arrangement 1 

58,5

57 cm

 
Arrangement 2 

58 cm

58 cm  
Arrangement 3 

 57

57 cm

 
Arrangement 4 

a) Mortar Type I b) Non-engineer Mortar 

Figure 7. Small wallet arrangements built for axial compression tests 

 

The arrangements were selected based upon the combined masonry walls that were finally 

tested (Figures 8a and 8b). Nine specimens were tested under diagonal compression for each 

arrangement, according to the minimum required by NTCM-2004. The aspect ratio for the 

specimens was almost square, as recommended by NTCM-2004. 

Test results for specimens jointed with mortar type I are summarized in Table 5, where it 

can be observed that, in contrast to what was observed from prism tests, important differences 

are obtained for shear strength indices values mv*  between the small wallet arrangements 1 

and 2. The most notorious scatter of the data and the smallest values were obtained for ar-

rangement 1. These can be explained by the different predominant modes of failure observed 

in the tested specimens. For arrangement 1, the predominant mode of failure was sliding 

along bed joints, whereas for arrangement 2 the predominant mode of failure was diagonal 

tension. In contrast, no important differences were observed between arrangements 1 and 2 to 

obtain the average shear modulus Gm (Table 5).  

 

Arrangement mv   

MPa 

cv 
 

mv*  

MPa
 

mG  

MPa
 

1 0.28 0.51 0.13 420 

2 0.38 0.18 0.25 393 

1 and 2 0.33 0.37 0.17 415 

Table 5. Index properties from diagonal compression tests using mortar type I 

Test results for specimens jointed with non-engineered mortar are summarized in Table 6, 

where it can be observed that differences are also obtained for shear strength indices values 

between the small wallet arrangements 3 and 4. The most notorious scatter of the data and the 

smallest values were obtained for arrangement 4. However, in contrast to what was observed 

for mortar type I, a predominant mode of failure was not observed in the tested specimens, as 

failures in diagonal tension and sliding along bed joints were observed for both arrangements 

3 and 4. A 35% difference is observed between the average shear modulus Gm obtained for 

arrangements 3 and 4 (Table 6), in contrast to what was observed for mortar type I. 

Test results lead one to conclude that there is a reasonable doubt on how representative is 

the axial compression test to define shear strength indices for combined masonry, which can 

only be answered by relating these index values to estimate the lateral shear strength of wall 

specimens subjected to lateral loading, as shown in following sections. 
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Arrangement mv   

MPa 

cv 
 

mv*  

MPa
 

mG  

MPa
 

3 0.27 0.29 0.16 417 

4 0.25 0.44 0.12 310 

3 and 4 0.26 0.35 0.14 367 

Table 6. Index properties from diagonal compression tests using non-engineered mortar 

3 TEST SPECIMENS 

Four walls were constructed and tested under cyclic lateral loading. The cryptogram for 

identification of each wall is MCC-i , where i is an index to identify the number of wall se-

quentially tested. The first two walls (MCC-1 and MCC-2) were jointed with mortar type I 

and the last two walls (MCC-3 and MCC-4) with non-engineered mortar.  

The geometry of the walls is schematically depicted in Figure 8. The general dimensions of 

walls and their confinement elements were selected to make these walls as close as possible to 

the dimensions of a confined brick masonry wall previously tested [7] at Cenapred (wall M-0-

E6), to do some cross comparisons.  
 

3
0230 cm

230 cm

Elevación
 

a) Walls MCC-1 and MCC-3 

3
0

Elevación

230 cm

230 cm

 
b) Wall MCC-2 

30230 cm

230 cm

Elevación
 

c) Wall MCC-4 

 Figure 8. General geometry of tested walls 

 
 

4#3
S#2@20 cm

S#2@20 cm

#3@20 cm
#4@20 cm

4#3
230 

230 

40 

ELEVATION

Confining Columns

4#3 S#2@20 cm

Confining Beam - Slab

4#3
S#2@20 cm

#3@20 cm

#4@20 cm

12

20

12

80

10

20

 
Figure 9. Reinforcement of confining elements 

 

In fact, the confining RC tie-columns, bond-beam and beam on grade have the same di-

mensions, reinforcement and concrete strength with respect to those of the wall of reference 

[7], as depicted in Figure 9 and specified in Table 7. Confining tie-column elements are 12x20 

cm. The confining rectangular bond-beam is 12x20 cm. A slab 10x80 cm was cast at the top 

of the confining beam. The compressive strength of the concrete used for the confining tie-
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columns and bond-beams was specified as f´c=150 kg/cm
2 

(14.7 MPa) and for the slab was 

f´c=250 kg/cm
2
 (24.5 MPa). Results of controlled cylinder tests are reported elsewhere [1, 2]. 

 

Columns Beam Slab 

Longitudinal Transverse Longitudinal Transverse Longitudinal Transverse 

4#3 S#2@ 20 cm 4#3 S#2 @ 20 cm #3 @ 20 cm #4 @ 20 cm 

Notes: #3 bars = bars 3/8” in diameter, fy = 412 MPa 

 #2 bars= bars 2/8” in diameter, fy = 216 MPa 

Table 7. Reinforcement of the confining RC elements of walls 

The external instrumentation for the walls was composed of 8 LVDT (Figure 10a) and a 

load cell (Figure 11). The internal instrumentation consisted of 12 strain gages placed on the 

longitudinal reinforcement of the confining elements, as depicted in Figure 10b.  

The testing of the walls was done with the help of the reaction braced frame and strong 

floor schematically depicted in Figure 11. A special C steel beam was designed to apply a uni-

formly distributed vertical loading of 1 Ton/m (9.81 kN/m) and to help applying with a hy-

draulic jack the cyclic lateral loading. 

 

 

T2 T7

T5 T6

T3

T4

T1

LVDT

 

T8

 
a) External wall instrumentation 

S1
S2

S3
S4

S10

S9

S5 S6

S12

S7
S8

S11

 
b) Internal wall instrumentation 

Figure 10. Instrumentation for the walls 

 
Hydraulic jack

Loading steel beam

Foundation
beam

230 cm

Load cell

High strength
bolts for

 anchorage

436

8@5050

300

Strong floor

 
Figure 11. Testing setup 
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The cycling testing of the walls was done following the general guidelines of Appendix A 

of NTCM-2004 [12] required for earthquake-resistant masonry wall systems. According to 

the testing protocol of reference, masonry walls have to be subjected to repeated cycles of at 

least 25%, 50% and 100% the estimated cracking load for the walls (load control, Figure 12) 

and, after the first cracking, walls have to be subjected to repeated cycles of increasing drift 

ratios of at least 0.2% (displacement control, Figure 12). In this research, both the load and 

the displacement control were done using additional steps, as schematically illustrated in Fig-

ure 12.  
 

Cycle

Lateral Load

Load Control Displacement Control

0.002

0.003

0.004

0.005

0.006

Load 5

Load 4

Load 3

Load 2

Load 1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

 

Load
Cracking

 
Figure 12. Cyclic testing protocol used  

 

4 EXPERIMENTAL RESULTS 

4.1 Hysteretic behavior  

The hysteretic loops obtained for each wall from the cyclic testing protocol described be-

fore are depicted in Figure 13. Given the limitations of lab equipment at the time of each test-

ing, it is worth noting the following observations regarding the testing of each wall. During 

the testing of wall MCC-1 a load cell was not available, so applied lateral forces were ob-

tained indirectly from a previously calibrated manometer, that is why the curves in Figure 13a 

look rough. During the testing of wall MCC-2 the hydraulic jack “stock” for positive cycles 

(pulling) after a lateral drift angle of 0.4%, so that is the reason of the asymmetric loops, 

which are marked with a red-broken line. Fortunately, there were no further technical prob-

lems during the testing of walls MCC-3 and MCC-4. 

From all the hysteretic loops it is observed a reasonably symmetric and stable response for 

positive and negative cycles up to a drift angle of 0.6%, except for wall MCC-2 for the reason 

stated above (loops were rather symmetric up to a drift angle of 0.4%, where the jack problem 

aroused).  

Instability in the wall response triggered for a drift angle of 0.6% for wall MCC-1 after a 

major shear crack penetrated the confining column (Figure 14); this last half cycle is marked 

with a broken red line in Figure 13a.  

The instability of wall MCC-2 also started because of a shear crack penetration in the con-

fining column at a drift ratio around 0.6%, where an important strength and stiffness degrada-

tion was observed (Figure 13b).  

For wall MCC-3 an important pinching behavior triggered after a lateral drift of 0.4% 

(Figure 13c) and the important shear crack penetration of the confining column started at a 

drift of 0.5%, the testing was stopped at a drift of 0.6% as extensive damage with crack pene-

tration of top and bottom of the confining column was evident.  
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a) Wall MCC-1 

 
b) Wall MCC-2 

 
c) Wall MCC-3 

 
d) Wall MCC-4 

Figure 13. Hysteretic loops for the tested walls 

 

  
a) Top right corner b) Bottom left corner 

Figure 14. Shear crack penetration of confining RC columns of wall MCC-1 that lead to failure 

 

For wall MCC-4, an important pinching behavior was developed after a drift angle of 0.4% 

(Figure 13d), basically a frictionless sliding mechanism along bed and head joints during load 

reversals of a stair-like shear cracking pattern (significant gaps were observed during testing, 
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particularly at the head joints). Although the important shear crack penetration at the confin-

ing column happened at a lateral drift of around 0.6%, this wall presented a very important 

frictionless sliding mechanism along the bed and head joints that allowed it to sustain stability 

up to a drift angle of 1%, after that the wall failed because of the shear crack penetration of 

the confining RC column (dotted red lines, Figure 13b). 

4.2 Cracking patterns  

The final cracking patterns for all tested walls are depicted in Figure 15, where it can be 

observed that they are typical diagonal tension shear patterns. It is also worth noting that the 

shear crack that penetrated the confining column elements started to appear in all walls at a 

drift angle as low as 0.3%. 

 

 
a) Wall MCC-1 

 
b) Wall MCC-2 

 
c) Wall MCC-3 

 
d) Wall MCC-4 

Figure 15. Final cracking patterns of tested walls 

 

From a gross assessment viewpoint, from the crack patterns, the obtained hysteretic loops 

and the response envelopes (not shown), it can be observed that the main difference in the cy-

clic behavior of the walls jointed with mortar type I of NTCM-2004 (walls MCC-1 and MCC-

2) and the walls jointed with non-engineered mortar is due to the diagonal crack pattern ex-

hibited for the walls. A well-defined main diagonal crack that crosses and breaks bricks and 

block layers are developed for the walls jointed with the stronger engineered mortar (walls 

MCC-1 and MCC-2, Figures 15a and 15b). In contrast, a stair-like, frictionless sliding joint 
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cracking patterns are developed for the walls jointed with the weaker non-engineered mortar 

(walls MCC-3 and MCC-4, Figures 15c and 15d), particularly for wall MCC-4 (Figure 15d). 

This frictionless sliding joint mechanism during load reversals was favored because of the rel-

atively low applied normal stress. That is the reason why more pinching is observed in the 

hysteretic loops of the walls joined with non-engineered mortar (Figure 13). 

4.3 Characteristic parameters from response envelopes   

Walls MCC-1 and MCC-2 first cracked at a higher drift angle and shear force than walls 

MCC-3 and MCC-4 (Table 8). In fact, walls MCC-1 and MCC-2 also developed slightly 

higher shear forces than walls MCC-3 and MCC-4 (Table 8). However, the difference be-

tween the shear force resisted by walls MCC-1 and MCC-3, that have the same configuration, 

is only 8%.  

 
Wall First Cracking Peak Shear Force 

 
crV (KN) cr  

maxV (KN) 
  



maxV (KN) 
  

Mcc-1 49.0 0.0009 80.4 0.0046 76.5 0.0054 

Mcc-2 49.0 0.0009 71.6* 0.0038* 82.4 0.0056 

Mcc-3 39.2 0.0006 74.5 0.0050 60.8 0.0031 

Mcc-4 21.6 0.0006 58.8 0.0090 57.9 0.0070 

* Previous reported problem with the hydraulic jack during testing 

Table 8. Characteristic parameters obtained from peak response envelopes 

The major difference regarding peak shear forces is observed between walls MCC-3 and 

MCC-4, which were both jointed with non-engineered mortar, where the difference is 26% 

(Table 8). This higher difference seems directly related to the fact that a different masonry 

combination exist where more blocks (weakest material) are used in wall MCC-4 with respect 

to wall MCC-3.  

4.4 Cyclic stiffness degradation   

An important parameter for the design and evaluation of structures, masonry included, is to 

assess their stiffness degradation with respect to increasing drift angle. This parameter is use-

ful to help define drift angle limits for design purposes (i.e., serviceability, collapse preven-

tion, etc). Therefore, from the hysteretic curves depicted in Figure 13, peak-to-peak secant 

stiffnesses were defined for each cycle at the same drift angle, and then normalized with re-

spect to the computed initial (elastic) stiffness for each walls. The computed curves for all 

walls are depicted in Figure 26, where first and second cycles at the same drift angle are plot-

ted in separate curves. 

It can be observed from Figure 16 that there are no significant differences between the 

curves of the first and second cycles for all walls except wall MCC-4. The lateral stiffness of 

all walls degrades very fast, being 0.4 or less of its initial uncracked stiffness Ke for a drift 

angle as low as 0.2%. For the drift angle where the shear crack starts to penetrate the confin-

ing column elements (=0.3%), the K/Ke ratio is lower than 0.3 for the walls joined with en-

gineered mortar (walls MCC-1 and MCC-2, Figures 16a and 16b), whereas the walls joined 

with non-engineered mortar developed a K/Ke ratio higher than 0.3 (walls MCC-3 and MCC-

4, Figures 16c and 16d). Spalling of masonry started close to a drift angle of 0.4% or less, 

where all walls have K/Ke< 0.25. 
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a) Wall MCC-1 

 
b) Wall MCC-2 

 
c) Wall MCC-3 

 
d) Wall MCC-4 

Figure 16. Normalized peak-to-peak secant stiffness vs. drift angle for tested walls 

5 DAMAGE INDEX 

Structural engineers need simple quantitative evaluation methods to assess the safety of ex-

isting structures under an expected level of seismic demand, particularly to take decisions re-

garding rehabilitation and/or demolition. Damage indices are suitable tools for such purposes.  

Therefore, the damage index originally proposed by Kwok and Ang [14] for unreinforced 

brick masonry walls based on a reliable database of experiments conducted in China in the 

late 1970s was calibrated with the experimental data obtained in this research study for con-

fined and combined masonry walls.  

The Kwok-Ang damage index is defined with the following general expressions: 

eu DDD         (2) 

f

m
u

u

u
D          (3) 
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dE
D


         (4) 

 

where um is the displacement at maximum load, uf is the displacement at failure,  dE  is the 

total (cumulative) dissipated energy, qu is the ultimate shear strength and  is a constant ob-

tained from regression analysis of experimental data. 

Kwok and Ang [14] obtained from the regression analysis of their extensive database that 

=0.075 for unreinforced masonry walls. In addition, they proposed the following damage 

scale for their index: a) No damage: 0D , b) Reparable damage: 25.00  D , c) Severe 

damage: 0.125.0  D , d) Collapse: 1D . 

It is clear that there are some differences in the cyclic behavior under lateral loading of 

plain unreinforced masonry and the combined and confined masonry described in this study, 

so some adjustments to the damage index originally proposed by Kwok and Ang were needed 

for combined and confined masonry walls. For example, the value of constant  should be as-

sessed from experimental data. Also, the limiting boundary value between reparable and se-

vere damage should be also redefined with the observed experimental behavior to take into 

account the beneficial presence of confining elements that provide further stability in these 

walls under lateral loading.  

 

 
a) Walls with engineered mortar 

 
b) Walls with non-engineered mortar 

Figure 17.Modified Kwok-Ang damage index vs drift angle for combined and confined masonry walls. 

 

Therefore, from the reduced database of the experiments described here, a preliminary val-

ue of  =0.046 was obtained for combined and confined masonry walls, as reported elsewhere 

[1-2]. Also, from the analysis of experimental data that allowed defining the limiting lateral 

drift ratio 003.0  for earthquake-resistant design purposes [1-3], it was clear that the limit-

ing boundary value between reparable and severe damage should be 4.0D  for combined 

and confined masonry. Therefore, the proposed damage index scale for combined and con-

fined masonry is: a) No damage: 0D , b) Reparable damage: 4.00  D , c) Severe dam-

age: 0.14.0  D , d) Collapse: 1D . The obtained damage index vs. drift ratio curves for 

the tested combined and confined masonry walls are depicted in Figure 17, where it can be 
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observed the proposed adjustments for the Kwok-Ang damage index seem reasonable for both 

the walls jointed with engineered (Figure 17a) and non-engineered (Figure 17b) mortar. 

6 CONCLUDING REMARKS 

From the experimental program summarized in this paper, the following observations can 

be made: 

1. The major difference in the cyclic behavior of the combined and confined masonry 

walls jointed with engineered and non-engineered mortar is related to the resisting 

shear mechanism that leads to failure. In the walls jointed with engineered mortar, the 

failure mechanism is characterized by diagonal tension cracks that favor primarily 

spalling and crushing of the masonry in the central zone of the main diagonal crack 

with reasonable energy dissipation characteristics. In contrast, in the walls jointed with 

non-engineered mortar, the initial diagonal tension cracks that broke the masonry units 

lessened after a drift ratio =0.003, when a stair-like shear mechanisms with friction-

less sliding along the bed and head joints triggered, leading to an important pinching 

of the hysteretic loops and therefore, a reduced energy dissipation characteristics due 

to the low normal compression stress applied to the walls. 

2. From the different wall combinations tested for combined and confined masonry walls 

jointed with non-engineered mortar (walls MCC-3 and MCC-4), it was observed that 

wall MCC-3, that has more brick layers, resisted a peak shear force 26% higher than 

wall MCC-4, that has more concrete blocks. Therefore, this difference seems to be di-

rectly related to the fact that a different masonry combination exists where more 

blocks (weakest material) are used in wall MCC-4 with respect to wall MCC-3.  

3. Given that the mechanical properties of the concrete blocks currently used in com-

bined and confined masonry walls are very weak, it will be worth testing in the future 

combined and confined masonry walls where higher quality concrete blocks are used, 

to discern if this practice would lead to improved performances under lateral cyclic 

loading. 

4. It was shown that the Kwok-Ang damage index for unreinforced brick masonry walls 

can be adjusted in a simple manner, as proposed in this paper, to be helpful for the 

seismic evaluation of combined and confined masonry walls also. 

Extensive additional experimental research is needed to discern the impact of many varia-

bles, but this research study lead one to believe that the following variables are important to 

assess in future experimental works: (a) the impact of other wall combinations, (b) the impact 

of the applied axial load, (c) the impact of other mortar mixes allowed by seismic codes and, 

(d) the impact of using concrete blocks of better quality, with similar mechanical properties to 

the ones of clay bricks. Reference confined masonry walls made of: (a) bricks only and, (b) 

concrete blocks only should be included in the future testing protocols. 
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Abstract. Approximations obtained with different simplified methods to assess the elastic lat-

eral stiffness of walls with openings are compared to results obtained with the finite element 

method using reasonably fine meshes. Multistory walls were studied, considering symmetric 

and asymmetric distribution of openings with respect to a vertical axis. From the obtained 

results it can be observed that for a single strip of asymmetric perforated walls, the best ap-

proximations are obtained using the equivalent frame method more commonly used in Mexico, 

the method proposed by Coull and Choudhury, as well as the method baptized as the equiva-

lent no prismatic wide column analogy, particularly as the number of stories of the wall in-

creases. 
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1 INTRODUCTION 

In displacement-based design is very important to estimate accurately the lateral displace-

ments of a given structural system. Buildings with structural walls are very commonly used in 

seismic regions, mostly for reinforced concrete and masonry structures. Often, these structural 

walls have openings, particularly at the facades. Although regular opening patterns are often 

used, sometimes for architectural requirements (illumination, ventilation, aesthetics), complex 

opening patterns are not uncommon in seismic regions. 

The impact of openings in the lateral stiffness of shear walls captured the attention of re-

searchers and designers in the 1960s. In fact, many expressions, approximations and simpli-

fied analysis methods date back to those dates, because during that decade several midrise 

buildings with shear walls were built, which fostered practical research studies. Among other 

methods proposed at the times, one can highlight for their simplicity the methods proposed by 

Coull and Choudhury [1, 2] and the Equivalent Frame Method (EFM) proposed by 

Schwaighofer and Microys [3]. The approximations obtained with these methods were cali-

brated then with the results of few low rise walls with symmetrical openings patterns with re-

spect to a vertical axis. 

The practical modeling of walls with openings is a complex task that has not yet been fully 

addressed. In this case the use of the finite element method is essential if the aim is to obtain 

reliable results, both to estimate deformations, stiffnesses and stresses. In the absence of sim-

ple analytical methods that could estimate easy and reasonably the lateral stiffness matrix of 

walls with complex opening patterns (including asymmetries), Tena-Colunga [4-6] proposed 

the equivalent condensed beam method, a mixed method where the lateral stiffness matrix is 

obtained from equivalent condensed beams using the flexibility method and the finite element 

method. Although the method is accurate for practical purposes because, in essence, is a static 

condensation done numerically, it has the disadvantage that finite element meshes are re-

quired to define the equivalent condensed beams. 

The development or improvement of simple models to analyze walls with openings has re-

ceived relatively little attention in recent years, perhaps because the capabilities of personal 

computers since 1997 have facilitated the use of commercial finite element programs to model 

them reasonably. However, even today is still impractical modeling with the required rigor, 

complete medium to high rise buildings with several walls with openings using refined finite 

element meshes, especially if the distribution of the openings is irregular or complex in eleva-

tion. In many instances, practicing engineers do not have the time and experience needed to 

develop rigorous and detailed three-dimensional finite elements models that would allow 

them to analyze and design this type of structures, although they currently have access to the 

computer software (e.g. SAP 2000 or similar) and hardware to do it. Although the finite ele-

ment method allow one to model such complex geometries, this method is not always practi-

cal for the analysis and design of complex and large buildings having walls with openings. 

Therefore, approximate methods are still needed and used by structural engineers world-

wide to estimate their lateral displacements using a reasonable number of degrees of freedom. 

Such methods would allow obtaining reasonable estimates of their corresponding dynamic 

characteristics (periods and mode shapes), lateral displacements, story drifts, etc. Once lateral 

deformations are reasonably assessed, relative distributions of forces and stresses can be ob-

tained using also simple methods that would allow realizing suitable structural designs with-

out the imperative need to perform more complex analyses with finite elements. 

In this paper, the approximations obtained with different simplified methods to assess the 

lateral stiffness of walls with openings are compared to results obtained with the finite ele-
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ment method using reasonably fine meshes. Multistory walls were studied, considering sym-

metric and asymmetric distribution of openings with respect to a vertical axis.  

2 SIMPLIFIED METHODS UNDER STUDY 

2.1 Equivalent frame method  

The equivalent frame method, which was originally proposed by Schwaighofer and 

Microys [3], consider a wall system with central openings (Figure 1), so it can be understood 

as an equivalent frame with two lines of walls or “wide-columns” connected by wide central 

beams. The general modeling assumptions were: 

 

1. Centroidal axes for the cross sections of walls and connecting beams form an equiva-

lent frame.  

2. Cross section properties for all columns in the equivalent frame are identical to the cor-

responding sections for the walls.  

3. Full cross section properties for the central beams are considered. 

4. Rigid end zones in flexure are considered for the extreme sections of beams. 

 

 
Figure 1. Equivalent frame proposed by Schwaighofer 

and Microys 

 
Figure 2. Equivalent frame under SM3 modeling 

 

Schwaighofer and Microys [3] proposed equivalent areas (Ae) and moments of inertia (Ie) 

for the rigid-end zones, as function of the opening parameters e and f (Figure 1), where e is 

defined as the distance between the centroidal wall axis and the edge of wall/opening and f is 

the distance between the centroid of the opening and the edge of the wall/opening. These 

equivalent properties are computed as: 

 

fe AKA 1        (1) 

fe IKI 2        (2) 

where the proposed values for constants K1 and K2 are identified in Table 1. 
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e/f K1 K1 

0.5 50 238 

1.0 100 700 

2.0 200 2600 

3.0 300 6300 

5.0 500 21500 

Table 1. Constants proposed by Schwaighofer and Microys 

 

From the data provided in Table 1, the following equivalent equations were obtained: 
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Although the equivalent frame method is widely used for the modeling of walls with open-

ings, it is uncommon that engineers would compute constants K1 and K2 as proposed by 

Schwaighofer and Microys. For example, in Mexico beam end zones are considered as infi-

nitely rigid ends zones in flexure, and modeled as rigid links according to what it is described 

in the literature [4, 7]. Some other people consider that infinitely rigid end zones should be 

considered also for the equivalent wide columns that represent the walls (Figure 2). Therefore, 

three different modelings were evaluated for the equivalent frame method: 

a) Model SM1. The equivalent frame method as originally proposed by Schwaighofer and 

Microys (computing Ae and Ie, Figure 1). 

b) Model SM2. The equivalent frame method assuming perfectly rigid end zones at beam 

ends (Ae →∞ and Ie →∞, Figure 1). 

c) Model SM3. The equivalent frame method assuming perfectly rigid end zones at beam 

and wall ends (Figure 2). 

 

2.2 Method proposed by Coull and Choudhury  

Coull and Choudhury [1, 2] proposed a simple method to estimate the peak lateral dis-

placement of walls coupled by slabs or beams (Figure 3), where the lateral loads are resisted 

entirely by the walls. They proposed a simplified model where the coupling slabs or beams 

are replaced by an equivalent continuum shear media; that is, the coupling beams with indi-

vidual stiffnesses EIp are replaced by an equivalent continuum which stiffness per unit height 

(h) is EIp/h. Therefore, they proposed to idealize the system as having two flexural members 

(walls) connected to a continuum shear media (Figure 3). Coull and Choudhury formulated 

the second order differential equation for such system and they were able to arrive to a close 

form solution.  

The size of central openings has an important impact in the behavior of coupled shear 

walls. In the model proposed by Coull and Choudhury, openings are located in a regular, well 

defined vertical strip, as depicted in Figure 3. Coull and Choudhury proposed the parameter 

αH (where H is the total height of the structure) to evaluate the overall behavior of the cou-

pled wall system, where:  
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l          (5) 

 21
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        (6) 
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21211
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       (7) 

 

Coupling beams        Equivalent shear media 

 
Figure 3. Model proposed by Coull and Choudhury 

 

When H>8, the coupling wall system tends to behave as a single cantilever wall, whereas 

when H<4, the behavior is closer to an equivalent frame. Therefore, for a single vertical strip 

of openings, the impact of the openings in the lateral stiffness of the coupled wall system can 

be assessed by using the following stiffness parameters: 
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        (9) 

where Kw and Kwo are the lateral stiffnesses of the wall without or with openings respectively, 

E is Young´s modulus for the walls, Iw is the moment of inertia of the wall considering that 

there are no openings and: 
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    (10) 

 

The peak top lateral displacement () for a given lateral load (F) is computed as: 

 
21

4

3

3 IIE

KFH


         (11) 

 

Coull and Choudhury only proposed how to assess the peak lateral displacement at the top 

of the building. Therefore, in order to estimate how displacements vary along the height for a 
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given coordinate x along the height (0≤ x ≤H), three simple functions were evaluated, as de-

scribed lines below. 

Model CC1: 

 
 

Hx
IIE

KFx
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 0;

3
21
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3

     (12) 

Model CC2: 
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Model CC3: 
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3

2

21

4
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    (14) 

where e is the opening eccentricity parameter described in section 3.2. 

2.3 Equivalent non-prismatic wide column analogy  

Another simple method that could be used to estimate lateral displacements of wall sys-

tems with openings is to represent such system along the height as a series of equivalent solid 

segments, ending with an equivalent non-prismatic wide column (Figure 4). With such dis-

cretization it is considered that the impact of openings is to diminish the effective cross sec-

tion properties (area and inertia) of the wall in the segment that the opening is located. For 

example, the wall system depicted in Figure 4a can be substituted by the equivalent non-

prismatic column with four segments depicted in Figure 4b. Therefore, once the effective 

cross section properties are defined for each segment, the lateral stiffness for the element can 

be assessed using methods for nonprismatic elements available in the literature [6, 8]. Alterna-

tively, as equivalent prismatic cross sections are defined for the opening segments, available 

structural analysis software can be used to conduct the required analyses.  

 

1

2

3

4

a) Muros con aberturas b) Discretización
 

a) Wall with openings      b) Tapered column  

Figure 4. Discretization of a wall with openings as 

an equivalent nonprismatic wide col-

umn  

 
Figure 5. Cross section of the wall in the opening area 

 

The key assumption for this simple method is how to assess the equivalent cross section 

properties (effective areas Aeq and effective moment of inertia Ieq) for the segments with open-

ings. Three different assumptions were evaluated. 

In Model CE1, it is assumed that in the opening area, the effective section is stiff enough to 

sustain its theoretical moment of inertia along the opening height. Therefore, taking as refer-

ence the section and dimensions depicted in Figure 5, the equivalent cross section properties 

under this assumption are: 
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 33

12
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b
Ieq          (15) 

 

 aLbAeq          (16) 

 

21.

A
A

eq

ceq           (17) 

 

In Model CE2, it is assumed that in the opening area, the effective section is basically a 

solid section which length is the sum of the two solid wall sections (in this case, from Figure 

5 the total length would be: Leq = L1 + L2 = L-a). Therefore, taking as reference the section and 

dimensions depicted in Figure 5, the effective areas are those identified in Eqs. 15 and 16 and 

the equivalent moment of inertia would be assessed as: 

 3
12

aL
b

Ieq          (18) 

 

In Model CE3, it is assumed that the flexibility in opening area is very important, so each 

wall section responds separately, so the effective cross section properties at that section are 

the sum of the properties of the individual solid segments. Under this assumption, and taking 

as a reference the wall segment depicted in Figure 5, assuming that the wall is completely 

symmetric, the effective areas are also those identified in Eqs. 15 and 16, but the equivalent 

moment of inertia would be computed as: 
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3 GEOMETRIC PARAMETERS FOR OPENINGS 

3.1 Opening size parameter   

The opening size parameter  is defined, for a given story, as the ratio (in percentage) be-

tween the area (in elevation) of the opening and the gross area (in elevation) for the wall seg-

ment. Taking as reference the wall segment elevation depicted in Figure 6, this parameter is 

assessed as: 











hL

hl 00100        (20) 

 

3.2 Opening eccentricity parameter e  

The opening eccentricity parameter e is defined, for a given story, as the normalized dis-

tance (in percentage) d between the centroidal axis of the opening and the centroidal axis of 

the wall with the available distance to the edge of the wall, as depicted in Figure 7. If the total 

length of the wall in Figure 7 is also L and the length of the opening is l0 (Figure 6), then the 

opening eccentricity parameter is computed as:  
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Figure 6. Definition of the opening size parameter 

 

  
Figure 7. Definition of the opening eccentricity parameter e  

 

4 EQUIVALENT OPENING FOR MULTIPERFORATED WALLS 

For simplicity, most of the available simplified methods already proposed to assess the lat-

eral stiffness of multi-story walls with openings have considered a well-defined central strip 

of openings (Figures 1 to 3). However, it is common to have perforated walls with various 

openings. In many instances, they are not regular (Figure 8). To try to extend such simple 

methods to more complicated opening geometries, Rivera [9] proposed a simple method to 

define an equivalent opening (Figure 8).  

 
Figure 8. Simplification of multi-perforated walls into a wall with an equivalent single opening 

 

The proposed procedure can be summarized as follows: 

 

1. First, all openings are grouped together around the largest opening, to define a 

large rectangle with some rectangular appendices around (Figure 9). 

Available 

distance 
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2. The area for the equivalent rectangle, Ae, is simply the sum of all individual open-

ing areas Ai.  

3. The height to length proportion ratio for the equivalent opening is computed as a 

weighted average of the individual openings: 
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4. The dimensions of the equivalent opening are then computed as: 
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´L

´H
AH

e

e
ee         (24) 

5. The centroidal axis for the equivalent opening is located in the centroidal axis of 

the original openings. 

 

 
Figure 9. Example of the assessment of an equivalent opening 

 

5 APPROXIMATIONS FOR MULTI-STORY PERFORATED WALLS 

In order to assess the degree of approximation of the simple methods under evaluation, a 

series of multi-story walls with different opening layouts at each story were considered, as 

depicted in Figure 10. Walls with a single symmetric opening with an opening size parameter 

=18.4% were considered (Group 1, Figure 10a), as well a walls with a single asymmetric 

opening with =18.4% (Group 2, Figure 10b) and walls with multiple asymmetric openings 

with =26.5% (Group 3, Figure 10c). For the walls of Group 3, an equivalent opening as de-

scribed in section 4 was defined for all the approximate methods under study.  

 
 

 

 
a) Group 1, symmetric 

 

 

 
b) Group 2, asymmetric 

 
c) Group 3, multiple openings 

Figure 10. Typical perforated wall configurations (at each story) under study (dimensions in ft) 
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For each group type, four different elevations were considered: 3, 6, 12 and 18 stories, as 

schematically depicted in Figure 11, where the walls for Group 1 are identified as A, B, C and 

D for the 3, 6, 12 and 18 stories respectively, E, F, G and H for Group 2 and I, J, K and L for 

Group 3. All stories have a story height h=7.88 ft and a length L=16.745 ft (Figure 10). There-

fore, the global slenderness ratios for the studied walls vary from H/L=1.41 for the three-story 

models to H/L=8.47 for the eighteen-story models. 

 

 
Figure 11. Elevations for the perforated wall models under study 

 

All the described walls (Figures 10 and 11) were rigorously modeled in SAP-2000 using 

refined meshes with thick shell elements. The assumed elastic properties were E=1.728x10
8
 

lb/ft
2
, v=0.15 and a thickness t=0.7083 ft were considered for all walls. A total lateral load 

F=350,000 lb was uniformly distributed at the top of each walls. The average lateral dis-

placements at the top of the walls computed from the results of SAP-2000 are reported and 

identified as “FEM” in Table 2. From the results reported in Table 2, it is observed that aver-

age lateral displacements are amplified in walls with asymmetric openings (Group 2) with re-

spect to symmetric openings (Group 1), granted they have the same dimensions and the same 

opening areas.  

 
Wall FEM CC SM1 SM2 SM3 CE1 CE2 CE3 

A (1) 1.115 0.577 1.106 0.968 0.841 0.556 0.629 0.973 

B (2) 4.710 3.560 4.842 4.458 4.062 3.431 3.715 5.046 

C (3) 28.477 26.170 28.969 28.084 26.376 25.408 26.524 31.760 

D (4) 90.175 86.826 91.142 89.754 84.886 84.471 86.966 98.682 

E (5) 1.314 0.703 1.254 1.142 0.974 0.567 0.674 1.012 

F (6) 5.347 4.0188 5.384 5.066 4.558 3.456 3.868 5.177 

G (7) 31.178 28.573 31.584 30.842 28.805 25.464 27.088 32.232 

H (8) 97.684 94.0938 98.749 98.585 92.494 84.563 88.196 99.706 

I (9) 1.299 0.870 1.532 1.446 1.1796 0.565 0.742 1.351 

J (10) 5.916 4.519 5.966 5.730 5.0544 3.454 4.153 6.547 

K (11) 38.262 30.848 33.134 32.624 30.562 25.474 28.247 37.741 

L (12) 123.451 100.670 102.124 101.332 96.601 84.601 90.821 112.121 

Table 2. Average lateral displacements (in) at the top of the walls with openings under study 

Also, the results obtained with SAP-2000 are compared with the estimates obtained with the 

simplified methods under study: Coull and Choudhury (CC), the three described variations for 

the equivalent frame method (SM1, SM2 and SM3) and for the equivalent non-prismatic wide 

column analogy (CE1, CE2 and CE3). These approximations are also compared graphically in 

Figures 12 to 14, where numbers are used to identify the letters, equivalence that is identified 

in parenthesis in the column named “wall” in Table 2. In Figures 12 to 14, displacements are 
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normalized with respect to the solution obtained with SAP-2000, which for practical purposes 

can be considered as “exact”; therefore 100% percent should be interpreted as the exact result. 
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Figure 12. Approximations of the top lateral displacement between SAP-2000 (FEM) and the method of Coull 

and Choudhury. Displacements are normalized with respect to the FEM solution (100=exact) 
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Figure 13. Approximations of the top lateral displacement between SAP-2000 (FEM) and variations of the 

equivalent frame method (SM1, SM2 and SM3). Displacements are normalized with respect to the 

FEM solution (100=exact) 
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Figure 14. Approximations of the top lateral displacement between SAP-2000 (FEM) and variations of the 

equivalent non-prismatic wide column analogy (CE1, CE2 and CE3). Displacements are normalized 

with respect to the FEM solution (100=exact) 

 

It is observed from Figures 12 to 14 that for all simplified methods, the degree of approxi-

mation increases as the number of stories increases, that is, as the global slenderness ratio H/L 

increases. Approximation are reasonable (higher than 70%) from the six story models, that is, 

when H/L2.82. 
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It can be observed from Figure 12 that, for the method proposed by Coull and Choudhury, 

the degree of approximation for a well-defined single opening layout is very similar inde-

pendently if these openings are symmetric (Group 1, walls 1 to 4) or asymmetric (Group 2, 

walls 5 to 8). For multi-perforated walls (Group 3, walls 9 to 12), the approximation does not 

improve as much as the number of stories increases, but it is reasonable, taking into account 

the inherent simplicity in the definition of an equivalent opening. 

It can be observed from Figure 13 that, for the equivalent frame method, the approximation 

is “exact” for practical purposes for multi-story walls with a single opening layout if the orig-

inal proposal of Schwaighofer and Microys (SM1) is used, independently if the openings are 

symmetric (Group 1, walls 1 to 4) or asymmetric (Group 2, walls 5 to 8). However, for walls 

with multiple openings (Group 3, walls 9 to 12), the method losses accuracy as a consequence 

of using an equivalent opening. The degree of approximation is reduced when infinitely rigid 

end zones are considered for the beams (SM2). The worst approximations for this method are 

obtained when infinitely rigid en zones are also considered for the wall section (SM3). 

Finally, it can be observed from Figure 14 that under the equivalent non-prismatic wide 

column analogy, best approximations are obtained when it is assumed that, in the opening re-

gion, each wall section responds separately (CE3); however, under such modeling average 

displacements can be overestimated with respect to finite element solutions. Under this mod-

eling, the worst approximation was obtained when it is assumed that, in the opening area, the 

effective section is stiff enough to sustain its theoretical moment of inertia along the opening 

height (CE1), and as expected, much stiffer results were obtained. 

 

5.1 Assessment of the impact of the opening eccentricity parameter e  

From the results shown in the previous section it was observed that, for a single strip of 

openings along the height, average lateral displacements are affected by the asymmetry of the 

wall opening. Therefore, a parametric study was designed to assess the impact of the eccen-

tricity of the wall opening in terms of the opening eccentricity parameter e described in sec-

tion 3.2. For this purpose, perforated walls with typical length L=16.745 ft and story height 

h=7.88 ft with an opening size parameter =25% were considered. The considered values for 

e were e = 0% (symmetric), 20%, 40%, 60% and 80%. Perforated walls of 3, 6, 9, 12, 15 and 

18 stories were considered, so their corresponding global slenderness ratio were H/L=1.41, 

2.82, 4.24, 5.65, 7.06 and 8.74. In this study, average lateral displacements were computed for 

each story, so displacement profiles were obtained.  

The described walls were rigorously modeled in SAP-2000 using refined meshes with 

thick shell elements (40 x 40 elements per story). The assumed elastic properties were 

E=1.728x10
8
 lb/ft

2
, v=0.15 and a thickness t=0.7083 ft were considered for all walls. A total 

lateral load F=1x10
6
 lb was uniformly distributed at the top of each walls. The average lateral 

displacement profiles are depicted in Figure 15, where it can be clearly observed that average 

lateral displacements increases as the opening eccentricity parameter increases, particularly 

when e>40%. 

The average lateral displacements profiles obtained with the FEM and depicted in Figure 

15 are compared with those obtained with the different approximate methods under study in 

Figures 16 to 21. In order to ease the comparison, for each model under study (number of sto-

ries and eccentricity parameter under consideration), average lateral displacements were nor-

malized with respect to the average lateral displacement obtained at the top of each wall 

model under the finite element method (FEM). In fact, in each subplot the normalized average 

2134



Arturo Tena-Colunga and Germán Rivera-Hernández 

lateral displacement profile under the finite element modeling is presented as FEM (red con-

tinuous line with open square symbols). 

 
Figure 15. Average lateral displacement profiles for the walls with assymetric openings under study obtained 

from FEM analyses  

 

It is observed from Figures 16 to 21 that approximations under the Coull and Choudhury 

method (CC1, CC2 and CC3) depend on the wall height or the global wall slenderness ratio. 

For example, it is observed from Figure 16 that approximations for the three-story walls 

(H/L=1.41) are poor (about 50% the average lateral displacement obtained with FEM models), 

even for walls with symmetric openings (e=0%). However, approximations improve as the 

number of stories increases, being greater than: a) 70% for the 6-story walls (H/L=2.82, Fig-

ure 17), b) 80% for the 9-story walls (H/L=4.24, Figure 18), c) 90% for the 12-story walls 

(H/L=5.65, Figure 19) and, d) 95% for the 15-story walls (H/L=7.06, Figure 20) and 18-story 

walls (H/L=8.74, Figure 21). It is worth noting that it was not observed an important reduc-

tion on the degree of approximation of this method when the opening eccentricity parameter e 

increases, that is, approximation obtained for e=20%, 40%, 60% and 80% were similar to 

those obtained for e=0% for each elevation under consideration (Figures 16 to 21). Regarding 

the proposed variation of displacement profiles along the height, it is observed from Figures 

16 to 21, but particularly from Figures 19 to 21, that the assumption behind model CC2 (Eq. 

13) is reasonable. In fact, there is not a significant difference with the assumption behind 

model CC3, where a correction to account for the eccentricity is proposed (Eq. 15). Therefore, 

in sake of keeping approximate methods as simple as possible, it is recommended to use the 

Coull and Choudhury method under the CC2 proposal for walls with global wall aspect ratios 

(total height H over base dimension L) H/L  4, for any given opening eccentricity parameter 

(e), for walls with a single opening region well defined along the height of the wall, as ap-

proximations near or greater than 80% the average lateral displacements are obtained. 
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Figure 16. Comparison of normalized average lateral displacement profiles (approximate methods vs FEM) for 

the 3-story walls with assymetric openings under study 

 

It is observed from Figures 16 to 21 that the original proposal of Schwaighofer and 

Microys for the equivalent frame method (SM1) is excellent for walls with a single symmetric 

opening along the height (e=0%), as average lateral displacements are just slightly underesti-

mated or overestimated. It is observed from Figure 16 that for the 3-story models, average lat-

eral displacements are underestimated less than 5% for model SM1 when e=0%; whereas 

from Figures 17 to 21, an overestimation around 10% is observed for model SM1 for walls 

from 6 to 18 stories when e=0%. In fact, approximations are still good enough for e=20% and 

perhaps for e=40%. However, it is also observed from Figures 16 to 21 that approximations 

under SM1 modeling are notably reduced as the opening eccentricity parameter e increases. 

This occurs because as the opening eccentricity parameter e increases, the e/f relationship 

proposed by Schwaighofer and Microys (Figure 1) also increases. Therefore, the proposed 

constants K1 and particularly K2 also increases (Table 1, Eqs.3 and 4) and, as consequence, the 

equivalent moment of inertia considerably augments (Eq. 2) and the resulting system is much 

more stiffer. From the observation of Table 1 and equations 1 to 4, it is clear that an increment 

in the e/f ratio increases more rapidly the bending stiffness (Eqs. 2 and 4) than the shear stiff-

ness (Eqs. 1 and 3). 

It is worth noting from Figures 16 to 21 that the equivalent frame method version which it 

is employed in Mexican design practice (SM2) has a good approximation for all the wall 

heights and opening eccentricity parameters under study. Nevertheless, it is also observed that 

the degree of approximation diminishes as the opening eccentricity parameter e increases. 

Nevertheless, it is also worth noting that in this research we considered only walls with a ge-

ometrically well-defined, single opening line along the height of wall, which is the key as-
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sumption for the method (Figure 2). It was shown before that such degree of approximation 

cannot be obtained for more complex opening geometries, even defining an equivalent regular 

opening. 

Based upon the reported results, it can be concluded that the equivalent frame method ver-

sion which is widely used in Mexican design practice (SM2) lead to better approximation than 

the original version proposed by Schwaighofer and Microys (SM1) for walls with a geomet-

rical well-defined single line of openings along the height, particularly when the opening ec-

centricity parameter is 40% or greater (e40%). For e≤20%, both options (SM1 and SM2) 

lead to reasonable approximations. 

 

 
Figure 17. Comparison of normalized average lateral displacement profiles (approximate methods vs FEM) for 

the 6-story walls with assymetric openings under study 

 

With respect to the equivalent non-prismatic wide column analogy, it is observed from 

Figures 16 to 21 that the proposed CE3 modeling lead to similar profiles to the equivalent 

frame method version originally proposed by Schwaighofer and Microys (SM1). Therefore, 

good approximations are obtained when openings are symmetric (e=0%) or the asymmetry is 

not very large (e=20%), whereas average lateral displacements are considerably underesti-

mated as the opening eccentricity parameter e increases, as the equivalent moment of inertia 

increases cubically.  

In order to try to improve the approximations for the proposed equivalent non-prismatic 

wide column analogy, other two options were evaluated. It was observed that although the 

CE1 model might be the easiest to apply, approximations were not good enough as it leads to 

very stiff approximations (Figure 14). Then, a simple improvement for the CE1 model was 

evaluated to take into account the opening eccentricity parameter e, so basically the equiva-
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lent moment of inertia (Eq. 15) is multiplied by (1 - e
2
) and this is identified as model CE4 in 

Figures 16 to 21. Finally, another simple expression was evaluated to correct the underestima-

tion of displacements, particularly for low-rise walls, by multiplying CE4 models by 1/(1-1/N), 

where N is the number of stories. These models are identified as CE5 models in Figures 16 to 

21.  

 

 
Figure 18. Comparison of normalized average lateral displacement profiles (approximate methods vs FEM) for 

the 9-story walls with assymetric openings under study 

 

It is observed from Figures 16 to 19 that the proposed correction for eccentricity (models 

CE4) does not have an important impact on improving the obtained approximations for the 

simplified methods, independently of the number of stories and the opening eccentricity pa-

rameter e, that is, no improvement was observed in the approximations obtained when e=0% 

with respect to e=80%, except for 3-story models (Figure 16). However, when the opening 

eccentricity parameter and the proposed flexibility correction in terms of the number of stories 

are simultaneously accounted for (models CE5), the obtained approximations substantially 

improved. As expected, improvements were much more notorious for lowrise walls (Figures 

16 to 17), where imprecisions were higher when only the correction for the opening eccen-

tricity was accounted for (models CE4). 

Based upon the described results, it is concluded that under the equivalent non-prismatic 

wide column analogy, still the most promising method is the CE3 modeling. However, as un-

der such modeling, the lateral stiffness is considerably overestimated for lowrise walls 

(H/L<2), therefore, it seems reasonable to amplify the obtained results in terms of the number 

of stories and/or, more correctly, in terms of the global slenderness ratio for the wall. There-
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fore, for future studies, it is proposed to correct the approximations obtained with CE3 model-

ing using the following global slenderness correction factor Fsld: 

 

47.01
47.0

1

1

1
1

1









L

H
orNif

L

HN

F
sld

   (25) 

Also, a correction for the opening eccentricity parameter e is also important to consider, so 

the following opening eccentricity correction factor Fecc should be used: 

 
21 eF

ecc
         (26) 

 

 
Figure 19. Comparison of normalized average lateral displacement profiles (approximate methods vs FEM) for 

the 12-story walls with assymetric openings under study 

 

6 CONCLUDING REMARKS 

The approximations obtained with different simplified methods to assess the lateral stiff-

ness of walls with openings were compared to results obtained with the finite element method 

using reasonably fine meshes. Multistory walls were studied, considering symmetric and 

asymmetric distribution of openings with respect to a vertical axis. 
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Figure 20. Comparison of normalized average lateral displacement profiles (approximate methods vs FEM) for 

the 3-story walls with assymetric openings under study 

 

From the obtained results, the following observations can be done: 

1. Approximations obtained with the method proposed by Coull and Choudhury depend 

on the global wall slenderness ratio H/B (wall total height divided by its width). Ap-

proximations are poor (around 50%) for relatively stocky walls (H/L<2) when com-

pared to finite element results, even for walls with symmetric openings (e=0%). 

However, the accuracy improves as H/L increases, being higher than 80% for slender 

walls (H/L<4). 

2. It was not observed an important reduction on the degree of approximation obtained 

with the method proposed by Coull and Choudhury when the opening eccentricity pa-

rameter e increases, that is, approximation obtained for e=20%, 40%, 60% and 80% 

were similar to those obtained for e=0%, for each elevation under consideration. 

3. As expected, approximations obtained with the method proposed by Coull and 

Choudhury for multi-story, multi-perforated walls was much smaller when compared 

to those obtained for walls with a well-defined single opening distribution along the 

height, given both the original hypothesis for the method and the simple hypothesis 

explored to define an equivalent single opening. 

4. The method proposed by Coull and Choudhury could be improved using the proposed 

expression (Eq. 13) to estimate how displacements vary along the height (CC2 model-

ing).  

5. It can be recommended to use the method proposed by Coull and Choudhury when 

H/L4 and for any value of the opening eccentricity parameter e, for walls with a well-
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defined single layout of openings in elevation, as estimations of average lateral dis-

placements are near or greater 80% when compared to FEM solutions. 

 

 
Figure 21. Comparison of normalized average lateral displacement profiles (approximate methods vs FEM) for 

the 3-story walls with assymetric openings under study 

 

6. For walls with a well-defined single layout of openings in elevation, approximations 

obtained with the equivalent frame method as originally proposed by Schwaighofer 

and Microys (models SM1) can be considered exact for practical purposes. The accu-

racy increases as H/L increases when the opening is completely symmetric (e=0%), or 

the opening eccentricity parameter is not very large (e≤20%). However, the method 

notably looses accuracy when the opening eccentricity parameter is large (e>40%) or 

for complex multi-story, multi-perforated walls. 

7. For walls with a well-defined single layout of openings in elevation, approximations 

obtained with the equivalent frame method most widely used in Mexican design prac-

tice (models SM2) can be considered exact for practical purposes, for all the wall 

heights and opening eccentricity parameters under study. The accuracy increases as 

H/L increases, but the degree of approximation diminishes as the opening eccentricity 

e parameter increases. As expected, the method notably looses accuracy for complex 

multi-story, multi-perforated walls, because key assumptions for the method do not 

consider such geometries. 

8. From the results obtained in this study, it can be recommended to use the equivalent 

frame method most widely used in Mexican design practice (SM2) when H/L1.4 and 

for any value of the opening eccentricity parameter e, for walls with a well-defined 

single layout of openings in elevation. The original proposal of Schwaighofer and 

2141



Arturo Tena-Colunga and Germán Rivera-Hernández 

Microys can also be used with confidence when H/L1.4 and e≤20%, but its reliability 

diminished when e>40%. 

9. The proposed equivalent non-prismatic wide column analogy lead to reasonable ap-

proximations when it is assumed that the flexibility in the opening area is very im-

portant, so each wall section responds separately and the effective cross section 

properties at that section are the sum of the properties of the individual solid segments 

(model CE3). Similarly to what it was observed in the equivalent frame method as 

originally proposed by Schwaighofer and Microys (models SM1), for walls with a 

well-defined single layout of openings in elevation, approximations under CE3 model-

ing increases as H/L increases, when openings are completely symmetric (e=0%) or 

the opening eccentricity parameter is not very large (e≤20%). However, the method 

notably looses accuracy when the opening eccentricity parameter is large (e>40%). 

 

It can be concluded that all the evaluated approximate methods (Coull and Choudhury, 

equivalent frame method and the equivalent non-prismatic wide column analogy) lead to rea-

sonable approximations for walls with a well-defined single layout of openings in elevation 

when the perforated walls: a) are slender H/L4), b) have symmetric openings or the opening 

eccentricity parameter is not large (e≤20%) and, c) openings are reasonably large (opening 

size parameter  >18%). With the exception of the version of the equivalent frame method 

most widely used in Mexican design practice (SM2), the accuracy of these methods is reduced 

as the opening eccentricity parameter (e) increases, particularly for relatively stocky walls 

(H/L<2) when e40%. 

All evaluated approximate methods looses accuracy for multi-story, multi-perforated walls, 

particularly if opening patterns are complex along and across the wall, even with the defini-

tion of a single equivalent opening. Therefore, in order to try to expand the applicability of 

these simple methods, it seems important to keep exploring simple expressions to account for 

the following parameters: a) the impact of the opening eccentricity parameter e in the amplifi-

cation of average lateral displacements, b) explore other simple forms to obtain an equivalent 

opening for multi-perforated walls that may improve approximations and, c) the impact of the 

stiffness of different floors systems on the lateral displacement profiles of walls with open-

ings. Such parameters should be considered in future research studies, where multi-perforated 

wall opening patterns commonly used in urban buildings may also be evaluated.  
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Abstract. The wide amount of historic masonry constructions in Italy and other European 
countries makes of paramount importance the development of reliable tools for the evaluation 
of their structural safety. Masonry is a heterogeneous structural material obtained by compo-
sition of blocks connected by dry or mortar joints. The use of refined models for investigating 
the in-plane nonlinear behavior of periodic brickwork is an active field of research. The me-
chanical properties of joints are usually considerably lower than those of blocks, therefore it 
can be assumed that damages occur more frequently along joints. Thus, a key aspect is repre-
sented by the evaluation of the effective behavior of joints and its reliable description into 
numerical models. With this purpose, in this contribution, different models are defined to sim-
ulate, with an appropriate accuracy, the behavior of masonry: Discrete Element Model (DEM) 
and a combined Finite Element and Discrete Element Model (FEM/DEM). Models are based 
on rigid block hypothesis and joints modeled as Mohr-Coulomb interfaces. These assumptions 
may be suitable for historical masonry, in which block stiffness is larger than joint stiffness, 
allowing to assume blocks as rigid bodies, moreover joint thickness is negligible if compared 
with block size. Analysis is performed in the nonlinear field to investigate the behavior of ma-
sonry walls subject to lateral loads, in order to simulate their seismic response, with particu-
lar attention to the determination of limit load multipliers. 
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1 INTRODUCTION 
Masonry is an heterogeneous structural material obtained by the juxtaposition of natural or 

artificial bricks joined by mortar layers. In the last years several models have been developed 
based on the micromechanical analysis of the masonry. In the literature [1] different constitu-
tive masonry models have been proposed according to some assumptions: arrangement of the 
masonry; model of the bricks; models of the mortar; macroscopic model obtained by homog-
enization or other identification procedures. In this contribution, masonry panels subject to in 
plane actions are analyzed by means of both FEM/DEM and DEM models, taking into ac-
count their nonlinear behavior. 

The FEM/DEM i.e. the combination of discrete elements with finite elements allows study-
ing both linear and non-linear masonry behavior. The model is here based on the assumption 
of both rigid and elastic block and mortar joints modeled as zero thickness linear elastic and 
Mohr-Coulomb interfaces. Blocks are modeled by means of finite elements while interfaces 
are modeled as discrete elements. The FEM/DEM analysis is carried out by using an open 
source code, Y2D, developed by prof. A. Munjiza [2] and implemented by Toronto Group 
[3,4], who is one of the pioneers of this coupling technique. 

Instead in the DEM, a discrete model is considered: the model is based on the assumption 
of rigid block and mortar joints modeled as zero thickness elastic-plastic interfaces, adopting 
a Mohr-Coulomb yield criterion. Hence masonry is seen as a “skeleton” [5] in which the in-
teractions between the rigid blocks are represented by forces and moments depending on their 
relative displacements and rotations and that are limited by the yield criterion chosen. The 
analysis is performed in this case by extending to more general interfaces an ad-hoc code 
originally developed by the authors [6,7]. 

Both models considered fall in the field of discrete or distinct element methods, introduced 
by the research group of Lemos [8,9] and frequently adopted in the field of rock mechanics. 

Recently, a comparison between FEM/DEM and DEM has been carried out for studying 
masonry linear behavior [10]; in this contribution, such comparison is extended to the nonlin-
ear field. Masonry panels having different height-to-width ratios, subject to self-weight and 
lateral forces, are considered and incremental analyses are performed for determining the limit 
load multiplier of lateral forces with respect to self-weight and the corresponding collapse 
mechanism. 

2 GEOMETRIC MODEL 
The blocks which form the masonry wall are modeled as rigid bodies connected by inter-

faces (mortar or dry thin joints). A standard running bond periodic masonry is considered, 
with block dimensions a (height), b (width) and t (thickness); hence each block has six neigh-
boring blocks (Figure 1). 

 
Figure 1: Geometric model adopted. 
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Let yi,j denote the position of the center of the generic Bi,j block (see Fig. 1), in the Euclid-
ean space; it should be noticed that j can actually take arbitrary values while i is such that i+j 
is always an even number. Each block exhibits a rigid body motion given by: 

 , , , ,( ) ( )i j i j i j i j  u y u Ω y y  (1) 

where ui,j is the translation vector of the block characterized by two components and Ωi,j is 
its rotation skew tensor, characterized by one component ,

3
i j , representing block rotation 

with respect to its center. Due to the regularity of the structure, each block is surrounded by 
six blocks by means of six interfaces or joints 

1 2,k k , with k1, k2 = ± 1 for horizontal interfaces 
and k1 = ± 2, k2 = 0, for vertical interfaces. For example, the interfaces of the B0,0 block are: 
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3 INTERFACE CONSTITUTIVE MODEL 
Interfaces  between blocks are modeled following an elastoplastic costitutive law, based on 

a Mohr-Coulomb yield criterion. 

3.1 Elastic interface and isotropic joint 
If the mortar joint is modeled as an elastic interface [11] the deformation between two 

blocks may be written as a function of the displacement jump across the interface [[u]]. The 
constitutive prescription for the contact is a linear relation between the tractions on the block 
surfaces and the jump of the displacement field: σn = K[[u]] on 

1 2,k k , where σ is the stress 
tensor, n is the unit normal to the interface and the stiffness matrix of the interface, K, is giv-
en by: 

 1 1= ( )
2(1 ν ) (1 2ν )

M

M M

E
e
  

      
K I n n  (3) 

where EM and νM are the Young’s modulus and the Poisson’s ratio of mortar, and I is the iden-
tity tensor. Note that tensor K has, in this case, a diagonal form. 

3.2 Interface with Mohr-Coulomb response 
If the mortar joint is modeled as a Mohr-Coulomb interface, the yield criterion depends on 

cohesion 0c   and friction angle 0 / 2   . Adopting a statically admissible approach, the 
interfacial failure condition can be expressed as 

 ( , ) | | tan 0n t t nf c        , (4) 

where σn and σt denote the normal and shear component of the stress vector acting on the in-
terface Σ. Adopting a kinematically admissible approach, for any point along the interface, the 
Mohr-Coulomb yield criterion is expressed by 

 
ctg [[ ]] if [[ ]] | | sin

( ,[[ ]]) =
otherwise

c  


   
 

u n u n [[u]]
n u

  
  (5) 
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where [[ ]]u  denotes the velocity jump across the interface Σ when following the normal n to 
the Σ interface. The first case may be also expressed as tanu u    . 

 

4 DISCRETE MODEL  

Bi,j

B          i+k1,j+k2

yi,j

          k1,k2 f 2
f 1

y1

y2
c   3

 
Figure 2: Interface between adjacent blocks and interfacial actions. 

The discrete model presented here is based on the implementation of a numerical method 
already formulated in the case of regular periodic masonry [6]. The interactions between the 
blocks jiB ,  and 

1 2,i k j kB    through the interface are represented by unknown distribution of ac-

tions 1 2 1 2 1 2, , ,
1 2 3{ }k k k k k k Tf f cf  (Fig. 2), that are related to the relative displacements and ro-

tations between adjacent blocks by means of the constitutive relation is f = K[[u]], where 
1 2 1 2 1 2, , ,

1 2 3[[ ]] { }k k k k k k Td d du  collects the relative displacements or displacement jumps. The 
degrees of freedom of block Bi,j are globally denoted by , , , ,

1 2 3{ , , }i j i j i j i j Tu u q  and q collects 
the degrees of freedom of the entire masonry panel. 

The equation of motion of the discrete system is: 

 2 2( / ) int extt   M q F F . (6) 

Where extF  is the vector of the applied in plane actions, M is the (diagonal) mass matrix of 
the panel collecting block mass and polar inertia and Fint is the vector of internal forces. Such 
vector is equal to ( / )panel dt K q q  if the masonry assemblage lies in the elastic field, 
where Kpanel is the in plane stiffness matrix and μ is the damping coefficient (neglected for 
simplicity). The equilibrium equation above may be solved adopting a molecular dynamics 
solution method [14,15]. Starting from an external load Fext characterized by forces and/or 
couples applied to block centers, the equation of motion may be solved adopting a the predic-
tor-corrector algorithm GEAR of order 2 [6] without determining explicitly panel matrices. At 
time t, for a given increment 3{ }T

n td d d    in the time increment δt, with n = 1, t = 2 
for a vertical interface or n = 2, t = 1 for a horizontal one, the new interfacial actions are com-
puted by evaluating for first the elastic contribution: 
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Where { }n t mK K K  are normal, tangential and rotational stiffness of the interface. The 
elastic guess is correct and 3 3{ ( ) ( ) ( )} { }T el el el T

n t n tf t t f t t c t t f f c       if interfa-
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cial forces 3{ }el el el T
n tf f c  satisfy the following Mohr-Coulomb conditions, that represent, 

respectively, the detachment, sliding and rotational failure modes: 

 

3

,
| | | | ( ) tan ,

| | ( ) .

n c
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f f
f f f

c f f l


  
   

 

f e
f e  (8) 

where fc = c S/tan  is the tensile strength of the interface, with S = Sv = at or Sh = bt/2 and lc 
is the characteristic length of the interface, represented by the distance of the interfacial nor-
mal force with respect to block center. 

If el
n cf f , then 3{ ( ) ( ) ( )} { 0 0}T T

n t cf t t f t t c t t f      , otherwise the normal 
projection according to the tangential force criterion is done: 
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Then { ' ( ) }el T
n tf f t t m  is projected according to the moment criterion obtaining: 
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Eq. 6 may be also solved by determining explicitly the stiffness matrix of the entire panel 
and solving as usual the system of equations: 1= ( )panel ext

q K F , moreover panel stiffness 
matrix may be updated taking into account Mohr-Coulomb yield criterion. Panel stiffness ma-
trix was determined in [16] for performing modal analysis of masonry structures and further 
details may be found in [17]. 
 

5 FEM/DEM MODEL 
In the early 1990s FEM and DEM have been combined and the resulting method was 

termed the combined FEM/DEM [2]. It is in essence a discrete element method with individ-
ual elements meshed into finite elements. Finite elements allow to model elastic deformation 
(if any), while discrete element algorithms allow to model interaction, fracture and fragmenta-
tion processes. The FEM/DEM method provides a consistent procedure to study masonry 
structures [10,18] thanks to the possibility of creating models made of separated blocks. In 
particular, these models can properly represent the behavior of historical masonry construc-
tions, which could be considered as made of dry stone blocks exhibiting a periodic pattern. 
The combination of DEM and FEM provided by the open source code Y2D, developed by 
prof. A. Munjiza [2] and implemented by Geo Group of Toronto University [3,4] allows to 
further extend the study to both linear and nonlinear masonry behavior. In particular blocks 
can be assumed to behave (differently from DEM described above) as elastic bodies while 
mortar joints might be idealized as elastic or elastic-plastic zero-thickness Mohr-Coulomb in-
terfaces. In the present case blocks have been modeled by means of finite elements while in-
terfaces are modeled as discrete elements. 
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6 FEM/DEM AND DEM MODEL PROCEDURES 
DEM and FEM/DEM models are different for several aspects.  
The structural model of DEM consists of rigid blocks, with loads and restraints applied at 

block centers and joint between blocks are modeled as interfaces having translational and ro-
tational stiffness. The parameters involved in the DEM are block geometry, joint stiffness 
(translational and rotational) values, that depend on mortar elastic modulus EM, Poisson ratio 
and joint dimensions (thickness, area and inertia). As described in the 4th paragraph, joints are 
modelled as Mohr-Coulomb cohesive interfaces. If dry joints are considered, fictitious mortar 
stiffness values may be adopted with very low value of cohesion. DEM is characterized by a 
small number of degrees of freedom involved in numerical analysis, hence it requires a rela-
tively small computational effort with respect to models based on finite elements. 

The structural model of the FEM/DEM consists of a mesh of Finite Elements, made with 
triangular elements, hence loads and restraints are applied at nodes. The height of each ele-
ment is h = a/2, thus each block has been meshed with 16 elements. In FEM/DEM, the inter-
faces are made by specific “crack elements”, dedicated four nodes cohesive elements which 
are embedded between the hedges of all adjacent triangular elements pairs since the beginning 
of simulation [19]. The potential crack path can open everywhere in the mesh, here in order to 
simulate the behavior of historic masonry panels, in which cracks usually occur mainly in the 
mortar joints [20,21], two different joints have been used: one inside the blocks and the other 
between adjacent blocks. The former has a very high cohesion value in order to avoid the 
breaking of blocks, while the latter has a very low cohesion value, in order to model dry joints. 
The parameters involved in the FEM/DEM are block mechanical properties and joint proper-
ties: cohesion, tensile strength, friction ratio and fracture energy. In order to emulate the be-
havior of rigid blocks, the adopted Young modulus is EB = 1000 EM, while the Poisson ratio 
has been set νB = 0. 

In order to calibrate the two models, cohesion and friction adopted for joints are the same, 
whereas the fracture energy in FEM/DEM [19] joints has been evaluated on the base of mor-
tar elastic modulus adopted in DEM. As previously stated, in the DEM, due to rigid block hy-
pothesis, forces are applied at block centers, whereas in the FEM/DEM, forces are lumped at 
the inner nodes of each block subdivision (Fig. 3). 

L

H

y
1

y
2

joint between blocks
internal joint

 
Figure 3: Generic masonry panel modelled with DEM and FEM/DEM. 
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7 STRUCTURAL ANALYSIS 
The stability problem of a masonry panel subject to its own weight and horizontal body 

forces may be solved analytically by adopting a homogenization procedure based on the defi-
nition of a homogeneous material, equivalent to the heterogeneous one in its geometry and in 
the properties of its constituent materials [22]. The representative elementary volume (REV) 
adopted for the homogenization is one half of the assemblage in Fig. 1. 

F

F

H

L
y 1

y 2


b

a

 
Figure 4: Homogenized masonry panel with rigid block failure and detail of the REV considered. 

Considering the hypotheses of rigid blocks and Mohr-Coulomb interfaces, following De 
Buhan and De Felice [12], the support function π(ε) and the yield criterion G(y) on the REV 
are defined as: 

 ( ) = { , ( )} ( ) = { | ( ), }sup G G         σ ε σ y y σ σ ε  . (11) 

Where ε denotes a second-order strain rate tensor. The Mohr-Coulomb failure condi-
tion at the interfaces provides: 

 
1 [[ ]] if [[ ]] | | sin

(grad ( ) =
otherwise

s
c

ab tan


 
  

        
 

 u n u n [[u]]
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Details of the macroscopic yield criterion may be found in the works of De Buhan and De 
Felice, Cecchi and Vanin [12,13]. 

Then, a homogeneous rectangular panel width L, height H and thickness t is considered 
(Fig. 4). Vertical forces depend on the specific weight of the panel and horizontal forces are 
denoted by the multiplier λ that is gradually increased. An upper-bound estimate of the ulti-
mate value of λ, corresponding to the collapse of the panel, is obtained by applying a yield 
design kinematic approach to the homogenized structure [12]. Following the procedure adopt-
ed by Cecchi and Vanin [13], at the collapse, when joints exhibit only frictional strength 
properties, the free mechanism condition is estimated through the collapse multiplier λ, that is 
a function of m = 2a/b,   and r = H/b. In case of shear failure the collapse multiplier is: 

 λ = tan  (13) 

In the case of flexural failure, a rigid block mechanism is considered in which the part of 
the panel above the line having inclination ψ is given a virtual rigid body motion. Then, a re-
lation between the rotation angle ψ in the homogenized panel, representing the highest slope 
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of the fracture line, and   in the elementary cell is established by equating the power spent in 
the macroscopic homogenized panel and in microscopic structure: 

 
1/2

tan
tan














 m  (14) 

Therefore the flexural failure depends both on the mechanical properties and the geometry 
of the micro-structure and on the geometry of panel and collapse multiplier is given by: 
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In particular the first expression of Eq. 15 represents the load multiplier for a local crisis 
characterized by a flexural failure depending only on m and   parameters, while the second 
expression of Eq. 15 represents the load multiplier for a global crisis of the panel (flexural 
failure depends not only on the m and   parameters, but also on the r = H/b ratio). 

The values of λ provided by the equations 13 and 15 are adopted as reference solutions for 
the analyses performed with DEM and FEM/DEM. 

 

8 NUMERICAL TESTS 
A set of base supported panels having height H, base L and thickness t is considered. Block 

dimensions are: b = 240 mm, a = 60 mm, t = 120 mm, 6 blocks along panel width are consid-
ered and three different panel height-to-width ratios are taken into account (H/L equal to 0.5, 
1.0 and 2.0, Fig. 5). As stated in the 6th paragraph, negligible cohesion c is considered, where-
as a friction ratio tan  = 0.6 is assumed, corresponding to a friction angle of about 30°. 

 
Figure 5: Case studies considered. 

Each panel is subject to a uniform vertical load representing its self-weight and to a hori-
zontal increasing force representing a lateral acceleration statically applied. For representing 
this loading condition in the DEM, due to rigid block hypothesis, each block is subject to a 
vertical force F2,i and a horizontal one F1,i = λF2,i, whereas in the FEM/DEM, horizontal and 
vertical forces are lumped at the inner nodes of each block subdivision (Fig. 6). 
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Figure 6: Generic masonry panel subject to self-weight and proportional lateral loads modelled with DEM and 

FEM/DEM. 

Nonlinear incremental analyses of the panels considered are performed in order to deter-
mine their ultimate load multiplier (λDEM and λFEM/DEM) and the corresponding collapse mech-
anisms. Dry joints are taken into account, hence analytic solutions determined in the 7th 
paragraph are taken as reference (λREF) and evaluated for increasing H/L ratio and constant 
2a/b ratio based on block dimensions (Fig. 7). 
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Figure 7: Ultimate load multipliers for masonry panels and increasing H/L ratio. 

Fig. 8 shows load multiplier values versus displacement values for the three panels consid-
ered and obtained with DEM and FEM/DEM, together with the ultimate load multiplier ob-
tained analytically. Displacements are evaluated at the upper-right corner of the panel. 
Moreover, limit load multipliers are collected in Tab. 1.  

Results are in good agreement between the reference values of multipliers obtained ana-
lytically and the ones obtained by DEM and FEM/DEM. Instead some differences may be 
found in the values of displacements obtained by the two models, due to the different aspects 
of the two methods previously highlighted in the 6th paragraph. In particular, displacements in 
DEM are influenced by the Young modulus of joints EM which is not taken into account in 
FEM/DEM. The two models have been calibrated calculating the fracture energy adopted in 
joints in FEM/DEM on the base of mechanical parameters adopted in DEM: Young modulus 
and cohesion. But, being the joints assumed as dry, so without cohesion, the behavior of joints 
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is mainly related to friction ratio tan , thus the differences in the displacements obtained by 
the two models are sensible. In the next step of this research it will be taken into account co-
hesion and the differences in the displacements should decrease. 

Fig. 9 shows collapse mechanisms for the three panels considered obtained with DEM and 
FEM/DEM.  

Results show that both models are suitable to describe the global behavior of masonry 
walls, and in particular they are able catch the non-linear behavior of masonry panels sub-
jected to lateral loads. Panels with a ratio H/L<1 collapse with a sliding mechanism, while 
panels with a ratio H/L>1 collapse with a overturning mechanism, as shown by the mecha-
nisms obtained by the two models, which are in a good agreement. Small differences may be 
found in panels with a ratio H/L=1, for which the mechanism can be either sliding that over-
turning. Crack patterns obtained by the two models are very close, but DEM provides a 
mechanism in which the upper part of the panel exhibits a small rotation, while the mecha-
nism obtained by FEM/DEM shows sliding in the upper part of the panel. 

 

H/L  λFEM/DEM λDEM λREF 

0.5 0.550 0.550 0.548 
1.0 0.450 0.510 0.542 
2.0 0.350 0.360 0.374 

 
Table 1: Comparison between ultimate load multipliers. 

 

9 CONCLUSIONS  

 The DEM and FEM/DEM models represent a simple and effective tool for the study of 
non-linear behavior of masonry structures, in particular with reference to masonry panels 
subjected to lateral loads. 

 The DEM and FEM/DEM models are able to take into account the real texture of ma-
sonry walls, thus they are able to describe with accuracy the real cracks pattern that may 
develop in masonry walls and to catch the potential mechanisms of collapse.  

 The next step of the research will involve the adoption of real mechanical parameters of 
mortar joints, in particular with reference to cohesion, and will consider different texture 
and geometry of panels. 

 The behavior of masonry panels will be compared with experimental results, with the 
purpose of the evaluation of in-plane and out-of-plane behavior of masonry walls. 
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Figure 8: Incremental analyses, load multiplier vs. displacement at the upper-right corner of the panel. (a) H/L = 
0.5, (b) H/L = 1, (c) H/L = 2.
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Figure 9: Collapse mechanisms of masonry panels. 
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Abstract. A masonry chimney 50 meters high, severely damaged by the May 2012 Emilia-Romagna 
(Italy) seismic sequence is numerically analyzed by means of non linear static and dynamic FE tech-
niques. The state of damage on the upper part of the structure led to take the decision to shorten the 
chimney for security reasons, with a reduction of the height up to 37 meters. A modal pushover analy-
sis (MPA) where force distributions based on the principal vibration modes is used to analyze the 
structure, finding for the 50 meters case crack patterns consistent with the observed ones. In addition, 
it is shown how, before and after shortening, the behavior factor to be used in modal response spec-
trum analyses, estimated directly from the MPA results, is slightly higher than unity, indicating a very 
low dissipative capacity. To validate static approach results, non-linear dynamic analyses are carried 
out using natural accelerograms and for the masonry material a damage-plasticity model. The residu-
al deformations obtained and the crack patterns found exhibit convincing similarities with the real 
behaviour and address how the shortening may be beneficial to improve stability. 
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1 INTRODUCTION 
In recent years, mainly with the aim of improving the dynamic behavior of the heritage build-
ings, the seismic analyses of masonry structures have become an important issue in civil en-
gineering. Among the others, slender structures such as chimneys or towers require particular 
attention in the evaluation of the seismic behavior. Nowadays, the difficulties concerning such 
structures are mainly related to the complexity, from a computational point of view, in repro-
ducing the nonlinear masonry response in the dynamic field. The strong influence of the high-
er modes of vibration often increases the problem. One of the first studies on the possible 
failure mechanisms of masonry chimneys under earthquake excitation is reported in [1], 
whereas in [2] Riva and co-workers used a simplified model composed by elastic beam ele-
ments connected through nonlinear joints, to study the seismic vulnerability of a 97.2 m high 
masonry tower in the historical centre of Bologna, Italy. More recently, the increased compu-
ting power allowed for more advanced analyses using two- or three-dimensional finite ele-
ments, some studies dealing with this topic are [3]-[4]. An interesting state-of-the-art review 
of seismic assessment and strengthening techniques of masonry chimneys is reported in [5]. 
The present paper deals with the seismic damage assessment of an unreinforced masonry 
chimney built at the beginning of the 20th century in the service of a sugar factory in Ferrara, 
Italy. A survey campaign performed after the 2012 earthquake sequence in Northern Italy 
(Emilia earthquake), evidenced diagonal cracks in the outer surface of the stack at an altitude 
of approximately 45 m. The damages mainly were composed of large open cracks, grossly 
inclined at 45°, but also a deterioration of the mortar along the cross section circumference or 
even partially missing was detected. Due to the position of the masonry chimney, close to the 
university buildings, the structure has required a subsequent shortening of the upper part. In 
the current form the chimney is 37.6 m high. The structures after and pre shortening are de-
picted in Figure 1. In order to explain the causes of the widespread damages and to analyze 
the different seismic behaviors pre and after the shortening activities, a series of numerical 
analyses of the chimney previous and in the current form are presented in the paper. In partic-
ular, both Modal Pushover Analyses (MPA) and nonlinear Response History Analyses (RHA) 
using three-dimensional nonlinear finite elements are utilized.  

a b 
Figure 1. The chimney (a) after and (b) before shortening. 
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2 NUMERICAL MODELS 

The FE analyses presented in the paper are performed using a tridimensional model composed 
by 8-node solid (brick) elements. The mesh was generated assuming 75 subdivisions along 
vertical axis while 16 subdivisions were adopted in in the planes of the cross sections. The 
resultant model is composed by 1200 finite elements and 2432 nodes.  
The original 50m-high chimney was discretized using 100 and 16 equal subdivisions along 
the vertical axis and in the planes of the cross sections, respectively, resulting in 1600 solid 
elements and 3232 nodes (for a detailed description the reader is referred to [6]-[7]). All the 
simulations previously presented are performed by means of two different software packages. 
In particular, pushover analyses are developed using DIANA [9][8], while response history 
analyses are performed with ABAQUS [10]. The nonlinear behavior of masonry is involved 
into both simulations. Concerning the DIANA software, the material nonlinearities are repro-
duced by means of a traditional total strain crack model, belonging to the family of the 
smeared crack constitutive laws. In particular, the effects due to cracking are taken into ac-
count by using a linear softening for the stress-strain relationship in tension and a shear reten-
tion factor β = 0.05. The model parameters are summarized in Table 1.  

Young’s 
modulus 

Poisson’s ratio Strengths 
Compressive Tensile 

Ultimate tensile 
strain 

Shear reten-
tion factor 

E ν fc ft εt β 
MPa MPa MPa ‰ 
1500 0.15 3.5 0.1 0.5 0.05 

Table 1. Material properties used in the pushover analyses. 

The material properties, such as the compressive strength, are estimated from laboratory test 
results [6]-[7], whereas, in the absence of a specific experimental characterization, the value 
of Young’s modulus was chosen in agreement with the indications reported by the Italian 
Building Code [8], for existing masonry structures. The constitutive model used for the nu-
merical simulations in ABAQUS, the so called Concrete Damage Plasticity (CDP) model, is 
based on the assumption of a scalar isotropic damage with distinct damage parameters in ten-
sion and compression and is particularly suitable for applications in which the material is sub-
jected to loading-unloading conditions such as dynamic analyses. Masonry is assumed to 
obey a Drucker-Prager strength criterion with non-associated flow rule. A value equal to 10° 
is adopted for the dilatation angle. Software ABAQUS allows for smoothing the strength do-
main by means of an eccentricity parameter, which in the q-p plane represents the distance 
between the points of intersection with the p-axis of the cone and the hyperbola. A value of 
0.1 is adopted in the simulations. 
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Figure 2. Representation of the masonry constitutive behavior in (a) tension and (b) compression. 
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During the analyses performed the ratio between the ultimate compressive strength in a biaxi-
al stress state and that in uniaxial conditions must be also considered. Such ratio is reasonably 
set equal to 1.16. The final stress-strain relationships in tension and in compression adopted 
for the dynamic analyses are depicted in Figure 2. The damage variables in tension (index “t”) 
and compression (index “c”) are defined by means of the following standard relations: 

ft = E0(1 − dt)(εt − εt
pl) (1) 

fc = E0(1 − dc)(εc − εc
pl) (2) 

where ft, fc = uniaxial stresses; E0 = initial elastic modulus; εt, εc = uniaxial total strains; εt
pl, 

εc
pl = equivalent plastic strains; and, finally, dt, dc = damage parameters. Geometric nonlinear-

ities is accounted for in all analyses. The masonry mass density assumed in the simulations is 
w = 1800 kg/m3 ([6]-[7]). 
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placements obtained assuming a ground motion multiplier equal to 1 and 3, respectively. 
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3 MODAL PUSHOVER ANALYSIS (MPA) 

The Modal Pushover Analysis (MPA) was introduced in [11] for multi-storey framed struc-
tures to improve the pushover methods based on force distributions proportional to one single 
mode of vibration. The basic idea of MPA is to combine the results of N pushover analyses, 
the n-th of which is based on the invariant force distribution proportional to s*

n = Mφφφφn, with 
M and φφφφn being the global mass matrix and n-th elastic mode shape, respectively. 
In this section a series of analyses using the MPA procedure are discussed. All modes with 
effective mass larger than 5.5% of the total mass are used for the MPA of the shortened chim-
ney. The amount of activated mass for the modes considered is approximately 71%. The lat-
eral loads are reproduced by body forces applied to the FE mesh. The corresponding plots of 
the total base shear versus the horizontal displacement of one of the nodes located at z = 
37.6m are reported in Figure 3a. 
In order to estimate the possible damage evolution of the chimney undergoing seismic excita-
tions of increasing intensity, two different ground motion multipliers (GMER) were used in 
evaluating the inelastic response spectrum, i.e., GMER = 1 (open circle data points of Figure 
3), and GMER = 3 (solid circle data points). It can be noted by inspection that, for GMER = 1, 
only the target point for mode m1 turns out to be located on the “plastic” branch of the corre-
sponding pushover curve, whereas no damage is to be expected for the other modes. In the 
present paper also the results obtained by the original 50m high chimney ([6]-[7]) are reported 
in order to compare its seismic response to that of the shortened chimney. For these simula-
tions, all modes with effective mass larger than 4.5% of the total mass were used for the MPA. 
In analogy to the case of the shortened chimney, the amount of activated mass for the selected 
modes is approximately 71%. The corresponding pushover curves referred to the horizontal 
displacement of one of the nodes located at z = 50m are reported in Figure 3b. The target 
points for modes M1, M2 and M3 and ground motion multiplier GMER = 1 are located beyond 
the elastic branch of the corresponding pushover curves, indicating that these modes may con-
tribute to the damage pattern of the chimney. The lateral displacement profiles obtained for 
the chimneys, 37.6 m and 50 m tall structures, from the MPA for GMER = 1 are reported in 
Figure 3c. These displacements were computed by combining the four target displacements 
using the Square-Root-of-Sum-of-Squares (SRSS) rule. The maximum lateral displacement 
attained at the top resulted to be approximately 0.13m for the shortened structure, while for 
the 50 m tall chimney was reached the value of 0.28 m. It can be remarked that, for the 50 m 
tall chimney, the total base shear obtained from the combination of the five modal contribu-
tions is 554 kN, approximately corresponding to 9.5% of the self weight, while for the short-
ened structure the total base shear estimated (combining the four modal contributions with the 
SRSS rule) is 754 kN, approximately corresponding to 14% of the self weight. The damage 
patterns corresponding to GMER = 1 are reported in Figure 4a and Figure 4b for the shortened 
and the original chimney, respectively. Because of the high masonry thickness, the base of the 
chimneys turns out to be never affected by damages. In the shortened chimney the cracks are 
triggered only by the fundamental mode (m1) at elevations lying in the range 8−21 m. Con-
versely, the higher-mode effects play a crucial role for the original chimney. This feature re-
flects on the final damage map obtained from the combination of the “modal” maps (comb. in 
Figure 4b). The combination of the modal damage maps for GMER = 3 are reported in Figure 
4c and Figure 4d for the shortened and the original chimney, respectively. In this case, with 
the exception of the top 5 meters, the stack of the 37.6m-high chimney turns out to be dam-
aged, because of the contributions of modes m2, m3 and m5. More and more evident are the 
higher-mode effects for the original chimney, where cracks form up to z = 46 m. 
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m1 comb comb. comb. 
GMER = 1 GMER = 3 
a b c d 

Figure 4. MPA damage patterns for the shortened chimney, with target displacements corresponding to ER 
ground motion multiplier equal to (a-b) 1, and (c-d) 3. 

4 NONLINEAR RESPONSE HISTORY ANALYSIS (RHA) 

In this section, a series of nonlinear dynamic analyses (RHA) are compared in order to have 
an insight into the behavior of the structures under different input accelerograms. To perform 
the numerical analyses, real registrations available in internet databases, are used. Four 
ground motions are considered, namely Christchurch (CH), Irpinia (IR), Niigata (NI), and 
Emilia Romagna (ER). It is worth mentioning that ER is the accelerogram registered in Mi-
randola –i.e. very near the epicenter- during the first shock (20th May 2012). Both horizontal 
and vertical components of acceleration are considered in the simulations, after proper scal-
ing, to obtain compatibility with horizontal and vertical elastic response spectra. The horizon-
tal component of the ground motion used during the analyses is the east-west one. The 
horizontal displacements obtained by the dynamic analyses of one node located at the top of 
the chimney are depicted in Figure 5, both for the 37.6 m and 50 m tall chimney. 
As expected, the residual displacement found for the 50 m tall chimney is generally higher. 
To evaluate the diffusion of damages over the chimney and to compare the seismic behavior 
of the structures in the previous and in the current form, a series of damage patches depicted 
at different time steps are shown in Figure 6 for the 50 m (NI ground motion) and in Figure 7 
for the 37.6 m tall structure (ER ground motion), respectively. 
The damage patches at the end of simulations confirm that damages over the 50 m tall struc-
ture is much more concentrated on the upper part, where diagonal cracks were in-situ ob-
served. 
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Figure 5.  Top displacement time histories for (a) the shortened and (b) the original chimney (CA indicates a further 

accelerogram registered during the 2012 seismic sequence in Casaglia, a town not far from the cimney). 
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Figure 6.Damage map in tension at different time steps - NI ground motion. 
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Figure 7.Damage map in tension at different time steps - ER ground motion. 

In all the other simulations, depending on the type of accelerogram used, the damage tends to 
widespread along the entire height of the structure, but mostly affecting the last 10 meters. In 
the case of the 37.6 m tall chimney, the results seem to suggest again that the more susceptible 
part to seismic damage coincides with the medium/upper zone of the structure, but a clear 
trend is visible, with damage in tension spreading over a larger zone from the top to the bot-
tom. The comparison between the horizontal top displacement of the original and of the short-
ened chimney, confirmed also by the two series of damage patches, suggested that the general 
seismic behavior of the chimney seems to slightly improve after shortening, even if the con-
clusion on this issue is contrasted. 

5 CONCLUSIONS 
In the present paper, the results obtained by a series of nonlinear analyses on a masonry chim-
ney before and after shortening are discussed. The masonry chimney, object of the present 
study, evidenced severe damages after the Emilia’s earthquake occurred on May 29, 2012. At 
the end of the survey campaign, conducted with the aim of detecting possible damages oc-
curred after the main shock such as cracks or mortar deterioration, it was decided to shorten 
the structure at the height of 37.6 m, to permit a rapid re-opening of the area. The simulations 
performed concerned two geometric models, the original 50 m tall chimney and the 37.6 m 
one. Modal Pushover Analyses (MPA) and Response History Analyses (RHA) were per-
formed using the same tridimensional finite element model, involving both the geometries. 
The results obtained by the 50 m tall structure shown that the chimney was particularly prone 
to higher mode effects, as expected by authors and confirmed by the damage maps obtained 
with the MPA and RHA analyses. In general a good agreement was found between MPA and 
RHA results. Comparing the results obtained by the MPA and RHA analyses, it was found 
that the new shortened structure, whose seismic behavior is the objective of the analyses pre-
sented, exhibits a slightly different seismic behavior. In general, it can be underlined that the 
shortening of the original structure produces a global small improvement of the seismic be-
havior of the chimney. This is proved by the results obtained with the MPA analyses, which 

2165



E. Bertolesi, A. Del Grosso, G. Milani, F. Minghini and A. Tralli 

showed a lateral displacement equal to 0.13 m, instead of 0.28 m reached with the previous 
geometry. Damage maps obtained by means of the RHA analyses indicate that also the upper 
part of structure suffered of severe damages while MPA results suggested that damages most-
ly affect the lower part of the stack. The differences detected in the two type of simulations 
performed are probably connected to the vertical component of the ground motion that was 
not possible to consider into the MPA analyses. 
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Abstract. Bidirectional shaking table tests are performed on standard hollow brick partitions, 
subjecting the partitions simultaneously to interstory relative displacements in their own 
plane and accelerations in the out of plane direction. Five couples of accelerograms are se-
lected matching the target response spectrum provided by the U.S. code for nonstructural 
components, i.e. AC156, in order to investigate a wide range of seismic demand. Three dam-
age states are considered and correlated to an engineering demand parameter, i.e. the inter-
story drift ratio. The tested specimen exhibits significant damage for 0.3% interstory drift and 
extensive damage for displacement close to 1.0%. The tested partition exhibits a very large 
frequency, i.e. about 30 Hz, which is larger than the fundamental frequencies of typical struc-
tures. A 1.93% damping ratio is assessed for the tested brick partition. It is also concluded 
that very simple models can adequately approximate the dynamic behavior of the tested non-
structural components. 
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1 INTRODUCTION 
Nonstructural components (NSCs) are those systems and components attached to the floors, 

roof and walls of a building or industrial facility that are not part of the main load-bearing 
structural system, but may also be subjected to large seismic actions. Taghavi and Miranda [1] 
pointed out that NSCs give represent a large portion of the total cost of a building; for this 
reason the NSCs contribution should not be neglected in the evaluation of the economic loss 
due to an earthquake. Their economic impact is much more severe if losses of inventory and 
downtime cost are considered: the cost related to nonstructural components failure may ex-
ceed the replacement cost of the building [2].  

Very limited studies were conducted in the past on the seismic behavior of hollow brick in-
ternal partitions, even though they are very common in the European area. Furthermore, re-
cent earthquakes, such as L’Aquila earthquake in 2009, evidenced that brick partitions usually 
exhibit extensive damage jeopardizing the practicability of the whole building, in which they 
are installed. 

Full-scale experimental tests on standard hollow brick partitions are described in the paper. 
In particular, bidirectional shaking table tests are performed in order to investigate the seismic 
performance of hollow brick partitions, subjecting the partition simultaneously to interstorey 
relative displacements in their own plane and accelerations in the out-of-plane direction. A 
steel test frame is properly defined in order to simulate the seismic effects at a generic build-
ing storey. A set of five couples of accelerograms are selected matching the target response 
spectrum provided by the U.S. code for nonstructural components, i.e. AC156, in order to in-
vestigate a wide range of seismic input. Three damage states are considered in this study and 
correlated to an engineering demand parameter, i.e. the interstorey drift ratio, through the use 
of a damage scheme. 

The nonstructural components, as well as the structural elements, should be subjected to a 
careful and rational seismic design, in order to reduce the economic loss and to avoid threats 
to the life safety. They are subjected to severe seismic actions due to the dynamic interaction 
with the primary system. The design of acceleration-sensitive nonstructural components is 
based on the evaluation of the maximum inertia force, which is related to the floor spectral 
accelerations. The floor spectral accelerations are, in turn, influenced by the dynamic proper-
ties, i.e. the natural frequency and the damping ratio, of the nonstructural components. At this 
purpose, low-intensity random excitations are selected as input motions for the bare and in-
filled test frame in order to evaluate the influence of the internal partitions on the natural fre-
quency of the undamaged test setup in both the horizontal directions. Moreover, the natural 
frequency of the component in the out-of-plane direction is evaluated.  

2 EXPERIMENTAL TESTS 
The shake table tests are performed in the laboratory of the Department of Structures for 

Engineering and Architecture of the University of Naples Federico II, Italy. As shown in Fig-
ure 1, the test setup consists of: (a) a shake table simulator; (b) an existing 3D steel test frame, 
used in a test campaign on plasterboard partitions [3], able to transfer the seismic input to the 
partitions; (c) the specimen, i.e. hollow brick partitions. 
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Figure 1: Global view of the test setup. 

The function of the existing test frame is to dynamically excite the specimen, subjecting 
the partitions to a wide range of interstory drifts and accelerations. Indeed, internal partitions 
are architectural nonstructural components that are displacement-sensitive in their own plane 
and acceleration-sensitive in their out of plane direction. A steel test frame is therefore de-
signed in order to simulate the seismic behavior of a generic story of a structure located in a 
high seismicity area [3]. In particular, it is characterized by: (a) a realistic value of mass, i.e. 
specific mass ratio equal to 1.0 t/m2; (b) a realistic stiffness: the interstory displacement dr is 
assumed to be equal to 0.005 times the interstory height, for a “frequent” (i.e. 50 years return 
period) earthquake typical of high seismicity areas. 

The columns of the test frame are 150x150x15 mm box sections; each column is 2.9 m 
high. Steel horizontal beams, consisting of 120x120x15 mm cross section profiles, are con-
nected to the columns through pin connections. At the top of the structure a reinforced con-
crete slab is placed; its plan dimensions are 2,15 m x 2,65 m and its thickness is equal to 250 
mm. The total mass of the test frame is 5.215 t. 

The specimen consists of three partitions and steel frames surrounding them placed on an 
“I” shape RC slab (Figure 2): the steel frames and the slab connect the specimen with the ex-
isting test frame and the shake table. The partitions are constituted by hollow bricks jointed 
and plastered with mortar; the vertical joints among the bricks are staggered. The design and 
the geometry of the setup are defined to simulate the realistic conditions to which a standard 
hollow brick partition is typically subjected. The specimen is doubly symmetric and presents 
a 150 cm wide partition and two smaller 80 cm wide partitions in the orthogonal direction. 

A steel frame is defined around the partition (Figure 2b) in order to connect the specimen 
to the existing test frame and to reproduce the partition typical conditions, in which it is dis-
posed between two restraining orthogonal panels. The total mass of the specimen, i.e. RC slab, 
partitions and surrounding steel frame, is 2.24 t. The plan layout of the panels ensures the 
global system to have a comparable stiffness in both orthogonal directions; indeed, two 80 cm 
wide walls are arranged orthogonally with respect to the larger, 150 cm wide, partition 
(Figure 2a). 
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Figure 2: Specimen: (a) plan view; (b) general view. 

The width of the larger partition is determined by making a compromise between two dif-
ferent requirements. In particular, the width should be: 

• sufficiently large, i.e. a width larger than 1.00 m, in order to test a realistic par-
tition; 

• sufficiently narrow to allow the investigation of the whole damage states range 
of the nonstructural component up to the failure of the component. 

The partition width should be less than one meter according to the typical amount of parti-
tions contained in the floor area of the test setup. However, a 1.50m wide partition is chosen 
in order to test a more realistic specimen. 

Preliminary analyses are conducted to evaluate the capacity of the chosen partition, in or-
der to define the partition as large as possible and, simultaneously, bring the partition to col-
lapse at least at the highest intensity level. Preliminary nonlinear dynamic analyses (omitted 
for the sake of brevity) show the collapse of the partition in Y-direction at the test no. 5. 

Accelerometers, strain gauges and displacement laser sensors are used to monitor the re-
sponse of both the test frame and the specimen. One accelerometer, placed inside the shake 
table, measures the input accelerations in both the directions. Seven accelerometers are also 
arranged in order to monitor different points of the setup. Six laser-optical sensors are used to 
monitor the displacements in specific points of the test setup. Three lasers are placed at steel 
base plate mid-height (base plate that connects column to shaking table); the other three ones 
are placed halfway on the concrete slab. 

The input to the table is obtained from time histories representative of a target ground mo-
tion and acting simultaneously along the two horizontal directions; the time histories are arti-
ficially defined to match the required response spectrum (RRS) provided by the AC156 code 
“Acceptance criteria for seismic qualification testing of non-structural components” [4]. Ac-
cording to AC156, the RRS is obtained as a function of the spectral acceleration at short peri-
ods, i.e. SDS. Two artificial acceleration time histories are defined so as their response spectra, 
i.e. test response spectra, envelope the target spectrum over the frequency range from 1.3 to 
33.3 Hz. Further details are given in [5]. 

The input levels for the test campaign range from SDS equal to 0.30 g to SDS equal to 
1.50 g [6], in order to generalize the execution of the test and to make it representative of a 
large range of real earthquakes. Five bidirectional tests with increasing intensity values, i.e. a 
0.30g SDS increase is considered, are defined. 
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3 RESULTS AND DISCUSSION 
The top acceleration, representative of the total inertia force, is plotted versus the relative 

displacement for different intensity levels (Figure 3) in order to analyze the partition behavior 
and its contribution to the global behavior of the test setup. A dotted line denotes the behavior 
of the bare test frame based on its natural frequency and assuming to be in absence of damp-
ing. 

From the analysis of the so-obtained hysteretic curves it can be noted that: 
• a significant interaction between the partitions and the hosting structure is exhibited 

during the first tests; during the fifth test, the hysteretic behavior is very close to the 
bare frame response; 

• the secant stiffness, evaluated at the maximum displacement of each test, decreases 
as the relative displacement increases; 

• the negligible influence of the partitions during the fifth test denotes the collapse of 
the specimen. 

In this study three damage states are considered for the seismic response definition of the 
partitions, i.e. minor damage state (DS1), moderate damage state (DS2) and major damage 
state (DS3). 

DS1 achievement implies the need of repairing the specimen, in order to restore its original 
condition, e.g. plaster replacing. DS2 achievement, instead, implies that the nonstructural 
component is damaged so that it must be partially removed and replaced. DS3 implies that the 
damage level is such that the partition needs to be totally replaced or the life safety is not en-
sured. The damage state definitions and their correlation to the visual damage are indicated in 
Petrone et al. [6]. 
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Figure 3: Top acceleration vs relative displacement plot for different seismic tests in (a) X direction and (b) Y 
direction. 

Bidirectional tests show a slight damage already up to 0.35% drift in X direction and 
0.20% in Y direction. The damage level increases according to the shaking test intensity and 
the following damages are noticed: 

• cracks along the perimeter of the specimen due to the partitions slip from the 
surrounding frame in test no. 2; 
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• fall of plaster and pieces of brick from the top of the specimen from test no. 3
with increasing intensity as the demand increases;

• horizontal cracks, wider than 0.3 mm, in the lower part of the walls in test no.
3 (Figure 4a);

• wide sliding cracks in the mortar, crushing of the mortar at the corner of the
specimen and collapse of a brick in the top of the partition in test no. 4 (Figure
4b and Figure 4c);

• deep extended horizontal cracks in the mortar in the lower part of the walls,
that let the part above the crack moves as a rigid block with a rocking behavior
with respect to the surrounding frame in test no. 5 (Figure 4d). At this damage
level, the specimen does not offer any resistance against lateral displacements
since it rigidly moves and rotates within the surrounding frame that restraints it
in the out of plane direction.

It should be noted that during the tests the specimen is wrapped with a metallic grid with-
out any connection, only for safety purposes. The grid does not give any contribution to the 
specimen in absorbing the horizontal load. 

(a) (b) 

(c) (d) 

Figure 4: Recorded damage after different shaking tests: (a) wide sliding cracks in mortar in the joints between 
the bricks; (b) crushing of mortar at the corner; (c) collapse of a brick in the top of the partition; (d) deep extend-

ed horizontal cracks in mortar in the lower part of the wall. 

A correlation between EDP (Engineering Demand Parameter), i.e. interstory drift, and the 
DS (Damage State) is also established (Table 1). DS1 is attained in test 2 due to the need of 
restoring the cracked plaster along the perimeter of the wall; DS2 is attained in test 3, due to 
the formation of cracks wider than 0.3 mm and the need of partially replacing the partition; 
finally DS3 is attained for an interstory drift close to 1% in the three specimens, due to the 
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significant damage and the consequent need of replacing the whole partition. The correlation 
between the damage states and the engineering demand parameters is based upon the assump-
tion that the damage occurs at the maximum engineering demand parameter that the specimen 
experiences during a single test. 

test no. Direction 1 2 3 4 5 
drift [%] 

X 
0.13 0.36 0.67 0.99 1.01 

Damage State DS0 DS1 DS2 DS3 DS3 
drift [%] 

Y 
0.12 0.21 0.34 0.66 0.97 

Damage State DS0 DS1 DS2 DS2 DS3 

Table 1: Interstory drifts and damage states in X and Y directions for the different tests. 

In order to evaluate the natural frequency in the out-of-plane direction of the tested brick 
partition, the transfer curve method is applied considering the base acceleration and the parti-
tion out-of-plane acceleration recorded by an accelerogram at the centroid of the tested com-
ponent. The method is applied to a random vibration test in which the partition is subjected to 
acceleration in the out-of-plane direction. The shaking is performed on an undamaged speci-
men. The random vibration is characterized by a root mean square amplitude equal to 0.90 
m/s2. 

The transfer function in Figure 5 yields two peaks: one with lower frequency, denoting the 
natural frequency of the test frame, while the latter peak is associated to the natural frequency 
of the brick partition in the out-of-plane direction. The frequency of the undamaged compo-
nent is slightly larger than 30 Hz, i.e. 31.25 Hz. 

The results confirm that the frequency of the tested brick partition is well above the typical 
structural fundamental frequencies. Hence, the ratio between the period of the nonstructural 
component (Ta) and the period of the building (T1), considered in Eurocode 8 [7] for the eval-
uation of the seismic demand on the component, could be assumed equal to zero. 

The damping ratio, estimated according to the half power bandwidth, is equal to 1.93%. 
This value is smaller than the typical damping ratio assumed for the estimation of the floor 
response spectrum. 

The need to estimate the natural frequency of the component during the design phase is re-
lated to the definition of the acceleration seismic demand on the component. Question arises 
as to whether simple models are able to estimate the fundamental frequency of the compo-
nents. At this aim, an attempt to estimate the natural frequency through simple model is in-
cluded in this paragraph. 

The tested partition is modelled as a simply supported beam with distributed mass and 
stiffness. The natural frequency of a simply supported beam [8] with a uniform mass and 
stiffness distribution is equal to: 

42n
E If

L
π

µ
⋅

= ⋅
⋅

(1) 

where E is the Young’s modulus, I is the moment of inertia, µ is the mass per unit length of 
the beam, and L is the length of the beam. 
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Figure 5: Transfer function from the base to the partition center in the out-of-plane direction for random vibra-

tion tests. 

In particular, a horizontal 1 m wide strip is considered, since the tested brick partition is 
characterized by a 1.50 m width and 2.60 m height (Figure 6). The 2-D panel is therefore 
modelled with a simply supported horizontal beam, which neglects any contribution in the 
vertical direction, for the sake of simplicity. As above mentioned, the brick partition panel is 
made with hollows bricks 250x250x80 mm connected together and plastered with mortar. The 
weight per unit area of the panel is 75 N/m2. The modulus of elasticity is assumed to be equal 
to 3500 N/mm2, according to typical literature values [9].  

1520 mm

10
00

 m
m

 
Figure 6: Horizontal strip of the brick partition considered in the analysis. 

The flexural stiffness EI of the considered cross-section is equal to 149333 Nm2 whereas 
the mass per unit length is equal to 75 kg/m and the total length of the horizontal strip is equal 
to 1.52 m. The resulting natural frequency, equal to 30.32 Hz, gives a good approximation of 
the experimental natural frequency. 
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Finally, it can be concluded that very simple models can adequately approximate the elas-
tic dynamic behavior of the tested nonstructural components. 

4 CONCLUSIONS 
Shaking table tests are carried out by the earthquake simulator facility available at the De-

partment of Structures for Engineering and Architecture at the University of Naples Federico 
II in order to investigate the seismic behavior of hollow brick internal partitions. The tested 
nonstructural component is widespread in the European area. 

A steel test frame is adopted in order to simulate the seismic action acting at a generic 
building story and the specimen boundary conditions. The tests are performed shaking the ta-
ble simultaneously in both horizontal directions in order to subject the partition simultaneous-
ly to interstory relative displacements in its own plane and accelerations in the out of plane 
direction. A set of five couples of accelerograms are selected matching the target response 
spectrum provided by the U.S. code for nonstructural components to investigate a wide range 
of interstory drift demand and damage. Three damage states are considered in this study in 
order to characterize the seismic behavior of the specimen. The dimensions of the specimen 
are adequately chosen in order to (a) test a realistic partition and (b) allow the investigation of 
the whole damage states range. 

The hollow brick partition is subjected to interstory drift up to 1.0%. It exhibits minor 
damage for 0.2% interstory drift, moderate damage for 0.34% interstory drift and major dam-
age for 0.97% interstory drift. 

The transfer curve method is applied for the evaluation of the natural frequency of the test-
ed component, i.e. a brick partition, in the out-of-plane direction. The results highlight that the 
frequencies of the tested partitions in the out-of-plane direction are larger than the typical 
structural fundamental frequencies. The damping ratio of the tested component in the out-of-
plane direction is also estimated, since the damping ratio of the nonstructural component 
strictly influences the maximum acceleration acting on the component. A 1.93% damping ra-
tio is assessed for the tested brick partition.  

An attempt to estimate the natural frequency through a simple model is also performed. In 
particular both the partition is schematized with a simply supported beam with uniform mass 
and stiffness. The resulting natural frequencies give a good estimation of the experimental 
natural frequencies, considering the very simple models adopted for this assessment. It is con-
cluded that very simple models can adequately approximate the elastic dynamic behavior of 
the tested nonstructural components. 
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Abstract. The current approach of the Italian and European building codes to account for 

knowledge-based uncertainties in the seismic assessment of masonry buildings consists in se-

lecting a knowledge level and reducing material strengths by means of the associated value of 

confidence factor. Previous works showed that, in the case of masonry structures, the codified 

approach leads in many cases to inconsistent and unrealistic results and does not properly 

consider the experimental tests performed. This paper proposes a methodology for taking into 

account the knowledge on material properties acquired by experimental tests, using Bayesian 

updating techniques. The use of the Bayesian approach allows to update the values of the ma-

terial properties assumed a priori as knowledge on the building increases, by taking into ac-

count all the information (experimental or judgement-based) gained during the assessment 

process. The material parameters resulting from this method could be used as input in numer-

ical models, with the aim of calibrating confidence factors on material properties. Finally, an-

alytical expressions are provided, which approximate the results obtained by Bayesian 

updating, allowing the analyst to obtain the values of material properties to be used in the 

analysis, as a function of the experimental information gained, without the need of performing 

a case-by-case Bayesian updating. 
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1 INTRODUCTION 

The approach currently proposed by the European [1] and Italian [2][3] codes for the seismic 

assessment of an existing building consists in the definition of three discrete knowledge levels 

(KLs) and the association to each of them of a value of the so-called confidence factor (CF). 

The latter has to be applied to material strengths and it is supposed to account for all sources of 

uncertainty involved in the assessment. This approach was proven to provide in many cases 

inconsistent and unexpected results, at least for the case of nonlinear static analysis, for both 

reinforced concrete and stone masonry buildings [4][5].  

Some attempts have been proposed in the literature to overcome the main limitations of the 

current code approach. For example, [6] proposed a probabilistic approach to the seismic as-

sessment of masonry buildings considering all the uncertainties involved, whereas Cattari et al. 

[7] developed a procedure based on systematic use of a simplified sensitivity analysis, leading 

to the definition of confidence factors to be applied to the parameters most influencing the 

response. Neither of these approaches, however, specify how the available experimental results 

should be used to improve the definition of the material parameters to be adopted in the numer-

ical analyses.   

With respect to the aforementioned works, which do not account for the experimental infor-

mation eventually gained, the Commentary to the Italian code [3] includes, at least for KL3, a 

rough procedure for updating the initial information on mechanical properties (based on the 

masonry typology selected at KL1 and KL2), as a function of the experimental value of strength 

measured at KL3. For example, in case one or two experimental values of strength are available, 

the Commentary suggests to use the maximum/mean value of the codified interval for the se-

lected typology or the mean of the experimental results, depending on the location of the mean 

of the experimental results with respect to the proposed interval. However, this seems to repre-

sent only a first attempt of updating the available knowledge, since it is not applied to the case 

of KL2 and it only regards the material property that is directly measured (i.e. the shear strength 

at KL3). 

Starting from these considerations, Rota et al. [8] proposed a probabilistic framework for the 

seismic assessment of existing masonry buildings, in which the effects of the different sources 

of uncertainty are explicitly taken into account by means of variability factors and of the con-

fidence factor accounting for uncertainty in material properties. Calibration of the variability 

factors accounting for modelling uncertainties and for the uncertainty in the definition of limit 

state thresholds is presented in previous works [8][9]. The confidence factors accounting for 

uncertainty on material properties, CFmat, take into account the imperfect knowledge on mate-

rial parameters and, hence, they should explicitly consider any additional information, acquired 

for example by means of experimental tests. However, appropriate values of these CFmat were 

not yet calibrated, nor a methodology allowing to take advantage of the experimental infor-

mation was proposed. This work moves therefore from the need to develop a rigorous and effi-

cient procedure for taking into consideration the additional information obtained from 

experimental tests at the higher levels of knowledge (KL2 and KL3). This methodology, based 

on Bayesian updating, allows integrating the additional information on material properties with 

the prior information. The adoption of the mechanical parameters deriving from Bayesian up-

dating into appropriately defined numerical models will allow to calibrate the confidence fac-

tors on material properties and hence to complete the methodology proposed in [8].  

Bayesian updating techniques have been recently applied to the problem of the assessment 

of existing buildings (e.g. [10], [11]), with the aim of updating the distributions of material 

parameters and the corresponding evaluation of structural reliability, as a function of the exper-

imental tests and inspections performed. In some cases (e.g. [11], [12]), these techniques were 
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applied to calibrate new values of confidence factors. However, the largest part of previous 

literature work was concerned with reinforced concrete buildings, whereas, to the author’s 

knowledge, the only attempt to apply Bayesian updating with reference to a masonry structure 

was performed in [13], but with reference to a church. Furthermore, in previous works, a direct 

experimental information is always required to update the value of any mechanical property. 

Although this could be the case in reinforced concrete structures, where an experimental infor-

mation is usually available for the mechanical parameters of interest (i.e. the strengths of both 

concrete and steel), this is rarely the case for masonry structures, for which very often only a 

single mechanical property is measured during the assessment process. This work is hence in-

tended to propose a methodology based on Bayesian inference to update the knowledge on 

material properties taking advantage of the available experimental results. Based on the results 

obtained, analytical expressions will be calibrated, which provide the values of the material 

properties representing the input for the numerical model of the assessed building, as a function 

of the additional information gained through experimental tests. These equations would allow 

to take advantage of the results of a rigorous Bayesian updating approach, without the need to 

perform it on a case by case basis, with a view on the possible consideration of this approach 

in a future revision of the code.  

 

2 PROPOSED PROCEDURE TO ACCOUNT FOR UNCERTAINTY IN MATERIAL 

PROPERTIES BY BAYESIAN UPDATING 

As already mentioned, the aim of this work was to take into account the additional infor-

mation obtained by in-situ tests for the definition of the material properties to be used in the 

seismic assessment at the higher levels of knowledge (KL2 and KL3). To this aim, a Bayesian 

updating framework was developed, allowing to modify the a-priori knowledge of the different 

mechanical parameters (represented by the so-called prior distributions), taking into account 

any additional information acquired either experimentally or by exploiting empirical correla-

tions of material parameters with other parameters that have been directly measured. The result 

of the updating are the so-called posterior distributions. 

The proposed procedure is discussed in the following, for the three knowledge levels con-

sidered in the Italian code [2][3]. It results in values of the different mechanical parameters, to 

be used as input in the numerical models of the buildings to be assessed. 

2.1 KL1  

At knowledge level 1, the knowledge of the structure is only based on a visual survey of the 

building, since no experimental test is required. The first step of the assessment consists in 

choosing a masonry typology among those proposed by [3]. In this work, only stone masonry 

typologies were considered. The possibility of selecting a typology that does not correspond to 

the actual typology of the building (as highlighted in [14]) was taken into account by defining, 

for each actual typology, a list of typologies that could be erroneously selected, with the corre-

sponding probability of selection (Table 1). 

At KL1, the values of the mechanical parameters to be used as input for numerical models 

can be taken as the central values of the intervals suggested by [3] for the selected masonry 

typology. It is recalled that [3] indicates to use the minimum value of the interval for the shear 

strength τ0 and the masonry compressive strength fm, but we would suggest to use the central 

value, for consistency with the other mechanical parameters and knowledge levels. Finally, for 

the unit weight of masonry, the single value given for the chosen typology could be used. 
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Actual 

typology 
Description 

Selected 

typology 
Probability 

1 
Rubble stone masonry (pebbles, fieldstones, ir-

regular stones) 

1 90% 

2 10% 

2 
Undressed stone masonry with facing walls of 

limited thickness and infill core (sacco) 

1 10% 

2 60% 

3 20% 

4 10% 

3 
Partially dressed stone masonry with good 

bonding (usually double-leaf) 

2 20% 

3 60% 

4 20% 

4 Soft stone masonry (tuff, limestone, etc.) 

2 10% 

3 20% 

4 60% 

5 10% 

5 Dressed rectangular stone masonry 
4 10% 

5 90% 

Table 1: Typologies that can be selected and probability of selection for the five stone masonry typologies of [3]. 

2.2 KL2 

At knowledge level 2, in addition to the visual survey of the building, [3] recommends to 

perform at least one double flat-jack test, obtaining a direct experimental measure of the elastic 

modulus E. The experimental test was simulated by randomly selecting a structural member of 

one of the perfectly known structures1 on which the test is performed (taking into account the 

different probability of choosing an internal vs. external wall, as well as a wall at a different 

storey) and extracting the experimental result from a uniform distribution defined on the inter-

val identified by the exact value plus or minus the error intrinsic in this type of test, which was 

estimated as being plus or minus 15% of the actual result (based on experimental results, e.g. 

[15]). For further details about this simulation approach, the reader is referred to [5], in which 

a similar procedure was followed.  

Four random variables were considered, consisting of elastic modulus E, compressive 

strength fm, shear modulus G and shear strength τ0 (shear strength associated with diagonal 

cracking to be used within the Turnsek-Sheppard strength criterion [16]). The four parameters 

considered in the application of the Bayesian approach consist of the mean of the distributions 

of these four random variables, i.e. μE, μfm, μG and μτ0.  

At KL2, it is assumed that a single observation of the random variable E is available, con-

sisting of the experimental measure obtained by a single double flat-jack test (in case of multiple 

observations the procedure would not change significantly). This experimental observation will 

be simply indicated as E, whereas the parameters μfm, μG and μτ0 will be indicated for simplicity 

as fm, G and τ0, respectively. Since observations of the other mechanical properties are not avail-

able, empirical correlations between the different parameters were exploited to derive the pos-

terior distributions of the four parameters, starting from prior distributions and the single 

observation of E. The empirical correlation between fm and μE was expressed by the variable α, 

1 The perfectly known structures represent the real building to be assessed and are defined with material properties 

varying within different sub-intervals of the intervals defined in [3] for the masonry typology of interest, taking 

into account element-to-element variability.  
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assumed to vary in the interval between 500 and 1000 and defined as the ratio between μE and 

fm.  

Since, for stone masonry, significant statistical analyses are not available in the literature, 

the interval of variation of α was assumed to be consistent with available data and dispersion 

for other masonry typologies (e.g. [17], [18]).  

Similarly, the empirical correlation between the parameters G and μE was represented 

through the variable β, defined as the ratio between G and μE and assumed to vary between 0.15 

and 0.40. The upper limit of the interval of β (0.4) corresponds to a Poisson’s ratio equal to 

0.25, a value commonly accepted for this type of material [19]. The lower limit (0.15) corre-

sponds instead to a ratio E/G equal to 6, which is a value historically used and codified for 

masonry buildings [20]. It should also be noticed that the ratios implicit in the values reported 

in [3] are around 0.33 and thus they are included in the defined range.  

Since a reliable empirical correlation between the shear strength τ0 and one of the other pa-

rameters involved in this problem is not available in the literature, a linear correlation between 

τ0 and μE was assumed, based on the intervals of variation reported in [3], under the assumption 

that, for the same masonry typology, if a material has for example a value of E higher than the 

central value of the interval, it is likely to have as well a value of τ0 higher than the central value. 

For simplicity, this correlation can be represented by the variable η, defined as the ratio between 

μE and τ0.  

Four prior distributions were defined for μE, μα, μβ and μη, which will be indicated as π(μE), 

π(α), π(β), π(η). Notice that μα, μβ and μη were replaced by α, β and η and this notation will be 

used in the following for simplicity. The prior distribution of μE was defined as a normal distri-

bution, with mean μ’ equal to the central value of the interval given by [3] for the typology 

selected at KL1 and standard deviation σ’ equal to the 25% of the width of the same interval. 

This value of standard deviation corresponds, for a normal distribution, to the assumption that 

about 95% of the values fall inside the considered interval of variation. As regards the random 

variable E, Bayesian inference was applied only to μE, assuming the standard deviation of E, σ, 

to be equal to 7.5% of the experimental observation of E obtained from the test, i.e. equal to 

one fourth of the width of the interval of variation of the error of the experimental test.  

The prior distributions of α and β were assumed to be normal distributions, with mean equal 

to the central value of the interval of variation of each parameter and standard deviation equal 

to 1/8 of the width of this range of variation. The low value of standard deviation is necessary 

to limit the number of values falling outside the defined interval of variation during Monte 

Carlo sampling and to avoid the presence of values too far from the defined range. The prior 

distribution of η was calculated numerically, with values of μE extracted from its prior distribu-

tion and values of τ0 extracted from a normal distribution with mean equal to the central value 

of the interval indicated by [3] and standard deviation equal to 1/4 of the width of the same 

interval. 

The posterior distributions of the four parameters can be calculated numerically, starting 

from the joint posterior distribution conditioned to the experimental observation E of the ran-

dom variable E, π(fm,G,τ0,μE|E), given by: 
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In the following it is assumed that the parameters μE and α (and similarly μE and β and μE 

and η) are independent and consequently uncorrelated, whereas the four mechanical parameters 
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are dependent and the correlation among them was taken into account by means of the empirical 

correlations previously discussed.  

The posterior distribution of μE can be easily calculated from the prior distribution of μE, the 

observation E and the standard deviation σ. In particular, in case n observations are available, 

the posterior distribution is a normal distribution with mean and variance given as in Eq. (2): 
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where μ’ and σ’ are the mean and standard deviation of the prior distribution, E̅ is the mean 

value of elastic modulus measured from the tests (equal to the measured E in case of a single 

test), σ is the standard deviation of the random variable E and n is the number of observations 

(in this case n = 1). 

The posterior distributions of the other three parameters can be calculated numerically by 

extracting, at each step of a Monte Carlo procedure (with Latin hypercube sampling) a value of 

μE from its posterior distribution (Eq. (2)) and a value of α, β and η from their prior distributions. 

The corresponding values of fm, G and τ0 are hence obtained using the empirical correlations 

previously defined. The posterior distributions of the four considered parameters obtained at 

KL2 are reported in Figure 1. 

Figure 1: Posterior distributions of the four considered parameters at KL2, constructed either analytically (E, top 

left) or numerically (fm top right, G bottom left and τ0 bottom right). 
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2.3 KL3 

At knowledge level 3, in addition to the visual survey and the test already performed at KL2, 

[3] requires the performance of additional experimental tests, such as diagonal compression 

tests. It was assumed that either one, two or three tests, with different probabilities, could be 

performed, providing a direct measure of the shear strength τ0. Similarly to KL2, each experi-

mental test was simulated by randomly selecting a structural member of one of the reference 

structures assumed to be perfectly known on which the test is performed (taking into account 

the different probability of choosing an internal vs. external wall, as well as a wall at a different 

storey) and considering an intrinsic error of plus or minus 20% of the actual result (based on 

[15]). The diagonal compression test theoretically allows to measure also the shear modulus G, 

but it is not easy to obtain a reliable measure of G and thus it is not very common to measure 

it.  

At KL3, Bayesian updating was used to find the posterior distributions of the four mechanical 

properties, starting from the prior knowledge (represented by the posterior knowledge obtained 

at KL2) and from the available observations of τ0. Similarly to KL2, prior distributions were 

introduced for the mean value of τ0 and for the three parameters defining the empirical correla-

tions between the different properties, i.e. α, β and η, defined as for KL2. The prior distribution 

of μτ0 was modelled as a normal distribution, with mean equal to the mean of the numerically 

built posterior distribution of τ0 at KL2 and standard deviation equal to the standard deviation 

of the same distribution divided by the square root of the ratio k between the number of double 

flat-jack tests and diagonal compression tests performed. This ratio, proposed in [12], allows to 

take into account the different reliability of the two types of test performed. 

As regards the random variable τ0, Bayesian inference was applied only to μτ0, assuming the 

standard deviation of τ0 equal to 





n

i

i
n 1

21
 (3) 

where n is the number of diagonal compression tests performed and σi is the standard deviation 

(defined based on the error intrinsic in this type of test) associated with the results of each test, 

which are assumed to be a random variable. The prior distributions of α and β were assumed 

equal to the ones used at KL2, whereas the prior distribution of η was defined as done at KL2, 

with the only difference that the values of E and τ0 were extracted from the posterior distribu-

tions obtained at KL2. 

As for KL2, the parameters μτ0 and α (and similarly β and η) were assumed to be independent 

and consequently uncorrelated, whereas the correlation between the four mechanical parame-

ters was taken into account. The joint posterior distribution of the four parameters μτ0, fm, G and 

E, conditioned to the experimental observations of τ0 was hence derived. Using the formulas of 

the Bayesian inference already employed at KL2 (Eq. (2)), with the prior distribution of μτ0 

previously defined, the posterior distribution of μτ0 turned out to be a normal distribution with 

mean equal to 

k
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In the previous equations μ’ and σ’ indicate the mean and standard deviation of the prior 

distribution, before dividing the standard deviation by the square root of k, τ0 is the mean of the 

observations and σ is the standard deviation of τ0. This formula corresponds to the one used in 

[12] for combining data from different types of tests. The standard deviation of the posterior 

distribution was instead given by: 
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Similarly to KL2, the posterior distributions of the other three parameters could be calculated 

numerically by extracting a value of μτ0 from its posterior distribution (Eq. (4) and (6)) and a 

value of α, β and η from their prior distributions. The corresponding values of fm, G and E were 

hence obtained using the empirical correlations previously defined for KL2. For both KL2 and 

KL3, the values of mechanical properties to be used as input for the numerical model of the 

building to be assessed should be taken as the expected (mean) values of the different posterior 

distributions obtained after Bayesian updating. It should be remarked that [3] also provides 

(single) values of the weight of the masonry, for each masonry typology. This parameter was 

not considered in the Bayesian updating, mainly because it is not common to measure it exper-

imentally and it is impossible to define a correlation between the weight and any other mechan-

ical property. 

2.4 Considerations on the dispersion of the mechanical parameters 

As already discussed, some of the posterior distributions were calculated numerically using 

a Monte Carlo approach. The number of Monte Carlo simulations was selected as to guarantee 

stability of the mean of the four mechanical properties of interest. Furthermore, if the obtained 

parameters were to be used in numerical analyses of a building, the proposed Bayesian approach 

would need to be applied a number of times sufficient to reach stability of the mean and standard 

deviation of the parameter representing the result of the assessment procedure (e.g. the accel-

eration leading the building to a limit state of interest). 

The effectiveness of the proposed Bayesian approach was evaluated by looking at the distri-

bution of values of the four mechanical properties representing the input for the numerical 

model. As an example, Figure 2 shows the distributions of E and τ0 obtained for one of the 

considered case study buildings, for KL2 and KL3. The grey bars in the figure represent the 

values obtained by applying the proposed procedure, the shaded areas indicate the range of 

variation of the mechanical properties of the perfectly known structure and the continuous black 

lines denote the mean values obtained for the considered property. The continuous grey lines 

and the dashed grey lines represent the mean plus or minus one and two standard deviations of 

the obtained results, respectively. It is recalled that the perfectly known structure represents the 

real structure to be assessed, in which element-to-element variability of the mechanical proper-

ties within some specified ranges is taken into account. Figure 2 shows that, moving from KL2 

to KL3, the dispersion of E and τ0 decreases, the distribution and its mean value shift towards 

the range of values of the reference structure and a larger fraction of the values tends to be 

included in the range of the reference structure. Therefore, the applied Bayesian updating 

framework appears to be effective. 
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Figure 2: Distribution of E (left) and τ0 (right) obtained for one of the case study buildings, at KL2 (top) and KL3 

(bottom). The shaded areas indicate the range of variation of the mechanical properties of the perfectly known 

structure, continuous black lines indicate the mean values, whereas continuous and dashed grey lines indicate 

mean plus or minus one and two standard deviations, respectively. 

3 ANALYTICAL EXPRESSIONS PROVIDING VALUES OF THE MATERIAL 

PROPERTIES AS A FUNCTION OF EXPERIMENTAL RESULTS 

For each of the five stone masonry typologies considered in [3], the results of the proposed 

Bayesian approach were used to calibrate equations providing the values of mechanical prop-

erties representing the input for structural analyses, as a function of the experimental infor-

mation gained at KL2 and KL3. 

At KL2, for each typology, an interval of variation of the experimental value of E (Eexp) was 

defined as to cover all the intervals of variation of E corresponding to the typologies which can 

be confused with the considered typology, accounting also for the intrinsic error of the experi-

mental test. This interval was then discretized into sufficiently small sub-intervals and the cen-

tral value of each sub-interval was considered as a possible result of the double flat-jack test 

carried out at this knowledge level. Bayesian approach was then applied, using the prior distri-

butions previously defined and the central value of each sub-interval as experimental observa-

tion of E. For each value of Eexp, Bayesian updating provided four values of the mechanical 

parameters representing the input for the analyses, as shown in Figure 3 (referring to typology 

2 of Table 1, selected as an example). The shaded areas in the figure indicate the intervals used 

for the definition of the prior distribution of μE. As expected, when the experimental value of E 

is lower than the mean of the prior distribution of μE , the input value of E is larger than Eexp, 

whereas when Eexp is larger than the mean of the prior, the input value of E is lower than Eexp .  

At KL3, for each typology, the experimental value of E was defined with the same sub-

intervals used at KL2. The interval of variation of the experimental value of τ0 (τ0,exp) was dis-

cretized into sub-intervals and it was defined as to cover all the intervals of variation of τ0 cor-

responding to the typologies which can be confused with the considered typology. Similarly to 

KL2, the central value of each sub-interval was considered as a possible result of the experi-

mental test. The Bayesian approach was then applied for each couple of experimental values of 

E and τ0, using a prior distribution of τ0 equal to the posterior distribution obtained at KL2. 

Figure 4 shows the input values of the mechanical properties, as a function of the experimental 

values of both E and τ0. 
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Figure 3: Input values of the four mechanical properties obtained from Bayesian updating at KL2 for typology 2. 

 

Figure 4: Input values of the four mechanical properties obtained from Bayesian updating at KL3 for typology 2. 
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The curves and the surfaces obtained from Bayesian updating at KL2 and KL3 were then 

fitted using a simple mathematical model, in order to find analytical equations providing the 

values of the mechanical properties representing the input for the structural model, as a function 

of the obtained experimental values of E and τ0. 

As regards KL2, a 2nd order polynomial provides a good fitting for all the typologies. It 

should be remarked that, although the use of a polynomial of a higher degree always provides 

a better fitting of the available data, a compromise has to be found between the goodness-of-fit 

and the number of coefficients defining the polynomial equation. In this work, it was decided 

to use a polynomial of low degree in order to limit the number of coefficients. The model 

adopted for the fitting is thus represented by the following equation: 

32

2

1 pxpxpy  , 
(7) 

where y is the a posteriori value, x is the value of the observation and p1, p2 and p3 are the 

polynomial coefficients specific for the considered typology.  

The parameters calibrated for typology 2, selected as an example, are reported in Table 2, 

together with the coefficient of determination R2, which represents a classically adopted meas-

ure of the goodness of the fitting (a value closer to 1 indicates a better fitting). 

 

Mechanical 

property 
p1 p2 p3 R2 

E -3.24E-04 1.39E+00 -4.02E+00 0.998 

G -8.90E-05 3.83E-01 -1.10E+00 0.998 

fm -4.35E-07 1.87E-03 -5.41E-03 0.998 

τ0 -1.14E-08 4.91E-05 -1.44E-04 0.998 
 

Table 2: Parameters of the models fitting the data and values of R2 at KL2 for typology 2. 

As regards KL3, a 2nd order polynomial surface was selected for all the typologies, in order 

to limit the number of coefficients, as explained for KL2. The adopted model is now represented 

by the following equation: 

2

2022111

2

12020111000 xpxxpxpxpxppy   , (8) 

where x1 and x2 are the values of the observations at KL2 and KL3, respectively. 

The polynomial coefficients p00, p10, p01, p20, p11, and p02 calibrated for typology 2 are re-

ported in Table 3, together with the corresponding values of the coefficient of determination 

R2. 

 

Mech. 

property 
p00 p10 p01 p20 p11 p02 R2 

E -2.77E+02 2.67E+04 5.94E-01 -2.24E+05 8.57E+00 -2.68E-04 0.990 

G -7.61E+01 7.34E+03 1.63E-01 -6.17E+04 2.36E+00 -7.36E-05 0.990 

fm -3.72E-01 3.59E+01 7.98E-04 -3.01E+02 1.15E-02 -3.59E-07 0.990 

τ0 -9.57E-03 9.21E-01 2.05E-05 -7.74E+00 2.96E-04 -9.25E-09 0.990 
 

Table 3: Parameters of the models fitting the data and values of R2 at KL3 for typology 2. 
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In order to check the efficiency of the fitting, the percentage differences between the values 

of the mechanical properties obtained from Bayesian updating and the ones obtained from the 

calibrated equations were calculated. For the considered typology, the mean values of these 

percentage differences are approximately equal to 0.7%, with a maximum of about 3%, for KL2 

and 3%, with a maximum of 29%, for KL3. Although the maximum value is significantly larger 

at KL3, the fitting is still acceptable, since this maximum difference is concentrated only at the 

corners of the surfaces, as confirmed by the low mean values. 

The calibrated equations could be useful to provide the input values of the mechanical prop-

erties, updated as a function of the experimental information, without requiring the analyst to 

perform the Bayesian updating previously described. 

4 CONCLUSIONS 

This paper proposed a procedure for updating the initial knowledge of mechanical parame-

ters, taking into account additional experimental information by means of a Bayesian approach. 

In particular, the procedure moves from the selection, performed at KL1, of one of the five 

stone masonry typologies proposed by [3] and the definition of the prior information based on 

the intervals provided for each typology. At the higher knowledge levels, this prior information 

is updated based on the results of the performed experimental tests. The mean values of the 

obtained posterior distributions could be used as input for the numerical model of the building 

to be assessed. 

For each masonry typology and for each KL, the developed methodology was then used to 

calibrate analytical expressions providing the input parameters for the numerical model, as a 

function of the results of the experimental tests. These relationships could be used by the engi-

neer during the assessment of an existing building in order to obtain the material properties to 

be used in the analysis of the building, taking into proper consideration the results of the Bayes-

ian updating approach, without the need of applying it on a case-by-case basis.  
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Abstract. Considering that vernacular architecture may bear important lessons on hazard 
mitigation and that well-constructed examples showing traditional seismic resistant features 
can present far less vulnerability than expected, this study aims at understanding the resisting 
mechanisms and seismic behavior of vernacular buildings through detailed finite element 
modeling and nonlinear static (pushover) analysis. 
This paper focuses specifically on a type of vernacular rammed earth constructions found in 
the Portuguese region of Alentejo. Several rammed earth constructions found in the region 
were selected and studied in terms of dimensions, architectural layout, structural solutions, 
construction materials and detailing and, as a result, a reference model was built, which 
intends to be a simplified representative example of these constructions, gathering the most 
common characteristics.  
Different parameters that may affect the seismic response of this type of vernacular 
constructions have been identified and a numerical parametric study was defined aiming at 
evaluating and quantifying their influence in the seismic behavior of this type of vernacular 
buildings. This paper is part of an ongoing research which includes the development of a 
simplified methodology for assessing the seismic vulnerability of vernacular buildings, based 
on vulnerability index evaluation methods.  
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1 INTRODUCTION 
This paper addresses a critical gap in knowledge regarding vernacular architecture 

earthquake preparedness. It has been developed under the framework of the FCT funded 
research project ‘SEISMIC-V: Vernacular Seismic Culture in Portugal’, which focuses on the 
study of Local Seismic Cultures in Portugal and on the identification of adequate retrofitting 
techniques for vernacular buildings, empirically developed by local populations to prevent or 
repair earthquake damage [1]. The existence of Local Seismic Cultures was identified in the 
nineties by Ferrigni [2] and consists of the systematic efforts taken by local communities for 
protecting their built-up environment from earthquakes by the comprehensive ensemble of 
architectural elements with technical knowledge to efficiently reduce their impact. The study 
of Local Seismic Cultures is relevant because the continuity of traditional building systems 
and techniques is fundamental for the vernacular expression, and essential for its preservation. 

Following this research line and results obtained from a preliminary report on the topic [3], 
Portuguese vernacular architecture is the case study also selected for this study (Figure 1). 
Portugal has a moderate seismicity but several devastating earthquakes have struck the 
country, as in 1755, 1909 and 1969 [4], and more are likely to occur in the future. 
Earthquakes come unexpectedly, endangering in-use vernacular architecture and the 
population who inhabits it. Most studies regarding seismic resistant Portuguese traditional 
architecture focus on ‘pombalino’ buildings [5], while research in vernacular architecture has 
been mostly focused on building typologies and spatial organization [6]. In the last years, 
there has been a growing interest on the experimental characterization of the seismic behavior 
of representative vernacular constructive systems [7-10]. Still, very little research has been 
made in terms of proposing strengthening solutions, particularly those emerging from the 
vernacular architectural heritage [11]. 

Figure 1: Examples of Portuguese vernacular architecture and traditional materials commonly applied: (from left 
to right) stone [6], earth [9] and timber 

The valorization and preservation of the vernacular heritage is crucial, not only as a record 
of the past but also as a privileged factor of local development, boosting local economies [12]. 
The revival of small industries of traditional local materials, developed to be adapted to a 
specific territory and climate can also reduce waste and energy consumptions in production 
and transportation. In addition, and opposite to this current world’s homogenizing tendency, 
vernacular architecture is extremely heterogeneous and constitutes and invaluable heritage 
throughout the world worthy of preservation and a key element of cultural identity. 
Nonetheless, due to this great variety of building types, work on the built vernacular heritage 
requires a deep knowledge and investigation of the place, the traditional techniques and 
materials, and should be cautiously approached in order to undertake a successful intervention. 
Moreover, the vernacular heritage has a dynamic nature and thus, it should not only be 
recorded and preserved but its constant evolution should be ensured. 
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There is another undesirable effect resulting from this current global urbanization tendency, 
which is the replacement of traditional building materials and the adoption of new modern 
alien techniques and technologies which enable structures to be erected quickly and cheaply, 
but not necessarily safely [13]. This tends to increase the vulnerability of the communities 
because they do not have any more their own tools to prevent earthquake damage and become 
extremely dependent on external agents, circumstance which ends up diluting Local Seismic 
Cultures. Indigenous construction practices acquired from ancestors and experience are thus 
being gradually abandoned and replaced because local communities rely less on them [14]. 
An increase in knowledge in Local Seismic Cultures and in the seismic behavior of vernacular 
architecture is therefore justified because it can also prevent further changes in the existing 
buildings that contribute to the increase of seismic vulnerability by avoiding the usage of 
inadequate construction practices that can result from an inappropriate juxtaposition of old 
and new technologies. 

This paper consists of an extensive numerical contribution for the better insight of the 
structural behavior of specific Portuguese vernacular architecture typology under seismic 
loading, and is part of an ongoing wider research aiming at contributing for the awareness and 
protection of the Portuguese vernacular heritage by reducing its seismic vulnerability with 
traditional strengthening solutions. For that purpose, one of the fundamental objectives 
embraced by the ongoing research was the development of a simplified methodology for the 
seismic vulnerability assessment of vernacular architecture. 

This envisaged vulnerability assessment methodology aims at the identification of building 
fragilities, thus addressing an essential aspect in which the engineering research can intervene 
[15], since the evaluation of the seismic vulnerability of existing constructions can be used to 
evaluate the need of retrofitting solutions and to assess their efficiency in reducing the seismic 
vulnerability. In conclusion, this proposed methodology is planned to lead to the definition 
and optimization of building retrofitting strategies based on those traditional practices 
emerging from vernacular architecture, resulting from a Local Seismic Culture. 

The seismic vulnerability of a structure can be defined as its intrinsic proneness to suffer 
damage as a result of a seismic event of a given intensity. Therefore, the main objective of 
vulnerability assessments is to measure the probability of reaching a given level of damage 
[16]. Given the big variety of methodologies proposed by different authors, choosing a certain 
seismic vulnerability assessment methodology will depend on the goal, scale and nature of the 
study and, additionally, it should always be adapted to the local techniques, materials and 
constructive solutions to account for the particularities of the regional construction. 

The methodology proposed for this research is based on the vulnerability index methods, 
initially proposed by Benedetti and Petrini [17], which are based on a vast set of post-seismic 
damage survey data and on the identification of those constructive aspects that influence the 
most in the control of the seismic structural damage, i.e. plan and elevation configuration, 
quality of materials or state of conservation. This type of methodology has been already 
extensively used for masonry residential buildings in Italy [18] and in several Portuguese 
historical city centers [10,15,19], obtaining useful and reliable results as a first level approach. 
Its main advantage is that they allow assessing the different constructions individually, based 
on their vulnerability characteristics, rather than evaluate the buildings solely as part of a 
building typology. However, the main disadvantage is that these potential seismic deficiencies 
are qualified and weighted according to their relative importance mainly through expert 
judgment and thus has a degree of uncertainty, which is not normally taken into account [16]. 

The determination of the seismic vulnerability index thus requires the identification and 
characterization of those parameters affecting the seismic response of the building and their 
qualification by points. Qualitative and quantitative parameters are defined and the 
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vulnerability index is calculated as the weighted sum of these parameters, classifying the 
buildings according to their vulnerability. This index can be used to estimate structural 
damage after correlation to a specified seismic intensity, supported by post-earthquake 
recordings and statistical studies. 

This paper presents a series of numerical nonlinear parametric analyses that were defined 
in order to assess and try to quantify the influence of the parameters initially selected for a 
representative Portuguese vernacular rammed earth construction typology chosen as a case 
study. This numerical simulation intends to understand in a more detailed way the resisting 
mechanisms of the different structural elements of this typology under seismic loading, based 
on these nonlinear static (pushover) analyses. Besides, finite element modeling based on 
nonlinear numerical analysis of rammed earth vernacular buildings represents a step forward 
in technical and scientific knowledge, as few results are available in literature. 

2 RAMMED EARTH CONSTRUCTIONS IN ALENTEJO 

2.1 Selection of a case study 
A first vernacular typology was selected as a first case study, consisting of a type of 

vernacular rammed earth construction commonly found in the south Portuguese region of 
Alentejo. The choice of these vernacular constructions is twofold: (i) they can be encountered 
in regions that were previously identified as prone to have developed a Local Seismic Culture, 
such as Setúbal, Beja or Évora, where the seismicity is characterized by frequent earthquakes 
of low intensity; and (ii) traditional seismic strengthening solutions were already identified, 
such as buttresses, ties and timber reinforcements inserted within the rammed earth wall as a 
reinforcement (Figure 2). 

Figure 2: Traditional seismic strengthening solutions identified in characteristic rammed earth constructions of 
Alentejo [20] 

Rammed earth construction, known as taipa in Portugal, consists of compacting the earth 
using a timber formwork for the construction of free standing walls. This has traditionally 
been the most widespread technique in these regions and, even though its use decreased 
significantly in the last forty years, is still in use in some places. These buildings have 
generally small dimensions, simple rectangular shape and only one floor, having predominant 
horizontal dimensions. They present massive shapes with few or no openings, other than a 
single door, and are isolated from other buildings. Other materials are also used, such as stone 
or brick masonry for reinforcing the corners and in order to build a base course or soco, which 
aims at protecting the rammed earth from the humidity and rain penetration by preventing the 
action of rising damp. The roofs are commonly mono-pitched roofs or gable roofs, usually 
presenting a low slope, and made with a simple framework of timber beams. The studied 
buildings can be found in ‘Taipa no Alentejo’ [20], which includes an extensive study of their 
geometry, structural solutions, construction materials and detailing. 
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2.2 Proposed parameters for the seismic vulnerability assessment methodology 
Developing specific and relevant seismic vulnerability assessment tools for this vernacular 

building typology is difficult due to its great heterogeneity, resulting from the uncertainty of 
many construction aspects, such as the constituent materials or different geometry 
configurations, often modified by previous structural or architectural interventions, among 
others. A methodology based on vulnerability index methods is proposed for obtaining an 
indicative measure of the seismic vulnerability, assuming that it can overcome this intrinsic 
heterogeneity by selecting qualitative and quantitative parameters that most influence their 
seismic response taking into account the particularities of this regional constructional 
typology so it will be particularly adjusted to this building typology. 

The construction characteristics highly influence the seismic behavior of structures and the 
parameters were selected according to them. The selection was made mainly based on other 
parameters chosen in similar vulnerability assessments and on literature review of post-
earthquake damage observation [21-23], which is a decisive tool for the understanding of the 
structural behavior of vernacular constructions, since earthquakes are tests that prove the 
adequacy or inadequacy of construction practices and prove that the vulnerability does not 
rely solely on the age of a structure or the construction quality, but on many parameters. Table 
1 shows the final parameters selected for this specific typology. 

Proposed parameters for the seismic vulnerability assessment methodology 
1. Location and position within urban fabric 
P1: Location and soil condition  
2. Geometry: plan and elevation configuration  
P2: Plan configuration  
3. Construction solutions and materials: vertical resisting elements (rammed earth walls) 
P3: Distribution of resisting elements 
P4: Wall slenderness 
P5: Maximum distance between walls 
P6: Rammed earth quality 
P7: Connection between perpendicular walls 
4. Construction solutions and materials: horizontal elements (roofs) 
P8: Type of roofing system 
5. Opening characteristics 
P9: Number and area of wall openings 
P10: Position and misalignment of wall openings 
6. Maintenance, previous damage, alterations and traditional strengthening solutions 
P11: Structural history of the building 
P12: Non-structural elements 
P13: Conservation state and previous damage 
P14: Traditional strengthening solutions 

Table 1: Vulnerability assessment parameters selected for rammed earth vernacular buildings in Alentejo 

Most of the parameters selected are common to other vulnerability assessment 
methodologies, as they represent building features common to most of the typologies. For 
example, P1 (location and soil conditions) concerns characteristics such as the type of soil, 
foundations land slope, presence or absence of foundations and seismic micro-zonation of the 
building. P2 (plan configuration) accounts for the possible in-plan irregularities, which can 
enhance the torsional effects of the earthquakes and can be due to an excessive in-plan 
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slenderness or an irregular shape configurations that leads to an eccentricity of the mass 
center with respect to the stiffness center. P3 (distribution of resisting elements) takes into 
account the conventional shear resistance of the walls, specifically addressing their 
distribution, since vernacular buildings usually present an irregular distribution and an 
unbalanced area of resisting walls in the two orthogonal directions, which may jeopardize the 
seismic resistance of the building. P4 (wall slenderness) measures the ratio between the 
effective height of the wall and its thickness, since the most slender elements are the most 
vulnerable to the seismic action. P5 (maximum distance between walls) measures the span to 
thickness ratio, since the longest elements without intermediate support are also more 
vulnerable to out-of-plane collapse. P7 (connection between perpendicular elements) takes 
into account the organization of the vertical structure system and the level of connection 
between perpendicular walls, which have a decisive role in the seismic behavior of the 
building, particularly at the corners. P9 and P10 concern the opening characteristics in terms 
of number and position, since the presence of many openings always indicates a potential 
vulnerability of the building, particularly if they are too close to each other or to the edges of 
the walls. P13 takes into account the degree of deterioration presented by the building, which 
is strictly correlated with an increase in the vulnerability of the building. 

Nevertheless, some of these parameters are, as previously stated, specific of this typology. 
For instance, P6 takes into account the morphology of the vertical resisting elements, which in 
this case are rammed earth walls. An essential aspect of this parameter concerns the material 
mechanical properties, which are always difficult to measure and very variable in vernacular 
buildings, but have a decisive role in the seismic performance of the structure. A sensitivity 
analysis is foreseen in order to overcome the uncertainty resulting from the big variability of 
these properties that was observed in the literature. Not only the rammed earth properties but 
also the stone masonry properties need to be assessed because the buildings always present a 
stone masonry base course (Figure 3), whose influence should also be evaluated. Other 
constructive details that could be taken into account when assessing the influence of the 
morphology of the rammed earth walls in the seismic behavior are the horizontal brick 
courses that can be often found between the layers of rammed earth (Figure 3). 

The type of roofing system (P8) should be assessed, firstly, in terms of the efficiency of 
wall-to-roof connections, which are commonly very poor in this typology and, secondly, in 
terms of the type of roof. Different type of roofs can be commonly observed applied in these 
buildings, which may have an influence on the seismic behavior of the building. Particular 
attention should be paid to the thrust exerted by some of these types. 

The structural history of the building (P11) is also important in this typology because these 
buildings traditionally expands. These new parts are usually built in different materials and 
are poorly connected to the original building, which may increase the vulnerability of the 
building. Chimneys are the only relevant protruding non-structural element (P12) that can be 
systematically found in this type of buildings (Figure 3). The vulnerability of the building 
may increase according to the height of this element. 

Figure 3: (left) Stone base course [20]; (middle) brick masonry horizontal course within rammed earth walls [20]; 
chimney [20] 
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Finally, P14 accounts for those traditional strengthening solutions that have a direct 
influence on the seismic behavior of the building, such as buttresses, which is a common 
element usually observed attached to this type of buildings. This parameter only takes into 
consideration those techniques that do not have a direct influence over specific parameters, 
since some of these traditional techniques, i.e. ties, have a direct influence on other 
parameters selected, like the connection between perpendicular elements.  

3 REFERENCE NUMERICAL MODEL 

3.1 Reference building geometry 
Resulting from the analysis of the buildings from the database found in the literature [20], 

a reference model was built, which intends to be a simplified representative example of these 
constructions, gathering common characteristics in terms of dimensions and architectural 
layout that are able to typify more precisely the rest of the buildings present in the database. 
The dimensioned plan and elevations of the reference building used are shown in Figure 4. 

The plan has a simple rectangular shape, symmetrical in both orthogonal directions, 
regarding also the distribution of the interior load bearing walls. The height of this type of 
buildings rarely surpasses 3 meters at the front and back walls. The gable walls are not very 
high either, keeping the roof slope low, between 15-20 degrees. The height of the stone 
masonry base course is very variable but was established as 0.4 meters. Regarding the 
openings, the position of the two doors and two windows has also a symmetrical 
configuration. Timber lintels were considered over the openings, as this is also the common 
practice observed in almost every building of the database. Chimneys or other non-structural 
elements were not added to the reference building at this initial step. 

Figure 4: Plan and elevations of the reference building adopted for the construction of the reference model 
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3.2 Finite element model 
The numerical model was constructed taking into consideration the geometry of the 

reference building previously defined. With regard to the material properties and data, few 
studies have focused on the finite element modeling of rammed earth buildings [24-30], and 
most of them have adopted simple models, assuming simple constitutive laws, mainly linear 
elastic isotropic. However, in order to understand and simulate accurately the seismic 
behavior of rammed earth constructions, it is important to describe accurately the nonlinear 
behavior through more complex constitutive models, since relevant deformation of the 
structural elements is expected. Nevertheless, this requires detailed information of the 
mechanical properties of the material, which is not always possible. In this case, the material 
properties were obtained from data collected from different authors. A big variability was 
noticed, which brings up more uncertainties. 

The material model finally adopted to represent the nonlinear behavior of the rammed 
earth in the analyses is a standard isotropic Total Strain Rotating Crack Model (TSRCM), 
which describes the tensile and compressive behavior of the material with one stress-strain 
relationship and assumes that the crack direction rotates with the principal strain axes. It was 
implemented in DIANA software [31]. An isotropic model was chosen because despite its 
layered structure, experimental tests found in the literature have shown that the mechanical 
properties of rammed earth do not behave in an anisotropic way and only has an influence on 
crack mechanisms [30]. This model is very well suited for analyses which are predominantly 
governed by cracking or crushing of the material. The tension softening function selected is 
exponential and the compressive function selected to model the crushing behavior is parabolic. 

The model is built with solid 3D elements: (i) twenty-node isoparametric solid brick 
elements (CHX60) with three-by-three Gauss integration in the volume; and (ii) fifteen-node 
isoparametric solid wedge elements (CTP45) with a four-point integration scheme in the 
triangular domain and a three-point scheme in the orthogonal direction, used to adjust the 
mesh to the geometry resulting from the triangular gable walls. 

Three different materials are considered. Stone masonry is used for the base course, which 
is usually built with an irregular schist or granite masonry and thus, poor material properties 
are assumed. It is noted that the same isotropic material model (TSRCM) is also used for the 
stone masonry. Rammed earth is used for the structural walls, both interior and exterior. 
Timber is used for the lintels over all the openings. The final reference model has two 
elements in the thickness direction of the wall and therefore, the resulting generated mesh has 
31,264 nodes and 7,993 elements, see Figure 5. The roof is only considered as a distributed 
load on the top of the walls and the displacements of the elements at the base are fully 
restrained. The total mass of the model is 150 tons. 

The rammed earth and the stone masonry are considered to present nonlinear behavior, 
while for the timber only the elastic properties are considered, as the structural nonlinearities 
are not expected to concentrate there. For the timber lintels, an elasticity modulus of 10 GPa 
and a Poisson’s ratio of 0.2 were used [27]. Regarding the stone masonry elastic properties, a 
modulus of elasticity of 1500 MPa and a Poisson’s ratio of 0.2 were adopted. Its compressive 
strength and specific weight were obtained from reference values given by the Italian code 
[32], assuming the lowest quality masonry class, an irregular rubble stone masonry composed 
of rubble and irregular stone units of different sizes and shapes. The remaining nonlinear 
properties of the masonry were computed directly from the compressive strength, based on 
recommendations given by Lourenço [33]. The compressive fracture energy was obtained 
using a ductility factor of 1.6 mm, which is the ratio between the fracture energy and the 
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ultimate compressive strength. The tensile strength was estimated at 1/10 of the compressive 
strength. Finally, an average value of 0.012 N/mm is adopted for the mode I fracture energy. 

Concerning the rammed earth material elastic properties, an elasticity modulus of 300 MPa 
and a Poisson’s ratio of 0.3 were used. A compressive strength of 1 MPa was adopted, which 
seem to be in agreement with the scattered values observed in the literature, but 
acknowledging the relevance of a sensitivity analysis. The remaining nonlinear properties 
were again calculated directly from the compressive strength following the same 
recommendations [33]. The only difference with respect to the stone masonry lies in the value 
used for the mode I fracture energy. According to [30], the fracture energy of rammed earth 
should be increased in about ten times because rammed earth behaves more as a monolithic 
and less as a brittle material in comparison with stone masonry due to its broad particle size 
distribution, which includes large particles that may have a significant contribution for the 
interlocking at the crack surface, by promoting its roughness. A value of 0.1 N/mm was 
adopted for this reason. Table 2 presents the material properties finally used for the analyses. 

Figure 5: Numerical model: mesh categorized by materials 

Material E (MPa) ν fc (MPa) Gfc (N/mm) ft (MPa) GfI (N/mm) β W (kN/m3) 

Stone masonry 1500 0.2 1.5 2.4 0.15 0.012 0.05 20 

Rammed earth 300 0.3 1 1.6 0.1 0.1 0.05 20 

Timber 10000 0.2 - - - - - 6 

Table 2: Mechanical properties adopted for the three materials used in the reference model 

3.3 Seismic performance of the reference model 
Before carrying out the numerical parametric study, the main dynamic characteristics of 

the reference model were obtained, showing that most of the modes are associated with local 
deformations, involving only specific structural elements at a time and that there is no global 
modes affecting the whole structure. This effect is enhanced by the fact that the roof is not 
modeled and the walls get to vibrate independently. The first modes are associated with local 
out-of-plane deformations of the walls in the Y direction, particularly the taller inner walls, 
less resistant to local deformations, see Figure 6. 
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Mode 1: 
T = 0.150 s 
f = 6.66 Hz 

Mode 3: 
T = 0.099 s 
f = 10.13 H 

Mode 6: 
T = 0.094 s 
f = 10.68 H 

Figure 6: Shape of the first, sixth and sixth mode of the reference building 

A nonlinear static (pushover) analysis was performed on the reference building, which is a 
common procedure used for the seismic assessment of buildings. First, only the dead weight 
and the distributed load on top of the walls, simulating the roof, are considered. After that, an 
incremental monotonic loading proportional to the mass is applied on the structure in the main 
horizontal directions (X and Y), as recommended by [34] for masonry structures. Only the 
positive directions are considered, since the behavior of the building is practically symmetric. 

Figure 7 shows the capacity curve for the reference building in both horizontal directions. 
The analysis shows that the structure capacity is higher than could have been expected for this 
kind of buildings, obtaining maximum load coefficients of around 0.8g in +Y direction and 
over 1.1g in +X direction. This might be due mainly because the structural elements of the 
buildings are considered to be perfectly connected between them, avoiding their premature 
local out-of-plane collapse. Nevertheless, results were deemed satisfactory for the purpose of 
the study, which is a comparative analysis between different geometric and structural 
characteristics. 

Figure 7 also shows the evolution of the maximum principal strains in the building in both 
+X and +Y direction, which can be used as a cracking measure. As could be expected, the 
parts of the building presenting more damage are the middle walls because they are higher 
than the rest and show flexural vertical cracks in the mid-span. However, the main damage is 
located at the connections between perpendicular walls. Horizontal cracking at the stone base 
is also substantial, as well as in the connection between both materials. In the case of the 
pushover analysis in +X direction, the middle interior walls present a clear in-plane failure. 

(+Y) 0.587g (+Y) 0.816g 

(+X) 0.825g (+X) 1.17g 

Figure 7: Capacity curve of the pushover analyses on the reference building and evolution of maximum principal 
strains along the building depicted on deformed mesh for the analysis in booth +X and +Y direction 
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4 NUMERICAL PARAMETRIC ANALYSIS 
Numerical nonlinear parametric analyses were defined in order to assess the influence of 

the different parameters selected and in order to understand in a more detailed way the 
seismic behavior of this typology. Therefore, the initial configuration of the reference model 
was changed in terms of geometry and construction characteristics and new models were built 
according to the parameters. The comparison between the new models and the reference one 
is made in terms of capacity curves. This approach intends to identify the most relevant 
parameters before addressing their calibration, required for the development of a seismic 
vulnerability assessment methodology. Table 3 shows the comparison, in terms of capacity 
curves, of the parameters that seem to have more influence in the building seismic response. 

For example, the analysis assessing the influence of the plan configuration, particularly the 
influence of an irregular shape configuration, is shown. Particularly, it can be observed that 
when those parts of the building projecting have a significant dimension, such as in the case 
of building P2b_1, the capacity of the building decrease, probably due to the fact that these 
independent cells are freer to deform and allow some torsion effects to occur.  

Parameters P4 and P5, which take into account the wall slenderness and the maximum 
span between walls shows an important difference in terms of peak loads. With respect to P4, 
when the height of the walls increases (P4_1 and P4_2), the flexural damage and the damage 
at the connections between perpendicular walls also increase, both in the interior and the 
exterior walls. Another two models were built modifying the thickness of the inner walls, 
which are usually thinner than the exterior ones (P4_3 and P4_4). Expectedly, reducing this 
thickness decreases the seismic capacity of the building. With respect to P5, when the span 
covered by the walls is very large, the elements get to behave practically as free standing 
walls, reducing much more their horizontal resisting capacity. 

The influence of the stone masonry base course in the seismic behavior of the building was 
also evaluated by constructing two more models. First, the stone base was completely 
removed and the walls were considered to be built only with rammed earth. A second model 
was built with the stone base reaching a height of 1.0 m. The main difference in the results 
consists on the variation in the stiffness of the model, mainly resulting from the difference in 
stiffness between both materials, confirming its influence. 

The type of roof has a decisive influence since the type of roof used has a direct influence 
on the geometry of the building. For instance, if a truss roof is considered, the height of the 
middle wall is significantly reduced, down to the same height as the exterior walls and, 
therefore, the capacity of the building may increase. On the other hand, these changes can 
lead to the formation of new vulnerable elements, such as the gable wall. The lack of a middle 
wall bracing the gable end wall increases the vulnerability of this element, which becomes 
highly susceptible to collapse. Therefore, the influence of this parameter, which affects 
mainly the geometry, should be carefully assessed, particularly when evaluating those roof 
configurations that exert a thrust on the walls (P8a_2). 

Another type of situation was considered regarding the wall-to-roof connections and 
another model was built simulating proper coupling between the parallel walls (P8b_1). A 
notable improvement in the seismic performance can be observed, particularly in the global 
stiffness of the model, since the resisting walls now respond to the horizontal action 
simultaneously. 

The influence of the relative position of the openings with respect to the wall edges and 
other openings was also confirmed. A reduction in the size of the resisting piers (model 
P10_2), because of openings too close to the edges of the wall especially affects the in-plane 
resistance of the walls and leads to a considerable decrease of the capacity in +X direction. 
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P2. Plan configuration: irregular shape configuration P4. Wall slenderness 

P2b_1 P2b_2 P2b_3 P4_1 / P4_2 P4_3 / P4_4 

P5. Maximum distance between walls P6. Rammed earth quality: Stone base course 

P5_1 P5_2 P5_3 P5_4 P6b_1 P6b_2 

P8. Type of roofing system P10. Position and misalignment of walls openings 

P8a_1 / P8a_2 P8b_1 P10_1 P10_2 

Table 3: Numerical parametric analyses carried out according to the parameters selected and comparisons in 
terms of capacity curves 

2202



Javier Ortega, Graça Vasconcelos, Mariana Correia, Hugo Rodrigues, Paulo B. Lourenço and Humberto Varum 

5 CONCLUSIONS 
As part of an ongoing research that aims at the development of a seismic vulnerability 

assessment methodology of vernacular architecture, a numerical parametric study was carried 
out using pushover analysis proportional to the mass. The objective was to evaluate the 
variation of the seismic response adopting changes in the geometrical and construction 
characteristics of a Portuguese vernacular typology, consisting of rammed earth buildings. 

Different parameters that were assumed to have a relevant influence in the seismic 
behavior were selected adjusted for the specific building typology studied. Construction 
aspects such as the plan configuration, the wall slenderness, the distance between walls and 
the relative position of the openings were among those considered. A reference model was 
first built, trying to effectively represent this vernacular typology, gathering common 
architectural characteristics. The model was constructed with DIANA software and the 
material properties used were obtained from the literature. Different models were then built 
adopting changes in the dimensions and construction characteristics according to those 
parameters selected. 

Nonlinear static (pushover) parametric analyses were carried out and a comparison 
between the seismic performance of the reference model and the rest of the models was made, 
in terms of capacity curves. The results obtained confirm that the parameters selected have a 
relevant influence in the seismic behavior of the building. The results of the analysis of the 
reference building show that the building is more sensitive to out-of-plane failure, which can 
be expected due to the height to thickness ratio of the rammed earth walls assumed. The 
interior walls present more vulnerability as well because of their bigger height. The points of 
connection between orthogonal walls are also very vulnerable, showing big concentration of 
stress. This is particularly important given the fact that a perfect connection between the walls 
was assumed in this first set of analyses. This is not usually true for this type of buildings, 
which are many times characterized by poor wall-to-wall connections. The parameter 
addressing this characteristic assumes a greater importance for later analyses. 

Following these analysis aimed at understanding the seismic behavior of this construction 
typology and the influence of certain specific construction characteristics, the calibration of 
the weights of the parameters need to be carried out at a further step, in order to develop the 
seismic vulnerability assessment methodology. Finally, another important future step will be 
the modeling of the distinct retrofitting solutions identified that are commonly applied in 
these buildings, such as buttresses. This will lead to a comparative analysis on the efficiency 
of the different strengthening techniques in improving the seismic global behavior of these 
vernacular buildings and will result in the calibration of one of the parameters proposed that is 
expected to be one of the main contributions of this research: the influence of traditional 
strengthening solutions in the reduction of the seismic vulnerability of vernacular architecture. 
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Abstract. This paper investigates the behaviour of small square masonry subassembly, wal-
lets, subject to axial compression, involving their crack pattern and the shear stress-shear 
strain curves. Masonry and mortar were discretized with quadrilateral finite elements with 
embedded discontinuities, which have three degrees of freedom per node. The constitutive be-
haviours of blocks, bricks and mortar consider the softening deformation after reaching a 
failure surface. The numerical modelling of experimental tests for combined masonry wallets 
were performed in the Finite Element Analysis Program (FEAP). The computed shear stress-
shear strain curves with finite elements with embedded discontinuities showed a fairly good 
agreement in terms of the initial stiffness, strength, ultimate load and dissipative behaviour; 
also, the computed cracking patter is congruent with the experimental one. 
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1 INTRODUCTION 
The modelling of masonry structures is a demanding task in structural engineering. This 

laborious work is attributed to the geometry and to the constitutive behaviour of bricks and 
mortar materials, which include anisotropy and nonlinearity. The different numerical proce-
dures could be summarized in three levels of refinement [2][3]: 1) macro-modelling, bricks, 
mortar and the brick–mortar interface are smeared out in a homogeneous continuum; 2) sim-
plified micro-modelling, bricks are represented as fictitious expanded bricks by continuum 
elements with the same size as the original bricks dimensions plus the real joint thickness. 
The mortar joint is also discretized with interfaces of zero thickness; and 3) detailed micro-
modelling, units and mortar in the joints are discretized by continuum elements whereas the 
brick–mortar interface is represented by discontinuous elements. 

This papers uses a kind of the detailed micro-modelling, where perfect bond in the brick-
mortar interface was assumed. Small square masonry wallets, subject to axial compression, 
were modelled. Bricks, block and mortar were discretized with hexahedral finite elements 
with embedded discontinuities (FEED). The constitutive behaviour of blocks, bricks and mor-
tar considers the softening deformation after reaching a discrete failure surface. The computed 
shear stress-shear strain curves with FEED are stiffer than the experimental curves, a fact at-
tributed that the sliding in the brick-mortar interface was neglected. 
 

2 EMBEDDED DISCONTINUITY MODEL 

2.1 Variational formulation 
The FEED are formulated from an energy functional which has the displacement, u, and 

the displacement jump [|u|] as independent variable ([1], [5], [6], [12]). This functional is giv-
en by: 

 ( )u u b u t u u
\

, ( ) ( )
S

u
SS

d d d
s

f*

W G G
é ùé ù é ùP = Y - × W - × G + Gê úë û ë ûë ûò ò òε   (1) 

where the free energy density, ( )uY ε , depends on the continuous strain field uε  , and the 
free discrete energy density, u( )S

é ùY ë û , depends on the jump. These energy densities are re-
spectively given by:  
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  (3) 
where the elastic stresses, σ , are defined by: 

 C :σ = ε  (4) 

and TS is the traction vector at the discontinuity. 
 

 

2.2 Approximation of the displacement and strain fields 
 

The regular displacement field is approximated by: 
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ˆ =u Nd
  (5) 

where N is the standard vector of shape functions of the element 
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and, d, is the nodal displacement vector. The function, MS(x), is defined in the finite ele-

ment approximation as: 
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N +  are the shape functions corresponding to the nodes placed on +W  of the finite 

element which contains the discontinuity. The displacement is given by 
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The continuous strain field is approximated as: 
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Where B, is the standard strain interpolation matrix, containing the derivatives of the 
standard shape functions ∂(Nd)=Bd. 

The equilibrium equations corresponding to this formulation are obtained by substituting 
Eqs. (9) and (10) into the energy functional of Eq. (1), and setting the derivatives with respect 
to the independent variables (d and [|u|]) to zero, 
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In Eqs. (11) and (12), ( )s e  and 
, ,x y z

T  are nonlinear, their respective linearizations with 
Taylor series give [5]: 
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where R has the direction cosines, R1 and R2 are defined as: 
( ) ( ) ( )B , 0

1
\

n nT
ext

S

R F d
W

= - Wò σ ε (14) 

( ) ( ) ( )B ,0 ,0
2 ,

\ S

n nT
c x y

S

R d d
W G

= W - Gò òσ ε T
(15) 

To reduce the size of the system given in Eq. (13), the additional degrees of freedom, 
Δ[|u|], may be condensed. In Eq. (14), R1 means the equilibrium between the external and the 
internal forces in the domain \ SW , whereas R2, in Eq. (15), the equilibrium between the 

forces in the domain \ SW  and forces in the discontinuity SG . 
Tractions at the discontinuity are: 

B, ,
\

1 T
x y z c

d S

d
A

W

= Wò σT
(16) 
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which expressed in the local system becomes 

R B, ,
\

1 T
n s t c

d S

d
A

W

= WòT σ
(17) 

The definitions of the traction vector in Eqs. (16) and (17) are dependent on the discontinu-
ity area, Ad, and the direction cosines to the normal vector n, as shown in Figure 1.   
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Figure 1: Finite element: a) discontinuity area and b) displacement jumps. 

The FEED, given in Eq. (13), were implemented in the finite element analysis program 
(FEAP), developed by [10]. These FEED capture a discontinuity surface at their geometric 
centre, which is placed perpendicular to the major principal stress direction. The discontinuity 
surfaces of the surrounding elements are not aligned and the displacement jump is constant 
into these FEED. It is important to say that these elements do not have problems of spurious 
shear deformations and they satisfied the following requirements: (1) equilibrium, traction 
continuity across the discontinuity interface and (2) kinematics, free relative rigid body mo-
tions of the two portions of an element split up by a discontinuity [5].  

3 CONSTITUTIVE MODELS 

3.1 Concrete 

The concrete and mortar behaviour were modelled with a discrete damage model, which 
has different threshold values under tension and compression, as shown in Figure 2a. This 
model is equipped with softening after reaching the ultimate tensile strength, Tut, or the ulti-
mate compressive strength, Tuc, shown in Figure 2b. This model is defined by the following 
equations: 
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wheref is the discrete free energy density,T  is the traction vector. The damage variable w  

is defined in terms of the hardening/softening variable 
_

q

, which is dependent on the harden-

ing/softening parameter. The damage multiplier l  determines the loading-unloading condi-
tions, the function (f T , )q , bounds the elastic domain defining the damage surface in the 
tractions space. The tangent constitutive equation, in terms of rates from the model in Eq. (18), 
is: 

 C uT
d

é ùë û = ⋅T   (19) 

where CTd  is the tangent constitutive operator, relating the traction and the displacement jump 
of the nonlinear loading interval, which is defined by 

 ( ) ( )e e eC Q Q u u Q
3

1 q HT
d

a

a
w - é ù é ù- ë û ë û= − ⋅ ⊗ ⋅   (20) 

and for the elastic loading and unloading interval ( 0d =  and 0w= ): 

 ( ) eC Q1T
d w-=   (21) 
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Figure 2: 1D discrete damage model with softening: a) elastic space and b) traction-displacement jump curve. 
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4 NUMERICAL MODELS 

4.1 Description of the wallets 

To define an indirect shear strength *
mv  for design and the shear modulus *

mG  under diago-
nal tension, small square masonry subassemblies, called wallets, can be tested under axial 
compression according to NTCM-2004 [7], as shown in Figure 3. This test is commonly per-
formed using an universal press machine [11]. 

Figure 3: Axial compression test of NTCM-2004. 

The shear stress τ was computed by the following relationship: 

d

P
l t

τ = (22) 

where P is the vertical load,  ld is the diagonal length, measured from the bottom to the top 
of the wallet and t is the thickness of the wallet, as shown in Figure 3. 

The shear strain γ was computed as follows: 

c tγ ε ε= +   (23) 

;c c
c c

c tlo lo
δ δε ε= =   (24) 

where εc is the average of the compression diagonal strain,  εt  is the average of the tension 
diagonal strain, δc is the shortening which is measured along the length of the calibrated com-
pression diagonal,   δt is the shortening which is measured along the length of the calibrated 
tension diagonal, loc is the calibrated length between transducers of the compression diagonal 
and  lot is the calibrated length between transducers of the tension diagonal. Both lengths, loc  
and lot, were measured before the test as shown in Figure 4. 
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Figure 4:  Computation of the shear stress (adapted from [9]). 

In this paper, only two arrangements shown in Figure 5 were modelled, with mortar type I, 
although others two arrangement with mortar type II were also tested by [11]. The mechanical 
properties of the blocks are: Young´s modulus E=1.1 GPa, Poisson ratio υ=0.2, ultimate ten-
sile strength σtu=0.84 MPa, ultimate compressive strength σuc=4.26 MPa and fracture energy 
density Gf=15.2 N/m. The mechanical properties of the fired clay bricks are: Young´s modu-
lus E=2.0 GPa, Poisson ratio υ=0.1, ultimate tensile strength σtu=2.02 MPa, ultimate com-
pressive strength σuc=10.1 MPa and fracture energy density Gf=13.6 N/m.   The mechanical 
properties of the mortar are: Young´s modulus E=2.0 GPa, Poisson ratio υ=0.2, ultimate ten-
sile strength σtu=4.82 MPa, ultimate compressive strength σuc=24.1 MPa and fracture energy 
density Gf=7.5 N/m. The fracture energy density and Young´s modulus were computed by [8]. 

Figure 5: Small wallet arrangements: a) 1 and b) 2 (adapted from [11]). 

4.2 Numerical test 
The wallet of the arrangement 1 was discretized with quadrilateral elements, 2052 ele-

ments for blocks, 840 elements for bricks and 298 for joints as shown in Figure 6a; whereas 
the wallet of the arrangement 2 was discretized with 1008 elements for blocks,  1650 elements 
for bricks and 298 for joints as shown in Figure 6b. Homogenization techniques were not use, 
so the mechanical properties of the blocks, bricks and joints were assigned to the correspond-
ing discretized elements. 
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a)  b)  

Figure 6: Discretization of the wallets, arrangement: a) 1 and b) 2.  

 
The average shear stress vs shear strain curves are shown in Figure 7. The computed curve 

with FEED shows numerical results, which are congruent at the ascending branch with the 
experimental curve reported by [4]. It is observed that both curves are similar at the beginning; 
however, the curves computed with FEED are stiffer that the experimental curves. This dif-
ference may be attributed to the fact that the sliding between mortar and blocks or bricks were 
not considered.   
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Figure 7: Shear stress vs shear strain for arrangement a) 1 and b) 2 

In both arrangements, cracking initiated at both corners, on the top and on the bottom, 
growing to the centre. Discontinuities along bed joints occurred in arrangement 1 as shown in 
Figure 8a, whereas discontinuities along the diagonal occurred in the arrangement 2 as shown 
in Figure 8. These crack patterns at both arrangements were congruent with the experimental 
results reported by [4] and [11]. 
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a) b) 

Figure 8: Cracking patterns for arrangement: a) 1 and b) 2 

5 CONCLUSIONS  

• The FEED with a discrete damage model were used for modelling wallets under com-
pression load, involving their crack pattern and the shear stress-shear strain capacity
curve. The discrete damage model considers a constitutive behaviour equipped with sof-
tening for the blocks, bricks and joints elements limited for a damage surface.

• The coupling of bricks or block with the mortar yield a shear stress- shear strain curve
stiffer than the experimental curves, because sliding is neglected.

• In the wallet 1, discontinuities occurs along bed joints, whereas in the wallet 2, disconti-
nuities occur along the diagonal, which are congruent with the experimental results.

• The ultimate shear stresses computed with FEED were greater than experimental values.
These effect is attributed to absence of the sliding in the brick–mortar interface. Forcom-
ing work will include the sliding of brick–mortar interfaces.
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Abstract. The paper, after a brief discussion of the methodologies of the research project 

RiSEM (Seismic Risk of Monumental Buildings), a research project started in 2011 and 

concluded at the end of 2013, discusses on the seismic assessment of historic masonry towers 

according to the Italian "Guidelines for the assessment and mitigation of the seismic risk of 

the cultural heritage". The RiSEM project aimed at developing and testing innovative and 

expeditious methodologies (i.e. without direct contact with the masonry building) to evaluate 

all the main structural features of the monumental buildings that are required for the 

assessment of their seismic safety. As a relevant case study the historic towers of the city of 

San Gimignano (Italy) in the UNESCO list of the World Cultural Heritage was selected, and 

the paper summarizes the analyses and the results obtained on three of the analysed towers. 

The Italian Guidelines identify a methodology of analysis based on three different levels of 

evaluation, according to an increasing path of knowledge (or requirement) of the structure, 

namely: LV1 (analysis at territorial level), LV2 (local analysis) and LV3 (global analysis). 

The paper, summarizing the results obtained for two of the above three levels, highlights a 

few issue concerning the seismic risk of historic masonry tower. 
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1 INTRODUCTION 

The quality of the life of a community is strongly affected by the safety and the 

functionality of the buildings and the infrastructures that constitute the urban environment [1] 

[2]. In case of Italy (and Tuscany in particular), where the territory is characterized by a 

massive presence of historical and monumental buildings, life quality is strongly connected 

with the presence and the functionality of these historical structures. These buildings, as 

recently demonstrated by the earthquakes of L’Aquila (April 2009) [3] [4] and Reggio Emilia 

(May 2012) [5], are extremely vulnerable to seismic loads. In addition, although the 

earthquake which affected L'Aquila was a seismic event of exceptional power (the main 

shock had a moment magnitude equal to 6.3 MW, with PGA equal to 0.68g) not infrequently 

damage, and in some cases collapse, of monumental buildings or parts of them were also 

recorded as a result of not extremely violent earthquakes (e.g. the damage to the Basilica of 

San Francesco d’Assisi after the seismic shock in November, 2007). It is then clear the need 

of developing and test methods of investigation and analysis that may allow to carry out a 

fairly expeditious seismic risk quantification, developing at the same time technologies that 

can be used with a certain repetitiveness and on a territorial scale, to provide general 

guidelines to establish priority of intervention to protect historical monuments. 

Among the different typologies of historic monumental buildings, the masonry towers 

represent a hallmark of many Italian and European town centres. Their construction, in the 

most ancient cases, dates back to the late-medieval age, and today there are many historic 

towns that owe their notoriety, and even their economic welfare, to their towers. This is the 

case of the town of San Gimignano, a small medieval village between Florence and Siena in 

Tuscany included in the UNESCO World Cultural Heritage list since 1990. In its period of 

maximum splendour San Gimignano had over seventy towers-houses (some as high as 50 m). 

Today only 13 of these towers have survived. 

The seismic risk of the historic towers of San Gimignano was recently analysed, as an 

illustrative case study, within the 2-year research project RiSEM “Seismic Risk of 

Monumental Buildings”. The project aimed at developing and testing expeditious and 

innovative methodologies (i.e. without direct contact with the masonry construction) to assess 

the structural data needed for the subsequent evaluation of the seismic risk. The whole 

project, funded by the Tuscany Region, was developed by a consortium which included two 

Italian Universities (Florence and Siena) through four University Departments from different 

scientific areas. The methodology adopted in the research was based on the following 

elements: a) assessment of seismic hazard and soil-structure interactions; b) acquisition of the 

geometric characteristics and reconstruction of the historical evolution of masonry buildings; 

c) evaluation of the static and dynamic behaviour of towers (structural identification) through 

non-conventional and innovative investigation techniques; d) evaluation of seismic 

vulnerability (through the definition of proper limit states aimed at identifying the safety 

levels for cultural heritage, considering both the problem of preservation and safety); and 

finally e) evaluation of the seismic risk. The final goal of the project was therefore to develop 

guidance for the assessment of the seismic vulnerability of historic masonry towers, according 

to the Italian Recommendations (NTC2008 [6]).  

The town of San Gimignano was identified as an exemplary case study due to the 

typological structural homogeneity of its historic tall masonry towers (in fact the presence of 

several buildings with a similar dynamic behaviour makes the case study particularly 

significant for “testing” new techniques of investigation and analysis). 

The seismic assessment of the towers, was developed according the provisions of the 

Italian Guidelines for the assessment and mitigation of the seismic risk of the Cultural 
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Heritage (DPCM2011 [7]). The Guidelines propose a methodology of analysis based on three 

different levels of evaluation, according to an increasing knowledge of the structure. The first 

level of analysis (LV1, analysis at territorial scale) allows to evaluate the collapse acceleration 

of the structure by means of simplified models based on a limited number of geometrical and 

mechanical parameters (and qualitative tools such as visual inspections). The second level 

(LV2, local analysis) is based on a kinematic approach performed to analyse the local collapse 

mechanisms that can develop on several macro-elements. The identification of proper macro-

elements is based on the knowledge of structural details of the building (cracking pattern, 

construction technique, connections between the architectonic elements, etc). The last level of 

evaluation (LV3, global analysis) requires a global analysis of the whole building under 

seismic loading by suitable numerical models. Compared to the previous two levels, the LV3 

should be the most accurate but it requires a large amount of input data and, depending on the 

employed numerical approach, great computational effort. 

The paper, as a first step toward the synthesis of the results obtained within the project, 

summarizes the analysis executed and the results obtained for three of the analysed towers: 

the Becci tower, the Coppi-Campatelli tower and the Chigi tower (Figure 1). After a short 

description of the towers, the methodology employed to cover the unknowns deriving from 

the knowledge process and the performed parametric analyses are critically discussed. 

2 THE HISTORIC TOWERS OF SAN GIMIGNANO 

The historic towers of San Gimignano date back to XII-XIII century. The sustaining walls 

of the towers are multi-leaf stone masonry walls with the internal and external face usually 

made with the same typology of material (and also, presumably, the same thickness); the 

internal, and thick, core is composed of heterogeneous stone blocks tied by a good mortar.  

A section of the three analysed towers, together with the base cross-section, is reported in 

Figure 1. Slenderness of the towers ranges between 3.4 (Coppi-Campatelli tower) and 5.9 

(Becci tower) and the thickness of the walls is almost uniform for all the three towers. At the 

lower level the towers are largely incorporated into the neighbouring buildings and hence the 

lower sections present several openings (in most cases subsequent to the tower construction) 

to allow communication with the confining buildings. 

The internal and external faces of the towers are made by a local cavernous limestone 

except the upper part of the Chigi tower that was built with masonry bricks (Table 1). Due to 

the lack of information (tests, core drilling, mineralogical surveys etc.), apart from the visual 

inspection, the mechanical properties of the walls were characterized by taking into account 

the provisions of the Circular 2009 [8]. In particular several typologies of masonry walls were 

considered (Table 1). The first is the scheme of uncut stone masonry with facing walls of 

limited thickness and infill core (USM). The second is the scheme of soft stone masonry (tuff, 

limestone, etc.) (SSM). The third is the scheme of dressed rectangular stone masonry (DRS). 

The fourth, characterizing only the upper part of the Chigi tower, is the scheme of full brick 

masonry with lime mortar (FBM). The reference intervals for the value of the mechanical 

properties reported in the table C8A.1 of the Circular 2009 were selected according to the 

mechanical characteristics of the masonry typologies existing in the Italian territory. These 

values refer to masonry with mortar of poor mechanical characteristics. Furthermore, the 

values proposed by the Circular 2009 assume, in case of multi-leaf stone masonry, 

disconnected facing walls and/or lack of systematic transverse connecting elements (or 

interlocking between the masonry facing walls). To account for good quality mortar, for the 

presence of a thick inner core and for the presence of thin joints the correction factors 

proposed by the Circular 2009 (table C8A.2.) were employed. 
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H [m] 39.4 27.6 26.9 

S [m] ~ 6.6  6.8 ~ 6.5  8.1  ~ 5.2  5.6 

λx [-] 5.9 4.2 5.2 

λy [-] 5.8 3.4 4.8 

 

 
 

 

 Becci  Coppi-Campatelli  Chigi  

Figure 1: Towers sections and cross sections (H – height, S – base section dimension, λx,y – slenderness). 
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Tower Masonry typology Tower walls View 
Becci  D: 

Soft stone masonry 

(SSM). 

internal and external 

faces similar / thick 

inner core / good 

quality mortar. 

   
Coppi-Campatelli  B: 

Uncut stone masonry 

with facing walls of 

limited thickness and 

infill core (USM). 
 
E: 
Dressed rectangular 

stone masonry 

(DRS). 

internal and external 

faces similar / thick 

inner core / good 

quality mortar. 

   
Chigi (lower part) D: 

Soft stone masonry 

(SSM). 

internal and external 

faces similar / thick 

inner core / good 

quality mortar. 
 

    

Chigi (upper part) F: 
Full brick masonry 

with lime mortar 

(FBM). 

internal and external 

faces similar / thick 

inner core / good 

quality mortar. 

Table 1: Visual characterization of the masonry typologies. 

 

Type of 

masonry 

Mechanical characteristics Correction factors 

fm 

[N/cm
2
] 

τ0 

[N/cm
2
] 

E 

[N/mm
2
] 

thick or poor 

internal core  

good quality 

of the mortar 
thin joints 

B 
200 3.5 1020 

0.8 1.4 1.2 
300 5.1 1440 

D 
140 2.8 900 

0.9 1.5 1.5 
240 4.2 1260 

E 
600 9.0 2400 

0.7 1.2 1.2 
800 12.0 3200 

F 
240 6.0 1200 

0.7 1.5 1.5 
400 9.2 1800 

Table 2: Mechanical properties evaluated according to [8]  

(fm – compressive strength, τ0 – shear strength, E - modulus of elasticity).  
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Specifically, considering that a limited level of knowledge (KL1 according to the Code [6], 

corresponding to a confidence factor of 1.35) was reached, the standard prescribes to employ 

as resistance parameters (fm and τ0) the minimum values of the ranges given in table C8A.2.1 

of the Circular 2009, while for the elastic moduli (E and G) the mean values were assumed. 

According to what the standards suggest, and in the absence of more accurate investigations, 

the correction factors (table C8A.2. Circular 2009) reported in Table 2 were applied to the 

mechanical parameters. 

The performed estimation of the masonry mechanical parameters through literature results 

was in accordance with the project's goals, aiming the research to test expeditious techniques 

to assess the seismic risk of monumental buildings without direct contact with the masonry 

construction. In this respect the selected types of masonry (Table 1), similar for morphology 

to those visually detected in situ, were assumed as lower and upper bound for the actual 

masonry parameters to be employed in the subsequent analysis models.  

3 RISK ASSESSMENT 

The evaluation of the seismic risk of the tower was performed according to the three levels 

of evaluation introduced by the Italian DPCM2011 (“Guidelines for the assessment and 

mitigation of the seismic risk of the cultural heritage” [7]). The Guidelines, that represent an 

innovative tool in the European context, propose an assessment methodology organised on 

three levels: 

 

- Level 1 (LV1) is a territorial risk model, in which the input is represented by the 

macroseismic intensity parameters and the vulnerability is evaluated according to a 

qualitative knowledge of the relevant structural parameters. The safety indexes are based 

on typological studies, related to the kind of the building (palace, church, tower), at a 

territorial scale;  

- Level 2 (LV2) is a local mechanical risk model, in which the spectral coordinates of the 

earthquake represent the input and the vulnerability is evaluated analysing the activation of 

partial collapse mechanisms in a single part of the structure (macroelement). The 

evaluation of the safety indexes still requires a few geometrical and mechanical 

parameters;  

- Level 3 (LV3) is a global mechanical risk model, in which the spectral coordinates of the 

earthquake represent the input and the vulnerability is evaluated performing nonlinear 

analyses (through a capacity curve if a pushover approach is employed). The model asks 

for a detailed analysis of the single building, considered as a whole (or as an assembly of 

macroelements). 

 

Among the three level of analysis the paper reports, for three of the thirteen analysed 

towers of San Gimignano, the results obtained with the models LV1 and LV3. The two level 

are compared through the examination of two safety indexes, evaluated with reference to the 

limit states of Life Safety (SLV). 

The first index is the seismic safety index (IS,SLV), the ratio between the return period of the 

seismic action which brings the tower to the Life Safety limit state (TSLV) and the expected 

return time of the earthquake of the site, corresponding to the Life Safety limit state (TR,SLV = 

475), defined as follows: 

        
    

      
 (1) 
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A seismic safety index greater than one corresponds to a safe state for the tower (with 

respect to the assumed reference period VR and for its coefficient of use cu). A safety index 

lower than one highlights possible critical issues that require in-depth investigations. 

The second examined index is the acceleration factor (fa,SLV), the ratio between the 

acceleration which brings the tower to the Life Safety limit state (aSLV) and the reference 

acceleration for the Life Safety limit state (ag,SLV), both referred to a rigid ground (ground 

type A): 

       
    

      
 (2) 

The acceleration factor, while considering only one of the parameters that define the 

seismic action spectrum, has the advantage of providing a quantitative indication of any 

deficiency in terms of mechanical strength of the structural system. The acceleration factor 

fa,SLV is a purely mechanical parameter, which may be useful for an evaluation of the 

weakness of the structure in terms of strength. The seismic safety index IS,SLV, being based on 

the return periods of the seismic demand and the capacity of the structure, provides a direct 

evaluation of the eventually present vulnerability of the tower over time.  

The indexes were evaluated according to the two principal directions of each section of the 

towers, in both directions, being not (usually) possible to identify in advance the most critical 

section. In addition the nominal life VN (which is obtained from the value of the return period 

of the seismic demand that brings to the achievement of the SLV) and the corresponding 

return time were also calculated.  

4 LV1 ANALYSES 

With the aim to evaluate the seismic risk at territorial level, the expeditious model 

proposed by the DPCM2011 [7] schematizes the tower as a cantilever beam, subject to a 

system of horizontal forces, assuming that the collapse can occurs according to a combined 

compressive and bending stress mode. The simplified LV1 model allows to evaluate the 

collapse acceleration of the structure based on a limited number of geometrical and 

mechanical parameters (or qualitative tools such as visual test, construction features, and 

stratigraphic survey). It is hence mainly aimed to evaluate a “comparative ranking risk” 

between similar structures in order to highlight the need for subsequent in-depth 

investigations (or to program actions to mitigate the seismic risk).  

Results of seismic vulnerability at territorial level should be a useful tool for the public 

administration for highlighting the most critical situations in the territory and to establish 

priorities for future interventions. It is hence implicitly assumed that lower LV1 safety 

indexes actually correspond to lower safety indexes in case of refined LV3 analyses. 

In case of masonry tower, from the operative point of view, the LV1 model foresees to 

divide the structure into n sectors (blocks) having uniform characteristics. This step should be 

performed taking into account several aspects, among them: i) beginning and ending of the 

openings; ii) level of detachment of the tower from the neighbouring buildings (if the tower is 

not isolated); iii) levels in which there is a reduction in the thickness of the masonry walls; iv) 

levels where there are changes of materials and / or changes in the construction phases. To 

identify the sectors into which the tower must be divided responds to the need to obtain 

structural portions with geometrical and mechanical uniform characteristics where safety 

checks are to be performed. Afterwards, the safety checks are carried out by comparing, at the 

base of each sector and for each load direction, the seismic demand (the acting bending 

moments) with the seismic capacity (the correspondent ultimate resistant moment). 
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Since the towers (Figure 1) are largely incorporated into the neighbouring buildings, to 

apply the LV1 model following schemas were considered: 

 

- Model A: the towers are analysed as an isolated construction, i.e. without considering the 

presence of the neighbouring buildings (it is implicitly assumed that the action offered by 

the neighbouring structures is ineffective); 

- Models B and C: these models still considers the towers as isolated constructions, but 

assume as tower height the portion of the structure that emerges from the surrounding 

buildings. 

 

The above models are aimed to introduce lower and upper bound within approximate the 

actual behaviour of the towers. The adjacency of the towers with the lower constructions can, 

in fact, significantly alter their structural behaviour: on the one hand, it reduces the effective 

slenderness (thus reducing the period); on the other hand these constructions constitute 

stiffeners which may produces localized areas of possible stress concentration (and 

pounding). 

The evaluation of the acting bending moment requires the estimation of the ordinate of the 

elastic response spectrum Se(T1) which is a function of the main period T1 of the tower. It was 

shown ([10]) that the empirical correlation (3) provided by the NTC2008 [6], in case of 

slender masonry towers, tends to overestimate the natural period for values less than 1 s, 

while tends to underestimate the actual period for values greater than 1 s.  

               (3) 

On the basis of experimental results concerning the main periods of historic masonry 

towers Ranieri and Fabbrocino [10] proposed the following empirical correlation, here also 

used for the estimation of the fundamental period: 

               (4) 

The Eq. (4), like the empirical correlation provided by the Italian building code, provides 

the main period of the structure as only function of the height H of the tower. For comparative 

purpose the main period of the towers were also estimated by employing the classical formula 

of the linear elasticity: 

            √
   

     
 (5) 

where A is the cross sectional area of the i-th sector,  is the specific weight, E is the modulus 

of elasticity and J denotes the area moments of inertia (to be evaluated in the analysed load 

direction). 

The Italian guidelines require, in order to account for the behaviour of the structure at the 

ultimate limit state (i.e. to consider the non-linear phenomena that occur as a result of the 

increasing levels of damage induced by the seismic loads) to amplify the linear elastic period 

T1 by a coefficient which varies between 1.40 and 1.75.  

The main periods T1 evaluated by Eqs. (3)-(5) were thus amplified with a factor equal to 

1.40 to obtain a period T1
*
 representative of the damage phenomena induced by seismic load 

at the ultimate limit state. The estimated main periods of the three towers for the three 

schemas A, B and C are reported in Table 3. 
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Model Eqs. Chigi Coppi-Campatelli Becci 

  
H 

[m] 

T1 

[s] 

T1* 

[s] 

H 

[m] 

T1 

[s] 

T1* 

 [s] 

H 

[m] 

T1 

[s] 

T1* 

 [s] 

A 

(3) 

26.9 

0.59 0.83 

33.1 

0.69 0.97 

39.4 

0.79 1.10 

(4) 0.49 0.68 0.61 0.85 0.74 1.04 

(5) 0.63 0.88 1.09 1.52 1.47 2.06 

B 

(3) 

13.4 

0.35 0.48 

27.6 

0.60 0.84 

17.4 

0.43 0.60 

(4) 0.22 0.31 0.49 0.69 0.31 0.47 

(5) 0.16 0.22 0.89 1.25 0.30 0.42 

C 

(3) 

10.5 

0.28 0.40 

13.4 

0.35 0.49 

15.5 

0.39 0.55 

(4) 0.17 0.23 0.23 0.32 0.27 0.38 

(5) 0.08 0.11 0.75 1.05 0.24 0.34 

Table 3: Main periods of the towers (empirical correlations and analytical expression). 

 

Chigi  direction 
T1 

[s
 
] 

fa,SLV 

[-] 

IS,SLV 

[-] 

VN 

[years] 

TR 

[years] 

Model A  

N-S (X) 
0.49 0.97 0.91 46 434 

0.88 1.29 2.29 115 1089 

E-W (Y) 
0.49 1.04 1.12 56 530 

0.85 1.38 2.95 147 1399 

Model B 

N-S (X) 
0.16 1.60 5.21 261 2475 

0.48 1.60 5.21 261 2475 

E-W (Y) 
0.15 1.60 5.21 261 2475 

0.48 1.60 5.21 261 2475 

Model C 

N-S (X) 
0.08 1.60 5.21 261 2475 

0.28 1.60 5.21 261 2475 

E-W (Y) 
0.08 1.60 5.21 261 2475 

0.28 1.60 5.21 261 2475 

Table 4: Chigi LV1 safety indexes. 

 

Campatelli  direction 
T1 

[s
 
] 

fa,SLV 

[-] 

IS,SLV 

[-] 

VN 

[years] 

TR 

[years] 

Model A  

N-S (X) 
0.85 1.39 1.62 81 771 

1.52 1.61 5.21 261 1529 

E-W (Y) 
0.85 1.43 1.78 89 846 

1.52 1.71 3.37 169 1601 

Model B E-W (Y) 
0.69 1.31 1.34 67 637 

1.25 1.58 2.51 126 1195 

Model C 

N-S (X) 
0.87 1.87 4.74 238 2255 

1.05 1.87 4.75 238 2259 

E-W(Y) 
0.87 2.34 5.21 261 2475 

1.05 2.34 5.21 234 2475 

Table 5: Coppi-Campatelli LV1 safety indexes. 
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Tower   
T1 

[s
 
] 

fa,SLV 

[-] 

IS,SLV 

[-] 

VN 

[years] 

TR 

[years] 

Chigi  0.49 0.97 0.91 46 434 

  0.85 1.38 2.95 147 1399 

Coppi-Campatelli 0.85 1.39 1.62 81 771 

 1.52 1.71 3.37 169 1601 

Becci  0.73 1.12 1.47 105 696 

  0.88 1.34 2.67 191 1270 

Table 6: LV1 safety indexes: acceleration factor (fa,SLV), seismic safety index (IS,SLV),  

nominal life (VN) and return time (TR). 

Results of the analyses are summarized in Table 4 (Chigi tower) and Table 5 (Coppi-

Campatelli tower) in terms of acceleration factor fa,SLV, seismic safety index IS,SLV, nominal 

life VN and return period TR. For all the analyzed cases, the minimum spectral acceleration is 

obtained in correspondence of the base section of each considered model. 

The LV1 results show that no critical situations are detected (although, in the case of the 

Chigi tower, the A model with main period evaluated accordin to Eq. (4) without the 

amplification factor 1.40 provides an acceleration factor slightly less than one). Even the 

values of the nominal life VN, representing the time period in which the constructions can be 

used with the same level of safety, do not highlight critical scenarios being the values of VN 

always greater than VR. It is possible to observe a general consistency of the results in terms 

of safety indexes. In addition, it also possible to observe, with respect to both fa,SLV and IS,SLV, 

that the smaller values are obtained with the A models (isolated towers). Lower and upper 

bounds are summarized in Table 6. 

5 LV3 ANALYSES 

The third level of analysis is based on the use of numerical models able to simulate the 

global structural behaviour in order to evaluate the accelerations leading the structure to each 

analysed limit state. This level, compared with the previous one, is more demanding since it 

requires a deepen knowledge of the constructive techniques and the structural details, together 

with the material properties (tensile and compressive strength of the materials), to perform a 

reliable evaluation of the seismic capacity of the building. The reliability of the model, and 

consequently the provided results, is closely connected with the level of investigation and the 

available experimental data. In addition, when the construction is inserted into a context of 

aggregated buildings, as in the case of the towers of San Gimignano, the identifying between 

construction and transformation phases (edification of new buildings, raising, internal changes 

with partial demolition and/or reconstructions) is a fundamental element of knowledge 

required to assess the structural continuity of the construction with the surrounding. These, 

and other aspects not expressly called up, were addressed in this level of investigation, and 

analogously to what was done in the previous one, through a parametric investigation in order 

to identify lower and upper bound of behaviour. 

To investigate this level, linear and nonlinear analyses were performed by means of finite 

element (FE) models of the towers. In particular, the FE models of the Chigi and Coppi-

Campatelli towers were employed to perform nonlinear static analyses (pushover) analysing 

the directions +/- X and +/- Y (as reported in Figure 1) while the FE model of the Becci tower 

was employed to perform linear time-history analyses through a simplified approach. 

Hereinafter, main results and the employed methodology are discussed.  
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Figure 2: FE model of the Chigi tower (ANSYS). 

5.1 The Chigi tower 

The FE model of the Chigi tower (Figure 2) was built by using the commercial code 

ANSYS [11] accurately reproducing the geometry of the structure. The numerical model 

included the masonry vaults, while internal wooden slabs were not modelled. The major 

openings of the wall of the tower (doors, windows, recesses, etc.) were reproduced, and the 

nonlinear analyses were performed assuming a rigid ground foundation (fixed base model).  

The strength parameters of the material were evaluated taking account the provision of the 

Italian Recommendation [8] but, in addition, due to the lack of experimental data, and within 

the aim of the project, an extensive parametric investigation was developed taking into 

account the variability of the strength parameters. The analysed configurations are reported in 

Table 7. 

 

 

 

 

 Stone (lower part) Brick (upper part) 

# 
ft 

[MPa] 

fc 

[MPa] 

E 

[MPa] 

γ 

[kg/m
3
] 

ft 

[MPa] 

fc 

[MPa] 

E 

[MPa] 

γ 

[kg/m
3
] 

A11 0.106 0.493 1458 1600 0.195 0.901 2363 1800 

A12 0.106 0.493 2916 1600 0.195 0.901 4726 1800 

A21 0.106 0.986 1458 1600 0.195 1.801 2363 1800 

A22 0.106 0.986 2916 1600 0.195 1.801 4726 1800 

B11 0.212 0.986 1458 1600 0.390 1.801 2363 1800 

B12 0.212 0.986 2916 1600 0.390 1.801 4726 1800 

B21 0.212 1.973 1458 1600 0.390 3.603 2363 1800 

B22 0.212 1.973 2916 1600 0.390 3.603 4726 1800 

Table 7: Parametric values of strength parameters (ft – tensile strength,  

fc – compressive strength, E - modulus of elasticity,  - own weight).  
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The seismic behaviour of the tower was analysed employing a pushover approach: the 

static nonlinear analyses were developed increasing monotonically the horizontal loads that 

were applied under conditions of constant gravity loads. The analyses were performed 

considering all the seismic directions (+/-X and +/-Y). Pushover curves were evaluated 

assuming as control point the displacement of the centre of mass of the upper section.  

In addition to account for the confining effects provided by the lower buildings, the 

following two limit cases were considered to identify lower and upper bound of behaviour: 

 

- model of isolated tower (IT): the first limit case considers the tower alone, without taking 

into account the interaction with the confining buildings (model IT); 

- model of confined tower (CT): the second limit case considers the presence of the adjacent 

buildings (in all the directions) assuming their effects as a rigid constraint (model CT1 and 

model CT2). 

 

The interactions of the tower with the lower buildings were considered as constraints for 

both the load directions, while the model of isolated tower takes into account the 

configuration where the connections with the confining buildings are not effective (i.e. ideally 

the situation where the tower, in case of earthquake, starts to oscillate detaching them from 

neighbouring structures). 

 

 

 

 

 

Figure 3: Pushover curves for +/-X (Up) and +/-Y directions (Down).  

FE model of isolated Chigi tower.   
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Figure 4: Pushover curves for +/-X directions.  

FE model of confined Chigi tower. 

 

The equivalent stiffness of the lower buildings was calculated by equating the 

displacements of the upper end of the confining wall, subjected to a unitary force, with the 

corresponding displacement of the elastic boundary constraints (taking into account both the 

flexural and shear deformation). The equivalent elastic modulus thus obtained, E1, was 

employed to model the boundary elements (model CT1). As a further case, and for 

comparative purposes, was also analysed a value E2 equal to 10 times the first (model CT2). 

This investigation can be quite significant since the presence of confining structures can be an 

effective constraint for the tower and the tower seismic vulnerability can be strongly 

influenced by the dynamic interaction with them (the confining structures reduce the 

slenderness of the tower and, at the same time originate, points of stresses concentrations and 

pounding). 

The pushover curves (generalized force–displacement relationship) with respect to the case 

of loading acting in +/-X (the North-South) and +/-Y (the East-West) directions are reported 

in Figure 3 for the case of isolated tower. As control node to build the capacity curves, the 

horizontal displacements of the corner nodes of the top section of the tower were considered 

(their average value). The capacity curves of the isolated tower with the confined tower are 

reported in Figure 4. 

 

Chigi  Model 
T* 

[s] 

fa, SLV 

[-] 

TR 

[years] 

Is, SLV 

[-] 

Direction South (+X) 

IT 1.10 5.01 >2475 - 

CT1 0.39 2.60 >2475 - 

CT2 0.24 3.83 >2475 - 

Direction North (-X) 

IT 0.65 1.22 484 1.02 

CT1 0.42 1.38 979 2.04 

CT2 0.26 2.82 >2475 - 

Direction East (+Y) 

IT 0.79 2.82 >2475 - 

CT1 0.42 2.18 >2475 - 

CT2 0.27 4.19 >2475 - 

Direction West (-Y) IT 0.98 3.69 >2475 - 

Table 8: Chigi LV3 safety indexes.  
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The obtained pushover curves were employed to build the curve of the equivalent bilinear 

single-degree-of-freedom (SDOF) oscillator employed to perform the seismic checks and to 

evaluate the acceleration factor, the seismic safety index and the return period TR. Table 8 

reports the safety indexes obtained for the material A22 (Table 7). Overall, the LV3 analyses 

have not highlighted critical situations: all the cases are verified and the results of the level of 

investigation LV3 are in agreement with the first level of evaluation (LV1). 

 

   

Figure 5: FE model of the Coppi-Campatelli tower (Code Aster). 

5.2 The Coppi-Campatelli tower 

The FE model of the Coppi-Campatelli tower (Figure 5) was built by using Code Aster, an 

Open Source finite element code. The code has a wide library of nonlinear material models 

and to reproduce the masonry nonlinear behaviour the continuum damage model of Mazars 

[12] was adopted. The numerical model was employed to perform pushover analyses 

analysing the directions +/- X and +/- Y (Figure 1) assuming a rigid ground foundation (fixed 

base model). The parameters required by the damage model to reproduce the masonry 

nonlinear behaviour were selected in order to fit the limit scheme DRS (dressed rectangular 

stone masonry) and the cases of confined (CT) and isolated (IT) tower were, as for the Chigi 

tower, analysed. 

 

 

Figure 6: Pushover curves for +/-X and +/-Y directions. FE model of isolated Coppi-Campatelli tower. 
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Figure 7: Pushover curves for +/-X and directions.  

Comparison between capacity curves of isolated and confined Coppi-Campatelli tower. 

The pushover curves with respect to the case of loading acting in +/-X (the North-South) 

and +/-Y (the East-West) directions are reported for the case of isolated tower in Figure 6. 

The comparison of the pushover curves of the isolated tower with the confined tower are 

reported in Figure 7 (load directions +/-X). In case of direction +X, for instance, it is possible 

to observe that the base shear, in the case of tower with constraint with equivalent elastic 

modulus E1, shows an increase of about 135% if compared to the isolated tower case. This 

increase becomes about 240% if case E2 is considered. In terms of ultimate displacement the 

two restrained cases show comparable values (25-35 cm), still lower than those obtained in 

the case of isolated tower (about 40 cm). 

As in the previous case, the pushover curves were employed to characterize the equivalent 

bilinear single-degree-of-freedom (SDOF) oscillator employed to perform the seismic checks. 

Table 9 reports the safety indexes (acceleration factor, seismic safety index and return period 

TR). Also for the Coppi-Campatelli tower the LV3 analyses do not highlight critical situations 

providing safety indexes in agreement with the one obtained with the LV1 model. It is 

interesting to observe that the acceleration factor obtained with the LV3 model are always 

higher than those obtained with the LV1 model. 

 

 

 

 

Coppi-Campatelli  Model 
T* 

[s] 

fa, SLV 

[-] 

TR 

[years] 

Is, SLV 

[-] 

Direction South (+X) 

IT 1.54 2.21 >2475 - 

CT1 0.84 4.40 >2475 - 

CT2 0.51 7.63 >2475 - 

Direction North (-X) 

IT 1.34 3.08 >2475 - 

CT1 0.89 4.33 >2475 - 

CT2 0.72 4.38 >2475 - 

Direction East (+Y) 

IT 1.07 2.87 >2475 - 

CT1 0.84 1.33 625 1.32 

CT2 0.47 1.57 992 2.09 

Direction West (-Y) IT 0.91 1.79 1519 3.20 

Table 9: Coppi-Campatelli LV3 safety indexes.   
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5.3 The Becci tower  

The seismic risk of the Becci tower was analysed through the simplified approach 

proposed by Bartoli et al. [13] performing time-history analysis. The approach, unlike the 

previous nonlinear one, requires only a reduced number of data (employed for the tuning of a 

linear numerical model). After the identification of a linear FE model of the whole structure, 

the model is employed to evaluate the load acting at every section of the tower due to a 

specified earthquake (modelled by an appropriate accelerogram). Loads acting at every 

section [z] of the tower are identified in global terms like shear force [T(z; t)], normal force 

[N(z)] and bending moment [M(z; t)]. After the evaluation of the time-history of each internal 

action, for a certain section of the tower, the evaluation of the seismic reliability is carried out 

by analysing the following two limit states:  

 

- I limit state: tower over-turning (it is verified when the own weight combined with the 

seismic loads causes a resultant load which eccentricity is internal with respect to the 

cross-sectional area); 

- II limit state: mechanical collapse of an external panel in its plane (it is verified when the 

seismic load acting on the tower is not able to produce a local cracking/crushing on a panel 

of the tower). 

 

The proposed methodology aims to connect, for each of the above limit state (LS), an 

appropriate ground acceleration ag able to assure their respect. The first limit state is identified 

in the whole tower, while the second one is related to the behaviour of a single masonry panel 

(with its actual nonlinear properties). The respect of the two limit states results by the 

comparison between the resisting force R (evaluate upon geometrical aspects for the I LS.; 

estimate upon the collapse behaviour of a masonry panel for the II LS) and the acting force S 

(obtained by the seismic load applied as ground acceleration time history). Despite its 

simplifications, the approach has the advantage that the I LS requires substantially only to 

evaluate the experimental frequencies of the tower that are needed for the tuning of the model. 

Subsequently, few mechanical data are required for the II LS (it requires to evaluate the 

collapse surface of elementary panels).  

The Becci tower was analysed in order to evaluate the ground acceleration ag able to assure 

the respect of the I LS. The FE model of the tower was built with the code SAP2000 that was 

tuned in order to reproduce the experimental frequencies. The earthquake loads acting at the 

base of the tower were modelled by artificial accelerograms generated by using SIMQKE 

(synthetic accelerograms) and REXEL (natural accelerograms). Different class of subsoil 

were considered to develop parametric analyses. The PGA of the considered input are 

reported in Figure 8 (according to the [6], 7 accelerograms were generated for each input), 

and an example of an accelerogram of each input is reported in Figure 8. 

 

Types of accelerograms Ground type  
PGA 

[m/s
2
] 

Natural accelerograms 

INPUT 1 A 2.45 

INPUT 2 B 2.21 

INPUT 3 Subsoil of San Gimignano 2.56 

Synthetic accelerograms 

INPUT 4 B 1.99 

Table 10: Types of accelerograms.  
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Figure 8: Time history of acceleration. 

The accelerograms were applied on all restrained joints of the identified numerical model, 

and the time-history of the loads acting at every section [z] of the tower were evaluated: shear 

force [T(z; t)], normal force [N(z)] and bending moment [M(z; t)]. It is noteworthy to specify 

that due to the structural configuration of towers (which act structurally as cantilever beams), 

the internal forces acting at each level are statically determined and therefore they can be 

estimated by a simple dynamic linear model. 

After the evaluation of the time-history of each internal action, the time history of the 

eccentricity was evaluated: 

       
      

    
 (6) 

Figure 9, as an example, reports the time-history of the eccentricity for one of the 

considered accelerogram. The verification of the I LS (tower over-turning) is ruled by 

following inequality: 

              (7) 

where emax is the maximum value assumed by e(z,t) during the loading process, while elim is 

the value of the eccentricity of the normal force originating the over-turning (equal to the half-

length of the tower section). 

  

0 2 4 6 8 10 12 14 16 18 20

-2

0

2

a
c
c
e
le

ra
tio

n
 [
m

/s
2
]

 

 

INPUT 1

0 2 4 6 8 10 12 14 16 18 20

-2

0

2

a
c
c
e
le

ra
tio

n
 [
m

/s
2
]

 

 

INPUT 2

0 2 4 6 8 10 12 14 16 18 20

-2

0

2

a
c
c
e
le

ra
tio

n
 [
m

/s
2
]

 

 

INPUT 3

0 2 4 6 8 10 12 14 16 18 20

-2

0

2

time [s]

a
c
c
e
le

ra
tio

n
 [
m

/s
2
]

 

 

INPUT 4

2232



Gianni Bartoli, Michele Betti and Silvia Monchetti 

 

 

Figure 9 : Time-history of e(z,t) corresponding to ag (INPUT 2) 

 

Figure 10 : Time-history of e(z,t) corresponding to reduced acceleration (INPUT 2) 

The procedure leads to evaluate a coefficient of reduction of the seismic input able to 

assure the respect of the I LS: 

  
    

    
 (8) 

The maximum acceleration that the tower can accept without over-turning is hence 

ag1=ag/α. Figure 10 report the time-history of the eccentricity e(z,t) after the reduction of the 

seismic input. 

The reduction coefficient was evaluated for each accelerogram of each group and the 

results in terms of α-factor (in both direction) are summarixed in Figure 11. Despite its 

semplification the index allows a synthetic and effective representation of the seismic 

behaviour of the tower. The value of the α-factor shows, for instance, a substantial structural 

simmetry of seismic response of the tower. In addition it is possibile to observe a strong 

dependence on the soil chacteristics. Highest α-factor are required when natural 

accelerograms with ground type A (INPUT 1) are considered. The α-factor obtained with the 

INPUT 2 (obtained assuming a ground type B) and INPUT 3 are similar. The INPUT 3 

corresponds to the subsoil of San Gimignano and it is interesting to observe that the PGA of 

this class of input is greater than the PGA of the INPUT 1. 
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Figure 11 : α-factors. 

CONCLUSION 

The paper discussed about the methodology of analysis articulated on three levels of 

evaluation, according to an increasing knowledge of the structure, proposed by the Italian 

“Guidelines for the assessment and mitigation of the seismic risk of the Cultural Heritage”. 

As a reference case, three of the masonry towers analysed within the research project RiSEM 

(Seismic Risk of Monumental Buildings) were discussed reporting the analyses performed to 

evaluate their seismic risk. The analyses were carried out by an articulated series of 

comparative assessments, aimed at investigating the effects of complementary and parametric 

hypothesis. The effects of the presence of the adjacent constructions at the lower lever, for 

instance, was assessed investigating the seismic response of the structures as a function of the 

degree of constraint provided by them.  

The analysis at territorial scale (LV1) does not revealed critical situations. The last level of 

analysis, the LV3, was approached through global finite element models of the towers where 

proper damage models were employed to reproduce the masonry non-linear behaviour. The 

finite element models were employed to perform static nonlinear analyses and linear time-

history analyses and the effects of the neighbouring buildings at the lower level of the towers 

were evaluated by analysing two limit cases: a) isolated tower and b) confined tower. The 

safety indexes (acceleration factor and seismic safety index) evaluated with the third level 

(LV3) confirm the results obtained with the first one and the LV3 safety indexes are always 

greater than those obtained with the LV1 model showing, despite the difference, a general 

coherence of the two models.  

In addition, through a simplified approach, time-history analyses were performed in one of 

the case study and the results highlighted the strong dependence of the first safety index (the 

α-factor) on the energy content of the assumed accelerometer. 
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Abstract. The structural analysis of monumental buildings requires to consider safety and 

conservation objectives, including also the possible presence of artistic assets. In order to 

face these issues, the paper presents an account of the results of diagnostic analyses conduct-

ed by the authors on a specific monumental masonry building: the Civic Museum of Sansep-

olcro, a small town near Arezzo; in fact, besides to be one of the most renowned civic 

structures built by Italian communes of Central Italy during the High Middle Ages to house 

their city governments, it is also characterized by the presence of Piero Della Francesca’s 

fresco, known as “Resurrection”, that is widely hailed as one of the masterpieces of late 15th-

century Italian art. Within this context, the integrate use of three different modelling strate-

gies of different complexity is discussed: the equivalent frame approach, the macro-block 

model and the finite element model. In the first part, a full 3D pushover analyses and a sim-

plified approach based on the kinematic theorem of limit analysis are used in order to under-

stand the large-scale structural performance of the building. Next, the results of the finite 

element method (FEM) tests conducted on a detailed 3D model of the wall containing the Pie-

ro Della Francesca’s fresco are employed in order to investigate the origin of the surveyed 

crack pattern on this important artistic asset. 
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1 INTRODUCTION 

The preservation of cultural heritage assets must guarantee their capacity of lasting over 

time against decay, natural hazards and accidental events, without losing, as much as possible, 

their authenticity. Moreover, there is a need to ensure the safety of occupants, related to the 

use of the building (private or public). To this end it is necessary to make reference to the 

principle of “minimum intervention”, under the constraint of an “acceptable safety level”, a 

concept that still represents an open issue for monumental buildings. Furthermore, besides the 

preservation of the architectural value of the building, also immovable artistic assets should 

be considered in the assessment, such as: frescoes, stucco-works, pinnacles, battlements, ban-

isters, balconies etc.  

The seismic assessment of existing buildings, irrespective of whether they are historical, is 

a complex task, basically for two different reasons: a) the difficulty of interpreting and model-

ing the seismic response, because they have been designed without provisions for earthquake 

resistance and, in the case of ancient masonry structures, by an empirical approach; b) the dif-

ficulty of acquiring as-built information on material parameters and structural details, due to 

their spatial variability in the buildings and the need of avoiding invasive investigations [1]. 

To complicate the problem, every monumental building is characterized by its own history 

(the result of fusions, additions and replacements of structural elements that have led to its 

present configuration) so that each ancient building requires, though the typological similari-

ties, a specific approach [2][3][4]. 

Within this context, a common denominator among the best known international guideline 

documents [5][6][7], on the assessment of cultural heritage assets, is the importance of the 

qualitative approach, based on historical analysis, the accurate investigation of structural de-

tails and the interpretation of seismic behavior, on the basis of observed damage in the build-

ing (due to previous events, if any) or on similar structures. 

Within this field of research the present paper presents an account of the results of diagnos-

tic analyses conducted by the authors on a illustrative case study: the Civic Museum of San-

sepolcro. To analyze the structural behavior of the building and of its greatest artistic asset, 

the Piero Della Francesca’s fresco, a performance based multi-scale approach is followed 

[1][8]. In such a context, according to the [9][10], a global analysis of the Museum is made by 

using the equivalent frame approach. In particular, a full 3D pushover analysis of the entire 

building is performed in order to predict the large-scale structural performance of the building. 

Afterwards, a macro-element approach based on the kinematic theorem of limit analysis is 

used to take into account the structure response at architectonic elements scale (damage in 

macroelements, usually related to out-of-plane displacements). After completing the 

knowledge phase at macro-scale level, it is crucial to have, at the meso-scale level, a precise 

evaluation of the seismic vulnerability of the wall containing the fresco. To this end the re-

sults of the finite element method (FEM) tests conducted on a detailed 3D model of the wall 

are employed in order to provide an interpretation of the manifested crack pattern on this im-

portant artistic asset. 

2 STRUCTURAL ANALYSIS METHODOLOGY  

As already discussed in the introduction, the analysis of the seismic behavior of historic 

masonry buildings is a difficult task due to several aspects: the difficult numerical modelling 

of the nonlinear behavior of masonry material, with almost no tensile strength; the incomplete 

experimental characterization of the mechanical properties of masonry structural elements; 

the complexity of the geometrical configuration [12]. The scientific literature has proposed 

mechanical models which accurately predict the behavior of masonry material and that adopt 
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different strategies to take into account the highly nonlinear behavior of the material both in 

tension (low tensile capacity and consequent cracking phenomena) and in compression. How-

ever, although these mathematical formulations can accurately describe the nonlinear phe-

nomena that occur in the masonry, they are still hardly applicable to a complete 3D analysis 

of complex structural systems due to the large number of degrees of freedom required for 

meshing the structure. Within this context, the paper approaches the numerical problem using 

a performance based multi-scale analysis of structural system (Figure 1a) up to the masonry 

wall containing the most important artistic asset of the Museum: the Piero Della Francesca’s 

fresco called “Resurrection” (Figure 1b). 

a)        b) 

Figure 1: a) plan layout of the Civic Museum; b) Piero Della Francesca’s fresco known as “Resurrezione”. 

2.1 Global scale: pushover analysis 

The analysis of the seismic behavior was analyzed by using a nonlinear static analysis 

method: under conditions of constant gravity loads a monotonically increasing horizontal load 

was applied using a pushover analysis [13].  

An equivalent frame model (Figure 2) was set up by considering each wall pier as a beam 

element in which the in-plane behavior was modelled as elastic–perfectly plastic with a lim-

ited plastic strain at failure. Due to the presence of deformable floors, similar consideration 

were used for spandrel walls (the reader is referred to [10] for further details): i.e. the horizon-

tal masonry elements of a wall were modelled in the same way as the piers. Finally, in agree-

ment with Italian Code NTC 2008 [9] three possible failure mechanisms are taken into 

account for the elements, namely a sliding failure, a diagonal shear cracking and a rocking 

failure due to the bending moment. Obviously, rocking failure is active for slender elements. 

a) b) 

Figure 2: a) Geometrical model; b) Equivalent frame model. 
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 Based on this analysis method, the effects of the seismic loads were evaluated by applying 

of two systems of horizontal forces perpendicular to one another. These forces, not acting 

simultaneously, were evaluated taking into account two load distributions. The first load dis-

tribution was directly proportional to the building’s masses (uniform); the second load distri-

bution was proportional to the product of the masses for the displacements of the 

corresponding first modal shape. These two load distributions could be considered as two lim-

it states for the building’s capacity. The first distributions assume that the horizontal loads 

representative of inertia seismic forces are constant with respect to the building’s height. This 

means that the displacements on the lower level of the building are overestimated, while the 

opposite happens on the displacement on the top level. On the contrary the second distribu-

tions overestimate the displacements on the top level.  

It is noteworthy to point out that a conventional pushover was assumed in the study, i.e. 

loads applied on the building did not change with the progressive degradation of the building 

that occurs during loading. This means that the conventional pushover did not account for the 

progressive changes in modal frequencies due to yielding and cracking on the structure during 

loading. This is a critical point for the application of conventional pushover to the analysis of 

historic masonry buildings, because it is predictable that the progressive damage of the build-

ing may also lead to period elongation, and therefore to different spectral amplifications [14]. 

Hence the hypothesis of invariance of static loads could cause an overestimation in the analy-

sis of the masonry building seismic capacity especially when a non-uniform damage on the 

buildings or a high level of cracking are expected. However, also in its conventional form, the 

pushover provides an efficient alternative to expensive computational inelastic dynamic anal-

yses and can nevertheless offer useful and effective information on the damage state that the 

building can develop under seismic loads. 

a) 

b) 

Figure 3: Deformed shape at collapse: a) plain view; b) front view. 
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The critical load distribution for the Museum was the case of load acting on the y-direction 

(direction perpendicular to main building direction) and results (obtained by using the com-

mercial software Aedes Pcm 2014, Figure 3) were mainly detailed next with respect to this 

case. Figure 4 points out that the 3D strength of the building is insufficient and this lack of 

resistance is mainly related to out-of-plane collapses of orthogonal walls which are at the 

same time the longest and the most loaded ones.  

 

Figure 4: Damage pattern due to the rocking failure mechanism. 

The displacement of a control point (center of mass of the roof level) versus the corre-

sponding total shear is reported in Figure 5. Such a diagram can be named as the capacity 

curve of the palace in the y-direction as it furnishes, among other elements, the maximum 

seismic force which is borne by the structure, i.e. the level of the seismic action which acti-

vates the first local failure mechanism.  

 

Figure 5: Structural response (maximum displacement vs total shear at the base) of the equivalent frame model: 

capacity curve of the actual structure (green line), the equivalent capacity curve (purple line) and the equivalent 

bilinear diagram (blue line). 

The intensity measure (IM) adopted for the seismic assessment is the peak ground acceler-

ation (PGA). On the basis of the computed values, seismic vulnerability is evaluated through 

a comparison between the maximum value of the PGA (obtained according to the procedure 
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illustrated in [1], IMkn = 0.165g) compatible with the fulfillment of the assumed performance 

levels (Life Safety) and the reference target value ( IMkn   = 0.260g) of the seismic demand 

(in terms of PGA) obtained by means of the Italian code [9]. Since the safety factor ratio IMkn 

/ IMkn   is equal to 0.478 and it is below the minimum level of safety proposed, for instance, 

by [15], the structure is clearly not verified. 

2.2 Architectonic elements scale: limit analysis 

Previous results obtained by the pushover analysis refer to the assessment of the building 

as a whole, the total seismic mass of the structure being involved. However, it is worth point-

ing out that an exhaustive seismic assessment would require also the verification of possible 

local mechanisms (mainly out-of-plane ones). The attribute “local” refers to mechanisms that 

involve only a portion of the building and may not be accurately analyzed by the global model; 

for this reason they were studied by a different specific local model, by considering only a 

fraction of the total mass. 

The examination of the collapse and the damage consequent to past earthquakes allowed to 

predict the occurrence of recurrent modes and collapse mechanisms in historical masonry 

buildings [16][17]. The structure was so considered as the assemblage of a certain number of 

components depending on structural compound geometry and shape (e.g. the whole façade) 

and on the details (e.g. quality of existing connections) whose behavior is similar to the be-

havior of analogous macro-elements in other buildings, where the collapse mechanisms are 

identified. To this end, several elementary macro-elements were identified in the building and 

modelled as a system of rigid bodies, articulated by hinges, whose geometry and distribution 

were defined according to potential failure mechanism.  

After the selection of the elementary macro-elements, the collapse multiplier (α0) was 

evaluated by applying the Theorem of Virtual Work (TVW) on the rigid-body system, where 

the seismic load was assumed as an overturning force while the gravity load was assumed as a 

stabilization load [7]: 

 ( )0
1 1 1 1

n n m n l

i x ,i j x , j i y,i h h fe
i j n i h

P P P F Wα δ δ δ δ
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where Pi denotes the own weight of each element composing the kinematic chain; Pj (or Fh) is 

the weigh (or the load) transmitted at the selected macro-element by confining wall or roof; 

δx,i and δx,j are the virtual displacements of the elementary blocks centroids; δy,i and δh are the 

virtual displacements of the point of application of Pj and Fh respectively.  

After the evaluation of the collapse multiplier (α0), the corresponding seismic spectral ac-
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0

1

0

n m

i
* i

*

P
a

M CF

α
+

=
∑

=   (2) 

where M
*
 denotes the effective mass and CF is the confidence factor (assumed equal to 1.12 
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where agS is the design elastic acceleration spectral ordinate, q is the behavior factor (assumed 

equal to 2.0 [9]); Z is the height, with respect to the ground, of the centroid of all inertial 

masses involved in the mechanism and H is the total height of the building. 

Several possible out-of-plane mechanisms (first type mechanisms) which best represent the 

surveyed damage patterns were taken into account. In particular the paper reports the results 

on the mechanisms that could be activated on the lateral bearing walls (Figure 6) and on the 

main façade (Figure 7).  

a) b) 

Figure 6: Lateral wall overturning: a) free-standing wall (Mechanism 01); b) wall restrained at the top (Mecha-

nism 02). 

Figure 7: Main façade overturning: free-standing wall (Mechanism 03). 

The evaluation of the vulnerability indexes upon Eq. (1)-(3) was been made by using an 

own code. Results from the macro-element approach, summarized in Table 1, agree with the 

results obtained with the pushover analysis via equivalent frame approach.  

Title 1 

Collapse 

multiplier 

(α0) 

Seismic spectral 

acceleration 

(a0
*
)

Seismic 

demand 
Check 

Mechanism 01 (lateral wall) 0.080 0.075g 0.173g NO 

Mechanism 02 (lateral wall) 0.086 0.102g 0.173g NO 

Mechanism 03 (main façade) 0.052 0.062g 0.173g NO 

Table 1: Vulnerability indexes, kinematic analysis results. 
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The critical behavior of the building is activated when the seismic load is acting on the 

transversal direction (y-direction) of the building. This is mainly due to the absence of a but-

tress capable to counteract the seismic action. Despite the good quality of the connection be-

tween the walls and the roof, this does not produce an effort in this direction. Other local 

collapses could arise in local areas of the Museum (main façade overturning) that however do 

not involve the entire structure. 

2.3 Structural elements scale: FEM based analysis 

A comprehensive reliable risk assessment for historical monuments should regard not only 

their architectural and structural components, but also movable (paintings, statues, libraries) 

and unmovable (frescos, stucco-works, pinnacles, battlements, banisters, balconies) artistic 

assets. This is an unexplored and critical issue, mainly owing to the evidence that the seismic 

damage of artistic assets is often related to small damage levels of the load bearing structure. 

The seismic protection of artistic assets thus requires the identification of the main damage 

mechanisms and, consequently, the development of suitable modelling strategies to evaluate 

their vulnerability and, if needed, design reliable and effective interventions.  

Within this context, after completing the knowledge phase at macro-scale level, it was con-

sidered crucial to have, at the meso-scale level, a precise evaluation of the seismic vulnerabil-

ity of the wall containing the most important artistic asset of the Museum: the Piero Della 

Francesca’s fresco called “Resurrection”. To this end the results of the finite element method 

(FEM) tests conducted on a detailed 3D model of the wall were employed in order to provide 

an interpretation of the manifested crack pattern on this important artistic asset. 

A complete three-dimensional FE model of the wall was thus created using the commercial 

software ANSYS. The geometry of the wall was defined as accurately as possible, according 

to available drawings, photographs, and the photogrammetric and video-endoscopic survey. 

The numerical model has been built to accurately reproduce the geometry of the structure, fo-

cusing on the variations in the wall thickness, in the geometrical and structural irregularities 

and on the wall connections. In order to perform this operation the geometry of the wall was 

firstly reconstructed by means of CAD tools, next the volumes were imported and modelled 

by means of Solid65 elements (three-dimensional eight noded hexaedron isoparametric ele-

ments). The complete finite element model (FEM) is shown in Figure 8: it consists of 163952 

nodes and 112128 elements, corresponding to 394992 degrees of freedom. 

Figure 8: FEM model: mesh discretization and material map. 
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A physically non-linear model was adopted for masonry. For the sake of simplicity, both 

elastic and perfectly plastic behavior were adopted (a) with infinite ductility and (b) with iso-

tropic behavior hypotheses for the material. It must be underlined that such assumptions do 

not take into account two important aspects of masonry at failure, the first related to the dam-

aging behavior of joints, the latter related to the well-known higher masonry horizontal in-

plane strength with respect to the vertical one, essentially due to brick staggering. Neverthe-

less, these aspects cannot be taken into account easily. On the other hand, the assumption of a 

zero tensile strength with frictional behavior is widely accepted [18] for the analysis of histor-

ical constructions. Within this approach a Mohr–Coulomb type failure criterion with tension 

cut-off type behavior was assumed for masonry. This failure criterion, initially adopted for 

concrete, accounts for both cracking and crushing failure modes through a smeared model. In 

particular, the masonry brittle behavior was here defined by means of only two constants: ft 

(uniaxial tensile strength) and fc (uniaxial compressive strength). Also, to increase the reliabil-

ity of the proposed FEM, unilateral contact interfaces were used for the simulation of the 

joints between elements belonging to different periods in the history of the structure. The 

modeling of these joints necessitates the use of specific flexible/flexible contact elements. 

Specifically, for this application, an unilateral contact law was applied in the normal direction 

of each interface, indicating that no tension forces can be transmitted in this direction and a 

gap may appear if the stresses become zero. For the behavior in the tangential direction it was 

taken into account that sliding may or may not occur, by the usage of the Coulomb friction 

model with a friction coefficient equal to 0.5 [19]. 

Because of the artistic and historical value of the wall and in order to reduce the impact on 

conservation, in the present case in-situ tests could not be used in order to estimate the me-

chanical properties of the different types of brickwork forming the structure. Therefore, as-

sumptions on the masonry material properties were made taking into account literature data 

for historic masonry (i.e. buildings with similar masonry texture [20]) and normative refer-

ence [10] deriving conservative values from these experiences. Table 2 report the selected 

values needed for the definition of the nonlinear model parameters with respect to the wall’s 

masonry typologies.  

Title 1 
Solid brick 

masonry 

Uncut stone 

masonry 

Dressed rectangular 

stone masonry 

Elastic modulus (N/mm
2
) 1500 1230 2800 

Poisson’s ratio 0.25 0.25 0.25 

Specific weight (kg/m
3
) 1800 2000 2200 

Uniaxial compressive strength (N/mm
2
) 2.40 2.00 7.00 

Uniaxial tensile strength (N/mm
2
) 0.09 0.05 0.16 

Table 2: Constitutive parameters of the materials adopted for nonlinear FEM analyses. 

At this scale level, an equivalent static analysis was conducted, in which the structure was 

subjected to both vertical actions, i.e. self-weight and live loads, and seismic horizontal ac-

tions directly applied at the floor levels. More in details, the seismic action is modelled by a 

set of horizontal forces (acting along the x direction) which are applied with the distribution 

shown in Figure 9, where Fi  represents the ultimate shear at the ith floor (with i = 1 to 3, be-

ing 3 the total number of floors) obtained from the pushover analyses at global scale. As for 

the boundary conditions, the FEM is perfectly constrained to the ground; no kinematic con-

straint is imposed between the wall and the surrounding structure. 
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Figure 9: Application of the seismic action at every level. 

Figure 10 shows the cracking pattern assessed at the end of the finite element analysis on 

the bearing wall. Cracking does not affect the structure as a whole, but mainly the southern 

(with diagonal and vertical cracks) and upper part of the wall close to the chimney (with ver-

tical cracks between the inner and the outer leaf of the wall).  

Figure 10: FEM model: cracking pattern. 

As a general remark, it is possible to observe how the calculated cracking pattern matches 

the real crack distribution observed in the wall quite well. Cracks are in fact located in the 

neighborhood of the of the surveyed crack pattern, indicating that the performed analysis, at 

least from a qualitatively point of view, seems to explain most of the damage of the structure. 

3 CONCLUSIONS 

The paper approaches an account of the results of diagnostic analyses conducted by the au-

thors on a specific monumental masonry building: the Civic Museum of Sansepolcro.  

Assuming that preservation of monumental structures requires a detailed knowledge of the 

seismic behavior in order to minimize the interventions, for the sake of conservation, a per-

formance based multi-scale approach has been adopted in the assessment procedure. In par-

ticular, the use of a 3D pushover analysis (equivalent frame approach) allowed, on the one 

hand, to improve the evaluation carried out through the nonlinear kinematic analysis (rigid 
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macro-block model) and, on the other one, to calibrate the use of a refined 3D detailed model 

(finite element analysis with nonlinear constitutive laws for masonry) for catching the re-

sponse of the wall containing the most important artistic asset of the Museum: the Piero Della 

Francesca’s fresco called “Resurrection”. 

Results highlight some deficiencies related to the capability of the structural complex to 

fulfill the performance levels related to the conservation of the fresco and the safety of people 

who daily use the Museum. As is possible to notice, the simplified scheme of limit analysis 

(macro-element approach), in agreement with the results obtained with the pushover analysis 

(equivalent frame approach), points out that the strength of the building under transversal di-

rection (y-direction) is insufficient and this lack of resistance is related to out-of-plane col-

lapses of single panels. Such partial collapses are supposed to coincide with the failure of the 

entire complex, even if the inner structure of the building remains standing, since the building 

will be left in an irrecoverable state. On the other hand, the finite element analysis allow to 

obtain a screening of the most vulnerable parts of the wall containing the fresco, at the maxi-

mum seismic force which is borne by the structure, i.e. at the level of the seismic action which 

activates the first local failure mechanism. However, to refine the model other aspects remain 

to be investigated. In this perspective, the answer to the question, “What strength earthquake 

should be assumed as a reference for the fresco?” should be defined. To this end, numerical 

analyses are scheduled, to suggest that measures should be taken sooner or later to provide 

adequate guarantees of protection and safety. Without interventions aimed at eliminating the 

causes, the cracking situation observed is, in fact, inevitably destined to worsen with the oc-

currence of future seismic events.  
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Abstract. This research provides a sensitivity analysis, taking into account possible varia-
tions on the structural response of a specific type of brittle masonry vaults under near-field 
effects. Ground motions from the near- field contain distinct pulses in acceleration, velocity, 
and displacement histories, which can generate higher base shears and drifts, than signals 
from the far-field. Besides, under those inputs, the ductility demand could be increased. In a 
first step, the worst seismic scenario in the highest seismic area of the Iberian Peninsula un-
der the premises of near-field loading is defined. The obtained seismic inputs are directly re-
lated to the structural properties of singular masonry vaults, which are representative of 
precious local constructions. In a second step, the sensitivity analysis, focused on the material 
properties, is carried out by means of non- linear transient analysis. A constitutive law for 
brittle materials able to capture collapse mechanism under dynamic loading via FEM is im-
plemented. From those analyses, the influence of different control parameters on the structur-
al response is identified, and deviations on the seismic response are analysed in terms of 
collapse mechanisms. 
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1 INTRODUCTION 
Brittle structures located in seismically active areas are especially prone to suffer structural 

damages, as they exhibit high vulnerability under horizontal actions, being critical for their 
preservation to assess seismic safety in order to evaluate their dynamic response and, if neces-
sary, to improve their structural strength. 

Strong ground motions from the near-field are the most severe earthquake loading that brit-
tle structures undergo. The dynamic response of a structure is strongly affected by characteris-
tics of the earthquake, such as intensity, duration and frequency content. The features of 
ground motion in the proximity of an active fault can be significantly different from those in 
the far-field. 

With regards to the sensitivity and parametric analyses, it is worth noting that the sensitivi-
ty assessment of the seismic response parameters to the uncertain modelling variables is a 
recognized and validated method (e.g. [1, 2, 3, 4]). Uncertainties in the characteristics of the 
structural component (both mechanical and geometrical) are crucial and have a great impact 
on the response corresponding to the limit states of damage limitation and significant damage. 

From the aforementioned, this research provides a structural safety analysis, taking into ac-
count possible variations on the structural response of a specific type of brittle masonry vaults 
(the medieval structures of the Axarquía, Spain) under near-field effects.  

The present paper is arranged in two sections: the first section focuses on the analysis of 
the worst seismic scenario in the highest seismic area of the Iberian Peninsula under the prem-
ises of near-field loading. From that analysis, seismic inputs which are directly related to the 
structural properties of singular masonry vaults, are obtained. In the second section, sensitivi-
ty analyses are carried out by means of non-linear transient analysis. As far as the brittle be-
haviour is concerned, a constitutive law for brittle materials able to capture collapse 
mechanism under dynamic loading via FEM is implemented. From those analyses, the influ-
ence of different control parameters on the structural response is identified, and deviations on 
the seismic response are analysed in terms of collapse mechanisms. 

2 THE NEAR FIELD SEISMIC INPUT 

From a seismological perspective, the near field can be defined as all positions within a 
small fraction of a wavelength from the source [5]. From a structural perspective, the near-
field is related with the potential for ground shaking of sufficient intensity to cause structural 
damage. In general, any distance less than 50 or 65 kilometres should be considered near for 
exposure to a major earthquake [6]. Near-fault ground motions are narrow-banded in nature 
and are characterized by a predominant period, and structures excited by them are severely 
affected [7]. Under those conditions, the motion may strongly depend on the complex cou-
pling of the seismic source, rupture process, source-site travel path and local site conditions [8, 
9]. Strong near-fault ground motion is usually characterized by a long period impulsive mo-
tion in the horizontal direction, with large amplitude both in displacement and incremental 
velocity [10]. Moreover, near-fault strong motions exhibit large incremental velocities which 
can give rise to large inelastic deformations of the structure regardless of the peak ground ac-
celeration [10]. In addition, features of near-field ground motions such as directivity, can sig-
nificantly enhance the destructive potential in small to moderate magnitude events [11]. The 
near-field directivity effects can result in high spectral ordinates at longer periods and their 
amplifying effects are not a monotonically increasing function with period but rather a narrow 
band effect at a period that increases with earthquake magnitude [12]. Furthermore, it has 
been demonstrated that near-field directivity effects not only need to be considered for earth-
quakes of moment magnitude 6.5 and greater [12]. Thus, near-field effects should be consid-
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ered for all earthquakes at short distances from the sites of important or brittle structures, re-
gardless of magnitude at least down to a lower limit that may be as small as 5 or even lower. 
Directivity effects in small to moderate magnitude events may be of more importance than in 
very large magnitude events for which the period of the near-field pulse will generally be be-
yond the range of most structures [12]. 

A main concern is that in spite of the availability of large digital input databases in many 
seismically active regions of the world, relatively few good quality strong motion records are 
available in near-field conditions [8]. Due to the lack of adequate data from close earthquakes, 
equations to estimate the motion are usually derived from intermediate and far-fields records. 
Ambraseys and Douglas presented strong-motion attenuation relationships for peak ground 
acceleration, spectral acceleration, energy density, maximum absolute input energy for near-
field inputs [13]. That research highlights some of the singularities of those inputs (e.g. the 
ratio of the maximum peak ground acceleration to maximum horizontal, the significant dis-
tance dependence, …). Moreover, as the effects of near-fault motions can be variable depend-
ing on the ratio between the pulse period of the motion and the fundamental vibration period 
of the structure, peak ground acceleration can be inadequate to represent the structural dam-
age potential of long-duration impulsive motions recorded near active faults [9]. The implica-
tion of possible near-field effects and destructive ground motions is related on how the hazard 
is evaluated. Therefore, inputs from hazard analyses are required.  

As far as the Code framework is concerned, the design provisions provided by the Codes, 
take into account the effects of far-fault ground motions, but can be inadequate for near-fault 
motions [9]. Although the existing seismic codes consider near-fault shaking effects in the 
development of elastic response spectra, they do not currently consider the increased inelastic 
demands that may occur during near-fault ground motion [11]. At Present, Eurocode 8 [14] 
does not give specific guidelines to take into account the effects of near-fault ground motions 
in the design of brittle structures. According to that Code, only for base isolated buildings of 
importance class IV, located at less than 15 km from a known seismic source with a surface-
wave magnitude Ms >6.5, the site-specific response spectra should be considered (under time-
history analyses).  

2.1 Hazard analysis and seismic input 

The analysed structures are located at Salares and Árchez, Southern Spain, in the Betic 
Cordillera, the zone with the highest seismic hazard in the Iberian Peninsula. On a time scale, 
the seismicity is characterized by a high microseismic activity rate for magnitudes lesser than 
4.5, and less frequent earthquakes of magnitudes between 4.5 and 6.5 which generated im-
portant damages in the past (e.g. the 1884 Earthquake) in the Granada basin and Málaga [15]. 
A seismic catalogue is constructed to define the historical seismicity of the area, considering a 
radius of 300 km, Table 1.  
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Date
01/01/1048   
01/01/1169 
01/01/1406  
24/04/1431 
10/10/1482 
01/11/1487 
26/01/1494 
05/04/1504 
09/11/1518  
22/09/1522 
30/09/1531 
21/10/1578 
 31/12/1658
15/01/1673 
28/08/1674   
09/10/1680  
13/01/1804 

 25/08/1804   
27/10/1806  
25/12/1884   

  16/06/1910   
 21/03/1911  
 03/04/1911   
31/05/1911  

09/10/19
 05/07/1930   

08/09/30
03/05/32

23/06/1948  
03/10/51

 19/05/1951   
01/08/54

19/04/1956   
 09/06/1964 

Latitude Longitude Intensity
38,0833 -0,9167 VIII
38 -4 VIII-IX
37,25 -1,8667 VII-VIII
37,1333 -3,6333  VIII-IX  
38,0833 -0,9167 VIII
36,8333 -2,4667 VIII
36,5833 -4,3333 VIII
37,3833 -5,4667  VIII-IX  
37,2333 -1,8667  VIII-IX  
36,9667 -2,6667  VIII-IX  
37,5333 -2,7333  VIII-IX  
35,2667 -2,9333 VIII
36,8333 -2,4667 VIII
38,0833 -0,9167 VIII
37,6833 -1,7 VIII
36,8 -4,6  VIII-IX  
36,0833 -3,5833 VII-VIII
36,7667 -2,8333  VIII-IX  
37,2333 -3,7333 VIII
37 -3,9833 IX-X

36,6667 -3,3667 VIII
38,0167 -1,2167 VIII
38,1 -1,2 VIII
37,2 -3,7 VIII
38,0833 -0,8333 VIII
37,6167 -4,6333 VIII
34,3 -5,4 VIII
37,4167 -2,45 VIII
38,1417 -1,7583 VIII
38,1833 -3,8167 VIII
37,5833 -3,9333 VIII
36,9333 -3,8833 VIII
37,1917 -3,6833 VIII
37,7367 -2,5667 VIII

Salares
latitude longitude

36,85 -4,0166667
Location distance (km)

 Orihuela.A
 Andujar.J
  Vera.AL

  S. Granada
   Orihuela.A

  Almería
 S. Málaga

 Carmona.SE
   Vera.AL

 W.Alhama de Almería.AL
   Baza.GR

Melilla
  Almería

  Orihuela.A
  Lorca.MU

  NW. de Málaga
  Mar de Alborán

   Dalías.AL
 Pinos Puente.GR

 Arenas del Rey.GR
   ADRA.AL

  LAS TORRES DE COTILLAS.MU
  LORQUI.MU
 SANTA FE.GR

   JACARILLA.A
   MONTILLA.CO

  AIN DEFALI.MAC
  LUCAR.AL

  CEHEGIN.MU
  LINARES.J

 ALCAUDETE.J
  ARENAS DEL REY.GR

  NW PURCHIL.GR
SW GALERA.GR

40,98
141,72
199,83

306,31
128,01
196,1
46,43
306,31
138,07

120,84
136,86
201,38
138,07
306,31
225,18
52,27
93,74
105,86
49,54
16,96
61,44
279,45
285,04
48,06
312,91
101,33
310,21

161,93

152,65
245,83
149,45
81,95
15,06
48,21

 Table 1: Seismic catalogue. 

From a literature review, the Ground Motion Prediction Equation proposed by Ambraseys 
and Douglas for the near-field [13] is selected as the most adequate for the area. The period 
range of interest includes all frequencies that are expected to significantly contribute to the 
non-linear response. Regarding attenuation of peak ground acceleration, PGA, a value of 
0.21g is obtained.  

A probabilistic seismic hazard analysis is performed. The applied theory is that of provided 
by Cornell [16] on the basis of the total probability theorem. The risk is calculated assuming 
that earthquakes occur as Poisson arrivals (Fig. 1). As the ground-motion intensity measure 
adopted is the acceleration, it is assumed that it is lognormally distributed. For a return period 
of 475 years, the obtained peak ground accelerations is 0.27g. According to EC8, this return 
period ascribes to a Limit State, LS, of Significant Damage, SD, corresponding to a probabil-
ity of exceedance of 10% in 50 years. On the basis of these results, the relation between the 
structural performance criteria and the probability of exceedance related to significant LS may 
be provided. 

As far as the procedure for input selection is concerned, an earthquake scenario-based se-
lection is applied. The seismic hazard is disaggregated by: causative Moment Magnitude, Mw, 
Joyner-Boore distance, rjb, and site class, at the determined probability level. Records that fall 
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in bins around central values of seismic those parameters are selected. Those parameters are 
strongly related to the structural response, and are correlated to important characteristics such 
us frequency content, spectral amplitude, shape and duration. It is worth noting that brittle 
masonry structures are particularly sensitive to the frequency content of the ground motion, so 
parameters which measure motions at similar periods to that of the structure are better corre-
lated with damage. The adopted intervals are: [6, 6.6] for the Mw, [0 km, 30 km] for the rjb 
and [360 m/s, 760 m/s] for the vs30, following the magnitude bin width proposed by Bommer 
and co- workers [17]. Records are selected from a subset of 175 strong-motions of the Pacific 
Earthquake Engineering Research Center (PEER database). The selected real records are 
treated following a linear amplitude scaling. The geometric mean spectrum of the as-
recorded components x and y is used (GMxy). Pre- selected records are scaled in terms 
of spectral acceleration for the fundamental period, Sa (T1,5%). After scaling of the 
records according to spectral matching, a screening aimed at obtaining seismic input 
with spectral shapes similar to the target spectrum is undertaken. A root-mean-square 
difference equation, Drms, [18] between the spectrum of each real record and the refer-
ence spectrum is used. After performing a Coefficient of Variation comparison, COV, 
three records which exhibit the best goodness-of-fit are selected for the EC8 compati-
bility (Fig. 2). 

Figure 1: Probabilistic Seismic Hazard analysis. 
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Figure 2: Record selection for the EC8 compatibility. 

3 SENSITIVITY ANALYSIS OF THE SEISMIC RESPONSE 
Transient analyses are performed on detailed three-dimensional finite element models, tak-

ing into account the material non-linear behaviour and the geometrical and structural proper-
ties. The ANSYS finite element software [19] is used to construct the model, and three- 
dimensional eight node solid elements, SOLID 65, are used for masonry material. A smeared 
model with homogenized properties is selected. The analysed vaults are structural elements of 
a medieval tower located in Salares, in the Axarquía (Fig. 3). The whole structure is built of 
clay bricks bonded with lime mortar. The Salares vaults are dramatically damaged (Fig. 4). 
Stiffness degradation as well as cracking and crushing evolution are taken into account. The 
Drucker- Prager, DP, perfectly plastic criterion [20] and the Willam-Warncke, WW, failure 
surface [21] are the selected theories. The stress-strain matrix has been adjusted by introduc-
ing a plane of weakness in a direction normal to the crack face. The expression that governs 
the failure of the material is: 

ασ + 
1
3𝜎

! + 𝜏!  -k =0 (1) 

where: 

𝛼 = material  constant =
2𝑠𝑖𝑛𝜙

(3− 𝑠𝑖𝑛𝜙) 3

σ = normal stress 

τ = shear stress 

𝑘 = material  constant =
6𝑐𝑐𝑜𝑠𝜙

(3− 𝑠𝑖𝑛𝜙) 3

c = cohesion 
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Figure 3: Geometrical and vault damage descriptions. 

 
Figure 3: Vaults and FE model. 
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The time-dependent structural response is obtained from 3 nonlinear time-history analyses, 
following the component combinations proposed by EC8. The reference seismic scenario is 
that of previously obtained. A Rayleigh model for damping is applied. The effect of vertical 
loading in the near-field can be important for damaged masonry structures. Thus, in order to 
assess the inelastic dynamic response of these structures, the structural responses for bi and 
tri-directional inputs are compared.  

A deterministic sensitivity analysis is used to measure the sensitivity of the seismic re-
sponse to three performance levels:  Near Collapse, NC, Significant Damage, SD, and Dam-
age Limitation, DL. The return period associated to each LS, as well as the corresponding 
acceleration are those obtained from the probabilistic approach. In a first step, the seismic re-
sponse parameters are computed for the base-case model on the basis of the best-estimate val-
ue. After this, a variation of the random variable to its 16th or 84th fractile is performed. The 
masonry compressive strength is determined by means of the equation provided by Eurocode 
6,  fck=Kfcu0.7fcm0.3, where fc,k is the masonry characteristic compressive strength and K, equal to 
0.45 in this research, is a parameter that depends on the type of unit and on the type of mason-
ry. The following input variables are considered: Young modulus, E, (median value 3E+09 
Pa); masonry compressive strength, fc (median value 3E+06 Pa); masonry tensile strength, ft 
(median value 1E+05 Pa); the value of the friction angle (reference 54º) matches the uniaxial 
strengths in tension and compression at each step. Due to the low confined nature of the ma-
sonry, a reference value of 10º is adopted for the dilatancy. The value of the cohesion matches 
1.5ft at each step. 

 An extremely high cracking pattern is observed in the vaults. The analysis and comparison 
of the results from the bi and tri-dimensional inputs shows that the most significant gradient 
appears at the shear Sxz, with 85% growth in some time steps. The uncertainty in the mechani-
cal parameters of the masonry, especially those of the mortar, has the greatest impact on the 
Limit State compliance. A comparison between the different steps reveals that stress field is 
influenced by sensible redistributions and high gradient values when the uniaxial strengths are 
varied. Shear stresses undergo dramatic decrease when the mortar compressive strength, fcm, is 
increased (a maximum 60 % increase is observed) (Fig.5) and for the maximum fcm a decrease 
of 55% is observed for the main period. From the dynamic response it may be concluded that 
the vaults do not act as rigid diaphragms and relative rotations are observed. 
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Figure 5: Transient analyses results. 

4 CONCLUSIONS 

• Ground motions from the near- field contain distinct pulses in acceleration, velocity, and
displacement histories, which can generate higher base shear and drift than signals from
the far-field.

• The worst seismic scenario in the highest seismic area of the Iberian Peninsula under the
premises of near-field loading has been defined, focused on specific masonry vaults.

• The return periods ascribed to each LS are obtained from the probabilistic approach.
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• A constitutive law for brittle materials able to capture collapse mechanism under dynam-
ic loading via FEM is implemented.

• The uncertainty in the properties of the mortar has the greatest impact on the seismic re-
sponse parameters.

• The analysis and comparison of the results from the bi and tri-dimensional inputs shows
that the shear exhibits a significant gradient.

• Results for the expected PGA are higher than those of provided by the Codes, as near- 
field effects must be taken into account.
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Abstract. Brittle materials are complex composite materials and a model is necessitated to 

realistically predict their load carrying capacity under any stress-state. During the last dec-

ades, a lot of failure criteria have been proposed for these materials in the literature. Howev-

er, the majority of these models may substantially over-estimate the strength of the failure 

surface envelope. To overcome this problem a new approach is proposed which is based on 

Artificial Neural Networks (ANNs) techniques. The proposed approach is applied to a char-

acteristic brittle anisotropic material such as the masonry material. The Neural Network 

managed to produce closed failure curves extending in all four quadrants of principal stress-

es, thus fully covering the compression and the tension stress areas. The comparison of the 

derived results with experimental findings demonstrates the promising potential of using 

ANNs for the reliable and robust approximation of the failure surface under biaxial stress 

state. 
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1 INTRODUCTION 

Despite the fact that masonry is one of the oldest structural materials and, actually, the 

main material of monumental structures such as churches, castles, mosques etc., our 

knowledge regarding its mechanical behavior is not as thorough as it should be and many as-

pects of its behavior remain to be investigated. Masonry exhibits distinct directional proper-

ties due to the influence of the mortar joints. Depending on the orientation of the joints to the 

stress directions, failure can occur in the joints alone or simultaneously in the joints and the 

blocks.  

Nowadays, in developed societies, there is an increased interest about reliable and robust 

computational models for the modeling of masonry structures. This is primarily due to the 

growing interest of protecting heritage structures. The main characteristic of the majority of 

these structures is that they are mostly made of masonry. Taking into account the numerous 

uncertainties of the problem, a computational model, describing the masonry failure surface in 

a simple manner should be an efficient and useful tool for the investigation of the behavior of 

masonry structures. 

To fulfill this need, in the last decades a large number of macro and micro computational 

models have been proposed for both the linear and the non-linear analysis of such structures 

[1-5]. Detailed and in-depth state-of-the-art reports can be found in [6-11]. The successful im-

plementation of these advanced models requires reliable analytical constitutive rules such as 

constitutive equation models of masonry material failure. To date, research work has been fo-

cused on isotropic masonry models, which are based, primarily, on models applied for con-

crete. Regarding non-isotropic masonry, there are few research works in which failure criteria 

approximate the failure surface by employing different forms of quadratic polynomials. Many 

variations of such models have been published to date, including those defining the failure 

surface through the use of different functions for each quadrant [12-15]. However, for certain 

load cases, such models overestimate strength [16].  

The present study applies Neural Networks in order to approximate the experimental fail-

ure curves of a brittle anisotropic material such as masonry. The aim of the study is to intro-

duce an anisotropic (orthotropic) Neural Network – generated 3D failure surface under biaxial 

stress for masonry for any angle of the joints to the vertical compressive load, as described in 

detail in the following sections. 

2 METHODOLOGY 

The methodology of the present work is similar to another study by the authors [11], that 

focused only on the compression-compression area, where both principal stresses were com-

pressive, i.e. it focused on the third quadrant of the σΙ-σΙΙ plane (compression-compression), 

without having to do with the other three quadrants. The present work continuous and extends 

that previous investigation to all four quadrants, namely the (A) tension-tension, (B) compres-

sion-tension, (C) compression-compression, and (D) tension-compression quadrant. This 

work utilizes the experimental data reported by Page [17-19], which have been also used by 

many other researchers [20, 21]. 

For all panels that were tested by Page [17-19], ratios of vertical compressive stress σI to 

horizontal compressive stress σII of 1, 2, 4, 10 and infinity (i.e. uniaxial σΙ) were used in con-

junction with bed joint angle θ (with respect to σΙ) in directions of 0, 22.5, 45, 67.5 and 

90. The pair cases (0, 90), (22.5, 67.5) are symmetric to each other. Principal stress ratios 

of 0 (i.e. uniaxial σΙI), 0.1, 0.25, 0.5 and 1 were obtained from the results using the symmetry 

of the panels and the loading. The failure envelopes that Page obtained by plotting mean 

curves for each bed joint angle can be found in Page [17-19] and [11]. These failure envelopes 
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are based on the peak strength values obtained from running bond masonry panel tests in 

which a uniform loading was applied proportionally. It should be emphasized that there are no 

real experimental data for the cases θ=67.5 and θ=90.0, because these cases are equivalent 

to the cases θ=22.5 and θ=0.0, respectively, if we reverse σΙ and σII stresses. 

First, for each angle θ (0º, 22.5º, 45º, 67.5º, 90º) of the joints to the vertical compressive 

load, a Neural Network was trained with the experimental data of Page [17-19] as inputs (five 

NNs in total). Then each one of the five NNs was asked to produce the whole 2D failure curve 

(for each angle θ) as its output, filling also the gaps between the experimental points, thus 

"enriching" the experimental data with appropriate approximations. Then another, “global” 

NN was trained using the results of the five NNs as inputs with the angle θ as another input, 

also. The new NN was then asked to fill also the gaps between the angles θ, providing the 

whole 3D failure surface (a tube) for any angle θ (0º to 90º) and any ratio of σI/σII, for all four 

quadrants of stress. 

3 BIAXIAL TESTING PROCEDURE 

Masonry is a composite, multi-phase material that exhibits distinct brittle and strongly ani-

sotropic behavior. The highly anisotropic brittle nature of masonry, renders complicated, dif-

ficult and expensive the realization of reliable experimental tests under conditions of biaxial 

stress, and, even more, under conditions of biaxial tension or heterogeneous stress. The angle 

of the applied loading to the bed joint plays a significant role in the behavior of the brick ma-

sonry discs. In general, the highest strength of masonry is observed when the compressive 

load is perpendicular to the bed joints or in other words when the principal tensile stress at the 

center of the disc is parallel to the bed joints. In this case, failure occurs through bricks and 

perpendicular joints. On the other hand, the lowest strength is observed when the compressive 

load is parallel to the bed joints or in other words when the principal tensile stress at the cen-

ter of the disc is perpendicular to the bed joints. In this case failure occurs along the interface 

of brick and mortar joint. 

In our study, in order to obtain the experimental results, a biaxial stress state is induced in 

the panel by loading with hydraulic jacks in two orthogonal directions. A constant load ratio 

is maintained during each test by means of the spreader beam. The load in each direction is 

monitored by load cells immediately adjacent to the specimen. Two main methodologies are 

used in the literature in order to obtain the final test specimens with the correct shape and size, 

presented in [22, 17-19, 23]. 

3.1 First methodology 

Specimens with horizontal and vertical joints (Figure 1a) are constructed with dimensions 

greater than those of the final specimen, and then a square with the desired dimensions is 

drawn on the surface of the wall by a pencil at the appropriate orientation to achieve the cor-

rect lay-up angle as shown in Figure 1b, where the angle θ is the bed joint angle with respect 

to the horizontal direction. 
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(a) (b) 

Figure 1: Preparation of the masonry specimens. 

(a) Wall panel before saw cut, (b)  Saw cut specimen. 

The lay-up angle is defined as the angle between the direction of the bed joints and one of 

the edges of the finished test specimen. Therefore, bed joints run at oblique incidence to the 

edges of the finished saw-cat specimen. After a time-span of 14 days the larger wall panels 

were cut to the required size and shape by a ‘Clipper’ saw. The ‘Clipper’ saw has the capacity 

to hold impregnated diamond edge circular blades of varying thickness and diameters. Two 

days prior to the date of testing, the ‘compressive edge’ of the panel (the side on which the 

compressive loads was to be applied) was capped with 1:1 (cement:sand) mortar [11]. 

3.2 Second methodology 

According to Page [17-19] all specimens are constructed directly to their final shape and 

size as follows: All brickwork is constructed horizontally on a rigid form with bricks glued to 

a Perspex backing sheet to ensure a constant joint thickness. Panels are made with varying 

bed joint angles by cutting individual bricks to the required shape before casting. In the pre-

sent study, five lay-up angles were selected for biaxial tests, namely 0, 22.5, 45, 67.5 and 

90. 

4 FIVE ARTIFICIAL NEURAL NETWORKS 

In the present study, Back-Propagation Neural Networks (BPNNs) are used, in which the 

output values are compared with the correct answer to compute the value of a predefined er-

ror-function. The error is then fed back through the network. Using this information, the algo-

rithm adjusts the weights of each connection in order to reduce the value of the error function 

by some small amount. The procedure is similar to the one used in a previous work by the au-

thors [11], where more details can be found. The transfer function used in the present study is 

the hyperbolic tangent function, the same for all the hidden and the input layer, which yields 

output values in the interval [-1, 1], while its derivative yields output values in the interval [0, 

1]. The transfer function for the output layer is a linear function. This scheme has been used 

for all the NNs of the study. 

There are five NN models, one for each θ angle. For all five NNs, we used a BPNN with 

one hidden layer, one input layer and one output layer. The input layer had one node (neuron) 

which corresponds to the angle φ (in the range [0, 2π]), which defines the ratio σII/σI, while 

the output layer had also one node which corresponds to the distance (radius) r of the point on 

the failure curve to the origin of the axes. These two parameters (φ and r) will be described in 

detail in the next paragraphs. The hidden layer of each NN had 4 nodes for all θ (θ=0°, 22.5°, 
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45°, 67.5°, 90°), resulting in a 1-4-1 BPNN architecture for all five cases. These values have 

been chosen after some trial tests on various network architectures. The input and output val-

ues are normalized before the NN training and the inverse normalization is performed in order 

to obtain the NN results for other data, afterwards. 

4.1 Preparation of the NN Input data 

The experimental data of Page [17-19] have been used as inputs for the first five NN mod-

els of the present study. 

Figure 2: Normalized experimental data and average values for θ=0.0°. 

The figure above shows the original data for the θ=0° case (in a normalized form, shown as 

blue points in the figure) together with the average values for each σI/σΙΙ ratio (shown as red 

squares). Table 1 shows the corresponding analytical data for the θ=0° case (average values 

for each test are shown only). The analytical data for the other θ cases are not reported in the 

present study. 

The table consists of four parts, which correspond to four different types of tests, published 

in three different papers, as shown below: 

A. 1st Quadrant: Biaxial Tension (σI≥0, σII≥0) [17] 

B. 2nd Quadrant: Biaxial heterossemous Stresses (Compression – Tension) (σI≤0, σII≥0) 

[19] 

C. 3rd Quadrant: Biaxial Compression (σI≤0, σII≤0) [18] 

D. 4th Quadrant: Biaxial heterossemous Stresses (Tension – Compression) (σI≥0, σII≤0) 

[19] 
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Average 

σI/fwc 

Average 

σII/fwc 
Angle φ 

Radius 

r 

Region, Source 

0.066 0.000 0.000 0.066 

A 

Tension – Tension 

[17] 

0.046 0.026 0.514 0.053 

0.032 0.032 0.784 0.045 

0.020 0.035 1.050 0.040 

0.000 0.038 1.571 0.038 

-0.070 0.031 2.731 0.077 
B 

Compression – Tension 

[19] 

-0.115 0.023 2.947 0.118 

-0.214 0.019 3.051 0.215 

-0.414 0.015 3.106 0.415 

-0.572 0.000 3.142 0.572 

C 

Compression – Compression 

[18] 

-1.316 -0.120 3.233 1.321 

-1.303 -0.312 3.377 1.340 

-1.318 -0.665 3.609 1.476 

-1.080 -1.073 3.924 1.522 

-0.599 -1.130 4.225 1.279 

-0.307 -1.175 4.457 1.215 

-0.107 -1.102 4.615 1.107 

0.000 -1.000 4.712 1.000 

0.025 -0.717 4.748 0.717 
D 

Tension – Compression 

[19] 

0.041 -0.440 4.806 0.442 

0.064 -0.331 4.904 0.337 

0.062 -0.154 5.097 0.166 

Table 1. Failure of Brickwork under Biaxial Compression, θ=0°. 

The first two columns of the table contain the averages of the tests for each loading case, 

i.e. for each σII/σI ratio. The tension-tension experimental test (A) is the most difficult to per-

form and also the values are small and the data points more dense, so there is only one test for 

every σII/σI ratio, while for Parts B, C, D we have 2, 3 or 4 tests for each case. As a result, for 

Part A, the average values coincide with the values themselves, as there is only one test per-

formed for each σII/σI ratio. The data are in a dimensionless form where the stresses have been 

divided with the stress fwc which is the masonry strength for the case σΙ=0 for Case C (Com-

pression – Compression case). The value of fwc has been calculated as the average of the four 

values corresponding to four tests (7.15, 7.27, 7.69, 8.12) as 7.56 MPa. 

For the data to be suitable for the Neural Network training, a conversion to polar coordi-

nates (r, φ) is needed, where the distance (or radius, Column 4 of the table) r is given by 

2 2

, ,I aver II averr     (1) 

where σI,aver and σII,aver are the average stresses for each loading case (columns 1, 2). Since we 

are trying to describe a full circle, the polar angle value φ has to be within [0, 2π) range. 

Based on the values of σI and σII, we need to calculate the value of the polar angle φ. For Part 

A (Tension-Tension), this can be done easily using the Inverse Tangent function (Arctan) as 

follows: 

Arc tan II
A

I






 
  

 
(2) 
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The Arctan function always returns values within the (-π, π) range. In the last case of Part 

A, it is σI=0 and as a result Eq. (2) cannot be defined. In this case it is obviously φ=π/2. The 

range of φΑ is [0, π/2]. 

For Part B (2nd quadrant) it is σI≤0, σII≥0, while for Part C (3rd quadrant) it is σI≤0, σII≤0. In 

these two cases, in order to get the value of φ, the following formula hat to be used: 

= π + Arc tan II
B C

I


 



 
  

 
 (3) 

In the last case of Part C, it is σI=0 and as a result Eq. (2) cannot be defined. In this case it 

is obviously φ=3π/2. The range of φB is [π/2, π] and the range of φC is [π, 3π/2]. 

For Part D (4th quadrant) it is σI≥0, σII≤0. In this case, the following formula is applicable: 

= 2π + Arc tan II
D

I






 
 
 

(4) 

Angle φ is given in Column 3 of the table. The figures below show the corresponding dia-

grams for the other two main θ cases (θ=22.5°, θ=45°). The other two cases, θ=67.5° and 

θ=90° are omitted here, as they are symmetric to the cases θ=22.5°, θ=45°), respectively. The 

symmetry is about the line σI=σII. 

Figure 3: Normalized experimental data and average values for θ=22.5°. 
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Figure 4: Normalized experimental data and average values for θ=45.0°. 

The data (and also the failure curve itself) for θ=45° are symmetric with respect to the 45° 

diagonal line (σI=σII), due to not only the nature of the loading but also to the geometry of the 

masonry panel where for this special case the bed joint orientation is equal to angle θ=45°. 

Τhe data for θ=0° and θ=90° that correspond to complementary angles are also mutually 

symmetric to the line σI=σII. The same also applies for the data for θ=22.5° and θ=67.5. These 

special conditions will be studied in detail in the next paragraphs. 

For each of the five angles θ (θ=0°, 22.5°, 45°, 67.5°, 90°), a separate Neural Network is 

trained with the angle φ as its input and the radius r as its output. It should be noted that only 

the average values of each test (denoted as “square” points in the above figures) are used as 

training data for the Neural Networks. 

4.2 Properties of the curves - NN Corrections 

The failure curves have some distinct characteristics and the NN results need to be in some 

cases corrected in order to comply and exactly follow the rules. These characteristics are men-

tioned below. 

1. Consistency for φ=0 and φ=2π. The case φ=0 (start of circle) is in fact the same case as

φ=2π (end of circle) and the results in these two points (start and end of circle) should

coincide.

2. Symmetry for θ=45°. For the special case of masonry with bed joint angle θ=45°, the

masonry panel exhibits a symmetry which leads to a symmetric failure curve (to the

line σΙ=σΙΙ).

3. Symmetry for any complementary angles (θ and 90°-θ). The failure curves that corre-

spond to complementary angles (θ and 90°-θ), such as θ=0° and θ=90° as well as

θ=22.5° and θ=67.5°, are mutually symmetric to the line σΙ=σΙΙ.

Although the results obtained by the NNs are in most cases very satisfactory in their origi-

nal form, we apply some special corrections in order to ensure that the above rules are satis-

fied with 100% accuracy. 
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For point (1) of the above, we take into account two full identical cycles of data when 

training the NN. This means that instead of stopping at φ=2π, the NN is trained for two cycles 

of data, until φ=4π. Also, a correction is applied in order to ensure that the result (radius r) 

will be exactly the same for φ=0 and φ=2π.  

For points (2) and (3), when a symmetric result is expected, we take into account the aver-

age values between the two symmetric cases and this way we apply the correction. This tech-

nique is applied in the θ=45° case itself and also for the mutually symmetric cases (θ=0°, 

θ=90°) as well as (θ=22.5°, θ=67.5°). In particular, the results of the two equivalent cases are 

both taken into account and the average is finally considered, ensuring that the result would 

be perfectly symmetric between the two cases. The symmetry is to the line σΙ=σΙΙ for all cases. 

4.3 Final approximation results of the five NNs 

The five NNs were trained with the input and output data and then each NN was asked to 

produce the full curves for each bed joint angle, for a set of 80 segments (81 points). Although 

each NN was trained for two circles of data, it was asked to report results only for the first 

circle (in the range [0, 2π]). The results are shown in the figures below. 
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Figure 5: NN approximation result for θ=0°. 
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Figure 6: NN approximation result for θ=22.5°. 
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Figure 7: NN approximation result for θ=45°. 
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In all the above figures, the black dots denote the input data, i.e. the data corresponding to 

columns 3, 4 of the table. The blue curve denotes the NN prediction of the failure curve. It can 

be seen that the NN managed to fit all the training data with very good accuracy, providing 

smooth curves in all cases. For the θ=45° case, it can be seen that the curve is perfectly sym-

metric to the σΙ=σΙΙ line, due to the extra measures that have been taken.  

5 "GLOBAL" NN MODEL AND RESULTS 

Five NN Models were trained, each for one angle θ (0°, 22.5°, 45°, 67.5° and 90°). The fi-

nal purpose of the study is to add also the angle θ as a parameter of the problem, thus create a 

model that will be able to predict the entire failure curve not only for the predefined angles, 

but for any angle θ, from 0° to 90°. In order to achieve this, after the five NNs were trained 

and they had provided their results, another “Global” NN was also trained which took the re-

sults of the five NNs as inputs with the angle θ as an additional input, also. The new NN was 

then asked to fill the gaps between the angles θ, providing the whole 3D failure “tube” for any 

angle θ and any angle φ (i.e. ratio of σII/σI), for all four stress quadrants. 

The Global NN is a BPNN with one hidden layer containing 10 nodes (2-10-1 architecture). 

The two inputs are the angles φ (0 to 4π - two full circles) and θ (0° to 90°), while the output 

is the distance (radius) r. The transfer function of the global NN is the hyperbolic tangent 

function. For the global NN, we use all the results of the previous five NNs as training pat-

terns. This means that we have 161*5 = 805 training patterns, as we use 161 points (80*2+1) 

for every angle θ (0°, 22.5°, 45°, 67.5° and 90°). 

The global NN was trained and then asked to produce the whole 3D failure surface. Alt-

hough the global NN was trained in two full circles ([0, 4π]), in order to achieve better per-

formance and to manage to “close” the curve for the first circle, it was asked to produce 

results only for the first circle ([0, 2π]). Specifically, the NN was asked to produce points 

where the angle φ was divided again in 160 (80*2) segments (161 points, each segment is 

equivalent to 360°/80=4.5°), while angle θ is divided in 40 segments (41 points, each segment 

is equivalent to 90°/40=2.25°). The figure below shows the result of the NN approximation in 

3D (two different views of the tube). The red points (dots) denote the initial training set of the 

first five NNs, i.e. the average values gathered from the experimental results and used for the 

training of the NNs. 

6 CONCLUSIONS 

In the last decades, there have been many attempts on modeling the materials’ constitutive 

rules by means of Neural Networks. However there have not been many attempts to apply a 

Neural Network (NN) for the prediction of masonry behavior in general. In the present paper, 

following and expanding a previous work by the authors [10] which focused on biaxial com-

pressive stress only, the use of Neural Networks is proposed to approximate the failure sur-

face of masonry materials in a dimensionless form for any quadrant of stress state. 

A novel procedure based on Neural Networks techniques has been introduced in order to 

model the failure/yield surface of masonry material in dimensionless form. Available classical 

experimental results from the literature are used as inputs for the training of the NN. The pro-

posed NN procedure is demonstrated and has been shown to be reliable and robust.  

The derived failure surface fits the experimental data with excellent accuracy, while it is in 

dimensionless form which is very important in order to be able to be applied for every mason-

ry material. Furthermore, the derived surface can provide valuable information about areas of 

the masonry failure that have not been investigated until now (failure under heterosemous 

2269



Vagelis Plevris and Panagiotis Asteris 

stresses or failure under biaxial tension for any tilt angle of the bed joints) helping us better 

understand the phenomena involved in fracture mechanics. 

Figure 8: Global NN approximation result of the 3D failure surface in terms of principal stresses 

(two different views of the failure tube. 
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Abstract. The evaluation of the seismic vulnerability of monumental buildings is a difficult 
task and presents significantly higher level of complexity if compared to the case of new or 
current existing structures. This is due to the inherent uncertainty characterizing ancient 
buildings, regarding structural characteristics and constructive techniques, material proper-
ties, damages due to past actions, which should be properly handled in their seismic assess-
ment. For this reason, the approach to the study of such buildings unavoidably involves the 
completion of different assessment methods and their comparison, in order to represent the 
characteristics of a complex structure, its local and global behaviour. This paper describes 
the first results of the evaluation of the seismic safety of the “Ancien Hôpital de Sion”, an im-
portant building belonging to the Swiss architectural heritage, sited in the Canton of Valais, 
the region with the highest seismic hazard in Switzerland. For the analysis of the building, 
three-dimensional Applied Element (AEM) modelling of the whole structure has been 
achieved and validated. The proposed modelling strategy, together with non-linear dynamic 
analysis, has been adopted on the basis of its capability to represent the actual behaviour and 
failure mechanisms of complex masonry structures, in addition to a good computational effi-
ciency compared to other available numerical approaches. The local seismic collapse mecha-
nisms have been also analysed through a kinematic limit analysis based on rigid block 
rotation. Both linear and non-linear approaches have been followed together with the capaci-
ty spectrum method. The results provided by the different methodologies have been compared 
with the aim to provide possible insights concerning a general procedure for the assessment 
of the safety of such type of structures. 
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1 INTRODUCTION 

The study of historical constructions presents many challenging aspects and often requires 
the application of different analysis methods and modelling techniques in order to satisfactori-
ly describe their actual behaviour. A comprehensive and multidisciplinary procedure should 
be followed when approaching the assessment of the seismic vulnerability of heritage mason-
ry buildings with the possibility to adapt different techniques to their particular charachteris-
tics [1]. It is necessary, therefore, to combine both traditional and innovative investigation 
techniques with different level of complexity and detail of analysis. Simplified methods must 
be representative of particular aspects of the structural behaviour, yet support and validate the 
reliability of the results provided by more refined analysis procedures [2]. 

The present paper focuses on the study of a historical masonry building, the Ancien 
Hôpital de Sion, belonging to the Swiss architectural heritage and listed in the ISOS inventory 
(Federal Inventory of Swiss Heritage Sites). The building is located in the Canton of Valais, 
the region with the highest seismic hazard in Switzerland, therefore the assessment of its 
seismic vulnerability represents a crucial aspect within the phases of protection and safeguard 
of this important structure. The building represents a complex masonry structure, therefore 
different assessment methods have been considered for its study. 

A three-dimensional Applied Element (AEM) model of the whole structure has been de-
veloped for non-linear dynamic analyses. Compared to the Finite Element Method (FEM), in 
the AEM the structure is discretized through an assemblage of relatively small elements con-
nected by a set of non-linear springs located at contact points distributed along the element 
faces. Normal and shear springs transfer the normal and shear stresses between the elements. 
Through the springs it is possible to represent the non-linear material behaviour, the element 
separation or contact, and eventual collision [3, 4].  

The possibilities of the AEM to overcome the drawbacks of FEM have been explored in 
the present work in the case of a masonry building subjected to a seismic excitation. The 
adopted modelling strategy has been employed to simulate the actual behaviour of the build-
ing and the possible failure mechanisms of a complex masonry structure. 

In addition, the possible local collapse mechanisms of the building have been studied by 
means of a kinematic limit analysis, based on the decomposition into rigid macro-elements 
which can be individuated after the observation of typical seismic failure modes of existing 
masonry structures [5]. This is a useful method particularly for the study of buildings which 
do not feature a box behaviour under seismic actions due to the lack of stiff floors or weaken-
ing of connections between walls due to pre-existing damages. In the present case, both linear 
and non-linear static approaches have been followed in combination with the capacity spec-
trum method [6, 7]. 

2 DESCRIPTION OF THE BUILDING 

The construction of the Ancien Hôpital de Sion took place between 1763 and 1781 (Figure 
1a) and it served as a hospital until 1937 [8, 9]. Presently, the Ancien Hôpital constitutes a 
representative and distinctive building of the city of Sion and it is placed under the protection 
of the Swiss Confederation. Due to its important role within the city and for its architectural 
quality, the building is listed in the ISOS inventory (Federal Inventory of Swiss Heritage 
Sites). 

The building is an isolated structure, without any connection with surrounding buildings, 
as it can be seen from the general view in Figure 2a. A view of the building’s main façade is 
shown in Figure 2b. 
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The Ancien Hôpital is a masonry building with timber slabs composed by a central body 
and two external wings (the Aile Nord and the Aile Sud) connected at its extreme sides form-
ing a C-shaped floor plan (see Figure 1b). The building has three storeys over the ground 
floor, with a basement level under the central and southern areas of the structure. The overall 
in-plane dimensions of the building are 50 m x 42 m. The height of the ground and first level 
is 3.60 m, while the height of the second level is 3.30 m.  

The structure’s roof is a timber truss assembly [10, 11], reaching a total height of 17 m. 
The central part of the main body of the Ancien Hôpital is occupied by a chapel with a vault-
ed timber structure, surmounted by a tower with a total height of 26 m. The thickness of the 
masonry walls varies from about 1 m at the lower level to about 0.8 m at the higher levels. 

  

           
                                      (a)                                                                                      (b) 

Figure 1: Historical image of the Ancien Hôpital [8] (a) and ground level floor plan [10] (b). 

 

      
                                        (a)                                                                                     (b) 

Figure 2: Top view of the building in the historical center of the city of Sion (a) and view of the building’s           
façade (b) (Source: Map data ©2015 Google). 

On the occasion of some restoration works completed in 2012 on the Northern wing, visual 
inspection and hole drilling were performed with the aim to define the masonry typology. The 
original stones used for the masonry are irregularly shaped, but they are optimally arranged 
and the overall conservation status of mortar joints was good (see Figure 3a). 

The slabs found in the structure are made with timber beams having approximatively 
squared cross-section, with a timber layer, a mortar layer and the pavement. An example is 
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shown in Figure 3b. The slabs have been subjected to a survey and non-destructive testing for 
characterization of materials and for the evaluation of their bearing capacity in 2012 [12, 13]. 
Three classes were identified through ultrasonic in-situ testing, C18, C24 and C30, according 
to the European Norm EN338 [14]. In general, the beams were mainly belonging to the class 
of strength C30, while some C24 class beams were also found in the Southern wing and few 
C18 class in the Northern wing. The surveyed beams presented squared cross-sections of 
about 20 cm x 20 cm, with interspacing of 45-50 cm and supported length of about 30 cm. 

 

      
                                        (a)                                                                  (b) 

Figure 3: Example of masonry (a) and bottom view of a slab typology (b) found in the structure [12]. 

3 SEISMIC HAZARD AT THE BUILDING SITE 

The city of Sion is provided with a microzonation study for the distribution of the seismic 
hazard over the territory, identifying three seismic zones [15]. The Ancien Hôpital lies along 
the dividing line between two different zones; therefore, given the importance of the structure, 
a specific evaluation of the response spectrum was carried at the building site (dashed line in 
Figure 4b). 
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                                             (a)                                                                                    (b) 

Figure 4: Record ESD 198 (European Strong Motion Database, Montenegro Earthquake, MS = 7.1, PGA = 
0.224g): recorded ground accelerations in X and Y directions (a) and elastic response spectra (ADRS format) of 

the corresponding earthquake components for 5% damping (b). 

In order to perform time-history dynamic analyses of the building, some records of seismic 
events respectful of the best fitting with the response spectrum provided for the Ancien 
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Hôpital were selected from international databases. One of these was represented by the 
Component Y of the Record ESD 198, with associated PGA = 0.224g. In particular, the mod-
el was subjected to the seismic registration reported in Figure 4a, illustrating the X (N-S) and 
Y (E-W) components of the recorded ground accelerations. The corresponding elastic re-
sponse spectra for 5% damping are illustrated in Figure 4b, together with the response spec-
trum (dashed line) proposed for the site of the Ancien Hôpital for a comparison.  

4 NUMERICAL MODELLING 

4.1 Adopted modelling strategy 

The methodology followed for the numerical modelling of the studied building is based on 
the Applied Element Method (AEM). This method represents an alternative modelling tech-
nique to the Finite Element Method and has been used in combination with non-linear        
dynamic analysis [4, 16, 17]. 

Considering the mechanical behaviour of a masonry building and the interaction between 
the structural elements, the Applied Element Method (AEM) gives the advantage to allow to 
consider all the possible failure mechanisms. The AEM method is based on dividing the ma-
sonry elements in small elements connected through springs (see Figure 5a). According to this 
strategy, there are no common nodes between elements and, therefore, it is possible to easily 
describe large displacements and elements progressive separation through successive failure 
of these springs [3]. Normal and shear springs located at the element contact points, distribut-
ed around the edges, as shown in Figure 5b, represent stresses, strains, and deformations of 
certain portions of the structure. Figure 5c illustrates an example of the configuration of 
springs between two elements, extended from the centreline of one element to the centreline 
of the adjacent one.   

 

 
                                 (a)                                   (b)                                               (c) 

Figure 5: Masonry element modelling with AEM: element generation (a); spring distribution (b); area of influ-
ence of each springs pair (c) (Adapted from [16]). 

For the studied masonry building, a total number of five springs was used on each face of 
the elements. The size of the meshing was selected and opportunely validated to avoid creat-
ing elements with large aspect ratios. In Figure 6 different views of the AEM model of the 
building are reported. The timber slabs have been modelled too according to the actual dispo-
sition in the structure. 

Two models have been prepared, considering two different element sizes for masonry 
walls: a refined mesh (element dimensions ≤ 0.4 m) with two elements in the wall thickness 
and a large mesh division (element dimensions ≤ 0.8 m), with only one element in the wall 
thickness. This two cases were analysed with respect to the accuracy of the provided results 
and computational time requirements. 
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                                (a)                                                                                       (b) 

Figure 6: Three-dimensional numerical model of the building with view of timber beams and slab (Refined 
mesh). 

4.2 Failure criterion for masonry 

Specific material models are assigned to the springs connecting the different applied ele-
ments in the AEM. Therefore, different material properties are described through the springs’ 
characteristics, which are used to calculate strains, stresses and failure criteria [18]. Masonry 
is modelled similarly to concrete, adopting the Maekawa compression model including un-
loading and reloading [19], shown in Figure 7a. In this model, the envelope of compressive 
stress-strain diagram is defined using three values: the initial Young's modulus, the fracture 
parameter, representing the extent of the internal damage, and the compressive plastic strain. 
For the tensile behaviour, the relationship is linear until the cracking point. After cracking, 
stiffness of springs subjected to tension is set to zero. The residual stresses are then redistrib-
uted in the next loading step by applying the redistributed force values in the reverse direc-
tion. The material is assumed to crack when the major principal stress reaches the tensile 
strength. 

Regarding the shear behaviour, the tangent modulus is calculated according to the strain at 
the spring location. After peak stresses, spring stiffness is assumed as a minimum value to 
avoid negative stiffness. This results in a difference between the calculated the stress and 
stress corresponding to the spring strain. These residual stresses are redistributed by applying 
the redistributed force values in the reverse direction in the next loading step. The relationship 
between shear stress and shear strain is assumed to remain linear till the cracking. Then, the 
shear stresses drop down as shown in Figure 7b. The level of drop of shear stresses depends 
on the aggregate interlock and friction at the crack surface. 

  

 
                                                        (a)                                                       (b) 

Figure 7: Constitutive models adopted for masonry under axial (a) and shear (b) stresses. 
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When the separation strain is reached, the adjacent elements are totally separated at the 
connecting face. In this case, all the springs are cut and, if the elements meet again during the 
analysis, they behave as two different rigid bodies in contact. When contact occurs between 
elements, linear springs are generated at contact points, governed by parameters such as the 
normal and shear contact stiffness factors and the contact spring unloading stiffness factor. 
During new contact friction between masonry portions is possible and depends on the friction 
coefficient value. There is no internal friction inside structural components which are already 
connected by normal and shear springs, and the friction coefficient has effect only after ele-
ment separation when elements meet as rigid bodies. Mechanical parameters assumed in the 
analysis are reported in Table 1. 

  
Unit weight [kN/m3]     21 
Young's modulus [N/mm2] 

 
1500 

Shear modulus [N/mm2] 
 

700 
Tensile strength [N/mm2] 

 
0.25 

Compressive strength [N/mm2] 
 

3 
Separation strain [−] 

  
0.1 

Friction coefficient [−] 
  

0.8 
External damping ratio [−] 

 
0 

Normal contact stiffness factor [−] 
 

1·10-4 
Shear contact stiffness factor [−] 

 
1·10-5 

Contact spring unloading stiffness factor [−] 2 
 

Table 1: Mechanical parameters for masonry. 

4.3 Modal analysis  

From the analysis of the modal shapes of the building, the first two modes involve the vi-
bration in the two principal directions of the central tower (see Figure 8a and 8b), which is 
also expected to be the most vulnerable part of the structure. The following modes involve 
mainly one or both lateral wings of the building. The vibration modes are the same in the case 
of the refined and large mesh division. 

For both mesh divisions, the values of the periods for the first six modes are reported in 
Table 2. The differences in the periods when considering the refined mesh instead of the large 
mesh are negligible (lower than 3% for the first three modes), thus confirming the reliability 
of the model with large mesh from the dynamical point of view. 

 
 

 
            (a) 1th mode                                        (b) 2nd mode                                          (c) 3rd mode  

Figure 8: Modal shapes of the building. 
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For the first three modes, the variation of the values of the periods is reported in Figure 9 
in order to have an indication on the damage progression during the acceleration time-history. 
In particular, the irregular path in the variation of the first mode’s period reveals the damage 
of the tower with out-of-plane collapse in the X direction. The comparison of the two mesh 
divisions showed, in this case, the tendency of the values of periods associated to the refined 
mesh to reduce more than in the case of the normal mesh for higher time steps of the analysis. 
Therefore, a higher susceptibility of the model with refined mesh to present higher damage 
was found. 

During the study of the building, the modal shapes have been also compared to the case of 
the structure without the timber slabs in order to simulate an extreme case of completely inef-
fective connection at the floor level between the masonry walls. As expected, in this case the 
modal shapes involved firstly single walls of the structure before the central tower. 

 

Mode 
Refined mesh Large mesh 

∆ [%] 
T [s] T [s] 

1 0.222 0.219 +1.4 
2 0.215 0.218 +1.5 
3 0.175 0.170 +2.7 
4 0.155 0.151 +2.6 
5 0.143 0.140 +2.7 
6 0.131 0.126 +3.4 

 

Table 2: Periods and frequencies. 
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Figure 9: Period variation for the first three modes and comparison between large and refined mesh. 

4.4 Time-history dynamic analysis 

The dynamic analysis carried out considering the recorded time-history reported in Figure 
4 allowed to confirm that the most vulnerable part of the structure is the central tower, which 
presented out-of-plane damages. However, the rest of the building did not suffer high damage 
due to the application of this seismic registration. The most evident crack is located in the 
middle of the back wall of the Southern wing. 

In a second phase, time-history analysis have been repeated in order to evaluate the level of 
ground acceleration responsible of damage in the structure of the hospital. The record consid-
ered in the previous case was therefore amplified through the application of a factor of 2 to 

1st mode 

2nd mode 

3rd mode 
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the acceleration ordinates. In this case the seismic action is characterized by a double value of 
PGA and the corresponding spectrum can be representative of seismic demand with a higher 
return period.  

The resulting damage distribution can be seen from Figure 10, where it can be noted that 
the considered ground acceleration record was responsible of the opening of several cracks. In 
particular, higher damage is located at the back corner of the Southern wing, where the con-
nection of between the two converging walls is lost (see also Figure 12a and 12b). Severe 
damage was also obtained at the back of the central body of the building, involving the walls 
enclosing the staircases. In these areas, cracks opened at the intersection of the corner walls 
with the central body of the building, initiating the overturning of the whole corner or possi-
bly of the single walls separately (see Figure 10 and 12a). The Northern wing of the building 
suffered more distributed damage, with cracks mainly located in the piers and starting from 
the openings. Again, the masonry walls in the area of the staircase suffered higher damage 
(see Figure 12c). 

 

      
Figure 10: Damage distribution (X20) at the last time step (t = 40 s). 

 

        
Figure 11: Compressive principal stress distribution (N/mm2) at last time step (t = 40 s). 
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In Figure 11, the principal compressive stress distribution is illustrated over the damaged 
structure at the last time step of the analysis. The areas in dark red are characterized by a 
compressive stress higher than 1 N/mm2 (it is reminded that the compressive strength of the 
masonry is 3 N/mm2). The compressive damage involves only quite limited portions of ma-
sonry mainly localized at the lower zones of the ground level’s masonry walls. 

In Figure 12, the damage distribution obtained from the model with large mesh division 
and the model with refined mesh division is reported for the same walls of the building. From 
the comparison, it can be noted that the refined model is able to provide a more precise crack-
ing distribution and a higher damage level (full overturning of some portions of masonry). 
However, the computational cost associated to the model with large mesh division is sensibly 
lower and represent an advantage in terms of time saving.  

 

 

 

(a) 

               
 

(b) 

                
 

(c) 

Figure 12: Damage distribution (X20) and cracking pattern at last time step (t = 40 s) for: (a) Eastern walls; (b) 
Southern walls; (c) Northern walls. (Elements dimensions ≤ 0.4 m (left) and ≤ 0.8 m (right)). 

The influence of the horizontal elements plays a fundamental role in the response of an ex-
isting masonry building to the seismic action. However, the correct modelling of the slabs and 
representation of the actual connection conditions with the vertical masonry elements is a 
questionable point and sometimes can be carried out only thought very refined and time con-
suming models. 

In order to compare the behaviour of the building in the case of very poor connection be-
tween the timber slabs and the masonry walls, a model without slabs was also employed in 
the analyses, representing an extreme condition for the stiffness of the horizontal elements 
and for the connection between the vertical elements. 

The analysis was carried out considering the ground acceleration record amplified by 2, 
obtaining the damage distribution illustrated in Figure 13. The comparison of the damage dis-
tribution (Figure 10) with the one obtained in the case with slabs showed the higher damage 
suffered by the structure and a higher number of involved walls in the case without slabs, evi-
dencing the important role of the slab stiffness in the seismic response of the structure. 

 N  S 
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 W 

 W 
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Figure 13: Damage distribution in the model without slabs at the last time step (t = 40 s). 

5 ANALYSIS OF THE LOCAL COLLAPSE MECHANISMS 

The safety of the structure was assessed through the analysis of different possible local col-
lapse mechanisms following the linear and non-linear approaches [5, 20, 21]. The zones of the 
structure considered more likely vulnerable to overturning effects were identified for the cal-
culations. 

The kinematic linear approach allows to define the value of the load multiplier, α0, con-
nected to the horizontal force that the element is able to withstand. In terms of acceleration, 
the safety of the structure against the considered collapse mechanism is satisfied if:  

 

  (1) 

 
where ag(SLU) is the acceleration demand imposed by the earthquake calculated assuming a 
strength reduction factor equal to 2 [22]. 

Following the non-linear approach, the safety of the structure is carried out through the 
comparison between the ultimate displacement capacity, represented by d*u (assumed as 40% 
of the spectral displacement, d*0, corresponding to a null value of a* [22]), and the displace-
ment demand, ∆d = SDe(Ts), obtained from the displacement spectrum for the secant period, 
Ts:   

 

  (2) 

 
As an example, the analysis of the mechanisms involving the Southern façade of the build-

ing is shown in Figure 14, considering an importance factor, γI = 1.2. The comparison be-
tween seismic demand and capacity is graphically reported in ADSR format. 

The results of the analysis for some of the mechanisms are summarized in Table 3, report-
ing the safety coefficients, αeff, obtained both from the linear and the non-linear kinematic ap-
proaches and for importance factors, γI, equal to 1.2 and 1. 

 

a*0 ≥ ag(SLU) 

d*u ≥ ∆d 
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                      (a)                                                                              (b) 

Figure 14: Example of overturning mechanism for masonry wall (two levels) (a) and spectral capacity curve and 
safety verification of the overturning of the Southern façade (b). 

 

Mechanism 
Importance factor γI = 1.2 Importance factor γI = 1 

αeff [−] αeff [−] 
Linear analysis Non-linear analysis Linear analysis Non-linear analysis 

Southern façade 1.20 1.75 1.44 2.10 
South-Eastern corner 1.72 2.97 2.06 3.56 
Central staircase corner  2.23 3.26 2.68 3.92 
Central staircase wall  0.75 0.94 0.90 1.13 

 

Table 3: Summary of safety factors from the analysis of local mechanisms. 

6 CONCLUSIONS AND FUTURE DEVELOPMENTS 

The Ancien Hôpital de Sion is an important heritage structure located in the Canton of Va-
lais, the region with the highest seismic hazard in Switzerland. The present paper aimed at the 
assessment of the seismic safety of such historical building through different approaches.  

For the numerical modelling of the structure, the Applied Element Method (AEM) was fol-
lowed and allowed to account for all possible failure modes of masonry.  

The non-linear dynamic analysis carried out with an acceleration time history compatible 
with the site response spectrum evidenced that the building is able to stand the seismic action 
expected at the site suffering minor damaging. 

When the acceleration is amplified by a factor of two (higher return period), the structure 
suffered cracking of several masonry walls, loss of connection at some corners and overturn-
ing of portions of masonry. The damage was more significant in the area of the Southern wing 
and in the walls enclosing the staircases. Higher cracks concentration at the connecting areas 
of the lateral wings with the central body was observed. 

The building features a masonry tower in the central part of the main body, where a vault-
ed chapel is also located. This constitutes the most vulnerable element of the building and it is 
characterized by high damage even when the lower seismic action was considered. The struc-
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ture and the behaviour of the central tower require deeper investigation and characterization in 
terms of construction technique and materials and to be studied with more detailed analyses. 

Another point of interest evidenced by the numerical analysis concerns the level of connec-
tion between the slabs, through the timber beams, and the bearing masonry walls. The com-
parison between the model including the timber slabs according to the actual geometry and 
direction of beams, and a model with free walls showed the importance of the presence of the 
slabs in case the structure is subjected to a seismic action.  

The study of possible local collapse mechanisms allowed to identify the most vulnerable 
parts of the structure. The safety factors are higher than one except for the case of the central 
staircase wall at the back of the building. The safety coefficients associated to a single wall 
are 0.9 from the linear approach and 1.13 from the non-linear approach, indicating the possi-
ble overturning of the wall for an action slightly higher than 1 (non-amplified registration). In 
comparison, the model subjected to the non-amplified seismic registration, showed a diffuse 
cracking in the area of this wall, but without reaching its out-of-plane failure. Therefore, in 
this case the application of the mechanisms analysis is more conservative, particularly in the 
linear approach. 

Safety factors higher than 2 are obtained for the central staircase corner. In fact, the model 
subjected to an acceleration amplified by two showed that vertical cracks form at this corner 
with subsequent overturning of the two converging walls separetely, instead of the whole cor-
ner. For the Southern façade and the South-Eastern corner, the results of the numerical analy-
sis are intermediate between the results given by the linear and the non-linear approaches. The 
model showed severe cracking and disconnection of masonry at the corners, but without com-
plete overturning of the walls. Therefore, also in this case the application of the linear ap-
proach resulted to be more conservative than the non-linear approach which was found more 
realistic. 
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Abstract.  The stability of masonry arches plays a crucial role in the seismic assessment of 

historic and monumental buildings. The block-joint FEM model represents a major step 

forward with respect to the traditional rigid-brittle approach, allowing the assessment of the 

in-plane and out-of-plane arch behaviour and modelling of spatial systems such as cross 

vaults. Recent improvements of the method, among which the blocks modelled as curved 

frame elements and the pursuit of a static admissible configuration at the first step of the 

pushover analysis, are introduced. Moreover, the simpler block-block model that captures the 

behaviour of the arch through a lower number of finite elements is presented. The effects of 

passive and active strengthening measures such as CFRP sheets or prestress state are also 

considered in the models. 
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1 INTRODUCTION 

The structural analysis of masonry arches can be performed following several 

methodologies, essentially aimed at assessing the stability of the structure under static and 

seismic loads.  

Algorithms able to define the collapse mechanism of arches and vaults were developed 

following the Heyman’s theory and an approach based on rigid-brittle elements [1-3]. 

However, the definition of the collapse mechanism and the collapse multiplier can also be 

pursued with traditional finite element methods, according to nonlinear procedures that take 

into account the progressive damage of the structures. In case of seismic actions, this type of 

incremental analysis, proposed as an alternative to limit analysis in recent standards [4], is 

referred to as “static nonlinear analysis” or “pushover analysis”. 

Among all the methodologies that can be used for the analysis of arches, modelling 

through spatial one-dimensional finite elements (frame elements) is particularly interesting. It 

allows to assess the arch static and seismic behaviour with low computational effort and ease 

of use. Frame elements allow for complete control over the analysis results and accurate 

vulnerability asassessments.  

A previous work [5] introduced the “block-joint” model, where both blocks and joints are 

frame elements. The blocks have the mechanical properties of the stone and their cross section 

is the effective cross section of the arch, while the joints represent the mortar between the 

blocks and their cross section is ¼ of the one of the blocks. Each block interface is modelled 

through four joints placed at each vertex and connected to the block through rigid links. As 

shown in Figure 1, the joints are pin-fixed frame elements, the fixed-end provides continuity 

with the previous block, the pin-end transfers shear and axial force to the next block, in this 

manner the system transfers moment, shear and axial force from one block to another.  

 

Figure 1. The finite element model block-joint 
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The “block-joint” model catches the arch in-plane and out-of-plane behaviour detecting the 

formation of plastic hinges where the tensile stresses overcome the resistance of the material.  

Particularly interesting is the behaviour of the structure under horizontal inertial loads, 

especially when assessing monumental buildings in seismic prone areas. In these cases the 

structure is studied through static nonlinear analysis. An increasing horizontal force is applied 

to the system recording at each step the value of the control displacement, this leads to a 

force-displacement diagram that represents the capacity curve of the structure. 

 Performing a pushover analysis, increasing horizontal forces are applied to the system. At 

each step axial force verification is applied to the joints: if tensile stresses occur, the internal 

axial force is released and the fixed-end is turned to pin so that the element loses any stiffness 

and the internal actions remain constant at the value reached so far. As the analysis continues, 

the progressive deterioration of the joints leads to an unstable configuration that defines the 

end of the pushover curve. 

Assuming that the internal actions remain constant after deterioration of the joints, this 

procedure is capable to easily find a balanced solution compatible with the mechanical 

characteristics of the materials. The procedure can be applied considering or not a limited 

tensile strength of the material: if the tensile strength is assumed to be null a comparison with 

the rigid-brittle limit analysis is feasible. However, accounting for the tensile strength of the 

joints surely leads to an increase of the collapse multiplier and allows not to underestimate the 

seismic capacity of the structure. 

Besides the axial force verification, at each step of the pushover analysis compression and 

shear verifications can be applied to the blocks. As regards the compression verification, if the 

action overcomes the resistance of the material, the axial force is released. As regards the 

shear, if the axial force to shear ratio exceeds the friction coefficient of the material, the 

relevant frame turns into pin-pin and reacts only to axial force. 

  If the object of the analysis is a building that features arches and/or vaults, once the 

capacity curve has been calculated, the safety verification can be performed with the classic 

methodologies provided by the standards for pushover analysis. 

Whereas if the object of the analysis is a macroelement, that is a portion of the building, 

the safety verification should follow the method provided by the standards for the kinematic 

analysis of collapse mechanisms [6]. In this case the collapse multiplier is pursued as the 

maximum static multiplier instead of the minimum kinematic multiplier.  

Recent improvements of the method introduced: (a) the blocks modelled as curved beam 

elements, (b) a self-correcting procedure at the beginning of the pushover analysis in order to 

pursuit a stable configuration under static loads, (c) a solution for the automatic distribution of 

the vertical loads, (d) the possibility to account for passive and active strengthening 

techniques.  

Moreover, the research for the development of the block-joint method led to the 

introduction of a simplified model that captures the behaviour of the arch with a lower 

number of finite elements: the “block-block” model. In fact, the arches modelled with the 

block-joint method may feature a high number of frame elements (blocks, joints, rigid links) 

depending on the discretization adopted, therefore this method is recommended for advanced 

analysis of macroelements, whereas the simpler block-block method can be used for the 

modelling of arches within complex buildings.  

 

2 BLOCKS MODELLED AS SPATIAL CURVED BEAM 

Modelling the blocks with curved elements, instead of straight frame elements, leads to 

certain advantages: (a) arches discretized in few blocks can be modelled adequately, (b) the 
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mortar joints between the blocks can be short enough both at the intrados and at the extrados 

of the arch, (c) the self-weight of the blocks is better approximated. 

 

 
Figure 2. A curved beam element with coordinates and forces 

 

As shown in Figure 2, formulation of the stiffness matrix of a spatial beam element with 

circular axis [7], validated through analytical formulas [8], was adopted for the blocks. The 

circular axis allows for a better modelling of several arch typologies such as semicircular arch, 

segmental arch, pointed arch, three-centered arch.   

 

Figure 3. Block-joint modelling with curved beams 

 

3 BLOCK-BLOCK MODELLING 

Modelling of masonry buildings is frequently rather complex, a building that features 

many arches may need a large computational effort. Let us call “module” the portion of the 

arch between two consecutive mortar joints derived from arch discretization. The block-joint 

model consists of 14 frame elements per module (2 blocks + 4 joints + 8 rigid links), whereas 

the simplified block-block method allows modelling of the arch with only 2 blocks per 
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module. Each module consists at least of two blocks because the self-weight is applied as 

point load in the central node of each module.   

Figure 4 shows the case an arch discretized in 11 modules. The block-joint model of the 

arch consists of 200 frames and 155 nodes, while the block-block model of the same arch 

consists of 56 frames and 47 nodes. Therefore, the block-block model leads to a number of 

elements 3 times smaller than the block-joint model, with clear advantages with respect to the 

computational effort. For this reasons the block-block method is recommended for the 

modelling of arches within complex buildings.    

 

Figure 4. (a) block-joint model. (b) block-block model 

The block-block method provides adequate verification procedures in order to achieve 

solutions compatible with the ones obtained with more advanced modelling. The blocks are 

spatial curved beam elements with fixed-fixed ends. The compressive strength of the blocks is 

the one of the stone while the tensile strength is the one of the mortar. 

 Performing pushover analysis, at each step a thrust-line verification is applied to the 

blocks. If the thrust-line comes out of the block cross section and the tensile stress exceeds the 

material tensile strength (and/or the reinforcement resistance) the verification is not satisfied, 

thus the bending moment is released by introducing a hinge in the relevant end of the block. 

In this way at the next steps of the analysis the position of the thrust-line remains practically 

the same: small variation may occur due to the variation of the axial force.  

In a manner similar to the block-joint method, the compression and shear verification can 

be applied to complete the arch safety assessment. 
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4 SELF-CORRECTING GRAVITY ANALYSIS AT THE BEGINNING OF THE 

PUSHOVER ANALYSIS 

Whatever the modelling method, the static asset, that is the resistant configuration under 

vertical static loads, is very important for the structural analysis of the arches. This asset 

matches the one at the beginning of the pushover analysis. It should be noted that the arch 

may develop hinges even if the only applied loads are the static ones. This simply means that 

the structure bears the static loads with a reduced degree of hiperstaticity. Therefore, a correct 

static nonlinear analysis must initially perform a self-correcting gravity analysis that pursuit a 

stable configuration of the arch under static loads .  

The self-correcting procedure performs iteratively a static analysis and, at each iteration, it 

applies verification to the joints (or the blocks in the block-block model) and corrects the one 

in the most severe condition acting on its internal releases. In this way, at each step the arch 

loses one degree of hiperstaticity. The procedure continues until all the elements satisfy the 

verifications, then the pushover analysis can be performed on the resulting structure.  

As regards the block-joint model, the corrections applied to the relevant joint during the 

gravity analysis consist in releasing the axial force and the bending moment at the two ends. 

Instead, as regards the block-block model, the bending moment is released in the section 

under the most sever conditions and two moments are applied at the adjacent blocks in order 

to fix the thrust-line in a position compatible with the geometry of the arch, the resistance of 

the material and eventually the presence of reinforcements.   

During the iterative procedure and the application of several releases the structure may 

become unstable, that means that the structure cannot bear the static loads, thus the pushover 

analysis cannot be performed. For the examples described at section 7 of this work, the 

pushover analysis has been performed applying the self-correcting gravity analysis.   

 

5 VERTICAL LOADS DISTRIBUTION 

Frequently, arches are located within buildings and the modelling should account for the 

interaction with the adjacent structures such as masonry piers, columns, spandrels and beams. 

In the “Equivalent Frame” models the connections between different typologies can be set in 

order to achieve the correct distribution of the vertical loads. 

Generally, the vertical loads acting on the structure above the arch are transferred to the 

arch through the spandrels. The solution proposed in this work (compatible with the 

equivalent frame model) consist of a series of rigid vertical struts that link arch and the beam 

above the arch providing the correct distribution of the vertical loads. The method has been 

validated through comparison between the loads directly applied to the blocks and the ones 

transferred by the struts through axial force [9, 10]. 
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Figure 5. Rigid vertical struts for load distribution 

 

More in details, the vertical struts connect the central node of each arch module to the 

above beam and feature a hinge at the interface with the arch, while the frame elements of the 

beam are pin-pin and carry a uniform load that represent the self-weight of the structure 

between consecutive struts. This system transfers to the arch the entire load of the above 

structure. 

However, in real cases, a part of the load tends to migrate towards the adjacent masonry 

piers. In order to account for this behaviour the original configuration of the struts and the 

beam can be modified as follows: (a) exclude from the model some of the struts at the sides of 

the arch, (b) set as fixed-fixed the relevant frame elements of the beam. 

Figure 6 shows the position of the nodal masses (red spheres) and highlights the portion of 

the structure that transfers load to the arch.  

 

Figure 6. Partial load distribution 
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6 ACTIVE AND PASSIVE STRENGTHENING MEASURES 

As mentioned before, the block-joint and the block-block method can account for a tensile 

strength of the mortar joints improving the stability of the arch. Moreover, besides the 

resistance of the material, the method can account for the benefic effects of passive and active 

strengthening measure. 

The passive interventions such as FRP sheets applied at the intrados or at extrados of the 

arch provide an additional tensile resistance to blocks and joints, whereas the active 

interventions such as the “reinforced arch” technique, apply a prestress state in the arch aimed 

to bring the thrust-line closer to the central axis and to the formation of the plastic hinges [11]. 

An application of these strengthening typologies is provided in the next section.    

   

7 APPLICATION EXAMPLES 

The following examples, developed using Aedes Software PCM and SAV, apply the 

proposed methods [9, 10]. 

 

Figure 7. Reference arch 

 The reference arch shown in Figure 7 is semi-circular with the following characteristics: 

span 5.00 m, rise 2.50 m, depth 1.00 m, thickness 0.40 m. The height of the structure above 

the extrados of the arch is 3.10 m. The mechanical characteristics of the materials are shown 

in Table 1. 

 

Masonry Specific weight 19  kN/m
3
 

Blocks Specific weight 20  kN/m
3
 

 Elastic modulus   50000  N/mm
2
 

 Shear modulus  20000  N/mm
2
 

 Compressive strength 35  N/mm
2
 

Joints Elastic modulus  660 N/mm
2
 

 Shear modulus 264  N/mm
2
 

 Tensile strength 0.05  N/mm
2
 

 Table 1. Mechanical properties of the materials 
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7.1 Vertical load distribution  

This example aims to validate the distribution of the vertical load used in the block-joint 

and block-block methods through a comparison with the rigid-brittle method. Aedes SAV was 

used to model the arch according to the rigid-brittle method, the load arising from the 

structure above the arch is directly applied to the blocks as vertical point loads following the 

scheme shown in Figure 8a. The point loads applied to the blocks range from 15.98 kN at the 

imposts to 50.33 kN at the keystones.  

 

Figure 8. Vertical load distribution: (a) rigid-brittle model, (b) block-joint model 

On the other hand, in the proposed methods (block-joint or block-block), the load is 

transferred to the arch through vertical rigid struts. Aedes PCM was used to model the arch 

according to the block-joint method. A static analysis was performed and, as shown in Figure 

8b, the axial force in the vertical struts range from 14.55 kN at the imposts to 48.73 at the 

keystone. The values are very similar to the loads applied in the rigid-brittle method; therefore 

the use of vertical struts for load distribution is appropriate. 

The rigid-brittle approach based on the Heyman’s theory [2, 3] has been widely used for 

the structural analysis of arches [1], thus it represents a good reference for the calibration of 

alternative methodologies. Figure 9 shows the static analysis results (axial force diagram and 

thrust-line) obtained with the rigid-brittle approach and with the block-joint method. 

 

Figure 9. Static analysis: axial force diagram and thrust-line. (a) rigid-brittle approach. (b) block-joint method  
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Model Vertical reaction Horizontal reaction 

Rigid-Brittle 239.04 kN 101.23 kN 

Block-Joint 239.06 kN 103.92 kN 

 Table 2. External reactions at the imposts 

Table 2 lists the vertical and horizontal external reactions at the fixed imposts. The 

analyses performed with the two approaches led to similar results and this validates the use of 

the block-joint method. 

7.2 Comparison between block-joint and block-block methods 

The reference arch is now modelled according to the two proposed methods (block-joint 

and block-block) performing modal, static and pushover FEM analyses. The following figures 

and tables show the results of the analyses performed.  

  

Figure 10. Modal analysis. (a) block-joint model, T = 0.060s. (b) block-block model, T = 0.050s  

   

Figure 11. Static analysis. (a) block-joint model. (b) block-block model 
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Figure 12. Pushover analysis. (a) block-joint model. (b) block-block model 

  

Figure 13. Pushover analysis, capacity curve. (a) block-joint model. (b) block-block model 

The capacity curve obtained with the block-joint model features a plastic phase that lacks 

in the block-block model.  The difference is certainly due to the higher accuracy of the block-

joint with respect to the block-block modelling but it is not quite relevant for the seismic 

assessment of the arch, being the total force resistance and the position of the plastic hinges 

highly comparable. 

 

7.3 Strengthening interventions 

In this example passive and active strengthening interventions are applied to te reference 

arch and their efficiency is assessed through pushover analysis performed on the block-joint 

model. 
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As regards the passive interventions, we consider the application of FRP sheets at the 

intrados of the arch by increasing the tensile strength of the relevant joints according to the 

capacity of the intervention. 

  

Figure 14. Pushover analysis, passive interventions (a) Thrust-line and displacement (b) capacity curve 

As regards the active interventions, a prestress state is applied by means of ties placed 

along the intrados of the arch. The effect of the intervention is modelled with the application 

of radial point loads in the centroid of each block as shown in the following figure. This 

brings the thrust-lone closer to the central axis of the arch, thus it delays the formation of 

plastic hinges. 

      

Figure 15. Active interventions (a) Radial point loads (b) Pushover analysis, capacity curve 

Both the interventions considered led to a substantial improvement of the structural 

capacity of the arch. 
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8 CONCLUSIONS 

This paper introduced the block-block model, a new method for the structural analysis of 

arches and vaults. The technique has been developed on the base of the block-joint method 

and aims to analyse arches located within macroelements or complex building through a 

simplified model. Both block-block and block-joint models allow for the correct assessment 

of the structural behaviour of the arch. The pushover analysis performed with the two 

methods leads to similar results. 

Moreover the following aspects have been introduced and validated: (a) the blocks are now 

modelled with spatial curved beam elements, (b) at the beginning of the pushover analysis a 

self-correcting gravity analysis pursuits a stable configuration of the arch under static loads 

acting on the internal releases of the elements, (c) the vertical loads arising from the structure 

above the arch are transferred to the arch through vertical rigid struts, (d)  the effect of passive 

and active strengthening interventions is accounted for in the methods proposed. 

Several application examples have been presented to describe the proposed methodology.  
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Abstract. This contribution addresses the problem of earthquake protection of heavy non-
structural monolithic objects, which are usually placed at the top of historical masonry con-

structions for mainly decorative purposes like pinnacles, merlons, sculptures and heavy art-
work. Such objects, when subjected to base accelerations due to seismic actions, may undergo 

rocking phenomena, which may eventually lead to the overturning of the whole body. In par-
ticular, the specific case of the seismic protection of ancient marble pinnacles placed at the 
top of a three-arched masonry city gate in Ferrara (ITALY) is illustrated. In a preliminary 

rocking analysis, the pinnacles have been idealized as rigid bodies in unilateral contact with 
the underlying moving base and the resulting rocking motion have been analyzed. The struc-
tural safety level of the pinnacles have thus been assessed. As a consequence of these consid-

erations, a base isolation system designed around multiple double concave curved-surface 
steel sliders have been devised. The effectiveness of the proposed isolation system has been 

assessed through numerical simulations. The amplification effect of the ground acceleration 
due to the underlying three-arched structure has been established through time-history dy-
namic analyses, where masonry has been considered as a viscoelastic material. To this aim, 

an equivalent viscous damping coefficient has been calculated for masonry following an it-
erative procedure involving the computation of capacity curves for both in- and out-of-plane 

load directions and the definition of simplified bi- and tri-linear inelastic load-displacement 
capacity curves for masonry panels. 
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1 INTRODUCTION 

Many research efforts have been devoted, in the past, to the prevention of seismic damage 

of civil and industrial constructions, both modern and historical. Among the many aspects that 
are targeted in these studies, an increasing attention is being addressed towards the unde r-
standing of the seismic behavior of non-structural elements belonging to such constructions. 

The ultimate goal is to devise effective seismic protection systems for heavy artwork, sculp-
tures, pinnacles, and similar objects which do not have a structural function but belong to 

world heritage and, in many cases, have an inestimable value; for an introduction to this sub-
ject the reader is addressed to [1], [2], [3], [4], [5], [6], [7].   

The aim of the present contribution is to illustrate the case study of the seismic protection 

through base isolation of eleven ancient marble pinnacles placed at the top of the three-arched 
masonry city gate in Ferrara, Italy, portrayed in Fig.1a, which underwent the 2012 Emilia 

seismic swarm.   

Figure 1: (a) Three-arched masonry city gate, Corso Giovecca, Ferrara, Italy; (b) damages from overturning of 

monolithic decorative elements during 2012 Emilia earthquake (Corso Giovecca, Ferrara, Italy). 

From a mechanical point of view, in many cases, non-structural objects belonging to con-
structions are monolithic and therefore, they may be regarded as rigid bodies. The main phe-
nomenon a rigid body undergoes when subject to earthquake excitations is an oscillating 

motion around different instantaneous rotation centers belonging to its base known as rocking, 
which may eventually lead to collapse due to the final toppling of the whole body. 

In the study of pure rocking, a number of investigations have adopted a simple two-
dimensional model, which was first proposed in [8], later derived independently in a seminal 
paper by Housner [9] and revised in [10]. The model is based on the assumption of no bounc-

ing and sufficient friction to prevent sliding during impact.  
Recently, new interest has been devoted to the study of seismic protection of the artistic 

heritage and several authors addressed the problem of the rocking motion of rigid bodies pro-
vided with base isolation systems ([12], [13], [14]) where the effectiveness of base isolation in 
increasing the safety level of art objects in case of earthquake has been assessed.  

Finally, some three-dimensional models describing the dynamics of rigid bodies with im-
pacts has been proposed in literature. In particular, the difficult problem of the three-

dimensional motion of a an axisymmetric body rocking and rolling on a planar surface was 
addressed by [15], [16], [17].  

The development of effective techniques for seismic risk mitigation of monolithic non-

structural elements is a fundamental issue. A first approach [18] consists in anchoring objects 
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using different support mounts that essentially makes the object itself part of the structure. 
However, such a solution is not satisfying for it allows the transmission of large impulsive 

seismic forces which the object, being too brittle, cannot withstand. Furthermore, in this case 
the effects of the earthquake are usually not reversible.  

An alternative approach consists in adopting base isolation systems which has been 

demonstrated to be an excellent solution in limiting the transferred seismic actions thus effec-
tively mitigating the seismic risk on different types of structures [19]. Nevertheless, while 

base isolation for bridges or buildings has been largely developed in the last decades, base 
isolation for the comparatively much lighter art-objects and other  kind of non-structural ele-
ments has not experienced the same level of development and it is st ill an open topic. As 

clearly pointed out in [20], even though the basic concepts which stand at the basis of base 
isolation systems are the same, the application of isolation techniques developed for civil 

structures to small objects requires more than a simple extension, and specific considerations 
are mandatory since the parameters governing the behavior of the seismic isolators need to be 
specifically calibrated.  

As initially stated, the present paper addresses the problem of the structural safety asse ss-
ment and seismic protection of heavy monolithic objects placed at the top of a monumental 

construction through the illustration of a specific case study which concerns the seismic risk 
mitigation for eleven marble pinnacles placed at the top of a three-arched masonry city gate 
built in Ferrara (Fig.1a), Italy, at the end of Corso della Giovecca, between 1703 and 1704 a.C. 

The marble pinnacles placed at the top of the gate have mainly a decorative purpose and their 
slenderness, coupled with their considerable mass, makes them highly vulnerable to seismic 
actions so that they cannot be considered safe. After the strong seismic events which struck 

Emilia in May 2012 and caused severe damage to the city’s historical constructions, the pin-
nacles have been removed for safety reasons. In Fig.1b damages produced by a monolithic 

decorative non-structural element collapsed in Ferrara during 2012 Emilia earthquake is 
shown. 

In order to protect the pinnacles from seismic actions, a specific base isolation system, 

based on the use of multiple double concave curved surface steel sliders. The proposed appli-
cation, at the best of the authors’ knowledge, is very peculiar and it is the first example in Ita-

ly of base isolation of heavy marble pinnacles at the top of a monumental construction.  
The paper is organized as follows. In Section 2 the underlying three-arched masonry city 

gate structure is characterized from a dynamical point of view, a natural frequency analysis 

have been conducted and capacity curves for the masonry structure have been computed. In 
Section 3 the rocking behavior of the single pinnacle subject to ground accelerations is a s-

sessed. In Section 4 the proposed base isolation systems is described and in Section 5 its e f-
fectiveness is established through numerical simulations, which involves the evaluation of the 
amplification effect of the underlying masonry structure and the definition of equivalent vis-

cous damping coefficients. In Section 6 conclusions and future research direction are given. 

2 THE FERRARA MASONRY CITY GATE 

The case study considered in the present work is a three-arched masonry construction 
whose geometry is shown in Fig.2a. The structure is in good general conditions and is made 
of clay artificial bricks and mortar. Eleven decorative marble p innacles stand at the top of the 

gate.  
Each pinnacle, whose geometry is portrayed in Fig.2b, is made of different axisymmetric 

marble blocks piled and bonded together by a central iron rod. A pinnacle may be regarded as 
an axisymmetric rigid body, which may undergo rocking motion when subjected to base exci-
tations. As shown in Fig.2b, the pinnacle is 2.37 m tall and its circular base has a diameter B 
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of 0.60 m. Marble is assumed to have a density   of 2700 kg/m3  and the resulting mass M of

the pinnacle is 980 kg. Pinnacles are placed on two different orders; more precisely eight pin-

nacles are placed at an intermediate height of 9.80 m (hereinafter referred to as lateral pinna-
cles) and three pinnacles are placed on the top of the gate at a height of 18.50m (hereinafter 

referred to as central pinnacles). 

Figure 2: (a) Geometric representation of the three-arched masonry city gate; (b) Geometric representation of the 

pinnacle. 

2.1 The design seismic action 

Given the WGS84 coordinates for the city-gate location (44.832 N, 11.632 E), assuming a 

return period for the design seismic event of 712 years (i.e. corresponding to the ultimate limit 

Figure 3: Design earthquake spectra for the three-arched masonry city gate according to NTC2008. 

state in terms of life safety for a Class III structure and soil category C, in agreement with the  
Italian Building Code [20] the resulting design seismic action on the construction is dete r-
mined. The corresponding design earthquake spectra is reported in Fig.3. 
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2.2 Natural frequency analysis of the masonry structure 

In order to evaluate the fundamental period T1 of the three-arched masonry structure and 

to establish its main vibration modes a linear finite element natural frequency analysis has 
been carried out using the finite element analysis software Straus7 [21]. The FEM model has 
been discretized with eight node brick-type finite elements and is shown in Fig.4a. The me-

chanical properties of the masonry material are reported in Tab.1 and are determined accord-
ing to prescriptions contained in [22] for existing constructions.  

Compressive 

strength 

mf

[MPa] 

Shear 

strength 

0

[MPa] 

Elastic 

modulus 

E 

[MPa] 

Tangential 

modulus 

G 

[MPa] 

Specific 

weight 

w 

[kN/m3] 

2.4 6.0 1200 400 18 

Table 1 Material parameters for masonry. 

Mode Frequency 

[Hz] 

Participating 

mass in the in-
plane direction 

[%] 

Participating 

mass in the 
out-of-plane 

direction [%] 

1 2.0131 0.00 54.54 

2 6.0679 0.01 0.00 

3 6.4394 87.96 0.00 

4 7.5946 0.00 26.44 

Table 2 Frequency and participating mass for the four vibration modes. 

Figure 4: (a) Finite element model of the three-arched masonry city gate for natural frequency analysis; the first 

four vibrat ion modes: (b ) translational mode in the out-of-p lane direction, (c) torsional mode, (d) translational 

mode in the in-plane direction, (e) partial translational model in the out-of-plane direction. 

From the analysis, three pure translational and a torsional mode have been obtained as the 
main four vibration modes which are represented in Fig.4b. Tab.2 contains frequency and par-

ticipating mass in the in-plane and out-of-plane directions for the four modes. 
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2.3 In- and out-of-plane capacity curves for the masonry structure 

Using the commercial finite-element analysis software DIANA [23], in- and out-of-plane ca-

pacity curves for the masonry structure have been determined. The finite element model used 
is shown Fig. 4a. The masonry material has been assigned a total strain crack model constitu-
tive law [23]. As shown in the previous paragraph the principal vibration mode in the in-plane 

direction is the third mode with a participating mass of 87.6%. Thus, a distribution of forces 
proportional to the third mode has been applied and the capacity curve have been computed 

through a finite-element non- linear incremental analysis. The same analysis has been con-
ducted for the out-of-plane direction with a distribution of forces proportional to the first vi-
bration mode, which is the principal mode in the out-of-plane direction with a participating 

mass of 54.54. The obtained in- and out-of-plane capacity curves, shown in Fig. 5, relates the 
total shear force Fb applied at the base of the structure with the in- and out-of-plane displace-

ments dc of a control point, which has been chosen as the medial point placed on one of the 
short sides of the construction, at a height of 3.00 m. 

 

Figure 5: Capacity curves of the masonry structure for both in-plane (a) and out-of-plane (b) directions (third and 

first vibration mode respectively). 

3 ROCKING BEHAVIOR OF THE PINNACLES 

In this section, the dynamic behavior of the marble pinnacles regarded as rigid bodies is a s-

sessed. In particular, their rocking behavior under base excitations is analyzed, in order to as-
sess their structural safety with regard to collapse by toppling.  

3.1 Design seismic impulse at the base of the pinnacle 

In the following analysis an impulsive seismic excitation acting on the pinnacle is consid-
ered. In order to obtain the design earthquake impulse, it is necessary to evaluate, at least in a 

conventional way, the amplification effect of the underlying masonry construction (a more 
sophisticated analysis for the evaluation of the amplification effect will be presented in Sec-

tion 4).  
As shown in Tab. 2, the fundamental period of the structure T1 results equal to 0.49 s. As 

suggested in paragraph C8A.4.2.3 of [22], the design seismic acceleration acting on an object 

placed at a height Z on a construction may be evaluated with the approximated formula: 

1( ) ( )d ea S T Z      (1) 
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where 
1( )eS T  is the design earthquake spectra evaluated in T1, ( )Z  is the first normalized 

vibration mode of the structure and   is the corresponding participation factor. For an invert-

ed triangular shape of the first mode, ( )Z  can be evaluated with the formula ( ) Z/ HZ   

where H is the maximum height of the construction.  

For the case under study 
1( )eS T  is equal to 0.600 g. When considering central pinnacles, Z 

is equal to 18.25 m and ( )Z  is equal to 1 whereas for lateral pinnacles Z is equal to 9.80 m 

and ( )Z  is equal to 0.537. Finally, from the natural frequency analysis   is equal to 1.2 for 

central pinnacles and equal to 1 for lateral pinnacles.  

From equation (1) the design seismic acceleration 
da  on central pinnacles results equal to 

0.720 g whereas on lateral pinnacles of pinnacles is equal to 0.322 g. 

3.2 Rocking motion of the pinnacles without isolation 

In the present paper the rocking motion of the pinnacle is analyzed as a two-dimensional 
planar problem where the pinnacle is represented by one of its diametral sections [9], [10].  

Let us assume that sliding between the pinnacle and its rigid base is prevented. In this case, 
in order to describe the two-dimensional rocking motion of the pinnacle under base excita-

tions, a single Lagrangian parameter   is needed. A possible choice for   is the angle from 
the vertical as shown in Fig.6 where G indicates the center of mass of the rigid body which is 

lying on the symmetry axis, at a height Gz  equal to 1.042 m above the base. Depending on the 

ground acceleration, the pinnacle may move rigidly with the ground or be set into rocking; in 
the letter case it will oscillate around the centers of rotation O and O’. Therefore, the problem 

is governed by two equation of motion. R represents the length of the segment connecting the 
center of mass G to one of the rotation centers. 

Figure 6: Rocking pinnacle. 
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When subjected to base acceleration 
ga  in the horizontal direction the pinnacle will be 

set into a rocking motion when the overturning moment of the horizontal inertia force about 
one of the centers of rotation exceeds the stabilizing moment due to the weight of the body: 

2

0.208
2

g G

g

g

B
M a z M g

B
a g g

z



 

(2) 

where M  is the mass of the pinnacle and g is the acceleration of gravity. Equation (2) repre-

sents a necessary condition for the initiation of a rocking motion and is equivalent to a stand-

ard linear kinematic analysis as defined in [22]. For the present case-study, assuming ga

equal to the design seismic acceleration 
da  calculated in Subsection 3.1, condition (2) is satis-

fied for both central and lateral pinnacles. Nevertheless, this condition does not guarantee the 

continuation of the rocking motion. In order to assess if, after initiation, a rocking motion of 
the pinnacles is established, it is necessary to look more in depth into the phenomenon.    

The equations of motion of the pinnacle subjected to horizontal ground accelerations ( )ga t , 

governing the angle   are derived by considering the equilibrium of moments about the cen-

ters of rotation. These equations can be expressed as 

   0 sin cos ( )gI MgR MR a t         (3) 

when the pinnacle rocks about O and 

   0 sin cos ( )gI MgR MR a t         (4) 

when it rocks about O’. In addition to the quantities defined earlier in Fig.6, 0I  represents the 

mass moment of inertia about O or O’ and  1tan B/ 2zG  .

In particular for the present case study, 
2

0 1434kg mI   . Let us incidentally observe that 

the switching of equations back and forth between equations (3) and (4) during rocking mo-

tion, and the trigonometric functions of   make equations (3) and (4) highly nonlinear. 
At this point it is necessary to examine more closely the impact phase of the rocking mo-

tion. When the pinnacle is rotated through an angle   and then released from rest with initial 
displacement, it will rotate about the center O and it will fall back into the vertical position. If 

the impact is assumed to be inelastic, the rotation continues smoothly about the center O’ and 
the moment of the momentum about O’ is conserved. Thus: 

0 1 1 0 2sinI MRB I     (5) 

Dividing by 0 1I   Eqn. (5) gives the ratio between angular velocities after and before impact: 

2

1 0

1 sin .
M

RB
I





   (6) 

If the ratio between angular velocities after and before impact is positive, then after impact the 

rotation of the pinnacle continues about the opposite center. If, conversely, angular velocity 
changes sign after impact the pinnacle bounces about the point of rotation prior to impact. 
Therefore, relationship (6) gives the following condition for the onset of a rocking motion: 
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0

sin
1

MRB

I


   (7) 

which is satisfied for the pinnacle in our case study. Let us observe that condition (7) depends 
only on geometric and mass properties of the rigid body. This means that, whenever a rigid 

body, for which condition (7) holds, gets tilted by an initial angle (e.g. in case of an external 
seismic excitation satisfying condition (2) like in our case) then a rocking motion will be es-
tablished.  Conversely, if condition (7) does not hold, the block will bounce about the same 

corner and a proper rocking motion will not be established.  

3.3 Overturning by single-pulse excitations 

Dynamic behavior of rigid bodies under seismic actions is very complex and requires a time 
step integration of equations of motion in order to be fully described. Nevertheless, in order to 
assess the safety of pinnacles under dynamical conditions, useful information may be obtained 

from an analytical investigation of the collapse by overturning under single-pulse earthquake 
excitations.  

In this subsection a simple overturning analysis for the pinnacles under single-pulse excita-

tions is presented. The excitation may be a rectangular pulse with constant acceleration 0ga  

lasting for a time 
1t  or acceleration varying as a half-cycle sine-wave pulse of amplitude 0ga  

and duration 1t . In the present case-study, as seen in the previous section, the motion of cen-

tral pinnacles is initiated by the base acceleration 0 0.720gg da a  . Even if the motion is 

initiated (i.e. condition (2) satisfied) and the body is subjected to rocking motion (i.e. condi-

tion (7) satisfied) the body may or may not overturn depending on the magnitude of 0ga  and 

the duration 1t . Housner [9] determined the duration 1t  of a rectangular pulse with accelera-

tion 0ga  required to overturn the block through the following equation: 

 
0 0

1cosh 1 1/ 2 1 .
g g

o

a aMgR
t

I g g 

   
     

    

  (8) 

Analogously, for the half-cycle sine-wave pulse he derived the following equation relating the 

duration 1t  to the amplitude 0ga  of the excitation: 

 

2

0 0

1

1
ga I

g MgR t





  
    
   

  (9) 

This equations were determined in [9] starting from the linearized version of equations (3) 

and (4); therefore, they are valid only for slender blocks (like the ones in our case-study).  
Let us study the case of central pinnacles. Considering the geometrical and mass properties 

of the pinnacles and assuming 0 0.720gg da a   equation (8) gives an overturning duration 

for the rectangular pulse excitation of 1 0.15st  , while equation (9) gives an overturning du-

ration for the sine-wave pulse excitation of  1 0.48st  .  

As shown in [24] typical pulse duration for earthquakes of low to medium intensity is be-
tween 0.10 s and 0.50 s. This means that the pulse-type excitations considered in this Section, 

with the computed duration 1t  that brings to collapse the pinnacles by overturning, are typical 
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of earthquakes that may occur in the Ferrara area. This corroborates the conclusion that pin-
nacles in our case-study are not safe under design seismic actions. 

For these reasons, a base isolation system has been designed in order to protect pinnacles 
from potential earthquake excitations. 

4 THE ISOLATION SYSTEM 

This section contains a description of the base isolation system, which has been specifically 
devised for the protection of the pinnacles of the Ferrara city-gate.  

4.1 The isolation system 

Both lateral and central pinnacles are isolated through the use of double concave curved sur-
face steel sliders. A schematic representation of the single isolator is depicted in Fig.7a. Two 

different isolating systems have been devised respectively for central pinnacles and lateral 
pinnacles.  

For the three central pinnacles the isolating system for each pinnacle is made of three isola-
tors placed at the vertex of a equilateral triangle and rigidly connected together by an upper 
steel plate on which the pinnacle lies. The system is schematically depicted in Fig.8a.  

Figure 7: (a) Schematic view of the seismic isolator: a  double concave curved surface steel slider developed and 

produced by the Research and Development Department of FIP Industriale Group; (b) force -displacement re-

sponse of the isolator. 

For each of the two groups of four lateral pinnacles the isolating system is made of four 

isolators (one beneath each pinnacle) connected together by a system of steel rods and plates 
which guarantees an approximatively zero relative displacement between isolators. In fact, the 
system may be regarded as a wide isolated base on which the four pinnacles lie. The system is 

schematically depicted in Fig.8b.  
Thus, for the isolation of all the eleven pinnacles seventeen isolators will be employed. 
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Figure 8: Isolating system devised for central pinnacles (a), and lateral pinnacles (b). 

4.2 Mechanical properties of the steel sliders 

According to producer specifications isolators force-displacement response is represented by 

a rigid-plastic with hardening and friction like behavior of the kind depicted in Fig.7b where 

0F  is the maximum friction force which the isolator can develop, rK  is the stiffness of the 

hardening- like branch, maxF  is the maximum force can develop at the end of the hardening-

like branch. These quantities are defined by the following relations [19], [25]: 

 

0

max 0

;

;

;
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Sd
r

r

F N

N
K

R

F F K d








 

  (10) 

where   is the friction coefficient along the sliding surface, SdN  is the vertical load acting 

upon the isolator, R  is the equivalent curvature radius of the sliding surface and d is the max-

imum allowed displacement. Furthermore, an equivalent damping coefficient e  can be de-

fined through the following formula 

 

1

2
1 .e

d

R


 



 
  

 
  (11) 

Friction coefficient   is a function of the vertical load SdN  and temperature. Therefore, the 

producer has not provided this value for the isolators used, but a range of va lues varying be-

tween 0.5% and 2.5%. In the following analysis both these two values of   have been taken 

into consideration.  
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Tab.3 summarize the mechanical properties for isolators used in the two isolation systems 
for the two different values of the friction coefficient. 

SdN d R e 0F rK maxF

[kN] [mm] [mm] [-] [kN] [N/mm] [kN] 
2.5%  3.33 150 2000 0.16 0.083 1.665 0.333 
0.5%  3.33 150 2000 0.04 0.016 1.665 0.266 

Table 3 Mechanical properties of the steel sliders isolation devices used. 

5 NUMERICAL SIMULATIONS 

In order to assess the effectiveness of the isolation system in preventing rocking and overturn-

ing of the pinnacles, time-history dynamic analyses with a seismic accelerogram applied to 
the base of the isolated pinnacle have been carried out and are described in this Section.  

5.1 Design accelerograms and amplification effect 

In order to evaluate the dynamic response of the pinnacle, the definition of a design accelero-
gram is necessary.  

As required by Italian Building Code [20] and Eurocode 8 [26], a set of seven accelero-
grams compatible with the earthquake design spectrum of the site, defined in [20] for a ulti-

mate limit state in terms of collapse, has been generated with the software Rexel 3.5.  
For each accelerogram the corresponding spectrum (reported in Fig.9) can be generated. 

Figure 9: Earthquake spectra compatible with the design spectra defined by NTC2008 generated with Rexel 3.5. 

In order to define the correct seismic action on the pinnacles, it is necessary to take into ac-
count the amplification effect due to the underlying masonry structure. Thus, for each spec-

trum compatible accelerogram, applied at the base of the structure as a forcing action, two 
different time-history dynamic analyses of the three-arched masonry city gate have been car-
ried out using the finite element analysis software Straus7, one with the ground accelerations 

applied in the in-plane direction and one with the ground accelerations applied in the out-of-
plane direction. Therefore, a total of fourteen analyses have been conducted. 

The finite element model used is the same described in paragraph 2.3. Masonry has been 
modeled as a linear visco-elastic material with a Raleigh damping model. Rayleigh damping, 
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also known as proportional damping, assumes that the global damping matrix C  is a linear 

combination of the global stiffness K  and mass M  matrices: 

  C M K   (12) 

where   and   are constants of proportionality. The two constants    and   are normally 

determined by using the following relationship 

1

2


 



 
  

 
  (13) 

for two values of the damping ratio 
1  and 

2  at two chosen frequencies 
1  and 

2 . Substi-

tuting the two sets of   and   values into (13) the following two equations for   and   are 

obtained: 

   1 2 2 1 1 2 1 1 2 2

2 2 2 2

1 2 1 2

2 2
; .

        
 

   

 
 

 
  (14) 

In the non-linear dynamic finite element analysis related to our case-study the values of   

and   for the Raleigh damping model where determined through equation (14) assuming for 

1  and 2  the frequencies of the two principal modes (respectively the out-of-plane and in-

plane translational modes which were obtained through the natural frequency analysis) and 

for 1  and 2  the values 10% and 5% respectively as suggested in [27].  The choice of such 

equivalent viscous damping coefficient is justified in the subsequent paragraph through an ad-
hoc numerical procedure. 

At the end of each time-history dynamic analysis the response of the structure in terms of 

acceleration at the base of both lateral and central pinnacles have been recorded. This re-
sponse represents the design seismic accelerogram to be applied at base of the isolated pinna-

cles in order to assess the effectiveness of the isolation system.  

 

Figure 10: Amplification of the base seismic action 378ya due to the masonry structure on central pinnacles in 

the in-plane (a) and out-of-plane (b) directions. 

Fig.10a-b depict a comparison between the accelerogram 378ya applied at the ground level 
in the two main directions respectively and the corresponding accelerogram computed at the 
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level of central pinnacles. Analogous results are obtained for lateral pinnacles and are here 
omitted for the sake of brevity. 

5.2 Numerical evaluation of masonry equivalent viscous damping coefficients 
1  and 

2

In this paragraph the numerical procedure used to estimate the equivalent viscous damping 

coefficients 
1  and 

2  for masonry is outlined. The procedure is similar to the one described 

in [28] and is aimed to obtain a consistent value of the viscous damping coefficients that can 
be used within standard finite-element time-history dynamic analyses with the Rayleigh 

damping model described in the previous paragraph. More precisely, the equivalent viscous 
damping coefficient is assumed varying with the maximum displacement level reached by the 

structure during earthquake solicitation. Thus, the goal is to determine the relation between 
the equivalent viscous damping coefficient and the maximum displacement that the structure 
can reach under seismic actions. The algorithm, for each loading direction (in- and out-of-

plane), can be summarized in the following steps: 

1. A capacity curve of the masonry structure in a given loading direction is computed as

explained in paragraph 2.3. This curve allows to determine the maximum displace-
ment which the structure may undergo before collapse occurs.

2. The capacity curve obtained in Step 1 is reduced to the capacity curve of an equivalent

single degree-of-freedom (d.o.f.) system following prescriptions contained in
§C7.3.4.1 of [22]. Then, the new single d.o.f. capacity curve is further simplified to a

bi- or tri-linear curve. 
3. A hysteretic force-displacement law is assigned to the equivalent single d.o.f. structure

which allows to evaluate the response of the structure under cyclic loading. In what

follows, two hysteretic models will be used: a classical elastic-perfectly plastic law,
which has the bi- linear curve determined in Step 2 as skeleton curve, and a newer ine-
lastic model similar to the one described in [28] which uses the tri- linear curve deter-

mined in Step 2 as skeleton curve.
4. Since the aim is to determine a curve which relates the maximum displacement

reached by the structure during seismic action and the equivalent viscous damping co-
efficient, it is necessary to fix several reference displacement values which subdivide
the nonlinear part of the fixed skeleton curve. Furthermore, for each reference dis-

placement value, the secant stiffness on the skeleton curve can be computed and stored.
5. For each reference displacement value nonlinear time-history dynamic analyses on the

equivalent single d.o.f. structure with the chosen hysteresis constitutive model is car-
ried out. Each analysis is performed with an external base acceleration history ob-
tained from each of the seven spectrum-compatible accelerograms defined in

paragraph 5.1 multiplied by a multiplication factor chosen so that the maximum dis-
placement reached during the analysis is equal to the considered reference displace-

ment value. The corresponding multiplication factor is saved as the value which gives
the accelerogram which, acting on the structure, produces a maximum displacement
equal to the reference displacement value considered.

6. A reference displacement value is fixed. A linear elastic single d.o.f. system equiva-
lent to the non- linear single d.o.f. system is defined by assigning the secant stiffness

computed in Step 4 for the assigned reference displacement value and an equivalent
viscous coefficient determined though an iterative procedure: given the reference dis-
placement value, a trial equivalent viscous coefficient is assigned to the system and a

linear time-history analysis under the action of the design accelerogram multiplied by
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the factor corresponding to the reference displacement value determined in Step 5 is 
carried out. The maximum displacement obtained through the linear time-history anal-

ysis is compared with the expected maximum displacement from the non-linear time-
history analysis carried in Step 5. Then, the trial equivalent viscous coefficient is suit-
ably changed and the linear analysis performed again until the maximum displace-

ments obtained from linear and non- linear time-history analyses coincide. The 
corresponding value of the equivalent viscous damping coefficient is the value which 

corresponds to the assigned displacement reference value.  

By going through Step 6 for each reference displacement value it is possible to obtain the 
curve relating the equivalent viscous damping coefficient to the corresponding value of the 

maximum displacement the structure undergoes. The described algorithm has been imple-
mented within a MATLAB script and single d.o.f. time history dynamic analyses have been 

carried out using a Newmark type integration algorithm.  

5.2.1   Out-of-plane equivalent  viscous damping coefficient 
1

Both bilinear and trilinear approximations of the single d.o.f. out-of-plane capacity curve 
for the masonry structure, depicted in Fig. 11, are considered and ten reference displacement 

values are marked on each curve.   

Figure 11: Bilinear (a) and trilinear (b) approximat ions of the single d.o.f. out-of-plane capacity curve for the 

masonry structure. Solid squares indicate reference displacements values. 

The procedure described in the previous paragraph has been carried out for each of the 
seven spectrum compatible design accelerograms and for both the bilinear elastic-perfectly 

plastic and the trilinear Nicolini-type constitutive laws. In Fig. 12 a comparison between the 
single d.o.f. non- linear time-history analysis with both bilinear and trilinear inelastic laws and 
the final linear time-history analysis in Step 6 for a reference displacement equal to respec-

tively 5.0 and 5.9 cm is shown for one of the seven spectrum-compatible accelerograms. 
Fig. 13 depicts the final relation obtained at the end of the procedure, for each assigned 

reference displacement value, between equivalent viscous damping coefficient and the maxi-
mum out-of-plane displacement value the structure undergoes when it  is subjected to seismic 
actions. In particular, the portrayed diagram is the average result obtained by repeating the 

numerical procedure described for each of the seven spectrum-compatible accelerograms.  
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Figure 12: Comparison between inelastic time history analysis (red) and equivalent linear time history analysis 

(blue) for b ilinear constitutive law and reference displacement value d = 5.0 cm  (a) and trilinear constitutive law 

and reference displacement value d = 5.9 cm (b). Analyses conducted for accelerogram 378ya. 

 

Figure 13: Final relation between equivalent viscous damping coefficient and the maximum out-of-plane dis-

placement the structures may undergo for both bilinear constitutive law (a) trilinear constitutive law (b). 

From an out-of-plane pushover analysis carried out according to [20] it is possible to infer 
that for the design earthquake, the maximum displacement the structure undergoes is 4.1cm. It 

is therefore reasonable to assume, for the evaluation of the equivalent viscous damping coe f-
ficient to be used in subsequent analyses, a displacement range of 3.5-4.5cm. In this range 

equivalent viscous damping coefficient varies between 10.25% and 13.52% when considering 
the bilinear constitutive law and of 7.5% when considering the trilinear constitutive law. It is 

then justified the use of the value 1 10%   as largely suggested in literature for masonry con-

structions (see, e.g. [27]).  

5.2.1   In-plane equivalent  viscous damping coefficient 2  

In analogy with the case discussed in the previous paragraph, both bilinear and trilinear 
approximations of the single d.o.f. in-of-plane capacity curve for the masonry structure, de-

picted in Fig. 14, are considered and ten reference displacement values are fixed on each 
curve.   
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Figure 14: Bilinear (a) and trilinear (b) appro ximat ions of the single d.o.f. in-p lane capacity curve for the mason-

ry structure. Solid squares indicate reference displacements values. 

Again, in Fig. 15 a comparison between the single d.o.f. in-plane non-linear time-history 

analysis with both bilinear and trilinear inelastic laws and the final linear time history analysis 
in Step 6 for a reference displacement equal to respectively 5.7 and 5.4 cm is shown for one 

of the seven spectrum-compatible accelerograms. 

Figure 15: Comparison between inelastic time history analysis (red) and equivalent linear time history analyses 

(blue) for b ilinear constitutive law and reference displacement value d = 5. 7 cm  (a) and trilinear constitutive law 

and reference displacement value d = 5.4 cm (b). Analysis conducted for accelerogram 378ya. 

Fig. 16 depicts the final relation obtained at the end of the procedure, for each assigned 

reference displacement value, between equivalent viscous damping coefficient and the maxi-
mum in-plane displacement value the structure undergoes when it is subjected to seismic ac-

tions. In particular, the portrayed diagram, is the average result obtained by repeating the 
numerical procedure described for each of the seven spectrum-compatible accelerograms. 

From an in-plane pushover analysis carried out according to [20] it is possible to infer that 

for the design earthquake, the maximum displacement the structure undergoes is 1.1cm. It is 
therefore reasonable to assume, for the evaluation of the equivalent viscous damping coeffi-

cient to be used in subsequent analyses, a displacement range of 0.5-1.5cm. In this range 
equivalent viscous damping coefficient varies between 0.0% and 8.0% when considering the 
bilinear constitutive law and between 1.35% and 12.70% when considering the trilinear co n-

stitutive law. 
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Figure 16: Final relation between equivalent viscous damping coefficient and the maximum in-p lane displace-

ment the structures may undergo for both bilinear constitutive law (a) trilinear constitutive law (b). 

The value of 
2 5%   largely suggested in literature for masonry constructions (see, e.g. [27]) 

is well within these ranges and thus, its use in the subsequent analyses is justified.  

5.3 Non-linear dynamic analysis of the isolated pinnacles 

In order to establish the seismic response of the isolated pinnacles and the e ffectiveness of the 

isolation system, time-history non- linear dynamic analyses with the amplified base accelero-
grams previously determined, have been conducted using the finite element software Straus7. 
Isolation system has been modeled as a parallel system of a spring and a damper, whereas the 

pinnacle has been modeled as a non-structural mass. Spring stiffness and damping coefficient 
for the damper are respectively 

rK  and 
e   as defined in Tab. 3, considering both friction co-

efficients of 2.5% and 0.5%.  
Results in terms of acceleration response to the amplified ground accelerogram 378ya for 

central pinnacles in both in-plane and out-of-plane directions are reported in Fig.17a-b respec-
tively, for both friction coefficients, whereas results in terms of displacement response to the 
amplified ground accelerogram 378ya for central pinnacles are reported in Fig.17c-d respec-

tively, for both friction coefficients. 
As can be observed, the maximum acceleration transferred to the pinnacles is, in every 

case, smaller than the minimum value required to initiate rocking motion defined by equation 
(2).  

Finally, it is to be noticed that the maximum displacement which the pinnacle undergoes is, 

in every case, smaller than the maximum displacement allowed by the isolators, which is 
equal to 0.15 m (see Tab.3).  

Results in terms of acceleration response to the amplified ground accelerogram 378ya for 
lateral pinnacles in both in-plane and out-of-plane directions are analogous and for the sake of 
brevity are not reported in the following. Therefore, the effectiveness of the isolation system 

devised for the protection of the marble pinnacles from seismic excitations has been assessed 
for each pinnacle.   

 

2317



A. Chiozzi, M. Simoni and A. Tralli 

Figure 17: Response of central pinnacles to the seismic action defined by (amplified) accelerogram 378ya in  

terms of in-plane (a) and out-of-plane (b) acceleration, in-plane (c) and out-of-plane (d) displacements.  

6 CONCLUSIONS 

This contribution addressed the problem of seismic protection of heavy non-structural ob-
jects placed at the top of monumental masonry constructions through the illustration of the 

case study of the eleven marble monolithic pinnacles placed at the top of the three-arched ma-
sonry city gate in Ferrara.  

The underlying masonry structure has been characterized with a natural frequency finite 

element analysis and through the computation of capacity curves with finite-element non-
linear incremental analyses. Rocking motion and the safety against toppling of the pinnacles, 

regarded as rigid bodies under pulse-type earthquake excitations, have been discussed, show-
ing that they are not safe under the design seismic action as defined by [20].  

A seismic isolation system for the prevention of rocking and overturning phenomena has 

been devised and its effectiveness has been established through non-linear time-history dy-
namic analyses of the pinnacles under earthquake action expressed through base accelero-

grams, which are spectrum compatible with the design seismic action.  
The amplification effect on the ground accelerations due to the underlying structure has 

been taken into account through time history dynamic analyses in which a Rayleigh damping 

model was adopted. A procedure for the estimation of the equivalent viscous damping coeffi-
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cient for masonry has been outlined and the obtained values have been proven to be in agree-
ment with the ones suggested in literature.  

Non-linear time history dynamic analyses showed that the isolation system is effective in 
reducing seismic action transmitted to the pinnacles through the main structure, enough to 
prevent any rocking motion or overturning phenomena.  
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Abstract. Diagnosis is the first and most crucial step in the process of monument protection. 

Diagnosis demands a variety of information and can be a complicated procedure especially 

when dealing with historical buildings and the limitations that these induce; nevertheless 

when the correct methodology is followed, diagnosis can be carried out whilst minimizing the 

amount of samples needed, as important features are already revealed and representative 

samples can be located. This is achieved through a thorough and organized survey of the his-

torical building and the implementation of various non-destructive techniques (NDTs). 

The in-situ optical inspection of a historical building can offer valuable information regard-

ing the preservation state of the building as well as utility problems which might create prob-

lems for the masonry, such as humidity problems due to the movement of rainwater. 

Following the optical inspection, the researchers can apply NDTs on the structure as a whole, 

focusing however on problematic areas or areas of interest. In this study NDTs were em-

ployed in order to investigate the type of masonry structure followed by the original masonry 

workers, the original building materials, the different construction phases and materials, as 

well as non-documented conservation interventions. 

However, the use of one NDT alone cannot offer the required information; a combination of 

various NDTs is necessary in order to extract meaningful and useful results. In the case of 

Kaisariani monastery, presented here, after a thorough in-situ optical inspection, a variety of 

NDTs were applied: Ground-penetrating Radar (GRP), Infrared Thermography (IR), Fiber 

Optics Microscopy (FOM) and Schmidt rebound hammer. The results were analyzed and 

combined in order to extract results regarding the original building materials, the type of ma-

sonry construction, the preservation state of the building materials, as well as information 

regarding non-documented different construction phases and conservation interventions. 
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1 INTRODUCTION 

An integrated diagnostic study includes historic documentation, characterization of the his-

toric materials and study of their provenance, evaluation of previous interventions and as-

sessment of the environmental impact [1]. 

When dealing with ancient masonry structures certain factors are important and require 

special attention. The masonries are generally not continuous, homogeneous or isotropic re-

garding their static and dynamic behavior and the properties of their building materials; in 

some cases, the wall texture strongly influences the stress distribution [2]. Therefore, an ex-

tensive understanding of the historic masonry structure is an essential prerequisite that must 

precede any intervention, especially when the ultimate aim is the reinstatement of the mason-

ry’s seismic response. 

Non-Destructive Techniques (NDTs) are a useful tool in assessing the above factors, espe-

cially on monument level. Since sampling is restricted and in some cases even prohibited, a 

combination of NDTs can provide the researcher with valuable information regarding the ma-

terials, the structure and the decay mechanisms, thus unveiling the impact of the environment. 

In this current study, Infrared Thermography (IRT), Ground Penetrating Radar (GPR) and Fi-

ber Optic Microscopy (FOM) were applied. Furthermore, Schmidt hammer test was also ap-

plied, in order to evaluate the compressive strength of the building materials [3]. 

Kaisariani Monastery 

The Catholicon of Kaisariani Monastery is a typical mid-byzantine Athenian church struc-

ture, its main building elements consisting of carved stones, bricks and mortars. It is a 11
th

 or

12
th

 century monastery, built on the foothills of Hymettus and dedicated to the Presentation of

the Virgin to the Temple; the exact date of construction is not known. 

The monastery has a rich history, and subsequently many construction phases throughout 

the centuries. The original building was a complex cross-in-square four-column domed 

church, without a narthex. The domed narthex was added in the 17
th

 century, and the barrel-

vaulted chapel dedicated to Aghios Antonios positioned at the southwest of the Catholicon 

was an even later addition (Image 1) of the 17
th

 century.

The monastery complex, including the church, has undergone many conservation treat-

ments, which are not fully documented; however two important reconstruction projects took 

place in the complex in the beginning and the middle of the 20
th

 century. The interventions

mostly regarded buildings surrounding the Catholicon, such as the bath installations and the 

complex containing the kitchen and the refectory [4-6]. The chapel of Agios Antonios was 

repointed in 2011, using a lime-pozzolan mortar. 

2 METHODS AND TECHNIQUES 

The exact environmental conditions during the non-destructive testing, as well as the loca-

tion they were measured at (church interior or exterior), are stated in Table 1. 

DATE Interior/Exterior Temperature (
ο
C) (RH%) 

05.02.2014 Exterior 11
o
C 65% 

17.02.2014 Exterior 12
o
C 52% 

19.03.2014 Exterior 19
o
C 50% 

27.03.2014 
Exterior 21

o
C 50% 

Interior 14
ο
C 70% 

Table 1: Environmental conditions during NDTs 

2322



A.Moropoulou, M.Apostolopoulou, P.Moundoulas, M.Karoglou, E.Delegou, K.Lambropoulos, 

M.Gritzopoulou, A.Bakolas 

In this current study Infrared Thermography (IRT), Ground Penetrating Radar (GPR) and 

Fiber Optic Microscopy (FOM) were applied. Furthermore, Schmidt hammer test was also 

applied, in order to evaluate the compressive strength of the building materials. All NDT re-

sults were combined in order to extract information regarding the monument’s state of preser-

vation, detect restoration materials and differentiate them from the original building materials 

and examine the structural techniques of the monument. 

Image 1: Ground plan of the church [7], with probable construction phases 

2.1 Fiber Optics Microscopy (FOM) 

A Fiber Optics Microscope is a non-destructive microscope that can be utilized in-situ to 

acquire magnified, visual spectrum images [3]. With FOM, no sampling is required, as the 

image can be acquired in situ. In this survey a fiber optics microscopy (FOM) i-scope – 

Moritex was applied in several magnifications (x30, x50 and x120). FOM was employed for 

an initial material characterization, the assessment of the monuments building materials’ de-

cay and the comparison of building materials belonging to different construction phases. 

2.2 Infrared Thermography (IRT) 

Infrared Thermography is a very useful non-destructive technique, used extensively in the 

field of monument protection. In the current study, the passive approach was employed, as the 

area of interest was the masonries of the Catholicon and the materials under investigation are 

examined in terms of qualitative means [3]. 

IRT results in the current paper involve the detection of non-documented intervention ma-

terials, the examination of masonry interfaces at the interconnection of different construction 

phases and the comparison of the materials employed for each construction phase. Further-

more moisture transfer phenomena on monumental scale were made evident. 

Original structure 

Mid-byzantine construction phase Narthex 

Post byzantine 

(2nd) construction 

phase  

St. Antony’s Chapel 

Post byzantine (3
rd

) construction

phase 
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The infrared camera used in the survey was a FLIR Systems Therma Cam B200, with a de-

tector of focal plane array microbolometer in the spectral range of 7.5-12 μm, with thermal 

sensitivity of 0.08 
o
C. All environmental conditions during the conduction of the survey, were 

measured and are stated in Table 1. During testing, the camera was positioned vertically to the 

surface under examination. The distance of the camera to the surface (d) was recorder at all 

measurements. Masonries are complex and non-homogenous materials; the result of a variety 

of materials with different values of emissivity. In this survey, an average value of 0.86 was 

selected for the masonry as a whole. 

2.3 Ground Penetrating Radar (GPR) 

Ground Penetrating Radar (GPR) is an established non-destructive technique [8, 9] that us-

es radar pulses to image the examined sub-surface. In the field of cultural heritage protection, 

GPR is used in the assessment of the preservation state of monuments and historic structures. 

GPR is utilized to locate the position of large voids and inclusions of different materials, to 

qualify the state of preservation of the structural system, to define the presence and the level 

of moisture, to control the effectiveness of repair interventions, and to reveal the morpholo-

gy/geometry of wall sections in multiple-leaf stone and brick masonry structures [3, 10-13]. 

The ground penetrating radar system used in this survey was a MALÅ Geoscience ProEx 

system with 1.6GHz and 2.3GHz antennae. The MALÅ Geoscience Groundvision 2 software 

was used for data acquisition. The MALÅ Geoscience RadExplorer v.1.41 software was used 

for data processing. Processing of raw files included DC removal, Time-Zero Adjustment, 

Amplitude Correction, Bandpass filtering and Background removal. 

Instead of applying the same mean velocity for the masonry as a whole, the velocity was 

calculated for each building material of the monument, where the dimensions of each material 

layer was measurable. The velocity through the stone was calculated at Vstone = 11,60 cm.ns
-1

, 

the velocity through the mortar was calculated at Vmortar = 2,95 cm.ns
-1

, and the velocity 

through the bricks is calculated at Vbrick = 9,28 cm.ns
-1

. 

2.4 Schmidt Hammer Rebound Test 

The Schmidt hammer test was initially developed in the late 1940s as an index apparatus 

for non-destructive testing of concrete in situ. Today it is also used for estimating the uniaxial 

compressive strength of building stones and bricks [14]. The Schmidt hammer provides a 

quick and inexpensive measure of surface hardness that is widely used for estimating the me-

chanical properties of rock material. However, a number of issues such as hammer type, nor-

malization of rebound values, specimen dimensions, surface smoothness, weathering and 

moisture content, and testing, data reduction and analysis procedures continue to influence the 

consistency and reliability of the Schmidt hammer test results [15]. Many researchers attempt 

to uncover correlations for different case scenarios; however in the current study the instru-

ment conversion curve was utilized. 

In this survey an N-type Schmidt hammer, manufactured by Proceq, was employed. The 

impact direction was vertical to the examined surface. The rebound number (R) was utilized 

in order to estimate the compressive strength of different building materials, through the use 

of the instrument’s conversion curves and in accordance to ASTM C 805. The results can 

serve as a first indication regarding the type of material tested, the quality of the technology 

production employed for the production of the brick, as well as limitations regarding the me-

chanical properties of any future intervention materials that could be utilized without exerting 

compatibility criteria. 
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3 RESULTS 

The results deriving from all methods were analyzed and combined in order to extract in-

formation regarding the original building materials, the type of masonry construction, as well 

as non-documented construction phases and problematic areas. In this current paper, selected 

results regarding certain areas of interest will be presented to demonstrate the ability of NDTs 

to characterize the building materials, to assess the current state of the structure and to identi-

fy the construction phases of the building. 

3.1 In situ optical inspection – Selection of Areas of Interest 

Kaisariani Monastery is a typical mid-byzantine Athenian church structure, its main build-

ing elements consisting of carved stones and bricks. Each façade is evidently constructed with 

a different building technique, depending on the construction phase, as well as the projection 

of the façade upon entering the monastery complex. The mortars and bricks of each construc-

tion phase seem to be of a different technology, and the carved stones are of different origin. 

The east façade is the only one built in the typical byzantine cloisonné manner, with the 

carved stones, bricks and mortars presenting perfect symmetry (Image 2). The north and south 

façade of the Catholicon, attributed to the first construction phase, are also built in the byzan-

tine cloisonné style, however perfect symmetry of form was not followed on these facades to 

the same extent (Images 3, 4). The walls constructed during the post-byzantine era, are not 

built in the byzantine construction style, but were constructed as rubble masonry, with asym-

metric stones and bricks (Image 3). The in situ optical inspection revealed that the main issues 

the church is facing are due to humidity problems, intensified by past non-compatible inter-

ventions.  

After a thorough in situ optical inspection, areas of interest were selected in order to per-

form non-destructive testing (Images 2-4). 

 

 

Image 2: East Façade [16] and control areas – Picture of cloisonné style construction and Areas 12.2&12.3 

Schmidt hammer control 
 

12.1 12.3 

12.2 

East Façade - cloisonné style masonry 

Possible undocumented interventions 
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Image 3: North façade [16] and control areas – Picture of Areas 7&8 with distinct construction phases 

Image 4: South façade [16] and control areas – Picture of Areas 9.1&9.2 with evident differentiation 

3.2 East façade – Areas 12.2 &12.3 

Areas 12.2 and 12.3 (Image 2) were selected as areas of interest to demonstrate the use of 

NDTs for the detection of non-documented past interventions, as well as for the examination 

and characterization of building materials in historic structures. Schmidt hammer rebound 

testing was implemented to estimate compressive strength the building materials. 

The porous stone of the east façade is a fossiliferous stone (Image 5). The original mortar 

of the east façade, although attributed to the first construction phase, and therefore subjected 

to environmental factors for a much longer period compared to the subsequent phase materials, 

is in a good preservation state (Image 6). A different type of mortar was encountered in areas 

around the windows of areas 12.2 and 12.3 (Image 7), which is most likely a restoration mor-

tar applied during a past, undocumented restoration intervention. Microscopically these mor-

tars seem to exhibit a certain extent of compatibility, although the restoration mortar seems to 

exhibit better coherence. 

8 7 

7 

14 A 

B 

9.

1 

9.

2 
10 

9.3 

Interface of Catholicon Wall 

and Narthex Wall 

Optical differentiation on the north façade 

masonry of the Catholicon 
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Image 5: Area 12.1 (x30) 

Typical stone of the east façade 

 

Image 6: Area 12.1 (x50) 

Mortars 

 

Image 7: Area 12.2 (x50) 

Restoration mortar 

The authentic bricks of the east façade showed relative homogeneity and appear in two dif-

ferent colors, due to a different production technology (Image 8 and 9). Another type of brick 

was detected, exhibiting a different microstructure (Image 10), which seems to correspond to 

a newer restoration brick; however, a corresponding intervention using this newer restoration 

brick was not documented. This type was encountered throughout the east façade around the 

window of area 12.2 and the window of area 12.3 in accordance to the presence of the restora-

tion mortar described above. The restoration brick seems less porous than the original authen-

tic byzantine brick. 

 

Image 8: Area 12.2 (x50) – Red 

brick 

 

Image 9: Area 12.2 (x50) - Yel-

low Brick 

 

Image 10: Area 12.2 (x50) - New 

Restoration Brick 

Schmidt hammer test was applied only on the carved stones and bricks of the east façade, 

due to the better conservation state of the materials on this side. A total of 22 bricks were ex-

amined. The bricks belonging to the intervention described with the previous methods were 

excluded, as the original materials of the masonry are of interest. Schmidt hammer test results 

revealed that the original byzantine bricks are of excellent quality, exhibiting relatively high 

compressive strength values, varying from 21,8 MPa to 44,6 MPa with an average value of 

32,64 MPa and standard deviation of 6,75. The high standard deviation of the measurements, 

ranging up to 3 for each individual brick, is anticipated, as byzantine bricks were handmade; 

thus each brick is individual and homogeneity is not complete. 

Furthermore, Schmidt hammer test results, deriving from 8 carved stones tested, revealed 

that the carved stone of the east facade exhibits relatively low values of compressive strength. 

The stones’ compressive strength values, present values from 4,71 MPa to 9,80 MPa, exhibit-

ing an average value of 8,2 MPa and a standard deviation of 1,72. This is anticipated and may 

be partly due to the roughness of the porous stone surface. Furthermore, as revealed by the 

FOM images taken during the microscopic examination of the east façade materials (Image 5), 

the carved stone is quite porous; therefore the Schmidt hammer results are in cohesion. The 

low compressive strength of the carved stones, imposes limitations regarding the compressive 
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strength that any restoration mortar should have in order to still be deemed compatible with 

the masonry in any future intervention. 

The results from FOM indicated an undocumented intervention evident on the east façade; 

on the arch of the window of area 12.2 (Image 11), as well as around the window of area 12.3. 

When examined by Infrared Thermography (Image 12), the majority of the bricks of the east 

façade, corresponding to authentic bricks, exhibited temperatures well above 20 
o
C and up to

23 
o
C, compared to the bricks of different color above the window in area 12.2, which exhibit

much lower temperatures, in the range 18-19 
o
C. The authentic joint mortar between the

bricks surrounding the double arched window in area 12.2 exhibits temperatures between 17,3 
o
C and 18,1 

o
C. Again, the joint mortar with a different color exhibits lower temperatures, be-

tween 16,5 
o
C and 16,8 

o
C. This was also observed in area 12.3; the temperature differences

are due to the different materials used in this undocumented intervention. 

Image 11: Detail of area 12.2 - Thermogram area Image 12: IR image [6440], Date: 17/2/2014 

3.3 North façade  - Areas 7 & 8 

Areas 7 and 8 were selected in order to examination the masonry structure and investigate 

possible construction phases. Areas 7 and 8 of the north wall belong to different construction 

periods, as area 7 is part of the original Catholicon and area 8 belongs to the Narthex (Image 

3). The materials of area 7 appear in a much worse preservation state than the materials of ar-

ea 8; this is highly evident in the comparison of slate stones in the two areas (Images 13-15) 

as well as in the comparison of bricks from the two areas (Images 16-18). However, it seems 

that a similar slate stone was used for the construction of both walls; furthermore, microscopi-

cally the bricks of area 7 seem to appear similar to those of area 8. 

The worse preservation state of area 7 is also evident during the examination of mortars 

(Images 19-23); however it must be emphasized that area 8 has undergone many interventions, 

as the use of many different non-documented restoration mortars evidence. The different mor-

Restoration bricks 
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tars used in area 8 seem to exhibit different coherence and microstructure and may not be 

compatible to the original masonry materials. 

Image 13: Area 7 (x50) - Slate 

stone with evident decay 

Image 14: Area 7 (x50) - Slate 

stone with evident decay 

Image 15: Area 8 (x50) - Slate 

stone 

Image 16: Area 7 (x50) - Brick Image 17: Area 8 (x50) - Brick Image 18: Area 8 (x50) – Brick 

Image 19: Area 7 (x50) - Mortar Image 20: Area 8 (x50) - Grey 

mortar 

Image 21: Area 8 (x50) - Grey 

cementicious mortar 

Image 22: Area 8 (x50) - Orange 

cementicious mortar 

Image 23: Area 8 (x50) – Pink 

mortar 

In order to better examine this area, a IR image was taken (Image 24) depicting the north 

wall of the Catholicon (area 7) and of the Narthex (area 8) simultaneously. The different con-

struction phases are evident, even by macroscopic observation (Images 25-26), due to the dif-

ferent construction technique of the masonry during the mid-byzantine and post byzantine era. 

The difference between the two different phases is evident also in the thermogram, through 
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the intense surface temperature difference that the two areas exhibit. The wall of the Cathol-

icon exhibits temperatures ranging from 11,2 
o
C to 13,2 

o
C, whilst the Narthex wall exhibits 

lower temperatures, ranging from 10,7 
o
C to 12,3 

o
C. This is due to the different type of con-

struction and the use of different construction materials; however it is unclear through ther-

mography alone whether this is the result of the higher humidity content of the Narthex. 

 

Image 24: The north wall - differ-

ent construction phases 

 

Image 25: Detail of the thermo 

gram area 

 

Image 26: Thermo gram [6357], 

Date: 5/2/2014 

The ground penetrating radar was used at different areas of the north wall (Image 27), in 

order to better investigate areas 7 & 8 and to investigate the structural continuity of the wall 

between the two construction phases. The horizontal scans 581H and 582H (Image 28) were 

performed at the exterior of the north masonry, at a height of 100 cm and 150 cm above the 

ground level respectively, whereas scans 583 and 586 were performed at the interior of the 

building, to aid in the identification of the masonry features. 

 

Image 27: Ground plan and GPR scan positions 
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The scans run across both the Catholicon and the Narthex wall, as well as across both sides 

of the north wall; therefore it is deemed possible to perceive discontinuities in the structure, 

even in the core of the masonry. 

Image 28: Horizontal GPR scans H581 and H582 respectively 

The GPR scans reveal interesting information. A discontinuity at the interface of the Ca-

tholicon wall and the Narthex wall is evident, at exactly 2 m from the beginning of the scan, 

confirming the IR results; furthermore, it is evident that the wall corresponding to the original 

mid-byzantine structure corresponds to a three leaf cloisonné masonry, whereas the wall cor-

responding to the Narthex clearly corresponds to rubble masonry extending to the core of the 

structure. Another interesting aspect that the GPR revealed is the presence of a high content of 

moisture in the Narthex wall; this explains the presence of several restoration mortars on the 

Narthex wall. It is also possible, that due to the incompatibility of the restoration mortars with 

the original masonry materials, transpiration of the masonry is difficult and humidity is 

trapped in the core of the Narthex wall, intensifying the problem. 

3.4 South façade – Areas 9.1 & 9.2 

On the south façade, Areas 9.1 and 9.2 were selected as areas of interest, in order to inves-

tigate the masonry structural continuity and possibly document a lost construction phase. The 

south façade of the Catholicon is optically divided into two areas, 9.1 and 9.2. Area 9.2 is 

characterized by its orange hue and spattered appearance.  Areas 9.1. and 9.2 of the north wall, 

seem to be distinctly different (Image 4). The microscopic examination of the bricks, mortars 

and stones however does not offer a clear image, as all building materials of area 9.2 seem to 

be covered by an orange plaster residue (Images 31, 34, 36-37). 
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Image 29: Area 9.1 (x50)  - Brick Image 30: Area 9.1 (x50) – Brick Image 31: Area 9.2 (x50) – Brick 

Image 32: Area 9.1 (x50) – Mor-

tar 

Image 33: Area 9.1 (x50) – Mor-

tar 

Image 34: Area 9.2 (x50) - Mor-

tar 

Image 35: Area 9.1 (x30) – Po-

rous stone 

Image 36: Area 9.2 (x50) - Po-

rous stone 

Image 37: Area 9.2 (x50) - Mor-

tar 

An IR image (Image 39) was taken in order to include both areas 9.1 and 9.2, simultane-

ously (Image 38). The surface temperature of the stones of both areas exhibit similar values, 

indicating that the same type of stone was used. The same applies in the case of the brick ele-

ments. However, in the case of the joint mortars, this is not the case; the temperature of the 

mortar in area 9.1 ranges from 29,1 
o
C to 29,5 

o
C, whereas in area 9.2 the temperature of the

joint mortar ranges from 31,4
 o

C to 34,1
 o

C. This is an indication that a different mortar was

used in the two areas. An explanation of this would be that the chapel used to extend further 

to the east, and therefore area 9.2 was at some point the interior of the chapel. In addition, the 

remains of a tile roof, which is observed by optical observation on the upper limit of area 9.2, 

exhibits the same temperature as the bricks, indicating that this is part of the older structure; 

perhaps it was the roof of the chapel when it extended further to the east. However, with IR 

thermography, the surface of the structure is examined; the masonry structure must be exam-

ined as to assess whether the different mortar is only on the surface or whether the use of the 

different material extends to the masonry core. 
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Image 38: South wall - Areas 9.1 and 9.2 

 

Image 39: Thermogram [7182], Date: 27/3/2014 

Ground penetrating radar was employed in order to assess whether the differentiation of 

the masonry between these two areas is structural or only at the surface. Specifically, horizon-

tal scans were carried out on the exterior of the south wall of the Catholicon, across area 9.2 

and area 9.1., in order to assess whether the optical differentiation corresponds to a structural 

differentiation. Furthermore at the interface of area 9.1 and 9.2 it seems as though a crack is 

present; however this is not confirmed during a close optical investigation. This area of the 

south wall is where the pillars receiving the compressive forces from the dome are; through 

GPR scanning, it will be possible to examine whether these elements are constructed in a dif-

ferent manner than the rest of the masonry. Scans were conducted from the east side of the 

window to the corner of the east façade (Image 40). 

 

Image 40: Exact positions of GPR scans on the south wall – depiction of the differentiation 

Area 9.2 

Area 9.1 

2333



A.Moropoulou, M.Apostolopoulou, P.Moundoulas, M.Karoglou, E.Delegou, K.Lambropoulos, 

M.Gritzopoulou, A.Bakolas 

The result (Image 41) shows that the differentiation of area 9.1 and 9.2 is due to the use of 

different materials in area 9.2 and area 9.1. This is obvious in the scan, as a diversification of 

the signal is evident at 1 m from the beginning of the scan; this is also where the optical dif-

ferentiation occurs. However, this differentiation is at the surface; from 10 cm from the sur-

face and below, the materials and the structure are continuous throughout the scan and 

therefore throughout the two areas. The end of the scan corresponds to a large carved stone at 

the southeast corner. Again the structure of the wall corresponds to the byzantine type of 

building, where three layers are evident; the outer layer, the middle rubble layer and the inner 

layer of the wall, thus indicating a three leaf masonry. Therefore, in the case of the south wall 

the middle layer and the interior layer are homogenous and continuous, whereas the joint mor-

tar of area 9.2 is different, but only on the exterior layer, which is 10 cm deep. 

Image 41: GPR scan of south wall 

4 CONCLUSIONS 

 The carved stone of the first byzantine construction phase is a porous fossiliferous stone,

with low values of compressive strength

 The building bricks of the east façade are of excellent quality and exhibit relatively high

values compressive strength

 In the case of the Kaisariani Catholicon, the low compressive strength of the carved stones,

imposes limitations regarding the compressive strength that any restoration mortar should

have and still be deemed compatible with the masonry in any future intervention

 An undocumented intervention was revealed around the windows of the east façade

 The north wall of the Catholicon is a typical byzantine three leaf cloisonné masonry,

whereas the north wall of the Narthex is obviously a rubble masonry. The temperature dif-

ferentiation between the two areas is due to the different construction techniques of the two

parts, as well as the high humidity of the Narthex wall

 The undocumented restoration mortars present on the north wall of the Narthex seem to en-

hance humidity problems, due to incompatibility with the original materials of the masonry

 The optical differentiation of the two areas of the south wall of the Catholicon is due to the

different joint mortar of area 9.1 and area 9.2; the building stones and bricks are the same in

both areas
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 This differentiation does not extend to the core of the masonry; the middle layer and the 

interior layer are homogenous and continuous, whereas the joint mortar of area 9.2 is dif-

ferent than the mortar of area 9.2, but only on the exterior layer of the three leaf masonry, 

which in the case of the Catholicon of Kaisariani Monastery is 10 cm deep 

 It is possible that the chapel extended further to the east, and therefore the difference of area 

9.2 is due to the fact that it was once the interior of the chapel; this is further suggested due 

to the remain of a brick roof, the remains of which are evident in area 9.2 

 The combination of different NDTs can reveal important information that would have been 

otherwise disregarded; furthermore it can confirm or disregard scenarios regarding non-

documented construction phases 

 NDTs can detect non-documented past interventions, as well as examine and characterize 

building materials in historic structures, as demonstrated on the east façade of the Cathol-

icon; furthermore they can assist in the examination of the masonry structure as in the case 

of the north and south façade 

 Schmidt hammer test results can be utilized as a first approximate limitation regarding the 

compressive strength that any restoration mortar should have in compatibility terms 
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Abstract. A comprehensive rational methodology for the structural assessment of existing 
bridges is presented and specifically applied to a historic reinforced concrete arch bridge. 
The methodology is based on the use of non-destructive testing tools and structural model up-
dating procedures and involves: (a) preliminary documented research and on-site geometric 
surveys (aimed at collecting information on the “as built’’ geometry); (b) ambient vibration 
testing performed by using a grid of conventional high-sensitivity accelerometers, aimed spe-
cifically at investigating the vertical dynamic characteristics of the bridge and c) development 
of an updated Finite Element (FE) model of the structure. 
The investigated bridge, completed in May 1917, crosses the Adda river between Brivio 
(province of Lecco) and Cisano Bergamasco (province of Bergamo), about 50 km North-East 
from Milano, Northern Italy. Given the still strategic position of the bridge in the current 
road transportation network and within a systematic surveillance program of main infrastruc-
tures by the Province of Lecco, dynamic tests were performed under operational conditions.  
Main results in terms of Operational Modal Analysis and FE modelling and updating are pre-
sented and discussed. A hierarchy of FE models with different levels of refinement is devel-
oped, with the purpose of a future selection of the model that better reproduces the current 
structural properties of the bridge. In this paper an automated system identification proce-
dure has been developed and applied to the simplest of the assembled (consistent) FE models, 
whose results will constitute a benchmark for further studies upon the other most refined 
models. The aim is to perform a final baseline reference model to be used for reliability as-
sessment within Structural Health Monitoring (SHM) purposes. 
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1 INTRODUCTION 
Nowadays the development of methodologies for accurate and reliable condition assess-

ment of bridges, or other typologies of civil infrastructures, is becoming increasingly im-
portant. The process of developing or improving methodologies for determining and tracking 
the structural integrity of infrastructures based on automated monitoring systems is a main 
scope of SHM [1]. 

FE models play a key-role in the ordinary design process of new structures and in the as-
sessment of existing ones [2]. With the current advances in numerical modeling and computa-
tional capabilities, it is generally expected that a FE model consistently based on original 
technical design drawings, on-site geometric surveys, engineering judgment and assessment 
processes, shall reliably reproduce both static and dynamic behaviors of a structure. 

However, acquired experience shows that the process of developing a FE model of a struc-
ture involves assumptions and simplifications that may induce considerable errors, which are 
a consequence of the underlying complexity of the structural modeling, of the uncertainty of 
the boundary conditions and of the real mechanical behavior of materials and structural ele-
ments [3]. Moreover, variations in these features during the lifespan of a structure may occur 
due to the appearance of smeared or localized damage, causing final discrepancies between 
the characteristics of the structure at design stage and at the current state of duty and conser-
vation. 

Structural identification via modal dynamic analysis [4] and subsequent Finite Element 
Model Updating [5,6] represent consistent and widespread tools towards condition assessment 
of existing civil constructions, like bridges or structures endowed with historical values. In 
fact, it is well known that changes in the physical properties of a structure correspond to 
changes in the modal parameters (notably frequencies, mode shapes, and modal damping rati-
os) [7]. In most of Model Updating techniques the stiffness, mass and damping distributions 
of a numerical model chosen as reference configuration, are iteratively updated, so that the 
differences between the measured and the analytical values of the modal parameters are min-
imized [2]. There appear several works in the dedicated literature in which the results ob-
tained from modal identification have revealed useful for performing model updating of a 
numerical model of existing bridges [2-3,8-14]. Within such a field, this paper presents the 
results obtained from a research study that involved both experimental and analytical modal 
analysis as well as subsequent finite element model updating of a reinforced concrete bridge 
with parabolic arches, namely the Brivio bridge (1917), Italy, as described below. 

The investigation dealt within this paper involves: (a) exploiting OMA techniques to Am-
bient Vibration Testing (AVT) [3]; (b) establishing three FE models of the bridge with in-
creasing levels of detail, based on the available design drawings and on surveys performed in 
situ; (c) exploring the sensitivity of the natural frequencies of a 2D FE model of the bridge to 
changes in some uncertain structural parameters; (d) setting the parameters of such 
2D FE model, that appear good candidates for the updating procedure and (e) identifying such 
parameters, in order to enhance the fitting between experimental and theoretical natural fre-
quencies and mode shapes. The aim is to create an improved FE model which can be adopted 
as a benchmark for further scheduled analyses on more complex and detailed numerical mod-
els. 

Report on this present research investigation is organized in two companion papers. Com-
panion work [15] focuses on the analysis of the various data coming from the different adopt-
ed instrumentation, accounting also for data fusion and for reliability and uncertainty 
assessment of the acquired data, while the present note exposes the detailed AVT performed 
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with conventional high-sensitivity accelerometers and the development of an updated FE 
models of the bridge, specifically in terms of prediction of modal properties. 

The present paper is structured as follows. Section 2 describes the main characteristics of 
the Brivio bridge, which is the benchmark structural object taken for this study. In Section 3 
the results of the output-only model identification performed on the bridge are presented. In 
Section 4 the three performed FE models are described in detail. Section 5 concerns the sensi-
tivity analysis for the selection of the parameters to be considered within the model updating 
procedure, which is explained in Section 6. Finally, main conclusions are outlined in closing 
Section 7. 

2 SALIENT FEATURES OF THE BRIVIO BRIDGE 
The Brivio bridge (Figs. 1, 2), designed by Italian engineer Giuseppe Banfi on June 1912 

and completed on May 1917, is a three-span historical reinforced concrete bridge with para-
bolic arches located in Lombardia, Northern Italy, about 50 km North-East away from Mila-
no [16]. It crosses the Adda river at about 8 m from water, between the municipalities of 
Brivio and Cisano Bergamasco, linking the two provinces of Lecco and Bergamo. The spans 
of the bridge are 43.40 m, 44.00 m and 43.40 m long respectively, and consist of a deck 
joined on each of their sides to two lateral parabolic arches. The suspension is performed by 
means of sixteen hangers, per each side of each span, with rectangular cross-section that is 
32 cm wide and 60 cm high. All structural elements are made of reinforced concrete. 

The total width of the deck is 9.20 m, hosting a double-lane road and two pedestrian walk-
ways, each 0.80 m wide. The deck cross section (Fig. 2) is constituted by two outer longitudi-
nal girders framed by floor beams; girders, spaced 8.60 m center to center, display 
approximately rectangular cross sections with width of 45 cm and height of 100 cm, and 
floor beams, provided every 2.30 m, also show rectangular cross sections with width of 
28 cm, but variable height along the beam axis. The floor beams are further connected to oth-
er two longitudinal ribs of width of 20 cm, placed symmetrically at a distance of 1 m with re-
spect to the vertical longitudinal middle plane of the bridge. The resulting frame is covered by 
a reinforced concrete slab of 15 cm of high, which constitutes the support of the road. 

Figure 1: Contemporary views of Brivio bridge seen from Brivio’s riverside (right bank). 
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Figure 2: Historical representation of the technical drawings of the bridge [17]. 

The arches of the bridge show a span of about 42.80 m between the two ends and a rise of 
8.00 m at the keystone. They display a rectangular cross section characterized by a constant 
width, equal to 60 cm, and a variable tapered height starting from around 1.50 m at the 
extrema to 1.25 m at the middle. To achieve higher structural stability, the arches are linked in 
the upper part by eight transverse girders, tapered from the end to the center. 

Each span rests on either a pier or an abutment, where outer longitudinal girders end, 
through a mechanical system made of trusses, in order to allow little axial elongations, due e.g. 
to changes of temperature. 

3 MODAL DYNAMIC IDENTIFICATION OF THE BRIDGE 
This Section reports the modal estimates that have been obtained from output-only identi-

fication techniques based on the operational response data acquired on the bridge by using 
conventional high-sensitivity accelerometers. 

The response of the bridge was measured at eighteen selected points, as shown in Fig. 3. 
Since it was decided to simultaneously use ten wired accelerometers during the tests, two set-
ups were performed to measure the acceleration at opposite sides of eight cross-sections of the 
deck, considering two sensors as reference transducers, which were kept at the same locations 
in all the set-ups. 

Two time windows of 3600 s were collected for each sensor layout, with a sampling rate of 
200 Hz, which is higher than that required for this bridge, as the natural frequencies of the 
dominant modes are below 20 Hz. Hence, low pass filtering and decimation were applied to 
the data before the use of the identification tools, reducing the sampling rate from 200 Hz to 
25 Hz. 

The output-only modal identification was carried out by using both the Frequency Domain 
Decomposition (FDD) [18] and the data-driven Stochastic Subspace Identification (SSI-data) 
methods [19] available in the commercial software ARTeMIS [20]. 

The results of modal identification are summarized in Figs. 4-5 and in Table 1. The natural 
frequencies of the identified modes can be easily identified in Fig. 4 from the local maxima of 
the first Singular Value (SV) line resulting from the application of the FDD method; the cor-
responding mode shapes are shown in Fig. 5. 

2340



R. Ferrari, D. Froio, E. Chatzi, C. Gentile, F. Pioldi, E. Rizzi 

(a) (b) 

Figure 3: Points instrumented using wired accelerometers: (a) Set-up 1; (b) Set-up 2. 

The inspection of Fig. 5 highlights that: (a) almost all mode shapes exhibit regular and 
smooth shape with dominant bending or torsion, with the exception of the 7th mode, which is 
characterized by coupled bending and torsion; (b) the first two modes exhibit different fre-
quencies but practically the same mode shape. In addition, the 7th vibration mode also exhib-
its complex behaviour (i.e. the modal deflection phases significantly deviate from 0 or π). 

Figure 4: Singular value (SV) lines and identification of natural frequencies from the wired accelerometers data 
(FDD). 

Mode N. fFDD (Hz) fSSI (Hz) ζSSI (%) MAC 

1   3.564   3.449 4.60 0.997 
2   3.857   3.887 4.09 0.991 
3   6.018   5.968 3.17 0.998 
4   7.178   7.146 1.51 0.989 
5   7.690   7.592 2.82 0.991 
6   9.009   8.928 1.67 0.990 
7 11.377 11.390 1.28 0.938
8 13.086 13.040 2.01 0.987
9 17.017 16.990 1.44 0.935

Table 1: Identified frequencies fi [Hz], first span, wired accelerometers. 

Very close results, in terms of natural frequencies and mode shapes, are obtained by apply-
ing the SSI-data method, as it is summarized in Table 1. Furthermore, Table 1 reveals that the 
damping ratios of the first two modes are larger than 4%. 

It should be noticed that the “splitting” of 1st mode (with quite high damping ratios) and 
the complex behaviour of the 7th mode deserves further investigation since both the observed 
phenomena might be related to the poor state of preservation and cracking of some vertical 

2341



R. Ferrari, D. Froio, E. Chatzi, C. Gentile, F. Pioldi, E. Rizzi  

hangers. In more details, the co-existence of two close spectral peaks with similar mode 
shapes in place of one single mode is sometimes referred to as “dispersive phenomenon” [21] 
and was mainly observed in the response of cracked reinforced concrete structures. The same 
physical behaviour has been recently detected in ambient vibration testing of two different 
arch bridges [22]. 

(a) f = 3.56 Hz (b) f = 3.86 Hz (c) f = 6.02 Hz 

(d) f = 7.18 Hz (e) f = 7.69 Hz (f) f = 9.01 Hz 

(g) f = 11.38 Hz (h) f = 13.09 Hz (i) f = 17.02 Hz 

Figure 5: Vibration modes identified from the wired accelerometers data (FDD). 

4 FE MODELING OF THE BRIDGE 
Three Finite Element models of the Brivio Bridge with different levels of refinement have 

been assembled [16]. In particular, one two-dimensional model and two three-dimensional 
models have been implemented within the commercial FE code ABAQUS [23]. 

The main assumptions considered in the present FE models of the bridge are the following:  

• Euler-Bernoulli beam finite elements have been used to model all the elements of the
bridge, except for one of the two 3D models in which four-nodes shell elements have
been employed to model the deck;

• uniform cross sections, homogeneous material properties and linear elastic mechanical
behavior have been assumed; Poisson’s ratio of reinforced concrete has been held
constant and set equal to 0.20;

• an additional weight per unit volume of 10 kN/m3 has been considered on the deck slab,
to account for the effects of the asphalt pavement and of the walkways;

• rigid links between the concrete slab and the grid of hangers and between the latter and
the arches have been applied, for taking into account the real lengths of the structural
elements; each of these links provides a rigid constraint for translation and rotation of one
node with respect to the degrees of freedom of the other one;

• the deck has been assumed to be able to rotate only on one side, while on the opposite
side boundary conditions have been modeled according to the design characteristics of

2342



R. Ferrari, D. Froio, E. Chatzi, C. Gentile, F. Pioldi, E. Rizzi 

the bearing supports (which shall allow for longitudinal displacement); hence, a hinge-
roller scheme has been assumed for the boundary conditions of each span; 

• a single representative span of 42.80 m has been considered and no continuous beam 
effects are investigated so far. 

In the following Sections 4.1-4.3 a brief description of each FE model is reported. 

4.1 2D FE Beam model 
The assembled 2D FE model of the bridge is depicted in Fig. 6. The x and y axes represent 

the longitudinal axis and the vertical axis of the bridge, respectively. The model is composed 
of 224 elements and 178 nodes, for a total of 986 free variables in the internal code represen-
tation [23]. 

 
Figure 6: Assembled 2D FE Beam model (green markers specify where lumped masses have been placed). 

According to the original design (see Fig. 2), the arches are composed of nineteen chunks 
with different heights; then, ten types of different double rectangular cross sections with 
height decreasing from the ends towards the top have been modeled. The hangers have been 
also represented by elements with a double rectangular cross section. The masses of the ele-
ments whose axes lie out of the plane of the model have been lumped at the corresponding 
nodal positions; the values of the lumped masses are reported in Table 2. Rotational inertia 
values are considered to be negligible. 

Element Mass [kg] 
Transverse deck beam  5193 
Transverse deck beam at the ends 7419 
Transverse beam of the arches 3080 

Table 2: Lumped masses added to the 2D FE Beam model. 

The global geometrical parameters which characterize the 2D Beam model of the bridge 
are reported in Table 3. As a first step, the total mass has been evaluated by assuming a rein-
forced concrete density of 2500 kg/m3. Further data on the geometrical characteristics are re-
ported in [16]. 

Parameter FE model value 
Total mass 754.8 t 
Component x of the center of mass 21.40 m 
Component y of the center of mass 1.93 m 
Moment of inertia about axis z on the center of mass 1.18 108 kg m2 

Table 3: Global geometric parameters of the 2D FE Beam model (concrete density = 2500 kg/m3). 
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4.2 3D FE Beam model 
The 3D FE beam model of the bridge is shown in Fig. 7. It has been assembled via exclu-

sive use of only 3D beam elements. The x, y and z axes represent the longitudinal axis, the 
vertical axis and the horizontal transverse axis of the bridge, respectively. The FE model 
counts for 808 elements and 668 nodes, with a total number of free variables equal to 5900. 

According to the original design drawings, each arch has been modeled as in the 2D FE 
model. Eight superior beam elements with T cross section have been added to the model, set-
ting the two arches at a relative distance of 8.60 m. The deck has been modeled as a frame-
work of beams. In the longitudinal direction, six beam elements have been placed, playing the 
role of longitudinal girders, included the reinforced concrete slab above. The cross sections of 
these elements have been modeled for best fitting the shape of the deck cross section, de-
picted in Fig. 2. In the transverse direction, beams with variable rectangular cross section 
have been placed. 

 
Figure 7: Assembled 3D FE Beam model. 

The global geometrical characteristics of the 3D Beam model are reported in Table 4. Fur-
ther data are available in [16]. 

Parameter FE model value 
Total mass 762.6 t 
Component x of the center of mass 21.40 m 
Component y of the center of mass 1.92 m 
Component z of the center of mass 4.30 m 
Moment of inertia about axis x on the center of mass 1.53 108 kg m8 
Moment of inertia about axis y on the center of mass 1.23 108 kg m2 
Moment of inertia about axis z on the center of mass 1.20 108 kg m2 

Table 4: Global geometric parameters of the 3D FE Beam model (concrete density = 2500 kg/m3). 

4.3 3D FE Beam & Shell model 
A further improvement in the FE description of the bridge has been performed by consider-

ing shell elements, instead of beam elements, in the modelization of the deck, as represented 
in Fig. 8. The use of shell elements allows to describe the mean line of the deck cross section, 
by providing a more accurate reproduction of its peculiar shape. Twelve shell elements with 
six different thicknesses have been employed in the model. The final assembly of the FE 
model counts for 3678 elements and 4188 nodes, with a total number of 22660 free variables. 
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Figure 8: Assembled 3D FE Beam & Shell model. 

The global geometrical parameters of the 3D Beam & Shell model of the bridge are report-
ed in Table 5. 

Parameter FE model value 
Total mass 767.0 t 
Component x of the center of mass 21.40 m 
Component y of the center of mass 1.90 m 
Component z of the center of mass 4.30 m 
Moment of inertia about axis x on the center of mass 1.55 108 kg m2 
Moment of inertia about axis y on the center of mass 1.23 108 kg m2 
Moment of inertia about axis z on the center of mass 1.19 108 kg m2 

Table 5: Global geometric parameters of the 3D FE Beam & Shell model (concrete density = 2500 kg/m3). 

As Tables 3-5 show, the FE models appear with a good level of similarity referring to the 
geometrical characteristics, demonstrating the consistency of the models themselves. 

5 SENSITIVITY ANALYSIS 
As mentioned in Introduction, the sensitivity analysis and the optimization procedure have 

been based on the simplest of the assembled FE models, that is, the 2D Beam model. 
It is well known that the selection of the parameters to be updated is crucial, and that sensi-

tivity analysis constitutes an efficient tool which allows for the selection of the parameters 
that most influence the structural responses. The sensitivity coefficients can be computed as 
the rate of change of a particular response of the model with respect to a change of the struc-
tural parameters [3]. Then, the sensitivity matrix S can be calculated as follows: 

j

i
ij P

R
S

∂
∂

= (1) 

where Ri and Pj represent a structural response index and a structural parameter, respectively, 
with i=1,…,N, for N response indexes and j=1,…,M, for M structural parameters. The sensi-
tivity matrix can be computed for all physical element properties (material, geometrical, 
boundary, etc.), by using direct derivation or approximation techniques [2]. 

Eq. (1) evaluates the absolute sensitivities, which are characterized by the dimensions of 
responses and parameter values. If sensitivities for different types of parameters have to be 
compared, a normalized relative sensitivity matrix Sn should be better used: 
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Hence, the problem may be determined, over-determined or under-determined, depending 
on whether matrix Sn is square (N=M), tall-rectangular (N>M) or wide-rectangular (N<M), 
respectively. If the estimation of too many parameters is attempted, then the problem may ap-
pear ill-conditioned, in particular when observations are limited, as it usually occurs in vibra-
tion testing. Therefore, to achieve a well-conditioned updating problem it is necessary to 
select a smaller as possible number of updating parameters, which will be the most effective 
ones in producing a genuine improvement in the modeling of the structure [2]. 

In light of this, also concerning their influence in the overall dynamic behavior of the 
bridge, the following structural parameters have been selected to be used in the updating pro-
cedure: 

• Young’s modulus of reinforced concrete deck (Edeck); 

• Young’s modulus of reinforced concrete arches and hangers (Earch&hang); 

• mass per unit volume of reinforced concrete (ρconc). 

As mentioned in the work of Brownjohn et al. [2], when performing a model updating pro-
cedure, it is very important to determine a suitable initial value of a selected parameter, i.e. a 
reasonable starting point for the optimization process; this is because if the initial value is too 
far away from its real value and large discrepancies exist between the experimental and the 
numerical model, the iterative process may result in convergence to another (local) minimum, 
or even in divergence. It is usually recommended to carry out a prior manual tuning, by engi-
neering judgment or relevant preliminarily estimations, towards obtaining a reasonable ap-
proximation of the start point and of the parameter bounds before starting the optimization 
procedure. 

To accomplish such manual tuning, a set of preliminary modal analyses have been per-
formed on the 2D FE model of the bridge by varying the three parameters listed above. At this 
first stage, the goal was that of assuring that the chosen parameters truly affected the modal 
response of the structure and to roughly match experimental and numerical modal results. 
Considering 3.564 Hz as the first modal frequency of the bridge, the manual tuning of the pa-
rameters of the FE model has provided a significant matching with respect to the experimental 
outcomes. In particular, very good results have been obtained using the values of 33.0 GPa, 
36.5 GPa and 2400 kg/m3, for the Young’s modulus of deck (Edeck), the Young’s modulus of 
arches/hangers (Earch&hang) and the concrete mass density (ρconc), respectively. The FE model 
characterized by this particular set of parameters will be referred to as “base model” in the 
following. Fig. 9 shows the results of the modal analysis performed through the 2D FE base 
model. 

V1 fFDD = 3.565 Hz fFE = 3.601 Hz V2 fFDD = 6.018 Hz fFE = 6.084 Hz 
 

 
 

 

 
 

V3 fFDD = 7.690 Hz fFE = 7.667 Hz V4 fFDD = 13.086 Hz fFE = 12.029 Hz 
 

 

 

 

Figure 9: First four vibration modes of the 2D FE base model of the bridge (not updated). 
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The correlation between the dynamic characteristics of the FE base model and those com-
ing from the experimental results is shown in Table 6, for the first four vibration modes, via 
the absolute frequency discrepancy and the modal assurance criterion (MAC) [24], to check 
correspondences of the mode shapes. The latter is defined as follows (MAC matrix): 

φ φ
φ φ

φ φ φ φ

expT num
i jexp num

ij i j expT exp 1 2 numT num 1 2
i i j j

MAC ( , )
( ) ( )

⋅
=

⋅ ⋅ ⋅
(3) 

where φexp
i  and φnum

j  are the i-th experimental and j-th numerical mode shape vectors, respec-

tively. Each value of the MAC matrix defined in Eq. (3) effectively represents a correla-
tion coefficient ranging from 0 to 1, where a value of 1 represents a perfect correlation of the 
two mode shape vectors (i.e. a linear dependence), while a value close to 0 indicates uncorre-
lated vectors (i.e. linear independence or orthogonality condition). In general, a MAC value 
larger than 0.85÷0.90 is considered as a good match, while a MAC value less than 0.50 is 
considered to be a poor match [3]. 

Experimental 2D Beam FE base model 
Mode identifier Mode N fFDD (Hz) fFE (Hz) Δf (%) MAC 

V1 1 3.564 3.601 1.02 1.000
V2 3 6.018 6.084 1.10 0.991
V3 5 7.690 7.667 -0.31 0.993
V4 8 13.086 12.029 -8.08 0.889

Table 6: Correlation between experimental and 2D Beam FE base model dynamic characteristics for the first 
four vertical bending modes. 

Some attempts have been also performed considering the value of 3.857 Hz as the frequen-
cy of the first vertical mode of the bridge, but the outcomes of the manual tuning have turned 
out unsatisfactory. 

The normalized sensitivities (Eq. (2)) of the first six modal frequencies of the vertical 
bending modes with respect to the parameters above are represented in Fig. 10. The sensitivi-
ties have been evaluated by varying each time one of the parameters and keeping fixed the 
others to those of the base model. The plots in Fig. 10 have been obtained by linear interpola-
tion of the point-wise values of partial derivatives of Eq. (2), which have been calculated by 
using a central difference evaluation. 

The normalized relative sensitivities in Fig. 10 show that the chosen parameters truly affect 
the modal response of the structure. In particular, the plots show that: (a) the parameter that 
most influences the variations of the lower frequencies is the concrete mass density, with all 
sensitivity coefficients over 45% and almost constant for the considered frequencies; (b) con-
cerning Young’s moduli of deck and arches/hangers, the corresponding sensitivities range 
from 10% to 20% and from 30% to 40%, respectively; (c) the fundamental frequency f1 of the 
first mode, which displays the typical antisymmetric mode shape of a vibrating arch, is indeed 
influenced mainly by Young’s modulus of arches/hangers and, if compared to the other 
modes, is less influenced by the elastic modulus of deck. 

Based on the obtained results, the parameters above have been set as the starting point for 
the optimization procedure of the 2D FE model of the bridge, as described in the following. 
Table 6 shows a fairly good correlation between experimental outcomes and numerical results 
from the base model for the first three flexural vertical modes: the higher frequency discrep-
ancy ranges up to about 1% and the MAC index is never below 0.99. The forth vertical mode 
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shapes displays large deviations, in particular for the frequency discrepancy which is about 
the 8%. Then, it has not been considered in the optimization procedure. 

 

 

 
Figure 10: Sensitivity coefficients for the first six modal frequencies of the 2D Beam FE model. 
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6 OPTIMIZATION PROCEDURE FOR MODEL UPDATING  
The optimization phase allows for obtaining the parameter values that minimize the differ-

ences between the experimental and numerical modal estimates. Then, this phase involves the 
definition of an appropriate objective function and the application of an optimization tech-
nique based on a non-linear least square algorithm. The algorithm of inverse analysis herein 
adopted is described in the following Section 6.1. It takes largely inspiration from the identifi-
cation work performed in [25], in quite a different context (material indentation tests). In Sec-
tion 6.2 the results obtained from the optimization procedure are reported. 

6.1 Formulation 
The algorithm makes use of two sources of information: experimental recorded dynamic 

results available before running, from which frequencies and mode shapes have been estimat-
ed through Operational Modal Analysis (FDD); numerical data that, depending on a number 
of modeling parameters to be identified (here three material parameters: Edeck, Earch&hang and 
ρconc), arise from numerical simulations of modal analysis (Lanczos' method [23]) from the FE 
model. 

The discrepancies among target data and simulated data are minimized, towards the identi-
fication of the material parameters allowing for most effective calibration. Such discrepancy 
minimization is measured in terms of an appropriate objective function, which quantifies, 
through a vector measure, the difference between target and predicted data. In the present case, 
the assumed objective function, ω(x), corresponds to a discrete non-negative, non-
dimensional, vector least-square discrepancy measure, and two types of terms, one related to 
the relative discrepancy of natural frequencies and another related to the MAC values [11] are 
considered:  

ω(x) φ φ
T2exp comp

exp num 2i i
i iexp

i

f - f
, (1 )(1 MAC ( , )) , i 1,2,3

f
α α
  
 = − − = 
   

 (4) 

where exp
if  and num

if  are the experimental and numerical frequencies of mode i, φexp
i  and 

φnum
i  are the eigenvectors containing the experimental and numerical modal information re-

garding mode i and x is the (3×1) vector including the parameters to be optimized with re-
spect to the first three flexural vertical modes. If the MAC values between measured and 
updated models are near to one and the frequency differences between measured and updated 
estimates are near to zero, the model updating is deemed to be successful. 

In Eq. (4) α represents a weight coefficient [25], bounded between zero and one (0 ≤ α ≤ 1), 
allowing to shift the importance of information from frequencies and mode shapes (possibly 
based also on their availability or estimated accuracy), towards the identification process. 
Fundamental choices are (a) α=0 (information from MAC matrix only, that is from mode 
shapes only); (b) α=0.5 (equal information from natural frequencies and MAC matrix); 
(c) α=1 (information from natural frequencies only). For other values of α ranging between 
0 and 1, both test profiles could be taken into account, with variable importance, depending 
on the specific reliability of estimated frequencies and mode shapes. 

Fig. 11 presents a synoptic flowchart that illustrates the iterative process of calibration of 
the numerical model. The process involves the concatenated use of two software packages: 
ABAQUS [23] as structural solver and MATLAB optimization toolbox [26] as optimization 
routine. In the ABAQUS environment the numerical algorithm for the eigenvalues and eigen-
vectors problem of the FE models is run based on a set of initial parameter values. In the 
MATLAB routine, based on the experimental modal information, the mode pairing between 
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experimental and numerical modes is performed through the application of a least square op-
timization procedure. The minimization of the residuals in the objective function is achieved, 
by using a Trust Region method through the “lsqnonlin” function of the Optimization 
Toolbox [21]. 

Figure 11: Flowchart of the optimization process for FE model updating (adapted from [25]). 

The “lsqnonlin” function in MATLAB requires the following entries: the evaluation of the 
objective function; a start point x0 from which the search of the absolute minimum departs; 
lower and upper bounds for the optimization variables, which are applied to the procedure to 
assure that the variations of the parameters do not lay outside some reasonable limits. Then, 
the function proceeds to an iterative search towards the absolute minimum, by varying the op-
timization variables (material parameters), evaluating through them the objective function and 
its jacobian at each iteration, and checking convergence/stopping criteria, as reported in [25]. 

6.2 Optimization results  
The updated value of Young’s modulus of the deck is 34.9 GPa, of Young’s modulus of 

arches/hangers is 35.7 GPa and of concrete density is 2437 kg/m3, with a percentage variation 
of 5.76%, -2.19%, and 1.54%, respectively, if compared to the initially-assumed values in the 
base model. 

The updated frequencies fi are listed in the fourth column of Table 7. The frequency per-
centage discrepancies and mode-shape correlation MAC values between the measured and 
updated modes are reported in the fifth and sixth column in Table 7, respectively. 

Experimental 2D updated model 
Mode identifier Mode N fFDD (Hz) fFE (Hz) Δf (%) MAC 

V1 1 3.564 3.564 -0.02 1.000
V2 3 6.018 6.065 0.78 0.992
V3 5 7.690 7.627 -0.81 0.993
V4 8 13.086 11.942 -8.74 0.889

Table 7: Correlation between experimental and FE updated model dynamic characteristics of the first four verti-
cal bending modes. 
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The optimization procedure has resulted quite successful. The results show maximum fre-
quency difference of lower than 1% and very high MAC values larger than 99% for the 
modes within the frequency range 0-10 Hz (first three modes). 

7 CONCLUSIONS  
Ambient vibration testing with conventional high-sensitivity accelerometers, the assembly 

of three FE models with different levels of refinement and the calibration of a simplified nu-
merical FE model (2D) of a historic reinforced concrete arch bridge have been presented in 
this paper.  

From the results of the identification analysis based on the operational response data col-
lected on the bridge it is possible to observe that: (a) almost all identified mode shapes exhibit 
regular and smooth shape with dominant bending or torsion, with the exception of the 7th 
mode, which is characterized by coupled bending and torsion and exhibits complex behaviour; 
(b) the “splitting” of first mode and the complex behaviour of the 7th mode deserves further 
investigation since both the observed phenomena might be related to the poor state of preser-
vation and cracking of some vertical hangers (“dispersive phenomenon”). 

The calibration of the 2D FE model of the bridge has been based on the estimated dynamic 
characteristics of the structure determined through an operational modal analysis and it has 
involved a prior manual tuning of structural parameters selected by engineering judgments. 
Then, a sensitivity analysis and a subsequent optimization process have been performed. The 
sensitivity analysis has confirmed as a good choice the structural parameters selected for 
model updating. The application of the updating procedure has provided a 2D linear elastic 
model of the bridge, adequately representing the modal behavior of the structure in its present 
condition. In fact, good correlations with the experimental results (natural frequencies and 
mode shapes) have been obtained in the frequency range 0-10 Hz.  

The structural parameters determined for the 2D FE model will be set as the starting point 
in the updating procedures of the more refined 3D FE models, in order to finally constitute a 
FE model as a baseline reference within a possible long-term monitoring framework of the 
bridge. 

ACKNOWLEDGMENTS  
The authors thank very much the Province of Lecco, owner of the bridge, from allowing to 

perform the experimental tests; the cooperation of MSc A. Valsecchi (Director of the Bridge 
and Road Division, Province of Lecco) is gratefully acknowledged. The financial support by 
the University of Bergamo and by the Institute of Structural Engineering (IBK), ETH Zürich, 
within project ITALYR (Italian TALented Young Researchers) 2014, is also gratefully 
acknowledged. 

REFERENCES  
[1] K. Worden, C.R. Farrar, G. Manson, G. Park, The fundamental axioms of structural 

health monitoring. Proceedings of the Royal Society A: Mathematical, Physical and En-
gineering Sciences, 463(2082), 1639-64, 2007. 

2351



R. Ferrari, D. Froio, E. Chatzi, C. Gentile, F. Pioldi, E. Rizzi  

[2] J.M.W. Brownjohn, P.Q. Xia, H. Hao, Y. Xia, Civil structure condition assessment by 
FE model updating: methodology and case studies. Finite Elements in Analysis and De-
sign, 37(10), 761-775, 2001. 

[3] F. Benedettini, C. Gentile, Operational modal testing and FE model tuning of a cable-
stayed bridge. Engineering Structures, 33(6), 2063-2073, 2011. 

[4] F. Magalhães, A. Cunha, Explaining operational modal analysis with data from an arch 
bridge. Mechanical Systems and Signal Processing, 25(5), 1431-1450, 2010. 

[5] J.E. Mottershead, M.I. Friswell, Modal updating in structural dynamics: a survey. Jour-
nal of Sound and Vibration, 167(2), 347-375, 1993. 

[6] M.I. Friswell, J.E. Mottershead, Finite Element Model Updating in Structural Dynamics, 
Kluwer Academic Publishers, Dordrecht, 1995. 

[7] O.S. Salawu, Detection of structural damage through changes in frequency: a review. 
Engineering Structures, 19(9), 718-723, 1997. 

[8] G. de Roeck, B. Peeters, J. Maeck, Dynamic monitoring of civil engineering structures. 
Proceedings of the 4th International Colloquium on Computation of Shells and Spatial 
Structures (IASS-IACM 2000), Chania, Crete, Greece, 4-7 June, 824-848, 2000. 

[9] F. Magalhães, A. Cunha, E. Caetano, Vibration based structural health monitoring of an 
arch bridge: from automated OMA to damage detection. Mechanical Systems and Signal 
Processing, 28(4), 212-228, 2012. 

[10] F. Magalhães, A. Cunha, E. Caetano, Dynamic monitoring of a long span arch bridge. 
Engineering Structures, 30(11), 3034-3044, 2008. 

[11] D. Ribeiro, R. Calçada, R. Delgado, M. Brehm, V. Zabel, Finite element model updating 
of a bowstring-arch railway bridge based on experimental modal parameters. Engineer-
ing Structures, 40, 413-435, 2012. 

[12] H. Schlune, M. Plos, K. Gylltoft, Improved bridge evaluation through finite element 
model updating using static and dynamic measurements. Engineering Structures, 31(7), 
1477-1485, 2009. 

[13] B.A. Zárate, J.M. Caicedo, Finite element model updating: Multiple alternatives. Engi-
neering Structures, 30(12), 3724-3730, 2008.  

[14] Z.H. Zong, B. Jaishi, J.P. Ge, W.X. Ren, Dynamic analysis of a half-through concrete-
filled steel tubular arch bridge, Engineering Structures, 27(1), 3-15, 2004. 

[15] R. Ferrari, F. Pioldi, E. Rizzi, C. Gentile, E. Chatzi, R. Klis, E. Serantoni, A. Wieser, 
Heterogeneous sensor fusion for reducing uncertainty in Structural Health Monitoring, 
1st ECCOMAS Thematic Conference on International Conference on Uncertainty Quan-
tification in Computational Sciences and (UNCECOMP 2015), Crete Island, Greece, 
May 25-27, 2015. 

[16] D. Froio, R. Zanchi, Finite element modelization and modal dynamic analyses of an his-
torical reinforced concrete bridge with parabolic arches, M.Sc. Thesis in Building En-
gineering, Advisor E. Rizzi, Co-Advisor R. Ferrari, Università di Bergamo, Scuola di 
Ingegneria, 228 pages, 2014. 

[17] L. Santarella, E. Miozzi, Ponti Italiani in Cemento Armato, Hoepli, Milano, 1948. 

2352



R. Ferrari, D. Froio, E. Chatzi, C. Gentile, F. Pioldi, E. Rizzi 

[18] R. Brincker, L. Zhang, P. Andersen, Modal identification of output-only systems using 
frequency domain decomposition. Smart Materials and Structures, 10(3), 441-445, 2001. 

[19] B. Peeters, G. De Roeck, Reference-based stochastic subspace identification for output-
only modal analysis. Mechanical Systems and Signal Processing, 13(6), 855-78, 1999. 

[20] D. Zonta, C. Modena, Observations on the appearance of dispersive phenomena in dam-
aged structures. Journal of Sound and Vibration, 241(5), 925-933, 2001. 

[21] SVS, ARTeMIS Extractor 2011, http://www.svibs.com/, 2012. 

[22] F. Ubertini, C. Gentile, A.L. Materazzi, Dispersive phenomena in bridges by time-
frequency analysis. Proceedings of the 5th International Operational Modal Analysis 
Conference (IOMAC 2013), Guimaraes, Portugal, 2013. 

[23] Hibbit, Karlsson and Soresen, Inc, A.A.V.V., Abaqus, Theory Manual, Version 6.7-1, 
2004. 

[24] R.J. Allemang, The modal assurance criterion - twenty years of use and abuse. Journal 
of Sound and Vibration, 37(8), 14-21, 2003. 

[25] F. Arizzi, E. Rizzi, Elastoplastic parameter identification by simulation of static and dy-
namic indentation tests. Modelling and Simulation in Materials Science and Engineering, 
22(3), 1-22, 2014. 

[26] The MathWorks Inc. User's Guide and Optimization Toolbox, Release 7.5, Matlab. 2007. 

2353



 COMPDYN 2015 
5thECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27May 2015 

EVALUATION OF THE DYNAMIC RESPONSE FOR A HISTORIC 
BYZANTINE CROSSED-DOME CHURCH THROUGH BLOCK-JOINT 

AND KINEMATIC ANALYSIS 

Constantine C. Spyrakos1, Francesco Pugi2, Charilaos A. Maniatakis1, and Alessio 
Francioso1 

1Laboratory for Earthquake Engineering, National Technical University of Athens 
HeroonPolytechniou 9, 15780 Zografou, Athens, Greece 

{cspyrakos@central.ntua.gr; chamaniatakis@gmail.com; alessiofrancioso@gmail.com} 

2Aedes Software 
56028 San Miniato Basso, Pisa, Italy 

info@aedes.it 

Keywords: Historic Masonry Structures, Crossed-dome Byzantine Church, Seismic Response,  
Pushover Analysis, Kinematic Analysis. 

Abstract. The protection of historic masonry structures against earthquakes constitutes a ra-
ther complex problem. The calculation of their anticipated response involves significant diffi-
culties, such as the selection of the proper simulation in conjunction with the measurement of 
the materials mechanical properties. In the present research the central church (Catholicon 
or Katholikó) of the Monastery of Kaisariani located on a hillside at the foot of Mount Hymet-
tus on the east of Athens, Greece, is selected as a case study of a historic structure to study its 
seismic response. The Catholicon is a Byzantine crossed-dome church constructed during the 
11th/12th centuries. Full survey and detailed in-situ and laboratory tests were carried out by 
the multidisciplinary team of an on-going research program in order to document its geome-
try, the construction details and the mechanical properties of the constituent materials. The 
current condition of the structure and its seismic behavior were assessed by means of a block-
joint and kinematic analysis. Specifically, the stability of selected macroelements was evalu-
ated through (a) pushover analysis applied to block-joint models of arches and vaults and (b) 
kinematic analysis of rigid bodies.  

The investigation was performed within the research project “Seismic Protection of Monu-
ments and Historic Structures - SEISMO” which is co-financed by the Greek Ministry of Edu-
cation and Religions and the European Union under the action “Thales” within the context of 
the Operational Programme - Education and Lifelong Learning, NSRF 2007-2013. 
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1 INTRODUCTION 
The protection of monuments under seismic excitations is an issue of critical importance 

for countries that present significant seismic activity [1, 2]. In the Mediterranean basin, a re-
gion of intense seismic activity, there is a significant number of monuments of world cultural 
heritage representative of a wide range of historical periods: Minoan, Mycenaean, Archaic 
and Classical, Hellenistic, Roman, Medieval, Byzantine, Ottoman and modern. Between those 
countries that combine rich cultural heritage and considerable seismicity, Greece presents the 
most significant seismic activity in Europe while ranks among the most seismically active re-
gions on global scale [3]. The same time Greece is a country well celebrated for its cultural 
heritage with monuments belonging to the classical era like the Acropolis in Athens (5th cen-
tury BC) and monuments of the byzantine era like the Monasteries of Daphni, Hosios Loukas 
and Nea Moni of Chios (11th – 12th centuries AC) all inscribed in the World Heritage List of 
UNESCO [4]. Seismic activity is also important for other countries located within the Medi-
terranean basin well known for their cultural heritage such as Italy, the Balkan counties, Cy-
prus, Turkey and the north coast of Africa [5]. 

The need for the reservation of monuments led to the adoption of “The Athens Charter” for 
the Restoration of Historic Monuments in 1931 [6] and later with the contribution of interna-
tional organization like UNESCO, ICOMOS and the European Council “The Charter of Ven-
ice” was adopted in 1964 for the Conservation and Restoration of Monuments and Sites [7]. 
Nowadays, the use of contemporary computational tools, the application of instrumentation 
and non-destructive evaluation and the use of new materials, allow for a more thorough con-
frontation of the reservation problem. However, seismic activity still represents an important 
parameter of vulnerability for monuments and historic structures. For that reason significant 
efforts have been made towards the establishment of provisions for the seismic strengthening 
of monuments [8-10]. 

The ongoing research project entitled “Seismic Protection of Monuments and Historic 
Structures - SEISMO” which is conducted under the coordination of the Laboratory for 
Earthquake Engineering of the National Technical University of Athens, LEE-NTUA [11], 
aims at the development of an integrated, interdisciplinary and innovative methodology for 
the evaluation of the seismic behavior of monuments and historic structures.  

Two monuments of major historical and architectural significance were selected as case 
studies in the context of the SEISMO Project both located in Athens, Greece: a) the temple of 
Hephaestus or "Hephaisteion" (449-444 BC) dedicated to Hephaestus and Athena, in the An-
cient Agora and b) the Catholicon of the Kaisariani Monastery (11th-12th century AC) dedicat-
ed to the Presentation of the Virgin, at the foot of Mount Hymettus. This work focuses on the 
second monument, the central church of the Kaisariani Monastery constructed during the byz-
antine period and presents only a part of the analyses carried out in order to study its seismic 
behavior. 

The vulnerability of church-type structures under earthquake loadings was confirmed dur-
ing major recent earthquake events, i.e., the M=7.1 Christchurch 2011 earthquake in New 
Zealand [12] and the two earthquakes with magnitudes of M=6.0 and M=6.1 Cephalonia, 
Greece 2014, earthquakes that provoked extensive damages to churches made of unreinforced 
masonry [13]. The topic has been extensively studied in the literature, e.g. [14-18]. 
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2 THE CATHOLICON OF KAISARIANI MONASTERY 

2.1 History, Architectural Perspectives and Structural Characteristics 
Several different names were used in the literature for the Monastery during its long life 

including “Kaisariani”, a name of unconfirmed origin, “Kyriani”, “Sancta Siriani” during the 
period of Frankish rule, and the Monastery of “Koç basi” (“Ram’s Head”) during the Ottoman 
period. The first Christian center had been founded southwest of the Monastery on the hill of 
the Cemetery of the Fathers where ruins of a 10th century Byzantine church built on the foun-
dations of a 5th-6th c. three-aisled basilica are preserved. The Monastery was moved to its pre-
sent location during the late 11th century [19]. 

The central church, Catholicon, of the Kaisariani Monastery is considered to be one of the 
finest byzantine monuments of Attica. It is dating back to the end of the 11th– beginning of the 
12th century and has been preserved from the Byzantine era. It is constructed according to the 
cross-in-square or crossed-dome architectural type and is dedicated to the Presentation of the 
Virgin [19, 20], probably firstly introduced in Constantinople in the 9th century during the 
reign of Vasileios A (867-886 AD) and spread quickly all over the Byzantine Empire. It is 
considered to be the most representative byzantine architectural type. The main feature of this 
rhythm is the formation of a cross inside and outside the nave, which is almost square, with 
one or five domes [21-23].  

In a typical cross-in-square church the nave is divided into nine bays by four columns (or 
piers). The central bay is roofed by a central dome which is supported on the four columns. 
The inner five divisions form the shape of a cross. Barrel vaults usually cover the four rectan-
gular bays that directly adjoin the central bay while groin-vaults usually cover the four re-
maining bays in the corners. The spatial hierarchy of the three types of bay, from the largest 
central bay to the smallest corner bays, is mirrored in the elevation of the building with the 
domed central bay being the taller [21-23].  

The so-called “Athenian dome” is constructed in the Catholicon that may be found in many 
other Byzantine churches of Athens and Greece. This type of dome consists of eight sides 
with its corners decorated by small upright marble columns; a semi-circular eave forms at the 
top of each hexagon. As a rule, there is one simple window on each side of the octagon.  

In the case of the Kaisariani Catholicon the octagonal dome has a straight horizontal dentil 
cornice on its roof, as an exception to the usual corrugated cornice of the "Athenian type" 
domes. Also the four central pillars that support the dome are made of marble while in this 
architectural rhythm it was also common the construction of brick piers [19, 23].  

At the western wall of the nave usually a narthex is placed that is practically an entrance 
hall. A narthex and a single-room, vaulted chapel of Aghios Antonios were added to the west-
ern and southern side of Catholicon, respectively, in the 16th or 17th century as depicted in 
Figure 1. The narthex is consisted by three bays with the central one crowned by a lower 
dome [19].  

To the eastern part of the nave stands the bema, or sanctuary, separated from nave by a 
templon made also by marble. Three additional bays form the sanctuary adjoining the east-
ernmost bays of the nave, each of which terminates in an apse crowned by a conch (half-
dome). The central apse is larger than those to the north and south. The plan view of the nave 
is nearly quadrangle with length and width approximately equal to 8.5 meters. The height up 
to the base of the dome is 7.4 m and the internal height of the dome is approximately 4.2 m. 
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(a) (b) 

Figure 1: Catholicon of Kaisariani monastery in Athens: (a) Plan view; (b) North façade [24]. 

The masonry construction is mixed including rubble masonry and carved stones. The ex-
ternal walls of the Catholicon are constructed in the cloisonné system that is made by shelly 
limestone surrounded in many places by bricks.  

The north side placed at the initial entrance of the monastery was sculpturally rendered car-
rying arches of well-hewn limestone, as shown in Figure 1b, while the south side presents 
parts of rubble masonry. The Catholicon is partly covered by frescoes dating back to the early 
18th century while the oldest one is a mural of the Theotokos Praying of the 14th century lo-
cated on a wall initially exterior and today incorporated into the Aghios Antonios chapel. Of 
particular interest are also the brick decorative frames of the arched openings. 

In 1921, the Kaisariani Monastery was declared an archaeological monument and came 
under the jurisdiction of the State Archaeological Service [19].  

2.2 Research Outline 
As already mentioned the Catholicon of the Kaisariani Monastery was selected as a repre-

sentative monument of the byzantine period to be studied in the context of the SEISMO Re-
search Project.   

A thorough methodology is currently in progress in order to assess the current condition of 
the monument and evaluate its vulnerability under seismic loading. The implementation of the 
proposed methodology includes: (a) documentation of the existing state through surveys and 
architectural studies; (b) recording of the pathology of the structure; (c) identification of the 
construction materials with non-destructive and laboratory testing; (d) assessment of the 
seismic hazard based on regional seismicity and soil conditions; (e) proposal for a monitoring 
scheme; (f) development of mathematical models in order to analytically assess its seismic 
response.  

Given the importance and complexity of monuments and historic structures in terms of de-
sign, construction techniques and materials, advanced computational tools and methods are 
utilized to meet the needs of the proposed research. Several types of analysis, failure criteria 
and innovative applications, such as base isolation will be utilized to study the dynamic be-
havior. Moreover, the methodologies established for the study of the monument, will be as-
sessed in terms of their reliability, accuracy and effectiveness by comparing analysis results 
with experimental data. In the following the dynamic behavior of the Catholicon is studied 
applying local analysis with macroelements [17, 18, 25, 26]. Macroelements are local parts of 
the structure that may deform almost independently from the whole bearing body. These parts 
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may be determined with acceptable reliability based on a survey of the damaged structure [18, 
27]. The macroelement approach is followed herein by a kinematic limit analysis with differ-
ent collapse mechanisms and a non-linear static analysis with a “blocks and joints” finite ele-
ment model that includes arches and pillars of the central nave [17, 18, 25, 26]. 

3 LOCAL ANALYSIS 
The importance of studying the dynamic behavior of the Catholicon of Kaisariani Monas-

tery is justified by the fact that it regards a monument of well known historic and aesthetic 
value. Furthermore, this significance is enforced by the fact that its structural type is typical 
for a series of byzantine monuments constructed according to the cross-in-square rhythm lo-
cated in seismically active regions. Thus, the results may be applicable to other cases given 
that the basic assumptions made for the analysis conducted herein are met.  

The inspection of the damages suffered by the churches after major earthquakes revealed 
that the seismic behavior of this kind of structures can be assessed by local analysis of several 
architectonic portions whose seismic response is actually independent from the church as a 
whole. Such portions referred to as macroelements, can be identified for example as the fa-
çade, the apse, the bell tower or the triumphal arch. The selection of the significant 
macroelements should take into account the architecture of the church, the knowledge of its 
constituent materials and construction details, the presence of any earthquake-resistant presid-
ium and the visual inspection of existing cracks and damages.  

The local analysis of each macroelement consists in the definition of its collapse mecha-
nism and the relevant collapse multiplier by means of kinematic analysis and/or pushover 
analysis. 

Through kinematic analysis the collapse multiplier α0 may be calculated using the principle 
of virtual work given in the following form [8, 9]:  

 , , ,
1 1 1 1

n n m n o

o i x i j x j i y i h h fi
i j n i h

P P P F L    


    

 
        

 
     (1) 

where: n is the number of the weights applied to the different blocks of the kinematic system; 
m is the number of the weights non-directly applied to the blocks, which because of the seis-
mic action transfer a horizontal force to the blocks; o is the number of the non-related to 
masses external forces applied to the blocks; Pi is the generic weight applied to the block 
(self-weight applied to the centroid or any other carried weight); Pj is the generic weight (non-
directly applied to the blocks) which, because of  the seismic action, transfers horizontal forc-
es to the blocks; δx,i is the virtual horizontal displacement of the weight application point; δy,i 
is the virtual vertical displacement of the weight application point; Fh is the absolute value of 
generic external force applied to the blocks; δh is the virtual displacement of the force applica-
tion point in its direction and Lfi is the work of internal forces. In eq (1) the x direction is the 
direction of the collapse of each mechanism that is normal to the direction of the axes of rota-
tion in case of overturning. 

Through pushover analysis the collapse multiplier α0 is pursued as the maximum static 
multiplier instead of the minimum kinematic multiplier and it is calculated with the following 
formula: 

 max
0

F
a

W
  (2) 

where:  Fmax is the maximum lateral force that the structure can sustain; W is the total weight 
of the structure. 

2358



Constantine C. Spyrakos, Francesco Pugi, Charilaos A. Maniatakis and Alessio Francioso 

Once the collapse multiplier is calculated, according to the Italian Structural Standards [8, 
9] the verification in terms of Ultimate Limit State can be applied with the following proce-
dure. The spectral acceleration ∗  that causes the collapse mechanism is given by: 

 *
0 *

o g

e FC

 



 (3) 

where: ∗ is the participating mass ratio (it can be taken equal to 1) and FC is the confidence 
factor (taken equal to 1.35 for kinematic analysis).   

The macroelement response fulfils the Ultimate Limit State when  

  * * *
0 ,Rig Defa Max    (4) 

where: ∗  and ∗  are the accelerations that the structure should sustain. Assuming that 
the structure is either rigid or deformable the ∗  and ∗  are given by the following ex-
pressions: 

    1* *g e
Rig Def

a S S T Z

q q


 

  
   (5) 

where: ∙  is the ground acceleration, S is the soil factor, q is the behavior factor, 
 is the elastic spectrum calculated for the first period of vibration of the structure T1 in 

the considered direction,  is the first mode of vibration in the considered direction nor-
malized in order to be equal to 1 at the top of the structure, Z is the height of the rotation axis 
with respect to the building foundations and γ is the correspondent modal participation coeffi-
cient. 

The following Figures 3-5 show the macroelements for which a kinematic analysis was 
performed with the aid of [25]. The values of the collapse multipliers are given in Table 1. 
The specific weight of the masonry rigid bodies was taken equal to 18 kN/m3. 

The transversal behavior of the church was assessed through pushover analysis applied to 
the “block-joint” model [26] of the three arches and relevant pillars shown in Figure 6.  

 

   
Figure 2: 3D model of the church.  
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(a) (b)

Figure 3: a) M01 - Overturning of the belfry façade; b) M02 - Overturning of the belfry.  

(a) (b)

Figure 4: a) M03 - Overturning of the central apse; b) M04 - Partial overturning of the central apse 

(a) (b)

Figure 5: a) M05 - Overturning of a north wall; b) M06 – Overturning of a north wall wide one side wing. 

2360



Constantine C. Spyrakos, Francesco Pugi, Charilaos A. Maniatakis and Alessio Francioso 

Macroelement Collapse multiplier 
M01 - Overturning of the belfry façade 0.128 
M02 - Overturning of the belfry 0.234 
M03 - Overturning of the central apse 0.111 
M04 - Partial overturning of the central apse 0.307 
M05 - Overturning of a north wall 0.120 
M06 – Overturning of a north wall wide one side wing 0.173 

Table 1: Collapse multiplier for the different mechanisms considered. 

(a) (b) 

Figure 6: a) Transversal behavior of the church; b) Block-joint model of the macroelement. 

The mechanical properties of the constituent materials are shown in Table 2.  
 
Masonry Specific weight 18 kN/m3 
 Elastic modulus 1300 N/mm2 
 Shear modulus 500 N/mm2 
Blocks Specific weight 20 kN/m3 
 Elastic modulus   1800 N/mm2 

 Shear modulus  720 N/mm2 
Joints Elastic modulus  500 N/mm2 

 Shear modulus 200 N/mm2 
 Tensile strength 0.30 N/mm2 

 Table 2: Mechanical properties of the materials. 
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The characteristics of the masonry constituting the walls and the pillars were based on the 
literature [28], while the mechanical properties of blocks and joints were chosen as the ones 
that led to a balance configuration at the beginning of the pushover analysis. A more accurate 
evaluation of the structural behaviour of this macroelement will be feasible when the actual 
values of the material properties will be available from the SEISMO Project.     

Figure 7 shows a front view of the block-joint model and the modal shape of the first mode 
of vibration. Moreover, the red spheres symbolize the mass applied at each node and highlight 
how the loads were distributed in the model.  

The pushover analysis was performed in the direction shown in Figure 6, considering a lat-
eral force distribution proportional to the nodal masses and a base shear increment equal to 1 
kN. Figure 8a shows the displacements registered at the last step of the analysis when the base 
shear is equal to 32 kN, while Figure 8b shows the position of the thrust-line for arches and 
pillars as well as the state of the verification applied to the pillars. The red drums are the ones 
where the thrust-line has come out of the cross section and therefore feature a plastic hinge.    

 

 
(a) (b) 

Figure 7: a) Block-joint model. b) First mode modal shape. 

(a) (b) 

Figure 8: Pushover analysis, last step: a) displacements; b) Thrust-lines and verifications. 
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Blocks Elastic Modulus Collapse multiplier 
1200 N/mm2 0.069 
1500 N/mm2 0.066 
1800 N/mm2 0.071 
2100 N/mm2 0.038 

Table 3: Relation between blocks elastic modulus and collapse multiplier. 

The value of the collapse multiplier was proved to be quite sensitive to the value of the 
modulus of elasticity of the arch blocks. Table 3 shows the relation between these two values. 

4 CONCLUSIONS  
This work presents preliminary analytical results of the central church (Catholicon) of the 

Kaisariani Monastery in Athens. The church is constructed during the 11th and 12th centuries 
according to the crossed-dome architectural rhythm and is considered to be one of the finest 
byzantine monuments of Greece. This monument was selected as a case-study of a historic 
structure located in an earthquake active region to be studied in the context of the ongoing 
research program entitled “Seismic Protection of Monuments and Historic Structures - 
SEISMO”. 

The preliminary analysis includes the study of selected macroelements, i.e., parts of the 
structure that are susceptible to behave independently from the whole structure. Six different 
macroelements were considered to perform kinematic limit analyses: M01 - Overturning of 
the belfry façade; M02 - Overturning of the belfry; M03 - Overturning of the central apse; 
M04 - Partial overturning of the central apse; M05 - Overturning of a north wall; M06 – 
Overturning of a north wall wide one side wing. Also, pushover analysis was conducted to 
assess the transversal behavior of the church by means of a macroelement that isolates three 
arches and the supporting pillars of the central nave with the “block-joint” approach.  

In summary the results show that the collapse mechanism that is more hazardous for the 
overall stability of the monument is the mechanism M03 that presents the smaller collapse 
multiplier and suggests out-of-plane overturning of the central apse. The second most likely to 
occur mechanism is the mechanism M05 that suggests overturning of a wall in the north fa-
cade of the outer narthex. The collapse multiplier for the block-joint model is even smaller 
and presents considerable sensitivity in the assumptions made regarding the material proper-
ties.  

The assessment of the current condition of the monument is made by the application of de-
tailed surveying, in-situ and laboratory testing which are currently in progress and will allow 
for a more thorough assessment of seismic behavior of the monument in the near future.  
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Abstract. In this paper, the seismic response of the Temple of Hephasteus in Athens, Greece 

is investigated numerically. The temple of Hephaestus was probably erected between 460 and 

420 BC by a yet unknown architect on top of Agoraios Kolonos hill, which is delimiting the 

Ancient Agora of Athens to the west. It is one of the best preserved ancient temples, partly be-

cause it was transformed into a Christian church. The analyses were performed using the 

general purpose code 3DEC, which is based on the distinct element method, and can capture 

well the dynamics of multi-block systems, which respond to strong earthquakes with intense 

rocking and sliding of the individual blocks. The ground motions that were used as base exci-

tations were selected to be compatible with the seismotectonic environment of the ancient cen-

ter of Athens and within the range of the maximum expected earthquakes. In the numerical 

model, the full monument was implemented, but an investigation of the accuracy obtained 

with sub-models concerning small parts of the temple was also performed. The structural 

members were simulated quite accurately, but the columns and the walls were modeled intact, 

without the imperfections and the damage observed in the current state of the monument. 

However, the computer codes that were used were producing damage to the structure after 

each earthquake. In this way, it was possible to evaluate the effectiveness of the used software 

by comparing the predicted damage with the existing one. 
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1 INTRODUCTION 

1.1 Description of the structure 

The Temple of Hephaestus, mostly known as Thision, dedicated to god Hephaestus, pro-

tector of blacksmiths and metallurgy, and to goddess Athena Ergane, is one of the most well 

preserved Doric peripteral temples [Figure 1]. Built between 460 and 420 BC by a yet un-

known architect, to whom, however, are attributed other temples of similar structure in the 

Attica region, the temple is located on top of the Agoraios Kolonos hill, on the west side of 

the Athenian Agora in  the historical center of Athens.  

During the raid of the Heruli and later of the Goth the temple was left intact, and it was 

around 700 CE that the temple was converted to a Christian church, dedicated to Saint George. 

During that period, some alterations were conducted, including the shifting of the main en-

trance to the opisthodomos, the removing of the marble floor, the opening of two new en-

trances at the long side of the walls of the cella , and a cupola that was constructed over the 

cella.  The last divine liturgy in the temple took place in 1833 during the celebrations for the 

arrival of Otto in Greece. After that, the temple was used as an archaeological museum, until 

1930 when excavations were conducted in its interior by the American School for Classical 

Studies.  

Figure 1. East view of Temple Hephaestus. 

Figure  2 shows the temple in plan view. The structure, a peripteral temple of Doric order, 

consists of the Opisthodomos, the Cella, the Pronaos and the external colonnade. It is made of 

marble that was quarried at the Penteli Mountain from where the marble of the Parthenon also 

originates. The dimensions of the base are 31.80 m × 13.80 m. The Cella is 22.50 m long and 

7.85 m wide. The external colonnade has six columns at the east and the west facades and 

thirteen columns at the north and the south facades. Each column consists of seven (7) drums 

of different height. The total height (drums and capital) of the columns is 5.70 m and the di-

ameter at the base is  0.95 m.  

Vertically, the temple can be divided in three parts (Figure 2): the crepidoma, the columns 

and the entablature. The crepidoma provides the surface on which the columns and the walls 

are placed and is comprised with several layers of squared stone blocks. The capital of the 

columns is made of a circular torus bulge, the echinus and a square slab called the abacus. The 

capitals support the entablature, which consists of two parts: the architraves (lowest part) and 

the frieze. The architraves consist of two beams at each span between adjacent columns. 

The origin of the imperfections and damages observed in the current state of the monument 

differs. Some have been attributed to human intervention, such as the undercutting of the col-
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umns (Figure 3a) that took place for the placement of the sarcophagi in the peristyle [1, 2]. 

Others, such as the opening of the joints between the architrave beams at the corners of the 

temple (Figure 3b), are probably the result of several earthquake events that have hit Athens. 

 
 

      
 

Figure 2. Plan view and elevation of Temple Hephaestus . 

 

 

  
Figure 3. (a) Cutoffs of the lower drums of the columns at the north side of the temple; (b) opening of the 

joints of the architraves at the corners of the temple. 

 

1.2 Numerical Simulation 

 

Due to their spinal construction, the dynamic behaviour of ancient monuments is highly 

nonlinear and very sensitive to even trivial changes in the geometry or the base motion char-

acteristics.  During a seismic event, rocking and/or sliding of  blocks (drums in case of col-

umns), individually or in a group, can occur, leading to large displacements and rotations. For 

the numerical analyses presented in this paper, the code 3DEC by Itasca Consulting Group, 

Inc. [4] was employed, which is based on the discrete element method. The code was initially 

designed for the analysis of the behaviour of rock masses, which are modeled as assemblies of 

discrete rigid bodies and discontinuities are considered as boundary conditions. Large dis-

placements and rotations and even complete detachment of the blocks is permitted, while the 
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code automatically detects new contacts during the response. For rigid block problems, the 

code gives an accurate contact formulation, in which the interaction takes place at a number 

of contact points . The contact between two blocks is represented by several sub-contacts 

where various types of contact are considered (apex to apex, apex to edge etc.) and interaction 

forces are applied. Each contact is assigned a contact area, which is used to calculate the local 

point stiffness, in terms of the user-defined normal and shear stiffness of the discontinuity sur-

face. In addition a damping coefficient is introduced. The values of the joint stiffness used in 

the model were 5×10
9
 Pa/m in the normal direction and 1×10

9
 Pa/m in the tangential direction, 

based on values that were derived by comparing numerical results with corresponding exper-

imental data obtained from shaking table tests performed at the Laboratory for Earthquake 

Engineering of the National Technical University of Athens [5-8].   

In Figures 4 and 5, the numerical model of the temple of Hephaestus is shown. To simplify 

the simulation, without influencing the dynamic characteristics of the structure, the architec-

tural details of the architraves and frieze, the flutes of the columns and the curvature of the 

stylobate were omitted. In addition all the drums of the external colonnade were considered 

with equal height. The cella was included in the model without taking into account any dis-

continuities. As in reality, it is connected to the exterior colonnade through beams located 

above the level of the entablature.    

 

 
 

Figure 4. 3d view of the numerical model used in the analyses with 3DEC. 

 

 Figure 5. Side view of the numerical model used in the analyses with 3DEC. 
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2 SELECTION OF BASE MOTIONS 

For the selection of the earthquake records to be used in the analyses, the records consid-

ered in [9], which are compatible with the seismotectonic environment and the ground profile 

of the historical center of Athens were selected.  According to the results presented in [9], 

where back analyses on a free standing column of Thrasyllos, which is  located nearby the 

Temple of Hephaestus, were performed, the  maximum earthquake that could have happened 

in Athens during the last 2,300 years is unlikely it had peak ground velocity (pgv) larger than 

35 cm/s and predominant period in the range 0.5–1.2 s which is consistent with the results of 

seismotectonic analyses. Within this range of the maximum expected earthquakes, the model 

was subjected to the ground motion of four earthquakes amplified accordingly [9]. The main 

parameters of the seismic input motions are shown in Table 1. Both horizontal components 

and the vertical one of the considered records were applied simultaneously as the base motion 

to the numerical model. 

Earthquake 

record 

Magni-

tude 

Fault 

dist. Amplifica-

tion 

factor 

Long Trans 

Mw [km] 
pga 

(m/s
2
)
 

pgv 

(m/s) 

pga 

(m/s
2
)
 

pgv 

(m/s) 

Syntagma-B (1999) 5.97 10 3.5 1.07 10 0.84 11 

Assisi-Stallone (1997) 6.04 14 2.0 1.84 10 1.64 8 

Cascia (1979) 5.89 1 2.5 1.42 8 1.99 11 

Kozani (1995) 6.61 14 2.5 2.13 9 1.38 7 

Table 1: Earthquake records considered in the numerical analyses. 

3 RESULTS 

Indicative results are presented in Figure 6 which shows the time-histories of the displace-

ments at the capital of three columns (the two corner column and one middle column) located 

at the north façade. With the exception of the response for the Assisi-Stallone earthquake, the 

three columns exhibited somehow different displacements and rotations despite the symmetry 

in the external collonade itself. It is noted, though, that there is a small asymmetry in the con-

nections of the collonade to the cella. The maximum displacement of the capital was observed 

during the Syntagma-B excitation (amplified 3.5 times) and had a value of 8 cm. The maxi-

mum permanent dislocation at the capital was 2.4 cm, whilst, for all excitations, larger values 

were observed at the middle drums of the columns, a fact that conforms with the current state 

of the temple (see Figure 7).   
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Figure 6. Capital displacements of three columns (the two corner column and one middle column), located at the 

north façade. 

 

 
 

Figure 7. Residual displacements along the height of the corner column.  

 

Figure 8 shows the time-history of the displacement of the outer architrave at the corner of 

the temple. It can be seen that, for all excitations, significant permanent displacement is evi-

dent, which led to the opening of the joint between the architrave beams. It should be noted 
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that experiments performed in a 1:3 scale model of three columns with architraves [8] indicat-

ed that existing dislocations from previous earthquakes may enlarge the displacements during 

future seismic events compared to the intact structure.  

 

 
Figure 8. Time-history of the displacement of the outer architrave at the corner of the temple.  

 

4 SUB-MODELS 

4.1 Numerical Model 

The dynamic analysis of the complete structure of a monument is difficult and very time-

consuming, which leads to the necessity to create sub-assemblies in order to make their study 

more efficient without compromising with the accuracy of the results. In order to check 

whether such an approach is acceptable, a sub-assembly of the corner of the temple was creat-

ed and compared to the full model presented above. In the sub-model, four columns of the 

long side and two columns of the short side were considered, keeping the same ratio of the 

number of columns on these sides as in  the actual structure (13:6).  

 
Figure 9. 3d view of the sub-model considered. 
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4.2 Results 

In Figure 10, the residual displacements along the height of the corner column obtained 

from the complete model and the sub-model are depicted. In the case of the Assisi-Stallone 

and the Cascia excitations, the results are similar, but in the case of the Syntagma-B and the 

Kozani earthquakes, larger displacements occurred full model and the form of the dislocations 

of the drums along the height of the column was different. Evidently, further investigation is 

needed regarding this important issue.  

Figure 10. Comparison of the residual displacements along the height of the corner column 
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Abstract. High-definition laser scanning is rapidly becoming an essential tool for accurate 
non-destructive three-dimensional measurements of structures. This technology provides val-
uable information about an object which is discretized in space as “point clouds”. Two rep-
resentative examples of current research activities on use of laser scanning in historic 
buildings in Uzbekistan and California are discussed. The first example is the Registan 
Square ensemble in Samarkand, Uzbekistan. The ensemble includes several heritage struc-
tures. Earthquakes, extreme seasonal temperatures, etc. have left the ensemble in a ruined 
condition. Domes and portals were partially or totally destroyed. The minarets were danger-
ously inclined, and some façades lost 70-80% of their ceramic tile coverings. Structural re-
pairs and straightening of the minarets had been conducted over the years. In this study, the 
ensemble was scanned from about 70 positions to capture the current condition of the historic 
structures and to conduct structural assessment of the ensemble and its components. The scan 
data are expected to be used for monitoring of the ensemble’s structural condition. In addi-
tion to visual scan data inspection, detailed finite element model of the ensemble was gener-
ated from the as-found geometry captured by laser scans. This model allows detailed seismic 
analysis of the monuments and its components. The model developed for the Sher-Dor Mad-
rasah, part of the ensemble, using the scan data and sample preliminary analysis results are 
presented in this paper. The research team also investigated several historic buildings dam-
aged during the 2014 South Napa Earthquake, California, USA, as the second example. In 
that regard, structural damage assessment using laser scanning for several historic buildings, 
including three churches, were conducted. The results of one of the damaged churches are 
discussed herein. 
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1 INTRODUCTION 
Laser scanning technology is rapidly expanding into many fields and becoming an essen-

tial tool for accurate non-destructive three-dimensional (3D) measurements of structures. This 
technology enables users to capture many points from the subject structure with high accuracy. 
In particular, high-definition laser scanning (HDS) technology provides both qualitative and 
quantitative information about a complex object which is discretized as a cloud of millions or 
billions of points in space. Nowadays, the HDS technology is going beyond the limits of its 
traditional usage, namely topographical surveying, reverse engineering, etc., and is finding 
excellent applications in several fields, e.g. scanning surfaces of visible faults in earthquake-
prone regions and analysis of their roughness led to new developments in seismology [1]. Ex-
tensive studies of heritage buildings are being conducted for historic places throughout the 
world, e.g. [2]. The HDS has been extensively used for documentation and damage assess-
ment of test structures subjected to earthquake loads at the University of California, Berkeley 
(UCB) [3]. In that regard, a unique study of the accuracy of laser scans compared to conven-
tional measurements on a shaking table test of a seismically vulnerable two-story wood house 
over garage due to soft story and torsional effects was conducted [4]. 

This paper extends the ideas presented earlier [3-5] and uses laser scans as a tool to capture 
as-found geometry of historic structures. The geometry is used in generation of accurate finite 
element (FE) models to be used for detailed structural assessment, seismic analysis, and de-
velopment of retrofit strategies. 

2 LASER SCANNING OF HISTORIC BUILDINGS IN UZBEKISTAN 
An extensive program of laser scanning of historic monuments in Uzbekistan was conduct-

ed in October 2013. As a representative example of many heritage monuments, the Registan 
Square ensemble in Samarkand, Uzbekistan was selected. The ensemble includes the Ulugh 
Beg Madrasah, 1417-1420, the Sher-Dor Madrasah, 1619-1636, the Tilya-Kori Madrasah and 
Mosque, 1646-1660, and the 18th century Chorsu domed market as shown in the Google map 
presented in Fig. 1. Earthquakes, extreme seasonal temperatures, normal depreciation of the 
buildings and the economic crises of the 18th and 19th centuries had left the ensemble in a 
ruined condition. Domes and portals were partially or, in some cases, totally destroyed. The 
minarets were dangerously inclined, and façades in some places had lost 70-80% of their ce-
ramic tile coverings. Structural repairs and straightening of the minarets had been conducted 
in 1923 and 1932. However, the major restoration works were undertaken in recent years. The 
ensemble is in its best condition since late 19th century, although some inclination and cracks 
can be observed in the portals, minarets, and the domes of the monuments. In the course of 
this study, the ensemble was scanned from about seventy positions (scan stations). The main 
objective of this scanning program was to capture the current conditions of the historic mon-
uments and conduct structural assessment of the ensemble and its components. A detailed FE 
model of the ensemble was generated from the as-found geometry captured by laser scans. 
The model was utilized for detailed seismic analysis of the monuments and its components. 
The scan data produced extremely valuable results that could be used in determining further 
restoration strategies of the monument located in this earthquake-prone area of Central Asia. 
The scan data are expected to be regularly used for monitoring of the ensemble’s structural 
condition. This paper presents some representative examples of this extensive program. 
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Fig. 1. Google map of the Registan Square ensemble 

3 VISUAL ASSESSMENT OF CURRENT CONDITION  
The Registan Square ensemble has a long and rich history of being one of the major cen-

ters of ancient culture. It is one of the major historic ensembles of Samarkand. The city is 
most noted for its central position on the Great Silk Road, the trade route between China and 
the West, and for being an Islamic center for scholarly study. In the 14th century, Samarkand 
became the capital of the Timurid Empire. The Registan was the center of the ancient city. 
The economic crises of the 18th and 19th centuries had left the ensemble in a ruined condition. 
Typical images of the Ulugh Beg Madrasah, the Tilya-Kori Madrasah, and the Sher-Dor Mad-
rasah dated to the late 19th century are presented in Figs. 2(a), 3(a), and 4(a), respectively. 
These photographs are taken by G. A. Pankratiev [6], a Russian army captain and amateur 
photographer. He produced a unique series of photographs of the architectural monuments 
and images of the city of Samarkand between 1894 and 1904. As shown in the images, the 
domes and portals of the monuments remained in extremely poor shape from a structural and 
an esthetics’ point of view. Moreover, the minarets and portals were dangerously inclined. A 
large number of the ceramic tile coverings were lost from the façades due to deterioration. 
Structural repairs and straightening of the minarets had been conducted in 1923 and 1932. 
Several other restoration efforts have taken place in recent years.  

As a result of all restoration efforts (shown in Figs. 2(b), 3(b), and 4(b)), the current condi-
tion of the ensemble is significantly better than it used to be in the late 19th century. Never-
theless, there are evidences of structural anomalies in the ensemble’s monuments. For 
example, a visual observation reveals the following: 1) A large crack in the dome of Tilya-
Kori Mosque, 2) An inclined minaret on North-West side of the Ulugh Beg Madrasah, and 3) 
A visible misalignment in the Ulugh Beg Madrasah’s portal. The current view of the whole 
ensemble is presented in Fig. 5. The Ulugh Beg Madrasah is on the left side, the Tilya-Kori 
Madrasah and Mosque are in the center, and the Sher-Dor Madrasah is on right side of the 
image. 
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(a) View in 1890 (after [6]) (b) Current view 

Fig. 2. Main entrance of the Ulugh Beg Madrasah 

(a) View in 1890 (after [6]) (b) Current view

Fig. 3. Main entrance of the Tilya-Kori Madrasah and Mosque (Note that the mosque dome is not present in 
the old photo (a)) 

(a) View in 1890 (after [6]) (b) Current view 

Fig. 4. Main entrance of the Sher-Dor Madrasah 

Fig. 5. Current view of the Registan Square ensemble. 
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4 CURRENT CONDITION BY LASER SCANS AND FE MODELING 
All three monuments were scanned by means of P20, a high-definition laser scanner manu-

factured by Leica Geosystems, Inc. The scans were conducted from about seventy positions 
(stations). The individual scans were stitched (registered) together in Cyclone application [7]. 
As a result, a fully stitched point cloud (registration) contains the geometric details of all three 
monuments. A typical result is presented in Fig. 6 that shows registration of the Tilya-Kori 
Madrasah and Mosque. The scans were conducted from all positions, including: inside of the 
monument, in the courtyard, around the exterior wall, and on the roof. Therefore, the registra-
tion documented the spatial locations of all surfaces.  

In addition to the global dimensions of all monuments located within the ensemble, the 
scans captured all details of the monuments, namely tile shape, dimensions, and their loca-
tions in the monuments, any imperfections, and the overall geometric shapes of the portals 
and facades. To achieve this level of detail in point density, all scans were conducted with a 
density of 2 mm by 2 mm. One of the typical results for a portal is shown in Fig. 7. In addi-
tion to spatial locations of the details, the colors from the built-in camera and intensity colors 
of the reflected light (closely correlated to an object’s color) were also documented. 

In addition to the global dimensions of all monuments located within the ensemble, the 
scans captured all details of the monuments, namely tile shape, dimensions, and their loca-
tions in the monuments, any imperfections, and the overall geometric shapes of the portals 
and facades. To achieve this level of detail in point density, all scans were conducted with a 
density of 2 mm by 2 mm. One of the typical results for a portal is shown in Fig. 7. In addi-
tion to spatial locations of the details, the colors from the built-in camera and intensity colors 
of the reflected light (closely correlated to an object’s color) were also documented.  

One of the main objectives of the project was the development of finite element models 
based on the as-found geometry of the monuments and subsequent detailed structural analysis 
of their vulnerability to the seismic effects. Examples of how this objective was achieved are 
presented in this section of the paper. 

The Cyclone application [7] is capable of reducing a point cloud into a mesh. This option 
was utilized for surfaces with complex geometry, approximation of which by a regular mesh 
is not practical. A typical example of a ceiling in one of the two main entrances into the Sher-
Dor Madrasah is presented here. A small portion of the point cloud extracted from the full 
registration is presented in Fig. 8. 

The point cloud of the ceiling surface reveals its irregular and complex geometry as shown 
in the top view of the point cloud in Fig. 9a. This complex surface is approximated in Cyclone 
[7] by a mesh as presented in Fig. 9b. The vaults supporting the ceiling are removed from the 
mesh to simplify the presentation. 

Fig. 6. Registration of the Tilya-Kori Madrasah and Mosque. 
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Fig. 7. Tile details captured by laser scans. 

(a) Part of full registration (b) Global view of the ceiling 

Fig. 8. Point cloud of north side entrance to the Sher-Dor Madrasah. 

 
(a) Top view of the ceiling (b) Mesh capturing irregular ceiling surface 

Fig. 9. Irregular surface of the ceiling in the Sher-Dor Madrasah’s entrance. 

To simplify the presentation of the point cloud, the main part of the Tilya-Kori Mosque 
was extracted from the full registration. Horizontal slices of the point cloud were introduced 
at several elevations. The slices contain a massive amount of information about the global ge-
ometry, dimensions, and structural anomalies. Some representative results are discussed here. 
The first horizontal slice was introduced at the highest point of the floor. Fig. 10 presents a 
horizontal slice at 0.20 m above the floor. Detailed analysis of the plan view revealed that 
there is an opening between the tiles on the West side of the mosque. This opening is about 11 
cm deep as shown in this figure. 

The identified opening, discussed above and shown in Fig. 10, can be related to a crack in 
wall that was observed earlier [8]. During this review, it was observed that there was a crack 
in one of the vaults in the Tilya-Kori Mosque. It was concluded that this can be the result of a 
low load bearing capacity of the underlying soil that can compromise the structural integrity 
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of the monument in the long run or during an earthquake. It is to be noted that the vaults rep-
resent the major load-bearing structural elements in all monuments of the ensemble. 

The horizontal slice provided an estimate of an overall thickness of the west side wall as 
shown in Fig. 11. This estimate includes the thickness values of the tiles on both sides of the 
wall, the mortar attaching the tiles to brick walls, and the brick wall itself. 

 

 
Fig. 10. Opening in west side wall of Tilya-Kori Mosque (about 11 cm deep) 

 
Fig. 11. Thickness of west wall of Tilya-Kori Mosque with tiles on both sides 

The left images of Figs. 12 and 13 show the isometric view of the Tilya-Kori Mosque in 
colors obtained from the scanners’ still imaging camera and point cloud. The right image of 
Fig. 13 presents the half-space view of the west half of the mosque. The details required for 
structural modeling and analysis (wall thickness and its dimensions for example) are obtained 
from the half-space and thin slices as presented in Fig. 13.  

Since the majority of the scan stations were conducted from ground level, the dome of the 
Tilya-Kori Mosque was not captured completely. This shortcoming was anticipated and is at-
tributed to the limited duration of the field work. This problem was addressed by making sure 
that the scan positions are providing a view of the observed crack in the dome from as many 
positions as possible. To cover this surface with maximum efficiency, two stations from the 
roof and more than 20 stations from the ground level of the courtyard and outside of the exte-
rior wall area were utilized. This approach was successful in capturing the majority of the 
dome surface. The resulting stitched point cloud of the Tilya-Kori Mosque extracted from the 
full registration of the whole ensemble is shown in Fig. 14.  

Modeling of the dome, shown in Fig. 14, was one of the main objectives of the study since 
there was a visible crack on the east side of the dome. The mesh generation option provided 
by Cyclone [7] was not utilized in this case because a mesh with a regular size was preferred 
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for this monument. The regularly spaced meshing was based on utilization of 5 mm thick hor-
izontal slices as shown in Fig. 15 showing two vertical cross sections perpendicular to each 
other and located at the North-South and East-West planes. They are plotted on top of each 
other to demonstrate the differences in the geometry of the dome, refer to the bottom left por-
tion of the image where arrows point at the region with inconsistent geometry. 

Isometric view in camera colors Elevation showing west half 

Fig. 12. Point cloud of the Tilya-Kori Mosque. 

Isometric view Half-space view showing west half 

Fig. 13. Slice views of the Tilya-Kori Mosque. 

Fig. 14. Point cloud of dome. 
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At all other locations, the sections perfectly match each other, which demonstrates the ac-
curacy of the dome’s design and construction. It is worthy to note that the dome was con-
structed after 1976 [9] and as such represents a large and heavy addition to the monument that 
can challenge the load-bearing capacity of the vaults. 

The mesh of the dome was generated at the elevations identified by the green dashed lines 
in Fig. 15. To have strong control over the meshing procedure while maximizing usage of the 
point cloud, a special set of programs was prepared in Matlab [10]. The mesh was generated 
by using the points of the cloud that were present in the vicinity of a regularly spaced mesh. In 
the shadow zones, where points were missing in the point cloud, the following procedure was 
used. The horizontal slice of a point cloud was approximated by a circle using a best fit pro-
cedure applied to the scanned points of the surface. The mesh in the shadow zones were se-
lected based on these circles. A resulting mesh is presented in Fig. 16. 

 

 
Fig. 15. Vertical slices of the Tilya-Kori Mosque where elevations of horizontal slices are shown by dashed 

green lines. 

 
(a) Current photograph (b) Regularly spaced mesh 

Fig. 16. Regularly spaced mesh of the Tilya-Kori Mosque’s dome. 

A visual observation of the minarets of Ulugh Beg Madrasah revealed that one of the min-
arets, namely the one on the North-West side of the monument, is inclined. The visual obser-
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vation failed to estimate the overall direction of the inclination and its dependency on the 
minaret’s elevation. The point cloud of the minaret provided answers to these questions based 
on detailed information on the surface points captured by a laser scanner. A small portion of 
the full registration of the monument was analyzed for this purpose which consisted of the 
point cloud of the minaret and two outside walls. The total number of points was close to 20 
million. This allowed us to capture the surface with much more detail. Several horizontal slic-
es of this portion of the point cloud revealed the following results. First, the angle between the 
walls is very close to 90 degrees, as presented in Fig. 17 by red arrows. 

Second, the minaret is mainly inclined away from both walls. Therefore, the overall direc-
tion of inclination from the walls is close to 45 degrees, as shown in Fig. 18 (horizontal direc-
tion in the plot). The inclination of the minaret was noticed earlier [9] and it is mostly related 
to the uneven settlement of the underlying soil. 

Third, a large portion of the tiles are bulging out at the bottom of the minaret in the direc-
tion of the inclination as shown in Fig. 19. The bulging portion of the tile covering represents 
large compression forces in this part of the minaret. As a result, the tile covering is buckling 
away from the minaret’s wall at this location. This is most likely associated with the fact that 
the center of gravity of the minaret is shifted towards the bulging region. Therefore, the mass 
distribution in the cross-section is mainly concentrated next to this region. The dense point 
cloud displaying many details of the minaret’s tile covering is presented in Fig. 20a. A 
zoomed view of the bulged region where the tile cover has buckled away from the wall is pre-
sented in Fig. 20b. 

The mesh of the minaret was generated by utilizing the approach described above and it 
was based on a best fit of the sections of the point cloud using circles. The resulting regular 
mesh has fine spacing at the elevations where the bulging has occurred and coarse spacing 
elsewhere. The mesh was generated for two conditions of the minaret, namely the current in-
clined condition and the so-called “original”, where the axis of the conic surface of the mina-
ret is vertical. The latter assumes that the minaret was plumbed during its original 
construction. The meshes were generated at the elevations shown with dashed green lines in 
Fig. 19. The meshes generated from the point cloud and representing the current inclined and 
the ‘original’ conditions are shown in Fig. 21. 

 

 
Fig. 17. Horizontal slices at bottom of one of the minarets of the Ulugh Beg Madrasah. 
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Fig. 18. Horizontal slices along the elevation of one of the minarets of the Ulugh Beg Madrasah. 

Fig. 19. Vertical slice of one of the minarets of the Ulugh Beg Madrasah at 45 degrees to the walls (bulged 
section is shown on right). 

Fig. 20. Point cloud displaying the details and the bulged region of one of the minarets of the Ulugh Beg 
Madrasah. 
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From a geometric point of view, the minaret represents a tapered cone without a tip. There-
fore, it is not simple to estimate its inclination since the surface of the cone is tapered. To es-
timate the inclination of the minaret, the special procedure was devised as discussed in this 
paragraph. Analysis of shapes of the horizontal slices from the point cloud of the minaret re-
vealed that all sections can be closely fitted by circles. The radii of these circles were used for 
the estimates of the original taper and the circle’s origin locations were used to estimate the 
global direction of inclination. The results of this procedure are presented in Fig. 22 where the 
green straight lines represent linear best fits of the radii of the circular cross-sections and the 
corresponding inclinations. Based on these linear approximations, an estimate of 4.6% incli-
nation was obtained. It is to be noted that the original taper of the minaret is estimated as 
2.3%. 

It is worth noting that the inclination of the minaret’s axis is very close to being linear. 
This observation can serve as evidence for the following two important remarks: (1) The 
structural connection between the walls and the minaret is most likely compromised and (2) 
The residual deformation (inclination) is most likely related to soft soil conditions (concen-
trated rotation at the base leading to the observed almost rigid body rotation of the minaret 
from the point cloud of the laser scanning) under the minaret. It is also noted that the adjacent 
walls of the monument end at about 12 meters of elevation and they have negligible effect on 
the inclination shape of the minaret, refer to Fig. 17. Hence, as a starting point for the planned 
detailed seismic analysis, the minaret can be analyzed independently from the walls and the 
rest of the monument. Subsequently, the next step is to take into account the evident soil-
structure-interaction in the seismic analysis of the structure. It is to be stressed that the con-
sideration of the soil-structure-interaction can be significant for this monument where its 
structural integrity is compromised by a soft underlying soil. 

 

 
(a) Mesh generated from point 

cloud for current - inclined condition 
(b) Mesh generated from point cloud 

for “original” condition 

Fig. 21. Generated mesh of the inclined minaret of the Ulugh Beg Madrasah. 
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Fig. 22. Taper and inclination estimates of the inclined minaret of the Ulugh Beg Madrasah. 

5 DETAILED FE MODELING USING LASER SCANNER POINT CLOUDS 
The previous section presented in details some of the different applications for utilizing 

and manipulating scan data and point clouds generated from the HDS. The presented applica-
tions relied primarily on best fitting well-defined geometric shapes and/or solids for different 
components or parts of scanned structures for possible use in FE modeling or generating accu-
rate geometric surface mesh to capture deformations of the cross sections and construction 
defects. In this section, scan data is further utilized for a different application or extension to 
previous applications. This application focuses on generating accurate and detailed 3D struc-
tural FE models that can be used for structural and seismic analysis and assessment of histori-
cal buildings. Currently, the FE method is extensively used for analyzing new or existing 
structures for which geometric models can be reproduced from available structural infor-
mation (geometrical properties, material properties, boundary conditions, and loading condi-
tions). However, due to the complexity and uniqueness of historical monuments, accurate FE 
models are challenging to be produced based on data collected from regular measurements 
techniques or seldom available as-built construction drawings. Therefore, possible use of da-
tasets in the form of 3D point clouds acquired from HDS using laser scanners for FE model-
ing can be extremely useful for historical monuments condition and structural assessment. 

An application for using the collected Registan Square ensemble laser scanning data is one 
of the first attempts to generate detailed 3D FE models and is presented here. The process of 
developing the FE model for the north side entrance of the Sher-Dor Madrasah, which is the 
point cloud shown in Fig. 8, is discussed in this section of the paper. Several software pack-
ages are required to start with a point cloud and end up with detailed FE analysis results. In 
this study, two graphics packages were utilized, namely Cyclone [7] and Rhino 3D [11], 
along with the general-purpose FE package TNO DIANA [12].   

The framework and relevant software used for conducting the FE analysis of historical 
structures is summarized in Fig. 23. First, the scan data is registered and point cloud is gener-
ated using the Leica laser scanner software. The point cloud is then exported to specialized 
graphics software to connect the point cloud nodes and create a polygon (triangular or quadri-
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lateral) surface mesh. For this purpose, the software Rhino3D [11] was utilized not only to 
create the surface mesh, but also to create additional meshes of reduced sizes for more com-
putationally efficient FE simulations. Typically, the point cloud is a result of a detailed HDS 
of a 1 mm resolution, which generates millions of nodes and becomes unsuitable for FE 
meshes at the structure macro-level. Therefore, a much reduced-size mesh is required to make 
it possible for the available FE packages and available computing resources to handle the 
model. It is to be noted that the 1 mm resolution for FE models is not suitable only because it 
is computationally expensive and the current FE packages cannot usually handle models of 
millions of nodes yet. 

The approximately 310,000 element polygon mesh created for the north side entrance of 
the Sher-Dor Madrasah from the original point cloud as viewed in Rhino3D is shown in Fig. 
24. A reduced size mesh that comprises roughly of 45,000 polygon faces was developed using
Rhino3D as shown in Fig. 25. The reduced mesh was exported in an advanced geometry and 
CAD file type, namely a *.STEP file format for the FE pre-processor software to be able to 
load the model. The FX+ is a pre- and post-processor that comes with the DIANA FE pack-
age and is a powerful tool used to generate FE models and output analysis results. The re-
duced surface mesh was imported in FX+ for the purpose of developing a detailed FE model 
using 2D shell elements. A linear elastic material model was used to define the masonry mate-
rial of the structure and uniform thickness shell elements were used for FE mesh. These ap-
proximations of linearity, elasticity, and geometric uniformity are for the purpose of 
preliminary analyses. Future analyses will include more refined modeling assumptions. The 
detailed FE created in FX+ and defined boundary conditions for the Sher-Dor Madrasah en-
trance are shown in Fig. 26. Once the FE model is created, the analysis files are defined 
through another part of the DIANA package, which is MeshEDIT, and the analysis is run 
through DIANA as described in steps 4 and 5 in Fig. 23. Finally, the results of the analysis 
can be viewed through FX+ and different response quantities can be observed according to 
the conducted analysis type. 

Cyclone1. Load Point Cloud

Rhino3D2. Create surface mesh/ resize mesh 

FX+ (pre-processor)3. Create FE mesh (shells, solids,…etc.) 

MeshEDIT4. Create analysis files 

DIANA5. Perform analysis 

FX+ (post-processor)6. Acquire analysis results

Graphics 
Package

DIANA FE 
Package

Fig. 23. Summary of the framework to develop FE model and conduct FE analysis from HDS point clouds. 
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Fig. 24. A dense 310,000 polygon mesh obtained from the original point cloud for the north side entrance to 
the Sher-Dor Madrasah as viewed in Rhino3D. 

 

Fig. 25. View of a less dense mesh generated using Rhino3D for the north side entrance to the Sher-Dor 
Madrasah. 

 

Fig. 26. View of the FE mesh using 2D shell triangular elements generated using FX+ for the north side en-
trance to the Sher-Dor Madrasah. 
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Two analyses that utilized the north entrance to the Sher-Dor Madrasah FE model were 
conducted. Both are linear static analyses under (1) The structure’s own weight and (2) Lat-
eral load to identify the lateral stiffness and deformations of this particular part of the struc-
ture. The deformed shapes of the structure under gravity load and a lateral load of 2000 kN 
are shown in Figs. 28 and 29, respectively. A third analysis using the same FE model was 
conducted for the purpose of obtaining the eigen-solution to find the modes of vibration and 
natural frequencies of this part of the Sher-Dor Madrasah entrance. The eigenvalue analysis is 
necessary before a meaningful dynamic analysis or seismic assessment because of the indis-
pensable insight it provides about the dynamic properties of the vibrating system. Two of the 
vibration modes for the developed FE model are shown in Fig. 29. A larger model for the en-
trance along with the adjacent and connected structures is required for proper representation 
of the dynamic interaction and properties. However, as mentioned above, this part of the en-
trance model is an illustrative example.  

Fig. 27. Deformed shape of FE model for the north entrance of the Sher-Dor Madrasah from DIANA under 
gravity load [units: mm]. 

Fig. 28. Deformed shape of the FE model for the north entrance of the Sher-Dor Madrasah from DIANA un-
der lateral load [units: mm]. 
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T1 = 1.14 sec T4 = 0.45 sec

Fig. 29. Two mode shapes from the DIANA eigen-solution of the FE model using 2D shell triangular ele-
ments post-processed using FX+ for the north entrance to the Sher-Dor Madrasah. 

Although simple linear elastic model and shell elements were used in the previously dis-
cussed FE analysis, yet a powerful general-purpose FE package, e.g. DIANA, can be utilized 
to define a variety of nonlinear material and geometrical models and more accurate solid ele-
ment types. Defining accurate material properties, especially for nonlinear constitutive models, 
for historical masonry buildings and monuments is still a challenging task. However, the ac-
curate geometric modeling and FE meshing of irregular shapes and unique geometries of his-
torical structures is a bigger challenge. The examples shown in this study demonstrate that 
using point clouds can be an excellent way to generate very detailed models for better struc-
tural and seismic assessment of historical buildings. There is a great potential in extending the 
preliminary framework proposed in this study for using point clouds for FE mesh generation 
to more advanced nonlinear and dynamic FE analyses. 

6 FIELD INVESTIGATIONS OF HISTORICAL BUILDINGS IN THE 
AFTERMATH OF 2014 SOUTH NAPA EARTHQUAKE 

A number of churches were damaged during the 2014 South Napa earthquake. Three 
churches were studied by means of laser scanning. As a representative example, an ensemble 
of First United Methodist Church in downtown Napa, California, USA, was studied and pre-
sented in this paper. The ensemble consists of three adjacent buildings: A) Church’s main 
sanctuary building (1917), B) Centennial hall (1952), and C) Educational building (1955) as 
identified in Fig. 30. 

The research team arrived at the site within several hours after the main shock and scanned 
the ensemble from 4 positions (stations). It was discovered that the east wall of the church’s 
main sanctuary building (building A) separated from the roof on top and bowed out towards 
the nearby street as presented in Fig. 31. Since no damages were observed in other buildings 
of the ensemble, the research team focused their investigation on this unreinforced masonry 
building only. The views of the wall before and after the earthquake are presented in Fig. 32. 

To assess the residual deformations of the east wall and monitor its condition after the af-
tershocks, several scans of the church were conducted. On the day of the earthquake, the 
church was scanned from 4 corners to obtain a complete geometry of the structure. On the fol-
lowing day, in about 24 hours after the main shock, two more scans of the church were con-
ducted from the street on the east side of the building. Fig. 33 shows the residual deformation 
of the east wall where the color of a point in the point cloud depends on the distance from a 
vertical plane. The arrows show the locations of visible cracks observed in the wall. Fig. 34 
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shows the vertical slice of the east wall right after the main shock of the earthquake and that 
after several aftershocks that took place within 24 hours. 

 

 

Fig. 30. Google Earth view of First United Methodist church ensemble, Napa. 

 

Fig. 31. Ground elevation views of the separation of the east wall of First United Methodist church ensemble, 
Napa. 

 

Fig. 32. East side wall before (left) and after (right) of First United Methodist church ensemble, Napa. 
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The comparison of the vertical slices before and after the aftershocks leads to a conclusion 
that the aftershocks were not strong enough to change the wall’s residual deformation caused 
by the main shock. Depending on future shaking, the situation can change dramatically where 
the wall can fall on the east side street. Nevertheless, due to the high hazard for passing by 
traffic and pedestrians, the building was fenced out by a tape right after the earthquake and it 
was red tagged on the following day. 

Fig. 33. Residual deformations and cracks of east wall of First United Methodist church main building, Napa: 
photograph (left); point cloud (right). 

Fig. 34. Laser scans of First United Methodist church main building, Napa, after the main shock and the af-
tershocks indicating no failure progression. 

7 CONCLUSIONS  
The paper presents a comprehensive approach to the structural assessment of historic 

buildings and monuments through the means of laser scanning. The choices of mesh genera-
tion techniques have been enriched by a Matlab-based package that uses a point cloud for a 
regular meshing. The approximate best-fit geometry used in preliminary finite element (FE) 
models closely represents the as-found geometry of the historic monuments. A new frame-
work was proposed and used in this study to generate detailed 3D FE meshes and models 
from 3D laser scanning point clouds. It was shown that FE models generated directly from 
point clouds can be used for better structural and seismic assessment of historical buildings. 
More detailed future nonlinear and dynamic analyses to be conducted in the next phase of this 
study are expected to reveal the shortcomings of structural and seismic performances of the 
historical buildings and monuments. 
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Abstract. The Scrovegni Chapel represents without doubt a masterpiece in the history of 
painting in Italy and Europe in the 14th century and it is considered the most complete series 
of frescos executed by Giotto in his mature age. Given the crucial importance of the building 
from a cultural point of view, in 1995 a systematic research campaign started, including the 
execution of studies on the structural health state of the Chapel. The final aim is to guarantee 
optimal preservation conditions on the occasion, and in direct continuation, of the restoration 
of the Giotto’s frescoes performed in 2001-2002. The investigation plan, based on non-
destructive techniques, includes punctual tests, periodically repeated, and continuous moni-
toring, direct measurements and indirect identifications (back-analysis) of relevant structural 
parameters. Although the structural layout of the chapel is apparently simple, the protection 
of the monument is strongly connected to the fact that its historic and artistic value cannot be 
separated from the structure itself and the effects of strengthening interventions carried out in 
the last 150 years need to be carefully evaluated. In this framework a structural health moni-
toring system has been recently installed by the authors. A network of static and dynamic sen-
sors controls the relevant parameters related to the structural safety of the monument and the 
protection of the artistic content. The paper describes the diagnostic investigations carried 
out, including ambient vibration tests, crack pattern survey and identification of possible on-
going degradation phenomena. Then the installed monitoring equipment is presented focusing 
on the algorithms developed and implemented into a processing software to perform the 
online automatic analysis of static data and the identification of modal parameters. Relevant 
features extracted from monitoring data are then used as inputs for the application of damage 
detection algorithms and the numerical calibration of a finite element model of the structure. 
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1 INTRODUCTION 

1.1 Historical background 

The Scrovegni Chapel, dedicated to St. Mary of the Charity and frescoed by Giotto be-
tween 1303 and 1305, is located in the hearth of the historical city center of Padua and it is 
one of the most important masterpieces of Italy (Figure 1a). In 1300 Enrico Scrovegni of Pa-
dova purchased a piece of land from Dalesmanini family. The property included an oval area 
where a Roman Arena was originally present and he decided to build in this perimeter a fami-
ly palace with a private chapel. Giotto's Last Judgment covers the entire wall above the 
chapel's entrance. Opposite it, on the chancel arch above the altar, there is an unusual scene of 
God in Heaven. The longitudinals walls are arranged in three tiers of narrative frescoes, each 
with four two-meter-square scenes, representing the Nativity, the Passion of Jesus, the Resur-
rection, and the Pentecost [1] [2].  

The building was subjected to several transformation and interventions over centuries. 
During the 16th c. mainly modifications were introduced on the palace. The last heirs, the 
Gradenigo family, occupied the arena since 18th c. and by the time the lack of maintenance 
was evident showing several damages on the buildings. In 1817 the portico of the chapel col-
lapsed and was demolished. Even after this event the family took no interest and instead of 
looking for bills for urgent repairs, the palace was demolished in 1827 (Figure 1b). Without 
the protection of the palace, the north wall of the chapel began to deteriorate, allowing rain-
water to seep through and causing serious damage to the frescos inside.  

Since then several damages and deteriorations are progressively reported: cracks on the tri-
umphal arch, propped in 1871, cracks in the barrel vault, walls, break of iron ties, etc. In 1901 
a long series of works repair began. In 1937 the foundations at the south-east corner of the 
chapel were strengthen and in 1957 huge interventions were performed on the facade, with 
insertion of iron ties in the wall thickness. Finally in 1963 the original timber structure of the 
roof was substituted with steel trusses and the iron ties of the main vault replaced. 

a) b) 

Figure 1: a) Interior view of the chapel with the Giotto’s frescos; b) Drawing of 1842 referring to a scene from 
1817, before the demolition of the Scrovegni palace 

1.2 Geometrical and structural description 

The general floor plan has a rectangular shape of 10.40 m by 20.89 m composed by a   
nave, a square chancel of about 4 m and a polygonal apse (Figure 2). The perimeter walls of 
the nave (about 12 m high) are the lowest volume of the building. The height increases gradu-
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ally up to 13,5 m in the chancel and vestry, until reaching 15 m in the small octagonal tower 
of the apse. A crypt extends beneath the whole nave, having a height of about 2.66 m from the 
crypt floor level to the sides of the vaults, and a maximum height of 4.15 m from the crypt 
floor to the top vault. 

The building maintains the homogeneity of materials originally used, even if several inter-
ventions were executed during its history. Brick masonry is the principal constitutive material 
used for the side walls, the pillars, the barrel vaults over the nave and crypt, the cross vault of 
the vestry and over the apse ceiling vaults. The side walls of the nave chapel are 0.67 m thick, 
increasing their thickness up to 0.88 m to contain five pillars in the north and south façade 
respectively. The external brickwork was originally plastered. The reddish-brown color clay 
bricks of 25x12 x2,5 cm used for its construction were placed according to the Flemish type. 
The mortar joints between the brick courses of a pinkish-white color are about 2-2,5 cm 
height. 

The horizontal structure of the main body consists of two masonry vaults and the roofing. 
The brick barrel vault over the nave is a typical stilted semicircular arch structure, about 0.24 
m thick, with a span of 180 degrees and a radius of 4m. The vault over the crypt is a flat arch 
of solid brickwork, 0.27 m thick.  

 
 

Figure 2 - Floor plan and section of the chapel 

1.3 Past strengthening interventions 
Unfortunately nothing is known about the work that took place before 1817, when the por-

tico of the Chapel collapsed. The main structural interventions performed on the chapel date 
back to the 20th c. (Figure 3). In the period 1936-1946 some consolidation works on the 
foundations were carried out; the crypt vault was strengthened through the insertion of three 
tie  beams besides the side walls; during the Second World War in the crypt 8 equidistant but-
tresses were built, at right angles to the side walls, up to the height of the ceiling vaulting in 
order to prevent possible collapse due to bombing.  

During the early Sixties the original wooden truss beams of the roof were replaced with 
eight steel trusses. The weight of the roof was taken by the side walls where a RC beam was 
constructed. Five tie-rods of the nave were replaced and anchored through external steel 
plates on the side walls. The ceiling vaults of the vestry and loggia were strengthening by 
constructing reinforced concrete sections and the original roofing over the loggia was re-
placed by concrete V beams and tie rods. The original floor over the vestry vaulting was 
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probably strengthening at the same time, during the 1960 intervention, applying the same 
technique. 

Figure 3: Strengthening interventions performed in the 20th c. on the chapel 

2 ON SITE INSPECTIONS 

2.1 Damage survey 

In order to define the current state of the building and design the optimum layout of the 
monitoring system detailed visual inspections were carried out to correct and refine the avail-
able geometrical surveys and perform a precise survey of the structural, physical and chemical 
deterioration factors affecting the chapel. 

Most of the interior cracks surveyed within this work were already reported during the 19th 
century. The geometrical survey of 1871 showed several cracks still present at that time in the 
south wall, in the triumphal arch, in the main façade (below the window) and on the vault. 

a) b) c) 
Figure 4: Damage survey: cracks on the intrados of the frescoed vault of the main nave (a) and on the triumphal 

arch (b); damages due to salt crystallization on the wall of the apse (c) 
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Without any doubt, the most critical crack is placed on the main triumphal arch mentioned 
in several reports and subjected to subsequent reparations that included a partial reconstruc-
tion of the upper part of the wall (Figure 4b). 

Three main longitudinal cracks are visible along the development of the nave barrel vault: 
two at the thirds of the vault on the extrados and one at the top on the intrados (Figure 4a), 
showing a clear three-hinges behavior of the arch. These cracks were probably induced by the 
structural configuration of the previous roof and the geometry of the vault. Moreover horizon-
tal cracks at the impost of the vault were observed at the end of the 19th Century, probably 
due to the ineffectiveness of the ties that counteract the thrust of the vault. 

Comparing the current condition to previous reports, it is possible to observe that the chan-
cel was severely damage with vertical cracks and repaired afterwards. Today is only possible 
to recognize some detached area, without any evidence of serious stability risk. 

Rising damp has severely affected the frescos and also contributed to cause damage on the 
masonry surface. Salts crystallization were manifested in different areas due to different 
mechanism of deterioration: efflorescence, spoiling, spalling and splitting (Figure 4c). Even if 
several structural problems were solved in the middle of the 19th century, the cracked areas of 
lunette and triumphal arch were still subjected to serious detachments at the end of the 90s, 
clearly caused by water infiltration from the roof. The roof was repaired in 1999 to solve the 
water infiltration problems. However, still now soluble salts are detected in the façade as ef-
florescence, what reveals the presence of moisture at different location of the walls. 

At the base of the exterior walls the mechanism of deterioration is manifested mostly due 
to spoling, splitting and biological attacks, related to the groundwater absorption and the at-
mospheric dry/wet deposition that lead to fluctuations of the moisture content. 

2.2 Ambient vibration tests 

Before the installation of the Structural Health Monitoring (SHM) system, dynamic identi-
fication tests were performed on the main nave of the chapel. The objective is to understand 
the dynamic response of the structure subjected to ambient vibrations and to extract the fun-
damental modal parameters (natural frequencies, damping ratios and mode shapes), later used 
to calibrate numerical models. It was decided to use 5 single-axial acceleration transducers, 
which later were kept in the same positions for continuous dynamic monitoring. Two accel-
erometers were placed along the two orthogonal horizontal directions at the NW corner be-
tween the façade and the longitudinal wall (A4, A5); one in the middle of the nave, on the 
NW wall (A6); at the same section of the vault two other sensors were installed perpendicular 
to the vault, one in the haunch (A7) and the last at the key (A8) (Figure 5).  

 
Figure 5: Layout of ambient vibration test performed on the chapel 
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Once fixed the transducers to the structure in the selected positions, tests consisted in ac-
quiring data in 5 different registrations over a predetermined period, at a specific sampling 
rate. A typical acquisition consisted in a record length of 131’072 samples, resulting in an ac-
quisition time of approximately 20 minutes at a sampling frequency of 100 Hz. For the identi-
fication of the modal parameters (natural frequencies and corresponding mode shapes), output 
only identification techniques were used (Operational Modal Analysis). 

The signal-processing phase consisted in the elaboration of the measured data using dedi-
cated software for OMA: SVS ARTeMIS Extractor 4.0, 2007 [3]. It was decided to use dif-
ferent frequency-domain modal parameter extraction techniques and compare the results: 
FDD (Frequency Domain Decomposition) and EFDD (Enhanced Frequency Domain Decom-
position) [4]. Both methods are based on the evaluation of the spectral matrix (i.e. the matrix 
of cross-spectral densities) in the frequency domain: 

 
𝑮 𝑓 = 𝐸[𝑨 𝑓 𝑨! 𝑓 ] (1) 

 
where the vector A(f) collects the acceleration responses in the frequency domain, super-

script H denotes complex conjugate transpose matrix and E denotes expected value. The di-
agonal terms of the matrix G(f) are the (real valued) auto-spectral densities (ASD) while the 
other terms are the (complex) cross-spectral densities (CSD). The ASDs and CSDs were esti-
mated from the recorded time-histories using the Welch’s averaged periodogram method. 

Peaks in the frequency domain related to structural frequencies were selected through the 
peak peaking method and the corresponding mode shapes defined (Figure 6). 

 
Figure 6: Singular values decomposition of the spectral density matrices: peaks related to structural frequencies 

are identified on the first singular value through the peak peaking method 

Since the number of sensors used in the test is limited it was decided to exploit all the rec-
ords, comparing the outcomes derived from different OMA algorithms. Once the modal iden-
tification phase was completed, the two sets of mode shapes resulting from the application of 
FDD and EFDD were compared by using the well-known Modal Assurance Criterion (MAC) 
[5]. The MAC is probably the most commonly used procedure to correlate two sets of mode 
shape vectors and is defined as follows:  

 

𝑀𝐴𝐶 Φ!,! ,Φ!,! =
(Φ!,!

! Φ!,!)!

(Φ!,!
! Φ!,!)(Φ!,!

! Φ!,!)
 (2) 

 
where Φ!,! is the k-th mode of data set A and Φ!,! the j-th mode of the data set B. The 

MAC is a coefficient analogous to the correlation coefficient in statistics and ranges from 0 to 
1; a value of 1 implies perfect correlation of the two mode shape vectors while a value close 
to 0 indicates uncorrelated (orthogonal) vectors. In general, a MAC value greater than 0.80 is 
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considered a good match while a MAC value less than 0.40 is considered a poor match. The 
MAC was also later on used to correlate the results of FE models and OMA. 

Table 1 reports the six main natural frequencies and corresponding damping ratios of the 
chapel, identified through ambient vibration tests. The comparison between different OMA 
techniques (FDD and EFDD) is also reported in terms of percentage errors of the frequency 
variations and MAC coefficients calculated on the mode shapes extracted with the two meth-
ods. It is possible to state that both techniques prove to be reliable and provided consistent 
results. 

Mode no. 𝑓!"" [Hz] 𝑓!"## [Hz] 𝜉 [%] Error [%] MAC  (Φ!"" ,Φ!"##) 
1 2.539 2.535 2.356 0.16 0.99 
2 4.15 4.147 2.268 0.07 0.98 
3 4.932 4.939 2.087 0.14 0.96 
4 6.738 6.715 1.338 0.34 0.99 
5 7.227 7.241 1.549 0.19 0.98 
6 9.668 9.666 1.973 0.02 0.95 
Table 1: Results of dynamic identification tests in terms of natural frequencies and damping. A comparison be-
tween different OMA techniques is also reported as percentage error of frequency variations and MAC coeffi-

cients between mode shapes 

Figure 7 shows the mode shapes related to the structural frequencies of the chapel identi-
fied through ambient vibration tests. 

Figure 7: Mode shapes of the chapel identified through ambient vibration tests 

3 STRUCTURAL HEALTH MONITORING 
Once the on site investigations were concluded, a static and dynamic monitoring system 

was installed on the Chapel in August 2013 to assess continuously its structural health state. It 
acquires vibration characteristics, evaluates the opening or reclosing of the main cracks and 
controls the inclination of the lateral main walls. The system gives interesting information on 
the progression or stability of the assessed damage pattern. These readings are constantly re-
lated to environmental parameters (temperature and relative humidity). The evaluation of the 
measured quantities, and in particular their changes over time, gives a strong indication in as-
sessing the structural behaviour of the building.  
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3.1 Equipment and layout 
The monitoring system installed is composed by: (i) static sensors to control the damage 

and crack pattern of the structure and (ii) accelerometers to measure ambient vibrations and 
capture possible seismic events (Figure 8). 

The static system includes devices to measure displacements of the surveyed cracks and 
inclinations of the lateral walls. It is composed by 12 static channels: 7 displacements trans-
ducers installed on representative cracks on the vault and 1 on triumphal arch; 2 inclinometers 
to control the overturning of the two lateral walls; 2 integrated sensors of temperature and rel-
ative humidity to control both internal and external environmental conditions. Data from the 
static system are registered every 2 hours. 

The dynamic monitoring system is composed by 8 high sensitivity piezoelectric accel-
erometers connected to the acquisition unit. 3 reference sensors are fixed at the base of the 
structure to record the ground acceleration both in operational conditions and during seismic 
events. The other acceleration sensors are placed in the same positions of ambient vibration 
tests. High-density (100 samples per second) dynamic information is continuously recorded 
every 12 hours. 

The continuous dynamic monitoring has several connected purposes: (i) characterize the 
dynamic response from ambient vibrations along with its dependence with environmental pa-
rameters; (ii) capture the dynamic response in the occasion of possible seismic events; (iii) 
calibrate reference Finite Element models based on the daily extraction of modal parameters 
from recorded vibrations.  

The system is equipped with an internet router for remote data transmission. 

 

Figure 8: Layout of the monitoring system: S1 to S8 are displacement transducers, I1 and I2 inclinometers, 
TRH1 and TRH2 temperature and relative humidity sensors, A1 to A8 accelerometers, CPU the acquisition unit. 

With regard to the dynamic measurements, two strategies have been set: "long" acquisition, 
(corresponding to 131'072 points), on regular intervals to allow subsequent identification by 
means of structural vibration in different environmental conditions (seasonal cycle), and 
"short" acquisition which is done automatically when the vibrations exceed the trigger (signif-
icant event).  
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3.2 Automatic data analysis 
The installed monitoring system stores a huge amount of static and dynamic data every day 

and thus significant effort is devoted to the analysis of recorded data. For this reasons, it has 
been implemented automatic procedures for both static and dynamic data processing in 
Matlab environment. 

The automatic procedure applied to static data elaborates a standard .txt file acquired by 
the static system and create automatically a series of graphs, representing the variation over 
time of the monitored parameters (displacements and inclination) and correlating them with 
temperature variations. The algorithm is also equipped by an early warning system that auto-
matically send a message if a sensor exceed a predefined threshold. 

The automatic procedure applied to dynamic data elaborates the acquisition files and au-
tomatically estimate modal parameters from measured vibrations. Usually this process in-
volves a large amount of user interaction, especially when lots of data need to be processed in 
a short amount of time. The developed algorithm, based on a Matlab toolbox (MACEC 3.2, 
2011) [6], implements several frequency-domain OMA techniques in order to extract auto-
matically model parameters (frequency and damping ratio development over time, MAC in-
dexes variation between the starting reference identification and the daily identification). 

3.3 Monitoring results 

Both static and dynamic data are transmitted from the acquisition unit to the central server 
of the University of Padova and processed on arrivals by the automated algorithms. In this 
section the development of static (Figure 9a) and dynamic (Figure 9b) measurements are re-
ported and correlated with the variations of the environmental parameters. 

Based on the initial dynamic identification, the variations of the fundamental natural fre-
quencies, mode shapes and damping ratios of the Chapel, especially of the vault, are constant-
ly extracted from the measured vibrations. The frequency development over time (Figure 10) 
gives a strong indication on the dynamic characteristics of the structure and it is directly relat-
ed to the environmental parameters. The evolution of the 11 possible natural frequencies are 
investigate in the period from 22/10/2013 to 02/10/2014.  

Unfortunately, a thunder hit the Chapel in August 2014, 09. As a consequence, accelerom-
eters 4 and 5 were severe damaged and was not possible to obtained the values of some natu-
ral frequencies anymore.  

 a) 
 

b) 
Figure 9: Variation of the crack opening (a) and of the two sidewalls inclination (b) during the monitoring period 
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Figure 10: Natural frequencies variation during the monitoring period 

3.4 Modeling of environmental effects and amage detection 

Analysing the structural behaviour of the monitored cracks or the frequencies trend it is 
possible to confirm a strong dependence of the these results from environmental parameters, 
whose control and quantification become essential before any attempt to identify the presence 
of damage. In fact once the environmental effects are filtered out from recorded data, it is 
possible to accurately decompose the measurements into their reversible and irreversible 
components, the latter being associated to active deteriorating processes. Different methods 
can be applied to remove the effects of environmental or operational factors on the extracted 
parameters and thus increase the structural reliability. 

Within the present research regression analysis and black box models are tested and ap-
plied, exploiting a large number of observations to establish relations between the recorded 
parameters (e.g. crack opening) and the factors that may influence them. Statistical models 
can be exploited, in an initial phase, to understand the influence of each predictor (input of the 
model) on the dependent variable (output of the model) and then, to predict future values of 
the response when only predictors are known. In this case ARX models [7] that comprehends 
an Auto-Regressive output and an eXogeneous input part are used. This is ideal for represent-
ing monitored parameters when they depend (linearly) on the rate of change or trend in tem-
perature as well as the present temperature. The multivariable ARX model with n inputs x and 
one output y is presented by: 

y! + a!y!!! +⋯+ a!"y!!!" = b!x!!"# + b!x!!!"!!!"# +⋯+ b!"x!!!"!!"!!!"# + e! (3) 

where a! and b! are coefficients for the autoregressive and exogenous part, respectively,  na 
is the autoregressive order, nb the exogenous order, nk is the number of delays from input to 
output, and e! = y! − y! is the unknown residual that can be assumed Gaussian. y! and y! 
are the actual (real) and the estimated (model) responses respectively. 

Preliminarily a correlation analysis is performed with the objective of identifying the time 
series of environmental parameters x! presenting higher correlation coefficients with the time 
series containing the measured output y! (i.e. crack opening). 

The correlation coefficient r!", which represents the normalized measure of the strength of 
linear relationship between the two variables, is given by: 

r!" =
cov(x!, y!)
σ!σ!

 (4) 
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The value of the correlation coefficient varies between -1 and +1: the closer to unity, the 
more the two variables are correlated.  

The parameters of the model, equal to na+nb, were calculated using a least-squares proce-
dure, minimizing the residuals e!. y! is the measured output and y! is the output predicted by 
the model at the same time step. Once the best ARX model is obtained from the first half of 
the time history of monitoring (estimation phase), new measured environmental parameters 
(fresh data), collected during the second half (validation period), are used to simulate the re-
sponse of the studied crack. 

From the comparison between the simulated measures behaviour and its recorded counter-
parts (Figure 11), changes caused by structural damage can be distinguished from those 
caused by varying environmental conditions. The standard deviations can be used to establish 
confidence intervals around the predicted values. For instance, if y is the predicted output and 
σ! the estimated standard deviation on a new observation, the 100− α % confidence inter-
val on y is given by: 

y− t! !,!σ!          ,          y − t! !,!σ! (5) 

where the value t! !,! is found from a statistical table of the t-Student distribution and for a 
large number of data (as in this case) and α = 0,05% (leading to 95% confidence intervals), 
we have t! !,! = 1,96. The confidence intervals defined can be used as an objective criterion 
to detect damage. 

a) b) 

c) d) 
Figure 11: Comparison between measured (red) and simulated outputs of the crack controlled by sensor S2 (a) 

and first natural frequency variation (c). Residual analysis (blue dots) between measured and predicted values of 
the same parameters with 95% confidence intervals (b) (d). 

Figure 12 shows the temporal evolution of the displacement of a vault crack (a) and of the 
frequency trend (b) during a period of 18 months before and after the elimination of the envi-
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ronmental effects performed through the described dynamic regression models. It can be ob-
served that the variation of filtered value is reduced to a small range, which proves that the 
selected ARX model properly describes the factors with greater influence on the output. Any 
other event, besides temperature, would represent a potential damage.  

 
a) 

 
b) 

Figure 12: Time evolution of crack displacement (a) and natural frequency variation (b) before and after the 
elimination of the environmental effects (regression model). 

The application of regression analysis and black box models gives the possibility to model 
and remove the environmental effects from monitoring results. It is possible to state that the 
controlled crack pattern is stable and that the displacement variations are related only to the 
seasonal thermal cycles. 

Regarding the natural frequency variation it is noted that these parameters are slightly in-
fluenced by environmental parameters and poor correlation was calculated with the changes 
of both internal and external temperature and relative humidity. The applied algorithm form 
damage detection do not show a variation of frequency related to structural damages. 

4 FE MODELING AND CALIBRATION 
A detailed FE numerical model of the Scrovegni chapel was implemented in DIANA 9.6 

[8] order to evaluate the static and dynamic behaviour of the building. The FE model was cal-
ibrated on the basis of the results of the experimental activities, in order to be subsequently 
used to simulate the response of the structure to different external actions.  

 
Figure 13: FE model of the Scrovegni chapel 
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The structure has been modeled with plate elements to schematize walls and vaults and 
truss elements for iron ties. The weight of the roof and the filling of the vaults are represented 
in the form of translational masses applied to the nodes (Figure 13). 

4.1 Calibration strategy and model updating 

The construction and calibration of the FE model was performed as follows: 
! Execution of dynamic identification test and extraction of the experimental modal pa-

rameters used as reference values 
! Construction of the FEM model assigning the most reliable material parameter based 

on visual inspections and masonry quality identification 
! Sensitivity analysis of the elastic parameters that influence more the dynamic response 
! Calibration of the parameters  
! Quality analysis through MAC comparison of mode shapes  

The calibration process is an iterative procedure in which the parameters are changed one 
by one to achieve an optimal match between experimental and numerical modal parameters. 

Model updating results are reported in Table 2 and Figure 14. 

Mode no. 𝑓!"# [Hz] 𝑓!"# [Hz] Error [%] MAC  (Φ!"#,Φ!"#) 
1 2.539 2.49 1.97 0.81 
2 4.15 4.14 0.24 0.56 
3 4.932 4.96 0.56 0.65 
4 6.738 6.43 4.79 0.72 
5 7.227 6.97 3.69 0.90 
6 9.668 9.46 2.20 0.63 
Table 2: Calibration results of the FE model: comparison between experimental and numerical modal parameters 

Figure 14: Numerical mode shape of the chapel after the calibration 
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The model updating leads to excellent results in terms of natural frequency and rather good 
matching in terms of mode shapes calculated through the MAC coefficient. The absolute fre-
quency errors are less than 5% and on average equal to 2.05%.  

5 CONCLUSIONS 

A methodology for the study and assessment of an important Cultural Heritage structure 
based on diagnostic investigations and structural health monitoring is reported in this paper. 

The first step was the execution of visual inspections and ambient vibration tests to define 
the current state of the building and design the optimum layout of the monitoring system, 
composed by static and dynamic sensors. The aim of monitoring is to control permanently the 
structural response of the chapel subjected to both operational and exceptional actions (such 
as earthquakes). It can be used also to assess possible vulnerabilities and avoid the execution 
of intrusive interventions, unless critical structural problems are detected. 

Features automatically extracted from the monitoring data have been statistically analyzed 
through regression analysis and ARX models. The proposed data driven approach proved to 
be very effective to remove environmental effects and identify possible damages. 

Finally modal parameters extracted from dynamic testing and monitoring were used to cal-
ibrate reference FE models of the chapel. 
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Abstract. The preservation of architectural heritage and monumental structures is an impor-
tant challenge of the scientific research, especially for the countries where cultural heritage
is of primary concern and, at the same time, there are significant risk factors due to natural
hazards as earthquakes. In this perspective, structural health monitoring systems can improve
the protection of structures by providing real-time diagnostic data together with suitable pro-
cedures, which are able to identify possible occurring problems. In this work the first results
given by a monitoring system placed in the Basilica of Santa Maria degli Angeli in Assisi will be
presented. Data recorded by nine linear variable displacement transducers (LVDTs) are shown
together with power spectral densities of acceleration time histories measured during ambient
vibration tests. The spectral analysis results are compared with the natural frequencies given
by a numerical model of the Basilica structural system.
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Figure 1: Basilica of Santa Maria degli Angeli in Assisi.

1 INTRODUCTION

Structural health monitoring can give crucial information on the variation in space and time
of the main mechanical features of existing buildings. These information assume significant
meaning especially when dealing with historical and monumental constructions where it is im-
portant to preserve architectural and cultural heritage [1],[2].

Within this context, monitoring systems can be used to provide real-time diagnostic data
together with all the relevant information that can be useful to detect changes is structural pa-
rameters, often associated with some kind of structural damage.

In order to obtain such information a research program has been recently started to monitor
two relevant historical constructions in the center of Italy: the bell-tower of the Basilica of San
Pietro in Perugia [3] and the dome of the Basilica of Santa Maria degli Angeli in Assisi.

In this paper the first results obtained by the monitoring system placed in the Basilica of
Santa Maria degli Angeli in Assisi are presented.

The Basilica of Santa Maria degli Angeli (Fig. 1) is located in the center of Italy. Over the
years the structural system has been affected by significant seismic events, among which the
earthquakes in 1832 and in 1997 were the most severe. In particular, the event in 1832 caused
the collapse of the nave and the left aisle, together with a wide spread damage scenario, which
also involved the drum-dome system.

The seismic event of 1997 induced damages only in a few parts of the structural system,
nevertheless, after a set of strengthening and rehabilitation works, a ”static” monitoring system
consisting of nine linear variable displacement transducers (LVDTs) has been installed.

In the first part of the paper, after recalling the main historical and geometrical features of
the Basilica, the data of the LVDTs recorded in the years 2001-2003 are presented. This system
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Figure 2: (a) Image of the drum-dome structural system. Three orders of steel rings can be easily seen. (b) Line-
engraving of the damage conditions after the 1832 earthquake. Prospetto delle ruine del famoso Tempio di Santa
Maria degli Angioli di Asisi, by Cilleni Nepis.

failed after a severe thunderstorm and it was possible to restart it only at the beginning of 2015.
The research program has started in 2014 with a preliminary investigation using two ac-

celerometers installed at the base of the dome to detect the first modal frequencies. The accel-
eration time histories together with their spectral representation are shown in the second part of
the paper and compared with the modal analysis of a preliminary numerical structural system.

These results will be used to design a permanent ”dynamic” monitoring system and to cal-
ibrate a numerical finite element model (FEM) that can be used to assess the spatial and time
variation of the main mechanical features of the Basilica of Santa Maria degli Angeli in Assisi.

2 THE BASILICA OF SANTA MARIA DEGLI ANGELI IN ASSISI

The Basilica of Santa Maria degli Angeli in Assisi was built between 1569 and 1679. Its
original drawing is attributed to the architect Galeazzo Alessi, even if the philological respect
of the design is controversial, since the structure was completed many years after the Architect’s
death. The basilica has a latin cross plan, with 126m and 65m dimensions, with a nave and two
aisles and a semicircular apse. The central core, at the intersection between the transept and
nave, consists of the four pillars which bear the triumphal arches, the drum and the dome. At
the vertical axis of the dome’s lantern is located the Porziuncola, a little ancient chapel, heart of
the basilica and symbol of Franciscan spirituality.

The current architectural configuration of the façade is quite recent. It was designed by
Cesare Bazzani with the aim to confer just the right monumental dignity to the Basilica. It was
built at the beginning of the 20th Century and inaugurated in 1930. The actual configuration
hides the original façade, more simple and poor, and seems to balance the visual attraction,
which was previously dominated only by the drum-dome system.

The dome of the Basilica is majestic and impressive, and is characterized by a singular
slenderness due to the lightness of the drum (Fig. 2 (a)) [4]. The inner diameter is of about 20m
and the variable thickness of the unique shell starts from 1.60m to 0.70m. The inner perimeter
of the drum is circular, while the outer is octagonal; the coupled pilasters at the angles of the
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Figure 3: (a)-(b) Vertical cracks between the new and the old faa̧des. (c) Major through crack of the drum-dome
system.

octagon become stiffening ribs which join at the oculus, the base of the lantern, that gives a total
height of about 75m to the structure.

Throughout its history the structure has been subjected to significant seismic events that have
compromised also the structural integrity of the Porziuncola. Historical documents describe the
damages due to the earthquake of 1832, that caused the collapse of the nave and of a portion of
the left aisle (Fig. 2 (b)). The drum-dome system did not collapse, but was severely damaged.
Date back to this event the strengthening measures of the drum with three orders of steel rings
(Fig. 2 (a)). After the Umbria-Marche earthquake of 1997 the basilica has been subjected to
several rehabilitation and strengthening measures [5]. The works have mainly concerned the
façade stability, the strengthening of the transepts and aisle vaults and the reinforcement of the
drum. The kinematic mechanisms related to these crucial aspects can be detected by the evident
cracks, especially for the façade and the drum (Fig. 3).

The cracks and micro-cracks pattern which affects the drum-dome system has been recently
surveyed (Fig. 4) [7]. The widespread cracks type and configuration suggest that they are im-
putable both to seismic and static loads acting over the years. The most significant cracks are
located above the north-east wall, due to the presence of internal staircases and a door on extra-
dos of the dome (Fig. 4(a)-(c)), and the west wall of the drum (Fig. 4(b)-(d)).

3 STATIC MONITORING SYSTEM

In 2001 a continuous static monitoring system, consisting of nine linear variable displace-
ment transducers (LVDTs), was installed in order to record displacement time histories as fol-
lows (Fig. 5):

• LVDT 1. Installed across the joint between the old façade and the vault of the nave. The
sensor monitors the overturning of the façade after consolidation, which has consisted
of the foundation’s strengthening by means of a series of micro-poles, in addition to the
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Figure 4: Survey of the cracks pattern at the dome intrados [7].

installation of four orders of couple tie rods to anchor the façade to the lateral walls of the
nave.

• LVDT 2-4. In the following they will be identified as “wire-sensor”. The wires are fixed
at the nave vault imposts. The LVDT 2 is located at the beginning of the nave, near to
the entrance, and LVDT 3 at the end, near to the drum. The wire-sensor LVDT 4 is fixed
at the triumphal arch imposts, in the intersection between the nave and the transept. The
LVDT 4 has recorded very few good data, so it will not be shown in the following.

• LVDT 5. Installed at the base of the drum, across a crack over the triumphal arch at the
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Figure 5: LVDTs’ installation layout. (a) Plan. (b) Longitudinal section.

intersection between the nave and the right transept.

• LVDT 6. Installed across the major dome’s crack. This critical point is evident both from
inside and outside the structure. The importance of this crack is related to a weak section
of the wall due to the presence of inner spiral staircases.

• LVDT 7. Installed over the sacristy arch. The monitored crack is linked to an important
structural settlement which involves all the right transept.

• LVDT 8. Installed on the vault crown of the left transept.
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• LVDT 9. Installed across a significant crack on the vault of S.Diego chapel. Owing to its
position, the crack behaviour can be related to the overturning of the façade, and then to
the LVDT 1.

The recorded data are continuously available from April 13th 2001 to September 28th 2003.
On that day the system was shut down. After three years, in 2006, it was started again, but
crashed after only a few months, maybe because a severe thunderstorm. The system has been
repaired and restarted in March 2015.

Figures 6 and 7 show the time evolution of the data recorded by the LVDTs in the period
2001/04/13-2003/09/28. All the data highlight the classic seasonal trend, given by ambient
conditions, such as temperature and moisture.

Moreover, some aspects are noteworthy. In particular, LVDT 1-2-3-5-9 seem to show an
increasing or decreasing trend, which could be related to ongoing motions. As said before,
LVDT 1 and 9 are consistent, since S.Diego chapel is the near to the façade. At the same time,
LVDT 2 and 3 describe the same phenomenon viewed by two different points, as the realtive
motion between the walls of the nave.

Specific attention must be given to the LVDT 6, which path is related to the lateral thrust of
the dome. The occurrence and the slow opening of the meridian cracks at the base of a dome
describe a physiological static response of such structures [7]. Nevertheless, more investigations
are needed to give proper interpretation of the data.

4 DYNAMIC INVESTIGATIONS AND NUMERICAL MODEL

4.1 Ambient vibration test

Ambient vibration testing is considered a reliable method for assessing modal parameters
also for historical constructions. In this chapter, the results of a first dynamic investigation are
shown. In particular two accelerometer sensors have been installed at the highest reachable
level (about 50m high), at the base of the dome (Fig. 8).

Two ambient vibration tests have been carried out by using different types of sensors: form
January 29th to February 5th 2015 by using piezoelectric uni-axial accelerometers model PCB
393C (1 V/g sensitivity); form February 17th to 24th 2015 by using high sensitivity piezoelectric
uni-axial accelerometers model PCB 393B12 (10 V/g sensitivity). Data have been recorded
continuously with a sampling rate of 100 Hz and stored with a time length of 30 minutes.
Moreover a weather station is installed nearby the Basilica and the main wind and temperature
data are also available.

Both the tests have been characterized by a quite fast wind speed. In particular, wind gusts of
66.6 km/h and 57.4 km/h have been recorded on January 30th and February 18th, respectively.
In these days the data recorded by the different sensors are similar. Figure 9 shows the accelera-
tion time histories (Fig. 9(a)) and related frequency spectra (Fig. 9(b)) of the latter event. Form
the frequency analysis the first natural frequencies of the structure can be estimated: it should
be noted resonant peaks for both Acc1 and Acc2 sensors for 1.7÷1.8 Hz, a peak at a frequency
of about 3.0 Hz only for Acc2 and for both the sensors in the ranges of 3.5÷4.0 Hz, 4.0÷4.5 Hz
and 6.0÷6.5 Hz. However, an in-depth dynamic identification analysis is necessary to better
understand the complex dynamic behaviour and the modal structural properties.

In both the tests has been also observed a significant contribution of vibration, in the range
of 10÷15 Hz, due to the traffic during daytime. Moreover, another interesting phenomenon is
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Figure 6: Images (a-c-e-g) and timeline (b-d-f-h) of the displacement transducers n. 1, 2, 3 and 5.
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(a) (b)
0 200 400 600 800

−6

−5

−4

−3

−2

−1

0

1

2

Time [day]

D
is

pl
ac

em
en

t [
m

m
]

LVDT 6 − Dome

(c) (d)
0 200 400 600 800

6.1

6.15

6.2

6.25

6.3

Time [day]

D
is

pl
ac

em
en

t [
m

m
]

LVDT 7 − Sacristy arch

(e) (f)
0 200 400 600 800

6.56

6.58

6.6

6.62

6.64

6.66

6.68

6.7

Time [day]

D
is

pl
ac

em
en

t [
m

m
]

LVDT 8 − Left transept

(g) (h)
0 200 400 600 800

−4.5

−4.45

−4.4

−4.35

−4.3

−4.25

−4.2

Time [day]

D
is

pl
ac

em
en

t [
m

m
]

LVDT 9 − S.Diego chapel

Figure 7: Images (a-c-e-g) and timeline (b-d-f-h) of the displacement transducers n. 6, 7, 8 and 9.
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Figure 8: Instrumentation layout used in the ambient vibration tests.
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Figure 9: Output signals (a) and frequency analysis (b) of acceleration sensor recorded on February 18th under
wind excitation.

related to the driven oscillations due to the bell-tower motion, which can be reached whenever
the bells sound.

4.2 Numerical model

A numerical FE model has been performed by means of a commercial code. The model has
been focused on the central core of the basilica, i.e. the triumphal arches, the drum and the
dome. However, sketch models of the nave, the transepts and the apse have been introduced to
attain a better modeling of the lateral restraints. Due to the lack of knowledge concerning the
mechanical parameters of the materials, a probabilistic approach has been used in the estimation
of the natural frequencies in function of the variability of the elastic moduli of the materials [7].

The constituent material is brickwork everywhere, excepting for the stone pillars of the nave.
An homogeneous material with orthotropic elastic behaviour has been considered. The values
of stiffness, and their lognormal distribution parameters, proposed by the recent Italian instruc-
tions [8] have been used (Tab. 1). A set of 1000 samples have been generated for both the
Young’s modulus (E) and shear modulus (G) of the brickwork (Fig. 10), and then multiplied by
a coefficient α=1.5 which takes into account the good condition of the mortar.

Figure 11 shows the first seven modal shapes obtained by the eigenproblem solutions with the
respective range and distribution of frequencies related to the variability of the elastic properties.
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ρ [ton/m3] µE [MPa] σln,E µG [MPa] σln,G
Brickwork 1.8 1500 0.2 500 0.2
Stone masonry 2.2 2800 - 860 -

Table 1: Mechanical material properties: mass density (ρ); mean value (|muE) and standard deviation of the
logarithm (σln,E) for the elastic modulus; mean value (µG) and standard deviation of the logarithm (σln,G) for the
shear modulus

Figure 10: Generated values of Young’s modulus (a) and shear modulus (b) from the statistical moments of the
related distributions [7].

It can be observed a link with the resonant peak ranges reached by experimental tests (Fig. 9(b)).
Further dynamic investigation will allow to identify the actual modal parameters of the structure
and to obtain a tuned numerical model.

5 CONCLUSIONS

In this paper the first results obtained by the monitoring system placed in the Basilica of
Santa Maria degli Angeli in Assisi have been presented.

A static monitoring system, consisting of 9 LVDTs, was installed during the rehabilitation
works after the seismic events of 1997. The available data, recorded in the years 2001-2003,
have been presented and discussed, even if more investigations are needed to give proper inter-
pretation of them.

Moreover, some preliminary dynamic investigations have been performed by using two ac-
celerometers installed at the base of the dome to detect the first modal frequencies. The spectral
representation of the acceleration time histories has been compared with the modal analysis of
a numerical FE model. The modal analysis has been applied to a series of FEM samples, by
varying the mechanical characteristics of the constituent materials. The comparison between
the experimental data and the numerical results is of interest to calibrate the FE model.

These results will be used to design a permanent dynamic monitoring system of the Basilica
of Santa Maria degli Angeli in Assisi.
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Figure 11: Modal shape and distribution of the related frequencies of the first seven modes derived by FE model
by varying material stiffness.
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Abstract. There is lack for a common approach on the assessment of seismic risk for historic 
structures and monuments. Performance of interventions for a partial mitigation of seismic 
risk is yet a challenge. In most cases limitations stemming from the implementation of inter-
ventions on historic structures and monuments that are contrary to internationally accepted 
guidelines, e.g., Carta di Venezia, do not allow fulfilling the safety level of new constructions.  

    The challenge of balancing safety versus maintenance of the architectural and artistic fea-
tures of historic structures remains a pressing issue to address. In addition, new develop-
ments on the seismic hazard and proper interventions related to near-source phenomena are 
scarcely considered in the literature.  

    Through representative examples, this work attempts to provide a framework that: (i) 
quantifies the “safe” duration (nominal life) of an intervention on a monument; (ii) considers 
the effects of near-source phenomena and; (iii) elaborates on the integration of experimental/ 
analytical methods in view of recent developments in the field. 
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1 SEISMIC REHABILITATION OBJECTIVES AND PERFORMANCE LEVELS 

A seismic Rehabilitation Objective consists of one or more rehabilitation goals. Each goal 
consists of the verification of a target Building Performance Level with an associated Earth-
quake Hazard Level. By considering not only the structural damage but also the response of 
non structural elements and artistic assets, performance levels may be defined in relation to 
different performance targets of the construction, associated to the functionality and the cul-
tural properties of buildings.  
    The modern seismic codes for the design of new buildings, as well as pertinent recommen-
dations for the evaluation and rehabilitation of existing ones, are based on the performance 
based assessment (PBA), that is the fulfillment of some target performance levels (limit 
states) in correspondence to predefined seismic actions [1,2,3,4]. 
    The EC8-3 specifies as TL=50 years the duration of “nominal life” of a structure and de-
fines three building performance levels (Limit States) considered as appropriate for the seis-
mic protection of ordinary new buildings: (a) Near Collapse (NC); b) Significant Damage 
(SD); and (c) Damage Limitation (DL). Each one of the limit states is associated to a seismic 
action defined by the return period (TRL) and a probability of exceedance (p) for TL=50 years. 
Specifically for the (a) NC, the TRL is 2475 years and p= 2%; (b) SD, the TRL is 475 years and 
p=10% and (c) DL, the TRL is 225 years and p=20%.  
    The Italian code for the monuments (DR14/01/2008)-[5] specifies five limit states: the 
SLC, SLV, SLD, SLO and SLA. The first three correspond to the (NC), (SD) and the (DL) of 
the EC8-3, respectively, and the fourth one specifies “almost” no damage conditions. The 
SLA defines the limit state for structural members/parts and even contents of artistic value. 
For the first four limit states the probabilities of exceedance are 5%, 10%, 63%, 81%, respec-
tively, which are related to the reference duration (VR). The VR can be calculated from the 
nominal life of the structure (VN), which for an ordinary structure is considered to be VN=50 
years, and the importance factor (CU), that is (VR= VN x CU).The code specifies four important 
classes, assigning to each one a value for the importance factor (CU). 
    Currently in Greece there is not yet a code for the seismic protection of monuments. Worth 
noting are two recent attempts that set the basis to address the pressing issues on the seismic 
protection of masonry structures and monuments [6,7]. From Ref [7] on monuments, present-
ing many similarities with the Italian code, it is worth mentioning the proposal to select the 
design seismic actions as well as the acceptable damage levels on the basis of the importance 
of a monument, proposing three levels (li i=1,,2,3): monuments of universal importance (I1), 
monuments of national importance (I2), and  monuments of local interest(I3). 
    Also, depending on the exposure to visitors, it proposes that the monuments are classified 
into three categories (Ci i=1,2,3) assigning a proper Cu, that is: C1: almost continuous presence 
of public or frequent presence of large groups: (i) inhabited buildings in historical city centers, 
(ii) monuments used as museums, and (iii) monuments continuously used for worshipping; C2: 
occasional habitation or intermittent presence of small groups: (i) monuments visited only un-
der specific conditions, and (ii) remote and rarely visited monuments; C3: entrance allowed 
only to service-personnel with visitors standing only outside the monument. 
    Thus, the earthquake protection of cultural heritage assets can be realized through a preven-
tive knowledge of the seismic risk, in order to plan mitigation strategies and schedule the nec-
essary strengthening interventions for the reduction of vulnerability. Seismic risk is the 
outcome of three different factors: the seismic hazard (probability of occurrence of an earth-
quake of a given intensity at a certain site); the vulnerability (predisposition of the building to 
be damaged by an earthquake); the exposure (related to the conditions of use and presence of 
the public, but also to the value of the building and the artistic assets that contains). Clearly, 
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the earthquake protection of cultural heritage assets is a task that involves not only the safety 
and economic impact, but also the conservation of the cultural properties of the assets. 

1.1 Seismic Hazard 

Seismic hazard requires the selection of the proper ground excitation. It is recommended 
that the site ground excitation is determined by taking into consideration the following: 1. The 
response of the monument to past earthquakes, so that, in case of a damaged structure from an 
earthquake, the action that caused the damages may be the first choice, 2. The soil 
stratification and the foundation and 3. Topographic amplification effects. For important 
monuments, the seismic action may be modified by taking into account local soil dynamic 
conditions, geomorphology, an estimation of the duration of the earthquake and especially the 
effects of neighboring active faults that could create near-fault phenomena. 
    For the last parameter it should be stated that, even though there is considerable literature 
on reinforced concrete and steel structures considering near-fault phenomena, the study of 
masonry structures and monuments under near-fault seismic excitations is scarce compared to 
their significance in seismic design [8,9]. For this reason a relatively extensive introduction 
on this issue is presented, followed by an example that demonstrates the significance of near-
fault phenomena associated with the presence of an active fault in the vicinity of a monument. 

1.2 Near-Fault Strong Ground Motion Characteristics 

The increased density of recording stations in the near fault areas has permitted the collec-
tion of near-fault ground motion recordings that present characteristics quite different from 
those of the usual far-field ground motions. These near-fault characteristics are mainly present 
in the form of large pulses in the ground velocity time history records at sites towards which 
the fault ruptures, a phenomenon called directivity. The directivity characteristics and effects 
are briefly presented and explained in the following. 
    Rupture generally progresses across a fault as a series of individual cracks or sub-events. 
Each crack produces a dislocation or slip which has a duration called the rise time and a slip 
velocity or slip rate amounting to 50-150 cm/sec. Each crack creates a velocity pulse with du-
ration equal to the rise time and amplitude equal to the slip rate. These pulses travel along the 
fault with the velocity of shear waves. At the same time the rupture spreads towards a certain 
direction with a rupture velocity similar to that of the shear waves. In the rupture direction, 
rupture cracks and crack velocity pulses travel with the same velocity. Accordingly, in the 
rupture direction, a phenomenon similar to the Doppler phenomenon takes place. The gener-
ated pulses overlap and the waves arrive at a site in the direction of rupture as a large pulse of 
motion creating a shock wave effect that occurs at the beginning of the record. The phenome-
non is called forward directivity and the pulse of the ground motion is typically characterized 
by large amplitude and short duration. At a site located near the epicenter, where rupture 
propagates away from the site, the arrival of the pulses is distributed in time. This condition, 
referred to as backward directivity, is characterized by motions with relatively long duration 
and low amplitude. 
    Research has shown that simplified representations of the velocity pulse can capture the 
salient characteristics of the response of structures to near-fault ground motions. The simpli-
fied pulse representations of velocity time histories are defined by the number of equivalent 
half cycles, the period of each half cycle and the corresponding amplitudes [11]. The ampli-
tude of the velocity pulse is significantly affected by magnitude, distance and site conditions. 
The number of half cycles in a velocity pulse affects the spectral amplification, that is, as the 
number of cycles increases the spectral amplification increases as well [12, 13, 14, 15].  
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    Rupture directivity effects can be present both for strike-slip and dip-slip events. Because 
of its polarization, the pulse of motion is predominant in the orientation perpendicular to the 
fault plane. The same phenomenon is present for a dip-slip fault, where forward directivity 
conditions occur for sites located near the up-dip projection of the fault plane. In this case, 
also, the pulse of motion is oriented perpendicularly to the dip of the fault plane. Thus, fault 
parallel spectra are in most cases comparable with design code spectra. Procedures that incor-
porate amplification of the standard response spectrum to account for near-fault phenomena 
are available in the literature and are recently incorporated in the Next Generation of Ground 
Motion Attenuation (NGA) Project [16, 17].  

2 INTERVENTION STRATEGIES 

Historical buildings may be considered to belong to importance class III or IV leading to 
large seismic requirements and seismic actions that are characterized by a high return period 
[4,5]. Thus, their preservation could most likely require invasive interventions in order to 
meet the “safety standards” for new construction. According to the principles of interventions 
on historic buildings and monuments less intrusive interventions are imposed, which, never-
theless, would continue to ensure to a certain degree the safety of the monument, e.g.,[18, 19]. 
In general, interventions on monuments should satisfy the following three principles: (i) Re-
versibility, (ii) Durability (in-time), and (iii) Feasibility of the proposed solution. 
    The basic philosophy of codes and comprehensive research efforts, e.g. [5,41], promotes 
three intervention alternatives:  (i) Basic Safety, with a Rehabilitation Objective that practical-
ly achieves the dual rehabilitation goals of Near Collapse (NC) and Significant Damage (SD) 
of [4]; (ii) Limited Rehabilitation, which attempts to improve the seismic safety of the whole 
structure by means of non intrusive, yet, extensive interventions that are inferior to the Basic 
Safety objectives and (iii)  Local Rehabilitation, which improves the response of the structure 
through local interventions not affecting the overall behavior of the structure. The last two 
alternatives appear to be the most appropriate and in fact the most widely used (in many cases 
“silently adopted”) for the preservation of historic structures and monuments. 

2.1 SD Performance through Limited Duration Rehabilitation Measures 

This section proposes an alternative approach that handles the Limited Rehabilitation Ob-
jective (LRO) in a totally different way. The basic idea is to consider the rehabilitation 
measures as fulfilling a predefined limit state for a certain time duration, after which the struc-
ture with its interventions should be re-evaluated and, if necessary, appropriate measures will 
be taken at this later time. 
    The methodology is demonstrated through the following example, applied in order to 
achieve the SD performance level, as specified in EC8-3, through Limited Rehabilitation 
measures valid for a certain period of time. 
    The methodology also requires the introduction of the term "nominal life of an intervention 
ΤΔ", defined as the time for which the intervention ensures a selected performance level, e.g., 
SD or DL for the probability of exceedance being PR = 10% or 20%, respectively [4]. 
    The methodology requires the use of either an attenuation relationship or side specific spec-
tra. In this example the following attenuation relations are selected, as forming the basis for 
the calculation of the agR of the current EC8-1 design spectra for Greece. As Greece is divided 
in three seismic hazard zones, Zi, (i=1,2,3), each equation specifies the corresponding agR (de-
sign ground acceleration) in terms of the return period TRL [20]: 

 Zone Z1: log 0.277 log 1.579gR RLa T   (1) 
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Zone Z2: log 0.264log 1.739gR RLa T  (2)

Zone Z3: log 0.240 log 2.015gR RLa T  (3)

    Adapting a Poissonian distribution for the seismic events, that is the seismic events are sta-
tistically independent from each other, the TΔ is related to the return period TRL and to the 
probability of occurrence as given by 

ln(1 )RL
R R

T T
T

P P
   


(4)

    It should be noted that the agR resulting from equations (1) – (3) is decreased by 20% prior 
to being used in the code spectra [20]. 
    Also, if the seismic action is defined in terms of the reference peak ground acceleration agR, 
the value of the importance factor γI multiplying the reference seismic action to achieve the 
same probability of exceedance in TΔ years as in the TΔR years for which the reference seismic 
action is defined, may be computed from 

1/ /(  ) k
RT T 

   (5)

where k is in the order of 3 (EC8-1). 
    The example considers a historic building located in the seismic zone Z1 founded on a soil 
class A.  
    By implementing the maximum of the interventions that comply with the archeological 
/architectural restrictions to the monument [18, 19] and after performing the analysis, evalua-
tion of the results indicate that the structure reaches the SD performance level for agRL = 
0.155g.  
    In order to use equation (1), the agRL should be divided by 0.8 leading to agRL = 0.194g. 
Substituting agRL in eq. (1) leads to 

log194 0.277 log 1.579RLT  (6)

providing the return period TRL = 360.5 years. Consequently, substituting in eq. (4) the TRL = 
360.5 years for PR = 0.1 yields TΔ = 38 years. 
    At this point one could consider two possibilities regarding the importance class of the his-
toric structure, that is class III or IV corresponding to γI = 1.2 or 1.4, respectively. 
Equation (5) results in: TΔR = 22 years for γI = 1.2 and TΔR = 14 years for γI = 1.4. 
    Thus, the implemented interventions can be considered as fulfilling the SD state for the du-
ration of either 22 or 14 years depending on the importance classification of the structure. If 
the classification of the structure can be considered that it is exclusively related to the “expo-
sure to visitors”, then the nominal duration of the interventions could be further extended by 
setting γI = 1.0 leading to a TΔR = 38 years. 
    The Damage Limitation Level can be treated in exactly the same way considering as the 
probability of exceedance in 50 years to be 20%. In this case for TRL = 360.5 years, use of 
equations (1), (4) and (5) results in: TΔR = 46.5 years for γI = 1.2, TΔR = 29 years for γI = 1.4, 
and TΔ = 80 years for γI = 1.0. 
    Therefore, the implemented interventions can be considered as fulfilling the DL state for 
the duration of 80, 46.5 or 29 years depending on the importance classification of the structure. 
    It can be concluded that for either the SD or the DL limit states, additional and more inva-
sive interventions can be postponed in time. At the end of the nominal duration of the inter-
ventions, a new evaluation of the structure should be performed. At that later time any 
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necessary measures might be implemented making use of a more accurate knowledge of the 
seismic hazard, the ability to assess more reliably the vulnerability of the monument and the 
availability of less invasive intervention techniques. 

3 METHODS OF ANALYSIS 

This section attempts to clarify several important issues related to limitations of [3, 4] 
specified solution methods as well as the selection of the most appropriate solution method(s) 
for historic masonry structures and monuments.  
    In section 4.4.3, EN 1998-3 reports that the seismic action effects may be evaluated using 
one of the following methods: a) lateral force analysis (static linear), b) modal response spec-
trum analysis (linear), c) q- factor approach, d) non-linear static (pushover) analysis and, e) 
non-linear time history dynamic analysis. 
    Options (a) and (b), are applied with the un-reduced elastic spectrum to a structure that be-
haves elastically. In addition, according to Annex C of [4] both methods assume conditions of 
rigid diaphragm and a clear distinction between ductile and failure mechanisms, both re-
quirements are not met in a great majority of masonry structures.  
Also, classifying such mechanisms as strictly “brittle” without whatsoever nonlinear defor-
mation capacity would lead to a significant underestimation of the seismic capacity of a ma-
sonry structure, and, therefore, to unusable results. It is well documented that a moderate 
“ductility” has to be recognized also for shear failures. Thus, one may conclude that for ma-
sonry structures, both options are impractical, e.g., [28, 29]. 
    According to EC8-3 (4.4.1 (5)) and the informative Annex C, the q-factor approach is prac-
tically applicable to masonry structures with rigid diaphragm behavior. The approach propos-
es either a reduced response spectrum or its equivalent alternative representations, given in [3], 
that use properly developed time histories of ground motion. Of the two alternatives of linear 
elastic analysis, clearly the option of time history analysis of modal response and real time 
superposition of modal contributions is the only accurate option. Despite this, most commer-
cial software for the analysis of masonry structures offer only the possibility of combining the 
Modal Maxima either through the Complete Quadratic Combination (CQC) or the Square - 
Root - of the - Sum- of the - Squares (SRSS) option. Both approaches combine maximum re-
sponses of different modal contributions which, in time history records, are not concurrent. 
The danger from these approaches is that they may lead to overly conservative estimates, in 
light of the fact that several modes need be accounted for before 70% of the total masonry 
structural mass may be engaged in elastic finite element (F.E.) modal analysis, since, in the 
absence of diaphragms numerous subordinate modes could be excited in such F.E. models. 
These modes are occasionally spurious and are not related to the actual behavior of the struc-
ture. Overly conservative estimates of response emanating from SRSS may lead to excessive-
ly invasive (nonreversible) interventions in masonry structures, and as such, they should be 
always treated with particular caution. 
   The EC8-3 specifies the use of the last two alternatives (d) and (e) when the conditions of 
its section C.3.2 are not met, simply stated: for “irregular” structures with or without rigid di-
aphragms. First we elaborate on the method (d), i.e., the pushover analysis. We distinguish the 
combination of two cases: “regularity”, as defined in 4.4.2(1)P and in C.3.2, as well as pres-
ence of rigid diaphragm behavior. In the case of rigid diaphragms and regular structures, 
pushover can be used with two fixed force pattern distributions: modal (mass-proportional) 
with a force distribution proportional to the first modal shape of the structure; being able to 
represent the structural dynamic amplification which increases the action on higher stories 
and, a constant distribution that is consistent with a soft ground storey response. These two 
distributions may be assumed as bounds for seismic analysis of regular buildings: the actual 
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result, resulting from dynamic analysis can be usually assumed to be within these two solu-
tions. For irregular structures with rigid diaphragms, an adaptive pushover analysis is consid-
ered a better approach. In that case the analysis is progressively updated to account for the 
structural response evolution in terms of stiffness degradation.  
    The presence of in-plane flexible diaphragms, such as typical wooden floors or thin mason-
ry vaults, is very common in historic masonry structures. Even though connections between 
walls and floors could prevent to a certain extent local first mode mechanisms, the presence of 
flexible floors results in a quite complex global seismic response, demonstrating little cou-
pling between the vertical walls that tend to behave independently. 
    In the presence of plane deformable diaphragms use of pushover presents several issues and 
difficulties which have not yet been taken into consideration in codes, the choice of the con-
trol node being a characteristic example. An acceptable approach in practice could be to ana-
lyze separately the in-plane seismic response of each masonry wall, as extracted from the 
global structure with its supporting loads and inertial masses [21]. 
    For mixed structural systems that are commonly encountered in strengthened existing 
structures with either steel or concrete members the [22] favors the use of pushover analysis. 
    Certainly, the most general but complicated option is the option (e), in which case the solu-
tion algorithm marches in time satisfying at each time step the conditions of dynamic equilib-
rium. Clearly, nonlinear F.E. solutions are still hampered today by the convergence and 
numerical stability problems attributed to cracking in masonry, combined with the absence of 
the stabilizing effect of steel reinforcement that is available in concrete structures. 
    Alternative methods that reproduce the nonlinear characteristics of the response, while tak-
ing advantage of the stability of the elastic approaches have been developed. An effective op-
tion is re-meshing of the structure, while allowing the creation of new boundaries of 
discontinuity in the structure along the paths of crack formation. By the incremental propaga-
tion of a crack, each time a new boundary is created, followed by remeshing and restructuring 
of the elastic stiffness matrix of the structure, which however, becomes more compliant as the 
connectivity between adjacent nodes is lost caused by the opening of a crack.  
    In conclusion nonlinear static analysis and the q-factor approach seem the real options for 
designers at the present. 

4 EVALUATION OF SEISMIC RISK CONSIDERING NEAR FAULT EFFECTS 

The church of St. Demetrios, located on the island of Lemnos in the North Aegean sea, has 
been selected as a case study of a historic structure constructed without seismic regulations in 
a highly seismically active region. It is a post-Byzantine triple-domed basilica with a timber 
roof constructed in 1892 [23]. The plan view is nearly quadrangle with three polygonal apses 
on the eastern façade. The length and width of the church are 25 and 21 meters, respectively. 
The central aisle has a vaulted ceiling, where a 5.6 m high dome and a Π-shaped outer narthex 
are incorporated. The height, up to the base of the dome, is 12m. The masonry construction is 
mixed including rubble masonry with carved corner-stones and is coated with plaster at the 
exterior facade of the church, while inside it is partly covered with coating and partly with 
frescoes.  
    The evaluation of seismic risk involves a thorough condition investigation of the monument 
as well as the selection of the seismic hazard followed by several analysis in order to specify 
the type and the extent of the interventions. All steps of the process are briefly presented in 
the following. 
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4.1 Condition assessment 

Visual inspection as well as a series of in-situ and laboratory tests has been conducted for 
condition assessment of the church. Main objectives of the testing program were the collec-
tion of information regarding the mechanical and chemical properties of the materials as well 
as the construction details [25, 26, 31].  
Geotechnical investigation and soil amplification: At first a geotechnical study was per-
formed in order to investigate the stratigraphy of the soil and the level of groundwater table, 
followed by a soil dynamic amplification study. The geotechnical study provided the soil pa-
rameters needed to estimate the bearing capacity of the soil, the expected subsidence, the 
modulus of subgrade reaction and the soil category according to [24]. The study of the dy-
namic soil response aimed at calculating a design spectrum that accounted for the amplifica-
tion of seismic excitation through the local soil strata. 
    Three accelerograms from representative Greek seismic events were selected in order to 
evaluate soil amplification: (a) the 1986 Kalamata earthquake with magnitude M=6; (b) the 
1981 Korinthos (Alkyonides) aftershock earthquake at the Corinthian gulf with magnitude 
M=6.4; and the Athens 1999 earthquake with magnitude M=5.9 recorded at the Sepolia sta-
tion. All three accelerograms were scaled in order to be compatible with the seismic zone ac-
cording to [3]. The scaled accelerograms excited the base of the soil column and the amplified 
spectra were obtained at the soil surface, as depicted in Figure 1.  
    Visual Ιnspection: Α preliminary assessment of the condition was performed with visual 
inspection and surveying in order to record damage, i.e., cracking, peeling or other imperfec-
tions of the structure. Noticeable cracking, observed almost everywhere on the internal and 
external facades of the church, was recorded in detail and classified according to its type and 
size. In Figure 2 the location and the shape of the crack pattern is depicted in all views of the 
structure. it should also be noted that significant cracking was also recorded at the vaults and 
the pillars. 

Figure 1: Geotechnical investigation: (a); soil profile; (b) amplified spectra at soil surface. 

2430



Constantine C. Spyrakos 

 

 
Figure 2: Major cracks in the masonry structure: (a) frontage (west façade); (b) south façade; (c) east façade; (d) 

north façade. 

    Measurement of Mechanical and Chemical Properties of Masonry: In order to measure 
the compressive strength of the stones and the bricks, both laboratory and in-situ tests were 
performed. Application of rebound hammer tests at selected positions, in conjunction with the 
laboratory tests provided the compressive strength of the stones (lime stones): fbc=45.8 MPa. 
    Mortar samples were taken from various positions and their composition was examined in 
the laboratory. The laboratory work focused on the following issues: (i) nature of mortar (e.g., 
hydraulic, mixed, etc.), (ii) composition of binder, (iii) type and gradation of the aggregates, 
and (iv) ratio of raw materials. The following techniques were applied for the characterization 
of the mortar: (i) optical microscopy, (ii) study of the gradation of the aggregates, and (iii) x-
ray diffractometry (xrd).  
     Infrared thermography: Application of the method revealed areas of humidity in the 
walls and confirmed testimonies and historic data about the absence of either partial or full 
closure of openings [27]. 
     Endoscopy: Endoscopy was applied to a total of five positions of the walls of the church. 
In addition a number of endoscopies were applied at selected positions in order to examine the 
construction system of the central pillars and the anchorage length of the tie-rods in the ma-
sonry walls. It was found that (i) the bearing walls were composed by three-leaf masonry, (ii) 
there is no uniformity in the layout, since stones of different sizes have been used at several 
locations and (iii) the tie rods were improperly connected to the walls 
    Ambient Vibration Measurements: The modes of vibration and the natural frequencies of 
the church were measured applying ambient vibration testing. In total eight measurements 
were performed with direction either western-eastern or north-south. The positions included 
the center of the church beneath the dome at the ground floor and at the roof of the mezzanine 
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as shown in Figure 3 appropriate software was used to calculate the transfer functions and the 
Fourier spectra at different positions. 

Figure 3: Ambient Vibration testing at indicative positions: (a) ground floor beneath the central dome; (b) roof of 
the mezzanine. 

4.2 Types of Analysis 

The mechanical characteristics of the masonry, based on the testing procedures, were ap-
plied in subsequent analysis. Two types of analysis were performed: (i) Global analysis con-
sidering the structure as a continuum where all the inter-connected individual parts act and 
deform together during excitations and (ii) local analysis studying parts of the structure that 
may deform almost independently from the whole bearing body. These parts, also referred as 
macroelements, were determined with acceptable reliability based on a survey of the struc-
ture. At this point it should be emphasized that structures with no diaphragms are mostly vul-
nerable to local failure mechanisms. The selection and evaluation of different possible 
collapse mechanisms is an issue of critical importance in order to assess the behavior of a ma-
sonry structure [28, 29, 30]. 
    The macroelement approach may be usually followed by either a kinematic limit analysis 
or a non linear static analysis. The first alternative, which has been selected in this article, in-
volves the proper selection of a collapse mechanism, while the second one uses a finite ele-
ment model as well as a “blocks and joints” analysis [31, 32, 33].  

4.3 Seismic Loads 

Greece is the most seismically active region in Europe and among the most seismically ac-
tive regions on a global scale [34]. The island of Lemnos is located in a seismic zone II that is 
characterized by a reference peak ground acceleration agR=0.24 g according to the seismic 
zone map of Greece [35]. The North Aegean is a well known area for its high seismicity with 
strong earthquakes reported even from ancient historical era up to as recently as 2014 [36]: 
M=7.0 in 197 BC; M=7.0 in 1471; M=7.0 on May 14, 1887; and M=6.8 on August 6, 1983. 
Most recently on May 24, 2014, a M=6.3 earthquake occurred with an epicenter between the 
islands of Lemnos and Samothraki, as the result of strike-slip faulting at shallow depths be-
neath the northern Aegean Sea. Faults within the North Aegean trough represent the northern 
branch of the North Anatolian fault system, the major transform faulting structure in northern 
Turkey (USGS webpage). In the analysis the seismic loads were determined according to: (i) 
the current version of [3, 4]; (ii) the first Greek seismic code adopted in 1959 [37]; (iii) spec-
tra accounting for near-fault effects.  
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Figure 4: Comparison of different spectra applied in the analyses. 

    In Figure 4 the different spectra applied in the analyses are shown. The [4] spectra were 
considered with the following characteristics: reference ground acceleration for seismic zone 
II; agR=0.24 g; importance factor γI=1.2, characteristic periods TB=0.15 sec, TC=0.50 sec and 
TD=2.00 sec and soil factor S=1.2. The near-fault spectra determined by applying the proce-
dure proposed in [16] are representative of an M=6.5 seismic event at distance from the sur-
face projection of the fault R=1 km and R=5 km, denoted as NF-1 and NF-5, respectively. 
The R denotes the minimum distance from the site to the projection of the fault to the surface. 
For clarification, it is mentioned that R=1 km or R=5 km indicate epicenter distances that 
could be in the range of 15 to 25 km from the epicenter. The elastic spectra are depicted with 
a continuous line, dotted lines correspond to inelastic spectra and dashed lines correspond to 
mean spectral acceleration (±) one standard deviation for the NF-5 scenario. A behavior factor 
q=1.5 was considered for all cases indicating a structure with small ductility [38]. The results 
from spectral analysis for the NF-5 scenario are not presented in detail, since as shown in Fig-
ure 4, they correspond to spectral values lower than the spectrum [4] for the range of periods 
considered; thus, it could provoke less damages than the spectra [4].  
However, this overall conclusion is valid in average sense only, since consideration of the 
mean spectrum plus one standard deviation (NF-5 + 1σ) might be more damaging even from 
the NF-1 scenario, as also depicted in Figure 4.  

4.4 Global Analyses and Results 

The finite element model, shown in Figure 5, consists of 317929 six and eight-node solid 
elements. Prior to the response spectrum analysis, an eigenvalue analysis of the model was 
performed and the results were validated based on the results of the ambient vibration testing 
[31]. 
    The distribution of maximum stresses, for all the different spectra, is depicted in Figure 6 
for the representative west façade. It should be noted that grey colors in the contour diagrams 
indicate exceedance of the tensile strength. The grey color denotes failures that occurred near-
ly at all facades and for all cases prior to the interventions on the structure. 
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Figure 5: General views of the finite element model: (a) three dimensional view; (b) sectional view along the 

west-east direction. 

 
Figure 6: West façade - Distribution of maximum stresses in the original model without interventions for the 

G+0.5Q+Ex+0.3Ey combination:  (a) Eurocode 8 spectrum; (b) 1959-Greek Seismic Code spectrum; (c) Near-
fault spectrum with R=1 km. 
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    As depicted in Figure 4 the maximum demand is imposed from the near-fault spectrum at 
R=1 km (NS-1), while the second most damaging loading should be expected for the other 
spectrum in the near-fault area at R=5 km (NS-5). Indeed the maximum stresses for seismic 
combinations are noticed for the NS-1 spectrum, as shown in Figure 6, while the NS-5 seis-
mic scenario also results in extended damage as also shown in Figure 6. The capacity checks 
included: in plane flexural resistance, shear resistance and out of plane flexural resistance par-
allel to the joints. 

4.5 Local Analyses and Results 

The determination of possible out-of-plane collapse mechanisms was obtained through a 
kinematic limit analysis [39]. Given the pattern of the cracks existing on the structure, two 
collapse mechanisms were examined, that is, the overturning of a part of the left façade and 
the overturning of the central apse, as shown in Figure 7.  
    Table 1 shows the results of the kinematic limit analysis performed for the two 
macroelements as well as the results of the verification with respect to the ultimate limit state 
according to Eurocode 8 and the NF-1 and NF-5 near-fault spectra. The verification was per-
formed with the spectra shown in Figure 4 considering an importance factor γι=1.2. The veri-
fications performed for the collapse mechanisms of the left façade and the central apse 
yielded different results depending on the spectra. The red color in Table 1 denotes collapse, 
while the green color denotes fulfillment of the ultimate limit state [3, 4]. 

4.6 Intervention Scheme and Performance of the Strengthened Structure 

The assessment of the current condition of the structure revealed significant problems that 
may affect the structural behavior including extensive cracking of the masonry walls at all 
façades.  

Figure 7: Selection of different local collapse mechanisms:  (a) overturning of a structural part in the north fa-
çade; (b) overturning of the central apse in the east façade. 

Collapse 
mechanism 0a *

0a   (g) 

EC8 NF-1 NF-5
*
Rig

(g) 

*
Def

(g) 

*
Rig

(g) 

*
Def

(g) 

*
Rig (g) 

*
Def

(g) 

North façade 
(mezzanine 

wall) 
0.243 0.185 0.173 0.203 0.233 0.242 0.147 0.163 

Central apse 0.162 0.142 0.173 - 0.233 - 0.147 - 

Table 1: Results of kinematic limit analyses. 
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The existence of damage, nearly from the construction period, can be attributed to the lim-
ited strengthening measures that have been taken. The analysis of the structure “as is”, re-
vealed that there is a number of significant exceedances in capacity at many positions. Failure 
is expected for seismic loads according to [4], while more extensive damage should be ex-
pected for seismic loads corresponding to near-fault phenomena. Moreover the results of kin-
ematic analyses imply an out-of-plane failure for a wall of the mezzanine at the north façade 
for the NF-5 spectra and an overturning of the central apse for both the EC-8 and the NF-5 
spectra. 
    In order to overcome these structural weaknesses, a retrofit and strengthening scheme was 
suggested that included the following measures: (i) replacement of tie-rods with steel bars of a 
20mm diameter, and (ii) consolidation of the masonry through grout injections.  

At this stage, the analysis demonstrated that SD level was attained for agr=0.20g. Following 
the procedure presented in Section 2.1, resulted that the nominal life of the interventions is: tδr 
= 19 years for γi = 1.2, tδr = 12 years for γi = 1.4 and tδr = 33 years for γi = 1.0.  
    At this point, given the possibility to perform further “ interventions” it was decided to ei-
ther use carbon fiber sheets (CFRP) placed at selected locations of the structure in order to 
increase the tensile strength of the masonry walls or a stainless steel grid of a particular form 
and size [40]. Further analysis demonstrated that application of the additional interventions 
increased the strength of the church to meet the SD limit state as specified for a newly con-
structed structure.  

5 CONCLUSIONS 

The study: (i) demonstrates the pressing need to develop a common approach for the as-
sessment of seismic risk of historic structures and monuments. It acknowledges the presence 
of several national codes and attempts for code development and comments on their ap-
proaches; (ii) by introducing the notion of “nominal life of interventions” it proposes and 
demonstrates through an example, a framework that quantifies the duration of an intervention 
in order to achieve a predefined limit state; (iii) presents fundamental concepts on “near-field” 
phenomena that should be included in the analysis of monuments; (iv) clarifies numerous is-
sues related to the use and limitations of the most widely used numerical solution methods 
and, finally; (v) presents a comprehensive evaluation and retrofit study of a historic structure 
that: (a) combines in-situ and laboratory testing with structural analysis using the notion of 
“nominal life of intervention”,  (b) demonstrates the significance of near-fault effects and, (c) 
leads to the selection of appropriate intervention measures that use both traditional and mod-
ern state-of-the art techniques that respects the historic and architectural characteristics of the 
monument.  
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Abstract. To allow for a more accurate description of crowd-induced loading, the present study
aims to provide the necessary insights into vertical human-structure interaction (HSI) phenom-
ena, to date ignored in current load models. A parametric study is performed to investigate
the effects of the mechanical interaction between pedestrians, represented by simple lumped
parameter models, and the supporting footbridge. The most significant HSI-effect for the low-
frequency modes of a footbridge, is in the effective damping ratio of the coupled system which
is much higher than the inherent structural damping. The effective damping ratio increases
monotonically with the pedestrian density but is highly dependent on the natural frequency of
the footbridge. In order to verify the findings, a comprehensive full-scale experimental study is
performed on two footbridges. It is shown that the crowd-structure model is able to reproduce
the experimentally identified dynamic characteristics of the coupled system.
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1 INTRODUCTION

The relatively small service loads allows for very slender and lightweight footbridge designs.
Characterised by a low stiffness to mass ratio, footbridges often have one or more natural fre-
quencies below 6 Hz. Given the force spectrum of pedestrian excitation which is dominated
by contributions around the fundamental (1.25 − 2.50 Hz) and the second (2.50 − 5.00 Hz)
harmonic of the walking load, the vibration serviceability of footbridges is mostly governed by
(near-)resonant loading [1, 2].

In the prediction of crowd-induced vibrations, persons crossing a footbridge are often sim-
plified to (moving) forces [3]. However, this approach does not consider that people are me-
chanical systems which interact with the structure that is supporting them [4]. In some cases,
the modal characteristics of the coupled crowd-structure system significantly differ from those
of the empty footbridge [5, 6, 7]. The degree to which the dynamic behaviour is modified is
expected to increase with an increasing crowd to structural mass ratio. Hence, these effects are
expected to be non-negligible for lightweight footbridges [8, 9].

To characterise HSI-effects for slender footbridges, the low-frequency behaviour of the hu-
man body (< 10 Hz) is of interest in this paper. As the human dynamics in the vertical direction
largely depends on the body posture [10], a distinction is made betweenactiveandpassivepos-
tures as assumed by active (e.g. walking, jogging, ...) and passive (e.g. standing still) persons,
respectively. Passive persons are most likely to assume a standing posture characterised by legs
being straight. On the other hand, the posture of an active individual is changing continuously
during the gait cycle and it involves either one or two legs slightly bent.

In the present work, the effects of the mechanical interaction between pedestrians and the
supporting footbridge are investigated by means of a parametric study. The latter considers a
realistic crowd model, composed of active and passive individuals and subject to inter-person
variability.

The outline of this paper is as follows. First, the low-frequency dynamic properties of the
footbridge and the human body are discussed and the coupled human-structure model is pre-
sented. Second, the implications for the practical design of footbridges are evaluated based on
a realistic crowd model representative of the inter-person variability. Finally, the predicted dy-
namic behaviour of the coupled human-structure system is verified by means of field-tests on
two footbridges.

2 FRAMEWORK

This section aims at providing a concise and structured overview of the relevant dynamic
properties of footbridges and the human body with the prime purpose to determine realistic
parameter ranges for the parametric study.

2.1 Dynamic behaviour of footbridges

The low-frequency dynamic behaviour of footbridges is characterised by the modal proper-
ties [1], i.e. the natural frequenciesfBj , modal damping ratiosξBj and modal massesmBj , of
the low-frequency vibration modes. During the last decade, numerous experimental studies of
the dynamic behaviour of footbridges have been performed. The following paragraphs present
a synopsis of the relevant modal properties reported in literature. The collected footbridge data
are composed of 11 structures investigated by the authors and over 100 footbridges discussed
in other reports and publications. The main sources of information used are theSYNPEX report
[2], the French Sétra guideline [11], theJRCdocument for the design of lightweight footbridges
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Figure 1: (a) Natural frequencies (fB1) for the fundamental vertical (×), lateral (◦) and torsional (⋄) modes in terms
of the maximum span length of the footbridge, (b) modal mass (mB) in terms of the total bridge deck surface: as
reported in literature (grey), for the 11 cases investigated by the authors (black) and the relationship defined in [15]
(line).

[12] and the reference lists ofGERB [13] andMAURER-SÖHNE [14].
Figure 1-a presents the identified natural frequencies in relation to the maximum span length,

including only the first (fundamental) lateral, vertical and/or torsional mode. As expected, the
natural frequencies tend to decrease with increasing span length. However, even bridges with
short spans can exhibit low natural frequencies (< 6 Hz) which is due to the distinct slender
designs. The collected data qualitatively agree with the natural frequency to span relationship
as proposed by Bachmann et al. [15] based on data for 67 footbridges with spans between 15
and 50 metres:

fB1 = 33.6 l−0.73 (1)

wherefB1 [Hz] denotes the fundamental natural frequency andl [m] the span of the footbridge
(figure 1).

The second modal property of interest is the modal mass. When obtained via the unity-scaled
mode shapes, the modal mass is a measure of the physical mass of the system that is engaged
in a particular mode [16]. The modal masses reported in literature include both experimentally
identified and numerically calculated values. Figure 1-b presents the reported modal masses in
relation to the total bridge deck surface. As expected, the modal masses increase with increasing
functional area.

The third relevant modal property is the modal damping ratio. Design guides for the vibration
serviceability assessment of footbridges propose numerical values for the modal damping ratios
based on experience obtained from similar construction types (table 1). Figure 2 presents the
identified modal damping ratios for different construction types in relation to the corresponding
natural frequency. This figure illustrates that the lowest modal damping ratios are retrieved for
steel and composite bridges with minimum and mean values that agree with the provisional
values reported by the guidelines (see table 1).

2.2 Dynamic behaviour of the human body

The low-frequency (0-10 Hz) dynamic behaviour of the human body in the vertical direction
can be represented by a highly damped single degree of freedom (SDOF) system [21, 22, 23].
The massmH,k, being equal the total mass of the corresponding individualk, is divided into
two lumped masses, i.e. a sprung massmH1,k [21, 22, 24] and a rigid massmH0,k at the support
(mH,k = mH0,k + mH1,k). The corresponding mechanical properties (fH1,k and ξH1,k) largely
depend on the body posture [10]. On a footbridge, usually both active and passive persons are
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Type Bachmann Sétra HiVoSS ISO EC 1
[15] [11] [17] 10137 EC 5

min max min mean min mean [18] [19,
20]

RC 0.8 2.0 0.8 1.3 0.8 1.3 0.8 1.5
PC 0.5 1.7 0.5 1.0 0.5 1.0 0.8 1.0
S 0.2 0.4 0.2 0.4 0.2 0.4 0.5 0.5
C 0.3 0.6 0.3 0.6 0.3 0.6 0.6 0.5
T 1.5 3.0 1.5 3.0 1.0 1.5 - 1.0-1.5
S-R - - - - 0.7 1.0 - -

Table 1: Provisional modal damping ratiosξB [%] as suggested
by the current codes of practice for different construction types:
reinforced concrete (RC), prestressed concrete (PC), steel (S),
composite (C), timber (T) and stress-ribbon (S-R).
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Figure 2: Identified modal damping ratios (ξB)
for steel (×), composite (◦) and concrete (⋄)
footbridges in terms of the corresponding nat-
ural frequencies (fB): as reported in literature
(grey) and for the 11 cases investigated by the
authors (black).
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Figure 3: The adopted truncated Gaussian distributions for active (dashed) and passive (solid) postures: (a) the
natural frequencyfH1,k and (b) modal damping ratioξH1,k.

present. Passive individuals most often assume a standing posture whereas the posture of active
individuals is changing continuously during the walking cycle. In the following, active persons
are represented by (stationary) human body models representative of a body posture with one
or two legs, i.e. considered in this paper as an approximation of the postures assumed during
the walking cycle.

The fundamental natural frequency of an active person is situated between 2.5 Hz and 4 Hz
with a corresponding modal damping ratio between 20% and 40% [22, 25]. For passive persons,
the natural frequency and damping ratio are generally situated between 5.0-6.5 Hz and 35%-
50%, respectively [22, 26]. In both cases, the massmH1,k is found between 85% and 99% of the
total massmH,k with the remaining massmH0,k lumped at the support.

In the following, inter-subject variability is accounted for by assuming a Gaussian distribu-
tion of the natural frequency and modal damping ratio of the human body model. The mean
values and coefficient of variation are based on the results reported by Matsumoto and Griffin

2443



Katrien Van Nimmen, Geert Lombaert, Guido De Roeck and Peter Van den Broeck

1 2 k − 1 k k + 1 nH − 1 nH

Figure 4: The coupled system composed ofnH persons and the supporting footbridge.

[22] and the results from an experimental study performed by the authors [25] (see figure 3):

Passive persons: (2)

fH1,k ∼ N (µfH1,k
, σfH1,k

) = N (5.7, 0.56) [Hz] (3)

ξH1,k ∼ N (µξH1,k
, σξH1,k

) = N (0.44, 0.07) [−] (4)

Active persons: (5)

fH1,k ∼ N (µfH1,k
, σfH1,k

) = N (3.25, 0.32) [Hz] (6)

ξH1,k ∼ N (µξH1,k
, σξH1,k

) = N (0.30, 0.05) [−] (7)

2.3 Coupled human-structure model

When a person is present on a footbridge, interaction occurs between his body and the struc-
ture. The two subsystems interact with each other through contact forces induced at the contact
points between the person and the bridge deck, i.e. at the feet-bridge deck interface. In the
following, both active and passive persons are modelled as stationary. The governing equa-
tions of motion can be written for two linear dynamic subsystems separately. In order to ensure
coupling, compatibility and equilibrium conditions at the contact points need to be satisfied
(analogous to the problem of vehicle-bridge interaction [27]). As the persons are assumed to
be stationary, the coupled system is time-invariant. The reader is referred to [25] for a detailed
description of the coupled system and corresponding system matrices.

3 PARAMETRIC STUDY

The HSI-effects are investigated for a realistic crowd model consisting ofnH individuals (nH

human body models), with a distribution of human body model parameters representative of
inter-subject variability (see section 2.2). The observed quantities are evaluated using Monte
Carlo simulations. Since the dynamic characteristics of the human body are quite different for
active and passive body postures, theactivity ratio is considered as an additional parameter here.
A unit value of the activity ratio corresponds to the case where all the persons on the bridge are
active. As it is expected that most people present on a footbridge are active, an activity ratio of
0.5 up to 1.0 is considered.

Natural frequencies between 0.5 Hz and 6.0 Hz are considered for the empty footbridge. In
addition, the implications of HSI for practical design of footbridges are investigated assuming a
range of: (i) the mass ratio (0.02 ≤ µHB ≤ 0.50 [-]) and (ii) the structural modal damping ratio
(ξB = {0.2, 0.5, 2.0} [%]). To facilitate the practical interpretation, the results are expressed in
terms of the natural frequency of the footbridgefB [Hz].

First, the output quantities of interest are selected. Second, the Monte Carlo simulation of
the crowd composition is discussed. Subsequently, the influence of the activity ratio and the
structural modal damping ratio are investigated.
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3.1 Output quantities of interest

The parametric study aims to determine when the interaction effects with the crowd are
significant and whether or not they are beneficial. An interaction effect is here understood as
beneficial if it reduces the maximum acceleration response of the footbridge. The vibration
serviceability of footbridges is mostly governed by (near-)resonant loading [1]. For the empty
footbridge, the maximum steady-state amplitudeüB,max to harmonic excitation is found as:

üB,max ∼
1

2ξBmB

= |HB(ωB)| (8)

with HB(ω) the frequency response function (FRF) of the footbridge andωB the natural fre-
quency of the footbridge in rad/s. In this case, the natural frequencyfB, modal damping ratioξB

and modal massmB are the key parameters that determine the structural dynamic response.
Similarly, the FRF of the coupled system relating the harmonic input excitation to the accel-

eration response (in the following referred to asHHB(ω)), both taken at the footbridge DOF, is
examined and its key parameters are identified. First, a reference case is defined for the coupled
crowd-structure system. For this reference case, the HSI-effects are evaluated for a selection of
frequency (fH1/fB) and mass (µHB) ratios. The selected case corresponds to a footbridge with a
modal damping ratio ofξB = 0.5%, occupied by a crowd that is represented by the human body
model with modal damping ratioξH1 = 40% and mass ratioµH1 = 0.95.

Figure 5-a presents the FRF of the coupled systemHHB(ω) for a fixed mass ratio (µHB =
0.3) and for ten different frequency ratiosfH1/fB, uniformly spaced between 0.2 and 2. This
figure illustrates that the FRFHHB(ω), relating the harmonic input excitation to the acceleration
response of the footbridge, is characterised by a single peak. Furthermore, figure 5-a shows that
the peak value ofHHB(ω) highly depends on the frequency ratiofH1/fB, and, is at its lowest for
frequency ratiosfH1/fB slightly lower than unity.

Figures 5-b and 5-c compare the FRF of the empty footbridge with the FRF of the coupled
system for a mass ratioµHB of 0.1 and 0.4, respectively. Both figures present the FRFHHB(ω)
for five different frequency ratiosfH1/fB = {0.4, 0.6, 0.8, 1.0, 1.2}. The peak value of the FRF
of the coupled system is in all cases lower than the one of the empty footbridge. Comparing
figure 5-b with figure 5-c shows that the interaction effects, i.e. the change of the peak value
and corresponding frequency (abscissa), increase with the mass ratio, as expected. Furthermore,
the frequency at which the corresponding peak value ofHHB(ω) is reached, also depends on the
frequency ratiofH1/fB. For frequency ratios lower and higher than unity, this frequency is found
above and below the natural frequency of the empty footbridge, respectively.

The peak value of the FRFHHB(ω) determines the maximum amplitude of the steady-state
acceleration response of the footbridgeüHB,max when subjected to harmonic excitation:

üHB,max ∼ |HHB(ωHB)| ,

with ωHB = argmax
ω

|HHB(ω)|
(9)

The effective natural frequency of the coupled systemfeff [Hz] is now defined as:

feff =
ωHB

2π
(10)

Accordingly, the effective damping ratioξeff [-] is defined as a measure for the change in maxi-

2445



Katrien Van Nimmen, Geert Lombaert, Guido De Roeck and Peter Van den Broeck

0.5
1

1.5 0
1

20

1

2

x 10
−3

fH1/fB [−]Frequency/fB [−]

|H
H
B
|
[m

/s
2
/N

]

0.7 0.8 0.9 1 1.1 1.2
10

−5

10
−4

10
−3

10
−2

Frequency/fB [−]

|H
H
B
|
[m

/
s2
/
N
]

0.7 0.8 0.9 1 1.1 1.2
10

−5

10
−4

10
−3

10
−2

Frequency/fB [−]

|H
H
B
|
[m

/
s2
/
N
]

(a) (b) (c)
Figure 5: The FRFHHB(ω) for a footbridge withξB = 0.5% coupled to the human body model withµH1 = 0.95,
ξH1 = 40% for a mass ratio of (a)µHB = 0.3, (b)µHB = 0.1 and (c)µHB = 0.4 for frequency ratiofH1/fB: 0.4 (◦),
0.6 (�), 0.8 (△), 1.0 (⋄) and 1.2 (▽), in terms of the frequency ratio (fH1/fB).

mum steady-state acceleration response in relation to that of the empty footbridge:

üHB,max ∼
1

2ξeffmB

⇒ ξeff =
üB,max

üHB,max

ξB =
|HB(ωB)|

|HHB(ωHB)|
ξB

(11)

Finally, the reduction of the bridge acceleration due to human-structure interaction is described
by the factorRHB [-]:

RHB =
üB,max

üHB,max

=
|HB(ωB)|

|HHB(ωHB)|
(12)

The interaction effect is beneficial when the reduction factor is larger than unity (RHB > 1)
whereas it is disadvantageous when lower than unity (RHB < 1).

3.2 Monte Carlo Simulation of the crowd configuration

The crowd consists of an integer number of personsnH (see figure 4 and section 2.3). Each
individual is represented by a human body model with a massmH = 70 kg. The number of
personsnH corresponding to a mass ratioµHB is calculated by assuming the previously intro-
duced simply supported reference structure, with a total mass of 50×103 kg (see section 3).
This results in a number of 15 and 360 persons for the lower (0.02) and upper (0.50) limit of
the considered mass ratios, respectively.

The human body model parameters (fH1 andξH1) are sampled from the truncated distribu-
tions suggested in section 2.2. Since the influence of the mass ratio (µH1) was found to be
insignificant, the corresponding parameter value is fixed at 0.95 [-]. The selected activity ratio
defines the number of active and passive persons. The location of each individual is chosen
randomly along the bridge deck assuming a uniform distribution (see figure 4).

For each crowd configuration, the normalised effective natural frequencyfeff/fB and ef-
fective damping ratioξeff are calculated. In order to obtain a conservative (orlower bound)
estimate of the interaction benefit, the 95%-percentile of the minimum effective damping ratio
is evaluated [28]. For the normalised effective natural frequency, both the 5%-percentile and
95%-percentile value are equally relevant. For reasons of conciseness, only the percentile value
corresponding to the largest modification in comparison tofB is presented.
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Figure 6: For the coupled crowd-structure system characterised by an activity ratio of 0.95: (a) the normalised
effective natural frequencyfeff/fB and (b) effective damping ratioξeff in terms of the natural frequency of the
footbridge (fB) and the considered mass ratios (µHB), for a footbridge with a modal damping ratioξB of 0.5%.

3.3 HSI-effects for a reference case

As a starting point, the influence of HSI is discussed for a reference case. In this reference
case, a structural modal damping ratio ofξB = 0.5% is considered and the activity ratio of the
crowd is set to 0.95. The HSI-effects are analysed for a natural frequency of the footbridgefB

between 0.5 Hz and 6.0 Hz and mass ratiosµHB up to 0.5. Figure 6 presents the normalised
effective natural frequencyfeff/fB and effective damping ratioξeff in terms of the mass ratio
and the natural frequency of the empty footbridge.

For low natural frequencies of the empty footbridge(fB < 2.5 Hz), the human body models
are stiffer than the supporting structure and the HSI-effect is limited to that of an equivalent
added mass: the natural frequencies reduce in relation to the considered mass ratio and the
effective damping ratio approximately equals the modal damping ratio of the empty footbridge
(ξeff ≈ ξB).

For intermediate natural frequencies of the empty footbridge(2.5 < fB < 4.5 Hz), the ef-
fective natural frequency of the coupled system is slightly lower (forfB < 3.25 Hz) or higher
(for fB > 3.25 Hz) than the natural frequency of the empty footbridge. More striking is the
significant increase in the effective damping ratio. For low mass ratios, the effective damping
ratio increases up to 1%-2% while for high mass ratios, the effective damping ratio easily ex-
ceeds 8%. This is due to the fact that the crowd is mainly composed of pedestrians with natural
frequencies around 3.25 Hz for the considered high activity ratio. As a result, the frequency
ratios are close to unity (fH1/fB ≈ 1) and the corresponding HSI-effects are significant. In this
case, the crowd behaves in a similar way as a tuned mass damper (TMD).

For high natural frequencies of the empty footbridge(4.5 < fB < 6 Hz), the effective
damping ratio again increases with the mass ratio, but less strongly than for intermediate natural
frequencies. For these frequency ratios, the crowd is more flexible than the footbridge and the
two subsystems remain largely decoupled. For high mass ratios, the effective natural frequency
is also slightly higher than the natural frequency of the empty footbridge while for low mass
ratios, the HSI-effects are insignificant.

3.4 Influence of activity ratio

Figure 7 presents the normalised effective natural frequency (feff/fB) and effective damping
ratio (ξeff) in terms of the activity ratio and the natural frequency of the empty footbridge. The
influence of the activity ratio on the HSI-effects is evaluated for four mass ratiosµHB: 0.05,
0.10, 0.20 and 0.5. For the reference case, these mass ratios roughly correspond to pedestrian
densities of 0.25, 0.5, 1.0 and 2.5persons/m2, respectively. A fixed value is assumed for the
modal damping ratio of the footbridge (ξB = 0.5%).
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Figure 7: For the coupled crowd-structure system consisting of a footbridge with modal damping ratioξB = 0.5%:
(a) the normalised effective natural frequencyfeff/fB and (b) effective damping ratioξeff for a mass ratioµHB of
0.05, 0.1, 0.2 and0.5 in terms of the activity ratio and the natural frequency of the footbridge (fB).

For low natural frequencies of the empty footbridge(fB < 2.5 Hz), the HSI-effects are
independent of the activity ratio. As the crowd is composed of pedestrians with a natural fre-
quency around 5.70 Hz or 3.25 Hz, the frequency ratios are, in both cases, relatively high
(fH1/fB > 1.5). Hence, the pedestrians act as an equivalent added mass, regardless of their
activity.

For intermediate natural frequencies of the empty footbridge(2.5 < fB < 4.5 Hz), the HSI-
effects slightly decrease with a reducing activity ratio. A reduction of the activity ratio leads to
a higher number of passive persons with corresponding frequency ratios (fH1/fB) that increase
from approximately unity up to 1.75 and, therefore, leads to smaller HSI-effects.

Accordingly, for high natural frequencies of the empty footbridge(fB > 4.5 Hz), the HSI-
effects are higher for lower activity ratios as this increases the number of individuals with a
frequency ratio (fH1/fB) close to unity.

3.5 Influence of structural damping

Figure 7 presents the normalised effective natural frequency (feff/fB) and effective damping
ratio (ξeff) in terms of the mass ratio (µHB) and the natural frequency of the empty footbridge,
for a fixed activity ratio of 0.95. The influence of the structural damping on the HSI-effects
is investigated by considering three different modal damping ratios of the empty footbridge:
ξB = {0.2, 0.5, 2.0}%.

Figure 7 shows that the effect of the structural damping ratio on the effective natural fre-
quency of the coupled system, is insignificant.

For low natural frequencies of the empty footbridge(fB < 2.5 Hz), the effective damping
ratio increases with the mass ratio and the natural frequency of the empty footbridge. For
natural frequencies below 1.5 Hz, the effective damping ratio is close to the inherent structural
damping. As the natural frequencies increase towards 2.5 Hz, the increase in effective damping
ratio becomes significant. The lower the inherent structural damping, the stronger the increase
in the effective damping ratio.

For intermediate natural frequencies of the empty footbridge(2.5 < fB < 4.5 Hz), the effec-

2448



Katrien Van Nimmen, Geert Lombaert, Guido De Roeck and Peter Van den Broeck

ξB = 0.2% ξB = 0.5% ξB = 2.0%

fB [Hz]

µ
H
B

[−
]

1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.89

0.94

0.99

1.04

fB [Hz]

µ
H
B

[−
]

1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.89

0.94

0.99

1.04

fB [Hz]

µ
H
B

[−
]

1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.89

0.94

0.99

1.04

(a)

fB [Hz]

µ
H
B

[−
]

1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.2

0.5
1
2
4
8

fB [Hz]

µ
H
B

[−
]

1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.5

1

2

4

8

fB [Hz]

µ
H
B

[−
]

1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

2

4

8

16

(b)
Figure 8: For the coupled crowd-structure system characterised by an activity ratio of 0.95: (a) the normalised
effective natural frequencyfeff/fB and (b) effective damping ratioξeff (right) in terms of the natural frequency of
the footbridge (fB) and the considered mass ratios (µHB), for a footbridge with a modal damping ratioξB of 0.2%,
0.5% and2.0%.

tive damping ratio increases significantly with the mass ratio as the frequency ratios (fH1/fB)
are close to unity. For low mass ratios, this HSI-effect is insignificant for structures with a
relatively high inherent damping (ξB ≥ 2%). For very lowly-damped structures (ξB ≤ 0.5%)
on the other hand, the increase in effective damping ratio is considerable, even for very low
mass ratios. Note that for high mass ratios (µHB > 0.25), the effective damping ratio reaches
extremely high values (ξeff > 8%), independently of the inherent structural damping.

For high natural frequencies of the empty footbridge(4.5 < fB < 6.0 Hz), the effective
damping ratio again increases significantly with the mass ratio, but less strong than for interme-
diate natural frequencies.

4 FULL-SCALE EXPERIMENTAL VERIFICATION

This section examines the effect of HSI based on in situ tests on two lightweight steel foot-
bridges. By comparing the measured and predicted effective natural frequencies and modal
damping ratios, it is verified if the coupled human-structure model allows reproducing the ex-
perimentally identified dynamic behaviour of the coupled system.

On the Eeklo footbridge, tests with both passive and active persons are performed. In addi-
tion, small-scale tests are performed on the Charleroi footbridge involving a limited number of
pedestrians.

4.1 Eeklo footbridge

The experimental identification of the modal characteristics and the calibration of the nu-
merical model of the Eeklo footbridge, was previously discussed in [29]. The two modes of
interest in the present analysis are the fundamental lateral-torsional mode (f1 = 1.71 Hz, ξ1 =
2.3%, m1 = 34×103 kg) and the first vertical bending mode (f2 = 2.99 Hz, ξ2 = 0.2%, m2 =
22 × 103 kg). From the previous analyses, it is expected that the second mode will be strongly
affected by the presence of persons on the bridge deck.

The structural response is registered during free vibration tests as well as trials involving
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Figure 9: Top view of the Eeklo footbridge with walking area (box) and stationary subject locations (solid).
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Figure 10: Measured vertical free vibration response of the footbridge at midspan with 15 human persons adopting
the posture (a, c, e) with straight legs and (b, d, f) slightly bent legs: (a, b) time series with selected peak values,
(c, d) corresponding amplitude spectrum and (e, f) natural logarithm and best-fit line of peak amplitudes (yi) and
abscissa (xi).

ambient and random walking excitation. In order to obtain a free vibration dominated by the
contribution of a single mode, the bridge is first brought into motion by rhythmical human
activities (bobbing) tuned at the selected natural frequency using a metronome. Once the desired
level of vibration is reached, the persons cease bobbing and get into the selected body posture,
thereby initiating the free vibration phase. The natural frequency and damping ratio of the
considered mode of the coupled system are subsequently identified from a free decay analysis.
For the trials involving ambient and random walking excitation, the natural frequency and modal
damping ratio of the first and the second mode of the coupled system are identified from an
operational modal analysis.

Free decay analysis

The experiments include trials with a different number of persons on the bridge deck. Every
individual is positioned at a point where a stringer crosses a cross girder. In the first setup, only
three persons are positioned at midspan (figure 9). For each of the following setups, the number
of persons is increased by six, three on the left and three on the right adjacent cross girder,
respectively. For the setups involving the free vibration of the fundamental torsional mode, the
persons on the central stringer are not included. In addition, the influence of the body posture on
the dynamic behaviour of the coupled system is examined. The experiments therefore consider
the human body in the normal standing posture with (1) straight legs and (2) slightly bent legs.

In order to estimate the effective damping ratio, an exponential function is fitted to the peak
values of the recorded decay with amplitudes between 90% and 20% of the maximum peak
value of the acceleration levels [30]. Figures 10-c and 10-d confirm that the applied excita-
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tion indeed leads to free vibration dominated by a single mode as assumed for the derivation
of the effective damping ratio and natural frequency. Figures 10-e and 10-f present the natu-
ral logarithm and the least-squares approximation of peak amplitudes (yi) with abscissa (xi).
The excellent fit that is obtained by the linear function with slope−δ (whereδ represents the
logarithmic decrement [31]), illustrates that the damping characteristics hardly depend on the
vibration amplitudes.

Operational modal analysis

For the setups with ambient excitation, 9 or 21 persons were requested to stand still during 3
minutes, all adopting either an active or a passive posture. In addition, the persons were asked
to walk at a slow, normal (self-selected) or fast speed along the main span of the bridge during
3 minutes (figure 9). The output-only data have been processed using the reference-based data-
driven stochastic subspace identification (SSI-data/ref) algorithm [32, 33].

Characteristics of the coupled human-structure model

The dynamic behaviour of the footbridge is simulated with the experimentally identified
natural frequencies and modal damping ratios and the mode shapes of the calibrated FE model
of the empty structure. All individuals involved were weighted in the laboratory to determine
their nominal mass. For each trial involving stationary persons, the location of every individual
was determined. To account for inter-subject variability, the natural frequencyfH1 and damping
ratio ξH1 of the human body models are sampled from the truncated Gaussian distributions
defined for passive and active postures (in Eq. (7)). The mass ratios of the human body models
are fixed to values ofµH1 = 0.95 [-] andµH0 = 0.05 [-] for both postures. From the Monte Carlo
simulations, the 5% and 95% percentile value of the effective natural frequency and damping
ratio of the coupled crowd-structure model are retained.

Results

Figure 11 shows the effective natural frequency and modal damping ratio of the vertical
bending mode for individuals in the passive posture, an active posture and walking at midspan.

For the passive posture (figures 11-a and 11-b), the frequency ratio is relatively high (fH1/fB ≈
[1.5, 2]). As a result, the natural frequency of the footbridge decreases with the added (modal)
mass. Despite the low mass ratio, the effective damping increases substantially which is owed
to the very low inherent damping of the empty structure. Both effects are accurately predicted
by the coupled model.

For figures 11-b and 11-e) that involve active postures, the frequency ratio is close to unity.
As expected, this results in a small modification of the natural frequency and a very large value
of the effective damping ratio, e.g.ξeff > 3.5% ≫ ξB = 0.2% when 26 persons are involved.
Although small variations of the natural frequencies of the human body models cause a large
scatter in the predicted effective damping ratio, the trend is clear and corresponds well with the
observations. The attained effective damping ratio is more than five times higher than for the
passive posture.

Comparing the results in figures 11-e and 11-f with those in figures 11-c and 11-d, shows that
the natural frequency and damping ratio obtained from the OMA involving walking persons, are
in good agreement with the predictions which consider human body models with parameters
corresponding to the active postures. This confirms that the presence of moving persons affects
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Figure 11: The effective natural frequency (a,c,e) and damping ratio (b,d,f) of the vertical bending mode: the 90%
confidence region computed by the coupled human-structure model (grey area), identified from the free decay
analysis (×) and identified from the OMA (◦), for the human body in a (a,b) passive, or (c,d) active posture and
for persons walking (e,f) at a low (light), normal (dark) and fast (black) speed.

the dynamic characteristics of the coupled system in a way which appears similar as in the case
of stationary persons with two legs bent. The amount of added damping seems to decrease with
the walking speed.

Figure 12 shows the effective natural frequency and modal damping ratio of the fundamen-
tal lateral-torsional mode, involving individuals in the passive posture, an active posture and
walking. For both postures, the persons act as an additional mass, resulting in a small reduc-
tion in natural frequency. The latter can be explained by the fact that in both cases, the natural
frequency of the persons is relatively high compared to the natural frequency of the considered
mode (fH1/fB > 1.5).

However, figures 12-d and 12-e show that experimentally, an increase of the effective damp-
ing ratio is identified as well. It is believed that this mode, which is dominated by lateral motion,
is also affected by HSI in the lateral direction. In order to verify this conjecture, the coupled
model considered in addition a lateral SDOF system for each person with a fundamental natural
frequency between 0.5 Hz and 1.0 Hz, i.e. in agreement with the preliminary results as reported
by Matsumoto et al. [34]. Figures 12-d and 12-e show that the considered lateral HSI allows to
explain the observed increase in effective damping.

Comparing the results in figures 12-e and 12-f with those in figures 12-c and 12-d, shows that
the results from the OMA involving walking persons, are in good agreement with the predictions
which consider both the vertical and horizontal body motion.

4.2 Charleroi footbridge

The second set of full-scale observations involves the Charleroi footbridge (see figure 13).
The tests include ambient and pedestrian excitation. The latter consider 8 or 18 persons walking
at a self-selected speed during 4 minutes. The output-only data have been processed using the
reference-based data-driven stochastic subspace identification (SSI-data/ref) algorithm [32, 33].
The first three modes are the fundamental vertical bending mode (f̃1 = 1.66 Hz, ξ̃1 = 0.13%,
m1 = 122 × 103 kg), the second vertical bending mode (f̃2 = 5.16 Hz, ξ̃2 = 0.29%, m2 =
122 × 103 kg) and the torsional mode (f̃3 = 5.56 Hz, ξ̃3 = 0.48%, m3 = 88 × 103 kg),
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Figure 12: The effective natural frequency (a,c,e) and damping ratio (b,d,f) of the fundamental mode: the 90%
confidence region computed by the coupled human-structure model (grey area), including in addition the horizontal
human body models (hatched), identified from the free decay analysis (×) and identified from the OMA (◦), for
the human body in a (a,b) passive, or (c,d) active posture and for persons walking (e,f) at a low (light), normal
(dark) and fast (black) speed.

Figure 13: The Charleroi footbridge.

nH [-] f̃1
[Hz]

ξ̃1
[%]

f̃2
[Hz]

ξ̃2
[%]

f̃3
[Hz]

ξ̃3
[%]

- 1.66 0.13 5.16 0.29 5.56 0.48
8 1.65 0.16 5.15 0.46 5.54 0.56
18 1.65 0.19 5.15 0.83 5.53 0.93

Table 2: The identified natural frequencies and damping ratios of
the first three modes of the Charleroi footbridge occupied with
nped walking persons.

respectively. Due to the high modal masses and the high (≈ 2) and low (≈ 0.6) frequency ratios
for the case of the first and the second and third mode, respectively, the effect of only 18 persons
present on the bridge is expected to be limited. However, table 2 shows that as a result of the
distinctly low inherent structural damping, even these low mass ratios lead to a non-negligible
increase of the effective damping.

5 CONCLUSIONS

A parametric study is performed to investigate the interaction between the crowd and the low-
frequency modes of the footbridge. The results show that taking into account HSI reduces the
structural response. The most significant HSI-effect for vertical modes with a natural frequency
up to 6 Hz, is in the effective damping ratio of the coupled system which is much higher than
the inherent damping of the footbridge. The effective damping ratio increases monotonically
with the mass ratio but is highly dependent on the natural frequency of the footbridge.

For practical design, the increase in effective damping can be considered relevant for modes
with a natural frequency above 1.5 Hz. The most substantial increase is identified for modes
with a natural frequency between 2.75 Hz and 5.0 Hz, as these are close to the natural frequency
of active persons. In the case of (near-)resonant excitation at the second harmonic of the walking
load (between 2.5 Hz and 5.0 Hz), the structural response reduces when HSI is taken into
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account, even for low mass ratios. For the case where (near-)resonant excitation is considered
at the fundamental harmonic of the walking load (between 1.5 Hz and 2.5 Hz), the HSI-benefit is
far less important and only relevant for high mass ratios or for structures with very low inherent
damping ratios. For the considered range of footbridge parameters, the maximum attained
effective damping is limited to 2%, 3.5%, 7% and 16% for pedestrian densities of 0.25, 0.5, 1.0
and 2.5persons/m2, respectively.

The findings from the parametric study were verified by means of a comprehensive full-scale
experimental study. It is shown that the coupled human-structure model is able to reproduce the
experimentally identified modal characteristics of the coupled system. From these tests it is
furthermore found that the interaction with the human body in the horizontal direction is of
similar importance for structural modes with considerable lateral components.
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[8] C. Jones, P. Reynods, and A. Pavić, “Vibration serviceability of stadia structures subjected
to dynamic crowd loads: a literature review,”Journal of Sound and Vibration, vol. 330,
pp. 1531–1566, 2011.

2454



Katrien Van Nimmen, Geert Lombaert, Guido De Roeck and Peter Van den Broeck

[9] J. Dougil, J. Wright, J. Parkhouse, and R. Harrison, “Human structure interaction during
rhytmic bobbing,”The Structural Engineer, pp. 32–39, 2006.

[10] G. Subashi, Y. Matsumoto, and G. M.J., “Modelling resonances of the standing body
exposed to vertical whole-body vibration: Effects of posture,”Journal of Sound and Vi-
bration, vol. 317, pp. 400–418, 2008.

[11] Association Française de Génie Civil, Sétra/AFGC,Śetra: Evaluation du comportement
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Abstract. In biomechanics laboratories the ground reaction force time histories of the foot-
fall of persons are usually measured using a force plate. The accelerations of the floor, in 
which the force plate is embedded, have to be limited, as they may influence the accuracy of 
the force measurements. For the numerical simulation of vibrations induced by humans in 
biomechanical laboratories, loading scenarios are defined. They include continuous motions 
of persons (walking, running) as well as jumps, typical for biomechanical investigations on 
athletes. The modeling of floors has to take into account the influence of floor screed in case 
of portable force plates. Criteria for the assessment of the measuring error provoked by floor 
vibrations are given. As an example a floor designed to accommodate a force platform in a 
biomechanical laboratory of the University Hospital in Tübingen, Germany, has been investi-
gated for footfall induced vibrations. The numerical simulation by a finite element analysis 
has been validated by field measurements. As a result, the measuring error of the force plate 
installed in the laboratory is obtained for diverse scenarios. 
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1 INTRODUCTION 

Biomechanics laboratories allow the study and analysis of human motion, especially hu-
man gait, by means of the methods of mechanics. They are used in sports science to help ath-
letes to evaluate and improve their performance. Biomechanics or gait analysis laboratories 
are also used in medicine for orthopaedic purposes such as the analysis of motion restrictions 
in diagnosis or the verification of orthopaedic rehabilitation measures by means of objective 
criteria [1] .   

The measurements in gait analysis laboratories can be performed by employing different, 
complementary systems, such as video recordings with subsequent computer analysis, force 
measurements using force plates, or neurological methods of the electromyography (meas-
urement of the electrical muscle activity). The measurements of the time dependent ground 
reaction forces of the human footfall are carried out using force plates embedded in the labor-
atory floor.  

Force plates are sensitive to environmental vibrations of the floor which may influence the 
accuracy of the measurements. The paper investigates human induced vibrations in the labora-
tory and their influence on the measurement accuracy of a force plate.   

2 FORCE PLATES IN GAIT LABORATORIES 

The measurement of the force can be done using piezoelectric elements or by the use of 
strain gauges. In the case of the piezoelectric measuring technique, the piezoelectric effect, i.e. 
the electrical charge of crystals due to mechanical loads, is used for force measurements. Pie-
zoelectric force plates possess a very high measuring accuracy within an extremely wide 
measuring range. They will be considered in the following. The reaction force of a multicom-
ponent force plate caused by the footfall load is measured as three-dimensional vector with 
the vertical and the two horizontal components parallel to the plate edges. Usually a walking 
and running path parallel to the plate edges is adopted, so that the force components are paral-
lel and perpendicular to the direction of movement, respectively. Fig. 1 shows an example of 
a measured force time history for a single gait of a walking person with a weight of G = 0.87 
kN and a step frequency of  fs = 2 Hz. Herein Fz denotes the vertical force component and Fy, 
Fx  are the horizontal components in the walking direction and perpendicular to it, respective-
ly.    

Figure 1: Force time history measured with a force plate (G = 0.87 kN, fs = 2 Hz). 
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 Force plates consist of a cover plate made of steel, aluminum or glass and the underlying 
support construction with the piezoelectric sensors (Fig. 2). For a fixed installation in a labor-
atory, force plates are usually embedded in a planned indentation of the floor, using an instal-
lation frame. In addition to stationary force plates, portable force plates are also available. 
They are mobile and can be used on any flat surface (Fig. 3). Portable force plates allow force 
measurements in various locations as e.g. in field situations where no mounted force plates 
are available. 

Figure 2: Force plate and installation frame in a floor indentation 

Figure 3: Portable force plate 

3 MEASURING ACCURACY OF FORCE PLATES  

Floor vibrations can be induced by the person being subject of the force measurement or 
by other persons moving around in the laboratory [2, 3]. Other external sources of vibration 
may be machinery vibrations, traffic induced vibrations or construction-related vibrations. 
Accelerations of the floor, in which a force plate is embedded or on which a portable plate is 
deployed may alter the measuring signal. Especially piezoelectric force plates are able to 
monitor extremely small forces indicating floor accelerations without any loading. In order to 
limit the resulting measuring error, the floor accelerations have to be limited. In the following 
the measuring error allowed is assumed to be 1% of the maximal force measured. 

The vertical eigenfrequency of the force plates is usually very high (> 500 Hz) due to the 
very stiff bearing elements. Therefore internal vibrations of the plate device as well as vibra-
tions of the plate relative to the floor can be excluded, presuming that the plate was installed 
properly. Hence, the relative measuring error p can be determined as a ratio of the mass force 
of the cover plate and the maximum force measured as   

maxF

am
p gPl    (1) 

where Plm  is the mass of the cover plate, ga  is the acceleration of the floor and maxF  is the 

maximum force measured [4]. The limit value of the floor acceleration for a given measuring 
accuracy is determined to be 

Pl
g m

pF
a


 max (2)
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Assuming a tolerable measuring error of 1% and a static load due to a subject with a 
weight force of 0.4 kN and mass of the cover plate of 40 kg, a threshold value of the accelera-
tion of 0.1 m/s² is obtained. This value is given in some specifications of force plates [4]. 
However, it should be noted that this simple threshold value of 0.1 m/s² neglects the influence 
of the weight of the individual, dynamic effects of the force time history and the weight of 
cover plate of the specific force plate device. 

The force to be measured is proportional to the weight of the subject i.e. GF  max . If 

the coefficient   is not determined by force time history measurements, lower limits are to be 
chosen. The following values for   are adopted: 1.0 for static load (standing), 1.1-1.2 for 
walking [5], 1.8-2.2 for running and 3.0 for jumping [6]. Hence the relative measuring error 
for an external excitation inducing the floor acceleration 0ga  is  

G

am
p gPl







0 (3)   

In the case of vibrations induced by the person being subject to the measurement, the max-
imum acceleration of the floor is proportional to the weight G  of the subject. Employing the 
acceleration normalized to the subject weight, Gaa g / , the relative error of the measure-

ment is determined to be 


am

p Pl  (4)  

Both types of excitations are to be superposed [7]. Assuming a random distribution of the 
time instants at which the maxima of both time histories occur, the measuring error is deter-
mined to be 

2

2

0 a
G

am
p gPl 











(5) 

4 LOADING SCENARIOS 

The loading scenarios are intended to describe typical situations during force measure-
ments in orthopedic and sport biomechanics laboratories. In the following, only human in-
duced vibrations are considered. If external sources of vibrations are existent, they must be 
examined in addition.  

In either case the vibrations induced by the person being subject to the force measurement 
must be investigated. The subject may be walking or running on a runway in the gait laborato-
ry. In sport science different types of jumps are typical for tests on a force plate [8]. In addi-
tion vibrations may be induced by persons moving around in the laboratory during the tests. 
The following typical scenarios can be assumed:  

 Walking: The subject is walking on a predefined path (runway), including the force
plate.

 Running: The subject is running on a predefined path (runway), including the force
plate.

 Counter movement jump: The subject stands on the force plate with straight legs, and
performs a jump starting with bending the knees in a quick counter movement.

 Squat jump: The subject stands on the force plate, squats down until the knees are bent
about 90 degrees and then performs a jump.
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 Drop jump: The subject jumps from an elevated platform and performs a jump similar
to the counter movement jump after landing.

 Repetitive hops: The subject stands on the force plate and performs a series of jumps.
 Persons moving around in the laboratory: 5 people with a weight of 80 kg each are

walking around in the room. The walking path is random.

Depending on the function of the laboratory, the scenarios relevant for the analysis are to be 
defined in the individual case.   

5 STRUCTURAL ANALYSIS  

Footfall induced vibrations can be computed with a time history analysis of a finite ele-
ment model. As reinforced concrete floors typically possess eigenfrequencies above 7-10 Hz, 
simplified approaches for “high-frequency floors” representing the load by equivalent impuls-
es may be applied. Both methods are addressed in the following.  

5.1 Load Models  

The load generated by a single walking or running subject can be described by load func-
tions for every step or simplified, using a continuous, time dependent, single load. Zivanovic 
[9], Butz [10], Werkle [11] and Racic [12] give overviews over various approaches for hu-
man-induced walking and running loads. 

In the following, the time dependent load is represented as a Fourier series:  

    jsj ftjGtF  2sin1)( (6) 

Here sf  is the step frequency. The subject weight was assumed to be 0.8 kN. The Fourier-

coefficients   and   have been determined by different authors. Table 1 shows the values 
for walking and running according to Bachmann [13] and higher frequency terms estimated 
based on tentative tests in [14]. These higher Fourier coefficients include the heel-strike effect 
and are important for the vibration response of high-frequency floors [15, 16].  

The load is moving along a predefined path on the floor with the speed 

        SS Lfv    (6a) 

where fs denotes the step frequency which is to be chosen conservatively and LS represents 
the step length. Typical values are given by [9-11].  

Walking Running 
j fs 1.5 – 2.5  [Hz]    (Average value 2 Hz) 2.0 –3.0  [Hz] 

1 α1 
0.4                                   for       fs ≤ 2 Hz 
0.4 + 0.1 . (fs – 2) / 0.4      for 2.0 Hz ≤ fs ≤ 2.4 Hz
0.5    for       fs ≥ 2.4 Hz 

1.6 

2 α2 0.1 0.7
3 α3 0.1 0.2
4 α4 0.07* 0.15*
5 α5 0.06* 0.12*
6 α6 0.06* 0.12*
1 φ1 0 0
2 φ2 π / 2 π / 2 

3 φ3 π / 2 π / 2 

Table 1: Coefficients  and   for walking and running ([13] and * acc. to [14]) 
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Eq. 6 is valid for a single person. For an excitation induced by several persons, the acceler-

ation obtained for “walking” of a single person is multiplied by the factor nm  , where n
is the number of the persons. 

High-frequency floors may also be analyzed by an effective impulse approach as given in 
[16, 17]. The method is based on the assumption that due to the high frequency response and 
the damping, the transient vibration generated by an individual footfall practically has van-
ished before the next footfall begins.  

Equivalent impulses for a countermovement jump and a drop jump have been developed 
by Firus et. al [18] based on force time history measurements of more than 200 jumps. For a 
countermovement jump the equivalent impulses in kNs are given by  

%)50(4028,0 810,0
%50   pfGI , (7a) 

%)25(3471,0 642,0
%25   pfGI ,             (7b) 

where f denotes the corresponding eigenfrequency of the structure in [Hz], G represents the 
subject weight in [kN] and p = 50% and p = 25% are the exceedance probabilities, respective-
ly. The paper also gives a procedure for the analysis of drop jumps using equivalent impulses 
[18]. 

5.2 Structural Model  

The structural finite element model must be detailed with care in order to represent the re-
sponse of the structure adequately. For continuous slabs the number of floor panels consid-
ered in the structural model must be large enough to include all mode shapes relevant for the 
vibration response. For a stationary force plate (Fig. 2) the modelling of the raw concrete floor 
is appropriate. However, if a portable force plate (Fig. 3) is used, the structural model should 
include a floating floor screed which may affect the local acceleration significantly.  

5.3 Time history analyses  

Time history analyses can be performed by direct integration or by modal superposition. In 
a modal superposition approach, the number of mode shapes to be considered in the analysis 
must be chosen carefully. It should not only reflect the frequency content of the load time his-
tory but also enable all relevant static deformations of the model. In order to describe local 
deformations on the top of a floating floor screed and the corresponding accelerations, higher 
mode shapes must necessarily be included in the analysis. This applies for modal superposi-
tion but it is not relevant for direct integration.  

5.4 Equivalent impulse analyses  

The structural response caused by an impulse can be easily computed analytically by mod-
al superposition. The acceleration a(t) is obtained as: 

    tte
m

I
ta ddd

t
ji     cossin)(

mod

(8) 

where ][ skNI   is the impulse, μj the mode shape at the point where the impulse is applied, μi 
the mode shape at the point where the response is measured (i.e. where the force plate is situ-
ated), ][mod tom  the modal mass (using the same scaling of the mode shapes as for μi and μj ), 

  the damping ratio and ][2 Hzf   and 21  d  the undamped and damped 
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angular eigenfrequency of the floor, respectively. In order to consider several modes, the re-
sponses of the individual mode shapes have to be superposed.  
 

   
Figure 4: Health Center Tübingen: Building and biomechanics laboratory 

 
6 EXAMPLE  

6.1 Building  

The influence of floor vibrations on the measurement accuracy of a force plate has been 
investigated for a biomechanics laboratory in Tübingen, Germany. The laboratory is located 
in the new building of the Health Center at the University Hospital in Tübingen, which was 
built between 2011 and 2012 (Fig. 4). The gait analysis facilities are situated in an open space 
area, used for office as well as for therapeutic purposes. The paper describes the investigation 
of the influence of floor vibrations, induced by footfall in the office section, on the accuracy 
of the simultaneous measurements with the force plate. For this, vibration field measurements 
and finite element analyses were made. 

6.2 Structural model 

The floor where the biomechanics laboratory is situated consists of a reinforced concrete 
slab with a thickness of 30 cm and span widths of the floor panels between 8 and 11 m. The 
entire floor is represented by a detailed finite element model which consists of 6615 quadran-
gular plate-elements, containing 40725 degrees of freedom. The reinforced concrete floor is 
assumed to be elastically clamped by the outer walls. A damping ratio of 1% was determined 
by measurements. The eigenfrequencies of the floor are given in Table 2, some relevant mode 
shapes are shown in Figure 5. 

  

Eigenmode 
FE-Analysis 

[Hz] 
Measured 

[Hz] 
Eigenmode 

FE-Analysis 
[Hz] 

Measured 
[Hz] 

1 7.32 7.27 6 13.52 13.68 
2 7.68 7.63 7 13.96 13.93 
3 8.21 8.07 8 16.19 16.30 
4 11.62 11.55 9 17.17 17.32 
5 12.87 12.78 10 18.58 18.90 

Table 2: Eigenfrequencies of the floor 
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Figure 5: Mode shapes 

6.3 Numerical computation of the human-induced vibrations  

The time history for a propagating load acc. to eq. (6) was computed by modal analysis. 
Figure 6 shows typical acceleration time histories of the raw floor at the location point of the 
force plate. They are shown for the scenarios walking and running on a runway in the labora-
tory as well as for a countermovement jump acc. to eq. (8). The maximum accelerations for 
various walking and running frequencies are shown in Figure 9. Eigenfrequencies up to 30 Hz 
were considered for the computations as well as for the experimental investigations. 

Figure 6: Time histories for walking, running and vertical jumping of a subject (FEM) 

6.4 Experimental investigations  

The eigenfrequencies of the raw floor were determined through measurements of ambient 
vibrations and subsequent Fourier analyses. They show a good correlation with the eigenfre-
quencies obtained by the FE analysis (Table 2).  

The vibrations caused by walking, running and jumping of a person were measured using 
extremely sensitive seismic accelerometers. The subjects wore sports shoes, which are typical 
for the activities in the biomechanics laboratory. For each scenario, acceleration time histories 
at different relevant points were recorded. The results were normalized to a subject weight of 
0.8 kN.  

These tests were done for two stages of the construction, namely the raw concrete floor and 
the final state of the finished floor, including a layer of sound insulation and a floating floor 
screed. Figures 7 and 8 show the measured time histories for walking and running on the raw 
concrete floor and on the finished floor, respectively.  

On the raw concrete floor, the maximum accelerations agree well with those of the finite 
element analysis. Additional investigations showed that walking and running on the finished 
floor did not significantly affect the accelerations on the raw floor. However the accelerations 
measured on top of the finished floor are significantly larger than those on the raw floor. It 
can be noted that the maximum acceleration of the floor in the final construction stage is rep-
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resented by a single peak at the moment when the subject is stepping close to the acceleration 
sensor. This indicates that the local deformation of the soft sound insulation layer of the fin-
ished floor and the accelerations resulting thereof are the cause of the local augmentation of 
the structural response.  

Hence, for a stationary force plate embedded in the concrete slab, computations can be 
made for a raw floor neglecting the finishing of the floor. However, for portable force plates 
which are placed on the finished floor, the additional accelerations caused by the finishing of 
the floor should be taken into account. 

Figure 9 shows the maximum accelerations for walking and running at different step fre-
quencies measured in both construction stages, as well as for the finite element analysis of the 
raw floor. 

 

 
Figure 7: Measured time histories for walking and running (raw concrete floor) 

 

 
Figure 8: Measured time histories for walking and running (finished floor) 

 

 
Figure 9: Maximum accelerations of the force plate – computation and measurements 
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A good correlation between the measurements performed on the raw concrete floor and the 
corresponding computations can be observed if some resonance effects computationally ob-
tained for running are neglected. However it should be noted that the accelerations of 
0.005 m/s2 for walking and 0.03-0.06 m/s2 for running are quite low. The highest accelera-
tions in this stage of construction, of about 0.1 m/s2, occur as a response to the countermove-
ment jump.  

The measurements in the final stage of the finished floor, however, revealed much higher 
accelerations than the ones of the raw concrete floor for the same scenarios investigated. The 
maximum accelerations in this case are about 2 to 4 times higher than the accelerations of the 
raw floor. The maximum value of 0.25 m/s2 was obtained again for jumping.  

6.5 Measurement accuracy of the force plate 

The measurement accuracy has been evaluated for a stationary plate of the type Kistler 
9287 CA. Its total mass is 25 kg, the cover plate has a mass of 20,7 kg [4]. The weight of the 
subject was assumed to be 0.8 kN, while the values of the coefficient  are taken to 1 for 
walking, 2 for running and 3 for vertical jumping. Furthermore it is assumed that during the 
measurement 5 persons are walking in the laboratory room. The excitation by the person be-
ing subject to the force measurement as well as the excitation by the persons walking in the 
room is considered to act simultaneously. 

The measuring error of the force plate was determined according to Eq. 5 employing the 
measured floor accelerations. For all scenarios considered, the measuring error was calculated 
to be less than 0.1% (see Table 3). Even when parameter variations due to model uncertainties 
(induced, for instance, by the shoe type) are considered, the measuring error remains in the 
per mille domain and thereby very low. 

If a portable force measuring plate with the same mass will be used in the laboratory, it 
will be placed on the finished floor, which possesses higher floor accelerations than the raw 
concrete floor. Therefore the measuring error increases significantly, up to 0.2% for the worst 
case scenario of a subject performing a jump with simultaneous external excitation by persons 
walking in the laboratory (see Table 4).  

It should be noted that the measuring error of the force plate would be slightly higher for a 
more conservative assumption of the subject weight, e.g. 0.5 kN.  

Scenario Floor  
acceleration  

(1 person) [m/s²] 

Absolute 
 error 

[N] 

Maximal 
force as-

sumed [kN] 

Relative error 
induced by 

subject (Eq. 4)  

Total error includ-
ing external exci-

tation (Eq. 5) 
Walking 0.007 (0.016*) 0.1 0.8 0.02 % 0.03 % 
Running 0.058** 1.0 1.6 0.07 % 0.07 % 

Countermovement 
Jump 

0.115** 2.4 2.4 0.10 % 0.10 % 

Table 3: Measuring error – stationary force plate (* for 5 persons; **computed values) 

Scenario Floor 
acceleration 

(1 person) [m/s²] 

Absolute 
 error 

[N] 

Maximal 
force as-

sumed [kN] 

Relative error 
induced by 

subject (Eq. 4)  

Total error includ-
ing external exci-

tation (Eq. 5) 
Walking 0.02 (0.045*) 0.4 0.8 0.05 % 0.13 % 
Running 0.081 1.7 1.6 0.11 % 0.12 % 

Countermovement 
Jump 

0.25 5.2 2.4 0.22 % 0.22 % 

Table 4: Measuring error – portable force plate (* for 5 persons) 
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7 CONCLUSIONS  

The measuring error of force plates in biomechanics laboratories can be evaluated based on 
experimental and numerical investigations. Scenarios and formulas for determining the meas-
uring error were proposed. The largest accelerations are obtained for jumps being part of typi-
cal investigations in sports gait analysis laboratories. Portable force plates are subjected to 
larger floor accelerations than stationary ones due to the augmentation of vibrations by the 
floor screed and sound insulation.  

It was shown that the measuring accuracy of the force plate from the biomechanics labora-
tory at the University Hospital in Tübingen, Germany, is not significantly influenced by the 
human induced vibrations of the floor. This may be typical for similar floors consisting of a 
thick reinforced concrete slab. In cases of steel constructions or composite slabs, larger accel-
erations which may influence the measuring accuracy of the force plate noticeably are to be 
expected.  
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Abstract. This paper proposes a generalized equivalent spectral model of pedestrian-induced 

forces. The model can be applied for the serviceability analysis of footbridges subjected to 

unrestricted pedestrian traffic, but also in crowded conditions, in absence of pedestrian-

structure interaction. It is based on the introduction of a suitable physically-based expression 

for the coherence function and a pedestrian density – velocity law. The proposed coherence 

model is a function of both pedestrian density and distance among pedestrians: it reduces to 

perfect uncorrelation for low pedestrian density (i.e. spatially unrestricted traffic), and to per-

fect correlation for high pedestrian density (i.e. crowded condition). Since the step frequency, 

the pedestrian speed and the pedestrian density are strictly correlated, the harmonic content 

of pedestrian-induced forces depends on pedestrian density. Based on the proposed equiva-

lent spectral model of the loading, vibration serviceability analysis of footbridges subjected to 

any traffic conditions can be dealt with the classic methods of linear random dynamics. Simi-

larly to classical procedures adopted in the wind engineering field, simple closed-form ex-

pressions for the evaluation of the maximum dynamic response are provided. 
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1 INTRODUCTION 

Modern footbridges are very slender structures, often characterized by natural frequencies 

within the range of the dominant walking harmonics. As a consequence, they can be very sen-

sitive to walking-induced vibration. 

During its lifetime, a footbridge could be exposed to different loading scenarios, including 

a single crossing pedestrian, spatially unrestricted traffic, crowd traffic, joggers and runners 

and vandal loading; an exhaustive description can be found in [1]. The case of single crossing 

pedestrian can be modeled as a harmonic resonant moving load. The maximum structural re-

sponse in such a case can be obtained in closed form [2]. Of course, the most common loading 

scenario is spatially unrestricted traffic. However, crowd loading can occur for footbridges 

placed in strategic areas or in particular conditions, such as during opening days. 

In these last years, the vibration serviceability analysis of footbridges subjected to unre-

stricted pedestrian traffic has become a very topical subject in the international research pano-

rama. A critical review of the different approaches for the estimate of the dynamic response in 

such a loading condition can be found in [3]. They may be classified into three categories: 

Monte Carlo simulations, simplified procedures ([4]-[7]) and spectral approach ([8], [9]). 

Monte Carlo simulations may be very time consuming and not practical from the usual design 

of footbridges. Simplified procedures have been proposed with the aim of simulating, in an 

approximate way, groups of pedestrians walking in a natural (i.e. random) way on a foot-

bridge. The more widespread approach is based on the definition of equivalent uniform reso-

nant loads producing the maximum dynamic response; this approach is usually very 

conservative, in particular for group loading. The spectral approach [9] is an interesting alter-

native: it consists in modelling the pedestrian-induced loading in unrestricted traffic condi-

tions as a stationary random process through the analytical definition of a suitable spectral 

model. 

On increasing pedestrian density, pedestrian traffic cannot be considered as unrestricted. 

The walking velocity monotonically decreases with growing density ([10]-[14]); furthermore, 

when pedestrian density is high enough, pedestrians are inclined to walk with the same step 

length [12]. Since walking velocity is directly proportional to step frequency and step length 

[15] , the increase in pedestrian density produces a shift of the harmonic content of pedestri-

an-induced load towards lower values of frequency. It follows that some structures, with natu-

ral frequencies lower than those typical of unrestricted pedestrian traffic, may be affected by 

heavy vibrations if crowded conditions occur. 

At the state of the art, to the authors’ knowledge, the only attempt to estimate footbridges’ 

dynamic response in crowded conditions relies on numerical simulations. The simulations are 

based on suitable models of pedestrian dynamics (e.g., [16]-[18]), representing the correlation 

among the forces exerted by each single pedestrian (e.g. [19]). These methods are very time 

consuming and are not appropriate for design purposes. 

In this paper, a generalized equivalent spectral model is proposed, which can be applied for 

the serviceability analysis of footbridges also in crowded conditions in absence of pedestrian-

structure interaction. Starting from the spectral model of the modal force proposed by Piccar-

do & Tubino [9] and from the main rules and relationships of pedestrian dynamics, the gener-

alized spectral model of pedestrian-induced forces is defined by introducing a suitable 

physically-based expression for the coherence function of the equivalent stationary random 

process and a pedestrian density – velocity law. The proposed coherence model is defined as a 

function of both pedestrian density and distance among pedestrians. It reduces to perfect un-

correlation for low pedestrian density (i.e. spatially unrestricted traffic), and to perfect correla-

tion for high pedestrian density (i.e. crowded condition). Because of the fact that the step 
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frequency, the walking speed and the pedestrian density are strictly correlated ([10]-[15] ), a 

dependency of the harmonic content of the force on the pedestrian density is introduced. 

Based on the proposed analytical generalized spectral model of the loading, simple expres-

sions for the evaluation of the maximum dynamic response are sought for performing the vi-

bration serviceability analysis of footbridges in a closed-form, similarly to classical 

procedures adopted in the wind engineering field. A numerical application to a real footbridge 

is finally proposed. 

2 EQUIVALENT SPECTRAL MODEL FOR SPATIALLY UNRESTRICTED 

TRAFFIC 

Unrestricted pedestrian traffic (i.e. pedestrians arriving in a random way and able to move 

undisturbed, each of them with his own characteristics in terms of loading amplitude, fre-

quency, velocity and phase) was recently analyzed by Piccardo & Tubino [9]. The authors 

proposed an equivalent spectral model of pedestrian-induced load, which allows to evaluate 

very easily the maximum structural response.  

The force per unit length exerted by Np uncorrelated pedestrians can be expressed as the 

sum of the forces exerted by each single pedestrian, modeled as harmonic moving loads. Tak-

ing into account only the main harmonic for each pedestrian, the force per unit length can be 

written as follows [9]: 

      
1

( , ) sin
pN

i i i i i i i i i

i i

L
f x t G t x c t H t H t

c
     



  
              

  
   (1) 

where δ(•) and H(•) are, respectively, the Dirac Delta function and the Heaviside step func-

tion, t, x, L are, respectively, the time, the abscissa along the structure and the length of the 

structure. Furthermore i , iG , i , ic , i  are the dynamic load factor (DLF), the weight, the 

walking circular frequency, the walking velocity and the arrival time of the i-th pedestrian. 

All these quantities have to be probabilistically modeled. In particular, the step circular fre-

quency , the pedestrian weight G, the DLF  and the walking velocity c can be considered 

as Gaussian random variables. The phase-angle  among different pedestrians may be as-

sumed as uniformly-distributed in the interval [0,2]. Considering pedestrian arrivals as Pois-

son events, then the time-lags between their arrivals are represented by an exponentially-

distributed random variable with an average return period T= Tpm/Np, where Tpm =L/cm is the 

footbridge mean crossing time for a single pedestrian (cm being the mean value of the walking 

speed). 

By assuming linear behavior and classical damping, the equation of motion of the j-th 

principal coordinate jp  can be expressed as: 

2

0
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L

j j j j j j j

j

p t p t p t f x t x dx
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        (2) 

where j  j  and jM  are, respectively, the j-th modal damping ratio, natural circular fre-

quency and modal mass, and j  the j-th mode shape. 

Eq. (2) can be rewritten in non-dimensional form: 

( ) 2 ( ) ( ) ( )j j j j jp t p t p t F t   (3) 

where the following non-dimensional quantities have been introduced: 
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being m  the mean DLF, mG  the mean pedestrian weight. 

Furthermore, considering Eqs.(1), (2), (4), the non-dimensional modal force ( )jF t  is given 

by: 
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where the non-dimensional parameters are defined as: 
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       (6) 

Let us define the mean non-dimensional walking speed cm  analogously to 
ci  in Eq. (6) 

with ci=cm. Assuming that the structural mode shape is sinusoidal, ( ) sin( )j x x  , consider-

ing 1i  , 1iG  , ci cm  , i cm pi N    (i.e. focusing attention only on the randomness 

of the step frequency), and under the hypothesis that cm  is very small compared with i , the 

following expression for the power spectral density function (psfd) of the non-dimensional 

modal force is obtained [9]: 

( ) ( )
4j

p

F

N
S p


     (7) 

where ( )p

  is the probability density function of the non-dimensional circular step fre-

quency  . 

By considering Eqs. (4), (6) and (7), the psdf of the j-th modal force can be rewritten in 

dimensional form as follows: 
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      (8) 

The mean values of the DLFs and statistical moments of the step frequency can be found 

e.g. in Ref. [1], [9]. 

3 PEDESTRIAN DYNAMICS 

When pedestrian density reaches values high enough, pedestrian traffic cannot be consid-

ered as unrestricted because pedestrians are inclined to synchronize their step length [12]. 

Furthermore, the harmonic content of the pedestrian-induced force may change because of the 

variation of both step frequency and velocity with pedestrian density ([10]-[15]). In order to 

model accurately these phenomena, it is necessary to study pedestrian dynamics. 

To this day, a central problem in pedestrian dynamics is the relation between density and 

flow or velocity (fundamental diagram), which in general depends on the directionality of the 

flow (mono-directional, Section 3.1 or bi-directional, Section 3.2). 
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3.1 Mono-directional stream 

The mono-directional movement of pedestrians is the most widely studied scenario. All the 

proposed speed-density relations have some common features, concerning monotonic de-

creasing trend of the mean velocity cm with increasing density  and the identification of some 

critical points [11]: the unrestricted flow speed cu (i.e. the mean maximum velocity), the criti-

cal density u (i.e. the lower bound for unconstrained free walking), the jam density max (i.e. 

the maximum admissible density corresponding to null speed and flow). The free speed varies 

between about 1.1 m/s and 1.5 m/s [10], while the jam density may assume values up to 7 

Ped/m2 [10]. 

In the context of mono-directional flow, one of the most important laws is the fundamental 

diagram of Weidmann [13], a part of a review work in which the author summarized 25 dif-

ferent investigations. The author found a jam density max =5.4 Ped/m2and a free flow speed 

probabilistically characterized as a Gaussian random variable with a mean value cum=1.34 m/s 

and σcu=0.26 m/s standard deviation. The mean velocity-density relation proposed by 

Weidmann, named "Kladek formula"[13], can be written in a generic form, as proposed by 

Venuti & Bruno [11]: 

max

max

1 1
( ) 1 expm uc c 

 

    
      

    

  (9) 

in which γ depends on the travel purpose. By assuming max =5.4 Ped/m2, cu =cum=1.34 m/s 

and =0.354, Eq. (9) matches with the original one proposed by Weidmann. 

A significant explanation of the microscopic phenomena of the pedestrian traffic (i.e. inter-

pedestrians relations) hidden behind the Kladek formula has been provided by [12]. The au-

thors focused their attention on the changing in slope of the fundamental density – velocity 

law, and they identified different density domains in which the fundamental law can be con-

sidered about linear. The authors imputed these differences as a consequence of different ef-

fects due to microscopic characteristics of pedestrian traffic [12]. To support this claim, they 

performed an experimental campaign, in which flow characteristics were measured using both 

manual and automatic video procedures.  

Starting from experimental results available in [12] and [15], Venuti et al. [11] proposed an 

interpretative model for the fundamental pedestrian diagram. The authors focused their atten-

tion on the Pedestrian Area Module (PAM), i.e. the surface required by a pedestrian during 

his motion. It should be noted that the PAM is the reciprocal of the pedestrian density. The 

PAM required by a pedestrian, with the hypothesis of rectangular surface, is S=wd [11], being 

w the lateral space and d the forward distance. Both the quantities, in terms of mean values, 

can be considered as the sum of the dimension of a motionless pedestrian, and a dimension 

defined as function of the mean walking velocity thanks to the experimental results [11]: 
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where 10

0(2.08 ) /u ub c d c  , w0 and d0 are the average lateral width and depth of the human 

body, which can be respectively assumed equal to 0.45 m and 0.36 m [11]. 

Moreover, the step frequency– speed relation, in terms of mean values, can be derived 

from a cubic fitting to the experimental data [11]: 
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The mean value of the critical density um below which pedestrian traffic is unrestricted 
can be deduced from the definition of PAM, that could be intended as the reciprocal of the 
pedestrian density. By substituting cm = cu= cum in Eq. (10), um=[dmwm]-1 =0.33 Ped/m2 is ob-
tained. The value is very similar to the one suggested by Grundmann et al [27]. Then, by sub-
stituting cm= cu into Eq. (11), the unconstrained step frequency nu can be obtained. It appears 
as Gaussian random variable with mean value num=1.91 Hz and σnu=0.144Hz. 

Figure 1 (a) shows the trend of the forward distance dm with the pedestrian mean speed. It 

should be noted that dm has linear trend with pedestrian velocity for speed values smaller than 

about 0.9 m/s. Let us indicate this value as lock-step speed, cLS. Corresponding values in 

terms of pedestrian density and step frequency are, respectively, LS = 1.3 Ped/m2 (from Eq. 

(9)) and nLS = 1.6 Hz (from Eq. (11)). According to Seyfried et al. [12], the marching in lock-

steps, which compensate the slower step frequency, are possible explanation for the linearity 

between the required length and the velocity. 

Figure 1(b) shows the trend of the total outward distance with the pedestrian density. Ac-

cording to the same criteria used by Seyfried et al. [12], it is possible to individuate three do-

mains in which the law dm-ρm is almost linear. In particular: 

Domain I (unconstrained traffic).  um. The forward distance between pedestrians is 

constant and equal to its maximum value. Pedestrians’ movement is completely free. 

Domain II (correlated traffic). um <LS. The forward distance between pedestrians 

quickly decreases with increasing in pedestrian density. In this domain, pedestrians’ move-

ment are not completely free. 

Domain III (constrained traffic). LS. The forward distance between pedestrians is 

almost linear with pedestrian density, it is small and it slowly decreases with increasing in 

density. Marching in lock-steps totally occurred. Pedestrians’ movements are completely con-

strained by the presence of other pedestrians. 

Figure 1: Trend of the mean forward distance with mean pedestrian velocity (a) and with pedestrian density (b) 
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3.2 Bi-directional stream 

In the last decades, problems related to bidirectional flows and its effects on pedestrian dy-

namics have gained increasing attention. First experimental studies about bi-directional 

streams were carried out by Older in 1968 [20] on footways in shopping streets. Several other 

experimental campaigns were carried out in transportation field [10]. At the same time, differ-

ent microstructure methods for numerical simulation of pedestrian dynamics became an in-

creasingly used instrument in order to study bi-directional streams (e.g. [16]-[18]).  

Despite many experimental works in the transportation field and numerical works available 

in literature, a univocal proposal of a suitable fundamental law for bi-directional streams does 

not exist, to the authors’ knowledge. Furthermore, at the state of art there is still no consensus 

whether the fundamental diagrams of mono- and bi-directional flows are different or not. 

Fruin [22] states that the fundamental diagrams of mono- and bi-directional flow differ on-

ly slightly. Weidmann [13] neglected the differences in accordance with [22], but Navin and 

Wheeler [14] found a reduction of the flow in dependence of directional imbalances. Older 

[20] highlighted the phenomenon of lane formation as a natural system of limiting obstruc-

tions. Thanks to lanes, no differences occur between mono- and bi-directional streams, at least 

at low and medium densities [20].  

A comprehensive description of the main phenomena that occur in bi-directional flows can 

be found Blue et al. [18]. They performed a large number of numerical simulations using CA 

Models, with the aim to study the fundamental diagram for the different types of bi-

directional flows, over a range of directional splits in 10% increments from 100-0 (i.e. mono-

directional flow) to 50-50 (i.e. balanced bi-directional flow). No significant differences 

among the mono-directional stream (i.e. 100-0) and bi-directional ones could be pointed out 

for stationary conditions.  

Recently, Zhang et al. [21] carried out an experimental campaign with the aim to compare 

the fundamental diagrams of mono-directional flow with bi-directional one. They investigated 

bi-directional flows with balanced (50-50) and unbalanced (about 60-40) flow conditions. In 

2015, Flötteröd and Lämmel [23], starting from experimental works of Zhang et al. [21], fi-

nally proposed a bi-directional pedestrian fundamental diagram, drawing inspiration from the 

cellular automata (CA) approach. At least until <2 Ped/m2, no meaningful mismatches can 

be found between the fundamental law proposed by Flötteröd and Lämmel [23] and the fun-

damental diagram for mono-directional streams (Eq. (9)). 

4 A PHISICALLY-BASED COHERENCE FUNCTION 

The coherence function of pedestrian-induced forces is a sparsely studied topic in the re-

search panorama. Some studies on coherency, which concern relative phase angles among 

pedestrians, were done by Ebrahimpour et al. ([25], [26]). Piccardo & Tubino [9], dealing 

with unrestricted pedestrian traffic, assumed as a coherence function the Dirac delta function 

in order to model perfect uncorrelation. At the state of art, a proper model of coherence func-

tion suitable for any pedestrian traffic conditions does not exist, to the authors’ knowledge. 

Some guidelines for a convenient definition of the coherence function were provided by 

Brownjohn et al. [8]. The spatial correlation in the pedestrian loading may be analogous to 

turbulent buffeting wind loads on a linear structure where cross-spectral density at two spa-

tially separated points is assumed to diminish exponentially with increasing separation and 

frequency. For pedestrians, coherence depends on being able to see and keep up with others, 

and it is likely that it would drop to zero beyond a short separation distance [8]. 
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A physically-based expression for the coherence function of the equivalent stationary ran-

dom process is here introduced. It is composed by a unitary step function for small distance 

and an exponentially decreasing function for greater distance: 

' '
1 if '

( , ', , )
'

exp 1 otherwise

ff

x x x x
H H x x

Coh x x C
x x

C


 





      
       

   
 

   
   
   

(12) 

where x and x’ are the current abscissa, ε is the width of the initial unitary step function and 

C is the exponential decay coefficient. The main issue is the definition of the exponential de-

cay coefficient C and of the width of the initial step .  

The width of the initial unitary step function  should be intended as a separation distance 

that each pedestrian interposes with others, in order to avoid contacts. The assumption of uni-

tary step function is equivalent to assume that, on this distance, the single pedestrian has per-

fect synchronization with himself. It is possible to identify the separation distance between 

two pedestrians moving on a linear domain as strictly connected with the forward distance dm. 

Moreover, by taking into account that, in the spectral model proposed at Section 2, each pe-

destrian is modeled as a moving harmonic punctual load (Eq. (1)), the separation distance be-

tween two pedestrians becomes of course dm-d0/2. 

The trend of dm with the pedestrian density is shown in Figure 1 (b). Considering Domain I, 

 should be identified as the forward distance corresponding to the mean free flow velocity 

cum. By substituting cm= cum in Eq. (10), =dm(cum)-d0/2 4 m is obtained. 

The exponential part of the coherence function has the purpose to model the increase in 

synchronization between pedestrians that occurs when pedestrian density grows up (in Do-

mains II and III). To do that, some limit behavior may be considered. For low pedestrian den-

sity (i.e. Domain I), pedestrians’ walking is completely free [12] and the pedestrian-induced 

loading is uncorrelated. As a consequence, the coherence function may drop to zero very 

quickly, so the exponent must reach values high enough. On the contrary, for high pedestrian 

density (i.e. Domain III), marching in lock-step totally occurs [12]. Pedestrians’ movements 

are completely constrained by others all around, and each of them is marching with the same 

step length and the same velocity [12]. Since the step length ls = c/n [11], then pedestrians are 

walking with the same step frequency. It follows that the pedestrian-induced loading is per-

fectly correlated. The coherence function may reach unitary values, so the exponent must drop 

to zero.  

In order to satisfy all the conditions outlined above, it is reasonable to express the exponen-

tial decay coefficient as function of the mean step frequency. A suitable expression for the 

exponent can be identified through the following exponential function: 

   1 2expm mC C n C n C   (13) 

where the two coefficients C1 and C2 can been obtained by enforcing the conditions 

C(nu)=Cmax=10, C(nLS)=Cmin=0.1. The limit values for the coefficient have been assumed 

based on numerical simulations: the exponential portion of the coherence function becomes 

negligible for values of the exponent greater than 10, and it becomes almost unitary for expo-

nents lower than 0.1. Under the hypothesis of nu=num, the values C1=22 s-1 and C2=-38 are 

obtained. 
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The exponent C proposed in Eq. (13) could be rewritten as a function of the pedestrian 

density. In fact, the step frequency can be expressed as a function of the pedestrian density by 

substituting Eq. (9) into Eq.(11). 

Figure 2 shows the trend of the exponential decay coefficient with respect to the step fre-

quency (Figure 2 (a)) and pedestrian density (Figure 2 (b)).  

Figure 2: Exponential decay coefficient of the coherence function as a function of (a) mean step frequency and 

(b) pedestrian density 

The proposed coherence function can be rewritten in the following non-dimensional form: 

' '
1 if '

( , ', , )
'

exp 1 otherwise

ff

x x x x
H H x x

Coh x x C
x x

C


 





      
       

   
 

   
   
   

 (14) 

where   is the non-dimensional width of the initial unitary step function  =/L. Figure 3 

plots the resulting non-dimensional coherence function (Eq.(14)) as a function of the non-

dimensional distance, for fixed values of pedestrian density, assuming  =0.1. As expected, 

the exponential portion is negligible for low values of the pedestrian density (i.e. <um). 

Then, it monotonically increases with the pedestrian density and, finally, it reaches unitary 

value for  LS. 
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Figure 3: Proposed coherence function for different values of pedestrian density. 

5 THE GENERALIZED EQUIVALENT SPECTRAL MODEL OF THE HUMAN-

INDUCED LOADING 

The power spectral density function of the non-dimensional modal force is given by: 

 
1 1

0 0

( ) , ', ( ) ( ')d d '
jF j jff

S S x x x x x x     (15) 

where  , ';
ff

S x x   is the cross-psdf of the non-dimensional force ( , )f x t . It’s given by: 

     , ', , ', ( , ', , )
ff f f ff

S x x S x S x Coh x x C      (16) 

In Eq. (16)  ,
f

S x   is the psdf of the non-dimensional force and ( , ', , )
ff

Coh x x C  is the

coherence function described in Section 4. Under the assumption that the non-dimensional 

force has uniform psdf [9],      , ',
f f f

S x S x S     , considering Eqs. (15) and (16), 

the psdf of the non-dimensional force can be rewritten as follows: 

   ( ) ,
jF jf

S S C     (17) 

where the admittance function  ,j C   has been introduced: 

 
1 1

0 0

, ( , '; ; ) ( ) ( ')d d 'j j jff
C Coh x x C x x x x        (18) 

As outlined in Section 4, the exponential part of the coherence function is almost null un-

der the hypothesis of unconstrained pedestrian traffic (i.e. <um). Moreover, it should be not-

ed that the Eq. (14a) can be interpreted, from a perturbative point of view, as the incremental 

ratio of the Dirac delta function (i.e. the first derivative of the unitary step function), being the 

non-dimensional width of the initial unitary step function a small parameter. Thus, for <um 

(i.e. in unrestricted traffic condition) the admittance function (Eq. (18)) assumes the following 

simplified expression: 
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1

2

0

, 2 ( ) dj uj jC x x        (19) 

Finally, assuming that the structural mode shape is sinusoidal [9], Eq. (19) becomes 

 uj   .Considering Eqs. (7) and (17), the psdf of the non-dimensional equivalent distrib-

uted pedestrian-induced loading can be obtained: 

  ( )
4

p

f

N
S p

 
     (20) 

Eq. (20) can be rewritten in the dimensional form as follows: 

 
2

1
( ) ( )

4

p m m

f

j

N G
S p
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        (21) 

The psdf of the modal force for a generic footbridge, with any mode shape and pedestrian 

density, can be evaluated through following steps: (i) assumption of the value of the free flow 

speed cu in the range [cum σcu], (ii) evaluation of the mean step frequency nm (Eqs. (9) and 

(11)) and of the exponential decay coefficient C (Eq. (13)), (iii) computation of the admit-

tance function  ,j C  (Eq. (18)) and (iv) application of Eq. (17) taking as mean value of the 

non-dimensional step frequency the one corresponding to the calculated mean step frequency 

nm ( 2m m jn /    ). 

6 MAXIMUM STRUCTURAL RESPONSE 

Starting from the spectral model of the pedestrian-induced loading (Eq. (17)), the maxi-

mum dynamic response can be estimated through the classical methods of linear random dy-

namics [9]. The mean value of the maximum non-dimensional principal component 
maxjp  can 

be evaluated as follows [9]: 

max j j
j p p

p g   (22) 

where 
jp

  is the standard deviation of jp  and 
jp

g is the peak coefficient. 

By assuming that the pedestrian-induced response is mainly resonant [9], the variance of 

jp  can be estimated as [9]: 

 2 1
4j jp F

S





 (23) 

being  1
jF

S  the psfd of the non dimensional modal force, Eq. (17), calculated for 1  .

The peak coefficient assumes the following expression [9]: 
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in which the following non-dimensional parameters appear [9]: 
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being N the number of consecutive pedestrian groups to be considered in order to satisfy the 

stationarity hypothesis. It should be noted that cm  is the non-dimensional walking speed ob-

tained by substituting in Eq. (6) the value  i mc c   (Eq. (9)). 

Starting from Eq. (22), the maximum acceleration of the principal coordinate 
maxjp  can be 

estimated as follows [9]: 

max max

m m
j j

j

G
p p

M


   (26) 

Then, assuming that the structural response is dominated by the jth natural mode, the max-

imum acceleration in physical coordinates may be finally estimated as follows [9]: 

maxmax ( ) ( )j jq x x p (27) 

7 NUMERICAL APPLICATION. 

The proposed procedure is applied in order to estimate the maximum dynamic response of 

a real footbridge to various pedestrian traffic conditions, from completely unrestricted to ful-

ly-restricted pedestrian traffic. The structure is a slender footbridge in Milan, that was recently 

investigated through full-scale measurements [28]. The footbridge has a main span length L = 

60 m. It’s characterized by a first vertical flexural mode shape similar to the first mode of a 

double-hinge beam, with an identified natural frequency n1 = 2.17 Hz, modal damping ξ1 = 

0.005 and modal mass M1 = 51 000 kg [28]. 

The structural response can be estimated by the proposed formulation. It’s assumed Gm = 

700 N and αm = 0.40. According to [9], the standard deviation of the step frequency may be 

chosen 0.17 Hz. In order to ensure stationarity N=10 is set. 

By remembering that the free flow speed appearing in Eq. (9) is indeed a Gaussian random 

variable with mean value cum=1.34 m/s and standard deviation σcu =0.26 m/s [13] (i.e. mean 

unconstrained step frequency num=1.91 Hz and standard deviation σnu=0.144 Hz), the dynamic 

response of the footbridge may be evaluated by adopting a free flow speed in the range 

[cum σcu]. Therefore different equivalent modal psdf may be obtained, and variable results 

may be found in terms of maximum structural response. 

Figure 4 shows the maximum dynamic response of the bridge (Eq. (27) as a function of 

pedestrian density. The different curves correspond to different values of free-flow speed. 
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Figure 4: Maximum mid-span acceleration for a real footbridge for different values of free-flow speed 

For low values of pedestrian density, the dynamic response tends to increase on increasing 

pedestrian density due to the growth of the number of pedestrians exciting the footbridge. 

Then, for high values of pedestrian density, the mean speed and mean step frequency progres-

sively decrease; thus, the mean step frequency moves away from the structural frequency, and 

the structural response starts to decrease and progressively drops to zero, despite Np is still 

growing.  

The analysis of the structural response shows that this real footbridge has a high sensitivity 

to human-induced vibrations. As a matter of fact, the structural response may reach values 

much higher than 1 m/s (i.e. corresponding to minimum comfort, see [6] and [7]). Moreover, 

it demonstrates that small variations in terms of pedestrian velocity correspond to huge varia-

tions in terms of structural acceleration. This fact is due to the closeness between the first 

structural frequency and the mean step frequency. In order to avoid problems in terms of pe-

destrian comfort, the footbridge was recently equipped with tuned-mass dampers [29] .  

8 CONCLUSIONS AND PROSPECTS 

In this paper, the equivalent spectral model, originally introduced for unrestricted pedestri-

an traffic, has been generalized in order to account for correlation among pedestrians that can 

occur in crowded conditions. The generalization relies on the analysis of pedestrian dynamics 

and it is based on the introduction of a physically-based coherence function. The proposed 

spectral model allows to model both the change in the harmonic content of pedestrian-induced 

loading and the synchronization phenomenon on increasing pedestrian density. 

A preliminary application to a real footbridge shows the potentiality of the model for the 

serviceability evaluation of footbridges in any traffic condition. 

A validation (experimental and/or numerical) of the proposed model is necessary. The ex-

perimental validation could be provided by the comparison of the estimated maximum dy-

namic response with full-scale measurements in crowded conditions. The numerical 

validation may be carried out through numerical simulation of pedestrian flows based on suit-

able models of pedestrian dynamics.  
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Abstract. This paper investigates the coherence factor of rhythmic jumping and its 

application for simulation of crowd jumping load. Experiments were conducted using 

three-dimensional motion capture technique on single person jumping. Seventy three test 

subjects participated in the experiments and each of them conducted four test cases of 

different frequencies. Thirty nine markers were attached to each test subject during the test. 

The jumping frequency was simulated by a metronome. The time lag between metronome time 

and landing time was proposed as the coherence factor of rhythmic jumping. The statistical 

analysis of experimental data shows that probability distribution characteristics of coherence 

factor can be described as the combination of uniform distribution and Beta distribution, 

which are corresponding to individual random jumping and coherent jumping in crowd 

respectively. The parameters of factor model functions are determined by experimental results. 

Simulation of crowd jumping load is carried out by combining the coherence factor with 

single random jumping load model. The simulating method is proved to be reasonable by 

application examples. 
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1 INTRODUCTION 

With the application of high-strength and light-weight building materials and building 

owner’s demands for large column-free open space, large-span floor structures have became 

more and more popular in assembly buildings, cantilever grandstands, waiting halls, dance 

halls and so on. For example, the Qingdao Training Center adopt 72m×42m prestressed 

concrete floor [1] and the Chongqing University Sports Center had a 10m cantilever 

grandstand[2]. Although these structures are designed for different functions, they share 

common structural features as low fundamental frequency and small damping. Therefore, 

these structures are prone to human-induced vibrations which may, when larger than certain 

threshold value, cause vibration serviceability issue.  

There are typical two ways to address the vibration serviceability problem. One is to limit 

the structure’s fundamental frequency to be higher than a given threshold value, the other is to 

limit the structure’s maximum vibration amplitude (typically acceleration) to be lower than a 

given threshold value. The second way is more reliable since the vibration amplitude is the 

key parameter for judging vibration level. It is acknowledged that an accurate load model is 

an important premise for the engineering design. For human-induced load especially for group 

(crowd) -induced load, such a model is still absent. Experimental investigations have been 

conducted on human jumping load [2-6]. In China, little research has been done so far on the 

crowd-jumping load. Due to the difference of body features like average heights, body 

weights and even culture background, studies in biomechanical fields already prove that 

different population can have different gait leading to different GRF. Therefore, it is not 

suitable to use overseas human-induced load directly. Among all human-induced loads such 

as running, walking, jumping, bobbing, marching on the spot and so on, jumping load has 

maximum dynamic load factor. Moreover, jumping load is frequently encountered in the 

design of structures of gymnasium, dancing halls, and music halls.  

In this paper, experiments were conducted on human jumping load using three dimensional 

motion capture system in conjunction with force plates. Seventy-three volunteers participated 

in the experiments. Based on the experimental data, a new synchronization factor has been 

introduced to represent the coherence of the crowed jumping load. Group-induced jumping 

load can then be simulated by combining the synchronization factor with the single person’s 

jumping load model.  

2 EXPERIMENT ON INDIVIDUAL JUMPING LOAD 

2.1 Experimental arrangement 

 A series of experiments were conducted to collect individual jumping load records. The 

experiments were conducted in Gait lab of Ruijin Hospital, Shanghai, China. Vicon 3D 

motion capture system consisting of 10 T40 infrared cameras was used in the experiments. 

Moreover, two AMTI OR6-7 force plates were employed to record test subject’s jumping 

load. The forces were sampled at 1000Hz. Thirty-nine reflective markers were attached to 

every test subject according to a standard template for gait experiment. The trajectories of all 

the markers were captured by the Vicon system at a sampling frequency of 200 frames per 

second (i.e. 200 Hz). The whole experiments were monitored by a DV recorder. More details 

about the jumping experiments can be found in Zhao (2013) [1].  

2.2 Test cases 

Ginty[3] has analyzed the frequency contents of 210 pop songs and found that 96.2% 

frequencies of those songs range from 1.0Hz to 2.8Hz, which indicates that persons rhythmic 
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jumping frequencies also belong to this range when they jumped to music beat. However, it 

has been considered when the music frequency is lower than1.5Hz, most people can’t jump 

constantly and consistently. For example, The British Standard BS6399:Part 1(1996) indicates 

the frequency of the crowd consistent jumping ranges from 1.5Hz to 2.8Hz, when beyond this 

range, it’s difficult for people to jump normally. On the other hand, Littler[4] proposed the 

maximum of the jumping frequency should exceed 2.8Hz, and can be as high as 3.0Hz to 

3.5Hz. Consequently, on the basis of those achievements above and the feedback of the 

volunteers in the preliminary experiment, it is decided to set the jumping test frequency as 

1.5Hz, 2.0Hz, 2.67Hz, and 3.5Hz in our experiment. Therefore, each test subjected performed 

seven test cases: four cases at the above four frequencies which were instructed by a 

metronome, and three cases at self-chosen slow, normal and fast jumping frequency. 73 

volunteers from Tongji University participated in this experiment.  

2.3 Statistics of test subjects 

After data quality check on the original experimental data, 37 groups jumping load with 

complete records were selected for further analysis, in which contain 27 man groups and 10 

woman groups. The genders, ages, weights, and heights of volunteers are showed as table 1 as 

below. 

Table 1: The basic information statistics of the volunteers. 

3 THE COHERENCE ANALYSIS OF THE CROWD JUMPING EXCITATION 

The synchronization of crowd jumping is the foundation of modeling the crowd jumping 

load proposing a reasonable coherence factor (or coherence index) based on experimental 

records, and studying on its statistical property is a core work and also an essential part where 

the difficulty lies. 

3.1 The definition of coherence factor 

Coherence factor is a parameter for analyzing the synchronization of individuals in a 

jumping crowd. Sim and Blakeborough[5], Fitts[6]  and Parkhouse and Ewing [7] introduced 

different coherence factors based on their experiments. Sim and Blakeborough’s suggestion 

doesn’t have clear physical meanings. Ebrahimpour and Fitts’s suggestion is only suitable for 

the condition of two persons, which isn’t available for the crowd jumping cases. Parkhous and 

Ewins’s suggestion actually utilizes the first order phase of Fourier series to replace the time 

history of the jumping load, however, this method will introduce new truncation error. 

Gender Number 

Age (20-29) Weight (39-88kg) 
Height 

(1550-1850mm) 

Average 
Standard 

deviation 
Average 

Standard 

deviation 
Average 

Standard 

deviation 

Man 27 23.4 1.7 68.4 10.4 1759 57 

Woman 10 22.8 1.5 51.6 7.9 1633 24 
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This paper defines a new coherence factor that is taken as the time difference between time 

instant of metronome’s sound and the time instant of test subject’s tiptoe touching the ground. 

The new coherence factor is illustrated in Figure 1, where Tb is the metronome period. 𝑡𝑏,𝑖 is 

the moment of the number i beat. 𝑡𝑑,𝑖 is lag time difference of the number i jumping, and 𝑡𝑡,𝑖 
is the moment of the number i tiptoe touching ground.  

Figure 1: Definition of coherence factor. 

3.2 Statistical property of the coherence factor 

First of all, split every actually measured reaction force time history into several intervals 

due to the metronome’ sound time instant (shown as the middle part between the two dotted 

lines in Figure 1. In other words, every interval is equal to the metronome period, and every 

interval can be treated as an independent jumping case. In this way, n reaction force impulses 

can be treated as n persons jumping one time.  

Take the 2.0Hz jumping case for instance, a 30s reaction force time history usually 

contains 60 jumping periods, which we can regard as 60 persons jumping one time. This 

experiment has totally measured 37 reliable reaction force time history curves, so we can 

regard these 37×60 reaction force impulses as 37×60 persons jumping one time. Finally, 

diversity of jumping coherence can be obtained by statistically analyzing every time lag of 

those reaction force impulses. 

Every time lag of reaction force impulse has been given as the following Equation: 

                         𝑡𝑑,𝑖 = 𝑡𝑡,𝑖 − 𝑡𝑏,𝑖           (0 < 𝑡𝑑,𝑖 < 𝑇𝑏)                  (1) 

In order to compare the frequencies under different test cases, the time lag td,i should be 

standardized by the metronome period Tb, like the following Equation: 

                          𝛿𝑑,𝑖 = 𝑡𝑑,𝑖/𝑇𝑏          (0 < 𝛿𝑑,𝑖 < 1)                    (2) 
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Where, tt,i is the number i moment when tiptoe touching the ground, and tb,i is the number i 

metronome corresponding moment. After standardization, the range of the time lag changes 

from 0 < 𝑡𝑑,𝑖 < 𝑇𝑏 to  0 < 𝛿𝑑,𝑖 < 1. 

Figure 2:The crowd jumping load coherence diagram 

Figure 3: Standardized lag time probability density diagram. 

Figure 3 presents the standardized probability density diagram of the time lag under four 

different frequency cases. Furthermore, every diagram can be approximately treated as a 

symmetric figure superposed by two parts, namely the rectangle under the red dotted line and 

the convex above the dotted line. In conclusion, this probability density function can be 
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modeled by adding up the two functions which represent each part respectively, and the 

Equation has been provided below. 

ƒ(x) = 𝑝1𝑓1(𝑥) + 𝑝2                              (3)

Where, 𝑓1(𝑥) is standard Beta probability density distribution function, as shown in 

Equation (4), and 𝑝1, 𝑝2 are real numbers with the range of [0,1] and  𝑝1 + 𝑝2 = 1. 

𝑓1(𝑥, 𝛾, 𝜂) =
1

𝐵(𝛾,𝜂)
𝑥𝛾−1(1 − 𝑥)𝜂−1 (4) 

Where, 𝐵(𝛾, 𝜂) = ∫ 𝑥𝛾−1(1 − 𝑥)𝜂−1𝑑𝑥, 𝛾 > 0,
1

0
𝜂 > 0,0 ≤ 𝑥 ≤ 1.

In Equation (3), 𝑝2 stands for the position of the dotted line on the vertical coordinate, 

namely the height of the rectangle under that red dotted line, and the height value reflects the 

random part of this rhythmic jumping excitation. Moreover, it also means the bigger 𝑝2 is, 

the greater proportion of random will be, namely, the worse coherence will be shown. 

The shape of the Beta probability density distribution function depends on two parameters 

γ and η, which can change from uniform distribution to approximately normal distribution 

and from symmetry to asymmetry with the domain of 0 to 1. When γ = η, the shape of this 

function is symmetry. 

When γ ≠ η, the shape of the function is asymmetry. It has been discovered in Figure 3 

that lag time has a symmetry distribution, so it is reasonable to utilize symmetry fitting 

function to approach it, namely let γ = η in Equation (4). Thus, the number of unknown 

parameters are reduced from 3 to 2. At last, utilize the least square method to evaluate 

unknown parameters, and the result are shown in Table 2.   

Frequency（Hz） P2 γ 

1.50 0.66 9.46 

2.00 0.43 4.36 

2.67 0.55 3.37 

3.50 0.82 4.71 

Table 2: The result of fitting parameter. 

Note from Table 2 that when the jumping frequency is 2.0Hz, or 2.67Hz, 𝑝2 is relatively 

smaller, which also means the jumping action has a relatively better coherence. However, 

when the jumping frequency is relatively lower, like 1.5Hz, a long time interval exists 

between the tiptoe touching the ground and the begin of the next jumping, which make the 

jumping become a discontinuous action, thus causing a worse coherence. In contrast, when 

the jumping frequency is 3.5Hz, this case has already approached the upper boundary of the 

crowd jumping action, as a results, it’s hard to keep jumping by such high frequency, thus 

causing the coherence worse as well. 

3.3  The relation between coherence and jumping frequency 

Jumping frequencies other than the above four jumping frequencies will be considered for 

practical application. Therefore, it’s necessary to investigate the relation between the jumping 

frequency and coherence factor. Based on the existing research achievements for the range of 

jumping frequency and the knowledge of the parameter variation tendency in Table 2, this 
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paper assumes that when metronome frequency is under 1.0Hz or above 4.0Hz, because of the 

restriction of physiological condition, it is impossible for people to follow the rhythm of 

metronome to complete random jumping action. In conclusion, it is assumed that when the 

metronome frequency changes in the range of 𝑓 ≤ 1.0 or 𝑓 ≥ 4.0, 𝑝2 = 1.  

As shown in Figure 4, the red circles stand for actual measurement in Table 2, and the red 

boxes stand for the assumed values when the jumping frequency is 1.0Hz or 4.0Hz. By 

utilizing polynomial fitting, it has been found that cubic polynomial fitting is able to reflect 

the parameter variation tendency very well, and also has a better fitting goodness. Therefore, 

the relation between coherence factor 𝑝2 and the jumping frequency can be fitted by cubic 

polynomial well, which is given in Equation (5). Additionally, what can be presented from 

Figure 4 is when the jumping frequency is changing around 2Hz, the jumping action has the 

best coherence, or the jumping coherence will become worse. 

𝑝2 = {
−0.0821𝑓3 + 0.8425𝑓2 − 2.4920𝑓 + 2.7420          1.0 < 𝑓 < 4.0

                                            1                                                    𝑓 ≤ 1.0 𝑜𝑟 𝑓 ≥ 4.0
         (5) 

Figure 4: The relation between jumping coherence and jumping frequency. 

As for the second parameter γ, utilize quadratic polynomial to fit the actually 
measured points, as shown in Figure 4. The red circles stand for the measured points, 
and the blue lines stand for quadratic polynomial fitting curve. In Equation(3), the 
constrain condition is 𝑝1 + 𝑝2 = 1, and when ƒ≤1.5 or ƒ≥3.5，parameter 𝑝1is relatively 

small, which also means the function 𝑓1(𝑥)has less influence on ƒ(x). In other words, 

the value of parameter γ in 𝑓1(𝑥)has less effect on the whole function ƒ(x), so we won’t 
discuss the details of γ. 

              γ = 3.9550𝑓2 − 21.9200𝑓 + 33.1200          1.0 < 𝑓 < 4.0            (6) 

4 MODELING OF THE CROWD JUMPING LOAD 

Based on the above jumping coherence factor and single person’s jumping load model, 
the crowd jumping load model can be simulated. 

4.1  The single jumping load model 

The Relation between P2 and Frequency The Relation between γ and Frequency 

Frequency (Hz) Frequency (Hz) 

Actual Measurement 

Assumed Measurement 
Fitting Curve 

Actual Measurement 
Fitting Curve 
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A complete jumping process can be divided into three parts, namely touching the 
ground, the beginning of jumping and soaring in the air. These three parts are 
demonstrated in Figure 5. In order to precisely describe these three actions, this paper 
defines three parameters, namely jumping period, contacting time and impulse factor. In 
Figure 5, the blue full line stands for the ground reaction force normalized by body 
weight, and 𝑇𝑝 is the jumping period, namely the time difference between two adjacent 

moments when people touching ground, and 𝑡𝑝 is the contacting time, namely the time 

between the moment of touching and leaving in one period. 𝐾𝑝 is the peak factor that 

defines the maximum value of the ground reaction force. 

Figure 5: Parameter definitions. 

Wang [8] has studied on the dynamic properties of the jumping load and proposed a 

mathematical model for single person jumping load. The model assumed that the jumping 

period 𝑇𝑝 is a constant value, so only the contact time and the pulse factor are required to 

model the ground reaction force curve. Contact ratio, which is defined as the ratio between 

contact time over jumping period, follows approximately normal distribution. The mean and 

standard deviations of contact ratios for different jumping frequencies are summarized in 

Table 3. 

Table 3: The statistical property of the contact rate [8] 

 We also found that the peak factor could be expressed by the contact ratio as given in 

Equation (7). Finally the jumping load curve of each jumping event can be represented by 

piece-wise function as given in Equation (8).  

Frequency of Test cases 1.5Hz 2.0Hz 2.67Hz 3.5Hz 

Mean 0.7023 

0.0913 

0.6660 0.6734 0.6692 

Standard deviation 0.0823 0.0685 0.0686 
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𝐾𝑝 =

{

1.554/α  (1.5Hz)
1.913/𝛼  (2.0𝐻𝑧)
2.145/𝛼  (2.5𝐻𝑧)
2.097/𝛼  (3.5𝐻𝑧)

 (7)

Where, contact rate α can be represented by α = 𝑡𝑝/𝑇𝑝. 

F(t) = {

𝐾𝑃𝐺 sin(πt/𝑡𝑝) ,  0 ≤ 𝑡 ≤ 𝑡𝑝, 𝑓𝑝 = 1.

𝐾𝑃𝐺sin
2(πt/𝑡𝑝),   0 ≤ 𝑡 ≤ 𝑡𝑝, 𝑓𝑝 = 2.0 − 3.5𝐻𝑧.

0  𝑡𝑝 ≤ 𝑡 ≤ 𝑇𝑝.

(8) 

4.2  The application steps of the crowd jumping load model 

Based on proposed coherence index and single person’s jumping load model, the 

simulation of the crowd jumping load can performed by the following steps: 

Figure 6: The start points of the crowd jumping load time history curve 

(1) Determine the number of persons N in the crowd. Determine the number of impulses M 

in every jumping time history curve. That’s to say we have a crowd of N persons each of them 

jumps M times.  

(2) Determine the jumping frequency 𝑓𝑝, and accordingly determine the mean value and 

standard deviation of contact ratio from Table 3.  

(3) Under normal distribution assumptions, randomly generate M contact ratios 𝛼𝑖 in one 

jumping load time history curve.（i=1~M） 

(4) Calculate M impulse factor 𝐾𝑝
𝑖 , the jumping period 𝑇𝑝 = 1/𝑓𝑝, and the touching time 

𝑡𝑝
𝑖 = 𝑇𝑝𝛼𝑖 by Equation (8). 
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(5) Put 𝐾𝑝
𝑖 ,𝑇𝑝 and 𝑡𝑝

𝑖  into Equation (9) to get M single jumping load curves, and integrate 

M curves into one jumping load time history curve.  

(6) Repeat step (2) to step (5) N times. N time history curves can be generated for N 

persons. Then based on the probability density distribution function (4) of the time lag to 

randomly generate N the start points of the time history curve, and finally ensure the time 

differences between each curve (Figure 6). 

Figure 7: Actual measured load versus simulated load. 

Figure 7 presents the comparison diagram between the actual measurement and simulation 

of the crowd jumping load, where horizontal coordinate stands for time, and vertical 

coordinate stands for the total reaction force of the nine-people jumping loads, in addition, 

metronome frequency has been set as 2.0Hz.  

5 CONCLUDING REMARKS 

Based on single person’s jumping load experiments, this paper has suggested a new 

coherence factor that is defined as the difference between the time instant of the feet touching 

the ground and metronome beat. The new factor has clear physical meaning and easy-to-use 

in simulating the crowd load. Statistical properties of the factor have been investigated using 

measurements from jumping tests at four fixed frequencies as 1.5, 2.0, 2.67 and 3.0Hz. 

Crowd-induced loads can be simulated by combing coherence factor with single persons 

jumping load. Application examples show that the suggested simulation procedure gives 

reasonable results.  
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Abstract. Nowadays, pedestrian bridges are increasingly lively and slender structures due to 
the development of improved structural materials and aesthetic requirements. As a result of 
this trend, contemporary footbridges are more and more prone to human-induced vertical 
and lateral vibrations that can compromise the comfort serviceability conditions. The goal of 
this paper is to characterize the dynamic behaviour of a curved cable-stayed footbridge sub-
jected to pedestrian loads starting from experimental tests and numerical dynamic analyses. 
The dynamic behaviour of the footbridge is investigated thanks to an experimental campaign 
performed by means of an advanced MEMS-based SHM system. Accelerations due to ambient 
vibrations are recorded and the modal parameters of the structure are identified by means of 
a classic identification method. Then, to investigate the dynamic response of the footbridge 
subjected to pedestrian actions, a wide number of experimental tests were performed with dif-
ferent-sized groups of pedestrians crossing the footbridge, running, free or synchronized 
walking with different pacing frequencies. Then, a finite element model of the footbridge is 
developed and calibrated so that the numerical dynamic predictions agree with the experi-
mental modal properties. Then, to simulate dynamic loading conditions due to a single pedes-
trian or a crowd of people crossing the footbridge, two mathematical models are examined. In 
the first approach both the non-calibrated and the updated FE model are adopted to evaluate 
the vertical dynamic response of the footbridge when subjected to pedestrian loads. Dynamic 
analyses are performed by simulating the pedestrian walking through a periodic load model 
representing the human-induced force as a deterministic force. The second approach is based 
on the solution of the equation of motion via modal decomposition, considering multi-
harmonic forces and experimental mode shapes and frequencies. Finally, the accelerations 
obtained through the mathematical approaches are compared with the experimental results.  
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1 INTRODUCTION 
Over the last decades, cable-stayed bridges and footbridges have reached great importance 

and popularity thanks to the ease of construction, the economical convenience and the reduc-
tion of the deck bending moments due to the benefit of cables. Nevertheless, footbridges are 
generally slender structures due to the structural solutions adopted even for aesthetic require-
ments and the using of deformable elements, and so they are increasingly sensitive to dynamic 
vibrations induced by pedestrian actions [1, 2] that can compromise the comfort serviceability 
conditions. Hence, the full assessment of footbridge dynamic behaviour with reference to pe-
destrian dynamic amplifications is a topical issue in the vibration serviceability analyses [3-5]. 

Accurate FE models are often needed to investigate the dynamic behaviour of these kinds 
of structures and to reproduce the pedestrian effects through dynamic analyses considering 
adequate human-induced load models. However, the complex shapes of these structures usu-
ally involve difficulties in accurate structural modelling and simulation. Therefore, model up-
dating procedures are required to develop reliable models starting from the comparison 
between the structural dynamic behaviour investigated through dynamic tests and its numeri-
cal model response [6]. 

This paper is a part of a research that aims to characterize the dynamic behaviour of a 
curved cable-stayed footbridge subjected to pedestrian loads starting from experimental tests 
and numerical dynamic analyses. The case study is the Pasternak footbridge that is about 270 
meters long and 3 meters wide and it crosses an important freeway in Modena (Italy). It is 
composed of two steel towers 18 meters high that support the steel-concrete deck by means of 
6 pairs of cables. 

First of all, the dynamic behaviour of the footbridge is investigated thanks to an experi-
mental campaign performed by means of an advanced MEMS-based SHM system [7]. 
Through the dynamic tests the accelerations due to ambient vibrations (wind) are recorded 
and the modal parameters (frequencies, mode shapes and damping ratios) are identified [8]. 
To study the dynamic behaviour of the footbridge subjected to pedestrian loads, several ex-
perimental tests were performed with different-sized groups crossing the footbridge running, 
free or synchronized walking with different pacing frequencies. To simulate dynamic loading 
conditions due to a single pedestrian or a crowd of people crossing the structure, two mathe-
matical models are examined. In these models, vertical dynamic actions depend on the pacing 
frequency, the walking (or running) speed, the step length, the number of people involved and 
the synchronous action modelling. To apply the first approach, a finite element model is de-
veloped and calibrated so that the numerical dynamic predictions agree with the experimental 
modal properties [9, 10]. Both the updated and the non-calibrated models are used to evaluate 
the dynamic response of the footbridge when subjected to pedestrian loads. In the second ap-
proach, the equation of motion is solved via modal decomposition, considering a multi-
harmonic force model and experimental mode shapes and frequencies. The numerical acceler-
ations obtained through dynamic analyses are finally compared with the experimental results.  

2 THE PASTERNAK FOOTBRIDGE 
The dynamic tests were performed on a steel curved cable-stayed footbridge, the Pasternak 

footbridge (see Figure 1a), by means of the SHM602 system. The structure was built in 2008 
and it overpasses an important freeway crossroad in Modena (Italy). The footbridge is about 
270 meters long and it is composed of a curved central span 60 meters long and two access 
ramps with bent layout. The main span is sustained by cables linked with two V-shaped steel 
towers each of them composed of inclined masts connected with each other by X-bracings 
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(Figure 1b,c). Each mast is approximately 18 meters high with an inclination of about 15 de-
grees with respect to the vertical. The lateral access ramps are composed of several spans 
supported by V-shaped precast concrete piers. The structure is about 3 meters wide and it has 
a constant radius of approximately 32 meters. The deck is composed of steel trusses that sup-
port a concrete slab. The main span stiffening spatial truss girder (see Figure 1d) is composed 
of circular hollow profiles, connected with the steel-concrete deck. At the deck level trusses 
are made up of two open-shaped concrete-filled chords connected in plane with H- and L-
shaped profiles. The masts are constituted by prismatic hollow profiles with variable sections 
linked with each other with H-shaped bracings by means of bolted connections. Each cable is 
composed of two or three elements connected with each other and anchored to the towers with 
plates and bolts. Finally, the footbridge is provided with steel parapets along the entire length. 

3 DYNAMIC IDENTIFICATION 
Dynamic tests were performed to investigate the dynamic behavior of the footbridge sub-

jected to ambient vibrations. Then, the modal properties of the footbridge are identified by 
applying identification techniques to the experimental measurements [8]. 

The experimental campaign was carried out by means of an advanced MEMS-based SHM 
system. The main components of the SHM602 system consist in a controller and storage unit 
and in several intelligent bus-connected sensing units. Each sensing unit can record the accel-
erations along two orthogonal axes and the temperature. Thanks to local digital filtering tech-
niques and oversampling rates implemented, these units relied on MEMS sensors can exhibit 

(a) (b) 

(c) (d) 

Figure 1: (a, b) General view of the Pasternak footbridge; (c) detail of the V-shaped steel towers and (d) the spa-
tial truss girder. 
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a noise level of about 0.3÷0.5 mg [7] and thus lower than those measured by other MEMS-
based systems [11]. 

3.1 The dynamic tests 
To estimate as many natural modes as possible, several setups were arranged. For each set-

up, 12 sensors were installed on the vertical elements of the steel parapets at the deck level by 
means of magnets. The sensors were mainly placed in the curved central span to acquire ac-
celerations along two orthogonal axes, in the vertical and horizontal directions. The sensors 
located at the towers measured accelerations in the radial (transverse) and longitudinal direc-
tions, and some sensors in the main span were installed to record vertical and longitudinal ac-
celerations. In the first setup, sensors were arranged quite equally spread on both deck sides 
along the whole central span. In the second and third setups, sensors were mainly arranged on 
the north or the south side of the central span to cover the maximum possible length of the 
footbridge and to better identify the greater number of modes. For all test arrangements, some 
sensors were placed at the same locations to combine data obtained from different setups. 
Setups no. 2 and 3 are reported in Figure 2a,b respectively.  

3.2 Results of dynamic identification 
To identify the footbridge dynamic parameters, the Power Spectral Density (PSD) [12] ma-

trix of the acquired accelerations is calculated and the Enhance Frequency Domain Decompo-
sition method is applied [13]. 

Examples of PSDs achieved from vertical accelerations are reported in Figure 3. Ten 
modes (6 vertical modes and 4 torsional ones) involving the central span with frequencies in 
the range 1.462÷12.061 Hz are clearly identified. Values of identified damping ratios are in 
the range 0.12÷0.67%. The identified natural frequencies and damping ratios are reported in 

 (a)  (b)

Figure 2: The second (a) and the third (b) experimental setups 

Mode Type 
Experimental 
Frequency 

Damping 
Ratio 

[Hz] [%]
1st Vertical 1.462 0.67 
2nd Vertical 2.274 0.56 
3rd Vertical 3.210 0.39 
4th Vertical 4.949 0.40 
1st Torsional 6.551 0.30 
2nd Torsional 7.605 0.15 
6th Vertical 8.772 0.22 
3rd Torsional 9.409 0.24 
7th Vertical 11.453 0.18 
4th Torsional 12.061 0.12 

Table 1: Experimental modes 
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Figure 3: Examples of PSDs obtained from vertical ac-
celerations 
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Table 1 while Figure 4 shows the vertical components of the first 4 mode shapes. The blue 
and the red colour represent the north and the south side of the footbridge respectively.  

4 FINITE ELEMENT MODEL AND MODEL UPDATING 
A FE model of the footbridge is developed representing the curved main span and portions 

of the lateral spans. To accurately model the steel-concrete deck and the towers, beam and 
shell elements are used; particularly, steel members and cables are modeled adopting 1D ele-
ments while the concrete slabs and the towers with 2D elements. Constraints are applied at the 
base of towers and piers. The equivalent density of longitudinal chords is defined by consider-
ing the weight increment due to the parapets and the concrete fillings. 

The modal analysis provides for frequencies and mode shapes. The first four mode shapes 
are shown in Figure 5. Referring to the developed model (called FE Model A in the following) 
numerical frequencies are reported and compared with the experimental ones in Table 2. Nu-
merical results match quite well all the experimental modes, with errors in frequencies in the 
range 2÷4% and MAC values greater than 94%. All the identified modes are characterized by 
prevailing vertical displacements, thus the MAC values are calculated considering only the 
vertical components of the mode shapes. 

Then, the FE model is adjusted by means of a model updating procedure so that the numer-
ical frequencies and mode shapes match as better as possible the experimental ones; the up-
dated model is identified as FE Model B in the following. The optimization process is carried 
out through an improved surrogate-assisted evolutionary algorithm. Surrogate-assisted evolu-
tionary strategies use efficient computational models, as response surface or high polynomial 
functions, to approximate the objective function. Recently, they received considerably in-
creasing interest in reducing the computational effort in optimization problems, mainly when 
the evaluation of the objective function is highly time consuming [14]. In this work, the so-
called DE-Q algorithm is adopted [9, 10]; it combines the robustness of the DE algorithm 
with the computational efficiency due to a second-order surrogate approximation of the objec-
tive function. The optimal parameters are obtained through the minimization of an objective 
function defined as the relative error between numerical and experimental modal frequencies 
and mode shapes. To obtain a reliable comparison, the numerical and the experimental mode 
shapes are coupled by using the MAC. In the dynamic analyses described in Section 6, the 

1st vertical mode - freq. 1.462 Hz 2nd vertical mode - freq. 2.274 Hz 
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Figure 4: Vertical components of some of the more relevant experimental modes 
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human-induced walking forces are simulated by using harmonics with frequencies not greater 
than 4.5 Hz. Therefore, the first four vertical modes (modes no. 1÷4 in Table 1) with frequen-
cies in the range 1.462÷4.949 Hz are selected for the optimization process. Moreover, only 
the vertical components of mode shapes are considered as the purpose of the presented work 
is to evaluate the vertical effects of pedestrians on the footbridge. 

In Table 2, frequencies of the updated model (FE Model B) are reported and compared 
with the experimental results. The numerical frequencies match very well the experimental 
ones, with error values smaller than 1% for the first 2 modes and about 1% for the 3rd and the 
4th modes; MAC reaches values greater than 95% for all modes. 

It is worth noting that after the updating procedure the correlation between numerical and 
experimental mode shapes is almost perfect as regards the vertical components (high MAC 
values that are computed considering only the vertical components of the mode shapes). In-
stead, the transverse mode shape components are not accurately appreciated by the numerical 
model; as a matter of fact the model exhibits transverse deformations considerably higher than 
those obtained experimentally particularly referring to the first mode. 

5 PEDESTRIAN-INDUCED ACCELERATIONS 
To study the dynamic behaviour of the footbridge subjected to pedestrian loads, several 

experimental tests were performed with pedestrians crossing the footbridge running and free 
or synchronized walking with different pacing frequencies. 

A number of crowd tests were carried out with different-sized groups of pedestrian walk-
ing on the footbridge. In some tests, the crowd was asked to cross the footbridge at their own 
normal walking pace. Afterwards, 12 pedestrians were asked to walk in single file starting 
from one end of the footbridge. Tests with pedestrians on the north (see Figure 6a) or the 
south side of the deck were performed considering different pacing frequencies. In addition, 
several tests were carried out arranging a stream of 44 walking pedestrians that completely 
filled the deck. To achieve a better synchronisation between pedestrians a megaphone and a 

(a) (c)

(b) (d)

Figure 5: Numerical mode shapes: 1st (a), 2nd (b), 3rd (c) and 4th (d) vertical modes 

Mode Type 
Experimental FE Model A FE Model B 
Frequency Freq. Error MAC Freq. Error MAC 
[Hz] [Hz] [%] [%] [Hz] [%] [%] 

1st Vertical 1.462 1.419 -2.94 99.7 1.455 -0.51 97.7 
2nd Vertical 2.274 2.365 +4.00 97.4 2.269 -0.23 97.1 
3rd Vertical 3.210 3.249 +1.21 94.4 3.256 +1.42 95.9 
4th Vertical 4.949 4.837 -2.25 97.9 4.904 -0.91 97.6 

Table 2: Experimental and numerical modes  
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metronome were always used to control the step frequency that generally ranged between 1.2 
Hz to 2.2 Hz. Several tests were performed with a step frequency close to the first vertical 
frequency of the footbridge (i.e. fs = 1.45 Hz) with an increasing number of pedestrians. 
Moreover, some tests were also carried out with few people (from 1 up to 4) running at about 
2.2 Hz, with the purpose to excite the second vertical mode of the structure. Finally, tests with 
44 pedestrians walking in a closed loop on the main span were also performed to excite the 
first torsional mode of the structure (see Figure 6b).  

5.1 Recorded accelerations and comfort criteria  
In Figure 7 vertical accelerations induced by pedestrians are reported. In each graph, the 

black line represents the measured accelerations while the red line denotes the root-mean-
squared (RMS) accelerations. The experimental measurements show that vertical accelera-
tions caused by pedestrians in unsynchronized tests are about 15÷18 mg (where g indicates 
the gravity acceleration) corresponding to 0.15÷0.18 m/s2. The accelerations measured in a 
test with 44 pedestrians walking at a pacing frequency of 1.2 Hz are reported in Figure 7a. In 
this scenario, vertical acceleration amplitudes between 20÷25 mg were recorded without any 
evidence of excessive vibration amplitudes. High dynamic amplifications are obtained for a 
pacing frequency close to the first vertical frequency of the structure. Figure 7b shows accel-
erations induced by 12 pedestrians crossing the footbridge in single file on the north side of 
the deck with a step frequency of 1.45 Hz (close to the frequency of the first vertical mode). 
The RMS accelerations reach maximum values of about 80 mg.  

Then, accelerations induced by 44 pedestrians walking in a closed loop on the main span 
with a step frequency of 1.45 Hz are reported in Figure 7c. It can be noticed that acceleration 
values greater than 120 mg are reached only about 25 seconds after the test start; these high 
accelerations produced feelings of discomfort for pedestrians and then, the test was immedi-
ately suspended. After that, accelerations gradually decreased up to 20 mg in about 30 sec-
onds. The long period spent to reach low accelerations confirms the small values of damping 
ratio obtained by the identification procedure. Even larger vibration amplitudes may have 
been measured if people had been allowed to continue walking.  

Finally, RMS accelerations reached maximum values of about 4 mg when a single person 
run with a step frequency of 2.2 Hz (Figure 7d). 

Peaks and maximum RMS values of the vertical accelerations recorded by the monitoring 
system during the dynamic tests are compared with the comfort criteria given by Eurocode, 
ISO 10137, Sétra and HiVoSS guidelines, for each different pacing frequency. 

Eurocode [15] recommends maximum acceptable acceleration values for the deck of 71 
mg (0.7 m/s2) for vertical vibrations and 20 and 41 mg for horizontal vibrations in normal use 
and for exceptional crowd conditions, respectively. These recommendations mainly neglect 

 (a)  (b)

Figure 6: Dynamic tests: 12 pedestrians in single file on the north side of the deck (a) and 44 pedestrians walk-
ing in a closed loop on the main span (b) 
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the vibration frequencies of the structure, the kind and the duration of the human activity. ISO 
10137:2007 [16] gives recommendations for the evaluation of serviceability against vibrations 
of buildings and walkways. Different scenarios are defined considering different crowd con-
centrations. Threshold acceleration is provided, depending on the natural frequency of the 
structure and on the traffic condition. Sétra [17] and HiVoSS [18] guidelines present four in-
tervals of acceleration levels with corresponding comfort levels, defined for vertical and hori-
zontal vibrations. Levels are maximum, mean, minimum comfort and uncomfortable. 

Results obtained for vertical accelerations are shown in Figure 8. Peak acceleration values 
measured in the case of 12 pedestrians crossing the footbridge are reported. Eurocode consid-
ers acceptable all induced vertical accelerations except for the peak acceleration of 129 mg 
caused by 12 pedestrians crossing the footbridge at a pacing frequency of 1.45 Hz. This peak 
exceeds also comfort standards prescribed in ISO 10137. For Sétra and HiVoSS, the peak ac-
celeration of 129 mg satisfies a minimum comfort level; however, for these guidelines, the 
reached accelerations are only allowed in very dense traffic situation. Accelerations reached 
for other step frequencies are included in the so-called “mean comfort level”. 

6 PEDESTRIAN DYNAMIC LOADS  
Dynamic analyses are performed to reproduce pedestrian dynamic effects on the footbridge 

and, consequently, to compare experimental and numerical maximum accelerations. To carry 
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Figure 7: Measured vertical accelerations and RMS acceleration traces due to different loading conditions: a 
stream of 44 pedestrians walking at a pacing frequency of 1.2 Hz (a), 12 pedestrians at 1.45 Hz in single file (b), 

44 pedestrians at 1.45 Hz in a closed loop (c) and a single individual running at 2.2 Hz (d) 

mg

EC2005
ISO 10137 max
Sétra unacc
HiVoSS unaccmax mean min

acceptable unacc
mean unacc

max mean min

50 25540 1006020 7030 80 90

55

129

52 63

15

Figure 8: Comparison between comfort criteria and recorded accelerations 
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out dynamic analyses, mathematical models representing the dynamic forces due to a single 
pedestrian or a crowd of people crossing the structure are needed.  

Pedestrian walking on a structure produces a dynamic force that has components in all 
three directions. Most of the studies performed to characterize pedestrian-induced force [19-
23] show that it depends on the pacing frequency, the walking (or running) speed and the step
length. The present work is focused on the simulation of the human-induced force in the ver-
tical direction, adopting the numerical models described in the following. The dynamic walk-
ing excitation is commonly modelled as a series of moving single footsteps, for which the 
time-history of the vertical component is described by a Fourier series. In this study two mod-
els to simulate the pedestrian action are adopted. The first model (Model I) is proposed by Li 
[24] and it represents the human-induced force as a deterministic periodic force, while the 
second one (Model II), developed by Živanović [25], allows to take into account the inter- and 
intra-subject variability during walking.  

The first model is adopted to perform numerical dynamic analyses with the FE models of 
the structure. It provides the single step force that is applied to consecutive nodes of the foot-
bridge to simulate the pedestrian crossing. Besides the numerical dynamic analyses performed 
with the FE models, the dynamic behaviour of the footbridge under pedestrian loads is also 
investigated solving the differential equations of motion for the decoupled vibration modes. 
The modal force acting on each SDOF system is characterized through the pedestrian load 
model developed by [25]. 

To take into account the effect of pedestrian groups, the load induced by a single pedestri-
an has to be increased considering the pedestrian number N. In [19, 21] an amplification fac-

tor equal to N in the case of pedestrian synchronization or N  otherwise is suggested. 

6.1 Simulation Model I 
According to the model proposed by [24], the walking force induced by a single pedestrian 

is simulated using the step-by-step load model described in the following. The step frequency 
fs, along with the static weight of the pedestrian G, determines the vertical single foot force 
Fv(t) as 

C
n C

nv Ttt
T

n
AGtF 







 
 



0,sin)(
5

1

(1)

where An are the Fourier coefficients, normalized to the weight of the pedestrian, and TC is the 
duration of the contact between the foot and the ground, both defined as functions of the step 
frequency. Values of the Fourier coefficients for the first five harmonics, depending on the 
pacing frequency, are shown in Table 3. According to the statistical results reported in [26], 
the ratio of the one foot contact duration (TC) to the period during which both feet have con-
tact with ground (Δt) is relatively insensitive to the different walking speeds [24] and it is 
equal to 

165.4
t

TC (2)

With reference to the Figure 9 the one foot contact duration TC can be expressed as the sum 
between Δt and the cycle of the continuous walking force TS (i.e. the inverse of the step fre-
quency fs), leading to a constant relation between the step frequency and the contact duration 

S
C f

T
76.0

1
 (3)
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An example of the single foot force obtained for a step frequency of 1.8 Hz is presented in 
Figure 9, while Figure 10 shows the continuous foot force. Both forces are normalized to the 
average weight of the pedestrian G. 

The described pedestrian load model is adopted to perform dynamic analyses considering 
the vertical forces due to a single step applied to consecutive nodes of the footbridge model, 
to simulate the pedestrian walking. For each node, forces are defined by the Eq. 1 for values 
of time t between ti and ti+TC and equal to zero otherwise.  

6.2 Simulation Model II 
Besides the finite element solution, the dynamic behaviour of the footbridge under pedes-

trian loads can be investigated solving the decoupled equations of motion. At first, the well-
known equation of motion of the MDOF system is defined, where the external force repre-
sents the pedestrian moving across the structure. The moving load P is expressed as 

)()(),( tvxtFxtP p (4)

where vp is the pedestrian velocity, x-vp tis the Dirac delta function and F(t) is the pedes-
trian-induced force, defined through the analytical model described in the following.  

Based on the principle of modal superposition, the equation of motion is transformed into 
modal coordinates. Then, integrating over the structure length x and using the modal orthogo-
nality conditions, the equation of motion for the n-th decoupled mode is obtained: 

)(
)(

)()2()()2(2)( 2 t
M

tF
tyftyfty n

n
nnn   (5)

where )(ty , )(ty  and )(ty  are the modal acceleration, velocity and displacement respectively, 
while ξn, Mn, fn are the modal damping, mass and frequency, respectively. The right hand side 
of the equation represents the modal force acting on the SDOF system, expressed as the prod-
uct of the walking force F(t) and the mode shape n(t) transformed from the space- to the 
time-domain. As such, the human-induced force is weighted by the mode shape n in order to 
take into account that the force moves across the footbridge and it has a limited duration. The 

Fourier coefficients 1.6 Hz ≤ fs ≤ 2.32 Hz 2.32 Hz < fs ≤ 2.4 Hz 
A1 -0.0698 fs + 1.211 -0.1784 fs + 1.463 
A2 0.1052 fs - 0.1284 -0.4716 fs + 1.210 
A3 0.3002 fs - 0.1534 -0.0118 fs + 0.5703 
A4 0.0416 fs - 0.0288 -0.2600 fs + 0.6711 
A5 -0.0275 fs + 0.0608 0.0906 fs - 0.2132 

Table 3: Fourier coefficients for the first five harmonics – Model I 
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Figure 9: Normalized single foot force obtained for 
fs=1.8 Hz – Model I 
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Figure 10: Normalized continuous foot force obtained 
for fs=1.8 Hz – Model I 
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weighted modal force is used to calculate the footbridge modal response based on the time 
integration of the equation formulated for the modal coordinates. Then, the modal responses 
obtained for individual vibration modes have to be summed according to the mode superposi-
tion principle. 

The walking force F(t) is represented through the pedestrian load model proposed by [25] 
and based on the results obtained from [27]. By analyzing walking force time-histories meas-
ured on a treadmill, [27] found that human-induced walking force is not periodic, but rather it 
is a narrow band random process, meaning that there is a leaking of energy around the main 
harmonics in the force spectrum. Based on the results provided from Brownjohn [27], Živa-
nović [25] developed a multi-harmonic force model for the calculation of the multi-mode 
structural response to a single person walking across a footbridge. The proposed model takes 
into account the inter- and intra-subject variability in the induced walking force. The former 
term implies that different pedestrians generate different dynamic forces, and the latter means 
that even a single pedestrian induces a walking force that differs with each step. Variability in 
the walking force is considered via probability-based modeling, defining the variables that 
describe the human-induced force through their probability density function. Parameters that 
describe the variability in walking forces induced by different pedestrians (inter-subject varia-
bility) are the walking frequency, the step length and the magnitude of the walking force. As 
regards the intra-subject variability, imperfections in the human walking can be described 
through slight changes in the walking frequency and, consequently, in the spectrum of the 
walking force, resulting in a narrow band spectrum. Using walking force time-histories meas-
ured on the treadmill, [27] investigated the frequency content of the force and observed that 
main harmonics appear at frequencies equal to the pacing frequency and its integer multiples 
but some sub-harmonics appear at frequencies between the main harmonics. Starting from the 
frequency content of the walking force, a model representation of the spectrum amplitudes 
and phases was achieved and the multi-harmonic force model was formulated. For all details 
about the model see [25]. 

For the i-th harmonic, occurring at frequency i fs, the force in the time domain has the fol-
lowing expression: 
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while for the i-th sub-harmonics it is  
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where fs is the step frequency, the product sj ff̂ is a frequency line within the energy range of 

the (sub-) harmonic analysed and θ is the phase assigned to the current line in the spectrum. 
This assignment is based on a uniform distribution of phases in the interval [-π,+π]. The dy-

namic load factors for the harmonics iDLF  and sub-harmonics s
iDLF analysed are reported in 

Table 4, while the normalized amplitudes for the same harmonics iDLF and sub-harmonics 
s

iDLF for each spectrum line can be found in [25]. Finally, G is the average weight of a pe-
destrian. The total force induced by a single pedestrian can be obtained as 
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The force should be reconstructing for time equal to the crossing time TT that is obtained as 

ss
T fl

L
T  (9)

where L is the length of the footbridge and ls  is the step length. Note that the model proposed 
by [25] covers the frequency range of the walking force related to the first five harmonics and 
sub-harmonics while in the present study only the first two harmonics and sub-harmonics are 
considered.  

In the present study the simulations are performed considering pedestrians crossing the 
footbridge at defined pacing frequencies, to reproduce the in-situ test conditions. Thus, the 
variability in the walking frequency is neglected and the step length ls is deterministically im-
posed proportional to the step frequency and the pedestrian height h: 

ss fhl 24.0 (10)

As regards the magnitude of the walking force, the mean values of the DLFs are consid-
ered instead of their probability distributions. Thus, in this study the inter-subject variability is 
neglected. 

An example of the walking force normalized to the weight of the pedestrian G is reported 
in Figure 11. Note that, differently from the Model I, the continuous foot force is not perfectly 
periodic, as the intra-subject variability during walking is taken into account. 

7 COMPARISON BETWEEN EXPERIMENTAL AND SIMULATED 
ACCELERATIONS INDUCED BY PEDESTRIANS 

Numerical simulations are performed to predict the dynamic behaviour of the Pasternak 
footbridge under pedestrian load actions. The essential components of the simulation model 
are the dynamic behaviour of the footbridge, the characterization of the dynamic footfall load 
and the response calculation.  

Two types of simulation analyses are performed: the first type is based on a finite element 
resolution with the numerical model of the footbridge described in Section 4 and with the 
step-by-step load model (Model I), where the walking forces are simulated as a series of mov-
ing single foot forces as proposed by [24]. The numerical dynamic analyses are performed 
considering both the un-calibrated FE model (Model A) and the updated FE model (Model B). 
In the following, results obtained from the un-calibrated model are referred as “Model I-A”, 
while “Model I-B” is used to indicate the results obtained from the updated FE model. The 
second type of simulation is based on the resolution of the equation of motion in the modal 
coordinates. In this case, the dynamic properties of the footbridge are those determined exper-
imentally and the walking forces are represented through the model proposed by [25] (Model 
II). For the presented simulation, the first three natural modes are taken into account. 

DLF1 
-0.2649 fs

3
 +1.3206 fs

2-1.7597 fs +
+0.7613 

DLF2 0.07 

DLF1
s 0.026 DLF1+0.0031 

DLF1
s 0.074 DLF1+0.01 

Table 4: Dynamic load factors for the first 2 harmonics 
and sub-harmonics – Model II 
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Figure 11: Normalized walking force obtained for fs=1.8 
Hz – Model II 
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Accelerations obtained from the Model I and II are first compared with each other by 
means of the amplification factors of the vertical accelerations, considering a single pedestrian 
crossing the footbridge with different pacing frequencies. Particularly, the pacing frequency is 
varied from 1 Hz up to 2.5 Hz for the Model I and from 1 Hz to 3.5 Hz for the Model II. Note 
that the Fourier coefficients for Model I are defined for a pacing frequency from 1.6 Hz up to 
2.4 Hz while in the numerical simulations the frequency is varied in the range 1÷2.5 Hz. In 
the opinion of the authors, this assumption is necessary to investigate also the dynamic behav-
iour of the footbridge close to the first natural frequency but it may cause inaccuracies in the 
amplitude response at upper and lower frequencies. 

In Figure 12 the response amplification factors obtained from the Model I-A and the Model 
II are compared with reference to a position at midspan (Figure 12a) and at one quarter 
(Figure 12b). Simulation results illustrate the strong dependency of the footbridge accelera-
tion levels on the step frequency of the pedestrian. Regarding results obtained from Model II 
(blue line), three peaks are clearly present, corresponding to the first three natural modes of 
the structure. Moreover, two other peaks are obtained for a pacing frequency of 1.14 Hz and 
1.60 Hz due to the contribution of higher order harmonics of the walking forces. Particularly, 
at a step frequency of about 1.14 Hz the fourth harmonic component generates near resonance 
conditions with the second natural mode, while at a step frequency of about 1.60 Hz the 
fourth harmonic component generates near resonance conditions with the third natural mode.  

Regarding the Model I-A, dynamic amplifications are obtained for pacing frequencies ra-
ther different from the experimental ones, as the FE Model A is not calibrated with respect to 
the experimental modal quantities. It is worth noting the difference in the response amplitude 
of the two models, especially for frequencies corresponding to the first and the second natural 
modes (i.e. at about 1.4 and 2.2 Hz). 

Then, the acceleration levels recorded at the different measuring positions and for the dif-
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Figure 12: Response amplification factors vs. pacing frequency obtained from the Model I-A (red line) and the 
Model II (blue line) at midspan (a) and at one quarter (b) 
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Figure 13: Acceleration levels recorded at the different measuring positions and for different test conditions: 12 
pedestrians walking at a step frequency of 1.45 Hz (a) and a single pedestrian running at a step frequency of 2.2 

Hz (b). Black line: experimental RMS accelerations; red line: RMS accelerations from Model I-A; blue line: 
RMS accelerations from Model II 
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ferent test conditions (described in Section 5) are compared with those obtained from the 
Model I-A and II. Results are compared in terms of maximum root-mean-square values of the 
vertical acceleration, with an averaging period of 1 s. Maximum RMS values of the vertical 
accelerations caused by 12 pedestrians walking at a step frequency of 1.45 Hz are presented in 
Figure 13a. Blue line represents accelerations simulated through the Model II, the red line in-
dicates values obtained from Model I-A and the recorded response is the black line. It can be 
clearly seen how the pedestrian action mainly excites the first natural mode of the structure. In 
the same way, the maximum RMS accelerations caused by one pedestrian walking at a step 
frequency of 2.2 Hz, close to the second natural mode of the structure, is shown in Figure 13b. 
As regards the Model II, good agreement between the simulated and measured response can 
be noted, while smaller response amplitudes are obtained from the Model I-A. These inaccu-
racies are mainly related to the fact that the FE Model A is not calibrated, and so its natural 
frequencies do not match properly the experimental ones. 

This is further demonstrated by the fact that results obtained from the updated FE model 
match very well the experimental ones, as show in Figure 14,15. At first, the response ampli-
fication factors obtained with the updated FE model (Model I-B) and with the Model II are 
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Figure 14: Response amplification factors vs. pacing frequency obtained from the Model I-B (red line) and the 
Model II (blue line) at midspan (a) and at one quarter (b) 
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Figure 15: Acceleration levels recorded at the different measuring positions and for different test conditions: 12 
pedestrians walking at a step frequency of 1.45 Hz (a); a single pedestrian running at a pacing frequency of 2.2 
Hz (b); 44 pedestrians walking at a pacing frequency of 1.2 Hz, with a synchronization factor equal to N (c) or 
0.5N (d). Black line: experimental RMS accelerations; red line: RMS accelerations from Model I-B; blue line: 

RMS accelerations from Model II 

2508



Elisa Bassoli, Paola Gambarelli, Laura Simonini and Loris Vincenzi 

compared in Figure 14. The amplification factors are in good agreements and both models 
well represent the dynamic behaviour of the footbridge. The experimental results are accurate-
ly reproduced also with reference to acceleration levels recorded at the different measuring 
positions. Similar to Figure 13, Figure 15 shows the RMS acceleration values caused by 12 
pedestrians walking at a step frequency of 1.45 Hz (Figure 15a) and by a single runner cross-
ing the footbridge with a pacing frequency of 2.2 Hz (Figure 15b). Simulated results match 
the experimental ones in both cases; only the response amplitude obtained from the Model I-B 
is slightly overestimated. 

Finally, the recorded accelerations caused by 44 pedestrians walking at a pacing frequency 
of 1.2 Hz are compared with the simulated ones (Figure 15c,d). The frequency of 1.2 Hz indi-
cates a very slow velocity of pedestrian, typical of a crowded situation. If a perfect synchroni-
zation between the pedestrians is considered (i.e. by multiplying the accelerations caused by 
one pedestrian by 44), the simulated accelerations become higher than the measured ones 
(Figure 15c). In fact, even if pedestrians were guided by the metronome signal, the synchroni-
zation was not perfectly obtained because of the slow velocity imposed. On the other end, the 
assumption of total absence of synchronization leads to an underestimation of the induced ac-
celerations, causing maximum values of about 5 mg. It is reasonable to assume that the effec-
tive synchronization was intermediate between the perfect and the unsynchronized case; a 
synchronization factor equal to 0.50N gives the results reported in Figure 15d.  

8  CONCLUSION 
In this paper the dynamic behaviour of the Pasternak footbridge subjected to pedestrian 

loads is investigated. First of all, an experimental campaign is carried out to characterize the 
dynamic behaviour of the footbridge subjected to ambient vibrations. Starting from the ac-
quired accelerations, 10 modes (6 vertical and 4 torsional) with frequencies in the range 
1.462÷12.061 Hz are clearly identified. Then, several dynamic tests with different-sized 
groups of pedestrians crossing the footbridge at different step frequencies were performed to 
investigate the dynamic response of the structure subjected to pedestrian loads. High dynamic 
amplifications are obtained for a pacing frequency close to the first vertical frequency of the 
structure; RMS accelerations reach maximum values of about 80 mg considering a group of 
pedestrians crossing the footbridge with a step frequency of 1.45 Hz. After, a FE model is de-
veloped and calibrated, so that numerical frequencies and mode shapes match as well as pos-
sible the experimental ones. Then, two mathematical models to simulate the dynamic walking 
excitations due to a single pedestrian or a crowd of people crossing the footbridge are tested. 
The first method, based on a periodic load model, is adopted to perform dynamic analyses on 
both the updated and non-calibrated FE models. In the second approach, the equation of mo-
tion is solved via modal decomposition, considering experimental mode shapes and frequen-
cies and the multi-harmonic force model. 

Simulation results illustrate the strong dependency of the footbridge acceleration levels on 
the step frequency of the pedestrian. Accelerations obtained through the mathematical ap-
proaches and the experimental tests are generally in good agreements and both simulation 
models well represent the dynamic behaviour of the footbridge.  

As regards the Model II, good agreement between the simulated and the measured re-
sponse can be noted, mainly due to the direct use of experimental natural frequencies and 
mode shapes. Moreover, the possibility to take into account the uncertainties in the step fre-
quencies and the walking force (i.e. the inter- and intra-subject variability during walking) is 
appreciable. As for Model I, the need to develop a proper FE model to obtain numerical ac-
celerations in good agreement with the experimental results is confirmed. 
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Abstract. Slender structures such as footbridges may be prone to human induced vibrations
such that vibration mitigation devices as TMD’s are adopted to increase the structural damping.
Both the prediction of the structural response and the tuning of the TMD parameters rely on the
modal parameters of the footbridge. These parameters are subjected to uncertainty in design
stage, when only an estimation can be made for example using finite element models. After
construction, the natural frequency and damping ratio can be measured but variations due to
environmental effects such as temperature can result in parameter variations.

Therefore it is important to take into account these uncertainties for the vibration service-
ability assessment and the design of the TMD.

The present paper proposes a robust TMD design which adopts a worst case approach to
take into account uncertainties in design stage. The proposed approach is illustrated for the
Phénix footbridge. Considering an uncertain natural frequency and damping value for the case
study, a worst case approach is adopted to determine the optimal values of the TMD mass,
stiffness and damping.

A significant difference is found between the optimal TMD parameters of a nominal and
robust tuned TMD. The mass and damping ratio of the robust TMD are found to be much higher
than for the TMD tuned at nominal values of the natural frequency and damping ratio. This
ensures that the comfort constraints are satisfied in all possible cases.
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1 INTRODUCTION

The upcoming of advanced design methods and high strength materials enables the design
of slender footbridges characterised by low natural frequencies, possibly in the range of loading
frequencies induced by human walking. Recently, several vibration serviceability problems
were reported [1, 2].

Currently, the Sétra [3] and HiVoSS [4] guidelines are often used to evaluate the dynamic
behaviour of footbridges in design stage. The acceleration levels of the footbridge are evaluated
based on calculations with assumptions for both the dynamic behaviour of the construction and
the dynamic load.

If the calculated vibration levels exceed the required comfort threshold, a Tuned Mass Damper
(TMD) can be included as a passive vibration control device. The TMD serves as an energy
absorber and is characterised by its mass, stiffness and damping parameter. The tuning of the
TMD parameters is based on the modal parameters of the main structure.

Uncertainties in the modal parameters of the bridge strongly influence the predicted response.
Moreover, a TMD tuned for the nominal values of the modal parameters may result in an inef-
fective response reduction. Therefore, the authors suggest to take into account uncertainties in
the modal parameters for the TMD tuning.

In the last decades, two types of optimisation methods were developed to deal with uncertain-
ties in design. A first one is the reliability-based optimisation method (RBO) which optimises
the design variables under uncertain conditions to reach a predefined target reliability. A second
approach is a robust design optimisation (RDO) resulting in a design less sensitive to the effect
of uncertainties [5, 6, 7]. A reliability-based robust design optimisation problem (RBRDO)
combines the two aforementioned methods [8].

To obtain a robust design of the TMD that guarantees a prescribed response level despite of
the considered uncertainties, a worst case approach is here adopted. This approach is illustrated
for the Phénix footbridge in Charleroi. The present contribution compares a TMD tuned at
nominal values of the modal parameters with the robust TMD. The paper focuses on the TMD
optimisation in design stage. After construction, the uncertainty interval on the modal parame-
ters can be reduced with measurements. A TMD designed in post-construction stage thus may
differ from the presented. Also here variations due to environmental effects such as temperature
may be expected.

The structure of the paper is as follows. The Phénix footbridge is presented and its vibration
serviceability is assessed following the Sétra and HiVoSS guidelines. Subsequently, a determin-
istic optimisation problem is formulated to determine the parameters of the TMD. The effect
of uncertainties on the modal parameters of the footbridge is studied by considering a varia-
tion of the natural frequency and damping ratio within a range reasonably expected in design
stage. The next section proposes a robust design optimisation of the TMD to deal with these
uncertainties. Finally the optimal TMD parameters and the response reduction obtained for the
different designs are compared.

2 THE PHÉNIX FOOTBRIDGE - CHARLEROI

2.1 Description of the footbridge

The Phénix footbridge is a slender construction with a single span of 38.25 m and a width
of 13.35 m and is situated nearby the railway station of Charleroi (Belgium). The cross section
of the bridge consists of three parts. The midspan is a main box of 6.5 m by 1 m with on both
sides, cantilevered tapering I-profiles that are mounted on fixed distances. Figures 1(a) and 1(b)
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show a global view of the footbridge and the cross section of the structure respectively.
The bridge is supported by four neoprene bearings. Vertical translations are fixed at all

corners but horizontal translations are fixed at one. An additional support is added in the middle
of one side of the bridge to avoid lateral movements. An overview of the support conditions is
given schematically in figure 1(c).

(a) (b) (c)

Figure 1: (a) The Phénix footbridge in Charleroi, (b) Cross section, (c) Support conditions.

The dynamic behaviour of the construction is defined by its modal parameters. The mode
shapes as calculated by an initial finite element model (FE-model) are given in figure 2. The
first mode has a natural frequency of 1.65 Hz which is in the range of the loading frequencies
of the walking load because its natural frequency is lower than 5 Hz.

(a) (b) (c)

Figure 2: Modal parameters of the Phénix footbridge based on the initial FE-model: (a) 1st bending mode (f1 =
1.65 Hz), (b) 2nd bending mode (f2 = 5.22 Hz), (c) 1st torsional mode (f3 = 6.15 Hz)

2.2 Vibration serviceability assessment

For lively footbridges, a vibration serviceability assessment is often performed following
the guidelines [3, 4]. The maximal acceleration response is predicted for all sensitive modes
assuming resonance conditions disregarding contributions from other modes. A human induced
loading for different pedestrian densities is therefore considered. Both the dynamic load and
the dynamic behaviour of the structure are discussed next.

2.2.1 Dynamic load

The walking force is considered as a periodic load and thus written as a Fourier series:

Fe(t) = G+

nh∑
h=1

Gαeh sin (2πhfst− θh) (1)

2514



Klaus Lievens, Peter Van den Broeck, Guido De Roeck, Geert Lombaert

with Fe(t) the walking force in direction e (vertical, lateral or longitudinal) in the time domain,
G the weight of the pedestrian, h the number of the harmonic load component, αeh the dynamic
load factor in direction e for the hth harmonic, fs the step frequency and θh the phase shift for
harmonic h. Only the first two harmonic components (nh = 2) are taken into account in the
evaluation by the guidelines.

Sétra and HiVoSS simplify the forces due to a group of N random pedestrians into an equiv-
alent load which is uniformly distributed on the bridge deck. Therefore, different traffic classes
were introduced representing different pedestrian densities. In table 1, an overview is given of
the classes for Sétra and HiVoSS for different pedestrian densities.

Pedestrian density d [#pers./m2]
15 pers. 0.2 0.5 0.8 1.0 1.5

Sétra Class III Class II Class I
HiVoSS TC1 TC2 TC3 TC4 TC5

Table 1: Sétra and HiVoSS traffic classes and corresponding pedestrian densities.

The proposed load model consists of an equivalent number of perfectly synchronised pedes-
trians Neq. A distinction is made between sparse and dense pedestrian densities. For low
pedestrian densities, free movements of the pedestrians are possible and the equivalent num-
ber depends on the structural damping ξj . For higher densities, the walking behaviour of the
pedestrians is obstructed and the levels of synchronisation increase. The higher level of syn-
chronisation results in an increased number of equivalent pedestrians. Neq can be found as
follows:

Neq = 10.8
√
ξjN for d < 1 pers./m2 (2)

Neq = 1.85
√
N for d ≥ 1 pers./m2 (3)

The amplitude of the equivalent uniformly distributed load qeq,e [N/m2] in direction e is calcu-
lated as:

qeq,e =
Neq

S
αehGψeh(fj) (4)

with S the surface of the bridge deck and ψeh a reduction factor that brings into account the
possibility of resonance as a function of the natural frequency fj of the bridge. The reduction
factor depends on the direction of the force (longitudinal, lateral or vertical). Figure 3 shows
ψeh for vertical vibrations as a function of the natural frequency of the system.
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Figure 3: Reduction factor ψ(fj) for vertical vibrations according to the guidelines Sétra (–) and HiVoSS (- -).

2.2.2 Dynamic behaviour of the construction

The dynamic behaviour of the construction is determined by its modal parameters (natural
frequency, mode shape and damping ratio). In design stage, the natural frequencies and mode
shapes can be calculated by a FE-model but the damping ratio must be estimated based on prior
experience with similar structures. Suggested values for the damping ratio are given by the
guidelines. After construction, the modal parameters can be estimated from measurements.

For different pedestrian densities, the natural frequencies of the structure change due to the
additional mass of the pedestrians. The guidelines prescribe that, for each traffic class, the
natural frequencies and mode shapes must be extracted from a modified FE-model which takes
into account the additional mass. For each of these calculated frequencies, the possibility of
resonance with the pedestrian’s step frequency is evaluated.

If resonance with the first or second harmonic of the load is likely to occur, a response
calculation is required. Higher harmonic components of the walking force are not considered
in the guidelines.

2.2.3 Response calculation and evaluation

The maximum acceleration üj,e,max for mode j in direction e is calculated as follows:

üj,e,max =
qeq,e

∑
i Si

∣∣φj,p(i)e

∣∣
2ξj

max
p(i)

∣∣φj,p(i)e

∣∣ (5)

with Si the discretisation of the bridge deck, p(i) the position on the bridge, φj,pe the modal
displacement on position p in direction e of the j-th mode shape. The latter formula is equivalent
to the response calculation assuming resonance for an SDOF-system as follows:

ümax =
Fext

2ξjmj

(6)

with the following parameters describing mode shape j as an equivalent SDOF-system,

mj =
1

(maxp(i)

∣∣φj,p(i)e

∣∣)2 , kj = (2πfj)
2mj, cj = 2ξjmj(2πfj) (7)
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and Fext the amplitude of the external force assumed by the guidelines. Combining equation
(5) and (6) allows to calculate Fext as next:

Fext =
qeq,e

∑
i Si|φj,p(i),e|

maxp(i)

∣∣φj,p(i)e

∣∣ (8)

Afterwards, the predicted vibration levels are evaluated by means of a comfort scale (maximal,
mean, minimal comfort or unacceptable). Note that the vibration serviceability assessment must
be performed for the different pedestrian densities considering all excited modes.

2.3 Vibration serviceability assessment for the Phénix footbridge

Because of the low natural frequency of the first mode (f1 <5 Hz), resonance with the first
or second harmonic of the walking force must be considered. For higher natural frequencies,
the guidelines assume no risk for resonance with the walking force. Since the Phénix footbridge
is a steel structure, the assumed damping ratio is 0.4% as proposed for steel structures [3, 4].

The results of the vibration serviceability assessment for the first mode are given in figure 4.
For low pedestrian densities, minimal comfort is guaranteed. In table 2, the acceleration levels
are summarised for the different traffic classes of both guidelines. The highest accelerations are
predicted for a pedestrian density of 1 pers./m2 corresponding to Sétra class I.

Pedestrian density [pers./m²]
15 p. 0.2 0.5 0.8 1 1.5
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Figure 4: Vibration serviceability assessment of the first bending mode of the Phénix footbridge according to Sétra
and HiVoSS (based on initial FE-model).

d [#pers./m2] 15 pers. 0.2 0.5 0.8 1 1.5
Sétra / / 0 1.75 5.00 /

HiVoSS 0.41 0.99 1.37 / 4.22 4.12

Table 2: Predicted acceleration levels ümax[m/s
2] for the different pedestrian densities.

2.4 Effect of uncertainties on the predicted response

The accuracy of the vibration serviceability assessment strongly depends on the knowledge
of the structure’s modal parameters. The predictions are however highly sensitive to changes in
the natural frequencies and damping ratios.

The influence of deviations in the values of the natural frequency and structural damping is
illustrated for the Phénix footbridge. For the natural frequencies, a range of 0.9 to 1.1 times the
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nominal value is considered in line with deviations recently observed in a large number of case
studies [9]. For the damping ratio, a larger interval of 0.5 to 1.5 times the proposed value of
0.4% is adopted. The same uncertainty range will be assumed in all analyses next:

0.9 fj,nom ≤ fj ≤ 1.1 fj,nom

0.5 ξj,nom ≤ ξj ≤ 1.5 ξj,nom
(9)

The influence of the assumed uncertainty is investigated for the Phénix footbridge considering
Sétra Class I. Figure 5(a) shows that the maximal acceleration predicted by the guidelines is very
sensitive to the deviations in the natural frequency. The influence of the uncertain frequency on
the external load Fext is given in figure 5(b). The load Fext does not depend on the structural
damping because of the calculation of Neq for d ≥ 1 pers./m2 (see equation (3)). The load Fext

depends on the natural frequency mainly through the reduction factor ψeh for the considered
frequency range (figure 5(c)) since all other terms are frequency independent in this case.
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Figure 5: Sétra - Class I (1p./m2): (a) Maximal response for structure without TMD as a function of uncertain nat-
ural frequency and damping ratio. (b) Maximal equivalent force Fext as a function of uncertain natural frequency
and damping ratio. (c) Frequency dependent load reduction factor for Sétra class I with considered uncertainty
range in filled area.

3 DETERMINISTIC DESIGN OPTIMISATION OF TMD

In order to reduce the vibration levels and to satisfy the threshold for pedestrian comfort
as described in section 2.2, a TMD is added for the Phénix footbridge. The present section
discusses a design of the TMD tuned at nominal values disregarding uncertainties on the modal
parameters of the footbridge.

3.1 Deterministic problem formulation

In designs, a trade off must be made between performance and cost-efficiency. The design of
the TMD can be described as an optimisation problem where a cost function is to be minimised
satisfying a set of constraints. A linear relation between the total cost and the TMD mass mTMD

is assumed. The objective function is therefore given by the TMD mass. A limit value of
1 m/s2 is chosen as the maximal allowed vertical acceleration ücomfort and is implemented as a
constraint. The response is calculated according to equation (5). Second, a constraint is added to
limit the relative displacement of the TMD to a tolerable value ∆tol for which a value of 0.05 m
is assumed. An upper and lower limit for the stiffness kTMD and damping cTMD of the TMD
is included to ensure buildability. This leads to the following formulation of the optimisation
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problem:
minimise

mTMD,kTMD,cTMD

mTMD

subject to ümax < ücomfort (nominal)
∆rel < ∆tol (nominal)
kmin ≤ kTMD ≤ kmax

cmin ≤ cTMD ≤ cmax

(10)

with the limit values of the constraints summarised in following table 3. The stiffness and
damping constraints are determined in a realistic range so they do not affect the optimal mass.

ücomfort[m/s
2] 1.00

∆tol[m] 0.05
kTMD[N/m] [0 - 106]
cTMD[Ns/m] [0 -105]

Table 3: Constraints TMD optimisation problem

3.2 Results nominal TMD design for the Phénix footbridge

Solving the deterministic optimisation problem (10) with the fmincon function in Matlab, the
TMD parameters are summarised in table 4. The TMD is located at the midpoint of the foot-
bridge, assuming a maximal modal displacement for the damped mode shape on that location.
Both the absolute values and the dimensionless TMD parameters are given: mass ratio µTMD (=
mTMD/m1), frequency ratio ρTMD (= fTMD/f1) and damping ratio ξTMD (= cTMD/(2

√
mTMDkTMD)).

µTMD [%] ρTMD [-] ξTMD [%]
0.56 0.98 8.56

mTMD [kg] kTMD [N/m] cTMD [Ns/m]
835 76239 1364

Table 4: Optimal TMD parameters - nominal design.

A vibration serviceability assessment for the footbridge equipped with the nominal tuned
TMD is given in figure 6(a). The acceleration comfort constraint is satisfied for all traffic
classes disregarding an uncertain natural frequency and damping ratio of the footbridge. The
effect of uncertainties in modal parameters on the response is given in figure 6(b) for Sétra Class
I. The maximal acceleration value is very sensitive to deviations in the natural frequency and
damping ratio of the footbridge and the worst case scenario is found for a combination of the
lowest damping ratio and highest frequency. This can be explained on the basis of figure 5(c).

In order to verify the design constraints, the acceleration response is plotted in figure 6(c).
For the nominal set of modal parameters, the response reaches the limit value of 1 m/s2, which
implies that the acceleration constraint is active. An evaluation of the displacements is given in
figure 6(d). The relative displacement of the TMD also reaches its upper value of 0.05 m so this
constraint is active as well.
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Figure 6: (a) Vibration serviceability assessment for structure with TMD tuned for nominal values of natural fre-
quency and damping ratio. (b) Maximal acceleration response for Sétra Class I under uncertain natural frequency
and damping with nominal tuned TMD. (c) Maximal acceleration as a function of frequency for structure without
TMD (–), with nominal tuned TMD (- -) and with nominal tuned TMD under uncertain natural frequency and
structural damping (enveloping curve of all possible combinations) (-.). In black the ücomfort value. (d) Maximal
displacement as a function of frequency: bridge deck (– and - -) and TMD (-. and · · · ) displacements respectively
with and without uncertainties for nominal tuned TMD.

4 ROBUST DESIGN OPTIMISATION OF A TMD

Both subsections 2.4 and 3.2 show that uncertainties in the natural frequency and damping
ratio have a considerable influence on the response evaluation and TMD behaviour. Robust
approaches consider the effects of uncertainties in their designs.

In robust design optimisation, Jung and Lee [10] define robustness in a dual way. Sensitivity
robustness on the one hand guarantees the insensitivity of the objective function to variations
in the design parameters. Feasibility robustness on the other hand, ensures that the final design
is situated in a feasible region, in spite of the uncertainties. A good literature review about
robust optimisation is given by Beyer and Sendhoff [11]. The authors discuss several techniques
including a robust multi-objective optimisation to minimise both the expected value and the
standard deviation of the objective function. This formulation is also used by Doltsinis and
Kang [7]. Constraints here ensure a specific level of reliability. Very often, a distinction is
made between robustness in objective function and robustness in constraints. A frequently used
type in the latter class is the worst case approach where the objective function still satisfies the
constraints in the worst case [10, 12].

In the present section, a robust optimisation of a TMD is proposed to deal with uncertainties
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in the natural frequencies and damping ratios of the bridge.

4.1 Robust TMD design

Uncertainties in loading or in the main system modal parameters are usually disregarded
in conventional approaches. Several studies were performed to optimise the parameters of the
TMD under uncertain conditions. In [13] a conventional TMD design and two robust optimisa-
tions (single and multi-objective) are compared. The analysis showed that the TMD parameters
of the conventional and the robust solution considerably differ from each other. Zang et al. [14]
propose to determine the TMD mass, stiffness and damping by minimising a linear combina-
tion of the mean value and the standard deviation of the peak response solving a multi-objective
optimisation problem. It is frequently assumed that the loads are the only uncertain parameter
[5]. However, the uncertainty of the main system parameters often has a larger influence on the
response than uncertainty on the load [15].

This paper suggests to take into account uncertainties in modal parameters to obtain a robust
design.

4.2 Robust problem formulation

The response for the nominal designed TMD satisfies the constraints only for the design
point. In order to obtain a robust design, it is necessary to account for the influence of an uncer-
tain natural frequency and damping ratio of the bridge in design stage. A worst case approach
is adopted here to ensure that the TMD performs well for the entire uncertainty intervals. By
minimising the TMD mass, the acceleration comfort constraint (1 m/s2) must be satisfied for
the worst case scenario considering the uncertain natural frequency and damping ratio. The
maximal relative displacement in the worst case scenario is limited to 0.05 m. The robust op-
timisation problem thus is formulated as in (11). The constraints are summarised in table 3.

minimise
mTMD,kTMD,cTMD

mTMD

subject to ümax < ücomfort (worst case)
∆rel < ∆tol (worst case)

kmin ≤ kTMD ≤ kmax

cmin ≤ cTMD ≤ cmax

(11)

4.3 Results Robust TMD design for the Phénix footbridge

The optimal parameters of the robust optimisation problem are summarised in table 5. The
robust TMD design is characterised by a much higher mass ratio than for the nominal design
in table 4. To satisfy the constraints in the worst case approach, a strongly increased damping
is found. Note that for the TMD frequency ratio ρTMD an interval is given due to the uncertain
natural frequency.

µTMD [%] ρTMD [-] ξTMD [%]
1.65 0.92-1.13 12.94

mTMD [kg] kTMD [N/m] cTMD [Ns/m]
2458 239792 6285

Table 5: Optimal TMD parameters - robust design.
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The pedestrian comfort is guaranteed for all traffic classes considering an uncertain natural
frequency and damping ratio of the footbridge. Figure 7(a) shows the vibration serviceability
assessment for the Phénix footbridge equipped with the robust tuned TMD. Variations in max-
imal response are rather small as illustrated in figure 7(b) for Sétra Class I. The limit value is
reached only in the worst case scenario (combination of lowest damping and highest natural
frequency).

Figure 7(c) compares the acceleration response for the bridge with and without TMD. The
nominal response with TMD satisfies clearly the constraints and for the worst case response,
the maximal allowable acceleration is reached. The constraint for relative TMD displacement
is not active for the robust solution (figure 7(d)).
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Figure 7: (a) Vibration serviceability assessment for structure with TMD tuned accounting for uncertain natural
frequency and damping ratio. (b) Maximal acceleration response for Sétra Class I under uncertain natural fre-
quency and damping with robust tuned TMD. (c) Maximal acceleration as a function of frequency for structure
without TMD (–), with robust tuned TMD (- -) and with robust tuned TMD under uncertain natural frequency and
structural damping (enveloping curve of all possible combinations) (-.). In black the ücomfort value. (d) Maximal
displacement as a function of frequency: bridge deck (– and - -) and TMD (-. and · · · ) displacements respectively
with and without uncertainties for robust tuned TMD.

5 CONCLUSIONS

Changes in the natural frequency and damping ratio of the footbridge have a significant
influence on both the response with and without TMD.

For a TMD tuned at nominal values, the response constraints are satisfied for nominal values
of the modal parameters of the footbridge. Considering the proposed uncertainties, the response
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reduction is not sufficient. In order to make the performance of the TMD robust with respect to
uncertainties, a robust TMD optimisation is characterised by a strongly increased TMD mass
and damping ratio. The required constraints are guaranteed in the worst case approach.

The proposed method in this paper allows for a robust design of a TMD based on the simpli-
fied load model used by the Sétra and HiVoSS design guidelines. Future research may consider
more advanced load models for the pedestrian excitation.
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Abstract. In the last years, the need for structures able to link the functional and aesthetic 
role has led engineers and architects to design footbridges characterized by long span, light 
materials and increasing slenderness. The low ratio between permanent and variable loads 
makes recent footbridges more sensitive to the dynamic loads, such as the forces transmitted 
by pedestrian. Excessive vibrations may arise when the bridge natural frequencies are very 
close to those characterizing the human activities: walking, jogging and running. This issue 
became relevant after the Millenium Bridge inauguration, when an excessive lateral sway 
motion was triggered by the synchronization between bridge and pedestrian movements. 

The dynamic behavior of a lively footbridge over-passing the Serio river near Seriate 
(about 50 km far from Milan), Italy, is investigated in this paper. The suspension bridge, 
63.75 m long, is composed of a timber deck on a steel grid. The footbridge model, based on 
the as-built design data, is implemented in the ANSYS framework. The numerical frequencies 
computed through the FE model match those identified from the results of the experimental 
campaign of ambient vibration measurements in a fully satisfactory way. Since the bridge 
displays several frequencies in the range excited by human activities, its response to crossing 
pedestrians is investigated. The dynamic interaction pedestrians-footbridge is analyzed for 
different classes of traffic with two approaches. First, the FE model developed in ANSYS is 
excited by the distributed harmonic load model for a pedestrian stream, applied on the bridge 
coherently with the corresponding mode shape, as suggested by the Hivoss Guideline. Second, 
an ad-hoc developed numerical code is adopted to compute the bridge dynamic response to 
moving forces. This code reads as input data the structural matrices computed in ANSYS and 
integrates the equations of motion of a system in which the pedestrian is modeled as a con-
stant vertical travelling force along the footbridge deck. The vibration serviceability under 
the vertical component of pedestrian load is assessed by comparison to comfort criteria. The 
results of the Hivoss guideline show accelerations exceeding the value of comfort. The transi-
ent analysis predicts lower values within the limits. The two sets of values can be interpreted 
as an upper and lower bound of the actual response. 
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1 INTRODUCTION 
The Seriate footbridge at study (Figure 1), about 64.0 m long, follows the recent aesthetic 

trend of light and slender footbridges. The structural solution includes a slender deck support-
ed by a main spatial system of suspension cables and equipped by two lateral stabilizing ca-
bles with opposed curvatures, one on each side. At the bridge ends, two steel frames support 
the suspension cables and the backstays. Before the opening, the footbridge was subjected to 
dynamic tests, performed by the Laboratory of Vibration and Dynamic Monitoring of Struc-
tures (VibLab), Politecnico di Milano [1]. The tests included both operational modal testing 
and human-induced vibration due to the crossing of different groups of pedestrians, moving at 
several step frequencies. The dynamic behaviour of the structure turned out to be character-
ized by frequencies within the range of values perceived by human beings. 

In a previous work [2] a numerical Finite Element (FE) model was developed within the 
ANSYS framework, to reproduce the experimental dynamic properties. In this work the FE 
model, capable to match the experimental frequencies, is adopted to simulate the pedestrians-
structure dynamic interaction. In a first study on the vibration serviceability performance due 
to human-walking activity, a harmonic analysis is carried out with ANSYS, according to the 
Hivoss guidelines. Two different traffic classes are considered, coherently with the role of the 
bridge, connecting two cycle routes located in the "Serio Park". Subsequently, the pedestri-
ans-footbridge dynamic interaction is investigated in more detail with an ad-hoc developed 
numerical Fortran code, named INTER: the structural matrices computed by ANSYS are read 
in input and the bridge equations of motion are integrated. Forcing terms are given by the pe-
destrians’ weight travelling at a constant speed v on the deck, along straight trajectories paral-
lel to the bridge longitudinal axis. The moving forces, simulating groups of pedestrians, can 
act with different spatial configurations, entering and exiting the bridge at different time in-
stants. 

The accelerations due to walking, predicted by the two numerical codes, have been com-
pared to the comfort criteria prescribed by Hivoss guideline in order to estimate the vibration 
serviceability assessment under the vertical component of pedestrian load.   

2 THE SUSPENSION FOOTBRIDGE 

2.1 Bridge description 
The "Seriate footbridge" (shown in Figure 1a), 63.75 m long, connects two cycle routes in 

the "Serio Park" (close to Milan, Italy). The timber deck on a steel grid (Figure 1b) has a 
width ranging between 2.5 m at the entrance and 5 m at midspan; the longitudinal steel gird-
ers are slightly curved with a rise of 1.3 m. The transverse beams of the steel grid (Figure 1b), 
spaced 1 m apart, fall into two categories: the main girders, connected to the hangers, with a 
tapered section and the secondary ones, with an IPE 120 cross-section. The stringers are a pair 
of IPE 330 beams at the edges, and a central beam with a circular section (ϕ=298.5 mm), 
deemed to stabilize the deck on the horizontal plane. A series of X-braces, shown in Figure 1b 
and connecting the main transverse girders, provides stiffness in the horizontal plane. The 
timber deck (shown in Figure 1b) has only a minor structural role, providing the walking sur-
face and support for the pedestrian. The ends of the transverse main girders are crossed by 
stabilizing cables, whose sliding in the longitudinal direction is allowed by the interposition of 
a polymeric layer between the two contact surfaces.   

The suspension system supporting the deck is composed of: 
• steel main pylons, slightly inclined with respect to the vertical plane, and arranged in

pairs creating an A-shaped portal. The portals support the suspension system and the
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backstays cables as shown in Figure 1a; 
• 2 main suspension cables, ϕ = 60 mm, supporting the longitudinal girders through 42 ver-

tical hangers, of diameter 16 mm; 
• backstays cables, ϕ = 60 mm, connecting the pylons top to the ground;
• 2 stabilizing cables of opposed curvatures ϕ = 40 mm.
The suspension system is not symmetric about the vertical plane crossing the longitudinal 

bridge axis: the two hangers connected to the same main transverse girder have different 
length and the main cables do not follow the same parabolic function. All the cables were pre-
tensioned during construction. 

 
Figure 1. Seriate Footbridge: (a) overall view; (b) footbridge deck, detail of longitudinal and transverse beam. 

2.2 FE model 
The bridge model, shown in Figure 2, is based on the as-built design data and has been im-

plemented within the ANSYS framework. The girders of the steel grid, the pylons and the 
hangers are modeled with "BEAM 188". This beam element, with 6 degrees of freedom 
(DOFs) at each node, includes shear-deformation effects according to Timoshenko beam the-
ory. Cables and braces are modeled with "LINK 180", a spar element transmitting axial force 
only, with 3 DOFs at each node [3]. The timber planks and the handrails are modeled as 
lumped masses applied on steel grid without any contribution to the overall stiffness; their 
weight is included in the dead load. The boundary conditions of the footbridge model, as the 
constraint conditions between adjacent elements, are inferred from the technical drawings.  

The cables geometric stiffness and the variation of configuration associated to dead loads 
have been accounted for in a preliminary non-linear static analysis. Once the model correctly 
reproduces the design value of tension in cables and the deformed geometry, the modal analy-
sis has been performed. Further details on the derivation of the FE model are found in [2]. 

 

Figure 2. Finite element model of "Seriate Footbridge": (a) overall view; (b) detail of steel grid. 

(a) (b) 

(a) (b) 
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The results of modal analysis, in terms of frequencies and mode shapes, are compared with 
those obtained through the experimental campaign [1] in Table 1, also listing the percentage 
errors on the frequencies and the MAC (Modal Assurance Criterion, [4]) values computed on 
the mode shapes. The good correlation between the numerical and experimental dynamic 
properties makes the FE model a solid base for further numerical calculations. 

Mode 
Frequency 

MAC Mode Type Experimental Numerical ε 
(Hz) (Hz) (%) 

1 Vertical-flexural  1.025 1.079   5.22 0.995 
2 Vertical-flexural 1.475 1.565   6.07 0.994 
3 Vertical-torsional  1.924 1.997   3.77 0.908 
4 Vertical-transversal 1.953 2.109   7.99 0.842 
5 Vertical-flexural 2.168 2.311   6.58 0.984 
6 Vertical-torsional  2.754 2.635 -4.33 0.975 
7 Vertical-flexural 2.861 2.827 -1.17 0.996 
8 Vertical-torsional  3.691 3.645 -1.24 0.957 
9 Vertical-flexural 4.121 4.076 -1.10 0.988 
10 Vertical-torsional  4.385 4.409   0.55 0.982 
11 Vertical-flexural 5.645 5.512 -2.36 0.958 
12 Vertical-torsional  6.006 5.875 -2.18 0.982 
13 Vertical-flexural 7.217 7.255   0.52 0.976 
14 Vertical-torsional 7.490 7.394 -1.28 0.983 

Table 1. Comparison between experimental and numerical results 

3 VIBRATION SERVICEABILITY DUE TO WALKING: HIVOSS GUIDELINE 
The first assessment of the serviceability conditions of the footbridge has been carried out 

following the Hivoss guideline (HG). For the sake of completeness, the main features of the 
HG of interest in this work will be summarized in the following. The guideline indicates the 
critical ranges for the natural frequencies f of the footbridges subjected to pedestrian walking 
as it follows [5]: 

• for vertical and longitudinal vibrations: 1.25 𝐻𝐻𝐻𝐻 ≤ 𝑓𝑓 ≤ 2.3 𝐻𝐻𝐻𝐻
• for lateral vibration: 0.5 𝐻𝐻𝐻𝐻 ≤ 𝑓𝑓 ≤ 1.2 𝐻𝐻𝐻𝐻

Moreover, footbridges with natural frequencies in the range 2.5 Hz ≤ 𝑓𝑓 ≤ 4.6 Hz might be 
excited to resonance by the second harmonic of pedestrian loads [4]. In this case, the critical 
frequency range for vertical and longitudinal vibration expands to 1.25 Hz ≤ 𝑓𝑓 ≤ 4.6 Hz [4]. 
Lateral vibrations are not affected by the second harmonic of pedestrian loads. The "Seriate 
footbridge" shows 10 natural frequencies in the critical range. In particular, the first frequency 
is in the range characterizing the lateral vibration, while the remaining ones might produce 
vertical and longitudinal vibrations. It must be specified that, starting from the fifth mode, the 
2nd harmonic of pedestrians load has to be considered.  
The HG [5] proposes a load model to simulate the walking activity induced by a group of pe-
destrians. A uniformly distributed harmonic load 𝑝𝑝(𝑡𝑡) [N/m2] represents the equivalent pedes-
trian stream: 

𝑝𝑝(𝑡𝑡) = 𝑃𝑃 ∗ cos(2𝜋𝜋𝑓𝑓𝑠𝑠𝑡𝑡) ∗ 𝑛𝑛′ ∗ 𝜓𝜓  (1) 
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In eqn. (1), 𝑃𝑃 ∗ cos(2𝜋𝜋𝑓𝑓𝑠𝑠𝑡𝑡) is the harmonic load due to a single pedestrian. 𝑃𝑃 is the compo-
nent of the force due to a single pedestrian (𝑃𝑃 = 280 𝑁𝑁 for vertical load, 𝑃𝑃 = 140 𝑁𝑁 for lon-
gitudinal load and 𝑃𝑃 = 35 𝑁𝑁  for lateral load) with a walking step frequency 𝑓𝑓𝑠𝑠 . The step 
frequency 𝑓𝑓𝑠𝑠 is assumed equal to the footbridge natural frequency under consideration; 𝑛𝑛′ is 
the equivalent number of pedestrians on the loaded surface 𝑆𝑆. The reduction coefficient 𝜓𝜓 
takes into account the probability that the footfall frequency approaches the critical range of 
natural frequencies under consideration. HG adopts two load models to calculate the response 
of the footbridge depending on pedestrian density and traffic class (Table 2) [5]: 

• load model for TC1 to TC3 (density 𝑑𝑑 < 1.0 𝑃𝑃/𝑚𝑚2)
• load model for TC4 to TC5 (density 𝑑𝑑 ≥ 1.0 𝑃𝑃/𝑚𝑚2)

Traffic class Density 
(pedestrian/m2) Description

TC1 15P/(B×L) Very weak  
TC2 0.2 P/m2  Weak 
TC3 0.5 P/m2 Dense 
TC4 1.0 P/m2 Very dense 
TC5 1.5 P/m2 Exceptionally dense 

Table 2. Pedestrian traffic classes and density (from [5]) 

In the first class TC1 only 15 pedestrians are moving on the whole area B×L of the footbridge. 
The equivalent number of pedestrians 𝑛𝑛′ depends on the structural damping ratio 𝜉𝜉, on the 
loaded surface 𝑆𝑆 and on the number of pedestrians 𝑛𝑛 on the surface(𝑛𝑛 = 𝑆𝑆 ∗ 𝑑𝑑): 

TC1 to TC3 𝑛𝑛′ =
10.8�𝜉𝜉 ∗ 𝑛𝑛

𝑆𝑆
 �

1
𝑚𝑚2� 

(2) 

TC4 to TC5 𝑛𝑛′ =
1.85√𝑛𝑛

𝑆𝑆
 �

1
𝑚𝑚2� (3) 

The value of the reduction coefficient 𝜓𝜓 is depicted in Figure 3, for the two situations in 
which the excitation frequency is in the first or second harmonic of the pedestrian load. 

Figure 3. Reduction factor: (a) vertical and longitudinal load, (b) lateral load (from [5]) 

The direction of the harmonic load is the same of the half-waves characterizing the mode 
shapes associated to the natural frequency considered in the dynamic analysis (Figure 4).  

(a) (b) 
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Figure 4. Application of a harmonic load according to mode shape (from [5]) 
The fulfillment of vibration serviceability conditions requires that the computed values of 

acceleration stay within the acceleration limits corresponding to four classes with a decreasing 
degree of comfort (Table 3). Two different traffic classes are here considered: TC1 (very 
weak traffic), associated to a comfort class CL1, and TC2 (weak traffic), associated to a com-
fort class CL2. Since the footbridge is located in a country park, the probability to find a 
"dense traffic" is very small and higher traffic classes are not taken into account.   

Comfort classes 
Comfort class Degree of comfort Vertical alim Lateral alim 

CL1 Maximum < 0.5 m/s2 < 0.1 m/s2 
CL2 Medium 0.5 – 1.0 m/s2 0.1 – 0.3 m/s2 
CL3 Minimum 1.0 – 2.5 m/s2 0.3 – 0.8 m/s2 
CL4 Unacceptable discomfort > 2.5 m/s2 > 0.8 m/s2 

Table 3. Comfort classes with common acceleration ranges (from [5]) 

As shown in Table 1, there are 10 natural frequencies in the critical bandwidth. For each 
frequency, and for each traffic class considered, a dynamic analysis is performed. Each analy-
sis is characterized by a harmonic load acting up and down coherently with the corresponding 
mode shape directions and by an excitation frequency equal to one of the natural frequency of 
the bridge. The maximum accelerations have been computed with a harmonic analysis in 
ANSYS. The numerical results are evaluated, in three cross sections of the deck (at half-span 
and at a 1/4 of span, both sides) for three points: two are placed at the base of handrails and 
the third one is on the longitudinal axis of the footbridge deck (Figure 5). 

Figure 5. Cross sections and corresponding points considered in the analysis 

The "Seriate footbridge" exhibits natural mode shapes with a flexural or torsional-flexural 
behavior, except for the 4th mode (f = 1.95 Hz), characterized by a displacement field in the 
transverse horizontal plane. For each flexural mode, the significant output response parameter 
is the amplitude of the vertical acceleration due to the related harmonic load; lateral accelera-
tions are considered, due to the harmonic load tuned to the 4th mode. Figure 6 and Figure 7 
depict the results for the traffic classes TC1and TC2, respectively. The maximum values of 
footbridge acceleration, at the selected nodes and for each mode, are depicted in Figures 6a, 
7a and 6b, 7b for vertical vibration and lateral vibration respectively. Horizontal lines denote 
the limit values proposed by Hivoss guideline.  
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Figure 6. Vibration serviceability assessment, traffic class TC1: (a) vertical vibration, (b) lateral vibration. 

Figure 7. Vibration serviceability assessment, traffic class TC2, (a) vertical vibration, (b) lateral vibration. 

In Figure 7, having the same legend as in Figure 6, the dashed and the solid line represent 
the upper and the lower bound of the limit acceleration value, respectively, for the comfort 
class CL2. The results show that the accelerations due to the harmonic loads tuned with the 
first 4 mode shapes exceed the comfort limits in both traffic classes considered. Conversely, 
starting from the 6th mode shape, the maximum acceleration are lower than those prescribed 
by HG. The 5th mode doesn't appear in the Figures 6-7 since its reduction factor 𝜓𝜓 is equal to 
zero, making the load amplitude null. When the excitation frequency exceeds the value of the 
4th mode, the second harmonic of pedestrians loads comes into play. Until now, there is no 
hint in the literature that significant vibrations have occurred due to the second harmonic of 
pedestrians [5] and the numerical results confirm this finding.  

4  VIBRATION SERVICEABILITY DUE TO WALKING: TRANSIENT ANALYSIS 
The HG provides an engineering approach to the prediction of dynamic effects due to 

walking pedestrians. The bridge modal properties must be determined, and the dynamic load-
induced model is applied in a harmonic analysis. However, the need arises of a more sophisti-
cated approach to compute the bridge response, able to account in a more realistic way the 
human walking activity. Different models for the time variation of the vertical force induced 
by walking derived from experimental tests can be found in the literature. The bridge response 
to a moving variable force can only be computed with a numerical transient analysis, able to 
account for the force variation both in time and in space. To this aim, in this work a numerical 
code named INTER, written in Fortran language and originally developed to study the bridge-
vehicle dynamic interaction [7], has been modified to analyze the interaction between pedes-
trians and bridge. Modifications have also affected the routines related to the bridge geometry. 
The updated INTER 2.0 version of INTER is able to consider bridges with different geometry, 
such as suspension bridges with an arch deck.  

INTER 2.0 performs the transient analysis of a footbridge subjected to moving forces (pe-
destrians) in the time domain, by integrating the equations of motion with the Newmark’s 
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method of constant acceleration. The structural matrices (stiffness and mass) of the footbridge, 
extracted from ANSYS at the end of the non-linear analysis, are read as input data. Thus, the 
stiffness matrix takes into account the stress stiffening, i.e. the stiffening of the structure due 
to its stress state (pre-tension applied in each cables). The relevant information about the 
bridge geometry and the characteristics of pedestrian stream are also input data. 

As a first approximation, each pedestrian is modeled as a moving force travelling along the 
bridge deck with a constant velocity 𝑣𝑣 and along a rectilinear trajectory parallel to the bridge 
axis. The pedestrian’s position on the bridge deck is identified by the transverse and longitu-
dinal coordinates 𝑥𝑥𝑝𝑝,𝑦𝑦𝑝𝑝. Under the above assumptions, the former remains constant during 
motion, the latter varies linearly in time. The moving force is vertical and no horizontal force 
is transmitted from pedestrian to bridge. In the first implementation of the algorithm, the force 
amplitude is constant, and only its position on the bridge changes at each time step. Given the 
time step ∆𝑡𝑡 of the numerical integration, at the generic instant k∆𝑡𝑡, the pedestrian's position 
𝑦𝑦𝑘𝑘 along the longitudinal axis is computed from the pedestrian’s position 𝑦𝑦𝑘𝑘−1 at the previous 
k-1 step as: 

𝑦𝑦𝑘𝑘 = 𝑦𝑦𝑘𝑘−1 + 𝑣𝑣 ∗ ∆𝑡𝑡 (4) 

The equations of motion of the footbridge are: 

𝑴𝑴�̈�𝒒 + 𝑪𝑪�̇�𝒒 + 𝑲𝑲𝒒𝒒 = 𝑵𝑵(𝑥𝑥𝑝𝑝,𝑦𝑦𝑝𝑝(𝑡𝑡))𝑇𝑇 ∗ 𝐹𝐹𝑃𝑃 (5) 
 

where 𝒒𝒒 is the vector listing the lagrangian coordinates of the footbridge FE model, 𝑴𝑴 and 𝑲𝑲 
are the ANSYS mass and stiffness matrices respectively, 𝑪𝑪 is the Rayleigh damping matrix, 
computed by INTER 2.0, and 𝑵𝑵(𝒙𝒙𝒑𝒑,𝒚𝒚𝒑𝒑(𝒕𝒕))𝑻𝑻 ∗ 𝐹𝐹𝑃𝑃 is the pedestrian forcing term. Since 𝐹𝐹𝑃𝑃 is a 
constant term equal to the pedestrian’s weight, the time variation is all included in the term, 
𝑵𝑵(𝒙𝒙𝒑𝒑,𝒚𝒚𝒑𝒑(𝒕𝒕))𝑻𝑻, a vector of interpolating shape functions that transfers each load from its point 
of application to the proper nodes of the FE mesh.  

The need for a shape functions vector arises from the following rationale. At a generic time 
instant, the pedestrian does not stay on a mesh node. In fact, he can follow a quasi-random 
rectilinear trajectory, only constrained to move parallel to the bridge axis and with a 𝑥𝑥𝑝𝑝 coor-
dinate inside the deck grid. At each time step, the shape functions transform the moving force 
into equivalent nodal loads on properly selected nodes. As shown in Figure 8, if the pedestri-
an trajectory coincides with a line of nodes, the loaded nodes will be those placed immediate-
ly before and after the force position. In the opposite case, the loaded nodes will be the four 
nodes of the mesh surrounding the pedestrian’s position. The shape functions values, depend-
ing on the pedestrian’s position (𝑥𝑥𝑝𝑝,𝑦𝑦𝑝𝑝(𝑡𝑡)), change at each time step and their implementa-
tion takes care of unloading the nodes left behind and loading the approaching nodes. At each 
time step the terms of 𝑵𝑵(𝑥𝑥𝑝𝑝,𝑦𝑦𝑝𝑝(𝑡𝑡))𝑇𝑇 are all zero, except for the rows corresponding to the 
DOFs related to the nodes directly or indirectly loaded by the pedestrian. 

Figure 8. Loaded nodes: (a) pedestrian outside a line of nodes, (b) pedestrian on a line of nodes.  
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The FE model of the bridge deck contains only beam elements. Nevertheless, the shape 
functions are those of a 4-node shell element with 12 DOFs, based on Kirchhoff theory, al-
ready implemented in the code. This choice is acceptable if we consider the real situation of 
the timber deck and has proven to be able to minimize numerical problems tied to high fre-
quency oscillation in the response. Since loads on the bridge are only vertical, the "virtual 
mesh" simulates a bending plate element and the selected shape functions produce, in each 
node, nodal forces on the vertical DOF and on the two out-of-plane rotational DOFs. 

4.1 Numerical results 
Either a single pedestrian or a group of pedestrians can move on the deck. Different spatial 

configurations of pedestrians have been implemented in INTER 2.0 to represent both a regu-
lar stream, with positions placed into a "uniform grid", and a random group of pedestrians in a 
"chess grid" with variable distance between them. This work considers a group of 15 pedestri-
ans, as in the traffic class TC1, placed with a random-like distribution (Figure 10). The center 
of gravity of the group is eccentric with respect to the bridge axis. The distance between the 
first and last pedestrian is 17 m; the position of the resultant force in longitudinal direction is 
9.6 m behind the first pedestrian row. A velocity of 1.3 m/s is considered [8]. Each pedestrian 
crosses the bridge in 49 s and the last pedestrian exits the bridge 13,7 s after the first.  

Figure 9. Distribution of pedestrians associated to traffic class TC1; the arrow defines the direction of motion. 

The integration time step ∆𝑡𝑡 is 0.001s, quite smaller than 1/10 of the period of the 14th 
mode. At time t=0 the first pedestrian enters the bridge; the analysis goes on for 25 s after the 
last pedestrians exit the bridge. The Rayleigh damping matrix is computed for a 1% damping, 
a value experimentally identified, on the first and fourth mode. The time history of displace-
ments and accelerations at the nodes considered in the harmonic analysis (Figure 5) are the 
relevant response parameters. Figure 10 depicts the accelerations of the nodes 2-5-8 along the 
bridge axis. Figure 11 shows the same quantity for the lateral nodes 3-6-9. A different pattern 
is detected, with largest values in the lateral nodes, due to the torsional effect induced by the 
load scheme. The acceleration at midspan (nodes 5-6) when the resultant force reaches the 
cross section (t≅30 s), is coherent with the mode shape of the 6th torsional mode.  

Figure 10. “Random” pedestrian stream: time history of acceleration, nodes 2-5-8. 

2533



Eleonora Lai, Maria Gabriella Mulas 

Figure 11. “Random” pedestrian stream: time history of acceleration for nodes 3-6-9. 

Figure 12 shows the displacement responses of the nodes along the bridge axis (2-5-8). 
The nodes 2 and 8, at the ¼ of the span, show quasi-specular results; each node attains the 
maximum displacement in the time interval when is reached by the center of the parallel forc-
es. In Figure 13 the displacement responses of the nodes at midspan (4-5-6) have a similar 
pattern but different magnitude due to the eccentricity of the load pattern. Node 6 experiences 
the maximum value of displacement.  

Figure 12. “Random” pedestrian stream: time history of displacement for nodes 2-5-8. 

Figure 13. “Random” pedestrian stream: time history of displacement for nodes 4-5-6.   

5 CONCLUSIONS 
The results of serviceability assessment of a lively footbridge have been obtained with a 

harmonic analysis in ANSYS, as suggested by the HG, and with a transient step-by-step anal-
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ysis performed with an ad-hoc numerical code named INTER. Two traffic classes are consid-
ered, very weak and weak (TC1, TC2), respectively associated to maximum CL1 and medium 
CL2 comfort classes. Ten natural frequencies of the footbridge are in the critical range charac-
terizing the walking activity. Even though the pedestrian-induced loads are different in the 
two approaches, a comparison between the predicted acceleration values appears significant.  

In the HG implementation, the 2nd harmonic of pedestrian load has to be considered start-
ing from the 5th mode. The accelerations due to the harmonic loads tuned to the first 4 modes 
exceed the comfort limits in both traffic classes considered. Moreover, no significant vibra-
tions have been detected due to the second harmonic of pedestrians load. The transient analy-
sis is performed with the code INTER 2.0 under a stream of 15 pedestrian aimed to represent 
the TC1 condition. The peaks of the acceleration value are lower, but of the same order of 
magnitude of those induced by the harmonic loads for the higher modes. The results provided 
by HG and INTER 2.0 can represent an upper and lower bound of the expected acceleration. 
On one side, a very low value of damping ratio is related to a high value of the amplification 
factor in the harmonic analysis of HG. On the other side, the dynamic effect induced by the 
moving pedestrian, as computed by INTER 2.0, is underestimated by the approximations of 
constant force moving in a continuous way on the deck.  

The numerical results hint that the vibration serviceability conditions of the footbridge may 
not be fulfilled. Further studies will address the issues tied to the transient analysis, namely 
the efficiency of the numerical integration, the modeling – in space and time - of the pedestri-
an-induced force and the effect of the space distribution of pedestrians. Final aim of the re-
search work is the study of the dynamic interaction based on the adoption of a mechanical 
system for each pedestrian.   
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