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PREFACE 

This volume contains the full-length papers presented in the 5th International Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering (COMPDYN 2015) that 

was held on May 25-27, 2015 on the Crete Island, Greece.  

COMPDYN 2015, one of the thematic Conferences of the European Community on Computational  

Methods in Applied Sciences (ECCOMAS), is a Special Interest Conference of the International  

Association for Computational Mechanics (IACM) and has been promoted by the European  

Committee on Computational Solid and Structural Mechanics (ECCSM) of ECCOMAS. The purpose 

of the Conference is to bring together the scientific communities of Computational Mechanics, 

Structural Dynamics and Earthquake Engineering in an effort to facilitate the exchange of ideas in 

topics of mutual interests and to serve as a platform for establishing links between research groups 

with complementary activities. The communities of Structural Dynamics and Earthquake 

Engineering will benefit from this interaction, acquainting them with advanced computational 

methods and software tools which can highly assist in tackling complex problems in 

dynamic/seismic analysis and design, while also giving the Computational Mechanics community 

the opportunity to become more familiar with very important application areas of great social 

interest. The COMPDYN 2015 Conference is supported by the National Technical University of 

Athens (NTUA), the European Association for Structural Dynamics (EASD), the European Association 

for Earthquake Engineering (EAEE), the Greek Association for Computational Mechanics (GRACM) 

and the John Argyris Foundation. 

The editors of this volume would like to thank all authors for their contributions. Special thanks go 

to the colleagues who contributed to the organization of the Minisymposia and to the reviewers 

who, with their work, contributed to the scientific quality of this e-book.  

 

M. Papadrakakis 

National Technical University of Athens, Greece 

 

V. Papadopoulos 

National Technical University of Athens, Greece  

 

V. Plevris 

School of Pedagogical and Technological Education, Athens, Greece 
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Abstract. This paper introduces the application of laser vibrometer measurements to the 

drive-by inspection of bridges. Drive-by methods usually process the acceleration response 

measured from an accelerometer installed on a vehicle passing over a bridge. In this paper, 

two laser vibrometers and two accelerometers are installed on the vehicle to measure a rela-

tive velocity between the bridge and vehicle and the vehicle acceleration. The vehicle velocity 

is removed from the relative velocity by subtracting the time integration of the vehicle accel-

eration. It is shown by subtracting two following bridge spatial velocities at moving coordi-

nates, that the spatial velocity of the road roughness can be removed. As a result, the bridge 

velocity at the moving coordinate is obtained. By applying the FFT to the bridge velocity, the 

fundamental frequency of the bridge is visible in the spectrum.     
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1 INTRODUCTION 

In recent years, in monitoring transport infrastructures, Structural Health Monitoring (SHM) 

is becoming more prevalent. Vibration-based methods are among the most significant meth-

ods within the field of SHM of bridges. Generally, these methods are based on changes in 

modal parameters (natural frequencies, damping ratios and mode shapes) of the structure, due 

to the occurrence of damage in the bridge [1]. Traditionally, in what are called direct methods, 

many sensors are installed on the bridge to detect changes in the bridge modal parameters. 

Providing such equipment for all bridges is a financial challenge, particularly for small bridg-

es where a mains power supply may not be available and the cost of installation is considera-

ble.  

In recent years, a number of researchers have sought to overcome the difficulties of direct 

methods by introducing a new concept of bridge monitoring called indirect methods or drive-

by methods using sensors installed on a specialist vehicle passing over the bridge. Drive-by 

approaches have many advantages in terms of simplicity, economy, efficiency and mobility. 

The idea was first proposed by Yang et al. [2] in which the fundamental frequency of the 

bridge is estimated from the acceleration response measured on a passing vehicle. Several re-

searchers have now developed methods to identify the bridge fundamental frequency from the 

acceleration signal measured on a passing vehicle [3-6] and to prove the idea in an experi-

mental case study [7-9]. In addition, several studies have been carried out to identify the 

bridge damping using the signal measured on a passing vehicle [10, 11]. In most the recent 

studies, the possibility of estimating the bridge mode shapes from indirect measurement has 

been investigated [12-14]. Consideration of the road surface profile in indirect methods is a 

critical issue as it can excite vehicle-related frequencies to a much higher amplitude level than 

bridge-related ones, making it difficult to identify the bridge frequencies. Some authors have 

developed methods to overcome this challenge, such as; (1) using the excitation due to ongo-

ing traffic to increase the relative influence of the bridge in the vehicle response [9, 15] and (2) 

subtracting the signals from successive trailer axles – provided those axles have identical 

properties [16, 17]. In the view of all that has been mentioned so far, there is a great potential 

for drive-by methods for the purpose of bridge inspection [18].    

In this paper, the idea of using a laser vibrometer on the vehicle is proposed to overcome 

the issues associated with road profile. It is suggested that by mounting a laser vibrometer be-

side the accelerometer on the vehicle, the relative velocity between the axle and the bridge 

can be measured. By integrating the acceleration signal, the axle velocity can be obtained. 

Subtraction these two velocity signals, the bridge velocity at the moving coordinate (at the 

point of vehicle bridge interaction) can be calculated with high accuracy. A numerical case 

study is investigated using Finite Element (FE) models of vehicle bridge interaction (VBI) 

and is used to validate the effectiveness and performance of the concept. The simulations con-

firm the capability of the proposed approach to remove the vehicle frequency from the re-

sponse measured on the vehicle.  

2 FINITE ELEMENT OF VBI 

González [19] describes coupled and uncoupled vehicle bridge interaction (VBI). A cou-

pled Finite Element (FE) model similar to that used by [14] is employed for the numerical 

analysis. The half-car system shown in Fig. 1 is used here to represent the vehicle. The vehi-

cle body and axle component masses are represented by ms and mu (sprung and unsprung). 

The axle mass connects to the road surface via a spring with linear stiffness kt which repre-

sents the tyre. By imposing equilibrium of all forces and moments acting on the masses and 
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expressing them in terms of the degrees of freedom, the equations of motion of the vehicle 

model are obtained: 

                            
   

 (1) 

where   ,    and    are the respective mass, damping and stiffness matrices of the vehicle 

and   
 
,   

 
 and  

 
 are the respective vectors of nodal acceleration, velocity and displacement. 

 
   

 is the time-varying dynamic interaction force vector applied to the vehicle degrees of free-

dom. 

 

Figure 1: The half-car model on the bridge. 

The bridge is represented by a simply supported beam of total span length L, flexural rigid-

ity EI and mass per unit length m*, using the finite element method. The model consists of 20 

discrete beam elements, each with 4 degrees of freedom (2 per node). The response of the 

beam model to a series of moving time-varying forces is given by the system of equations: 

                           
   

 (2) 

where   ,    and    are global mass, damping and stiffness matrices of the beam model, re-

spectively and   
 
,   

 
 and  

 
 are the vectors of nodal bridge accelerations, velocities and dis-

placements, respectively. 

 

The dynamic interaction between the vehicle and the bridge is implemented in MATLAB. 

The vehicle and the bridge are coupled at the tyre contact points via the interaction force vec-

tor. Combining equations (1) and (2), the coupled equation of motion is formed as: 

                       (3) 

where    and    are the combined system mass and damping matrices, respectively,    is 

the coupled time-varying system stiffness matrix and F is the system force vector. The equa-

tions for the coupled system are solved using the Wilson-Theta integration scheme [20]. The 

optimal value of the parameter   =1.420815 is used for unconditional stability in the integra-

tion scheme. The initial condition of the solution is considered to be zero displacement, veloc-

ity and acceleration in all simulations.  
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3 DRIVE-BY BRIDGE INSPECTION 

3.1 Numerical case study 

A bridge is modelled using the FE method with the properties given in Table 1. The first 

two natural frequencies of the bridge are 4.97 and 19.88 Hz. A half-car model (Fig. 1) with 

the properties given in Table 2 is investigated travelling over a bridge at a speed of 4 m/s.  

 

Properties Unit Symbol value 

Length m L 16 

Mass per unit kg/m m 28125 

Modulus of elasticity MPa E 35000 

Second moment of area m
4
 J 0.5273 

Table 1: Properties of the bridge. 

Property Unit Symbol Value 

Body mass kg ms1 16200 

Axle mass kg mu1 700 

mu2  1100 

Suspension stiffness N/m ks1 4×10
5
 

ks2  1×10
6
 

Suspension damping Ns/m cs1 10×10
3
 

cs2  20×10
3
 

Tyre stiffness N/m kt1 1.75×10
6
 

kt2  3.5×10
6
 

Moment of inertia kg m
2
 Is1 1.56×10

5
 

Distance of axle to centre of gravity m D1 2.5 

D2 2.5 

Body mass frequency  Hz fbody,1 1.58 

Axle mass frequency  Hz faxle,1 8.83 

faxle,2 10.21 

Table 2: Properties of the half-car. 

 

Figure 2: Class "A" road profile. 

A road profile (shown in Fig. 2) is included in the simulations. The irregularities of this 

profile are randomly  enerated accordin  to the ISO standard [21] for a road class ‘A’ ( ery 

 ood profile, as expected in a well maintained highway). The simulation is carried out using 

the FE method programmed in the MATLAB software environment. The sampling time in-
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terval is selected to be 0.001 s. The total length of the acceleration response of the vehicle is 4 

s. 

3.2 Drive-by inspection using acceleration measured on the vehicle axle 

Drive-by bridge monitoring is usually based on the acceleration response measured on the 

axle of the vehicle passing over the bridge. The acceleration response measured at the first 

axle of the vehicle is shown in Fig. 3(a). In order to analyse the axle response, a Fast Fourier 

Transform (FFT) is performed on the simulated vehicle response. The obtained FFT spectrum 

of the vehicle response is shown in Fig. 3(b). As expected, there is a small peak due to the 

fundamental frequency of the bridge and there is a dominant peak related to the axle frequen-

cy.  

 

 (a) 

 

   (b) 

Figure 3: Response measured at the first axle; (a) acceleration, (b) FFT spectrum. 

3.3 Drive-by inspection using laser measurement on the vehicle 

In this section the concept of using laser vibrometer measurement on the vehicle to remove 

the vehicle frequency from the spectrum is introduced. A vehicle instrumented with two laser 

vibrometers and two accelerometers (Fig. 1) is used. Relative velocities among the bridge sur-

face and the vehicle body are measured using two measurement points: 

                                                 (4) 

The body acceleration is measured using the accelerometer installed at exactly the same 

location as the laser vibrometer. The velocity of the bridge is calculated by integration of the 

body acceleration (Fig. 4). Therefore, the bridge spatial velocity         
     can be obtained 

by subtracting the body velocity from the relative velocity. 
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Figure 4: Body velocity measured at the first accelerometer (           ). 

The spatial velocity includes two parts. The first part is the bridge response relative to the 

moving reference and the second part is the spatial velocity of the road profile (Fig. 5), i.e., 

the road profile converted to velocity relative to the moving reference: 

 

                  
                           (5) 

 

Figure 5: Bridge vibration under the laser vibrometer. 

 

Figure 6: Relative velocity measured at the first laser (               ). 

 

Figure 7: Velocity difference      . 

 

2541



Abdollah Malekjafarian and Eugene J. OBrien 

The spatial velocities at two following points on the vehicle are measured (Fig. 6). In order 

to remove the spatial velocity of the road profile from the response, the second response is 

subtracted from the first with a time shift to allow for their relative positions. 

                                                 

                                                                                              (6) 

where    is the time interval between two measurement points. If    is selected to that 
              , the road profile is removed from the response and a time shifted dif-
ference of the bridge response is obtained: 

                      (7) 

The velocity differences obtained from Eq. 7 are shown in Fig. 7. As a result, a bridge re-

sponse at the moving coordinate is obtained which can show the most important characteris-

tics of the bridge dynamics. The frequency spectrum of the obtained bridge response is shown 

in Fig. 8. A dominant peak is observable in the spectrum which is related to the bridge fun-

damental frequency. This can be expected to be damage sensitive. 

 

Figure 8: Frequency spectrum of the bridge response. 

4 CONCLUSIONS  

This paper describes the application of laser measurement to the drive-by bridge inspection 

problem. Subtraction of responses measured using laser vibrometers and accelerometers is 

used to obtain the bridge spatial velocity. Finally, spatial velocity of road roughness is re-

moved by subtraction of the bridge spatial velocities measured at two following laser 

vibrometers. It is shown that the FFT spectrum of the differences response shows a dominant 

frequency which is corresponds to the bridge fundamental frequency.  
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Abstract. This study deals with the topic of bridge health monitoring based on identification 
of bridge vibration properties, which are influenced by uncertainties. Focus is laid on quanti-
fication of the uncertainties from continuous monitoring data. The determined uncertainties 
are then used in probabilistic evaluation of structural state. The purpose is to acquire besides 
the “best-match” structural state also the reliability of identification. A method for automated 
extraction of modal parameters and evaluation of their uncertainties is presented. It compris-
es clustering and statistical evaluation of Stochastic Subspace Identification system poles. The 
statistical properties of modal parameters are used to build a set of probabilistic variables 
sampled using Monte-Carlo Simulation. The generated sets are used for probabilistic damage 
detection, which uses a forward approach of finding the best match within a database of pre-
calculated structural states. The presented study was performed using monitoring data ac-
quired on a prestressed concrete box-girder bridge in course of 9 months of continuous data 
recording.
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1 INTRODUCTION 

Vibration-based damage detection on bridges is being applied since decades and it was the 
topic of research published in many articles and dissertations. The amount of published litera-
ture indicates that most researchers prefer data-only based approaches for damage detection. 
Maeck [1] described and applied in his dissertation different data-only detection algorithms, 
as well as some mixed approaches. Peeters [2] presented in his dissertation the advances in 
damage detection methods that are based on bridge modal properties (data-only), determined 
using Stochastic Subspace Identification (SSI) from continuous ambient vibration monitoring. 
The SSI-method represents a robust tool for system identification, which was later further im-
proved [3]. The SSI-method was used also in this paper to extract bridge model properties. 
Santos [4] focused in his dissertation on novelty-detection and classification methods for 
damage detection purposes. Novelty detection aims to detect changed structural behavior 
from the measured data, and it represents level-1 damage identification. When combined with 
classification techniques [5] and a database of pre-calculated structural states, the measured 
structural parameters can be used for level-2 and level-3 identification. This approach was 
also applied in the work presented here. The model updating techniques aim at level-3 identi-
fication and solve the damage detection problem using an inverse approach that optimizes 
computational model [6]. The task of optimization of the bridge model puts high demands on 
computational effort. Therefore, the model should be small – built preferably using beam el-
ements, particularly if the monitoring is continuous and the optimization must be performed 
repetitively. 

The damage detection based on bridge vibration properties is affected by their accuracy 
and by the ability of post-processing techniques to compensate effects other than structural 
damages, which also influence vibration properties. Inaccurately determined vibration proper-
ties may cause that the wrong structural state will be matched with the measurements. The 
aim of the presented work was to evaluate accuracy of acquired vibration properties in one 
case study and to evaluate the effect that it had on selection of corresponding structural state 
(damage scenario). The presented approach uses the Monte-Carlo Simulation. Mares et.al. [7] 
used the approach of Monte-Carlo Simulation to investigate influence of modelling uncertain-
ties on results of model updating (i.e. in the inverse problem). In the work presented here, the 
approach of Monte-Carlo Simulation is used in the forward problem.  

The presented paper contains two technical chapters. Chapter 2 deals with uncertainty of 
modal parameters, and describes the sources of uncertainty and how the evaluation of uncer-
tainties was implemented in an automated algorithm. Also, the measurement results and their 
statistical evaluation (uncertainty) are presented using data acquired on a prestressed concrete 
bridge in course of 9 months of continuous monitoring. 

Chapter 3 intends to present the whole process of damage detection, starting with descrip-
tion of the tested bridge and installed monitoring system, further proceeding to creation of da-
tabase of structural states, process of Monte-Carlo Simulation and results of probabilistic 
damage detection including simulated damage scenarios. 

 
 

2 UNCERTAINTY OF MODAL PROPERTIES 

The modal parameters of the bridge (eigenfrequencies, mode shapes, and damping ratios) 
are not only affected by structural damage, but vary also due to environmental influences and 
traffic intensity. Another source of uncertainty is the algorithm of modal parameter extraction. 
The process of dealing with measurement variations and uncertainties has two stages: 
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1. Compensation of known effects 
2. Evaluation of remaining uncertainties 
 
In the first stage, known effects can be compensated, if the relation between the influenc-

ing parameters and their effects is known. The purpose of the compensation is to reduce the 
magnitude of measurement variations. Typical example is the influence of temperature on 
bridge eigenfrequencies. Figure 1 shows the relation between measured eigenfrequencies and 
structural temperature acquired in presented case study. 

 
Figure 1: Relation between measured eigenfrequencies and structural temperature. 

In the second stage, the remaining uncertainties are evaluated and form a basis for defini-
tion of input probabilistic variables for the Monte-Carlo Simulation. The evaluation of the un-
certainties should be done using a scheme that can capture all expected sources of uncertainty 
that are still present in the compensated data. In the presented example, the expected sources 
of uncertainty after compensation of temperature effects were the following: 

 Influence of traffic loads, including both changes of modal properties due to vehi-
cle-bridge interaction, as well as due to the unknown excitation properties of dy-
namic axle forces. The extraction of modal parameters works well if the excitation 
source has properties of white noise. The actual excitation by traffic loads is not 
white noise, and it varies in time. 

 Residual errors in temperature-compensation due to incomplete temperature infor-
mation. The temperature is measured on few points in the structure and the distribu-
tion of temperature fields in the whole structure is not fully known. 

 Other environmental influences, for example moisture and wind. 
 Accuracy of the algorithm used for extraction of modal parameters, including both 

algorithm-inherent errors, as well as errors that originate from user interaction. 
 

2.1 Automated extraction of system poles 

To extract modal properties from measured accelerations, the Stochastic Subspace Identifi-
cation (SSI) technique was used, which was well described by Peeters [2]. This chapter de-
scribes the procedure used for automated extraction of modal parameters and evaluation of 
short-term uncertainties. These include uncertainties related to traffic loads and to the extrac-
tion algorithm. 

The variation of traffic loads was considered by application of overlapping time windows 
in the evaluation (Figure 2). As the traffic load varies in time, the dynamic excitation is dif-
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ferent in each of the evaluated time windows. Data from each time window was processed by 
SSI separately. The identified system poles from 6 time windows were then grouped together 
and processed by clustering. 

 
Figure 2: Overlapping time windows in data processing. 

The SSI-method requires certain decisions to be made by the user. For example the user is 
expected to state the expected system order prior to the calculation and also to select the “cor-
rect” solution poles from among the many poles that were identified as possible solutions. 
The requirement of user interaction is not only impractical for processing of continuous moni-
toring data, but it is also the source of possible errors. Automated procedures that do not re-
quire user interaction were developed in the past for methods in frequency domain [8] as well 
as in time domain [3]. To evaluate the variation of solutions that could be selected from the 
SSI stabilization plot, the following procedure was applied. A relatively broad range of feasi-
ble model orders (Figure 3) was defined and all stable poles in this range were selected. Then, 
a clustering technique was applied to arrange the solutions into different groups. Each group 
of solutions contains stable poles of one mode. From each group, statistical moments of all 
variables could then be evaluated. 

 
Figure 3: SSI stabilization plot showing identified stable poles. 

2.2 Clustering of solutions 

The purpose of clustering technique is to divide all feasible poles into groups, each repre-
senting one mode shape. A simple grouping of poles by range of frequencies is possible only 
in case of well separated modes. This was not the case at the given bridge, which has 8 spans 
with equal length, resulting in closely spaced modes. Therefore, a clustering technique had to 
be applied to sort the poles. The basis for application of clustering technique is calculation of 
a distance matrix, which defines the similarity between each pair of poles. The typical number 
of poles processed within one clustering run was around 1500, which resulted in a distance 
matrix with dimensions of 1500x1500. The distance between each pair of poles was calculat-
ed using similarity of frequencies (ratio fi / fj ) and similarity of mode shapes (MAC value). 
The exact expression of distance between poles i and j is given in Equations 1 and 2. 
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where f and  are identified frequency and damping ratio, respectively 
MACi,j is value of Modal Assurance Criterion  
rij is the ratio of the frequencies. 

 
The clustering algorithm groups together poles that have maximum distance between any 

two poles in the group smaller than a specified threshold. A small threshold produces many 
small groups, while a high threshold produces few large groups. This relation is displayed in 
Figure 4. The threshold needs to be specified by the analyst only once and is used for pro-
cessing of all data from continuous monitoring. The threshold value used for the evaluation 
was in this case specified at 0.049. 

 
Figure 4: Clustering dendrogram. 

The clustering algorithm tends to form large groups for poles with good stability. There-
fore, small groups of poles can be sorted out as not relevant. In the presented case, any group 
containing less than 30 poles was not considered in following evaluations. 

 

2.3 Statistical evaluation 

Following the sorting of poles into groups by clustering, values in each group were statisti-
cally evaluated. The mean and the standard deviation were calculated for all modal parame-
ters. Prior to this calculation, the modes were scaled to unity length and reversed if necessary 
to align the signs of mode shape values. As result, mean and standard deviation of frequency, 
damping, and all mode shape values were determined. Figure 5 shows the time history of one 
identified eigenfrequency. Displayed are the mean and the standard deviation, each evaluated 
using 1 hour of recorded data. 

Figure 6 shows the variation of identified mode shape values in course of the whole moni-
toring period of 9 months. The presented histograms were calculated from mean mode shapes, 
whereas each mean mode was evaluated from one cluster, which contains identified poles us-
ing 1 hour of recorded vibration data. 
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Figure 5: Eigenfrequency mean (black) and ±1 (grey) from all data (left) and in detail (right). 

 
Figure 6: Two histograms that show variation of mode shape values, evaluated using data from 9 months. 

The mode shape values at different measurement points show generally a good correlation. 
A strong correlation is advantageous for damage detection capability, since it narrows the 
space of random variations. Figure 7 shows the evaluated correlation matrix between mode 
shape values of all measurement points in two different mode shapes. 

mode 1 mode 2 

     
Figure 7: Matrix of correlation coefficients between mode shape values of all measurement points. 
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3 DAMAGE DETECTION 

3.1 Test structure and monitoring system 

The test structure is a prestressed concrete bridge with 10 spans. Its cross-section is a box-
girder that is constant along whole length of the bridge. The cross-section has height of 3.2 m 
and the total length of the bridge is 327 m. Monitoring system was installed in the bridge, 
where different sensor types were used. For purposes of this study only data from the acceler-
ation sensors were used. The position of the acceleration sensors is displayed in Figure 8. 
Sensors were placed in midspan of 9 spans, and few additional sensors at quarter-span posi-
tions were installed. 

 
Figure 8: 2D-Finite Element model of the bridge and position of sensors 

The acquired data used in this paper encompasses recordings from 9 months of data acqui-
sition, containing both summer and winter periods. 

3.2 Damage scenarios 

Aim of this study was to investigate damage detection capability for the case of reduction 
of prestressing force in specific regions of the bridge. The reduction of prestressing force pro-
duces cracking in concrete and thus reduction of cross-sectional bending stiffness. A small 
reduction of prestressing force does not yet result in stiffness reduction because the whole 
cross-section is initially under compression. But after the tensile strength of concrete is 
reached and cracks occur, cross-sectional stiffness drops rapidly. Therefore, damage detection 
methods based on stiffness identification are most effective when detecting occurrence of first 
cracking. 

A set of damage scenarios was calculated using the 2D Finite-Element model shown above. 
The damages scenarios were described by 3 parameters: position in the bridge, spatial extent 
(affected bridge length), and magnitude of bending stiffness reduction. Table 1 summarizes 
all damage scenario parameters.  

 

Position  
Affected bridge 
length [m] 

Bending stiffness 
reduction [%]  

Middle of span 1  2.8  2.2  
Middle of span 2 4.7  11.5 
Middle of span 3 8.5  20.8  
Middle of span 4 10.4 30.1 
Middle of span 5 12.3 39.3 
Middle of span 6  48.3 
Middle of span 7  57.3 
Middle of span 8  66.3 
Middle of span 9  … 
Middle of span 10  86.6 

Table 1: Properties of modeled damage scenarios. 

– sensor positions 
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There were 10 different damage positions, in each of them 5 different spatial extents (af-
fected bridge length) were modeled, and in each of them 27 different stiffness reductions were 
modeled. This resulted in a total of 1350 damage scenarios that form a database. Modal pa-
rameters were calculated for each of the prepared damage scenarios. This database of model 
parameters in different damage scenarios serves for damage detection purposes. Using the 
measured modal parameters, one particular damage scenario can be found that shows the 
closest match with the measurements. 

3.3 Monte-Carlo Simulation 

Analysis of the forward propagation of measurement uncertainty was performed on the ba-
sis of Monte-Carlo Simulation. In the publication of Doebling [10], similar procedure to the 
approach used here is described. Doebling used definition of probabilistic input variables us-
ing normal distributions, and assumed that the variables are independent. Then, a set of input 
parameter samples was generated by application of appropriate sampling techniques. The 
work presented here uses similar approach. The main difference is that correlation of input 
variables was taken into account. 

In chapter 2, the evaluation of uncertainty of measured modal parameters was described. 
The evaluated means, standard deviations and correlation coefficients were used to define a 
set of probabilistic variables. Each modal parameter (eigenfrequencies and mode shape values) 
was modeled as probabilistic variable with a normal distribution. The first two measured 
modes were used for damage detection. For each mode, 14 probabilistic variables were de-
fined, which are the eigenfrequency and the mode shape values at 13 measurement points. 

Matrix of correlation coefficients was defined according to results presented in chapter 2. 
In here, only the correlation coefficients of mode shape values within one mode have nonzero 
elements. The eigenfrequencies are considered as independent variables. Also, the correlation 
between values of two different modes was assumed to be zero. 

The Latin Hypercube Sampling technique was used for generation of the sample set, which 
had the size of 1000 samples for each variable. Figure 9 shows an example of values generat-
ed by Latin Hypercube Sampling for two probabilistic variables with strong correlation. Dis-
played are values of mode shape 2 at point 4 vs. at point 3, which have a correlation 
coefficient of 0.86. 

 
Figure 9: Generated samples of two mode shape values with strong correlation. 

3.4 Probabilistic damage detection 

To investigate the influence of modal parameter uncertainties on damage detection results, 
damage detection was performed for each sample of modal parameters generated by Latin 
Hypercube Sampling. In here, all generated samples represent healthy structural state. Ideally, 
the damage detection would result in 100% of the generated samples assigned to healthy 
structural state. 
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The damage detection for each sample of modal properties was done by comparing it to the 
database of pre-calculated damage scenarios. The damage scenario that matches best the sam-
ple of modal properties is selected as the identified damage case. Measure of match similarity 
was calculated according to Equation 3. In here, the frequency differences are normalized by 
standard deviation of measured frequencies and summed up. Then, measure of similarity of 
mode shapes is added, again normalized by standard deviation of MAC-values. 
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where Ji,d is objective function for matching modal parameter set i with damage scenario d, 
fi,m is eigenfrequency of modal parameter set i of mode m, 
fd,m is eigenfrequency of mode m in damage scenario d, 
(fm) is standard deviation of eigenfrequency of mode m, 
MAC(i,m ,d,m) is Modal Assurance Criteria between modal parameter set i and 

damage scenario d of mode m, 
( MAC(m)) is standard deviation of MAC-value between generated modal param-

eter sets and mean mode shape of mode m. 
 
The standard deviation of MAC-values was evaluated by calculating MAC-values between 

all generated mode shapes and the mean mode shape. Histogram of these MAC-values is 
shown in Figure 10 for two modes. Table 2 lists standard deviations of frequency and MAC-
value for the first two measured modes. 

mode 1 mode 2 

  
Figure 10: Histogram of MAC-values between generated mode-shape sets and the mean mode shape. 

Mode    ( f ) 
[Hz] 

 (1-MAC) 
[-]  

1  0.025 0.038  
2 0.032 0.019 

Table 2: Standard deviations of measured frequencies and MAC-values. 

For each generated set of modal parameters i, the objective function Ji,d is evaluated for all 
damage scenarios d. Then, the damage scenario with lowest objective function is picked. The 
procedure is repeated for all generated sets and thus a set of matching damage scenarios is 
acquired. The last step in this probabilistic damage detection is evaluation of occurrence fre-
quency of particular damage scenarios. Results of this evaluation of occurrence frequency are 
visualized in the following figures. 
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The visualization contains quite complex information that has to be displayed together in 
one picture. Therefore, the following visualization rules were adopted: 

 Each of the displayed vertical bars shows 4 properties: position of damage, spatial 
extent of damage, stiffness reduction Ered, and the probability that the stiffness re-
duction (Ek) is larger than Ered. 

 The position and spatial extent of damage is displayed by position and width of the 
vertical bars on the axis called “Bridge coordinate”. 

 The stiffness reduction Ered is displayed using the color code. 
 The height of the bar defines the probability that the stiffness reduction is larger 

than Ered at the given position and spatial extent of the damage scenario. 
 Vertical position of the blue rectangle defines the probability of healthy structural 

state (no damage) 
 

    
Figure 11: Relative occurrence of matching damage scenarios in healthy structural state. 

From the figure above it can be seen that the healthy structural state (blue rectangle) has 
higher probability than any other damage scenario, therefore the structure is most likely un-
damaged. 

In this type of visualization, the bars that would indicate high probability of damage would 
be red and high. On the other hand, a high green bar would represent a high probability of 
small stiffness reduction. Additionally, width of the bar indicates how localized the damage is.  

Further, in this type of visualization it can be seen how good the localization of the damage 
is. In the figure above, different damage scenarios have small probabilities of occurrence. 
However, these damage scenarios are spread across the whole bridge length and do not con-
centrate on one region. This fact reinforces the conclusion that the structure is in healthy state. 

 
In order to demonstrate results of probabilistic damage detection at occurrence of damage, 

the measured modal parameters were modified using simulated damage scenarios and the 
probabilistic damage detection was repeated. Figure 12 shows results of damage identification 
for simulated damage of stiffness reduction at bridge coordinate X=113.8m, affected bridge 
length was L=4.7m and magnitude of stiffness reduction was Ek=11.5% and Ek=30%, respec-
tively. The displayed results show that the blue rectangle has a low position, which means the 
structure is not likely in healthy state. The matching damage scenarios concentrate more in 
one region, which indicates the likely position of damage. It can be observed that certain wide 
green bars have similar height as other narrow orange bars, which means that the probability 
of small stiffness reduction on a larger area is approximately equal to probability of higher 
stiffness reduction on a more localized area. 
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Simulated damage: X=113.8m, L=4.7m, Ek=11.5 % X=113.8m, L=4.7m, Ek=30 % 

    
Figure 12: Relative occurrence of matching damage scenarios in two simulated damage cases. 

Figure 13 shows a similar evaluation for a different position of simulated damage 
(X=181.5m) and larger affected bridge length (L=12.3m). In both simulated damage scenarios, 
the damage can be quite well localized at a stiffness reduction of 30%. 

Simulated damage: X=181.5m, L=12.3m, Ek=11.5 % X=181.5m, L=12.3m, Ek=30 % 

    
Figure 13: Relative occurrence of matching damage scenarios in other two simulated damage cases. 

Figure 14 shows results for a simulated damage with a high stiffness reduction 
(Ek=57.3 %). The high probability of identified damage is indicated by presence of high red 
bars. The damage localization is unambiguous. 

Simulated damage: X=113.8m, L=4.7m, Ek=57.3 % 

    
Figure 14: Relative occurrence of matching damage scenarios in a simulated damage case with high stiffness 

reduction. 
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4 CONCLUSIONS  

 Procedure for evaluation of modal parameter uncertainties was presented. It is recom-
mended to consider besides uncertainties caused by environmental influences also the 
uncertainties of the automated extraction of modal parameters. 

 Damage detection was performed using the forward approach by matching of modal pa-
rameters to database of pre-calculated damage states. 

 Effect of modal parameter uncertainty on damage detection results was evaluated using 
Monte-Carlo Simulation. 

 Healthy structural state was clearly identified by relatively high probability of undam-
aged state and smaller probabilities of weak damage scenarios spread across the whole 
bridge (not localized in any specific area). 

 In the simulated damage scenarios, the localization became clearer if the introduced stiff-
ness reduction was higher. Already at level of 30 % stiffness reduction the localization 
was very good. 

 The presented probabilistic process of damage detection seems to be a practicable meth-
od for damage detection that considers uncertainties of input parameters. 
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Abstract. The structures experience increasing traffic volume and weight, deteriorating of 

components and large number of stress cycles. Therefore, assessment of the current condition 

(i.e. Structural Health Monitoring) of steel railway bridges becomes necessary. Most of the 

commonly available approaches for Structural Health Monitoring are based visual inspection 

and non-destructive testing methods. The visual inspection is unreliable as those depend on 

uncertainty behind inspectors and their experience. Also, the non-destructive testing methods 

are found to be expensive. Therefore, recent researches noticed that dynamic modal parame-

ters or vibration measurements-based Structural Health Monitoring Methods are economical 

and may also provide more realistic predictions to damage state of civil infrastructure. There-

fore this paper proposes a simple technique to locate the damage region of railway truss 

bridges based on measured modal parameters. The technique is discussed with a case study. 

Initially paper describes the details of considered railway bridge. Then methods and observa-

tions of visual inspection, material testing and in-situ load testing are discussed under sepa-

rate sections. Then the development of validated FE model of the considered bridge is 

comprehensively discussed. Hence, variations of modal parameters versus position of the 

damage were plotted. These plots are considered as the main reference for locating the dam-

age of the railway bridge in future periodical inspection by comparing the measured corre-

sponding modal parameters. Finally the procedure of periodical vibration measurement and 

damage locating technique were clearly illustrated.  
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1 INTRODUCTION 

A most of railway bridges in the world (i.e. mainly in UK, parts of Europe and North 

America) are near the end of their design lives and many of them exceeds 100 years of age [1, 

2]. Replacement of all these at once will be extremely expensive and practically impossible as 

there are large number of old bridges (e.g. it is estimated that there is more than 6000 in UK). 

As a result, in the past two decades, a significant amount of effort has been directed towards 

the development of structural health monitoring and non-destructive assessment methods to 

maintain these bridges more efficiently [2-12]. 

Structural appraisal has been received more attention from bridge engineers due to recent 

failures in bridges in both developed and developing countries such as collapse of the Inter-

state 35W bridge in Minneapolis, Minnesota in July 2007; the Hoan bridge failure in Milwau-

kee, Wisconsin in 2000;partially collapse of Cosen bridge in Latchford, Canada in 2003 and 

etc. The detailed inspections of steel truss bridges in the word revealed cracks and fractures, 

severe deterioration due to corrosion of members, some of which already reached a complete 

loss of the cross section of the member [13-16]. Some of these damages are located in the re-

gions, where it is difficult to access for visual inspections.  

In health monitoring of bridges, visual inspections are widely used. However, uncertainties 

of skills of inspectors and above mentioned accessibility issues finally hindered the visual in-

spection based health monitoring of bridges for part of the structure. Even though the nonde-

structive testing-based damage detection approaches are more accurate, those approaches are 

highly expensive and time consuming. Recently researches noticed that dynamic model pa-

rameters or vibration measurements-based structural health monitoring techniques may pro-

vide more realistic predictions to damage state of steel structures [13,17]. This approach is 

mainly based on variation of model parameters (i.e. i.e. natural frequency, mode shapes and 

model damping) with structural integrity. Therefore, periodical model parameter measure-

ments can be used to monitor structural condition. Since model parameter measurements can 

be cheaply acquired, the approach could provide an inexpensive structural assessment tech-

nique [17,18]. Even though large number of studies have been done on this area, vibration 

measurement-based detection of damage or deterioration due to more or equal to the complete 

loss of cross section has not been properly discussed for railway bridges. 

To overcome the above problem to some extent, this paper discusses a vibration measure-

ment based simple technique to locate the damaged or deteriorated region for detailed inspec-

tion and quantification of damage. The scope of study is limited to the steel truss bridges. The 

concept of this damage locating technique is change of model parameters (i.e. natural fre-

quency and mode shapes) due to presence of damage or deterioration. The damages or deteri-

oration due to fully section loss of members, which  are difficult to access for visual 

inspections, are more precisely locate by this proposed technique and it is the one of the main 

limitations of this approach. This approach provides a warning of damage or deterioration be-

fore it is too late to attend for necessary detailed inspection or maintenance. The paper de-

scribes the proposed technique with a comprehensive case study as bellow. 

2 CONSIDERED BRIDGE 

The selected bridge is one of the major railway bridges in Sri Lanka spanning 160 m (Fig-

ure 1). It is a six span-riveted bridge with double lane rail tracks having warren type semi 

through trusses, supported on cylindrical piers. The bridge deck is made of wrought iron and 

the piers are made of cast iron casings with infilled concrete. The bridge was constructed in 

1885. Details of trains carried by the bridge and their frequencies illustrate that the bridge is 

suffered from variable amplitude loading. 
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3 VISUAL INSPECTION 

The condition survey revealed that some places of the bridge have been subjected to mild 

corrosion due to the absence of anti corrosive coating (see Figure 1). No visual cracks were 

observed in any component of the super structure. In situ measurements of member sizes, 

connections and support bearings verified the fact that the existing drawings were applicable 

and only few significant variations were observed. 

4 MATERIAL TESTING  

The sampling of materials, specimen preparation and testing were carried out according to 

the ASTM standards. The chemical analyses as well as microscopic examinations lead to the 

conclusion that the bridge super structure material is wrought iron. The obtained values for 

elastic modulus, yield strength, ultimate strength in tension, fatigue strength and density are 

195 GPa, 240 MPa, 383 MPa, 155 MPa and 7600 kg/m
3
 respectively. 

5 STATIC AND DYNAMIC LOAD TESTING  

Static and dynamic load tests were performed to study the real behavior of the bridge under 

various load combinations. The in-situ measurements were performed using two M8 engines, 

each weighting 1120 kN, which is the heaviest rail traffic in current operation. The bridge was 

instrumented with strain gauges placed at selected locations to measure normal strains. In ad-

dition, the tri-axial vibrations were recorded at several locations using accelerometers. Dis-

placement transducers were used to measures vertical deflection at three places around the 

mid-span area of the bridge. The measured locations are shown in Figure 2. 

 To obtain the different type of load combinations, which are critical to the bridge, the 

two test-engines were placed together as well as moved under different speeds. The consid-

ered three static load combinations are defined as static load case (SLC) 1,2 and 3 by consid-

ering criteria of maximum shear effect, maximum bending effect (maximum deflection) and 

maximum torsion effect to the bridge deck respectively. The loading positions corresponding 

to the mentioned three load cases are shown in Figure 3. The criteria, which were considered 

for dynamic load combinations, basically illustrate that impact effect to the bridge with differ-

ent levels of speed and traction force effect. Apart from the above mentioned formal field load 

testing, the bridge was subjected to a two days continuous field measurement program under 

present day actual traffic. When the bridge is affected by maximum load due to the present 

day heaviest train passage, the obtained sample measurements are shown in Figure 4. Finally 

the dynamic factors were obtained as 1.3, 1.4 and 1.4 for main truss girders, secondary cross 

girders and stringers respectively. 

Figure 1: General views of the riveted railway bridge 
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6 DEVELOPMENT OF VALIDATED FINITE ELEMENT MODEL  

Then the bridge deck was analyzed using the finite element (FE) method employed gen-

eral- purpose package SAP 2000. A three-dimensional (3D) model (Figure 5) of one complete 

middle span of the bridge was analysed under actual loading to determine stresses in members 

and deflections, as well as variations of stresses under moving loads. The material properties 

recorded in section 4 and section properties calculated above were utilized for this FE analysis. 

The bridge deck was modelled with 3D frame elements and the riveted connections were as-

sumed to be fully-fixed [4]. Moving load employed time history dynamic analysis was con-

(b) 
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Figure 3. Loading positions corresponding to three static load cases (a) SLC 1 (b) SLC 2 (c) SLC 3 
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(b) 
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 Plane view: 9.4 Tons per each marked point 

 Plane view: 9.4 Tons per each marked point 
 Side view: 18.8 Tons per each arrowhead 

(c) 
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ducted for each different load cases discussed in section 5. After appearing the general corro-

sion sign of each member of each location, the input values of sectional parameters were 

changed by calculated values of corroded section to obtain the load histories of the members.  

The validation of FE model was done by comparing the results from analysis with those 

from field-tests as shown in Table 1. In this paper, further validation of the FE model is done 

by comparing the results of time history dynamic analysis with those from measured time his-

tories during appraisal in year 2001 as shown in Figure 4. These figures show that there is a 

good agreement among analytical results of the FE model and the measurement of the actual 

bridge. Therefore, the considered 3D frame element model was defined as “validated FE 

model” which can reasonably represent the actual static and dynamic behavior of the bridge at 

2001. 

7 MODEL PARAMETER VARIATION WITH RESPECT TO DAMAGE  

In this study, it is assumed that damage of the member represent fully section loss or 

through thickness crack of inaccessible members (i.e. difficult to access for visual inspections) 

such as main girder bottom chord and cross girders. It was also assumed that probability is 

(b) (c) 

(d) (e) (f) 

(a) 

Figure 4. Comparison of FEM time history analysis results with field measurements: (a) Stresses at MT3,2 bottom 

chord of the main girder, (b) Stresses at MC3,2 top chord of the main girder, (c) Stresses at DT3 diagonal tension 

members, (d) Stresses at DC3 diagonal compression members, (e) Vertical displacemnt at midspan, (f) Vertical ac-

celeration at midspan 
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very low to damage or deteriorate two or more members until complete loss of cross section 

in an interval of two periodical inspections. Thus validated FE model obtained in section 6 

(c) (a) (b) 

(d) (e) (f) 

Figure 5. The FE analysis results for moving train load: (a) Vertical displacement when the train is in the middle of the 

bridge (b) Maximum stress taken over all stress points at each cross sections when train is in the middle of the bridge (c) 

Minimum stress taken over all stress points at each cross sections when train is in the middle of the bridge (d) Vertical dis-

placement when the train just before leave the bridge (e) Maximum stress taken over all stress points at each cross sections 

when the train just before leave the bridge (f) Minimum stress taken over all stress points at each cross sections when the 

train just before leave the bridge 

Yellow color: Tensile stress 

Red color: compressive stress 

Table 1. Comparison of FE analytical results with load test results 

Static load case  Displacement (mm)  Stress (MPa) 

 Location of measurement Load test FEM Location of measurement Load test FEM 

SLC 1 D1 19.4 21.0  S6 -40.2 -40.6 

     S5 51.4 57.3 

     S15,T,B 47.3 48.2 

SLC 2 D1 21.3 22.5  S6 -37.8 -37.7 

     S5 44.5 43.6 

     S15,T,B 53.5 53.9 

SLC 3 D1 - 19.1  S6 -39.5 -39.9 

     S5 35.2 41.5 

     S15,T,B 39.0 44.7 
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was used to simply remove one member at a time and re-analyze to get the modal parameters 

of each mode of free vibration. Hence, the location, type of member and observed values of 

modal parameters are recorded and plot variations of modal parameters versus position of the 

damage as shown in Figure 6 -9.  

At modal nodes (points of zero modal displacements), the stress is minimum for the partic-

ular mode of vibration. Hence, it can be seen that less change in a particular modal parameter 

when damage is located in members which are close to the modal node. However, the pa-

rameters in other modes of vibration can still be used to locate this damage of member [16]. 

Therefore, it is important to plot the variation of model parameters for few modes of vibra-

tions. Finally, these plots were used as main reference for locating the damage of the railway 

bridge in future periodical inspection by comparing the measured corresponding model pa-

rameter.  

8 PERIODICAL VIBRATION MEASUREMENT AND LOCATING DAMAGES  

After ten years later of previous inspection (i.e. 2011), bridge was instrumented with accel-

erometers placed at selected locations to measure all three directions accelerations. In order to 

Figure 6: Variation of natural frequency versus length to damaged member of main girder bottom chord:  

(a) mode 1, (b) mode 2 

 (a)   (b)  

Figure 7: Variation of mid span modal displacement versus length to damaged member of main girder 

bottom chord: (a) mode 1, (b) mode 2 

 (a)   (b)  
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measure free vibration, accelerations were recorded after the train had crossed the bridge. 

Hence natural periods of each mode were determined and corresponding natural frequencies 

were predicted as 4.72 Hz and 9.1Hz respectively for mode 1 and 2. The mode displacements 

were obtained by FFT transformation of measured accelerations. The predicted mode dis-

placements at mid-span are 0.212mm and 0.191mm respectively for mode 1 and 2. Then these 

values compared with plots obtained in section 7. Hence, the suspected region of damage has 

been located in cross girders as circled in Figure 2(b).Then bridge inspectors stops the train 

operation for one night and detailed inspection was conducted. Finally its revealed that loos-

ening of many of rivets finally hindered the contribution of cross girder number 16
th

 to the 

stiffness of the bridge. Suspected reason for these loosing might be the fatigue.  

9 CONCLUSIONS 

A simple technique was proposed to locate the damage region of railway bridges based on 

measured model parameters. The case study shows the applicability of the introduced tech-

nique. The technique mainly depends on plots of variation of model parameter respect to the 

position of damage which was obtained by validated FE model. The validated FE model, 

which represents more reasonably the actual static and dynamic behavior of the railway 

Figure 8: Variation of natural frequency versus length to damaged member of cross girder:  

(a) mode 1, (b) mode 2 

 (a)   (b)  

Figure 9: Variation of mid span modal displacement versus length to damaged member of cross girder: 

(a) mode 1, (b) mode 2 

 (a)   (b)  
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bridge at the time of validated, was obtained by comparing the measured responses with FE 

model given responses. The periodical model parameter measurement has to be conducted 

and obtained measurement should be compared with above plots to locate the region of dam-

age. As this periodical model parameter measurement is based only on acceleration under 

usual moving train loads, it can be concluded that this measurement can be cheaply acquired 

and the proposed method provides an inexpensive structural appraisal technique. Influence of 

partially loss of member cross section for change of model parameters are recommended for 

future studies. 
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Abstract. This paper presents a method to utilize Time-Delay Embedding (TDE) to perform 
structural health monitoring and obtain a damage metric that tracks deterioration in struc-
tural health over time. Proof-of-concept is demonstrated through an experimental investiga-
tion. The experimental setup consisted of high-rise building model, made of aluminium, 
mounted on a digitally-controlled shaker table. Floor accelerations are recorded using accel-
erometers on each elevation to capture the dynamic response during the base excitation. Nat-
ural modes of vibration and their corresponding frequencies were determined experimentally 
using a frequency sweep of low-amplitude sinusoidal support excitations. The model building 
was excited at its natural frequency with moderate-amplitude sinusoidal base excitation to 
establish its “pristine” condition baseline. Subsequently, damage is introduced to columns on 
the first floor by cutting two notches at mid-height, significantly reducing their cross-
sectional areas. The same base motion protocol was re-applied and acceleration data was 
collected and processed to detect the pre-known damage patterns as well as the total failure 
using changes in the oscillation orbits. The damage metric is shown to adequately detect 
structural damage. 
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1 INTRODUCTION AND BACKGROUND 

With the observed increase in frequency and intensity of seismic activity, there is a need to 
detect damage in important structures such as bridges and high-rise buildings. This can be 
done through continuous monitoring for structural integrity purposes. Further, ongoing Struc-
tural Health Monitoring (SHM) is not limited to seismic activity but can also be used to main-
tain long-term safety, viability and value of structures. 

SHM is the non-intrusive collection and analysis methods for damage detection and diag-
nosis.  The goal of SHM is to characterize the structure’s performance and to help maintain 
the structural performance over its service life. Vibration-based SHM assumes that the struc-
tural dynamic response will depart from a baseline healthy performance pattern(s) when dam-
age occurs in the structure. Thus, damage detection is contingent upon successfully extracting 
sensitive damage feature(s), patterning such feature(s) and realizing changes in these patterns 
as damage progresses. To achieve that, a SHM system incorporates four components: data 
acquisition, damage feature extraction, damage pattern recognition (diagnosis) and damage 
prognosis. These components relate to the collection of data from sensors or sensor networks, 
the identification of a critical feature that is sensitive to the damage state in the structure, the 
use of the damage feature(s) to quantify damage, and the estimating of the remaining service 
life using system prognosis methods [1]. Over the past three decades, numerous methods with 
the objective of extracting sensitive damage feature(s) have been tested on several structures 
[2]–[6].  Tools for damage detection using structural dynamics analysis, such as modal update 
and Fourier and wavelet transforms, have been examined over a large span of structures rang-
ing from simple cantilevers to large bridges and multi-story buildings [7], [8]. By nature, tall 
buildings are particularly susceptible to strong ground motions propagating from long dis-
tances with ample energy levels at low predominant frequencies [9]. Moreover, tremors can 
cause low level damage that might not be apparent initially but will lead to damage accumula-
tion and long-term impact on the structural integrity of the building. 

Time-Delay Embedding (TDE) was introduced in the 1980s as a method to reconstruct in-
accessible states of dynamic systems [10]–[12]. The method uses the time-history of a single 
accessible state in a coupled dynamic system to reconstruct the full system states. To recon-
struct the other states, the time-history of the available state is delayed by a ‘proper’ time step. 
For example, when using TDE one can measure the acceleration of one floor in a building to 
estimate the states of the key parts in the coupled dynamic system, such as other floors accel-
erations. The reconstructed phase-space can then be used to track damage evolution. One ap-
proach to achieve this is the so-called Phase-Space Warping (PSW) [13]–[15]. PSW uses the 
healthy system response to construct local linear maps in phase-space that describe the char-
acteristics of the healthy system response. It then compares evolution of the actual system re-
sponse in phase-space to the healthy system local maps to extract a damage tracking metric. 

In this paper, a novel method is developed to detect structural damage in high-rise build-
ings using TDE and PSW. 

2 TIME-DELAY EMBEDDING AND PHASE-SPACE WARPING 

 A simple representation of an n-story frame is a coupled MDOF oscillator: 

1	 1 1	 1 1	 1 2 2 1 1, 1, 2, 2,  

2	 2 2	 2 2	 1 3 2 2 1, 1, 2, 2, 																									 1  
	 	 	 1 1 1, 1, , ,  

 
where x1 to xn are the horizontal displacements of the lumped mass of the n-floors, c1 to cn 

are the damping coefficients, k1 to kn are the stiffness of the floors, and the functions f1 to f2 
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contain nonlinear coupling terms between the n-floors motions and external forces.  The vi-
bration of this system is excited due to external loads such as ground excitations.  Typically, 
the system periodic motions are on the order of 0.1 to 1 second. On the other hand, the dam-
age processes we are concerned with are slow, leading over long-time, to performance degra-
dation.  The typical half-life for these processes is on the order of thousands of hours (106 
seconds).  As far as the dynamic system in n-equations is concerned, this is a slow-variation 
in the system parameters that modulates the dynamic response.  Conversely, damage is also 
driven by the system fast dynamics (oscillations).  Assuming, for simplicity, that a single-
damage process appears in the system, we can represent it by the state variable y.  As a result, 
the system evolution is now composed of fast observable dynamics, the native states, and a 
very slow unobservable dynamic process, the damage state ; an additional equation can be 
added as: 
 

, , , , 																																																																		 2  
 

where  is a small non-dimensional parameter describing the slow evolution of the damage 
process compared to the fast oscillations of the system and the function g describes the evolu-
tion of the damage mechanism over time. The goal is to use the observable part of the dynam-

ics 1, 1, ,  to reconstruct the unobservable part of the dynamics, y.  Therefore, 
damage detection over time can be paused as a system identification problem for a hierarchal 
dynamic system containing fast-time and slow-time scales.  Since the system response is cou-
pled, the observable fast-time dynamics is interrogated to identify the slow-time dynamics 
(damage) of the oscillator.  

 
To achieve this goal, the method of Phase-Space Warping (PSW) is employed which 

tracks the orbits of the system in phase space as they evolve over time.  The orbits are con-

structed using the observable states 1, 1, , .  Degradation is a process that drives 
the orbits progressively away, in shape and/or location in the phase space, from the healthy 
(baseline) orbit of the system.  This ‘drift’ (distance between the current orbit and the baseline 
orbit) is measured as the orbit evolves over time and quantified as the scalar tracking metric 
(t).  It has been demonstrated [13], [14] that a one-to-one relationship exists between (t) and 
y(t). The difference between the time scales of the oscillator's native fast dynamics and the 
damage process's slow dynamics is proven to be useful through periodic sampling the system 
dynamics.  Each sample (snapshot) can then be used to construct an ‘averaged’ orbit, assum-
ing that the damage process is stationary (y(t) = constant) over the medium time-scale (100s 
of periods).  Finally, the average orbits are compared to the baseline orbit over the long time-
scale (10,000s of periods) and the difference is quantified as the tracking metric (t).  This 
approach has the advantages of reducing data collection and computational costs by periodic 
sampling over the long time-scale and improving the signal-to-noise ratio by averaging over 
the medium time-scale, thereby facilitating low-cost early detection of damage or degradation.  
As the drift and the tracking metric (t) grow to exceed the signal noise level, given a pre-set 
confidence level, damage detection is declared. For brevity, the intricate mathematical details 
of the procedure are not presented herein. However, the reader is referred to the aforemen-
tioned references for further details. 

3 EXPERIMENTAL INVESTIGATION  

The experimental setup consisted of model 4-story building made of aluminium mounted 
on a digitally-controlled shaking table as can be seen in Figure 1. Floor accelerations are rec-
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orded using accelerometers on each elevation to fully capture the dynamic response during the 
base shaking. Natural modes of vibration and their corresponding frequencies are determined 
experimentally using a frequency sweep of low-amplitude sinusoidal support excitations. The 
model building is excited at its fundamental frequency (4.37Hz) with moderate-amplitude si-
nusoidal base excitation to establish its “healthy” or “pristine” condition baseline using the 
collected and processed data.  

 
Figure 1: 4-story model building mounted to the shaker table and controller setup. 

Subsequently, damage is introduced to columns on the first floor by cutting two notches at 
the mid-height, significantly reducing their cross-sectional areas (Figure 2). The same base 
motion protocol is re-applied and acceleration data is collected and processed to detect the 
pre-known damage patterns as well as the total failure using changes in the oscillation orbits. 

  
Figure 2: Column damage introduced by notched cross-section (cut-out). 

4 RESULTS AND DISCUSSION  

The healthy or pristine baseline state of the structure is captured through its frequency sig-
nature (Fast Fourier Transform, FFT), which is presented in Figure 3. It can be seen that FFT 
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amplitude is highest for the first harmonic and exhibiting descending peaks for the higher 
harmonics except for the third harmonic. The dominance of a third harmonic among the high-
er harmonics indicates that the building is symmetric along the direction of oscillations.  

 

 
Figure 3: FFT for the model building healthy state. 

Figure 4 illustrates the effect of the inflected damage to the columns at the first floor by 
notching their cross-sections. Inspection of the FFT signature, in comparison to the healthy 
state, it can be readily appreciated that the harmonics have wider bases. i.e. the damage-
induced nonlinearities blur the otherwise narrow-banded peaks at the structure’s harmonics. 
This is most evident in the first harmonic. This indicates that the introduced nonlinearities are 
in fact significant and relevant to the building response as the system has suffered noticeable 
change in characteristics (reduced stiffness). It is also seen that the damage is manifested 
through the re-ordered amplitudes of higher harmonics (the fourth harmonic is more dominant 
than the third). This is in agreement with the loss of symmetry that the building model under-
went physically.  

 
Figure 4: FFT for the model building state with notched columns. 

2572



M. H. AlHamaydeh, K. Wong, R. Fernandes, J. Seok, E. M. Abdel-Rahman, and Sami El-Borgi 

 
Figure 5: PSW damage metric 

The PSW damage metric depicts the evolution and time-history of structural damage as 
demonstrated in Figure 5. The damage metric has very small values throughout the ground 
excitation application all the way till the introduction of the notches to the first story columns. 
At which point, the  damage metric drops abruptly to -2.8, clearly indicating a significant ab-
rupt damage. Increasing levels of damage induced by fatigue in the notched column cross-
sections are also apparent from the increasing negative slope the fill factor assumes as it ap-
proaches -3. After many oscillations with increasing damage, one of the notched columns 
broke. This was immediately identified by the damage metric changing abruptly again to ap-
proximately -2.1. The severe inflected damage through the loss of one of the two notched col-
umns magnified the horizontal irregularity (lack of symmetry) in the model. Subsequent 
oscillations exerted higher demands on the remaining column and in turn inflected increasing-
ly higher rate of damage. This higher rate is demonstrated through the steeper negative slope 
in the damage metric which ultimately results in accelerated failure in the remaining notched 
column. The final collapse of the building is signified by a third abrupt jump in the fatigue 
metric. 

5 CONCLUSIONS 

A novel method to track structural damage in MDOF systems is presented. The method 
assumes that damage is a slowly changing variable in the measured floor acceleration signal. 
A damage metric is estimated from the slowly varying in the shape and position of phase 
space orbits as time passes. As a first step, the method of Time-Delay Embedding (TDE) is 
used to reconstruct the pseudo phase-space from acceleration measurements. Then, the track-
ing procedure is carried out using the method of Phase-Space Warping (PSW). Results show 
that the methods used are capable of identifying slowly changing damage using acceleration 
signals. The damage index revealed information about the health state of the overall coupled 
dynamic system under test, a 4-story model building in this case.  

It is shown that TDE and PSW methods can provide an accurate overall ‘big picture’ esti-
mator of structural damage. Unlike conventional vibration-based damage detection techniques 
described in the current literature (such as comparisons of FFT signatures only), this method 
can supply information about damage evolution in an insightful and unique manner. Another 
major strength to the presented SHM approach is that it provides an ongoing estimate of the 
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current health of the structure and with slight modifications, can also provide structural dam-
age prognosis in the form of an estimated time to failure. This opens doors to real-time SHM 
encompassing diagnosis, monitoring and prognosis of important structures such as bridges 
and high-rise buildings.  
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Abstract. Evaluation of system parameters of civil engineering structures using system iden-
tification techniques has attracted considerable attention in recent years. Recorded dynamic 
responses of the structures due to ambient or earthquake excitations are utilized for identifi-
cation of system parameters of the structures. Huge amount of works have been carried out in 
the field of linear time invariant system identification; but the application in time varying sys-
tem identification is very limited. In the present study, three numbers of numerically simulated 
models of 1/5th scaled bare frame two storey R.C. buildings have been considered. Nonlinear 
time history analyses are carried out to detect the changes of modal parameters of the dete-
riorating structure. Further, acceleration responses are collected from different floors during 
base excitation of models. Linear Deterministic-Stochastic Identification (DSI) technique (e.g. 
N4SID) is then used for the identification of modal parameters (natural frequency). Since, a 
linear DSI algorithm would not be applicable for structures excited to nonlinear range, hence 
modal parameters are obtained for short data time windows. These instantaneous modal pa-
rameters are found to represent the deterioration of the structure reasonably well. Further, 
an approach referred to as the sequential non-linear least-square estimation (SNLSE) is used 
to compare the identified result obtained from N4SID algorithm using short time data window. 
In this approach, acceleration responses and external excitations are measured, whereas the 
structural parameters and response state vector are estimated similar to the Extended Kal-
man Filter (EKF) approach. It is superior to EKF in terms of stability and convergence. 
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1 INTRODUCTION 
In developing and developed countries, where exists a lot of aged important and costly 

structures exists has survived various intensities of earthquakes throughout its life span. A 
concern is raised in the minds civil engineering community about the health of such structures. 
Whether, any major internal externally invisible damage has occurred or estimating the life of 
such structures or whether it can survive any other major earthquake or whether it can carry 
any further load as in the case of bridges. Traditional damage detection techniques for identi-
fying local damages referred to as non-destructive testing (NDT) such as CT scanning and 
ultrasonic, etc., are taboo these days with the advent of system identification techniques based 
on vibration data.  
 But most of the theories upon which structural dynamic analysis is founded rely heavily on 
the assumption that the dynamic behavior of the structure is linear. Failure to obey the super-
position principle implies that the structure is nonlinear. In fact, most practical engineering 
structures have a certain degree of nonlinearity due to nonlinear dynamic characteristics of 
structural joints, boundary conditions and material properties. For practical purposes, in many 
cases, they are regarded as linear structures, whenever the degree of nonlinearity is small and 
therefore insignificant in the response range of interest, whereby linear model analysis meth-
ods can be applied to analyze their dynamic characteristics. Civil structures are designed and 
exhibit highly non-linear characteristics under severe loads such as strong seismic excitation. 
Thus, non-linear structural identification (SI) is necessary for civil infrastructure if health 
monitoring or accurate simulation of response is needed. As per Ewins 0,the identification 
process for linear multi-degree of freedom (DOF) systems is now mature and the methods, 
whilst operating in the time or frequency domains and using a variety of intermediate models, 
almost all yield a final model based upon modal parameters, viz. natural frequency, mode 
shape, modal damping and modal mass. Earlier attempts for identification of nonlinear sys-
tems can be found in the works of Masri and Caughey [2], Zhang et al. [3] based on curve fit-
ting methods, with little success. Kerschen et al.[4] classified the nonlinear system 
identification in the literature into the following seven categories: time-domain methods, fre-
quency-domain methods, time-frequency methods, methods that by-pass nonlinearity is using 
linearization, modal methods, black box methods and structural model updating methods. 
 Overschee and Moor [5] proposed subspace identification approach for linear system and 
implemented the same in practical application. A combined deterministic-stochastic algorithm 
namely Numerical Algorithm for Subspace State Space System Identification (N4SID) is a 
popular algorithm in research community as well as for practicing civil engineers for linear 
system identification of civil structures. It uses acceleration inputs at various DOF’s and 
ground excitation to identify the modal parameters like eigenvalues, eigenvectors, damping 
etc.  
 Deterministic-stochastic subspace identification (DSI) technique was utilized successfully 
by Moaveni and Asgarieh [6]0 an input-output parametric linear system identification method, 
for characterization of nonlinear dynamic structural system based on time varying amplitude-
dependent instantaneous (i.e. based on short-time window) modal parameters. They applied 
the technique both on analytical and physical hysteretic models and claimed that it performs 
much better than wavelet based analysis. As N4SID is also a deterministic-stochastic sub-
space identification method, this is applied in this present work to verify its applicability and 
feasibility to analytical nonlinear models. 
N4SID suffers drawback as it is purely a black-box system identification tool and the results 
are difficult to interpret by engineers until recently Kim and Lynch [7] in their paper on black-
box system identification attempted to provide a detailed explanation on geometrical interpre-
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tation of N4SID algorithm to provide civil engineers a deeper appreciation with the algorithm. 
N4SID is quite robust tool for linear system, few researchers Paulo et al. 08] tried to modify 
the linear N4SID to bilinear systems by playing with the system matrix. Our civil structures 
which are nonlinear cannot be generalized to behave in bilinear manner. Still it needs to be 
explored more. 
 Since the development of Kalman Filter in 1960 by Rudolf E. Kalman, extensive use of 
kalman filter for estimate of state variables has been found in literature. The Kalman filter es-
timate is sometimes denoted the “least mean-square estimate”. The kalman filter algorithm 
was originally developed for systems assumed to be represented with a linear state-space 
model. The kalman filter for nonlinear models is denoted the Extended Kalman Filter (EKF). 
Many researchers used EKF for nonlinear structural system identification with various modi-
fications. Hoshiya and Saito [9]0 applied EKF to the system identification problem of seismic 
structural systems. A weighted global iteration procedure with an objective function was pro-
posed for stable and convergent estimation, which was incorporated in EKF. Investigation 
was carried out for MDOF, bilinear hysteretic systems. Yang and Lin [10] carried out on-line 
identification of non-linear hysteretic structures using an adaptive tracking technique. The 
hysteretic model was modeled using Bouc-Wen model which was incorporated in the nonlin-
ear term of the EKF. The main drawback was that generalized nonlinearity could not be han-
dled. 
 In order to remove all the drawbacks of LSE and EKF approaches for the on-line system 
identification, a new approach referred to as the sequential non-linear least-square estimation 
(SNLSE) was proposed by Yang and Lin [11]0. Simulation results for both linear and nonlin-
ear structures will be presented to demonstrate the efficiency of the proposed adapted SNLSE 
in tracking the structural damage. In this approach, acceleration responses and external excita-
tions are measured, whereas the structural parameters and response state vector are estimated 
similar to the EKF approach. It is superior to EKF in terms of stability and convergence.  
 With the advent of the recently developed SNLSE technique, an attempt was made in this 
paper to identify the modal parameters of degrading RCC structure excited to nonlinear range 
(material nonlinearity) using the SNLSE technique and N4SID technique with short time data 
window and compare the result with that obtained from exact analysis using “OpenSees” 
software. 

2 DESCRIPTION OF THE LABORATORY SCALED MODELS 

 Three bare frame models are considered and designated them by Model-1, Model-2 & 
Model-3. These Models were developed considering a RC prototype with a scale factor of 1/5. 
Nonlinear dynamic analysis was performed using OpenSees Software.  

2.1 Similitude & Scaling  
The laws of similitude are followed to arrive at appropriate input motion, dimensions of test 
models as well as for finalization of additional mass requirement for gravity load simulation. 
The similitude requirements are derived from dimensional analysis which depends on physi-
cal characteristics like length, force, time. Table 1 shows derived scaling relationship of the 
parameters relevant to the present study. 
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Table 1: Similitude Requirement. 

2.2 Geometrical and material properties of the models  
The test models have been designated as Model I, Model II and Model III. The descrip-

tions of various geometrical properties of all the test models are furnished in Table 2 and the 
various material properties are shown in Table 3. 

 
Table 2:Geometrical Properties 

2.3 Compensating Mass for Scale Test Models  

The case of scale test model, the geometry of the structure is decided in accordance to the 
scale factor. However, the mass of the prototype structure does not get proportionately re-
duced as per similitude requirement. Hence, additional masses need to be added to maintain 
requirement of scaling relationship for gravity load similitude as mentioned in Table 1.The 
mass of the prototype building have been determined as 75088 kg considering unit weight of 
concrete as 2435 kg/m3. The total mass of the test model is 600 kg. The mass required for ful-
filling similitude requirement is3000 kg. Hence, an additional mass of 2400 (=3000-600) kg is 
required to be uniformly distributed over two floors of the model.  
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Particulars Model 1 Model 2 Model 3 

Concrete 

Density (Kg/m3) 2435 2435 2435 

Compressive Strength(N/mm2) 15 15 15 

Reinforcing Steel : Longitudinal Bars 

Type of Steel Fe 250 Fe 250 Fe 250 

Diameter of bars (mm) 6 6 6 

Number of bars 4 4 4 

Young’s Modulus (N/mm2) 2.00E+005 2.00E+005 2.00E+005 

Reinforcing Steel : Stirrups 

Spacing of stirrups (mm) 45 45 45 

Diameter of bars (mm) 3 3 3 

Clear cover 

Beams (mm) 15 15 15 

First storey columns (mm) 15 15 15 

Ground storey columns (mm) 15 15 20 

Table 3: Material Properties 

2.4 Details of Ground Motion  
Two different earthquake ground motions have been considered for subjecting excitation to 

the analytical test models. Earthquake records with different peak accelerations, displace-
ments and durations have been selected for use in analytical experiment. These were recorded 
during El Centro (1940): Comp – 180 & Victoria (1980): Comp - CPE045 earthquakes. The 
descriptions of relevant characteristics of the earthquake records are presented in Table 4. For 
nonlinear identification, spectrum compatible time histories are used. 

Earthquake components 

Peak ground 

acceleration 

(g) 

Frequency 

Range 

(rad/sec) 

El Centro (1940): Comp - 180 0.32 0-65 

Victoria (1980): Comp - CPE045 0.62 0-160 

Table 4: Characteristics of the selected Earthquake records. 

2.5 Scaled time Histories  
As mentioned in the Section-2.1, the sampling rate of earthquake records used for shake 

table excitation need to be scaled through a factor 1/�S , where S denotes scale factor. The 
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Table 5 represents original and scaled sampling rate of earthquake records used for Time His-
tory Analysis. 

Earthquake components Original Time Interval (Sec) Scaled Time Interval 

(Sec) 

El Centro (1940): Comp - 180 0.02 0.008944 

Victoria (1980): Comp - CPE045 0.01 0.004472 

Table 5: Time interval of earthquake records used for Time History analysis. 

3 MODELLING CONSIDERATION  

3.1 The Analytical Model  

The System for Earthquake Engineering Simulation (OpenSees) software Mazzoni et al. 
[12]0 was used to make an analytical model of the structure for performing nonlinear dynamic 
analysis. The numerical model is shown in Figure 1.  

 
Figure 1: The Analytical Model 

All the 6 numbers of support nodes are constrained in all DOF i.e.  fixed support. Concen-
trated plasticity with elastic interior (beam with hinges) elements has been considered for 
beam and column elements. Plastic hinge length for column considered as 0.113m from beam 
column joint and for beam it is 0.130m. 

3.2 Element Section Type 
Fiber Section has been considered. Reinforcement detail of column section has been shown 

in Figure 2. 

2581



Prodip K. Paul, Anjan Dutta and Sajal K Deb. 

 

 
Figure 2: Typical Reinforcement Details of Column Section. 

3.3 Material behavior for concrete or the concrete model for concrete fibers. 
OpenSees “ Concrete02” material –Linear Tension softening is used here. This is an uniax-

ial concrete material object with tensile strength and linear tension softening. It uses mander 
model Mander et al. [13]0 for confined inner core strength and unconfined strength for cover. 

3.4 Material behaviour for Steel or the Steel model for Reinforcement fibers. 

OpenSees “Steel02” material, Giuffre-Menegotto-Pinto Model with Isotropic Strain Hard-
ening has been considered. This is an uni-axial Steel material object. Isotropic hardening has 
been ignored in the present case. 

4 COMPARATIVE STUDY OF THE CHANGE OF MODAL PARAMETERS OF 
PROGRESSIVELY DETERIOTING STRUCTURE.  

4.1 RCC Prototype Model-1  
Total of 15 data window taken with each data window containing 100 points i.e. 

15x100=1500 time step x 0.00447=9.387sec of Victoria (1980): Comp - CPE045 (Spectrum 
Compatible) time-history for lab-scaled analytical model no-1. The scale factor for amplitude 
of excitation was selected such that the structure is taken into nonlinear range. The scale fac-
tor selected was 0.204g. It is expected that the modal frequencies of the structure should de-
grade as the behavior of the structure changes from linear to nonlinear. This is evident from 
the results as obtained in Table 6. The results of System Identification using N4SID, SNLSE 
and exact analysis by OpenSees software are presented in Figure 3. 
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Data 
window 

Time (sec) Frequency (Rad/Sec)    

   N4SID  SNLSE  OpenSees (Exact) 
 From To Mode-I Mode-2 Mode-I Mode-2 Mode-I Mode-2 

1 0.00 0.45 54.92 134.59 53.69 143.34 44.62 117.54 
2 0.45 0.89 54.60 120.24 43.20 113.71 42.35 108.48 
3 0.90 1.34 42.63 101.77 46.00 118.34 43.58 113.70 
4 1.35 1.79 45.54 109.61 44.76 114.67 43.96 115.43 
5 1.79 2.24 40.61 98.23 44.74 114.51 39.67 104.36 
6 2.24 2.68 39.54 100.37 42.84 110.03 36.86 100.16 
7 2.69 3.13 45.21 107.61 40.26 104.47 37.00 102.26 
8 3.13 3.58 42.29 105.07 39.54 102.66 35.87 95.59 
9 3.58 4.02 41.31 106.47 38.62 101.05 36.86 95.92 

10 4.03 4.47 40.63 113.68 38.36 100.46 36.23 97.35 
11 4.47 4.92 39.22 102.23 37.95 99.62 37.01 97.86 
12 4.92 5.36 38.28 105.07 37.85 99.28 35.70 99.33 
13 5.37 5.81 39.23 110.46 37.77 99.03 36.06 100.07 
14 5.82 6.26 40.37 105.67 37.72 98.84 37.01 96.76 
15 6.26 6.71 42.96 105.07 37.68 98.70 37.47 96.53 
16 6.71 7.15 43.76 104.50 37.66 98.65 38.22 97.27 
17 7.16 7.60 41.43 97.85 37.65 98.61 37.73 98.20 
18 7.60 8.05 38.78 88.29 37.64 98.56 37.95 96.84 
19 8.05 8.49 42.47 96.93 37.63 98.50 38.03 96.77 
20 8.50 8.94 40.61 108.05 37.62 98.48 38.22 97.06 
21 8.94 9.39 40.47 101.23 37.62 98.47 38.20 97.16 
22 9.39 9.83 39.77 92.24 37.62 98.46 37.85 97.01 
23 9.84 10.28 41.09 95.45 37.62 98.46 38.59 97.51 
24 10.29 10.73 37.77 79.12 37.62 98.44 38.40 97.17 

 Table 6: Comparative study of N4SID, SNLSE output with that of exact modal parameters given by OpenSees 
software (base excitation scale factor 2). (Model-1) 

Figure 4 shows the variation of natural frequencies of first and second mode of vibration of 
Model-1 subjected to Victoria (1980): Comp - CPE045 (Spectrum Compatible) time-history 
but with magnified base excitation factor=4. To study the performance of SNLSE algorithm 
in comparison to short time data window technique of N4SID, all the three models were also 
subjected to a different base excitation El Centro (1940): Comp – 180 (Spectrum compatible) 
earthquakes and the results obtained are shown in Figure 5. 
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Figure 3: Instantaneous natural frequencies of first two vibration modes of prototype RCC model-1 with scale 
factor for base excitation=2 of Victoria(1980) Comp-CPE045(Spectrum Compatible), identified using N4SID, 

SNLSE.

 

Figure 4: Instantaneous natural frequencies of first two vibration modes of prototype RCC model-1 with scale 
factor for base excitation=2 of Victoria(1980) Comp-CPE045(Spectrum Compatible), identified using N4SID, 

SNLSE 

 

Figure 5: Instantaneous natural frequencies of first two vibration modes of prototype RCC model-1 with scale 
factor for base excitation=1.7 El Centro (1940): Comp – 180 (Spectrum compatible), identified using N4SID, 

SNLSE 

 

2584



Prodip K. Paul, Anjan Dutta and Sajal K Deb. 

4.2 RCC Prototype Model-2  
Similar to Model-1, Model 2 is also subjected to Victoria (1980): Comp - CPE045 (Spec-

trum Compatible) with Scale Factor=2 i.e.0.204g and also El Centro (1940): Comp – 180 
(Spectrum compatible) Scale Factor=1.7, earthquakes and the results obtained are shown in 
Figure 6 and Figure 7 respectively. 

 

Figure 6: Instantaneous natural frequencies of first two vibration modes of prototype RCC model-2 with scale 
factor for base excitation=2 of Victoria(1980) Comp-CPE045(Spectrum Compatible), identified using N4SID, 

SNLSE 

 

Figure 7: Instantaneous natural frequencies of first two vibration modes of prototype RCC model-2 with scale 
factor for base excitation=1.7 El Centro (1940): Comp – 180 (Spectrum compatible), identified using N4SID, 

SNLSE. 

4.3 RCC Prototype Model-3  
Model-3 is also treated in the same way as model-2 and the results as obtained are shown 

in Figure 8 & Figure 9. 

2585



Prodip K. Paul, Anjan Dutta and Sajal K Deb. 

 

 

Figure 8: Instantaneous natural frequencies of first two vibration modes of prototype RCC model-3 with scale 
factor for base excitation=2 of Victoria(1980) Comp-CPE045(Spectrum Compatible), identified using N4SID, 

SNLSE 

 

Figure 9: Instantaneous natural frequencies of first two vibration modes of prototype RCC model-3 with scale 
factor for base excitation=1.7 El Centro (1940): Comp – 180 (Spectrum compatible), identified using N4SID, 

SNLSE. 

5 CONCLUSIONS  
In this study, performance of the deterministic-stochastic subspace identification (N4SID) 

method for instantaneous modal analysis of nonlinear dynamic systems is evaluated based on 
numerical data. In the numerical study, system identification results of nonlinear MDOF with 
2-DOF systems obtained from N4SID are compared to those from Sequential Nonlinear least 
square estimate (SNLSE) method and the exact values from finite element analysis using 
“OpenSees” software. Accuracy of system identification results are investigated due to varia-
bility of two input factors: input excitation, level of input excitation and structural geometry 
used in the identification.  
 

• The response nonlinearity and its intensity can be tracked through identified instantane-
ous natural frequencies as well as SNLSE technique. 

• Modal parameters obtained using SNLSE are consistently more accurate than those ob-
tained using N4SID using short time data window. 
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• The results obtained from N4SID are more sensitive to type of structure; deviation from 
exact value depends from structure to structure. 

• Instantaneous damage tracking using SNLSE is more accurate than N4SID. 
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Abstract. This work is focused on experimental verification of existing techniques for locali-
zation of a loosened bolted connection. To this end, a laboratory-scale 2-meter-long steel 
frame is used. The structure consists of 11 steel beams forming a four-bay frame, which is 
subjected to impact loads using a modal hammer. The accelerations are measured at 20 dif-
ferent locations on the frame, including joints and beam elements. Two states of the structure 
are considered: a healthy and a damaged one. The damage is introduced by means of loosen-
ing two out of three bolts at one of the frame connections. Experimental modal analysis re-
veals that the loosened bolts in the connection cause a shift only in some of the frame’s 
natural frequencies, while the others remain insensitive to the damage. 
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1 INTRODUCTION 

Many papers devoted to damage localization methods deal with damage scenarios in the 
form of reduced beam cross sections [1,2], cracks [3,4], reduced plate thickness or plate 
cracks [5,6]. In reality, however, many structural failures start from damages which occur at 
connections. One of examples is the loosening of one or more bolts in bolted lap joints. The 
work on damage identification of bolted connections in a steel frame by Yang et al. [7] is a 
representative study. The method of artificial neural networks was adopted for damage detec-
tion in truss bridge joints, Mehrjoo et al. [8]. The influence of joint stiffness on global modes 
of structures was presented in the work of Blachowski and Gutkowski [9]. A damage detec-
tion approach to bolted flange joints in pipelines was presented by Razi et al. [10].  

Another tool for damage detection is the wavelet-based method, as shown in the works of 
Staszewski, [11] and Newland, [12]. An exemplary application of the wavelet transform in to 
damage detection in a steel frame with plastic hinges has been presented by Pnevmatikos [13]. 

This work is focused on experimental verification of existing techniques for localization of 
a loosened bolted connection. To this end, a laboratory-scale steel frame is used. The work is 
divided into two parts: the first one is related to the performed experimental study and the 
second one to the computational techniques for damage localization.  The computational 
techniques includes: modal assurance criterion, frequency response function (FRF), and 
wavelets transformation. In order to localize a damaged bolted connection a new measure is 
introduced called Damage Connection Index. This is essentially the sum of absolute values of 
the difference in angles of rotation at the given bolted connection.  

 
 

2 TESTED STRUCTURE 

2.1 Overview of the experimental stand 

For the purpose of experimental verification of damage locating methods, a simple frame 
structure shown in Figure 1(a) is used. The structure is modular and consists of four square 
bays, each 0.51m high and wide. Each bay is composed of steel elements of equal length with 
a rectangular cross-section of 8 by 80 mm. The total number of elements is 11 and the total 
length of the structure is 2.04 m. The structure is supported at the outermost nodes, preventing 
both translational and rotational displacements. The connections between elements are real-
ized by means of rigid connector elements (nodes) and allen bolts (6mm diameter), which are 
shown in Figure 1(c) and 1(b), respectively. Each such connection is designed to use 3 bolts 
screwed into threaded holes in the elements. The original structure (without modification) is 
referred here as the reference structure and the responses (accelerations) collected in the test I 
are called the reference responses.  
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               (a) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) 
 
 
 
 
 
 
 
 
 

(c) 
 

 
 
 
 
 
 
 
 

Figure 1: (a) The examined frame structure, (b) an allen bolt used for the element-node connections, 
(c) a connector element (node). 

 
A modification is introduced to node 5 and element 10 (see Figure 2). The modification of 

the connection consists in removing 2 bolts (bottom and upper), leaving the middle one. In 
contrast to the reference structure and the reference responses, we will use here the notions of 
modified structure and modified responses, respectively. The modified responses gathered 
during the measurement session are denoted as test II. 

 
 

 

 
 

Figure 2: Scheme of the tested frame structure. Notation: s1-s4 fixed nodal points, 1-20 (in circles) nodal points, 
1-11 (in boxes) element numbers, a1-a20 measured accelerations at nodal points. The location of the loosened 

bolted connection in shown in red. 
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2.2 Instrumentation & measurement procedure 

Vibrations of the reference and modified structures were measured using 20 single axis ac-
celerometers arranged as presented in Figure 2. All transducers were located in the mid-plane 
of the structure: at the centers of elements (the main axis parallel to the X-axis), one-third and 
two-thirds of the elements’ lengths (the main axis parallel to the Y-axis). The structural vibra-
tions were induced using a modal hammer with an embedded force sensor. The applied plastic 
tip allowed for covering the excitation frequency range of up to 1 kHz. The measurements 
were divided into two scenarios: for test I (for the reference structure) and test II (for the mod-
ified structure). For each scenario, two trial series were performed. The single trial serie con-
sisted of tests with the impact loading applied at the selected set of nodes: 2, 5, 8, 10, 11, 13, 
16, 17, 19 (cf. Figure 2). For every single test, 20 acceleration responses and one impulse 
force from the modal hammer were collected. 

In all, 21 signals in the time domain (recording time 40 s) with a sampling rate of 32 kHz 
were collected during the single trial serie. For the collected signals, the Frequency Response 
Functions (FRF’s) were computed. Finally, based on FRF’s, a classical modal analysis was 
conducted leading to the estimation of modal parameters for the reference and modified struc-
tures. The measurement data were collected using the PULSE system (Bruel&Kjaer) and the 
modal analysis was performed utilizing the PolyMAX method implemented in the commer-
cial software LMS Test.Lab (Siemens PLM Software). 

 
 

3 ANALYSIS OF MODE SHAPES AND FREQUENCIES 

 
For the collected data, the classical modal analysis was performed aimed at determination 

of modal parameters of the above-mentioned two states (reference and modified) of the struc-
ture. Further considerations are focused on resonant frequencies and modal shapes, since 
damping ratios are generally very low (do not exceed 0.3%) with very little variations.  

The identified frequencies for the reference and modified structures are presented in Ta-
ble 1. Moreover, Table 1 contains absolute and relative frequency differences and modal as-
surance criterion (MAC) values computed for each corresponding pair of frequencies. At first 
glance, the corresponding resonant frequencies are close to each other; however, modes 11 
and 12 vary from Test I to Test II (cf. Figure 3). This presents the sensitivity of the modal fre-
quencies to the introduced nodal modification. As presented in Figure 3, the absolute differ-
ence for the 13th modal frequency is very low, but the corresponding MAC value presented in 
Table 1 is also relatively low. This means, that the 13th modal shape is sensitive to the struc-
tural modification, while the corresponding modal frequencies obtained for the reference and 
modified structures are similar. Only the 12th mode is sensitive with respect to both the modal 
shape and the modal frequency.  
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Mode 
no. 

Test I 
(intact structure) 
frequency [Hz] 

Test II 
(modified structure) 

frequency [Hz] 

Absolute 
 difference 

[Hz] 

Relative  
difference 

[100%] 

MAC 
value 

[100%] 

𝑓𝑖𝐼
 𝑓𝑖𝐼𝐼 𝑓𝑖𝐼−𝑓𝑖𝐼𝐼 

𝑓𝑖𝐼−𝑓𝑖𝐼𝐼

𝑓𝑖𝐼
 

((𝛷𝑖𝐼)𝑇𝛷𝑖𝐼𝐼)2

�𝛷𝑖𝐼�
2�𝛷𝑖𝐼𝐼�

2  

1 12.33 12.29 0.04 0.34 77.6 
2 26.65 26.58 0.07 0.27 98.8 
3 40.53 40.35 0.18 0.45 98.8 
4 78.38 78.23 0.15 0.19 100.0 
5 97.14 97.06 0.09 0.09 100.0 
6 109.50 109.44 0.06 0.05 100.0 
7 115.14 115.13 0.01 0.01 100.0 
8 138.32 138.20 0.12 0.09 100.0 
9 161.37 161.37 −0.01 −0.00 97.8 
10 162.30 162.30 0.00 0.00 98.6 
11 169.00 166.44 2.57 1.52 98.1 
12 173.24 170.23 3.01 1.74 89.1 
13 173.81 173.68 0.13 0.08 76.6 
14 207.08 206.25 0.83 0.40 99.8 
15 305.37 304.80 0.56 0.19 99.9 
16 346.09 345.59 0.50 0.15 99.9 
17 373.81 373.65 0.16 0.04 100.0 

Table 1: Resonant frequencies, their differences and MAC values  of the (reference and modified) structure ob-
tained from experimental tests. 

 

 
Figure 3: Absolute differences between the modal frequencies of the reference and modified structure. 

 
In Figures 4 and 5 are shown the frequency response functions (FRFs) for the frequency 

band 100-200 Hz obtained for two states of the structure. In the first case, the collected re-
sponse (output) at node 8 is referred to the excitation force applied at the same nodal point (cf. 
Figure 2). For tests I and II, two trials were executed revealing frequency shifting. A similar 
effect was observed for the 13th nodal point, presented in Figure 5. 
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Figure 4: Comparison of frequency response functions (FRFs) of the reference (test I) and modified (test II) 

structures obtained for the excitation at nodal point no. 8. 

 
 

 
 

Figure 5: Comparison of frequency response functions (FRFs) of the reference (test I) and modified (test II) 
structures obtained for the excitation at nodal point no. 13. 

 
A comparison of selected modal shapes of the two states of the structure is presented in 

Figure 6. Figure 6(a) shows using the example of the 8th mode that most identified modal 
shapes do not exhibit any substantial changes. Only for three modes, 11th, 12th and 13th the 
differences are significant (cf. Figures 6(b), 6(c), 6(d)). 
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
Figure 6: Comparison of modal shapes obtained for the reference (red lines) and modified (blue lines) structures: 

(a) mode shape no. 8, (b) mode shape no. 11, (c) mode shape no. 12, (d) mode shape no. 13. 
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The loosened bolted connection causes changes to the i-th modal vector of the frame. Let 

us define the difference in the angles of rotation  ∆𝛼𝑗
(𝑖) for i-th modal shape and  j-th connec-

tion: 
 

∆𝛼𝑗
(𝑖) = ∑ �𝑇𝑗,𝑘(𝛷𝑖,𝑘 − 𝛷�𝑖,𝑘)�𝑚

𝑘=1      (1a) 
or in matrix notation 

∆𝜶(𝑖) = 𝑻 �𝜱𝑖 − 𝜱� 𝑖�     (1b) 
 
where m is the number of measured DOFs, 𝜱𝑖  and 𝜱�𝑖  are the i-th modal vectors of the 
healthy and damaged structures, 𝑻 is a matrix transforming modal displacements into angles 
of rotation. For each mode shape, the dimension of the vector ∆𝜶(𝑖) is equal to 18, since we 
consider 18 connections located as shown in Figure 7. For example, the computation of the 

angle of rotation ∆𝛼2
(𝑖) (for connection no. 2) is performed based on the first and ninth (cf. 

Figure 2) components of modal vectors  𝜱𝑖 and  𝜱�𝑖 as follows: 
 

∆𝛼2
(𝑖) = 2

𝐿4
�𝛷𝑖,9 − 𝛷𝑖,1� −

2
𝐿4
�𝛷�𝑖,9 − 𝛷�𝑖,1�   (2) 

 
    In the above equation, 𝐿4 denotes the length of the element no. 4, and 𝛷𝑖,1 , 𝛷𝑖,9 and 𝛷�𝑖,1 , 
𝛷�𝑖,9 are the first and ninth components of the i-th modal vectors 𝜱𝑖 ,𝜱�𝑖, respectively. 
Thus, in the second row of the transformation matrix 𝑻 only two components are non-zero, i.e. 

𝑇2,1 = − 2
𝐿4

 , 𝑇2,9 = 2
𝐿4

 

 
 

 

Figure 7: Localization of the considered nodal connections. 

 
Carrying out calculations for all identified modal vectors we get the rectangular-shaped ma-
trix ∆𝜶 with the dimensions 18x17. For the assessment of the severity of damage in an indi-
vidual connection, the Damage Connection Index (DCI) is proposed: 
 

𝑎𝑗 = ∑ |∆𝜶(𝑖)|𝑛𝑖       (2) 
 
where 𝑎𝑗 is the sum of the differences in angles of rotation over all identified modes, and n is 
a parameter. Figure 8 presents the 𝑎𝑗 values for each bolted connection as marked in Figure 7.  
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Figure 8: Values of the DCI for different values of the exponent n. 

 
Depending on the assumed parameter n, the values of the DCI differ significantly. For n=1 
the DCI values are comparable; however, an extreme value is obtained for the connection 
no.14. When increasing the parameter n, the observed differences between the DCI values 
became more substantial. For n=2 and n=4, the highest value of the vector 𝒂 is reached for 
j=14 and this clearly indicates the localization of the introduced modification.  
 
 

4 WAVELET TRANSFOM ANALYSIS  

 
Wavelet analysis provides a powerful tool to characterize local features of a signal. Unlike 

the Fourier transform, where the function used as the basis of decomposition is always a si-
nusoidal wave, other basis functions can be selected for the wavelet shape according to the 
features of the signal. The basis function in wavelet analysis is defined by two parameters: 
scale and translation. These properties lead to a multi-resolution representation for non-
stationary signals. 

The continuous wavelet transform of a signal f(t) is defined as: 

( ) ( )1
,

t bf a b f t dt
aa

∞

−∞

− = Ψ 
 ∫     (3) 

where a, b are the scale and translation parameters respectively and Ψ  denotes the complex 
conjugate of Ψ. The functions Ψ(t,a,b) are called wavelets. They are dilated and translated 
versions of the mother wavelet Ψ(t). There are a lot of types of wavelet functions Ψ(t); Figure 
9 shows the Haar wavelet function which was used in the analysis in this paper. The Haar 
wavelet's mother wavelet function Ψ(t) can be described as: 

 

Ψ(𝑡) = �
   1               0 ≤ 𝑡 < 1

2

−1              1
2
≤ 𝑡 < 1

    0              otherwise

     (4) 
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Figure 9: Continuous wavelet Haar function Ψ(t). 

 
An application of continuous wavelet analysis to damage detection in a frame structure 

subjected to impact loading was also performed. Wavelet analysis was made of the obtained 
response acceleration data collected in the test I, corresponding to the reference structure, and 
those collected in the test II, corresponding to the modified structure. The Haar wavelet func-
tion was used in the analysis of the output signals. The results of the wavelet analysis of the 
reference and modified structures are shown in Figure 10. In this figure, the magnitude versus 
scale (frequency) and time is presented for the reference, Figure 10 (a), and the modified 
structure Figure 10 (b).  

 
(a) 

 

 
(b) 

Figure 10: Continuous wavelet analysis results of (a) the reference and (b) the modified structure. (Remark: time 
labels do not represent physical unit, but the number of samples) 
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It should be noted that there is a difference in the magnitude of scales for the reference and 
the modified structure. In the modified structure, the frequencies are more clearly separated 
from each other. Another observation is that the magnitude of the frequencies is higher for the 
modified structure than for the reference one.  
 
 

5 CONCLUSIONS 

 
This work presents an experimental case study of a frame structure, aimed at diagnosis of 

the state of its bolted connection. To this end, classical experimental modal analyses were per-
formed for the reference (Test I) and modified (Test II) structures. All bolted connections of 
the reference structure are rigid, whereas in the modified structure two of two bolts from a 
selected connection are removed. Modal parameters were determined using 20 uniformly dis-
tributed accelerometers collecting signals induced by a modal hammer. 

The localization of the damaged bolted connection is performed using perturbation of the 
modal shapes, obtained experimentally for the reference and modified structure. The proce-
dure is based on the Damage Connection Index, which utilizes the differences in rotation an-
gles calculated at the bolted connections for an individual mode shape. 

Generally, one can conclude that the FRFs determined for the reference and modified 
structures overlap in the frequency range from 0 to 400 Hz. The introduced structural modifi-
cation produces some perturbations in the narrow band of the frequency. The final observa-
tion is that only 3 out of 17 mode shapes and corresponding frequencies reveal measurable 
differences. 

A wavelet analysis of the output signal of both structures shows that there is some differ-
ence between those two signals. The wavelet representation gives a qualitative index which 
helps to conclude the damage. As a next step, a procedure for quantifying the damage should 
be developed.  
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Abstract. This paper is related to the work involving the numerical and experimental dynam-
ic analysis of a very flexible pedestrian bridge located in Porto. Given the high level of vibra-
tions reported by the users of that structure, the Laboratory of Vibrations and Structural 
Monitoring (www.fe.up.pt/vibest) from Faculty of Engineering of University of Porto (FEUP) 
became interested in this case, following the previous work of this research group in this area 
of Civil Engineering. In a first stage, the structure is described and the identified dynamic 
properties are listed. Then, experimental and numerical simulations of several scenarios of 
pedestrian loads exciting the bridge are presented. Given the “lively” behavior of the struc-
ture, it was decided to install a dynamic monitoring system in order to characterize the effec-
tive levels of vibration experienced by that structure during long periods of time. The results 
of the dynamic monitoring are exposed in this paper, which gives reason to the actual exist-
ence of complaints from pedestrians.      

1 INTRODUCTION 

Many Civil Engineering structures have vibration problems in terms of serviceability limit 
states due to several transient or periodic dynamic loads, e.g., footbridges subjected to pedes-
trian actions, road and railway bridges excited by traffic loads and tall buildings exposed to 
wind forces. Generally, the safety of the structure is not compromised, affecting only its prop-
er in-service functioning.  

In the case of pedestrian bridges, the excessive vibrations are often attributed to the exist-
ence of resonance phenomena arising from the proximity of step frequency of pedestrians rel-
ative to the natural frequencies of the structure. This problem may assume particular 
relevance in very flexible structures often characterized by having low inherent damping, in 
line with the current trends of footbridge conception and design. For new structures, the use of 
recent guidelines in this area, for instance Sétra [1] or Hivoss [2] guidelines, may serve to 
prevent the occurrence of these problems. However, in existing footbridges the situation is 
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already installed, which often requires the adoption of corrective measures such as the use of 
vibration control devices.  

In these cases, and before any rehabilitation, the implementation of continuous dynamic 
monitoring systems is useful for making a very realistic assessment of the vibration levels, 
thus enabling a subsequent rigorous study of the intervention in the structure. This is the con-
text of this paper, where a specific case of a footbridge located in Porto was instrumented with 
one accelerometer at a critical section, with the data being collected during the last months 
crucial to the evaluation of the situation and to study a possible implementation of a control 
system.       

2 CHARACTERIZATION OF THE STRUCTURE 

2.1 General description 

The footbridge under analysis is a structure that connects a commercial infrastructure lo-
cated by the sea, known as Transparent Building, with the Porto City Green Park (see Figure 
1). It comprises two spans of 30m each, simply supported at the ends with hinges and at mid-
length by means of a concrete column. The deck is 3.5 m wide and has an inclination of 6% 
starting with a lower elevation at the green park and ending in the Transparent Building at a 
higher level. The cross-section is composed of two lateral steel girders type IPE600, 600 mm 
high, connected by a secondary steel structure which, in turn, gives support to a wood floor. 
The mass of the structure, including all structural and non-structural elements, was estimated 
at 380kg/m. 

Figure 1: General view of the footbridge. 

2.2 Identification of modal properties 

The identification of the modal properties of the structure in terms of natural frequencies, 
damping ratios and modal shapes, was performed in the context of the research work devel-
oped by Abreu [3] and Antão [4]. For this purpose, two ambient vibration tests were per-
formed. Aiming at a preliminary evaluation of the natural frequencies of the structure, a first 
test was conducted using a single seismograph including force-balance accelerometers posi-
tioned in several sections of the deck, namely, at mid-span and at 1/3rd span sections of one 
side of the footbridge in order to capture symmetrical and anti-symmetrical vibration modes 
(see Figure 2a)). For each measurement point, acceleration-time series lasting 9 minutes were 
acquired and subsequently processed in order to obtain estimates of Power Spectral Density 
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functions (PSD). The Average Normalized Power Spectral Densities (ANPSD), including all 
measurements, is shown in Figure 2b) which allows identifying the natural frequencies of the 
structure associated with the peaks of the graph. Second column of Table 1 summarizes the 
results obtained in this test regarding the first four natural frequencies, allowing to conclude 
that the first two frequencies are 1.85 and 2.02 Hz, critical in terms of resonance with pedes-
trians walking along the bridge, and two other higher frequencies of 3.03 and 3.56 Hz, which 
may be excited by pedestrians in running or jogging activities. Frequencies above the 4th 
mode were not considered because they are not relevant in terms of resonance phenomena 
involving pedestrians.   

The second test consisted of using 3 accelerometers (see Figure 3a)) distributed along the 
deck according to Figure 3b). In this case, the total length of the footbridge was divided into 8 
equal spaced intervals. The reference accelerometer was positioned in one side of section 3 
and the other two units were used to measure the other points, one on each side of the deck in 
order to capture torsion effects. By calculating each Frequency Response Function (FRFs) 
from the reference accelerometer to the non-reference accelerometers the modal shapes asso-
ciated with each natural frequency were identified. The modal shape of the first 2 bending 
modes is represented in Figure 4a) and 4b), with the description of the first 4 modes indicated 
in Table 1. 

Damping properties of the footbridge were also evaluated by using an expedite method 
consisting of exciting the structure with a frequency close to each natural frequency using a 
pedestrian skipping at a fixed position. After achieving a resonant response, the excitation 
stops suddenly and the free motion of the structure is recorded. By analyzing the free decay 
curve, the respective damping factor can be estimated using the logarithmic decrement meth-
od. This process was repeated by adopting different levels of excitation intensity, because 
damping ratios are known to increase with the increase of the vibration amplitude. Table 2 
summarizes the estimates obtained for the first 2 vibration modes of the structure. 

a)      b)

Figure 2: a) Seismograph measuring ambient vibrations; b) ANPSD including all measurements. 

a)   b) 

1 2 3 4 5 6 7

Green Park
Transparent Building

Figure 3: a) Accelerometer installed in one section; b) Numbering of the measurement sections. 
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Length      Length 

Figure 4: a) Identified 1st bending mode; b) Identified 2nd bending mode 

Order 
Measured 
Frequency 
(Hz) 

Calculated 
Frequency 
(Hz) 

Type of 
Vibration 
Mode 

1 1.85 1.82 1st bending 
2 2.02 2.06 1st torsion 
3 3.03 3.09 2nd bending 
4 3.56 3.38 2nd torsion 

Table 1: Identified and calculated natural frequencies. 

Vibration 
Mode 

Damping ratio 
Low vibrations 
(%) 

Damping ratio 
High vibrations 
(%) 

1 1.28 1.88 
2 1.35 1.67 

Table 2: Identified damping ratios. 

2.3 Tests with pedestrians 

In order to have an estimate of the vibration levels of the structure caused by pedestrians 
walking along the deck, a simple test was conducted, consisting of using either single or 
group of young students. In a first stage, the pedestrians passed through the structure at a time 
with a step frequency close to the 1st vibration mode. The maximum response obtained in the 
middle of one of the two main spans of the structure was 0.56 m/s2. Then, the pedestrians 
crossed the footbridge together two times, synchronizing the step frequency between them 
and make it coincide with that of the 1st vibration mode, as well. In that case, the maximum 
response was very close to 2 m/s2. These values should be seen as indicative of the structure 
response to such actions. 

3 NUMERICAL MODELING 

3.1 Numerical model of the structure 

Based on the geometrical and material characteristics of the footbridge and given the iden-
tified dynamic properties, a numerical model of the structure was developed using Robot 
software. The accuracy of the numerical model was improved by slightly adjusting the char-
acteristics of the structural sections and element masses, until a good approximation between 
experimental and numerical natural frequencies and mode shapes is achieved. This was not a 
difficult task, given the simple structural functioning of the system under analysis. Table 1 
contains the numerical natural frequencies of this model, which can be compared with the ex-
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perimental data, and Figure 5 shows the 3-dimensional representation of the first 4 mode 
shapes obtained numerically, which are in very good agreement with the experimental esti-
mates. 

f1 = 1.82 Hz f2 = 2.06 Hz 

f3 = 3.09 Hz f4 = 3.38 Hz 

Figure 5: First 4 vibration modes obtained numerically. 

3.2 Simulation of the structural response to pedestrians actions 

This numerical model was used to simulate the structural response to several scenarios of 
most probable pedestrian loads. It was considered that only the first 4 vibration modes are 
critical in terms of occurrence of resonance phenomena. Other higher modes are difficult to 
excite by regular activities of pedestrians, even considering the higher harmonic components 
of the dynamic load. Scenarios involving crowds crossing the bridge were also assumed to be 
non-realistic, mainly because the structure serves as an entrance to a building with limited ac-
cess. Therefore, only single and groups of pedestrians were considered, consisting of the fol-
lowing idealized situations: Single or 3 synchronized pedestrians walking in the center of the 
deck in resonance with the 1st vibration mode; Single or 2 synchronized pedestrians walking 
laterally to the deck in resonance with the 2st vibration mode (torsion); Single pedestrian run-
ning in the center of the deck in resonance with the 3rd vibration mode; and a single pedestrian 
running laterally to the deck in resonance with the 4th vibration mode. 

The loads corresponding to these scenarios were modeled according to reference [5] and 
the damping ratios of all vibration modes assumed a conservative value of 1%. The maximum 
vibration levels achieved in each situation were evaluated at critical sections, as summarized 
in Table 3. In that table, a classification of vibrations according to Sétra and Hivoss guidelines 
in this area is also indicated (see Table 4 for proposed classification).  
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Scenario 
Maximum 
Acceleration 
(m/s2)  

Comfort 
Class 

1 pedestrian walking (f=1.82 Hz) 0.80 Medium 
1 pedestrian walking (f=2.06 Hz) 0.97 Medium 
3 pedestrians walking (f=1.82 Hz) 2.40 Minimum 
2 pedestrian walking (f=2.06 Hz) 1.94 Minimum 
1 pedestrian running (f=3.09 Hz) 2.18 Minimum 
1 pedestrian running (f=3.38 Hz) 0.70 Medium 

Table 3: Structure response to several idealized scenarios. 

Comfort classes 
Maximum 
Acceleration 
Limits (m/s2) 

Maximum comfort < 0.5 
Medium comfort 0.5 – 1.0 
Minimum comfort 1.0 – 2.5 
Intolerable vibrations > 2.5 

Table 4: Comfort classes for vertical accelerations according to Sétra and Hivoss guidelines. 

4 CONTINUOUS DYNAMIC MONITORING SYSTEM 

4.1 Description of the system 

Given the symmetry of the structure and shape of the first vibration modes, the evaluation 
of the maximum vibration levels can be performed at mid-span in one of the two spans at any 
side of the deck. As a result, only one sensor was adopted and positioned at the mid-span 
close to the green park at the south-west side. This way, it was possible to install a solar-
powered acquisition system by means of a solar panel installed on the outside of the lateral 
girder (see Figure 6a)). The acquisition system is composed of a microcontroller able to per-
form Analog-to-Digital Conversion (ADC) of 16-Bit resolution, which saves data in a local 
micro SD-card. Inside the box that is used to keep this electronic device, there also exits a bat-
tery to guarantee the functioning of the system during night periods and a solar controller (see 
Figure 6b)). The accelerometer is of MEM type and measures acceleration in the vertical di-
rection. The acquisition system produces data files lasting 10 minutes, which results in 144 
files or 16.1 MB per day of information, considering a sampling frequency of 40 Hz.   

a)           b)

Figure 6: Data acquisition system: a) Solar panel; b) Box with microcontroller, battery and solar controller. 
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4.2 Evaluation of autonomy and robustness 

Unlike many applications installed in structures by Vibest, this particular one was devel-
oped specifically for this application, which means that the autonomy and robustness of the 
system are variables that were not completely known initially. The solar system was designed 
for relatively sunny days, which means that the autonomy was not assured for cloudy days. At 
the same time, because of the continuous functioning of the system during many months, the 
robustness for faults in the acquisition was not proven.  

After 6 months of operation, these aspects could be evaluated. For this purpose, the graph 
of Figure 7 shows the periods where valid data exist or do not exist. The horizontal axis repre-
sents the total period of 178 days from 5th October 2014 to 31st March 2015, and the vertical 
axis represents one day divided into 144 intervals of 10 minutes. The failures (dark spots) oc-
curred exclusively due to power issues, especially during the night or on dark days. No prob-
lems were detected in the acquisition system itself. This shows that the system worked 90.5% 
of the time, corresponding to a very good performance of hardware solution, specially taking 
into account that the acquisition included the winter period.   

Figure 7: Failures on the signal acquisition detected for 6 months. 

5 ANALYSIS OF MEASURED VIBRATIONS OVER TIME 

5.1 Maximum vibration levels 

The maximum levels of vibrations in the considered period are showed in Figure 8, where 
the horizontal and vertical axes have the same meaning as the previous Figure 7. The dark ar-
eas correspond to periods of low levels of vibrations, which occur essentially in night periods. 
In an opposite situation, in lighter areas the levels of vibration are higher. The colored bar on 
the right side establishes a correspondence between color and maximum acceleration values 
(in m/s2). Analyzing this graph, several interesting conclusions can be drawn just by observ-
ing the vibration levels of the structure. For instance, it is clear that pedestrians use the foot-
bridge mainly in the afternoon, which is also evident in the representation of the daily 
vibration amplitudes shown in Figure 9. In addition, the time shift of 1 hour occurred in the 
end of October is visible in Figure 8, by changing the people's schedules at lunch time.  

In any event, Figures 8 and 9 show that the maximum vibration levels induced be pedestri-
ans often reach values between 0.5 and 1.5 m/s2 approximately, which highlights the “lively” 
behavior of the structure. In fact, by framing these vibration levels in the comfort classes sug-
gested by Sétra or Hivoss guidelines, indicated in Table 4, it can be concluded that the foot-
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bridge provides only minimum comfort in many practical situations. In more specific cases, 
the structure may experience vibration levels higher than 2.5 m/s2 attributed to intentional 
resonant loads, inducing intolerable vibrations from the human comfort point of view.    

Figure 8: Maximum vibration levels during 6 months. 

 Figure 9: Daily maximum vibration. 

5.2 Frequency distribution of  vibrations 

There is often interest not only in identifying the maximum vibration levels, but also in 
characterizing the correspondent vibrating frequency. This allows finding out which vibration 
modes are more active in the dynamics of the structure, which can be useful for some applica-
tions, such as vibration control. That analysis was performed for the same period of 6 months, 
with the main results shown in Figure 10a). In this case, each dot represents an occurrence of 
a maximum in the acceleration records which was selected according to some criteria. In par-
ticular, vibrations should be characterized by very stable and clean pseudo-sinusoidal signals 
dominated by a single frequency after being filtered by a low pass filter at 6 Hz. This means 
that only vibrations arising from the dynamics of the first vibration modes are considered. 
This procedure rules out situations of peaks conditioned by punctual spikes in signals, and 
cases where the response has contributions of several frequencies in order to facilitate the 
construction of graphs with the frequency in one axis.  
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The analysis of Figure 10a) shows that there are 2 dominant vibration modes, namely, the 
1st mode of 1.85 Hz and the 3rd mode of 2.90 Hz approximate frequency, which corresponds 
to the first pure bending modes of the footbridge. This means that, generally, pedestrians walk 
near the center of the deck and don’t excite torsion vibration modes, which seems an obvious 
situation. Considering that Figure 10a) represents more than 13,000 occurrences, and select-
ing the critical ones above 0.50 m/s2, figure 10b) establishes the histogram of the significant 
events associated with each vibration mode. More than 80% of significant vibration levels are 
due to dynamics of the 1st vibration mode and about 15% are due to the 3rd mode.   

a)  b)

Figure 10: a) Frequency vs amplitude of vibrations; b) Histogram of significant levels of vibration. 

5.3 Identification of natural frequencies 

Beyond the evaluation of the vibration levels, the data collected over time can also be used 
to identify modal properties of the structure. The practical interest of this information in the 
context of this research work is related to a possible implementation of control devices to re-
duce vibrations in this footbridge, especially if it involves inertial vibration absorbers (also 
known as Tuned Mass Dampers). It is well established that these devices are very sensitive to 
frequency tuning, which may consist of a major problem in their use. 

The identification of modal properties of dynamic systems can be achieved using several 
methods. A preliminary view about how natural frequencies distribute over time can be ob-
tained by calculating the Power Spectral Densities of time signals of a previously defined 
length, windowing and overlapping, and then averaging them over a certain period of time in 
a process known as the Welch method [6]. Figure 11 illustrates the 3D graph that can be ob-
tained using a daily averaging over a total period of 178 days, where the natural frequencies 
of the structure are shown as elevations in a frequency ranging from 0 to 10 Hz.     

Figure 11: Daily averaged Power Spectral Densities for a period of approximately 6 months. 
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Nevertheless, the natural frequencies of the structure were identified over that period using 
the p-LSCF method [6]. In this case, it is necessary to consider that the existence of only one 
sensor limits the identification of the natural frequencies associated with each vibration mode 
because only one modal component is available. In addition, the existence of pedestrians on 
the bridge disturbs the modal identification, especially during the afternoon periods. Despite 
this, it was possible to make a clear identification of the first 4 natural frequencies according 
to Figure12. The representation of 6 days of results in Figure 13 allows concluding that the 
natural frequencies have a significant daily variation probability due to temperature effects, 
which should be considered in future analyses involving this structure.     

Figure 12: Identified natural frequencies in a period of 6 months approximately. 

Figure 13: Detail representing 6 days. 

6 CONCLUSIONS 

This paper allows attesting the vulnerability of the footbridge under analysis to relatively 
high levels of vibrations. This was concluded by performing initial tests with pedestrians fol-
lowed by numerical simulations using a calibrated numerical model of the structure. It was 
found out that a single pedestrian walking in resonance conditions induces maximum acceler-
ations on the footbridge higher than 0.5 m/s2, which is the limit indicated by several codes as 
providing high level of comfort to its users. If 3 pedestrians walk synchronously in the same 
conditions, the vibrations almost reach the intolerable limit. 

On the other hand, the implementation of a continuous dynamic system composed of one 
accelerometer installed at mid-span of one of the two main spans of the bridge allowed re-
cording the effective levels of vibrations for several months. It could be observed that very 
often the vibrations reach accelerations between 0.5 and 1.5 m/s2 approximately, correspond-
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ing to a range of medium to minimum comfort level. More than 80% of high vibration levels 
are associated with the dynamics of the 1st vibration mode, meaning that any possible installa-
tion of a vibration control device should be mainly directed at this frequency. 

However, in this case, it is necessary to consider the relatively high variation of the natural 
frequencies of the system over time, possibly due to temperature effects or even to the humid-
ity of the wood deck.       
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Abstract. The behavior of existing reinforced concrete buildings towards to the seismic ac-
tions is strongly affected by the infill walls. Although they assume an important role in the 
global response of the buildings, modeling of infilled frames is quite complex as a result of 
the many variables involved. These factors (such as the various constructive solutions; the 
non-homogeneous and anisotropic mechanical behavior of the masonry texture; the interac-
tion between masonry panel and surrounding frame; the in-plane and out-of-plane behavior) 
make uncertain the structural response.  
The technical literature on the issue suggests approaches that ranging from the macro-scale 
analysis to micro-scale analysis. The different proposals confirm the complexity to simulate 
the kinematic mechanism between elements of the panel (mortar and bricks) and between in-
fill panel and surrounding frame. Furthermore, these different models cannot be applied in 
general. They are most of the times calibrated on experimental tests carried out on samples 
packaged with materials and executive methods that are specific of the test place. Therefore, 
there is the need to define simplified models that take into account the geometry, mechanical 
properties of the masonry walls and elements of the surrounding frame.  
The present study proposes a meso-scale approach (a “Rigid Blocks Method”) for simulating 
of the infilled frames in order to define the main parameters that characterize the simplified 
"Equivalent Strut model" (i.e. the macro-modelling of the infill walls). With the meso-scale 
model the infill wall is supposed as a mechanism consisting of rigid blocks connected by axial 
and shear elastic-plastic springs. The model is usually used for in-plane dynamical analysis 
of masonry structures. The use of an equivalent rod for modeling the infill panels is a simpli-
fied approach purely numeric. It is simple and reduces the computational costs when it is 
need to evaluate the global behaviour on building scale. The results achieved with the pro-
posed approach are as result of extensive numerical tests on samples of infilled frames, with 
or without openings, which have geometries and material properties within significant ranges. 
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1 INTRODUCTION 

Over the years, the variability exhibited by the infilled frames (in particular for buildings 
designed under vertical loads only) has strongly stimulated researchers to investigate the in-
teraction between masonry panels and reinforced concrete elements [1,2]. These studies are 
important in order to establish the retrofit interventions needed to ensure the seismic safety to 
the deficient buildings [3,4]. The role of the experimental tests is undoubtedly fundamental 
for the knowledge of the actual response. However, the great variability of the significant pa-
rameters involved in the interaction frame-infill does not allow to carry out tests whenever 
they are needed because the tests are expensive and usually limited to few cases. A valid al-
ternative for the knowledge is provided by research study based on numerical modelling of 
infilled frame. The several studies available, however, present a great degree of uncertainty 
due to the high variability of the significant involved parameters. Among these, the mechani-
cal properties of the constitutive materials (mortar and bricks) and of the global masonry tex-
ture (intended as a continuous material) are crucial. In addition, another fundamental aspect is 
represented by the model adopted for simulating the infills within the computational model of 
the building [5,6,7,8]. 

Consequently, on the basis of the framework above outlined, the present thesis has the aim 
to reduce the influence of some variables by proposing a simplified procedure for the calibra-
tion of the Equivalent Strut model. In the field of the approaches of macro-modelling, this 
model is the most used to evaluate and simulate the effects of the infills in the global response 
of the frame. It describes the response of infilled frame under a horizontal load observed from 
the experimental test. In particular, by increasing of the thrust action, it is observed the de-
tachment of the masonry from the boundary reinforced concrete frame, and the panel exhibits 
a behaviour no more in line with a two-dimensional element (that it resists to shear stress) but 
as an "one-dimensional equivalent rod". The rod follows the distribution of the compression 
forces along the diagonal of the panel acting as a strut in opposition to the horizontal action. 
The equivalent strut is defined once known the geometrical and mechanical characteristics 
and the constitutive law (force-displacement) that regulates its behaviour during the nonlinear 
phase (post-elastic). The above parameters are dependent by experimental results, therefore, 
especially in the case of existing structures, they can not be generalized to all possible cases 
and are reliable only in some cases that are comparable with the characteristics of the test 
from which derive. 

The aim of the present work is to define the Force-Displacement constitutive law of the 
equivalent strut. The law is obtained by a simplified procedure that use the results of a simpli-
fied discrete model implemented within common finite element software (SAP2000). In order 
to define the model into software are needed few input data as the geometry of the infilled 
frame and mechanical parameters of the masonry panel. The model numerically simulates an 
experimental test by which to evaluate the actual variations in stiffness and strength of the in-
fill-frame system. The purely numerical findings allow to define the characteristic branches of 
the law, which is the force-displacement relationship (Fw - dw) that regulates the elastic and 
plastic behaviour of the strut. Although the transition from meso-scale to macro-scale analy-
sis could seem a loss in the description of the global response of the infilled frame, it is actu-
ally offset by the possibility to study three-dimensional structures, which usually become, 
with a meso-scale approach, more computationally burdensome. Moreover, the simplification 
to insert simple beam elements for simulating the infill panel, involves a low degree of uncer-
tainty. This advantage is due to use of constitutive laws that are defined on the actual masonry 
texture and not based on the experimental tests from the literature conducted on panels me-
chanically different. In conclusion, the procedure is proposed with the aim to improve the 
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equivalent strut method which is able to assess the effects of interaction between the infills 
and primary RC elements on building-scale analysis. 

 

2 A SIMPLIFIED PROCEDURE TO ASSESSING THE EFFECTS OF INFILL 
PANELS 

2.1 The meso-modelling  

The "meso-scale" models are usually referred to as "discrete models". If they are applied to 
structural systems that require a limited number of elements, they allow to reduce the compu-
tational burden required by the continuous or discontinuous approaches. The Rigid Body 
Spring Model (RBSM), used in the proposed procedure, belongs to this type of models. 

The basic idea of the method (Figure 1) consists in describing the masonry (intended as a  
composite periodic material denominate RVE - Representative Volume Element) as a mecha-
nism composed of the unitary cells constituted by of rigid blocks and elasto-plastic springs 
[9,10,11] The elastic features of the springs are defined by means of a specific identification 
procedure with the objective of transferring the information about the main characteristics of 
the masonry texture from the "meso-scale" to "macro-scale". 

 
Figure 1: Scheme of a regular masonry texture and an example of the unit cell consists of four rigid blocks con-

nected by elasto-plastic springs. 

The connection between the rigid blocks occurs by means of two axial springs (indicated 
with Kx or Kz, depending on the direction) and a shear spring (Kh, Kv , depending on configu-
ration) arranged along each of the common sides between the blocks at a distance equal, re-
spectively, to bx and bz. The hysteretic behaviour of the springs is obtained on the basis of the 
mechanical parameters of the constitutive elements of the panel (mortar and blocks) and takes 
account of the mechanical degradation of mortar joints in the cycles of loading and unloading. 

 

2.2 Constitutive law of the springs  

In the original version of the model, the stiffness of the springs and the distance between 
the connection points are assigned with the criterion to approximate the average strain energy 
in correspondence of the reference volume of each spring. Assigning to the shear springs dif-
ferent stiffness in horizontal and vertical direction, together with a calibration of the distances 
between the connections, it is possible to model the effects of some masonry texture (for ex-
ample, stone blocks interlocking often present in the case of significant degradation of the 
masonry that significantly changes the resistance of the panel). The constitutive laws for elas-
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tic-plastic behaviour are assigned using a phenomenological approach [12], based on the re-
sults of cyclic tests available in the technical literature [13,14,15]. 

For the purposes of this thesis, the use of a meso-scale modelling is an easy and quick step 
within the proposed procedure, aimed at defining some characteristic features of the global 
response of the infilled frame. For these reasons the properties of the springs are defined ac-
cording to a simplified approach. The elastic stiffness of each spring is estimated through the 
geometrical and mechanical properties of the infill (Figure 2), such as the modulus of elastic-
ity of the masonry panel in horizontal direction (Ewh), modulus of elasticity of the masonry 
panel in vertical direction (Ewv), shear modulus (G), areas of influence of the axial spring (A), 
areas of influence of the shear spring (AT), thickness of the head joint (gt), thickness of the bed 
joint (gl) and thickness of the masonry panel (tw) 

 
Figure 2: Simplified periodical cell describing the masonry texture. 

When the kinematic of the model is such as to engage the springs over the elastic response, 
force-displacement laws regulate the plastic behaviour of the system. As with the elastic be-
haviour, also for the decreasing behaviour of the stiffness has been adopted a simplified ap-
proach. Figure 3 shows the constitutive laws of the springs, respectively, axial and shear, used 
in the present work.  

 
Figure 3: Constitutive laws of the axial and shear springs. 

For both, the force-displacement law is constituted by 3 branches. In the figures, the sub-
script "as" indicates the axial spring, while “ss” the shear spring. The fundamental variables 
of the laws are calibrated with an approach depending on the material strengths: compression 
strength of the masonry in horizontal direction (σwh), compression strength of the masonry in 
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vertical direction (σwv), tensile strength of the masonry (σwt), shear strength of the masonry 
along the bed joints (τwh), shear strength of the masonry along the head joints (τwv). 

 

2.3 Description of the simplified procedure 

First step: “meso-analysis of the infilled frame” 
The first step of the procedure is to assess the response of the infilled frame by a nonlinear 

static analysis (pushover). The behaviour of the masonry panel is simulated by the model de-
scribed in the previous section. The reinforced concrete frame is instead modelled with beam 
elements whose response is described by a lumped-plasticity model. According to this, the 
post-elastic behaviour is modelled by introducing plastic hinges, in which all non-linearity is 
localized at the ends of the elastic beams. The non-linearity of the plastic hinge is defined by a 
M-φ or M-θ relationship, depending on the shear span LV, which identifies the distance be-
tween the end section of the element and the inflection point of the deformed shape (which 
varies during the incremental pushover loading). The relation adopted in the present work is 
contained within US standards FEMA 273 [16] which defines a relationship between the di-
mensionless strength (Q / QCE) and rotation θ (or displacement ∆) for respectively beams and 
columns. In the case of existing structures, the evaluation of plastic hinges have to take into 
account the effective strength values of materials in according to numerical approaches (in 
this context interesting are the research developed by authors [17,18]. Assuming as a control 
point of the pushover analysis the application point of the Fh load, the two main results at this 
step are, respectively, the capacity curve of the configuration with infill (indicated hereinafter 
with the acronym "INF") and the response of the springs in terms of forces and displacements. 

 
Second step: “evaluation of the infill conribution without RC frame” 
The Fh-dh curve of the INF configuration is intended as the “sum” of two distinct contribu-

tions, respectively, due to the bare frame (B) and the masonry panel (MP). The first contribu-
tion is evaluated using a nonlinear static analysis on the model without infill panel. The 
second, however, is obtained by subtracting (in correspondence with each displacement value) 
from the response of the INF configuration, the share due to the bare frame B (Figure 4). 

 
Figure 4 - Graphical description of the simplified evaluation of the masonry panel response. 

With the above assumption is obtained the relationship between the horizontal thrust 
load ∆Fh

MP (equal to Fh
INF- Fh

B) and the horizontal displacement dh of the wall panel only. 
The ∆Fh

MP - dh  curve is successively expressed according to Fw
MP and dw

MP components 
along the d diagonal of the panel, by means of numerical expressions based on the geometry 
of the infilled frames. 
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Third step: “Evaluation of the constitutive law of the Equivalent Strut” 
Once obtained the response Fw

MP- dw
MP  for masonry panel, it's possible to evaluate the 

constitutive law of the equivalent strut on the backbone of MP curve in order to define the 
ESM model. The law that will be defined consists of four branches delimited by four charac-
teristic points identified on the MP curve. The first branch describes the elastic response up to 
the yield point "S". The second branch describes the behaviour of the equivalent strut from 
when begins the plastic deformation up to achieve the point of maximum strength capacity 
"M". This is followed by the descending branch due to the propagation of crack in the panel 
such that induce a significant decrease of resistance until to the point "D". Finally, the fourth 
branch describes the force-displacement relation until the failure (point "R") with a residual 
resistance maintained in order to ensure stability and convergence to the numerical solution 
(Figure 5).  

 
Figure 5: Graphical equivalence between MP and ESM models for the evaluation of Fw-dw law. 

 
The M and R points are preliminarily identified and coincide, respectively, with the maxi-

mum point and last point of the MP curve. While, S and D points are directly evaluated by an 
iterative approach that minimizes the difference between the subtended areas of the MP curve 
and the defined constitutive law. 

The width (w) of the equivalent strut is evaluated neglecting the degradation of stiffness 
and the uncracked panel. The used equation derives from a purely linear elastic relation con-
sidering the yield point S on the MP curves. The width w is obtained by the following balance 
equation: ���� = �����	� 																																																													(1) 

where Ewθ is the modulus of elasticity of the masonry in the diagonal direction [19]. 
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3 CASE STUDY  

3.1 Characteristic of the sample and set-up of experimental test  

The case study of the present work, indicated by the abbreviation "SIB", is part of a broad 
experimental campaign conducted by Cavaleri and Di Trapani at the laboratory of the Univer-
sity Palermo, Italy [20]. The experimentation involved eight infilled frames (S1 series) with 
slenderness Lw/hw =1 designed to represent a typical configuration recognizable in existing 
buildings designed for gravity loads and without any seismic detail. Two specimens identical 
of the S1B sample, respectively, S1B-1 and S1B-2, were packed. The Figure 6 reports the 
geometrical details of the sample. 

 
Figure 6: Geometry and reinforcement of the sample. 

The mean concrete strength, measured after 28 days, was 25MPa, while the elastic Young 
modulus was about 25500MPa. The reinforcement steel bars had a medium strength of 
450MPa. The mechanical characteristics of the infill is defined on the basis of compression 
tests, lateral and diagonal preliminarily performed, while further loading tests were performed 
on bricks and mortar. The results of this preliminary experimental campaign are widely dis-
cussed in Cavaleri et al. (2012) [21]. The infill panel were constructed by placing the bricks 
with vertical holes and parallel to the direction of the static loads acting on the columns. The 
thickness of the mortar joints is equal to 15mm. Significant data for implementation of the 
meso-model of the sample are listed in Table 1. 
 

Ewv  6401 MPa 
Ewh 5038 MPa 
G 2560 MPa 
σwv 8.66 MPa 
σwh 4.18 MPa 
τwv  0.30 MPa 
τwh  0.31 MPa 

Table 1: Mechanical properties of masonry employed for S1B-1 specimen. 

3.2 Experimental results 

The specimens of infilled frames were tested by increasing the displacement at each cycle 
up to a drift about 2.5 % - 3.0 %. Damage mechanisms were monitored during the tests in or-
der to detect propagation of cracks on infills and frames. Stiffness, strength, and ductility 
evaluations were carried out by observation of force-displacement cycles. A low strength de-
grading after peak reaching was observed for all specimens, demonstrating an efficient con-
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finement effect produced by the frames on the infill pane
involved both frames and infills of both specimens, have arisen from a displacement of 
(drift of about 0.63%), in particular, diagonal cracks occurred at the beam
while along the mortar joints the cra
step". For larger displacements, over 
propagation, corresponding to the beginning of strength decay was observed accompanied by 
the formation of sub-horizontal cracks in the middle of columns and more seve
beam column joints. However, both specimens exhibited a significant stiffness degradation at 
each cycle, especially after the peak strength was reached. On the other hand the peak str
(in particular for S1B-1 specimen) did not significantly decrease until large displacements o
curred. By ideally enveloping the force
monotonic curve (in red) global ductile 

Figure 7: Force–displacement 

3.3 Numerical Modeling  

In order to simulate the experimental tests, has been implemented in 
finite element model of the S1B sample. The numerical mo
crete elements (blocks and spring) enclosed by a contour of the beam elements having the 
function of describing the behaviour o
model (RBSM) is constituted by a regul
ments (4-nodes shell elements). The total degrees of freedom are 108. The behaviour perfectly 
rigid of blocks is guaranteed by assigning to 
constraint with Y rotational axis perpendicular to the OXZ reference system. The internal 
constraint connects the nodes of the shell element by means of ideal rigid rods devoid of mass 
and stiffness. The connections between rigid blocks is with  "
plastic" typology, i.e. nonlinear springs (on the right of the 
tively, the axial spring - in red
and masonry panel (i.e. between beam and 
adjacent to the frame), are arranged 
relative distances between the nodes on axis line of the reinforced concrete element and the 
boundary line of the concrete, in order to simulate the material between them. The model is 
constrained to the ground by means of interlocking constraints at the base columns, while for 
simulating the position of specimen in the test device, the hinge constraints at the end nodes 
of the rigid NLink elements were arranged
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finement effect produced by the frames on the infill panels. The first cracking, which have 
involved both frames and infills of both specimens, have arisen from a displacement of 

), in particular, diagonal cracks occurred at the beam
while along the mortar joints the cracks are distributed according a typical propagation "

". For larger displacements, over 20 mm (drift of about 1.25%), more evident cracking 
propagation, corresponding to the beginning of strength decay was observed accompanied by 

horizontal cracks in the middle of columns and more seve
However, both specimens exhibited a significant stiffness degradation at 

each cycle, especially after the peak strength was reached. On the other hand the peak str
1 specimen) did not significantly decrease until large displacements o

enveloping the force-displacement cycles measured by the tests with a 
monotonic curve (in red) global ductile behaviour was observed (Figure 7).

displacement cyclic test results for specimens of S1B series. 

In order to simulate the experimental tests, has been implemented in SAP2000
finite element model of the S1B sample. The numerical model is constituted by a set of di
crete elements (blocks and spring) enclosed by a contour of the beam elements having the 
function of describing the behaviour of the reinforced concrete frame. The rigid blocks spring 
model (RBSM) is constituted by a regular discretization of 6 x 6 two-dimensional plane el

elements). The total degrees of freedom are 108. The behaviour perfectly 
rigid of blocks is guaranteed by assigning to 4-nodes of each shell a "Diaphragm

otational axis perpendicular to the OXZ reference system. The internal 
connects the nodes of the shell element by means of ideal rigid rods devoid of mass 

and stiffness. The connections between rigid blocks is with  "NLlink" elements of "
, i.e. nonlinear springs (on the right of the Figure 8 are highlighted, respe

in red- and the shear spring - in blue). At the interface between frame 
and masonry panel (i.e. between beam and NLink elements along the sides of the rigid blocks 
adjacent to the frame), are arranged Rigid typology. The rigid NLink maintain unchanged the 
relative distances between the nodes on axis line of the reinforced concrete element and the 

rete, in order to simulate the material between them. The model is 
constrained to the ground by means of interlocking constraints at the base columns, while for 
simulating the position of specimen in the test device, the hinge constraints at the end nodes 

were arranged. 

ls. The first cracking, which have 
involved both frames and infills of both specimens, have arisen from a displacement of 10 mm 

), in particular, diagonal cracks occurred at the beam-column joints, 
cks are distributed according a typical propagation "stair-

(drift of about 1.25%), more evident cracking 
propagation, corresponding to the beginning of strength decay was observed accompanied by 

horizontal cracks in the middle of columns and more severe damage at 
However, both specimens exhibited a significant stiffness degradation at 

each cycle, especially after the peak strength was reached. On the other hand the peak strength 
1 specimen) did not significantly decrease until large displacements oc-

displacement cycles measured by the tests with a 
). 

 
test results for specimens of S1B series.  

SAP2000 software a 
del is constituted by a set of dis-

crete elements (blocks and spring) enclosed by a contour of the beam elements having the 
. The rigid blocks spring 

dimensional plane ele-
elements). The total degrees of freedom are 108. The behaviour perfectly 

Diaphragm" internal 
otational axis perpendicular to the OXZ reference system. The internal 

connects the nodes of the shell element by means of ideal rigid rods devoid of mass 
" elements of "multilinear 

are highlighted, respec-
At the interface between frame 

elements along the sides of the rigid blocks 
maintain unchanged the 

relative distances between the nodes on axis line of the reinforced concrete element and the 
rete, in order to simulate the material between them. The model is 

constrained to the ground by means of interlocking constraints at the base columns, while for 
simulating the position of specimen in the test device, the hinge constraints at the end nodes 
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Figure 8: Response of the Finite Element Method (left); ex

 

4 RESULTS  

The simplified procedure described i
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of the first degrading branch (D point) are defined by iteration by minimizing the difference 
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is evaluated by Eq. 1 and is equal to 
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Element Method (left); extrude view of the single rigid bloc and his connections

described in § 2 is applied to the S1B sample. By assuming 
horizontal load as the control point, nonlinear static analysis (pus

over) on the discrete model with blocks and springs and the frame model without infills were 
performed. The capacity curves of two configurations are indicated hereinafter with the a
breviations, respectively, INF and B. Applying the first two steps of the procedure is obtained 
the relationship between the horizontal thrust load ∆Fh

MP and the horizontal displacement dh 
for the building panel MP only (Figure 9). In particular, ∆Fh

MP was evaluated with a simpl
fied approach by the followed numerical difference:  Fh

INF- Fh
B. The Fh

MP

then expressed according to the Fw
MP and dw

MP components along the d diagonal of the panel

The assessment of the Force-Displacement Capacity Curve of the Masonry Panel (MP) 
cond step of the proposed procedure. 

branches of the constitutive law of the equivalent strut are directly built on the bac
Figure 10). In order to determine the law more easily two points are 

directly fixed on the MP curve. In particular, M and R points are, respectively, equal to the 
maximum point and last point of the MP curve. The yield strength (S point) and the end point 

first degrading branch (D point) are defined by iteration by minimizing the difference 
between the areas subtended by the MP curve and the constitutive law. The length of the strut 

and is equal to 245mm.  

 
iew of the single rigid bloc and his connections. 

is applied to the S1B sample. By assuming the 
, nonlinear static analysis (push-

over) on the discrete model with blocks and springs and the frame model without infills were 
indicated hereinafter with the ab-

breviations, respectively, INF and B. Applying the first two steps of the procedure is obtained 
and the horizontal displacement dh 

was evaluated with a simpli-
MP - dh

MP relation is 
diagonal of the panel. 

 

anel (MP) - first and se-

branches of the constitutive law of the equivalent strut are directly built on the back-
). In order to determine the law more easily two points are 

directly fixed on the MP curve. In particular, M and R points are, respectively, equal to the 
maximum point and last point of the MP curve. The yield strength (S point) and the end point 

first degrading branch (D point) are defined by iteration by minimizing the difference 
The length of the strut 
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Figure 10 - Graphical defin

Figure 11 shows the force-
tively without infill and with equivalent strut), together with the monotonic envelopes of the 
cyclic responses obtained by tests carried out on both specimens of the S1B sample.

Figure 11 - Comparison between numerical and experimental capacity curves

The comparison shows the expected increases in resistance due to the contribution of the 
infill. In order to quantify this in

with the i apix for indicating the 
The function δS = δS(drift) 

tween the increments of both specimens) and for the 
versely proportional to the increase of drift. Specifically, starting from a drift about of 
i.e. when the specimens still show an elastic behaviour, the increases of the strength than the 
bare frame, are constant and tend to value equal to 2. 
sessing the response of the S1B 

 

5 CONCLUSIONS  

It should be highlighted some aspects which characterize the whole conceptual framework 
of the proposed procedure. 
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Graphical definition of the Constitutive Law on the MP curve.

-displacement curves of the B and EMS configuration (respe
tively without infill and with equivalent strut), together with the monotonic envelopes of the 

tests carried out on both specimens of the S1B sample.

Comparison between numerical and experimental capacity curves

The comparison shows the expected increases in resistance due to the contribution of the 
infill. In order to quantify this increase, the following incremental factor is defined: 

$%(&) = ��(&)
��(') 																																							

apix for indicating the i-th curve reported in the comparison. 
 for the S1B sample (intended as the function of the average b

tween the increments of both specimens) and for the Equivalent Strut Model
versely proportional to the increase of drift. Specifically, starting from a drift about of 

pecimens still show an elastic behaviour, the increases of the strength than the 
bare frame, are constant and tend to value equal to 2. The average percentage error

S1B sample with the ESM model is above 21% 

It should be highlighted some aspects which characterize the whole conceptual framework 

 
ition of the Constitutive Law on the MP curve. 

displacement curves of the B and EMS configuration (respec-
tively without infill and with equivalent strut), together with the monotonic envelopes of the 

tests carried out on both specimens of the S1B sample. 

 
Comparison between numerical and experimental capacity curves 

The comparison shows the expected increases in resistance due to the contribution of the 
is defined:  

																													(3) 

e S1B sample (intended as the function of the average be-
Equivalent Strut Model (EMS) are in-

versely proportional to the increase of drift. Specifically, starting from a drift about of 0.4%, 
pecimens still show an elastic behaviour, the increases of the strength than the 

The average percentage error in as-
  

It should be highlighted some aspects which characterize the whole conceptual framework 
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• The definition of the constitutive laws of the springs is essential to achieve similar results 
to those observed experimentally. The use of the simplified modelling RBSM, and of the 
entire procedure proposed, is more reliable if the initial data relating to the mechanical 
parameters of the materials are sufficiently detailed (elastic modulus, compressive 
strength ...). The degree of reliability increases further when the above parameters are de-
rived directly from experimental laboratory tests on specimens preliminarily packaged 
for the purpose (tests on walls), as well as observed in the case study. 

• The calibration of the simplified model RBSM becomes less "reliable" when are little the 
information about the mechanical properties and resistance parameters of the infill walls. 
In particular, it is more difficult to define the laws of the springs. The springs greatly in-
fluence the results obtained by the procedure, therefore, if the information required for 
their definition are few and uncertain, definitely has an impact on the model. 

• The results obtained, both preliminarily on the RBSM in its simplified form, both on the 
model with equivalent strut, show the significant contribution in strength provided by in-
fills. 
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Abstract. Poor performance of reinforced concrete infilled frame buildings observed in re-

cent post-earthquake reconnaissance may underline a deficiency in our knowledge on the 
seismic behavior of RC buildings with masonry infills. Past experiments have lacked tests on 
strong infills recently introduced in modern construction practices in Europe. As the strong 
typology significantly influences global building behavior, a comprehensive appraisal of the 
seismic performance for both full and open infill panels will improve our assessment of build-
ing performance. A recent experimental campaign on single-story RC frames infilled with a 
strong masonry typology has been carried out to evaluate and identify drift indices at the 
damage and ultimate limit state.  Calibration of a macro model to the data has improved the 
accuracy of a macro model for nonlinear dynamic analysis of infilled RC frame buildings. 
Specific focus on the hysteretic properties of the frame and infill elements in the numerical 
model has brought significant improvement in accuracy.  The need to model local effects has 
been circumvented by special interpretation of the experimental data.  In particular, the infill’s 
effect on the global behavior of the infilled frame subassembly has been extracted by taking 
comparing the hysteresis of the infilled frame and the bare frame at matching target drifts.  
The macro model’s hysteresis rules are specifically intended for infill struts and have been 
adjusted for the strong infill typology.   A smooth hysteresis closely mimics the tangent stiff-
ness of the reloading and unloading branches to better match energy dissipation, strength, and 
stiffness. The strength envelope has been modified to account for a post-peak strength plateau 
exhibited by the strong infill.  The results from the parametric optimization may be imple-
mented in nonlinear dynamic analyses with adjustment to existing empirical equations that 
estimate the strut properties per the masonry characterization.  
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1 INTRODUCTION 

Macro models capture the global response of masonry infills by reducing the number and 
complexity of finite elements required to obtain accurate numerical results, particularly for 
nonlinear dynamic modeling.  The infill strut calibration serves as an opportunity to best 
match the experiment subassembly and extrapolate the results to other geometries in a real 
building model.  Because the strong masonry infill overwhelmingly participates in the build-
ing response, special attention has been given to strength properties and hysteretic parameters 
to capture the net effect of the infill on the global seismic performance.  For that purpose, the 
macro model has been optimized to determine the characteristics of the strong infill to be in-
cluded in the performance-based design and assessment of buildings.   

 

 
Figure 1: Equivalent diagonal single-strut model. 

In general, the strength, energy dissipation and stiffness of the response represent im-
portant criteria for making modeling decisions. Due to the complexity of the hysteresis rules, 
the parameters cannot be independently calibrated, and the resulting optimization problem is 
rendered multivariate and nonlinear.  A preliminary trial and error approach was unsatisfacto-
ry as the results failed to meet all the objectives of the calibration.  Instead numerous combi-
nations of the parameters are evaluated to obtain the best solution by locating the global 
minimum for an array of error surfaces.  That is, the combination of relative error per specific 
strength, energy dissipation and stiffness criteria.    

To reduce the size of the problem, the initial set-up procedure helps to eliminate all but 
three parameters from the optimization process.  During the process, each error criterion is 
given equal weight.  The best combination of parameters with the least error is chosen as the 
final solution.  The error criteria focus on the post-peak region of the cyclic tests where the 
strong infill typology has demonstrated significant displacement capacity in recent tests [1].   

1.1 Experimental Campaign 

The strong masonry infill typology considered here represents an upper bound of the pos-
sible strength & stiffness properties a masonry infill can exhibit.  The typology represents a 
single-leaf unreinforced masonry infill of 35 cm thickness, consisting of vertically hollowed 
lightweight tongue and groove clay block units, having nominal dimensions of 235 x 350 x 
235 mm with a nominal volumetric percentage of holes near 50%.  The mortar bed-joints con-
sist of a general purpose mortar type M5 whereas the interlocking head-joints are without 
mortar. The perimeter of the infill panel has been set in complete contact with the surrounding 
frame.  
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(a) (b) 

Figure 2: Masonry unit (a) isometric view & (b) profile views with dimensions (mm). 

A series of in-plane quasi-static cyclic tests have been carried out on a single-story, single-
bay RC frames with a full infill panel, open infill panel, and no infill panel.  The freames have 
been designed according to modern European (and Italian) code provisions.   

 

 
                        (a)                         (b)                         (c) 

Figure 3: Schematic of the a) full infill panel, b) open infill panel and c) bare frame.  

Prior to the cyclic tests, a detailed characterization of all material components (i.e., con-
crete, reinforcing steel, mortar, masonry units and masonry) has been performed [1].  An ex-
tensive numerical study on a wide range of infill typologies had hypothesized that a thicker, 
stronger & stiffer masonry unit could control damage at lower ground motion intensity [2].   
The dry tongue and groove joints dry head joints have been known to have significant 
strength benefits [3]. 

 

 
 

Reference 
Typology 

Selected Typology 

Masonry unit properties  DANESI Poroton Plan 700 TS 

Nominal vertical  resistance [MPa] 8.0 8.0 

Vertical resistance1 [MPa] - 12.9 

Horizontal resistance1 [MPa] - 2.2 

Thickness [mm] 350 350 

Height [mm] 230 - 250 235 

Percentage of holes [%] 50 - 55 50 

Minimum shell thickness [mm] 4.5 - 5.0 4.8 

1Preliminary characterization  

Table 1: Strong infill masonry unit properties. 

Table 1 lists the characterization of the masonry infill typology prior to full scale cyclic 
tests.  During the cyclic tests, a single actuator applies lateral load quasi-statically along the 
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beam centerline (Figure 4).  The end plate remains in contact with the beam cap by the fas-
tening of steel rods to the opposing beam end.  The post-tensioning force imparted to the 
beam varies during each half cycle of loading due to tightening and relaxation of the tendons.   

 

 

Figure 4: Front & side view of the experiment apparatus mounted on the bare frame specimen. 

A comparison of the hysteresis and the average peak envelopes are shown for the fully in-
filled frame and infilled frame with a one-third bay length opening in Figure 5.  The drift in-
dices indicating limit states have been defined according to EC8 and NT8 [4, 5].   

Taking into account the infill damage propagation observed during the test, performance 
levels for a single strong masonry infill with and without the opening have been defined as 
illustrated in Figure 5.  For the infill without an opening, a 0.50% drift index has been as-
signed for the damage limit state and 1.75% drift index for the ultimate limit state. For the 
case of the infill with the opening, drift values of 0.35% and 1.0% denote the damage and ul-
timate limit states, respectively. In both the cases, an operational limit state, equal to 2/3 the 
damage drift index has been selected in accordance with seismic design provisions but not 
indicated on the plots. 

  

Figure 5: Hysteresis and envelope of the RC frame response with the full infill panel and open infill panel. 

2626



Milad A. Oliaee, Paolo Morandi, and Guido Magenes 

1.2 Interpretation of the Experimental Data 

With the incentive to reduce the number of parameters during the optimization process, the 
infill effect’s on the bare frame response is extracted by taking the difference between the re-
sponse of the bare frame and the infilled frame at equal target drifts during the initial calibra-
tion procedure.  The resulting hysteretic response is not just the shear contribution of the 
confined infill panel but also the change in the bare frame’s response due to the presence of 
the infill panel.   

The single bay specimen has the condition in which the frame members drag strut forces 
induced by the infill panel at low drift.  Likewise for frame members without infills in adja-
cent bays, the effect of the strut action becomes unbalanced due to the infill bearing load onto 
the column faces below the joint.  These forces offset the neutral axis of the concrete section 
and alter the plastic moment resisting capacity of the flexural hinges.  For this reason, the cal-
ibration procedure for the strong infill uses the combined response of the infilled frame in re-
lation to the bare frame response.  That way the infill strut doubles to capture the shear 
contribution of the infill and the change in response from the bare frame as well. 
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Figure 6: A portion of the hysteretic response of a) the fully infilled frame and b) infilled frame with opening. 

Repeated cycles corresponding to one percent drift are shown above in Figure 6 for the two 
different infill configurations.  The net effect of the infill is shown in green.  For the fully in-
filled frame, the infill’s effect exceeds the bare frame response and thus dominates resistance 
to lateral load.  The infill with the opening shows less resistance than that of the bare frame.   
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Figure 7: The envelope curves averaging the cyclic peaks of net infill’s effect on story shear. 
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The strength and stiffness of the infill strut ultimately influence the amount of interaction 
between the bare frame plastic hinges and the strut action of the infill in the numerical model.  
The envelope of the average peaks for the full and open infill panels with respect to the bare 
frame are shown above in Figure 7. 

1.3 Bare Frame Model Parameters 

Before the infill strut parameters are chosen, the beam-column element properties are cali-
brated to the bare frame response.  Because closely spaced stirrups provide confinement along 
the entire length of the column, the plastic hinge curvature ductility is left unchanged.  Per-
haps the most important parameters for modeling the RC frame are the axial-moment yield 
surface and the reduced unloading/reloading rotational stiffness of the hysteretic rules.  These 
parameters dictate the cyclic development of shear resistance by the bare frame in combina-
tion with the infill strut. 

(a) (b) 

Figure 8: The rotational spring hysteresis (a) and the axial force-bending moment interaction surface (b). 

The beam-column elements have lumped plasticity offset from each end [6].  The inelastic 
rotational springs have a trilinear moment-curvature spline.  The beam-column yield interac-
tion surface for the concrete connects intermediate points via a cubic spline (see Figure 8).  
The smooth spline interpolation is advantageous over a straight line interpolation for condi-
tion in which the axial force varies widely. The reduced reloading stiffness factor have been 
set higher than the beams, such the order of hinge formation is not altered.   

 
 

 

Figure 9:  Displacement load history and force-displacement hysteresis of the bare frame test in comparison 
to the numerical model. 
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The bare frame model has an elastic prestressed element collinear to the beam element so 

when the specimen is pushed, the axial compressive force in the beam relaxes.  The unloading 
and reloading stiffness parameters of the modified Takeda hysteresis rules influence the de-
velopment of shear resistance of the frame [7].   

The final values for the reloading parameter, α, are 0.17 for the beam and 0.35 for the col-
umn.  The values for the unloading parameter, β, are 0.05 for the beam and 0.07 for the col-
umn.  The values show a good match with the hysteresis backbone and the unloading curves 
at large deformations (see Figure 9).  The target drift labels are shown in the displacement 
load history plot and they serve as a reference for the drift targets of infilled frame tests also. 

1.4 Masonry Infill Model Parameters 

The Decanini equations are used to estimate the strength of the infill struts depending on 
masonry characterization, the infill panel aspect ratio and the beam/column widths [8].  The 
equations adopt the strut elastic modulus Ewθ and stiffness parameter λ proposed by Stafford 
Smith [9] but also consider the mode of failures depicted in Figure 10. 

 

 
 (a) (b) (c) (d)  

Figure 10: Diagrams for the four failure modes considered by the empirical equations: (a) Compression at the 
infill panel center, (b) Compression at the infill corners, (c) Sliding shear failure; (d) Diagonal tension failure. 

The governing failure mode for the test subassembly is shear sliding failure, presented by 
Equation 1 below.  The strut width for the open infill panel has been reduced according to 
Seah and Dawe’s empirical parameter rb that reduces the strut area based on the width of the 
opening [10].  rb for an opening a third length of the bay reduces the strength to roughly half. 

 
 

w1

1.2 sin ( ) 0.45 cos ( )( ) fwu 0.3 v

bw

dw

 (1)

  
(Shear Sliding) 

 

 
θ is the inclined angle of the strut, fwu is the strength in shear sliding on a prism test, σv is 

the vertical bearing stress on the panel, bw is the width of the strut, and dw is the length of the 
diagonal.  Following the model calibration to the bare frame cyclic tests, the properties of the 
single-strut macro model are adjusted within the user domain of Ruaumoko with the original 
Crisafulli hysteresis rules [11, 12].  They are tuned to best match the extracted hysteresis rep-
resenting the infill shear contribution and the change in the bare frame response due to local 
effects.  Note that during the calibration of the infilled frame, the bare frame parameters re-
main unchanged.   
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Figure 11: Comparison of the parabolic curve and Sargin’s envelope. 

The stress-strain constitutive model outlines the backbone that the loading and unloading 
paths achieve by the hysteresis rules.  The original strength envelope is defined by a parabolic 
common for modeling cementitious materials in uniaxial compression (see Equation 2).  Be-
cause the strong infill has significant post-peak strength, the alternative strength envelope, 
Sargin’s envelope, is not ideal for the descending branch [13] but instead adopted for the as-
cending branch.  For the descending branch, the parabolic curve is implemented but broad-
ened a large ultimate strain such that a plastic plateau continues beyond peak resistance.  For 
the strong masonry infill, the ultimate strain is set equal to 20 times the peak strength strain.   
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fm is the maximum compressive strength, εm is the strain at peak strength, and εu is the ul-

timate strain at no strength.  The fully infilled frame has a second plateau in the infill response 
beyond two percent drift and continuing to the end of the cyclic tests.  The most effective way 
to model such behavior with the current model’s platform is to decrease the strut’s cross-
sectional area via a piece-wise function.  The starting and ending strut areas provide for the 
first and second strength plateaus.  In between the plateuas, the intermediate softening branch 
is linearly interpolated.  Figure 12 shows the strut area, material strength, and strut strength.   
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 (a)        (b)  (c) 

Figure 12: The strut cross-sectional area (a), axial stress (b), and axial force (c) strain relations. The dotted 
blue line, Fs, marks 80% force degradation. 

Before the hysteresis rules are outlined, the function that provides the smooth, curved path 
for unloading and reloading must be presented.  For every change in loading direction of the 
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strut, a hysteretic rule determines the starting point, ending point, initial tangent modulus, and 
the final tangent modulus.  The values are passed to a smoothening function in the normalized 
strain domain to interpolate a curve between the two points with matching tangent slopes.   

 

Figure 13: Conceptual plot of the interpolating curve function in the Crisafulli rules. 

1.5 Hysteretic Rules 

To determine the path dependent unloading and reloading points, there are four basic rules: 
1) loading, 2) unloading, 3) reloading before the change point and 4) reloading after the 
change point.  The intermediate change point separates the reloading path.  It forecasts reentry 
to the backbone curve and transforms a convex pre-change point curve at a post-change point 
concave curve.  

The unloading path effectively influences energy dissipation, as it provides the lower 
bounding edge for the hysteresis loop area.  The secant modulus during unloading dictates the 
reduced stiffness of the strut and, in turn, elongates the transitory period of the structure.  The 
secant unloading stiffness is used to define this effect for large displacements.  

 

 

 
 

(b) 

(a)  

Figure 14:  Conceptual plot of the unloading and reloading Crisafulli hysteretic rules.   

During reloading, if αre is greater than zero, the cyclic response of the infill strut falls be-
low the virgin envelope by overshooting a reentry strain beyond the original unloading strain.  
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Thus αre reduces the strength by calculating the strength at a larger strain on the descending 
branch.  Thus the hysteretic loops stagger as cycles undergo increasing strain. 

In addition to strength degradation at increasing strain, an empirical counter is implement-
ed to account for in-cycle strength degradation.  The repeated cycle counter is raised to a frac-
tion of a power and reduces αre in the denominator such that the cycles with repeated 
maximum strain have strength degradation also.  In summary, the hysteretic rules capture the 
three basic modes of cyclic deterioration: (1) post-peak strength degradation, (2) reduced re-
loading stiffness, and (3) deteriorating unloading stiffness. 

2 CALIBRATION PROCEDURE 

Before optimization, the shape of strength envelope must be identified.  The compressive 
strength of the strut f'c is set to directly match the Decanini equations while the strut area A1 is 
initially set to the maximum shear strength during the cyclic tests.  The strain ε'm is chosen to 
best represent the knee of the average envelope for the full infill panel, and the strain at peak 
strength for the open infill panel.  The tensile strength of the strut, ft, may be assumed to be 
zero.  Third, for the strong infill the ultimate strain εu should be set to 20 times the strain ε'm. 

For the fully infilled configuration, the drop in strength to the second plateau is estimated 
by the average envelopes, but anchored by the initial strut area A1 such that the drop from A1 
to A2 at axial displacement intervals d1 and d2 are fixed and determined before optimization 
begins. For the open infilled frame, d2 is taken as the maximum displacement during the cy-
clic tests.  Thus the shape of the backbone remains the same during optimization. 

The final parameter set before optimization is the strut elastic modulus Emo.  It effects the 
loading and unloading stiffness in the rules.  Optimizing the unloading stiffness for energy 
dissipation in the post-peak range impedes upon the accuracy of the backbone’s initial stiff-
ness, so to compromise the elastic modulus is reduced and unloading stiffness is fine-tuned by 
the parameter γun during optimization (see Figure 14a). 

The last remaining parameters to be determined during optimization are αre, γun, and A1.  
The initial strut area is included because the numerical average cyclic envelope depend on the 
combination of αre and A1.  That is, the virgin envelope according to A1 is reduced by αre, even 
for the first cycle of each post-peak target drift.  A strategy to identify specific attributes of 
the combined cyclic response has been followed to determine the best combination of parame-
ters according to a set criteria.   

2.1 Optimization Criteria 

Because the model behavior varies heavily with the hysteresis path, the cyclic response 
renders typical optimization algorithms impractical.    Instead a strategy to target specific at-
tributes of the cyclic response has been created, and criteria help to identify the best combina-
tion of parameters.  The criteria have a profound effect on the optimization process and 
should be defined carefully before making decisive modeling decisions. 
Force  To best quantify the extent to which the model of matches the peak cycles, the 
peak forces of the response history between the damage and ultimate state drift indices are 
compared.   
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Energy  The sum of the normalized energy dissipation for cycles at matching target drifts 
of the bare and infilled frames are compared.  For the fully infilled frame, there are ten possi-
ble target drifts in which the three cycles, positive and negative can be compared.  For the 
open infilled frame, only five.  The drift target indices in Equation 4 are specifically for the 
fully infilled frame. 
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Stiffness Finally, the average secant unloading stiffness for each matching cycle of the bare 
and infilled frames are compared.  The secant loading stiffness is defined by a segment be-
tween initial unloading and the onset of reloading shown previously in Figure 14.  The values 
of stiffness are compared to the experiment by Equation 5. 
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3 RESULTS 

The final surfaces for γun = 7 with the lowest global minimum error are shown in Figure 15 
for the full infill and open infill configurations.   
 

 

 

 

Figure 15: Final inverted error surfaces for the full infill and open infill calibrations. 

Each surface represents the combined relative error based on the energy, force and stiffness 
criteria mentioned.  Thus the point indicating the global maximum having the highest accura-
cy is the best solution.  Accuracy is computed as the negative value of the absolute error.  The 
final values for the fully infilled specimen and the infilled frame with opening are shown in 
Table 2.  The results of the optimization concerning γun match for both the calibrated infill 
configurations.  They indicate the unloading stiffness is controlled by the characteristics of the 
masonry and not the infill configuration.  
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Config Full Open

f'c (kPa) 688 688
ft 0 0
ε'm 2.10·10-3 1.63·10-3

εu 44.2·10-3 32.6·10-3

εcl 0 0
Emo 97929 97929
γun 7 7

αre 0.55 0.09

A1 (m 2 ) 0.64 0.294

A2  (m 2 ) 0.4 0.221
d1 (mm) 39.2 22.1
d2 (mm) 52 27

Table 2: Final selection of parameters of the macro models for each configuration with values in bold found 
by optimization. 

Also, the final value A1 is larger than the original value of A1 before optimization because 
αre has reduced the cyclic response.  The final parameters chosen following optimization are 
listed in Table 2 below.  For the full infill panel, the optimized strut width complements the 
“one-third” rule originally proposed by Holmes in 1961 [14].   

3.1 Post-Peak Envelope 

The numerical and experiment envelopes match well for the fully infilled frame.  Figure 16 
shows the first cycle and the average peaks for the three cycles.  The numerical model slightly 
overestimates the initial peak strength and underestimates the plateau in the post-peak region.  
However, the difference is relatively small and the shape of the softening branch is preserved 
with the exception of the first push cycle, in which there is a small drop in the strength be-
yond the ultimate limit state.  As predicted, the numerical model underestimates the initial 
stiffness, analogous to the cracked stiffness in the beam-column elements.  

 

 

Figure 16: Envelopes of the first cycle and average of the cyclic tests for the full infill configuration. 

Matching the envelope for the open infill configuration has been more challenging given 
the asymmetric response and the short range of experimental data viable for optimization.  As 
seen in Figure 17, a good match has been found for the first cycle, however, the comparison 
to the experiment average cycles reveals a reduction in strength not captured well by the nu-
merical model for the pull cycles.  Although optimization is implemented for the push cycles 
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only, the pull cycles also agree with the experimental results.  This result is coincidental and 
perhaps explained by the effect of the shape of the hysteretic loops on the energy criteria.     

 

 

Figure 17: First cycle and average envelope comparison for the open infill configuration. 

3.2 In-Cycle Effects at Repeated Drift 

An interesting prospect arises when investigating the change in the hysteretic loops across 
sequential cycles at repetitive matching target drifts.  For the fully infilled frame, the approach 
to the backbone curve changes from a rounded to pointed edge, which would indicate material 
degradation within the panel occurs only at incremental target drifts.  For the cycles within a 
single target drift, the width of the loops decrease steadily in succession both in the experi-
ment and in the numerical model.  Also, by inferring that the unloading stiffness remains un-
changed, most of the energy dissipation capacity loss arises from reloading branch cutting 
into the original loop profile.  Because the peak force recedes with every repetition, the length 
of the loop also decreases, further impacting the net energy dissipation.   

 

 
(a) (b) (c) 

Figure 18: Effect of repeated cycles on the shape of the hysteresis for the full infill configuration. 

For the open infill, the bare frame energy dissipation dominates the response following the 
first cycle, visible by the extreme thinning of hysteresis loops in Figure 19 below for the sec-
ond and third cycle.  The thickness of the loops also thin, denoting a decrease in energy dissi-
pating capacity.  There is no criteria set indicating the shape of the loops, but rather only the 
total area, or the net energy dissipation per cycle. 
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(a) (b) (c) 

Figure 19: Effect of repeated cycles on the shape of the hysteresis for the open infill configuration. 

3.3 Energy Dissipation 

The normalized energy dissipation considers the accumulated displacement path during a 
half cycle.  In contrast to viscous damping, hysteretic damping has a maximum effect at max-
imum deformation.   

 

Figure 20: Total (left) and normalized (right) hysteretic energy model comparison, full infill.  

The averaged energy dissipation for the full infill configuration shows a good match be-
tween the damage and ultimate limit state, although the numerical model consistently under-
estimates energy dissipation because the reloading branch cannot be adjusted.  
Consequentially, a compromise is found between the unloading stiffness and the energy dissi-
pated per cycle.   

 

 

Figure 21: Total (left) and normalized (right) hysteretic energy model comparison, open infill. 
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Note the drop below the original normalized energy dissipation at the ultimate limit state in 
Figure 20.  The visual damage and initiation of expulsions from the panel observed during 
testing correlate quantitatively the hysteretic properties of the infill’s effect.  The open infill 
hysteretic energy is constantly increasing with target drift for the experiment on the infilled 
frame with the opening.  Unfortunately, the numerical model is unable to capture that behav-
ior well, as a sudden drop occurs at target 11D in Figure 21. 

3.4 Stiffness Reduction 

The secant unloading stiffness is important and may be indirectly controlled by changing 
γun, which effects the sudden drop immediately at the onset of unloading.  Figure 22 indicates 
that γun should increase with drift, as the numerical model is overestimating the unloading 
stiffness at smaller displacement cycles.   

 

Figure 22: Secant unloading stiffness per cycle for the full and open infill configuration. 

3.5 Overview 

Figure 23 and 24 convey the sequence of the calibration procedure, from the bare frame 
model to the strut calibration and finally to the final combined infilled frame response. 

 

 

Figure 23: The bare frame, infilled frame and infill hysteresis for the full infill configuration. 
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Figure 24: The bare frame, infilled frame, and infill hysteresis for the first cycles of the full and open infill 
configurations. 

4 CONCLUSIONS 

The calibration procedure presented focuses on accurately modeling the seismic perfor-
mance of RC frame buildings infilled with a strong masonry typology.  A series of cyclic tests 
on an RC frame subassembly with a full infill panel, an open infill panel and the infill panel 
omitted have taken place after a detailed characterization of the masonry.  The cyclic testing 
of the bare and infilled frames at matching target drifts have allowed a unique interpretation 
of the data to which the single strut has been calibrated.  The extracted hysteresis from the 
data represents the infill shear contribution in addition to changes in the RC frame response.  
The modeling of local effects has been circumvented by also considering the change in the 
frame response during the calibration of the strut.  The strong masonry infill typology exhibits 
significant post-peak displacement capacity.  The shape of the backbone curve of the uniaxial 
stress-strain constitutive model has two strength plateaus for the full infill panel.   

The shape of the envelopes have been set prior to the optimization of hysteretic and 
strength parameters.  The method uses a set of error criteria to help identify the best combina-
tion of parameters without particular bias.  The generated error surfaces have been inverted to 
show the global maximum corresponding to the best accuracy.  The final parameters show a 
good comparison to the full scale tests and can be applied to other frame geometries by ex-
trapolating the parameters with adjustment to the empirical equations for consideration of the 
strong infill typology.    
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Abstract. Reinforced concrete (R/C) buildings designed according to older seismic codes 
represent a large part of the total building stock; hence, it is important to accurately and effi-
ciently assess their response to actions induced by natural hazards, such as earthquake. Sub-
standard R/C structural elements are prone to shear failure subsequent, or even prior, to 
yielding of their longitudinal reinforcement. This can potentially lead to loss of axial load 
bearing capacity of vertical elements and initiate progressive collapse of the building. 

So far, there have been efforts to model the full-range behaviour of such elements following a 
macro-modelling approach, usually based on quite a limited amount of experimental results, 
especially with respect to the post-peak part of their response, and adopting assumptions that 
are not entirely appropriate. 

In the present study, an extensive database of shear and flexure-shear critical rectangular 
R/C columns has been compiled, to the purpose of investigating R/C member post-peak re-
sponse and calibrating the models mentioned below. It includes both monotonic and cyclic 
tests, the latter constituting the majority, it spans a broad range of design, material and load-
ing parameters and the majority of the specimens have been tested up to axial failure. 

A shear macro-model is developed, which is able to capture the full hysteretic behaviour of 
R/C elements. In addition to the behaviour up to peak shear resistance, an effort is made to 
properly capture the post-peak response, calibrating an empirical model for the descending 
branch directly, instead of indirectly defining it through shear and axial failure that has tradi-
tionally been the case. The angle of the shear failure plane is an important parameter of this 
model, hence an empirical relationship has been developed for it, as well. The onset of axial 
failure constitutes a vital aspect of post-peak response, since it signals the initiation of a pro-
cess of loss of an individual R/C element’s axial load-bearing capacity simultaneously with 
the redistribution of vertical loads to neighbouring ones; thus, it was also closely examined 
and empirical models were derived. 

2640



Dimitrios K. Zimos, Panagiotis E. Mergos and Andreas J. Kappos 

 

1 INTRODUCTION 

Reinforced concrete frame buildings designed according to older seismic codes (or even 
without adhering to any code) represent a large part of the total building stock. Transverse 
reinforcement in their structural elements is typically inadequate, widely spaced or poorly de-
tailed, rendering them vulnerable to shear failure subsequent, or even prior, to yielding of 
their longitudinal reinforcement. This can eventually lead to loss of axial load capacity of ver-
tical elements, through disintegration of the poorly confined concrete core and consequent 
axial load capacity decrease [1], and initiate vertical progressive collapse of a building. This 
collapse type has been shown through post-earthquake reconnaissance to be the most common 
reason of R/C frame building collapse, primarily due to failure of columns or beam-column 
joints [2]. Thus, it would be useful to be able to accurately and efficiently assess their re-
sponse to earthquake-induced actions. Naturally, in such complex and computationally de-
manding analyses, especially when an attempt to model progressive collapse is made, the 
need for a macro-modelling approach of element behaviour arises. 

2 CRITICAL REVIEW OF EXISTING MODELS 

There have been several studies, especially in the recent years, attempting to model the 
full-range cyclic behaviour of shear-deficient elements. Some of the best-known models offer 
reasonable predictions of member response, but this is often not true in the post-peak range. In 
some cases, the post-peak descending branch is not explicitly considered, i.e. shear failure and 
axial failure models are calibrated and the descending branch is assumed to be the “connect-
ing line” between these two, falling short of predicting the response measured experimentally 
(e.g. [3], [4]). Moreover, the shear strength is typically considered zero at the onset of axial 
failure - although this is not always the case, as will be shown later on, resulting in higher po-
tential deviations. Another model [5] explicitly accounts for the post-peak descending branch, 
but is not calibrated against experimental results at all, thus being less accurate, as shown 
through the model verification against experimentally obtained results and noted by the au-
thors; those that consider it directly and are indeed calibrated, are either associated with sub-
stantial scatter [6] or they neglect the effect of some critical parameters, such as transverse 
reinforcement [7]; furthermore, the datasets on which their empirical models were based are 
quite limited ([6], [7]), largely due to the scarcity of experimental tests of specimens up to the 
onset of axial failure until recently. Most of these constitutive models are based on inter-
storey drift ratio (e.g. [3], [4], [7]), although it has been pointed out that a localised drift ratio 
(at the shear-damaged region) might be more appropriate, since deformations tend to concen-
trate at that region after shear failure [8]. Another shortcoming of some models is the consid-
eration of a horizontal residual strength branch without solid experimental basis [6], [9], [10]. 

One of the most recent and comprehensive member-type models, which however does not 
cover the behaviour of R/C elements subsequent to the onset of shear failure, is the phenome-
nological, force-based, spread inelasticity model by Mergos & Kappos [11]–[13]. It is com-
posed of 3 sub-elements, accounting for flexural, shear and anchorage-slip deformations 
(Figure 1). The shear sub-element primary V-γ curve includes the shear cracking point, the 
onset of yielding of the transverse reinforcement, where the maximum shear strength is at-
tained, and a horizontal branch, where shear strains increase with constant force up to the on-
set of shear failure. The curve can be altered according to the flexural deformations in the 
plastic hinge zones, thus accounting for shear-flexure interaction.  

The model was tested against different column specimens, which had failed in flexure, 
shear or flexure-shear, and adequate correlation was found. A specimen of interest for this 
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study in particular, i.e. a column specimen typical of buildings with inadequate transverse re-
inforcement [1], has been analysed using this model [14] and is presented herein. The analyti-
cal predictions are shown in Figure 2 along with the experimental results. The comparison 
with the experimentally observed behaviour up to the point of the onset of shear failure yields 
good accuracy. 

 
Figure 1: Finite element model: (a) geometry of R/C member; (b) beam–column finite element with rigid offsets; 

(c) flexural sub-element; (d) shear sub-element; (e) anchorage slip sub-element. [12] 

 
Figure 2: Sezen & Moehle [1] Specimen-1: (a) full lateral load vs total displacement hysteretic behaviour, as 
obtained from the experimental test; (b) lateral load vs total displacement hysteretic response resulting from 

analysis compared with the corresponding part of the experimental response [14]. 

Subsequent to the initiation of shear failure, the model is incapable of capturing the sub-
stantial strength degradation and follow the descending part of the response, which extends up 
to axial failure of the column. However, this part is critical in assessing the behaviour of an 
existing structure, even more so when it comes to predicting the initiation and cascade of pro-
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gressive collapse in a building. Therefore, the primary aim of the present study is to incorpo-
rate post-peak shear strength degradation mechanisms to the existing member-type model, 
with a view to accurately capturing the response of shear-deficient elements up to the onset of 
axial failure. 

3 POST-PEAK RESPONSE MODELLING 

3.1 Database compiled 

For the investigation of RC element post-peak response and the calibration of subsequent 
sub-models, a large database of shear and flexure-shear critical elements, which were cycled 
beyond the onset of shear failure, was compiled. It comprises 150 rectangular R/C columns, 
67 of which have sustained flexure-shear failure and 83 failed in shear. Their main character-
istics are summarised in Table 1. 

 

 Min Mean Max 

ρl (%) 0.16 2.25 4.76 

ρw (%) 0.08 0.38 1.59 

s/d 0.11 0.44 2.52 

Ls/d 0.88 1.94 4.00 

τave,max / √fc 0.22 0.57 1.23 

v -0.26 0.26 0.80 

Table 1: Main specimen characteristics of the database. 

3.2 Modelling approach 

The basic assumption adopted is that after the onset of shear or flexure-shear failure, the 
flexural and slip-induced deformations do not increase further than their values at failure, i.e. 
all post-peak deformations are localised in the shear sub-element. This assumption has been 
adopted in similar models (e.g. [4]) and is also experimentally validated through deformation 
decomposition (e.g. [15], [16]).  

Furthermore, it has been observed that after the onset of shear failure, shear deformations 
tend to concentrate in a specific member region, the ‘critical length’ [8], [17]; this length is 
defined by the critical shear crack angle.  

Based on the aforementioned assumptions, shear deformations are expressed as: 

 , , cot
pp pp

sh f sh f
cr shL h

δ δ
θ

γ γ γ+ = +=   (1) 

where γ is the average shear strain in the critical zone, γsh,f is the shear strain at the onset of 
shear failure, δpp is the post-peak total lateral displacement, Lcr is the critical length, h is the 
height of the section and θsh is the angle of the critical shear crack (with respect to the member 
axis). 

The axial load capacity degrades with lateral displacement reversals, due to the disintegra-
tion of the confined concrete core [1]; the onset of axial failure is defined at the point where 
capacity and axial load demand become equal. It has long been claimed (e.g. [18]), based on 
limited amount of experimental data (e.g. [19], [20]), that axial failure occurs when shear 
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strength degrades to zero (or is at least negligible); many post-peak models have been based 
on this assumption (e.g. [3], [4]). Nonetheless, this can certainly not be assumed for all spec-
imens. In fact, for some of them it’s completely misleading and this can be readily shown in 
Figure 3, where the lateral strength at the onset of axial failure of the 88 specimens that have 
sustained axial failure in the database, is shown (normalised to the respective strength at shear 
failure, to get the residual lateral strength). Apparently, the shear strength of only a fraction of 
the specimens has degraded below 10% of the maximum strength.  

 
Figure 3: Distribution of the remaining shear strength (normalised by the maximum shear strength) at the onset 
of axial failure. The ostensibly extraordinary values near 1.00 are due to the inclusion of specimens having un-

dergone simultaneous shear and axial failure. 

Consequently, the assumption of zero strength at the onset of axial failure is not verified 
experimentally and will not be adopted in this model; instead, a displacement-based criterion 
will be sought. Simultaneously, of course, if the shear strength does indeed degrade to zero 
before this critical deformation is reached, that point will be considered the onset of axial fail-
ure, i.e. shear strength will not be allowed to assume negative values. 

3.3 Critical crack angle  

The critical shear crack angle has often been assumed independent of column properties 
(e.g. 45o) in the process of developing a shear strength or an axial failure displacement model. 
As this angle affects (through Lcr) the modelling of the post-peak part of the shear force vs 
deformation curve, a realistic estimate of its value would be more appropriate; hence an ap-
propriate model for this angle was sought. 

It is first noted that this angle is not the angle of the first shear crack(s) that appear on a 
specimen along the principal compressive stress trajectories, when the tensile strength of con-
crete is reached. These can be readily calculated according to structural mechanics principles 
and result in steeper angles than the experimentally observed ones [8]. The critical shear crack 
angle corresponds to an idealised failure plane, which forms at or before shear failure and is 
different to the initial crack inclination.  

Statistical analysis was performed on a subset of the database with either a given value of 
angle, or adequate photographic evidence to measure it directly; the crack angle was meas-
ured with respect to the longitudinal axis of the member. In the case of flexure-shear critical 
members with a fan-shaped crack pattern at the end-region, the steepest one was taken into 
account - being considered equivalent to the inclination of the crack that would form in the 
intermediate region without prior development of flexural hinges [21] -, disregarding potential 
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horizontal parts due to flexural cracking. Furthermore, cracks parallel to the longitudinal axis 
- usually caused by bond-split of the longitudinal reinforcement - were disregarded. Only 
double-curvature experiments were taken into account, since the few cantilever ones were ob-
served to develop higher angle values which might not be representative of an actual building 
column. There were 51 shear critical (S) and 32 flexure-shear critical (FS) specimens satisfy-
ing the aforementioned criteria. Based on this dataset, the following patterns emerge (Figure 
4): 
• In line with structural mechanics principles, increasing axial load ratio (ν) tends to de-

crease the shear crack angle, since the trajectories of the principal compressive stresses - 
along which the first shear cracks will form – are oriented closer to the longitudinal axis 
of the member. The inclination of the shear failure plane, which is investigated herein, 
seems to have a similar correlation with the axial load ratio, being of course partly de-
pendent on the initial shear cracks’ inclination (it is emphasised again, though, that it 
forms generally at a different angle). 

• Transverse reinforcement ratio (ρw) has a strong positive correlation with the angle. It is 
recalled that transverse reinforcement has hardly any influence on the principal stress tra-
jectories prior to shear cracking, hence on the initial crack inclination. However, the an-
gle of interest in the present model apparently includes the propagation of shear crack at 
varying angles, the angle change being significantly affected by the yielding transverse 
reinforcement. 

 
Figure 4: Correlation of the measured angle (in degrees) with axial load ratio (top left), transverse reinforcement 
ratio (top right), longitudinal reinforcement ratio (centre left), aspect ratio (centre right), hoop spacing over ef-

fective depth (bottom left) and maximum average shear stress (bottom right), divided into shear (S) and flexure-
shear (FS) critical specimens. 
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• Longitudinal reinforcement ratio (ρl) seems to play no role whatsoever in either case (S 
or FS). This is consistent with the mechanics of shear cracking and contradicts previous 
studies (e.g. [21]) that have considered it as one of the main parameters. 

• Aspect ratio (Ls/d) has a negative correlation in the case of shear critical elements, as ex-
pected, because of the influence on the trajectories of the principal compressive stresses. 
However, no definite trend was observed in flexure-shear critical elements, so no clear 
conclusions could be drawn. 

• The normalised maximum average shear stress (τave,max / √fc = Vmax / bd√fc) in S elements 
has the expected correlation according to the mechanics of cracking initiation, i.e. the 
higher the shear stress, the higher the angle. However, in FS specimens, the inverse 
seems to be the case.  

• Hoop spacing over effective depth (s/d) has the inverse correlation of transverse rein-
forcement ratio, as expected, since the two parameters are highly correlated.  

• In general, FS members seem to have higher shear crack angle values, the crack being 
confined in the end-region of the member that has yielded.  

• Other important parameters that influence the shear crack angle, like cross-section shape 
and loading conditions, were beyond the scope of the current investigation, which was 
based on a database of only rectangular specimens - mainly square - and included only a 
double-curvature loading condition with forces acting at the ends of the members. 

Existing shear crack angle models were tested against the experimentally measured values 
(Figure 5), to select an appropriate one to use in the context of the current model. Moharrami 
et al.’s model [22] is based on structural mechanics principles, hence the resulting angles are 
much steeper, in line with Elwood & Moehle’s remarks [8]; this model was part of the devel-
opment of a shear strength model, not a shear crack model per se. Chang’s model [23] seems 
to heavily underestimate the angle, as well; probably because it’s theoretically derived and not 
calibrated against experimental results, albeit not predicting the first shear cracks like the pre-
vious model. Ousalem et al.’s model [24] produces substantial scatter, largely attributed to the 
axial load ratio; both low and high values lead to great over- or underestimation, as it was de-
veloped based on specimens roughly in the range (0.05, 0.35). The only model which could 
decently represent the observed angles, is Kim & Mander’s [21]. Still, it produces considera-
ble scatter with a mean experimental-to-predicted value of 1.07 and a CoV of 23.9%, while it 
takes into account the longitudinal reinforcement ratio and disregards the effect of the axial 
load ratio.  

Based on the aforementioned trends and significance tests of the predictor variables at a 
significance level of 5%, various empirical relationships were explored, since no existing 
model was deemed adequate. The best model developed is the following: 

 
0.14

1
min maxtan 45

2 0.9
ow

sh
s

h
L v

ρθ θ β θ−= < < =
+

=  (2) 

where β is a parameter that differentiates between shear and flexure-shear critical elements 
and is equal to 66 for S and 75 for FS elements and ρw is introduced with its actual value (not 
in %). The minimum value is a geometrical limitation of the shear crack applying to columns 
with a very low aspect ratio, as also explained by Elwood & Moehle [8]. Were this limit not 
imposed, the angle could be lower than the angle of the diagonal connecting the two ends of 
the column, essentially leading to an Lcr higher than the length of the column itself. 

The model (Eq. 2) yields a mean experimental-to-predicted value of 1.00, a median of 0.97 
and a Coefficient of Variation (CoV) of 19.6% (Figure 6). It applies to specimens in the fol-
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lowing range of parameters: -0.26 ≤ ν < 0.75, 0.00 < ρw < 1.35 (%), 1.18 ≤ ρl ≤ 4.28 (%), 330 
≤ fyl ≤ 700 (MPa), 270 ≤ fyw ≤ 587 (MPa), 13.5 ≤ fc ≤ 86 (MPa), 0.9 ≤ Ls/d ≤ 4.0.  

 
Figure 5: Shear crack angles (in degrees) measured experimentally against the ones calculated according to the 

predictive models of Chang [23] (top left), Kim & Mander [21] (top right), Ousalem et al. [24] (bottom left) and 
Moharrami et al. [22] (bottom right). 

 
Figure 6: Shear crack angles (in degrees) measured experimentally against the ones calculated by the predictive 

model (Eq. 2). 
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3.4 Descending branch 

With a view to developing a shear strength degradation model, the appropriate shape of the 
post-peak branch of the shear force vs deformation curve was investigated. From an observa-
tion-based classification, a bi-linear curve with a horizontal branch representing residual 
strength was a viable option for less than 10% of all specimens. This suggests either that prac-
tically no residual strength is developed in R/C members with the characteristics of this data-
base, or that axial failure occurs in most specimens before they reach their residual capacity. 
Another option could be a non-linear branch, which would have to encompass both concave 
and convex degradation curves. However, a linear post-peak branch model was pursued, tak-
ing into account its simplicity, its compatibility with existing shear behaviour macro-models 
and its match with the experimental results, with the Coefficient of Determination (R2) of fit-
ting a linear least-squares line to the experimental post-peak response of each individual spec-
imen of the database having an average value of 0.95 and a Coefficient of Variation (CoV) of 
7.43%. Thus, the proposed strength degradation model is the following: 

,
max

1 ( )pp sh f
V S

V
γγ= − − (3) 

where Vmax is the maximum shear strength that occurs at the onset of shear failure, γsh,f  the 
corresponding shear strain, γ ≥ γsh,f and V ≤ Vmax the shear strain and strength at any loading 
level after shear failure and Spp the slope of the post-peak curve, i.e. the rate of shear strength 
degradation (see Figure 7). 

Figure 7: V-γ primary curve including the post-peak range (without shear-flexure interaction). 

The post-peak behaviour of specimens with a degradation of at least 30% of Vmax was con-
sidered, in order to obtain a genuine descending branch in the response. Thus, experiments 
that were conducted up to 85% or 80% of Vmax, which constituted the overwhelming majority 
until recently, were excluded. The critical crack angle - for the calculation of the critical 
length and the normalisation of the lateral displacements - was calculated according to the 
aforementioned predictive model (Eq. 2). The principal direction, i.e. the direction of shear 
failure occurrence, was considered only, since the other one is influenced by the preceding 
shear failure, so it is not necessarily identical to the principal one.  

Considering the slope of monotonic and cyclic specimens with various lateral displacement 
protocols (47 flexure-shear and 71 shear critical specimens) led to excessive scatter; for ex-
ample, the best models would hardly amount to an R2 of 0.45 and a CoV less than 60%. Fur-
thermore, lumping them all together would lead to confusion between the capacity boundary 
of monotonic specimens as well as those with large displacement reversals and the cyclic en-
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velopes of cyclic specimens with smaller reversals, hence confounding in-cycle with cyclic 
degradation. It has been pointed out theoretically that these degradation types should be sepa-
rated (e.g. in FEMA P440A [25]); it was also proven experimentally, for example by observ-
ing the apparent difference in the descending branch slope of the identical specimens D13 and 
D14, which were cycled following different loading protocols [26]. Therefore, it was decided 
to treat them separately. A fraction of the specimens was selected, which were either mono-
tonic or cyclic with very large lateral displacement reversals (exhibiting apparent in-cycle 
degradation). These amounted to a total of 28, 18 of which were shear critical and 10 flexure-
shear.  

Examining the correlation of the descending branch slope (in a curve depicting V/Vmax vs γ) 
with design and loading parameters (Figure 8), the following are observed: 
• Higher axial load ratio increases the post-peak slope, as has been often noted in similar

studies (e.g. [7]). Naturally, it leads to higher stresses along the inclined crack interface,
causing faster deterioration of shear resisting mechanisms, albeit increasing shear friction
at the same time.

• Higher longitudinal reinforcement is beneficial, decreasing the degradation rate, mainly
through the dowel action of the longitudinal bars as well as carrying a - potentially sig-
nificant - part of the vertical load, hence reducing the damage inflicted on the crack inter-
face during each reversal. Interestingly, the longitudinal reinforcement area normalised
by the confined section area gives a better prediction than when normalised by the entire
section area, the latter being the usual variable of preference in pre-peak models. This is
possibly due to the fact that after the critical shear crack has formed at the onset of shear
degradation, the effective area is the confined one, as the unconfined cover concrete ei-
ther has already failed due to spalling of the section at the member critical length or it
does not actively contribute as resistance mechanism, due to substantial reduction in its
strength.

• Higher transverse reinforcement is beneficial, as expected, as the transverse steel bars
crossing the critical crack are one of the main resistance mechanisms.

• The average diameter of longitudinal bars (normalised by the effective depth, to avoid
scaling issues), Φl,ave/d, seems to play an important role, too. The same longitudinal rein-
forcement ratio realised through less bars of larger diameter will increase the shear resist-
ed by dowel action.

• Aspect ratio is an important parameter of a member’s shear behaviour, but was found not
to hold high predictive strength herein. This is due to the fact that shear strains concen-
trated in the critical length were considered, therefore eliminating the effect of aspect ra-
tio, which is pronounced when taking into account the inter-storey drift ratio (e.g. in  [7]).
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Figure 8: Correlation of the measured slope of the linear post-peak branch with axial load ratio (top left), longi-

tudinal reinforcement index (top right), transverse reinforcement ratio (bottom left), average longitudinal bar 
diameter normalised to the effective depth (bottom right), for shear (S) and flexure-shear (FS) critical specimens. 

Based on these trends and significance tests of the predictor variables at a significance lev-
el of 5%, various empirical models were explored. The best predictive model was the follow-
ing: 
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where ρw and ρl are introduced with their actual value (not in %) and fyl in MPa. This model 
yields an R2 of 0.82, which is considered quite high, taking into account the high uncertainty 
inherent in post-peak phenomena (for instance, the effect of experimental set-up and the ran-
domness of the succession of degrading phenomena taking place at a lower level) as well as 
comparing it with existing models (e.g. R2 of 0.6 in [6]). The mean experimental-to-predicted 
value is 1.00 and the median 0.87 (Figure 9). It can be applied to specimens in the ranges: 
0.05 ≤ ν ≤ 0.60, 0.00 < ρw < 0.85 (%), 0.045 ≤ Φl,ave/d ≤ 0.075, 1.50 ≤ ρl/Aconf,% ≤ 4.30 (%), 
330 ≤ fyl ≤ 700 (MPa), 270 ≤ fyw ≤ 587 (MPa), 13.5 ≤ fc ≤ 86 (MPa), 1.1 ≤ Ls/d ≤ 3.8. 

2650



Dimitrios K. Zimos, Panagiotis E. Mergos and Andreas J. Kappos 

Figure 9: Values of the post-peak descending branch slope (dimensionless) measured experimentally against the 
ones calculated using the predictive model (Eq. 4). 

3.5 Axial failure 

Existing models predicting the lateral displacement at the onset of axial failure were ap-
plied in this extensive dataset of 88 specimens having sustained axial failure, to find the most 
accurate one to employ. Nonetheless, their predictive ability was not adequate (Figure 10). 
Ousalem et al. and Yoshimura models [26], [27] seem to systematically overestimate the lat-
eral displacement. Matamoros & Von Ramin model [28], on the other hand, seems to system-
atically underestimate it. Elwood & Moehle, Zhu et al., and Wibowo et al. models [7], [8], [29] 
seem to capture the displacements on average, albeit exhibiting very high scatter. Most of 
these models ([8], [26], [28], [29]) apply only to flexure-shear critical specimens. Furthermore, 
all of them but one [7] are based on a rather limited dataset. 

Consequently, it was decided to develop a new empirical model that would accurately cap-
ture the trends observed in this dataset and would fit with the shear model of this study.The 
variable chosen to fit the shear model - and because it correlates better with predictive varia-
bles - was the following: 

, ,
,

δ δ
γ =

−ax f
t p

sh
p

f

crL
(5) 

where γt,pp is the total post-peak shear strain (see Figure 6), δax,f is the lateral displacement at 
the onset of axial failure, δsh,f is the lateral displacement at the onset of shear failure and Lcr is 
the already mentioned critical length, where shear strains concentrate after the onset of shear 
failure. 
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Figure 10: Existing models of lateral displacement at the onset of axial failure applied in the specific database. 
The measured displacements lie on the horizontal axis, while the predicted ones on the vertical. The plotted line 
is the “identity” line, i.e. where these two would be exactly equal. The models depicted are: Elwood & Moehle 
[8] (top left), Matamoros & Von Ramin [28] (top right), Zhu et al. [29] (centre left),  Wibowo et al. [7] (centre 

right), Yoshimura [27] (bottom left) and Ousalem et al. [26] (bottom right). 

Examining the correlation of the total post-peak shear strain with design and loading pa-
rameters (Figure 11), the following are observed: 

2652



Dimitrios K. Zimos, Panagiotis E. Mergos and Andreas J. Kappos 

 

• Axial load ratio is a pivotal parameter, decreasing the member’s deformability, as has 
been noted time and time again in similar studies (e.g. [1], [7], [8], [30]). Interestingly 
enough, the axial load ratio was found much less significant than the longitudinal rein-
forcement axial load ratio (vl = P / (Asl fyl)), which was proposed as a predictor in a pre-
vious study [19], so the latter was used in model development herein.  

Figure 11: Correlation of the total post-peak shear strain at the onset of axial failure (derived from the experi-
mentally measured values and based on the abovementioned angle model, Eq. 2) with axial load ratio based on 
the capacity of the longitudinal reinforcement (top left), longitudinal reinforcement ratio divided by the percent-
age of confined area (top right), transverse reinforcement ratio multiplied by its yield strength (centre left), hoop 

spacing over effective depth (centre right), maximum average shear stress (bottom left) and the loading type, 
divided into shear (S) and flexure-shear (FS) critical specimens (bottom right). 

• According to these data, it seems that simultaneous shear and axial failure does not nec-
essarily occur when the aforementioned ratio is higher than unity, some of these speci-
mens reaching a total post-peak shear strain of 0.047; however, in specimens with a ratio 
higher than two, it was in every case less than 0.01 and mostly zero, indicating that this 
could be an appropriate threshold for certain simultaneous shear and axial failure. How-
ever, this should not be the only criterion, since there are even specimens with a ratio 
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lower than unity, which have experienced such failure. Each of these specimens, though, 
had a ratio higher than 0.65, in line with observations of a previous study [31]. 

• Higher longitudinal reinforcement is beneficial, increasing the post-peak deformability, 
as observed in previous studies [19], [31]. Longitudinal bars take up part of the axial load, 
partially relieving the confined concrete core from damage inflicted by the displacement 
reversals. Also, it allows for redistribution of a higher percentage of the axial load from 
the concrete in later stages. 

• Naturally, transverse reinforcement is beneficial, as underlined repeatedly in the past (e.g. 
[8], [17], [27], [30]). It confines the concrete core, allowing for higher load capacity and 
takes up a significant part of the shear demand, decreasing the shear strength degradation 
of the member and the damage inflicted to the core along the shear failure plane. 

• Lower hoop spacing decreases the buckling potential of longitudinal bars and increases 
the confinement of the core, even with constant transverse reinforcement ratio, hence in-
creasing deformability. This has led to appreciating that larger ties at larger spacing lead 
to lower deformability (e.g. [17]). 

• The higher the average shear stress at the point of maximum lateral loading - causing 
more damage, hence higher degradation -, the lower the achieved deformation at the on-
set of axial failure, as expected. 

• It has been noted several times that monotonic response (M) leads to higher deformabil-
ity than the cyclic one (e.g. [1], [19]). From the correlations, it seems that also the cyclic 
specimens with large displacement reversals (C-L), so large that in-cycle degradation is 
obvious, have also higher deformation capacity, as compared with the ones with small 
reversals and no in-cycle degradation (C-S). A simplified parameter is introduced herein 
to account for this effect, in lack of series of experimental tests with various displace-
ment protocols, so as to investigate this issue in depth.  

• Flexure-shear critical specimens (FS) seem to exhibit higher deformability on average, 
when contrasted to shear-critical ones (S).  

Based on these trends and significance tests of the predictor variables at a significance lev-
el of 5%, various empirical relationships were explored. The best models developed are the 
following two: 
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where Ft is a parameter that differentiates between shear and flexure-shear critical elements 
and is equal to 1 for S and 1.07 for FS elements, Lt is equal to 1 for cyclic displacement proto-
cols and 1.35 for monotonic response and ρl, ρw are introduced with their actual value (not in 
%). The first model (Eq. 6) yields a mean experimental-to-predicted value of 1.04, a median 
of 0.94 and an R2 of 0.84, while the second one (Eq. 7) 1.02, 1.02 and 0.83 (Figure 12).Both 
models apply to specimens in the following range of parameters: 0.07 < ν < 0.66, 0.00 < ρw ≤ 
1.35 (%), 0.15 < ρl ≤ 3.8 (%), 331 ≤ fyl ≤ 700 (MPa), 303 ≤ fyw ≤ 587 (MPa),  
13.5 ≤ fc ≤ 33.6 (MPa), 1 < Ls/d ≤ 4.25.  
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Figure 12: Values of the total post-peak shear strain at the onset of axial failure (derived from the experimentally 
measured values and based on the abovementioned angle model, Eq. 2) against the ones calculated using the 1st 

predictive model (Eq. 6) (left) and the 2nd one (Eq. 7) (right). 

4 CONCLUSIONS  

The post-peak response of shear-deficient members was the focus of this study. This is the 
core of the effort to extend the capabilities of an existing efficient member-type model [12], 
with a view to reliably capturing the full-range response of such members. From a rather large 
database of rectangular shear and flexure-shear critical specimens that was compiled, it was 
found that the best modelling approach for the post-peak descending branch of the shear force 
vs deformation curve is a straight line, due to its simplicity, compatibility with other existing 
models and matching the experimentally determined response. 

A predictive model  for the critical shear crack angle of an R/C member, which differenti-
ates between shear and flexure-shear critical elements, is put forward. It was found to yield 
rather accurate predictions and it was used for the development of the subsequent models. De-
creasing axial load ratio, as well as increasing transverse reinforcement ratio, lead to an in-
crease in the critical angle, influencing the initiation and propagation of shear cracks, 
respectively. The longitudinal reinforcement ratio was found to have no effect, despite having 
been considered influential in previous studies. The change in shear crack propagation as the 
failure type changes from shear to flexure-shear leads to larger angles in the latter case, as 
well as inverse correlation of the angle with the aspect ratio and the maximum average shear 
stress.  

A model for the linear degradation rate of shear strength as deformation increases was also 
developed. It was found to be very accurate, considering monotonic and cyclic specimens 
with large displacement reversals. Higher transverse and longitudinal reinforcement ratios, 
longitudinal reinforcement yield strength, and average diameter of longitudinal bars have a 
beneficial effect, reducing the shear strength degradation rate. On the other hand, increasing 
axial load ratio leads to more pronounced strength degradation. The aspect ratio does not have 
a significant effect in this model, largely due to the assumption that post-peak shear strains are 
concentrated within a critical length, rather than being evenly distributed along the R/C mem-
ber. 

Shear strength has been typically considered zero at the onset of axial failure, due to exten-
sive degradation, based on a limited pool of experimental results. It was demonstrated herein 
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that this is usually not the case, thus it cannot always be considered a valid assumption. This, 
of course, does not imply a residual lateral strength during (or after) axial failure; that is a 
separate matter to be further investigated. 

Two alternative predictive models are put forward among those developed for the total 
post-peak shear strain of an R/C member. They are considered accurate in the context of the 
phenomenon under study, the latter model being more parsimonious. This strain is found to 
positively correlate with transverse and longitudinal reinforcement, smaller hoops spaced 
more closely and lower axial and shear loads. Moreover, members that fail in shear after prior 
yielding of longitudinal reinforcement, as well as members loaded monotonically or undergo-
ing larger - and fewer - displacement cycles seem to reach higher deformation. 

Simultaneous shear and axial failure, a daunting phenomenon in the context of vertical 
progressive collapse of R/C frame structures, was briefly examined herein. It seems that a 
longitudinal reinforcement axial load ratio (axial load over longitudinal reinforcement axial 
capacity) of 0.65 can be considered an appropriate threshold for its occurrence. Conversely, a 
ratio equal or higher than 2.00 is associated with such failure. The “grey area” in-between 
should be further investigated for additional appropriate classification criteria. 

Accounting for the effect of different cyclic loading protocols on the post-peak degradation 
of shear strength is a necessary future step, with a view to properly capturing the effect of cy-
clic (as opposed to in-cycle) degradation of the shear mechanism. Furthermore, considering a 
potential non-linear post-peak branch of the shear response curve is deemed a worthwhile ef-
fort, which might increase the accuracy in the prediction of this phase of the response. A rec-
ommended future endeavour would be to conduct a series of experimental tests with various 
displacement protocols and put forward a parameter to capture properly the damage caused by 
continuous displacement reversals, including large displacement reversals as well as low-
cycle fatigue. 
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Abstract. The dynamic stiffness matrix of a gradient elastic flexural Bernoulli-

Euler beam finite element is analytically constructed with the aid of the basic and 

governing equations of motion in the frequency domain. The flexural element has one 

node at every end with three degrees of freedom per node, i.e., the displacement, the 

slope and the curvature. Use of this dynamic stiffness matrix for a plane system of 

beams enables one through a finite element analysis to determine its dynamic 

response to harmonically varying with time external load or the natural frequencies 

and modal shapes of that system. The response to transient loading is obtained with 

the aid of Laplace transform with respect to time and the numerical inversion of the 

transformed solution. Because the exact solution of the governing equation of motion 

in the frequency domain is used as the displacement function, the resulting dynamic 

stiffness matrices and the obtained structural responses or natural frequencies and 

modal shapes are also exact. Two examples are presented to illustrate the method.  
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1. INTRODUCTION 
 

Micro-electromechanical systems (MEMS) and nano-electromechanical systems 

(NEMS), usually modeled by liner elastic bars, beams, plates and shells, have 

extremely small dimensions and hence their mechanical behavior is significantly 

affected by their microstructure. Microstructural effects cannot be taken into account 

by the classical theory of elasticity and one should use generalized or higher-order 

elasticity theories. These theories are characterized by non-locality of stress and 

internal length parameters and can take into account microstructural effects in a 

macroscopic manner. 

Among those theories, Mindlin’s [1] general theory of elasticity with 

microstructure and in particular his form II theory associated with the second gradient 

of strain and consisting of just one constant (internal length) in addition to the other 

two classical elastic constants, has found many applications in structural analysis of 

microstructures. This simple theory, usually known as the gradient theory of 

elasticity, has been successfully used during the last 15 years or so to solve a variety 

of static and dynamic problem by analytical and numerical methods, as described, 

e.g., in the recent review article of Tsinoloulos et al [2]. 

Most of the works on static and dynamic analysis of gradient elastic structures 

have been devoted to beams. One can mention here the works of Chang Gao [3], 

Papargyri-Beskou et al [4, 5], Lam et al [6], Giannakopoulos and Stamoulis [7], Kong 

et al [8] and Papargyri-Beskou and Beskos [9] on gradient elastic Bernoulli- Euler 

beams and Papargyri- Beskou et al [10], Wang et al [11] Akgoz and Civalek [12], and 

Triantafyllou and Giannakopoulos [13] on gradient elastic Timoshenko beams. In all 

these works, the analysis was done by analytic methods and the beams were simple, 

statically determinate and under simple type of loading. 

Problems of static and dynamic analysis of gradient elastic beams and beam 

structures involving statical indeterminancy, complex type of loading and variable 

beam cross-sections, cannot be practically solved by analytical methods. Only 

numerical methods of solution, such as the finite element method (FEM), can be 

efficiently used for the above type of problems. 

Pegios et al [14] have very recently developed a FEM for the static and stability 

analyses of gradient elastic beams and beam structures by analytically constructing 

exact element stiffness matrices on the basis of displacement functions, which are the 

exact solutions of the governing equations of the static and stability problems, as 

described in Papargyri-Beskou et al [4]. Because use is made of exact stiffness 

matrices, the structural response is also exact and one can model every beam member 

by only one finite element, Asiminas and Koumousis [15] have recently constructed 

stiffness and consistent mass matrices for Bernoulli- Euler beam elements on the basis 

of the gradient elastic theory of Papargyri-Beskou et al [4] to study static and free 

vibration problems of simple beams. Their displacement function was the cubic 

polynomial solution of the classical theory and as a result of that their stiffness and 

mass matrices are approximate. Kahrobaiyan et al [16] and Zhang et al [17] have also 

recently constructed stiffness and consistent mass matrices for Bernoulli-Euler and 
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Timoshenko beam elements, respectively, on the basis of the gradient elastic theory of 

Lam et al [6]. The displacement function used by Kahrobaiyan et al [16] is the exact 

solution of the governing equation of equilibrium, while that by Zang et al [17] the 

classical cube polynomial. As a result of the above, Kahrobaiyan et al [16] have exact 

stiffness and approximate mass matrices, while Zang et al [17] have both approximate 

stiffness and mass matrices. Approximate stiffness and/or mass matrices in FEM 

imply discretization of every member of the structure into 2-4 finite elements for 

acceptable accuracy. 

In this work, the dynamic stiffness matrix of a gradient elastic Bernoulli-Euler 

beam finite element is analytically / numerically constructed with the aid of the basic 

and governing equation of flexural motion of that element and its associated boundary 

conditions as described in Papargyri-Beskou et al [5] in frequency domain. Because 

the exact solution of the governing equation of motion in the frequency domain is 

used as the displacement function, the resulting dynamic stiffness matrices and hence 

the dynamic response to zero or harmonically varying with time forces is the exact 

one. When the external forces are general transient, the element dynamic stiffness is 

defined in the transformed with respect to time domain. The problem is then 

formulated and solved in the transformed domain and the time domain response is 

finally obtained by a numerical inversion of the transformed solution as described for 

classical beam structures in Beskos and Narayanam [18]. Thus, the present method is 

capable of providing the exact solution for both free and forced vibration problems 

involving gradient elastic beams, in contrast to all the existing   methods, which can 

only provide approximate solutions. Of course, the expressions used in deriving 

dynamic stiffness matrices are more complicated here than in the other works. 

However, the discretization here involves only one finite element per physical 

member instead of 2-4 elements per physical member in all the other methods. 

Two examples are presented to illustrate the method and demonstrate its 

advantages. These examples deal with free and forced vibrations of a gradient elastic 

cantilever beam. 

 

2. GRADIENT ELASTIC BEAM THEORY 
 

The basic and governing equations of a gradient elastic Bernoulli-Euler beam in 

bending under dynamic lateral loading as well as the associated classical and 

nonclassical boundary conditions derived in Papargyri-Beskou et al [5] are 

reproduced in this section for reasons of completeness and easy reference. 

Consider a straight prismatic beam under a dynamic lateral load q(x,t) distributed 

along the longitudinal axis of the beam, as shown in Fig. 1, where t denotes time. 

Thus, the loading plane is x-y and the cross-section A of the beam is characterized by 

the two axes y and z with the former one being its axis of symmetry. Under the lateral 

load q(x,t), the beam experiences bending vibrations in the x-y plane measured by its 

lateral deflection u(x,t) along the x axis. Assuming gradient elastic material behavior, 

one has that the normal to the cross-section  
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Fig. 1 Geometry and loading of a prismatic beam in bending 

 

 

 

 

 

 

 

 

Fig. 2 Mechanics convention for generalized nodal forces and displacements of a gradient elastic 

flexural beam element in frequency domain. 

 

bending stress σx has the form 

 

                                                (1) 

 

where E is the modulus of elasticity, g is the gradient coefficient with dimensions of 

length (internal length representing the microstructural effects macroscopically) and 

εx is the normal bending strain expressed as 

 

                                                       (2) 

 

Utilizing the kinematics of the Bernoulli-Euler theory, the constitutive relation (1) 

and the dynamic equilibrium of axial forces and bending moments, one can finally 
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obtain the governing equations of dynamic equilibrium for the gradient elastic beam 

in terms of the lateral deflection u(x) as [5] 

 

                                (3) 

 

where I is the cross-sectional moment of inertia about the z axis and μ the mass per 

unit length of the beam. The above equation, which is of the sixth degree with respect 

to x, reduces to the classical one of the fourth degree for g=0.  

Assuming that the lateral load q(x,t) varies harmonically with time in the form  

 

(x, t) (x)ei tq q                                                       (4) 

 

one has that the deflection  (x, t)  also varies harmonically with time in the form 

 

(x, t) (x)ei tv                                                        (5) 

 

where   (x)q  and v(x) represent amplitudes, ω is the circular vibration frequency and 

1i   . On account of Eqs (4) and (5), Eq.(3) takes the form 

 

2 2 /IV VIv g v a v q EI                                                (6) 

 

Where primes and overdots indicate differentiation with respect to x and t, 

respectively and 

 

2 2 /a EI                                                       (7) 

 

Equation (6) represents the governing equation of lateral motion in the frequency 

domain. 

If one considers a beam element of length L with its two ends defined by x=0 and 

x=L, as shown in Fig.2, and makes use of a variational statement, he can recover the 

governing equation (6) and all possible classical and non-classical boundary 

conditions so as to satisfy the following equations [5]: 
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''' 2 ''' 2[ ( ) [ ( ) ( )]] ( ) [ (0) [ (0) (0)]] (0) 0V VV L EI v L g v L v L V EI v g v v         

'' 2 ' '' 2 '[ ( ) [ ( ) ( )]] ( ) [ (0) [ (0) (0)]] (0) 0IV IVM L EI v L g v L v L M EI v g v v      
         

 

''' '' 2 ''' ''[ ( ) ( )] ( ) [ (0) (0)] (0) 0m L EIv L v L m EIg v v    
                       (8) 

 

In the above, V is the shear force, M is the bending moment and m is the double 

moment due to the microstructure, while primes denote derivatives with respect to x. 

The forces and moments are considered positive as shown in Fig. 2. It is observed that 

for g=0 Eqs (8) reduce to the corresponding ones for the classical case. 

In view of Eqs (8) one can observe that, when dealing with the classical boundary 

conditions, either the deflection v or the shear forces V=EI(v’’’-g
2
v

v
) and the strain 

(slope) v’ or the bending moments M=EI(v’’-g
2
v

ıv
) at the boundary of the beam have 

to be specified. For the case of the non-classical boundary conditions, one has to 

specify either the boundary strain gradient (curvature) v’’ or the boundary double 

moments m=EIg
2
v’’’. 

 

2. GRADIENT ELASTIC DYNAMIC STIFFNESS MATRIX 
 

This section deals with the development of the dynamic stiffness matrix in the 

frequency domain of a gradient elastic flexural beam element with two nodes 1 and 2 

at its two ends, as shown in Fig.3. On the basis of Eqs (8) describing the boundary 

conditions of the problem, one concludes that there are three nodal generalized 

displacements (v=displacement, v’=slope, v’’=curvature) and three nodal generalized 

forces (V, M, m) associated with those displacements at every node, as shown in Fig. 

3 (matrix convention). 

 

 

 

 

 

 

 

 

 

Fig. 3 Matrix convention for generalized nodal forces and displacements of a gradient elastic 

flexural beam element in frequency domain. 
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For the construction of the stiffness matrix of the finite element of Fig.3 one needs 

to select a displacement function and adopt a definition of that matrix. In this work, 

the displacement function is selected to be the exact solution of the homogeneous part 

of Eq. (6), which has the form [5] 

 

6

1

( ) ix

i

i

v x C e




                                                        (9)
   

 

where the, in general complex, exponents λi  are the 6 roots of the algebraic equation 

 

                                                        
4 2 6 2 0g a   

                                                  (10) 

 

and Ci are constants of integration to be determined. Because use is made of the exact 

solution of the governing equation of the problem as the displacement function, it is 

expected that the stiffness matrix to be constructed will be exact and hence the 

response of a beam structure to a harmonically varying with time loading analyzed on 

the basis of the finite element method with that element stiffness matrix for every 

physical member will be also exact. 

The dynamic stiffness matrix of the finite element of Fig. 3 will be constructed 

here on the basis of the displacement function (9) and the basic definition of any 

coefficient of that matrix. Thus, for the dynamic stiffness matrix [k] connecting the 

vector of the amplitudes of the generalized nodal forces {f} with the vector of the 

amplitudes of the corresponding nodal displacements {u} as 
 

{f} = [k] {u}                                                  (11) 

 

The stiffness coefficient kij in the frequency  domain is defined as the nodal 

generalized force at the degree of freedom ı due to unit nodal generalized 

displacement of the degree of freedom j, while all the other displacements are zero. It 

is obvious that since v(x) depends on the frequency ω, so does the dynamic stiffness 

matrix [k].  In this work, since every node has 3 dof, the finite element of Fig. 3 has 

2x3=6 of and hence the size of the stiffness matrix [k] will be 6x6, while the indices ı, 

j will take the values 1, 2, …, 6. Thus, the dynamic stiffness matrix will be 

constructed here column by column on the basis of six generalized displacements 

states, the displacement function (9) and the expressions for V, M, m in terms of that 

displacement and its derivatives as defined in Eqs (8). 

Thus the derivatives of v=v(x) of Eq. (9) are evaluated and listed as 
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6
( )

1

( ) ixn n

i i

i

v x C e




 (12) 

where the superscript  (n) indicates the n
th

 (n=1,2,..,5) order derivative with respect to

x, while the generalized forces  V, M and m are expressed in terms of the above 

derivatives with the aid of Eqs (8) as 

    
'' 2( ) ( )VV x EI v g v   

    
'' 2( ) ( IVM x EI v g v  ) 

    
2 '''( )m x EIg v (13)   

Consider the first displacement state defined as 

' ' " "

1 1 1(0) 1, (0) 0, (0) 0.v v v v v v       

' ' " "

2 2 2( ) 0, ( ) 0, ( ) 0.v L v v L v v L v       (14) 

where  
' " ' "

1 2 1 2 2 2, , , , ,v v v v v v   are the generalized nodal displacements of the finite element

of Fig. 3. The above Eqs (14) in view of the expressions (9) and (12) can be written in 

the form 

6 6 6
2

1 1 1

1, 0, 0,i i i i i

i i i

C C C 
  

      

6 6 6
2

1 1 1

0, 0, 0,i i iL L L

i i i i i

i i i

C e C e C e
   

  

                        (15) 

The above Eqs (15) can be thought of as a linear system of six equations with six 

unknowns, the constants  Ci  (i=1,2,…,6) and easily solved. Using the definition of the 

dynamic stiffness coefficients kij and the different sign convention of Fig.2 

(mechanics convention) and Fig.3 (matrix convention), one can obtain the dynamic 

stiffness coefficients for the first column of [k] corresponding to the displacement 

state (14) in the form ) 
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 11 21 31(0), (0), (0)k V k M k m    

41 51 61( ), ( ), ( )k V L k M L k m L           (16) 

where the right-hand sides of Eqs (16) can be  computed by using Eqs (13), (9) and 

(12) with values of the constants  Ci (i=1,2,…,6) those obtained from the solution of 

Eqs (15). 

Because Eq. (10) has to be solved numerically, the whole abovementioned 

procedure for the computation of the kij of Eq. (16) is done numerically with the aid 

of Mathematica [19]. 

After repeating the above procedure five more times, the remaining four columns 

of the matrix [k] can be also determined. Due to the symmetry of the matrix [k], the 

satisfaction of the relation  kij =kji with the aid of Mathematica [19] serves as a 

verification of the exactness of these expressions for kij . Thus, the stiffness equation 

(11) connecting the vectors {f} and {u} through the dynamic stiffness matrix [k] for 

the finite element of Fig.3 can be explicitly written down with 

{f}={V1, M1, m1, V2, M2, m2}
T

{u}=}={v1, v1
’
 , v1

’’
, v2, v2

’
 , v2

’’
}

T
 (17) 

and the various elements kij of the dynamic matrix [k] determined with the aid of 

Mathematica [19] and not shown explicitly fere due to their complexity. 

4. FREE AND FORCED FLEXURAL VIBRATIONS

Consider a beam structure experiencing flexural vibrations under dynamic loading 

varying harmonically with time. Following standard procedures (e.g., Martin [20]), 

one is able to formulate this problem into a FEM form in the frequency domain 

reading as  

       {F}=[K(ω)]{U}  (18) 

In the above, [K(ω)] is the total structural dynamic stiffness matrix depending on 

frequency ω and obtained as an appropriate superposition of the dynamic stiffness 

matrices [k] of the various finite elements comprising the structure as given by (11) 

and {U} and {F} are the vectors of the amplitudes of the generalized nodal 
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displacements and external forces of the whole structure, respectively. After 

application of the boundary conditions of the problem in terms of the generalized 

nodal displacements, one can solve Eq. (18) for the known operational frequency ω 

and determine the unknown amplitudes of the generalized nodal displacements. 

 In case of free vibrations, one has {F}={0} and in order for the resulting equation 

in (18) after application of the boundary conditions to have non-zero solutions for 

{U}, the condition  

 

                                                        Det[K(ω)]=0                                                  (19) 

 

Should be satisfied. Equation (19) is the frequency equation with roots ωi (i=1,2,...∞) 

the natural frequencies of the beam structure. Once the natural frequencies have been 

obtained, the modal shapes {U} can be also determined from (18) with  {F}={0} in 

the standard way. Because Eq.(19) is too complicated, it can only be solved 

numerically by determining the value of the det[K(ω)] for a sequence of values of ω 

and recording those values for which (19) is satisfied. However, since the whole 

procedure involves complex arithmetic, one computes the real valued function 

D(ω)=ln|det[K(ω)]| versus ω and identifies the natural frequencies as the local minima 

of D(ω) by following Kitahara [21]. 

When the external loading is transient, the whole problem is solved in the Laplace 

transformed with respect to the time domain and the time domain response is obtained 

by a numerical inversion of the transformed solution (Beskos and Narayanan [18]). 

Consider the Laplace transform defined for a function Φ(x,t)  given by  

 

                                        
0

( , ) { (x, t)} ( , ) stx s L x t e dt



                                 (20) 

 

where s is the, in general complex, Laplace transformed parameter. Application of the 

above Laplace transform onto Eq. (3) under zero initial conditions results in  

                                
2 2 /IV VIg a q EI                                          (21) 

where  

 

                                                        
2 2 /a s EI                                                (22) 
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and indicates that one can go from the frequency into the Laplace transform domain 

by simply replaced ω by  -is. Hence, Eq. (18) can also be used in the Laplace 

transform domain in the form   

{ } [ ( )]{ }F K s U  (23) 

where [K(s)]  is  [K(ω)] with ω=-is  and overbars in vectors{ }U  and { }F indicate 

transformed quantities. Equation (23) is solved numerically for { }U for a sequence of 

values of s and the transformed solution is inverted numerically to obtain the time 

domain response. This inversion is done with the highly accurate algorithm of Durbin 

[22] as explained in Beskos and Narayanan [18]. 

5. NUMERICAL EXAMPLES

Consider a gradient elastic cantilever beam of length L and flexural rigidity EI 

subjected to a vertical lateral concentrated load P0 suddenly applied at its free end, as 

shown in Fig.4. For this structure the first five natural frequencies and its dynamic 

response to the load P0 are determined by the FEM. 

The whole beam is considered to be a single finite element with nodes 1 and 2 at 

the fixed and free ends, respectively, as shown in Fig.4. The dynamic behavior of that 

beam element 1-2 is described by the stiffness equation (11) in the frequency domain 

with [k] being of the order of 6X6. Application of the boundary conditions 

v1,= v1
’
 = v1

’’
=0 (24) 

with the first two conditions in (24) being the classical and the third condition the 

non-classical one, reduces Eq.(11) to the form 

44 45 46 2

'

54 55 56 2

"

64 65 66 2

0

0

P K K K v

K K K v

K K K v

     
    

    
         

  (25) 

where Kij =Kij(ω) and P0, v2, v2’ and v2” stand for amplitudes. The frequency equation 

(19) with [K(ω)] being explicitly given in (25), is solved as described in section 4 and 

the first  five normalized natural frequencies  ωn/ωn 
c
   (n=1,2,…,5) are shown in
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Table 1 for various values of the normalized gradient coefficient g/L. The normalizing 

factors ωn
c
 are the classical natural frequencies 2 2 2[(2 1) / 4 )] /c

n n L EI    [23]. 

One can observe from Table 1 that frequencies increase for increasing values of the 

gradient coefficient g, as expected due to the stiffening effect of gradient elasticity. 

Furthermore, one can observe from Table 1 that for g/L=0.0001→0, one recovers the 

values of the natural frequencies of the classical case. 

The forced vibration problem is described by Eq.(25) considered to be in the 

Laplace transformed domain. In that case P is replaced by P0/s , Kij(ω) become Kij(s) 

by simply replacing ω by –is and   v2, v2
’
 and v2

”
 become 2v  , '

2v  and "

2v ,respectively. 

Thus, according to Section 4, Eq.(25) in the Laplace transformed domain is solved for 

a sequence of values of s and the time domain response is obtained by a numerical 

inversion of the transformed solution using the algorithm of Durbin [22]. Figure 5 

provides the free end deflection of the cantilever beam versus time for various values 

of g/L on the basis of the data in Papargyri-Beskou et al [5] reading as L=1.219m, 

I=5993.73 cm
4
 , E=20.685X10

4
MPa, μ=60.709 Kg/m and P0 =35584N. The present 

results are identical with those in [5] obtained by an analytic method. One can observe 

from Fig.5 that increasing values of g/L decrease the maximum values of the 

deflection and shift them to smaller time values of occurrence. Furthermore, one can 

observe that for  g→0 , one can recover the response of the classical case [24], as 

expected. 

 

 

 

 

 

 

Fig.4. Geometry and loading of a cantilever gradient elastic flexural beam. 
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Table 1. First five normalized natural frequencies of gradient elastic cantilever beam for 

various values of g/L. 

g/L 0.0001 0.005 0.01 0.050 0.100 

ω1
g
/ ω1

c
 1.0000 1.01018 1.02037 1.10658 1.22523 

ω2
g
/ ω2

c
 1.0000 1.01028 1.02102 1.12476 1.29145 

ω3
g
/ ω3

c
 1.0000 1.01059 1.02258 1.16470 1.42304 

ω4
g
/ ω4

c
 1.0000 1.01124 1.02525 1.22553 1.60883 

ω5
g
/ ω5

c
 1.0000 1.01227 1.02903 1.30263 1.82896 

  

 

 

 

 

 

 

 

 

 

 

Fig. 5   Free end deflection of gradient elastic cantilever beam versus time for various values of g/L 

 

6. CONCLUSIONS 

 

One the basis of the previous developments, the following conclusions can be 

stated: 

1) The dynamic stiffness matrix for a gradient elastic Bernoulli-Euler finite beam 

element has been constructed in the frequency domain.  The displacement function 

used is the exact solution of the governing equation of motion in the frequency 

domain and this results to an exact dynamic stiffness matrix, exact dynamic response 

to harmonically varying with time load and exact natural frequencies. 

 2) When the external loading is transient, the response is obtained with the aid of 

the Laplace transform with respect to time and a numerical inversion of the 

transformed solution. The Laplace transformed domain formulation is obtained from 

the frequency domain one by simply replacing the frequency ω by  -is, where s is the 

Laplace transform parameter . 

3) The proposed FEM formulates the problem in a static –like form in the 

frequency or the Laplace transform domain with obvious conceptual and 

computational gains. Since the present FEM is associated with exact stiffness 

matrices, the discretization is restricted to one finite element per physical member, 
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which leads to matrices of much smaller size. Of course, the stiffness coefficients are 

more complicated than in the conventional FEM that employs approximate 

displacement functions in polynomial form. The advantages of the proposed FEM 

over analytic methods for dynamic analysis of gradient elastic beam structures are 

generality, versatility and efficiency, especially for complicated geometries and 

loading. 

4) It was observed, at least in the examples considered here, a decrease of 

deflections and an increase of the natural frequencies with increasing values of the 

gradient coefficient as a result of the stiffening effect of gradient elasticity theory.           
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Abstract. In recent years the destiny of stadiums has much changed. Formerly the stadiums 

were used occasionally. The present stadiums are much more versatile; take place in them 

may concerts and a variety of sporting events, while inside grandstands are located commer-

cial units. As a result, the requirements for the design of these structures are more rigorous, 

in particular for dynamic loads. The design of grandstands has also evolved. This is due to 

the requirements of spectators who wish to have a perfect, direct and unobstructed view of 

anything, and be as close as possible playing action. In parallel, economic considerations 

limit grandstands supporting structure while maximizing sitting places. This combination 

leads to longer and more flexible brackets which in combination of spontaneous human be-

havior raises problems of vibration of the structure. A crowd of people can generate signifi-

cant dynamic loads especially when it involves rhythmic jumping. Such situations occur 

during sporting events or concerts. The rhythm of music leads to synchronization behavior of 

people gathered in the grandstands. Such harmonic force may raise the issue of a resonant 

vibration, resulting in exceeding the limit states. The paper refers to computational examina-

tion of theoretical model of one grandstand in stadium in Krakow. The dynamic interaction 

function is applied as the dynamic loading reflects to actual behavior of the fans in the grand-

stands. The calculation of the dynamic response is carried out in the Abaqus 6.12 code. To 

best replicate reality, a numerical model was built based on a construction project taking into 

account the actual properties of the structural materials. The study analyzed the convergence 

of solutions determining the first three natural frequencies of the structure. The first calculat-

ed natural frequency (f = 3.24Hz) is close to frequency (f = 2.8Hz) which can generate fans 

crowd. On the other hand the second natural frequency of the structure (f=4.5Hz) is almost 

twice of frequency of  "Labado" dance. The applied dynamic force cause increasing of stress-

es in structural elements about 40 - 60%. The level of calculated stresses as well as displace-

ments of grandstand is safe for the structure. 
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1 INTRODUCTION 

In recent years the destiny of stadiums has much changed. Formerly the stadiums were 

used occasionally, once every two weeks, when the local team played their matches. The pre-

sent stadiums are much more versatile; take place in them may concerts and a variety of sport-

ing events, while inside grandstands are located commercial units. As a result, the 

requirements for the design of these structures are more rigorous, in particular for dynamic 

loads. 

The design of grandstands has also evolved. This is due to the requirements of spectators 

who wish to have a perfect, direct and unobstructed view of anything, and be as close as pos-

sible playing action. In parallel, economic considerations limit grandstands supporting struc-

ture while maximizing sitting places. This combination leads to longer and more flexible 

brackets which in combination of spontaneous human behavior raises problems of vibration 

of the structure. A crowd of people can generate significant dynamic loads especially when it 

involves rhythmic jumping. Such situations occur during sporting events or concerts. The 

rhythm of music leads to synchronization behavior of people gathered in the stands. Such 

harmonic force may raise the issue of a resonant vibration, resulting in exceeding the limit 

states.  

There are known examples of sports stadiums stands disasters that took place virtually an-

ywhere in the world. These disasters have caused the death and injury of many spectators. 

There were various reasons for those disasters. Analysis of the causes of grandstands stadium 

disasters have also contributed to their design changes and reducing capacity of stadium. As 

example the findings of the report from the Hillsborough disaster occurred on 15 April 1989 

at the Hillsborough Stadium in Sheffield, England resulted in the elimination of standing ter-

races at all major football stadiums in England, Wales and Scotland. Collapse of wooden ter-

race of Ibrox Stadium (Glasgow – 1902) resulting in the death of 26 people led to the 

prohibition of wooden scaffold type terraces in favour of terraces with a base of earth banking. 

The collapse of upper part of the makeshift scaffold-type stand in Bastia Stadium in 1992 

were caused by lack of time, failing safety procedures, and fraudulent actions what resulted in 

critical construction errors. It led to the death of 18 fans and injuring over 2,000 more. In 26 

November 2007 eight people were killed and about 150 were injured as a result of the col-

lapse of the stands on one of the sectors of the stadium in the city of Salvador in the Brazilian 

state of Bahia. 

The paper refers to computational examination of theoretical model of one grandstand in 

stadium "Vistula" in Krakow. The dynamic interaction function is applied as the dynamic 

loading. The loading reflects the actual behavior of the fans in the grandstands. This forcing 

corresponds to a dance called "Labado". The calculation of the dynamic response is carried 

out in the Abaqus 6.12 code. To best replicate reality, a numerical model was built based on a 

construction project taking into account the actual properties of the structural materials. The 

first calculated natural frequency (f = 3.24Hz) is close to frequency (f = 2.8Hz) which can 

generate fans crowd. On the other hand the second natural frequency of the structure (f=4.5Hz) 

is almost twice of frequency of "Labado" dance. The applied dynamic force cause increasing 

of stresses in structural elements about 40 - 60%. The level of calculated stresses as well as 

displacements of grandstand is safe for the structure. 

2 CHARACTERISTICS OF DYNAMIC LOAD GENERATED BY THE CROWD 

The main issue the analysis is to define the dynamic structural loads. In humans, it is high-

ly dynamic nature. The study loads and impacts caused by man engaged in medical science, in 

particular, orthopedics and biomechanics. As a result of studies of people received load model 
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delivered by the man on the ground. As the first results of the vertical component of the pres-

sure that causes pedestrian, Skorecki published in 1966 [1]. Since then began to construct test 

platform for testing load that causes a man on the move. The main reason for conducting this 

study was progression in the sport. Data from measurements performed on the most popular 

Kistler platforms enable to assume the dynamic load induced by man in motion – comp. Fig.1. 

 

Figure 1: Distribution of sensors and forces on the Kistler's platform [2]. 

The basic element of the platform is a rigid, rectangular plate supported at four corners of 

the piezoelectric gauges providing information about the vertical and horizontal load. These 

professional made measuring devices are now standard in research of forces transmitted by 

the man on the ground during normal operation and sport activities. Knowledge of the impact 

on the ground in time and space used in sports to evaluate the forces resulting in human osteo-

muscular system, sport techniques, sports footwear type assessment, and many other biome-

chanical factors [1]. Biomechanics research results made it possible to determine the load that 

transfers to the structure by a man on the move. The vertical component of the load has a de-

cisive influence on the induced deformations and vibrations of structures. Basic human physi-

cal activity is cyclical, and on this basis, a classification of human physical activity of the 

corresponding frequency range is introduced in Table 1 [1].  

Type of activity Full range Hz Slow, Hz Average, Hz Fast, Hz 

Marching 1,4-2,4 1,4-1,7 1,7-2,2 2,2-2,4 
Run 1,9-3,3 1,9-2,2 2,2-2,7 2,7-3,3 
Jumps 1,3-3,4 1,3-1,9 1,9-3,0 3,0-3,4 

Table 1: Classification of human physical activity [1]. 

2676



Tadeusz Tatara, Bartosz Ptasznik 

2.1 Human impact – jumps 

Jumps (jumping in place) are physical activity, which is characterized by four phases: 

preparation (lowering), reflection (climb), flight and landing – cf. Fig. 2. 

 

Figure 2: Phase of human movement during jump [1]. 

The main parameters characterizing the rhythmic leaps and jumps are frequency as a func-

tion of time and time of the dynamic interaction. Depending on the type of jumps, the fre-

quency is typically in the range of 1.8 to 3.4 Hz. Vertical dynamic effects are mainly 

generated while jumping. The time of this interaction depends primarily on: frequency, 

bounce height, weight of person, gender, type of footwear, the conditions of the substrate sur-

face (soft surface) and its movements – cf. Fig. 3. Jumping’s in place simultaneously on both 

feet at the same time is the most dangerous for the constructions [3]. 

 

 

Figure 3: The dependence of the impact F of vertical jump vs time [1]. 

Jumping is physical activity that, unlike the gait is practically not sensitive to vibrations of 

the substrate (in the sense of the generated load). This is due to the fact that the vertical 

movement of the body can achieve the displacement amplitude times greater than the dis-

placement of the substrate. Displacement of basic components of human body due to typical 

jump amounts to approx. 0.5 m. 

2.2 Dynamic loads for dancing and jumping - standard recommendations 

In dynamic analysis it is often convenient to express the applied loading as a Fourier series 

representing the variation of load with time as a series of sine functions. Any periodic loading 

can be decomposed in to a combination of a constant load and several harmonics. Synchro-

nized dynamic loading [4] caused by activities such as jumping and dancing are periodic and 

mainly depend upon: 

a) the static weight of the jumper(s)/dancer(s) (G); 

b) the period of the jumping/dancing load(s) (Tp); 
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c) the contact ratio (a), i.e. the ratio of the duration within each cycle when the load is in con-

tact with the floor and the period of the jumping/dancing. 

Mathematically the load at any instant (t) may be expressed as: 

                
 
        

   

  
          (1) 

where: 

n - the number of the harmonic being considered 1, 2, 3, ...; 

rn  - the dynamic load factor for the n
th

 harmonic; 

φn - the phase lag of n
th

 harmonic; 

Tp – jump period. 

The values of rn and φn are functions of the value of the contact ratio α. In practice for the 

evaluation of displacement and stresses, only the first few harmonics need be considered as 

the structural response at higher values is generally not significant. It is generally sufficient to 

consider the first three harmonics for vertical loads and the first harmonic for horizontal loads. 

For the calculation of acceleration, additional harmonics will need consideration. Table 2 

gives typical values for four various activities [5, 6]. 

Activity Contact ratio α 

Pedestrian movement 
Low impact aerobics 

⅔ 

Rhythmic exercises 
High impact aerobics 

½ 

Normal jumping ⅓ 
High jumping ¼ 

Table 2: Typical values of the contact ratio α for various activities [5]. 

The resultant values of rn and fn for a given period of dancing Tp or a jumping frequency 

(1/Tp) may be obtained from literature (e.g. [4]). For individual loads the frequency range that 

should be considered is 1.5 Hz to 3.5 Hz and for larger groups 1.5 Hz to 2.8 Hz as coordinat-

ed movement at the higher frequencies is impractical. For a large group the load F(t) calculat-

ed from equation (1) may be multiplied by 0.67 to allow for lack of perfect synchronization. 

Vertical jumping also generates a horizontal load which may be critical for some structures, 

e.g. temporary grandstands. A horizontal load of 10 % of the vertical load should be consid-

ered. 

Equation (1) represents the vertical action of one person performing any rhythmic move-

ment. At the time of its cessation, the load is reduced to a static load. The values of coeffi-

cients rn and φn of the formula (1) can be determined using functions (2) and (3) developed by 

Ji, Ellis and Wang [5, 7]. These functions, however, only apply to the division of activities 

described in Table 2. 

    

 

 
                           

 
          

                            
                   (2) 
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(3) 

Values of the first six Fourier coefficients series, which can be regarded as sufficient for its 

implementation are contained in Table 3. 

  n=1 n=2 n=3 n=4 n=5 n=6 

α=2/3 
rn 9/7 9/55 2/15 9/247 9/391 2/63 
φn -π/6 -5π/6 -π/82 -π/6 -5π/6 -π/2 

α=1/2 
rn π/2 2/3 0 2/15 0 2/35 
φn 0 π/2 0 -π/2 0 -π/2 

α=1/3 
rn 9/5 9/7 2/3 9/55 9/91 2/15 
φn π/6 -π/6 -π/2 -5π/6 -π/6 -π/2 

Table 3: Fourier coefficients and phase lags for the different contact ratios [8]. 

Figure 4 shows the course of the function (3.4) at time applying 3 and 12 coefficients of a 

Fourier series. The diagram illustrates two cycles of "normal jumping" with frequency equals 

2 Hz and the contact ratio α = 1/3. Contact ratio α = 1/3 is equivalent to that two-thirds of 

each cycle of the body has no contact with the ground. For the calculations it was assumed 

normalized load of 1.0 corresponding to the static weight of the jumper (Gs = 1). It is easy to 

note that the higher coefficients of the Fourier series (n > 3), are not critical to this maximum. 

However, it can affect the response of construction, in particular at the critical value of the 

frequency ratio to the natural frequency of the structure. 

 

Figure 4: Load-time history for two jumps with frequency equals 2 Hz [8]. 

Equation (1) describes the dynamic load derived from one person. This can be extended to 

the case of the populated grandstand. Multiplying the static effects in this case will be lower 

than in the case of one person. This is due to imperfect coordination in jumping group of 

spectators in relation to the one person. Therefore, the load equation for a crowd jumping will 

be as follows: 

2679



Tadeusz Tatara, Bartosz Ptasznik 

                              
   

  
      

           (4) 

where: 

F(f, x, y, t) – distributed force which varies with time at a comfortable frequency, 

G(x,y) – density and distribution of static loads from spectators, 

Ce – crowd dynamic coefficient,          

The Ce coefficient depends on the coordination of people in the group, the type of jumps 

(dance) and the frequency of the rhythm of the music. Numerical simulations in which the 

phase lag of each person treated as a random variable normally distributed subordinate, shows 

a reduction of Ce coefficient of one-third in the case of large groups [9]. On the basis of the 

results shown in [9], the Ce coefficient can be described as function of number of people     

in form: 

                                  (5) 

 

Another way to cover a greater number of people is correction of the Fourier series. These 

values were determined experimentally by Ji and Ellis [5], but only for the first three terms of 

the series - cf. Equation (6). 

                              
   

  
     

 

   

        (6) 

where: 

                 

                

                

3 ANALYZED STRUCTURE AND ITS NUMERICAL MODEL 

3.1 Characteristics of the structure 

Analyzed the northern grandstand is single level and is part of the municipal stadium in 

Krakow - cf. Fig. 5. Grandstand, consists of five sectors and allows the presence of 5806 

spectators. The main structural element of the grandstand is RC frame. The frame consists of 

six columns with cross section 1.4 x 2.2 m, connected in two rows of girders, the lower sec-

tion 1.6 x 0.96 and the upper 2.0 x 2.2 m - cf. Figure 4.8. The frame is the base for steel slop-

ing beams (IKS 1000-3) supporting prefabricated concrete slabs with a thickness of 9cm. In 

the mid-span beams are based on the columns (HEB 550), which, by means of girders (HKS 

550x5) are connected with a RC frame. 

2680



Tadeusz Tatara, Bartosz Ptasznik 

 

Figure 5: Visualization of the municipal stadium in Krakow and analyzed grandstand [10]. 

Cores of the main roof superstructure are designed with a tubular cross-sections of diame-

ter D = 1040 mm and a thickness of 80 mm. Pylons support the truss girders at the distances 

of 9.9 m. Truss girders are braced by means of trusses at a spacing of 3.3 m. They support 

structure under purlins – comp. Figs. 6, 7.  Roof’s covering is made of polycarbonate cellular 

structure. 

 

Figure 6: North grandstand view of the stadium [11]. 

 

Figure 7: Construction of the roof of the north grand-
stand [11]. 

  

Tables 4 and 5 present the basic geometrical and structural data of the analyzed grandstand. 

Building area 2937.66 m2 

The total area of closed spaces 3588.88 m2 

Cubature of closed spacer 17233.85 m3 

The dimensions of the stands with peripheral struc-
tural elements 

length 103.00 m 
width 50.86 m 
height 28.83 m 

Number of seats 5806 

Table 4: Basic technical data of the analyzed grandstand. 

Concrete B30 (C25/30) 
Reinforcing steel A-III 34GS 
Structural steel St3S, 18G2A 

Table 5: The used materials. 
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3.2 Numerical model of the grandstand 

3D numerical model of the grandstands is made in the Abaqus 6.12 code - cf. Fig. 8. The 

beam - shell model is adopted considering the geometry of the object. The model assumes 

simplification. At the support points full restraint were used (ux, uy, uz, rx, ry, rz = 0), what 

means that modeling of piles and flexibility of the substrate were neglected. Stairs of the 

grandstand are modeled using shell elements. Double span panels are connected to the main 

structure by means of joints. Joints also used in the connections between columns and sloping 

girders as well as in nodes connecting roof and pylons. Other connections are defined as rigid 

as they are welded or monolithic (RC). Due to the low stiffness roof cover with polycarbonate 

its modeling was neglected. The model uses linear elements of "B31" and the shell "S4R". 

Selection of an appropriate finite element mesh density was adopted on the basis of the con-

vergence of the natural frequency (see Section 4). The material characteristics of the structure 

are listed in table 6. 

 

Figure 8: Numerical model of the analyzed grandstand. 

 
Concrete 

density  2600 kg/m3 

Young’s modulus 37 GPa 
Poisson ratio 0.15 

 
Steel 

density  7850 kg/m3 

Young’s modulus 210 GPa 
Poisson ratio 0.33 

Table 6: Material characteristics of the structure. 

4 RESULTS OF THE NUMERICAL ANALYSIS 

4.1 Sensivity analysis 

Several different grid mesh were analyzed and their influence on the convergence of the 

value of the first three natural frequencies of the model. Three finite element meshes for pre-

liminary analysis were adopted. Data concerning number of elements and values of natural 

frequencies are summarized in Table 7. Several different grid mesh were analyzed and their 

influence on the convergence of the value of the first three natural frequencies of the model. 

Three finite element meshes for preliminary analysis were adopted. Data concerning number 

of elements and values of natural frequencies are summarized in Table 7. 
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Number of elements f1 [Hz]  f2 [Hz] f3 [Hz] 

14910 3,18 4,40 5,33 
47854 3,24 4,50 5,40 

160936 3,24 4,49 5,41 

Table 7: The sensitivity of frequency on the number of elements. 

4.2 Calculated natural frequencies and assumed dumping 

The first stage of dynamic analysis concerned the calculation of the natural frequency of 

the structure to the value of 8.4 Hz according to [6]. The calculated values are summarized in 

the table 8. 

No. of frequency Value of the natural frequency [Hz] 

1 3.24 
2 4.50 
3 5.40 
4 6.70 
5 7.50 
6 >8.40 

Table 8: The calculated natural frequencies of the analyzed grandstand. 

In this paper Rayleigh damping was adopted (proportional to mass and stiffness) and the 

coefficients of proportionality were determined from equation (7): 

   
 

   
 

   

 
 (7) 

using the following data: 

  f1 = 3.24 Hz, f2 = 4.50 Hz, 

 damping coefficients ξ1 and ξ2 corresponding to f1 and f2 are equal 1.3% and 1.5% 

respectively. 

For the above data, the proportionality coefficient values are equal to α = 0.186 and β = 

0.00083.  

4.3 Applied dynamic loads 

The weight of one person was assumed equal to 0.78kN, which, with a capacity of 5806 

people on the grandstand gives the average load equal to 3 kN/m
2
. Two functions of dynamic 

load (jumping) were used in further analysis. The first one refers to dance "Labado" which 

describe the actual behavior of the spectators in the grandstand. Jump function during one pe-

riod Tp describes equation (8): 

        
       

 

   
                  

                    

  (8) 

where:  

Gs – static action, 

tp – contact time, 

Kp - coefficient determining the growth of the dynamic interaction calculated from eq. (9): 

   
 

  
 (9) 
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This function, excluding the impact of static influence is shown in fig. 9.  

 

Figure 9: A function of load (dance "Labado") vs. time, at 
frequency of 2.2 Hz. 

 

Figure 10: A function of load vs. time, at a frequen-
cy of 1.9 Hz. 

  

The second function was obtained from equation (1) for jumps frequency equal 1,9Hz us-

ing data from table 3 and assuming value of Ce equal 0.5 - cf. Fig. 10. 

4.4 Selected elements and values to be analyzed 

Dynamic response analysis was performed for the 3D adopted model of grandstand and 

two assumed loads. This chapter presents the results of analyzes for a few selected elements 

of the grandstand - cf. Fig. 11. Highlighted items are: 

 

Figure 11: Analyzed elements. 

 1 – HEB 550 steel column; HMH stress, 

 2 –IKS 1000-3 sloping girder; HMH stress, displacement uz, 

 3 – RK 200x6.3 cross brace; HMH stress, 

 4 – RC column 1.4 x 2 m; principal stress, 

  5 – free end of the roof girder; displacement uz; 

 6 – plate of audience; displacement uz. 
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In order to obtain the maximum output value (from the weight and dynamic loads) it has 

been examined several locations of people hopping on grandstand. These situations illustrate 

the figures 12 - 16. 

 

Figure 12: Location of fans no. 1. 

 

Figure 13: Location of fans no. 2. 

 

Figure 14: Location of fans no. 3. 

 

  Figure 15: Location of fans no. 4. 

 

Figure 16: Location of fans no. 5. 

4.5 The dynamic response of the grandstand 

The response of the grandstand due tu applied loads was calculated by integrating the 

equations of motion using the module Abaqus / Implicit. The resulting maximum stress values 

(HMH - for steel parts, the principal - for RC elements) and vertical displacements were com-

pared with static and the codes' values. Table 9 summarizes the results of stress HMH for 

steel elements. Changes of the values of these stresses over time are shown in Fig. 17 - 19. 

The response of the grandstand due to applied loads was calculated by integrating the equa-

tions of motion using the module Abaqus / Implicit. The resulting maximum stress values 

(HMH - for steel parts, the principal - for RC elements) and vertical displacements were com-

pared with static and the codes' values. Table 9 summarizes the results of stress HMH for 

steel elements. Changes of the values of these stresses over time are shown in Fig. 17 - 19. 

Element 
number 

Static value 
Dynamic value for exci-

tation with 1.9 Hz 
Dynamic value for exci-

tation with 2.2 Hz 

1 25.5 MPa 44.2 MPa 39.0 MPa 
2 104.2 MPa 172.9 MPa 169.6 MPa 
3 46.0 MPa 66.6 MPa 55.1 MPa 

Table 9: Values of HMH stress in the steel elements. 
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Figure 17: Stress HMH in element no. 1. Figure 18: Stress HMH in element no. 2. 

 

Figure 19: Stress HMH in element no. 3. 

Table 10 presents the results of principal stresses for one of RC column in support cross-

section - element no. 4. The graphs in Figures 20 and 21 illustrate the change of these values 

over time. 

Part of the 
column 

Static val-
ue 

Dynamic value for exci-
tation with 1.9 Hz 

Dynamic value for exci-
tation with 2.2 Hz 

Tension  5.4 MPa 8.5 MPa 8.4 MPa 
Compression -9.3 MPa -12.9 MPa -12.8 MPa 

Table 10: Values of principal stresses  in element no. 4. 

 

Figure 20: Stress σx in element no. 4 - compression. 

 

 

Figure 21: Stress σx in element no. 4 - tension. 
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The limit values according to the EN 1992-1 and EN 1993-1 are equal: 

 for conrete C25/30:

     (10) 

where: 

– characteristic value of compressive strength of concrete,

– partial factor of concrete,

– design value of compressive strength of concrete,

– the average value of the axial tensile strength of concrete.

 for steel S235:

 (11) 

where: 

– yield strength - the characteristic value,

– material factor,

– yield strength - the design value.

Table 11 shows the vertical component of displacements for elements  no. 2, 5 and 6. 

Changes of vertical displacements for elements no. 2 and 5 vs. time are shown in Figure 22 

and 23. 

Element 

number 

Static 

value 
Dynamic value for ex-

citation with 1.9 Hz 

Dynamic value for ex-

citation with 2.2 Hz 

2 

5 

1.6 cm 

3.80 cm 

3.89 cm 

5.46 cm 

4.12 cm 

4.40 cm 

6 0.02 cm 0.25cm 0.52cm 

Table 11: Displacement values for the elements no. 2, 5, and 6. 

2687



Tadeusz Tatara, Bartosz Ptasznik 

 
Figure 22: Vertical displacement of the element no. 

2 in the middle of the span vs. time. 

 

 
Figure 23: Vertical displacement of the end of the 

roof girder vs. time (element no. 5). 

Span of the roof girder between supports is 1418cm. So the allowable deflection according 

to polish standard is equal 1/200 of the span, ie. 7.1cm. Maximal vertical displacement of the 

free end of the roof beam is 3.48 cm - cf. Fig. 23. 
 

5 CONCLUSIONS 

The study deals with the problem of vibration of the grandstand the municipal stadium in 

Krakow caused by spontaneous behavior of spectators. Calculations were carried out in the 

ABAQUS 6.12.  Dynamic load was applied with characteristics that led one of the speedway 

stadiums in Poland to the state of emergency. Analysis of the results of calculation adopted 

structural model allowed us to formulate the following conclusions: 

I. The first natural frequency of the structure (f1 = 3.24 Hz) is close to maximal frequen-

cy of dynamic load which can be generated by crowd (f = 2.8 Hz). 

II. The second natural frequency of the structure (f2 = 4.5 Hz) is almost twice greater than 

frequency of excitation by dance called „Labado” (f = 2.2 Hz). It results increasing 

level of vibrations of construction elements.  

III. Dynamic excitation causes an increase in stress in the elements of a 40% - 66%. Exci-

tation also has an impact on the rooftop structures and increases the effort of some el-

ements. 

IV. Neglect of dynamic effects in the design of the grandstand entertainment facilities can 

be fatal. In order to prevent potential excessive vibrations of the structure should en-

sure a sufficiently high first natural frequency. 

V. In the absence of resonance assuming dynamic load with a lower frequency it results 

in an increased dynamic effects for the system. The higher the frequency the lower the 

spikes and hence a greater dynamic load. 

VI. The level of calculated stresses and displacements does not endanger the safety of use 

of the grandstand.  
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Abstract. Based on Cellular automation (CA) traffic flow simulation technology widely used 
in the transportation field, a general framework of investigating the variation of natural fre-
quencies of a roadway bridge under vehicle flow was developed. The results revealed that the 
values of the frequencies decrease as the traffic density increases and the effect on high 
modes of the bridge under vehicle flow is more significant. 

2690



Mao Ye, Shifan Huang, Baoxing Cao and Min Ren 

1  INTRODUCTION 

Research on the dynamic behavior of bridges under moving vehicle loads can be dated 
back to many years ago, especially for railway bridges [1-8]. There are numerous publications 
regarding the dynamic analysis of train-bridge interactions [1-5]. Some of them focused on 
the effect of trains on the natural frequencies of bridges due to the effects of carriage masses 
coupled with the bridges through suspension systems, namely railway bridge on-load natural 
frequency. Ren et al. [7] focused on continuous bridges and some results showed that the ver-
tical train-bridge natural frequency periodically varied when the trains were distributing on 
the whole bridge. Recently, the significance and the variation trend of driving frequencies and 
dominant frequencies in the response arising from the trainload was examined by Lu et al [6].  

In recently year, there have been an increasing number of problems related to highway 
bridges. One of the problems is that the natural frequencies of the bridges decrease. As a re-
sult, it was desirable that the frequencies variation of bridge under traffic flow should be con-
sidered. Based on traffic-induced vibration tests on three bridges, the measured natural 
frequencies can change up to 5.4% for the short span bridges whose mass is relatively small 
[9]. The interaction between vehicular traffic and bridge vibration for a short span bridge was 
studied experimentally and analytically by Kwon et al [10]. The relative and absolute fre-
quency changes of damaged reinforced concrete bridge structures under moving vehicular 
loads are sensitive to the weight of the moving vehicle, and the frequency ratio between the 
vehicle and bridge has some effect on them [11]. A theoretical framework is presented for the 
variation in frequencies of vibration of the VBI system by Yang et al [12-14], which indicated 
that the effect will be crucial when the vehicle mass is not negligible compared with the 
bridge mass or when the resonance condition is approached. 

Some theoretical studies above are related to bridge on-load natural frequencies. For a 
train-bridge system [6-8], the train is modelled as multiple carriages and the bridge is modeled 
as a beam. For studying a vehicle-bridge system, similar to that of a train-bridge system, the 
vehicle is modeled as a moving mass [14] or a several degrees-of-freedom system [10-13] and 
the bridge is modeled as a beam. However, the vehicle-bridge system is much different from 
the train-bridges system such as load distribution and mechanical characteristics. Therefore, 
the model of vehicle-bridge system mentioned above can capture the physical essence of 
roadway bridge on-load natural frequencies. It is impossible to be applied to the real bridge. 

This study aims to present a method to investigate the variation of natural frequencies of a 
roadway bridge under vehicle flow and various tasks are provide in several sections.  

2 FEM BRIDGE MODEL 

The case study is a continue box-girder bridge. The bridge has three spans, namely 
55m+85m+55m, with a total length of 195 m. The width of the bridge is 15m. A scheme of 
the bridge is shown in Fig. 1. ANSYS was used to construct a full 3-D FEM of the bridge. 

The bridge has been considered composed by three different materials for different struc-
tural elements: the box-girder (steel reinforced concrete), the pavement of the bridge (bitumi-
nous concrete), bridge supports (rubber bearing), with the characteristics reported in Table 1. 
The damping and nonlinear properties of the bridge are not considered in this study. 

55m 85m 55m

A

A

B

B

(a) Elevation 
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4.
6m

2
m

A-AB-B
 

(b) Typical cross sections 
Fig. 1. A scheme of the bridge (units: m). 

Solid elements are used to build the model as shown in Fig.2. There are a total of 26,296 
elements and 50,459 nodes. The first four natural frequencies of the bridge were determined 
using Block Lanczos method and presented in Table 2 respectively. 

 

Fig. 2. A FE model of the bridge (a half) 

 Table 1. Mechanical Characteristics 

Material Steel reinforced 
concrete

Bituminous 
concrete

Rubber 
bearing 

Young Modulus (N/m2) 3.7e10 4.5e9 3.7e8 
Density (kg/m3) 2500 2440 2150 

Poisson ratio 0.2 0.4 0.4 

Table 2. Natural frequency for the first six modes 

Mode No. 1 2 3 4 

Natural frequency (Hz) 1.069 1.862 2.245 2.638 

3 STOCHASTIC TRAFFIC FLOW ON A ROADWAY BRIDGE  

Cellular automaton (CA) traffic flow simulation technology [16-18] is adopted to develop 
the stochastic traffic flow. The method is able to provide detailed instantaneous information 
of each vehicle through replicating major traffic phenomena on roadways. Thus it is an ideal 
technology to be integrated into the advanced bridge analysis considering traffic flow in a 
more realistic manner. 

3.1 Theoretical basis 

CA traffic model is to simulate the stochastic traffic flow through discrete time and space 
and each lane is divided into cells with an equal length. Each cell can be either empty or oc-
cupied by one vehicle at a time. At each time step, a vehicle moves, accelerates, decelerates or 
changes lanes based on some predefined rules [16-18]. The rules of a typical CA traffic model 
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include: (1) the rules of the single-lane CA model; and (2) the conditions for lane changing. 
Vehicle i is taken as an example to introduce the CA traffic model rules. ( )iv t  and ( 1)iv t  are 
the velocities at time t and 1t   respectively. ( )iL t and 1( )iL t denote the locations of vehi-
cle i and the vehicle immediately ahead of vehicle i . maxv represents the maximum velocity. 

( )i tgap is the distance between vehicle i and vehicle 1i  . b  denotes the randomization prob-
ability. 

The rules for the  single-lane CA model are shown as follows: 
Rule 1: acceleration, ( 1) ( ) 1i iv t v t    if max( )iv t v  and ( ) ( ) 1i it v t gap . 
Rule 2: deceleration, ( 1) ( ) 1i iv t t  gap  if ( ) ( ) 1i it v t gap . 
Rule 3: randomization, ( ( 1) ( ) 1) | ( ) 0)i i iP v t v t v t b     . 
Rule 4: vehicle motion. If the three conditions above are not satisfied, then ( 1) ( )i iv t v t  . 
Vehicle i will change to the target lane with the probability of ch  if all the three follow-

ing criteria are satisfied:  
Rule 5: ( ) ( ) 1i it v t gap . 
Rule 6: ( ) ( ) 1i it v t gapo , ,( ) ( ) ( )i f i it L t L t gapo , , ( )f iL t denote the location of the 

nearest vehicle on the target lane moving ahead of vehicle i . 
Rule 7: max( )i t vgapoback , ,( ) ( ) ( )i i b it L t L t gapoback , , ( )b iL t is the location of the 

nearest vehicle on the target lane moving behind vehicle i . 
To complete a lane-changing simulation, the location and the velocity of vehicle i will be 

updated through two sub-steps: 
Step 1: vehicle i moves to the target lane transversely without moving forward. 
Step 2: vehicle i moves forward obeying the single lane rule as illustrated above after mov-

ing into the target lane. 

3.2 Traffic flow simulation on the bridge  

In the present study, the bridge is a two-lane one-way bridge and a steel reinforced con-
crete bridge. Actually, frequencies variation of the bridge under vehicle flow is not obviously, 
because the vehicle mass is small compared with the bridge mass. Even though, it is sufficient 
to interpret the method suggested in the paper to analysis the natural frequencies of a roadway 
bridge under vehicle flow. 

The total length of the bridge is 195 m ( bL ). Chen et al.[18] suggested that approaching 
roadways on both sides of the bridge should be considered, because the actual traffic flow 
through a bridge is also affected by the traffic on the approaching roadways. The approaching 
roadway has the length of 975 m ( rL ) at each end of the bridge in the present study [18]. The 
length of ‘roadway-bridge-roadway’ system is 2145m. The bridge and the approaching road-
ways have the same number of available lanes. All the lanes on the bridge and the connecting 
roadways share the same width and each lane is divided into equally-spaced cells. The rules 
of the bridge and the approaching roadways are the same. The length of each cell ( cL ) is set 
to be 7.5 m [18], which is the typical distance between the centers of two vehicles when the 
road is in a complete congestion. Then, the number of all cells in one lane is 286 ( N ).The 
velocity limit maxV  is assumed to be 120 km/h, which is the typical speed limit on highways in 
China. The period of each time step is 1s. So maxv  in the CA model can be computed accord-
ingly: 

max
max

120(
4.44( 4(

7.5(c

V
v

L
   

km/h)
cell/s) cell/s)

m/cell)
                      (1) 
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In the following CA-based traffic flow simulation, the periodic boundary condition is 
adopted. The initial velocities of all the vehicles are randomly set among 0 4(cell/s) . The 
CA traffic simulation rules will decide the velocity of each individual vehicle according to the 
speed limit adaptively. The probability of braking ( b ) is 0.5. The probability of changing 
lane ( ch ) is 0.8. Various vehicles on highways are grouped into eight categories, the 
weights of various vehicles are summarized in Table 2. The proportions of the vehicles in 
each category are assumed to be 0.125 equally. 

Table 2. The weight of various vehicles 

Categories car Mini 
bus 

Light 
bus

bus Mini 
truck

Light 
truck

Truck Heavy 
truck 

Weight (kg) 2000 7220 10000 20000 10000 15000 25000 32000 

With the adoption of the periodic boundary condition, the traffic occupancy in the whole 
system keeps constant for each simulation. Four densities (  ) are considered in the present 
study: (1) 0.08  (11 veh/km/lane), (2) 0.16  (22 veh/km/lane), (3) 0.24  (32 
veh/km/lane), (4) 0.36  (50 veh/km/lane). The first three densities (1), (2), (3) correspond 
to Level of service of B, D, F respectively. The last density (4) are proposed for this research. 
The observation of the traffic flow will start after 0 10t C (C  is the number of all cells in one 
lane, here 286C  ) when the traffic flow is typically believed to become steady [18]. Thus, 
the traffic flow starting from 3000 s in this study will be presented in the following sections. 

The typical two-lane traffic simulation of a ‘roadway-bridge-roadway’ system is conducted 
and the results are shown in Fig. 3. As presented in Fig. 3, the time versus space information 
of the simulated traffic flow on one lane is given. The x-axis shows the physical location of 
each vehicle on the ‘roadway-bridge-roadway’. The y-axis shows the time range after 3000 s 
of simulation elapsed. At any time instant on the y-axis, the information of the physical distri-
bution of each vehicle along the spatial simulation region (x-axis) can be found by drawing a 
line horizontally. Similarly, at any spatial location on the x-axis, the time-variant information 
of vehicles at one particular location can also be retrieved by drawing a line vertically.  

In Fig. 4, we show four different situations at four different densities. Operational condi-
tion of the bridge is free flow at 0.08  . As the density increase, traffic congestion appears. 
The ability to maneuver is severely restricted due to traffic congestion at 0.16  . At 

0.24   and 0.36  , the traffic flow breakdown. Vehicles arrive at a rate greater than the 
rate at which they are discharged. Operations within queues are highly unstable, vehicles ex-
periencing brief periods of movement followed by stoppages.  

  

(a) 0.08                                                  (b) 0.16   
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(c) 0.24                                                   (d) 0.36   

Fig. 3. Traffic flow simulation result  

4 TIME-VARIANT NATURAL FREQUENCIES OF BRIDGE 

The FE model of the bridge and traffic flow on the bridge have been obtained above. Each 
vehicle in the stochastic traffic flow is modeled as a mass, it is convenient to determine time 
variant natural frequencies of bridge under traffic flow. The weights of various vehicles are 
presented in Table 2. The following is the procedure used to determine time variant natural 
frequencies of bridge under vehicle flow. 

Step 1: Establish FE model of the bridge in ANSYS. 
Step 2: Simulate traffic flow cross the bridge based on Cellular automaton (CA) traffic 

flow simulation technology. 
Step 3: Obtain positions of all vehicles distributed on the bridge at time step t  from traffic 

flow simulation result.  
Step4: Establish the FE models of all vehicles on the FEmodel of bridge according to the 

position of vehicle and vehicle type. MASS 21 is adopted to simulate the vehicle. 
Step5: Calculate the frequency of traffic flow-bridge system at time step t . 
Step6: Check the traffic flow. If the traffic flow has crossed the bridge, the time variant 

natural frequencies of bridge under traffic flow is finish. 
Step7: At time step 1t  , go to step 3 and repeat the procedure until the traffic flow has 

crossed the bridge.  
Due to the traffic flow through the bridge, the natural frequencies of the bridge at any one 

moment is usually different from that at the next moment. The variations of the first four fre-
quencies with time as the vehicles pass over bridge are shown in Fig.4. Legend 0.00  rep-
resents that there are no vehicles on the bridge. Compared to the natural frequencies of bridge 
( 0.00  ), the frequencies of bridge under vehicle flow decrease at any time instant. From 
Fig. 4, as the traffic density increase, the natural frequencies decrease in general. Larger fluc-
tuations of the natural frequencies under traffic flow over time are observed in Fig.5 when the 
traffic density is high. 

In order to investigate the effect of the vehicles on different mode of bridge under vehicle 
flow, the time-history of difference between natural frequencies of the bridge and the bridge 
with vehicle for the four traffic densities are shown in Fig.5 (a)-(d), respectively. From Fig.6, 
it can be concluded that the effect of the vehicles on the higher modes of the bridge under ve-
hicle flow are more significant than on the lower modes in general. 
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(c) 3rd natural frequency 
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(d) 4th natural frequency 

Fig. 4. The variations of the first four frequencies with time as the vehicles pass over bridge 
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(b) 0.16   
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(c) 0.24   
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Fig. 5. Effect of the vehicles on different mode of bridge under vehicle flow 
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5 CONCLUTION 

Based on traffic flow simulation technology, a general framework of investigating the var-
iation of natural frequencies of a roadway bridge under vehicle flow was developed. The ob-
tained results revealed that the natural frequencies decrease in general as the value of the 
traffic density increase. Compared to the natural frequencies of the empty bridge, the natural 
frequencies of bridge under vehicle flow decrease at any time instant. Moreover, it was shown 
that the effect of the vehicles on high modes of the bridge under vehicle flow is more signifi-
cant. The method presented can be used in practical engineering. 
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Abstract. The study uses finite element modeling to discuss the effect of floater response on 
tower moments in a floating offshore wind turbine system. A semi-submersible floating plat-
form supporting a single NREL-5MW wind turbine was investigated. In order to understand 
the contribution of different modes of floater motion to tower load, tension leg mooring and 
catenary mooring were used. The mooring systems were designed to provide similar dynamic 
response amplitude in surge, while the pitch response was inherently different. Wind and 
wave loads were considered separately and then together to identify their respective contribu-
tion to response and tower loads. Both wind and wave loads were found to be critical for tow-
er base moment while wind loads govern the tower top moments. In comparison with catenary 
mooring, the tension leg mooring was found to reduce the tower base moment by up to 50 % 
at higher wind speeds due to restraint to pitch motion. The two types of mooring provided a 
similar tower top moment which indicates it is independent of pitch motion. 
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1 INTRODUCTION 

Wind is one of the most consistent and global form of renewable energy. Due to rapid de-
pletion of natural resources, there is an increase in trend towards use of wind energy as an al-
ternate and sustainable source of power generation. In the last couple of decades, there has 
been a rapid increase in wind farm installations. In the last five years, there was an average 
annual increase of almost 27.6 % in global wind power generation. Wind turbines installed 
worldwide till end of 2011 contribute 430 TWH of power, which is 2.5 % of global demand. 
Denmark has the highest national contribution from wind energy at 21%. [ 1,  2] 

The widespread application of wind energy has some practical limitation. Rural areas with 
steady wind and large space for wind farms have low energy demand while urban areas with 
high energy demand lack the space and steady wind resource. Most of the metropolis of the 
world are situated near shorelines and have a huge offshore wind and space resource at hand. 
This potential was first recognized in early 1970's and lead to the rapid development of off-
shore wind farms. However, all such farms have been made in shallow water, where the water 
depth is less than 30 m and bottom mounted setup is possible. This constraint significantly 
reduces the ability to fully harness the offshore wind potential and has limited application to 
regions with adequate wind resource in shallow water. To exploit the rich deep offshore wind 
resource, floating support systems have to be developed. Marine and offshore oil industries 
have successfully established technical viability of floating structures but their design is safety 
oriented and expensive. In their design, mooring system is taken in linear range while hydro-
dynamic and aerodynamic dampings are ignored. In contrast, for wind energy applications, 
the design of the floating systems should be based on economy and needs to be optimized to 
achieve the lowest life cycle cost for the entire structure. Hence the purpose of this research is 
to investigate the effect of floater displacement on wind turbine.  

Several concepts [ 3,  4,  5,  6,  7,  8,  9,  10,  11] were proposed for using multiple wind turbines 
on a single floater. Such floaters have the advantage of using a single mooring and power 
supply system thus reducing the cost. Owing to their large size, they are more stable but have 
to carry large wave current loads, while the wind turbines suffer wake effect due to close 
proximity to other wind turbines on the floater. Over the last decade several concepts 
[ 12,  13,  14,  15,  16] of single wind turbine floaters have been investigated, these systems 
would resolve issues involved in the multi-turbine system but they suffer from stronger wave 
induced loads. The wave loads influence the wind turbine through six degrees of freedom of 
the supporting floater system as shown in figure 1. Three modes are translational (surge, sway 
and heave) and three are rotational (roll, pitch and yaw). Out of the six surge, heave and pitch 
are the major modes of oscillation and are expected to contribute heavily to wind turbine tow-
er moment. The extent of restraint in these modes depends upon the type of mooring system 
used for station keeping and stability of the floater in open water. The different types of moor-
ing are catenary, taut and tension leg mooring. Catenary system provides the least restraint 
while the tension leg system has the highest restraint to floater response. The first is cheaper 
and stable in case of its partial failure while the latter is expensive and unstable in case of its 
partial damage.  

In this paper, a previously developed numerical tool [ 2,  14] is used to investigate the effect 
of floater response modes on the wind turbine tower moments over the range of operational 
wind speed for wind turbine. The catenary and tension leg type mooring system are consid-
ered to account for the level of restraint to floater response. The study also investigates the 
influence of individual wind and wave loads on the floater response and wind turbine tower 
moments.  
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Figure 1 Degree of Freedom of a floating wind turbine 

2 FLOATER WIND TURBINE SYSTEM 

2.1 Wind Turbine 

A modified National Renewable Energy Laboratory’s (NREL) offshore 5-MW baseline 
wind turbine developed by Jonkman [ 12] was used in this study. The basic properties of the 
wind turbine are outlined here (table 1) with respect to some modifications that are essential 
for input in the numerical program. As the used scheme [ 2] cannot consider pitch control, 
wind turbine was considered as stall regulated. The aerodynamic and geometric details of the 
rotor blades and tower provided in Jonkman [ 12] were used. 

Rated Power 5 MW 
Rotor Orientation, Configuration Upwind, 3-blades 
Drivetrain High Speed, Multi-stage gearbox 
Rotor, Hub diameter 126, 3 m 
Hub Height 90 m 
Cut-In, Rated, Cut-Out wind speed 5.0, 11.4, 25 m/sec 
Cut-In, Rated Rotor Speed 6.9 rpm, 12.1 rpm 
Rated tip speed 80.0 m/sec 
Overhang, Tilt 5.0 m, 5.0° 
Rotor Mass 110,000 Kg 
Tower Mass 240,000 Kg 

Table 1 Details of NREL 5MW wind turbine [ 12] 

2.2 Semi-Submersible Floater System 

A triangular tri-pontoon semi-submersible floater was considered to support the NREL 5 
MW wind turbine as shown in figure 1. The span in all three directions was 60.0 m. The pon-
toons had an overall depth of 30.0 m with a draft of 20.0 m. The floater had a mass of 
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5,638,760 kg for the catenary mooring system which was reduced to 75 % for tension leg 
mooring system to account for tether pre-tension. The details of the floater are listed in table 2. 

Span 60.0 m
Draft  20.0 m
Overall Height 30.0 m 
Peripheral Bracing  2.50 m 
Inner Bracing  1.80 m 
Corner pontoon Top (20 m)  9.0 m 

Bottom (10 m)  10.0 m 
Central pontoon  9.0 m 

Table 2 Dimensions of the semi-submersible floater 

2.3 Mooring System 

The floater was assumed to be situated in deep water with seabed 100 m below water level. 
The catenary mooring system with three mooring lines each having span of 400 m was con-
sidered. The length of each line was 417.84 m. The mooring lines were separated at 120°, 
with front two lines having an angle of 120° and -120° with the incident wave and the third 
aligned in the wave direction. All the three lines had a common fairlead at the base of the cen-
tral pontoon of the floater that supports the wind turbine. In tension leg mooring arrangement, 
three tethers are considered connected to each of the corner pontoons having length of 80 m. 
A buoyancy force of 25 % of the original weight of floater was considered that provided a 
pre-tension of 4950 KN in each tether. These values are selected to obtain similar dynamic 
surge response for two types of mooring systems. The mooring arrangement for tension leg is 
considered to eliminate pitch motion of the floater, while the arrangement for catenary magni-
fied the pitch motion. It is essential to indicate here that the current study, does not present a 
comparison of the two types of mooring system but has used these systems to investigate in-
fluence of response modes on wind turbine loads.  

3 NUMERICAL MODEL 

3.1 Numerical Scheme 

A finite element scheme [ 2,  14] that can use beam, pre-stressed beam and truss type ele-
ments and considers coupled interaction between floater, wind turbine and mooring system 
was used. The scheme uses Morison equation [ 17] with Srinivasan’s Model [ 6] for estimation 
of hydrodynamic force, non-hydrostatic model [ 14] for restoring force and penalty method 
[ 18] for contact of mooring with seabed. The equation of motion can be written as 

          M X C X K X F     (1) 
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“T”, “F” and “M” refer to turbine, floater and mooring system respectively. [X] represents 
the unknown displacements in six degree of freedom. [M], [C] and [K] are the mass, damping 
and stiffness matrices of the system respectively. {F} is total external force vector changing 
with time. {F} is gravitational force, {F} is buoyancy force, {FH} is hydrodynamic force, 
{FR} is restoring force, {FC} is seabed contact force, {FW} is aerodynamic force acting on 
wind turbine and floater system above sea level and {FB} is blade element momentum force 
on the wind turbine rotor during operation. 

3.2 Finite Element Model 

The finite element model for the floating offshore wind turbine system was prepared using 
beam, pre-stress beam and truss elements [ 2]. The NREL 5 MW wind turbine was modeled 
using 85 beam elements, with 10 elements for the tower and 24 elements in each blade. The 
floater was modeled using 109 beam elements. For catenary system, each mooring line was 
modeled using 30 truss elements and for tension leg system each tether was modeled using 10 
pre-stressed beam elements. 

3.3 Environmental Conditions 

In this study, wind turbulence conditions specific to offshore (Type-I) were considered. 
The method developed by Phuc [ 19] was used for the generation three dimensional wind time 
histories at several points considering auto spectral and cross-spectral functions. For the wind 
turbine tower, the wind histories were generated at nodes of the tower, while for the rotor a 
7x7 square grid of points was considered that encompassed the rotor area. The sea-state was 
modeled using JONSWAP spectrum [ 20], which gives the wind-wave height and wind-wave 
period relationships as: 

5
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2 2
1 | 10 1 | 10

0.0094 0.16 0.20
S Hr h m Hr h mH U U
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 1 | 10

25
4

P hr h mT U
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Where ‘g’ is the acceleration due to gravity and ‘U1hr|h=10 m’ is the hourly mean wind speed 
at 10 m height above the mean sea surface. Since in wind turbine analysis, the wind speed is 
usually considered as 10 min mean and at the hub height, equations (2) and (3) need to be 
modified to use this definition. The relationship between mean wind speeds for different aver-
aging durations can be estimated based on ASCE 7-02 [ 21]. The wind speed at different 
heights is related by the normal wind speed profile with exponent value of 0.14 defined in 
IEC-61400-3 [ 22]. 

10min| 10
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U
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  (4) 
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hub hub

h
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H H

   
    

   
 (5) 

‘Uhub’ represents the 10 minute mean wind speed at the hub height ‘Hhub’ above the sea 
level. Using these relationships (equation 2-5), the significant wave height ‘HS’ and peak 
wave period ‘TP’ were estimated using the 10 minute mean wind speed at hub height ‘Uhub’ 
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over a range of 5 ~ 25 m/sec as shown in figure 2. The wave time history was generated using 
JONSWAP spectrum [ 20] for the respective value of significant wave height and peak wave 
period. A wave current velocity of 2.0 m/sec was considered to account for the effect of cur-
rent. 
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Figure 2 Relationship of wind speed at hub height with significant wave height and peak wave period 

4 RESULTS AND DISCUSSION 

Three types of loading scenarios were considered; wave only, wind only and wind and 
wave combined. The effect of wave current was considered in all cases. For each load scenar-
io, 11 simulations of 20 min duration were run for wind speed from 5 to 25 m/sec. For the 
wave only cases, the waves were modeled using the respective wind speed but the wind was 
ignored. To account for the drift due to currents, initial 600 seconds of the simulation have 
been removed for statistical estimation. The results are presented as the mean and standard 
deviation of surge, heave and pitch response of the floating wind turbine system for respective 
mean wind velocity. The wind turbine loads are presented as the tower base and tower top 
moments. 

4.1 Response of the floating wind turbine system 

The response of the two types of mooring systems are discussed separately and observed 
for similarity. Mean and standard deviation of surge, heave and pitch response at the tower 
base for catenary and tension leg mooring are shown in figures 3 and 4 respectively. For the 
catenary mooring in figure3(a), mean surge indicates that the wave current results in a mean 
drift of nearly 35 m. The response had a monotonic increase with wind speed and wave height. 
The wind loads had stronger effect on mean surge relative to wave loads this is be because of 
large aerodynamic load on the wind turbine. The mean surge for wind + wave load is almost 
the arithmetic sum of the individual response for wind and wave that indicates the floater sys-
tem behaves like a linear spring. The standard deviation of surge shows that the dynamic be-
haviour is more sensitive to wave load showing monotonic increase, while the wind load 
shows no clear relationship. In figure3(b), the mean heave response is not sensitive to wind 
load while the wave load has an overall sinking effect on the floater. The negative values in-
dicate increase in draft. The standard deviation shows that the dynamic component of heave is 
sensitive to wave load only with negligible contribution from wind. The system again shows a 
linear behavior when the two loads are combined. The mean pitch response in figure 3(c) is 
sensitive to wind load only, due to the thrust on the wind turbine rotor while the dynamic part 
is sensitive to the both the wind and wave load. The pitch response does not show a linear be-
havior, the values for the wind only and combined cases were the same till 15 m/sec while the 
latter gets larger afterwards and contribution from wave loads increased. 
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Figure 3 Response of floater with catenary mooring 

For tension leg mooring in figure 4(a), the mean surge drift under currents is nearly 14 m 
that is around 40 % of that catenary mooring. The wind and wave loads have similar effects 
on mean surge response as seen in case of catenary mooring. However, comparative effect of 
the two is almost similar. The mean heave response is independent of the environmental load 
because of the strong restraint. The mean pitch though infinitesimal is more affected by wind 
load as observed in case of catenary mooring. For dynamic component (standard deviation), 
the wind and wave again showed similar contribution to surge response, the heave response 
was dependent on wave loads while contribution from wind loads was very small. The pitch 
response had monotonic increase with wave loads. Comparing the two types of mooring sys-
tem, it can be observed that because of the pitch and heave restraint the floater response be-
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comes less sensitive to load from the wind turbine. Though the mean responses for the two 
types are very different, the standard deviation of surge is quite similar as was intended. Con-
sidering this similarity of dynamic surge, it can be said that contribution of surge to wind tur-
bine loads for the two types of mooring would be nearly similar and the difference in loads 
would be because of the pitch response of the floater in case of catenary mooring system. 
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Figure 4 Response of floater with tension leg mooring 

4.2 Wind turbine tower loads 

In the previous section, the response for the two types of mooring systems has been dis-
cussed and contributions of wind and wave loads to the significant modes of response (surge, 
heave and pitch) were identified. To discuss the contribution of the these loads and effect of 
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pitch motion the wind turbine loads, two critical points for design of wind turbine are consid-
ered i.e. tower base moment for support structure and tower top moment for the yaw system. 
Figure  5 shows these two loads for the two types of mooring systems. The results show that 
both the wind and wave loads are critical for tower base (support system), while wind loads 
govern the tower top (yaw system) for both types of mooring system. Further, the combined 
wind and wave loads do not result in much larger loads and a simple summation of loads due 
to wind only and wave only will give conservative results. Considering the comparison of the 
tension leg mooring and Catenary Mooring system, it can be observed that tension leg moor-
ing results in reduction of tower base moment due to wave loads at higher wind velocities. 
Since the two types have dynamic surge component of the same order, this difference can be 
only attributed to pitching motion in case of catenary mooring system. The tower base mo-
ment due to wind load only is slightly smaller in catenary mooring, because of increased aer-
odynamic damping arising from the pitching motion that aggravate the rotor disc 
displacement. Finally, both types of mooring systems have similar tower top loads which in-
dicate that the top load is not sensitive to pitching motion but depend on the surge displace-
ment of the floater which is similar for the two types of mooring systems. 

0

5000

10000

15000

20000

25000

5 10 15 20 25

  Wave

  Wind

  Wind + Wave

T
o

w
er

 B
a

se
 M

o
m

e
n

t 
(K

N
-m

)

Mean Wind Speed at Hub (m/sec)

Catenary Tension Leg

0

500

1000

1500

2000

2500

5 10 15 20 25

T
ow

er
 T

o
p

 M
om

e
n

t (
K

N
-m

)

Mean Wind Speed at Hub (m/sec)

(a) Tower Base Moment (b) Tower Top Moment 

Figure 5Wind turbine moments in a floating wind turbine system  

5 CONCLUSIONS 

A numerical study was carried out to investigate contribution of environmental loads and 
floater response mode on wind turbine loads. Catenary and tension leg mooring system with 
similar surge component were used. It is observed that the contribution of environmental 
loads to modes of motion is independent of mooring system. The mean and dynamic surge 
response is more sensitive to wave loads, while the mean pitch response is sensitive to wind 
loads and dynamic pitch is influenced by wave loads. Both wind and wave loads are found to 
be critical for support system (tower base) and wind loads are critical for yaw system (tower 
top). Comparison of wind turbine loads for tension leg and Catenary mooring systems show 
that tension leg mooring results in reduction of wave loads at tower base because of the pitch 
restraint. The yaw system load (tower top moment) is of the same order for the two types of 
mooring system, which indicates that this load is independent of floater pitching motion, and 
depend upon the surge displacement similar for the two types of mooring systems. 
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Abstract: An appreciation of the nature of the force induced by walking is essential in order 

to predict the structural response from pedestrians. The typical walking model applied on 

structures is the Fourier series force model, the most important parameter in the model is the 

dynamic load factor (DLF) which is the basis for this most common model of perfectly 

periodic human-induced force. Based on Fourier decomposition, many researchers have tried 

to quantify DLFs, but the existing factors are not suitable for low or high walking frequency, 

as the more and more load need to be considered in the structural calculation nowadays, the 

application range of DLFs need to be extended. Based on the single foot force model, this 

study recalculated the dynamic load factors and expanded the applied frequency range to 

both low and high frequencies using numerical simulation method, compared the human 

induced load force model of different walking frequencies. The calculated DLFs in low and 

high frequency obtained from this study are useful for the following analysis of structural 

response under more kinds of pedestrian load. 
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1 INTRODUCTION 

In recent decades, the human induced load by walking person has become an extremely 

popular topic in structural engineering area, especially for the light and slender footbridges of 

low modal frequencies. The walking load induced structural vibration not only is a 

serviceability problem, but also affects the structural safety.  

The excessive footbridge vibration due to the pedestrian passage is a major consideration 

in the footbridge design. To understand the complicated mechanical mechanism of 

pedestrian-footbridge vibration, a number of numerical and experimental investigations have 

been performed over the past decades. Li et al [1] investigates vibration characteristics of 

footbridge induced by crowd random walking, developed a single foot force model for the 

vertical component of walking-induced force avoiding the phase angle inaccessibility of the 

continuous walking force. S. Zˇivanovic´ et al. [2] gave a literature review on vibration 

serviceability of footbridges under human-induced excitation, identified humans as the most 

important source of vibration for footbridges. M.J. Hudson et al [3] provided a comprehensive 

state-of-the-art review of AVC for human-induced vibrations in floor structures, discussed a 

range of active control laws are also discussed and the suitability of these for the mitigation of 

human-induced vibrations in floors, providing the basis for future research in this area so that 

the benefits of AVC may be fully realized. V. Racic et al [4] reviewed the experimental 

identification and analytical models of human walking forces, the review is therefore an 

interdisciplinary article that bridges the gaps between biomechanics of human gait and civil 

engineering dynamics. S.C. Kerr [5] investigated the differences between human induced 

loading on a floor with that generated whilst ascending or descending a staircase, the data 

obtained from numerous force plate experiments have been compared to existing 

experimental data and conclusions have been drawn as to what differences between the two 

should warrant concern by the staircase designers. Luca Bruno [6] based on the mathematical 

and numerical decomposition of the coupled multiphysical nonlinear system into two 

interacting subsystems, proposed a mathematical and computational model used to simulate 

crowd–structure interaction in lively footbridges. Tianjian Ji et al [7] investigated the action of 

an individual bouncing on a structure, and conducted an individual bouncing test and its 

responses to bouncing was recorded, then proposed a load model based on the measurements 

and the concept that dynamic responses induced by the sum of harmonic functions are at 

discrete loading frequencies. Aikaterini Pachi [8] based on a field test in shopping mall and 

footbridges, summarized people’s walking frequency and walking velocity, compared the 

difference of different walking purpose.  

This paper focus on the human load induced by walking pedestrian, based on the Fourier 

series model and the simplified single foot force model, adopting numerical simulation 

methods, recalculated the dynamic load factors (DLFs), which is essential for the walking 

model. The DLFs calculation results show a relatively larger frequency range compared to the 

traditional DLFs, so that the high and low frequency pedestrian can be considered in the 

following calculation and simulation, providing a more accurate analysis results by taking 

more kinds of load into consideration. 
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2 THE LOAD MODEL FOR WALKING PEDESTRIAN 

To analyze the structural response under walking load, the reasonable simulation model for 

pedestrian induced force is necessary. There are many kinds of force model of walking person, 

among which, the most common used is the Fourier series model, and it is also the simplest 

model. The studies in the following parts of this paper are all based on the Fourier series force 

model. 

2.1 The traditional walking model 

Accurate evaluation of vertical force induced by one walking pedestrian is crucial to 

estimate the vibration of footbridge. The typical Fourier series time-domain model for 

walking is based on the assumption that both human feet produce exactly the same force and 

that the force is periodic. It is well known that the continuous walking force can be considered 

as a sum of a statistic and a dynamic component, and it can be represented by a Fourier series 

(eq.1): 

   
1

sin 2
n

p i p i

i

F t G G if t  


      (1) 

Where G: the weight of walking person, 
i : the Fourier’s coefficient of the ith order, pf : 

the walking frequency (Hz), i : the phase angle of the ith order, i: the order number, n: the 

total number of the harmonic order. 

Based on the above Fourier series model, the walking pattern is shown as the following 

figure. 
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Figure 1: The traditional Fourier series walking load model 
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2.2 The single foot force model 

In the traditional walking force model, the phase angle is an important factor, while it is 

also the most difficult parameter to obtain, and in the previous study, there still not clear 

instructions for the phase angle. So based on the Fourier series model, Li (2010) [1] proposed 

a single foot force model to describe the dynamic loading of pedestrian walking, not only 

avoiding the inaccessibility of phase angle and also accounting for subsequent random 

vibration modeling of footbridge. Generally, the common single foot load–time force curve, 

illustrated in figure 2, is characterized with two peaks, and the first one is higher than the 

second one. 
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Figure 2: The single foot force model 

The single foot force is assumed to be formulated also by Fourier series as: 

  
1

sin ,0e n e

n e

n
F t G A t t T

T





 
   

 
            (2) 

Where nA and eT  is the Fourier coefficient and constant cycle. 

3 THE CALCULATION FOR DYNAMIC LOAD FACTORS 

It can be seen from the above analysis that the dynamic load factors (DLFs) is the essential 

parameter in the walking load simulation, and in the previous study there are many 

calculation and test results for such DLFs values. 

3.1 The existing DLFs 

Based on Fourier decomposition, many researchers have tried to quantify DLFs which are 

the basis for this most common model of perfectly periodic human-induced force. S. 
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Zˇivanovic´ [2] summarized the DLFs calculation results in the previous study, shown in table 

1. 

Author DLFs Frequency Range 

Blanchard 1 =0.257 4-5Hz 

Bachmann and 

Ammann 
1 =0.4-0.5,

2 =
3 =0.1 2.0-2.4Hz 

Schulze 1 =0.37,
2 =0.10,

3 =0.12,
4 =0.04,

5 =0.08 2.0Hz 

Bachmann 
1 =0.4/0.5,

2 3=  =0.1/- 

1 3=  =0.1 

2.0/2.4Hz 

2.0Hz 

Kerr 1 =1.6,
2 =0.7,

3 =0.2 2.0-3.0Hz 

Young 

 1

2

3

4

=0.37 0.95 0.5,

0.054 0.0044 ,

0.026 0.005 ,

0.01 0.0051 .

f

f

f

f









 

 

 

 

1-2.8Hz 

Yao 1 =0.1,
2 =0.25 2.0Hz(bouncing) 

Table 1: The DLFs results from the previous study 

Despite the DLFs results from traditional Fourier series model, Li’s single foot force model 

also has its own dynamic load factors, shown in equation 3. 

1
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3

0.0698 1.211,1.6 2.32

0.1784 1.463,2.32 2.4

0.1052 0.1284,1.6 2.32
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4

5

0.0416 0.0288,1.6 2.32

0.2600 0.6711,2.32 2.4

0.0275 0.0608,1.6 2.32

0.0906 0.2132,2.32 2.4
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Hz
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   (3) 

From the above analysis, it can be seen that although there are a variety of dynamic load 
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factors calculation results, the frequency range for applied computation is still narrow. For the 

single foot force model, the frequency range is 1.6-2.4Hz, which could not cover the load 

forms, so it is necessary to enlarge the DLFs frequency range for following applying analysis. 

3.2 The DLFs for enlarged walking frequency 

It is known that the single foot force model is more convenient without the phase angle 

value, so adopt the model to conduct the following study. The basis DLFs values come from 

Young’s model, because the frequency range is relatively large in his model. 

According to the equal relationship of the corresponding coefficients in the above 

mentioned two models, recalculate the dynamic load factors in the single foot force model. In 

order to have a more efficient calculation, only adopt the first three dynamic harmonic orders. 

Compared to the original DLFs proposed by Li, the results are shown in figure 3. 
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Figure 3: The DLFs calculation results for enlarged frequency 

It can be seen by recalculation the coefficients, the DLFs range enlarged from 1.6-2.41Hz 

to 1.0-2.8Hz, and the numerical values for these factors can be calculated by equation 4. 
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s s

s s

s s

s s

s s

s s

f Hz f Hz
A

f Hz f Hz

f Hz f Hz
A

f Hz f Hz

f Hz f Hz
A

f Hz f Hz

   

   

  


  

  


  

          (4) 

4 THE APPLICATION OF CALCULATED DLFS 

Based on the DLFs calculation results, the pattern of single foot walking force can be 

obtained, the pedestrian induced load is shown in figure 4 compared to Li’s model. 
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(a) Walking frequency: 1.6Hz 
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(b) Walking frequency: 2.0Hz 
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(c) Walking frequency: 2.4Hz 

Figure 4: The walking pattern of adopting the recalculated DLFs 

It should be noted that by recalculating, the DLFs frequency range has been enlarged, 

figure 5 shows the human induced load of different walking frequencies using the recalculated 

DLFs. 
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Figure 5: The pedestrian induced load under different walking frequencies 

From the above analysis, it can be seen that single foot force model can be applied in a 

larger frequency range due to the calculation of DLFs. 
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5 CONCLUSIONS 

Based on the study on pedestrian induced load model, this paper summarized the previous 

study on dynamic load factors and enlarged the DLFs frequency range based on the single 

foot force model. The main conclusions are as follows: 

 The dynamic load factors for the Fourier series walking load model in previous study are 

summarized. 

 Based on the single foot force model, recalculated the DLFs to enlarge the application 

frequency range for walking load model. 

 By adopting the recalculated DLFs, it is feasible that the pedestrian induced single foot 

force model can be applied in larger frequency range. The more complex load forms can 

be considered in the structural response analysis.  
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Abstract. Computational modeling of complex, heterogeneous, multi-scale features of cement 
paste requires starting from their fundamental building blocks that includes material chemis-
try, microstructural morphology. This would enable capturing scale relevant features that in-
fluence the properties and behavior of materials through associated computational, material 
and mechanistic models. Such modeling starting from nanoscale material features through 
material chemistry modeling via molecular dynamics (MD); modeling of complete three-
dimensional virtual microstructure including the evolution of microstructure due to hydration 
of cementitious materials are briefly highlighted. Material chemistry modeling discussions 
from our recent work on nanoscale shear deformation to obtain the stress-strain behavior 
solely based on the material chemistry structure of hydrated cementitious material constituent 
CSH Jennite is summarized. Micro-scale modeling involving finite element based repeated 
volume element (RVE) modeling applied to the virtual three-dimensional complex microstruc-
tures at different degrees of hydration of the cement paste is also summarized. Complete de-
tails are presented in our other current and future publications in the literature. Multi-scale 
modeling that links across various length scales and material features in complex heteroge-
neous material systems provides an effective way of coupling material science and engineer-
ing features for their better understanding and tailored material design. These approaches 
present a new future direction for integrated material science and engineering of materials 
and structures. 
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1 INTRODUCTION 

Cementitious materials, an excellent example of highly complex, heterogeneous material 
systems, are cement-based systems that include cement paste, mortar, and concrete; though 
commonly used are one of the most complex in terms of material morphology and structure 
than most materials, for example, crystalline metals. Processes and features occurring at na-
nometer sized morphological structures affect the performance, deformation/failure behavior 
at larger, engineering length scales.  In addition, cementitious materials undergo chemical and 
morphological changes gaining strength during the transient hydration process. Hydration in 
cement is a very complex process creating complex microstructures and the associated mo-
lecular structures that vary with hydration. Multi-scale modeling of such material systems re-
quires starting from fundamental building blocks for the analysis and understanding at each of 
the disparate length scales capturing the scale relevant features through associated computa-
tional models. In conjunction, techniques to correlate and transcend across the morphological 
features at each of the length scales, and associated computational coupling techniques across 
the multiple scales are required. In this paper, recent work from our research group on the 
nano to continuum level modeling of cementitious materials is highlighted.  

This paper discussions are with an emphasis on the computational modeling at different 
length scales building the foundations of our research work consisting of, 

• Molecular Dynamics (MD) modeling for the nano scale features of the cementitious 
material chemistry.  

• Micro-mechanics modeling employing the cement microstructure morphology that 
takes into account the variations in the morphological features.  

Brief discussions of our on-going work on the scale relevant modeling of the multi-scale 
heterogeneous cementitious materials are presented in this paper to provide a forum for tech-
nical interactions and collaborations on the current state of the art, technology and research 
coupling material science and engineering. 

2 NANOSCALE MATERIAL CHEMISTRY LEVEL MODELING 

Portland cement in the powder form consists of four different major constituents: Tri-
Calcium silicate (C3S), Di-Calcium silicate (C2S), Tri-Calcium aluminate (C3A), and Tetra 
calcium aluminoferrite (C4AF) [1]. Hydration of cement is the chemical reaction between ce-
ment compounds and water, which cause hardening of cement forming the heterogeneous 
composite material. The most important hydrated cement product is Calcium Silicate Hydrate 
(CSH). Due to the complexity of CSH, molecular structure of CSH has not been fully re-
solved yet. Other naturally occurring minerals Jennite [2] and Tobermorite14 [3] molecular 
structures are the closest representation of CSH crystal that are accepted in the field. In these 
chemical formula representations, the notation common in the cementitious material commu-
nity is followed:  C refers to CaO; S refers to SiO2, A refers to Al2O3, F refers to Fe2O3, and H 
refers to H2O.  

MD is employed in modeling materials science and biomolecules to study and investigate 
structure and behavior of the interacting atoms of any molecular system. The methodology is 
based on transient dynamics analysis of atoms represented by system of particles based on 
classical Newtonian mechanics. The transient dynamic atomistic configurations under varying 
thermodynamic state conditions is coupled with statistical mechanics to obtain the predicted, 
thermo-physical properties as well as molecular level behavior of material systems based on 
their atomistic positions and velocities.  

The total potential energy for the material system varies for different molecular types based 
on associated molecular parameters and atoms. The potential energy of the CSH Jennite mo-
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lecular structure in our research is determined using a COMPASS force field in the present 
work. The functional form of the COMPASS (condensed-phase optimized molecular poten-
tials for atomistic simulation studies) contains three major terms, which are bond terms, non-
bond terms, and cross terms [4]. Bond terms include bond stretch, angle bending, angle rota-
tion, and out of plane angle terms, associated with molecular, material chemistry level config-
uration of hydrated cement paste CSH Jennite structure.  

3 MICRO SCALE MODELING 

The advent of scalable computing capabilities makes it possible to model large molecular 
and representative volume element (RVE) based material systems. Individual elastic 
properties and density for clinkers, unhydrated and hydrated products are usually and can be 
further estimated through molecular dynamics simulations.  These properties could then be 
utilized in the microscopic level RVE simulations.  The representative volume element (RVE) 
is defined as the smallest volume of material that captures the global characteristics of the 
material. Random results for overall properties of the material will be obtained if the tested 
volumes are smaller than this statistically representative sub-domain of the microscopic 
geometry. Such a volume must be sufficiently large to allow a meaningful sampling of the 
micro-scale stress and strain fields as well as sufficiently small for the influence of 
macroscopic gradients to be negligible, and for an analysis of these micro fields to be 
possible.  

CEMHYD3D Ver. 3, developed by NIST (National Institute of Standards and Technology, 
USA), was used to simulate the hydration process and formation of the digitally generated 
virtual microstructure for a typical Type-I general purpose cement [5]. CEMHYD3D allows 
creation of a starting three-dimensional microstructure based on a measured geometrical 
particle size distribution (PSD), volume fractions and surface area fractions of the constituent 
phases for the cement powder, extracted from 2D composite SEM (scanning electron 
microscope) images of cement at various degrees of hydration and modeling the hydration 
kinetics [5].  

 

     
Figure 1: 100x100x100 micron finite element model (left) and hydrated cement microstructure (right) [7]. 

The three-dimensional virtual microstructure is modeled as a micro-scale representative 
volume element (RVE) in a finite element analysis code to generate cubes of several microns 
in dimension and subjected to various prescribed deformation modes to obtain the effective 
elastic tensor of the material. The micro-structure voxel information generated by 
CEMHYD3D is imported into the general purpose ABAQUS® finite element code using an 
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in-house developed Matlab® code and meshed using continuum hexahedral (C3D8) elements 
to generate RVE domains of various dimensions (Fig. 1). Microstructure analysis based on 
cement RVE considered both periodic boundary condition (PBC) and kinematic boundary 
conditions (KBC).  RVE calculated elastic properties such as moduli are compared with the 
values obtained for this complex material microstructure configuration via asymptotic expan-
sion homogenization (AEH), originally developed for woven fabric composites [6]. Complete 
details are available in reference [7]. 

4 RESULTS AND DISCUSSIONS 

Brief discussions of key results from shear deformation and failure of nanoscale CSH Jen-
nite are presented next. Complete details are available in reference [8]. 

4.1 Nanoscale shear deformation of CSH Jennite  

The molecular/chemistry level structure of CSH Jennite is defined by a triclinic unit cell of 
dimensions a=10.6 Å, b=7.3 Å, c=10.9 Å, and angles α=101.3°, β=97.0°, γ=109.7°. In Figure 
2 a crystal of CSH Jennite, consisting of 64 unit cells in a 4x4x4 arrangement, is illustrated. 
The molecular structure of jennite is layered, formed by sheets of calcium oxide connected to 
short silica chains, three silica monomers long, that are not connected to each other. The cal-
cium oxide sheets are linked to each other by additional calcium octahedral sites. The layers 
containing the calcium octahedral sites connecting the calcium oxide sheets also contain most 
of the free water molecules in the structure. 

 

Figure 2: Molecular structure of nanoscale CSH Jennite viewed across the  crystallographic plane. Arrows 
indicate the direction of the shear stress simulated [8]. 

As a load-bearing system, nanoscale CSH Jennite can be considered as a structure in which 
interconnected layers of calcium oxide are responsible for the structural integrity of the sys-
tem. The short silica chains distributed on calcium oxide layers can be considered to act as 
nanoscale reinforcements. These short silica chains are not bonded to each other but only to 
the calcium oxide layers; hence they cannot be considered as the load-bearing skeleton of the 
structure. Based on the structural characteristics of nanoscale CSH Jennite illustrated above, 
results from mechanical behavior of the material under shear deformation and the changes 
produced by the deformation applied on the calcium oxide layers are briefly illustrated. Com-
plete details of MD modeling methodology and shear deformation of nanoscale CSH Jennite 
are available in reference [8]. 
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 Figure 3: Shear stress-strain behavior of nanoscale CSH Jennite from MD (left); center of mass displace-

ment (continued linear elastic vs. actual) [ ].  

Figure 3 presents the shear stress-shear strain behavior obtained from shear deformation of 
nanoscale CSH Jennite built upon 64 unit cells. MD computational analysis experiments were 
repeated using three different initial configurations of the material chemistry structure and 
show a good, repeatability of the linear and non-linear transition. The shear deformation is 
characterized by a linear region followed by a non-linear transition at a strain of about 0.08. 
Shear modulus obtained from the chemistry level modeling is 11.2±0.7 GPa. Layered struc-
ture of the predominant calcium oxide in the molecular structure indicates that shear defor-
mation is primarily due to sliding of calcium oxide layers. The computed displacement after 
the onset of non-linear region is larger than the displacement with a continued elastic defor-
mation. This is further indicated by a change in slope of the computed displacement curve as 
seen in Figure 3 (right). This correlates well with the transition from linear to non-linear be-
havior of the stress-strain plot shown in Figure 3 (left). Complete discussions are presented in 
reference [8]. 

4.2 Microstructural orthotropic elastic matric predictive modeling of cement paste 

RVE analysis of cement microstructure involved six axial and 6 shear deformation cases 
resulting in the orthotropic elastic matrix. The corresponding effective engineering constants 
of the bulk properties are obtained. Table 1 presents the effective properties obtained from 
elastic tensors based on kinematic boundary conditions (KBC), periodic boundary conditions 
(PBC) applied to 3D cement virtual microstructure, as well as the results from asymptotic ex-
pansion homogenization (AEH).  CSH gel formation in the cementitious materials increasing-
ly support the mechanical stresses in the microstructure as the hydration proceeds, and is 
noted in the corresponding increase in the elastic modulus (E) and shear modulus (G) values. 
Also, due to the increase in CSH gel volume fraction and reduction in other unhydrated com-
ponent fractions, microstructure also tends to become nearly isotropic with higher degree of 
hydration. The difference between the PBC and KBC conditions is found to be smaller (< 4%). 
Elastic modulus and shear modulus values obtained from AEH estimates are slightly higher 
than the KBC and PBC estimates. Complete details are presented in reference [7]. 

5 CONCLUDING REMARKS 

 Complex heterogeneous material systems with material features ranging from nano to 
macro scales require multi-scale modeling analysis for their understanding at each of the 
disparate length scales capturing the scale relevant features through associated computational 
models. Such computational models for complex heterogeneous material systems should not 
only be limited to homogenized engineering scales, but also need to include and emulate the 

2726



Ram V. Mohan, Wayne D. Hodo, and A. Rajendran 

effects of the morphological variations and material chemistry changes that impact the 
material properties and behavior at engineering length scale as discussed for cementitious 
materials.  

 

Table 1: Mechanical properties of cement paste from microstructure RVE analysis. 
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Method Domain Size (microns) DOH G 
(GPa) 

E 
  (GPa) 

KBC 100x100x100 0.8 9.08 24.20 
0.3 5.71 16.39 

PBC 100x100x100 0.8 9.35 24.69 
  0.3 6.39 17.65 

AEH 100x100x100 0.8 9.15 24.05 
  0.3 5.88 15.79 
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Abstract. This paper deals with a new application of soft computing methods in soil classifi-
cation procedure that is technically easy to use and does not require complex mathematical 
definitions for the model components. Two types of radial-basis neural networks, namely, 
probabilistic neural networks and generalized regression neural networks were used in this 
study. The proposed quick-automatic soil classification methods are implemented to analysis 
number of ground-motion stations located at North-West of Iran. The efficiency of proposed 
methodologies is compared with soil classification results based on measurement of the aver-
age shear wave velocity at a subsurface depth of 30 m. In addition, the results from neural 
network-based soil classification system were evaluated and compared with two empirical 
schemes which are based on the spectral shape of normalized response spectra and the aver-
age horizontal to vertical spectral rations of ground motions. The results revealed the accept-
able ability of proposed methods to predict the soil class in the study area. 
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1 INTRODUCTION 

The previous destructive earthquakes experiences indicated that the local subsoil condi-
tions can extensively influence the seismic demands and structural damages pattern which 
should be considered properly in seismic performance evaluation of the structures. The ampli-
tude and frequency content of seismic motions could significantly be influenced by the soil 
response which is controlled by the mechanical properties of the soil. In fact, reliable design 
of the structures due to earthquakes will not be possible without considering local site effects. 

In many countries like Iran, Turkey and Mexico, there is a lack of detailed information of 
the site conditions at most of the existing strong motion stations. Site classification based on 
borehole data or interpretation of geologic maps and geomorphologic data could not be done. 
For this reason, empirical methods have been developed by various researchers for site classi-
fication based on analysis of recorded strong ground motion data. These methods are gener-
ally quick and inexpensive in comparison with other schemes which are based on 
measurement of shear wave velocity. Standard Spectral Ratio, SSR, [1] and the horizontal-to-
vertical spectral ratio technique, H/V or HVSR, [2] are most popular and widely used tech-
niques for estimating site conditions. SSR is defined as the ratio between the Fourier spectrum 
calculated on the horizontal (or vertical) component recorded at a site of interest and the Fou-
rier spectrum of the same component recorded at the outcropping rock. H/V technique is an-
other simple and effective tool used widely for site effect analyses which does not require the 
presence of a reference rock station. The basic assumption of this method is that the vertical 
component of the ground motions is almost free from the amplification effects of soil. Appli-
cations of H/V method in soil response evaluation have been extensive [3-8].  

The feasibility of using of two effective type of radial basis function neural networks 
named probabilistic neural networks (PNN) and generalized regression neural networks 
(GRNN) is examined in this paper for soil classification purpose. The efficiency of proposed 
soft computing methodologies is compared with soil classification results based on measure-
ment of shear wave velocity. In addition, the results from neural network-based soil classifica-
tion system was evaluated and compared with two other schemes which are based on the 
spectral shape of normalized response spectra and the average horizontal to vertical spectral 
rations of ground motions. 

2 IMPLEMENTATION OF NEURAL NETWORK CAPABILITY IN SITE 

CLASSIFICATION  

Soft computing techniques have been successfully used for solving pattern recognition and 
classification problems in the past. Artificial neural networks (ANNs) as one of widely used 
computational models consist of an assembling of connected processing units called neurons. 
The nonlinear nature of artificial neural network and their ability to learn in a complex envi-
ronment while different factors influence the results of prediction, render it the capability of 
site classification. The theory, design and application of artificial neural networks as a power-
ful tool have been advancing broadly during the past decade for solving complicated problems 
in different fields including seismology, earthquake engineering, construction engineering, 
geotechnical engineering and geosciences. The use of two types of radial basis function (RBF) 
neural networks, namely, probabilistic neural networks (PNN) and generalized regression 
neural networks (GRNN) were proposed by Yaghmaei-Sabegh and Tsang [7]. The following 
features of PNN and GRNN rendering them the suitable tools in classification analysis: 

i) no learning rule is required
ii) no pre-defined convergence criterion is needed
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iii) removes design-decisions about the number of layers and also the number of neu-
rons in hidden layer 

iv) the simplicity in design  
A typical structure of PNN consists of four layers, namely, input, pattern (first hidden layer), 

summation (second hidden layer), and output layers. Fig 1 shows structure of a typical PNN. 
The input variables X are each assigned to a node in the input layer and then conveyed di-
rectly to the hidden layer without weights. Each unit in the pattern layer implements a RBF by 
computing the Gaussian kernel of the Euclidean distance between the existing input vector 
and the training pattern. It is generally expressed in an exponential form as Equation (1): 
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where X is the input set to be classified; σ is the smoothing parameter or bandwidth; Yi is 
the ith training pattern and the superscript T denotes the transpose of a vector. 

 

 

Figure 1: A typical structure of probabilistic neural network (PNN). 

The GRNN, which is an alternative type of RBF neural network, approximates a function 
between input and output vectors based on a standard statistical technique called kernel re-
gression. GRNN consists of four layers as of PNN. The pattern layer as the first hidden layer 
has one neuron for each case of the training data set and computes the Euclidean distance of 
the test case from the center point of a neuron and then applies the RBF kernel function. The 
next hidden layer in the network is the summation layer that represents the major difference 
between PNN and GRNN. The summation layer consists of two neurons only, namely, S-
summation neuron and D-summation neuron. The S-summation neuron computes the sum of 
the weighted outputs from the pattern layer, while the D-summation neuron calculates the un-
weighted outputs from the pattern layer. The summation layer and output layer together pro-
duce a normalization of output set. 

3       RESULTS AND DISCUSSIONS 
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Among 73 stations which have been triggered in 2012 Ahar-Varzaghan doublet events at 
North-West of Iran, 44 station with known Vs30 measures have been used in the analysis.  

The uncorrected accelerometer records were corrected for the instrument response and 
baseline. Then a high-pass 4'th order Butterworth filtering was used as a conventional filtering 
method to remove noise from all raw time series. Finally, the average spectral values of hori-
zontal components have been considered in evaluation process.  

PNN and GRNN models have been processed for each station and a continuous value rang-
ing from 1 to 4 is assigned to each station. The basic procedure starts with a selected set of 
representative horizontal to vertical spectral ratio (HVSR) curves for four site classes. A set of 
four reference HVSR curves has been collected according to Yaghmaei-Sabegh and Tsang [7]. 

Finally, the reference patterns and the input data are compared through the pattern recog-
nize analysis with designed PNN and GRNN. The prediction results of two empirical methods 
proposed by Phung et al., [9] and Zhao et al. [8] are used in comparisons as well. Phung et al., 
[9] have proposed a technique for site condition using strong-motion dataset in Taiwan based 
on the spectral shape of normalized response spectra. In 2006, an empirical site-classification 
method was proposed by Zhao et al. [8] for strong-motion stations in Japan using H/V re-
sponse spectral ratio. In fact, they have designed a classification scheme based on new site 
classification index (SI) as follow: 

∑
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2 µµ                                                                                (2) 

where k and n are the site class number and the total number of periods, respectively. As 
well, F( ) is the normal cumulative distribution function, iµ  is the mean response spectral ra-

tios of the horizontal and vertical components (H/V) for the site of interest in the ith period, 
and kiµ  is the mean H/V ratio for the kth site class averaged over all sites of the database for 

the ith period. 
The results of classification based on PNN and GRNN neural networks along with Phuang 

et al. [9] and Zhao et al. [8] sites class have been presented in Table 1. Vs30-based site classes 
have been superimposed into Table 1 to give a clear image about different empirical methods 
used in the analysis.  

The site classification criteria in Iranian seismic design code [10] are based on average 
shear wave velocity in the top 30 m soil layers. Four different site classes are defined in this 
code as a rock site, very dense soil and soft rock site, stiff soil site, and soft soil site (named as 
soil type 1 to 4). Shear wave velocity (Vs30) values have been adopted from Mousavi et al 
[11] for selected sites of current study. As seen in Table 1, the classification results of GRNN 
are consistence with those obtained based on the averaged shear-wave velocity (Vs30) as a 
widely used site description variable. It is worth nothing that, the classification method of 
Phung et al. [9] could be used for classifying a site into either rock (R) or soil (S). 

4 CONCLUSIONS  

Nowadays, soft-computing based methods have been developed increasingly in engineering 
fields by the growth of computer processors. In this regards, the high capability of PNN 
and GRNN models for soil classification has been validated in this paper using the data-
set of 2012 Varzaghna-Ahar earthquake ground motions records. Unlike of multi-layer 
feed-forward networks that commonly take a large number of iteration to converge to the 
preferred values, the time process of designed GRNN and PNN is very short. GRNN 
gives a continuous (more precise) output value as a site class. Analysis showed the con-
sistency of site classification of GRNN with VS30 measurements. The proposed proce-
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dure is considered particularly useful for regions where geotechnical, geologic and geo-
morphologic data are not available, which indeed represent the majority of areas in the 
world.  

 

 
Yaghmaei-
Sabegh and 

Tsang (2011) 
Site Class 

Station 
Phung et 
al. (2006) 
Site Class 

Zhao et al. 
(2006) Site 

Class 
PNN GRNN 

Measured 
Vs30 
(m/s) 

Vs30-based 
Site Class 

Varzeghan R 4 4 2.75 275 3 

Khajeh R 2 2 1.75 450 2 
Kalaybar R 1 1 1.62 850 1 

Haris R 2 3 2.04 530 2 
Damirchi R 1 2 1.59 1241 1 
Hoorand R 1 1 1.4 500 2 

Meshkin Shahr R 4 1 2.34 500 2 

Hadi Shahr R 2 2 1.79 475 2 

Basmanj S 4 4 3.57 564 2 
Soofiyan R 2 3 2.27 707 2 

Khomarloo R 1 1 1.44 921 1 

Zanjireh R 1 2 1.7 919 1 

Shabestar R 2 2 1.55 922 1 

Ziveh R 2 2 1.8 304 3 
Amand R 1 2 1.78 743 1 

Sharabiyan R 2 2 2.2 484 2 

Lahrood R 1 2 1.6 981 1 
Tasooj R 1 3 2 709 2 
Marand R 1 2 1.65 546 2 
Sarab R 2 2 2.07 406 2 

Ajab Shir R 2 3 2.4 657 2 

Naghadeh S 4 3 3.12 275 3 

Torkmanchay R 3 2 1.67 542 2 

Avin R 4 3 2.46   

Yekan Kahriz R 1 1 1.26 738 1 

Qara geshlakh S 2 3 2.89 275 3 

Hashrood S 3 3 2.58 681 2 
Band R 4 3 3 275 3 
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Sharafkhaneh R 4 3 3 466 2

Karigh R 1 1 1.28 589 2
Germi S 3 4 3.8 712 2

Nir S 2 3 1.89 541 2
Oldoo R 2 2 1.79 445 2

Taleb Qeshlaghi R 1 1 1.75 978 1

Azarshahr R 4 4 2.85 660 2

Kooraeim R 2 1 1.74 787 1
Rashkan R 3 2 1.814 275 3
Astara S 3 3 2.8 189 3

Helabad R 3 4 3 387 2
Namin R 2 1 1.6 1236 1

Ardebil 2 S 3 3 2.84 275 3
Talesh S 2 1 1.45 559 2

Table 1: Site classification results based on different empirical methods; PNN, GRNN, Phung et al. (2006) and 
Zhao et al. (2006) methods  
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Nonlinear analysis on seismic response of a multi-geomorphic composite site

CHEN Guoxing JIN Dandan GAO Hongmei ZHU Jiao
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Abstract: Based on the explicit FE method and parallel computing cluster platform of ABAQUS, a large-scale two-dimensional (2D)

nonlinear analytical model for a multi-geomorphic composite site consisting of valley flat, terraces, undulating hilly terrain was

established by considering the inhomogeneity of ground soils and influence of terrain change. Nonlinear seismic effect characteristics

of the composite site were analyzed, including the peak ground acceleration (PGA), spectral acceleration, duration and acceleration

transfer functions. The main results demonstrated that: (1) the PGA of different observation points on the ground surface vary with

each other, which was caused by the terrain differences. For the same input motions, the ground surface PGA of valley flat area show

obviously larger than that of the first terrace area. (2) the horizontal spectral acceleration of ground surface appears a double-peak or

multi-peak phenomena, the spectra shape peak moves to a larger period in the floodplain area compared with that in first terrace area

and the period difference comes to be from 0.05s to 0.25s. (3) the sensitive frequency band of seismic site response was 0.5Hz to

1.75Hz, when the frequency is lower than 0.2Hz or higher than 2Hz, the seismic amplification characteristics is not apparent.（4）PGA

exhibits spatial variation characteristics which varies in both lateral and depth directions, and there is a non-monotonic decreasing

characteristic with soil depth, greater motion amplification and focusing effect of some shallow soil layers were found. In some degree,

the 2D results can reflect nonlinear site effect and the influence of lateral heterogeneity of soils on seismic wave propagation.

Key words: seismic site effect; multi-geomorphic units; soil nonlinear characteristics; focusing effect in soil amplification; PGA

1 INTRODUCTION
Seismic damage investigation and theoretical study has shown that the spread of seismic wave would be influenced by
the change of geographic and geomorphic conditions,which may cause difference of seismic spatial distribution
characteristics. It was found in seismic damage investigation of Tonghai earthquake in 1970, Yongshan-Daguan
earthquake of Yunnan province in 1974 and Haicheng earthquake in 1975 that the top and its neighboring positions of
low hill site or isolated mounds have a larger seismic response [1,2]. Previous literatures [3-6] had studied the effects of
terrain conditions on the seismic ground motion, analytical solutions of different terrain problems such as arc mounds,
depressed river alluvial, and side slope had been given. Wei Rulong et.al [7] had studied the seismic response of bank
slope surface in the transition region between rivers and terraces, and it was found that there existed amplification
phenomenon of surface ground acceleration. Also some literatures [8,9] had indicated that the seismic response differences
caused by the difference of terrain should not be ignored.

As linear structures such as long-span bridge, pipeline projects and transmission tower (line) engineering have
emerged in a large amount, the effect of topographical change on the seismic responses has been obtained more and more
attentions[10-12], there is firm rules in the “code of seismic design of buildings” (GB50011-2001) that tell us we should
pay high attention to the amplification effect on the design ground motion parameters caused by unfavorable location
such as complicated terrain or obvious terrain changes.

The seismic response analysis results of site may provide scientific basis for the engineering seismic design, the
ground seismic amplification coefficient should be evaluated in the seismic zoning work, it aims at selecting favorable
locations in the seismic design of civil engineering. So far, the seismic zoning and seismic safety evaluation of
engineering sites for key projects are always conducted by one dimensional (1D) site analysis method. However, it is
unreasonable when it comes to large-scale complex site, in this case, it is necessary to use two or three dimensional (2D
or 3D) models to analyze the seismic site effect. In addition, analysis assuming that the soil is linear or equivalent linear,
homogeneous and elastic in engineering applications, may not reflect the real nonlinear of soils under great ground
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motion according to the propagation mechanism of seismic wave, besides, the homogeneous and elastic models may not
indicate the influence of inhomogeneity of ground soils and fluctuation of topography to the seismic wave propagation.
In previous studies, the site model was always greatly simplified, and the results are far from the truth.
Based on the explicit FE method and parallel computing cluster platform of ABAQUS[13], considering the nonlinearity
and consumption characteristics of damping energy of soil, according to a actual site in Chuzhou city of Anhui province,
China, the nonlinear scattering problem of valley flat and terraces under S wave is analyzed. Also nonlinear seismic
effect characteristics of multi-geomorphic composite site are studied.

2 THE SITE MODEL AND INPUT SEISMIC WAVE
The Chuzhou city of Anhui province, China, which is located in the east of Langya Mountain was taken as the site
prototype. The site area is about 95km2, see in Fig.1. In the north of the site, there is a branching river from the west to
the east, from which we can find that there are obvious landforms of valley flat; in the south, there are first terrace and
undulating hilly terrain. The spatial distribution of soil presents obvious nonlinearity.

Fig.1 Topography and section location

According to the geotechnical engineering investigation materials and wave velocity data, a large –scale section
across valley flat, terrace and undulating hilly terrain is selected, and the corresponding section model is established for
the 2D analysis of nonlinear seismic effect characteristics of multi-geomorphic composite site. See in Fig.2, in which, the
serial numbers on the ground surface represent the positions of observation points. And the elevation of terrace and low
hills come to be 30-50m, the upper portion of the site is clayey soil and the lower portion is gravel soil. The exposed
elevation of the valley flat is about 10m, and the upper portion is silty clay, the middle portion is sludge and mucky soil,
also, the lower portion is gravel layer.

Fig.2 The profile and calculation area

Form the ground surface to the bedrock, the site soil distribution comes to be: filling soil, clay, mucky silty clay,
fine sand, medium-coarse sand and gravel, the same kind of soil in different geomorphic unit have different soil property.
Table 1 shows the dynamic triaxial test results of the typical site.
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Table 1 Dynamic triaxial test results of the typical site

Soil
type

Density
kg/m3 Parameter

Shear strain (10-4)
0.05 0.1 0.5 1 5 10 50 100

fine sand 1960
G/Gmax 0.9933 0.9851 0.9241 0.8576 0.5444 0.3738 0.1066 0.0563

λd 0.0040 0.0050 0.0213 0.0306 0.0741 0.0944 0.1238 0.1291

clay 1990
G/Gmax 0.9975 0.9951 0.9760 0.9531 0.8025 0.6702 0.2890 0.1689

λd 0.0303 0.0373 0.0602 0.0736 0.1135 0.1325 0.1670 0.1751

silty clay 1950
G/Gmax 0.9983 0.9966 0.9831 0.9668 0.8533 0.7441 0.3677 0.2253

λd 0.0329 0.0402 0.0638 0.0776 0.1193 0.1402 0.1821 0.1932

The modified Davidenkov dynamic viscoelastic constitutive model [14] is taken to simulate the dynamic
characteristics of the site soil and subroutines of soil dynamic nonlinear constitutive relationship are compiled using the
FORTRAN language, besides, the UMAT/VUMAT connector of ABAQUS is used in the integration of the subroutines
of dynamic constitutive relationship model into the ABAQUS software. Seismic wave energy would transmit toward into
the far-field sites, thus it requires that there are no reflections on the truncated boundary or at least the boundary is close
to non-reflective. In Fig.2, vertical constraints are set also horizontal viscous dampers and linear springs on the both sides
of the soil calculation region are adopted. And the reference [15] is useful for the values range of spring rate KB and
damping coefficient CB. The calculation cut-off frequency is selected as 20Hz, considering the wavelength varies with
depth which is related to the cut-off frequency，the vertical grid size is selected as 1/8~1/10 of the wavelength, that is
0.5~1.2m，besides，according to the horizontal heterogeneity, the horizontal grid size is selected as 5~8m.To ensure
accuracy and reduce calculating time, we adopt mainly quadrilateral finite elements in meshing the model, and also use
few triangular elements for assistance. The total number of the elements of the site model is 95414, and the
corresponding degrees of freedom are 190818. The parallel computing and dynamic explicit algorithm are adopted to
analyze the nonlinear seismic effect characteristics of the large-scale composite site.

Based on the seismic hazard analysis of this site, two seismic wave respectively in two intensity levels （with
exceeding probability of 10% and 2% in 50 years）are selected as the input ground motions, the corresponding PGA of
the input ground motion is 55cm/s2 and 100 cm/s2， for convenience sake， the seismic waves are named W1-55，
W1-100，W2-55and W2-100，The acceleration time course of the input waves and the corresponding Fourier spectra are
shown in Fig.3 and Fig4.
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Fig 3 The acceleration time course of the input wave W1 and the corresponding Fourier spectrums
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Fig 4 The acceleration time course of the input wave W2 and the corresponding Fourier spectrums

3 NUMERICAL CALCULATION RESULTS
When analyzing the seismic response characteristics of the site, it is not comprehensive to evaluate only using single
index. In this paper，comprehensive analysis of seismic amplitudes，spectra and ground motion duration were conducted
to study the seismic response characteristics of the site.
3.1 Variation characteristics of PGA
Based on the above calculation model, the PGA characteristics with depth were obtained, and Fig.5 gives the PGA
amplification coefficient of different observation points, from which we can find that: (1) Compared with the input
ground motion，the peak acceleration of soils near the ground surface show an obvious amplification phenomenon , the
seismic amplification effect of soils deeper than 15m seem weakened with the growth of depth, and gradually the
amplification factor of PGA become smaller than 1.0. (2) The PGA display a non-monotonic decreasing characteristic
with depth and a greater focusing effect of some particular soil layers, and this is more common in valley flat area, such
as the observation points No.3 to 7. (3) As it’s a multi-geomorphic composite site, the PGA amplification coefficient of
each observation point varies from each other for the reason of topographic change. For example, the PGA of
observation points No.3 to 7 in valley flat（slope toe, the corresponding bedrock is flat）is larger than that of observation
points No.8,9,11,12 and 13, which may be caused by the geological differences and terrain fluctuation.

（a）average value of different conditions (50 years 10%) （b）average value of different conditions (50 years 2%)

Fig.5 The profile of PGAwith depth

3.2 Seismic spectra
Fig.6 and Fig.7 give the acceleration response spectra of observation points under different seismic excitation. From
which, we can find that the horizontal acceleration response spectra present a double- or multi- peak phenomenon under
different seismic wave. No matter in which geomorphic unit, the horizontal acceleration is largely amplified in period of
0.4s-1.2s. Parts of the observation points (No.7-10 in terrace) present another peak of acceleration response spectra in
period of 1.2s-1.5s. from the comparison between Fig.6 (under seismic wave W1) and Fig.7 (under seismic wave W2),
we fan find that the acceleration response spectra characteristics have something to do with the characteristics of input
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ground motions, in this paper, the seismic wave W1 is relatively more abundant in low-frequency component than
seismic wave W2, and the ground motion amplification effect under W1 seem larger than that under W2.

（a）valley flat （b）terrace
Fig.6 Acceleration response spectra of observation points(under W1)

（a）valley flat （b）terrace
Fig.7 Acceleration response spectra of observation points(under W2)

Fig.8 shows characteristic periods of ground surface acceleration response spectra, and it can be found that
characteristic periods of valley flat are on the whole larger than that of terrace, the characteristic period of valley flat
ranges from 0.50 to 0.55s under input motion with peak acceleration of 55cm/s2 , and under the same condition, the
correspondingly ranges from 0.45 to 0.50s in terrace. the period difference between terrace area and valley flat area
comes to be from 0.05s to 0.25s.

（a）50 years 10% （b） 50 years 2%

Fig.8 The characteristic periods of response spectra

Fig.9 shows Fourier spectrum ratio (the ratio of acceleration response Fourier spectrum value of each observation
point to the acceleration Fourier spectrum value of input ground motion) under different frequency. The results show that
the acceleration response Fourier spectrum of each observation point is amplified in different degree compared with the
acceleration Fourier spectrum value of input ground motion. the Fourier spectrum ratio curve is steady under frequency
of 0.2Hz and 0.25Hz, that is the acceleration response Fourier spectrum value of each observation point has little
difference with that of input ground motion. When it comes to the frequency range of 0.5Hz-1.75Hz， the Fourier
spectrum ratio curve present multi-peak phenomenon, which indicates that the seismic site effect is significant. However,
when the frequency is larger than 2Hz, the site amplification effect seems weakened, and the Fourier spectrum ratio curve
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becomes more and gentler with the increasing of frequency. The site effect of observation points（No.2-7）in valley flat
become obvious when the frequency is larger than 0.75Hz. and when it is in the frequency range of 0.75Hz-1.50Hz，the
seismic amplification effect comes to be the most obvious. However, the observation points(No.10-14) in low hills
present a noticeable seismic response when the frequency is relative small（about 0.25Hz），and the seismic amplification
effect comes to be the most obvious. In the frequency range of 0.2Hz-1.7Hz.thus, we can find that the low hills area has a
lower sensitive frequency than that of the valley flat area.
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Fig.9 Acceleration Fourier spectrum ratio under different frequency

3.3 Seismic duration
The seismic disasters caused by earthquake motion is relative to both the seismic motion intensity and seismic duration,
thus, it is necessary to consider the influence of the seismic duration besides the seismic response strength. However, so
far， the definition of seismic duration is not unified.
there are three major categories of standards: the first standard is based on the absolute value of ground motion
acceleration; the second one is based on the relative value of ground motion acceleration, the third one is based on the
seismic accumulated energy, in this paper, the second standard is adopted, that is the duration time in the acceleration
time history curve from the first time to the last time that the acceleration comes to be 1/5 of PGA.

Fig.10 gives the duration time of ground surface acceleration in different positions in the site under different seismic
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waves. The position of observation point has an important effect on the duration time，which may also indicate that the
local terrain changes have influence on the seismic site response. The acceleration duration time is significantly
prolonged in some positions. For example, the acceleration duration time of observation points 8-9（ in the transition
region between valley flat and low hills）are obviously longer than that of the other positions. Besides, the input ground
motion characteristics has something to do with the acceleration duration time. In general, the acceleration duration of
each observation point seems in uniform distribution under seismic wave W1, and the amplitude of fluctuation is small,
however, when under seismic wave W2, the acceleration duration time distribution seems fluctuated.

Fig.10 Duration time of ground motion

4 CONCLUSIONS
Taking the seismic microzonation site in Chuzhou city of Anhui province as the prototype, based on the explicit FE

method and 32 CPU parallel computing cluster platform of ABAQUS, considering the inhomogeneity of ground soils，a
large-scale refined two-dimensional(2D) FE nonlinear analytical model for a multi-geomorphic Composite site that
consists of valley flat，terraces，undulating hilly terrain and monadnock was established. The SH wave is taken as the
bedrock earthquake motion and nonlinear seismic effect characteristics of the composite site were analyzed, which may
provide some scientific basis for engineering practice. The main conclusions are as follows:
(1) The PGA of different observation points on the ground surface vary with each other, which is caused by the terrain
differences. When it’s under the same input ground motion, the ground surface PGA of valley flat show obviously larger
than that of the first terrace.
(2) The horizontal acceleration response spectrum of ground surface appears a double-peak or multi-peak phenomenon,
the spectra shape peak moves to a larger period in the floodplain area compared with that in first terrace area and the
period difference comes to be from 0.05s to 0.25s.Moreover, the acceleration response spectrum is related with the input
ground motion.
(3) The amplification effect and focusing effect of seismic motion are more obvious in specific frequency
band(0.5Hz-1.75Hz), when the frequency is lower than 0.2Hz or higher than 2Hz, the seismic amplification
characteristics is not apparent；to the valley flat ，the sensitive frequency comes to be 0.75Hz-1.50Hz. while the sensitive
frequency of low hills is 0.25Hz-1.75Hz.
（4）The location of observation point has influence on the acceleration duration， the changing terrain may cause
difference of seismic motion duration，besides， the motion duration, in some way, is dependent on the input ground
motion characteristics.

The large-scale two dimensional nonlinear analysis models, in a sense, may reflect the propagation characteristic of
seismic wave, which may also indicate the amplification effect and focusing effect of seismic motion in specific
frequency. To the multi-geomorphic composite site which is with nonlinear soil distribution and changing terrain, the
one-dimensional equivalent linearization model is not suitable.

The above conclusions are obtained by the given model condition, and the seismic site response is relative with many
factors such as geographic and geomorphic conditions, soil properties, input ground motion and so on. It is a complex
process to study the ground motion distribution of a composite site. Further research should be conducted to improve the
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understanding of the seismic site effect, which may provide a basis for the seismic design of major construction project in
composite site.

REFERENCES
[1] Qian Peifeng, Shen Yunfen, Guo Daiyu, et al. Parts of seismic hazard in the Tonghai earthquake and their analysis [J].
Journal of Seismological Research, 1984,7(3): 357-363.
[2] Liu Zhengrong, Lei Suhua, Hu Suhua. The Yongshan-daguan earthquake (M=7.1) on may 11, 1974. [J]. Chinese
Journal of Sinica, 1977, 20(2): 110-114.
[3] Liang Jianwen, Zhang Yushan, Gu Xiaolu, et al. Surface motion of circular-arc layered alluvial valleys for incident
plane SH waves[J]. Chinese Jounal of Geotechnical Engineering, 2000, 22(4): 396-401.
[4] Recep Iyisan. A numerical study on the basin edge effect on soil amplification [J]. Bull Earthquake Eng, 2013,
11:1305–1323.
[5] Gelagoti F, Kourkoulis R, Anastasopoulos I, Tazoh T, Gazetas G. Seismic wave propagation in a very soft alluvial
valley: sensitivity to ground-motion details and soil nonlinearity, and generation of a parasitic vertical component[J]. Bull
Seismol Soc Am, 2010, 100(6):3035–3054.
[6] STEWART J P, SHOLTIS S E. Case study of strong ground motion variations across cut slope[J].Soil Dynamics and
Earthquake Engineering,2005, 25: 539－545.
[7] WEI Yunjie, BAO Yan, LI Zhanlu. Genetic analysis of earthquake-induced geologic hazards in Ganxigou drainage
basin of Pengzhou[J]. Journal of Engineering Geology, 2011, 19(4): 582-587.
[8] Lee Shiann-Jong, Komatitsch Dimitri,Huang Bor-Shouh et al. Effects of topography on seismic-wave propagation: an
example from Northern Taiwan[J]. Bulletin of the Seismological Society of America, 2009, 99(1): 314－325.
[9] ZHOU Guoliang, LI Xiaojun, HOU Chunlin et al.Characteristic analysis of ground motions of canyon topography
under incident SV seismic waves[J]. Rock and Soil Mechanics, 2012, 33(4): 1161-1166.
[10]Vincenzo Di Fiore. Seismic site amplification induced by topographic irregularity: results of a numerical analysis on
2D synthetic models[J].Review on Engineering Geology, 2010,114(3–4):109-115.
[11]Mohammad Khandan Bakavoli, Ebrahim Haghshenas, Mohsen Kamalian.Experimental study of seismic behavior of
two hilly sites in Tehran and comparison with 2D and 3D numerical modeling[J].Soil Dynamics and Earthquake
Engineering, 2011,31(5-6): 737-756.
[12] Limin Wang, Yinhe Luo, Yixian Xu.Numerical investigation of Rayleigh-wave propagation on topography surface
[J].Journal of Applied Geophysics, 2012, 86:88-97.
[13] MAO Kunming, CHEN Guoxing. Construction of parallel computing heterogeneous cluster platform based on
Abaqus software[J]. Journal of Earthquake Engineering and Engineering Vibration, 2011, 31(5): 184-189.
[14] CHEN Guoxing. Geotechnical earthquake engineering[M]. Beijing: Science Press, 2007.
[15] LIU Jingbo, GU Yin, DU Yixin. Consistent viscous-spring artificial boundaries and viscous-spring boundary
elements[J]. Chinese Journal of Geotechnical Engineering, 2006, 28(9): 1070-1075.

2742



COMPDYN 2015 
5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

FINITE ELEMENT ANALYSIS OF AN EARTH DAM SUBJECTED TO 
BLAST-INDUCED LOADING USING A HIGH STRAIN-RATE 

BOUNDING SURFACE MODEL 

Tianhua Xu1 and Limin Zhang2 

1 PhD student, Department of Civil and Environmental Engineering 
The Hong Kong University of Science and Technology, Clear Water Bay, Kowloon, Hong Kong 

e-mail: txuaa@ust.hk 

2 Professor, Department of Civil and Environmental Engineering 
The Hong Kong University of Science and Technology, Clear Water Bay, Kowloon, Hong Kong 

e-mail: cezhangl@ust.hk 

Keywords: Earth dam, Blasting, Seismic loading, Bounding surface model, Strain rate. 

Abstract. When soil or rock excavations near an earth dam are assisted with blasting, the 
dam may be damaged by the blast-induced loading. In order to investigate the response of an 
earth dam under blast-induced seismic loading, an artificial blast test on a 15 m-height earth 
dam is simulated. A recently proposed high strain-rate bounding surface model is adopted to 
model the stress-strain behavior of the dam materials. The detonation process of explosives is 
modeled by applying a pressure loading on the side wall of the borehole. Simulation results 
show that at a given elevation, the peak ground acceleration decreases with the distance to 
the blast hole. The peak horizontal acceleration on the upper parts of the dam is smaller than 
that at the dam bottom, which is different from responses to a tectonic earthquake. The maxi-
mum values of permanent and peak dynamic displacement occur near the upstream and 
downstream surfaces. 
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1 INTRODUCTION 

Although the design of earth dams against seismic loading still relies on empirical or semi-
empirical methods, nonlinear finite element analysis has gained more attention, because it 
provides details about the performance of an earth dam under seismic loading conditions. Re-
cently, Dakoulas [1] investigated the influence of canyon geometry on the seismic response of 
an earth dam; Elia and Rouainia [2] used a multi-surface kinematic hardening model to ana-
lyze the performance of a 42 m-height homogeneous earth dam under seismic loading; Zou et 
al. [3] and Liu et al. [4] reproduced the response of the 156 m-height Zipingpu Dam to the 
2008 Wenchuan Earthquake. These are good examples that provide information on the seis-
mic acceleration and deformation of various kinds of earth dams under earthquakes. 

In addition to tectonic earthquakes, seismic loading can be induced by blasting operations 
for soil and rock excavation. Damage on earth dams caused by blast-induced seismic loading 
has been observed. For example, the upstream sand shell of the Swir II dam was reported liq-
uefied by blasting operations 200 m upstream of the dam, and the upstream slope was reduced 
as a result [5]. When compared with a tectonic earthquake, the location of energy release in a 
blast-induced earthquake is much closer to the ground surface. The P- and S-wave cannot 
separate from each other within such a short distance, thus the responses to both waves are 
important. High frequency components of the seismic wave can also be reserved in a blast-
induced earthquake. However, research on the response of an earth dam to blast-induced 
seismic loading is still rather limited. 

In this research, finite element simulations are carried out to investigate the response of an 
earth dam to a blast-induced earthquake. The numerical model is developed following the set-
up of an artificial blasting test on a 15 m-height earth dam. The earthquake is generated by 
applying a blast pressure loading in a borehole in the model such that the characteristics of 
blast-induced seismic waves can be captured. A recently proposed rate-dependent bounding 
surface model is used to model the dam materials, which is able to reproduce the soil behavior 
under high strain-rate cyclic loadings. The simulation results offer insight into the response of 
an earth dam under blast-induced seismic loadings. 

2 FINITE ELEMENT MODEL 

2.1 Test site  

In order to investigate the feasibility of estimating the shear wave velocity of dam materi-
als using artificial blast tests, Ha et al. [6] performed a series of borehole blasting tests near 
the Seongdeok dam, which is a 15 m-height core wall dam located near Choungsong, Korea. 
The geometry of the dam is shown in Figure 1. The width of the dam crest is 5 m. The up-
stream and downstream slopes are 1:2.0 and 1:1.8, respectively. 

As reported by Ha et al. [6], four tests with weights of charge varying from 5 to 19 kg were 
performed. The explosives were detonated within boreholes at depths of 6 – 25 m. Before  

5 m

15 m

Fill material

Core wall

Filter

Bedrock

(Upstream)

Figure 1: Profile of the Seongdeok dam. 
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detonation, the required amount of explosive was placed at the bottom of the borehole. Sub-
sequently the borehole was backfilled with crushed rock. The boreholes were about 60 m 
from the dam axis downstream. Accelerometers were installed on the dam crest and the rock 
outcrop near the boreholes. The measured time histories of ground horizontal acceleration are 
used to verify the simulation results in this research. 

2.2 Finite element model 

Figure 2 shows the finite element model used in the simulations. The model was developed 
in LS-DYNA [7]. The x and y directions of the model are indicated in the figure, and the z di-
rection is perpendicular to the x-y plane pointing to the reader. The model is developed by ex-
truding a 2D model from the plane z = 0 to the plane z = 1 m. The dam is modeled according 
to the actual dimensions. Two zones, the fill material and the core wall, are considered. The 
bedrock in the finite element model extends to a depth of 80 m below the bottom of the dam. 
The blast hole is located 60 m away from the dam axis. The bottom of the blast hole is 25 m 
below the ground surface. The diameter and length of the hole are 5 cm and 9.1 m, respective-
ly. 

The domain is discretized using 8-noded hexahedral Lagrangian elements. Each element 
uses one single Gaussian integration point. As the model is a pseudo-3D model, the z dis-
placements of all nodes are constrained. The bottom of the finite element model, BC in Figure 
2, is taken as a fixed boundary. Both the x and y displacements are set to 0 at this boundary. A 
silent boundary is adopted for the two sides of the model, AB and CD. These silent boundaries 
absorb the stress wave by applying a counter stress calculated according to the elastic wave 
velocity [6]. Before the dynamic simulation, gravitational force was applied to the whole 
model to reproduce the initial stress state. The gravitational force is retained during the entire 
dynamic simulation process. 

In this research, the blast loading is simulated by applying a pressure loading with a time 
history suggested for borehole blasting [8, 9, 10], which can be represented by 

       0 exp expp t p t t      (1) 

where p(t) is the blast pressure acting on the side wall of the blast hole at time t; p0,  and  
are model parameters. Equation (1) can be written as 
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Figure 2: Finite element model used in the simulation.   
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where ppeak is the peak pressure, which is equal to p0[(k
(1/(1-k))-k(k/(1-k)))]; k = t0 is the oc-

currence time of the peak pressure, which can be calculated by t0 = ln(k)/(). According to 
Equation (2), the time history of the blast pressure can be determined by specifying three pa-
rameters: ppeak, k and t0. Figure 3 shows the time histories of the normalized pressure, 
p(t)/ppeak, with different parameters. In the simulation, the adopted parameters are ppeak = 1 
MPa, k = 1.5 and t0 = 20 ms. These parameters are selected to reproduce the time history of 
ground acceleration measured at the rock outcrop and the dam crest to the greatest extend. 
The adopted time history of blast pressure is shown by the black curve in Figure 3. 
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Figure 3: Time histories of normalized pressure loading with different parameters. 

3 MATERIAL MODELS 

3.1 Dam materials 

A recently proposed high strain-rate bounding surface model is utilized in this research to 
model the behavior of dam materials [11]. The model was proposed on the basis of the bound-
ing surface framework. As shown in Figure 4, a spindle-like yield surface is used in the mod-
el. Both isotropic and kinematic hardening conditions are defined, so both the shape and 
location of the yield surface evolve during a loading process. In the general stress space, the 
critical stress states are represented using a critical surface. A dilatancy surface is introduced 
as the boundary of shear-induced contractive and dilative behavior. Moreover, a bounding 
surface is used to enclose all the possible stress states. These model surfaces reproduce the 
plastic behavior of soil. The sizes of these model surfaces depend on the strain rate, thus the 
influence of strain rate on the mechanical behavior can be considered. The model formula-
tions have been presented by Xu and Zhang [11]. 

q

p

Bounding surface 

Critical surface 

Dilatancy surface 

Yield surface

Current back stress ratio

r1=s1 /p

r2=s2 /p r3=s3 /p
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Current back stress ratio

Current stress state 

 11 22 33 / 3

/
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p

p

    

 


s σ I

r s

 
(a)                                                                        (b) 

Figure 4: Model surfaces in the high strain-rate bounding surface model: (a) on the p-q plane; (b) in the gen-
eral stress ratio space. 
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Soil behavior Parameters Fill Core wall 
Soil property (g/cm3) 2.00 1.80 
Rate-dependent elas-
ticity 

G0,ref 45.00 35.00 
K0,ref  71.30 57.55 
kG 0.10 0.10 
kK 0.10 0.10 

Critical state c
c,ref  1.70 1.25 

kc 0.01 0.005 
c 0.75 0.75 
e0 0.3634 0.3387 
 0.0069 0.0044 
  0.70 0.70 

Dilatancy nd 2.29 1.50 
Ad 1.68 1.91 
kd -0.15 -0.50 

Kinematic hardening nb 2.26 2.87 
kb 0.20 0.10 
h0 30.00 50.00 
ch 0.50 0.50 

Limit compression line pr 5500 5500 
c  0.374 0.374 
 0.20 0.20 
X 0.80 0.80 

Table 1: Model parameters for dam materials. 

Comprehensive element test data are not available for the materials in the Seongdeok dam. 
Considering that this research is to provide a general understanding of the response of an earth 
dam under blast-induced seismic loading, the model parameters for the dam fill and core wall 
material of the Nuozhadu dam in China are adopted in the simulation. The model parameters 
adopted in this research are listed in Table 1. Moreover, the Rayleigh damping is applied to 
dam materials to provide basic damping at low strain levels [12]. The Rayleigh damping coef-
ficients are determined so that the damping ratio is 10% for the motions at the frequencies of 
10 and 200 Hz. 

3.2 Bedrock 

The bedrock in the finite element model is modeled using the Mohr-Coulomb model. Ac-
cording to the site investigation [6], the bedrock at the test site is hard rock with an RQD 
(Rock Quality Designation) value of 90%. The shear modulus of the bedrock is 5.05 GPa, and 
the Poisson’s ratio is assumed to be 0.20. The friction angle and cohesion are 40° and 3.5 
MPa, respectively. The Rayleigh damping is also applied to the bedrock with the same damp-
ing coefficients as the dam materials to consider the attenuation of blast wave in the bedrock. 

4 RESPONSE OF THE DAM SUBJECTED  TO BLAST-INDUCED LOADING 

4.1 Ground acceleration 

Figure 5 shows the time histories of horizontal acceleration at two typical nodes shown in 
Figure: N15904 and N1240. N15904 is located on the surface of bedrock. The distance be-
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tween N15904 and the blast hole in the model is the same as that between the accelerometer at 
the rock outcrop and the blast hole in the tests. N1240 is at the same location with the accel-
erometer at the dam crest. The measured data at these two locations are also shown in Figure 
5. For comparison, the time shown in the x-axis has been translated so that the peaks of the 
curves match each other. The peak values of the simulated horizontal acceleration at the rock 
outcrop and the dam crest are 0.36 g and 0.04 g, respectively, which are of the same magni-
tude with the measured data. The measured and simulated duration of the blast-induced seis-
mic vibration are both within 600 ms. The comparison between the measured and simulated 
data shows that the artificial blasting test at the Seongdeok dam is well simulated. 
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Figure 5: Time histories of ground acceleration of typical nodes. 
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Figure 6: Distribution of peak resultant acceleration in the dam body. 
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Figure 7: Amplification of horizontal acceleration along dam axis. 
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The distribution of peak resultant acceleration is shown in Figure 6. At the same elevation, 
the peak resultant acceleration is larger near the blast hole. The maximum value of the peak 
resultant acceleration, 0.62 g, occurs near the bottom right corner of the dam body. Figure 7 
shows the distribution of the amplification factor of horizontal acceleration along the dam ax-
is. In the figure, ax,max is the peak horizontal acceleration, ax,max,base is the peak horizontal ac-
celeration at the bottom of the dam, h is the height over the dam bottom of a location, and H = 
15 m is the height of the dam. Based on the simulation result, the peak horizontal acceleration 
occurs at the bottom of the dam. Generally, the peak horizontal acceleration decreases with 
increasing elevation. The typical range of the distribution of ax,max / ax,max,base along the dam 
axis for an earth dam under a tectonic earthquake is also shown in the figure. When subjected 
to tectonic seismic loading, the peak horizontal acceleration at the dam crest is larger than that 
at the dam bottom, which differs greatly from the observation in this study. 
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Figure 8: Contour of permanent resultant displacement. 
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4.2 Ground displacement 

As the artificial blasting test is performed solely for the measurement of the shear wave ve-
locity of dam materials, the deformation of the dam body should be small. However, the char-
acteristics of the dam deformation under blast-induced seismic loading can still be captured 
by the numerical simulation in this research. Figure 8 shows the permanent resultant dis-
placement within the dam body. According to the figure, the deformation zone appears mainly 
on the dam surfaces near the bottom of the dam. The peak permanent displacement is 0.04 cm 
in this artificial blasting test and occurs at the bottom right of the dam body. The deformation 
zone is larger at the downstream part than that at the upstream part. The maximum dynamic 
displacement is shown in Figure 4.2.2. The maximum dynamic displacement in a large part of 
the dam body is along the direction of the blast wave propagation and larger than the perma-
nent displacement. 
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5 SUMMARY 

In this research, the response of an earth dam subjected to the seismic loading induced by 
nearby borehole blasting was investigated with the aid of finite element simulation. The blast-
ing was simulated by applying a pressure loading on the side wall of the borehole. A rate-
dependent bounding surface model was adopted to model the mechanical behavior of dam 
materials. According to the simulation result, the peak resultant acceleration will be larger 
near the blast hole at a given elevation. For locations along the dam axis, the peak horizontal 
acceleration decreases as the elevation increases. The permanent deformations of the dam 
body are the largest near the upstream and downstream surfaces. 
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Abstract. Pile foundations are widely used in geotechnical and offshore engineering. When
subjected to a combination of horizontal, vertical forces and bending moments, a 3D failure
envelope is necessary in order to evaluate the safety of the pile-soil system. We present a study
on the failure envelope of a single elastic pile in sand. In order to find it in the three-dimensional
space (i.e. horizontal force H, bending moment M and vertical force V), the radial displacement
method and swipe tests are numerically performed. An analytical equation providing good
agreement with the 3D numerical results is finally proposed.
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1 INTRODUCTION

The failure envelope of a single elastic vertical pile in sand is numerically investigated via
swipe tests and a large number of radial displacement controlled tests. The analytical equation
proposed by Meyerhof [1] is validated and adopted in the H-V plane. For the H-M-V space
however, a new 3D analytical failure envelope is introduced. The proposed failure envelope is
useful for the development of new simplified modelling strategies for soil-structure interaction
problems (e.g. macro-elements [2]) that can be applied in design engineering offices [3].

2 NUMERICAL MODEL

2.1 SOIL CONSTITUTIVE LAW

A hypoplastic constitutive law, similar to an elastic perfectly plastic Drucker-Prager model,
is used to numerically reproduce the behaviour of a single pile in sand. The basic framework
of the hypoplastic formulation is provided with the following equations (bold letters define
hereafter tensors and vectors, the dot“ ˙ ” symbol is the derivative with respect to time and ‖‖
the norm of a tensor):

Ṫ = LD+N‖D‖ (1)

where Ṫ and D are the stress rate and stretching rate tensors. The stiffness matrix L depends
on the bulk modulus K and the shear modulus in the elastic range Gmax and has the following
form (the Lamé coefficient µ = Gmax according to Hooke’s law):

L = K1⊗ 1 + 2µ

[
I− 1

3
1⊗ 1

]
(2)

The constitutive tensor N is defined following the approach proposed by Niemunis [4]:

N(T) = −y(T)Lm(T) (3)

where y(T) is a scalar function that controls the variation of the nonlinear term and m(T)
defines the plastic flow direction. The scalar function 0 ≤ y(T) ≤ 1 is chosen as a function of
the current stress q(T) =

√
3J2 and a predefined limit stress σy(T) as follows:

y(T) =

(
q(T)

σy(T)

)nc

(4)

with nc is a constant that controls the isotropic evolution of y(T) and J2 the second invariant
of the deviatoric stress tensor. Assuming a dry sand and thus a zero cohesive strength (c = 0),
kc = 0 and the yield function reads:

F = q(T)−Mc p(T) = 0 (5)

The plastic flow direction m(T) is defined according to the bounding surface model [5, 6, 7]
and it is given by Eq. 6:

m(T) =
∂G/∂T

‖∂G/∂T‖
(6)
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2.2 CALIBRATION AND VALIDATION OF THE SOIL CONSTITUTIVE LAW FOR
FONTAINEBLEAU SAND

The soil constitutive law is calibrated and validated using experimental data on dry Fontainebleau
sand. The homogeneous sand has a mid-particle diameter D50 around 0.206 mm, a density,
ρs = 2.65 g/cm3 and a minimum and maximum void ratio emin = 0.510 and emax = 0.882,
respectively [8]. The main parameters of the soil model are summarized in Table. 1.

e nc φc ψ
Dense sand 0.577 0.4 33◦ 9◦

Table 1: Model parameters used in the simulation of drained triaxial tests

Comparisons with triaxial tests for dense are shown in Fig. 1. Different confining pressures
are considered (50 kPa, 100 kPa and 200 kPa).
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Figure 1: Triaxial compression tests on dense Fontainebleau sand, simulation vs. experiments, [9]

2.3 FINITE ELEMENT MESH AND BOUNDARY CONDITIONS

A numerical model of a single vertical pile in soil is carried out using the finite element code
ABAQUS standard [10]. The contact behavior between the pile and the soil is considered using
a friction coefficient µ = tan(φc) = 0.65 related to the critical friction angle φc = 33◦ of the
soil. Nodal displacements are fixed in the X, Y and Z directions at the base of the finite element
mesh. The displacements at the other lateral boundaries are blocked in the normal directions
(see Fig. 2).
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Figure 2: Finite element model for a single vertical pile in soil

3 NUMERICAL STUDY OF THE 3D FAILURE ENVELOPE

3.1 PARAMETERS OF THE FINITE ELEMENT MODEL

In the finite element model, the pile has a length of 13 m, a diameter of 0.72 m, a slenderness
ratio of 18 and the pile head is considered on the ground surface level. Poulos and Davis
[11] proposed a method to classify piles in different categories based on a flexibility factor.
According to this method, the pile is classified as flexible.

3.2 3D NUMERICAL FAILURE ENVELOPE

In order to numerically reproduce the 3D failure envelope, the radial displacement test pro-
posed by Gottardi et al. [12] is adopted. The sign conventions for the pile head loads (horizontal
force, vertical force and bending moment) are presented in Fig. 3.

Forces Moments

X

Y

Resultant force

Figure 3: Sign conventions for the pile head loadings

3.2.1 NUMERICAL FAILURE ENVELOPE IN THE H-V PLANE

To investigate the form of the failure surface in the H-V plane, free pile head conditions
(M=0) are considered. A displacement is applied on the top of the pile head (that can rotate
freely) in a certain direction δ. The angle of the displacement δ varies from 0 ∼ 360◦ to scan
the failure surface in all directions. The final strength is chosen as the point where numerical cal-
culation diverges. By connecting the values at the ends of the different load paths the complete
failure surface is thus obtained. Examples of load paths in the H-V plane from the numerical
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radial displacement tests are shown in Fig. 5(a). Numerical swipe tests are also performed in
H-V plane, Fig. 5(b) and for more complex loads in Fig. 5(c). A large number (around 500) of
numerical radial displacement tests are performed and the ultimate strength (or failure locus) of
each test is plotted in Fig. 5(d).

Sand
δ

Direction of imposed
displacement

X

Y

Figure 4: Radial displacements tests in the H-V plane
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Figure 5: Selected load paths from numerical radial displacement tests (a), load paths from numerical swipe
tests (b), numerical swipe tests with more complex load paths (c) and complete results from numerical radial
displacement test (d), in H-V plane (M=0), [9].

3.2.2 NUMERICAL FAILURE ENVELOPE IN THE H-M PLANE

The failure envelope is hereafter investigated in the H-M plane and for different vertical
loading levels. First, the pile is loaded until a certain vertical force. Then, radial displacement
loadings are applied considering a constant ratio between the combined rotation-displacements
increments. Similar to the H-V plane, load paths in the H-M plane start from the origin and
stop at the failure envelope, see Fig. 6(a). Results of the numerical radial displacement tests are
provided in Fig. 6(b).
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Figure 6: (a) Load paths (b) numerical radial displacement tests in the H-M plane corresponding to V=0, [9]

3.2.3 NUMERICAL FAILURE ENVELOPE IN THE H-M-V 3D SPACE

By combining the results in the H-V plane and in the H-M plane for different vertical load
levels, the complete failure envelope is plotted in Fig. 7.
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Figure 7: Numerical failure envelope in the H-M-V 3D space, [9]

From the numerical radial tests in Fig. 7 the horizontal bearing capacity (V=0 and M=0)
is estimated at H0 =5000 kN, the vertical compression bearing capacity (H=0 and M=0)
Vc0 =25000 kN, the vertical tension bearing capacity (H=0 and M=0) Vt0 = 5100 kN and
the ultimate bending resistance (H=0 and V=0) M0 = 0.42×105 kN·m.

3.3 ANALYTICAL EQUATIONS

3.3.1 ANALYTICAL EQUATION FOR THE FAILURE ENVELOPE IN THE H-V PLANE

Meyerhof and Ranjan [1] proposed a semi-empirical formula to evaluate the interaction be-
tween the horizontal and vertical forces that reads:(

H

H0

)2

+

(
V

V0

)2

= 1 (7)

where H0 and V0 are the horizontal and vertical bearing capacities of the pile. Eq. (7) can be
written in a normalized form as follows:

f = m2 + υ2 − 1 (8)
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where m = H/H0 and υ = V/Vc0 in compression or υ = V/Vt0 in tension. m and υ are
dimensionless quantities. The comparison of the semi-empirical Eq. (8) with the numerical
results is shown in Fig. 8 (a) and (b). The agreement is satisfactory although some discrepancies
are identified in the tension part (dash line).
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Figure 8: Comparison of Eq. (8) with the numerical results (a) in the H-V plane and (b) in the normalized H
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space, [9]

3.3.2 ANALYTICAL EQUATION FOR THE FAILURE ENVELOPE IN THE H-M-V
3D SPACE

As shown in section 3.2.2, the failure envelope in the H-M plane has an inclined elliptical
shape. Inspired from the work of Gottardi et al. [12], a similar equation is proposed hereafter
for a single pile in sand:

f = αm2 + ξn2 − βmn− ρ(υ) = 0 (9)

where m = H/H0 the normalized horizontal force, n = M/M0 the normalized bending mo-
ment and υ = V/Vc0 or υ = V/Vt0 the normalized vertical force (dependent on the sign of the
vertical load). α, ξ, β and ρ are constants that control the shape of the ellipse. The parameters
are first fitted using the normalized numerical data in the H-M plane at zero vertical force. They
are found equal to α = 1.0, ξ = 1.0, β = 1.5 and ρ = 1.0, Eq. (9) thus becomes:

f = 1.0m2 + 1.0n2 − 1.5mn− 1.0 = 0 (10)

The fitted curves are plotted in Fig. 9 (a) and (b) and show a good agreement with the numerical
data both in the H-M and in the normalized H/H0 - M/M0 plane.
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Figure 9: Comparison of Eq. (10) with the numerical results (a) in the H-M plane and (b) in the normalized H
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plane, [9]

The vertical load influences the size of the elliptical cross-sections but not their inclinations.
In order to introduce this behaviour, it is proposed hereafter to link the parameter ρ in Eq. (9)
and Eq. (10) with the vertical load as follows:

f = 1.0m2 + 1.0n2 − 1.5mn− (1− υ2) = 0 (11)

The 3D failure envelope for a single vertical pile in sand defined by Eq. (11) is plotted in
Fig. 10 together with all the numerical data points.
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Figure 10: 3D failure envelope for a single vertical pile in sand: yield surface provided by Eq. (11) Vs. numerical
data points, [9]

4 CONCLUSIONS

This paper presents a numerical study on the 3D failure envelope of a single elastic pile in
sand and analytical equations are proposed. The key parameters for the analytical equations are
relatively easy to determine either experimentally or numerically making the above equations
useful for engineering design offices. More details on this work can be found in [9], [13]
and [14].

2759



Z. LI, P. KOTRONIS and S. ESCOFFIER

REFERENCES

[1] G. G. Meyerhof and G. Ranjan. The bearing capacity of rigid piles under inclined loads
in sand. I: Vertical piles. Canadian Geotechnical Journal, 9(4):430–446., 1972.

[2] S. Grange, P. Kotronis, and J. Mazars. A macro-element to simulate 3D soil-structure in-
teraction considering plasticity and uplift. International Journal of Solids and Structures,
46(20):3651 – 3663, 2009.

[3] S. Grange, L. Botrugno, P. Kotronis, and C. Tamagnini. The effects of soil-structure
interaction on a reinforced concrete viaduct. Earthquake Engineering and Structural Dy-
namics, 40(1):93–105, 2011.

[4] Andrzej Niemunis. Extended hypoplastic models Dissertation submitted for habilitation.
Habilitation thesis, Ruhr-University, Bochum, 2002.

[5] Y. F. Dafalias. Bounding surface plasticity. I: Mathematical foundation and hypoplasticity.
Journal of Engineering Mechanics, 112(9):966–987, 1986.

[6] Y.F. Dafalias and L.R. Herrmann. Bounding surface formulation of plasticity. John Wiley
and Sons, Ltd., 1982.

[7] J. P. Bardet. Bounding surface plasticity model for sands. Journal of engineering mechan-
ics, 112(11):1198–1217., 1986.

[8] I. Andria-Ntoanina, J. Canou, and J. C. Dupla. Caractérisation mécanique du sable de
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under general planar loading. Géotechnique, 49(4):453–469, 1999.

[13] Z. Li, S. Escoffier, and P. Kotronis. Using centrifuge tests data to identify the dynamic soil
properties: application to Fontainebleau sand. Soil Dynamics and Earthquake Engineer-
ing, 52:77–87, September 2013.

[14] Z. Li, P. Kotronis, S. Escoffier, and C. Tamagnini. A hypoplastic macroelement for single
vertical piles in sand subject to threedimensional loading conditions. Earthquake Engi-
neering and Structural Dynamics (submitted), 2015.

2760



COMPDYN 2015 
5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

SOME EXPERIMETNAL EVIDENCES ON                                     
DYNAMIC SOIL-STRUCTURE INTERACTION 

M.R. Massimino1, G. Biondi2 

1 University of Catania, Viale A. Doria 6, 95125 Catania, Italy  
e-mail: mmassimi@dica.unict.it 

2 University of Messina, Contrada di Dio, S. Agata, Messina, Italy 
gbiondi@unime.its 

Keywords: Dynamic soil-structure interaction, shaking table tests, laminar box, input motion 
characteristics  

Abstract. Due to dynamic soil-structure interaction (DSSI), the foundation soil experiences 
an additional motion which is added to its free-field response and DSSI is ruled by the soil 
compliance and by the vibration of the structure. In this framework soil non-linear behavior, 
as well as soil-foundation interface non-linearity, can represent crucial aspects and may gov-
ern the seismic response of the overall soil-structure system. Experimental tests on physical 
models allow identifying the interaction mechanism and also provide a benchmark for theo-
retical and/or numerical analyses. The present paper describes some experimental evidences 
concerning dynamic soil-structure interaction. Specifically, the paper deals with the results of 
two shaking table tests performed on a physical model consisting of a one-storey steel frame 
and a sand deposit. The steel frame (1.3 x 0.95 x 1.3 m) represents a 1:6 scaled model of a 
one-storey reinforced concrete building prototype. To reproduce the effects of the foundation 
soil on DSSI, a special laminar box (5m x 1m x 1.2m) was placed over the table, fixed to it 
and then filled with dry Leighton Buzzard sand up to a depth of 90 cm. During the tests sine-
dwell excitations, with different acceleration amplitudes and frequencies, were applied as in-
put motions and the overall model response was monitored through a large set of accelerome-
ters and displacement transducers. Selected experimental results are presented and discussed 
in the paper using both time- and frequency-domain representations of the acceleration re-
sponses. The obtained results highlight the influence of the frequency and of amplitude of the 
input motion on the coupled and/or uncoupled response of the considered soil-structure sys-
tem. In some cases an uplifting of the foundation was clearly observed during the tests and 
represented a natural isolation for the system; accordingly, the accelerations recorded in the 
soil underneath the foundation are not completely transmitted. 
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1 INTRODUCTION 

Seismic response of structures depends on many factors related to both structural and geo-
technical issues. Among the latter, the local site effects and the dynamic interaction between 
the foundation soils and the structure are the more relevant. The cyclic non-linear behavior of 
the foundation soil affects the soil-structure interaction under seismic condition, produces ab-
sorption of the incident wave energy and, generally, leads to a reduction in the energy of the 
waves which are transferred to the structure. This complex interaction mechanism, generally 
denoted as dynamic soil-structure interaction (DSSI), can be studied through different ap-
proaches. Theoretical or numerical approaches (e.g. [1-10]) are powerful tools even if the ob-
tained results are affected by the reliability of the data and by the analysis assumptions. 
Monitoring of full-scale structures is frequently characterized by unknown boundary condi-
tions and requires a large monitoring period which is a rare occurrence (e.g. [11-15]). Thus, 
experimental tests on laboratory physical models allow the main aspects of the dynamic soil-
structure interaction mechanism to be identified, are useful to calibrate and to validate theo-
retical and or numerical models and, finally, provide a benchmark for theoretical and or nu-
merical analyses (e.g. [16-23]).  

The present paper deals with two shaking table tests performed on a physical model con-
sisting of a one-storey steel frame (hereafter referred to as the "model structure") and a Leigh-
ton Buzzard sand deposit pluviated into a special laminar box (hereafter referred to as the 
"shear stack") consisting in a large flexible soil container, designed to reproduce, as far as 
possible, the kinematic response of the soil system. Some of the test results are presented in 
terms of acceleration responses and are discussed highlighting the influence of the frequency 
and amplitude of the input motion on the coupled and/or uncoupled response of the soil-
structure system. 

2 FACILITIES, MODEL SET-UP AND INSTRUMENTATIONS 

The adopted shaking table consist of a six-degree-of-freedom shaking table (3x3 m) be-
longing to the old Earthquake Engineering Research Centre (EERC) at the University of 
Bristol. In order to reproduce the effect of the foundation soil the shear stack (5x1x2 m) was 
placed over the table, fixed to it and filled with soil using a special deposition procedure. Fig-
ure 1a shows a 3D view of the adopted facilities; further details can be found in [20,24].  

The formation of a soil deposit with a controlled uniform relative density is a crucial aspect 
of the physical modeling since it significantly affects the response of the whole soil-structure 
system. For the experimental tests described herein the shear stack was filled with dry Leigh-
ton Buzzard sand using a special sieve designed for soil pluviation. A relative density Dr of 
about 50% and a low-strain shear modulus Go of about 25 MPa can be estimated for the sand 
pluviated into the shear stack [24]; the reduction of the shear modulus and the increase in the 
damping ratio with shear strain level γ can be described using the relationships plotted in Fig-
ure 2. 

The model structure consists of a one-storey steel frame characterized by a longitudinal 
frame span equal to 111 cm, a transverse span equal to 76 cm and a storey height equal to 
130 cm. Figure 1b shows the main geometrical properties of the model structure. The model 
was designed using appropriate scaling factors [27-28]. A steel roof plate was located on the 
top of the structure and, to simulate a centered uniformly distributed surcharge, a number of 
lead blocks were placed and fixed on the roof plate. The significant difference between the 
weight of the steel roof plate surcharged with the lead blocks and the weight of the model al-
lowed us to schematize the model structure as a single degree of freedom (SDOF) system of 
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mass m having a natural frequency equal to 5.5 Hz and a flexural stiffness equal to about 555 
kN/m. A detailed description of the dimensions and mechanical properties of the prototype 
can be found in [29].  

Once the sand has been completely pluviated into the shear stack, the upper 10 cm were 
removed from the central area. This allowed us to locate the model structure, ensuring an em-
bedment of about 10 cm to the foundation beams. 
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Figure 1: a) 3D schematic view of the physical model and of the adopted facilities and location of the acceler-
ometers; b) schematic of the model structure: geometrical properties and location of displacement transducers. 
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Figure 2: Leighton Buzzard sand: a) reduction of normalized shear modulus with shear strain [24]; b) damping 
ratio versus shear strain [25]. 

 
During the tests the dynamic response of the models was monitored through 10 Dytran ac-

celerometers, 13 Setra piezoelectric-unidirectional accelerometers, 12 Celesco displacement 
transducers and 3 Indikon no-contact magnetic displacement transducers. The distribution of 
accelerometers (Fig. 1a) allows detecting the acceleration variation within the depth of the 
soil deposits. Celesco displacement transducers (Fig. 1b) were used to record the horizontal 
displacements imposed to the shaking table, the horizontal response of the shear stack and of 
the columns of the model structure and the vertical displacement of the foundations. Finally, 
Indikon displacement transducers (Fig. 1b) were used to record the “free-field” settlements of 
the sand deposit due to the densification induced by the motion. 

3 EXPERIMENTAL ACTIVITIES 

Two physical models (i.e. two soil-structure systems) were prepared and the experimental 
activities, hereafter identified as Test 1 and Test 2, were carried out on both models. 

Bothe tests consisted of two main phases: i) a preliminary white-noise excitation; ii) a se-
quence of sine-dwell excitations with a constant frequency fi  (fi = 2 and 4 Hz in Test 1 and 
Test 2, respectively) and peak acceleration amplitude Ai which increased run by run, from 
0.08g to 0.53g in Test 1 and from 0.04g to 0.68g in Test 2. A conclusive white-noise excita-
tion was also applied at the end of Test 2.  

The white-noise consisted of random very low-level excitations having a very large fre-
quency range (0 ÷ 100 Hz) and root mean square acceleration equal to 0.02 g, applied to the 
table in the direction of the main side of the shear stack. This test was performed in order to 
investigate the natural frequencies of vibration and the damping ratio of the soil deposit, of 
the model structure and of the whole soil-structure system. This test 

 For both Test 1 and Test 2 the dynamic excitation consisted of sine-dwell acceleration 
time-histories with an amplitude which increased from zero to the peak value Ai, during the 
first five cycles, remained constant in the following 20 cycles and then decreased down to ze-
ro in the last 5 cycles. Test 1 was characterized by an input motion frequency lower than the 
natural frequency (fsf = 3.5 Hz) of the whole soil-structure system (fi/fsf = 0.57); conversely for 
Test 2 it was  fi/fsf = 1.14.  

Cavallaro et al. (2001)  

Seed & Idriss 
(1970) 

� �  Dietz & Muir Wood (2007) 

�      Dar (1993) 

b) 
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During the sine-dwell excitation tests several shakes (named runs), characterized by differ-
ent peak amplitudes Ai, were applied to the system. In the present paper, to focus on the effect 
of the frequency of the input motion on the observed responses, only the results obtained dur-
ing the runs of Test 1 (fi = 2 Hz) and Test 2 (fi = 4 Hz) characterized by the same amplitudes 
Ai will be described and discussed. Table 1 shows the pairs of runs for which the comparison 
will be presented. Further details on the whole experimental activities can be found in [24]. 

 
 

run II  VI VII VIII  XI Test 1 
  (fi = 2 Hz) Ai (g) 0.11 0.31 0.35 0.40 0.53 

run II  IV V VI VIII  Test 2 
  (fi = 4 Hz) Ai (g) 0.12 0.32 0.36 0.40 0.53 

Table 1: Selected runs for the comparison between the responses recorded during the sine-dwell sequences of 
Test 1 and Test 2. 

 
 

 
 

 

 

 

 

 

 
Model structure 

“fixed” to  the table 
 Soil  

deposit 
 Model structure over 

the soil deposit 
 Soil-structure  

system 
fff (Hz) Dff (%)  fs (Hz) Ds (%)  ff (Hz) Df (%)  fsf (Hz) Dsf (%) 

5.1 1.36  12.6 11.12  3.4 3.62  3.5 3.29 

Table 2: Fundamental frequencies and damping ratios evaluated through the white-noise excitation tests before 
the sine-dwell excitation sequence. 

4 DYNAMIC IDENTIFICATION OF THE SOIL-STRUCTURE SYSTEM 

The main results of the white-noise excitation tests are shown in Table 2 in terms of values 
of the first natural frequency and of the damping ratio. The data listed in Table 2 refer to the 
model structure placed on the sand deposit (ff, Df), only to the soil deposit (fs, Ds) and, finally, 
to the whole soil-structure system (fsf, Dsf); for comparison, the values of the first natural fre-
quency (fff) and of the damping ratio (Dff) computed for the model structure "fixed" to the ta-
ble, are also listed in the table.  

It is apparent that the computed natural frequency for the model structure placed on the 
sand deposit (ff = 3.4 Hz) is lower than that computed for the model structure "fixed" to the 
shaking table (fff = 5.1 Hz) and is very similar to that corresponding to the whole soil-structure 
system (fsf = 3.5 Hz). Similarly, the damping ratio Df = 3.62 % is higher than that estimated 
for the model structure "fixed" to the table (Dff = 1.36 %) and is very similar to that of the 
whole soil-structure system (Dsf = 3.29 %).  

It is worth nothing that the experimental values of the damping ratio obtained through the 
white noise excitation tests for the model structure fixed to the table (Dff = 1.36 %) and for the 
whole soil-structure model (Dsf  = 3.29 %) are lower than conventional values of modal damp-
ing ratio usually adopted in dynamic analysis of structures ([24]). However, the obtained val-
ue Dff is consistent with the values of structural damping suggested by several authors (e.g. 

S1 

S10 

S7 

S10 

S7 

S10 

S1 

D35 D31 
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[30-32]) for very low stress levels, as those imposed during the white noise excitation test. As 
expected, due to the effect of soil-structure dynamic interaction, the experimental damping 
ratio Dsf (soil-structure model) resultes greater than Dff.  

Also the drop in the natural frequency, from fff = 5.1 Hz to ff  = 3.4 Hz, clearly represents a 
consequence of dynamic soil-structure interaction. The value fff = 5.1 Hz is very close to that 
(fff = 5.5 Hz) estimated, analytically, with reference to the theoretical scheme of a fixed-base 
model structure. The difference could be ascribed to the actual constraint conditions of the 
steel model, which was fixed to the shaking table using bolts. 

For the soil deposit, the white-noise excitation tests provide a value of the natural fre-
quency (fs = 12.6 Hz) greater than those of the frame and of the whole soil-structure system; 
the latter is essentially governed by the frame natural frequency.  

5 TEST RESULTS AND DISCUSSION 

During the sine-dwell excitations the behavior of the soil-structure system was investigated 
in terms of accelerations and displacements responses. Herein, the acceleration responses re-
corded during the selected runs (Table 1) will be presented, using both time- and frequency-
domain representations, and analyzed to detect amplification and de-amplification phenomena 
inside the soil deposit and along the model structure. To this purpose, the alignments 1 and 2, 
indicated in Figure 1b, were considered. 

Figures 3 and 4 show a comparison between the acceleration time-histories recorded dur-
ing Test 1 and Test 2 for alignment 1 and alignment 2, respectively. For each pair of runs hav-
ing the same input acceleration amplitude Ai, the plots in Figures 3 and 4 clearly show that the 
accelerations recorded during Test 1 (fi = 2 Hz) are always larger than those recorded during 
Test 2 (fi = 4 Hz). Since each pair of runs differs only in the input frequency fi , the influence 
of this parameter, on both the free-field soil response (alignment 1 – Fig. 3) and on the cou-
pled soil-structure response (alignment 2 – Fig. 4), is clearly evident. 

For both alignment 1 (Fig. 3) and alignment 2 (Fig. 4), at a distance of 40 cm from the ta-
ble (D27 and D28), lower acceleration values can be observed for all the runs of both tests. 
This de-amplification, which significantly influenced the response of the whole soil-structure 
system, is typical in presence of a rigid base (as in the case of a shaking table experiment).  

As it moves towards the soil surface, the acceleration starts to grow. Along alignment 1 
(free-field conditions) the acceleration at the soil surface (D31) reaches approximately the 
value Ai of the input motion only for the runs of Test 1 with Ai = 0.11g and 0.31g; for the oth-
er runs of Test 1 and for the all the runs of Test 2 the acceleration recorded at the soil surface 
are lower than Ai. Along alignment 2 it is possible to identify a clear amplification at the 
foundation level for all the runs of Test 1; however, for input motions with lower amplitudes 
(Ai = 0.11g and 0.31g) the acceleration recorded in the soil (D32) was not completely trans-
mitted to the foundation. Actually, an up-lifting of the foundation occurred during all the runs 
of Test 1; this influenced the time-histories recorded by D32 and S7, which appear clearly dif-
ferent from those recorded by both D28 and S10. Along alignment 2, the time-histories re-
corded during Test 2 at the foundation level (S7) show acceleration amplitudes approximately 
equal to the peak input value; conversely, lower values were recorded by D32.  Finally, mov-
ing from the foundation of the model structure to its roof, the acceleration increases in the 
case Ai = 0.11g, is approximately constant in the case Ai = 0.31 g and decreases for all the re-
maining runs. 

The acceleration responses recorded during the selected runs (Table 1) were also analyzed 
in the frequency-domain. The amplification functions (AFs) were computed from the Fourier 
amplitude spectrum (FAS) evaluated for each of the recorded acceleration responses.  
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Figure 3:  Horizontal accelerations recorded during Test 1 and Test 2 by the accelerometers D27 and D31 along 

alignment 1 (free-field condition). 
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The results are presented in Figures 5 and 6 for some of the runs listed in Table 1. Details 
on the procedure adopted to estimate the AFs can be found in [24]. During the runs character-
ized by low input motion amplitudes (Ai = 0.11 g; Figs. 5a and 6a), the AFs computed for both 
tests clearly show a narrow band of amplification at frequencies very close to the natural fre-
quency of the model structure (ff = 3.4 Hz; Tab. 3). As the amplitude of the motion increases 
(Figs. 5 b,c and 6 b,c) the bandwidth of the computed amplification functions increases and 
the frequency corresponding to the peak of AFs decreases. 
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Figure 5: Amplification functions computed for some of the acceleration time-histories recorded during some 

selected runs of Test 1: a,b) Ai = 0.11 g; c,d) Ai = 0.36 g; e,f) Ai = 0.53 g. 
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Figure 6: Amplification functions computed for the acceleration time-histories recorded during some selected 

runs of Test 2: a, b) Ai = 0.11 g; c,d) Ai = 0.36 g; e,f) Ai = 0.53 g. 
 
Since the response of the steel model was elastic, this shifting of the amplification band 

can be attributed only to the tilting motion which was observed during those runs character-
ized by larger amplitude of the input motion.  
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As regards the coupled soil-frame system, during Test 1 (Figs. 5 b,d,f) a narrow amplifica-
tion band can again be observed whatever is the amplitude of the input motion. In the case 
Ai = 0.11g (Fig.5b) the peak of the AF occurs at about 3.5 Hz, which coincides with the natu-
ral frequency of the soil-frame system (Tab. 2). Moreover, as the amplitude of the input mo-
tion increases, the frequency corresponding to the peak of the AFs reduces (Figs. 5 d,f), i.e. it 
becomes closer to the input frequency fi = 2 Hz in Test 1 and farther from fi = 4 Hz in Test 2. 
This shifting of the amplification band could be attributed to the effect of the non-linear soil 
behavior. In fact, as the amplitude of the imposed motion increases, larger strains arise in the 
soil deposit leading to a reduction of the soil shear modulus. Accordingly, the natural fre-
quencies of the soil deposit reduce. Similar conclusions can be drawn with reference to the 
amplification functions computed for the selected runs of Test 2 (Figs. 6 b,d,f); in this case the 
shifting of the amplification band is more evident. 

Due to the shifting of the natural frequency of the coupled soil-structure system toward the 
value fi = 2 Hz, the AF amplitudes computed for Test 1 are generally higher than those evalu-
ated for Test 2 (Figs. 5 and 6). This result is consistent with those obtained analyzing the ac-
celeration response in the time domain (Figs. 3 and 4). 

6 CONCLUDING REMARKS 

The paper describes the results of two sets of shaking table experiments (Test 1 and Test 2) 
performed on a physical model consisting of a Leighton Buzzard sand deposit and a model 
structure consisting of a one-storey steel frame. Both tests included preliminary white-noise 
excitations and sine-dwell excitations having a constant input frequency (fi = 2 Hz in Test 1; 
fi = 4 Hz in Test 2) and input acceleration amplitude Ai  ranging in the intervals 0.08-0.53 g 
during Test 1 and 0.04-0.68 g during Test 2.  

The white noise excitation tests allowed us estimating the natural frequency of the soil de-
posit (fs = 12.6 Hz) and the natural frequency for the model structure placed on the sand de-
posit (ff = 3.4 Hz); this is lower than the natural frequency of the model structure "fixed" to the 
shaking table (fff = 5.1 Hz) and is very similar to that of the coupled sand-frame system 
(fsf = 3.5 Hz). The input frequencies of the two sets of sine-dwell excitations were selected to 
be somewhat lower and somewhat higher than fsf . 

The results obtained during some selected runs of Test 1 and Test 2 were analyzed using 
both time- and frequency-domain representations of the acceleration responses. 

Due to non-linear effects of soil cyclic behaviour a failure was observed at a depth of about 
40 cm from the shaking table, producing a natural isolation for both the soil deposit and the 
model structure. Moving towards the soil surface the acceleration starts to grow, even if the 
de-amplification observed at a depth of 40 cm influences the response of the whole soil-
structure system. In some cases the accelerations recorded in the soil underneath the founda-
tion were not completely transmitted to it as a result of uplifting phenomena, which were 
clearly observed. 

Horizontal accelerations recorded during Test 1 (fi = 2 Hz) are definitely higher than those 
recorded during Test 2 (fi = 4 Hz) even if the input acceleration amplitudes are the same for 
each pair of the selected runs (Table 1). This confirms the significant influence of the fre-
quency of the input motion and highlights the importance of the coupling with the natural fre-
quency of the system.  
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Abstract. In this paper the seismic response of simple slope geometries under vertically 
propagating in-plane shear waves is assessed through two-dimensional finite element 
analyses to investigate the amplification of the ground motion induced by soil topography. 
Topographic horizontal and vertical amplification factors were evaluated through different 
sets of analyses of slopes overlying a compliant bedrock. The effect of soil non-linear 
behavior was accounted for through equivalent-linear approximation, varying the range of 
shear strains in which soil responds linearly; to this purposes several relationships describing 
the variation of normalized shear modulus and damping ratio with induced shear strain were 
adopted. Finally, the influence of the amplitude and of the frequency of the input motion was 
also analyzed. 
The results of the analyses confirmed that a complex interaction exists between stratigraphic 
and topographic effects and that the two effects can be neither evaluated independently nor 
easily uncoupled.  
Specifically, horizontal and vertical topographic amplification factors were found to depend 
on the tendency of soil to exhibit a non-linear behavior and on the degree of non-linearity 
arising in its seismic response. These, on turn, are related to all the factors affecting non-
linear dynamic response: soil stiffness and damping ratio at small strain, characteristics of 
the input motion and non-linear stress-strain relationship. Finally, the comparison with the 
results of linear visco-elastic analysis showed that without accounting for soil non-linear 
behavior, topographic amplification factors may result underestimated. 
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1 INTRODUCTION 

Studies on seismic response of slopes, generally, deal with case-studies (e.g. [1-6]) or are 
systematic parametric studies carried out to evaluate inertial and/or weakening effects (e.g. 7-
10) or to assess topographic amplification [11-16]. In the latter cases seismic response 
analyses were carried out and soil behavior was assumed either linear visco-elastic (LVE) [11, 
13-15] or non-linear through the equivalent-linear (EL) approximation [1, 2, 12]. Generally, 
the case of incoming in-plane shear waves (SV waves) was considered. 

In this framework the numerical evaluation of topographic effects is usually performed 
decoupling the topographic effects and the effects due to heterogeneities in soil profile 
(hereafter referred to as stratigraphic effects) from the computed site response. To this 
purpose the results of 2D seismic response analyses, accounting for both stratigraphic and 
topographic amplification, are generally compared with 1D analysis results reflecting only 
stratigraphic effects. 

Some studies investigated topographic effects by considering the case of a slope in a 
homogeneous half-space [15, 17, 18], other studies included the stratigraphic amplification by 
introducing a rigid [1, 12-14] or a compliant bedrock [2, 19]. 

Generally, few are the systematic parametric analyses which account for both non-linear 
soil behaviour and for the presence of a compliant bedrock. 

The present paper describes the results of 2D seismic response analyses of slopes subjected 
to vertically propagating SV waves using the finite element (FE) code QUAKE/W [20]. The 
analyses were carried out: a) varying the slope angle, the frequency and the amplitude of the 
input motion; b) considering the case of slopes over a compliant bedrock; c) assuming. that 
soil behaves as an equivalent-linear (EL) visco-elastic material. Table 1 provides an overview 
of the cases and parameters considered in the analyses. 
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Homogeneous soil layer  
(PI = 30, 50, 100, 200 %) 
over compliant bedrock 
(IR = 0.2) 

45 0.1 0.5, 2 5 

 
Frequency f 

 
Homogeneous soil layer 
(PI = 30 %)  
over compliant bedrock 
(IR = 0.2) 

γ = 20 kN/m3      
ν = 1/3        
Vs = 500 m/s 

γb = 20 kN/m3     
νb = 1/3      
Vs,b = 2500 m/s 

45 0.1 
0.5, 1.25, 2, 

4.5,10 
6 

Table 1: Summary of the numerical analyses. 
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Figure 1 shows the scheme of the FE model adopted in the analyses together with the 
conditions imposed to the height h and to the width l of the elements of the mesh  (Figure 1c) 
to avoid that the high frequency components of the input seismic motion are filtered out 
during the propagation process and to ensure the accuracy of the numerical solution. 

In the analyses H = 50 m, D = 250 m and L/H = 30 (Figure 1a) were considered. A viscous 
Lysmer and Kuhlemeyer boundary was applied to the bottom of the mesh of the FE model 
(Figure 1b) to absorb scattered energy and mitigate the effect of wave reflections. Finally, in 
all the cases zero vertical displacement condition was applied along lateral vertical boundaries 
(Figure 1b). 

 

 

 
 

 
 
 
 
 
 
 

Figure 1: 2D FE model scheme and boundary conditions. 

In all the analyses unit weight γ = 20 kN/m3, constant shear-wave velocity Vs = 500 m/s 
and Poisson’s ratio ν= 1/3 were assumed for the soil. For the compliant bedrock a unit weight 
γb = 20 kN/m3 and a value of the shear wave velocity Vs,b  = 2500 m/s were assumed; thus, the 
considered impedance ratio is  IR = 0.2. The bedrock depth was fixed at zb = 250 m. 

Dissipation of energy was introduced in the system through the Rayleigh damping matrix 
defined as a combination of the mass and stiffness matrices through the coefficients α and β 
which depend on the modal damping ratio. Further detail on the numerical modelling can be 
found in [19]. 

In the EL analyses (Table 1) the reduction of the normalised shear modulus G/G0 and the 
increment of the damping ratio ξ with the strain level γ were described using the relationship 
proposed by Vucetic and Dobry [21] for different values of the plasticity index PI. 

The effects of soil non-linear behaviour were investigated considering different values of 
the amplitude (a0 = 0.1, 0.2 and 0.3 g) and of the frequency  (f = 0.1, 1.25, 2, 3, 4.5 and 10 Hz) 
of the input motion and a wide range of values of plasticity index (PI = 30 %, 50 %, 100 % 
and 200 %) for which the corresponding G/G0 − γ and ξ − γ curves are characterized by linear 
thresholds of shear strain γl varying from 0.001 % to 0.01 % [22].  

Coupling between stratigraphic and topographic effects was examined and the obtained 
results are presented in terms of horizontal and vertical topographic amplification factors Ah 
and Av         
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where ah,max and av,max are the peak horizontal (h) and vertical (v) acceleration computed at the 
ground surface and aff is the peak acceleration of the free-field (ff) response. The values of aff 
were detected through supplementary 1D analyses carried out with reference to soil columns 
of height D and H + D (Figure 1a) adopted to simulate the 1D free-field response in front of 
the toe and behind the crest of the slope, respectively. Specifically, the profiles of the 
horizontal and vertical maximum acceleration obtained at the ground surface behind the crest 
and in front of the slope were normalized respect to the corresponding free-field values, 
obtaining the topographic amplification factors.  

The results obtained in the analyses are discussed separately; in particular, the coupling 
between stratigraphic and topographic effects is discussed in section 2, the influence of non-
linear behaviour is discussed in the section 3, finally, the influence of input motion frequency 
is discussed in the section 4.      

2 COUPLING BETWEEN STRATIGRAPHIC AND TOPOGRAPHIC EFFECTS 

Figure 2a-f shows the results in terms of Ah and Av obtained for f = 2 Hz and a0 = 0.1g: it 
can be noted that the horizontal topographic amplification factor is significantly affected by 
PI on all over the ground surface. Ah increases for decreasing PI, attaining its peak close to the 
toe of the slope. For increasing values of the slope angle the maximum values of Ah close to 
the toe increase, whereas maximum values close to the crest reduce. The vertical topographic 
amplification factor increases for increasing PI and reaches its maximum values, in turn 
increasing with the slope angle, at or close to the toe of the slope. 

Also in the case f = 3 Hz and a0 = 0.1g (Figure 2g-l), horizontal and vertical topographic 
amplification factors are affected by PI: the seismic motion is slightly amplified in front of the 
toe and is moderately amplified behind the crest. The already observed trend of Ah is 
confirmed: it increases for increasing values of the angle of the slope in front of the toe and 
decreases for increasing i behind the crest.  

For f = 4.5 Hz and a0 = 0.1g (Figure 2m-r) a noticeable influence of PI on Ah can be 
observed at and behind the crest of the slope where the profile of the horizontal topographic 
amplification factor is characterized by sharp peaks; the effect of PI on the vertical 
topographic aggravation factor is rather negligible in front of the toe of the slope while it is 
relevant at and behind the crest. 

As expected, independently of the input frequency, the effect of soil non-linearity on the 
topographic amplification factors fades away as the lateral boundaries (x = ± 1500 m, not 
shown in Figure 2) are approached, since there the system seismic response coincides with the 
1D free field response (Ah = 1 and Av = 0). 

The influence of the non-linear behaviour of the soil on topographic amplification factors 
depends on the values of free-field accelerations of the soil deposits behind the crest and in 
front of the toe of the slope.  For smaller values of PI, that is for smaller values of linear 
threshold shear strain γl, soil behaves elastically in a narrow range of shear strains and 
earthquake induced strains lead to a greater reduction of the shear modulus (implying a 
reduction of the system natural frequencies and an increase in the impedance ratio) and to 
larger values of the mobilized damping ratio (implying a reduction of the amplitudes of the 
amplification peaks).  

The combination of these two counteracting effects depends on the soil stiffness at small 
shear strain (which influences the system natural frequencies) and on the amplitude of the 
induced strain levels, affected by the amplitude of the seismic acceleration arising in the 
system.  
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Figure 2: Horizontal and vertical topographic amplification factors computed at the ground surface for a0 = 0.1g,   
for different values of slope angle (i = 30°, 45°, 60°), plasticity index (PI = 30, 50, 100, 200%) and input 
frequency (f = 2, 3, 4.5 Hz). 
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These results confirm that the stratigraphic and the topographic effects cannot be 
investigated separately since they are coupled in a complex interaction. As it could be 
expected for non-linear systems this interaction is governed by the system mechanical and 
geometrical properties and by the characteristics of the input motion. 

3 INFLUENCE OF SOIL NON-LINEAR BEHAVIOUR  

To point out the influence of the non-linear soil behaviour on the seismic response of the 
slope, different values of ao and PI were considered (Table 1). 

The results relevant for the case i = 45°, PI = 30% and f = 3 Hz are shown in Figure 3. It 
can be observed that the profiles of both horizontal and vertical topographic amplification 
factors along the ground surface are remarkably affected by the amplitude of the input motion. 
The influence of soil non-linear behaviour is also apparent: in fact, for increasing values of ao, 
Ah is approximately increasing close to the toe of the slope, where absolute maximum 
amplification is attained, and is heavily decreasing close to the crest, while the profiles 
variously intertwine for increasing distance from the slope crest (Figure 3a). A similar trend is 
observed also for Av (Figure 3b).  

Figure 3 also shows the results of the LVEB analyses, carried out by [19] considering a 
slope in a homogeneous soil deposit overlying a compliant bedrock and assuming  a constant 
value of shear modulus G and a damping ratio ξ = 5%. In this case the results are independent 
of the amplitude of the input motion when expressed in a normalized form through Ah and Av. 
The differences in the profiles of Ah and Av obtained in the EL analyses with respect to the 
profile evaluated in the LVEB analyses confirm the influence of the non-linear soil behaviour. 
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Figure 3: Horizontal (a) and vertical (b) topographic amplification factors computed at the ground surface for   
PI = 30%, i = 45°, f = 3 Hz and different input motion amplitudes a0. 
 

The degree of nonlinearity introduced for each analysis can be represented through the 
profiles of the mobilized values of the normalized shear modulus G/Go and damping ratio ξ. 
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Figure 4: Profiles of the mobilized normalized shear modulus and damping ratio (i = 45°, a0 = 0.1 g). 

In Figure 4 the profiles relevant to the cases i = 45°, a0 = 0.1g, f = 0.5 Hz and PI = 30, 50 
and 100 % are plotted for the two vertical boundaries of the FE model (free-field condition) 
and for the verticals through the crest and the toe of the slope. From all the plots the effect of 
soil non-linear behaviour is apparent, being more relevant when PI = 30 and 50 % are 
assumed, corresponding to smaller values of the linear threshold shear strain γl. As an 
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example, for PI = 30%, values of G/G0 as small as 0.6 in the lower 100 m of the soil profile 
and in the range 0.6-1 in the upper portion of the profile are attained; the corresponding 
mobilized damping ratio, from the initial value ξ0 ≅ 2% increases with depth up to about 
ξ = 9 %. In all the cases of Figure 4 non-linear effects are more relevant for profiles through 
the toe of the slope. 

Finally, the degree of nonlinearity introduced in the analysis, adopting different values of 
the plasticity index can be observed in the profiles of Figure 5 showing the results obtained 
for the case i = 45° and input frequency f equal to 0.5 Hz (Figures 5a,b) and 2 Hz (Figures 
5c,d). For decreasing value of PI the effects of soil nonlinearity become more relevant and 
profiles of the mobilized G/G0 and ξ typical of inhomogeneous soil deposits are obtained. 
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Figure 5: Profiles of the mobilized normalized shear modulus and damping ratio obtained for the vertical through 
the crest of the slope (i = 45°, a0 = 0.1 g). 

4 INFLUENCE OF INPUT MOTION FREQUENCY 

To investigate the influence of the frequency of the input motion on the slope response, EL 
analyses were carried out assuming a0 = 0.1g and f in the range 0.5-10 Hz; moreover, to fully 
capture the effect of frequency, the plasticity index PI was varied in the range 30-200% 
(Table 1).  
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The results obtained for the whole range of the considered input frequencies (0.1÷10 Hz) 
and for all the considered values of PI (30÷200 %) are synthetically shown in Figure 6 where 
the horizontal and the vertical topographic amplification factors are plotted against the 
normalized frequency H/λ. For PI = 100 and 200 % the response of the system is 
approximately linear regardless the values of f (Figures 4e,f and Figure 5). In these cases, 
such as for the linear system, the stratigraphic effects prevail on the computed response 
because the input frequencies are practically coincident with the natural frequencies estimated 
for the linear system; with the only exception of f = 0.5 Hz (H/λ = 0.05), for which the curves 
of Ah (Figure 6a) exhibit a peak, the horizontal topographic amplification factor Ah is close to 
or below unity for both values of PI. 

For lower values of plasticity index (PI = 30%, 50%) the effect of soil non linear behaviour 
is not negligible (Figure 4a-d, Figure 5) and the values of Ah increase especially for the case  
PI = 30%.  
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Figure 6: Horizontal (a) and vertical (b) topographic amplification factors at the crest of the slope (i = 45°,        
a0 = 0.1 g). 

Concerning the vertical topographic amplification factor, the plots of Figure 6b show that 
Av varies significantly with the normalized frequency H/λ but it is not appreciably affected by 
the plasticity index (with the only exception of the case PI = 30%). 

Moreover, it is worth noting that the results commented above were obtained in the case 
a0 = 0.1 g, however, as a consequence of non-linear soil behaviour, different results would 
possibly be obtained for different amplitudes of the input motion.  

As it is usual for non-linear systems [23, 24, 25], the actual slope response cannot be 
predicted a priori since it depends on all the factors (a0, f, G0, ξ0, PI) affecting soil non-linear 
behaviour. 

Once more, it is confirmed that due to coupling between stratigraphic and topographic 
effects a proper evaluation of topographic amplification should, in principle, require specific 
non-linear 2D analyses.                     
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5 CONCLUDING REMARKS 

This paper describes the results of 2D numerical FE seismic response analyses carried out 
to investigate, under different assumptions, the seismic response of slopes subjected to 
vertically propagating SV waves.  

Different sets of analyses were carried out focusing on slopes overlying a compliant 
bedrock, assuming that soil behaves as an equivalent-linear visco-elastic material. The 
amplification of the ground motion was evaluated in terms of topographic amplification 
factors. 

The effect of soil non-linear behaviour was investigated varying the range of shear strains 
in which soil responds linearly by changing the relationship adopted to describe the variation 
of normalized shear modulus and damping ratio with induced shear strain; the influence of the 
amplitude and of the frequency of the input motion was also analyzed. 

The results demonstrate that topographic amplification is affected by the non-linear 
behaviour of the soil. Specifically, horizontal and vertical topographic amplification factors 
were found to depend on the tendency of soil to exhibit a non-linear behaviour and on the 
degree of non-linearity arising in its seismic response. These, on turn, are related to all the 
factors affecting non-linear dynamic response: soil stiffness and damping ratio at small strain, 
characteristics of the input motion and non-linear stress-strain relationship. 

The results also confirmed the expected complex interaction between topographic and 
stratigraphic effects and highlighted that their reliable evaluation cannot be performed through 
a decoupled approach and require a non-linear 2D seismic response analyses.  
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Abstract. Effective stress analyses are conducted aiming to provide Class A predictions for a 

seismic centrifuge test of a multi-block gravity quay-wall. Two different codes are used: i) the 

finite difference code FLAC 2D (coupled effective- stress analysis) and ii) the finite element 

code, PLAXIS 2D (undrained effective-stress analysis). Two versions of the original 

UBCSAND constitutive model, implemented in each code, are used after meticulous calibra-

tion in order to reproduce equivalent liquefaction resistance curves. Apart from predicting 

the experimental response, the study aims at performing a comparison between the two codes 

widely-used in practice. 
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1 INTRODUCTION 

The latest advances in port and maritime industry have redefined the role of harbor facili-

ties in the economy. Ports are nowadays multipurpose lifeline facilities that function as em-

barkation, storage and maintenance facilities for the transportation of cargo and passengers. 

Waterfront structures form the core of nearly all harbor facilities (be it commercial, industrial, 

or simply passenger terminals). Therefore maintaining their integrity (as well as a minimum 

serviceability threshold) during seismic events, constitutes a necessity for the sustainability pf 

the facility as a whole, since most of the components comprising any waterfront plant (e.g. 

pipelines, cranes, storage tanks etc.) are either founded, or directly dependent, upon them. 

  Gravity quay wall structures have repeatedly suffered substantial outward displacement 

and rotation even when subjected to moderate earthquake shaking. (e.g. [1]-[7]). The most 

astonishing case study  comes from the port of Kobe, where during the 1995 earthquake, wall 

displacements reached as much as 5 m [8]. Yet, even during the mild Lefkada (Greece) 

earthquake of 2003 (Ms = 6.4) most of the coastal structures sustained relatively large 

displacements up to 25 cm. An even more recent example is the damage of the Lixouri har-

bour quay wall in the two 2014 Cephalonia (Greece) earthquakes, despite the relatively small 

magnitude (Ms  6) of the events. 
The dynamic response of gravity quay walls is strongly affected by non-linear soil behav-

iour. Development of excess pore pressures and accumulation of shear and volumetric strains 

both at the retained and the foundation soil, produces shear strength degradation which may 

be accompanied by liquefaction. The above phenomena are further complicated when ac-

counting for soil-structure interaction. The strong rocking of quay walls (due only to their in-

ertial forces), when founded on a compliant foundation soil in combination with the one-sided 

action of earth pressures leads to the accumulation of horizontal displacement and rotation 

towards the seaside. Evidently, the deformation modes that synthesize the response of the 

quay wall at large displacements and near failure conditions cannot be realistically assessed 

by conventional design procedures. The use of suitable constitutive soil models [22] that bal-

ance simplicity and effectiveness in conjunction with powerful numerical techniques is a key-

step for a successful prediction.  

In this paper, effective stress numerical analyses are conducted aiming to provide Class A 

predictions for a seismic centrifuge test of a multi-block gravity quay-wall, replica of a typical 

wall at Piraeus port in Greece. The centrifuge testing was conducted at University of Dundee 

and the experimental measurements will be published by [9]. Two different codes are used: i) 

finite difference code, FLAC 2D [10] and ii) finite element code, PLAXIS 2D. Two different 

versions of the original elasto-plastic effective stress constitutive model [11]-[12], 

UBCSAND, have been implemented in each code: i) UBCSAND-904aR for FLAC [13] and 

ii) UBC3D-PLM for PLAXIS [14]. These versions are calibrated appropriately in an attempt 

to achieve equivalence in their predictions of liquefaction resistance stress ratios for the same 

number of loading cycles under undrained conditions. The goal of this study is twofold: a) to 

predict of the experimental response and b) to compare the computed response by two codes 

widely-used in practice, FLAC (coupled effective- stress analysis) and PLAXIS (undrained 

effective-stress analysis). 

 

2 SEISMIC CENTRIFUGE MODELING 

A dynamic centrifuge model test was conducted at the University of Dundee centrifuge fa-

cility is examined. The model used a fine quartz based silica sand (HST95) and simulated the 

response of a multi-block gravity quay wall made of aluminium alloy, as a replica of a typical 
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wall at Piraeus port in Greece. The sand bed was formed into an ESB (equivalent shear beam) 

model container by carrying out air pluviation at a relative density of Dr = 80%. It was then 

saturated with water and subjected to an acceleration field of 60g. A sketch of the experi-

mental setup (including the instrumentation layout) is illustrated in figure 1. While in flight, a 

sequence of actual ground-acceleration records were applied at the base of the model as input 

motion. However, only numerical results for the first acceleration time history (a record from 

the ML = 5.9 L’ Aquila 2009 earthquake, shown in Figure 2) are presented as class A predic-

tions. Details on the experimental procedure and measurements will be published by [9]. 

 

 
 

Figure 1. Centrifuge model setup and instrument locations for Class A prediction. 

 

 
 

Figure 2. Base input motion: Acceleration time history and corresponding spectrum 
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3 NUMERICAL MODELING 

Numerical effective stress analysis of a section of the centrifuge model is performed in pro-

totype scale with both finite difference code FLAC and finite element code PLAXIS. The 

analysis is conducted taking into account for material (in the soil) and geometric (interface) 

nonlinearities. The aluminium alloy frames and rubber spacing layers of the ESB model con-

tainer were also modelled in detail, assuming elastic behaviour. Prescribed displacements 

were imposed on the horizontal boundaries of each frame prohibiting their movement in the 

vertical direction, and kinematic constraints were assigned to the external and internal vertical 

edges of the model allowing it to move as a laminar box ([14]- [17]).  

The contact conditions between the blocks of the quay wall as well as between the quay 

wall and the adjacent soil were modelled with special interface elements allowing for slippage 

and gapping via a Coulomb frictional law. Special interface elements were also placed along 

the inner edges of the ESB model container. The friction interface angles were assumed equal 

to 18
o
 between the blocks of the quay wall, 10

o
 and 14

o
 at the back and at the base of the wall, 

respectively, and 10
o
 for the inner vertical edges of the container. The waterfront was simulat-

ed through hydrostatic pressures applied to the front side of the wall, as well as the seabed. To 

avoid spurious oscillations at very small deformations and for high frequency components of 

motion, Rayleigh damping was also introduced into the model, accounting for equivalent hys-

teretic damping values between 1.5% and 3% in the range of 0.2 Hz and 2 Hz. The initial hor-

izontal effective stresses were set to 0.5 times the vertical effective stresses. The input motion 

in prototype scale, in Figure 2, was applied to the base of the numerical models. 

3.1 COUPLED ANALYSIS - FLAC  

The finite difference mesh of the model, portrayed in Figure 3, involves a grid spacing of 

0.5 m x 0.5 m. FLAC allows for coupled flow dynamic analysis, accounting for interaction of 

the poro mechanical soil properties. The coefficient of hydraulic permeability was estimated 

to k = 3 x 10
-4

 m/s (in prototype scale) and assumed to be constant throughout the analysis. 

 

 
 

Figure 3. Numerical model in FLAC. 
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3.2 UNDRAINED ANALYSIS - PLAXIS  

 

Undrained effective stress analysis was conducted with finite element code PLAXIS 2D 

AE. Both the quay wall and the soil are modelled with 15-node triangular plane strain ele-

ments, elastic for the former and nonlinear for the latter (3130 elements in total). The finite 

element mesh is shown in Figure 4. 

 

 
 

Figure 4. The finite element model (PLAXIS) 

 

4 CONSTITUTIVE MODEL  

Cyclic soil behaviour is described through an elasto-plastic effective stress constitutive 

model, UBCSAND, originally developed at University of British Columbia by [11] and [12]. 

It involves two yield surfaces (a primary and a secondary one) of the Mohr-Coulomb type. 

The primary surface evolves according to an isotropic hardening law while a simplified kine-

matic hardening rule is used for the second yield surface. The elastic response is described by 

the elastic shear and bulk moduli given by: 

    
nee e

G a aG k p p p/   (1) 

    
mee e

B a aB k p p p/   (2) 

in which e
Gk  and e

Bk  are the elastic shear and bulk numbers in respect, ap  is the reference 

stress, p is the mean effective stress and ne me,  are exponents for stress dependency. The 

plastic shear modulus is given by: 
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in which 
p

iG  component variates for primary, secondary and post-dilation loading, η  is the 

current stress ratio, fη  is the stress ratio at failure, equal to  psin φ , pφ  being the peak fric-

tion angle and fR  is a failure ratio that truncates hyperbolic curve. The plastic flow rule is 

non-associated and is based on the Drucker-Prager’s law and Rowe’s stress dilatancy hypoth-

esis: 

    p p
v cvdε sin φ η dγ   (4) 

where cvφ  is the phase transformation friction angle. 

Different versions and extensions of the model, based on the above-described framework, 

have been developed by various researchers. The most widely-used ones, are those imple-

mented in finite difference code, FLAC and finite element code, PLAXIS, such as 

UBCSAND-904aR [13] and UBC3D-PLM [14], respectively. One of the most significant di-

vergences of the two versions, when performing seismic effective stress analysis, lies on their 

approach on the stiffness degradation of the secondary plastic shear modulus, which practical-

ly controls the number of loading cycles to cause liquefaction. 

4.1 UBCSAND 904aR in FLAC 

In this version of the model, 
p

iG  component has the following form: 

  
 

    
 

np
p p a

1 2 cyci G
a

p p
G k f hfac ,hfac ,n ...

p p
  (5) 

where 
p

Gk  is the plastic shear modulus number, np  is a constant, 1hfac  is a factor controlling 

the number of cycles to trigger liquefaction and 2hfac  is a factor refining the shape of pore 

water pressure rise with cycles, cycn  is the number of loading cycles etc. Obviously, the deci-

sive parameter to define the liquefaction resistance versus number of loading cycles is 1hfac . 

The smaller the value of 1hfac , the greater the excess pore water pressure development and the 

lesser the liquefaction resistance. 

4.2 UBC3D-PLM in PLAXIS 

In this version, 
p

iG  component is described as:  

  
 

    
 

np
p p a

hard cyc,...i G
a

p p
G k f fac ,n

p p
  (6) 

in whih fachard affects the number of cycles for liquefaction occurrence. This parameter has 

the same trend as 1hfac , in the previous version; thus, lower values lead to lesser number of 

cycles required to cause liquefaction. 

4.3 Calibration Methodology 

[13] proposed a set of equations for the calibration of the UBCSAND model parameters, 

with the corrected SPT value (N1)60 being the sole variable. The calibration procedure aimed 
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at matching the cyclic resistance ratio indicated by the NCEER/NSF curve for a given cor-

rected SPT blow count to induce liquefaction at 15 uniform loading cycles. In order to apply 

this methodology to our study, the empirical correlation between (N1)60 and relative density, 

Dr , proposed by [18] was used: 

    
2

1 r60
N 46 D   (7) 

Thus, applying the methodology by Beaty and Byrne (2011) for both versions of UBCSAND , 

while assuming that pφ = 42
o
, as indicated by experiments of HST95 Silica sand for 

rD 80% , the values of the common model parameters were derived, as shown in Table 1. 

Then, the different parameters of the two versions, 1hfac  for UBCSAND-904aR and fachard 

for UBC3D-PLM, were calibrated based on experimental liquefaction resistance curves for 

various sands with rD 80%  ([19]-[21]), as shown in Figure 5. The goal of this calibration 

process was to achieve equivalence of the two versions in predicting the number of loading 

cycles to cause liquefaction under specific cyclic stress ratios. Finally, in order to incorporate 

stress dependency, or the so-called Kσ effects, the model parameters, hfac1 and fachard, are 

given as functions of the vertical effective stress, as illustrated in Figures 6 and 7. Representa-

tive results of computed response for both versions are shown in figure 8, for CSR = 0.3, ini-

tial effective stress
0v  = 100 kPa and lateral earth pressure coefficient at rest K0 = 0.5. 

 

 
 

Figure 5. Comparison between predicted and experimental liquefaction resistance curves in undrained cyclic 

simple shear testing for Dr = 80%. 
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Parameters Unit Description 
UBC3D-

PLM 

(PLAXIS) 

UBCSAND-
904aR 

(FLAC) 

φp (deg) Peak friction angle 42 42 

φcv (deg) 
Phase transformation friction 

angle 
36.1 36.1 

k
e
B - Elastic bulk modulus number 937 937 

K
e
G - Elastic shear modulus number 1338.6 1338.6 

k
p
G - Plastic shear modulus number 3580.5 3580.5 

me - 
Exponent for stress dependen-

cy of elastic bulk modulus 
0.5 0.5 

ne - 
Exponent for stress dependen-

cy of elastic shear modulus 
0.5 0.5 

np - 
Power for stress dependency 

of plastic shear modulus 
0.4 0.4 

Rf - Failure ratio 0.662 0.662 

pa (kPa) Reference stress 100 100 

fachard - 

Fitting parameter to adjust 

number of cycles to liquefac-

tion 

see Fig. 7 N/A 

facpost - 
Fitting parameter to adjust 

post- dilation behaviour 
0.01 N/A 

hfac1 - 

Fitting parameter to adjust 

number of cycles to liquefac-

tion 

N/A see Fig. 6 

hfac2 - 

Fitting parameter to refine 

shape of pore pressure rise 

with cycles 

N/A 1 

(N1)60 - Corrected SPT blow counts 29.4 29.4 

Table 1. Constitutive model parameters for UBC3D-PML (PLAXIS) and UBCSAND-904aR (FLAC). 
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Figure 6. (a) Cyclic stress ratios versus number of equivalent uniform loading cycles in undrained direct simple 

shear loading to cause ru=98% for Dr = 80%  and varying vertical effective stress. (b) Corresponding values of 

hfac1 parameter of UBCSAND-904aR (in FLAC). 

 

 
 

Figure 7. (a) Cyclic stress ratios versus number of equivalent uniform loading cycles in undrained direct simple 

shear loading to cause ru=98% for Dr = 80%  and varying vertical effective stress. (b) Corresponding values of 

fachard parameter of UBC3D-PLM (in PLAXIS). 

 

 
 

Figure 8. Simulated cyclic direct simple shear tests with (a) UBCSAND-904aR (in FLAC) and (b) UBC3D-PLM 

(in PLAXIS) for Dr = 80%. 
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5 CLASS A PREDICTION: FLAC AND PLAXIS 

Numerical predictions obtained from both FLAC and PLAXIS are shown in terms of time 

histories at the measurement locations shown in Figure 1. Initially, comparison of the devel-

oped deformation mechanism of the quay-wall-soil-container system is held in order to ensure 

that both models can successfully reproduce the outward quay-wall displacement and rotation, 

as has been observed in various case histories. Figure 9 confirms that both models produce 

similar deformed meshes after the end of shaking. The contours of horizontal displacements 

obtained from both models, illustrated in Figure 10, indicate that sliding at the base of the 

quay-wall prevailed against bearing capacity failure. 

The numerical analyses provide similar results in terms of the quay-wall outward dis-

placement and rotation, as well as the settlement at the backfill (see Figures 11 and 12). Both 

models predict a residual horizontal displacement of the quay-wall in the order of 22 cm and a 

residual rotation of 0.24 deg.  

Acceleration time histories, shown in Figure 13, also compare well, apart from some high-

frequency spikes in case of FLAC analysis. The inward accelerations are systematically larger 

than their outward (seaward) counterparts which appear to have been curtailed due to exces-

sive sliding at the base of the wall. The absence of long period pulses in the accelerogram ob-

tained at the backfill is a sign of either no or limited soil liquefaction occurrence. 

 However, both analyses predict positive excess pore pressure development at the backfill 

away from the quay-wall, close to the base of the model (see Figure 14). In particular, in case 

of PLAXIS, where totally undrained conditions apply and no flow (dissipation) is accounted 

for, there is a pore pressure build up close to liquefaction. On the other hand, analysis in 

FLAC allows for concurrent generation and dissipation of pore water pressure leading thus, to 

less positive excess pore water pressure development. In contrast to what happens in the back-

fill away from the quay-wall, negative excess pore pressures develop close to the wall-soil 

interface (point 11 in Figure 1) due to the outward displacement of the quay-wall, in agree-

ment with previous studies ([6], [7]).  

6 CONCLUSIONS 

Class A predictions were presented for seismic centrifuge modeling of a multi-block gravi-

ty quay-wall supporting a dense backfill of Dr=80%. Numerical analyses were performed 

with two different codes: i) finite difference code FLAC (coupled flow effective stress analy-

sis) and ii) finite element code PLAXIS (undrained effective stress analysis). The constitutive 

models used for soil behavior are extensions of the original elasto-plastic model, UBCSAND. 

The two versions were extensively calibrated in order to render them equivalent in terms of 

cyclic liquefaction resistance. The analyses provided results in remarkable agreement, espe-

cially for the quay-wall performance. In detail, both analyses predicted that the quay-wall 

moved seawards by 22 cm at the top and rotated 0.24 deg. Sliding at the base of the quay-wall 

was the predominant mechanism to induce outward quay-wall displacement. 
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Figure 9. Deformed meshes after the end of shaking magnified 7 times: (a) FLAC and (b) PLAXIS. 

Figure 10. Contours of horizontal displacements after the end of shaking: (a) FLAC and (b) PLAXIS. 
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Figure 11. Predicted quay-wall rotation (top) and horizontal displacement at top (bottom). 

 

 
 

Figure 12. Predicted settlement of the backfill at location LVDT3 in Figure 1. 
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Figure 13. Predicted acceleration time histories at the top block of the quay-wall (top) and at the backfill 2m be-

low to surface (bottom). 

Figure 14. Predicted pore water pressures at locations shown in Figure 1. 
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Abstract. The slope of Dahr El Baidar located on the central mountain of Lebanon hosts a 

section of the Arab Highway that is under construction to connect Beirut to neighboring Arab 

countries. This slope has experienced several failures; yet most involved geotechnical compa-

nies have investigated the slope with classical geotechnical procedures. In this paper, the anal-

ysis of the slope is performed using an integrated geo-assessment approach to identify the 

principal causes of failure and understand its dynamic behavior. The study includes geological, 

geophysical and geotechnical soil characterization of the designated area. The geological anal-

ysis reveals the presence of faults in the vicinity, in addition to a layer of weak clay at the 

surface. The geotechnical investigation is based on the interpretation of several boreholes. Ge-

ophysical tests are performed using ambient noise vibration technique in order to reveal the 

resonant frequency and thickness of the soil deposit material. A correlation between geotech-

nical and geophysical tests was used to establish soil properties in the studies. The above data 

is used towards a better understanding of the cause and occurrence of the failing zone. A dy-

namic analysis is conducted to determine the slope amplification and compare the simulated 

frequencies with the measured ones.  
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T. Matar1, F. Hage Chehade2, Jacques 

Harb3, M. Rahhal4, D. Youssef Abdel Massih5, C. Abdallah6, E. Ibrahim7, L. Khalaf-Keyrouz8, G. Nasr9, G. 

Abou-Jaoude10, and A. Sursock11

1 INTRODUCTION 

Estimations over the last 40 years indicate that mass movements cost each year 10-15 mil-

lions of US dollars in this small country (Lebanon) with numerous fatalities and injuries 

(Khawlie, 2000). Cracks in houses and roads, destruction of agricultural terraces, and scarps of 

different sizes are very common. Minor movements occurred in other years. Climatic and geo-

logical parameters combined with human modifications of land act simultaneously towards in-

creasing mass movements in Lebanon.  

As geological parameters have major influence in land movements, some of these large 

movements in Lebanon have been correlated with major earthquakes. On the other hand, cli-

matic conditions also play an important role whereas, for example, periods of heavy precipita-

tion in the mid to late winter season trigger landslides. Another major parameter affecting land 

movement is extensive man-induced activities and land alterations such as road and residential 

construction, deforestation, quarrying, or changing the water regime in irrigation and drainage 

diversion. Chaotic and rapid urban growth, which is spread throughout the country, is one of 

the principal causes of natural resource depletion that induces natural hazards such as deserti-

fication, mass movement, flash floods, etc. Studies dealing with mass movements (MM) in 

Lebanon seem to be few and mostly descriptive, yet a few cited works tackled the problem. The 

first to talk about landslides in Lebanon was Dubertret (1945). He included some description 

on landslides in the various texts “Notice de la Carte Géologique”. He delineated different types 

of landslides, rock falls and mudflows. Tavitian (1974) studied the Aquoura earthflow giving 

the engineering properties of the materials and slope stability. Khawlie and Hassanain (1984) 

studied the phenomenon over several areas in Lebanon giving the types and distinctive features 

of various occurrences. They related it to different natural and human causes, interpreting both 

its geological and engineering dimensions. Other studies have dealt indirectly with the subject 

focusing on instability of surficial materials, e.g. the engineering geological evaluation of marls 

(Khawlie and Ghalayini, 1985), or the analysis of the terrain and materials in assessing stability 

of highways (Khawlie and A’war, 1992), or the inherent lithological and geotechnical variabil-

ity of the basal Cretaceous sandstone (Khawlie and Touma, 1993). The majority of previously 

mentioned studies treated mass movement phenomenon depending on field work purposes. 

Sadek, et al., (1999) has started with preliminary and simple modeling for assessing road insta-

bility in their studies related to mass movement hazards and slope stability. Rahhal et al. (2003) 

and Rahhal (2014) discussed the factors triggering slope instabilities in Lebanese mountains, 

as well as the determination of factors of safety for slopes under earthquake loading. Abdallah 

et al, (2005) used univariate statistical correlations to determine simple relations between clas-

ses of terrain parameters and mass movement occurrence. Youssef Abdel Massih et al. (2007), 

(2010) have used finite element and finite difference methods for evaluating the stability of 

some slopes. Several other techniques based on satellite images (Abdallah et al. 2007) were 

used for assessing mass movement hazard in Lebanon.  

In the continuity with the geo-assessment of Dahr el Baidar slope made by Rahhal et al. 

(2014),, this paper presents static and dynamic stability analyses of Dahr El Baidar slope in 

Lebanon. The first objective of this research is to understand the causes that lead to slope failure 

using geotechnical and geophysical investigations.  Then, 2D and 3D finite element and finite 

difference models are used to check the behavior of the slope under earthquake conditions. 
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2 SITE LOCATION 

Dahr El Baidar is located at 33o48’18”N 35o45’42”E on the slope of a mountainous area in 

the center of Lebanon. The site is hosting a portion of the "Pan Arab Highway", a main road 

connecting the coastal zone to the Bekaa valley reaching east the Lebanese Syrian border. It is 

a vital infrastructure project that has been delayed at several instances due to slope stability 

problems. In-spite of the numerous geotechnical investigations, this particular site still presents 

a challenge to designers and contractors as a result of its complexity.  

3 SOIL INVESTIGATION 

3.1 Geology and tectonic of the region 

The major tectonic features in Lebanon surrounding Dahr El-Baidar are (i) the Yammouneh 

Fault which is part of the Levantine fault extending from the Aquaba golf, passing by the Jordan 

valley and Dead Sea, Bekaa valley and north to the Taurus Zaghros Mountains of Turkey; (ii) 

the Roum Fault which is a branching of the Levantine Yammouneh fault starting from Roum 

village South, and extending North-West up to the capital Beirut and (iii) the Occidental flex-

ures parallel to the Yammouneh fault regrouping a multitude of minor faults with variable ac-

tivities. The Dahr el-Baydar slope is located on the center of Mount Lebanon, in a zone 

distanced around 5 kilometers from the Yammouneh fault, 31 km from the coastal line and 26 

km from the Roum fault. The area is characterized by a significant tectonic activity. The plateau 

of Dahr El Baidar is a rock formation ranging from the lower to middle cretaceous (C1 to C3 

respectively); around 6 km west of the Yammouneh fault (Dubertret, 1945). This area is posi-

tioned in a subducted zone, bounded by two minor East-West faults and highly scattered by 

other minor faults connected to the Yammoueh fault. The predominant ones are (i) The Kab-

EliasWadi El-Delm fault, 3.5 km south in the East-West direction, limiting the Jurassic plateau 

of Jabal El Barouk against the depression of Dahr El Baidar, (ii) a portion of the Yammouneh 

fault extending around 6 km oriented NNE-SSW to the East, and (iii) a 2km stretch of Jabal El 

Roueiss fault in the E-W orientation. The system of faults is active however, their individual 

activity is difficult to trace due to the lack of instrumentation on site and close vicinity. 

3.2 Geotechnical and Geophysical investigation 

Aiming to study the most probable cause of the slopes failure in this region, an experi-

mental campaign was carried out. Eight geotechnical boreholes were drilled in the area 

(Noted AB in Figure 1).  

Table 1 shows the location (coordinates, and altitude) of the different boreholes, as well as 

the depth reached. 

Twelve HVSR (or H/V) ambient vibration tests (Nogoshi and Igarashi (1971), Nakamura 

(1989)) were conducted on Dahr El Baidar site (Noted by a pin in Figure 1) using Lennartz-5s 

velocimeters (cut-off period of 5 seconds) connected to a CitySharkTM acquisition unit (Chate-

lain et al., 2000) with a 200 Hz sampling rate.  

Geopsy software (http://www.geopsy.org; Wathelet et al. 2008) is used to compute the H/V 

spectral ratios of the registered ambient noise at several locations. A b-value of 40 was used in 

the smoothing procedure of Konno & Ohmachi (1998) for the computed Fourier amplitude 

spectra. The two horizontal components (North-South and East-West) are then combined by 

computing the quadratic mean and H/V ratios calculated by averaging the H/V ratios obtained 
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on individual 10s windows. The peak observed at the H/V spectrum will be considered as the 

natural frequency of the soil at the location of the test. 

Figure 1: Site Location (from Google earth) including the location of the Pan Arab 

Highway, HVSR tests and Boreholes. 

Table 1: Borehole Local Coordinates, Altitude, Depth reached and date realized. 

Borehole Local X Local Y 
Altitude above 

sea level (m) 

Depth 

(m) 

AB 105 -310399.52 -38422.13 1313.83 16 

AB 125 -310528.57 -38393.22 1322.18 20 

AB 126 -310482.90 -38314.05 1350.21 35 

AB 127 -310539.69 -38340.86 1338.52 30 

AB 128 -310352.51 -38369.13 1321.38 30 

AB 129 -310452.10 -38366.86 1333.07 30 

AB 134 -310491.86 -38360.21 1337.96 20 

4 GEOTECHNICAL AND GEOPHYSICAL DATA ANALYSIS 

4.1 Geotechnical Results 

In section A-A (Figure 2), the water table is deep and the following soil layers and properties 

are considered: At the surface, a marly fill is found next to the crack line. Then, cemented brown 

sand with presence of clay of low plasticity (CL) is identified with the following shear strength 

properties (an effective cohesion c’ = 44kPa and an effective friction angle ' = 17°, a plasticity 

A 

A 
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index of PI=18%, and a Standard Penetration Test number SPT N =11). Below, a clayey sand 

is found (c’ = 26kPa and ' = 25.8°, PI=14%, and SPT N =21). A greyish marl and limestone 

(with pressumeter results giving Limit Pressure Pl = 2.7 MPa and Menard elastic modulus Em 

= 43.5 MPa) is interbedded between two clay layers with different properties: the upper clay 

has a Pl = 420 kPa, and Em = 3.3MPa, while the lower clay has a Pl = 2.8 MPa and Em = 163 

MPa. In depth, marl with different colors (brown, grey and beige) is found with Pl = 3.9 MPa 

and Em = 121 MPa. Below, Marly Sandstone is identified 

Figure 2:  Soil Layers in section A – A 

4.2 HVSR Geophysical Results 

Due to the site heterogeneity, no clear H/V peak frequency is observed at some points. However, 

a dominant frequency f0 between 3 and 5.5Hz is noticed on most of the H/V measurements. The 

estimated f0 from the HVSR measurements at the borehole locations with the corresponding 

depth D of soft soil to the stiffer layer are reported on Table 2. Equation 1 is used: 

H

V
f S

4
0 

Eq.1 

Where  

f0 is the fundamental soil frequency 

H is the depth of the soft layer to the bedrock 

Vs is shear wave velocity of the softer layer 

For values of Table 2, the shear wave velocity will range from 100m/s to 300m/s. 

5 STATIC ANALYSIS ON THE SITE 

A static analysis of Dahr El Baidar slope is performed using Plaxis software (Vermeer & 

Brinkgreve, 1998) based on the Mohr-Coulomb model material for soil behavior. Section A 

(Figure 2) with same coordinates presented in the geotechnical study is modeled hereafter. Soil 

properties shown in table 3 based on available soil data are used in the model. 
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Table 2: f0 and shear wave velocity 

HVSR 

tests 

Bore-

hole 
f0 (Hz) D (m) V (m/s) 

Pt 23 AB 124 3.2 12.5 160 

Pt 25 3.2 

Pt 26 AB 125 3.5 11 154 

Pt 27 AB 105 5.5 4 88 

Pt 28 AB 128 3.1 8 100 

Pt 30 AB 127 3.8 20 304 

Pt 31 AB 134 3.4 13 177 

Pt 32 AB 129 No clear Peak 

Pt 33 AB 126 2.9 15 174 

Pt 35 No clear Peak 

Pt 36 No clear Peak 

Pt 37 No clear Peak 

Table 3: Soil properties used in Plaxis model. 

Soil Layer 
Cohesion 

(MPa) 

Friction 

Angle (de-

grees) 

Dilancy An-

gle 

(degrees) 

Young 

Modulus 

(MPa) 

Poisson 

Ratio 

Cemented Sand 44 17 9 23 0.2 

Clayey Sand 26 25.8 13 25.6 0.2 

Marl &lime-

stone 

28 24 12 43.5 0.2 

Clay 41 12.4 7 16 0.2 

Marlstone 33 24 12 62 0.2 

Clayey Marl 32 18 9 10 0.2 

Sandy Clay 41 12 6 25.6 0.2 

Marl 24 26 13 28 0.2 

Sandstone 5 30 15 24 0.3 

As a result, the most probable failure surface appears at the interface Clay/Marl. The top layer 

of clay is sliding as shown in figure 3 below.  

Figure 3: Failure surface of section A – at the interface Marl and clay 
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The initial conditions determined above reveal the state of the site at the time of soil investi-

gation, where the slope is stable with a factor of safety of 2.9 

In order to illustrate the state of the site where failure occurred, an interface is set at the top 

layer of Marl. This interface element will allow decreasing the mechanical properties of Marl 

at its interface with clay by choosing a suitable value for the strength reduction factor (Rinter). 

This factor relates the interface strength to the soil strength (ci and φi , friction angle and cohe-

sion) by:  

ci= Rinterxcsoil

Eq.2 

tanφi= Rintertanφsoil≤tanφsoil 

Eq.3 

where csoil and φsoil are respectively the cohesion and friction angle of the soil.  

A total collapse of soil is seen once Marl properties decreases 1/3 as summarized in the follow-

ing table: 

Table 4: Mechanical properties of Marl interface. 

Initial conditions At Total failure 

Cohesion (kPa) 28 10 

Friction Angle (degrees) 24 10 

R inter 1 0.3 

F.S. 2.9 Close  to 1 (i.e. 

Collapse) 

As the soil properties at the time of slide triggering are unknown and after obtaining such results 

in the models, it is suspected that the main triggering factor is water. As we know, soils prop-

erties are affected by the presence of water especially the soils with very high fine contents 

(marl and clay). These soils lose an important part of their cohesion in the presence of water, 

reducing at the same time their shear strength. 

Knowing that a 2D model do not represent accurately the failure shape and the complete be-

havior and heterogeneity of the site, a 3D model was conducted using FLAC3D software. The 

soil is assumed to be composed by 3 layers: Clay, Marl and Sandstone in a Mohr Coulomb 

model with average values of soil properties obtained by geotechnical tests as shows the fol-

lowing figure. 
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Figure 4: FLAC3D static model 

After using the shear strength reduction technique to determine the 3D slope safety factor, the 

failure surface obtained is the same as the one in the 2D section A, at the interface of Marl and 

Clay as shown in figure 5. 

Figure 5: Section showing Failure surface of the 3D model 

The safety factor of the slope in 3D model is 3.25 which is close to the one obtained by the 

2D model (equal to2.9). So it can be concluded that the 3D model confirmed the results al-

ready found in the 2D model. 

6 DYNAMIC ANALYSIS ON THE SITE 

For the dynamic model, the same soil properties, water table level, boundary conditions and 

initial stresses are considered.  

A mesh of 0.5m*0.5m*0.5m is used, satisfying the condition that the dimension of an element 

should not exceed λ/10, where λ is the minimal wavelength. λ =Vsmin/fmax where Vsmin, the 

smallest shear wave velocity is 88m/s and fmax the maximum signal frequency is 20Hz. 
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As for dynamic boundaries, free field conditions are applied to lateral boundaries and quiet 

boundaries at the base in order to reduce wave reflections and model a half space at the base. 

Dynamic input is applied to the model using a table signal with a time step of 0.01s and a 

frequency varying from 1 to 20Hz. This table is converted in stresses to apply a velocity wave 

in the horizontal plane according to the following equation: 

σs = 2(𝜌 Vs) vs

Eq.4 

where: σs= applied shear stress
 𝜌= mass density of the bedrock 

Vs= speed of s-wave propagation of the bedrock 

vs = input shear particle velocity 

and Vs is given by: 

Vs=√(𝐺/𝜌)
Eq.5 

where G is the shear modulus of bedrock. 
Note that the input signal is a delta like signal of flat spectrum as shown in figure 6, in order to 

be able to observe clearly the amplification response for all frequencies ranging between 1 and 

20 Hz. 

Figure 6: input spectrum 

The shear wave velocity is plotted for 7 selected points. The time step of the dynamic output 

is 0.00172s as calculated by FLAC3D. The output velocity is re-sampled in order to obtain the 

response with the same time step as the input signal. The figures below show the velocity 

spectrum of points A, B, C, D, E, F and G (cf. Figure 7) in X, Y and Z directions. 
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Figure 7: Selected points 

Figure 8: point A spectrum Figure 9: Point B spectrum 

Figure 10: Point D spectrum Figure 11: Point E spectrum 
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Figure 12: Point F spectrum Figure 13: Point G spectrum 

One can notice that at points A, B and G (Figures 8, 9 and 13), a first amplification between 1 

and 2 Hz and a second amplification between 3 and 4 Hz. The first amplification may be caused 

by an industrial activity (confirmed by the H/V tests) and the second amplification matches 

well with the natural frequency found in the geophysical test. The results indicate the im-

portance of understanding the role of soft material, especially clayey soils, in amplifying soil 

movements whenever this type of soils is found on top of a more rigid formation which is in 

our case sandstone. For points D, E and F (Figures 10, 11 and 12) at proximity of sandstone, no 

clear peak is observed. 

After comparing the spectrums of points A and B in horizontal direction with the input signal 

spectrum, it is found that an important amplification is obtained between 0.1 and 8 Hz. 

As a conclusion, the results of the dynamic analysis were in good agreement with the frequen-

cies obtained by the H/V tests and have shown high amplification for a wide frequency range.  

7 CONCLUSIONS 

In this paper, an integrated geo-assessment is conducted on Dahr El Baidar slope – Lebanon 

that hosts a section of the Arab Highway under construction. The geological analysis shows the 

presence of faults in the vicinity as well as a layer of weak clay at the surface. The geotechnical 

investigation is based on the interpretation of 7 boreholes. Geophysical tests are performed 

using ambient noise vibration technique based on the HVSR method. The analysis of soil data 

based on the cross sections reveals a high fine percent, and fine soils loose an important part of 

their cohesion in the presence of water, due to the reduction of their shear strength. It is sus-

pected that the failure is probably induced at the interface of two materials with different rigid-

ities or within a soft material itself. Similarly, the dynamic analysis reveals that the natural 

frequency found by the geophysical tests is accurate and there is an important amplification at 

the surface once a dynamic wave is applied. 
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Further analysis is needed to evaluate the slope failure under earthquake loading and additional 

geophysical tests are also necessary to better estimate the dynamic properties of the soil. Sce-

narios of the different cross sections will be examined later to determine the static and dynamic 

failure surfaces and examine the triggering factors behind the slope instabilities. 
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Abstract. Piles have been used to increase the stability of landslides in static regime for 
many decades, as they provide resistance against a laterally moving soil mass by transferring 
the loads into more stable underlying ground.  
Nevertheless, the presence of such a reinforcement has beneficial effects even under seismic 
shaking. The paper aims at proposing a simple procedure for the estimation of permanent 
displacements of slopes stabilized with piles. The method is made up of 3 different stages: (a) 
evaluation of stability conditions of the natural slope and the ultimate load offered by the 
piles; (b) combination of the two ingredients above, through limit equilibrium considerations, 
to assess the critical acceleration of the reinforced slope; (c) use of the classical Newmark 
method to calculate the permanent displacement under specified input motions. A parametric 
study is also performed to quantify the beneficial effect of piles under earthquake shaking.   
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1 INTRODUCTION 

In the last decades, permanent displacement analysis of slopes in earthquake-prone areas 
has gained popularity in current engineering practice. This is mainly due to the fact that the 
traditional capacity-based seismic design of a geotechnical structure (i.e., a pseudo-static 
analysis with a factor of safety larger than unity) appears to be quite over-conservative, as 
does not take into account that the seismic action lasts for a short period of time. In reality, a 
factor of safety temporarily lower than one may lead to acceptable permanent displacement. 
On the other hand, the use of piles to stabilize active landslides or as a preventive measure in 
safe slopes has become one of the most common slope reinforcement techniques and, accord-
ingly, numerous methods have been developed for the analysis of piled slopes in static regime 
by means of analytical [1-6] and numerical [7-9] approaches. 

Few contributions [10] investigated the behaviour of reinforced slopes under seismic shak-
ing and, thus, the present paper tries to outline a simple procedure for estimating permanent 
displacements of the combined pile-slope system. The method involves three steps:  

(a) evaluation of stability conditions of the natural slope and the ultimate load offered by 
the piles in static regime; 

(b) combination of the two ingredients above, through limit equilibrium considerations, to 
assess the critical acceleration of the reinforced slope;  

(c) employment of the Newmark method [11] to calculate the permanent displacement un-
der a specified time-history. In addition, the paper presents a parametric study to assess the 
beneficial effect, in terms of reduction of permanent seismic displacements, offered by stati-
cally-designed piles. 

2 STABILITY ANALYSIS OF UNREINFORCED SLOPES 

Slope stability analysis is generally formulated in terms of the safety factor with respect to 
soil shearing strength parameters: it is defined as the factor by which the soil shearing  
strength parameters should be divided to give the condition of incipient failure.  
The critical slip surface is the surface that produces the minimum factor of safety in static 
analysis or the minimum critical acceleration in pseudo-static analysis.  
Several methods, based on the principle of limiting equilibrium and the method of slices, are 
available to find the factor of safety in a rigorous way given a possible failure surface [12-16] 
and all of these methods require a predefined possible slip surface.  
In the method of Sarma [15], used and modified in the following paragraphs, the process of 
finding the critical slip surface is linked to the technique for finding the minimum factor of 
safety (or critical acceleration). It was developed as a means of computing the critical hori-
zontal acceleration that is required to bring the mass of soil upon slip surface to a state of lim-
iting equilibrium. 

3 ULTIMATE LATERAL LOADS ON SLOPE STABILIZING PILES IN STATIC 
REGIME 

The increase of the safety margin in slope stability depends on the amount of resisting 
force which can be developed by the pile at the level of the sliding plan and the mechanism of 
interaction between the sliding soil mass and the pile. 

Viggiani [4] proposed analytical expressions for a single rigid pile of length L, crossing an 
unstable horizontal layer of thickness l1 and penetrating the underlying stable soil for a length 
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l2 =  l1. Both layers are modeled as purely cohesive materials and thereby such a formulation 
is suitable for treating undrained conditions in fined grained soils, where upper and lower lay-
ers have undrained shear strength equal to su1 and su2, respectively. The Author, following an 
approach derived from that proposed by Broms [17] for piles loaded by transverse loads ap-
plied at their upper end,  identified 6 possible failure mechanisms, corresponding to a stiff pile 
having infinite (mechanisms A, B, C) and finite (mechanisms B1, BY, B2) cross-section yield-
ing moment My (Figure 1). Defining the dimensionless quantities: 

yu1 u1 2
2

u2 u2 1 u1 u1 1

Mk  s l
χ  λ  m

k  s k sl d l
   (1a,b,c) 

where ku1 and ku2 are bearing capacity factors whose values can be taken as 4 and 8 respec-
tively, the shear force offered by the pile for the six mechanisms are found to be1: 
Mode A 

u2 u2A 2

u1 u1 1 u1 u1 1

k  s  d T l
 

k  s  d l k  s  d l


 


(2)

Mode B 

 
   

 
 

2 2
B

2
u1 u1 1

1 λ  1 λT (χ λ )
  

k  s  d l χ 1 χ   1 χ1 χ
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Mode C 

C

u1 u1 1

T
1 

k  s  d l
 (4)

Mode B1 

B1
2

u1 u1 1

T   λ 2 χ 2 χ 2
4 m 1 

k  s  d l   χ 2 χ λ

  
     

(5)

Mode BY 

 
BY

u1 u1 1

T m
2  

k  s  d l 1 χ



(6)

Mode B2 

  B2

u1 u1 1

T 1
1 2 χ 1 1 1 

k  s  d l 2 χ
4m

1
      

(7)

1 Expression (5) contains a typographical error in the original work. 
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For a homogeneous soil ( = 0.5), the stabilizing shear force corresponding to the minimum 
value among the above mechanisms are depicted in Figure 2 as function of  and m. For fur-
ther details, the reader can refer to the original work.  

Figure 1: Failure modes for a pile with infinite cross section capacity (left column) and with plastic hinges (right 
column), modified from Viggiani, 1981.  

Figure 2: Stabilizing shear force as function of geometrical and mechanical problem parameters (modified from 
Viggiani 1981 for  =0.5).  
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4 ANALYSIS OF REINFORCED SLOPES 

Stabilizing piles are often utilized in slopes as a remedial measure to increase safety mar-
gin against collapse under static actions (i.e., in absence of any seismic loading). It is indeed 
evident that an additional resisting force provided by the presence of a structural element 
crossing the unstable soil mass and penetrating the stable soil will increase safety against a 
collapse mechanism. The amount of such resisting contribution depends on geometrical and 
mechanical features of the specific slope-pile system. In reinforced slopes, landslide body is 
subjected to a constant driving force due to body forces (self-weight and seismic body forces), 
while the resisting forces are due to the shear strength along the failure surface and to the lat-
eral shear strength produced by pile contributions to stability (Figure 3). The sliding mass is 
divided in n slices and the forces acting on ith slice are shown in the following figure. 
As in the original work, geometric quantities: 

 Ei and Ei+1: lateral thrust on vertical side of section i and i+1 in terms of total stresses;
 Xi and Xi+1: shear forces on vertical side of section i and i+1;
 Wi: weight of ith slice;
 khWi: horizontal force on ith slice acting at center of gravity slice;
 Ni: normal force at base of slice in terms of total stresses;
 Ti: shear force at base of slice;
 zi: height of point of application of Ei above slip line;
 ci' and i': effective shear strength parameters of material at base of slice;
 Hi: height of sliding mass at section i;
 bi: breadth of slice;
 i: angle made by slip line mid point and the horizontal;
 xi and yi: coordinate of mid point of base of slice with respect to the axes;
 xg and yg: coordinate of centre of gravity of sliding mass with respect to the axes

were calculated for each slice. 
It is assumed that slices are of thickness sufficiently small to consider that normal force iN

acts at the mid point of the slice and, since there are no other external forces on the free sur-
face, 0 iE  and 0 iX . 

Figure 3: Critical slip surface (a) and reinforced slope with piles (b).  
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From the vertical and horizontal equilibrium of the slice, considering an additional resist-
ing force due to piles and assuming that, under the action of the seismic force khW, the com-
plete shear strength of the surface is mobilized, the following system may be considered: 

i i i i pile i i iN cos T sen T sen W X           (8) 

i i i i pile i h i iT cos N sen T cos k W E            (9) 

' '
i i i i i iT N tan c b sec       (10) 

where, using equations (8), (9) and (10), are obtained: 

' ' '
' ' i i i i
i i i i pile' ' '

i i i i i i

cos sen sen sen
Ti c b Wi tan X T

cos( ) sen( ) cos( )

                               
(11) 

' ' '
' i i i i

i i i i i pile' ' '
i i i i i i

cos cos sen cos
Ni W c b tan X T

cos( ) cos( ) cos( )

                               
(12) 

' '
' ' i i i

i i i i i pile' '
i i i i

cos sec cos
Di W tan( ) c b T

cos( ) cos( )

                          
(13) 

Following the appendix of the original work [15] for derivation of the formula for Xi for 
homogeneous slope and neglecting the contribution of pore pressure, the quantities are given 
for each slices: 

'
i i i2    (14) 

 2

i

1 sen sen ' 4 c '/ H cos 'H
E

2 1 sen sen '

                    
(15) 

i i iX E tan ' c ' H     (16) 

i i 1 iF X X  (17) 

The Xi values that were obtained from this solution were used to determine the Fi (the fac-
tor of safety on the vertical sections of the slices i.e. local safety factor) values which were 
subsequently used in equations (20) and (21). These quantities are implemented in the well-
known parameters of the original method: 

1 iS D (18) 

2 i i g i i gS W (x x ) D (y y )     (19) 

'
3 i i g i i i gS F [(y y ) tan( ) (x x )]        (20) 
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'
4 i i iS F tan( )    (21) 

Since Fi is assumed to be known, equations (18), (19), (20) and (21) can be solved simul-
taneously to obtain  and k: 

2

3

S
S  (22) 

 1 4

i

S S
k

W
   (23) 

In order to obtain the static factor of safety, the  strength parameters of the material along 
the slip surface must be reduced by a known factor of safety, and the critical acceleration 
computed. The value of the factor which gives zero critical acceleration is the factor of safety 
which obtains without the earthquake forces.  
For further details the reader can refer to the original work [15]. 

5 PERMANENT DISPLACEMENTS OF REINFORCED SLOPES UNDER 
EARTHQUAKE SHAKING  

In order to reduce damages, due to activation of landslides during seismic events, a per-
formance based design approach is proposed, by applying Newmark’s sliding block method 
[11]. The model involves critical accelerations related to the unreinforced and stabilized 
slopes computed through limit equilibrium analysis proposed in the previous paragraphs. This 
procedure is able to estimate how the increase in global resisting force due to slope stabilizing 
piles can increase the seismic performance of the slope in terms of cumulative displacements.  

5.1 Parametric study 

Slope stability analyses in plane strain conditions through conventional methods, as the 
global limit equilibrium, have been performed for three homogeneous slopes in fined grained 
soils and undrained conditions (cohesive soils). This hypothesis is certainly acceptable when 
dealing with the seismic performance of slopes in fined grained soils, as done in the present 
paper. It follows that safety is increased by considering the presence of different pile layouts 
for each critical sliding surface. In addition, the increase in global resisting force is beneficial 
under seismic shaking, as a higher magnitude of driving force (that is, a larger value of accel-
eration) is required to generate displacements. 
The Sarma's limit equilibrium method [15], as upon modified for piled slopes, has been im-
plemented in Matlab code and used for direct calculation of critical seismic coefficient (kc) 
and to determine the factor of safety (FS): the soil is assumed to follow the Tresca failure cri-
terion and slice interfaces are vertical. Assuming undrained shear strength su=36, 42, 50 kPa, 
slope height H=10, 12.5, 15 m and slope angle = 63°, 55°, 50° (respectively slope n°1, slope 
n°2 and slope n°3), critical slip surfaces for each slope are reported in Figure 4. These critical 
slip surfaces are characterized by the minimum safety of factor (FS=1.02, 1.04, 1.05), associ-
ated with the minimum critical acceleration (kc=0.020, 0.017, 0.035). 

In order to improve the stability of such precarious slopes, a row of stabilizing piles is em-
bedded within landslides body. Following the general procedure suggested by Kourkoulis [8], 
the total shear force needed to increase stability is evaluated by imposing desired value of 
safety factors. Figure 5 shows the optimum pile configurations providing the required resist-
ing force for each slopes: different layouts are obtained varying pile-to-pile distance (s). 
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Figure 4: Case studies: unreinforced slopes 

Table 1: Slopes features 
s/d d (m) s (m) FS kc Tpile(kN/m) My(kNm)

S
L

O
P

E
 1

 CONF. 1 3 0.8 2.4 1.304 0.1835 134.8 577.2 

CONF. 2 4 0.8 3.2 1.248 0.1563 112.3 769.0 

CONF. 3 5 0.8 4 1.197 0.1291 89.9 769.0 

UNREINFORCED 0 0 0 1.027 0.0204 0.0 0.0 

S
L

O
P

E
 2

 CONF. 1 2.5 0.8 2 1.302 0.1641 212.2 749.0 

CONF. 2 3 0.8 2.4 1.252 0.1423 180.7 805. 8 

CONF. 3 4 0.8 3.2 1.203 0.1195 147.6 1049.0 

UNREINFORCED 0 0 0 1.040 0.0179 0.0 0.0 

S
L

O
P

E
 3

 CONF. 1 2.5 0.8 2 1.301 0.1598 288.0 518.8 

CONF. 2 3 0.8 2.4 1.250 0.1382 238.0 769.0 

CONF. 3 4 0.8 3.2 1.200 0.1151 184.4 913.8 

UNREINFORCED 0 0 0 1.054 0.0356 0.0 0.0 

Figure 5: Case studies: piled slopes 
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In Table 1 the yield moment My is defined by conventional formulae for cylindrical concrete 
piles whereas shear forces of each pile (Tpile) referring to the above pile modes of failure in 
order to verify desired value of safety factors (FS= 1.20, 1.25, 1.30). The Sarma method, 
modified adding the resisting force due to piles, leads to evaluation of kc and FS on piled 
slopes related to the previous critical slip surfaces of Figure 4.  

5.2 Results 

A total of 30 earthquake strong-motion records selected from different databases [18-20] 
are plotted in Figure 6: the parts of the record exceeding the critical acceleration are integrated 
to obtain the relative velocity-time history of the block and then cumulative relative displace-
ments of the landslide block. Peak accelerations were scaled to values of amax=0.25g. 

Table 2: Seismic database. 

N° Event Station PGA 
(g) 

N° Event Station PGA 
(g) 

1 Chi Chi, 1999 TCU045 0.361 16 Bingol, 2003 007142xa 0.515 

2 Friuli, 1976 ATMZ270 0.315 17 Avej, 2002 007718xa 0.446 

3 Irpinia, 1980 ASTU270 0.320 18 South Iceland, 2000 006349xa 0.744 

4 Irpinia, 1980 ABAG 270 0.189 19 South Iceland, 2000 004674xa 0.318 

5 Izmit, 1999 001231xa 0.161 20 Duzce, 1999 006500xa 0.496 

6 Izmit, 1999 GBZ000 0.244 21 Oelfus, 1998 004992xa 0.145 

7 Loma Prieta, 1989 CYC285 0.484 22 Mt. Hengill area, 1998 005079XA 0.173 

8 Tabas, 1978 000182xa 0.338 23 Kozani, 1995 006115xa 0.208 

9 Ardal, 1977 000158xa 0.908 24 Firuzabad, 1994 007156xa 0.310 

10 Montenegro, 1979 000198xa 0.181 25 Spitak, 1988 000465xa 0.202 

11 Hollister,1961 USGS 1028   0.484 26 Etolia, 1988 000428xa 0.166 

12 Montenegro, 1979 000200xa 0.224 27 SE_Tirana, 1988 003802xa 0.113 

13 Northridge, 1994 24278 090 0.568 28 Umbria Marche, 1997  ENCB090 0.383 

14 Olfus, 2008 013006xa 0.665 29 Umbria Marche, 1997  IBCT090 0.162 

15 Olfus, 2008 013010xa 0.536 30 Trinidad, 1983 CDMG 1498 0.194 

Critical accelerations (kc), reported in Table1, have been estimated by iteratively performing a 
pseudo-static analysis to determine the yield factor of safety in slope equilibrium Sarma 
method. The significant reduction of displacements due to piles used to stabilize landslides 
can be judged in Figure 7, where the permanent displacements evaluated with the Newmark 
analyses using the Tolmezzo earthquake (ATMZ270) are reported for three unreinforced 
slopes (red lines) and for the same piled slopes.  
It is worth to note that displacements in the piled slopes are significantly lower, than the ones 
in the unreinforced slopes. The reductions is ranging between 99 to 93% in the first slope 
(subjected to maximum displacement of 40cm in unreinforced slope), a reduction of 98 to 
91% in the second slope (subjected to maximum displacement of 43cm in unreinforced slope) 
and a reduction of 97 to 83% in the third slope (subjected to maximum displacement of 27cm 
in unreinforced slope). 
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Figure 6: Time histories used in the analyses 
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Figure 7: Newmark analyses (ATMZ270 earthquake) 

Newmark analyses were carried out for the whole database of Figure 6 in order to evaluate 
the reduction of dynamic displacements on unreinforced and stabilized slopes.  
The results are shown in Figure 8 where seismic permanent displacements are plotted in func-
tion of the static safety factors (FS): on the left hand displacements of unreinforced precarious 
slopes whereas, on the right, displacements of piled slopes. 
It is evident that the effect of piles stabilization can be evaluated in terms of reduction of 
seismic induced displacements more than in terms of increment of a conventional seismic 
safety factor. 

Figure 8: Effects of stabilization by piles in terms of seismic displacements and safety factors  

6 CONCLUSIONS 

In the present work a simple methodology has been proposed for evaluating the permanent 
displacements of slopes reinforced by piles under earthquake shaking. After evaluating the 
ultimate load of pile stabilizing slope under static regime (in the application this was done by 
means of Viggiani [4] method in undrained conditions), the procedure extends the well-
known Sarma [15] method, by adding in the equilibrium equations the contribution of the pile, 
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to obtain the critical acceleration. A classical Newmark method was then employed for the 
estimation of permanent displacements under different earthquake time-histories. By making 
use of this procedure, a parametric study has been conducted to evaluate the ability of statical-
ly-designed piles in reducing earthquake-induced permanent displacement of slopes. The 
study shows that when piles are designed to increase the safety factor in static regime up to 
typical values (i.e., designed according to classical capacity-based concepts) they can reduce 
drastically the seismic displacements. It is fair to mention that this study presents different 
limitations due to the simplifying hypotheses adopted. Therefore, while the work highlights 
interesting trends, the generalization of these results requires caution and will be investigated 
in future research. 
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Abstract. Dynamic effects on shallow circular tunnels in soft ground have often been ne-
glected based on the assumption that their response to earthquakes loading is relatively safe 
as compared to that of surface structures. Nevertheless, several example of recorded damage 
to underground structures for which seismic forces were not considered in the design can be 
quoted. In some cases, damage was associated with strong ground shaking and site amplifica-
tion, which increased the stress level in the tunnel lining. Ovaling or racking deformations 
are mostly due to shear waves propagating perpendicularly to the tunnel axis, resulting in a 
distortion of the cross-section of the structure, while axial compression and extension, or lon-
gitudinal bending are due to shear waves propagating parallel or obliquely to the tunnel axis. 
Pseudo-static and simplified dynamic analyses enable to assess transient changes in internal 
forces during shaking. In the simplified methods, a tunnel structure is generally designed by 
imposing a displacement field to its boundary, as obtained from a site seismic response under 
free field conditions, and calculating the forces in the lining in an uncoupled manner. Axial 
and bending deformations are generated by the components of the seismic waves producing 
particle motion parallel or perpendicular to the longitudinal axis of the tunnel, respectively. 
Nevertheless, experimental evidences of permanent changes in internal loads in the tunnel 
lining would suggest that a full three-dimensional dynamic analysis including plastic soil be-
havior should be performed when modelling the dynamic interaction between the tunnel and 
the ground. In the paper three-dimensional numerical analyses were performed to simulate 
the response of circular tunnels subjected to different seismic loads acting in the transversal 
and in the longitudinal direction of the tunnel axis. The main purpose of this study was to 
provide a three-dimensional numerical model, which would allow the tunnel lining behavior 
and the displacement field surrounding the tunnel to be evaluated for different directions of 
seismic wave propagation. 
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1 INTRODUCTION 

Tunnels and underground structures are fully embedded in the ground, hence during earth-
quake they usually tend to move following the surrounding ground, without experiencing 
strong inertial loading, due to their limited mass. For such a reason the seismic design of tun-
nels generally does not create much concern, in comparison to that of the aboveground struc-
tures.  

Despite this fact, some tunnels suffered severe damage in past and recent earthquakes [1, 
2]. In most cases damages were caused by ground failure or liquefaction, but sometimes dam-
age has occurred also associated with strong ground shaking, possibly amplified by local site 
conditions: when the stress level exceeded the concrete tensile strength, the tunnel lining 
cracked locally [2, 3, 4]. 

The change of internal forces in a tunnel lining during earthquakes can be calculated fol-
lowing several approaches [e.g. 3, 5]. As a general rule, the level of complexity of calculation 
must be consistent with the level of detail of the ground investigations and definition of seis-
mic actions. Existing guidelines suggest pseudo-static or uncoupled dynamic analyses for pre-
liminary design stages [e.g. 6, 7], to assess transient changes of internal forces during shaking. 
It is worth noticing that both experimental and numerical evidences of permanent changes of 
internal loads in the tunnel lining [8, 4] suggest a full dynamic analysis to be performed to 
achieve the most reliable seismic design of such underground structures, including soil-
structure interaction and plastic soil behaviour. 

In addition, full dynamic analyses can be carried out to model the complete three-
dimensional geometry of the tunnel undergoing seismic waves of any direction. The existing 
works that analyze the soil-structure interaction of tunnels in 3D conditions and considering 
the inelastic behavior of soil are very few [9, 10]. 

In this paper three-dimensional Finite Element analyses were performed to simulate the re-
sponse of a circular tunnel both in the transversal section and along the tunnel axis. The non-
linear and irreversible soil behavior was modelled through an elasto-plastic strain hardening 
model with small strain overlay [11]. The effect of a stratigraphic discontinuity, simulated 
through a sudden change of ground stiffness, was also taken into account. 

The purpose of the study is that of providing an insight on the three-dimensional interac-
tion between the tunnel lining behavior and ground surrounding the tunnel, when subjected to 
different directions of seismic wave propagation and in presence of a singularity in the ground 
layering, as often occur in practice. 

2 NUMERICAL ANALYSES 

2.1 3D Models 

To study the tunnel behavior under the effect of seismic shaking in transversal and longitu-
dinal directions, different 3D geometrical configurations have been analyzed in this work 
through Plaxis 3D ([12]). For all of them a tunnel with a 6.0 m internal diameter of and lining 
thickness of 0.30 m has been modelled at a depth of 12.0 m (crown level) in a homogenous 
sand layer of 23.2 m (Figure 1). A 3D model (T in Figure 1) was made to be shaken in the 
transversal direction (x-axis), two models (Model L1 and Model L2 in Figure 1) were shaken 
in longitudinal direction (y-axis). Model sizes are shown in the figure. 

The tunnel lining is modelled with volume elements (E = 36.6*106 kN/m) with a normally 
rough interface (RINT = 0.7); moreover to reduce boundary effects, two rings 1.5 m long with 
lower stiffness (E = 36.6*105 kN/m) are placed at the tunnel ends. A Rayleigh damping has 
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been assigned to the lining (Rayleigh = 0.4245, Rayleigh = 2.448*10-3). This corresponds to an 
average damping ratio of 5% in the range of frequency of interest. 

To reduce the boundary effects in the dynamic analysis, in the model T viscous dashpots 
were applied on the (y – z) vertical sides, while normal displacements were restrained to zero 
on the (x – z) vertical sides and the (x – y) bottom. Conversely, the longitudinal models have 
viscous boundaries on the (x – z) vertical sides and restrained displacements on the (y – z) 
vertical sides and the (x – y) bottom.  

Model L2 is characterized by the presence of a sudden change of ground conditions along 
the tunnel aimed to model the effect of a large contrast of soil dynamic impedance on the lin-
ing forces. 

Figure 1: Models T, L1 and L2 

2.2 Materials 

The sand was modeled using the Hardening Soil small strain model ([11]). The calibration 
of the model mechanical parameters was performed by using the results of laboratory volume 
element tests (triaxial and torsional shear tests, [13]) and by back analyzing the available cen-
trifuge tests, as discussed in [14]. The stiff ground was modeled by simply amplifying 10 
times sand stiffness without changing the other parameters. In Table 1, the main significant 
model parameters are shown. 
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Table 1: Soil parameters. 

HS-ss parameters dense sand stiff ground 

d (kN/m3)  15.2 15.2

E50,ref (MPa)  18.6 186

Eoed,ref (MPa)  20.5 205

Eur,ref (MPa)  62.16 621.6

ur (‐) 0.2 0.2
m (‐)  0.4 0.4

G0,ref (MPa)  72.7 727

0.7 (10‐4)  5.8*10-4 5.8*10-4 

cut‐off (10‐4)  10.1*10-5 10.1*10-5 

PK (°)  38.6 38.6

PK (°)  8.2 8.2
c' (kPa)  0.01 0.01

Rayleigh  0.2010 0.2010

Rayleigh  0.4547*10-3 0.4547*10-3 

2.3 Input 

Input signals are applied as acceleration time histories at the bottom of the model, in x- and 
y-direction respectively in the transversal (T) and longitudinal (L1, L2) models. 

Several natural input signals extracted from the Italian database SISMA ([15]), with differ-
ent frequency content, each scaled to different values of amax were used in the analyses. In this 
paper only the results for the input signal ENCB090 are reported. In Figure 2 the acceleration 
time histories and Fourier spectra of this signal, scaled to 0.13g, are shown. 

Figure 2: Input ENCB090 (scaled to 0.13 g) 
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3 RESULTS 

In Figure 3 the acceleration time histories calculated at the ground surface in the three 
models are shown (ax for model T and ay for model L1 and L2). The comparison between the 
models T and L1 in the same node D (see Figure 1) is good, indicating that the free-field re-
sponse was well achieved. In model L2, the response of the same node (named E in Figure 1) 
is slightly different, possibly indicating the effect of reflected waves due to the presence of the 
abrupt change of stiffness in the vicinity. 

Figure 3: Acceleration at ground surface (ENCB090 scaled to 0.13 g) 

The changes of hoop forces and bending moments in the transverse section of the model T 
shown in Figure 1 (N2 and M22 respectively) are plotted along the angle  at 5s and 10s during 
the earthquake in Figure 4. Similar plot are shown for the same section of model L1 in Figure 
5. Although in the latter case the input signal is applied in longitudinal direction, the change
of internal forces in the transverse section, although small, is comparable to the corresponding 
change calculated for model T, where the input signal is applied in the transverse direction. 

In Figure 6 and 7 the change of axial force N1 and longitudinal bending moment M11 along 
the crown and the invert generatrix of the tunnel lining are shown (at 5s and 10s) for the two 
model L1 and L2. 

An important boundary effect can be observed in the results up to about 50 m from the 
boundary. Therefore the calculated forces are realistic only in the central part of the mesh, that 
is between 50m and 150m, where the results at the crown and at the invert are quite similar. 
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Figure 4: Model T: forces in the lining due to ENCB090 scaled to 0.13 g 

Figure 5: Model L1: forces in the lining due to ENCB090 scaled to 0.13 g 
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Figure 6: Model L1: forces in the longitudinal direction of lining due to ENCB090 scaled to 0.13 g 

Figure 7: Model L2: forces in the longitudinal direction of lining due to ENCB090 scaled to 0.13 g 
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Figure 8: Model L2: forces in the longitudinal direction of lining due to ENCB090 scaled to 0.35 g 

In Figure 7 an effect of the change of stiffness is evident both in the distribution of axial 
forces and of bending moments. Bending moments are smaller within the stiff ground and 
larger in the sand. Change of axial forces produce locally both compression (negative values) 
and extension (positive values) in the lining. Large extension may develop in a critical section. 
This is close to the section of discontinuity of the ground stiffness, but does not coincide nec-
essarily with it. 

In Figure 8 similar distribution of axial forces and bending moments for the model L2 are 
shown for an acceleration time history scaled to 0.35g. The same effects observed in Figure 7 
are here enhanced by the larger amplitude of ground motion. 

4 CONCLUSIONS  

In the paper the results of a series of finite element numerical analyses performed in 3D 
conditions are shown, aimed at modelling the seismic behavior of tunnel when subjected to 
different directions of seismic wave propagation. An elasto-plastic strain hardening model 
accounting for small strain stiffness was used to investigate the effects of the non-linear and 
irreversible behavior of ground. The ground conditions were also changed to include a discon-
tinuity of ground stiffness, thus investigating the local effects on the internal forces arising in 
the tunnel lining. 

The following remarks can be drawn: 

 the larger change of internal forces, both in longitudinal and transverse direction
occurs during the initial part of the seismic event;
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 both compression and extension develop along the tunnel lining due to the longitu-
dinal component of the seismic waves;

 plastic deformations develop during shaking: these are associated with irreversible
accumulation of forces in the tunnel lining; they cannot be evaluated by using the
simplified formulations that account only for transient effects due to wave passage;

 due to a stratigraphic discontinuity involving a high contrast of ground stiffness the
seismic change of internal forces in the tunnel lining tend to concentrate locally;
hence, large extension may develop in a critical section, which does not coincide
necessarily with the section of discontinuity of the ground stiffness.

The obtained results are affected by a few simplifications. Among them it is worth noticing 
that: i) the primary stress state around the tunnel does not take into account the stress modifi-
cation due to tunnel construction; ii) the influence on the results of the behavior at the inter-
face between the lining and the ground has been not completely investigated. Further analyses 
are currently ongoing to overcome such limitations. 
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Abstract. The dynamic equation of motion of a SDOF system with a nonlinear elastic hard-

ening spring, a SDOF system with a nonlinear elastic softening spring and a SDOF system 

with a nonlinear elastic-plastic spring is integrated numerically using a family of linear gen-

eralized single step-single solve algorithms. For this purpose, these algorithms are extended 

by using a Newton-Raphson type iterative procedure in each time step to ensure dynamic 

equilibrium. After a literature review of the available time integration schemes used for non-

linear problems, the linear family of algorithms is presented along with several common time 

integration algorithms as special cases of the generalized algorithm. An explicit flowchart is 

given showing the integration procedure used in the present study. The modified algorithm is 

applied to the aforementioned three types of SDOF systems and results concerning phase por-

traits, (relative) energy decrease, iterations needed for equilibrium and internal force - dis-

placement curves are presented. It is shown that the algorithms with optimal numerical 

dissipation and dispersion perform in general better than others, and that from the algorithms 

with optimal numerical dissipation and dispersion, only the one with zero-displacement and 

zero-velocity overshooting behavior can capture efficiently the elastoplastic dynamic re-

sponse. 
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1 INTRODUCTION 

The dynamic analysis of engineering structures under dynamic loading (earthquake, impact, 

etc.) with the finite element method results in a set of ordinary differential equations as fol-

lows: 

   , Mu p u u f t (1) 

where M is the mass matrix, p is the internal force vector, which is in general a nonlinear 

function of the displacements u  and velocities u  and is equal to the sum of the forces in the 

structure due to stiffness and damping, and f is the external force vector which is a function of 

time t. In the case of a linear elastic structure with viscous damping  ,p u u  is equal to:

 ,  p u u Ku Cu (2) 

where K  is the stiffness matrix and C  is the damping matrix, both of them independent of 

the displacement and velocity. Linear equations of dynamic equilibrium of the form of (1) in 

which  ,p u u  is given by (2) can be solved using various superposition methods in the time

or frequency domain, which greatly simplify the problem. However, in dynamic analysis of 

nonlinear response, superposition cannot be used and one has to resort to step-by-step meth-

ods. 

Direct time integration (or time stepping, or step by step) methods are a widely used ap-

proach to solve dynamic linear or nonlinear response analysis problems. In these methods the 

equilibrium relations are satisfied at discrete time points (or steps) of the loading and the re-

sponse history. The response during each step is calculated from the displacement and veloci-

ty at the beginning of the step and from the history of loading during the step. Thus the 

response for each step is an independent analysis problem. 

The most common characteristics of integration schemes are the following: 

 Stability. An integration scheme is said to be stable if the numerical solution, under

any initial conditions, does not grow without bound. An algorithm is unconditionally

stable for linear problems if the convergence of the solution is independent of the size

of the time step.

 Convergence. An integration scheme is convergent if the numerical solution ap-

proaches the exact solution as the size of the time step tends to zero.

 Accuracy. Two numerical errors are associated with the accuracy of any algorithm: (a)

numerical dispersion (often expressed in terms of period elongation) and (b) numerical

dissipation (often expressed in terms of either the amplitude decay or the algorithmic

damping ratio).

 Algorithmic dissipation. It is a kind of filtering of the higher frequency oscillations,

necessary to eliminate the spurious high frequency modes inherent in a finite element

mesh.

 Self-starting. This type of algorithms requires data from two time steps to proceed the

solution. If data from more than two time steps are needed, the algorithm must be im-

plemented with a starting procedure.

 Overshooting. It is the tendency of an algorithm to exceed heavily the exact solution in

the first few time steps, but eventually to converge to the exact solution.
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Taking into account the above characteristics, a time integration scheme should have the fol-

lowing desirable features [1]: 

 Unconditional stability.

 At least second-order accuracy in time.

 No more than zero-order displacement and velocity overshooting behavior with minimal

numerical dissipation and dispersion.

 Self-starting features with no more than one set of single-field system of implicit equa-

tions to be solved at each time step to include ease of implementation and computational

simplicity.

Regarding linear dynamic response, accuracy is the main concern, since many time integra-

tion algorithms are unconditionally stable. However, algorithms which are unconditionally 

stable for linear dynamics, often lose this stability for nonlinear dynamics, and therefore nu-

merical stability is of primary interest in such cases. 

In this study, after a concise literature review about the numerical direct time integration 

algorithms applicable to the dynamic equilibrium equations of structural analysis of the form 

(1), a general single step linear integration group of algorithms is presented, which incorpo-

rates many well-known algorithms, and which is modified to account for nonlinear response, 

by introducing a Newton-Raphson iterative procedure at each time step. Afterwards, the mod-

ified algorithm is applied to known nonlinear dynamic analysis example problems and the re-

sults are studied. Apart from its robustness in solving nonlinear problems, it is proved that the 

algorithm can be designed to cope with cases with any degree of nonlinearity. 

2 LITERATURE REVIEW 

The simplest direct time integration method for dynamic analysis is the piecewise exact 

method in which the equation of motion is solved exactly for linear loading during each time 

step, in which it is assumed that the actual loading history has constant slope [2]. Although 

the equation of motion is solved rigorously during each time step, the linear interpolation of 

the excitation function introduces some error into the calculated response; this can be elimi-

nated either by reducing the length of the time step, or adjusting the latter so that the intro-

duced loading history fits best the actual one. 

The numerical direct time integration methods can be classified as either explicit or implic-

it. An explicit scheme is one in which the response values for the next step are calculated only 

from quantities belonging to the current step. On the other hand, an implicit scheme is one in 

which the expressions giving the values for the next step include one or more values of the 

next step, and therefore successive iterations are needed to arrive to the solution for the next 

step. Implicit methods lead in general to increased computational effort, although it is possi-

ble for some of them to be converted into an explicit formulation. Algorithms that require two 

or more implicit systems to be solved at each time step have improved properties [3], but they 

require twice or more the computational effort of simpler methods. 

Another classification that can be made is according to the formulation used to ensure conser-

vation (or decay) of energy within a time step which is a sufficient condition for algorithmic 

stability [4]. This energy criterion is summarized in the following inequality: 

   1 1    n n n n extU K U K W (3) 

where Un+1 and Un represent the strain energy at the end and at the beginning of the time step 

respectively, Kn+1 and Kn are the corresponding kinetic energies and Wext represents the work 
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done by external forces within the time step. This classification results in the following three 

categories of algorithms which satisfy inequality (3): 

 Algorithms which employ numerical dissipation.

 Algorithms extending others by using constraints of energy conservation imposed via

Lagrange multipliers (Constraint Energy Method), the first of which was presented in [5].

 Algorithms which enforce energy conservation algorithmically such as the energy-

momentum method presented in [6]. In the absence of external loading these algorithms

are designed to obey the following laws:

0, 0, 0    
tot

t t tdL dJ dE

dt dt dt
 (4) 

where Lt is the linear momentum, Jt is the angular momentum and tot

tE  is the total energy. 

Combinations of algorithms of different categories from the above have also been made. The 

Constraint Energy Momentum Algorithm developed in [7] combines numerical dissipation 

algorithms and enforced energy conservation algorithms, whereas combinations of numerical 

dissipation algorithms and algorithms which ensure energy conservation algorithmically are 

presented in [4,11]. 

Another alternative for more accurate and stable time integration algorithms is the concept 

of composition, namely the combination of two or more algorithms which gives other compo-

site algorithms which are more efficient. Each time step is divided into two or more substeps, 

at which different independent integration schemes are applied. Equilibrium is satisfied at 

each time substep. The final solution depends on the algorithms used as well as on the way of 

partition of the time steps. The most representative method is presented in [8], whereas a clas-

sification of these methods is presented in [9]. 

An additional method to solve time dependent problems is the Whole Element Method 

(WEM) in which time is incorporated along with the other spatial variables into a direct varia-

tional method. Therefore, the initial condition problem can be converted into a boundary val-

ue problem, containing both spatial and temporal variables. This method is outlined in [10]. 

3 MODIFIED NONLINEAR TIME INTEGRATION ALGORITHM 

3.1 The linear generalized single step single solve algorithm 

The equation of motion of a Single Degree of Freedom (SDOF) linear structure is given by 

the combination of the SDOF counterparts of (1) and (2): 

         Mu t Cu t Ku t f t (5) 

with initial conditions: 

   0 00 , 0  u u u u (6) 

Equation (5) can be applied to MDOF structures, given that the latter can be decomposed into 

a finite number of SDOF structures using various superposition methods. In [1] it is shown 

that the Dahlquist theorem holds not only for the linear multistep methods (LMS), but also for 

the general single step single solve (GSSSS) time integration algorithms, which are spectrally 

identical to the former. This theorem states that a GSSSS algorithm which is unconditionally 

stable, can be at most second order accurate. 

Equation (5) can be represented as a time weighted residual as follows: 
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where the weighted time field is assumed to be of the form 
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and the load vector is expanded to first order via a Taylor series: 
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The updates of displacement and velocity are given by the relations: 

 2 2

1 1 2 3 1          n n n n n nu u u t u t u u t (14) 

 1 4 5 1       n n n n nu u u t u u t (15) 

The update of acceleration is given by substitution of equations (8) to (15) into (7) as follows: 
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where the constants Wi are given by: 
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(17) 

There are 12 independent integration constants that are needed in order to apply the equations 

(16), (14) and (15) to proceed to the next step: W1, W1Λ1, W2Λ2, W3Λ3, W1Λ4, W2Λ5, W1Λ6, 

λ1, λ2, λ3, λ4, λ5. Each set of these parameters defines the algorithm uniquely, and can be con-

sidered in some way as the algorithm’s signature. Many known time integration algorithms, 
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which will be presented later, result from suitable selection of these parameters. In [1], the 

integration parameters are calculated by imposing several different constraints to the algo-

rithm, regarding order of accuracy, overshooting behavior (in terms of displacement and ve-

locity orders), spurious roots at the high and low frequency limits, dissipation and dispersion 

properties, bifurcation of the principal roots, etc, which results in the derivation of 9 different 

algorithms belonging to the above family. In this study, W1 is calculated directly from (17), 

after specifying the parameters w1, w2, w3. 

3.2 Design of the linear generalized single step single solve algorithm – special cases 

An algorithm is termed to have the property of continuous acceleration, if the acceleration 

1nu  calculated at t=tn satisfies the equation of motion (strong form) at t=tn. Otherwise, the 

algorithm is termed to have the property of discontinuous acceleration [1]. 

The procedure for designing the algorithm presented in the previous section to apply it to 

time integration problems (i.e. setting its 12 integration constants), is presented in [1]. The 

algorithms of the generalized single step family are the following: 

 Zero-order displacement, zero-order velocity, optimal numerical dissipation and disper-

sion (U0-V0-Opt)

 Zero-order displacement, zero-order velocity, continuous acceleration (U0-V0-CA)

 Zero-order displacement, zero-order velocity, discontinuous acceleration (U0-V0-DA)

 Zero-order displacement, first-order velocity, optimal numerical dissipation and disper-

sion (U0-V1-Opt)

 Zero-order displacement, first-order velocity, continuous acceleration (U0-V1-CA)

 Zero-order displacement, first-order velocity, discontinuous acceleration (U0-V1-DA)

 First-order displacement, zero-order velocity, optimal numerical dissipation and disper-

sion (U1-V0-Opt)

 First-order displacement, zero-order velocity, continuous acceleration (U1-V0-CA)

 First-order displacement, zero-order velocity, discontinuous acceleration (U1-V0-DA)

The values of the parameters are shown for various well-known integration schemes in tables. 

In Table 1 the parameters of the central difference method, the average constant acceleration 

method [12], the linear acceleration method [12], the Fox-Goodwin formula [14], the back-

ward acceleration method [13] and the general family of Newmark methods [12]. In Table 2 

the parameters of the zero-order displacement and zero-order velocity overshooting algo-

rithms are presented [1]. In order to evaluate the integration constants, the quantity inf , 

which is the minimum absolute value of the principal roots of the amplification matrix at the 

high-frequency limit, has to be first assigned a desired value, which must lie in the range giv-

en at the appropriate row of the table. If 
inf 1  , the resulting algorithm is non-dissipative. In 

Table 3 the parameters are given for the zero-order displacement, first-order velocity over-

shooting algorithms, presented in [1]. It has to be mentioned that the formulas presented in 

Table 3 correspond to three special cases of these zero-order displacement, first-order velocity 

overshooting algorithms, namely the generalized a-method, the HHT-a method and the WBZ 

a-method, presented in [15,16,17] respectively. Table 4 shows the parameters of the first-

order displacement and zero-order velocity overshooting algorithms. If 
inf 1  , the first-order 

displacement, zero-order velocity, optimal numerical dissipation and dispersion, the first- 
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Central 

Difference 

Method 

Average 

constant 

acceleration 

[12] 

Linear 

Acceleration 

Method [12] 

Fox-

Goodwin 

formula 

[14] 

Backward 

acceleration 

method 

[13] 

Family of 

Newmark 

Methods 

[12] 

w1 -15 -15 -15 -15 -15 -15 

w2 45 45 45 45 45 45 

w3 -35 -35 -35 -35 -35 -35 

W1Λ1 1 1 1 1 1 1 

W2Λ2 0 0.25  1/6  1/12 0.5 β 

W3Λ3 0 0.25  1/6  1/12 0.5 β 

W1Λ4 0.5 0.5 0.5 0.5 0.5 γ 

W2Λ5 0.5 0.5 0.5 0.5 0.5 γ 

W1Λ6 1 1 1 1 1 1 

λ1 1 1 1 1 1 1 

λ2 0.5 0.5 0.5 0.5 0.5 0.5 

λ3 0 0.25  1/6  1/12 0.5 β 

λ4 1 1 1 1 1 1 

λ5 0.5 0.5 0.5 0.5 0.5 γ 

Table 1: Integration parameters for various known time integration schemes. 

U0-V0-Opt U0-V0-CA U0-V0-DA 

ρinf [0    1]  [1/3    1] [0    1] 

w1  -15(1-2ρinf)/(1-4ρinf)  -15(1-5ρinf)/(3-7ρinf) -15 

w2  15(3-4ρinf)/(1-4ρinf)  15(1-13ρinf)/(3-7ρinf) 45 

w3  -35(1-ρinf)/(1-4ρinf)  140ρinf/(3-7ρinf) -35 

W1Λ1  1/(1+ρinf)  (1+3ρinf)/2/(1+ρinf) 1 

W2Λ2  1/2/(1+ρinf)  (1+3ρinf)/4/(1+ρinf)  1/2 

W3Λ3  1/2/(1+ρinf)^2  (1+3ρinf)/4/(1+ρinf)^2  1/2/(1+ρinf) 

W1Λ4  1/(1+ρinf)  (1+3ρinf)/2/(1+ρinf) 1 

W2Λ5  1/(1+ρinf)^2  (1+3ρinf)/2/(1+ρinf)^2  1/(1+ρinf) 

W1Λ6  (3-ρinf)/2/(1+ρinf) 1  (3+ρinf)/2/(1+ρinf) 

λ1 1 1 1 

λ2 1/2  1/2  1/2 

λ3  1/2/(1+ρinf)  1/2/(1+ρinf)  1/2/(1+ρinf) 

λ4 1 1 1 

λ5  1/(1+ρinf);  1/(1+ρinf)  1/(1+ρinf) 

Table 2: Integration parameters for zero-order displacement, zero order velocity overshooting algorithms. 
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U0-V1-Opt [15] U0-V1-CA [16] U0-V1-DA [17] 

ρinf [0    1] [1/2    1] [0     1] 

w1  -15(1-2ρinf)/(1-4ρinf)  -15(1-2ρinf)/(2-3ρinf) -15 

w2  15(3-4ρinf)/(1-4ρinf)  15(2-5ρinf)/(2-3ρinf) 45 

w3  -35(1-ρinf)/(1-4ρinf)  -35(1-3ρinf)/2/(2-3ρinf) -35 

W1Λ1  1/(1+ρinf)  2ρinf/(1+ρinf) 1 

W2Λ2  1/2/(1+ρinf)  ρinf/(1+ρinf)  1/2 

W3Λ3  1/(1+ρinf)^3  2ρinf/(1+ρinf)^3  1/(1+ρinf)^2 

W1Λ4  1/(1+ρinf)  2ρinf/(1+ρinf) 1 

W2Λ5  (3-ρinf)/2/(1+ρinf)^2  ρinf(3-ρinf)/(1+ρinf)^2  (3-ρinf)/2/(1+ρinf) 

W1Λ6  (2-ρinf)/(1+ρinf) 1  2/(1+ρinf) 

λ1 1 1 1 

λ2  1/2  1/2  1/2 

λ3  1/(1+ρinf)^2  1/(1+ρinf)^2  1/(1+ρinf)^2 

λ4 1 1 1 

λ5  (3-ρinf)/2/(1+ρinf)  (3-ρinf)/2/(1+ρinf)  (3-ρinf)/2/(1+ρinf) 

Table 3: Integration parameters for zero-order displacement, first order velocity overshooting algorithms. 

U1-V0-Opt U1-V0-CA U1-V0-DA 

ρinf [0     1] [1/2     1] [0     1] 

w1 
 -30(3-8ρinf+6ρinf^2) / 

(9-22ρinf+19ρinf^2) 

 -60(2-8ρinf+7ρinf^2) / 

(11-48ρinf+41ρinf^2) 
 -30(3-4ρinf)/(9-11ρinf) 

w2 
 15(25-74ρinf+53ρinf^2) 

/ 2 / (9-22ρinf+19ρinf^2) 

 15(37-

140ρinf+127ρinf^2) / 2 / 

(11-48ρinf+41ρinf^2) 

 15(25-37ρinf)/2/(9-

11ρinf) 

w3 
 -35(3-10ρinf+7ρinf^2) / 

(9-22ρinf+19ρinf^2) 

 -35(5-18ρinf+17ρinf^2) 

/ (11-48ρinf+41ρinf^2) 
 -35(3-5ρinf) / (9-11ρinf) 

W1Λ1  (3-ρinf)/2/(1+ρinf)  (1+3ρinf)/2/(1+ρinf)  (3+ρinf)/2/(1+ρinf) 

W2Λ2  1/(1+ρinf)^2  2ρinf/(1+ρinf)^2  1/(1+ρinf) 

W3Λ3  1/(1+ρinf)^3  2ρinf/(1+ρinf)^3  1/(1+ρinf)^2 

W1Λ4  (3-ρinf)/2/(1+ρinf)  (1+3ρinf)/2/(1+ρinf)  (3+ρinf)/2/(1+ρinf) 

W2Λ5  2/(1+ρinf)^3  4ρinf/(1+ρinf)^3  2/(1+ρinf)^2 

W1Λ6  (2-ρinf)/(1+ρinf) 1  2/(1+ρinf) 

λ1 1 1 1 

λ2  1/2  1/2  1/2 

λ3  1/2/(1+ρinf)  1/2/(1+ρinf)  1/(1+ρinf)^2 

λ4 1 1 1 

λ5  1/(1+ρinf)  1/(1+ρinf)  (3-ρinf)/2/(1+ρinf) 

Table 4: Integration parameters for first-order displacement, zero order velocity overshooting algorithms. 
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order displacement, zero-order velocity, continuous acceleration and the first-order displace-

ment, zero-order velocity, discontinuous acceleration algorithms recover, the first the mid-

point rule a-form algorithm, and the two last the Newmark average acceleration a-form algo-

rithm. 

3.3 Modification of the linear algorithm for nonlinear dynamic response 

In this section the generalized linear family of algorithms presented above is modified to 

account for materially nonlinear dynamic response. To proceed from the current step 

( , ,n n nu u u ) to the next time step ( 1 1 1, ,  n n nu u u ), the secant stiffness and damping matrices are 

needed, which in general depend on 1nu  and 1nu . Since the latter are unknown, the tangent 

stiffness and damping matrices are calculated and iterations are performed to arrive to a con-

verged solution. Convergence is attained via a Newton-Raphson iterative procedure. In some 

time integration algorithms, this iteration is avoided by using the initial tangent matrices in-

stead of updating them, even though this approximation is not correct in principle. 

The outline of the modified nonlinear time integration algorithm used in this study is 

shown in Figure 1. The given data are the mass, stiffness and damping properties of the SDOF 

oscillator and the imposed external force, denoted by , , ,M K C f  respectively. 

Before application of the algorithm, the necessary integration constants are calculated, as 

well as the maximum tolerance maxtol  and the maximum number of iterations until conver-

gence 
maxk . 

4 BENCHMARK PROBLEMS STUDIED 

4.1 Comparison of the different time integration schemes used 

In this section, 13 different time integration schemes presented in the Tables 1-4 are com-

pared through their application for solving a number of benchmark problems. The schemes 

compared are the average constant acceleration method [12], the linear acceleration method 

[12], the Fox-Goodwin formula [14], the backward acceleration method [13], the U0-V0-Opt, 

the U0-V0-CA, the U0-V0-DA, the U0-V1-Opt, the U0-V1-CA, the U0-V1-DA, the U1-V0-

Opt, the U1-V0-CA, and the U1-V0-DA algorithms. The last 9 integration schemes are pre-

sented in [1] and details about their notation can be seen in Tables 2-4. Two of the benchmark 

problems involve the time integration of the equation of motion of nonlinear SDOF dynamic 

systems which are unforced and undamped (no external excitation is applied to them and no 

damping forces exist during their oscillation respectively), and at the third benchmark prob-

lem a SDOF oscillator is harmonically excited by imposing an external force with a sinusoidal 

time history. The response of the SDOF spring in the last case is elastoplastic, with a linear 

elastic and a perfectly plastic branches, exhibiting an identical yield limit in both tension and 

compression. An efficient nonlinear time integration scheme should conserve total energy in 

the first two cases, since in the last case the energy is dissipated through hysteretic response of 

the oscillator spring (its force-displacement diagram forms a closed loop). Thus an appropri-

ate measure of the inaccuracy of the various time integration schemes employed can be the 

deviation of the total energy from its initial value: 

0

0




E E
e

E
(18) 

in which E and E0 are the current and initial total energy, respectively. 
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Three benchmark problems are solved with the various integration schemes developed in 

this study: the SDOF oscillator with hardening spring, the SDOF oscillator with softening 

spring and the elastoplastic oscillator. The two first of these examples were also studied in [18] 

for an assessment of the performance of various time integration schemes and in [19] for test-

ing the differential quadrature time integration scheme, which performed successfully. 

Initialize 
0 0,  n nu u u u

Find  0 0 0,K K u u ,  0 0 0,C C u u  and  0 0 0,p p u u  from (2)

Find  0 0 0u f p M   from (1) 

Set 0nK K , 
0nC C , 0np p , 

0nu u , 
0nu u , 

0nu u  

for 1: ( ) 1n length f   

Initialize iteration counter 1k  

Initialize convergence tolerance 
maxtol tol

Initial estimate of 1

1nu  at next time step ( 1n  ) and first iteration ( 1k  ), from (16) 

Update 1

1nu  and 1

1nu  according to (14) and (15) respectively. 

Find  1 1 1

1 1 1,  n n nK K u u ,  1 1 1

1 1 1,  n n nC C u u  and  1 1 1

1 1 1,  n n np p u u  from (2) 

while maxtol tol  &
maxk k  

Set 1

1 1



 k k

n nK K , 1

1 1



 k k

n nC C , 1

1 1



 k k

n np p , 1

1 1



 k k

n nu u , 1

1 1



 k k

n nu u , for the next

iteration 

Find 1

1





k

nu  from (16) 

Find the residual 1 1 1

1 1 1

 

   k k

n n nR u u  

Set da  equal to a very small quantity (infinitesimal variation of acceleration) 

Find 1 1

1 1

 

  k k

n ndu u da  

Find 1 1

1 1, 

 k k

n ndu du  from (14) and (15) respectively, using 1 1 1

1 1 1, , k

n n nu u du 

   

Find  1 1 1

1 1 1,  

  k k k

n n ndK K du du ,  1 1 1

1 1 1,  

  k k k

n n ndC C du du  and  1 1 1

1 1 1,  

  k k k

n n ndp p du du

from (2) 

Update 1

1





k

ndu  according to (16)

Find the residual 1 1 1

1 1 1

 

   k k

n n ndR du u  

Find
1 1

1 1

1 1

1 1

 

 



 






k k

n n

k

n n n

dR Rda
tol

u u R

Update  1 1 1

1 1 1

  

    k k k

n n n nu u tol u u

Update 1

1





k

nu  and 1

1





k

nu  according to (14) and (15) respectively 

Find  1 1 1

1 1 1,  

  k k k

n n nK K u u ,  1 1 1

1 1 1,  

  k k k

n n nC C u u  and  1 1 1

1 1 1,  

  k k k

n n np p u u  from (2) 

Update iteration counter 1 k k  

end 

Update 1

1



 k

n nK K , 1

1



 k

n nC C , 1

1



 k

n np p , 1

1



 k

n nu u , 1

1



 k

n nu u , 1

1



 k

n nu u  

end 

Figure 1: Flowchart of the modified algorithm used in this study. 
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4.2 SDOF oscillator with hardening spring 

The first benchmark problem studied is the SDOF oscillator with hardening spring, for 

which the equation of motion is: 

 2

1 21 0  u S u S u (19) 

This type of oscillator represents the well-known unforced and undamped Duffing oscillator. 

The system is conservative and its total energy is constant and given by analytical integration 

of (19): 

2 2 4

1 1 2

1 1 1

2 2 4
  E u S u S S u (20) 

In this example S1=100, S2=10 and the initial conditions are 
0 1.5u  and 0 0u . The time 

step used is Δt=0.005 and the duration of the dynamic analysis is equal to 200 time steps. The 

inf  parameter is selected to be equal to unity for all integration algorithms used. Concerning 

the Newton-Raphson iterative procedure used, the maximum convergence tolerance and the 

maximum number of iterations are max 0.01tol   and max 200k   respectively. 

4.3 SDOF oscillator with softening spring 

The second benchmark problem studied is the unforced and undamped SDOF oscillator 

with softening spring, for which the nonlinear dynamic equation of motion is: 

 tanh 0 u S u (21) 

The system is conservative and its total energy is constant and given by analytical integration 

of (21): 

  21
ln cosh

2
 E u S u (22) 

In this example S=100 and the initial conditions are 0 4u  and 0 0u . The time step used is 

Δt=0.05 and the duration of the dynamic analysis is equal to 200 time steps. The inf  parame-

ter is selected to be equal to unity for all integration algorithms used. Concerning the Newton-

Raphson iterative procedure used, the maximum convergence tolerance and the maximum 

number of iterations are max 0.01tol   and max 200k   respectively. 

4.4 SDOF oscillator with elastoplastic spring 

The third benchmark problem studied is the harmonically forced SDOF oscillator with 

elastoplastic spring, for which the initial conditions are 0 0u  and 0 0u . The time step used 

is Δt=0.005 and the duration of the dynamic analysis is equal to 800 time steps. The inf  pa-

rameter is selected to be equal to unity for all integration algorithms used. Concerning the 

Newton-Raphson iterative procedure used, the maximum convergence tolerance and the max-

imum number of iterations are max 0.01tol   and max 200k   respectively. As regards the elas-

toplastic behavior of the spring, the yield limit is assumed equal to 100 for both tension and 

compression and the modulus of elasticity in the linear elastic range is assumed to be equal to 

50.
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5 TIME INTEGRATION RESULTS 

5.1 Phase portraits 

The time integration results are presented in terms of phase portraits, which provide an 

overview of the evolution of the total energy of the oscillator. In each phase portrait, the oscil-

lation begins from the rightmost border of each diagram, and rotates clockwise around the 

maxima and minima of the displacement and velocity, thus inscribing an ellipse. Maximum 

kinetic energy in each cycle occurs at the upper and lower extrema, whereas maximum poten-

tial occurs at the left and right extrema. If the total energy of the oscillator remains constant, 

the ellipse is supposed to have a single line along its thickness. In the cases studied here, the 

total energy decreases gradually as the oscillation proceeds, resulting in decreasing kinetic 

and potential energy maxima and minima (in terms of absolute values), thus leading to ellip-

ses of lower area being inscribed into the initial one. The main reason for the energy decrease 

is that the convergence of the Newton-Raphson iterations occurs within a specified tolerance, 

if the solution is not accepted when maximum number of iterations is reached, and this error 

accumulates along time steps, leading eventually in large errors in the final response. Excep-

tion is the elastoplastic oscillator, in which energy is supposed to be dissipated due to the fact 

that its force – displacement diagram forms a closed loop as will be shown in later sections. 

The energy dissipation in each cycle is equal to the area of this loop. 

In Figure 2, phase portraits of the response of the SDOF oscillator with hardening spring 

are shown with the 13 different integration methods mentioned above. It is noted that in the 

cases of the U0-V1-Opt, the U0-V1-CA and the U0-V1-DA algorithms, their integration pa-

rameters have been selected so that they actually correspond to the generalized a-method (de-

noted by CH-a in the appropriate subplot title and referred in [15]), the HHT-a method 

(denoted by HHT-a in the appropriate subplot title and referred in [16]) and the Wood-

Bossak-Zienkiewicz method (denoted by WBZ-a in the appropriate subplot title and referred 

in [17]) respectively. It is clearly seen that the optimal numerical dissipation and dispersion 

methods (…-Opt) preserve the total energy much better that their corresponding continuous 

acceleration (…-CA) and discontinuous acceleration (…-DA) methods. 

In Figure 3, phase portraits of the response of the SDOF oscillator with softening spring 

are shown with the 13 different integration methods. Observations analogous to those of Fig-

ure 2 can be made, since the optimal numerical dissipation and dispersion methods (…-Opt) 

lead to a much lower total energy decrease compared to the other methods. The decrease of 

total energy is more pronounced for all the time integrators except for the optimal ones, in the 

case of the softening spring, for which it has to be mentioned that the time step is 10 times 

higher than the one used for the hardening spring. 

Finally, in Figure 4 the corresponding phase portraits are shown for the elastoplastic SDOF 

system. It is observed that except for the optimal numerical dissipation and dispersion algo-

rithm with zero displacement and velocity overshooting (U0-V0-Opt), the phase portrait of 

which can be easily observable, all the other algorithms exhibit numerical instabilities. This is 

clear in the cases of U0-V1-Opt (CH-a) and U1-V0-Opt algorithms. Furthermore, apart from 

the three aforementioned algorithms, in all the other cases the solution is observed to be in 

error from the start of the dynamic analysis; as the displacement increases towards the posi-

tive direction, the velocity becomes negative and decreases. Taking into account the initial 

conditions of the elastoplastic oscillator, where the initial displacement and the initial velocity 

are both zero, this is not possible. Therefore, it is actually shown that the U0-V0-Opt algo-

rithm performs best, compared to the others. 
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Figure 2: Phase portraits of the hardening spring d2u/dt2+100u(1+10u2)=0, (u)0=1.5, (du/dt)0=0, Δt=0.005, 

t=200Δt, ρinf=1, tolmax=0.01, kmax=200. 
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Figure 3: Phase portraits of the softening spring d2u/dt2+100tanh(u)=0, (u)0=4, (du/dt)0=0, Δt=0.05, t=200Δt, 

ρinf=1, tolmax=0.01, kmax=200. 
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Figure 4: Phase portraits of the harmonically excited elastoplastic SDOF system, (u)0=0, (du/dt)0=0, Δt= 0.005, 

t= 800Δt, ρinf=1, tolmax=0.01, kmax=200. 
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5.2 Energy variation 

The energy variation for the various numerical integrators is shown in Figure 5 for the os-

cillator with the hardening spring, in Figure 6 for the oscillator with the softening spring and 

in Figure 7 for the oscillator with the elastoplastic spring. In each of these figures, the numeri-

cal integrators used are grouped into three categories, which are the optimal numerical dissi-

pation and dispersion methods (represented with the continuous bold line), the continuous 

acceleration and discontinuous acceleration methods (represented with the dashed bold line) 

and finally the family of Newmark methods and the Fox-Goodwin method (represented with 

the continuous thin lines). The integration constants and other parameters are the same with 

those used for the results shown in Figures 1 to 3 respectively. The ideal time integration 

scheme would conserve energy in the first two oscillators, namely the energy deviation shown 

in Figures 4 and 5 would be zero. Among the algorithms studied here, energy reduction is 

present to a higher or lower extent. The lowest energy deviation is observed for the optimal 

numerical dissipation and dispersion algorithms. For the last, the energy reduction is about 

one third of that observed for continuous/discontinuous acceleration algorithms and the other 

common integration methods, in the case of the SDOF system with hardening spring (Figure 

5). The reduced energy deviation for optimal numerical dissipation and dispersion algorithms 

is more pronounced in the case of the SDOF system with softening spring, where it is approx-

imately one fourth of that observed for the remaining integration algorithms, as seen in Figure 

6. In both Figures, the rate of decrease of total energy becomes maximum at the first few cy-

cles of dynamic response for all the time integrators used. 

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

SDOF with hardening spring

Time

E
n
er

g
y
 d

ev
ia

ti
o
n

 

U0-V0-Opt,CH-a,U1-V0-Opt

CA,DA

Newmark,Fox-Goodwin

Figure 5: Total energy relative error of the SDOF oscillator with hardening spring d2u/dt2+100u(1+10u2)=0, 

(u)0=1.5, (du/dt)0=0, Δt=0.005, t=200Δt, ρinf=1, tolmax=0.01, kmax=200. 
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Figure 6: Total energy relative error of the SDOF oscillator with softening spring d2u/dt2+100tanh(u)=0, (u)0=4, 

(du/dt)0=0, Δt=0.05, t=200Δt, ρinf=1, tolmax=0.01, kmax=200. 

In the case of the elastoplastic SDOF system, instead of the relative energy error, the value 

of the energy decay is plotted in Figure 7, since this system is not supposed to be conservative 

and its total energy variation cannot be analytically calculated. It is seen that the energy decay 

for the U0-V0-Opt algorithm is initially zero and gradually increases, with periodic undula-

tions but with constant average slope. For the other two optimal numerical dissipation and 

dispersion methods (CH-a and U1-V0-Opt), there is a steep decrease of the energy decay from 

zero towards a large negative value, which means that at the initial time steps the spring does 

not dissipate energy as it should, but it increases the internal energy of the system, a fact that 

is clearly impossible. The same holds for the other algorithms used; this is a clear indication 

that these algorithms fail to simulate the dynamic response of the system, at least with the se-

lected time step, while the U0-V0-Opt algorithm can efficiently integrate the differential 

equation of motion with increased accuracy and stability. 

5.3 Number of iterations needed 

The robustness of the U0-V0-Opt algorithm can be also deduced by comparison of the iter-

ations needed by each time integration scheme to achieve convergence for the three types of 

oscillators used in this study. In Figure 8 the number of iterations for each of the 13 different 

time integration algorithms used in this study versus time is presented, for the SDOF system 

with the hardening spring. The corresponding results for the SDOF system with the softening 

spring and the SDOF system with the elastoplastic spring are presented in Figure 9 and Figure 

10 respectively. The maximum number of iterations is equal to max 200k  . The integration 

constants and other parameters are identical to those used for the results presented in Figures 

1-6 respectively for hardening, softening and elastoplastic SDOF systems. It is apparent that 

the optimal numerical dissipation and dispersion algorithms need an average of 10 iterations 

and a maximum of roughly 15 iterations to converge to the nonlinear solution at each time  
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Figure 7: Total energy error of the harmonically excited elastoplastic SDOF system, (u)0=0, (du/dt)0=0, Δt= 

0.005, t= 800Δt, ρinf=1, tolmax=0.01, kmax=200. 

step for the two first types of oscillators considered, whereas for the third type of oscillator 

only the U0-V0-Opt algorithm achieves convergence with a maximum of 20 iterations 

throughout the duration of the analysis. In contrast, the remaining algorithms are shown to 

reach the maximum iteration limit repetitively, at which time steps the solution is accepted 

without further check for equilibrium in terms of the dynamic equation of motion. This im-

plies that for those algorithms much more error is accumulated to the calculated dynamic re-

sponse of the oscillator, and consequently the numerical total energy decrease is higher. This 

error can be of course reduced by decreasing the time step; from another point of view this 

means that given an acceptable level of accuracy and stability, the U0-V0-Opt algorithm can 

be used with a larger time step than that used by the other integration algorithms, and there-

fore it is more numerically efficient, since it requires less computational effort for a given 

time span. 

5.4 Internal force vs displacement diagrams 

The computational energy loss during the dynamic analysis can be explained if the internal 

force – displacement diagram of the two types of oscillators studied here is plotted for the var-

ious time integration algorithms used. Such plots are shown in Figure 11 for the SDOF system 

with hardening spring, in Figure 12 for the SDOF system with softening spring and in Figure 

13 for the SDOF system with the elastoplastic spring. It is obvious that the energy loss occurs 

due to the fact that in the internal force – displacement graphs a loop is formed between load-

ing and unloading branches. The area inside the loop is equal to the amount of energy lost 

during an oscillation cycle. For the first and second oscillator types considered here, the loop 

is formed probably because of the numerical singularities existing at the maximum and mini-

mum displacements from the equilibrium position. At these points the equilibrium path is to-

tally reversed. On the other hand, the convergence tolerance and/or the maximum unsuccess 
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Figure 8: Number of iterations needed for the SDOF oscillator with hardening spring d2u/dt2+100u(1+10u2)=0, 

(u)0=1.5, (du/dt)0=0, Δt=0.005, t=200Δt, ρinf=1, tolmax=0.01, kmax=200. 
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Figure 9: Number of iterations needed for the SDOF oscillator with softening spring d2u/dt2+100tanh(u)=0, 

(u)0=4, (du/dt)0=0, Δt=0.05, t=200Δt, ρinf=1, tolmax=0.01, kmax=200. 
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Figure 10: Number of iterations needed for the harmonically excited elastoplastic SDOF system, (u)0=0, 

(du/dt)0=0, Δt= 0.005, t= 800Δt, ρinf=1, tolmax=0.01, kmax=200. 
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Figure 11: Internal force vs displacement curves for the hardening spring d2u/dt2+100u(1+10u2)=0, (u)0=1.5, 

(du/dt)0=0, Δt=0.005, t=200Δt, ρinf=1, tolmax=0.01, kmax=200. 
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Figure 12: Internal force vs displacement curves for the softening spring d2u/dt2+100tanh(u)=0, (u)0=4, 

(du/dt)0=0, Δt=0.05, t=200Δt, ρinf=1, tolmax=0.01, kmax=200. 
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Figure 13: Internal force vs displacement curves for the harmonically excited elastoplastic SDOF system, (u)0=0, 

(du/dt)0=0, Δt= 0.005, t= 800Δt, ρinf=1, tolmax=0.01, kmax=200.  
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ful iterations reached, lead to errors in the calculation of the tangent stiffness, which are re-

sponsible for the different slopes between loading and unloading branches. For the third oscil-

lator type the existence of the loop results from the elastoplastic behavior of the spring and is 

physically correct. 

In addition, the area inside the loops is minimum for the optimal numerical dissipation and 

dispersion algorithms, compared to the remaining ones for the two first types of oscillators. 

Apart from this, the loop areas are generally larger for the SDOF system with softening spring, 

which means that the algorithmic energy dissipation will be higher for this type of oscillator. 

This is mainly due to the higher initial total energy in the SDOF system with softening spring 

compared to that of the SDOF system with hardening spring, since the relative energy loss 

observed in Figures 4 and 5 is roughly the same for the two oscillators. 

The closed force – displacement loop for the elastoplastic behavior can be clearly seen in 

Figure 13 in the case of U0-V0-Opt algorithm. It is verified that the yield limit is equal to its 

assumed value for both tension and compression, and that the modulus of elasticity in the lin-

ear elastic range is equal to 50. Apparent instabilities exist for the remaining algorithms, 

which corroborate the superiority of U0-V0-Opt algorithm. 

6 CONCLUSIONS 

 The family of linear generalized single step single solve algorithms, of which most com-

mon time integration algorithms are special cases, can be extended to solve materially

nonlinear dynamic response via a Newton-Raphson iterative procedure.

 In the nonlinear regime, the extended generalized algorithms perform satisfactorily, with

acceptable accuracy and stability, in cases where the remaining common algorithms fail

to trace the dynamic response.

 The algorithm which has zero-order displacement overshooting behavior, zero-order ve-

locity overshooting behavior and optimal numerical dissipation and dispersion (U0-V0-

Opt) can deal with nonlinear elastic as well as nonlinear elastic-plastic response with a

relatively large time step.

 Time integration algorithms for which convergence or equilibrium is not ensured at time

steps can lead to large errors in the calculated response. The relative energy decrease for

conservative systems can be as much as 60% of its initial value.

 Algorithms that are unconditionally stable for linear problems, may lose their stability in

nonlinear dynamic simulations.

 Further research has to be made to investigate the relation between the stable time incre-

ment of generalized single step single solve algorithms applied in nonlinear problems and

various other input data.
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. Building pounding has been recently studied by different researchers around the world 

to evaluate impact between two adjacent buildings. Numerical studies are an important 

part of impact, in which several researchers have tried to simulate the impact by using 

different formulas. Estimation of the impact force and the dissipated energy depends sig-

nificantly on some parameters of impact. Mass of bodies, stiffness of spring, coefficient of 

restitution, damping ratio of dashpot and impact velocity are some known and unknown 

parameters to simulate the impact and to measure dissipated energy during collision.  

In this paper, a mathematic part of steady state response of single degree of freedom sys-

tem due to the external force has been evaluated. Impact damping ratio due to viscose 

damping was calculated to simulate nonlinear viscoelastic model and the results of im-

pact were compared with other similar impact damping ratios, suggested in previous 

studies. Here, a new equation of motion is presented to get the best available estimation 

of impact damping ratio and is also simulated to compute impact force during seismic ex-

citation.  
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INTRODUCTION 

In the introduction to the paper, the author(s) will specify the present stage of the branch 

researches (by quoting the adequate bibliography) and will specify the purpose of the pa-

per. Building pounding has been a stimulating research topic during the last few decades 

in earthquake engineering. This phenomenon describes impacts under two adjacent build-

ings under seismic excitations. If adjacent buildings were not separated suitably from 

each other, impact forces could cause damage to buildings even if structures were well 

designed. Unfortunately, enough attention is not being paid to the building pounding ef-

fects in the codes. However, several researchers have tried to investigate the effects of 

such collisions worldwide. Anagnostopolos [1] was among the first researchers, who ex-

plained the possible dangers due to building pounding. The 1985 Mexico City earthquake 

was one of the source of excitation which caused severe damages to the buildings. Several 

reports showed that in at least 15% of buildings damages were due to impact of adjacent 

buildings [2]. Investigation of the building pounding has been divided into two parts, ex-

perimental tests and numerical analyses. In this regard, Papadrakakis and Mouzakis [3] 

conducted shaking table experiments on pounding between two-story reinforced concrete 

buildings without separation distance under the earthquake records. Two steel buildings, 

having three and eight stories have been tested by shaking table (Filiatrault [4]). The tests 

were carried out with two different gaps, zero and 15 mm. The experimental results were 

compared with analytical predictions based on linear elastic spring theory. The compari-

sons showed that acceleration at the contact level was not well predicted.  Watanaba and 

Kawashima [5] have investigated pounding of distributed masses to model colliding 

bridge decks. They showed that five elements were used per deck; the collision element 

stiffness would be five times greater than that of the diagram stiffness. Cole et al. [6] have 

indicated that building pounding and its impact would depend upon the structural proper-

ties and collision velocity of both buildings. A theoretical maximum collision force has 

been determined by them, for a system with two distributed masses. Velocity, mass and 

stiffness at the time of impact have an equation, and the number and magnitude of the im-

pacts depend on these three options mentioned. Barros and Khatami [7] addressed some 

common misrepresentations in building codes on the issue of separation distance required 

between two adjacent concrete buildings under near-fault ground motions. In numerical 

analyses, link elements are located between two buildings investigated. Komodromos et 

al also took advantage of link elements extensively in his research [8].  Barros and 

Vasconcelos [9] investigated building pounding between two adjacent concrete buildings 

by numerical analyses. They presented the results of analyses using different stiffness and 

damping ratios. Two concrete buildings with 8 and 10 stories have been modeled by Raj 

Pant and Wijeyewickrema [10]. Different types of springs with different stiffness or vari-

ous dampers with different damping ratio have also been used in recent numerical studies 

at FEUP by Cordeiro [11] and by Vasconcelos [12], in their parametric studies of pound-

ing between adjacent buildings. Barros and Khatami [13] estimate the effect of damping 

ratio on the numerical study of impact forces between two adjacent concrete buildings 

subjected to pounding. In yet another study, Barros and Khatami [14] compare results of 

two SDOF frames with different link elements based on mathematic equations. In some 

of their analyses, structures were modeled as single degree freedom systems and collision 

was simulated using linear viscoelastic models of impact force.  

In this study, a new equation of motion is suggested to calculate the impact force in the 

nonlinear viscoelastic model. By using a mathematic equation and developing the men-
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tioned equation, damping impact ratio is simulated and the behavior of nonlinear viscoe-

lastic model is compared with other suggested formula. 

Building Pounding 

Investigation of previous earthquake around the world shows specific characteristics re-

lated to building pounding. Pounding is one of the primary reasons of many building 

damages in earthquake. This phenomenon has been reported in many earthquakes be-

tween two adjacent buildings. Seismic pounding occurs during earthquake, in building 

with different dynamic characteristics, adjacent buildings vibrating out of phase and in 

buildings by having insufficient separation. Past studies and reports about building 

pounding have shown three cases of impact between adjacent buildings. The classifica-

tion mentioned collisions are: 

2,A- Adjacent buildings with the same heights and the same floor levels. 

2,B- Adjacent buildings with different total height and with different levels. 

2,C- Row of buildings. 

     2,A                                       2,B 2,C 

Fig 1. Different types of pounding between buildings 

Previous investigations have shown that the pounding hazard depends significantly upon 

four factors: 

-building construction type based on relative height, period and story mass; 

-ground acceleration; 

-soil condition; 

-distance between buildings. 

The most important parameters are buildings height and distance between buildings. 

Since different buildings have various behaviors during seismic excitation, insufficient 

gap size between structures can provide damages for collided buildings. In order to evalu-

ate pounding between two buildings and measure impact force and dissipated energy, an 

un-real link element between two bodies is assumed. Mentioned link element is included 

spring and dashpot, which are located parallel to each other. Dashpot is used to calculate 

the value of dissipated energy during impact.  

Dissipated Energy in Viscous Damping and Rate Independent Damping 

Pounding occurs when buildings have different dynamic characteristics, height, mass, 

number of stories and buildings materials. This phenomenon between adjacent buildings 

could cause severe damage and even collapse during seismic excitation.  
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To measure energy absorption due to impact, an un-real link element is assumed between 

adjacent structures. This link element can be obtained by spring and dashpot, which are 

located parallel with each other. Dashpot absorbs energy when the relative displacements 

exceed the available seismic gap. So, determination of impact force depends upon two 

different terms, which are mentioned as: 

  dtcdtcdfE DD

2)(  
(1)

dtkdfE SS  )( 
(2) 

It means, Impact force is calculated by stiffness of spring and damping of dashpot. It is 

simplified to be: 

.kf S  and .cfD  . (3)

Where k is stiffness of spring and c denotes damping coefficient.  and 


are lateral dis-

placement and velocity, respectively.  

When there is collision, both terms should be added with each other to measure the im-

pact force. The impact force is considered to be: 

DS fff 
(4)

It means, the impact force could be written as: 

 ckf  (5)          

It is assumed that the lateral displacement becomes
)sin(0   wt

, then impact force 

by using dashpot would be defined as: 

)cos()( 0   wtcwtcf D


   (6)          

)(sin 22

0

2
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It could be an estimation that new equation would be represented as: 
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Fig 2. Hystresis loop by spring and dashpot 

Three available terms of impact are depicted. Blue line shows a linear behavior by Sf , 

which is included a spring. It is obviously shown that impact force by using spring is 

kf s  , and dissipated energy is zero. Green line is an important curve in this figure. In 

fact, the curve is an ellipse, where energy is dissipated in this area and the value of dissi-

pated energy is 
2

0cw
. When two different terms of impact joint with each other, ellipse 

rotates and red line is provided and is demonstrated a complete impact. Red ellipse is di-

vided by two parts, 0sE
and DE .

Two different damping coefficients are explained by viscous damping and rate independ-

ent damping. Both mentioned damping are developed as: 

2

0cwED 
  (10)

2

0

2

0 2  k
w

w
cw

n



(11)

In terms of viscose damping, it is recommended to use c for impact damping factor as: 

nw

k
c

2


(12)

This equation of motion shows that impact damping coefficient depends significantly on 

damping ratio, frequency and stiffness of system.  

In order to solve equation (12) to get impact damping coefficient with rate independent 

damping, it could be written as: 

 1wwn (13)








1

2

w

k
c

(14)
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Defining c from equation (14) 








1

2 km
c

(15)

The calculated equation shows a relation between damping coefficient system and rate 

independent damping.  

Nonlinear Impact Models 

Impact model between two bodies during earthquake has been shown by a spring and 

damper, which are located parallel with each other. The explanation of the impact model 

focuses on two structures next to each other when they collide during seismic excitation.  

Fig 3. Hertz Damped Model 

The impact force between two bodies depends significantly on collided masses, velocity 

and acceleration. In this part, some available models are demonstrated to get better image 

from contact. 

In order to calculate value of the energy dissipation, some researchers have suggested dif-

ferent equations to simulate the damping ratio. They have tried to get the most appropriate 

assumption for evaluating dissipated energy during collisions. A summary of previous 

studies about impact damping ratio of pounding shows that the suggested formula by An-

agnostopolus [1], and two represented formulas by Jankowski [15] are based on coeffi-

cient of restitution (CR) and calculate the impact damping ratio by mathematic equations. 

Coefficient of restitution is a factor, which simulate an equation between velocity before 

and after collision. This equation could be written as: 

10 
after

before

v

v
CR

(16)

As it is shown, coefficient of restitution is calculated to be in the range of 0 and 1. If CR 

becomes equal to 0, collision is perfectly plastic and if CR becomes equal to 1, collision 

shows an elastic behavior.  

Non-Linear Viscoelastic Model 
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In order to improve the impact model, Jankowski [15] presented an idea that a nonlinear 

viscose damper located parallel to the spring for absorbing the energy. The equation of 

nonlinear viscoelastic model can be written as: 

(17)

21

21)(2
mm

mm
tkc hh


 

(18)     

)16)169((
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2
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CRCR
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(19)

Another formula in terms of non-linear viscoelastic model was developed by Seyed 

Mahmoud [16]. He suggested a new equation to determine impact damping ratio, which 

absorbs the energy less than that simulated by Jankowski model. The equation could be 

written as: 

)2)2((

1 2









CRCR

CR

(20)

Proposed Non-Linear Viscoelastic Model 

To calculate impact damping ratio and develop the linear and nonlinear viscoelastic mod-

el using a mathematic process [15], a steady state response of single degree of freedom 

system due to the external force,
)sin()( 0 wtptp 

, was evaluated. Based on mentioned 

force, dissipated energy due to viscose damper in a harmonic excitation can be written by 

the following the equation: 

 
w

kD dtcdfE





2

0

)( 

(21)    

And also by focusing strongly on damping term of equation of motion: 





dcE k


max

0 (22)

Based on equations on dynamics of structure [17]: 

22  k
w

w
E

n



(23)

)()(.)( 5.1 tctktF hhc  
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The equation between w  and nw
could be assumed to be 1.  Considering final velocity 

and masses, it could be written as: 

2

2

0

5.0)( final

w

kD mdtcdf 



  
(24)

Where final
 denotes the final velocity and m is an equivalent of two masses 

(

)
21

21

mm

mm
m




Solving the equation of 24 for  :

final
k

m



 .

4
max 

      (25)

For each value of deformation during impact, as the energy transfers from elastic strain 

energy to kinetic energy, the relative velocity can be calculated as follows: 

222 5.05.02 finalmmk   
(26)          

Solving equation 26, 

222 25.05.0  kmm final  
(27)          

Consequently, velocity would be: 

m

k
final

2
2 4 

  

(28)

Defining the equation 17 and considering displacement of zero ( )0 , it is an assump-

tion that equation 28 can be changed increasing velocity to determine the velocity during 

collision for 0  and 0 .

m

k
final

2
2 4 

  

    for 0

max

max0
2

2
))((4









final

final
m

k




for 0 (29)

By using dissipated energy from damper and using equation 22, it could be calculated by: 

  dmkE .2
(30) 

Considering above equations and substituting the equation 29 into equation 30: 
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Considering the equation 25 into equation 31: 
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The equation is simplified to equation 32: 
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max

0

0

22

max
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(34)

Solving the equation 34, it can be concluded that dissipated energy will be: 

max

02

max

5.1 .
2

.2)25.0(4 



final

mkkE

 


(35)        

As kinetic energy loss was noted in equation 32, it can be equal to dissipated energy from 

damper during impact as: 
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(36) 

Modifying 
2

max
from equation 25 into equation 36: 
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(37) 

The equation 38 could be written as: 

)).(25.0))(1(
2

1
0

5.025.02
.

2

finalfinalfinalimpCR 



  

      (38)        

And finally, the equation for giving  :
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2
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)1(
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CRCRCR

CR











(39)

Proposed non-linear impact model is considered based on coefficient of restitution, (CR). 

Selecting different CRs and calculating various results in terms of impact damping ratio, 

impact forces and dissipated energies is changed. Proposed impact damping ratio shows a 

curve based on different CRs, from zero to 320 using CR=0.9 and CR=0.1, respectively.  
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Fig 4. Comparison of different coefficient of restitution to calculate impact damping ratio 

The value of  , calculated by coefficient of restitution is listed in the Table 1, as:

CR 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

 320.71 78.59 32.74 16.39 8.74 4.62 2.26 0.90 0.21 

Table 1: Value of impact damping ratio using different coefficient of restitution 

Conclusion 

In this paper, building pounding between two adjacent structures was discussed and effect 

of pounding was studied. During earthquake, two buildings collide with each other and it 

could provide damage for structural elements. To investigate the pounding and impact be-

tween buildings, a non-real element is considered to calculate the value of impact and en-

ergy absorption. Mathematic equation of motion of impact force needs to define some 

parameters such as stiffness of spring, damping of dashpot, lateral displacement and ve-

locity of bodies. Impact damping coefficient of dashpot is determined by using coefficient 

of restitution. Three previous models of this equation were evaluated by using linear vis-

coelastic model of impact and a new equation was suggested to calculate the damping of 

dashpot. A steady state response of single degree of freedom system due to the external 

force was considered and a new equation of motion was presented. To investigate the ac-
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curacy of suggested formula, the results of an experiential analysis were used and the re-

sults of formula were calibrated. Comparison of results showed good accuracy between 

experimental and numerical results. Finally, by using a SDOF system and an earthquake 

record and considering the proposed equation of motion, impact force of three investigat-

ed models were calculated. By focusing on suggested formula, impact force could be de-

termined and dissipated energy shown by hysteresis loop.    
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Abstract. The elastoplastic impact response of a trimorph plate subjected to low-velocity 

large mass impact has been investigated using analytical models. In formulating the impact 

model, the displacement of the impactor, vibration of the plate and local contact mechanics 

were accounted for. The vibration of the trimorph plate was modelled using the classical 

laminate plate theory, while the local contact mechanics was modelled using a Meyer-type 

compliance model that accounts for post-yield effects in the loading and unloading stages of 

the impact. The impact model is a set of coupled nonlinear differential equations and was 

solved using the NDSolve function in Mathematica™. Both the modelling and solution 

approach were validated using a benchmark case study. Investigations were carried out for 

an Al/PVDF/PZT trimorph plate configuration. Contrary to the general position in the 

literature that the response of a large mass impact is insensitive to the compliance model used 

to estimate the impact force [1], the simulations of the present impact model show that the 

indentation history was sensitive to the compliance model used. Also, the elastoplastic 

compliance model predicted a permanent indentation which the elastic compliance model 

cannot estimate. Therefore, the use of elastoplastic compliance models in large mass impact 

analysis is imperative. Finally, the application of a smart trimorph plate with piezoelectric 

actuator layer for active mitigation of impact damage was discussed. 
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1 INTRODUCTION 

Transversely flexible plates (i.e. plates that could bend in the direction perpendicular to 

their plane) are used in many structural applications (e.g. building panels, car and airplane 

bodies, ceilings and floorings) in environments where they can be exposed to damage due to 

impact by blunt projectiles. Therefore, a good understanding of the response of transversely 

flexible plates to blunt object impact is necessary for design decision-making, damage 

diagnosis, and active control of impact response. The response of a transversely flexible plate 

to a blunt object impact is governed by the interaction between flexural oscillations and local 

indentation of the plate [2]. The simplest analytical cases of transversely flexible plate 

impacts are the asymptotic cases of the infinite plate response and the quasi-static bending 

response. Each of these asymptotic cases is modelled by a single differential equation [3]. In 

general, the model for the impact response of a transversely flexible plate is a set of coupled 

differential equations that accounts for the flexural oscillations of the plate, the displacement 

of the impactor and the local indentation. This model has been referred to as the complete 

model [3] and is applied in the present study to investigate the impact response of a 

transversely flexible laminated plate structure.  

Analytical studies of the normal impact of rigid spheres on transversely flexible monolithic 

and laminated rectangular plates abound in the literature. Most of these studies deal with 

elastic impact [1, 2, 4, 5] and those that deal with elastoplastic impact use simplified models 

for the elastoplastic indentation [6 – 9] that may introduce significant errors in the prediction 

of the impact response of the plate [6]. The use of well validated elastoplastic contact models 

in the complete modelling approach is quite challenging computationally, but has the 

advantage of producing more reliable results and providing details of the impact response that 

would not have been obtained otherwise. Hence, analytical models that are capable of 

predicting the elastoplastic response of a transversely flexible plate exposed to impact of a 

blunt projectile are desirable. 
In this paper, analytical models have been derived to investigate the elastoplastic response 

a transversely flexible trimorph plate subjected to low-velocity, large mass impact. A 

trimorph plate is defined as a general three-layer laminated plate in which each layer is made 

of a different material [10]. An example of the application of the trimorph plate configuration 

is the integration of sensor and actuator layers to a host layer for the purpose of active sensing 

and control of the plate response. The analytical models for the impact response of the 

trimorph plate are formulated using the classical laminate plate theory (CLPT) and an 

elastoplastic contact model that accounts for post-yield effects in the loading and unloading 

stages. The impact models are used to study the impact response of an Al/PVDF/PZT 

trimorph plate configuration. The rest of the paper is structured as follows: first, the analytical 

models for analysis of the impact response of the trimorph plate are formulated; secondly, the 

expressions for determination of the material properties of the trimorph plate are presented 

and discussed; thirdly, results from simulations of the analytical models are discussed; 

fourthly, the feasibility of active damage mitigation using a smart trimorph plate is discussed; 

and finally, the conclusions of the present study are discussed. 

2 IMPACT MODEL OF TRIMORPH PLATE 

The impact system studied is a rectangular trimorph plate that is simply supported on all 
sides and subjected to the transverse elastoplastic impact of a rigid mass with spherical 

contact surface. The point of impact is at the centre of the plate. It is assumed that the layers 

of the trimorph plate are perfectly bonded and each layer is made up of an isotropic material. 

Figure 1 shows a sketch of the impact system with the layers of the trimorph plate having 
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different shading patterns to indicate different material make-up. This section presents the 

formulation of the analytical models used for investigation of the trimorph plate. First, the 

model for transverse vibration of the trimorph plate is derived based on the CLPT. Next, the 

elastoplastic contact model used to estimate the impact force and account for the local 

deformation is presented. The section concludes with a combination of the vibration and 

contact models to formulate an elastoplastic impact model for the trimorph plate. 

Figure 1: Impact of a trimorph plate by a spherical projectile. 

2.1 Vibration model for thin rectangular trimorph plate 

The transverse oscillations or vibrations of a thin rectangular plate can be accurately 

modelled using the classical plate theory (CPT). A thin plate is one in which the thickness to 

length ratio is less than or equal to 0.1 [11]. When the amplitude of the transverse vibration of 

the plate is small in comparison to the thickness of the plate, the effect of in-plane forces 

arising from membrane stretching can be neglected, and the equation for transverse vibration 

of the plate according to the CPT is given as [1]:  

𝜕2𝑀𝑥

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝜕𝑦2
= 𝜌

𝜕2𝑤

𝜕𝑡2
− 𝑞 𝑥,𝑦, 𝑡  1 

where 𝑀𝑥 , 𝑀𝑥𝑦 , and 𝑀𝑦  are moment resultants, 𝑤 = 𝑤 𝑥, 𝑦, 𝑡  is the transverse displacement,

and 𝑞 𝑥, 𝑦, 𝑡  is the transverse excitation. The moment resultants can be determined from the 

constitutive equations derived using the classical laminated theory (CLT). The constitutive 

equations for a thin trimorph plate with isotropic layers have been derived based on the CLT 

in reference [10], and from these equations the moment resultants are given as: 

𝑀𝑥

𝑀𝑦

𝑀𝑥𝑦

=  
𝐵11 𝐵12 0
𝐵12 𝐵11 0

0 0 𝐵66

휀𝑥
0

휀𝑦
0

휀𝑥𝑦
0

+  
𝐷11 𝐷12 0
𝐷12 𝐷11 0

0 0 𝐷66

𝑘𝑥
0

𝑘𝑦
0

𝑘𝑥𝑦
0

 2 

where  𝐵𝑖𝑗   and  𝐷𝑖𝑗   are the extension-bending and pure bending stiffness matrices

respectively,  휀𝑥
0    휀𝑦

0    휀𝑥𝑦
0  

𝑇
 is the strain vector, and  𝑘𝑥

0   𝑘𝑦
0    𝑘𝑥𝑦

0  
𝑇
 is the curvature vector.

The subscript ‘0’ indicates mid-plane strains and curvatures. The expressions for 

determination of the elements of the stiffness matrices are discussed in Section 3. The 

elements of both the strain and curvature vectors can be expressed in terms of the 

displacements of the mid-plane as shown. 

𝑉0 

𝑚𝑖  

𝑥 

𝑧 
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휀𝑥
0 =

𝜕𝑢0

𝜕𝑥
;    휀𝑦

0 =
𝜕𝑣0

𝜕𝑦
;      휀𝑥𝑦

0 =
𝜕𝑢0

𝜕𝑦
+
𝜕𝑣0

𝜕𝑥

𝑘𝑥
0 = −

𝜕2𝑤

𝜕𝑥2
;    𝑘𝑦

0 = −
𝜕2𝑤

𝜕𝑦2
;    𝑘𝑥𝑦

0 = −2
𝜕2𝑤

𝜕𝑥𝜕𝑦

 (3) 

The combination of the constitutive equations derived using the CLT and the equations of 

motion derived using the CPT is called the classical laminate plate theory. Substituting 

equations (2) and (3) in equation (1) and neglecting in-plane displacements, the governing 

equation for the transverse vibration of the trimorph plate is derived thus: 

 𝜌
𝜕2𝑤

𝜕𝑡2
+ 𝐷11

𝜕4𝑤

𝜕𝑥4
+
𝜕4𝑤

𝜕𝑦4
+ 2 𝐷12 + 2𝐷66 

𝜕4𝑤

𝜕𝑥2𝜕𝑦2
= 𝑞 𝑥,𝑦, 𝑡  (4) 

The transverse displacement and excitation can be expressed in series form as: 

 𝑤 𝑥, 𝑦, 𝑡 = 𝑊𝑚𝑛 (𝑡)

∞

𝑛=1

∞

𝑚=1

𝑋𝑚𝑌𝑛   (5𝑎) 

 𝑞 𝑥,𝑦, 𝑡 = 𝑄𝑚𝑛 (𝑡) sin  
𝑚𝜋𝑥

𝑎
sin  

𝑛𝜋𝑦

𝑏

∞

𝑛=1

∞

𝑚=1

 (5𝑏) 

In equation (5b), 𝑄𝑚𝑛 (𝑡) is the load coefficient determined as:

 𝑄𝑚𝑛 (𝑡) =
4

𝑎𝑏
𝑞 𝑥,𝑦, 𝑡 

𝑏

0

sin  
𝑚𝜋𝑥

𝑎
 sin  

𝑛𝜋𝑦

𝑏
 𝑑𝑥𝑑𝑦

𝑎

0

  (6) 

𝑋𝑚  and 𝑌𝑛  are admissible shape functions that satisfy the boundary conditions but not
necessarily the PDE. Equation (4) can be reduced to an ODE using the Galerkin variation 

approach [11]. The vibration model (equation (4)) has been presented in such a way that the 

LHS of the equation is a partial differential expression (PDEx) in terms of the transverse 

displacement and the RHS is the external excitation. Thus the Galerkin variation formula for 

derivation of the reduced model can be expressed as: 

 𝑃𝐷𝐸𝑥 − 𝑞 𝑥,𝑦, 𝑡 
𝑎

0

𝑏

0

𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦 = 0  (7) 

Equation (7) can be evaluated for any boundary condition but the present analysis has been 

limited to simply-supported boundary conditions on all edges of the rectangular plate (SSSS) 

for mathematical convenience, and without loss of generality. For SSSS, the shape functions 

can be expressed as 𝑋𝑚 = sin 𝑚𝜋𝑥/𝑎  and 𝑌𝑛 = sin 𝑛𝜋𝑦/𝑏 . Substituting equations (4),
(5a) and (5b) in equation (7) and evaluating the resulting double integral for SSSS, the 

reduced model for small transverse oscillations of the trimorph plate is: 

𝑊 𝑚𝑛  + 𝐾 𝑊𝑚𝑛  = 𝐹(𝑡) 𝛾𝑚𝑛  (8) 

where 𝑊𝑚𝑛 (𝑡) is the time-domain transverse displacement of the  𝑚, 𝑛  vibration mode;

𝐾 =
𝜋4

𝜌
 𝐷11

𝑚4

𝑎4 +
𝑛4

𝑏4 +
2𝑚2𝑛2 𝐷12 +2𝐷66

𝑎2𝑏2   is the mechanical bending stiffness per unit mass; 

𝐹(𝑡) is the transverse excitation; and 𝛾𝑚𝑛  is a constant derived from the evaluation of

equation (6). Considering an excitation that is applied at a point  𝑥0, 𝑦0  then,

2879



Akuro Big-Alabo, Philip Harrison and Matthew P. Cartmell 

 𝛾𝑚𝑛 =
4

𝜌𝑎𝑏
Sin  

𝑚𝜋𝑥0

𝑎
 Sin  

𝑛𝜋𝑦0

𝑏
 (9) 

where 𝜌 is the density of the plate;  is the total thickness of the plate; 𝑎 and 𝑏 are the 

planar dimensions of the plate. 

2.2 Elastoplastic contact model 

Static contact models can be used to estimate the impact force during low-velocity impact 

of a transversely flexible plate [1, 2]. The low-velocity impact of a transversely flexible plate 

often results in elastoplastic indentation at the point of impact. In such cases, the use of Hertz 

contact model or linearised elastoplastic contact models to estimate the impact force 

introduces significant errors in the predicted impact response [6, 9]. Recently, Big-Alabo et al 

[12, 13] developed an elastoplastic contact model in which all of the loading and unloading 

stages are modelled using Meyer-type compliance models. The main advantages of the 

elastoplastic model are its simplicity and computational tractability when used for impact 

analysis [12]. Details of the formulation of the elastoplastic model can be found in [12, 13]. 

This elastoplastic contact model has been used in the present impact analysis with a slight 

modification in the expression for the unloading stage as explained below. The contact model 

has four loading stages consisting of one elastic loading stage, two elastoplastic loading stages 

and one fully plastic loading stage. Also, there is a single unloading (restitution) stage. The 

elastoplastic contact model is given as follows.   

Elastic loading stage 

𝐹𝑒 = 𝐾𝛿
3 2  0 ≤ 𝛿 ≤ 𝛿𝑦   (10) 

where 𝐹𝑒  is the elastic loading force, and 𝐾  is the Hertzian contact stiffness calculated as

𝐾 = (4/3)𝐸𝑅1 2 . The constants 𝐸 and 𝑅 are the effective modulus and radius respectively,

and are calculated as: 𝐸 =   1 − 𝜐𝑖
2 𝐸𝑖 +  1 − 𝜐𝑡

2 𝐸𝑡  −1 and 𝑅 =  1 𝑅𝑖 + 1 𝑅𝑡  −1. The

subscripts 𝑖 and 𝑡 stand for indenter and target respectively, and 𝜐 is the Poisson’s ratio. 
Elastoplastic loading stages 

 Region I: Nonlinear elastoplastic loading

𝐹𝑒𝑝
𝐼 = 𝐾 𝛿 − 𝛿𝑦

3 2 
+ 𝐾𝛿𝑦

3 2  𝛿𝑦 ≤ 𝛿 ≤ 𝛿𝑡𝑒𝑝   (11) 

where 𝐹𝑒𝑝
𝐼  is the nonlinear elastoplastic loading force, and 𝛿𝑦  is the indentation at yield. The

expression for calculating 𝛿𝑦  is given as: 𝛿𝑦 =  1.1𝜋𝑅𝑆𝑦/𝐾 
2

where 𝑆𝑦  is the yield stress of

the target. 

 Region II: Linear elastoplastic loading

𝐹𝑒𝑝
𝐼𝐼 = 𝐾𝑙 𝛿 − 𝛿𝑡𝑒𝑝  + 𝐾   𝛿𝑡𝑒𝑝 − 𝛿𝑦

3 2 
+ 𝛿𝑦

3 2  𝛿𝑡𝑒𝑝 ≤ 𝛿 ≤ 𝛿𝑝   (12) 

where 𝐹𝑒𝑝
𝐼𝐼  is the linear elastoplastic loading force, 𝐾𝑙  is the linear contact stiffness in Region

II, 𝛿𝑡𝑒𝑝  is the indentation at the transition between Regions I and II. The constants in equation

(12) are determined as: 𝐾𝑙 = 5.40𝐾𝛿𝑦
1 2 

 and 𝛿𝑡𝑒𝑝 = 13.93𝛿𝑦 .

Fully plastic loading stage 

𝐹𝑓𝑝 = 𝐾𝑝 𝛿 − 𝛿𝑝 + 𝐹𝛿=𝛿𝑝                  𝛿𝑝 ≤ 𝛿 ≤ 𝛿𝑚               (13)

where 𝐹𝑓𝑝  is the fully plastic loading force, 𝐾𝑝  is the linear contact stiffness during the fully

plastic loading stage, 𝛿𝑝  is the indentation at the onset of fully plastic loading and 𝐹𝛿=𝛿𝑝  is the
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value of the contact force at 𝛿𝑝 . The constants in equation (13) are determined as: 𝐾𝑝 =

4.6𝜋𝑅𝑆𝑦 ; 𝛿𝑝 = 82.5𝛿𝑦 ; and 𝐹𝛿=𝛿𝑝 = 70.0𝐾𝑙𝛿𝑦 + 47.6𝐾𝛿𝑦
3 2 

.

Unloading (restitution) stage 

 𝐹𝑢 = 𝐾𝑢 𝛿 − 𝛿𝑓 
3 2 

 𝛿𝑓 ≤ 𝛿 ≤ 𝛿𝑚   (14) 

where 𝐹𝑢  is the elastic unloading force, 𝐾𝑢  is the nonlinear contact stiffness during unloading,

and 𝛿𝑓  is the fixed or permanent indentation at the end of the unloading. The constants in

equation (14) are determined as: 𝐾𝑢 = (4/3)𝐸𝑅𝑑
1 2 

and 𝛿𝑓 = 𝛿𝑚 −  3𝐹𝑚/4𝐸𝑅𝑑
1 2 2 3 

 where 

𝑅𝑑  is the deformed effective radius, and 𝑅𝑑 ≥ 𝑅; 𝛿𝑚  and 𝐹𝑚  are the indentation and force at
the end of the loading. For a half-space impact the end of the loading response coincides with 

the point when the maximum indentation occurs, but this is not necessarily so for transversely 

flexible plate impact [1]. Nevertheless, the impact loading ends when the velocity of the 

impactor is zero for both half-space impact and transversely flexible plate impact. 

Whereas the Hertz stiffness is related to the effective radius, the unloading stiffness is 

related to a deformed effective radius due to plastic deformation effects [13]. In references 

[12, 13] 𝑅𝑑  was determined as: 𝑅𝑑 ≅ 𝑅 when the maximum penetration is in the elastoplastic

loading regime or the initial phase of the fully plastic loading regime; and 𝑅𝑑 ≅ 𝑅 + 𝛿𝑚/2
when the maximum penetration is well into the fully plastic loading regime e.g. 𝛿𝑚/𝛿𝑝 ≥ 2.

The approximations used in [12] could lead to an underestimation of the permanent 

indentation at the end of the unloading. Based on published observations of the unloading 

response during elastoplastic indentation [14 – 16], the expressions in equation (15) are 

proposed here to calculate 𝑅𝑑 . A comparison of the unloading response predicted using

equation (15) and the expressions in [12] against published experimental data [17] is shown in 

Figure 2, and equation (15) is seen to give a better prediction of the experimental data. 

 𝑅𝑑 = 𝑅  0 ≤ 𝛿𝑚 ≤ 𝛿𝑦

 𝑅𝑑 =
𝛿𝑚 − 𝛿𝑦

𝛿𝑡𝑒𝑝 − 𝛿𝑦

3/2

+ 1 𝑅  𝛿𝑦 ≤ 𝛿𝑚 ≤ 𝛿𝑡𝑒𝑝

 𝑅𝑑 =  0.8 
𝛿𝑚 − 𝛿𝑡𝑒𝑝

𝛿𝑝 − 𝛿𝑡𝑒𝑝
+ 2 𝑅  𝛿𝑡𝑒𝑝 ≤ 𝛿𝑚 ≤ 𝛿𝑝

 𝑅𝑑 = 2.8𝑅   𝛿𝑚 > 𝛿𝑝        

 (15) 

Figure 2: Unloading response during static indentation of AISI steel by a spherical tungsten carbide indenter. 
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2.3 Impact model for thin rectangular trimorph plate 

During transversely flexible plate impact the local indentation of the plate is defined as the 

difference between the displacements of the impactor and plate [1], with the former being 

larger. When the displacement of the plate is equal to or higher than that of the impactor, 

contact between the plate and the impactor ceases. Assuming the displacement of the 

impactor is designated as 𝑤𝑖(𝑡) then, the local indentation can be expressed as:

 𝛿 𝑡 = 𝑤𝑖 𝑡 − 𝑤 𝑡  (16) 

The equation of motion for the impactor can be expressed as: 

 𝑤 𝑖 = −𝐹(𝑡)/𝑚𝑖   (17) 

where 𝑚𝑖  is the mass of the impactor and 𝐹(𝑡) is the impact force, which is estimated using
the elastoplastic contact model presented in sub-section 2.2. Equations (8), (10) – (14), and 

(17) form the complete impact model for analysis of the trimorph plate. These equations 

produce a set of P + 1 coupled ODEs in each impact stage that must be solved 

simultaneously; P represents the number of vibration modes used in the solution. For impact 

at the centre of the plate (i.e. 𝑥0 = 𝑎/2 and 𝑦0 = 𝑏/2), 𝑃 =  𝑚 + 1 (𝑛 + 1)/4 where

𝑚, 𝑛 = 1, 3, 5,… are odd integers. 

3 DETERMINATION OF MATERIAL PROPERTIES OF TRIMORPH PLATE 

The trimorph plate is a composite laminate in which each layer has different material 

properties. To solve the impact model formulated in Section 2 the material properties of the 

trimorph plate must be determined. In this section, the material properties of the trimorph 

plate are obtained using analytical techniques. 

3.1 Stiffness of the trimorph plate 

The bending-extension and bending stiffness elements are determined from the CLT as: 

 𝐵𝑖𝑗 =
1

2
𝑄 𝑖𝑗𝑘  𝑧𝑘

2 − 𝑧𝑘−1
2

𝐿

𝑘=1

; 𝐷𝑖𝑗 =
1

3
𝑄 𝑖𝑗𝑘  𝑧𝑘

3 − 𝑧𝑘−1
3

𝐿

𝑘=1

 (18) 

where 𝐿 is the total number of layers; 𝑄 𝑖𝑗𝑘  is the transformed reduced stiffness of the kth layer

of the laminate, and is obtained from the material properties of the kth layer as shown in [10]. 

Staab [18] presented alternative expressions to equations (18), and the stiffness coefficients 

were expressed in terms of lamina thickness and the distance of the lamina centroid measured 

from the mid-plane. Here, simpler expressions are derived to express the stiffness coefficients 

in terms of lamina thickness and the total thickness of the laminate. 

From Figure 3, the following can be deduced geometrically: 𝑧𝑘 − 𝑧𝑘−1 = 𝑘 ; 𝑧𝑘 =
𝑖 − /2𝑘

𝑖=1 for 𝑘 > 0 or 𝑧𝑘−1 = 𝑖 − /2𝑘−1
𝑖=1 for 𝑘 > 1; where 𝑘  is the thickness of the

kth layer. If the conditions stated are not satisfied then, 𝑧𝑘 = 0 or 𝑧𝑘−1 = 0 respectively. The

quadratic expression of the 𝐵𝑖𝑗  elements can be expanded as:

𝑧𝑘
2 − 𝑧𝑘−1

2 =   𝑧𝑘 + 𝑧𝑘−1  𝑧𝑘 − 𝑧𝑘−1 =  𝑧𝑘 − 𝑧𝑘−1 + 2𝑧𝑘−1  𝑧𝑘 − 𝑧𝑘−1

Therefore, 𝑧𝑘
2 − 𝑧𝑘−1

2 =  𝑘 + 2𝑧𝑘−1 𝑘 = 𝑘 𝑘 + 2 𝑖 − 𝑘−1
𝑖=1  . 

Also, 𝑧𝑘
3 − 𝑧𝑘−1

3 =  𝑧𝑘 − 𝑧𝑘−1 
3 + 3 𝑧𝑘 − 𝑧𝑘−1 𝑧𝑘𝑧𝑘−1.

Therefore, 𝑧𝑘
3 − 𝑧𝑘−1

3 = 𝑘
3 + 3𝑘 𝑖

𝑘
𝑖=1 − /2 𝑖 − /2𝑘−1

𝑖=1  . 
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Figure 2.6: Sketch illustrating vertical geometry of laminate 
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Figure 3: Sketch illustrating vertical geometry of a general laminate. 

Consequently, the bending-extension and bending stiffness coefficients can be determined as: 

𝐵𝑖𝑗 =
1

2
𝑄 𝑖𝑗𝑘 𝑘  𝑘 + 2 𝑖 − 

𝑘−1

𝑖=1

 

𝐿

𝑘=1

𝐷𝑖𝑗 =
1

3
𝑄 𝑖𝑗𝑘  𝑘

3 + 3𝑘  𝑖

𝑘

𝑖=1

− /2 𝑖 − /2

𝑘−1

𝑖=1

 

𝐿

𝑘=1

 (19) 

The validity of equation (19) was confirmed by comparing with results obtained using 

equation (18) and Staab’s expressions [18]. All three expressions produced exactly the same 

results for the Al/PVDF/PZT laminate used in the present impact analysis (see Table 1 for 

material properties). 

3.2 Effective transverse properties of the trimorph plate 

To calculate the constants of the contact model in Section 2.2, the Young’s modulus, 

Poisson ratio and yield stress of the target in the transverse direction must be known. Since 

the trimorph plate is made up three different isotropic materials laminated together, effective 

properties are needed and cannot be obtained from available material properties data. An 

approximate analytical solution to the problem is the ‘strength of materials’ approach which 
has been applied in studying the low-velocity impact response of sandwich laminates [19] and 

functionally graded laminates [20], and verified experimentally for impact analysis [21]. The 

strength of materials approach is suitable for use under plane stress conditions, quasi-static 

loading and when the effect of the in-plane material properties of the target on the transverse 

deformation can be neglected [19]. These conditions apply to the impact of the trimorph plate; 

hence, strength of materials approach is considered to be appropriate for the present 

investigation. The effective transverse properties of the trimorph plate can be estimated as: 

𝐸𝑡 = / 1 𝐸1 + 2 𝐸2 + 3 𝐸3  

𝑣𝑡 =  𝑣11 + 𝑣22 + 𝑣33 /

𝜌𝑡 =  𝜌11 + 𝜌22 + 𝜌33 /

𝑆𝑦 = / 1 𝑆𝑦1 + 2 𝑆𝑦2 + 3 𝑆𝑦3  

 (20) 

where  = 1 + 2 + 3 is the total thickness of the plate; the subscript, 𝑡, represents the
target which here is the plate; the subscripts 1, 2, and 3 represent the layers of the plate from 

bottom to top; 𝑘 , 𝐸𝑘 , 𝑣𝑘 , 𝜌𝑘 , and 𝑆𝑦𝑘  are the thickness, Young’s modulus, Poisson’s ratio,

density and yield stress of the kth layer of the trimorph plate, respectively. 
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4 DISCUSSIONS OF RESULTS 

4.1 Validation of modelling and solution approach 

The impact model derived above have been solved by direct numerical integration using 

the NDSolve function in Mathematica™. To validate the modelling and solution approach 

used in the present analysis, a well-known impact problem first studied by Karas [22] is re-

examined. This problem has been studied by many others including Goldsmith [2] and Abrate 

[1], and can be considered as a benchmark case. The impact event involves the elastic impact 

of a simply-supported square steel plate struck by a steel ball. The material and geometrical 

properties of the impact system are: properties of steel – 𝜌 = 7806 [kg/m
3
], 𝐸 = 206.8 [GPa]

and 𝜐 = 0.3 [-]; Plate dimensions = 0.2 × 0.2 × 0.008 [m
3
]; Impactor diameter = 0.02 [m];

velocity = 1.0 [m/s]. The impactor mass was calculated to be 0.0327 [kg]. Since the impact is 

assumed to be elastic the Hertz contact model is used to estimate the impact force. 

Figure 4: Impact response of a transversely flexible steel plate struck by a steel ball. F – force, dW1/dt – plate 

velocity, dW2/dt – impactor velocity, W1 – plate displacement, W2 – impactor displacement. 

Karas [22] and Abrate [1] both used the complete modelling approach, but while the 

former solved the reduced models using small-increment integration scheme the latter 

employed the Newmark time integration scheme. The results obtained by Karas [22] and 

Abrate [1] and that of the present approach are compared in Figure 4, and all three methods 

are in good agreement. This shows that results obtained using the NDSolve function are 

reliable. Hence, the NDSolve function has been used to solve the elastoplastic impact models 

of the trimorph plate. 

4.2 Elastoplastic impact analysis of Al/PVDF/PZT trimorph plate 

A study of the elastoplastic impact response of a trimorph plate with layers arranged as 

Al/PVDF/PZT from top to bottom was carried out. The spherical surface of the impactor is in 

contact with the aluminium layer. The material and geometrical properties of the plate layers 

are shown in Table 1. 

Material ν [-] E [GPa] ρ [kg/m
3
] Sy [MPa] h [mm] 

Al 0.33 70 2700 320 3.0 

PVDF 0.44 1.1 1770 50 1.0 

PZT 0.3 64 7600 250 1.0 

Table 1: Material and geometrical properties of the layers of the trimorph plate. 
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The other material and geometrical properties of the impact system are: 𝑎 = 100 [𝑚𝑚]; 
𝑏 = 100 [𝑚𝑚]; 𝑚𝑖 = 1 [𝑘𝑔]; 𝑉0 = 0.30 [𝑚/𝑠]; 𝐸𝑖 = 210 [𝑀𝑃𝑎]; 𝐸𝑖 = 7800 [𝑘𝑔/𝑚3];
𝜈𝑖 = 0.30 [−]; 𝑅𝑖 = 10 [𝑚𝑚]. Impactor material: steel.

Effect of number of vibration modes used in the solution 

The accuracy of the solution of the impact models depends on the number of vibration 

modes used in the solution. The impact force history was determined for different numbers of 

vibration modes as shown in Figure 5. The figure shows that nine vibration modes (i.e. 

𝑚 = 𝑛 = 5) are sufficient to guarantee accurate results. Hence, the results presented and 
discussed in this section have been obtained using a nine mode approximation. In Figure 5, 

the blue lines represent the elastic loading response, the red lines represent the elastoplastic 

loading response, and the black lines represent the response when unloading from an 

elastoplastic loading stage. This colour definition has also been used in later figures. 

Figure 5: Effect of the number of vibration modes used in the solution of the impact model on the accuracy of 

the results obtained for the Al/PVDF/PZT plate. 

Figure 6: Displacement histories of Al/PVDF/PZT plate struck by steel impactor. Dotted line – impactor 

displacement, short-dash line – plate displacement, solid line – indentation. 

Figure 6 shows the displacement histories during the elastoplastic impact response of the 

Al/PVDF/PZT plate. The displacement of the impactor is smooth whereas there are 

oscillations in the displacement of the plate giving rise to oscillations in the indentation. The 

response has a maximum indentation of 103.95 [μm], which occurs in the nonlinear 

elastoplastic loading stage, and a permanent indentation of 21.16 [μm]. The maximum contact 

force is 573.95 [N] and the impact duration is 1.88 [ms]. The loading ends when the velocity 

of the impactor is zero and this occurs when the time is 0.94 [ms] (see Figure 7). The results 

of the simulation shows that the point of maximum indentation (0.89 [ms], 103.95 [μm]) is 
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different from the end point of the impact loading (0.94 [ms], 99.7 [μm]), and this observation 

has also been reported previously by Abrate [1]. 

Figure 7: Velocity histories of Al/PVDF/PZT plate struck by steel impactor. Dotted line – impactor velocity, 

short-dash line – plate velocity, solid line – relative velocity. 

Effect of contact model used to estimate the impact force 

To investigate the effect of the contact model used to estimate the impact force on the 

response predicted, the results of three contact models (i.e. the present contact model, the 

contact model of Majeed et al [23] and the Hertz contact model) were compared. An initial 

impact velocity of 2.0 [m/s] was used in the simulations to ensure that the indentation 

response is well into the elastoplastic stage. The impact responses predicted by the three 

contact models are compared in Figure 8. The force histories predicted by all three contact 

models are in good agreement, demonstrating that the force history is not quite sensitive to the 

contact model used. However, the indentation history predicted by the Hertz contact model is 

different from that predicted by the elastoplastic contact models. The latter predict significant 

elastoplastic deformation with a permanent indentation at the end of the impact. The present 

contact model predicts a maximum indentation of 0.37 [mm] and a permanent indentation of 

59.8 [μm], the contact model of Majeed et al [23] predicts 0.38 [mm] and 65.7 [μm] 

respectively, while the Hertz contact model predicts a maximum indentation of 0.34 [mm] and 

no permanent indentation. This shows that the contact model used for estimating the impact 

force of a large-mass impact can significantly affect the accuracy of the predictions and limit 

the information that can be obtained. This observation differs from the position taken by most 

investigators that the predicted response during large mass impact is insensitive to the contact 

model used to estimate the impact force [1]. Hence, the choice of contact model used to study 

large mass impact events is an important consideration. 

Figure 8: Impact response of Al/PVDF/PZT plate struck by steel impactor at an initial impact speed of 2.0 [m/s]. 
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5 ACTIVE IMPACT DAMAGE MITIGATION 

Piezoelectric actuation can be used to alter the effective transverse stiffness (flexibility) of 

a structure by creating a pre-stress to make it apparently stiffer or more compliant [24]. The 

effective transverse stiffness of a plate with piezoelectric layer actuation is the sum of the 

mechanical bending stiffness and the induced piezoelectric stiffness. The latter may be 

positive or negative, depending on whether the induced in-plane piezoelectric stress is tensile 

or compressive. Studies [6] on the effect of flexibility on the impact response of a plate 

showed that the impact response of the plate is significantly influenced by altering its 

flexibility. This means that a plate with piezo-actuator layers can be used to influence its 

impact response to a rigid blunt projectile by actively inducing a state of pre-stress in the 

plate. This idea can be exploited to actively mitigate blunt object impact damage. 

A few studies have attempted to investigate the application of piezo-actuation during 

impact [7, 8], but these studies applied active bending and damping induced by piezo-

actuation to investigate the control of low-velocity impact response. In this section, a 

parametric study is carried out to demonstrate that the flexibility of a trimorph plate, which 

can be altered using active pre-stressing induced by piezo-actuation, could be exploited to 

mitigate impact damage effects. To achieve this, a parameter, 𝛼, used to alter the effective 
transverse stiffness of the trimorph plate without changing the dimensions or material 

properties of the plate (as would be expected during active pre-stressing induced by piezo-

actuation) is introduced into the transverse vibration model as shown in equation (21). The 

parameter, 𝛼, represents the percentage change in the effective transverse stiffness of the 

plate. When 𝛼 < 0, the plate is apparently less flexible and when 𝛼 > 0, the plate is 

apparently more flexible. The normal case is represented by 𝛼 = 0 when the effective 
transverse stiffness is determined by the mechanical bending stiffness only. 

Figure 9: Influence of transverse flexibility on the elastoplastic impact response of Al/PVDF/PZT plate. 

𝑊 𝑚𝑛  + 𝐾 1 − 𝛼  𝑊𝑚𝑛  = 𝐹(𝑡) 𝛾𝑚𝑛  (21) 

Figure 9 shows the effect of α on the impact response of the Al/PVDF/PZT plate. In this 

figure, the mass of the impactor is 2.0 [kg] and the impact velocity is 0.10 [m/s]. Three cases 

are considered i.e. α = 0, α = −0.3, and α = 0.3. The reference point is taken when the 

effective stiffness is equal to the mechanical stiffness, i.e. α = 0. For α = 0, the maximum 
impact force is 246.15 [N], the impact duration is 2.73 [ms] and the permanent indentation is 

3.36 [μm]. When α = −0.3, the effective stiffness is 30% higher than normal (α = 0) and the 

impact response, which is more localised, is characterised by a higher maximum impact force 

(263.45 [N]), shorter impact duration (2.60 [ms]) and larger permanent indentation (5.10 

[μm]). For α = 0.3, the effective stiffness is 30% lower than normal and the response has 
become purely elastic with no permanent indentation. The maximum impact force is about 
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4.0% lower than for α = 0 and the impact duration is longer (3.02 [ms]). The implication is 
that an impact, which should ordinarily result in a permanent indentation, can be converted to 

one with no permanent indentation. This result is significant because it demonstrates that 

alteration of the effective stiffness of the plate could be exploited to either reduce or 

completely eliminate elastoplastic impact effects. 

6 CONCLUSIONS 

The elastoplastic impact response of a transversely flexible trimorph plate struck by a 

spherical impactor has been investigated analytically. The investigations reveal that the 

contact model used to predict the impact force of a large mass impact event can significantly 

affect the resulting predictions, and also limit detailed description of the impact response. 

Also, investigations on the effect of transverse flexibility on the impact response of the 

trimorph plate showed that elastoplastic impact effects could be reduced significantly or 

eliminated by altering the effective transverse stiffness of the plate; an observation that could 

be exploited for active impact control to mitigate impact damage. 
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Abstract. The observation of damage to structures, either buildings or bridges, due to earth-

quake induced pounding, dates back to early San Fernando (1971) and Mexico City (1985) 

post-earthquake reconnaissance reports. Recent ground shakings that have struck Italian ter-

ritories have renewed the awareness of the necessity to clarify some aspects related to the 

pounding-induced forces acting on the bridge and viaduct piers. Historically pounding has 

been studied by either of two approaches, that are: 1) the stereo-mechanical approach, based 

on the physical laws of the impact phenomenon and the definition of a restitution factor, and 

2) the force-based approach, based on the definition of the local force due to impact. Moreo-

ver, impact can be either soft or hard, depending on the amount of earthquake-induced ener-

gy dissipated locally through the damage of the colliding bodies. In this study, pounding 

response of two linear SDOF (Single Degree Of Freedom) systems has been studied through 

different models, namely: 1) Linear Spring, 2) Kelvin-Voigt, 3)Hertz, 4) Hertz-damp and 5) 

Stereo-mechanical model. Those models have been applied using both backward and forward 

spectrum-compatible and artificially generated ground motions. After introducing 1) the de-

tails of each of those models, 2) the main differences among them, and 3) the numerical com-

putational strategy implemented, the main results are presented. Among these latter, being 

the early results of an exploratory and propaedeutic work for a Doctoral Thesis, the pound-

ing-inducted response spectra, either in terms of peak displacement or pounding force, are 

developed. 

2890



Bharat Mandal, Vincenzo Bianco and Giorgio Monti 

1 INTRODUCTION 

Pounding is the cyclic hammering that can occur, during a seismic event, between close 

structures oscillating out-of-phase when the gap between these latter is not large enough to 

accommodate their earthquake-induced horizontal displacements. 

It is a phenomenon that has been largely documented in the past, as a major cause of both 

buildings and bridges collapses during earthquakes (e.g. [1-8]). In particular, as to the bridges, 

impact between decks and abutments had already been observed in the 1971 San Fernando 

earthquake [1]. In the 1994 Northridge earthquake, at a location approximately       far 

from the epicenter, significant pounding damage was observed at the expansion hinges and 

abutments of the still standing portions of a number of bridges [4]. During the 1995 Hyogo-

Ken Nanbu earthquake in Kobe, Japan, several pounding-related failures had occurred: 1) 

longitudinal movements of the elements of the Hanshin Expressway superstructure reached 

almost       and caused considerable pounding damage at the expansion joints, 2) span col-

lapse due to restrainer failure, and 3) fracture of the bearing supports causing the collapse of 

several decks [5]. Reconnaissance visits after the 1999 Sep 21 Chi-Chi earthquake in Taiwan 

revealed hammering at the expansion joints in some bridges which resulted in damage to 

shear keys, bearings and anchor bolts [6]. During the 2001 Bhuj earthquake, in India, a large 

number of railway and highway bridges were damaged. A number of reinforced concrete slab 

culverts on stone masonry abutments sustained damage at the seating of the span. Adjacent 

spans having girder/slab with different depths, were severely damaged. The large movement 

of the girders along either the longitudinal or the transversal direction imposed severe strains 

on the neoprene bearings [7]. 

From these field observations some general conclusions can be drawn about the typical 

pounding damages induced to bridges, which can comprehend (Fig. 1): 1) bearing damage, 

for either longitudinal or transversal earthquake, with consequent unseating and bridge col-

lapse; 2) amplification of longitudinal displacements with consequent unseating; 3) damage to 

both the abutment and piers transversal retainers; 4) local damage to the impacting decks sur-

faces, typically summarized as concrete spalling, in its lightest form; 5) shear failure at the 

abutment beneath the fixed supports; 6) damage to the piers due to excessive displacements 

imposed. 

The kind of damage undergone by a case-study bridge can depend on a number of parame-

ters, both geometrical and mechanical. Moreover, based on these latter, impact between col-

liding parts can be classified as soft impact or hard impact. Where the former refers to the 

case in which most of the energy is dissipated locally, through local damage, while the latter 

refers to the case in which, due to the high stiffness of the colliding bodies, energy lost locally 

is negligible with respect to the amount of energy transferred to the impacting bodies in terms 

of momentum, which results in this way predominant. In this latter case, more likely for the 

longitudinal impact, the large horizontal force transferred from one deck to the adjacent one, 

can result in a significant change in the dynamic behavior of the entire bridge. 

In this work attention is focused on the case of Reinforced Concrete (RC) viaducts com-

posed of simply supported girders in series (Fig. 2). In this case the two adjacent spans, each 

with its restrained pier, in correspondence of the beam hinge extremity, can be modelled by 

two adjacent SDOF systems connected by an impact element. 

Attention is first focused on the numerical modelling strategies available in the literature 

and, in the second part of the paper, the early results of a propaedeutic work for a Doctoral 

thesis are presented. Attention is dedicated to the possibility to produce spectra, either provid-

ing the maximum displacement or force, induced by pounding, during an earthquake. In fact, 
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spectra can be a very useful analytical tool for practicing engineers committed with the design 

or rehabilitation of bridges in seismic-prone areas [9]. 

a) b)

c) d)

Unseating

Cracking of deck

Bearing failure

Shearing of pier

Figure 1: Examples of damage due to earthquake-induced pounding: a) unseating of girder, b) shear cracking 

of deck, c) bearing shear failure and d) shearing of pier/abutment. 

Fig. 2. Idealized Model of bridge: a) adjacent bridge segments, and b) two SDOF model with impact element. 

2 POUNDING MODELS AVAILABLE IN THE LITERATURE 

Pounding phenomenon has attracted the attention of academic community in the last dec-

ades and a relatively large amount of specific scientific literature has already been produced 

(e.g. [10-21]). 

The equations of motion representing the dynamic equilibrium of the two colliding masses 

subject to earthquake can be written as follows: 

(1) 

m1

HingeRoller Roller

m2

HingeRoller

k1
c1

k2
c2

m0

Impact Element

a)

b)
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where:    and    are the mass of first and second colliding bodies, respectively;  and 

are the relevant damping values;    and  are the horizontal displacement stiffness of the 

vertical structures supporting the first and second mass, respectively;  is the ground ac-

celeration and  is the pounding force arising locally in the instant of impact;       and 

    are the time step-dependent values the two masses displacements while the first deriva-

tives (   ,    ) and the second derivatives (   ,    ) are the velocities and accelerations respec-

tively. In a time step-wise implementation, impact occurs at each time instant   in which the 

following inequality is fulfilled (Fig. 2): 

(2) 

where:   is the measure of the penetration,    is the gap among the two colliding masses. 

From a numerical point of view, pounding has been traditionally studied by either one of 

two models, that are: a) stereo-mechanical, or b) force-based. 

2.1 Stereo-Mechanical Model (SMM) 

The Stereo-mechanical model is based on the use of: a) the momentum conservation prin-

ciple and b) the coefficient of restitution,  . The former can be written as: 

(3) 

where: (   
 ,    

 ) and (   ,    ) are the velocity values after and before impact, respectively. 

This principle means that the momentum after impact is equal to the momentum before im-

pact. The coefficient of restitution, which is the ratio of the relative velocity after impact to 

the relative velocity before impact, is given by: 

(4) 

and gives a measure of the energy loss during impact. In fact it varies between  , meaning 

perfectly plastic impact occurred, and    , which means that impact was perfectly elastic. In 

the former case, the two masses get stuck during impact and move together afterwards while, 

in the latter, the two masses undergo maximum rebound with no energy loss during impact. 

With this approach, the impact duration time is neglected and impact is considered central and 

without any transient stresses and deformations in the impacting bodies. 

At each time step in which Eq. (2) is fulfilled, the two bodies velocities are modified ac-

cording to the following expressions: 

(5) 

2.2 Force-based models 

In the force-based models, the local impact force    of Eq. (1) is different than zero and 

evaluated as function of the penetration value     . Different models simply differ by the way 

its dependence on the gap value is defined. Some of the alternatives adopted by so far by oth-

er researchers are reported hereinafter. 
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2.2.1. Linear Spring Model (LSM) 

This model is the simplest since it assumes a linear dependence of  on  . The impact 

force is evaluated by: 

for 

(6) 
for 

where the linear spring stiffness    is proportional to the axial stiffness of the colliding 

bodies. Typical values of    range from              to              for bridge decks 

[18]. This model cannot account for the energy loss during impact so that it is more indicated 

for analyzing the hard impact. 

2.2.2. Linear viscous-elastic model or Kelvin-Voigt Model (KM) 

The linear viscous elastic model, also known as Kelvin–Voigt model [18-19], consist in 

modelling the impact element by a rheological model comprehending a linear spring in paral-

lel with a viscous damper. The linear spring has stiffness    and the viscous damper is charac-

terized by the damping coefficient    that accounts for the local energy dissipation during 

impact. The impact force is given by: 

for 

(7) 
for 

where           is the relative velocity. The value of  can be evaluated as function of the 

coefficient of restitution   of Eq. (4), by the following expression: 

  (8) 

where the coefficient   is given by: 

  (9) 

Provided that it depends on both geometry and mechanical properties of the impacting 

bodies, some authors [19,20] suggest the value of                 for        and 

  , for       . With respect to the linear model it offers the advantage 

of allowing the local energy loss to be accounted for even if, in some cases, it generates ten-

sile forces acting on the bodies just before separation [18,19]. 

2.2.3. Non Linear model or Hertz Model (HM) 

According to this model, also known as Hertz model, the impact element is composed of a 

non-linear spring with stiffness   , so that the impact force is evaluated by: 

for for 

(10) 

for 
for 
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where   is the Hertz coefficient, which is typically assumed as equal to    , since previ-

ous studies showed that the system displacement is relatively insensitive to it [21]. The impact 

stiffness    depends on both the geometrical and mechanical properties of the colliding mass-

es. The value of   , suggested by some authors and based on small scale experiments [22], 

typically ranges from to . Other authors [20] identified, 

through an optimization technique, a value of  with         . 

This model allows, with respect to the Linear model, a more faithful representation of the 

impact force, but has the disadvantage of neglecting the local energy loss due to plastic de-

formation, local cracking and friction during impact. 

2.2.4. Non Linear viscous-elastic model or Hertz-Damp Model (HDM) 

According to this model, the impact element is composed of a non-linear spring, following 

the Hertz Law of contact [19] and characterized by stiffness    , in parallel with a viscous 

non-linear damper, with viscous coefficient    . The viscous damper is activated only during 

the approaching phase of the collision, when the colliding bodies are actually approaching 

each other (           ), in order to simulate the energy loss typically occurring during this 

phase [19]. On the contrary, it is deactivated during the contact restitution phase, when the 

colliding bodies are moving away from each other (           ). The impact force can be 

evaluated by the following expression: 

for 

(11) 
for 

for 

where the Hertz coefficient is assumed equal to      ; the stiffness coefficient     de-

pends on both mechanical and geometrical properties of the colliding bodies. The damping 

coefficient        can be evaluated by: 

(12) 

where the damping ratio   can be evaluated, as function of   that accounts for the energy 

dissipation during collision, by the following approximate expression: 

  (13) 

Some author [19] suggests the value of impact stiffness                 , obtained 

by experimental data fitting of the maximum recorded impact force and for a value of 

   . Other authors [22] suggest, for RC impacting structures, a value ranging from 

 to . 
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Even though more computationally demanding than the models presented in previous sec-

tions, this is expected to be the more accurate modelling strategy, as confirmed by works 

based on experimental and numerical comparisons [19]. 

3 ADOPTED BRIDGE MODEL 

For the studies herein presented, a viaduct made by a series of simply supported pre-

stressed RC girders with      span length and simply supported was taken into consideration 

(Fig. 2a). Attention was focused on the longitudinal pounding between two adjacent decks, 

each hinged to the relevant pier cap. Pounding between these latter was studied by the simple 

model (Fig. 2a) composed of two SDOF systems placed at a distance equal to the longitudinal 

gap between decks across the pier cap. The mass of each SDOF comprehending the deck only, 

was assumed equal to            . The horizontal flexibility of the hinged pier was mod-

elled, for each SDOF, by a horizontal elastic spring characterized by stiffness      . The 

damping capability of each SDOF was modelled by a dashpot, characterized by a damping 

ratio,     . A parametric study was carried out in order to figure out the typical range of 

variation of the lateral stiffness of RC piers [23]. From these latter results it arose that the nat-

ural vibration period of piers typically ranges from           to          . 

In this section the results of some preliminary analyses, which were carried out in order to 

compare the results obtainable by the various pounding models presented above, are presented 

(Fig. 3). Vibration periods of the two SDOFs were assumed equal to          and  
   , for the first and second mass, respectively. The recorded El Centro earthquake 

accelerogram was assumed to simulate the ground shaking (Fig. 3a). The gap was assumed 

equal to        . 

3.1 Numerical implementation 

Due to the presence of earthquake-induced instantaneous pulse values of force, pounding 

phenomenon is governed by highly non-linear equations, so that it can only be solved by nu-

merical methods. Herein, a stepwise numerical solving algorithm, which combines a fourth 

order Runge-Kutta Method (RK4) with a Predictor-Corrector Method, was employed. Where 

the RK4 (e.g. [24-25]) is a a) one-step and b) explicit, numerical method. In fact, a) at current 

time step , RK4 uses derivative information concerning only the beginning of the step, and 

b) the solving expression  is explicit since it only depends on the value assumed by the 

variable at the beginning of the time step       so as not to necessitate iteration. 

First of all, by means of the so-called State Space Formulation, Eq. (1) can be transformed 

into a system of four first order Ordinary Differential Equations (ODEs). In fact, for the j-th 

mass (     ), by the following positions: 

(14) 

the relevant 2
nd

 order ordinary equation of Eq. (1), can be transformed in the following sys-

tem of two 1
st
 order ODEs:

(15) 
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At the generic time step     , the incremental value of displacement and velocity are ob-

tained by the RK4 expression, herein reported for the displacement only, for the sake of brevi-

ty: 

(16) 

where   is the incremental time step (single valued), and    to    are the RK4 incremental 

coefficients, evaluated a) once on the initial instant of the time step (  ), b) twice on the mid-

dle instant of the time step (  , and   ), and c) once on the final instant of the time step (  ), 

as indicated by the following expressions: 

(17) 

Within the generic incremental time step, after having evaluated the current value of dis-

placements          and          initially assuming      in Eq. (15) (predictor phase), the 

check for pounding occurrence is carried out by Eq. (2) and, if pounding actually occurs, the 

actual values of displacements are re-calculated by the above numerical strategy substituting 

the current value of      into Eq. (15) (corrector phase). When the Stereo-mechanical 

method was implemented, the corrector phase was implemented by updating the current value 

of the velocities by Eq. (5). 

3.2 Differences among pounding models 

A parametric study was carried out in order to assess the variation of the peak displace-

ment of each mass as function of a) the adopted pounding model, and b) the relevant value of 

the stiffness coefficient (Fig. 3). In particular: Figs. 3b and 3e represent the peak displace-

ments, for the 1
st
 and 2

nd
 SDOF respectively, for each of the four force-based models and for

increasing values of the impact stiffness, while Figs. 3c and 3f plot the variation of the peak 

displacement, for the 1
st
 and 2

nd
 SDOF respectively, obtained for varying values of the restitu-

tion coefficient. The results obtained by the force-based models assuming singular values of 

impact stiffness, suggested by other authors [19,20] are also plotted (markers in Figs. 3b, e). 

From the obtained results it arises that, for each force-based model, the peak displacement 

response is almost independent of the value assumed for the relevant impact stiffness. Overall, 

independently of the force-based model, the peak displacement of the 1
st
 SDOF (stiffer) is

smaller than that of the 2
nd

 SDOF. Variation of the peak response obtained by varying the

value of the restitution coefficient, in the ambit of the Stereo-mechanical model, is larger with 

respect to the force-based models. Anyway, it has to be pointed out that the same response as 

that obtained by either of the force-based models can be obtained by the Stereo-mechanical 

model assuming a suitably calibrated value of  . Note also that 1) the largest peak displace-
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ment response is obtained by the linear model, for either SDOF, with respect to the more 

complicated models, and 2) the smallest peak displacement is obtained by the Hertz-damp 

model. This is due to the fact that the linear force-based model completely neglects local en-

ergy losses, resulting in this way more indicated for hard impact. The opposite happens for 

the Hertz-damp model that ends up providing the smallest peak displacement, since it allows 

the local energy loss to be accounted for by the impact damping coefficient. Provided that the 

correct value of the pounding damping is assumed, the Hertz-damp model allows also to 

model the case of soft impact yielding, in this way, the most correct results. 

Figure 3: Comparison of Pounding Models: a) El Centro recorded ground motion; d) displacement response 

time-history for the two SDOFs for SMM with       ; maximum displacement response of the 1
st
 SDOF and 

the 2
nd

 SDOF obtained for (b,e) the various force-based models and for (c,f) the various values of the restitution 

coefficient by means of the Stereo-mechanical model. 

4 RESULTS 

In this section the results obtained applying the Hertz-damp model with impact stiffness 

value , and damping coefficient evaluated on the basis of 

   [19] are presented. Twenty spectrum compatible accelerograms were generated by 

SIMQKE software [26]. These latter were generated for the three soil type (A, B and D) and 

for three seismic zones (1, 2 and 3) contemplated by one of the more recent Italian Codes [27]. 

The so obtained ground motions were characterized by        overall duration, with   
rising part and        of stationary duration. Since it was observed that earthquake direction 

can affect the maximum response [23], both forward and backward seismic attacks were con-

sidered. The results of the numerous analyses carried out were plotted in the form of spectra, 

both in terms of peak displacement (Figs. 4,5) and in terms of peak pounding force (Figs. 6,7). 
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In Fig. 4 the peak displacement spectrum of the 1
st
 SDOF is plotted for differ-

ent values of   , for Zone 1 and Soil A, and compared with the equivalent spectrum in the ab-

sence of pounding. As can be gathered, in general terms, pounding can yield either an 

amplification or a de-amplification with respect to the case of absence of pounding. Moreover, 

it can be noticed that peak displacement undergoes amplification for values of       which 

means that pounding induced amplification of the seismic response, in terms of displacements, 

mainly concerns the more flexible out of the two colliding bodies. This means that the tallest 

pier will be subjected to the largest pounding induced displacement amplification. On the con-

trary, the stiffer, among the two colliding SDOFs, always undergoes displacement reduction 

with respect to the case of absence of pounding. 

The peak displacement spectrum            is plotted in Fig. 5 for different seismic zones 

(rows) and soil types (columns) and for increasing values of   . As can be gathered, given a 

seismic zone, the displacement amplification increases for decreasing mechanical characteris-

tics of the foundation soil. In fact, for zone 1, changing the soil type from a bedrock (A) to a 

softer soil (D), the average spectrum of the band composed of the spectra for decreasing val-

ues of   , almost quadruples. 

 

Figure 4: Non-pounding (red line) and pounding (blue line) displacement response spectra for Zone-1 and Soil 

Type-A for Gap size = 5cm and for different values of   : a)         ; b)          ; c)          ; d) 

  ; e)         ; f)          . 
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Figure 5: Non-pounding (red dotted line) and pounding displacement response spectra for T2=0.2:0.2:4.0 sec; 

a) Zone-1, Soil Type-A; b) Zone-1, Soil Type-D; c) Zone-3, Soil Type-A; d) Zone-3, Soil Type-D

In Fig. 6 the pounding force spectrum       , which actually gives also the value of the 

pounding force affecting the 2
nd

 SDOF in absolute value, is plotted for different values of   ,

for Zone 1 and Soil A. As can be gathered, for values of      , since the two SDOF are ac-

tually oscillating on phase, pounding does not occur. Note that, for increasing values of the   

the inclination of the increasing branches of the spectrum decreases. 

The pounding force spectrum        is plotted in Fig. 7 for different seismic zones (rows) 

and soil types (columns) and for increasing values of   . The maximum value of the pounding 

force increases for increasing values of peak ground acceleration, going from zone 1 to zone 3, 

and for softening mechanical characteristics of the foundation soil (going from class A to D). 

0 1 2 3 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

T
1
 [sec]

x
1

,m
a

x [
m

]

0 1 2 3 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

T
1
 [sec]

x
1

,m
a

x [
m

]

Zone-1, Soil Type-A, Gap 5cm Zone-1, Soil Type-D, Gap 5cm

T2=0.2 - 4.0 s

T2=0.2 - 4.0 s

0 1 2 3 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

T
1
 [sec]

x
1

,m
a

x [
m

]

0 1 2 3 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

T
1
 [sec]

x
1

,m
a

x [
m

]
Zone-3, Soil Type-D, Gap 5cmZone-3, Soil Type-A, Gap 5cm

T2=0.2 - 4.0 s

T2=0.2 - 4.0 s

a) b)

d)c)

2900



Bharat Mandal, Vincenzo Bianco and Giorgio Monti 

Figure 6: Pounding force response spectrum  for Zone-1, Soil Type-A and for different values of   : 

a)            ; b)           ; c)   ; d)           ; e)           ; f)           . 

Figure 7: Pounding force response spectra for T2=0.2:0.2:4.0 sec; a) Zone-2, Soil Type-B; b) Zone-1, Soil Type-

A; c) Zone-1, Soil Type-D; d) Zone-3, Soil Type-A; e) Zone-3, Soil Type-D. 
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5 CONCLUSIONS 

This paper presented the early results obtained within the work for a Doctoral Thesis con-

cerned with pounding between adjacent bridge structures. In the first part the pounding mod-

els available in the literature were analyzed in detail and their differences were highlighted. In 

the second part of the paper the adopted numerical strategy is described in detail. 

In the third and last part of the paper the results obtained by numerical analyses are plotted 

in terms of both peak displacement spectra and pounding force. It arose that, as expected, 

spectra are a very effective and slender analytical tool to be used by practitioners concerned 

with the design of RC bridges in seismic-prone areas. Further developments include the de-

velopment of equations to correctly predict the above spectra. 
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Abstract. The present work sets out to investigate numerically the dynamic responses of 

simply-supported reinforced concrete (RC) beams under impact loading. The beams comprise 

wide sections and thus can be also considered as one-way slab panels often used in pre-cast 

concrete floor construction. The study was carried out using dynamic Non-linear Finite-

Element Analysis (NLFEA) and was validated using published experiential data on RC wide 

beams tested using a drop-weight at high rate. The numerical predictions obtained show that 

that the response of the RC wide beams under impact loading differs significantly from that 

established under equivalent static loading. This change predominantly takes the form of an 

increase in the maximum sustained load which is primarily attributed to (i) the response of a 

part of, rather than the whole, structural element and (ii) the development of inertia forces 

rather than material strain-rate sensitivity. The numerical study is based on the assumption 

that the effect of high loading rates on the behaviour of structural concrete is mainly linked to 

the development of inertia forces and not the strain-rate sensitivity of its material properties. 

Thus, the emphasis is on investigating the effect of loading rate on important aspects of struc-

tural response (e.g load-deflection curves, deformation profiles, load-carrying capacity, reac-

tion forces, crack patterns and modes of failure) in an attempt to provide insight into the 

effect of loading-rate on the mechanics underlying RC structural dynamic response. It is also 

important to consider that during drop-weight testing it is not easy to correlate the measured 

response to the actual physical state of the specimens as the maximum value of the contact 

force generated during impact frequently corresponds to a specimen physical state character-

ized by high concrete disintegration and low residual strength and stiffness. Therefore, the 

true load-carrying capacity is likely to be significantly lower than the maximum value of the 

measured applied load. As a result the validated numerical models developed are employed 

for conducting a parametric investigation in order to determine the true load-bearing capaci-

ty of the examined structural forms under different intensities and loading rates characteris-

ing the applied load.  
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1 INTRODUCTION 

The need to address the growing demands for improving a variety of services (e.g. faster 

transportations, higher energy production, manufacturing and housing) has led to the con-

struction of increasingly intricate structures. High-rise buildings, tunnels, bridges, slab-track 

for high-speed railways, off-shore and marine structures, storage and industrial facilities as 

well as nuclear power-plants are just some examples of such structures, the majority of which 

is fully or partially constructed from reinforced concrete (RC). Considering the high construc-

tion costs associated with such structures and their importance to the economy and society, it 

is essential that they achieve an elevated level of resilience and safety in order to sustain the 

action of loads (such as, for example, those generated by production activities, high-speed 

trains, accidents due to collisions or explosions, natural disasters or even acts of terrorism) 

induced at rates and intensities significantly higher than those of the dynamic loads consid-

ered by current design codes. 

It has been established both experimentally [1-5] and numerically [6-9] that RC structural 

response exhibits significant departures from that observed under equivalent static (low-rate) 

loading once certain thresholds of applied loading rate are surpassed. Such changes become 

more pronounced with increasing loading rates and primarily take the form of an increase in 

the maximum sustained load and stiffness. Impact loading is a characteristic example of high-

rate loading and is generated during the collision of an object onto a certain area of a structure. 

Such loads are applied locally and their form (i.e. intensity, duration, loading-rate and time-

history) depends on the mass, velocity and shape of the object, the dynamic characteristics of 

the structural element (i.e. mass and stiffness) and the properties of the contact area. The ap-

plication of such loads on RC structures results in the generation of stress waves, the propaga-

tion of which, within a heterogeneous material such as concrete results in the development of 

a complex triaxial stress field [10-12]. This field is further accentuated by the cracking proc-

esses of concrete and the deflection of the waves on the developing cracks and on the bounda-

ries of the structure. Hence, defining the response of RC structures under high rate loading is 

a complex wave-propagation problem within a highly nonlinear medium. The available nu-

merical and test data reveals that, with increasing loading rates, RC structural response such 

as deflection and cracking profiles becomes more localised. This is because the portion of the 

RC element reacting to the external load reduces in length as failure occurs prior to the gener-

ated waves reaching the supports [7, 8]. This phenomenon, combined with the inertia forces 

developing along the element span in the transverse directions, underlie the mechanisms gov-

erning RC structural responses [7, 8]. The observed change in these responses is attributed by 

many researchers to the strain-rate sensitivity that is assumed to characterize the material 

properties of concrete and steel. Many constitutive models used to describe the behaviour of 

concrete subjected to high loading rates assume that the concrete material properties are de-

pendent on strain-rate. In contrast with this view, recent work investigating the fundamental 

behaviour of concrete by modelling small cylinder specimens [10, 11] found that concrete 

material properties are essentially independent of stain rate and that the effect of loading rate 

on the specimen behaviour is primarily attributed to the inertia forces which develop within a 

specimen and the effect is at the structural rather than the material level.  

The strain-rate independent assumption has been also employed in the present work in or-

der to ascertain the significance of the role that inertia plays in the beam’s dynamic response 

when subjected to high loading rates. Thus, the presently-examined wide RC wide beam 

specimens were modelled by means of static material properties of concrete coupled with the 

dynamic characteristics of the system at a structural level. The numerical study uses published 

experimental data on wide RC beams [1] and aims at studying the mechanics underlying RC 
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structural response under high rate loading conditions through the use of a commercial non-

linear finite-element (NLFEA) analysis package ANSYS [13]. After validating the finite-

element (FE) predictions obtained against their experimental counterparts, emphasis was fo-

cused on investigating the effect of loading rate on important aspects of RC structural re-

sponses such as load-deflection curves, deformation profiles, load-carrying capacity, reactions, 

crack patterns and modes of failure. During drop-weight testing it is difficult to correlate the 

measured responses to the actual physical state of the specimens as the measured maximum 

value of imposed load frequently corresponds to a specimen that is already disintegrated and 

exhibiting low residual load-bearing capacity and stiffness. This stage of structural response 

has little practical significance as it depends heavily on post-failure mechanisms for transfer-

ring the applied loads to the specimen supports. Therefore, the true load-carrying capacity is 

likely to be significantly lower than the maximum value of measured applied load. To address 

this, a parametric study was carried out to determine the true load-bearing capacity under dif-

ferent intensities and loading-rates of the imposed impact load.  

2 EXPERIMENTAL BACKGROUND  

A large number of experiments has been carried out to date to investigate the responses of 

RC beams under impact loading [1-5]. In the majority of these cases, the load is applied by 

means of a steel mass (impactor) allowed to fall onto the mid-span region of the specimen 

from a predefined height depending on the desired rate of loading. The ratio of the mass of 

the steel impactor to the mass of the RC beam specimen used in the various case studies vary 

significantly, ranging from low values of 17% (the steel impactor being much lighter than the 

RC specimen) to large values such as 150% (the steel impactor being heavier than the RC 

specimen). The load is usually applied through the use of pads or platens (made of steel, ply 

or rubber) in order to moderate the damage in the area of contact between the steel impactor 

and the RC specimen. The duration of loads generated during drop-weight tests is usually ex-

tremely short (i.e. a few milliseconds) and the intensity of the applied load increases rapidly 

from zero to a maximum value. Typically, the variation of strain and displacement at various 

points along the specimen length, the velocity and acceleration of the steel impactor, as well 

as measurements of the support reactions are recorded. In addition, crack formation and 

propagation up to failure, is closely monitored as it provides an indication of the correspond-

ing internal stress state of the beam at every stage of the loading process. However, it should 

be noted, that the latter information is not usually available in literature. Information concern-

ing crack patterns and deformation profiles is usually recorded after (and not throughout) the 

application of the impact load. Therefore, as explained earlier, this usually relates to a speci-

men of little practical use as it is heavily degraded and is dependent on post-failure mecha-

nisms for transferring the applied loads to the supports. This is often achieved through the use 

of a high-speed video camera. Similar RC beams to those tested under impact loading are 

usually also tested under static loading, for purposes of comparison. 

Typical load deflection curves are shown in Figure1a describing the responses of RC 

beams under impact and equivalent static load exerted at mid-span, which reveal that an in-

crease in loading-rate leads to an increase in the maximum sustained load and to a stiffer re-

sponse. The corresponding deflected shapes indicate that, as the rate of the applied load 

increases, the portion of the RC beam mostly affected by the application of the external load 

tends to concentrate at the mid-span region of the specimen, where the load is exerted and as 

a result cracking tends to concentrate in a region of the RC beam around the point at which 

the external load is applied. This localised response increases with increasing loading rates. 

The variation in the recorded peak value of the applied load, i.e. contact force generated dur-
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ing impact, (maxPd) expressed as a ratio of its maximum static counterpart (maxPs) is shown 

in Figure 1b. The data indicates that an increase in the rate of applied loading results in the 

RC beam being able to sustain higher levels of loading. Data obtained from such tests is char-

acterised by a large scatter partly due to a wide range of parameters (associated with the ex-

perimental setup and the specimen) which differ from test to test. This scatter predominantly 

reflects the difficulty in correlating the measured responses under impact load to the actual 

physical state of the specimens discussed earlier. This is different to the way the load carrying 

capacity term is usually defined and understood under static loading. So in design terms, one 

has to be careful in estimating the maximum impact load that can be sustained by a given 

beam as this will depend on the level of damage that can be tolerated and the residual strength 

required following impact. 

 

Figure 1: Experimental background on (a) static and impact tests [9] along with numerical counterparts and (b) 

scatter in impact test data  

2.1 Specimens considered   

Published experimental data on RC wide beams [1] forms the basis of the present numeri-

cal study and the salient features of the specimens are depicted in Figure 2. Each specimen 

was 1800 mm in length, 360 mm in width and 125 mm in thickness and was simply supported 

on rollers near the ends of its span in the longitudinal direction, forming a clear span of 1600 

mm. The static responses were initially established under monotonic loading applied until 

failure and then under impact loading via drop-weight testing, which was achieved by drop-

ping a 38 kg steel impactor with a flat contact face from a height of 5m (thus achieving a ve-

locity of 10 m/sec on impact). The ratio of the mass of the steel impactor to that of the beam 

is approximately 13% which is towards the lower end of corresponding values in the majority 

of experimental investigations. This is considered advantageous to using heavy drop weights 

which usually result in a complete disintegration of the test specimen thus making it more dif-

ficult to derive meaningful conclusions regarding the specimens’ response. Both static and 

impact loads were applied through a steel cross-beam placed on top of the RC beam extend-

ing along the full width of the RC beam, in order to better distribute the applied load on the 

concrete surface and avoid the development of local stress consecrations which can in turn 

cause cracking in the region of the beam were the external load is exerted. The mean cube 

compressive strength of the concrete was found to be 64.30 MPa, while the mean tensile split-

ting strength was found to be 3.94 MPa. The mean ultimate strength and strain was found to 

be 670 MPa and 0.067, respectfully. 

(b) (a) 
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Figure 2: Experimental layout of RC wide beams [1] 

2.2 Response under static loading 

The load-deflection curves describing 

the response of the RC beam under static 

load is presented in Figure 3. The speci-

men initially behaved elastically up to 

around 12 kN and cracking started form-

ing at mid-span at the lower face of the 

beam. As the loading was increased, 

cracking extended upwards resulting in a 

gradual reduction in the stiffness of the 

beam. The maximum load carrying capac-

ity was found to be 32kN beyond which 

the load decreased gradually followed by 

an abrupt reduction in the load carrying capacity due to failure in the compressive zone of the 

beam at mid-span. The FE-based load-deflection curve is also depicted on Figure 3 which 

shows good agreement with corresponding experimental data.   

2.3 Response under impact loading 

Figure 4a shows the load generated during impact whereas the load deflection curves in 

Figure 4b indicates that under high-rate loading conditions, the response of the RC wide beam 

becomes stiffer while allowing the beam to attain higher levels of loading. Furthermore, under 

impact loading cracking initiates at a much earlier stage in the loading process compared to 

that observed under static loading while at the same time these cracks propagate much faster 

extending rapidly towards the upper face of the beam. The photographic record confirms that 

cracking initiates at the lower surface of the mid-span region of the beam and almost immedi-

ately extends upwards. The crack pattern indicates that the beam exhibits a localised response 

confined to its middle portion during the first stages of the experiment. The crack has a verti-

cal flexural form that penetrates deeply into the compressive zone. This is a typical mode of 

failure which corresponds to the specimen’s true load-carrying capacity (i.e. relating to the 

specimen still acting as a continuum). This appears to occur within a very short period of time 
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that is much less than the duration of the whole test, beyond which the experimentally estab-

lished behaviour is likely to describe post-failure phenomena of little practical significance. 
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Figure 4: Experimental data [1] showing (a) impact load history and (b) static and impact load-deflection curves 

3 FE MODELING STRATEGY 

Due to the difficulties and limitations associated with RC element tests under high-rate 

loading, resort has been made to the use of nonlinear FE analysis. Use of the FE method can 

provide a more detailed description of the structural response and also allows the investigation 

to be extended to structural forms more complex than the simple RC structural elements that 

can be studied experimentally. Another advantage of the numerical investigation is that, 

unlike testing, which relies on measuring and recording the effect of the rate of loading on 

structural behaviour, it allows a more comprehensive study of the causes of change in the be-

haviour exhibited by the RC structural elements. In order to accurately model the problem at 

hand, it is necessary to fully identify the complexities that characterise it. The FE analysis 

code adopted for the current investigation (ANSYS) is capable of carrying out 3D non-linear 

static and dynamic analyses, employing appropriate material models capable of accounting 

for the non-linear behaviours of concrete and steel. Due to the non-linear behaviour of con-

crete, the governing equation of motion is solved numerically through the implicit Newmark 

integration scheme [8, 14]. Provided that the stability criteria are observed, the method yields 

comparable results with explicit FE formulations in RC element analysis. A brief description 

of the model parameters is provided herein for completeness. 

3.1 Concrete material modelling 

ANSYS is a well-known commercial FEA package that is widely used in a variety of 

complex structural problems. The present study uses a concrete model derived based on re-

gression analysis of test data on concrete cylinders and cubes subjected to uniaxial compres-

sion and tension under quasi-static load rates. The ensuing stress-strain curves are depicted in 

Figures 5a and 5b, respectively.  

 

Figure 5: Uniaxial stress-strain relations adopted in ANSYS for concrete under (a) compression and (b) tension  

(b) (a) 

(a) (b) 

dP/dt ≈ 250kN/msec 

Pmax≈ 270kN 
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By assuming that concrete is an orthotropic material, the uniaxial stress-strain curves de-

scribed above are applied to each principal-stress axis, thus leading to a formulation of a gen-

eral constitutive model describing the behaviour of concrete under triaxial loading conditions. 

The analytical formulation in ANSYS also defines the slope of the descending softening 

branch of the tensile stress-strain curve. The default value is 0.6, the effect of the variation of 

this parameter was not investigated in the present study. 

3.2 Reinforcement modelling 

Steel reinforcement is explicitly included in the FE model 

using one-dimensional bars under uniaxial tension and com-

pression only. Full bond is assumed between steel and con-

crete, with local bond transfer bounded by the tensile 

capacity of the concrete at the Gauss points near the rein-

forcement. Steel constitutive behaviour follows a simple bi-

linear hardening model accounting for the initial elastic and 

an averaged post-yield behaviour of the bars (see Figure 6). 

Similarly to the concrete case, the effect of the loading-rate 

on steel behaviour is discounted at the material level.  

3.3 Crack modelling 

Following the modelling capabilities of the adopted FE analysis program (ANSYS), 

cracking is modelled using the smeared-cracking approach. Following this modelling conven-

tion, cracks are allowed to form at the integration points where stress evaluation takes place 

and their effect is spread within a region associated with a particular Gauss point. 

3.4 FE mesh and loading 

The concrete medium is modelled by using a 

dense mesh of 8-noded brick elements with an edge 

size of between 20 mm to 30 mm and the FE mesh is 

depicted in Figure 7. The element formulation adopts 

a reduced integration scheme to avoid numerical prob-

lems due to locking. Reinforcement bars are modelled 

by 2-noded single Gauss point truss elements with 

cross-sectional areas distributed to the relevant nodes 

of the beam’s cross-section so as to be equivalent, in 

terms of both cross-sectional area and location, to the 

actual reinforcement of the beams. Because of the 

double symmetry of the problem at hand, a 100mm 

strip of the concrete slab was modelled with suitable 

boundary conditions. As in the case of the experimental investigation, the external load is ap-

plied at mid-span of the RC beam through a rigid element. The value of the applied load in-

creases linearly at a constant rate until the load-carrying capacity of the RC beam is reached 

and failure occurs. Initially the static problem is investigated in order to effectively calibrate 

the model followed by the investigation of the dynamic problem. Various rates of loading are 

investigated herein ranging from 250 kN/sec to 250,000 kN/sec. the latter being equivalent to 

the loading rate applied during the drop-weight discussed earlier. 

Figure 6: Uniaxial stress-strain 

relations for steel bars 

 

Figure 7: FE mesh adopted 
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4 PREDICTED FE RESPONESES UNDER STATIC LOADING  

In the FE modelling of the static test, the external load is applied in the form of displace-

ment increments at mid-span and the load-deflection results obtained are presented in Figure 

3 which, as pointed out earlier, compares well with experimental data. Overall, the numerical 

investigation predicts a response similar to that established experimentally, yielding very 

similar values of load-carrying capacity and maximum deflection (30kN and 30mm, respec-

tively). Figure 8a shows the deformed shape of the beam in the case of static loading, whilst 

the cracking pattern presented in Figure 8b, which shows that flexural cracks begin to appear 

in the mid-span region of the specimen and gradually extend towards the supports as the load 

increases. The cracking pattern correlates closely with its experimental counterpart. 

 

 

 

 

 

 

Figure 8: Static-load FE results showing (a) deflected shape and (b) cracking pattern 

5 PREDICTED FE RESPONESES UNDER HIGH RATE LOADING 

In the dynamic case studies, the effect of a number of different rates of loading on the dy-

namic responses of the RC wide beam was investigated numerically. The loading rates con-

sidered were 2.5, 25 and 250nkN/msec (the latter being equal to the loading rate applied 

during the drop-weight test [1] discussed earlier). The load is applied monotonically up to 

failure at a constant rate in order to study the dynamic responses of the subject specimens. 

The numerical predictions obtained are presented in Figure 9a in the form of applied load ver-

sus mid-span deflection curves, which reveal a considerable increase in stiffness and maxi-

mum sustained load with higher values of applied loading rate and at the same time, a 

decrease in the maximum deflection at mid-span. However, it is also evident that the level of 

loading applied during testing (approximately 270kN at a rate of 250kN/msec) is considerably 

lower than the maximum value of imposed load obtained numerically for the case of mono-

tonic loading applied with the same loading rate. Nevertheless, the numerically predicted val-

ue of the mid-span deflection at 270 kN is similar to that established experimentally thus 

providing evidence concerning the validity of the numerical model presently employed.    

The deformation profiles prior to failure, shown in Figure9b, suggest that as the rate of 

loading increases the response of the beam tends to become more localised resulting in the 

reduction of the portion of the element affected by the application of the external load which 

tends to concentrate at the mid-span region of the beam. In particular, as the rate of loading 

increases, the deflected shape of the beams progressively attains a narrowing bell-shaped 

form in the vicinity of the loading point (with its convex portions near the supports gradually 

increasing at the expense of the middle concave portion, which deflection becomes dispropor-

tionally large). The predicted crack patterns exhibited under different rates of loading prior to 

failure (see Figure 9c) are consistent with the deformed profiles of the beam, indicating that 

as the rate of loading increases, cracking becomes more localized primarily around the point 

at which the load is exerted.  

Strain rates exhibited in the region adjacent to the point of application of the external load 

were calculated for the maximum loading rate presently considered as depicted in Figure 10. 

(a) (b) 
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The strain rate is found to reach values in the range of ±10 sec
-1

 for the larger part of the dura-

tion of the loading process and only towards the final part do they become greater than 200 

sec
-1

. Considering available tests data describing the effect of increasing loading rates on the 

behaviour of plain concrete under high rates of uniaxial compressive and tensile loading [10-

12] – see Figure 11 – it is shown that the loading rate corresponding to the above range of 

values of calculated strain rates (i.e. ±10sec-1) may, at best, result only in a small increase in 

concrete strength. Even during the latter stages of the loading process the crack patterns pre-

sented earlier show that the specimen has suffered considerable cracking and therefore the 

calculated strain rates do not correspond to the beam acting as a continuum but to one that has 

disintegrated considerably.  

 

 
 

 
 

 
 

Figure 9: Predicted response of RC Beam showing (a) load-deflection curves, (b) deflected shapes and (c) crack 

patterns exhibited prior to failure 

 
(a) 

 
(b) 

Figure 10: Predicted values of (a) strains and (b) strain rate in the region adjacent to the point of application of 

the external load 

 
 

Figure 11: The effect of increasing loading rates on the behaviour of plain concrete specimens under high rates 

of uniaxial (a) compressive [10,11] and (b) tensile loading [12] 
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6 CONCLUSIONS 

Comparing the numerical predictions with their experimentally established counterparts 

describing the responses of the RC wide beams (or one-way slabs) under static and impact 

loading, it can be concluded that both sets of data show good agreement. In particular, both 

experimental and numerical investigations clearly demonstrate that during high-rate loading 

(i.e. impact) the specimen is capable of undertaking higher levels of loading. Nevertheless it 

is clearly demonstrated that the experimental investigation is unable to correlate the measured 

responses to the actual physical state of the specimens as the measured maximum value of 

imposed load corresponds to a specimen well below its load-bearing capacity established ex-

perimentally.    

A comparison of the load-deflection curves under static and impact loads shows that un-

der high-rate loading conditions, the response of the RC beam becomes stiffer and allows the 

beam to attain higher levels of loading. This change in structural response is essentially linked 

to the deformation profile exhibit by the beams with increasing loading rates which becomes 

more localised and confined to the mid-span loading region (i.e. the area at which the load is 

exerted) as the loading rate increases. Nevertheless the mode of failure appears to remain un-

affected by loading rate.  

Form the preceding analysis, it can be concluded that the numerical investigation of RC 

wide beams under high-rate loading yield similar results to that established experimentally 

using drop-weight testing. In particular, it can be suggested that the agreement observed be-

tween numerical and experimental data validates the initial assumption that the effect of load-

ing rates on the specimen behaviour can be attributed – at least for the rates considered – to 

the inertia effect of the RC beam mass (which results in a reduction in the length of the beam 

which responds to the applied load) and not to the loading-rate sensitivity of the material 

properties of concrete and steel. However, more research is required in order to correlate the 

measured responses to the actual physical state of the specimens considered in order to accu-

rately determine certain important aspects of RC structural response (i.e. load-carrying capac-

ity) under increasing rates of impact load. Such information is essential in order to develop 

advanced analysis methodology which in turn can facilitate the development of efficient de-

sign solutions (in terms of both safety and economy) capable of safeguarding the structural 

integrity, resilience and performance requirements. To this end, further experimental and nu-

merical studies are currently being conducted by the authors on a variety of structural con-

figuration subjected to various types of high-rate loading. 
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Abstract. The paper follows from the theory of explosion and interaction of an impact wave 
formed by the explosion and a structure. This is a complex mechanism depending on the ge-
ometry and composition of the structure, the magnitude and the angle of the blast wave, and 
relative distance of the blast. Firstly, the paper determines the parameters of the blast wave 
excited by a small charge explosion. The empirical formulas on the basis of our own experi-
mental results are shown and used for the structure analysis. Evaluations of structures loaded 
by an explosion based on dynamic response in rotations round the central line of plate or 
beam systems during the dynamic load of this type is in the paper discussed and comparison 
of own limit values and published ones is presented. Blast loads typically produce very high 
strain rates in the range of 10-2 to10-4 s-1. This high straining rate would significantly increase 
the stress and strain capacities of concrete and steel reinforcement, and accordingly affects 
the dynamic performance of the target structure. The effect of strain rate for concrete mate-
rial is discussed. The formulas for increased compressive strength of concrete and steel rein-
forcement are presented. The ductility of structural members is influenced by the 
corresponding values under high strain rate of reinforcement. Damage to the structure is as-
sessed accordingly, firstly by the angle of rotation of the middle axis/surface, and secondly by 
the limit internal forces of the selected structure. The extreme nature of blast resistance 
makes it necessary to accept that structural members have some degree of inelastic response 
in most cases. This enables the application of structure dissipation using the ductility factor 
and increased of concrete strength. The limits are correlated with qualitative damage expec-
tations. The methodology of dynamic response assessment and its application to the simple 
bridge structure is discussed. 
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1 INTRODUCTION 

The explosion of a gaseous or solid explosive medium generates a pressure wave in the 
centre of the explosion. Its intensity and history are determined by the chemical properties of 
the explosive and its reaction with ambient environment. The pressure wave begins propagat-
ing from the explosion centre in approximately spherical wave fronts which reflect from and 
are modified by their impact on the surface of building structures or the ground. The effect of 
pressure in the propagating wave, together with the wave reflected from the surface of the 
building or the ground, form the magnitude of the load applied to the structure and its history.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Loading blast wave (explosion in the open air space) 

2 LOAD 

When a charge explodes in an open space, the pressure effect of the impact wave on an ob-
stacle (the load of the structure) depends on the situation of the structure with respect to the 
focus of the explosion, the impact wave parameters, etc. The entire phenomenon of the impact 
wave effect on the structure is then usually simplified for calculation purposes, using numer-
ous assumptions, especially as regards the intensity and the time course of the impact wave 
effect and its distribution in contact with the given object [1]: 

a) Triangle-shaped development of the load in time with the maximum intensity corre-
sponding to the sum of the pressures of the impacting (Fig. 1) and reflected wave and the du-
ration of the action, usually corresponding only to the duration of the action of the 
overpressure phase of the shock wave; 

b) The shock wave can be considered as having a flat front, meaning that the rise time to 
maximum intensity is neglected, and additionally that the load starts to act on the entire struc-
ture at one moment; the phase shift of the start of the action of the load at individual structure 
points is thus neglected; 

c) It is usually assumed that the load acts on the building structure in a continuous and uni-
form manner (any local effect of the focused load is neglected); 

d) The response of the structure is usually considered on the basis of the superimposition 
of two triangular loads, which correspond to the overpressure phase and subsequently the un-
derpressure phase of the shock wave. 

In case of explosions of gaseous mixtures (in contradiction to the explosions of charges of 
solid or liquid explosives) apart from the triangular overpressure phase also the underpressure 
phase is significant, the effect of which can be repeatedly considered as fast triangular loads, 
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but with the opposite sign and a phase shift; both phases (overpressure and underpressure) 
may be considered separately in such a way as would enable the superposition of obtained 
results of both phases to obtain total effects. 

When an actual event takes place, the specific course of the load action depends on the 
swirl flow bypassing the structure surface, the atmospheric pressure, the temperature condi-
tions and other factors that are usually neglected in a simplified analysis. The parameters of 
the explosive, too, are determined on the basis of average values; empirical formulas are used, 
and operate with mean (probable) coefficient levels. Thus the structure calculations concern-
ing the impact wave effects are significantly burdened by these inaccuracies in the input quan-
tities of the entire phenomenon. 

Empirical formulas created by various authors [1, 2, 3, 4] are usually used for the time 
course of the pressure wave and subsequently the structure load. The structure of the formulas 
according to various authors is very similar, and they usually differ only in the magnitudes of 
the coefficients. Due to the variability of these coefficients, the uncertainty of the formulas is 
usually found to be in the range of ±20%, and possibly even more. The reliability of individ-
ual formulas improves with increasing distance of the pressure wave from the focus of the ex-
plosion. 

The overpressure determined at the face of the air impact wave that spreads from the ex-
plosion site to the surroundings stems from the reduced distance [1, 3] is: 

 
3

wC

R
R   (1) 

where R  is the reduced separation distance from the epicentre of the explosion [m/kg1/3], 
R is the distance from the explosion epicentre [m], and WC is the equivalent mass of the 
charge [kg TNT]. 

It is assumed that the energy released by the explosion is proportional to the mass of the 
explosive, and the solution consists in introducing a reference charge chosen to be represented 
by tritol (trinitrotoluene, TNT). Therefore the mass of various explosives is expressed in 
terms of the so-called tritol equivalent (kTNT). If this equivalent cannot be found in the special-
ized literature, it can be calculated with sufficient accuracy using the relationship 

 kTNT-p = 0.3 Qv – 0.2   (for 2 MJ/kg ≤ Qv ≤ 5 MJ/kg)  (2) 

where kTNT-p is the pressure tritol equivalent of the explosive (equal to 1 for TNT), Qv is the 
calculated explosion heat [MJ/kg] and Qv = 4.2 MJ/kg for TNT. 

Then the total equivalent mass CW can be determined using the relationship [3] 

 Cw = CN ∙ kTNT-p ∙ kE ∙ kG (3) 

where Cw is the mass of the equivalent charge [kg TNT], CN is the mass of the used charge 
of the (actual) explosive [kg], kTNT-p is the pressure tritol equivalent, kE is the charge seal coef-
ficient, and kG is the geometry coefficient of the impact wave spreading in the space. 

 The seal coefficient can be determined using the relationship 

 kE = 0.2 + 0.8 / (1 + kB)  (4) 

where kB is the cover mass [kg] divided by the explosive mass [kg], and expresses the bal-
listic ratio. The following applies to the geometry coefficient kG, 1 for detonation in an open 
air space, 2 for ground explosion.  

The explosion wave spreads in spherical wave fronts from the focus point of the explosion. 
When the explosion is on the ground, the explosion energy is roughly double because, after 
complete reflection from the surface of the terrain, the pressure wave spreads in hemispherical 
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wave fronts. The spreading geometry coefficient kG is not stated by some authors in the for-
mulas for determining the total equivalent mass; in such cases, and in the case of a ground 
explosion, the equivalent charge mass Cw is as a rule substituted by twice its value in empiri-
cal formulas. 

In the simplified calculation [3], a ground explosion is represented by a situation when the 
explosive is located directly on the surface of the terrain (h = 0 m thus kG = 2). An explosion 
in an open air space is a situation when the delay of the reflected wave from the surface of the 
terrain to the pressure wave front is higher than the duration of the overpressure phase of the 
pressure wave (kG = 1). A linear interpolation is made between the both values of kG. 

On the basis of comparing various resources in the literature (namely [1, 3, 4]) and our 
own results of tests of masonry [5] and window glass structures during explosions of small 
charges, the authors of this paper proposed the application of realistic formulas. The empirical 
formulas below were verified in experiments using small charges (Semtex) in the vicinity of 
the loaded structure. Their resulting form then corresponds to the impact wave effects from a 
small solid charge in an open air during this explosion. Maximum overpressure p+ and under-
pressure p– at the face of the air impact wave, velocity v of the wave face propagation and its 
durations τ+ and τ– are applicable both to ground and above-ground explosions: 

 1.0
07.1

3 
R

p      [MPa]    for 1R  m/kg1/3 (5) 

 32

275.1383.00932.0

RRR
p       [MPa]    for 151  R  m/kg1/3 (6) 

 
R

p
035.0

      [MPa]  (7) 

 RC  


6
w

3106.1      [s] (8) 

 3
w

2106.1 C 
     [s] (9) 

  pv 3.81340      [m/s] (10) 

After a normal (perpendicular) impact of the explosion wave on a solid obstacle, a re-
flected wave is formed with the reflection overpressure pref that loads the building structure 
from the front side. The overpressure value in the reflected wave corresponds to approxi-
mately twice the value of the overpressure for low overpressure values p+ of approximately up 
to 5 MPa (up to eight times the value for high overpressures of the order of several MPa) in 
the incident wave for the given distance R [3]. 

 pref+ ≈ 2 p+ (11) 

 pref– ≈ 2 p– (12) 

The duration of the action of the pressure tD is about the same as the duration of blast wave 
τ+ or τ–. 

3 STRUCTURE RESPONSE 

3.1 Load combination 

The structure should be analysed using the following load combinations simplified as an 
equivalent static analysis (13) or as a dynamic analysis (14, 15): 
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 δ (1.2D + 0.25L)  (13) 

 D + (0.25 or 0.50)L (14) 

or for alternate load path method (checking if residual load-carrying capacity upon notional 
removal of a selected load-bearing element) 

 (0.9 or 1.2)D + (0.5L or 0.2S) + 0.2Wn (15) 

where D is dead load (1.2D or 1.0D is usually recommended), L is live load, S is snow load 
for roof, Wn is wind load for periphery structure elements, δ ≈ 1 ~ 2 is dynamic load factor 
(DOD UFC [6] recommends δ = 2.0; other publications conclude that the use of a fixed dy-
namic load factor of 2.0 is highly conservative).  

3.2 Structure ductility and material strengthening  

When a structure is loaded by an explosion, the formation of cracks not leading to a col-
lapse is as a rule permitted. Thus ductility factor q may be used to reduce the magnitude of the 
explosion load. This is a highly efficient way of taking inelastic manifestations of the dy-
namic load into account. 

 q = xm / xel (16) 

where xm is the maximum elastic plastic displacement of the structure, and xel is the elastic 
part of the displacement. 

The applicable ductility factor is usually q < 3 for reinforced concrete structures. (On the 
basis of a more detailed analysis of the structure, higher ductility factor values may be used, 
for example, on the basis of seismic standard EN 1998-1)  

The strength characteristics of the structure material may also be increased in the calcula-
tion of the structure response. An estimate of this increase (minimum material strengthening 
factor k1) is shown in Table 1 [7], in dependence on the duration of the explosion load tD. 

 
tD  [s] ≥1.0 10-1 10-2 10-3 

k1 1.0 1.05 1.10 1.20 

Table 1: Estimation of factor k1 in dependence on load duration tD for concrete. 

Blast loads usually produce very high strain rates in the range of 10-2 to 10-4 s. In comparison 
with Table 1 this strain rate would increases the stress and strain capacities of concrete and its 
steel reinforcement [8]. The increased compressive strength '

cdf  of concrete under dynamic 

loading can be calculated as: 

 dccd Kff ''   (17) 

 (dK ) = ( 


 026,1)

s


 for 130  s  (18) 

 (dK ) = ( 3/1)
s




 for 130  s  (19) 

 2156.6log    (20) 

 )/95/(1 ''
coc ff  (21) 
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where  is the strain rate, s (quasi-static strain rate) is 30×10-6 s-1, '
cof is the reference 

strength set as 10 MPa and '
cf  is 28-day compressive strength of concrete at static strain rate.  

Steel reinforcement also shows higher strength and ductility under high strain rate. Sorou-
shian and Choi [9] proposed a model for stress-strain response of steel under various loading 
rates. They reported that the increase in steel yielding stress, ultimate strength, and ultimate 
strain are proportional to the logarithmic function of the strain rate, as follows: 

 10
76

'

log)093.01020.9()46.110451.0(  
yy

y

y ff
f

f
 (22) 
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 (23) 
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u ff  (24) 

where fy, fp and εu are the yielding strength, ultimate strength, and ultimate strain of steel 
reinforcement under static loading, respectively; and '

yf , '
pf  and '

u are their corresponding 

values under high strain rate of  .  
For example for concrete C35/45 and for tD = 0,002 s are Standard recommendations for 

concrete: Czech: strengthening factor k1 = 1.20 [7] and U.S.: over-strength factor Ω = 1.25 [6]. 
According to CEB-FIB 1990 [8] is Kd = 1.29 (the stress '

cf = 40 MPa increases to '
cdf = 51,2 

MPa) and for reinforcement 10505 (fy = 490 MPa, fp = 550 MPa): 

44.1
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It means that the approximation of strain rate by factors k1 and Ω for concrete stress char-
acteristics is relatively convenient and safety enough.  

3.3 Response assumption 

The magnitudes of the internal forces in the analysed structure are considered as a part of 
the evaluation of the limit bearing capacity conditions, based on load combinations when they 
are reduced using ductility factor q. The resulting internal forces are then evaluated on the ba-
sis of design standards for the appropriate structure material type, or as a variant, also accord-
ing to its increased strength using factor k1. However, this procedure entails two important 
uncertainties in the case of bent structures, i.e. a suitable choice of the ductility factor, on the 
one hand, and the material strengthening factor, on the other. During very rapid reshaping of 
the structure, which is typical for explosion loads, both factors may achieve numeric values of 
the order of tens, and not only of units, as mentioned above. Thus they may lead to consider-
able overdesigning of the structure. 

Evaluations of structures loaded by an explosion based on dynamic displacements and ro-
tations round the central line of plate, wall or beam systems during the action of a dynamic 
load of this type have been of very topical interest in recent times, as regards the process of 
evaluating the effects of an explosion on a structure. The dynamic rotation round the central 
line of an appropriate structure element is therefore the criterion used to evaluate the response 
occurring at the following angle: 
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 ψ = arctg (xm / (0.5 hspan)) (25) 

where xm is the maximum achieved dynamic displacement caused by the explosion load 
and hspan is the span of the plate ceiling structure or the height of the wall structure within one 
storey, or the span of any beam, the height of a column, etc. 

The authors applied this procedure to various types of materials and structure systems, and 
on the basis of an experimental comparison they determined the failure angle ψmax, i.e. the 
angle where damage is caused to the structure by breaking (Table 2). 

 

Type Structure material ψmax [°] 

1 Concrete C16/20 to C40/50 6.5 

2 Masonry, full bricks 10, mortar 4 or mortar 10 5.0 

3 Masonry, cement bricks, mortar 4 4.5 

4 Masonry, cellular concrete or perforated precise blocks, mortar 4 4.0 

5 Steel S235  10.5 

6 Wood, hard and soft 12 

7 Window glass, thickness 3 mm 6 

Table 2: Limit failure angle ψmax [°] upon breaking of the material. 

4 RESPONSE OF BRIDGE STRUCTURE 

As an example the reinforced concrete bridge structure was used. The bridge includes four 
long spans (30 m, 2×45 m, 30 m) with intermediate piers (12.25 m, 17.25 m, 15.25 m) and 
was made of concrete C 30/37. The computational model and its cross sections in the middle 
of spans and in supports are illustrated in Fig. 2. The bridge was analyzed under blast load of 
the explosion 100 kg TNT above the mid span above the bridge floor in high 2 m. The dimen-
sions and distribution of structure parts were modelled while respecting the structure geome-
try and its dimensions, in order to obtain the most precise model of the bridge’s mass and 
stiffness. Besides bridge dead load, the mass of asphalt part of the roadway were included in 
the bridge mass. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: Bridge structure. 
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The blast load exerted on bridge floor surface was considered as series of blast histories 
(by equations 5 to 10) acting in the selected points of central part of the floor span (Fig. 3) and 
graduated in ten zones in terms of intensity as well as the whole history action on the basis of 
the real overpressure and underpressure phase of blast wave – dynamic load histories, as a 
function of the impact wave velocity of propagation (10). 

 
 
 
 
 
 
 
 
 
 
 

Figure 3: Location of explosion. 

100 lowest natural modes and frequencies of vibration in the interval 1.9 Hz to 21.6 Hz 
were considered in the computation. 

The decomposition of dynamic load history to the natural modes of vibration is used for 
the forced vibration analysis by means of Scia Engineer program.  

The damping of the structure of the building has been set as a damping ratio of 4 %. For 
higher natural frequencies the damping is usually higher, but the computer program does not 
allow setting a different damping for these higher frequencies.  

The calculation of forced vibration has been made with 1000 time steps of 0.0005 s. The 
dynamic response is calculated respectively for each time step. The dynamic analysis was 
made for linear elastic behaviour of the structure material. 

As an example of the bridge deformation, isolines of vertical displacements of the bridge 
floor are shown in Fig. 3, Fig. 4 presents angle of rotations in the bridge floor and Fig. 5 indi-
cates time histories in displacements at selected points in the middle of span (in the central 
part of the roadway and on the boundaries of payments).  

 
 
 
 
 
 
 
 
 
 
 
 

 

 

Figure 3: Vertical displacements. 
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Figure 4: Angle of rotations round axis x. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Figure 5: Time history in selected points of bridge floor. 

The calculated rotations (angle ψ) of the middle surface of structural parts are used for 
structure assessment. The maximal angle of the rotation is 1.9 degrees round the both horizon-
tal axes. 

 From all the rotations it is clear that in the concrete part of the bridge cross section the 
failures may occur. The concrete bridge structure responds to the medium structure hazard 
(the supposed angle of failure is fast one third of limit value), but due to the local damage of 
the central part of the bridge cross section, the bearing capacity of the whole bridge structure 
may be serious threatened under imposed vehicle load.  

2923



D. Makovička and D. Makovička, Jr. 

 

5 CONCLUSIONS  

Paper is determined to the problem of an explosion and the threat to the safety of the struc-
ture due to the explosion of a explosive charge installed in a car and initiated for example on 
the bridge. 

The explosion load is usually burdened with a number of uncertainties, related to determin-
ing the amount of explosive medium, its location in relation to the loaded structure, and the 
conditions in the surroundings. These load effects were derived by the authors based on the 
experimental results of small charge explosions. They may be used for an engineering estima-
tion of the probable blast loads. This methodology enables us to determine with sufficient ac-
curacy the time course of the impacting shock wave and its interaction with the structure itself.  

The effect of ductility factor of structure and strain rate of concrete material on the analysis 
methodology is discussed. The approximation of strain rate by various strengthening factors is 
calculation friendly and usually safety enough with regard to uncertainties of input data, espe-
cially to location and parameters of blast wave.  

The authors have used limit rotation values (angle of failure) determined experimentally on 
the basis of the explosion load of masonry, reinforced concrete and window glass plates, as a 
efficient method for response assumption. Evaluating a structure on the basis of the limit rota-
tion is a methodology under development at present, and is in accordance with recent research 
trends for structure loaded by blast wave of explosion.  

A reinforced concrete bridge structure has been used as an example for determining and 
documenting the load due to a blast effect. The bridge response is assessed on the basis of the 
results of a 3D dynamic calculation using displacements and rotation of the cross section parts 
of this structure.  

The results for the response of the bridge to this load are presented in parts, together with 
the principles for evaluating the structure according to the displacements and to the angle of 
failure corresponding to the given explosion load. 
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Abstract. Hazard scenarios regarding exceptional actions often include the possibility of a 

vehicle impact against a building. Here the impact against columns is of particular interest as 

they are the most exposed members. At the same time consequences are vast, since their failure 

can result in the collapse of the building.  

To evaluate the dynamic response of an impacted member, six slightly downscaled vehicle im-

pact tests have been performed at RWTH Aachen University. Three different boundary condi-

tions for the column have been examined, including a simply supported column (ideally pinned) 

with and without a concentrated mass attached to the column head as well as a column with 

realistic boundary conditions and connections at column base and column head. By varying 

the boundary conditions and the attached mass the influence of various types of interaction 

between the column and the surrounding structure has been assessed experimentally. Also the 

velocity of the impact body has been varied to achieve different degrees of impairment and 

residual strengths of the column. 

In a second step state of the art commercial software (LS-Dyna) has been used to perform 

impact simulations with refined finite element models to augment the experimental results. Dif-

ferent member configurations have been investigated to further evaluate the influence of several 

parameters like impact velocity, mass and stiffness distribution of the member. The numerical 

models together with the implemented fundamental physical laws were validated by recalcula-

tions of the experimental tests.  
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1 INTRODUCTION 

The European project ‘Robustimpact’ aims at the development of an innovative design con-

cept that helps to properly assess and improve the resistance of steel structures subjected to 

impact loads. One of the design concepts followed within this project is the residual strength 

method which aims for high energy dissipation through plastic deformation of the impacted 

member, exploiting the extremely ductile behaviour of steel, while keeping sufficient residual 

strength for global structural stability after the impact.  

The level of residual strength of an impacted steel column highly depends on the deformation 

caused by the impact since lateral deflections of the member imply additional bending moments 

due to axial loading. Steel columns are typically characterised by a high slenderness ratio which 

means that not only bending, but also stability failure must be considered as a possible ultimate 

limit state. In general, the level of deformation caused by impact loading cannot be assessed 

properly without taking the correct boundary conditions as well as the stiffness and mass of the 

surrounding structure into account. Earlier studies [1] have shown, that the inertia of the con-

nected mass is able to provide significant axial restraint during the first phase of the impact, 

resulting in reduced deflections at the point of impact.  

2 EXPERIMENTAL INVESTIGATIONS 

To investigate the response of an impacted member, six slightly downscaled vehicle impact 

tests (2:3) were performed at RWTH Aachen University. Three different support conditions for 

the column were examined, including a simply supported column (ideally pinned) with and 

without a concentrated mass attached to the column head as well as a column with realistic 

boundary conditions and connections at column base and column head. By varying the bound-

ary conditions and attached mass the influence of various types of interaction between the col-

umn and the surrounding structure was assessed experimentally. For the columns a HEB 140 

steel section was selected; the nominal yield strength of the material was 355 MPa (coupon 

tests indicated 6% overstrength). Also the velocity of the impact body varied to achieve differ-

ent degrees of impairment and residual strengths of the column. Table 1 summarizes the test 

program and the varied parameters.  

For testing, the columns were arranged horizontally in front of a retaining wall with the strong 

axis of the steel section orthogonal to the impact direction. The dimensions of the column and 

the distance of the point of impact to the column base were selected within the limitations of 

the testing facility and can be found in Table 1. For test #2-1 & #2-2 a seven ton mass was 

connected to the pin joint at the column head. For test #3-1 & #3-2 the total length of the column 

was increased to 3.0 m with a realistic column to beam connection at a ‘height’ of 2.5 m and 

 

Table 1: Overview of the test program. 
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the mass rigidly connected at 3.0 m (see Fig-

ure 1). In all tests the mass was supported by 

round steel bars to allow for free movement 

in axial direction of the column.  

As an impactor, a very stiff impact mov-

ing barrier was used which was adjusted to a 

weight m0 of 1500 kg. For the impact tests it 

was accelerated to a final impact velocity v0 

of 8 resp. 10 m/s. The kinetic energy stored 

in the impact vehicle at the time of the im-

pact amounted to 48 or 75 kJ, respectively. 

The kinetic energy can be calculated with 

the well-known formula: 

𝐸𝑘𝑖𝑛,𝑣𝑒ℎ = 0.5 ∙ 𝑚0 ∙ 𝑣0
2 (1) 

A block of aluminium honeycombs was mounted in front of the impact moving barrier to 

account for an idealized elasto-plastic force-displacement behaviour, which corresponds to the 

crashworthiness of a standard passenger vehicle. The plastic strength of the crush-area was 

determined to 300 kN under loading in axial direction by preliminary tests. With a crushable 

length of 320 mm, a total plastic energy of around 96 kJ could be absorbed by one honeycomb 

block. A steel plate was placed in front of the block to cater for a uniform load distribution in 

the honeycombs. 

The columns were equipped with strain gauges in three different beam sections. Additionally 

optical marks were glued along the beam axis to allow for the extraction of displacement infor-

mation from video footage, which was captured with a high speed camera (2000 fps). Acceler-

ation sensors were placed at the point of impact on the column, at the centre of gravity of the 

impact vehicle and at the head mass. Draw wire sensors were connected to the supporting struc-

ture and to the head mass to track displacements of the supports and of the head mass. Force 

transducers were used to measure the force between the block of honeycombs and the impact 

vehicle (which corresponds to the contact force at the impacted section). For tests #2-1/2 and 

#3-1/2, additional force transducers were deployed to gauge the forces transferred between the 

head mass and the column head. Results of the experimental tests are presented together with 

the outcome of the numerical recalculations in chapter 3.2.  

3 NUMERICAL RECALCULATIONS 

Detailed Finite-Element models were deployed to perform numerical verification of the im-

pact tests described in Section 2. For this purpose, the software LS-Dyna was used which is a 

powerful and proven tool for highly nonlinear problems in the short-term dynamic regime. 

3.1 Model description 

For the modelling of the steel column, endplates and the beam, connected to the column in 

test #3-1 and #3-2, shell elements (Belytschko-Tsay formulation) with a linear shape function 

and 5 integration points through shell thickness were used. Belytschenko-Wong-Chiang warp-

ing stiffness was added to increase the accuracy of the elements. The shells were discretised 

with a quadrilateral mesh, with an average element edge length of 10 mm. The impact moving 

barrier, including the block of honeycombs and the steel plate, used for load introduction, were 

modelled with hexahedral solid elements (single point integration formulation, type 1). Element 

edge lengths of 10 to 25 mm were applied for the deformable parts. In preliminary studies, a 

 

Figure 1: Photo of test setup for impact test 3-1/2. 

column

impact moving

barrier

mass
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finer discretisation did not increase the quality 

of the results significantly. Proper hourglass 

control settings were applied for each element 

type to minimize the impact of zero energy 

hourglass modes. 

An isotropic, multilinear material law was 

used to describe the stress-strain relationship 

of the S355 mild steel. The multilinear curve 

was adjusted to fit to the stress-strain curve 

obtained from tensile tests on the base mate-

rial. LS-Dyna offers two material models for 

the description of honeycomb material which 

were investigated in preliminary studies. Alt-

hough recommended element formulations 

and hourglass control preferences were set, 

the usage of Mat_126_MODIFIED_HONEYCOMB resulted in an emergence of significant 

hourglass energy in the honeycomb block (50% of the internal energy stored in the honeycomb 

after impact). Mat_26_HONEYCOMB was found to give much better results in this respect 

(with hourglass energies around 5% of the internal energy). The axial behaviour of the honey-

comb was determined in static and dynamic (droptower) compression tests at RWTH Aachen 

and could be described as a bilinear function until fully compressed (at a total compression of 

80%). However, the behaviour under off-axis loading was not assessed experimentally. Instead, 

assumptions for off-axis behaviour of the honeycombs have been met, based on current litera-

ture, e.g. [2]. All other parts of the impact moving barrier were modelled as non-deformable 

(rigid) bodies. 

The hinges as well as the connection of the head mass were idealised as nodal rigid bodies 

with certain boundary conditions at their centre of gravity. To capture the effects of the impact 

load on the bolted, semi-strength connection, used in the experimental tests #3-1/2, a more de-

tailed, realistic approach was followed. The shank of each bolt was modelled as an elastic spot-

weld beam and connected to circular shell plates at both ends, which represent the bolt head 

and the nut. Contact between the bolt shank and the bolt hole was established with the use of 

several elastic springs that behave very stiff under compression and soft in tension. An initial 

axial force was applied to the spotweld beams whereby the connected plates were compressed 

between the bolt head and the nut. The preload in the bolts and gravity load was initialised in a 

separate dynamic relaxation phase before the impact phase. 

3.2 Results 

Within this paper, selected examples of results are shown and discussed for brevity. The 

contact forces between the impact moving barrier and the column as well as the lateral displace-

ments of the column at the point of impact are shown in Figure 3. Results of the experimental 

tests are represented as solid lines, whereby the numerical results are plotted in dashed lines. In 

the first phase of the impact, the contact force oscillates at an almost constant level. It can be 

observed, that the peak contact force varies only slightly in all tests, despite the differences in 

the test configurations (it is always limited by the plastic resistance of the honeycombs or the 

impacted column). However, there is a big difference in the column displacement at the point 

of impact. As can be expected, the simple supported setup without head mass and an impact 

speed of 10 m/s shows the highest deflections (300 mm plastic deformation) while the setup 

with the semi-strength connections and the connected head mass undergoes the lowest deflec-

tions (50 mm permanent deformation). The measured deflections in Test #2-1 and #2-2, which 

 

Figure 2: Model for recalculation of test 3-1/2 

dx,poi
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basically had identical test parameters (simply supported; with head mass; same impact velocity) 

differ significantly from each other (25% lower deflections at test #2-1 compared to #2-2). In 

both tests not negligible deformations of the support structure were observed, which could be 

the reason for the notable difference.  

The energy stored in the column can be determined by integrating the force-displacement 

data shown in Figure 3.  

𝐸𝑖𝑛𝑡,𝑐𝑜𝑙 =  ∫ 𝐹𝑥,𝑝𝑜𝑖 ∙ 𝑑𝑑𝑥,𝑝𝑜𝑖 (2) 

Furthermore, the deformation energy of the aluminium honeycombs can be evaluated by 

integrating the force over the relative displacement between the impact moving barrier and the 

displacement of the column at the point of impact.  

𝐸𝑖𝑛𝑡,𝑣𝑒ℎ =  ∫ 𝐹𝑥,𝑝𝑜𝑖 ∙ 𝑑(𝑑𝑥,𝑣𝑒ℎ − 𝑑𝑥,𝑝𝑜𝑖) (3) 

Finally, the kinetic energy of the impact moving barrier and the head mass, considered in 

test #2-1/2 and #3-1/2, can be calculated as a function of their velocity (adopting equation (3)). 

The total energy is obtained by summing up the separate values. The energetic (re-)distribution 

during the tests is shown in Figure 4. 

Although the energy balance is not perfectly constant (e.g. friction work is neglected) it can 

be stated, that all relevant work portions are considered. The maximum deviation between input 

and output energy (10%) can be noticed in test #2-1. During this test, the head mass moved 

more than 60 mm in axial direction and strongly oscillated after the impact. Additionally, parts 

of the supporting structure slipped at the retaining wall. This resulted in additional energy dis-

sipation through friction, which is not accounted for in the energy balance. 

The kinetic energy is converted mainly into deformation energy in the steel member and the 

block of aluminium honeycombs. Since the plastic resistance of the honeycombs is slightly 

higher than the load that causes the formation of a plastic hinge in the simply supported case 

but lower than the one that is needed to initiate yielding in the realistically supported member, 

the ratio of the energy stored in the column and the energy in the aluminium honeycombs differs 

strongly from one test setup to another. This fits to the finding that the contact force seems to 

be roughly the same for all test setups, although the lateral displacements of the column at the 

point of impact differ significantly. The kinetic work, done by the head could not be calculated 

for test #2-1, since no acceleration signal was measured during that test. 

 

Figure 3: Contact Force between column and IMB (left), column displacement at the point of impact (right) 
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4 PARAMETRIC STUDY 

In addition to the numerical recalculations, a parametric study was performed to further in-

vestigate the influence of relevant parameters on the dynamic response of an impacted steel 

column. As for the numerical recalculations, LS-Dyna was used as a simulation tool. Material 

parameters, modelling techniques and control settings that proved successful for the recalcula-

tion were adopted for the parametric study as well. 

4.1 Model description 

For the parametric study, a HEB 220 column with a height of 3.6 meters was modelled using 

shell elements. All nodes at the column base and column head were coupled and the boundary 

conditions were applied to the master node in the centre of gravity of the section. Discrete spring 

elements were used to account for partially stiff joint rotation behaviour at the column base and 

the column head. The head mass was described as a discrete translational point mass and was 

rigidly connected to the column head. 

The impactor was simplified as a solid block with a height of 0.25 meters and a width greater 

than the width of the impacted column. The weight of the impacting body was adjusted to 1.5 

tons. For the parametric study, the impactor was considered to behave very stiff and purely 

elastic which implicates that the kinetic energy stored in the impactor is completely transformed 

into strain work in the impacted column and not in the impactor. This allows for better compar-

ison of the column response at a certain level of kinetic energy input into the system. In all tests 

the point of impact was chosen to 0.625 m above the column base. The general model for the 

a) Test #1-1 b) Test #2-1 

  
c) Test #3-2  

 

 

Figure 4: Energy (re-)distribution during tests with different setups. 

0

20

40

60

80

0 0.025 0.05 0.075 0.1 0.125 0.15

E
n

er
g
y
 [

k
J
]

Time [s]

0

20

40

60

80

0 0.025 0.05 0.075 0.1 0.125 0.15

E
n

er
g
y
 [

k
J
]

Time [s]

0

20

40

60

80

0 0.025 0.05 0.075 0.1 0.125 0.15

E
n

er
g
y
 [

k
J
]

Time [s]

external work column

external work IMB

total work

kinetic work IMB

kinetic work head mass

2931



parametric study is shown in Figure 5. For the study the follow-

ing parameters have been selected for further investigation: 

 Boundary conditions at the column base and column 

head to represent different joint configurations 

 Mass and weight of the head mass to account for various 

utilization levels of the column by gravity loads 

 Impact velocity to simulate different impact scenarios 

More than 40 simulations have been performed and evalu-

ated. The most important findings are discussed within the next 

section. 

4.2 Results 

The two diagrams in Figure 6 show the maximum lateral de-

flection of columns with different rotational boundary condi-

tions at the point of impact. Three different rotational stiffness 

variations – 0 kNm/rad (pinned support), 10.000 kNm/rad and 

 kNm/rad (rigid support) – have been applied. Furthermore, 

the weight of the head mass varied from 0 to 200 tons. For com-

parison, a fully axially restraint column (res) was also included 

in the numerical study. The results shown in the left diagram 

correspond to an impact velocity of 60 km/h whereas the lateral 

deformations shown in the right diagram were obtained with an 

impact velocity of 80 km/h. The red columns indicate a collapse of the impacted member due 

to global buckling accompanied by local bucking of the web at the point of impact. The maxi-

mum lateral displacements, obtained at the end of the simulations with column collapse are 

higher than 350 mm in most cases but trimmed in the diagrams to allow for a better visibility 

of other values. 

By comparing the maximum lateral deflections of the impacted column, several conclusions 

can be drawn. Not surprisingly, the boundary conditions have a significant influence on the 

deformation behaviour of the impacted column. The lateral deformations in the column de-

crease with increasing rotational stiffness at the column base and the column head. The rota-

tional stiffness at the column base has a higher influence on the global stiffness of the impacted 

system than the rotational stiffness at the column head resulting from higher rotational demands. 

The hinged columns without axial restraint suffer severe local deformations and buckling of the 

web at the height of impact which results in a noticeably reduced axial load bearing capacity 

and a subsequent collapse of the column. The systems with a rotational stiffness of 10000 

kNm/rad at the column base and column head (v0 = 80 km/h) yield almost identical results 

compared to the rigidly connected system with the same impact velocity. 

Obviously, different impact velocities lead to different degrees of lateral deformation in the 

column. The higher the impact velocity, the higher the lateral displacements for a given system 

configuration as can be recognized comparing both diagrams shown in Figure 6. In average, 

the lateral deflection increase by 50% due to the higher impact velocity. This is considerably 

less than one could expect following simplified energy based approaches to determine the lat-

eral deflection (e.g. [3] or [4]). Here the lateral deflections are more or less proportional to the 

kinetic energy of the impactor which increases with the square of the impact velocity. However, 

these approaches assume an idealized plastic mechanism neglecting local distortions at the point 

 

Figure 5: Model for the para-

metric study. 
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of impact as well as the effect of an attached head mass. Moreover, strain rate and strain hard-

ening effects are mostly disregarded in these simplified approaches. 

Considering the influence of the head mass two opposite effects can be observed on the 

maximum lateral displacement at the point of impact. In the first phase of the impact, the inertia 

of the head mass adds a short term axial restraint to the system. In consequence, considerable 

axial tensile forces develop in the column. In the second phase of the impact, the head mass 

accelerates and starts moving towards the column base. This causes the development of dy-

namic compression forces which can lead to further plastification in the impacted zone or in 

combination with the gravity load to complete collapse of the column due to P-Δ effects. As 

can be seen in Figure 6 even small head masses provide enough inertia to generate an initial 

axial restraint resulting in decreasing maximum lateral displacements at the point of impact. 

However for heavier head masses the resulting maximum lateral displacements can increase 

until collapse due to the latter effect. 

Figure 7 shows axial forces at the top of the column as well as the lateral deflections at the 

point of impact for the column configuration with infinite rotational stiffness and different head 

masses at an impact speed of 60 km/h (which corresponds to the results shown on the rightmost 

row of the left diagram in Figure 6). At time t = 0, the gravity load acts on the column resulting 

from the head mass and the initial lateral deflections at the point of impact are zero. During the 

impact, the lateral deflections at the point of impact rapidly increase. As described before, no-

ticeable tensile forces develop at the column head, since the shortening of the column is im-

peded by the inertia of the head mass. Subsequently, the head mass accelerates and pushes at 

the column head. The compressive forces reach maximum values of 2200-2300 kN and cause 

further deformations in the plastic hinge at the point of impact. In case the deflected column 

has sufficient resistance to withstand and to absorb the compressive impulse, the axial force in 

the column oscillates around the static force value until the head mass comes to rest (0-100 

tons). For the head masses with a weight 150 and 200 tons, a complete collapse of the column 

can be observed. Further investigations have been performed to study the collapse mechanism 

in these cases. 

  

Figure 6: Maximum lateral deflections of the column at the point of impact. 

(m0=1.5 t, v0=60 km/h (left), v0=80 km/h (right)) 
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 In a first step, the chronology of the collapse progress is assessed. Based on the history of 

contact forces at the point of impact and axial forces at the column head it can be assumed that 

the impact event and the subsequent increase in lateral deflections caused by the head mass can 

be considered as two separate events. Thus, the compression of the column caused by the ac-

celerated head mass can be described as a secondary impact at the column head in axial direc-

tion. However, the lateral deformation of the column resulting from the initial, lateral impact 

event must be incorporated. In contrast to the simply supported systems that collapse (see Fig-

ure 6) no significant local deformations can be noticed for the clamped columns (krot,base = 

krot,head = ) as a consequence of the initial, lateral impact. 

A common approach to assess the axial residual strength of the deformed system is to per-

form a pushover analysis applying an increasing axial load at the head of the pre-damaged 

column. Under quasi static load conditions the column could be considered beyond its ultimate 

limit state if the maximum force, resulting from the pushover analysis is lower than the static 

gravity load of the head mass. However the calculated dynamic axial forces significantly exceed 

the static gravity forces as can be seen in Figure 7. As a consequence the dynamic load compo-

nent of the head mass can’t be neglected in this contemplation.  

To account for the dynamic component of the head mass, an energy based approach is pro-

posed. If the static gravity load is below the maximum force resulting from the pushover anal-

ysis it can be taken as an offset for the calculation of the residual external work that the column 

can absorb until it collapses. Additional energy input (e.g. in the form of kinetic energy of the 

head mass) leads to increasing elastic or plastic deformations in the column. The maximum 

residual work that can be done until collapse corresponds to the area under the pushover curve 

with a lower limit given by the quasi-static gravity load (Fz,head,qs).  

𝐸𝑖𝑛𝑡,𝑐𝑜𝑙,𝑟𝑒𝑠 =  ∫(𝐹𝑧,ℎ𝑒𝑎𝑑 − 𝐹𝑧,ℎ𝑒𝑎𝑑,𝑞𝑠) ∙ 𝑑𝑢𝑧,ℎ𝑒𝑎𝑑 for 𝐹𝑧,ℎ𝑒𝑎𝑑 > 𝐹𝑧,ℎ𝑒𝑎𝑑,𝑞𝑠 (4) 

 

 

Figure 7: Axial Forces (solid lines) at the column head and lateral displacements (dashed lines) at the point of 

impact over time. (m0 = 1.5 t, v0 = 60 km/h, krot,base = krot,head = ) 
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If the kinetic energy of the accelerated head mass is higher than the residual external work, 

the column fails. This assumption can be assessed by reviewing Figure 8. Here, the compressive 

axial forces are plotted dependent on the axial displacement at the column head (shortening of 

the column) for selected setups. The highlighted areas under the curves correspond to the kinetic 

energy of the head mass that is transformed into strain energy in the column as a result of the 

secondary impact. The two curves for the setups with 150 (green) and 200 (orange) tons head 

mass can be seen as pushover curves, since the impact of the accelerated head mass causes a 

complete collapse of the column. In these cases the kinetic energy which amounts to 21.7 kJ 

for the 150 ton head mass and 28.8 kJ for the 200 ton head mass exceed the respective residual 

capacity of the deformed column. The blue curve corresponds to the setup with 100 tons head 

mass which does not collapse. Here the blue area is equal to the kinetic energy that is converted 

into plastic strain energy in the column. The maximum kinetic energy of the head mass before 

the first compressive cycle amounts to 17.69 kJ and decreases to 2 kJ in subsequent oscillation 

cycles. The difference between the kinetic energy before and after the first compressive cycle 

is almost equal to 15.76 kJ which corroborates the assumptions made before. The remaining 

energy of 2 kJ is shifting its form from kinetic energy to elastic strain energy in the column in 

each cycle. 

5 SUMMARY AND CONCLUSIONS DRAWN 

The work presented within this paper covers the description of full scale impact tests per-

formed at the University of Aachen. In addition, numerical recalculations have been performed 

using refined LS-Dyna models. Subsequent to the calibration of the finite element models, nu-

merical investigations have been extended to a parametric study on isolated columns under 

impact loading to assess the influence of different boundary conditions, the weight of the con-

nected head mass as well as varying impact velocities.  

The impact tests were conducted with an impactor with elastic, perfectly plastic behaviour. 

Depending on the boundary conditions of the impacted column, different shares of the input 

energy were transformed into plastic strain energy in the column and the impacting vehicle. If 

no head mass was considered, the energy redistribution was found to mostly depend on the 

plastic capacity of the impact vehicle and the impacted member. By adding a head mass to the 

 

Figure 8: Axial compressive forces at the column head and corresponding axial displacements. 
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column head, the lateral displacements at the point of impact were reduced noticeably in the 

test.  

These observations were confirmed in the numerical simulations. However, when gravity 

loading was considered, the head mass imposed additional lateral displacements in a secondary 

impact event. While already small head masses provided a certain axial restraint and in fact 

decreased the lateral deflections during vehicle impact, heavier head masses led to increasing 

total lateral deflections as a result of the aforementioned secondary impact. In this respect it is 

important to notice that the impacted member must not only be able to carry the static compo-

nent of the head mass (gravity load) but also needs to be able to absorb the kinetic energy 

imposed by the accelerated head mass without collapse.  

The investigations on isolated columns, presented within this paper, will be complimented 

by impact simulations at the global structural level, considering the stiffness of the surrounding 

structure, realistic mass distribution and catenary effects of connected beams. 
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Abstract. The analysis of structures under extreme accidental actions such as explosion
or impact has been an ongoing topic of research since the 50’s. Especially regarding the
dynamic behaviour of impulsively loaded columns, many analytical and numerical models
have been developed, which aim at predicting the ultimate load bearing capacity of the
column and its residual level of deformation, which is directly linked to the residual capacity
of the column after the impact.

Nevertheless most of the existing approaches lack an appropriate consideration of mem-
brane related resisting mechanisms, either by completely neglecting the presence of any
longitudinal restraints or by assuming them as perfectly rigid. A realistic evaluation of
the dynamic behaviour of the column requires therefore a more exact approach in order to
consider arbitrary longitudinal connector stiffnesses. This paper presents a new analyti-
cal approach to the deformational and energetic behaviour of impacted column elements,
which allows for an closed form solution of the maximum displacements under arbitrary
longitudinal boundary conditions.

On the other hand, a small-scale drop weigth tower has been constructed in order to
validate the results of the analytical model and compare them to predictions of other nu-
merical approaches. The test rig has been conceived to allow for longitudinal displacements
of the specimen, thus allowing to measure the motion of the column both in transversal
and longitudinal direction.
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1 INTRODUCTION

The ability to predict the real damage of impulsively loaded columns is of major impor-
tance, as their failure might affect the structural integrity of the whole building. While at
the early stages all investigations were based on analytical models [1, 2] (mostly consisting
of the reduction of the column to a single degree of freedom system), the advent of the
finite element method and the great increase in computer power of the latest decades has
allowed engineers to simulate complex loading scenarios of columns in more and more real-
istic building environments. Nowadays, many investigations [3, 4, 5] focusing on detailed
aspects of the behaviour are based on complex FEM. Nevertheless, for general design
recommendations, the interest remains on the global behaviour of the column (Will it fail
or not? How much will it deform?), where simplified design methods are still a very useful
tool [6, 7].

Most of these simplified design methods are based on energetic considerations, where
the bearing capacity of the column is limited by the amount of strain energy that can
be absorbed by the column undergoing deformation due to the impact. At small dis-
placements, the absorbed strain energy is purely related to the bending resistance of the
column. Nevertheless, at higher displacement levels (to be expected in accidental events)
the energy absorption capability of the column is dominated by its membrane behaviour
and the absorbed longitudinal strain energy. Very often, this latter term is simplified
or even neglected in most analytical formulations, because of its complexity due to the
nonlinear dependence on the displacements, thus leading to analytical models that un-
derestimate the true energy absorbing capabilities of the column.

At the Institute of Steel Structures of the RWTH Aachen, exact analytical models have
been developed, which can exactly assess the energy absorption capabilities of columns
both due to bending and membrane effects under consideration of arbitrary longitudinal
boundary conditions [8, 9].

In a first stage (Chapter 2), the longitudinal deformation behaviour of a beam under-
going arbitrary transversal deformation will be investigated. This will allow to describe
the coupled (transversal-longitudinal) behaviour of the beam with increasing transversal
deformation and thus understand the combined energy absorption mechanisms (bending-
membrane) happening during the deformation process. In Chapter 3, an analytical so-
lution of the energy absorption capability of the beam due to bending and membrane at
any level of deformation will be given.

In order to validate this model, a small-scale experimental weight drop set-up (Chapter
4) has been constructed and used to impact small beam elements under variation of
mechanical boundary conditions.

Using imaging measuring techniques, as well as optical laser displacement transducers
and accelerometers, the experimental set-up allows for very detailed investigations of the
applied impact energy and the deformational response of the specimen. These results are
used in Chapter 5 to validate the analytical model in two experiments with free and fixed
longitudinal boundary conditions.

2 CONSIDERATION OF GEOMETRIC NONLINEAR EFFECTS IN AN
ARBITRARILY DEFORMED BEAM

Under consideration of geometric nonlinearities, transversal displacements lead to lon-
gitudinal displacements and/or activation of membrane forces along the beam. A proper
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analysis of the energetic behaviour of the beam including geometric nonlinear effects
requires the analytical determination of the longitudinal deformation function Υ2(s, t),
related to an arbitrary deflection function Ψ(s, t) and arbitrary boundary conditions in
longitudinal direction as in figure 1.

w(t) max Ψ(s,t) = w(t)·ψ(s)

μ, EI, EA

s
a)

KR2

KL2

KR1

KL1

s

Υ(s,t)=2

μ, EI, EA

s
b)

KR2KR1

s

w(t)
f (Ψ(s,t))

KL2KL1

Figure 1: Arbitrary deformation of a beam in transversal direction (a) and associated deformation in
longitudinal direction due to geometric nonlinear effects (b)

For the consideration of geometric nonlinear effects along the beam, the following
geometric nonlinear strain definition is used:

ε2 = ∂Υ2

∂s
+ 1

2

(
∂Ψ
∂s

)2

(1)

where ε2 represents the axial stretching of the beam due to a transversal deflection Ψ(s, t),
which is calculated as the difference between the shortening under no axial restrainment
1
2

(
∂Ψ
∂s

)2

and the actual shortening including the spring stiffnesses of the longitudinal

supports (kL1, kL2) and axial beam stiffness (kEA = EA/L). For the upcoming analysis,
it is useful to define the non-dimensional spring stiffnesses:

k∗L1 = kL1/kEA and k∗L2 = kL2/kEA .

Assuming that the axial force remains constant along the entire length of the beam, the

s

KL2KL1

a) b)

s

KL2KL1

Υ (0)2 Υ (L)2

Υ (0)2 ,ref Υ (L)2 ,ref

FL1 FBeam FBeam FL2

Figure 2: Longitudinal deformation of a beam due to geometrical nonlinear effects (a) and equilibrium
of longitudinal forces (b)

axial stretching of the beam can be easily calculated by integrating eq. (1) over the beam
length:

ε2 = Υ2(L)−Υ2(0)
L + 1

2L

∫ L

0

(
∂Ψ
∂s

)2

(2)
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In order to determine the longitudinal displacement of the left and right supports (Υ2(0)
and Υ2(L) respectively), the equilibrium of axial forces in the system depicted in figure 2
b) is imposed, leading to the following linear system of equations:

FL1 = FBeam → kL1Υ2(0) = EA (Υ2(L)−Υ2(0))
L

+ EA

2L

∫ L

0

(
∂Ψ
∂s

)2

ds

−FL2 = FBeam → −kL2Υ2(L) = EA (Υ2(L)−Υ2(0))
L

+ EA

2L

∫ L

0

(
∂Ψ
∂s

)2

ds


(3)

The solution for Υ2(0) and Υ2(L) from eq. (3) can be found to:

Υ2(0) = k1eq

2

∫ L

0

(
∂Ψ
∂s

)2

ds

Υ2(L) = −k2eq

2

∫ L

0

(
∂Ψ
∂s

)2

ds


(4)

with

k1eq = k∗L2/ (k∗L1 · k∗L2 + k∗L1 + k∗L2) (5)
k2eq = k∗L1/ (k∗L1 · k∗L2 + k∗L1 + k∗L2) (6)

From here, the overall shortening of the beam ∆Υ2,1→L can be defined as:

∆Υ2,0→L = Υ2(0)−Υ2(L) = k1,eq + k2,eq

2

∫ L

0

(
∂Ψ
∂s

)2

ds (7)

The non-dimensional spring stiffnesses (k1,eq, k2,eq) range from (0,0) for a fixed-fixed re-
straint to (0,1) for a fixed-free situation. In case of no longitudinal restraint (kL1 = 0
and kL2 = 0), the values of (k1,eq, k2,eq) are equal to (0.5,0.5) and lead to a symmetrical
shortening of the beam. The values of (k1,eq, k2,eq) can be determined according to figure
3.

From a mechanical point of view, the axial force in the beam for any longitudinal
boundary condition where k1,eq + k2,eq = 1 (either free-fixed, fixed-free or free-free condi-
tions for the springs KL1 and KL2) must be equal to 0 due to force equilibrium along the
beam axis. In this situations, eq. (7) yields:

∆Υ2,0→L,ref = 1
2

∫ L

0

(
∂Ψ
∂s

)2

ds (8)

which is defined as the reference overall shortening for which no axial forces are developed
and hence, no strain membrane energy is absorbed by the system.

In the general case of a horizontally restrained beam, the overall shortening of the beam
∆Υ2,0→L is always smaller than ∆Υ2,0→L,ref , leading to the development of membrane
forces. In this state, the axial stretching of the beam is calculated from eq. (2) to:

ε2 = (∆Υ2,0→L,ref −∆Υ2,0→L)
L = 1− k1,eq − k2,eq

2L

∫ L

0

(
∂Ψ
∂s

)2

ds (9)
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Figure 3: Non-dimensional spring stiffnesses for arbitrary longitudinal boundary conditions

which is always positive as membrane forces can only be positive.
In this state, the deformations of the beam in longitudinal direction can be calculated

from eqs. (1) and (9) to:

∂Υ2

∂s
= ε2 −

1
2

(
∂Ψ
∂s

)2

= 1− k1,eq − k2,eq

2L

∫ L

0

(
∂Ψ
∂s

)2

ds− 1
2

(
∂Ψ
∂s

)2

(10)

which integrated along the beam axis and imposing the boundary conditions in (4) yields:

Υ2(s, t) = s− k1,eq(s− L)− k2,eq · s
2L

∫ L

0

(
∂Ψ
∂s

)2

ds− 1
2

∫ s

0

(
∂Ψ
∂s

)2

ds =

=
s− k1,eq(s− L)− k2,eq · s

2L

∫ L

0

(
∂ψ

∂s

)2

ds− 1
2

∫ s

0

(
∂ψ

∂s

)2

ds
 · w(t)2 (11)

This expression describes the longitudinal displacements of a beam due to an arbitrary
transversal deformation under consideration of geometric nonlinear effects and arbitrary
longitudinal support stiffnesses.

By defining the following functional:

fΥ2(s) =
s− k1,eq(s− L)− k2,eq · s

2L

∫ L

0

(
∂ψ

∂s

)2

ds− 1
2

∫ s

0

(
∂ψ

∂s

)2

ds
 (12)

eq. 11 can be rewritten as:
Υ2(s, t) = fΥ2(s) · w(t)2 (13)

3 ENERGY ABSORPTION CAPABILITY OF A COLUMN UNDER CON-
SIDERATION OF MEMBRANE ACTION

The strain energy absorbed by a beam undergoing a deformation as defined in figure
1 can be calculated by integral calculation over the length of the beam as:

Eε∗,S = Eε,S + Eκ,S = 1
2

∫
EA · ε2 · ds+ 1

2

∫
EI · κ2 · ds (14)
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where the terms Eε,S and Eκ,S correspond to the absorbed energy components due to
membrane and bending action respectively. For a correct evaluation of the absorbed
energy, the boundary conditions need to be considered in the evaluation of these integrals.
Thus, the general expression for the calculation of the absorbed strain energy due to
bending and membrane action become respectively:

Eκ,S = 1
2

∫ EI

(
∂2ψ(s)
∂s2

)2

ds+ kR1 ·
(
∂ψ

∂s
(0)
)2

+ kR2 ·
(
∂ψ

∂s
(L)

)2
 · w(t)2 (15)

Eε,S = 1
2

[∫
EA · ε2 · ds+ kL1 ·Υ(0)2 + kL2 ·Υ(L)2

]
(16)

with the help of the eqs. (9) and (4) as well as the definitions of k1,eq and k2,eq from eqs.
(5) and (6), eq. (16) can be rewritten as:

Eε,S = kEAk
∗
L1k
∗
L2

8 (k∗L1 + k∗L2 + k∗L1 · k∗L2)

∫ L

0

(
∂ψ

∂s

)2

ds
2

· w(t)4 (17)

This last expression shows the nonlinear dependency of the absorbed membrane energy
as a function of the transversal deformation w(t).

Fur the upcoming analysis, eq. (14) will be rewritten as

Eε∗,S = Cκ,w2 · w2 + Cε,w4 · w4 (18)

with

Cκ,w2 = 1
2

∫ EI

(
∂2ψ(s)
∂s2

)2

ds+ kR1 ·
(
∂ψ

∂s
(0)
)2

+ kR2 ·
(
∂ψ

∂s
(L)

)2
 (19)

Cε,w4 = kEAk
∗
L1k
∗
L2

8 (k∗L1 + k∗L2 + k∗L1 · k∗L2)

∫ L

0

(
∂ψ

∂s

)2

ds
2

(20)

where Cκ,w2 and Cε,w4 are coeficients purely dependent on the deformation shape and
boundary conditions and w is the amplitude of the transversal deformation.

3.1 Consideration of the plastic development in the column

In problems where large deformation levels are expected, it is important to take into
account the development of plastic hinges during the deformation of the column (as in
figure 4). With increasing transversal deformation w new plastic hinges appear, which
lead to changes in the deformation shape ψ(s). This means that the eq. (18) is only valid
for a given deformation interval, in which the deformation shape ψ remains constant.
Therefore, this equation should be more correctly be written in its incremental form for
a given stage i in the plastic evolution of the beam:

∆Eε∗,S,wi→w = Cκ,w2,i · (w − wi)2 + Cε,w4,i ·
(
w2 − w2

i

)2
(21)

It is important to note, that the expression (21) does not consider the energy contribution
due to the remaining plastic resistance from the previous stages of the plastic evolution of
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nd2  
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3  plastic hinge

Figure 4: Plastic evolution of an arbitrarily supported beam
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Figure 5: Generalized Force-Displacement diagram of a plastic beam and integration areas for the deter-
mination of the totally absorbed energy

the beam. In order to account for this components, additional integral terms ∆Ep,i need
to be considered in the calculation of the total energy, as illustrated in figure 5. If the
deflections wi are known from the plastic analysis, the only remaining unknown terms are
the force increments between plastic stages ∆Fi, which can be calculated derivating eq.
(21):

∆Fi = ∂∆Eε∗,S,wi−1→wi

∂w
= 2 · Cκ,w2,i · (wi − wi−1) + 4 · Cε,w4,i ·

(
w2
i − w2

i−1

)
· w (22)

The plastic energy components ∆Ep,i can be calculated using eq. (22) to:

∆Ep,i =
∫ w

wi

∆Fi ·dw = 2·Cκ,w2,i ·(wi − wi−1)·(w − wi)+4·Cε,w4,i ·
(
w2
i − w2

i−1

)
·
(
w2 − w2

i

)
(23)
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4 EXPERIMENTAL INVESTIGATIONS

4.1 Testing set-up

In order to perform impact experiments, a small-scale impact test facility has been
constructed at the Institute of Steel Construction of the RWTH Aachen (see figure 6).
Using the inner flange of a building column as a support for the guide-rails of the drop
tower. The maximum drop height is limited to 2.5 metres, with a weight of the impact
console of 2.8 kg, which can be increased modularly upto 10 kg. The applicable impact
energy can reach upto ∼ 250 J with a maximum impact speed of 7.0 m/s.

As illustrated in figure 6, the test rig for impacting steel plates has been designed to
allow for adjusting the rotatory and longitudinal boundary conditions arbitrarily. Directly
attached to a 20mm thick steel base plate, there is a guiding rail with a length of ∼ 1840
mm supporting two runner blocks. In order to allow for high levels of deformation in the
test specimen, a stiff support structure has been constructed to elevate the impact point
of the specimen from the longitudinal rail, thus allowing for a free transverse deformation
of max. 20 cm.

Two roll bearings bolted to the support structure hold an 30 x 30 mm square axle with
a 10 mm wide mill-cut slot where the test specimen is introduced and fixed by clamping.
The maximum size of the test specimen is limited to 1650 x 200 x 10 mm. The measuring

Figure 6: Overview of the small-scale drop weight tower (a) and detail of the test rig for impacting small
scale specimens (b)

system for the experimental set-up is composed by:

1. An accelerometer attached to the impact console for measuring the impact force.

2. Two high-speed cameras with a resolution of 1024 x 512 pixel at 923 fps, in com-
bination with Tracker software [10], a free video analysis tool built on the Open
Source Physics Java framework.
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4.2 Planned experiments

The goal of the experiments described in figure 7 is to validate the analytical approaches
presented in the Chapters 2 and 3 regarding the geometrical nonlinear behaviour and the
associated energy absorbing mechanisms of impacted columns by means of small scale
experiments.

In the test configuration (a), a simply supported plate with the dimensions 500 x 110x 3
mm was tested under free-free rotationary and free-free longitudinal boundary conditions.
In the test configuration (b), the longitudinal boundary conditions have been set to fixed-
fixed, in order to activate membrane effects. In both experiments, an impact mass of
2.8 kg has been raised to a height of 1.82 m and let fall freely against the middle of the
specimen, thus applying an impact energy of ∼ 50 J.

μ =   2.59 kg/m
2A =   3.3 cm

4I =  0.0248 cm

E = 210000 MPa

f  = 287.5 MPay,dyn

k ~ 0L1

k ~ ∞L1

k ~ 0L2

k ~ ∞L2

Conf. (a)

Conf. (b)

L = 50cm
v ~ 6.0 m/s

v

v

Figure 7: Boundary conditions for the performed experiments

5 EXPERIMENTAL RESULTS AND VALIDATION OF THE MODEL

In this chapter the results of the experimental tests are compared to the results of the
analytical approach described in chapter 3 and also compared to the results of a numerical
approach based on the model reduction concept specially designed for accounting for
membrane effects [9]. The analytical approach allows for the estimation of the maximum

Load

Stage BC's C κ ,w2 BC's C ε ,w4 BC's C ε ,w4 w*
i

1 k *
R1 9979 k *

L1 0 k *
L1 1.71e7 0

2 ∞ 0 0 0 ∞ 1.19e7 0.0285

3 k *
R2 - k *

L2 - k *
L2 - -

4 ∞ - 0 - ∞ - -

Li
m
it
s

L
/2

L
/2

Figure 8: Values of the coefficients of the coefficients Cκ,w2,i and Cε,w4,i for the boundary conditions in
the experiments

deflections of the beam based on the determination of the coefficients Cκ,w2,i and Cε,w4,i

for each stage of the plastic evolution of the beam as described in figure 4. Since there are
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no rotational supports at both ends, only the elastic (1) and perfectly plastic (2) stages
are considered (see figure 8).

5.1 Experiment 1: Conf. (a)

The goal of this experiment was to investigate the behaviour of the beam under free-
free longitudinal and rotationary boundary conditions. The measured deformational be-
haviour is shown in figure 12. In this situation, the only resistance mechanisms initially
considered to absorb the impact energy are due to the bending deformation of the beam.

Using the analytical approach from chapter 3, it is possible to estimate the necessary
deformation to absorb the impacting energy (50J) to 0.101 m. This result contradicts
apparently the measurements and can only be explained if further attention is paid to
secondary effects that might contribute to the absorption of the impact energy. As it can
be observed in figure 12, the lateral supports undergo a significant longitudinal displace-
ment within a short a time. This effect, combined to the fact that the lateral supports
have a mass of ∼ 20 kg each, lead to an unexpected absorption of part the impact en-
ergy through the lateral supports in form of kinetic energy (see figure 9) that was later
dissipated by friction and thus, did not cause any additional transverse deflection.

Kinetic Energy

Time [s]

E
n
er
g
y
[J
]

0 0.05 0.1 0.15 0.2 0.25 0.3
0

5

10

15

Figure 9: Evolution of the kinetic energy absorbed by the support construction due to its movement in
longitudinal direction, Test Conf. (a)

Hence, the impact energy applied to the specimen is distributed into ∼ 15 J into the
supports (and then dissipated by friction) and ∼ 35 J into the bending of the beam. In
fact, figure 10 shows the energy absorption curve calculated for the system tested in Conf.
(a). Here it is evident that the assumption of all impact energy being absorbed by the
specimen leads to overestimating the transverse deflections, while the consideration of the
kinetic lateral components leads to a much more accurate estimation of the maximum
achieved deformation with a value of wmax = 0.076m.

5.2 Experiment 2: Conf. (b)

The goal of this experiment was to investigate the behaviour of the beam under fixed-
fixed longitudinal boundary conditions in order to validate the ability of the proposed
analytical model to describe the energy absorbing mechanisms due to membrane action.
The measured deformational behaviour is shown in figure 13. On the contrary to the
tests in the Conf. (a), the only resistance mechanisms that can absorb the impact energy
are related to the bending and longitudinal deformation of the beam. Here the lateral
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Absorbed Energy
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50 J
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Figure 10: Energy absorption curve acc. to chapter 3 for Test Conf. (a)

supports are fixed and do not displace, thus they cannot absorb any kinetic energy.
Using the analytical approach explained in chapter 3, it is possible to estimate the

necessary deformation to absorb the impacting energy (50J) to 0.036 m. This result
agrees very well with the measurements shown in figure 13. As it can be observed in
figure 11, the effects of the longitudinal restrain on the energy absorption capability of
the specimen are of great importance and can be analytically described by the proposed
model.

Absorbed Energy
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Figure 11: Energy absorption curve acc. to chapter 3 for Test Conf. (b)
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a) Prior to impact

b) At maximum Deflection

c) Bouncing back

d) Remaining plastic deformation
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Figure 12: Evolution of the deformation during the impact test, Experiment and numerical Simulation,
Test Conf. (a)
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a) Prior to impact

b) At maximum Deflection

c) Bouncing back

d) Remaining plastic deformation
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Figure 13: Evolution of the deformation during the impact test, Experiment and numerical Simulation,
Test Conf. (b)
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6 CONCLUSIONS

In this work, a new approach to the analytical determination of deformations of im-
pacted columns has been presented and validated by means of experiments on a small-scale
drop weight test rig.

The resistance behaviour of a column is dramatically increased if the membrane be-
haviour is taken into account in the energetic analysis of the column. This has been
performed by considering a non-linear strain hypothesis, which lead to an additional en-
ergy absorption term dependent on the fourth power of the transversal displacement and
the coefficient Cε,w4 . Since the new analytical approach aims at describing the energy be-
haviour at large deformation levels, the evolution of the plastic stages has been included
in the model, leading to a cumulative integration of the energy absorption function as
described in chapter 3.1. This approach has been succesfully validated by means of the
experiment Conf. (b).

Another interesting fact could be observed during the performance of test Conf. (a).
In a longitudinal unrestrained situation, the impact energy is partially transformed into
kinetic energy by a longitudinal movement of the lateral supports. Real columns tend
to have large head masses and thus, this becomes an interesting effect that should not
remained unconsidered.
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Abstract. The paper proposes to extend the modeling of the rolling vibration to that of the impact 

vibration caused by discrete irregularities on wheels and / or rail. It presents a time domain 

formulation of the vertical interaction between the wheel and the rail, for the prediction of the 

impact vibrations. 

The problem of interaction wheel / rail is solved by the moving element method. The input data 

of the interaction model, the contact model wheel / rail and vibrational pattern of the wheel are 

firstly formulated. It allows the definition of a relative vertical movement between the wheel 

and the rail, called relative roughness. 

The proposed computational scheme is applied to investigate the dynamic response of high-

speed rail system. A parametric study is carried out function of the main influential parameters 

mainly the traveling train speed and the severity of track irregularity. The results of numerical 

simulations show the efficiency of the proposed method and its main advantage for the analysis 

of the generated vibrations. 
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1 INTRODUCTION 

Railway noise and the induced vibrations transmitted into the ground are considered a major 

problem, in view of their influence on the conformity of the neighboring population. Several 

authors have been interested in dealing with a problem of interaction between train and track to 

quantify the induced noise level and then compare it with the acceptable level that is mentioned 

in the technical regulation. In this context, in France the Noise Act 1992 imposes the acceptable 

noise level limits for residents; at the European scale, the maximum noise levels are limited at 

source by the SPI. 

The finite element method FEM is a well-established numerical method for solving complex 

problems including the case of moving loads. For example, Thambiratnam et al. [1] presented 

a simple finite element method for the dynamic analysis of beams on elastic foundation 

subjected to a concentrated moving load.  

In dealing with moving load problems, the classical FEM encounters difficulty when the 

moving load travels in high speed or/and the dynamic excitation has a small wavelength, these 

difficulties can be overcome by refinement of the mesh size, but at the expense of significant 

increase in computational time. Another problem will be encountered, when the moving load 

approaches the boundary of the finite domain.  

In an attempt to overcome the complication encountered by FEM, Krenk et al. [2] proposed 

the use of the FEM in convected coordinates to obtain the response of an elastic half-space 

subject to a moving load. Koh et al. [14] adopted the idea of convected coordinates for solving 

train-track problems, and named the numerical algorithm as moving element method (MEM). 

This method was subsequently applied to the analysis of moving loads on a viscoelastic half-

space [3, 4, 5]. Anderson [5] dealt with the problem of a beam loaded by a variable harmonic 

loading, adopting an analytical formulation. 

In this paper, the particular convection problem of a moving load in infinite Euler beam 

resting on a Kelvin foundation which simulates a train-track interaction problem, has been 

treated in a new way. The main idea of this approach is to use the classic formulation of the 

FEM in a fixed reference. By adopting a suitable temporal mesh, the numerical system that 

results has been solved by an adaptive algorithm, ie the geometric configuration of the dynamic 

system at the beginning of a time step was found using the system configuration in the step 

which proceeds, by using a suitable interpolation functions. The disturbing effect of the 

negative numerical damping resulting from the use of the Galerkin formulation in the MEM 

which may be in the case of high velocity the cause of a numerical divergence will be treated 

by this approach, without the need to introducing an amount of physical damping. The 

performance and the tolerance of this method have been tested for the excitation in the form of 

relative roughness between rail and wheel. 

2 FORMULATION AND METHODOLOGY 

The High speed rail-HSR- system is comprised of a train traversing over a rail beam in the 

positive x- direction. The origin of the fixed axis x is located on the centre of the beam such 

that the train is at x=0 when t=0. The constant passing velocity of the train is denoted by V. The 

rolling surface of the rail is considered to have some imperfections due to rail irregularity. For 

simplicity, we assume no interaction between the two rails of the railway track, then the half of 

the lower structure subjected to half weight of the train was studied. In a typical analysis, the 

two parts are connected as a coupled system that accounts for interaction between the wheel 

and the rail. 

2.1. Train model 
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The train is modeled as a moving spring-mass model, which is a system of three rigid 

components, namely the car body, bogie and wheel-set; as shown in figure 1. The car body and 

the bogie of mass m1 and m2 respectively, are connected through the secondary suspension 

system which is modeled as a spring-damper unit. The inter-connection between the bogie and 

the wheel set of mass m3 occurs through the primary suspension system. The three vertical 

degrees of freedom of the car body, bogie and wheel set are denoted by u1, u2 and u3 

respectively. The contact between the wheel and the rail beam is modeled by the contact force 

Fc. 

Figure 1 Moving sprung mass model 

The governing equations for the train model may be written as: 

1 1 2 1 2 2 1 2 1

2 2 1 2 3 1 2 3 2 1 2 2 1 2 2

3 3 1 2 3 1 2 3 3

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

s s

s s s s

s s c

m u K u u C u u m g

m u K u u C u u K u u C u u m g

m u K u u C u u m g F

     

         

      

(1) 

2.2. Equation of motion in the fixed co-ordinates 

In this study we assume the Winkler hypothesis in which the foundation’s reactive pressure 

is proportional to the deflection of the rail beam [6]. 

The railway track is modeled as an Euler-Bernoulli beam with constant bending stiffness EI 

and mass per unit length m  supported by a viscoelastic layer comprising of vertical springs K

and dashpots C . The vertical displacement and rotation of the track are denoted by y and θ 

respectively. The governing equation of the rail beam subjected to a moving train load in the 

fixed co-ordinates system (x,y) is given by: 
4 2

4 2
( )c

y y y
EI K y C m F x s

tx t


  
     

 
 (2) 

Where t is the time, s is the distance traveled by the train at instant t; δ is the Dirac-delta 

function. 

The railway beam is now truncated and discretized into so-called moving elements as shown 

in figure 2. For a typical moving element, the governing differential equation is multiplied by 

an arbitrary weighting function and integrated over the element length. By adopting Galerkin’s 

approach, the element mass, damping and stiffness matrices can be obtain as given below 

m1 

m2 

m3 

KS2 CS2 

KS1 CS1 

Fc 
X 

Y 
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(3) 

Where N refers to the vector of shape functions, which are represented by Hermitian cubic 

polynomials and r, is the local element reference. The subscript r denotes partial derivative with 

respect to r. 

Figure 2 Discretization of the railway beam into moving elements 

After assembling the individual element matrices with respect to their positions in the railway 

track and considering the train model as well as the wheel-rail interaction, the equation of 

motion for the combined train-track system can be written as 

MZ CZ KZ P   (4) 

Where Z is the global displacement vector of the train-track system; M, C, and K the global 

mass, damping and stiffness matrices, respectively; and P the global external load vector.  

2.3. Wheel-rail contact model 

In this study, we use the simplified approach based on a linearized Hertz contact model [4], 

in which it is assumed that the pseudo-static reaction force at the contact point equals the self-

weight of the upper structure W [9]. This model allows us to study the phenomenon of wheel 

jumping, which takes place in the case of the absence of contact between wheel and rail. 
The linearized contact force Fc is given by: 

( ), ( ) 0

0, , ( ) 0

L rc t w rc t w

c

rc t w

K y y u y y u
F

y y u

    
 

  
(5) 

Where KL is the linearized Hertzian spring constant [4] computed as follows: 

2

3
2 2

3

2(1 )

w r

L

E W R R
K





(6) 

Where yrc, yt and uw denote respectively, the displacement of the track at contact point, track 

surface irregularity and the displacement of the wheel in contact with the track; Rw and Rr 

denote the radii of the wheel and railhead, respectively; E denotes the elastic modulus of the 

material; and ν the Poisson’s ratio. Track irregularity is the major cause of dynamic loads 

generated by a moving train. In this paper, the vertical track irregularity profile yt is assumed 

as a sinusoidal function [4, 7, 10] which can be written as: 

Fc V 
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Where at represent the amplitude and λt the wave length of the track irregularity. 

2.4. Moving element method 

A new approach of the moving element method MEM is proposed for solving this dynamic 

problem; the principle of this method is to solve the problem of a moving load, on a small time 

step by considering the problem as a problem with concentrated fixed load with variable 

amplitude over the studied time interval. Using the proposed interpolation functions, the initial 

condition of the next time step is deduced. The formulation of this numerical method is based 

on that of the finite element method, where the matrices are provided in the paragraph 2.2.This 

method is efficient since we can find the dynamic response of the system when moving a small 

distance, saying up to a portion of a millimeter; which is very expensive and sometimes can't 

be solved by the classical FEM, which requires the creation of a node in every point of 

application of a moving charge. In our model, we adopted a time-space coupled mesh chosen 

precisely to minimize on the one hand the boundary effect, and the disruption of the dynamic 

response due to a possible reflection of the induced waves and in the other hand the mesh size 

effect which is found to have a significant influence on the system dynamic response. Figure 3 

shows a schematic drawing explaining briefly the proposed MEM algorithm. 

 

Figure 3 Schematic algorithm of the MEM 
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3 VALIDATION OF THE MEM 

To investigate the usefulness and the tolerance of the proposed method, we will compare in 

this part the dynamic response of a beam resting on a viscoelastic foundation which is subjected 

to a concentrated moving harmonic force, which travels at velocity V as illustrated in figure 4, 

found analytically to the results provided by the numerical method. 

Based on the analytical method adopted by Anderson et al. [5], the displacement field can 

be written in the moving coordinates (X,Y), where the origin is attached to the point of 

application of load;  as follow: 
1 1 2 2

3 3 4 4

( ) ( )

( ) ( )

, 0
( , )

, 0

X i X t X i X t

X i X t X i X t

Ae Be X
U X t

Ce De X

     

     

     

     

  
 

 
(8) 

Where A, B, C, and D are constants to be determined using continuity conditions of 

displacement field and solicitations, αj and βj are the real part and the imaginary part of the 

wavenumbers; αj represents propagation and βj represents attenuation of the jth wave 

component. 

Figure 4 Rail-beam subjected to harmonic excitation 

The validations are realized on linear structures for which the analytical solution may be 

found for all velocities and frequencies of load. We use here in the analysis a European high-

speed rail which has the following properties: S=76.86 cm2, I=3060 cm4, ρ=7850 Kg/m3, 

E=2×1011 N/m2, m=60.34 Kg/m, EI=6.12×106 N.m2, the stiffness of the Winkler foundation 

used is 1.6×107 N/m [16]. 

In order to choice the reasonable parameters in analysis; we define the critical values of 

velocity, of frequency and of viscous damping [16] which depends only on the structural 

characters: 

4
0 2

0

0 2

EIK
V

m

K

m

C mK









(9) 

To test the capability of the proposed approach of the MEM to solve a problem where the 

load exciting the beam is variable in both time and space, a finite beam section of the length L 

is modeled, and numerical integration is performed over the time interval TI. The analysis is 

carried for single-frequency harmonic excitation at various combinations of loading frequency 

and convection velocity. The displacement time series on the central node and the beam 

displacement field after 15 periods are displayed. The numerical results (the dotted line) are 

plotted against the corresponding analytical solution (the continuous line) as shown in figures 

5 and 6. Note that the analytical solution are stationary, whereas the response provided by the 

MEM gives rise to a transitional part, which will end when the loading excite the firsts eigen 

P (t) =P𝑒−𝜔𝑡 

V 
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frequencies of the beam. In all cases, the numerical results after several periods are seen to be 

nearly identical to the analytical results. Note that the proposed method has no limitation on the 

convection velocity and load pulsation, in other words there is no negative numerical damping 

disrupting the dynamic response. Then a difference with the classical MEM appears that there 

is no need to insert an additional physical damping to compensate the negative numerical 

damping. 

 

 

Figure 5 Numerical (dotted) versus analytical (continuous) results, V=0 

Figure 6 Numerical (dotted) versus analytical (continuous) results, V=V0 

m1 3500 Kg m2 250 Kg  m3 350 Kg 

Ks1 1.26*106 Nm-1 Ks2 1.41*105 Nm-1 

Cs1 7.1*103 Nsm-1 Cs2 8.87*103 Nsm-1

Table 1 Parameters for train model

4 NUMERICAL RESULTS 

In this section, the dynamic behavior of a train traveling along a railway track is simulated 

using the moving sprung-mass model. The MEM model adopted in the study comprises of a 

truncated railway track of 70 m length discretized non-uniformly with elements ranging from a 

coarse 1 m to a more refined 0.2 m size. The equations of motion are solved using Runge-Kutta 

method employing a variable time step. Values of parameters related to the properties of train 

are summarized in table 1. 

4.1.  Effect of passing speed 

As the response of high-speed rails system strongly depends on the severity of track 

irregularity, it would be useful to investigate the effects of irregularity wavelengths and train 

speeds on the response of the HSRs. The amplitude of all track irregularities considered in this 
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investigation is taken to be 0.5 mm. Figure 7 shows the variation of dynamic amplification 

factor DAF in wheel-rail contact force against train-speed for various track irregularity 

wavelength. 
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Figure 7 DAF against train speed V for various track irregularity wavelength 

The general trend of the curves is increasing with respect to the passing speed, it can be seen 

that the DAF is generally close to 1.0 for small values of V. Conversely, when the wavelength 

is small resulting in a more severe track irregularity condition. 

4.2. Effect of track irregularity amplitude 

The effects of train speed and track irregularity amplitude are investigated in this part. The 

wavelength of all track irregularity is taken to be 0.5 m. Figure 8 shows the variation of dynamic 

amplification factor (DAF) in wheel-rail contact force against track irregularity amplitude for 

various train speeds.  

0 .0 0 .2 0 .4 0 .6 0 .8 1 .0

0

2

4

6

8

1 0

a t (m m )

D
A

F

V = 2 0 0  K m /h

V = 1 0 0  K m /h

V = 4 0 0  K m /h

Figure 8 DAF against train irregularity amplitude for various passing speed

For the perfectly smooth (at=0 mm) track, the DAF is found be 1 as to be expected in view that 

there is no dynamic load. The results in Fig. 8 also show that when the amplitude of track 

irregularity and/or train speed increase, the DAF is increased. 

5  CONCLUSION 

The paper has presented a numerical model for the simulation of dynamic train and track 

interactions at the wheel/rail interface based on adaptive form of the FEM. The computational 

λt 

λt 
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model adopts the linearized contact theory of Hertz to account for the contact between the wheel 

and rail.  Wheel/rail irregularities are the common source that creates dynamic disturbances to 

both the vehicle and the track system. It has been demonstrated that the model proposed in the 

paper is an efficient research tool to investigate the dynamic effects caused by rail defect, which 

are damaging to the vehicle and track components. The results obtained using the MEM with 

the proposed computational procedure to account for moving harmonic load are found to 

compare well with available analytical solutions in the literature.  

In particular, the dynamic response of the track/train system has been shown to dramatically 

increase with an increase in the train speed. The relationship between the vehicle components, 

namely the unsprung mass and the dynamic wheel/rail load, can be quantified using the 

established model. 

ACKNOLEDGMENT 

This work is sponsored by a franco-lebanse project CEDRE and performed by a collaboration 

between Lebanese University and University of Sciences and Technologies of Lille. The 

research team thanks the CEDRE for funding this work. 

REFERENCES 

[1] D. Thambiratnam, Y. Zhuge, Dynamic analysis of beams on an elastic foundation 

subjected to moving loads, Journal of Sound and Vibration 198, 149-169, 1996. 

[2] S. Krenk, L. Kellezi, S.R.K. Nielson, P.H. Kirkegaard, Finite elements and transmitting 

boundary conditions for moving loads, Proceedings of the 4th European conference on 

structural dynamics- EURODYN’99, 447-452, 1999. 

[3] C.G. Koh, G.H. Chiew, C.C. Lim, A numerical method for moving load on continuum, 

Journal of Sound and Vibration 300, 126-138, 2007. 

[4] M.T. Tran, K.K. Ang, V.H. Luong, Vertical dynamic response of non-uniform motion of       

high-speed rails. Journal of Sound and Vibration 333, 5427-5442, 2014. 

[5]  L. Andersen, S.R.K. Nielsen, P.H. Kirkegaard, Finite element modeling of infinite Euler 

beams on Kelvin foundations exposed to moving loads in convected co-ordinates. Journal 

of Sound and Vibration 241, 587-604, 2001. 

[6] M. Saitoh, Lumped parameter models representing impedance functions at the end of a 

finite beam on a viscoelastic medium. Computers and Structures 92-93, 317-327, 2012. 

[7] K.K. Ang, J. Dai, Response analysis of high-speed rail system accounting for abrupt 

change of  foundation stiffness. Journal of Sound and Vibration 332, 2954-2970, 2013. 

[8] Z. Dimitrovova, A general procedure for the dynamic analysis of finite and infinite beams 

on piece-wise homogeneous foundation under moving loads. Journal of Sound and 

Vibration 329, 2635-2653, 2010. 

[9] C. Esveld, Modern Railway Tack , 2nd edition, MRT Productions. Duisburg, 2001. 

2959



[10] C.G. Koh, J.S.Y. Ong,D.K.K. Chua, J. Feng, Moving element method for train-track 

dynamics. International Journal for Numerical Methods in Engineering 56, 1549-1567, 

2003. 

[11] G. Kouroussis et al., Discrete modeling of vertical track-soil coupling for vehicle-track 

dynamics. Soil Dynamics and Earthquake Engineering 31, 1711-1723, 2011. 

[12] Jens C.O. Nielsen, High frequency vertical wheel –rail contact forces- Validation of a 

prediction model by field testing. Wear 265, 1465-1471, 2008. 

[13] V. Delavaud, Modélisation temporelle de l’interaction roue/rail, pour une application au 

bruit de roulement ferroviaire. Thèse de doctorat de l’ENSTA PARIS TECH, 2011. 

[14] D. Connolly, A. Giannopoulos, M.C. Forde, Numerical modeling of ground borne 

vibrations from high speed rail lines on embankments. Soil Dynamics and Earthquake 

Engineering 46, 13-19, 2013. 

[15] C.G. Koh, J.S.Y. Ong, D.K.H. Chua, J. Feng, Moving element method for train-track 

dynamics, International Journal for Numerical Methods in Engineering 56, 1549-1567, 

2003. 

[16] V.H. Nguyen, D. Duhamel, A new numerical approach for infinite Euler Bernouilli beam 

on a Winkler foundation under high-velocity moving loads, Structural Dynamics, 

EURODYN2002, Grundmann & Shueller (eds.), 2002. 

2960



COMPDYN 2015
5th ECCOMAS Thematic Conference on

Computational Methods in Structural Dynamics and Earthquake Engineering
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.)

Crete Island, Greece, 25–27 May 2015

TIME REVERSAL IN ELASTODYNAMICS AND APPLICATIONS TO
STRUCTURAL HEALTH MONITORING

Christos G. Panagiotopoulos 1, Yiannis Petromichelakis1 and Chrysoula Tsogka1,2

1Institute of Applied & Computational Mathematics
Foundation for Research and Technology Hellas, Heraklion, Greece

2 Department of Mathematics and Applied Mathematics
University of Crete, Heraklion, Greece

e-mail: tsogka@uoc.gr

Keywords: Elastic wave propagation, time reversal, source localization, damage detection,
structural health monitoring, finite element method.

Abstract. In structural health monitoring, detection of localized damage can be achieved
by exploiting recorded signals at a limited number of sensors within the structure. Here we
propose the localization of damage using an array of sensors as a computational time-reversal
mirror (TRM). Time reversal (TR) is a physical process that exploits the time reversibility of
wave equations and achieves re-focusing of the wave on the source of its origin by sending
back, reversed in time, the signals recorded on an array of transducers. TR was originally
introduced by Mathias Fink and his group and has several applications ranging from medical
imaging to telecommunications [14].

In the present work, we perform time reversal numerically in order to effectively detect and
localize defects in a bounded two-dimensional elastic domain. This is a generalization of a
respective time-reversal implementation in an acoustic medium [12]. The solid contains a num-
ber of Nr sensors which can act as sources as well. Our data is the response matrix of the
scattered field, that is, the difference between the total field obtained in the damaged structure
and the incident field corresponding to the response in the healthy structure.

Numerical solution of the wave propagation problem is performed using a mixed finite el-
ement formulation in terms of the velocity and stress fields [6]. In order to dissociate the
response caused by Nd different defects, we apply the singular value decomposition (SVD) of
the response matrix, while back-propagation of the projection of each singular vector corre-
sponding to a non-zero singular value is performed in order to highlight each defect separately.
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1 Introduction

An important component of several approaches in the design and construction of structural
health monitoring systems are methods to efficiently identify and localize damage. Response
recordings by sensors placed on a structure are often used to monitor the structure’s integrity and
to detect the appearance of damage [23]. Detection of damage can be done by comparing the
response of the structure in its reference state with that recorded in the damaged state. Imaging
of the damage, however, needs more sophisticated procedures. In this paper, we consider this
query using time reversal imaging procedures of elastic waves propagating in bounded domains.
Numerical back propagation of the recorded response will focus on defects’ locations, since a
defect behaves as a secondary source. The difficulty is that we do not know the time at which
this secondary source will be activated. This time corresponds to the time that is needed for the
incident wave to propagate from the source to the defect. An indication of the refocusing time
can be obtained by the bounded variation norm of the TR field as in [12]. Here we propose to
monitor the energy density function instead of the norm of the displacement, since it is a natural
physical quantity and seems to give better numerical results.

Time reversal consists of two steps: a forward and a backward propagation one. In the
forward propagation step, waves are emitted from some source and travel through the medium.
During this step the wave-field is being recorded by one or more receivers. In the backward
step, the previously recorded signals are reversed in time and they are rebroadcasted from their
respective receiver positions. Wave paths that were traversed in the forward propagation step are
now reproduced in the backward one [3]. Ideal conditions for the time reversal process would be
those corresponding to the case where receivers fill the whole medium (or its entire boundary),
recording the field and its derivatives [15], without any noise [16]. The time reversibility is
based on the spatial reciprocity (symmetry in engineering) and the time reversal invariance
(under the transformation t→ − t) of linear wave equations.

The time reversal technique has been recognized in recent years, because of its robust-
ness and simplicity, as a quite appealing approach to resolve source localization problems.
This branch of inverse problems finds numerous applications in several fields, e.g., medicine,
telecommunications, underwater acoustics, seismology and engineering structures. Time re-
versal, with full or partial information, has been mathematically justified considering energy
estimates for the wave equation [5], utilizing the Green’s function properties [9] or modal anal-
ysis [17].

Numerical time reversal for elastic media has been considered in [11, 25] while experimental
results are reported in[24, 21, 20]. The DORT (french acronym for decomposition of the time
reversal operator) method applied to elastic wave scattering can be found in [4]. It has been
shown that time reversal imaging can be also used in dissipative elastic media [2], which is
important since any real structural system exhibits some damping.

In this paper we describe the numerical implementation of time reversal in elastic media and
carry out simulations in order to assess the effectiveness of this process in damage identification
problems. In general, we assume that response is recorded on Nr sensors, belonging in Ωr ∈ Ω,
while excitation is assumed to be produced by Ns source points forming Ωs ∈ Ω. These two
subspaces may be totally separated, coincide or just have an overlap. The described methodol-
ogy can be applied to sensors that form an array, as well as to a distributed sensor configuration.
For simplicity of presentation, we focus our attention on an array configuration where sources
and receivers are collocated.
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2 The time reversal process

Time reversal forward step In structural health monitoring (SHM) the forward step of TR
corresponds to a physical process where the data response matrix is collected on a set of sensors
located at xr, r = 1, . . . , Nr. Each column of the response matrix corresponds to the response
received at all sensors xr and in all directions i = x, y when a source point emits a pulse from
the location xs in a specific direction. In our case, the forward step is numerically simulated. A
source located at xs emits a pulse in the direction ei and the response is recorded at the receiver
locations xr. We consider a linear elastic material filling a bounded domain Ω with Dirichlet
boundary conditions on its boundary ∂Ω,

ρ
∂2u

∂t2
(x, t)− div σ (u(x, t)) = δ(x− xs)eif(t), (x, t) ∈ Ω× (0, T ],

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ]

u(x, 0) = 0, x ∈ Ω

∂u

∂t
(x, 0) = 0, x ∈ Ω (1)

The displacement vector u is associated with the strain tensor by

εij(u) =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
.

The stress tensor is given by Hooke’s law

σ(u)=C : ε(u),

which connects stress to strains via the fourth order tensor of elastic moduli C (stiffness tensor).
The inverse constitutive equation considering A=C−1, the flexibility or compliance tensor, can
be written as ε=Aσ. Our numerical implementation is based on an equivalent formulation
which consists in writing the elastodynamic problem as a first order hyperbolic system, the
velocity-stress system,

ρ
∂v

∂t
− div σ = δ(x− xs)f(t)ei,

A
∂σ

∂t
− ε̇ = 0,

(2)

for (x, t) ∈ ∂Ω × (0, T ] with ε̇ = 1
2

(
∂vi
∂xj

+
∂vj
∂xi

)
. Here we omitted the dependence of the

unknowns v = ∂u/∂t (the velocity vector) and the stress tensor σ on (x, t). We should also
add to our system, initial conditions v(t = 0)=0, σ(t = 0)=0 and the boundary condition v=0
on ∂Ω. We solve the elastodynamic problem for all source locations xs, s = 1, . . . , Ns and the
two directions i = x, y and record the velocity v at all receiver locations xr, r = 1, . . . , Nr.
At the end of the forward step we have collected the response matrix P (t) whose dimension at
each time step is 2Ns × 2Nr.
Time reversal backward step The backward step of the time reversal process in the context
of SHM applications is always performed numerically. However, it may be found in several
alternative forms. For example, in [15] it is stated that one may force either just the field variable
or the field variable and its first derivative recorded in the forward process. In the case of elastic
wave propagation, a similar formulation is found in [25] where displacements’ reversed time
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history is imposed on points of sensors that record the response. Under this assumption the
backward step would be given by the following initial-boundary value problem:

ρ
∂ṽ

∂t
− div σ̃ = 0, (x, t) ∈ ∂Ω× (0, T ],

ṽ(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ],
ṽ(x, t) = v(x, T − t), (x, t) ∈ Ωr × [0, T ],
ṽ(x, 0) = 0, x ∈ Ω,
σ(x, 0) = 0, x ∈ Ω.

(3)

In [16], and some references therein, the wave is rebroadcasted through appropriate initial con-
ditions. Alternatively, one can follow the approach used in [13] or [12] for acoustic waves, and
adapt it to the case of linear elasticity that consists in solving the problem,

ρ
∂ṽ

∂t
(x, t)− div σ̃ =

Nr∑
q=1

δ(x− xq)v(T − t), (x, t) ∈ Ω× (0, T ],

A
∂σ̃

∂t
− ˙̃ε = 0, (x, t) ∈ Ω× (0, T ],

ṽ(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ],
ṽ(x, 0) = 0, x ∈ Ω,
σ(x, 0) = 0, x ∈ Ω.

(4)

In this case we set the reversed time recorded values of the field variable, as sources introducing
right hand side loading terms on respective directions and spatial locations.

3 Damage identification

Several procedures for damage identification and localization, based on time reversal, have
been proposed in the literature. In [1] an approach is considered for 2D scalar wave propa-
gation problems, both forward and backward steps are assumed to take place in the cracked
configuration of the medium. While for the forward step it is assumed that solution is obtained,
or measured, for the correct cracked configuration, for the backward step a variety of cracked
patterns is assumed, for each of them a wave propagation simulation is necessary, while the
estimated cracked configuration is the one which gives the best refocusing on the source point.
This procedure has been also extended to the case of elastic waves [18]. In [25] a technique
similar with the methodology presented here has been proposed, however, in [25] there is no
selectivity in the refocusing since the DORT method is not considered.

In our approach, we consider as data the impulse response matrix (IRM) of the scattered field,
due to the damaged areas. This means that we assume that measurements of the response matrix
in the healthy structure are available, and by subtracting them from the measured response in
the damaged structure we obtain the scattered field.

3.1 Stopping criterion

During the backward step we expect the time reversed field to focus on the damaged area
at some particular time, but this time is not known a priori. Based on the fact that we seek
for a time at which the field is focused in space, stoping criteria based on the minimisation
of appropriate norms of the field (e.g., Shannon entropy, bounded variation norm) have been
proposed and successfully used in [12]. Another measure called “mathematical energy” has
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been adopted in [18]. In the current work we choose to track the total energy defined by

E(t) =
1

2
(Aσ, σ) +

1

2
(ρv, v), (5)

or it’s discrete analogue as presented in [7]. More precisely, we first define the discrete energy
density and normalise it by its maximal value at each time step before computing its L1 norm
in space.

3.2 Multiple damaged areas

The DORT method [22] was developed as an imaging procedure capable to refocus selec-
tively the field on different targets (defects). An extension of DORT for the detection of multiple
linear and nonlinear scatterers has been presented recently in [4].

In this work, following the methodology developed in [8, 12], we propose to compute the
singular value decomposition of the response matrix frequency by frequency, and then, by pro-
jecting the response matrix on the singular vectors that correspond to the largest singular values,
we can selectively refocus the elastic field on different defects.

The IRM P (t), is a NS×NR = (2Ns)× (2Nr) matrix. In order to proceed, we first compute
its Fourier transform and obtain P̂ (ω). For each ω in the available bandwidth, we compute the
singular value decomposition of P̂ (ω) as,

P̂ (ω) = U(ω)S(ω)V ∗(ω) (6)

where U(ω) is an NS×NS and V (ω) an NR×NR unitary matrix, while V ∗(ω) is the conjugate
transpose and S(ω) theNS×NR rectangular diagonal matrix with the non-negative real singular
values on the diagonal. The NS columns of U(ω) and the NR columns of V (ω) are called the
left and right singular vectors of P̃ (ω) respectively. We can also write,

P̂ (ω) =
Nσ∑
j=1

σj(ω)Uj(ω)V ∗(ω), (7)

where Nσ is the number of non-zero singular values. In the acoustic case and for small size
scatterers there is an one-to-one correspondence between the scatterers and the significant sin-
gular values and vectors of the IRM. In the elastodynamic case, and even for small scatterers,
each scatterer has two or more associated singular values (and vectors) [10]. For well separated
defects, each singular value is associated with a specific damage, and the corresponding singu-
lar vector has the ability to re-focus the field on the specific defect allowing for distinguishing
and illuminating even the weaker damaged areas.

To focus on different defects we compute the projection of each column P̂ (l) of the response
matrix on the k-th singular vector as

P̂
(p)
k (ω) =

(
U∗
k (ω)P̂ (l)(ω)

)
Vk(ω) (8)

which is a column vector associated with the k-th singular value of the matrix . We may recon-
struct by inverse Fourier transform the column vector P (l)

k (t), reverse it in time, and then send
it back in the elastic medium. We expect this procedure to focus the energy of the elastic field
on the defected areas of our domain.
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4 NUMERICAL IMPLEMENTATION

The elastic wave propagation in two dimensions is solved with a mixed finite element for-
mulation based on the discretization of the stress-velocity fields, expressed by the system of
equations in eq.(2). Details of this mixed formulation may be found in [6]. The spatial dis-
cretization is compatible with mass-lumping, which leads to diagonal mass matrices, so that
explicit time discretization schemes are obtained. For this specific formulation a rectangular
spatial grid is necessary. Our methodology has been also implemented and tested using a finite
element discretization of the displacement formulation [19], however, results are not presented
here.

A specific distribution of sensors, spread over a line, that constitutes both sources and re-
ceivers is considered and called an array of sensors. The material of the rectangular domain is
assumed to be that of steel with Lame’s coefficients λ=96.95GPa and µ=76.17GPa, while the
mass density is ρ=7700kg/m3. The pressure waves velocity is cp=5689.9m/s and that of shear
waves cs=3145.2m/s. The size of the domain equals to Lx=62.747mm and Ly=69.037mm.
The FEM mesh consists of 400×400 elements, while the array of the 21 equidistant sensors
lies on a line of length 31.452mm, as shown in Figure 1. Damage is considered in the mate-
rial as two distinct small areas of softer material given by a 10% degradation of both Lame’s
coefficients. The first of them is at location (0.6Lx, 0.25Ly) and its area is equal to 0.1mm2

while the latter one is located at (0.6Lx, 0.75Ly) and its area is 0.4mm2. In order to construct
the response matrix for the scattered field, each dof, corresponding to a spatial location of a
sensor and a specific direction x1 or x2, is excited, and response is computed and stored for all
sensors and both directions. The function of excitation in time is that of a ricker-pulse with a
central frequency of 1MHz. This corresponds to a wavelength for the shear waves of 3mm and
a pressure wave wavelength of 5.7mm.

0 0.01 0.02 0.03 0.04 0.05 0.06

0

0.01

0.02

0.03

0.04

0.05

0.06

Figure 1: Geometry of elastic domain under consideration. Horizontal y−axis from left to right and vertical
x−axis from top to bottom. Sensor array elements are shown with green dots and areas of damage are shown as
red squares in the domain.

Plots in Figures 2 to 5, show results for the backpropagation steps using the field as recorded
on the array, or after projecting it on the singular vectors corresponding to the first three singular
values of the IRM. In all these figures we back propagate the column of the IRM that is obtained
when the source is assumed to be on the central array element and exciting in the x-direction.
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The left plot in each figure refers to the functional described by the integral,

I(y) =

T∫
0

E(y, t) dt, y ∈ Ω, (9)

where E(y, t) is the energy density of the field on the spatial point y at time t, and T is the
total duration time of the experiment. This functional is able to show the trajectories that the
energy follows during the backward step of time reversal. As it can be seen these trajectories
include the damaged areas. The plot in the middle is the time evolution of the energy criterion
which may be used as an indicator for choosing the time instant at which the field focuses on
the defects. The energy density of the time-reversed field at selected minima indicated by our
criterion is shown on the right plot of each figure. We observe that by using the SVD we are
able to detect and locate both damaged areas included in our domain.
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Figure 2: Backpropagation of the field recorded when the source is assumed to be on the central array element
exciting in the x-direction.
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Figure 3: Backpropagating the same column of the response matrix as in Figure 2, but after projection on the
singular vector corresponding to the first singular value.

2967



Christos G. Panagiotopoulos, Yiannis Petromichelakis and Chrysoula Tsogka

t=2.0012e-05

0

0.01

0.02

0.03

0.04

0.05

0.06

0 0.01 0.02 0.03 0.04 0.05 0.06

t=2.0012e-05

0

0.01

0.02

0.03

0.04

0.05

0.06

0 0.01 0.02 0.03 0.04 0.05 0.06

0

5e-05

0.0001

0.00015

0.0002

0.00025

0.0003

0 5e-06 1e-05 1.5e-05 2e-05

Figure 4: Backpropagating the same column of the response matrix as in Figure 2, but after projection on the
singular vector corresponding to the second singular value.
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Figure 5: Backpropagating the same column of the response matrix as in Figure 2, but after projection on the
singular vector corresponding to the third singular value.

5 CONCLUSIONS

We presented in this paper a computational methodology that uses the singular value decom-
position of the array impulse response matrix in order to detect and localize defects in elastic
materials. The energy density of the of the field seems a natural quantity to follow and a time-
stopping criterion based on the L1 norm of the normalized energy is proposed. The relevance
of our methodology to SHM has been illustrated with numerical simulations.
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Abstract. In the field of structural dynamics, measuring external forces directly is often not
feasible, whereas structural response data is far more accessible. Force identification is an
inverse problem concerned with estimating forces using measured dynamic response. This pa-
per presents a practical application of a joint input-state estimation algorithm. The algorithm
gives minimum-variance unbiased estimates of states and input forces in a discrete-time linear
system, where stochastic noise in the measurement data and model description are accommo-
dated for. An experimental study of a thin-walled cantilever beam is presented to demonstrate
joint input-state estimation. The finite element modelling is done in the software ABAQUS with
shell elements. A modally reduced order model is created, containing 13 selected modes. We
introduce the general approach of obtaining strain measurements in a modal format. A sen-
sor network is designed from a discussion on optimal placement of accelerometers and strain
gauges. It is also shown that the sensor network constitute a sufficient observational ensemble
for estimation of states and forces. The studies demonstrate successful identification of forces
generated by a simple mass-spring system. In addition, the strain is predicted at a location not
co-located with the sensor network. The predicted strain agrees well with a reference strain
measured at the same location. Lastly, we address some of the practical problems encountered
and recommendations for further experiments.
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1 INTRODUCTION

1.1 Problem background

Force identification is a problem within structural dynamics concerned with estimation of
external forces using measured dynamic response. Structural design and reliability assessment
are areas where knowledge of model uncertainties of the forces to which the structure is exposed
to is important. A better understanding of the true ambient forces could also be used to compare
or update existing load models. In many cases, it is impractical to measure the forces directly,
leading to the use of inverse identification methods. Herein, the inverse problem is solved to
find the system inputs using the dynamic response together with an established system model.
Often it is also desired to use the response data, sampled at a few locations, to estimate the
complete structural response. If the true response is known, the information can be valuable for
applications such as structural health monitoring, response to secondary installations or fatigue
prediction.

In this paper we apply an established algorithm and show its feasibility for force identifi-
cation and response estimation in a laboratory experiment on a thin-walled cantilever beam.
Included is also a discussion on optimal placement of measurement sensors in light of recent
advances on sensor networks.

1.2 Inverse force identification

Most practical cases of inverse identification are usually prone to ill-posedness since all state
variables and initial conditions rarely are known [1]. The problem therefore has to be treated
with special methods. Popular solution methods in the time domain feature Kalman filters [2, 3],
occasionally in conjunction with least squares optimizers [4, 5]. We here present an application
of the joint input-state estimation algorithm [6], which has a structure closely related to the
Kalman filter. The algorithm was first introduced to structural dynamics by Lourens [7], who
modified it to apply for modally reduced order models. The method has also has been verified
experimentally by Lourens et al. [8] and Niu et al. [9]. Recently, it has also been applied by
Nord et al. [10] to identify ice forces in a laboratory setting, giving input estimates in agreement
with a reference solution by frequency domain deconvolution.

The framework for model-based force identification is often by means of finite element (FE)
modelling and user-supplied parameters. Nord et al. [10] used a strain-displacement relation
suitable for force identification using a model based on Timoshenko beam elements. We here
aim to skip this step and let FE software directly provide all necessary parameters. The intent
is to render an approach where the user does not have to supply strain-displacement relations
manually.

2 FORCE IDENTIFICATION BY JOINT INPUT-STATE ESTIMATION

2.1 Stochastic state-space model

In applications of joint input-state estimation, the system is first transformed into state-space
form. The basis is a time-invariant linear dynamic system with nDOF degrees of freedom
(DOFs) u ∈ RnDOF :

Mü(t) + Cu̇(t) + Ku(t) = Spp(t) (1)

Here, M, C and K represents the mass, damping and stiffness matrix respectively, Sp ∈
RnDOF×np is the force application matrix assigning the histories of the np external forces con-
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tained in p ∈ Rnp to the designated DOFs. When the damping is assumed proportional, the
corresponding modally reduced order equation reads:

z̈(t) + Γż(t) + Ω2z(t) = ΦTSpp(t) (2)

Here, z ∈ Rnm is the vector with nm selected modal coordinates and Φ ∈ RnDOF×nm is
the corresponding mass-normalized mode shape matrix. Ω ∈ Rnm×nm and Γ ∈ Rnm×nm are
diagonal matrices collecting the natural frequencies ωi and damping ratios ξi for every mode:

Ω = diag(ω1, . . . , ωnm), Γ = diag(2ω1ξ1, . . . , 2ωnmξnm) (3)

The state-space transform is completed by rewriting Eq. 2 and defining the state vector
x ∈ Rns (ns = 2× nm) and the system matrices Ac ∈ Rns×ns and Bc ∈ Rns×np according to Eq.
5:

ẋ(t) = Acx(t) + Bcp(t) (4)

x(t) =

(
z(t)
ż(t)

)
, Ac =

[
0 I
−Ω2 −Γ

]
, Bc =

[
0

ΦTSp

]
(5)

The discrete-time equivalent is found by introducing a sampling rate of 1
∆t

together with a
zero-order hold assumption on the force. An explicit solution to Eq. 4 then reads

xk+1 = Axk + Bpk (6)

where k ∈ N is the time index and tk = k∆t , xk = x(tk), pk = p(tk). The discrete system
matrices A ∈ Rns×ns and B ∈ Rns×np are defined as:

A = eAc∆t, B = (A− I)A−1c Bc (7)

The response measurements, nd in total, are collected in the vector y ∈ Rnd and related to
the physical coordinates through selection matrices Sa,Sv and Sd ∈ Rnd×nDOF :

y(t) = Saü(t) + Svu̇(t) + Sdu(t) (8)

Hence the measurements can be displacements, velocities and accelerations (or linear combi-
nations of these). Rewritten on state-space form and subjected to the same discretization format
as above, the measurement equation yields:

yk = Gxk + Jpk (9)

Here G ∈ Rnd×ns and J ∈ Rnd×np symbolizes the output influence matrix and direct trans-
mission matrix, respectively:

G =
[
SdΦ− SaΦΩ2 SvΦ− SaΦΓ

]
, J =

[
SaΦΦTSp

]
(10)

Finally, the stochastic aspect is introduced by adding the model noise wk ∈ Rns and the
measurement noise vk ∈ Rnd to the state-space equations:

xk+1 = Axk + Bpk + wk (11)
yk = Gxk + Jpk + vk (12)
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The former accounts for errors in the model description and the latter allow for inaccuracies
in the measurement signals. Both are taken as zero mean white noise vectors and assumed
mutally uncorrelated. The noise covariance, here assumed time invariant, is collected in the
matrices E[wkw

T
k ] = Q and E[vkv

T
k ] = R.

2.2 Joint input-state estimation

The joint input-estimation algorithm, originally developed by Gillijns [6], was further adapted
to structural dynamics by Lourens et al. [8]. The algorithm is similar to the Kalman filter, except
the true input is replaced by an optimal estimate [11]. It operates as follows:

• Estimate input forces by a minimum variance unbiased criteria (Eq. 13 - 16)

• Update state estimate with receiving measurement (Eq. 17 - 20)

• Estimate state ahead in time (Eq. 21 - 22)

R̃k = GPk|k−1G
T + R (13)

Mk = (JT R̃−1k J)−1JT R̃−1k (14)
p̂k|k = Mk(yk −Gx̂k|k−1) (15)

Pp[k|k] = (JT R̃−1k J)−1 (16)

Lk = Pk|k−1G
T R̃−1k (17)

x̂k|k = x̂k|k−1 + Lk(yk −Gx̂k|k−1 − Jp̂k|k) (18)

Pk|k = Pk|k−1 − Lk(R̃k − JPp[k|k]J
T )LT

k (19)

Pxp[k|k] = Ppx
T
[k|k] = −LkJPp[k|k] (20)

x̂k+1|k = Ax̂k|k + Bp̂k|k (21)

Pk+1|k =
[
A B

] [ Pk|k Pxp[k|k]
Ppx[k|k] Pp[k|k]

] [
AT

BT

]
+ Q (22)

To initiate the estimation process, an initial state x̂0|−1 with error covariance P0|−1 must
be supplied. For an explanation of the covariance matrices (denoted P with varying subindex),
refer to works by Gillijns and De Moor [11]. When the system and noise covariance matrices are
time invariant, the filter often quickly reach a steady state. In this event the optimal weighing
matrices for the state and the input, Lk and Mk, remain unchanged in every step. The same
holds for the error covariance.

2.3 Requirements for identification

Maes et al. [12] derived a set of criteria to be fulfilled in order to perform a successful
identification of forces using joint input-state estimation in conjunction with a reduced order
model. The design of a sensor network, i.e. determining types of measurements and sensor
locations, plays a significant role in obtaining fair results. In addition to satisfying the criteria
presented in Sec. 2.3.1 – 2.3.3, one must also recognize practical issues, such that the number
of available sensors often is limited and the possible sensor locations restricted.
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2.3.1 Observability

Observability concerns whether one is able to uniquely determine an initial state x0 from
finite time series of known input forces and measurements. If this is true, the entire state history
can be reconstructed from Eq. 6. In the case of the reduced order model, with none of the
natural frequencies identical, the observability is fulfilled if and only if the matrix

(Sd + Sv + Sa)Φ (23)

does not contain any zero columns [12]. This can often intuitively be evaluated by inter-
preting the vectors of Φ as modal configurations and the selection matrices as on-off buttons in
each DOF. E.g. if a sensor is placed close to an inflection point of a mode, the mode will not
be captured and and consequently its contribution to the total response cannot be judged. The
observability criterion need only be fulfilled if state estimates are of interest, and not only the
input.

2.3.2 Direct invertability

For system inversion without time delay, a direct invertability criterion must be met. J,
referred to as the direct transmission matrix, is important since it represents the direct influence
from the input to the measurements, see Eq. 9. Direct invertability is fulfilled if and only if
rank(J) = rank(SaΦΦTSp) = np [12]. This is only ensured if the number of accelerometers is
greater or equal to to np. In addition the forces must excite at least np modes distinguishable in
the acceleration signals.

2.3.3 Stability

The stability in inversion of the state-space system depends on the transmission zeros λj
[12], satisfying the relation: [

A− λjI B
G J

] [
x0

p0

]
=

[
0
0

]
(24)

Under this condition, a force on the form pk = p0λ
k
j will give a non-zero response while

the observed measurements are identical to zero. Since the presence of such a force cannot be
told, uniqueness in inversion is not achieved. Any |λj| > 1 is called an unstable transmission
zero, however any |λj| < 1 is called stable since the undetectable force component converges
towards zero when k increases. If |λj| = 1, marginal stability is obtained, signalling no data on
static response is present. When strains or displacements are included to the sensor network,
detection of static components corresponding to the 0 Hz frequency is restored. The matrix
J − G(A − I)−1B should then be non-singular. Transmission zeros must be checked for all
sensor configurations.

3 LABORATORY EXPERIMENT

3.1 Laboratory setup

Vibrations of a 3 m long cantilever beam are studied in the laboratory experiment. Notably,
the extruded aluminium section has an unusual cross (+) shape, see Fig. 1. A 10 mm thick plate
is welded to the beam end and bolted to a rigid wall. As shown in Fig. 1, washers separates the
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end plate from the wall, allowing free movement in the end plate. The beam is free to bend both
vertically and laterally. As a consequence of low torsional stiffness, torsional vibrations also
composes an important component of motion. A brief list of the equipment used for acquiring
data during the tests is listed in Table 1.
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Figure 1: Left: cross section geometry; middle: bolted support and end plate-beam connection; right: beam
mounted to wall (rotated).

Function Model
Accelerometer Kistler K-Beam 8395A, range ±2g, sensitivity 2000 mV/g
Strain gauge HBM 1-LV41-3/120 Ohm, Wheatstone quarter bridge
Accelerometer module NI 9234
Strain module NI 9235
Data acquisition system NI cDAQ-9178

Table 1: List of equipment used for acquiring measurement data.

3.2 Finite element model

A FE model of the thin-walled section was created using 8-node quadrilateral shell elements
(S8R) in the software ABAQUS. Translational DOFs in the end plate at the location of the
bolts were pinned. The mesh was generated using an average element width of 20 mm. It
is evident that the support and its rotational stiffness would be more difficult to model using
beam elements. In addition, conventional beam elements could have problems describing the
torsional behaviour of the section, advocating the choice of shell elements. Mode shapes, nat-
ural frequencies as well as the modal strain parameter SdΦ were extracted from the FE model.
Exact shape functions of the element are therefore not explicitly needed by the user to relate
strains and displacements. The reduced order model is here comprised of the 13 modes with
lowest natural frequencies, which of 6 are bending modes and 7 are torsional, see Table 2. The
damping ratio is taken as 0.3% for all modes. Some of the modes relevant for vertical eccentric
loading is displayed in Fig. 2.
Printed using Abaqus/CAE on: Thu Feb 12 09:07:17 W. Europe Standard Time 2015 Printed using Abaqus/CAE on: Thu Feb 12 09:09:18 W. Europe Standard Time 2015

Printed using Abaqus/CAE on: Wed Feb 25 15:58:10 W. Europe Standard Time 2015 Printed using Abaqus/CAE on: Wed Feb 25 15:58:24 W. Europe Standard Time 2015

Figure 2: Mode 2, 7 (vertical bending), 3 and 4 (torsion).
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n fn [Hz] Type
1 7.8 Lateral bending
2 9.2 Vertical bending
3 10.5 Torsion
4 31.4 Torsion
5 51.7 Lateral bending
6 52.5 Torsion
7 57.3 Vertical bending
8 73.8 Torsion
9 95.4 Torsion

10 117.4 Torsion
11 139.9 Torsion
12 146.0 Lateral bending
13 156.2 Vertical bending

Table 2: Natural frequencies of FE-model.

3.3 Optimal sensor placement

In this section we study positioning of sensors in relation to the criteria described in Sec.
2.3. Two triaxial accelerometers and three uniaxial strain gauges are disposable for the sensor
network. First, the accelerometer locations are determined. The objective is to ensure the direct
transmission matrix J = SaΦΦTSp has full rank. Sp is determined by setting the force action
point eccentrically at the cantilever end, 40 mm from the centroid, see Fig. 3. It is seen from
the quantity ΦTSp in Fig. 4 that a vertical force component (316y) induces vertical bending and
torsion in the beam, while the lateral component (316z) excites lateral bending modes only.

1032
1086

1131
1173

2516
2561

2471
2429

2375
2345

2303
2261

2171
2216

2516 828
783

873
918

960
1002

Y

X

Z

1032

1086

2561

2261

2516
783

Figure 3: Geometry and sensors: accelerometers (red), strain gauges (black) and force (green): Left: possible
sensor nodal positions; right: final sensor network denoted with measuring directions.

In the following, accelerometer locations approximately 60 mm from the centroid as shown
in Fig. 3 are considered. SaΦ, interpreted the modal projections on accelerometer locations,
are sought to be maximized for the modes to have good influence on the sensors. In Fig. 4
we promptly identify the cantilever tip location (783y) to be suitable for capturing bending
(modes 2, 7, 13) as well as torsion (modes 3, 4, 6, 8-11). For the second accelerometer, 1032y
seems as a feasible choice with good modal influence for all modes except lateral bending. For
reasons of symmetry in geometry, similar results are obtained when repeating the procedure
for lateral accelerations in the same nodes, but are left out here. Acceleration data for the
x-direction is discarded since none of the incluced modes exhibit axial motion. When Sa is
determined from accelerometers measuring in node 783 and 1032 in both y-direction and z-
direction, rank(J) = np = 2 and direct invertability is ensured.
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Figure 4: Top: Force influence for lateral (z) and vertical (y) component. Bottom: Accelerometer influence in
vertical direction (y) for a variety of locations.

No unstable transmission zeros exist for this network of accelerometers. However, the sys-
tem is marginally stable without measurement data sensitive to static loading. In a similar
manner as above, we look at possible strain gauge locations through SdΦ in Fig. 5 with the
goal to maximize modal influence. For the lowest vertical bending mode (m02) the influence is
limited for all positions, but highest close to the support (2561x, value 0.014). This location is
therefore included. 2261x appear as the best choice for a second sensor. Again, similar results
are obtained when considering the location of a third strain to capture lateral bending modes.
For this specific problem, shear strain could also be measured to increase the influence from
torsion modes. The total network (nd = 7) including the third strain gauge is shown in Fig. 3.
The marginal transmission zeros are now eliminated for this sensor configuration. We further
check this from J−G(A− I)−1B, whose singular values are 0.189× 10−5 and 0.314× 10−5,
concluding the matrix has full rank.

For the observability criteria, the single accelerometer at the end suffices since this is a non-
zero point for all modes. The states should therefore be estimated adequately with the entire
sensor network. We readily confirm (Sd + Sa)Φ has no zero columns.

3.4 Data acquisition and noise parameters

The load, applied eccentrically at the free end of the beam, was induced by attaching a spring
supported mass (k ≈ 180 N/m, m = 0.78 kg). The spring was given an initial displacement,
and upon release the free vibrations of the combined beam spring-mass system were sampled
at a rate of 2048 Hz. In addition to the described sensor network, the strain in node 2429 (cf.
Fig 3) was measured to later serve as a reference in response prediction. The acceleration data
series was detrended and low-pass filtered (6. order Butterworth filter, cutoff frequency 350 Hz)
to hinder the filter receiving data in the frequency range above the includes modes, which could
lead to difficulties when compensating for unexpected behaviour. The same was done for the
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Figure 5: Influence for strain gauges measuring in beam longitudinal direction (x).

strain data, but with a cutoff frequency of 50 Hz since the data was severely contaminated with
colored noise from the AC power supply.

When determining the noise covariance matrix (R), not only the latent white noise in the
sensor signals must be included, but also disturbances originating from second order effects,
deviation in sensor locations and sensor accuracy in the prevailing frequency range. In view of
this, the noise magnitude can be challenging to quantify. In addition, the correlation is usually
unknown and is therefore often assumed as zero. Similar difficulties are encountered when
deciding the model noise (Q). Model errors in natural frequencies and damping ratios, system
non-linearities, and the accuracy of the discretization in Eq. 6 will contribute to the noise. A
common solution is to choose the noise magnitudes as a small percentage of the variables they
represent [7]. The diagonal elements of R corresponding to accelerations were set to 10−4 and
for strains to 10−14. Likewise for Q, diagonal elements were fixed as 10−12 and 10−10 for the
modal displacements and velocities, respectively.

4 RESULTS AND DISCUSSION

4.1 Force identification

The forces identified with the joint input-state estimator are shown in Fig. 6. The total force
magnitude is approximately 6 N, corresponding to 30 mm elongation of the spring. The fre-
quency content in Fig. 7 shows the forces are dominant at 2.4 Hz, a feature of the spring-mass.
Since the spring elongation also depends on the cantilever deflection at the force action point, a
peak is seen at 9 Hz for the y-component. This originates from the lowest vertical bending and
torsion mode, which for the real structure has very close natural frequencies. Although there
are some discrepancy between the modelled and true natural frequencies, the filter fairly adjusts
the results in favor of the true behaviour. The same is observed at 9 Hz (torsion) for the lateral
component.

However, the result should be interpreted with caution. The results are dependent on the
prescribed model noise. In particular, spurious compensating forces can occur if the system
model differs too much from the real behaviour. Similarly, the measurement noise covariance
affects the weighting between acceleration signals, dominant at the natural frequencies, and
strain signals, dominant at the forcing frequency.
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Figure 6: Time series for the identified vertical (316y) and lateral (316z) force component.
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Figure 7: Power spectral density of the vertical (316y) and lateral (316z) force component.

4.2 Response estimate

To check the quality of the response estimate, the reference strain measured in node 2429
(cf. Fig 3) is studied. A prediction of the strain in the same node, collected in ŷk, can be
generated from the set of state estimates, x̂, obtained simultaneously with the force estimates.
Furthermore, new selection matrices (Sa = Sv = 0, Sd 6= 0) are created and x̂ is inserted in
Eq. 9, yielding:

ŷk =
[
SdΦ 0

]
x̂k (25)

A comparison of the predicted and measured strain is plotted in Fig. 8. The frequency and
amplitude coincides remarkably well. The result suggests the states are estimated accurately.
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5 CONCLUDING REMARKS

The forces on a structure that cannot be measured directly can instead found by using mea-
sured dynamic response. We have in this paper applied a joint input-state estimation algorithm
to estimate the forces and response for a cantilever beam. The FE model was established using
shell elements, which for the thin-walled section has been shown as a viable approach. The
designed sensor network, consisting of accelerometers and strain gauges, meets the criteria for
joint input-state estimation with reduced order models. The force estimates obtained by the
algorithm are reasonable. In addition the response at an unmeasured point of the structure has
been successfully predicted.

To properly verify the identified force is correct, the true force can be measured directly to
serve as a reference solution. In addition, system identification techniques could be applied to
make the model a closer resemblance of the real structure. This would be even more important
if identification of a more broad banded force were performed. A hammer impact, for example,
would also involve the higher modes to a larger extent, which could give interesting results. For
the presented study, the accelerometers had a measuring range of only±2g, meaning the motion
had to be limited. As a consequence, very low bending strains are observed, causing a critical
low signal to noise ratio. An other problem encountered the tests is the high flexibility of the
section, which for even moderate movements gives rise to second order effects (i.e. displaced
geometry axes), affecting the sensor signals. A set of simulated measurement data can also be
generated if the force are measured directly. A comparison of the real and simulated data could
then be used to better quantify the measurement noise.
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Abstract. The increasing complexity of mechanical structures makes the measurement of dy-
namic loadings on the structure non practical, since the applied forces can not be measured
in a direct way. Recently, a vast category of inverse algorithms have been developed in order
to solve the load identification problems. In contrast with forward methods that compute the
output (effect) of a system subject to inputs (cause), inverse methods offer the possibility to
compute the input parameters of a system with known output data and the system model. In-
verse problems suffer in general from instability problems due to high condition number. They
are almost always under-determined and highly sensitive to measurement errors. Optimization
techniques based on regularized cost functions are the most popular remedies to this problem.
This paper deals with a sensitivity analysis of the classical regularization techniques, compared
to a newly developed method (G-FISTA). The aim is to reconstruct applied loads on structures
in noisy environments. Multiple simulation studies are done considering several situations of
noise level, point force locations and sensor configurations. This study shows that the location
and time history of discrete forces on structures can be better estimated using structured-sparse
penalty functions techniques. A detailed noise study is done using the pseudo-inverse, Tikhonov
and G-FISTA methods in frequency domain, and their performances are evaluated.
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1 Introduction

The direct measurement of parameters such as the applied forces on a structure is not always
practical. In this case, another set of (more accessible) parameters are often measured, such as
accelerations or strains. The force identification using structural vibration data has attracted a
lot of interest. The inverse load identification using system responses is especially of interest in
civil engineering and structural mechanics. This importance is more pronounced at the design
stage of structures. For structures such as tall buildings, wind turbines and aircrafts, the knowl-
edge of the active dynamic loads may be useful for structural health monitoring, i.e. fatigue
assessment. In almost all cases, these loads cannot be measured directly, or the direct measure-
ment is not practical and cost-effective. Many attempts were made to solve this problem by
using indirect measurement techniques. The inverse approach consists of computing the input
parameters of a system, with known output data and the structure model.

The great challenge with inverse problems is that they are not mathematically well-posed
in almost all cases. A problem is called well-posed in the sense of Hadamard, if there ex-
ists a unique solution to the problem, which continuously depends on its data. As soon as
the number of equations becomes smaller than the amount of unknowns, the problem becomes
under-determined. When this condition satisfied, a high condition number makes the problem
ill-conditioned. The strong sensitivity of the system to measurement errors causes instability in
the calculation of the solution. This lack of stability is related to the fact that the behavior of the
structure with respect to a specific excitation force (e.g. impact) can be exactly reproduced us-
ing another force configuration, with different force location and amplitude. The mathematical
challenge will be to find the most realistic and physical force combination among all the infinite
amount of possibilities. This is usually done by performing optimizations. In the particular
case of mechanical structures, the inverse load identification aims to estimate force locations
and reconstruct their time history on the basis of measured structural response and the dynamic
model of the structure.

System Forces Accelerations 

Inverse 
Problem 

Figure 1: The inverse problem consists of reconstructing input excitations, based on a model
and the vibration data.

In the literature, the load identification problems are treated differently depending on the
choice of working domain. In some studies such as in [1–5], time domain techniques are used
to solve the problem. Recently, there have been great advances in the development of new time
domain techniques, especially in the joint input and state identification [6]. The joint input-state
estimation algorithm is introduced in structural dynamics as an extension of the joint input-state
estimation algorithm proposed in [7], including the correlation between process noise and mea-
surement noise. This correlation is inherently present for civil engineering applications when
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accelerations are measured in presence of ambient excitation [9]. The conditions for system
inversion on structural dynamics were recently derived in [8]. The algorithm is used for the
identification of hammer and artificial muscle forces applied to the bridge deck.

In the frequency domain, a classical solution for this problem is using the pseudo-inverse of
the system model, [10,11,13,15]. Although the pseudo-inverse approach can be computed eas-
ily, the outcome of this method is not satisfying in most cases, due to poor localization capability
of the pseudo-inverse operator. In optimization based techniques, the cost function can include
a penalization term or not (regularization). In the study of Bond and Adams [14], the force
identification is done after an external study on the signal entropy. Among the non-penalized
methods, Parloo et al. [15] has suggested a technique that is based on `p-norm cost functions
for localized forces. The value of p tends to zero in an iterative manner until convergence is
achieved (non-convex problem). On the other hand, the cost function can contain a penalization
term to stabilise the solution. The most common way of regularization is the addition of the
`2-norm to the cost function, such as in the study of Tikhonov and Arsenin [16]. The problem
appears when the excitations are applied only on a few locations. There is a clear need for an
adequate cost function that can ensure both localization and amplitude reconstruction for point
forces. Recently, new techniques have been suggested to solve the ill-conditioned problem in
frequency domain [17]. The proposed algorithm (G-FISTA) appears to have good localization
capabilities. This method is based on the minimization of a cost function containing a mixed
penalty function. The optimization algorithm used in this study is based on the work of Beck
et al. [18]. Making use of grouped or structured sparsity, G-FISTA promotes solutions with a
sparse pattern over the force point locations, and continuity in the frequency content of the force
vector.

In the scope of this paper, we focus our main interest on discrete dynamic forces, acting at
multiple point locations. Several methods are used to reconstruct the forces applied on a beam
structure. The sensitivity of these algorithms to noise is evaluated using the simulation data
of a cantilever beam. Different force/sensor configurations and noise levels are investigated in
this work. In the following sections, the load reconstruction problem will be reformulated for
penalized least squares optimization. The solution method will be explained and simulation
results will be discussed in details.

2 Problem statement

While the forward problem consists of calculating the vibration response of structures to
input forces, the inverse force identification problem deals with the reconstruction of unknown
dynamic forces acting on a structure, using the output responses. More particularly, the impact
force identification consists of estimating the impact force locations and their time evolution
as a set of two unknown parameters. A special case of dynamic loading is the impact force
produced by a hammer.

In this case study, the structure consists of a cantilever beam of rectangular section in labora-
tory conditions. By means of system identification techniques, a linear system model describing
the beam behaviour is obtained from the roving hammer experiment. This model is then used
together with some simulated acceleration data in order to reconstruct impact loads on the beam.
The acceleration data is then polluted with a zero-mean Gaussian noiseNx(f) in different signal
to noise ratios.

The problem will be solved by pseudo-inverse (Moore-Pnrose), Tikhonov and G-FISTA
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Figure 2: While the number of of unknown candidate force locations is big, only a few vibration
sensor data is used for the localization process.

Figure 3: Gaussian white noise with different SNR is added to the simulated accelerations.

methods. Different sensor configurations are examined in this study. A comparative study
is done on the effect of the number of point forces. Each sensor configuration is tested using
acceleration data containing noise.

3 Solution methods

The inverse force reconstruction problem described in the previous section is solved by an
optimization technique in frequency domain, as presented in [17]. Equation 1 represents the
linear governing equations of the problem. The matrices F̄ and X̄ are created by concatenating
respectively the force and accelerations of each frequency f into a column vector. The H̄ matrix
is a block diagonal matrix obtained by placing all the system (FRF) matrices on the diagonal.

X̄(f) = H̄(f)F̄ (f) , f ∈ {f1, . . . , fN} (1)

3.1 Direct inversion

The most classic solution to this problem is the Pseudo-inverse or the Moore-Penrose in-
version. This method is very fast, but it fails to localize the loads in case of discreet forces.
Although this problem is almost always ill-posed, there are some situations where the direct
inversion of the transfer function can produce results, such as for Uslu et al. [13]. Despite the
uniqueness property of the estimated solution, the obtained results are not fully satisfying, be-
cause the estimated forces are smeared out over all candidate force locations (poor localization).
This is not an unusual result, because the pseudo-inverse does not produce a sparse solution.

F̄ (f) = H̄†(f)X̄(f) , f ∈ {f1, . . . , fN} (2)

3.2 Regularization

The solution of this problem can be estimated using least squares as in equation 3.

F̂ = argminF̄

{
1

2
‖H̄F̄ − X̄‖2

2

}
(3)
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Since the number of rows in H̄ is smaller than the number of columns, the problem in (3) is
ill-posed. One promising method to overcome the ill-posedness of this problem is to penalize
the least squares, as follows:

F̂ = argminF̄

{
1

2
‖H̄F̄ − X̄‖2

2 + λg(F̄ )

}
, λ ≥ 0 (4)

This expression is known regularized least squares problem, and the function g represents
the penalty term. Penalized least-squares is an effective and popular method proposed to solve
ill-posed systems of linear equations. Different choices of penalty functions lead to different
solutions, therefore the selection of penalty function g should be made in an efficient way [19–
21].

3.2.1 Tikhonov

Tikhonov method consists of regularizing the cost function by an `2-norm as penalty function
[2, 3, 16]. The solution is described as the following:

F̂ = argminF̄

{
1

2
‖H̄F̄ − X̄‖2

2 + λ‖F̄‖2
2

}
, λ ≥ 0 (5)

3.2.2 G-FISTA

As described in [17], the use of l2-norm in the first argument of the cost function is motivated
by the effectiveness of least-squares in dealing with Gaussian noises on smooth data. While the
data fidelity is evaluated by an l2-norm, an l1-norm can promote sparsity in the solution, which
is more convenient in case of discrete (or localized source) problems.

Considering the physics of the problem, we suggest that an adequate penalty function should
possess at least the following three properties:

1. Sparsity constraint:
Since the external forces are usually applied only at a few unknown (discrete) locations
on the structure, the force vector is assumed to be zero on most of the candidate force
locations. In this sense, the force vector is expected to resemble a high contrast pattern.
In other words, along the force locations, a sparse solution is desirable for each frequency.
Therefore, using an `1-penalized model (over the candidate locations) seems to be more
suitable (sparsity).

2. Continuity constraint:
As the structure is excited with localized external forces (such as hammer or shaker), the
force vector should retain its continuity over the frequency axis. In case of an impulse
excitation (ex. hammer), the force will appear in almost every frequency due to the broad-
band frequency content of the impact force. To ensure the continuity of the force vector
in the frequency axis, we suggest the use of the `2-norm penalty. This means that at a
given location on the structure, the probability for an element in the frequency axis to be
non-zero depends on other elements of that particular location in the frequency axis. In
other words, for each force location, the estimated force vector should be zero or non-zero
along the frequencies (non-sparsity). Therefore, the use of `2-norm is promoted along the
frequencies.
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3. Convex cost function:
The convexity of the problem in equation (4) will guarantee a unique solution. For λ ≥ 1,
the cost function g(λ) is convex.

The continuity constraint (`2-norm penalty) is applied within each group elements, and the
sparsity constraint (`1-norm penalty) is applied between the groups. Therefore, the new penalty
function becomes a hybrid `1&2-norm, as described in equation 6, where k is the number of
unknown force locations. As this penalty function is convex, it contains all the desirable prop-
erties mentioned in previous sections. The new penalized least squares problem is defined in
equation 7.

‖F̄‖1&2 =
k∑
i=1

‖F̄Gi
‖2 (6)

F̂ = argminF̄

{
1

2
‖H̄F̄ − X̄‖2

2 + λ‖F̄‖1&2

}
. (7)

The FISTA optimization algorithm proposed by [18] solves an `1-norm penalized least squares
problem for real parameters. In summary, the algorithm can be interpreted as a special case of
Majorize-Minimization algorithm (MM) that tries to find the minimum of a surrogate cost func-
tion instead of the actual cost function [22]. The detailed algorithm is presented in [19].

4 Validation strategy

The numerical validation process consists of simulating a cantilever beam subject to point
forces, i.e. hammer impacts. This steel beam has the following dimensions: 100 × 1 × 3
cm. The structural model has been obtained experimentally in lab conditions, using the roving-
hammer test. The system contains 7 degrees of freedom. A force vector is applied numerically
to this model and the accelerations are recorded. The number of applied impact points, their
amplitudes and the noise contamination levels can be controlled in the simulations.
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Figure 4: The simulated cantilever beam contains 7 unknown force locations. Some FRF curves
corresponding to locations 1 till 7 are presented in the right side figure as examples.

The first step of the validation process is to estimate the location of the applied loads on
the beam. In this step only a limited range of frequencies around the resonances are used to
decrease the computation time. As a second step, a reduced system of equations is created,
taking into account only the force locations estimated in the previous step. Then, the new
system is solved using classical methods such as pseudo-inverse over the complete frequency
range to reconstruct the complete force time history.
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In a general case when there is no prior information on the applied forces, model selec-
tion techniques should be used in order to find the best regularization parameter. In this paper
though, in order to have a fair comparison between all the techniques, we evaluate the force
estimations over a wide range of λ (regularization parameter) and choose the solution corre-
sponding to the best match between imposed and estimated force indexes. In such a way, the
λopt for each method is defined as argminλ

{
‖β̂ − β0‖2

2

}
, where β̂ and β0 are the estimated

and exact force indexes respectively (see β definition in [15]).

5 Results and discussions

The simulation results are illustrated in this section. The size of the circles in the figures
correspond to the β̂ value, and the color represents the difference between the imposed and
estimated force index. These results clearly show that the classical inversion methods such as
pseudo-inverse does not produce satisfying force estimations, as predicted from the theory. The
resultant force indexes are more distributed than localized. The G-FISTA method is stronger in
localizing forces on the beam, even if multiple impact forces are applied. The effectiveness of
G-FISTA in localizing forces from noisy data is well pronounced in the simulations. The misfit
of the estimated and the exact force vector is represented by a parameter called Quality, which
is calculated for each SNR values as Quality = ‖β̂ − β0‖2 × 100. This parameter emphasises
on the localization of forces.

The simulation studies indicate that the consideration of a structured sparse penalty in the
cost function (as in G-FISTA) highly improves the force estimations accuracy. The strength of
G-FISTA in localizing point forces relies on the fact that this algorithm constitutes a general
case with a mixed penalty function that can be simplified in either `1 or `2-norms as special
cases. In other words, if only one big group (consisting of all components of F together) is
defined, then the structured sparsity will act the same as usual `2 regularization (i.e. Tikhonov).
However, if each frequency component of the force vector F is allocated to a separate group,
(i.e. one element per group) the structured sparsity will become equivalent to the `1 penalised
case. Therefore, G-FISTA is a general algorithm that can deal with all cases of point force
identification problems. This makes G-FISTA a strong toolbox to deal with different force
configurations without the need for prior knowledge on the type of the applied force.

Another aspect of this works concerns the investigation of the number of used sensors. Two
types of force/sensor configurations are investigated. In the first case, one point force is applied
at location 4 on the beam, and the result qualities are compared in different noisy simulations.
For all the evaluated methods except the pseudo-inverse, the localization quality increases with
the number of considered sensors (see figure 8). The results illustrate that the G-FISTA method
delivers more accurate force localization estimations among all tested methods. The latter as-
sumption is true in case of high amount of noise SNR.

In another study, the number of sensors is fixed to four, and different amount of point forces
are applied to the beam. Figures 5a till 7 show that the pseudo-inverse and Tikhonov have
already a poor force localization for the least noisy data set. In the other hand, G-FISTA ap-
pears to be more robust in terms of data noise contamination. For all of the tested algorithms,
the estimation quality decreases when more forces are applied on the structure. This can be
explained in the case of sparsity based methods: these algorithms generally promote sparse pat-
tern in the force vector. The more non-zero elements are present in the force vector, the more
difficult would be for the algorithm to converge. The overall characteristics of G-FISTA still
shows that this method can produce better localization estimations, compared to other evaluated
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techniques. For cases where the number of applied point forces is bigger than the amount of
sensors, all methods fail.
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(a) Force at point {4} and accelerometers at {1, 3, 5, 7}.
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Figure 5: Simulation results show that the unknown point forces are better estimated using G-
FISTA method. The size and color of the bubbles represent respectively the estimated force
index β̂ and fitting quality. Four sensors are considered.
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(a) Force at point {4} and accelerometers at {1, 5}.
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(b) Forces at points {2, 4, 6} and accelerometers at {1, 5}.

Figure 6: Simulation results show that the estimation quality decreases with noise level. In this
configuration all methods fail to localize forces. The size and color of the bubbles represent
respectively the estimated force index β̂ and fitting quality. Only two sensors are considered.
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Figure 7: The simulation of multiple forces with different amplitudes show that G-FISTA
method produces better estimation quality. Forces are applied at points {2, 4, 6} with ampli-
tudes (50N, 100N, 10N), and accelerometers placed at {1, 3, 5, 7}.
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Figure 8: The influence of number of sensors and forces is investigated using simulations. The
results show that G-FISTA is less sensitive to the number of used sensors, even at high noise
levels. The quality decreases when number of active forces increase.
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6 Conclusion

In this paper, multiple numerical studies are conducted, aiming at localization and recon-
struction of dynamic loads on a cantilever beam structure. The sensitivity of several algorithms
to measurement noise is investigated. The influence of number of forces/sensors is also stud-
ied in this paper. The ill-conditioned load identification problem is reformulated as a new
mathematical problem. The problem is then solved by means of pseudo-inverse, Tikhonov reg-
ularization and G-FISTA. The latter method is based on a particular mixed cost function taking
advantage of structured sparsity.

The results show generally that the classical methods such as the pseudo-inverse and Tikhonov
fail to localise the loads correctly. It is shown that the amount of considered sensors will gen-
erally increase the force localization quality. In all simulations, G-FISTA seems to be more
accurate and it estimates the correct force locations, even in situations where the number of
installed sensors is low. It can be concluded that the amount of sensors needed for an accurate
estimation is at least equal to the number of force points applied to the structure. In terms of
sensitivity to noise, the simulations illustrate the robustness of G-FISTA approach in localizing
impact forces on a beam structure.

In the present study, the G-FISTA delivers the best overall force estimations in comparison
to pseudo-inverse and Tikhonov regularization. Although the computation cost of this method
is relatively higher than other force identification techniques, it still remains the best choice for
point force reconstruction for off-line data processing.
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Abstract. This paper is dedicated to investigation of the elastic inverted pendulum with hys-
teretic nonlinearity in the suspension point. We consider the problem of stabilization and opti-
mal control of such a system. In the frame of the bionic model we present an algorithm which
provides an effective procedure for finding of optimal control parameters together with applica-
tion of this algorithm to the system under consideration. The results of numerical simulations,
namely, the phase portraits and the dynamics of Lyapunov function are presented and discussed.
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1 INTRODUCTION

The problem of inverted pendulum plays a central role in the control theory [1, 2, 3, 4]. The
model of inverted pendulum provides many challenging problems to control design. Because
of their nonlinear nature pendulums have maintained their usefulness and they are now used to
illustrate many of the ideas emerging in the field of nonlinear control [5].

Such a mechanical system can be found in various field of technical sciences, from robotics
to cosmic technologies. The stabilization of inverted pendulum is considered in the problem of
missile pointing because the engine of missile is placed lower than the center of mass and such a
fact leads to aerodynamical unstability. Similar problem is solved in the self-balancing transport
device (the so-called segway). Moreover, such a mechanical system can be be applied in various
fields such as physics, applied mathematics, engineer sciences, neuroscience, economics etc.

First theoretical description of the inverted pendulum was carried out by Stephenson [6]
and the first experimental investigation of the stabilization process for such a system (using
oscillations of the suspension point) was considered in the works of Kapitza [7]. In general,
the problem of inverted pendulum is of more than one hundred years history and it still relevant
even in the present days (see, e.g., [8, 9, 10, 11] and related references).

Backlash in the suspension point is a kind of hysteretic nonlinearity. It should be pointed
out that the hysteretic phenomenons are insufficiently known in our days. This fact leads to an
interesting problem on the presence of a backlash in the suspension point of a pendulum. In
this paper we consider an elastic inverted pendulum using the operator technique for hysteretic
nonlinearities. Namely, we obtain the equation of motion of the elastic pendulum with a hys-
teretic nonlinearity in the suspension point. The numerical solution of the equations of motion
can be obtained using the difference scheme. We analyze the problem of optimization for the
system under consideration. The numerical realization of optimization procedure is made using
the so-called bionic algorithm. Also we obtain the numerical results for such a system in the
form of a phase portrait and dynamics of Lyapunov function.

2 ELASTIC INVERTED PENDULUM WITH BACKLASH IN SUSPENSION

Let us consider the model of stabilization of inverted pendulum in the vicinity of vertical
position. The pendulum is considered as an elastic rod which is hingedly fixed on the cylinder.
Motion of cylinder is excited by the horizontal motion of a piston (see the Fig. 1) Mathematical

Figure 1: Model of elastic inverted pendulum: geometry of the problem.
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model of a similar mechanical system (however without the hysteretic nonlinearity) was con-
sidered in [13].

Here (x, y) is a base of an elastic rod with mass m and density ρ; the Ox axis coincides with
a tangent to rod’s profile in the suspension point; θ is an angle of slope for the co-ordinates
of a rod, I is a centroidal moment of inertia of the rod’s section; (X, x̄) is a co-ordinates of a
considered mechanical system, M is a mass of a cylinder with length L, F is a force joined to
a piston with mass mp (such a force is treated as control).

The purpose of this paper is investigation of the possible stabilization (in a vicinity of vertical
position) of elastic inverted pendulum in the presence of backlash in a suspension point together
with investigation of various aspect of such a dynamical system.

In the following consideration we use the operator technique for hysteretic nonlinearities
following the ideas of Krasnosel’skii and Pokrovskii [12]. Output of the backlash-inverter on
the monotonic inputs can be described by the following expression:

X(t) = Γ[X0, L]Y (t) =


0, |Y (t)−X0| 6 L

2
;

Y (t)− L
2
, Y (t)−X0 >

L
2
;

Y (t) + L
2
, Y (t)−X0 < −L

2
;

Here X(t) is a displacement of the cylinder’s center, Y (t) is a displacement of the piston in a
horizontal plane.

It should be pointed out one more time that such a converter is considered on the monotonic
inputs. On the piece-wise monotonic inputs this operator can be determined using the semi-
group identity [12]

Γ[X(t1), L]Y (t) = Γ [Γ[X0, L]Y (t1), L]Y (t).

And then, using the special limit construction such an operator can be redefined on all continu-
ous functions.

2.1 Physical model

Let us assume that the deviation y and angle θ are small, i.e., x ≈ x̄ and the boundary
conditions that determine the curvature of the pendulum are1:{

y(0, t) = yxx(0, t) = 0,
yxx(l, t) = yxxx(l, t) = 0.

(1)

The function X(x̄, t) describes behavior of the pendulum’s profile in time and shows deviation
of the pendulum’s points relative to vertical axis, (X, x̄) are coordinates of the pendulum’s
profile, X(0, t) = s(t) is a displacement of the suspension point in horizontal plane.

Coordinate system transformation in the matrix form is given by(
X
x̄

)
=

(
cos θ sin θ

− sin θ cos θ

)(
y
x

)
+

(
X(0, t)

0

)
. (2)

Let us construct the physical model of the considered mechanical system taking into account
the backlash in the suspension point of an elastic rod. In order to do this we use the Lagrange
formalism.

1In this paper we use the following notations: ax = ∂a
∂x , at = ∂a

∂t .
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Taking into account that y and θ are small the Lagrange function can be written as:

L(t) =
Ms2t
2

+
1

2

l∫
0

[
ρs2t + ρy2t + ρ(xθt)

2 + ρ(2stxθt + 2xθtyt + 2styt) + 2ρgyθ − EIy2xx
]
dx.

(3)
Taking s as the generalized coordinate in the Lagrange function we have:

d

dt

∂L

∂st
− ∂L

∂s
= f(t). (4)

Here f(t) is a force joined to the suspension point of a rod.
General peculiarity of the system under consideration is the presence of backlash in the sus-

pension point. Due to the fact that the backlash can be considered as a hysteretic nonlinearity we
can use the technique of hysteretic converters. According to classical patterns of Krasnosel’skii
and Pokrovskii [12], the hysteretic operators are treated as converters in an appropriate func-
tion spaces. The dynamics of such converters are described by the relation of “input-state” and
“state-output”.

Thus, the force joined to suspension point, can be found from the relation:

f(t) = Γ [X(0, t), Y (t), L, F0]F =

{
0, |X(0, t)− Y (t)| 6 L;
F, |X(0, t)− Y (t)| > L,

(5)

where L is the length of a cylinder, F is a force (this force affects the piston) which can be
treated as a control.

The equation of motion of a piston is:

mpYtt(t) = F. (6)

Here Y is a displacement of the piston in a horizontal plane.
Passing to coordinate system (X, x̄) the system of equations which describes the physical

model of the considered mechanical system has the following form2:

Xtt +
EI

ρ
Xxxxx = gXx(0, t),

MXtt(0, t) +mgXx(0, t) + EIXxxx(0, t) = f(t),
(M +m)Xtt(0, t) +ml(Xtt)x(0, t) = f(t),

g(M +m)X(0, t)− MEI

ρ
Xxxx = lf(t),

f(t) = Γ [X(0, t), Y (t), L, F0]F,
mpYtt(t) = F.

(7)

2.2 Stabilization

Let us consider the problem of control of the pendulum using the feedback principles, i.e.,
the force which affects the piston can be presented by the following equality:

F = k sign(αe1 + e2), (8)

2In order to reduce the description we do not present all the steps of transformations because of their obvious-
ness
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where α > 0, k > 0 and

e1 =

l∫
0

Xxdl, (9)

e2 =

l∫
0

(Xt)xdl. (10)

Here e1 is an average angle of rod’s deviation, e2 is an average angular velocity of the rod.
Thus, in order to solve the stabilization problem for the elastic inverted pendulum we should

use the system of equation (7) together with the equalities (8)-(10):

Xtt +
EI

ρ
Xxxxx = gXx(0, t),

MXtt(0, t) +mgXx(0, t) + EIXxxx(0, t) = f(t),
(M +m)Xtt(0, t) +ml(Xtt)x(0, t) = f(t),

g(M +m)X(0, t)− MEI

ρ
Xxxx = lf(t),

f(t) = Γ [X(0, t), Y (t), L, F0]F,
mpYtt(t) = F,
F = k sign(αe1 + e2),

e1 =

l∫
0

Xxdl,

e2 =

l∫
0

(Xt)xdl.

(11)

The solution of the posed problem on stabilization of elastic inverted pendulum in the vicinity
of the upper position is consisted in search of the optimal values for coefficients α and k. Let
us note that the numerical realization of the presented problem can be made using difference
scheme.

3 OPTIMIZATION PROBLEM

As was mentioned above the solution of the problem on stabilization of elastic inverted
pendulum in the vicinity of the upper position is consisted in search of the optimal values for
coefficients α and k from the equality (8).

In many technical problems the question on stabilization has a general interest. However,
together with the stabilization of the system there is the problem of optimization (this prob-
lem corresponds to asymptotically optimal characteristics of the system). In the system under
consideration the problem of optimization corresponds to minimizing of the functional which
determines the deviation of the pendulum from the vertical position. Let us consider a functional
(the so-called objective functional) as follows:

J =
1

T

T∫
0


l∫

0

(Xx)
2dl +

l∫
0

[(Xt)x]
2dl

 dt. (12)
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Here T is the time interval in which we find an optimal control.
Solution of the equations (11) that describe the dynamics of the system under consideration

should be obtained under conditions that provide the minimization of functional (12). Physi-
cally this means that the problem is equivalent to minimization of mean-square deviation of the
pendulum relative to vertical position.

In order to solve the optimization problem in the system under consideration we use the
bionic algorithms of adaptation because the hysteretic peculiarities in the considered pendu-
lum’s model lead to some difficulties in use of the classical optimization algorithms due to
non-differentiability of the functions in the system of equations.

Such algorithms are a part of the line of investigation which can be called as “adaptive
behavior”. Main method of this line consists in the investigation of artificial organisms (in the
form of computer program or a robot) that are called as animats (these animats can be adapted
to environment). The behavior of animats emulates the behavior of animals.

One of the actual line of investigation in the frame of animat-approach is an emulation of
searching behavior of animals. Let us consider the bionic model of adaptive searching behav-
ior on the example of caddis flies larvae or Chaetopteryx villosa. Main schema of searching
behavior can be characterized by two stages:

• Motion in a chosen direction (conservative tactics);

• Random change of the motion direction (stochastic searching tactics).

We consider this model for the simple case of maximum search for the function of two variables.
Let we describe main stage of the considered model:

1. We consider an animat which is moved in the two-dimensional space x, y. Main purpose
of animat is maximum search for the function f(x, y).

2. Animat is functioned in discrete time t = 0, 1, 2, . . .. Animat estimates the change of
current value of f(x, y) in comparison with the previous time ∆f(t) = f(t)− f(t− 1).

3. Every time animat moves so its coordinates x and y change by ∆x(t) and ∆y(t) respec-
tively.

4. Animat has two tactics of behavior: a) conservative tactics; b) stochastic searching tactics.

Displacement of animat in the next time ∆x(t + 1), ∆y(t + 1) for these tactics determines
in a different ways. Switching between the cycles drives by M(t). Time dependence of M(t)
can be determined using the equation:

M(t) = k1M(t− 1) + ξ(t) + I(t), (13)

where k1 is a parameter which determines the switching persistence of tactics (0 < k1 < 1), ξ(t)
is a normal distributed variate with an average value equal to zero and mean-square deviation
equal to σ, I(t) is an intensity of irritant. For the value of I(t) there are two possibilities:

I(t) = k2∆f(t) (14)

and

I(t) = k2
∆f(t)

f(t− 1)
, (15)
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where k2 > 0. As follows from (14) and (15) the intensity is positive when the step leads
to increasing of function, otherwise the intensity is negative. It should be noted also that the
equation (15) can be applied in the case f(t) > 0.

We assume that at M(t) > 0 animat follows the tactics a) and at M(t) < 0 it follows tactics
b). So, the value of M(t) can be considered as a motivation to selection of tactics a).

Thus, the algorithm of maximum search can be considered as follows:
Tactics a): Animat moves in the chosen direction. The displacement of animat is determined

by R0

∆x(t+ 1) = R0 cosφ0, (16)
∆y(t+ 1) = R0 sinφ0, (17)

where the angle φ0 defines the constant direction of motion of animat:

cosφ0 =
∆x(t)√

∆x2 +∆y2
, (18)

sinφ0 =
∆y(t)√

∆x2 +∆y2
. (19)

Tactics b): Animat makes an accidental turn. The displacement of animat is determined by
r0 but the direction of motion is accidentally varied

∆x(t+ 1) = r0 cosφ, (20)
∆y(t+ 1) = r0 sinφ, (21)

where φ = φ0 +w, φ0 is an angle which characterizes the direction of motion at current time t,
w is a normal distributed variate (average value of w equal to zero and mean-square deviation
equal to w0), φ is an angle which characterizes the direction of motion at time t+ 1.

In that way we can use the proposed algorithm for searching the optimal control in the prob-
lem of stabilization of elastic inverted pendulum. Taking into account the reasoning presented
above we can apply the presented algorithm to functional J(α, k) where the coefficients α and
k determine the character of control of the mechanical system under consideration following
the equation (8). Due to the fact that the presented bionic algorithm is used to maximum search
of the function of two variables we will consider minimization of functional (12) as a procedure
for finding the coefficients α and k that lead to realization of the condition

− J(α, k) → max . (22)

4 SIMULATION RESULTS

In this section we present a simulation of the behavior of elastic inverted pendulum with the
backlash in suspension. We use the corresponding difference scheme and the bionic algorithm
for finding of the optimal values of coefficients α and k.

The characteristics and initial conditions for the mechanical system under consideration are:

m = 1 kg, M = 10 kg, mp = 1 kg l = 1m, ρ = 0.5, E = 10, I = 4, θ0 = 0.06◦.

In order to estimate the stability of the system under consideration we also use the Lyapunov
criterion. Namely, we use the following Lyapunov function:

V = e21 + e22.
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Using the bionic algorithm we have obtained the following optimal values of coefficients:
α = 9 and k = 2. The phase trajectory of such a system together with the dynamics of
Lyapunov function in time (namely, in discrete time which corresponds to difference scheme)
for different values of a control coefficients are presented in the Fig. 2. In this figure the integral
angle e1 and integral angular velocity e2 correspond to equations (9) and (10) respectively.
As we can see from presented figures the Lyapunov function satisfies the following condition

Figure 2: Phase trajectories (left panels) and dynamics of Lyapunov function (right panels) in the presence of a
backlash in suspension point. Parameters of a backlash and control coefficients are: a) – L = 0.01m, α = 9,
k = 2; b) – L = 0.02m, α = 9, k = 2; c) – L = 0.02m, α = 10.5, k = 1.5.

(during all the considered time interval):

Vt(t) 6 0.

This means that the considered inverted pendulum eventually tends to stable vertical position.

5 CONCLUSIONS

In this paper we have considered the stabilization problem of elastic inverted pendulum under
hysteretic control in the form of backlash in suspension point. Also the problem of optimization
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for the system under consideration is analyzed. Main coefficients, namely α and k that provide
the solution of optimization problem for the considered system are obtained using the so-called
bionic algorithm. All the numerical results on stabilization of the system under consideration
have obtained using the numerical method based on the difference scheme. The results of nu-
merical simulations show that the considered system eventually tends to stable state. This fact is
presented in the form of corresponding phase portraits for the considered system. Moreover, in
order to estimate the stability of the elastic pendulum with the backlash in the suspension point
we have used the Lyapunov criterion and the dynamics of corresponding Lyapunov function has
also been presented.
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Abstract. Lessons learned from past earthquake damage suggest the potential benefit of 
rocking systems that reduce earthquake damage. This paper evaluates a structural system 
that achieves a rocking mechanism by permitting uplift at the mid-height of the first-story col-
umns (CMU system). Steel dampers installed in these columns dissipate the seismic energy 
and reduce deformation. Suggested system is compared with corresponding ordinary frame 
without rocking mechanism (Fixed system) in the view of energy response. For the ground 
motions examined in this study, the seismic energy input to the CMU system was 0.6 to 2.2 
times that to the Fixed system, while the energy dissipated by the steel system was significant-
ly smaller (0 to 57%) in the CMU system than in the Fixed system. 
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1 INTRODUCTION 

Observations from past earthquakes suggest that some buildings survived severe ground 
motion because of accidental uplift at their foundation [1, 2]. Motivated by such notion [3], 
the writers initially developed rocking systems that are provided with a mechanism that per-
mit column-base uplift (CBU) [4]. The CBU system was achieved by placing the devices 
shown in Fig. 1a-b at the base of the columns. In this system, the column base is connected to 
the foundation through wing plates. The wing plates are designed to yield and dissipate ener-
gy when the column uplifts, while fully transferring the shear forces. The stable and reliable 
performance of this system has been demonstrated by large-scale shake table tests [4]. 

While CBU rocking systems can reduce seismic damage, the systems increase the likely-
hood of damage in second-floor beams compared to fixed-base systems. Consequently, the 
writers propose an alternative rocking frame that allows uplift at the middle of the columns 
instead of the column bases. The column mid-height uplift (CMU) mechanism fully resists 
shear forces and is generally accompanied by steel dampers. Fig. 1(c) shows a CMU system 
accompanied with steel dampers that has been validated by cyclic loading tests [5]. The ball 
in the piston is free to rotate, and the piston can slide upwards. Shear forces are transferred 
fully by the piston bearing against the cylinder. Conceptually, the CMU rocking system can 
reduce story drift of the first story compared to the CBU system because the CMU system 
forces double-curvature bending of the first-story columns while the CBU system forces sin-
gle-curvature bending [6]. In fact, an earlier study by the authors [5] suggests that the first-
story drift will not be increased by the addition of CMU systems. 

This paper describes a computational study of the CMU system. The potential benefit of 
the CMU system is examined through seismic input energy and energy dissipation. A series 
of nonlinear time history analyses was conducted on a ten-story steel building equipped with a 
CMU system [7]. For comparison, the analyses were repeated for cases where (a) steel damp-
er was removed (denoted as CMU-ND) and where (b) the first-story columns were continuous 
and fixed to the foundation (denoted as Fixed). 

Shear force 

Pin rod
 

Cover plate
 

 

Cylinder
 

 

Piston
 

 

End plate

Figure. 1 Uplift mechanism 

(a) CBU mechanism (Plan)      (b) CBU mechanism (Elevation)    (c) CMU mechanism 

Fixed end 

Column 

Fixed end 

Wing 

Axial force 

Shear force

Uplift displacement 

Axial force 
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2 ANALYSIS PROCEDURE 

The seismic performance of buildings equipped with CMU systems is examined by nonlin-
ear time history analysis. A commercial software [8] was used for the study. As shown in Fig. 
2, the model was a single bay, ten-story frame representing the Y-3 elevation of a prototype 
steel building. A concentrated mass of 288 kN was placed at each beam-column node. 

Concentrated plastic hinges were placed at both ends of each beam or column. The mo-
ment versus rotation relationship of the plastic hinge was defined by a trilinear curve captur-
ing the yield moment and plastic moment. The steel system was proportioned according to the 
seismic code of Japan and the weak beam-strong column rule. The section, yield moment and 
plastic moment of each beam and column is shown in Table 1. The yield strength of steel is 
assumed to be 294 N/mm2. 

The CMU system was modeled using (a) a contact element that permits elongation but is 
does not contract, (b) a linear shear element, and (c) a bilinear element that models the steel 
dampers (see Fig. 3). The shear element had the same shear stiffness as the column over a 
length of 50 mm. In compression, the contact element had 10 times the axial stiffness of the 
column over the entire length. The bilinear element was fitted to experimental data: The initial 
stiffness was 10% the axial stiffness of the column (= 2.2×105 kN/m), the yield strength was 
30% of the gravity load in the column (= 431 kN), and the post-yield stiffness was 3 and 1%,
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Figure 3. Elements comprising the CMU system 

Figure 2 Analytical model 

Table 1 Member sections

N

δ

N

δ

Q

δ

Member section Yield moment Plastic moment
1-7F Column □-500×500×25 2110 kN.m 2490 kN.m

8-10F Column □-500×500×19 1660 kN.m 1940 kN.m
2-6F Beam H-700×300×13×24 1630 kN.m 1840 kN.m
7-RF Beam H-588×300×12×20 1130 kN.m 1270 kN.m

Mass  
(14.7t each)

δ?

N
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respectively, of the initial stiffness in the tension side and compression side. The building 
model equipped with this CMU system is referred to as the CMU model. 

For comparison, analysis was repeated for two other cases: the bilinear element removed 
(CMU-ND model); and the first-story columns modeled with a continuous element with no 
CMU system (Fixed model). The first natural vibration period of the Fixed model (T1) and 
CMU model (Tu) was computed as 1.34 s and 2.47 s, respectively. The first natural period of 
the CMU model was estimated using a model where, in one column, the CMU is replaced by 
a hinge and in the other column, the bilinear element is replaced by a linear element whose 
stiffness equaled the secant stiffness of the steel damper at an uplift rotation angle of 1/200. 

Damping was proportional to the initial stiffness of the Fixed model with a damping ratio 
h=0.02. Viscous damping of the contact element and bilinear element were set to zero. 

The model was subjected to four recorded ground motions listed in Table 2, each scaled to 
a peak ground velocity (PGV) of 0.5, 0.75, 1.0, and 1.25 m/s, resulting in a total of 16 analy-
sis cases. Fig. 4 shows the energy spectrum for the four motions computed for damping ratio 
h = 0.1, while Fig. 5 shows the pseudo-velocity spectrum for damping ratio h = 0.05. A previ-
ous study by the authors [7] indicate that the vertical ground motion has minimal effect on the 
lateral response of structures with CBU systems. The same is believed to apply to CMU sys-
tems. 
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Figure 5: Pseudo-velocity spectra (h = 0.05) 

Figure.4: Energy spectra (h = 0.1) 

T1 TU 

T1 TU 

Earthquake Station Analysis time Direction PGA (m/s2) PGV (m/s)
1994, Northridge Tarzana 15 s EW 17.4 1.14

1995, Hyogo-Ken Nanbu JMA-Kobe 15 s NS 8.18 0.91
2000, Tottori-Ken Seibu Hino 21 s NS 9.18 1.28

2004, Nigata-Ken Chuetsu Yamakoshi 31 s EW 7.22 0.87

Table 2 Unscaled ground motions
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3 ANALYSIS RESULTS 

Fig. 6 shows the time history of the relative roof drift computed for ground motions scaled 
to a PGV of 1.0 m/s. In this paper, the relative roof drift refers to the roof drift minus the drift 
caused by rocking, i.e., the rigid body component associated with column uplift. The figure 
suggests that permission of column uplift resulted in reduction in shear deformation and elon-
gation in response period. The response period was longer in the CMU-ND model than the 
CMU model. Fig. 7 plots the maximum roof drift and maximum relative roof drift obtained 
from each ground motion and for each PGV. The CMU and CMU-ND model recorded a larg-
er roof drift than the Fixed model in 14 out of the 16 analysis cases. The maximum roof drift 
tended to be somewhat smaller in the CMU model than in the CMU-ND system: the presence 
of dampers reduced the maximum roof drift in 12 out of the 16 analysis cases. On the other 
hand, for all analysis cases, the CMU and CMU-ND models recorded a 1 to 60% reduction in 
relative roof drift compared to the Fixed model.  The CMU system, with or without dampers, 
was more effective for ground motions Yamakoshi and Kobe, whose predominant period was 
close to the natural period of the structure, T1 = 1.34 s, than for the other two motions. 

Fig. 8 and 9 show the time history of column uplift displacement of the CMU and CMU-
ND models, respectively, computed for ground motions scaled to a PGV of 1.0 m/s. The fig-
ures indicate that the presence of steel dampers reduced uplift displacement and mitigated 
high vibration modes. The ratio of maximum uplift displacement between the CMU model 
and CMU-ND model was 65, 60, 49 and 37%, respectively, for the Tarzana, Kobe, Hino and 
Yamakoshi record. 

-600

-400

-200

0

200

400

600

0 5 10 15 20

R
oo

f 
dr

if
t (

m
m

)

Time (s)

-600

-400

-200

0

200

400

600

0 5 10 15 20

R
oo

f 
dr

if
t (

m
m

)

Time (s)

-600

-400

-200

0

200

400

600

0 5 10 15 20

R
oo

f 
dr

if
t (

m
m

)

Time (s)

-600

-400

-200

0

200

400

600

0 5 10 15 20

R
oo

f 
dr

if
t (

m
m

)

Time (s)
(a) (b)

(c) (d)

Figure 6: Time histories of relative roof drift: (a) Tarzana; (b) Kobe; (c) Hino; and (d) Yamakoshi record 
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Figure 8: Time histories of column uplift displace-
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Figure 9: Time histories of column uplift displace-
ment in CMU-ND model: (a) Tarzana; (b) Kobe; 
(c) Hino; and (d) Yamakoshi record. 
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4 DISCUSSION BASED ON ENERGY 

The dynamic motion of a building structure subject to horizontal earthquake ground motion  
satisfies the balance of energy expressed by Eq. (1). 

∑ ∑ ∑ ∑ ∑ ∑

∑ (1)

Where, : horizontal displacement of the mass relative to the ground, : vertical displacement 
of the mass relative to the ground, :seismic load (= ), : horizontal ground accelera-
tion, : mass, : damping coefficient, : gravitational acceleration, : restoring force of 
a member, : deformation of a member, : restoring force of a steel damper, and y’: de-
formation of a steel damper. Summation is performed over all masses and all elements that 
comprise the structure.  

Eq. (1) may be expressed in a compacted form as Eq. (2). 

(2)
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Figure 10: Energy response computed for Tarzana 
record; (a) CMU; (b) CMU-ND; and (c) Fixed model.

Figure 11: Energy response computed for Kobe rec-
ord; (a) CMU; (b) CMU-ND; and (c) Fixed model. 
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Where, : lateral input energy, : kinetic energy due to horizontal vibration, : kinetic 
energy due to uplift motion, : energy dissipated by damping, : potential energy associat-
ed with uplift, : energy dissipated by the structure, and : energy dissipated by the steel 
dampers.  

Figs. 10 to 13 show the time history of energy response of the CMU, CMU-ND, and Fixed 
model, respectively, computed for ground motions scaled to a PGV of 1.0 m/s. For the Kobe 
and Yamakoshi records, the energy dissipated in the structure was one-fifth in the CMU and 
CMU-ND models compared to the Fixed model. These are the two records for which the 
CMU system effectively reduced the relative roof drift (see Fig. 6 and 7). For the Tarzana 
record, the energy dissipated in the structure was one-half in the CMU and CMU-ND models 
compared to the Fixed model. On the other hand, for the Hino record, the CMU-ND model 
dissipated double the energy in the structure compared to the Fixed model. These results sug-
gest that, while the CMU system can be beneficial against many ground motions, there is a 
range of ground motions against which there may be no benefit. 
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Figure 12: Energy response computed for Hino rec-
ord; (a) CMU; (b) CMU-ND; and (c) Fixed model. 

Figure 13: Energy response computed for Yamakoshi 
record; (a) CMU; (b) CMU-ND; and (c) Fixed model.
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Table 3 lists the ratio / , the proportion of input energy that was dissipated by the steel 
dampers in the CMU model. The steel damper dissipated a substantial portion, up to 47%, of 
the input energy. 

Tables 4 and 5 show the proportion of CMU system to CMU-ND in the input energy and 
the value of energy dissipated by the steel system of CMU system divided by that of CMU 
system respectively. For the same ground motion, the seismic energy input to the CMU sys-
tem was 0.6 to 2.2 times that to the Fixed system. Nonetheless, as shown in Table 5, for the 
ground motions examined in this study, the energy dissipated by the steel system was signifi-
cantly smaller (0 to 57 %) in the CMU system than in the Fixed system. 

5 CONCLUSIONS 

A series of nonlinear time history analyses was conducted on models of a ten-story steel 
building. One model had column mid-height-uplift (CMU) systems, equipped with dampers, 
placed in the first-story columns (CMU model). The second model had CMU systems with no 
dampers (CMU-ND model). The third model was an ordinal frame with no CMU system 
(Fixed model). The models were subjected to four recorded ground motions, each scaled to a 
maximum ground velocity of 0.5, 0.75, 1.0, and 1.25 m/s. The following are the findings from 
the analysis results: 

 For the same ground motion, the seismic energy input to the CMU system was 0.6 to 2.2
times that to the FIX system. Nonetheless, for the ground motions examined in this study,
the energy dissipated by the steel system was significantly smaller (0 to 57 %) in the
CMU system than in the FIX system.

 Little difference was observed between the CMU system and CMU-ND system in terms
of energy dissipation. However, the maximum roof drift in the CMU system was 50 to
110 % that in the CMU-ND system. The damper reduced the maximum roof drift in 12
out of the 16 analysis cases.

maximum ground velocity Tarzana Kobe Hino Yamakoshi
0.5 m/s 3 % 14 % 100 % 2 %

0.75 m/s 32 % 13 % 35 % 8 %

1.0 m/s 48 % 16 % 57 % 14 %

1.25 m/s 56 % 19 % 47 % 17 %

maximum ground velocity Tarzana Kobe Hino Yamakoshi

0.5 m/s 93 % 73 % 104 % 78 %

0.75 m/s 115 % 76 % 133 % 78 %

1.0 m/s 108 % 79 % 224 % 78 %

1.25 m/s 81 % 61 % 131 % 71 %

maximum ground velocity Tarzana Kobe Hino Yamakoshi
0.5m/s 5% 30% 0% 34%
0.75m/s 16% 31% 11% 38%
1.0m/s 13% 32% 40% 47%
1.25m/s 13% 37% 45% 41%

Table 3: / , the proportion of energy dissipated by steel dampers 

Table 4:  computed for the CMU model divided by  computed for the CMU-ND model. 

Table 5:  computed for the CMU model divided by  computed for the CMU-ND model. 
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Abstract. The aim of this paper is to identify a nonlinear model using time responses obtained
from a sine sweep excitation applied to a simplif ied solar array structure. The nonlinearity is
mainly caused by impacts, gaps and friction between the clamped interfaces of adjacent panels.
A nonparametric model is identif ied using Volterra series, where the kernels are expanded with
Kautz functions in order to decrease the problems associated with convergence and number
of samples. The multiple convolutions provided by the Volterra kernels are used to propose a
decision criterion based on a threshold limit to detect the level of linear or nonlinear behavior.
The approach is also able to separate the linear and nonlinear contributions of the measured
total response. The application performed in the experimental setup demostrates that the pro-
posed method is successful in identifying the main nonlinear mechanism involved, despite of the
complicated nature of the nonlinear system investigated.
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1 INTRODUCTION

Nonlinearities in healthy conditions is common in practice due to inherent nonlinear effects
such as jumps, gaps, super harmonics, cycle limits, discontinuities, as well as others that appear
frequently in the responses of structures [1]. This behavior is mainly due to excitation con-
ditions, large displacements, geometric effects, nonlinear constitutive equations of the stress-
strain etc [1–3]. Thus, the conventional linear procedures for structural analysis can fail when
the system monitored is highly nonlinear in the healthy state [4, 5].

To illustrate these results, an experimental application is performed in a simplified test rig
to simulate the complex dynamics of folded solar panels. The benchmark contains a snubber
mounted with a small gap, that provides impacts under large displacements. The spatial mass
distribution of the panels results in complex dynamics with many modal shapes in a small
frequency bandwidth. The application of an excitation signal with energy in a small frequency
bandwidth around the first resonance mode is expected to yield a single mode contribution in the
response. However, impacts excite a large frequency bandwidth similar to an impact hammer
test. Hence, several harmonics are excited due to coupling with high order modes. The biggest
challenge is to separate the natural modal contribution from the contribution of the nonlinear
behavior caused by the impacts. Several recent papers have investigated techniques to identify
and to detect these effects [6, 7].

The Volterra series can be applied to solve this problem using its capability to decompose the
response of a nonlinear system in linear and nonlinear contributions [8–12]. The contribution of
the present paper is to propose a nonlinear indicator based on Volterra kernels to the detect the
contribution of the linear and nonlinear kernels computed from the total experimental response
measured directly on the solar array structure.

2 DISCRETE-TIME VOLTERRA SERIES

The response y(k) of a nonlinear system is described by a discrete-time Volterra series using
multiple convolutions [13]:

y(k) =
+∞∑
η=1

Hη(k) = y1(k) + y2(k) + y3(k) + · · · (1)

where y1(k), y2(k), y3(k), · · · are the linear, quadratic, cubic and so on contributions of the
output y(k) in k = 1, · · · , K (K is the number of time samples) and Hη(k) is the Volterra
functional given by multidimensional convolutions:

Hη(k) =

N1∑
n1=0

. . .

Nη∑
nη=0

Hη(n1, . . . , nη)

η∏
i=1

u(k − ni)

where u(k) is the input signal andHη(n1, . . . , nη) are the η th-order Volterra kernels considering
the truncated values N1, . . . , Nη for each kernel.

However, the number of samples N1, . . . , Nη is high because the practical systems have
large memories and the identification of the kernels Hη(n1, . . . , nη) is ill-posed with serious
convergence problems. Fortunately, the Volterra kernels can be expanded using Kautz functions
to overcome these drawbacks:

Hη(n1, . . . , nη) ≈
J1∑
i1=1

. . .

Jη∑
iη=1

Bη (i1, . . . , iη)
η∏
j=1

ψij(nj) (2)
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where J1, · · · , Jη are the number of samples in each orthonormal projections of the Volterra
kernels Bη (i1, . . . , iη) and and ψij(ni) are the Kautz functions that are appropriate for the re-
presentation of underdamped oscillatory systems.

If the Kautz basis is chosen adequately the order of projection Bη (i1, . . . , iη) is drastically
reduced [10]. Details about the Kautz functions and how to use it for nonlinear mechanical
systems identification can be found in [14] and [9].

Equation (1) can be rewritten based on the orthonormal Kautz basis:

y(k) ≈
+∞∑
η=1

Bη(k) (3)

where Bη(k) is the η−th orthonormal Volterra functional operator:

Bη(k) ≈
J1∑
i1=1

. . .

Jη∑
iη=1

Bη (i1, . . . , iη)
η∏
j=1

lij(k)

that is a multiple convolution between the orthonormal kernel given byBη (i1, . . . , iη) and lij(k),
that is a simple filtering of input signal u(k) by the Kautz function ψij(ni):

lij(k) =
V−1∑
ni=0

ψij(ni)u(k − ni) (4)

where V = max{J1, . . . , Jη} and ψij(ni) are the Kautz functions described by complex-
conjugate parameters s1,2 = −ξηωη ± jωη

√
1− ξ2η . Normally, an optimization procedure is

used to obtain the parameters ωη, ξη.
The values of the orthonormal Volterra kernel Bη (i1, . . . , iη) can be grouped in a vector Φ

and can be found by solving:
Φ = (ΓTΓ)-1ΓTy (5)

where the matrix Γ contains lij(k) and y = [y(1) · · · y(K)]. It is worth noting that η can
usually be truncated in 3 kernels to represent most of the structural nonlinearities with a smooth
behavior.

The prediction error can be computed by:

e(k) = y(k)− yexp(k) (6)

where yexp(k) is the experimental output and y(k) is the output estimated by Volterra model.
The complex-conjugate parameters of the Kautz functions are obtained by minimizing the

normalized mean square error-prediction (NMSE):

min F =
||e(k)||2
||yexp(k)||2

(7)

subject to ρlow ≤ ρ ≤ ρup, where the Kautz filters parameters (using η = 3) grouped in the vec-
tor ρ = [ω1 ξ1 ω2 ξ2 ω3 ξ3]

T = [ωlin ξlin ωquad ξquad ωcub ξcub]
T and || ||2 is the Frobenius

norm, also called the Euclidean norm.
The vectors ρlow and ρup are composed by the lower and upper boundary values of search.

This work adopted a sequential quadratic programming (SQP) approach to seek the vector ρ
using an initial condition vector ρ0.
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3 APPLICATION IN A SOLAR ARRAY STRUCTURE

This section shows an experimental application of the methodology using a simplified solar
array structure [6, 7].

3.1 Description of the experimental setup

The benchmark consists of two parallel aluminium plates mounted in a free-free configuration,
as seen in Figures 1(a) and 1(b). They are clamped together at the top edge and connected at
three stacking points. The geometrical properties of the plates are 770×440×5 mm of, length,
width and thickness, respectively, and the distance between plates is fixed at 40 mm.

A snubber was also mounted on a steel support glued at the middle length of the bottom free
edge, as shown in Figures 1(a), 1(b) and 2(a). When the level of excitation amplitude applied
in the shaker is high, the rubber exhibits nonlinear behavior and impacts between the adjacent
panels. As pointed out in Ref. [6], the small contact areas between the stacking points and
the plates are an additional possible source of non-linear behavior, as they may induce large,
localized bending deformations. In this study, a gap of less than one millimeter (≈0.2 mm) is
introduced such that there is no contact when the level of force is low in order to insure a linear
regime of vibration (see Figure 2(a)).

 Stacking Points

 Accelerometer 6

 Accelerometer 8 Accelerometer 9

 Accelerometer 10

 Acquisition Board

 Shaker

Impedance
Head

Snubber
Fixed Point

Impedance
Head

(a) Experimental setup.

 Stacking Points

 Accelerometer 5

 Accelerometer 2

 Accelerometer 4

 Acquisition Board

 Clamping Points

 Accelerometer 3

 Accelerometer 1

Snubber
Impact Point

(b) Detail of the experimental setup.
Figure 1: Test rig setup.

The structure was monitored using 10 accelerometers, 5 on each plate at the same positions.
In this work, only the measurements at accelerometer 3, mounted in the impact region of the
target plate, were used. An impedance head was also employed to measure the drivepoint
accelerations and the excitation force. All signals measured were sampled at 1280 Hz, 6400
samples for tests with short duration (to identification and analysis) and 256000 samples for tests
with long duration (to characterize the nonlinear behavior). In order to remove the contribution
from the high order modes and DC component, a bandpass filter was applied from 5 to 120 Hz.
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 Accelerometer 9

 Gap

 Shaker

 Accelerometer 2

 Impedance
Head

Snubber

(a) Zoom in the impact region, showing the snub-
ber.

 Stacking Points

 Accelerometers

 Shaker

Power 
Amplifier

Acquisition 
Board

Computer

 Accelerometer 3

 Free-Free
Configuration

(b) Schematic representation.

Figure 2: Description of the experimental setup.

3.2 Detection of nonlinearities using classical methods

The stepped sine test is an effective tool to detect nonlinear behavior. But an alternative
and easier test is to excite the system with a long duration sweep sine. Figure 3 shows the
acceleration considering low (fig. 3(a)) and high (fig. 3(b)) voltage amplitude supplied to the
shaker. In all cases the sine sweep is applied ranging the frequency from 10 to 45 Hz during
200 seconds. Figure 3(a) shows a smooth decay after resonance (linear vibration). However,
fig. 3(b) presents two differences: a jump is observed close to the frequency of 36.25 Hz and
the resonance frequency is changed.

Figures 3(a) and 3(b) show the maximum amplitude of the time of flight (TOF). Figure 4(a)
presents the ratio between the time and excitation frequency to estimate the output frequency
of TOF. When the energy1 of the force excitation is low, the TOF occurs at the same frequency,
both in upward and downward sine sweep tests. However, when the force is increased, the
resonance frequency is bigger following a sigmoid ratio as a function of the applied energy.
Another important issue is that this behavior is different depending the type of sweep test. This
is a clear indication of the existence of nonlinearities.

Figure 4(b) shows the frequency response function (FRF) plots. The FRFs show some dis-
tortions caused by nonlinear effects as a function of force level applied by the shaker. By
analyzing Figure 4(b) it is possible to confirm that the solar array structure presents a strong
nonlinear regime of motion associated with stiffness hardening that cause a jump on the right
side.

Figures 5(a) and 5(b) show the time-frequency distribution considering the acceleration sig-
nal in the upward and downward sweep tests, respectively. One can observe the first three
harmonics caused by impacts and large displacements, mainly in the resonance range.

1Computed by L2 norm.
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(a) Low excitation amplitude level (0.01 V).

-80

-60

-40

-20

0

20

40

60

80

A
cc

el
er

at
io

n
[m
.s

-2
]

0 50 100 150 200
Time [s]

10 18.75 27.5 36.25 45
Excitation Frequency [Hz]

(b) High excitation amplitude level (0.20 V).
Figure 3: Output to sine sweep with frequency from 10 to 45 Hz considering different voltage amplitudes applied
in the shaker. The maximum amplitude of the time of flight is represented by ◦.
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Figure 4: Frequency at TOF and FRF estimated using the sine sweep test with long duration.
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(a) Sine sweep up test, 10→45 Hz.
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(b) Sine sweep down test, 45→10 Hz.
Figure 5: Time-frequency distribution of the acceleration signal considering the high level of amplitude excitation,
0.20 V.
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3.3 Identification of the Volterra model

The identification of the Volterra kernels is performed using the sine sweep signal in two
steps [11]. Firstly, the kernelH1(n1) is identified to describe the linear contribution. Secondly,
the high order kernels H2(n1, n2) and H3(n1, n2, n3) are identified using the response signal
filtered by H1(n1) estimated previously. All parameters in the Kautz functions are used based
on the optimization procedure described in [9, 15].

A total of 30 blocks were measured with 6400 samples each for 20 different levels of voltage
amplitude applied in the shaker. Disturbances are included in the excitation signal by changing
12o in each block (360o total).

The choice of the number of Kautz functions can be complicated for structures with strong
nonlinear effects and in this work with high order modes excitated by impacts. For the first
kernel, a couple of Kautz functions is enough to adequately describe the linear behavior of a
single degree-of-freedom system, based on previous experience using the Volterra series [12,
16–26]. The second kernel is related essentially to asymmetries in the response appearing as
second harmonics in the time-frequency distribution. However, shaker-structure interaction can
result mainly in a second harmonic excitation.

For the third kernel an optimization procedure can show the best number of Kautz functions
to use, but the choice here was limited to 6 Kautz functions because of convergence problems
trying solve a high order equation using more functions. So, the Volterra model was estimated
for each test, using 2, 4 and 6 Kautz functions for H1(n1), H2(n1, n2) and H3(n1, n2, n3),
respectively.

The Kautz filter parameters used to build the orthonormal kernels were found with a sequen-
tial quadratic programming (SQP) algorithm minimizing the objective function F in Eq. (7)
with the stopping criterion based on a step size less than 10-8.

The initial condition vector ρ0 for the low excitation amplitudes applied on the shaker (0.01
V) was defined as ρ0 = [ω0 ξ0 ω0 ξ0 ω0 ξ0], where ω0 is the resonant frequency computed
by the fast Fourier transform of yexp(k) for the low amplitude level (0.01 V) and ξ0 = 10-3. For
the all other amplitudes levels, the initial condition vector is computed by:

ρ0 =
1

N

N∑
i=1

iρ
∗ (8)

where N is the number of blocks for each level of amplitude applied in the shaker (N = 30)
and iρ

∗, i = 1, 2, 3, ... N , is the optimum value vector for each block of the immediately lower
amplitude level.

The lower and upper boundary values of the search was defined by:

ρlow =
[
0.8ρ0(1) 0 0.8ρ0(3) 0 0.8ρ0(5) 0

]
(9)

ρup =
[
1.2ρ0(1) 1 1.2ρ0(3) 1 1.2ρ0(5) 1

]
(10)

The fitness (FIT = F -1×100 [%]) of the optimization procedure is shown in Figure 6. A
bigger fit is reached when the vibration is linear (amplitudes from 0.02 to 0.06 V). When the
level of force increases, the fit is poor (amplitudes from 0.08 to 0.20 V) because the model is
insufficent to detect the large nonlinear behavior caused by coupling with the high order modes.
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Figure 6: Fitness values lie within one standard deviation of the mean for each test.

The parameters, frequency and damping ratio, of Kautz poles related with each Volterra
kernel are shown in Figures 7, 8 and 9. The values are seen to lie within one standard deviation
of the mean. In a broader view, all parameters, with the exception of ξquad, are increasing
with the levels of amplitude applied to the shaker, showing that the impacts are changing the
structural behavior constantly following the excitation levels.

Figure 7(a) presents the same frequency, ωlin, for low levels of amplitude applied in the
shaker (up to level 0.07 V). The damping ratio, ξlin, of the Kautz poles are increased by the
impacts that occur with the levels up to 0.05 V, as shown in Figure 7(b).
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(a) Frequency of Kautz poles.
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(b) Damping ratio of Kautz poles.

Figure 7: Kautz poles ofH1(n1), values lie within one standard deviation of the mean for each test.

The high order kernels do not have significant contributions at low levels of excitation since
the behavior is linear. Hence, if the second and third kernels are included in the identification
process at low amplitudes then the results are not consistent because the system is essentially
linear. Figure 8(b) confirms that for the levels up to 0.05 V the poles are highly damped with
null contributions in the high order kernels. The frequency of the Kautz poles in the second
kernel increases with the level of excitation, as shown in Figure 8(a). This effect is caused by
the shaker-structure interaction in the resonance range of the system.

3021



Cristian Hansen, Samuel da Silva, Emmanuel Foltête and Scott Cogan

195

200

205

210

215

220

225

230

ω
qu
a
d

[H
z]

0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
Amplitude level applied in the shaker in V

(a) Frequency of Kautz poles.

0

10

20

30

40

50

ξ q
u
a
d

[%
]

0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
Amplitude level applied in the shaker in V
(b) Damping ratio of Kautz poles.

Figure 8: Kautz poles ofH2(n1, n2), values lie within one standard deviation of the mean for each test.

Figure 9(a) and 9(b) show the evolution of the Kautz pole parameters, frequency and damp-
ing ratio, for the third kernel. Similar behavior is found, except in the range from 0.10 to 0.13
V in the damping ratio.
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Figure 9: Kautz poles ofH3(n1, n2, n3), values lie within one standard deviation of the mean for each test.

Figure 10(a) shows the estimated output obtained by the multiple convolution computed
using the Volterra kernels H1(n1), H2(n1, n2) and H3(n1, n2, n3) for the excitation level 0.01
V applied in the shaker. The prediction error computed by Eq. (6) is shown in Figure 10(b). The
second and third kernels,H2(n1, n2) andH3(n1, n2, n3), respectively, do not have a significant
contribution to the linear behavior and the response of the Volterra model, y(k), for this case
(linear behavior) can be approximated using only the linear contribution, y1(k).

When the amplitude level applied in the shaker is high, the nonlinear vibrating regime is
reached and the nonlinear contributions, y2(k) and y3(k) have importance in the total response,
y(k). Figure 11(a) shows the output identified by the Volterra model for high amplitude level
applied in the shaker and Figure 11(b) the prediction error to this condition.

Figures 12, 13 and 14 present the linear, quadratic and cubic contributions of the total re-
sponse when the amplitude level is 0.20 V. It is worth noting that the quadratic contribution is
lower than the linear contribution because the symmetry of the output signal, as shown in Figure
13. On the other hand, when the level excitation is high, the cubic contribution is significant in
comparison to the linear response, as shown in Figure 14.
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Figure 10: Output for the low level amplitude (0.01 V).
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Figure 11: Output for the high level amplitude (0.20 V).
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(b) y1(k) estimated byH1(n1).
Figure 12: Linear contribution considering 0.20 V of amplitude applied in the shaker.

The diagonal of the second kernel, H2(n1, n1), is show in Figure 13(a) and its contribution,
y2(k), was estimated by quadratic convolution, as shown in Figure 13(b). We note that the
quadratic contribution is smaller than the linear contribution because of the symmetry in the
response.
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Figure 13: Quadratic contribution considering 0.20 V of amplitude applied in the shaker.

The diagonal of the third kernel, H3(n1, n1, n1), is shown in Figure 14(a) and its contribu-
tion, y3(k), was computed by cubic convolution, as shown in Figure 14(b). The cubic contri-
bution have the same level of significance in the total response when compared with the linear
contribution.
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Figure 14: Cubic contribution considering 0.20 V of amplitude applied in the shaker.

For high levels of amplitude applied in the shaker, the nonlinear contributions, y2(k) and
y3(k), are relevant comparing with the total response, y(k). So, compute the nonlinear contri-
butions is necessary to obtain a representative model of a structure with nonlinear behavior.

3.4 Model Validation

The Volterra model identified was validated through the qualitative analysis of the time-
frequency distribution of the acceleration signal considering the high level of amplitude excita-
tion applied in the shaker, 0.20 V, as shown Figures 15(a) and 15(b).

Figure 16 also presents the validation of the FRF computed using the output estimated by
Volterra model comparing with experimental FRF. It is possible to observe a good fit in the
resonance range for the different levels of amplitude applied in the shaker.
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(b) Volterra model.
Figure 15: Time-frequency of the accelaration signal for the level of 0.2 V.
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Figure 16: Frequency response function computed for a Volterra model response and experimental data. • for the
experimental and ◦ for the model considering 0.01 V,N for the experimental and 4 for the model considering
0.10 V, � for the experimental and � for the model considering 0.20 V.

3.5 Nonlinear index based in Volterra model

The output energy ratio κ can be described by using each contribution of the Volterra model:

κ =
Eα

E1 + E2 + E3

; α = 1, 2, 3 (11)

where, E1, E2 and E3 are the energy of linear, quadratic and cubic contributions, respectively,
computed by L2 norm.

Figure 17, shows the κ for each Volterra contribution for all excitation amplitudes tested.The
indicator shows that until the level of 0.04 V the linear contribution is dominant. After 0.04
V the energy contribution of the cubic stiffness caused by the third Volterra kernel starts to
dominate. It is worth noting that the quadratic contribution is null for all levels.
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Figure 17: Indicator to detect nonlinearities based on the Volterra kernel contributions. ◦ is the linear ratio, 4 is
the quadratic and � is the cubic contribution.

4 FINAL REMARKS

The results of this study show that the use of Volterra series can identify a nonparametric
model capable of describing the complex dynamic behavior of a solar array structure using
directly the time domain data obtained for different excitation amplitudes and vibration regimes.
The kernels identified can be used to filter the linear and nonlinear contributions and to compute
an indicator for detecting nonlinearity. Future studies will consider a larger range of modal
contributions with more kernels for each mode. The multiple inputs and multiple output cases
can also be investigated using the Volterra cross-kernels.
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Abstract. This study investigates the frequency detuning effects of parametric and direct ex-
citation for near-resonant nonlinear structural vibrations. Specifically, the detuning effects
of a two-to-one frequency ratio between the parametric and direct excitation, and of a drift
in natural frequency, are studied. These effects are investigated theoretically using a Duffing-
Mathieu equation as the model system, and experimentally using a cantilever beam as the model
object. The approximate analytical responses are derived using the method of varying ampli-
tudes, and compared with results of direct numerical integration and experiments showing good
agreement. For frequency detuned superthreshold parametric excitation some of the theoretical
frequency-amplitude solution branches appear to merge. For some ranges of parametric exci-
tation frequency a drop in experimental steady-state vibration amplitude was found, indicating
performance degradation whereas for other frequency ranges, frequency detuning may yield an
increased steady-state vibration amplitude. This makes frequency detuning a feature which can
purposefully be avoided or utilized, dependent on the application.
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1 INTRODUCTION

Structures subjected to combined parametric and direct excitation may experience frequency
detuning between the parametric and direct excitation, e.g. caused by uncertainties with respect
to physically adding the parametric component. Another cause of frequency detuning could be
that the systems natural frequencies drift during operation due to, e.g. wear, damage, or varying
mass loading. The effect of adding a superthreshold parametric excitation, where the response
is dominated by the parametric component [1], to a directly excited system with perfect tuning,
i.e. a two-to-one frequency ratio between the parametric and direct excitation, has recently been
given some attention [2]. This was done because utilization of combined parametric and direct
excitation may be useful for structural and mechanical vibrations [3, 4]. However frequency
detuning has not been investigated for a system subjected to combined parametric and direct
excitation, in particular not with superthreshold parametric excitation.

2 MODEL SYSTEM

As a model system relevant for elastic structures, a Duffing-Mathieu equation with indepen-
dent parametric Ωp and direct Ωd excitation frequencies, is considered:

ẍ+ βẋ+ ω2
0

(
1 + p cos (Ωpt)

)
x+ γx3 = d cos (Ωdt+ φ) , (1)

where ˙(x) denotes temporal derivatives, β = 2ω0ζ where ω0 is the linear natural frequency and ζ
is the damping ratio, (. . .)ω2

0x describes the linear elastic restoring force and γx3 describes the
third-order nonlinear elastic restoring force, p is a parametric excitation amplitude, d is a direct
excitation amplitude, t is time, and φ is the phase between the parametric and direct excitation.

3 THEORETICAL PREDICTIONS

In applications involving imposed combined parametric and direct excitation, the frequencies
Ωp and Ωd are typically tuned to be commensurate, e.g. with parametric amplifiers Ωp/Ωd = 2,
which provides a periodic steady-state response. Frequency detuning, by contrast, generally
yields quasi-periodic steady-state responses. To solve (1) for the quasi-periodic response, we
use the method of varying amplitudes (MVA) [5], and compare quantitatively with results of
direct numerical integration and qualitatively with experimental observations. First a frequency
detuning σpd between the parametric and direct excitation is introduced, defined by:

Ωd = 1
2
Ωp + σpd. (2)

The MVA assumes a solution form consisting of a series of harmonics with time-varying am-
plitudes Xm1 and Xm2:

x(t) =
n∑

m=1

Xm1(t) cos
(
1
2
mΩpt

)
+Xm2(t) sin

(
1
2
mΩpt

)
, (3)

which by contrast to perturbation methods such as multiple scales or averaging is without re-
strictions such as slowly varying amplitudes, or the presence of small parameters [5, 6]. Also,
by contrast to the method of harmonic balance, where the coefficients Xm1 and Xm2 would be
constants and (3) an approximation, the allowed time dependency of Xm1 and Xm2 means that
(3) merely represents a shift of variables, which is exact for all values of n. The shift from the
original dependent variable x to 2n new variables, Xm1 and Xm2, implies that 2n equations are
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needed. This can be accomplished by introducing constraints in the form of 2n − 1 additional
equations. The constraints are introduced by substituting (3) into (1), and requiring 2n − 1
groups of terms to equal zero. The 2nth equation includes all the remaining terms of the original
equation, and the 2n− 1 groups of terms are proposed to be the coefficients of the involved har-
monic terms. Considering only the first two terms in (3), i.e. n = 1, one obtains two equations
for the amplitudes X11 and X12:

Ẍ11 + βẊ11 + ΩpẊ12 + 1
2
βΩpX12 +

(
ω2
(
1 + 1

2
p
)
− 1

4
Ω2

p

)
X11

+ 3
4
γ
(
X2

11 +X2
12

)
X11 = d cos (σpdt+ φ) , (4)

Ẍ12 + βẊ12 − ΩpẊ11 − 1
2
βΩpX11 +

(
ω2
(
1− 1

2
p
)
− 1

4
Ω2

p

)
X12

+ 3
4
γ
(
X2

11 +X2
12

)
X12 = −d sin (σpdt+ φ) +H., (5)

where H. denote higher harmonics. Until now approximations are not involved. Approxima-
tions are introduced by neglecting higher harmonics subsequently, which is adequate at small
values of the nonlinearity term γx3 and parametric excitation term pω2

0x, i.e. small compared
to the linear stiffness term ω2

0x. Thus (1) is restated by (4) and (5), with X11 and X12 as the
dependent variables instead of x. To solve (4) and (5), one employs the MVA again, ending
up with four equations and four time dependent amplitudes, Y111, Y112, Y121, and Y122, to solve
for. Solutions for these four amplitudes are lengthy and omitted here, but one ends up with a
steady-state solution to (1):

x(t) =
(
X110 + Y111 cos (σpdt+ φ) + Y112 sin (σpdt+ φ)

)
cos
(
1
2
Ωpt
)

+
(
X120 + Y121 cos (σpdt+ φ) + Y122 sin (σpdt+ φ)

)
sin
(
1
2
Ωpt
)
. (6)

Figs. 1(a,b) present, respectively, sub- and superthreshold steady-state vibration amplitudes,
i.e. the maximum absolute values of (6), as a function of direct excitation frequency for the
perfectly tuned case (σpd = 0). Fig. 1(a) shows that for subthreshold parametric excitation
a response which qualitatively resembles a nonlinear hardening Duffing oscillator frequency
response is obtained. Fig. 1(b) shows that adding superthreshold parametric excitation to a di-
rectly excited system yields a bistable amplified steady-state peak. The solid line denote stable
solution branches and the dashed line denote unstable solution branches. Each solution branch
has an unbounded response maximum, contrary to the bounded subthreshold steady-state vi-
bration amplitude. Good agreement between the theoretical predictions and results of direct
numerical integration is noted. A distinct feature of the superthreshold parametric near-resonant
steady-state vibration amplitude compared to the subthreshold parametric near-resonant steady-
state vibration amplitude is, that for a certain frequency range it increases significantly. This
might be useful for sensor applications because the transition from a small amplitude to a large
amplitude becomes more pronounced, and it might also be useful for energy harvesters since
more energy can be harvested.

Figs. 2(a,b) show two detuned (σpd 6= 0) superthreshold steady-state vibration amplitudes
with, respectively, a frequency ratio Ωp/Ωd = 2.05 and 1.95 between the parametric and di-
rect excitation. The somewhat larger deviation between the approximate analytical solution and
results of direct numerical integration around the intersection between the lower and upper so-
lution branches can be reduced by introducing higher harmonics, though omitted here since the
calculations become more lengthy with only minor increase in accuracy. For some frequencies
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Figure 1: Theoretical steady-state vibration amplitude as a function of direct excitation frequency Ω − 1 for (a)
subthreshold parametric excitation (p = 0.15), and (b) superthreshold parametric excitation (p = 0.35). Solid
and dashed lines denote, respectively, approximate analytical stable and unstable responses, symbols denote direct
numerical integration. (γ = 0.1, d = 0.01, β = 0.1, φ = −π/4, Ωp/Ωd = 2, σpd = 0).

up to five solution branches coexist. Two of these are duplicates in the frequency-amplitude re-
lation except for a difference in phase, i.e. with frequency detuning between the parametric and
direct excitation, the bistable amplified peak of fig. 1(b) appears to merge into one line. Jumps
are observed, not only during a downsweep, but also during an upsweep. The upsweep jump is,
for the chosen parameters, considerably smaller than for the downsweep, but this might be oth-
erwise for other parameter values. Also, the frequency distance between the two peaks changes
as function of frequency detuning between the parametric and direct excitation. For a negative
nonlinear coefficient γ the steady-state vibration amplitude bends to the left instead of to the
right, and the upper parts of the stable and unstable solution branches interchange stability.
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Figure 2: Theoretical superthreshold steady-state vibration amplitude as a function of direct excitation frequency
Ω− 1 for (a) Ωp/Ωd = 2.05 (σpd = −0.025), and (b) Ωp/Ωd = 1.95 (σpd = 0.025). (p = 0.35).
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Compared to the perfectly tuned case, confer fig. 1(b), an upsweep jump emerges, and both
peaks appear to shift to either the left or right of zero direct excitation frequency. Further-
more, superthreshold parametric excitation increases the near-resonant steady-state vibration
amplitude as compared to employing subthreshold parametric excitation, and a slight frequency
detuning of superthreshold parametric excitation can result in a further increase in steady-state
vibration amplitude.

The theoretical part showed good agreement between approximate analytical responses and
results of direct numerical integration, both in the perfectly tuned and detuned cases. For de-
tuned superthreshold parametric excitation some of the frequency-amplitude solution branches
appear to merge, and the frequency distance between the two peaks changes.

4 EXPERIMENTAL OBSERVATIONS

Fig. 3 shows the experimental setup. A cantilever beam is fixed in a shaker with an angle
between the imposed base-excitation and the axial direction of the cantilever beam, such that
the transverse displacement of the cantilever beams free end is affected by both the parametric
and direct excitation. The dual frequency (Ωd, Ωp) signal to the shaker is produced by a wave-
form generator and amplified by a power amplifier. The transverse deflection of the cantilever
beam is measured by a laser displacement sensor at the beam end and normalized with the beam
length. For each excitation frequency detuning experiment both up- and downsweeps are con-
ducted for the parametric and direct excitation frequencies. The direct excitation frequency is
altered in an inner sweep, and the parametric excitation frequency in an outer sweep.

Figs. 4(a,b) show results for variation in direct and subthreshold parametric excitation fre-
quencies. Fig. 4(a) provides an isometric view and fig. 4(b) the corresponding top view. As
appears the maximum steady-state vibration amplitude is mostly sensitive to direct excitation
frequency detuning (variations in Ω̃d), and much less to parametric excitation frequency detun-
ing (variations in Ω̃p). One response notch, entangled by a red circle, is observed alongside
jumps occurring due to a nonlinear hardening response. Slight variations in the parametric and
direct excitation frequencies around the notch can result in a significantly lower response.

Figs. 4(c,d) show results for variation in direct and superthreshold parametric excitation
frequencies. As compared to the case with subthreshold parametric excitation, another notch
appears making the frequency range with a higher steady-state vibration amplitude significantly
smaller, albeit the maximum steady-state vibration amplitude increases. These notches are also
considerably larger in the case of superthreshold parametric excitation, as compared to the sub-
threshold case. With superthreshold parametric excitation the steady-state vibration amplitude
increases for a part of the frequency range, but another part of the frequency range, i.e. the

Figure 3: Experimental setup.
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Figure 4: Experimental results: Isometric and top view of subthreshold (a,b) and superthreshold (c,d) steady-state
vibration amplitude a as a function of direct and parametric excitation frequencies using a downsweep with Ω̃d

fixed while Ω̃p is varied.

area entangled by the extra notch, indicates that there exist additional frequency ranges where
a smaller steady-state vibration amplitude is obtained. Outside the frequency region of the
notches, detuning of both the direct and parametric excitation frequencies has a small influence
on the response.

The theoretical predictions presented in figs. 2(a,b) depict two special cases of the exper-
imental observations presented in figs. 4(c,d); the two frequency ratios Ωp/Ωd = 2.05 and
1.95 correspond to two distinct lines in figs. 4(c,d). Good agreement is noted: jumps and the
overall qualitative behaviour appears similar, and the change in frequency distance between
the two peaks as predicted theoretically, confer figs. 2(a,b), is also observed experimentally.
Also, in both cases frequency detuning between parametric and direct excitation can increase
the response. Thus, frequency detuning can result in both decreased and increased steady-state
vibration amplitudes, making it an effect which should either be avoided or utilized dependent
on the applications.

5 CONCLUSIONS

Frequency detuning effects for combined parametric and direct near-resonant excitations of
nonlinear structural vibrations were investigated. This is relevant for applications where fre-
quency detuning can be expected between the parametric and direct excitation, or between the
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parametric and direct excitation and the systems natural frequency during system operation. The
studies were conducted theoretically using a Duffing-Mathieu equation as the model system,
and experimentally using a cantilever beam as the model object. The approximate analytical
responses were derived using the method of varying amplitudes, and compared with results of
direct numerical integration, showing good agreement both in the perfectly tuned and detuned
case. Good qualitative agreement also with experiments were noted. For detuned superthresh-
old parametric excitation some of the theoretical frequency-amplitude solution branches appear
to merge. For some frequency detuning ranges a drop in experimental steady-state vibration
amplitude was found, indicating performance degradation whereas for other frequency ranges,
frequency detuning may yield an increased steady-state vibration amplitude. This makes fre-
quency detuning a feature which can purposefully be avoided or utilized, dependent on the
application, e.g. sensors and energy harvesters.
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Abstract. The nonlinear vibration of railway tracks is a subject of some recent investigations.
A main source of non-linearity comes from the railway foundations. For example, ballast and
its lower layers or support systems of non-ballasted railway could have nonlinear behaviors.
Models of beam under moving forces are often used for this dynamic system, and then the
models are solved by numerical method or perturbation technique for some special nonlinear
cases. This communication present a new method for calculating the response of railway tracks
under moving trains loads. Based an analytical model of periodically supported beam, this
model holds for all kinds of nonlinear foundations. Then, by using harmonic balance techniques
and iteration procedures, a new method is developed to calculate the response of the model
provided that the loading forces form a periodic impulse series. This kind of loading force
represents charges of moving trains with equal mass wagons. This method is demonstrated to
converge to the analytic solution of the model in case of linear foundation. Then, it is applied to
bilinear and nonlinear foundation as examples. The results show that the nonlinear parameters
of foundation have a strong influence on the railways track responses. This semi-analytical
method is simple and could be efficient to compute the nonlinear vibrations of railway tracks.
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1 INTRODUCTION

The nonlinear vibration of railway tracks is a subject of many investigations [2–9]. A main
source of non-linearity comes from the railway foundations. For example, ballast and its lower
layers or support systems of non-ballasted railway could have nonlinear behaviours. Models of
beam on continuous or periodical supports under moving forces are often used for this dynamic
system.

The first model was developed by Fryba [10] by considering beams on an elastic founda-
tion. Then this model has been developed for other linear foundations [11–14]. In order to
take into account the discrete supports, Mead [15, 16] presented periodically supported beams
for railway tracks. This model is also developed by other authors for different kind of linear
supports and moving forces [17–21]. Although the analytical methods are well developed for
linear cases, these methods can not be easily applied to nonlinear foundations. An alternative
is to use numerical methods [2–7] or perturbation techniques [8, 9]. However, the perturbation
techniques have some limitations when applied to general cases.

We propose here a semi-analytical method for solving the problem of the dynamics of rail-
way tracks on nonlinear foundations. Based on the model of periodically supported beam by
Hoang et al. [1], a numerical method is developed for nonlinear behaviours. This method ap-
proaches Fourier series of the response by using harmonic balance techniques and an iteration
procedure [22, 23]. The method is then compared to analytical solutions for linear founda-
tion situations. The bilinear and nonlinear constitutive laws are considered as examples for the
method. These examples show that this is a simple way to approach the responses of the system.

2 MODEL OF RAILWAY ON NONLINEAR FOUNDATION

2.1 Reduced relation between force and displacement of railway sleepers

Here we consider a railway track with sleepers distributed periodically in a nonlinear foun-
dation whose reaction force is characterized by a function f(w,w′), w(t) is the displacement of
the sleeper as shown in figure 1. The rail is subjected to moving forces Qj characterized by the
distance to the first moving force Dj (j = 1..K with K is the number of moving forces).

Qj Q1

L

x

z
Dj v

wr(0, t)

M w(t)

R(t)

f(w,w′)

η1k1

Figure 1: Periodically supported beam subjected to moving forces

When the rail is modelled by a Euler-Bernoulli beam, the response of railway tracks is gov-
erned by the following dynamical equation:

EI
∂4wr(x, t)

∂x4
+ ρS

∂2wr(x, t)

∂t2
− F (x, t) = 0 (1)

where F (x, t) is the total force (moving forces and reaction forces) acting on the beam, ρ, E are
the density, the Young’s modulus and S, I are the section and the longitudinal inertia of the rail.
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Only the stationary response of the system is considered and the reaction forces of all sleepers
are described by a same function but with a delay equal to the time for a load moving from a
support to an other (so-called ”periodic condition”). This condition leads to a description of the
total force as the following:

F (x, t) =
∞∑

n=−∞

R(t− x

v
)δ(x− nL)−

K∑
j=1

Qjδ(x+Dj − vt) (2)

From equation (1) and (2), by using the Fourier transform and Dirac comb propriety (see
[1]), we deduce a general relation between the Fourier transform of the vertical displacement
ŵr(0, ω) and of the reaction forces R̂(ω) of the rail at the sleeper position as the following:

ŵr(0, ω) = R̂(ω)ηE(ω)−
K∑
j=1

Qje
−iω

Dj
v

vEI
[(

ω
v

)4 − k4b] (3)

with kb = 4

√
ρSω2

EI
and ηE(ω) given by:

ηE(ω) =
1

4k3bEI

[
sin(Lkb)

cos(Lkb)− cos(Lω
v
)
− sinh(Lkb)

cosh(Lkb)− cos(Lω
v
)

]
For a linear foundation, an analytic solution could be deduced from this equation and the

constitutive law of the foundation. In other cases, we can not solve analytically this system. The
next section will introduce a model developed from equation (3) for the dynamics of sleepers on
a nonlinear foundation. Then, a new numerical method based on harmonic balance techniques
and iteration procedures will be used to solve the dynamic equation. Finally, the method is
applied to the foundations with linear and nonlinear behaviours. The comparison shows that the
numerical method agrees with the analytical results in case of linear behaviour. For other cases,
the numerical method shows well the effects of nonlinearities on the response.

2.2 Dynamical equation of railway sleepers on nonlinear foundation

Consider the system of sleepers and foundation as shown in figure 1. This system contains a
linear part corresponding to the rail pad (upper the sleeper) and a nonlinear part corresponding
to the foundation (under the sleeper). Here η1, k1 are the damping and spring coefficients of rail
pad; w,w′ are the vertical displacement and the velocity of the sleeper and f(w,w′) is the force
acting on the foundation.

The displacement of the sleeper is governed by the following equation:

Mw′′(t) + η1w
′(t) + k1w + f(w,w′) = η1w

′
r(0, t) + k1wr(0, t) (4)

where prime stands for the derivation in time t and M is the mass of the railway sleeper. In
addition, the reaction force of the sleeper on the rail is given by:

R(t) = −η1 [wr(0, t)− w(t)]′ − k1(wr(0, t)− w(t)) (5)

By taking the Fourier transform of (5), we obtain:

R̂(ω) = −A(ω) [ŵr(0, ω)− ŵ(ω)]
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where A(ω) = iωη1 + k1 (this is the frequency stiffness of the rail pad). By injecting the last
equation into equation (3), we have:

ŵr(0, ω) =
A(ω)ηE(ω)

1 + A(ω)ηE(ω)
ŵ(ω)− Γ(ω)

vEI

K∑
j=1

Qje
−iω

Dj
v (6)

with Γ(ω) =
{

(1 + A(ω)ηE(ω))
[(

ω
v

)4 − k4b]}−1 .
Making the Fourier transform and then the inverse Fourier transform of the right term of

equation (4) leads to the following result:

η1w
′
r(0, t) + k1wr(0, t) =

1

2π

∫ ∞
−∞

A(ω)ŵr(0, ω)eiωtdω (7)

By injecting ŵr(0, ω) in equation (6) into the last equation and then the obtained expression into
equation (4), one can write:

w′′ + βw′ + ω2
0w + g(w,w′) =

1

2πM

∫ ∞
−∞

A2(ω)ηE(ω)eiωt

1 + A(ω)ηE(ω)
ŵ(ω)dω

− 1

2πM

∫ ∞
−∞

A(ω)ΓE(ω)

vEI

K∑
j=1

Qje
−iω

Dj
v eiωtdω

(8)

where g(w,w′) =
f(w,w′)

M
, ω2

0 =
k1
M

and β =
η1
M

.

Equation (8) is the dynamical equation of the sleeper. This equation is similar to that of
nonlinear oscillators but contains terms of the interaction between the rail and the sleepers on
the right of the equation. In order to simplify this coupling terms but only periodical solution
of w(t) is considered but the general nonlinear function f(w,w′) is kept. This response occurs
when the moving forces Qj are a periodic series of forces (see [1]) which is presented in next
section.

2.3 Loads of a train as an impulse train

When the charges of each wagon of the train equal a given load (Qj = Q) and there is a great
number of wagons so that the periodical solution could be considered, the load of a train can be
approximated by an impulse train with a distance from a reference impulse given by:

Dj =

{
jH for front wheels

jH +D for back wheels
(9)

D

H

Figure 2: Charge of a train as a periodical series of loads
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where H and D are the length of each wagon and distance between the font and the back wheel
of a boogie. Using the propriety of Dirac comb, one can write:

∞∑
j=−∞

Qje
−iω

Dj
v =

2πvQ

H
(1 + e−iω

D
v )

∞∑
n=−∞

δ

(
ω +

2πv

H
n

)
(10)

By injecting the last equation into the last term of equation (8), we obtain:

1

2πM

∞∫
−∞

A(ω)Γ

vEI

∑
j

Qje
−iω

Dj
v eiωtdω =

∑
n

Q(1 + e−i
D
v
ωn)A(ωn)Γ(ωn)eiωnt

MHEI
(11)

with ωn = 2πn
v

H
.

The last equation describes a periodic function of harmonics ωn. Thus, we can find a period-
ical solution of w(t) in Fourier series form:

w(t) =
∑
n

cne
iωnt (12)

where {cn} are Fourier coefficients of w(t) given by:

cn =
1

T

T/2∫
−T/2

w(t)e−iωntdt with T =
H

v
(13)

Thus, we have:
ŵ(ω) = 2π

∑
n

cnδ(ω − ωn)

By injecting the last equation into the first term on the right side of (8), we get:

1

2πM

∞∫
−∞

A2(ω)ηE(ω)eiωt

1 + A(ω)ηE(ω)
ŵ(ω)dω =

1

M

∑
n

A2(ωn)ηE(ωn)

1 + A(ωn)ηE(ωn)
cne

iωnt (14)

Thus, equation (8) becomes:

w′′ + βw′ + ω2
0w + g(w,w′) =

∑
n

cnPne
iωnt −

∑
n

Fne
iωnt (15)

where:

Pn =
A2(ωn)ηE(ωn)

M [1 + A(ωn)ηE(ωn)]
and Fn =

Q(1 + e−iωn
D
v )

MHEI
A(ωn)Γ(ωn) (16)

Particularly, we have: P0 = k1
M

= ω2
0 and F0 = 2QL

MH
.

Thus, we reduce (8) which is a general dynamical equation of the railway sleeper to a sim-
ple equation with characteristic parameters Pn, Fn. In fact, we see that Fn corresponds to the
charges of the train affecting on the sleeper and Pn corresponds to the coupling of the sleeper
with the rail and other sleepers. In the next section, we will present a numerical method for this
equation and then consider some examples of foundations.
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3 SEMI-ANALYTICAL METHOD

Taking Fourier coefficients of equation (15) leads to the following result:

1

T

T/2∫
−T/2

(w′′ + βw′ + ω2
0w)e−iωntdt+

1

T

T/2∫
−T/2

g(w,w′)e−iωntdt = cnPn − Fn

By injection of equation (12) to the last equation, we obtain:

−ω2
ncn + iβωncn + ω2

0cn +
1

T

T/2∫
−T/2

g(w,w′)e−iωntdt = cnPn − Fn (17)

where g(w,w′) = f(w,w′)/M with w,w′ given by equation (12):

w(t) =
∑
n

cne
iωnt, w′(t) =

∑
n

iωncne
iωnt (18)

Hence, equation (17) forms a system of nonlinear equations of variable {cn}. In general,
we can not find the analytical solution of this equation. By using harmonic balance techniques
and iteration procedure, we will look at an approximation of the solution w(t) for the m first
harmonics in the following form:

wmk(t) =
m∑

n=−m

cnke
iωnt ∀k ≥ 1 (19)

Here we take ∀n, cn1 = 0. We built series {cnk} such that cnk → cn when k,m → ∞ by
inserting an evolution index k in equation (17). Such a series {cnk} is given by the following
equations:{

−ω2
ncnk + (iβωn + ω2

0)cn(k+1) + Fnk = Pncnk − Fn if 0 ≤ |n| ≤ N0

−ω2
ncn(k+1) + (iβωn + ω2

0)cnk + Fnk = Pncn(k+1) − Fn if N0 < |n| ≤ m

where N0 is defined for the convergence of the solution (it normally depends on force f(w,w′))
and Fnk is calculated by:

Fnk =
1

T

T/2∫
−T/2

g(wmk, w
′
mk)e

−iωntdt (20)

Finally, we get the series {cnk} as the following:

cn(k+1) =


(ω2

n + Pn)cnk − Fn −Fnk
ω2
0 + iβωn

if 0 ≤ |n| ≤ N0

(ω2
0 + iβωn)cnk + Fn + Fnk

ω2
n + Pn

if N0 < |n| ≤ m
(21)

The last equation defines a recurrent sequence {cnk} in k. If this sequence {cnk} converges
to {cn}∀n when k →∞, by replacing this series cnk, cn(k+1) by its limit cn, we find once again
equation (17). Hence, this sequence converges to the solution of (17). By consequence, we can
rebuild approximations of the response from (19) by using the sequence {cnk} when the value
of k is large enough. In the next section, we will use this formulation to calculate the response
of the sleeper on different foundations.
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4 EXAMPLES

4.1 Linear foundation

Let’s consider a foundation with a linear constitution law given by:

f(w) = k2w + η2w
′ (22)

In this case, the integral in equation (17) can be calculated analytically as following:

1

T

T/2∫
−T/2

g(w,w′)e−iωntdt =

T/2∫
−T/2

k2w + η2w
′

TM
e−iωntdt =

(
k2
M

+
iη2ωn
M

)
cn

Thus, equation (17) has an analytic solution given by:

cn =
Fn

ω2
n + Pn − ω2

0 − iβωn − (k2 + iη2ωn)/M
(23)

Now we calculate the solution of (17) by the numerical method. We need to verify that series
{cnk} defined by (21) converges also to the analytic solution. By injecting function f(w,w′) in
equation (22) into equation (20), we get:

Fnk =

(
k2
M

+
iη2ωn
M

)
cnk

Thus, equation (21) becomes:

cn(k+1) =


[ω2
n + Pn − (k2 + iη2ωn)/M ] cnk − Fn

ω2
0 + iβωn

if 0 ≤ |n| ≤ N0

[ω2
0 + iβωn + (k2 + iη2ωn)/M ] cnk + Fn

ω2
n + Pn

if N0 < |n| ≤ m

We see that:

cn(k+1) − cn =


ω2
n + Pn − (k2 + iη2ωn)/M

ω2
0 + iβωn

(cnk − cn) if 0 ≤ |n| ≤ N0

ω2
0 + iβωn + (k2 + iη2ωn)/M

ω2
n + Pn

(cnk − cn) if N0 < |n| ≤ m

Here cn is the analytical solution in (23). The last equations are geometric sequences which
converge to cn if and only if:

∣∣∣∣ω2
n + Pn − (k2 + iη2ωn)/M

ω2
0 + iβωn

∣∣∣∣ < 1 if 0 ≤ |n| ≤ N0∣∣∣∣ω2
0 + iβωn + (k2 + iη2ωn)/M

ω2
n + Pn

∣∣∣∣ < 1 if N0 < |n| ≤ m

Therefore, if N0 is chosen such that the last inequalities are satisfied, we have proved that the
numerical method converges to the analytic solution.

Figure 3 shows the results of the analytical and numerical methods for a railway track (type
UIC60) with parameters given in table 1. The numerical method gives a good approximation
of the analytical solution after 15 iterations. In fact the response corresponding to a linear
foundation (22) with parameters k2 = 20MNm-1 and η2 = 0.2MNsm-1.
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Content Notation Value Unite
Rail mass ρS 60 kgm-1

Rail stiffness EI 6.3 MNm2

Train speed v 45 ms-1

Charge of a wheel Q 75 kN
Block mass M 100 kg
Sleeper length L 0.6 m
Length of boogie D 3 m
Length of wagon H 18 m
Stiffness k1 220 MNm-1

Damping coefficient η1 1.0 MNsm-1

Table 1: Parameters of a linear railway track
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Figure 3: Displacement of a sleeper on a linear foundation by analytical and numerical method

4.2 Bilinear foundation

Now a bilinear foundation is considered with two different stiffness for compression and
tension. Such a constitutive law can be described by the following function:

f(w,w′) =

{
k+2 w + η2w

′ if w < 0

k−2 w + η2w
′ if w ≥ 0

(24)

Here we compute the response of the railway sleeper by the numerical method and we inves-
tigate the convergence of this response when increasing the number of iterations and harmonics.
The upper graph in figure 4 shows the results of the numerical method with different number
of harmonics (while the number of iterations k = 100 remains the same). We see that when
the number of harmonics is bigger than 10, the response converges well (the variation is very
small). We find again the convergence of the response with different numbers of iteration with
m = 15 (see the bottom graph in figure 4). Here, the calculation is taken with a railway track
given by table 1 and the foundation parameters k+2 = 20, k−2 = 10 MKm-1.

For m = 15, k = 100, we now calculate the response for different tension stiffness in order
to study the effect of this nonlinear parameter. Figure 5 shows these responses for different
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Figure 4: Displacement of a sleeper on a bilinear foundation by numerical method with different numbers of
harmonics m (upper figure) and iterations k (lower figure)
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Figure 5: Displacement of a sleeper on bilinear foundations
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4.3 Nonlinear foundation

In this section, a nonlinear foundation with a cubic term in the stiffness is considered:

f(w,w′) = η2w
′ + k2w + εk3w

3 (25)
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Figure 6: Displacement of a sleeper on a nonlinear elastic foundation by numerical method with different numbers
of iterations

The response is calculated for different numbers of iterations k with m = 15 in order to
study the convergence of the method. Figure 6 shows the convergence for k ≥ 15. Here we
take k2 = 20 MNm-1, k3 = 20 kNmm-3 and ε = 0.8. The effect of the nonlinear parameter
ε is also investigated in figure 7 where the amplitude of the displacement decreases when the
nonlinear force increases.
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Figure 7: Displacement of a sleeper on nonlinear foundations
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5 CONCLUSION

A semi-analytic model for periodically supported beams has been developed and applied for
the response of railway sleepers on different kinds of foundations. In linear cases, this method
is proved to converge to the analytical solution. For other cases, this method is a simple way to
approximate the response of railway tracks on complex foundations.
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Abstract. Modal damping estimation errors can be introduced when using assumptions such
as proportional damping or a diagonal generalized matrix of localized dissipation at interfaces
[1]. Previous work has studied the estimation of modal damping in bolted joints using many
methods [2, 3]. One such method, used in this work, is the iterative energetic method (EM),
developed in [4]. The present study investigates the EM for calculating the modal damping
associated with localized nonlinear dissipative interfaces of a global linear structure. This
method has limitations in two cases: localized linear damping [5] and localized nonlinear
damping. The validity domain of the EM in the linear case was studied previously in [5]. The
main conclusions were that EM is not valid in the following conditions : when eigenfrequencies
are closely spaced, when localized dissipation exceeds a specific damping level, and if the
response is not projected on a single mode of vibration. To the best of our knowledge, the non-
linear limitations of the EM are still unknown and have yet to be identified in the literature.
The main goal of this paper is to investigate the iterative EM and define its validity domain
for harmonic excitations as a function of the level of external structural loads and the level
of nonlinear damping. We propose to investigate these parameters and their influence for the
prediction of equivalent modal damping in a simple beam structure with a bolted nonlinear
interface. Through use of an academic example with exact solutions, we will be able to quantify
the error of our predictions, and thus provide accurate validity domains for the method.

3048



M. Krifa, N. Bouhaddi, G. Chevallier and S. Cogan

1 INTRODUCTION

The problem of damping remains an important challenge when computing the vibration lev-
els of assembled structures. Virtual tools, Computer Aided Design and Finite Element Simula-
tions are used to predict both mass and stiffness matrices with good accuracy, but damping is
often badly estimated. This leads to an erroneous estimation of vibration levels. Generally the
localized dissipation in the interfaces presents nonlinear effects. These nonlinear effects must
be taken into account when modeling damping locally. It is assumed here that the structure has
a globally linear behavior. The main interest of this study is to investigate the iterative EM and
define its validity domain for harmonic excitation as a function of the level of external loads and
the level of nonlinear localized damping. An exact method is used as reference to investigate
the influence of these two parameters and compare the resulting error in the modal damping
estimation.

2 Estimation of modal damping

To estimate modal damping in assembled structures with localized nonlinearities two com-
putational methods will be considered herein. The first method uses a time integration solver of
a globally nonlinear system and will be considered as the reference method. The second method
is the Iterative Energetic Method (IEM), which is based on the estimation of the modal damp-
ing by the ratio between the dissipated energy and the maximal potential energy, over a cycle
of stationary vibration. Localized damping can be induced in several manners, for example, by
viscoelastic materials, pressure loss in fluids and solid friction. In this work, in order to model
bolted joints a nonlinear viscoelastic damping model is used to represent a bolted interface.

2.1 Reference Method

In the reference method, the system will be considered as a globally nonlinear system :

Mü+Ku+ Cu̇+ fnl(t, u̇) = fext(t) (1)

where

• M,K et C are respectively mass, stiffness and damping matrices

• fext(t) = F cos(ωt) Harmonic excitation

• u(t) = {u1, u2, u3, ..., un}T Displacement vector

• u̇(t) = {u̇1, u̇2, u̇3, ..., u̇n}T Velocity vector

• fnl(t, u̇) Nonlinear dissipation force

The nonlinear dissipated force describes the friction in the bolted interfaces. The ith interface
is expressed by the following expression :

f inl(t, u̇) = (ci0 + ci1 |∆u̇i|)∆u̇i (2)

where ci0[N/(m/s)] and ci1
[
N/(m/s)2

]
are two coefficients of the nonlinear viscous damping,

∆u̇i = uj − uk is the relative velocity, and j, k are the nodes of the ith interface.
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The calculation of the modal damping is performed into two steps : The first step is to
evaluate the response of the system using a time integration solver, for example the Runge-
Kutta method [6]. This step requires the transformation of the second-order equation (1)

ü = M−1(fext(t)− fnl(t, u̇)−Ku− Cu̇) (3)

and by applying a change of variable y1(t) = u(t) and y2(t) = u̇(t) on the equation (3) we
obtain the following first-order system{

ẏ1 = y2
ẏ2 = M−1(fext(t)− fnl(t, y2)−Ky1 − Cy2)

(4)

The second step consists in the calculation of the modal damping with the following expression

ξν =
1

4π

Ediss
ν

Epot
ν

(5)

Dissipated energy is calculated by the following expression :

Ediss
ν =

T∫
0

u̇(t)Tfc(t)dt+
n inter∑
i=1

T∫
0

∆u̇i(t)
Tf inl(t)dt (6)

where

• T = 2π
ων

Cycle of periodic vibration of mode ν

• fc(t) = Cu̇(t) Dissipated force due to the material

• n inter Number of interfaces in the system

Potential energy is calculated as follow :

Epot
ν =

1

2
u(ων)

TKu(ων) (7)

where

• u(ων) = ‖umax‖ ejϕ Frequency response deduced from the temporal response

• ‖umax‖ Maximum amplitude of the time response in a vibration cycle of the established
regime when the structure is excited at the resonance frequency ων

• ϕ Dephasing angle between the Dofs and the external load

The above method was implemented in Matlab and will be considered as the reference method
when comparing damping results with the iterative energetic method IEM.
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2.2 Iterative Energetic Method IEM

The Iterative Energetic Method consists in calculating modal damping using a multiscale ap-
proach which is divided in two main steps : step (1) local nonlinear contact analysis to estimate
energy dissipation and step (2) estimate modal damping for the globally linear elastodynamic
structure.

The present method is based on the ideas presented in earlier work [4, 5]. The main advan-
tage of the IEM method is to avoid the high computational burden associated with to reference
approach. It is based on calculating the modal damping by the ratio between dissipated energy
and maximal potential energy, over a cycle of periodic vibration, as described in the equation
(5). Meanwhile the estimation of both dissipated and potential energies requires an accurate
characterization of the response levels of the system and the latter remains an approximation
since they depend a priori on a knowledge of the different dissipation mechanisms. An itera-
tive approach, as described by figure(1), is thus needed to converge when estimating the modal
damping for the global system.
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Figure 1: Flowchart of iterative process

The Flowchart of figure (1) presents the iterative process of the IEM. To calculate the νth total
modal damping ξν , we assume damping is equal to material damping (ξ0ν = ξmatν ) in the iteration
0. The modal amplitude qν is then calculated using this incorrect material damping. Next the
interface damping ξInterfaceν is calculated. The sum of these two sources of modal dissipation
due to material and interface effects provides the estimation of the total modal damping in the
iteration 1. If the difference between the successive damping is more than the convergence
coefficient ε, the process continues to the next iteration to correct consecutively the modal
amplitude q(i+1)

ν , the energies and the next modal damping estimation. These steps are repeated
iteratively until convergence. Once the convergence obtained the eigenmode is actualized (ων =
ων+1) to calculate the next modal damping of the structure.
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3 Simulations

In this section the system and design parameters will be presented first followed by an inves-
tigation of the validity domain of the IEM.

3.1 System description

The system studied is composed of a beam clamped on one end and connected to a localized
nonlinear dissipative interface on the other end. The system is discretized into ten 2D beam
finite elements (2 DOFs per node). The full model has 20 DOFs. The excitation force is applied
to node number 1 of the beam.

x
b

h

y

mi

ki ci

y

E,ρ, I, L
fext

Figure 2: Simple beam with localized nonlinear dissipative interface

The dissipation force is expressed in terms of the velocity by the equation :

fc(t, u̇) = ci × u̇i (8)

and the nonlinear viscous model is expressed by the following expression

ci = c0 + c1 |u̇i| (9)

where c0 and c1 are two damper coefficients of the nonlinear viscous damping. The used pa-
rameters are performed in table (1).

Beam properties Interface properties

E Steel Young modulus (GPa) 210 ki Linear stiffness (N/m) 106

ρs Steel density (kg/m3) 7800 c0 Viscous damper (N/(m/s)) 20
h Beam thikness (m) 2 10−2 c1 Viscous damper (N/(m/s)2) [0,..,400]
b Beam width (m) 2 10−2 mi Mass (Kg) 2 10−4

L Beam length (m) 0.6

Table 1: Physical and geometric properties of the system.

The first three modes of the associated conservative system are f1 = 214.31Hz, f2 =
505.50Hz and f3 = 1205.85Hz.
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3.2 Validity domain of IEM

The proposed IEM has been implemented on an academic example in MATLAB. Two nu-
merical simulations have been performed in order to highlight its domain of validity. The goal
of this section consists in studying the influence of the following parameters on the accuracy of
this method: external structural loads level and nonlinear localized damping level.

3.2.1 Level of external structural loads

To investigate the effect of high levels of external structural loads a series of simulations
have been performed by changing the load amplitudes while keeping the damping parameters
constant. In this section, the studied parameters are performed in table (2).

Case Force (N) Case Force (N)
1 F = 1 N 6 F = 80 N
2 F = 5 N 7 F = 100 N
3 F = 10 N 8 F = 120 N
4 F = 25 N 9 F = 150 N
5 F = 50 N

Table 2: Load amplitude simulation parameters.

Figures (3) and (4) show the comparison of modal damping between the IEM and the refer-
ence method respectively for the cases F = 10 N and F = 150 N. The error of estimating damping
is greater for the case of high loads (F = 150 N) than the case of low loads (F = 10 N).
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Figure 3: IEM vs. Reference F = 10N
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Figure 4: IEM vs. Reference F = 150N

The evolution of the reference modal damping estimation with the increase of the external
load is given in Figure (5). Here we are interested in the first three modes because in this case
others modes give a few modal damping coefficients (ξν � 1%). Figure (6) presents the error
of damping estimation committed by the IEM. The estimated error increases with increasing
external load level as described in the curves of the figure (6). Figure (6) shows that the error
is minimal for the first three modes when F = 10 N. In the following we will take this value to
excite the system when studying the influence of nonlinear localized damping.
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Figure 6: Error of damping by IEM method (%)

3.2.2 Level of nonlinear localized damping

To investigate the effect of high level of nonlinear localized damping a series of simulations
have been performed by changing the damping amplitudes while keeping the loads amplitude
parameter constant. In this section, the parameter values used are indicated in table (3).

Case Damping c1 Case Damping c1
1 0 5 150
2 20 6 200
3 50 7 300
4 100 8 400

Table 3: Nonlinear localized damping simulation parameters

To have an idea of the level of the localized nonlinear damping we compare the restoring
force versus velocity between two cases : Figure (7) shows a nonlinear localised damper level
with a nearly linear behavior and Figure (8) shows a high nonlinear localised damper level.
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The evolution of the reference modal damping estimation with the increase of the localized
nonlinear damper level is given in Figure (9). Figure (10) presents the evolution of the estima-
tion error for the three first modes of the system. When the nonlinear damper level increases
the error of damping estimation by IEM increases too.
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4 CONCLUSIONS

In this paper, the iterative energetic method is presented and investigated for specific condi-
tions in nonlinear interface joints in order to study its limitations. The method is based on the
ratio between the dissipated energy in the interfaces and potential energy of the global structure.
Firstly, the authors compared the modal damping calculated by two methods with the aim of
demonstrating the effects of the external structural loads. Secondly, the effects of the localized
damping level when nonlinear localized viscous damping increases was investigated. Finally,
when dealing with nonlinear systems, the IEM method is computentially faster than the refer-
ence method but it is less accurate for estimating precise results of modal damping in these both
cases of high level of external structural loads and high nonlinear localized damper level.
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Abstract. In this paper, we investigate the frequency response of a 2D array of coupled pen-
dulums under parametric excitation. We developed a computational model while considering
the main source of nonlinearities. The nonlinear equations of motion are derived and solved
using the Harmonic Balance Method (HBM) coupled with the Asymptotic Numerical Method
(ANM). Numerical simulation are performed in the case of 3X3 array to investigate the effect
of changing the coupling coefficients in the 2D direction and adding an imperfection on the
collective dynamics of the array.
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1 INTRODUCTION

The sine-Gordon model and its discrete analog are ubiquitous models in mathematical physics
with a wide range of applications extending from chains of coupled pendulums [1] and Joseph-
son junction arrays [2] to gravitational and high-energy physics models [3, 4]. For instance,
Ikeda et al. investigated the behavior of intrinsic localized modes (ILMs) for an array of cou-
pled pendulums subjected to horizontal [5] and verical [6] sinusoidal excitation. Thakur et al.
[7] analyzed the collective dynamical behavior of an array of coupled pendulums with a small
fraction of random long-range connection under parametric excitation. Moreover Alexeeva et
al. [8] demonstrated the stabilizing effect of adding length impurities on a chain of pendulums
parametrically excited. The collective dynamics has been studied for several one-dimensional
discrete systems. However, to our knowledge, few analyses were devoted to bidimensional
systems like Josephson junction oscillator arrays [9]. In this context, a computational model
for the nonlinear dynamics of a 2D array of coupled pendulums under parametric excitation is
proposed. The principal goal is to track the frequency responses of the considered system in
terms of bifurcation topologies and energy transfer with respect to the excitation amplitude and
to investigate the effects of adding an impurity to the system.

The coupled nonlinear equations of motion have been solved using the harmonic balance
method coupled with the asymptotic numerical continuation technique [10]. Several numerical
simulations have been performed for a particular set of design parameters and two configura-
tions with respect to the coupling coefficients in both directions have been considered. It is
shown that the number of branches, their stability and the bifurcation topology of the frequency
response of each pendulum can be tuned with respect to an added impurity.

2 PROBLEM FORMULATION

The discreet system, depicted in Figures 1 and 2, is composed of n equidistant horizontal
axle Ai. Along these axles, at equally spaced intervals, there are p similar pendulums. Each
pendulum consists of a rigid rod, with a mass m attached at the end. At rest, all the pendulums
point down the vertical. θi,j the angle between the (i, j) pendulum and the downward vertical,
kx and ky are the linear torque constant respectively in x and y axis. By neglecting the mass
of the rigid rods, all the pendulums have the same moment of inertia I = ml2, where l is the
length of the pendulum. The considered periodic structure is excited by vibrating the support
that holds the system. The driven frequency of the parametric force is equal to 2ω and with
amplitude Ae. The boundary conditions are θ0,j = θi,0 = θn+1,j = θi,n+1 = 0. The potential
and kinetic energy of the system can be written as:

V =
∑
i,j

1
2
kx(θi,j − θi−1,j)

2 + 1
2
kx(θi,j − θi+1,j)

2 + 1
2
ky(∆i,j−1 − d)2 + 1

2
ky(∆i,j+1 − d)2

mg (l − l cos (θi,j)− Ae cos (2ωt))
(1)

T =
∑
i,j

1

2
mv2i,j (2)

Where ∆i,j+1 is defined as the distance between the mass attached to the pendulum (i,j) and
(i,j+1) and can be written as:

∆i,j+1 = d+ lsin (θi,j+1)− lsin (θi,j) ≈ d+ lθi,j+1 − lθi,j (3)

and vi,j is the velocity of the moving mass of (i, j) pendulum,
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−→vi,j =
−−→
ṙOA + ~ω ×−−→rAP (4)

where

−−→
ṙOA = 2Aeωsin(2ωt)~k ~ω = θ̇i,j~i

−−→rAP = l
(

sin (θi,j)
−→
j − cos (θi,j)

−→
k
)

The Lagrange equations are:

d

dt

(
∂L

∂θ̇i,j

)
− ∂L

∂θi,j
= Qi,j (5)

where L = T − V and Qi,j = αlθ̇i,j is the generalized forces applied to the (i, j) pendulum
and α is the damping coefficient.

The resulting equation of motion of the (i, j) pendulum is obtained as:

ml2θ̈i,j + αlθ̇i,j + kx (2θi,j − θi+1,j − θi−1,j) + l2ky (2θi,j − θi,j+1 − θi,j−1)
+ml [g + 4Aeω

2 cos (2ωt)] sin(θi,j) = 0
(6)

By expanding sin(θi,j) in Taylor series up to the third order, the equation (6) can be written as:

ml2θ̈i,j + αlθ̇i,j + kx (2θi,j − θi+1,j − θi−1,j) + l2ky (2θi,j − θi,j+1 − θi,j−1)
+ml [g + 4Aeω

2 cos (2ωt)]
(
θi,j − 1

6
θ3i,j
)

= 0
(7)

Equation (7) describes a system of Duffing oscillators coupled by linear springs kx and ky in
the x and y directions and subjected to parametric excitation (4mlAeω2 cos(2ωt)). To determine
the natural frequencies and their eigenvectors, Equation (7) can be written as:

Mθ̈ +Bθ̇ +Kθ +G (θ, t) = 0 (8)

with

M =

 ml2 0
. . .

0 ml2

 ;B =

 αl 0
. . .

0 αl

 ;

K =

 mgl + 2kx + 2l20ky −kx 0 −l20ky 0 · · · 0
...

...
...

...
...

...
...

0 · · · 0 −l20ky 0 −kx mgl + 2kx + 2l20ky


Where M denotes the mass matrix, B the damping matrix, K the stiffness matrix with di-

mension Npen ×Npen and G contains the nonlinear terms with dimension Npen, where Npen is
the number of pendulums in the array. The natural frequencies ων and the eigenvectors θν of
the corresponding linear system can be computed by solving the following eigenvalue problem(

K − ω2
νM
)
θν = 0 (9)

3 SOLVING PROCEDURE

The goal of this section is to determine numerically the periodic solutions of the 2D periodic
system. Therefore, we use the harmonic balance method and the asymptotic numerical method
(HBM and ANM). But first, we rewrite the nonlinearity of the system (7) in a quadratic form.
This technique is not applicable for any equation of motion, because some nonlinearity cannot

3060



Aymen Jallouli, Najib Kacem and Noureddine Bouhaddi

be transformed into quadratic terms [10]. Consequently, we transformed the equation (6) into
equation (7) by developing the sin term to the third order Taylor series expansion. Let us
consider an autonomous system of differential equations:

Ẏ = f(Y, λ, t) (10)

where Y is a vector of unknowns, f is a smooth nonlinear vector valued function and λ is a
real parameter. The dot represents the derivative with respect to time t. First, we transform the
system (10) into a new system where the nonlinearities are quadratic, which can be written as
follows:

m
(
Ẏ
)

= c (λ, t) + l (Y ) + q(Y, Y ) (11)

where c (λ, t) is a constant vector with respect to Y , l(Y ) is the linear vector and q(Z,Z) is the
quadratic vector. After writing the system in a quadratic form, we decompose the solution into
Fourier series:

Y (t) = Y0 +
H∑
k=1

Yc,k cos (kωt) + Ys,k sin (kωt) (12)

By replacing this solution in Equation (10) and expanding f(Y, λ) into Fourier series, we
obtain an algebraic system with 2H + 1 vector of unknowns Yi the unknown pulsation ω, and
the parameter λ. The components of the Fourier series are collected into column vector U that
contains all the unknowns Yi with a size (2H + 1)Neq; U = [Y T

0 , Y
T
c,1, Y

T
s,1, . . . , Y

T
c,H , Y

T
c,H ]

where Neq is the number of equation in (10). The system (12) is transformed into a quadratic
one with (2H + 1)Neq and can be written as:

ωM (U) = C + L (U) +Q(U,U) (13)

where M(.), C, L(.) and Q(., .) are operators depending on m(.) , c, l(.) and q(., .). Once the
algebraic system is obtained, we use the asymptotic numerical method (ANM) to solve it. In
order to apply the ANM, Equation (12) is reformed into:

R (U, ω) = C + L (U) +Q (U,U)− ωM (U) = 0 (14)

4 RESULTS AND DISCUSSION

In this section, we consider a small array of 3 × 3 coupled oscillators where the extreme
pendulums are coupled to the frame.

θ0,j = θi,0 = θ3,j = θi,3 = 0, i, j ∈ {1, 2, 3} (15)

Figure 3 displays the frequency responses of 3 × 3 arrays of pendulums parametrically ex-
cited and having the same coupling springs in the x and y direction (kx = l2ky. The physical
parameters are listed in Table 1. The dotted and the solid lines denote the unstable and the

configuration mass length excitation damping kx ky Impurity
1 0.1kg 0.2m 0.01m 0.01Ns/m 0.5 0.5/l0

2 0%
2 0.1kg 0.3m 0.0075m 0.01Ns/m 0.15 0.5/l0

2 0%
3 0.1kg 0.3m 0.0075m 0.01Ns/m 0.15 0.5/l0

2 5%

Table 1: Design parameters of the array configurations
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Figure 3: Frequency responses of the 2D array of pendulums for the first configuration listed in Table 1

stable steady state solutions, respectively. The equidistant pendulums with respect to the center
of the array have the same response which is illustrated by the three resonance regions. As we
can notice the curves bend to the left and exhibit softening characteristics due to the negative
sign of the cubic nonlinearity (−mgl

6
θ3i,j). For this configuration, we notice that there are triple

and double resonant frequency and the apparent modes are equal to three because the other
eigen-modes are perpendicular to the excitation vector.

The second configuration of Table 1 considers two different coupling springs in the x and y
directions. In this case, the system becomes symmetric with respect to the central pendulum.
Therefore, the number of stable regions increases as shown in Figure 4,. By solving the system
(8), no triple or double eigen-frequencies are found and the number of excited modes is equal
to four.

To create the disorder in the array, we introduce an impurity in the system. We change the
length of one pendulum in the array. To do so, we choose to increase the length of the pendulum
located in the position (1,2) by 5%. By comparing this configuration to the pervious one, we
remark that the system loses its symmetry and each pendulum has a specific frequency response.
In this case, the number of resonant regions increases, which leads to the augmentation of the
stable solutions (Figure 5).

5 CONCLUSION

In this paper, the nonlinear dynamics of a small 2D array of pendulums was modeled by
determining the equation of motion of each pendulum using the Lagrange equations. The ob-
tained system has been solved using the Harmonic Balance Method (HBM) coupled with the
Asymptotic Numerical Method (ANM). The collective dynamic was investigated by plotting
the frequency responses for several configurations. We demonstrated that for an axisymmetric
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Figure 4: Frequency responses of the 2D array of pendulums for the second configuration listed in Table 1
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Figure 5: Frequency responses of the 2D array of pendulums for the third configuration listed in Table 1
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array, where the coupling coefficient are equal (kx = l2ky), the pendulums that are equidistant
with respect to the center of the array has the same frequency response. However, by changing
the coupling coefficients, the system becomes symmetric and this leads to an augmentation of
the number of the steady state solutions which can be tuned with respect to an added impurity.
In a future work, the intrinsic localized modes of the proposed system will be analyzed in terms
of existence and stability in presence of impurities.
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Abstract. During post-earthquake reconnaissance after the March 11, 2011 Tohoku Earth-
quake, the writers examined a damaged parking ramp structure. The structure was a two-
story steel structure with a 52.5 by 48.5-m floor plan which relied on chevron braces for lat-
eral load resistance. The earthquake damaged nearly all first-story braces in their connection 
to the beam. The majority of bracing connections had fractured in the east-west frame while 
many bracing connections were distorted, but none of them fractured, in the north-south 
frame. The cause of the observed damage was examined by detailed finite element simulations. 
Planar models of the structure, one extracted from the east-west frame and another extracted 
from the north-south frame, were subjected to static cyclic loading and to a ground motion 
record obtained within 800 meters from the structure. The simulation captured the main fea-
tures of the observed damage. The results suggest that the bracing connections in the east-
west frame failed under a compressive force much smaller than the buckling load of the brace. 
Although they failed similarly, the bracing connections in the north-south frame were almost 
strong enough to develop the compressive strength of the brace. This difference may explain 
the reason why the damage differed in severity between the two loading directions. While 
fracture was not explicitly modeled in the simulation, the computed plastic strain indicated 
that the observed fracture in the bracing connections was due to severe cyclic deformation 
produced while the brace was in compression.  
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1 INTRODUCTION 

Steel concentrically braced frames have been used widely in high-seismic regions due to 
their efficiency in meeting lateral-load resisting requirements. Based on extensive research 
since the 1970’s, it is well known that the cyclic loading performance of steel braces depend 
on their slenderness ratio and on the width-to-thickness ratio of their cross sectional elements, 
and that adequate detailing of the bracing connection is critical to avoid premature fracture at 
the end of the brace. These findings have been reflected in design codes around the world [1, 
2]. In terms of analysis capabilities, researchers have proposed methodologies to predict the 
occurrence of fracture from cumulative damage and capture the structural response following 
brace fracture [3, 4]. Despite the substantial advances in research, many steel braced frames 
performed poorly in recent earthquakes [5, 6]. This paper examines a parking ramp structure 
damaged by the March 11, 2011 Tohoku earthquake. The member proportion and connection 
details of this structure represented common practice in Japan. Results from detailed finite 
element simulation are used to discuss the possible causes of the damage and means to im-
prove the seismic performance of steel braced frames. 

2 THE DAMAGED STRUCTURE 

During post-earthquake reconnaissance after the 2011 Tohoku Earthquake, the writers ex-
amined a damaged parking ramp structure. The structure was a two-story steel structure with a 
52.5 by 48.5-m, 9 by 7-span floor plan, comprising square-hollow structural section (HSS) 
columns, I-section beams, and round-HSS braces, all of galvanized steel. The beams were 
simply connected to the columns, and single-lap bolted connections were used for the bracing 
connections. Although not confirmed, it is believed that the base of the column base (which 
was covered in asphalt and hence not visible) was connected to a foundation through a base 
plate and anchor rods. Fig. 1 shows the primary dimensions and sections in the east-west and 
north-south braced bays. The slenderness ratio of the braces based on the diagonal, face-to-
face distance between the beam and column, was 54 in the east-west bay and 69 in the north-
south bay. The residual story drift ratio was 0.01 rad. in the east-west direction but minimal in 
the north-south direction. As indicated in Fig. 2, nearly all first-story braces were damaged in 
their connection to the beam. The majority of bracing connections had fractured in the east-
west frames while many bracing connections were distorted, but none of them fractured, in 
the north-south frames. The damage is extremely concerning because this structure relied 
solely on the braces for lateral-load resistance. The structure was sealed from entry when the 
writers visited, and demolished shortly afterwards. 

The use of single-lap bolted connections in the bracing connections seemed to be a primary 
cause of the extensive damage. The difference in out-of-plane flexibility was believed to have 
caused the fracture to occur only in the upper-end gusset plate and not in the lower-end gusset 
plate. Fig. 3 shows bracing connections at different stages of failure, from (a) out-of-plane 

Figure 1. Primary dimensions of braced bay in: (a) east-west frame; and (b) north-south frame. 
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Figure 2. Damaged parking ramp: (a) photo; and (b) floor plan indicating damage location in the first story. 

Figure 3. Connection damage: (a)bent out of plane; (b) fracture initiation; and (c) complete fracture. 

distortion, (b) fracture initiation near the termination of the welds connecting the brace to the 
gusset plate, to (c) complete fracture. Although the cause of damage seemed to be straight-
forward, a number of questions remained after the field study. Most notably, why was the 
damage clearly more severe in the east-west frames than in the north-south frames, and what 
was the actual lateral strength of the structure? 

3 FINITE EEMENT MODELS 

In order to seek answers to the questions, detailed numerical simulations were conducted 
using the finite element analysis software ADINA [7]. Separate planar, single-bay chevron 
braced frame models were constructed to represent the east-west frame and north-south frame. 
The columns were pinned at the base and the beams were simply connected to the columns. 
As shown in Fig. 4, the planar models were laterally braced at locations where orthogonal 
beams framed into the column or beam. The finite element models used isoparametric solid 
elements at regions where plastic deformation was expected. The regions expected to remain 
elastic were modeled by a beam element with 7 degrees of freedom at each end node. Two 
solid elements were used across the material thickness to capture local deformation and local 
buckling. At the bracing connection, the spliced material was merged at the faying surface 
and the bolts were not explicitly modeled. Material nonlinearilty was modeled based on the 
von Mises yield criteria and combined hardening rule assigning a 1:19 ratio between kinemat- 
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Figure 4. Finite element models: (a) statically loaded, single-story; and (b) dynamically loaded, two-story model. 

ic and isotropic hardening. Geometric nonlinearity was modeled using a large displacement-
small strain formulation. Unless stated otherwise, the brace was assigned a yield strength of 
295 N/mm2 and all other material was assigned a yield strength of 235 N/mm2. The material 
strength values represented the specified minimum strength of structural steel in Japan. 

The single-story model shown in Fig. 4a was subjected to static cyclic loading. Load was 
applied in displacement control, equal at both ends of the beam, increasing the story drift ratio 
from elastic cycles up to ±0.018 rad., and repeating each cycle twice.  

The two-story model shown in Fig. 4b was connected to an elastic gravity column and 
concentrated mass that represented the system mass divided by the number of braced bays in 
the loading direction (16 in the east-west direction, 15 in the north-south direction). This 
model was subjected to a ground motion record obtained at a station within 800 meters from 
the structure. Raleigh damping was employed by assigning a damping ratio of 0.02 to the first 
two vibration modes.  

4 ANSLYSIS RESULTS 

4.1 Static Analysis 

Fig. 5 plots the relationship between story shear and story drift ratio obtained from the stat-
ic, cyclic loading analysis. Fig. 6 plots the relationship between axial force and elongation of 
one of the two braces (the brace that is first compressed), obtained from the same analysis. 
Each figure shows results obtained from the single-story, east-west and north-south model. 
Fig. 6 indicates the tensile yield strength 885 kN, and maximum compressive strength 689 
and 621, respectively, for the east-west and north-south frame, computed according to the 
Japanese provisions [1] and based on the yield strength 295 N/mm2.  

Fig. 5 shows that both models exceeded the elastic limit at a story drift ratio of 0.003 rad., 
and subsequently experienced a drop in strength. The response gradually stabilized as the de-
formation amplitude increased, although, as described later, the apparently stable response 
relied on unrealistic deformation in the bracing connections. It is also noted that the stiffness 
of the system degraded to 30% of the initial value as the deformation increased. Fig. 6 shows 

Load
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Mass

Mass

Rotation restraint
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Figure 5. Static, cyclic loading response: (a) east-west model; and (b) north-south model. 

Figure 6. Hysteresis of brace in: (a) east-west model; and (b) north-south model. 

that deformation of the brace progressed primarily in the shortening direction. This is a com-
mon feature of braces placed in a chevron arrangement: Due to the force unbalance following 
buckling of the compressed brace, the beam deflects downwards, and therefore, further elon-
gation of the brace is prevented while contraction is promoted. A striking difference is noted 
between the strength of the two braces. While the north-south brace developed the yield 
strength in tension and the buckling strength in compression, the east-west brace developed 
less than half the design strength in tension or compression. 

Fig. 7 shows the deformation of the model at the end of the analysis where the model was 
deformed to a story drift of -0.018 rad. In both models, deformation concentrated in the up-
per-end bracing connection. The beam is deflected downwards, as described above, due to the 
force unbalance between the two braces. In fact, throughout the analysis, all other members 
remained elastic while the upper-end bracing connection folded and straightened, and the 
beam deflected downwards twice within each loading cycle. The deformed shape suggests 
that, due to the intrinsic eccentricity in the single-lap connection and lack of edge support, the 
gusset plate deformed out of plane when compressed. The computed deformation coincides 
with the damage of the original structure described previously. 

Out-of-plane deformation of the gusset plate started at a compressive force merely half of 
the buckling load of the brace in the east-west model, and near the buckling load of the brace 
in the north-south model. Analysis of the north-south model was repeated by reducing the 
yield strength of the brace from 295 to 235 N/mm2. In this analysis, the brace buckled prior to 
failure of the gusset plate, and subsequently, inelastic action concentrated in the braces rather 

-1000

-800

-600

-400

-200

0

200

400

600

800

1000

-0.02 -0.01 0 0.01 0.02

St
or

y 
Sh

ea
r F

or
ce

(k
N

)

Story Drift Angle (rad)

-1000

-800

-600

-400

-200

0

200

400

600

800

1000

-0.02 -0.01 0 0.01 0.02

St
or

y 
Sh

ea
r F

or
ce

(k
N

)

Story Drift Angle (rad)(a) (b)

-1000

-800

-600

-400

-200

0

200

400

600

800

1000

-60 -40 -20 0 20

Br
ac

e 
Ax

ia
l F

or
ce

 (k
N

)

Brace Elongation (mm)

Compressive Strength

Yield Strength

-1000

-800

-600

-400

-200

0

200

400

600

800

1000

-60 -40 -20 0 20

Br
ac

e 
Ax

ia
l F

or
ce

 (k
N

)

Brace Elongation (mm)

Compressive Strength

Yield Strength

(a) (b)

3069



Taichiro Okazaki, Yuriko Kato, Naoto Kotani, Mitsumasa Midorikawa, Tetsuhiro Asari 

Figure 7. Deformed model at end of analysis: (a) east-west model; and (b) north-south model. 

than in the gusset plates. Consequently, in compression, the gusset plate was substantially 
weaker than the brace in the east-west model, but the gusset plate and brace were similar in 
strength in the north-south model. While fracture was not explicitly modeled in the simulation, 
the computed plastic strain indicated that the observed fracture in the bracing connection (see 
Fig. 3) was due to severe cyclic deformation produced while the brace was in compression. 

4.2 Dynamic Analysis 

The same modeling scheme was used to construct a two-story model representing the east-
west frame (see Fig. 4b). Concentrated floor mass was assigned to a continuous gravity col-
umn whose elastic properties equaled that of three columns independent from the lateral-load 
resisting system in the east-west direction. Although not shown in this paper, the simulated 
damage was similar to that obtained in the static analysis, and resembled the actual damage. 

Fig. 8 shows the relationship between axial force and elongation obtained for one brace 
each from the first and second stories. As in Fig. 6, the design strength in tension and com-
pression are indicated in the figure. Despite the presence of an elastic gravity column, damage 
concentrated in the first-story braces while the second-story braces remained elastic. This is 
contrary to the actual damage where the same failure in the bracing connection was found in a 

Figure 8. Hysteresis of braces in: (a) second story; and (b) first story. 
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large number of second-story braces as well as first-story braces. This discrepancy may be 
due to the fact that, while the first-story stiffness must have degraded gradually in the original 
structure, buckling of a brace caused a drastic  loss of stiffness in the single-bay model. Fig. 
8b indicates that the braces failed to develop their strength expected in design. The axial de-
formation was smaller than the imposed deformation in the static analysis. The residual de-
formation was minimal at the end of analysis. Work is ongoing to improve the model such 
that the results better match the observed damage. 

5 CONCLUSIONS 

Detailed finite element simulations were conducted to examine a parking ramp structure 
that was damaged by the 2011 Tohoku earthquake. The following are the primary findings 
obtained from the simulation results. 

• The finite element analyses were able to reproduce the damage observed in the original
structure. The results suggest that fracture of the gusset plate was due to the deformation
concentration when the brace was in compression.

• The finite element analyses indicated that the gusset plate was significantly weaker in the
east-west frame than in the north-south frame. This result may explain the substantial dif-
ference in damage between the two frames.
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Abstract. Recent earthquakes have dramatically shown the importance of cladding connec-

tions on the seismic response of precast buildings. In the present work, a numerical investiga-

tion on the behaviour of precast structures with RC panel walls with ‘fixed’ connections is 

reported. Simplified structural calculations and numerical analyses show that the seismic 

forces induced to the connections of the panels can be quite large. An extensive numerical 

and experimental program has been performed at the Laboratory for Earthquake Engineering 

of the National Technical University of Athens, Greece, within the framework of the FP7 Eu-

ropean project SAFECLADDING, for the investigation of the behaviour of integrated connec-

tions and their effect on the overall structural response. In the numerical analyses presented 

herein, the behaviour of the panel-beam connections was modeled with inelastic rotational 

springs which were calibrated against the experimental data. The results show that the roof 

diaphragm has a profound effect on the way the forces are transmitted to the structural mem-

bers and on the forces induced to the connections. For typical ground motions compatible 

with the code requirements, the inelastic response is generally restricted to the columns, 

while the panels behave practically elastically. 
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1 INTRODUCTION 

In common design practice of precast structures, RC cladding panels are not designed to 

contribute to the structure’s lateral stiffness but are connected to the structure with fastening 

devices dimensioned to bear the panels’ self-weight, wind loads and seismic loads corre-

sponding to the panels’ mass only. However, the behaviour of cladding wall systems in recent 

strong earthquakes, v.i.z. Gölcük, Turkey (1999); Düzce, Turkey (1999); L’Aquila, Italy 

(2009); Lorca, Spain (2010); Emilia, Italy (2012), dramatically showed that simple connec-

tions typically applied in practice are insufficient to resist the large forces induced to them 

during strong ground shaking, resulting to severe damage to the connections and collapse of 

the panels. 

New innovative panel-to-structure connections and novel design approaches for a correct 

conception and dimensioning of the fastening system to guarantee good seismic performance 

of the structure have been investigated within the FP7 European project “SAFECLADDING: 

Improved fastening systems of cladding wall panels of precast buildings in seismic zones”, 

GA No. 314122. Part of this investigation concerned fixed panel connections, referred as “in-

tegrated”, which are designed to resist the large seismic forces that develop in them since the 

panels contribute to the lateral load resisting system of the structure. To this end, experimental 

and analytical investigations on the behavior of fixed connections and their effect on the over-

all response of the structure were performed at the Laboratory for Earthquake Engineering of 

the National Technical University of Athens (NTUA), Greece [10]. 

In the integrated systems, the panel connections are based on a hyperstatic arrangement of 

the fixed supports of each panel. Typically, vertical panels are used connected to the beams at 

four points (Figure 1a) or at three points (Figure 1b). Horizontal panel arrangements could 

also be used, however they are not recommended as they transfer large forces to the columns 

to which they are connected. For this reason, horizontal panels are not examined in this paper. 

Several mechanisms can be used to materialize fixed panel-to-beam connections, as simple 

connections made of protruding bars (‘rebar’ connections – Figure 2) or more sophisticated 

connections made of industrially produced bolted shoes. The analyses presented herein are 

based on connections of the first type. 

 Figure 2 shows a panel of height up to the zero-moment point (shear length, ℓs), which is 

equal to one half of the total height in case of Figure 1a, and equal to the full height in case of 

Figure 1b. The connecting bars provide the tensile strength in the tension zone, while concrete 

provides the resistance in the compression zone. 

(a) (b) 

Figure 1. Arrangement of vertical panels with: (a) four connections; (b) three connections. 
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Figure 2. ‘Rebar’ connections: resisting mechanism at the panel-to-beam joint under seismic loading. 

2 NUMERICAL MODELLING OF PANELS 

2.1 General considerations 

The overall lateral response of precast panels with integrated connections to lateral loading 

consists of the deformation of the panel itself and the response of the connection under ten-

sion. It is not easy to model this response numerically, since the latter involves tensile yield-

ing of the bars and local debonding. For this reason, a simplified model is proposed, 

consisting of linear elements and nonlinear springs, capable to capture the overall response of 

the panel and the connections. In this model (Figure 3), the panel is modelled with 5 elastic 

beam elements while the panel-to-beam connections are modelled with hinges.  

The panel behaviour is captured by the vertical beam element placed at the centerline of 

the panel and four horizontal elements are used to materialize the width of the panel and the 

eccentric connections with the beams. The inelastic response of the connections is modelled 

with inelastic rotational springs placed at the ends of the vertical beam element, the properties 

of which (moment – rotation law) are determined from an independent finite element analysis, 

as explained in the ensuing. Due to the opening of the panel-beam joint, zero-length nonlinear 

springs are used, since the overall nonlinear behaviour at the joint corresponds to a plastic 

hinge of zero length. In the out-of-plane direction, these springs behave elastically.  

In Figure 3, the modelling of panels with four connections is shown. In case of panels with 

three connections, the same model can be used but with zero stiffness assigned to the top ‘ze-

ro-length spring’, in order to take under consideration that the panels are free to rotate at their 

top. 

2.2 Moment – rotation law of the panel connections 

As mentioned above, the Lumped Plasticity model is considered at the ends of the panels, 

where the overall inelastic behaviour at the panel-beam joint is modelled with zero-length 

springs. For the determination of the moment – rotation law that governs the behaviour of 

these springs, a special finite element analysis was performed using SAP 2000 [2]. 

V 

N 

ℓs 
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Figure 3. Numerical model of panel with four connections. In case of panel with three connections, the stiffness 

of the top ‘zero-length spring’ is set to zero. 

Analyses were performed for panels with four and three connections. In the former case, 

the top beam was also included in the model (Figure 4a); in the latter, the panel was free at its 

top (Figure 4b). Both the panel and the beams were modelled with shell elements, while the 

connection bars were modelled with beam elements. In order to account for the possible 

debonding of the connection bars from the surrounding concrete, the nodes of the rebars were 

not connected directly to the corresponding nodes of the shell elements (modelling the panel 

or the beam), but through nonlinear springs, the behaviour of which was elastic – perfectly 

plastic. Thus, the ‘bond’ springs were yielding when the bond strength was reached, allowing 

local loss of the bonding along the bars. In order to capture well the local debonding, a quite 

dense mesh was applied around the rebars (max node distance was 20 mm). The joint between 

the panel and the beam was modelled with tensionless springs (gap elements). Representative 

results are shown in Figure 5. 

The behaviour of the connections predicted by the numerical model was calibrated against 

the results of experiments conducted at NTUA concerning this type of connection. To this end, 

numerical models representing the test specimens (panels of height 2.65 m and length 1.50 m 

connected to the beam at their base and free at their top – Figure 2) were used and the derived 

capacity curves were compared with the experimental results for monotonic and cyclic load-

ing. In this way, the appropriate properties of the springs modelling the bond between the 

connection bars and the concrete and the parameters of the contact springs were determined.  
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(a) (b) (c) 

Figure 4. Model used for the analysis of the inelastic behaviour of panel-beam connections: (a) panels with four-

point connections; (b) panels with three-point connections; (c) detail of connection. 

(a) (b) 

Figure 5. Representative numerical results: (a) deformed shape; (b) axial force induced to the connection bar at 

the final step of the analysis. 

A comparison of the numerical results with the experimental data for the finally selected 

parameters is shown in Figure 6 for connections made of 125 rebars, in which the horizontal 

force at the top of the panel versus the top displacement of the panel is plotted. It can be 

observed that the numerical behaviour captures accurately the initial stiffness and the post 

yield response, but the yield force is somehow overestimated. 

Panel 

Beam 
Tensionless springs 

 (joint elements) 
Rebar 

Elastic – perfectly 

plastic springs 

(bond elements) 
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Figure 6. Comparison of the numerically predicted overall response (red line) of a panel with two bottom 

connections made of 125 bars with experimental data for monotonic (blue line) and cyclic (black line) 

excitation. 

3 CASE STUDY 

As a case study, a single-storey industrial building of dimensions: length 60 m, width 40 m 

and height 7.5 m (Figure 7) was considered. The roof consisted either of Y shape precast ele-

ments or double-tee elements. In the former case, the roof elements were connected at a single 

point with the beams (Figure 8a) and were not connected to each other; thus, there was small 

diaphragmatic action in the roof (denoted as ‘null diaphragm’). In the latter case, two configu-

rations were examined: double-tee’s not connected to each other (denoted as ‘deformable dia-

phragm’ – Figure 8b) or double-tee’s connected to each other (denoted as ‘rigid diaphragm’ – 

Figure 8c).  

The columns and the beams were of orthogonal cross section of dimensions 600 mm  600 

mm and 800 mm  800 mm, respectively. Vertical panels of cross section 2500 mm  200 

mm were placed at all external sides, covering the full perimeter and the full height of the 

building. Analyses were performed for panels with three connections and for panels with four 

connections. The connections were made of vertical rebars of grade B500C and varying di-

ameter (Table 1) and concrete grade C45/55. The building was designed according to EC2 [3] 

and EC8 [4]. 

Figure 7. Plan view and cross section of the building considered. 
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(a) (b) (c) 

Figure 8. Roof Configurations: (a) null diaphragm; (b) deformable diaphragm; (c) rigid diaphragm. 

Panel in X direction Panel in Y direction 

4-point 3-point 4-point 3-point 

125 225 128 228 

Table 1. Rebars of the connections considered. 

Property Beam Roof Panel 

Young's modulus [GPa] 36.0 36.0 36.0 

Shear modulus [GPa] 14.4 14.4 14.4 

Cross section’s area [m2] 0.640 0.375 0.500 

Torsional moment of inertia [m4] 0.0577 0.0017 0.0063 

Second moment of inertia about local z axis [m4] 0.0341 0.2035 0.0017 

Second moment of inertia about local y axis [m4] 0.0341 0.0177 0.2604 

Table 2. Element properties. 

The analyses were performed using OpenSees [8]. The numerical model consisted of beam 

elements representing the columns, the beams, the roof elements and the panels (their 

properties are shown in Table 2). In all analyses, the mean strength of steel and concrete was 

taken into account ([3], [5], [9]). In order to deal with the numerical inconsistencies that 

derive from localization problems of reinforced concrete frame elements appropriate 

regularization techniques were applied ([1], [6], [7]). 

Following the precast concrete practice, pinned connections between beams and columns 

were adopted. Therefore, beams were simply supported and were modelled with elastic 

elements. For the columns, distributed plasticity model with 5 integration points was used for 

the plastic hinges and the moment‐curvature relationship was idealized with a tri-linear curve 

connecting the points corresponding to the concrete cracking, the yield of the reinforcement 

and the concrete spalling. Plastic hinges could also form at the connections of the panels, 

which were modelled with the zero-length rotational spring mentioned above (Figure 3).  

The roof elements were considered to behave elastically and were connected to the top of 

the beams with hinged connections (Figure 9a), either at a single point (Y-shape elements) or 

at two points (double-tee elements – Figure 9b).  

Analyses were performed for two different behaviour laws concerning the roof-to-beam 

connections, namely: (a) fully elastic connections (non-yielding); (b) elastic – plastic connec-

tions (yielding). In the first case, forces of unrealistically large magnitude can develop in the 

roof-to-roof, roof-to-beam and beam-to-column connections for rigid diaphragms and strong 

ground motions, due to the kinematic constraints imposed to the deformation of the beams by 

the double-tee elements. For this reason, yielding roof-to-beam connections were considered 

in case (b), representing a “more realistic” situation. In this case, the resistance of the connec-

tions was determined taking under consideration the friction and the dowel action of the steel 

angle bolts, which was calculated according to Vintzeleou & Tassios formula ([11], [12]). 
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(a)
(b)Figure 9. Roof-beam connections: (a) Schematic representation of the kinematic constraints; (b) Modelling of

double-tee elements. 

As mentioned above, the panels were modelled with five elastic beam elements and 

nonlinear zero-length rotational springs accounting for the overall nonlinear behaviour of the 

connections. For the determination of the moment – rotation constitutive law of these springs, 

pushover analyses were performed for the considered connections (Table 1) using the models 

of Figure 4. The derived capacity curves were transformed to bilinear curves, while sudden 

loss of strength was considered after the breakage of the bars. In order to capture the 

behaviour of the connection under cyclic loading, a hysteresis law was added. In Figure 10 

such a hysteretic law for an indicative connection is depicted, while in Figure 11 the final 

idealised moment – rotation curves for the connections considered are shown. 

Figure 10. Hysteretic Moment – Rotation model of 

panel – beam connections made of 120 rebar and 

panels with four connections. 

Figure 11. Idealised Moment – Rotation capacity 

curves of various panel – beam connections. 

4 RESULTS OF THE NUMERICAL ANALYSES 

4.1 Modal Analyses 

Modal analyses were performed for buildings with integrated panels connected at three and 

four points and for buildings without panels; in the latter case, the panels contributed only 

with their mass (un-connected panels) while the structural system consisted of the bare frame 

only. Due to the large in-plane stiffness of the panels, the expected displacements of the build-

ings with panels were small and, for this reason, the columns were considered with their 

uncracked stiffness. Although this does not hold for the buildings without panels, the 

uncracked stiffness of the columns was also considered in that case in order to get comparable 

results. 

As expected, the modes of vibration of the buildings with and without panels differ signifi-

cantly. When the stiffness of the panels was neglected, the fundamental modes in both hori-

zontal directions were translational with periods ranging from 0.90 to 1.19 sec for all types of 

Roof beam element"Efective width" element

Rigid elementBeam

Hinged connection Floor Rib
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roof diaphragm. For the buildings with integrated panels, there were not clearly translational 

modes, while the effect of the diaphragmatic action was of major importance. The periods of 

the most important modes in each direction are given in Table 3. Indicative graphical repre-

sentations of the most important mode are shown in Figure 12 for the building with deforma-

ble diaphragm. 

No. of 

connections 

per panel 

Diaphragm 

rigidity 

Long direction Short direction 

Mode 

No. 

Period 

[sec] 

Mode 

No. 

Period 

[sec] 

4-point 

connections 

Null 3 1.03 1 1.17 

Deformable 7 0.41 1 0.66 

Rigid 8 0.34 1 0.60 

3-point 

connections 

Null 3 1.03 1 1.17 

Deformable 7 0.43 1 0.68 

Rigid 6 0.40 1 0.64 

Without 

panels 

Null 3 1.13 1 1.19 

Deformable 2 0.90 1 0.93 

Rigid 2 0.99 1 1.03 

Table 3. Periods of the important modes. 

Figure 12. Most important mode of vibration for the building with deformable diaphragm. 

4.2 Nonlinear Response History Analyses 

For the nonlinear response history analyses (NLRHA), the modified Tolmezzo accelero-

gram (Figure 13a) was used. The record was modified to fit the EC8, type A response spec-

4-point connections 

x-direction  
4-point connections 

y-direction  

3-point connections 

x-direction  
3-point connections 

y-direction  

Unconnected panels 

x-direction  
Unconnected panels 

y-direction  
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trum for soil category B (Figure 13b). Runs were performed for three levels of the peak 

ground acceleration (pga), namely: pga = 0.18 g (corresponding to 0.15 g for soil type A), 

pga = 0.36 g (corresponding to 0.30 g for soil type A) and pga = 0.60 g (corresponding to 

0.50 g for soil type A). 

(a) (b) 

Figure 13. Modified Tolmezzo Accelerogram record used in the NLRHA: (a) Acceleration time history; (b) 

Response spectrum for pga=0.36 g and comparison with the EC8 spectrum. 

The results show that the inelastic response observed in the structures was mainly due to 

the inelastic response of the columns and not of the panels, which behaved almost elastically. 

It is noted that, even for the rigid roof diaphragm, the drift of the internal columns and the 

columns located around the middle of the sides normal to the loading direction was consider-

ably larger than the drift of the columns located at the external sides parallel to the loading 

direction (Table 4), which shows that there is significant in-plane deformation of the roof dia-

phragm leading to the yielding of the columns.  

In general, it can be said that the response of structures with panels connected at four 

points showed similar characteristics with the response of structures with panels connected at 

three points.  

Max drift [%] 
Long direction Short direction 

0.18 g 0.36 g 0.60 g 0.18 g 0.36 g 0.60 g 

External column in the side aligned with 

the direction of loading  

0.09 0.16 0.33 0.10 0.30 0.56 

External column in the side normal to the 

direction of loading 

0.18 0.29 0.46 0.43 0.81 1.27 

Internal column 0.18 0.29 0.46 0.31 0.64 1.06 

Table 4. Maximum column drifts for the building with non-yielding roof-to-beam connections, rigid diaphragm 

and panels connected at four points. 

When non-yielding roof-to-beam connections were considered, large forces developed in 

the roof-to-roof, roof-to-beam and beam-to-column connections, which in many cases ex-

ceeded their resistance. This phenomenon is attributed to the horizontal deflection of the lon-

gitudinal roof beams, which is restricted by the in-plane large stiffness of the double-tee 

elements. This is shown schematically in Figure 14: due to the deformation of the longitudinal 

beams, the displacements d1 and d2 at the two points where the double-tee roof elements are 

connected to the beams (at the bottom of their vertical ribs) are different from each other re-

sulting in the distortion of the roof elements. It is evident that such large forces cannot devel-

op in reality, as the roof-to-beam connections would yield or break leading to the relaxation of 

the internal forces induced to the structure.  

Indeed, when yielding roof-to-beam connections were considered, the forces induced to 

beam-to-column connections were significantly reduced. However, large relative displace-
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ments of the roof occurred in this case, which were affected by the diaphragmatic action of 

the roof and the intensity of the ground motion. The largest displacements were recorded for 

the flexible roof configuration and pga = 0.60 g, whereas no relative displacements generally 

occurred for pga = 0.18 g.  

Figure 14. Deformation of roof double-tee elements during seismic loading. 

5 CONCLUSIONS 

The following conclusions can be drawn from the performed analyses: 

 Buildings with integrated panel connections, resulting in the participation of the panels to

the main structural system, are considerably stiffer than similar buildings with isostatic

connections.

 Τhe response of the structure with panels connected at four points shows in general simi-

lar characteristics with the one with panels connected at three points. However, there are

differences in the values of the base shear and the top displacement.

 In systems with panels with integrated connections, the roof diaphragm has a profound

effect on the way the forces are transmitted to the panels and the columns and, thus, af-

fects significantly the overall seismic response. On the contrary, in buildings with panels

free to move, the roof diaphragm rigidity does not affect the response of the structure.

 The nonlinear time history analyses performed for the modified Tolmezzo record show

that much larger forces and displacements are induced to the internal columns than the

external (façade) columns. The former behaved inelastically even for weak base excita-

tions (pga = 0.18 g).

 The observed inelastic response is generally due to the inelastic response of the columns

and not of the panels.

 In some connections, such as the roof-to-roof, roof-to-beam and beam-to-column, signif-

icant variation of the forces between connections located at different positions was ob-

served. The larger forces developed at the roof-to-beam connections located close to the

four corners of the building due to the horizontal deflection of the longitudinal beams

during the seismic response, which cannot be easily accommodated by the double-tee

roof elements due to their large in-plane stiffness. This phenomenon was significantly re-

laxed when yielding roof-to-beam connections were considered, but large relative roof

displacements were observed in this case.
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Sergio Sánchez Gómez1, Mihai I.Badila2, Andrei Metrikine2

1TU Delft
Faculty of Civil Engineering and Geosciences
Stevinweg1, 2628CNDelft, The Netherlands

e-mail: s.sanchezgomez, M.I.Badila, A.Metrikine@tudelft.nl

Keywords: Nonlinear dynamics, friction damping, LuGre model, Galerkin method.

Abstract. In this paper the dynamics of a frame with bolted connections is studied both theo-
retically and experimentally. The connections are described using the Lund-Grenoble(LuGre)
model. The problem of the dynamic response of the frame to a pulse load is studied using the
Galerkin approach that reduces the governing equations to a set of nonlinear ODE’s. They are
latter solved numerically. It is shown that the theoretical predictions match the experimental
observations well.
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1 Introduction

Nowadays buildings are becoming taller but also lighter and more slender. Those character-
istics make buildings more sensitive to dynamic loads. Damping is an important but most uncer-
tain parameter in the dynamic response of buildings under wind excitations. As a consequence,
several researchers attempted to study it. Davenport [1] defined the main sources of energy
dissipation in a tall building. Jeary [2] showed the relevance of the friction due to crack forma-
tion during high amplitude vibration and established a relation between damping and amplitude
of vibration. Tamura [3] made significant improvements in damping prediction by developing
practical models and applying data analysis methods [4], such as the random decrement tech-
nique to building measurements. Lagomarsino [5] developed a theoretical model to predict the
friction damping in a building. However, he concluded that the model was not directly appli-
cable. Because of the large amount of uncertainties in the damping prediction, developing a
theoretical model to assess damping in buildings becomes very difficult. Only empirical for-
mulas based on building measurements are available. All the mentioned researchers stated the
importance of friction damping during high amplitude vibration scenarios in the damping pre-
diction. The friction effects in a building can be very complex because they involve different
phenomena that occur randomly such as the stribeck effect [6] and stiction effect [6] among
others. The occurrence of these phenomena depends on many factors such as the construction
material, the number of connected walls, the structural design of the building etc. The principal
idea of this study is to find a general damping mechanism which captures the most important
friction phenomena occurring in a building in high amplitude vibration scenarios. To this end, a
friction damping mechanism called Lund-Grenoble(LuGre) model [7] is implemented. The de-
tails of this model are described in the following section. In order to get a better understanding
of the LuGre mechanism a simple lab scale experiment has been carried out. In this paper an
analytical approach to solve a case study applying the LuGre damping mechanism is presented.
Moreover, the solutions of the model are compared with the lab scale experiment.

2 Model approach and governing equations

2.1 Model approach

Several damping mechanisms, ranging from linear viscous ones to complex combined mech-
anisms, are well described in literature [8, 9, 10]. Linear damping mechanisms are unlikely to
predict damping in a high amplitude vibrations of buildings. This is because at high amplitudes
the rubbing between contact surfaces produce friction. The friction damping has a nonlinear
behaviour based on different phenomena (stribeck and stiction among others) that occur in an
irregular manner. These phenomena make the magnitude of the friction change depending on
the amplitude of vibration. Therefore, the focus on nonlinear mechanisms is necessary. Based
on the goal of this study, the implementation of a single damping model to capture all the most
important phenomena happening in a large amplitude vibration of buildings is needed. In conse-
quence, the decision of using the LuGre model in this particular study was made. This decision
is based on the fact that this is a general model that tackles the most relevant phenomena occur-
ring when friction is present. The LuGre model was designed to deal with the friction between
the surfaces of machine components. However, for this work an adaptation of this model in
order to deal with friction in structural engineering problems is made. In this paper the LuGre
model is applied to describe the dynamics of a frame structure. The results of the conducted
study are compared with the data obtained from a lab scale experiment.
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2.2 The LuGre model

In this section the LuGre model is presented in Eq. (1) and Figure (1). This model is an
extension of the Dahl’s model [6]. The Dahl’s model, is a combination of the viscous model
[11], Coulomb model [6] and the stiction model. However, the LuGre model, incorporates
the bristle interpretation. The bristles represent the asperities at the microscopic level of the
surfaces. This can be seen in Figure (1).

Figure 1: Bristle interpretation of the LuGre model

The LuGre model, is a combination of more simple damping models. This, also gives a
very interesting point of view because with the simplification of the LuGre model, several other
models are implicitly implemented.

FL(v, z) = σ0z + σ1ż + σ2ẋ

ż = ẋ− ẋ

g(ẋ)
z

g(v) =
1

σ0

(
Fc + (Fs − Fc)e

−( ẋ
vs
)
2)

(1)

The LuGre model contains different parameters. Where FL is the friction force, ẋ is the
relative sliding velocity at the friction interfaces, σ0 is the bristle stiffness, σ1 is the nonlinear
damping coefficient, Fc is the Coulomb friction force, Fs is the stiction force, σ2 is the linear
viscous coefficient, and vs is the stribeck velocity.

2.3 Case study

In this paragraph the application of the LuGre model in a case study is formulated and de-
scribed below. The study consists in modeling a lab scale bolt connected steel frame. However,
for simplification only one connection is taken into account. The model consists in a continuous
Euler-Bernoulli beam [12] with a discrete element in its boundary as shown in Figure (2). The
discrete element is composed by a translational spring and a friction mechanism. The friction
damping mechanism is implemented using the LuGre model. In order to carry out the analytical
nonlinear problem the Galerkin approach is employed.
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2.3.1 Governing equations

The equation of motion and the boundary conditions for the model under consideration can
be written in the following form(note that the LuGre element is accounted in the equation of
motion):

Figure 2: Physical interpretation of the model

EI
∂4w(x, t)

∂x4
+ ρA

∂2w(x, t)

∂t2
= δ(x− L)F (t)− δ(x− L)FL(ẇ, ż, z)

w(0, t) = 0

∂w(0, t)

∂x
= 0

−EI ∂
2w(H, t)

∂x2
= 0

−EI ∂
3w(H, t)

∂x3
= −kw(H, t) (2)

Where w(x, t) is the beam deflection, E is the Youngs modulus, I is the moment of inertia
of the cross sectional area, ρA is the inertial mass per unit of length, δ(x−L) is the Dirac delta
function [13], F (t) is the external load and FL(w, z, z) is the friction force.

The solution is assumed to be in the following form:

w(x, t) =
∞∑
n=1

Wn(x)qn(t) (3)

Where Wn(x) are the eigenfunctions that satisfy the boundary conditions and qn(t) are the
unknown time dependent functions. Substituting Eq. (3) into the equation of motion and making
use of the orthogonality condition, the Galerkin projection is formulated.

∫ H

0

(
EI

∞∑
n=1

W
′′′′

n (x)qn(t) + ρA
∞∑
n=1

Wn(x)q̈n(t)
)
Wn(x)dx = (4)

∫ H

0

(
δ(x− L)F (t)− δ(x− L)FL(

∞∑
n=1

Wm(x)q̇m(t), ż, z)
)
Wn(x)dx
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2.3.2 Evaluation of the natural frequencies and eigenfucntions

First, the eigenfunctions Wn(x) should be determined before the solution can be carried out.
The modes are calculated using the following equation of motion

EI
∂4w(x, t)

∂x4
+ ρA

∂2w(x, t)

∂t2
= 0 (5)

and the boundary conditions given in Eq. (2). The physical representation of such a system
is as shown in Figure (3).

Figure 3: Model without the non-linear components

Note that the friction damping mechanism and the input force are not included in the Eq. (5),
but they are accounted as a part of the equation of motion in Eq. (2). This enables to use the
Galerkin approach. The solution of Eq. (5) is assumed as:

w(x, t) =W (x)cos(wt+ φ) (6)

Substituting Eq. (6) into Eq. (5) the eigenvalue problem can be formulated.

W
′′′′
(x)− β4W (x) = 0 (7)

where β4 = λ2ρA
EI

and the general solution for W (x) is:

W (x) = C1e
βx + C2e

−βx + C3e
iβx + C4e

−iβx (8)

inserting the general solution into the boundary conditions of Eq. (2), the natural frequencies
and the mode shapes can be obtained: 1 0 1 0

0 1 0 1
cosh(βH) sinh(βH) −cos(βH) −sin(βH)

(Hβ)3sinhβH − H3k
EI
cosh(βH) (Hβ)3coshβH − H3k

EI
sinh(βH) (Hβ)3sinβH − H3k

EI
cos(βH) −(Hβ)3cosβH + H3k

EI
sin(βH)


 C1

C2

C3

C4

 = 0
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Sergio Sánchez Gómez, Mihai I.Badila, Andrei Metrikine

Now, by setting to zero the determinant the natural frequencies can be determined.

det(β) = 0 (9)

The eigenfunciton of the system can be obtained after the determination of the coefficients
Ci.

W (x) = cosh(βnx)− cos(βnx)−
cosh(βnH) + cos(βnH)

sinh(βnH) + sin(βnH)
(sinh(βnx)− sin(βnx)) (10)

2.3.3 Application of the Galerkin method

Once the natural frequencies and eigenfunctions are determined, the solution of the complete
system can be carried out. Note that on the right hand side of Eq. (2) the Dirac delta function is
presented. Therefore, in order to work out the right hand side of the equation a property of the
Dirac delta function is applied [13].

∫ ∞
−∞

(
δ(x− L)FL(

∞∑
m=1

Wm(x)q̇m(t), żn, zn)
)
Wn(x)dx = FL(

∞∑
m=1

Wm(H)q̇m(t), żn, zn)
)
Wn(H)(11)

this leads to:

(λ2nqn(t) + q̈n(t)
)
ρA

∫ H

0
W 2
n(x)dx = F (t)Wn(H)− FL(

∞∑
m=1

Wm(H)q̇m(t), żn, zn)
)
Wn(H)(12)

Finally a set of equation can be formulated as.

q̇n = vn (13)

v̇n =
F (t)Wn(H)− FL(

∑∞
m=1Wm(H)q̇m(t), żn, zn

)
Wn(H)

An
− λ2nqn(t)

żn = v̇n −
v̇n
g(v̇n)

zn

where:

An = ρA
∫ H

0
W 2
n(x)dx (14)

A numerical method is used in order to solve this system of ordinary differential equations.
The procedure is repeated adding modes until the system converges in order to find a sufficiently
accurate solution.
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3 Experimental set up

In this section the experimental set up is presented. It consists of three steel beams with
the following dimensions 1x0.1x0.01m. The beams are connected forming a frame shape; the
vertical beams are assumed to be fully clamped. The horizontal beam is bolted through a square
connection to the vertical beams (Figure (4)). Therefore, we force the system to generate more
friction due to a larger friction surface. In this experiment several tests were performed. In
order to excite the structure a hammer with a force transmitter was used to introduce an impulse
signal to the structure.

Figure 4: Experiment set up

First, the response of the structure was measured using a fully tight connection. The response
of the system, measured from the accelerometer closer to the connection can be noted from
Figure (5a). Second, the influence of the loosen connection was tested. Therefore, the lower
bolts of the connection were loose and subsequently hand tightened. In consequence, higher
friction and hence, higher damping was measured with the same accelerometer. This can be
noted comparing the decay signal of Figure (5a) with Figure (5b).

(a) Response signal of the structure with the fully
tight connection

(b) Response signal of the structure with loosen
bolts

Figure 5: Measured signals

Finally, filtering the signal of test with the loosen connection it can be noted how nonlinear-
ities appear in the system (Figure (6)).
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Figure 6: Filtered signal of the loosen bolts test

4 Results

The procedure proposed above (section 2) is used in this section to present the results of
the study. The natural frequencies and the responses of the model are compared with the mea-
surements from the experiment. Moreover, the sensibility study of the model parameters is
presented. Although this is not a comprehensive analysis, several conclusions can be elucidated
from studying how the parameters of the model influence the dynamic behaviour of the system.
The properties of the system are described in Table (1).

Material properties
Young modulus (E) 200e9 N

m2

Density (ρ) 7850 kg
m3

Geomerty
Lenght (L) 1 m
Width (b) 0.1 m

Thickness (t) 0.01 m

Table 1: Material properties and geomerty

4.1 Natural frequencies and mode shapes

According to the procedure described in section 2.3.2. The modes are approximated by
setting the non-linear parts to zero. This means that the natural frequencies and the mode
shapes are determined using Eq. (5) and the boundary conditions described in Eq. (2). The
experimental data obtained in the test with the fully tight connection (Figure (5a)) is used to
compare it with the approximated natural frequencies obtained with the model(Figure (7a)).
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Figure 7: a) Modes of the model and the measurement; b) Model mode shapes

The stiffness of the attached spring is very difficult to determine experimentally. Therefore,
it is tuned in order to match the natural frequencies of the experimental result of the fully tight
connection test. As a result can be seen how the natural frequencies of the model match the
results obtained from the experimental data.

4.2 The system response

Once the modes are found the system can be evaluated by using Eq. (2). Therefore the
friction element and the input force are taken into account. The LuGre mechanism contains
several parameters as described in section 2.2. This means that the influence of these parameters
can be determined.

4.2.1 The influence of the LuGre parameters

The influence of the LuGre parameters is examined in the following figures.

(a) Coulomb friction (b) Bristles stiffness
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(c) Bristles damping (d) Overall viscous damping

(e) Stiction force (f) Stribeck velocity

Figure 10: LuGre parameters interpretation

From Figure (10a) it can be seen that the Coulomb friction is a parameter with a high influ-
ence on the performance of the friction damping. As occurred with the Coulomb friction the
stiffness of the bristles σ0 has a high influence on the total damping of the system(Figure (10b)).
Moreover, the damping coefficient of the bristles σ1 has a very important influence on the decay
(Figure (10c)). The damping of the overall system has a large influence in the decay of the
system as can be noted from Figure (10d). The effects of the stiction force are shown in Figure
(10e). It can be noted that the influence of the stiction force is negligible. The final examined
parameter is the stribeck velocity. This parameter has a little influence on the performance of
the system as can be noted from Figure (10f).

As a consequence of the parameters examination, the parametrization of the model can be
performed. Therefore, the following table contains a range of values suitable to match the case
study.

σ0 σ1 σ2 Fc Fs vs
101.8 101.8 0.001 1 1.5 0.001

Table 2: LuGre parameters

A value for the different parameters has been selected in order to reproduce the output ob-
tained from the lab scale experiment. The model results in comparison with the experimental
data can be noted in Figure (11).
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Figure 11: Comparison of the time domain response of the model and the experiment

From Figure (12), it can be seen that the results of the model match relatively well with the
results obtained in the experiment.

Figure 12: Detailed observation of the time domain response of the model and the experiment

5 Conclusions

In this paper, an analysis of the implementation and parameterization of the LuGre model
has been accomplished. For this purpose, a case study which reproduces as accurately as pos-
sible, the response of a lab scale bolt structure has been performed. The reproduction of this
experiment is performed using the LuGre model included as a boundary condition of an Euler-
Bernoulli beam. In further research this model will be used in order to capture the response of
another type of connections. The purpose is to use a single model, in this case the LuGre model
in order to capture the friction-associated dissipation in a wide spectrum of conditions.
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Abstract. In this paper, a computational model for large amplitude vibrations of a parametri-
cally excited carbon nanotube (CNT) is developed. The continuous model includes geometric
and electrostatic nonlinearities. The Galerkin discretization is used to transform the nonlinear
partial differential equation to a finite degrees of freedom system which is numerically solved
using the harmonic balance method (HBM) coupled with the asymptotic numerical method
(ANM). The influence of higher modes on the nonlinear dynamics of the considered resonator
is investigated in order to retain the number of modes which will be used by the HBM+ANM
procedure. It is shown that at least two modes are required in order to predict accurately the
CNT frequency responses.
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1 INTRODUCTION

Nano electromechanical systems (NEMS) have an important impact in a variety of domains
such as the mass detection. Several types of NEMS resonators have been developed like can-
tilevered sensors, clamped-clamped beams and arrays of beams. Due to their reduced size,
NEMS have high frequencies (1 GHz), low power consumption and quality factor in the range
of 102-104. These tiny devices permit the investigations of nonlinear properties such as bifurca-
tion topology, bistability and periodic attractors.

The mass spectrometry is the detection of tiny amounts of mass [1] and it is used for highly
sensitive tasks. It provides quantitative identification of individual protein species in real time
[2]. A Mass spectrometer is composed essentially by three parts: analyte ionization, analyte
separation and detection [3]. It allows to achieve femtogram (1 fg = 10−15 g), attogram (1 ag =
10−18 g) and zeptogram (1 zg = 10−21 g) resolutions. Recently, some devices can reach the
mass sensitivity of the range of dalton (1 Da = 1 AMU ) [4].

When attaching a mass to a resonator, the particle will change the mass response of the sen-
sor. Therefore, the frequency shifts in the fundamental mode of vibration [5]. For an efficient
detection of this particle, we should have an accurate method that allows the simultaneous de-
tection of the mass and position. In addition, if we want to reach ultrasensitive sensing, the
material composing the sensor plays an important role for precision. Due to the low mass of
the nanotube (few attograms), a tiny amount of atoms deposited onto it represents a significant
fraction of the total mass. Furthermore, nanotubes are mechanically ultra-rigid permitting the
increase of the resonance frequency. Hence, the carbon nanotube (CNT) is the most appro-
priate device for mass detection applications [6]. Several investigations were done in order to
develop a technique allowing the simultaneous position and mass detection. But, such algo-
rithms are very complicated and demand a sophisticated mathematical methods to be solved.
The alternative to avoid this problem is to find relations between mass and position of the added
particles and the resonant frequencies of the cantilever by measuring the resonant frequencies
of the beam without and with added mass for several vibrational modes. In [6], the design of a
cantilevered CNT with modeled in the case of the primary resonance.

In this paper, the nonlinear dynamics of a carbon nanotube (CNT) is investigated. To this
end, a multiphysics model of a clamped-clamped carbon naotube parametrically excited and
including the main sources of nonlinearities is developed. An efficient numerical procedure has
been used to investigate the responses of a CNT oscillator for the detection of the mass and the
position of an added particle. The main idea is to provide numerical tools for NEMS designers
in order to enhance the performances of resonant mass sensors.

Firstly, a design of an electrostatically actuated CNT is proposed and modeled. Then, the
system of equations is specifically normalized the electrostatic nonlinearities are expanded up to
the fifth order Taylor series in order to take into account all relevant nonlinear terms for NEMS
[7, 8, 9, 10]. The Galerkin discretization procedure is used in order to transform the multi-
physics continuum problem into a finite system of nonlinear ordinary differential equations in
time. The reduced-order model is solved numerically using the harmonic balance method cou-
pled with the asymptotic numerical continuation technique. Based on these numerical methods,
the frequency responses of the CNT for a specific set of design parameters are derived and in-
vestigated in the nonlinear configurations, so that, we can retain the number of modes which
gives the most accurate results. Finally, the frequency shifts of the resonance peaks are numeri-
cally tracked on the first mode for a particular CNT design and several added masses in different
positions along the NEMS length.
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2 DESIGN AND MODEL

We consider a carbon nanotube (CNT) resonator depicted in Figure 1. It consists of a single
nanobeam with an annular cross section initially straight and clamped at its two ends. It is
actuated by two symmetric electrodes providing an electrostatic force v(t̃) = Vdc+Vac cos(Ω̃t̃),
where Vdc is the dc polarization voltage, Vac is the amplitude of the applied ac voltage, t̃ is the
time and Ω̃ is the excitation frequency.The two electrodes are positioned at a distance d1 from
the fixed end in order to place a piezoelectric or piezoresistive transduction [11] and at a distance
d2 from the free extremity.

The CNT is modeled as an Euler-Bernoulli beam of length L and with a quality factor Q. It
has an internal radius R̃1, an external one R̃2.

VDC

VAC (t) 

g 

2 R 

d1 d2

L 

~ 

~ 

Le

g 

Figure 1: Schematic of a clamped-clamped carbon nanotube electrostatically actuated under parametric resonance.

3 ANALYTICAL SOLVING

Let the small and lumped added mass of massmp and of tiny size fall onto the CNTs surface.
The CNT and the added mass constitute a continuum whose bending behavior is governed by
the following equation applied to an infinitesimal volume dx̃, with δx̃0(x̃) the Dirac function.
The equations of motion of the CNT can be written as [13]:

E I ∂x̃,x̃,x̃,x̃w̃ + ρ A ∂t̃,t̃w̃ + c̃ ∂t̃w̃ + δx̃0(x̃)mp∂t̃,t̃w̃ = E A
2 L

(∫ L
0 (∂x̃w̃)2 dx̃

)
∂x̃,x̃w̃ +H(x̃) F̃

H(x̃) = H (x̃− d1)−H (x̃− L+ d2)

(1)

where ∂x̃ denotes the partial differentiation with respect to x̃ which is the coordinate along
the nanotube length L, ∂t̃ is the partial differentiation with respect to the time t̃, w̃(x̃, t̃) is
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the in-plane bending deflection, E is the effective Young’s modulus, I = π
4

(
R̃2

4 − R̃1
4)

is
the moment of inertia of the circular cross-section, ρ is the density of the nanotube material,
A = π

(
R̃2

2 − R̃1
2)

is the cross-section area and c̃ is the coefficient of the viscous damping
per unit length and mp is the mass of the added particle.

The carbon nanotube is subject to the electrostatic actuation H(x̃) F̃ , where H(x̃) includes
Heaviside functions H in order to indicate the position of the electrodes with respect to the
oscillator, wherein d1 + d2 < L, and F̃ is the electrostatic force expressed as

F̃ =
π ε0(Vdc+Vac cos(Ω̃ t̃))

2√
(g−w̃) (g−w̃+2R̃) (cosh−1(1+ g−w̃

R̃
))

2
− π ε0(Vdc+Vac cos(Ω̃ t̃))

2√
(g+w̃) (g+w̃+2R̃) (cosh−1(1+ g+w̃

R̃
))

2 (2)

where ε0 is the dielectric constant of the gap medium. The boundary conditions are:

w̃(0, t̃) = 0, ∂x̃w̃(0, t̃) = 0, w̃(L, t̃) = 0, ∂x̃w̃(L, t̃) = 0 (3)

3.1 Normalization

For convenience, Equation (1) is normalized. This normalization is particular for our case
because the time constant τ depends on Vdc and k (which we represent later). So, we have
τk corresponding to each mode. The first step is to introduce the following nondimensional
variables into Equation (2):

w = w̃
g
, x = x̃

L
, t = t̃

τk
(4)

with k the mode number.
Then, Equation (1) is divided by the coefficient of ∂t,tw (ρ A g

τ2
) and the electrostatic force is

expanded up to the fifth order Taylor series. The Galerkin decomposition method is applied to
the obtained equation. To this end, the beam deflection w(x, t) can be written in this form

w(x, t) =
Nm∑
k=1

ak(t) φk(x) (5)

where Nm is the number of modes retained in the solution, ak(t) is the kth nondimensional
modal coordinate and φk(x) is the kth normalized linear undamped mode shape of a straight
beam which is the eigenmode solution of

d4φk(x)

dx4
= λ4

k φk(x) (6)

where λk is the solution of the transcendental equation

1− cos(λk) cosh(λk) = 0 (7)

The modal projection consists in substituting Equation (5) into the equation obtained after
the normalization and the division by the coefficient of ∂t,tw , multiplying the result by φk (x),
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using Equation (6) to eliminate d4φk(x)
dx4

and integrating the outcome from x = 0 to 1. Doing so,
we obtain the following equation of motion for the first mode

a′′i + ci a
′
i + ai − 2

Nm∑
j=1

Nm∑
k=1

(∫ 1
0 φkφjφi dx

)
aka

′′
j +

Nm∑
j=1

Nm∑
k=1

Nm∑
l=1

(∫ 1
0 φlφkφjφi dx

)
alaka

′′
j

−2
Nm∑
j=1

Nm∑
k=1

(∫ 1
0 φkφjφi dx

)
cjaka

′
j +

Nm∑
j=1

Nm∑
k=1

Nm∑
l=1

(∫ 1
0 φlφkφjφi dx

)
cjalaka

′
j

−2
Nm∑
j=1

Nm∑
k=1

(∫ 1
0 φkφjφi dx

)
akaj +

Nm∑
j=1

Nm∑
k=1

Nm∑
l=1

(∫ 1
0 φlφkφjφi dx

)
alakaj

−
(
N0 + α1

(
Nm∑
s=1

Nm∑
p=1

(∫ 1
0 φ
′
sφ
′
p dx

)
asap

))
(
Nm∑
j=1

(∫ 1
0 φ
′′
jφi dx

)
aj − 2

Nm∑
j=1

Nm∑
k=1

(∫ 1
0 φkφ

′′
jφi dx

)
akaj +

Nm∑
j=1

Nm∑
k=1

Nm∑
l=1

(∫ 1
0 φlφkφ

′′
jφi dx

)
alakaj

)
= α2 H(x) Fi

(∫ 1
0 φi dx

)
H(x) = H

(
x− d1

L

)
−H

(
x− 1 + d2

L

)

(8)

where d1+d2
L

< 1 and the expressions of the nondimensional parameters introduced in Equa-
tion (8) are

α1 =
E g2 τ2k

2 L4 ρ(1+δx0 (x)m)
, α2 =

τ2k
ρ A g2(1+δx0 (x)m)

Vac Vdc, c = c̃ τk
ρ A(1+δx0 (x)m)

,

Ω = Ω̃ τk, R2 = R̃2

g

(9)

with m = mp

ρ A L
the mass ratio. The electrostatic force Fi is written as

Fi = π ε0(Vdc+Vac cos(Ω t))2√
(1−ai) (1−ai+2 R) (cosh−1(1+

1−ai
R ))

2 − π ε0(Vdc+Vac cos(Ω t))2√
(1+ai) (1+ai+2 R) (cosh−1(1+

1+ai
R ))

2 (10)

Equation (8) can be written in matrix-vector form as

[M0 +M1(a) +M2(a)]a′′ + [C0 + C1(a) + C2(a)]a′ + [K0 +K1(a) +K2(a)]a
−[N0 + α1 T2(a)][KT (a) +KT1(a) +KT2(a)]a = α2 H(x) F1

(11)

where a(t) = [a1(t), a2(t), a3(t), ...., aNm(t)]T . The components of matrices M0, M1, M2,
C0, C1, C2, K0, K1, K2, KT (a), KT1(a) and KT2(a) are respectively M0ij , M1ij , M2ij , C0ij ,
C1ij , C2ij , K0ij , K1ij , K2ij , KT ij , KT1ij and KT2ij:
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M0ij = δij

M1ij = −2
Nm∑
j=1

Nm∑
k=1

(∫ 1
0 φkφjφi dx

)
ak

M2ij =
Nm∑
j=1

Nm∑
k=1

Nm∑
l=1

(∫ 1
0 φlφkφjφi dx

)
alak

C0ij = ci δij
C1ij = cj M1ij

C2ij = cj M2ij

K0ij = δij
K1ij = M1ij

K2ij = M2ij

KT ij =
∫ 1

0 φ
′′
jφi dx

KT1ij = −2
Nm∑
k=1

(∫ 1
0 φkφ

′′
jφi dx

)
ak

KT2ij =
Nm∑
k=1

Nm∑
l=1

(∫ 1
0 φlφkφ

′′
jφi dx

)
alak

(12)

The scalar T2(a) and the entries of F1 are

T2(a) =
Nm∑
s=1

Nm∑
p=1

(∫ 1
0 φsφp dx

)
asap

F1i = Fi
∫ 1
0 φi(x) dx

(13)

In the following section, the system of equations (11) is solved numerically in order to obtain
the frequency responses of the nanotube.

4 NUMERICAL SIMULATIONS

In order to compute the periodic solutions of nonlinear differential equations, for nonlinear
oscillators, three major steps are followed: the first one consists in transforming the nonlin-
earities of the original system into quadratic terms. The second one is the decomposition of
the quadratic recast equations into truncated Fourier series by means of the harmonic balance
method (HBM). The third one is the application of the continuation method (ANM) on the
resulting system. At the end, the numerical results are derived. This method [14] is applied
on system (11). Thereafter, a detailed description of the quadratic recast and of the combined
technique HBM+ANM is given.

4.1 Quadratic recast

A periodically forced system has this form:

ẇ = f(t, w,Ω) (14)

where w is a vector of unknowns, f is periodic in t and Ω is a real parameter. To simplify
the application of HBM method, the first step is to transform Equation (14) into a new system
where the nonlinearities are at most quadratic polynomials as
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m(Ż) = c(t,Ω) + l(Z) + q(Z,Z) (15)

where c is a constant vector with respect to the unknown Z, l(.) is a linear vector with respect
to the vector entry and q(., .) is a quadratic vector linear with respect to both entries.

The following variables are introduced in order to transform Equation (11) into a quadratic
system, as described previously.

v = ȧ (size Nm)
y = v̇ (size Nm)
x = cos(2 Ω t)(size Nm)
Mtot = M1(a) +M2(a)(size N2

m)
Ktot = KT1(a) +KT2(a)(size N2

m)
S = KTtota(size Nm)
T = T2(a) (size 1)
F1 = FF11(a) + FF12(a) (size N2

m)

(16)

System (11) can be rewritten as

ȧ = 0 + v + 0
v̇ = 0 + y + 0
0 = cos(2 Ω t) + −x + 0
0 = 0 + Mtot −M1(a) + −M2(a)
0 = 0 + Ktot −KT1(a) + −KT2(a)
0 = 0 + S + −KTtot a
0 = 0 + T + −T2(a)
0 = 0 + K0 a +

M0 y + C0 v −
N0 KT a − N0 S-
α2 H(x) FF11(a)

+ −N KTtot a −
α1 T a−α1 T S−
α2H(x)FF12(a) x

︸ ︷︷ ︸
m(Ż)= c(t,Ω) + l(Z) + q(Z,Z)

(17)

where Z = (a, v, y,Mtot, S, T, F1)T is the unknown vector of size Neq = 4 Nm + 3 N2
m +

1, c is a constant vector with respect to Z, l(.) and m(.) are linear vectors valued operators
with respect to Z, and q(., .) is a quadratic vector. In our case, for two modes, Neq = 21
corresponding to the number of equations of system (17).

4.2 The harmonic balance method (HBM)

The harmonic balance method is now applied to the system of Equations (17). The unkown
vector Z is decomposed into Fourier series with H harmonics

Z(t) = Z0 +
H∑
k=1

Zc,k cos(kωt) +
H∑
k=1

Zs,k sin(kωt) (18)

Then, column vector U , with size (2H + 1) × Neq, where Neq is the number of equations
in Equation (17), collects the components of the Fourier series as
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U = [Zt
0 + Zt

c,1 + Zt
s,1 + Zt

c,2 + ...+ Zt
c,H + Zt

s,H ]t (19)

Substituting Equation (19) into Equation (17), collecting the terms of the same harmonic
index and neglecting the higher order harmonics, we obtain this set of equations

ωM(U) = C + L(U) +Q(U,U) (20)

It contains (2H+1)×Neq equations for the (2H+1)×Neq unknowns U . OperatorsM(.),
C, L(.), and Q(., .) depend only on the operators m(.), c, l(.) and q(., .) of Equation (17) and
on the number of harmonics H .

4.3 The continuation procedure

From Equation (20), an algebraic system is obtained

R(U) = 0 (21)

where R ∈ RN+1 and U = [U t,Ω, ω] ∈ RN+1. The Asymptotic numerical method (ANM),
which is based on the quadratic recasting, is applied to Equation (20) to obtain

R(U) = L0 + L(U) +Q(U,U) (22)

where L0, L(.) and Q(., .) are respectively constant, linear and bilinear vectors. Then, the
solutions are obtained by considering the branches of solution as power series. Indeed, if U0 is
a point solution, the branch passing by U0 is a power series expansion of the path parameter a =
(U−U0)tU1, whereU1 is the tangent vector atU0 andU(a) = U0+aU1+a2U2+a3U3+...+anUn.
This serie is replaced in Equation (21) where the powers of a are equated to zero providing a
set of linear systems.

5 RESULTS AND DISSCUSSIONS

Due to the symmetry of the problem, the odd modes are retained. Due to the kind of the
dominant nonlinearities, the even harmonics have no influence. In addition and after verifica-
tions, the first harmonic gives the most important informations. So, in our case, we have plotted
the amplitudes Wmax−i, i ∈ {1, 3}, of the first, the third and the fifth modes normalized by the
gap g at x = L and corresponding to the first harmonic.

The frequency responses of the first mode of the carbon nanotube’s configuration of table 1,
without added mass, are represented in Figure 2 when using one or two modes, in order to show
the impact of each mode on the frequency responses and to retain the most appropriate number
of used modes.

The amplitudes of the two frequency responses are remarkably different. Indeed, for a single
mode the amplitude is equal to 0.27% of the gap, however, with two modes the amplitude is
equal to 0.17% of the gap. Hence, we have to use at least two modes in order to obtain the most
accurate results.

Now, we track the frequency response of the first mode when adding a mass at different
positions on the CNT. The two frequencies have a hardening behavior when using a single or
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Table 1: Design parameters of investigated carbon nanotube resonator.

Resonator L(µm) R1(nm) R2(nm) g(nm) Vac(V ) Vdc(V ) Q
1 40 350 500 200 3 15 900

1 Mode 

2 Modes 

 dM=0 

Figure 2: Frequency responses of the first mode when using one and two modes without added mass.

several modes. For our case, the positions can be limited between a clamped end and the middle
of the clamped-clamped nanotube because the two halves of the resonator are symmetric as
shown in Figure 1. In Figure 3, we represent the frequency responses of the first mode of the
CNT (table 1) when adding a mass m = 0.02 at two different positions (δx = 0.5 and δx = 0.1)
for several modes.

1 Mode 

2 Modes 

 dM=2%; dX=0.1; 

(b) 

1 Mode 

2 Modes 

 dM=2%; dX=0.5; 

(a) 

Figure 3: Frequency responses of the first mode when using one and two modes with (a) δM = 2%, δx = 0.5 and
(b) δM = 2%, δx = 0.1.

The amplitudes of the two curves increase for the two cases (Figures 3 (a) and (b)). Indeed,
when a particle is placed at a specific position along the neutral axis of the nanotube, the natural
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frequencies decrease producing an increase on the amplitudes of the frequency responses.

6 CONCLUSION

In this paper, we modeled the nonlinear dynamics of a clamped-clamped carbon nanotube
excited under parametric resonance and including geometric and electrostatic nonlinearities.
Using the Galerkin discretization method, the Euler-Bernoulli partial differential equation de-
scribing the nonlinear motion of the resonator is transformed into a system of coupled nonlinear
ordinary differential equations.

Firstly, we developed a numerical multimodal approach based on the harmonic balance
method (HBM) and the asymptotic numerical method (ANM). It was demonstrated, for several
design parameters, that the use of a single mode is not sufficient to capture the main nonlinear
phenomena of the considered device and for mass detection, at least two modes are required.
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Abstract. A computational multiphysics model for an electrically actuated clamped circu-
lar plate is developed. The Galerkin approach is used in order to transform the continuous
model into a system having finite degrees of freedom. The discretized system is solved using the
harmonic balance method (HBM) coupled with the asymptotic numerical method (ANM). The
effects of the electrostatic excitation on the CMUT frequency responses are investigated for two
set of design parameters. This model is an effective tool for MEMS designers to enhance the
performances of CMUTs in term of generated acoustic power.
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1 INTRODUCTION

Recently, Capacitive Micromachined Ultrasonic Transducers (CMUTs) have attracted the
attention of scientists and engineers and they are used in many applications such as generating
2D and 3D ultrasound images [1, 2], nondestructive evaluation [3] and developing capacitive
pressure sensors [4]. Capacitive actuators have been used more extensively than piezoelectric
ones due to their low mechanical impedance. Moreover, CMUTs can be produced with semi-
conductor fabrication techniques and they can be built on an Integrated Circuit (IC) while, for
piezoelectric transducers, direct integration to IC is generally difficult. Another important ben-
efit of CMUTs is the possibility to sustain to high temperatures which makes them suitable for
high temperature applications such as automobile exhaust gas monitoring.

CMUTs are composed of two micro plates where the bottom electrode is fixed while the top
electrode is vibrating. The distance between the two electrodes is called cavity. The vibration
of the top electrode is due to the combination of the two electrostatic forces: a DC voltage
deflects the microplate downward, and an AC voltage added to the bias voltage causing the
vibration of the membrane which produces ultrasound waves. Several CMUT geometries have
been proposed in the literature and Mendoza-Lopez et al. [5] proved that a circular CMUT has
the highest displacement for the same voltage excitation.

Precise modeling of CMUTs is very important to build an optimized design and to understand
its behavior. Among several modeling techniques, the Finite Element Method (FEM) is the
most used one for CMUTs dynamics investigations [6, 7] or mathematical model validation [8].
Mason [9] suggested an equation of motion that describes the CMUT model assuming that the
deflections at the operating point are small. Based on these equations, Ahrens et al. [10] used
an equivalent electrical circuit for model simulations. Vogl et al. [11] developed an analytical
reduced-order model for an electrically actuated clamped circular plate, taking into account the
external forces and the residual stress. After determining the equation governing the plate, they
studied the frequency response of the CMUT using the multiple scale method on the discretized
model.

In this paper, a computational model for the nonlinear oscillations of circular CMUTs under
primary resonance is developed. The continuous model includes Von Karman and electrostatic
nonlinearities. The modal decomposition is used to transform the nonlinear partial differential
equation into a finite degrees of freedom system which is numerically solved using the harmonic
balance method (HBM) coupled with the asymptotic numerical method (ANM). Several numer-
ical simulations have been performed in order to investigate the influence of design parameters
on the frequency response of the considered MEMS. It is shown that the model enables the
capture of all the nonlinear phenomena of the CMUT dynamics and describes the competition
between the hardening and the softening behaviors. In practice, the proposed model can be used
by CMUT designers in order to tune the impact of nonlinearities on the device performances.

2 PROBLEM FORMULATION

2.1 equations of motion

We consider a clamped circular microplate depicted in Figure 1, actuated by a static elec-
tric force Ṽdc and an harmonic one Ṽaccos(Ωt̃). In this section, the model developed by Vogl
and Nayfeh [11] is used. It describes the nonlinear dynamics of a circular, homogeneous and
isotropic plate, using the following coupled partial differential equations:
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Figure 1: A schematic of a clamped circular plate electrostatically actuated.

ρh
∂2w̃

∂t̃2
+ 2c̃

∂w̃

∂t̃
+D∇̃4w̃ =

1

r̃

∂

∂r̃

(
∂w̃

∂r̃

∂Φ̃

∂r̃

)
+ τ̃h∇2w̃ + F̃ +

ε0ṽ
2
(
t̃
)

2(d− w̃)2
(1)

∇̃4Φ̃ = −Eh
∂2w̃

∂r̃2

(
1

r̃

∂w̃

∂r̃

)
(2)

where

∇̃4 =

(
∂2

∂r̃2
+

1

r̃

∂

∂r̃

)2

(3)

the tilde denotes a dimensional quantity, w̃ is the downward deflection, c̃ is a damping coeffi-
cient, ρ is the material mass density, h is the microplate thickness, Φ̃ is the stress function, E
is Young’s modulus, D is the plate flexural rigidity defined as D = Eh3

12(1−ν2)
, ν is the Poisson’s

ratio, d is the effective gap distance between the top and bottom electrodes, ε0 is the electric
permittivity of the gap medium between the plate and electrode, τ̃ is the residual stress, F̃ is an
additional downward pressure, and ṽ

(
t̃
)

is the applied voltage. The boundary conditions of the
vibrating circular plate are:

w̃
(
R, t̃
)
= 0,

∂w̃(R,t̃)
∂r̃

= 0, w̃
(
0, t̃
)
is bounded

∂2Φ̃(R,t̃)
∂r̃2

− ν
R

∂Φ̃(R,t̃)
∂r̃

= 0, Φ̃
(
0, t̃
)
is bounded

(4)

2.2 Normalization

We nondimensionalize the general equations according to:

r̃ = Rr t̃ = R2

(
ρh

D

)1/2

t w̃ = dw c̃ =
(Dρh)1/2

R2
c

F̃ =
Dd

R4
F ṽ2

(
t̃
)
=

2Dd3

ε0R4
v2(t) τ̃ =

D

R2h
τ Φ̃ = Ehd2Φ

The resulting dimensionless equation can be written as:

∂2w

∂t2
+ 2c

∂w

∂t
+∇4w =

β

r

∂

∂r

(
∂w

∂r

∂Φ

∂r

)
+

τ

r

∂

∂r

(
r
∂w

∂r

)
+ F (r, t) +

v2(t)

(1− w)2
(5)
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∇4Φ = −1

r

∂2w

∂r2

(
∂w

∂r

)
(6)

where β is a nondimensional parameter defined as:

β = 12
(
1− ν2

)
d2/h2 (7)

The nondimensional boundary conditions of the system are:

w (1, t) = 0, ∂w(1,t)
∂r

= 0, w (0, t) is bounded
∂2Φ(1,t)

∂r2
− ν ∂Φ(1,t)

∂r
= 0,Φ (0, t) is bounded

(8)

2.3 Reduced order model

The Galerkin procedure is used in order to transform Equations (5) and (6) into a system of
finite number of ordinary-differential equations by letting

w (r, t) =
N∑

m=1

ηm (t)ϕm(r) (9)

where ϕm(r) is the mth shape function, ηm (t) is the mth generalized coordinate, and N is the
number of retained modes. Due to the symmetry of the problem, only the symmetric modes are
considered. Following Nayfeh [12], the shape functions for a clamped circular plate actuated
by symmetric forces can be written as:

ϕm (r) =
J0(r

√
Ωm)

J0(
√
Ωm)

− I0(r
√
Ωm)

I0(
√
Ωm)

(10)

where J0 and I0 are respectively the first kind Bessel function and the modified Bessel function.
The mode shapes are chosen orthonormal:

1

∫
0
rϕm(r)ϕn(r)dr = δmn (11)

Substituting Equation (9) into Equations (5) and (6), multiplying by (1− w)2rϕq(r) and inte-
grating the resulting equation over r ∈ [0, 1], we obtain the following nonlinear system which
is defined in the appendix.

M (η) η̈ + 2cM (η) η̇ +N (η) η = P (η) + v2(t)L (12)

where M (η) and N (η) are N × N nonlinear matrices and P (η) is N × 1 nonlinear vector
defined in the appendix, η (t) = {η1 (t) , η2 (t) , . . . , ηN (t)} is a N × 1 vector containing the
generalized coordinates.

3 SOLVING PROCEDURE

Vogl and Nayfeh [11] used the multiple scale method to analyze the CMUT primary res-
onance associated to the first bending mode. Nevertheless, the obtained solutions are only
valid for a low level of nonlinearity. Therefore, we propose a computational solving procedure
based on the harmonic balance method (HBM) coupled with the asymptotic numerical method
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(ANM), for which the solutions are valid up to very large displacement compared to the gap.
This technique, proposed by Cochelin and Vergez [13], gives the periodic solutions of a dynam-
ical system when a control parameter is varied. A periodic forced system could be written in
the following form:

Ẏ = f(Y, λ) (13)

where Y is a vector of unknowns, f a smooth vector valued function and λ a real parameter.
The over-dot denotes differentiation with respect to time variable t. We applied the harmonic
balance method on the system to decompose the solution Y (t) into a truncated Fourier series.

Y (t) = Y0 +
H∑
k=1

Yc,k cos (kωt) + Ys,k sin (kωt) (14)

Substituting Equation (14) into Equation (13), we obtain an algebraic system with 2H + 1
vector of unknowns Yi, the unknown pulsation ω, and the parameter λ. The components of
the Fourier series are collected into column vector U that contains all the unknowns Yi with a
size (2H + 1)Neq; U = [Y T

0 , Y T
c,1, Y

T
s,1, . . . , Y

T
c,H , Y

T
c,H ] where Neq is the number of equations

in Equation (13). The latter is transformed into a quadratic one with (2H + 1)Neq and can be
written as:

ωM (U) = C + L (U) +Q(U,U) (15)

where M(.), C, L(.) and Q(., .) are operators which depend on m(.), c, l(.) and q(., .). Once the
algebraic system is obtained, we solve it using the asymptotic numerical method (ANM). To do
so, Equation (15) is reformulated as:

R (U, ω) = C + L (U) +Q (U,U)− ωM (U) = 0 (16)

As a first step, only the first bending mode is considered (N = 1). Equation (12) is reduced to:

(η̈ + 2cη̇ + Ω2η)− 2 (η̈ + 2cη̇ + Ω2η) ηA+ (η̈ + 2cη̇ + Ω2η) η2B
= β

[
−η3

(
C1 +

1+ν
1−ν

C2

)
+ 2η4

(
D1 +

1+ν
1−ν

D2

)
− η5

(
E1 +

1+ν
1−ν

E2

)]
−τηF + 2τη2G− τη3H + I − 2ηJ + η2K + v2(t)L

(17)

Equation (17) describes the dynamic behavior of the CMUT when considering only the first
bending mode. In its quadratic form, Equation (17) can be written as:

ȧ = y
ẏ = z
0 = (ż + 2cy + Ω2a)− 2 (ż + 2cy + Ω2a) aA+ (ż + 2cy + Ω2a)mB
−β
[
−n
(
C1 +

1+ν
1−ν

C2

)
+ 2an

(
D1 +

1+ν
1−ν

D2

)
−mn

(
E1 +

1+ν
1−ν

E2

)]
+τaF − 2τmG+ τnH − I + 2aJ −mK − V V L
0 = −m+ aa
0 = −n+ma
0 = −V + Vdc + Vac cos (ωt)

(18)

m
(
Ẋ
)
= l0 (ω) + l (X) + q (X,X) (19)

where X = (a, y, z,m, n, V ) is the unknown vector of size Neq = 6. Equation (19) is then
implemented in MANLAB, an object-oriented MATLAB program which solves a quadratic
system using the ANM [13].
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Figure 2: Forced frequency responses of the first CMUT design for Vac = 2V and several DC voltages. Wmax is
the out-of-plane normalized displacement of the membrane at its central point.

4 RESULTS AND DISCUSSION

In this section, several numerical simulations have been performed for two set of design
parameters listed in Table 1 in order to investigate the effects of DC and AC voltages on the
CMUT frequency responses under primary resonance.

For the first design, the ratio between the gap and the plate thickness is d/h = 2. Conse-
quently, high DC voltages are needed to reach softening nonlinear behaviors. This is illustrated
by Figure 2 which displays the evolution of the CMUT frequency response with respect to Vdc

for Vac = 2V . Since the excitation term is proportional to Vdc, increasing the DC voltage leads
to an augmentation of the out-of plane displacement of the micro-plate w(r, t). Moreover, the
resonance frequency decreases due to the negative stiffness term which is proportional to V 2

dc.
Remarkably, at a critical Vdc, the CMUT frequency response becomes nonlinear and the curve
bends to the left (softening) due to the amplification of the electrostatic nonlinear terms.

Unlike the effect of Vdc on the CMUT frequency response, the variation of the AC voltage
has a significant impact on the excitation amplitude and a negligible one on the negative electro-
static stiffness. Consequently, the resonance curves become more nonlinear when increasing Vac

without any remarkable frequency shift. This phenomena is displayed in Figure 3 for Vdc = 50V
where the frequency response exhibits a hardening behavior for 3V ≤ Vac ≤ 6V , since the
geometric nonlinearities dominate the CMUT dynamics. Interestingly, for Vac = 7V , the com-

Design effective gap distance plate thickness plate radius quality factor
1 1µm 2µm 60µm 50
2 2µm 1µm 60µm 50

Table 1: Design parameters of considered CMUTs
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Figure 3: Forced frequency responses of the first CMUT design for Vdc = 50V and several AC voltages.

petition between mechanical and electrostatic nonlinearities gives rise to a mixed hardening-
softening behavior [14, 15, 16, 17] for which the displacement at the membrane center exceeded
60% of the gap.

The second design in Table 1 presents a larger gap with respect to the membrane thickness.
Since the excitation amplitude is proportional to g−2 and compared to the first CMUT design,
high DC voltages are needed in order to reach the softening behavior for Vac = 3V as shown
in Figure 4. Moreover, the variation of the spring softening effect with respect to Vdc is slightly
remarkable. Finally, Figure 5 displays the same phenomena described for the first design when
Vac is increased from 3V up to 11V and Vdc = 100V for which the displacement at the mem-
brane center is below 45% of the gap.

5 CONCLUSION

In this paper the nonlinear dynamics of circular CMUTs under primary resonance was in-
vestigated. The mathematical model, that takes into account the electrostatic and mechanical
nonlinearities, is transformed into a set of coupled nonlinear ordinary differential equations us-
ing the Galerkin procedure. The harmonic balance method was then used to decompose the
obtained system into a quadratic one which has been solved using the asymptotic numerical
method. It has been shown that the DC voltage has a direct impact on the resonance frequency
and the hardening or softening nonlinear effects while Vac affects mostly the shape of the res-
onance curves. Moreover, depending on the chosen actuation voltages and the design param-
eters, the frequency response can switch between hardening, softening and mixed behaviors.
In practice, the developed computational model can be used by MEMS designers to improve
the performances of CMUTs in several applications such as High Intensity Focused Ultrasound
(HIFU) in cancer therapy.
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Figure 4: Forced frequency responses of the second CMUT design for Vac = 3V and several DC voltages.
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Figure 5: Forced frequency responses of the second CMUT design for Vdc = 100V and several AC voltages.
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APPENDIX

The reduced order model presented in this paper is defined as:

M(η)η̈ + 2cM(η)η̇ +N(η)η = P (η) + v2(t)L

M(η) = [Mqs(η)] = [δqs − 2ηiAisq + ηiηjBijsq]

N(η) = [Nqs(η)] = [Ω2
qδqs − 2Ω2

qηiAisq + Ω2
qηiηjBijsq]

P (η) = [Pq (η)] = {β[ηmηnηp
(
C1mnpq +

1+ν
1−ν

C2mnpq

)
+ 2ηiηmηnηp

(
D1mnpq +

1+ν
1−ν

D2mnpq

)
−ηiηjηmηnηp

(
E1mnpq +

1+ν
1−ν

E2mnpq

)
]− τηmFmq + 2τηiηmGimq − τηiηjηmHijmq

+Iq − 2ηiJiq + ηiηiKijq}
L = {Lq}

where

Aimq =
1

∫
0
rϕiϕmϕqdr Bijmq =

1

∫
0
rϕiϕjϕmϕqdr C1mnpq =

1

∫
0
ϕ′
qϕ

′
mφ1npdr

C2mnpq =
1

∫
0
ϕ′
qϕ

′
mφ2npdr D1imnpq =

1

∫
0
(ϕiϕq)

′ϕ′
mφ1npdr D2imnpq =

1

∫
0
(ϕiϕq)

′ϕ′
mφ2npdr

E1ijmnpq =
1

∫
0
(ϕiϕjϕq)

′ϕ′
mφ2npdr E2ijmnpq =

1

∫
0
(ϕiϕjϕq)

′ϕ′
mφ2npdr Fmq =

1

∫
0
rϕ′

mϕ
′
qdr

Hijmq =
1

∫
0
rϕ′

m(ϕiϕjϕq)
′dr Iq =

1

∫
0
Frϕqdr Jiq =

1

∫
0
Frϕiϕqdr

Kijq =
1

∫
0
Frϕiϕjϕqdr Lq =

1

∫
0
rϕqdr

with

φ1mn (r) =
1

4r

r

∫
0
ξϕ′

mϕ
′
ndξ +

r

4

1

∫
r

ϕ′
mϕ

′
n

ξ
dξ φ2mn (r) =

r

4

1

∫
0
ξϕ′

mϕ
′
ndξ
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Abstract. An assessment of a four storey prestressed reinforced concrete structure is compared 

to existing results for a full scale shake table test. The E-Defense structure, which was tested in 

2010 and was subjected to the Kobe earthquake record, is a complex concrete structure with 

prestressed rocking shear walls in one direction and a moment frame in the other. This work 

focusses on the seismic performance assessment of the rocking shear wall system subjected to 

the 1990 Kobe earthquake record at three intensity levels (25%, 50% and 100%), as was done 

in the shake table test. The purpose of this study is to assess if, rather than using heuristic 

approaches or experimental data to calibrate the nonlinear elements of a lumped plasticity 

model, a more advanced static nonlinear finite element procedure that can accurately capture 

the complexity of these elements could be used to calibrate the hysteresis of the plastic elements. 

In this study, the hysteretic response of the critical members, namely the rocking shear wall 

and the columns, were obtained through modelling in VecTor2, a two dimensional nonlinear 

finite element tool for reinforced and prestressed concrete structures. These hysteresis were 

then used to calibrate a nonlinear spring at the base of the shear wall in Ruaumoko and a full 

nonlinear time history analysis was conducted. The peak base shear and drift ratio at the peak 

were predicted well. Furthermore, the individual member responses, modeled in VecTor2, ac-

curately captured the crack patterns and failure modes observed in the experiment. To mimic 

situations practitioners would encounter, the results were not adjusted after the analysis was 

conducted, the predictions were conducted in a blind prediction process.  

3117



Giorgio T. Proestos, Hossein Aghabeigi and Paolo M. Calvi 

1 INTRODUCTION AND MODELLING APPROACH 

Current techniques and modelling tools to assess the seismic performance of reinforced and 

prestressed concrete structures are vast. When engineers are faced with assessing the seismic 

performance of a large structure, decisions need to be made as to how complex and detailed the 

model will be. The analysis techniques under consideration may include simplified single de-

gree of freedom models, linear modal analysis, linear fiber models, or more advanced lumped 

plasticity models, nonlinear fiber models, or full nonlinear finite element approaches. Contrib-

uting factors in deciding which approach to use involve with the tradeoff between the time 

required to implement the model, the complexity of the failure modes and the desired perfor-

mance parameters to be assessed.  

In 2010 Nagae et. al. [1] conducted a shake table test of a full scale four storey structure. 

The structure had a prestressed concrete rocking shear wall in one direction and a moment frame 

in the other. This paper outlines a blended approach to model the lateral load resisting system 

in the shear wall direction. The goal of the modelling was to conduct a seismic performance 

assessment that could be compared to experimental results. It was of particular interest to ac-

curately estimate the peak base shear, the peak drifts, and the residual drifts and then to compare 

these results with the experimental values reported in the literature. To mimic conditions faced 

by practitioners, the results were not reviewed until after the full assessment was complete. 

Therefore, no aspects of the model were modified after the initial assessment was conducted. 

One modelling approach to achieve this level of assessment for rocking shear wall systems, 

though not common in practice, is to use solid finite elements. Developing a full nonlinear finite 

element model of the entire structure is time consuming and computationally expensive [2]. 

The computational time for such a model may be on the order of hours or days. A common 

alternative is to use fiber models with zero tension capacity elements at the base of the shear 

wall [3, 4] so that the rocking mechanism can be captured. Similarly, lumped plasticity models 

can be implemented to establish predictions [2, 5]. Although fiber models and lumped plasticity 

models are significantly less time consuming to develop and run, establishing reliable hysteretic 

rules for the nonlinear elements becomes a critical part of the analysis. In situations where ex-

perimental results are not available or there is uncertainty surrounding the heuristic approaches 

used to estimate the hysteresis of the nonlinear elements, an issue commonly faced by practi-

tioners, other procedures are needed to establish those parameters.  

It was the intent of the authors to investigate the quality of an analysis that could be con-

ducted with a lumped plasticity model but using a more advanced approach to estimate the 

hysteretic behaviour of the nonlinear elements. This blended approach has the advantage of 

being much less computationally expensive, the run time being several minutes rather than 

hours or days, and it provides a rational basis to develop the hysteretic rules. Specifically, the 

hysteretic behaviour of the rocking shear wall and the column elements were individually mod-

elled using VecTor2 [6], a two dimensional nonlinear finite element model based on the Mod-

ified Compression Field Theory and the Disturbed Stress Field Theory [7, 8 and 9]. This 

blended modelling approach has the advantage that the VecTor2 modelling can accurately cap-

ture the full reverse cyclic load deformation responses of the elements, rocking mechanism, 

crack widths, prestressing, element stresses, crushing failure modes, shear failure modes and 

yielding failure modes. These elemental hysteresis were then used in a lumped plasticity model 

programmed in Ruaumoko [10] to conduct a nonlinear time history analysis. The global struc-

ture was subjected to the 1990 Kobe earthquake ground motion at 25%, 50% and 100% inten-

sities, cumulatively, as was done in the 2010 E-Defense shake table tests [1]. Since the structure 
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was subjected to progressively larger ground motions the cumulative damage needed to be ac-

counted for in the modelling. As was previously mentioned the results were assessed in a blind 

manner to simulate conditions typical in industry.  

2 STRUCTURE DETAILS 

In the test conducted by Nagae et. al. [1] two structures were tested, a prestressed structure 

and a conventional reinforced concrete structure. Each test specimen had a shear wall in one 

direction and a moment frame in the other. This study is focused on the prestressed structure in 

the shear wall direction. Some details of particular interest include the detailing at the shear 

wall and corresponding prestressing. For instance, although the wall is a rocking system, some 

partially bonded mild steel bars were included at the base of the wall that were intended to yield 

and provide hysteretic energy dissipation. The prestressing tendons, which promote the self-

centering properties of the wall, were unbonded.  

The following details in Table 1, Figure 1 and Figure 2 were used to develop the VecTor2 

and Ruaumoko models, further details can be found in the publication by Nagae et. al. [1]. 

Figure 1: Photograph of experimental setup (left) and cross section of shear wall at the first floor (right), repro-

duced from [1] 

Figure 2: Elevation and plan of experimental setup, reproduced from [1]. 
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As (mm2) fy (MPa) fu (MPa) 

D22 Mild Steel 387 385 563 

21 mm diam. PT Bar (column) 346 1198 1281 

15 mm diam. PT Wire (wall) 140 1777 1969 

Table 1: Steel material properties, reproduced from [1]. 

As was reported in the literature a concrete strength of 60 MPa was used. 

3 VECTOR2 MODELLING 

VecTor2 is a two dimensional nonlinear finite element tool capable of capturing the nonlin-

ear behaviour of the cracked prestressed concrete rocking shear wall and the prestressed col-

umns. Figure 3 shows the models used to develop the hysteretic responses.  

Figure 3: Finite element models for first storey rocking shear wall (left) and column (right). 

In Figure 3, the dark blue regions in the model represent the interior columns of the shear 

wall with higher amounts of reinforcement (see Figure 1). The lighter blue regions represent 

the web region of the shear wall. The dark blue lines represent the partially bonded mild steel 

bars used by the designers as a means to increase the hysteretic damping. The brown lines are 

the unbounded prestressing strands, modelled as truss elements with the appropriate prestress-

ing. The prestressing was implemented with a strain offset in the steel. Except the partially 

unbonded bars and the prestressing strands, the steel is modelled as smeared reinforcement. In 

this 3000 mm tall model of the first storey, the tendons are bonded to the top of the storey when 

in reality the tendons would be anchored to the top of the wall. Therefore, to ensure a uniform 

stress is introduced by the prestressing at the first floor, a row of stiff elements is used, they are 

shown in grey. The rocking is captured using a row of zero strength elements (green) and com-

pression only truss elements (light brown). The stiffness of the compression only elements were 

set to approximate the stiffness of the foundation that was built using high strength concrete. 

The base of the structure was restrained from translating in the horizontal direction. The gravity 

load was imposed at the top of the wall. A simple pushover analysis was used to qualitatively 

verify the modelling assumptions, including mesh refinement. It was determined that a mesh 
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made from approximately 200 mm x 200 mm elements yielded similar results to finer mesh 

sizes and therefore would be less computationally demanding when conducting the full static 

reverse cyclic analysis.  

The gravity load was applied in the VecTor2 model and the model was loaded in a reverse 

cyclic manner with displacement control of the top node. Figure 5 in the following section 

shows the hysteretic response of the shear wall. This response was used to calibrate the rota-

tional spring used in the Ruaumoko modelling. As can be seen the self-centering property of 

the shear wall is accurately captured.  

Figure 4, obtained using the program Augustus [11], shows the magnified deformed shape 

and crack pattern as well as a map of the principal compressive stresses and the principal com-

pressive stress directions (white lines) at the maximum predicted drift. The maximum crack 

widths are approximately 1 to 2 mm. It is also interesting to note that there are clear diagonal 

shear cracks in the wall. This is significant because using simpler modelling techniques would 

omit this significant phenomena. The blue elements in the figure showing the compressive 

stresses in the concrete indicate that crushing is occurring at the toe of the shear wall. This 

failure mode is typical for these systems and, in this case, did govern the failure. The dark blue 

elements have a compressive stress in the concrete of nearly 60 MPa and the light green ele-

ments have roughly 0 MPa. 

Figure 4: VecTor2 crack pattern and deformed shape (left) and principal compressive stress and principal com-

pressive stress direction (right). 

The columns were also modelled to account for prestressing; in this model all the reinforce-

ment, including prestressing bars, were modelled as smeared, as can be seen in Figure 3. As 

with the shear wall, the prestressing was imposed with a strain offset in the steel, however, for 

the columns, the steel was bonded to the concrete since, in the experiment, the ducts were 

grouted. The rotation at the base was fixed and the top node was cycled in displacement control. 

The elements surrounding the node used for displacement control were strengthened to ensure 

a local failure did not govern the response (shown in grey). The gravity load appropriate to that 
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floor was applied in the VecTor2 model. Figure 5 shows a typical hysteretic response of the 

column elements. Unlike the wall the hysteresis loops, the columns absorb less energy and 

although at large displacements the columns exhibit significant nonlinearity, at small displace-

ments the response remains fairly linear.  

4 NONLINEAR TIME HISTORY ANALYSIS AND THE RUAUMOKO MODEL 

In 2010 the E-Defense structure that was tested by Nagae et. al. [1], the structure was con-

secutively subjected to three horizontal instances of the 1990 Kobe earthquake record with pro-

gressively larger intensities (25% PGA, 50% PGA and 100% PGA). The results of this 

experimental work is documented elsewhere [1, 12]. To model the global structural behaviour 

a two dimensional lumped plasticity model was developed in Ruaumoko. The rocking at the 

base of the shear wall was modeled with a rotational spring and the columns with plastic hinges 

that could develop at either end of the elements. The calibration of the nonlinear hysteretic rules 

for the rocking at the base of the shear wall and the columns were fit to the VecTor2 results. It 

was determined that since an estimate of the residual drift was an important part of the seismic 

performance assessment, a flag-shape hysteretic model best fit the results as it would ensure the 

‘snap through the origin’ behaviour of the rocking system, see Figure 5. 

Figure 5: Shear wall (left) and column (right) hysteresis results from VecTor2 and element calibration. 

For the shear wall, Taylor [13] beam-column elements that account for shear deformations 

were used. These elements use a Newton-Raphson iteration scheme to continually update the 

neutral axis based on the equilibrium requirements at every time step in the model. It was as-

sumed the shear wall remained elastic above the base. Giberson beam-column elements [10] 

were used to model the columns. Similarly, the floor slabs were modeled as linear elastic and 

it was assumed that the connections remained rigid. The floor slabs were modeled with a thick-

ness of 130 mm and with a width of half of the out-of-plane span. The elements were connected 

from the corner columns to the middle of the shear wall at each floor. Within the width of the 

shear wall (2500 mm) the elements are forced to rigidly deform with the wall, thereby capturing 

the correct shear span of the floor slabs. The damping was modeled by imposing a 5% damping 

ratio on all modes [14]. 

To account for possible P-Delta effects a set of dummy columns were used and slaved to the 

structural system. These column elements are pinned at both ends at every storey and the full 

gravity load of the structure is applied. Since these elements have no lateral resistance, as the 

structure deforms the main lateral load resisting system is needed to resist the P-Delta effects 

that develop. Figure 6 (left) shows a drawing of the Ruaumoko model for the structure. The 

hatched areas are the rigid links used to account for the effect of shear wall width. The red 
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elements are the floor slabs, the peripheral blue elements are the columns and the blue elements 

in the center, are the shear wall elements. A depiction of the system modelling is shown in 

Figure 6 (right). Here, the column to the right of the graphic represents the dummy columns 

used to capture the P-Delta effects.  

Figure 6: Ruaumoko model. 

5 RESULTS OF NONLINEAR TIME HISTORY 

The results of the nonlinear time history analysis from the blind Ruaumoko seismic assess-

ment were compared to experimental results from the literature. Table 2 summarizes some of 

the key parameters.  

Tn 

(s) 

Vmax 

positive 

(kN) 

Vmax 

negative 

(kN) 

Δmax 

roof 

(mm) 

Δresidual 

roof 

(mm) 

Experiment 0.29 3000 2950 204 80 

Prediction 0.31 3274 3823 125 11 

Table 2: Summary of analysis results. 

As shown in Table 2, the prediction of the period was excellent. The prediction of the max-

imum positive peak was also good with a test to predicted ratio for the base shear of 0.92. The 

base shear for the maximum negative peak is somewhat over predicted. Although the overall 

shape of the column and shear wall hysteresis are captured with a flag-shape, not enough energy 

is dissipated at lower loads. Since the structure underwent two lower intensity earthquakes prior 

to the 100% record, additional damage would have occurred and lowered the stiffness of the 

structure for the final record. Although these records were applied in the model, the flag-shape 

hysteresis provides no dissipation and would remain completely undamaged before the yield 

point. Furthermore, it is possible that the hysteretic damping used in the Ruaumoko model is 

underestimated. Together, these differences resulted in an over prediction of the maximum base 

shear on the negative peak. The prediction of the maximum roof drift and residual drifts are 

also underestimated. This is likely caused by the fact the flag-shape hysteresis that always 

passes through the origin. Once the partially bonded, mild steel bars yield and shear cracks 
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develop the hysteresis does not pass directly through the origin, as is predicted in the VecTor2 

models but unlike the assumed hysteresis.  

Figure 7: Comparison of the observed and predicted behaviour near the peak response, reproduced in part from 

[1]. 

The overall trends for the dynamic response near the peak, shown in Figure 7 and Figure 8 

are good considering these results were established in a blind prediction manner. 

Figure 8: Global hysteretic behaviour, reproduced in part from [1]. 

Figure 8 shows the structural response in comparison with the experimental results. This plot 

corroborates the conclusions that the model did not undergo sufficient damage, for the reasons 

discussed previously. Specifically, unless the yield point of the flag hysteresis is reached no 

energy dissipation or damage occurs, which results in the discrepancy between the predicted 

and observed behaviour. This suggests that although the overall appearance of the flag-shape 

hysteresis used to model the nonlinear elements was reasonable, it is important that: the amount 

of energy dissipation is closely matched for all load levels, the gradual stiffness degradation is 
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captured and the damage caused by unloading at all load levels can be captured [15]. This is 

particularly important in this analysis since prior to the 100% intensity Kobe record was applied 

two other lower intensity records, the 25% Kobe and 50% Kobe were applied.  

6 CONCLUSIONS 

In modelling the seismic performance of a complex prestressed concrete structure there are 

benefits to using advanced nonlinear finite element techniques to calibrate the plastic elements 

in the global model. Using this approach, a relatively simple and computationally inexpensive 

lumped plasticity model can be used to conduct the nonlinear time history analysis. Although a 

nonlinear finite element model is required for the element calibration, it avoids the necessity of 

using generic heuristic methodologies or experimental results based on element categories. In 

using the VecTor2 model, the peak capacity, ductility and an estimate of the hysteretic dissipa-

tion can be rationally estimated. It also ensures that complex failure modes, such as shear fail-

ures, crushing failures and the rocking mechanism are accurately captured.  

The estimate of the first positive peak shear force was captured with good accuracy with a 

test to predicted ratio for the base shear of 0.92. The peak base shear at the first negative peak 

was somewhat over estimated. This is likely a result of the flag-shape hysteresis used. In par-

ticular, in the linear portion for the hysteresis before yielding, when the structure unloads, no 

energy is dissipated. Since the actual hysteresis determined from VecTor2 is highly nonlinear 

throughout the loading and unloaded phases it is difficult to capture using piecewise linear re-

lationships. For similar reasons, the peak roof displacement and residual displacements are 

somewhat under predicted by this model. It should be further investigated if a rational unloading 

rule can be programmed into the Ruaumoko model to better capture: the amount of energy 

dissipation at all load levels, the gradual stiffness degradation and the damage caused by un-

loading at all load levels. It appears that these aspects are significant. It should be noted that to 

objectively evaluate this modelling approach a ‘blind prediction’ methodology was employed 

and therefore, the results were reasonable. That is, the VecTor2 model, Ruaumoko model and 

hysteretic behaviours were not adjusted based on experimental data whatsoever before compar-

ing the results to those in the literature. This methodology should be employed in assessing new 

modelling techniques as it provides a realistic basis of how the approach would perform in a 

practical environment.  
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Abstract. Past earthquakes have shown the high vulnerability of existing masonry buildings,
particularly to out-of-plane local collapse mechanisms. Out-of-plane response is one of the
most debated topics in the last decades, because of its complex nature as for geometrical non-
linearity, energy damping, record sensitivity. In this work is considered a monolithic wall, rest-
ing on a foundation, restrained by a flexible diaphragm. The wall rocks around two base pivots
and has one degree of freedom. Its thickness is explicitly accounted for, and the diaphragm is
modelled as a linear-elastic spring and a concentrated mass. The non-linear equation of motion
is presented, within a lagrangian approach. The energy dissipation is associated to the impact
of the wall against the foundation. The effect of size of the wall, diaphragm stiffness and mass
are evaluated through parametric analyses. Neglecting the diaphragm mass, the results can be
interpreted also as related to a wall restrained at the top by tie-rods.
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1 INTRODUCTION

Earthquakes of the past have shown the great vulnerability of unreinforced-masonry (URM)
structures to out-of-plane (OOP) loading (e.g.,[1, 2, 3], and references therein). URM buildings
are particularly vulnerable if connections to transversal structures are non-existent or inade-
quate (e.g., [4], and references therein). However, even if such connections are robust, flexible
diaphragms can limit their effectiveness (Fig. 1).

The OOP response of URM connected to a flexible diaphragm has received a comparatively
little attention in the past. ABK [5] performed tests on walls acted by two (top and bottom) in-
dependent actuators, in order to simulate a possible filter effect of a diaphragm. They suggested
stability charts for a mechanism having a base pivot, a top roller and an intermediate hinge.
Simsir et al. [6] performed shaking-table tests on a single-storey, single-cell house having a
flexible top floor. The authors proposed a single-bar and a two-bars models for replicating the
laboratory time histories. Derakhshan [7] proposed an analytical model of a single-storey or a
two-storey wall connected to flexible diaphragms. The equations of motion are obtained after
a series expansion of trigonometric terms up to second order, with equivalent linear rotational
springs simulating the wall-segments response. Penner [8] performed experimental tests on
walls having a flexible top restraint and simulated them by means of a commercially-available
rigid-body software.

In this paper a wall connected to a flexible restraint will be considered. The restraint can be
at any height of the wall, and the thickness of the latter is accounted for. The wall cannot crack
along its height, so only a base pivot will be considered. Friction is assumed to be large enough
to prevent sliding both at the base and at connection with the diaphragm. A parametric anal-
yses investigates the sensitivity to wall geometry, diaphragm features, ground motion intensity
measures.

Figure 1: Out-of-plane damage of a facade segment, L’Aquila (central Italy) 2009.

3128



Sanjeev Prajapati, Omar AlShawa and Luigi Sorrentino

2 ANALYTICAL MODEL

In the technical literature most of the interest has been so far concentrated on a single rock-
ing body, resting on a foundation, without any top restraint (e.g., [9], and references therein).
However, in several cases a masonry wall supports a top horizontal structure. If a tie-rod or a
connection to the floor is present, a top restraint can be introduced in the model. Due to this
topology, the wall may rotate as a single body or crack along its height. The latter case is typ-
ical of slender walls [10], but will not be discussed here. The former case is typical of squatter
walls or walls with comparatively small mass with respect to the diaphragm and to the masonry
bonding strength [6]. In the following a model of a rocking body, having finite thickness and
an horizontal flexible restraint, modelled as a spring, is developed (refer to Fig. 2a). The spring
can be in a generic vertical position, not necessarily at the top, but at the centre of the wall
thickness in order to preserve vertical symmetry.

2.1 Equation of motion

The analytical equation of motion is derived within a lagrangian approach [11]:

d

dt

(
∂L

∂θ̇

)
− ∂L

∂θ
= Q (1)

where:
L = T − V ; T is the kinetic energy, V is the potential energy, t is the time, θ̇ is the angular
velocity, θ is the angular displacement, Q is the non-conservative force.
In the case at hand, the kinetic energy is equal to:

T =
1

2
IG θ̇

2 +
1

2
m
(
v2
G,A + χv2

D,A

)
where:
IG is the moment of inertia of the body about its centre of mass, G (refer to Fig. 2a); m is
the mass of the wall; χ = md/m; md is the mass of the diaphragm; vG,A,vD,A are the velocity
vectors (refer to Fig. 2c).
Assuming a flat base and neglecting any indentation of the pivot with respect to the geometrical

corner of the wall, the potential energy is equal to:

V = mg(PG,A,y + χPD,A,y) +
1

2
kdS

2
D,A,x

where:
g is the gravity acceleration; PG,A,y, PD,A,y are the y-component of position vectors; kd is the
stiffness of the spring; SD,A,x is the x-component of displacement vector (refer to Fig. 2c).
The non-conservative force Q is obtained after derivation of the virtual work W :

Q =
dW

dθ

The virtual work is obtained as:

W = −mẍg (SG,A,x + χSD,A,x)−mÿg (SG,A,y + χSD,A,y)
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Figure 2: Proposed model: a) Geometric parameters; b) Centre of mass of wall mass + diaphragm mass; c)
Position, displacement, and velocity vectors; and d) Conservative and non-conservative forces

where:
ẍg, ÿg are the ground accelerations in x-direction and y-direction, respectively; SD,A,y, SG,A,y

are the y-component of displacement vectors (refer to Fig. 2c); SG,A,x is the x-component of
the displacement vector.

By substituting all the terms in Eq. (1), one can find the following second order non-linear
differential equation:

θ̈ = −p′2
[
ẍg
g
N1(α

′, θ) +
g + ÿg
g

N2(α
′, θ) + λN3(R

′, di, ωi, θ)γ(θ)

]
(2)

where:

θ̈ = angular acceleration of the body;

p′ =

√
m′R′g

I ′O
, (frequency parameter of the wall [12]);

m′ = m+md;

R′, α′ = polar coordinates of the centre of mass G′ of the system, wall + diaphragm
(refer to Fig. 2b);
di, ωi = polar coordinates of diaphragm connection point D (refer to Fig. 2a);
I ′O = IG +m′R′2;

λ =
kdR

′

m′g
;

γ(θ) = fracture function; θu = fracture rotation (refer to Fig.3).
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Figure 3: Fracture function of spring

The restraint is assumed as a linear-elastic spring, effective up to a limit displacement related
to a limit rotation θu. Hence, the spring is active only if the fracture function γ(θ) = 1 (refer
to Fig. 3). A qualitatively similar restraint has been considered in [13], where it anchored a
block to its foundation. In some of the following analyses an additional condition will be set on
the rotation causing the failure of the wall-spring connection. Once this connection has failed
the wall will still carry the additional mass but will lose the contribution N3 in Eq. (2). This
condition can be considered representative of a facade losing the contribution of tie-rods. If
the failure of the spring is considered as the ultimate limit state, the following plots shall be
considered as meaningful up to the limit rotation θu/α.

It is possible to emphasise that if md = 0 the results can be interpreted as related to a wall
restrained by tie-rods. If, additionally, χ = 0, the equation of motion reduces to that by Housner
[14].

The condition of minimum ground acceleration for the initiation of motion from rest, when
subjected to a base excitation, is given by: ẍg > tanα′(g+ ÿg). The condition for overturning is
θ = π/2. In case of overturning, for the sake of simplification of the following plots, normalised
maximum rotation will be set equal to unity.

2.2 Dissipation of energy

Eq. (2) has no damping term. During the rocking motion the block impacts the base and
a change of hinge from one corner to the other takes place. A loss of energy is associated to
this switch of hinge, through a reduction of velocity after impact. This velocity is derived by
assuming the conservation of angular momentum at the instant of impact [14], considering the
position of the centre of mass G′. Experimentation on free rocking walls has shown that the
analytical coefficient of restitution must be reduced by approximately 5 % [15]. Although this
value was obtained for free-standing walls, it will be assumed also for the case at hand.

The solution of Eq. (2) is obtained through a state-space formulation and a Runge-Kutta
method with variable time step in a Matlab environment. The impacts, spring fracture, and
overturning are detected through an event strategy.

3 PARAMETRIC ANALYSIS

The derived equation of motion is used to evaluate the effect of wall aspect ratio and size,
diaphragm mass, diaphragm stiffness, spring displacement capacity, ground excitation. Based
on [10], twelve different aspect ratios are considered, taking α = [0.025 : 0.025 : 0.300] rad.
Four values are selected for the size of the wall: R = [1.5, 3.0, 4.5, 6.0] m. Five values of the
diaphragm mass / wall mass ratio have been considered: χ = [0.00 : 0.05 : 0.20]. Minimum
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No. Event Year Station Component PGA PGV
g cm/s

1 Imperial Valley CA, USA, 1940 El Centro Array 40ELC180 0.31 29.80
2 Kern County, CA, USA 1952 Talf Lincoln School TAFT111 0.18 17.61
3 San Fernando, CA, USA 1971 Pacoima Dam, abutment PAC164 1.17 114.40
4 Friuli, Italy 1976 Tolmezzo TOLMEZWE 0.35 32.11
5 Imperial Valley, CA, USA 1979 Site 1 IVC230 0.46 109.26
6 Imperial Valley, CA, USA 1979 Bonds Corner BCR230 0.78 45.90
7 Irpinia, Italy 1980 Sturno STURWE 0.31 70.00
8 Irpinia, Italy 1980 Bagnoli Irpino BAGNIRWE 0.17 37.70
9 Irpinia, Italy 1980 Calitri CALITWE 0.18 31.72

10 Nahanni, Canada 1985 Site 1 1ST280 1.10 46.10
11 Michoacan,Mexico 1985 Secretaria comunication zone SECREN27 0.17 59.81

and tran. Texcoco lake bed
12 Chile 1985 Llolleo LLOLLN10 0.71 41.76
13 Landers, CA, USA 1992 Joshua Tree Fire JOSHUA90 0.28 42.68
14 Northridge, CA, USA 1994 Rinaldi Receiving Station RRS228 0.84 166.10
15 Northridge, CA, USA 1994 Sylmar-Olive View Med SYL360 0.84 129.37

Parking Lot Free Field
16 Kobe, Japan 1995 KJMA KJM000 0.82 81.30
17 Kobe, Japan 1995 Takatori TAK000 0.61 127.10
18 Umbria-Marche 1997 Colfiorito R1139EW 0.44 24.60
19 ChiChi, Taiwan 1999 TCU129 TCU129W 1.01 59.62
20 Kocaeli, Turkey 1999 Yarimca Petrokimya Tesisleri YPT330 0.35 62.18
21 L′Aquila, Italy 2009 Val Aterno, Fiume Aterno AQAX 0.39 30.53
22 L′Aquila, Italy 2009 Val Aterno, Colle Grilli AQGX 0.42 33.57
23 L′Aquila, Italy 2009 Val Aterno, Aquilparking AQKY 0.34 38.53
24 L′Aquila, Italy 2009 Val Aterno, Castello AQUX 0.28 20.91
25 L′Aquila, Italy 2009 Val Aterno, Centro Valle AQVX 0.63 32.67

Table 1: Acceleration time history records considered. PGA (PGV) = Peak Ground Acceleration (Velocity).

and maximum values of the geometric parameters of the combined system result α′ = 0.03, 0.26
rad and R′ = 1.50, 6.92 m.

As for diaphragm stiffness, Derakhshan [7] suggested as minimum and maximum values
approximately 100 and 5000 kN/m. These values are considered relevant for New Zealand
and North American buildings. Consequently, five values of diaphragm stiffness are chosen:
kd = [0, 100, 500, 1000, 5000] kN/m. Displacement capacity of diaphragms is simply varied
parametrically, θu/α = [0.2 : 0.2 : 1.0]. A much larger maximum value, 10, has been also
considered but is not plotted in the following, because delivers results rather similar to θu/α =
1.0. It is worth mentioning that Wilson [16] suggested a diaphragm limit displacement equal to
70% of the wall thickness.

Twenty five acceleration natural records have been selected in order to cover a wide range
of amplitude, frequency content, distance from the source, magnitude, source mechanism. The
accelerograms are mostly the same in [17], with the addition of a few records related to more
recent seismic events [18]. Only horizontal components of ground motion are considered. Some
basic details of the accelerograms are shown in Table 1.

The total number of analyses computed is equal to 30 000. The response of the wall is
plotted as normalised maximum rotation (y-axis), and as a function of α (x-axis) plus one of
the parameters previously mentioned.
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Figure 4: Normalised maximum rotation for varying aspect ratio, angle α, and wall size R. Non dimensional
diaphragm mass χ = 0.10, Fracture rotation θu/α = 1.0, record 40ELC180 (Table 1). Diaphragm stiffness: a)
kd = 100 kN/m; b) kd = 500 kN/m.
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Figure 5: Normalised maximum rotation for varying aspect ratio, angle α, and non dimensional diaphragm mass,
χ. Size of the wall, R = 6.0 m, Diaphragm stiffness kd = 500 kN/m, Fracture rotation θu/α = 1.0. Record: a)
PAC164; b) TAK000 (Table 1).

3.1 Effect of wall size

It is well known in the literature that, other things being equal, rocking systems benefit from
a larger size [14, 17]. This is the case also here, if the stiffness of the spring is comparatively
small (refer to Fig. 4a). However, if the stiffness is increased the role of this so-called ”scale
effect” becomes less significant, and actually a ”reversed scale effect” can be observed (refer to
Fig. 4b). This appears to be so because the stability of the wall relies more and more on the
spring. Nonetheless, the same spring, having constant stiffness, is used for walls of different
size and, thus, weight. Consequently, the spring is more effective for small (lighter walls), than
for large (heavier) walls.

3.2 Effect of diaphragm mass

The effect of non-dimensional diaphragm mass is investigated in Fig. 5. There it is possible
to notice that increasing the floor mass, the response increases. This behaviour can be linked
to the increase of the height of the centre of mass of the combined system, making the system
more slender through a smaller angle α′ (refer to Fig. 2b). This effect, detrimental on stability,
is not compensated by the beneficial increase of size, R′, associated to the additional floor mass.
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3.3 Effect of diaphragm stiffness

In Fig. 6 the stiffness of the diaphragm is varied parametrically. The relevance of this
parameter is dramatic, with large values of kd significantly reducing the maximum rotation. Of
course this depends on the assumption of a single-body mechanism. If the spring is that stiff and
the connection is adequately robust, a different mechanism (with an intermediate hinge [10]),
can be triggered and needs to be assessed. Low values of the stiffness show a less predictable
behaviour, and the scattered response typical of rocking systems prevails.
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Figure 6: Normalised maximum rotation for varying aspect ratio, angle α, and diaphragm stiffness, kd. Wall size
R = 3.0 m, Non dimensional diaphragm mass χ = 0.10, Fracture rotation θu/α = 1.0. Record: a) KJM000; b)
SYL360 (Table 1).
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Figure 7: a) Normalised maximum rotation for varying aspect ratio, angle α, and non-dimensional rotation in-
ducing the failure of the spring, θu/α. Size of the wall, R = 3.0 m, Non dimensional diaphragm mass χ = 0.2,
Diaphragm stiffness kd = 500 kN/m, Record: TCU129 (Table 1). b) Occurrence of overturning, varying non-
dimensional fracture rotation, over the entire range of parametric analyses. For θy/α = 1.0, no overturning occurs.
Record TCU129 (Table 1).

3.4 Effect of displacement capacity of the spring

The role of the displacement capacity of the spring is investigated in Fig. 7. Reducing the
fracture rotation will cause an increase in the wall response, because the contribution N3 in Eq.
(2) will be lost. This is evident both in terms of maximum rotation (refer to Fig. 7a) and in
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terms of occurrence of overturning (refer to Fig. 7b). The effect is less relevant for large values
of α because, in this case, the wall is stable in itself.

3.5 Effect of ground acceleration record

The record-to-record sensitivity is investigated in Fig. 8. There the accelerograms are sorted
for descending PGV (Peak Ground Velocity). The response shows an increasing trend for in-
creasing PGV, as already observed in the literature for rocking systems ([19]), but this intensity
measure is not sufficient to explain the observed behaviour. Some records (e.g., STURWE,
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Figure 8: Normalised maximum rotation for varying aspect ratio, angle α, and Record (Table 1). Accelerograms
sorted, a)-f), for descending Peak Ground Velocity. Size of the wall R = 3.0 m, Non-dimensional diaphragm mass
χ = 0.10, Diaphragm stiffness kd = 500 kN/m, Fracture rotation θu/α = 1.0.
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YPT330, SECREN27) show a comparatively low maximum amplitude, despite the rather high
PGV. In such cases the motion is not activated, or is barely activated, because the minimum
acceleration is comparable with the PGA (Peak Ground Acceleration) of the record. The op-
posite takes place when, for similar PGV, the PGA is rather large (e.g., KJM000, LLOLLN10).
Finally, it is possible to notice that an increasing stiffness of the restraint makes the response
less scattered.

4 CONCLUSIONS

In this paper the non-linear equation of motion of a single-body wall supporting an additional
mass and restrained by an elastic spring has been derived. The wall has a flat base and no
indentation at the pivot corners. The spring may represent both a flexible diaphragm and a
strengthening intervention through tie-rods.

The equation is used to investigate the sensitivity to a number of parameters. Some of
these are related to the wall geometry. The response decreases with a decreasing aspect ra-
tio (height/thickness ratio). Similarly it decreases with an increasing size of the wall. This latter
effect is evident if the stiffness of the diaphragm is comparatively low. However, if the stiffness
becomes substantial, a ”reversed scale effect” can be observed: the larger the wall the larger the
response because the wall is heavier and the spring becomes less effective.

Other parameters are related to the diaphragm. Increasing its mass, compared to the wall,
will cause an increase in the maximum rotation, because the centre of mass of the combined
system is shifted to the top. The stiffness of the diaphragm is a parameter that dramatically
influences the results. High, but still reasonable, values of the stiffness can substantially limit
the response. However, in such case, it is necessary to check the robustness of the connections
and the activation of a different mechanism, displaying an intermediate hinge. The displacement
capacity of the restraint is also significant, because after the premature failure of the spring the
stability of the system will rely on its geometry alone.

Record sensitivity is reduced by an increasing spring stiffness. Moreover, the system displays
a sensitivity to Peak Ground Velocity, as observed in the literature for other rocking systems.
However, this intensity measure is not sufficient to explain completely the observed response. In
fact, due to the assumed flat base, sometimes the motion is not activated or it is barely activated.

The study needs to be completed investigating both ground motion characteristics (especially
the role of the vertical component), wall characteristics (imperfections and indentations at the
base), diaphragm characteristics (position with respect to wall height, displacement capacity and
asymmetric - internal-external - behaviour), characteristics of the connection between wall and
diaphragm (in order to establish possible dynamic amplifications and the role of an elasto-plastic
response), and to consider this mechanism within a wider framework where other mechanisms
are also accounted for.
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Abstract. Precast post-tensioned concrete rocking wall structures have been developed in the 

recent past as innovative damage avoidance structural systems. Recent experimental tests have 

identified the presence of large-amplitude high-frequency acceleration spikes in the dynamic 

response of rocking wall structures. The current study is focused on the investigation of the 

effects of these acceleration spikes on the dynamic performance of rocking wall structures. For 

this purpose, a 4 story rocking wall structure is designed and the response history analysis is 

performed. The results show a significant contribution of higher modes in the acceleration re-

sponse which can increase the shear demand considerably. To further investigate these higher 

mode accelerations, inelastic modal decomposition of dynamic response is performed. Results 

show that the inelastic modal decomposition technique can be effectively used to understand 

and quantify the effects of these acceleration spikes and it can also be employed to check the 

effectiveness of different mitigation strategies for acceleration spikes.
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1 INTRODUCTION 

Typically, seismic codes allow the structures to undergo large non-linear deformations 

against the rare seismic events while avoiding a total collapse of the structure. Although it en-

sures the life safety of occupants, excessive damage to the structures leads to a costly retrofitting 

and becomes a hindrance to the immediate serviceability of the structure after a major seismic 

event. In the recent past, extensive research work has been carried out to develop structural 

systems that are capable of resisting large seismic actions without inducing any significant 

damage to the structural members. Precast Seismic Structural Systems (PRESSS) technology 

[1] represents such a solution that relies on a nonlinear elastic behavior of gap opening and 

closing at the connection to accommodate the lateral demand without incurring any damage to 

the precast members. Such a connection is called as a rocking connection, developed essentially 

for beam column joints, but later on extended to the precast shear walls [1, 2]. A shear wall 

with a rocking connection is called as a rocking wall. A rocking wall consists of vertically 

stacked precast concrete panels clamped by unbonded Post-Tensioning (PT) from the top of the 

wall to the foundation. Initial post-tensioning in the PT tendons along with the self-weight resist 

the lateral force demand and once the lateral actions overcome the vertical forces, the wall starts 

to rock about its toes, commonly referred as Gap opening. The gap opening and closing phe-

nomenon in a dynamic environment cause a high velocity contact simply called as impact be-

tween the wall base and the foundation. Recent experimental work on the dynamic performance 

of rocking walls have shown that the impact of wall base with the foundation can cause short-

duration large-amplitude acceleration spikes in lateral direction called as Horizontal Accelera-

tion Spikes (HAS). HAS phenomenon is not unique to the dynamic response of rocking wall 

structures only, but are also found in the systems whose dynamic response shows a sudden 

change in force values or direction such as self-centering and friction-damped base isolation 

systems [3, 4]. Wiebe and Christopoulos [5] analyzed the source of HAS in rocking wall struc-

tures and identified that a sharp change in the rate of change of elastic force during gap opening 

and closure at rocking wall-foundation interface creates an imbalance of forces in the system. 

To maintain the dynamic equilibrium, seismic masses accelerate and thus create an acceleration 

spike in lateral direction. In a low rise rocking wall where the gap would open in the first mode 

response, acceleration spikes can be described as an excitation of higher modes due to a change 

of force in first mode implying an interaction of different modes. HAS cannot only increase the 

inertial forces at different floor levels, but can also cause damage to the acceleration-sensitive 

non-structural elements like fire suppression systems, suspended ceilings, emergency power 

generators and computer systems [6]. Hence, there is need to identify, quantify and reduce these 

acceleration spikes. This work aims to quantify the effects of lateral acceleration spikes on the 

seismic demands of the rocking walls. For this purpose, a 4 story rocking wall is selected to 

investigate and quantify the effects of acceleration spikes on the dynamic performance of rock-

ing wall structures.  

2 CASE STUDY STRUCTURE 

Previous experimental works have shown that the lateral acceleration spikes are more visible 

in low-rise rocking walls. Also, the presence of a dedicated Energy Dissipation (ED) mecha-

nism for rocking walls is found to decrease the intensity of these effects. To investigate the 

phenomenon of HAS, a low-rise 4 story rocking wall with no external energy dissipation mech-

anism is selected. This will ensure that the acceleration spikes are more visible in the system 

response, making it easier to study in detail. Figure 1 and Table 1 shows the dimensions and 

different properties of the case study rocking wall. The case study rocking wall is part of a 
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complete structural system and is assumed to take all the lateral load of the structure. The con-

nection between floor and the rocking wall is assumed to be similar to the one being used in 

Diaphragm Seismic Design Methodology (DSDM) project [7]. This vertically sleeved connec-

tion allows the lateral forces to be transmitted from the floor to the wall while prohibiting any 

vertical action to be transmitted from the rocking wall to flooring units. A constant story height 

of 3m is used for all floor levels. The lumped mass in lateral direction represents the floor load 

while the vertical seismic mass is the mass of the rocking wall only. 

Table 1: Properties of case study rocking wall. 

Thickness of wall (mm) 300 

Comp. strength of wall concrete (MPa) 45 

Ultimate strength of PT steel (MPa) 1860 

Initial post-tensioning (MPa) 651 

Area of Post-tensioning 

(mm2) 

No ED 15300 

With ED 7595 

Total area of ED bars (mm2) 11187 

Lateral seismic mass for each floor (Ton) 350 

Modal periods (sec) 

1st Mode 0.395 

2nd Mode 0.073 

3rd Mode 0.035 

 Figure 1: Case study rocking wall. 

The case study building is assumed to be located at a California site (Postal code 91495) 

with a soil type SD. A suite of 5 pairs of 10 ground motions is selected such that the scaled 

spectra of the selected ground motions resemble the target spectrum. Furthermore, 

RSPmatch2005b software [8] is used for the time domain spectral matching of the ground mo-

tions spectrums with the target spectrum. Figure 2 shows the design spectra for the site along 

with the matched spectrums of different ground motions. Design forces for the case study rock-

ing wall are calculated by using force based design procedure in accordance with the earlier 

works on the design of rocking wall structures [9]. 

Figure 2: Matched ground motions spectra for 5% damping. 
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3 DYNAMIC MODELING OF ROCKING WALL 

Different modeling techniques like lumped plasticity model, multi-spring fiber model and 

finite element models have been used in the past for the modeling of rocking wall structures. 

Lumped plasticity model is the simplest one but the input behavior of the bilinear elastic / flag 

shaped hysteresis for rocking/hybrid walls with sharp edged corners at gap opening and closure 

are found to increase the HAS unjustifiably [10]. 2D Multi-spring fiber model has been found 

efficient in predicting the neutral axis migration with significant accuracy and also gives rela-

tively round corners at the gap opening and closure, provided that enough base springs are used. 

3D finite element models are quite efficient in predicting the overall dynamic response as well 

as the local behavior due to impact at the wall-foundation connection. However, finite element 

models are computationally expensive, especially for the dynamic analyses. For the current 

study, multi-spring fiber model is selected as it is robust and computationally economical.  

3.1 Multi-spring Fiber Model 

Ruaumoko 2D [11] is used for the multi-spring fiber modeling of rocking wall. The model 

is shown in Figure 3. Modeling of different materials and members have been done based on 

the recommendations proposed by Smith and Kurama [12]. Elastic beam-column element is 

used to represent the rocking wall. PT steel is modeled by using a truss member with a pre 

stressing force and an elasto-plastic hysteresis behavior. Gap opening at the wall base is mod-

eled by using a number of compression only contact springs connecting the wall base with the 

foundation through a rigid member to simulate plane section remain plane behavior. Contact 

spring stiffness basically comes from the axial stiffness of rocking wall and foundation and can 

be idealized as two axial springs acting in series. Assuming that the foundation is near rigid, 

rocking wall axial stiffness can be used as contact stiffness by using the relationship for axial 

stiffness as EcAc/Hc, where Ec, Ac and Hc are the modulus of elasticity of wall concrete, area of 

concrete that a particular spring is representing and the height of rocking wall contributing to 

the axial stiffness of rocking wall. Previous studies [13, 14] have found that a value of Hc equal 

to 0.5Lw gives reasonably accurate results and this value is used in the current study. 25 contact 

springs are used in this study to accurately predict the migration of neutral axis. Wilson-Penzien 

damping model which allows the users to provide constant modal damping for different modes 

have been used in this study. A constant 3% damping for all the modes have been used which 

is consistent with the findings of the previous experimental works [15, 16]. Nonlinear Response 

History Analysis (NLRHA) is conducted for the case study rocking wall for the selected ground 

motions. The selected ground motions are scaled up 1.5 times to represent a Maximum Consid-

ered Earthquake (MCE) level hazard. 

4 NLRHA RESULTS 

Figure 4 shows the envelope results for the time history analysis along with the design values. 

Lateral drift values for the rocking wall is found to be higher than the design value because of 

the lack of energy dissipation mechanism for rocking wall. The envelope results of lateral ac-

celeration show the average value to be equal to 2g at the top floor. Furthermore, a bulge in the 

acceleration envelope at around first story shows the presence of higher mode effects in the 

acceleration response. Similar trend can be seen in the shear envelope where the average base 

shear value is 3.25 times the design value which is quite high for a 4 story structure. 
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Figure 3: 2D Multi-spring fiber model. 

Figure 4: Comparison of envelope results. 

To further study these higher mode effects, Figure 5 shows the time history of lateral accel-

erations at different floor levels for a particular ground motion. Lateral acceleration spikes have 

been recognized in the past experimental works as a peak in the acceleration values right after 

the gap opening and closure. Similar trend is obvious in the lateral acceleration histories where 

the acceleration values peaks during the start of a vibration cycle. Figure 6 shows the histories 

of story shear forces. The top story shear is found to be affected most by these acceleration 

spikes.  

As explained earlier, the HAS phenomenon is a manifestation of the excitation of higher 

modes due to a sudden change of force in the first mode response implying a strong coupling 

of the modes. To further understand this phenomenon, different modal responses are separated 

to see their contribution to the total response. Modal decomposition techniques have been de-

veloped in the past to separate the total responses into modal responses [17-19]. Uncoupled 
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Modal Response History Analysis (UMRHA) procedure is one such technique that is based on 

the decomposition of total responses into uncoupled modal responses. 

Figure 5: Time history of floor accelerations. 

Figure 6: Time history of story shears. 

5 UMRHA PROCEDURE 

The UMRHA procedure [17] can be viewed as an extended version of the classical modal 

analysis procedure. In the latter, the complex dynamic responses of a linear Multi-Degree-of-

Freedom (MDOF) structure are considered as a sum of many independent vibration modes. The 

response behavior of each mode is essentially similar to that of a Single-Degree-of-Freedom 

(SDOF) system which is governed by a few modal properties, making it easier to understand. 

Furthermore, only a few vibration modes can accurately describe the complex structural re-
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equations of motion become nonlinear and, consequentially, the theoretical basis for modal 

analysis becomes invalid. Despite this, the UMRHA procedure assumes that, even for inelastic 

responses, the vibration modes still exist, and the complex inelastic responses can be approxi-

mately expressed as a sum of these modal responses. By following this presumption, governing 

equation of motion of SDOF to a horizontal ground motion �̈�𝑔(𝑡) can be written as: 

�̈�𝑖 + 2𝜉𝑖𝜔𝑖�̇�𝑖 + 𝐹𝑠𝑖(𝐷𝑖, �̇�𝑖)/𝐿𝑖 = −�̈�𝑔(𝑡)   (1) 

Where 𝐿𝑖 = 𝑀𝑖𝛤𝑖 and 𝑀𝑖 = 𝝓𝑖
𝑇𝐌𝝓𝑖, 𝜔𝑖 and 𝜉𝑖 are the natural vibration frequency and the

damping ratio of the ith mode, respectively. Equation (1) is a standard governing equation of 

motion for inelastic SDOF systems. To compute the response time history of 𝐷𝑖(𝑡) from this

equation, one needs to know the nonlinear function 𝐹𝑠𝑖(𝐷𝑖 , �̇�𝑖). A cyclic pushover analysis is

performed for each important mode to identify the nonlinear function 𝐹𝑠𝑖(𝐷𝑖 , �̇�𝑖). The cyclic

pushover analysis for the ith mode can be carried out by applying a force vector with the ith 

modal inertia force pattern 𝒔𝑖
∗ = 𝐌𝝓𝑖  (where M is the mass matrix of the building and 𝝓𝑖 is the

ith natural vibration mode of the building in its linear range. The relationship between roof dis-

placement, obtained from the cyclic pushover (denoted by 𝑥𝑖
𝑟 ), and Di is approximately given

by  

𝐷𝑖 = 𝑥𝑖
𝑟/(𝛤𝑖𝜙𝑖

𝑟)  (2) 

where 𝜙𝑖
𝑟 is the value of 𝝓𝑖 at the roof level. The relationship between the base shear 𝑉𝑏𝑖

and 𝐹𝑠𝑖 under this modal inertia force distribution pattern is given by    

 𝐹s𝑖/𝐿𝑖 = 𝑉𝑏𝑖/Γ𝑖𝐿𝑖  (3) 

By this way, the results from the cyclic pushover analysis are first computed in the form of 

cyclic base shear (𝑉𝑏𝑖)—roof displacement (𝑥𝑖
𝑟) relationship, and then transformed into the re-

quired 𝐹𝑠𝑖— 𝐷𝑖 relationship.  At this stage, a suitable nonlinear hysteretic model can be selected, 

and its parameters can be tuned to match with this 𝐹𝑠𝑖— 𝐷𝑖 relationship. The response time 

history of 𝐷𝑖(𝑡) as well as 𝐹𝑠𝑖(𝑡) can then be calculated from the nonlinear governing Equation

(1). The response of each mode belongs to the ith vibration mode and can be generally repre-

sented by 𝑟𝑖(𝑡). By summing the responses of all significant modes, the total response 𝑟(𝑡) is

obtained: 

𝑟(𝑡) = ∑ 𝑟𝑖(𝑡)𝑚
𝑖=1    (4) 

The force-related story response can be obtained by using their relationship with Fsi, ob-

tained from the modal pushover analysis in the linear response range. Similarly the defor-

mation-related story responses can be obtained by using their relationship with 𝐷𝑖, obtained 

from the modal pushover analysis in the linear response range. 

6 COMPARISON OF NLRHA AND UMRHA RESULTS 

Different assumptions of UMRHA procedure include the use of an approximate hysteresis 

behavior for SDOF system, the use of elastic inertial force pattern to obtain the nonlinear modal 

responses, the linear summation of modal responses and the absence of interaction between 

different vibration modes. In the current study, it is made sure that the behavior of the selected 

hysteretic model, used for each SDOF system, matches perfectly with the hysteretic behavior 

of the structure under each modal inertial force pattern. Figure 7 shows the comparison of hys-

teresis behavior for the first mode. The cyclic modal pushover analysis is carried out for each 

vibration mode by applying the force vector with the ith mode inertial force pattern 𝒔𝑖
∗. The

magnitude of the inertial force is reversed and increased gradually to push the structure into the 
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nonlinear range (i.e., gap opening). The results in the nonlinear range show that the pattern of 

story forces of the rocking wall is almost similar to the story forces pattern in the linear elastic 

range. Therefore, the assumption of using elastic inertial force distribution pattern for the esti-

mation of nonlinear story force distribution is justifiable. Another assumption used in the for-

mulation of the UMRHA procedure is the linear summation of modal responses, which is 

strictly speaking only valid for linear elastic responses. Since the shear response is modeled as 

linear elastic in this study, the linear summation of modal shear responses can be used to get 

the total shear response. The only assumption left in the UMRHA procedure is that there is no 

interaction among different modal responses. However, this limitation of the UMRHA proce-

dure can be beneficial for the current study where the difference between the responses obtained 

from the NLRHA and the UMRHA procedure would represent the effect of acceleration spikes, 

a manifestation of modal interaction. 

Figure 8 shows the comparison of envelope results of story forces, story shears and floor 

accelerations. Results show a significant difference in the results of NLRHA and UMRHA 

showing a presence of coupling of modes. Figure 9 and 10 show the histories of lateral floor 

accelerations and story shears. Comparison of histories shows that the UMRHA procedure is 

not able to predict the high frequency acceleration spikes observed in NLRHA during the start 

of a vibration cycle. It is quite clear from the results that without the modal coupling the higher 

mode effects are quite low which is normally expected for a low-rise structure. Also, the bulge 

in the acceleration envelope as observed in the NLRHA results is not present in the UMRHA 

Figure 7: Comparison of hysteresis behavior for first mode 

Figure 8: Comparison of envelope results. 
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acceleration envelope. This implies that if the acceleration spikes are removed from the accel-

eration response then the UMRHA procedure, with the removal of different assumptions, 

should be able to predict the acceleration response accurately. To check this, the rocking wall 

structure is redesigned with a dedicated energy dissipation mechanism and a reduced contact 

stiffness to keep the acceleration spikes to a minimum value. Energy dissipation bars at the 

wall-foundation joint are designed to take 45% of the moment demand with the other 55% being 

resisted by a combination of post-tensioning force and the self-weight of the rocking wall. Also, 

Figure 9: Comparison of floor acceleration histories. 

Figure 10: Comparison of story shear histories. 

the contact stiffness is reduced by a factor of 4 to reduce the impact related acceleration spikes. 

The NLRHA and UMRHA procedures are employed for the same ground motion and the results 

are compared. Figure 11 shows the comparison of envelope results which are matching quite 

well. Histories of floor accelerations (Figure 12) further show that the UMRHA procedure is 

able to predict the response with much accuracy in the absence of acceleration spikes.  The 
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comparison of results obtained from the UMRHA procedure and the NLRHA procedure for 

two different cases, without dedicated ED mechanism and with ED mechanism, shows that the 

UMRHA procedure works reasonably accurate when the acceleration spikes phenomenon is 

not present while for the cases where dynamic response is significantly affected by the acceler-

ation spikes the UMRHA procedure failed to predict dynamic response accurately. Further-

more, the energy dissipation mechanism and the reduction in contact stiffness is found to reduce 

the acceleration response significantly, especially for the first floor level. Also, the shear de-

mand for the rocking wall is also reduced significantly highlighting the effectiveness of the 

proposed strategies to reduce the acceleration spikes. This implies that the UMRHA procedure 

can be used effectively as a tool to differentiate the dynamic response that arises from the nor-

mal higher mode effects and the one that stems from the complex impact problem in the form 

of acceleration spikes. Furthermore, the effectiveness of different mitigation techniques for ac-

celeration spikes can also be validated by using this method. 

Figure 11: Comparison of envelope results with modified design. 

Figure 12: Comparison of floor acceleration histories with modified design. 
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7 CONCLUSIONS 

The current study focuses on the phenomenon of lateral acceleration spikes in the dynamic 

response of rocking wall structures. A rocking wall structure is designed and a suite of ground 

motions is applied. Furthermore, inelastic modal decomposition of dynamic response is per-

formed to investigate the higher mode effects. Based on the results, following conclusions are 

drawn.  

 NLRHA results for 4 story rocking wall structure show a significant presence of high

frequency accelerations in the dynamic response. Floor acceleration histories show

that these high frequency accelerations are similar to the impact related acceleration

spikes observed in the past experimental works and are also found to be responsible

for a high shear amplification of 3.25 for the case study rocking wall.

 An innovative modal decomposition technique is used to investigate the higher mode

effects. Different assumptions of the UMRHA procedure are removed except that the

UMRHA procedure considers the modal responses as uncoupled. This modified

UMRHA procedure allows to separate the impact related acceleration spikes from

the total acceleration response and to quantify their effects on the shear response.

 The presence of energy dissipation mechanism and the reduction of contact stiffness

at wall-foundation interface are found to be effective strategies for the reduction of

these acceleration spikes. Furthermore, both of these strategies are found to reduce

the acceleration and shear demand considerably ensuring a safety factor against any

shear slip failure.
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Abstract. This paper investigates the vertical dynamic behavior of steel rail viaducts 

subjected to train passage. The analyses in this study take into account the dynamics of the 

vehicle suspension systems, the mass of bogies and car bodies, and the dynamic properties of 

the viaduct as emulated by idealized mass and stiffness values. The rail vehicles are simulated 

as a series of moving mass with various wheel distances traversing over simply supported 

girders. Using finite element software, LUSAS, the dynamic amplification factors are 

evaluated and the results are compared with standard design practice for a wide range of 

speeds and a range of viaduct spans. The results show that the impact factors proposed by 

design codes are unconservative in many cases especially for high speed trains traversing the 

short span viaducts.    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3151



Mehrdad Bisadi, Q.T. Ma and S. Beskhyroun 

1 INTRODUCTION 

Research has shown modern high speed trains have the potential to induce resonance on 

railway bridges [1]. This phenomenon takes place when the frequency of excitation associated 

with moving train coincides with the natural frequencies of the bridge. Under such condition, 

the response of rail bridges is continuously amplified, as axle loads traverse over the bridge 

[2]. Excessive bridge response increases the likelihood of derailment, increase wheel and rail 

wear and may lead to the structural instability.  
There exist two commonly used loading strategies to evaluate the dynamic response of the 

bridge-train system. These are known as the moving load and moving mass models. In a 

moving load model, the train is considered as a series of moving static axle loads and the 

inertial and dynamic effects of the suspension system are ignored. In a moving mass model, 

the train is simulated as a series of moving mass sprung systems that represents the wheels, 

bogies and coaches. This method is considered more realistic and leads to more accurate 

results when interactions are considered important [2,3]. Figure 1 shows a representative 

schematic of the models.   

 

a                                        b  

Figure 1: a) Moving load model b) Moving mass model 

A number of researchers have developed sophisticated train models for evaluating the 

accurate dynamic response of railway bridges. Liu et al. developed a simple 3 degrees of 

freedom (DOF) train model to approximately investigate the properties of the train-bridge 

system [4]. While Xia et al. developed a 27 DOF train model to examine human comfort 

when a train traverse over a long suspension rail bridge [5]. In another study, Xia et al. 

developed an articulated train model to study the difference in bridge response from an 

articulated train compared to a non-articulated train passage [6]. Zhai et al. developed 

computer simulation software to predict vertical and lateral dynamic response of a train 

traversing a bridge and the results were validated by onsite experimental tests on two high 

speed railway bridges [7]. 

As far as rail bridge design is concerned, as opposed to pure analysis studies, most rail 

bridges worldwide are designed without a specific dynamic analysis. In this approach, a 

bridge system is analysed with a combination of axle loads in a static analysis. Then, the 

response is multiplied by a dynamic amplification factor, also known as an impact factor. This 

factor attempts to represent the increase in displacements and loadings due to dynamic effects 

[8,9]. However, as there is little known about the development of such factors, presumably 

they are based on limited empirical studies or moving loads approach, it is unsure whether it 

would accurately predict the dynamic effects of high speed moving loads. 

The aim of this paper is to evaluate the vertical midspan dynamic amplification factor of 

steel railway bridges including the influences of varying axle distances, train suspension 

system, viaduct vertical natural frequencies and span lengths. The results are then compared 

with American railway bridges manual, AREMA, and Eurocode standard practice code 

[10,11]. 
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2 RESONANCE ON RAILWAY BRIDGES 

Dynamics of train-bridge systems are unique in that when trains traverse across a bridge, it 

increases the mass of the system significantly, trains represent a large portion of the mass in 

the system and make contact with bridges via a suspension system with individual dynamic 

characteristics. In simplistic terms, during train passage, the train bridge system can be 

approximately considered as a single system with the mass of the bridge and trains, resting on 

a structure with the stiffness of the bridge and is subjected to a dynamic load in accordance 

with the speed of the trains. The effect of the moving load can be considered as a single 

dynamic load with a forcing frequency depending upon train speeds, the axle wheel distances 

and span length of rail bridges. Higher train speed increases the forcing frequency and 

similarly shorter axle distance over spans also increase the effective forcing frequency. This 

frequency is expressed in equation 1, where (fc), (V) and (Lb) are the forcing frequency, train 

speed and the bridge span length respectively [2].     

c

b

V
f

L
                                                                       (1) 

In moving load analyses, the dynamics of the train system are typically ignored. In moving 

mass analysis, an attempt is made to incorporate this effect by modelling the train as a 

dynamic system of the car bodies and bogies (train suspensions). This leads to a two DOF 

system and consequently the train is defined by two natural frequencies. Equation 2 and 3 

estimate these two natural frequencies as a function of the primary and secondary suspension 

system spring stiffness (kv, kvv) and mass of the bogie and car body (m1 and m2) [4]. 
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Dynamic characteristics of railway bridges also play a key role in train-bridge interaction 

problem. For this study, this is represented by the bending of a single simply supported bridge 

span. This leads to natural frequencies that are functions of bending stiffness (EI), span length 

(Lb) and mass of the bridge (m per unit length). Equation 4 shows the first vertical natural 

frequency of such a simply supported beam [12]. 

                                                  42
b

b

EI

mL


                                                                   (4) 

Research shows that amplified train-bridge response can be expected when the forcing 

frequency (fc) coincides with any of the natural frequencies mentioned above. The most 

critical of these pairing is when the forcing frequency coincides with a natural frequency of 

the bridge. Equation 5 estimates the train speeds when this occurs. As the bridge is in fact a 

continuous system, other critical speeds occur at integer multiple of Equation 5 corresponding 

to a compatible vertical bridge mode shape. (Lc) denots the carriage length. [2,13].     
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2

b cL
V

i


 ,    i = 1,2,3,…                                                   (5) 

3 IMPACT FACTOR AND RELATED ISSUE 

Impact factors () or dynamic amplification factors simplify the rail bridge design process 

by approximately accounting for the train-bridge dynamic interaction by upscaling the results 

of a static analysis. Equation 6 presents the common definition for impact factor.  

                                            
max dynamic response

max static response
I                                                      (6) 

Various equations exist in different bridge design standards for dynamic amplification 

factors as a function of span lengths and different traffic load models [8]. For instance, 

AREMA assumes two traffic load models, cooper E80 and alternative loads on four axles 

with a value of 100,000 lb force per axle, leading to equation 7 for an expression for the 

dynamic amplification factor. It can be observed from this equation, AREMA considers span 

length as the only parameter affecting the dynamic interaction [10]. 

                                                
23

1.4
14860

bL
I             Lb < 24 feet                                            

                                                                                                                                             (7)                                             

                                             
1.829

1.16
9.1b

I
L

 


         Lb ≥ 24 feet 

Eurocode EN1991-2 assumes different loading models for their rail bridges design 

guidance. Naturally, the formulas for impact factors are different, but notably, the Eurocode 

formulas are functions of train speed, bridge natural frequency for the existing bridges and 

span length for new bridges. Equations 8 and 9 present the dynamic impact factor formulas 

for carefully and normally maintained tracks as they appear in the Eurocode. EN1991-2 also 

prescribes a more detailed dynamic analysis if the train speed is expected to exceed 200 km/hr 

[11]. 

                                                 1.44
0.82

0.2b

I
L

 


                                                          (8) 

                                                  1.00 ≤ I ≤ 1.67    

                                            

                                                 2.16
0.73

0.2b

I
L

 


                                                        (9) 

                                                   1.00 ≤ I ≤ 2.00    

Equations 7 to 9 are plotted together in Figure 2. It highlights that AREMA is generally 

more conservative than the Eurocode particularly in longer span bridges.  
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Figure 2: Comparison of dynamic amplification factor suggested by AREMA and Eurocod 

4  FINITE ELEMENT ANALYSIS   

4.1 Finite element model 

Research has shown the vertical vibration and deflection are the most critical in studying 

the train bridge interaction and that a two dimensional model is sufficient in simulating study 

the vertical dynamic response [13]. This study employs a commercial finite element (FE) 

software, LUSAS (version 15.0.5) to create and analyse a two dimensional FE model of a 

train bridge system. The bridge is modelled as a linear elastic simply supported steel beam. 

The study considers a series of bridge span from 10 to 60 m and the mass of the bridge is set 

as 15 ton/m.  

The train is simulated as a sequence of rigid sprung masses traversing over the beam. 

Figure 3 shows a schematic of the FE model.  Each sprung mass represents a quarter of the 

car body mass and half of the bogie mass for one train wagon. 

 

 

Figure 3: FE model of the interaction system 

 The simulated train consists of eight passenger cars and the length of each car is 25.5 m. 

Table 1 shows the train parameters for this study. These parameters have been taken from a 

real train with minor modifications [14].  

 

Item Unit Value 

Mass of car body Ton 42 

Mass of bogie Ton 3 

Mass of wheel Ton 1.8 

Vertical stiffness of primary suspension system kN/m 210552 

Vertical stiffness of secondary suspension system kN/m 26319 

Vertical damping of primary suspension system kN s/m 15250 

Vertical damping of secondary suspension system kN s/m 18125 

 
Table 1: Train dynamic characteristics. 
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4.2 Dynamic analysis 

Modal superposition method is employed to analyse the FE model. The following 

assumptions are adopted: 

 

 The materials behave linearly; 

 Train moves with constant speeds; 

 The spring and dashpots behave linearly. 

 Modal damping coefficient is assumed to be 5%, and 

 There is no separation between the wheels and the bridge. 

 

A unit load is defined to produce small discrete locations over the path of train, by setting 

up a number of load cases. An eigenvalue analysis is carried out to compute the natural 

frequencies and eigenvectors of the bridge. Using the discrete unit load and the eigenvectors, 

modal forces are computed and then modal superposition method is applied to solve the 

interaction problem. Newmark time integration method is used and the dynamic responses of 

the train and the bridge are computed. To increase the accuracy of results, mass participation 

factors are considered over 90%, the discrete locations ( ) produced by the unit load is 

considered sufficient small and a proper time incerment (Δt) is used for the time integration 

method. The time step is computed according to equation 10 proposed by Clough and Penzien 

[15]. The distance incerment value is calculated by equation 11 suggested by LUSAS user 

manual [16]. 

                                                       max

10
t


                                                                 (10) 

                                                    
max

1
10

2



 


                                                          (11) 

4.3 Verification of the finite element model 

Yang et al [2] has considered a bridge as a beam and train as a moving mass and used the 

analytical method, mentioned in section 4, to calculate the bridge dynamic response. The 

specifications of the system are as follows; Span length Lb = 25 m, Train speed V = 27.78 m/s, 

Young’s module E = 2.87 kN/m
2
, Poisson’s ratio υ = 0.2, moment inertia I = 2.9 m

4
, mass of 

the bridge m = 2.303 ton/m, mass of the bogie M1 = 5.75 ton and spring rate Kv = 1595 kN/m. 

Mass of the wheel and the damping rate are neglected.  

 For verification of the FE model, dynamic analysis for the bridge has been carried out in 

LUSAS environment. Figure 5 and 6 show that there is a good agreement between the 

LUSAS results and the results from reference [2].    

 

 

Figure 4: Simply supported beam subjected to a moving mass (Source: Reference [2]) 
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                                                     (a)                                                                                   (b) 

Figure 5: Beam midpoint vertical displacement a) FE model b) Numerical analysis (Source: Reference [2]) 

 

(a)                                                                                     (b) 

Figure 6: Beam midpoint vertical acceleration a) FE model b) Numerical analysis (Source: Reference [2]) 

5 PARAMETRIC STUDY 

5.1  Effect of rail vehicle suspension system 

To evaluate the effect of the vehicle suspension system on the interaction model, three 

different stiffness values for the suspension are assumed. Table 2 shows the spring rates. Each 

of the vehicles in the table 2 crosses the bridge with speed range from 50 to 300 km/h. To take 

the dynamic bridge properties into the account, a non-dimensional parameter (S) as a function 

of Train speed (V), the bridge natural frequency (ωb) and the span length (Lb) is defined. 

Equation 12 shows the non-dimensional parameter. The bridge dynamic amplification factors 

and bogie accelerations are computed and illustrated in figures 7 and 8. 

Table 2: Characteristics of train suspension system 

                                                                  
b b

V
S

L
                                                           (12) 

 

 

Train Spring rate (kN/m) Damping rate (kN s/m) 

Type Primary Secondary Primary Secondary 

Vehicle1 1177 132.5 511 606.5 

Vehicle2 11800 2650 511 606.5 

Vehicle3 30000 6000 511 606.5 
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Figure 7: Vertical train bogie acceleration 

 

Figure 8: Vertical midpoint bridge dynamic amplification factor 

It can be seen that the stiffer springs increase the vertical bogie accelerations. The main 

reason is that the higher spring rates increase the frequency of the sprung mass which may 

approach to that of the bridge and increase the risk of resonance. The high train frequency 

assuredly leads to passenger discomfort. On the other hand, the stiffer springs slightly reduce 

the response of the beam. As the reduction is small, the effect of that is negligible in the 

bridge design procedure. Some of the standard design codes propose stability indices for 

maximum train acceleration. This value in China standard code is 1.3 m/s
2
 [14]. 

5.2 Effect of rail bridge characteristics 

To evaluate the bridge dynamic amplification factor, various span lengths are considered 

for the bridge and four different values of the frequency are allocated to each span length. 

Table 3 shows the bridge specifications. The train with axle distances 14 m, 18 m and 21 m 

crosses each of the bridges. In total 72 analyses are carried out for the train speed range from 

50 to 300 km/h. The dynamic amplification factors at the midpoint of the bridge are computed 

and illustrated in figure 9.  
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Table 3: Physical parameters of beam. 

 

  

Figure 9: Midpoint vertical dynamic amplification factor of the bridges 

Figure 9 shows the effects of train speeds, axle distances, bridges frequencies and span 

lengths on the dynamic amplification factor. Due to the resonance phenomenon, the dynamic 

amplification factors shift to larger values in response to higher train speeds, shorter span 

lengths and larger axle distances. The bridges with lower frequencies also experience higher 

dynamic responses. In comparison with the design codes, AREMA and Eurocode respectively 

suggest 1.4 and 2 as the maximum values for the dynamic amplification factors. However, the 

obtained values are much larger when the train with higher speeds traverses over the bridge 

with shorter span length.  

6 CONCLUSION 

A parametric study was carried out to investigate the effect of various parameters on the 

dynamic response of a train bridge system. The parameters include train speed, bridge natural 

frequency, span length, axle distance and train suspension system. The following conclusion 

has been drawn from this study: 

 

Span length (m) First vertical natural 

frequency (Hz) 

Damping ratio 

10-20-30-40-50-60 3-4-5-6 5% 
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 Stiffer suspension system results in larger values of bogie acceleration. However, it 

has a negligibale influence on the bridge response. 

 The bridge dynamic amplification factors increase when train crosses the bridge with 

higher speeds. This response is more apparent in short span lengths, larger axle 

distances and lower bridge natural frequencies. 

 Comparing the results with AREMA and Eurocode, it can be seen that the proposed 

impact factors are underestimate.   
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Abstract. A major challenge in component mode synthesis (CMS) remains the absence of a 
robust mode selection algorithm which can provide a measure of accuracy of the reduced 
model compared to the full model. In order to address this challenge, two concepts have been 
proposed in tandem: mode selection and error estimation methods. In this paper, we reassess 
performance of a recently proposed mode selection method and an a posteriori error estima-
tion method, and propose an efficient iterative algorithm that combines these two methods. 
The flexibility-based component mode synthesis (F-CMS) is used to demonstrate the perfor-
mance of the above methods. Numerical examples illustrate the effectiveness of the present 
algorithm. 
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1 INTRODUCTION 

Component mode synthesis (CMS) is a popular reduced-order modeling technique of the 
large finite element model in computational dynamics. After introducing the first approach of 
the CMS method in 1960s, various methods have been proposed [1-12]. In particular, the 
flexibility based CMS (F-CMS) method was developed using localized Lagrange multipliers 
[13], and its extended works have been performed [14,15].  

In CMS methods, since the reduced order model is constructed by assembling substructural 
modes, its accuracy depends on the selection of dominant substructural modes. Generally, the 
frequency cut-off rule has been used to select the substructural modes [15-17], and it relies on 
the basic assumption of the mode superposition which the lower substructural modes contrib-
ute more to the lower global modes. While the frequency cut-off rule is simple and easy to use, 
this assumption is not always true in the CMS methods. For the reason, Park and Park devel-
oped a new mode selection method using residual interface flexibility in the F-CMS method 
[12]. Also, Kim et al. [17] have developed another mode selection method based on the ei-
genvector relation between substructural and global modes, and it shows better performance 
than previous ones but also is applicable to various CMS methods such as Craig-Bampton 
(CB) and Automated multi-level substructuring (AMLS) methods. In addition, Kim and Lee 
recently developed new error estimation methods to directly estimate the relative eigenvalue 
error [18-20] unlike the previous methods [9, 21, 22]. In this paper, we propose an iterative 
mode selection algorithm that combines the mode selection and error estimation methods de-
veloped by Kim et al. [17, 20], and its feasibility is studied using the F-CMS method.   

First, we introduce the F-CMS method in Section 2. The mode selection and error estima-
tion methods are presented in Section 3. A new mode selection algorithm and its performanc-
es  are presented in Sections 4 and 5, respectively. The conclusions are given in Section 6. 

 

2 FLEXIBILITY BASED CMS (F-CMS) METHOD 

The displacement-based discrete energy functional  gu  of the global structure is 

  





  ggggg

T
gg uMfuKuu 

2

1
, LMLM s

T
g  , LKLK s

T
g  ,     (1)  

where gM  and gK  are global mass and stiffness matrices, respectively, and gu  and gf  

are global displacement and force vectors. sM  and sK  are block diagonal mass and stiffness 

matrices of substructures. The substructures and global structure are related with an assembly 
Boolean matrix L . Using )( gu , the eigenvalue problem is obtained 

iggiigg )()( φMφK  , gNi ,...,2 ,1 , ggg qΦu  ,       (2)  

where i  and ig )(φ  are the eigenvalue and eigenvector, respectively. gN  is the number of 

DOFs in the global model. gΦ  and gq  are the global eigenvector matrix and generalized co-

ordinate vector, respectively. Using the localized Lagrange multipliers λ , Equation (1) can 

be redefined as the sum of the substructural and constraint energy functionals 

     bbs
T

sssss
T

sbs uLuBλuMfuKuuλu 





  


2

1
),  ,( ,       (3) 

in which su  and sf  are the displacement and force vectors of the substructures, respectively, 

bu  is the interface displacement vectors, and B  denotes the interface Boolean matrix. bL  is 

3163



Jin-Gyun Kim, Phill-Seung Lee, and Kwang-Chun Park 

 

 

obtained by yanking out the rows with zero entries of LBT . When su  is decomposed by de-

formable and rigid body modes, Equation (1) can be expressed by ), , ,( bss uλαq  , which 

yields 






































































0

0

fR

fΦ

u

λ

α

q

0L00

L0RBΦB

0BRRMR0

0BΦ0ΦMΦΦKΦ

s
T
s

s
T
s

b

s

s

T
b

bs
T

s
T

T
sss

T
s

T
sss

T
sss

T
s

dt

d
dt

d


2

2

2

2

,      (4) 

where sΦ  and sR  are the eigenvector matrices of the deformable and rigid body modes of 

substructures, and the corresponding generalized coordinate vectors are denoted by sq  and 

sα . It should be noted that sΦ  and sR  are calculated from the substructural eigenvalue prob-

lem using )(k
sM  and )(k

sK ( sNk ,...,2,1 ). Here, sN  denotes the number of substructures. Then, 

sΦ  can be divided as 
    rrddss qΦqΦqΦ     ,           (5) 
where subscripts d  and r  denote the dominant and residual terms, respectively. To construct 
the effective reduced model, only dominant substructural modes are retained. Substituting 
Equation (5) into Equation (4) and performing the Gauss elimination on rq , the condensed 
equations are obtained. Finally, we have the final reduced eigenvalue problem 

ippiipp )()( φMφK  , pNi ,...,2 ,1 , ppp qΦu  ,        (6)  
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T
dbddbsssss

T
rbs ΦΛΦBMMKMMBF 12/1 2/12/12/1 ][   ,        (7b) 

   T
dbddbsssss

T
rbm ΦΛΦBMMKMMBF 22/12 2/12/12/1  ][   ,       (7c) 

where pM  and pK  are the reduced partitioned mass and stiffness matrices, respectively, and 

i  and ip )(φ  are the approximated global eigenvalue and eigenvector, respectively. rbsF  and 

rbmF  are the static and dynamic parts of residual flexibility. Here, pN  is the number of DOFs 

in the reduced model ( gp NN  ).From the third row in Equation (7a), gΦ  is computed by 

 ΦBFΦRΦΦΦLΦΦ rsqdugg sdb

ˆ .         (8) 

 

3 PREREQUISITES FOR THE MODE SELECTION ALGORITHMS  

3.1 Mode selection method 

The mode selection method developed by Kim et al. [17] is based on the relation between 

the substructural and global eigenvectors. 
dqdΦΦ  in Equation (8) means a direct link between 
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the substructural and the global eigenvectors. Therefore, 
dqΦ  is regarded as a relation matrix 

between the approximate global eigenvector matrix gΦ  and the dominant substructural ei-

genvector matrix dΦ . Consequently, 
dqΦ  can be utilized as an indicator of the contributions 

of the dominant substructural modes to the global modes.  
In order to calculate the substructural modal contribution, we first construct a trial interme-

diate reduced model denoted by a tilde )~(  , and it contains more substructural modes than the 
final reduced model. The numbers of the selected substructural modes for the intermediate 

and final reduced models are defined by dN
~

 and dN  ( dd NN
~ ), respectively. Then, a rela-

tion matrix 
dqΦ

~
 could be calculated solving the eigenvalue problem of the intermediate re-

duced model.  
ij

k
qd

)(~  is a component of 
dqΦ

~
 corresponding to the contribution of the i th 

substructural mode in the k th substructure to the j th global mode, and then the magnitude of 

each row of 
dqΦ

~
 for a substructure implies the contribution level of the corresponding sub-

structural mode to the global modes in gΦ . Then, the substructural modal contributions can 

be calculated as 

  



p

d

N

j
ij

k
qj

k
iC

~

1

2 )()( ~ ,            (9) 

where )(k
iC  is an indicator of the contribution of the i th substructural mode of the k th sub-

structure, and here j  denotes the weighting factor with the following rule 

1j  for U
t

L
t NjN  , otherwise 0j ,      (10) 

in which L
tN  and U

tN  denote the lower and upper limits of the target global modes, respec-

tively. Both mode numbers are used to define the range of the target global modes.  

3.2 Error estimation method 

We here introduce the recently proposed error estimation method [20] that is another prior-
ity of the mode selection algorithm. Since i  and ig )(φ  are the exact eigensolutions of the 

global eigenvalue problem in Equation (2), the following equations should be satisfied 

igg
T
igigg

T
ig
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1
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.        (11)  

Here, the exact global eigensolutions are expressed by the approximated terms and the er-
ror terms i  and ig )( φ  

iii   , 
igigig )()()( φφφ  ,        (12) 

and also, we assume that gK  can be divided as the approximated and its error matrices as 

ggg KKK    with kkgg
T
kg )()( φKφ ,      (13) 

in which gK  is error in the global stiffness matrix. Using Equations (12) and (13) in Equa-

tion (11), we have 
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If the approximated global eigenvector ig )(φ   is close enough to the exact global eigen-

vector ig )(φ , the right-hand side in Equation (14) that are much smaller than the terms in the 

left-hand side can be negligible. Consequently, Equation (14) can be rewritten by 

1)()(1  igg
T
ig

i

i φΜφ



,        (15) 

where the left-hand side in Equation (15) is the relative eigenvalue error, and the right-hand 
side is the mass-orthonormality error of the approximated global eigenvector ig )(φ . This der-

ivation procedure shows that the mass-orthonormality error is a direct approximation of the 
relative eigenvalue error. Then, we define the error estimation parameter i  as   

1)()(  igg
T
igi φMφ .         (16) 

 

4 MODE SELECTION ALGORITHM 

We here propose a new mode selection algorithm combining the recently develop mode se-
lection and error estimation methods [17, 20]. The proposed new mode selection algorithm 
will be compared with another mode selection algorithm using frequency cut-off rule. To dis-
tinguish those two algorithms, we here use “eigenvector based mode selection algorithm (E-
MSA)” and “frequency cut-off mode selection algorithm (F-MSA)”. The sequential proce-
dures of these mode selection algorithms are summarized in Tables 1 and 2.  

 
Step 1. Initial preparation 

          (a) gM  and gK  are given. 

          (b) The range of the target global modes is determined: 

                L
tN  and U

tN . 

          (c) Error tolerance   is assigned. 

            (d) dN  is determined for the reduced models. 

Step 2. Construction of the reduce model 
            (a) The substructural eigenvalue problem are solved:  

                 0φMK  i
k

s
k

s
k

i
k

s )]([ )()()()(  , for sNk ,...,2,1 . 

          (b) The dominant substructural modes are selected by the  
                frequency cut-off rule. 
          (c) The reduced model is constructed and solved: 

             ippiipp )()(  φMφK  . 

Step 3. Convergence check 
    (a) Relative eigenvalue error is estimated using Equation (16). 

(b) Convergence is check in target range: 

                i  ( U
t

L
t NiN  ). 

               If the target eigenvalues have converged, stop. 
               Otherwise, continue. 
(c) Increase the number of retained modes: 
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               1 dd NN . 

(d) Go to step 2(b). 

Table 1: Frequency cut-off mode selection algorithm. 
 

Step 1. Initial preparation 

            (a) gM  and gK  are given. 

          (b) The range of the target global modes is determined: 

               L
tN  and U

tN . 

          (c) Error tolerance   is assigned. 

          (d) dN
~

 and dN  are determined for the intermediate and final 

                reduced models, respectively. 
Step 2. Construction of the intermediate reduced model 
            (a) The substructural eigenvalue problem are solved:  

                 0φMK  i
k

s
k

s
k

i
k

s )]([ )()()()(  , for sNk ,...,2,1 . 

          (b) The dominant substructural modes are selected by the 
                frequency cut-off rule for the intermediate reduced model. 

          (c) The intermediate reduced model is constructed pM
~

and pK
~

. 

Step 3. Construction of the final reduce model 

            (a) The intermediate eigenvalue problem is solved and 
dqΦ

~
 is 

                  found: ippiipp )~(
~~

)~(
~

φMφK  . 

          (b) The substructural modal contributions )(k
iC  are calculated 

                using Equation (9) in the target range U
t

L
t NN ~ . 

          (c) The dominant modes are selected using )(k
iC  for the final 

                reduced model. 
          (d)  Final reduced model is constructed and solved: 

              ippiipp )()(  φMφK  . 

Step 4. Convergence check 
            (a) Relative eigenvalue error is estimated using Equation (16). 
          (b) Convergence is check in target range: 

                 i  ( U
t

L
t NiN  ). 

If the target eigenvalues have converged, stop. 
               Otherwise, continue. 
(c) Increase the number of retained modes: 

               1 dd NN . 

          (d) Go to step 3(c). 

Table 2: Eigenvector based mode selection algorithm. 
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5 NUMERICAL EXAMPLES  

We consider a cylindrical shell problem modeled by 24 24 MITC4 shell finite elements 
[23-25], and the free boundary condition is imposed. Length L  is 12m, radius R  is 0.5m, and 
thickness h  is 0.005m. Young modulus is 69GPa, Poisson’s ratio is 0.35, and structural densi-

ty is 2700 3/ mkg . The cylindrical shell is partitioned into two substructures ( 2sN ), see 

Figure 1.   
Performances of the mode selection and error estimation methods are tested in the target 

global range with 5L
tN  and 15U

tN . 70 substructural modes are retained for the interme-

diate reduced model ( 200
~ dN ). Figures 2 and 3 show the performance of the mode selec-

tion and error estimation methods employed in this work. Also, we test the performance of E-
MSA compared with F-MSA. 20 substructural modes are initially retained ( 15dN ), and 

error tolerance   is assigned by 310 . Using E-MSA, total modes in the target range converge 
much faster than F-MSA, see Table 3 and Figure 4. 

 

Figure 1: Cylindrical shell problem. 
 

 Total number of iteration 
Final number of retained 

substructural mode 

E-MSA 8 28 

F-MSA 52 72 

Table 3: Numbers of iteration and retained mode. 

 
Figure 2: Relative eigenvalue error. 
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Figure 3: Exact and estimated relative eigenvalue errors. (a) Frequency cut-off rule, and (b) 

Kim et al. [17]. 

 
Figure 4: Convergence curve of the 14th mode. 
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6 CONCLUSIONS 

We here propose a new mode selection algorithm in the F-CMS method, and then recently 
developed robust mode selection and error estimation methods are employed [17, 20]. The 
proposed mode selection algorithm was compared with the conventional mode selection algo-
rithm using the frequency cut-off rule. We first reassessed the mode selection and error esti-
mation methods, and then tested performance and features of the proposed mode selection 
algorithm using cylindrical shell problem. Those results show the excellent performance of 
the proposed mode selection algorithm. Although it is only studied in the F-CMS method here, 
this idea could be applicable to other CMS methods.  
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Abstract.  Prevention of a progressive collapse event of a reinforced concrete structure is a key 
design consideration. Commonly a sudden column loss scenario is analyzed to ensure the 
structure has suitable robustness; however, there is still a lack of numerical information 
regarding the influence of the dynamic effects involved. Beam-column joints are a critical part in 
reinforced concrete frames designed for inelastic response to severe external loads. Structural 
response for an inverted knee beam-column joint which results from the loss of a ground corner 
column are performed in this study using LS-DYNA. The sudden failure of the ground corner 
column may turn the exterior beam-column joint into an inverted knee beam-column joint with 
some reinforcement requirements deficiencies. Three-dimensional finite element (FE) models of 
a knee beam-column joint are described and verified with experimental results available in 
literature; this is followed by a parametric study to investigate the influence of different types of 
anchorage for beam longitudinal bars. In addition to that, the effect of using additional joint 
vertical stirrups is examined numerically. It is shown that the various types of reinforcement 
anchorage in beams have significant effects on shear capacity, load-deflection characteristics 
and failure modes of knee beam-column joints. Anchorage beam bars with U shape produces 
better inelastic behaviour than 90° standard hooks and headed bars. Contribution of additional 
joint vertical stirrups is more influential with headed bars anchorage than with the other two 
anchorage types. 
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1 INTRODUCTION 
     Reinforced concrete is the principal material used for structures engineering. From a safety 
point of view it is important that a concrete structure especially its connections, should have an 
adequate amount of continuity, integrity and high load carrying capacity, in order to exhibit 
ductile behavior that allows redistribution of forces after events, such as the loss of a ground 
column. Local failure shouldn’t lead to total collapse of the structure.  
    The response of a structure after an initial damaging event is a critical consideration. This is 
reflected in the Eurocodes basic requirements that:  
‘A structure shall be designed and executed in such a way that it will not be damaged by events 
such as explosion, impact, and the consequences of human errors, to an extent disproportionate 
to the original cause.’[1] This has led to the use of the sudden column loss scenario in which a 
key vertical element is removed and the structure analyzed to predict if further failure is likely. 
This situation has been investigated by a number of authors to determine the failure mechanisms 
and ultimate capacity of a damaged structure both steel [2] and Reinforced Concrete (RC) [3-6]. 
Progressive collapse experimental simulation after a sudden damaging event is time consuming, 
expensive and requires experience in order to achieve accurate results. Alternatively, the finite 
element method is a powerful tool for structural analysis. The majority of numerical 
investigations of the behavior of reinforced concrete members under a column removal scenario 
involve two-dimensional idealizations. This simplification provides good results with Dirk et al. 
[7] for a slab membrane tensile action investigated numerically with DIANA, but in case of 
beam-column joints, the results may be of questionable accuracy; how  to consider joint stirrups 
confinement effect. Three- dimensional modeling has many advantages over the two-
dimensional idealizations, in terms of applying load and specifying boundary conditions close to 
the real structure; also dilation of concrete and confinement effects may be taken into account. Yi 
et al, [3] conducted in-depth studies on the reinforced concrete assemblies under a column 
removal scenario using LS-DYNA simulating the improvement of its behavior by catenary 
action mechanism. 
    Corner ground column disappearing turns an exterior beam-column joint into an inverted knee 
joint; this may lead to some reinforcement deficiencies, such as the absence of joint vertical 
stirrups and column longitudinal bars with poor anchorage conditions. LS-DYNA program 
proposes several advanced constitutive models to simulate concrete material; most of them have 
the option of automatic generation of parameters to help users during the input phase. However, 
these sets of automatically generated parameters are based on reference experimental data that 
could not match very precisely with concrete properties in some cases. Therefore, one has to be 
careful about this point and must investigate these models with sensitivity analysis and 
optimizations to be sure that the modeled behavior is as close as possible to the real one. The 
general approach for reinforced concrete modeling; which is proposed in this paper, contains 
several important steps. The first one includes boundary conditions, hourglass treatment, mesh 
size, proper coupling algorithm for connecting both concrete solid element and reinforcement 
beam elements, also for reducing required CPU time, selective mass scaling technique will be 
implemented to achieve larger explicit time step. The second step is to get results for real case 
using different concrete material models with automatic parameters generation, followed by 
fitting and optimization of material parameters to match as possible the available experimental 
results in literature. The third step is a parametric study to investigate the influence of different 
beam bar anchorage types and the effect of joint vertical stirrups absence. 
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2 DESCRIPTION OF THE REFERENCE SELECTED EXPERIMENTAL TESTS 

    A series of well monitored experiments on RC beam-column knee joints were performed at 
Clarkson University by Wallace et al. [8] and at Chongqing Jiaotong University by Peng et al. 
[9]. The present paper offers the numerical simulation of these tests using LS_DYNA. The 
purpose of this study is to evaluate the efficiency of the numerical model and the used material 
models to predict the structural response for further parametric analysis.  

2.1 Wallace specimen 
    The knee beam-column joint studied by Wallace et al., consists of a beam portion and column portion. 
The column has a cross section of 400 mm x 400 mm with an overall length of 1100 mm and the beam 
has a cross section of 280 mm x 400 mm and the length of the clear portion is 1100 mm. The beam-
column joints are designed assuming that points of contra-flexure occur at the mid-height of columns and 
at the mid-span of beams. The top and bottom longitudinal reinforcements in the beam are bent down and 
up into the column. The beam is reinforced using 5ɸ18 mm as top and 3ɸ18 mm bottom longitudinal bars 
and ɸ10 mm as transverse steel repeated each 90mm. The column is reinforced with 8ɸ20 mm as 
longitudinal bars and ɸ10 mm ties spaced 90 mm. The dimensions and reinforcement details of the 
specimen is shown in Figure 1. Detailed design details of the specimen can be found in [8].        

Figure 1 : Dimension and details of knee joint [8] ( all dimension in inch). 

2.2 Peng specimen 

    Peng and Wang [9] evaluated a series of non seismically detailed knee beam-column joints 
subjected to monotonic horizontal loading. The specimen represents an “as-built” corner beam-
column joint subassemblage consisting of a column and beam; the lengths of the column and 
beams are chosen to correspond to the contra flexural points under lateral load, assumed to occur 
at the mid-height and mid-span of the frame. The dimensions and reinforcing details of the 
specimen is shown in Figure 2. The joint core contains no vertical transverse reinforcement. 
Beam longitudinal bars are anchored in the joint with 90° standard hooks. The column has a 

a) Beam section

b) Column section

c) Joint elevation

3174



B. Abdelwahed, B. Belkassem, L. Pyl, J. Vantomme 

300x 400 mm cross section, and the beam is 200 mm wide x 500 mm deep. The beam is 
reinforced using 3ɸ25mm as top and 2ɸ20mm bottom longitudinal bars and ɸ10 mm as 
transverse steel repeated each 100mm. The column is reinforced with 4ɸ22 and 4ɸ25 mm as 
longitudinal bars and ɸ10 mm ties spaced 100 mm. More details about the specimen can be found in 
[9]. 

Figure 2 : Dimension and steel reinforcement details of knee joint [9] ( all dimension in mm). 

3 FINITE ELEMENT MODEL DEVELOPMENT 

    The first step, the description of the model includes structural geometry and element type, 
modeling of materials, boundary conditions and simulation time. 

3.1 Structural geometry and element type 
    Figure 3 shows the three-dimensional FE model of the RC beam-column knee joint tested by 
Wallace et al., with two different mesh sizes. In order to improve the accuracy of the results 
while reducing computational cost, a mesh sensitivity analysis was carried out. Eight node solid 
elements with a single integration point were used to represent concrete; one disadvantage with 
one-point integration is the need to control the zero energy modes that arise, called hourglassing 
modes. In order to control these modes, LS-DYNA has several hourglass control types. Beam 
elements (2-node Hughes-Liu beam element) were used to model steel reinforcing bars.          

Figure 3 : Finite element meshes sizes for mesh sensitivity analysis. 

a) Dimension and boundary condition b) Steel reinforcement details

b) 40 mma) 20 mm

3ɸ25 
8ɸ10 

12ɸ10@100 
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3.2 Modeling of materials 
 Concrete 

    A good concrete model must consider the elasticity of concrete prior to cracking and the 
subsequent plastic states on the onset of cracking and beyond [10]. 
LS-DYNA has several material models to model concrete behaviour such as:  
• Plasticity based Karagozian and Case concrete damage model designated as MAT_72_R3 in

LS-DYNA [11]; 
• Continuous Surface Cap Model designated as MAT_CSCM_159, which is a visco-elastic-
plastic concrete   model [10]. 
    These two materials models were used in this study to check which one is most suitable for 
this case study and able to give close results to the experimental ones. Table 1 presents properties 
of the used concrete material models.  

Material ID in 
LS_DYNA 

Material title 
in 

LS_DYNA 

Supported 
element types 

Strain rate 
sensitivity Failure criteria Equation of state 

requirement 

72 Concrete 
damage Solid Yes Yes Yes 

159 CSCM Solid, shell Yes Yes No 

Table 1: Concrete material models in LS-DYNA [12]. 

 Steel reinforcement 

     The steel reinforcement bars (longitudinal and shear reinforcements) were modeled as a strain 
sensitive uniaxial elastic-plastic material. The material model PIECEWISE_LINEAR_ 
PLASTICITY (MAT_024) from LS-DYNA was used in this study. 
     The concrete and steel elements require a good coupling mechanism in order to achieve 
interaction between the two parts; this analysis uses the CONSTRAINED_ LAGRANGE_ 
IN_SOLID formulation to achieve a proper interaction. 

3.3 Boundary Conditions 
    Modeling of boundary conditions is often the most critical aspect in achieving sensible, 
reliable data from a finite element model [13]. The load on the beam-column joint is applied by 
specifying a prescribed horizontal displacement to the nodes of the beam end as shown in Figure 
3. To simulate simply supported conditions, a selection of beam end nodes were prevented from
vertical movement and a selection of column end nodes were prevented from both vertical and 
horizontal movement as shown in Figure 3. 

3.4 Event Simulation Time 
    The flexural frequency of vibration was computed analytically for the two beam-column joints 
using conventional formulas of vibration theory [14]. Table 2 shows the computed flexural 
frequency of vibration for the two beam-column joints and the corresponding period of vibration. 
The event simulation time was chosen to be 1.5 sec which is approximately more than 100 times 
the period of flexural vibration for the Wallace specimen. Consequently, inertial effects are 
assumed to be negligible and the model can be used to represent a quasi-static experiment.  
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 Knee joint ID Flexural frequency of vibration Flexural period of vibration 

Wallace 543.19 rad/sec 0.01157 sec 

Peng 276.104 rad/sec 0.0227 sec 

Table 2: Analytical flexural period of vibration for reinforced concrete beam-column joints. 
3.5  Run Time  
   A shortcoming in using an explicit code to simulate a quasi-static experiment is the fact that it 
can result in excessive run times which may limit mesh refinement trials.  In order to control run 
time, a selective mass scaling card is implemented in this study, to increase the critical time-step 
for explicit time integration without adulterate the global solution; it is applied to limited regions 
with very small critical time steps [15]. For the finite element simulations presented in this study, 
the cost in CPU run time varied approximately from half hour to 11 hours (depending on the 
dimension of model and element size) for 1.5 sec. of event simulation time, on a Pentium III PC 
600 MHz dual processor with 512 MB of RAM with LS-PrePost processor software version 4.1 
with Finite element software LS_DYNA solver version ls-dyna_smp_d_R700_winx64 _ifort 
101.exe. It should be recognized that for quasi-static structural problems, implicit methods are 
usually more effective than explicit methods; however, this depends on severity of non-
linearities, which are present in the current study.  It is very difficult to model the non-linearities 
and progressive damage/failure using an implicit code. 

4 COMPARISON OF EXPERIMENTAL AND NUMERICAL RESULTS 
     A number of models were created with varying mesh sizes using different concrete material 
models for knee beam-column joints. In this paper, the results are presented for four simulations 
of the knee joint tested by Wallace et al, using Concrete Damage and CSCM concrete models, 
followed by simulation using selective mass scaling to determine how it affects the solution 
speed and added mass percentage as well.  

4.1  Load vs. horizontal deflection of the knee joint 
    In order to simulate the experimental conditions, the models were analyzed in displacement 
control in LS-DYNA. Figures 4-6 show the numerical results in comparison with the 
experimental curve of the load vs. the horizontal joint displacement. Table 3 shows the 
maximum lateral load carrying capacity for the different mesh sizes with different concrete 
material models and the approximate run times associated with each of the mesh sizes. Table 3 
also shows the number of elements associated with each mesh size and the 
corresponding disk space requirements.  
    From Figures 4-5, lateral load carrying capacity increases with decreasing mesh size, 
converging to the experimental at a mesh size of 20 mm. Figure 4 shows that the primary 
stiffness of the model was over estimated in the numerical analysis. The simulation was able to 
reproduce the main features of the joint behaviour such as the joint ultimate capacity, the 
resulting cracking pattern and the displacement capacity. Figure 6 shows agreement between the 
numerical results for the Peng specimen with available experimental and Abaqus results by Peng. 

4.2  Crack profiles for different simulations 
    The damage in the RC model is shown by plotting the fringes of effective plastic strain. These 
effective plastic strain contours reveal the strain localization where failure propagates. The first 
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experimental flexural crack appeared at the beam-column interface at the displacement of 2.2 
mm which is relatively close to the first numerical crack which appeared at 3 mm displacement; 
the cracks in the beam and column were attributed to bending at low displacement level, but 
appeared to be a result of combination of shear and bending in advanced loading stages. At 
higher loading level, cracks continued to form, usually where stirrups or hoops were located. 
Figure 7 shows the cracking pattern of the RC knee joint in the numerical simulation. From these 
comparisons, it can be observed that the damage plot in the numerical simulation can capture the 
typical crack profiles of the RC knee joint under closing moment. Closer examination of results 
for the two mesh sizes with different concrete material models show a small variation in the 
damage profile. The finer mesh size of 20mm with the CSCM model seems to show, a more 
accurate pattern of cracks damage profile as compared to other trials. 

Mat ID , mesh size No. of 
elements 

Load carrying capacity 
[kN] 

Approximate 
Run Time[sec] 

Disk space used 
[B] 

CSCM, 20 mm 39208 274 20580 10259865 

CSCM, 40 mm 5504 194 1920 2863466 

KC3, 20 mm 39208 116 18341 9816368 

KC3, 40 mm 5504 105 1385 2788226 

CSCM, 20 mm, 
SMS 39208 291 8634 2883213 

W
al

la
ce

 

Experimental= 264 kN Analytical= 275.3 kN 

CSCM, 25 mm 64500 200 38650 10352654 

Pe
ng

 

Experimental= 200 kN Analytical= 192.7 kN 

Table 3: Mesh and concrete material models sensitivity analysis. 
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 Figure 4 :  Lateral Load versus Joint Displacement for Wallace specimen and different simulations. 
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 Figure 5 :  Lateral Load versus Joint Displacement for Wallace specimen and concrete damage model KC3. 
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 Figure 6 :  Lateral Load versus Joint Displacement for Peng specimen and different simulation tools . 

                     
Figure 7 : Comparison of cracking pattern of RC joint with different element  sizes for mesh sensitivity analysis. 

   In one of simulations, selective mass scaling (SMS) was used in order to increase the critical 
time step to reduce the overall computation time; the change in mass is tracked and observed in 
order to check if it is acceptable.  Figure 8 shows that this simulation with SMS has a trivial 
increase for model kinetic energy (less than 1% internal energy); SMS significantly decreases 
computation time with trivial effect on results. In the further sections, the finite element models 
are used to investigate the influence of various parameters on the load carrying capacity of knee 
beam-column joints. 

c) Final cracks, CSCM, 20 a) Typical crack pattern b) First flexural crack d) Final cracks, CSCM, 40
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Figure 8 : Model energy balance with selective mass scaling. 

5 PARAMETRIC STUDY 
      After verification of the FE model with respect to the experimental results, this section 
presents a parametric investigation to find more information about the behavior of RC knee 
joints with different reinforcement details. The response of the RC knee joints was studied by 
varying some key parameters such as joint vertical stirrups absence and using column 
longitudinal bars with poor anchorage condition simulating the case after ground column loss. 
Next, beam longitudinal bars may be anchored by 90° standard hook, headed end and U shape 
end. Figure 9 presents schematic drawings for the beam’s different anchorage ends.   
 

Figure 9 : Different alternatives for beam bars end anchorage. 
    The anchorage configurations in Fig. 9-a encompasses the following details: (1) horizontal 
anchorage (Ldh), (2) hook and (3) extension of the hook (Lv). The minimum horizontal anchorage 
(Ldh) is necessary to transfer the tensile stress in the flexural reinforcement in to the joint. The 
hook is responsible for the formation of the compression strut which in the case of knee joints is 
one of the major load transfer mechanisms from beam to column through the joint core. 
Sufficient extension (Lv) tail of the hook is necessary to prevent the pullout of flexural 
reinforcement. Figure 9-b presents headed bar ends by mounting a steel plate at the bar end 
instead of the hook portion and it’s vertical tail, in order to decrease steel congestion and ease 
concrete placement. Figure 9-c presents a U shaped bar by adjoining both top and bottom 
reinforcement in one in order to improve bond resistance between concrete and the beam main 
rebar. 
    The monotonic load displacement behaviour of these anchorage configurations with and 
without joint vertical stirrups are compared in Figures 10 to 13.  Slippage of column longitudinal 
bars and joint shear failure observed in all the modeled joints is a direct consequence of the 
absence of good anchorage condition for column longitudinal bars. Among the considered 
anchorage configurations, the headed end without joint vertical stirrups exhibited the weakest 

a) 90° standard hook b) Headed end c) U shape end

Ldh hook 

Lv 

head 
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behavior when compared to other configurations; this explained by the fast rotation of the beam 
top bars at the beam-column interface, which goes together with accelerated bond deterioration. 
This may be observed in figure 13, in the elastic part of the curve. Figure 11 shows that a U 
shaped bar is observed to have better performance when compared to the other anchorage 
configurations. This can be attributed to the better confinement of the joint core concrete. It can 
also be observed from figure 12, that the strength enhancement is more evident in the case of 
headed bars with additional joint vertical stirrups when compared to the other anchorage cases; 
this can be attributed to the better confinement of joint core concrete and the avoiding of rotation 
of the beam top bars. 
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Figure 10 : Stirrups effect on RC joint with improper column bars anchorage and hooked  beam bars anchorage. 
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Figure 11 : Stirrups effect on RC joint with improper column bars anchorage and U shaped beam bars. 
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Figure 12 : Stirrups effect on RC joint with improper column bars anchorage and headed beam bars anchorage. 
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Figure 13 : Beam anchorage type effect on RC joint without vertical stirrups and  improper column bars anchorage. 

6 CONCLUSIONS 
     In this paper, the nonlinear finite element analysis software LS-DYNA is used to discuss the 
response of a RC inverted knee beam-column joint caused by event of a corner ground column 
loss. The results are summarized as follows: 

• the concrete material model CSCM provides a proper material model for the complex
behavior of concrete when only the most minimal information about the concrete, i.e. its 
unconfined compression strength, is known; 

• selective mass scaling with some adjusted parameters is effective in reducing CPU
required time with a small effect on model energy balance; 

• U shaped beam bars end anchorage is better for  progressive collapse resistance in terms
of reducing joint rotation at beam joint interface and joint cracks; ductility was also 
improved by providing reinforcement continuity; 

• adding joint vertical stirrups is more efficient with using headed end anchorage rather
than the other two anchorage types. 

    In order to conduct a more accurate finite element analysis and to have a better representation 
of the physical problem, more research is needed on: 

• more concrete material with easy  input cards,
• the influence of selective mass scaling in increasing model resistance capacity and

changing model energy balance as well.
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Abstract. Rocking response of spread foundation has been found to be a unique isolation sys-
tem in bridge structures. Through the extension of structural periods due to rocking mecha-
nism, the induced seismic force can be decreased. In addition, the underlying soil may go 
through plastic behavior and dissipate more energy under extreme earthquakes. However, the 
stability of the bridges with rocking response is generally concerned by practical engineers. 
This study is aimed to analyze the ultimate state of bridges with rocking response subjected to 
extreme ground motions by using 3D Vector Form Intrinsic Finite Element (VFIFE). The 
VFIFE, a new computational method, is adopted in this study because it has the superior in 
managing the engineering problems with material nonlinearity, discontinuity, large defor-
mation and arbitrary rigid body motions of deformable bodies. Nonlinear behavior of soil is 
taken account in the interaction between soil and foundation. Nonlinear soil springs are de-
veloped in the VFIFE including vertical soil springs, lateral passive soil springs and friction 
force soil springs. All developed soil springs are verified to be feasible and accurate through 
numerical simulation. Finally, a five-span continuous bridge is analyzed to investigate the 
effectiveness of rocking isolation of bridges with spread foundation. The simulation results 
show that the induced seismic force decreases as the rocking response increases. Also the un-
stable response of the whole bridge does not occur under the extreme earthquakes. 
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1 INTRODUCTION 

Spread foundations are widely used in the substructure of bridges which are located in soil 
conditions with high bearing capacity. From the post-earthquake investigation, it is often ob-
served that cracks occurred along the sides of spread foundations on the ground surface after 
strong earthquakes. Such cracks imply that the rocking response occurred in spread founda-
tions during earthquakes. In the past studies, rocking response can be regarded as an isolation 
effect on bridge response. Since the natural periods of bridges elongate due to the rocking of 
foundations, the induced-seismic forces decrease. However, bridges are generally designed 
based on design codes with the regulations which restrain the sliding, overturning and settle-
ment of foundations. Since bridge engineers concern the issue of overturning instability, the 
rocking isolation of spread foundations has not been popular in practical implementation. 
Therefore, this research is aimed to clarify the overturning instability and the isolation effect 
through ultimate numerical simulation when rocking response occurs in spread foundations. 

Lately, modern bridge seismic design has been developed toward the seismic performance-
based design on whole bridges as well as their elements. Understanding of the performance of 
the components of bridges, such as bearings, unseating prevention devices, columns, and the 
effect of soil-structure interaction under extreme condition shall be favorable to determine the 
goal of performance. The Vector Form Intrinsic Finite Element method (VFIFE), a new com-
putational method developed by Ting et al. [1], is superior in managing highly nonlinear en-
gineering problems even with fracture and collapse. Thus the VFIFE is used to simulate the 
dynamic behavior of the bridges with spread foundations under extreme earthquakes in this 
study. 

Soil-structure interaction has been investigated for several decades. The superstructures 
and substructures of bridges may exhibit nonlinear behavior simultaneously under extreme 
earthquakes. In this paper, Winkler-based models proposed by Boulanger et al. [2] are adopt-
ed to develop nonlinear soil elements in the VFIFE for the analytical study on the ultimate 
state of bridges with soil-structure interaction.  

A practical five-span bridge with spread foundations is analyzed in this study to predict the 
failure process. The bridge is subjected to near-field ground motions recorded at JMA Kobe in 
the 1995 Japan Kobe earthquake in simulation. The ground acceleration is amplified from 
100% to 300% at an increment of 10%. The simulation results clarify the seismic performance 
for each structural element under extreme earthquakes. Besides, the optimum design parame-
ters of bridges with spread foundations can be obtained to increase the seismic capacity of 
bridges under extreme earthquakes. 

2 VECTOR FORM INTRINSIC FINITE ELEMENT 

The Vector Form Intrinsic Finite Element (VFIFE) is developed based on theory of physics 
to mainly simulate failure responses of structural systems subjected to extreme loads. To ana-
lyze a continuous structural system by using the VFIFE, a lumped-mass idealization is first 
performed to construct a discrete model. All lumped masses are then connected by deforma-
ble elements which are massless and exhibit resisting forces during deformation. Applying 
Newton’s Second Law of Motion, the equations of motion are assembled at each mass for all 
degrees of freedoms. Assume that a structural system consists of a finite number of particles. 
The equations of motion for a particle are written as 

 ( ) ( ) ( )t t tα α α α= −M d P f  (1) 

where αM  is the diagonal mass matrix of the particle α  and ( )tαd  is the displacement vector 
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when the particle α  is at time t  ; αP  is the vector of applied forces or equivalent forces act-
ing on the particle; αf  is the vector of the total resistance forces or internal resultant forces 
exerted by all the elements connecting with this particle. 

It is noted that each massless element is assumed to be in static equilibrium. Observed from 
Eq. (1), the VFIFE analysis is exempted from the assemblage of the global stiffness matrix for 
structures consisting of elements with multiple degrees of freedom. Therefore, a matrix 
algebraic operation for the entire system is not required. Instead, each equation of motion for 
each particle, Eq. (1), can be individually solved. Since the failure of structures involves 
changes in material properties and structural configuration, it is necessary to use discrete time 
domain analysis to solve the equations of motion. The central difference method, an explicit 
time integration method, is thus selected in the VFIFE to solve the equations of motion, Eq. 
(1). 

Compared to the traditional finite element method, the unique of the VFIFE is that the 
element internal forces are calculated by using the element deformations obtained through 
subtracting rigid body displacements from total displacements. A set of deformation 
coordinates is defined for each element in each time increment to calculate the element 
deformations. Therefore, the VFIFE is capable of dealing with structural dynamic problems 
with large displacements, deformations and rigid body motion simultaneously. 

When subjected to extreme earthquakes, bridges may undergo highly nonlinear behavior 
even structural failure. In the past large earthquakes, some bridges suffered deck unseating. 
Generally, deck unseating follows high material nonlinearity, geometric nonlinearity as well 
as rigid body motion. To simulate the ultimate states of bridges, the failure mechanism of 
major bridge components should be taken into account.  

The studied failure components are isolators, unseating prevention devices and plastic 
hinges of decks and columns. Firstly, isolators are idealized as a bilinear model. Once the 
resistance force of an isolator reaches the designated rupture strength, the isolator fractures 
and then no longer exerts resistance shear force. Assume that the isolator becomes a sliding-
like bearing and friction force exists on the fractured surface. When the relative displacement 
between superstructure and column exceeds the unseating prevention length, the 
superstructure will lose the supporting force provided by the column and then fall down from 
the cap beam due to the gravity force. The failure of isolators represents a typical failure 
mechanism completing material linear and nonlinear behavior, fracture, and sliding of 
structures. Such elements in the VFIFE have been developed in the previous studies. [3] 

After an isolator ruptures, the interface between the superstructure and the column turns to 
a sliding surface if the relative displacement between the superstructure and the column is less 
than the unseating prevention length. The motion on the sliding surface can be separated into 
stick and slip phases. When the friction force is smaller than the maximum static friction force, 
there is no relative motion in the interface, namely in stick phase. Once the friction force 
overcomes the maximum static friction force, relative movement starts in the interface and the 
friction force converts to dynamic friction force, namely in slip phase. In this study, assume 
that the maximum static friction force is equal to the dynamic friction force, and the dynamic 
friction coefficient remains constant during sliding.  

In the calculation process of the VFIFE, the material properties and structural configuration 
are assumed to be unchanged in each time increment. Therefore, the interface should be in 
either stick phase or slip phase during each incremental time. Before solving the response at 
the next time step 1i + , the condition at the interface must be determined. In this study shear-
balance procedure, which was proposed by Wang et al. [4] for analyzing sliding structures by 
state-space approach, is used to determine the phase of the interface.  
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The bilinear model is also used to idealize reinforced concrete columns and steel columns. 
No matter how the elements may change properties and configuration, even fracture in each 
time step, they are assumed to be unchanged in each time interval 1i it t t +≤ ≤ . Thus, the inter-
nal forces are calculated based on the element properties and configuration at the initial time 

it . The deformation coordinates of elements are redefined at the beginning of each time step. 
In other words, once an element undergoes nonlinear or discontinuous behavior, all changes 
are reflected only at the beginning of next time step. 

3 WINKLER-BASED MODEL 

Generally the soil-structure interaction behavior is idealized by using a linear elastic model 
with an infinite capacity. However, the linear behavior between soil and foundations may be 
not realistic under extreme earthquakes. This study thus adopts the concept of a Beam-on-
Nonlinear-Winkler-Foundation, a nonlinear model and called Winkler-Based Model, to model 
the soil-structure interaction behavior under large seismic loading. 

The foundation is herein idealized as a linear elastic beam supported by a number of dis-
crete. Each beam element has six degrees of freedom at both end nodes to consider nodal ex-
ternal loads and deformations. All Winkler springs are independent and considered as one-
dimensional zero length elements [5]. Nonlinear Winkler springs can be used to simulate the 
soil vertical bearing forces, horizontal passive forces to the side of foundations, and vertical 
shear friction on the sides of foundations in the soil-structure interaction, as described below. 

3.1 q-z Model 

The q-z model consisting of elastic and plastic parts simulates an unsymmetrical hysteretic 
response as in Fig. 1. The elastic part captures the far-structure response while the plastic part 
captures the near-structure permanent displacement as in Fig. 2. A gap model consisting of 
a drag and a closure spring in parallel is inserted in series with the plastic spring. Soil radia-
tion damping can be evaluated by using a dashpot on the far-structure elastic part. 

The equations used to represent the q-z model are similar to those used for the p-y model 
described in Boulanger et al. [2]. In the elastic portion, the spring stress q  is calculated as: 

 inq k z= (2) 

where ink = initial elastic stiffness; z = instantaneous displacement. The range of the elastic 
region is by the following relation: 

Figure 1: Hysteretic loop of q-z 
model 

Figure 2: Conceptual construction of the springs 
(by Raychowdhury [5]) 
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o r ultq C q= (3) 

where 0q = yield stress; rC = parameter controlling the range of the elastic portion; ultq = ul-
timate stress. 

In the plastic portion, the spring q  stress is calculated by 

50

50

( )

n

p
ult ult o p p

o

czq q q q
cz z z

 
= − −  

+ −  
(4) 

where 0
pq = stress at the yield point;  and c n = the constitutive parameters controlling the 

shape of the post-yield portion of the backbone curve ; 50z = the displacement at which 50% 
of the ultimate stress is mobilized ; pz = the displacement at any point in the post-yield 
region ; 0

pz = the displacement at the yield point. 

3.2 p-x Model 

The p-x model is developed to simulate passive horizontal soil resistance against footing. 
The p-x model is characterized by a pinched hysteretic behavior as shown in Fig. 3. The p-x 
springs are generally placed at the side of foundation to consider the passive horizontal soil 
force. 

3.3 t-x Model 

The t-x model is aimed to simulate the frictional resistance between the soil and footing. 
The t-x model is characterized by a large initial stiffness and a hysteresis loop as shown in Fig. 
4. The expressions governing the p-x model and t-x model are similar to Eqs. (2)-(4) but with
different constants of rC , n and c, which control the general shape of the hysteretic curve. 

In this study, the above soil spring models are developed in the VFIFE to simulate the non-
linear soil-structure interaction behavior in the failure process of bridges under extreme earth-
quakes. The analysis model of spread foundation is depicted in Fig.5. 

4 NUMERICAL SIMULATION 

 Figure 4: Hysteretic loop of t-x model Figure 3: Hysteretic loop of p-x model 
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4.1 Target Bridge 

A continuous bridge based on Japan highway design codes [6] is analyzed under near-field 
ground motions to predict the collapse mechanism while considering pounding effect of su-
perstructures. Hinge and roller bearings are installed between the superstructures and the col-
umns or abutments. This bridge consists of a five-span deck with a total length of 5@40 m = 
200 m and a width of 12 m, which is supported by four reinforced concrete columns with a 
height of 12 m in each and two abutments as shown in Fig.6. Spread foundation is designed to 
consider the rocking isolation effect. The 3-D analysis model is depicted in Fig. 7. The bot-
toms of columns are idealized as a perfect elastoplastic model with a fracture ductility of 21.5 
as shown in Fig. 8. After hinge bearings are damaged by the shearing forces, they are assumed 
to behave as roller bearings whose dynamic friction coefficient on the fracture interface is 
0.15. 

Figure 7: 3-D analysis model 

Figure 6: Target bridge 

Figure 5: Analysis model of spread foundation 

q-z spring 

p-x spring 

t-x spring 
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The pounding effect between the deck and abutment is considered by using an element 
with a gap of 28 cm. The unseating prevention length at each abutment is 96 cm. In simula-
tions, the bridge is subjected to the near-field ground motions recorded at Japan Meteorologi-
cal agency, in the 1995 Kobe, Japan earthquake, as in Fig. 9. The ground acceleration is 
amplified from 100% to 300% at an increment of 10% to result in member failure and the col-
lapse of whole bridge. 

4.2 Simulation Results 

Figure 10 compares the seismic responses obtained by numerical simulations with linear 
soil springs and nonlinear Winkler soil springs under JMA Kobe earthquake. Figures 10(a), 
10(b) and 10(c) represent the deck displacement, column rotation and vertical displacement at 
the edge of the foundation, respectively. Figure 10(d) indicates the soil compression force un-
der the edge of the foundation. Observed from the results, the analysis model with linear soil 
springs overestimates the seismic responses of the target bridge under large earthquakes.   
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Figure 10: (a) deck displacement (b) column-rotation  (c) vertical displacement at edge 
of foundation (d) soil compression at edge of foundation.  

Figure 8: The hysteresis of the column 

Figure 9: Ground motion recorded at Japan Meteorological agency in the 1995 Kobe earthquake 
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 Figure 11 depicts the failure procedure of the target bridge under 250% of the JMA Kobe 
records. The first characters M, H, C, D and R of the notations in figures denote the roller 
bearing, hinge bearing, column, deck and tendon, respectively. In the beginning, all the hinge 
bearings in x-direction first fracture due to excessive shearing forces. Then all the columns 
gradually reach the ultimate ductility and finally collapse, which results in the falling of all 
the decks; meanwhile, all the tendons fracture as a result of the excessive tensile forces much 
larger than the ultimate strength of the tendons. 

5 CONCLUSIONS 

• The nonlinear soil springs, Winkler-based springs, are developed in the 3-D VFIFE to
simulate the nonlinear soil-structure interaction behavior. Therefore, the VFIFE is capa-
ble of simulating the failure process of bridges with rocking isolation under extreme
earthquakes. The dynamic behavior of all structural members in the extreme situation can
be realized through numerical analysis.

• The simulation results confirm the effectiveness of rocking isolation on mitigation of
seismic induced forces of bridges with spread foundations. Since the soil may undergo
hysteretic behavior under strong earthquakes, such hysteretic behavior can dissipate
much more energy to decrease the structural dynamic responses.  Observed from the
simulation results under large earthquakes, the analysis results with linear soil springs
overestimate the seismic responses as compared with those with nonlinear soil springs.

 

 Figure 11: Failure process of the bridge with spread foundations under 250% of JMA Ko-
be records. 

7.02 sec 

0 sec 
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• The simulation results show that the induced seismic force decreases as the rocking re-
sponse increases. The collapse of the bridge is attributed to the failure of the columns,
namely the unstable response of the whole bridge due to overturning of the footings does
not occur under the extreme earthquakes.
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Abstract. A systematic structural integrity analysis and optimization of an elevator chassis 

under real dynamic load conditions are presented in this work. The special feature of this pa-

per is that the study was performed on industrial an elevator system (produced by Kleemann 

Hellas S.A.), including all details/complexities of a commercial system. The procedure pro-

posed for solving and analysing this specific problem includes the following steps. First, the 

frame and the cabin of the elevator are modeled numerically by discretizing them geometri-

cally according to the FE method. FE modeling of this structure is not straightforward be-

cause of these two aspects of the analysis. (a) When safety gear is activated and the elevator 

stops, braking forces act on the system, whose dynamic response must be accurately simulat-

ed. (b) An efficient modeling method is required for the various elevator parts which are in 

contact with each other and are connected together by screws through “oval type” holes. The 

initial FE model is updated and validated through an experimental investigation of its dynam-

ic response when the elevator stops using instantaneous or progressive safety gear. These ex-

perimental tests were performed under real operating conditions, using an experimental 

device that was designed exactly for this purpose and aimed at recording the acceleration 

time histories at the connection points of the frame with the safety gear and at other locations 

used as reference points. The acceleration time histories at the connection points are subse-

quently used as base excitation for the FE model of the frame and the corresponding stresses 

developed are evaluated. On the basis of these numerical results, the critical points of the 

frame are selected, as corresponding to larger stresses. Finally, to test the reliability of the 

proposed method, strain gauges are placed at the critical points of the frame and measure-

ments are carried out, under similar dynamic load conditions, in order to experimentally veri-

fy the stresses calculated above. Comparison of the numerical and experimental data verifies 

that the proposed “mixed computational-experimental” analysis method is quite reliable. 
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1 INTRODUCTION 

Ever evolving elevator design requirements frequently require improve-

ments/modifications of either specific mechanical components or even of entire structures. FE 

modeling of elevator systems is not straightforward because of these two aspects of the analy-

sis. (a) When safety gear is activated and the elevator stops, braking forces act on the system, 

whose dynamic response must be accurately simulated. (b) An efficient modeling method is 

required for the various elevator parts which are in contact with each other. To achieve these 

modeling issues, it is important to develop an accurate Finite Element Analysis procedure, in 

order to simulate the dynamic behavior of these systems. This is the main technical issue ad-

dressed by the present work. 

The equations of motion of mechanical systems with complex geometry are first set up by 

applying classical finite element techniques. As the order of these models increases, existing 

numerical and experimental methodologies for a systematic determination of their dynamic 

response become inefficient. Therefore, there is a need for the development and application of 

new appropriate methodologies for investigating the dynamics of large scale mechanical 

models in a systematic and efficient way. Traditionally, in the area of structural dynamics this 

is done by first employing methodologies that reduce the dimensions of the original system. 

This paper applies a time domain reduction method [1-5].  

The main objective of the present work is to demonstrate the advantages of applying ap-

propriate numerical and experimental methodologies in order to accurately predict the dynam-

ic response and the identification of the critical points in an elevator system. This is done by 

applying a numerical method for determining the equations of motion for the main elevator 

parts, while the dynamic behavior of the remaining components are taken into account 

through the application of appropriate experimental measurements. The special feature of this 

paper is that the study was performed on industrial an elevator system including all de-

tails/complexities of a commercial system.  

The organization of this paper is as follows. In the following section, a brief but complete 

outline of the methodology that reduce the dimensions of the original system is presented. 

Then, in the third section, the effectiveness and accuracy of the Finite Element Analysis pro-

cedure is demonstrated, by presenting numerical and experimental results obtained for the real 

elevator system. Here, the reliability of the methodology was tested first analytically in the 

elevator chassis with the platform of the cabin and next in the full elevator system (chassis 

and cabin). The study concludes by presenting a summary of the results obtained. 

2 CLASS OF MECHANICAL SYSTEMS EXAMINED – EQUATIONS OF MOTION 

The equations of motion of mechanical systems with complex geometry are commonly set 

up by applying finite element techniques. Quite frequently, a systematic investigation of the 

dynamics of large scale mechanical structures leads to models involving an excessive number 

of degrees of freedom. Therefore, a computationally efficient solution requires application of 

methodologies reducing the numerical dimension of the original model [1-6, 8, 9]. Next, the 

basic steps of a time domain reduction method is presented briefly. 

For simplicity, consider a mechanical system consisting of two subsystems, say A and B. 

Moreover, let the equations of motion for subsystem A be derived from the following classi-

cal form 

(1) 
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where AM̂ , AĈ  and AK̂  are, respectively, the mass, damping and stiffness matrix of the sub-

system A, with the vector )(ˆ tf
A

 representing the external forcing. For a typical model, the 

number of these equations may be quite large. However, for a given level of forcing frequen-

cies, it is possible to reduce significantly the number of the original degrees of freedom, with-

out sacrificing the accuracy in the numerical results, by applying standard component mode 

synthesis methods [1, 6]. This can be achieved through an approximate coordinate transfor-

mation of the form 

AAA qx  (2) 

The transformation matrix A  includes an appropriately chosen set of the lowest frequency 

normal modes of component A, corresponding to support-free conditions [1]. The number of 

these modes depends on the accuracy required in the response frequency range examined. 

Consequently, matrix A  is completed by a set of static correction modes of component A [3, 

4]. Employing this transformation, the original set of equations (1) can be replaced by a con-

siderably smaller set of equations, expressed in terms of the new generalized coordinates 
A

q . 

More specifically, application of the Ritz transformation (2) onto the original set of equations 

(1) yields the much smaller dimension set 

)(tfqKqCqM
AAAAAAA    (3) 

where 

AA
T
AA MM  ˆ , AA

T
AA CC  ˆ , AA

T
AA KK  ˆ  and

A

T
AA

ff ˆ .

Moreover, the set of unknowns can be split in the form 
TT

b
T

AA
xpq )(

where 
A

p  includes coordinates related to the response of internal degrees of freedom of com-

ponent A, while Bx  includes the boundary points of component A with component B. Next, 

similar sets of equations of motion are obtained for component B. Namely, the equations of 

motion are first set up in the form 

)(tfqKqCqM
BBBBBBB   (4) 

with coordinates 

TT
b

T

BB
xpq )(

Then, a proper combination of equations (3) and (4) leads to the equations of motion of the 

composite system in the classical form 

)(tfqKqCqM    (5) 

with coordinates 

TT
b

T

B

T

A
xppq )( . 

The stiffness matrix of the composite system can be obtained by considering the total po-

tential energy of the system. Likewise, the mass matrix of the composite system is obtained 

by considering the corresponding kinetic energy, while the forcing vector is determined by 

considering the virtual work. 
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3 EXPERIMENTAL APPLICATION ΤΟ ΑΝ ELEVATOR SYSTEM 

In this section, the emphasis is placed on applying the methodology proposed to a real ele-

vator system. The ultimate goal was to develop an accurately Finite Element Analysis proce-

dure, in order to simulate the dynamic behavior of this system. The proposed procedure is 

presented in detail in the following sections. 

3.1 Finite Element Model 

The experimental system examined addresses a real elevator system which is shown in 

Figure 1. In this example, the system consists of two main substructures. The first part is the 

chassis of the elevator, while the second part is the cabin. The geometry of these structures 

was discretized using mainly rectangular and triangular shell finite elements. Additionaly, 

some other elements like solid (hexahedral) and rigid body elements were also used. The total 

number of degrees of freedom of the resulting model (chassis and cabin) was about 4,500,000. 

Due to the large size of this model, the solution of the finite element model was completed by 

using appropriate commercial software [13, 14]. The FE models of these two parts are pre-

sented in Figures 2a and 2b, respectively. 

Figure 1. ELEVATOR SYSTEM. 

Figure 2. FINITE ELEMENT MODEL OF (A) THE CABIN AND (B) THE CHASSIS. 

A B 
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After development of the overall finite element model, including the coordinate reduction 

and synthesis part, the next step was to examine the dynamic response of system when safety 

gear is activated and the elevator stops. In order to accurately simulate this procedure, it’s 

necessary first to verify the accuracy of the developed FE model and also identify the braking 

forces that acting on the system. To achieve this a combination of numerical and experimental 

methods was applied [9].  

3.2 Determination of Acceleration Levels Under Real Dynamic Load Conditions 

In order to verify the accuracy of the FE model of the system and also identify the braking 

forces acting on the system, we select, to examine only the elevator chassis including the plat-

form of the cabin with full load. On this system, triaxial accelerometers are placed at (6) se-

lected positions. These positions along with the measurement directions are presented in 

Figure 3: the two connection points of the frame with the safety gear (A1, A2) are included 

along with four other locations (A3-A6) which are used as reference points. A series of exper-

imental trials were performed under real operating conditions (free fall of the elevator frame), 

using an experimental device designed and constructed exactly for this purpose (by Kleemann 

Hellas S.A), aimed at recording the acceleration time histories at the selected six points. 

Figure 3. MEASUREMENT LOCATIONS OF ACCELERATION TIME HISTORIES. 

These measurements were performed using a data acquisition system (CDAQ) by National 

Instruments, with the related software which was made at NI Labview environment. The 

measured frequency range for the tests conducted was selected to be 0-1024 Hz. Figure 4a 

depicts the data acquisition system, while Figure 4b presents a picture of the load (weight) 

placed on the elevator platform.  

Figure 4. (A) DATA ACQUISITION SYSTEM and (B) ELEVATOR PLATFORM WITH LOAD. 

A B 
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Also, Figure 5 presents indicative photos of a two measurement positions. 

Figure 5. ACCELERATION MEASUREMENT LOCATIONS AT A CONNECTION POINT (A1) AND 

AT A REFERENCE POINT (A4). 

Next, Figures 6a, 6b and 6c present typical acceleration time histories in the three directions 

(X-longitudinal, Y-vertical, Z-transverse), at the connection point A2 of the chassis with the 

safety gear. These time histories were measured during one of the tests performed by using a 

progressive safety gear. Also, each figure presents the corresponding peak-to-peak and GRMS 

values.   

Figure 6. ACCELERATION HISTORIES IN THE: (A) X-LONGITUDINAL DIRECTION, (B) Y- 

VERTICAL DIRECTION AND (C) Z- TRANSVERSE DIRECTION, WITH PEAK TO PEAK AND GRMS 

VALUES. 

3.3 Results of FE Model Analysis – Identification of Critical Points 

Next, the measured acceleration time histories were used to determine the braking force 

that acting on the system. After several experimental trials, the form of the corresponding 

time-varying braking forces, in each progressive safety gear, were calculated. Then, these 

force time histories were imported as base excitation in the finite element model of the 

system. Also, in order to solve this transient response analysis problem in a computationally 
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effective way, a reduction in the dimensions of the original system is performed, so that the 

results are accurate in the frequency range 0-500 Hz. The total number of degrees of freedom 

in the reduced model was about 3,500, which is much smaller than the number of degrees of 

freedom in the original model (1,200,000). The reduced model was solved numerically in 

order to calculate the maximum stresses developed for the given loading. The identified 

critical points of the structure include mainly areas of the chassis arms on which the platform 

is based. Figure 7 shows selected results, in which some indicative points of the 

superstructure with maximum stresses are presented. 

Figure 7. LOCATIONS OF THE CHASSIS WHERE MAXIMUM STRESSES APPEAR. 

3.4 Validation of the Applied Methodology 

In order to test the reliability of the method applied, strain gauges were placed at (5) 

selected critical points of the chassis and a new set of measurements was carried out under 

similar dynamic loading conditions, to experimentally verify the stress levels developed. 

These positions are presented in Figure 8 and include locations on the right side of the chassis 

arms (SG1, SG2 and SG3) and on the left side (SG4 and SG5).  

Figure 8. MEASUREMENT LOCATIONS WHERE MAXIMUM STRESS APPEARS. 

For a complete monitoring of the stress state, three bridges with a 120o angle rosette were 

placed at each of the selected points. Figure 9 presents photographs of the strain gauges at the 

measurement locations. 
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  Progressive Safety Gear Test 

     C1         C2         C3         C4         C5      C6


x
 [MPa] =  -97.13	    -14.69	     47.12	     61.81	   -124.99	    110.30


y
 [MPa] =  -43.69	    -17.74	     76.84	     94.57	   -118.65	    100.91


xy

 [MPa] = 52.83	     18.43	     72.07	     53.64	    -16.57	    35.01

C1   [Initial Static Stress]
C2   [Stress at Startup]
C3   [Maximum Positive Stress at Dynamic Load]
C4   [Maximum Change of Positive Stress]
C5   [Maximum Negative Stress at Dynamic Load]
C6   [Maximum Change of Negative Stress]

Maximum Value of Equivalent Stress [Von Mises] 
v(max)

 = 173.21 [MPa]

RMS Value of Equivalent Stress [Von Mises] 
v(rms)

 = 44.08 [MPa]

Figure 9. STRAIN GAUGES MEASUREMENT LOCATIONS. 

At each measurement point, the stresses calculated are the normal stresses x  and y , the 

shear stress xy  and the maximum equivalent von Mises stress. Figure 10 presents a typical 

part of the stress histories measured during one of the tests at the location (SG3). The first 

three figures show the histories of x , y  and xy , with the corresponding maximum positive 

and max mum negative values of these stresses. The last figure shows the history of the 

equivalent (von Mises) stress, together with the maximum value of this stress. 

 

 

 

 

Figure 10. STRESS HISTORIES RECORDED DURING A TEST AT A MEASUREMENT LOCATION. 
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Structural 

Tests
PG1 PG2 PG3 PG4

Strain 

Gage 

Positions

SG1 90.47 85.48 97.22 92.56 97.22 105.37 7.73

SG2 198.64 193.72 201.14 196.35 201.14 209.82 4.14

SG3 168.61 165.40 170.85 173.21 173.21 170.53 1.57

SG4 160.49 148.25 154.71 152.16 160.49 155.61 3.14

SG5 253.75 246.53 263.22 255.91 263.22 278.24 5.40

Maximum 

Value of 

all 

Structural 

Tests

Maximum 

Value of 

FEM 

Solution

Maximum Value (peak) of 

Equivalent Stress Von Mises 

[MPa]

Error

(%)

Some of the experimental and numerical results are summarized in Table 1. This table are 

presents the maximum values of the von Mises stress obtained in four tests (indicated by 

PG1-PG4) and for all the points where measurements were taken (denoted by SG1-SG5). 

More specifically, the third from the end column presents the maximum values for all tests, 

for each measurement location, the penultimate column presents the corresponding maximum 

values obtained by the finite element model and the last column presents their percentage 

difference. A comparison of the numerical and experimental data presented in Tables 1 verify 

that the proposed method is reliable.  

 

Table 1. MAXIMUM VALUE OF EQUIVALENT VON MISES STRESS [MPA]. 

3.5 Analysis of the FE Model of Full Elevator System (Chassis and Cabin) 

Finally, in an effort to further illustrate the accuracy of the applied method, a similar analy-

sis was applied on the finite element model of the full elevator system (chassis and cabin). 

More specifically, the model was solved numerically in order to calculate the maximum 

stresses developed for similar loading conditions, which were applied in the paragraph 3.3. 

Also, the corresponding experiment was set up. Figure 10, presents a comparison between the 

numerical and experimental results.   

More specifically from the FE model analysis, arises that in some locations of the cabin the 

stresses developed exceeds the limits of the material yield strength. The most important of 

these locations are on the upper corners of the door, as shown in the Figure 11. The results of 

numerical analysis were confirmed from the experimental test. More specifically, the photo in 

figure 11, presents the deformation of the cabin at the top of the door, exactly in the same lo-

cation where the FE model analysis results shows. 

Comparison of numerical and experimental results indicated that the methodology applied 

gives accurate results and provides a useful tool in predicting the critical stress levels devel-

oped in the elevator systems under given loading conditions. 
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Figure 11. LOCATIONS OF THE ELEVATOR SYSTEM WHERE MAXIMUM STRESSES APPEAR 

AND COMPARISSON WITH EXPERIMENTAL RESULTS 

4 SUMMARY 

A systematic method was presented for determining the dynamic response and identifying 

the critical points of an elevator system when subjected to dynamic load conditions. The basic 

idea was to start the solution process by first discretizing geometrically the system with the 

finite element method. In order to verify the accuracy of the FE model of the system and also 

identify the braking forces acting on the system, examined only the elevator chassis including 

the platform of the cabin with full load. In this system, a series of experiments was performed 

in real operating conditions (free fall of the elevator frame), aimed at recording the accelera-

tion time histories at selected locations. Next, a component mode synthesis method was ap-

plied in order to eliminate a substantial number of degrees of freedom of the original model. 

The measured acceleration histories were subsequently used in order to determine the braking 

force that acting on the system. Then, these force time histories were imported as a base exci-

tation in the reduced finite element model of the system and the stresses developed under spe-

cific loading conditions were evaluated. From these numerical results, the critical points of the 

superstructure were selected, based on the level of the largest stresses. Finally, a new set of 

measurements was carried out in order to experimentally verify the stress levels developed. In 

an effort to further illustrate the accuracy of the applied method, a similar analysis applied in 

the finite element model of the full elevator system (chassis and cabin). Comparison of nu-
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merical and experimental results indicated that the methodology applied gives accurate results 

and provides a useful tool in predicting the critical stress levels developed in the elevator. 
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Abstract. The coupled building system has shown to be a viable approach to mitigate dynam-

ic responses. In the system two adjacent buildings are connected together using coupling links 

such as magnetorheological (MR) dampers to work as a group. Therefore the forces can be 

transferred upon one another and eventually reduce critical responses. The coupled building 

systems have been successfully implemented for newly built buildings and used as a solution 

to retrofit existing buildings. 

The focus of this study is to comprehensively investigate the effectiveness of coupled building 

system interconnected by a MR damper considering both linear and nonlinear cases. The 

multistory benchmark SAC structures are selected as the adjacent buildings. Through numer-

ical study, the control performance of different semi-active control strategies for MR damper 

are compared and evaluated. Furthermore, the robustness of different control strategies for 

pre-earthquake and post-earthquake cases is discussed. Finally, the cases of nonlinear adja-

cent buildings represented by hysteretic Bouc Wen models connected by MR damper are ex-

amined. The results show that using MR damper as the coupling link is an effective way to 

reduce the responses of both of the adjacent buildings under earthquake input. Some general 

conclusions and recommendations are also given for further research. 
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1 INTRODUCTION 

The interconnecting of two adjacent buildings with dampers is an effective method to re-

duce dynamic responses. In recent years, various approaches of the coupled building system 

have been examined and applied to civil engineering structures [1-3]. In coupled building sys-

tem, it is promising to use semi-active control device such as the magnetorheological (MR) 

damper as the coupled link. MR damper offers the adaptability similar to active control device 

with very small power sources. When utilizing the MR damper with complex nonlinear be-

havior in structural control, one of the challenges to achieve high levels performance is the 

selection and design of appropriate control algorithms based on the available feedback meas-

urements. 

The focus of this study is to comprehensively examine the efficacy of coupled building 

system interconnected by a MR damper under different control algorithms for both linear and 

nonlinear cases. Several control methods are implemented here including passive control and 

three semi-active controllers, i.e. clipped optimal controller, Lyapunov controller and pseudo-

negative stiffness (PNS) controller. Through numerical study, the pros and cons of each con-

trol strategy for MR damper are discussed and evaluated. Furthermore the robustness of dif-

ferent control strategies for pre-earthquake and post-earthquake cases is discussed. The 

effectiveness of the coupled building system for seismic response mitigation is demonstrated 

in this study.  

2 COUPLED BUILDING SYSTEM 

2.1 Coupled building model 

The adjacent buildings of 3 and 9 stories used in this study were designed based on the 

benchmark SAC structures which meet the seismic code and may represent typical low- and 

medium-rise buildings in Los Angeles, California region. Here the structures are simplified as 

two shear buildings. The two buildings are connected at the 3rd story with a MR damper. The 

story height of both building is 3.96 m. The mass and stiffness of each floor for building 1 are 

4.945×10
5
 kg and 1.72×10

8
 N/m. For building 2, the mass and stiffness are 4.785×10

5
 kg and

1.16×10
8
 N/m. Damping in each mode is assumed to be 2% for both buildings. The first natu-

ral frequencies of two buildings are 0.49 Hz and 1.10 Hz.  

The equation of motion of the coupled building system is 

𝐌�̈� + 𝐂�̇� + 𝐊𝐱 = −𝐌𝚪�̈�𝑔 + 𝚲𝑓         (1) 

where M, C and K are the mass, damping and stiffness matrices of the coupled system. 𝚪 and 

𝚲 are the influence vectors considering ground motion and damper location, respectively. 𝑓 is 

the feedback force of MR damper. 𝐱 is the relative displacement vector. �̈�𝑔 is the ground ac-

celeration. The M, C and K matrices are defined as 

𝐌 = [
[𝐌𝟏]𝟗×𝟗 [𝟎]𝟗×𝟑

[𝟎]𝟑×𝟗 [𝐌𝟐]𝟑×𝟑
]; 𝐂 = [

[𝐂𝟏]𝟗×𝟗 [𝟎]𝟗×𝟑

[𝟎]𝟑×𝟗 [𝐂𝟐]𝟑×𝟑
]; 𝐊 = [

[𝐊𝟏]𝟗×𝟗 [𝟎]𝟗×𝟑

[𝟎]𝟑×𝟗 [𝐊𝟐]𝟑×𝟑
]     (2) 

The state-space expression of the equation of motion is 

�̇� = 𝐀𝐳 + 𝐁𝐮 (3) 

𝐳 = [
𝐱
�̇�

]; 𝐮 = [
�̈�𝑔

𝑓
]            (4) 

𝐀 = [
𝟎 𝐈

−𝐌−𝟏𝐊 −𝐌−𝟏𝐂
]; 𝐁 = [

𝟎 𝟎
−𝚪 𝐌−𝟏𝚲

]                  (5) 
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where z is the state vector defined as displacement and velocity at lumped mass locations. 

In this study, in order to illustrate the performance of nonlinear multi-story adjacent build-

ings connected by a MR damper, additional analyses are conducted. Here the hysteretic Bouc 

Wen models are selected to represent the nonlinearity of the structure in each floor. In this 

model, the ratio of the post yielding stiffness and elastic stiffness is selected to be 0.035. 

2.2 MR damper model 

In this study, a phenomenological Bouc-Wen model developed by Spencer et al. [4] is used 

to simulate the MR damper. The parameters of the Bouc-Wen model are given in Table 1 

which is physically identified to represent a RD-8041-1 MR damper (LORD Corporation). 

The damper can generate specified peak to peak force higher than 550 lb (2447 N) due to a 

velocity input of 1.97 in/sec (5 cm/sec) with 1 Amp current level. 

𝛼𝑎 13.71 lb/in 𝛼𝑏 41.99 lb/in-V 𝑐0𝑎 3.72 lb-s/in 

𝑐0𝑏 5.96 lb-s/in-V 𝑐1𝑎 14.91 lb-s/in 𝑐1𝑏 102.68 lb-s/in-V 

𝑘0 11.08 lb/in 𝑘1 0.01 lb/in 𝛾 23.44 in
-2

𝛽 23.44 in
-2 𝐴 155.32 𝑥0 0.00 in 

n 2 𝜂 60.00 s
-1

Table 1: Parameters for the MR damper model. 

2.3 Semi-active control strategies 

One of the advantages of MR damper is that by semi-active control, the damper can effec-

tively mitigate the responses as active control device while requiring very small power 

sources. Here in this study, five control strategies are implemented and evaluated. Note that in 

the implementation of all the algorithms, the available feedback measurements are the abso-

lute acceleration of both buildings and control force. The other states are estimated using 

Kalman filter. 

Passive on control (PON) 

The first control method considered is passive on control, where the command voltage to 

the MR damper is held at a constant level of 2.8 V.  

Clipped optimal control (COC1 and COC2) 

The second and third are clipped optimal control, proposed by Dyke et al. [5]. First the 

LQG/H2 strategy is applied in calculating the optimal control force. The voltage input of MR 

damper is then determined using the following control law. 

𝑣 = 𝑉𝑚𝑎𝑥𝐻{(𝑓𝑑 − 𝑓𝑚)𝑓𝑚}  (6) 

where H{∙} is the Heaviside step function, 𝑉𝑚𝑎𝑥 is the maximum voltage to the current driver

considering the saturation of the magnetic field in the MR damper. 

Here two clipped optimal controllers COC1 and COC2 are designed which focus on mini-

mizing the displacements and accelerations of both buildings, respectively. The maximum 

voltage applied is set to 2.8 V. For the design of COC1 and COC2, equal weight is selected 

for every floor and R is selected to be an identity matrix of proper order. A family of control-

lers can be designed by varying the weighting matrix Q. Here the Q matrix is determined 

based on the performance of these controllers in simulations by trial and error. For COC1 and 

COC2, the Q matrix weights are chosen to be 1.61×10
15

 and 1.78×10
12

 respectively.

Lyapunov stability-based control 
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Leitmann [6] applied Lyapunov’s direct approach for the design of a semi-active controller. 

In this approach, Lyapunov fuction is selected as  

𝑉(𝐳) =
1

2
‖𝐳‖𝑃

2
                                                         (7)

where ‖𝐳‖𝑃 is defined by

‖𝐳‖𝑃 = [𝐳𝑇𝐏𝐳]1/2 (8) 

and P is a real, symmetric, positive definite matrix. For a linear system, to ensure �̇� is nega-

tive definite, the matrix P is determined using the Lyapunov equation below for a positive 

definite matrix QP. 

𝐀𝑇𝐏 + 𝐏𝐀 = −𝐐𝑃 (9) 

The derivative of the Lyapunov fuction is 

�̇� = −
1

2
𝐳𝑇𝐐𝑃𝐳 + 𝐳𝑇𝐏𝐁𝐟 + 𝐳𝑇𝐏𝐄�̈�𝑔 (10) 

The only term that can be directly affected by a change in the control current is the middle 

term that contains the force vector f. Thus, the input to the damper which will minimize �̇� is 

𝑣𝑖 = 𝑉𝑚𝑎𝑥𝐻((−𝐳)𝑇𝐏𝐁𝒊𝑓𝑖) (11) 

where H{∙} is the Heaviside step function and 𝑓𝑖 is the measured force of the ith damper.

In the controller design for this study, the positive definite matrix QP are selected arbitrari-

ly based on the simulation results by trial and error. 

Pseudo-negative stiffness (PNS) control 

The PNS control method was first proposed by Iemura et al. [7, 8]. Here in this study, the 

PNS method is applied to MR damper with the input voltage changes depending on the 

movement direction [9]. The input voltage follows the solid line when the direction of motion 

is positive (from left to right) and follows the dashed line when the direction is negative (from 

right to left), shown in Figure 1. The control law expression is given by 

𝑣(𝑥, �̇�) = −sgn(�̇�) × 𝑆 × 𝑥 + 𝑣𝑚 (12) 

where S is the slope of the line, vm is the input voltage at the central position, and x is the 

stroke of the damper. In this study, S and vm are selected to be 4 V/in and 1.4 V respectively. 

Figure 1: input voltage of PNS controller. 

3 SIMULATION RESULTS 

To evaluate the control performance of coupled building system with MR damper, numeri-

cal simulation is performed using different control strategies under El Centro earthquake input 
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in MATLAB/SIMULINK environment for both linear and nonlinear cases. PGA of the earth-

quake record is scaled to DBE (design basis earthquake) level for linear cases and MCE (max-

imum considered earthquake) level for nonlinear cases using the methods provided by 

relevant provisions with regards to the recommendations for earthquakes in California area 

[10]. Since the MR damper model used in this study is of lab scale, to achieve the required 

control capacity, the output force of the MR damper is multiplied by 4800 and the displace-

ment is scaled such that 1 mm in the MR damper corresponds to 20 mm in the coupled build-

ing system. The sampling frequency is 4096 Hz.  

The responses of both buildings and the control forces are selected as the evaluation crite-

ria as shown in Table 2.  

Peak Floor Displacement 

J1 = maxEQ {
max

t,i 
|xi(t)|

xmax
} 

Normed Floor Displacement 

J5 = maxEQ {
max

i 
‖xi(t)‖

‖xmax‖
} 

Control Force 

J9

= 𝑚𝑎𝑥𝐸𝑄 {
max

𝑡 
|𝑓(𝑡)|

𝑊
} 

Peak Interstory Drift 

J2 = maxEQ {
max

t,i 
(

|di(t)|
hi

)

dn
max } 

Normed Interstory Drift 

J6

= 𝑚𝑎𝑥𝐸𝑄 {
max

𝑖 
(

‖𝑑𝑖(𝑡)‖
ℎ𝑖

)

‖𝑑𝑛
𝑚𝑎𝑥‖

} 

Peak Control Force 

J10

= 𝑚𝑎𝑥𝐸𝑄 {max
𝑡 

|𝑓(𝑡)|} 

Peak Floor Acceleration 

J3 = maxEQ {
max

t,i 
|ẍai(t)|

ẍa
max } 

Normed Floor Acceleration 

J7 = maxEQ {
max

i 
‖ẍai(t)‖

‖ẍa
max‖

} 

RMS Control Force 

J11

= 𝑚𝑎𝑥𝐸𝑄{|𝑓𝑅𝑀𝑆(𝑡)|}

Peak Base Shear 

J4

= maxEQ {
max

t
|∑ mi

η
i=1 ẍaηi

(t)|

Fb
max } 

Normed Base Shear 

J8

= maxEQ {
‖∑ mi

η
i=1 ẍaηi

(t)‖

‖Fb
max‖

} 

Table 2: Summary of evaluation criteria. 

3.1 Control performance assessment (linear) 

First, the numerical simulation is conducted using a linear model of coupled building sys-

tem interconnected by a MR damper. The evaluation results of the control performance under 

El Centro earthquake using the proposed criteria are listed and compared in Tables 3 and 4. 

As an example, the uncontrolled and COC2 controlled time histories of the top floor respons-

es for both buildings are given in Figure 2. The performance of different control strategies 

considering the RMS responses over the height of the adjacent buildings is compared in Fig-

ure 3. 
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Figure 2: Time histories of top floor responses under COC2 control. 
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(b) 

Figure 3: Uncontrolled and controlled responses under El Centro earthquake over the height of the adjacent 

buildings. 

(a) RMS responses of building 1 (b) RMS responses of building 2 

Controller 
Evaluation Criteria 

J1 J2 J3 J4 J5 J6 J7 J8 J9 J10 J11 

PON 0.694 0.757 0.926 0.757 0.524 0.542 0.659 0.544 0.107 4778 908 

COC1 0.648 0.788 0.932 0.799 0.451 0.490 0.725 0.493 0.117 5202 847 

COC2 0.741 0.815 0.839 0.753 0.560 0.564 0.620 0.562 0.089 3945 684 

Laypunov 0.812 0.722 0.895 0.726 0.622 0.664 0.807 0.665 0.110 4882 808 

PNS 0.751 0.861 0.876 0.832 0.595 0.599 0.710 0.601 0.068 3035 668 

Table 3: Comparison results under different control strategies for building 1 (9 stories). 

Controller 
Evaluation Criteria 

J1 J2 J3 J4 J5 J6 J7 J8 J9 J10 J11 

PON 0.475 0.773 0.519 0.588 0.379 0.581 0.489 0.493 0.333 4778 908 

COC1 0.658 0.908 0.914 0.624 0.493 0.629 0.725 0.526 0.362 5202 847 

COC2 0.588 0.686 0.617 0.573 0.492 0.526 0.512 0.528 0.275 3945 684 

Laypunov 0.604 0.811 0.751 0.649 0.433 0.564 0.642 0.524 0.340 4882 808 

PNS 0.497 0.604 0.501 0.604 0.435 0.497 0.457 0.499 0.211 3035 668 

Table 4: Comparison results under different control strategies for building 2 (3 stories). 

The results demonstrate that using MR damper as the coupling link is an effective way to 

reduce the responses of the adjacent buildings under earthquake input. Several observations 

are made. (i) The response mitigation is more obvious for shorter building. (ii) For taller 

building, COC1 provided the best control performance considering displacement, interstory 

drift and base shear. COC2 have the best performance in terms of acceleration. For shorter 

building, PON, COC2 and PNS control give similar results. Generally speaking, PON usually 

has slightly better control of peak displacement, while PNS performs slightly better in miti-
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gating interstory drift and acceleration. (iii) In terms of the control force, the semi-active con-

trollers always outperform the passive on case, especially for COC2 and PNS, with reduction 

around 25%. 

3.2 Control performance assessment (nonlinear) 

In this section, numerical simulation is conducted to evaluate the controller performance 

on a nonlinear model of the multi-story adjacent buildings system represented by hysteretic 

Bouc Wen model. The evaluation results of the control performance under El Centro earth-

quake using the proposed criteria are listed and compared in Tables 5 and 6. The uncontrolled 

and COC2 controlled time histories of the top floor responses for both buildings are given in 

Figure 4. 

Figure 4: Time histories of top floor responses under COC2 control (nonlinear). 

Controller 
Evaluation Criteria 

J1 J2 J3 J4 J5 J6 J7 J8 J9 J10 J11 

PON 0.889 0.958 1.085 0.965 0.835 0.996 1.082 0.963 0.035 1559 399 

COC1 0.773 0.902 1.095 0.978 0.805 0.921 1.074 0.932 0.027 1218 311 

COC2 0.869 0.954 0.981 0.992 0.855 1.014 1.048 0.953 0.025 1100 231 

Laypunov 0.882 1.023 0.953 1.002 0.840 1.015 1.087 0.978 0.037 1656 364 

PNS 0.925 1.004 0.966 1.003 0.879 0.993 1.031 0.966 0.022 980 279 

Table 5: Comparison results under different control strategies for building 1 (9 stories). 

Controller 
Evaluation Criteria 

J1 J2 J3 J4 J5 J6 J7 J8 J9 J10 J11 

PON 0.749 0.864 0.981 0.977 0.976 0.915 0.889 0.935 0.109 1559 399 

COC1 0.806 0.792 1.178 0.964 1.136 0.951 1.005 0.899 0.085 1218 311 

COC2 0.808 0.778 1.135 0.959 0.989 1.007 0.961 0.915 0.077 1100 231 

Laypunov 0.888 0.949 1.318 1.012 1.042 0.932 0.953 0.924 0.115 1656 364 
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PNS 0.868 0.918 0.944 0.991 0.965 0.904 0.823 0.928 0.068 980 279 

Table 6: Comparison results under different control strategies for building 2 (3 stories). 

In general, the response reduction achieved in nonlinear cases is limited compare to the 

linear cases. The results follow the similar trends as the linear cases. Semi-active controller 

COC2 and PNS achieve the similar results using much less energy when comparing with 

PON. In Figure 4, it is observed that the residual displacements of both the buildings decrease 

compare to the uncontrolled case. The effectiveness of using MR damper as the coupling link 

to nonlinear adjacent structures is shown here. 

3.3 Robustness analysis 

The change of the dynamic properties of a building after strong earthquake due to the dam-

age can be substantial. In order to include the stiffness degradation effects, a post-earthquake 

model (case 1) and a pre-earthquake model (case 3) are developed with 10% changes of the 

natural frequency from the nominal structural model (case 2). The robustness of different con-

trol algorithms are examined by the simulation using these models.  The variation of control 

performance evaluated using index J5-J8 of the three cases are compared in Figures 5 and 6. 

Figure 5: Variation of evaluation criteria indicators for building 1. 
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Figure 6: Variation of evaluation criteria indicators for building 2. 

It is observed that, although the controllers are designed based on the nominal model, sig-

nificant response mitigation is achieved for the post-earthquake and pre-earthquake cases as 

well, which confirms that the MR damper can provide reliable and robust control when the 

structure property changes. It is found that COC1 has better control considering displacement， 

interstory drift and base shear for building 1. PON provides a better control of displacement 

for building 2. COC2 and PNS are the most effective controllers in reducing interstory drift 

and acceleration of building 2.  

The variation in the response using three models is less severe for COC2 in comparison to 

the other controllers of both buildings. Generally speaking, semi-active controller COC2 pro-

vides a more robust control. When facing changing conditions, the semi-active control system 

can still perform adequately and provide consistent levels of reduction. 

4 CONCLUSIONS 

The effectiveness in seismic response reduction of coupled building system interconnected 

by a MR damper is investigated for both linear and nonlinear cases. Different control strate-

gies, including passive on, clipped optimal control, Lyapunov control and pseudo-negative 

stiffness (PNS) control are designed and evaluated. Some further robustness analyses are also 

performed. The following general conclusions can be drawn based on the simulation results: 

 Using MR damper as the coupling link is effective in mitigating the dynamic responses

of both of the adjacent buildings under earthquake input.

 For taller building, controller COC1 results in lower responses in terms of displacement,

interstory drift and base shear. COC2 performs better in acceleration control. For shorter

building, PON, COC2 and PNS control give very similar results. The response mitigation

is relatively more obvious for shorter building.
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 Semi-active controllers COC2 and PNS are superior at utilizing smaller damper force to

achieve good control performance. 25% of energy can be saved compare to passive con-

trol.

 The residual displacements of both the buildings decrease in the nonlinear coupled build-

ing system with proper control.

 The robustness of semi-active controller COC2 is demonstrated through comparing the

simulation results using pre-earthquake, nominal and post-earthquake models. Stable and

robust control is still guaranteed by semi-active vibration control when the properties of

the building changes.

 Generally speaking, semi-active controllers COC2 and PNS achieve better performance

considering response reduction, robustness and energy saving. Moreover, semi-active

controllers are more flexible compare to passive control, as the controller can be de-

signed optimizing different control objectives.
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Abstract. Experimental and analytical studies on Concave Sliding Surface devices have un-
derlined that the hysteretic characteristics under bi-directional input motion are highly non-
linear, in comparison with the uni-directional case. The force response of the device along 
both directions of motion strongly depend on the shape of the trajectory, because of the step-
wise changing of direction of the frictional force, rather than in a uni-directional motion in 
which all forces have the same direction. Together with these aspects, also the variation of 
the frictional properties with respect to sliding velocity (Velocity Effect), vertical load (Verti-
cal Load Effect) and heating phenomena originated at the sliding interfaces (Cycling Effect) 
increase the non-linearity of the behavior of such kind of isolators, leading to dispersions of 
the peak quantities when time history analyses are performed: such dispersions can not be 
neglected a priori, but they have to be accurately evaluated. In addition, experimental tests 
have shown widely sparse frictional properties of the sliding materials commonly used for 
CSS devices, even when the same conditions of loading are considered. Moreover, in real ap-
plications, the spatial distribution of both the devices and the isolated building affect the 
overall response, especially when irregularities in the installation of the isolators are consid-
ered, which results into uneven inclinations of the sliding surfaces with respect to the horizon-
tal plane. In this endeavor a wide numerical campaign has been carried out on a case study, 
considering several layout conditions, the actual dispersion of the frictional characteristics of 
the device, and different models of the friction coefficient for all the isolators. The results of 
all the numerical simulations, performed by means of time history analyses, have allowed to 
underline some important aspects which must be accounted for when designing a structural 
system, isolated using a grid of CSS devices, under bi-directional seismic excitations. 
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1 INTRODUCTION 

A growing interest toward the response assessment of friction based devices has been ob-
served during the last years both using numerical and experimental approaches [6, 7, 10, 13]. 
In the experimental field both Single and Double Curved Surface Slider devices (SCSS and 
DCSS) have been investigated in some details, in order to evaluate the overall features giving 
important indications on how such devices have to be modeled. In a previous study Lomiento 
et al. analyzed the frictional behavior of CSS devices subjected to bidirectional motions, in 
terms of dependency of the friction coefficient with respect to the sliding velocity (velocity 
effect) and to the applied vertical load (load effect) [4]. Moreover, due to the heating phenom-
ena occurring at the sliding interfaces, it has been observed that the friction coefficient de-
creases under long lasting cyclic motions [4, 5] (cycling effect). A wide testing campaign was 
carried out on a DCSS device by Furinghetti et al.: results showed that the friction decay 
caused by the cycling effect assumes a decreasing exponential trend with respect to the dissi-
pated energy, regardless the shape of the trajectory that the device is subjected to (Figure 1) 
[3]. A number of different trajectories were considered, among which the bidirectional clover-
leaf ruled by the standard code UNI:EN15129:2009 [7].  
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Figure 1: Frictional decay due to cyclic bidirectional loading [3]. 

Additional fluctuations were found, which could be originated by uneven rotations of the 
internal non-articulated slider, rather than oscillation of the vertical load. This behavior is 
supposed to significantly influence the overall response of a structural system isolated by 
means of CSS devices. 

In the present study a wide numerical assessment is presented, aiming at evaluating the di-
rect effects of the cycling loading on the response of a multy-storey building isolated with 
DCSS devices. An ad hoc mass-independent dynamic system has been directly defined, which 
allows to carry out parametric studies, considering an actual non-linear constitutive law for 
the isolation system, accounting for bi-axial interaction of the frictional force along the main 
directions of motion. The scope of this work is to highlight the influence of the cycling effect 
on the main response quantities, in terms of peak displacements, absolute accelerations and 
interstorey shears. Results show that accounting for the cycling effect leads to non-negligible 
variation of all the response parameters with respect to the reference case, in which no friction 
coefficient decay is considered. 
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2 MECHANICAL MODEL OF THE DEVICES 

The structural system has been seismically isolated using Double Concave Sliding Surface 
devices (DCSS) with a non-articulated slider: such devices, shown in Figure 2, have the same 
characteristics as the one described in a previous work [3].  

Figure 2: Components of the device. 

The curvature radius for both the sliding surfaces is equal to 1,6 m and the height of the in-
ternal slider is 0,1m: these geometric quantities imply that the equivalent radius of curvature 
of the whole device is equal to 3,1m [10]. 

The mechanical model of the device has been considered as the summation of two contri-
butions (eq.(1)).  

frdevice FFF += (1) 

The former is represented by the restoring force Fr (eq.(2)) caused by the projection of the 
vertical load applied to the device along the curved sliding surfaces [2]: the restoring behavior 
can be modeled using a linear spring with respect to the displacements along both x and y di-
rections, with a stiffness coefficient given by the ratio between the vertical load W and the 
equivalent radius of curvature Req [2]. 
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The latter contribution consists of the frictional force Ff due to the sliding movements at 
both the upper and the lower curved surfaces (eq.(3)). The same model presented in a previ-
ous study has been used, thus assuming the total frictional force, returned by the product be-
tween the friction coefficient and the vertical load, aligned with respect to the tangent line to 
the trajectory of the device: hence, such a force has been stepwise projected along the main 
directions of motion x and y. The friction coefficient can be considered as a function of verti-
cal load (load effect), sliding velocity (velocity effect) and the dissipated energy (cycling ef-
fect) [5, 8]. 
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The parameter which rules the transition through the “zero velocity point” vs has been as-
sumed equal to 0,0075 m/s.  

In this endeavor the friction coefficient has been assumed as a function of the dissipated 
energy only, in order to underline the direct consequences of the cycling effect on the main 
response quantities of the whole structural system. In a previous experimental campaign car-
ried out on a full scale device at EUCENTRE TREES Lab in Pavia [3, 12] results have shown 
that the friction coefficient decreases with respect to the dissipated energy with an exponential 
trend, considering both unidirectional and bidirectional motions. According to the aforemen-
tioned evidence, in this work the same multiplication factor which rules the exponential decay 
of the friction coefficient caused by the cycling effect has been  implemented, as shown in 
eq.(4).  

[ ]ceakvWEvW Eb
E +⋅⋅=⋅= ⋅−µµµ ),(),,( (4) 

The numerical values of the parameters of the exponential curve a, b and c are the same re-
turned by the non-linear fitting procedure reported in Furinghetti et al. 2014 [3]; moreover the 
b value, the parameter which affects the hardness of the friction coefficient decay, has been 
assumed as uniformly distributed in a range between ±100% of the mean value: all the param-
eters of the device are listed in Table 1.  

Parameter Value 
µ  0,0500 
a 0,5675 
b 0,0050 (±100%) 
c 0,4325 
Req 3,1 m 

Table 1: Parameters of the mechanical model. 

In Figure 3 some decay curves randomly extracted by the uniform numerical simulator are 
shown.  
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Figure 3: Friction Coefficient decay curves. 
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3 NUMERICAL MODEL OF THE DYNAMIC SYSTEM 

In this paper a new formulation of the dynamic system of a building seismically isolated by 
means of DCSS devices is presented.  

3.1 Modeling of the building 

The building has been modeled as a shear type MDOF system, having the same period in 
both x and y directions; actually, the same mass and the same translational stiffness has been 
considered for each floor [11]. Moreover, no torsional stiffness has been assumed for all 
floors. Thus, given the total number of stories NF:  
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321
(5) 

According to this assumption (eq.(5)), it is possible to introduce a “fictitious period” value 
(eq.(6)) which refers to the values of mass and stiffness of a single storey of the building, as 
follows: 
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This definition is very useful, since the final scope is to define the dynamic system of the 
building, normalized with respect to the mass of a single storey. Moreover, for a given num-
ber of stories, a linear relationship between the period of the first mode of the building (con-
sidered fixed at the base) and the just defined fictitious period has been detected, as shown in 
Figure 4: it can be noted that as the number of floors increases, the proportional coefficient 
between the fictitious period and the 1st mode period increases. 
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Figure 4: Linear relationship between the 1st mode period and the fictitious period. 

Hence, considering the building “fixed at the base”, the normalized mass and stiffness ma-
trices for both x and y directions are an identity matrix and a shear-type stiffness matrix re-
spectively (eq.(7)). 
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For such a system, Rayleigh damping has been considered only for the building [11] 
(eq.(8)). Considering the fixed periods of all the unidirectional modes of the building, and ac-
cording to the common definition of the damping matrix of the system, the proportional coef-
ficients have been computed using a least-squares procedure and considering 5% of damping 
ratio for all the modes.  
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In Figure 5 results of an example for a five storey building having the 1st mode “fixed” pe-
riod equal to 1,0sec are reported.  
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Figure 5: Least-squares procedure to determine Rayleigh Damping parameters. 

In order to check the efficiency of such a model for the damping, a fixed-base building has 
been analyzed, when subjected to a double-impulsive acceleration time-history, which corre-
sponds to a displacement step function (Figure 6) aiming at analyzing the response of the 
building under free-damped oscillations.  
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Figure 6: Input signal for the damping ratio check. 

For all the stories, the exponential decay of the displacement due to damping has been 
checked, according to the assumed damping ratio (5%). In Figure 7 results are shown.  
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Figure 7: Displacement decay check under free-damped vibrations. 

It can be noted that the theoretical exponential decay reflects the actual response of the 
building at each floor. 

3.2 Modeling of the base-isolated system 

The full model of the isolated structure consists of a MDOF model for both x and y direc-
tions: the first mass represents the isolated plate laid on the isolation system, whereas the oth-
ers are the masses of each floor of the building. In Figure 8 all the considered degrees of 
freedom are shown. 
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Figure 8: Dynamic model of the isolated structure. 
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Thus, according to Figure 8, the normalized mass and stiffness matrices can be written as 
shown in eq.(9): 
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Where r is the ratio between the mass of the whole building and the mass of the isolated 
slab. The normalized damping matrix is obtained in eq.(10) using the Rayleigh formulation, 
assuming the coefficients a0 and a1 previously described, considering the building fixed at the 
base. 
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Concerning the isolation system, when a building with a large plan development is consid-
ered, it is possible to consider one equivalent device, having a constitutive law which is repre-
sentative for the entire isolation system. Thus, according to this assumption, all the isolators 
have averagely the same vertical load, directly equal to the total weight of the isolated struc-
ture divided by the number of devices; the value of vertical load of the single device has been 
fundamental for the computation of the dissipated energy and, consequently, to account for 
the friction coefficient decay due to the cycling effect, since the calibrated model refers to a 
single full scale device [3]. Hence, the horizontal force along both x and y directions of the 
isolation system can be computed as shown in eq.(11): 
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Finally, the normalized dynamic system of the isolated structure can be defined for direc-
tion i = x, y (eq.(12)). The contribution of the isolation system has to be added only in the first 
equation for both directions, that is the translational dynamic equilibrium of the isolated slab.  
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It can be noted that the normalized damping matrix has been multiplied by the vector of 
relative velocities with respect to the isolated slab: in fact, the damping has to influence the 
response of the building relatively to its base, that is the isolated slab; whereas the isolated 
slab response is affected by the hysteretic damping due to the non-linear behavior of the 
DCSS devices. The coupling of motion along x and y directions is given by the bi-axial inter-
action modeling of the force response of the isolation system [1]. 

4 CASE STUDY 

Given the parametric formulation of the dynamic system shown above, it is possible to an-
alyze different structural layouts under a selected bidirectional seismic event, accounting for 
randomly distributed curves for the cycling effect. 

In the present work, the Irpinia earthquake November 23rd 1980 has been considered, with 
both the x and y components acting simultaneously. In addition, both the x and y recordings 
have been scaled with a scale factor equal to 1,4 in order to achieve a displacement demand 
more comparable to the design displacement of the modeled device (0,2m). A relatively small 
scaling factor has been chosen in order not to obtain unrealistic ground acceleration time his-
tories. 

In Figure 9 the both the x and y components of the chosen seismic event are reported. 
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Figure 9: Irpinia earthquake: scaled x and y components. 

Hence, buildings with five and seven floors have been considered, and for both of these ty-
pologies, three different fundamental periods have been assumed, as summarized in Table 2. 
Since the isolation system is modeled by means of an equivalent device, which implies that 

3225



M. Furinghetti, A. Pavese 

each isolator is averagely loaded with the same vertical load, eq.(13) can be obtained. Given 
the number of isolators NI and the single average vertical load W: 
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Thus, the single average vertical load W of the devices is a function of the mass of the iso-
lated slab MP, the mass ratio r and the number of devices NI.  

Concerning the mass ratio r, it can be seen as a direct function of the number of floors NF 
(eq.(14)): 
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In real applications the seismic mass per unit area of one floor is averagely equal to 1,0 
ton/m2, considering a concrete frame structure, external and internal masonry infills, a com-
mon structural technology of concrete and hollow-clay-tile floor system and 30% of the live 
load relative to residential buildings [9]. Whereas, concerning the isolated slab, a previous 
work has shown that a typical thickness of the reinforced concrete slab laid on the isolation 
level is equal to 0,5m [1], with a consequent value of mass per unit area equal to 1,25 ton/m2. 
According to these mass density values for both the building floor and the isolated mass, the 
mass ratio r can be considered as 80% of the number of floors of the building. The value of 
the single average vertical load of the device for each case has been computed simulating a 
real case study: considering a grid of isolators made up of 10x5 DCSS devices (50 isolators), 
with 6m span along both directions and assuming the thickness of the isolated slab equal to 
0,5m the values listed in Table 2 have been obtained: it can be noted that such values are 
comparable to the design vertical load values of the chosen isolator technology (about 2500 
kN). 

NF [#] Ts [s] r [#] W [kN] 
5 
5 
5 

0,50 
0,75 
1,00 

4,0 
4,0 
4,0 

1500 
1500 
1500 

7 0,50 5,6 2000 
7 0,75 5,6 2000 
7 1,00 5,6 2000 

Table 2: Parameters of the considered structural layouts. 

For all the structural layouts listed above, 500 values of the parameter b have been random-
ly extracted using a numerical simulator which has a uniform distribution, given a variation 
range within ±100% of the mean value of the parameter; thus the total number of performed 
analyses is equal to 3000. 

5 ANALYSES RESULTS 

In the followings results are shown for all the structural layouts, as a comparison between 
neglecting rather than accounting for the cycling effect: precisely, since a bidirectional seis-
mic event has been considered, all the peak vectorial response quantities of the structural sys-
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tem have been computed, that is displacements, absolute accelerations and interstorey shear 
forces. In all the next figures all the response curves of all the performed analyses are reported, 
together with the reference case curve, that is without accounting for the cycling effect, and 
with the mean plus and minus the standard deviation curves. Moreover, for each storey the 
ratio between the mean, maximum and minimum response parameter with respect to the ref-
erence case has been evaluated and shown in the graphs. 

In Figure 10 and Figure 11 the results in terms of maximum vectorial displacement for all 
levels are reported, considering five and seven floors respectively. 
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Figure 10: Displacement response: deformed shapes (up) and displacement ratios (down) for 5 storey building. 
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Figure 11: Displacement response: deformed shapes (up) and displacement ratios (down) for 7 storey building. 

Results show that, for both the building typologies (5 and 7 stories) the presented model of 
the cycling effect of DCSS devices strongly influences the displacement response of an isolat-
ed system: it can be noted that the displacement demand at the isolation level increases up to 
35% more than the reference case in the worst cases and the mean value is averagely 20% 
more; the graphs showing the displacement ratios underline that accounting for the cycling 
effect, the displacement demand is always higher with respect to the reference case for all the 
floors (the minimum ratio is equal to 1); for 0,75s period, considering both 5 and 7 storey 
buildings, the displacement ratios slightly decrease at the highest levels, whereas in the other 
cases they are rather constant.  

Then, in Figure 12 and Figure 13 the results in terms of maximum vectorial absolute accel-
eration at all levels are reported for both the five and seven floors layouts. 
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Figure 12: Acceleration response: acceleration profiles (up) and acceleration ratios (down) for 5 storey building. 
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Figure 13: Acceleration response: acceleration profiles (up) and acceleration ratios (down) for 7 storey building. 

For the 5 storey building the acceleration ratios of the maximum values are equal to 1 in all 
cases: this means that the cycling effect always reduces the absolute acceleration at all levels; 
nevertheless, for the 7 storey building the maximum value at the isolation level (level 0) is 
higher compared to the reference case, for structural periods equal to 0,5s and 1,0s. Generally, 
the acceleration response significantly decreases just above the isolation level and at the last 
floors of the structure, assuming in the middle more comparable values to the reference case. 

Finally, in Figure 14 and Figure 15 the results in terms maximum vectorial interstorey 
shear, normalized with respect to the total weight of the isolated structure, at all levels are re-
ported for both the five and seven floors layouts. To compute the normalized shears for the 
building VB,i, at each storey the maximum vectorial drift DB,i has been computed, computing 
thus the shear according to eq.(15); for the i-th floor: 
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Whereas for the isolation level, the normalized shear is given by eq.(11), divided by the 
expression of the total weight. 
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Figure 14: Shear response: Shear profiles (up) and shear ratios (down) for 5 storey building. 
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Figure 15: Shear response: Shear profiles (up) and shear ratios (down) for 7 storey building. 

Also for the shear response, the reference case represents the upper bound of all the anal-
yses performed accounting for the cycling effect. It can be noted that the mean and minimum 
values for all the stories are very close: this implies that also with a slight decreasing behavior 
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of the friction coefficient due to the cycling effect, the shear response for each level signifi-
cantly decreases. The highest variation for the 5 storey building reaches -20% for both struc-
tural periods of 0,75s and 1,0s, and -30% for the structural period 0,75s. 

6 CONCLUSIONS AND FUTURE DEVELOPMENTS 

In the present endeavor a wide numerical campaign has been carried out in order to evalu-
ate the variation of the peak response quantities of a structural system seismically isolated 
with DCSS devices due to the friction coefficient decay, caused by the cycling effect. Particu-
larly, a new dynamic model for a MDOF system is presented, which does not depend on the 
mass of the structure. The considered structures consist of multy-storey buildings (5 and 7 
stories) with different fundamental periods (0,5s – 0,75s – 1,0s), isolated by means of a rein-
forced concrete slab, laid on a grid of DCSS isolators. Since all the structural layout are sup-
posed to correspond to large plan development buildings, it has been possible to model the 
isolation system using an equivalent DCSS device: this implies that all the isolators can be 
considered with the same average vertical load, directly equal to the total weight of the whole 
isolated structure divided by the number of installed devices. The constitutive law of the isola-
tion system has been returned by the summation of the recentering and the frictional forces: 
the former is modeled with a linear spring with a stiffness coefficient given by the ratio be-
tween the applied vertical load and the equivalent radius of curvature, whereas the latter is 
returned by a frictional model which accounts for bi-axial interaction of the directions of mo-
tion. Concerning the friction coefficient, it has been assumed as a constant function with re-
spect to both sliding velocity and vertical load, in order to evaluate the influences of the 
cycling effect only: this has been modeled by means of randomly extracted decay curves, 
which expresses a decay multiplication factor as a function of the dissipated energy of a single 
isolator. In order to compute the dissipated energy for a single device, in terms of the integral 
of the force-displacement law, it has been necessary to define the single average vertical load, 
simulating a real case: thus, two different values have been considered, for 5 and 7 storey 
buildings respectively (1500kN and 2000kN). 

Results have been computed in terms of maximum vectorial displacements, absolute accel-
erations and interstorey shears for all levels; moreover, a comparison to the reference case (no 
cycling effect) has been provided. Concerning the displacement response, the reference case 
is the lower bound of all the analyses in which the cycling effect is considered. At each storey, 
the friction coefficient decay leads to higher displacement demands, up to 35% more than the 
reference case in the worst condition. Such variability looks more significant at the isolation 
level and at the lower stories of the building, slightly decreasing for the higher floors. The op-
posite behavior has been found for both absolute acceleration and interstorey shears: in fact 
for such response parameters the reference case becomes the upper bound. Thus, the friction 
coefficient decay reduces the absolute acceleration values at all levels (particularly at the 
highest stories and just above the isolation system)  and the shear profile (averagely the same 
variation along the building height). 

This work has underlined that the cycling effect, in terms of friction coefficient decay, 
leads to non-negligible variations of the main response parameters. Thus a future development 
will be the definition and the calibration of a sophisticated model of the cycling effect, as a 
function of dissipated energy, sliding velocity and vertical load, thanks to the results of sever-
al unidirectional and bidirectional tests of full scale DCSS devices. 
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Abstract. Experimental and computational dynamic sensitivity study of Multi-Block Stacks 

subjected to Pulse Base Excitation is considered. Advanced non contact optical measuring 

technique based on the GOM Aramis and Pontos systems, as well as the corresponding proc-

essing software (displacement history of control sensor points, with a high resolution high 

speed cameras) have been applied to replace conventional displacement measuring systems 

and accelerometers. The Non Smooth Contact Dynamics (NSCD) time integration simulation 

framework SOLFEC http://code.google.com/p/solfec/ is adopted here for comparative NSCD 

analyses, including a sensitivity study on interface characteristics, as a validation process. 

Series of test experiments were conducted and recorded on a bespoke platform with and with-

out lateral constraints in the Oxford Impact Engineering Laboratory and Rijeka University 

Structural Dynamics Laboratory for an extensive series of controlled pulse base excitation 

tests of multi block stacks configurations. Impact is generated by a pin-ball mechanism with 

spring and a wooden projectile, attached to an optical bench. For the NSCD simulations the 

base was subjected to a constant acceleration over a finite time, thereby facilitating the char-

acterisation of multi block stacks tumbling modes of failures (global or partial), as a function 

of stop gap distance. Creation of well documented benchmarks for the validation of simula-

tion paradigms for discontinuous media will be extremely valuable for researchers and code 

developers (non smooth contact dynamics, discrete elements, discontinuous deformation 

analysis), as well as for safety case engineers and industry regulators. 

3234

http://code.google.com/p/solfec/


N. Čeh,  A. Pellegrino,  J. F. Camenen, N. Petrinić, G. Jelenić, T. Koziara and N. Bićanić 
__________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ 

1 INTRODUCTION 

In order to understand as well as to predict the highly nonlinear mechanical response of 

natural and/or engineered discontinuous, blocky systems, comprising changing and evolving 

contact conditions and friction between their components or constituent parts, it is important 

to develop reliable analytical capabilities for simulations of such systems. In spite of extraor-

dinary advances in nonlinear computational mechanics and simulations paradigms, the valida-

tion and verification of their predictive powers remains one of the main challenges in the field 

for their incorporation into industry relevant procedures. It can be safely argued that a major 

research attention in nonlinear structural dynamics today has noticeably moved from a reli-

able response of a specific structural system to a specific excitation towards a generic predic-

tive capability for a class of structural configurations.  

There are a number of structures that are inherently discontinuous, either as a matter of 

convenience (e.g. ease of construction in structural masonry or dry stone walling) or as a de-

liberate strategy to avoid extensive thermal stresses (e.g. graphite cores in Advanced Gas 

Cooled Reactors, AGR, in nuclear power plants). Often these structures are deliberately dis-

continuous, organised as stacked and/or interlocked assemblies with a regular pattern and 

technologically intended gaps and clearances, allowing for limited sliding and rocking in be-

tween contacts during their dynamic response. Frequently, these structural assemblies are by 

themselves a vital safety critical component of an entire structural system (or form a crucial 

part of) and there is a growing need to be capable of predicting their behaviour under both 

static and dynamic (impact, seismic) conditions. This is particularly true with ageing and deg-

radation of such systems (e.g. AGR cores), where the safety considerations with respect to 

their life extension may be paramount for the integrity assessment process of the entire plant 

operation. Moreover, some of the safety critical ‘non structural’ components (e.g. large con-

trol cabinets) need to be treated as un-anchored blocky structures in their seismic assessment.  

Structural reliability and integrity assessment procedures are largely formulated for contin-

uum structures and their extension to consider discontinuous structural assemblies or configu-

rations is not adequate. Computational simulation frameworks for the analysis of blocky 

systems therefore often rely on some form of a homogenisation technique (simplified or com-

plex), leading to a whole series of equivalent nonlinear continuum models [2-5]. Such ideali-

sations then allow for the structural integrity and reliability assessment procedures to follow 

well established routes, developed for continuum structures and supported by a series of well 

recognised benchmarks, both computational and experimental. In particular, the homogenisa-

tion process allows for a reasonably straightforward dynamic characterisation (e.g. spectral 

signature, eigen frequencies and mode shapes for response spectrum techniques in earthquake 

considerations are easily evaluated) of what are in reality discontinuous, ‘blocky’ structures, 

for which no eigen problem can be formulated.  
This contribution comprises preliminary results of both experimental and computational 

dynamic sensitivity study of Multi-Block Stacks subjected to Pulse Base Excitation. Ad-

vanced non contact optical measuring technique based on the GOM Aramis system [1] and 

the corresponding processing software (displacement history of control sensor points, with 

high resolution high speed cameras) have been applied to replace conventional displacement 

measuring systems and accelerometers. The Non Smooth Contact Dynamics (NSCD) [2] time 

integration methodology SOLFEC http://code.google.com/p/solfec/ [3] is adopted here, which 

effectively ignores the high frequency content of the contact interactions. Instead of a speci-

fied interpenetration-force relation, this paradigm employs the complementarity relation be-

tween the relative velocity and the contact force at an existing contact point: either the 

velocity is such that the bodies separate and the contact force is zero, or the force is such that 
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interpenetration is prevented and in consequence the relative velocity is zero. This velocity-

force complementarity relation is added as an algebraic constraint to the implicitly integrated 

momentum balance and the ensuing nonlinear contact problem is therefore solved implicitly 

at every time step in order to find the contact forces and the velocities of contacting blocks.

2 CONTROLLED PULSE BASE EXCITATION EXPERIMENTS 

A comprehensive series of experiments was conducted at the Oxford Impact Engineering 

Laboratory on a bespoke platform for a controlled double pulse base excitation, inspired by 

the classic ingenious simple test device at Roorkee University, Fig 1. [4].  

Figure 1: Original Roorke University Platform and its conceptual small scale counterpart  ROORI-1 at Oxford 

2.1 Block stack experiments with no lateral constraints 

The experimental setup (named ROORI-1 as an homage to Roorke and Rijeka Universities) 

comprised an impact device, Fig 2 (a pin-ball mechanism with spring which was used to 

launch the wooden projectile) attached to an optical bench, with a teflon base and stopper 

aligned to the impact device and attached to the optical bench as well. A foam cushion was 

glued to the stopper, whereas a rubber cushion was glued to the front face of the aluminum 

base. Aluminum base was positioned at a predefined distance from the stopper (BD). The 

base excitation scenario implies an initial impulse (different intensities controlled by different 

pin-ball spring positions, denoted IM) followed by a reverse impulse (provided by the base 

hitting a stopper), after a given time delay (controlled by the block stopper distance BD).The 

shapes of the initial and reverse impulse are controlled by rubber cushions. 

On top of aluminum base a single block or a stack of two or three blocks was positioned 

(and aligned to the impact device and teflon base). Every experiment was recorded with the 

Phantom video camera with a resolution of 800x600 pixels and the frame rate of 2000 fps. 
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The camera was triggered by a laser-beam curtain. Figure 1 illustrates the experimental setup 

of the bespoke platform. 

Figure 2: Scheme of series of experiments of dynamic sensitivity of multiblock structures 

Initially, all the contact surfaces between each of the blocks and the bottom block and the 

base were kept smooth. Subsequently, the contact surfaces were made non smooth by the sand 

paper using a standard procedure of scraping aluminium surface along the sandpaper surface. 

Each set of experiments was repeated three times. A comparison between three repetitions 

shows repeatability of initial conditions as well as the repeatability of dynamic behaviour of 

the blocks. All the experiments were triggered manually and a good repeatability was 

achieved, especially for non smooth inter block contact surfaces, however for some scenarios 

with smooth contact surfaces, the responses appeared quite sensitive to small changes in ini-

tial conditions (Fig 3).  

Figure 3: Displacement of base, bottom, middle and top block from four repetitions of experiment 

B3_IM10_BD4 (3 blocks, spring trigger position 10, distance to stopper 4 cm) – smooth contact surfaces.  

Note that the base history is repeated well from one test to another, whereas the horizontal displacements of the 

upper blocks can be quite different 

Every video was converted into a series of images (in .jpg format). Each series of images 

was post processed using Aramis v6.3.1-0 software for optical deformation and displacement 

analysis. Since the resolution of the images was 800x600 pixels, each pixel represents ap-

proximately 0.18 mm. Choice for the facet size needs to be optimised, as it depends on 

speckle pattern, pixel size and scale in which a behaviour is observed. Velocities obtained us-

3 
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ing the facet size 10x10 pixels show largest scatter of results, while velocity obtained using 

the facet size 30x30 pixels converge to a distinct smooth trend (Fig 4).  

Figure 4:  Velocity of the bottom block for a three blocks stack using different Aramis facet resolutions  

The overturning conditions for a slender block subject to a single shock of constant base 

acceleration of a finite duration can be analytically established [7]. However, when the block 

of the same overall geometry is considered as a stack composed of three blocks, it is easy to 

conclude that for a single impulse an overtopping as the entire stack should always prevail 

over any partial overtopping (overtopping of a top block, or overtopping of two upper blocks). 

The existence of a second, reverse impulse and the time delay between the two impulses may 

affect the mode of overturning, depending on the timing of the second impulse. Within this 

study, a preliminary attempt has been made to provide a simple dynamic characterisation of 

discontinuous blocky stacks, through qualitative synthesis of experimental results, where only 

the eventual outcome (or mode of overturning) of each experiment carried out is recorded. 

The final configuration of the stack of three blocks (Fig 5) is used to classify each experimen-

tal result into one of four possible overturning modes  

 Mode A – a stack of three blocks remains stable,

 Mode B – top block from the stack of three blocks overturns as a result of either

rocking, sliding or combined motion,

 Mode C – top and middle blocks from stack of three blocks overturn as a result of

either rocking, sliding or combined motion,

 Mode D – entire stack of three blocks collapses as a result of either rocking, slid-

ing or combined motion.
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Figure 5: Possible overtopping modes of the stack of three blocks 

Deformation of the spring in pin-ball mechanism (IM) induces kinetic energy put into sys-

tem via the initial impact between the projectile and the aluminium base. The subsequent im-

pact of the aluminium base with the stopper (via foam cushion) completes the pulse by a 

counter shock. The counter shock depends on the distance between aluminium base and the 

stopper (BD), as well as the amplitude of the initial impact. Due to the friction between the 

aluminium base plate and the teflon subsurface, there are experimental scenarios where the 

base comes to a rest before ever reaching the stopper. Typical block centroids horizontal dis-

placement time histories as processed from video images are illustrated below (Fig 6) for 

pulse experiments for a stack of three blocks with smooth contacts surfaces (predominantly 

sliding mode) and with non smooth surfaces (predominantly rocking mode).  

    smooth  

     nonsmooth 

 Mode A  Mode B  Mode C  Mode D 
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Figure 6: Typical horizontal displacement histories for the base and blocks centroids, for the case of smooth 

(above) and non smooth (below) contact surfaces, for the experiment with a single impulse, i.e. with no stopper. 

Note the rocking response for the non smooth case, whilst the smooth case induces block sliding only. 

 

It is reasonable to expect that a mode of overturning is influenced by the amplitude and the 

duration of the dynamic pulse. Sensitivity of the failure mode following a counter shock for a 

specific experiment is here noted within the 2D parameter space (Fig 7), defined by the dis-

tance between aluminium base and the stopper and the trigger point for the pin ball spring, for 

the two cases of a single slender block and a stack of three blocks with the same overall di-

mension, with all non smooth contact surfaces. 
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(a) Single block 10/10/45 mm 

(b) Stack of 3 blocks 10/10/15 mm 

Figure 7.  Overturning modes for a single block (a) and a stack of same overall dimensions, comprising  three 

blocks (b) with  non smooth (below) contacts related to the pin ball spring trigger position (IM) and the distance 

between the aluminium base and the stopper (BD). Mode A Rocking, Mode B Top block overturning, Mode C 

Top 2 blocks overturning, Mode D entire stack overturning 

2.2 Block stack experiments with lateral constraints 

Per analogiam to the series of experiments without lateral restraints, another series of ex-

periments was conducted with a variation of side wall constraints spacing, distance from the 

aluminium base to the stopper and the level of spring trigger (Fig 8). Every experiment was 

again recorded with the Phantom video camera with resolution of 800x600 pixels and frame 

rate of 2000 fps. The camera was again triggered by a laser-beam curtain. 
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Figure 8: Scheme of series of experiments of dynamic sensitivity of multiblock structures including lateral side-

walls constraints 

Typical high speed video images and time histories of the block centroids horizontal dis-

placements processed with ARAMIS software are illustrated below, Fig 9. 

Figure 9: Time histories of the block centroids horizontal displacements, indicating intermittent contacts with 

lateral constraints 

Fuller results are available on the project website  http://mbsdynamics-ukf.gradri.uniri.hr/. 
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3 NSCD SIMULATIONS 

Comparative Non Smooth Contact Dynamics studies were conducted with SOLFEC 

http://code.google.com/p/solfec/ [3]. For the simulations (Fig 10), the base was subjected to a 

constant acceleration (linear rise of velocity) over a fixed finite time (0.005 sec), giving rise to 

a series of different peak base velocities. All blocks were assumed to be rigid. Coefficient of 

restitution for both normal and tangential direction were set to zero. Coefficient of friction 

(base/Teflon base) is adopted as 0.26. In the experiment, the surface of the blocks is either 

smooth or non smooth after sandblasting. The coefficient of friction between blocks is taken 

as 1.3 when the blocks are smooth, whereas for the non smooth case, the simulations were 

made with the coefficient of friction in the range of 1.3 to 2.7. Simulation consequences of a 

series of different block and base grid subdivisions were explored (for the purpose of contact 

detection, as all the blocks are assumed rigid) on Fig 12 .  

Figure 10: SOLFEC NSCD simulations of the ROORI-1 experimental set up 
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Figure 11: Horizontal displacement time histories for the block centroids (top, middle and bottom) for the two 

pulse excitation scenarios with peak base velocities (0.35 m/sec and 0.45 m/sec) 

Figure 12: Time evolution of the horizontal relative horizontal displacement between the middle and bottom 

blocks, with the grid on the left (1, 1, 1) and a finer grid on the right (3, 3, 3). 

Based on an extensive series of analyses, a qualitative characterisation of the multi block 

stack tumbling modes of failures (global or partial) are illustrated (Fig 13), due to various 

conditions of  pulse excitation (parametrised  here by the peak base velocity and the distance 

between the base and the stopper). Different states of the block stack system (or modes of 
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failure) at the end of simulations were distinguished (Mode A - block stack remains stable on 

the base, Mode B - overturning of the top block, Mode C - overturning of the top and middle 

blocks - mode C, Mode D - overturning of the entire stack). 

Figure 13: Three Blocks Stack Overturning Mode Characterisation 

Several NSCD SOLFEC analyses for the stack overturning study with lateral constraints at 

different distances (Fig 14) were also conducted  

Figure 14: Three Blocks Stack Study with Lateral Constraints 
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Figure 15 Block Centroids Horizontal Displacements Time Histories for the three Blocks Stack Study 

with Lateral Constraints  

Figs 15 illustrates the three block centroids time histories, as well as the base time history for 

a double pulse experiment the constraint wall gap of  3 cm, stopper distance of 2.3 cm, and 

the peak base velocity of 0.4 m/s. Coefficient of restitution is set to zero. Fig 16 illustrates the 

final stack configuration. 

Figure 15 Final post impulse configuration for the three Blocks Stack Study with Lateral Constraints 
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4 CONCLUDING REMARKS 

Apart from very specialist benchmarks, there is a general lack of suitable, well controlled 

benchmarks problems to validate predictive capabilities of non smooth contact dynamics 

simulations relevant for multi block structural configurations, with a regular construction pat-

tern and/or clearances. Closed form analytical benchmarks are largely restricted to two di-

mensional single or double rigid block structural assemblies [5], typically concerned with 

rocking and overturning conditions due to harmonic or step base excitation of specific ampli-

tudes. In addition, computational intricacies of non smooth dynamics problems are consider-

able [6]. 

The presented novel small scale benchmarks aim to expand on the limited database of suit-

able benchmarks for discontinuous blocky assemblies under dynamic conditions, and to even-

tually contribute to a library of well documented and well controlled experimental evidence to 

support and validate computational simulation paradigms (non smooth contact dynamics, dis-

crete elements, discontinuous deformation analysis) as well as to inform the design of larger 

scale experimental programmes.    

It is believed that the creation of a well documented set of benchmarks for the validation of 

simulation paradigms for discontinuous media will be extremely valuable for researchers and 

code developers, as well as for safety case engineers and industry regulators. Evidence on dy-

namic performance attributes and quasi resonance sensitivities for multi body structural as-

semblies will facilitate better understanding of their structural performance, and will be used 

as a design and/or forensic tool, as well as a rational basis for the risk assessment. Advanced 

engineering simulations in industry and regulatory bodies will directly benefit from research 

results. 
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Abstract.  The seismic behaviour of many art objects and obelisks can be analysed in the 

context of the seismic response of rigid blocks. Starting from the pioneering works by Hous-

ner (1963), a large number of analytical studies of the rigid block dynamics were proposed. 

In fact, despite its apparent simplicity, the motion of a rigid block involves a number of com-

plex dynamic phenomena such as impacts, sliding, uplift and geometric nonlinearities. Meth-

ods that prevent the possible overturning were also presented in the past years, especially to 

protect statues and art objects with respect to seismic events. In the more general context of 

control, to date a current strategy is represented by base isolation. 

In this paper a novel adaptive control strategy for protecting monolithic art objects was 

investigated. The control under study follows a feedback-feedforward scheme that is realised 

by adjusting the stiffness of anchorages with adaptive stiffness located at the two corners of 

the block. A numerical comparison was made between the behaviour of the unanchored block, 

the anchored block with a system having constant stiffness and the anchored block with adap-

tive stiffness. Finally, numerical investigations were carried out in order to verify the ex-

pected efficiency of the proposed control system, and to validate simple control laws.  
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1 INTRODUCTION 

Many studies and codes are devoted to the seismic protection of existing buildings and in 

particular of museum buildings. On the other hand, the protection of the contents of museums, 

e.g. art objects on display or kept in storage, has received much less attention by earthquake 

engineering standards. In fact, the protection of museum collections against seismic hazard is 

increasingly attracting interest among the governments and the scientists, since their damage 

could irreparably affect the cultural heritage worldwide.  

The past and recent seismic events have clearly shown the high vulnerability of art objects 

and of museum contents even in case of moderate earthquakes. Indeed, the art objects in many 

museums are displayed in a way that does not ensure stability during a seismic event. The 

storage areas are often overloaded without any consideration for the seismic risk. The seismic 

mitigation of art objects requires a multidisciplinary approach in order to find a compromise 

between safety and conservation. In addition, the objects on display need to take into account 

the issues of aesthetic enjoyment of artefacts as well as constraints related to space. 

From a structural point of view, the seismic behaviour of art objects in many cases can be 

analysed within the context of the dynamic response of rigid blocks. The literature counts a 

large number of analytical studies on the non-linear dynamics of the rigid block, starting from 

the pioneering work by Housner in 1963 [1]. The motion of rigid blocks on a rigid plane, can 

be classified into six types: rest, slide, rotation, slide-rotation, translation jump and rotation 

jump. The equations of motions, transition of motions and motions after the impact between 

the block and the floor, in the presence of horizontal and vertical accelerations, was investi-

gated by Ishiyama in 1982 [2]. Depending on the form and magnitude of the excitation [2-3] 

and on the geometry and mass distribution of the objects, the artefacts can experience all the 

types of motion mentioned above. Among different cases, a particular and fundamental role is 

covered by the rocking motion, that cause objects to fall from their supports or to collide with 

other objects.  

To mitigate the damage due to rocking motion and limit the probability of overturning, 

four different strategies are currently used [4]. They consist of lowering the centre of gravity 

of the artefacts, adjusting the base-to-height ratio proportions of the art objects, fixing the ob-

jects to the floor/wall or separating the objects from the ground using base isolation devices. 

The efficacy of the first two strategies is strictly connected with the dynamics of rigid block 

motion. During the rocking motion of a rigid block the restoring force is originated by its own 

rotational inertia. Lowering the centre of gravity of the artefact allows increasing the restoring 

force of the system and consequently its stability. The second strategy, adjusting the base-to-

height ratio proportions, can be easily explained with regard to the effect of slenderness on 

overturning, studied for the first time by Housner [1] and investigated subsequently by several 

authors [5-6]. These two strategies, as well as anchoring the objects to the ground, must be 

used carefully because by moving the objects together with the ground, the amount of forces 

transmitted to the artefact can be very high. In this case, the art object is forced to bend and 

deform, instead of oscillating rigidly around the two corners, so an accurate evaluation of the 

stress level is required. To avoid mechanical failure of the artefacts indeed the mechanical 

limit of the material must not be reached during the entire seismic event. Stress failure occur-

ring at the area of load concentration or at the area of material weakness is highly likely.  

In contrast to the significant amount of basic analytical theoretical research on the response 

of stand-alone rocking structures, there are relatively few theoretical studies on the response 

of structures retrofitted against rocking. The seismic isolation of rocking objects was consid-

ered in several recent works concerning the behaviour of the anchored blocks [7-8]. In partic-

ular Dimentberg et al. [9] investigated the behaviour of an anchored block excited by white 
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noise, while Makris et al. [10] studied its response to pulse-type ground motions. Makris et al. 

showed that there is a finite frequency range where the conclusions drawn by Dimentberg et 

al. [9] do not hold. The study demonstrates that for most of the loading frequency range an-

chored blocks survive higher acceleration than free-standing blocks. However, there is a fre-

quency range where the opposite happens.  

Most retrofitting strategies to avoid toppling of structures that exhibit rocking behaviour 

during earthquakes consist in preventing this type of motion instead of limiting it or control-

ling it. The aim of this paper is to allow rocking motion as a means of seismic isolation, and 

to use a control strategy to enhance its performances. Rocking as a seismic isolation technique 

is currently proposed for bridges [11] and building [12]. Starting from the idea that a con-

trolled rocking motion, far from the overturning condition, can be a good way to reduce the 

vulnerability and the stress transmitted to the artefacts, a deformable anchorage, with constant 

and adaptive stiffness, is examined in this paper. Using the example of Michelangelo’s San 

Matteo sculpture allocated in the “Galleria dei Prigioni” in Florence, whose dynamics has 

been studied by other authors [13], this paper investigates the behaviour of the free-standing 

block and the anchored block utilising springs having different stiffness. 

2 MODEL OF THE BLOCK 

The governing equations of rocking motion of unanchored (Figure 1a) and anchored (Fig-

ure 1b) rigid blocks received a special attention in the literature. Housner in [1] defined the 

governing equations of rocking motion of a rigid block subjected to horizontal and vertical 

base excitations, taking into account the nonlinear effects. These equations were then modi-

fied by Makris et al. [10] in order to consider the presence of unilateral restraints placed at the 

corners of the rigid block.  A brief summary of the two dynamic models is reported hereinaf-

ter. 

Figure 1: Idealization of the artefact as rigid rocking object, subjected to horizontal and vertical excitation (a) 

unanchored artefact (b) anchored artefact. 
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2.1   Initial response 

Figure 1a and Figure 1b show an unanchored and anchored rigid block resting on horizon-

tal rigid supporting base subjected to horizontal and vertical base excitations. The block re-

mains at rest for small base excitations and starts to oscillate around the corner 0 or 0’ when 

the base excitation increases and Equation (1) is satisfied: 

������� � �	�
� � ��� ( 1 ) 

 Three different types of motion may characterize the initial response of a rigid block: pure 

rocking, pure sliding and slide-rock motion [14-15]. In this work the coefficient of friction (��)

between the block and its base is assumed to be sufficiently large so that the object enters in a 

pure rocking motion without experiencing any sliding. Therefore, the coefficient of friction is 

assumed  to satisfy the following conditions: 

������ � ���
� � ���� ( 2 )

��� � ���� � ���� � ���������� � � � ���� � �� � ����� � ��� ( 3 )

where:	� � the gravitational acceleration;  � � the mass of the block;	�� � the coefficient

of static friction; ��� � horizontal base excitation;	�� � vertical base excitation;	� � ��� is

the slenderness of the block (see Figure 1). 

2.2   Governing equations of the unanchored rigid block

The governing equation of motion for the rigid object with positive angular rotation can be 

derived by the rotational equilibrium about the corner 0: 

������� ����� 	� !"�# � �� � �
� � ����"$%�# � �� � &� ( 4 ) 

where:	�� � moment of inertia of the block about 0; � � the distance from 0 and the centre of

mass of the block; # �  !�'(����� is the critical angle beyond which the overturning will

occur to the object under gravity alone. Similarly, the rocking about 0 is governed by the 

equation: 

������� ����� 	� !"�# � �� � �
� � ����"$%�# � �� � &� ( 5 ) 

Introducing the frequency parameter of the rectangular block, defined as: 

) � *����� 	� ( 6 )

the Equations (4) and (5) can be expressed in the compact form: 

����� � 	)� +,- � ������ . "$%
"�%/����0# � ����� � �� 	�����  !"
"�%/����0# � �����1 � &	� ( 7 )

where "�%/ 0 denotes the signum function.

An additional equation, connecting the angular velocities immediately before and after the 

impact, must couple with Equation (7), to derive the motion of a rigid block to a generic ex-

ternal excitation. 
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2.3   Governing equations of the anchored rigid block 

In order to consider the presence of the unilateral anchorages at the two corners of the 

block (Figure 2), an additional term needs to be introduced in Equation (7). This term repre-

sents the resisting moment of the spring in tension and can be assumed to be: 

	2�34 � 5 6 ���7% 8����9 8 6 9� !" 8����9 8 � 	:��"$%�#	5"$% 8����9 8� ( 8 ) 

where 5 � the stiffness of the anchorage.

By substituting Equation (8) into Equation (7) the rocking of the rectangular block will be 

described by: 

����� � )� +,- � ������ . "$%
"�%/����0# � ����� � �� 	�����  !"
"�%/����0# � �����
� 	2�34��)� ;<3(���;<3���� � 	2�34��)� ;=3(���;=3����1 � &	� ( 9 ) 

where ;=3(��� and ;<3(��� are fracture functions for the right and the left springs, respectively,

and are defined as: 

;=3(��� � ;<3(��� � +			- $; >����> � �	?					& $; >����> � �	?	 @� ( 10 )

ABCDC		;=3���� and ;<3���� are two functions used to establish which of the two springs is

working during the rocking motion, and are defined as: 

;=3���� � ,- � "�%/����09 .� ( 11 )

;<3���� � ,- � "�%/����09 .� ( 12 )

Equation (8) reflects a large displacement formulation, accounting for a spring elongation 

equal to ��	�7%>� 9E > and an eccentricity of 	9�	 !">� 9E >with respect to the rotation corner.

2.4   Impact energy dissipation 

The angular velocity decreases when the angle of rotation reverses and the rotation centre 

swaps from points 0 to 0’ and vice versa, due to energy loss during the impact. Housner [1] 

derived a model to calculate the angular velocity of the rigid body immediately after the im-

pact and the energy dissipated during the impact. This model uses the following assumptions: 

(1) the impact is punctual; (2) the impact time �F is very short; (3) the block remains at the

same position during the impact time. Under these assumptions the relation between the two 

angular velocities, immediately before the �G��F'� and after the impact	�G��FH�  can be derived

by means of the principle of conservation of the angular moments. Writing the momentum 

equation just before the impact and immediately after: 

���G��F'� ���G��F'�9��"$%# � ���G��FH�� ( 13 )

the following relationship between �G��F'� and �G��FH� is obtained for the rectangular block as:

I � 	�G��FH�	�G ��F'�	 � - � 9���
�� "$%�# � - � �9 "$%�#� ( 14 )
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In the literature I�3	 or J3 is referred to as “coefficient of restitution” and it is a measure of

the energy dissipated at the impact. The value of I given by Equation (14) reflects the maxi-

mum value of the coefficient of restitution  for a block with slenderness #	 under rocking mo-

tion. In this study, it is assumed that the coefficient of restitution fits exactly the value of 

Equation (14), even if in real practice additional energy is lost also due to interface mecha-

nisms. Therefore the real value of the coefficient of restitution is generally smaller than I�.

In order to evaluate whether after the impact the object will maintain a full contact with the 

base or will undergo uplift on the other corner, the overturning moment 2K and the resisting

moment 2� should be compared. The object will rest if the following condition is satisfied:

>2�> � >2K>� ( 15 )

2.5   Condition to sustain rocking motion 

In order to avoid sliding during the entire duration of the rocking motion, the ratio between 

horizontal reaction ;L��� and vertical reaction ;?���	at the contact points between the block

and the base, points 0 and 0’ in Figure 1, must always satisfy the following condition:

8;L���;?���8 M ��� ( 16 )

The horizontal and vertical reactions at contact points 0 or 0’ will fluctuate with time, and 

their value can be derived from the dynamic equilibrium in the horizontal and vertical direc-

tions: 

;L��� � �N������ � O����P� ( 17 )

;?��� � �N����� � � � Q����P� ( 18 )

where O���	= horizontal displacement and z(t) = vertical displacements of the centre of

mass of the block.  

2.6   Sources of nonlinearity 

There are four different sources of nonlinearity in the equation of the rocking object de-

scribed in Equation (7): the transition from one governing equation to the one at the instant of 

impact (when the centre of rotation changes from one edge to the other); the impact energy 

dissipation (which induces a jump discontinuity in the angular velocity); the geometric effect 

of the slenderness ratio of the object and last but not least the coupling of the vertical excita-

tion with the rocking response. 

These different sources of nonlinearity were investigated by several authors [16-17]. 

3 NUMERICAL ANALYSES 

3.1   Geometry of the rigid block 

Equation (7) is solved hereinafter referring to block dimensions that are of special interest 

for cultural heritage. More general conclusions would require the non-linear equation of mo-

tion to be solved for different values of parameter p. However, the results obtained for art ob-

jects, while being useful in themselves, may still support qualitative interpretations and 

extensions to more general sizes of blocks.  

The geometric dimensions chosen for the block are: 2b = 0.60 m; 2h = 2.72 m, with a mass 
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of 3361 Kg, which matches the scale of the equivalent symmetric rectangular block of the 

Michelangelo’s San Matteo sculpture [13]. The excitation applied to the block is always a 

one-sine pulse, which represents a typical choice in literature on rocking [1].  The sculpture 

object of the study is represented in Figure 2. 

Figure 2: S. Matteo sculpture and equivalent rectangular block [13]. 

3.2   Numerical algorithm description 

Closed form solutions for the rocking response to simple excitation forms are only found in 

the small displacement range. Therefore, the dynamic response of the rigid block subjected to 

one-sine pulses were determined numerically in Matlab ®, by integrating Equations (7) and (9) 

through a fourth-order Runge-Kutta scheme. The time-step used in the numerical integration 

was set to 0.0025 s [18]. Starting from the rest state of the rigid block, the actual corner of ro-

tation, and therefore the reference equation to integrate, is determined from the sign of the 

horizontal base excitation. For positive value of �� �����, the block starts to rotate around the

left corner (negative rotation), while for negative value it rotates around the right corner (posi-

tive rotation). The same equation is used for subsequent time steps until the sign of rotation �
changes. At each step, the condition	�R 6 �RH( S & is checked in order to establish the changes

of rotation corner. If this condition is not satisfied, the velocity immediately before the impact, �G��F'�, is evaluated and the velocity just after the impact,	�G ��FH�, is determined by means the

Equation (14). With the initial condition ���T� � & and  �G��T� � 	�G��FH� the equation of mo-

tion on the other corner is used to evaluate the motion of the block in the subsequent time in-

terval until the rotation angle	� will change its sign. The accuracy of the numerical procedure

for the free-standing and for the anchored block has been validated for different types of base 

excitation. The response of the free-standing block under constant excitation, pulses and har-

monic loadings were compared with the results found by Housner (linearized equations) [1], 

Makris et al. [19] and Spanos et al. [20], respectively. Similarly, the behaviour of the an-

chored block has been validated by implementing a numerical work of Markis et al.[10]. For 

instance, the S. Matteo equivalent rectangular block overturned when subjected to a constant 

acceleration of 0.2822g applied for 0.6380 s, but did not topple with a slightly shorter excita-

tion, for example 0.6300 s (Figure 3), this being in agreement with Housner’s formulas about 

overturning by constant acceleration [1]. 
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 Figure 3: Linearized dynamic responses of S. Matteo equivalent rectangular rigid block subjected to a 

constant acceleration of  0.2822g applied for 0.6380s (left) and 0.6300 s (right). 

3.3   S. Matteo block: free-standing conditions 

The dynamic behaviour of S. Matteo equivalent rectangular block subjected to a generic 

base excitation cannot be established in advance, if not at a statistical level [5]. Indeed, the 

response of the system not only depends on the amplitude and frequency content of the excita-

tion but also on its particular time-history. The same value of accelerations in a different suc-

cession can overturn the rigid block or not. 

 Aiming to improve the seismic behaviour of a rigid block, the response under one-sine 

pulse excitation is studied, characterized by different amplitudes 7U�	and frequencies VU. Fo-

cusing on the dynamic response of the rigid block subjected to one-sine excitation constitutes 

the first step for controlling the dynamic behaviour of the block under a generic loading (e.g. 

earthquake).  

In accordance with the studies conducted by Makris et al. [19], in the overturning spectra 

of the free-standing S. Matteo rectangular block (Figure 4) it is possible to distinguish be-

tween two overturning modes. The first mode occurs when there is an impact between the 

block and the floor before toppling, while in the second one the overturning occurs without 

any impact. In the frequency range examined in this study, overturning with impact, for a 

given value of VU�), is typically observed for smaller amplitude of one-sine pulse, if com-

pared with amplitudes that characterize overturning without impact. 

Figure 4: Overturning spectra of free-standing S. Matteo block 

() � 	9W9X:Y� subjected to one-sine pulse.
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3.4   S. Matteo block: anchored conditions with constant stiffness 

The presence of anchorages provides additional resistance against toppling, compared to 

the free-standing block. Until the failure of the restrainers, indeed, the restoring force due to 

the self-weight of the block (see Figure 5) is supplemented by the restoring force engaged by 

the elastic-brittle anchorage in tension, as given in Equation (8). 

In the following, the behaviour of the block anchored with restrainers, having different 

values of stiffness K, is determined and compared. K is chosen assuming that the failure of the 

restrainer occurs for a fix value of strength, but for different values of elongation. Failure 

strength is taken as equal to &W�	��  while the ultimate rotations are respectively#,	# 9E  ,	# �E 	and # �E W The strength of the anchorage must be chosen as a function of the lo-

calized stress and the internal stress that the artefact is able to resist; in this study it was set in 

accordance with the work of Makris [10]. The first value of �	that brings the restrainers to

failure is named  �Z, that corresponds to the angle # beyond which the overturning would oc-

cur for the object under gravity load alone. The other values examined were chosen as frac-

tions of the first one. In Figure 6 the total restoring force is reported for the four types of 

anchorages under study. 

Figure 5: Restoring force due to self-weight. Figure 6: Total restoring force. 

The basins of attraction of the rest state, i.e. � � & , and of the overturning one, i.e.� � >[�9>, have been calculated for all the values considered for 5 (Figure 7). Each boundary

of a basin of attraction has been determined by equating the total energy of the block at the 

generic time t to the potential one at the position � � � (corresponding to the minimum en-

ergy for block overturning). The equations of the boundary for each of the two overturning 

modes (without and with impact) read: 

�G(��� � "�%/# � ����0	)*9N- �  !"
# � �����P � �	59)��� \�7% ]#9] � �7% ^�9^_� ( 19 )

�G(��� � "�%/# � ����0	)*9 `- �  !"#J a �  !"# �  !"�# � >�>� � �	59)��� \�7% ]#9] � �7% ^�9^_� ( 20 )

Figure 7 reports the basins of attraction of S. Matteo block, for both the anchored and un-

anchored condition.  It is worth noticing that in the range b # � � � # the velocity required

for the block to overturn increases with the stiffness of the restrainers.  
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Figure 7: Basins of attraction in the state space for the investigated cases. 

With a more rigid anchorage, an expansion of the basin of attraction of the rest state is ob-

served in Figure 7. However, an increase of 5 does not imply a reduction of overturning risk

for the block. In fact, the overturning spectra of the block (see Figures 8-11) reflect a more 

complex behaviour. The amplitude activating the second overturning mode (without any im-

pact with the floor) is regardless from the stiffness of the anchorage. The value of K, instead, 

affects significantly the shape and the size of the overturning area associated to the overturn-

ing with impact mode. In that case, the amplitude requested, for a given value of	VU, de-

creases or remains constant when increasing stiffness. This behaviour, which may seem 

counterintuitive, can be explained observing the dynamics of the system in the state space: the 

stiffness of the anchorage not only affects the basins of attraction, but it also influences the 

history of 
�3 �G�3 thus increasing the vulnerability of the object with respect to the second

mode of overturning. 

The different shape and size of overturning areas, as depending on the different connection 

to the floor, entails the possibility to select a value of stiffness that keeps the object within the 

safety domain. This can be realised when the one-sine pulse excitation is known both in terms 

of amplitude and frequency. In the next section, a strategy based on an adjustable anchorage is 

investigated to keep the system stable with respect to a measured excitation. 

Figure 8: Overturning spectra of S. Matteo block Figure 9: Overturning spectra of S. Matteo block 
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for �Z � # due to one-sine pulses. for �Z � #�9 due to one-sine pulses.

Figure 10: Overturning spectra of S. Matteo block 

for �Z � #�� due to one-sine pulses.

Figure 11: Overturning spectra of S. Matteo block 

for �Z � #�� due to one-sine pulses.

3.5  S. Matteo block: anchored conditions with adaptive stiffness 

The performance of a control law applied to an adaptive anchorage is finally investigated. 

The stiffness of the anchorage/restrainer is assumed to switch between two fix values,	5cdL
and 5cRe3 as a function of the excitation and of the state of the rigid block. In order to evalu-

ate the benefit of using an adaptive stiffness for the restrainer, the higher value of the stiffness, 5cdL3 was chosen to correspond to the value of the less rigid spring examined in Section 3.4
fg �� � &W�	�ZE � #�W Two different values, 5cRe � &WY	5cdLand 5cRe � &W-	5cdL3	were

investigated.  

Two different strategies are employed for setting the value of K at the generic time �. The

first strategy consists in minimising the absolute value of the total work, and it applies when 

the block is excited. The second strategy, which applies in free oscillations conditions,  con-

sists in minimising the work done by the anchorage, this time in its signed value. Therefore, 

during the excitation, the stiffness is assigned using the following law: 

5�� � -� � +5cdL $; �	7���� 6 ���� � &5cRe $; �	7���� 6 ���� M &@� ( 21 )

Instead, during the free oscillations, the law to be used is: 

5�� � -� � h5cdL $; >����> � >��� � -�> � &5cRe $; >����> � >��� � -�> M & @� ( 22 )

The work done at time � by the excitation and by the unilateral anchorage can be written

accordingly as follows: 

iU��� � ������ !"�# � >��� � -�>� 6 /���� � ��� � -�0� ( 23 )

id��� � �:��5"$% ^�9^ 6 /���� � ��� � -�0� ( 24 )

In Figures 12 and 13 the overturning spectra are reported for 5cRe � &WY	5cdL  and5cRe � &W-	5cdL: the two diagrams show how reduced values of 5cRe can positively affect

the response of the block (e.g., the overturning with impact disappears for VU ) � �WjE �.  In
particular, the use of an adjustable anchorage, adapted in accordance with Equations (21) and 

(22), improves the dynamic behaviour of the block independently of the characteristics of the 
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one-sine pulse excitation. 

In order to show the performances of the control of the block in a sample excitation case 

(kU )E � �		 7U� #� �E 9Wj�, Figures 14 and 15 compare on the time-histories of rotation an-

gle and angular velocity of S. Matteo block, equipped with constant and adaptive anchorage 

(5cRe � &WY	5cdL), respectively. Correspondingly, Figure 16 depicts the normalised time-

history of the values assumed by the stiffness of the adaptive anchorage in order to control the 

block. It is worth to highlight that the stiffness of the anchorage at the rotation pole in ineffec-

tive, thus in the plots it was assigned a zero value. 

Figure 12: Overturning spectra for	5cRe � &WY	5cdL W Figure 13: Overturning spectra for 5cRe � &W-	5cdL W

Figure 14: Time-history of the rotation angle for 

the S. Matteo block: with and without control. 

Figure 15: Time-history of the angular velocity for

 the S. Matteo block: with and without control. 
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Figure 16: Time-history of the stiffness on the left and right corner of the block. 

4 CONCLUSIONS 

This paper examined a simple strategy for controlling the rocking response of art objects. 

The assumed control devices consist in adaptive unilateral restrainers connected to the ground, 

whose stiffness can be adjusted according to simple energetic laws. A few numerical investi-

gations that regarded a famous statue located in the "Galleria dei Prigioni" in Florence were 

reported. At first, the overturning spectra, calculated for one-sine pulse excitations, of the 

statue were analysed with constant stiffness of restrainers. Such diagrams show that: (i) the 

first mode of overturning (with impact) is significantly affected by the characteristics of the 

anchorage; (ii) the second mode of overturning (without impact) is not influenced by the stiff-

ness of the anchorage, since in this case the overturning of the block occurs for a fixed ampli-

tude depending only on the loading frequency; (iii) the different shape and size of the 

overturning area of the same block with different connections suggests that an appropriate 

value of stiffness can actually prevent overturning of the block under one-sine pulse excitation. 

In accordance with the previous observations, a strategy for adjusting the stiffness of the 

restrainers was proposed that minimise the total work done by the external excitation and by 

the anchorage system. The simulations performed on the statue showed that the first mode of 

overturning (with impact) can be appreciably reduced by such type of control. Thus a practi-

cal implementation of the presented control strategy can potentially reduce the vulnerability 

of artefacts that exhibit rigid block behaviour. 
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Abstract. 

The paper deals with a nonlinear analysis of a tall tower, with Circular Flange Bolted Con-

nections (CFBC), in which friction and contact effects are taken into account. Due to these 

nonlinearities, a detailed dynamic model of the whole structure would lead to very complex 

computational problem, unable for practical solutions. To overcome these difficulties a re-

duced order model of CFBC is proposed. Such a model enables the simulation of the whole 

tower including nonlinearities in connections. The paper is illustrated with an example of 

model reduction and dynamic calculations for a contemporary telecommunication tower. The 

tower is assembled of 4 truss segments, of triangular cross section, interconnected with 

CFBCs. Finally, the influence of the number of modes, included in the reduced order model, 

on the accuracy and computational effect, is discussed.  
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1 INTRODUCTION 

Telecommunication towers, guyed masts and other engineering structures are made of cir-

cular hollow profiles. Tower sections welded in the factory, are on site, assembled with circu-

lar flange bolted connection (CFBC) shown on Fig. 1.  

In a global analysis of tall structures, the mechanical properties of CFBCs are often neglected, 

under assumption, that they are rigid. However, how it was shown by Blachowski and 

Gutkowski [1], the influence of the their flexibility on the dynamic response of the structures 

can not be neglected.  

According to the recent trends in structural health monitoring (SHM) it is necessary, among 

others, to monitor and detect structural damages. Two main methods in SHM can be recog-

nized:  local methods [2,3,4] and global ones [5-6]. In local methods connections are moni-

tored directly at the vicinity of the damage. However, the local data don’t give information 

about the health of the whole structure. In the global methods we are monitoring the response 

of the whole structure by measuring only selected quantities, such as accelerations of assumed 

structural points. The global methods require precise FE model of the entire structure, which 

may require a significantly great numerical effort. It is then useful, in such cases, to apply, 

either simplified [7] or detailed joint models [8]. In the former, connections are considered in 

a, more or less, approximate way. The latter require sophisticated computer clusters analyzing 

global behavior of the entire structure. Practical reasons push us, then towards reduced order 

modeling (ROM).  

In this work, a reduced order model (ROM) of the circular flange-bolted connection is pre-

sented. The model takes into account the inherent nonlinearity of the connections, consisting 

of contact and friction forces between adjacent circular flanges and pre-tensioning of bolts. 

Having the model, describing behavior of CFBC, it is possible to work on a dynamic model of 

the whole tower. For that purpose the Ritz Vectors as a reduction basis [10] is applied. The 

paper is illustrated with an example of ROM applied to dynamic simulation of a contempo-

rary telecommunication tower. The tower is assembled of 4 truss segments, of triangular cross 

section, jointed with CFBCs. One of the connections is assumed to be damaged. Finally, the 

influence of the number of modes, included in the ROM, on the accuracy and computational 

effort, is discussed. 

2 SUBSTRUCTURING OF A TELECOMUNICATION TOWER 

The tower (Fig.1) is composed of two kinds substructures: truss/frame segments (seg-

ment substructure) and circular flange connections (connection substructure). One the flange 

is welded to the segment end. Brought on the side, the segments are assembled together with, 

bolts passing through the adjacent flanges. Bolts are pre-stressed to given forces, assumed by 

a designer. A segment with welded flanges constitutes a structure made of a linear material. 

However, the assembled tower must be considered as a nonlinear system. This is due the con-

tact and friction forces taking place between flanges and bolts.   

In Fig 2, a CFBC consisting of pre-tensioned bolts and contacting flanges is presented. 
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Figure 1. Telecommunication tower and its substructures 

3   REDUCED MODEL OF A CFBC 

In modeling the CFBC, isoparametric elements of 3D FEM are applied. The model is 

created using a substructuring technique [9]. Each of the connection components are modeled 

separately, and then joined together, they constitute a model of one structure.  

After defining the stiffness matrices of the components, the model contact between 

them is performed, leading to the equilibrium equations of the CFBC in the form: 
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     (1) 
- Compatibility condition 

- Equilibrium of contact (interface) forces 

where :  K
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 is the connection stiffness matrix, 
)(c

f  is the vector of external forces applied to 

the connection, and )(c
g  contains interface, contact and friction forces. 
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Figure 2. Circular flange-bolted connection and its components 

Now, the simulation finding the rigidity of the CFBC is performed with axial forces f ap-

plied to the ends of the flanges. The connection is assumed to be composed of 30mm thick 

flanges and bolts of M20. Each connection is welded to the tubes of 114.3mm diameter and 

wall thickness of 10mm. 

The analysis is performed for four different values of pre-stressing bolt force; namely: 100; 80; 

60; 40 kN. The force-deformation diagrams for all mentioned cases are presented in Fig 3. 

The above diagrams allow representing the particular CFBC by nonlinear elastic elements, 

which will be applied in the reduced tower model. If connections are damaged they can be 

represented by the mentioned above nonlinear element but of the much smaller stiffness. 

Figure 3. Force-deformation relation for CFBC with four different bolt pre-tension 

Bolt component 

Flange component 
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4   RESPONSE OF AN ASSAMBLED TELECOMUNICATION TOWER TO 

EXTERNAL DYNAMIC FORCES 

Equations of motion for a nonlinear structure have the following form 

)())(),(()( tttt ext
fqqrqM      (2)

where:  M  - mass matrix, )(tq , )(tq , )(tq are respectively displacement, velocity and accel-

eration vectors,  ))(),(( tt qqr   - nonlinear internal forces including damping and elastic forces, 

)(text
f  - external force and  t  denotes time. The above equations should be considered to-

gether with compatibility and interface equilibrium conditions, similarly to equations (1).  

Taking into account the nonlinear forces occurring at the tower connections, equations of mo-

tion for i -th segment (substructure) can be presented as follows 
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   (3) 

where: subscripts u,l denote upper and lower nodes. The subscript m denotes all other nodes. 

With above notation the equations (3) can be presented shortly as 
)()()()()()( iextiNLiiii

ffqKqM 
Sni ,,2,1  , (4) 

where:  )()( , ii
KM  - mass and stiffness matrices of  i -th tower segment,  )(iNL

f  - nonlinear 

forces coming from contact and friction with neighboring segments, Sn  - number of the tower 

segments. The above set of equations is now solved using direct integration approach. 

5   DIRECT INTEGRATION OF NON-LINEAR MODEL OF THE TOWER 

Combining all ns equations (4) we come to the full order mode (FOM) of the tower 

extNL
FOMFOMFOMFOMFOM ffqKqM  (5) 

Applying substructuring method for the contact forces, we can represent stiffness matrix and 

nonlinear internal forces in the following form 

FOMK NL
FOMf

where NL
FOMf  represents terms, coupling stiffness matrices of elements in contact. 
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6   REDUCED ORDER MODEL OF THE TOWER BASED ON SUBSPACE 

PROJECTION 

Let now reduce the FOM to a simpler model. It consists in dividing the dynamic problem in 

two steps. The first one is based on nonlinear static analysis giving the response of the tower 

to mean (static) value of the dynamic loading. In the second step, we are reducing the system 

of dynamic equations by applying Ritz vector approach. In this way we obtain a smaller num-

ber of coupled equations, representing dynamic modes of the vibrating tower. 

Based on the above assumption we formulate the problem as follows: 

Step 1 

 We perform static analysis with the following equation 
ext

0000 )( fqqK (6) 

Step 2 

 We reduce the number of dynamic equations starting with static response 01 qv , as the first 

vector of the reduced basis. Next, we apply the Gram-Schmidt orthogonalization for finding 

whole set of vectors ],...,,[ 21 RnvvvV . This way we get a reduced order model (ROM) 

extTNL
ROMROMROMFOM fVfK

~
 (7) 

where 

NL
FOM

TNL
ROM

T
ROM

FOM
T

fVf

VKVK

IVMV

0 (8) 

and  ext
f
~

 denotes fluctuating part of external loading and ROM  modal amplitude vector. 

7   NUMERICAL EXAMPLE – SIMULATION OF THE TOWER DYNAMIC 

RESPONSE WITH DAMAGED CONNECTIONS 

The tower is assembled of 4 truss segments, of triangular cross section, interconnected 

with CFBCs. The dimension of the triangular cross section of the tower’s segment is 1.2 m, 

and the height of the segment is 6 m. The segment is made of 114.3 mm diameter tubes, hav-

ing 8 mm wall thickness. CFBCs are composed of two 3 cm thick circular flanges, assembled 

with 6 pre-tensioned bolts of 20 mm diameter. Bolts in all connections are pre-tensioned, with 

the 400 Nm torque. It is assumed that one connection located between first and second truss 

segment (Figure 4), may be partially damaged. It means, that their stiffness for tension is 

smaller than those of healthy ones.  
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Figure 4. Telecommunication tower under investigation. 

As it was mentioned in chapter 3, damaged CFBC exhibits strongly nonlinear behavior. It can 

be observed from Fig 3, that compression stiffness can be few orders of magnitude higher 

than for tension. For that reason, two cases of the dynamic response of the tower with a dam-

aged connection are considered. It is assumed that in both of them, forces acting on the tower 

have the time history, as shown in Fig 5 and are composed of two parts. The first one is the 

long-term wind pressure causing static deformation of the tower. The second one is the 

instantaneous wind gusts, inducing oscillations of the tower. 

Depending on the direction of the forces acting on the tower, the damaged CFBC is either in 

compression, or in tension (Fig 6).  

Figure 5. Time history of the forces in dynamic analysis 

Damaged 

CFBC 

Segment 4 

Segment 3 

Segment 2 

Segment 1 

Static wind pressure 

Wind gust 
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Case I:  CFBC is in tension Case II: CFBC is in compression 

Figure 6. The damaged CFBC in tension (case I) and in compression (case II). 

The tower deformation is magnified 100 times. 

Unsymmetrical response of the tower under static wind pressure, depending on its direction 

can be observed on Fig 6. This is caused by much lower stiffness of CFBC in tension, than in 

compression.  

After determining initial static deformation of the tower, the natural frequencies and mode 

shapes for both cases are discussed.  

The first three mode shapes for both discussed cases are shown in Fig 7. One can observe dif-

ferences in the corresponding natural frequencies. Comparing first frequencies for both cases, 

we find that first natural frequency for the case II is smaller than in the case I.   

Damaged 

CFBC 

Damaged 

CFBC 
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Mode 1 Mode 2 Mode 3 

Case I  1.6267 Hz 9.6388 Hz 24.743 Hz 

Case II  1.5508 Hz 9.6182 Hz 24.008 Hz 

Figure 7. Comparison of the natural frequencies in both cases. 

After having determined the mode shapes of the tower with damaged CFBC, the response 

time history of the tower is found and shown on Figures 8 and 9. 

Time responses for both cases have been obtained using techniques described in chapters 5 

and 6, namely: Direct Integration and Reduced Order Model. In the latter one, a different 

number of modes are included into analysis, showing their influence on accuracy of calcula-

tions (Figure 8 and 9).  

Figure 8. Displacement of the top of the tower (Case I). 
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Figure 9. Displacement of the top of the tower (Case II). 

Comparing Figures 8 and 9 we conclude that 8 modes are enough to estimate the tower re-

sponse, in the Case I. The displacement responses obtained with the aid of both methods are 

almost the same. This is showing that with ROM, significant computational efforts can saved. 

However, this is not the case, when CFBC is in compression. Up to 24 modes have to be used, 

in order to obtain better estimation of the direct integration solution. Using only 8 modes in 

ROM, it is insufficient to estimate the response of the structure with assumed accuracy.  

Finally, in the figure 10, the Fourier transform of displacements in both cases is compared. It 

confirmed, that the in the Case II structure vibrates with fundamental frequency, lower than in 

the Case I.   

Figure 10. Fourier transform of the displacements. 

8 CONCLUSIONS 

A Reduced Order Model of vibrating telecommunication tower is presented.  The model is 

composed of two parts. In the first one, applying substructuring approach, the reduced model 

of a CFBC, including contact and friction forces, is discussed (Section 3). The connection 

composed of flanges and bolts is here reduced to a nonlinear elastic element.  
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In the second part, tower segments are considered as substructures, and then the CFBC struc-

ture is replaced by mentioned above nonlinear elastic elements (Section 6). This approach al-

lows diminishing the numerical efforts by reducing the model to few important modal shapes.  

The direct integration of non-linear, whole model of the tower (Section 5), in turn, gives a 

view how much results obtained by the reduced model differs from exact ones. This can be 

observed in the numerical example (Section 7).  

Moreover, in the example, a notion of a damaged connection is introduced. The damage is 

represented by an elastic nonlinear element of stiffness, several times smaller than stiffness of 

healthy connections. The tower is subjected to dynamic wind forces, which are decomposed 

in long-term wind pressure, causing static deformation of the tower and instantaneous wind 

gusts, inducing oscillations of the tower. 

The differences in the deformations of a tower, with all healthy CFBCs, and one damaged 

don’t look very significant from the structural point of view. Nevertheless, in some cases, 

when the damage consists in failure of one or more bolts the stress in nonlinear connection 

can significantly increase. 
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Abstract. Wind design of steel-framed buildings aims to provide appropriate stiffness and 
strength properties of the structural elements, so as to obtain an elastic behaviour, at the 
same time as controlling floor displacements and accelerations. On the other hand, in a seis-
mic design it is commonly accepted that the structural members can undergo inelastic defor-
mations under strong ground motions, provided that these deformations be kept within an 
acceptable threshold; moreover, deformability thresholds are also imposed at the serviceabil-
ity limit state. Nevertheless, knowledge on the wind and seismic responses in the case of fire is 
lacking and an amplification of the structural response is expected in the case of existing 
structures exposed to fire. To evaluate the wind and seismic responses following a fire, a nu-
merical investigation is carried out with reference to the steel framed structure of a ten-storey 
office building, which was designed for a low-risk zone under the former Italian seismic code 
and in line with Eurocodes 1 and 3. More specifically, the dynamic response of the test struc-
ture in a no fire situation, along the in-plan principal directions, is compared with what 
would happen in the event of fire, at 500°C, 550°C and 600°C fire temperatures, hypothesiz-
ing a reduction of stiffness and strength due to fire. Four fire scenarios have been considered 
on the assumption that the fire compartment is confined to the area of the first level (i.e. F1), 
the first two (i.e. F1/2) and the upper (i.e. Fi, i=5, 10) levels, with the parametric tempera-
ture-time fire curve evaluated in accordance with Eurocode 1. Dynamic analyses are carried 
out in the time domain using a step-by-step initial stress-like iterative procedure. Along-wind 
loads are considered assuming, at each level, time histories of the wind velocity for two re-
turn periods (i.e. Tr=10 or 50 years), based on an equivalent spectrum technique. Real accel-
erograms, whose response spectra match those adopted by Italian seismic code for a medium-
risk seismic zone and a medium subsoil class, are considered to simulate the seismic loads.  
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1 INTRODUCTION 

The conventional design of steel framed buildings subjected to wind loads aims to provide 
stiffness and strength properties of the structural elements to control floor displacements and 
accelerations, such that an efficient use of the structure and suitable living comfort are guaran-
teed; in addition, there are provisions to avoid buckling and excessive deformability. On the 
other hand, in the aseismic design it is commonly accepted that the structural steel members 
can undergo inelastic deformations under strong ground motions, provided that be kept within 
an acceptable threshold, while damage limitation requirements are also imposed at the ser-
viceability limit state. However, stiffness and strength properties of steel degrade at high tem-
peratures and this deterioration needs to be properly accounted for in the design of steel 
structures in the event of fire [1]. The occurrence of fire following earthquake has gained 
attention of many recent numerical and experimental studies into the nonlinear response of 
steel [2-5] and composite steel-concrete [6] structures. Nevertheless, knowledge on the wind 
and seismic dynamic responses of steel framed buildings damaged by fire is lacking and an 
amplification of the structural response for the serviceability and ultimate limit states is to be 
expected in such cases. Moreover, little attention has been paid to the influence of fire scenar-
ios on the structural behaviour of steel framed buildings. 

In the present work, the wind and earthquake responses of steel framed structures in a no 
fire situation, along the in-plan principal directions, are compared with those in which fire oc-
curs, at 500°C, 550°C and 600°C temperatures, assuming stiffness and strength properties of 
the frame members in line with the reduction factors proposed by Eurocode 3 [7]. To this end, 
ten-storey steel office buildings are designed in line with the previous Italian seismic code [8] 
for a low-risk zone, as well as the provisions of Eurocode 3. Wind actions are evaluated in 
compliance with Eurocode 1 [9]. Four fire scenarios are hypothesized assuming the fire com-
partment confined to the area of the first level (i.e. F1), the first two (i.e. F1/2) and the upper 
(i.e. Fi, i=5, 10) levels, with the parametric temperature-time fire curve evaluated in line with 
Eurocode 1. In order to consider along-wind loads, at each storey, time histories of the wind 
velocity for two return periods (i.e. Tr=10 or 50 years) are assumed, in accordance with an 
equivalent spectrum technique [10]. Then, real accelerograms, whose response spectra match 
those adopted by the current Italian seismic code [11] for a medium-risk seismic zone and a 
medium subsoil class, are considered to simulate seismic loads. Finally, dynamic analyses are 
carried out in the time domain through a step-by-step initial stress-like iterative procedure [12, 
13]. For this purpose, the frame members are idealized by a bilinear model, which allows the 
simulation of the nonlinear behaviour under seismic loads [14, 15]. 

2 STEEL TEST STRUCTURE: DESIGN AND FIRE MODELLING 

The symmetric steel structure, with a rectangular plan (Figure 1a), of a ten-storey office 
building (Figure 1c) is considered as test structure in this study. More precisely, moment re-
sisting frames are placed to carry (horizontal) wind or seismic loads, while a grid of main and 
secondary girders support at the floor levels a composite deck with horizontal bracing. A sim-
ulated design of the test structure is carried out in line with the previous Italian seismic code 
(DM96, [8]), for a low-risk seismic region (degree of seismicity S=6, which corresponds to a 
coefficient of seismic intensity C=0.04), a medium subsoil class (subsoil parameter =1) and 
a coefficient of seismic protection equal to 1.2. Wind actions are evaluated in compliance 
with Eurocode 1 [9], assuming: flat terrain with a roughness length of 0.30 m; urban area 
(class B of terrain roughness) with a reference velocity of 28 m/s, which represents a mean 
value of those assumed for the nine zones of the Italian wind map; altitude of 500 m above 
sea level. Moreover, the test structure also satisfies the ultimate limit states for strength and 
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buckling evaluated in accordance with Eurocode 3 [7]. An ultimate strength of 510 N/mm2 is 
assumed for the steel frame members, for which ductile cross-sections regularly tapering in 
elevation are selected in accordance with class 1 of Eurocode 3 (Figure 1c). For the sake of 
simplicity, the plane frames orientated along the horizontal earthquake and wind directions  
(i.e. X and Y shown in Figure 1a) are considered as a reference scheme. 

 

(a) Plan. (b) Fire compartment. 

(c) Elevation. (d) Fire scenarios. 

Figure 1: Steel test structure (dimensions in m). 
 
The gravity loads considered in the design are represented by dead loads of 3.66 and 4.51 

kN/m2 for the top floor and the others, respectively, and a live load of 3 kN/m2 for all floors. 
The weight of sandwich panels, regularly distributed in elevation as external cladding of the 
building, is taken into account with a dead load of 1.4 kN/m. The dynamic properties of the 
six main vibration modes are reported in Table 1: i.e. vibration period (Ti); effective masses in 
the X (mE,X) and Y (mE,Y) directions, expressed as percentage of the total mass (mtot). 
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Vibration Mode Ti [s] mE,X [%mtot] mE,Y [%mtot] 
1 1.938 80.5 0 
2 1.402 0 72.3 
3 0.787 13.1 0 
4 0.549 0 15.2 
5 0.475 3.6 0 
6 0.330 0 5.8 

Table 1: Dynamic properties of the test structure (mtot= 10.6 kNs2/cm). 
 
Four fire scenarios have been reported in Figures 1b and 1d, assuming the fire compart-

ment confined to the area of the first level (i.e. F1), the first two (i.e. F1/2) and the upper (i.e. 
Fi, i=5, 10) levels. It is worth noting that F1/2 fire scenario is obtained from the F1 and F2 
ones, which are assumed to occur simultaneously. The geometric properties of the fire com-
partment are reported in Table 2, assuming three values of the maximum temperature (i.e. 
T=500°C, 550°C and 600°C) for the first and the upper levels: i.e. L, D and H representing 
length, depth and height, respectively; Af, floor area; At, total area of enclosure (i.e. walls, 
ceiling and floor, including openings); Av, total area of vertical openings; heq, weighted aver-
age height of windows. From these values it is possible to define an opening factor, represent-
ing the amount of ventilation: 

 0.5
v eq tO A h A  (1) 

Fire compartment L [m] D [m] H [m] Af [m2] At [m2] heq [m] T [°C] Av [m2] O [m0.5] 

First level 18 10 4.5 180 612 1.5 
500 9 0.018 
550 12 0.024 
600 15 0.030 

Upper levels 18 10 3.5 180 556 1.5 
500 9 0.020 
550 12 0.026 
600 12 0.026 

Table 2: Geometric properties of fire compartment. 
 
As an example, the distribution of windows opened at the upper levels, corresponding to 

Av= 12m2, is shown in Figure 1b. It is worth noting that the uniform temperature in the 
selected compartment is considered to be the most severe condition for the fire before wind or 
earthquake. Several models can be used to simulate the time-temperature evolution during an 
actual fire, from the flashover to the full development: conventional fire curves (e.g. the 
standard ISO-834 curve [16]), in which temperature monotonically increasing with time 
represents the heating phase only when the fuel supply is assumed to be inexhaustible; natural 
fire curves (e.g. the EC1 curve [9]), in which temperature depends on the ventilation and fire 
load in the compartment and the cooling phase is represented, based on the assumption that, at 
a certain point, either the air or the combustible material will diminuish.  

The EC1 parametric fire curve is used in the present study, on the assumption that the fire 
load of the compartment is completely burnt out. In the heating phase, the gas temperature (in 
°C) 

  0.2 * 1.7 * 19 *20 1325 1 0.324 0.204 0.472t t t
g e e e          (2) 

is a function of a fictitious time t* obtained considering the time t (in hours) multiplied by a 
dimensionless parameter equal to  

    2 2
= 0.04/1160Γ O/b   (3) 
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where b is the thermal absorptivity of surrounding surfaces of the compartment 

 b c    (4) 

 being the density, c the specific heat and  the thermal conductivity of boundary of 
enclosure. 

The gas temperature in the cooling phase is given by 
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where the maximum temperature max in the heating phase happens for 

  * 3
max ,0.2 10 /t dt q O Γ    (6) 

being the design fire load density  

 , ,t d f d f tq q A A   (7) 

related to the value qf,d corresponding to the surface area of the floor (Af). Further details on 
fire modelling can be found in [17, 18]. 

Finally, the standard ISO-834 curve is defined as [16] 

  1020 345log 8 1  g t   (8) 

where t is expressed in hours. 
With reference to the fire scenarios shown in Figure 1, the ISO and EC1 time-temperature 

curves are compared in Figure 2 in the case where a fire compartment is confined to the area 
of the first level (Figure 2a) and the upper ones (Figure 2b). Fire parameters, for the opened-
plan office building, are reported in Table 3 assuming three values of the maximum tempera-
ture (i.e. T=500°C, 550°C and 600°C) in the EC1 time-temperature curves. 
 

 (a) Fire compartment at 1st level. (b) Fire compartment at upper levels. 

Figure 2: Conventional (ISO 834) and natural (EC1) fire curves. 
 

 First level Upper levels 
T (°C) qf,d (MJ/m2) b (J/m2s1/2K) t*

max (h) qf,d (MJ/m2) b (J/m2s1/2K) t*
max (h) 

500 203.44 1660 0.07 174.43 1692 0.07 
550 186.91 1666 0.08 160.47 1699 0.08 
600 186.21 1671 0.10 198.11 1696 0.10 

Table 3: Fire parameters in the EC1 time-temperature curves [9]. 
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3 NUMERICAL RESULTS: FIRE BEFORE WIND AND EARTHQUAKE  

Once the time-temperature curve of the fire compartment is determined with the EC1 mod-
el, it becomes possible to evaluate the reduction factors (K) of effective yield strength (fy,), 
proportional limit (fp,) and slope of the linear elastic range (Es,) of stress-strain law of the 
steel at the maximum temperature (T) of 500 °C, 550°C and 600°C (Figure 3). As can be ob-
served, a decrease of stiffness (i.e. KE,) and yield strength (i.e. Ky,) from a minimum, of 
about 40% and 22% at T=500°C, and a maximum, of about 69% and 53% at T=600°C, re-
spectively, is obtained in line with Eurocode 3 [7]. 

 

 
T 500°C 550°C 600°C 
Ky, 0.78 0.63 0.47 
Kp, 0.36 0.27 0.18 
KE, 0.60 0.46 0.31 

 

Figure 3: Reduction factors for the steel stress-strain law at high temperatures [7]. 
 
Subsequently, the residual seismic load capacity of the cross-sections after fire, in terms of 

stiffness and strength reductions, is evaluated. In detail, columns and girders are considered 
exposed to fire on all sides in accordance with the assumption of uniform temperature distri-
bution in cross-section. This hypothesis is justified by the high thermal conductivity of steel 
and the thinness of the cross-sections. In Figure 4, flexural stiffness of steel columns is re-
ported along the building height, assuming a direct correspondence between the examined 
level and the fire compartment. In particular, major (i.e. EIy in Figure 4a) and minor (i.e. EIz 
in Figure 4b) axes of bending are examined at the maximum temperatures T=500°C, T=550°C 
and T=600°C. Note that a local decrease in stiffness from a minimum of about 40% to a max-
imum of about 69% is obtained in comparison with the no-fire condition. Similar results are 
reported in Figure 5a with reference to the longitudinal and transversal girders. 

 

(a) Major bending axis.  (b) Minor bending axis. 

Figure 4: Flexural stiffness of steel columns exposed to fire. 
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(a) Flexural stiffness.  (b) Plastic moment. 

Figure 5: Mechanical properties of steel girders exposed to fire. 
 
Finally, results are reported for the plastic bending moment (M) of girders (Figure 5b) and 

plastic interaction domain between axial load (N) and bending moment (M) of columns (Fig-
ure 6). A simplified calculation is carried out based on an elastic-perfectly plastic stress-strain 
law of the steel with reduced values of elasticity modulus and yield strength. Moreover, the N-
M domain is obtained analogously to the provisions of EC3, simply by replacing the plastic 
axial load under uniform compression with the buckling load.  

 

(a) Major bending axis (1st storey/F1). (b) Minor bending axis (1st storey/F1).

(c) Major bending axis (5th storey/F5). (d) Minor bending axis (5th storey/F5).

Figure 6: Plastic N-M domains of steel columns exposed to fire. 
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Only the fire compartments at the first (i.e. F1 scenario in Figures 6a and 6b) and fifth (i.e. 
F5 scenario in Figures 6c and 6d) levels are examined for the columns. As can be observed, a 
significant decrease in strength is observed for the girders, with a maximum local reduction of 
about 53% in the case of T=600°C (Figure 5b). On the other hand, the columns exhibit a 
marked narrowing of their N-M domains, especially for the buckling load showing a maxi-
mum reduction of 29% and 34%, at the first storey, and 57% and 61%, at the fifth storey, 
along major (Figures 6a and 6c) and minor (Figures 6b and 6d) axes of bending, respectively. 

4 NUMERICAL RESULTS: WIND LOADING FOLLOWING FIRE  

In order to study the dynamic behaviour of the steel structures damaged by the fire loading 
proposed in Section 3, whose properties are illustrated in Section 2, a computer code for time-
domain analysis of frames subjected to wind pressure is adopted [12, 13]. For the sake of 
simplicity, only the along-wind component of the velocity is taken into account in the in-plan 
X and Y principal directions (Figure 1a). The instantaneous wind velocity at each floor level 
of the building is given by the superimposition of a mean wind velocity, with a logarithmic 
profile along the height depending on the surface roughness, and a zero mean velocity fluctua-
tion, corresponding to a stochastic stationary Gaussian process. More precisely, wind loads 
are schematized by means of the equivalent wind spectrum technique [10]. The equivalence 
criterion is formulated by defining a fictitious velocity fluctuation, which is a random function 
of time but invariant and perfectly cross-correlated in space. A Monte Carlo simulation is 
adopted to generate time histories of the wind velocity at each floor level: a duration of 600 s 
and a step t=0.2 s are assumed for two return periods (i.e. Tr=10 or 50 years). 

At first, maximum values of floor displacement (umax) and storey drift (max/h) are plotted 
along the frame height in Figures 9 and 10, respectively, comparing steel structures in no-fire 
condition and fire exposed at a maximum temperature of 500 °C (i.e. T500 in Figures 9a and 
10a) and 600 °C (i.e. T600 in Figures 9b and 10b). At the same time, three fire scenarios are 
examined on the assumption that the fire compartment is confined to the area of the first (i.e. 
F1), fifth (i.e. F5) and tenth (i.e. F10) levels. A black line reports the deformability limits im-
posed by EC3 [7] on the top displacement (i.e. 1/500 of the building height) and storey drift 
(i.e. 1/300 of the storey height). 

 

(a) T=500°C. (b) T=600°C. 

Figure 9: Maximum floor displacement for three fire scenarios: wind loads along X direction. 
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(a) T=500°C. (b) T=600°C. 

Figure 10: Maximum storey drift for three fire scenarios: wind loads along X direction. 
 
For the sake of brevity, only results in the flexible direction of the building plan (i.e. the X 

direction) are reported. As can be observed in Figure 9b, the maximum top lateral displace-
ment of the F1.T600 structure has exceeded the corresponding deformability threshold im-
posed by EC3. This behaviour is due to a soft-storey mechanism at the first level when the 
fire scenario F1 is assumed, with a lateral displacement curve similar to that of the structure in 
the no-fire condition at the upper floors. Moreover, the maximum storey drift of the F1.T500 
structure (Figure 10a) and F1.T600 and F5.T600 structures (Figure 10b) exceeds the deform-
ability threshold imposed by EC3 only at the levels where the fire compartment occurs. 

Thereafter, analogous curves to those reported above are shown in Figures 11 (i.e. umax) 
and 12 (i.e. max/h), where fire compartment is confined to the area of the first two levels (i.e. 
F1/2), comparing the no-fire condition with results for three values of the maximum fire tem-
perature (i.e. T=500°C, 550°C and 600°C). 

 

(a) Tr=10 years. (b) Tr=50 years. 

Figure 11: Maximum floor displacement for three fire temperatures: wind loads along X direction. 
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(a) Tr=10 years. (b) Tr=50 years. 

Figure 12: Maximum storey drift for three fire temperatures: wind loads along X direction. 
 
More specifically, effects of wind loads with return period of Tr=10 years (Figures 11a and 

12a) and Tr=50 years (Figures 11b and 12b) are compared along the X direction. As can be 
observed, when Tr=50 years is assumed, it is not possible to obtain values of the top floor 
maximum displacement below the EC3 threshold for the F1/2.T550 and F1/2.T600 structures 
(Figure 11b). On the other hand, the maximum storey drift exceeds the EC3 threshold at the 
first level of the F1/2.T550 and F1/2.T600 structure, even if Tr=10 years is assumed (Figure 
12a), and also at the second level, when Tr=50 years is considered (Figure 12b). 

Finally, maximum floor acceleration (i.e. amax) along the frame height is plotted in the stiff 
direction of the building plan (i.e. the Y direction), for both Tr=10 years (Figures 14a) and 
Tr=50 years (Figures 13a,b and 14b), comparing three fire scenarios (i.e. F1, F5 and F10 for 
fire temperatures of 500°C and 600°C: Figure 13) and three fire temperatures (i.e. T=500°C, 
550°C and 600°C for fire scenario F1/2: Figure 14). 

 

(a) T=500°C. (b) T=600°C. 

Figure 13: Maximum floor acceleration for three fire scenarios: wind loads along Y direction. 
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(a) Tr=10 years. (b) Tr=50 years. 

Figure 14: Maximum floor acceleration for three fire temperatures: wind loads along Y direction. 
 
As a reference, the perception thresholds associated with various degrees of human dis-

comfort are formulated in terms of critical values of the wind-induced building acceleration, 
expressed as percentage of the gravity acceleration g (e.g. [19], the maximum acceleration, 
amax, can be assumed as: imperceptible, for amax< 0.5%g; perceptible, for amax=0.5%g÷1.5%g; 
annoyance, for amax=1.5%g÷5%g). The ISO code threshold is also shown [20], which assigns 
a value of 0.7%g to the standard deviation at the top floor of office buildings. For all fire sce-
narios, note that the number of levels where the ISO discomfort threshold is exceeded in-
creases for increasing values of fire temperature (Figures 13 and 14) and return period of the 
wind loads (Figure 14). Moreover, it is not possible to obtain values of amax lower than the an-
noyance range in the event of fire at the first two levels and Tr=50 years (Figure 14b). 

5 NUMERICAL RESULTS: EARTHQUAKE LOADING FOLLOWING FIRE  

In order to study the seismic response of the steel framed building along the in-plan X and 
Y principal directions, nonlinear dynamic analyses are carried out through a step-by-step pro-
cedure based on a two parameter implicit integration scheme [21-24]. At each step of the 
analysis, the final state, satisfying the equilibrium equations within an assigned tolerance, is 
determined using an initial stress-like iterative procedure [14, 15]. To account for the inelastic 
deformation due to the seismic loads, the frame members are idealized by a lumped plasticity 
model constituted of two components, one elastic-perfectly plastic and the other simply elastic, 
assuming a hardening ratio of 2%. Moreover, the influence of both axial load and slenderness 
on the yield moment of the columns is considered over time. The axial-force bending moment 
interaction domain is obtained analogously to the provisions of EC3 [7], simply by replacing 
the plastic axial load under uniform compression with the buckling load. 

Seven recorded accelerograms, corresponding to a medium-risk seismic region provided 
by the current Italian seismic code (NTC08, [11]) and a design subsoil class B (i.e. subsoil 
stratigraphic parameter SS=1.2), are selected by the computer code REXEL [25]. The corre-
sponding elastic response spectra of normalized acceleration match, on average, NTC08 spec-
trum for the serviceability (i.e. damage) limit state, based on an equivalent viscous damping 
ratio in the horizontal direction equal to 2%. All the following results are obtained as an aver-
age of those separately obtained for the real motions. 
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Maximum storey drift along the in-plan X (Figure 15a) and Y (Figure 15b) directions are 
plotted for the fire temperature T=600°C, comparing framed structures both in the no-fire 
condition and on the assumption that fire scenarios on the first (i.e. F1), fifth (i.e. F5) and 
tenth (i.e. F10) levels are considered. Moreover, curves analogous are also shown in Figure 
16, where the fire compartment is confined to the area of the first two levels (i.e. F1/2 scenar-
io) at three fire temperatures (i.e. T=500°C, 550°C and 600°C). A black line plots the damage 
limitation requirement imposed by NTC08 (i.e. 1/200 of the storey height). As can be ob-
served, an amplification in the structural response of fire-exposed structures is localized to the 
level of the fire compartment involved, where the damage threshold is exceeded, while it de-
clines, in comparison with the no-fire condition, on the other levels where fire is not consid-
ered. This behaviour is amplified when the F1.T600 (Figure 15a) and F1/2.T600 (Figure 16a) 
structures are considered in the X direction. 

 

(a) Seismic loads along X direction. (b) Seismic loads along Y direction. 

Figure 15: Maximum storey drift for three fire scenarios: T=600°C. 
 

 

(a) Seismic loads along X direction. (b) Seismic loads along Y direction. 

Figure 16: Maximum storey drift for three fire temperatures: fire scenarios F1/2. 
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6 CONCLUSIONS 

The dynamic response of a ten-storey steel office building in a no fire situation is com-
pared, along the in-plan principal directions, with that in the event of fire, at 500°C (i.e. 
T500), 550°C (i.e. T550) and 600°C (i.e. T600) temperatures. Four scenarios have been con-
sidered assuming the fire compartment confined to the area of the first floor (i.e. F1), the first 
two (i.e. F1/2) and the upper (i.e. Fi, i=5,10) floors. At each storey, along-wind loads are con-
sidered based on time histories of the wind velocity for two return periods, in accordance with 
an equivalent spectrum technique. Real accelerograms, whose response spectra match those 
adopted by Italian seismic code for a medium-risk seismic zone and medium subsoil class, are 
considered to simulate seismic loads at the damage limit state. 

The numerical results for fire before wind and earthquake show a decrease of the flexural 
stiffness of the frame members of up to 69% of the value in the no-fire condition. A signifi-
cant decrease in plastic moments and a marked narrowing of plastic N-M domains are also 
observed for the girders and columns, respectively. Under wind loads, the maximum horizon-
tal acceleration exceeds the ISO discomfort threshold at the upper floors, reaching the annoy-
ance range; moreover, the deformability limits imposed by Eurocode 3 on the maximum top 
displacement and storey drift are not respected. Under seismic loads, the maximum storey 
drift exceeds the damage threshold imposed by NTC08 at the levels where the fire occurs, 
while it declines, in comparison with the no-fire condition, on the other levels where the event 
of fire is not considered. 
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Abstract. The inelastic deformation of structural elements is generally permitted in the case 
of the design of structures subjected to earthquakes. In this context, the resistance of such 
structures increases when plastic hinges are formed in their structural elements. The 
resistance that occurs during the formation of plastic hinges is none other than the 
overstrength that plays a significant role in the seismic design of structures. As a result, their 
overstrength and the influence of X-braces on this overstrength are not well understood. This 
present study tries to evaluate the overstrength factor obtained from inelastic pushover 
analyses of concentrically X-braced steel frames. The effects of some parameters influencing 
the value of overstrength factor, including the number of stories, are investigated. The results 
show that overstrength factor depends closely on this parameter. Finally, based on the 
findings presented in the study, tentative of overstrength factors are proposed for X-braced 
steel frames.  
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1 INTRODUCTION 

The purpose of this work is to study the influence of of x-braces on the structural 
overstrength in the seismic design of steel structures. Current seismic codes do not mention 
very clearly the value to be assigned to the overstrength because in reality this one depends on 
several factors related to the nature and behavior of the material of the structure. After 
reviewing European (EC8) [1] and Algerian (RPA) [2] code expressions for seismic design 
base shears, the lateral load responses of four two-dimensional x-braced frames steel 
structures, designed according to European seismic code, are presented.  

2 OVERSTRENGTH IN SEISMIC DESIGN CODES 

All the seismic codes allow the structures to enter in inelastic range of deformations during 
the design earthquake, for energy dissipation, introducing the structural behavior factor.   

2.1 Algerian seismic code (RPA99/2003) 

The minimum design base shear, V, required by the Algerian seismic code RPA is:  

 
R

V
V e=  (1)                                                     

where Ve is the maximum elastic base shear, and R is the behaviour factor (or reduction factor) 
of the structure and reflects the capability of a structure to dissipate energy through inelastic 
behaviour. R depends on the ductility capacity of the structural system and the type of 
material and was chosen to account for many factors cited in many investigations [3-5]. The 
magnitude of R varies from 6 to 2 for steel structures, 5 to 2 for reinforced concrete, 2.5 for 
masonry, and 2 to 4 for other systems. But the disadvantage of this code is that it gives no 
precision on the contribution of the overstrength and ductility on the behaviour factor R.  

2.2 European seismic code (EC8) 

The EC8 [1] is based on the capacity design approaches, with its associated procedure in 
terms of failure mode control, force reduction and ductility requirements. The code suggests 
the reduction of the design seismic, resulting from idealized elastic response spectra, through 
the behavior factor generally called the q-factor. For steel structures, the upper value of the 
behavior factor q to account for the effects of ductility, redundancy and member overstrength 
is defined as follow [11]:                  

 
1

u
0qq

α
α

=  (2) 

where q0 is the basic value of the behaviour factor, αu/α1 is the overstrength/redundancy coef-
ficient, αu represents the horizontal force multiplier corresponding to the maximum lateral 
strength and α1 the multiplier corresponding to first yielding in the structure.  
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3 LATERAL CAPACITY 

3.1 Role of factor q (or R) in design 

Overstrength (or reserve strength) that develops a structure during an earthquake is the 
most important characteristic of all the others characteristics. As observed after strong 
earthquakes, It seems that the buildings structures are able to resist forces greater than those 
for which they were calculated. The presence of significant reserve of strength that was not 
accounted in design, explains this phenomenon [7]. In this approach, it assumed that the 
actual strength of structure is higher than the design strength and the structure is able to 
dissipate energy through yielding. As shown in figure 1, seismic design of structures leads to 
reducing the forces, Ve, obtained from the linear elastic response spectra by a behaviour factor, 
q, in European code or coefficient behaviour, R, in Algerian code (or response modification 
factor in other codes) to achieve design forces. In this figure, the real nonlinear behaviour is 
idealized by a bilinear elasto-plastic relation. In addition of the overstrength the seismic codes 
consider a design loads, taking advantage of the fact that the structure possesses significant 
capacity to dissipate energy (ductility).   

 

 

 

 

 

 

 

 

 

 

3.2 Relation between R, ductility and overstrength  

According to many researches [6-11], the presence of behaviour factor, R, implies the 
existence of three different factors Rµ, Rρ, and RΩ: 

                                                                        Ωρµ R.R.RR=                                                                                       (3) 

- The first, Rµ, is the reduction factor due to ductility [7], 12]: 

                                             1
T

T
)1(R

C

+−= µµ     if  T < TC                                            (4-1) 

                                                                                            µµ =R       if  T  ≥ TC                                                      (4-2)     
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Figure 1: Relation between top displacement and base shear. 
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where T and Tc are the fundamental period and the characteristic of ground motion respective-
ly. µ is the structural ductility factor defined as: 

                                                                                         

y

max

∆
∆µ =                                                                                      (5) 

where ∆max is the maximum displacement and ∆y is the yield displacement. Otherwise: 

                                                                   
y

e

V

V
R =µ                                                                  (6) 

- The second, Rρ, is the redundancy factor depending on the plastic redistribution 
capacity of the structure:  

                                                            
1

y

V

V
R =ρ                                                                   (7) 

- The third, RΩ, is the overstrength factor and represents the ratio of the lateral strength 
corresponding to the onset of the first plastic hinge to the one corresponding to the lat-
eral design strength required by code:  

                                                             
d

1

V

V
R =Ω                                                                  (8)                                             

where Vy  is the idealized yield strength, V1 is the first significant yield strength and Vd the 
allowable stress design strength.  

A strength reduction factor, Rs, defined as the product between the redundancy factor and  
the overstrength factor, is expressed as follows: 

                                                        
d

y
s V

V
R.RR == Ωρ                                                               (9)  

The comparison between equation (2) and equation (3) leads to: 

                                                                    Ωµ R.Rq0 =    and    ρα
α

R
1

u =                                                                   (10) 

3.3 Factors influencing overstrength due to redistribution 

Overstrength values associated with redistribution of internal forces strongly depend on : 1) 
structural type, 2) the load combinations, 3) material proprieties, and 4) the criteria used to 
determine when the ultimate lateral strength is reached [5].  

4 DESCRIPTION OF ANALYTICAL MODELS 

4.1 Structural system 

In order to assess the range of overstrength associated with redistribution which may 
present in buildings with concentrically x-braced steel frames (CBFs), a group of such build-
ings is analyzed. The frames were three, six, nine, and 12 stories tall and were symmetric and 
regular with the floor plan and geometry illustrated in figure 2. The storey height was 4.5 m 
for the bottom storey and 3.0 m for all others. The numbers of bays were identical in all 
frames and were equal to three with 5.5 m in length. The lateral loads were resisted entirely 
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by the perimeter frames and the response of the frame with axis D is considered. Each frame 
was designed according to European steel design code (EC3) [13] and designed to satisfy the 
seismic design requirements of EC8 for structures classified as high ductility (DCH) with ref-
erence to a PGA of 0.25g, a soil class A (hard soil type), behaviour factor q = 6.5, damping 
ratio ξ = 5% and steel members are made of grade S275 steel (fy=275 Mpa). Column dimen-
sions are kept larger than beam ones in order take into account capacity design. Gravity loads 
attributable to frames are evaluated according to conventional design rules, while the lateral 
loads, assumed to represent the seismic action, are derived using the equivalent static method 
according to EC8. The member sizes of the frames are provided in table 1. The inelastic static 
push-over analysis involving P-∆ effect and using Sap2000 software [14] is employed for ob-
taining the effects of height on overstrength factors of these steel frames.  

 

 

 

 

 

 

 

 

 

 

 

FRAME  
with 

COLUMN 
HEB section 
(n° of story) 

BEAM 
IPE section 
(n° of story)  

BRACE 
TUBO section 
(n° of story) 

3 stories  220 (1 to 3)   300 (1 to 3)   
127X4 (1), 108X3.6 (2), 
101.6X3.6 (3) 

6 stories  
240 (1-2), 220 (3-4), 
200 (5-6)  

300 (1 to 3)    

 
127X4 (1-3), 108X3.6 (4), 
101.6X3.6 (5), 82.5X3.2 (6) 
 

9 stories  
260 (1-3), 240 (1-6), 
220 (7-9)  

300 (1 to 3)    

127X4 (1-4), 108X3.6 (5-6), 
101.6X3.6 (7), 88.9X3.2 (8), 
76.1X3.2 (9) 
 

12 stories  
320 (1-3), 300 (4-6),  
280 ( 7-9), 260 (10-12) 

300 (1 to 3)    

127X4 (1-5), 108X3.6 (6-7), 
101.6X3.6 (8-10), 82.5X3.2 
(11), 76.1X3.2 (12) 
 

Table 1: Dimensions of the members used for the frames. 

Figure 2: Configuration of x-braced frames systems. 
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5 EVALUATION AND COMPARISON 

The four frames were subjected to incremental lateral loads using the triangular distribu-
tion, which is closer to the first mode distribution. The lateral forces are monotonically in-
creased with a combination of load and displacement control until the target displacement is 
reached. The target displacement has been considered the 5% of the total height of the build-
ing. The results of the inelastic pushover are present for the fourth frames in figure 3, 4 and 
table 2. The main results of this study can be summarized as follow: 
- The three factors, Rρ (redundancy), RΩ (strength) and their product, Rs, decrease with an in-
crease in the height of frames. This result was apparent in all frames analyzed.  
- The factors, R, are in range of 19 to 4.05 with the average of 8.86.  By comparison of these 
factors with system overstrengh factor suggested by EC8, it is understood that the CBFs-x 
have higher overstrengh factors.  
- With increasing in number of stories the ductility of structure decreases. Therefore, the de-
crease in ductility causes to decrease the response modification factor, R. 
- The ductility factor, Rµ, decreases more rapidly compared to overstrengh factor, Rρ, with an 
increase in the number of story.  
- In the general state, the overstrengh factor, Rs and R, for this type of structures (CBFs) is 
suggested as 3.0 and 6.5 respectively.  
 
 
 
   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

9 

0 
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0 
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12 
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Figure 3: Roof story displacement-base shear curve for frames analyzed. 
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Frame  
With 

Vy 

(kN) 

∆y 

(m) 
∆max 

(m) 
µ Rµ 

 
Rρ 
 

RΩ  Rs 

 
R 

3 stories 
  

344.37 
 

0.028 0.297 10.6 3.23 1.80 3.25 
 

5,85 19.0 

6 stories  
 

346.14 
 

0.059 0.390 6.61 2.70 1.60 1.70 
 

2,72 7,34 

9 stories 
  

339.20 
 

0.104 0.554 5.33 2.50 1.55 1.30 
 

2,02 5,05 

12 stories 
  

329.71 
 

0.147 0.659 4.48 2.25 1.40 1.25 
 

1.80 4,05 

Table 2: Results of the inelastic pushover analysis. 

 

 

6 CONCLUSION 

In the present study, the nonlinear response of concentrically x-braced steel frames, from 3 
to 12 stories, using the nonlinear analysis program SAP2000 under incremental lateral loading 
has been carried out with the intention to assess the presence of overstrength attributable to 
different factors such as ductility, redundancy and overstrengh. The main observations and 
conclusions drawn are summarized below:  

- The ductility, the redundancy and the overstrengh factors decrease with an increase in 
the number of stories.     

- Redistribution of internal forces in the inelastic range due to redundancy in structural 
system is probably the most dependable estimate of overstrength. 

- The global overstrengh due to ductility, redundancy and strength increases with a de-
crease in the design seismic load. 

- Behaviour factor, R, for this type of frames is suggested as 6.5. The estimate of this 
value of R presented in this study is applicable only for the group of frames analyzed.      

Figure 4: Comparaison between overstrength factors for frames analyzed. 

3294



T. Branci, D. Yahmi  

REFERENCES  

[1] EN 1998-1. Eurocode 8: Design of structures for earthquake resistance - Part 1: General 
rules, seismic actions and rules for buildings, European Committee for Standardization, 
CEN, 2004. 

[2] RPA99/Version 2003, Règles parasismiques Algériennes, Document Technique Règle-
mentaire DTR B C 248, Centre de Recherche Appliquée en Génie Parasismique, Alger, 
2003. 

[3] A. Osman, A. Ghobarah, R. M. Korol, Implification of design philosophies for seismic 
response of steel moment frames, Earthquake Engineering and Structural dynamics, 24, 
127-143, 1995.  

[4] D. Mitchell, P. Paultre, Ductility and overstrength in seismic design of reinforced con-
crete structures, Canadian Journal of Civil Engineering, 21, 1049-1060, 1994.  

[5] M.A. Rahgozar and J.L.Humar, Accounting for overstrength in seismic design of steel 
structures, Canadian Journal of Civil Engineering, 25(1), 1-15, 1998. 

[6] A. Y. Elghazouli, Assessment of capacity design approaches for steel-framed structures, 
Steel Structures, 5, 465-475, 2005. 

[7] M. Mahmoudi, M. Zaree,  Determination the modification factors of buckling restrained 
braced frames, Procedia Engineering, 54, 222-231, 2013. 

[8] C. D. Annan, M. A. Youssef, M. H. El Nagger, Assessment of overstrength and ductili-
ty of a four-story modular steel building braced frame, 2nd Canadian Conference on Ef-
fective Design of Structures McMaster, University Hamilton, Ontario, Canada, May 20-
23, 2008.  

[9] A.S. Elnashai and A.M.  Mwafy, Overstrength and force reduction factors of multistory 
reinforced concrete buildings, The structural design of tall buildings, 11(5), 329-351, 
2002. 

[10] C. Uang, Establishing R (or Rw) and Cd factors for buildings seismic provisions, Journal 
of Structural Engineering, ASCE, 117(1), 19-28, 1991. 

[11] M. Ferraioli, A. Lavino, A. Mandara, Behaviour factor of code-designed steel moment-
resisting frames, International Journal of Steel Structures, 14(2), 234-254, 2014. 

[12] P. Fajfar, Structural analysis earthquake engineering, A breakthough of simplified non-
linear methods, 12th European Conference On Earthquake Engineering, 2002. 

[13] EC3, Eurocode 3, Design of steel structures, European Committee for standardization, 
1st Draft, prEN 1993-3:2000, 6th December, 2000. 

[14]  SAP 2000_14.2, Integrated finite element analysis and design of structures reference 
manual. Berkeley (CA, USA): Computers and Structures INC, 2009. 

 
 
 
 
 
 

 

3295



COMPDYN 2015 

5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 

M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

SENSOR PLACEMENT OPTIMIZATION USING ENSEMBLE 

KALMAN FILTER AND GENETIC ALGORITHM 

Dana E. Nasr1, George A. Saad2 

1 American University of Beirut 

Beirut, Lebanon 

den01@mail.aub.edu 

2 American University of Beirut 

Beirut, Lebanon 

george.saad@aub.edu.lb 

Keywords: Structural Health Monitoring, Optimal Sensor Locations, Ensemble Kalman Fil-

ter, Genetic Algorithm. 

Abstract. A robust methodology is proposed in this study for determining the optimal loca-

tions of sensors in a structure to extract the most informative measurement data for the pur-

pose of parameter estimations. First, the Ensemble Kalman Filter (EnKF) is used as a history 

matching method to predict and update the state and model parameters of the system. Then, a 

Genetic Algorithm (GA) approach is applied to determine the best locations of the sensors in 

the system through a minimization procedure, where the objective function to be minimized is 

represented by the mismatch between the predicted values and the actual measurements. The 

robustness and efficiency of the proposed method are demonstrated by developing the optimal 

sensor configuration for a shear building subjected to El Centro earthquake excitation at its 

base and using synthetic measurements of displacements and velocities of different floors.
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1 INTRODUCTION 

With the development of sensors and other monitoring devices, detecting the damage in 

structures became an easier task. Using sensor based structural health monitoring (SHM) 

made data abundantly available and continuously obtained in real time. As such, one of the 

main challenges that remain lies in post processing this data. Therefore to save money and get 

only the necessary data, this study deals with optimizing the sensor locations to efficiently use 

the generated data for system identification and damage detection. 

Many methods were proposed in the literature to determine the optimal sensor placement 

for damage detection and parameter estimation. These methods can be classified into two 

main categories: Optimization-based and Selection-based procedures [1]. The most common 

optimization-based methods used in the literature include the Genetic Algorithm (GA), the 

Simulated Annealing (SA), the Tabu Search (TS) and their different variations. The GA is a 

search technique used to solve optimization problems using random operations based on natu-

ral evolution operations (selection, crossover, and mutation). The algorithm starts by generat-

ing a possible set of solutions, called “population of chromosomes”, each having a certain 

fitness function. After performing a series of natural operations on the initial population, a 

new better population is created. The algorithm is repeated, each time starting with the new 

created population, until some predefined end condition is satisfied. L. Yao et al. used the GA 

for sensor placement optimization for a space structure and a photo-voltaic array, and sug-

gested to use the determinant of the Fisher information matrix as the fitness function in the 

algorithm [2]. H. Y. Guo et al. proposed to use an improved version of the GA (improved 

crossover and mutation) to determine the optimal locations of sensors in a SHM system con-

sisting of a 2D truss structure [3]. The SA is an optimization method, named after the physical 

process of annealing in thermodynamics and used for finding a global minimum or maximum 

for problems having multiple local minima and maxima [4, 5]. P. L. Chiu et al. proposed to 

use the SA algorithm to solve the problem of sensor placement and tested it on small and 

large sensor fields [6]. The TS is a “meta-heuristic” optimization procedure used to avoid be-

ing trapped at a local optimum in neighborhood search problems [7, 8, 9][7]. The algorithm 

creates and updates a “tabu list” of previously visited solutions to prohibit (Tabu means some-

thing prohibited) considering them again. The second class of methods, selection-based pro-

cedures, consisting mainly of selecting the best sensor locations, is facilitated using 

information theory measures (i.e. entropy or mutual information) which quantify the uncer-

tainty associated with random variables. Therefore locations where sensors have low infor-

mation content are eliminated and locations where sensors have good information content are 

considered optimum. In [10][10], K Yuen et al. used the Bayesian framework to compute the 

uncertainty in model parameters, then used the information entropy to determine the optimal 

sensor locations. They applied their method on two numerical examples, an 8 DOF chain 

mass-spring model and a 40 DOF truss model, having uncertain excitations.  

Combined approaches, based on both optimization (more specifically GA) and selection 

methods, are extensively used in the literature for determining the optimal sensor locations. C. 

Papadimitriou et al. proposed a methodology where the Bayesian approach is used to compute 

the uncertainty in the parameters, then the GA is applied to minimize the information entropy 

over the set of possible sensor configurations [11]. The methodology proposed was applied on 

two numerical examples, a 9-story building and a 29-DOF truss structure. C. Papadimitriou 

also used the information entropy to determine the optimal sensor configuration in [12]. In 

this work, he compared the GA with the sequential sensor placement (SSP) approach based 

on the computational burden needed to determine the optimal sensor locations and applied his 

methodology on two numerical examples, a 10 DOF chain-like spring-mass model and a 240 
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DOF 3D truss structure. E. B. Flynn et al. also combined the Bayesian framework with the 

GA approach to determine the best locations of sensors and applied their approach to active 

sensing field [13]. H. M. Chow et al. used a combination of the Bayesian statistical frame-

work, the information entropy and the GA to determine the optimal sensor configuration of a 

3D finite element model of a transmission tower modeled in ANSYS [14, 15].      

In this paper, a combination between the GA and the Ensemble Kalman Filter (EnKF) is 

presented to tackle the problem of optimal sensor placement. The EnKF is a sequential data 

assimilation technique, used in the literature for structural health monitoring (SHM) purposes. 

R. Ghanem et al. showed the ability of the EnKF to be a good estimator of the system state in 

[16]. It is combined with a non-parametric modeling technique and applied to a four story 

shear building subject to El Centro earthquake excitation at its base. G. Evensen provided an 

overview on the EnKF method and its use for state and parameter estimation problems, then 

illustrated the advantages of using this filter when dealing with high-dimensional or non-

linear systems [17]. To the authors’ knowledge, this paper is considered as a first attempt to 

combine the GA and the EnKF for the purpose of optimal sensor placement, but it should be 

noted here that these two techniques were used together for other purposes in the past few 

years. H. Li et al. combined the GA with the EnKF for optimal permeability distribution of a 

3D model of landfills [18]. The GA was first used to generate initial ensembles of the perme-

ability distribution of the landfill model. The EnKF was then used to estimate this distribution 

and update it based on synthetic real-time measurements. The algorithm was repeated till it 

converged to the optimal distribution. J. Lyons et al. used the EnKF for history matching and 

updating a reservoir model, then combined it with the GA for well placement optimization 

[19]. 

The paper is divided into five sections. Section 2 describes the methodology used, combi-

nation between GA and EnKF, and the mathematical formulation of each of the two tech-

niques separately. The third section presents the numerical example consisting of a four story 

building subjected to seismic excitation at its base. Section four exposes and discusses the re-

sults. Finally, a general conclusion is drawn in section five.    

2 GA-ENKF METHODOLOGY FOR OPTIMAL SENSNOR PLACEMENT 

The methodology proposed in this paper starts by randomly selecting an initial population 

of sensor locations as a first step for applying the GA. The next step is to determine the objec-

tive function of the problem, which is taken to be the difference between the actual sensor 

measurements and the predicted values. The role of the EnKF starts at this point, it is used to 

estimate and update the system state and get the needed predicted values to calculate the ob-

jective function. The fitness of each individual is next evaluated and preference is given to the 

ones with the least mismatch between the measured and predicted data. These individuals will 

be selected as the parents from which GA will give birth to better offsprings (new sensor loca-

tions) after performing the crossover and mutation operations. Selection of the best individu-

als from the new solutions will then be based on their fitness values. The algorithm will be 

repeated until the convergence condition is satisfied and the best locations of the sensors are 

determined.  

The next sub-section presents a summary about the definition of the GA and its different 

operations, followed by a sub-section describing a brief mathematical formulation of the 

EnKF method. 
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2.1 The Genetic Algorithm (GA)  

The GA is a search technique that uses the theory of natural evolution to solve optimiza-

tion problems. It was first introduced by John Holland in 1975 [20]. The algorithm starts by 

randomly creating a population of individuals, from which two fittest parents are selected. 

These initial parents undergo a series of natural evolution operations to create new better off-

springs, from which the best two new parents are selected based on their fitness. This is re-

peated until a certain termination criterion is satisfied. 

The GA can be summarized in the following outline [14, 15, 21]: 

1. Initialization: The algorithm starts by randomly generating an initial set of individuals 

or solutions (Population), where each individual is represented by a chromosome. 

There are many encoding methods in the literature to represent the individuals of a 

population, but the most used way is the binary string (1 or 0) where each chromosome 

is represented by one binary string. For the case of optimal sensor location problems, if 

for example two sensors are available to be placed on a four-story building and the in-

dividual is encoded as 1010, this means that one sensor is placed on the first floor and 

the second sensor is placed on the third floor. 

2. Fitness evaluation: The next step is to determine the fitness or objective function to be 

optimized, that is problem dependent, and evaluate the fitness of each individual of the 

initial population. 

3. Creation of new solutions: The following steps must be repeated until convergence: 

i. Selection: In this step, two parents (sub-population) are selected from the 

population based on their fitness values to produce new offsprings (chil-

dren). The fitter the chromosome, the better it has chance to be selected to 

propagate its genetic information. 

ii. Crossover (Recombination): This operation is used to create new off-

springs by recombining genes from the selected parent chromosomes. A 

crossover point or site should be randomly selected, the part of the strings 

before this point of the first parent is combined with the part of the strings 

after this point of the second parent to create the first offspring, whereas 

the second offspring is created by combining the remaining two parts of the 

strings from the two parents. 

 

Figure 1: Crossover Example. 

iii. Mutation: This operation randomly changes some of the portions of the 

new individuals to avoid being trapped into a local optimum. For binary 

encoding, mutation randomly flips some bits from 0 to 1 or from 1 to 0.  
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Figure 2: Mutation Example. 

iv. The new, hopefully better, solutions are used as parents now. The fitness of 

the new offsprings should be evaluated and the loop should be repeated un-

til convergence to the best individuals. 

4. Termination conditions: For each problem, many termination conditions can be prede-

fined, those may include: number of generations, time of the run, plateau (no more im-

provement of the best solution), and many others. 

2.2 The Ensemble Kalman Filter (EnKF) 

The standard Kalman Filter (KF) [22] is an optimal estimator used for the state approxima-

tion of linear dynamic systems perturbed by Gaussian white noise using observations subject-

ed to Gaussian error statistics. For the case of large and nonlinear systems, the Ensemble 

Kalman Filter (EnKF) is widely used in the literature to overcome most of the drawbacks of 

the standard KF. The EnKF was first introduced by Evensen in 1994 [23] as a Monte Carlo 

approximation of the ordinary KF. It consists of a forecast step where an ensemble of realiza-

tions is propagated forward in time and then corrected in the analysis step, whenever observa-

tion data are recorded. 

The first step in the EnKF is to evaluate the ensemble matrix A, holding the ensemble 

members xi, 

 

  NxxxA ,...,, 21   n

i

Nn RxRA   ,  (1) 

where, n is the size of the model state vector and N is the number of ensemble members. 

The next step is to evaluate the ensemble mean and the ensemble perturbation matrices as 

follows, 

 Nn

N RAAA  1   (2) 

  NIAAAA 1'    
NnRA '  (3) 

where, NN

N R 1 is a matrix having all its elements equal to 1/N. 

Consequently, the ensemble covariance matrix is defined as, 
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nnRP   
(4) 

Let D be an ensemble of observation matrix holding the measurement vectors mRd   

  NdddD ,...,, 21   
NmRD   (5) 

where m is the number of measurements at each occurrence, and  

 Njdd jj ,...1  (6) 

where, 𝜖 is the measurement noise vector. 

The measurement error covariance matrix is defined as, 

 T

N
R 

1

1


   

mmRR   
(7) 

where, 𝛾 is the ensemble of perturbations expressed as 

  N ,...,, 21   NmR   (8) 

The assimilation equation in matrix form is expressed as, 

  ffa HADKGAA   (9) 

where, the superscripts f and a represent the forecast and analysis states respectively, H is 

the observation matrix connecting the true state to the observations and KG is the Kalman 

Gain defined as follows, 

   1
 RHHPHPKG TfTf  (10) 

3 NUMERICAL EXAMPLE  

The numerical problem in this paper is similar to the one found in [16, 24, 25] with some 

slight modifications. It consists of a four-degree-of-freedom shear building, as shown in fig-

ure 1 below, and subjected to El-Centro earthquake excitation at its base. The stiffness is as-

sumed to be constant and equal to mNK /105.7 6 on all the floors, the damping ratio is 

also assumed to be constant with a value of 5% for all modes, the mass for each floor is taken 

to be 5000 Kg. 

A predefined change in the hysteretic behavior of the first floor of the system is imposed 

after the earthquake excitation hits the structure. 
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Figure 3: Four-story shear building. 

It is assumed that only two sensors are available, therefore the purpose of this numerical 

problem is to determine the optimal locations of these two monitoring devices.  

The first and second floors are randomly selected as an initial population of sensor loca-

tions. The next step consists of determining the fitness function, which is the difference be-

tween the measured displacements and velocities of each floor and their respective predicted 

values. 

For this problem, the measurements data are synthetically generated by the Bouc-Wen 

model. Therefore the equation of motion is expressed as 

          tuMtxzKtuKtuCtuM ginel
  ,1)(   (11) 

where M is the mass matrix, C is the damping matrix, Kel and Kin are respectively the elas-

tic and inelastic stiffness matrices, 𝛼 is ratio of the post yielding stiffness to the elastic stiff-

ness, τ is an influence vector, u is the displacement vector, x is the inter-story drift vector, and 

z is the evolutionary hysteretic vector of dimension n and whose ith component is expressed 

by the Bouc-Wen model by 

 nizxzzxxAz
ii n

iiii

n

iiiiii ,...1
1




   (12) 

where A, 𝛽, 𝛾 are the Bouc-Wen model parameters, whose values are shown in the table 

below 
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Model Pa-

rameter  

Pre-Change 

(before 5 

sec.) 

Post-

Change 

(after 5 

sec.)  

𝛼  0.15 0.15  

𝛽  0.1  1000  

𝛾  0.1  1000  

A  1  1 

n 1 1 

 

Table 1: Bouc-Wen model parameters. 

On the other side, the predicted values of the displacements and velocities are calculated 

using an inverse model that is used to detect the behavior of the system under consideration. 

The inverse model is expressed by the following equation 

      tuMuuFtuM g
  ,  (13) 

where F is the non-parametric representation of the non-linearity (non-linear restoring 

force), whose ith component for the case of the Ensemble Kalman Filter is given by 

            

       1111111

1

3

11

3

1111,









iiiiiiiiiiiii

iiiiiiiiiiiiiiii

uuuuduuuuduuc

uucuubuubuuauuauuF




 

(14) 

where      iiii dandcba ,,,  are the chaos coefficients of the unknown parameters to be 

identified. 

Based on the fitness value of each individual, the ones having the lowest mismatch be-

tween the predicted and actual data have a better chance to be selected, hoping they will pro-

duce better offsprings after undergoing the crossover and mutation processes. 

4 RESULTS  

The problem is solved using the Matlab’s genetic algorithm function (ga) [26], 

  optionsUBLBbAbAsNctionFitnessFungaX eqeq ,,,,,,,var,@  (15) 

This function is part of the global optimization toolbox in Matlab, it is used for minimiza-

tion purposes. In this case, ga function is used to give the optimal sensor locations as an out-

put (vector X). The inputs of this function are the following:  

1. The fitness function: for this problem, the fitness function is the mismatch between the 

measured displacements and velocities synthetically generated by the Bouc-Wen model, 

and their predicted values generated by applying the EnKF method. 

2. The number of variables present in the problem are 2var sN .  

3. Linear constraints represented by the linear inequalities bXA  and the linear 

equalities eqeq bXA  . There are no constraints for this special problem. 

4. Variables’ bounds: a lower bound 1LB  (story 1) and an upper bound 4UB (story 4) 

are used. 
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5. Options: the Matlab function gaoptimset is used to impose customized options to the 

GA. The following table lists the optimization parameters used as inputs for gaoptimset 

function. 

Parameter  Value 

Number of Population  3 

Number of Elite individuals  2  

Number of Generations  20  

Stall Generations 10 

Function Tolerance 10-10 

Initial Population  [1 2] 
 

Table 2: Genetic Algorithm parameters. 

where, the elite individuals represent the individuals having the best fitness function and 

consequently having the highest chance to be selected.  

The algorithm stops if the number of generations is exceeded or if the average change in 

the fitness function value is less than the function tolerance over the stall generations. Figure 

5 shows the stopping criteria of this numerical problem. It seems that the algorithm has 

stopped before the number of generations is reached, which means that the change in the fit-

ness function over 10 successive generations is less than 10-10. For this problem, the time and 

the Stall time limit (Stall (T)), which is the time over which the fitness function exhibits no 

improvement, are not included as stopping criteria. 

 

Figure 5: Stopping Criteria. 

The default mutation and crossover operations, embedded within Matlab, are applied on 

this example [26]. The default mutation function is a Gaussian mutation that adds a random 

Gaussian number with zero mean to each entry of the population. The default crossover func-

tion creates a random binary vector (for example, for the four-story example, the random bi-

nary vector can be [1001]), and combines the genes of parent 1 at the locations of the ones 

and the genes of parent 2 at the locations of the zeros (for example, if for the first parent of 

chromosomes the sensors are placed at floors 1 and 3, parent 1 = [1010], and if the sensors for 

the second parent are placed at floors 2 and 4 , parent 2 = [0101], the offspring becomes 

[1100], so the sensors will be placed at floors 1 and 2).  

The best fitness values (black dots) and the mean fitness values (blue dots) are represented 

at each generation in figure 6. It can be seen that the best and the mean values of the fitness 

function coincide at generation 4. As mentioned before, the algorithm converged before at-
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taining the maximum number of generations because there was no improvement in the value 

of the fitness function for 10 successive generations. 

 

Figure 6: Best fitness value at each generation. 

At the end of each generation, the best two locations of the sensors are determined based 

on their penalty value, the mismatch between the predicted and the measured displacements 

and velocities is minimal. This penalty value is calculated using the EnKF, which is a sequen-

tial data assimilation method that estimates the previously mentioned parameters a, b, c and d 

and the system state at each loop of the proposed algorithm. Figures 7 and 8 show the dis-

placement and velocity estimates of floor 3 at the first generation and last generation, respec-

tively. The comparison between these two figures shows the clear improvement in the 

mismatch between the EnKF predictions and the Bouc-Wen values for both the displacement 

and the velocity when sensors are placed at their optimal locations. The best locations of the 

two sensors are found to be on floors 2 and 3.  
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Figure 7: Estimates of the floor 3 displacement and velocity (at first generation). 

 

Figure 8: Estimates of the floor 3 displacement and velocity (at final generation). 
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5 CONCLUSIONS  

This paper presented a new methodology for determining the optimal sensor locations to 

get the most necessary data for the purpose of system identification. This methodology is a 

combination between the genetic algorithm and the ensemble Kalman filter methods. The ef-

ficiency of the method was tested on a numerical example, consisting of determining the best 

locations of two available sensors on a four-story shear building. First the GA was used to 

generate an initial population of sensor locations from which the fittest individuals were se-

lected as the best parents. The fitness function in this paper was assumed to be the difference 

between the synthetically generated measurements data and their respective predicted data 

from the EnKF. New better solutions resulted from applying some natural evolution operators 

on the parents chromosomes. The algorithm was repeated till convergence and the best loca-

tions of the two sensors were presented. 

Future work will include a more complicated high-dimensional structure, to test the effi-

ciency and the robustness of the proposed methodology in optimizing the sensors locations as 

well as their number for system identification and state estimation purposes. 
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Abstract. This paper studies topology optimization as a tool for designing barriers for ground
vibration transmission. A two-dimensional problem is considered where material is stiffened
in the design domain, located in the transmission path between the wource and the receiver.
The two-dimensional homogeneous halfspace is excited at the surface. The response at the
receiver is minimized for a harmonic load by distributing a stiffened material in the design
domain using topology optimization. The performance is compared to a wall barrier which
has the same volume of material and has a depth equal to the depth of the design domain. At
low frequencies, where the wavelengths are large compared to the height of the domain, the
optimized wave barrier reflects and guides waves away from the surface. At high frequencies,
destructive interference is obtained that leads to high values of the insertion loss. The presence
of small features in the designs makes the performance sensitive to deviations in the geometry.
In order to obtain a design which is robust with respect to geometric imperfections, a worst case
approach is followed. The resulting design not only outperforms the wall barrier, but is also
robust with respect to deviations in the geometry. This paper also shows that the robust design
can be used to develop simplified design solutions.
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1 INTRODUCTION

Vibrations in the built environment are a matter of growing concern. Railway induced vi-
brations may lead to malfunctioning of sensitive equipment, discomfort to people and, at high
vibration levels, damage to structures. Furthermore, noise can be re-radiated from floors and
walls when local modes are excited. More and more research is performed to search for efficient
and cost-effective vibration mitigation measures. Three categories of mitigation measures can
be distinguished: at the source (the railway track) [1], on the transmission path (the ground) [2],
and at the receiver (the building) [3]. The present work considers wave barriers to hinder prop-
agation of ground vibration from source to receiver.

Until now, only a limited number of simple design geometries for mitigation measures has
been investigated. However, current flexibility in construction methods such as jet grouting
leaves much room for improvement. To discover novel design geometries, topology optimiza-
tion [4] is applied. Topology optimization was originally developed for static mechanical prob-
lems, but has since then been used for a variety of applications including problems governed
by wave propagation. Topology optimization has been applied to problems with electromag-
netic (photonic crystal waveguide designs [5]), elastodynamic (design of phononic band-gap
materials and structures [6]), and acoustic waves (noise barriers [7, 8]). In this study, topology
optimization is used to develop novel design geometries for barriers impeding elastodynamic
wave transmission.

Since structural optimization is often found to lead to designs which are very sensitive to
geometrical imperfections [9], a worst case approach is adopted where the worst performance
of some (extreme) cases is optimized. This paper demonstrates the importance of considering
robustness in the optimization process, and shows that the robust designs can be used to develop
simplified design solutions.

The paper is organized as follows. First, the optimization problem is introduced and the
topology optimization approach is briefly presented. Second, results for optimized wave barriers
are discussed. Third, robust topology optimization is applied to obtain designs less sensitive to
geometric imperfections and a simplified design is presented.

2 THE OPTIMIZATION PROBLEM

Figure 1 shows the considered optimization problem. A two-dimensional homogeneous elas-
tic halfspace is considered which is excited at the surface by a vertical harmonic load.

The goal is to minimize the response at an output point (the receiver), located at the surface
of the halfspace, at a distance of15m from the excitation point. The effectiveness of the wave
barrier is quantified by the insertion loss (IL) in this output point:

IL = 20 log
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∣
the norm of the displacement vector in the output point in the case of the original

homogeneous halfspace without the wave barrier and|ûout| the norm of the displacement vector
in the case with wave barrier.

The displacements are obtained using the finite element method with two-dimensional four-
node elements in plane strain. An element size of0.25m is used for the mesh, corresponding to
ten elements per shear wavelengthλs at a frequency of80Hz, which is the upper limit consid-
ered in this work. At the boundaries of the finite element mesh, appropriate radiation boundary
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Figure 1: The considered optimization problem.

conditions have to prevent spurious wave reflections. The Perfectly Matched Layers (PML) of
Harari and Albocher [10] are applied. The resulting finite element equilibrium equations can be
written as:

K̂û = p̂ (2)

wherep̂ is the load vector,̂u is the displacement vector, and̂K is the dynamic stiffness matrix.
The material is stiffened in a design domain which is located between the source and the

receiver. The design domain has a cross-sectional area of10× 8m2 and is located at a distance
of 2.5m from both the excitation point and the receiver. The properties of the original material
1 of the homogeneous halfspace and the stiffened material 2 are summarized in table 1.

Property Original material 1 Stiffened material 2
Material densityρ 2000 kg/m3 2000 kg/m3

Longitudinal wave velocityCp 400m/s 950m/s
Shear wave velocityCs 200m/s 550m/s

Table 1: The considered material properties.

The optimal distribution of the stiffened material in the design domain is determined using
topology optimization [4]. The material distribution is parameterized using so-called element
densities̄ρe for each elemente in the design domain. The valuēρe = 0 indicates that element
e has the properties of the homogeneous halfspace, while the valueρ̄e = 1 corresponds to the
properties of the stiffened material. The densities are allowed to vary continuously between0
and1, making it possible to solve the optimization problem with a gradient based approach.

A Solid Isotropic Material with Penalization (SIMP) interpolation is used to interpolate the
material propertiesα:

α = α1 + ρ̄pe (α2 − α1) (3)

whereα1 andα2 are the properties of the original and stiffened material, respectively. The
penalization factorp ≥ 1 avoids so-called gray designs with intermediate densities. A value
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p = 1 is used for the material densityρ while p = 3 is used for the constrained modulusρC2
p

and the shear modulusρC2
s . Note that the penalization only works if the volume constraint in

Eq. (6) is active.
In order to achieve a design with sufficient detail, the finite element mesh of the design

domain is finer than the one of the surrounding domain, following the method proposed by
Kristensen [11]. The horizontal and vertical displacements of the intermediate nodes are cou-
pled to the nodes of the surrounding domain and the resulting constraint equations are added to
the finite element equilibrium equations.

The (physical) element densities̄ρe are obtained from the design variablesρe of the opti-
mization problem by applying a projection filter [12]:

ρ̄e =
tanh (βη) + tanh (β(ρ̃e − η))

tanh (βη) + tanh (β(1− η))
(4)

whereβ is a sharpness parameter, controlling the smoothness of the projection,η is the projec-
tion threshold, and the densitiesρ̃e are obtained from:

ρ̃e =

∑N

i=1 weiviρi
∑N

i=1weivi
(5)

wherevi is the volume of elementi and the weightwei = max (R − rei) depends on the filter
radiusR and the center-to-center distancerei between the elementse andi. In the present work,
the filter radius is taken to beR = 2.5 elements, the projection threshold value is set toη = 0.5
and the sharpness parameterβ has an initial value equal to1 and is doubled every50 iterations
until the value of32 is reached.

The aim is to maximize the insertion loss in Eq. (1). The problem is reformulated as a
minimization problem, by defining the objective functionΦ = −IL. The optimization problem
is also subjected to a volume constraint and can be summarized as:

min
ρe

Φ = 20 log





|ûout (ρ̄e)|
∣

∣

∣
ûorig
out

∣

∣

∣





s.t.

N
∑

e=1

veρ̄e ≤ V ∗, e = 1 . . .N

0 ≤ ρe ≤ 1, e = 1 . . .N

(6)

whereN is the number of elements in the design domain and the upper limit for the volume
V ∗ is set to10% of the total volume. The displacements are computed using the finite element
method. This problem is not convex, and multiple local minima may exist.

The optimization problem is solved using the method of moving asymptotes (MMA) [13].
This gradient-based approach necessitates the calculation of the derivatives of the objective
function. To enable an efficient calculation of the sensitivities, the adjoint method is used (see,
e.g. [4, p. 17]). The sensitivities are calculated as follows:

∂Φ

∂ρ̄e
= 2Re

{

λ
T ∂K̂

∂ρ̄e
û

}

(7)

where the vectorλ is computed from the adjoint equation, which can be written in the following
simplified form:

K̂λ = −
∂Φ

∂û
(8)
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3 TOPOLOGY OPTIMIZATION RESULTS

The wave designs obtained by topology optimization are compared with the reference design
of a wall barrier which has the same volume of material and has a depth equal to the depth of the
design domain: a rectangular design with dimensions1m× 8m, located in the design domain
at the side closest to the source. This reference design is shown in figure 2a. The optimization
starts with an initial design where all element densities are assigned a valueρe = 0.2.
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Figure 2: (a) Reference design, (b) optimized design maximizing the insertion loss at25Hz,
and (c) resulting insertion lossIL as a function of the frequency for the reference design (dash-
dotted line) and the optimized design (solid line).

Maximizing the insertion loss in Eq. (1) for harmonic excitation at25Hz results in the
design and corresponding insertion loss in figure 2. The optimized design leads to an insertion
loss of17.0 dB compared to the original situation which is14.8 dB higher than the insertion
loss of the reference design. Figure 3 shows the vector norm of the real and imaginary part
of the displacement field at25Hz for the homogeneous halfspace and after the introduction
of the reference barrier and the optimized barrier. The reference barrier mainly reflects the
incoming waves and therefore reduces the amplitude of the Rayleigh waves travelling along
the free surface from the source to the receiver. The optimized design, however, does not only
reflect the incoming waves, but also directs them downwards into the soil, reducing the response
at the surface.

The optimized design and its performance change significantly when the wavelength be-
comes smaller than the half of the depth of the design domain. Figure 4 shows the design
and corresponding insertion loss when maximizing the insertion loss for harmonic excitation
at 50Hz. The insertion loss of the optimized design is again compared to the insertion loss
of the reference design of1m × 8m. At 50Hz, the insertion loss reaches a very high value
of 50.1 dB, which is45.7 dB higher than the insertion loss of the reference design. Figure 5
shows the vector norm of the real and imaginary part of the displacement field at50Hz for the
homogeneous halfspace and after the introduction of the reference barrier and the optimized
barrier. The reference barrier again primarily reduces the amplitude of the Rayleigh waves. The
optimized design, however, moves the incoming waves away from the surface. This effect is
caused by destructive interference of the waves transmitted by the top part of the optimized
design and the waves reflected by the bottom part.
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Figure 3: Vector norm of the real part̂uR (top) and imaginary part̂uI (bottom) of the dis-
placement field at25Hz (a) for the homogeneous halfspace and after the introduction of (b) the
reference design (figure 2a), and (c) the optimized design maximizing the insertion lossIL at
25Hz (figure 2b).
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Figure 4: (a) Reference design, (b) optimized design maximizing the insertion loss at50Hz,
and (c) resulting insertion lossIL as a function of the frequency for the reference design (dash-
dotted line) and the optimized design (solid line).

4 GEOMETRIC IMPERFECTIONS

The design in figure 4b contains some small features, making it very sensitive to deviations
in the geometry. The performance of the actual wave barrier in case of geometric imperfections
may therefore be far from optimal. The influence of errors in the (in-plane) dimensions of the
stiffened material can be modeled by varying the projection thresholdη in Eq. 4 [14].

Figure 6 shows the influence of the projection thresholdη for the design optimized for reduc-
ing transmission at a frequency of50Hz (figure 4). For low values of the projection threshold
(e.g. η = 0.25), lower values of the filtered densities are projected to the stiffened material as
well, and the dimensions of the stiffened material increase, leading to so-called dilated designs.
For high values of the projection threshold (e.g.η = 0.75), only the higher values of the filtered
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Figure 5: Vector norm of the real part̂uR (top) and imaginary part̂uI (bottom) of the dis-
placement field at50Hz (a) for the homogeneous halfspace and after the introduction of (b) the
reference design (figure 4a), and (c) the optimized design maximizing the insertion lossIL at
50Hz (figure 4b).

densities are projected to the stiffened material, and the dimensions of the stiffened material
decrease, leading to so-called eroded designs.

A high value for the insertion loss is found for the valueη = 0.5 (intermediate design).
The performance is therefore very sensitive to thickness variations. For the dilated design (η =
0.25), a high performance is still obtained thanks to the top part of the design. This top part is,
however, largely affected for the eroded design (η = 0.75). The upper valueη = 1 removes all
stiffened material from the design (ûout = ûout

orig), and the insertion loss (Eq. (1)) becomes equal
to zero.

In order to obtain a design which is less sensitive to this type of geometric imperfections,
a robust topology optimization approach is used. The interval of the projection threshold is
set to[0.25, 0.75] and a worst case formulation is adopted. In the worst case formulation, the
minimal insertion loss for different values of the projection threshold is maximized. The robust
optimization problem is formulated as follows:

min
ρe

max
q

{Φ (ρ̄e(η
q))} , q = 1 . . .Q

s.t.
N
∑

e=1

veρ̄
i
e ≤ V ∗, e = 1 . . . N

0 ≤ ρe ≤ 1, e = 1 . . . N

(9)

whereQ is the number of values considered for the projection thresholdη andρ̄ie are the element
densities of elemente in the case of the intermediate design (η = 0.5).

Figure 7 shows the resulting robust design and insertion loss forQ = 3 equidistant values of
the projection thresholdη. The deterministic performance decreases from50.1 dB to 40.6 dB.
The robust design is, however, less sensitive to thickness variations. There are some small peaks
at η = 0.25, η = 0.5 andη = 0.75 but these are not as distinct as the peak atη = 0.5 in figure
6d. The insertion loss at a frequency of50Hz is therefore larger than26.5 dB for the entire
rangeη = [0.25, 0.75].
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Figure 6: The (a) dilated (η = 0.25), (b) intermediate (η = 0.5), and (c) eroded (η = 0.75)
version of the optimized design maximizing the insertion lossIL at a frequency of50Hz and
(d) the influence of the projection thresholdη on the insertion lossIL at50Hz.

Because of buildability constraints, it may be difficult to reproduce the design in figure 7b.
Since the design is robust to thickness variations, a simplification of the geometry is not ex-
pected to significantly affect the performance of the design. Figure 8 shows a manually simpli-
fied design and the corresponding insertion loss. The performance of this simplified design is
similar to the performance of the design obtained with deterministic and robust topology opti-
mization. The insertion loss at50Hz is equal to33.0 dB and is therefore lower than the insertion
loss of the robust design, but the simplified design still outperforms the reference design, which
has an insertion loss equal to4.4 dB at50Hz.

5 CONCLUSIONS

Topology optimization is a powerful tool for finding novel design geometries. In this paper,
topology optimization is used to design wave barriers that reduce ground transmission vibration.
An optimization problem is considered where a homogeneous halfspace is excited at the sur-
face. The response at a receiver point is minimized by stiffening material in the design domain
between the source and receiver.

Harmonic excitation is considered and the optimized designs are shown at two frequencies
(25Hz and50Hz). At lower frequencies, the incoming waves are directed downwards away
from the surface. At higher frequencies, destructive interference is observed, resulting in a peak
at the targeted frequency.

Geometric imperfections can lead to an important deterioration of the performance. A worst
case approach is therefore used to obtain a robust design, where the lowest performance of some
values of the projection threshold is maximized. The resulting design is less sensitive to errors
in the dimensions of the wave barrier. Simplifying the topology of the robust design leads to a
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Figure 7: The (a) dilated (η = 0.25), (b) intermediate (η = 0.5), and (c) eroded (η = 0.75) ver-
sion of the robust optimized design maximizing the minimal insertion lossIL for 3 equidistant
values of the projection thresholdη in the range[0.25, 0.75] at a frequency of50Hz and (d) the
influence of the projection thresholdη on the insertion lossIL at50Hz.
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Figure 8: (a) Reference design, (b) simplified design after a manual post-processing of the
robust optimized design maximizing the insertion loss at a frequency of50Hz using a worst case
robust approach (figure 7b), and (c) resulting insertion lossIL as a function of the frequency for
the reference design (dash-dotted line) and the post-processed optimized design (solid line).

slightly reduced performance, but the resulting design significantly outperforms the wall barrier.
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Abstract. One of the major tasks of structural engineering design optimization is the han-
dling of uncertainties (such as variations in material properties, loading conditions, unknown
environmental conditions or even uncertainties in modeling assumptions), which affect system
performance in terms of robustness and reliability (or, in other words, the ability to respond to
input variations with minimal alteration, loss of functionality or damage). This task is usually
tackled with Optimization Under Uncertainty (OUU) methods[1], like robust design optimiza-
tion and reliability-based design optimization. In most cases, the optimization has to deal with
multi-objective problems (such as maximizing the performance while minimizing costs, system
response variations, etc). These problems do not have a unique solution, but a set of tradeoff
optimal solutions (the so-called Pareto front). The action of a decision maker (DM) is necessary
for choosing the final optimal design according to some (pre-defined) preferences or criteria.
Multi-Criteria Decision Making (MCDM) techniques[2] have been developed over the past
years to try to make these choices objective and rational. In most MCDM methods, the pref-
erences are usually taken into account during some a-posteriori analyses of the optimization
outcomes.

Here we address both OUU and MCDM problems with an approach that integrates directly
the action of the DM with the optimization process. The DM is asked to express their prefer-
ences (based on their previous experience) to drive the optimization towards the most preferred
regions of the Pareto front. This can lead to a more efficient exploration of specific regions of
the Pareto front and reduce the computational cost of finding desirable solutions. Interactive
MCDM approaches have been recently given more attention in the multi-objective optimization
community [3, 4, 5]. A validation of this approach on simple test-cases is shown as well as its
application to the design of a simple building structure under uncertainties with seismic hazard
and snow loads.
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1 INTRODUCTION

Some of the main challenges in the field of structural engineering design include the han-
dling of uncertainties arising, e.g., from variations in material properties, loading conditions,
unknown environmental conditions or even uncertainties in modeling assumptions, and the
multi-objective nature of design problems requiring a trade-off between several (conflicting)
objectives (such as performance maximization, cost minimization, variation minimization, etc.).

Uncertainties affect system robustness and reliability, i.e. the ability to respond to input
variations with minimal alteration, loss of functionality or damage. Thus in the past decades a
number of Optimization Under Uncertainty (OUU) methods[1], like Robust Design Optimiza-
tion (RDO) and Reliability-Based Design Optimization (RBDO), have been developed to find
designs, which are robust and reliable unlike those sometimes found with deterministic opti-
mization methods.

Multi-objective optimization (MO) problems do not have a unique solution, but a set of
tradeoff optimal solutions (the so-called Pareto front). Hence a compromise between conflicting
requirements is sought. The intervention of a decision maker (DM) is necessary for choosing
the final optimal design according to some (pre-defined) preferences or criteria. Multi-Criteria
Decision Making (MCDM) techniques[2] have been developed over the past years to make
these choices objective and rational. In many MCDM methods, the preferences are taken into
account during a-posteriori analyses of the optimization results. Other techniques include the
preferences directly in the optimization phase, usually by rewriting the multi-objective problem
as a single-objective problem, where a function of the preferences has to be optimized.

The importance of MO in real-world structural engineering problems was highlighted for in-
stance by Papadrakakis et al. in Ref. [6]. Structural sizing examples were studied and optimized
with Evolutionary Algorithms (EAs). EAs are more efficient than gradient-based methods for
these kinds of problems, because they rely on the evolution of a population of optimal candidate
designs. Furthermore EAs are robust global search algorithms (they need no derivatives), which
are less likely to be trapped in local optimal regions of large and complex search spaces. Ref. [7]
addressed a reliability-based multi-objective sizing optimization of a multi-storey steel frame
under seismic loading, where probabilistic constraints were introduced to account for the system
reliability. Failure probabilities were computed with the Latin Hypercube Sampling (LHS)[8].
Beck et al. [9] developed a software to find the tradeoff between conflicting design criteria while
accounting for modeling and loading uncertainties. They turned the MO into a Single-objective
Optimization (SO) of the aggregation of the preference functions. Frangopol[10] reviewed the
relevance of using MO and decision making in civil infrastructure maintenance management un-
der uncertainty, while Caterino et al. [11] focused on a posteriori MCDM techniques applied to
the specific problem of seismic structural retrofitting. Jensen et al. [12] developed a method for
efficiently obtaining compromise design solutions and tradeoff information between objectives
in the optimization of structural systems under stochastic excitations by introducing an auxiliary
variable to solve the MO problem as a SO by means of line search techniques. In Ref. [13] cer-
tain authours of this paper studied a structural sizing MO under uncertainty (MOUU) problem
by using Polynomial Chaos[14] Expansion (PCE) techniques to determine the system reliability
with a method already applied in Refs. [15, 16].

Motivated by the growing interest shown by structural engineering specialists in MCDM and
MO techniques, in this paper we address both MOUU and MCDM problems with an approach
that integrates directly the action of the DM with the optimization process. For this purpose,
a novel algorithm has been developed: the DM is asked to express their preferences (based on
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their previous experience) as target points to drive the optimization towards the most preferred
regions of the Pareto front. In principle this can lead to a more efficient exploration of specific
regions of the Pareto front and reduce the computational cost of finding desirable solutions.

Interactive MCDM techniques have been recently given more attention in the MO commu-
nity. Two approaches have been explored: direct integration of the DM in the optimization
process[3, 4], by giving them the possibility to insert some reference point, and real-time in-
teraction with the optimization algorithm[5], by expressing their preference each time after a
defined number of iterations. The target point method follows the first approach. A validation
of this approach on simple test-cases is shown as well as its application to the design of a sim-
ple building structure under uncertainties with seismic hazard and snow loading. A comparison
with the reference-point method of Refs. [3, 4] is also provided.

All the simulations presented below were done with the modeFRONTIER[17] integration
platform for multiobjective and multidisciplinary optimization. A significant advantage of this
software is that it enables the automation and execution of complex design simulation process
chains represented with graphical workflows.

In Section 2 we summarize the key ideas of the MOUU method used in the paper and intro-
duce the MCDM techniques used in the present study as well as a benchmark of the MCDM
methods on mathematical test cases. In Section 3 we describe the structural engineering appli-
cation and the MO we performed (deterministic, with integrated DM and under uncertainties).
A posteriori checks on the reliability of the solutions are also presented. Conclusions are dis-
cussed at the end.

2 TECHNIQUES

In this section we highlight a few key concepts of the theoretical background behind this
work and summarize the main ideas of the computational techniques used in this paper.

2.1 Multi-Objective Optimization under Uncertainty

A general multi-objective optimization problem can be formulated in mathematical terms as
(see e.g. Ref. [18]) 

Minimize F(x) = f1(x), ..., fI(x),

subject to gj(x) ≤ 0, j = 1, ..., J

hk(x) = 0, k = 1, ..., K

with xm ∈ [xLm, x
U
m], m = 1, ...,M

(1)

where x = (x1, ..., xM) represents a vector ofM independent input variables xm with lower and
upper bounds respectively equal to xLm and xUm, F is a vector of I objective functions fi, while gj
and hk respectively are a set of J inequality and K equality constraints that define the feasible
design space region (i.e. designs satisfying the constraints). If I > 1 and the objectives are in
contrast, then the problem is multi-objective and has an infinite set of Pareto optimal solutions.
A point x∗ is Pareto optimal if and only if there is no other point x such that F(x) ≤ F(x∗),
and fi(x) < fi(x

∗) for at least one function, that is: a point is Pareto optimal if there is no other
point that improves at least one of the objectives without deteriorating another. The vector of
objectives F(x∗) is said to be non-dominated.

Multi-objective optimization problems can be directly solved by means of evolutionary and
genetic algorithms. A set of optimal solutions is found starting from an initial set of candidate
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solutions (population), which evolve in an iterative process by following mechanisms inspired
by biological evolution, like selection, crossover, mutation (see e.g. [18] and references therein).

In MOUU different types of uncertainties can be encountered: random or probabilistic (due
to an inherent variability of physical systems and consequently irreducible) and epistemic or
imprecise uncertainties (due to a lack of knowledge or information and, in principle, reducible
at some stage of the modeling activity) (see e.g. Ref. [1]). Here we consider only the first type.
Probabilistic uncertain input parameters are modeled by random input variables following cer-
tain probability density functions (PDFs), which represent the probability of occurrence of an
event. Because of the input stochasticity, the system response is also stochastic, but its PDF is
not known a priori. Given that objectives and constraints in optimization problems are often
defined in terms of output variables, quantifying the uncertainty on system responses becomes
extremely important. This task is accomplished with so-called Uncertainty Quantification (UQ)
techniques. Distribution moments, like mean and variance that can be used as robustness mea-
sures in RDO, can be estimated with many techniques, e.g. Monte Carlo (MC) or LHS, or the
more efficient PCE[14, 19]. The latter is accurate and usually requires a smaller number of
function evaluations than the sampling techniques, at least in the case of small-medium prob-
lem dimensions. This is a crucial advantage, since computational time is one of the major
bottlenecks in design optimization processes. In RBDO instead one is more interested in find-
ing probability tails to determine the failure probability w.r.t. predefined performance or limit
state functions (LSFs). The failure probability can be computed with different approaches: (ad-
vanced) sampling strategies, FORM and SORM approximations, etc. (see e.g. Ref. [1]). Then it
can be minimized or used as a constraint in RBDO problems (see e.g. [1] but also [20, 21] that
highlight the effectiveness of using evolutionary algorithms in both single or multi-objective
RBDO problems).

For this work we used an OUU method recently introduced by the authors. For a more
detailed description, see Refs. [15, 16, 13] and references therein. For each optimization step, a
nested UQ flow is executed to compute the statistical output properties to be used as objectives
or constraints of the main optimization process. To be specific, in the UQ loop we can compute
mean values and standard deviations of output properties with MC, LHS or PCE methods. We
can also use the PCE as a stochastic response surface to determine the cumulative distribution
function (CDF) and percentile values of output responses that represent probabilistic (or chance)
constraints to be optimized in the main loop within a given reliability threshold (with the so-
called performance-measure RBDO approach). The use of the PCE for reliability assessments
has been growing in recent years (see e.g. Refs. [22, 23, 24, 25]).

For each optimization step, the principal steps in the nested uncertainty quantification flow
with percentile calculations are[15, 16]:

• Generation of an MC or LHS sample

• Evaluation of the sample (real function evaluations)

• Computation of PCE coefficients via least square minimization

• Estimation of mean and variance

• Generation of an LHS sample for percentile calculations

• Evaluation of the sample (PCE virtual function evaluations)

• Determination of CDF and percentiles
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The determination of the CDF and percentiles on empirical samples evaluated with the PCE
as a stochastic response surface model (virtual function evaluation) is clearly an advantage in
terms of computational time unlike a pure sampling approach requiring real function evalu-
ations, which in real-world applications are often made with calls to finite element or other
computationally demanding simulation solvers.

The important parameters for the above-described UQ process are the chaos order k (poly-
nomial degree of the truncated polynomial chaos expansion), the size N of the first sample to
determine the PCE coefficient1, and the size Nperc of the sample for the computation of the
CDF.

This technique has been benchmarked in Refs. [15, 16, 13, 26] on several test–cases with
particular attention to the optimal choice of the sample sizes and k. Our method does not
depend on the optimization algorithm used, which can be chosen on the basis of the optimization
problem and other necessities. However, evolutionary multiobjective algorithms (e.g. genetic
algorithms) are quite beneficial due to their robustness and ability of finding accurate Pareto
fronts.

2.2 Optimization with user preferences

One of the major optimization challenges is to generate solutions in a precisely defined region
of the Pareto frontier, without wasting computational time to identify the entire set of optimal
solutions. For this reason, we tried to directly integrate user preferences (in our case the decision
maker, or DM) in the optimization process by implementing an a priori approach based on the
DM’s knowledge of the location of the desirable region. In this way the generated designs can
be automatically ordered according to user preferences.

In this paper we studied two different approaches:

NSGA-III, reference point-based algorithm: NSGA-III[3, 4] is a many-objective2 evolution-
ary optimization algorithm. NSGA-III does not add any new genetic operator to NSGA-
II[27]. Its fundamental quality is the use of reference points that act as attractors driving
the optimization towards optimal regions. The reference points are objective space points
distributed on a grid. They can either be provided by the user or computed by the algo-
rithm. Since the authors of NSGA-III released no official source code, we developed our
own prototype following the quoted references. To allow for more freedom in the explo-
ration of a priori unknown objective spaces, we chose to provide no explicit reference
points. Their number H is

H =

(
M + p− 1

p

)
, (2)

where M is the number of objectives and p the number of divisions of each objectives
(we took p = 16).

Since NSGA-III is expected to exhibit better performance on many-objective problems
with respect to NSGA-II, we decided to apply it to a structural sizing problem with a
discretized Pareto frontier (see Section 3). The expectations were entirely justified.

1This sample is used for the least square minimization and can be arbitrarily chosen, with the exception of its
minimum size Nmin, which must be equal to the number of unknown parameters in the PCE, i.e. N ≥ Nmin =
(k+d)!
k!d! . Thus in the single–variate case the number of coefficients equals k + 1, but in the multivariate case it also

depends on the stochastic input space dimension d and grows fast as d increases. This is the real bottleneck of this
method.

2An optimization problem is many-objective when the number of objectives n ≥ 3.
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Target point-based algorithm: we modified the NSGA-II algorithm in such a way to ask the
user before the start of the optimization to provide a target point, i.e. an objective space
point that should be reached by the optimizer. Moreover, we modified the solution-sorting
mechanism as explained below. The algorithm steps, which initially require an interaction
with the user, are the following:

• the user is asked to provide a target point objective values

• the user is asked to provide a tolerance value for each objective in order to define a
tolerance hypervolume

• the user is asked to provide a target number of points that the algorithm has to find
inside the tolerance hypervolume. Here the interaction with the user ends

• the optimization process starts. It consists in two phases, i.e. reaching the target
point and an NSGA-II based optimization for further improvements:

– In the first phase, to reach the region of the target point, all the solutions gener-
ated in the current generation are first ordered using the Pareto sorting criterion
according to the value of their absolute distance from the target point. Within
each front we apply a modified selection mechanism, based on the so-called
controlled elitism[28], which avoids a premature convergence of the algorithm
by keeping a percentage of information from lower rank fronts. For each new
point, the algorithm checks whether it falls within the tolerance hypervolume.
If it does, the target point number counter is decreased. When it becomes zero,
the first phase stops

– In the second phase the relative distance from the target point is used to sort new
designs until the specified number of generations is achieved. In our implemen-
tation all objectives have to be minimized. Hence, a solution with a negative
relative distance is better than a solution with a positive distance.

The target point initially drives the optimization. In particular, if the target point belongs
to the Pareto front, then in the second phase the algorithm will start populating the front
further. We developed this strategy to prevent the natural tendency of EA evolution to be
driven by the simplest objectives rather than those in which the DM is most interested.

We believe that there is a slight but important difference between target and reference points.
A target point is a point that the DM wants to reach with the optimization, whereas reference
points are points distributed in the objective space that determine only the direction of the opti-
mization, i.e. they have the role of attractors.

These two methods are not mutually exclusive. In fact, the target point is useful when the
user wishes to find more points in a “gap” region, while our use of NSGA-III, without any
provided reference points, helps finding the whole Pareto frontier.

More in general, within the Multi-Criteria Decision Making field different approaches to
design optimization problems are possible as described in Ref. [29]:

1. a priori: preferences are asked before the optimization;

2. a posteriori: preferences are expressed after the optimization;

3. interactive: the optimization algorithm asks the DM to express their preferences during
the optimization process.
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Historically a posteriori approaches have been the standard choice for decision making: the
DM runs the optimization and then uses MCDM techniques to find the best Pareto front solution
in accordance with their preferences. However, a priori and (above all) interactive methods have
been recently stirring up great interest in the MCDM community.

We believe that interactive methods, like the one presented in Ref. [5], are in principle the
most accurate, because the algorithm is able to calculate the most representative value function
with respect to the user preferences. DM preferences are specified at each interaction. The more
frequent the interactions, the more accurate the algorithm. However each interaction requires
a lot of effort from the DM’s side, since, for example, an optimization with many generations
implies many interactions. In our opinion, this is the most important disadvantage of interactive
approaches. Hence we decided to investigate the above-described a priori approaches to reduce
the DM effort and stress.

2.3 Mathematical test problem

Both the target point-based and the reference point-based algorithms are prototypes. In order
to see differences between them, we tested them on two mathematical benchmark problems:
the Constrained Test Problem 7 (CTP7)[30] and the unconstrained Zitzler Deb Thiele 1 (ZDT1)
problem[31].

The first problem is construed as follows:

CTP7:



Minimize f1(x) = x1

minimize f2(x) = g(x)

(
1− f1(x)

g(x)

)
subject to c(x) = cos(θ)(f2(x)− e)− sin(θ)f1(x) ≥
a| sin(bπ(sin(θ)(f2(x)− e) + cos(θ)f1(x))

c)|d

(3)

where θ = −0.05π, a = 40, b = 5, c = 1, d = 6, e = 0. CTP7 has a discontinu-
ous Pareto frontier.

We performed three optimization runs: one with the standard NSGA-II algorithm and the
other two with the target-point and the reference-point algorithms respectively. In each simula-
tion we started from an initial population of 100 individuals and set the number of generations to
1000. We used crossover and mutation probabilities respectively equal to 0.9 and the reciprocal
of the number of input variables, and distribution index values set to 20.

On Figure 1 we can see the efficiency of the reference-point NSGA-III algorithm to find
the entire Pareto frontier owing to the ability of the reference points to attract the optimization
towards the disconnected Pareto front regions. On the other hand NSGA-II and the target-based
algorithm are not able to find any points on the true Pareto front, even though we set a target
point located on the exact Pareto front. For this problem, the target-point algorithm is still
influenced by NSGA-II.

The second test problem is unconstrained and has a continuous Pareto front. It is construed
as follows:

ZDT1:



Minimize f1(x) = x1

minimize f2(x) = g(x)

(
1.0−

√
f1
g

)
with g(x1, x2, · · · , xn) = 1.0 +

9.0

n− 1

n∑
i=2

xi

(4)
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(a) (b)

Figure 1: (a): Pareto front designs found with a deterministic optimization of the CTP7 problem with NSGA-II
(circles), NSGA-III (downward triangles) and the target-point (plus symbols) algorithm described in Section 2.2.
(b): detail of the NSGA-III Pareto front.

We used ZDT1 to test the algorithms with a smaller number of generations in order to see
if the target-point method is able to focus on the desired region from the very beginning. We
performed again three optimization runs with the same three algorithms and parameters as for
CPT7, but with a number of generations equal to 40. Results are shown on Figure 2. We started
with the original NSGA-II simulations and we noted that a gap appears in the Pareto frontier.
With the target-point algorithm we tried to drive the optimization precisely towards the middle
of the gap region (target point values set to the middle of the gap, tolerance values around 20%
and maximum points in the tolerance hypervolume equal to 50). As a result, the target point-
based algorithm was able to find several designs in the desired region at the expense of the
exploration of the Pareto frontier tails. NSGA-III performed slightly better than NSGA-II both
in the upper left tail of the Pareto region and in the gap region, but it was not able to extensively
explore the right bottom corner with the given number of generations. This is not entirely
unexpected because that region is influenced by the most complex objective of the problem
(minimization of f2) and NSGA-III does not use the crowding distance strategy to increase the
population diversity. Finally, we observe that both new algorithms present small convergence
problems (the attainment of the true Pareto front is not perfect), which can be overcome by
increasing the number of generations.

A comparison of the performance of these algorithms on a many-objective optimization
problem is provided in Section 3.

3 STRUCTURAL ENGINEERING APPLICATION

In this paper we further analyzed a structural engineering design problem, presented in Ref.
[13], with the aim of showing the effects of the dynamic use of MCDM algorithms on the
optimal solutions found during the design optimization phase (with or without uncertainty).

We considered the same building structure and model as in Ref. [13] with minor changes. It
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(a) (b)

(c) (d)

Figure 2: Pareto front designs found with a deterministic optimization of the ZDT1 problem with NSGA-II (b),
NSGA-III (c) and the target-point algorithm described in Section 2.2 (d). All the Pareto frontiers are shown on the
same graph in (a).

is a two-storey building formed by four 3-bay frames made of reinforced concrete3 beams and
columns, and ceilings/floors made of reinforced concrete joists and hollow flooring blocks. The
three-dimensional building frame is shown on Figure 3.

As the location we chose the Italian town of Forni di Sopra (UD) that is characterized by
a maximum horizontal ground acceleration ag = 0.175g and an elevation greater than 1500
m above mean sea level. This enables the statistical analysis of the snow load present on the
building flat roof (the worst possible case in the presence of snow) on a site with significant
seismic hazard. Wind loads are not relevant for this location and type of structure.

3Concrete of type C25/30, i.e. confined characteristic compressive strength fck = 25 MPa and design com-
pressive strength fcd = 14.17 MPa.
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Figure 3: 3D view of the building frame. On the left: extruded view (the different labels denote the different types
of column sections. The investigated most loaded beam and column are respectively circled and marked with an
arrow). On the right: standard view, with an example of design sections.

To reduce the computational effort, we fully designed only the most loaded coverage beam
and the most stressed column (out of the four columns supporting the beam) of the structure
(see Figure 3) with the aim of determining the optimal size of their sections and reinforcement
content to achieve minimum weight and seismic displacement while respecting the constraints
required by the Italian law and considering variations in other column sections.

The stresses for the vertical loads and seismic actions were simulated with SAP2000[32],
a finite element analysis general-purpose civil-engineering software. We considered the en-
velope4 of vertical load (permanent, variable and snow) combinations at ultimate limit state
(ULS) with the seismic combinations in the x and y directions as required by the Italian law for
construction engineering (NTC2008: DM 14.1.2008).

For the seismic displacements we used the serviceability limit state (SLS) with an ”SLD”
(i.e. ”Damage Control” performance level) seismic elastic response spectrum.

The framed supporting structure composed of beams and columns was represented with
one-dimensional finite elements. Since the perimeter walls were not directly included in the
structure model, we introduced them in terms of an additional mass contribution for the seismic
actions in the SAP model, also to mimic the effect of any masses not explicitly taken into
account. However, the results illustrated below are only intended as guidelines for designers,
since we did not consider the shear reinforcements of the structure. In fact, our work was mainly
focused on the applicability (and effect) of MOUU and real-time integrated MCDM techniques
to structural design optimization problems.

The following sections illustrate the details of the optimization problem, simulations and
results.

4The envelope merged four terms: two vertical load combinations (one with a dominant variable load and the
other with a dominant snow load) and two ULS seismic load combinations (with seismic components EX+0.3EY

and EY + 0.3EX , where EY and EY denotes respectively the seismic action along x and y). Here, we used
the seismic project response spectrum ”SLV” (corresponding to a ”Life Safety” performance level) for the town
considered.
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3.1 Optimization problem and workflow

To illustrate the effectiveness of the above-illustrated MCDM algorithms on many-objective
problems we chose three objectives: weight minimization of the most loaded beam and stressed
column (see Figure 3) and seismic displacement minimization in the x direction (for a “LSD”
seismic spectrum with dominant action along x) by varying the sections of the two elements
and their content of reinforcing bars, as well as the sections of all the other columns.

We considered twelve input variables and three constant input parameters. The input vari-
ables are: (1) the most loaded beam section, (2) four types of column sections (denoted with
different labels on Figure 3), (3) the three longitudinal reinforcements in the three lower spans
of the beam, (4) the three upper longitudinal reinforcements in the three spans of the beam, and
(5) the longitudinal reinforcement of the column. The reinforcements are given in terms of steel
sections and their number. All the mentioned inputs have discrete values (from a list of sections
available in commercial catalogs). The three constant input parameters are: (1) the snow load
value provided by the law for 1500 m above sea level, equal to 5.83 kN/m2 - this value, like
the other vertical loads of the two floors, was transformed into linear load and applied to the
beams; (2) the additional mass term of 600 kN; (3) the structure factor q = 3.9 (necessary for
the conversion from the elastic to the project spectrum) as expected for ”Frame structures with
multiple floors and spans, of class B” (see NTC2008: DM 14.1.2008).

The most loaded beam and column sections and reinforcement contents were subject to four-
teen input constraints as required by the law (see NTC2008, paragraphs 7.4.6.2.1 and 7.4.6.2.2).

In output, we monitored several properties, such as the beam and column weights, their total
weight, seismic displacements, first-mode eigenperiod, bending moments, etc.

We also considered nine output constraints: six ULS compliance checks of load and resis-
tance effects on the beam (beam moment resistances greater than stress moments), one con-
straint on the column (compliance with the limits on compressive and flexural strengths due to
the loads) and two constraints for the seismic displacements along x and y (relative inter-store
displacement in both directions smaller than the maximum allowed displacement).

Given the high number of constraints present on both input (geometric constraints for section
sizes and reinforcing bar content) and on output variables (seismic displacements, constraints
on the most loaded beam and column loads), this is a hyper-constrained problem. The presence
of discrete input variables makes its solution even harder from a mathematical point of view.
Thus, this example is an interesting benchmark for the performance of the algorithms described
in Section 2 on complex and realistic structural design optimization problems.

All simulations were performed with the modeFRONTIER integration platform and opti-
mization software. As said in the previous paragraph, we computed the stresses caused by
vertical and seismic loads with SAP2000. The SAP2000 inputs are the structure geometry and
constraints, the frame sections, the linear loads, the seismic analysis type, etc. modeFRONTIER
was integrated with SAP2000 by means of an Excel file, which controlled the SAP2000 model
with a Visual Basic macro. The macro was used for a dual purpose: to update the SAP2000
model parameters (the central beam and column variable sections) with the values provided
by modeFRONTIER for each proposed configuration and to extract the output variable values
calculated by SAP2000 and write them in the Excel file to be read by modeFRONTIER.

Figure 4 shows the modeFRONTIER optimization workflow. From top to bottom we can
follow the optimization data flow: at the top we find input variables, constant parameters and
constraints, whereas at the bottom we find the monitored output variables, objectives and con-
straints on the output variables. The green icons (square boxes with an incoming arrow) in the
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Figure 4: Optimization workflow.

top part of the figure represent the input variables and constants, while the blue icons (square
boxes with an outcoming arrow) at the bottom represent the output variables. Constraints are
represented by opposing arrows separated by a line, while objectives are represented by an
arrow icon. In the center, from left to right we find icons representing the logic flow of the
process, with the generation of the initial sample by means of a design of experiment algorithm
node (DOE), followed by the optimization algorithm node, an Excel node (interface between
modeFRONTIER and SAP) and the logic end of the process.

3.2 Simulation details

We ran the following simulations:

1. deterministic optimization with NSGA-II

2. deterministic optimization with the target point-based algorithm (described in Section 2.2)
starting from the deterministic Pareto front of point 1.

3. stochastic optimization starting from the Pareto front found in point 2.

4. stochastic optimization with the target point-based algorithm to improve the stochastic
Pareto front found in 3.

5. reliability assessment of representative solutions found in the previous points

6. deterministic optimization with the reference point-based algorithm (i.e. NSGA-III based,
see Section 2.2) starting from the Pareto front found in 1.
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7. encouraged by the results obtained in the previous point, we used the NSGA-III based
algorithm starting from the same random DOE as in 1. to compare its performance against
NSGA-II

More details are provided in the following paragraphs.

3.2.1 Deterministic optimization with standard NSGA-II

The problem described in Section 3.1 was optimized with the NSGA-II genetic algorithm,
with an initial input population of 3605 candidate designs (generated with a uniform random
algorithm) crossover and mutation probability values respectively equal to 0.9 and the reciprocal
of the number of input variables, and an allowed budget of 50 generations.

During the optimization, many unfeasible designs (i.e. designs that violate at least one con-
straint) were found. Remarkably, no seismic displacement constraints were violated within the
explored input variable ranges. The most critical constraints appeared to be those on the most
loaded beam.

The Pareto front is shown on Figure 5 (cross symbols). By inspecting the variable values
of Pareto front designs, we noticed that all the designs had the same beam section, a square
section of dimensions equal to 0.30 × 0.30 m2. The range of the column section spanned
over almost all the available values in the catalog list, but the majority of designs preferred
either square columns or along the x direction (with only few designs preferring the rectangular
section directed along y). The first mode eigenperiod appeared to be almost perfectly linearly
correlated with the seismic displacement objective.

3.2.2 Deterministic optimization with target-point integrated MCDM

We decided to apply the target point-based algorithm to drive the optimization toward low
values of the beam weight, or to be specific toward the objective space region close to beam and
column weight and seismic displacement values of respectively 26.35 kN, 14 kN and 0.0203
m2. We used a maximum number of points inside the tolerance hypervolume equal to 20.

We started the algorithm with an initial population composed of the Pareto front designs
found in Section 3.2.1 and other randomly selected feasible designs from that previous run in
order to reach 200 elements (since the starting points were already good, it was not necessary
to apply the rule of thumb described in footnote 5).

The objective values of the Pareto front designs found after 45 generations are shown on
Figure 5 (empty squares), where they are compared with the Pareto front designs found with
the standard NSGA-II algorithm in Section 3.2.1 (cross symbols). It can be observed that the
target-point algorithm found at least three new points in the target region of the objective space.
These objective space points correspond to several designs in the input variable space that differ
for their reinforcement content. The new designs tended to have square column sections, while
they all had a beam section equal to 0.30× 0.30 m2 as in Section 3.2.1.

Once again, no violation of the seismic displacement was found. The most violated con-
straints were still those on the beam compliance checks.

5This high value was chosen by a rule-of-thumb according to which the input population size should be greater
than the number of input variables multiplied by 2 and by the sum of the number of objectives and constraints.
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(a) (b)

(c) (d)

Figure 5: Pareto front designs found with a deterministic optimization with NSGA-II (cross symbols) and with the
target-point algorithm described in Section 2.2 (empty squares).

3.2.3 Optimization under uncertainty

To improve the reliability of Pareto optimal designs w.r.t. to the most violated constraints
found in the previous sections, we decided to perform a reliability-based design optimization
with the technique explained in Section 2.1.

In all the OUU simulations we considered the snow load and the additional mass as uncertain
parameters respectively defined by an exponential PDF, with location parameter 5.83 and scale
parameter 0.5, and a log-uniform PDF, with location parameter equal to 600 kN and scale
parameter of 60 kN (i.e. the underlying uniform distribution is in the range from 600 kN to
660 kN).

To determine the optimal PCE sample size we performed some uncertainty quantification
checks with sizesN = 11, 13, 20, 30, 50, 100 and PCE degree k = 3 and compared the results
obtained with LHS data found with sample sizes N = 13, 20, 30, 50, 100, 200, 500, 1000.
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Figure 6 shows results for two of the most important constraints on the beam, denoted with
Cons1neg and Cons3neg in the workflow of Figure 4. As is evident, for these properties the
PCE reached convergence with the smallest sample size for the mean values and the second
smallest for the standard deviation, at variance with LHS data, which converged for N = 200
or 500. Therefore, we chose to perform the stochastic optimization with a PCE sample of 13
designs.

(a) (b)

(c) (d)

Figure 6: (a) and (b): estimates of the mean values and standard deviation of ultimate limit state compliance checks
for the first span of the most loaded beam; (c) and (d): same properties for the third span. Mean values are shown
on the left, while standard deviations on the right. PCE data are represented with circles, while LHS data with
squares.

We considered the same optimization problem as in the previous sections, but for the intro-
duction of probabilistic constraints. We aimed at achieving a reliability of 99.9%. Therefore we
computed the 99.9-th percentile of the six constraints on the beam (called Cons1pos, Cons1neg,
Cons2pos, Cons2neg, Cons3pos, Cons3neg in the workflow of Figure 4). All other constraints
were treated as deterministic and checks on the design feasibility w.r.t. them were made a
posteriori.

As an optimizer, we used the NSGA-II algorithm with the same parameters as in the de-
terministic simulations and an initial population of 200 designs composed of the Pareto front
designs found in Section 3.2.2 plus other randomly selected feasible designs. For each design
we computed its statistical properties with a third-order PCE determined on a sample of 13 el-
ements generated around the current design by a LHS based on the PDFs of the snow load and
additional mass parameter. The computation of these samples requires real function evaluations
(i.e. calls to the SAP software). Percentiles were determined with negligible computational
cost on new LHS samples with 1000 designs evaluated with the so determined PCE functions.
We ran 8 generations of NSGA-II, which correspond approximately to the total number of real
function evaluations made in the deterministic optimization in Sections 3.2.1 and 3.2.2.
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In the RBDO run, the seismic displacement constraint along the x direction was occasionally
violated, due to the output dispersion introduced by the input stochasticity (in practice, viola-
tions sometimes occurred in the internal samples of the 13 designs used for the determination
of the PCE). However, no design in the samples drawn around the Pareto front designs turned
out to be unfeasible.

The column constraint was also occasionally violated for geometric reasons. In fact, in most
cases, if a design was violated, all the designs in the sample generated to compute the PCE were
also unfeasible.

The stochastic Pareto front is shown in Figure 7 (empty diamonds), where it is compared
with the Pareto front found with the target-point deterministic optimization in Section 3.2.2
(empty squares). Like the deterministic optimization, all the OUU Pareto front designs have
the same beam section, which this time is rectangular and equal to 0.30 × 0.40 m2. Unlike
in the case of the deterministic simulations (especially the one of Section 3.2.1) where almost
the entire column section range was explored, here most designs have square column sections
(of dimension 0.25 × 0.25 m2) and only few of them are rectangular (directed along y and of
dimension 0.30×0.25 m2). Apparently the reliability requirement has driven the optimization to
this input space region. In the objective space it is striking that the reliability has been reached
at the expense of the beam weight (determined not only by the beam section but also by its
reinforcement content), which notably increased in the stochastic Pareto front.

3.2.4 Stochastic run with target-point algorithm

To drive the optimization in the gap which appears in the stochastic Pareto front in the seismic
displacement range [0.0195, 0.0215] m (see Figure 7), we ran the target point-based algorithm
on the OUU problem for 8 generations starting from an initial population of 200 designs (com-
posed of the Pareto front designs found in Section 3.2.3 plus other randomly selected feasible
designs). The new stochastic Pareto front (empty triangles) is compared with the stochastic
Pareto front found with the standard NSGA-II algorithm (empty diamonds) and with the deter-
ministic target-point results (empty squares) on Figure 7. The Pareto front found with the target
point optimization is located in a smaller region w.r.t. the other fronts. The new front presents
only one new seismic displacement value in the desired region, given by two different designs
in the input variable space.

3.2.5 Reliability assessments

To double check the effectiveness of our MOUU method for finding reliable optimal solu-
tions, we made a posteriori uncertainty quantification checks. In this section we show outcomes
for selected solutions, though the trend found can be considered generally valid. Table 1 con-
tains input/output values of four representative optimal designs found in Sections 3.2.1 (DN),
3.2.2 (DT), 3.2.3 (SN) and 3.2.4 (ST). The objective-space representation of these points is
shown on Figure 8.

We generated samples of 200 points centered on the selected designs with the same uncer-
tainty distributions as those considered in Sections 3.2.3 and 3.2.4. Then we checked whether
any of the constraints was violated. The amount of designs violating some of the most criti-
cal constraints can be seen for instance by looking at the empirical PDFs of those constraints
computed on the generated samples. An example for each representative design is shown on
Figure 9. PDFs for the deterministic Pareto-optimal designs are shown at the top of the figure.
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(a) (b)

(c) (d)

Figure 7: Pareto front designs found with a stochastic optimization with NSGA-II (empty diamonds), stochastic
optimization with the target-point algorithm (empty triangles) and results from Section 3.2.2 (empty squares).

For these designs the empirical PDFs of the most violated constraints are shown. The constraint
violation is indicated by the light-colored (orange online) part of the histograms. PDFs for the
stochastic optimization optimal solutions are shown at the bottom. Since no constraint violation
was observed in the samples around SN and ST, we randomly chose to show Cons2neg for SN
and Cons3neg for ST. This confirms our expectations. Optimal solutions found with determin-
istic MO methods (with or without MCDM) have a non-negligible probability to violate critical
constraints (indeed the largest part of the empirical PDFs lies below the constraint threshold,
which equals 1). On the other hand, optimal solutions found with the RBDO methods have a
negligible probability of violating the chance constraints.
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DN DT SN ST
Beam section (m2) 0.30×0.30 0.30×0.30 0.30×0.40 0.30×0.40
Column section (m2) 0.35×0.25 0.25×0.30 0.25×0.25 0.25×0.25
s A sup (1) (m2) 0.001521 0.001357 0.001521 0.001357
s A inf (1) (m2) 0.000763 0.000603 0.000763 0.000603
s A sup (2) (m2) 0.001357 0.001357 0.001357 0.001357
s A inf (2) (m2) 0.001257 0.00076 0.000804 0.00076
s A sup (3) (m2) 0.001257 0.001257 0.001257 0.001257
s A inf (3) (m2) 0.000603 0.000603 0.000763 0.000603
s A col (m2) 0.002714 0.002281 0.001885 0.001885
Col sec A (m2) 0.40×0.40 0.40×0.40 0.40×0.40 0.35×0.35
Col sec X (m2) 0.25×0.50 0.35×0.40 0.25×0.50 0.35×0.40
Col sec Y (m2) 0.40×0.35 0.40×0.35 0.40×0.35 0.40×0.30
T1 (s) 0.598 0.628 0.603 0.667
Beam weight (kN) 26.48 26.307 34.77 34.659
Column weight (kN) 14.951 12.911 10.871 10.871
Seismic displacement (m) 0.019 0.02 0.019 0.021
MN 0.751 0.482 0.514 0.493
Cons1neg 1.157 1.069 1.623 1.504
Cons2neg 1.027 1.006 1.436 1.467
Cons3neg 1.0004 1.029 1.417 1.458
Cons1pos 1.217 1.066 1.522 1.347
Cons2pos 1.853 1.094 1.613 1.469
Cons3pos 1.026 1.139 1.617 1.445
U1 (m) 0.005 0.004 0.005 0.004
U2 (m) 0.006 0.006 0.006 0.007

Table 1: List of some input and output values for the designs chosen for the reliability checks. DN is a Pareto
optimal design found with the deterministic NSGA-II optimization of Section 3.2.1, DT is one of the target point
solutions of Section 3.2.2, SN was found with the NSGA-II MOUU of Section 3.2.3 and ST with the refinement
target point stochastic optimization in Section 3.2.4. In the first column, input variable names are written in italics.
From top to bottom: beam section, column section, reinforcement content of the three beam bay frames (“s A”
stands for “steel area”), reinforcement content for the column, sections of the other type of columns (see labels in
Figure 3), first mode eigenperiod, the three objectives, and the constraints (from MN to U2: the constraint on the
column, the six constraints on the beam and the seismic displacement constraints).

3.2.6 Deterministic optimization with the reference-point algorithm based on NSGA-III

We used the structural optimization problem described in the previous sections to test the
reference-point algorithm based on the NSGA-III algorithm[3, 4] (see Section 2.2). This algo-
rithm is expected to perform better than NSGA-II on many-objective optimization problems.

We began by applying the reference-point algorithm to refine the results found with the de-
terministic optimization with the standard NSGA-II algorithm in Section 3.2.1. We started from
an initial population composed of 200 elements (the NSGA-II Pareto front designs and other
randomly selected feasible designs) and ran the reference point algorithm for 20 generations
(with the same crossover and mutation probability parameters as in Section 3.2.1).

On Figure 10 we compare the deterministic Pareto front designs found with the reference-
point algorithm (downward triangles) and the Pareto front found with the target-point algorithm
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Figure 8: Designs selected for the reliability checks. The cross symbol was found with the deterministic op-
timization with NSGA-II (DN in Table 1 notation), the empty square with the deterministic target point-based
optimization (DT), the empty diamond with the stochastic optimization with NSGA-II (SN) and the triangle with
the stochastic target-point optimization (ST).

(a) (b)

(c) (d)

Figure 9: Empirical probability density functions (PDFs) of critical output constraints of selected designs. (a):
DN, (b): DT, (c): SN, (d): ST. The light-colored (orange online) boxes denote violated constraint values.

in Section 3.2.2 (cross and square symbols, where the crosses represent the points already found
with the initial NSGA-II simulation in Section 3.2.1 and the squares the new designs found with
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the target-point refinement). The reference point algorithm was capable of finding a well dis-
tributed Pareto front. This illustrates well the difference of aims of the target-point algorithm
(that drives the simulation process towards a target region) and the reference-point algorithm.
It also confirms the good behavior of NSGA-III on many-objective problems. The reference-
point algorithm was capable of finding some solutions with better values for the beam weight
objective than NSGA-II. An inspection of the input variable values of the reference-point al-
gorithm optimal solutions revealed that all designs had the same beam section as the solutions
obtained with the other deterministic optimization runs (hence the smaller weight was obtained
with a smaller reinforcement content). However, most designs have either square or rectangular
column sections along x.

Encouraged by the good results, we decided to rerun the reference-point algorithm from
scratch to compare its performance with the deterministic optimization made with NSGA-II and
check whether the results shown on Figure 10 depended on the already good initial population
used for that run. We started from the same random DOE used for NSGA-II in Section 3.2.1
and ran the algorithm for the same number of iterations, i.e. 50 generations. Results are shown
on Figure 11. It is even clearer from these figure than from Figure 10 that the NSGA-III based
algorithm is capable of finding nondominated solutions with much smaller weight values for
the beam. This demonstrates the very good performance of the reference-point method for this
problem.

An analysis of the input variable values of the Pareto front designs found with this simulation
from scratch shows that other beam sections were taken into consideration as well (0.30× 0.25
m2 and 0.35×0.25 m2). However, there seemed to be no preference between the different types
of column sections.

4 CONCLUSIONS

In this paper we have addressed a structural optimization problem by combining recently
developed strategies for multi-objective optimization under uncertainty and multi-criteria deci-
sion making incorporated in the optimization process following the a priori approach. A new
decision making strategy based on target-points has been developed and benchmarked in combi-
nation with the NSGA-III algorithm (based on reference points) of Ref. [3, 4] on mathematical
test-cases. We applied these strategies to a real-world case study, i.e. the sizing optimization
of a three-dimensional building structure under seismic and snow loads. Many-objective de-
terministic and stochastic optimizations were performed, both with and without the integrated
user preference methods.

The different strategies considered confirmed our expectations even on the structural opti-
mization case, which is very challenging due to its discrete input variable space and a con-
sequently discretized Pareto front. The MOUU provided reliable solutions with a negligible
probability of violating critical chance constraints unlike the solutions obtained with the deter-
ministic optimization. The target-point algorithm was used to refine the NSGA-II results and to
drive the optimization towards specific regions of the objective space, while with the reference
point method we obtained well-distributed optimal solutions, with some striking improvements
over the standard NSGA-II algorithm. However, both user-preference algorithms are prototypes
and there is still space for further improvements, from both the algorithmic and the methodology
points of view. Our goal is to investigate the Pareto frontier as thoroughly as possible to achieve
better decision making using the new solutions with the aim of reducing the computational cost
which arises from the exploration of undesired objective space regions, and concentrating on
specific regions. Another important line of investigation is the development of techniques to
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(a) (b)

(c) (d)

Figure 10: Comparison of the Pareto front designs found with the target-point algorithm and the reference-point
(NSGA-III based) algorithm described in Section 2.2. Reference-point results are represented by empty downward
triangles. Target-points results are represented by cross symbols (which are points already found with the original
NSGA-II algorithm, before launching the MCDM optimization) and empty squares (which represent the new
designs found with the target point algorithm).

efficiently determine the PCE coefficients also in the case of a large number of uncertain input
variables, like e.g. Ref. [24].
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(a) (b)

(c) (d)

Figure 11: Pareto front designs found with NSGA-II (cross symbols) and with the reference-point algorithm de-
scribed in Section 2.2 (empty downward triangles).
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Abstract  

An attempt to find out the most probable displacement demands of precast cantilever 
columns has been presented here. The purpose of the findings presented is to set up a more 
reliable design philosophy based on dynamic displacement considerations instead of using 
acceleration spectrum based design which initiates the action with unclear important assump-
tions such as the initial stiffness, displacement ductility ratio etc. The sole aim of this paper is 
to define a procedure for overcoming the difficulties rising right at the beginning of the tradi-
tional design procedure. For that purpose first 12 groups of earthquake records cover the cases 
of far field, near field, firm soil, soft soil possibilities for 2/50, 10/50 and 50/50 earthquakes 
with minimum scale factors are identified associated to the present fundamental period of 
structure. And they are reselected for each new period of structure during the iterative algo-
rithm presented here and they are used to remove the displacement calculations based on 
static consideration.  

Nonlinear Time History Analysis (NLTHA) are employed within the algorithm presented 
here which takes into account the strength and stiffness degradations of structural elements 
and the duration of records which are ignored in the spectrum based design philosophy. 
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1 INTRODUCTION 

Single story precast frame type structures are widely used in the construction of industrial 
facilities and commercial malls in Turkey. The non-moment resisting beam-to-column con-
nections are all wet connections. The lateral strength and stiffness of the structure depend 
entirely on the cantilevered columns, see. Fig. 1. 

Fig. 1 Single story precast frame type structure 

After August 1999 Kocaeli and November 1999 Düzce Earthquakes, site investigations re-
vealed that structural damage and collapse of one-story precast structures were common es-
pecially in uncompleted structures, [1,2,3,4,5]. Various types of structural damage were 
frequently observed in one-story precast structures, such as plasticized zones at the base of the 
columns, axial movement of the roof girders that led to pounding against the supporting col-
umns or falling of the roof girders, [6]. The post-earthquake observations of one-story precast 
frame type structures indicate also that 

 Lateral stiffness may not be high enough to limit the lateral displacement of column
tops which may differ from peripheral columns to center columns simply because of the
lack of in-plane rigidity of roofing system, Fig. 2a,

 Hence the excessive top rotations of columns and the relative displacement in the plane
of roof become perfect reasons to dislocate the long span heavy slender roof beam to-
gether with the other two component of earthquake, Fig. 2b. They are creating perfect
imperfections as well, for out of plane buckling of beams which have very simple insuf-
ficient hinge connections to the columns.

 Incompatible column displacement ductility achieved in the field and the lateral load re-
duction factor used in design, Fig. 2c.

(a) (b) (c)

Fig. 2 Observed damages 
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In addition to the observations listed above it is also known that, structural alterations done 
after construction, the effects of nonstructural elements used unconsciously, oversimplified 
details of connections can be counted among the other important deficiencies of these build-
ings which causes severe damages. 

At the design stage of that type of buildings, the seismic weight coming from the tributary 
area of columns are determined easily for predicting the earthquake loads. However the Lat-
eral Displacement Ductility Ratio which is the main parameter of Lateral Load Reduction 
Factor has to be selected at the beginning of design which is not an easy estimation and has 
its own uncertainties. Another difficulty is to estimate the lateral rigidity of column which is 
going to be used to calculate the fundamental period of vibration to go to the spectrum curves. 
Finally the proposed displacement limits based on static considerations are no longer satisfy-
ing the requirements of dynamic displacement calculations. 

Those are the factors which are being discussed following experimental and theoretical 
primary works, [7,8,9]. This Chapter is the scrutinized summary of the findings of the earlier 
works of the Authors and is aimed to establish a conclusive design algorithm as proposed be-
low.  

2 BASIC STRUCTURAL FEATURES OBSERVED IN THE FIELD AND BASIC 
FEATURES OF THE CURRENT DESIGN PRACTICE 

It is strongly probable that all the above mentioned damaged and collapsed buildings they 
have been neither designed nor manufactured nor mounted properly. From structural engi-
neering point of view, the following facts are important to critic the present design practice: 

 Generally there exist almost no in–plane rigidity in the roof and in the sides of the ex-
amined precast buildings.

 Generally the connections between the long span beams and columns are almost
hinged and they are vulnerable to different types of failure modes in addition to shear
strength deficiency such as rupture of concrete around the shear studs etc.

 Generally the tributary areas of columns are used to define the earthquake design forc-
es. When this come along the lack of in-plane rigidity of roof then columns in different
location with different dynamic characteristics starts to behave independently hence
top displacements and top rotations in opposite direction becomes an important issue
to keep the long span and heavy roof beam in the required position. Because all kind
of imperfection to destabilize the roof beam appears in addition to the inherent tenden-
cy towards out of plane buckling.

In local design practice generally un-cracked sections are used to calculate the fundamental 
period of the structure. Static calculations are required for determination of displacements and 
a lateral load reduction factors suggested by codes are used to define the design loads. 

One of the main issues in precast structures is that the top displacement of center columns 
in precast single story industrial buildings may not have synchronized seismic oscillations 
with the perimeter columns despite the fact that they often have the same cross sectional di-
mensions. The precast industrial structures do not possess in-plane rigidity at roof level in 
most cases leading thus to lack of load path among the columns resulting individual shaking 
of each column [10]. The displacement time-history plots of Column #1, the details of which 
are given below in the section of Numerical Analyses, are presented in Fig. 3. The bottom plot 
in Fig. 3 presents that the maximum center column displacement is 26 cm, while the middle 
column maximum displacement is 20 cm. These two numbers may mislead the engineer to a 
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wrong conclusion that the differential displacement between the perimeter and center columns 
is just 26-20=6 cm. If the top plot with the differential displacement between the two columns 
in time domain is observed, however, it can be seen that the maximum differential (i.e. 
asyncronized) displacement reaches up to level of 33 cm. The main reason for that is because 
the top displacement of each individual column may occur at different time steps thus the 
phase alteration may cause large asyncronized displacements. In other words, the top 
displacement of a center and of a perimeter column may have opposite signs. 

The top displacement of individual cantilever columns exhibiting opposite signs may lead 
to instability of the beams which are hinged to the column tops in existing practice. It can be 
seen in Fig. 4 following analyses of perimeter and center columns of a single-story precast 
structure with 20 code-compatible records that the tip rotation is always higher than the chord 
rotation (please note that the chord rotation is equal to drift in cantilever systems). In other 
words, the tip of the column where hinged beams are connected rotates more than the column 
itself. This is a major parameter neglected in design. 

Fig. 3 Asynchronized displacement time histories for center and perimeter columns of a single-story precast 
 Structure 

3  WHY JUSTIFICATION OF CODE BASED DESIGN PROCEDURE IS NEEDED? 

Even if the damaged or collapsed buildings shown in Fig. 2 had been designed properly, been 
manufacured properly and been mounted properly, unless the assumptions done at the 
beginning of design are not justified at the end, one should have rigth to keep suspition about 
the safety of building. 
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The basic questions to be kept in mind till the satisfactory design has been reached, are as 
follows: 

 What should be the initial period of the structure on which the fundamental period will
be based? 

 What should be the displacement ductility factor or lateral load reduction factor on
which the design forces will be based? 

 To what extent is valid the story drift calculation based on static considerations?

One of the other deficiencies of spectrum based design technique is the length of the record 
which is not taken into account and the other one is the stiffness and strength deterioration of 
structure: Unfortunately they are not embedded in the procedure widely used by existing 
codes. 

In order to satisfy the suspicions from which all those questions are arising, an algorithm to 
justify the design procedures used at the beginning, is presented in the following paragraphs. 



h



: Tip Rotation
: Chord Rotation/h
 /h>

Fig. 4 Definition of chord rotation and tip rotations (top), comparison of top displacement, tip rotation and  
 chord  rotation quantities for an example precast industrial structure (bottom) 
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4  SELECTION OF PARTIALLY CODE COMPATIBLE RECORDS 
A simple engineering approach is used here for the selection of records used in nonlinear 

analyses. The record selection has been done by using the PEER NGA database [11] where 
7025 recorded motions were available. An in-house developed software was used to list and 
download the record automatically and plot the spectra for acceleration at 5% damping, 
velocity and displacement. 

Twelve bins of records, [12], are created where: 

1. Earthquake intensity (2/50, 10/50 or 50/50 earthquakes, 3 bins)
2. Far field or near field issue (2 bins)
3. Soil type (firm soil and soft soil, 2 bins)

parameters are checked. Each of these 12 bins have 20 records,  

In terms of the selection algorithm, first the acceleration spectrum of the original record is 
compared to that of the target, in the period window of 0.2 to 2.0 sec. A scale factor is applied 
to the ordinates. Then the near field vs. far field comparison is made where the distances 
above 15 km are assumed as far field. Finally a comparison is made in terms of the soil type 
where the records taken on soil with Vs30 higher than 300 m/sec are assumed to be recorded 
on firm soil while records taken on soils with Vs30 lower than 700 m/sec are assumed to be 
recorded on soft soil. There is certainly an overlap in the soil criteria; this is nevertheless 
unavoidable if one checks the firm and soft soil borders in the guidelines and codes. 

The intensity levels of 2/50, 10/50 and 50/50 are defined to represent 2, 10 and 50% 
probabilities of exceedance in 50 years, respectively. The criteria applied have resulted the 
number of available records, but it should be mentioned that some each bin does not return the 
same number of available records. For instance, records which are recorded on soft soil and 
farm field consist of more than 60% of the record pool, thus the rest is shared between three 
different groups which are far field – firm soil, near field – soft soil, and near field – firm soil. 
As a result, selection criteria have to be loosened in some cases. 

The scale factors are set such that average of 20 records does not go below the target spec-
trum in certain percentages and most of the cases the average spectrum is not allowed to go 
below the target spectrum at all. Similarly, the average spectrum is not allowed to go above 
30% of the target spectrum in any point within the period window. In order to control the 
difference of the positive and negative peaks, where positive peaks refer to the peaks above 
the target spectrum and vice versa, another criterion is also applied to check the individual 
records. According to this, the individual record is not allowed to go below the target       
spectrum less than 50%, or above more than 200-300% in any of the peaks. This criterion 
dictates to select rather smooth records with less peaks, however it is a very harsh criterion to 
be satisfied. The scale factors in overall are not allowed to be below 0.5 and above 2 in any of 
the selected records so that the energy content can be controlled. 

Two more criteria have been applied to control the energy content, one is the PGV and the 
other is the Arias Intensity. The purpose of the inclusion of these two criteria is to decrease 
the scatter, i.e. record-to-record variability of the selected records. In order to do so, a record 
that fits the target spectrum with the least error has been assigned as the best record, and the 
selected records are not allowed to have PGV or Arias Intensity values above or below certain 
ratios as compared to those obtained from the best record. The limits for these criteria had be 
set so high in some of the bins that they were practically not much effective because the num-
ber of available records was already low even without these criteria. Generally, the selected 
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records are not allowed to have PGV and Arias ıntensity values, after scale factors are applied, 
above 1/0.6 – 1/0.7 and below 0.6-0.7 of that of the best record.  

The selection of records has been done by using acceleration spectra, however similar 
procedures may and should be produced for velocity and displacement spectra as well. As an 
example, acceleration spectra and displacement spectra are given Fig. 5. Please note that the 
differences among the selected records are much higher in displacement spectra when      
long-period structures are considered, such as the single-story precast structures as presented 
here. 

Fig. 5 Acceleration spectra and displacement spectra for an example selection 

5  PROPOSED ALGORITHM 

The following steps are identified in the proposed algorithm; see the flow chart given in 
Fig. 6 a,b &c and illustrative description presented in Fig. 7: 

 It is assumed that the preliminary design of the structure has been completed so that
all requirements in the selected seismic code have been satisfied such as strength and
displacement limitations etc. There is no need to discuss what should be initial
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stiffness or what is the most suitable lateral load reduction factor or the displacement 
equality principal is valid or not. 
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Fig. 7 Description of the proposed procedure 

 Real earthquake records are selected so that the parameters like soil conditions, dis-
tance to active faults, and the required intensities such as 2/50-10/50-50/50 are all sat-
isfied with reasonable tolerances and scaling factors are chosen as much as close to
unity to make the acceleration curves close to the curve provided by codes in a nar-
rowest window around the fundamental period of the structure. The selected earth-
quakes should be around 20 and the most meaningful part of the records should be
identified to shorten the NLTHA analysis which will be used for all records. The de-
tails of this topic is discussed below in another sub section.

 The selected partially code compatible earthquakes are used for linear and non-linear
analysis of the structure to check which one of the displacement or energy equality as-
sumption is valid for the specific structure under consideration. It is also important to
have an idea about what could be the tolerance to accept the validity of one of these
equalities.

 Depending on the decision done at the end of last step one can calculate the lateral
load reduction factor accordingly using the proper formula given in the flow chart.

 Mean plus one standard deviation of maximum displacement obtained through
NLTHA and lateral load reduction factors are calculated.

 Capacity curve of the structure is obtained using any one of the known technique.
These curves cannot be only obtained theoretically but also experimentally, empirical-
ly, parametrically, they can be in a continuous form or in the bilinear form etc.

 Yielding point and the point corresponds to maximum inelastic displacement found
are taken into consideration for defining the lateral rigidity and the achieved dis-
placement ductility of the structure from where the more realistic lateral load reduction
factors will be calculated referring to the same formula used in the previous step.
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 It is expected to have almost equal lateral load reduction factors in last two cycles of
iterations. If they are not at the close proximity then another step of iteration will be
carried out.

This will be the end of first stage justification of design. In fact tip rotations, rotational 
ductility capacity of critical bottom sections where the plastic deformations are accumulated 
and possible loss of safety against overall and local stability of columns should be checked as 
it is proposed in the second stage of the justification process presented in Fig 6,b.  

The expected rotational ductility of the critical section can simply and roughly be given as 
follows [13] for symmetrically reinforced rectangular sections, 

227 cu
k n


    

 
  

where cu  and n indicate the maximum concrete strain in uppermost concrete fiber and the 

dimensionless axial load, / ( )ckN b h f   respectively. For the derivation of formula present-

ed above it has been assumed that not only the reinforcement bars under tension but the rein-
forcement bars under compression both are yielded and fyk is around 420 MPa.  

The theory which covers the second order effect of axial force on the tip rotation which is 
significantly different than chord rotation, the tip displacement is summarized in Appendix - 1 
together with the overall stability criterion of column considering the material nonlinearity 
exist in the critical region. The material nonlinearity is simply imparted into the second order 
analysis by means of the decrements in bending rigidities shown in Fig.6 c. Numerical exam-
ples indicate that especially the loss of overall stability of the column cannot be neglected and 
the excessive tip rotations may become a good reason to destabilize the roof beams sitting on 
the columns. 

In the following paragraphs several definitions and explanations are given and some com-
plementary results of early experimental and theoretical findings for over strength factor, lat-
eral load reduction factors and capacity curves are summarized for the sake of having 
complete information together with this justification procedure. 

6  OVER STRENGTH AND LATERAL LOAD REDUCTION FACTORS 

For the sake of completeness the early results achieved by reviewing the experimentally 
obtained and theoretically examined column behavior has been added into this paragraph 
[9,10]. 

The 4.0 m high column having a cross section of 40×40 cm, Fig. 8a, subjected to dis-
placement reversals exposed the structural response shown in Fig. 8b. The same hysteresis 
loops have been obtained theoretically and compared in Fig. 8c with the experimental results. 
Then the material coefficients have been reduced from 1.15 and 1.4 to unity for steel and con-
crete respectively before the similar theoretical works carried out. The envelope of hysteresis 
curves are compared in Fig. 8d. 
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Fig. 8 Experimental and analytical evaluation of 40×40 cm column 

Similar 12 more tests have been completed and similar analyses have been carried out de-
pending on the results obtained and Table 1 is prepared, [10]. One can found the ultimate 
loads of the columns when the material coefficient is taken as unity or different than unity, in 
the first two lines, respectively. The ratio of these two lines give the approximate over-
strength factors. It can be concluded that for these type of columns the over-strength factors 
can be taken as 1.10. If the displacement ductilities obtained from the same tests which are 
given in the fourth line of Table 1 are multiplied by over strength factor the lateral load reduc-
tion factors on the fifth line will be achieved. 

1 2 3 4 5 6 7 8 9 10 11 12 13
S30_14 S30_14M S30_16 S30_18 S30_18Z S35_1416 S35_18 S35_20 S35_20Z S40_16 S40_20 S40_2020 S40_2020Z

Pu (=1) 21.30 21.00 29.10 32.60 30.40 33.50 42.50 50.40 48.00 49.30 68.50 88.30 89.76

Pu (≠1) 19.00 19.50 25.20 28.60 26.80 29.70 37.70 44.30 42.20 43.70 60.70 77.73 77.40

OSF 1.12 1.08 1.15 1.14 1.13 1.13 1.13 1.14 1.14 1.13 1.13 1.14 1.16
 5.30 3.20 5.10 3.70 3.00 5.80 5.50 4.60 3.90 5.20 5.50 3.00 3.40

OSF × 5.94 3.44 5.89 4.22 3.40 6.54 6.20 5.23 4.44 5.87 6.21 3.41 3.94

SPECIMEN

Table 1 Overstrength factors, displacement ductility ratios and possible lateral load reduction factors 
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7  CAPACITY CURVES 

Capacity curves used in the above explained algorithm can be obtained either by means of 
a theoretical manner or it can be obtained by any one of the known simplified technique. They 
can be in a continuous form or in bi-linear form. 

Sometimes for the same size same quality concrete but for different reinforcement ratios 
simple ready charts can be utilized for that purpose. An example of a capacity curve for 
30×30 cm C25 square column obtained experimentally, theoretically and parametrically is 
presented in Fig. 9, as well, [9]. 

(a) (b)

Fig. 9 Determination of the column capacity curve 

8  NUMERICAL EXAMPLES 

The presented algorithm has been used to make clear the following issues; 

 To what extent the assumptions made at the beginning of preliminary design are satis-
fied? Namely, have the strength, the lateral load reduction factor and /or the displace-
ment ductility assumptions as well as the stiffness values used in design been
checked?

 The design is accepted when one or several of parameters are satisfied. What are the
tolerance limits for satisfaction of the design criteria?

The initial design parameters and the findings are presented for three columns, Column #1 
to #3. The Column #1 is extracted from the benchmark structure of Safecast Project, [14]. 
Column # 2 is one of the prefabricated columns tested at ITU laboratories [9]. The Column # 
3 is extracted from a real structure currently in use in Kocaeli, Turkey.  

The algorithm proposed above was run for each of the columns mentioned here. The algo-
rithm has converged in three steps for all columns. The results as well as the key parameters 
per each analysis step have been presented in Table 2. 

The results presented in Table 2 are based on the assumption that the change of R factor in 
two consecutive steps will not exceed a tolerance, which is 10% in this study. This tolerance 
as well as tolerance limits of other parameters may be adjusted by the user depending on par-
ametric studies and findings. 
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Soil 
Type B

Soil 
Type C

Soil 
Type B

 60×60 
Column 

40×40 
Column

70×70 
Column

m tonnes 33 20.4 43.4
K0 kN/m 2230 1946 582.1
T0 sec 0.75 0.64 1.54
Sa(T=T0) g 0.61 0.95 0.34
R 3 3 3

Fdesign kN 65.80 63.40 36.70

K1 kN/m 1453 829 349
T1 (yield) sec 0.93 0.98 1.99
Sa (T=T1) g 0.51 0.66 0.28
R1 2.26 2.02 1.97
|(R1-R0)/R0| >10% 0.25 0.33 0.34
Fdesign (m+s) kN 73.10 65.40 60.60

K2 kN/m 1671 1129 379
T1 (yield) sec 0.87 0.84 1.91
Sa (T=T1) g 0.54 0.76 0.29
R2 2.43 2.05 2.14
|(R2-R1)/R1| OK 0.08 0.01 0.09
Fdesign (m+s) kN 71.90 74.20 57.70

Parameter Unit

Table 2 Progress of the algorithm and the change of key design parameters for the case study 
 columns 

Comparison of the assumed capacity curve with the pushover and time history analyses re-
sults for columns are presented in Figs. 10, 11 and 12. 

Fig. 10 Comparison of the assumed capacity curve with the pushover and time history analyses results for the 
Column #1 
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Fig. 11 Comparison of the assumed capacity curve with the pushover and time history analyses results for the 
Column #2 

Fig. 12 Comparison of the assumed capacity curve with the pushover and time history analyses results for the 
Column #3 

The results presented in Figs. 10, 11 and 12 are representative of all possible cases in de-
sign iterations when the proposed algorithm is used. In the first example, the displacement 
condition is not satisfied (i.e. the displacement demand of the original column is higher than 
the displacement capacity of the structure). The strength is not satisfied in the second example. 
The third example satisfies both conditions but the algorithm was still run in order to see how 
the design would change. It can be observed in these figures that the column dimensions 
and/or reinforcement need to be changed in all cases in order to satisfy the design algorithm 
proposed here. 

Please note that the scale factors for some of the records listed in Table 3 are higher than 2. 
These are the cases where the number of available records for the set of criteria used was not 
high thus the scale factor condition was loosened. 

One of the key points of the algorithm proposed here, which is also one of the main moti-
vations of the study, is that the spectral displacement equality (i.e. equal displacement rule) 
which is the basis of the conventional design is not valid in most of the cases. The analyses 
show that for the examined three columns, the average plastic displacements calculated by 
applying selected 20 records on the columns is always higher than the spectral displacements 
found from the displacement spectra of the selected records. In other words, the equal dis-
placement rule certainly does not work for the cases examined. 

3358



Record SF Record SF Record SF
CHICHI03_TCU129-E 1.25 CHICHI06_TCU078-E 1.31 CHICHI03_TCU122-E 2.42
HECTOR_HEC090 0.98 CHICHI03_TCU129-E 0.99 CHICHI_TCU136-W 2.16
CHICHI_TCU047-N 1.25 CHICHI_CHY046-N 1.58 CHICHI_TCU128-N 1.57
CHICHI_CHY035-N 0.96 BIGBEAR_DHP090 1.44 CHICHI_TCU116-N 1.83
CHICHI_CHY034-W 0.90 MORGAN_G06090 0.97 CHICHI_TCU106-N 1.74
NORTHR_PKC360 0.86 HECTOR_HEC000 1.47 CHICHI_TCU087-N 2.15
NORTHR_STN110 1.03 CHICHI_TCU-E 1.32 CHICHI_TCU063-N 1.35
NORTHR_PEL360 1.28 CHICHI_CHY074-E 1.36 CHICHI_TCU054-N 1.97
LOMAP_G03090 1.22 CHICHI_ALS-E 1.43 CHICHI_TCU039-N 1.85
LOMAP_CYC285 1.04 NORTHR_PKC090 0.91 CHICHI_TCU029-N 1.77
CHICHI_TCU138-N 1.04 NORTHR_MRP090 1.53 CHICHI_CHY029-N 1.73
CHICHI_TCU116-E 1.24 NORTHR_0141-270 1.01 CHICHI_TCU136-N 1.99
CHICHI_TCU063-E 1.26 LANDERS_MVH000 1.45 CHICHI_TCU107-E 1.75
CHICHI_TCU047-E 0.91 LOMAP_SLC270 1.27 CHICHI_TCU082-E 1.96
CHICHI_TCU045-E 1.19 WHITTIER_A-CAS000 1.09 CHICHI_TCU054-E 2.39
CHICHI_CHY024-E 1.28 WESTMORL_PTS225 1.49 CHICHI_TCU039-E 1.72
NORTHR_PKC090 1.04 CORINTH_COR--L 1.33 CHICHI_TCU-E 2.04
NORTHR_LOS000 0.99 VICT_CPE045 0.8 CHICHI_CHY074-E 1.78
LOMAP_STG000 1.04 TABAS_DAY-LN 1.58 CHICHI_ALS-E 1.92
VICT_CPE045 0.93 FRIULI_A-TMZ000 1.45 KOBE_KBU000 1.31

60×60 cm Column 40×40 cm Column 70×70 cm Column

Table 3 Selected earthquake records and scale factors (SF) 

The displacement equality is the base of the conventional design because the behavior fac-
tor, R, is the most important assumption of the conventional design. A graphical description 
of the terms and the design assumption are presented in Fig. 13. 
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Fig. 13 The use of equal displacement rule in design 

The results shown in Fig. 14 indicate a significant disagreement between the spectral and 
real displacement demands. Please note that the period of the three columns presented in the 
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plot shown in Fig. 14, columns of 40×40, 60×60 and 70×70, are 0.64 sec, 0.75 sec and 1.54 
sec, respectively. As it can be seen in Fig. 14, as the period of the system increases, the disa-
greement becomes even more evident. 

Fig. 14 Comparison of the elastic spectral displacements with the plastic displacement demands obtained 
  from the nonlinear dynamic analyses 

The stability analyses of one of the columns have been examined in Table 4. In the analy-
sis, three critical stages namely un-cracked, yielding and ultimate state have been accounted. 
The equations presented in Appendix I are utilized for the stability analysis. It can be consid-
ered that the stability check of a column in the different stages of nonlinear phase is an essen-
tial matter.  

Fixed Based Partially Fixed Fixed Based Partially Fixed

Un-Cracked K0 1946 6394 6394 (=0) 8.00 8.00 (=0)

Yielding Ky 829 2724 1185 8.00 12.19 ()

Ultimate Ku 264 867 162 8.00 18.56 (=1.838)

Buckling Load 
[kN]

Buckling Length
[m]

40 x 40 Column (L=4.00m) - Stability Checks

Lateral Stiffness
[kN/m]

Table 4 Stability analyses of Column 40×40 cm 

9  CONCLUSIONS 

The following conclusions are drawn: 

 Design verification is needed and if necessary redesign step of iterations are carried
out.

 It is possible to overcome the inherently existing deficiencies of spectrum based de-
sign by the algorithm presented; namely the strength and stiffness degradations and
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time duration effects can be considered which are not considered in the code specified 
spectrum analyses. In this technique, at the beginning of design stage, there is no need 
to make a series of assumptions such as the initial stiffness of the structure, displace-
ment ductility of the structure and lateral load reduction factor which are all effective 
on the results. It becomes possible to trace the actual behavior of structure during the 
iteration steps. 

 The top displacements obtained by NLTHA which are based on nearly code compati-
ble real earthquake records are generally bigger than code limits and they are practi-
cally not equal to the elastic displacements obtained by linear time history analyses.
Therefore the widely utilized assumption of displacement equality cannot be general-
ized for the columns analyzed and equality of velocities or energies should be consid-
ered wherever is needed. The algorithm presented here is providing a versatile tool for
that purpose.

 The proposed procedure can be used not only for single story precast buildings but it
can be generalized by minor alterations  for the design of bridge columns or piers and
for the critical columns of piloty type building structures where all the nonlinear be-
havior is observed only in one of the generally lower stories.

 The execution time for nonlinear time history analyses needed in the proposed algo-
rithm is not a big issue because of the speed reached by computers but more discus-
sions should be done on the selection of real records and their optimal numbers.

 Several more checks has been  added to the flow chart presented in [15] to have  more
refined one for controlling the sufficiency of sectional ductility needed to provide the
required displacement ductility and to check the allowable tip rotations to keep the top
beams stable in their original position and check for the overall stability of the col-
umns. The algorithm proposed may be supported depending on new research in the
field of defining reasonable limits for tip rotations and loss of safety against overall
stability of the structure.
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APPENDIX I 

Second order effect of axial force on tip rotation and tip displacement and the stability of 
column with plastic deformations in critical zone 

The plastic deformations of a column subjected to conservative axial force and lateral load 
reversals are accumulated generally slightly above the bottom critical sections. This is a real-
istic assumption to simplify the design and its justification. It is possible to obtain the exact 
tip rotation and tip deflection of a semi rigid supported column or a pier which is subjected to 
single moment M or single lateral load P on top, according to the second order theory without 
omitting the shear deformations which may accompany with flexural deformations see Fig. A 
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a&b and Fig. B. It will be assumed that the flexural EI, and shear GF’, rigidities of the column 
are both constant along the height of the element. Since the stiffness coefficients of such a 
member can be derived easily, the case with variable EI and/or GF’ can be handled easily as 
well [15,16, 17]. 

The following paragraphs not only outlines the derived necessary equations for tip rota-
tions and tip displacements for several cases but also include the characteristic equation for 
the stability of the element. 

a- Lateral single load on top     b - Single moment on top 

Fig. A 

Fig. B 

i- General abbreviations and differential equilibrium equation of the problem 

* 1
N

EI EI
GF

     
   ,    21 1 ( )

'
      

 

N
L

GF
   ,    

2

EI

L GF
 


   ,     


  EI

L R

  
N

L L
EI

  ,  
 * 2

1

1
 

 
   

 

N
L L L

EI L

3363



H.F. Karadogan, Y.Durgun, I.E. Bal, S. Ziya Yuce, E. Yuksel, C.Soydan 

(1 )
'   

N
R R
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Subscripts I and II are referring to first and second order theories respectively 
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ii- Single concentrated lateral load P on top together with a conservative single axial load 
N, Fig Aa 

General solution of differential equation  and the boundary conditions 
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Hence the general expresssion for displacements will be obtained as follows 
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The bending moment at the critical bottom section can be determined simply by moment 
equilibrium equation written down considering the deformed shape of the column 

( ) ( )( ) ( )P P
II IM P L N L M N L                         (4a) 

where ( )P
IM P L   

If it is required Equation (4a) can be rearranged in terms of the following definition 

2
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cos ( ) sin ( )
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( ) ( ) ( )P P P
II IM M    (4b) 

The tip displacement ( ) P
II  can be extracted from the following equilibrium equation 
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If Eq. (4b)  is used in Eq.5  then ( ) P
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obtained. 

The first derivative of the Eq.(3) at x=L  will be the required tip rotation according to the 
second order theory : 
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iii- Single concentrated moment M on top together with a concervative single axial load N, 
Fig A.b 

The general solution of the  equilibrium equation written according to the second order 
theory is as follows 
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and with the boundary conditions given below 
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one can determine the constants C1 and C2 
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and hence the following  general solution is achieved; 

2 * 2 *
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The bending moment at the critical section according to the second order theory can be 
simply derived by the moment equilibrium equation of the column as follows 

( ) ( )( ) ( )M M
II IM M N L M N L           (9a) 

If the following two definitions are used 
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( ) ( ) ( )M M M
II IM M   (9b) 

can be written. 

For the tip displacement and for the tip rotations ( ) M
II  ve ( ) M

II  due to the tip monet M one 
can derive the following two expressions 
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It is interesting to note that if the moment which makes the tip rotation ( ) 1 M
II is searched 

this can be achieved through the Eq.10 as follows   
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This is a special rotational stiffness coefficient by definition and it is going to be used as 
the characteristic equation for stability. In other words  L which makes zero the Eq. 12 will 
define the stability load of the column with concentrated plastic deformation at the critical 
section. It should be kept in mind that the buckling length of the cantilever shown in Fig. C.b 
may even bigger than two times the height of the column. 

When the effect of shear deformation is neglected in Equation 4b, one can reach Equation 
13. It is important to review the chord rotations and tip rotations simply comparing the exact
values of them obtained through the above summarized formulations. If once again the col-
umn given in Fig. C.a is considered and if 

( ) 1 sin

cos ( ) sin ( )
P L

L L L L


    

 
       

is defined then tip displacement and associated chord rotations are given as follows 
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On the other hand tip rotation is given as 

2
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Shortly the ratio of these two expressions yield the following formula 
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The graphical representation of this ratio is presented in Fig. C.c 
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Abstract. A lot of efforts have been made in the last years in order  to set up a valid method-
ology for the design Reduced Beam Section (RBS) connection. The research activity has been 
devoted both to analytical and to the experimental aspect. In particular, different experi-
mental tests showed that RBS connections designed according to the most modern seismic 
codes are able to safeguard the connection due to the yielding of the adjacent RBS.  But in all 
the past researches and experimental tests the role that vertical loads can play was neglected 
or not properly accounted for. This study proposes a new procedure for accurately computing 
the relation between RBS location, vertical load and amount of section reduction for ensuring 
that the yielding of beam-column connections is always avoided. This goal can be realized by 
requiring that plasticization occur in the reduced sections or in a reduced section and in an 
intermediate section of the beam.   
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1 INTRODUCTION 

In the seismic design of moment resisting frames it is universally suggested the use of full-
strength connections able to develop sufficient overstrength with respect to the connected 
beam to allow the complete development of the plastic rotation capacity of the beam. This 
design goal can be achieved provided that the connection overstrength is properly selected 
accounting for the strain-hardening occurring before flange local buckling and considering 
also the influence of random material variability [1]. 

Such high overstrength significantly affects the connection structural detail requiring 
strengthening elements such as reinforcing ribs, cover plates, haunches, etc; which signifi-
cantly affects the cost of connections. For this reason experimental investigations on the cy-
clic response of partial-strength connections have gained new attention [2-11]. RBS 
connections can be considered a particular typology within the framework of partial-strength 
connections, because their flexural resistance is less than the one of the connected beam. RBS 
connections are also known with the name of “dog-bones” due to the reduction of the beam 
flange width by means of a "dog-bone" shape at a proper distance from the column flange. 

The first idea of RBS was due to A. Plumier  in 1980s [12] during a research project fi-
nanced by the Luxembourg steel producer ARBED and the European Union with the aim of 
increasing the ductility of the structure by promoting the development of plastic hinges in the 
beams rather than in the columns. At that time the idea was patented by ARBED.  

In 1994 Northridge earthquake and in 1995 Kobe earthquake a lot of unexpected damages 
to steel moment-resisting frames were observed. These damages were mainly due to the fail-
ure of welded beam-to-column connections. For these reasons ARBED waived any licensing 
fees and claims and RBS connections started to be investigated by a lot of researchers [13-29] 

Since that time one of the main objective of the research concerning the “dog-bone” con-
nections has been the development of design rules able to promote the beam yielding for safe-
guarding the beam-to-column connections. [13-33] 

In the following research activity, “dog-bone” connections have been used also for promot-
ing the development of a collapse mechanism of global type. In fact, according to the tradi-
tional seismic design philosophy, structures have to remain in elastic range during seismic 
events having a return period comparable with the service life of the structure. On the contra-
ry, in the case of destructive earthquakes, i.e. events with a return period of 475 years and as a 
consequence having low probability of occurrence, it is accepted the damage of both structur-
al and nonstructural elements due to the development of dissipative mechanisms. Therefore, 
the plastic reserves of the structure have to be exploited, only in the case of rare major earth-
quakes, to dissipate the earthquake input energy in some zones (dissipative zones) of the 
structure which have to be properly selected. The column yielding has to be absolutely avoid-
ed, because, due to the action of axial forces and the premature occurrence of local buckling, 
they have a low available ductility. In addition, the failure modes which can result from col-
umn hinging could involve a limited number of dissipative zones. For these reasons, aiming at 
the complete development of the plastic reserves of the structure, modern seismic codes pro-
vide simple design criteria whose goal is the prevention of local failure modes and, instead, 
the promotion of a global mechanism, i.e. a collapse mechanism characterised by the hinging 
of all the beam ends and the hinging of the base sections of the first storey columns. So, it can 
be concluded that structures in high seismicity zones are normally designed to resist severe 
earthquakes by dissipating the input energy by means of inelastic deformations and, in order 
to maximize this effect, plastic hinges need to be developed at beam ends rather than in the 
columns in case of moment resisting frames (MRFs) [34-43]. However also in the case of 
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other structural typologies the need to avoid the yielding of columns is always the desired 
goal and the development of a global mechanism is the main design objective [44-63].  

In this paper the role played by the vertical load, the amount of the resistance reduction of 
the weakened section and the distance of RBS from the beam-to-column connection is clearly 
investigated. In particular, with the aim of obtaining the yielding of both “dog-bones”, i.e. the 
safeguards of beam-to-column connections, the relations occurring among the three quantities 
above recalled are investigated, pointing out that during the experimental tests on the classical 
cantilever scheme (where just one “dog-bone” and just one beam-to-column connection are 
present, Fig.(1)) the obtained results can be affected by an error which could be avoided only 
by replacing the cantilever scheme with a structural scheme where the whole beam with both 
dog-bones, both beam-to-column connections and vertical loads are present. In the case of 
moment resisting frames, the design criterion suggested by seismic codes is the adoption of 
columns having a flexural resistance greater than that of the connected beams.  

Even if the fulfilment of this design criterion, the so-called member hierarchy criterion, is 
generally able to prevent the development of storey mechanisms, but not sufficient to guaran-
tee the formation of a collapse mechanism of global type, the respect of this hierarchy criteri-
on often causes column oversize leading to design an uneconomical structure. 

X

HYDRAULIC

"Dog-Bone"

Z

Y

Z

PISTON

Figure 1:. Typical cantilever scheme for “dog-bone” experimental tests 

The use of RBS connections can help to realize a more economical structure. In fact, the 
maximum moment transmitted by the beam to the column is reduced due to the yielding of 
“dog-bone”, and, as a consequence, the maximum moment transmitted to the column is lower 
than the beam plastic moment. Finally, we can summarize the advantages which could come 
from the use of ”dog-bone” connections:  

a) the collapse of beam-to-column connections can be prevented assuring the yielding of
the beam in a pre-defined location which acts as a fuse; 

b) the weakened beam section is characterized by the decrease, with respect to the original
section, of the width-to-thickness ratio of the flanges, i.e. a reduced local slenderness, which 
leads to the improvement of the plastic rotation capacity;  

c) for given beam sections, the use of "dog-bones" allows the development of a dissipative
mechanism  by means of columns having a section smaller than that required in the case of 
unweakened beams. 
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The above advantages are accompanied by design difficulties regarding both the definition 
of the "dog-bone" location, with respect to the beam-to-column connection, to prevent con-
nection yielding and the definition of the magnitude of the weakening to be conferred to the 
beam section. The developed research is aimed to overcome such design difficulties. The goal 
of the work herein presented is the setting up of design rules regarding the magnitude of the 
weakening to be realised and the location of the weakened beam sections. In particular, the 
location of the weakened section has to be selected in order to assure the development of the 
plastic hinges in "dog-bones" and/or in intermediate beam sections, while the yielding of the 
beam-to-column connections has to be prevented. 

2 LOCATION OF FIRST PLASTIC HINGE 

One of the most important problem to be solved in seismic design of MRFs is the location 
of plastic hinges in the beams. Regarding this issue, considering that seismic action can be 
represented by means of an appropriate distribution of increasing horizontal forces, it is pre-
liminarily necessary to observe which is the shape of the bending moment diagram of a gener-
ic beam subjected to both horizontal forces and vertical loads (Figure 2)). 

We can apply the superposition principle by considering separately the effect of vertical 
loads and the effect of horizontal forces (Figure 2)). Therefore, the resulting bending moment 
diagram is given (Figure 3), where the sections corresponding to the beam ends (sections 1 
and 5), those corresponding to the "dog-bone" locations (section 2 and 4) and that correspond-
ing to the maximum bending moment (section 3) have been pointed out. 

It is evident that the design parameters are the location of the "dog-bones" (which is denot-
ed with the distance a in (Figure 3), and the magnitude of the weakening characterising the 
"dog-bones". This second parameter can be expressed in non-dimensional form as: 

p

dbp
db M

M
m .= (1) 

where Mp.db is the plastic moment of the weakened beam section and Mp is the plastic moment 
of the complete beam section. In this phase of the design procedure the mdb value can assumed 
as fixed, while the location a of the "dog-bones" is to be properly selected. It is important to 
note that at the left side of the beam (beam sections 1 and 2) the bending moments due to ver-
tical loads and horizontal forces have an opposite sign (one is anticlock-wise and another is 
clock-wise), while at the right side (beam sections 3 and 4) they have the same sign (clock-
wise). Due to this consideration it is obvious that for increasing values of horizontal forces the 
first plastic hinge develops in beam section 4 or 5 rather than in beam section 1 or 2. 

So the first problem to be solved is to find the conditions assuring that sections 1, 2, 3 and 
5 remain in elastic range, while section 4 yields when seismic horizontal forces increase.  
To this aim it is useful to consider the expression of bending moment at the generic section x: 
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and the value of xmax representing the abscissa where the bending moment has its maximum 
value: 
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Figure 2. Bending moment due to vertical loads and seismic forces 

xmax

2 3 4 5 

MA MB

q 

 q L      MA+MB

L-a 

2 L 

L 

x 

1 

a 

a 

TA = - 

Figure3. Total beam bending moment diagram. 

Using Eq. (2) and (3) the bending moment in sections 1,2,3,4 and 5 can be expressed as: 
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The conditions to be fulfilled in order to assure that sections 1, 2, 3 and 5 remain in elastic 
range, while section 4 yields when seismic horizontal forces increase are given by the follow-
ing relationships: 

 Section 1 pA MM < (9) 

 Section 2 pdbMmaM <)( (10) 

 Section 3 pMxM <)( max (11) 

 Section 4 pdbMmaLM −=− )( (12) 

 Section 5 pBpBp MMMMMLM <⇒−>−⇒−>)( (13) 

It is easy to recognize that by combining the yielding condition of “dog-bone” of the right 
side (Eq. (12), section 4) with the value of bending moment at the abscissa x=L-a given by 
Eq.(7), an expression of MB as a function of MA can be obtained: 

PdbAB Mm
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++
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(14) 

This expression represents the relation occurring between the end moments when the first 
plastic hinge develops at section 4 corresponding to the right “dog-bone”. 

By means of Eqs. (14) and (2), it is possible to express the design requirements (9), (10), 
(11) and (13) as follows: 
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Obviously, the first plastic hinge develops in the right “dog-bone” provided that Eq. (12) is 
satisfied. Under this condition, it is required that the second plastic hinge develops either in 
the left “dog-bone” or an intermediate beam section. On the contrary, the yielding of the beam 
ends close to the beam-to-column connections has to be prevented, because, as already stated, 
the use of “dog-bones” is also aimed at the protection of beam-to-column connections.  

It is easy to recognise that increasing the seismic horizontal forces, i.e. increasing MA, rela-
tionships (15), (16), (17) and (18) allow to identify the section where the second plastic hinge 
develops. To this scope, it is sufficient to control what is the minimum limit value among 
MA1, MA2, MA3, MA5. In other words, it is sufficient to identify the first  relationship to be un-
satisfied as far as MA increases. Therefore, all the yielding conditions can be expressed by 
means of the limit values MAi  (with i=1,2,3,5) of the bending moment MA occurring at the 
first beam end. In particular, the condition: 
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MA3 < MA2 condition A (19) 

identifies the a values assuring that the yielding of the beam in the section where the maxi-
mum sagging moment occurs (section 3) precedes the yielding of the left “dog-bone” (section 
2); the condition: 

MA3 < MA5 condition B (20) 

identifies the a values assuring that the beam yielding (section 3) precedes the yielding of the 
connection B (section 5); the condition: 

MA2 < MA5 condition C (21) 

identifies the a values assuring that the left “dog-bone” yielding (section 2) precedes the 
yielding of the  connection B (section 5); the condition: 

MA3 < MA5 condition D (22) 

identifies the a values assuring that the beam yielding (section 3) precedes the yielding of the 
left connection A (section 1); finally, the condition: 

MA2 < MA1 condition E (23) 

identifies the a values assuring that the yielding of the left “dog-bone” (section 2) precedes 
the yielding of the left connection A (section 1). 

It is evident that conditions (20), (21), (22), (23) have to be absolutely satisfied, because 
they assure the development of the second plastic hinge either in the left “dog-bone” or in the 
intermediate beam section where the maximum sagging moment occurs, while the yielding of 
the connections at the beam ends is prevented. In other words, relationships (20), (21), (22) 
and (23) are the design requirements. 

Conversely, condition (19), depending on its fulfilment or not, can be used to discern if the 
second plastic hinge develops in the left “dog-bone” or in the intermediate beam section. Such 
conditions give rise to the following non-dimensional relationships: 
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whose solutions are: 
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• condition B:
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whose solution are: 
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• condition C:
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• condition D:

condition D can be written as follows (by expressing relationship (22) by means of MA1 and 
MA3 values given by Eqs. (15) and (17), respectively):  
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therefore, condition D is always satisfied. 
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• condition E:

By means of Eq.(15) and (16) this condition provides: 
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In order to show that this condition is always verified when the condition C is verified, it is 
useful to write the condition C (Eq.(31)) in the following way: 
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Being a/L<1 this relation is equivalent to require: 
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Now it is easy to verify that the first member of Eq. (35) is greater than the first member of 
Eq.(37) when the following relation is satisfied: 
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The solutions of Eq. (38) are: 
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Now it can be observed that, being a/L < 1/2 (which means that a “dog-bone” cannot be lo-
cated beyond the midspan), Eq. (38) is always true, and so condition E is always satisfied if 
condition C is satisfied. Therefore, in the range 0<a/L<1/2, which is the significant one from 
the design point of view, only the three conditions A, B and C remain to be analysed. These 
three remaining condition provide the following significant solutions (32): 

condition A 
L

a

L

a

L

a

L

a 23  and >< (40) 

which is obtained from Eqs. (25) and (26); 

condition B 
L

a

L

a 5< (41) 

which is obtained from Eqs. (28) and (29) by observing that a6 provides negative values 
which are not significant; 

condition C 
L

a

L

a 8< (42) 

which is obtained from Eqs. (31) and (32). Therefore, taking into account that condition A has 
to be used only to recognise the location of the second plastic hinge which can develop either 
at the left “dog-bone” or at an intermediate beam section, it means that conditions B and C 
show the existence of an upper bound concerning the parameter a expressing the "dog-bone" 
location (this upper bound value is given by the minimum value between a5 and a8). 
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Therefore, the design solution concerning the "dog-bone" location can be expressed as fol-
lows: the smallest value between a5 and a8 is the upper bound of a, while the location of the 
second plastic hinge depends on a2 and a3 value; in particular, according to Eq. (40), if a < a3 
or a > a2 the second plastic hinge develops in the intermediate beam section, where the max-
imum sagging moment occurs, otherwise the second plastic hinge occurs at the left “dog-
bone”. In addition, when relation (40) is satisfied, the location xmax of the second plastic hinge 
where the maximum sagging moment occurs can be determined by solving the following 
equation:  
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The value of MA to be used in relationship (43) is equal to MA3 consistently with condition A 
expressed by Eq. (19). By substituting the MA3 value in Eq. (44) xmax becomes:  
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3 LOCATION OF THE SECOND PLASTIC HINGE:  

As the expression for computing a8/L is particularly complex, in order to identify the gov-
erning limit value of a/L, a numerical analysis has been carried out. For any given value of 
mdb , by varying the non-dimensional parameter Mp/qL2 in the range between 1/16 and zero, 
which covers all the possible design situations, the values of a2, a3, a5  and  a8 have been 
computed. The results of this numerical analysis is presented in Tables 1,2 and 3 for mdb  
equal to 0.4, 0.5, 0.6, 0.7, 0.8, and 0.9 respectively. In addition, the curves representing the 
values of a2, a3, a5  and  a8 are plotted in figures 4,5,6,7,8 and 9. From the analysis of the 
above recalled figures it is evident the existence of two limit values of qL2/Mp which are 
qlim1L

2/Mp and qlim2L
2/Mp. The first one represents the value for which a2, a5 and a8 are coinci-

dent while the second one represents the value for which a3, a5 and a8 are coincident. These 
values have been highlighted in bold type in Tables 1-6. Such limit values can be easily de-
termined by means of relationships (26) and (29) providing a2, a3, and a5. In fact, qlim1 can be 
obtained by equating a2 and a5, while qlim2 can be obtained by equating a3 and a5. The follow-
ing relationships are thus obtained:  

( )2
21lim 1)1(22)1(85

4
dbdbdb

p mmm
L

M
q −++−−−=  (46) 

( )2
22lim 1)1(22)1(85

4
dbdbdb

p mmm
L

M
q −−+−−+=  (47) 

As a conclusion, the design solution concerning the “dog-bone” location and its influence 
on the location of the second plastic hinge can be expressed as follows: 

case q<qlim1: the design requirement is a < a8, while, regarding the development of the 
second plastic hinge, if a < a2 the yielding of the second “dog-bone” occurs, otherwise the 
yielding of the beam develops; 
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case qlim1 < q < qlim2: the design requirement is        a < a5, while, regarding the develop-
ment of the second plastic hinge, if a > a3 the yielding of the second “dog-bone” occurs, oth-
erwise the yielding of the beam develops; 

case q > qlim2: the design requirement is a < a8, while, regarding the development of the 
second plastic hinge, it always develops at the intermediate beam section where the maximum 
sagging moment occurs.  

The result above reported clarifies the role played by the vertical load q concerning the 
“dog-bone” location. In particular, it can be noted that, for a given value of the “dog-bone” 
non-dimensional resistance mdb, the increase of the vertical load q causes a decrease of the 
maximum allowed value of a/L. 

Similarly, for a given value of the vertical load q, the increase of mdb leads to the decrease 
of the admissible range for a/L. In addition, by means of the described figures, it is possible to 
understand what happens when the a/L upper limit for the location of the “dog-bones” is not 
respected. In fact, it is sufficient to observe which are the conditions providing the limit value 
of a8/L and a5/L.  

When qlim1 < q < qlim2, then the design limit of a/L is given by a5/L, i.e. condition B (Eq. 
(41)) which identifies the a values assuring that the beam yielding (section 3) precedes the 
yielding of the right connection (section 5). It means that, if a/L is greater than a5/L the sec-
ond plastic hinge occurs in the beam-to-column connection located at section 5. 

When q < qlim1 or q > qlim2 the governing condition is the one corresponding to a8/L limit, 
i.e. condition C which identifies the a values assuring that the left “dog-bone” yielding (sec-
tion 2) precedes the yielding of connection B (section 5). It means that, if a/L is greater than 
a8/L, the second plastic hinge occurs in the beam-to-column connection located at the B end. 

mdb = 0.4 mdb = 0.5 
qL2/Mp a2/L a3/L a5/L a8/L qL2/Mp a2/L a3/L a5/L a8/L 

0.01 -2.3894 -13.3438 3.2668 0.2998 0.01 -3.1603 -13.1603 2.6795 0.2498 
0.50 0.0914 -1.4578 0.4620 0.2892 0.50 0.1340 -1.4319 0.2679 0.2260 
1.00 0.2111 -0.8844 0.3267 0.2777 1.00 0.2412 -0.8660 0.1895 0.2020 
1.52 0.2653 -0.6244 0.2653 0.2653 1.61 0.2113 -0.5774 0.2113 0.2113 
2.00 0.2957 -0.4789 0.2310 0.2533 2.00 0.2887 -0.4659 0.1547 0.1792 
3.00 0.3332 -0.2993 0.1886 0.2282 3.00 0.3170 -0.2887 0.1340 0.1588 
4.00 0.3555 -0.1922 0.1633 0.2039 4.00 0.3363 -0.1830 0.1198 0.1412 
5.00 0.3708 -0.1191 0.1461 0.1817 5.00 0.3506 -0.1109 0.1094 0.1263 
6.00 0.3820 -0.0652 0.1334 0.1623 6.00 0.3617 -0.0577 0.1013 0.1137 
7.00 0.3908 -0.0232 0.1235 0.1457 7.00 0.3706 -0.0163 0.0947 0.5000 
8.00 0.3979 0.0106 0.1155 0.1316 8.00 0.3780 0.0171 0.0893 0.0942 
9.00 0.4037 0.0386 0.1089 0.1197 9.00 0.3843 0.0447 0.0847 0.0866 
10.00 0.4086 0.0622 0.1033 0.1095 10.00 0.3896 0.0680 0.0808 0.0800 
11.00 0.4129 0.0826 0.0985 0.1009 10.68 0.3880 0.0820 0.0820 0.0820 
11.71 0.4156 0.0955 0.0955 0.0955 11.00 0.3943 0.0881 0.0774 0.0743 
12.00 0.4166 0.1004 0.0943 0.0934 12.00 0.3985 0.1057 0.0743 0.0693 
13.00 0.4199 0.1161 0.0906 0.0869 13.00 0.4022 0.1211 0.0716 0.0650 
14.00 0.4228 0.1300 0.0873 0.0812 14.00 0.4055 0.1349 0.0692 0.0611 
15.00 0.4254 0.1426 0.0843 0.0762 15.00 0.4085 0.1473 0.0670 0.0577 
16.00 0.4278 0.1539 0.0817 0.0718 16.00 0.3525 0.1585 0.1080 0.1242 

Table 1. Values of a2, a3, a5 and a8  for mdb = 0.4  and   mdb = 0.5. 
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mdb = 0.6 mdb = 0.7 
qL2/Mp a2/L a3/L a5/L a8/L qL2/Mp a2/L a3/L a5/L a8/L 

0.01 -3.9721 -12.9164 2.1115 0.1998 0.01 -4.8466 -12.5925 1.5609 0.1498 
0.50 -0.1325 -1.3974 0.2986 0.1881 0.50 -0.2561 -1.3516 0.2207 0.1392 
1.00 0.0528 -0.8416 0.2111 0.1765 1.00 -0.0347 -0.8093 0.1561 0.1291 
1.73 0.1604 -0.5189 0.1604 0.1604 1.91 0.1130 -0.4477 0.1130 0.1130 
2.00 0.1838 -0.4487 0.1493 0.1548 2.00 0.1219 -0.4258 0.1104 0.1115 
3.00 0.2418 -0.2746 0.1219 0.1359 3.00 0.1913 -0.2559 0.0901 0.0970 
4.00 0.2764 -0.1708 0.1056 0.1198 4.00 0.2327 -0.1546 0.0780 0.0853 
5.00 0.3000 -0.1000 0.0944 0.1064 5.00 0.2609 -0.0855 0.0698 0.0757 
6.00 0.3174 -0.0477 0.0862 0.0953 6.00 0.2817 -0.0345 0.0637 0.0679 
7.00 0.3310 -0.0071 0.0798 0.0861 7.00 0.2979 0.0051 0.0590 0.0615 
8.00 0.3419 0.0257 0.0746 0.0783 8.00 0.3110 0.0371 0.0552 0.0560 
9.00 0.3509 0.0528 0.0704 0.0717 8.59 0.3176 0.0533 0.0533 0.0533 
9.65 0.3560 0.0680 0.0680 0.0680 9.00 0.3218 0.0636 0.0520 0.0515 
10.00 0.3586 0.0758 0.0668 0.0661 10.00 0.3309 0.0860 0.0494 0.0475 
11.00 0.3652 0.0955 0.0637 0.0612 11.00 0.3388 0.1053 0.0471 0.0442 
12.00 0.3709 0.1127 0.0609 0.0570 12.00 0.3457 0.1221 0.0451 0.0412 
13.00 0.3760 0.1279 0.0586 0.0534 13.00 0.3517 0.1369 0.0433 0.0386 
14.0 0.3805 0.1414 0.0564 0.0501 14.00 0.3571 0.1501 0.0417 0.0363 
15.0 0.3845 0.1536 0.0545 0.0472 15.00 0.3620 0.1620 0.0403 0.0343 
16.0 0.3882 0.1646 0.0528 0.0446 16.00 0.3663 0.1727 0.0390 0.0325 

Table 2. Values of a2, a3, a5 and a8  for mdb = 0.6 and mdb = 0.7 

mdb = 0.8 mdb = 0.9 
qL2/Mp a2/L a3/L a5/L a8/L qL2/Mp a2/L a3/L a5/L a8/L 

0.01 -5.8246 -12.1491 1.0263 0.0998 0.01 -7.0107 -11.4829 0.5064 0.0499 
0.50 -0.3944 -1.2889 0.1451 0.0915 0.50 -0.5622 -1.1946 0.0716 0.0451 
1.00 -0.1325 -0.7649 0.1026 0.0840 1.00 -0.2511 -0.6983 0.0506 0.0410 
2.00 0.0528 -0.3944 0.0726 0.0715 2.00 -0.0311 -0.3473 0.0358 0.0345 
2.16 0.0698 -0.3604 0.0698 0.0698 2.58 0.0316 -0.2473 0.0316 0.0316 
3.00 0.1349 -0.2303 0.0593 0.0619 3.00 0.0664 -0.1918 0.0292 0.0297 
4.00 0.1838 -0.1325 0.0513 0.0543 4.00 0.1245 -0.0991 0.0253 0.0260 
5.00 0.2172 -0.0657 0.0459 0.0482 5.00 0.1641 -0.0359 0.0226 0.0231 
6.00 0.2418 -0.0164 0.0419 0.0433 6.00 0.1934 0.0108 0.0207 0.0208 
7.00 0.2610 0.0219 0.0388 0.0392 6.24 0.1993 0.0203 0.0203 0.0203 
7.48 0.2688 0.0375 0.0375 0.0375 7.00 0.2161 0.0471 0.0191 0.0189 
8.00 0.2764 0.0528 0.0363 0.0358 8.00 0.2345 0.0764 0.0179 0.0173 
9.00 0.2892 0.0784 0.0342 0.0330 9.00 0.2497 0.1006 0.0169 0.0159 
10.00 0.3000 0.1000 0.0325 0.0305 10.00 0.2625 0.1211 0.0160 0.0147 
11.00 0.3093 0.1186 0.0309 0.0284 11.00 0.2736 0.1387 0.0153 0.0137 
12.00 0.3174 0.1349 0.0296 0.0266 12.00 0.2832 0.1541 0.0146 0.0129 
13.00 0.3246 0.1492 0.0285 0.0249 13.00 0.2917 0.1677 0.0140 0.0121 
14.00 0.3310 0.1620 0.0274 0.0235 14.00 0.2993 0.1798 0.0135 0.0114 
15.00 0.3367 0.1734 0.0265 0.0222 15.00 0.3061 0.1906 0.0131 0.0108 
16.00 0.3419 0.1838 0.0257 0.0210 16.00 0.3122 0.2004 0.0127 0.0102 

Table 3. Values of a2, a3, a5 and a8  for mdb = 0.8 and mdb = 0.9. 
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The above observations show that experimental tests on the classical cantilever scheme, as 
depicted in Figure 1 cannot be completely exhaustive, because the information coming from 
these tests are not able to assure that the second plastic hinge develops in the beam section, 
where the maximum bending moment occurs, or in the second dog-bone rather than in the 
beam-to-column connection located at the B end close to the tested “dog-bone”.  It is interest-
ing to note that the qlim value already found in [34] for full-strength beam-to-column joints 
can be obtained as a particular case from Eqs. (46) and (47). In fact, for mdb = 1, i.e. in ab-
sence of “dog-bones”, the above equations provide: 

2lim2lim1lim

4

L

M
qqq p=== (48) 

Comparing figures 3-9 it is evident that the range where “dog bones” can be located, assur-
ing the protection of the beam-to-column connections, decreases as mdb increases. In particu-
lar, for high values of mdb the width of such range is so limited that it could be incompatible 
with the length of the weakened beam zone required for an appropriate spreading of plasticity. 

Figure 4: Limit values a2/L, a3/L, a5/L and a8/L for mdb = 0.4 

Figure 5: Limit values a2/L, a3/L, a5/L and a8/L for mdb = 0.5 
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Figure 6: Limit values a2/L, a3/L, a5/L and a8/L for mdb = 0.6 

Figure 7: Limit values a2/L, a3/L, a5/L and a8/L for mdb = 0.7 

Figure 8: Limit values a2/L, a3/L, a5/L and a8/L for mdb = 0.8 
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Figure 9: Limit values a2/L, a3/L, a5/L and a8/L for mdb = 0.9. 

4 DESIGN ABACUS FOR “DOG-BONE” LOCATION 

The solution obtained in the previous section, needs the evaluation of qlim1, qlim2, a5/L, a8/L 
and at least one between a2/L and a3/L.  

From a practical point of view, it could appear too complex. In order to simplify the solu-
tion of the problem, it is of fundamental importance to highlight that the design goal consists 
in the protection of the beam-to-column connections, i.e. yielding of both “dog-bones” or 
yielding of one “dog-bone” and of a beam cross section. With the aim of obtaining this design 
objective it is sufficient to consider only the limit value of a/L provided by the minimum be-
tween a5/L and a8/L. This value can be obtained varying mdb for a fixed vertical load q and 
beam plastic moment Mp. In other words, for a given qL2/Mp the curve representing the upper 
limit of a/L as a function of mdb can be obtained as depicted in Figure 10). This figure is, sub-
stantially, a design abacus for “dog-bone” location.  
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qL    6
2
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qL    7
2

=
pM

qL    8
2

=
pM

qL
 

0.30 0.350 0.331 0.274 0.224 0.194 0.173 0.158 0.146 0.137 
0.35 0.325 0.304 0.252 0.206 0.178 0.160 0.146 0.135 0.126 
0.40 0.300 0.278 0.231 0.189 0.163 0.146 0.133 0.123 0.116 
0.45 0.275 0.252 0.210 0.171 0.149 0.133 0.121 0.112 0.105 
0.50 0.250 0.226 0.189 0.155 0.134 0.120 0.109 0.101 0.095 
0.55 0.225 0.201 0.169 0.138 0.120 0.107 0.098 0.090 0.085 
0.60 0.200 0.176 0.149 0.122 0.106 0.094 0.086 0.080 0.075 
0.65 0.175 0.153 0.130 0.106 0.092 0.082 0.075 0.069 0.065 
0.70 0.150 0.129 0.110 0.090 0.078 0.070 0.064 0.059 0.055 
0.75 0.125 0.106 0.091 0.075 0.065 0.058 0.053 0.049 0.046 
0.80 0.100 0.084 0.072 0.059 0.051 0.046 0.042 0.039 0.036 
0.85 0.075 0.062 0.053 0.044 0.038 0.034 0.031 0.029 0.026 
0.90 0.050 0.041 0.034 0.029 0.025 0.023 0.021 0.019 0.017 
0.95 0.025 0.020 0.017 0.015 0.013 0.011 0.010 0.009 0.008 
1.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

Table 4. Limit values of a/L for “dog-bone” location  
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In fact, it includes all the design variables expressed in non-dimensional form.The abacus 
can be useful also to understand the role played by several parameters. The numerical values 
used to build Figure 10) are reported in Table 4 and Table 5. In particular, it is important to 
underline that, for a given value of qL2/Mp, an increase of mdb causes the decrease of the ad-
missible value of a/L and, in the case mdb = 1, an a/L value equal to zero is provided inde-
pendently of qL2/Mp. In addition, increasing the vertical load, the admissible a/L value 
decreases. 

Table 5. Limit values of a/L for “dog-bone” location 

mdb 9
2

=
pM

qL  10
2

=
pM

qL  11
2

=
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qL  12
2

=
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qL  13
2

=
pM

qL  14
2

=
pM

qL  15
2

=
pM

qL  16
2

=
pM

qL  

0.30 0.129 0.123 0.117 0.112 0.107 0.099 0.093 0.087 
0.35 0.119 0.113 0.108 0.103 0.096 0.090 0.084 0.079 
0.40 0.109 0.103 0.098 0.093 0.087 0.081 0.076 0.072 
0.45 0.099 0.094 0.090 0.084 0.078 0.073 0.069 0.065 
0.50 0.089 0.085 0.080 0.074 0.069 0.065 0.061 0.058 
0.55 0.080 0.076 0.070 0.065 0.061 0.057 0.054 0.051 
0.60 0.070 0.066 0.061 0.057 0.053 0.050 0.047 0.045 
0.65 0.061 0.057 0.053 0.049 0.046 0.043 0.041 0.038 
0.70 0.051 0.048 0.044 0.041 0.039 0.036 0.034 0.032 
0.75 0.042 0.039 0.036 0.034 0.032 0.030 0.028 0.027 
0.80 0.033 0.031 0.028 0.027 0.025 0.023 0.022 0.021 
0.85 0.024 0.022 0.021 0.020 0.018 0.017 0.016 0.016 
0.90 0.016 0.015 0.014 0.013 0.012 0.011 0.011 0.010 
0.95 0.008 0.007 0.007 0.006 0.006 0.006 0.005 0.005 
1.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

Figure 10: Design abacus for “dog-bone” location 
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5 CONCLUSIONS 

The traditional design philosophy of seismic-resistant structures requires that, in case of seis-
mic events having a return period comparable with the average life of the construction, the 
structure has to remain in elastic range and has to develop limited lateral displacements in or-
der to determine the minimum discomfort to the activities developed in the construction. 
Conversely, in the case of destructive seismic events, having a return period of about 500 
years, the structure has to be able to dissipate the earthquake input energy by means of plastic 
excursions whose magnitude has to be limited to values compatible with the local and global 
ductility which the structure is able to supply. In other words, even though the structure is 
significantly damaged, collapse has to be prevented aiming to assure the safeguard of the hu-
man lives. Therefore, seismic-resistant structures have to be designed to obtain two goals; on 
one hand, they have to possess sufficient strength and stiffness to fulfil the requirements con-
cerning the serviceability limit state and, on the other hand, adequate ductility and energy ab-
sorption capacity to fulfil the requirements regarding the ultimate limit state. While the 
fulfilment of the first goal is easy to be obtained, the latter generally requires more trouble-
some design procedures which should account for the structural behaviour in plastic range. 

In particular, it is universally recognized the need to prevent collapse mechanisms having 
limited dissipation capacity, such as storey mechanisms, and to promote the development of a 
collapse mechanism of global type. Moreover, it is always necessary the design of structural 
details, i.e. connections between dissipative zones and non-dissipative zones, able to guaran-
tee an high local ductility supply. In this paper the criteria for designing “dog-bone” connec-
tions have been analysed. In particular, depending on the magnitude of the weakening of the 
beam section, the “dog-bone” location has to be properly selected in order to protect the 
beam-to-column connections which is one of the goals to be achieved in designing frames 
adopting such a structural detail. In addition, the obtained results show that the smallest mdb 
value provides the widest range where it is possible to locate the “dog-bones”; in fact, increas-
ing mdb the range identified by a reduces up to zero for  mdb = 1. 

The provided design abacus for RBS location represents a useful tool to easily understand 
if the beam-to-column connections are protected or not by the realization of a “dog-bone” 
having a non-dimensional resistance mdb, a non-dimensional distance from the beam-to-
column connection a/L  and a non-dimensional value of vertical load qL2/MP. 
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Abstract.  Nowadays, the collapse mechanism control is universally recognized as one of the 
primary goals of the structural design process. The primary purpose consists in avoiding 
collapse mechanisms characterized by poor energy dissipation capacity, such as “soft-
storey” mechanisms, assuring the development of a collapse mechanism of global type. In 
particular, such kind of mechanism is characterized by the location of plastic hinges at all the 
beam ends and at the base sections of first storey columns. In the present work a rational 
design approach aiming to control the failure mechanism in seismic resistant concrete frame 
is applied. In particular, column sections are dimensioned by means of the Theory of Plastic 
Mechanism Control (TPMC) to guarantee structures failing according to a global type 
mechanism. In past researches, this procedure has been applied to several steel structure 
typologies. In this paper for the first time it is presented and applied to a concrete moment 
resisting frame. In the paper the theory is recalled and a worked example is reported in order 
to show that its application is very easy. In addition both push-over analyses and non-linear 
dynamic analyses have been made to investigate the actual collapse mechanism of the 
designed structure. All the obtained results confirm the ability of the design procedure to 
obtain a collapse mechanism of global type. 
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1 INTRODUCTION 

In order to avoid undesired collapse mechanisms hierarchy criterion, reported in all the 
modern seismic codes, suggests that at any joint, the sum of the flexural strength of the 
columns is greater than the sum of the flexural strength of the beams converging in the same 
joint [1, 2]. In a collapse mechanism of global type the energy dissipation capacity and global 
ductility supply are maximized because all the dissipative zones are involved in the 
corresponding pattern of yielding. Conversely, all the other structural parts remain in elastic 
range. In fact, relatively to the moment resisting frames, the maximum number of plastic 
hinges is obtained when two plastic hinges develops in each bay and they are usually located 
at beam ends. However, for particular load conditions, plastic hinges can develop also in the 
mid span of the bay. Nowadays, in the design of structures, is important to differentiate on 
one hand, dissipative zones, designed according to the internal actions arising from the 
seismic forces provided by the codes, and on the other hand non-dissipative zones, 
proportioned on the basis of the maximum internal actions transmitted by the dissipative 
zones. In a seismic resistant concrete frame, beams and columns are identified as dissipative 
and non-dissipative zones, respectively. These are the basic principles of capacity design 
approach, independently of the structural scheme and the constructional material [3 - 5]. 

Unfortunately, the beam-column hierarchy criterion, being based on simple joint 
equilibrium, is only able to prevent “soft-storey” mechanisms, but it does not assure the 
development of a collapse mechanism of global type; in fact it is a non-rigorous application of 
capacity design principles [6,7]. For this reason, a more sophisticated design procedure, based 
on the kinematic theorem of plastic collapse and on second order plastic analysis (i.e. the 
concept of mechanism equilibrium curve) has been presented in 1997 [8]. Starting from this 
first work, the “Theory of Plastic Mechanism Control” (TPMC) has been obtained as a 
powerful tool for the seismic design. In particular, it consists on the extension of the 
kinematic theorem of plastic collapse to the concept of mechanism equilibrium curve. In fact, 
for any given structural typology, the design conditions to be applied in order to prevent 
undesired collapse mechanisms can be derived by imposing that the mechanism equilibrium 
curve corresponding to the global mechanism has to be located below those corresponding to 
all the other undesired mechanisms up to a displacement level compatible with the local 
ductility supply of dissipative zones. 

This design approach was successively extended to MRFs with RBS connections, EB-
Frames with horizontal links (i.e. split-K scheme and D-scheme), EB-frames with inverted Y 
scheme, dissipative truss-moment frames DTMFs, MRF-CBF dual systems and, finally, in 
MRFs equipped with friction dampers. 

So, it can be concluded that structures in high seismicity zones are normally designed to 
resist severe earthquakes by dissipating the input energy by means of inelastic deformations 
and, in order to maximize this effect, plastic hinges need to be developed at beam ends rather 
than in the columns in case of moment resisting frames (MRFs) [9-16]. However also in the 
case of other structural typologies the need to avoid the yielding of columns is always the 
desired goal and the development of a global mechanism is the main design objective [17-33].  

Starting from the above background, in this paper a new application of the “Theory of 
Plastic Mechanism Control” is developed with reference to the reinforced concrete frames 
[34]. Furthermore, the simplicity of the proposed method will be emphasized by means of a 
worked example aiming to show its practical application which can be carried out even by 
means of hand calculations. In addition, static inelastic analyses are carried out to control the 
fulfilment of the desired collapse mechanism typology, i.e. a collapse mechanism of global 
type. 
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1. THEORY OF PLASTIC MECHANISM CONTROL

TPMC allows the theoretical solution of the problem of designing a structure failing in
global mode, i.e. assuring that plastic hinges develop only at beam ends while all the columns 
remain in elastic range with the only exception of base sections at first storey columns. In 
general, three main collapse mechanism typologies that the structure is able to exhibit can be 
recognized: these mechanisms, depicted in Figure 1, are to be considered undesired because 
they do not involve all the dissipative zones. Type-1 mechanism starts from the first storey 
level and involves an 𝑖𝑚-th number of storeys, for this reason plastic hinges develop at the 
beam ends of all the storeys involved, at the base section of the first storey columns and at the 
top section of the 𝑖𝑚-th storey columns. Type- 2 mechanism is a particular kind of mechanism 
which starts to the top of the structure and involves an 𝑖𝑚-th number of storey. In particular, 
all the beam ends and the base section of the 𝑖𝑚-th storey columns develop plastic hinges. The 
global mechanism, representing the design goal, is a particular case of type-2 mechanism 
involving all the storeys. Finally, type-3 mechanism involves only one storey, so that plastic 
hinges develop at the base and top section of the same storey columns. It has to be considered 
the worst mechanism because involves only the columns which are to be considered less 
dissipative than the beam sections. In order to apply the TPMC it is of paramount importance 
the introduction of the concept of linearized mechanism equilibrium curve for each 
considered mechanism. The mathematical expression of this curve can be written as: 

𝛼 = 𝛼0 − 𝛾𝛾 (1) 

W here α0 is the kinematically admissible multiplier of horizontal forces and γ is the slope 
of the mechanism equilibrium curve. Both parameters can be derived, according to rigid-
plastic theory, using the principle of virtual work. Within the framework of a kinematic 
approach, for any given collapse mechanism, the mechanism equilibrium curve can be easily 
derived by equalling the external work to the internal work. In addition, in order to account 
for second order effects, the external second-order work due to vertical load is also evaluated. 

Concerning the evaluation of the kinematically admissible multiplier of horizontal forces 
corresponding to the generic mechanism, it is easy to recognise that, in the case of global type 
mechanism, for a virtual rotation 𝑑𝑑 of plastic hinges of the columns at first storey (Figure 1), 
the internal work can be expressed as: 

𝑊𝑖 = ��𝑀𝑐,𝑖,1 + 2��𝑀𝑏.𝑗𝑗

𝑛𝑏

𝑗=1

𝑛𝑠

𝑗=1

𝑛𝑐

𝑖=1

� 𝑑𝑑 = �𝑀𝑐,1 + 𝑀𝑏,𝑅𝑅�𝑑𝑑 (2) 

For the better comprehension of the adopted notation reference is made to Table 1. The 
external work due to the horizontal forces can be written as: 

𝑊𝑒 = �𝛼�𝐹𝑗ℎ𝑗

𝑛𝑠

𝑗=1

� 𝑑𝑑 = [𝛼𝑀𝐹]𝑑𝑑 (3) 

Therefore the application of the virtual work principle provides the kinematically 
admissible multiplier as: 

𝛼0
(𝑔) =

�𝑀𝑐,1 + 𝑀𝑏,𝑅𝑅�
𝑀𝐹

(4) 

In order to compute the slope of the mechanism equilibrium curve, it is necessary to 
evaluate the second-order work due to vertical loads.  
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Figure 1: Collapse mechanism typologies 

With reference to Figure 2, it can be observed that the horizontal displacement of the k-th 
storey involved in the generic mechanism is given by 𝑢𝑗 = 𝑟𝑗𝑠𝑖𝑠𝑑, where 𝑟𝑗 is the distance 
of the k-th storey from the centre of rotation C and 𝑑 the angle of rotation. 

𝑠𝑐 number of columns 𝑀𝑐,𝑖𝑚 = �𝑀𝑐,𝑖,𝑖𝑚

𝑛𝑐

𝑖=1

 
sum of plastic moments of 

columns at 𝑖𝑚-th storey 

𝑠𝑏 number of bays 𝑀𝑉 = �𝑉𝑗ℎ𝑗

𝑛𝑠

𝑗=1

 
second-order work due to 

vertical loads in global 
mechanism 

𝑠𝑠 number of storeys 𝑀𝐹 = �𝐹𝑗ℎ𝑗

𝑛𝑠

𝑗=1

 
external work due to 

horizontal forces in the 
global mechanism 

𝑖𝑚 index of mechanism 𝑀𝑏.𝑗𝑗 
plastic design resistance 
of beam at j-th bay of the 

k-th storey 
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𝐻𝑜 

sum of the interstorey 
heights of the storeys 

involved by the generic 
mechanism 

𝑀𝑏,𝑅𝑅 = 2��𝑀𝑏.𝑗𝑗

𝑛𝑏

𝑗=1

𝑛𝑠

𝑗=1

 
sum of the plastic design 
resistances of beam ends 

ℎ𝑗 
height of the k-th storey 

(with k=1, 2, .., 𝑠𝑠) 
𝐹 = �𝐹𝑗

𝑛𝑠

𝑗=1

 
sum of the horizontal 

forces 

𝑀𝑐,𝑖,𝑖𝑚 
plastic moment of the i-

th column at 𝑖𝑚-th 
storey 

Table 1: Notation 

The top sway displacement is given by 𝛾 = 𝐻𝑜𝑠𝑖𝑠𝑑, where 𝐻𝑜 is the sum of the interstorey 
heights of the storeys involved by the generic mechanism. In the case of global type 
mechanism, as shown in Figure 1, all the storeys participate to the collapse mechanism, so 
that 𝐻𝑜 = ℎ𝑛𝑠. The relationship between vertical and horizontal virtual displacements is given 
by (Figure 2): 

𝑑𝑑𝑗 = 𝑑𝑢𝑗𝑡𝑡𝑠𝑑 ≈ 𝑑𝑢𝑗𝑠𝑖𝑠𝑑 = 𝑑𝑢𝑗
𝛾
𝐻𝑜 (5) 

Figure 2: Second order vertical displacements 

It shows that, as the ratio 𝑑𝑑𝑗 𝑑𝑢𝑗⁄  is independent from the considered storey, vertical and 
horizontal virtual displacement vectors have the same shape. In fact, the virtual horizontal 
displacements are given by: 

𝑑𝑢𝑗 = 𝑟𝑗𝑐𝑐𝑠𝑑𝑑𝑑 ≈ 𝑟𝑗𝑑𝑑 (6) 

By substituting Eq. (6) in Eq. (5), the virtual vertical displacements are given by: 

𝑑𝑑𝑗 =
𝛾
𝐻𝑜

𝑟𝑗𝑑𝑑 (7) 
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and, therefore, they have the same shape 𝑟𝑗 of the horizontal ones. As a consequence,            
the second-order work due to vertical loads for the global mechanism is given by: 

𝑊𝑣 = �𝑉𝑗ℎ𝑗

𝑛𝑠

𝑗=1

𝛾
𝐻𝑜

𝑑𝑑 = 𝑀𝑉
𝛾
𝐻𝑜

𝑑𝑑 (8) 

By accounting for this value, the virtual work principle can be written as: 

𝑊𝑖 = 𝑊𝑒 + 𝑊𝑣 (9) 

By substituting Eqs. (2), (3) and (8) in Eq. (9) the following relation can be obtained: 

�𝑀𝑐,1 + 𝑀𝑏,𝑅𝑅�𝑑𝑑 = [𝛼𝑀𝐹]𝑑𝑑 + 𝑀𝑉
𝛾
𝐻𝑜

𝑑𝑑 (10) 

By means of simple steps it is immediately recognized the form of the linearized 
mechanism equilibrium curve expressed by Eq. (1): 

𝛼 =
𝑀𝑐,1 + 𝑀𝑏,𝑅𝑅

𝑀𝐹
−

1
𝐻𝑜

𝑀𝑉

𝑀𝐹
𝛾 (11) 

Therefore, the slope of the mechanism equilibrium curve 𝛾, can be easily obtained. In the 
case of global mechanism it is given by: 

𝛾(𝑔) =

1
𝐻𝑜

𝑀𝑉

𝑀𝐹
=

1
ℎ𝑛𝑠

𝑀𝑉

𝑀𝐹

(12) 

Therefore, the linearized mechanism equilibrium curve of global mechanism        

𝛼0 = 𝛼0
(𝑔) − 𝛾(𝑔)𝛾  is completely defined. It can be useful to underline that the linearization 

of equilibrium curve is due to the small displacement theory adopted in Eq. (6). In fact, due to 
this assumption, second-order work of to vertical loads is linear and as a consequence, also 
the mechanism equilibrium curve is linear. 

For each considered mechanism (Figure 1) a mechanism equilibrium curve can be 
obtained. In particular, for the 𝑖𝑚-th mechanism (𝑖𝑚 = 1, 2, … ,𝑠𝑠) of the 𝑡-th mechanism 
typology (𝑡 = 1, 2, 3) the application of kinematic theorem of plastic collapse provides: 

𝛼𝑖𝑚
(𝑡) = 𝛼0,𝑖𝑚

(𝑡) − 𝛾𝑖𝑚
(𝑡)𝛾 𝑡 = 1,2,3        𝑖𝑚 = 1,2, …𝑠𝑠 (13) 

Where 𝛼0,𝑖𝑚
(𝑡) and 𝛾𝑖𝑚

(𝑡) represent, respectively, the kinematically admissible multiplier and 
the slope of mechanism equilibrium curve of the 𝑖𝑚-th mechanism of the 𝑡-th mechanism 
typology. In the proposed method the beam section properties are assumed to be known 
quantities because they are designed to resist vertical loads. As a consequence, the unknowns 
of the design problem are the column sections. They could be determined by means of design 
conditions expressing that the kinematically admissible multiplier corresponding to the global 
mechanism is the minimum among all kinematically admissible multipliers corresponding to 
all other mechanisms (Figure 1). Obviously, this design condition is able to assure the desired 
collapse mechanism only in case of rigid-plastic behaviour, while actual structures are 
characterized by elastic displacements before the development of a plastic mechanism. Due to 
these elastic displacements, second-order effects of vertical loads cannot be neglected. These 
effects can be taken into account by imposing that the mechanism equilibrium curve 
corresponding to the global mechanism has to lie below those corresponding to all other 
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mechanisms i.e. the upper bound theorem of plastic design is to be satisfied for each value of 
the displacements 𝛾 (Figure 3). However, the fulfilment of this requirement is necessary only 
up to a selected ultimate displacement 𝛾𝑢, which has to be compatible with the ductility 
supply of structural members. 

γim

(t)

γ (g)α0

(g)

α(g)

α im

(t)

δu δ

α

Global mechanism

Generic mechanism

Figure 3: Design condition 

This corresponds to impose the following conditions: 

𝛼0
(𝑔) − 𝛾(𝑔)𝛾𝑢 ≤ 𝛼0,𝑖𝑚

(𝑡) − 𝛾𝑖𝑚
(𝑡)𝛾𝑢 (14) 

for  𝑖𝑚 = 1, 2 3, … , 𝑠𝑠  and     𝑡 = 1, 2, 3. 
It is important to underline that, for any given geometry of the structural system, the 

slope of mechanism equilibrium curve attains its minimum value when the global type 
mechanism is developed. This issue assumes a paramount importance in TPMC allowing 
the extension of the kinematic theorem of plastic collapse to the concept of mechanism 
equilibrium curve by simply checking the equation for the value 𝛾 = 𝛾𝑢, as depicted in 
Figure 3. Therefore, there are 3𝑠𝑠 design conditions to be satisfied for a structural 
scheme having 𝑠𝑠 storeys. With reference to 𝑖𝑚-th mechanism of type-1, the 
kinematically admissible multiplier of seismic horizontal forces is given by: 

𝛼0,𝑖𝑚
(1) =

𝑀𝑐,1 + 2∑ ∑ 𝑀𝑏.𝑗𝑗
𝑛𝑏
𝑗=1

𝑖𝑚−1
𝑗=1 + 𝑀𝑐,𝑖𝑚

∑ 𝐹𝑗ℎ𝑗
𝑖𝑚
𝑗=1 + ℎ𝑖𝑚 ∑ 𝐹𝑗

𝑛𝑠
𝑗=𝑖𝑚+1

(15) 

while the slope of the mechanism equilibrium curve is: 

𝛾𝑖𝑚
(1) =

1
ℎ𝑖𝑚

∑ 𝑉𝑗ℎ𝑗 + ℎ𝑖𝑚 ∑ 𝑉𝑗
𝑛𝑠
𝑗=𝑖𝑚+1

𝑖𝑚
𝑗=1

∑ 𝐹𝑗ℎ𝑗
𝑖𝑚
𝑗=1 + ℎ𝑖𝑚 ∑ 𝐹𝑗

𝑛𝑠
𝑗=𝑖𝑚+1

(16) 

With reference to 𝑖𝑚-th mechanism of type-2 the kinematically admissible multiplier of 
seismic horizontal forces is given by: 

𝛼0,𝑖𝑚
(2) =

𝑀𝑐,𝑖𝑚 + 2∑ ∑ 𝑀𝑏.𝑗𝑗
𝑛𝑏
𝑗=1

𝑛𝑠
𝑗=𝑖𝑚

∑ 𝐹𝑗(ℎ𝑗
𝑛𝑠
𝑗=𝑖𝑚

− ℎ𝑖𝑚−1)
(17) 

while the slope of the mechanism equilibrium curve is: 
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𝛾𝑖𝑚
(2) =

1
ℎ𝑛𝑠 − ℎ𝑖𝑚−1

∑ 𝑉𝑗�ℎ𝑗 − ℎ𝑖𝑚−1�
𝑛𝑠
𝑗=𝑖𝑚

∑ 𝐹𝑗(ℎ𝑗
𝑛𝑠
𝑗=𝑖𝑚

− ℎ𝑖𝑚−1)
(18) 

It is useful to note that, for 𝑖𝑚 = 1 Eq. (17) and Eq. (18) are coincident with Eq. (4) and 
Eq. (12) respectively, because in such case the mechanism is coincident with the global one. 
In addition, these relations for 𝑖𝑚 = 1 include the term ℎ𝑖𝑚−1 = ℎ0 which is to be assumed 
equal to zero. Finally, with reference to 𝑖𝑚-th mechanism of type-3, the kinematically 
admissible multiplier of horizontal forces, is given by: 

𝛼0,𝑖𝑚
(3) =

2𝑀𝑐,𝑖𝑚

�ℎ𝑖𝑚 − ℎ𝑖𝑚−1�∑ 𝐹𝑗
𝑛𝑠
𝑗=𝑖𝑚

(19) 

In addition, the corresponding slope of the mechanism equilibrium curve is given by: 

γim
(3) =

∑ Vk
ns
k=im

�him − him−1�∑ Fk
ns
k=im

(20) 

2. DESIGN ALGORITHM

The above mentioned relations can be used to design concrete frames failing in global
mode and, therefore, having a mechanism equilibrium curve given by Eq. (1), with the 
kinematically admissible multiplier of horizontal forces given by Eq. (4) and the slope given 
by relation (12). The design algorithm is constituted by the following steps: 

a) Selection of a design top sway displacement 𝛾𝑢 compatible with the ductility supply of
structural members. To this scope the plastic rotation capacity of beams can be assumed equal 
to 0.04 rad so that 𝛾𝑢 = 0.04 ∙ ℎ𝑛𝑠 where ℎ𝑛𝑠 is the height of the structure.  

b) Design of beam sections to withstand vertical loads acting in the non-seismic load
combination. The preliminary design of beam can be made by considering a bending moment 
belonging to the range 𝑞𝐿2/8 ÷  𝑞𝐿2/10 being 𝑞 the load acting on the beam in the vertical 
load combination (see worked example). It is important to underline that the presented 
procedure, considers only symmetric structures characterized by symmetrical beam sections 
with symmetrical reinforcement. This limitation allows to consider for each beam just one 
plastic moment.  

c) Computation, by means of Eqs. (16), (18) and (20), of the slopes of mechanism

equilibrium curves 𝛾𝑖𝑚
(𝑡) which are known quantities because they depend on loads (vertical 

and horizontal) and frame geometry. 
d) For each considered 𝑖𝑚 value, Eq. (14) provides the following relations where the

unknown quantities are represented by 𝑀𝑐,𝑖𝑚 and 𝑀𝑐,1, which are the sum of plastic 
moments of columns at 𝑖𝑚-th storey and at first storey, respectively. It is important to note 
that for 𝑡 = 2  Eq. (14) is an identity because global mechanism is obtained by type 2 
mechanism for 𝑖𝑚 = 1. Furthermore, for 𝑖𝑚 = 1, type 1 and type 3 mechanisms are 
coincident. This observation can be immediately derived from Figure 1 and, in addition, it is 

easy to check that 𝛼0,1
(1) = 𝛼0,1

(3)  and  𝛾1
(1) = 𝛾1

(3).
As a consequence, for 𝑖𝑚 = 1 there is only a design condition where the only unknown is 

represented by 𝑀𝑐,1. This value can be found by substituting the values of 

𝛼0
(𝑔), 𝛾(𝑔),𝛼0,1

(1) �𝑐𝑟 𝛼0,1
(3)� and 𝛾1

(1) �𝑐𝑟 𝛾1
(3)� in Eq. (14 ) that gives:
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𝑀𝑐,1 ≥
𝑀𝑏,𝑅𝑅 + �𝛾1

(3)−𝛾(𝑔)� ∙ 𝛾𝑢 ∙ 𝑀𝐹

2 𝑀𝐹
ℎ1𝐹

− 1
(21) 

The above relation is of paramount importance from the practical point of view, because it 
allows to design first storey columns by means of a closed form solution easy to be applied by 
hand calculations. 

e) The sum of the required plastic moments of columns can be distributed among the
columns in different ways which are at the discretion of the designer. In this case, the 
following simple rule can be adopted: 

𝑀𝑐,𝑖,1 =
𝑀𝑐,1

𝑠𝑐
(22) 

for 𝑖 = 1, … ,𝑠𝑐. 
It is important to underline that the way of distributing the sum of required plastic 

moments expressed by Eq.(22) is not mandatory, in fact, any other distribution among the 
columns of storey 1 having as sum the value 𝑀𝑐,𝑖,1 is perfectly equivalent. The choice has 
been made according to several analyses carried out on different structures in order to provide 
a cheaper solution. 

f) Design of the columns at first storey. It starts by considering a section able to resist to
vertical loads at ultimate limit state (𝑁𝑉,𝑆𝑆𝑆). The base of the section is, initially, assumed 
equal to 𝑏 = 30cm and the height is calculated with the following equation: 

ℎ =
𝑁𝑉,𝑆𝑆𝑆

𝜈 ∙ 𝑏 ∙ 𝑓𝑐𝑅
=

𝑁𝑉,𝑆𝑆𝑆

0.5 ∙ 𝑏 ∙ 𝑓𝑐𝑅
≥ 30𝑐𝑐 (23) 

For a given value of b and h, the reinforcements of the section are to be designed. At this 
aim it is very important to consider the shape of the M-N interaction domain. In fact, for a 
concrete frame, the maximum axial force does not necessarily implicate the worst condition, 
as happens in steel members, because it depends on the zone of the domain where the design 
point is located. If the design condition falls at the left of the M-N interaction diagram peak, 
there is a resistant moment increasing with the increase of axial load (Figure 4(a)). 
Conversely, at the right of the peak the dual condition is noted (Figure 4(b)). 

( a ) ( b ) 

Figure 4: M-N interaction domain 

The main problem affecting the M-N interaction domain configuration is that it is 
impossible to immediately obtain the value of the design axial force. The problem can be 
solved by considering two values of axial force: 

M 

N

M 

N
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- a maximum value 𝑁𝑚𝑚𝑚, given by the sum of the axial forces due to vertical loads, in 
the seismic load combination (𝑁𝑞,𝐸) and the maximum of the axial force related to the shear 
actions due to the plastic hinges developed at the beam ends (𝑁𝑀,𝐸): 

𝑁𝑚𝑚𝑚 = 𝑁𝑞,𝐸 + 𝑁𝑀,𝐸 (24) 

- a minimum value 𝑁𝑚𝑖𝑛, obtained by subtracting the same terms mentioned above: 
𝑁𝑚𝑖𝑛 = 𝑁𝑞,𝐸 − 𝑁𝑀,𝐸 (25) 

For a generic column and for a fixed direction of the earthquake, if the axial load is given 
by Eq. (24), then, for the opposite direction of horizontal forces, the axial load contribution is 
given by Eq. (25). Consequently, a design moment must be associated with those axial forces.  

In particular the proposed design procedure considers, for both values of the axial forces, 
the value of the design moment obtained with the Eq. (22), namely 𝑀𝑃𝑅. In conclusion the 
design points are: 

𝐴 (𝑁𝑚𝑖𝑛,𝑀𝑃𝑅) 𝐵 (𝑁𝑚𝑚𝑚,𝑀𝑃𝑅) (26) 

Anyway, this aspect will be better clarified in the worked example (Figure 6). 
g) Design of the reinforcement of columns at first storey. The process consists, essentially,

in assuming an initial quantity of reinforcement (corresponding to the minimum value 
allowed by the adopted code) which is increased until the design points fall into the internal 
side of the M-N performance domain. If the maximum percentage of reinforcement prescribed 
by the regulations is reached, then the procedure is repeated by increasing the section 
dimensions. Once the columns are designed the obtained value of 𝑀𝑐,1, namely 𝑀𝑐,𝑅𝑅,1, is 
generally greater than the required minimum value provided by Eq. (21). Therefore, the 

kinematically admissible multiplier 𝛼0
(𝑔) corresponding to the global mechanism is to be 

evaluated accordingly, i.e. by means of Eq. (4) by replacing the term 𝑀𝑐,1, with the value 
𝑀𝑐,𝑅𝑅,1 resulting from designed sections. 

h) Computation of the required sum of plastic moments of columns 𝑀𝑐,𝑖𝑚 for 𝑖𝑚 > 1
imposing that the 𝑖𝑚-th mechanism equilibrium curves of type 1, 2 and 3 have to be located 
above the curve of global one, i.e. by applying relation (14). In fact, for a fixed value of 𝑖𝑚, 

relation (14) provides three values of 𝑀𝑐,𝑖𝑚, namely 𝑀𝑐,𝑖𝑚
(𝑡) for 𝑡 = 1,2,3. In particular, in 

order to avoid the 𝑖𝑚-th mechanism of type 1, the minimum required value of 𝑀𝑐,𝑖𝑚 is: 

𝑀𝑐,𝑖𝑚
(1) ≥ �𝛼0

(𝑔) + 𝛾𝑖𝑚
(1)𝛾𝑢���𝐹𝑗ℎ𝑗

𝑖𝑚

𝑗=1

+ ℎ𝑖𝑚 � 𝐹𝑗

𝑛𝑠

𝑗=𝑖𝑚+1

� −𝑀𝑐,𝑅𝑅,1 − 2 � �𝑀𝑏.𝑗𝑗

𝑛𝑏

𝑗=1

𝑖𝑚−1

𝑗=1

 (27) 

In addition, in order to avoid the 𝑖𝑚-th mechanism of type-2, the minimum required value 
of 𝑀𝑐,𝑖𝑚 is: 

𝑀𝑐,𝑖𝑚
(2) ≥ �𝛼0

(𝑔) + 𝛾𝑖𝑚
(2)𝛾𝑢� � 𝐹𝑗(ℎ𝑗

𝑛𝑠

𝑗=𝑖𝑚

− ℎ𝑖𝑚−1) − 2 � �𝑀𝑏.𝑗𝑗

𝑛𝑏

𝑗=1

𝑛𝑠

𝑗=𝑖𝑚

 (28) 

Finally to avoid the 𝑖𝑚-th mechanism of type-3, the minimum required value of 𝑀𝑐,𝑖𝑚 is: 

𝑀𝑐,𝑖𝑚
(3) ≥ �𝛼0

(𝑔) + 𝛾𝑖𝑚
(3)𝛾𝑢�

�ℎ𝑖𝑚 − ℎ𝑖𝑚−1�
2

� 𝐹𝑗

𝑛𝑠

𝑗=𝑖𝑚

 (29) 
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Eqs. (27), (28) and (29) have been derived from Eq. (14) for im > 1 and t = 1, t = 2 and 
t = 3, respectively. 

i) Computation of the required sum of the plastic moments of columns for each storey as
the maximum value among those coming from the above design conditions: 

𝑀𝑐,𝑖𝑚 = 𝑐𝑡𝑚�𝑀𝑐,𝑖𝑚
(1) ,𝑀𝑐,𝑖𝑚

(2) ,𝑀𝑐,𝑖𝑚
(3) �           per   𝑖𝑚 > 1 (30) 

j) The sum of the required plastic moments of columns at each storey, is distributed
among all the storey columns with the same procedure as for the columns on the first storey 
i.e. according to the following relation: 

 𝑀𝑐,𝑖,𝑖𝑚 =  
𝑀𝑐,𝑖𝑚

𝑠𝑐
 for 𝑖 = 1, … ,𝑠𝑐 . (31) 

k) Design of columns at each storey. The procedure is the same as that explained in the
points f) and g). 

l) If necessary, a technological condition is imposed by requiring, starting from the base,
that the column sections cannot increase along the building height. If this condition requires 
the change of sections at first storey then the procedure needs to be repeated from point f). In 
fact, in this case, a new value of 𝑀𝑐,𝑅𝑅,1 is obtained and, as a consequence, also a new value 

of 𝛼0
(𝑔) is to be evaluated. As a consequence the values 𝑀𝑐,𝑖𝑚

(1) ,𝑀𝑐,𝑖𝑚
(2) ,𝑀𝑐,𝑖𝑚

(3) obtained by 
relations (27), (28), (29) also change. On the contrary, if the condition only requires the 
change of sections at the upper storeys, i.e. without the involvement of first storey columns, 
then the design step k) is to be repeated in order to consider the new section dimensions.  

The check of technological condition could look redundant because it is common for both 
axial force and shear demand to increase gradually in lower stories but ,when the proposed 
procedure is applied, as reported in the worked example, the required sum of plastic moments 
of 𝑗-th storey can be bigger than the required sum of plastic moments at (𝑗 − 1)-th storey.  

3. WORKED EXAMPLE

In order to show the practical application of the proposed design procedure, the seismic
design of a four-bay five-storey moment resisting frame is presented in this section. The 
inelastic behaviour of the designed structure is successively examined by means of a push-
over static inelastic analysis, confirming the fulfilment of the design goal, i.e. the location of 
the yielding zones at the beam ends with the only exception of the base section of first-storey 
columns. The structural scheme of the frame to be designed is shown in Figure 5. The 
structural scheme is symmetric: the external bay span is equal to 5m and the internal bay span 
is equal to 6m. The interstorey height is equal to 3m. The characteristic values of the vertical 
loads acting on the beams are equal to 19.5 kN/m and 12 kN/m for permanent (𝐺𝑗) and live 
(𝑄𝑗) actions, respectively. 

The structural materials adopted are concrete C25/30 and reinforcement of steel grade 
B450C. According to Eurocode 8, the value of the period of vibration to be used for 
preliminary design is: 

𝑇 = 0.075 𝐻3/4 = 0.075 ∙ 183/4 ≈ 0.65 𝑠 (32) 

where 𝐻 is the total height of the frame. 
With reference to the design spectrum for stiff soil conditions (soil class A of Eurocode 8) 

and by assuming a behaviour factor 𝑞 equal to 3.9, the horizontal seismic forces are those 
depicted in Figure 5. 
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21.51 kN

43.02 kN

64.54 kN

86.05 kN

107.56 kN

5 m 6 m 6 m 5 m

3 m

3 m

3 m

3 m

3 m

18 m

22 m

A B C D E

129.08 kN

3 m

Figure 5: Structural scheme of the designed frame 

In the following, the numerical development of the design steps for the structural scheme 
described above is provided. 

a) Selection of the design top sway displacement
The selection of the maximum top sway displacement up to which the global mechanism 

has to be assured is a very important design issue, because the value of this displacement 
governs the magnitude of second order effects accounted for in the design procedure. A good 
criterion to choose the design ultimate displacement 𝛾𝑢 is to relate it to the plastic rotation 
supply of beams or beam-to-column connections by assuming 𝛾𝑢 = 𝑑𝑢 ∙ ℎ𝑛𝑠 (where 𝑑𝑢 can be 
assumed equal to 0.04 rad).  
As a consequence, the design value of the top sway displacement has been assumed equal to: 

𝛾𝑢 = 0.04 ∙ ℎ𝑛𝑠 = 0.04 ∙ 18 = 0.75 𝑐 (33) 

b) Design of beam sections to withstand vertical loads.
The load acting on the frame in the vertical load combination is: 

𝑄𝑆𝑆𝑆 = 1.3 𝐺𝑗 + 1.5 𝑄𝑗 = 43.35 𝑘𝑁/𝑐 (34) 

For the design of the beams has been considered a bending moment equal to: 

𝑀𝑚𝑚𝑚 =
𝑄𝑆𝑆𝑆 ∙ 𝐿2

8
(35) 

Therefore, by imposing the base of the section equal to b=30 cm, is possible to calculate 
the height of the beam through the following design relation: 
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𝑑 = 𝑟�
𝑀𝑆𝑅

𝑏
(36) 

Assuming 𝜉 = 0.25 and 𝜌 = 0.25 a value of 𝑟 = 0.19 is obtained. As a consequence the 
amount of reinforcement is given by: 

𝐴𝑠 = 𝐴𝑠′ =
𝑀𝑆𝑅

0.85 ∙ ℎ ∙ 𝑓𝑠𝑅
(37) 

Obviously the number of steel bars in the beam is such that: 

𝑀𝑅𝑅 > 𝑀𝑆𝑅 (38) 

c) Computation of the axial load acting at collapse state in the columns.
According to the global mechanism, axial forces in the columns at collapse state depend 

both from the distributed loads acting on the beams and from the shear action due to the 
development of plastic hinges at the beam ends, as depicted in Figure 6 (with reference to the 
earthquake from left to right). 

Direction of
seismic action

l l

2 Mb.jk

l
2 Mb.jk

l
2 Mb.jk

l 2 Mb.jk

l

Mb.jk Mb.jk Mb.jk

Mb.jk

q

q l
2

NM,E

q l
2

q l
2

q l
2

Nq,E

 Figure 6: Loads transmitted by the beams to the columns at collapse state 

So that, the total load transmitted by the beams to the columns is the sum of two 
contributions. The first one, 𝑁𝑞,𝐸, is related to the vertical loads acting in the seismic load 
combination (i.e. the sum of 𝑞𝑞 2⁄  type contributions). The second one, 𝑁𝑀,𝐸, is related to the 
shear actions due to the plastic hinges developed at the beam ends (i.e. the sum of 2𝑀𝑏,𝑗𝑗 𝑞⁄  
type contributions). In Table 2, the two contributions 𝑁𝑞,𝐸, 𝑁𝑀,𝐸 are reported for each storey 
both for internal columns and for external columns. 
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STOREY Columns A and E Columns B and D Column C 
𝑖𝑚 𝑁𝑞,𝐸 [kN]  𝑁𝑀,𝐸 [kN] 𝑁𝑞,𝐸 [kN]  𝑁𝑀,𝐸 [kN] 𝑁𝑞,𝐸 [kN]  𝑁𝑀,𝐸 [kN] 
1 346.50 523.55 762.30 143.73 831.60 0 
2 288.75 436.29 635.25 119.78 693.00 0 
3 231.00 349.03 508.20 95.82 554.40 0 
4 173.25 261.77 381.15 71.87 415.80 0 
5 115.50 174.52 254.10 47.91 277.20 0 
6 57.75 87.26 127.05 23.96 138.60 0 

Table 2: Axial forces acting at collapse state in the columns 

d) Computation of the slopes of mechanism equilibrium curve 𝛾𝑖𝑚
(𝑡).

By means of Eqs. (16), (18) and (20) the slopes of mechanism equilibrium curves are 
computed. These values are reported in Table 3: 

STOREY   𝑖𝑚 𝛾𝑖𝑚
(1) 𝛾𝑖𝑚

(2) 𝛾𝑖𝑚
(3)

1 0.0225 0.0030 0.0225 
2 0.0106 0.0034 0.0197 
3 0.0067 0.0039 0.0175 
4 0.0048 0.0049 0.0157 
5 0.0037 0.0069 0.0143 
6 0.0030 0.0131 0.0131 

Table 3: Slopes of mechanism equilibrium curves (cm-1) 

In particular it is important to underline that the slope value corresponding to the global 

mechanism 𝛾(𝑔) = 𝛾1
(2), is the minimum among all the 𝛾𝑖𝑚

(𝑡) values:

𝛾(𝑔) = 0.003029 𝑐𝑐−1 
(39)

e) Computation of the required sum of plastic moments of columns at first storey 𝑀𝑐,1.
As previously pointed out, the required sum of plastic moments of columns at first storey is 

provided by Eq. (21). In the examined case, this sum is equal to 𝑀𝑐,1 = 2801.17 𝑘𝑁𝑐 and 
has to be distributed among the columns proportionally to their number. Therefore the 
required bending moment for each column 𝑀𝑐,𝑖,1, the section, the upper and lower 
reinforcement, the axial force for both directions of the earthquake are reported in Table 4. 

Table 4: Design of the column sections at first storey 

STOREY Column 𝑀𝑐,𝑖,1  [kNm] 𝑏 𝑚 ℎ 𝐴𝑠 = 𝐴𝑠′  𝑁𝑚𝑖𝑛  [kN]  𝑁𝑚𝑚𝑚 [kN] 

1° 

A 

560.23 

30x60 5 Φ 28 -177.05 870.05 
B 30x70 5 Φ 20 618.57 906.03 
C 30x80 6 Φ 16 831.60 831.60 
D 30x70 5 Φ 20 618.57 906.03 
E 30x60 5 Φ 28 -177.05 870.05 

The sum of obtained column plastic moments at first storey is: 𝑀𝑐,𝑅𝑅,1 = 3206.08 𝑘𝑁𝑐 
which is greater than the required one. 

f) Computation of seismic horizontal forces corresponding to the ultimate design
displacement. 

The value of 𝛼0
(𝑔) obtained from Eq. (4) is equal to 𝛼0

(𝑔) = 2.8165. 
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g) Computation of the required sum of plastic moments of columns 𝑀𝑐,𝑖𝑚
(𝑡)  at any storey, to

avoid undesired mechanism by means of equations (27) (28) and (29). 

STOREY  𝑖𝑚 𝑀𝑐,𝑖𝑚
(1)   [kNm] 𝑀𝑐,𝑖𝑚

(2)   [kNm] 𝑀𝑐,𝑖𝑚
(3)   [kNm]

1 3206.08 - 3206.08 
2 3433.29 1729.90 2581.60 
3 4043.52 420.41 2231.96 
4 4153.69 -555.71 1798.98 
5 3597.12 -1031.79 1282.66 
6 2207.14 -841.13 683.00 

Table 5: Sum of plastic moments of column required at each storey to avoid undesired mechanism 
 

h) Computation of the maximum value of  𝑀𝑐,𝑖𝑚.
The sum of the plastic moments of columns governing the column design at each storey is 

given in Table 5 by the underlined values. It can be recognized that, in the examined case, the 
need to avoid type-1 mechanism always governs the design of columns. 

i) Design of column sections at each storey.
The required sum of column plastic moments 𝑀𝑐,𝑖,𝑖𝑚, the section, the upper and lower 

reinforcement, the axial force for both directions of the earthquake are reported in Table 6. 

STOREY Column 𝑀𝑐,𝑖𝑚 [kNm] 𝑏 𝑚 ℎ  𝐴𝑠 = 𝐴𝑠′  𝑁𝑚𝑖𝑛  [kN] 𝑁𝑚𝑚𝑚 [kN] 

2° 

A 

686.65 

30x70 5 Φ 28 - 147.54 725.04 
B 30x60 6 Φ 24 515.47 755.03 
C 30x70 7 Φ 20 693.00 693.00 
D 30x60 6 Φ 24 515.47 755.03 
E 30x70 5 Φ 28 - 147.54 725.04 

3° 

A 

808.70 

30x70 5 Φ 32 - 118.03 580.03 
B 30x70 5 Φ 28 412.38 604.02 
C 30x60 4 Φ 32 554.40 554.40 
D 30x70 5 Φ 28 412.38 604.02 
E 30x70 5 Φ 32 - 118.03 580.03 

4° 

A 

830.73 

30x70 5 Φ 32 - 88.52 435.02 
B 30x70 5 Φ 28 309.28 453.02 
C 30x70 5 Φ 28 415.80 415.80 
D 30x70 5 Φ 28 309.28 453.02 
E 30x70 5 Φ 32 - 88.52 435.02 

5° 

A 

719.42 

30x70 5 Φ 28 - 59.02 290.02 
B 30x60 4 Φ 32 206.19 302.01 
C 30x60 5 Φ 28 277.20 277.20 
D 30x60 4 Φ 32 206.19 302.01 
E 30x70 5 Φ 28 - 59.02 290.02 

6° 

A 

441.42 

30x50 6 Φ 24 - 29.51 145.01 
B 30x50 6 Φ 24 103.09 151.01 
C 30x50 6 Φ 24 138.60 138.60 
D 30x50 6 Φ 24 103.09 151.01 
E 30x50 6 Φ 24 - 29.51 145.01 

Table 6: Design of column sections at each storey 

j) Checking of technological condition
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By observing Table 4 and Table 6 it can be noted that there are some column sections at 
the first storey which are smaller than the corresponding ones required at the second storey, 
therefore, this condition generates a technological condition at the first storey. As a 
consequence, the value of 𝑀𝑐,𝑅𝑅,1 needs to be updated and the procedure needs to be repeated 
from the step e). In Table 7 the new value of required sum of plastic moments of columns 

𝑀𝑐,𝑖𝑚
(𝑡)  at any storey are reported: 

STOREY  𝑖𝑚 𝑀𝑐,𝑖𝑚 
(1)  [kNm] 𝑀𝑐,𝑖𝑚

(2)  [kNm] 𝑀𝑐,𝑖𝑚
(3)  [kNm]

1 3299.17 - 3299.17 
2 3382.14 1801.51 2591.83 
3 4010.78 471.55 2241.17 
4 4136.30 -522.98 1806.65 
5 3590.98 -1014.40 1288.29 
6 2207.14 -834.99 686.07 

Table 7: Sum of plastic moments of column required at each storey to avoid undesired mechanism 

With reference to Figure 6, that is, to the earthquake from left to right, the axial force 
corresponding  𝑁𝑆𝑅,𝑖,𝑖𝑚 and the obtained bending resistance 𝑀𝑐,𝑅𝑅,𝑖,𝑖𝑚 are reported in Table 8. 

STOREY Column 𝑀𝑐,𝑖,𝑖𝑚 [kNm] 𝑏 𝑚 ℎ 𝐴𝑠 = 𝐴𝑠′  𝑁𝑆𝑅,𝑖,𝑖𝑚 [kN]  𝑀𝑐,𝑅𝑅,𝑖,𝑖𝑚 [kNm] 

1° 

A 

560.23 

30x70 6 Φ 24 - 177.05 624.88 
B 30x70 5 Φ 20 618.57 564.77 
C 30x80 6 Φ 16 831.60 600.50 
D 30x70 5 Φ 20 906.03 613.87 
E 30x70 6 Φ 24 870.05 895.14 

2° 

A 

676.42 

30x70 5 Φ 28 - 147.54 725.52 
B 30x70 7 Φ 20 515.47 699.78 
C 30x70 7 Φ 20 693.00 736.67 
D 30x70 7 Φ 20 755.03 747.81 
E 30x70 5 Φ 28 725.04 962.94 

3° 

A 

802.15 

30x70 5 Φ 32 - 118.03 970.87 
B 30x70 6 Φ 24 412.38 804.06 
C 30x70 6 Φ 24 554.40 837.54 
D 30x70 6 Φ 24 604.02 848.21 
E 30x70 5 Φ 32 580.03 1170.38 

4° 

A 

827.26 

30x70 5 Φ 32 - 88.52 980.27 
B 30x70 5 Φ 28 309.28 867.90 
C 30x70 5 Φ 28 415.80 896.16 
D 30x70 5 Φ 28 453.02 905.33 
E 30x70 5 Φ 32 435.02 1136.93 

5° 

A 

718.19 

30x70 5 Φ 28 - 59.02 753.74 
B 30x60 4 Φ 32 206.19 736.41 
C 30x60 5 Φ 28 277.20 724.63 
D 30x60 4 Φ 32 302.01 759.55 
E 30x70 5 Φ 28 290.02 862.57 

6° 

A 

441.42 

30x50 6 Φ 24 - 29.51 462.44 
B 30x50 6 Φ 24 103.09 491.33 
C 30x50 6 Φ 24 138.60 499.05 
D 30x50 6 Φ 24 151.01 501.73 
E 30x50 6 Φ 24 145.01 500.43 

 

Table 8: Design of column sections at each storey for earthquake from left to right 
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With reference to the earthquake from right to left, the axial force corresponding 
𝑁𝑅𝑆,𝑖,𝑖𝑚 and the obtained bending resistance 𝑀𝑐,𝑅𝑅,𝑖,𝑖𝑚 are reported in Table 9. 

STOREY Column 𝑀𝑐,𝑖,𝑖𝑚 [kNm] 𝑏 𝑚 ℎ 𝐴𝑠 = 𝐴𝑠′  𝑁𝑅𝑆,𝑖,𝑖𝑚 [kN] 𝑀𝑐,𝑅𝑅,𝑖,𝑖𝑚 [kNm] 

1° 

A 

560.23 

30x60 5 Φ 28 870.05 895.14 
B 30x70 5 Φ 20 906.03 613.87 
C 30x80 6 Φ 16 831.60 600.50 
D 30x70 5 Φ 20 618.57 564.77 
E 30x60 5 Φ 28 - 177.05 624.88 

2° 

A 

686.65 

30x70 5 Φ 28 725.04 962.94 
B 30x60 6 Φ 24 755.03 747.81 
C 30x70 7 Φ 20 693.00 736.67 
D 30x60 6 Φ 24 515.47 699.78 
E 30x70 5 Φ 28 - 147.54 725.52 

3° 

A 

808.70 

30x70 5 Φ 32 580.03 1170.38 
B 30x70 5 Φ 28 604.02 848.21 
C 30x60 4 Φ 32 554.40 837.54 
D 30x70 5 Φ 28 412.38 804.06 
E 30x70 5 Φ 32 - 118.03 970.87 

4° 

A 

830.73 

30x70 5 Φ 32 435.02 1136.93 
B 30x70 5 Φ 28 453.02 905.33 
C 30x70 5 Φ 28 415.80 896.16 
D 30x70 5 Φ 28 309.28 867.90 
E 30x70 5 Φ 32 - 88.52 980.27 

5° 

A 

719.42 

30x70 5 Φ 28 290.02 862.57 
B 30x60 4 Φ 32 302.01 759.55 
C 30x60 5 Φ 28 277.20 724.63 
D 30x60 4 Φ 32 206.19 736.41 
E 30x70 5 Φ 28 - 59.02 753.74 

6° 

A 

441.42 

30x50 6 Φ 24 145.01 500.43 
B 30x50 6 Φ 24 151.01 501.73 
C 30x50 6 Φ 24 138.60 499.05 
D 30x50 6 Φ 24 103.09 491.33 
E 30x50 6 Φ 24 - 29.51 462.44 

Table 9: Design of column sections at each storey for earthquake from right to left 

4. VALIDATION OF THE DESIGN PROCEDURE

In order to validate the design procedure, a static non-linear analysis (push-over) has been
carried out to investigate the actual seismic response of the designed frame by means 
SAP2000 computer program [36]. This analysis has the primary aim to confirm the 
development of the desired collapse mechanism typology and to evaluate the obtained energy 
dissipation capacity, testing the accuracy of the proposed design methodology. 

Regarding the structural modelling, the mechanical non-linearities, have been concentrated 
at beam and column ends by means of plastic hinge elements. The constitutive law of such 
plastic hinge elements is provided by a rigid plastic moment-rotation curve. The type of hinge 
depends on the element considered i.e. by its internal action. In fact, for the beams and the 
columns M3 and  P-M3 hinge type have been considered, respectively. In case of P-M3 hinge 
type, the interaction domain P-M has been evaluated for each column and used in SAP2000 
computer program. The results of the push-over analysis are mainly constituted by base shear 
– top sway displacement curve which is depicted in Figure 7.
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In the same figure also a straight line is given, i.e. the one corresponding to the linearized 
mechanism equilibrium curve of global mechanism whose expression, for the designed frame, 
is: 

𝛼 = 2.8165 − 0.003029 δ (40) 

Obviously, the base shear depicted in Figure 7 is, in this case, obtained by multiplying the 
value of 𝛼, given by Eq. (40), for the design base shear corresponding to 𝛼 = 1. The 
comparison between the capacity curve and the above straight line provides a first 
confirmation of the accuracy of the proposed design procedure. 

Figure 7: Push-over curve with the global mechanism equilibrium curve 

A further confirmation, even the most important, of the fulfilment of the design objective is 
represented by the pattern of yielding developed at the occurrence of the design ultimate 
displacement. In fact, developed plastic hinges are shown in Figure 8 and their pattern is in 
perfect agreement with the global mechanism. 

In order to fulfill the serviceability requirements the interstorey drift have been checked 
with reference to the limit reported in the Eurocode 8. In particular the considered limit refers 
to buildings having non structural elements of brittle materials attached to the structure: 

𝑑𝑟 𝜈 ≤ 0.005 h (41) 

If this serviceability requirement is not verified the structural stiffness can be improved by 
increasing the beam sections or the ultimate design displacement. In fact, in both cases the 
final results will be a more rigid structure with respect to the one obtained in the worked 
example herein presented. In Table 10 the final results are reported. 

STOREY 𝑑𝑠 [mm] 𝑑𝑟 [mm] 𝜐 𝑑𝑟 𝜐 0.005 h 
1° 6.9238 0.8140 

0.5 

0.4070 1.5 
2° 6.1097 1.0598 0.5299 1.5 
3° 5.0499 1.2805 0.6402 1.5 
4° 3.7693 1.4740 0.7370 1.5 
5° 2.2953 1.4624 0.7312 1.5 
6° 0.8328 0.8328 0.4164 1.5 

Table 10: Limitation of interstorey drift 
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 Figure 8: Pattern of yielding of the designed frame at  𝛾 = 𝛾𝑢 

To provide a more robust validation of the design methodology, non-linear incremental 
dynamic analyses have been developed with reference to the same structural model used for 
push-over analyses.  

Record-to-record variability has been accounted for considering 7 recorded accelerograms 
selected from PEER data base [37].  

In Table 11 main features of the records (name, date, magnitude, ratio between PGA and 
gravity acceleration, length and step recording) are given. These earthquake records have 
been selected to approximately match the linear elastic design response spectrum of Eurocode 
8, for type A soil. 

Moreover, in order to perform IDA analyses, each ground motion has been scaled to obtain 
the same value of the spectral acceleration 𝑆𝑚(𝑇1) corresponding to the fundamental period of 
vibration 𝑇1 of the structure (𝑇1 = 0.65).  

Earthquake (record) Component Date PGA/g Length Step recording 
Coalinga (Slack Canion) H-SCN045 1983/05/02 0.166 29.99 0.01 

Imperial Valley (Agrarias) H-AGR003 1979/10/15 0.370 28.35 0.01 
Kobe (Kakogawa) KAK000 1995/01/16 0.251 40.95 0.01 

Palm Springs (Soboba) H08000 1986/07/08 0.250 26.00 0.005 
Santa Barbara (Courthouse) SBA132 1978/08/13 0.102 12.57 0.01 
Spitak Armenia (Gukasian) GUK000 1988/07/12 0.199 19.89 0.01 

Victoria Mexico (Chihuahua) CHI102 1980/06/09 0.150 26.91 0.01 

Table 11: Accelerogram characteristics 
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This is the seismic intensity measure (IM) adopted for IDA analyses where 𝑆𝑚(𝑇1) values 
have been progressively increased until the occurance of structural collapse, corresponding to 
anyone of the following ultimate limit states: column buckling or to the complete 
development of a collapse mechanism, attainment of the limit value of plastic rotation of 
beams or columns. In Figure 9, the maximum interstorey drift ratio (MIDR) versus spectral 
acceleration curve is reported. MIDR curves appears quite regular and increasing without 
dynamic instability. In addition, for each record the obtained pattern of yelding has been 
monitored for increasing values of 𝑆𝑚(𝑇1) by checking that plastic hinge development is 
always in perfect agreement with the global mechanism. This results testifies the accuracy of 
the proposed design procedure even under actual seismic actions. 

Figure 9: Maximum interstorey drift ratio versus 𝑆𝑚(𝑇1) 

As an example, Figure 10 provides the distribution of plastic hinges for increasing value of 
𝑆𝑚(𝑇1) with reference to Santa Barbara earthquake record. As a consequence of the obtained 
design goal, the spectral acceleration values leading to collapse, given in Table 12, are very 
high and compatible with the adoption of the designed structure even in the case of 
destructive earthquakes.  

Earthquake (record) S𝒂𝒄/g PG𝑨𝒄/g 
Coalinga (Slack Canion) 0.94 0.52 

Imperial Valley (Agrarias) 0.89 0.73 
Kobe (Kakogawa) 1.10 0.83 

Palm Springs (Soboba) 0.84 1.51 
Santa Barbara (Courthouse) 0.88 0.63 
Spitak Armenia (Gukasian) 0.89 0.52 

Victoria Mexico (Chihuahua) 0.87 0.32 
Mean value 0.91 0.72 

Table 12: 𝑆𝑚(𝑇1) and PGA values corresponding to attainment of the structural collapse 
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As depicted in Figure 10 the frames present some spurious hinges at the column ends of 
some storeys. Indeed these hinges are displayed by the SAP but their plastic rotation is very 
close to zero then they do not partecipate in the development of the collapse mechanism of 
global type. In paticular, drawn the limit line of the ultimate plastic rotation provided by 
hinges (0.04 rad). In addition the average value of 𝑆𝑚(𝑇1) leading to collapse is near to 0.91g 
while the average PGA is about 0.72g. 

Sa (T1)/g = 0.8 Sa (T1)/g = 1.3

Sa (T1)/g = 2.0 Sa (T1)/g = 2.4

Figure 10: Pattern of yielding of the designed frame for increasing value of  Sa(T1) with reference to Santa 
Barbara earthquake record 

5. CONCLUSIONS

In this paper a methodology called “Theory of Plastic Mechanism Control” for the design of 
reinforced concrete moment resisting frames has been presented. On the base of the extension 
of the kinematic theorem of plastic collapse to the concept of mechanism equilibrium curve, 
the Theory of Plastic Mechanism Control allows to evaluate the sum of plastic moments of 
the columns required at each storey in order to develope a collapse mechanism of global type. 
The closed form solution of the design conditions makes the design procedure very easy to be 
applied even by means of hand calculations and, therefore, it could also be suggested for code 
purpose by definitely solving the problem of collapse mechanism control whose importance 
in seismic design is universally recognised. Beam-column hierarchy criterion, commonly 
suggested by seismic codes, appears only as a very rough approximation when compared to 
TPMC and its theoretical background. The reliability of the proposed design procedure has 
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been also demonstrated through its application to a four-bays, five-storeys frame, leading to 
the fulfilment of the design objective, i.e. the development of a collapse mechanism of global 
type, as it has been confirmed by the results of both push-over static inelastic analysis and 
incremental dynamic analyses. The proposed methodology can be considered as belonging to 
the Performance Based Seismic Design philosophy [38]. In fact, in order to satisfy the limit 
states of “Life Safe” or “Near Collapse” the designer has to promote a dissipative collapse 
mechanism avoiding the so called “soft storey mechanism”. In addition, it is useful to 
underline that the proposed procedure constitutes a rigorous application of the capacity design 
principles. In fact, beams are designed in order to bear external loads, while columns are 
designed according to the maximum internal actions transmitted by the dissipative zones. As 
already stated in point b) of the design algorithm, the limit of the procedure herein presented 
is constituted by the simmetry considered both for the structural scheme and for the beam 
sections. In fact, only symmetric structures characterized by symmetrical beam sections with 
symmetrical reinforcement have been considered. This represents the main limit of the 
procedure and the its overcoming is the main objective of the future developments of the 
work. 
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Abstract. Studied in this paper, is "Solar Updraft Tower Power Plant" in marine environ-

ment from the aspect of structural form. Solar updraft tower is a thermal power plant com-

bined with two main components; that is, the collector which collects all solar radiation and 

the thermal tube which guides the warm air from the collector to the upper sky more than 

200m high. The conventional solar updraft tower, however, requires vast land to collect 

enough solar radiation, so the idea herein is to build solar updraft tower over the sea. Our 

goal is to stabilize 1000m high tower against the loadings in the marine environment. To ac-

complish this goal, the following steps were set. At first, the design of the tower is discussed. 

Steel tower is designed based on Japanese Structural Design Recommendation for Chimneys. 

Alternatively, the existing plan of RC Solar updraft tower is referred and the two designs are 

compared each other. From the aspect of weight, RC tower is applied for the following analy-

sis. Next, the buoy for the 1000 m RC tower is assessed. Here, the buoy geometry is set to be 

cylinder, for the sake of simplicity. From the calculation of buoyancy and stability, it is rec-

ommended that the range of radius is 60 m ~ 124 m and that the range of buoy height is 26 m 

~ 311 m. Again, for the simplicity, the buoy with radius is set to be 60 m, same with tower, 

and the height is set to be 311 m. Finally, one prototype of offshore solar updraft tower is 

modelled. The static analysis in the marine environment is carried out. To calculate the mod-

el’s stability, the vibration analysis and stress analysis are done with either rigid body model 

or elastic model. With respect of natural frequency, the first natural frequency is very small, 

although the third mode may cause resonance with wind or wave. From the view of working 

stress, a part of tower base is yielded so that at least the thickness of shell should be carefully 

considered.  Dynamic load such as wind load has considerable effect; however, especially the 

dead load has most effect. In conclusion, one simple model for Offshore Solar Updraft Tower 

is proposed and its requirements are shown. This assessment can be utilized for the further 

light and more complicate model. 
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1 INTRODUCTION 

From the world trend of reducing CO
2
 and the nuclear hazard occurred in Japan, shifting

energy resources, especially into renewable energies is an imminent issue in Japan. Clean en-

ergies such as solar energy, wind energy, bio energy and so on, usually requires vast land be-

cause its solar radiation and blowing winds contain little energy per unit area. Therefore, in 

Japan, how to utilize the ocean will be the key issue. Here we suggest solar updraft tower as 

the renewable energy to bring into the offshore surrounding Japan islands. Solar updraft tower 

is a thermal power plant combined with two main components; that is, as shown in the figure, 

the collector which collects all solar radiation using the Green House effect, and the thermal 

tube, expected to be as 1000 m tower which guides the warm air from the collector to the up-

per sky [1]. One prototype existed in Manzanares, Spain, with the tower height of 200 m and 

energy output of 50 KW, but now it is shut down due to its structural failure. After the one 

from Manzanares, there are no one tested with higher energy output.  

There exist many problems to make use of this structure. Especially, it is difficult to find a 

land big enough to assure safety, and its height is considered to be a problem inducing high 

stress concentration at the bottom of the tower. Proposed herein is a floating solar updraft 

tower, shown in Figure 1, so that the stress concentration at the bottom can be reduced. In the 

floating system, tower is supported by the buoy but the collector is considered to be floating 

by its own and merely connected with hinge, not a stiff connection. 

 In this paper, the floating stability and structural stability of tower structure and buoy 

structure are assessed for the feasibility of Solar Updraft Tower in the marine environment, 

with the use of numerical models.  

Figure 1: Solar Updraft Tower and a model proposed in this paper 

2 TOWER DESIGN 

The Solar Updraft Tower with nominal power of 200MW was planned by Schlaich Ber-

germann & Partner, and from its thermal calculation, it is concluded that the radius of 120 m 

and height of 1000 m is required. The tower is designed with reinforced concrete and maxi-

mum thickness is 1.3 m, minimum thickness is 0.3 m and the total weight is 527,030 tons.  

In this paper, the preliminary design of steel tower is carried out. The section of the steel 

tower is designed based on Structural Design Recommendation for Chimneys [2]. Tower is 

divided into 10 segments and the thickness is uniform in the each segment as shown in Figure 

2. For steel tower, the weight is considered to be 7.85 ton/m
3
 and the yield strength is given as

400 N/m
2
. The design loads such as wind load and dead load are considered. Distribution of

wind speed is given by power law profile, Eq. (1) [3].  

(1) 

Suggested floating solar updraft tower   Solar updraft tower 
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z  m  denotes height, U(z) m/s denotes wind velocity at each height, U10 denotes the wind 

speed at 10 m height and exponent p is a factor that represents air stability and terranean con-

ditions. Here, U10 is 30 m/s which is an average wind speed of large typhoons in Japan and  p 

is 0.096 assuming the sea surface and the instable air condition. In this calculation, maximum 

wind speed is 45 m/s at 1000 m height. According to the field research [4], they have ob-

served typhoon with wind speed of 18 m/s on 10 m height and its wind speed was 29 m/s 

around 1000 m height. Calculation from the above equation, the wind speed at 1000 m height 

will be 28 m/s .  

Figure 2: Section design of a 1000 m tower 

As a result, the steel tower designed in this paper weighs 551,840 ton and it turned out to 

be heavier than the RC tower. This difference could be caused because of the considered safe-

ty factor and loads. Steel tower is designed with safety factors up to 2.25, in a condition that it 

will be constructed near towns. So when constructing in isolated area, the safety factor could 

be rather lowered. For the load difference, since in Japan with lots of typhoon attack, so peak 

wind load is much higher. Even in Japan, if wind speed could be set to be smaller, the de-

signed wind load will possibly be lowered. So it could be concluded that, from revision of de-

sign wind speed and safety factors, steel tower can be designed thinner and lither. 

Since the thousand meter steel tower designed in this chapter turned out to be heavier than 

the RC tower, based on the dimensions of the RC tower further assessment is carried out in 

the following chapters. 

3 BUOY DESIGN 

In this chapter, the buoy size and its weight are discussed to make float the thousand meter 

tower and followings are the design conditions. The applied tower design is referred from 

Chapter 2. The wind load is also referred from Chapter 2, which uses power law, Eq.(1) so if 

Steel tower design  RC tower design 
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the wind speed on 10 meter height is set as 30 m/s, then the wind speed will be 45 m/s at the 

1000 m height. As it is shown in Figure 1, the buoy consists of two parts, the hollow and 

filled parts so that it could assure its buoyancy and stability. The hollow part is made by RC 

and filled part consists of a concrete block as a solid. Considering the coverage of concrete, 

the thickness of the shell is set as 0.6 m. After all, two conditions are given to assure its buoy-

ancy and stability (2). Mtower and Mbuoy is a mass of tower, ρ is a density of sea water, 1.062 

ton/m
3
 and g is an acceleration of gravity. MG is a distance between centre of gravity G and

meta centre M, centre of rotation of the hull structures, and hbuoy is the height of the whole 

buoy.  

(2) 

First equation indicates that the mass of the full structure is sustained by the volume of the 

buoy. Second equation, is for that the centre of gravity is positioned lower than meta centre 

and the distance is around 5% of the height of buoy. There is a discussion for the length of 

MG, but in the hull structure, it must be larger than 5% of buoy height. 

Let the height of the buoy part hb, the height of filled part hw and the radius of the buoy to 

be rb. When rb is set to be 60, 90, 120, 124 m, the hb and hw that satisfies equations (2) are 

shown in table 1. 

rb  (m) hb  (m) hw  (m) GM (m) 

60 196 115 9.84 

90 104 65.0 5.24 

120 36.7 19.6 1.83 

124 19.2 6.76 0.96 

Table 1: Profiles of buoy to make the tower float. 

When the radius of the buoy is set to be 60 m, the same with that of the tower, its total 

length will be 311 m. When assumed to minimize the length of buoy, the total buoy height is 

26 m and the radius will be 124 m. However, considering the stress concentration in structural 

discontinuity of tower and buoy, the radius of 60 m is considered in the following discussions. 

4 STATIC CALCULATION OF THE FLOATING UPDRAFT TOWER 

The wind load and the dead load are applied to the tower and the maximum tilt of the 

whole structure including its buoy is discussed here. First, the rigid body model is considered. 

RC tower design is referred to Chapter 2 and the buoy design with radius of 60 m is referred 

to Chapter 3 and its whole profile is shown in Figure 3. First the rigid body estimation is done. 

More precisely, calculation of the equilibrium point of wind energy and energy of the righting 

moment of the buoyancy is done. For the wind load, the power law above is given, and for 

moment force, the calculation of distance between meta centre and centre of gravity is multi-

plied by the total weight of the structure. The torque center is set to be meta centre, and it is 

160.15 m from the bottom of the buoy. Here, the distribution of the dead load is not consid-

ered and only the centre of gravity is applied in to the calculation. From this calculation, the 

tower will tilt 29.9 degree when maximum wind speed of 45 m/s is given. 

Next, the elastic body analysis is carried out, with applying wind load and dead load on the 

structure in Abaqus/Standard 6.12-3 [5]. As it could be seen in Figure 3, the structure is fixed 
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at meta centre except the rotation DOM. To substitute the moment of the buoyancy, torsion 

spring is adapted to the meta centre and its spring constant is 38 GNmm/rad. This constant is 

acquired from the calculation of the moment for the rigid body analysis. The tower part and 

buoy part consists of S4R shell element and the filled part consists of solid element. As a re-

sult the maximum tilt is 29.1 degrees and it differs 2% from the rigid body analysis. The 

stress distribution is given as contour in Figure 3 as well. The highest stress of 287 MPa is 

obtained in left part of tower base as the compression. This value is over the strength of con-

crete, so the shell thickness or changing the member into steel should be considered. And as it 

could be seen in the figure, the top part of the tower is largely deformed in the circumferential 

direction. So it is sure that the ring stiffeners should be applied to such a cylinder structure as 

it could be seen in the former researches. 

Figure 3: Static analysis conditions 

5 DYNAMIC RESPONSE OF THE UPDRAFT TOWER 

In Chapter 4, the static calculation has been done for the structure, however, its maximum 

tilt was estimated to be 29.1, so dynamic response is also considered here. First, frequency 

analysis is carried out. The same model is used with Figure 3, and without any loads, its natu-

ral frequency is calculated with Abaqus, and the result is shown in Figure 4. The first natural 

frequency is 2.16×10
-3 

 Hz. Since it is very low, it is concluded that the wave frequency or

wind frequency may not affect. However, the second and third frequency are around 0.1~0.18 

so that it could cause the resonance with the wind and wave. 

The transient response analysis is carried out to assure the safety against the dynamic loads. 

Condition assumed here is when the strong wind such as typhoon, it is assessed whether the 

structure comes back to its original position. In the first step, the tower is rotated 29.1 degrees, 

and in the following step, the free vibration of the tower is considered. As for calculation 

method, the direct integration of equation of motion is employed in which time increment is 

set to be 0.1 (sec). The velocity observed at the tip of the tower is 0.425 m/s and its frequency 

is also 2.12×10
-3

 Hz which is nearly equal to the first natural frequency. The working stress

is merely 2.4 MPa; then, it could be concluded that dynamic loading effect is far smaller 

compared to the response by the dead load and wind load. 

Analysis model   Design of the  
Offshore solar updraft tower Elastic Body Analysis 
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Figure 4: Natural Frequency modes of the structure 

6 CONCLUSIONS 

 Buoy for tower of 1000 meter height has been designed, considering the stability and the

buoyancy. Total mass of the buoy is 3.25×10
6
 ton ; therefore, the total mass of the struc-

ture becomes 3.78×10
6
 ton.

 Wind load is applied on the tower structure with static analysis and its maximum tilt is

calculated to be up to 29.1 degrees.

 Dynamic load is assessed in a free vibration analysis; then, it is understood that its max-

imum velocity was merely 0.45 m/s, and that the dead load turned out to be the critical

load in this structural design after all.

 From this research, it is concluded that the design of the floating updraft tower is feasible

with the existing RC tower design; however, the lighter tower design is recommended.
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Abstract. Τhis paper presents an implementation of a design method of robust H∞ optimal 

control to a structural control system.  To obtain the best possible performance in the face of 

uncertainties, robust H∞ optimal control for the active control structure is used. Relevant nu-

merical techniques, which have been implemented with the help of MATLAB routines, are ap-

plied to solve the formulated structural control problem.  By proper selection of the weight 

factor, the seismic response of the building structure can be reduced considerably. Numerical 

results show high robust performance of the proposed method.  

1. INTRODUCTION

   The control of structural vibrations is an important goal for the structural engineer. Several 

control techniques have been developed for these purposes. Classical engineering design 

based on appropriate choice of materials and of dimensions of the structure provides only a 

partial solution to the problem because of their limited control action. The aim of this research 

is to design a robust controller to suppress adverse vibrations of smart structures due to earth-

quake and wind excitations. The design specifications of H∞ control are given in the frequen-

cy domain, and thus it is easy for H∞ control to deal with the uncertainty at high frequencies 

and to guarantee the robust stability and robust performance [10, 11, 23].  

A short literature review gives a deep insight into the research work done on the smart 

structures so far. Culshaw [1] discussed the concept of smart structure, its benefits and appli-

cations. Rao and Sunar explained the use of piezo materials as sensors and actuators in sens-

ing vibrations in their survey paper [2]. Hubbard and Baily [3] have studied the application of 

piezoelectric materials as sensor / actuator for flexible structures. Hanagud et.al. [4] devel-
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oped a Finite Element Model (FEM) for a beam with many distributed piezoceramic sensors/ 

actuators. 

Hwang and Park [5] presented a new finite element (FE) modeling technique for flexible 

beams. Continuous time and discrete time algorithms were proposed to control a thin piezoe-

lectric structure by Bona, et.al. [6]. Schiehlen and Schonerstedt [7] reported the optimal con-

trol designs for the first few vibration modes of a cantilever beam using piezoelectric sensors/ 

actuators. S.B. Choi et.al. [8] have shown a design of position tracking sliding mode control 

for a smart structure. Distributed controllers for flexible structures can be seen in Forouza 

Pourki [9]. 

2. MODELLING

   The dynamical description of the system is given by, 

M )(tq +D )(tq +Kq(t)=fm(t)+fe(t) (1) 

Where M is the generalized mass matrix, D the viscous damping matrix, K the generalised 

stiffness matrix,  fm the external loading vector and fe the generalised control force vector pro-

duced by electromechanical coupling effects. For  a model simplified beam model of a com-

posite beam with piezoelectric sensors and actuators the independent variable vector q(t) is 

composed of transversal deflections wi and rotations ψi, i.e  for [10, 11], 
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We can augment this with the output equation. For example, if we assume that displacements 

are only measured then, 

y(t)=[x1(t) x3(t) … xn-1(t)]
T
=Cx(t) (3) 

with, 
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In this formulation u is n×1 (at most, but can be smaller), while d is 2n×1. The units used are 

m, rad, sec and N. 

The control problem is to keep the beam in equilibrium (: zero displacements and rotations) in 

the face of external disturbances, noise and model inaccuracies, using the available measure-

ments (displacement) and controls [12, 13].  

3. CLASICAL CONTROL

    In the sequel we will analyse the behaviour of a cantilever beam, with four pairs of piezo-

electric patches bonded symmetrically at the top and bottom surfaces of each beam element 

[14, 23]. 

The open loop system is as shown in Fig. 1.  Using (2), (3) the transfer function from distur-

bance to position is, 
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Ho(s)=C(sI-A)
-1

G (4) 

Ho(s)  
d y 

beam 

disturbance 

Figure 1 Open loop system 

Firstly we note that the A matrix is badly conditioned with condition number = 

5.624703967123330e-013 Fig. 2.  This means some preconditioning would be beneficiary to 

sensitive calculations (like pole placement).  A way around this problem is to balance the sys-

tem matrix.  MATLAB provides the routine[ 15], 

[T, S] = balance(A) 

which produces a diagonal transformation matrix T whose elements are integer powers of 2, 

and matrix B such that, 

A=TST
-1

In this way some of the bad conditioning is transferred to T.  Letting, 

z=T
-1

xx=Tz

(2) becomes, 
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Another problem arises from the very small size of the minimum eigenvalue which defines 

the smallest time constant of the system, which in turns dictates sampling intervals used in 

simulations.  These sampling intervals should be smaller than the smallest time constant.  

When this happens, arrays involved for example in lsim simulations get very big, and special 

care must be taken if the simulation time is large[15,16]. 

Also the system is both controllable and observable (in fact the system is both controllable 

and observable with fewer inputs and measurements).  
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Figure 2 Condition number of the system 

Responses to various inputs are in Figs. 2,  4,  5,  6. 
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3. Hinfinity CONTROL

To relate the structures used in classical and H∞ control, let’s look at Fig. 4 : 
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Figure 4 Closed loop diagram in the frequency domain 

In this diagram are included all inputs and outputs of interest, along with their respective 

weighs.  
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To find the necessary transfer functions [17, 18]: 

yFw=WyJx= WyJFv=WyJF(GWdd+BuK)=WyJFGWdd+WyJFBuK 

uw=WuuK

yn=Cx+Wnn=CFv+Wnn=CF(GWdd+BuK)+Wnn=CFGWdd+CFBuK+Wnn 

Combining all these gives, 
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Note that the plant transfer function matrix, F(s), is deduced from the suitably reformulated 

plant equations, 

)()()( tIvtAxtx 

y(t)=Ix(t) 

where v(t)=Gd+Buk .  Hence, 

F(s)=(sI-A)
-1

The equivalent two-port diagram  in the closed loop system is fig. 4, 
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Figure 5  Closed loop system, two  port diagram 
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where z are the output variables to be controlled, and w the exogenous inputs. 

Given that P has two inputs and two outputs it is, as usual, naturally partitioned as, 
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Also, 

u(s)=K(s)y(s) (6) 

Using (4) the transfer function for P is, 
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while the closed loop transfer function Mzw(s) is,

Mzw(s)=Pzw(s)+Pzu(s)K(s) (I−Pyu(s)K(s))
−1

Pyw(s) (8) 

Equation (8) is the well known lower LFT for Mzw. 

To express P in state space form, the natural partitioning [19, 20], 
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is used (where the packed form has been used), while the corresponding form for Κ is, 
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x K(t)=AKxK(t)+BKy(t) 

u(t)=CKxK(t)+DKy(t) 

To find the matrices involved, we break the feedback loop and use the relevant equations. 

Therefore the equations relating the inputs, outputs, states and input/output to the controller 

are[21]: 

  FFwFF xyBuGdAxx  ,

uDxCuuBxAx uuuwuuuu  ,

FyFyFyFFwFyFyFyFyF yDxCyJyBxAx  ,

nDxCnnBxAx nnnwnnnn  ,

dDxCdGdxAx dddwddd  ,

yn=CyF+nw 

(10) 
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By taken dw, nw και yF from equation (11) we have, 
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Therefore the matrices are: 
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4. RESULTS

Various tests were performed with disturbance and noise profiles (used in time responses) as 

shown in Fig. 9. 
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Figure 9 Disturbances of the system 

To evaluate robustness we use mp=10
-5

, kp=10
-10

, dp=0.005(mp+kp).

4.1 Without weights 

In the simplest approach no weights are placed on any of the input/output quantities.  This 

means that the H∞ controller ensures [21, 22], 
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Figs.  (10)-(11) show the results of this run. 
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Figure 10 shows that the price of the singular value of the un weighted system is very small 

for all frequencies (much lower than one). Fig 11 shows a satisfactory effect of the disturb-

ance on the size of the control scheme (the design could be improved, if it were possible to 

reduce noise effect for frequencies of 1000 Hz). There are no difference is observed between 

the frequency plots of open and closed loop for the unweighted system. 

4.2. With weights 

Next we try constant weights, in particular let, 

Wn=10
-8

, Wu=1/500, We=10
3 

Figure 12 and 13promises a marked improvement in performance 

  Figures 12 shows that the value of   Tzw is low then one for all frequencies. 
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Fig. 13 shows a satisfactory effect of the disturbance on the size of the control scheme (the 

design could be improved, if it were possible to reduce noise effect for frequencies of 1000 

Hz). There are no difference is observed between the frequency plots of open and closed loop 

system. 

As shown in Fig. 13 a, there is a significant improvement in the effect of disturbance on er-

ror up to the frequency of 1000 Hz. In Fig. 13a , there seems to be little effect of noise on er-

ror for frequencies beyond 1000 Hz. In Fig. 13b, shows a satisfactory effect of the disturbance 

on the size of the control scheme (the design could be improved, if it were possible to reduce 

noise effect for frequencies of 1000 Hz). 
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CONCLUSIONS 

In this paper, a robust control design problem has been formulated within a linear fractional 

transformation framework using the Hinfinity   technique. The Hinfinity norm of the closed loop 

transfer matrix from all disturbances to the errors to be minimized has been chosen as the cost 

functional. A suboptimal controller has been used for numerical modeling. The open loop and 

the closed-loop controlled system has been simulated using a periodic impulsive command 

input, periodic isolated influences.  H infinity techniques have the advantage over classical con-

trol techniques in that they are readily applicable to problems involving multivariate systems 

with cross-coupling between channels. Simultaneously optimizing robust performance and 

robust stabilization is difficult. One method that comes close to achieving this is H infinity loop-

shaping, which allows the control designer to apply classical loop-shaping concepts to the 

multivariable frequency response to get good robust performance, and then optimizes the re-

sponse near the system bandwidth to achieve good robust stabilization.  It must be empha-

sized that the framework of the structural control employed in this paper is quite general and 

covers interesting cases of practical importance.  
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Abstract. In the present paper the development, calibration and experimental validation of 

an enhanced component based model of a dissipative steel link connecting a reinforced con-

crete wall and a steel gravity frame is presented. The structural consists in an hybrid coupled 

shear wall (HCSW), developed within the INNOHYCO project (Dall’Asta et al., 2014), ob-

tained coupling an RC wall with two side steel columns by means of steel links where the en-

ergy dissipation takes place. The experimental results carried on a subsystem representing a 

portion of the shear wall, the dissipative link and one side column, showed that the global dis-

sipative behavior is strongly affected by the characteristics of the link-to-column connection. 

In particular the prestressing force of the seat angle connection bolts influence in a decisive 

way the dissipative capacity of the system, especially for the low amplitude cycle. For this 

reason, an experimental campaign on two different hybrid system containing the dissipative 

element and the aforementioned connections has been carried out. A non-linear cyclic com-

ponent-based model of the entire sub-assemblage is then developed and calibrated on the 

base of experimental results.  
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1 INTRODUCTION 

During the last decades, several researches have been conducted in order to find structural so-
lutions capable to resist to the seismic lateral loads, assuring the life safety in case of strong intensity 
earthquakes and minimizing the damages to structural and non structural elements in case of low-to-
mid earthquakes. In order to reach these goals, particular attention has been given to dissipative struc-
tures that allows the realization of building characterized by relatively small element section, if com-
pared to the structures designed to resist elastically to the seismic action, but with a comparable, if not 
even greater, safety level. Generally speaking, the optimal solutions should be so characterized by 
suitable stiffness, resistance, global and local ductility. In order to minimize the damages to the non 
structural elements and the gravity resisting system and, at the same time, to allow a fast recover after 
low-to-mid intensity earthquakes, the dissipation of energy should be localized in suitable elements 
easy to replace after the seismic event.  

An effective structural solution capable of offering significant advantages in terms of re-
sistance and lateral stiffness are composite constructions. They have been common in Europe and US 
for over half a century through the use of composite beam and joist floor systems [3].  
In these pioneer experiences only the steel components of the structure were considered to resist loads 
while the concrete encasement was functional for protection. Although these structures were not de-
signed for seismic loads, they behaved better under strong earthquakes than pure steel structures, thus 
demonstrating that inadvertent composite action probably contributed to the good performance. For 
these reason, today, many engineers believe that composite and hybrid systems offer an economical 
method to develop the strength and stiffness required for seismic design, and many systems have been 
developed [4] such as unbraced moment frames consisting of steel girders with concrete-filled steel 
tube (CFT), steel reinforced concrete (i.e. encased steel section) beam-columns, braced frames having 
concrete-filled steel tube columns and a variety of composite and hybrid wall systems [4]. Several re-
search were also carried out in order to evaluate the dissipative capacity of composite structures [5] 
[6].  

Within the European project INNO-HYCO (INNOvative HYbrid and COmposite steel-
concrete structural solutions for building in seismic area) [1], funded by the Research Fund for Coal 
and Steel (RFCS), steel-concrete hybrid systems obtained by coupling reinforced concrete elements 
(e.g., walls and shear panels) with steel elements (e.g., beams) were studied. These systems permit to 
exploit i) the stiffness of reinforced concrete elements, necessary to limit building damage under low-
intensity earthquakes, and ii) the ductility of steel elements.  
In particular, in the present paper, the attention is focused on the innovative hybrid coupled shear wall 
(HCSW) systems, obtained coupling an RC wall with two side steel columns by means of steel links 
where the energy dissipation takes place.  

In the following paragraphs, a general description of the solution studied, the experimental 
campaign on the dissipative element and connection and the results obtained are presented. A compo-
nent-based model of the concrete-to-column link is then proposed, each component calibrated and the 
numerical results compared to the experimental ones. The present paper is based upon the work of 
Manfredi et al. [2], but it includes also a more detailed description of the methodology adopted and of 
the component model developed. 

2 INNOVATIVE HYBRID COUPLED SHEAR WALL SYSTEMS 

Generally, hybrid systems may suffer from some drawbacks distinctive of concrete walls and 
steel frames. In fact, shear walls are low redundant structures; their post-yielding behavior is charac-
terized by deformations localized at the base and expensive detailing is required to avoid concrete 
crushing. Moreover, due to the excessive overturning moment generated by seismic forces at the base 
of the wall, expensive foundations are often required. On the other hand, steel moment resisting 
frames are characterized by expensive connections and dissipative elements coincide with the gravity 
resisting ones, making their repair difficult after the earthquake. 
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For these reasons, several hybrid solutions have been studied in the last decade with the aim of 
overcoming these drawbacks. In figure 1, the structural scheme and a detail of the dissipative element 
(replaceable link beam) of the HCSW system proposed and developed within the INNO-HYCO pro-
ject [1], and studied within this paper, are reported.  

The system studied is composed by a seismic resistant structure, constituted by a reinforced 
concrete wall linked to two side columns by steel elements, and by a gravity frame. In this way, the 
reinforced concrete wall, thanks to its high stiffness, resists almost all the horizontal shear while the 
overturning moment is divided partially by the individual flexural action of the wall and partially by a 
couple of axial forces developed within the two side columns for the benefit of the foundation and of 
the flexural demand on the wall base. If correctly designed, the reinforced concrete wall should remain 
elastic (or undergo limited damages) while dissipation should be concentrated at the steel links (dissi-
pative elements). For this reason and in order to allow an easy repairing, the link beams should be de-
signed to guarantee the formation of the dissipative mechanism without involving the r.c. wall or the 
connection system embedded on the concrete, taking into account a suitable over-strength factor of the 
link elements. 

a) b) 

Figure 1: Innovative hybrid coupled shear wall system: a) structural scheme; b) replaceable link 

A correct capacity design would allow the activation, in case of high intensity earthquakes, of 
a global mechanism where almost all the links would dissipate the seismic energy transmitted to the 
structure, containing so the forces on all the other structural elements. Such capacity design should 
take in particular account all the elements involved in the transmission of force from the r.c. wall to 
the steel column, including so the joint between wall and link and between link and steel column. 

3  OBJECTIVE AND METHODOLOGY 

The optimal seismic behavior of the hybrid system presented is strictly conditioned by the real 
behavior of the dissipative elements that, within this work, are designed to be realized by simple I pro-
files. Given that the hysteretic behavior and its dependence from the element mechanical and geomet-
rical characteristics is, nowadays, well known, the main source of uncertainties is related to the 
characteristics of the wall-to-link and link-to-column connections. The principal objective of this arti-
cle is to develop a suitable mechanical parametric model able to reproduce, in a precise and reliable 
manner, the cyclic behavior of the dissipative system (considering so also the presence of the connec-
tions) taking into account the influence of the mechanical and geometrical characteristics of the dissi-
pative and connecting elements. The methodology used to develop the aforementioned mechanical 
model is resumed in figure 2.   

In order to take into account the real hysteretic behavior of the dissipative system, an experi-
mental campaign on two sub-systems representing two different connection typologies were carried 
out. For each connection typology, a total number of 5 tests were executed: 1 monotonic and 4 cyclic 
(2 with constant amplitude and 2 with increasing amplitude). Within this article, only the cyclic test 
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results were considered. The experimental behavior of the specimens allowed to select the main me-
chanical components that influence the global behavior of the dissipative system. Each component 
selected was then included in a mechanical model implemented in the OpenSEES software [7] and 
calibrated, in the first phase,  using the experimental data and models available in the state-of-the-art 
literature. After a comparison between the mechanical model results and the experimental ones, a 
more refined calibration, using the results of the cyclic tests with increasing amplitude, was carried out 
allowing so to obtain a reliable mechanical model able to reproduce, in a very precise way, the ex-
perimental results obtained on the tests with constant amplitude.   

Experimental tests on 

sub-systems

Selection of the main 

mechanical  components

Preliminary calibration of 

the model

Final calibration of the 

model

Comparison with the 

experimental results

Using data available

on the state of the art 

Comparison with the 

experimental results

Using experimental

data on the first 

specimens group

 Figure 2: Methodology 

4 EXPERIMENTAL CAMPAIGN 

4.1 Specimens design 

Within the INNO-HYCO project, 2 different case studies were designed in order to evaluate 
the suitable characteristics of the link element. In particular were considered a 4-storey case and a 8-
storey case [1], obtaining the profile reported in table 1 for the dissipative elements. 

Table 1: steel link profile (steel S355) [1] 
4-storey case 8-storey case 

Floor Link sec-

tion 

Link length 

[mm] 

Floor Link section Link length 

[mm] 

1
st
  floor IPE550 700 1

st
  and 2

nd
 floor IPE550 660 

2
nd
 floor IPE500 700 3

rd
 and 4

th
  floor IPE500 660 

3
rd
 floor IPE450 700 5

th
 and 6

th
 floor IPE450 660 

4
th
 floor IPE400 700 7

th
 and 8

th
 floor IPE400 660 

Starting from the obtained steel link profile obtained and considering the loading limits of the 
testing facility, the specimens representing the dissipative zone were downscaled. Considering an arbi-
trary safety factor equal to 1.5 with respect to the jack capacity, the designed intermediate link of 
length 660mm with section IPE500 steel S355, determined a down-scaled link with section IPE200, 
length equal to 360mm and  steel grade S275. 

Starting from the downscaled link specimens, two different typologies of link-to-wall connec-
tion have been considered: in the first case (typology 1) the bending moment is transferred by the link 
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to the wall primarily by the shear action of shear studs, see figure 3a; in the second case (typology 2) 
the moment is balanced by a couple of forces orthogonal to the embedded element axis line, see figure 
3b. In both cases the configuration of the link fixed to the wall and pinned to the steel column was as-
sumed.  

Moreover, two different solutions were considered for the link splice: in one case it was 
placed at a distance from the concrete wall considered sufficient to allow an easy bolting of the re-
placeable part (solution associated to typology 1), while, in the other case, the splice connection was 
placed in correspondence of the face of the wall and threaded bushings were placed to allow the fasten 
of the link (solution associated to typology 2). Both solutions have been designed following the capac-
ity design concept, allowing the formation of the plastic hinge on the link element without damage to 
the concrete wall, embedded element and joint. In both cases the link is connected to the steel column 
by an angle joint.  

a) b) 

Figure 3: Connection typology 1(a) and 2(b) [1] with the associated transmission force mechanism assumed 

In figures 4 and 5, the geometrical characteristic and the realized specimens are shown. Within 
this paper, the experimental results and the component based model of the first connection typology is 
presented given that the extension to the second one is straightforward to obtain.  

Figure 4: Connection typology 1 

Figure 5: Connection typology 2 
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4.2 Test setup 

In order to evaluate the behaviour of the dissipative zone as close to the real one as possible, 
for each connection typology, a subsystem representing the portion of the wall interested, the link-to-
wall connection, the link, the link-to-column connection and the column were realized.  

In figure 6, the global test setup is shown. The r.c. wall is firmly connected to the lab strong 
floor in order to minimize its vertical and horizontal displacement, while the shear force is transmitted 
to the link by an hydraulic actuator connected to the element representing the column.  

Figure 6: Global test setup 

The force transmitted by the actuator was recorded by a load cell, while the displacements and 
the strains of the steel and concrete element by displacement sensors and strain gauges. In figure 7 the 
sensors position for the connection typology n°1 is shown. 

Figure 7: Sensors position 

For each connection typology, 5 tests were executed, one monotonic and 4 cyclic. The first 
specimens couple was subjected to increasing displacement and in particular equal to 0.1 d, 0.2 d, 0.3 
d, 0.5 d, 0.7d and 1.0 d (d is the displacement expected at failure). Five cycles were repeated for each 
intermediate step while ten cycles for the last step (1.0d). A constant amplitude, corresponding to the 
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design displacement d up to failure, was imposed to the second links couple with a maximum number 
of imposed cycles equal to 20. 

4.3 Test results 

In figure 8 the results of the tests, in terms of force-displacement curves, are reported. In par-
ticular, the force – link displacement (blue line) and the force – column displacement (red line) are 
shown. 

a) b) 

c) d) 

Figure 8: Force – displacement graphs with  increasing amplitude (a,b) and constant amplitude (c,d) on the con-

nection typology 1 

During the first test, figure 8a, problems with the correct fastening of the bolts occurred, de-
termining so different results from the other tests where the problem was fixed. It can be see that, 
while the first one is characterized by a relative “fat” hysteretic cycle, the latter one is characterized by 
pinching phenomena, mainly due to the gap associated to the seat joint between the link element and 
the column. In figure 9a, it can be seen the accentuated eccentricity of the seat angle during the test 
due to the gap. Moreover, the pinching phenomenon slightly increases as the maximum imposed dis-
placement increases. In fact, due to the excessive relative rotation between the link end and the col-
umn, the link web near the seat angle plasticizes, increasing the gap between link and seat angle. In 
figure 9b, the ovalized holes of the link after the end of the fourth test are shown.  
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a) b) 

Figure 9: a) Position of the seat angle during the test n°4; b) plasticization of the link web at the end of test n°4 

In figure 10, the link force versus the relative displacement between the dissipative link and 
the column element relationships are shown. Two different phenomena can be individuated: 1) a linear 
variable friction between the angle profile and the link or column element that causes energy dissipa-
tion; 2) the pinching due to the contact and consequent ovalization of the dissipative link web holes. 
During the tests, no damage signs on the concrete wall were detected.   

a) b) 

Figure 10: Force versus link-to-column relative displacement for the test a) n° II with increasing am-

plitude and b) n°IV with constant amplitude. 

5 COMPONENT-BASED MODEL 

5.1 Definition of the model 

In order to extend the experimental results obtained to joints characterized by different me-
chanical and geometrical characteristics and so to establish the link effective capacity to dissipate 
seismic energy under the action of the cyclic load, a component-based model has been developed for 
Connection typology 1. The model has been implemented in OpenSEES (“The Open System for 
Earthquake Engineering Simulation” [7]) and each component, as already specified in § 3 was cali-
brated, initially, using the experimental data available in the literature and compared with the experi-
mental results obtained with the first group of specimens (tests with increasing amplitude). The global 
model calibration was then refined and validated using the ones of the second group (tests with con-
stant amplitude). 

Analyzing the connection configuration it is possible to subdivide it in four main zones: the 
embedded part, the bolted joint, the dissipative element and the connection between the dissipative 
element and the column.  

In figure 11, the scheme of the assumed constitutive model is shown. The embedded profile, 
designed to remain elastic even if the dissipative element undergoes plastic deformations,  was mod-
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elled as an elastic beam coincident with the element axis (with reference to figure 11, element I-C). 
The shear studs were represented by nonlinear springs connected to the embedded element trough rig-
id links representing the eccentricity between the embedded profile axis and the base of the shear 
studs. The contact between the concrete and the embedded profile flange were modelled using unilat-
eral extensional springs. Both the embedded element-dissipative link joint and the dissipative link-
column joint were represented by rotational springs. Finally , the dissipative link was modelled using 
two elements: a rotational spring representing the zone where plasticization is expected and an elastic 
beam for the remaining zone. To each element, a suitable constitutive model was assigned and cali-
brated, in a first phase, on the base of the experimental results available in literature.  
Embedded zone 

As already mentioned, the three elements/mechanisms considered within the embed-
ded zone were the flexural behavior HEB200 profile, the shear studs and the contact between the con-
crete and the steel profile flange.  
The embedded element was modeled as a simple elastic beam (with reference to figure 11, element C-
I). On both sides of this element were introduced 4 rigid links representing the eccentricity between 
the shear studs base and the HEB200 axis.  

Figure 11: Constitutive model for HCSW connection typology 1 

The shear studs were modeled with linear spring elements. The relation between force and slip 
(F-γ), for the single equivalent spring behavior formed by three connectors arranged in parallel series, 
was obtained processing experimental tests conducted by Aribert et al. 2000 [11]. The force-
displacement relationship is schematically shown in figure 12a for the single shear stud and in figure 
12b for the row composed by three shear studs.  
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Figure 12 Force-slip relationship [11] for the a) single shear stud; b) three shear stud in a row. 

Along the embedded zone, among points D-I, on the both sides of the HEB200 profile axis, a 
group of extensional springs placed with an inter-axis of 1cm was considered in order to represent the 
contact between the steel flange and the concrete wall. The concrete stress-strain relationship was 
evaluated in the zone comprised between the E-E' section and the I point (confined concrete) using the 
relation suggested by Mander et al. 1988 [12], while in the remaining zone (unconfined concrete) us-
ing the relation developed by Popovic 1973 [13], as schematically shown in figures 13 and 14. In or-
der to take into account only the compressive reaction of the concrete, a no-tension element was 
associated to each spring representing the concrete. The concrete models were calibrated using the 
results of compression tests executed on three specimens realized with the same concrete of the r.c. 
wall. 

Numerical model Theoretical  model Numerical model Theoretical  model 

a) b) 

Figure 13 Stress-strain relationship for the unconfined concrete: a) monotonic model [13]; b) cyclic 

model  

Numerical model 

Theoretical  model 

Numerical 

model 

Theoretical 

model 

a) b) 

Figure 14 Stress-strain relationship for the confined concrete [12]: a) monotonic model; b) cyclic mod-

el. 
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Extended end plate joint 
The rotational spring placed in point C represents the flexural behavior of the beam splice and its be-
havior was obtained using the “Components Method” described in EN 1993-1-8:2005 [8]. The joint 
was originally designed as full-strength. However, in order to take into account eventual plasticization 
of the joint itself, the complete plastic behavior was considered. In figure 15 the theoretical behavior 
obtained applying the component method and the tri-linear model implemented in OpenSEES are 
shown. It can be seen the good approximation of the tri-linear model.  

Figure 15 Moment-rotation relationship for the extended end plate joint: theoretical behavior obtained with the 

component method (dashed line) and numerical approximation (solid line). 

Dissipative link 
As already mentioned, the dissipative link was modeled using two elements: an elastic beam 

(element AB of figure 11) and a rotational spring (point B of figure 11) placed coincident with the 
center of the stiffened zone of the dissipative element. The relation between the moment and chord 
rotation (M-θ) was obtained processing the data of the experimental tests available on technical litera-
ture. In particular, given the lack of tests on IPE200 profiles, both the monotonic and cyclic behavior 
were calibrated first for an IPE300 profile and then scaled in order to obtain an estimation of the 
IPE200 behavior. 

Both monotonic and cyclic curve for the IPE300 profile were obtained using the experimental 
data and the procedure described in Landolfo et al. [8].  

In Landolfo et al. [8] an experimental program on a wide range of cross section typologies, 
comprising I sections, under monotonic and cyclic loading was carried out and a methodology for the 
estimation of the main parameter affecting the non-linear behavior of the section are provided. In par-
ticular, the flexural overstrength, s, and the rotation capacity, R, are evaluated through two different 
empirical expression, reported hereafter, functions of the geometrical and mechanical characteristics of 
the section.  

( ) ( ) ( ) ( ) ( ) ( )2 2

1 2 3 4 5 6
1

fs s s s s s h
f w

v h y

b E
s C C C C C C

L E

ε
λ λ

ε
= + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ (1)

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 2 3 4 5 6 7 82 2 2

1 1 f f f fR R R R R R R Rm

v TOT vf w v

b h b t A L
R C C C C C C C C s

h L A LLλ λ

⋅ ⋅

= + ⋅ + + + + + +

⋅

(2) 

The values of the coefficients C(R) and C(s) as well as the meaning of the terms in (1) and (2) 
are reported in Landolfo et al [8]. Using this approach, the IPE200 monotonic and cyclic behavior was 
modelled in the following steps: 

1) Evaluation of sIPE300 and RIPE300 for the IPE300 profile using (1) and (2)
2) Calibration of the numerical multi-linear model of the IPE300 using the experimental data

available on Landolfo et al. [8].
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It was assumed a multi-linear model defined using 6 points, as schematically shown in figure 
16.  

Figure 16:  Moment-rotation curve for the IPE300 profile: experimental curve (dashed line) extrapolated from [8] 

and multi-linear model (solid line).  

3) Evaluation of sIPE200 and RIPE200 for the IPE200 profile using (1) and (2)
4) Scaling of the IPE300 multi-linear curve in order to fit the IPE200 characteristics.

Figure 17:  Moment-rotation curve for the IPE300 and IPE200 profiles 

5.2 Numerical results 

The comparison between the theoretical model (calibrated considering only experi-

mental data present in literature) and the experimental results showed a good agreement in 

terms of strength and stiffness, but the energy dissipated by the theoretical model resulted to 

be higher, as schematically shown in figure 18.  
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Experimental link (absolute)

Numerical model

Experimental link (relative) Experimental link (absolute)

Numerical model

Experimental link (relative)

a) b) 

Figure 18: comparison between the link force-displacement curve of the theoretical model (purple line) and the exper-

imental results (orange line) of the first test group.  

In order to improve the developed model, the parameter determining the stiffness deg-

radation was calibrated using the experimental results of the first tests group (increasing am-

plitude). The results are shown in figures 19 and 20. 

Experimental link (absolute)

Numerical model

Experimental link (relative)
Experimental link (absolute)

Numerical model

Experimental link (relative)

a) b) 

Figure 19: comparison between the link force-displacement curve of the updated theoretical model (green line) 

and the experimental results (orange line) of the first test group 

Experimental link (absolute)

Numerical model

Experimental link (relative) Experimental link (absolute)

Numerical model

Experimental link (relative)

a) b) 

Figure 20: comparison between the link force-displacement curve of the updated theoretical model (green line) and 

the experimental results (orange line) of the second test group 

In figure 21 the comparison between the energy dissipated during the four tests and 

the numerical results obtained by the theoretical model and the calibrated one is shown. It can 
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be noticed that, after the calibration, the results obtained with the calibrated model are practi-

cally coincident with the experimental one even for the III° and IV° tests.   

I° TEST II° TEST

III° TEST IV° TEST

Energy dissipated during the experimental tests

Energy dissipated by the theoretical model 

Energy dissipated by the calibrated model 

Figure 21: comparison between the energy dissipated during the four tests and the numerical results 

obtained by the theoretical model and the calibrated one 

6 CONCLUSIONS 

In the present paper, the behavior of the dissipative link of an innovative hybrid cou-

pled shear wall systems (HCSW), obtained coupling an RC wall with two side steel columns, 

was studied.  

The experimental results obtained from 4 downscaled specimens highlighted the good 

dissipative capacity of the links, but also the necessity to take into account the pinching phe-

nomena due to the gap between the link and the column. In fact, the experimental hysteretic 

curves showed that the seat angle connection, commonly modelled as a perfect pin, is charac-

terized by pinching phenomena that increases as the maximum drift increases due to the plas-

ticization of the link web. This pinching phenomena can lead, if not correctly taken into 

account, to a wrong esteem of the system dissipative capacity. 

Starting from the observation made during the experimental tests on 4 downscaled 

specimens of the dissipative link, a component-based plan model was proposed. In this first 

version of the model, the angle connection was not taken into account.  

A first calibration of the model components was carried out using the experimental 

data present in literature, especially regarding the plastic hinge zone and the shear studs. From 

the comparison between the experimental results and the numerical ones in terms of dissipat-

ed energy, a slight adjustment of the stiffness degradation parameter was required. So, a se-

cond calibration was carried out using the experimental results of the first tests group (tests 

characterized by an increasing imposed amplitude). The numerical results obtained from the 

calibrated model were then compared to the experimental ones of the second tests group (con-

stant imposed amplitude), showing a very good capacity of the model to predict the experi-

mental behavior.  
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The obtained results permits to evaluate the dissipative behavior of the link even for 

different loading scenarios and set the ground for the development of a model that can take 

into account also the influence of the angle connection between the link and the column.  
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Abstract. 

The objective of this work is to design robust controller for smart structures to control its re-

sponse under the influence of external excitation. An accurate model for the analysis of smart 

composite beams with surface bonded piezoelectric sensors and actuators patches is consid-

ered. Optimal placement of five piezoelectric sensor/actuator pairs are found, by exhaustively 

examining all possible configurations in order to suppress the first six modes of vibration. 

The LQR performance index is used as objective function to locate the sensor/actuator pairs. 

Vibration reduction for the cantilever beam with piezoelectric patches bonded in the optimal 

location was investigated to attenuate the first six modes of vibration using a Hinfinity scheme. 

After modeling multiplicative uncertainty, the augmented uncertain plant is obtained; an op-

timal robust controller is designed using Hinfinity. A robust controller is designed based on the 

augmented plant composed of the nominal model and it’s accompanied uncertain. Robust and 

nominal performances of designed controllers are achieved for perturbed plants and results 

were compared. 
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1. INTRODUCTION

The trend of civil engineering design requires structures to become lighter, more flexible and 

stronger, so in recent years, the light structures have been widely used in various engineering 

applications [1]. The use of active control techniques for the suppression of vibrations of very 

light structures is a very important target in many applications, where the additional masses of 

stiffeners or dampers should be avoided. Active techniques are also more suitable in cases 

where the disturbance to be cancelled or the properties of the controlled system vary with time 

[2]. In practice, any structure that deforms under some loading can be regarded as flexible 

structure and is a distributed parameter system. This implies that vibration at one point is re-

lated to vibration at the rest of the points over the structure [3]. Thus, it is desirable to use ap-

propriate sensors and actuators. Piezoelectric sensors and actuators are extensively employed 

in many practical applications such as smart structures due to their lightness and their capabil-

ity of coupling strain and electric fields. In order to control structural vibrations, piezoelectric 

sensors and actuators can be easily bonded on the vibrating structure [4]. Vibration suppres-

sion of a flexible structure can be optimized by locating piezoelectric sensors and actuators in 

efficient locations. 

This work is concerned with active vibration reduction of a beam, mounted rigidly along one 

edge to form a cantilever. Optimal placement of five piezoelectric sensor/actuator pairs to 

thirty possible locations in order to suppress the first six modes of vibration is obtained by 

fully examining all possible configurations. The LQR performance index is used as objective 

function to locate the sensor/actuator pairs. The beam, with piezoelectric sensor/actuator pairs 

bonded to its surfaces, is modelled using the super-convergent FE approach which includes 

extension, bending and rotation degrees of freedom [10]. Vibration reduction for the cantile-

ver beam with piezoelectric patches bonded in the optimal location was investigated to atten-

uate the first six modes of vibration using an Hinfinity control scheme.  

2. DYNAMIC MODELING OF STRUCTURE

For designing a controller, a structure consists of a cantilever beam with five surface bonded 

piezoelectric pairs is considered. The patches are used as actuators and sensors and they are 

attached symmetrically to either side of the beam, thus collocating the actuator and sensor. 

For the analysis of the cantilevered composite structure, a super-convergent finite element (FE) 

model is used [10]. 

3.1 Modelling 

The dynamical description of the system is given by 

M ( )t +D  t +Ku u  t =fm(t)+fe(t)
(1) 

where M is the generalized mass matrix, D is the viscous damping matrix, Kuu is the general-

ized stiffness matrix, fm is the external loading vector and fe is the generalized control force 

vector produced by electromechanical coupling effects. The independent variable χ(t) is com-

posed of the axial displacements ui, transversal deflections wi and rotations ψi, [10]. 

Furthermore to express fe(t) as Bu(t) we write it as *

ef u , where *

ef  is the piezoelectric force 

for a unit applied on the corresponding actuator, and u represents the voltages on the actuators. 

Lastly d(t)=fm(t) is the disturbance vector. 

3452



Amalia J. Moutsopoulou, Georgia Foutsitzi, Christos Gogos and Georgios E. Stavroulakis 

Generally, the number of degrees of freedom of the system in the FE dynamic model is very 

large. The mode transform can be used to reduce the size of the structural system by using the 

most significant equation of motions in the new, modal coordinate system. Assume that mod-

al matrix composed of the first m order eigenvectors is Φ, the modal transform can be ex-

pressed as 

q 

where    is the modal matrix and q is the modal coordinate vector. Substituting the above

equation into equations (1) leads to 

         m eMq t Dq t Kq t f t f t    (1)' 

where TM M  , 
T

uuK K   are mxm diagonal matrices due to the orthogonality of the 

mode shapes with respect to the mass and stiffness matrices, and 
T

m mf f ,
T

e ef f . 

The state space form of the system can be expressed as 

x Ax Bu   

where x is the state vector, A is the system matrix, B is the control matrix and u is the input 

vector. 

3.2 Optimization of Sensors/Actuators Location in Vibration Control 

In active control of smart structures, placement of actuators and sensors (S/A) on the structure 

is a very important issue in order to achieve most effective actuation. Optimal placement of 

sensors and actuators over a structure can be different for different criteria. Next, in order to 

propose performance criteria for S/A locations a criterion based on LQR performance index 

has been considered. 

In this work, it is assumed that every actuator covers exactly the length of one element and 

possible actuator locations are described through the elements of a vector of binary varia-

bles, whose elements i are 1 to indicate the presence and 0 the absence of an actuator. 

The control vector u can be expressed, using the LQR method, as 

1 Tu R B P  , 

where P satisfying the following matrix Ricatti equation 

1 0T TA P PA PBR B Q     

where Q is a positive semi-definite output weighting matrix and R is a positive input 

weighting matrix. Since the input matrix B is a function of the locations of the actuators, the 

system will be changed if the locations of actuators will be changed. in this work, the objec-

tive function (criterion) which have been used for the locations of the sensors/actuators pairs 

is given by [11] 

   optJ a trace P a   

where α  represents the location of the actuator–sensor pairs.  

Since in this problem setting, there are thirty possible locations and the positions of only five 

actuators have to be decided, a full enumeration scheme that examined all possible 142506 
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combinations  was used. In case that the number of actuators or locations gets bigger, then 

other techniques that handle better the combinatorial explosion problem like Genetic Algo-

rithms and Local Search can be used instead.  

4. STATEMENT OF THE ROBUST CONTROL PROBLEM

The optimal control problem is initially studied for the nominal system, i.e., the beam with 

known elastic and piezoelectric properties. A more realistic question concerning the robust-

ness of the control in the presence of defects is also addressed. The fact that the system is in-

fluenced by disturbances, such as the wind power, as well as the noise of measurements, is 

taken into account. The mathematical pattern being used in the designing is an approximation 

of the real one. Further, a robust control law for the composite beam are designed in order to 

suppress the vibrations. The response of the controlled nominal and damaged beams is inves-

tigated. In order to take into account the incompleteness of the information about the eventual 

damages and external additional influences a robust Ηinfinity controller is designed. A system 

analysis is made on condition that the system is not accurate but includes uncertainty that may 

be related to some kind of damage [7, 8].  

For practical applications the algorithm requires several trial-and-error design iterations in 

order to provide appropriate control voltages, since the piezoelectric actuators can be depolled 

by high oscillating voltages. The effectiveness of the proposed control strategies is investigat-

ed with the help of numerical simulations. 

5. CONTROL DESIGN

We solve a regulator problem for the smart beam with piezoelectric patches. The objective in 

this section is to determine the optimal vector of active control forces u(t) subjected to per-

formance criteria and satisfying the dynamical equations of the system, such that to reduce in 

an optimal way the external excitations. We consider the steady state (infinite time) case, i.e. 

the optimization horizon is allowed to extend to infinity. We seek a linear state feedback [9] 

u Kx  ,    with constant gain K. 

The control problem is to keep the beam in equilibrium which means zero displacements and 

rotations in the face of external disturbances, noise and model inaccuracies, using the availa-

ble measurements (displacements and rotations) and controls [14, 15].  

5.1 Robustness analysis 

The following three steps are taken in the robustness analysis: 

1. Expression of uncertainty set by a mathematical model.

2. Robust stability (RS): check if the system remains stable for all plants within the un-

certainty set.

3. Robust performance (RP): if system is robustly stable, check whether performance

specifications are met for all plants within the uncertainty set. [15, 16]

To perform the robustness analysis, the interconnection of Figure 1a,b will be used. 
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Κ 

P 
z w 

u y 

Δ p q 

Μ z w 

Δ p q 

Figure 1a  Uncertainty modeling Figure 1b  Uncertainty modeling 

Here P is the nominal plant defined by figure 1 which includes the uncertainty modelling and 

K is the calculated Η∞ controller.  The uncertainty included in Δ satisfies ║Δ║∞≤1. Since K is 

known, figure 1a can be simplified to figure 1b. [6, 13]  

Given this structure it is known that, 

I. The system (Μ, Δ) is  robustly stable  if, 

 11sup ( ) 1
În

j


     (2) 

where 
,det( - ) 0

1
inf ( )

( ) Î I MM


    


   is the structured singular value of M given the structured 

uncertainty set ΒΔ. 

II. The system (Μ, Δ) exhibits robust performance if,

 sup ( ) 1
a

În

j


    , where 
0

0

p

a

 
   

 
 

and Δp has the same structure as Δ but dimensions corresponding to (w, z). 

Unfortunately, only bounds on μ can be estimated. To proceed let us assume uncertainty in 

the M, D and Kuu matrices of the form, 

0 0(I ) (I )p M p DM M m D D d      

0(I )uu p KK K k    

with 

¥

1
def

D

K











 
 

  
 
  

 

This means we are allowing a percentage deviation from the nominal values. With these defi-

nitions Equation (1) becomes, 

     0 0 0( ) ( ) ( )u m eM q t D q t K q t Dq t f t f t      (3) 
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where, 

2 2

0 0 0 2 2

2 2
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( ) ( ) , -
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n n
def

u p p p n n D

n n

q t I

q t q t D M m D d K k I
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Writing Equation (3) in state space form, gives, 

22 2 2 2 2 2 2 6

-1-1 -1 -1*-1

00 0 0
( ) ( ) ( ) ( ) ( )

- -

n nn n n n n n n n

u

e

I
x t x t u t d t q t

M fM K M D M M D

         
         
            

( ) ( ) ( ) ( )u ux t u t Gd t G q t    

6. RESULTS

For the numerical simulations a composite beam with piezoelectric layers bonded on its top 

and bottom is used. The cantilever beam is of dimension 300×25×0.5 mm. The host beam is 

made of aluminum and the piezoceramic is PZT. The material constants for the aluminum and 

the piezoceramic are: Q11=60.0 GPa, Q55=40.0 GPa and Q11
P
=62.0 GPa, Q55

P
=30.0 GPa. The

piezoelectric constant is d13= 247×10
-12

. The thickness of each PZT is hp= 0.35 mm. The

length of one piezoelectric patch is assumed to be equal to the length of one finite element. 

For the finite element analysis the beam is divided into 30 elements and the total number of 

piezo pairs is assumed to be five. Structural damping is not included in the formulation so that 

the effectiveness of only the active control in the vibration response can be assessed. 

The beam model with the optimal locations of the five sensor–actuator pairs is shown in 

Fig.2. 

Figure 2. Optimal locations of five sensor–actuator pairs based on the LQR norm. 

Next, our aim is to study the response of the composite beam in the presence of defects and 

damages. 

Two kinds of loading are used as disturbances: 

• Transient force 4N distributed in the free end of the plate.

• Periodic sinusoidal loading pressure acting on every node on one side of the structure

simulating a strong wind.

Let us first investigate the response of the free and LQR-controlled laminated plate with pie-

zoelectric and viscous layers for various parameters of the glue layer. A vertical impulsive 
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load is applied at the free-end of the beam. Figures 2a,b show the response of the beam’s free 

end to a constant external force of 4N applied to the free end.   

The control effort is shown in Figure 2c, where it is seen that both controllers use comparable 

voltage and are well within the 500V limit of piezoelectric actuators. With finer tuning (per-

haps by adding a D term also), the speed of response and other transient characteristics (over-

shoot) can of course be improved control strategy. The nominal performance is depicted in 

Figure  3, which shows the response of the uncontrolled and controlled structure using H∞

Figure 2a.b. Response of the free vibrating beam with and without control 

Figure 3 Response of the four nodes vibrating beam with and without control 
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The H∞ controller found is of order 36. The fact that controller order, which is equal to the 

order of the system, is relatively higher than the order of classical controllers such as LQR has 

led a number of researchers to develop order reduction algorithms. The most widely used such 

algorithm, known as HIFOO, has been implemented in a Matlab environment, and is the one 

used in the following procedure [6, 14, 15].  The general problem is to compute a controller of 

reduced order n< 36 while retaining the performance of the H∞ criterion as well as the behav-

iour of a full order controller for the given system [6, 14]. Nonsmooth variation analysis and 

related computational methods are powerful tools that can be effectively applied to identify 

local minimizers of the nonconvex  optimization problems arising in fixed-order controller de-

sign. 

The results are shown in Figure 4, where we can see the displacement of the free end of the 

structure for the open and the closed loop using the H∞ criterion and nonconvex optimization. 

The results are very satisfactory; we reduced vibrations with a lower order controller.  In Fig-

ure 5, we take the maximum value of the stress of the structure in the frequency domain.     

Figure 4   The displacement of the free end of the structure 

Figure 5   Τhe σ max value for all frequencies 
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7. CONCLUSIONS

Vibration control of a smart structure with collocated piezoelectric actuator and sensor as a 

general smart structure has been achieved using optimally placed piezoelectric S/A pairs.  The 

design of the piezoelectric active control using Hinfinity control theory for the nominal and 

damaged laminated plate has been studied. The results show that the proposed model and 

method are effective and the control behaviour of the beam achieves the predicted characteris-

tics. After the analysis of the system we check the robust stability and system performance. 

The introduction of uncertainty permits us to keep the structure in service up to given limits of 

uncertainty. 
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Abstract. Complex mechanical structures usually encountered in the automotive or aerospace
industries are composed of an assembly of several components, often exhibiting different mech-
anical properties and joined at their interfaces by different junction types. The various dynamic
behaviors of these substructures and the applied external loadings may generate important
forces on the main structure, resulting in high acceleration responses of the on-board equip-
ment, potentially affecting their performance, reliability and security. It is therefore necessary
to protect these components from these harsh interface loadings by isolating them from the rest
of the structure.

A variant of power flow mode methods, dedicated to low frequency vibrations, is presen-
ted which enables to dynamically characterize these structural interfaces. It is based on the
imaginary part of the dynamic flexibility matrix, allowing to determine eigenvalues and eigen-
forces which represent qualitative and quantitative information on the power flowing inside the
structure, respectively. This method is applied to study the power transmitted at the interface,
making it possible to identify the direction associated to some dominant power flow patterns
and to quantify their contributions. An optimal design procedure of such interfaces, with regard
to their mechanical parameters (i.e. stiffness), is further proposed. Both mono-objective and ro-
bust multi-objective procedures are implemented and compared to optimize the derived power
flow variables. The whole procedure is applied to a simplified coupled structure illustrating
structural vibration phenomena on space-launchers.
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1 INTRODUCTION

From the early stages of the design process of industrial mechanical structures, such as en-
countered in the aerospace or automotive sectors, it is necessary to ensure the correct dimension-
ing of their various components as well as their assembly, to satisfy the expected performance
criteria. Given the diversity of the associated structural dynamic behaviors, vibration isolation
issues are likely to occur which may finally impact the performance, reliability and security of
the whole structure.

The vibration transmission between the boosters and the rocket core of the European space
launcher Ariane 5 perfectly illustrates this stake. During the atmospheric flight, combustion of
the solid propellant excites acoustic modes of the boosters resulting in harmonic oscillations
of their structures. One of these modes induces an important dynamic response at the junction
with the rocket core, which could have an impact on the dynamic environment [2]. For such
reasons, industrials need to have access to design procedures to determine optimal power flow
paths and thus to ensure vibration isolation.

Such procedures consist in defining one or several cost functions, which are often complex
with regard to the design parameters (multi-modal, non-convex,. . . ) and usually contradictory.
While eventually convincing, the derived solutions may be particularly sensitive to even small
perturbations: it is thus necessary to consider the robustness of these solutions. This can be
handled by simultaneously minimizing both average µf and standard deviation σf of a cost
function f , using a vulnerability function fv defined by

fv =
σf
µf

=
1

fr
(1)

and corresponding to the inverse of the robustness function fr [1]. The optimization problem
thus becomes a multi-objective one, consisting in minimizing one or several cost functions
and their associated vulnerability functions, to derive a set of Pareto-optimal (non-dominated)
solutions. As genetic algorithms seem particularly well adapted to such problems, a Non Sorted
Genetic Algorithm (NSGA) initially developed by Srinivas [9] will be further used in this study.

As previously exposed, vibration isolation problems amount to minimizing the vibration
transmitted from a source substructure to a receiver one. The computations exposed in this
study are based on a power flow mode approach, as initially proposed by Su et al. [10]. Deriving
from the seminal works of Goyder and White [4] and Miller et al. [7] concerning power flow
analysis, the authors have complemented these approaches by the multipole method developed
by Pinnington [8] and frequency synthesis techniques to propose a mobility-based power flow
mode method. This method mainly consists in transforming a set of source forces or velocities
into a new set of power flows: these are associated to modal forces or velocities weighted by
orthogonal functions derived from the eigenproblem of a mobility matrix [10].

The targeted applications of this study mainly refer to low frequency structural vibrations
of complex structures. Hence, the power flow mode approach has been adapted to combine
the advantages of both finite element analysis, i.e. fine spatial description, complex geometry
handling, vector quantities, and power flow analysis, i.e. quadratic variables and scalar charac-
teristic quantities: based on a displacement formulation, this aims to derive power flow modes
to qualitatively and quantitatively characterize interface forces in order to estimate their ability
to transmit power flow between components[12]. This method is briefly presented in the next
section and will be further integrated into the optimization procedure.
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2 POWER FLOW MODE METHOD

2.1 Theoretical formulation

The proposed power flow mode method aims to characterize the interface forces between
two components of a coupled structure: a source substructure, denoted (S), submitted to an
external loading f (S) and a passive receiver substructure, denoted (R). The dynamic equilibrium
equation of the whole structure is given by: Z

(S)
ii Z

(S)
ij 0

Z
(S)
ji Z

(S)
jj + Z

(R)
jj Z

(R)
ji

0 Z
(R)
ji Z

(R)
ii


 x

(S)
i

xj
x
(R)
i

 =

 f
(S)
i

0
0

 (2)

where subscripts i and j respectively denote internal and junction degrees of freedom (DOFs),
Z(.) is the frequency dependent dynamic stiffness matrix of a substructure and x(.) its dynamic
response.

To determine the power flow modes associated to the junction DOFs, the power transmitted
between both substructures must be expressed with regard to the interface variables. As clas-
sically detailed in the work of Bobrovnitskii [3] this average power flow, in harmonic state at a
given frequency ω0, can be derived from the real part of the complex power:

P tr
j (ω0) =

1

2
<e
{
fHj vj

}
=
jω

4

(
fHj xj + xHj fj

)
(3)

By decoupling equation (2) and considering the classic compatibility equations, this average
power flow can be expressed as a quadratic form,

P tr
j (ω0) = −

ω0

2
fHj =m

{
Γ

(R)
jj (ω0)

}
fj (4)

where Γ
(R)
jj ∈ C(Nj ,Nj) corresponds to the dynamic flexibility matrix of the receiver substruc-

ture, restricted to its junction DOFs:

Γ
(R)
jj =

[
Z

(R)
jj − Z

(R)
ji

[
Z

(R)
ii

]−1
Z

(R)
ij

]−1
(5)

Hence, minimizing equation (4) at each considered frequency with regard to the interface
forces amounts to solving the following equivalent eigenproblem:[

=m
{

Γ
(R)
jj (ω0)

}
− sνINj

]
gν = 0 , ν = 1, . . . , Nj (6)

where Nj denotes the number of junction DOFs1. This equation only depends on the phys-
ical parameters of the receiver and the frequency: the derived power flow modes, comprising
the eigenvalues sν and the associated eigenforces gν , are independent of the interface forces
applied by the source substructure to the receiver one, thus allowing to characterize the power
potentially transmitted at the interface.

1To ease further readability, the following notation is adopted: Γ= = =m
{
Γ
(R)
jj

}
.
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Therefore, at each considered frequency, the basis of the eigenforces spans the whole power
flow pattern space associated to the interface: these eigenvectors represent the prevailing direc-
tions or paths through which the power proportional to the associated eigenvalues will flow. It
is thus possible to decompose the actual interface forces fj ∈ C(Nj ,1) as a linear combination:

fj =

Nj∑
ν=1

ανgν (7)

where αν are complex projection coefficients representing the contribution of each eigenforces
gν in fj . This allows to express the power transmitted at the interface (equation (3)) as the sum
of the power independently transmitted by each of the Nj power flow modes,

P tr
j (ω0) = −

ω0

2
fHj Γ=(ω0) fj = −

ω0

2

Nj∑
ν=1

|αν |2sν > 0 (8)

where Pν(ω0) = −ω0

2
|αν |2sν is referred to as the modal power flow.

2.2 Application

To illustrate the previously described industrial context, a finite element model representing
a simplified space launcher structure, depicted figure 1 (a), has been designed. The junction
between the different cylinders representing the main core and each booster are modeled by
three translational springs along the global coordinate system axis. Their location respects
the topology of the actually adopted technical solutions, corresponding to three junctions at
each of the lower interface and one junction at each upper interface. To simplify the model
and to limit the number of design parameters (12 instead of 24), the junctions are supposed
symmetrical about the main core axis. However, considering the difficulty to estimate values
of these stiffness parameters and to avoid saturation effects resulting in insensitive dynamic
responses, a sensitizing input procedure [11] has been used to determine there initial values,
given table 1.

Dir. Junction 1 Junction 2 Junction 3 Junction 4

Tx 2.9315e9 1.2328e9 2.1963e9 1e12
Ty 5.8617e9 1.404e11 1.394e10 1e12
Tz 1.7433e9 2.1963e9 2.4652e9 1e12

Table 1: Initial values of the interface stiffness parameters (N/m)

Moreover, for practical considerations the structure, including junctions, is globally submit-
ted to a proportional damping hypothesis. Finally, to observe a dynamic behavior similar to the
actual one, a harmonic in-phase load is applied to the boosters as a unitary axial force distributed
between the lower and upper junctions, coupled to a small out-of-phase transverse perturbation.

Figure 1 (a) shows the evolution of the 24 power flow eigenvalues associated to the inter-
face DOFs. The presence of amplitude resonances confirms the important amount of power
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transmitted over this frequency band, especially between 45 Hz and 55 Hz where two normal
vibration modes are located. These correspond to flexural modes of the boosters as depicted
figure 1 (b) by the colormap representing the strain energy distribution. Moreover, only a third
of these eigenvalues exhibits a frequency behavior between 0-100 Hz: these may constitute a
dominant subspace. This figure also shows the eigenvectors associated to the 3rd power flow
mode at 52 Hz, depicting the strong loading of the interfaces, and the 7th one which is ortho-
gonal by definition and whose power flow pattern is less active (cf. associated eigenvalue).
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(a) Eigenforces g3 and g7 at 52 Hz (b) Power flow eigenvalues of the receiving substructure
− s1, − s2, − s3, −− s4, etc.

Figure 1: Initial power flow modes at the interface of the test-structure

Finally, figure 2 shows the frequency evolution of each modal power flow, whose summed
amplitudes have been unitary normalized. It can be observed that the subspace spanned by
power flow modes 3, 6 and 8 comprises more than 60 % of the power transmitted bewteen the
boosters and the main core of the test-structure. As a result, these quantities associated to the
dominant power flow paths seem particularily relevant in the context of a design optimization
procedure.
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3 TRANSMITTED POWER FLOW OPTIMIZATION

3.1 Determination of the cost function

According to the previous comments, the cost function fc to be minimized during the optim-
ization process is defined as:

min
X

fc = min
X

(
max
ω

∑6
ν=1 Pν(ω)

P tr
j (ω)

)
= min

X

(
max
ω

∑6
ν=1 |αν |2sν∑24
ν=1 |αν |2sν

)
(9)

where X ∈ R(12,1) denotes the vector of the design parameters (i.e. junction stiffnesses). This
function represents the maximum contribution of the power flow paths spanning the subspace
comprising the six first power flow modes. Minimizing this function amounts to projecting
the real interface forces along the directions associated to the less important power flow paths.
However it must be noticed that the 8th mode has not been retained to avoid over-constraining
the optimization problem: although part of the prevailing paths, it potentially concentrates the
smaller power flow as |s8| < . . . � |s1| while remaining sensitive to the design parameters.
It thus constitutes an effective alternative for the power flow diverted from the other dominant
paths, which could lower the power transmission.

3.2 Mono-objective approach

The first proposed approach consists in a deterministic optimization procedure whose flow-
chart is detailed figure 3. A preliminary Monte-Carlo analysis based on 300 samples has been
performed to determine some relevant starting points. Based on the obtained initial parameter
sets, the gradient-based nonlinear programming algorithm fmincon included in the Matlab Op-
timization Toolbox [5] is used to minimize the cost function: at each iteration the most sensitive
direction is sought to converge toward a local minimum.

Finite Element
Model Importl

Design variable
initialization

Modal analysis

Power flow mode
computation

Real interface force
computation

αν coefficient
evaluation

fc cost funciton
evaluation

Convergence

fmincon
nonlinear

programming
algorithm

Model
updating

START

STOP
NoYes

Figure 3: Flowchart of the mono-objective optimization procedure

As an example, figures 4 (a) and (b) respectively represent the evolution of the design vari-
ables and the cost function for a starting point with fc = 75.75%. The different steps of the local
sensitivity analysis can be observed before each drop of the cost function, which convergences
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after 215 iterations. The results derived from each of the three retained starting points are given
table 2 in relative terms. It can be noticed that the final values reached by the cost function
are independent of the initial ones, as these do not guarantee the accuracy of the closest local
minimum: it may be possible to reach a better solution starting from a worse initial point. The
resolution will however be more time consuming and computationally cost effective.
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(a) Evolution of the design parameters (b) Evolution of the cost function

Figure 4: Evolution of the mono-objective optimization starting from point 195

Point fc (%) Direction Junction 1 2 3 4

238 45.15→ 23.64
Tx 8.19 95.79 5.77 0.01
Ty 1.26 1.38 79.2 2.78
Tz 8.17 0.47 10.07 0.02

262 70.63→ 27.91
Tx 4.82 61.5 11.68 3.5
Ty 0.03 0.16 0.01 7.86
Tz 2.28 14.77 20.6 0.52

195 75.75→ 18.74
Tx 100 54.2 0.8 13.64
Ty 55.36 0 0.05 6.62
Tz 2.02 5.74 0.01 25.61

Table 2: Relative values of the optimal interface stiffness parameters (mono-objective
optimization)

At first sight, these results do not look very similar to one another. Moreover, some design
variables have reached the bounds of their dispersion interval: such design points may be stand-
ing on a slope leading to a better solution. It can be verified, figure 5 (a), that the derived optimal
values of the design parameters actually lower the maximum amplitude of the power flow trans-
mitted at the interface, between 45− 55Hz. However the associated frequency evolutions tend
to be quite different in each case. The same applies to the acceleration response levels displayed
figure 5 (b). While a reduction of the amplitude is locally achieved, considerable modifications
of the dynamic response can be observed at other frequencies: some power flow resonances

3467



Thomas Weisser and Noureddine Bouhaddi

tend to vanish, others are amplified and similarly some vibration modes are highly shifted in
frequency. This could possibly lead to new unwanted adverse effects perturbing the structure.
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Figure 5: Results of the mono-objective optimization procedure:
− initial ; optima − 1, −− 2, −− 3

Hence, while all these solutions verify the optimization problem and minimize the cost func-
tion fc, it is necessary for the designer to choose the best one considering the global frequency
behavior of the coupled structure. Therefore, it may be appropriate to add some design con-
straints, for example concerning the maximum frequency shift of sensitive vibration modes or
response levels not be exceeded, in order to avoid particular types of solutions.

3.3 Robust multi-objective approach

In this section, a robust multi-objective approach is applied to optimize both the cost function
fc and its vulnerability function fv, defined equation 1. This numerical procedure is detailed in
the flowchart figure 6 (a). As previously emphasized, it is based on a genetic algorithm whose
parameters have been set as follows [9]: 50 individual solutions per generation; a crossover
probability pc = 0.8; a mutation probability pm = 0.1; a parameter of niche function σ = 0.2.

The major drawback of this approach stems from the evaluation of the vulnerability func-
tion. Indeed, it is necessary to locally determine, for each individual, the average and standard
deviation of the cost function. These computations are performed considering 50 Monte-Carlo
samples, with a uniform distribution and a dispersion of 10 %. However, it implies to succes-
ively derive the associated real interface forces: computational costs are thus reduced by using
a modal superposition approach, coupled to an approximated realanalysis technique based on
an enrichment of the initial basis with static residuals [6].

The results from this robust multi-objective optimization are illustrated figure 6 (b), for two
different runs: the first one converged after only 7 generations (16 hours) and the second one
after 14 generations (24 hours)2. Both complete sets of solutions are depicted. At first, it can be
noticed that a large amount of inefficient but robust individuals has been derived, while only a
few ones verify fc < 40%. Moreover, the obtained Pareto fronts turn out to be relatively sparse
(with respectively 13 and 14 individuals) but quite homogeneous.

2All numerical simulations have been performed using a 3 GHz dual-core processor with 1.96 Go RAM .
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Figure 6: Robust multi-objective optimization procedure

The values of the design parameters associated to the four points belonging to the Pareto
fronts and constituting the best trade-off between performance and robustness are given table
3, in relative terms. Once again these solutions seem to differ from one another and some
design variables have reached the bounds of their dispersion interval. However, figure 7 (a)
clearly shows that each of them leads to a reduction of the transmitted power on the considered
frequency band, as well as a lowering of the acceleration response level at the top of the main
core, figure 7 (b). It can be noticed that these optimal designs seem to modify the global
dynamic behavior of the coupled structure in the same way, corresponding to a stiffening of the
vibration modes initially located around 55 Hz, with a significant reduction of the power flow
resonance at 60 Hz (excepted for solution 3).

This procedure thus managed to find efficient solutions to the optimization problem, which
are also different from the previous ones derived by the mono-objective approach. These solu-
tions tend to be more conservative with regard to the initial dynamic behavior of the structure.

4 CONCLUSION

A robust design approach has been presented to optimize structural interfaces between a
source and a receiver substructure of a complex mechanical structure. The obtained results have
shown an interest in using power flow modes to derive solutions that minimize the transmitted
power flow. Indeed, this method allows to identify interface force distributions constituting
prevailing power flow paths which can be avoided by appropriately tuning the interface stiffness
parameters. A mono-objective procedure based on a deterministic algorithm has been compared
to a multi-objective one, taking into account the vulnerability of the solutions, using Non-Sorted
Genetic Algorithm. Both have been applied to a representative complex structure and have
achieved interesting designs which actually reduce the vibration response level of the receiver
substructure.
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Point [fc − fv] (%) Dir. Junction 1 Junction 2 Junction 3 Junction 4

428 23.63 - 33.32
Tx 4.4 52.54 1.82 6.8
Ty 5.7 3.43 1.02 100
Tz 48.07 3.15 13.97 0.13

505 26.04 - 26.93
Tx 22.63 100 5.94 63.85
Ty 0.42 4.96 37.49 2.16
Tz 2.27 0.53 0.15 74.77

157 38.09 - 14.87
Tx 70.48 87.12 0.01 1.01
Ty 41.8 0.01 18.56 14.91
Tz 39.81 7.04 2.85 0.91

176 43.63 - 4.28
Tx 17.42 74.21 2.07 0.35
Ty 16.96 1.83 0.01 2.33
Tz 0.11 53.86 1.42 0.24

Table 3: Relative values of the optimal interface stiffness parameters (multi-objective
optimization)
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Abstract. 
In recent years a vibration control technique, called structural coupling, has been studied. 

This technique consists on linking two neighboring buildings, through a coupling device, with 

the purpose of reducing dynamic response. It is possible to control both structures response 

simultaneously, which is precisely the attractiveness of the technique. Several researchers 

explored the effectiveness of various seismic control devices, in connecting two adjacent 

buildings, considering they are supported on a fixed base. However, in general, all structures 

interacts with the surrounding soil, what substantially affects the dynamic response, it is 

called soil-structure interaction (SSI). Considering SSI on structural coupling is still incipient 

in literature. This work aims to evaluate SSI influence on the performance of this control 

technique, besides of presenting a simple analysis methodology to this type of problem. The 

results found show that SSI effects cannot be neglected on dynamic analysis of coupled 

structures. It was verified that changes on system natural frequencies due to SSI are 

important since, depending on earthquake frequency components, it modifies also the 

dynamic response of the system. All analysis were performed using MATLAB software. 
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1 INTRODUCTION 

The impact between two neighboring high buildings, during severe earthquakes in the past, 

caused significant damages and loss of lives. In order to avoid these impacts, in the beginning 

of seventies various researchers proposed to connect neighboring structures using cable 

connecting devices. This technique called structural coupling [1] has proved to be effective on 

minimizing impact possibilities between two neighboring structures, besides of mitigating it 

dynamical responses. 

From the 90s, it has been performed theoretical, numerical and experimental approaches of 

coupled structures using various control strategies, which showed positive results [1-11]. One 

of the main conclusions was that the connecting devices are effective if the two adjacent 

structures have different dynamic properties. In addition, these elements can increase the 

energy dissipation capacity of the structural system according to its mechanical properties and 

its position between adjacent structures. 

Every structure generally interacts with the surrounding soil. This process is known as soil-

structure interaction (SSI) [12]. During earthquakes, structures interact with soil in its 

surroundings, imposing strains to it. These deformations, however, cause movements in the 

supports or in the interface region between the ground and the structure, which are different 

from the movement of the free ground surface. 

These interactions change significantly the structural response. In order to a correct 

evaluation of the dynamic response, taking into account the SSI effects, it is necessary to 

incorporate the soil dynamic properties on the mathematical formulation of the adopted 

physical model. There are several methods to solve this kind of problem. Noteworthy are the 

Direct Method and the Substructure Method, the latter being more computationally efficient 

[13]. 

There are still few studies in the literature about SSI influence on the coupling technique. 

Recently Farghaly [14] analyzed SSI effects on coupling technique performance, through 

finite element method. The author proposed to link two buildings with fixed mechanical 

properties using as connecting device like a viscous damper with known properties. All the 

analyses were performed with SAP2000 [15]. The results showed that the coupled system 

response is critical for soft soils, considering the types of soils taken into account on the study. 

Given that the coupling technique considering SSI has been little studied, this work aims to 

evaluate SSI influence on the performance of this technique, besides of proposing a simple 

analysis methodology to this problem. For this purpose it is compared a two structure 

connected model supported on a fixed and flexible base. The structures are linked through a 

spring-dashpot device. 

The numerical analysis was performed in two stages. On the first stage it was performed an 

optimization study, using the Particle Swarm Optimization (PSO) [16], in a way to set the 

connecting device properties, calculating the minimum dynamic responses of the coupled 

system on a fixed base.  

A second stage is performed, now considering a flexible basis to the coupled system and 

setting the optimum properties calculated previously. Finally, all the results are compared in a 

way to evaluate SSI influence on coupled structures dynamic behavior. The El Centro 

earthquake is considered and all analyses are performed with MATLAB [17]. The results 

obtained in this study show how it is important to consider SSI effects on coupled structures 

dynamic analysis. Changes in the system natural frequencies were observed due to SSI, it 

affects the structure dynamic behavior depending on the earthquake frequencies components. 
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2 MATHEMATICAL FORMULATION 

2.1 SSI Model 

Consider the single degree-of-freedom (SDOF) system showed in Figure 1(a), supported 

through a rigid base on an elastic homogeneous isotropic medium [12]. Structure and 

foundation masses are, respectively, mb and mf and Ib e If are structure and foundation 

moments of inertia, respectively. 

Figure 1: Soil interaction models 

It can be observed on Figure 1(b) that structure induces occurrence of two forces at the 

base, a horizontal shear force (V) and a rocking moment (M). These forces generate a 

horizontal displacement (uf) and a rotation ( f). Thus, in addition to the structure equilibrium 

equation, two additional equations must be satisfied due to these additional quantities. 

Thereby the equations of motion of the system of Figure 1(b) are given by 

       tttt gbsbsbsbsbsbsbs uvuKuCuM    (1) 
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In this work SSI is represented by Winkler discrete model, presented on Figure 1(c). In this 

model, the soil stiffness is represented by springs with constants Kf and Kφ and damping soil 

effect is modeled by dampers with constants Cf e Cφ. These coefficients are called impedance 

coefficients and can be obtained through the solution of a boundary value mixed problem in 

elastodynamics. In general it depends on soil properties, base dimensions and excitation 

frequency. 

It can be found in literature several correlations to consider impedance coefficients in time 

domain [18-19]. One of the advantages of modeling the problem in time domain is that Kf, Kφ, 

Cf e Cφ values can be calculated through soil mechanical problems, lixe shear modulus (G) 

and Poisson´s ratio (ν). In this way Gazetas [18] and Mulliken and Karabalis [19] provide 

various graphics and tables to estimate impedance coefficient values to different types of 

foundations and soil conditions. 
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2.2 Coupled models with fixed base 

The model presented on Figure 2 consists of two SDOF structures with fixed base, with 

masses (mb1, mb2), stiffness (kb1, kb2)  and damping (cb1, cb2) associated to each structure, and a 

spring and a dashpot (k3, c3) placed between the two structure masses, acting as a connection 

device. When the two structures are connected, it represents a two degree of freedom system.  

Figure 2: Two degree of freedom coupled system. 

The coupled system motion equation, when it is subjected to a seismic base acceleration base 

üg(t,) is given by Eq. (3) where Mbb, Cbb e Kbb are respectively the mass, damping and 

stiffness matrices of the coupled system (Eq. (4)), ubb(t) is the structure displacement vector. 

       tGttt gbbbbbbbbbbbb uuKuCuM    (3) 
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In order to reduce the data processing time, real models of multiple degrees of freedom 

(MDOF) can be reduced to a two degree of freedom model (2DOF) using modal analysis 

techniques. For each one of the coupled buildings, natural frequencies, associated vibration 

modes, modal effective mass (Mi
*), not considering coupling are calculated. With mass 

Mi
*value, effective stiffness (Ki

*) and effective damping (Ci
*) can be calculated, those are the 

properties of the reduced SDOF system. 

2.3 Coupled models considering SSI 

Consider now the 2DOF system of Figure 2, supported by an elastic homogeneous 

isotropic medium, as shown in Figure 3. Thus the system motion equation can be written: 

 tgfbsbbsbbsbbsbbsbbsbbsbbsbbsb uvvMuKuCuM  )(   (5) 

where: Mbsb, Cbsb e Kbsb are mass, damping and stiffness matrices of the coupled system 

considering SSI effects (Eq. 6); übsb, sbsu  e ubsb are 4x1 vectors with accelerations, velocities 

and displacement of the structures and surrounding soil; vbsb is the soil influence vector and 

vfbsb is the mass foundations vector. 
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Figure 3: 2DOF coupled system 
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3 NUMERICAL ANALYSIS 

The structural system studied in this work is shown in Figure 4(a) [1,2]. On both buildings 

it was considered a mass of 30000 kg per floor. The steel columns have a height of 3,0 m with 

the same stiffness in all floors k1
1 = k1

2 = k2
2 = k3

2= 12,58 MN/m. A damping ratio of 3% was 

taken into account. El Centro base acceleration (North-South component) was considered. 

Widely used in literature, this earthquake has a frequency range varying from 0,14 Hz to 2,1 

Hz. 

Figure 4: (a) MDOF model; (b) Equivalent reduced model. 
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In order to reduce computational cost, the MDOF system of Figure 4(a) was reduced to a 

two degree of freedom model (2DOF), shown in Figure 4(b), using modal analysis techniques. 

For each one of the uncoupled buildings, natural frequencies, associated vibration modes, 

modal effective mass (Mi
*) are calculated. According to Paz and Leigh [20] the more influent 

vibration modes are those, which the adding of its effective masses reach about 90 % of the 

total structure mass. With mass Mi
*value, effective stiffness (Ki

*) and effective damping (Ci
*) 

can be calculated, they are shown on Table 1. 

Structure 
Vibration 

Mode 
ωi [rad/s] f [Hz] M*

i [kg] % mass Ki
*

 [N/m] Ci
*

 [Ns/m] 

1 1 20.478 3,2592 30000 100 1.25800.107 3.68604.104

3 

1 9.1137 1.4505 82267.154 91.4 

6.83307.106 4.49855.1042 25,5352 4,0641 6738.928 98.9 

3 36,8994 5,8727 993.918 100 

Table 1: Natural frequency, modal mass, effective stiffness and effective damping of uncoupled structures. 

3.1 First stage 

On this stage it was performed an optimization study, using PSO method [16] in a way to 

set up connection device properties, calculating minimum coupled response with a fixed base. 

The first step was to calculate the dynamical response of each reduced structure alone, rms 

values are shown on Table 2. 

Structure xrms [m] vrms [m/s] arms [m/s²] 

1 floor 0.00437 0.08573 1.73199 

3 floors 0.02409 0.22198 2.10129 

Table 2: Reduced structures rms response 

Following, k3 and c3 values were optimized though PSO technique, with an objective 

function of the summation of coupled model rms accelerations. Stiffness value k3 varied from 

zero to 6.106 N/m. The same way, damping coefficient c3 varied from 0 to 6.106 Ns/m. These 

values were based on passive dampers properties available commercially (Taylor Device, 

Inc.).  

One of the advantages of PSO algorithm is that the processing time needed to minimize the 

objective function is small. In this work various simulations were performed in a way of 

testing PSO technique and obtain suitable k3 and c3 values. On Table 3 it is presented results 

obtained with three different PSO numerical simulations. 

c3 [Ns/m] k3 [N/m] fobjective [m/s²] arms_E1 [m/s] arms_E2 [m/s²] 

3.30675x105 9.58930x10-7 1.7197 0.75990 0.95982 

3.30359x105 3.72651x10-4 1.7197 0.75989 0.95982 

3.31336x105 3.18925x10-4 1.7197 0.75990 0. 95982

Table 3: Connection device properties and rms response. 
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It can be observed on the above table that k3 and c3 had a very little variation. It also can be 

noticed that to control dynamic response on both structures, it is necessary to use a connection 

device with c3 = 3.30359x105 Ns/m and k3 = 0. It can be said that the best connection device to 

the analyzed model is using only a viscofluid damper. 

Next, the rms response is obtained to the coupled system, using the optimized values of k3 

and c3. These values are compared with those from Table 1, in order to verify response 

reduction. The results are presented in Table 4. 

It is also compared time history of displacements, velocities and accelerations of coupled 

and uncoupled systems, the results are shown on Figure 5. 

Structure 1 

uncoupled coupled Reduction 

xrms [m] vrms [m/s] arms [m/s²] xrms [m] vrms [m/s] arms [m/s²] x [%] v [%] a [%] 

0.00437 0.08573 1.73199 0.0040 0.0517 0.7599 8.5 39.7 56.2 

Structure 2 

uncoupled coupled Reduction 

xrms [m] vrms [m/s] arms [m/s²] xrms [m] vrms [m/s] arms [m/s²] x [%] v [%] a [%] 

0.02409 0.22198 2.10129 0.0083 0.0832 0.9598 65.6 62.5 54.3 

Table 4: Rms response of coupled and uncoupled systems. 

Analyzing the above results it is possible to notice that all responses presented a significant 

reduction due to the connection device installation. It can also be observed that the better 

response reductions occurred on structure 2, being displacement the parameter with greater 

reduction. However, in structure 1 displacement presented a low reduction, being acceleration 

the parameter with a better response control. 

It is noteworthy that PSO optimization presented good performance, however to optimize 

k3 and c3 values it is necessary to define a proper objective function depending on the design 

and construction conditions, besides the type of response to be reduced. 
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Figure 5: Displacement, velocity and acceleration time histories of coupled and uncoupled systems 

3.2 Second stage 

At this stage the coupled model with flexible base dynamical responses are obtained 

making use of the optimum parameters of the connecting device calculated before. Next, the 

responses obtained on the first and second stages are compared, in order to evaluate SSI 

effects on coupled structures analysis. 

The coupled model considering SSI is similar to the one shown on Figure 3. The optimum 

values of k3 e c3 and only the soil mechanical properties are varied. 

Consider the buildings supported on circular superficial foundation or 1.0 m of radius (a = 

1.0 m). It is considered three types of soil with different mechanical properties, shown on 

Table 5. The more resistant the soil is, higher the velocity of propagation of seismic waves Vs 

is. Thus, it can be said that these soils presented in Table 5 can be classified as: soft (No.1), 

semi-rigid (No. 2) and rigid (No. 3). 

Soil Es[Mpa] G [Mpa] ρ [t/m³] Vs [m/s] ν 

No. 1 0.3 0.11 1.3 9.20 0.3 

No. 2 15 5.76 1.9 55,10 0.3 

No. 3 30 10.71 1.9 75.09 0.4 

Table 5: Soil mechanical properties [21]. 

Soil impedance coefficients proposed by Kennedy and Eberhart [16] are considered and 

shown on Table 6, they are valid for rigid foundations supported on an homogeneous elastic 

linear soil. 
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Table 6: Damping impedance coefficients [16]. 

Following, the responses considering SSI are compared with those with rigid base. On 

Table 7 natural frequencies and corresponding periods for both cases are presented. 

Natural frequencies and vibration periods 

Coupled fixed base Coupled (SSI) 

f [Hz] T [s] Soil f [Hz] T [s] 

1,4504 0,6894 

No. 1 0.1254 7.9747 

No. 2 0.7759 1.2889 

No. 3 0.9985 1.0015 

Table 7: Natural frequencies and vibration periods of coupled system with and without SSI 

It can be observed that SSI affects the dynamics behavior of the coupled system, reducing 

its frequencies and consequently increasing vibration periods. The coupled model based on 

soil No 1 (soft soil) presented the greater reduction on frequency value, it was about 91,3 %. 

In the same way, the models based on soils No. 2 and No. 3 (semi-rigid and rigid soils) 

reduced its frequencies on 46,5% and 31,2%, respectively.  

Next, displacement, velocity and acceleration time histories for the three cases, using 

optimum values of k3 e c3 were obtained, they are presented on Figures 6 to 8. 

Soil characteristics influence frequency and duration of the earthquake. In general, rock 

foundations are exposed to high frequency excitation (low periods), but if they are on a weak 

or soft soil, they will be exposed to low frequency excitation (long periods). Knowing that El 

Centro earthquake frequency band varies from 0,14 to 2,4 Hz and taking into account the 

above said, it can be deduced that the coupled model when based on soil No. 1 won’t suffer 

considerable shock since the frequency of this model is outside the earthquake frequency band. 

In this case, it can be observed on Figure 6 that the response considering SSI has lower 

amplitudes than the fixed base model. 

Coupled models based on soils No. 2 and 3 presented frequencies within the El Centro 

earthquake frequency band. Observing Figures 7 and 8 that show displacement, velocity and 

acceleration time histories for both cases, it can be observed that response amplitudes for soil 

2 were reduced compared to those of the fixed base model. Finally for soil No. 3 responses 

considering or not SSI were very similar, what was expected since this soil is considered rigid 

according to Table 5 classification. 
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Figure 6: Displacement, velocity and acceleration time histories of coupled structures with and without SSI 

consideration – Soil No. 1. 

Figure 7: Displacement, velocity and acceleration time histories of coupled structures with and without SSI 

consideration – Soil No. 2. 
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Figure 8: Displacement, velocity and acceleration time histories of coupled structures with and without SSI 

consideration – Soil No. 3. 

4 CONCLUSIONS  

It was presented the influence of soil structure interaction on the behavior of two connected 

structures by passive dampers. Two structures with known and fixed mechanical properties 

were considered. The SSI was expressed by the discrete model of Winkler and considered that 

the structures were supported by circular superficial foundations. 

On SSI problems the dynamics responses depend on the type of structure and also on the 

foundation base type. It was verified that considering SSI effects modifies the system natural 

frequencies. This change affects the structural response to earthquakes, depending on the 

seismic frequency components associated. 

As the soil stiffness decreases, the frequencies of the coupled system with SSI decrease 

considerably comparing to those of the coupled model with fixed base. 

The more rigid the soil is, the behavior of the coupled model resembles to that of the fixed 

base model. 

The results found in this paper show the importance of considering SSI effects on dynamic 

analysis of coupled structures. It can be verified that changes on system natural frequencies 

due to the soil stiffness is important since it modifies its response depending on earthquake 

frequencies. It was observed that models based on soft soils collaborate on reducing 

amplitude response acting as an energy dissipator. Additional studies on setting connecting 

device properties are necessary, considering on optimization procedures the SSI effects. 
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Abstract. EuroCode 8 simplistically addresses the seismic behavior of irregular bridges. 

The proposed criterion for regularizing the response depends on the ratio between the 

moment demand and moment capacity on each pier aiming to regularize the distribution of 

seismic design demand among, and ultimately guarantee synchronized failure of, all piers 

irrespective of their different heights. This criterion may not be effective in addressing some 

pier height ratios within the same bridge, hence results may not be as expected by code 

developers. The present paper scrutinizes and evaluates the validity of the criterion proposed 

by EC8, where the seismic response of four types (featuring a permutation of elastomeric 

and/or pot bearings along with monolithic pier-to-deck connections) of three-span continuous 

bridges with one short and one long pier designed to satisfy EC8 regularity condition are 

compared. Each bridge type has been investigated for four different pier height ratios. Several 

nonlinear static and dynamic analyses have been performed on each of the total sixteen 

schemes (namely, four pier height ratios for each of the four bridge types). Nonlinear analysis 

has resulted in different bridge behavior from that mentioned (and expected) by EC8. The 

study has led to evidence of realizing somehow regular seismic behavior by altering EC8-

design obtained steel reinforcement ratios in either piers of each bridge scheme. It has been 

also noted that bridge regularity is achieved more efficiently in bridges with elastomeric 

bearings on shorter piers rather than bridges without elastomeric bearings.  

* The asterisk denotes the presenting author.
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1. INTRODUCTION

Seismic behavior of bridges has been an important topic addressed in most codes and 

design references worldwide. EuroCode 8 [1 & 2] has demonstrated design guidelines for 

bridges under seismic loads, and one of these guidelines is determining bridge uniformity in 

order to estimate the actual bridge behavior when exposed to seismic loading. According to 

EC8 [1 & 2], bridges satisfying regularity criteria (namely, demonstrating ρ < 2 as per 

Equation 1) are considered uniform; hence, reaching a value of ρ=1 implicitly means that the 

bridge will have strictly uniform response and anticipated perfect synchronized failure of all 

its piers. 

ρ =
r max

r min 
< ρ0 = 2, where r = 𝑞

𝑀𝐸𝑑𝑖

𝑀𝑅𝑑𝑖
(1) 

For bridges with uniform ductile behavior, q is assumed to have a value of 3.5 as per code 

recommendations, 𝑀𝐸𝑑𝑖 is the design moment already reduced by the behavior factor q, and 

the value of 𝑀𝑅𝑑𝑖 is the resistance moment determined from moment curvature relation. 

Accordingly, strict uniformity of behavior should imply that all piers reach their 𝑀𝑅𝑑𝑖 values 

somehow simultaneously which leads to a value of ρ of approximately 1. Bridges violating the 

criterion of Equation (1) shall be designed in accordance to irregular behavior in the 

designated direction and hence, shall be designed with a reduced behavioral factor value (i.e., 

q < 3.5). EC8 regularity criteria can be modified as proposed herein where we can compare 

values of curvature demand to curvature capacity at critical sections in piers while computing 

rmax and rmin as per Equation 2 rather than moment in order to appropriately capture inelastic 

effects on the response. An enhanced regularity index, ρϕ, is then calculated using this 

improved curvature-based r values instead of the codified ρ index relying on moment-based r 

values. 

r =
𝐶𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝐷𝑒𝑚𝑎𝑛𝑑 𝑜𝑓 𝑐𝑜𝑙𝑢𝑚𝑛,   ∅𝐸𝑑𝑖

𝐶𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑦 𝑜𝑓 𝑐𝑜𝑙𝑢𝑚𝑛,   ∅𝑅𝑑𝑖
(2) 

Pushover analysis is performed in the present research adjacent to nonlinear dynamic 

analysis in order to provide accurate results for verifying EC8 regularity criteria. Building on 

a previous research effort by Guirguis and Mehanny (2012) [3], this paper further scrutinizes 

and evaluates the validity of the proposed code criterion for bridge uniformity and suggests 

effective, smart and economic means to provide uniform seismic response of apparently 

irregular bridges. 

2. MODELING AND DESIGN

Implementing previous work in [3], our case study bridge consists of three equal spans 

with a total length of 84m (refer to figure 1) divided into four categories, all of which were 

designed according to EC8 thus satisfying uniformity condition (ρ < 2) and hence anticipating 

somehow “near” synchronized behavior of unequal height piers. Each of the four categories 

has a pre-stressed deck with both ends resting on abutments connected to the bridge via 

sliding elastomeric bearings, while the two intermediate piers feature different pier-to-deck 

connections with various permutations as illustrated in table 1. Both piers are assumed to have 

equal dimensions regardless of the pier height despite the fact that perfect state material 

economy can be achieved through differentiating short and long pier cross-section dimensions 

for each bridge scheme. Such assumption is in line with previous researches in the literature 
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[4-6] that were largely focusing on piers with equal cross-section dimensions irrespective of 

their heights for aesthetical and practical – from constructability perspective – purposes. 

Table 1 – The sixteen case-study bridge schemes under investigation with categories description. 

Figure 1a – Case Study Bridge General Arrangement 

Figure 1b – Typical Bridge Deck Cross-section (dimensions in meters) 

Static inelastic pushover and nonlinear dynamic analyses are performed on categories 1 

and 2 using Opensees software [7], while only pushover analysis is performed on categories 3 

and 4. Piers are assumed to have a fixed connection to the ground ignoring the effect of soil-

structure interaction. Piers are modeled as fiber sections possessing two characteristic zones 

with different properties (confined zone and unconfined zone). Abutments featuring a gap of 

200 mm to the deck are considered and modeled according to [8] after gap closure due to deck 

movement under seismic events. Accordingly, as a result of the movement of sliding 

elastomeric bearings on abutment’s shelf closing the 200 mm gap to the abutment’s back wall, 

passive earth pressure behind abutment is mobilized as shown in figure 2 and is considered in 

the model through an effective stiffness, Keff.   

Category / Piers 

Cross-section 

Short Pier-to-Deck Connection 

(Height =7m, 9m, 10.5m & 12m) 

Long Pier-to-Deck 

Connection (Height =14m) 

Category 

Symbol 

1 / 3.5m x 1.4m non sliding Elastomeric bearing non sliding Pot bearing E-P 

2 / 3.5m x 1.4m non sliding Elastomeric bearing Monolithic connection E-M 

3 / 3.5m x 1.8m non sliding Pot bearing Monolithic connection P-M 

4 / 3.5m x 1.8m non sliding Pot bearing non sliding Pot bearing P-P 
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Figure 2 – Abutment effective stiffness after gap closure [8].         

As stated above, concrete of the pier was utilized into two zones. The confined concrete 

zone has an expected compressive strength of 45 MPa, a characteristic ultimate compressive 

strain of 0.014 and no tensile strength, while the unconfined concrete zone possesses a 

nominal cylinder strength of 28 MPa, and an expected strength of 36 MPa (f’ce=1.3 f’c). 

Reinforcing steel is modeled as uniaxial bilinear material and is characterized by initial elastic 

behavior with modulus of elasticity Es=200GPa, followed by strain hardening region after 

reaching an expected yield stress fy=475MPa and hardening modulus of 4.75 MPa, with a 

failure strain of 0.09. The usage of “expected” material properties while performing nonlinear 

inelastic analysis of the bridge up to collapse limit state is recommended rather than nominal 

(i.e., design) material properties to get a better estimate of the capacity of structural 

components. This assumption does not apply to shear for which we still rely on nominal 

material properties since shear leads to brittle failure. In the current study, piers capacity is 

assumed to be controlled by “axial-flexure” behavior and piers are hence not prone to shear 

failure. Furthermore, Fiber Section Analysis (FSA) is performed for piers where each bridge 

pier cross-section is divided into an array of confined and unconfined concrete and steel fibers 

according to the design requirements in order to generate moment-curvature capacity curves 

(refer to Fig. 3 for a sample) as well as to check relevant failure criteria (stated in a following 

section of the paper) at the material stress-strain level either for confined concrete or 

reinforcing bars. 

Non-sliding pot bearings are modeled by simply introducing moment release at top of pier 

at its junction with the deck. On the other hand, non-sliding elastomeric bearings atop of pier 

are modeled primarily as an elastic material. Horizontal spring (in the deck longitudinal 

direction) modeling the shear stiffness of the elastomeric bearing is hence introduced and 

assigned a stiffness value that is equal to the shear modulus of the elastomer material, Gb, 

multiplied by the foot print area of the bearing, Ab, and divided by the total thickness of the 

elastomer, tb. The shear stiffness of all elastomeric bearings supporting the deck (represented 

by a single spine in the current computational model) at the pier location is hence the stiffness 

of a single bearing estimated as above multiplied by their number, n. As per EN 1998-2 

(2005) - Cl. 7.5.2.4 (5), Gb has been taken in the present research with the value proposed for 

short term (i.e., seismic) response as 1.485 MPa [Gb = 1.1 x (1.15MPa+0.2MPa)]. Elastomeric 

bearings dimensions used were 550 mm x 500 mm with a total thickness of 150 mm. It has to 

be finally noted that the equivalent lateral stiffness of the “pier-elastomeric bearing” 

supporting system as captured by the model throughout the analysis is that of two springs in 

series: one of them corresponds to the elastomeric bearings themselves deforming in 

transverse shear mode, while the other corresponds to the pier lateral stiffness, and hence the 

combined stiffness is less than the least of the two values.  
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Figure 3 – Typical (sample) moment-curvature graph resulting from FSA. 

A flow chart is implemented (figure 4) to organize the design hierarchy and provide 

systematic loop in order to converge results as possible to match research purpose. The cycle 

starts with designing the – on scope – bridge according to EC8. All bridges in this research 

satisfy EC8 regularity condition and other code recommendations. After that, pushover 

analysis is performed which in most cases show signs of irregularity, then a modification in 

steel reinforcement is performed –without violating code minimum requirements – in order to 

reach most possible regular behavior. Finally, a time history analysis is performed to confirm 

the analysis results from the pushover analysis.  
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Figure 4 – Flow chart illustrating current research investigation (design/analysis) hierarchy. 

3. FAILURE CRITERIA

Key failure criteria in this research are identified as whichever occurs first: a ductile mode 

of failure when steel reaches ultimate strain versus a brittle mode of failure when confined 

concrete reaches its ultimate strain. Bridge piers are considered to have reached their ultimate 

curvature when either outermost confined concrete fibers reach a strain of 0.014 or steel bars 

reach a strain of 0.09. However, for conservatism in predicting ductility capacity (and 

consequently curvature at failure) we could consider SCDOT (2008) [9] assumption that 

ultimate curvature of the piers cross section corresponds to the maximum moment the cross 

section can bear provided that neither of the above two conditions on material strains occurs 

prior to this. FSA plays a key role in determining the exact values of stress and strain in each 

partition of the critical section of the pier in order to identify the precise cause of failure.  

Another modes of failure away from bridge piers that are further checked for completeness 

are (a) when a total longitudinal displacement of the bridge deck exceeds a given limiting 

displacement at abutment leading to deck falling off abutment ledge, and (b) when non sliding 

elastomeric bearings – whenever used atop of pier – reaches their maximum shear 

deformation. This maximum (limiting) lateral deformation within the bearing is specified 

herein as three times the elastomer thickness tb and is assumed to demarcate “full” tearing of 

the elastomeric bearing based on scattered information gathered from experimental and 

analytical results in the literature [10 & 11]. However, this criterion by itself is not strictly 

marking a collapse state of the bridge as a whole. Total bridge failure will not happen unless 

there is an off-seating of the deck from the abutments’ shelves, i.e., maximum deck 

displacement exceeds off-seating limiting values. Hence, tearing of bearings without off-

seating may be considered a “weak/soft” mode of failure that could be restored by bearing 

replacement [12] and therefore the bridge is further investigated in the present research after 

reaching this weak failure state. 
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4. IMPLEMENTING EC8 UNIFORMITY CRITERIA ON CASE STUDY

BRIDGES

Elastic analysis according to EC8 is performed in order to design the unequal height bridge 

piers cross sections. Response spectrum analysis is hence conducted for a ground acceleration 

ag = 0.3g representing moderate to high seismicity, soil type B with the following relevant 

factors (S=1.2, Tb=0.15, Tc=0.5, Td=2), and a high importance factor of 1.3; and the design 

of piers is carried out for a behavior factor q=3.5 (ductile response) with pier effective inertia 

of 50% of pier gross inertia which was recommended in EN 1998-1 article 4.3.1. Table 2a 

summarizes the required steel percentage for each investigated bridge category and for each 

pier. A likely live load (20% of the total) is used in the seismic mass as well as in the seismic 

design load combination according to EC8 design requirements. The main concept followed 

herein in the piers design is to guarantee a factor of safety against flexure of exactly 1.0 

relying on the generated “axial force-bending moment” interaction diagram for each pier and 

the design values retrieved from the elastic response spectrum analysis after being reduced by 

q. However, in order for all design scenarios generated in the current research to represent

realistic cases that do not violate code rules, it has been decided to increase design-obtained 

reinforcement ratios in case they do not satisfy minimum reinforcement ratio determined as 

per EN 1992-1-1 (2004) - Cl. 9.5.2 [13] which has resulted in a factor of safety against flexure 

that is larger than 1.0 for these specific cases.  This has been reflected in the values reported in 

table 2a. For completeness, table 2b converts reinforcement ratios given in table 2a into actual 

reinforcement steel tonnage to facilitate comparisons of the different design schemes. 

Note: minimum computed steel reinforcement ratio according to EC2 is 0.2% 

Table 2a – Steel reinforcement ratios in piers of different investigated bridge categories as per design 

conforming to EC8 requirements (without steel reinforcement alterations for optimal uniform seismic response). 

Table 2b – Steel reinforcement total weight (in tons) used in design version/trial 1 

Table 3 summarizes the values of ρ computed as per Equation (1) for the different schemes 

reported in table 2. Referring to table 3, all ρ values appear to satisfy the regularity criteria 

(namely, demonstrating ρ < 2) spelled out in EC8 and in most cases are even too close to a 

Short 

pier 

Height 

Cat 1 (E-P)       

3.5m x 1.4m 

Cat 2 (E-M)  

3.5m x 1.4m 

Cat 3 (P-M)

3.5m x 1.8m 

Cat 4 (P-P)       

3.5m x 1.8m 

short long short long short long short long 

7m 0.200% 1.042% 0.200% 1.363% 1.780% 0.407% 1.880% 0.200% 

9m 0.200% 1.077% 0.200% 1.403% 1.320% 0.661% 1.580% 0.405% 

10.5m 0.250% 1.122% 0.200% 1.443% 1.060% 0.842% 1.270% 0.538% 

12m 0.280% 1.128% 0.200% 1.443% 0.840% 0.966% 1.068% 0.686% 

Short pier 

Height 

Cat 1(E-P)       

3.5m x 1.4m 

Cat 2(E-M)                

3.5m x 1.4m 

Cat 3(P-M)            

3.5m x 1.8m 

Cat 4(P-P)       

3.5m x 1.8m 

7m 614 788 898 790 

9m 649 825 1045 984 

10.5m 706 857 1133 1032 

12m 737 870 1167 1109 
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value of 1 corresponding to perfect anticipated fully synchronized seismic behavior of 

unequal height piers up to failure. However, further investigation through nonlinear static and 

dynamic analysis shall be carried out in order for such conclusion of satisfying seismic 

response regularity to be either approved or denied.   

It is nonetheless worth noting from table 3 that best uniform seismic behavior among 

unequal height piers for very short pier bridge schemes (namely, 7m- and 9m-high) is 

anticipated for category 2 (ρ is very close to 1.0) apparently followed by category 4, while 

best regular behavior for relatively long pier bridge schemes (namely, 10.5m- and 12m-high) 

is expected for categories 1, 2 and 4 (ρ is practically 1.0). However, detailed nonlinear 

analysis scrutinizing relative curvature demand-to-capacity ratios among piers up to failure – 

and not only looking into strength as suggested by code recommendations – is yet to be 

performed for validation of the seismic response regularity of the different categories. 

Table 3 - Values of ρ (Equation 1) for the sixteen investigated bridge schemes designed as per EC8 requirements 

Moreover, despite that categories 4 and 3 as designed per EC8 recommendations may provide 

reliable seismic response similar to code compliant categories 1 and 2 (but not necessarily in 

terms of anticipated regularity in seismic behavior), one should realize that this is achieved at 

the expense of larger concrete dimensions of piers (and somehow generally higher 

reinforcement quantities); refer to table 2 and compare design data for category 1 versus 

category 4 and category 2 versus category 3.  

5. PUSHOVER ANALYSIS AND DESIGN OPTIMISATION FOR

REGULARIZED RESPONSE

Various design trials/alterations are performed starting from EC8 compliant designs (table 

2) ending with most suitable version with reasonable steel reinforcement ratios to approach

regularity (and synchronized failure of piers) as shown in table 4a. Version/trial 1 denotes 

pushover analysis performed on bridges with steel reinforcement according to EC8 design 

requirement as reported in table 2. Increasing either short or long pier steel reinforcement can 

lead to better uniformity in bridge behavior, where perfect uniform behavior is achieved when 

proposed ρϕ calculated at failure reaches a value of 1.  It is noted that global bridge behavior 

approaches regularity whenever the difference between pier heights decreases. Altering steel 

reinforcement in short pier can improve uniformity in seismic response such as in categories 

1, 2 and 4, while altering steel reinforcement in long pier in category 3 demonstrates better 

behavior in terms of uniformity. Steel reinforcement alteration applied herein does not violate 

EC8 recommendations (i.e. minimum or maximum steel reinforcement, etc.) but it also 

provides better performance and over strength (to be discussed in details later). 

Short pier 

Height 

Cat 1(E-P)       

3.5m x 1.4m 

Cat 2(E-M)   

3.5m x 1.4m 

Cat 3(P-M)            

3.5m x 1.8m 

Cat 4(P-P)       

3.5m x 1.8m 

7m 1.235 1.010 1.624 1.087 

9m 1.030 1.005 1.355 1.021 

10.5m 1.013 1.016 1.251 1.007 

12m 1.015 1.026 1.195 1.017 
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In case of category 1 bridges, it is noticed that investigated bridges start with design 

version 1 (EC8 compliant as per table 2) from a state far from regularity compared to 

categories 2, 3 & 4. This means that different pier-to-deck connections could affect the bridge 

uniformity drastically regardless of design requirements and recommendations. Category 2 

bridges possess a better starting behavior than category 1 as demonstrated in figure 5, which is 

due to the fact that monolithic connection atop of the long pier provides better force 

redistribution among both piers than pot bearing pier-to-deck connection. Category 3 has a 

different trend in the behavior than the other versions as the steel reinforcement ratio in long 

piers rather than short piers is altered to target more uniform response at failure. It is noticed 

that this scheme may provide good solution in case of large difference between pier heights, 

while its benefits are diminished when the gap between both pier heights decreases, which 

then results in unpractical solution. A radically different behavior appears in category 4 

starting from short pier height of 7m; it is impossible to reach reasonable values of regularity 

by just altering steel reinforcement ratios of the two piers. This is due to the fact that the stated 

EC8 design recommendation provides the most likely uniform behavior that could be 

achieved tied with the section minimum steel reinforcement requirement; if we can override 

this minimum reinforcement we can achieve better uniformity as noted in dashed lines in 

figure 5. This behavior further improves dramatically when short pier height increases from 

7m to 9m but it is still away from regularity. The regularity/uniformity of response improves 

among pier heights of 10.5m and 12m but still no synchronization of failure of piers is 

achievable for this category of the case-study bridges. 

As outlined above, the results obtained from pushover analysis showed a clear variation in 

seismic behavior among investigated categories. Thus, further nonlinear hysteretic time 

history analyses are performed herein on both “category 1” and “category 2” in order to 

validate the significance of the pushover analysis results. Time history analysis of categories 3 

and 4 is still ongoing by the authors and results are not presented in this manuscript. Shown in 

table 4a are the optimal reinforcement ratios (retrieved through pushover analysis effort) that 

more-or-less satisfy regularity condition and that are considered throughout the time history 

analysis. Note the difference between these values in table 4a and those calculated by simply 

satisfying EC8 design requirements in table 2 without focusing on achieving regular seismic 

response of piers at failure. For completeness, table 4b converts these reinforcement ratios in 

table 4a of the optimized design for uniform seismic response into actual reinforcement steel 

tonnage to facilitate comparisons. 

Table 4a – Steel reinforcement ratios used to comprehend best achievable uniform behavior (retrieved from 

pushover analysis successive trials) 

Short 

pier 

Height 

Cat 1(E-P)       

3.5m x 1.4m 

Cat 2(E-M) 

3.5m x 1.4m 

Cat 3(P-M)

3.5m x 1.8m 

Cat 4(P-P)       

3.5m x 1.8m 

short long short long short long short long 

7m 1.900 % 1.042% 1.000% 1.363% 1.780% 0.500% 1.880% 0.200% 

9m 2.290% 1.077% 0.460% 1.403% 1.320% 1.100% 2.000% 0.405% 

10.5m 2.000% 1.122% 0.400% 1.443% 1.060% 1.800% 1.880% 0.538% 

12m 1.300% 1.128% 0.280% 1.443% 0.840% 2.000% 2.000% 0.686% 
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Table 4b – Steel reinforcement total weight (in tons) for the two piers resulting from the optimized design 

Figure 5 – Uniformity behavior from pushover analysis successive trials, top left: category 1, top right: 

category 2, bottom left: category 3, bottom right: category 4 [ρϕ values are calculated at failure state].

Table 5a reports ρϕ values computed for version (i.e., trial) 1 corresponding to EC8-based 

design without steel reinforcement alterations. Comparing EC8-calulcated ρ values (as per 

Equation 1) in table 3 to proposed curvature-based ρϕ values in table 5a retrieved from 

pushover analysis at failure as specified above, one could notice that even when a bridge 

scheme complies with EC8 uniformity behavior it still has the possibility of acting somewhat 

non-uniform at failure limit state. For completeness, table 5b also reports ρϕ values at failure 

but for the bridge schemes featuring reinforcement ratios (table 4a) that have been optimized 

to attain more-or-less best regular response at failure based on pushover analysis results. It is 

hereby clear that categories 1 and 2 are capable of providing satisfactory uniform/regular 

seismic response at failure for all investigated pier height ratios while this is not strictly the 

case for all design schemes in categories 3 and 4 with various investigated pier height ratios.    

Short pier 

Height 

Cat 1(E-P)       

3.5m x 1.4m 

Cat 2(E-M)                

3.5m x 1.4m 

Cat 3(P-M)            

3.5m x 1.8m 

Cat 4(P-P)       

3.5m x 1.8m 

7m 1072 1003 962 790 

9m 1373 915 1349 1171 

10.5m 1412 939 1797 1348 

12m 1208 906 1883 1662 
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Short pier 

Height 

Cat 1(E-P)       

3.5m x 1.4m 

Cat 2(E-M)                

3.5m x 1.4m 

Cat 3(P-M)            

3.5m x 1.8m 

Cat 4(P-P)       

3.5m x 1.8m 

7m 6.740 1.590 1.090 1.520 

9m 4.631 1.312 1.321 1.314 

10.5m 2.060 1.170 1.510 1.230 

12m 1.710 1.160 1.510 1.200 

Table 5a – Actual values of ρϕ denoted as resulting from pushover analysis (at failure) for version/trial 1 of the

sixteen investigated bridge schemes. (Trial 1 corresponds to strict EC8-based design without reinforcement 

alteration/optimization) 

Short pier 

Height 

Cat 1(E-P)       

3.5m x 1.4m 

Cat 2(E-M)                

3.5m x 1.4m 

Cat 3(P-M)            

3.5m x 1.8m 

Cat 4(P-P)       

3.5m x 1.8m 

7m 1.180 1.010 1.010 1.520 

9m 1.093 1.020 1.014 1.266 

10.5m 1.110 1.034 1.100 1.220 

12m 1.050 1.040 1.420 1.120 

Table 5b – Actual values of ρϕ at failure (pushover analysis) for all investigated bridge schemes with optimized

reinforcement ratios (Table 4a). 

6. TIME HISTORY ANALYSIS

A series of 7 real earthquake records have been used and incrementally scaled up in terms 

of the spectral acceleration at the fundamental period of vibration of the subject bridge 

scheme to cover various seismic demands ranging from design level earthquake, passing 

through limit of elastic response until reaching failure of the bridge under investigation as per 

the failure criteria previously stated. Each earthquake has a different behavior and effect on 

each bridge, but the overall behavior will be reported in what follows only based on average 

results of the seven records. The earthquakes considered are LP89CAP, LP89G03, LP89HDA, 

NR94NYA, NR94STC, SF71PEL, and SH87WSM – refer to figure 6 showing records 

acceleration elastic response spectra. These records were extensively used in several other 

earlier studies (e.g. [12 & 14 – 17]) to which the reader is referred for complete details. 
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Figure 6 – Design acceleration response spectrum according to EC8 (q=3.5) in Bold, compared to the seven 

earthquakes elastic response spectra before re-scaling them to design level. 

The bridge piers undergo a typical moment-curvature hysteretic loop under inelastic time 

history analysis until either the end of the event or when failure is imminent at the stress-strain 

level of confined concrete and/or reinforcing bars as described before. The values of curvature 

at failure are determined according to failure criteria previously mentioned. Figure 7 displays 

a typical moment-curvature hysteretic loop for a sample bridge pier. 

Figure 7 – Sample bridge pier Moment-Curvature hysteretic loop from time history analysis 

6.1   CATEGORY 1 TIME HISTORY ANALYSIS RESULTS 

In category 1, short pier behavior is influenced by the elastomeric bearing connection to 

the deck. Thus it is noticed that failure is governed by deck total displacement exceeding a 

seating width of 1m at abutment. This – of course – occurs after a “weak/soft” mode of failure 

(as previously defined) takes place, where net transverse shear deformation in the elastomeric 

bearing exceeds a maximum value of 0.45 m (refer to figure 8) for bridges with 7m or 9m-

high short piers. Steel reinforcement strain values corresponding to this failure state are far 

3496



Mena. G. Ishak, Sameh S.F. Mehanny 

less than the maximum strain demarking failure of reinforcement. Average of the maximum 

achieved stress-strain values for the seven considered earthquake records is denoted in figure 

9. 

Concrete stress-strain relation to incrementing earthquakes is not shown since concrete 

strain values retrieved from inelastic time history analyses were far below maximum allowed 

strain values up to failure state of all studied bridges falling under this category 1. Most 

achievable bridge uniform behavior from various trials through altering reinforcement ratio of 

the short pier has resulted in much better performance than the original code-based design 

(table 2) previously denoted by trial 1. This difference is more obvious when comparing 

values of back calculated curvature-based ρϕ at failure (averaged over the seven considered 

earthquake records) as shown in figure 10 to those of the original EC8-based design (retrieved 

from pushover analysis and corresponding to trial 1) illustrated in table 5a. 

Figure 8 – Net elastomeric bearing displacement (E) and Total deck displacement (T) of all category 1 bridges. 

Values in the figure are average of the seven selected records. 

Figure 9 – Maximum stress-strain values resulting from increasing earthquake scale factor until failure – 

averaged over all seven earthquake records considered. 
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Figure 10 – Uniformity index, curvature-based, ρϕ for category 1 at failure for the four different heights of

the short pier after optimizing EC8 original design through reinforcement ratio alteration (Table 4a) – reported 

values are averaged over the seven considered earthquake records. 

An over strength value ΩR of the bridge is introduced and is defined as the ratio between 

the actual total base shear of the two piers at failure level resulting from time history inelastic 

analysis averaged over all seven considered earthquake records and the total design base shear 

of both bridge piers according to EC8 design response spectrum. The over strength ΩR 

(computed at failure limit state) of the bridge tends to decrease as the ratio between the height 

of the long to short piers decreases as shown in figure 11 (i.e., when piers tend to be of near 

height). Similarly, another strength response index denoted by Ωd is defined and computed but 

at the design demand level rather than at the failure level. Ωd is simply defined as the total 

base shear carried by both unequal height piers (averaged over the seven considered 

earthquakes) corresponding to the design level demand divided by the base shear the actual 

bridge piers are designed for in order to sustain EC8 seismic demands. As the value of Ωd 

decreases and is less than 1.0, the as-designed bridge has higher design strength than 

expected. On the other hand, when the value of Ωd becomes greater than 1.0, the bridge as-

designed is exposed to actual earthquake forces at design level higher than its design ability to 

resist. Referring to figure 11, it is clear that the case study bridges of category 1 are all 

featuring Ωd remarkably less than 1.0 irrespective of the ratio of their unequal height piers. 

They thus feature a reasonable built-in over strength and are hence on average capable of 

sustaining EC8 seismic design loads when hit by design level earthquake records. 

Figure 11 – Over strength values (Ωd at design level and ΩR at failure level) retrieved averaged over all 

considered seven earthquake records for category 1 bridges – design data are as per Table 4a. 
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6.2   CATEGORY 2 BRIDGE BEHAVIOR 

Category 2 is distinguished from category 1 at many features. First of all, the bounding 

failure criteria here is the ultimate steel strain as opposed to maximum deck displacement and 

off-seating as shown in figures 12 and 13. The total deck displacement has never exceeded the 

preset seating width of 1m and the net elastomeric bearing transverse shear deformation has 

not reached the weak mode of failure demarcated by elastomer shear deformation of 3xtb. 

Figure 12 – Net elastomeric bearing displacement (E) and Total deck displacement (T) of all category 2 bridges. 

Values in the figure are average of the seven selected records. 

Steel strain controlled failure mode is governing all studied bridges of this category, as in 

most notable cases short pier tends to fail first  for heights 7m and 9m while this effect 

diminishes whenever we approach cases with close pier heights, i.e., 12 m-high short pier 

(refer to figure 13). 

Figure 13 – Maximum stress-strain values resulting from increasing earthquake scale factor until failure of 

category 2 bridges – averaged over all seven earthquake records considered.  

From a seismic response uniformity/regularity perspective, category 2 bridges possess less 

uniform behavior – especially at failure – than category 1. One can also note that there is a 
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reversal in behavior in terms of uniformity (and synchronized failure of unequal height piers) 

when short pier height exceeds 9m. In other words, the scheme with 12m-high short pier 

possesses low uniformity behavior nearly similar to the scheme with the 7m-high short pier 

already featuring some inherent non-uniform seismic behavior particularly at failure (refer to 

figure 14). This is due to some intrinsic effect of monolithic pier-to-deck connection. To 

conclude, when we have bridge schemes with close heights of piers, it is recommended to 

consider category 1 instead as its inherent features provide overall better uniformity in seismic 

response than category 2. 

Figure 14 – Uniformity index, curvature-based, ρϕ for category 2 at failure for the four different heights of

the short pier after optimizing EC8 original design through reinforcement ratio alteration (Table 4a) – reported 

values are averaged over the seven considered earthquake records 

Regarding built-in over strength, category 2 bridges possess lower over strength at failure 

than their corresponding versions of category 1 as reflected by ΩR values in figure 15 versus 

figure 11, while they possess critical values of design strength index, Ωd that are very close to 

1.0 which denotes that these bridges – as-designed – can sharply withstand design 

earthquakes. 

Figure 15 – Over strength values (Ωd at design level and ΩR at failure level) retrieved averaged over all 

considered seven earthquake records for Category 2 bridges – design data are as per Table 4a. 
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7. MATERIAL ECONOMY AMONG CATEGORY 1 AND CATEGORY 2

Material economy - besides uniformity of seismic response and over strength (both at 

design and at failure states) - plays a key role in determining the most suitable system 

according to the available scheme conditions. The designer may sometimes favor bridge 

material economy over uniformity of behavior. To unify a measurement technique to address 

and assess the economy of the as-designed bridge, βc and βs are two proposed dimensional 

indexes deemed suitable to compare various studied bridge schemes in terms of concrete and 

reinforcing steel quantities, respectively.  

βc =
𝑇𝑜𝑡𝑎𝑙 𝑏𝑎𝑠𝑒 sh𝑒𝑎𝑟 𝑓𝑜𝑟𝑐𝑒

𝑇𝑜𝑡𝑎𝑙 𝑝𝑖𝑒𝑟𝑠 𝑐𝑟𝑜𝑠𝑠 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑟𝑒𝑎
 , βs =

𝑇𝑜𝑡𝑎𝑙 𝑏𝑎𝑠𝑒 sh𝑒𝑎𝑟 𝑓𝑜𝑟𝑐𝑒

𝑇𝑜𝑡𝑎𝑙 𝑟𝑒𝑖𝑛𝑓𝑜𝑟𝑐𝑒𝑚𝑒𝑛𝑡 𝑎𝑟𝑒𝑎 𝑖𝑛 𝑏𝑜𝑡h piers
    (t/m

2
)   (3) 

These indexes ignore piers height and are hence used only to compare similar bridge 

schemes but with different pier-to-deck connections. Higher values of β means better material 

economy, since higher forces can be sustained for a given quantity of material (be it concrete 

or reinforcing steel). However, high β values do not necessarily illustrate a better design in 

terms of uniformity of seismic behavior, redundancy and/or over strength capability. Figures 

16a and b denote a comparison between category 1 and category 2 bridges in terms of 

economy and material utilization. 

Figure 16a – βc and βs for category 1 bridges – averaged over the seven selected records 

.Figure 16b – βc and βs for category 2 bridges – averaged over the seven selected records. 

It is obvious that in terms of better concrete utilization, category 1 outnumbers category 2 

just for bridge schemes with short pier heights of 7m and 9m (i.e., remarkably different from 

the height of the longer pier that is 14m), but both categories possess nearly same utilization 
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for short pier heights of 10.5m and 12m. In terms of steel utilization and excluding short pier 

of height 7m, category 2 far outnumbers category 1 which denotes that steel reinforcement 

used in category 2 sustains much more shear force than reinforcement used in category 1. It is 

worth noting that values in figure 16 reflect results averaged over the seven selected 

earthquake records and correspond to bridge schemes with steel reinforcement ratios tailored 

to comprehend best achievable uniform behavior as per table 4a.    

8. CONCLUSIONS

Current EC8 criteria in addressing bridge uniformity shall hold further investigation, as the 

only factor to determine uniformity (ρ<2) is force/moment-based and hence is not enough to 

assess actual bridge behavior and might be misleading in some cases as discussed herein and 

in the literature. A curvature-based uniformity index such as ρϕ proposed in the present 

research has been shown to be more appropriate to address and verify this seismic regularity 

issue for bridges. 

Common construction practice might force designers to choose one type of bearing to be 

used across bridge piers, which is good from aesthetic point of view and constructability but 

may be a bad option in terms of design optimization targeting utmost uniformity of seismic 

response. For instance, pot bearings when used on all piers of the same bridge irrespective of 

their relative height could lead to less economic and/or less effective design to overcome 

seismic loads for one case or the other, while still providing some uniform behavior among 

unequal height bridge piers (refer to tables 4b and 5b). Further altering pier-to-deck 

connections can provide better uniform behavior. Such conclusion based on pushover analysis 

results is under further investigation by the authors through applying more sophisticated 

inelastic time history analyses. 

Usage of elastomeric bearing on short pier and pot bearing on long pier possesses an 

effective solution for bridge uniformity under seismic events up to failure in addition to 

overall material optimized utilization. On the other hand, usage of monolithic connection 

instead of pot bearing for the long pier is not recommended, as it sustains low over strength 

characteristics although it still offers uniform seismic behavior close to that provided through 

the pot bearing solution. 

In the case with elastomeric bearing on the short pier, concrete usage economy is better 

when pot bearing is mounted on long pier, especially when the gap between pier heights is 

large. But when both piers have closer heights, the monolithic pier-to-deck connection for the 

long pier along with elastomeric bearing on the short pier shows slightly better concrete 

utilization. Also, the monolithic connection possesses generally much higher steel 

reinforcement utilization than the pot bearing pier-to-deck connection for the long pier except 

for the bridge schemes with 7m-high short pier. However, this benefit effect is diminished 

when comparing this scheme to the pot bearing connection scheme in terms of seismic 

behavior uniformity and over strength. 

Finally, usage of pot bearings on both piers is not highly recommended, same as usage of 

pot bearing on short pier and monolithic connection for long pier. Both schemes show very 

rigid solution attracting significantly higher seismic demands, and may have unexpected 

“hard to minimize” non-uniform seismic behavior. Nonetheless, further extensive 

investigations through inelastic time history analysis are a must to determine their exact 

behavior and to weigh their effectiveness in terms of regularity/uniformity of seismic 
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response, in addition to their built-in overstrength, versus quantities of structural materials 

(concrete and reinforcement steel) used. This is currently an ongoing research by the authors. 
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Abstract. This paper presents evolutionary-based least-weight topology and size optimization 
procedure for designing offshore wind turbine supporting structures. A modified version of 
Genetic Algorithms is presented herein. The GA technique is used for solving the nonlinear 
constrained optimization problem of 3D quatropod jacket offshore support structure. In this 
optimum design formulation, the objective function is the material weight of the supporting 
truss; the design variables are the locations of the ends of the truss members as well as the 
cross-sectional areas of the truss members. The constraints are the stresses in members and 
the displacements of the joints. The constraints are handled using non-stationary (dynamical-
ly modified) penalty functions. The quatropod jacket, one of the most commonly used design 
alternatives for offshore supporting structures is presented as demonstration to the efficiency 
of the presented GA algorithm. The quatropod jacket test problem is subjected to gravity, 
wind, wave and earthquake loading conditions. The results show that the GA method is effi-
cient in finding the best discovered optimal solution [structural topology and weight]. 
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1 INTRODUCTION AND BACKGROUND 

Often times, the individual design solutions (typically, a range of possible feasible design 
solutions exist for a given engineering problem) significantly influence the structural response 
to the environmental loads and thus impose additional constraints to the design. For example, 
the type, configuration, and structural member sizes of the supporting offshore structure, 
could potentially have a dramatic impact on marine growth size which greatly impacts the hy-
drodynamic drag forces. As a result, the nonlinearities associated with fluid-structure interac-
tion may be substantial and no longer be admissible to dismiss during the design stage [1]. 

In the presence of multiple optima and non-smooth constraints in the design variable space, 
it is difficult to obtain a set of optimum values using member-level optimization formulations. 
This shortcoming inspired researchers to explore using the relatively new and innovative evo-
lutionary-based optimization techniques. For example, the following methods have been used 
recently to address structural engineering optimization problems: Shuffled Complex Evolu-
tion Optimizer (SCEO), Ant Colony Optimization (ACO), the Genetic Algorithms (GA), and 
Particle Swarm Optimizer (PSO) (e.g. [2]–[12]). 

Many structural optimization problems involve problem-specific constraints applicable to 
the solutions limiting the feasible search space. In these types of problems, it is challenging to 
adapt traditional optimization techniques to handle constraints. One of the most popular con-
straint handling methods is through penalty functions due to the relative simplicity and ease of 
implementation. Topology optimization was used by many researchers to generate alternative 
structural design concepts for benchmark wind turbine blades. In these studies, the focus is 
alternative structural layout for wind turbine blades with the aim of improving its design, min-
imizing weight and ultimately, wind energy cost reduction (e.g. [13]–[23]). 

This study presents an efficient Genetic Algorithm with Domain Trimming (GADT) opti-
mization technique to achieve superior optimization. The GADT scheme is used to solve a 
typical least-weight design for offshore wind turbine supporting structures through topology 
and member size optimization. The algorithm is coded using the MATLAB commercial soft-
ware package [24] and its built-in GA libraries; while the structural analysis and design for 
the different topology and loading configurations is performed using the SAP2000 commer-
cial software package [25]. The linkage and automation of the structural analysis and design 
tasks are initiated from within the MATLAB code and established through the Open Applica-
tion Programming Interface (OAPI) capabilities of the SAP2000 software. 

2 GENETIC ALGORITHM WITH DOMAIN TRIMMING (GADT) 

To begin GA optimization, a population of Np (population size) solution alternatives are 
generated randomly using a uniform probability distribution; each solution of the GA consists 
of a combination of variables (x1, x2, x3, …, xn) which has its own fitness value. In cases 
where the optimization is performed to find the minimum of a given problem, lower fitness is 
preferable. Solutions that yield low objective values would have better fitness as long as they 
are not penalized for violating the constraints which would result in increasing the fitness val-
ue. Populations of solutions are represented by chromosomes or variable strings. In this re-
search, a variable string is used instead of a binary string because the design variables are 
discrete. Once the fitness for every solution in the current population is calculated using the 
fitness function Fj(X), unfit solutions are eliminated. Any solution whose fitness is greater 
than the average, Fave, of the population is reassigned a fitness of zero: 
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F 								for	 	 F
0									 											for	 	 F

               j 1,2,… , N (1) 

where (X) is the vector of the design variables. 

The three basic operations of a GA, reproduction, crossover, and mutation, are used to im-
prove the fitness of each population from one generation (iteration) to the next ( 

Figure ).  The reproduction operation selects the better fit designs, copies them and places 
them into a mating pool allowing each to mate and reproduce. Different selection methods are 
available in the literature. The roulette wheel selection method is used in this study for its 
simplicity and popularity.  The uniform crossover operation is used to combine genetic infor-
mation between two parent solutions. Uniform crossover selects two parent solutions at a time 
from the mating pool and swaps variables corresponding to zeros in a binary string known as 
a mask. 

Figure 1: Flow chart of general GADT optimization [26] 

A major shortcoming of GA optimization is that while it is good in global search of the op-
timum solutions, it is weak in local search; meaning that it will converge to the optimum solu-
tion but will not locate it with high precision especially if the population size is small. The 
reason is that initially, the solution variables are selected randomly from a pre-specified range 
(domain), those variables do not change but relocate from one solution to another, with the 
exception when mutation occurs which introduces new variables from the specified domain. 
However, the probability of mutation is generally kept low (2%-5%) in order to increase the 
solution stability. Another shortcoming of the GA approach is the choice of domain; a poor 
choice of the domain (e.g.: [1, 1000] when the optimum value is 2) dramatically impacts con-
vergence. In this study, a new technique that addresses these GA shortcomings is presented. 
The technique is to trim the domain so that the chance of selecting the optimal variable is en-
hanced (e.g.: trimming a domain from [1, 1000] to [1, 10] would increase the probability of 
selection of the optimal variable by 200 times). After trimming, the GA is reinitiated and con-
tinues to do so until the optimum solution is found.  Figure 1 shows the flowchart for the 
GADT Method. For more details about GADT algorithm the reader is referred to [26]. 
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2.1 Constraints handling 

 One of the most common constraint–handling techniques is through penalty functions. In 
such approaches, the problem is solved as an unconstrained one, where the constraints are pe-
nalized (such that non–feasible solutions are characterized by high function values). This al-
lows for a single objective function to be formulated and in turn minimized using an 
unconstrained optimization algorithm. The penalty functions can either be stationary or non-
stationary (dynamically modified). It is observed that non-stationary penalty functions are al-
most always superior to stationary penalty functions. A non-stationary penalty function is, 
generally, defined as 

( ) ( ) ( , , )pn pnf X F X p X c e          (2) 

Where F(x) is the original objective function of the constrained optimization problem; ( )p   is 
a dynamically modified penalty value, defined as 

, , , 1
0, 1

   (3)

Where, ri is the individual member’s demand over capacity ratio according to the design code.	
cpn and epn are the penalty coefficient and exponent, respectively. As their name implies, they 
provide means to penalize the optimization objective if the ratio r exceeded unity. epn serves 
as efficient means to greatly increase the penalty as r gets farther from unity while cpn ensures 
that values of r get farther away from unity. In this study, the empirically-selected values of 
the penalty coefficient and exponent are 2.5 and 2, respectively.  

3 PROBLEM FORMULATION FOR OFFSHORE JACKET STRUCTURE 

The proposed optimization problem for the wind turbine supporting truss structure is quite 
complex as it aims at discovering the optimum geometrical configuration and shape as well as 
member sizes. The mathematical form of the problem can be expressed as follows:   

 1 2

1

Find       , ,... , , ,

To Minimize     = ( , , , )  
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n

s s s i i
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 (4) 
Where Ai = the design variable i (member i cross-sectional area), (xs, ys, zs) are the mem-

bers’ end nodes coordinates, n = the number of the design variables, W(A) = the objective 
function (the structural weight),  = the material density, Li = the member length, m = the 

number of inequality constraints (g), 
min
iA  and

max
iA are the lower and the upper bound of the

ith variable respectively.  The lower and upper bounds posed by Eq.(4) on the constraints in-
clude truss member stresses and joint displacements according to the specified design code.  

Combining the objective and penalty functions together would yield the fitness function 
used in GADT: 

Min 	 , , , , , , , , +	 , , , , , (5) 
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For practicality and to constraint the structure’s space, the locations of the nodes in the x-y 
plane are, not allowed to change. Instead, the vertical location z of the node along the legs is 
allowed to change (see Figure 2b). Consequently, the slope of the legs, the length of members, 
and the weight of the structure are changing as well. 

3.1 Quatropod Jacket 

One of the most commonly used offshore wind turbine support systems is used herein to 
demonstrate the efficiency of the GADT algorithm. The developed code is applied to design a 
3D quatropod jacket trusses subjected to various loading conditions. A total lumped mass of 
3.4	105 kg representing the turbine mass is assumed on the top of the tower. The design con-
straints include truss joint displacements and member stresses. The supporting truss systems 
are analyzed for load combinations and designed for conditions specified according to the 
2010 AISC-LRFD design code [27]. 

4 RESULTS AND DISCUSSION  

The GADT algorithm is applied to the quatropod structure. The effect of the GADT con-
trol parameters (population size, penalty coefficient and exponent) on the optimum solutions 
is explored and the combination producing the best results are adopted. This 64-bar 3D truss 
structure is doubly-symmetric about the x- and y-axes. Thus, the truss members are linked in 
14 member groups. Figure 2 shows the detailed description of these groups. Therefore, the 
optimization problem has 33 independent design variables and 32 (13 tension stresses, 13 
compression stresses, and 6 displacements) constraints. Table 1 gives the best discovered so-
lutions for the structure. 

Figure 2: Wind turbine supporting truss structures: a) 3D View b) Description of the design groups (variables). 

b)a) 
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The best discovered optimum weight via GADT algorithm is found to be 4,227,300 kgf. 
The best solution is obtained after approximately 500 searches shown in Figure 3. The opti-
mal solutions found by the GADT meet all constraints and have no active constraints. 

Table 1: Optimal Design values for the 3D 64-bar space truss (quatropod jacket). 

Optimal Design Variables (m) 

Variable BDV Variable BDV Variable BDV5 

1 D1 0.74 12 WT2 0.14 23 D 0.57 
2 WT 0.055 13 L 13.53 24 WT 0.08 
3 D 0.71 14 D 0.96 25 L3 13.50 
4 WT 0.047 15 WT 0.12 26 S4 8.00o 

5 D 0.64 16 L 11.75 27 D 0.59 
6 WT 0.036 17 D 0.74 28 WT 0.07 
7 D 0.55 18 WT 0.13 29 D 0.45 
8 WT 0.037 19 L 13.91 30 WT 0.07 
9 D 0.54 20 D 0.59 31 L 5.10 
10 WT 0.035 21 WT 0.12 32 D 1.80 
11 D 0.84 22 L 9.80 33 WT 0.06 

Minimum Discovered Total Weight = 4,227,300 kgf 
1D: Diameter (outer); 2WT: Wall Thickness; 3L: Length; 4S: Slope; 5BDV: Best Discovered Value 

Figure 3: Path to convergence for the minimum weight of the quadropod structure. 

5 SUMMARY AND CONCLUSIONS  

A modified version of Genetic Algorithm with Domain Trimming (GADT) is presented in 
this study. The innovative technique is used to solve a least-weight topology and size optimi-
zation problem in the design of offshore wind turbine supporting structures. The GADT is 
used for solving the nonlinear optimization problem of 3D quatropod jacket offshore structure. 
In this optimum design formulation, the objective function is the material weight of the sup-
porting truss; the design variables are the locations of the ends of the truss members as well as 
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the cross-sectional areas of the truss members; the constraints are the stresses in members and 
the displacements of the joints. The constraints were handled using non-stationary (dynami-
cally modified) penalty functions. The quatropod jacket problem is subjected to gravity, wind, 
wave and earthquake loading conditions. The results show that the (GADT) method is effi-
cient in finding the best discovered optimal solution. 
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Abstract. A new methodology for the study and evaluation of the seismic response of build-
ings is presented in this paper. The method involves the use of nonlinear time-history analysis 
on equivalent multi-degrees of freedom stick models, defined according to the classification 
given in FEMA440 Report. The steps for implementing the method and obtaining the equiva-
lent model are described in the article. For the validation of the method, the results obtained 
from the stick models were compared to that obtained by time-history analysis on detailed 
finite element models of the structures (using the definition of detailed model described in 
FEMA440). The engineering parameters considered in the comparison are top displacements, 
interstorey drifts, forces at the floor and base shear. The results of the conducted analyses on 
the equivalent stick models match satisfactorily, in an excellent way in certain cases, those of 
the analyses carried out on detailed models. The time-history analyses on the stick models, 
allowing a considerable saving in terms of both computational effort and time for numerical 
solution and post-processing of results, could make this kind of analysis more attractive and 
feasible for a daily design, and comparable in terms of costs with pushover procedures. 
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1 INTRODUCTION 

The evaluation of dynamic response of a structural system and the interpretation of results 
obtained are the key aspects in the study of a building subjected to seismic action, both in the 
case of new building design and for the seismic assessment of existing buildings. To this re-
gard, in the early nineties, innovative design criteria based on respect of structural perfor-
mance criteria were introduced, not only for ultimate limit state analysis but also related to the 
containment of damage resulting from seismic events [1]. 

In the light of this, the design criteria based on performance requirements related to the 
displacements, have led to the definition of “displacement-based design” procedures [2]. The 
need to properly estimate the displacements resulting from the seismic action, using simpli-
fied models of the structure, however, is an issue introduced earlier. 

Linked to the problem of limiting the computational efforts in the study of inelastic struc-
tures, the attention of researchers was soon addressed to look for simplified equivalent meth-
ods able to correctly represent the global response of structures. To this regard it seems useful 
to quote the Substitute Damping Method proposed in [3], the Method of the Substitute Struc-
ture introduced in [4], the Q-Model [5] and the Multi-Rigid-Body Method [6] which, starting 
from the theory of rigid bodies, defines an equivalent discrete multi-degrees of freedom 
(MDOF) model for the study of dynamic response of shear-type frames. 

Between the various simplified model proposed from the researchers, one of the recurring 
assumption is to search for an equivalent single-degree of freedom (SDOF) model, that usual-
ly is adopted instead of the complete model in the seismic analysis, with the objective to esti-
mate, albeit approximately, the maximum displacements at the top of the structure and the 
maximum (positive or negative) value of shear force at the base of the structure. This simple 
model, if on one hand allows an important save of computational efforts, on the other can 
sometimes introduce considerable errors due to the MDOF effects usually not considered in 
the SDOF model. 

The equivalent model proposed here is a MDOF model with three degrees of freedom as-
sociated to each floor: the allowed movements are two translations in the plane of the slab and 
one rotation around the vertical axis, orthogonal to the mid-plane of the floor. In summary, 
being N the number of floors of the structure at hand, the numerical model has a total of 3N 
degrees of freedom. 

2 DESCRIPTION OF THE EQUIVALENT STICK MODEL METHOD 

The present paper describes a new structural model for the evaluation of nonlinear seismic 
behavior of framed buildings. The method involves the definition of an inelastic equivalent 
model characterized by few degrees of freedom, classified as stick model in the FEMA440 
Report [7], and obtained starting from a detailed model of the same structure. 

The Equivalent Stick Model (ESM), introduced in [8], is based on the determination of the 
capacity curves of each floor by incremental static analysis, and assigning each curve to the 
corresponding degree of freedom. The proposed model is then incorporated in a broader con-
text of a procedure called Equivalent Stick Model Method (ESMM), implementing the ESM 
model in the resolution of nonlinear time-history analysis. The new methodology proposed 
here consists of the following main steps: 
1) Implementation of the structural detailed model;
2) Determination of the capacity curves for each floor;
3) Definition of the cyclic (hysteretic) behaviour of each degree of freedom;
4) Determination of the mass to be assigned to each degree of freedom;
5) Assembling the equivalent stick model (ESM);
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6) Time-history analysis on stick model;
7) Determination of dynamic structural response;
8) Estimation of local parameters from the detailed model.

The first five steps lead to the determination of the equivalent model; the other three pro-
vide the procedure for the application of the model in the proposed method. In the following, 
the procedure to achieve the ESM model will be first described and, subsequently, that for its 
application in the framework of the proposed methodology used for the assessment of struc-
tural seismic response. Furthermore, for a first validation of the method, two case studies are 
described and analyzed. The results reported provide useful indication on the reliability of the 
proposed method. 

2.1 Implementation of the structural detailed model 

The implementation of the detailed model, in accordance with the classification given in 
[7], allows to assess the dynamic parameters of the real structure (frequencies, periods, modal 
shape, participation factors). The detailed model must fit in terms of distribution of stiffnesses, 
masses and strengths, with the real structure since, from it, the capacity curves of each floor 
will be then achieved. 

2.2 Determination of the capacity curves for each floor 

As one of the fundamental aspects of the procedure, the seismic induces horizontal dis-
placements of each point of a floor are determined by the generalized displacements (dis-
placements and rotation) of a node identified as representative of the floor. The movements of 
a floor will be two translations in the horizontal plane and a rotation around the vertical axis. 
The idea of statically condensing the movements of an entire floor in the movements of a sin-
gle point, considered as representative, is correct only if the floor has a sufficiently high (theo-
retically infinite) in-plane stiffness. 

The selected representative point is the geometric center of mass CM of the floor. It is also 
assumed that the centers of mass of all the floors are aligned along the axis perpendicular to 
the slab. The behavior of each floor is identified by three inelastic curves, obtained by nonlin-
ear static incremental analysis, with a prescribed force distribution. In [8] different types of 
forces distribution were tested: proportional to the translational mass; proportional to a uni-
form accelerations distribution; proportional to the shear distribution obtained from one or 
more vibration modes. 

The capacity curves related to each floor are in the form "Force-Displacement" for the two 
translational degrees of freedom while in the form "Torque-Rotation" for the rotational degree 
of freedom. Force and torque of the curve are those statically applied in the incremental anal-
ysis, while displacement and rotation are those registered at the representative point. 

2.3 Definition of the behaviour of each degree of freedom 

After determining the three backbone capacity curves for each storey, must be defined a 
damage criteria to take into account the degradation behavior of the structure due to cyclic 
action. The choice of the most suitable hysteretic model to be adopted depends on the damag-
ing phenomena to be included. In the present work, in order to simplify the capacity curves 
obtained via incremental analysis, a tetra linear polygonal curve has been adopted. In addition, 
to represent the cyclic degradation effects, a peak-oriented hysteretic behaviour has been cho-
sen. With the described assumptions, the response of the structural system is calculated by 
moving along the backbone curve during virgin loading with unloading and reloading process 
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that moving through the opposite side of the diagram, points to the value of maximum (or 
minimum) displacement reached in the past steps of the analysis (see Figure 1). 

2.4 Determination of the mass assigned to each degree of freedom 

The mass values attributed to the three nodal degrees of freedom of each floor are the 
translational mass and the rotational moment of inertia of the storey. The calculation of the 
translational mass of each floor is carried out according to the following rules: 

• the mass relative to dead load and live load directly applied on the floor are attributed to
the floor itself;

• the mass of structural elements that connect two consecutive storeys is divided equally
on two storeys;

• the mass of non-structural elements between two consecutive storeys is attributed equally
if they are firmly fixed at both ends, otherwise they are entirely allocated to the
underlying floor.

The calculation of rotational moment of inertia to be attributed to the considered floor is 
made in respect of the following rules: 

• the mass considered is the same determining the translational mass;

• the rotational moment of inertia is obtained considering the various distances computated
from the center of mass to the actual geometrical position of the elements in the floor.

2.5 Assembling the equivalent stick model (ESM) 

The finite element adopted in the definition of the equivalent stick model is a classical 
lumped plasticity element, having a linear elastic component in series with two inelastic 
hinges to the extremities. The capacity curves previously obtained are used to define the 
properties of the elastic portion and the behaviour of inelastic hinges. The boundary 
conditions adopted are total restraint prescribed at the base section of the model and rotational 
restraint (along the X-dir and Y-dir) prescribed at each floor level. The generic stick model 
resulting is schematically shown in Figure 2. 

Figure 1: Peak-oriented tetra linear curve modeling the cyclic behaviour of a floor. 
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Figure 2: Assembling of the stick model. 

2.6 Time-history analysis on stick model 

After defined the equivalent structural model, the next step is to conduct the nonlinear 
time-history analysis for the determination of the seismic response of the structure. The 
seismic input is a accelerogram applied to the base section of the model, or a pair of 
accelerograms if the effects of bi-directionality of the earthquake are of interest. 

2.7 Determination of dynamic structural response 

By means of time-history analysis, the displacements history of each degrees of freedom of 
the model can be derived, and consequently, the history of global parameters of interest (i.e. 
referring to the structure) be obtained, such as absolute displacements or interstorey 
displacements; the same applies to the torsional rotations that provide an estimate of the 
inelastic seismic demand of rotation on the various floors. Similar considerations can be made 
with reference to the forces since, from the time-history analysis, it is possible to obtain the 
storey shear (or storey force) rather than the base shear. 

2.8 Estimation of local parameters from the detailed model 

The dynamic seismic demand for the individual elements (beams or columns) both in 
terms of displacements and forces, can be obtained from the detailed model discussed before. 
In fact, starting from the maximum (or minimum ) value of displacement or storey shear 
required by the seismic input to the stick model, it is possible to determine the corresponding 
step of the incremental analysis, conducted on the detailed model and discussed at Section 2.2. 
The value of parameters of interest at that specific step can be considered as an estimate of the 
value that would be obtained by solving the time-history analysis directly on the detailed 
model. To set up the structural verification, if of interest, the determination of displacement 
capacity or strength capacity for the elements, may be obtained following one of the methods 
prescribed by codes, as well as from the elaboration of data obtained by experimental tests 
available in the literature [9]. 

3518



Marco Bovo, Marco Savoia 

3 VALIDATION OF THE MODEL BY NUMERICAL ANALYSIS ON CASE 

STUDIES 

3.1 Case studies description 

For the validation of the reliability of the procedure ESMM and of the adequacy of the 
ESM to predict the seismic demand, two buildings were selected and time-history analyses 
were conducted on both equivalent stick models and detailed models. The latter are 
considered as the reference solutions, able to provide the "correct" seismic response of the 
structures. In the present work, the two case studies are presented: a one-storey structure, 
symmetrical in both directions; a three-storey structure, symmetrical in both directions. The 
two buildings have the same plan, with dimensions of 6.0m x 6.0m and interstorey height of 
3.0m. A total fixed constraint was prescribed at the base of the columns of the structures. 

3.2 Modelling assumption 

The detailed model of the structure was built by means of distributed plasticity finite 
elements, with transversal fibers section. Four integration points for each element have been 
used. For confined and not confined concrete the model of Kent and Park [10] was adopted as 
modified in [11]. The model, adequate for monotonically and increasing load, is completed 
with the unloading and reloading model of Karsan and Jirsa [12], suitable for analyses with 
cyclic loading. For the steel of reinforcement bars the model of Menegotto and Pinto [13] was 
used. Table 1 and Table 2 show the properties of the materials adopted and the coefficients 
used to define the inelastic behavior of the sections according to the mentioned models. 

CONCRETE f’c [MPa] K εco εcu Z 

Confined concrete 25.0 1.0 0.002 0.006 266.67 
Not confined concrete 25.0 1.0 0.002 0.0035 1600.0 

Table 1: Adopted parameters for the definition of cyclic behaviour of concrete according to [11,12]. 

STEEL fy [MPa] E [MPa] b Ro a1 a2 

Steel 500 200000 0.005 20 18.5 18.5 

Table 2: Adopted parameters for the definition of cyclic behaviour of steel according to [13]. 

3.3 Selection of the seismic input 

In the present paper, four registered accelerograms have been used (see Table 3). Not 
scaled, rather than scaled in terms of PGA (Peak Ground Acceleration), were applied to both 
models (detailed and ESM), to test the reliability of the ESMM procedure for different 
intensities of the seismic event. The modeling and the dynamic analyses were carried out by 
means of software MIDASGen [14]. 
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Seismic input id. Earthquake Registration station Year PGA [g] 

Earthquake n.1 El Centro El Centro Site, 270 deg 1940 0.3569 
Earthquake n.2 Loma Prieta Oakland Outer Wharf, 0 deg 1989 0.2199 
Earthquake n.3 Taft Lincoln School, 69 deg 1952 0.1557 
Earthquake n.4 Northridge City Hall, 0 deg 1994 0.3703 

Table 3: Seismic input adopted in the time-history analysis. 

4 CASE STUDY N.1: ONE-STOREY SYMMETRICAL STRUCTURE 

The structure has columns with 60cm × 25cm transversal dimensions of and beams with 
cross section of 50cm × 25cm (WxH). In the detailed model, the sections have the fibers divi-
sion shown in Figure 3, while the force distribution on the floor is shown in Figure 4. The 
floor is modeled by reinforced concrete shells element with 20cm thickness. In the analysis of 
the detailed model, the following vertical loads were considered: for the elements of RC 
frames a specific weight of 25kN/m³ was assumed; a dead load uniformly distributed on the 
floor of 6 kN/m²; a live load of 0.6 kN/m². 

Since the structure has a single floor, the capacity curves to be determined for the stick 
model are three, one for each degree of freedom of the stick model. In the simplified case of 
unidirectional earthquake acting in X direction, the only kinematic parameter to be considered 

is the displacement ∆x in X-dir. 
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Figure 3: Case study n.1: cross section of columns and beams and their fiber discretization adopted in the de-
tailed model. 

CG ≡ CM 

Figure 4: Case study n.1: force distribution applied to obtain the capacity curve of floor. 
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The capacity curve in the X-dir is obtained by applying an increasing horizontal forces dis-
tribution applied at the floor level (see figure 4), proportional to the storey shear resulting 

from the first mode of vibration in the X-dir. The capacity curve FX-∆X, obtained by increas-
ing the force distribution and conducting a nonlinear static analysis, is shown in Figure 5. The 
curve, gives on the abscissa axis the displacement in the X-dir of the representative point of 
the floor (center of mass CM of the floor) and on the ordinate axis the resultant of the distri-
bution of forces acting on X-dir. 

In Figure 5, the polygonal tetra linear curve used to approximate the numerical one is su-
perimposed. This curve is then used to obtain the relation to be assigned to the plastic hinges 
of the stick model. The mass allocated to the single degree of freedom of the stick model is 
equal to mX

1=35811.8kg. The elastic properties of the finite elements of the stick model are
defined in such a way to obtain an equivalent model with the same frequencies of the detailed 
model. Figure 6 summarizes the key features of the equivalent stick model obtained. 
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Figure 5: Case study n.1: capacity curve Fx-∆x and tetra linear approximation. 
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Figure 6: Case study n.1: equivalent stick model. 

To validate the model, dynamic analyses were performed on both models (stick and de-
tailed) and the results obtained were compared. The parameters of interest and used in the 
comparison, are the displacements of the representative node of the floor monitored on the 
detailed model (displacement of CM) and the displacements of the top node of the stick model. 
Moreover, the base shear forces are compared. For the specific cases, the sum of the base 
shear force of each column for the detailed model and the base shear force registered at the 
single vertical element for the stick model were compared. In Figure 7 and Figure 8, the re-
sults in terms of “storey shear-storey displacement” are shown with reference to the Earth-
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quake n.1 and Earthquake n.2 in Table 3. For the Earthquake n.2, the result obtained using a 
Scale Factor SF=2.65 is shown in Figure 9. Figure 10 and Figure 11 show, respectively, the 
trend of displacement and storey shear, during the time, for Earthquake n.1. The results show 
that, even for dynamic actions that impose to the structure a strongly inelastic deformation 
scenarios, the stick model provides accurate results when compared with those of the detailed 
model. The comparison in terms of “storey shear-storey displacement” is also reported in Fig-
ure 12, obtained by superimposing the structural response of dynamic analysis (time-history) 
and that of nonlinear static analysis both conducted on the detailed model. 
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Figure 9: Case study n.1: storey shear-Storey dis-
placement for the Earthquake n.2 - SF=2.65
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Figure 11: Case study n.1: storey shear - time for 
the Earthquake n.1. 
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the analysis on detailed model. 

This comparison suggests that the curve obtained via static analysis (capacity curve) is a 
satisfactory approximation of the dynamic request (seismic demand) of the seismic action on 
the structure. The values of the quantities determined by stick model allow to obtain, for the 
individual seismic input, the dynamic request in terms of shear and displacement to the storey. 
The seismic request can be used to set the necessary verification from both local (element or 
section) and global (structure) point of view. In fact, it is possible to set a procedure for the 
determination of stress and deformation of a single element rather than a section. For example, 
with reference to the maximum (positive and negative) horizontal displacement imposed to 
the representative node of the slab and in the absence of torsional rotations (as in the present 
case), the displacement imposed at the top of each column is known. Reporting this displace-
ment value on the floor capacity curve, it is possible to pick out the load step of the incremen-
tal analysis where this displacement is reached. From the analysis of force and deformations 
obtained on the detailed model for that load increment, it is possible to determine the structur-
al response at the instant of maximum displacement demand. The values of force and dis-
placement by static analysis may be regarded as an estimate of that obtained for the element 
(or section) from a time-history on the detailed model. 

5 CASE STUDY N.2: THREE-STOREY SYMMETRICAL STRUCTURE 

The structure has columns with 60cm × 25cm cross-section and beams with 50cm × 25cm 
(WxH) cross-section. The sections were divided into fibers in both directions, as shown in 
Figure 13. The slab modeling is the same of the previous case study. 

Since three floors are present, the capacity curves to be determined in order to define the 
stick model are nine. For a unidirectional earthquake acting in X-direction, the determination 
of the three capacity curves in the X-dir are enough for the description of the structure. The 
three curves at hand were obtained again by a static incremental analysis with the application 
of a distribution of forces proportional to the distribution of the storey shear forces calculated 
by linear dynamic modal analysis. In the present case, the force distribution from principal 
vibration mode in the X-dir was considered (see Figure 14). 
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Column cross-section 
(reinforcement 12 Ø 20) 

Beam cross-section 
(reinforcement 10 Ø 16) 

Figure 13: Case study n.2: cross-section of columns 
and beams and their fiber discretization adopted in 

the detailed model. 

Figure 14: Case study n.2: force distribution applied 
to obtain the capacity curves of each floor. 

The capacity curve “storey force-interstorey displacement” SFX
(1)-∆X

(1), obtained for the
floor n.1 (the lower of the three), is shown in Figure 15 as an example. In the same figure, the 
tetra linear approximating curve used for the set up of the stick model is superimposed. 

The mass located at each one of the three degrees of freedom is considered equal to 
mX

(1)=mX
 (2)=35940kg and mX

 (3)=33690kg. Even in this case, the elastic properties of the fi-
nite elements of the stick model are established in such a way to obtain, the same frequencies 
of the detailed model. Figure 16 summarizes the key features of the equivalent stick model. 

In the following, some results of time-history conducted on both the structural models 
(detailed and stick) are reported. 

Figures 17a, 17b, 17c and 17d show the results for the floor n.1 in terms of “storey shear-
interstorey displacement” with reference to the four earthquakes considered (see Table 3). 
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Figure 16: Case study n.2: equivalent stick model. 
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Figure 17a: Case study n.2: storey shear -interstorey 
displacement of floor n.1 for the Earthquake n.1 

(SF=1.5) 

Figure 17b: Case study n.2: storey shear -
interstorey displacement of floor n.1 for the     

Earthquake n.2 (SF=3) 
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Figure 17c: Case study n.2: storey shear -interstorey 
displacement of floor n.1 for the Earthquake n.3 

(SF=3) 

Figure 17d: Case study n.2: storey shear - 
interstorey displacement of floor n.1 for the     

Earthquake n.4 (SF=2.5)
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Figure 18 and Figure 19 show the same quantities, but referred respectively to floor n.2 
and floor n.3 for the Earthquake n.1. 

In Figure 20 and Figure 21 the time-variation of displacement and storey shear, for the 
floor n.1 under the action of Earthquake n.1 are illustrated. Such figures show that ESM is 
able to reproduce, with good approximation, the dynamic global behavior of the structure, 
matching satisfactorily with the maximum values required at various levels from the 
“reference” solution, both in terms of displacement and force estimation. The results obtained 
show that, even for seismic excitations imposing to the structure a deformation scenarios 
abundantly beyond the elastic range, the model maintains good precision. It is also to be noted 
that a very simple hysteretic law, such as that adopted, appears to represent with enough 
accuracy the dynamic behavior of the structure at hand. 
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Figure 18: Case study n.2: storey shear -interstorey 
displacement of floor n.2 for the earthq. 1 (SF=1.5). 

Figure 19: Case study n.2: storey shear - interstorey 
displacement of floor n.3 for the earthq. 1 (SF=1.5). 
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Figure 20: Case study n.2: interstorey displacement 
VS time for floor n.1 for the Earthquake n.1 

(SF=1.5). 

Figure 21: Case study n.2: storey shear VS time for 
the floor n.1 for the Earthquake n.1      

(SF=1.5). 

Finally, Figure 22 summarizes the comparison in terms of “storey shear-interstorey dis-
placement”, for floor n.1, superimposing the responses obtained by time-history analyses and 
static incremental analysis both conducted on detailed model. As for the previous case, the 
capacity curve obtained by static analysis represents an acceptable approximation of the seis-
mic dynamic demand both in terms of force and displacements. More faithful is the static 
curve matching the dynamic response, more accurate will be the equivalent stick model ob-
tained by the procedure. 
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Figure 22: Case study n.2: static capacity curve and dynamic demand (Earthquake n.1, n.2, n.3, n.4) for the 
analysis on detailed model. 

6 COMPARISON IN TERMS OF COMPUTATIONAL EFFORTS 

The particular benefits and peculiarities of the proposed method lies in the fact that, 
leading to the definition of a numerical model with reduced number of degrees of freedom 
allows to set up dynamic analyses extremely advantageous from a computational point of 
view. Table 4 and Table 5 show the comparison between the computational time needed to 
solve the nonlinear time-history, presented earlier. The computational time and post-
processing necessary to obtain time-history results on the structural stick model turn out to be 
far fewer than those required to perform the same analysis on the detailed model. The 
computational time required by the ESMM procedure, and consisting in the definition of the 
equivalent stick model, is negligible if compared to the computational savings, even if a 
limited number of time-history is to be performed. 

Detailed model ESM 
Seismic input Solving [s] Post-processing [s] Total time [s] Total time [s] 
Earthq. n.1 (SF=1) 1026 1022 2048 0.37 
Earthq. n.2 (SF=1) 700 838 1538 0.28 
Earthq. n.2 (SF=2.65) 717 764 1481 0.29 

Table 4. Case study n.1: computational time required to solve the time-history analysis. 

Detailed model ESM 
Seismic input Solving [s] Post-processing [s] Total time [s] Total time [s] 

Earthq. n.1 2927 2081 5008 0.80 
Earthq. n.2 2229 1556 3785 0.57 
Earthq. n.3 2990 2062 5052 0.73 
Earthq. n.4 3547 5580 9127 0.70 

Table 5. Case study n.2: computational time required to solve the time-history analysis. 
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7 CONCLUSIONS 

For the considered case studies, used for a preliminary validation of the method, the results 
obtained by the ESMM procedure are generally in good agreement, excellent in some cases, 
with those obtained by the same analysis but conducted on a structural detailed model. The 
engineering parameters assessed by the described procedure, both global (with reference to 
the entire structure or its floor) and local (with reference to an element or a section), can be 
used effectively to set verification in terms of strength or displacement. As regard the choice 
of the hysteretic behaviour of a floor, the numerical results presented show that a simple 
model, computationally cheap, such as the adopted peak-oriented type, leads to good results. 
This aspect will be further investigated in future research. 

The lower computational efforts, if compared to time-history analyses on detailed models, 
and the lower level of uncertainty with respect to other seismic analysis methods (pushover), 
place the ESMM procedure in an interesting intermediate position between the existing 
procedures usually adopted to assess the seismic response of buildings. 

The ESM model and the proposed ESMM methodology seem therefore suitable to be used, 
as new tools of analysis and design, for the estimation of the dynamic response of framed 
structure buildings. 

ACKNOWLEDGEMENTS 

The present investigation was developed within the activities of the (Italian) University 
Network of Seismic Engineering Laboratories - ReLUIS in the research program funded by 
the (Italian) National Civil Protection - Progetto Esecutivo 2014 - Research Line “Reinforced 
Concrete Structures”, WP2. 

REFERENCES 

[1] T.F. Paret, K.K. Sasaki, S.A. Freeman, Performance-based engineering: can the engi-
neering profession deliver the goods?. Proc. 6th U.S. National Conference on Earth-
quake Engineering, Seattle, Washington, May 31-June 4, 1998. 

[2] J.P. Moehle, Displacement-Based Design of RC Structures Subjected to Earthquakes, 
Earthquake Spectra, 8(3), 403-428, 1992. 

[3] P. Gulkan, M.A. Sozen, Inelastic responses of reinforced concrete structure to earth-
quake motions. ACI Structural Journal, 71(12), 604-610,1974. 

[4] A. Shibata, M.A. Sozen, Substitute-Structures Method for Seismic Design in R/C. Jour-
nal of the Structural Division, ASCE 102(1), 1-18, 1976. 

[5] M. Saiidi, M.A. Sozen, Simple and Complex Models for Nonlinear Seismic Response 
of Reinforced Concrete Structures. Civil Engineering Studies. Technical Report No. 
UILU-ENG-79-2013. Structural Research Series No. 465, University of Illinois, Ur-
bana-Champaign, 1979. 

[6] M. Lai, Y.L. Zhang, C. Zhang, Analysis method of multi-rigid-body model for earth-
quake responses of shear-type structure. Proc. 10th World Conference on Earthquake 
Engineering, Madrid, Spain, 1992. 

3528



Marco Bovo, Marco Savoia 

[7] FEMA440, Improvement of Nonlinear Static Seismic Analysis Procedures. Federal 
Emergency Management Agency. Washington D.C., June 2005. 

[8] M. Bovo, Inelastic equivalent model for the evaluation of seismic response of buildings. 
PhD Dissertation. University of Bologna, 2013. 

[9] T.B. Panagiotakos, M.N. Fardis, Deformations of reinforced concrete members at yield-
ing and ultimate. ACI Structural Journal. 98(2), 135-148, 2001. 

[10] D.C. Kent, R. Park, Flexural Members with Confined concrete. Journal of the Struc-
tural Division, ASCE 97(7), 1969-1990, 1971. 

[11] B.D. Scott, R. Park, M.J.N. Priestley, Stress-strain behavior of concrete confined by 
overlapping hoops at low and high strain rates. ACI Structural Journal, 79(1), 13-27, 
1982. 

[12] I.D. Karsan, J.O. Jirsa, Behavior of concrete under compressive loading. Journal of the 
Structural Division, ASCE 95(12), 2543-2563, 1969. 

[13] M. Menegotto, P.E. Pinto, Method of analysis for cyclically loaded R.C. plane frames 
including changes in geometry and non-elastic behavior of element under combined 
normal force and bending, Proc. IABSE Symp. of Resistance and Ultimate Deform-
ability of Structures Acted on by Well-Defined Repeated Loads. International Associa-
tion of Bridge and Structural Engineering, Lisbon, Portugal, 1973. 

[14] MIDAS, http://eng.midasuser.com (web site), 2012. 

3529



COMPDYN 2015 
5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

A PROCEDURE FOR THE DETAILING DESIGN OF SIMPLY 
SUPPORTED R.C. BRIDGE DECKS SUBJECTED TO IN-PLANE 

ACTIONS 

F. Palmisano1 and A. Elia2 
1 Politecnico di Bari 

Via E. Orabona 4, Bari, Italy 
e-mail: fabrizio.palmisano@poliba.it 

2 PPV Consulting 
Via G. Matteotti 37, Bari, Italy 

a.elia@ppvconsulting.it

Keywords: Strut-and-Tie Model, Load Path Method, optimization method, bridge, R.C. 
structures. 

Abstract. Even though nowadays the Strut-and-Tie Model (STM) is widely used, several diffi-
culties can be encountered when dealing with the choice of the model that best fits the actual 
configuration. This paper proposes a step-by-step procedure, based on the Strut-and-Tie 
Model, for the design of R.C. girder bridge decks subjected to in-plane seismic actions. The 
aim is to verify the reliability of the common practitioner design attitude to neglect the evalu-
ation of the effects of seismic action on the decks of multi-girder bridges because it is thought 
that seismic code prescriptions in addition to ultimate limit state reinforcement dimensioning 
for permanent and variable load, do not justify more accurate analyses aimed to check and/or 
optimize reinforcement layout. 
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1 INTRODUCTION 
The Strut-and-Tie Model (STM), conceived by Ritter [1] on the basis of the construction 

method by F. Hennebique as a simple representation of a reinforced concrete member sub-
jected to shear and bending, was developed by Mörsch. In the twentieth century, several stud-
ies were carried out on the STM and the results constitute the fundamentals of some 
prescriptions in many international codes.  

Schlaich et al. [2] proposed a global approach to the structural design by means of STM. 
The Strut-and-Tie Model implies that the structure is designed according to the lower bound 
theorem of plasticity [2]. Since concrete allows for only limited plastic deformations, the 
STM has to be chosen in a way that the deformation limit is not exceeded at any point within 
the structure before the assumed state of stress is reached in the rest of the structure. In ab-
sence of either nonlinear analyses or specific test evidence for the case under study, this duc-
tility requirement can be considered as fulfilled by adapting each element of the model to both 
the direction and size of the internal forces as they would come from the theory of elasticity 
(e.g. [2], [3]). 

It is often not necessary to have a deep knowledge of the Strut-and-Tie Model to find the 
truss that best fits the regions under study. This is also due to the fact that often it is possible 
to adapt well-known pre-solved examples to the case being analysed. 

In non-standard cases the development of the ‘optimum’ truss model may require not only 
an expert designer but it could also be extremely time consuming. This is the why many pro-
cedures (e.g., the Load Path Method, optimization criteria), that aim to find the most ‘accu-
rate’ solution with the minimum ‘effort’, have been proposed in the last few decades. 

In this article, a procedure, based on the Strut-and-Tie Model, for the design of R.C. girder 
bridge decks subjected to in-plane seismic actions is proposed.  

The procedure is based on the following steps: 
• Step 1: linear elastic analysis;
• Step 2: from the similarity with standard and well-known examples, definition of a ten-

tative STM in which applied loads are substituted by few point loads;
• Step 3: updating of the tentative STM by application of distributed loads and compari-

son with cases which have been solved in the available literature;
• Step 4: updating of the obtained STM by comparison with principal stress lines result-

ing from a linear elastic analysis;
• Step 5: updating of the obtained STM by using the Load Path Method;
• Step 6 (optional): validation of the obtained STM by using evolutionary optimization

procedures.
In this paper, as a first application, the proposed procedure is used for a single span deck 

composed of a 0.25 m thick slab with girders and cross-beams. For the sake of simplicity, but 
without any loss of generality, girders and cross-beams have a rectangular cross section. The 
slab is characterised by a characteristic compressive cylinder strength of the concrete 
fck = 35 MPa, a secant modulus of elasticity Ecm =34 GPa and a Poisson’s ratio ν = 0.1. The 
beams are characterised by a characteristic compressive cylinder strength of the concrete 
fck = 45 MPa, a secant modulus of elasticity Ecm = 36 GPa and a Poisson’s ratio ν = 0.1. The 
following cases have been analysed (Figs. 1, 2): 
• 2TBA: 30.75 m long, 13.25 m wide, 9 girders, 2 cross-beams;
• 5TBA: 30.75 m long, 13.25 m wide, 9 girders, 5 cross-beams;
• 2TBB: 30.75 m long, 10.25 m wide, 7 girders, 2 cross-beams;
• 5TBB: 30.75 m long, 10.25 m wide, 7 girders, 5 cross-beams.
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Such typology and dimensions represent the most widespread type within the Italian terri-
tory for both existing and new bridges. Even though bridge decks with a span of approximate-
ly 30 m have, in general, at least three cross-beams, in this paper the cases of 2 and 5 cross-
beams have been studied to immediately highlight the influence of the number and distribu-
tion of cross-beams on the behaviour of bridge decks subjected to horizontal actions. Moreo-
ver, two different widths have been considered in order to verify the tendency of the deck to 
behave like a horizontal beam for higher span/width ratios. 

Figure 1: Plan view of the reference bridge decks (unit: m). 

Figure 2: Cross section of the reference bridge decks (unit: m). 

The following assumptions have been made: 
• the peak ground acceleration is 0.2g (moderate seismicity);
• the vibration periods of the bridges correspond to the 'plateau' of the acceleration re-

sponse spectrum, hence the seismic elastic design acceleration ad can be assumed as
equal to 2.5 ⋅ 0.2g = 0.5g;

• the behaviour factor is q = 3.5;
• the overstrength factor γo = 1.3.

Taking into account that, for the analysed cases, the total permanent load in the seismic 
combination is w = 18-19 kPa, the seismic horizontal load on the deck is ad ⋅ γo ⋅w / q = 3.34-
3.52 kPa. Hence the bridge decks have been considered as subjected to a 3.5 kPa static trans-
versal load applied to the slab.  

The following boundary conditions (BC, hereafter) have been assumed: 
• BC1: the bottom intersections between girders and end diaphragms are vertically fixed;
• BC2: the bottom intersections between girders and the left end diaphragm are fixed in
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the longitudinal direction; 
• BC3: the bottom intersections between the end diaphragms and the central girder are

fixed in the transversal direction. 
These boundary conditions are the most widespread within the Italian territory for both ex-

isting and new girder bridges with a single span of about 30 m. In particular, BC3 is relevant 
to the presence of shear keys (i.e. stoppers) at the bottom of the central girder.  

Other possible transversal restraints could be either shear keys at both ends of each support 
lines or elastomeric bearings under end diaphragms. In Italy both solutions are not widespread 
either because of aesthetical aspects (the first solution) or because they have not been recom-
mended (the second solution), for bridge spans of about 30 m, by the Italian organization for 
construction and management of national roads (i.e. ANAS). 

2 STM FROM STANDARD EXAMPLES AND LINEAR ELASTIC STRESS 
DISTRIBUTION 

The first step consists in determining the boundary forces by a linear elastic analysis. In the 
cases under study the finite element code ABAQUS 6.7-EF1 has been used. The domain has 
been subdivided into a regular mesh (0.25 m x 0.25 m x 0.25 m size) using the linear hexahe-
dron (type C3D8) finite element (Figs. 3, 4, 5, 6). The uniform applied load has been trans-
formed into many point loads (Figs. 3 and 5), in order to be consistent with the analysis 
performed using the BESO method and described as follows. 

Figure 3: Analysis 5TBA - plan view of the finite ele-
ment model. 

Figure 4: Analysis 5TBA - axonometric view of the 
finite element model. 

Figure 5: Analysis 5TBB - plan view of the finite element 
model. 

Figure 6: Analysis 5TBB - axonometric view of 
the finite element model. 

Since the bottom intersections between girders and the left end diaphragm are fixed in the 
longitudinal direction (see BC2), the behaviour of the slab in the horizontal plane has to be 
intermediate between a simply supported beam and one totally fixed on the left side and simp-
ly supported on the right side. 

The elastic finite element analysis results highlight that due principally to the transver-
sal/torsional flexibility of the diaphragm beams, the behaviour of the slab is very similar to 
that of a simply supported beam. Such findings appear to be also confirmed by the strict simi-
larity between the left and right side reactions in the transversal direction (Table 1). This simi-
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larity allows for the assumption of perfectly symmetric behaviour of the slab with respect to 
its transversal centre line. 

The simplest way to define a STM for a given geometry and load condition is to try to 
make reference to standard, well-known examples. For the case under study, the case of a 
deep beam with distributed loads could be taken as reference. 

It could be very useful to first solve the case in which distributed loads are substituted by 
few point loads (step 2 of the proposed procedure). Thanks to this assumption, the STM can 
be obtained by applying the similarity to the solution of a beam with dapped ends (compare 
Figures 7 and 8). The model corresponding to the case with a distributed load (i.e. step 3 of 
the proposed procedure) can be found by considering that the boundary part of the slab is sim-
ilar to the case of Figure 8 and the middle part of the slab can be analysed as a deep beam 
with loads only on the extrados by ‘suspending’ the total distributed load (Fig. 9). 

 

Analysis 
Left side trans-
versal reaction 
(kN) 

Right side 
transversal re-
action (kN) 

2TBA 728 700 
5TBA 731 696 
2TBB 560 532 
5TBB 563 528 

Table 1: Transversal reactions evaluated by using a linear elastic finite element analysis. 

 
Figure 7: STM of a beam with dapped ends according 

to [2]. 

 
Figure 8: STM of the bridge slab obtained by the 

analogy with the case in Figure 7. 

 
Figure 9: STM of the bridge slab obtained by the solution in Figure 8 and by the analogy with a deep beam with 

loads on the extrados. 

The STM sketched in Figure 9 is valid for all of the four cases under study. In fact, taking 
account only of the analogy with well-known examples, it is very difficult to analyse the in-
fluence of the differences between the four cases on the shape of the STM. Moreover, the as-
sumption of a shape which is based only on the superimposition of standard examples, cannot 
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guarantee the fulfilment of the ductility check. It follows that, in the absence of either nonlin-
ear analyses or specific test evidence for the case under study, both struts and ties of the mod-
el have to be changed according to the direction and size of the internal forces resulting from 
a linear elastic analysis (i.e. step 4 of the proposed procedure). 

It is worth noting that, regarding the design of seismic resistant bridges, modern technical 
standards require that the entire structure should be designed in such a way that under the 
seismic action of high reference return period (i.e. the one associated with the ultimate limit 
state) energy dissipation should occur by flexural yielding of specific sections (i.e. the for-
mation of plastic hinges) in piers and/or by the activation of specific damping systems. The 
bridge deck should in general be designed to avoid damage, other than locally to secondary 
components. 

These considerations imply that even under seismic action of high reference return period 
the bridge deck should remain within the elastic range. This approach should also be taken 
into account when vulnerability evaluation of existing bridges shows capacity deficits that 
require retrofitting interventions. 

In the analysed cases, it can be considered that the deck remains within the elastic range. In 
fact, even in the worst condition (i.e. 2TBA), the slab does not suffer any cracking due to the 
seismic action since the maximum principal tensile stress is equal to 1.31 MPa, lower than the 
characteristic axial tensile strength of concrete (i.e fctk = 2.2 MPa according to [3]). Even 
though this observation is sufficient to justify that the deck remains within the elastic range, 
another consideration needs to be made. In all the analysed cases, the above mentioned peak 
values of principal tensile stress are reached in the area where the point loads have been ap-
plied, i.e. these peak values are only due to the transformation of the uniform load into point 
loads. Hence it is plausible not to take account of these peak values and consequently, in the 
analysed cases, the maximum values of the tensile stress to be considered is equal to 0.50 -
 0.62 MPa, significantly lower than fctk. 

The elastic finite element analysis highlights that the STM in Figure 9 is not consistent 
with the principal stress lines. This is mainly due to the following aspects. Firstly the STM 
shown in Figure 9 is based on the assumption of cracked concrete; secondly the central part of 
the slab has 45° inclined stress lines. Thus the shape of the STM that best fits the elastic finite 
element analysis could be the one shown in Figure 10. 

Figure 10: STM of the bridge slab obtained by linear elastic analysis. 

There are at least two significant differences between the two models (compare Figures 9 
and 11). The first difference is on the safe side because the adoption of the model of Figure 9 
implies the assumption of a constant tensile action in the top chord. The second difference 
regards the ‘web’ tensile action; in fact in the model of Figure 9 there are only transversal ten-
sile actions while in the one of Figure 10 these are inclined in the plane of the slab. This 
means that according to the latter model either diagonal distributed reinforcement or transver-
sal and longitudinal distributed reinforcement should be provided in the slab. 
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Therefore, it is worth noting that from the analysis of the elastic solutions, the geometry of 
the bridge slab as well as the distribution of longitudinal and transversal beams do not seem to 
influence, to any great degree, the STM. 

3 STM FROM LOAD PATH METHOD 

Born as a method to design Strut-and-Tie Models in reinforced concrete structures, the 
Load Path Method (LPM) was introduced by Schlaich et al. [2] and then developed mainly by 
Palmisano and Vitone (e.g. [4], [5]). So far the Load Path Method has been used for a wide 
range of applications: conceptual and detailing design [6], reinforced concrete structures [2], 
special structures [7], optimum design [5], masonry structures [8-11], assessment of existing 
constructions [12-15]. 

The Load Path Method is a clear and effective tool of investigation and judgement. It is not 
only a numerical but also a geometrical method that predicts calculation results disclosing the 
shape aspects from which it is possible to recognise the real structural behaviour. 

The Load Path Method is based on the respect of equilibrium and consistency. Among in-
finite paths in equilibrium, loads have to choose the one in which their vectors invest the min-
imum quantity of strain energy, that is the only one consistent and in equilibrium.  

The total invested strain energy is 

1
2 V

D dV= ∫σε (1) 

where V is the integration domain, σ  and ε  are the stress and the strain vector respectively. 
Along a generic path (polygonal in this model), the calculus of the invested strain energy 

(D) is simplified in the summation of the terms which are relative to each side of the truss: 

i
i

D D=∑ (2) 

where i is the generic side of the load path. 
For linearly elastic materials, the elementary strain energy Di can be expressed, for some 

typical cases, by means of the relations reported in Figure 11. An immediate consequence is 
that loads cannot follow a path which is orthogonal to the direction of the travelling load be-
cause it would imply a vector of infinite magnitude and a consequent infinite invested strain 
energy. 

In general, the application of the LPM consists in finding the ‘optimum’ path, i.e. the only 
one, among different equilibrated load paths, to which the lowest value of the total strain en-
ergy corresponds . Figure 11 clearly shows that the total strain energy depends fundamentally 
on the length and on the stress intensity of the paths. It follows that the ‘optimum’ Load Path 
is characterised by the right balance between the length of all the paths (including those of the 
thrusts) and the stress level. 

In the STM obtained in the previous paragraph and shown in Figure 10, the paths of the 
loads from the application point to the support are significantly long. This is the immediate 
consequence of the assumption that all the loads have to reach the two longitudinal chords as 
in the case of a beam. 

Shorter paths can be obtained if the so-called arch-behaviour (see [4], [16]-[18]) is activat-
ed. The difference between an arch-shaped path and a beam-shaped path is sketched in Figure 
12. For a point load F the arch-shaped path is a direct path (6-1) from the application point to
the support; the path 6-5-4-3-2-1 is, on the other hand, a beam-shaped path. 

Figure 12 highlights the following differences between the two paths: 
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• the total length of the diagonal compressive sides (1-2, 3-4, 5-6) of the beam-shaped
path is larger than the one of the arch-shaped path (1-6);

• the action in the diagonal compressive sides of the beam-shaped path is lower than the
one of the arch-shaped path;

• only the beam-shaped path has ‘web’ tensile sides;
• only the beam-shaped path has a compressive longitudinal chord (2-6);
• the action in the bottom chord is constant in the arch-shaped path whereas it varies with-

in the beam-shaped path.

Figure 11: Elastic strain energy in some typical cases of struts and ties. 

Figure 12: Arch-shaped and beam-shaped path. 

Taking into account what is mentioned above about the arch-behaviour and considering 
that the ‘optimum’ Load Path is the one associated with the lowest value of the total strain 
energy, the following considerations can be made for the case under study: 
• the proximity of the application point of the load to the support encourages the arch-

shaped path; 
• the increase of the stiffness of the compressive longitudinal chord encourages the beam-

shaped path; 
• the increase of the stiffness of the ‘web’ tensile sides encourages the beam-shaped path.

In the examined cases, loads are very close to the support so an arch-shaped path has to be 
activated (step 5 of the proposed procedure). In particular, considering the antisymmetry with 
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respect to the central girder, two main arch-shaped paths can be drawn (Fig. 13); loads on the 
central girder go towards the arch-shaped paths with 45° inclined paths (according to the re-
sults of the linear elastic finite element analyses). Even though the loads near the outer girders 
are actually in the width of the arch-shaped paths, in the wire frame model of Figure 13, 
transversal paths towards the arch-shaped paths have been assumed. It is worth noting that the 
shape of the arches can be drawn from equilibrium conditions simply assuming the position of 
the crowns (see [4], [16]-[18]). 

According to the LPM, assuming the configuration shown in Figure 13, and by modifying 
the shape of the arches (i.e. changing the position of the crowns) as well as the inclination of 
the paths of the central loads, the ‘optimum’ Load Path can be found. For the sake of brevity, 
in this paragraph these calculations are not reported thanks to the results obtained using the 
BESO method and illustrated in the next paragraph. 

Figure 13: STM of the bridge slab obtained by the LPM. 

4 STM FROM THE BESO METHOD 

4.1 The application of the Beso Method 

Step 6 of the proposed procedure implies the use of evolutionary optimization procedures 
and is aimed at validating the results obtained by the LPM. Because of the time needed to per-
form such analyses, this step is optional and, for complex cases, it could be applied only to 
limited parts of the structure under study. 

Shape optimization is a method that enables designers to find a suitable structural layout 
for the required performances. The ‘Evolutionary Structural Optimization’ (ESO) method was 
first proposed by Xie and Steven [19] in the early 1990s and it has been used to solve a varie-
ty of size and shape optimization problems. The basic concept of such a method is that by 
slowly removing inefficient materials, the structure evolves towards an optimum. This meth-
od has been already applied to design Strut-and-Tie Models (e.g. [20]-[23]). The validity of 
the ESO method depends, to a large extent, on the assumptions that the structural modifica-
tion (evolution) at each step is small and the mesh for the finite element analysis is dense. If 
too much material is removed in one step, the ESO method is unable to restore the elements 
which might have been prematurely deleted at earlier iterations. In order to make the ESO 
method more robust, a Bi-directional ESO method (BESO) was proposed by Yang et al. [24]. 
It allows for efficient materials to be added to the structure at the same time as the inefficient 
ones are being removed. For further details concerning the BESO algorithm used in the anal-
yses presented in this paper see Huang and Xie [25].  

In order to assist the selection of optimal shapes for the minimum-weight design of contin-
uum structures with stiffness constraints, the performance of the resulting shape at each itera-
tion can be evaluated by a Performance Index PI defined as: 
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0 0

i i

C WPI
CW

= (3) 

where W0 is the actual weight of the initial domain, C0 is the strain energy of the initial design 
under the applied loads, while Wi and Ci are the same quantities of the current design at the i-
th iteration. It follows that to the optimal configuration will correspond the highest PI. 

In the following, the application of the BESO method to the aforementioned four cases of 
bridge deck is presented. According to [25], the Evolutionary Ratio ER and the Filter Radius 
FR have been set to be 0.5% and 0.25 m respectively while the maximum admission volume 
ratio ARmax and the allowable convergence error τ have been assumed as equal to 1.0% and 
0.1% respectively. In Figures 14-17 the optimal shape is represented; for each case the maxi-
mum value PImax of the performance index as well as the corresponding value Vf of the vol-
ume fraction of the initial domain are indicated. 

Figure 14: Optimal shape of 2TBA (PImax = 1.92; 
Vf  = 33%; light grey = compression; dark grey = ten-

sion). 

Figure 15: Optimal shape of 5TBA (PImax = 2.01; 
Vf = 34%; light grey = compression; dark grey = ten-

sion). 

Figure 16: Optimal shape of 2TBB (PImax = 1.72; 
Vf = 42%; light grey = compression; dark grey = ten-

sion). 

Figure 17: Optimal shape of 5TBB (PImax = 1.79; 
Vf = 41%; light grey = compression; dark grey = ten-

sion). 

Figures 14-17 confirm that the solution is almost perfectly symmetrical with respect to the 
transversal centre line. Only a slight deviation from such symmetry can be found on the lat-
eral transversal boundaries because of the small stiffness to the horizontal displacement of the 
slab given by the left end diaphragm. Moreover the validity of the LPM approach has been 
confirmed by the strict similarity between the four optimal shapes and the STM represented in 
Figure 13. 

It has to be underlined that the BESO method, which has been applied in the assumption of 
homogeneous and isotropic material, also seems to confirm that the geometry of the bridge 
slab as well as the distribution of girders and cross-beams does not seem to influence, to any 
great degree, the STM. This aspect has been investigated more in depth by re-running the 
BESO analyses for 5TBA and 5TBB (see analyses 5TBAS and 5TBBS in Figures 18 and 19). In 
such analyses only for the part of the slab above the girders and cross-beams, a modulus of 
elasticity E =200 GPa has been used. This assumption is aimed at overestimating the contri-
bution of the reinforcement at the top of the beams. 
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For the case of a 13.25 m wide slab (analysis 5TBAS; Fig. 18) the overestimation of the 
slab stiffness above the beams causes a slight change in the STM with little concentration of 
stresses at the top of the beams. On the other hand, for the case of a 10.25 m wide slab (analy-
sis 5TBBS; Fig. 19) the overestimation of slab stiffness causes the following modifications in 
the STM: 
• there is a little concentration of stresses at the top of the beams;
• the central loads follow a transversal path (instead of an inclined one) towards the arch-

shaped path;
• each arch-shaped path is subdivided into three parts; the inner ones do not arrive direct-

ly at the end diaphragms but in the opposite outer girders (i.e. a partial activation of the
STM shown in Figure 10).

The results obtained in the ‘limit’ analyses 5TBAS and 5TBBS demonstrate that, in the cas-
es under study, the geometry of the bridge slab as well as the layout of the girders and cross-
beams do not seem to influence, to any great degree, the STM. 

Finally, it has to be added that after having obtained the ‘optimum’ STM from the above 
mentioned approaches it is necessary to check the strengths of struts, ties and nodal zones and 
eventually to modify the model in order to satisfy all of the checks. 

Figure 18: Optimal shape of 5TBAS (PImax = 2.09; 
Vf = 36%; light grey = compression; dark grey = ten-

sion). 

Figure 19: Optimal shape of 5TBBS (PImax = 1.92; 
Vf = 36%; light grey = compression; dark grey = ten-

sion). 

4.2 Some considerations regarding the results 
According to [2], a Strut-and-Tie Model is constructed by orientating struts and ties to the 

mean direction of principal stress trajectories, which are obtained by performing a linear elas-
tic finite element analysis (FEA) on an uncracked homogenization concrete member. Howev-
er, due to the uncracked assumption of concrete in the linear elastic FEA, the Strut-and-Tie 
Model obtained by this approach may differ from the actual load transfer mechanism at the 
ultimate limit states, as reported by Schlaich and Schäfer [26]. The Strut-and-Tie Model ob-
tained on the basis of the elastic stress analysis in order to realize the real behaviour of 
cracked structural concrete often needs to be be adjusted. 

Elia et al. [27] delineated an interactive procedure to design Strut-and-Tie Models using 
ESO; in this methodology the difference between the strain energy of the design Strut-and-Tie 
Model and the optimal solution, is measured and it allows an evaluation of the ductility de-
mand of the structure. 

Vitone et al. [28] showed the necessity to analyse the physical transformations that a struc-
ture undergoes from the uncracked phase to the ultimate load stage in order to verify whether 
the structure is capable of reaching the ultimate design configuration. 

In this scenario, the case under study is particularly important. In the literature it is very 
common to find solutions for similar cases based on the assumption of cracked concrete. For 
instance Figure 20 shows the STM of a building diaphragm according to Fardis [29]. This 
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model has been obtained from the superimposition of the deep beam behaviour as described 
in paragraph 2 and the arch-behaviour (only for the compression cord) as described in para-
graph 3. 

 
Figure 20: STM of a building diaphragm according to [29]. 

The analysis performed by the LPM and the BESO have confirmed that the optimum STM 
obtained from a linear elastic analysis is the one represented in Figure 13. 

This means that, due to the lack of ductility of r.c concrete structures, if the diaphragm is 
designed at the ultimate limit state according to the STM in Figure 20, reinforcement should 
be designed or checked according to the model in Figure 13, in order to allow the considera-
ble redistribution of internal stresses immediately after cracking. Such findings highlight the 
necessity of the proposed approach.  

It is worth noting that when dealing with single span decks, the design of deck reinforce-
ment is often conditioned by either dimensioning at the ultimate limit state for permanent and 
variable loads or minimum reinforcement prescriptions. This means that the above mentioned 
check could be unnecessary. However, this consideration is not so obvious when dealing with 
girder bridges with jointless concrete decks or with link slabs. These two kinds of bridges are 
widely used in Italy to economically solve typical problems inherent to the durability of pre-
cast beam ends and maintenance of joints and bearing systems that have been noticed in sin-
gle span decks built in the '60s, '70s and '80s of the last century. 

In these cases the behaviour of decks subjected to in-plane seismic action is conditioned by 
the effective stiffness of each pier (that also depends on footing and bearings), transversal re-
straints on the abutments, ratio of length to the width of each span, total length of deck slab 
between two adjacent joints. This is why further work is needed to apply the proposed proce-
dure to these kinds of decks in order to verify whether the check of the deck reinforcement for 
in-plane seismic action is still unnecessary and whether the assumption of uncracked deck un-
der seismic action is still valid. 

Finally, regarding the single span deck under study, as mentioned in paragraph 2, bridge 
deck, at the seismic ultimate limit state, should remain within the elastic range in order to 
avoid damage. This means that the model in Figure 13 becomes the only reference for the ul-
timate limit state design. 
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5 CONCLUSIONS 
The Strut-and-Tie Model is a very powerful tool with which to design reinforced concrete 

structures.  
For standard cases it could be a hand-calculation design procedure, in which the structural 

engineer uses his experience and intuition to find the truss model that best fits the region un-
der study. For unconventional cases the development of the ‘optimum’ STM could require not 
only an expert designer but also the use of special tools for the analysis.  

In this paper, a step-by-step procedure based on the Strut-and-Tie Model has been pro-
posed for the design of  R.C. girder bridge decks subjected to seismic in-plane actions. 

The efficacy of the proposed approach has been shown for the case of a single span girder 
bridge deck. Moreover, for the case under study, the influence on the model of geometry of 
the bridge deck as well as of the layout of girders and cross-beams has been investigated. 

Further work is needed to apply the method to girder bridges with jointless concrete decks 
or with link slabs. 
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Abstract. The purpose of this study is to implement a powerful multi-objective (MO)
genetic algorithm(GA)-based optimization technique for structural problems, based on the
use of displacement-generalized stress Dynamic Mixed plate Finite Element Model (DM-
plate-FEM). The idea is to optimize different thickness parameters of a plate structure in
order to minimize antagonist objectives among these stress criteria under dynamic loads.
In this article, the optimization is performed with a GA-based iterative method and propose
a set of Pareto-optimal solutions, leaving the final choice to the user. The repetitions of
the calculations in this method is offset by the use of the displacement-stress mixed plate
FEM. Such a model discretizes both displacements and generalized stresses in the same
model, in order to get the latter directly and increase the efficiency of the method. The
implementation of the Kirchoff-Love (KL) plate theory also improve the work of the GA
as it allows a quick change of the thickness structure parameters without rebuilding the
whole assembly. The number and complexity of calculations needed by the GA is thus
smaller and the speed of the method highly improved. A few numerical investigations are
made with both simple and complex test examples in order to validate the methods and
show its relevance. This work shows efficient and promising results that may turn out to
be interesting regarding industrial optimization cases with plate structures.
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1 Introduction

The purpose of this study is to implement a powerful MO-GA-based optimization
technique for structural dynamic plate problems, based on the use of mixed displacement-
generalized stress plate FEM. This method has been imagined in the context of plate
structure with at least one stress objective and thickness parameters.

The optimization of a structure’s parameters in order to prevent damages is a major
concern in mechanical engineering but can only be achieved at the expense of others
essential criteria. Even though often carried out manually, MO-optimization methods
also naturally appear in the literature, such as gradient-based method [1, 2] and MO-
GA-based methods [3, 4]. In this study, the optimization is performed with a classical
GA-based NSGA-II method [5, 6], as it permits to dispense with any weighting of criteria.
This kind of method enables to find a set of Pareto-optimal solutions, which are all optimal
compared to each other, for at least one criterion. Nevertheless, an inconvenient lies in
the repetitions of the criteria’s evaluation, depending on the chosen method and theory.

Despite the power of those methods, a major inconvenient lies in the repetitions of
the criteria’s evaluations for each solution, each generation. In the case where some of
the criteria are stresses, their calculations are crucial. Usually, it necessitates to find the
displacements first through a primal FEM (in which the parameters are displacements),
and then access to the stress fields with extra calculations. Another original method, used
in this paper, consists in building a mixed FEM which discretizes both the displacements
and the stresses in the same model, in order to get the latter directly.

In the literature, many different formulations for mechanical problems permit to access
to different parameters in the same model. Washizu’s book [7] gives a good insight of
all the variational methods with different fields. Among these, the Hellinger-Reissner’s,
imagined by Hellinger [8] and later by Reissner [9, 10, 11], describes both displacements
and stresses. Its application to FEM is well explained by Wriggers’ book [12]. It is widely
used in static for plate problems, but more rarely for in dynamics [13, 12, 14]. In this
work, we establish a displacement-generalized stress dynamic mixed FEM (DM-FEM) for
structural studies, based on Kirchoff-Love thin plate theory [15]. This model allows a
direct access to the generalized stresses within the plate, and highly simplifies the work of
the GA under stress criteria, compared to a regular primal displacement FEM that need
an extra work.

Moreover, the plate theory implementation gives us the opportunity to act on the
thicknesses of the plate structure without building a whole new assembly, which offset
the numericaly bigger size of such a model. This also improves the performances of the
optimization techniques with some thickness parameters as we can act on them directly
and independently, and change the whole structure in a simple manner.

In this way, a few investigations are made, using a GA-based optimization improved
by the DM-plate-FEM, with stress criteria and thickness parameters. The idea is to split
the test structure into smaller ones with their own thicknesses, and try to optimize them,
so as to reduce the maximum Von Mises (VM) stress within the plate structure under a
dynamic harmonic load, and the mass of the structure.

This original method shows promising results as it is able to satisfy multiple damage
criteria with different thickness distributions within the structure, and decrease the num-
ber and complexity of calculations needed in the iteration of the algorithm thanks to the
DM-FEM.
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In the first part, we present the type of optimization problem we study. Then we give
a quick description of the GA used. We continue with the implementation of the mixed
FEM, and finally get to the principal relevant examples.

2 Optimization problem

The two ”example” structures we want to optimize are built up with thin Kirchhoff-
Love plate elements (see figure 1 and 2, respectively composed of 256 and 512 elements).
They are separated in a few zones with their own thicknesses (respectively 8 and 7 zones in
the figures), which are the parameters of the optimization. The range of the parameters,
as well as the number of zones and their positions are defined by the user.

Figure 1: Plate structure ”1” composed of 8 sub-structures with their own thicknesses

Figure 2: Plate structure ”2” composed of 7 sub-structures with their own thicknesses

The problem we try to solve is the minimization of both:

• the maximum Von Mises (VM) stress within the whole plate structure for a given
nth mode. In other words, we want to decrease the maximum VM stress within the

whole structure under a dynamic load
−→
F (see figure 1 and 2) considering:

−→
F = Feiωt (1)

and ω = ωn the pulsation of the nth mode

• the mass of the structure, in a bid of cost

These two objectives being antagonistic, the goal is to find some thickness distributions
(set of parameters) that are good compromises between the mass and the maximum stress
undergone by the structure. As such, the GA method quite naturally appears.
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3 Genetic Algorithm method

The GA methods can be compared to the evolution of species in their natural envi-
ronment. It consists in making evolve a population, whose individuals, solutions of the
problem, tend to improve for the purpose of our objectives as the generations follow. In
this context, the word used to explain its functioning are taken from biology domain,
namely:

• an ”individual” is a solution to the problem (here, a combination of ”n” thicknesses
(one each zone) that gives a compromises between the objectives)

• a ”population” is a group of ”individuals” (here, a set of thickness combinations, that
forms a Pareto front with one compromises per thickness distribution)

• a ”generation” is an iteration of the algorithm and correspond to a population

The functioning of the algorithm is summarized in figure 3). It is composed of 5
different stages (stages 2 being the most costly).

1. Initialization of the population
Set of thickness combinations

2. Evaluation of the individuals
Max stress and mass for each thickness combination

3. Selection / Mutations / Crossing

2bis. Evaluation of the individuals
Max stress and mass for each thickness combination

Insertion in the population

4. New population
Set of thickness combinations

5. New iteration/
Generation

Figure 3: Principle of the genetic algorithm

4 Dynamic Mixed Finite Element Model for thin Kirchhoff-

Love plate

In our studies, the ”evaluation step”(step 2 in figure 3) is by far the most costly because
we need to evaluate the stress within the whole plate structure, identify the maximum,
and it eventually necessitate to rebuild the assembly with the new structure parameters.
The classical method consists in building a primal FEM to access the displacement in a
first step when computing the response of the structure. Then we reach the stress field
through matrix calculations, and repeat it each iteration. It’s the most common and in-
tuitive method, but it appears to be heavy going because of the extra calculations, the
rebuilding and its repetition in our GA case. The main idea of this paper is to delete those
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extra calculations and enhance the rebuilding. The originality of our method consists in
the construction of a displacement-generalized stress DM-plate-FEM that permits a direct
access to both displacements and stress fields in the response of the structure. The fea-
tures of such a FEM permits to avoid the extra work needed by a primal FEM and replace
it by a simple scalar calculation. Furthermore, the implementation of the Kirchhoff-Love
thin plate theory in the mixed FEM allows to build each zone of a constant thickness
regardless of this inherent parameter, when separating the bending phenomenon. That
added features permits to act on the thickness of each zone without having to rebuild it
from the beginning which considerably improve the method.

4.1 Hellinger-Reissner mixed formulation

The displacement-generalized stress mixed FEM we implement is based on the HR
mixed functional [8, 9] expressed for dynamics problems. It may correspond to the regular
Lagrangian used in dynamics, but computed with mixed component, both functions of
displacements and stresses, as follows:

ΠHRD =

∫∫∫

V

−σijeij(ui) +
1

2
σijSijklσkl + biui +

1

2
ρu̇2

i dV (2)

considering σij the stress, ui the displacement, eij(ui) the strain (function of the displace-
ment ui), bi the body force, ρ the density and Sijkl the elastic compliance matrix. The
stationary condition or Euler-Lagrange equations can then be applied to the functional
so as to conventionally solve a dynamic structure problem.

4.2 Discretization of displacements and generalized stress

The discretization of the generalized stresses (according to figure 4a) with plate ele-
ments using Kirchhoff-Love (KL) thin plate is made as follows:

σij =
{

Mx My Mxy

}T
= Pβ (3)

with
{

Mx,My,Mxy

}T
respectively the bending moments in the x, and y direction, and

the twisting moment within the plate (thickness t). P is the generalized stresses shape
function matrix and β the generalized stress parameters vector within the plate. The
shape functions are linear in functions of x and y. The discretization of the displacements
(see figure 4)b for a thin plate elements using Kirchhoff-Love (KL) theory is made as
follows:

ui =
{

w θx θy
}T

= NU (4)

with
{

w θx θy
}T

being respectively the transverse displacement of the plate, and the

section rotations around x and y. N =
{

Nw,N θ

}T
is the displacements shape func-

tion matrix and U =
{

Uw,U θ

}T
the displacements parameters vector. For triangular

elements and cinematically admissible displacements, the functions are quadratic in func-
tion of x and y. The strain depending on the displacement is written as follows:

eij =
{

ǫxx ǫyy γxy
}T

= Dui = DNU (5)
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(a)

w

x

y

z

(b)

Figure 4: Displacements & stress in the plate Kirchhoff-Love theory: (a) Bending and
twisting moment, (b) Transverse displacement and rotation section

with D the following displacement-strain tensor-operator:

D =







0 0 ∂
∂x

0 − ∂
∂y

0

0 ∂
∂x

∂
∂y







(6)

The elastic compliance matrix Sijkl is given by:

Sijkl =
1

t3
S̃ijkl =







12
Et3

− 12ν
Et3

0
− 12ν

Et3
12
Et3

0

0 0 24(1+ν)
Et3







(7)

4.3 Matrix formulation

The application of the Euler-Lagrange equations leads us to the following matrix for-
mulation of the dynamic mixed FEM (for one plate element of surface S and thickness t):







tM̃Fw
0 0

0 t3M̃F
θ

0
0 0 0







︸ ︷︷ ︸

Mmix







ÜFw

ÜF
θ

β̈







+







0 0 GT
w

0 0 GT
θ

Gw Gθ
1
t3
H̃







︸ ︷︷ ︸

Kmix







UFw

UF
θ

β







=







F w

F θ

0







(8)

with

M̃Fw
=

∫∫

S

Nw
TρNwdS et M̃F

θ
=

∫∫

S

Nθ
T ρ

12
NθdS (9)

Gw =

∫∫

S

P TDNwdS et Gθ =

∫∫

S

P TDNθdS (10)

H̃ =

∫∫

S

−P T S̃ijklPdS (11)

with G =
{

Gw,Gθ

}

, S̃ijkl = t3Sijkl and F =
{

F w,F θ

}T
being the nodal forces (splitted

for w and θ parameters).
When carefully developing the discretization of each component of the displacements and

3550



Pierre Garambois, Sebastien Besset and Louis Jézéquel

generalized stresses, it appears that we can split the whole matrices into smaller ones
independent on the thicknesses: M̃Fw

representing the mass in the sense of the transverse
displacement w, M̃F

θ
representing the mass in the sense of the rotation section around

x and y (respectively θx and θy) and H̃ representing the stiffness in the meaning of the
stress parameters. G is intrinsically independent from the thickness of the element. That
features permits to build an assembly of a given structure (or specific zone of it in our
case) regardless of its thickness (as long as it is constant in the zone). Thus, we can
build the assembly of each q zone of the structure, attribute their own thicknesses, and
afterwards assemble the q zones in order to build the ”total” assembly.

In the rest of the article, the superscripts .(q) and .tot are added to the matrices in order
to make the distinction between respectively the matrices of the zone q and the ones of
the ”total” structure.

4.4 Computation of the response and the Von Mises stress

The computation of the response of the ”total” structure is made with a global viscous
damping proportional to the stiffness features, as follows:

Ctot
mix = αKtot

mix (12)

Thus, the mixed response of the ”total” structure is computed as follows:

{

U

β

}

= (−ω2M tot
mix + (1 + iαω)Ktot

mix)
−1

{

F

0

}

(13)

with ω = ωn the pulsation of the nth mode in our case. The VM stress in then computed
as follows:

σVM =
1√
2

√

(σxx − σyy)2 + σ2
yy + σ2

xx + 6σ2
xy (14)

4.5 Implementation in the genetic algorithm, features and ad-
vantages

The figure 5 shows the implementation of the DM-FEM in the GA, with a population
of p individuals, g generations, and q different parameters (zones’ thickness). This type
of mixed model coupled with the thin plate theory puts forward two clear advantages
comparing to primal FEM:

• a direct access to the generalized stress within the plate (see operation ”2.c” in
schema figure 5) and the suppression of the extra calculation needed by a primal
FEM. Basically, we replace a complex matrix calculation (for example with Gauss
points and smoothing methods) by a simple scalar and almost instantaneous calcu-
lation (equation 14). Even though the response calculation (equation 13) is a bit
heavier than for a primal model because of its size, the global operation remains
more efficient with a mixed model

• the thickness parameters of each q zone of the structure are easily mutable (operation
”2.a” in schema figure 5), before assembling them (operation 2.b in schema figure
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5). Even though such models are numerically bigger than a classical FEM, the ”pre-

assembly” of M
(q)
mix and K

(q)
mix for each q zone regardless of the thickness parameters

(operation 0 in schema figure 5) leaves us the opportunity to allocate them separately
for each q zone each iteration (operation ”2.a” ) and afterwards assemble the ”total”
structure’s matrices M tot

mix and Ktot
mix (operation 2.b ). The replacement of a ”global

assembly” by a simple assembly of q zones, each iteration each generation, highly
increases the performance of the method.

0. Assembly of M̃
(q)

Fw
, M̃

(q)

Fθ
, H̃

(q)
and G(q) for each q zone

1. Initialization of the population
Set of p thickness combinations

2. Evaluation of p individuals

2.a Attribution of tq to the q zones: M
(q)
mix and K

(q)
mix

2.b Assembly of the q zones: M tot
mix and Ktot

mix

2.c Calculation of σV M,max and mmax

3. Selection / Mutations / Crossing

2. Evaluation of p individuals

2.a Attribution of tq to the q zones: M
(q)
mix and K

(q)
mix

2.b Assembly of the q zones: M tot
mix and Ktot

mix

2.c Calculation of σV M,max and mmax

Insertion in the population

4. New population
Set of p thickness combinations

5. New iteration
g generation

Figure 5: Implementation of the mixed FEM in the genetic algorithm, with a population
of p individuals, g generations, and q different parameters (zones)

5 Example: optimization of the thickness combina-

tion to minimize the mass & the maximum stress

for one selected mode

The examples we use to test our method are schematized in figure 1 and 2 in section 2.
We want to minimize the maximum VM stress ωVM within the whole structure for a given
mode n (see figure 6.c, 7.c and 8c/f), and the mass m of it. The parameters we consider
are the thicknesses of each ”zone” (see thickness zones in figures 6b, 7b and 8b/e). The
range chosen for the different parameters is 1 to 2mm. The plate is made of S210 steel
(see characteristics in table 1).

The results are presented as ”Pareto Front” (black points in figures 6.a, 7.a and 8a/d).
These points are defined by the right ordinate axis and the abscissa axis representing re-
spectively the mass of the structure and the maximum VM stress. Each of these optimal
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Table 1: Steel characteristics

Young Modulus (Pa) 2.1× 1011

Poisson ratio 0.33

Density (kg.m−3) 7.5× 103

points are better than the others in the sense of at least one of the two objectives. In
that way they are all compromises we can select to design our structure, depending on the
objective we want privilege. Once a Pareto point chosen, the parameters corresponding
to the point are defined by the colored curves plotted in addition to the Pareto Front in
figures 6.a, 7.a and 8a/d. They are determined by the left ordinate axis and the abscissa
axis representing respectively the thickness of each of the sub-structures for the chosen
Pareto point (with the same abscissa) and the maximum VM stress in the whole structure
for this optimal point. Basically, when selecting a point of the Pareto Front, the corre-
sponding thicknesses to design the structure correspond to ordinate of the colored three
points with the same abscissa.

Those results were obtained with NSGA-II with a population of p individuals and g
generations (depending on the case) following the schema figure 5. It is to be noted that
the genetic algorithm has been compiled several times with the same population and gen-
eration, in order to check the convergence of the results.

The first subsection deals with the optimization of structure 1 for the mode 1 and
constitutes a simple example whose sketch of the results could easily be intuitive, while
the second one treats of the optimization of the more complex structure 2 for the mode
3. in the end, subsection 3 shows results for the mode 4 of structure 1 and tricky results.

5.1 Structure 1, Mode 1: Validation / Simple example

This subsection shows a simple intuitive example with structure 1, in order to show
the qualitative relevance of such a method. It presents the results obtained with the pul-
sation ω1 of the mode n = 1 (bending mode), a damping coefficient α = 2e−2 and for a
stress distribution divided in q = 8 zones. The structure is composed of 256 elements. In
the genetic algorithm, the population is composed of p = 50 individuals and the results
presented in figure 6 are obtained with g = 500 generations.

This example shows some thickness combinations that allows us to have a VM stress
between 17 and 142 MPa, with a mass of the structure between 2.85 and 4.8 Kgs. In
this case, more than the steadiness of the Pareto Front itself, the most relevant is the
evolution of the thicknesses in function of the VM stress (see colored curves in figure 6a).
In fact, we can observe that the most important zones to ”reinforce” in order to decrease
damages are the closest to the housing. Indeed, the closer to the housing the zone is, the
more it needs to be thick. When taking a look at the stress distribution for the first mode
(see figure 6c), this evolution of the thicknesses in function of the stress seems coherent.
Intuitively, in order to decrease the mass and keep a low stress, we would have decrease

3553



Pierre Garambois, Sebastien Besset and Louis Jézéquel
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Figure 6: Optimization results for ”structure 1” and mode 1: a/ Pareto Front (black)
& thicknesses (m) for each point (colored), b/ Independent thickness zones, c/ Stress
distribution on mode 1 (Pa)

the thickness where the stress is low, and increase it where it is high. This example puts
forward the qualitative relevance of the method, and also gives a quantitative aspect to
the thickness parameters with numerical precise values.

5.2 Structure 2, Mode 3: Validation / Complex example

This subsection presents intuitive results with a less simple example with the structure
2 (see figure 2). It presents the results obtained with the pulsation ω3 of the mode n = 3
(bending mode), a damping coefficient α = 2e−3 and for a stress distribution divided in
q = 10 zones. The structure is composed of 512 elements. In the genetic algorithm, the
population is composed of p = 100 individuals and the results presented in figure 7 are
obtained with g = 500 generations.

This example shows some thickness combinations that allows us to have a VM stress
between 14 and 142 MPa, with a mass of the structure between 4.95 and 8.3 Kgs. In
the same way as section 5.1, the most interesting is the evolution of the thicknesses in
function of VM stress (see colored curves in figure 7a). In fact, when observing the stress
distributions for this mode (see figure 7c), we note that the most stressed zones (see figure
7b) are the zones 1, 5, 6 and 7. It seems intuitive to reinforce these zones specifically
in order to decrease the VM stress within the structure. Indeed, the evolutions of the
thicknesses 7a) follows this intuition, as these zones look to be the most important, stress
wise. In this way, this example, even though more complex than the first one, also puts
forward the relevance of the method, in a qualitative manner.
Besides the evolution of the stress distribution that is intuitively predictable, as for the
last example, our method still add a qualitative interest as figure 7a gives precise values
to the thickness parameters we need to select in order to get the corresponding maximum
VM stress and mass of the selected point.
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Figure 7: Optimization results for ”structure 2” and mode 3: a/ Pareto Front (black)
& thicknesses (m) for each point (colored), b/ Independent thickness zones, c/ Stress
distribution on mode 1 (Pa)

5.3 Structure 1, Mode 4

This section focus on the 2nd twisting mode of the structure 1. It presents the results
obtained with the pulsation ω4 of the mode n = 4 (twisting mode), a damping coefficient
α = 1e−4. We implemented two cases both divided in 4 zones, with a different repartition
of the zones (see figure 8b and 8e). The results are summed up for this two configurations
respectively in figure 8a and 8d. In both cases, the structure is composed of 256 elements,
the population is made with p = 50 individuals and the number of generations is g = 500.

The Pareto Front in both cases are not as well-defined and steady as for the last cases.
In the first configuration, it allows us to have a VM stress between 3.4 and 170 MPa, with
a mass of the structure between 2.85 and 4.23 Kgs. In the second one, the VM stress
goes from 3.3 up to 170 MPa, with a mass of the structure between 2.85 and 4.24 Kgs.
We note that the Pareto Front both presents some specificity we didn’t observe in the
optimization of the 1st mode (see section 6), as in both cases:

• the Pareto front shows a large set of solutions that have almost the same VM stress
for wide range of mass (low stress domain). This domain is interesting stress wise,
because it allows the user to choose this low stress, and dispose of a many different
solutions parameters wise. We could call that phenomenon ”stress typing”

• the Pareto front shows a large that have a mass between 3.35 and 2.85kgs for the
first configuration and 3.46 and 2.85kgs. In this low mass domain, the VM stress
varies a lot between respectively 6.6 and 170MPa, and 6.8 and 170MPa. This
domain is interesting mass wise, because it allows the user to choose a low mass in
this domain, and dispose of a a large set of parameters possibility. We could call
that phenomenon ”mass typing”
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Figure 8: Optimization results for ”structure 1” and mode 5: a/ Pareto Front (black)
& thicknesses (mm) for each point (colored), b/ Independent thickness zones, c/ Stress
distribution on mode 5 (MPa)
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When observing the stress distribution within the plate for the 4th mode (see figure
8c/f), it seems tricky to define intuitively which zones need reinforcement. Nevertheless,
a first guess would be to increase the thickness either of the first zone (red) in the second
configuration (figure 8d/e) or the first zone (red) in the first configuration figure 8a/b).
Nevertheless, the two Pareto front show different results, as the second configuration pre-
scribes to pay attention to the 4th central violet zone (almost exclusively), whereas the
first configuration focus more on its 4th violet zone and a bit on the 1st red one. Further-
more, the first configuration shows a parameters typing with a switching between the 1st

and 4th zones in the high stress domain. This phenomenon can present a high interest
in an industrial case as it means that different set of parameters leads to the same stress
and mass configuration.

The results described here puts forward the importance of the choice of the distribution
of the zone at the beginning of the study, and the relevance of the method in non-intuitive
cases. These unexpected results could be interesting in a complex non-predictable indus-
trial case, and puts forward the interest of such a method, in addition to the simplicity
and efficiency highlighted in section .

6 Conclusion

This paper introduces a methodology of MO optimization for structural dynamic plate
problems with stress criteria and thickness parameters. It is based on a classical NSGA-II
method based on compromises and Pareto-optimal solutions, but presents the particu-
larity of using a displacement-generalized stress DM-plate-FEM. Such a model permits
a direct access to the stress criteria compared to a primal FEM that needs extra com-
plex calculation. Furthermore, when implementing a KL plate theory, this mixed FEM
is featured by a linear dependence to the thickness parameters which facilitates the work
of the repetitive algorithm as a whole new assembly is not necessary. These two features
combined permits to improve the costly ”evaluation step” of the GA and to make it more
efficient than classical methods.

This article shows three practical cases, using two different plate structures under a
dynamic harmonic load. They are divided into a few zones and each of them has a
thickness that is a parameter of the optimization. The goals of the studies are to minimize
the maximum VM stress and the mass of the whole structure in function of the thicknesses
of each zone, for a harmonic dynamic load of a selected mode. Our optimization technique
permits to find a whole group of compromises between the maximum stress and the mass
for different thickness distributions, with a different a simpler FEM model. The first
examples focus on two different structures and show simple results that could be found
intuitively. They put forward the qualitative relevance of the model for a simple example
and a more complicated one, and also add a qualitative interest of the method. The third
example, deals with a twisting mode and show interesting results. In fact, the qualitative
and quantitative evolutions of the parameters of the optimal points were unpredictable,
and the Pareto Front presents both stress and mass typing. These kind of results could
be interesting to observe in a complex industrial case, and puts forward the interest of
such a simple method, in addition to the simplicity and efficiency previously highlighted.
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REFERENCES

[1] A.L Araujo, P Martins, C.MMota Soares, Mota Soares C.A, and J Herskovits. Damp-
ing optimization of viscoelastic laminated sandwich composite structures. Structural
and Multidisciplinary Optimization, 39:569–579, 2009.

[2] N.D Lagaros and V Papadopoulos. Optimum design of shell structures with random
geometric, material and thickness imperfections. International Journal of Solids and
Structures, 43:6948–6964, 2006.

[3] R Kudikala, K Deb, and B Bhattacharya. Multi-objective optimization of piezoelec-
tric actuator placement for shape control of plates using genetic algorithms. Journal
of Mechanical Design, 131:091007–1–11, 2009.
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Abstract. Using energy dampers in structures is highly considered for the dissipation and 
absorption of earthquake energy. The main advantage of using energy dampers is absorbing 
the earthquake energy in some sections apart from the structure. Among different types of 
dampers, hysteresis dampers are of special place because of low cost, high reliability and the 
lack of mechanical parts. In this paper, a special kind of hysteresis damper is considered un-
der the name of buckling brace, which is provided with the aim of the study and investigation 
of X-brace in the seismic behavior of the steel framed buildings and for pipe and equipment 
racks that are extensively used in the oil and gas industry. In this paper, 62 models of steel 
frames with X-brace and buckling type damper are processed with different bays and heights. 
The frames' plasticity index, behavior coefficient, distribution type and the number of plastic 
hinges formed were calculated. Furthermore, suitable locations of braces for improving 
nonlinear behavior and suitable distribution of plastic hinges were presented and it was de-
termined that for some models, the behavior coefficient of structure will increase to 1.5 times.
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1 INTRODUCTION
One of the simple ways for static non-linear analysis of complex structures is gradual in-

crease of lateral load statically. The presented methods are part of a seismic design and struc-
ture evaluation, which are based on three-dimensional mathematical model of the structure in 
nonlinear range. Most of behavioral defects of common converged braces are the result of dif-
ference between compressive and tensile capacity of these braces and decline of their resis-
tance under cyclic loading. Therefore, many researches are devoted to optimize these braces 
in order to make them show an ideal elast-o-plastic behavior. To achieve this goal, it is re-
quired to prevent the compressive buckling of braces using a suitable mechanism and provide 
the steel compressive yield. The method considered was encapsulating a ductile metallic core 
among a mass of concrete, covered with a metal membrane. 

The basics of this damper's function are preventing the buckling of the steel core in order 
to produce the compressive yield phenomenon in it and as a result absorb the energy in this 
member of the structure. It is possible through covering the whole length of steel core by a 
steel pipe filled with concrete or mortar. In this system, there is a need to provide a sliding 
surface or discontinuity layer between metal core and confining concrete. The main aim of 
this process is to make the bracing force be tolerated just through the steel core. The sliding 
layer materials and geometry should be in such a way that provides a relative movement be-
tween steel core and concrete, which are created because of shear and Poisson effect and as a 
result provides its yield in compressive loading mode besides preventing local buckling of the 
core. Concrete and steel tubular casings provide the required stiffness and bending resistance 
to prevent general buckling of braces and provide the conditions of load tolerance by the steel 
core up to yield limit without decreasing the stiffness and resistance of braces during loading 
cycles. In addition, concrete and steel casings prevent the local buckling of the core. 

During the systematic multiplier analysis, showing the distribution of the plastic joints 
creation method is possible in steel structures. Non-linear static analysis by gradual increase 
of lateral load or location change on top of the structure is part of the new methods, which 
present a good and simple estimation of nonlinear function of the structure. Most of the re-
searches show that the multiplier nonlinear static analysis methods properly match with 
nonlinear dynamic analysis results in evaluating the structures (e.g. [1]). Pushover analysis 
can provide good information about the structure's resistance-capacity, deformation demand, 
and discontinuity in the distribution of resistance and the areas with energy absorption poten-
tial in the structure [2]. In this study, pushover nonlinear static method is used for seismic 
evaluation and determination of plasticity index, behavior and resistance coefficient, plastic 
joints distribution mode, and studying the location of the braces.

2    MODEL SELECTION, MODEL'S LOADING AND SECTIONS

Here, there is a close match among the geometric dimensions of the sections in models
and oil and gas industrial frames and structural frames of ordinary building in Iran. For cre-
ated models, the bays distance is considered 5 metres and the height stories are 3 metres. The 
aim of this study is modeling and analyzing the structures with different heights and bays by 
using buckling braces to provide the possibility of studying and observing the effects of the 
type of braces and the number of braces spans. So the steel frames with 3, 5 and 7 bays and 
the height of 6, 12 and 18 stories are used. In order to determine the effect of buckling braces 
location on boundary behavior of braced framed, it has tried to create bracing in different bays. 
Therefore, in three-bay frames, the braced spans were created as one-bay and two-bays to-
gether. In addition, in five-bay frames, the braced spans are used as two-bays, the location of 
which is different among models. For seven-bay frames the braced spans are used as two-bays 
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and three-bays, where the side by side symmetric form is used for two-bays and single, dou-
ble and triple forms are used for three bays next to each other.

In naming the braced frames, a special trend is used. Therefore, in the frame considered, 
numbering of the bays is from left to right in such a way that the first braced span on the left 
receives number 1 and the last one on the left receives number 7 for those frames with highest 
number of bays. Thus, the naming trend for braced frames is as WS(X, Y, Z). W is the number 
of the bays in regarded frame and S is for bay. X, Y and Z are the number of the first, second 
and third braced spans, respectively. For instance, 7S (1, 4, 7) means a seven-bay frame where 
the first, fourth and seventh bay of it is braced from the left, respectively. In Figure 1, a frame 
sample is shown, which is named in the form of 7S (1, 4, 7).

The composite roof details are used to determine the gravity dead load. Lateral loading of 
frames is calculated based on the regulations of seismic design with the design basis accelera-
tion of 0.35 for South Pars region [3] and soil period of 0.5 second for soil type II. The design 
of steel structures was according to AISC89-ASD. The connections between beams and 
braces are simple joint and columns' connections to the foundation are simple support. The 
effective length of braces for out of plane buckling is considered equal to 0.67; this value for 
in plane is 0.5 for IPE sections for beams and IPB section for columns. Also double L sec-
tions were employed for braces. Material properties assumed compatible with ST-37 steel 
grade.

Fig. 1 7S (1,4,7) Steel Framed Building and a 4 Story Pipe Rack Structure

3 BASICS OF INELASTIC CYCLIC BEHAVIOR OF BUCKLING BRACES 

Buckling-Restrained Braced Frames (BRBFs), as can be shown in Figure 2, are a rela-
tively new type of concentrically braced system characterized by the use of braces that yield 
inelastically both in tension and compression at their adjusted strengths [4]. Despite their be-
ing a relatively new system, BRBFs in the United States have, to date, been subjected to nu-
merous analytical and experimental studies that have demonstrated their robustness when 
subjected to code-type ground motions (e.g. [5], [6], [7]). 

The brace component of BRBFs is known as the Buckling Restrained Brace (BRB). BRBs 
have full, balanced hysteresis loops as illustrated in Figure 3, with compression-yielding simi-
lar to tension-yielding behavior. They achieve this through the decoupling of the stress-
resisting and flexural buckling resisting aspects of compression strength. Axial stresses are 
resisted by a shaped steel core. Buckling resistance is provided to that core by a casing, which 
may be of steel, concrete, composite, or other construction. Because the steel core is re-
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strained from buckling, it develops almost uniform axial strains. Plastic hinges associated 
with buckling do not form in properly designed and detailed BRBs.

Fig. 2 Buckling Brace in Stories' Height and Details of Bracing

Fig. 3 Mechanics of a Buckling-Restrained Brace

The inelastic cyclic behavior of these braces is studied through many experiences (e.g [8], 
[9] and [10]). These experiences, matching with finite element studies, showed that unlike 
common braces, the stable hysteresis cycles can be obtained in tension and pressure, therefore 
a high capacity of earthquake energy absorption is obtained in the structure. The behavior of 
the frames with buckling braces shows considerable difference with common coaxial bracing 
frames despite apparent similarities. In buckling–restrained braces, the hysteresis loops are 
stable and no resistance or curve decline is observed in the system during loading and unload-
ing cycles.

In this study, after determining the loads applied on the structure and analyzing the frame 
under them, the force created in braces can be calculated and shown as P'br . Therefore, the 
section required for yielding area of the buckling equals:

α
y

br

F
P

6.025.1
A' br ×

= ′ (1)

In which α  is considered between one and final resistance relative to the maximum load 
resulted from analysis in members to which the load of brace is transferred (such as columns). 
Higher values of this coefficient increase the stiffness and energy absorption capacity of the 
system. Fy equals the steel core yield resistance of bracing. Coefficient 1.25 is for considering 
the strain hardening of steel. Because the cross section of the central core is considerably 
smaller than the cross section of the final area of the connection, most of the elastic and even 
plastic displacements happen in this area. With regard to this fact, the axial stiffness of each 
buckling brace equals:
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br

br
br L

AEK
′
′

= (2)

In which brL′ is the length of the central core and E is the elasticity module of the core steel 
materials. Furthermore, the axial strain of yielding area is:

br

br
br L′
=
δε   (3) 

In which brδ is the axial deformation of the brace. By reducing brL′ , the brace's stiffness in-
creases and as a result, the relative displacement of the story decreases. As the above relation 
shows, this is independent from the brace resistance.

In order to prevent buckling in pressure, the metal core is placed inside a metal sheath 
filled with concrete or mortar. Before filling the sheath with concrete, a few separating mate-
rial or vacuum is placed between metal core and mortar to prevent the axial force transfer 
from metal core to concrete covering or at least to minimize it. The effect of Poisson coeffi-
cient also causes the metal core to expand in pressure and this requires a distance to be created
(Figure 4).

Fig. 4 Components of Buckling –Restrained Brace

When these braces designed properly with details, the steel sheath should not bear any axial 
force. To prevent the buckling of BRBs, the metal sheath should be designed for the following 
stiffness of bending:

0.1≥
y

e

P
P         (4)

In which yP  is the flowing resistance of the flowing confined part and eP  is the elastic 
buckling resistance of the metal sheath.

sc

sc
e L

EIP 2

2π
=     (5)

E  is Yang module, scEI  is the inertia momentum of steel sheath section and scL  is the length 
of the sheath. In using these equations, it should be noted that the effects of steel strain 
stiffness is omitted under cyclic loading. In this case, steel strain stiffness increases the 
pressure resistance of the brace up to 30% and a resistance coefficient of 85.0=ϕ  is used in 
numerator.

5.10.1
3.1

≥→≥
× y

e

y

e

P
P

P
Pϕ (6)
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In designing process, it has been tried to change the dimensions and thickness of BRB 
sections to have a more uniform energy absorption in height. The characteristics of plastic 
joints of BRB are the same as tensile section of the braces in pressure section (Figure 5).

Fig. 5 The Plastic Joints Characteristics of BRB in Pressure and Tensile Section of the Brace

4 RESULTS FROM NONLINER STATIC ANALYSIS 

After the two dimensional nonlinear static analysis of each one of the models, the results 
from base shear–roof displacement for lateral push expressed through a curve. The 
incremental load curve includes horizontal and vertical axes, which show roof displacement 
and base shear resulted from lateral push respectively. Information retrievable from these 
diagrams is yield displacement Dy, yield base shear Fy, final displacement Du and final base 
shear Fu. Displacement and yield base shear are a point on pushover diagram in which the 
linear an elastic behavior of the structure has terminated and the structure enters the nonlinear 
area. Displacement and final base shear are a point on this diagram in which the structure's 
resistance has extensively decreased and in fact this is the result of the structure's destruction, 
decreases in the structure's stiffness and the lack of tolerance of the loads applied to it.
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Fig. 6 Roof Story Displacement for 18 Stories Frames for Example for Models 3S(1), 3S(2), 7S(1,2,3) and
7S(1,3,4)  
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In this paper, computation of R can be carried out using the following method but there are 
some essential values to be derived first. These values include: yield and ultimate displace-
ments; also yield force and elastic strength demand force. R can be performed by defining 
two factors: strength demand reduction factor dR  and overstrength factor Ω . Figure 7 shows 
parameter derived for evaluation of R-values. The results from all models are illustrated in 
Figure 8, 9 and listed in Table I, II. 

StrengthReal
DemandStrengthElasticRd =  (7) 

StrengthDesign
StrengthReal

=Ω      (8)

Ω= .dRR (9)  
Fig. 7 Parameters Employed in Determined Behavior Coefficient
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Fig. 8 Computed R-Values for 12-Story Frame and Different Braced Bays
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Fig. 9 Computed R-Values for 18-Story Frame and Different Braced Bays
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5 CONCLUSION 
In conducting this research, many results are obtained. The mail results are as follows:
1- Yield displacement of frames braced by buckling-retrained X-brace is decreased when the 
bracing spans are approaching each other

2- Final displacement of braced frames is minimized when the bracing spans are approaching 
each other in all bays and heights.

3- The yield base shear and final force increases when the bracing spans are approaching each 
other in all bays and heights. Therefore, the lateral loading increases and maximum capacity 
of the sections can be employed to bear the lateral loads. 

4- Primary stiffness decreases with an increase in the number of stories. But by creating the 
stiff spans in the bays, which are located next to each other, the primary stiffness also 
increases.

5- By increasing the number of the stories' dispersion, behavior coefficient values increases. 
Therefore, it shows the sensitivity of behavior coefficient value to the structure height and the 
criticality of behavior coefficient effect in designing steel joint frames. 

6- To improve the behavior coefficient of steel frames with buckling retrained X- bracing, the 
distance between bracing spans should be decreased and they should be even placed next to 
each other if it's possible. 

TABLE I
BEHAVIOR COEFFICIENT AND RESISTANCE COEFFICIENT 

COMPUTATION FOR 6, STORIES FRAMES
UNIT: TON,CM

6 storey - X Brace - BRB
Span Initial Stiffness R O.S

3S -(1) 11.97 8.20 1.29
3S -(2) 12.26 8.23 1.29
3S -(1,2) 26.80 8.46 1.32
5S -(1,2) 27.53 9.50 1.44
5S -(1,3) 20.53 7.56 1.44
5S -(1,4) 20.25 7.48 1.45
5S -(1,5) 20.25 8.77 1.72
5S -(2,3) 26.34 9.76 1.46
5S -(2,4) 21.34 7.87 1.46
5S -(2,5) 22.52 8.69 1.50
7S -(1,7) 19.75 8.89 1.47
7S -(2,6) 20.72 9.00 1.50
7S -(3,5) 22.69 9.84 1.49
7S -(1,2) 26.00 11.37 1.50
7S -(2,3) 27.48 11.47 1.52
7S -(3,4) 26.96 11.56 1.53
7S -(1,2,3) 43.23 10.24 1.50
7S -(1,3,4) 37.09 8.67 1.43
7S -(1,4,5) 35.17 8.31 1.44
7S -(1,4,7) 28.86 7.34 1.50
7S -(1,5,6) 35.74 8.62 1.47
7S -(1,6,7) 33.77 10.49 1.59
7S -(2,3,4) 40.48 11.86 1.54
7S -(2,4,5) 37.15 11.00 1.59
7S -(2,4,6) 32.86 9.79 1.64
7S -(2,5,6) 36.54 11.10 1.60
7S -(2,6,7) 36.93 10.36 1.60
7S -(3,4,5) 43.73 11.44 1.55
7S -(3,5,6) 38.67 9.84 1.63
7S -(3,6,7) 34.15 8.15 1.47
7S -(4,6,7) 36.89 8.66 1.46

TABLE II
BEHAVIOR COEFFICIENT AND RESISTANCE COEFFICIENT 

COMPUTATION FOR 12, STORIES FRAMES
UNIT: TON,CM

12 storey - X Brace - BRB
Span Initial Stiffness R O.S

3S -(1) 4.32 5.06 1.26
3S -(2) 4.64 5.54 1.29
3S -(1,2) 11.05 7.69 1.34
5S -(1,2) 10.84 8.46 1.39
5S -(1,3) 8.31 7.02 1.39
5S -(1,4) 8.43 8.17 1.62
5S -(1,5) 7.96 7.68 1.61
5S -(2,3) 10.88 9.66 1.40
5S -(2,4) 8.56 8.33 1.40
5S -(2,5) 7.98 6.24 1.29
7S -(1,7) 7.79 7.81 1.41
7S -(2,6) 7.73 8.43 1.56
7S -(3,5) 8.36 8.41 1.43
7S -(1,2) 10.72 9.87 1.40
7S -(2,3) 11.89 10.20 1.37
7S -(3,4) 12.98 11.26 1.37
7S -(1,2,3) 18.77 11.52 1.55
7S -(1,3,4) 15.84 10.59 1.55
7S -(1,4,5) 15.82 10.58 1.55
7S -(1,4,7) 11.67 8.43 1.55
7S -(1,5,6) 15.74 10.50 1.57
7S -(1,6,7) 14.99 10.00 1.55
7S -(2,3,4) 18.82 11.31 1.52
7S -(2,4,5) 16.56 10.77 1.51
7S -(2,4,6) 11.72 7.75 1.40
7S -(2,5,6) 16.57 11.11 1.56
7S -(2,6,7) 16.51 10.78 1.52
7S -(3,4,5) 18.83 11.34 1.52
7S -(3,5,6) 16.56 10.80 1.51
7S -(3,6,7) 16.18 10.59 1.52
7S -(4,6,7) 16.22 10.59 1.53
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7- The resistance coefficient of frames braced with buckling-retrained X-brace can be 
increased to 1.5 times and improved as well relative to the situation of braces. 
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Abstract. Seismically designed buildings possess the necessary properties to withstand the de-

sign earthquake excitations and limit structural damage to the desired level. This is achieved 

by appropriately defining individual member capacities, interstorey and global stiffnesses and 

energy dissipation mechanisms based on the provisions of current design codes. However, such 

provisions do not suffice, in order to protect a structure from disproportional extent of damage 

when a local failure occurs. Hence, in order to increase their progressive collapse resistance, 

existing seismically designed buildings need to be appropriately retrofitted. 

This paper presents an optimization procedure for the retrofit of seismically designed buildings, 

in order to increase their capacity to sustain local damage without extensive propagation lead-

ing to severe structural failure (partial/full collapse). Two retrofit methods for seismically de-

signed steel-concrete composite buildings are presented and assessed with respect to their cost-

effectiveness. The retrofit methods are based on: (a) the strengthening of beams in the structure 

or (b) the installation of bracings in the horizontal direction. Structural optimization aims to 

minimize the total retrofit cost, in order to determine the lowest possible need for retrofit ma-

terial, enabling at the same time the comparative assessment of the two retrofit methods on a 

‘fair basis’. 
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1 INTRODUCTION 

Design against progressive collapse has been a concern for engineers since the Ronan Point 

collapse in London on May 16, 1968, as its results are disproportionate to the cause: small scale 

damage triggers extended damage or failure of a number of neighboring structural elements, 

which might result in collapse of a part –if not of the whole– of the building. However, intensive 

investigation of such phenomena, as well as of methods to reduce their effects, started only after 

the collapse of the World Trade Center towers in September 11, 2001. Design strategies to 

control the damage propagation or reduce the probability of occurrence of the initial failure 

have been proposed [1-8]. Up to now, due to the non-compulsory nature of the design strategies, 

a very limited number of existing buildings has been designed against progressive collapse. 

Hence, certain buildings may need to be retrofitted appropriately, in order to reduce the risk of 

progressive collapse, when they sustain small-scale damage. Thus a corresponding need to de-

velop and examine retrofit methods arises. The preference of a retrofit method over another 

depends on the cost over effectiveness attained by each one, since the cost induced plays a key 

role in deciding for and realizing a retrofit solution. Even when progressive collapse resistance 

is taken into consideration in the design phase of a building, the additional cost to achieve such 

resistance is considerable. 

Over the last decades, structural design optimization has progressed to a valuable computa-

tional tool, which assists the engineer in making best use of structural material, in order to detect 

a feasible and cost-effective design satisfying certain pre-specified constraints. The present 

work presents an optimization procedure for the retrofit of composite steel-concrete buildings 

in order to resist earthquake actions and progressive collapse. The Evolution Strategies optimi-

zation algorithm is employed in order to minimize the total retrofit cost, subject to constraints 

on (a) the safety of structural members, (b) the structural system resistance against earthquake 

and (c) the building’s capacity to sustain failure of load-bearing elements without dispropor-

tionate propagation of the structural damage. Structural optimization approaches to achieve 

progressive collapse resistance in a cost-effective manner in the design phase of a building have 

been presented in [7,8]. 

Various retrofit methods for existing structural systems are provided in the literature (e.g. 

[9-14]). Two retrofit approaches for composite buildings are examined in this work: (a) 

strengthening of beams by welding additional elements (plates or members with I-shaped sec-

tions) at their lower flanges and (b) installation of additional bracings to form external horizon-

tal trusses at predefined storeys. A numerical application involving the retrofit of a 6-storey 

composite steel-concrete building demonstrates the effectiveness of the proposed optimization 

approach and illustrates the comparative effectiveness of the two retrofit approaches. 

2 THE ALTERNATE LOAD PATH METHOD 

One of the measures proposed to reduce the potential for progressive collapse is the alternate 

load path method [2,5-8]. According to this method, the assessed structural design should be 

able to redistribute successfully the acting loads when local failure takes place, without exten-

sive propagation of structural damage, which indicates the initiation of a chain reaction that 

might lead to collapse. Thus, alternate load paths, which utilize undamaged members to transfer 

the loads to the ground, need to be available after the initial failure occurs. 

The alternate load path method is implemented by artificially removing certain structural 

members from the structural system [2,5,7,8]. The gravitational loads are then applied incre-

mentally on the damaged building by means of a non-linear structural analysis. As this type of 

analysis is considered to be equivalent to a nonlinear pushover analysis in the vertical direction, 

it is usually referred to as ‘pushdown analysis’. Such analyses are associated with considerable 
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uncertainties on the performance of structural systems under the large deformations that de-

velop, when e.g. a column member is removed from a system. Hence, a building’s progressive 

collapse resistance is quantified using specific indicators, such as the plastic rotation θ of the 

steel beams above the ‘damaged’ area of the building (Fig. 1). In [5], ‘high requirements’ on 

progressive collapse resistance are related to the limitation of the plastic rotation of the steel 

beams below 6°. In this work, the relative vertical displacement of the two ends of a beam 

normalized by its length (vertical drift) can be used as an equivalent alternative to plastic rota-

tion. As a rotation of 6° corresponds to a vertical drift of about 10.5%, the maximum admissible 

vertical drift is taken 10% and is imposed through a related constraint for beam deformation in 

the optimization procedure presented herein. 

Figure. 1. Deformed shape of a frame under a base corner column loss scenario. 

3 RETROFIT METHODS 

In this section, two retrofit methods are presented. The first method aims to increase the 

stiffness of the beams, so that deflections caused by the sudden loss of a column are reduced. 

An alternative to the aforementioned approach, in order to increase the building’s progressive 

collapse resistance, is to introduce a set of bracings placed in the horizontal direction at prede-

fined storeys. 

3.1 Beam retrofit with plates and I-shaped sections 

When designing against progressive collapse, of particular significance are the horizontal 

elements, which are inevitably involved in the redistribution of the gravitational loads from the 

affected bays to the undamaged structural elements and, thereafter, to the ground. Whether they 

are the main elements of the intended alternate path or they play a secondary role in realizing 

it, their integrity is crucial for the successful employment of the alternate path method. By 

strengthening the steel beams, their stiffness is enhanced and, consequently, deflections due to 

additional loads and support condition alteration are reduced. 

The flanges of an I-shaped beam are the parts of the section with the largest distance from 

the section’s centroid and, therefore, they provide almost all of its stiffness about the major axis. 

Hence, a method commonly used to increase an I-shaped beam’s stiffness about the major axis 

is the installation (welding) of steel plates at its flanges. Increasing the flanges’ area results in 

a considerable enhancement to the beam’s flexural capacity. In an existing building, steel beams 

are typically connected at their top flange to a composite or reinforced concrete slab using shear 

studs. Therefore, the external surface of the beam’s top flange cannot be accessed, which means 

that any additional plates would have to be welded at the flange’s internal surface (two parts 
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around the section’s web). Such a procedure is considerably more difficult to execute than op-

erating on the external flange surface. Moreover, the top flange may be inaccessible due to other 

components connected to the beam’s web or running parallel to it (e.g. hydraulic or electrical 

installations, horizontal bracings, etc.). Thus, only the welding of a plate at the external surface 

of the beam’s bottom flange is considered in this work. 

Instead of installing a flange plate, an additional I-shaped section can be welded or bolted to 

the bottom flange of the existing beam, as illustrated in Fig. 2. This approach aims to signifi-

cantly move the centroid of the beam’s steel section and achieve large flange distance in the 

vertical direction, increasing this way the beam’s flexural capacity and improving the effective-

ness of the steel material used. It should be noted that the efficiency of the particular method in 

retrofitting reinforced concrete beams has been investigated in [12]. For the purposes of the 

present work, IPE sections have been used as additional components attached to existing steel 

beams. 

Figure. 2. Cross-section of a steel beam connected to a composite slab, retrofitted with an additional I-shaped 

steel section. 

3.2 Installation of bracings in the horizontal direction 

A method often proposed in practice for high-rise buildings, aiming to reduce the effects of 

damage in load bearing elements, is the creation of reinforced zones along the height by in-

stalling steel bracings across predefined storeys. Such bracings, in combination with neighbor-

ing beams and columns, form a truss-like mechanism, which receives the gravitational loads 

from the damaged bays and transfers them to the undamaged section of the building. In order 

to distinguish the particular bracings configuration from the ones used against horizontal loads, 

in the remainder of this work they are referred to as ‘horizontal bracings’ and ‘vertical bracings’, 

respectively, with regard to the direction along which they are installed. 

Despite their effectiveness, the use of horizontal bracings is often avoided by designers, as 

long as the building’s susceptibility to collapse can be dealt with alternative methods. A zone 

of horizontal bracings occupies the facade of an entire storey, which is undesirable for residen-

tial or office buildings. Since this is a purely architectural issue, the particular retrofit approach 

cannot be injudiciously rejected; therefore, its cost-effectiveness is investigated herein and 

compared against beam strengthening. A typical configuration of horizontal bracings is illus-

trated in Fig. 3. For the purposes of this study, installation of horizontal bracings is allowed to 

take place at three locations: at the second, fourth and sixth storey of the building. 

3571



Georgios S. Papavasileiou and Dimos C. Charmpis 

Figure. 3. Building model retrofitted with horizontal bracings (top slab removed for visualization purposes). 

4 STRUCTURAL MODELLING & ANALYSIS 

All structural analyses were performed using the OpenSEES software [15]. Beams, columns 

and bracings are simulated as distributed plasticity (fiber) elements. A ‘rigid diaphragm’ is used 

for the simulation of the composite slabs. Beam-column joints are considered to be able to 

transfer the full bending moment developed. Column base connections are modelled as fixed 

supports. A bilinear material model (‘Steel01’) is used for the structural steel components, while 

the ‘ReinforcingSteel’ material type is used for the longitudinal and transversal reinforcement 

bars of the composite columns. The ‘Concrete01’ material type is employed for all concrete 

regions of the composite columns. 

As illustrated in Fig. 3, the structural elements are grouped according to their location on the 

floor layout, as well as the storey they belong to. In particular, for the initial optimization per-

formed disregarding progressive collapse resistance constraints, columns are divided into: (a) 

corner, (b) peripheral in x-direction, (c) peripheral in y-direction and (d) internal columns. 

Moreover, different groups are defined every two storeys, generating in total 12 element groups 

for columns. Beams are also grouped every two storeys, but they are not further divided within 

the same storey, i.e. 3 element groups are produced in total for beams. Finally, two element 

groups are defined for the vertical bracings: in x- and y-directions. For the retrofit optimization, 

the same grouping defined earlier for the columns and beams applies for the column and beam 

retrofit, respectively; three additional element groups are defined for the horizontal bracings, 

one for each storey they are allowed to be installed at (i.e. second, fourth and sixth storey). 

In order to evaluate the performance of each candidate optimum structural design of the 

structure under retrofit, six analyses are performed: (a) a linear static analysis under gravita-

tional loads, (b) two eigenvalue analyses (one for each horizontal direction), (c) two nonlinear 

pushover analyses (one for each horizontal direction) and (d) a nonlinear pushdown analysis. 

1st – 2nd storey
Group 1 (Corner)

Group 2 (Peripheral in x-x’ direction)

Group 3 (Peripheral in y-y’ direction)

Group 4 (Internal)

3rd – 4th storey
Group 5 (Corner)

Group 6 (Peripheral in x-x’ direction)

Group 7 (Peripheral in y-y’ direction)

Group 8 (Internal)

5th – 6th storey 
Group 9 (Corner)

Group 10 (Peripheral in x-x’ direction)

Group 11 (Peripheral in y-y’ direction)

Group 12 (Internal)

Beams
Group 13 (1st and 2nd storey)

Group 14 (3rd and 4th storey)

Group 15 (5th and 6th storey)

Bracings
Group 16 (x-x’ direction)

Group 17 (y-y’ direction)

Group 18 (Horizontal)

Columns
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5 CONFIGURATION OF THE OPTIMIZATION PROBLEM 

Instead of applying each retrofit method independently and designing based on a trial-and-

error procedure, in this work, an optimization procedure similar to [7] is applied. Its aim is to 

minimize the total cost of the retrofit materials. The advantage of this procedure is that it does 

not dictate a particular strategy, such as a localized ‘bridge’-type strengthening over the artifi-

cially damaged area, which might not be the most cost-effective strategy [8]. Additionally, it 

allows the utilization of multiple methods in one retrofit design. 

Since the unit cost of steel CS is related to its mass (€/tn), while the unit cost of concrete CC 

depends on its volume (€/m3), the Cost Ratio CR=CC/CS is introduced, in order to convert con-

crete volume into equivalent steel mass. Hence, the objective function minimized is calculated 

as the total equivalent steel mass of the retrofit materials: 

SC
tot
s MVCRM  . (1) 

The design variables of the optimization procedure are the section details of the beam retrofit 

and the horizontal bracings. For the strengthening of beams, plates with thickness from 5mm 

up to 40mm and sections with sizes from IPE80 up to IPE600 are considered. For horizontal 

bracings, a total number of 18 standard L-shaped sections are available in the respective data-

base. In the two databases, a ‘zero option’ to avoid the use of either retrofit method is also 

provided. 

The performance criteria used in this work, which play the role of the constraints of the 

optimization problem, can be divided in two groups; the first group includes all individual 

member checks, while the second group explicitly refers to the structural system behavior. 

Based on the internal forces yielded by the linear static analysis under gravitational loads, steel 

beams are checked according to the provisions of Eurocode 3 [16] for their capacity in bending 

moment, shear and their combination, as well as the respective local and global buckling types; 

composite columns are evaluated according to Eurocode 4 [17] against biaxial bending, shear 

force (steel core only), compression and their combination. As the bracings are not considered 

to participate in the load-bearing system of the undamaged building, their assessment is based 

on the building’s behavior under the pushover and pushdown analyses. Seismic assessment of 

the buildings is performed by means of a displacement-controlled pushover analysis up to a 

targeted top displacement (Δtarget). For the collapse prevention limit state, the maximum inter-

storey drift should not exceed the limit value of 4% [18]. 

The constructed discrete optimization problem is solved with a discrete Evolution Strategies 

algorithm [19], which can effectively handle the discrete design options available. The opti-

mizer is linked with OpenSees to automatically obtain the results from structural analyses 

needed for the evaluation of the constraints. 

6 APPLICATION 

A six-storey 5×5-bay composite building is selected for the application of the optimization 

procedure (Fig. 3). Vertical bracings are installed in both directions at the middle bays. At first, 

the building is optimally designed by disregarding progressive collapse resistance constraints. 

Its columns are designed as concrete-encased I-shaped sections. A concrete layer of 5cm around 

the steel core is assumed, while its reinforcement consists of 10mm longitudinal bars and 8mm 

stirrups with 10cm spacing. The beams and bracings are modelled as pure steel elements. The 

section grouping illustrated in Fig. 3, corresponding to equal number of design variables, is 

used for columns and beams. Instead of retrofit section characteristics, the particular variables 

take values from two standard section databases: HE100B-HE1000B sections are used for col-
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umns and IPE80-IPE600 sections for beams. L-shaped sections are used for the vertical brac-

ings in both directions. Hence, 17 design variables are utilized in total (corresponding to the 17 

first groups depicted in Fig. 3, i.e. except for group 18) to produce an initial optimized design 

for the composite building. Table 1 provides the characteristics of the seismically designed 

building yielded by the optimization procedure. 

Storeys 1-2 Storeys 3-4 Storey 5-6 

Columns Corner HE280B HE220B HE200B 

Peripheral, x-direction HE340B HE260B HE200B 

Peripheral, y-direction HE400B HE260B HE200B 

Internal HE280B HE280B HE200B 

Storeys 1-2 Storeys 3-4 Storey 5-6 

Beams IPE330 IPE330 IPE330 

Vertical bracings x-direction L90x90x7 

y-direction L90x90x7 

Total equivalent steel mass 182.46 tn 

Table 1: Optimized seismic design of the composite building disregarding progressive collapse resistance con-

straints. 

As the provisions against progressive collapse were deactivated for the determination of the 

initial design, its performance under various damage scenarios needs to be evaluated. Three 

element removal scenarios (Fig. 4) are selected to simulate structural damage. In the first two 

scenarios, an accident (e.g. collision of a heavy truck on the building) that would result in the 

loss of a corner and one (ERS1) or two (ERS2) consecutive peripheral columns is assumed. A 

more destructive event, such as an explosion at the base of the building, is simulated in the third 

damage scenario (ERS3). The explosion is considered to have affected the first two storeys of 

the building near its corner. As a result, a number of columns and beams are assumed to be 

severely damaged and are consequently removed from the model. Referring to the seismically 

optimized design of Table 1, the maximum vertical drift recorded for scenarios ERS1, ERS2 

and ERS3 is 10.6%, 10.8% and 14.6%, respectively. Thus, the maximum admissible vertical 

drift of 10% set in Section 2 is exceeded, since progressive collapse resistance has not been 

accounted for obtaining the design of Table 1. It is noted that another damage scenario with 

only one corner column removed results in a maximum vertical drift of 6.6%, which indicates 

a sufficient collapse resistance. 

In order to be able to sustain the aforementioned damage scenarios without excessive extent 

of structural damage, the building needs to be appropriately retrofitted. In order to improve its 

performance under the three element removal scenarios, the retrofit methods described in Sec-

tion 3 are utilized. Thus, the optimized design of Table 1, which has been identified based on 

Eurocode 3 and 4 provisions and seismic resistance constraints, is optimally retrofitted to resist 

also progressive collapse with respect to the three aforementioned damage scenarios. 
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 (a) (b) 

   
 

 

(c) 

 

Figure. 4. The three element removal scenarios considered: (a) ERS1 (layout of storey 1 showing the two base 

columns removed), (b) ERS2 (layout of storey 1 showing the three base columns removed) and (c) ERS3 (three-

dimensional view of ‘damaged’ building and layout of storeys 1 and 2 showing the structural members re-

moved). 

 

It should be mentioned, however, that retrofitting against progressive collapse should not be 

limited to the strengthening of the horizontal structural elements or the installation of additional 

ones. In general, particular attention needs to be paid to the columns as well. Considering the 

actions the building is required to resist, columns may also need strengthening due to require-

ments for additional stiffness or tensile force capacity. Hence, in the seismic analysis of the 

retrofitted building, an increased total mass needs to be taken into account, which is due to the 

2nd storey

1st storey
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additional material of the retrofit; to avoid a very large fundamental period, an increase in the 

building’s stiffness may be needed. Moreover, when horizontal bracings are installed at a storey, 

there is a large increase in the stiffness of the particular storey; if the stiffness of this storey is 

much larger than that of the storey below, it could result in huge drifts of the columns of the 

storey below. Furthermore, it was noticed in preliminary analyses that, when buildings with 

strong beams at the top floors are subjected to element removal scenarios, they seem to develop 

a ‘suspension mechanism’, in order to transfer the loads from the damaged bays through the 

undamaged elements to the ground. More specifically, the alternative load path formed utilizes 

the columns over the bays directly affected by the artificial damage to transfer the loads to the 

strong top beams and, through them, to the undamaged columns. 

The above discussion reveals that the retrofit methods described in Section 3, which actually 

aim at establishing adequate horizontal load paths over the ‘damaged’ area, may not be adequate 

for the overall structural system, since strengthening of the vertical load paths may also be 

needed. Therefore, the option to retrofit the building’s composite columns by means of con-

crete-covered steel cages, as described in [11], is given to the optimization procedure. Thus, a 

total of 18 design variables are considered based on corresponding section groups: variables 1-

12 control the retrofit of columns, variables 13-15 control the retrofit of beams and variables 

16-18 control the placement of horizontal bracings. Fig. 3 illustrates 16 of these 18 design var-

iables; groups 16 and 17 (vertical bracings) are set in the initial optimization for the seismically 

designed building (Table 1); in retrofit optimization, groups 16 and 17 correspond to the hori-

zontal bracings at storeys 2 and 4, respectively. 

Table 2 illustrates the optimized retrofit designs obtained when considering each of the three 

element removal scenarios. For ERS1 and ERS2, the most cost-effective retrofit is achieved by 

adequately increasing the stiffness of beams. In these two scenarios, a ‘bridge’-type alternate 

load path is formed by strengthening only the beams of storeys 1-2. The additional steel mass 

required for ERS1 is particularly high considering the limited extent of the ‘damage’. However, 

such a result can be anticipated due to the change of the support and loading conditions the 

beams directly over the ‘damage’. Moreover, the grouping of the beams every two storeys re-

sults in a retrofit requirement for both storeys 1 and 2 regardless of the location and extent of 

the damage. This retrofit requirement could be possibly reduced by defining a different beam 

group for each storey. When an additional neighboring column is removed for ERS2, only about 

30% additional steel mass is needed compared to the requirement for ERS1. Apparently, the 

loss of an additional peripheral column in ERS2 is a less significant ‘damage’ compared to the 

members lost in ERS1. Finally, for the significantly more severe ‘three-dimensional’ damage 

scenario ERS3, beam retrofit appears to be less cost-effective than the use of horizontal bracings. 

For this rather aggressive damage scenario, more than double retrofit material is required than 

for ERS2. 

To gain better insight on the effectiveness of the retrofit methods, sub-optimal designs are 

presented in Table 3 for the three damage scenarios. The designs this table are obtained by 

allowing only beam retrofit for ERS3 (the option to install horizontal bracings is deactivated), 

while only horizontal bracings are allowed for ERS1 and ERS2 (the option to retrofit beams is 

deactivated). Thus, Table 3 gives retrofit designs using alternative methods to the ones identi-

fied in Table 2. A comparison between the designs of Tables 2 and 3 reveals that, for ERS2, the 

two retrofit methods produce practically the same total retrofit cost. For ERS1, installing hori-

zontal bracings induces a material cost that is about 35% more costly than the one correspond-

ing to beam retrofit. For ERS3, the retrofit of beams costs about 60% more that the placement 

of horizontal bracings. Despite the architectural and operational implications introduced by hor-

izontal bracings, this is a much more cost-effective solution for ERS3 and cannot be easily 

rejected for non-structural reasons. It is also interesting to notice that the designs for ERS1 and 
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ERS2 in Table 3 activate a ‘suspension mechanism’ by introducing horizontal bracings at the 

top storey. For ERS3, an overall structural system upgrade is realized by strengthening all 

beams along the building’s height, avoiding just the activation of a ‘bridge’ over the ‘damaged’ 

area. 

Beam retrofit Horizontal bracings Total 

equiva-

lent 

steel 

mass 

Storeys of 

application 
1-2 3-4 5-6 2 4 6 

Group 

number 
13 14 15 16 17 18 

ERS1 10mm plate - - - - - 15.2 tn 

ERS2 IPE180 - - - - - 19.8 tn 

ERS3 - - - L90x90x7 L90x90x7 - 40.9 tn 

Table 2. Optimized retrofit designs. 

Beam retrofit Horizontal bracings Total 

equiva-

lent 

steel 

mass 

Storeys of 

application 
1-2 3-4 5-6 2 4 6 

Group 

number 
13 14 15 16 17 18 

ERS1 - - - - - L90x90x7 20.5 tn 

ERS2 - - - - - L90x90x7 20.5 tn 

ERS3 30mm plate 10mm plate 25mm plate - - - 65.3 tn 

Table 3. Sub-optimal retrofit designs. 

An important observation regarding all retrofit designs of Tables 2 and 3 is that columns do 

not actually require strengthening. Despite the increase of the total seismic mass due to the 

added retrofit material of beams or horizontal bracings, the additional stiffness introduced in 

the structural system either by the beam retrofit or by the horizontal bracings seems to balance 

the effect of the additional mass. Moreover, in the optimized designs of Table 2 for ERS1 and 

ERS2, the ‘bridge’-type strengthening of the beams directly over the location of the ‘damage’ 

serves as a ‘support’ for all storeys above and leaves the respective load paths unaffected. This 

mechanism prevents the development of tensile forces at the columns over the ‘damaged’ area, 

so the column sections identified for seismic demands suffice also for progressive collapse re-

sistance. It is finally emphasized that the fact that column strengthening is not required for the 

particular retrofit cases of the present study does not imply that the same applies generally, as 

each building’s performance and retrofit requirements may vary significantly. 

3577



Georgios S. Papavasileiou and Dimos C. Charmpis 

7 CONCLUSIONS 

In this paper, two retrofit methods for steel-concrete composite buildings to resist progres-

sive collapse were assessed. A building previously optimized to satisfy Eurocode 3 and 4 pro-

visions and seismic resistance constraints was optimally strengthened to meet requirements on 

progressive collapse resistance. Optimized retrofit designs have been identified using beam 

strengthening or installation of horizontal bracings, in order to provide the structure with suffi-

cient collapse resistance with respect to three element removal scenarios corresponding to arti-

ficially introduced damage of varying extent. The patterns of the optimized retrofit designs 

verify the findings of previous studies [7,8], according to which the establishment of adequate 

horizontal load paths within a locally damaged building is a key aspect in attaining progressive 

collapse resistance. 

Inevitably, additional design requirements on progressive collapse resistance lead to in-

creased structural costs due to the need for extra material. The results obtained in this study 

demonstrate that the structural optimization approach presented is capable of producing cost-

effective retrofit designs. Coping with progressive collapse in an optimal way is critical, in 

order to maintain the extra cost induced as low as possible, hopefully within affordable limits. 
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Abstract. This research deals with the assessment of the seismic behavior and capacity of a 

reinforced concrete building in order to examine the possibility of strengthening. This process 

is achieved by using the Nonlinear Static Analysis (Pushover Analysis) and is based also on 

performance criteria. In case of damages two different methods of strengthening are imple-

mented: the reinforced concrete jacketing and the carbon fiber reinforced polymer wrapping 

(CFRP). Afterwards, the determination of the optimum strengthening design is performed, 

thanks to metaheuristic optimization algorithms, aiming at the minimization of the cost. Sub-

sequently, the retrofitting measures are evaluated through a methodology defined by vulnera-

bility criteria and fragility curves, produced either by the Incremental Dynamic Analysis (IDA) 

or by using Eurocode8 Regulations, the Method of Coefficients as well as the Hazus Method-

ology. The fragility curves refer to different earthquake performance levels and as a result 

they express the probability of excess of the different target damage states. A comparison be-

tween these curves, before the intervention and after that, indicates the effectiveness of the 

selected strengthening techniques. 
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1 INTRODUCTION 

The strengthening of structures has become frequent in recent years. Lots of problems arise 

due to failed initial design or bad application of it. Other significant factors are the materials 

used and the construction and maintenance conditions. Moreover, earthquakes and strong 

winds have an important impact on the structures and cause often damages. 

For the assessment of an existing building’s seismic capacity there are some determinate 

methods of analysis [1, 2] that can be used; linear and non-linear. To the linear category be-

long the elastic static analysis and the elastic dynamic one, whereas the inelastic static (Push-

over Analysis) and the inelastic time history dynamic (Incremental Dynamic Analysis) belong 

to the non-linear category. The strong difference between the non-linear and linear analyses is 

that in the non-linear framework the structure continues to receive seismic loads of different 

intense levels even if some elements have exceeded the yield point, through their deformation, 

a fact that is not taken into consideration within linear analyses. Very important is to define 

the non-linear characteristics of the materials (concrete and steel) used [3]. For concrete the 

following deformation values are valid: εc=2‰ και εcu=3,5‰, for steel: εsu=0,02. The non-

linear behavior of a building is equivalent with the appearance of plastic hinges at the nodes. 

The determination of the plastic hinges’ characteristics and the calculation of specific perfor-

mance criteria in terms of chord rotation, through which the assessment of the seismic behav-

ior of the building is achieved, are crucial. 

   Pushover Analysis [1] is implemented by using many seismic load combinations con-

cerning two directions X, Y: ±X±0.3Y and ±0.3X±Y. The seismic loads are imposed to the 

building as acceleration in various ways: uniform and modal form.  A target displacement is 

defined relying on ATC-40 [4] or Coefficient Methodology [1] by using the equivalent SDOF 

system. The acceleration increases incrementally, while the displacement at the roof of the 

building is recorded. At the point, that the top displacement reaches the target displacement 

(performance point), the increase of the acceleration is interrupted. The capacity curve V-D is 

produced and the yield situation of the plastic hinges is examined according to the perfor-

mance criteria. Thus, an assessment of the structural capacity can be carried out.  

Incremental Dynamic Analysis (IDA) [1, 5] uses a variety of accelerograms of earthquakes 

that have taken place in the past.  Moreover, a proper scaling of each earthquake accelerogram 

is proceeded relatively to the selected intense levels. These scaled time history accelerograms 

of all the earthquakes act as seismic loads for the structure. Meanwhile, the response of the 

structure is monitored and expressed in terms of maximum interstorey drift. The goal is the 

formation of an IDA curve for each seismic record, displaying the relation between the seis-

mic intensity measurement and the maximum interstorey drift.  

Vulnerability analysis [5, 6, 7, 8] of a structure can have a great influence on the evaluation 

of its seismic capacity. It can be applied in two alternative ways: based on IDA curves [5] or 

on theoretical methods (Coefficient, Hazus) incorporating Eurocode8 assumptions [7, 8]. 

Vulnerability analysis aims at the construction of fragility curves; they demonstrate the prob-

ability of excess for different damage states, e.g. slight, moderate and heavy damage, while 

the intense of the imposed seismic effect is amplified.    

The assessment of the seismic response of a structure often proves its inability to meet the 

demands and points out the need for repair. In fact there are many retrofitting methodologies 

[1, 9, 10] that are divided into two main categories: strengthening by section enlargement and 

strengthening by confinement. In the first kind are included the Reinforced Concrete (RC) 

Jackets, made of cast concrete, shotcrete or cement mortars. In the second kind of strengthen-

ing are contained the following techniques: steel angles and strips, steel collars, spiral rein-
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forcement, steel jackets, fiber reinforced polymer laminates or sheets made of carbon, glass or 

aramid. 

This study [11, 12] is about the assessment of the seismic capacity of an existing 4-storey 

reinforced concrete building through Pushover Analysis and the examination of retrofit need’s 

existence. As strengthening methods RC Jackets and carbon fiber reinforced polymer (CFRP) 

wrapping are used. With purpose of cost minimization of the strengthening measures, an op-

timization process [13, 14, 15], based on metaheuristic algorithms and in particular on Differ-

ential Evolution, is performed. Subsequently, the optimum retrofit design is evaluated by 

means of IDA and in relation with the established vulnerability criteria. 

2 ASSESSMENT OF THE STRUCTURE WITH PERFORMANCE CRITERIA  

First and foremost to assess the capacity of a building it is necessary to define its seismic 

behavior and resistance to the design earthquake. In this particular study, numerous regula-

tions and restrictions, implied by the Interventions Regulation in Buildings of Reinforced 

Concrete (KANEPE) [1], are followed, according to which a methodology, based on specific 

performance criteria, is implemented through the Pushover Analysis. 

2.1 Adjustment to KANEPE  

Distinction between primary and secondary structural elements 

Primary elements [1] are the elements that participate in the stiffness of the structure and in 

the redistribution of the loads by receiving, apart from vertical loads, also horizontal seismic 

loads. On the contrary the secondary elements [1] are characterized by lower stiffness, capaci-

ty or ductility and therefore they contribute to the absorption only of the vertical loads. As a 

result the damage restriction for the primary elements is more crucial. In this research all of 

the structural elements of the building are considered as primary. 

 

Structural performance states and hazard levels  

There are three basic Performance States (PS) [1, 2, 7, 16] of a structure, which correspond 

actually to the expected damage states: a) Immediate Occupancy (IO): The damage is very 

light, none of the operations of the structure is prevented and only hairline cracks are allowed. 

b) Life Safety (LS): The damage is moderate and repairable, no death or serious injury is ex-

pected. c) Collapse Prevention (CP): Severe damage is inevitable and no satisfactory safety is 

ensured.  

As far as the hazard levels are concerned, there are three: a) Occasional Earthquake: with 

excess probability 50% in a life cycle of 50 years. That means that the period of reoccurrence 

amounts to 72 years. b) Rare Earthquake: with excess probability 10% in 50 years and period 

of reoccurrence 475 years. c) Maximum Considered Earthquake: with excess probability 2% 

in 50 years and period of reoccurrence 2475 years. In the present study as assessment target is 

considered the performance state “Life Safety” for the Rare Earthquake. 

 

Data reliability levels and proposed methods of analysis 

For the assessment of an existing building, important data about materials, construction de-

tails and geometrical properties of the structural elements are needed and collected in order to 

achieve the most successful estimation of its available capacity. The quantity and quality of 

these data define the data reliability levels (DRL) [1, 2]: high, satisfying and low, according to 

which the proper safety factors are selected. Depending on the available DRL there are some 

methods of analysis, proposed by KANEPE: Linear Static Analysis or Linear Dynamic Anal-
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ysis regardless of the DRL and Non Linear Static Analysis (Pushover Analysis) or IDA in 

case the DRL is at least satisfying. 

2.2 Pushover analysis 

First of all it is essential to determine the plastic hinges of the building. Possible position of 

a plastic hinge‘s appearance is each edge of the structural elements, so it is significant to form 

the deformation curve of each element. Subsequently the performance criteria for each section, 

in terms of the chord rotation θ, are calculated through the following expressions [1], where 

γRd=1.80 : 

for Immediate Occupancyy y       (1a) 

 0.5 /γ  for Life Safetyd y u Rd          (1b) 

/γ  for Collapse Preventiond u Rd       (1c) 

The horizontal seismic load is imposed in two ways, as uniform load and as inverted trian-

gular load along the building height [1]. There are several load combinations used concerning 

the load direction along the axes X and Y. In fact the implemented load combinations are 

±X±0.3Y and ±0.3X±Y. The load V is gradually incremented and simultaneously the dis-

placement of a check node D is monitored until the target displacement is reached. The check 

node is on the top of the building and very close to the center of gravity. The target displace-

ment corresponds to the performance point, which is calculated through the methodology 

ATC-40 [4] and by means of Acceleration – Displacement Response Spectrum ADRS (Sa-Sd:) 

that refers to the equivalent SDOF system. Finally the Capacity Curve (V- ΔTOP) is formed 

and the situation of the plastic hinges of the structure at the performance point for all the load 

combinations is examined.  

Load 

Shape 

Load 

Comb 
V (KN) 

ΔTOP 

(m) 

Α to 

B 

B to 

IO 

IO to 

LS 

LS to 

CP 

CP to 

C 

Total 

Number 

Uniform 

+X+0,3Y 2635,24 -0,063 201 30 57 0 0 288 

-X-0,3Y -2637,13 0,063 199 32 57 0 0 288 

+Y+0,3X 2570,65 -0,061 186 12 88 2 0 288 

-Y-0,3X -2586,55 0,063 182 17 87 2 0 288 

Inverted 

Triangular 

+X+0,3Y -2364,99 0,067 191 28 69 0 0 288 

-X-0,3Y 2340,15 -0,065 193 30 65 0 0 288 

+Y+0,3X -2275,06 0,070 161 33 93 1 0 288 

-Y-0,3X 2270,29 -0,068 172 37 79 0 0 288 

Table 1: Situation of the plastic hinges of the initial building at the performance point [11]. 

In case a plastic hinge has exceeded the PS “Life Safety”, it is considered that the particu-

lar element has been damaged and needs to be retrofitted. As a consequence, from the analysis 

results [11] it is proved that 5 of the columns have exceeded LS and have to be strengthened. 
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3 OPTIMUM STRENGTHENING DESIGN OF THE STRUCTURE 

3.1 Strengthening techniques 

In case of structural elements’ damages numerous strengthening techniques can be imple-

mented aiming at the retrieval of the initial capacity of the structure. In this particular study 

[11, 12] two different techniques are selected for the column strengthening: the reinforced 

concrete jacketing and the carbon fiber reinforced polymer wrapping (CFRP). 

Reinforced concrete jacketing 

Reinforced Concrete Jacketing [9, 10] is a strengthening method that requires sectional in-

crease of the damaged element and is realized through additional concrete layers and rein-

forcement. Reinforced Concrete Jackets are usually produced by cast concrete, shotcrete or 

cement mortars. They contribute to the increase of the stiffness and also to the reduction of 

the slenderness and do not influence the architecture of the building. 

Figure 1: Simulation of reinforced concrete jackets [17]. 

Fiber reinforced polymer wrapping 

Fiber Reinforced Polymer Wrapping [9, 10] is another strengthening method, which is suc-

ceeded through confinement of the existing section. This confinement can be achieved by 

means of fiber sheets of carbon, glass or aramid. They have low weight and can be easily in-

stalled. In addition they have high corrosion resistance and conduce not only to the reduction 

of the slenderness but also to the increase of the compression strength and ductility. 

Figure 2: Simulation of CFRP wrapping [17]. 
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3.2 Initial building strengthening 

A random building strengthening is initially attempted [11] that includes RC Jackets with 

7cm thickness and quality C30/37 as well as 8 additional longitudinal reinforcement bars with 

diameter 20mm and quality S500. A wrapping retrofitting technique, using CFRP, is also test-

ed. The characteristics of the carbon fiber sheet are the following: layer thickness 0.275mm, 

modulus of elasticity Εf=240GPa, tensile strength fu,f=3500MPa and ultimate deformation 

εf,u=0,015. For the columns C1 and C15, 9 CFRP layers are used, whereas for the columns C4, 

C13 and C14, 8 CFRP layers are chosen. Comparing with the original column section (uncon-

fined concrete), the confined with FRP concrete demonstrates a definitely improved behavior 

since its failure stress and strain reach much higher values, according to KANEPE [1]. 

After the implementation of the two different retrofitting techniques and the application of 

the Pushover analysis on the building, the new performance points (V, ΔTOP) and the new sit-

uation of the plastic hinges are defined [11].  

Load 

Shape 

Load 

Comb 
V (KN) 

ΔTOP 

(m) 

Α to 

B 

B to 

IO 

IO to 

LS 

LS to 

CP 

CP 

to C 

Total 

Number 

Uniform 

+X+0,3Y  3138,59 -0,060 186 27 75 0 0 288 

-X-0,3Y -3148,96  0,060 200 37 51 0 0 288 

+Y+0,3X  3053,86 -0,057 185 27 76 0 0 288 

-Y-0,3X -3053,33  0,059 184 31 73 0 0 288 

Inverted 

Triangular 

+X+0,3Y -2852,53  0,064 186 46 56 0 0 288 

-X-0,3Y  2810,37 -0,064 182 35 71 0 0 288 

+Y+0,3X -2775,29  0,067 169 45 74 0 0 288 

-Y-0,3X  2780,54 -0,065 163 43 82 0 0 288 

Table 2: Situation of the plastic hinges of the strengthened with RC jackets building at the performance point 

[11]. 

Load 

Shape 

Load 

Comb 
V (KN) 

ΔTOP 

(m) 

Α to 

B 

B to 

IO 

IO to 

LS 

LS to 

CP 

CP to 

C 

Total 

Number 

Uniform 

+X+0,3Y   2735,01 -0,063 198 15 75 0 0 288 

-X-0,3Y -2752,14  0,064 198 20 70 0 0 288 

+Y+0,3X  2649,53 -0,062 201 36 51 0 0 288 

-Y-0,3X -2644,72  0,063 190 41 57 0 0 288 

Inverted 

Triangular 

+X+0,3Y -2441,56  0,067 184 32 72 0 0 288 

-X-0,3Y  2412,81 -0,066 187 34 67 0 0 288 

+Y+0,3X -2345,56  0,070 171 54 63 0 0 288 

-Y-0,3X  2333,64 -0,069 184 47 57 0 0 288 

Table 3: Situation of the plastic hinges of the strengthened with CFRP wrapping building at the performance 

point [11]. 
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According to the Pushover analysis’ results [11], the solution of RC jackets show a larger 

increase and decrease of the base shear force V and top building displacement ΔTOP respec-

tively, at the performance point, which means that they offer larger carrying capacity than the 

CFRP sheets. On the other hand, the situation of the plastic hinges seems to be better in case 

of CFRP sheets’ exploitation and that is due to the further ductility they provide. Generally 

speaking, both of the methods are effective since the situation of the plastic hinges is un-

doubtedly improved, none of them has exceeded the PS “Life Safety” and as a result no dam-

age appears. 

3.3 Building strengthening optimization 

Optimization Process 

The goal of the building strengthening optimization is the minimization of the cost in a 

way that the seismic behavior of the structure is absolutely safe. The first step is the definition 

of the problem [13, 14, 15]. The cost, concerning both materials and labor, is set as objective 

function, the comparison criterion between the optimum and the other possible solutions. Af-

terwards, the design variables are determined: The thickness t and the quality of the jacket 

concrete as well as the mechanical reinforcement ratio ρs are set for the RC Jacketing, where-

as the number of fiber sheet layers is set for the CFRP Wrapping. As restriction of the prob-

lem functions the fact that all of the plastic hinges must not exceed the PS “Life Safety”.  

The optimum design is performed thanks to a metaheuristic optimization algorithm, based 

on a methodology of Differential Evolution [13, 14, 15]. The algorithm produces generations 

of solutions until the optimum one is achieved. In fact the algorithm includes 10 parametric 

vectors for each generation, where the first one of the first generation is equal with the initial 

strengthening and the others have random prices. The design variables change, satisfying the 

restrictions and the minimum objective function is determined for each generation. The opti-

mization comes to the end and the optimum design is reached when the same price of the ob-

jective function arises for 4 consecutive generations and this is actually the final one.  

Optimization Results 

The metaheuristic optimization algorithm [11] for the RC Jacketing produces finally 15 

generations and concludes to the following strengthening for the damaged building: RC Jack-

ets, only for columns C1, C4 and C15, with thickness 7cm, concrete quality C30/37 and 4 ad-

ditional longitudinal reinforcement bars with diameter 22mm and quality S500. This solution 

ensures the normal operation of the structure and reduces the retrofitting cost from 3170 € re-

garding the initial design, to 1163€ regarding the optimum design. 

The optimum strengthening design through CFRP Wrapping according to the metaheuristic 

optimization algorithm [11], respectively, contains: 6 fiber sheet layers for columns C1 and 

C15, 7 fiber sheet layers for column C4 and none for columns C13 and C14. In this case the 

retrofitting cost declines from 3441 € regarding the initial design, to 2338€ regarding the op-

timum design. 

4 VULNERABILITY ANALYSIS 

4.1 Vulnerability analysis through Incremental Dynamic Analysis 

Incremental Dynamic Analysis 

In the beginning, [12] 12 real accelerograms from different places of the world, most of 

them from Greece, are collected via PEER Strong Motion Database. The Spectral Accelera-

tion for the first eigenperiod of the structure and damping 5% (Sa(T1,5%)) and the Peak 
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Ground Acceleration (PGA) are defined as Intensity Measures (IM). As Damage Measure 

(DM) is considered the maximum interstorey drift θmax. In order to examine the structural 

seismic response to lots of different intensity levels IMi, the original accelerogram of each 

earthquake has to be scaled depending on the proper Scale Factor (SF). SF is equal with IMi / 

IMo [5,6], where IMo is the IM corresponding to the original Response Spectrum. Afterwards, 

all of the scaled accelerograms of each earthquake are enforced to the building in a non-linear 

way, through IDA, and the structural performance is recorded in terms of the maximum 

interstorey drift θmax. Thus, the IDA curves can be formed by correlation between IMi and 

θmax,i.  

Fragility Curves IDA 

The performance of the structure is assumed by comparing the resulting interstorey drift 

θmax,i of each IDA with the minimum interstorey drift limits θPS [7] that correspond to the PS: 

Immediate Occupancy, Life Safety and Collapse Prevention. In case θmax,i > θPS the building 

has exceeded the particular PS.  

Performance State Interstorey drift θPS 

Immediate Occupancy 0,002 < θ < 0,004 

Life Safety 0,010 < θ < 0,018 

Collapse Prevention θ > 0,03 

Table 4: Interstorey drift limits for each performance state. 

The target of the vulnerability analysis is to define the possibility P(θmax,i>θPS), for every 

intensity level, which is determined according to the following relationship [5, 6]: 

 (2) 

where m is the average and sd is the standard deviation of the IMPS of all the seismic records 

for each PS. The IMPS of each seismic record is identified through the IDA curves in relation 

to the limits of θPS. The fragility curves express the relation between the possibility 

P(θmax,i>θPS) and the IMi. It is noted that in order to form the fragility curves referring to the 

retrofitted structure, the optimized strengthening characteristics [11] are taken into considera-

tion for both RC jackets and CFRP wrapping. 

Figure 3: IDA fragility curves for the initial building considering IM= Sa(T1,5%) and PGA respectively [12]. 
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4.2 Vulnerability analysis through EC8 

Coefficient Method 

The capacity curves of the initial and strengthened structure are formed based on the re-

sults of Pushover Analysis. The output of the Pushover Analysis constitutes the seismic re-

sponse of the building in terms of displacement. Nonetheless it is possible to convert these 

terms to terms of maximum interstorey drift for each step of the Pushover Analysis and relate 

the top responding displacements ΔTOP to the θmax values. As a consequence, the interstorey 

drift limits θPS can be easily transformed to top displacement limits ΔTOP,PS [12]. 

Using the Coefficient method [1, 18] it is feasible to construct a bilinear approximation of 

the capacity curves. Furthermore, the target displacement can be obtained from the relation-

ship: 

2

0 1 2 3 24

e
t

T
C C C C Sa


        (3)

where C0 is the factor that relates the top building displacement to the spectral displacement, 

C1 is the factor that relates the displacements of the inelastic system to those of the respective 

elastic one, C2 is the factor that accounts the effect of the hysteresis shape on the maximum 

displacement response and C3 figures the displacement increase due to P-Δ effects. Sα is the 

response spectrum acceleration for the effective fundamental period of the building Te. Using 

this formula the top displacement limits ΔTOP,PS can be finally transformed to response spec-

trum acceleration limits SαPS. The SFPS is calculated for each PS as follows: SαPS/Sα(Te,5%), 

where Sα(Te,5%) is acquired from the design response spectrum [19]. Relatively to the SFPS 

the elastic response spectrum is scaled. 

Fragility Curves based on Hazus Methodology 

The possibility P(θmax,i>θPS), for every intensity level, according to the Hazus Methodology 

[8] is defined through the formula:  

   (4) 

where  (5) 

The factors βC, βD and βT,PS refer to uncertainties about the shape of the capacity curve and 

other assumptions. The value CONV[βC,βD] is estimated through tables of  Hazus Methodol-

ogy and βT,PS is considered due to simplification equal with 0.2, 0.4 and 0.6 for the PS: Imme-

diate Occupancy, Life Safety and Collapse Prevention respectively. Thus the following 

fragility curves arise [12]. 

Figure 4: Hazus fragility curves for the initial building considering IM= Sa(T1,5%) and PGA respectively [12]. 
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5 ASSESSMENT OF THE OPTIMUM STRENGTHENING DESIGN WITH 

VULNERABILITY CRITERIA 

The assessment of the optimum retrofitting measures is achieved by plotting the IDA fra-

gility curves corresponding to a particular PS on a common diagram for all phases of the 

structure: initial, strengthened with RC jackets and strengthened with CFRP sheets [12]. The 

effectiveness of each strengthening technique can be easily evaluated by a comparison be-

tween the relative fragility curves and those reflecting the original building.  

Figure 5: IDA fragility curves for Immediate Occupancy considering IM= Sa(T1,5%) and PGA respectively[12]. 

Figure 6: IDA fragility curves for Life Safety considering IM= Sa(T1,5%) and PGA respectively[12]. 

Figure 7: IDA fragility curves for Collapse Prevention considering IM= Sa(T1,5%) and PGA respectively[12]. 
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As a first notice, the Sa(T1,5%) seems to be a more representative criterion as IM than 

PGA, since the corresponding fragility curves offer a more distinct image about the difference 

of the structural behavior before and after the strengthening, as well as the deviation of con-

tribution between the two different techniques. It is also clear that both of the strengthening 

techniques are productive and help the building respond more effectively to seismic forces, 

either by entering to a PS (P(θmax,i>θPS)≥0) or by exceeding it (P(θmax,i>θPS)≤1) because of 

more intense seismic loads (IMi) than previously. Another verification, additionally, is that 

CFRP wrapping influences more positively the structure in case of low intense level, when 

the value of P(θmax,i>θPS) fluctuates around zero. On the other hand, RC jackets are more satis-

fying in case of high intense level, when the value of P(θmax,i>θPS) is around one. That can be 

explained by the fact that CFRP sheets confer further ductility to the structural elements, 

whereas RC jackets increase the capacity of the building, as it is proven through the Pushover 

Analysis [11], too. The exact profits of the strengthening are displayed below. 

Figure 8: Structural Response Profit (%) thanks to retrofitting measures for IM= Sa(T1,5%) [12]. 

Figure 9: Structural Response Profit (%) thanks to retrofitting measures for IM= PGA [12]. 
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6 CONCLUSIONS 

In this work, the assessment of the seismic behavior of a 4-storey reinforced concrete 

building is attempted by using Pushover Analysis and performance criteria. The inadequate 

seismic response of the structure and the appearance of damages at 5 columns lead to 

strengthening solutions through RC jackets and CFRP wrapping. Their minimized cost is set 

as target; therefore, an optimization process is proposed to define the optimum characteristics 

of the strengthening measures. Another non-linear analysis, specifically the IDA is performed 

to assess the retrofitted building. IDA is based on accelerograms of real earthquakes that are 

imposed to the building in order to monitor its reaction. Afterwards, the IDA curves can be 

constructed. Different intense levels of the seismic loads are implemented in order to cover as 

many possible seismic effects as possible. The reliability of IDA results is directly connected 

with the number of seismic records taken into account. If this number is large, the results ap-

proach the real situation; however the computational length of time is huge due to the large 

amount of data being processed. Subsequently, vulnerability criteria are proposed for the as-

sessment through fragility curves, which can be formed either by means of IDA curves or by 

applying regulations of EC8 and methods, like Coefficient and Hazus. The two methodologies 

vary greatly, because the first one is based on real data, whereas the second one follows wide-

spread methodologies, assumptions and codes.  

Finally, the results of this study indicate that the optimization process is successful, since 

the goal of cost reduction is reached and the retrofitting measures satisfy the seismic demands. 

The superiority of any technique is not clear, because each technique seems to have privileges 

towards the other in different sectors. For instance, carrying capacity of the building increases 

more thanks to RC jackets, but CFRP sheets amplify more the ductility. In general, both of 

them are characterized as effective since they combine low cost and total restitution of the ex-

isting damages.  
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Abstract. Vibrations reduction in engineering systems, such as civil, mechanical and aero-
nautical, can be achieved by modifying rigidities, masses, damping or shape and by providing 
passive or active counter forces. Among the various control methods, the Tuned Mass Dam-
per is one of the simplest and the most reliable control device. The present study focuses on 
optimum design of Tuned Mass Dampers based on an energy approach. For this aim, a sim-
ple one degree of freedom system subject to a seismic action and equipped with a Tuned Mass 
Damper is examined. The effectiveness of the control device in reducing the vibration level 
induced by seismic action is expressed in terms of reduction of the dissipated energy into the 
primary system with respect to the uncontrolled case. This index is assumed as the objective 
function to develop an optimum design to achieve Tuned Mass Damper optimum parameters, 
which give the best performances in vibration control. A comparison with the most common 
optimization based on displacement reduction is performed. 

3593



G.C. Marano 

1 INTRODUCTION 

Passive seismic devices are extensively used to reduce damage induced in structures by 
earthquakes [1, 2, 3]. The Tuned Mass Damper TMD technology uses a weight, which oscil-
lates at the same period as the main system, and an additional damper that connects two rela-
tively moving points, when the system oscillates. Since the natural frequency of TMD is 
tuned in resonance with the fundamental mode of the primary system, a large amount of the 
main system vibrating energy is transferred to the TMD, and then dissipated by the damping, 
when the primary system is subjected to external disturbances. After the work of Ormondroyd 
and Den Hartog [4], different optimum design approaches of TMD have been developed to 
reduce vibration level induced in mechanical systems by various types of excitation sources [5, 
6]. In [7] and [8], the TMD protection efficiency for a simple system excited at the support is 
investigated, considering also different environmental conditions. Performance of TMD in 
vibration reduction from an energy point of view was studied in [9]. In [10], the authors ana-
lyzed the seismic energy dissipation of inelastic structures with multiple TMDs. Some other 
studies have been developed for optimum design of TMD [11, 12]. This paper aims at eva-
luating the performance of TMD from the energy point of view. For this purpose, the perfor-
mance of TMD is estimated the reduction of the energy dissipated by the main system. This 
index is used as objective function to perform an optimum design of TMD.  

2 BASIC EQUATIONS AND COVARIANCE ANALYSIS 

The TMD device is composed by a mass, a spring and a damper attached to the main sys-
tem, as shown in Figure 1. 

Figure 1: Mechanical model of a linear TMD system 

The dynamic response of this system is governed by the dynamic equilibrium equation: 
g+ + =- yMy Cy Ky Mr  (1) 

where ( )T S= y ,y T
y is the relative base displacement vector, and M, C and K are the mass, the 

damping and the stiffness matrices.  
T
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Introducing the state space vector T
s T S T S=(y ,y , y , y )z the equation (1) becomes: 

s s z g= + y (t)z Az r (2) 
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H H
(3) 

is the state matrix, ( )T
z = 0,0,1,1r , I  and 0 are the  unit and zero 2x2 matrices, and: 
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In equation (1) gy (t)  is the acceleration that excites the system at its support. In this study, in 
order to consider the intrinsic probabilistic nature of seismic motion, the Kanai-Tajimi model 
is adopted [12]. The space state covariance matrix TE ⎡ ⎤= ⎣ ⎦zzR zz , where the symbol [ ]E de-

notes the mathematical expectation,  is obtained by the Lyapunov equation [19]: 
T+ + =0zz zzAR R A B (6) 

where A is the state matrix. Matrix B has all null elements except  [ ] 06,6
=2πSB

. 
The response of the unprotected system is given by the covariance matrix 

0 0z zR , which can be
evaluated by solving the following equation: 

0 0 0 0

T
0 0 0+ + =Z Z Z ZA R R A B 0 (7)

3 THE ENERGY EQUATIONS 

For the system in Figure 1, the energy balance for unit of time, i.e. the power balance, is: 
T T T T

g+ + =- xy My y Cy y Ky y Mr (8) 
Introducing the power terms, equation (30) becomes:  

Pk(t) + PD(t)+ PS (t)=PI(t)                                                    (9) 
Pk(t)= Ty My is the kinetic power at the time t, PD(t)= Ty Cy is the dissipated power at the time t, 
PS (t)= Ty Ky is the elastic power at the time t , PI(t) yT

g−y Mr is the input power at the time t. 
After some rearranging, from equation (31) one obtains: 

2
T T T s S S S S T T S T T T S T s S S T T s Sm y y +m y y +c y +c (y -y )y +k (y -y )y +k y y =-m y y -m y yg g (10) 

By dividing for sm  and by introducing the mass ratio T T s=m /mδ , one obtains: 
2 2 2

S S S S T T T T S T T T T S T S S S T T Sy +2ξ ω y +2 ξ ω (y -y )y + ω (y -y )y +ω y y =- y y -y yT T T S g gy y yδ + δ δ δ (11) 
In stationary condition, the power balance is: 

2 2
s s S T T T T S T T T S T T T S2ξ ω y +2 ξ ω (y -y )y - ω y y =- y y -y yg gδ δ δ  (12) 

and, considering the power flow in mean value one obtains: 

S T T b S bT S T S

2 2 2
T T T s s T T T T T y y T y y y yy y y y

2 ξ ω σ +2ξ ω σ -2 ξ ω γ - ω γ =- γ -γδ δ δ δ
(13) 

In equation (13) 
T

2
y

σ  and 
S

2
y

σ  are the variances of Ty  and Sy , respectively, whereas 
T Sy y

γ and 

S Ty yγ are the cross-correlations. In the following, the attention will be focused on the dissipated 
terms: PDsyst and PDdevic i.e. the  power dissipated by the main system and the power dissipated 
by the TMD device. As well known,  the dissipative term of the main system is strictly related 
to its damage, whereas the  amount of the power dissipated by the device points out on its per-
formance.  
If the dissipative terms are evaluated in mean value, then they assume the form: 

Dsyst s

2
P s S yµ =2ξ ω σ

(14) 
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Ddevict T T S

2
P T T T y T T T y yµ =2 ξ ω σ -2 ξ ω γδ δ (15) 

4 OPTIMUM DESIGN OF TDM DEVICES  

In this section the optimum design [13] of TMD is developed. The main goal of optimiza-
tion is to define the TMD mechanical characteristics that reduce the amount of the energy dis-
sipated by the primary system. The Factor Reduction of Dissipated Power (FRDP) is then 
introduced: 

Dsyst

Dsyst0

P

P

µ
FRDP=

µ
(16)

where 
DsystPµ is the mean of the power dissipated by the main system when it is equipped with 

the TMD, and 
Dsyst0Pµ is the same quantity for the uncontrolled system. In addition, the power 

flow dissipated by the device 
DdevicPµ will be considered in the following. After the stochastic 

index is introduced, the optimum TMD parameters are evaluated by performing the solution 
of the optimum problem. In detail, for the TMD the optimum design is formulated as the 
evaluation of Design Vector T T(ω , ξ )=b , which is able to minimize the Objective Function 
(OF), represent by the TMD performance index: 
The following optimum design problem is then formulated: 

Find T T(ω , ξ )=b  (45)

Which Minimizes  Dsyst

Dsyst0

P

P

µ
FRDP=

µ
OF =

(17)

The optimization problem is formulated as an uncostrained minimization, so that an Evolu-
tive Alghoritm has been used. In details, the standard Genetic Algorithm (GA) has been used 
to solve numerically the problem [14, 15, 16, 17, 18]. 

5 NUMERICAL ANALYSIS UNDER STOCHASTIC INPUT  

In this section, the results of optimum design of TMD are presented and discussed. The sys-
tem damping is sξ =2% ,  the frequency Sω =2 (rad/sec)π  and the mass ratio is T =0.01δ . Input 

is characterized by the following parameters: fω =20rad/sec  and  fξ =0.5.  

Figure 2: Comparison between the two optimization criteria. Plots represent  minimized OFs and  optimum de-
sign variables versus ψ . The mass ratio is  Tδ is 0.01,  and Sξ =2% .
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Optimum design developed considering the energy criterion is compared with results obtained 
considering the approach based on displacement reduction [12]. In figure 2 performance in-
dices (energy reduction ad displacement reduction) are plotted versus f

s

ωψ= ω , both in the

cases of displacement criterion and energy criterion. On the y-axis the symbol OF appears, 
whereas the demarcation between the two criteria is pointed out by different line types. In ad-
dition, also the TMD optimum parameters TMD

optρ - TMD
optξ  that give the optimum TMD efficiency 

in two performance criteria are shown. One observes that in case of optimum design devel-
oped by the energy approach the FRDP assumes approximately a constant value, equal to 0.2, 
over the entire range of frequency investigated. This means a reduction of the 80% of the en-
ergy dissipated by the main system with respect to the uncontrolled case.  
This result is of great relevance, especially when a hysteretic behaviour takes place into the 
structure. As well known, the amount of the energy dissipated is strictly correlated to the 
global and local damage level of the vibrating system.  
However, exactly a minimum of FRDP is observed around 1ψ = , i.e. if the dominant fre-
quency of the excitation matches the resonance frequency of the system to which the TMD 
frequency is tuned. This means, obvious, that the maximum effectiveness of TMD is reached 
when the main system is in resonance with the ground motion frequency. An important out-
come is that the efficiency of TMD from the energy point of view is earthquake independent 
if TMD parameters are suitably chosen by optimum design strategy.  
If the displacement criterion is considered, the TMD performances are more manifestly earth-
quake dependant, and a variability of the versus ψ  is noticeable. The minimum of the OF, 
equal almost to 0.45, is reached for 1ψ = ; then, for ψ > 1 the performance is almost constant, 
whereas for ψ <1 the TMD effectiveness decreases and becomes inefficient when ψ  decreas-
es. With regard to the optimum parameters which let the best TMD performance, the varia-
bility towards the frequency content of ground motion is similar in the two examined 
optimum criteria. However, one can notice that the energy criterion gives greater  TMD

optρ values. 

Moreover, TMD
optρ approaches to unit near to the resonance condition, even if, in the analyzed 

case this happens not exactly at 1ψ = , because the excitation here considered is not a narrow 
band one. 
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Abstract: Concentrically braced frames (CBF) represent a very effective structural form 

against horizontal loading. They provide high lateral resistance at the same time limiting 

lateral displacements. Thanks to their simpler connection details and smaller cross sections, 

they are economic alternatives to the costly moment resisting frames. Nevertheless, concerning 

the seismic design, current Eurocode 8 provisions require a quite high level of complexity for 

the dissipative design of CBF structures. The global aim of this research is to find an optimal 

balance between safety and economy for the design of CBF structures, located in low-to-

moderate seismic regions.  New design rules will be proposed which will have less stringent 

local ductility and structural homogeneity requirements than current medium ductility class 

(DCM), and provide necessary safety level limiting the complexity and costs associated with 

anti-seismic design. This paper presents the results of the preliminary numerical analysis that 

has been realized thanks to the research fund received from European commission with the 

contract MEAKADO RFSR-CT-2013-00022. 
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1. INTRODUCTION

The general philosophy of the most recent seismic design codes is mainly based on the 

assumption of providing the structure with global and fully developed plasticity, through the 

application of capacity design principles. However, the application of these principles in low-

to-moderate seismic zones often leads to complex solutions, which are difficult to implement 

and usually results in significant increases in the construction costs. For this reason, building 

designers often neglect the capacity design principles, and apply low ductility design (DCL 

with q=1.5) in low-to-moderate seismic zones [1]. Given the unpredictable behaviour of low or 

moderate seismic actions, this approach does not always provide safe and economic solutions. 

The ductility classifications are based on the rules developed in the 80s which led to the first 

official publication of Eurocode 8 (May 1988 edition). The behavior factors defined in this 

edition remained nearly unchanged since then, only some restrictions between moderate 

ductility design (DCM) and high ductility design (DCH) were introduced. A common aim of 

almost all research projects carried out since then was to verify and validate the behaviour 

factors as assessed in 1988. 

Regarding the strict application of current Eurocode 8 [2] for regions presenting a low-to-

moderate seismicity level (Belgium, Spain, Germany, France, Austria, Portugal and some parts 

of Italy) the following observations can be made:  

 The  use  of  DCL  principle  is  only  recommended  for  low  seismicity  regions in

which the design ground acceleration on type A ground, ag, is not greater than 0.08g, or

those where the product ag.S is not greater than 0.1g. National authorities in Europe tend

to increase PGA values beyond 0.1g (Latest example, France).

 The use of DCM principle requires the application of all design rules prescribed to pro-

vide ductility to the structure (same rules as DCH principle).

In this case, designers have two options in low-to-moderate seismicity regions: 

i) Design according to DCM, using high q factors to reduce the design forces. In this case,

significant local ductility and structural homogeneity requirements have to be fulfilled.

Furthermore, the over assessed behaviour factor needs to be corrected by the global

over-strength factor Ω which leads to even more complex design.

ii) Design according to DCL, which means design for unreduced seismic actions, without

any guarantee and control of ductility and thus a very limited reliability level. Although

DCL method is not recommended, it is allowed by Eurocode for moderate seismic zones.

The first approach, if applied accurately, leads to reliable and safe structures, but the cost 

may be too high since no distinction is made with respect to the design of structures to be built 

in high seismic zones. The second approach is clearly unreliable, because not even a minimum 

effort is paid for the control of ductility. It can be also expensive because of limited values 

allowed for the behavior factor.  

Research in earthquake engineering has been essentially realized for applications in regions 

exhibiting a very significant seismicity level, with the aim of preventing brittle collapses, and 

maximizing the capacities in terms of energy dissipation. There are very few research projects, 

which investigate the problem in moderate seismic zones. Some of them provide new 

approaches for reinforced concrete structures, some suggest considering the contribution of 

gravity systems to the lateral system, and some gives design tips using the available standards 

(mostly US standards) to come up with safer and economic design. Pinto (2000) [3], emphasizes 

the fact that seismic design in low/moderate hazard regions cannot have a single, rational 

solution applicable to all cases. Application of seismic design principles requires a compromise 

to be reached based on each specific situation according to physical, quantitative knowledge of 
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the hazard and awareness of it from the public, capacity on the part of the authorities to regulate 

the construction process and to impose the use of anti-seismic standards, and availability of the 

resources necessary for ensuring protection against different levels of damage. Dominic et al. 

(2006) [4], highlight the fact that in United States, building designers and constructors based in 

moderate seismic areas do not have extensive experience with earthquake-resistant construction. 

The consequence of misusing complicated seismic provisions could result in unsafe and 

unnecessarily costly buildings. Therefore the authors provide design tips which include 

determining site class and seismic design category, selecting a steel seismic-force-resisting 

system, and applying detailing requirements according to the American standards. Hines and 

Fahnestock (2010) [5], point out that from low seismic design to high seismic, the costs of 

design and fabrication and probability of making mistakes in both processes increase. They 

suggest that having a flexible reserve system in moderate seismic areas can provide a moderate 

ductility, which can improve the seismic behavior of steel structures in these zones while 

keeping the design as simple as possible. Their proposals are addressed to the designers who 

use American Standards. Hines et.al (2009) [6], propose an independent seismic design 

philosophy for low-ductility structures in moderate seismic regions. They use the concepts of 

reserve capacity and elastic flexibility, which should complement better-established concepts 

of strength, ductility and capacity design. The paper focuses specifically on the concept of 

reserve capacity and its ability to improve collapse performance for chevron braced steel frames 

not specifically detailed for seismic resistance. They keep the behavior factor small as possible 

(R=3, according to American Standards) and try to exploit the energy dissipation characteristics 

of the gravity system which serves as reserve capacity, although this is not permitted by the 

standards. They also make an interesting comparison between a low ductility system with R=3 

and high ductility system with R=5 in terms of economy. They find that the system with high 

ductility design costs 82% more. Although an R = 3 design may not safely conform to the 

seismic design philosophy for moderate seismic regions, this comparison shows whether 

increased ductility is really the most economical approach to ensuring collapse resistance in 

moderate seismic regions. Elghazouli (2008) [7] explains the necessity of using over-strength 

homogeneity rule which is not considered explicitly in other codes, however he also accepts 

that this requirement in isolation cannot eliminate the problem even when the 25% limit is 

reduced. Moreover, he also mentions that this rule imposes additional design effort and practical 

difficulties in the selection of brace sizes. He believes that relaxing this limit can be possible 

by increasing the continuity and stiffness of the columns. Gioncu And Mazzolani (2014) [8] in 

their new book “Seismic Design of Steel Structures”, dedicated an entire section “Low-to-

Moderate Seismic regions”, which represents a large area of the world, under the chapter of 

“Challenges in Seismic Design”. They explain the main issues regarding the seismic design in 

these areas, which include main characteristics of low-to-moderate ground motions and 

structural design problems in these regions. They underline the fact that seismic risk in regions 

with low-to-moderate seismicity is an important question without clear answers. Murty and 

Malik (2008) [9] raises the challenges in the current design practice in the large low-to-

moderate seismic regions of India, where over the last decade; there has been a sudden surge in 

the construction activity. Among their proposals for the future are the new design strategies 

suited for low-to-medium seismic regions, in particular implementing an awareness campaign 

for all stakeholders especially in low-to-moderate seismic regions, and developing and updating 

seismic design provisions towards improving earthquake safety, especially for the low-to-

moderate seismic regions. The paper published By Elghazouli (2003) [10] deals with the main 

behavioral issues of seismic design of concentrically braced frames. Eurocode 8 

recommendations on ductility demand and inelastic distribution are examined through dynamic 

nonlinear analysis on idealized frame configurations. Finally, several code modifications are 
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proposed in order to ease causes of undesirable performance and to facilitate a rational 

implementation of capacity design concepts. 

An extensive literature review makes it evident that low-to-medium seismicity is currently 

a fresh topic in the research field, with many promises but very few accomplishments. 

Researches all around the world accept the problem, and are trying to develop solutions. 

However, so far the achievements are quite limited. Most of the research in earthquake 

engineering focuses on applications in regions exhibiting a very significant seismicity level, 

with the aim of preventing brittle collapses and maximizing the capacities in terms of energy 

dissipation. Among the few researches on low-to-medium seismicity, some of them are 

providing new approaches for reinforced concrete structures, some suggest to consider the 

contribution of gravity systems to the lateral system, and some gives design tips using the 

available standards (mostly US standards) to come up with safer and more economic design. In 

Europe, only a few researches raised the moderate seismic design necessity. There is an ongoing 

European RFCS research project MEAKADO, which is investigating the moderate seismic 

design rules for concentrically braced frames (CBF) and moment resisting frames (MRF), as 

being the most relevant typologies in the European construction market. 

2. METHOD AND ADVANCEMENTS 

According to current version of Eurocode 8, a considerable behaviour factor for CBF 

structures bigger than 1,5 or 2 can only be taken into account if stringent rules on the bracing 

slenderness and on  the over-strength homogeneity are  fulfilled.  In practice, these requirements 

are actually very difficult, and sometimes even impossible to meet. In this research, alternative 

design solutions are being developed with relaxed over-strength homogeneity and slenderness 

criteria.  

By means of nonlinear transient dynamic analysis under several accelerograms, performance 

of case studies designed according to Eurocodes, and with relaxed capacity design rules, are 

evaluated. These case studies are designed by project partner CTICM (within Task 3.2 of 

MEAKADO project). The types of bracing considered include (figure 1): 

 X bracings where diagonals in tension and diagonals in compression are in the same 

span;  

 N bracings where diagonals in tension and diagonals in compression are in two different 

spans;  

 V bracings.  

 
 

Figure 1 Frame types used in case studies by CTICM 

First of all, influence of different modeling parameters has been studied on the case study 

frames. The parameters studied are beam end boundary conditions, initial imperfection, and 

presence of rigid links, damping values, and load distribution schemes. The results obtained 

from the numerical analysis have been compared with those provided by CTICM, which were 
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obtained from linear static analysis with response spectrum. Following observations can be 

made: 

i) Effect of initial imperfection amount: In general, with smaller imperfections,

maximum compression forces achieved in bracings are higher, the maximum dis-

placements achieved at each floor level is smaller (the rate of difference changes

randomly at each floor), maximum base shear is not very different for 4N-CHS

frame, but can be quite higher in case of 4V-UPE frame. All the noted differences

(compression forces in bracings, floor displacements and maximum base shear) is

much higher when the 4V-UPE frame is modelled with simpler boundary conditions

(beam-ends and column bases hinged, no rigid links at the frame).

ii) Presence of Rigid links at the connections: In general, presence of rigid links at

connections increase the lateral stiffness of the structure, decreases floor displace-

ments, increases base shears and maximum compression forces achieved in brac-

ings. In case of 4V-UPE frame, the differences observed in floor displacements are

higher when the frame is modelled with simpler boundary conditions (beam ends

and column bases hinged).

iii) Damping value: With more damping in numerical analysis, floor displacements,

base shear and maximum forces obtained in the bracings are lower.

iv) Load distribution on beams: Distribution of gravity loads either on beams, or con-

centrated on columns directly, do not have an important effect for 4N-CHS frame.

4V-UPE frame had differences in the order of 10%, in terms of displacements and

base shears depending on how the gravity loads are imposed (concentrated on col-

umns, or distributed on beams)

v) Frame effect: In general, important differences are observed when these two dif-

ferent approaches are adapted to simulate the boundary conditions:  i) basic bound-

ary conditions with beam ends, column bases are hinged and no rigid links at

connections and ii) boundary conditions with beam ends and column bases are fixed,

and rigid links are used to simulate gusset plates and offsets. The comparisons be-

tween numerical models and experiments showed that latter boundary conditions

can be more realistic. This is probably because with basic boundary conditions, the

“frame effect” provided by CBF structure is neglected, while in reality it has a quite

important participation in the overall behaviour. Also a linear static analysis on 4N-

CHS frame showed that, contribution of “frame effect” on the overall stiffness can

be in the order of 15%. Studies on this issue are still underway, and will be validated

by experimental work during the research project.

In the FE model, 3 sets of artificial accelerograms have been considered. Input for the target 

response spectrum can be seen in Table 1.  

PGA (for soil type A) 0.15g 

Soil Type for target response spectrum B 

Spectrum Type 2 

Table 1 Input for target response spectrum 

Following assumptions have been made during FE modeling: 

i. Columns are continuous along the height

ii. Bracings are pinned at their ends. Beam ends and column bases are pinned.

iii. Rigid links are used at the end of bracings to take into account gusset plates (with 34 cm

length, accounting for Lcr=0.9L design assumption)
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iv. Lumped dynamic masses are used in the middle of beam elements

v. Material and geometrical nonlinearities have been taken into account

vi. Bracings are modelled with fiber-based nonlinear elements with distributed plasticity. Nu-

merical validation studies have been performed on the use of fiber-based nonlinear beam

elements with distributed plasticity approach, which are presented in separate articles [11,

12]. 

vii. Column and beam elements are modelled as elastic

viii. Initial imperfections of L/250 have been used for CHS bracing elements.

ix. The beam cross sections are divided into 16 fibers as circumferential divisions, each fiber

is monitored independently with respect to its position on the stress-strain table and the

integration of all the fibers over the length, determines effective beam properties. 5 integra-

tion points have been used for every section.

x. Bracing and beam elements are subdivided into 20, columns are subdivided into 8, beams

are subdivided into 16 elements (meshes) along their length

xi. The analysis is made in three steps: First, a linear static analysis is performed with a dis-

placement applied in the middle of the bracing which is equal to L/250, then based on the

deformed shape of this model, nonlinear static analysis is performed only under vertical

loads, and finally nonlinear transient dynamic analysis is performed starting from the last

step of the nonlinear static analysis.

xii. A viscous damping is usually adopted for nonlinear dynamic analyses, which require a di-

rect integration of the uncoupled motion equations. A particular model of viscous damping,

which finds applications in large commercial softwares such as Straus7, is the Rayleigh

damping. In the Rayleigh  damping model, damping matrix c is a linear combination of the

mass matrix m and stiffness matrix k:

a. 𝒄 = 𝑎0𝒎+ 𝑎1𝒌
b. Where a0 [1 / s] and a1 [s] are proportionality constants, which depend on the first

two natural frequencies of the structure. In this equation, the stiffness matrix is up-

dated at each step, keeping constant a0 and a1.

c. In the models, 2% Rayleigh damping has been used.

xiii. S275 steel has been used with elasto-plastic material with kinematic strain hardening of 1%

(ref. eurocode 3)

Table 2 Material properties S275

xiv. Design aacceleration inputs have been multiplied by 1.18 to take into account the effect of

accidental torsion

Strain Stress (MPa)

0 0

0 275

0,075 430

0,15 430
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The objective of this analysis is to assess the impact of the relaxation of slenderness and 

overstrength limits of Eurocode 8, on the seismic performance of CBF buildings under 

moderate seismic actions.  

Overstrength criterion for CBF structures is defined as follows in EC8: 

i ≤ 1,25  

For buildings with more than two levels, slenderness criterion for CBF structures is defined 

as follows in EC8: 

0,2  for N and V bracings 

0,23,1   for X bracings 

The target of the parametric study is to assess the effect of relaxed criteria on the behaviour 

of steel structures in moderate seismicity areas. This study proposes some case studies to be 

considered. 

The two following criteria will be assessed, first alone and secondly coupled: 

Overstrength criterion: i ≤ 1,50  

Slenderness criterion: 5,2  

The review of the regulatory limits proposal is shown in Table 2: 

EN1998-1 rules 
Ωmax < 1,25 Ωmin 

1,3 < λ < 2 

Relaxed overstrength homogenity (Ω) 

criterion 

Ωmax < 1,50 Ωmin 

1,3 < λ < 2 

Relaxed overstrength homogenity (Ω)  

& Relaxed slenderness (λ) criterion 

Ωmax < 1,50 Ωmin 

1,3 < λ < 2,5 

Table 3 Design approaches 

Case studies are proposed by CTICM for different “border line” cases, taking into account 

only circular hollow sections, as this class of sections fulfills the best all the requirements. 

It is considered here that the worst situation in seismic design is to have the weak brace at 

the first level and strong braces at all other levels. So that case studies are studied where  

1 = 1,00 and i = 1,50 for i > 1. 

For all cases, theoretical cross-sections are considered (diameter and thickness) to obtain a 

targeted reduced slenderness of 2 for N bracings. 

So far, only 4-level frames with N bracings have been analyzed. Numerical analyses have 

been performed with Straus7 software [13]. Figure 2 shows the numerical model of case study 

4N-CHS case study.  
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Figure 2 Analysis model of 4N-CHS case study 

Three frames have been analyzed, which are designed according to the abovementioned 

principles (table 2). Bracings considered in different models can be seen in tables 4,5 and 6, 

which show that relaxation of the EC8 rules permits the adoption of lighter profiles.  

Table 4 4N-CHS EC8 design 

Table 5 4N-CHS modified EC8 design with relaxed overstrength homogeneity 

Table 6 4N-CHS modified EC8 design with relaxed overstrength homogeneity & relaxed slenderness 
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Preliminary results show that with relaxed rules, maximum drifts obtained at each floor are 

far below the damage limits indicated by Eurocode 8 (figure 4). Although the general 

distribution of plasticity is quite homogeneous (figure 3), in some cases, there is an initiation 

of soft-storey floor, but since the seismicity is moderate, drift levels remain small, and do not 

seem to cause global problems.  

a. EC8 Design b. Relaxed omega c. Relaxed omega and

slenderness 

Figure 3 Cumulative beam yield ratios and deformed shapes at the last step of accelerogram 1 

It should also be noted that bracing sections are smaller in when the rules are relaxed, which 

means a saving in the steel amount used in the building. 

a. EC8 design b. Relaxed omega c. Relaxed omega and slen-

derness

Figure 4 Comparison between results in terms of floor drift ratios 
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3. CONCLUSIONS

In this article, the outcomes of relaxing the stringent slenderness and overstrength 

homogenity criteria of Eurocode 8 have been investigated numerically. Nonlinear time history 

analyses have been performed on the case studies designed according to following design 

criteria: 

i. EN 1998 overstrength homogeneity (Ωmax < 1,25 Ωmin) and slenderness limits (1,3 < λ < 2)

ii. Relaxed slenderness (λ) rule (1,3 < λ < 2,5)

iii. Combination of relaxed slenderness (λ) (1,3 < λ < 2,5) and overstrength homogenity (Ω)

rules Ωmax < 1,50 Ωmin

Case studies provided by project partner CTICM, are composed of 3 CBF structures, 

designed with abovementioned three design approaches, using linear static analysis with 

response spectrum approach.  NLTHA have been performed under 3 artificial records, typical 

for moderate seismic zones. From the results of these analyses, preliminary observations have 

been made on the seismic performance of the frames designed according to different approaches. 

This preliminary work showed that a certain amount of relaxation of slenderness and 

overstrength homogeneity rules permits designer to choose lighter profile sections from a larger 

profile database, though not worsening the seismic performance significantly. The research 

project is underway, and these investigations are currently being made with a broader range of 

case studies and acceleration time histories, and the results will be verified after experimental 

studies.  
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Abstract. Simple empirical expressions to estimate maximum seismic damage on the basis of 

three well known damage indices for planar regular steel/concrete composite moment resist-

ing frames are presented. They are based on the results of extensive parametric studies con-

cerning the inelastic response of a large number of frames to a large number of ordinary far-

field type ground motions. Thousands of nonlinear dynamic analyses are performed by scal-

ing the seismic records to different intensities in order to drive the structures to different lev-

els of inelastic deformation. The statistical analysis of the created response databank 

indicates that the number of stories, beam strength ratio, material strength and the ground 

motion characteristics affect structural damage. Nonlinear regression analysis is employed in 

order to derive simple formulae, which offer a direct estimation of the damage indices used in 

this study. More specifically, given the characteristics of the structure and the ground motion, 

one can calculate the maximum damage observed in column bases and beams. Finally, one 

example serves to illustrate the use of the proposed expressions and demonstrates their effi-

ciency and accuracy. 
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1 INTRODUCTION 

Damage in a structure under loading can be defined as the degradation or deterioration of 

its integrity resulting in reduction of its load capacity. In earthquake-resistant design of struc-

tures, some degree of damage in the structural members is generally accepted. This is done 

because the cost of a structure designed to remain elastic during a severe earthquake would be 

very large. Thus, existing seismic codes, e.g., EC8 [1], in an implicit way and more recent 

performance-based seismic design methods [2,3,4] in an explicit and more systematic way 

employ the concept of damage to establish structural performance levels corresponding to in-

creasing levels of earthquake actions. These performance levels mainly describe the damage 

of a structure through damage indices, such as the interstory drift ratio, or the member plastic 

rotations. 

Several methods to determine damage indices as functions of certain response parameters 

have been presented in the literature. In general, these methods can be noncumulative or cu-

mulative in nature. The most commonly used parameter of the first class is ductility, which 

relates damage only to the maximum deformation and is still regarded as a critical design pa-

rameter by codes. To account for the effects of cyclic loading, simple rules of stiffness and 

strength degradation have been included in various noncumulative indices [5,6,7], mainly re-

ferred to reinforced concrete members. Cumulative-type indices can be divided in defor-

mation based [8] or hysteresis based [9,10] formulations and methods that consider the 

effective distribution of inelastic cycles and generalize the linear law of low-cycle fatigue of 

metals through a hypothesis of linear damage accumulation [11]. Sucuoğlu and Erberik [12] 

developed low-cycle fatigue damage models for deteriorating systems on the basis of test data 

and analysis and Kamaris et al. [13] proposed a new damage model exhibiting strength and 

stiffness degradation which takes into account the phenomenon of low-cycle fatigue and the 

interaction between axial force and bending moment at a section of a beam-column steel 

member. Combinations of deformation and energy dissipation have been also proposed to es-

tablish damage indices [14]. In these methods damage is expressed as a linear combination of 

the damage caused by excessive deformation and that due to repeated cyclic loading effects 

[14]. An extensive review of damage indices used in the literature can be found in Powell and 

Allahabadi [15]. Finally, the concept of continuum damage mechanics [16] in conjunction 

with the finite element method of concentrated inelasticity has been employed in the analysis 

of steel and reinforced concrete structures [17,18] for the determination of their damage. 

The main objective of this paper is to study the seismic inelastic behavior of plane 

steel/concrete composite moment resisting frames (MRFs) and quantify their damage through 

simple expressions that relate the most commonly used damage indices of the literature with 

the characteristics of the frames and the ground motions. Similar expressions have been pro-

posed by the authors for steel MRFs [19], but research on steel/concrete composite MRFs is 

still missing. For that reason, a large number of steel/concrete composite MRFs consisting of I 

steel beams and concrete filled steel tube (CFT) columns are subjected to an ensemble of 100 

ordinary (i.e. without near-fault effects) ground motions scaled to different intensities. A re-

sponse databank is created and a regression analysis is performed in order to derive simple 

formulae that can be used for the prediction of damage. Finally, one example is utilized to il-

lustrate the use of the proposed formulae and demonstrate their efficiency and accuracy. 

2 DAMAGE INDICES USED IN THIS STUDY 

The proposed damage expressions are associated with three damage indices existing in the 

literature. These are the damage indices of Park and Ang [14], Roufaiel Meyer [6] and Banon 

and Veneziano [5]. These indices have been selected here because i) are the most widely used 
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in applications and ii) can be easily employed with the aid of the Ruaumoko 2D program [20]. 

In the following, a brief description of all these three damage indices will be given for reasons 

of completeness. 

The damage index DPA of Park and Ang [14] is expressed as a linear combination of the 

damage caused by excessive deformation and that contributed by repeated cyclic loading ef-

fects, as shown in the following equation: 

 m
PA

u y u

D dE
Q

 

 
    (1) 

In the above, the first part of the index is expressed as the ratio of the maximum experi-

enced deformation δm to the ultimate deformation δu under monotonic loading. The second 

part is defined as the ratio of the dissipated energy 
dE to the term (Qy δu)/β, where Qy is the 

yield strength and the coefficient β is a non-negative parameter determined from experimental 

calibration. In this paper β is taken equal to 0.025, which is a typical value for steel structures 

[21]. 

Roufaiel and Meyer [6] proposed that the ratio between the secant stiffness at the onset of 

failure Mm/φm and the minimum secant stiffness reached so far Mx/φx, can be used as a good 

indicator of damage. Based on that, they defined the modified flexural damage ratio (MFDR) 

or DRM as 

 max[ , ]RMD MFDR MFDR MFDR    (2) 

 ,
y y y yx m x m

x y m y x y m y

MFDR MFDR
M M M M M M M M

      
      

 

       
       (3) 

where φ is the beam curvature due to a bending moment M, the term My/φy is the initial elastic 

stiffness and subscripts + and – denote the loading direction. 

The Banon and Veneziano [5] analysis is set in a probabilistic context and their model has 

been calibrated on the basis of 29 different tests on reinforced concrete elements and struc-

tures, selected from among the most representative ones in the technical literature. In particu-

lar, the damage parameters dl and d2 are defined, respectively, as the ratio of stiffness at 

yielding point to secant stiffness at failure, and the plastic dissipated energy Eh normalized 

with respect to the absorbed energy at the elastic limit. If the elastic-plastic model is used, d1 

is obviously equal to the ratio of the maximum displacement xmax to the displacement at the 

elastic limit xy. Therefore, according to the notation introduced above, parameters d1 and d2 

can be expressed as 

  1 max 2, 1 2y h y yd x x d E F x   (4) 

where Fy is the yield strength. Furthermore, modified damage parameters 
*

1d
 and 

*

2d
 are in-

troduced of the form 

 *

1 1 1d d   (5) 

 *

2 2

bd ad  (6) 

where a and b are two parameters which characterize the structural problem and are defined 

experimentally. For flexure, x and F are replaced by θ and M, respectively. Thus, the damage 

index DBV is defined as 
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 * 2 * 2

1 2( ) ( )BVD d d   (7) 

3 PLANE REGULAR CFT-MRFS USED IN THIS STUDY 

3.1 Design and Characteristics  

A family of 48 plane regular (orthogonal without setbacks) along their height CFT-MRFs 

are designed for the parametric studies of this work aiming to cover a wide range of structural 

characteristics of this type of composite structures. These frames have storey height and bay 

width equal to 3 m and 5 m, respectively and CFT column sections, as shown in Fig. 1. More-

over, the frames have the following structural characteristics: number of stories, ns, with val-

ues 1, 3, 6, 9, 12, 15, 18 and 20, number of bays, nb = 3, steel yielding stress ratio es = 235 / fs 

with the yielding stress fs taking the values of 275 and 355 MPa, concrete strength ratio ec = 

20 / fc with the compressive strength fc taking the values 20 MPa. Additionally, the beam-to-

column stiffness ratio, ρ and column to beam strength ratio, α, taking various values within 

practical limits are also considered. The beam-to-column stiffness ratio ρ of a frame is based 

on the beam and column properties in the storey closest to the mid-height of the frame and 

calculated by 

 
 

 
b

c

I l

I l
 




 (8) 

where I and l are the second moment of inertia and length of the steel member (column c or 

beam b), respectively. The concrete core is considered as cracked and the effective second 

moment of inertia for the composite section is defined according to EC4 [22]. The parameter 

ρ definitely controls the behavior of the frame in the elastic range of the response [23]. As ρ 

increases, the behavior of the frame moves from pure flexural (ρ = 0.0) to pure shear (ρ = ∞) 

behavior. In the inelastic range of the response and especially at higher values of ductility, the 

influence of ρ is lost since the structure behaves in a mechanism type of mode. Furthermore, 

Karavasilis et al. [24] have introduced during the investigation of the inelastic seismic re-

sponse of steel MRFs the beam strength ratio, α, which indicates how much stronger are the 

beams in comparison with the base columns. According to that work [24], the parameter α 

adopted here is defined as 

 ,1, ,RC av RB avM M   (9) 

where MRC,1,av is the average of the plastic moments of resistance of the columns of the 

first storey and MRB,av is the average of the plastic moments of resistance of the beams of all 

the stories of the frame. This parameter quantifies the structural capacity to avoid the for-

mation of a global plastic mechanism which is developed when plastic hinges occur at the 

base of columns of the first floor and at the ends of beams. 

The CFT-MRFs are designed according to the structural Eurocodes 3 [25], 4 [22] and 8 [1] 

with the aid of the computer programs SAP2000 [26] and MATLAB [27]. The seismic load 

combination consists of the gravity load G + 0.3Q = 27.5 kN/m on beams plus the earthquake 

load and the gravity load combination 1.35G + 1.5∙Q = 42.6 kN/m with G = 26 kN/m and Q = 

5 kN/m being the dead and live floor loads, respectively. Data for 24 of the 48 frames consid-

ered here, are given in [28]. The sectional dimensions of the frames with 355 MPa yield steel 

stress remain the same in order to clarify the effect of that material parameter. 

Every frame is designed for vertical static loads according to Eurocodes 3 [25] and 4 [22] 

and for seismic loads according to Eurocode 8 [1] using design ground acceleration αg = 
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0.30g, soil type B (soil factor S = 1.2) and Spectrum Type 1 with behavior factor q = 4. In ad-

dition to the satisfaction of the seismic strength demands in members, other seismic design 

checks include compliance with stability and drift criteria as well as capacity design consider-

ations (Eurocode 3 [25]; Eurocode 4 [22] and Eurocode 8 [1]. Finally, it should be noted that 

the assumed building configurations, material properties, member section dimensions, loading 

conditions, e.t.c., are compatible with the everyday engineer practice. 

 

 

 

 

 

 

 

 

 

 

 

 
                                             (a)                                                                        (b) 

Figure 1: Typical geometry of frames considered (a) with columns of square concrete filled steel tube (CFT) 

sections (b). 

3.2 Modelling for nonlinear analysis  

The 48 CFT-MRFs mentioned in the previous section, are subject to a set of 100 

accelerograms and their response to those motions is determined through inelastic dynamic 

time-history analyses using Newmark’s constant average acceleration method with the aid of 

the computer analysis program RUAUMOKO 2D [20]. Diaphragm action is assumed at every 

floor due to the presence of the slab. The effect of large deformations is taken into account 

and therefore, the moment amplification in columns caused by the eccentricity of the axial 

load is considered in the analyses. Rayleigh type damping corresponding to 3% of the critical 

damping in the first and second mode is assumed. The deteriorating inelastic behavior of all 

the frame members is modeled by means of zero-length plastic hinges. The effect of panel 

zones is taken into account but the connections are assumed to be rigid. All the analytical 

models of frame components utilized are presented in detail in Skalomenos et al. [28, 30]. 

4 GROUND MOTIONS CONSIDERED  

An ensemble of 100 ordinary (far-field type) ground motions recorded at soils with aver-

age shear wave velocity vs,30 in the range between 360 and 800 m/s (classified according to 

Eurocode 8 [1] as soil type B) are selected from the PEER [31] database and are employed for 

the nonlinear time history analyses of this study. Another constraint on the selection of the 

earthquakes is that their geometric average spectrum be as near as possible to the Eurocode 8 

[1] elastic spectrum for ground acceleration 0.30 g and soil type B, without any scaling. A full 

list of all these ground motions with their characteristics can be found in Skalomenos [28]. 

5 METHODOLOGY FOR COMPUTATION OF DAMAGE EXPRESSIONS  

In the present work, an extensive parametric study was conducted for the 48 CFT-MRFs of 

described in section 3, which were subjected to the 100 ground motions section 4 for the 

evaluation of the damage expressions. The frames were analyzed with the program Ruaumoko 

5m 

3m 
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2D [20] using the incremental dynamic analysis method [32]. Thus, approximately 72000 

analyses (=48 frames x 100 ground motions x 15 analyses on the average for every frame) 

were conducted in this work. These 15 on the average analyses for every frame correspond to 

15 different PGA values for every ground motion. 

The ground motion intensity level was measured here by an intensity measure (IM) equal 

to the spectral acceleration Sa, of the motion corresponding to the fundamental period of each 

frame. The structural response was measured by a damage measure (DM) equal to the maxi-

mum damage index among all storeys that was recorded during the time history of the analy-

sis. More specifically, each ground motion was continuously scaled by increasing its Sa until 

the frame to become dynamically unstable and collapse. The results of the analysis were post-

processed in order to create a databank with the response quantities of interest. 

The created databank is actually a spreadsheet with rows equal to the number of nonlinear 

analyses and columns equal to the response quantities of interest in columns and beams of a 

CFT-MRF along its height. Those response quantities are the maximum values of the follow-

ing damage indices:1) Park and Ang damage index, DPA, 2) Roufaiel and Meyer damage in-

dex, DRM, 3) Banon and Veneziano damage index, DBV. Moreover, the columns of the 

databank were increased by adding the characteristics of the frames (ns, ρ, α) and the spectral 

acceleration Sa. 

6 DAMAGE FORMULAE FOR COMPOSITE STEEL/CONCRETE MOMENT 

RESISTING FRAMES 

In this section, simple formulae to estimate seismic damage, through three well known 

damage indices, of CFT-MRFs are proposed. Thus, with the aid of these simple expressions 

one can determine the maximum damage of column bases or beams, D, of this type of frames 

in terms of characteristics of the structure and the ground motions that excite them.  

By analyzing the response databank, the proposed relationship was identified and thus the 

expression 

 

54

32

1

235
bb

bb a
s

s

S
D b n

g f


  
      

   
 (10) 

with b1, b2, b3, b4 and b5 constants to be determined, was selected as a good candidate for 

approximating the response databank. The aforementioned relation is relatively simple and 

satisfies the physical constraint D=0 for Sa=0. However, there are values of Sa that give 0 

values of damage either at columns or beams and for this reason this equation fails to estimate 

the real value of damage which is 0. Thus, before using it, one can check the internal forces of 

the columns or beams by performing a linear analysis and find if their values are in the elastic 

range. If this is the case the value of damage is equal to zero by default, otherwise the pro-

posed relationship can be used. Use of the Levenberg–Marquardt algorithm [27] for nonlinear 

regression analysis of the results of parametric studies, led to the following expressions for 

each one of the three damage indices 

a) for column bases: 
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b) for beams: 
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With D being any damage index of interest, the mean, median and standard deviation of 

the ratio of the “exact” value of D obtained from inelastic dynamic analyses over the approx-

imate one calculated from Eqs (11) to (16), respectively., i.e., Dexact/Dapp, are used in order to 

express the central tendency and the dispersion of the error introduced by the proposed rela-

tions. Thus, for the Park and Ang [14] damage index, the ratio DPA,c.exact/DPA,c,app, for column 

bases, corresponds to a mean value equal to 1.0, a central value equal to 0.96 and a standard 

deviation equal to 0.29. Furthermore, this ratio corresponds to a mean value equal to 1.0and 

0.99, a central value equal to 0.93 and 0.97 and a standard deviation equal to 0.37 and 0.27 for 

the Roufaiel and Meyer [6] and Banon and Veneziano [5] damage indices, respectively. The 

above ratio for beams corresponds to a mean value equal to 0.99, 1.0 and 0.99, a central value 

equal to 0.96, 0.96 and 0.98 and a standard deviation equal to 0.27, 0.28 and 0.23 for the Park 

and Ang [14], the Roufaiel and Meyer [6] and Banon and Veneziano [5]  damage indices, re-

spectively. Those values show that the proposed formulae are of high accuracy. 

7 EXAMPLE OF APPLICATION 

A three storey-three bay CFT-MRF is examined, with a geometrical configuration similar 

to the one shown in Fig. 1. The seismic load combination consists of the gravity load G + 

0.3Q = 27.5 kN/m on beams plus the earthquake load and the gravity load combination 1.35G 

+ 1.5∙Q = 42.6 kN/m. The frame has been designed in accordance with the provisions of 

structural Eurocodes, using design ground acceleration αg = 0.30g, soil type B (soil factor S = 

1.2) and Spectrum Type 1 with behavior factor q = 4. The yielding stress fs takes the value of 

275 MPa. The design yielded CFT columns with square steel tubes of width b = 300 mm and 

thickness t = 12.5 mm and IPE 240 beams for all the floors. 

The characteristic value α of the frame was computed on the basis of Equation (6) and 

found to be equal to 2.322. The expected ground motion was defined by the acceleration re-

sponse spectrum of EC8 [1] with a PGA equal to 0.35 g and a soil of class B. The fundamen-

tal period of vibration, T, of the frame is equal to 0.844 s, while its spectral acceleration Sa 

corresponding to this period, derived in the basis of EC8 [1] spectrum, equals 0.64 g. 

Eight semi-artificial accelerograms compatible with the EC8 [1] spectrum were generated 

via a deterministic approach [33] on the basis of eight real seismic records of the database 

used herein. The response spectra of these motions, in comparison with the EC8 [1] spectrum, 

are depicted in Fig. 2. Nonlinear time history analyses of the designed frame under these mo-

tions were performed. The three damage indices used here and observed in column bases and 

beams of the frame were computed with the aid of the program Ruaumoko 2D [20]. Then, the 
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mean value of the maximum damage values for the eight semi-artificial accelerograms was 

evaluated for each damage index. Moreover, the approximate values of the damage indices 

were computed with the aid of Eqs (11) to (16) and recorded together with the exact ones in 

Tables 1 and 2 for column bases and beams, respectively. The proposed relations predict very 

well the damage of the beams (error = 5.6-9.5%) for all kinds of indices. A similar trend is 

observed for the columns (error = 4.7-16.0%) for all kinds of indices. Thus, the predictions of 

the proposed formulae are quite close to the “exact” ones and they are as far as the columns, 

in most of cases, in the safe (conservative) side. 
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Figure 2: Response spectra of ground motions used in example of sec 7. 

 

Damage 

Index  

“Exact” 

Value 

Approximate 

Value 
Error(%) 

DPAM 0.157 0.187 16.0 

DRM 0.273 0.287 4.7 

DBVO 0.203 0.240 15.6 

 

Table 1: Comparison between “exact” and approximate values of damage indices for columns of the CFT-MRF 

of the example of sec 7. 

Damage 

Index  

“Exact” 

Value 

Approximate 

Value 
Error(%) 

DPAM 0.355 0.335 5.6 

DRM 0.408 0.384 5.9 

DBVO 0.494 0.447 9.5 

 

Table 2: Comparison between “exact” and approximate values of damage indices for beams of the CFT-MRF of 

the example of sec 7. 

8 CONCLUSIONS  

A procedure in terms of simple formulae for estimating the maximum damage in regular 

multi-storey CFT-MRFs subjected to ordinary (i.e. without near-fault effects) ground motions 

has been presented. Particularly, simple and easy to use relationships were derived for the 

computation of three damage indices of the literature, which take into account the influence of 

basic characteristics of CFT-MRFs and ground motions, such as the number of stories, beam 

strength ratio, steel yielding stress ratio and the spectral acceleration. It should be noticed 
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herein that the proposed relations are valid for frames with characteristics similar to those of 

the frames used in the parametric studies and for seismic sites where ordinary ground motions 

are expected. These expressions give a good approximation of damage and provide a rapid 

damage assessment of existing structures without the use of the more sophisticated and time 

consuming non-linear dynamic analysis. 
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Abstract. We design novel sun barriers of energy efficient buildings.  Making use of 
morphing lattices, we design sun screens that can be opened and closed during different 
hours of the day and periods of the year, by controlling the stretching of a limited number of 
cables. The struts of the screens remain undeformed during the opening and closure 
operations and can therefore support rigid plates, such as, e.g., solar panels and/or shading 
panels.  Such morphing abilities lead us to the design of lightweight sun screens whose 
actuation requires reduced low energy consumption and minimal friction effects. We end with 
a review of novel "responsive architectures" for energy efficient buildings, which make use of 
tensegrity structures at different levels (primary and secondary structures) in order to 
respond to the natural environment by changing their mechanical and heating, ventilating 
and air-conditioning properties.  
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1. INTRODUCTION 
It is known that the construction industry significantly contributes to overall energy 

consumption (up to 40% in the European Union, cf. [1], and directive 31/2010/UE) and there 
is an urgent need for sustainable buildings that are able to reduce CO2 emissions by 90% and 
energy consumption by as much as 50% [2]. Renewable energy technologies have significant 
deployment potential as resources are spread globally, in contrast to the conventional sources 
such as gas, coal and oil, which are more geographically concentrated.  Globally, renewable 
generation is estimated to rise to 25% of gross power generation in 2018, up from 20% in 
2011 as deployment spreads out globally [1] (Figure 1). 

 
Figure 1: Global  renewable electricity production by region, historical and projected (source: ref. [1]). 

The demand for energy efficient buildings calls for the adoption of active façades that are 
able to mitigate air conditioning consumption resulting from direct exposure to solar rays, and 
to harvest wind and solar energy through on-site wind power generators [3], building 
integrated photovoltaic (BIPV) systems, and/or solar hot water panels [4]. The building of the 
future also needs to be safer with respect to natural hazards, such as earthquakes and high 
winds, and more energy efficient in terms of making components and subsystems 
multidisciplinary (e.g., combining structural design with heating, ventilation and air 
conditioning design) [5]. 

Tensegrity structures are prestressable truss structures, which are obtained by connecting 
compressive members (bars or struts) through the use of pre-stretched tensile elements (cables 
or strings) [6]. Motivated by nature, where tensegrity concepts appear in every cell, in the 
microstructure of the spider silk, and in the arrangement of bones and tendons for control of 
locomotion in animals and humans [7], engineers have only recently developed efficient 
analytical methods for exploiting tensegrity concepts in engineering design [8-10]. Form-
finding of truss-like structures continues to be an active research area, due to both their easy 
control (geometry, size, topology and prestress control), and the fact that tensegrity structures 
provide minimum mass systems under different loading conditions [6,7,11]. The use of 
tensegrity structures for the construction of renewable energy supplies requires further 
attention, due to the special ability of tensegrity systems to convert the strain energy stored in 
cables into electrical energy [7]. There is also the question of their easy integration into solar 
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and acoustical panels, which can be physically identified with special rigid members of the 
structure. 

The present work deals with the design of novel lattices with morphing abilities, to be used 
as cost-effective shading screens for energy efficient buildings.  A tensegrity solution for the 
actuated façade panels of the well-known Al Bahar Towers in Abu Dhabi is presented. 
Designed recently by Aedas Architects, using a different technology [12], this façade mimics 
the shading lattice-work “mashrabiya”. The “origami” tensegrity panels designed in the 
present work are opened (i.e., folded out) at night, and are progressively closed during 
daylight hours by controlling the tension in selected cables. Such lightweight morphing 
lattices require minimal storage of internal energy, and lighter friction between parts, as 
compared, for instance, to the piston-actuated technology adopted by Aedas Architects [12]. 

2. ON THE ACTUATION OF MORPHING LATTICES 
Let us examine the motion of the elementary truss lattice shown in Figure 2. The axial 

strain rate of the k-th element connecting nodes i and j is given by: 

휀̇ =
ℓ
	(풖̇ − 풖̇ ) ∙ 풌  (1) 

where 풌 is the unit vector parallel to the element at the current time t (pointing towards node 
j);  풖̇ 	and	풖̇ 	 are the velocity vectors of the nodes i and j, respectively; and ℓ 	 is the length 
of the element at time t.  

On introducing a Cartesian frame {0, x , x , x }, and letting N denote the total number of 
nodes of the lattice, it is convenient to collect the Cartesian components of the velocity 
vectors of the different nodes into the following array with 3N entries: 

풖̇ = [푢̇ , 	푢̇ , 	푢̇ , … 	 푢̇ , 푢̇ , 푢̇ , ]푻          (2) 

푢̇ ,  being the component of  풖̇ 	with respect to the  푥 -axis (푛 = 1,2,3), and T denoting the 
transposition symbol. Similarly, said M the total number of truss elements composing the 
lattice, it is useful to collect the axial strain rates of all lattice elements into the following 
array with M entries: 

흐̇ = [휀̇ … 	휀̇ ]푻          (3) 
 

 
Figure 2: Elementary truss lattice. 

It is an easy task to cast the compatibility equations (1) pertaining to all the lattice elements 
into the following matrix form 
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푪	풖̇ = 휺̇   (4) 

푪 denoting the M × N compatibility matrix such that its k-th row has entry −푘 /ℓ   in 
correspondence with 푢̇ , ; entry  푘 /ℓ  in correspondence with 푢̇ ,  (n = 1,2,3), and all the 
remaining entries equal to zero. 

We now assume that a given number P of velocity components are forced to be zero, due 
to the presence of externals constrains that limit the possibilities of motion of the lattice. By 
suitably sorting the velocity vector 풖̇, we  can rewrite the matrix equation (4) as follows 

[푪ퟏ ⋮ 푪ퟐ] 	
풖̇ퟏ
⋯
풖̇ퟐ

= 휺̇      
 (5) 

where 풖̇ퟏ is the array with  Q=(3N-P) entries that collects the unconstrained velocity 
components of the nodes; 풖̇ퟐ is the P-dimensional array collecting the nodal velocity 
components constrained to zero;  푪ퟏ is a 푀 × Q submatrix of C; and 푪ퟐ is the complementary 
푀 × P submatrix of C. In minimal coordinates, the compatibility equations of the constrained 
lattice are written as follows 

퐁	풒̇ = 휺̇   (6) 

with 퐁 = 푪ퟏ (kinematic matrix) [13], and  풒̇ = 풖̇ퟏ.   
We say that the lattice is morphing [14], if it results: 

푟 = 푀 = 푄                                               (7) 

r denoting the rank of the kinematic matrix 퐁. The assumption (7) implies that the system of 
compatibility equations (6) has a unique solution 풒̇ ∈ ℝ푸 for any given 휺̇ 	 ∈ ℝ푴, ℝ denoting 
the set of real numbers. It is worth noting that, in a morphing lattice, one can produce the 
motion of the structure by actuating a single element, i.e., by prescribing that a single entry of 
휺̇ is nonzero. As a consequence, the actuation of morphing lattices requires minimal storage of 
internal energy [14]. Given an “actuation” history 휺̇ = 휺̇, the positons of the vertices of a 
morphing lattice at the current time t are computed from the integral equation 

풒 = 풒̇	푑푡 =	= 퐁 ퟏ	휺̇	푑푡  (8) 

퐁 ퟏ denoting the inverse of the kinematic matrix 퐁, which there exists and is unique under 
the assumption (7). 

Assuming the action of quasi-stating loading and making use of the principle of virtual 
work, it is an easy task to obtain the following expression of  the equilibrium problem of the 
lattice [7,13] 

퐀	풕 = 풇   (9) 

where 푨 = 퐁푻 is the static (or equilibrium) matrix; 풕 ∈ ℝ푴  is the array collecting the axial 
forces carried the lattice elements (or bar tensions [13]), and  풇 ∈ ℝ푸 is the array of the active 
nodal forces. It follows from (7) that a morphing lattice is statically and kinematically 
determinate (or isostatic) [13]. 

We now get back to the lattice structure in Figure 2, assuming that nodes 1 and 2 are 
constrained to move along the lines 1-4 and 2-4, respectively, and that node  4 is constrained 
to move along the 푥 -axis. Under such assumptions, it is not difficult to show that the 
structure in Figure 2 is morphing and can be controlled by actuating only the string 1-2, that 
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is, prescribing nonzero axial strain in such an element, and zero axial strains in all the 
remaining elements.  This actuation mechanism leaves unchanged the lengths of the edges of 
the triangles 1-3-4 and 2-3-4, which therefore move rigidly over time (Figure 3). 

(a) (b) 

Figure 3: Motion produced by the actuation of the string 1-2: (a) string 1-2 unstretched; (b) string 1-2 stretched 
to 6.25%. 

3. “MASHRABIYA” SHADING SCREENS 
The morphing abilities of the elementary lattice structure illustrated in Figure 3 can be 

exploited to design a tensegrity solution for the actuated façade panels of the well-known Al 
Bahar Towers in Abu Dhabi.  Designed recently by Aedas Architects, using a different 
technology, such panels are intended to mimic the shading lattice-work “mashrabiya” [12]. 

Let us assume that the 푥 -axis of the elementary lattice in Figure 2 is perpendicular to the 
building façade to be shaded, and that such a  façade is placed at the quote 푥 = −2.00 m.  
Let us also suppose that the nodes of such a structure have the following position vectors 풏  
(푖 = 1, . .,4) in correspondence with the open configuration of the lattice (Figure 3a) 

 

풏 =
0.125
0.057
0.045

m,   풏 =
3.875
0.057
0.045

 m,   풏ퟑ =
2.000
0.738
−0.262

 m,  풏 =
2.000
1.000
0.968

 m 

 

 (10) 

By inserting shading panels in correspondence with the triangular facets 1-4-3 and 2-4-3 of 
the elementary lattice, and replicating such a structure over space as shown in Figure 4, we 
can form mashrabiya-like shading screens that can be opened and closed by actuating a single 
string for each elementary module.  

The shading mechanism played by such screens, which is graphically illustrated in Figure 
4, assumes that the actuated strings are unstretched in correspondence with the open 
configuration of the screens, and subject to a 6.25% axial strain in correspondence with the 
fully-closed configuration. Such a mechanism has been numerically studied by integrating 
Eqn. (8) through an explicit 4th order Runge-Kutta scheme  with step size Δ휺 = 0.01%. An 
animation of the mechanism in Figure 4 is given in [15]. The force vectors depicted in Figure 
4 are proportional to the amplitude of the elongations of the perimeter strings. The 
elongations of the actuated strings placed in the interior of the screens are not shown for 
visual clarity. 

4. CONCLUDING REMARKS 
We have presented an application of morphing lattices with tensegrity architecture to 

design adaptable envelopes for energy efficient buildings. We have designed “origami” panels 
of shading screens that can be opened (i.e., folded out) at night (configuration on top-left of 
Figure 4), and can be progressively closed during daylight hours (cf., e.g., the fully closed 
configuration on bottom-right of Figure 4),  by controlling the elongation in selected strings. 
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The operation mechanisms of such screens can be powered by the renewable energy derived 
from photovoltaic panels and/or microeolic power generators. Their aim is to markedly 
mitigate air conditioning consumption resulting from direct exposure to solar rays, reducing 
carbon dioxide emissions. Common issues discussed by architects and engineers are the 
relative importance of a façade’s U-value (the insulation characteristics) versus its G-value 
(the shading coefficient). The cable-actuated shading screens illustrated in Figure 4 require 
minimal storage of internal energy [14], and reduced operation costs (due to lighter friction 
between parts and reduced mass), as compared, for instance, to the piston-actuated technology 
adopted by Aedas Architects [12]. They offer portable applications for small spans, and can 
be easily assembled for prefabricated component parts in the case of large spans. 

 

 
Figure 4: Actuation mechanism of mashrabiya shading screens with tensegrity architecture (an animation of such 

mechanisms is given in [15]). 

Extensions of the present study dealing with bioinspired membranes [16-19], which are 
able to orient solar panels towards the sun, to adjust the thickness of ventilated walls, and to 
form innovative microeolic power generators will be addressed in future work. Such 
structures will assemble tensegrity units, whose rigid parts will consist either of 1D struts, or 
2D/3D solid elements of various shape and material (floor slabs, airfoil ribs, solar panels, 
acoustical panels, etc.). The tensile elements of the tensegrity units will instead consist of 
cables of various dimensions. Each unit will be equipped with sensors and actuators in 

3626



F. Fraternali, E. De Chiara, A. Fortunato, E. Sicignano and R. E. Skelton 
 

correspondence with selected elements, which will be connected by wires or wireless devices 
to a data transfer system. Its operation will be controlled by external motors and generators, or 
by a single apparatus that alternatively works as generator or motor (Figure 5). Some 
preliminary results and animations related to this ongoing research project are given in [15]. 

 

 

Figure 5: Morphing skins of energy efficient buildings based on tensegrity structures: (a) tensegrity unit; (b) 
responsive solar façade and ventilated wall [15]. 
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Abstract. Steel and concrete hybrid systems are obtained through a combination in series of 
steel elements and reinforced concrete elements with the aim of exploiting at their best the 
potentialities of each material. This concept differentiates steel and concrete hybrid structures 
from steel and concrete composite structures, where steel and concrete are working in paral-
lel in the same structural element, e.g. concrete filled hollows steel columns and steel profiles 
embedded in reinforced concrete elements. In this work the seismic behaviour of an innova-
tive hybrid coupled shear wall (HCSW) system, developed in the European research project 
INNO-HYCO (INNOvative HYbrid and COmposite steel-concrete structural solutions for 
building in seismic area), is investigated. Such earthquake resistant solution is composed by a 
reinforced concrete wall coupled to steel side columns by means of steel links with the objec-
tive to exploit both the stiffness of reinforced concrete wall, necessary to limit building dam-
age under low-intensity earthquakes, and the ductility of steel links, necessary to dissipate 
energy under medium- and high-intensity earthquakes. The  seismic behaviour of the system is 
assessed through multi-record nonlinear incremental dynamic analysis (IDA). For this pur-
pose, first a set of realistic case studies is designed, then a finite element model is developed 
into the platform OpenSees and validated through comparisons against experimental tests 
including local and global responses quantities. The outcomes of the numerical analyses 
show that the proposed innovative system is actually able to effectively dissipate the energy 
through the activation of the inelastic behaviour of the steel links before yielding in the rein-
forced concrete wall.  
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1 INTRODUCTION 

Recent advances in the field of structural engineering were more that ever oriented towards 
economically and technically efficient as well as sustainable solutions. Specific attention was 
given to structural systems capable of offering significant advantages in terms of seismic pro-
tection through the structural fuse concept, i.e. the dissipation of seismic energy is concen-
trated only in sacrificial elements in order to preserve the integrity of the primary load-
resisting structural components and to allow a rapid repair even after major earthquakes. 
Many systems were developed following this concept, and, among them, steel and concrete 
hybrid structures, i.e. combination in series of steel elements and reinforced concrete (RC) 
elements, appear to be a rather promising a competitive solution both in structural and eco-
nomical terms. During the 2010-2013 European research project INNO-HYCO  [1] innovative 
seismic-resistant steel concrete hybrid systems obtained by coupling RC elements with steel 
elements were developed. Although these systems were subjected to extensive numerical and 
experimental studies, more investigations are indeed required in order to gain more insight 
into their seismic performance and consequently produce better performing designs.   

The objective of this work is to investigate the seismic behaviour of an innovative hybrid 
coupled shear wall (HCSW) system developed in the INNO-HYCO project by means of the 
analysis and assessment of its ductile behaviour, an indispensable step towards the possible 
use in real applications. The investigated solution is composed by a RC wall coupled to two 
steel side columns by means of steel links. Such a structural system was conceived with the 
objective to exploit both the stiffness of RC wall, necessary to limit building damage under 
low-intensity earthquakes, and the ductility (necessary to dissipate energy under medium- and 
high-intensity earthquakes) and replaceability of steel links, necessary to easily repair the 
seismic-resistant components of the structure when damaged after seismic events. In order to 
analyse the seismic performance of the innovative hybrid systems, a parametric analysis was 
performed on a set of realistic case studies. The benchmark cases are characterised by a grav-
ity-load resistant steel structure in which the HCSW solution is employed as bracing system. 
The seismic behaviour of the system is assessed through multi-record nonlinear incremental 
dynamic analysis (IDA). For this purpose, a finite element fibre-based model is developed 
into the platform OpenSees and validated through comparisons against experimental tests in-
cluding local and global responses quantities. In the performed parametric study, global and 
local engineering demand parameters are monitored in order to obtain a thorough description 
of the failure mechanisms of the system. The outcomes of this study constitute a contribution 
for the optimal design selection of the propose innovative HCSW system and a for further 
possible researches on steel and concrete hybrid systems. 

2 DESIGN OF INNOVATIVE COUPLED WALL SYSTEMS 

2.1 Resisting mechanism of the system and design procedure  

Horizontal actions in the HCSW system generate the forces and moments highlighted in 
Figure 1. A significant part of the overturning moment is resisted by means an axial compres-
sion – tension couple Nc exerted by the two lateral side columns while almost of the all hori-
zontal shear and only a fraction of the overturning moment are sustained by the RC wall (Vw 
and Mw respectively). The axial forces at the base of the side columns Nc  are the summation 
of the shear forces in the links Vlink,i (i = 1, …, nlinks) with nlinks the number of links for each 
column (typically equal to the number of storeys). A parameter significantly influencing the 
structural behaviour of the considered HCSW is the coupling ratio CR  [2], defined as the ratio 
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between the base moment resisted by the lateral columns Mc and the total overturning moment 
Mc+Mw. 

Vlink,i 

Nc Nc 
Mw 

Mc 

V 

 
Figure 1: Resisting mechanism of the innovative hybrid coupled shear wall 

The procedure adopted in this work for the design of the case studies was developed during 
the INNO-HYCO research project  [1] and takes inspiration from the ASCE recommendations 
 [2] for conventional hybrid coupled shear walls  [3]. 

2.2 Benchmark cases selected and design results 

The case studies were defined starting from the plant configuration reported in Figure 2, 
taken from  [1]. The benchmark case is a residential building located in Camerino, Italy, (ele-
vation 670 m). The building was designed as a steel frame with pinned beam-to-column joints 
resisting to the gravity loads connected to two HCSW systems for each direction as the only 
horizontal resisting structural elements. The case studies were obtained by varying the number 
of levels (from 4 to 12 with increasing of 2) and the coupling ratio CR (from 0.40 to 0.80 with 
increasing of 0.10) for a total of 25 cases. For each case study the gravity resistant system and 
the innovative earthquake resistant systems, highlighted in Figure 2, were designed following 
the Eurocode 3  [5] and Eurocode 8  [6] prescriptions. Regarding to the HCSW systems, con-
crete C30 (fck = 30 MPa) and reinforcements B450C (fyk = 450 MPa) were used for the wall 
designed by selecting an aspect ratio (ratio between the overall height and base of the wall 
hw/lw) equal to 10 and a thickness bw of 0.36 m for each case. The design of the longitudinal 
reinforcements was performed in order to maximize the wall flexural capacity. For this objec-
tive the Eurocode 8  [6] DCM rules (geometric percentage ratio in the confined edges  just be-
low 4%) were used. Selecting commercial IPE profiles in order to guarantee short links, 
according to the Eurocode 8  [6] classification for links used in eccentrically braced frames, the 
design results summarized in the Table 1 are obtained. Further results can be found in  [4]. 

 
No. levels Wall CR 0.40 CR 0.60 CR 0.80 

 bw  lw [m] Section length [mm] Section length [mm] Section length [mm] 
4 0.361.40 IPE140 140 IPE220 225 IPE360 360 
6 0.362.10 IPE140 140 IPE200 200 IPE360 360 
8 0.362.80 IPE120 120 IPE200 200 IPE360 360 

10 0.363.50 IPE120 120 IPE200 200 IPE360 360 
12 0.364.20 IPE120 120 IPE200 200 IPE360 360 

Table 1: Design results of the RC wall and the dissipative links. 
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Figure 2: Plant configuration of the case study and positions of the HCSW systems. 

 

3 MODELLING OF HCSW SYSTEMS  

The finite element models of the investigated earthquake-resistant system were developed 
into the platform OpenSees  [7]. These models derive from the assembly of different types of 
finite elements employed to describe each system component. The dissipative link was mod-
elled on the basis of the model proposed for steel links used in eccentrically braced frames in 
 [8] based on the constitutive model presented in  [9], modified according to the static scheme 
of the considered steel links and to improve the computational efficiency. In particular, the 
finite element model of the steel link is composed by four elements connected in series (EL0, 
EL1, EL2 and ES1). The central element (EL0) is a displacement-based formulation element 
with length equal to link length llink, measured from the steel plate of the link-to-wall connec-
tion to the centre of the double-angle link-to-column connection. The Gauss-Lobatto formula-
tion was adopted and five integration points were inserted in the element. The flexural and 
shear stiffness of this element were posed equal to infinity since the behaviours of the link 
were concentrated in the zero-length elements EL1 and EL2 while the axial stiffness is com-
puted from the link section. The elastic and inelastic flexural behaviour of the link were as-
signed to the EL2 zero length element, while the shear behaviour was modelled in the EL1 
element. The “Steel01” material models were defined to describe the flexural and shear be-
haviour. ES1 is a zero-length element added to the elements series in order to model the link-
to-column connection. From trial analyses conducted by accounting for the connection flex-
ural behaviour it was observed that its contribution on the local and global response of the 
system is negligible. In the EL1 element the initial elastic shear stiffness corresponds to kv = 
GAv/llink, where Av is the shear area of the link cross-section and G is the tangential modulus 
of elasticity. Yield shear force of the same material corresponds to the plastic shear computed 
according to Eurocode 8 Part 1  [6] by using the average value of the resistance. The same ref-
erence was adopted for computing the yield moment. Initial flexural stiffness is defined as km 
= 3EIz/llink, where E is the steel Young’s modulus and Iz the moment of inertia of the cross-
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section. Strain hardening ratio (ratio between post-yield tangent and initial elastic tangent, 
“$b”) and isotropic hardening parameters of both the materials were calibrated to obtain the 
best fit of the simulated results to the experimental results obtained from the experimental 
campaign carried out in  [1]. 

The RC wall was modelled using fibre-based frame elements by employing the force based 
formulation element (“nonlinearBeamColumn” element). Five integration points were in-
serted in each element and the Gauss-Lobatto element integration method was used to inte-
grate the curvatures. The “Steel01” material was defined to describe stress – strain behaviour 
of the steel bars and two “Concrete04” material models, based on the Popovics work  [10], 
were created to describe both the unconfined and confined concrete, respectively. The valida-
tion of the proposed model was performed through the comparison between the simulated and 
experimental results in  [11] where down-scaled wall specimens were constructed and tested.  

The global model was obtained by assembling the single components models above 
de-scribed. Figure 3 shows the numerical description of the system and the single 
components employed. Since the influence of the beam-to-column connections can be 
neglected, a material with null flexural stiffness was as-signed at the ES1 element. Elements 
were placed in their actual positions and connected each other by means of rigid elastic 
displacement-based formulation elements. Beam elements with null flexural stiffness connect 
the HCSW system with an equivalent column that simulates the presence of the gravity-
resistant frame.   

Confined concrete Confined concreteUnconfined concrete 

Equivalent 
column 

llink 
EL1 

EL0 
EL2 Rigid  

link 
Rigid  
link 

ES1 

Figure 3: FE model of the innovative hybrid coupled wall system. 

The inertia properties are modelled via translational horizontal masses lumped at the DOFs 
of the frame elements’ external nodes. In particular, the tributary deck mass of the coupled 
wall is concentrated in each floor node, at the wall elements ends. The gravity–vertical loads, 
deriving by floor loads and self-weight elements, are applied at the top of each wall and col-
umn element.  

The Rayleigh damping model  [12] was used to model structural damping other than the 
one produced by the hysteretic behaviour of materials. The Rayleigh damping matrix is pro-
portional to the mass matrix and initial stiffness matrix. The mass and stiffness related coeffi-
cients calibrated such that the values of the damping factor of 5% are obtained for the first 
two vibration modes. 
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4 ANALYSIS RESULTS  

The seismic performance of the innovative HCSW systems was investigated on the basis 
of multi-record nonlinear incremental dynamic analysis. For this purpose, a set of 7 natural 
ground motion records compatible to the Eurocode 8 type I soil type A (soil factor S = 1.0) 
pseudo-acceleration response spectrum  [6] were selected. Figure 4 reports the acceleration 
response spectrum of the records, the mean spectrum, and the code spectrum relative to the 
building site. 
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Figure 4: Acceleration response spectra of code spectrum-compatible natural records 

Figure 5 shows the IDA curves up to PGA 0.30g for the case studies with 6 (Figure 5a) and 
12 floors (Figure 5b), having CR 0.80. In the same figure, it possible to observe the evolution 
of yielding when increasing the seismic intensity. White triangles indicate shear yielding in 
the link while the white rhombus represent the bars yielding. Almost all links yield in shear 
when the wall was still undamaged. On the other hand, the reinforcements yield only at the 
wall base. This can be explained by noting that the seismic performance is dominated by the 
cantilever behaviour of the RC wall. Moreover, it is observed that increasing the coupling ra-
tio causes an decreasing of the lateral displacements and, thus, of the interstorey drifts.   
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Figure 5: Comparison between IDA and pushover curves for the case study: a) with 6 floors; b) with 12 floors. 
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Figure 6: Mean values of the global and local response parameters for selected intensity measures. 
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The trend of a selection of engineering demand parameters EDPs averaged over the con-
sidered accelerograms for the case studies with 6 and 12 floors is reported in Figure 6 for peak 
ground acceleration (PGA) values 0.10g, 0.20g, and 0.30g and for each considered CR. Figure 
6a-b and Figure 6g-h show the floor displacements and the interstorey drifts for the cases with 
6 and 12 floors, respectively. From these figures it is noted that the displacement and the in-
terstorey drifts decrease with the increasing of the coupling ratio. Figure 6c-d and Figure 6i-j 
plot the normalized average values of the shear rotation angle  and of the chord rotation an-
gle for the cases with 6 and 12 floors, respectively. The shear rotation angle  was evalu-
ated a posteriori by dividing the local transverse relative displacement, recorded in the zero 
length element EL1 of the link, by the link length llink. Shear and flexural plastic deformations 
in the steel links are very notable although do not exceed the ultimate deformations assumed 
equal to those for the steel links in bracing steel frames  [6]. Figure 6e-f and Figure 6k-l report 
the normalized steel bars strains s and the confined concrete strains cc in the wall for the 
case studies with 6 and 12 floors, respectively. The normalized concrete strains are small 
while the normalized steel strains are larger than one even if the ultimate condition is not at-
tained. These deformations appear not sensitive to the value of CR. 

5 CONCLUSIONS 

This work analyzed the seismic performance of an innovative hybrid coupled shear wall 
system (HCSW) made by a single reinforced concrete (RC) wall coupled to two side steel 
columns by means of dissipative and replaceable steel links. A refined finite element model 
capable of simulating the nonlinear seismic response for increasing level of the seismic inten-
sity and of monitoring specific global and local EDPs, was developed in OpenSees. A wide 
set of case studies was adopted in order to evaluate the influence of various geometric and 
design parameters. With reference to the seismic behaviour, the following conclusions are 
drawn based on the seismic response averaged over the considered accelerograms for the case 
studies with 6 and 12 floors: (1) the proposed structural system is able to dissipate the seismic 
energy through the activation of the inelastic behaviour of the steel links before yielding in the 
reinforced concrete wall; (2) the coupling ratio notably influence the structural behaviour.  
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1 INTRODUCTION 

The increasing demand in lowering maintenance costs in engineering structures made of 
composite materials contributes to the growing development of structural health monitoring 
systems. Such systems would insure continuous knowledge of the structural state of the 
monitored structural components, possibly allowing directed maintenance and maintenance 
task optimization. Techniques used to realize the checking must obviously not damage these 
structures. Many methods have been developed during recent decades, and they have all been 
grouped under the term of Non-Destructive Testing (NDT) methods, such as: e.g.: mechanical 
(ultrasonic, acoustic emission), thermal (thermography), magnetic (Eddy current), X-ray 
(tomography) and visual (penetrant testing, CCD camera) optical fiber methods. The number 
of inspection methods grow and depends on application in particular type of construction [1-
3]. The principles, application, advantages and limitations of those methods has been 
described by Hellier [4]. Kuhn et al. [5] have been shown and discussed some characteristics 
of the most common NDT methods used in industry. 

Few methods are able to monitoring the structure in real time. One of this is the Acoustic 
Emission (AE) method, that has long been recognized as a viable technique for real-time 
monitoring of metallic and composite structures, giving useful information not only on the 
presence of defects, but also on their evolution and position [6�11]. Structural health 
monitoring (SHM) techniques based on guided waves propagation have been the subject of 
interest for researchers since 1980. A literature review of the most salient studies on ultrasonic 
guided waves was presented by Su, Ye and Lu [12]. A classification of dynamic-based SHM 
techniques as a relationship between interrogation frequency and damage size was presented 
by Gopalakrishnan et al. [13]. Guided waves are able to propagate for relatively long distance 
and have high sensitivity to both surface and embedded structural damage. Accordingly, 
guided waves have been widely used to develop various damage identification algorithms. 

The efficient and effective use of composite materials in design applications is directly 
connected with the good knowledge of the static and fatigue strengths of the material. There is 
a variety of failure modes associated with static and/or fatigue damage, including: 1) matrix 
cracking, 2) interfacial debonding, 3) fiber breakage, and 4) delaminations. 

There have been many works on wave propagation problems related to composite shells. 
The first work (Lord-Rayleigh [14]) of this field dealt with wave propagation in a semi-
infinite solid. In 1917 Lamb published the first work [15] of dealing with guided wave 
propagation in thin elastic specimens. Mirsky [16] and Nowinski [17] solved for axially 
symmetric waves in orthotropic shells. Chou and Achenbach [18] provided a three-
dimensional solution for orthotropic shell as well. Nayfeh [19] discussed scattering of 
horizontally polarized elastic waves from multilayered anisotropic cylinders embedded in 
isotropic solids. Yuan and Hsieh [20] proposed an analytical method for the investigation of 
free harmonic wave propagation in laminated shells. The numerical description of the waves 
traveling into waveguides and slen-der structures has also raised many interests � information 
about those problems is discussed in Ref. [21]. 

The first introduction of Lamb waves as a means of damage detection was made by Worl-
ton [22] in 1961. He noticed that distinguish characteristics of the various modes of Lamb 
waves can be useful in nondestructive testing applications. Prosser et al. [23] used acoustic 
emission to identify cracking of thin composite specimens; also outlined the difficulties asso-
ciated with acoustic emission. Wevers [24] outlined the advantages of acoustic emission tech-
niques over other NDE methods for identifying damage in a loaded composite component. 
Lakshmanan and Pines [25] used and developed a wave propagation method to identify de-
laminations and transverse cracks in Gr/Ep composite rotorcraft. Ihn and Chang [26] used 
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spectrograms to process guided wave signals obtained from an array of piezoelectric trans-
ducers to detect and monitor fatigue crack growth. 

In this study, damage detection in fiber-reinforced composite laminated panels using Lamb 
waves is demonstrated with the use of a sensor array. Experiments are conducted to 
empirically characterize the wave propagation behavior in a manufactured laminate. 
Piezoelectric patches are used as sensors and actuators in the experiments. Experiments were 
conducted to detect the presence of damage in a composite laminate. These results are used to 
quantify the difference in the cases of perfect and defected structures. The experimental 
results are also compared with a numerical analysis for cylindrical panels with the use of 3D 
finite elements. A lot of numerical results allow us to understand better the influence of 
various parameters on the form of wave propagation in cylindrical multilayered shells. The 
problems of optimization and positioning sensors were also discussed due to possibility of 
detecting damage the laminate, in which the location of the defect is unknown. Then, the 
results are compared with the FE model. 

2 DETECTION OF DAMAGE 

Elastic waves are generated by an actuator (one of the grid piezoelectric transducers (PZT)) 
and recorded using the remaining PZT transducers (from the same grid � Figure 1). The shape 
of system of PZT transducers, shape and number of PZT influence on the quality (sensitivity) 
and accuracy of detection of defects in the test of composite structures. An additional issue is 
the control and detection of failure sensors, which is discussed among other in the works [27, 
28]. 

 
Figure 1: Examples of systems of PZT transducers. 

A comparison of the wave signal for the structure without any damage and disturbance in 
the propagation of the wave induced by delamination. The location of this damage is defined 
as follows: 

 
2

Tv
d

g
  (1) 

where íg is the velocity of wave propagation, ÄT is the difference between the signal of the 
incident wave and the wave disturbed by the damage. 

The correlation coefficient ñab between the original and distorted signals was calculated for 
individual sensing paths in the time domain to get the perception to damage near the sensing 
paths. The damage index (D) is defined as: 

 abD  1  (2) 
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3 OPTIMIZATION PROBLEMS 

Optimization problems deal with the analysis of structures with some response (denoted by 
R) requirements. In general structures with actuators can be optimized using three 
computationally different strategies. In the first, the most common optimization problem the 
objective function to be minimized is the response of the system, i.e.: 

 )( s
s

RMin  (3) 

The vector s denotes the set of design variables. 
The response tuning is the second problem. It can be treated as the alternative or 

sometimes equivalent optimization problem to the above: 

   ,...3,2 ,)(-)( 1  lRRMin ll ss
s

 (4) 

In addition, as the third problem volume or weight minimization of a structure has been 
considered here, in which: 

 )( s
s

VMin  (5) 

The problem of shape optimization of piezoelectric transducers has been discussed among 
others in the works [29�34]. 

Optimal location of sensors concerns the best location of sensors and their required number. 
To solve this problem, the optimization procedures have been applied. In addition, the 
information of composite structures and wave propagation in the material has been used. 

Simple methods have been used to find the best configuration of transducers. This is done 
by adding or removing one or more sensors and evaluated the relationship between the 
transducers, signal quality and accuracy of fault location in order to find the best combination. 
Development of methods of combinatorial optimization based on biological and physical 
analogy allows the use of such genetic algorithms, neural networks, simulated annealing, etc. 

Optimal location of sensors and actuators over a structure can be different for different 
criteria based upon: maximization of modal forces/moments applied by the PZT actuator, 
maximization of deflection of the host structure, minimal change in host structural dynamics, 
desired host structural dynamics, minimization of control effort/maximizing energy dissipated, 
minimization of host vibrations, maximization of degree of controllability/observability of 
modes of interest, etc. 

4 EXPERIMENTAL ANALYSIS 

4.1 Piezoelectric transducers 

Piezoelectric materials are characterized as being able to produce a mechanical strain when 
an electrical field is applied to the piezoelectric actuator. The converse effect has also been 
observed, which has led to their use as sensors. Sensors respond to a physical stimulus and 
transmit a resulting impulse. When a device is actuated by power from one system and 
supplies power, than it is called as piezoelectric transducer. 

Piezoelectric transducers are usually made in the shape of rectangular (Fig. 2) or round 
plane-parallel plates (see Ref. [35]), cut from a piezoelectric crystal so that the plate has been 
properly oriented with respect to the crystallographic axis, in particular in relation to the polar 
axis. Along this axis, the effect is highest for the longitudinal deformation, and therefore the 
plate, which has ultrasonic transducer longitudinal waves, is cut perpendicular to the polar 
axis. 
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Figure 2: Piezoelectric transducers. 

Piezoelectric transducers are made of ceramic materials often. These generally have better 
hardness and high-temperature strength. In the micro electromechanical systems it is also used 
the thick ceramic film and tree-dimensional ceramic structures. More information of 
piezoelectric transducers we can be find in the works [35, 36]. 

4.2 Damage detection 

Damage detection in composite laminated panels using Lamb waves is demonstrated with 
use of a sensor array. Experiments were conducted to characterize empirically the wave 
propagation behavior in a manufactured laminate. Piezoelectric patches were used as sensors 
and actuators in the experiments. Sensor arrays and associated processing were used for wave 
number decomposition and filtering of the Lamb wave modes. Composite laminates were 
manufactured with an embedded defect to simulate inter-ply delamination� see Fig. 3. 
Experiments were conducted to detect the presence of delamination damage in a composite 
laminate. 

A cylindrical panel made of glass woven roving having the mechanical and geometrical 
parameters was made of 8 layers and had the following geometrical parameters: L=298 [mm], 
R=92 [mm], t=1.8 [mm] , h1=h2=t/2 � Fig. 3. An excitation signal took the form of sine wave 
function was modulated with the Hanning window and was applied at the left piezoelectric 
actuator in Fig. 4 (piezoelectric transducer No. 1); its frequency is varies from 50-500 [kHz]. 
The piezoelectric sensors (on the right side in Fig. 4 - piezoelectric transducer Nos. 2-5) were 
placed close to the local square delamination having the size 10 [mm] and being in the middle 
of the laminate � see Fig. 3. 

  
Figure 3: A cylindrical panel with a single delamination. 
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Figure 4: General configuration of the cylindrical panel with one actuator No. 1 and sensors Nos. 2-5 � they are 

located parallel to the delaminated area. 

The wave propagation in the panel with local delamination was analyzed experimentally. 
The excitation signal and the response signal were generated and collected by the analyzer 
and then those signals were converted to digital ones with the use of MATLAB package. 

Figure 5 demonstrates the response signals obtained experimentally for the perfect and im-
perfect (with the single delamination) cylindrical panel. As it may be seen there is a visible 
difference between response signals for perfect and imperfect shells for excitation signal 
frequency 100 [kHz]. Various excitation signal frequency was considered in Ref. [37]. 

However, the reasonable detection of the size and the location of delamination require the 
careful analysis and optimal design of the location and number of piezoelectric sensors and 
actuator. In addition, in the delaminated region the interference between generated and re-
flected waves is observed that affects the signal collected by the sensor (see Figs 7). In order 
to obtain better experimental results it is necessary to conduct further work dealing 
particularly with the optimal design of sensors number, locations and the frequency of the 
excitation signal. 

The locations of piezoelectric sensor and actuator have significant effects on the displace-
ment response. Different locations are presented in Figs 6 and 8. The response result (Figs 7 
and 9) are plotted for one value of the signal excitation frequency equal to 100 [kHz]. The 
amplitude of response displacement is strongly affected by the distance between sensor and 
actuator � compare results plotted in Figs 5 and 9. The growth of the distance reduces the 
amplitudes. For the sensor and actuator located in the parallel direction to the delamination 
the amplitude for imperfect shell is lower than for perfect one, whereas for other locations the 
amplitude is higher � compare the results presented in Figs 5 and 7, 9. 
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a) sensor No. 2 
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c) sensor No. 5 
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Figure 5: Experimental wave propagation results (blue line � without delamination, red line � with delamination); 

for frequency equal to 100 [kHz]. 
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Figure 6: Configuration of the cylindrical panel with the sensor and actuator � they are located below 

delaminated area 5 [cm] from the panel edge. 
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Figure 7: Experimental wave propagation results (blue line � without delamination, red line � with delamination); 

frequency is equal to 100 [kHz]. 

 
Figure 8: Configuration of the cylindrical panel with the sensor and actuator � the actuator is located above 

delaminated area 5 [cm] from the upper panel edge and the sensor 5 [cm] from lower panel edge. 
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Figure 9: Experimental wave propagation results (blue line � without delamination, red line � with delamination); 

frequency is equal to 100 [kHz]. 

5 FINITE ELEMENT MODELING 

5.1 Finite element modeling and simulation of guided wave propagation 

Modeling methods and sensing technologies are the crucial areas of SHM. In fundamental 
axioms of SHM defined by Worden [38] the damage detection analysis is possible by 
comparison of two state system (intact and defected) because a sensors cannot measure flaws. 
The system of sensors applied to the structure gives a set of raw data which have to be 
processed to identification and localization of potential damage. It indicates to importance of 
modeling of damage and a damage detection algorithms. Common modeling techniques like 
the finite element method, spectral finite element method, finite difference techniques, 
boundary element methods and other were successful applied to SHM. The choice of accurate 
and efficient computational method depends on the size of damage that needs to be detected. 

5.2 Finite Element Method modeling assessments 

Among all numerical methods FEM is one of the most versatile, powerful and widespread 
due to its ability to model complex geometries. In this study the FE ANSYS package was 
applied to evaluate dynamic behavior of composite structure. FE modeling of composites is 
more complex than of isotropic materials, particularly due to the presence of complex 
stiffness and variety of failure modes. An appropriate finite element model of structural 
damage have to fulfill a several requirements which have been pointed out by Ye, Su [39]. 
The size of finite elements used to model a geometry of the structure depends on the speeds of 
the medium in which the signal is propagating and on the signal frequency. The mesh density 
should feature at least 8 nodes per wavelength to deliver good spatial precision. The time step 
for dynamic calculation should be less than the ratio of the minimum distance of any two 
adjoining nodes to the maximum wave velocity. The laminate should be divided into sub-
laminates in thickness to characterize individual laminae especially when we consider 
interlaminar delamination in composite structure. In the present study the 3D solid95 finite 
element type with a 20-nodes was used in modeling a structure. A higher order version of a 
classical 8-nodes solid element with three degrees of freedom per node and fulfillment of 
presented requirements allow to obtain an accurate results of the numerical analysis. 
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Modeling of structural damage is crucial for the development of dynamic-based damage 
identification. The number of different modes of failure cause that this subject has attracted 
intensive research efforts over long period. Considered in this study delamination can be 
modeled by stiffness reduction method, kinematics based method or duplicate node method. 
the most adequate technique based on completely model the entire of the defect can be used 
either the 1D beam elements or 2D and 3D finite elements. Detailed information of the 
modeling of delamination we can be find in the works [36, 40, 41]. 

The most common techniques for the generation and receiving of guided waves is the use 
of piezoelectric elements. A PZT patches can deliver wide frequency responses with low 
power cost. A light and small structures are suitable for integration into a structures with good 
coupling capacity. Moreover, the sensor network can be configured by application a number 
of PZT elements to achieve a multi-point measurements for reliable analysis. In FEM model a 
concentrated force applied to the considered composite cylindrical panel varies with time 
function and simulate the load generated by real PZT element with 100kHz excitation 
frequency. The excitation signal was generated by one actuator and the data from the sensors 
placed after defected zone was compared with the results from an intact structure. 

5.3 Results of numerical analysis 

In this study a cylindrical panel with a single delamination in the middle (Fig. 3) is 
considered. A cylindrical panel was made of glass woven roving having the following 
properties: Elong=Ecircumf=13.14 [GPa], G12=4.1 [GPa], í12=0.25, ñ=1100 [kg/m

3]. 
As it has been mentioned the any observations of waves is strongly dependent both on 

locations of the actuator/s and sensors (Fig. 1). Let consider the actuator and sensors 
configuration in the form presented in Fig. 4. Various localization of the sensors are taken into 
account to determine the influence zone of delamination on wave propagation path. 

The wave propagation for construction is disturbed by the delamination. We can observe 
the defect influence zone after delamination which broaden with the distance between 
propagating waves and the delamination. The influence of delamination on wave propagation 
can be observed by comparison signal of the intact and defected structure. 

Figure 10 illustrates the response signals obtained for the perfect and imperfect (with a 
single delamination) structures. Even if the signal passes through the whole delaminated area 
(sensor No. 2) the difference between displacement for the defected and perfect structures is 
small. The most significant difference between response signals is observed by sensors placed 
outside of the defect influence zone (sensor No. 5). The signal observed by sensor No. 5 is 
going near the corner of the delamination. The greater distance from defected area cause a 
lower disturbance of response signals. 

The experimental results are also compared with a numerical analysis for cylindrical panels 
for the signal excitation frequency equal to 100 [kHz]. The difference between the perfect and 
imperfect (with the single delamination) cylindrical panel plotted in Figs 5 and 10 
demonstrate very good agreement. The form of response signal is strongly affected by the 
location of sensor and actuator. 

The size of the defect influences on wave propagation. To the effect of delamination size 
on the dynamic behavior of the structure (a cylindrical panel with a square delaminations of 
different sizes) is analyzed in the work [40]. 
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Figure 10: Numerical wave propagation results (blue line � without delamination, red line � with delamination); 

for frequency equal to 100 [kHz]. 

 

6 CONCLUSIONS  

 Results of damage detection in composite laminated panels are demonstrated with use of 
piezoelectric patches. 
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 The amplitude of the response is strongly affected by the excitation signal frequency and 
location of sensor and actuator; therefore, the optimization of they location and number is 
required. 

 Modeling of composite structures having smart piezoelectric sensors or actuators are 
very similar to conventional composite layered structures, however, there is one 
difference reflected in the constitutive laws in the form of the electromechanical coupling. 

 Optimal location of sensors and actuators over a structure can be different for different 
criteria. 

 The composition of experimental and numerical results demonstrates very good 
agreement. 

 A lot of numerical results allow us to understand better the influence of various 
parameters on the form of wave propagation in cylindrical multilayered shells.  

 Based on numerical results it is possible to determine the effect of the delamination on 
the guided wave propagation in curved structures. 

 The shape of system of piezoelectric transducers, the shape and the number of PZT 
sensors have a great influence on the quality and accuracy of damage detection. 
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Abstract. Many industrial buildings with a precast concrete structure have been designed in 
accordance with non-seismic provisions by considering only gravity loads or, in some other 
cases, in accordance with not adequate seismic detailing requirements .In particular, seismic 
events that occurred in the recent past have shown that the connections between the main 
structural elements play an important role on the dynamic and seismic behaviour of the pre-
cast concrete structure. Nowadays, the more advanced technical standards require mechani-
cal connections between the precast elements; however codes do not furnish exhaustive 
information about the design and modelling of these connections neither in the seismic vul-
nerability assessment of existing buildings nor in the design of new constructions.                 
In this work, the role of dowel connections between beams and columns elements in the seis-
mic behaviour of one-storey precast concrete industrial building is investigated and a simple 
modelling procedure is proposed for both the seismic vulnerability assessment of existing 
buildings and the design of new constructions. The applicability of the proposed methodology 
is tested through linear dynamic analysis and non linear static analysis carried out on two 
real case studies. In particular, different finite elements models are developed for the bench-
mark cases, both considering or omitting the rigid floor constrain and both assuming rigid or 
flexible connections. The results show that the modelling strategy strongly influences the 
seismic response and thus the safety verifications of the structural typologies considered. 
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1 INTRODUCTION 

Since the second post-war period single-storey precast structures represent a structural ty-
pology widely used for the construction of industrial and commercial buildings. Nowadays, in 
the Italian and European context, a large part of these buildings are characterized by a out-
dated and inadequate structure compared to structures which meet current seismic criteria, 
resulting therefore exposed to high seismic hazard. 

There are many evidences about the behaviour of precast structures during past earth-
quakes; the main causes associated to the damage of the precast structures were constituted by 
the failure of connections. In particular, the recent earthquake that hit Emilia in 2012 high-
lighted the importance of the role that the connecting systems play in the global behaviour of 
prefabricated structures  [1]. Specifically, in the older precast buildings, collapses due to mere 
loss of seating among the elements were observed where the connections were entrusted only 
to the resources of friction. 

Recent Italian regulations, in force until a few years ago, allowed the realization of friction 
based connections between structural elements  [2] for areas classified non-seismic while the 
latest standards ( [3],  [4]) require that the connection is secured by mechanical devices prop-
erly dimensioned. However, serious damages due to inadequacy of the connections were also 
observed in more recent buildings, complying with the latest standard indications. In some 
cases, the cause can be traced to reduced resistance of the same, to the absence of the rigid 
diaphragm behaviour or abnormal rigid floor behaviour induced by particular configurations 
of connection between the structural elements (main and secondary) that generated forces 
concentrations in some connections determining the rupture. Therefore, these issues have 
highlighted a deficiency of the current rules that, although requiring the use of mechanical 
connections, do not furnish exhaustive information for designing  [1] and modelling of the 
same. 

Connections by means of pin or dowel are the most common connection system in the sin-
gle-storey industrial buildings in Europe for their effectiveness and practicality of realization. 
The aim of this paper is to propose a procedure for modelling the dowel connections that is 
easy to use both for the evaluation of the seismic vulnerability of existing buildings and for 
the design of new buildings. Modelling aspects of dowel connections between beams and col-
umns and between main beams and secondary elements are investigated with reference to sin-
gle storey buildings with precast structure frame (beams, columns, and roof secondary 
elements). For these purposes, in a first step, the analysis of the state of the art is carried out, 
through investigation of the scientific literature and available codes, then the proposed method 
for modelling the dowel connections is applied to two real case studies consisting of buildings 
with single level precast structure with dowel connections. The structures are modelled by 
means finite element method both by considering and by omitting the rigid floor constraint. 
The procedure is tested through nonlinear static analysis and the main results are discussed. In 
particular, it is emphasized how the strategy for connection modelling affects the seismic re-
sponse of the structure and, consequently, the results of the safety verifications. 

2 BACKGROUND  

The dowel or pinned connections sustain shear forces through a mechanism known in the 
literature as dowel action (Figure 1), discovered in the 30s  [5]. 

The resistance of the connection can be governed by three different failure mechanisms: 
pure shear failure of the pin (steel shear failure), concrete splitting failure and yield of the bar 
and concrete crushing of the contemporary concrete around the dowel (combined steel and 
concrete failure).  
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Figure 1: Transfer of shear force through the dowel action: a) one-sided dowel; b) double-sided dowel  [7] 

The shear failure is not very applicant; it can be determined by means the Von Mises crite-
rion. 

The concrete splitting failure is a brittle mechanism that can arise if the bar acts against the 
concrete cover characterized by a reduced thickness c and not provided with adequate con-
finement bars. Various authors conducted experimental investigations with the aim of estimat-
ing the splitting resistance. Vintzeleou and Tassios (1986)  [6] provide expressions derived 
from analytical models and show that the failure may happen for side splitting or bottom split-
ting in relation to the diameter of the pin and to the ratio between the concrete cover c and the 
lateral cover bct, measured along the orthogonal direction of the acting force. The splitting 
failure can be avoided if adequate bars are foreseen and dimensioned by means strut and ties 
models, according to the fib bulletin n.43 document  [7]. 

The combined steel and concrete failure mechanism is a ductile mechanism because it oc-
curs together with the formation of plastic hinges in the pin. This mechanism was widely in-
vestigated by the scientific community since the beginning of the last century. In the first half 
of the previous century simple models based on linear elastic behaviour of materials were 
used  [8]; however the linear model proved unsuitable for such purposes since the materials 
exhibit a plastic behaviour in conditions close to collapse. For these reasons, the beginning of 
the second half of the last century models based on the theory of plasticity were adopted. 
Rasmussen (1963)  [9] was among the firsts to propose a plastic model; other authors investi-
gated the same failure mechanism by calibrating the analytical model on the basis of experi-
mental results, including  [10]. Subsequently, Vintzeleou and Tassios  [6],  [11], applied the 
Brom’s model  [12] of free-headed pile in cohesive soil for the definition of the pin resistance 
and the response curve of the same. On the basis of the theory of plasticity, Engström (1990) 
 [13] proposed further formulations for the determination of the parameters of dowel dis-
placement. An exhaustive summary of the studies conducted on the connection strength gov-
erned by the pin yielding is available in fib bulletin n.43 document  [7]. 

3 PROPOSED METHODOLOGY  

3.1 Ultimate strength 

The ultimate strength is assumed equal to the minor among the resistance values associated 
to rupture mechanisms discussed in the previous paragraph. 

As previously reported, pure shear resistance of the pin is determined via Von Mises crite-
rion whereas concrete splitting failure follows indications proposed by Vintzeleou and Tas-
sios in  [6]. This collapse mechanism can occur if the cover c of the pin is less than 6 to 8 
times its diameter d. In particular, the resistance is determined as the smaller value between 
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the side splitting resistance and the bottom splitting resistance, reported in this order in the 
Equation (1) where fct indicates the tensile strength of the concrete. 

2
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0.66V cr ct ct ct
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In the case of covers smaller than limits reported above and equipped with confinement 
bars, splitting failure can not be considered. Therefore, by considering that the precast ele-
ments are provided of bars in the connection areas, the connection rupture can be assumed as 
the minor value between the pin shear strength and the dowel yielding resistance. Resistance 
associated to the last collapse mechanism is determined through the following Equation, ac-
cording to the requirements set out in  [7], 
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respectively according to the Equations (3) and (4) 
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in which fcc
*  indicates the concrete strength in the triaxial stress state. 

3.2 Shear-displacement law 

The force-displacement law is proposed on the basis of the information given in  [7] and of 
the results of research performed in the literature. Such relationship is determined with refer-
ence to the ductile failure mechanism. In particular, the ultimate strength is evaluated from 
Equation (2) by assuming, in the case of double – sided dowel configuration, a concrete 
strength fcc equal to the maximum value between the resistances of the two connected ele-
ments. 

The yielding point is considered reached to a level of strength equal to half of the ultimate 
strength, while the displacement at yield is evaluated on the basis of the following formula 

 
 2 1VRd e e

y
c

F e
s

E

  
  (5) 

in whiche is the stiffness parameter defined as 

 

0.25

8
c

e
s s

E

E I


 
  
 

 (6) 

where Ec and Es are the Young's moduli of the concrete and steel, respectively, while Is is the 
moment of inertia of the dowel cross-section. Displacement corresponding to the ultimate 
plasticization of the pin smax is evaluated by means the following expression: 

 max cr ps l  (7) 
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where cr represents the critical rotation, which is assumed proportional to the curvature of the 
pin cross-section when this latter reaches the yield strength. This rotation is estimated as 
1.75sy/d. The lp parameter corresponds to the distance of the plastic hinge from the external 
edge x0 in the case of one sided dowel configuration whereas, in the case of double sided 
dowel configuration, lp represents the distance between the two plastic hinges. The distance 
from the outer edge of the element to the plastic hinge x0 is determined via the following ex-
pression. 

0 2
03
VRd

cc

F
x

f d
   (8)  

Figure 2 illustrates an example of the force-displacement curve proposed. 

 
 

FVRd 

sy smax

0.50FVRd 

FV 

s  
Figure 2: Example of the force-displacement curve proposed. 

4 CASE STUDIES 

In this section, the proposed procedure is illustrated by considering two real existing build-
ings that belong to the same industrial complex, but built in different years in Italy. The seis-
mic action for the structures site is defined by the NTC08 soil type E (soil factor S = 1.524) 
spectrum  [4], for a peak ground acceleration PGA = 0.174 g and period of return TR = 475 
years. The Figure 3 shows the seismic action for the selected case studies. 

 
Figure 3: Vertical and horizontal elastic pseudo-acceleration response spectrum of the buildings site  
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4.1 Case study 1 

The first case study concerns a structure with an elongated rectangular plan built in 2005; it 
consists of equal columns with square cross-section of 0.80 x 0.80m and main beams with an 
"inverted T" cross-section with a height of 1.65 m. These beams support secondary beams 
that complete the roof. These latter have the typical shed cross-section, largely diffused in It-
aly. Beam-column and beam to shed connections are dowel connections, made with Italian 
FeB44k steel. Figure 4 shows a photo of the building and an excerpt of the original project 
while Figure 5 shows the details of the connections. 

First analyses are carried out by adopting dynamic linear models with rigid connections. 
Since the real degree of stiffness of the roof floor is not known, two global models of the 
structure are defined, with and without the rigid diaphragm constraint for the roof. Addition-
ally, the analyses are conducted by adopting a confidence factor equal to 1.0 (due to the na-
ture of the prefabricated structure) and 1.35 (given the lack of knowledge of the structure 
details). Structure factors of 1.5 and 3, as contemplated by the Italian current regulations for 
existing buildings  [4], are chosen to take into account the dissipation capacity of the structure. 

 

a) b)  
Figure 4: Case study 1: a) photo taken from the inside; b) excerpt of the originate projects 

 

Materials: 

 

b) c)

neoprene 
bearings 

 

dowels 
 

Columns concrete: Rck 50   
Reinforcements and dowels steel: FeB44k 

dowels neoprene 
bearings 

a) 

 
Figure 5: a) Detail of dowels; b) beam-column connections; c) beam-shed connections  

It should be observed that the linear analyses are characterized by some limits. First off all 
the evaluation of the seismic vulnerability of the investigated structure carried out via linear 
analysis is excessively precautionary, since it is necessary to refer to the first element in 
which capacity is exceeded, thus in some cases the seismic action sustained by the building is 
very low. Additionally, it should be noted that the analyses are conducted by assuming over-
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resistant and rigid connections, i.e. not-deformable and able to allow the columns plasticiza-
tion, and thus the adoption of the behaviour factors. 

In order to investigate the behaviour of the structure beyond the elastic limit non-linear 
analysis are performed. Also for these analyses both the case of deformable deck and infi-
nitely rigid roof are considered. Figure 6 shows the comparison between the elastic and ine-
lastic spectra relative to a period of return TR = 475 years and the capacity curve of the 
structure obtained by applying a distribution of forces proportional to the masses along the 
direction +x and +y (the results obtained by applying the same distribution along the negative 
direction and by assuming a rigid deck are similar and for reasons of synthesis are not re-
ported). It is possible to observe that in both analyses the structure ductility (c) is high (about 
3) and greater than the value required to sustain the design earthquake (R). Therefore, it can 
be concluded that safety verifications are satisfied because, in each case, the ductility demand 
is less than the available ductility. Also in this case, it should be emphasized that the results 
obtained are valid only in the event that the connections between the structural elements are 
over-resistant with respect to the columns. So, it is necessary to check the full strength of the 
dowels, by comparing the demand, expressed in terms of internal forces, with the resistance 
provided by the pins at each connection. 

From non-linear static analysis a maximum shear force of 234 kN in beam-to-column con-
nections and a maximum action of 232 kN in the beam-to-shed connections are obtained. Col-
lapses for splitting does not take place because the cover thickness is greater than the limit of 
6-8 d as shown by Figure 7. Therefore, the possible local collapse mechanisms can be induced 
by shear failure or flexural yielding of the dowel. The pure shear strength of the couple of 
dowels in the beam-column connection amounts to 203.8 kN. The flexural resistance of the 
connection, obtained by substituting in the Equation (2) the value of the materials resistance 
and by assuming 0 = 1 ande = 0, is equal to 144.6 kN. From the results it can be noted that 
the resistance of the connection is governed by the flexural failure mechanism of the dowel 
and that the resistance of the connections is lower than the acting shear forces, thus they are 
not over resistant. 
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Figure 6: Curve capacity relating to the analysis of push-over (with forces proportional to the masses) both in the 

longitudinal direction x and transverse direction y 

However, it should be noted that the deformability of the connections could result in a re-
duction of the forces acting on the same. Therefore, a proper assessment of the local demand 
on the connections and the comparison with their capacity can only be performed in terms of 
displacements in a model with deformable connections, as shown below. 

Figure 7 shows the force-displacement law adopted to describe the behaviour of the con-
nections in the non-linear model of the industrial building, without rigid diaphragm constraint. 
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Non-linear static analyses carried out both in the transverse (y) and longitudinal (x) direction 
have provided deformation levels much lower than those for which the dowels plasticization 
occurs, for both main beams-secondary beams and beam-columns connections.  

In Figure 8 the comparison between the capacity curve and the demand curve is depicted. 
It is possible to note that, in both the directions, the earthquake sustained by the structure is 
higher than design one (period of return TR greater than 475 years) and the risk index is 
greater than 1. 
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Figure 7: Shear-displacement relations of a) beam-column connections and b) beam to shed connections 
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Figure 8: Push-over analysis results: comparison between demand and capacity curves in the ADRS plane for 

both the directions of analysis  

4.2 Case study 2 

The second case study concerns an irregular building in plan and elevation, built in 1981 
and adjacent to the building previously analyzed. The building is characterized by precast 
columns of variable dimensions, from 0.90 x 0.90m to 0.30 x 0.40m, while the beams have 
"inverted T" and "Omega" cross-section. As regards the materials, the resistances are lower 
than those of the first case study. The beam-column connections and beams-shed connections 
consist of steel dowels, whose configurations are shown in Figure 9. 
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Figure 9: Case study 2: a) photo taken from inside; b) write-off of project; c) write-off of the executive details of 

beam-to-column and beam-to-shed connections 

Also in this case dynamic linear analyses are carried out by adopting models with rigid 
connections and both by considering and by disregarding the rigid plane behaviour of the roof. 
Same confidence factors and behaviour factors employed in the previous case study are used 
for performing the safety verifications. In many cases the checks are not satisfied. Also in this 
case, since the linear analyses are considerably prudential non-linear static analyses are per-
formed in order to take into account the behaviour of the structure beyond the elastic range. 
From the comparison between the elastic and inelastic demand spectrum and the structure ca-
pacity curve it is possible to observe that the verifications are satisfied in that, in each case, 
the demand in terms of ductility (R) is less than the available ductility (c). With the objec-
tive of checking whether the connections over strength hypothesis is satisfied, dowels forces 
are compared with the strengths. The analysis carried out in both directions have shown that 
the shear forces on the various types of beam-column connections were greater than the dow-
els resistances, calculated by assuming the same assumptions of the previous case study. 
Moreover, it was observed that the dowel resistance is governed by the combined steel and 
concrete failure. Splitting verification was not conducted because, despite the covers result 
smaller the limit of 6-8 d, they are equipped with confinement bars. Since, as explained in the 
previous case study, the analysis conducted by considering rigid connections lead to an over-
estimation of the forces, the same analyses are carried out by modelling the connections as 
deformable. The assumed force-displacement law is depicted in Figure 10. 

Non-linear static analyses carried out both in the transverse (y) and longitudinal (x) direc-
tion have provided for both beams-shed connections and beams-columns displacement levels 
much higher, in some cases,  than the displacement at which the ultimate plasticization occurs. 
However, the obtained displacements are always lower than  the seating extension of the sup-
ported elements. Therefore, it is possible to state that important damages occur in the connec-
tions, but  seating losses of the main and secondary beams do not occur. 

In Figure 11 the comparison between the capacity curve and the demand curve is depicted; 
from the comparison it is possible to note that, in all cases, the earthquake sustained by the 
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structure is higher than design one (with period of return TR = 475 years) and the risk index is 
greater than 1. 
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Figure 10: Force–displacement relations of a) beam-to-column connections and b) beam–to-shed connections 
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Figure 11: Push-over analysis results: comparison between demand and capacity curves in the ADRS plane for 
both the directions of analysis 

5 CONCLUSIONS  

In the present work a procedure for modelling the dowel connections between prefabri-
cated elements of single level buildings was proposed for assessing the seismic vulnerability 
of existing buildings and for the new buildings design. The proposed shear force-
displacement law refers to the ultimate flexural dowel resistance and its applicability is tested 
by performing non-linear static analysis conducted on two real industrial buildings. 

The analyses are carried out both by considering the rigid and the deformable behaviour of 
the connections and both by omitting and by considering the rigid diaphragm constraint. The 
results have shown that the seismic response of the structure and thus the safety verifications 
are strongly influenced by the modelling strategy adopted for describe the connections. In par-
ticular, in both the study cases, it is observed that the shear forces on the beam-to-column 
connections and shed-beams connections reach significantly higher values in the models with 
rigid connections with respect to the models with deformable connections. Moreover, for both 
the study cases, the investigated structures are able to sustain the design earthquake only if 
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elastic and inelastic connection behaviour is modelled, because the connections are ade-
quately resistant and allow the formation of the dissipative mechanism in the columns.  

Finally, it was noted that in the first case study, of more recent realization, the structure is 
able to withstand the design action without to undergo significant damage of the connections, 
while in the second case the dowels of many connections are plasticized undergoing elevated 
plastic displacements, but minor of the available seating length. 
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Abstract: This paper presents a comparison between two different modeling approaches: 

Refined FE modeling using volumetric elements, and fiber modeling using beam elements with 

distributed plasticity. The numerical models calibrated with the experimental result from 

existing literature, reproduce the behavior of cold formed SHS40, and hot rolled DUPE100 

steel elements under inelastic cyclic loading. The hysteresis loops obtained from two models 

show that the accuracy obtained by simpler fiber-element formulation is quite close to the more 

refined volumetric model. In terms of computation time, distributed plasticity model is much 

more efficient, and can be a good option to perform nonlinear analysis of multi-level buildings, 

which would be quite cumbersome with volumetric modeling approach. This study has been 

realized thanks to the research fund received from European commission with the contract 

MEAKADO RFSR-CT-2013-00022. 
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1. MODELING OF CYCLIC BEHAVIOUR OF BRACING ELEMENTS 

Inelastic deformation of bracing elements is the main parameter affecting the seismic 

performance of braced frames during a seismic event. 

The objective of this study is to explore accurate and time efficient modelling ways to 

simulate inelastic behaviour of steel bracings under cyclic loading by means of validation 

studies based on experimental data and refined finite element models. 

Validation studies shown in this report has been performed in two stages: 

i) Numerical model of various steel struts made of cold formed square hollow sections 

have been developed and calibrated with the inelastic cyclic load tests carried out 

by [1]. Continuum finite element modelling approach is used (CFEM) 

ii) Fiber based distributed plasticity modelling approach has been validated against 

calibrated continuum finite element model of steel struts (DPE). 

In order to obtain experimental data to validate numerical models, Goggins et. al have 

performed several cyclic tests on cold-formed square and rectangular hollow steel section 

bracing elements, according to the provisions of the ECCS (1986) [2]. 1 Fifteen specimens have 

been tested which are fabricated from 20x20x2.5SHS, 40x40x2.5SHS and 50x25x2.5 RHS 

sections with two different lengths: intermediate (1100mm) and long (3300mm).  

We focus on intermediate (Model 1) and long length (Model 2) steel struts of 40x40x2.5 

SHS cross- sections as shown in Table 1. A general layout of the test specimens is shown in 

Figure 1. 

 

 

Cross section: 40x40x2.5 mm 

E= 210000 MPa 

Poisson’s ratio: 0.3 

fy = 343 MPa 

fu = 393 MPa   

εu = 0.15 

Element length (model 1) 1100 mm 

Element length (model 2) 3300 mm 

Cyclic test programme Material properties 

Table 1 Test program and material properties  (Goggins J.M, 2006). 
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Figure 1 Test specimen (Goggins J.M, 2006) 

Numerical model developed with software package (ABAQUS)  [3], has the following 

features: 

 8-node solid elements with 6 DOF,  

 elastic-plastic behavior with Von Mises Criteria,  

 kinematic hardening, 

 great displacement and strain. 

Calculation procedure is composed of two steps: 

- Buckling modes obtained from linear buckling analysis, 

- Then inelastic cyclic analysis has been performed considering an initial 

imperfection based on first and/or second buckling mode shape. 

One end of the steel strut is fully fixed, while the other end is fully fixed except for the axial 

degree of freedom, to which the cyclic displacement loads are applied (figure 2).  

 

Figure 2 Setup and loading direction of the numerical model 

For the element with 1100 mm length (model 1) and 3300 mm length (model 2), cyclic 

displacements applied with same amplitudes but with different number of cycles (Table 2). 
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Model 1 (1100 mm) 

one cycle +/- 0.625 mm 

one cycle +/- 1.25 mm 

one cycle +/- 2.5 mm 

Three cycles +/- 5 mm 

Three cycles +/- 10 mm 

Three cycles +/- 15 mm 

Three cycles +/- 20 mm 

Three cycles +/- 25 mm 
 

Model 2 (3300 mm) 

one cycle +/- 0.625 mm 

one cycle +/- 1.25 mm 

one cycle +/- 2.5 mm 

Three 

cycles 
+/- 5 mm 

Three 

cycles 
+/- 10 mm 

Three 

cycles 
+/- 15 mm 

Three 

cycles 
+/- 20 mm 

Three 

cycles 
+/- 25 mm 

Three 

cycles 
+/- 30 mm 

Three 

cycles 
+/- 40 mm 

 

Table 2 Loading procedure (displacements are in mm) 

Mesh properties are shown in figure 3. In areas where local buckling is expected, refined 

meshes were used (at the ends and at the center of the member). The size and the length of 

refined mesh areas are decided after sensitivity analysis.  

Initial imperfections that are present in the structural members trigger out-of-plane 

deformations under forces lower than their critical buckling values.  To be able to trigger this 

initial buckling in the inelastic cyclic analysis, initial imperfections have been incorporated in 

the numerical model of bracing elements. For this purpose, a linear buckling analysis has been 

performed, and inelastic cyclic analysis has started on the base of the deformed shapes obtained 

from the first and/or second linear buckling modes.  

  

Tube 1100 mm: 2376 linear hexahedral, 444 linear 

wedge elements (At the mid-height and at end of the 

tube, for a length of 160 mm, mesh is denser). 

Tube 3300 mm: 5340 linear hexahedral elements 

(At the mid-height and at end of the tube, for a length 

of 480mm and 225mm, respectively, mesh is denser). 

Figure 3 Mesh model 1 and model 2 
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In Figure 4 and Figure 5, first two linear buckling mode shapes are shown. According to the 

results of the experimental studies, only first mode deformed shape has been used in model 1, 

and both first and second mode shapes have been used for the model 2. Initial imperfection 

value is considered as L/150 according to Eurocode 8, however for the longer element 

convergence could be obtained by a larger value (L/120). 

 
 

First global buckling mode shape Second global buckling mode shape 

Figure 4 First and buckling mode shapes – model 1 

 

  

First global buckling mode shape Second global buckling mode shape 

Figure 5 First and second buckling mode shapes – model 2 

Critical buckling loads obtained from linear buckling analysis are almost coincident with the 

Euler buckling loads (Table 3). 

 

 Tube 1100mm Tube 3300mm 

Critical Buckling Load 

Numerical model 573.75 KN 66.03 KN 

Euler critical load 563.20 KN 62.58 KN 

Table 3 Comparison of critical buckling loads obtained numerically and analytically  
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Figure 6 shows the plastic deformations concentrated at the beam ends and at the centre of 

the braces, as happens during the experimental tests. 

  

Deformed shape of tube1100 at ultimate load Deformed shape of tube3300 at ultimate load 

Figure 6 Deformed shape of tube elements under ultimate load 

A good agreement between numerical model and experimental results has been obtained, 

except for the last three cycles of the displacement loading due to impossibility to reproduce 

local buckling fractures experienced by test specimens (figure 7). In the numerical simulation 

of both models, after the first buckling in compression takes place, compressive strength 

decreases because of plastic hinges formed at the center of the brace and next to the end plates. 

Then the compressive strength continues to degrade due to Baushinger effect.   
 

  

a. Numerical model (Abaqus) b. Experimental result 

Figure 7 Load-displacement curve - Model 1 

In the case of model 2, the convergence between the experimental and numerical curve is 

much better, since no local buckling fracture occurred during the test (figure 8). The decrease 

in the global tensile and compression resistance is well visible in the numerical curve, with the 

exception of the last cycle. The maximum compression force recorded by the numerical model 

is 57.49 KN, while the experimental value is 52.30 KN. Maximum tensile force recorded by 

the numerical model is 127.20 KN, while the experimental value is 143.80 KN. Furthermore, 

in agreement with the experimental results, the numerical model provides global biaxial 

instability (figure 9). 
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a. Numerical model (Abaqus) b. Experimental result 

Figure 8 Load-displacement curve - Model 2 

 

Figure 9 Biaxial instability model 2 

In Table 4, comparisons are shown in terms of inelastic buckling and ultimate tensile loads 

according to numerical model, Eurocode 3, and experimental results. In general, it is seen that 

numerical simulation of more slender element gives better results. 

 Tube 1100mm Tube 3300mm 

Inelastic Buckling Load 

Numerical model 121.66 KN 57.49 KN 

Eurocode 109.85 KN 43.51 KN 

Experiment 105.50 KN 52.30 KN 

Ultimate tensile load 

Numerical model 128.46 KN 127.20 KN 

Eurocode 147.38 KN 147.38 KN 

Experiment 112.40 KN 143.80 KN 

Table 4 Comparison of major loading limits between numerical analysis, experiments and code 

 

 

 

 

 

-100

-50

0

50

100

150

-50 -40 -30 -20 -10 0 10 20 30 40 50

Fo
rc

e
 [K

N
]

Displacement [mm]

3669



Alper Kanyilmaz 

 

2. CALIBRATION OF FIBER BASED DISTRIBUTED PLASTICITY APPROACH 

FOR MODELLING CBF STRUCTURES 

Continuum finite element modeling (CFEM) based on shell or solid elements is currently 

the most efficient numerical modeling method, which is able to reproduce, with a minimum 

margin of error, even complex phenomena such as local buckling, distortion and changes in 

shape of the cross section [4]. However, this is not a common approach to study the global 

behavior of multistory buildings subject to seismic actions, due to its inherent complexity, 

computational expense, and difficulty in preparing and calibrating the models. For this reason, 

the CFEM method is mostly used to study the response of individual profiles or to represent 

details such as connection parts of global structures.  

To study the global nonlinear response of multi-story buildings, most common alternatives 

are concentrated plasticity and fiber-based modeling approaches. Former one concentrates the 

inelastic deformations in individual parts of the structural system (as plastic hinges) with the 

rest of the structure remaining elastic. This method better captures the nonlinear response of 

members through calibration using test data on moment-rotation or hystereis curves. Fiber 

based modelling on the other hand, distributes plasticity by numerical integrations through the 

member cross sections and along the member length, and with a “plane sections remain plane” 

assumption [5]. Uniaxial material models are used to capture the nonlinear hysteretic axial 

stress-strain characteristics in the element cross sections. Fibers are numerically integrated over 

the cross section to monitor the axial force and moments, incremental moment-curvature and 

axial force-strain relations. The cross section parameters are numerically integrated at several 

sections along the member length, using displacement or force interpolation functions. This 

approach allows performing nonlinear analysis considering both geometric and material 

nonlinearity, within a time much more limited than a 3D continuum finite element analysis. 

However, using this approach local behaviour such as degradation due to local buckling is 

difficult to capture without sophisticated models. Fiber-based modeling approach with 

distributed plasticity (DPE) offers a good compromise in terms of accuracy and computational 

time to model hysteresis behavior of steel struts. Application example of this approach in 

moment-resisting frames is presented by Kanyilmaz et. al [6].  

At this section, comparisons are shown between the results obtained from a CFEM model 

developed using Abaqus, and a fiber-based model developed using (Straus7)  [7].  First, 

hysteresis response of the model 2 of section 1 has been compared, and then the same 

comparison has been made for an open section (Figure 10). 

 

 

a. CFEM approach b. Fiber based distributed plasticity approach [8] 

Figure 10 CFEM vs Fiber based approach 

Linear buckling analysis results are very similar as can be seen in Figure 11. 
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Abaqus 1° buckling mode: 66 kN Straus7 1° buckling mode: 

67 kN  

Figure 11 Comparison in terms of 1st linear buckling mode 

From the comparison of two hysteresis curves obtained from an inelastic cyclic analysis, it 

is evident how DPE model is able to reproduce the nonlinear response of the profile under cyclic 

loading (Figure 12). Both models show a gradual reduction in the maximum compression 

resistance at later cycles, which is in line with the actual behavior of the specimens observed 

during the experiments performed by [1].   

 

 

Figure 12 Comparison of hysteretic response of two modelling approaches 

Maximum and minimum values achieved by the two curves are also coincident. However, 

in terms of dissipated energy, represented by the area enclosed by the hysteresis curves, there 

is a slight difference between the two models. DPE model dissipates slightly more, since DPE 

modeling cannot capture local instabilities that can be captured by a refined FE model with 

shell elements. Yet, considered the time required for the analysis and the satisfactory accuracy 

of DPE model, it can be concluded that the modeling with distributed plasticity (DPE) 

represents a good compromise between the validity of the results and analysis time.  

Another comparison has been made with an open section. A DUPE100 section with 4310mm 

length has been analyzed. Boundary conditions are fixed on both ends for all degrees of freedom, 

except the axial translational degree of freedom in one end to impose the axial displacement. 
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Material properties are shown in Table 5. Linear buckling analysis give similar results (figure 

13). 

Cross section 

      DUPE100 

E: Young’s modulus 210000 MPa 

υ: Poisson coefficient 0,30 

fy: yield strength 343 MPa 

fu: ultimate strength 393 MPa   

εu: ultimate strain 0.15 

Table 5 Material properties 

  

Abaqus 1° buckling mode: 720 kN Straus7 1° buckling 

mode: 740 kN  

Figure 13 Comparison of two approaches in terms of critical buckling load 

Also in this case, results of DPE model and CFEM model are very similar. The observations 

made in the calibrated tube model are valid also for this case (Figure 14).  

 

Figure 14 Comparison of hysteretic response of two modelling approaches 
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Local instabilities that cannot be captured by fiber-based approach are seen in Figure 15. 

  

Figure 15 Local deformations at the centre and end of the strut that cannot be simulated by fiber-based 

approach 

3. CONCLUSIONS 

Seismic response of a concentrically braced frame mainly depends on the behaviour of its 

bracing elements. An accurate numerical simulation of inelastic behaviour of a braced frame is 

a complex matter, for which specific tools and methods are needed. 

The focus of this study was to come up with an accurate and time efficient way modelling 

approach for the simulation of steel bracings under inelastic cyclic and seismic loading, which 

can be used in the modelling of multi-storey structures. Therefore, a comparative numerical 

study has been presented to validate the suitability of fiber based distributed plasticity 

modelling approach, to simulate inelastic cyclic response of bracing elements of concentrically 

braced frame (CBF) buildings. The simulations are based on previous experimental data and 

refined finite element models.  

For the validation purposes, first nonlinear cyclic behaviour of various steel struts made of 

cold formed square hollow sections have been analyzed and calibrated with the inelastic cyclic 

load tests carried out by Goggins et. al. [1]. Then fiber based distributed plasticity modelling 

approach has been validated against calibrated continuum finite element model of steel struts. 

The comparison of the hysteresis curves of several elements, evaluated for different 

boundary conditions shows that results obtained by fiber based approach are almost coincident 

with those obtained by continuum based modelling. The drawback is that fiber based modelling 

approach is not capable of obtaining local effects, however for a global analysis of a multi-

storey building, the accuracy obtained without considering these local effects can be acceptable. 

The results of these analyses are used as benchmark for the simulation of braced frames within 

the research program MEAKADO [9,10]. 
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1 INTRODUCTION

For professionals in engineering practice it is desirable to have simplified methods for the
seismic assessment of structures available. An example is the response spectrum method, where
the effect of inelastic structural behavior and overstrength is considered via a reduction of the
pseudo-acceleration demand leaving the seismic analysis completely elastic. In a more recent
development the collapse capacity spectrum method [4] aims at assessing the seismic collapse
capacity of highly inelastic PDelta vulnerable frame structures without conducting nonlinear
time history analysis. The main assumptions of the latter method are that the impact of ma-
terial deterioration on seismic sidesway collapse of moment resisting frame structures is neg-
ligible compared to the destabilizing effect of gravity loads, and that collapse is governed by
the fundamental mode. The application of all of these methods requires the engineer to exam-
ining carefully the underlying assumptions and restrictions for the considered structure to be
assessed. Based on the modified Ibarra-Medina-Krawinkler deterioration model [14], Kamp-
enhuber, Adam [17] quantified the effect of material deterioration on the collapse capacity of
PDelta vulnerable single-degree-of-freedom (SDOF) systems considering different material de-
terioration modes. As a result, for SDOF systems exhibiting nonlinear cyclic behavior sets of pa-
rameter combinations have been identified, where PDelta, material deterioration, or a combina-
tion of both effects simultaneously governs seismic collapse. To include this knowledge into the
framework of the collapse capacity spectrum methodology, Kampenhuber, Adam [16] proposed
a procedure how the deterioration parameters of the modified Ibarra-Medina-Krawinkler model
[14] assigned to the nonlinear components of a frame structure can be transformed into the do-
main of the corresponding equivalent SDOF (ESDOF) system. Based on regression analyses,
the present contribution describes an enhanced version of the transformation rules for these ma-
terial parameters. A validation is provided for a set of generic planar multi-degree-of-freedom
(MDOF) frame structures subjected to the 44 ordinary earthquake records of FEMA-P695 report
[11]. Incremental dynamic analysis (IDA) up to collapse is conducted both for each frame struc-
ture and the corresponding ESDOF model, and the resulting median collapse capacities are set
in contrast. The results presented here aim at assessing the accuracy and the range of applicabil-
ity of the proposed simplified collapse prediction procedure. Note that in this contribution the
expression “deterioration” only refers to the successive reduction of material/component quan-
tities such as strength and unloading stiffness as a result of cyclic deformation. The degrading
effect of PDelta on the structure is not addressed with this expression. Moreover, superscript
(·wG) refers to quantities considering gravity loads (read: “with gravity”), whereas superscript
(·woG) represents parameters disregarding gravity loads (read: “without gravity”).

2 GENERIC FRAME STRUCTURES AND STRUCTURAL MODELING STRATEGY

The investigated multi-story frame structures are based on the ones presented in Medina,
Krawinkler [22], which have already been used in other studies such as in Ibarra, Medina,
Krawinkler [14], Lignos, Krawinkler [19], Jäger [15], and Adam, Jäger [4]. These n story
generic moment-resisting single-bay frame structures of uniform story height h, designed ac-
cording to the weak beam-strong column design philosophy, are composed of rigid beams,
elastic flexible columns, and inelastic rotational springs at the beam ends and the base accord-
ing to a concentrated plasticity formulation. To each joint of the frames an identical point mass
mi/2 = ms/2, i = 1, . . . , n, and an identical gravity load is assigned. Figure 1 shows exem-
plarily a four-story frame.

The targeted straight-line fundamental mode shape is the governing condition for adjusting

3676



David Kampenhuber and Christoph Adam

COMPDYN 2015
5th ECCOMAS Thematic Conference on

Computational Methods in Structural Dynamics and Earthquake Engineering
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.)

Crete Island, Greece, 25–27 May 2015

SIMPLIFIED SEISMIC COLLAPSE ASSESSMENT OF GENERIC
FRAME STRUCTURES SUBJECTED TO PDELTA AND MATERIAL

DETERIORATION

David Kampenhuber1 and Christoph Adam2

1 Unit of Applied Mechanics, University of Innsbruck, Innsbruck, Austria
e-mail: david.kampenhuber@uibk.ac.at

2 Unit of Applied Mechanics, University of Innsbruck, Innsbruck, Austria
e-mail: christoph.adam@uibk.ac.at

Keywords: Generic frame structures, material deterioration, PDelta effect, seismic excitation,
simplified collapse assessment

Abstract. In this paper the influence of material deterioration on the seismic collapse capacity
of PDelta vulnerable frame structures is quantified. The main objective is to reveal and to val-
idate the range of applicability of the proposed equivalent single-degree-of-freedom (ESDOF)
system for assessment of the global collapse capacity. This is achieved through comparison of
the median collapse capacity of PDelta vulnerable generic frame structures that exhibit mate-
rial deterioration in strength and stiffness with outcomes of the corresponding ESDOF system
based on the derived transformation rules. Sets of planar generic frame structures are compiled
varying the governing structural parameters for seismic collapse independently. In all cases,
the collapse capacity is calculated using incremental dynamic analysis. Record-to-record vari-
ability of the collapse capacity is studied using a set of ordinary earthquake records compiled
in FEMA-P695.

rigid

rigid

rigid

rigid

ms/2

ms/2

ms/2

ms/2

ms/2

ms/2

ms/2

ms/2

xr

Vb

h

h

h

h

Figure 1: Mechanical model of e. g. a four-story MDOF system.

the bending stiffness of the columns and the initial stiffness of the springs. Coefficient τ relates
the fundamental period without gravity loads, TwoG

1 , and the number of stories of the frame
structures, n,

TwoG
1 = τn (1)

and thus, quantifies the global lateral stiffness of the structure. According to Ibarra, Medina,
Krawinkler [14], periods TwoG

1 = 0.10n and TwoG
1 = 0.20n are a reasonable lower and upper

bound for moment-resisting frames, representing stiff and flexible structures, respectively.
The strength of the rotational springs is tuned with the result that in a first mode pushover

analysis without taking into account gravity loads yielding is initiated at all springs simultane-
ously. A predefined base shear coefficient γ of 0.10, i. e. the base shear without gravity loads
at the onset of yielding V woG

b,y over the total structural weight W = Mg, M =
n∑

i=1
ms, governs

the magnitude of the yield strength [22]. To the rotational springs a bilinear backbone curve is
assigned. That is, a linear elastic branch of deformation is followed by a linear inelastic branch
with reduced stiffness, characterized by the strain hardening coefficient αs, which is the same
for all springs of the considered MDOF models: αs = 0.03.

The hysteretic response of the springs is assumed to be bilinear. Deterioration of the bilinear
hysteretic cyclic behavior is simulated with the modified Ibarra-Medina-Krawinkler deteriora-
tion model [13]. This bilinear constitutive model exhibits unloading stiffness deterioration and
cyclic strength deterioration, controlled by deterioration parameters ΛK and ΛS , respectively.
The further deterioration modes accelerated reloading stiffness deterioration and post-capping
strength deterioration, which may be captured by the modified Ibarra-Medina-Krawinkler de-
terioration model, do not apply in this case. For details it is referred to [14, 13, 19]. For the
sake of simplicity, unloading stiffness deterioration and cyclic strength deterioration parame-
ters ΛK and ΛS , respectively, are assumed to be equal, ΛS = ΛK . To all springs of a frame the
same deterioration parameters ΛK and ΛS are assigned. Lignos, Krawinkler [19, 18] compiled
a database of experimental cyclic studies on steel components, which allowed to identify the
significant parameters affecting the cyclic moment-rotation relationship at plastic hinge regions
in beams. Based on this study, in the present publication three different levels of deterioration,
representing slow, medium, and rapid deterioration, have been defined.

The PDelta effect on the frame structures is quantified by two base shear-roof drift (Vb–xr) re-
lations (referred to as global pushover curves) resulting from two different first mode pushover
analyses [4]. In one pushover analysis the constant gravity loads are applied to the model,
whereas the second pushover analysis is conducted without gravity loads. For the present
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generic frame structures both global pushover curves are bilinear, because at all springs yield-
ing is initiated simultaneously. As depicted in Figure 2, the PDelta effect leads for a given roof
displacement to a reduction of the base shear, and thus, to an apparent reduction of the lateral
stiffness.
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Figure 2: Global pushover curves of MDOF system considering and disregarding gravity loads

It has already been shown by Medina, Krawinkler [22] that for multi-story frame structures
this stiffness reduction is different in the elastic and inelastic deformation branch of the global
pushover curve. Consequently, additionally to the lateral global hardening coefficient α, an
elastic and an inelastic stability coefficient, θe and θi, respectively, which characterize the mag-
nitude of the stiffness reduction in these branches, can be identified from the pushover curves,

θe = 1− KwG
e

KwoG
e

, θi = α− KwG
i

KwoG
e

(2)

Note that in general the lateral global hardening coefficient α is not the same as the strain
hardening coefficient αs assigned to each rotational spring.

In the present study the difference θi − α, i. e. the normalized slope of the inelastic defor-
mation branch (also referred to as negative post-yield stiffness ratio), is the target variable that
characterizes the PDelta effect on the frame structure (compare with Figure 2) [6]. Thus, for
each structure with different properties but the same θi − α value, the ratio ν of total gravity
load over dead weight is in general different. This is a contrast to previous studies of the authors
[17, 15, 6], where the PDelta effect was characterized by a constant gravity load coefficient ν.

Rayleigh type damping enforcing 5 % viscous damping of the first mode and of the mode,
where 95 % of the total mass is included, is considered. The corresponding damping matrix is
proportional to the mass matrix and the current stiffness matrix.

All predefined basic model parameters of the considered generic frame structures are sum-
marized in Table 1.

3 EQUIVALENT SINGLE-DEGREE-OF-FREEDOM SYSTEM

If the response is dominated by the first mode of vibration, it is reasonable to assume that
an ESDOF system captures the global seismic response. This is in general the case for low-
to medium-rise regular planar frame structures up to nine stories. However, Adam, Jäger [4]
have shown that an ESDOF system even can be used to estimate the seismic collapse capacity
of high-rise frame structures if collapse is primarily governed by PDelta.
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Table 1: Summary of basic model parameters of the considered frame structures

Variable Description Range of values

n Number of stories 1 to 20
τ Global stiffness quantification factor 0.10, 0.12, 0.14, 0.16, 0.18, 0.20
ΛK = ΛS Deterioration parameter representing

slow, medium and rapid deterioration,
respectively

2.0, 1.0, 0.5

αs Strain hardening coefficient of rotational
springs

0.03

θi − α Negative post-yield stiffness ratio 0.03, 0.04, 0.05, 0.06, 0.10, 0.20, 0.30, 0.40
γ Base shear coefficient at yield 0.10

The basic assumption of most ESDOF models is that the vertical distribution of the horizontal
deformations of the MDOF structures does not change during the cyclic excitation. That is,
the deflected shape remains constant throughout the time history regardless of the amount of
inelastic deformations. This assumption can be expressed as

x = ψxr (3)

where x is the displacement vector of the story masses, xr denotes the roof displacement, and
ψ is a time independent shape vector, which describes the horizontal displacement pattern ac-
cording to a fundamental mode approximation. Consequently, if the real behavior of the MDOF
differs significantly from this assumption, an ESDOF system will be in general less appropriate
for predicting the seismic collapse capacity.

In this section it is described how the parameters of a generic frame structure can be trans-
formed into the domain of the corresponding ESDOF system, based on a shape vector that is
identical with the first mode: ψ = φ1. With increasing complexity of the MDOF model this
transformation becomes more and more tricky. In particular, when strength and stiffness of
the components deteriorate, additional considerations are required that are not treated in the
literature yet.

Subsequently, parameters with a superscript (·∗) represent quantities of the ESDOF system.
The ESDOF model and the underlying MDOF model used in this study is sketched in Figure 3.
It is characterized by a rigid, massless rod of length h∗ with a lumped mass L∗ [2, 8, 9],
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h∗ =

n∑
i=1

himiφ1,i

n∑
i=1

miφ1,i

=

n∑
i=1

hiφ1,i

n∑
i=1

φ1,i

, L∗ =
n∑

i=1

miφ1,i = ms

n∑
i=1

φ1,i (4)

at its tip, and a horizontal translational spring attached to the lumped mass with assigned non-
linear material properties. In equation (4) hi represents the height of the ith story with respect
to the base (see Figure 3), and φ1,i is the ith element of shape vector φ1. In accordance with
Chopra [8], h∗ represents the first mode modal height h∗1 and L∗ the modal mass of the first
mode of vibration of the MDOF model. It is recalled that equation (4) simplifies because the
mass matrix of the considered generic frames is diagonal with equal mass coefficients ms = mi

for each story i.
According to Adam, Krawinkler [5] earthquake induced collapse is sufficiently accurate rep-

resented by small displacement theory, and thus, the geometric linearized horizontal tip dis-
placement D∗ = ϕ∗h∗ serves as engineering demand parameter (EDP). Defining equilibrium
on the deformed shape, vertical forces (i. e. gravity loads) affect the horizontal displacement,
referred to as PDelta effect. Note that the post-buckling behavior of the considered model is
equivalent to an inverted mathematical pendulum with a rotational spring at its base (as used in
Adam, Krawinkler [5]) because small displacement theory is employed [10].

The backbone curve of the ESDOF system is based on the base shear-roof drift relations from
a first mode pushover analysis, as shown in orange color in Figure 2. Accordingly, yield strength
f ∗,woG
y , yield displacement D∗

y, elastic stiffness K∗,woG
e , and period T ∗,woG of the ESDOF model

without gravity loads reads as [4]

f ∗,woG
y =

V woG
b,y

Γ∗ , D∗
y =

xr,y
Γ∗ , K∗,woG

e =
f ∗,woG
y

D∗
y

, T ∗,woG = 2π

√
L∗

K∗,woG
e

(5)

V woG
b,y represents the base shear, and xr,y the roof displacement at the onset of yielding of the

MDOF model subjected to a first mode pushover analysis, and Γ∗ is the effective participation
factor,

Γ∗ =
L∗

m∗ , m∗ =
n∑

i=1

miφ
2
1,i = ms

n∑
i=1

φ2
1,i (6)

3.1 Incorporation of the PDelta effect into the ESDOF system

In the present study the PDelta effect is incorporated into the ESDOF system depicted in
Figure 3 as proposed by Adam, Ibarra, Krawinkler [2] and Ibarra, Krawinkler [13]. Basis of
quantification of PDelta are the global pushover curves from first mode pushover analyses with
and without considering gravity loads as shown in Figure 4.

Since in a real SDOF system PDelta is governed by a single stability coefficient [21], the
bilinear pushover curves of the MDOF model, however, exhibit an elastic and an inelastic stabil-
ity coefficient [22], Ibarra, Krawinkler [13] derived an auxiliary ESDOF system with a uniform
(auxiliary) stability coefficient θ∗,a. θ∗,a is a function of θe, θi and α∗ [13],

θ∗,a =
θi − θeα∗

1− θe + θi − α∗ (7)

Stiffness K∗,a,woG
e , and the yield strength f ∗,a,woG

y of this auxiliary ESDOF system is derived
from the corresponding parameters of the ESDOF system that is not affected by PDelta [2, 13],

K∗,a,woG
e =

1− θe + θi − α∗

1− α∗ K∗,woG
e f ∗,a,woG

y =
1− θe + θi − α∗

1− α∗ f ∗,woG
y (8)
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Figure 4: Transformation of global pushover curves of the MDOF model (left subplot) into the
domain of the ESDOF system. Right subplot: backbone curve of the auxiliary ESDOF system
(black graph), and of the ESDOF system considering gravity loads (orange graph) .

For the period T ∗,a,woG of the auxiliary ESDOF system the following relation holds:

T ∗,a,woG = T ∗,woG

√
1− α∗

1− θe + θi − α∗ (9)

To simulate the PDelta effect, this auxiliary ESDOF system with stiffness K∗,a,woG
e is loaded

by the gravity load P ∗,a, which is related to the auxiliary stability coefficient θ∗,a according to
MacRae [21]

P ∗,a = θ∗,aK∗,a,woG
e h∗ (10)

The right subplot of Figure 4 shows in black the backbone curve of the auxiliary ESDOF
system, and in orange of the ESDOF system considering gravity loads. The blue graph refers to
the transformed pushover curve disregarding gravity loads.

3.2 Transformation of the deterioration parameters into the ESDOF domain

Based on cyclic pushover analyses and subsequent optimization analyses [7, 12], Kampen-
huber, Adam [16] identified in a previous study a relation between the component deterioration
parameters ΛK and ΛS assigned to the rotational springs of the considered generic frame struc-
tures and the corresponding parameters Λ∗

K and Λ∗
S of the ESDOF system. The resulting median

deterioration parameter ratios Λ∗
K/ΛK and Λ∗

S/ΛS are depicted in Figure 5 by markers.
It is readily observed that these ratios become larger with increasing period T ∗,a,woG and stiff-

ness quantification coefficient τ . The full lines represent the corresponding regression curves,
which can be expressed as a function of T ∗,a,woG as follows:

Λ∗
m/Λm = a

(
T ∗,a,woG

)b
+ c , m = K,S (11)

Coefficients a, b, and c listed in Table 2 are different for unloading stiffness (Λ∗
K) and cyclic

deterioration (Λ∗
S), and depend on the global stiffness coefficient τ of the MDOF system.

With given stiffness quantification coefficient τ of the MDOF model, T ∗,a,woG, and coeffi-
cients a, b, c, the deterioration parameter ratio according to equation (11) can be evaluated.

In an analysis disregarding PDelta, the deterioration parameter should be read at the ESDOF
model period T ∗,woG. Subsequent multiplication of this ratio with the deterioration parameter
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Figure 5: Relation between deterioration parameters of the ESDOF and the MDOF model based
on the period of the ESDOF model: median and regression curve

Table 2: Coefficients for evaluation of equation (11)

τ = 0.10 τ = 0.12 τ = 0.14
a b c a b c a b c

Λ∗
K/ΛK 29.96 0.99 2.45 25.48 0.97 1.88 22.30 0.95 1.43

Λ∗
S/ΛS 24.39 1.00 1.14 20.30 1.00 1.17 17.55 0.98 1.07

τ = 0.16 τ = 0.18 τ = 0.20
a b c a b c a b c

Λ∗
K/ΛK 19.90 0.92 1.21 18.96 0.86 0.19 18.18 0.80 -0.62

Λ∗
S/ΛS 16.79 0.90 -0.06 17.94 0.75 -2.41 16.99 0.72 -2.79

assigned to the rotational springs (ΛK , ΛS) in the frame structure renders the corresponding
quantity (Λ∗,a

K , Λ∗,a
S ) for the auxiliary ESDOF system.

4 COLLAPSE CAPACITY, GROUND MOTION SELECTION, AND GROUND MO-
TION SCALING

In the present study the global seismic collapse capacity of the MDOF frame structures and
the corresponding ESDOF systems is determined performing incremental dynamic analyses
(IDA) [25]. In an IDA nonlinear response history analyses are conducted repeatedly, increasing
in each subsequent run the ground motion intensity. As an outcome an appropriate measure of
the intensity of the earthquake record is plotted against the EDP. The analysis is stopped when
the structure collapses. In this study collapse is assumed to be indicated when an incremental
increase of the intensity leads to an unbounded structural response. The corresponding inten-
sity of the ground motion record is referred to as global seismic collapse capacity. For details
of seismic collapse assessment it is referred to Adam, Ibarra [1]

In this contribution in the MDOF domain the 5 % damped spectral pseudo-acceleration Sa at
the fundamental structural period (considering gravity loads) TwG

1 normalized with respect to
the base shear coefficient γwG (considering gravity loads) at yield and acceleration of gravity g
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is used as characteristic relative intensity of an earthquake record [24],

IM =
Sa(T

wG
1 , ζ = 5%)

gγwG
, γwG =

V wG
b,y

W
(12)

As discussed in Tsantaki [24] it is beneficial to utilize in this definition of the relative in-
tensity the structural quantities affected by gravity. The relative collapse capacity is therefore
given by

CC = IM |collapse (13)

Accordingly, the relative collapse capacity in the ESDOF domain reads as

CCESDOF =
Sa(T

∗,a,wG, ζ = 5%)

gγ∗,a,wG

∣∣∣∣∣
collapse

, γ∗,a,wG =
f ∗,a,wG
y

L∗g
(14)

When transformed into the domain of the MDOF structure,

CC∗ =
CCESDOF

λIM
(15)

CC∗ is assumed to be a reasonable approximation of the collapse capacity CC. Transformation
coefficient

λIM =
L∗2

Mm∗ (16)

relates collapse capacity of the MDOF and the ESDOF domain [4].
To capture the inherent record-to-record variability of the collapse capacity, in this study the

44 ordinary ground motions compiled in the far-field set of the FEMA P-695 report [11] are
used, and subsequently median and dispersion of the 44 corresponding collapse capacities of
each structure are evaluated.

5 EXACT VERSUS SIMPLIFIED COLLAPSE ASSESSMENT

5.1 Non-deteriorating frame structures (“base case”)

At first the global seismic collapse capacity of frame structure that exhibit a negative post-
yield stiffness ratio but no material deterioration is discussed. These structure are referred to
as “base case”, because the corresponding collapse capacities are compared with the ones of
material deteriorating structures. Some of the presented results can also be found in Jäger [15].

Figure 6 shows contour plots of the median collapse capacity of non-deteriorating frame
structures vulnerable to PDelta as a function of the number of stories n and the negative post-
yield stiffness ratio θi − α.

The left subplot corresponds to stiff frames with a stiffness quantification coefficient τ =
0.10, and the right subplot refers to flexible frames with τ = 0.20. It can be seen that structures
with a large negative post-yield stiffness ratio, i. e. θi − α = 0.20 to 0.40, the median collapse
capacity is almost constant independently of the number of stories and stiffness quantification
coefficient τ . In contrast, with decreasing PDelta vulnerability, i. e. θi−α in the range of 0.03 to
0.05, the median collapse capacity varies with the number of stories and the structural stiffness.
It is also observed that the magnitude of the median collapse capacity becomes larger with
increasing number of stories and flexibility, and thus, with increasing fundamental structural
period, compare with equation (1).
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Figure 6: Median collapse capacities (CCp50) of non-deteriorating PDelta vulnerable frame
structures (base case) for two stiffness quantification coefficients τ .
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Figure 7: Measure of dispersion (σ) of non-deteriorating PDelta vulnerable frame structures
(base case) for two stiffness quantification coefficients τ .

For the same structural configurations, in Figure 7 the corresponding measure for the record-
to-record dispersion σ = ln

√
CCp84/CCp16 [20], where CCp84 and CCp16 denotes the 84th and

16th percentile, respectively, of the collapse capacity, is depicted. σ is a meaningful measure
of dispersion because the record-to-record variability of the collapse capacity can be in general
approximated by a log-normal distribution [23], confirmed in [4, 3] for PDelta sensitive struc-
tures. The outcomes show that σ is proportional to the building flexibility τ and the number of
stories n, and it increases as τ and n increases. σ is inversely proportional to the vulnerability
to PDelta expressed by θi − α, and it decreases as θi − α increases. For instance, for a stiff
one-story frame (τ = 0.10, n = 1) highly vulnerable to PDelta (θi − α = 0.40), σ is 0.08. In
contrast, a 20-story frame with the same negative post-yield stiffness ratio θi−α = 0.40 and the
same stiffness quantification factor τ = 0.10 the dispersion increases to σ = 0.37. For a very
flexible (τ = 0.20) 20-story highly structure highly vulnerable to PDelta (θi − α = 0.40), the
dispersion becomes even larger, i. e. σ = 0.42. A slightly PDelta vulnerable flexible one-story
building (θi − α = 0.03, τ = 0.20, n = 1) exhibits the largest collapse capacity dispersion of
σ = 0.78.
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Each considered non-deteriorating MDOF structure is now transformed into the ESDOF do-
main according to the relations presented in section 3 for simplified collapse assessment. In an
effort visualize domains, where the simplified predictions of the ESDOF system match the more
time-consuming collapse predictions of the actual MDOF frame, in Figure 8 median collapse
capacity ratios of the MDOF structure with respect to the ESDOF model, i. e. CCp50/CC

∗
p50,

are plotted. A ratio of 1.0 implies that the “simplified” collapse capacity prediction based on
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Figure 8: “Exact” median collapse capacity over the median collapse capacity of the ESDOF
system (CCp50/CC

∗
p50) of non-deteriorating frame structures (base case) for two stiffness quan-

tification coefficients τ .

the ESDOF system coincides with the “exact” counterpart. If the median collapse capacity
of the MDOF system is smaller than the median collapse capacity of the corresponding ES-
DOF model (i. e. CCp50 < CC∗

p50), the ratio is smaller than 1.0. In this figure the domain of
CCp50/CC

∗
p50 < 0.90 is plotted in red. Blue domains characterize those parameter configura-

tions where the median collapse capacity of the MDOF structure is larger than the one of the
ESDOF model: CCp50 > CC∗

p50.
The results of Figure 8a demonstrate that for stiff frame structures (τ = 0.10) up to 10 stories

the ESDOF system slightly overestimates the median collapse capacity by 10 % at most. With
increasing number of stories (n ≥ 10) and increasing negative post-yield stiffness ratio (θi−α ≥
0.10) the ESDOF system, however, underestimates this collapse quantity. For instance, for a 20-
story stiff structure (τ = 0.10) with θi − α = 0.40 the collapse capacity ratio CCp50/CC

∗
p50 is

1.46. More flexible systems as shown in Figure 8b exhibit the same trend, however, in general
the deviation between both predictions is smaller. From these results it can be concluded that
global collapse of PDelta vulnerable frames up to 10 stories is primarily governed by the first
mode, as it is assumed for simplified ESDOF system based collapse assessment.

5.2 Deteriorating frame structures

To assess the effect of material deterioration on the median collapse capacity of the consid-
ered frame structures, and in further consequence on the predictions based on the corresponding
ESDOF systems, three different speeds of component deterioration are taken into account. As
shown in Table 1 the deterioration speed effects the choice of the deterioration parameters Λ
[13, 19].

In Figure 9 the derived median collapse capacities CCdeteriorating
p50 of these structures are
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compared with the outcomes CCbasecase
p50 of the base case frames through representation of the

collapse capacity ratios CCdeteriorating
p50 /CCbasecase

p50 . In the first row of Figure 9 (Figures 9a
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Figure 9: Median collapse capacity of deteriorating over the median collapse capacity of non-
deteriorating frame structures (CCdeteriorating

p50 /CCbasecase
p50 ) for two stiffness quantification coef-

ficients τ and three “speeds” of component deterioration.

to 9c) the effect of three deterioration speeds on the collapse capacity ratios of stiff structures
(τ = 0.10) is visualized. It is readily observed that for the depicted structural domain the ratio
is close to 1.0. That is, in these domains material deterioration does not affect significantly
the median collapse capacity. Only for high-rise frames with small negative post-yield stiffness
ratio θi−α deterioration becomes more significant, in particular for rapid material deterioration.
For instance, for a 20-story frame with θi − α = 0.03 the ratio CCdeteriorating

p50 /CCbasecase
p50 is

0.68, which means that that material deterioration reduces the median collapse capacity by
32 %. From these results it can be concluded that collapse of the considered stiff structures is
primarily governed by PDelta.

The subplots of the second row of Figure 9 (Figures 9d to 9f) representing flexible frame
structures (τ = 0.20) show a different picture. It can be seen that material deterioration plays
a more prominent role compared to stiff structures. For those flexible frames a significant in-
fluence of material deterioration on the median collapse capacity is observed if PDelta is less
pronounced (i. e. θi − α < 0.06) and the number of stories is larger than 10. Here, the median
collapse capacity ratio CCdeteriorating

p50 /CCbasecase
p50 of the 20-story frame with θi − α = 0.03 is

0.23, which is about 66 % smaller than for the stiff counterpart structure.
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Both stiff and flexible groups of frame structures have in common that the collapse capacity
is only negligibly influenced by material deterioration if the structures are highly vulnerable to
PDelta, i. e. the negative post-yield stiffness ratio θi − α is larger than 0.20. Consequently, in
this parameter domain the collapse capacity ratios shown in Figure 9 are close to 1.0.

In Figure 10 the measure of dispersion σ of the collapse capacity of the same group of
material deteriorating PDelta vulnerable frame structures is depicted. The results of this figure
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Figure 10: Measure of dispersion σ of deteriorating frame structures (corresponding to Figure 9)
for two stiffness quantification coefficients τ and three “speeds” of deterioration.

reflect the trend of σ with respect to the number of stories and the negative post-yield stiffness
ratios as observed for non-deteriorating structures, see Figure 7. Comparing the subplots of
Figure 10 reveals that σ is not significantly affected by the deterioration speed. The difference
between the outcomes of stiff and flexible structures is also small. For instance, for 10-story
stiff deteriorating frames with θi−α = 0.10 dispersion measure σ is 0.36 for slow and medium
deterioration and 0.37 for rapid deterioration. Flexible but otherwise frames with the same
parameters exhibit a σ of 0.40 for slow, 0.39 for medium, and 0.41 for rapid deterioration.
For these cases the corresponding dispersion ratios σdeteriorating/σbasecase are close to 1.0, i. e.
1.006, 1.009, 1.042, 0.990, 0.967, and 1.018, respectively.

Next, simplified collapse capacity predictions based on the proposed ESDOF system, which
captures also material deterioration, are evaluated. For each frame structure deterioration pa-
rameters have been calculated based on equation (11) and Table 2. The basic equivalent model
parameters are defined as described in section 5.1. Figure 11 shows for the same structural
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configurations as described before the ratio “exact” median collapse capacity CCp50 to the sim-
plified prediction CC∗

p50: CCp50/CC
∗
p50. The yellow domain indicates ratios in the range of 0.9
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Figure 11: Deviation of the median collapse capacity of deteriorating frame structures based on
an ESDOF model (CCdeteriorating

p50 /CC∗,deteriorating
p50 ) for two stiffness quantification factor τ and

three “speeds” of deterioration.

to 1.1. It can be seen that for frames up to 6 stories the median collapse capacity of the simpli-
fied model approximates the median collapse capacity of the MDOF model (CCp50 ≈ CC∗

p50)
within the accepted bounds. For a six-story structure the minimum ratio CCp50/CC

∗
p50

∣∣∣
min

is
0.88 and the maximum one is 1.17. However, for stiff high-rise frames highly vulnerable to
PDelta, the equivalent SDOF model underestimates the collapse capacity of the MDOF model,
i. e. CCp50/CC

∗
p50 = 1.54, or alternatively, CC∗

p50 = 0.65CCp50. This domain is depicted in
blue. The results for stiff frames (Figures 11a to 11c) also reveal that the ESDOF system does
not overestimate the median collapse capacity for any parameter combination. This holds, how-
ever, not true for flexible frames. Here the collapse capacity ratio becomes smaller than 1.0 if
the negative post-yield ratio θi − α is smaller than 0.06 and the number of stories exceeds 6. It
is seen that the over-prediction of the collapse capacity increases with increasing deterioration
speed. For instance, the extreme case is the 20-story frame with rapid deterioration and a neg-
ative post-yield stiffness ratio θi − α = 0.03, where the collapse capacity ratio CCp50/CC

∗
p50

drops to a value of 0.47. That is an overestimation of the MDOF collapse capacity by a factor of
about two.
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5.3 Assessment of the proposed ESDOF model

The improvement of the simplified collapse assessment based on the novel deteriorating ES-
DOF model system compared to a non-deteriorating counterpart [4] is studied subsequently.
Therefore, in Figure 12 the ratio of the exact median collapse capacity CCp50 of PDelta vulner-
able “deteriorating” frame structures to the median collapse capacity of the corresponding “non-
deteriorating” ESDOF model (CC∗,basecase

p50 ) is depicted. It is readily observed that the difference
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Figure 12: Efficiency of proposed ESDOF model for two stiffness quantification factor τ and
three “speeds” of deterioration: median collapse capacity of deteriorating MDOF structure in
relation to the outcome of non-deteriorating ESDOF system (CCdeteriorating

p50 /CC∗,basecase
p50 ).

of Figure 12 and Figure 11 (non-deteriorating case) is comparatively small. In particular, when
comparing the outcomes of the simplified assessment for stiff frame structures the results are of
the same order. For instance, for a stiff 15-story building (τ = 0.10) with θi−α = 0.10 the col-
lapse capacity ratio is 1.31 for slow, 1.32 for medium, and 1.31 for rapid material deterioration.
When using a non-deteriorating ESDOF system for the collapse assessment of a deteriorating
frame structure, the accuracy of the collapse prediction decreases for high buildings that are less
vulnerable to PDelta, in particular when they are flexible (Figures 12d to 12f). There the ratio
CCp50/CC

∗,basecase
p50 is significantly smaller than 1.0 (highlighted in red color). In the extreme

case of a 20-story rapid deteriorating frame structure with θi− α = 0.03, this ratio decreases to
a minimum of 0.29, see Figure 12f. Thus, the collapse capacity of ESDOF model is 3.5 times
larger than the “exact” one.
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To visualize this loss of accuracy, the ratios of the ESDOF system based predictions without
and with considering material deterioration, CC∗,basecase

p50 /CC∗,deterioration
p50 , are shown in Fig-

ure 13. It is observed that for PDelta vulnerable systems in the range θi − α from 0.10 to 0.20
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Figure 13: Efficiency of proposed ESDOF model (CC∗,basecase
p50 /CC∗

p50 ) for a fixed stiffness
quantification factor τ and different “speeds” of deterioration: non-deteriorating ESDOF system
versus deteriorating ESDOF system

the prediction of the median collapse capacity is not affected by consideration of material de-
terioration, both for stiff and flexible frame structures. This result is desired because in this
parameter domain material deterioration has no significant influence on the “exact” collapse
prediction. Material deterioration has the largest impact on the median collapse capacity of
high-rise flexible buildings with small negative stiffness ratio θi − α, i. e. τ = 0.20, θi − α =
0.03 to 0.06, and n = 10 to 20. For this parameter set the proposed deteriorating ESDOF model
should yield closer approximation of the collapse capacity than the non-deteriorating ESDOF
model, which considers PDelta only. As it has already been discussed before, Figures 11d
to 11f show that the proposed ESDOF model overestimates the collapse capacity of the MDOF
system. Figures 13d to 13f illustrate that an ESDOF system without considering material de-
terioration would lead to a much larger overestimation of the median collapse capacity. For
instance, in the worst case for a 20-story flexible building (τ = 0.20) with θi − α = 0.03 the
collapse capacity ratio CC∗,basecase

p50 /CC∗
p50 is 1.63. Thus, it can be concluded that the proposed

ESDOF system considering material deterioration improves the accuracy of simplified collapse
prediction of PDelta vulnerable deterioration frame structures.

16
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6 SUMMARY AND CONCLUSION

In this paper the influence of component deterioration on the collapse capacity of PDelta
vulnerable frame structures has been quantified. The main objective has been to reveal and to
validate the range of applicability of a proposed equivalent single-degree-of-freedom (ESDOF)
system for simplified assessment of the global seismic collapse capacity. From the results of
this study it can be concluded that component deterioration hardly reduces the median collapse
capacity of highly PDelta vulnerable frame structures with a negative post-yield stiffness ratio
between 0.10 and 0.40. Therefore, in those cases it is sufficient to use a non-deteriorating ES-
DOF constitutive model for a simplified collapse assessment. In general for low to moderate
rise MDOF frame structures up to seven stories the collapse capacity predictions based on the
proposed ESDOF model are reasonably accurate, independently of the significance of compo-
nent deterioration. In high-rise frame structures with 10 to 20 stories, where PDelta leads to a
small negative post-yield stiffness ratio in the range of 0.03 to 0.06, component deterioration
has the largest effect on the median collapse capacity. For structures within this parameter range
the proposed ESDOF system overestimates the median collapse capacity up to a factor of 2.12.
This could be an indicator that the identified deterioration parameters of the ESDOF system are
too large for flexible and high-rise structures. However, the collapse prediction using the pro-
posed ESDOF model is much more accurate compared to a classical non-deteriorating one. For
a non-deteriorating ESDOF model this factor increases to 3.5.
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Abstract: Inelastic beam elements are widely used in the analysis of structures subjected to 

seismic actions. These elements are capable of describing the linear and nonlinear force-

displacement and moment-rotation response of beams, columns and shear walls. However, 

there are numerical inaccuracies associated with these element formulations, as well as dif-

ferences in computational effort. In this paper, the fundamentals of displacement-based and 

force-based elements are briefly presented, with emphasis on localization issues due to strain 

softening, and regularization procedures necessary to achieve convergence to single solu-

tions. The modelling criteria regarding the number of integration points, the number of ele-

ments in each member and the length of the prescribed plastic hinges are also discussed. A 

one-story reinforced concrete frame, representing industrial buildings, has been modelled in 

a finite element software with the objective of studying the efficiency of three element types: 

displacement- and force-based distributed plasticity elements and concentrated plasticity 

ones. The running times of the analyses confirm that the computational demand of models 

with displacement-based elements is larger than that of models with force-based elements. 

Analysis results have then been compared to the experimental values obtained from a series 

of pseudo-dynamic tests performed with increasing seismic intensity. All element formulations 

showed very good approximation of the global response. Overall, force-based and plastic 

hinge models performed slightly better than the displacement-based model. 
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1 INTRODUCTION 

Distributed and concentrated inelasticity beam-column elements are used for the 

assessment of structural response to strong ground motions. These elements are usually based 

on one of two formulations; the displacement-based stiffness method (DB), or the force-based 

flexibility method (FB). The DB formulation is the familiar textbook finite element method, 

with approximated interpolation functions for axial and transverse displacements. In contrast, 

the FB formulation is based on interpolation functions for the internal forces, which are 

chosen to represent the exact solution. While members modelled with the FB formulation 

only require a single element per member, DB members require several elements to obtain 

sufficient accuracy. Distributed inelasticity elements commonly have their sections discretized 

into several fibres with different material properties. This is called fibre modelling, and 

enables representing inhomogeneous element sections with reasonable accuracy. The first 

concentrated inelasticity elements where designed with nonlinear springs at the member ends 

[1]. However, it is now more common to use fibre modelling in the plastic hinge lengths to 

achieve better numerical results. 

Both DB and FB element formulations experience localization issues for strain-softening, 

called non-objective response. This is a numerical failure issue due to the analysis not 

converging into one single solution as the member is further discretized. In the case of DB 

elements, this implies the increased number of elements in the member, while for FB elements 

it is the increased number of integration points. Several regularization procedures have been 

proposed to achieve objective response for strain-softening. DB elements can be regularized 

by adjusting the extremity element lengths, or by adding a damage variable to the constitutive 

relation [2, 3]. The regularization of FB elements is often done by adjusting stress-strain 

relationships by a constant fracture energy criterion, and by post-processing moment-

curvature response based on plastic hinge lengths [4]. One of the most recent methods to 

achieve objective response is using the Improved Gauss-Radau integration scheme for 

concentrated inelasticity elements; thus reducing computational power as well as gaining 

increased accuracy [5]. 

The objective of the research presented in this paper is to compare the efficiency of the 

aforementioned modelling approaches for the analysis of reinforced concrete (RC) frame 

structures subjected to earthquakes. A single-storey industrial building was analysed using 

displacement- or force-based elements with distributed inelasticity and concentrated 

inelasticity ones. The analytical results were compared to experimental data obtained from a 

series of pseudo-dynamic tests of a full-scale model. 

2 SEISMIC TEST 

The Joint Research Centre of the European Commission has performed several 

experiments on the seismic behaviour of buildings and other structures. A full-scale one-story 

RC industrial building is examined in this paper [6]. The prototype was made of cast-in-situ 

beams and columns, consisting of two two-bay frames connected by a slab (Fig. 1). The 

column heights were 5050 mm, while the beams were 8300 mm long. The prototype was 

designed for a dead load equal to 27 kN/m2, including the self-weight of the slab. All six 

columns were identical with section dimensions 300x300 mm, having 8Ø14 longitudinal 

reinforcement throughout their whole length (Fig. 2). The transverse reinforcement consisted 

of 6 mm bars. In the critical regions, which are 1 m from the bottom and top cross sections, 

stirrups were placed with 50 mm spacing. Outside these regions, the spacing was 150 mm. 

The beams had 600x300 mm sections, with such reinforcement that the plastic hinges form in 
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the columns. Concrete cube specimen test gave cylindrical compressive strengths of fcm = 

42.7 MPa for the columns and fcm = 47.2 MPa for the beams. The longitudinal steel 

reinforcement had a yielding strength of fy = 550 MPa, and a tensile strength of fy = 657 MPa. 

Seismic tests of the cast-in-situ prototype were performed using the pseudo-dynamic 

method. Horizontal displacements were applied with the use of hydraulic jacks. In addition, 

vertical jacks were used to apply additional load on the slab, in total approximately 600 kN 

including the self-weight of the slab. The vertical jacks were always oriented towards a fixed 

base point, thus not producing any second-order P-delta effects. These effects were taken into 

account in the dynamic equilibrium model employed for the control of the pseudo-dynamic 

tests. The seismic ground motion was simulated by an artificial accelerogram (Fig. 3), which 

was generated to yield a response spectrum similar to the Type 1 response spectrum of 

Eurocode 8 [7] for ground type B. The prototype was subjected to four different acceleration 

time-histories based on the scaling of the ground motion for peak ground acceleration (PGA) 

equal to 0.05g, 0.32g, 0.64g, and 0.80g. The acceleregram with PGA = 0.05g was applied to 

calibrate the testing devices. The time-histories of top displacement measured during the tests 

are plotted in Fig. 4. 

Figure 1: One-story RC frame [6]. 

Figure 2: Column geometry and reinforcement [6]. 
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Figure 3: Artificial ground motion time-history with PGA 0.32g. 

Figure 4: Displacement time-histories from pseudo-dynamic tests. 
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3 NUMERICAL MODELING 

3.1 General 

The numerical analysis has been performed in the finite element software SeismoStruct. It 

provides all the element types discussed in this paper, as well as options to modify their dis-

cretization properties. Because the structure is symmetric, only one of the frames has been 

modelled, carrying half of the total distributed vertical load, which is 300 kN including the 

self-weight of the slab. The column bases were fixed, with their heights set to 5350 mm, such 

that the structural nodes were situated in the centre of the beam section. The models devel-

oped by Chang and Mander [8] and Menegotto-Pinto [9] were used for the concrete and steel 

reinforcement elements respectively. The material properties were set equal to the ones meas-

ured from the prototype, with confinement factors calculated in SeismoStruct based on the 

amount of transverse reinforcement. The beams were modelled with large amounts of rein-

forcement, such that they had a significant overstrength compared to the columns. A static 

analysis was then performed by imposing the top displacement time-history provided from the 

experiment. 

3.2 DB distributed inelasticity 

The discretization of the columns for the different element types is illustrated in Figure 5. 

Based on earlier research, objective hardening response is expected when using a minimum of 

six DB elements per structural member with a two-point Gauss-Legendre integration scheme 

[10, 11]. Fewer elements tend to produce overly stiff solutions. In an effort to also achieve 

objective response in the case of strain-softening, the extremity elements of the column mem-

ber have their lengths adjusted such that localization concentrates in one single integration 

point. This was done by choosing the element length as double the predetermined plastic 

hinge length, and was calculated as 1.146 m [12]. 

3.3 FB distributed inelasticity 

Due to the fact that FB element members have exact solutions of the internal forces, it is 

not necessary to divide structural members into several elements [13]. A five-point Gauss-

Lobatto integration scheme was used to achieve objective hardening response. Since no in-

formation on the concrete fracture energy was available for the prototype, no regularization 

procedure was applied for the FB element member. 

3.4 FB concentrated inelasticity 

The concentrated inelasticity members employed FB fibre modelling of the prescribed 

plastic hinges, with a linear elastic interior span. To ensure objectivity for both strain-

hardening and strain-softening, the Modified Gauss-Radau integration scheme was used for 

the plastic hinges. It consists of two integration points: one is situated at the member end, and 

the second in the element interior. 
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Figure 5: Discretization of RC columns. 

4 COMPARISON OF EXPERIMENTAL AND NUMERICAL RESULTS 

The frame prototype was subjected to the acceleration input motions without any repair be-

tween the tests. Thus, to obtain the most realistic numerical results, the 0.32g, 0.64g, and 

0.80g motions have been applied consecutively in one single run. The computation times for 

each of these analyses are listed in Table 1. As expected, the frame modelled with the DB 

formulation requires more computational effort than the FB formulation elements. This is be-

cause of the higher number of nodes required for the DB beam-column members. 

Element formulation Elements  Integration points 

per element 

Total time 

DB distributed inelasticity 6 2 00:02:58 

FB distributed inelasticity 1 5 00:02:33 

FB plastic hinge 1 4 00:02:11 

Table 1: Element discretization and computation times of analysis. 

Due to the small number of structural nodes in the examined frame models, the differences 

between the computation times are not that significant. Indeed, the studied frame is very small 

compared to common residential and industrial buildings. The finite element models for these 

structures often consist of several thousands of nodes, which increase immensely if DB ele-

ment members are used instead of FB elements. The fastest known matrix multiplication and 

inversion algorithms have running times of n2.373 for a square a n x n matrix [14]. This means 

that a large number of nodes causes a significant increase in computational effort. 

The base shear time-histories from the analysis are compared to the experimental data in 

Figs. 6, 7 and 8. All element types result in identical response paths as the experimental re-

sults for all three ground motion intensities. There is however, overestimation of the force 

3699



Armin Gharakhanloo, Amir M. Kaynia and Georgios Tsionis 

 

 

0 5 10 15 20 25
-200

-100

0

100

200
a) DB Elements

 

 

DB elements

Experimental

0 5 10 15 20 25
-200

-100

0

100

200
b) FB Elements

B
a
s
e
 S

h
e
a
r 

[k
N

]

 

 

FB elements

Experimental

0 5 10 15 20 25
-200

-100

0

100

200
c) Plastic Hinge Elements

Pseudotime [sec]

 

 

Plastic hinge elements

Experimental

values at some cycles. The difference is larger for the DB elements and smaller for the FB 

distributed and plastic hinge elements, which is reasonable because the DB formulation tends 

to provide stiffer solutions. The time histories from the analysis with the 0.64g and 0.80g 

ground motions do not start at zero force. This is due to the fact that, as the three time-

histories were applied consecutively, the base shear at the first time step was equal to the 

force at the last analysis step of the previous time history. The peak base shear values from 

the time-histories are listed in Table 2. The overestimation of force by the DB formulation is 

confirmed. It also shown that the FB distributed inelasticity and the plastic hinge elements 

result in almost identical values of base shear. 

The modelling issues and the comparison of analytical and experimental results are dis-

cussed in detail elsewhere [11]. 

 

Peak base shear [kN]       

     Error (%)   

PGA Experimental DB FB Plastic hinge DB FB Plastic hinge 

0.32g 109.4 138.4 116.0 115.2 26.5 6.0 5.3 

0.64g 122.0 145.7 117.0 117.4 18.9 -3.9 -3.8 

0.80g 118.3 143.5 115.7 114.8 23.4 -0.9 -0.8 

Table 2: Peak base shear values from analysis. 

Figure 6: Base shear time-histories for 0.32g ground motion. 
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Figure 7: Base shear time-histories for 0.64g ground motion. 

Figure 8: Base shear time-histories for 0.80g ground motion. 
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5 CONCLUSIONS 

The running times of the different analyses clearly show that the computational effort of 

models with DB elements is higher than the one of FB elements. In addition, concentrated-

inelasticity elements require fewer calculations than distributed-inelasticity elements, 

resulting in decreased computation time. While all three element types display satisfactory 

accuracy compared to experimental values for a simple RC frame, the FB elements offer a 

slightly better approximation of the response. Thus, the analyses confirm that both FB 

distributed- and concentrated-inelasticity elements achieve greater accuracy and require less 

computational effort than DB elements. 
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Abstract. This article intends to present a computationally simple ground motion selection
method (MCSO) whose spectral accelerations are matched at specified period in the desired
uniform hazard spectrum (UHS). The deficiencies of the Conditional Mean Spectrum and
Conditional Spectrum (CS) approaches are monitored. MCSO benefits from the advantages of
consistency with the predefined target Magnitude-Distance. It comes up with positive epsilons,
scaling factors close to one, larger magnitudes than those of the two mentioned methods, and
associated with the actual earthquake variability. The seismic demands of the three rein-
forced concrete structures are calculated and compared with those of MCSO, POC, CMS,
and CS.
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1 INTRODUCTION

Relating regional hazard curve to mean structural collapse capacity by providing a suite of
strong motion (e.g., [1] due to its ability in reducing the strong motion scaling factors is a
promising approach in earthquake engineering. Recently, two techniques in the context of
GMSM, termed the Conditional Mean Spectrum (CMS) and the Conditional Spectrum (CS)
approach, have been proposed [2, 3]. These two methods are developed on the basis of epsilon
(ε) at the spectral ordinate at the first mode vibration and relating it to those of the multiple
spectral ordinates at the other periods to form the mean spectral values termed “Conditional
Mean Spectrum”.

The key feature of these methods are the scaling spectral acceleration at the fundamental
period Sa(T1) to the desired hazard level (e.g., 2% in 50 years) and selecting sets of ground
motions compatible with the predefined conditioned mean spectrum [2]. As mentioned by
Jayaram et al [3], matching the selected ground motions only to a predefined mean-response-
spectrum and ignoring the inherent variability existing in the ground motions is not sufficient
for appropriately  selecting sets of ground motions.

We believe that the two approaches especially CMS method suffer from being associated
with: (a) small earthquakes likely to be associated with negative epsilons; (b)  considerably
large scaling factors;, and (c) ground motions associated with mean magnitude and distance
different from those of the target magnitude M and distance R. The two above-mentioned
methods have been cited by many researchers (e.g., [4, 5, 6, 7]), despite their deficiencies that
will be discussed later. These points have been the main motivation of this article.

2 OBJECTIVE AND SCOPE

The major purposes of this article are to present a simple methodology for selecting suites
of appropriate ground motions, including the following characteristics:

- Associated with  scaling factor close to one i.e., not being suffered from large scaling fac-
tor.

- Correspond to magnitude (M) and distance (R) and consistent with the desired hazard
level.

3 PROPOSED APPROACH

A simplified GMSM for selecting suites of ground motions being matched at a specific pe-
riod (T*) in the desired hazard level termed the Maximal Conditioned Spectral Ordinate
(MCSO) is proposed.

In this approach, the process of computing the mean target response spectrum
established by , and , given Sa(T*), through a disaggregation process

is similar to the two above mentioned methods. It will be demonstrated that this approach re-
sults in the selection of suites of large ground motions associated with positive epsilons, scal-
ing factors close to one, and correspond to the target magnitude and distance.

4 SUCCESSIVE STEPS OF THE METHOD

The mathematic formulation and the successive steps of the proposed algorithm are:
(I) For each ground-motion candidate, the Scaling Factor Effect (SFE) is calculat-

ed by Eq. 4 expressed as:

*

* *

ln ( )

ln ( ) ln ( )
hazard

hazard

sa T
scaling factor effects

sa T sa T



(1)
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Where *ln ( )hazardsa T and *ln ( )sa T are the logarithmic response spectrum in the hazard
curve and that of the candidate at the fundamental period T*, respectively

(II) The Selection Criterion Function (SCF) for each individual candidate is calculated
by Eq. 5 expressed as:

1

  * ( _ ( )* _ ( ))
n

i

SCF scaling factor effects element mean i element drop i


  (5)

Where  Element-Mean (i) for each candidate is calculated by Eq. 6 (see Fig. 1) expressed
as:

1 ln ln 1ln ( ) ln ( ) ( ) ( )
_ ( )

2 2
scaled i scaled i Sa i Sa iSa T Sa T T T

element mean i
      

 
(6)

Where ln scaledSa is the scaled logarithmic spectral acceleration corresponding to each

ground motion candidate (i.e., each candidate is scaled in the hazard curve at T*), is the
logarithm of the mean hazard spectral acceleration. The Element-Drop(i) is calculated by Eq.
7 expressed as:

   1 ln ln 1_ ( ) ln ( ) ln ( ) ( ) ( )scaled i scaled i Sa i Sa ielement drop i Sa T Sa T T T      (7)

Where Element-Drop(i) determines the difference between the logarithmic spectral accel-
erations for each element.

(III) The selected ground motion candidates are listed in a descending order on the ba-
sis of their SCF values, i.e., larger SCF value is placed at the upper numbers of the list as the
more appropriate candidate place.

Lastly, the orderly listed desired numbers of strong motions are selected as the most appro-
priate suite of ground motion candidates.

Figure 1: Graphical illustration of the Element-Mean and the Element-Drop associated with a typical response
spectrum. Note that Element-Drop at the left side of the element has a negative sign, whereas that of the right
side is positive. The vertical line (termed T* line) drawn from the fundamental period of the structure under

study (T*) is also shown.
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Table 1: The selected structures used, along with the corresponding code compliances, and their three natural
periods.

Building
No.
of

Story
Type

Code
compliance

Period

A 4
Modern RC special

moment frame
2003 IBC, ASCE 7-02,

ACI 318-02
0.97, 0.35, 0.18

B 12
Modern RC special

moment frame
2003 IBC, ASCE 7-02,

ACI 318-02
2.01, 0.68, 0.39

C 20
Modern RC special

moment frame
2003 IBC, ASCE 7-02,

ACI 318-02
2.63, 0.85, 0.46

5 EXAMPLES: MODELED STRUCTURES

As mentioned earlier, the selected three reinforced concrete special-moment frames used
are those previously used by Haselton and Deierlein [8]. The 4-story, 12-story, and 20-story
R/C structures used (see Table 1) have been previously designed according to modern build-
ing codes and checked by practicing engineers as part of the Applied Technology Council
Project [9]. Table 1 lists the three buildings (A, B, and C), number of stories, structural resist-
ing systems, code compliances, and the three successive natural periods of the structures. The
structures subjected to the selected suite of ground motions  are dynamically analyzed using
the proposed method. The resulting response histories are evaluated by comparing to those of
the POC [10]. The process implicitly compares and evaluates the results of MCSO algorithm
to those of the CMS and CS. The Open-SEES software [11] is used for modeling the struc-
tures and performing dynamic analysis procedure. The structural deterioration is taken into
account, and the structural collapse is assumed to occur once dynamic instability is reached
[12], i.e., a large increase in drift as the result of a small increase in the applied loading. Ta-
bles 2,3, and 4 compare the maximum inter-story drift ratios (MIDR) obtained from POC and
those of the MCSO, CMS, and CS methods in the form of mean values.  The number of the
selected ground motions, the MIDR ratios to POC, the dispersions, and lastly the collapse
probabilities corresponding to each method are also shown.

Table 2: The maximum inter-story drift ratio (MIDR) corresponding to the 4-story building

method POC
No. Of
Rec.

Median
MIDR

Ratio
to

POC

Dispertion
MIDR

Collapse
probabil-

ity

Conditional Mean Spec-
trum

0.027
28 0.0274 1.014 - -
40 0.0279 1.033 0.28 0.1

Conditional Spectrum 0.027 40 0.0237 0.87 0.46 0.2

Proposed
algorithm

0.027
28 0.0293 1.08 0.44 0.035

40 0.0287
1.0

6
0.43 0.025
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6 GROUND-MOTION SELECTION

For demonstrating the reliability of the proposed algorithm, the following circumstances
are made aimed at comparing the structural response histories as the result of implementing
the proposed algorithm with those of the POC [10] under the same conditions:

--A total of 7102 single components from the Next Generation Attenuation (NGA) [13]
were used as a database. Each horizontal component (recorded at the same station) in the
NGA database is treated as an individual ground motion.

--The Campbell and Bozorgnia ground-motion prediction model [14] was used to estimate
the target scenario using the disaggregation method, i.e., a mean with magnitude = 7; distance
to rupture of 10 km, assuming Vs30 = 400 m/s; and a strike-slip mechanism, which is the
same as those of Haselton et al. [10].

--Each ground-motion candidate is preliminarily scaled at the fundamental period of the
three selected structures in the probabilistic hazard curve [14] with ε(T*) =2 . This step is the
same as that of Haselton et al. [10]).

The proposed algorithm is used for selecting three sets of appropriate ground motions (e.g.,
28 and 40 in this study) for the purpose of dynamically analyzing the three structures. The sets
of ground motions in orderly descending SCFs are selected following the above-mentioned
steps. Lastly, the first three sets of 28 and two sets of 40 single strong motions were selected.

Table 3: The maximum inter-story drift ratio (MIDR) corresponding to the 12-story building

method POC
No.
Of

Rec.

Median
MIDR

Ratio
to POC

Dispertion
MIDR

Collapse
probability

Conditional Mean
Spectrum

0.022
28 0.0199 0.90 - -
40 - - - -

Conditional Spectrum 0.022 40 - - - -

Proposed algorithm 0.022
28 0.0227 1.03 0.41 0.10
40 0.0247 1.12 0.43 0.075

Table 4: The maximum interstory drift ratio (MIDR) corresponding to the 20-story building

method POC
No.
Of

Rec.

Median
MIDR

Ratio
to POC

Dispertion
MIDR

Collapse
probability

Conditional Mean
Spectrum

0.019
28 0.0186 0.98 - -
40 0.0186 0.98 0.25 0

Conditional Spectrum 0.019 40 0.0196 1.03 0.43 0.05

Proposed algorithm 0.019
28 0.0192 1.01 0.37 0.10
40 0.0192 1.01 0.40 0.125

7 DYNAMIC ANALYSIS PROCEDURE

In POC procedure, the accuracy of each GMSM method has been evaluated by comparing
the results of the nonlinear response histories of each structure with the true response, or, al-
ternatively, the high-end prediction [10]. The CMS approach [1] has been recognized as the
most appropriate approach among the 16 GMSMs [10]. The reader is referred to Haselton et
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al. [10] for more information. The proposed method is also evaluated by comparing the non-
linear responses of the same structures subjected to the same number of the selected ground
motions as those of POC [10]. To this end, the 2-dimensional forms of the selected frames
having 4, 12, and 20 stories are dynamically analyzed calculating the response histories. The
dynamic nonlinear analysis of the structures subjected to the following strong motions are per-
formed using CMS, CS, and MCSO methods.

(a) Sets of 28 and 40 selected earthquakes.
(b) sets of 7, 14, and 21 selected earthquakes
Furthermore, the median, the dispersion of response histories of each structure, and the

probability of collapses are calculated and explicitly compared with those of the POC [10],
while implicitly are compared to those of the CMS and the CS methods.

8 RESULTS AND COMPARISON

The Maximum Inter-story Drift Ratio (MIDR), defined as the relative displacement be-
tween two consecutive story levels normalized by the story height, is used as the primary
measurement of the structural response history. The mean MIDR of the three selected struc-
tures subjected to the set of 28 selected records, among 7102 single components, are calculat-
ed. The obtained seismic demands of the structures having 4, 12, and 20 stories are explicitly
compared with those of POC [10] and implicitly with those of  CMS and CS [3].

The statistical characteristics of the obtained MIDRs, in the median and dispersion forms
of the non-collapse response histories and the probability of collapse (i.e., counted as the frac-
tion of response histories indicating collapse), are also calculated and compared. Similar com-
parisons are performed between the selected 28 strong motions and those of the Haselton's are
made [10]. The selected ground motions, as listed in Table A-1, are in the form of four sets of
seven ground motions obtained from the CMS method and this study along with PEER-NGA
Filenames and PEER-NGA Numbers for the structures B and C. The scaling factors associat-
ed with the individual ground motions as well as the mean value of sets of the seven earth-
quakes are also shown.

The agreement of the target scenario (M-R) with those of the average magnitude M and
distance R, the positive epsilons, and the scaling factors, having values close to one as the ob-
jectives of the article, confirm the reliability of the proposed technique in selecting the appro-
priate suite of ground motions. Notably, the resulted scaling factors, as our objective, imply
that the method does not suffer from scaling-factor problems. The comparison of the selected
suite of strong motions obtained from this study along with those of the CMS (left-hand side
plots), and CS (right-hand side plots) are shown in Fig. 3. The response spectra (from 0.2T*-
2T*), corresponding to the selected sets of 28 and 40 ground motions which are scaled at the
fundamental periods of the three structures (T*) in the hazard curve using the proposed meth-
od, along with those of the CMS, and CS methods are also shown.

Moreover, median plus two standard deviations (from Campbell and Bozorgnia GMPE
2008), at: (a) 4 stories; (b) 12 stories; and (c) 20 stories are displayed in the Figure 2. The
right panel three figures, b, d, and f show the comparison of the standard deviation variations
versus the period obtained from this study and the CS as the results of applying the sets of 28
and 40 selected strong motions upon the three structures. The differences of standard devia-
tion variations at periods in the two methods are quite visible. As seen, the mean nonlinear
responses have slight differences with those of the CMS, especially CS, whereas the disper-
sions are closer to those of the CS than to the CMS. The latter result implies that the inherent
variances existing in the spectral ordinates of the selected ground motions selectd by the pro-
posed MSCO are sufficiently accounted for.
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Furthermore, a series of dynamic analyses on the structural types B and C subjected to the
sets of 7, 14, and 21 numbers of the selected strong motions are performed to better under-
stand the effects of increasing the strong motion numbers on the mean MIDRs (see Table 5).

Table 5: Comparison of the MIDR's median results for 2 structural types, B and C, obtained from the CMS and
this study.

No. Of
records

Structure B (8 story) Structure C (20 story)

CMS
This study
(MSCO)

MSCO/CMS
ratio

CMS
This study
(MSCO)

MSCO/CMS
ratio

7 0.0224 0.0159 0.7 0.0173 0.0207 1.19
14 0.0199 0.022 1.1 0.0178 0.0197 1.1
21 0.0185 0.182 0.98 0.0182 0.0192 1.05
28 0.0199 0.0227 1.14 0.0185 0.0192 1.03

9 DISCUSSION

As mentioned earlier, the two CMS and CS methods are developed to select those candi-
dates whose spectral ordinates are restricted to the predefined mean spectrum ignoring their
intensity, frequency content, and duration [15].  Additionally, their restriction at periods
smaller than T* causes the selection of candidates associated with small spectral ordinates at
the periods smaller than T* where the demands of irregular structures are influenced by the
higher modes [16]. Figure 2 shows the selected sets of 28 earthquakes in the forms of epsilons
versus periods obtained from the CMS (right-hand side) and this study (left-hand side). The
trends of the mean responses because of the above-mentioned restriction are quite visible. The
problem is also confirmed by showing the mean responses of the structures A, B, and C sub-
jected to the sets of 28 and 40 earthquakes obtained from CMS, CS, and this study (see Fig.3).
The three dashed lines in the left-hand side figures at periods larger than T* (this study) are
associated with spectral ordinates equal to or smaller than those of the CMS’s, whereas those
at smaller periods are larger. On the other hand, the spectral ordinates associated with smaller
periods are closer to those in the hazard curve, compared to those of the CMS, meaning that
use of the MCSO method, to some extent, provides earthquakes more sensitive to the structur-
al higher mode. Because regular structures are used in this study (i.e., the responses are less
influenced by the higher-mode effects). This problem notably has no significant impact on the
response histories.
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Figure 2: Comparison illustration of the selected suit of earthquakes (in logarithmic form) obtained from this
study as compared with those of CMS (left-hand side plots) and CS (right-hand side plots). The left three figures,

a, c, and e, display the comparison of the median response spectra (from 0.2T* -2T*) corresponding to the se-
lected 28 and 40 ground motions scaled at the fundamental periods of the three structures (T*) using the pro-

posed method, CMS, and CS methods. The median plus two standard deviations (from Campbell and Bozorgnia
GMPE, 2008) are also shown in the three left-hand sides. The examined structures are (a) 4 stories, (b) 12 stories,

and (c) 20 stories. The right-hand side three figures, b, d, and f, show a comparison of the standard deviation
variations versus the periods obtained from this study and those of CS as the results of applying 28 and 40 se-
lected ground motions to the three structures. The standard deviation variations at different periods in the two

methods are quite visible.

The right-hand side plots in Fig. 3 show the comparison of the response history standard
deviations obtained from this study and those of the CS. As seen, the standard deviation ob-
tained from this study, which reflects the dispersions of the three structures’ response histories,
poses similar and, to some extent, more standard deviation than those of the CS reflecting
more-realistic data.

the proposed method, in addition to its simplicity, is free from the above mentioned short-
comings, The reasons are: its very small scaling factors (close to one), selecting more real
earthquakes, achieving the target magnitude, distance, and positive epsilon (M-R-ε) consider-
ably higher than those of the CMS and CS (see Table 6), and finally accounting for the ground
motion variability.

3711



A. Nicknam, E. Y. Dadras, M. J. Asgari

Figure 3: Illustration of the epsilon's trends associated with the selected set of 28 earthquakes for the 20-story
frame: (a) MCSO method, and (b) CMS method. The downward trends of CMS (right-hand side) earthquakes are

quite visible.

Tables 2, 3, and 4 compare the median MIDRs and their ratios to POC obtained from the
dynamic analysis of the three selected structures  subjected to the selected sets of 28 and 40
ground motions as the result of using the proposed algorithm, CMS, and CS. The average
magnitudes M, distances R, and epsilon of the sets of seven ground motions and their total
averages are listed in Table 6 demonstrating the M-R-ε (Richter-Km-dimensionless)  values of
6.85-94.25-0.13, 6.75-71-0.43 (by CMS) against 7.1-8.8-1.46, 7-5.75-1.25 (by this study), re-
spectively. As seen, this study has produced results more consistent with those of the target
moment, distance, and epsilon with no suffering from scaling problems.

Table 6: Comparison illustration of the mean magnitude M, distance R, and epsilon ε corresponding to the
ground motions selected by the  MSCO and CMS methods.

Mean M-R-ε
(Richter-Km)

Method Structural Type B C

CMS 6.85-94.25-0.13 6.75-71-0.43
This Study 7.1-8.8-1.46 7-5.75-1.25

10 CONCLUSION

A computationally GMSM, termed MCSO, is proposed to select suites of appropriate
ground motions that, in addition of its simplicity, emerges with earthquakes associated with
positive epsilons, have scaling factors close to one, consistent with the target magnitude-

3712



A. Nicknam, E. Y. Dadras, M. J. Asgari

distance M-R, and provide real ground-motion variability. The selected ground motions are
matched in a predefined Uniform Hazard Spectra, (UHS) (e.g., 10% or 2% in 50 years) at a
specified period (T*) (fundamental period of the structure under study). The basic concept of
the method and its mathematic formulations are comprehensively declared, tested, and evalu-
ated. The effectiveness of the Selection Criteria Function "SCF," whose value reflects the ap-
propriateness of the ground-motion candidate, is evaluated through a selection of four couples
of the candidate ground motions provided by MCSO and CMS and their influences in the se-
lection procedure are compared. The MCSO performance is evaluated through a comparison
process by intentionally selecting the same assumptions made by Haselton and his co-workers.
These assumptions are: the three special reinforced concrete structures having 4, 12, and 20
stories; the 7102 single ground motions obtained from the Next Generation Attenuation (NGA)
database; the Campbell and Bozorgnia ground-motion prediction equation [14]; a mean target
scenario with magnitude = 7; distance of 10 km to rupture (as the result of using the disaggre-
gation method; the Vs30 = 400 m/s, and the strike-slip mechanism. The traditional CMS and
the CS methods and their deficiencies are briefly explained, aimed at posing the simplicity
and merits of the proposed method. The 2-dimensional form of the selected three reinforced
concrete structures are dynamically analyzed, and the MIDR response histories are calculated
taking into account the structural deterioration. Two series of dynamic analyses of the three
structures having 4, 12, and 20 stories subjected to 28 and 40 sets of the selected ground mo-
tions are performed using the successive steps of the proposed algorithm (see Fig 2). The
Point Of Comparison (POC) procedure, by which the accuracies of the 16 GMSMs have been
evaluated, as the high-end prediction [16], are followed as the comparison purpose for evalu-
ating the results of the proposed method. Comparison of the results are explicitly made be-
tween those of the MCSO and the POC methods and implicitly with those of the CMS and CS.
These are as follows:

-The median of Maximum Inter-story Drift Ratios (MIDRs) and their ratios to those of the
POCs.

-The corresponding dispersions and the scaling factors associated with each selected set of
ground motions.

-The magnitudes and distances (M-R), the epsilons, the dispersions, and the probability of
collapse.

Stricktly speaking, the suite of ground motions selected by the proposed approach and its
simplicity (i.e., free from calculating the correlation at multiple vibration periods as a neces-
sary step in CMS and CS), benefits from the following major advantage:

(a) Coming up with a very small scaling factor, thus keeping up the natural links between
the signal amplitudes and associated frequencies; (b) good consistency with the target earth-
quake scenario (M-R of 6.85-94.25 and 6.75-71 from the CMS against 7.1-8.8 and 7.5-5.75
from this study); (c) ending up with higher positive epsilons (see Table 6); (d) and lastly,
providing the natural variability of the suites of earthquake.

The aforementioned points are quantitatively demonstrated through calculating and com-
paring the response histories (MIDR) of the three R/C frames subjected to 28 and 40 sets of
the selected ground motions as the result of implementing the CMS, CS, and MCSO methods.

The material in this article is meant to be neither comprehensive nor complete, and more
structures including different types of irregularities are necessary for analysis to more-
convincing results.
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Abstract. We formulate a novel procedure for the limit analysis of masonry structures sub-
ject to horizontal loads. The proposed approach works in the framework of free discontinuity
methods, on examining collapse mechanisms that exhibit free crack opening discontinuities.
Numerical examples illustrate the practical application of the proposed procedure to the limit
analysis of masonry structures subject to seismic actions, within a conventional static approach.
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1 INTRODUCTION

In the present work we describe a procedure for determining the ground acceleration that
activates the in-plane mechanism of a wall panel with openings. The method generalizes and
extends a numerical model proposed in [1], based on the (crude) assumption that the material is
unilateral (namely a No-Tension material in the sense of Heyman [2]), leans on the kinematic
theorem of limit analysis.

The unilateral model for masonry was first rationally introduced by Heyman in [2]. Sev-
eral authors of the Italian school of Structural Mechanics has divulgated and extended such
model [3–17]. The analysis of masonry-like materials can be conducted within the frame of
limit analysis, specifically by applying the static and kinematic theorems on the basis of ad-
missible stress and strain fields (see [18]). The first tool that can be introduced for applying
the unilateral No-Tension model to masonry structures is the systematic use of singular stress
and strain fields, within the framework defined by the two theorems of Limit Analysis [19, 20].
The use of singular equilibrated stresses for approximating plane equilibrium problems can be
traced in [17, 21–23]. In particular, in the application we present, we focus on the kinematic
approach. By working with the kinematic theorem, we admit singular strains representing con-
centrated fractures; in other words we allow for strong discontinuities in the displacements. A
recent computational model for fracture nucleation and propagation in 2d brittle solids, based
on variational fracture is proposed in [24–26]. Essentially the analysis is based on the vari-
ational formulation of Griffith–type fracture [27], the main difference being the fact that we
rely on local rather than on global minimization. Nucleation and propagation of fracture is ob-
tained by minimizing in a step by step process a form of energy that is the sum of bulk and
interface terms. In the present paper we adopt a similar, though simplified, strategy to explore
compatible mechanisms having free discontinuities. The practical implementation of the pro-
posed approach is illustrated through a collection of numerical examples dealing with masonry
structures subject to vertical and horizontal loads.

2 THE BOUNDARY VALUE PROBLEM FOR RIGID NO-TENSION MATERIALS

2.1 Constitutive restrictions and equilibrium problem

We consider a body Ω ∈ Rn (here n = 2), loaded by the given tractions s on the part ∂ΩN of
the boundary, and subject to given displacements u on the complementary, constrained part of
the boundary ∂ΩD, is in equilibrium under the action of such given surface displacements and
tractions, besides body loads b and distortions E (the set of data being denoted: (u,E; s,b)),
and undergoes small displacements u and strains E(u)1.

The body Ω is composed of Rigid No-Tension material, that is the stress T is negative
semidefinite

T ∈ Sym− , (1)

the effective strain E∗ = E(u)− E is positive semidefinite

E∗ ∈ Sym+ , (2)

and the stress T does no work for the corresponding effective strain E∗

T · E∗ = 0 . (3)

1When eigenstrains are considered, under the small strain assumption, the total strain E(u) is decomposed
additively as follows: E(u) = E∗ +E, E∗ being the effective strain of the material.
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In order to avoid trivial incompatible loads (s,b), it is assumed that the tractions s satisfy the
condition

s · n < 0 , or s = 0, ∀x ∈ ∂ΩN . (4)

2.2 Admissible fields

For RNT materials is natural to define the sets of statically admissible stress fields H and
kinematically admissible displacement fields K, as follows

H =
{
T ∈ S(Ω) s.t. divT + b = 0 , Tn = s on ∂ΩN , T ∈ Sym−

}
, (5)

K =
{
u ∈ T (Ω) s.t. u = u on ∂ΩD , (E(u)− E) ∈ Sym+

}
, (6)

where a convenient choice for the function spaces S(Ω) and T (Ω) is

S(Ω) = SMF (Ω) , T (Ω) = {u , s.t. gradu ∈ SMF ∗(Ω)} , (7)

SMF (Ω) being the set of Special Measures (that is measures with null Cantor part) whose
jump set is finite, in the sense that the support of their singular part consists of a finite number
of regular (n − 1)d arcs. With SMF ∗(Ω) we denote the subset of SMF (Ω) for which the
support of the singular part is restricted to a finite number of (n− 1)d segments.

3 COMPATIBILITY CONDITIONS

3.1 Compatibility and incompatibility of loads and distortions

The data of a general BVP for a RNT body can be split into two parts

` ↔ (s,b) ≈ loads , `∗ ↔ (u,E) ≈ distortions . (8)

The equilibrium problem and the kinematical problem for RNT materials, namely the search
of admissible stress or displacement fields for given data, are essentially independent, in the
sense that they are uncoupled but for condition (3).

It has to be pointed out that, for RNT bodies, there are non-trivial compatibility conditions,
both on the loads and on the distortions; that is the existence of statically admissible stress fields
for given loads, and the existence of kinematically admissible displacement fields for given
distortions, is submitted to special conditions on the data (for a thorough study of compatibility
conditions on the loads see [7, 28]).

The definition of compatible loads and distortions is rather straightforward:

{` is compatible} ⇔ {H 6= ∅} , {`∗ is compatible} ⇔ {K 6= ∅} . (9)

Therefore the more direct way to prove compatibility, both for loads and distortions, is to
construct a s.a. stress field or a k.a. displacement field, as done in the previous examples.

To prove the existence of a solution to the BVP for a No-Tension body, the compatibility of
` and `∗ is necessary but not sufficient, since the further condition

T · E∗(u) = 0 , (10)

must be satisfied (this is the material restriction (3)). Then one can say that a possible solution
to the BVP is given, if there exist a s.a. stress field and and a k.a. displacement field, which are
reconcilable in the sense of condition (3).
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The way to verify the incompatibility of the data is less straightforward [20].

{` incompatible} ⇐
{
∃u0 ∈ K0 s.t.

〈
`,u0

〉
> 0
}
, (11)

{`∗ incompatible} ⇐
{
∃T0 ∈ H0 s.t.

〈
`∗,T0

〉
> 0
}
, (12)

where H0 and K0 are the same as defined in (5) and(6) but with set of data (u,E; s,b) =
(0,0;0,0), and 〈`,u0〉, 〈`∗,T0〉 represent the work of the loads and distortions for u0, T0,
respectively.

4 LIMIT ANALYSIS

We concentrate on necessary or sufficient conditions for the compatibility of a given set of
loads (s,b), restricting to the case of zero kinematical data (u,E).

4.1 Theorems of Limit Analysis.

Strictly admissible stress fields and load classification. On denoting 〈`,u〉 the work of the
load ` = (s,b) for the displacement u, the load can be classified as follows:

(` is a collapse load)⇔ (∃u∗ ∈ K s.t. 〈`,u∗〉 > 0) (13)
(` is a limit load)⇔ (〈`,u〉 ≤ 0, ∀u ∈ K and ∃u∗ ∈ K −K00 s.t. 〈`,u∗〉 = 0) (14)
(` is a safe load)⇔ (〈`,u〉 < 0 , ∀u ∈ K) (15)

where H00 and K00 are the sets H0 and K0 corresponding to null stress and strain fields, de-
pending on the geometry of the boundary, of the loads and of the constraints. A stress field
T ∈ H such that trT < 0 and detT > 0 , ∀x ∈ Ω, is said to be strictly admissible.

Notice that, if T is strictly admissible, then at each point of Ω (that is the open set Ω̇ to
which the fixed part of the boundary ∂ΩD is added) it results: σ1 < 0 , σ2 < 0, σ1, σ2 being
the eigenvalues of T at the point x.

Kinematic Theorem. If ` is a collapse load (in the sense of item (1) above) thenH is void.
Static Theorem. If a strictly admissible stress field T exists, then the load ` is safe (in the

sense of item (3) above).
Limit Theorem. If H is not void and there exists u∗ ∈ K − K00 such that 〈`,u∗〉 = 0, then

the load ` is limit (in the sense of item (2) above).
For the proof of these theorems we refer to the paper [18]. The reader must be warned that

the proofs given by Del Piero refer to a similar function space for the displacement but to a
different functional setting for the stress (namely L2(Ω)). In the present paper we assume that
these theorem are still valid in the present larger setting for the stress [20].

4.2 Formalization of the kinematical problem

We focus on the formalization of the kinematical problem under the effect of kinematical
data (such as settlements and distortions). By restricting to displacement fields characterized
by strain fields that are, purely, line Dirac deltas with support on a finite number of segments,
the body Ω can be divided into a finite number, say n, of domains Ωi (forming a partition of Ω)
each exhibiting a rigid body motion. Under the assumption of small strains, for each element
Ωi, such rigid body motion, that is the displacement ui of any point of Ωi, can be described in
terms of three displacement parameters ui, vi, φi, as follows

ui1(x1, x2) = ui − φix2, ui2(x1, x2) = vi + φix1. (16)
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a) b)

Figure 1: The Rigid–Block Masonry Model with Fixed and Floating Interface

Under these restrictive assumptions the generalized displacement of the structure, denoted û
is a vector of 3n components, namely the three displacement parameters per each element Ωi:

û = {u1, v1, φ1, . . . , ui, vi, φi, . . . , un, vn, φn} . (17)

5 A METHOD FOR KINEMATIC COLLAPSE ANALYSIS

In our method, the three basic assumptions of Heymans model for masonry are adopted,
i.e. i) Tensile stresses (forces) are forbidden and, therefore, the material can separate freely
(with zero energy expended); ii) the material can withstand stresses of infinite intensity (infinite
strength to compression, i.e. no possibility of crushing); and iii) friction coefficient is infinite:
no sliding on separation lines. We, also, restrict to deformations represented by line Dirac
deltas on a finite number of segments. In Fig.1 the main idea is depicted for simple plane wall
with regular openings: thick solid lines represent the boundary; thin solid lines represent fixed
interfaces; grey lines represent moving interfaces.

The movement of the interfaces is controlled by the movement of their end nodes constrained
along fixed interfaces and boundary segments. In 1b the constraints that are assumed along the
interfaces are reported. The unilateral constraint considered along the interfaces, incorporates
the incompenetrability condition. The normality condition (2), (3) (that is the non-sliding as-
sumption along the interface) is enforced by the bilateral pendulum (see 1b). The kinematical
and statical problems for such a structure are coupled, in the sense that, given the assumption
of zero dissipation on any interface (Assumption i)), the work of the reactions for the displace-
ments both at the internal and at the boundary interfaces must be zero. In general there will be
infinite elements û ∈ K and infinite elements R̂ ∈ H, and the no–work assumption gives a cri-
terion to select (may be not uniquely), among them, a couple (û0, R̂0), that is called: solution of
the kinematical and statical problem. (Notice that, restricting to a finite number of rigid blocks,
having fixed or moving interfaces, the sets H and K become finite dimensional). There is a
way to select variationally such a couple. The idea is to introduce the potential energy of the
structure, that is minus the potential energy of the loads, i.e. the scalar product of the loads and
couples applied at the centroids of the pieces, collected in a generalized force vector f̂ , for the
generalized displacement û collecting the parameters of translation and rotation of each piece
of S). Call it E(û), and minimize E(û) over the set K. Can write

E(û) = −
〈
f̂ , û

〉
, (18)
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a linear function of the generalized displacement u of the structure, and

E(û0) == min
û∈K

E(û) . (19)

This is a linearly constrained minimization problem for a linear function if the interfaces
are not moving, that is the pieces are fixed. In such a simplified case the problem can be
solved by using the Simplex Method. If both the load data and the distorsion data are fixed,
the minimum criterion selects, among all the kinematically admissible displacements û the
displacement û0 that is more convenient on an energetical ground. If the load is assigned with a
load parameter λ (say: the vertical component of the load is fixed and the horizontal component
is gradually increased with λ), at each stage of the loading program (that is at any given value
of λ) the minimal displacement can be calculated through the minimum condition. The limit
value λ0 of the load parameter is obtained when a mechanism (that is an indefinite increase of
the displacement) for which the loads perform zero work is detected.

6 NUMERICAL RESULTS

6.1 A simple case study

As a first case study, we analyze the masonry wall in Fig. 2 under the action of the self-
weight and a settlement of the central base panel. On assuming that the adopted mesh is fixed,
we regard the analyzed structure a set S of n = 8 rigid bodies connected by unilateral and
bilateral constraints (Fig. 2a). An arbitrary generalized displacement of the wall is given by

û = {u(1), v(1), φ(1), , u(n), v(n), φ(n)}. (20)

with the displacement parameters being referred to the centroid of mesh elements. The corre-
sponding generalized dual force is as follows

F̂ = {H(1), V (1),M(1), , H(n), V (n),M(n)}. (21)

Assuming pure dead loads due to the self-weight of the wall, we have: H(i) = 0, V (i) =
P (i), M(i) = 0, for any i = 1, 2, ..., n, where P (i) is the self–weight of the panel i. The
bilateral and unilateral constraints depicted in Fig.1b are considered to be active on all the mesh
interfaces, which leads us to the following system of equality and inequality constraints:

Γ′û = 0 , Γ′′û ≤ δ , (22)

δ being the vector of the applied settlements. In the present case, the latter accounts for a
translational vertical settlement the center base panel, which we assume equal to −0.06L. The
set of kinematically admissible generalized displacement is given by

K = {û : Γ′û = 0 ,Γ′′û ≤ δ}, (23)

and the collapse mechanism û0 is found via a simplex algorithm, by minimizing the following
objective function

E(û) = −F̂ · û , (24)

over K (Fig.2b).
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a) b)

Figure 2: A simple case study: a) Geometry and notation, b) collapse mechanism

6.2 Collapse mechanism of a barrel vault subject to seismic loading

A second example deals with the collapse analysis of the monumental masonry structure
shown in Fig.4-left, consisting of a barrel vault resting on thick buttresses [34]. The load-
ing condition is represented by the self–weight p of the structure (masonry unit weight equal
to 17KN/m3), and horizontal forcesλp (static seismic loading, cf. Fig.3a). We estimate the
collapse multiplier λ0 of the horizontal forces by analyzing a 1.0m long slice of the struc-
ture. Fig.3b shows the collapse mechanism obtained for the present example through the self-
adaptive mesh depicted in the same figure (λ0 = λc = 0.1053, cf. [34]). Such a mechanism
shows four opening hinges (cracks) in the masonry, one of which is located in a buttress and the
other three in the vault (semi-global mechanism).

a) b)

Figure 3: Masonry structure covered with a barrel vault a) and corresponding collapse mechanism b)

6.3 Collapse mechanism of a multi storey masonry wall subject to seismic loading

Our final example is concerned with a three storey masonry wall subjected to fixed vertical
loads and variable horizontal forces (Fig.4a). The wall is made up of tufe stones with 1.0
m thickness (constant over the height) and 18kN/m3 unit weight. A permanent loading of
7.5kN/m is acting in correspondence with each storey level. The base values of horizontal
forces are: F1 = 33.82kN ; F2 = 45.58kN ; F3 = 70.31kN [34]. Fig.4b shows the employed
mesh and the corresponding collapse mechanism (λ0 = 3.9827).
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a) b)

Figure 4: Masonry wall with openings subjected to fixed vertical loads and variable horizontal forces a) and
corresponding collapse mechanism b).

7 CONCLUDING REMARKS

The free-discontinuity model presented in this work can be used to predict the ultimate load
carrying capacity of masonry structures under vertical and horizontal loads, with the latter de-
scribing seismic excitations within a simplified static approach. We address a generalization
of the present theory dealing with the limit behavior of vaults, membranes, and structural net-
works; and the inclusion of different free-discontinuity approaches to the variational theory of
fracture, crushing and fracturing of masonry, as well as interface debonding and ripping (FRP-
reinforced structures) to future work [22, 25, 29–34].
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Abstract. Within the scope of this study, dynamic response of the St. Nicholas Cathedral in 

Cyprus that dates back to the 13th century was assessed based on obtained earthquake rec-

ords. This structure resembles to the Rheims Cathedral of France with a nave of seven bays 

ending in a polygonal apse, together with flanking aisles ending in apsidal chapels of similar 

shape. According to historical records, it sustained heavy earthquake damage twice to its roof 

structure and flying buttresses. The main construction material used at this structure is cal-

carenite. Back in 2011, a strong-motion network was installed at the cathedral, which record-

ed a series of small to moderate magnitude events since then. This strong motion network 

consisting of 10 tri-axial accelerometers is the only active structural health monitoring system 

in Cyprus. In this article, the time-domain and frequency-domain analysis of this data is pre-

sented.
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1 INTRODUCTION 

St. Nicholas Cathedral, one of the architectural landmarks of Cyprus, is located at the 
Gothic city center of Famagusta on the Eastern coast line of the island. The earliest docu-
ments that mention this structure go back to 1300 [1]. The era during which the cathedral was 
under construction corresponds to the first period of Lusignan rule on the island that is charac-
terized by differentiable economic prosperity [2] which  was reflected to the quality of mon-
uments produced in that period. The architectural style of the cathedral heavily corresponds to 
the Rayonnant style in Gothic architecture that was developing in Europe during that very 
same period; an indication that developments in Europe were closely followed on the island 
during this period. St. Nicholas Cathedral was the appointed location for the coronation of the 
Lusignan kings as Kings of Jerusalem after they had been crowned in Nicosia (Capital of Cy-
prus) as Kings of Cyprus. According to [1], it is because of this functionality that St. Nicholas 
Cathedral imitates architecturally Rheims Cathedral of France.  

St. Nicholas Cathedral has a plan area of 24mx50m, and a height of 29m (Figure 1a). It 
consists of a nave of seven bays ending in a polygonal apse flanked by aisles ending in apsi-
dal chapels of similar shape. The last bay of the north aisle communicates with a sacristy 
composed of two roughly rectangular rib vaulted bays (Figure 1a). Enlart [1] indicates that 
from this sacristy, one could go down into a cistern however the passage way to the cistern is 
not open today. Also being mentioned in [1] is the fact that when the author visited Cyprus in 
late 1890s, the northern chapel of St. Nicholas Cathedral, which was added to the building 
after the initial construction of the main structure, was not in place (Figure 1a). In 1571, with 
Cyprus entering the Ottoman rule, a minaret was added to the cathedral, interior walls were 
white washed with gypsum and it has been in service as a mosque since then (Figure 2a).  

Today the monuments of the Gothic city center of Famagusta are in a very deprived state 
due to decades long lack of maintenance. The deterioration of the masonry of these monu-
ments is due to wind carrying sea salts, considerable temperature cycles between day and 
night, plant and animal ingress and drainage problems. St. Nicholas Cathedral is unfortunately 
one of the structures at which severe effects of this decay are visible (Figure 2b and 2c). In 
addition to this rather poor state of the structure, it is under the risk of earthquakes. The Ca-
thedral being located close to the eastern arm of the Cyprus Arc (main seismic source for the 
island), it sustained severe structural damage caused by earthquakes a number of times 
throughout its history: 1546 [1, 3], 1568 [1, 3], 1735 [4], and 1941 [5]. It should be underlined 
that there are varying accounts in the literature regarding which structural elements of St. 
Nicholas Cathedral sustained damage throughout its history and what caused this damage; the 
flying buttresses and roof structure of St. Nicholas suffered severely due to 1546 and 1568 
earthquakes according to [1, 3] and were tastelessly repaired. According to the British consul 
Alexander Drummond [4] the 1735 earthquake damaged 2/3 of the cathedral and over 200 
people were buried under its ruins as a result. By [5] it was documented that the tremor of 
1941 opened up cracks between the vaulting of the nave and the main walls at the St. Nicho-
las Cathedral. In 1951 and 1963, the cathedral was repaired and strengthened by constructing 
a concrete collar and a cross tie at the roof level [6]. 

Within the scope of European Union funded ‘Earthquake Vulnerability Assessment of His-
torical Monuments in Cyprus’ project that was active between 2009-2011, a strong motion 
network was developed at the St. Nicholas Cathedral with the aim of recording this structure’s 
behavior under future earthquakes. This network is composed of 10 Guralp CMG-5TDE tri-
axial accelerometers (with sampling rate 100 sps, frequency band dc to 100Hz, full scale low 
gain sensitivity 4g to 0.1g) that are simultaneously triggered to provide a continuous record 
with a common time basis. Locations of these instruments are indicated in Figure 1b and 1c. 
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In this article, the time-domain and frequency-domain analysis of data recorded at the St. 
Nicholas Cathedral between 2011-2014 is presented. 

 

 

Figure 1: (a) Plan view of St. Nicholas Cathedral. (b) Transverse Section along Axis E and (c) Longitudinal Sec-
tion along Axis 2 of the structure. Blue boxes indicate locations of 10 strong motion instruments installed to the 

St. Nicholas Cathedral for monitoring. 
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Figure 2: (a) Front (Western) façade of St. Nicholas Cathedral, (b) a close up on one of the flying buttresses of 
Southern façade, (c) a close up on the peripheral walls of the Northern façade. In both cases severe decay of ma-

sonry, gave the material a ‘sponge like’ appearance. 

2 STRONG MOTION DATA 

Between 2011-2014, the response of the St. Nicholas Cathedral was captured under 22 
small to moderate regional events with magnitudes changing between Md 3.1-6.0 and epicen-
tral distances varying between 6-669 km (Table 1). Within the scope of this study all the ac-
celeration records obtained were processed by using the USDP software [7] and following the 
filtering procedure suggested by [8] (a bi-directional 4 pole-4 pole Butterworth filter was used 
in this study; low pass and high pass cut-off frequencies were determined by observing re-
gions of deviation of FAS computed for the accelerograms under consideration from the theo-
retical source spectra). The two highest acceleration values measured on the structure are 3.20 
cm/s2 and 2.28 cm/s2 as a result of the 18 October 2012 (event 7) and 01 April 2011 (event 2) 
earthquakes respectively (Table 2). Based on these earthquake-recordings made at the St. 
Nicholas Cathedral, behavior at the locations of stations 5 and 8 were observed to be unex-
pected. These stations that are sitting on top of columns E3 (and southern façade axis E flying 
buttress), F2 (and northern façade axis F flying buttress) respectively, were observed to be 
associated with higher levels of acceleration when compared with data from stations at the 
same level such as 3, 9 and 10 (Figure 3). Different frequency characteristics were also ob-
served in the case of recordings of these stations (Figure 4). Mainly these differences were 
observed for the N-S components of records that are aligned with the transverse direction of 
the structure.  

Event 
No. 

Date Time Lat Long Depth (km) Magnitude 
(Md) 

Epicentral 
Distance (km) 

1 26.03.2011 16:25:13 34.373 32.111 12.0 4.2 187 
2 01.04.2011 13:29:07 35.514  26.580 57.1 6.0ǂ 669 
3 18.04.2011 12:50:42 35.048 34.444 36.7 3.7 47 
4 19.09.2012 09:17:46 37.320 37.116 8.1 4.7ǂ 376 
5 26.09.2012 01:28:28 34.719 29.973 12.3 4.7 364 
6 30.09.2012 15:52:34 34.988 33.639 54.0 3.4 31 
7 18.10.2012 06:46:38 34.852 34.003 31.6 3.7 6 
8 14.11.2012 23:55:48 37.266 37.100 14.8 4.9 371 
9 30.11.2012 19:27:25 34.844 34.038 22.9 3.1 32 

10 02.12.2012 00:21:55 34.393 32.933 5.0 3.5 123 
11 12.12.2012 01:18:13 37.300 36.271 10.7 4.1 320 
12 14.12.2012 00:31:19 35.409 33.336 12.0 3.3 64 
13 03.03.2013 11:22:24 35.962 34.635 8.0 4.1 113 
14 25.04.2013 22:54:15 37.315 37.137 6.0 4.3 377 
15 10.07.2013 21:22:44 35.021 34.184 7.6 3.1 25 
16 12.07.2013 08:57:38 35.179 33.897 11.2 3.2 8 
17 12.07.2013 08:57:36 35.094 34.038 8.8 3.2 9 
18 12.07.2013 08:58:42 34.719 34.240 25.2 3.5 52 
19 08.08.2013 08:25:39 34.438 34.421 13.2 3.3 88 
20 03.02.2014 18:29:44 34.833 32.560 24.8 4.1 130 
21 14.02.2014 00:33:38 36.722 36.027 17.5 4.5 259 
22 02.03.2014 04:25:57 36.776 35.159 7.5 4.1 214 
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Table 1: Recorded earthquakes at St. Nicholas Cathedral. Seismological data corresponding to recorded earth-
quakes was taken from Kandilli Observatory and Earthquake Research Institute’s recent earthquakes database. 
Md is duration magnitude. ǂMagnitude values given represent moment magnitude values taken from the Europe-
an-Mediterranean Seismological Center database. 

Event 
No. 

PGAground 
(gal)obs 

Directionground PAstructure 
(gal)obs 

Location Directionstructure 

1 0.10 N-S 0.52 H2 N-S 
2 0.36 N-S 2.28 H2 N-S 
3 0.20 N-S 1.34 H2 N-S 
4 NA NA 0.22 G2 N-S 
5 NA NA 0.12 G2 N-S 
6 NA NA 0.17 G2 N-S 
7 0.50 N-S 3.20 G2 N-S 
8 NA NA 0.08 G2 N-S 
9 NA NA 1.29 F2 N-S 

10 0.02 N-S 0.12 F2 N-S 
11 0.03* N-S 0.04 H2 N-S 
12 0.03* N-S 0.09 G2 N-S 
13 0.11* N-S 0.69 F2 N-S 
14 0.01* N-S 0.17 E3 N-S 
15 NA NA 0.23 E3 N-S 
16 0.02* N-S 0.08 G2 N-S 
17 NA NA 0.35 G2 N-S 
18 NA NA 0.35 H2 N-S 
19 0.07* N-S 0.18 H2 N-S 
20 NA NA 0.53 G2 N-S 
21 0.04 N-S 0.28 E3 N-S 
22 0.1 N-S 0.32 G2 N-S 

Table 2: Main peak acceleration characteristics of records obtained at St. Nicholas Cathedral: PGAground(gal)obs – 
Geometric mean of horizontal peak ground acceleration values recorded outside St. Nicholas Cathedral, NA – 
No ground level records are available, * – No ground level records are available from St. Nicholas Cathedral site 
however ground level accelerations measured by a nearby station (1.4km away with similar soil conditions) at 
Famagusta are given for comparison, Directionground – direction in which maximum peak ground acceleration 
value was observed at St. Nicholas Cathedral site ((N-S, north-south direction which also corresponds to the 
transverse direction of the structure; E-W, east-west direction which also corresponds to the longitudinal direc-
tion of the structure), PAstructure(gal)obs – Geometric mean of horizontal peak acceleration values recorded on the 
St. Nicholas Cathedral, Location – location at which these horizontal peak ground acceleration values were rec-
orded on St. Nicholas Cathedral (Please refer back to Figure 1 for these exact locations), Directionstructure – direc-
tion in which maximum peak acceleration value was observed on St. Nicholas Cathedral (N-S, north-south 
direction which also corresponds to the transverse direction of the structure; E-W, east-west direction which also 
corresponds to the longitudinal direction of the structure). 

The unexpected behavior above columns E3 and F2 (as detected by stations 5 and 8) are like-
ly to be caused by deteriorated flying buttresses of Northern and Southern facades along axes 
E and F  and to a lesser extent by poor material properties at these columns as was document-
ed by [9] during past studies on St. Nicholas Cathedral. 
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Figure 3: Acceleration records obtained at St. Nicholas Cathedral stations 3 and 5 during the 25 April 2013 
Earthquake (N-S direction corresponds to the transverse direction of the structure; E-W direction corresponds to 

the longitudinal direction of the structure). 

Figure 4: Comparison of Fourier Amplitude Spectra for stations 3 and 5 obtained from 25 April 2013 Earthquake 
acceleration records (N-S direction corresponds to the transverse direction of the structure; E-W direction corre-

sponds to the longitudinal direction of the structure). 
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3 SPECTRAL ESTIMATIONS 

Within the scope of this study, spectral techniques were applied to the records obtained from 
the 22 events given in Table 1 to identify dynamic system properties of the St. Nicholas Ca-
thedral. Transfer functions were utilized in case of the events for which ground station of the 
network (station 1) yielded acceptable records (adequate signal to noise ratio values). As can 
be seen from Table 2, such events are rather limited in number. For the rest of the events, the 
power spectral density approach was preferred and only upper level stations of St. Nicholas 
Cathedral were utilized in this part of the study. Power spectral densities (PSD) were estimat-
ed on the basis of averaging of 10 sec. long windows with 50% overlapping. In Figure 6, the 
determined transfer functions based on each record (in grey) together with the overall average 
transfer function for each event (in red) are given. These computations were repeated for E-W 
and N-S direction records separately. In Figure 7, average PSDs computed for each event in 
E-W and N-S directions are given separately. Both in the case of Figure 6 and 7, N-S direc-
tion records yielded first vibrational modal frequencies and E-W direction records yielded 
second vibrational modal frequencies. Identified modal frequencies within the scope of this 
study from the 22 events for the presumed first and second modes are summarized in Table 3 
below. 

Event 
No. 

1st Modal Fre-
quency (Hz) 

Direction N-S 

2nd Modal Frequency 
(Hz)  

Direction E-W 
1 2.63 2.90 
2 2.68 2.95 
3 2.75 2.98 
4 2.81 2.98 
5 2.78 2.93 
6 2.76 3.00 
7 2.64 2.86 
8 2.69 2.93 
9 2.73 2.95 

10 2.68 2.89 
11 2.81 2.93 
12 2.83 2.93 
13 2.69 2.83 
14 2.95 3.08 
15 2.78 3.00 
16 2.81 3.05 
17 2.81 3.05 
18 2.81 3.05 
19 2.83 3.05 
20 2.64 2.86 
21 2.78 2.93 
22 2.78 2.93 

Table 3: Modal frequencies associated with the 1st and 2nd dominant vibrational modes at St. Nicholas Cathedral . 

Based on the data given in Table 3, it can be stated that a correlation exists between 1st and 2nd 
modal frequencies determined and amplitude of recorded accelerations on the St. Nicholas 
Cathedral as well as between 1st and 2nd modal frequencies and event durations although the 
latter observed to be a weaker correlation (Figure 5). Also it should be noted that measured 
modal frequencies are under the effect of ambient temperature as well, as measurements were 
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taken in different seasons and times. As temperature at the St. Nicholas Cathedral site was not 
recorded at the time of events, the relationship between the measured modal frequencies and 
temperature could not be studied in detail within the scope of this study. 

Figure 5: Relationship between measured 1st and 2nd modal frequencies and (a) observed peak acceleration val-
ues on the St. Nicholas Cathedral and (b) event durations. 
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Figure 7: (a) Average power spectral densities computed for 19.09.2012, 26.09.2012, 14.11.2012, 30.11.2012, 
12.12.2012, 14.12.2012, 03.03.2013, 10.07.2013, 12.07.2013, 08.08.2013, 03.02.2014, 25.04.2013, 30.09.2012 
events for the E-W direction of St. Nicholas Cathedral, (b) average power spectral densities computed for 
19.09.2012, 26.09.2012, 14.11.2012, 30.11.2012, 12.12.2012, 14.12.2012, 03.03.2013, 10.07.2013, 12.07.2013, 
08.08.2013, 03.02.2014, 25.04.2013, 30.09.2012 events for the N-S direction of St. Nicholas Cathedral. 

(a) 

(b) 
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4 CONCLUSIONS 

Within the scope of this study, the time domain and frequency domain characteristics of 22 
earthquake records detected by the strong motion network at St. Nicholas Cathedral were as-
sessed. These events that were recorded between 2011 and 2014 are rather small local and 
moderate distant events hence observed peak acceleration values on the St. Nicholas Cathe-
dral remained below the 3.5 gal level. As a result processing of the obtained records proved to 
be rather challenging.  

Based on the records obtained, it was detected that above columns E3 and F2 (at locations 
of station 5 and 8) the structure underwent unexpectedly high accelerations. As the N-S com-
ponents of the obtained records especially observed to be unexpectedly high, it is believed 
that this behavior is associated with deteriorated Northern and Southern façade flying but-
tresses of St. Nicholas Cathedral around axes E and F of the structure (Figure 1). 

Based on frequency domain analyses of obtained records, 1st and 2nd vibrational modal fre-
quencies were detected for the St. Nicholas Cathedral. Previously, a finite element model of 
the structure was developed and calibrated based on ambient vibration tests conducted on the 
structure [10] and [11]. Findings of these previous studies do not fully agree with the results 
reached within the scope of this study based on small to moderate magnitude events recorded. 
In [11], the first four vibrational frequencies and their associated mode shapes were identified 
at 0.98 Hz, 1.04 Hz, 1.28 Hz and 1.40 Hz. Both [11] and analytical model of [10] yielded 
translation along the longitudinal axis of the St. Nicholas Cathedral as the 1st dominant mode 
for the structure and translation along the transverse axis of the structure as the 2nd dominant 
mode. Based on frequency domain analyses of this study, we did not observe peaks around 1 
Hz but rather later between 2.63 Hz-2.83 Hz for the 1st vibrational mode and between 2.83 
Hz-3.08 Hz for the 2nd vibrational mode. This study also implies that the 1st vibrational mode 
is dominated by translation along the transverse direction of the structure and it is the 2nd vi-
brational mode being dominantly translation along the longitudinal axis of the structure. 
These differences can be due to record high temperatures experienced and documented in [11] 
during ambient vibration tests. Also the lateral stiffness provided by the flying buttresses of 
the structure is probably not correctly reflected to the FEM model in [10] (modeled as higher 
than what the structure possess in reality). Exact conclusions, however, will be drawn when 
the mode shapes are extracted from the current records, so that the vibrational modes identi-
fied in both studies can be appropriately correlated.  

The 22 small to moderate events recorded by the St. Nicholas Cathedral strong motion 
network provided valuable insight into the behavior of this structure. Before more firm con-
clusions can be drawn on the dynamic behavior of this structure local moderate to large events 
that would yield higher acceleration levels at the site of St. Nicholas Cathedral have to be rec-
orded by this network. Nevertheless this preliminary data obtained indicates clearly the im-
portance of such networks for fully understanding complex behavior of historical structures 
such as the cathedral under consideration. 
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Abstract. Asymmetric buildings are known to be vulnerable to earthquakes. This is because 
excessive deformation may occur at the frame of the flexible and/or weak side owing to an 
unfavourable torsional effect. Such deformation may lead to premature failure of the brittle 
members and finally to the collapse of whole buildings. To reduce the unfavourable torsional 
effect, one promising method is to install dampers to the frame in which excessive defor-
mation is expected. The buckling-restrained brace (BRB) is widely used as a hysteresis damp-
er in new buildings and for the seismic upgrading of existing buildings. For the evaluation of 
the peak seismic response of buildings, a pushover-based simplified procedure, which is often 
referred to as the nonlinear static procedure (NSP), has been developed and adopted to seis-
mic design codes. In the case of reinforced concrete asymmetric buildings with BRBs, the first 
mode shape may notably change in the nonlinear range. This change may be critical in the 
accurate prediction of the peak response employing the NSP. However, there have been few 
studies on the applicability of NSPs to asymmetric buildings with BRBs. In this paper, the ap-
plicability of the simplified procedure proposed by the author to four-storey reinforced-
concrete asymmetric buildings with BRBs is numerically investigated. In the simplified proce-
dure presented in the previous study, the largest peak response is predicted from (a) the re-
sponse of two independent equivalent single-degree-of-freedom models representing the first 
and second modes, considering the change in the first mode shape in each nonlinear stage, 
and (b) the envelope obtained from the combination of four pushover analyses considering 
the effect of bidirectional excitation. The predicted largest peak response is compared with 
the nonlinear time-history analysis results considering various directions of incidence of 
seismic input. The results show that the largest peak response of asymmetric buildings with 
BRBs is satisfactorily predicted by the procedure presented in the previous study. The effect 
of the change in mode shape on the accuracy of the NSP is also investigated and shown to be 
important in the accurate prediction of the peak response. 
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1 INTRODUCTION 
Asymmetric buildings are known to be vulnerable to earthquakes. This is because exces-

sive deformation may occur at the frame of the flexible and/or weak side edge owing to an 
unfavourable torsional effect. This may lead to premature failure of the brittle members and 
finally to collapse of whole buildings. In general, the excessive deformation at the flexible 
and/or weak side frame can be reduced by relocation of frames and/or members. However, 
such relocation may not be feasible for existing buildings because of difficulties arising from 
architectural and functional constraints.  

In recent years, the seismic rehabilitation of existing buildings using energy dissipative de-
vices has been widely studied, and the seismic behaviour of asymmetric buildings with vis-
cous, viscoelastic and elasto-plastic devices has been investigated [1–7]; the seismic 
behaviour of asymmetric buildings with viscous dampers has been investigated by Goel [1–3] 
and Chopra [4], while Landi [5] discussed the seismic design scheme of viscous dampers for 
the rehabilitation of an asymmetric building. De la Llera [6] discussed torsional balance, 
which is defined as the property of an asymmetric structure that leads to similar deformation 
demand in structural members equidistant from the geometric centre of the building plan, for 
elastic asymmetric structures with a friction damper. Mazza [7] discussed a displacement-
based seismic design scheme of hysteresis dampers for rehabilitation of in-plan irregular rein-
forced concrete (RC) buildings. The results of these studies suggest that installation of damp-
ers to the frame in which excessive deformation is expected is a promising method of 
reducing the unfavourable torsional effect of asymmetric buildings. However, in most of the 
above studies [1–6], asymmetric buildings are assumed to have linear (elastic) behaviour. 
Although Mazza [7] investigated the nonlinear behaviour of asymmetric buildings with a hys-
teresis damper by conducting nonlinear static (pushover) analyses, the results of pushover 
analyses and nonlinear dynamic (time-history) analyses have not been compared. Therefore, 
more investigations on the nonlinear behaviour of asymmetric buildings with various dampers 
are needed. 

The pushover-based simplified nonlinear analysis procedure, which is often referred to as 
the nonlinear static procedure (NSP), has been developed by several researchers since the 
1980s (e.g., [8], [9]). Although the application of the earlier version of the NSP is limited to 
planar frame analysis of buildings with regular elevation, the extension of the NSP to asym-
metric buildings has been widely investigated in recent years (e.g., [10–16]). It would be val-
uable if these extended versions of the NSP were applicable to asymmetric buildings with 
dampers; however, there are problems. One critical problem, from the author’s point of view, 
is that the unfavourable torsional effect is estimated from the linear elastic behaviour in most 
studies [10–13]. In the case of RC buildings with dampers, the first mode shape may change 
notably in the nonlinear range. Therefore, the estimation of the torsional effect based on linear 
elastic behaviour would lead to notable error in case of asymmetric buildings with dampers. 
In contrast, Bosco et al. [14] proposed a procedure of estimating the horizontal displacement 
distribution of asymmetric buildings from the envelope of two pushover analyses, using “cor-
rective eccentricities”. Even though this idea is attractive, proposed equations for the calcula-
tion of corrective eccentricities are based on numerical analyses of asymmetric structures 
without dampers. Therefore, it may be difficult to apply the idea directly to such asymmetric 
buildings with dampers. The author has investigated the development of the advanced NSP 
for asymmetric buildings considering by-directional excitation [15]. The author then proposed 
a simplified procedure that predicts the largest peak response of an asymmetric building to 
horizontal bidirectional ground motion acting at an arbitrary angle of incidence [16]. In this 
procedure, the largest peak response is predicted from (a) the response of two independent 

3740



Kenji Fujii 

equivalent single-degree-of-freedom (SDOF) models representing the first and second modes, 
considering the change in the first mode shape in each nonlinear stage, and (b) the envelope 
obtained from the combination of four pushover analyses considering the effect of bi-
directional excitation. Because the effect of the change in mode shape in the nonlinear stage is 
considered in this procedure, the procedure has promise for application to an asymmetric 
building with dampers. 

In this paper, the applicability of the simplified procedure proposed by the author [16] to 
four-storey RC asymmetric buildings with a hysteresis damper (buckling-restrained brace 
(BRB) [17, 18]) is numerically investigated. The predicted largest peak response is compared 
with the nonlinear dynamic (time-history) analysis results considering various directions of 
the incidence of seismic input. Note that the asymmetric buildings are limited to torsionally 
stiff (TS) buildings in this study. 

2 DESCRIPTION OF THE SIMPLIFIED PROCEDURE TO PREDICT THE 
LARGEST PEAK RESPONSE 

The simplified procedure presented by the author [16] is outlined in Figure 1. The asym-
metric building considered in this study is an N-storey building, with 3N degrees of freedoms 
(3N-DOFs). All frames of the asymmetric building are oriented either the X- or Y-direction, 
which are mutually orthogonal. Another set of orthogonal axes U and V in the X–Y plane is 
considered, with the U-axis being the principal axis of the first modal response [15, 16]. This 
simplified procedure is detailed below on the basis of reference [16]. 

2.1 Step 1: Pushover analysis of the asymmetric building model (first mode) 
A pushover analysis of an asymmetric building is carried out considering the change in the 

first mode shape. In this study, the displacement-based mode-adaptive pushover analysis 
(DB-MAP analysis presented in [16]) is applied. The nonlinear properties of the equivalent 
SDOF model and the relationship of the equivalent acceleration A1U

* and equivalent dis-
placement D1U

*, referred to as the capacity curve, are then determined from the pushover 
analysis results. 

The displacement vector at each loading stage nd is assumed to be proportional to the first 
mode vector at each loading stage 1n UΓ n 1φ . The equivalent displacement and acceleration at 
each loading step n, nD1U

* and nA1U
*, are then determined as 

( )2 2 2

* 1
1 * 2 2

1

j n j j n j j n j
jn U

n U
n U

j n j j n j
j j

m x m y I
D

M
m x m y

θ+ +
Γ= =

⎛ ⎞ ⎛ ⎞
+⎜ ⎟ ⎜ ⎟
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∑ ∑
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n 1 nφ M d ,  (1) 
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1 * 2 2

1
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where 
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Figure 1: Outline of the simplified procedure 
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In Eqs. (1)−(11), mj and Ij are the mass and mass moment of inertia of the jth floor, respec-
tively, nM1U

* is the equivalent first modal mass with respect to the U-axis in each nonlinear 
stage, and 1nψ  is the angle of incidence of the U-axis in each nonlinear stage. Note that the 
reference axis considering the first modal response (U-axis) depends on the displacement; it 
changes in each nonlinear stage as the first mode vector changes. 

2.2 Step 2: Prediction of the peak response of the equivalent SDOF model (first mode) 
The largest peak equivalent displacement D1U

*
max and equivalent acceleration A1U

* are ob-
tained using the equivalent linearization technique [19]. The equivalent period and the equiva-
lent damping ratio of the equivalent SDOF model in each loading stage n, nT1eq and nh1eq 
respectively, are determined as 
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where 
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In Eqs. (12)−(15), nheqFk, nWeFk and n Fkμ are the equivalent damping ratio, potential energy, 
and ductility ratio of the kth nonlinear spring of the RC member, respectively; nheqDl, nWeDl 
and n Dlμ are the equivalent damping ratio, potential energy, and ductility ratio of the lth non-
linear spring of the hysteresis damper, respectively; and h0 is the initial damping ratio, which 
is assumed to be 0.03 in this study. 

The spectral reduction factor relating to the equivalent damping ratio, F(nh1eq), is deter-
mined as 

( ) ( )
( )

( )
( )

1 1 1 1
1

11 1

, , 1.5
1 10,0.05 ,0.05

p A n eq n eq D n eq n eq
n eq
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S T h S T h
F h

hS T S T
= = =

+
, (16)

where pSA (nT1eq, nh1eq) and SD (nT1eq, nh1eq) are the psuedo spectral acceleration and the spec-
tral displacement of ground motion, respectively. In this study, the curve of the pSA (nT1eq, 
nh1eq)−SD (nT1eq, nh1eq) relationship is referred to as the demand curve. 

For the prediction of the “largest” peak response, it is assumed that the spectra of two hori-
zontal ground motion components are identical: the spectrum of the horizontal minor compo-
nent is assumed to be the same as that of the major component. Therefore, the same response 
spectra are used to predict the peak responses of the first and second modes. 

The predicted peak response (D1U
*

max, A1U
*

max) is obtained as the intersection point of the 
capacity curve and demand curve. 

2.3 Step 3: Pushover analysis of the asymmetric building model (second mode) 

From the results of Steps 1 and 2, the first mode vector corresponding to D1U
*

max, 1UieΓ 1ieφ , 
is obtained. The second mode vector, 2VieΓ 2ieφ , is then determined in terms of 1UieΓ 1ieφ  and 
the second mode vector in the elastic range, 2eφ , considering the orthogonal condition of the 
mode vector, as 

2 ,VieΓ = = −
T T

2ie Vie 2e 1ie
2ie 2e 1ieT T

2ie 2ie 1ie 1ie

φ Mα φ Mφφ φ φ
φ Mφ φ Mφ

, (17)

where 

{ }1 1 1 1sin sin cos cos 0 0ie ie ie ieψ ψ ψ ψ= T
Vieα , (18)
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Next, another pushover analysis of the asymmetric building is carried out to obtain the 
force–displacement relationship representing the second mode response by applying the in-
variant force distribution P2 determined as 

( )2Vie= Γ2 2ieP M φ . (20)

The equivalent displacement nD2V
* and acceleration nA2V

* of the equivalent SDOF model 
representing the second mode response at each loading step n are determined as 

* *2 2
2 2* *

2 2

,Vie Vie
n V n V

Vie Vie

D A
M M

Γ Γ= =
T T

2ie n 2ie n Rφ M d φ f , (21)

* 2
2 2Vie VieM = Γ T

2ie 2ieφ Mφ . (22)

In Eq. (22), M2Vie
* is the equivalent second modal mass with respect to the V-axis deter-

mined in terms of 2VieΓ 2ieφ . 

2.4 Step 4: Prediction of the peak response of the equivalent SDOF model (second 
mode) 
The largest peak equivalent displacement D2V

*
max and the equivalent acceleration A2V

*
max 

for the second mode response are obtained using the equivalent linearization technique as dis-
cussed in Step 2. Note that for the calculation of the equivalent damping ratio of the second 
mode, the initial damping ratio used in Eq. (14), h0, is assumed to be the same as that assumed 
in Step 2 for the first mode. The same spectrum used in Step 2 is used again for the prediction 
of the second mode response. 

2.5 Step 5: Prediction of the largest peak response at each frame 
The four force distributions are determined as the sum of the contributions of the first and 

second mode responses. The largest peak response is predicted as the envelope of the four 
pushover analyses results. Details of the largest peak response prediction at each frame are 
described as follows. 

1) Determine the four combined forces PU
+, PU

-, PV
+, PV

-, according to

( )
( )

* *
1 1 max 2 2 max

* *
1 1 max 2 2 max

0.5

0.5

Uie U Vie V

Uie U Vie V

A A

A A

⎧ = Γ ± Γ⎪
⎨

= ± Γ + Γ⎪⎩

±
U 1ie 2ie

±
V 1ie 2ie

P M φ φ

P M φ φ
. (23)

2) Perform pushover analyses using PU
+, PU

- until the equivalent displacement nDU
* calcu-

lated using Eq. (24) reaches D1U
*

max, obtained from Step 2 (referred to as Pushover-1U
and 2U, respectively); similarly, PV

+, PV
- are used in the analysis until the equivalent

displacement nDV
* calculated from Eq. (24) reaches D2V

*
max, obtained from Step 4 (re-

ferred to as Pushover-1V and 2V, respectively). Equation (24) is
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* *1 2
* *

1 2

,Uie Vie
n U n V

Uie Vie

D D
M M

Γ Γ= =
T T

1ie n 2ie nφ M d φ M d , (24)

where 
* 2

1 1Uie UieM = Γ T
1ie 1ieφ Mφ . (25)

In Eq. (24), M1Uie
* is the equivalent first modal mass with respect to the U-axis deter-

mined in terms of 1UieΓ 1ieφ . 
3) Determine the largest peak response at each frame from the envelope of (a) Pushover-

1U and 2U and (b) Pushover-1V and 2V. 

3 BUILDING AND GROUND MOTION DATA 

3.1 Building data 

3.1.1. Building model without BRBs 
The building investigated in this study is a four-storey asymmetric building model as 

shown in Figure 2. This building model, with bi-directional eccentricity, is the same as Mod-
el-B1 in the previous study [16]. In the present study, this building model (without BRBs) is 
referred to as Model-O. 

The floor mass mj and moment of inertia Ij (j = 1−4) are assumed as 525t and 4.37 × 104 
tm2, respectively. The columns are assumed to have fixed ends supported by the foundation. 
The compressive strength of concrete, σB, is assumed to be 24 N/mm2. In addition, SD345 
steel (yield strength σy = 345 N/mm2) is used for the longitudinal reinforcement, and SD295 
steel (σy = 295 N/mm2) is used for the shear reinforcement and wall and slab reinforcement. 
Each frame structure was designed according to the weak-beam, strong-column concept; the 
longitudinal reinforcement of the concrete section is determined so that potential hinges are 
located at the beam ends and the bottoms of the columns and the structural walls in the first 
storey. Sufficient shear reinforcement is assumed to be provided to prevent premature shear 
failure. Table 1 gives the longitudinal reinforcement for each member. The crack moment Mc 
and yield moment My of each member are calculated according to the AIJ Design Guideline 
[20]. The base shear coefficients obtained from the planar pushover analysis in the X- and Y-
directions, which are the values when the roof displacement reaches 1% of the total height HN 
(= 14.8 m), were 0.522 and 0.455, respectively. 

Figure 2: Model building without BRBs (Model-O) 
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3.1.2. Building models with BRBs 
In this study, Model-O was rehabilitated by installing BRBs, and the four rehabilitated 

building models shown in Figure 3 were investigated: two rehabilitated building models with 
BRBs in Frame X6, which is the flexible edge frame in the Y-direction (Model-BRB1L, 
BRB1H), and two with BRBs in Frames Y4 and X6, which are the flexible edge frames in 
both X- and Y-directions, respectively (Model-BRB2L, BRB2H). Figure 4 shows the configu-
ration of BRBs installed in the rehabilitated model. As shown in Figure 4 (a), the tube-in-tube 
BRB [17, 18] was used in this study. In this brace, an axial yielding tube (a steel tube with 
low yielding strength) inside the brace yields and absorbs the hysteresis energy, while a stiff-
ening tube outside the brace prevents the premature buckling of the axial yielding tube. The 
dimensions of the axial yielding tube were the same for all storeys. In this study, two grades 
of yield strength σy were assumed for the axial yielding tube: σy was assumed as 80 N/mm2 
for Model-BRB1L and BRB2L and 205 N/mm2 for Model-BRB1H and BRB2H. Therefore, 
the yield axial force, Ny, of the BRBs used in Model-BRB1L and BRB2L is 893 kN while that 
of the BRBs used in Model-BRB1H and BRB2H is 2290 kN. 

Figure 4(b) shows the frame with BRBs. Because the end connection of the BRB is con-
sidered a rigid zone, the axial stiffness of the BRB is increased by the ratio (L/L0), where L 

Member Location Reinforcement
Boundary beam 2nd to roof floor 6-D25 (top and bottom) 
Beam 4th and roof floor 3-D25 (top and bottom) 

2nd to 3rd floor  4-D25 (top and bottom) 
Column 2nd to 4th storey 20-D29 (top and bottom) 

1st storey 20-D29 (top), 8-D29 (bottom) 
Structural Wall All storey D10@200Double 

Table 1: Longitudinal reinforcement of each member 

Figure 3: Model building with BRBs (Model-BRB1L, BRB1H, BRB2L and BRB2H) 

Figure 4: Configuration of BRB 
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and L0 are the distance between two nodes and the length of the axial yielding tube (shown in 
Figure 4), respectively. In the case of actual BRBs, there is “deformation loss” due to, for ex-
ample, gaps of pin connections and deformations of joints. In this study, the axial stiffness of 
the BRB is determined from the sectional area of the axial yielding tube A0 and L, for the sim-
plicity of analysis. 

3.1.3. Modelling of building structures 
The building structures are modelled as a psuedo three-dimensional frame model in which 

the floor diaphragms are assumed to be rigid in their own planes with no out-of-plane stiff-
ness, and the frames oriented in the X- and Y-directions are modelled independently. One-
component model, with one nonlinear flexural spring at both ends and one nonlinear shear 
spring in the middle of the line element, is used for all concrete beams, columns and structural 
walls. At the end of each member, rigid zones are assumed, and the rigid zone length is de-
termined as follows. For the beams (except the boundary beam) and columns, the rigid zone 
length is assumed as half the depth of the intersecting member minus one-fourth of the depth 
of the considered member itself, and the rigid zone length on the wall-side of the boundary 
beam is assumed as half the column-centre to column-centre length of the structural wall. For 
the structural walls, no rigid zone is considered at either end. To determine the flexibility of 
the nonlinear flexural springs, an anti-symmetric curvature distribution is assumed for the 
beams and columns, and a uniform curvature distribution is assumed for the structural walls. 
The BRBs are modelled as a line element with a pin at both ends, and a nonlinear axial spring 
in the middle of the line element. 

Figure 5 shows the envelope curve for the force–deformation relationship of each nonline-
ar spring. The envelopes are assumed to be symmetric in both the positive and negative load-
ing directions. In Figure 5(a), the secant stiffness degradation ratio of the flexural spring at the 
yield point, αy, is assumed to be 0.25 for all beams and columns. For the structural walls at 
the bottom of the first storey, αy is assumed to be 0.12. At all other ends of structural walls, αy 
is assumed to be 0.19. In Figure 5(b), the secant stiffness degradation ratio of the shear spring 
at the “yield point” βy is assumed to be 0.16. The axial behaviour of the concrete columns and 
structural walls is assumed to remain elastic, and the effects of the biaxial bending and axial-
flexural interaction are ignored. Braces (BRBs) are modelled as a line element with a pin con-
nection at both ends, and the envelope of the axial force (N)–axial deformation (e) relation-
ship is shown in Figure 5(c). The torsional stiffness of the members is ignored. No second-
order effect (e.g., the P-Δ effect) is considered. 

Figure 6 shows the hysteresis model used for each nonlinear spring. The Muto hysteretic 
model [21] with one modification is used to model the flexural spring, as shown in Figure 6 
(a). Specifically, the unloading stiffness after yielding decreases in proportion to μ−0.5  
(where μ is the ductility ratio of the flexural spring) to represent the degradation of the un-
loading stiffness after yielding of the RC members, as in the model of Otani [22]. The origin-

Figure 5: Envelope of the force–deformation relationship of nonlinear springs 
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oriented model (Figure 6 (b)) is used to model the shear spring of the structural wall. The 
shear spring of the beams and columns is assumed to be elastic. The normal bilinear hysteretic 
model (Figure 6 (c)) is used to model the axial spring of the BRBs. 

In this study, the damping matrix at time t, C(t), is assumed to be proportional to the in-
stant stiffness matrix without BRBs KTf(t) as expressed by 

( ) ( ) ( )1 12 f eft h tω= TfC K , (26)

where 1efω  and h1f are the elastic natural circular frequency and damping ratio of the first 
mode of the model without BRBs, respectively. In this study, h1f is assumed to be 0.03. 

3.1.4. Natural modes of the building models 
Figure 7 shows the natural modes of the building models in the elastic range. Here, Tie is 

the ith natural period in the elastic range, ieψ  is the angle of incidence of the principal direc-
tion of the ith modal response in the elastic range with its tangent given by  

tan ie j Yjie j Xjie
j j

m mψ φ φ= −∑ ∑ , (27)

and ieRρ  is the torsional index of the ith mode [23] in the elastic range, as defined by 

2 2 2
ie j jie j Xjie j Yjie

j j j
R I m mρ φ φ φΘ

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
∑ ∑ ∑ . (28)

Note that, in the elastic range, the natural modes of Model-BRB1L and BRB1H are mutu-
ally the same, and those of Model-BRB2L and BRB2H are also mutually the same. This is 
because the elastic axial stiffness is the same for all BRBs used in this study. As shown in 
Figure 7, the principal direction of the first three modes is not along the X- and Y-axes in any 
of the building models, and the differences in natural modes among building models are very 
small; a significant difference can be found only in the natural period of the first mode. In all 
building models, the first mode is predominantly translational ( )1 1eRρ < , the second mode is 

almost purely translational ( )2 1eRρ , while the third mode is predominantly torsional 

( )3 1eRρ > , and the angle between the principal directions of the first two modes is close to 

90° (within 90.2°−99.7°). Because the first and second modes are predominantly translational 

Figure 6: Hysteresis model for the nonlinear springs 
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in all the building models, the models are classified as TS systems in this study. Further dis-
cussions can be found in references [16], [23] and [24]. 

3.2 Ground motion data 
In this study, the seismic excitation was considered to be bidirectional in the X–Y plane, 

and three sets of artificial ground motions were generated. Note that the three sets of artificial 
ground motions were the same as those used in the previous study [16].  

The target elastic spectrum of the “major” components with 5% critical damping, 
( ),0.05p AS Tξ , determined from the Building Standard Law of Japan [25] considering soil 

conditions, is calculated as  

( )
( )

24.8 45 m s : 0.16s
,0.05 12.0 : 0.16s 0.576s

12.0 0.576 : 0.576s
p A

T T
S T T

T T
ξ

⎧ + ≤
⎪= ≤ ≤⎨
⎪ ≥⎩

, (29)

where T represents the natural period of the SDOF model. 
The target spectrum of the “minor” components ( ),0.05p AS Tζ  is reduced by the parameter 

γ. Here, the parameter γ is set to 0, 0.5, 0.7, and 1.0; the ground motion is considered unidirec-
tional for γ = 0 whereas the spectra of the two horizontal components are identical when 
γ = 1.0, as is assumed for the prediction of the largest peak response. According to López et al. 
[26], this ratio varies between 0.63 and 0.81 and the average ratio is 0.70. Therefore, the case 
γ = 0.7 may be considered the most realistic case for real ground motion. 

The phase angle is given by uniform random values and the Jenning type envelope func-
tion e(t) proposed by the Building Centre of Japan: 

Figure 7: Shapes of the first three modes of the building models in the elastic range 
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( )
( )

( ){ }

25 : 0s 5s
1 : 5s 35s
exp 0.027 35 : 35s 120s

t t
e t t

t t

⎧ ≤ ≤
⎪

= ≤ ≤⎨
⎪ − − ≤ ≤⎩

. (30)

Figure 8 shows the elastic response spectra of artificial ground motions with 5% critical 
damping. 

4 APPLICABILITY OF THE SIMPLIFIED PROCEDURE TO AN ASYMMETRIC 
BUILDING WITH BUCKLING-RESTRAINED BRACES 

4.1 Prediction of the peak response 

4.1.1. Prediction of the peak response of the first and second mode responses 
Figure 9 shows the prediction of the peak response of the first and second mode responses 

employing equivalent linearization. It is seen that the intersection points of the capacity curve 
and demand curve represent the predicted peak response. Figure 10 shows the relationship of 
equivalent damping versus the equivalent displacement of the first and second modes for each 
model. The dots “●” in the figure represent the predicted peak responses of the first and sec-
ond modes.  

Figure 10 (a) shows that the equivalent damping ratios of the first and second modes at the 
predicted peak, h1eq and h2eq, respectively, are very close in the case of the asymmetric build-
ing model without BRBs (Model-O): h1eq = 0.091 and h2eq = 0.094. In contrast, the trends of 
the equivalent damping ratios of the two modes at the predicted peak are different for each 
model in the case of the asymmetric building model with BRBs. In the case of Model-BRB1L 
and BRB2L (Figure 10 (b) and (d)), h1eq is larger than h2eq; in case of Model-BRB1L, h1eq = 
0.130 and h2eq = 0.094; while in the case of Model-BRB2L, h1eq = 0.144 and h2eq = 0.104. 
Meanwhile, h1eq is smaller than h2eq in the case of Model-BRB1H (Figure 10 (c)), and h1eq is 
very close to h2eq in the case of Model-BRB2H (Figure 10 (e)); in case of Model-BRB1H, h1eq 
= 0.104 and h2eq = 0.130, while in case of Model-BRB2H, h1eq = 0.122 and h2eq = 0.115. 

4.1.2. Change in mode shape based on pushover analysis results 
To evaluate the change in mode shape, the principal direction and torsional index based on 

mode shape for the first three modes were investigated using the pushover analyses results 
obtained in Step 2. The second and third modes at loading step n, n 2φ  and n 3φ  respectively, 
were calculated in terms of the displacement vector at loading step n, nd, and the second and 

Figure 8: Elastic pseudo acceleration response spectra for simulated ground motion 
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third mode vectors in the elastic range, 2eφ  and 3eφ  respectively, as 

= − = −
T T

2e n 1 2e n
n 2 2e n 1 2e nT T

n 1 n 1 n n

φ M φ φ M dφ φ φ φ d
φ M φ d M d

, (31)

= − − = − −
T T T T

3e n 1 3e n 2 3e n 3e n 2
n 3 3e n 1 n 2 3e n n 2T T T T

n 1 n 1 n 2 n 2 n n n 2 n 2

φ M φ φ M φ φ M d φ M φφ φ φ φ φ d φ
φ M φ φ M φ d M d φ M φ

. (32) 

Next, the tangent of the angle of the principal direction of the ith mode at loading step n, 
tan n iψ , and the torsional index of the ith mode at loading step n, n iRρ , were calculated as 

tan n i j n Yji j n Xji
j j

m mψ φ φ= −∑ ∑ , (33)

2 2 2
n i j n ji j n Xji j n Yji

j j j
R I m mρ φ φ φΘ

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
∑ ∑ ∑ . (34)

Figure 11 shows the changes in n iψ  and n iRρ  at each loading step for all building models. 
The dots “●” in this figure correspond to the points of the predicted peak response of the first 
mode. 

Figure 11(a) shows that the changes in n iψ  and n iRρ  are very small in the case of Model-O. 
In contrast, the changes in n iψ  and n iRρ  are small in the case of Model-BRB1L and BRB2L 
(Figure 11 (b) and (d), respectively), and significant in the case of Model-BRB1H and 
BRB2H (Figure 11 (c) and (e), respectively); in particular, in the case of Model-BRB1H, the 

Figure 9: Prediction of the peak response of equivalent SDOF models 
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change in n iψ  is about 50° from the elastic stage ( 1 50.6eψ = ) to the predicted peak response 
( 1 2.2ψ = ). Figure 11 (c) and (e) shows that 1n Rρ  and 2n Rρ  decrease as 3n Rρ  increases rapid-
ly as the equivalent displacement nD1

* increases, in the case of Model-BRB1H and Model-
BRB2H. This implies that the first two modes become almost purely translational modes 
when the building models respond in the nonlinear range. 

4.2 Comparisons of the predicted results with the results of time-history analyses 

4.2.1. Time-history analysis cases 
The applicability of the simplified procedure to asymmetric buildings with BRBs was 

evaluated as follows. First, nonlinear dynamic (time-history) analyses were carried out for 
fixed values of γ, various spectral ratios of “minor” to “major” components (γ = 0, 0.5, 0.7, 
and 1.0) and various directions of the incidence of seismic input. Then, from the results of 
each set of artificial ground motions, the envelope of the peak response of various directions 
of incidence was obtained for the cases γ = 0, 0.5, 0.7, while for the case γ = 1.0, the average 
of the peak response in directions of incidence was obtained. Finally, the averages of the re-
sults for the three sets of artificial ground motions were compared with the predicted “largest” 
peak response. Note that the angle of incidence of the “major” component with respect to the 
X-axis, ψ , varied at 15° intervals from ( 1ψ  − 90)° to ( 1ψ  + 90)°, where 1ψ  is the angle of in-
cidence of the U-axis corresponding to the predicted peak equivalent displacement of the first 
mode, D1U

*
max, shown in Figure 11. Therefore, 4 × 3 × 13 = 156 cases were considered for the 

nonlinear time-history analyses of each building model. 

Figure 10: Equivalent damping ratio–equivalent displacement relationship of equivalent SDOF models 
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4.2.2. Accuracy of the results predicted using the simplified procedure 
Figure 12 compares the peak displacement at the roof obtained from dynamic analysis re-

sults and the predicted peak response for each building model. In this figure, the plot “Enve-
lope” for the cases γ = 0, 0.5 and 0.7 shows the average of the envelope of three sets of 
artificial ground motions (for each set, 13 directions are considered) for each γ, while the plot 
“Ave. (γ = 1.0)” indicates the average of 36 cases (three sets of artificial ground motions × 12 
directions) of the results for γ = 1.0. 

In the case of Model-O, as shown in Figure 12 (a), the predicted results approximate the 
upper bound of the dynamic analysis results in the X-direction, while in the Y-direction, the 
predicted results are conservative relative to the time-history analysis results except for Frame 
X1. In the case of building models with BRBs, the trends strongly depend on each model; in 
the cases of Model-BRB1L (Figure 12 (b)), BRB1H (Figure 12 (c)) and BRB2H (Figure 12 

Figure 11: Change in the principal direction of modal responses and torsional indices in the nonlinear stage eval-
uated by pushover analysis 
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(e)), the predicted results approximate the upper bound of the dynamic analysis results of all 
frames, while trends similar to those seen in Figure 12 (a) are observed in the case of Model-
BRB2L (Figure 12 (d)). 

Figure 13 compares the peak storey drift at edge frames (Frames Y1, Y4, X1 and X6) ob-
tained from time-history analyses and the predicted peak response for each building model. 
As shown in this figure, the predicted results satisfactorily agree with the dynamic analysis 
results of all models, except Frame X1 of Model-O (Figure 13(a)) and BRB2L (Figure 13(d)). 
According to these results, the simplified procedure presented in reference [16] may be appli-
cable to asymmetric buildings with BRBs. 

Figure 14 shows the effect of the direction of incidence of the “major” component on the 
peak roof displacement at edge frames (Frames Y1, Y4, X1 and X6). In this figure, the “nor-
malized displacement” indicates the peak roof displacement in various directions for γ = 0, 
0.5 and 0.7 divided by the average for γ = 1.0. 

Also shown is the predicted peak response, and 1eψ  and 1ψ , the angles of incidence of the 
principal direction of the first modal response with respect to the X-axis, in the elastic range 
and corresponding to D1U

*
max, respectively. 

Figure 14(a) shows that, in the case of Model-O and for γ = 0, 0.5 and 0.7, the normalized 
displacement at edge frames is less than 1 in most cases, as expected. This point is important 
because it is assumed the ratio γ equals 1.0 in the simplified procedure for the prediction of 
the “largest” peak response. In Frame X6, the flexible edge frame in the Y-direction, the nor-
malized displacement is the largest and close to 1.0 when ψ  is close to 1ψ . However, as is 
seen in Figures 14(b) to (e), the trend strongly depends on the building model; trends similar 

Figure 12: Prediction of “the largest” peak displacement at roof and comparisons with dynamic analyses results 
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to those for Model-O are observed for Model-BRB1L and BRB2L (Figures 14(b) and (d), re-
spectively) except for Frame X1 of Model-BRB1L, the normalized displacement of which is 
much larger than 1 in some cases. By contrast, in the case of Model-BRB1H (Figure 14(c)), 
the normalized displacement of Frame Y4, where the largest roof displacement occurs in this 
building model, is the largest and close to 1.0 when ψ  is close to 1ψ , not 1eψ . Meanwhile, in 
the case of Model-BRB2H (Figure 14(e)), the normalized displacement of Frame X1, where 
the largest roof displacement occurs in this building model, is the largest and close to 1.0 
when ψ  is close to 1ψ , not 1eψ . These results imply that the most critical direction of inci-
dence of the seismic input is different from that in the elastic range, in the case of asymmetric 
buildings with BRBs responding beyond the elastic range. 

5 EFFECT OF THE CHANGE IN MODE SHAPE ON THE ACCURACY OF THE 
NONLINEAR STATIC PROCEDURE 

5.1 Prediction cases 
In the simplified procedure presented in reference [16], there are two main differences 

from conventional pushover analyses [10–13]. One is that the change in the mode shape in 
nonlinear range is considered, and the other is that the combination of two modal responses is 
considered by the force distributions used in pushover analyses for the prediction of peak re-
sponses (referred to as the envelope method). In contrast, especially in modal pushover analy-

Figure 13: Prediction of “the largest” peak storey drift at edge frames (frames Y1, Y4, X1 and X6) and compari-
sons with dynamic analysis results 
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sis in [13], the mode shape is assumed as that in the elastic range, and the square root of the 
sum of squares (SRSS) rule or CQC rule is applied as the combination rule.  

Figure 14: Effect of the direction of incidence of the “major” component on the peak roof displacement at edge 
frames (Frames Y1, Y4, X1 and X6) 
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In this section, the effects of the change in mode shape and the combination rule on the ac-
curacy of the NSP for asymmetric buildings with BRBs are investigated.  

The parameters in the prediction cases are (i) consideration of the change in mode shape 
(variant/invariant) and (ii) the combination rules (envelope method/SRSS method). 

5.1.1. Parameter (i): consideration of the change in mode shape 
In the case of the “invariant” mode shape, pushover analyses in Steps 1 and 3 are based on 

invariant force distributions; force distributions used in Steps 1 and 3, P1e and P2e respectively, 
are calculated as 

( ) ( )1 2,Ue Ve= Γ = Γ1e 1e 2e 2eP M φ P M φ . (35)

From the displacement vector at loading step n, nd, the equivalent displacement and accel-
eration of the first mode, nD1Ue

* and nA1Ue
* respectively, and those of the second mode, nD2Ve

* 
and nA2Ve

* respectively, are calculated as 
* * * *

1 1 1 1 1 1,n Ue Ue Ue n Ue Ue UeD M A M= Γ = ΓT T
1e n 1e n Rφ M d φ f ,  (36) 

* * * *
2 2 2 2 2 2,n Ve Ve Ve n Ve Ve VeD M A M= Γ = ΓT T

2e n 2e n Rφ M d φ f ,  (37) 

where 
* 2 * 2

1 1 2 2,Ue Ue Ve VeM M= Γ = ΓT T
1e 1e 2e 2eφ Mφ φ Mφ ,  (38) 

1 2,Ue VeΓ = Γ =
T T

1e Ue 2e Ve
T T

1e 1e 2e 2e

φ Mα φ Mα
φ Mφ φ Mφ

,  (39) 
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α
. (40) 

The peak equivalent displacement and acceleration of the first and second models are pre-
dicted from the nA1Ue

*–nD1Ue
* curve and nA2Ve

*–nD2Ve
* curve, respectively.  

In the case of the “variant” mode shape, pushover analyses in Steps 1 and 3 are carried out 
according to section 2. 

5.1.2. Parameter (ii): combination rule 
In the case of the envelope method, the peak response at each frame in Step 5 is predicted 

according to section 2.5. Note that, in the case of the invariant mode shape, Eq. (23) is rewrit-
ten considering the elastic mode shapes instead of inelastic mode shapes at peak response: 

( )
( )

* *
1 1 max 2 2 max

* *
1 1 max 2 2 max

0.5

0.5

Ue Ue Ve Ve

Ue Ue Ve Ve

A A

A A

⎧ = Γ ± Γ⎪
⎨

= ± Γ + Γ⎪⎩

±
Ue 1e 2e

±
Ve 1e 2e

P M φ φ

P M φ φ
. (41)

In the case of the SRSS method, the peak response at each frame in Step 5 is predicted 
from the SRSS rule as follows. Let dXmj1Umax and dYnj1Umax be the peak displacement of the mth 
frame in the X-direction and nth frame in the Y-direction at the jth floor, respectively, ob-
tained from the first mode response in Step 1, while dXmj2Vmax and dYnj2Vmax are those obtained 
from the second mode response in Step 3. The peak displacement of the mth frame in the X-
direction at the jth floor, dXmjmax, and nth frame in the Y-direction at the jth floor, dYnmax, are 
calculated according to 
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2 2 2 2
max 1 max 2 max max 1 max 2 max,Xmj Xmj U Xmj V Ynj Ynj U Ynj Vd d d d d d= + = + . (42)

5.2 Comparisons of the predicted results 

5.2.1. Comparisons of peak roof displacement 
Figure 15 compares the peak displacement at the roof obtained from dynamic analyses and 

the predicted peak response in the case of the envelope method. Figure 15(a) reveals that the 
difference in the predicted results using invariant and variant mode shapes is negligibly small 
in the case of Model-O. This is because, as shown in Figure 11(a), the change in the first 
mode shape is very small. In contrast, the effect of the consideration of the change in mode 
shapes on the accuracy of the predicted results strongly depends on the building model, in the 
case of asymmetric building models with BRBs in this study; in the case of Model-BRB1L 
and BRB2L (Figures 15(b) and (d), respectively), the difference in the predicted results is 
very small, while it is significant in the case of Model-BRB1H (Figure 15(c)), and moderate 
in the case of Model-BRB2H (Figure 15(e)).  

Note that in the case of Model-BRB1H, the results predicted from the variant mode shape 
are closer than those predicted from the invariant mode shape to the dynamic analysis results 
except for Frames X5 and X6. In the case of Model-BRB2H, the predicted peak response at 
Frame X1 obtained from the invariant mode shape is unconservative in comparison with the 
dynamic analysis results, while the predicted response obtained from the variant mode shape 
agrees satisfactorily with the dynamic analysis results. Therefore, the predicted peak respons-
es obtained from the variant mode shape are more accurate than those obtained from the in-

Figure 15: Comparisons of the peak response predicted from variant and invariant mode shapes and dynamic 
analysis results (envelope method)
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variant mode shape. 
Figure 16 compares the peak displacement at the roof obtained from dynamic analyses and 

the predicted peak response in the case of the SRSS method. It is seen that the predicted peak 
responses are less conservative than those in the case of the envelope method shown in Figure 
15. As shown in Figures 16 (a), (b) and (d), the differences in the prediction results obtained
with invariant and variant mode shapes are negligibly small in the cases of Model-O, Model-
BRB1L, and Model-BRB2L, and these predicted results agree well with the dynamic analysis 
results except for Frame X1. In contrast, the accuracy of the results predicted with invariant 
mode shapes is very poor in case of Model-BRB1H (Figure 16 (c)) and Model-BRB2H 
(Figure 16 (e)), while the results predicted with the variant mode shape are closer to the dy-
namic analysis results; however, in the case of Model-BRB1H, the predicted peak displace-
ment at Frame X1 is unconservative in comparison with the dynamic analysis results, even if 
the change in mode shape in the nonlinear stage is considered.  

5.2.2. Comparisons of the amplification of roof displacement 
To evaluate the amplification of displacement due to the unfavourable torsional effect, the 

normalized roof displacement, which is defined as the ratio of the displacement at each frame 
to that of the centre of mass, has been studied often (e.g., [11] and [12]). Figure 17 compares 
the normalized roof displacement obtained from dynamic analysis results (average for γ = 1.0) 
and results predicted employing two methods (i.e., the envelope method and SRSS method) 
and using the variant mode shape. 

Figure 16: Comparisons of predicted peak response using “variant” and “invariant” mode shapes and dynamic 
analyses results (SRSS method) 
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In the case of Model-O (Figure 17(a)), the differences in results predicted with the two 
methods are negligible and the results agree well with the dynamic analysis results, except for 
Frame X1.  

However, the trends of the asymmetric building models with BRBs strongly depend on the 
model. In the case of Model-BRB1L (Figure 17(b)), the differences in results predicted with 
the envelope method and SRSS method are notable; the normalized displacement at Frame X6 
obtained using the envelope method is smaller than the dynamic analysis result, while that 
obtained using the SRSS method agrees well with the dynamic analysis result. By contrast, in 
the case of Model-BRB1H (Figure 17(c)), the normalized displacement obtained using the 
envelope method agrees well with the dynamic analysis results for Frame X1, while the re-
sults obtained using the SRSS method fail to fit the dynamic analysis results. The trends of 
Model-BRB2L (Figure 17(d)) are similar to those of Model-O. In the case of Model-BRB2H 
(Figure 17(e)), the results predicted using the envelope method fit the dynamic analysis re-
sults for all frames, while the normalized displacement at Frame X1 obtained using the SRSS 
method is lower than the dynamic analysis result. 

Note that the centre of mass at the roof is not the reference point for pushover analysis in 
the envelope method, which is one of the largest differences from other pushover-based sim-
plified procedures (e.g., [14]). Therefore, underestimation of the amplification ratio due to the 
torsional effect at the flexible/weak side frame itself does not directory lead to underestima-
tion of the peak displacement at the flexible/weak side frame in this simplified procedure [16], 
as is seen for the case of Model-BRB1L in Figure 15 (c). 

Figure 18 compares the normalized roof displacement obtained from dynamic analyses and 
predicted using the two methods and the invariant mode shape. Trends similar to those in Fig-

Figure 17: Comparisons of normalized roof displacement with dynamic analysis and results predicted using the 
envelope method and SRSS method (variant mode shape) 
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ure 17 are seen in the case of Model-O (Figure 18(a)), Model-BRB1L (Figure 18(b)), and 
BRB2L (Figure 18(d)). However, in case of Model-BRB1H (Figure 18(c)) and Model-
BRB2H (Figure 18(e)), the results predicted using the invariant mode shape fail to fit the dy-
namic analysis results. In particular, the results predicted using the SRSS method fail to show 
the frames in which the largest displacement occurs; as shown in Figures 18(c) and (e), the 
normalized displacement obtained from dynamic analyses is largest at Frame X1, while that 
predicted using the SRSS method is largest at Frame X6. Similarly, inaccurate prediction due 
to the assumption of the invariant mode shape has been pointed out by Isakovic and Fisching-
er in the case of bridge structures [27]. Although the normalized displacement predicted using 
the envelope method agrees well with the dynamic analysis results in the case of Model-
BRB1H (Figure 18(c)), it fails to fit the dynamic analysis results in the case of Model-BRB2H 
(Figure 18(e)). Therefore, for the better prediction of peak displacement in each frame, the 
effect of the change in mode shape at each nonlinear stage should be properly considered. 

5.2.3. Comparisons of the properties of equivalent SDOF models 
To investigate the effect of the change in mode shape in each nonlinear stage on the prop-

erties of equivalent SDOF models, Figures 19 and 20 compare the equivalent acceleration–
equivalent displacement curve and the equivalent damping–equivalent displacement curve of 
Model-O, Model-BRB1L, and Model-BRB1H. The figures show that the differences in prop-
erties of equivalent SDOF models are (a) negligible for Model-O, (b) small for Model-
BRB1L, and (c) notable for Model-BRB1H. In particular, for Model-BRB1H, the peak re-
sponse of the first mode predicted using the invariant mode shape is smaller than that predict-
ed using the variable mode shape, because the equivalent damping obtained using the 

 
Figure 18: Comparisons of normalized roof displacement with dynamic analysis and results predicted using the 

envelope method and SRSS method (invariant mode shape) 
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invariant mode shape is significantly larger than that obtained using the variant mode shape 
(Figure 19(c)). In contrast, the peak response of the second mode predicted using the invariant 
mode shape is larger than that predicted using the variable mode shape (Figure 20(c)). These 
results may explain the difference in the predicted results shown in Figure 16 (c); i.e., the 
peak response predicted with the SRSS method and invariant mode shapes having poorer ac-
curacy than that predicted with the variant mode shapes. 

In conclusion, for a more accurate NSP, consideration of the change in mode shape in each 
nonlinear stage is essential in the case of asymmetric buildings with BRBs, and according to 
the combination rule, the envelope method may provide results that are more conservative 
than the SRSS rule applied in references [11–13]. 

6 CONCLUSIONS  
The applicability of the simplified procedure previously proposed by the author [16] to 

four-storey RC asymmetric buildings with a hysteresis damper (BRB) was numerically inves-
tigated. The predicted largest peak response was compared with nonlinear dynamic (time-
history) analysis results considering various directions of the incidence of the seismic input. 
Although the number of building models considered in the study was limited, the following 
primary findings were made. 

1. The simplified procedure proposed by the author [16] is applicable to asymmetric
buildings with BRBs that are classified as TS buildings. The predicted “largest” peak
responses of all four asymmetric buildings with BRBs satisfactorily enveloped the re-
sults obtained in dynamic analyses.

2. The effect of the change in mode shape in each nonlinear stage on the accuracy of the
NSP may be important in the case of asymmetric buildings with BRBs. In this study,
there were cases in which the accuracy of the predictions based on an elastic mode
shape was poor.

3. For the combination rule considering bidirectional excitation, the envelope method,
which is one of the prediction steps in the simplified procedure [16], provides more
conservative results than the SRSS method; the responses predicted with SRSS meth-
ods may be unconservative, especially when the change in the mode shape is not con-
sidered. Meanwhile, the response predicted using the envelope method satisfactorily
approximates the envelope of dynamic analysis results.

Note that the discussions above focus only on TS asymmetric buildings. The author con-
cluded in reference [24] that the applicability of the simplified procedure to a torsionally flex-
ible (TF) asymmetric building is questionable. However, the applicability to TF asymmetric 
buildings with hysteresis dampers in outermost frames remains unknown. This is a problem 
that should be investigated in future work. 
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Figure 19: Comparisons of the properties of equivalent SDOF models (first mode) 

Figure 20: Comparisons of the properties of equivalent SDOF models (second mode) 
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Abstract. The effectiveness of control strategies in achieving the objectives of a performance-

based-design is well accepted in the earthquake engineering community. Consequently, vari-

ous methods have been proposed for optimal design of dampers and their distribution along 

the building height. Most of the formulated methods concentrate mainly on reducing the re-

sponses with no explicit consideration of their long-term economic impact. In this study, an 

optimization problem is formulated for optimally distributing viscous dampers by minimizing 

the initial cost subject to a constraint on the total expected seismic loss. An intensity based 

assessment is used for the computation of the total expected loss. A generic Sequential Linear 

Programming procedure is employed to solve the formulated optimization problem. Imple-

mentation scheme of the optimization procedure is outlined in detail. The efficacy of the pro-

posed procedure is illustrated by applying it on a four story reinforced concrete frame. It has 

been shown that the optimization procedure results in the optimal quantity and distribution of 

viscous dampers along the height of the case study building. 
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1 INTRODUCTION 

Conventional capacity design strategy relies on the philosophy of “dissipation with degrada-

tion” as seismic energy is dissipated by inelastic deformation. Due to the reliance of this phi-

losophy on inelastic deformations, this incurs heavy damage to the parent structure making it 

non-functional after most major seismic events. A more rational approach to reduce damage 

would be to rely on “dissipation without degradation” rather than “evasion/dissipation” of 

seismic induced forces by degradation. One way to achieve this is by increasing the amount of 

effective damping in the system by introducing control strategies. The introduction of control 

techniques in structural engineering was mainly necessitated due to the growing demand for 

minimizing damage during a seismic event.  Among the different control techniques imple-

mented in structures to reduce seismic responses, application of viscous dampers seems to be 

more common; especially from a retrofitting perspective. This is mainly attributed to the fact 

that the damper force is linearly or nonlinearly proportional to velocity and is out of phase 

from the column displacements. As a result, the columns or foundations are not subjected to 

additional demand, and may not need to be strengthened [1-3]. This paper is mainly con-

cerned with the seismic performance enhancement of existing frames using viscous dampers. 

The main task needed to be addressed by the engineer in the retrofitting design using viscous 

dampers is to efficiently allocate and size the dampers. This should take into account both the 

initial cost that needs to be invested and the achievement of the performance objective. Vari-

ous optimal design methodologies for retrofitting are available in the literature. Many of them 

primarily address the problem of distributing a given total added damping to achieve the best 

performance (minimize damage measures). Some of the works in this direction presented very 

efficient methods [4-12]. Note that in these works the total added damping is predetermined. 

The algorithms are thus used to determine the optimal positioning of this quantity along the 

height of the building. In some of these works, approaches to estimate a reasonable total add-

ed damping were also proposed.  

From a different perspective, Lavan and Levy [13-15] minimized the total added damping 

subject to a constraint on the performance of the structure (allowable inter-story drifts). They 

also present a practical analysis/redesign procedure for arriving at the optimal designs exploit-

ing the advantage of the fully stressed characteristics of the optimal solution [16, 17]. While 

this formulation lends itself to the performance-based-design framework, the allowable inter-

story drifts, or performance measures, are determined based on code requirements. These 

drifts are usually not determined explicitly based on the economic consequences. 

In the present paper a novel optimization scheme is developed in which the total initial cost is 

minimized while explicitly constraining on the total expected loss. One of the ways of meas-

uring the economic consequences can be in terms of expected annual loss which actually cor-

responds to the economic loss that, on an average, occurs every year in the building [18, 19]. 

A more simplified version of this measure could be the use of the total expected loss which is 

actually the loss that the building incurs for a specific intensity of earthquake. In this study 

this approach of measuring the economic consequences is adopted. The formulated problem 

thus directly incorporates the economic impact, and the optimization scheme proposed re-

flects the economic aspect of the response optimization. The parent frame is assumed to re-

main linear. The framework developed is generic and is easily extendable to nonlinear frames. 
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2 PROBLEM FORMULATION 

When the optimization is used for strengthening existing buildings using viscous dampers, the 

stiffness and the mass of the building to be retrofitted are known (and do not vary for different 

combinations of the damper amount and configuration). Therefore the initial cost in the case 

of enhancing seismic performance with viscous dampers can be assumed as the cost of added 

dampers and their installation. A component based loss computation methodology is adopted 

for calculating the total expected loss. As the parent frame is assumed to remain linear after 

retrofitting, the computed loss is due to non-structural component damage only. In this study, 

seismic losses due to downtime and injury are not accounted for; thereby resulting in underes-

timation of the benefits of optimal intervention. 

2.1 Linear frame 

In this paper, it is assumed that a linear analysis reasonably predicts the behavior of the 

damped frame. This does not necessarily require a strict linear behavior of the structure. 

Nonetheless, a strict linear behavior can be ensured by limiting the damage to drift sensitive 

components in a prescriptive manner by specifying an allowable/acceptable total expected 

loss. 

2.1.1. Equations of motion 

The equations of motion of the linear frame with added dampers are given as, 
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tttt gddamper
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In eq. (1), M represents the mass matrix and K represents the stiffness matrix; in the case of a 

linear frame both the matrices remain constant. Similarly, C represents the inherent damping 

matrix,  ddamper cC  is the added supplemental damping matrix, dc is the added damping vector, 

i represents the ground motion directional vector,    t,t uu  and  tu  represent the relative ac-

celeration, relative velocity and relative displacement, and  tgu  represents the acceleration

due to gravity. 

2.2 Loss computation 

In classical detail loss assessment framework, the expected annual loss or the loss expected 

over a period of time is computed as [18, 19], 
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where  TLE  is the expected annual loss,  is the discount rate (to convert the future loss to 

net present value), t  is the period for which the rate is applied,  IM|LE T
 is the expected loss

conditioned on the intensity measure IM, and v(IM) is the mean annual rate of exceedance of 

the intensity measure. As this study aims to present the optimization methodology, the ex-

pected loss is computed only at a single value of intensity measure. Hence, the computed loss 

is independent of period t; thereby making eq. (2) not readily usable. Hence, in the present 

study, the total expected loss in no-collapse scenario conditioned on the mean engineering 

demand parameter ( EDP ) which in turn is conditioned on the selected intensity measure 

 1IM is used and is assumed to be [18],
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Over here, ja  is the cost of a new 
thj component and NC refers to no-collapse state, N refers to 

the number of components. Eq. (3) is period independent and EDP  is computed for the spe-

cific intensity measure  1IM . As dampers are added into the structure and the structure is as-

sumed to behave linearly, collapse probability can be argued to be zero. Hence, only the no-

collapse state is used for estimating loss in this paper.  

2.3 Optimization problem 

The optimization problem is formulated as, 
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Over here i  refers to the expected loss at the thi degree of freedom computed based on the 

maximum peak response. Mathematically i is given as, 
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Eq. (5) can be re-written as, 
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where   is called the performance index and allowable  is the allowable (i.e. acceptable) total 

expected loss.  

3   OPTIMIZATION ALGORITHM 

This section gives stepwise implementation scheme of the optimization procedure. The algo-

rithm employs intensity based assessment for loss computation. A target mean spectrum cor-

responding to a specific intensity is selected and a suite of ground motion pair is matched to 

the target spectrum. Following steps are involved in the proposed optimization scheme. 

Step 1: Computation of mean responses 
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Perform linear time domain analysis of the system with an initial amount of damping vector 

dc  for all the matched ground motions and compute the mean responses. The initial amount 

of dc vector can be computed using any of the approximate methods available in the literature 

[20]. 

 

Step 2 Evaluation of the total expected loss and performance index  

 

Compute the total expected loss and performance index  by using eqs. (3), (6) and (7). No 

dispersion is applied in this study to the mean responses obtained and hence the expected total 

loss can be treated as a deterministic scalar value. In a more generic study the dispersion can 

also be taken into account within this framework. 

 

Step 3 Computing the gradient of the performance index and the objective function J 

 

 Gradient for the objective function J is trivial as it is a direct function of the damping vec-

tor dc  and the sensitivity will return a vector 1. But the gradient of the performance index  is 

not trivial. In this study gradient is derived using the classical finite difference scheme and it 

is given as below, 

dj

new

dj cc 







      (8) 

where new is the new performance index computed with perturbed djd cc   where djc  is 

the perturbed vector with djc at the jth location and zero elsewhere in the vector. Eq. (8) has 

some limitations especially when applied to large systems as it requires n+1 analysis for n 

design variables. But as the main intention of this paper is to illustrate the optimization proce-

dure incorporating the loss methodology, finite difference scheme is deemed to be sufficient. 

 

Step 4 Estimating a new guess for the optimal design using Sequential Linear Program-

ming (SLP) 

 

The original optimization problem is given in eqs. (4) and (7) through (6). This is a nonlinear 

programming problem. SLP is chosen to solve this problem as other nonlinear schemes re-

quire the estimation of Hessian matrices which can pose serious difficulties in the vicinity of 

the optimum solution. So linearizing the objective function given by eq. (4) at the thi  iteration 

gives, 

       i
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and linearizing the constraint at the thi  iteration satisfying eq. (6) is given as, 
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In order to solve eqs. (9) and (10), an additional side constraints of ‘move limits’ limiting the 

damper step size has to be introduced. So the linearized optimization problem for the thi  itera-

tion is given as, 
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Solving the eq. (11) gives the dc  required for the next iteration. Update the damping vector 

dc  as, 

dd cc  (12) 

Step 5 Check for termination condition 

The iteration is terminated if the change in added damper vector dc  is less than the tolerance 

or maximum number of iterations has been reached. Otherwise, update the iteration number as 

i=i+1 and proceed to step 1.0. The optimization algorithm when tolerance

i

d c is illustrated in 

Fig. 1. 

Fig.1 Schematic representation of the optimization procedure for 
tolerance

i

d c

4 NUMERICAL STUDY 

A four story reinforced concrete frame described in [21], designed in accordance with Euro-

code 8 (EC8) and Eurocode 2(EC2) is used to illustrate the proposed optimization procedure. 

The frame is designed for high seismicity assuming a PGA of 0.3g. The details of the frame 

and the arrangement of the dampers are given in appendix A.  

As the whole purpose of this paper is to demonstrate the optimization procedure, a suite of 7 

artificial ground motions scaled to match a Eurocode 8 design spectra with PGA adopted as 

1.5 times the design PGA is used for the present study. Un-controlled frame analysis has re-

vealed that this level of ground motion intensity can incur inelastic excursions in the parent 

frame [21]. The allowable expected loss in eq. (5) is computed by assuming an allowable in-

ter-story drift of 0.5% which ensures elastic frame behavior [12]. Only drift sensitive non-

structural loss is accounted in the present study. Figs. 2a and 2b illustrate the constraint error 

and the performance index. As SLP is used, in order to ensure better convergence an adaptive 

move limits scheme had to be introduced. A move limit of 1% of the design damping vector is 
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used for the first iteration. This is the reason for the steep slope of the line shown in the plots 

depicted in Figs. 2a and 2b. An initial move limit of 0.1% of the design damping vector is 

used for the rest of the iterations. In the neighborhood of the optimum the initial move limit is 

adaptively updated for better convergence. 

Fig. 2 (a) Constraint error plot, (b) Performance index plot, illustrating convergence to optimum. 

Fig. 3 gives the optimum distribution of the damping coefficients along the height of the 

building. The initial uniformly distributed total damping vector used in this study for starting 

the optimization procedure is 101.92 kN-sec/m. 

Fig. 3 Optimum damper distribution 

The present optimization problem is formulated in such a way that the total expected loss of 

the building is less than a certain allowable value. In this study no story level constraints on 

the expected loss is considered. So in order to understand the localized effect of the distribu-

tion of dampers achieved in Fig. 3 a disaggregation of the total expected loss per story is also 

conducted.  

Fig. 4 Disaggregation of the expected loss per story 
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Fig. 4 shows the story level expected normalized losses. Normalized loss is obtained by divid-

ing the computed story level loss to the allowable story level loss. In a realistic scenario, the 

allowable loss at story level should be determined based on the performance criterion to be 

satisfied for the story. Since Fig. 4 is plotted simply to understand the distribution of the ex-

pected loss per story, the allowable value of the loss at story level is assumed to be obtained 

by dividing the total allowable value by the number of stories. From Fig. 4 it could be clearly 

seen that with the optimum damper distribution shown in Fig. 3, the second story loss exceeds 

the assumed allowable limit. This is to be expected as no story level constraint on the ex-

pected loss is applied in the optimization procedure. Fig. 4 suggests that in the present study 

if we had adopted a constraint on the allowable story level loss limit in addition to the con-

straint on the total allowable expected loss, more damping would have to be allocated to the 

second story. But, as the total expected loss is of more concern for engineers and other stake-

holders only this is considered as the constraint in the present study. However, if desired the 

story level constraints can be easily added by specifying the allowable story loss based on the 

specific requirements of the building. This gives more flexibility in the algorithm and allows 

the functional requirements of different stories of the building to be accounted for.  

5 CONCLUSIONS 

A gradient based sequential linear programming (SLP) optimization methodology is adopted 

to optimally quantify and optimally position added viscous dampers in multi-story frames. 

The optimization problem addressed is to minimize the amount of added damping subject to a 

constraint on the total expected seismic loss. Details of the optimization algorithm is present-

ed and its application is illustrated using a four story reinforced concrete frame subjected to a 

suite of ground motions scaled to a specific target spectra. It is shown that the proposed pro-

cedure is capable of arriving at an optimal quantity of dampers and also simultaneously opti-

mally distributes the dampers along the height of the building. 
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APPENDIX A: DETAILS OF THE FOUR STORY FRAME 

Cdi refers to added dampers and i=1….4 

Material Property 

Dynamic Young’s modulus = 2
101053

m
N. 

Geometric Properties 

Member number Width of the member 

(mm) 

Depth of the member(mm) 

1,6,11,16,17,12,7,2,3,8,13,18 450 450 

4,5,9,10,14,15,19,20 300 450 

Nodal Mass 

Floor level Mass per node (kg) 

1st floor 29800 

2nd -4th floor 29500 
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9 10 
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6.00 m 4.00 m 
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3.00 m 
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Abstract. Countries around the world have had to face huge economic losses due to natural 

disasters over the past decade. This, of course represents a source of great concern for Na-

tional Governments and even more so for the insurance industry. In the aftermath of a natural 

disaster, insurance and reinsurance markets are prone to severe insolvencies and destabiliza-

tion. Therefore, the finance industry is looking for more reliable loss estimation procedures 

and insurance models, as effective means for resilience improvement.  

The present paper proposes an engineering-based methodology as a support for innovative 

insurance models. The study aims at defining a scientific instrument supporting insurers and 

reinsurers in forecasting expected losses and in mitigating the potential lack of financial ca-

pacity. This allows for catastrophe-linked modeling to be performed according to a risk-

based framework. The proposed methodology is applied to the Italian residential building 

stock subjected to seismic risk. Expected losses are evaluated following the procedure out-

lined in Asprone et al. (2013)[1] for earthquake scenarios from the catalogue of historical 

earthquakes, of the National Institute of Volcanology and Geology (INGV) [2] and assuming 

present-day exposure characteristics. Hence the procedure can be implemented anywhere 

else a detailed catalogue collecting information about earthquakes from the past is available, 

as for Italy. 

Statistical simulations of ground motion intensity (peak ground acceleration, PGA) using 

multivariate normal distributions are performed for each earthquake. The simulated PGA 

values are calculated based on the ground motion prediction equation of Sabetta and Pugli-

ese (1996)[3], whose coefficient are re-estimated by Bindi et al. (2009)[4], for each Italian 

Municipality. 

A set of different fragility curves from the literature has been selected and averaged 

for each building type, also accounting for seismic and non-seismic design. In the next step, 

the annual expected losses for insurers are evaluated and the results are aggregated in order 

to calculate total losses for the entire National building stock. Linear regression analysis is 

performed for predicting the expected loss as a function of earthquake magnitude. The result-

ing loss model can be used for efficient and rapid loss estimation for a given earthquake sce-

nario. 
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1 INTRODUCTION 

In last decades the rate of occurrence and the severity of natural catastrophes around the 

world have seriously increased. Hence the probability of severe losses is getting ever higher 

for homeowner, Governments and insurance industry, affecting simultaneously local and ur-

ban communities. This is also due to the growing urbanization in hazard-prone areas and to 

the existence of many old, non-seismic buildings, especially in European countries. 

An effective and widely accepted means to mitigate seismic risk is the private insurance. 

Unfortunately, efforts for the roll-out of the insurance systems for residential buildings 

against natural disasters and, particularly, against seismic risk, are related to several different 

issues. 

On the householder side, there is a widespread low risk perception, hence low willingness 

of people to voluntarily adopt cost-effective protective measures and to purchase insurance.  

At the same time, insurance and reinsurance industry are not willing to promote and to sell 

coverage against such events, due to the high risk of exceeding their financial capacity.  

According to Kunreuther [5], the challenges associated with reducing losses from natural 

hazards is attributed to “the natural disaster syndrome”, which consists of two strictly interre-

lated components: the limited interest in adopting pre-event protections and the high costs to 

the Governments and insurers following a catastrophe. 

The optimization of engineering-based procedures to assess expected losses from disasters, 

has got the potential to meet the needs of householder and insurers, and is also an effective 

means for supporting mitigation actions. Reinsurers and Governments can then be represented 

just as bounds on the insurer-insured interactions, without being directly involved with catas-

trophic losses [6].  

Different scientific studies focus on probability-based means aiming at estimating expected 

losses from earthquakes [26][27][28]. 

The integration of catastrophe modelling with insurance management is very popular in the 

modern insurance systems. Such methodology is usually highly conservative and prevent in-

surers to get an adequate gain mark up, in order to fix a high leeway to avoid insurers to get 

financial problems due to catastrophic losses. 

Actually, a more precise assessment of expected losses allow insurers to know better the 

magnitude of losses they will have to face whenever a disaster occurs. Moreover, being losses 

not overestimated due to the conservatism of catastrophe modelling, insurers can sell insur-

ance products at much lower premiums.  

The present work proposes an engineering-based methodology to be used as a support for 

insurance systems modelling, based on the Italian territory hazard, on the vulnerability of its 

built environment and on its actual exposure. Such a methodology can potentially be imple-

mented also for the insurance premium evaluation in other countries threatened by seismic 

risk. Two fundamental requirements are needed in order to effectively implement the proce-

dure, that is, a detailed inventory of past earthquakes and a dataset containing information 

about the location of buildings in each municipality and their structural typology. 

Peak ground acceleration (PGA) values are simulated based on the attenuation law of 

Bindi et al. (2009) [4]. Selected seismic events are the Italian historical earthquakes from the 

Catalogue of the National Institute of Geophysics and Volcanology (INGV). Intra-event and 

inter-event residuals are simulated in consistency with the log-normal attenuation law, using a 

multivariate normal distribution for the statistical simulation of PGA fields.  

Fragility curves are selected from literature and averaged on each building type to evaluate 

the structural performance in terms of structural limit state exceedance probability given 

ground motion intensity.  
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Annual expected losses are estimated through the scenario analysis referring to the actual 

Italian building stock, according to data supplied by the National Institute of Statistics 

(ISTAT) [8]. Results are then aggregated to compute the total expected National loss. 

Linear regression analysis are then performed on 50°, 16° and 84° percentile values, for 

each simulated PGA field (100 values for each simulation) in order to obtain predictive ex-

pected loss versus event magnitude relationships. 

2 EARTHQUAKES SCENARIO ANALYSIS AND SIMULATIONS 

All historical earthquakes are selected, whose epicentre was located within the Italian fron-

tier. Hence, 970 earthquakes on 1172 events are investigated from the updated catalogue of 

INGV [2], from 217 b.C. until 2002 and with magnitude larger than 4. 

The catalogue provides some parameters which are fundamental for the implementation of 

the scenario analysis: geographical coordinates of epicentre and magnitude.  

The ground motion equation used in this work for PGA estimate is outlined in Bindi et al. 

(2009) [4]. It adopts the same functional form of Sabetta and Pugliese (1996) [3], and updates 

its coefficients, as follows: 

     iShRMPGA 262,0log328.0344.1log 22

1010  (1 ) 

Some assumptions are made in the context of the present study: M is assumed to be equal 

to Msp, according to the INGV’s historical catalogue, R is the epicentral distance from the 

centre of each municipality [km]. Other parameters are assumed to be the same as suggested 

by Bindi et al.. In this first step, Si is assumed to be equal to zero, which means that PGA is 

evaluated assuming rock soil conditions. σ is the standard deviation of the log of PGA and is 

given by the following: 

222

int

2

int

2 )222.0()174.0(  raer   ( 2 ) 

where σinter is the inter-event standard deviation and σintra is the intra-event standard devia-

tion. According to such distinction, to evaluate the differences attained in the evaluation of 

expected losses, in this study two limit cases are investigated when performing scenario simu-

lations: PGA fully uncorrelated, assuming σ=σ, and PGA partially correlated, considering 

only the inter-event correlation in the residuals of the ground motion prediction equation. 100 

values are simulated for each earthquake, drawn from the attenuation law.  

The attenuation law is calculated for each seismic event with different magnitude, as 

shown in Figure 1, for each Italian municipality. 
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Figure 1 – Histogram of magnitude values of the simulated seismic events 

For municipalities at distances lower than 5 km from the epicentre, PGA is assumed to be 

equal to the epicentral one. For municipalities at distances larger than 100 km from the epi-

centre PGA is assumed to be equal to zero. 

In the case of both fully correlated PGA and partially correlated PGA, error simulations 

according to a multivariate normal distribution are performed, whose median is equal to the 

PGA calculated according to the attenuation law from Bindi et al. (2009), given in equation 

(2). 

Regarding the standard deviation, , of the multivariate normal distribution, it is differently 

calculated for the two limit cases. 

In the case of PGA fully uncorrelated it is given by a covariance matrix, which accounts 

for the total standard deviation as it is given by Bindi et al., and is defined as follows: 

( 3 ) 

The histogram of sample simulations based on the fully uncorrelated assumption is shown for 

Benevento municipality for Molise 2002 (Msp=5.59) in Figure 2-(a). Conversely, in the case 

of partially correlated PGA, standard deviation for multivariate normal distribution for simu-

lations is evaluated from a covariance matrix, accounting only for the inter-event correla-

tion, as follows: 
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The histogram of sample simulations based on the partially correlated assumption is shown 

for Benevento municipality for Molise 2002 (Msp=5.59) in Figure 2-(b). 

0 0.5 1 1.5 2 2.5
0

1

2

3

4

5

6

7

8

9

10

Simulated error

Benevento municipality

(a)
0.5 1 1.5 2
0

1

2

3

4

5

6

7

8

9

10
Benevento municipality

Simulated error (b)

Figure 2 - Error simulated (Nsim=100) for Molise 2002 (Msp=5.59) for Benevento municipality in the case of 

fully uncorrelated PGA (left side), and in the case of partially correlated PGA (right side) 

Once the PGA field, derived from each earthquake, is evaluated for the entire Italian terri-

tory (assuming rock as soil type), PGA values are amplified according to the topographical 

and stratigraphic coefficient of each municipality, as defined by Colombi et al. (2010) [7].  

3 FRAGILITY CURVE DATASET SELECTION 

Seismic fragility curves define the probability of exceedance of a discrete set of limit states, 

as a function of an intensity measure of the earthquake (IM).  

In this paper, the considered intensity measure is the PGA, hence the cumulative distribu-

tion function (CDF) representing each set of fragility curves is defined as: 

,

log( ) log ( , )

( , )
j i

PGA i j
F

i j





 
  

 
 ( 5 ) 

Being i the structural typology, j the number of limit states and Φ is the standard normal 

distribution function. Several studies have been investigated from the literature among which 

those referring to structural typologies which are more similar to the Italian ones, have been 

selected ([10]). Six structural typologies have been identified from ISTAT dataset: seismic 

and non-seismic reinforced concrete, seismic and non-seismic masonry and seismic and non-

seismic mixed buildings. 

The probability of the exceedance of limit state sl given PGA is evaluated as: 
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Actually a vulnerability assessment considering spectral acceleration, Sa, rather than PGA 

is more precise from a structural point of view and respects the ground motion IM as meant 

by the Italian building code. Unfortunately, to evaluate spectral acceleration at least the num-

ber of storeys of each residential building should be known. Such an information, which allow 

to estimate the fundamental period, T, of the buildings, is not given by the ISTAT database.  

4 LOSS ESTIMATION MODEL 

In this paper, a discrete version of the Performance-based Earthquake Engineering (PBEE) 

framework equation (e.g., [9]) is used (see Asprone et al. (2013) for more details): 

, 1,

1

( ) [ (PGA) (PGA)] [€ / ]
n

i SL i SL i

LS

l RC LS F F sqm



   ( 7 ) 

where li is the expected loss given PGA per square meters of residential units; PGA is the 

earthquake IM evaluated for each municipality through the attenuation law and then amplified 

for the stratigraphic and topographical coefficients, SS and ST. 

The specific loss expected values, li, are averaged on all considered curves (i=1:N) for each 

structural typology and the resulting mean value, 
1

1
N

m i

i

l l
N



  , is then integrated on the

square meters amount. Hence, the total expected loss, Lm, is evaluated, which represents an 

indicator of mean losses on the overall municipal territory. By summing up Lm for all munici-

palities, the National expected loss, L, is computed. 

Some assumptions are made regarding the unit cost of reconstruction/restoration. Being n 

the number of limit states for each vulnerability curve, the reconstruction cost, RCcollapse, is 

assumed to be equal to 1500 €/sqm. It corresponds to the collapse limit state and its amount 

comes from the estimates of CRESME (2011) [25] regarding mean costs for new construc-

tions in Italy.  

Furthermore, according to the scenario analysis by Asprone et al. (2013), the reconstruc-

tion/restoration costs for residential buildings are assumed to have a linear trend against the 

limit states, i, as in the following: 

collapseRC
n

i
LSRC 








)(  ( 8 ) 

Such relationship allows to evaluate the unit loss also for intermediate limit states and to 

keep this invariant for the assumptions made.  

Expected National Losses are evaluated for each earthquake simulation performed, and 

plotted against magnitude, in the case of PGA fully uncorrelated (Figure 3) and PGA partially 

correlated (Figure 4). 
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Figure 3 – Expected National Losses for each simulated earthquake, in the case of PGA fully uncorrelated 

Figure 4 - Expected National Losses for each simulated earthquake, in the case of PGA partially correlated (con-

sidering only the inter-event correlation) 

The results demonstrate more scatter in expected loss given magnitude for the case when 

PGA values are partially correlated (with respect to the uncorrelated case). Figure 5 below 

shows the histogram of expected loss for the Italian built environment (residential) for two 

historic events of Messina (1908, Msp=7.24) and Irpinia-Basilicata (1980, Msp=6.89).   
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Figure 5 – Examples of total losses evaluated for the Italian built environment in the case of PGA fully uncorre-

lated (left side) and PGA partially correlated (right side). Analysis results refers to the following seismic events: 

6.a1- 6.a2 Messina 1908, 6.b1 – 6.b2 Irpinia-Basilicata 1980. 

5 PBEE SUPPORTING INSURANCE INDUSTRY: RESULTS AND DISCUSSION 

Seismic insurance is a potential tool for seismic risk mitigation, whose modeling is cur-

rently of great concern.  

Dealing with the Italian building stock, one has to consider that the set of residential build-

ings is a spatially distributed system. Hence, the joint distribution of ground motion parame-

ters at different sites is needed when performing a scenario simulation. Since, the entire 

Italian built environment is investigated, and the spatial modeling of ground motion at the 

level of each municipality rather than the single building is performed. This is done based on 

the working assumption that PGA values are constant within the single municipality’s area.  

Once scenario simulations are executed, linear regression analysis are implemented ac-

cording to the least square method. These leads to a predictive model for expected loss given 

magnitude . 

First a linear regression on logarithms of 50
th

 percentile of estimated losses for both the 

case of PGA fully uncorrelated and PGA inter-event correlated is performed: 
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sp

th MbaL 1010

50

10 logloglog   ( 9 ) 

where L
50th

 is the median value of evaluated expected losses for each earthquake simula-

tion, Msp, is the magnitude according to the INGV catalogue, and log10a and b are the coeffi-

cients of the regression curve (the intercept and the slope, respectively). The regression can be 

seen also as a probabilistic model for the residuals (errors), where the assumption of having 

constant dispersion, i.e. the homoskedasticity assumption, subsists. The sample variance can 

be then estimated as: 

2
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22
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 ( 10 ) 

where the numerator represents the residual sum of squares and the denominator is the de-

gree of freedom remaining, since the predicted values are calculated using two statistics, 

namely, the slope and the intercept of regression. Hence, the 16
th

 and 84
th

 percentiles for loss

given magnitude according to the regression predictive model are calculated as: 

2-n

)]log(log[log

=s=M)|(

n
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 ispi
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sMbaL sp
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10 logloglog  

sMbaL sp

th  1010
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10 logloglog

Where L
16th

 and L
84th

 are the 16
th

 and 84
th

 percentiles of the loss. Alternatively, logarithmic

linear regression is also performed taking the 16
th

 and 84
th

 percentile expected loss values as

the dependent variables (in exactly the same manner described above for the case of the 50
th

percentile),  for the cases of PGA fully uncorrelated and PGA inter-event correlated. The re-

sulting predictive equations are plotted in Figure 6 and Figure 7. The black curves demon-

strate the regression curve and its 84
th

 and 16
th

 percentiles; the blue curves demonstrate the

regression curves fitted to the 16
th

 and 84
th

 percentiles of the expected loss values. It can be

observed that the blue curves capture the fact that there are less data (less number of very big 

earthquakes) for very large magnitudes. On the other hand, the black lines are based on a 

homoskedastic regression model (constant dispersion) and cannot capture this trend.  
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Figure 6 – Expected losses against magnitude and regression curves for the case of PGA fully uncorrelated 
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Figure 7 – Expected losses against magnitude and regression curves for the case of PGA partially correlated 

In both Figure 6 and Figure 7, the expected losses are calculated for each historical event 

with a given magnitude for the built environment in the entire Italian territory. Table 1 below 

shows the statistics of the loss values simulated for a given historic event (Venafro 1873, 

Msp=4.99). It can be observed that the mean loss values are almost equal (something that is 

expected); whereas the partially correlated case shows a significantly higher dispersion. 
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ex. 500
th

 earthquake

[Venafro 1873 – 

Msp=4.99] 

PGA FULLY 

UNCORRELATED 

PGA INTER-EVENT 

CORRELATED 

Mean 1.0646e+009 0.93656e+009 

Standard deviation 5.7097e+008 1.2162e+009 

Median  1.0205e+009 0.49394e+009 

Table 1: statistics of expected loss distribution according to the two studied PGA limit case 

Figues 8a,b below show the regression curves fitted to the median (Figure 8a) and the 

mean values (Figure 8b) for losses calculated for the two cases of uncorrelated (dashed dot) 

and partially correlated (dashed) PGA values. As it is expected the mean values curves are 

almost identical (the expected value for total losses over the entire territory does not depend 

on the correlation structure); whereas, the median values for the partially correlated case are 

lower (this is reasonable since the partially correlated case is associated with higher standard 

deviations, the median should be smaller so that the expected values are equal). 
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Figure 8 – Regression curve for expected losses against magnitude on median (a) and mean (b) values, showing 

almost complete correspondence between PGA fully uncorrelated and PGA partially correlated in the case of 

mean regression  

6 CONCLUSIONS 

The main criticality that insurers have to face when dealing with private seismic insurance 

is related to the knowledge of effective economic resources needed. It is fundamental to cope 

with the insurers’ need to pay the insured, without incurring in insolvency, and also to cover 

expenses without getting into cash flow problems. Collecting information about past earth-

quakes and information about the population of residential buildings and their construction in 

the present, this study proposes predictive relationships for the expected economic losses giv-

en the magnitude. The procedure employed for deriving these predictive relationships takes 

into account (partially) the spatial correlation in the residuals of the ground motion prediction 

equation. The results are presented in terms of the 16
th

, median and 84
th

 percentiles for ex-
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pected loss curves given magnitude based on two distinct assumptions regarding the spatial 

correlation structure in PGA values (uncorrelated and partially correlated considering only the 

inter-event correlation). The above-mentioned percentile curves are calculated based on both 

homoskedastic (constant dispersion) linear regression and also by directly calculating the per-

centiles from the data. It can be observed that the 16
th

/84
th

 percentiles’ confidence interval

around the median is larger in the case of partially correlated PGA values. This observation is 

in agreement with similar results in the literature (e.g., Goda and Hong 2008). Moreover, it is 

observed that the simple linear logarithmic regression based on the assumption of constant 

dispersion cannot capture the fact that there are less historical earthquakes available for the 

very large magnitudes (also reflecting the fact that there are fewer faults that are physically 

capable of producing very large events). The seismic events collected by the historical cata-

logue are, in fact, in higher number for lower magnitudes. In general, the predictive relation-

ships derived for the expected loss given magnitude clearly show significant dependence on 

how the correlation in the peak ground acceleration is modeled (with the exception of the 

mean curve that demonstrates a certain insensitivity to spatial correlation). This confirms fur-

ther (see e.g. see for example Yoshikawa and Goda 2014) that the choice of a suitable risk 

metric for insurers is of extreme importance for decision-making. 
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Abstract. Based on the IDA method for seismic evaluation of superstructure, an IDA method 

for seismic evaluation of underground structure was proposed in this paper. The feature of 

IDA and its implementation procedures were introduced in detail. Combined with an engi-

neering project, a two-dimensional finite element numerical model was proposed to analyze 

structural seismic response through finite element analysis software ABAQUS. 10 ground mo-

tion records were selected to provide sufficient accuracy in the estimation of seismic demands. 

Analysis result shows that IDA method can be applied successfully to underground structure 

and the difference between superstructure and underground structure using IDA method was 

also presented. Furthermore, the efficiency of different intensity measures was investigated. 

Two intensity measures were used, namely, Peak Ground Acceleration (PGA), Peak Ground 

Velocity (PGV) , and θmax was selected as the damage measure. The analytical progress 

and results are helpful for the performance-based seismic design of underground structure 

and a wide application of IDA in other complex underground structures. 
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1 INTRODUCTION 

With the rapid development of science and technology, underground structure becomes 

more and more important in our daily life. Therefore, the security of underground structure 

under seismic loads should be ensured. In early years, many researchers believed that because 

of the restraint of surrounding soil, the seismic performance of underground structure could 

be better than that of superstructure. However, from the damage phenomenon in the earth-

quakes happened in recent years, we know that the existing underground structures are not 

security enough, which can also cause great earthquake damage sometimes. Especially in the 

Kobe earthquake at Japan in 1995, the Daikai subway station was suffered from serious earth-

quake damage, and more than 30 columns of the central section of the station completely col-

lapsed over a total length of about 110m [1]. This event also aroused many researchers’ 

awareness to do research on seismic performance of underground structure.  

Nowadays, the concept of performance-based earthquake engineering is the most popular 

seismic design theory in recent years. This concept is also considered as the major guiding 

ideology for seismic design in the future. The aim of this concept is to make sure the struc-

tures designed can have the anticipative functions [2]. During the design life of architectural 

structure, specific performance levels should be provided when it endures different earth-

quake levels, which should also make the costs lower enough over the structures’ life cycle.  

There are several methodologies proposed to fulfill this aim, but undoubtedly, the most 

promising method is incremental dynamic analysis (IDA) or dynamic pushover, which can 

estimate the seismic performance of structures accurately and is of great contribution in per-

formance-based earthquake engineering. It takes the old concept of scaling ground motion 

records and develops it into a way to accurately describe the full range of structural behavior, 

from elasticity to collapse [3]. In the concrete, IDA is a parametric analysis method, which 

involves performing a series of nonlinear dynamic analyses of a suite of ground motion rec-

ords, each scaled to multiple levels of intensity, thus producing dynamic capacity curves of 

response parameterized versus intensity level. The concept has been provided as early as 1977 

by Bertero [4], and has been used by several authors, such as Luco and Cornell [5, 6], Bazurro 

and Cornell [7, 8], Mehanny and Deierlin[9], Nassar and Krawinkler[10]. The method was 

well documented and introduced by Vamvatsikos and Cornell in 2000[11]. With the rapid 

spread of IDA among researchers all over the world, this method has already been used to 

many different kinds of structures in recent years, including the use to high-rise towers by 

Behrouz and Mahmood et al [3], the use to hybrid structure by Zhou Ying et al [12], the use 

to steel moment resisting frames by Behrouz and Hamideh et al [13] and the use to multi-

column bridge bents by A.H.M and M. Shahria [14]. From the content mentioned above, we 

can find that IDA is mostly used to evaluate the performance of superstructure. 

In this paper, IDA is applied to the underground structure. An introduction of the method 

of IDA is presented specifically and its available application to underground structure is 

shown through the representative example of Daikai subway station. The analytical process 

and results are helpful for the performance-based seismic design of underground structure and 

capacity estimation of underground structure. 

2 INCREMENTAL DYNAMIC ANALYSIS 

2.1 Basic concepts [11] 

1. Original ground motion records: 

The original ground motion records a1 are selected from the ground motion database, 

which can represent the structure’s site conditions. 
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2. Scale factor (SF)

The scale factor λ is a nonnegative number, which can produce ground motion aλ with dif-

ferent intensity levels ranging from structure’s elasticity to collapse by multiplying original 

acceleration time history a1. A value of λ=1 signifies the original record, λ<1 means a scaled-

down record, while λ>1 is a scaled-up one. A common method is to determine one intensity 

level, which can be used for initial elastic analysis, and then enhance the intensity level one-to 

one through multiplying the SF. 

3. Intensity measure (IM)

Intensity Measure is a parameter that can signify the ground motion intensity and should be 

scalable. There are many quantities proposed to characterize the intensity of a ground motion 

record. Common examples of scalable IMs are the Peak Ground Acceleration (PGA), Peak 

Ground Velocity (PGV), the ξ=5% damped Spectral Acceleration at the structure’s first-mode 

period (Sa(T1,5%)), and the yield reduction R-factor, et al. 

4. Damage Measure (DM)

Damage Measure or Structural State Variable is a parameter that can deduced from the 

output of the corresponding non-linear dynamic analysis. It can characterize the additional 

response of the structural model due to a prescribed seismic loading. Common examples of 

DMs are maximum base shear, node rotations, peak story ductility, various proposed damage 

indices (e.g. a global cumulative hysteretic energy), peak roof drift, the floor peak inter story 

drift angles, the maximum peak inter story drift angle. 

The selection of a suitable DM depends on the application and the structure itself. For 

structural damage of frame buildings, θmax relates well to joint rotations and both global and 

local story collapse, thus becoming a strong DM candidate. 

2.2 Basic steps 

The basic steps of IDA described in FEMA-350/351 are [15, 16]: 

1. Establish the calculation model which can be used for both elastic analysis and elastic-

plastic analysis of the structure. 

2. Choose the ground motion records which can be representative of events likely to cause

severe ground motions in the site on which structures are located. Around 10 to 20 records are 

usually enough to provide sufficient accuracy in the estimation of seismic demands for mid-

rise building [17]. Choose suitable IM and DM. 

3. Get a series of ground motion records through monotonously scaling the original ground

motion records. 

4. A single-record IDA study, as shown in Figure 1(a). Choose a little scaled record for

elastic time history analysis, getting the first point of IM-DM, which is denoted as Δ1; the 

elastic slope of the ligature between the origin and Δ1 is denoted as Ke; continue dynamic 

analysis for the next scaled ground motion record to get the second point of IM-DM, which is 

denoted as Δ2; if the slope of the ligature between Δ1 and Δ2 is larger than 0.2Ke, continue 

elastic-plastic dynamic analysis for the next scaled ground motion record until the slope of the 

ligature between Δi and Δi+1 is lower than 0.2Ke, at which point the structure is considered 

being collapse. Δi+1 is the ultimate value of DM; if Δi+1 is larger than 0.1, the ultimate value of 

DM is considered as 0.10; the ligature of all points is the IDA curve. 

5. Exchange the original ground motion record and repeat step3 and step4 to get an IDA

curve set, which is a collection of IDA curves of the same structural model under different 

ground motion records, as shown in Figure 1(b). Conduct statistic according to a specific 

method and get the statistical IDA curves. 
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(a) A single-record IDA study [18] (b) A multi-record IDA study 

Figure 1: IDA curves. 

3 THE APPLICATION OF IDA TO UNDERGROUND STRUCTURE 

In order to show the available application of IDA to the underground structure, the Daikai 

subway station at Japan which suffered from strong seismic loads in 1995 is taken as a typical 

example according to the steps introduced above. 

3.1 General profile [1] 

The Daikai subway station was built between 1962 and 1964 by cut-and-cover which be-

longs to the privately owned Kobe Rapid Transit System. The distance between the station 

and the epicenter of the earthquake is about 15 km. The Daikai station can be divided into 

three sections as follows: (1) the main section of the station that collapsed; (2) the subway 

tunnels section with no severe damage occurred; and (3) the access station section that had 

two underground levels, where no severe damage occurred. The main structure considered in 

this paper is the first section, as shown in Figure 2. The rectangular reinforced concrete box is 

of 17m wide and 7.17m high, and the space of central columns is 3.5m in the longitudinal di-

rection. The columns which are about 5m high had a rectangular reinforced concrete cross 

section of 0.4m by 1.0m. The soil condition applied in this paper can be got from the refer-

ence [19], which is shown in Table1. 

Figure 2: Section one that collapsed [1]. 

Soil layer Depth(m) Unit weight(t/m
3
) Shear wave velocity(m/s) Poisson ratio 

1 0~2.04 1.9 140 0.333 

2 2.04~5.10 1.9 140 0.488 

3 5.10~8.21 1.9 170 0.493 

4 8.21~11.45 1.9 190 0.494 

5 11.45~17.20 1.9 240 0.490 

6 17.20~39.20 2.0 330 0.487 

7 - 2.1 500 0.470 

Table 1: Soil condition of the site where Daikai subway station is located. 
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3.2 Analytical modeling 

The two dimensional finite element model with both soil and subway station is established 

according to the general profile mentioned above through the finite element software 

ABAQUS, as shown in Figure 3. To model the behavior of reinforced concrete accurately, 

both concrete damage plasticity model and steel model are all considered in this detailed nu-

merical model. With the help of SHAKE, soil’s equivalent linearization is considered. The 

boundary of soil in this model is considered through infinite element. 

Figure 3: Finite element model. 

3.3 Selection of ground motion records 

The ground motion records selected from the ground motion database should be able to 

represent the structure’s site conditions. According to the United States Geological Survey, 

USGS, the site condition can be divided into four groups, denoted as S1, S2, S3, S4 respective-

ly. The shear wave velocity of each group is greater than 750m/s, 360~750m/s, 180~360m/s 

and less than 180m/s in turn. The character of the site where Daikai subway station is located 

is similar to S3 group. Therefore, the ground motions selected all come from S3 group. As 

mentioned above in 2.2, ten to twenty records are usually enough to provide sufficient accura-

cy in the estimation of seismic demands [17]. Consequently, a set of ten ground motion rec-

ords that belong to a bin of relatively large magnitudes of 7.5-8.0 and near-fault, all recorded 

on soil type S3 are selected from the Pacific Earthquake Engineering Research Center [20], as 

shown in Table2. The selected ground motions are effectively presumed to be able to cause 

severe ground motions in the site where structure is located. 

No Event Station Ф
01

 Soil
2
 M

3
 PGA(g) PGV(cm/s) 

1 Kocaeli Turkey, 1999 ERD 99999 Duzce DZC180 S3 7.51 0.312 58.86 

2 Kocaeli Turkey, 1999 ERD 99999 Duzce DZC270 S3 7.51 0.358 46.40 

3 Kocaeli Turkey, 1999 KOERI 99999 Yarimca YPT060 S3 7.51 0.268 65.75 

4 Kocaeli Turkey, 1999 KOERI 99999 Yarimca YPT330 S3 7.51 0.349 62.18 

5 Chi-Chi, Taiwan, 1999 CWB 99999 CHY101 CHY101-E S3 7.62 0.353 70.64 

6 Chi-Chi, Taiwan, 1999 CWB 99999 CHY101 CHY101-N S3 7.62 0.439 115.0 

7 Chi-Chi, Taiwan, 1999 CWB 99999 TCU050 TCU050-E S3 7.62 0.147 36.91 

8 Chi-Chi, Taiwan, 1999 CWB 99999 TCU050 TCU050-N S3 7.62 0.130 42.36 

9 Denali, Alaska, 2002 TAPS Pump Station #10 PS10047 S3 7.9 0.138 134.8 

10 Denali, Alaska, 2002 TAPS Pump Station #10 PS10317 S3 7.9 0.318 76.99 
1
 Component  

2
 USGS  

3
 Magnitude 

Table 2: Set of ten ground motion records. 

3.4 Selection of IM and DM 

The most important issues to perform an IDA are selecting a suitable IM and DM. The 

basic principle of IM selection is to truly reflect the potential damage effect under seismic 

loads in the future and make the discrepancy of DM under different ground motions as small 

as possible. In this paper, Peak Ground Acceleration (PGA), Peak Ground Velocity (PGV), 

which are common examples of scalable IMs are selected. The spectral acceleration at the 
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structure’s first-mode period Sa(T1,5%) may not be suitable for underground structure, which 

will not be discussed in this paper. 

The basic principle of DM selection is to truly reflect the damage of structures, including 

the structural components, non-structural components and in-house facilities. This progress 

also depends on the application and the structure itself. As mentioned above, θmax relates well 

to joint rotations and both global and local story collapse, thus θmax is selected as DM in this 

paper. 

In order to cover the entire range of the structural response from elasticity to global dy-

namic instability, the original ground motion records are scaled with the value of PGV as 10, 

30, 50, 60, 70, 80, 90, 100 cm/s in turn. The model is conducted with one-way ground motion 

input of X axis along the structural plane. When it comes to PGA as IM, there is no need to do 

another large number of calculations, but just replace the value of PGV with the correspond-

ing PGA and then get the IM versus DM curves. 

3.5 IDA analysis results 

IDA analysis of Daikai subway station subjected to ground motion is performed using 

ABAQUS software. IDA result of studied structure in terms of IM and DM is presented in 

Figure 4. The figures present the IDA curves for 10 ground motion records shown in Table 2.  
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Figure 4: The 10 IDA curves analysed. 

As can be seen, for a specific numerical model, the IDA curves under different ground mo-

tion records have significant differences, especially the variation of slope. For example, the 

slope of curve (1-3) is decreasing gradually while the slope of curve (4) presents the trend of 

decreasing firstly, increasing secondly, and then decreasing. The latter phenomenon is due to 

period elongation or the so-called structural resurrection [11]. The slopes of the straight lines 

from the origin of the axes to the first IM-DM points on the graphs are referred to as the elas-

tic slope. These trends mentioned above are nearly the same as IDA analysis results for the 

superstructure. 

What is more, the IDA graphs also bring a fresh perspective to an important question of the 

effective IM choice for the underground structure. As mentioned above, IM selection is to 

make the discrepancy of DM under different ground motions as small as possible. Smaller 

dispersion of DM given IM implies that fewer nonlinear runs and a smaller sample of ground 

motion records are enough to estimate structure’s performance. Therefore, a desirable proper-

ty of a candidate IM is small dispersion. From the graphs in Figure 4, it is obvious that the 

latter produces a lower dispersion over the full range of DM values. PGV appears preferable 

to PGA for the subway station.  
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4 CONCLUSIONS 

 IDA can be applied successfully to underground structure, especially the Daikai subway

station. The trend of IDA curves for the underground structure is nearly the same as the

superstructure.

 For the IM selection of underground structure, PGV is better than PGA for its smaller

dispersion, which may also be the difference between underground structure and super-

structure.
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Abstract. A Graphical Dynamic model is derived to describe the directional earthquake re-
sponse of two-ways plan-asymmetric systems, which retains the insightful educational evi-
dence of traditional graphical static methods and the accuracy of computational methods of 
analysis. The dynamic directional response is expressed in terms of modal rotational kinemat-
ics about modal centers of rotation, referred to as modal torsional pivots. Seismic forces and 
response decomposition are handled through geometric modal torsional trends and the 
earthquake incidence response envelopes are described through directional modal participa-
tion radii and graphic spectrum-based “8-shaped” directional influence circles. The graphic 
approach provides good predictions of the maximum response and of the critical angle com-
puted through CQC3 and other directional analysis methods.   
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1 INTRODUCTION 
This paper presents an application of Graphic Dynamics for predicting the response of plan 

irregular structures with changing angle of earthquake attack. The method is based on the 
Graphic Response History Analysis (GRHA) and Graphic Response Spectrum Analysis 
(GRSA) and on the definition of directional modal participation radii, [1], computing the dy-
namics through the Graphic Modal Analysis (GMA), and the Ellipse of Elasticity Modal 
Analysis (EEMA), described in [2], [3], [4], and [5]. The approach uses the results of [6], [7], 
and [8], where the response of irregular buildings is treated in terms of rotational kinematics 
about torsional pivots. Some authors have proposed synthetic parameters for describing the 
torsional response of eccentric systems, [9], which provide improved prediction with respect 
to code-based formulae. The method used here is based on the GRSA, and provides an im-
proved rational description accounting for both the complete structural parameters and the 
input motion information. It is suited for full graphic development, providing increased con-
trol and insight into the dynamic behavior of irregular systems. The identification of synthetic 
structural and modal parameters in the linear range can be critical for the choice of spectrum-
based intensity measures governing the response of building systems also in the nonlinear 
range, [10], [11]. New graphical features are presented as well as a validation of the GRSA 
method for predicting the directional response in terms of ‘eight-shaped’ modal influence cir-
cles. A graphical relation is presented which links the modal torsional pivots to the eigenvec-
tors of the equivalent translational system. The effectiveness of the predictive graphical 
method is shown with reference to a numerical application of a two-ways plan asymmetric 
building system with eccentric infills. 

2 GRAPHIC DYNAMIC TORSIONAL TRENDS 
Graphic dynamic methods make use of global diaphragm systems properties such as the 

mass circle of gyration and the ellipse of elasticity, which are centered in the center of mass G 
and in the center of stiffness K respectively.  

ρ = I p m , ρx = kθ kx , ρy = kθ ky , α =
ρy

ρx

= kx
ky
, dxy = ex

2 + ρy
22 + (αey )

22 (1) 

These graphic figures are defined by the mass gyrator ρ, and by the semi-axes ρx and ρy. The 
position of K with respect to G is the two ways eccentricity with components ex and ey.  
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It was shown, [1], that a graphic indicator of the torsional character is the ‘coupled stiffness 
radius’ dxy, which represents the diagonal built starting from the eccentricity ex and the rotated 
semi-axis of the Ellipse of elasticity ρy, and accounts for both the torsional coupling induced 
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by the eccentricity and the in-plan irregular distribution of the lateral load resisting elements. 
The parameter dxy figures in the rotational diagonal term of the dynamic stiffness matrix kρ/m 
associated with the vector uρ of the equivalent translational degrees of freedom ux, uy and ρθ, 
which are the displacement at the center of mass G and the floor rotation multiplied by ρ, as it 
is evident from the Equations (2). The ratio (dxy/ρ)2 is related to the ‘translationality’ of the 
torsionally coupled system. It can be show that a generic floor deformation corresponds a rig-
id rotation with center C given as the intersection of the vector uρ with a horizontal floor plane 
placed at a height equal to ρ, as it is shown in Figure 1. Since the system of dynamic equa-
tions is in the standard form, i.e. the mass matrix is diagonal, the eigenvectors Φ1ρ, Φ2ρ, and 
Φ3ρ are three orthogonal axes and intersect the idealized horizontal floor plane in correspond-
ence of the three torsional modal pivots C1, C2 and C3. 

  
Figure 1: Graphic identification of the modal torsional pivots C1, C2 and C3 corresponding to the classical eigen-

vectors Φ1ρ, Φ2ρ and Φ3ρ of the equivalent translational stiffness matrix. 

3 EARTHQUAKE RESPONSE AND INCIDENCE ANGLE 
The GRHA and GRSA approaches for determining the maximum response of irregular 

systems have been introduced in [1] and [5]. In general the elastic response of a system to 
earthquake loads is obtained starting from the results of the modal analysis, [12], expressing 
the mass proportional static earthquake forces mr in terms of their modal components. The 
approach based on the modal decomposition of the forces and of the response has been found 
to be accurate enough also in the case of weakly coupled nonlinear systems [13]. The overall 
response is traditionally expressed as the sum of the products of N modes shapes times the 
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time-dependent amplification functions. If the rotational mode shapes are scaled so to have a 
unit rotation angle, the corresponding time-dependent functions are the actual rotation histo-
ries θn(t). The graphic visualization of the modal expansion of the earthquake forces is the ba-
sis for the GRHA and for the related GRSA procedures. The graphic dynamic approaches 
translate the modal response decomposition in terms that are easy to visualize on the floor 
plan of a two-ways asymmetric system. 

 
Figure 2: GRHA, Mode i component of the earthquake force, directional modal participation radius li,r and modal 

sampling point Pi,r. 

An important feature are the so called ‘directional modal participation radii’ li,r =1/Γi,r, which 
represent the inverse of the directional participation factors, and describe the contribution of 
each mode to the overall response. The radii li,r  are the distance of the modal nodes from the 
line of modal earthquake forces drawn orthogonal to the direction of earthquake attack.  

  
Figure 3: GRSA, displacement spectrum-based directional modal influence circles of the response at the center 

of mass G. 
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The graphical modal expansion of the earthquake forces is made based on the polygonal force 
decomposition rule of the directional seismic force on the lines of action of the modal forces. 
The directional effective modal masses are viewed as the projections of the modal seismic 
forces on the direction of earthquake attack. The GRSA completes this graphical construction 
with the intensity of the maximum response coming from the displacement response spectrum. 
The construction of the maximum directional modal response of the center of mass G is 
shown building on the triangle of modal pivots and on the ordinates SD(Ti). This construction 
yields the envelope of the directional modal response in form of two ‘eight-shaped’ circles, 
referred to as ‘directional spectral influence circles’, which match well the response envelopes 
described in other studies, [14], [15]. 

4 NUMERICAL EXAMPLE 

The graphic GRSA construction of the directional response is illustrated with reference to 
an example of single-story R/C frame structure with masonry infills. The structure is two-
ways plan-asymmetric due to eccentric placement of the infills in the left two bays and in the 
bottom three bays. The linear analysis is carried out considering the initial elastic properties of 
the structure and of the infills, and yields the modal periods T1 = 0.21s, T2 = 0.14s, and T3 = 
0.09s.  

Figure 4: Plan layout of two-ways asymmetric single story structure with eccentric infills. 

The corresponding mode shapes are represented in figure through the rotational modal nodes 
C1, C2 and C3. The RHA is carried out with a single natural ground motion extracted from a 
set of motions consistent with the design spectrum.  

NODE RHA CQC3 Graphic Angle 
G 119° 117° 120° 
A 118° 120° 120° 
B 117° 120° 120° 
C 33° 35° 36° 
D 121° 120° 120° 

Table 1: Critical angles for displacement response at different nodes with RHA, CQC3 and graphic prediction. 

The x-component of the Gazli 17/05/76 record is used, with PGA=0.6g. The displacement 
spectrum modal ordinates are SD(T1)=1.25cm, SD(T2)=0.61cm, SD(T3)=0.35cm. The GRSA 
determination of the modal response envelope is reported in Figure 5 drawing the modal re-
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sponse influence circles for the floor corner points and for the center of mass, which clearly 
indicate the torsional gradients of the modal response component along the floor.  

Figure 5: Plan schematic with Ellipse of Elasticity, Mass circle of gyration, modal torsional pivots and triangle of 
forces, and GRSA construction of the directional influence circles at corner points. 

Figure 6: Displacement response at the corner nodes and center of mass, matching of numerical RHA (blue line) 
with the GRSA graphical prediction (red line). 

In Figure 6 the modal contributions obtained with the GRSA are combined with a CQC rule, 
and their directional response envelopes compared with those obtained with the RHA using 
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the input ground motion. The comparison of the critical earthquake angle for the displacement 
response at different locations is reported in Table 1. Results indicate that the directions of the 
graphical modal trends given by the triangle of modal pivots/forces provide an accurate 
enough prediction of the critical angle as compared with the CQC3 rule [16], and with the 
RHA directional response envelope.  

5 CONCLUSIONS 
This paper presented further insight on torsional coupling from graphical dynamic methods, 

and on graphic directional response envelope prediction of torsionally coupled systems sub-
jected to unidirectional earthquake with rotating angle of attack. The method was applied to 
an example of two-ways asymmetric R/C single story building with irregular infills layout. 
Results have shown that: a graphical correspondence can be drawn between orthogonal ei-
genvectors of the torsional dynamic stiffness matrix and the floor modal torsional centers of 
rotation (pivots). The graphical methods provide valuable insight into the torsional coupling 
trends of two-ways asymmetric systems, and match well the numerical response. The graphic 
GRSA directional response envelopes based on directional modal participation radii predict 
well the dynamic torsional trends and the critical angle of incidence obtained through the 
CQC3 rule. 
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Abstract. Masonry infilled R/C buildings present a number of complexities inherent to in-
plan eccentricities and asymmetric layout of infills. Their dynamic earthquake response can-
not generally be characterized in terms of principal directions of deflection as for plan-
regular structures. The response is then complicated by nonlinear frame-infill interaction, 
which makes the resulting collapse mechanism particularly sensitive to local shear failures. A 
three-dimensional nonlinear model is developed incorporating frame elements, eccentric infill 
struts, and shear-prone short columns. Results from nonlinear Response History Analyses 
(RHA) changing the earthquake incidence are analyzed starting from Graphic-Dynamic mod-
al torsional trends and directional inelastic response envelopes. Directional Incremental Dy-
namic Analyses (IDA) and Uncoupled Modal Response History Analyses (UMRHA) over a 
range of hazard levels (OP, DL, SD, NC) highlight the polarization of the elastic and inelastic 
modal response. 

1 INTRODUCTION 
This paper investigates the estimation of the nonlinear seismic response of plan irregular 

buildings under unidirectional earthquakes with changing angle of attack based on Graphic 
Dynamics and nonlinear Response History Analyses (RHA). The elastic modal torsional 
trends computed from Graphic Dynamics, [1] - [7], are used as a basis to highlight the inelas-
tic contribution to the overall response and the relevant polarization with the earthquake angle. 
In performance-based earthquake engineering, the identification of synthetic structural and 
modal parameters in the linear range is critical for the choice of optimal spectrum-based in-
tensity measures, [8]. The importance of earthquake directionality has been addressed by sev-
eral researchers, in particular [9] and [10] showed that the response of uniformly plan-
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asymmetric multi-story buildings can be expressed in terms of a multi-story system and a rig-
id-diaphragm single-story torsional system. The work of [11] introduced the CQC3 rule for 
maximum directional response computation under concurrent seismic components and for 
determination of the critical response angle. More recently [12] pointed out the importance of 
seismic incidence in the context of performance-based assessment of plan-asymmetric build-
ings through nonlinear RHA. 
The objective of this work is to investigate the directional nonlinear response of a plan-
asymmetric building based on the in-plan torsional trends and the effect of the modal contri-
butions in terms of polarization of the inelastic response. Incremental Dynamic Analyses 
(IDA) are performed on a nonlinear model of an irregular one-story R/C building with mason-
ry infills in two consecutive open sides. The model includes nonlinear frame behavior, eccen-
tric hysteretic infill struts and nonlinear shear in short columns. The graphical modal torsional 
trends and the elastic response predictors based on the 8-shaped modal influence circles, are 
used to further investigate the nonlinear response through Uncoupled Modal Response Histo-
ry Analysis (UMRHA), [13], [14]. 

2 DIRECTIONAL NONLINEAR RESPONSE HISTORY ANALYSES 
The case study structure is a two-ways plan-asymmetric building with eccentric infills in 

the left and bottom frames, used also in [7]. Previous studies have pointed out the influence of 
the infills-induced shear failure of the columns, resulting in increased strength and stiffness at 
low hazard levels, and triggering shear-dominated story mechanisms [15], [16], while the re-
sponse of the bare frames is characterized by increased flexibility due to bond slip effects [17], 
[18]. These additional mechanisms and components result in increased plan irregularity both 
in terms of stiffness and strength. The structure modal periods computed with the initial elas-
tic frame and infill properties are T1 = 0.21s, T2 = 0.14s, and T3 = 0.09s. 

Figure 1: (a) Plan layout of two-ways asymmetric single story building structure with eccentric infills, (b) R/C 
frames with eccentric infill struts and shear-prone short columns. 

Figure 2 shows the results of RHA at the Operational (OP), Damage Limitation (DL), Signifi-
cant Damage (SD) and Near Collapse (NC) limt states, obtained with the actual nonlinear 
model and with the elastic model based on initial elements stiffness. It is evident how the 
maximum directional nonlinear response is polarized along the direction of the elastic modal 
torsional trends, indicated by the internal 8-shaped figures. Plan-irregular infills induce a 
change of polarization and of the critical angle with respect to the geometric axes of the bare 
frame, particularly at lower hazard levels.  
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Figure 2: Directional RHA response at the center of mass with linear (blue line) and nonlinear (red line) structure 
models at OP, DL, SD and NC limit states. 

3 DIRECTIONAL MODAL RESPONSE DECOMPOSITION 

Modern seismic codes prescribe the use of complete NL RHA to simulate the earthquake 
response of structures subjected to damage or equipped with protection devices. In fact the 
robustness of NL RHA allows accounting for the nonlinear coupling of the modal response, 
which in some cases has been observed also experimentally [19]. It has been shown that in 
some cases the nonlinear modal coupling may be neglected, [14], and the results of NL RHA 
may be approximated by the so-called Uncoupled Modal Response History Analysis 
(UMRHA). In Figures 3,4 and 5 we show the results of directional UMRHA carried out using 
the modal forces obtained from the initial stiffness elastic analysis.  

Figure 3: Directional Mode 1 RHA response at the center of mass with linear (blue line) and nonlinear (red line) 
structure models at OP, DL, SD and NC limit states. 
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It is evident how the directional response obtained with the elastic model and at the lower 
hazard level match well and are well described by the 8-shaped circle directional envelopes.  

Figure 4: Directional Mode 2 RHA response at the center of mass with linear (blue line) and nonlinear (red line) 
structure models at OP, DL, SD and NC limit states. 

Figure 5: Directional Mode 3 RHA response at the center of mass with linear (blue line) and nonlinear (red line) 
structure models at OP, DL, SD and NC limit states. 

At the higher hazard levels the system nonlinearities cause the response to deviate from the 
elastic prediction. The inelastic response is maximum along the critical directions of each 
modes, and is zero along the mode-orthogonal directions. The comparison of Figure 6 indi-
cate a generally good agreement between the RHA and the total UMRHA summed over all 
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modes, and therefore a weak influence of nonlinear modal coupling on maximum response 
envelopes along most of the incidence angles.  

Figure 6: Directional Incremental Dynamic Analyses (IDA) response at the center of mass at 81% through 
2%PoE/50yrs hazard levels with coupled RHA (blue line) and uncoupled UMRHA (red line). 

Figure 7: Inelastic contributions to the response at the center of mass from directional Modal IDA at 81% 
through 2%PoE/50yrs hazard levels based on Mode 1 (red line) Mode 2 (blue line) and Mode 3 (green line). 
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Finally Figure 7 shows the radial plots of the inelastic contribution of the response ob-
tained from each modal RHA at the different hazard levels. The inelastic contributions are 
obtained as the difference between the total response of the RHA and the response from the 
elastic analysis. 

4 CONCLUSIONS 

This paper investigated the graphic directional response envelope prediction for torsionally 
coupled systems subjected to unidirectional earthquake with rotating angle of attack. Numeri-
cal nonlinear analyses were performed on an example of two-ways asymmetric R/C single 
story building with irregular infills layout. Results show that: plan-irregular placement of in-
fills can induce a change of polarization and of the critical angle with respect to the geometric 
axes, particularly at lower hazard levels. Graphic dynamic in-plan torsional trends and modal 
pivots can be used to predict the direction of polarization of the overall response and the criti-
cal angle. The Modal decomposition of the response through UMRHA and comparison of re-
sponse with RHA indicate a weak influence of nonlinear modal coupling on response 
envelopes, and highlight the directions of polarization of the inelastic component of the re-
sponse. 
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Abstract. Under seismic actions, the structures undergo two simultaneous horizontal compo-

nents of the ground motion, which cause a structural response in an oblique direction and 

biaxial bending in the columns. The current approach to the seismic design of new structures 

or the assessment of existing ones points out the need of taking into account the contempora-

neous presence of the two components of ground motion, in order to make a good prediction 

of the real structural behaviour, both in terms of strength and deformation capacity. The pa-

per analyses the influence of the two components of bending moment on the deformation ca-

pacity of reinforced concrete (r.c.) cross-sections and r.c. members (i.e. columns) by using a 

specific fibre model. The behaviour of the generic member is expressed in terms of ulti-

mate/yielding curvature domain for the cross-section and ultimate/yielding rotational capaci-

ty domain for the column. The study underlines the influence of the two components of biaxial 

bending on the deformation capacity of r.c. cross-sections and r.c. members. 
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1 INTRODUCTION 

During a seismic event, the structures are subjected to two simultaneous horizontal com-

ponents of the ground motion, which cause a structural response in an oblique direction and 

biaxial bending on the columns.  

In XX century, the usual approach for the evaluation of the capacity of structures under 

seismic excitations was based on the analysis of two unidirectional independent actions. Sev-

eral experimental researches have been carried out under this simplified hypothesis, assuming 

the structural elements (i.e. columns) mainly subjected to compressive axial load and uniaxial 

bending. According to the current seismic codes provisions [1, 2], it is possible to analyse and 

design the structure assuming two unidirectional independent actions and then combining the 

results of the two separate analyses. In order to refine the prediction of the structural capacity, 

both in term of strength and deformation capacity, the contemporaneous presence of the two 

components of ground motion should be taken into account in structural analysis. 

The strength capacity of reinforced concrete (r.c.) cross-sections subjected to compressive 

axial load and biaxial bending has been widely investigated in literature. The most general 

approach to the analysis of cross-sections subjected to two components of bending moment is 

the numerical procedure, which discretizes the cross-section in fibres and integrates the stress 

distribution over the cross-section area [3, 4, 5, 6]. An alternative and simplified approach is 

the definition of analytical formulations for the evaluation of the failure surface N-Mx-My for a 

generic r.c. cross-section. The most diffused analytic formulation is the Load Contour method 

[7], which describes the strength domain Mx-My for square/rectangular cross-sections as a 

function of the uniaxial flexural strength (Eq. 1).  
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Recently, the attention have been focused on the behaviour of r.c. cross-sections in terms 

of deformation (i.e. curvature) capacity. Based on the results of numerical analysis, some au-

thors proposed the cross-section failure domain u,x-u,yin terms of ultimate curvature 

achieved before the failure [5, 8]. In [9] a simplified procedure for the evaluation of the ulti-

mate curvature of doubly symmetric r.c. cross-sections is proposed. Nevertheless, general 

analytical formulations for the ultimate curvature in biaxial conditions are still lacking. 

Similarly, a lack of investigation has been found about the deformation (i.e. rotational) ca-

pacity of r.c. members subjected to two components of bending moment. Several studies in-

vestigated on the experimental evaluation of the chord rotation for r.c. members under 

uniaxial bending [10, 11, 12, 13]. Analytical formulations for the chord rotation at ultimate 

conditions under uniaxial bending are provided by codes [1, 14].  

Experimental studies on the behaviour of r.c. members subjected to different and oblique 

loading paths have been proposed in literature by [15, 16, 17, 18]. 

The experimental results confirm that the biaxial bending action affects the rotational ca-

pacity of r.c. members more than their strength and underline the need for numerical and ana-

lytical models, which relate biaxial bending and axial load in the evaluation of the 

deformation capacity of r.c. members.  

Some authors performed numerical analyses with specific fibre models extended to the 

member length [6, 19, 20] in order to evaluate the theoretical rotational capacity of the biaxi-

ally loaded members.  

The purpose of this study is to show the behaviour of r.c. members under simultaneous 

compressive axial load and biaxial bending, focusing particular attention on the reduction of 
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deformation capacity due to the two components of bending. The analysis on the generic r.c. 

member is performed with a specific numerical model, which takes into account the tension 

shift phenomenon due to the simultaneous presence of shear and bending moment, the defor-

mation of anchorage bars at the joint and the softening branch in the Moment-Curvature dia-

gram. 

2 RESEARCH SIGNIFICANCE 

The influence of bi-directional seismic excitations on the inelastic behaviour of r.c. mem-

bers is a crucial aspect to correctly predict the structural behaviour. Taking into account the 

two components of ground motion, the columns are subjected to combined compressive axial 

load and biaxial bending, which reduces significantly the deformation capacity of r.c. mem-

bers. In particular, the study focuses on the behaviour of non-conforming r.c. columns, typical 

of existing buildings. The present paper proposes curvature domains and chord rotation do-

mains, obtained performing nonlinear analyses with a specific numerical model. The reduc-

tion of deformation capacity due to the two components of bending underlines the need of 

new formulations able to take into account the behaviour of members under biaxial actions. 

3 NUMERICAL MODEL FOR THE ANALYSIS OF R.C. MEMBERS 

The present research is carried out by using a specific numerical procedure for the evalua-

tion of the nonlinear behaviour of r.c. members under combined axial load and biaxial bend-

ing moment [6]. As aforementioned, the behaviour of an r.c. member is strictly related to the 

behaviour of its cross-section. In a generic r.c. cross-section subjected to axial load N and two 

components of bending moment Mx-My, the inclination angle n of the neutral axis n is differ-

ent from the inclination angle  (Eq. 2) of the bending axis m (Fig. 1a). 

x

y

M

M
1tan (2) 

0

10

20

30

40

0E+00 1E-05 2E-05 3E-05

28

30

32

34

36

0E+00 1E-05 2E-05 3E-05

Figure 1: (a) Cross-section under biaxial bending (b) Moment-Curvature relationship for a given  and  and (c) 

n - relationship for a given. 

 

m 

n 

f  

 

 

x 

y 

s 

n 

(a) 

(b) 

(c) 

M [kNm] 

[mm-1] 

0.2

 30° 

0.2

 30° 

[mm-1] 

n 

3818



Marta Del Zoppo, Marco Di Ludovico and Aurelio Ghersi 

The cross-section curvature  is a function of the neutral axis inclination angle n, which in 

case of biaxial bending could be evaluated only by iterative procedures. Performing a mo-

ment-curvature analysis on a generic r.c. cross-section assuming a constant inclination angle  

of the bending axis m (Fig. 1b), the value of the inclination angle n is different from  

(Fig. 1c). Moreover, the relation between the two angles n and , which is a function of the 

value of  and of the normalised axial load , is not analytically predictable. 

The deflection of three-dimensional members is strictly related to the inclination angle n 

of the neutral axis. In general, the deflection of an r.c. member subjected to biaxial bending is 

three-dimensional. However if the direction of displacements is imposed, as in conventional 

pushover analysis, the deflection of the member will be plane along this direction. In other 

words, if the inclination of the deflection axis f (i.e. the inclination angle n) is assumed con-

stant during the load history, the deflection of the member is plane. 

The adopted numerical procedure performs the analysis of r.c. members for a fixed inclina-

tion angle n of the neutral axis, in order to guarantee a plane deflection of the generic three-

dimensional member. The model replicates an experimental test on an r.c. cantilever subjected 

to compressive axial load and oblique loading path [18]. 

The analysis is performed on the cross-section firstly and then on the member. The generic 

r.c. cross-section is analysed using a specific fibre model. The cross-section is divided in a 

finite number of triangles and then each triangle is discretized in a finite number of fibres (i.e. 

strips) parallel to the direction n of the neutral axis. At each fibre is assigned a nonlinear 

constitutive law for concrete. The steel reinforcement properties are assumed to be concen-

trated at the location of each steel bar. The Moment-Curvature relationship for the generic 

cross-section is obtained by an iterative procedure with increasing curvature  until the failure. 

At each step of curvature, the procedure finds the neutral axis depth able to satisfy the equilib-

rium between external and internal actions. 

The generic r.c. member is herein analysed as the basic scheme of cantilever with constant 

cross-section along its length LV (i.e. the shear span of the member), subjected to a horizontal 

force F at the free end. Displacements and rotations for the cantilever are obtained by integra-

tion of the curvatures along the member length, including the deformation of steel bars inside 

the joint. The numerical procedure adopted consists in applying an external curvature fix at 

the fixed end of the cantilever. Since the Moment-Curvature relationship for the cross-section 

is known, the bending moment Mfix at the fixed end is easily evaluated, as well as the value of 

the external force F=Mfix/LV applied at the fixed end.  

The diagram of the bending moment along the member length takes into account the ten-

sion shift phenomenon, due to the simultaneous presence of bending moment and shear. The 

effective bending moment diagram is obtained shifting the bending diagram of the quantity z 

(Fig. 2a). The consequence of the tension shift is that part of the member near the fixed end is 

characterized by constant bending moment. The value of curvature in this portion of member 

is constant and equal to the curvature at the fixed end, so that it behaves as a unique element 

subjected to the same curvature. Then the wider part of the flexural deformation is here con-

centrated, so this zone becomes naturally a plastic hinge of length Lpl,flex equal to z (Eq. 3). 

The quantity z is a function of the internal lever arm z and of the compressive strut inclina-

tion angle , according to the variable strut inclination truss model. 

, 0.5 cotpl flexL z z     (3) 
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Figure 2: (a) Effective ending moment diagram (b) Cross-section and member discretization 

As aforementioned, the model takes also into account the contribution of the tensile rein-

forcement deformation inside the joint to the rotation of the fixed end. The bending moment is 

maximum at the fixed end of the cantilever then decreases slowly (it is assumed a linear de-

creasing) inside the joint becoming null at a distance equal to the steel anchorage length lb. 

The bending moment diagram inside the joint could be assumed constant and equal to the 

bending moment at the fixed end Mfix, for a length equal to a half of the anchorage length of 

steel reinforcement lb (Fig. 2a). In case of frames, the point of null of bending diagram is at 

the middle span of the joint, then the bending moment could be considered constant for at 

least a quarter of the joint global length. 

This portion of the joint behaves as a plastic hinge of length Lpl,slip equal to a half of the an-

chorage length of the steel bars lb (Eq. 4), which is a function of the reinforcement tensile 

stress s, the bars diameter db and the bond stress fb. 
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The bond stress fb is evaluated according to the Eurocode [21], as a function of the con-

crete tensile strength fct, reduced by two coefficients 1 and 2 which take into account respec-

tively the quality of bond conditions due to smooth/deformed bars and the bars diameter. 

The concept of plastic hinge is a natural consequence of the two aforementioned phenome-

na and the plastic hinge global length Lpl is given by the sum of the flexural and slip contribu-

tions (Eq. 5). The shear deformation is here neglected. 

,flex ,slippl pl plL L L   (5) 

Once the distribution of bending moment along the cantilever is defined (Fig. 2a), the val-

ue of curvature at each section of the cantilever could be evaluated from the cross-section M- 

relationship. Herein the cantilever is discretized along its length in a finite number of sub-

elements and the curvature is evaluated only at the centroid of each sub-element, in order to 

reduce the computational effort (Fig 2b). The bending diagram is considered constant along 
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the generic sub-element and the value of bending is assumed equal to the bending moment at 

its centroid. 

The Force-Drift relationship for the member is obtained by iterative procedure with in-

creasing external curvature fix applied at the fixed end until the failure of the member, due to 

the achievement of the cross-section ultimate curvature. 

4 BEHAVIOUR OF R.C. MEMBERS UNDER BIAXIAL ACTIONS 

4.1 Analysis of r.c. cross-section 

A sample of the procedure for evaluating the behaviour of r.c. members under biaxial ac-

tions is herein explained. In particular, the study focuses on the behaviour of non-conforming 

r.c. columns, typical of existing buildings. 

Two kind of cross-sections are analysed: a square cross-section and a rectangular one. The 

geometrical percentage of reinforcement, the aspect ratio of the section and the mechanical 

properties of materials are not significant in this phase since the general trend of the domain 

curves is analysed independently from these parameters. Nevertheless, the influence of these 

factors on the reduction of deformation capacity will be evaluated in further studies. 

The nonlinear behaviour of concrete is taken into account by adopting the nonlinear stress-

strain relationship provided by Eurocode [21], which is a simplification of the model pro-

posed in literature by Sargin [22]. The tensile strength of concrete is neglected so as to the 

effect of confinement. Then the confined core is assumed to have the same mechanical prop-

erties of the unconfined concrete. This assumption is conservative, but is in accordance with 

the usual hypothesis for existing buildings, in which a lack of stirrups anchorage is always 

recognized. The mechanical behaviour of reinforcement steel is assumed elastic-perfectly 

plastic and the contribution of hardening in neglected, as in standard analysis. Moreover, steel 

bars are considered plain. 

The cross-section failure (i.e. the ultimate curvature) corresponds to the achievement of the 

maximum compressive strain of unconfined concrete cu = 0.0035 at the most compressed ver-

tex of the cross-section. 

Firstly, the behaviour of the r.c. cross-section subjected to combined compressive axial 

load and biaxial bending is evaluated by plotting the Moment-Curvature curves for several 

values of . The M- curves obtained performing the analysis with constant inclination of the 

neutral axis n = 0° (Fig. 3a) show a nonlinear trend with a softening branch for higher values 

of axial load. In case of softening branch, the ultimate curvature for the cross-section is as-

sumed as the value corresponding to 80% of the maximum bending moment. 

The maximum value of resisting bending moment corresponds to a normalized axial load  

equal to 0.40.5, whereas for higher values of  the bending capacity of the cross-section de-

creases. However, this reduction is not so alarming in consideration of the fact that the usual 

range of normalized axial load for columns is about  = 0.10.5 both for new structures (due 

to current codes design provisions) and existing structures (as a consequence of typical design 

old approaches). It is worth noting the influence of the axial stress level on the cross-section 

ductility under uniaxial bending. The ultimate curvature between the curves at  = 0.1 and  = 

0.5 decreases significantly. 

Assuming a fixed value of  and several values of n, the Moment-Curvature curves show 

the same global trend and initial stiffness (Fig. 3b). The effect of biaxial bending (i.e. inclina-

tion n of the neutral axis) affects more the cross-section ultimate curvature than the cross-

section strength. Indeed the reduction in terms of resisting bending moment is quite negligible 

if compared with the reduction in terms of ultimate curvature and ductility. 

3821



Marta Del Zoppo, Marco Di Ludovico and Aurelio Ghersi 

0

5

10

15

20

25

30

35

40

45

0.E+00 1.E-05 2.E-05 3.E-05 4.E-05 5.E-05

0

10

20

30

40

50

60

0.E+00 2.E-05 4.E-05 6.E-05 8.E-05

 

Figure 3: Moment-Curvature curves for different values of (a)  and (b) n. 

The cross-section behaviour under biaxial bending is expressed in terms of ultimate curva-

ture domains and yielding curvature domains. The yielding curvature is here evaluated assum-

ing a bilinear curve for the Moment-Curvature relationship, using the approach suggested for 

the evaluation of the capacity curves by Fajfar [23]. 

The analysis has been performed on the generic r.c. cross-section, varying the inclination 

of the neutral axis between n = 0°  90° and the normalized axial load in the range  = 0.1  

0.9. Starting from the Moment-Curvature curves, the interaction surfaces in terms of yielding 

curvature and ultimate curvature could be evaluated. 

The curvature domain is represented by plotting the two components of yielding/ultimate 

curvature with respect to the neutral axis inclination angle n (Eq. 6) 
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The ultimate curvature domains have the same global trend for squared and rectangular 

cross-sections (Fig. 4a-b). Indeed the only difference is the asymmetry of the rectangular 

cross-section, which is characterized by a lower stiffness along the weak axis, whereas the 

square section with symmetric reinforcement has the same ultimate curvature under uniaxial 

bending along the x-y axis. 

The global trend of the curves depends on the normalized axial load, . For high values of 

axial load ( = 0.6  0.9) the curves are characterized by a concavity faced to the origin of the 

reference system, whereas for lower values of compressive load (  0.4) the concavity of the 

curves is inverted. Moreover, the trend is approximately linear between  = 0.4  0.5. It is 

worth noting that the reduction of ultimate curvature due to the biaxial bending is much rele-

vant for   0.4. 

In doubly symmetric cross-sections, as the square sections with symmetric reinforcement, 

the minimum value of the ultimate curvature is always achieved at n = 45°. This condition is 

independent from the axial load and depends only from the geometry. 

 

n 0° 

M [kNm] M [kNm] 

 [mm-1]  [mm-1] 

 0.1 

 0.2 

 0.3 

 0.4 

 0.6 

 0.5 

 0.8 

 0.9 

 0.7 

n 15° 

n 30° 

n 45° 

n 0°  0.2 

(a) (b) 

3822



Marta Del Zoppo, Marco Di Ludovico and Aurelio Ghersi 

00E+00

15E-06

30E-06

45E-06

00E+00 15E-06 30E-06 45E-06

0.1 0.2 =0.3 =0.4 =0.5

=0.6 =0.7 =0.8 =0.9

00E+00

15E-06

30E-06

45E-06

00E+00 15E-06 30E-06 45E-06

=0.1 =0.2 =0.3 =0.4 =0.5

=0.6 =0.7 =0.8 =0.9

0E+00

2E-06

4E-06

6E-06

8E-06

1E-05

1E-05

0.E+00 2.E-06 4.E-06 6.E-06 8.E-06 1.E-05 1.E-05

=0.1 =0.2 =0.3 =0.4 =0.5

=0.6 =0.7 =0.8 =0.9

0.0E+00

2.0E-06

4.0E-06

6.0E-06

8.0E-06

1.0E-05

1.2E-05

0.0E+00 2.0E-06 4.0E-06 6.0E-06 8.0E-06 1.0E-05 1.2E-05

=0.1 =0.2 =0.3 =0.4 =0.5

=0.6 =0.7 =0.8 =0.9

Figure 4: Ultimate curvature domain for (a) square cross-section and (b) rectangular cross-section and yielding 

curvature domain for (c) square cross-section and (d) rectangular cross-section. 

Differently, in case of rectangular cross-sections, the inclination n for which the minimum 

value of ultimate curvature is achieved depends on several factors as the axial load, the cross-

section aspect ratio and the location of steel bars. By this, the inclination of neutral axis corre-

sponding to the minimum value of ultimate curvature in case of rectangular cross-section is 

not predictable. 

Similar considerations could be carried out for the yielding curvature. However, the yield-

ing curvature curves (Fig. 4c-d) obtained for square and rectangular cross-sections show the 

concavity faced to the origin of the reference system, independently from the value of the 

normalized axial load . Moreover, similarly to the case of ultimate curvature, the reduction 

of yielding curvature due to the axial stress is relevant for low values of , whereas for higher 

values of axial load ( > 0.5), the reduction is quite negligible. 

This is a preliminary step for the evaluation of the redaction of ductility due to the two 

components of bending moment. 
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4.2 Analysis of r.c. member 

The definition of the Moment-Curvature relationship for the cross-section of the r.c. mem-

ber is necessary for evaluating the member deflection. As before mentioned, the deflection of 

an r.c. member subjected to biaxial bending is three-dimensional. Nevertheless, if the two 

components of bending increase in a way that allow to have a constant inclination angle n of 

the neutral axis (i.e. for a fixed direction of displacement path), the deflection of the member 

is plane over the plane of deflexion. 

The member behaviour under biaxial bending is expressed in terms of ultimate chord rota-

tion domains and yielding chord rotation domains. Analogously to the case of cross-section, 

the yielding rotation is evaluated assuming a bilinear curve for the Moment-Rotation relation-

ship using the approach suggested for the evaluation of the capacity curves by Fajfar [23]. 
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Figure 5: Ultimate rotation domain for (a) squared cross-section and (b) rectangular cross-section and yielding 

rotation domain for (c) squared cross-section and (d) rectangular cross-section. 
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The Moment-Rotation relationship is calculated for several inclination of the neutral axis 

between n = 0°  90° and varying the normalized axial load in the range  = 0  0.9. Then 

the three-dimensional ultimate/yielding chord rotation domain is obtained (Fig. 5). 

The general trend of ultimate rotation domain curves is very close to the ultimate curvature 

domain (Fig. 5a-b). For high values of axial load the concavity of the curves is faced to the 

origin but the ultimate rotation under biaxial bending is higher than the uniaxial one. It is ob-

served that for values of n  0° the failure is caused by achievement of 20% reduction of the 

strength capacity. For  = 0  0.3 the concavity is in the opposite direction and the reduction 

of the capacity due to the biaxial bending is evident. 

On the contrary, the concavity of yielding rotation domain curves is always faced to the 

origin, independently from the entity of  (Fig. 5c-d). For normalized axial load higher than 

0.6 the difference between the curves is negligible. 

The representation of the curvature and rotation domains for the generic r.c. member con-

firms the strong correlation between the behaviour of the member and the behaviour of its 

cross-section. 

5 COMPARISON BETWEEN NUMERICAL RESULTS AND CODE PROVISIONS 

The evaluation of the ultimate and yielding rotation of r.c. members is crucial for defining 

the deformation capacity of existing buildings or new constructions. 

The current European code [14] provides a specific formulation for calculating the yielding 

and ultimate rotation of r.c. member under uniaxial actions. In particular, the expression of the 

yielding rotation is given by the sum of three contribution: (i) the flexural rotation, (ii) the 

shear deformation and (iii) the deformation due to the bond slip (Eq. 7). It is a function of the 

mechanical properties of materials (i.e. steel yielding strength fy and concrete compressive 

strength fc) and geometrical characteristic of the member (i.e. shear span LV and cross-section 

depth h) 

0.0013 1 1.5 0.13
3

b yV
y y y

V c

d fL h

L f
  

 
    

 
(7) 

A critical aspect of this formulation is the accuracy in the evaluation of the yielding curva-

ture y for elements subjected to compressive axial load and bending moment. Usually, the 

yielding curvature is associated to the yielding of tensile reinforcement. Nevertheless, this 

value of yielding curvature is not representative for sections subjected to compressive axial 

load and biaxial bending and implies an underestimation of the yielding rotation. A more ac-

curate procedure is the evaluation of the bilinear curve of Moment-Curvature relationship for 

the cross-section. Therefore, this method requires a higher computational effort and generally 

is not used in standard applications. For the following examples, the yielding curvature is cal-

culated with a simplified approach, assuming both steel reinforcement yielded. 

According to the codes provisions [14, 24], the ultimate chord rotation could be calculated 

choosing between the two formulations provided (Eq 8a). The first one is an additive formula-

tion where the yielding rotation is increased by the plastic rotation above a reduced plastic 

hinge. The second expression is based on results of experimental tests [25] and takes into ac-

count the effectiveness of confinement c, which increases the rotational capacity (Eq 8b). 
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In case of members characterized by ties not closed with 90-degree hooks at both ends, the 

code suggests to neglect the effectiveness of confinement, assuming c = 0 in the second ex-

pression. Moreover, in case of elements without seismic details, the ultimate rotation is 85% 

of the value obtained previously assuming c = 0. 

The results provided by the numerical procedure herein described are here compared with 

the results of codes formulations under uniaxial bending (Fig. 6a). For values of normalized 

axial load   0.5, the trend of the numerical results under uniaxial bending (i.e. n = 0°) is 

very close to the results of (Eq. 8a). In case of biaxial bending (i.e. n = 45°), the ultimate ro-

tation is strongly reduced in case of low normalized axial loads. The codes formulations, (Eq. 

8a) and (Eq. 8b), provide different results. In particular, the (Eq. 8a) provides results more 

conservative than (Eq. 8b), even though the reductions applied at (Eq. 8b) in case of non-

conforming elements. Nevertheless, also (Eq. 8a) overestimates the rotational capacity, if the 

effect of biaxial bending is considered. 

Moreover, for higher values of , the strong compressive stress reduces significantly the 

rotational capacity, but the (Eq. 8a) is not able to catch this phenomenon, in part due to the 

approximation in the evaluation of the yielding rotation and in part due to the evaluation of 

the plastic hinge length. 

The plastic hinge length Lpl is calculated according to the equation provided by [14] Eq. 9). 

In particular, the global plastic hinge length is given by the sum of three contributions (Fig. 

6b): (i) the flexural contribution Lpl,flex, (ii) the shear contribution Lpl,shear and (iii) the bond slip 

contribution Lpl,slip. 
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Figure 6: (a) Comparison between codes provisions and numerical model results in uniaxial conditions (b) Com-

parison of plastic hinge length calculated with EC8 formulation and with the numerical model. 
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Figure 7: (a) Comparison between codes provisions and numerical results under biaxial actions for several  and 

(b) Comparison between codes provisions and numerical results under biaxial actions for several . 

The numerical model is able to catch both the flexural and anchorage bars contributions. 

The shear deformation, neglected in the model, is smaller than the other two contributions. 

Moreover, the effect of the compressive axial load reduces the plastic hinge length (in particu-

lar the component due to the deformation of reinforcement in tension inside the joint), but the 

formulation provided by the code is independent from . 

The ratio between the ultimate rotation capacity computed by the numerical procedure and 

that provided by (Eq. 8a) for uniaxial bending is plotted as a function of n in (Fig. 7a). The 

Figure shows that, if biaxial action are neglected, the capacity of the cross-section is overes-

timated. Moreover, the reduction of ultimate rotation is stronger for low values of axial load, 

arriving at 50% of the uniaxial ultimate rotation. 

In conclusion, the axial load strongly affects the trend of the deformation capacity curves. 

Nevertheless, other parameters, like the geometric percentage of reinforcement (Fig. 7b) or 

the mechanical properties influence the reduction due to the biaxial bending. The analysis of 

such influence is outside the scope of the present research, but will be the goal of further stud-

ies. 

6 CONCLUSIONS 

The deformation capacity of r.c. members subjected to compressive axial load and biaxial 

bending has been evaluated using a specific numerical procedure. Firstly, the yielding and ul-

timate curvature domains for the r.c. cross-section of non-conforming elements have been 

evaluated and discussed. Then, the yielding and ultimate rotation domains for the r.c. member 

have been plotted, taking into account the nonlinear behaviour of concrete, the softening 

branch of the Moment-Curvature relationship, the tension shift phenomenon and the defor-

mation of anchorage bars. 

The results of the numerical analyses confirm the reduction of deformation capacity due 

the two components of bending, in terms of both ultimate curvature and rotational capacity. In 

particular, the reduction is stronger in the range of normalized axial load value 0.1    0.5, 

typical of columns. 

The expressions provided by the Eurocode 8 [14] for the evaluation of the ultimate rotation 

under uniaxial actions provide different results. In particular, the additive formulation (Eq. 8b) 

is particularly conservative but it is also widely used in standard applications. The results of 
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the numerical procedure under uniaxial bending have a good agreement with the (Eq. 8a) for 

normalized axial load lower than 0.6. 

Moreover, assuming the rotational capacity of the member constant for each direction and 

equal to the uniaxial one, estimated by (Eq. 8a), the ultimate rotation under biaxial actions in 

the examined cases is overestimated up to 50%. 

This research underlines the need of further investigation on the behaviour of non-

conforming r.c. member subjected to biaxial bending, in order to provide new formulations 

able to easily and reliably predict the rotation capacity in biaxial conditions. 
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Abstract. Inaccurate predictions of effective stiffness for reinforced concrete (RC) columns 

having plain (undeformed) longitudinal rebars may lead to unsafe performance assessment and 

strengthening of existing deficient frames. Currently utilized effective stiffness models cover RC 

columns reinforced with deformed longitudinal rebars. A database of 47 RC columns (33 col-

umns had continuous rebars and the remaining had spliced reinforcement) that were longitu-

dinally reinforced with plain rebars was compiled from literature. The existing effective 

stiffness equations were found to overestimate the effective stiffness of columns with plain re-

bars for all levels of axial loads. A new approach that considers the contributions of flexure, 

shear and bond slip to column deflections prior to yielding was proposed. The new effective 

stiffness formulations were simplified without loss of generality for columns with and without 

lap-spliced plain rebars. In addition, the existing stiffness models for the columns with de-

formed rebars were improved while taking poor bond characteristics of plain rebars into ac-

count. 
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1 INTRODUCTION 

Effective stiffness predictions in performance based seismic assessment of existing struc-

tures primarily affect the dynamic characteristics of structures via structural demand estima-

tions (lateral deformations and shear) and consequently the cost of seismic retrofit. In this 

respect, the strong dependence of effective stiffness on column axial load level was recognized 

by various researchers [1-8].  

In addition, the influence of other parameters such as shear span to depth ratio, eccentricity 

and longitudinal reinforcement on effective stiffness was investigated and proposed stiffness 

formulations were modified accordingly [3, 5, and 9]. Moreover, simplified design implications 

were imposed in various structural guidelines [10-14] using the axial load level as the main 

design parameter. The literature study conducted on the effective stiffness reveals that all ef-

fective stiffness formulations are for columns longitudinally reinforced with deformed rebars. 

ASCE/SEI 41 update report [15] states that lower effective stiffness values might be attained 

for the structural components with plain rebars due to the reduced bond stress levels without 

further elaboration. Thus, it is expected that the effective stiffness recommended in assessment 

guidelines may show a tendency to overestimate the effective stiffness of vertical load bearing 

members having plain reinforcement. In addition, since the effective stiffness estimations sub-

stantially influence the anticipated seismic deformation demands, internal force distribution and 

dynamic response [3, 5, 7 and 8], special attention should be paid especially for the performance 

based assessment of structures reinforced with plain rebars. Therefore, the aim herein is to pro-

pose sound column effective stiffness estimations for columns having plain rebars. 

2 COLUMN DATABASE 

In order to examine the stiffness properties of RC columns with plain rebars, a database 

including 47 RC columns was formed [16] in which 33 of the columns were continuously rein-

forced and the remaining columns were spliced with various splice lengths. The database con-

sisted of monotonic and cyclic lateral force – tip deflection responses of rectangular RC 

columns that were tested in single curvature. The axial load upper limit as taken from the data-

base is 63% of the axial load carrying capacity with a shear span to depth ratio range of 2.8 to 

9.2. In addition, longitudinal reinforcement ratios ranging between 0.6% and 2.5% were used 

with splice lengths from 15 to 40 bar diameters. The monitored failure mechanisms for the 

columns in the database were flexure dominant (i.e. longitudinal rebar yielding in tension ac-

companied by other limit states such as concrete crushing, rebar buckling and rebar fracture) in 

addition to lap-splice failures for inadequate splice lengths.  

2.1 Spliced Steel Model 

Instead of a constitutive steel model that was used for continuous rebars a spliced steel model 

was generated for plain rebars considering the failure mechanism as pull-out rather than split-

ting failure that is usually observed in columns with deformed reinforcing bars. For the spliced 

steel model, the strain decomposition method was implemented in which the total strain was 

assumed to be decomposed into elongation and slip components. The strain components were 

calculated iteratively while satisfying equilibrium and bond stress equations concurrently [16]. 

The adopted constitutive relationship of bond stress and slip depends on maximum bond stress 

and maximum slip [17]. Since the confining stresses primarily affect the bond stresses and cor-

responding slips for deformed reinforcement pertinent to splitting type of bond failure, the con-

fining stresses were taken as zero as it would merely affect the bond behavior of plain rebars.  

In addition, the maximum bond stress expression was modified for plain rebars using the 

lap-spliced beam database that was obtained from literature [18]. The splices were located at 
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the bottom tension reinforcement with various splice lengths in the middle of the beams. Ana-

lytical calculations were based on standard section analysis carried out by the constitutive mod-

els of concrete [19] and spliced steel [16]. In the analyses, the analytically obtained beam 

moment capacities were compared with experimental moment capacities in order to acquire the 

maximum bond stress expression for plain rebars. Hereby, the maximum bond stress was de-

termined as 𝜏𝑚𝑎𝑥 = 0.5√𝑓𝑐
′ while providing the analytical to experimental moment capacity

ratio close to unity.  

2.2 Stiffness Approximations and Code Comparisons 

The experimental effective stiffness calculations for the columns were based on estimated 

yield deflections (Δ𝑦,𝑒𝑥𝑝) according to the yield forces (𝑓𝑓𝑦) that were determined by either 

standard section analysis (SSA) or load deflection curves due to the unavailability of the meas-

ured strain data for longitudinal reinforcement. Thus, the incipient yield deflections (Δ𝑓𝑦) were 

determined initially as corresponding to the preceding lateral force (𝐹𝑓𝑦) at which the tensile 

reinforcement yielded or concrete compressive strain reached 0.002 by using standard section 

analysis with the constitutive models for concrete, steel and spliced steel. In accordance with 

Elwood and Eberhard [7], for the cases where the experimental lateral strength (𝐹𝑚𝑎𝑥,𝑒𝑥𝑝) did 

not exceed the calculated yield force by a minimum 7%, the yield force was assumed as 80% 

of the experimental lateral strength concerning the influence of axial load and shear induced 

failure mechanisms.  

The experimental yield deflections were acquired by extrapolating the attained incipient 

yield deflections in proportion to the ratio of the lateral force at which the strain at extreme 

concrete fiber reached 0.004 (𝐹0.004) to the incipient yield force (Eq. 1a). The yield curvatures 

(𝜅𝑦) were determined similarly (Eq. 1b). The experimental effective stiffness (𝐸𝐼𝑒𝑓𝑓,𝑒𝑥𝑝) is de-

fined in Eq. 2a assuming a linear curvature distribution over the column shear span (𝐿) and the 

flexural stiffness (𝐸𝐼𝑓𝑙𝑒𝑥) is calculated as shown in Eq. 2b.  

Δ𝑦,𝑒𝑥𝑝 = Δ𝑓𝑦𝐹0.004/𝐹𝑓𝑦 (1a) 

𝜅𝑦 = 𝜅𝑓𝑦𝑀0.004/𝑀𝑓𝑦 (1b) 

𝐸𝐼𝑒𝑓𝑓,𝑒𝑥𝑝 = 𝐹0.004𝐿3/3Δ𝑦,𝑒𝑥𝑝 (2a) 

𝐸𝐼𝑓𝑙𝑒𝑥 = 𝑀𝑓𝑦/𝜅𝑓𝑦 = 𝑀0.004/𝜅𝑦 (2b) 

11 columns out of the database were identified as not yielding while the experimental lateral 

strength was not monitored to exceed the calculated yield force at least by 7%. Herein, 2 beams 

and 7 columns were not identified to yield due to the relatively low shear span to depth ratio of 

2.8 and high axial load ratio beyond 30% that introduced the effect of shear and axial load 

induced failure mechanisms, respectively. The remaining 2 columns (1 lap-spliced column and 

1 column with relatively low axial load ratio of 12%) were observed to exceed the calculated 

yield force by approximately 5%. In reference to the measured effective stiffnesses for contin-

uous and lap-spliced columns, the influences of key parameters ranging in investigation limits 

are presented in Figs. 1a - 1i.  
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(a) (b) (c) 

(d) (e) (f) 

(g) (h) (i) 

Figure 1 Experimental effective stiffness variations according to key parameters. 

The most significant dependence can be observed for axial load level (𝑃/𝐴𝑔𝑓𝑐
′) in which 𝑃

and 𝐴𝑔specify the axial load and gross cross-section area, respectively (Fig. 1a). However, due 

to the cluster of data below 7 MPa and increasing scatter beyond that region impeded the inter-

pretation of the dependence of effective stiffness on mean axial stress (𝑃/𝐴𝑔) (Fig. 1b), addi-

tional tests to investigate the column performances beyond 7 MPa are needed for more reliable 

evaluation. Since the stiffening effect of axial compression on effective stiffness was verified 

among many researchers in the literature [3, 5-8], a similar response was observed for the col-

umns longitudinally reinforced with plain rebars (Figs. 1a and 1b). The direct correlation be-

tween longitudinal reinforcement ratio (𝜌𝑙 ) and effective stiffness can be attributed to the 

comparative increase in moment capacity rather than yield deflection with increasing reinforce-

ment ratio (Fig. 1c) [5-8] however additional tests for longitudinal reinforcement ratios beyond 

1% can provide better interpretation. 

A slight influence of shear span to depth ratio (𝐿/ℎ) [6, 7 and 9] and eccentricity ratio (𝑒 =
𝑀0.004/𝑃ℎ) [5, 9] on the effective stiffness can be observed (Figs. 1d - 1e). Since the eccen-

tricity ratio is infinite for the beams, the cases with no axial load were not included in Fig. 1e. 

The weakest interrelation with the column effective stiffness was examined for concrete com-

pressive strength (𝑓𝑐
′), steel yield stress to concrete compressive strength ratio (𝑓𝑦/𝑓𝑐

′), bar di-

ameter to depth (𝑑𝑏/ℎ) and shear span ratios (𝑑𝑏/𝐿) as similar symptoms were attained in 

literature (Figs. 1f - 1i) [6, 7].  
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Guideline Expression (𝑬𝑰𝒆𝒇𝒇/𝑬𝑰𝒈)
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Table 1 The guideline expressions for effective stiffness. 

In line with the experimental data obtained from the column database, the stiffness approx-

imations for columns with deformed rebars given in structural assessment guidelines (Table 1) 

were evaluated regarding the Figs. 2a and 2b. Since all guidelines predicted effective stiffness 

of the columns presuming deformed rebars as longitudinal reinforcement, a significant overes-

timation in effective stiffnesses was monitored for the columns longitudinally reinforced with 

plain rebars for all levels of axial load as shown in Fig. 2a. Herein, FEMA 356 [11] and TEC-

07 (Turkish Earthquake Code – 2007) [13] gave the almost upper bound predictions of effective 

stiffness for low and high axial load ratios that represent the actual cases for beams and columns, 

respectively. For Eurocode 8 [14], the moments and curvatures at yield were computed accord-

ing to the guideline provisions and compared with the aforementioned results of standard sec-

tion analysis as shown in Figs. 3a - 3b. Herein, the overestimated yield moments were observed 

to have an increasing dispersion with the axial load as similar to the underestimated yield cur-

vatures. Since the lower bond stress levels of plain rebars and poor bond slip performance en-

hanced the slip component of the yield deflections, the effective stiffnesses were monitored to 

be overestimated particularly for low axial load levels. However, for the columns under high 

axial load ratio, the development of slip induced deflections was not permitted as much as the 

columns under low axial load and the slip contribution can be expected to be higher for lap-

spliced columns regarding the lower bond stress levels. The outcomes of the previous research 

[20-22] claimed the influence of poor bond performance of plain rebars on the yield deflection, 

yield strength and effective stiffness of RC columns to be insignificant considering a database 

including 20 columns reinforced with plain rebars.  

Considering the inadequate bond strength along plain rebars that inhibited the full mobiliza-

tion of yield strength, the yield moments were overestimated with an experimental to prediction 

ratio of 0.95 [20] and it can be anticipated that the development of yield strength can be inhib-

ited further for lap-spliced columns as compared to the columns with continuous rebars. Thus, 

this phenomenon was found to be responsible for the reduced mean levels for yield moments 

(0.92 and 0.69 for continuous and lap-spliced, respectively) with a low scatter as shown in Fig. 

3a. Further, the suggested empirical formulation by Biskinis and Fardis [22] (Table 1) was ob-

served to underestimate the effective stiffnesses as compared to EC8-3 while satisfying slightly 

higher mean and standard deviation (Figs. 3c - 3d). However, the effective stiffness and yield 

properties of the columns should be evaluated while preventing shear force underestimations 

or displacement demand overestimations for low effective stiffnesses [7, 20].  
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(a) (b) 

Figure 2 The normalized (a) experimental effective stiffness and (b) flexural stiffness variations 

The chord rotations at yield (𝜃𝑦) were computed accordingly with the components of flexure, 

shear and bond slip (Table 1) in order to determine the effective stiffnesses that were overesti-

mated beyond axial load ratios of approximately 0.2 (Fig. 3c) while ignoring the effect of plain 

rebars. The closest and most reliable estimations were obtained by Elwood et al. [6] for low 

axial load levels up to the ratio of approximately 0.3, above which the effective stiffness was 

still overestimated. For all the investigated guidelines, effective stiffness overestimations can 

be attributed to the consideration of deformed rebars. Regarding the normalized flexural stiff-

ness (𝐸𝐼𝑓𝑙𝑒𝑥/𝐸𝐼𝑔), the most consistent predictions were obtained by ASCE 41 [12] and Elwood 

et al. [6] as shown in Fig. 2b. Since the other tip deflection contributors of shear and bond slip 

were not accounted, overestimations were majorly observed for the other guidelines (ACI 318, 

FEMA 356 and TEC-07) for all levels of axial load. Thus, the flexural stiffness estimations 

were reduced using the three component approach in order to provide more reliable predictions 

for the effective stiffness of the columns that were longitudinally reinforced with plain rebars. 

3 EFFECTIVE STIFFNESS MODELING 

The effective stiffness modeling estimations were based on the idea of reducing the flexural 

stiffness that was computed by standard section analysis pursuant to the adverse effects of shear 

and bond slip deformations. Since this phenomenon was a consequence of the three component 

approach in order to estimate column tip deflections, the same idea was utilized in effective 

stiffness computations for columns. The flexural component (Δ𝑓𝑙𝑒𝑥) of the column yield deflec-

tion (Δ𝑦) (Eq. 3a) was computed as shown in Eq. 3b by integrating the curvature distribution 

which was assumed to be linear over the column shear span (𝐿). Eq. 3c enables the calculation 

of the shear term (Δ𝑠ℎ𝑒𝑎𝑟) of the yield deflection while being comparatively lower regarding 

the other sources of deformation such as flexure and bond slip. The effective shear area (𝐴𝑣) 

and the effective shear modulus (𝐺𝑒𝑓𝑓) terms were concerned in order to reflect the deteriorating 

impact of shear cracking on column stiffness. Bond slip deflections (Δ𝑠𝑙𝑖𝑝) were computed con-

sidering the rigid body rotation of the column as a result of elongation and slip of longitudinal 

rebars at the interface of column base and footing. Thereby, as shown in Eq. 3d, the bond slip 

component of yield deflection was calculated using the yield curvature (𝜅𝑦), rebar diameter (𝑑𝑏) 

and column shear span (𝐿). The bond strength for plain rebars was calculated by recalibrating 

maximum bond stress as (𝜏𝑚𝑎𝑥 = 0.5√𝑓𝑐
′). The experimental and analytical yield deflections

are compared in Fig. 3e while providing close estimations except five lap-spliced columns for 

which the yield deflections were underestimated by a factor of 1.58 to 2.31. 
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(a) (b) 

(c) (d) 

(e) 

Figure 3 The comparison of experimental to calculated (a) yield moments, (b) yield curvatures, (c) effective 

stiffnesses according to Eurocode 8 (EC-8, 2005), (d) Biskinis and Fardis [22] and (e) yield deflections 

Δ𝑦 = Δ𝑓𝑙𝑒𝑥 + Δ𝑠ℎ𝑒𝑎𝑟 + Δ𝑠𝑙𝑖𝑝 (3a) 

Δ𝑓𝑙𝑒𝑥 =
𝜅𝑦𝐿2

3
=

𝑀0.004

3𝐸𝐼𝑓𝑙𝑒𝑥
(3b) 

Δ𝑠ℎ𝑒𝑎𝑟 =
𝑀0.004

𝐴𝑣𝐺𝑒𝑓𝑓
=

4.8𝑀0.004

𝐴𝑣𝐸𝑐
(3c) 

Δ𝑠𝑙𝑖𝑝 = 𝜅𝑦
𝑓𝑠𝑑𝑏𝐿

8𝜏𝑚𝑎𝑥
= 𝜅𝑦

𝑑𝑏𝐿

4

𝑓𝑦

√𝑓𝑐
′

𝑓𝑠

𝑓𝑦
(3d) 

Further, Eq. 2a was rewritten in terms of dimensionless parameters encapsulating Eq. 2b and 

Eqs. 3a - 3d that yielded Eq. 4 where 𝛼 = 𝐸𝐼𝑓𝑙𝑒𝑥/𝐸𝐼𝑔 denotes normalized flexural stiffness and 

𝑟𝑣
2 = 𝐼𝑔/𝐴𝑔 is the radius of gyration in loading direction. 𝐼𝑔 and 𝐴𝑔 denote the gross moment

of inertia and gross cross-section area, respectively. The experimental and calculated effective 

stiffnesses are compared in Table 2. 

𝐸𝐼𝑒𝑓𝑓,𝑐𝑎𝑙𝑐

𝐸𝐼𝑔
=

𝛼

1+17.28𝛼(
𝑟𝑣
𝐿

)
2

+0.75
𝑓𝑠
𝑓𝑦

𝑓𝑦

√𝑓𝑐
′

𝑑𝑏
𝐿

(4) 
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4 STIFFNESS MODELS 

The aforementioned stiffness model acquired by Eq. 4 was further simplified in order to 

eliminate the need of standard section analysis. Considering design simplifications, the param-

eters of 𝛼 and 𝑓𝑠/𝑓𝑦 were estimated in terms of only axial load (𝑛) (Eqs. 5a - 5b) for continuous 

(𝑐𝑜𝑛𝑡) columns as shown in Fig. 4. However, for lap-spliced columns, the parameters of splice 

length (𝐿𝑑/𝑑𝑏) and shear span to depth ratio (𝐿/ℎ) were embodied in addition to the axial load 

as presented in Eqs. 6a and 6b. 

Figure 4 The variation of steel stress with axial load. 

For Eqs. 6a - 6b, since the database did not include lap-spliced beams, the equations were 

valid within database limitations for axial loads in the range between 12 to 63% for lap-spliced 

columns and between 0 and 51% for the columns with longitudinal rebars. Table 2 demonstrates 

that reliable estimations could be obtained for the effective stiffnesses. As can be observed in 

Table 2, the introduced design formulations for continuous and lap-spliced columns had a good 

correlation with the analytical results. Furthermore, the predicted yield curvatures (𝜅𝑦,𝑐𝑜𝑛𝑡) [4] 

by Eq. 7a were monitored to correlate well with the continuously reinforced columns. 

𝛼𝑐𝑜𝑛𝑡 = 0.26 + 0.65𝑛 (5a) 

(
𝑓𝑠

𝑓𝑦
)

𝑐𝑜𝑛𝑡

= 1.56 − 2.22𝑛 ≤ 1.0 (5b) 

𝛼𝐿𝑆 = 0.39𝑛0.5 (
𝐿𝑑

𝑑𝑏
)

0.05

(
𝐿

ℎ
)

0.25

(6a) 

(
𝑓𝑠

𝑓𝑦
)

𝐿𝑆

= 0.18𝑛−1 (
𝐿𝑑

𝑑𝑏
)

0.25

(
𝐿

ℎ
)

−0.8

≤ 1.0 (6b) 

𝜅𝑦,𝑐𝑜𝑛𝑡 = 2.1
𝜀𝑦

𝑑
(7a) 

𝜅𝑦,𝐿𝑆 = 𝜅𝑦,𝑐𝑜𝑛𝑡 (0.75𝑛−0.06 (
𝐿𝑑

𝑑𝑏
)

0.16

(
𝐿

ℎ
)

−0.37

) = 1.575 (
𝜀𝑦

𝑑
)

−0.06

(
𝐿𝑑

𝑑𝑏
)

0.16

(
𝐿

ℎ
)

−0.37

(7b) 

𝐸𝐼𝑒𝑓𝑓,𝑐𝑎𝑙𝑐

𝐸𝐼𝑔
=

𝛼

1+𝛽
𝑑𝑏
𝐿

 (8) 
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However, since this formulation tended to yield overestimated results for lap-spliced col-

umns, Eq. 7a was modified for lap-spliced columns with regard to axial load, splice length and 

shear span to depth ratio (Eq. 7b). For the equations, 𝜀𝑦 and 𝑑 identify the steel yield strain and 

column effective depth, respectively. In addition, Eq. 4 can be further simplified to yield Eq. 8 

by ignoring the shear term in the denominator since it constitutes at most 3% of the tip deflec-

tion. In Eq. 8, 𝛼 can be obtained by Eqs. 5a, 6a and the 𝛽 constant has a value of 50 for plain 

reinforcement. Thus, Eq. 8 gave more realistic estimations (Table 2) as compared to the effec-

tive stiffness predictions of the previous studies that were related to the RC columns reinforced 

with deformed rebars [6, 7]. For the Eq. 8, the difference between two cases was ignored and a 

more general formula was suggested for the sake of simplicity. 

Column Type * ,exp

,

eff

calceff

EI

EI

y

y



 exp,

pred

calc





predy

calcy

,

,





EC-8 a b c d e f g 

Continuous 

(Cont.) 

 0.90 1.19 1.08 1.04 1.02 0.96 0.97 1.02 

 0.22 0.43 0.21 0.25 0.26 0.21 0.12 0.11 

Lap-Spliced 

(LS) 

 0.68 0.90 0.95 0.91 0.98 1.21 1.06 1.02 

 0.25 0.36 0.36 0.35 0.32 0.49 0.12 0.09 

Average 
 0.83 1.10 1.04 1.00 1.01 1.04 1.00 1.02 

 0.25 0.43 0.27 0.28 0.28 0.33 0.13 0.10 

*  and : Mean and standard deviations for experimental to calculated ratios.

a. Biskinis and Fardis [22]

b. SSA: Standard section analysis

c. ys ff, : Cont: Eqs. 5a - 5b, LS: Eqs. 6a - 6b

d.  : Cont: Eq. 5a, LS: Eq. 6a, 50

e. Eq. 1a, Eq. 3a - 3d

f. Cont: Eq. 5a, LS: Eq. 6a

g. Cont: Eq. 7a, LS: Eq. 7b

Table 2 Mean and standard deviation variations. 

Herein, the suggested values for 𝛼 = 0.45 + 2.5n and 𝛽 = 110 in literature [7] were shown 

to overestimate the effective stiffness of RC columns reinforced with plain rebars since the 

formulations were suggested primarily for RC columns with deformed rebars. In comparison 

with Eq. 5a, it can be inferred that the use of plain longitudinal rebars induced a lower rate of 

increase of flexural stiffness with axial load as compared to the deformed longitudinal rebars. 

All design formulations were compared in Table 2 and good estimations were provided since 

the terms of Δ𝑦, 𝛼, 𝜅𝑦 could be predicted contiguous to experimental measurements. The rec-

ommended effective stiffness predictions for continuous columns were defined for upper and 

lower bounds for force based and displacement based analysis in case of either underestimating 

shear demands or overestimating displacement demands, respectively. Considering 90% of 

confidence level, the upper and lower bounds for effective stiffness were defined as shown in 

Eqs. 9a - 9c (Fig. 5a). For lap-spliced columns, the ratio of effective stiffness to gross stiffness 

was recommended to have a constant value of 0.2, since no significant trend was observed for 

varying splice lengths used in the database (Fig. 5b).  
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(
𝐸𝐼𝑒𝑓𝑓

𝐸𝐼𝑔
)

𝑙𝑜𝑤𝑒𝑟𝑏𝑜𝑢𝑛𝑑

= 0.15 ≤
1

4
𝑛 +

1

8
≤ 0.25 (9a) 

(
𝐸𝐼𝑒𝑓𝑓

𝐸𝐼𝑔
)

𝑚𝑒𝑎𝑛

= 0.20 ≤
5

8
𝑛 +

11

80
≤ 0.45 (9b) 

(
𝐸𝐼𝑒𝑓𝑓

𝐸𝐼𝑔
)

𝑢𝑝𝑝𝑒𝑟𝑏𝑜𝑢𝑛𝑑

= 0.25 ≤ 𝑛 +
3

20
≤ 0.65 (9c) 

As a final remark, in common practice, the circular and rectangular cross sections generally 

pertain to RC bridge and building columns with low to high axial load level, respectively. Thus, 

circular columns are liable to possess lower axial load and 𝑑𝑏/𝐿 values with shear spans gen-

erally longer than ordinary building columns. Therefore, although all the formulations imple-

mented in this research were based on a database of rectangular columns, the suggested 

formulations can also be utilized for circular columns regarding the range of variables under 

investigation.  

(a) (b) 

Figure 5 The effective stiffness recommendations for (a) cont. and (b) LS columns with plain rebars. 

5 CONCLUSIONS 

Predicting the effective stiffness for RC members is crucial in assessment and strengthening 

since the seismic characteristics and consequent response of RC structures is majorly influenced 

by cracking under gravity and lateral forces. The current guideline recommendations on effec-

tive stiffness of RC columns may mislead for plain reinforcement due to the major postulation 

of deformed rebars as longitudinal reinforcement. Thus, a RC column database was constituted 

by monotonic and reversed cyclic tests of 47 columns in which 33 columns were continuously 

reinforced and the remaining were spliced with various splice lengths. In the analysis of lap-

spliced columns, the adopted spliced steel model from literature was modified using a lap-

spliced beam database reflecting the failure mechanism of plain rebars. The analyses approved 

the dependence of effective stiffness on axial load and longitudinal reinforcement ratio as com-

patible with previous researches on deformed rebars. In this sense, it was ascertained that due 

to the shortcomings of the current structural guidelines upon utilization of longitudinal plain 

rebars, column effective stiffnesses were overestimated. Therefore, more reliable effective stiff-

ness predictions were obtained by reducing the flexural stiffness of the columns regarding the 

deflection constituents of shear and bond slip on the basis of the three component approach 

while taking plain rebars into account. In addition, upper and lower bound effective stiffness 

expressions were recommended that can be utilized for force and displacement based assess-

ment of RC structures, respectively.  
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Abstract. This paper deals with the parameters which influence the probability of reaching 
the near collapse limit state of RC frame structures equipped with nonlinear fluid viscous 
dampers. The study can be divided into two steps. The first aims to assess how the median and 
the dispersion of seismic demand can vary in the RC frame structures equipped with nonline-
ar fluid viscous dampers, considering a wide set of ground motions; these parameters have 
been compared with those obtained for RC structures without dampers. The second step eval-
uates the expression in closed form given in the 2000 SAC/FEMA method to assess the annual 
probability of failure of RC structures. This calculation has been performed using the param-
eters obtained in the previous step. The annual probability of failure has been estimated for 
the RC frame structures with and without dampers, considering a wide set of ground motions 
and different method to approximate the hazard curve. The adopted case study is a frame con-
figuration characterized by three bays and six floors. The analyses have allowed to evaluate 
the variability of the terms of the closed form expression proposed in the 2000 SAC/FEMA 
method, and their influence on the definition of the annual probability of failure. 
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1 INTRODUCTION 

 Motivated by the recent seismic events, there has been an increase of concern towards 
seismic assessment and retrofit of existing buildings [1-3]. One of the innovative technique of 
seismic retrofit is the insertion of supplemental damping systems in existing buildings. They 
are activated by the movement of the main structural system and reduce the overall dynamic 
response of the structure. The dissipation of energy is diverted to these mechanical devices 
that can be inspected and even replaced after an earthquake [1].  Among them, those consid-
ered in this paper are passive energy dissipation systems, which dissipate a portion of the 
seismic energy input to a structure without external power source. An efficient passive energy 
dissipation system is made by nonlinear fluid viscous dampers, which have been also consid-
ered in this paper. They are rate dependent devices which provide a velocity dependent force. 
The typology considered is orificed fluid dampers, which dissipate energy by a flow of fluid 
inside a cylindrical closed container, which is forced to flow through the action of a piston. 
Nonlinear fluid viscous dampers have the characteristic of having a lower velocity exponent 
than the unity. In this way, in the event of a velocity spike, the force in the viscous damper is 
controlled to avoid overloading the dampers or the bracing system to which it is connected [1, 
4]. Their advantages are the reduction of damper forces at high velocities, the supply of higher 
dampers forces at low speed and the dissipation of a larger amount of energy than the other 
dampers. Since the assessment of seismic response is considerably complex for the presence 
of a large number of uncertainties, it is better to adopt a probabilistic approach. For this rea-
son, a probabilistic approach has been followed in this paper, in particular the 2000 
SAC/FEMA method [5]. This approach provides a closed form expression to evaluate the an-
nual probability of exceeding a specified performance level for a given structure. The varia-
bility of terms inside the closed form expression and their influence on the probability of 
exceeding a specified performance level, have been analyzed here, considering the near col-
lapse limit state, a wide set of ground motions and different methods to approximate the haz-
ard curve. The study has been performed without applying scaling factors to the earthquake 
records, but considering different records for increasing values of seismic intensity. 

The considered case study is a RC frame, characterized by three bays and six floors, de-
signed to resist only gravity loads; nonlinear fluid viscous dampers have been inserted for the 
seismic retrofit. The seismic demand parameters here considered are the maximum displace-
ment at the top of the structure and the maximum interstorey drift. The probabilistic assess-
ment on the basis of the results obtained from nonlinear dynamic analyses has been performed 
for those parameters. Nine return periods have been chosen to identify nine values of seismic 
intensity and twenty ground motions have been selected for each of them. The analyses have 
been reported considering two different models for the plastic hinges behaviour: the first 
model with post peak strength deterioration, the second model without it. In the first case the 
results have been obtained only for the records which converged for both structures, in the 
second case the results have been obtained for all the records considered, that is 180 for both 
structures. 

2 PROBABILISTIC APPROACH 

Among the probabilistic approaches there is the 2000 SAC/FEMA method, which thanks 
to its mathematical simplicity and comparatively light computational effort, provides directly 
a measure of the unconditional risk for a given structures located in a known seismic envi-
ronment. The original formulation of the method was developed for steel moment resisting 
frames [5].  
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2.1 Description of the basis method 

The 2000 SAC/FEMA method is based on the realization of a performance objective ex-
pressed as a specified performance level. Performance levels are quantified as expressions 
relating to generic structural variables “demand” and “capacity” [5]. 

2.1.1   Probability assessment formulation 

The probability theory is applied through the representation of the three random elements 
of the problem:  

1) the ground motion intensity, represented by the spectral acceleration Sa calculated ap-
proximately at the first natural period of the structure and for 5% or higher damping;

2) the displacement demand D;

3) the displacement capacity C.

Both displacement demand and capacity are measured in terms of maximum interstorey 
drift angle. The likelihood of various levels of future intense ground motions at the site is rep-
resented in the standard way by the function H(sa), which gives the annual probability that the 
(random) intensity Sa at the site will equal or exceed level sa [5]. In order to obtain criteria 
based on required performance objectives, the probabilistic representation of Sa, D and C must 
be folded together. This folding together takes place in three phases; the first relates Sa and D 
to produce a drift hazard curve HD(d), which provides the annual probability that the drift de-
mand D exceeds any specified value d. The second combines the curve obtained in the previ-
ous phase with the displacement capacity C, giving rise to PPL, which is the annual probability 
that the performance level is not being met (e.g., the annual probability of collapse or the an-
nual probability of exceeding the life safety level). Using the total probability theorem, HD(d) 
becomes, in discrete form:  

( ) [ ] [ ] [ ]iaallx iaD xSPxSdDPdDPdH
i

==≥=≥=  | (1) 

The second factor within the sum, that is the likelihood of a given level of spectral acceler-
ation P[Sa=x], can be easily obtained from the standard hazard curve H(Sa). The first factor, 
that is the likelihood  that the drift exceeds d given that the value of Sa is known, 
can be obtained through structural response analysis [5]. In continuous, Eq. (1) becomes: 

( ) [ ] ( )xdHxSdDPdH aD  =≥= | (2) 

where  is the absolute value of the differential of the spectral acceleration hazard 
curve. Using the total probability theorem again PPL becomes in discrete form: 

[ ] [ ] [ ]ialld iPL dDPdDDCPDCPP
i

==≤=≤=  | (3) 

The second factor, the likelihood of given displacement demand level P[D=d], can be deter-
mined by the drift hazard curve derived in Eq. (2). The first factor, the likelihood that the drift 
capacity is less than a specified value d given that the drift demand equals that value, 
P[C≤D|D=d] can be assumed, in a first approximation, independent of the information about 
the drift level itself, permitting this term to be simplified as below. The continuous form is: 

[ ] ( )xdHdCPP DPL  ≤=  (4) 

The second factor  is defined as the absolute value of the differential of the drift de-
mand hazard curve. 
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2.1.2   Probability assessment in closed form 

In principle, Eqs. (2) and (4) can be solved numerically for any assumption about the form 
of the probabilistic representation of the three elements H(sa), D and C. Three approximations 
of the probabilistic representations of the three terms above have been proposed in order to 
obtain a closed form expression of Eq. (4).  

The first assumes that the site hazard curve can be approximated in the region around PPLSa 
(in the region of hazard levels close the limit state probability PPL) by the form: 

( ) [ ] k
aoaaa sksSPsH −=≥= (5) 

which implies that the hazard curve is linear on a log-log plot in the region of interest. The 
second assumes that the median drift demand  can be represented approximately in the re-
gion around PPLSa, by the form: 

( )b
aSaD =ˆ  (6) 

Lastly, the third assumes that the drift demand D is lognormally distributed about the me-
dian with the standard deviation of the natural logarithm, βD|Sa; this definition will be consid-
ered as dispersion. Also the drift capacity C is assumed to be lognormally distributed with 
dispersion βC. Making use of Eq. (6) and of the lognormal distribution, the first factor in Eq. 
(2) can be assumed as: 

[ ] [ ]( )
aSD

b
a axdxSdDP |ln1| βΦ−==≥ (7) 

in which  is the widely tabulated standardized Gaussian distribution function. Using this re-
sult and Eq. (5), Eq. (2) becomes: 

( ) [ ] ( ) 







=≥= 2

|2

2

2

1
exp

aSD
d
aD b

k
sHdDPdH β  (8) 

in which sa
d is defined as the spectral acceleration corresponding to the drift level d, that is the 

inverse of Eq. (6): 

( ) bd
a ads 1= (9) 

Assuming that the drift capacity C has a median value  and that is lognormally distributed 
with dispersion βC, the first factor of Eq. (2) becomes: 

[ ] [ ]( )CCddCP βˆlnΦ=≤ (10) 

Substituting and carrying out the integration of Eq. (2), it can be obtained the required rela-
tion, i.e. the expression in closed form of Eq. (4): 

( ) ( )







+= 22

|2

2
ˆ

2

1
exp CSD

C
aPL ab

k
sHP ββ  (11) 

where sa
C is the spectral acceleration associated to the attainment of the capacity. From Eq. 

(11) it is possible to note how the effect of the dispersion increases the PPL through the expo-
nential correction factor exp[(1/2)(k2/b2) (βD|Sa

2+βC
2)]. It is so called because it corrects the 

total randomness, both in drift and in capacity.  
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3 THE CONSIDERED CASE STUDY 

The considered case study is a RC frame characterized by three bays and six floors (Fig. 1). 
This frame has been designed to resist only gravity loads. Nonlinear fluid viscous dampers 
have been inserted so that the structure can sustain a high level of seismic action. Dampers of 
mechanical properties already known have been considered in this paper [6], since its aim is 
the study of the parameters which affect the property of reaching the near collapse limit state 
for RC structure equipped with given nonlinear fluid viscous dampers. With regard to the me-
chanical properties of dampers, the exponent of velocity is α=0.5, the supplemental damping 
provided by the damping system is equal to 24.5% and the damping coefficient corresponds 
to 556 kN (s/m)0.5. As for the geometry of the structure, each bay is 6 m wide and each 
interstorey is 3.2 m high. The beams are 30 cm wide and 60 cm deep in all floors. On the 
ground floor the columns at the edges have a square cross section with a 40 cm side length, 
while the central ones with a 45 cm side length; on the first floor both columns have square 
cross section 40x40 cm; on the third floor 35x35 and on the last three floors 30x30 cm. A 
concrete with a cylinder strength equal to 28 MPa and a steel with a yield strength equal to 
450 MPa have been assumed in this study. The seismic weights are 561.6 kN for the sixth 
floor, 833.4 kN for the fifth and fourth floor, 838.6 kN for the third floor, 849.8 kN for the 
second floor and 859.2 kN for the first floor. The structure is assumed to be located in Santa 
Sofia, Italy. 

Figure 1: Geometrical characteristics of the considered RC frame (dimensions in cm). 

Since the aim of this paper is the probabilistic assessment of the seismic response of RC 
structures equipped with nonlinear fluid viscous dampers, it is necessary to carry out a wide 
number of nonlinear dynamic analysis and consequently to select a high number of spectrum-
compatible recorded ground motions. Nine return periods have been considered in this study 
(TR=30, 50, 101, 201, 475, 664, 975, 1950 and 2475 years) and for each of them, 20 recorded 
ground motions characterized by an elastic acceleration response spectrum compatible with 
the code spectrum [7] have been selected through the software Rexel [8].  

The code elastic response spectrum for the assumed site and for a soil type C has been de-
termined for each considered return period [7]. Given the site and the soil type, the PGA for 
TR=475 is equal to 0.29 g. Each record has been scaled to the code design value of PGA. Fig-
ure 2 shows the spectra [9] of the 20 selected records for TR=475years and their average spec-
trum compared to the code spectrum. 

The nonlinear dynamic analyses have been performed using a concentrated plasticity mod-
el implemented in a FE computer program (SAP2000) [10]. A moment-rotation curve has 
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been assigned to the plastic hinges, located at the ends of each element. The moment-rotation 
curve has been identified by assigning the yielding and the ultimate bending moments and the 
corresponding chord rotations, which have been provided by empirical relations given in the 
Commentary to the National code and similar to those of Panagiotakos and Fardis [11].  

In order to carry out assessments with a different number of results, two different moment-
rotation curves have been considered. At first, a moment rotation curve with post peak 
strength deterioration has been used (bilinear moment rotation curve, Figure 3a); then a mo-
ment-rotation curve without post peak strength deterioration (trilinear moment rotation curve, 
Figure 3b) has been considered to ease the convergence of the large number of analyses and 
to obtain a greater number of results for the probabilistic assessment.  

Average spectrum

Figure 2: Spectra of the 20 selected compatible records for TR=475 years, average spectrum of the selected rec-
ords, code spectrum and tolerance limits (30 % and 10%). 

a) b) 

Figure 3: a) bilinear moment-rotation curve with post peak strength deterioration, assigned to plastic hinges ; b) 
trilinear moment-rotation curve without strength deterioration, assigned to plastic hinges. 

The obtained results are grouped in three cases, as shown in Table 1. In the first case a bi-
linear moment rotation curve (Figure 3a) is considered and the probabilistic assessment is 
made on 170 and 104 records respectively for the structure with and without dampers. In the 
second case the same plastic hinge model of the first case is adopted, but the probabilistic as-
sessment is made on the same number of records, i.e. 104, for both structures. In the third case 
a trilinear moment rotation curve (Figure 3b) is assumed and the probabilistic assessment is 
performed on 180 records for both structures.  
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Case 1) Bilinear moment-rotation curve with post peak strength deterioration 
Structure with dampers Structure without dampers 

170 results 104 results 
Case 2) Bilinear moment-rotation curve with post peak strength deterioration 

Structure with dampers Structure without dampers 
104 results 104 results 

Case 3) Trilinear moment-rotation curve without post peak strength deterioration 
Structure with dampers Structure without dampers 

180 results 180 results 

Table 1: The three cases in which the performed analyses have been grouped. 

4 RESULTS AND COMMENTS 

4.1 Probabilistic seismic demand analysis 

The following parameters have been examined for each nonlinear dynamic analysis: 
- profiles of maximum displacement, obtained by the envelope of the maximum dis-

placements which occur on each floor during the seismic event; 
- profiles of maximum interstorey drift, which represent the envelope of maximum in-

terstorey drifts occurring during the seismic event. 
Once obtained the maximum displacement and maximum interstorey drift profiles, the 

maximum displacement on the top of building (Droof) and the maximum interstorey drift (δmax) 
along the height have been determined for each record and each return period. The values thus 
obtained have been plotted in graphs, which have a parameter representing the seismic inten-
sity (Sa(T1), spectral acceleration at the first natural period of the structure and for 5% damp-
ing) as abscissa and a parameter representing the seismic demand (Droof or δmax) as ordinate. In 
Figures 4 and 5 the points Droof -Sa(T1) and δmax -Sa(T1) obtained with each record have been 
represented for the structure with and without dampers, respectively. 

In order to perform the probabilistic assessment, the median and the dispersion values have 
been determined. As for the median, it is assumed from the scientific literature [5] that the 
distribution of median values of the seismic demand parameters follows the relation: 

( )b
a TSaMeD )( 1= (12)

where MeD is the median value of demand parameter D, Sa(T1) is the spectral acceleration 
and a, b are constants deriving from a regression analysis. These constants have been identi-
fied for Droof  and δmax once the points MeDroof -Sa(T1) and Meδmax -Sa(T1) have been deter-
mined for each return period.  

As for the dispersion, two different dispersion formulations have been considered. The first 
considers a variable dispersion with the seismic intensity. The dispersion for each return peri-
od is obtained through the formulation proposed from scientific literature: standard deviation 
of demand parameters of natural logarithm; it is indicated with the notation βregr and it is ob-
tained through the expression: 

( )
n

x
k k

SD a

 −
=

μ
β

ˆln
| (13) 

where n is the number of values and  is the median, determined as the mean of the natural 
logarithm of the results: 
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n

x
k k=
ln

μ̂ (14) 

A regression analysis has been carried out on the obtained dispersion values determining 
the parameters of the straight line which interpolates the dispersion values best:  

( )1| TbSa aSD a
+=β (15) 

In order to evaluate the accuracy of the obtained correlation, the parameters R2 (determina-
tion index) and the errors (mean and standard deviation of residues) have been considered. 
The second formulation, denoted with βcost, considers a parameter of constant dispersion with 
seismic intensity. This is obtained performing a regression analysis of lnD on lnSa on the to-
tality of the results. The value thus obtained is the standard deviation of the residues. 

Figure 4: Droof - Sa(T1) and δmax - Sa(T1) points for the structure with dampers. 

Figure 5: Droof - Sa(T1) and δmax - Sa(T1) points for the structure without dampers. 

Table 2 shows the expressions of median and dispersion of demand parameters for the 
analyses of Case 1 (see Table 1). Figures 6 and 7 illustrates for the same case the graphs of 
median and dispersion of demand parameters as a function of seismic intensity. The same re-
sults are reported in Table 3, Figures 8 and 9 for the analyses of Case 2, and in Table 4 and 
Figures 10 and 11 for the analyses of Case 3. Figure 6 shows that the median roof displace-
ments (Droof) of the structure without dampers are greater than those of the structure with 
dampers, as expected. With regard to the dispersion values (βregr, Figure 6b) both for the 
structure with dampers and without dampers, it increases with seismic intensity.      
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Droof δmax 
Structures with 

dampers 
170 records 

Structures without  
dampers 

104 records 

Structures with 
dampers 

170 records 

Structures without 
dampers 

104 records 

MeDroof = 0.2114·Sa
0.9872 MeDroof = 0.2129· Sa

0.8059 Meδmax = 2.041· Sa
1.0755 Meδmax = 4.1216· Sa

1.1327 

βregr=0.3385+0.3894Sa βregr=0.3274+0.2272Sa βregr=0.3359+0.4341Sa βregr=0.4016-0.2375Sa 

βcost = 0.4523 βcost = 0.5252 βcost = 0.4595 βcost = 0.56296 

Table 2: Expressions of median and dispersion for Droof and δmax, Case 1. 
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                   (a)                                                         (b)                                                (c) 
Figure 6: Case 1: a) MeDroof- Sa(T1); b) βDroof- Sa(T1); c) lnDroof-lnSa(T1) 
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Figure 7: Case 1: a) Meδmax- Sa(T1); b) βδmax- Sa(T1); c) lnδmax-lnSa(T1) 

Moreover, the dispersion of the structure with dampers is greater than that without dampers; 
this is a trend not in line with the expectations. Lastly, Figure 6c illustrates that, in accordance 
with Figure 6a, the displacements of the structure with dampers are smaller than those ob-
tained for the structure without dampers. Considering the parameter of constant dispersion 
(βcost, Table 2), the dispersion of the structure without dampers is greater than that with damp-
ers; therefore the trend of βcost is in line with the expectations. As regards Fig. 7 the same re-
marks are made for the maximum interstorey drifts (δmax); in addition it is possible to observe 
that: the variable dispersion (βregr) decreases for the structure without dampers when seismic 
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intensity increases and this trend is not in line with the expectations; as for the parameter of 
constant dispersion (βcost), the values of dispersion are slightly higher than those obtained for 
the maximum displacement at the top of the building (Droof). 

Droof δmax 
Structures with 

dampers 
104 records 

Structures without 
dampers 

104 records 

Structures with 
dampers 

104 records 

Structures without 
dampers 

104 records 

MeDroof = 0.1127· Sa
0.7398 MeDroof  = 0.2129· Sa

0.8059 Meδmax = 1.0595· Sa
0.8221 Meδmax = 4.1216· Sa

1.1327 

βregr=0.3306+0.2143Sa βregr=0.3274+0.2272 Sa βregr=0.3254+0.257 Sa βregr=0.4016-0.2375 Sa 

βcost = 0.42236 βcost = 0.5252 βcost = 0.42239 βcost = 0.56296 

Table 3: Expressions of median and dispersion for Droof and δmax, Case 2. 

Structure with dampers Structure without dampers
  (a)                                                         (b)      (c) 

Figure 8: Case 2: a) MeDroof- Sa(T1); b) βDroof- Sa(T1); c) lnDroof-lnSa(T1) 

Structure with dampers Structure without dampers
  (a)                                                         (b)      (c) 

Figure 9: Case 2: a) Meδmax- Sa(T1); b) βδmax- Sa(T1); c) lnδmax-lnSa(T1) 
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Droof δmax 
Structures with 

dampers 
180 records 

Structures without 
dampers 

180 records 

Structures with 
dampers 

180 records 

Structures without 
dampers 

180 records 

MeDroof = 0.2421·Sa
1.0523 MeDroof = 0.44· Sa

1.1357 Meδmax = 2.2724· Sa
1.1285 Meδmax = 9.8605· Sa

1.5088 

βregr=0.3145+0.5809Sa βregr=0.2626+1.0257Sa βregr=0.2975+0.7001Sa βregr=0.2906+1.1428Sa 

βcost = 0.4696 βcost = 0.5651 βcost = 0.4803 βcost = 0.6389 

Table 4: Expressions of median and dispersion for Droof and δmax, Case 3. 

Structure with dampers Structure without dampers
 (a)                                                         (b)   (c) 

Figure 10: Case 3: a) MeDroof- Sa(T1); b) βDroof- Sa(T1); c) lnDroof-lnSa(T1) 

Structure with dampers Structure without dampers
  (a)                                                         (b)      (c) 

Figure 11: Case 3: a) Meδmax- Sa(T1); b) βδmax- Sa(T1); c) lnδmax-lnSa(T1) 

Figure 8a shows smaller values of median Droof than for case 1. Figure 8b confirms that the 
dispersion (βregr) always increases for both the structure when the seismic intensity increases. 
Moreover, the values of dispersion (βregr) decrease for the structure with dampers if we con-
sider a smaller number of records. Lastly, Figure 8c and Table 4 illustrate that also a smaller 
value of dispersion (βcost) is obtained for the structure with dampers if we consider a smaller 
number of records. Figure 9 shows that the same remarks made for the maximum roof dis-
placement (Droof) can be made for the maximum interstorey drift, i.e. both the values of medi-
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an and dispersion decrease for the structure with dampers, considering a smaller number of 
records. However, passing from the structure with damper to the one without damper, a trend 
in lines with the expectations is not obtained yet for βregr. 

If we consider a greater number of records for both the structures (Case 3), a trend in line 
with the expectations is obtained. As for the maximum roof displacement (Droof) one can note 
that (Figure 10): 

- the median values for the structure without dampers are greater than those obtained for 
the structure with dampers (Figure 10a); 

- the dispersion βregr always increases for both the structures when seismic intensity in-
creases and the expected trend is obtained, that is the dispersion of the structure with-
out dampers is greater than that with dampers (Figure 10b); 

- the dispersion βcost is greater for both structures than the previous cases but it always 
maintains the same trend, that is the dispersion for the structure without dampers is 
greater than that for the structure with dampers (Figure 10c).  

The same remarks can be made for the maximum interstorey drift (δmax, Figure 11), with 
the additional observation that the decreasing trend disappears for βregr, which always increas-
es with seismic intensity. 

Figure 12,13 and 14 compare, for the three cases of Table 1, the curves of median and dis-
persion of maximum roof displacement and interstorey drift as functions of the seismic inten-
sity. Figure 12 shows that both for Droof and δmax: 

- the median values of displacement for the structure without dampers are greater than 
those for the structure with dampers; 

- the values of Droof and δmax increases when the number of records increases and the ac-
curacy of the correlation increases. 

Figure 13 illustrates the trend of the dispersion variable with the seismic intensity. It is 
possible to observe that: 

- the variable dispersion (βregr) increases with the increasing of seismic intensity, with 
the exception of δmax with 104 records; 

- the variable dispersion (βregr) increases for both structures and the accuracy of the cor-
relation increases when the number of records increases. With 180 records for both 
structures the expected trend is obtained, that is the dispersion for the structure without 
damper is greater than that for the structure with dampers. 

         (a)                                                         (b)         

Figure 12: Comparison of cases 1, 2 and 3: a) MeDroof- Sa(T1); b) Meδmax -Sa(T1) 
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                                 (a)                                                         (b)                                                 

Figure 13: Comparison of cases 1, 2 and 3: a) βDroof- Sa(T1); b) βδmax- Sa(T1) 

 
                                 (a)                                                         (b)                                                 

Figure 14: Comparison of cases 1, 2 and 3: a) lnDroof-lnSa(T1); b) lnδmax-lnSa(T1) 

 Structure with dampers Structure without dampers 
104 

records 
170 

records 
180 

records 
104 

records 
180 

records 
βcostDroof 0,42236 0,4523 0,4696 0,5252 0,5651 
βcostδmax 0,42239 0,4595 0,4803 0,5629 0,6389 

Table 5: βcost with the increasing of  the number of records for Droof and δmax. 

Table 5 illustrates that the parameter of constant dispersion (βcost) increases when the num-
ber of records increases for both structures and for both demand parameters (Droof and δmax). 
Lastly, with regard to dispersion, it is useful to perform some evaluations. By calculating the 
ratio between the parameter of constant dispersion obtained for both structures with and with-
out dampers in the three cases, it comes out that the dispersion of the structure with dampers 
is about 80% of the dispersion of the structure without dampers (Table 6). By calculating the 
ratio between the coefficients of the regression lines obtained for the structures with and 
without dampers in the three cases, one gets the relation which allows to obtain the dispersion 
of the structure with dampers, knowing that for the structure without dampers (Table 7). The 
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most reliable correlations are all obtained for Case 3, characterized by a greater number of 
records (180). 

Case 1 Case 2 Case 3 

Droof βDam/βWithoutDam 0.8612 0.8042 0.831 
δmax βDam/βWithoutDam 0.8162 0.7503 0.7518 

Table 6: βcost, ratio between the parameters of constant dispersion, obtained for both structures with and without 
dampers in the three cases. 

Table 7: βregr, ratio between the coefficients of the regression lines obtained for the structure with and without 
dampers in the three cases. 

4.2 Evaluation of the annual failure probability 

The second step of this research is the study of the simplified formula proposed by the 
2000 SAC/FEMA method to assess the annual probability of exceeding a given performance 
level (Eq. (11)). The following assumptions have been considered in this study: 

• consideration of the near collapse limit state;
• adoption of different criteria for approximating the hazard curve: interpolation on the

whole range of examined return periods (criterion (a), TR=30, 50, 101, 201, 475, 664,
975, 1950 and 2475 years); interpolation on a small range close to the return period of
975 years, which is associated in the code [7] to the near collapse limit state  (criterion
(b) TR=475, 664, 975, 1950 and 2475 years). Moreover, interpolations of the first and
second order have been performed for both the criteria identifying thus four hazard
curves. The approximation of the second order has been determined according to the
method proposed by Vamvatsikos [12]. The expressions of the obtained hazard curves
are reported in Table 8, the graphs of such relations are illustrated in Figure 15.

• determination of the capacity values for the near collapse limit state and for the two
considered demand parameters according to two criteria described in the following. In
this way two collapse conditions are defined, one based on the ultimate roof displace-
ment (Droof,u), the other on the ultimate interstorey drift (δmax,u). Droof,u has been deter-
mined through a pushover analysis, under a modal pattern of lateral load, as the roof
displacement when the first plastic hinge in a column reaches the collapse rotation.
This value is Droof,u=0.145 m. δmax,u, to be compared with the demand, evaluated in
terms of maximum drift along the height, has been determined through a pushover
analysis as the maximum drift along the height when the first plastic hinge in a col-
umn reaches the collapse rotation. Since in the pushover analysis a column sway
mechanism at the fourth storey has been observed, the mentioned drift corresponds to
the ultimate drift of the fourth storey, equal to 2.5375%. It should be noticed also that
during the nonlinear dynamic analyses, in all the cases in which the collapse has been
reached, a mechanism at the third or fourth storey has been observed.

Droof δmax

β=α+λSa   ; α = aDam/aWithoutDam   ; λ = bDam/bWithoutDam  
α λ α λ 

CASE 1 1.714 1.034 -1.828 0.836 
CASE 2 0.943 1.009 -1.082 0.810 
CASE 3 0.566 1.198 0.613 1.024 
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Hazard curve 
criterion a) 

Hazard curve 
criterion (a) 

Approximation 
of the first order 

( ) ( ) 827.2

1,
5103

−−⋅= NC
a

NC
a SSH

Approximation 
of the second 

order 
( ) ( ) ( )( )11

2 ln923.5ln878.061062.2 TSTSNC
a

aaeSH −−− ⋅⋅=  

Hazard curve 
criterion (b) 

Approximation 
of the first order ( ) ( ) 03.4

1,
6107

−−⋅= NC
a

NC
a SSH

Approximation 
of the second 

order 
( ) ( ) ( )( )11

2 ln312.9ln18.271004.3 TSTSNC
a

aaeSH −−− ⋅⋅=  

Table 8: Approximation of the first and second order of the hazard curve, obtained with criterion (a) and (b). 

        (a)                                                                            (b)         

Figure 15: Approximations of the first and second order for the hazard curve with criterion (a) and (b) 

Firstly, the variability of the parameters of the expression of the annual probability of fail-
ure is examined, in particular the value H(Sa,1

NC) of the hazard function, the dispersion param-
eter variable (βregr) with seismic intensity and the constant dispersion (βcost). With regard to 
the first order approximation of the hazard curve, the results reported in Table 9 show that: 

- the spectral acceleration at failure decreases when the number of records increases and 
consequently the corresponding mean annual frequency increases; moreover, the pa-
rameter of constant dispersion also increases. 

- comparing the values obtained for the structure with and without dampers, the greatest 
difference between the spectral acceleration at failure occurs in the second case with a 
smaller number of records; this shows a great variability of parameters according to 
the number of considered records; there is also a great variability of the values of 
mean annual frequency. 

- moreover, the dispersion which varies with seismic intensity (βregr), is greater for the 
structure with dampers than for the structure without dampers; on the contrary the pa-
rameter of constant dispersion (βcost) is greater for the structure without dampers. 
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Table 9: Droof and δmax, variability of the parameters which define the annual probability of failure, varying the 
number of records for the approximation of the first order of the hazard curve. 

Secondly, the variability of the annual probability of failure is examined. With regard to 
the first order approximation of the hazard curve, the results are reported in Tables 10 to 13, 
which show the values of probability together with the corresponding values of hazard and 
dispersion. Tables 10 and 11, relative to the collapse defined by Droof,u, shows that: 

- under the same conditions of structure and dispersion, the values of annual probability 
of failure vary considerably depending on the hazard curves (a) or (b); 

- under the same hazard curves (a) or (b), a slightly higher value of mean annual fre-
quency and a smaller value of dispersion determine higher values of annual probabil-
ity of failure; this shows the great influence of the dispersion on the final value of the 
annual probability of failure.  

- as for the parameter of constant dispersion, a much greater annual probability of fail-
ure has been obtained for the structure without dampers than for the structure with 
dampers; this does not always occur when the parameter of variable dispersion is used, 
as for the Case 2, hazard curve (b).  

The same observations can be made for the collapse defined by δmax,u (Tables 12 and 13) 
with the additional observation that, when the variable dispersion parameter (βregr) is used, the 
annual probability of failure is much greater for the structure with dampers than for the struc-
ture without dampers. Consequently, the results are in line with the expectations only when 
the parameter of constant dispersion (βcost) is used.  

As for the second order approximation of the hazard curve, for both the demand parame-
ters and for the same structure, there is a smaller difference among the values of H(Sa,1

NC) de-
termined with different intervals for interpolating the hazard curve (criterion (a) or (b)) than 
with the first order approximation. This is shown in Tables 14 and 15 for the Case 3. 
 

 
Droof,u=0.145 m 

Case 1 Case 2 Case 3 

 
Dampers 

170 

Without 
dampers 

104 

Dampers 
104 

Without 
dampers 

104 

Dampers 
180 

Without damp-
ers 
180 

H(Sa,1
NC) 

Hazard curve (a) 
8.83·10-5 1.15·10-4 1.15·10-5 1.12·10-4 1.19·10-4 4.75·10-4 

βregr 0.6043 0.4686 0.6319 0.4686 0.6714 0.6486 

PF,NC 5.38·10-4 7.05·10-4 3.67·10-4 7.05·10-4 7.95·10-4 2.21·10-3 

βcost 0.4523 0.5252 0.4224 0.5252 0.4696 0.5651 

PF,NC 2.79·10-4 9.96·10-4 7.32·10-5 9.96·10-4 3.46·10-4 1.62·10-3 

Table 10: Annual failure probability for the first order approximation of the hazard curve with criterion (a) and 
for collapse defined by Droof,u. 

 

Droof,u=0.145 m δmax,u=2.5375% 

Structure 
with dampers 

Structure without 
dampers 

Structure 
with dampers 

Structure without 
dampers 

104 170 180 104 180 104 170 180 104 180 
Sa,1

NC 1.41 0.68 0.61 0.62 0.37 2.89 1.22 1.11 0.65 0.41 
H(Sa,1

NC) 
Hazard curve (a) 

1.2∙10-5 8.8∙10-5 1.2∙10-4 1.2∙10-4 4.7∙10-4 1.5∙10-6 1.7∙10-5 2.3∙10-5 1.0∙10-4 3.8∙10-4 

H(Sa,1
NC) 

Hazard curve (b) 
1.8∙10-6 3.3∙10-5 4.9∙10-5 4.7∙10-5 3.6∙10-4 9.7∙10-8 3.1∙10-6 4.7∙10-6 3.9∙10-5 2.6∙10-4 

βregr 0.63 0.60 0.67 0.47 0.65 1.07 0.87 1.07 0.25 0.75 
βcost 0.42 0.45 0.47 0.52 0.56 0.42 0.46 0.48 0.56 0.64 
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Droof,u=0.145 m 

Case 1 Case 2 Case 3 

Dampers 
170 

Without 
dampers 

104 

Dampers 
104 

Without 
dampers 

104 

Dampers 
180 

Without damp-
ers 
180 

H(Sa,1
NC) 

Hazard curve (b)
3.26·10-5 4.76·10-5 1.77·10-6 4.76·10-5 4.98·10-5 3.59·10-4 

βregr 0.6043 0.4686 0.6319 0.4686 0.6714 0.6486 

PF,NC 1.28·10-3 1.89·10-3 2.04·10-3 1.89·10-3 2.37·10-3 8.18·10-3 

βcost 0.4523 0.5252 0.4224 0.5252 0.4696 0.5651 

PF,NC 3.37·10-4 3.82·10-3 7.69·10-5 3.82·10-3 4.37·10-4 4.32·10-3 

Table 11: Annual failure probability for the first order approximation of the hazard curve with criterion (b) and 
for collapse defined by Droof,u. 

δmax,u=2.5375% 

Case 1 Case 2 Case 3 

Dampers 
170 

Without 
dampers 

104 

Dampers 
104 

Without 
dampers 

104 

Dampers 
180 

Without dampers 
180 

H(Sa,1
NC) 

Hazard curve (a)
1.69·10-5 1.01·10-4 1.48·10-6 1.01·10-4 2.27·10-5 3.82·10-4 

βregr 0.867 0.2468 1.0689 0.2468 1.0695 0.7554 

PF,NC 2.94·10-4 1.54·10-4 2.00·10-3 1.54·10-4 1.04·10-3 1.19·10-3 

βcost 0.4595 0.5629 0.4224 0.5629 0.4803 0.6389 

PF,NC 4.55·10-5 3.42·10-4 6.69·10-6 3.42·10-4 5.95·10-5 8.92·10-4 

Table 12: Annual failure probability for the first order approximation of the hazard curve with criterion (a) and 
for collapse defined by δmax,u. 

δmax,u=2.5375% 

Case 1 Case 2 Case 3 

Dampers 
170 

Without 
dampers 

104 

Dampers 
104 

Without 
dampers 

104 

Dampers 
180 

Without 
dampers 

180 

H(Sa,1
NC) 

Hazard curve (b)
3.09·10-6 3.93·10-5 9.67·10-8 3.93·10-5 4.72·10-6 2.63·10-4 

βregr 0.867 0.2468 1.0689 0.2468 1.0695 0.7554 

PF,NC 1.02·10-3 9.33·10-5 2.21·10-1 9.33·10-5 1.12·10-2 2.64·10-3 

βcost 0.4595 0.5629 0.4224 0.5629 0.4803 0.6389 

PF,NC 2.31·10-5 4.72·10-4 2.05·10-6 4.72·10-4 3.33·10-5 1.48·10-3 

Table 13: Annual failure probability for the first order approximation of the hazard curve with criterion (b) and 
for collapse defined by δmax,u. 

Tables 14 and 15 report the values of the annual probability of failure obtained as follows: 
with the approximation of the first order suggested by the 2000 SAC/FEMA method [5] 
(Eq.(11)); with the approximation of the second order suggested by Vamvatsikos [12]. The 
latter can be evaluated as follows: 

( ) ( ) ( )( )111
2

2 lnln
0

TSkTSk aaekSH −−⋅= (16)         

where k1>0 and k2≥0. Using the approximation of the second order for the hazard curve, the 
new closed-form expression of the annual probability of failure [12] becomes: 
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where:  

2
221

1

Sck
p

β+
=            0<p<1 (18) 

The difference between Eqs. (11) and (17) is the insertion of the factor p. Substituting k2=0 
in Eq. (18), it can be noticed that p becomes equal to unity and that Eq. (17) simplifies as: 
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It can be observed that the reduction of Eq.(17) to Eq.(19) does not coincide exactly with 
the original formulation of the SAC/ FEMA [2] , but it is a simplification.   

From Tables 14 and 15 it is possible to notice that, considering the second order approxi-
mation of the hazard curve (Eq.(17)), the variation, for the same structure and dispersion, of 
the annual failure probability with the number of values of TR (9 values of TR corresponds to 
criterion (a), 5 values of TR to criterion (b)) is reduced if compared with the same variation 
obtained with the first order approximation. This is a consequence of the above mentioned 
reduction of the variation of the hazard value H(Sa,1

NC). 
Moreover, considering the second order approximation of the hazard curve, a lower influ-

ence of the dispersion on the annual failure probability has been obtained than with the first 
order approximation. Finally it is possible to observe that, considering the second order ap-
proximation and using both the dispersion parameters, the results are in line with the expecta-
tions, i.e. the annual failure probability for the structure without dampers is always much 
greater than that obtained for the structure without dampers. 

Droof,u = 0.145 m 
With Dampers 

Sa,1
NC =0.6144, a=0.2421, b=1.0523, βc=0.275 

9 TR 
I order 

(2000SAC/FE
MA method) 

9 TR 
I order 

(Vamvatsikos)

9 TR 
II order 

(Vamvatsikos)

5 TR 
I order 

(2000SAC/FEMA 
method) 

5 TR 
I order 

(Vamvatsikos) 

5 TR 
II order 

(Vamvatsikos)

H(Sa,1
NC) 1.189·10-4 1.189·10-4 3.81·10-5 4.985·10-5 4.985·10-5 1.69·10-5 

βregr = 0.6717 
PF,NC  7.95·10-4 7.21·10-4 7.19·10-4 2.37·10-3 1.94·10-3 4.99·10-4 

βcost=0.4696 
PF,NC 3.46·10-4 2.87·10-4 2.49·10-4 4.37·10-4 2.98·10-4 2.20·10-4 

Without dampers 
Sa,1

NC =0.3763, a=0.44, b=1.1357, βc=0.275 
9 TR 

I order 
(2000SAC/FE
MA method) 

9 TR 
I order 

(Vamvatsikos)

9 TR 
II order 

(Vamvatsikos)

5 TR 
I order 

(2000SAC/FEMA 
method) 

5 TR 
I order 

(Vamvatsikos) 

5 TR 
II order 

(Vamvatsikos)

H(Sa,1
NC) 4.75·10-4 4.75·10-4 3.70·10-4 3.6·10-4 3.6·10-4 3. 4·10-4

βregr = 0.6486 
PF,NC 2.21·10-3 2.55·10-3 2.38·10-3 8.18·10-3 1.09·10-2 1.34·10-3 

βcost=0.5651 
PF,NC 1.62·10-3 1.70·10-3 1.81·10-3 4.32·10-3 4.80·10-3 1.21·10-3 

Table 14: Annual failure probability for different hazard curve approximations and for collapse defined by Droof,u. 
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δmax,u = 2.5375% 
With Dampers 

Sa,1
NC =1.1027, a=2.27, b=1.1285, βc=0.275 

9 TR 
I order 

(2000SAC/FE
MA method) 

9 TR 
I order 

(Vamvatsikos)

9 TR 
II order 

(Vamvatsikos)

5 TR 
I order 

(2000SAC/FEMA 
method) 

5 TR 
I order 

(Vamvatsikos) 

5 TR 
II order 

(Vamvatsikos)

H(Sa,1
NC) 2.27∙10-5 2.27·10-5 1.46∙10-6 4.72·10-6 4.72·10-6 1.20·10-7 

βregr=1.0695 
PF,NC 1.04·10-3 2.20·10-3 9.76·10-4 1.12·10-2 5.10·10-2 4.21·10-4 

βcost=0.4803 
PF,NC 5.95·10-5 5.72·10-5 2.586·10-5 3.33·10-5 3.073·10-5 1.98·10-5 

Without dampers 
Sa,1

NC =0.4067, a=9.86, b=1.1509, βc=0.275 
9 TR 

I order 
(2000SAC/FE
MA method) 

9 TR 
I order 

(Vamvatsikos)

9 TR 
II order 

(Vamvatsikos)

5 TR 
I order 

(2000SAC/FEMA 
method) 

5 TR 
I order 

(Vamvatsikos) 

5 TR 
II order 

(Vamvatsikos)

H(Sa,1
NC) 3.82∙10-4 3.82·10-4 2.66∙10-4 2.628∙10-4 2.628·10-4 2.27∙10-4 

βreg r=0.7554 
PF,NC 1.19·10-3 3.73·10-3 2.75·10-3 2.64·10-3 2.70·10-2 1.30·10-3 

βcost=0.6389
PF,NC 8.92·10-4 1.95·10-3 1.90·10-3 1.48·10-3 7.23·10-3 1.15·10-3 

Table 15: Annual failure probability for different hazard curve approximations and for collapse defined by δmax,u. 

5. CONCLUSIONS

In conclusion, as for the probabilistic assessment we can note that it depends on the num-
ber of records considered. In particular, reliable trends have been obtained only for 180 rec-
ords for both structures with and without dampers. As for the median, the median values for 
the structure without dampers are greater than those obtained for the structure with dampers 
regardless of the number of record considered. With regard to βregr it is possible to notice that: 
it increases with seismic intensity; it depends on the results of the dynamic nonlinear analyses, 
and in particular on the number of records; the expected trend, i.e. greater dispersion for the 
structure without dampers than for the structure with dampers, has been determined only for 
the higher number of results (180 records). As for βcost, we can note that: the expected trend 
has been obtained also for the lower number of records; the parameter of constant dispersion 
increases with the number of seismic events both for the structure with and without dampers. 
Moreover, relations between the expressions of βcost and βregr for the structure without and 
with dampers have been derived with the purpose to obtain the dispersion for the structure 
with dampers by knowing that for the structure without dampers.    

It is possible to observe that the simplified formula to determine the annual probability of 
failure PF,NC suggested by the 2000 SAC/FEMA method is strongly sensitive to variations of 
the hazard curve and of the dispersion. It is possible to note that for the hazard curves deter-
mined with the first order approximations, different values of PF,NC have been obtained by 
changing the interval in which the hazard curve is interpolated. Moreover, the simplified for-
mula for PF,NC is particularly affected by the dispersion. PF,NC values always in line with the 
expectations have been obtained only using the parameter of dispersion βcost. Considering the 
second order approximation of the hazard curve, the variation of the annual failure probability 
when changing the interval for interpolating the hazard curve is reduced if compared with the 
same variation obtained with the first order approximation. With the mentioned second order 
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approximation it is also reduced the influence of the values of dispersion and the PF,NC is al-
ways greater for the structure without dampers than for the structure with dampers. 

Therefore, it is possible to deduce that it is better to use the parameter of constant disper-
sion βcost when we consider the interpolation of the first order for the hazard curve. Otherwise, 
using the second order approximations allows to obtain values of probability less sensitive to 
the interval for interpolating the hazard curve and to the type of dispersion βregr or βcost. 
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Abstract. The Fiber Reinforced Polymer (FRP)-confined concrete model contained in a well-

known Bulletin by the International Federation for Structural Concrete (fib) has been en-

hanced to take into account the superposition of the confining effects of the already existing 

steel reinforcement with that of the FRP jacketing applied when retrofitting reinforced con-

crete (RC) columns. Columns are here modeled with a fiber-based nonlinear beam- column 

element (with displacement formulation) in which the constitutive law for concrete presented 

in this paper is implemented. This allows for the immediate incorporation of shear strains 

(uncoupled from the normal ones) at the material level. The averaged response of the two dif-

ferent regions -concrete core and concrete cover-in the cross-section allows the assignment of 

a unique stress-strain law for all the fibers/layers of the circular section. Correlation with an 

experimental study is performed to validate the proposed iterative procedure. 
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1 INTRODUCTION 

Several strong earthquakes attacked California U.S.A., Kobe Japan, and Ji-Ji Taiwan. The-

se major earthquakes have caused severe structural damage, and even collapse which have 

resulted in the necessity of seismic retrofit of existing structures. Confining wraps or jackets 

to rehabilitate and strengthen existing concrete columns has proven to be an efficient tech-

nique for seismic retrofit of structures. Fiber Reinforced Polymers (FRPs) to retrofit RC col-

umns have been found to be beneficial for the compressive strength, shear strength, flexural 

strength and displacement ductility of RC columns.  

It is well known that columns play a key role in determining the overall structural perfor-

mance. Therefore, it is essential to develop a suitable analytical tool to estimate their structur-

al behavior, able to detect all failure mechanisms such as shear, and bending and possibly to 

include the effect of FRP confinement as a retrofitting measure.  

The behavior of reinforced concrete columns in shear and bending has been studied for 

decades. In case of flexural behavior, traditional section analysis, or the more precise method, 

fiber model in one-dimensional stress field gives acceptable predictions in terms of ultimate 

strength and yielding deformation. Performance of reinforced concrete columns dominated in 

shear or shear-flexure cannot be estimated by applying only section analysis because shear 

behavior is not taken into account.  For evaluating the shear response of structural elements, 

such as beams and columns, many analytical models and theories have been conceived in the 

past [1]. 

Most of the state-of-the-art on seismic design and assessment procedures proposed recently 

for common engineering practice requires some kind of nonlinear analysis either static or dy-

namic. These nonlinear analyses are mostly carried out using frame elements with different 

levels of accuracy. Two main approaches are traditionally used and classified as lumped-

plasticity and distributed-inelasticity models. For the latter, the well known fiber beam ele-

ments provide results that are particularly accurate when studying the cyclic behavior of RC 

structures. 

Several fiber beam-column elements have been developed with high capability of repro-

ducing axial force and bending coupling. On the other hand, the coupling between the effects 

of normal force and shear force is not straightforward and hence only few modeling strategies 

have successfully dealt with it up to now [1]. 

The most basic theory capable of analyzing beam-column elements is the Euler-Bernoulli 

approach. The fundamental assumptions are that cross-sections remain plain and normal to the 

deformed longitudinal axis. The Euler-Bernoulli theory is capable of reproducing correctly 

the actual response of a beam under combined axial forces and bending moments, while shear 

forces are obtained from static equilibrium (the effects of the latter on beam deformations are 

neglected though). When the effects of tangential stresses are important in the response of the 

element, more refined Timoshenko-like beam theories are more appropriate. Here cross-

sections remain plane but not necessarily normal to the deformed longitudinal axis.  

The Timoshenko beam theory allows considering the shear strain effect through a constant 

shear strain distribution along the cross-section, implying that an effective shear area factor is 

needed in order to be energetically consistent. This factor depends on the section shape and is 

usually derived for isotropic materials. This implies that being state-dependent, it is far more 

complex to use in nonlinear analysis of cracked RC sections. 
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2 ANALYTICAL INVESTIGATION 

The mechanical properties of concrete (strength, pseudo-ductility, energy dissipation) are 

substantially enhanced under a triaxial stress state. In practice, this is obtained by using closed 

stirrups or spiral reinforcement or even FRP wraps, so that, together with the longitudinal re-

inforcement, the lateral expansion of concrete is limited. This kind of (passive) confinement 

improves the material behavior after the initiation of internal cracking, which gives rise to the 

initiation of expansion.  

For low strain values, the stress state in the transverse steel reinforcement is very small and 

the concrete is basically unconfined. In this range, steel and FRP jacketing behave similarly. 

That is, the inward pressure as a reaction to the expansion of concrete increases continuously. 

Therefore, speaking in terms of variable confining pressures corresponding to the axial strain 

level in the section and active triaxial models defining axial stress-strain curves for concrete 

subject to constant lateral pressure, it can be stated following the original approach of [2] that 

the stress-strain curve describing the stress state of the section has to cross all active confine-

ment curves up to the curve with lateral pressure equal to the one applied by the stirrups at 

yielding. After yielding of stirrups, the lateral pressure is still increasing only due to the FRP 

jacketing, while the steel lateral pressure remains constant. The corresponding stress-strain 

curve of the section throughout this procedure converges to a confined-concrete axial stress-

strain curve that is associated with a lateral pressure magnitude equal to the tensile strength of 

the FRP jacket plus the yielding strength of ties (excluding the strain hardening behavior of 

steel, since ultimate strains of steel are usually much higher than those of FRP jackets). In or-

der to model this behavior, a well-known FRP-confined concrete model [2] has been en-

hanced to include the steel ties contribution and thus model in a more consistent way circular 

columns with transverse steel reinforcement and retrofitted with FRP jacketing. The above 

model was based on an iteration procedure that needed to be modified as in Figure 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Iterative Procedure. 
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In the procedure depicted in (Fig.1), after imposing an axial strain on the section, a pres-

sure coming from the FRP jacket is assumed. Then, the Poisson’s coefficient until yielding of 

steel stirrups and the pressure coming from the steel ties is calculated based on the BGL mod-

el [3]. Since, this lateral pressure according to BGL model is the solution of the plain stress 

tensor by the Airy’s stress function, the shear stress in the concrete core is also determined 

along with the shear modulus .Here, also the longitudinal bars’ contribution and the arching 

action between two adjacent stirrups along the column are taken into account (Table 1). Thus, 

the confining pressure in the concrete core is the summation of the lateral pressures contribut-

ed by the two confining systems (FRP and Steel). The fib’s model proposal [2] beyond this 

point is basically used to define the remainder of the parameters declared above, applying that 

model for the two different regions already mentioned. The focal point of the procedure is in 

the last step where the confining pressure of the jacket is defined based on the circumferential 

strain according to Table 1. Finally, cases with partial wrapping have been included too [4] 

(Table 1). Such approach also permits in cases of repair and retrofit to consider two different 

concrete strengths, one for the new layer of concrete applied externally and the other for the 

old existing concrete core which may also be cracked due to former seismic loading [5]. At 

the end of the procedure, a two-condition failure criterion [5] is incorporated either due to ex-

cessive dilation of concrete or due to buckling of longitudinal bars. 
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Figure 2: Prediction of concrete behavior with properties similar to ST2NT by Sheikh and Yau [6]  
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Table 1: Equations used in the iterative procedure 
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Figure 2 depicts a simple run of the material model under axial strain reversals with the 

same material properties as the specimen ST2NT of the experimental study with FRP- and 

steel- confined columns performed by Sheikh and Yau [6] . A moment-curvature analysis for 

the section (with layers/fibers) of the same specimen that provides also the shear force - shear 

angle diagram has been performed, where the constitutive model by Menegotto and Pinto [7] 

is used to model the longitudinal steel behavior. Figures 3, 4 and 5 depict the implications of 

the application of the constitutive relation presented in this paper, where in contrast to the as-

sumption of a Timoshenko beam the shear deformation is not constant along the section. The 

shear deformation of the section derives as the mean value of the shear deformations of each 

material fiber/layer. The Bernoulli assumption is bypassed since the shear deformations are 

included and are uncoupled from the normal ones. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3: Prediction of section’s response with properties similar to ST2NT by Sheikh and Yau [6] 

 

 
 

        Figure 4: Circular concrete section confined by steel stirrups and FRP jacket under bending and shear. 
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Figure 5: Shear strain profile over the section for the first curvature increment, flexural yielding and ultimate 

moment (from top to bottom). 

 

 

0 1 2 3 4 5 6 7

x 10
-6

-200

-100

0

100

200

Shear Strain of the Layer 

L
a
y
e
r 

C
o
o
rd

in
a
te

 [
m

m
]

0 1 2 3 4 5 6 7

x 10
-5

-200

-100

0

100

200

Shear Strain of the Layer 

L
a
y
e
r 

C
o
o
rd

in
a
te

 [
m

m
]

0 1 2 3 4 5 6 7

x 10
-3

-200

-100

0

100

200

Shear Strain of the Layer 

L
a
y
e
r 

C
o
o
rd

in
a
te

 [
m

m
]

3867



Konstantinos G. Megalooikonomou and Giorgio Monti 

3 COMPARISON OF PREDICTIONS AND EXPERIMENTAL RESULTS 

The experimental study under consideration was performed by Sheikh and Yau [6] in 

which twelve 356 mm diameter and 1473 mm long columns were tested under constant axial 

load and reversed cyclic lateral load that simulated earthquake-induced forces. The test spec-

imens were divided in three groups. The first group consisted of four columns that were con-

ventionally reinforced with longitudinal and spiral steel reinforcement. The second group 

contained six reinforced concrete columns that were strengthened with carbon fiber-

reinforced polymers (CFRP) or glass fiber-reinforced polymers (GFRP) before testing. The 

last group included two columns that were damaged to a certain extent, repaired with fiber-

reinforced polymers (FRP) under axial load and then tested to failure. The correlation with the 

second group will be provided here. The columns contained six 25M longitudinal steel bars, 

and the spirals were made of U.S No 3. bars. The latter experimental program was conducted 

on FRP-retrofitted columns subjected to constant axial load and increasing cycles of lateral 

deformation in single-curvature setup. Four specimens of identical dimensions and steel rein-

forcements are used from this study. For each level of applied axial load (27% and 54% of the 

axial load carrying capacity, Po), two columns were retrofitted using two different types of 

FRP lamina, carbon (CFRP) and glass (GFRP),  prior to testing. 

 

 
 

Figure 6: Correlation with experimental results ST-2NT – Sheikh and Yau [6]  

The modeling of the RC columns has been performed using the “MatLab Finite Elements 

for Design Evaluation and Analysis of Structures” (FEDEAS Lab [8]). The experimental 

moment curvature responses within the plastic hinge regions are reported along with the nu-

merical results in Fig. 6 – 9 (only flexure is considered in this case). The modeling of the can-

tilever columns has been applied using a unique fiber beam-column element [9] with 

displacement formulation for the entire column and then reporting the moment curvature re-

sponse of the most critical section. It can be seen that the agreement is very close to the exper-

imental one, with some deviation concentrated on the parts of reloading after reversal of the 

imposed displacement. This difference in response in terms of modeling can be explained 
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based on the way the cracks on the concrete surface are described in the level of the material 

model. Because the crack is described as a two-event phenomenon (open or closed) (in reality, 

this is not the case due to imperfect crack closure), the contribution of concrete while the lon-

gitudinal steel reinforcement is in compression and the crack is closing gives this deviation in 

the response. The total moment-curvature response until the last step of numerical conver-

gence is provided here.  

 

 
 

Figure 7: Correlation with experimental results ST-3NT – Sheikh and Yau [6].  

 

 

 

Figure 8: Correlation with experimental results ST-4NT – Sheikh and Yau [6].  
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Figure 9: Correlation with experimental results ST-5NT – Sheikh and Yau [6].  

4 CONCLUSIONS  

Based on the results of this analytical investigation and the comparison of the predictions 

with the experimental study under consideration, the following conclusions are drawn: 

• In case of RC column modeling with a fiber nonlinear beam- column element (displace-

ment formulation) based on the presented constitutive law for concrete, apart from the 

immediate incorporation of shear deformations (uncoupled from the normal ones) in the 

material level (and in contrast to the standard fiber beam-column formulation), the aver-

aged response of the two different regions -concrete core and concrete cover- in the 

cross-section allows the assignment of a unique stress-strain law for all the fibers/layers 

of the circular section.  

• Moreover, in contrast to the assumption of a Timoshenko beam the shear deformation is 

not constant along the section. Along that line, also Timoshenko’s assumption about 

shear deformation being a result of pure shear is adjusted in this case. 

• Finally, another aspect that seems to be valid and important for further thought is that the 

response of the RC columns based on the model here presented is correct, although they 

are under cyclic excitation and contrary to the model assumptions, which are clearly stat-

ic. Moreover, it uses the idea of the superposition of the effects of confinement that ex-

tends further of the linear assumptions.  
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NOTATION:  

 

C  =circumference of the circular section 

∆C =change in the circumference of the circular section 

εr  =radial strain 

εc =circumferential strain 

εcon =concrete’s axial strain 

εco =concrete’s axial strain at unconfined concrete’s strength 
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εcc =concrete’s axial strain at confined concrete’s strength 

εc.core =circumferential strain of the core 

εr.core =radial strain of the core 

εr.cover =radial strain of the cover 

Rcore =radius of the concrete core 

c =concrete cover 

fco =concrete strength 

fcc =confined concrete strength 

vo   =initial Poisson’s coefficient for concrete 

v   =Poisson’s coefficient for concrete 

ρsh =steel  hoop’s volumetric ratio 

ρj =FRP jacket’s volumetric ratio 

Gcore =shear modulus of concrete core 

Gc =shear modulus of concrete 

τcore =shear  stress of concrete core 

τc =concrete shear  stress 

γc =concrete shear  strain 

γc =mean value of shear  strains of the fibers/layers 

φ =curvature of section 

M =applied moment  

E = modulus of elasticity 

I = moment of inertia 
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fl.core =lateral confining pressure of the concrete core 

fl.cover  =lateral confining pressure of the concrete cover 

fl.steel    =lateral confining pressure of the steel reinforcement 

fc.av =average axial concrete stress 

fc.core  =axial concrete core stress 

fc.cover       =axial concrete cover stress 

fcc.core       =axial confined concrete core strength 

fcc.cover      =axial confined concrete cover strength 

Acore =area of concrete core 

Acover =area of concrete cover 

fl =lateral confining pressure of concrete 

fc =axial concrete stress 

Econ =modulus of elasticity of concrete 

Esec =secant modulus of elasticity of concrete 

β =a property of concrete evaluated as a function of the unconfined con-

crete strength 

Db =bar diameter 

Es =modulus of elasticity for steel 
 

Atot =total area of the circular section 

Ash =area of steel hoops (ties) 

εsl =axial strain in the bar 

εsh =steel hoop’s strain 

εshu =ultimate steel hoop’s strain 
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εyh =steel hoop’s strain for yielding 

ksl =Partial confinement coefficient for steel 

ξl =coefficient taking into account longitudinal bar’s confining effect 

ξst =coefficient taking into account the confining effect of stirrups’ spacing 

Dh =hoop’s diameter 

kj     =partial wrapping coefficient 

Ab    =total area of longitudinal steel reinforcement 

Ag  =gross area of the section 

Sj     =jacket’s clear spacing 

Ej      =jacket’s modulus 

tj =thickness of the jacket 

Po =axial load capacity of column 

P =axial load on column 
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Abstract. The seismic vulnerability of reinforced concrete (r.c.) framed buildings designed 
with inadequate seismic zone classifications and seismic code provisions is recognized to be a 
serious problem. Nevertheless, knowledge on the seismic response in the case of fire is lack-
ing and an amplification of the structural damage is expected in the case of fire-exposed ex-
isting structures not designed to withstand fire. To evaluate the nonlinear seismic response 
following a fire, a numerical investigation is carried out with reference to a five-storey r.c. 
framed building, which, primarily designed according to the previous Italian seismic code 
(DM96) for a medium risk zone, needs to be considered as in a high-risk seismic zone provid-
ed by the current Italian seismic code (NTC08). More specifically, the nonlinear seismic re-
sponse of the test structure in a no fire situation is compared with that in the event of fire, at 
45 (i.e. R45) and 60 (i.e. R60) minutes of fire resistance, assuming damaged (i.e. DS) and re-
paired (i.e. RS) stiffness conditions. Five fire scenarios have been considered on the assump-
tion that the fire compartment is confined to the area of the first level (i.e. F1), the first two 
(i.e. F1/2) and the upper (i.e. Fi, i=3-5) levels, with the parametric temperature-time fire 
curve evaluated in accordance with Eurocode 1. The nonlinear dynamic analysis is per-
formed through a step-by-step procedure based on a two-parameter implicit integration 
scheme and an initial-stress-like iterative procedure. At each step of the analysis, plastic con-
ditions are checked at the critical (end) sections of the girders and columns, where a thermal 
mapping with reduced mechanical properties is evaluated in line with the 500°C isotherm 
method proposed by Eurocode 2. Two sets of seven real motions, whose response spectra 
match on average NTC08 spectra for a subsoil class B, are considered with regard to high-
risk seismic zone and two topographic classes. 
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1 INTRODUCTION 

Assessment of the seismic vulnerability of existing structures where fire safety is neglected 
represents a far-reaching problem especially in the case of reinforced concrete (r.c.) buildings 
designed for vertical loads only or with inadequate seismic zone classifications and code 
provisions. In the conventional aseismic design it is accepted that structures can withstand 
strong ground motions by mainly undergoing inelastic deformations. Consequently, fire can 
be a serious problem for a structure that has been partially damaged in a prior seismic event, 
because fire resistance will decrease [1]. More specifically, the fire response of r.c. frame 
members depends on the thermal (i.e. thermal conductivity, specific heat, thermal diffusivity 
and mass loss), mechanical (i.e. compressive and tensile strength, modulus of elasticity and 
stress-strain law) and deformation (i.e. thermal expansion and creep) properties of concrete 
and reinforcing steel bars, changing substantially with heating rate, strain rate and temperature 
gradient [2]. The combined effect of earthquake and fire has gained attention of recent studies 
into the nonlinear response of r.c. framed [3] and frame-wall [4] structures.  

On the other hand, earthquakes following fires may find structures whose seismic re-
sistance is considerably reduced. Numerical [5-7] and experimental [8, 9] studies have been 
carried out on the assessment of the residual seismic load capacity of r.c. structures, in terms 
of stiffness, strength and ductility after fire. In most cases of fire, structures experience 
degradation of material properties, due to high temperature, and damage to the structural 
members, from thermal expansion. In addition, fire induces spalling of concrete that can play 
a significant role in the seismic performance of r.c. frame members. However, despite the lack 
of knowledge on the seismic vulnerability of existing framed structures in the event of fire we 
can expect an amplification of the structural damage in the case of existing structures that 
have been exposed to fire. 

In the present work, the nonlinear seismic response of r.c. framed structures in a no fire 
situation is compared with that in which fire has occurred, at 45 (i.e. R45) and 60 (i.e. R60) 
minutes of fire resistance, assuming both damaged (i.e. DS) and repaired (i.e. RS) stiffness 
conditions in the r.c. frame members. To this end, five-storey r.c. office buildings are de-
signed in line with the previous Italian seismic code [10] for a medium risk zone. A numerical 
fire investigation is carried out considering a thermal-mechanical mapping analysis, with re-
duced mechanical properties evaluated in accordance with the 500°C isotherm method pro-
posed by Eurocode 2 [11], followed by a sequentially uncoupled nonlinear dynamic analysis 
[12, 13]. In order to study the seismic response of the r.c. framed building damaged from fire, 
real ground motions corresponding to high-risk seismic intensity, provided by the current Ital-
ian seismic code [14], and different topographic conditions are considered. Five fire scenarios 
are hypothesized assuming the fire compartment confined to the area of the first level (i.e. F1), 
the first two (i.e. F1/2) and the upper (i.e. Fi, i=3-5) levels, with the parametric temperature-
time fire curve evaluated in accordance with Eurocode 1 [15]. 

2 R.C. TEST STRUCTURE: DESIGN AND FIRE MODELLING 

A typical five-storey office building with a r.c. framed structure, whose symmetric plan is 
shown in Figure 1a, is considered as test structure. Perimeter masonry infills, assumed as non-
structural elements regularly distributed in elevation, are considered. For the sake of simplici-
ty, the plane frames orientated along the horizontal ground motion direction (Y), perpendicu-
lar to the floor slab direction (X) shown in Figure 1a, are considered as a reference scheme. 
The dimensions of the cross sections assumed for the columns and the girders, equal at a giv-
en level and with a regular tapering in elevation, are reported in Figure 1b. 
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(a) Plan and fire compartment. (b) Elevation and fire scenarios. 

Figure 1: R.c. test structure (dimensions in cm). 
 
A simulated design of the test structure is carried out in line with the previous Italian seis-

mic code (DM96, [10]), for a medium-risk seismic region (degree of seismicity S=9, which 
corresponds to a coefficient of seismic intensity C=0.07) and a typical subsoil class (subsoil 
parameter =1). The gravity loads are represented by a dead load of 4.48 kN/m2 on the top 
floor and 5.18 kN/m2 on the other floors, and a live load of 3.0 kN/m2 on all the floors; infill 
walls, regularly distributed in elevation along the perimeter are considered, assuming an aver-
age weight of about 2.7 kN/m2. A cylindrical compressive strength of 20 N/mm2 for the con-
crete and a yield strength of 375 N/mm2 for the steel are assumed for the r.c. frame members. 
The design complies with the ultimate limit states satisfying minimum conditions for the 
longitudinal bars of the girders and columns: at least two 12 mm bars are provided both at the 
top and bottom throughout the entire length of the frame members; for the girders, a tension 
reinforcement ratio not less than 0.37% (for the assumed yield strength) is provided and, at 
their end sections, a compression reinforcement not less than half of the tension reinforcement 
is placed; minimum steel geometric ratio is 1% for the symmetrically-reinforced section of 
each column. The dynamic properties of the six main vibration modes are reported in Table 1: 
i.e. vibration period (Ti); effective masses in the X (mE,X) and Y (mE,Y) directions, expressed as 
percentage of the total mass (mtot). 

 
Mode Ti [s] mE,X [%mtot] mE,Y [%mtot] 
1 0.808 81.6 0 
2 0.749 0 80.4 
3 0.326 13.0 0 
4 0.302 0 13.5 
5 0.195 3.4 0 
6 0.183 0 3.8 

Table 1: Dynamic properties of the test structure (mtot= 9.35 kNs2/cm). 
 
Five fire scenarios have been reported in Figures 1a and 1b, assuming the fire compartment 

is confined to the area of the first level (i.e. F1), the first two (i.e. F1/2) and the upper (i.e. Fi, 
i=3-5) levels. It is worth noting that F1/2 fire scenario is obtained from F1 and F2, which oc-
cur simultaneously. The geometric properties of the fire compartment are reported in Table 2, 
for the first and the upper levels: i.e. L, D and H representing length, depth and height, respec-
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tively; Af, floor area; At, total area of enclosure (i.e. walls, ceiling and floor, including open-
ings); Av, total area of vertical openings; heq, weighted average height of windows. From these 
values it is possible to define an opening factor, representing the amount of ventilation: 

 0.5
v eq tO A h A  (1) 

Fire compartment L [m] D [m] H [m] Af [m2] At [m2] Av [m2] heq [m] O [m0.5]
First level 18 10 4.5 180 612 24 1.5 0.048 
Upper levels 18 10 3.5 180 556 24 1.5 0.053 

Table 2: Geometric properties of fire compartment. 
 
Depending on combustible contents and relevant combustible parts of the building, the de-

sign value of the fire load density is defined as [15]: 

 , ,t d f d f tq q A A   (2) 

related to the value qf,d corresponding to the surface area of the floor 

 ,
f,k

q1 q2 n 
f

f d

Q
∙δ ∙δq ∙δ

A
   (3) 

where: Qf,k is the characteristic fire load; q1 and q2 are dimensionless factors, taking into ac-
count the fire risk due to the size of the compartment and the type of occupancy, respectively; 
n is a dimensionless factor taking into account the different fire fighting measures. With ref-
erence to 45 min (i.e. R45) and 60 min (i.e. R60) of exposure, the design parameters of the 
fire load reported in Table 3 are obtained, for the first and the upper levels of the test 
structure. 

 
Fire compartment Fire resistance [min] Qf,k [MJ] δq1 δq2 δn qf,d [MJ/m2] qt,d [MJ/m2] 
First level 

R45 
102904 1 1 1 571.7 168.1 

Upper levels 102904 1 1 1 571.7 185.1 
First level 

R60 
114102 1 1 1 633.9 186.4 

Upper levels 114102 1 1 1 633.9 205.2 

Table 3: Design parameters of fire load. 
 
Afterwards, the thermal absorptivity coefficient of the surrounding surfaces in the fire 

compartment can be calculated as 

 b c    (4) 

being the density, c the specific heat and  the thermal conductivity of enclosure boundary. 
More specifically, in the case the j-th enclosure surface is made with different layers of mate-
rial, b1j and b2j thermal absorptivity coefficients should be adopted to define the design value 
bj, where labels 1 and 2 refer to the layer directly exposed to the fire and the next one, respec-
tively. Finally, to account for different thermal absorptivity coefficients in the walls (i.e. ma-
sonry infills), ceiling (i.e. top floor slab) and floor (i.e. bottom floor slab), the thermal 
absorptivity coefficient is modified thus: 

   j j t vj
b = b ∙A A  A                                            (5) 

Aj being the area of the j-th enclosure surface, openings not included. In Table 4, the main pa-
rameters for defining the thermal absorptivity coefficient of the fire compartment are reported 
for the test structure, with reference to both R45 and R60 at the first and upper levels. 
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Fire  
compartment 

Enclosure  
surface 

b1j [J/m2s1/2K] b2j [J/m2s1/2K]
bj [J/m2s1/2K] 

Aj [m2] 
b [J/m2s1/2K] 

R45 R60 R45 R60 

First level 
Masonry infill 1131.37 963.00 1034.14 1030.56 228 

1128.3 1125.8Top floor slab 1131.37 963.00 1034.14 1030.56 180 
Bottom floor slab 1341.64 2300.00 1341.64 1341.64 180 

Upper levels 
Masonry infill 1131.37 963.00 1034.14 1030.56 172 

1138.2 1135.8Top floor slab 1131.37 963.00 1034.14 1030.56 180 
Bottom floor slab 1341.64 2300.00 1341.64 1341.64 180 

Table 4: Thermal absorptivity coefficient of fire compartment. 
 

Assuming closed openings once the fire scenarios have been hypothesized (Figure 1b), the 
temperature is considered uniform in the selected compartment (Figure 1a) in such a way to 
be the most severe condition for the fire before an earthquake. Several models can be used to 
simulate the time-temperature evolution during an actual fire, from the flashover to the full 
development: conventional fire curves (e.g. the standard ISO-834 curve [16]), in which the 
temperature monotonically increasing with time represents the heating phase only, when the 
fuel supply is assumed to be inexhaustible; natural fire curves (e.g. the EC1 curve [15]), in 
which temperature depends on the ventilation and fire load in the compartment and the 
cooling phase is represented, based on the assumption that at a certain point, either the air or 
the combustible material will diminuish. 

The EC1 parametric fire curve is used in the present study, on the assumption that the fire 
load of the compartment is completely burnt out. In the heating phase, the gas temperature 
θg(°C) 

  0.2 * 1.7 * 19 *20 1325 1 0.324 0.204 0.472t t t
g e e e          (5) 

is a function of a fictitious time t* obtained by considering time t (in hours) multiplied by a 
dimensionless parameter equal to  

    2 2
= 0.04/1160Γ O/b   (6) 

The gas temperature in the cooling phase is given by 
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  (7) 

where the maximum temperature max in the heating phase happens for 

  * 3
max ,0.2 10 /t dt q O Γ    (8) 

Finally, the standard ISO-834 curve is defined as [16] 

  1020 345log 8 1  g t   (9) 

where t is expressed in hours. 
With reference to the fire scenarios shown in Figure 1, the ISO and EC1 time-temperature 

curves are compared in Figure 2 in the case where a fire compartment is confined to the first 
level and the upper ones. The combination of fire parameters, for the open-plan office build-
ing, results in a temperature of 918°C (t*

max=1.07h) and 942°C (t*
max=1.27h) in 45 min (i.e. 
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fire resistance R45 in Figure 2a) and 816°C (t*
max=1.19h) and 836 °C (t*

max=1.41h) in 60 min 
(i.e. fire resistance R60 in Figure 2b), at the first and upper floors, respectively. 

 

(a) R45.  (b) R60. 

Figure 2: Conventional (ISO 834) and natural (EC1) fire curves.  

3 NUMERICAL RESULTS: FIRE LOADING BEFORE AN EARTHQUAKE  

Once the time-temperature curve of the fire compartment is determined with the EC1 mod-
el, it is possible to evaluate the temperature distribution in the frame members of the test 
structure at R45 and R60. As an example, thermal mappings of interior and perimeter r.c. 
frame members in the first level of the test structure are plotted in Figure 3, considering a 
convection factor equal to 25 and an emissivity of the concrete surface equal to 0.56.  

 

               

(a) R45-Interior column. (b) R60-Interior column. (c) R45-Perimeter column. (d) R60-Perimeter column. 

             

(e) R45-Interior girder. (f) R60-Interior girder. (g) R45-Perimeter girder. (h) R60-Perimeter girder. 

Figure 3: Thermal mappings at 1st level of test structure.
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In detail, the finite thermal element cross-section model of columns, exposed to fire on 
four (Figures 3a and 3b) and one (Figures 3c and 3d) sides, and girders, exposed to fire on 
three (Figures 3e and 3f) and one (Figures 3g and 3h) sides, are considered assuming an 
ambient tempearture of 20°C for the unexposed cross-section sides. As expected, at the end of 
45 and 60 minutes of exposure, the increase in temperature is greater in the case of cross-
sections exposed on four or three sides compared to those exposed on one side only. Moreo-
ver, the temperature profiles highlight a decrease in the maximum value with the time 
increment from R45 to R60, in accordance with EC1 natural fire curves shown in Figure 2, 
but the concrete zone damaged by heat is more extended in the case of R60. 

Subsequently, the residual seismic load capacity of the cross-sections after fire is evaluated 
in accordance with the 500°C isotherm method of Eurocode 2 [11], in terms of stiffness, 
strength and ductility reductions. The simplified calculation provides for a reduction of the 
cross-section size, with respect to a heat damaged zone defined by thermal mapping. Concrete 
with temperatures exceeding 500°C, corresponding roughly to the thickness of the unconfined 
zone, is not assumed to contribute, while the residual concrete cross-section retains its initial 
values of strength and modulus of elasticity. On the other hand, the reduced yield strength of 
each longitudinal reinforcement bar, in the tension and compression zones of the cross-
section, is evaluated with respect to the steel temperature profile in the centre of the bar [17]. 
It is worth noting that some of the reinforcing bars may fall outside the reduced cross-section, 
but they are included in the calculation of the ultimate values of load bearing capacity and 
curvature ductility, which is evaluated in line with the provisions of Eurocode 8 for the as-
sessment of existing buildings [18]. 

In Figure 4, flexural stiffness in the fire-exposed cross-section of r.c. frame members is re-
ported along the building height, assuming a direct correspondence between the examined 
level and the fire compartment. In particular, interior columns (Figure 4a) and girders (Figure 
4b) are examined at the end of 45 (i.e. F.R45 structure) and 60 (i.e. F.R60 structure) minutes 
of exposure to fire. As expected, a local decrease in stiffness from a minimum, of about 34% 
and 26% at the 1st level, and a maximum, of about 52% and 30% at the 5th level, is obtained 
for the interior columns and girders of the F.R45 structure, respectively, in comparison with 
the no-fire condition. A further minimum decrease in stiffness, of about 12% and 9% at the 1st 
level, and maximum, of about 13% and 10% at the 5th level, is obtained after an additional 15 
minutes of fire (i.e. F.R60 structure). Further results, which are omitted for the sake of brevi-
ty, have confirmed limited fire effects in the perimeter frame members at all levels where the 
fire compartment is supposed. 

 

(a) Interior column n. 8.  (b) Interior girder n. 3-8. 

Figure 4: Flexural stiffness of r.c. frame members exposed to fire. 
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Thereafter, ultimate ductility of the columns, corresponding to the axial force due to the 
gravity loads, confirmed limited fire effects in the perimeter columns of all storeys where the 
fire compartment is supposed and a significant reduction only for the interior columns (Figure  
5a), of about 22% and 33% for the F.R45 and F.R60 structures, respectively. Moreover, it is 
interesting to note that an increase of ductility is obtained on the bottom side of the interior 
girders (Figure 5b), of about 7% (i.e. F.R45) and 13% (i.e. F.R60), due to the fire-reduced 
yield strength of the longitudinal bars in tension. On the other hand, a decrease in the ultimate 
ductility at the top, of about 15% (i.e. F.R45) and 29% (i.e. F.R60), is observed because of 
heat damage to the compression zone of concrete and corresponding longitudinal reinforce-
ment. 

 

 

(a) Interior column n. 8. (b) Interior girder n. 3-8 (1st floor/F1). 

Figure 5: Ultimate ductility of r.c. frame members exposed to fire. 
 
Finally, analogous results are reported for the ultimate interaction domain between axial 

load (NRd) and bending moment (MRd) of columns (Figure 6) and the ultimate bending 
moment of girders (Figure 7). For clarity, only fire compartments at the first (i.e. F1 in Fig-
ures 6a and 7a) and fifth (i.e. F5 in Figures 6b and 7b) level are examined.  

 

 
(a) Interior column n. 8 (1st storey/F1). (b) Interior column n. 8 (5th storey/F5). 

Figure 6: Ultimate NRd-MRd domains of r.c. columns exposed to fire. 
 

As can be observed, interior columns exhibit a marked narrowing of their NRd-MRd domains, 
especially for values of the compressive axial load greater than those corresponding to the 
balanced compressive load. For this axial load, a local reduction in flexural strength, in com-
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parison with the no-fire condition, of about 26% and 39%, at the first storey, and 37% and 
53%, at the fifth storey, is found in the F.R45 and F.R60 structures, respectively. On the other 
hand, a significant decrease in strength is observed on the bottom side of the interior girder 3-
8 (see Figure 1a) with a maximum local reduction of about 35% and 55%, at the first floor, 
and 28% and 45%, at the fifth floor, considering the F.R45 and F.R60 structures, respectively. 

 

 

(a) Interior girder n. 3-8 (1st floor/F1). (b) Interior girder n. 3-8 (5th floor/F5). 
Figure 7: Ultimate bending moments of r.c. girders exposed to fire. 

4 NUMERICAL RESULTS: SEISMIC LOADING FOLLOWING FIRE  

In order to study the seismic response of the r.c. framed building described in Section 2 
and damaged according to the fire loading proposed in Section 3, nonlinear dynamic analyses 
are carried out. To this end, the r.c. frame members are idealized by means of a two-
component model (TCM), constituted of an elastic-plastic component and an elastic compo-
nent, assuming a bilinear moment-curvature law [19]. The effect of the axial load on the ulti-
mate bending moment of the columns is also considered. At each step of the analysis, the 
elastic-plastic solution is evaluated in terms of the initial state and the incremental load on the 
basis of a holonomic law, as a solution of the Haar-Kàrmàn principle [20-22]. In the Rayleigh 
hypothesis, the damping matrix of the framed structure is assumed to be a linear combination 
of the mass and stiffness matrices, assuming a damping ratio of 5% with reference to the fre-
quencies of the second and sixth vibration modes in the Y direction (see Table 1). In this way, 
a somewhat lower value of the damping ratio is achieved for the fourth mode in the same di-
rection, while the higher frequency modes, which do not contribute significantly to the dy-
namic response, are practically eliminated due to their high damping ratio. The structural 
damage is evaluated in terms of ductility demand at the critical end sections (i.e. i and j) of 
girders and columns. The curvature ductility demand is calculated with reference to the two 
loading directions, assuming as yielding curvature for the columns that corresponding to the 
axial force due to the gravity loads. 

Real ground motions corresponding to a high-risk seismic region provided by the current 
Italian seismic code (NTC08, [14]), and a design subsoil class B (i.e. subsoil stratigraphic pa-
rameter SS=1.08) are considered. In detail, two sets of seven recorded accelerograms, selected 
by the computer code REXEL [23], are considered for the topographic classes T1 and T2 (i.e. 
topographic parameters ST1=1.0 and ST2=1.2). The corresponding elastic response spectra of 
normalized acceleration (Sa/g) are plotted in Figure 8, assuming an equivalent viscous damp-
ing ratio in the horizontal direction, ξH, equal to 5%, considering different scale factors (SFs). 
On average, these spectra match the corresponding target NTC08 response spectra for 
PGAT1=0.34g (Figure 8a) and PGAT2= 0.41g (Figure 8b), in the range of vibration periods 
0.05s4s, which also contains the lower and upper limits of the vibration period (i.e. 
Tmin=0.2T1 and Tmax=2T1, where T1 is the fundamental vibration period of the structure). Thus, 
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the selected accelerograms can be used for the nonlinear dynamic analysis of structures with 
T1≤1s. All the following results are obtained as an average of those separately obtained for the 
sets T1 and T2 of real motions. 

 

(a) (b) 

Figure 8: Acceleration (elastic) response spectra for the topographic classes T1 (a) and T2 (b). 
 
Firstly, maximum ductility demand of columns and girders along the building height is 

plotted in Figure 9, for the topographic class T1 (i.e. PGAT1=0.34g), comparing framed struc-
tures both in the no-fire condition and at the end of 45 (i.e. R45) and 60 (i.e. R60) minutes of 
fire exposure. More specifically, interior columns (Figures 9a and 9c) and girders (Figures 9b 
and 9d) are examined, on the assumption that the fire compartment is confined to the area of 
the first (i.e. F1, Figures 9a and 9b) and the fourth (i.e. F4, Figures 9c and 9d) levels. 

 

(a) Interior columns.  (b) Interior girders. 

(c) Interior columns.  (d) Interior girders. 

Figure 9: Global ductility demand for the topographic class T1: 
(a) and (b), fire at the 1st level (fire scenario F1); (c) and (d), fire at the 4th level (fire scenario F4). 
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Moreover, r.c. frame members are assumed to have been previously damaged by fire, with 
a reduced cross-section (i.e. in the Damaged Stiffness condition, DS), and later repaired, e.g. 
using jacketing with thin layers of concrete (i.e. in the Repaired Stiffness condition, RS). As 
can be observed, an amplification in the structural response of fire-exposed structures is local-
ized to the level of the fire compartment involved. As expected, this result is more marked in 
the F1.R60 and F4.R60 structures than in the F1.R45 and F4.R45 ones, because the first are 
characterized by lower strength and ductility. The results also show that the seismic response 
of the test structures differs in the DS and RS conditions, with higher ductility demand when 
the initial stiffness is restored (i.e. RS condition). 

To better clarify the local damage distribution, top (i.e. Ti and Tj) and bottom (i.e. Bi and 
Bj) maximum ductility demand in the frame members and corresponding ultimate values are 
reported in Figure 10 for the fire scenarios F1 (Figures 10a and 10b) and F4 (Figures 10c and 
10d). In particular, girders and columns exposed to fire on three (e.g. the interior girder 3-8) 
and four (e.g. the interior column 8) sides are examined. Note that the maximum ductility de-
mand and the number of sections in which the corresponding ultimate value is exceeded in-
crease especially at the first level, with an amplification when the initial stiffness is restored 
(i.e. RS condition) and R60 is assumed (Figures 10a and 10b). In this case, three interior col-
umns and all interior girders exceed the corresponding ultimate ductility demand at the first 
level. Moreover, a significant increase of ductility demand on the fourth level is observed on-
ly in the interior columns of the F4.R60 structure (Figure 10c), producing a “strong beam-
weak column mechanism” at this level. Further results, omitted for the sake of brevity, have 
confirmed this behaviour also in the case of the F3 and F5 fire scenarios. 

 

(a) Interior column n. 8 (1st storey/F1). (b) Interior girder n. 3-8 (1st floor/F1). 

(c) Interior column n. 8 (4th storey/F4). (d) Interior girder n. 3-8 (4th floor/F4). 

Figure 10: Local ductility for the topographic class T1: 
(a) and (b), fire at the 1st level (fire scenario F1); (c) and (d), fire at the 4th level (fire scenario F4). 

 
Afterwards, taking into account the symmetric plan shown in Figure 1a, the distribution of 

maximum ductility demand in the perimeter and interior frame members is investigated in 
Figure 11. Local maximum ductility demand in the perimeter and interior columns (Figures 
11a and 11c) and girders (Figures 11b and 11d) for the DS (Figures 11a and 11b) and RS 
(Figures 11c and 11d) conditions are plotted at the first level where the fire compartment is 
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hypothesized. Note that the ductility demand increases especially in the frame members ex-
posed on three (i.e. the interior girders 2-7, 7-12, 3-8 and 8-13) and four (i.e. the interior col-
umns 7 and 8) sides in the RS condition. Moreover, among the columns exposed on one side 
greater ductility demand is obtained in the perimeter ones of the exterior frames (i.e. the pe-
rimeter columns 1, 6 and 11). Further results, omitted for the sake of brevity, confirm an in-
crease of maximum ductility demand and number of frame members in which the 
corresponding ultimate value is exceeded, especially at the lower storeys. 

 

(a) Columns at the 1st storey (DS condition). (b) Girders at the 1st floor (DS condition). 

(c) Columns at the 1st storey (RS condition). (d) Girders at the 1st floor (RS condition). 

Figure 11: Local ductility demand for the topographic class T1: 
fire at the 1st level (fire scenario F1). 

 
Finally, curves analogous to those above reported are shown in Figure 12 where fire com-

partment is confined to the area of the first two levels (i.e. F1/2 scenario) and R60 is assumed, 
with reference to the topographic classes T1 (i.e. PGAT1=0.34g) and T2 (i.e. PGAT2=0.41g). 
As can be observed, a significant increase in ductility is obtained in the frame members of the 
fire compartment moving from T1 to T2 topographic class. 

  

(a) Interior columns. (b) Interior girders. 

Figure 12: Global ductility demand for the topographic classes T1 and T2: 
fire at the 1st and 2nd levels (fire scenario F1/2). 
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Moreover, the maximum ductility demand of the interior columns (Figure 12a) and girders 
(Figure 12b) increases at the levels where the event of fire is hypothesized while it is reduced, 
in comparison with the no fire conditions, on the other levels. This behaviour is amplified 
when the RS condition and topographic class T2 are considered. In this case, the ultimate 
ductility demand is reached in all the interior columns of the first two levels and all the 
interior girders of the first one. 

5 CONCLUSIONS 

The nonlinear seismic response of five-storey r.c. framed buildings, primarily designed in 
line with the previous Italian seismic code for a medium risk zone, is studied under two sets 
of seven real motions whose response spectra match, on average, NTC08 spectra with regard 
to a high-risk seismic zone and two topographic classes. More specifically, the nonlinear dy-
namic analysis of framed structures in a no fire situation is compared with that in the event of 
fire, at 45 (i.e. R45) and 60 (i.e. R60) minutes of exposure to fire, assuming both damaged (i.e. 
DS) and repaired (i.e. RS) stiffness conditions. 

The numerical results show that fire safety should also be taken into account when evaluat-
ing the seismic vulnerability of existing r.c. framed buildings. Fire results show a significant 
decrease in stiffness and ultimate values of strength and ductility in the interior columns and 
girders and negligible effects in the perimeter ones. Seismic results highlight an amplification 
in the structural response localized to the level where the fire compartment is hypothesized, 
with a slight reduction on the other levels in comparison with the no fire condition. Moreover, 
fire scenarios at the upper levels produce “strong beam-weak column” local mechanism at 
these levels. Finally, the results show that the seismic vulnerability of the test structure differs 
in the DS and RS conditions, with higher ductility demand in the case where the initial stiff-
ness has been restored. 
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Abstract. Due to the importance of Retrofitting and researches done about it, and the im-
portance of selecting a good lateral resisting system, this paper is going to use Steel Slit Pan-
el to retrofit available buildings and see its effect. This is a new system suitable for high 
seismic region. Some benefits of this system are its ductile behavior and ability to dissipate 
energy, architectural flexibility, simple fabrication and installation and its easy replacement. 
In this research the SSP’s nonlinear behavior and their effects on retrofitting buildings are 
studied using nonlinear static analysis and Guidelines for seismic rehabilitation. At first the 
panel has modeled and analyzed in a finite element software individually and its nonlinear 
behavior derived to be used in the nonlinear analysis. Then weak structures and retrofitted 
structures with this panel have modeled and analyzed in analytical software using nonlinear 
static analysis and the results have compared. This panels will greatly improve the behavior 
of the structures. The stress ratio of the elements after retrofitting is in allowable ranges and 
has greatly improved. And also after retrofitting the Performance Level was improved and the 
life safety was obtained. 
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1 INTRODUCTION 

Earthquake is one of the greatest hazard of nature. Its impact is sudden and there is little or 
no time to get ready against damages. 

One of the way of preventing the disaster caused by earthquake is to reduce the seismic risk 
by retrofitting existing buildings. The first step to retrofitting the structures is to strengthen 
and stiffen them by adding a lateral load resisting system, such as braces, shear walls and etc 
[1]. 

Selecting a good system especially in bays with openings (doors, windows, etc) is important 
and sometimes difficult. 

The Steel Slit Panel-Frame is a new resistant system for seismic regions. Its main members 
are beams and columns that are simply connected and the Steel Slit Panels (SSPs) that are 
bolted to the beams at the top and bottom of the bays. 

The SSPs has a pair of vertical stiffeners at the edge of them and are designed to resist all 
lateral load [2]. 

At first in 1969, Muto has studied on the slitted reinforced concrete walls by goal of 
utilizing elements that would yield at specific regions [3]. 

In 1991 Whittaker et al. studied the ADAS elements. It also shares the same concept of 
dissipating energy through yielding of steel. 

The steel wall with slits were discussed in 2000 and 2003 by Hitaka and Matsui. It is similar 
in concept to the SSPs but there are two differences between them: 1) height to with ratio; 2:1 
and 2) resisting the entire base shear [4]. 

McCloskey studied the behavior of SSPs in 2006. He worked on different parameters of the 
SSPs (b/t, α, m). He also verified formulas presented by Hitaka and Matsui for the SSPs. He 
presented formulas for failure mechanism of the SSPs. McCloskey also suggested the use of 
edge stiffeners and studied ways of reducing the gravity loads demands in SSPs [2]. 

Deierlein et al. in 2007 studied on Self-Centered braced frame that also uses steel plates 
with slits to dissipate energy [5]. 

After all Gustavo Cortes with his Professor Judy Liu studied experimental and analytical 
models of SSPs. 

The SSP is a steel plate with vertical slits cut in rows that form a series of flexural members 
–called links- in it. Under lateral deformations each link behaves as a beam in double 
curvature. They reach to their plastic moment capacity at both ends. 

 

 
 

Figure 1: SSP parameters [6]. 
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The parameters to define the geometry of an SSP are B, the width of the panel, h, the height 
of the panel, t, the thickness of the panel and the edge stiffeners, l, length of the links, b, width 
of the links, b, m, the number of rows in one panel, n, the number of the links in a row and hbz 
the height of a band zone that is between the rows of links [2]. 

There are three types of SSP, T1, T2 and BR panels shown in Figure 2. They are different in 
their geometry parameters and their behavior [7]. 

 

 
 

Figure 2: SSP panels [7]. 

 
α, β and b/t are three important parameters that are need to considered for ductile behavior 

of the panels. α (l/b) should be between 2.5 and  5.0. β (ml/h) should be between 0.65 and 
0.85. And b/t ratio should be between 10 and 15 [2]. 

Ductility; Architectural flexibility; Simple fabrication and installation and replacing the 
panels are some benefits of the Steel Slit Panels. And the easy replacing of the panels makes it 
possible to use them in retrofitting deteriorated structures. 

In this paper it is going to use T1 panel to retrofit available buildings and discuss its effect 
on the buildings’ behavior. 

2 RETROFITTING A WEAK BUILDING WITH SSP 

2.1 Existing weak building 

The existing weak building has three stories. In both X and Y axles moment resisting frames 
are used as lateral resisting system in the building. The stress ratio of some elements of the 
building is shown in Figure 3. 

As it is obvious, the stress ratio is more than allowable ratio. In nonlinear static analysis the 
Life Safety Performance Level was not obtained. Figure 4 represent the deformed shape of the 
one of the frame in target displacement in pushover analysis. 

Because of the importance of this building it was decided to retrofit it by adding a lateral 
resisting system. But the problem choosing one was the existence of openings in most bays. 
That is why we thought about Steel Slit Panels. So we tried to use T1 panel to retrofit this 
building. Analysis Software was used to analyze and design the structure [8]. 
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Figure 3: The stress ratio of weak building (beams and columns). 

 

 
 

Figure 4: Deformed shape of the Frame 4 in target displacement for weak building. 

 

2.2 Retrofitting existing weak building 

As said before due to the existence of openings in most bays the selected lateral resisting 
element to retrofit this building was T1 panel of SSPs. This panel’s parameters are represent 
in Table 1. 
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m n B h t b l β α b/t 
3 9 59.375 130 0.5 6.375 32 0.72 4.9 12.8 

 

Table 1: T1 panel Parameters (inch). 

 
In X direction, one panel was used in middle bay of the frames from top to bottom of the 

frames. In Y direction one panel was used in edge bays of the frame from top to bottom. To 
define SSP behavior, the results of FEM model in Finite Element software [9] was used. 

The 1/3 scale of this panel, according to Gustavo Cortes’ study, was analyzed in Finite 
Element software, Figure 5. 

 

 

 
 

Figure 5: T1 panel model in FE Software. 

 
After adding SSPs to the building its behavior was greatly improved. The stress ratio of the 

beams and columns are shown in figures 7. As it is clear the stress ratios are in allowable limit. 
The life safety level was obtained in all beams and columns. The deformed shape of one of 

the frame in the target displacement is shown in figure 8. 
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Figure 7: The stress ratio of retrofitted building (beams and columns). 

 

 
 

Figure 8. Deformed shape of the Frame in target displacement for retrofitted building. 

 

3 CONCLUSIONS 

From the results shown in figures it is obvious that SSP panel added to the building has 
improved the stress ratio of the elements. The stress ratio after retrofitting is in allowable 
ranges and has greatly improved. 

And also it is clear that in the initial structure the Life Safety Performance Level was not 
secured but after retrofitting it was improved and the life safety performance level was 
obtained. 
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Abstract. The objective of this paper is to perform a study on rehabilitation of a vital seven-
story administrative building located in a low seismic area according to the old Algerian
earthquake regulations (RPA88). Modifications were brought to the old code, including the
seismic zoning which passed from moderate to high seismicity. The applied rehabilitation
standards are based on the recommendations of the Eurocode 8-3 (EC8-3). The assessment of
the vulnerability of the existing construction showed that the seismic forces at the base are
lower than those required by the Algerian seismic code RPA99/V2003. As a retrofitting meas-
ure to strengthen this construction, the addition of new shears walls in both directions of the
building was proposed. The dynamic study of the structure with the suggested structural in-
tervention fulfilled all the required dynamic characteristics. For setting evidence of the per-
formance of the proposed strengthening solution for the existing construction, a non-linear
static analysis or pushover was accomplished. The obtained results using the SAP 2000 soft-
ware enable us to make a comparison between the nonlinear behavior of the modified struc-
ture and the initial one. Compared to the original structure, from the point of view of the
performance status, the strengthened structure showed a marked improvement in the strength
and damping exceeding 80% while the overall capacity for resistance is enhanced more than
three times.
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1 INTRODUCTION

Many reinforced concrete constructions yet in service in Algeria , especially those built be-
fore the enactment of the governing seismic code in 2003[1], were originally designed to sup-
port only gravity loads lacking the needed stiffness to deal with even a moderate seismic
event. According to the current earthquake standards old reinforced concrete structures were
designed and built without essential seismic details deemed vital to withstand large lateral
loads. These old buildings could cease their serviceability and seriously jeopardize the safety
of occupants because of the influence of complex interacting phenomena such as  shear defi-
cient columns which  are the most critical elements present  substandard shear design to inhi-
bit shear failure, improper splicing of longitudinal reinforcement bars (insufficient lap length,
and/or improper lap location), structural system consists of weak columns and strong beams ,
and finally unsafe design and detailing within the joint region beam-column connection nodes
with less shear stress capacity [1].

Usually earthquakes induce damaging lateral forces but may become more deteriorating
because of ignorance or lack of effective and integrated rehabilitation. Indeed, precipitated or
incorrect design and poor enforcement of building work can lead to widespread damage and
even large casualties during future earthquakes. Therefore, the need to disseminate knowledge
to engineers regarding the repair of concrete is essential, namely reasonable design, repair or
enhancement which includes the assessment of structural and modern knowledge of repair
and strengthening techniques and appropriate method of implementing the structural rehabili-
tation [2].

Many researches were carried out in this area. Sarno et al. [3] have studied a seismic as-
sessment of a reinforced concrete school building retrofitted with innovative braces. The ex-
isting frame was retrofitted through innovative buckling restrained braces (BRBs). The
seismic performance of the as-built and consolidated structure was investigated through re-
fined static and dynamic analyses, both linear and nonlinear. The nonlinear static analyses
demonstrated that the use of BRBs is very efficient to enhance the global over-strength (about
30%) and energy dissipation capacity of the reinforced concrete frame under moderate-to-
high magnitude earthquakes.

Hassaballa et al. [4] have conducted a seismic evaluation and retrofitting of existing Hos-
pital building in Sudan.  The building was constructed according to the design using one case
of loads, this situation needs remedy. This paper suggested two solutions for this problem
based on strengthening the weak columns by inserting reinforced concrete shear walls. It was
found that solution one solved the problem partially because some columns were still unsafe,
but solution two solved the problem completely and all columns were safe. Ahmed et al. [5]
have guided a study on the performance and strengthening of non-seismically designed con-
crete framed structure building under seismic loading conforming to Kingdom of Saudi Ara-
bia`s Code. A shear wall coupled structure system is adopted as seismic strengthening option
as the structure of building is found unsafe under the seismic loading. The seismic load and
other loadings are adopted as conforming to ACI Code. The shear wall structure analysis re-
sults are compared with the complete frame structure building. It was found that the provision
of shear wall is an appropriate strengthening technique for the building under seismic loading.
Knowing that, there are other works on the rehabilitation of vulnerable structures, namely that
of Davidovici [6, 7] on the rehabilitation of existing hospitals and schools as well as their
strengthening with reinforced concrete walls. In Algeria, as in other seismic countries, several
practical studies have been conducted on the rehabilitation of structures after each earthquake.
Two experiences in rehabilitation made after the earthquakes of El Asnam 1980 and Bou-
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merdes 2003 are worthy to be cited. In Algeria, despite the existence of recommendations [8]
and a technical guide of repair or strengthening methods for structures [9], there is a lack of
regulatory support for the study of rehabilitation. It is well known that the measures used to
achieve ductility and toughness in structural elements is unique to each construction material
and to each type of structural system for each building.

The purpose of this study is to present first, a summary of the rehabilitation method of Eu-
rocode 8-3 [10]. Then we apply the measures indicated in the latter code by proportioning the
structure adequately to rehabilitate an office building in Algeria, which was edified in low
seismicity zone (zone I) according to the pre-amended Algerian Earthquake Regulations
(RPA88) [12]. The amendments to Regulation in 2003 resulted in the production of a new
regulatory seismic zoning and the zone was switched at medium scale zone IIa. Finally, the
paper highlights the performance of the proposed solution for the strengthening using a nonli-
near static analysis.

2 METHOD OF REHABILITATION ACCORDING TO THE EUROCODE 8-3

2.1 Information for structural assessment

According to the steps described by Eurocode 8-3 [10], the first step governing the struc-
tural rehabilitation begins with the collection of the general and historical information of the
building, especially the required input data to begin the methodology rehabilitation.

2.1.1 General Information and History

In order to assess the earthquake resistance of existing structures, the input data shall be
collected from a variety of sources, including:
- Available documentation specific to the building in question,
- Relevant generic data sources (e.g. contemporary codes and standards),
- Field investigations and, in most cases, in-situ and/or laboratory measurements and tests,

as described in the following steps.
It should check between the data collected from different sources to minimize uncertainties.

2.1.2 Required Input data

The minimum input data required for the evaluation of the structure according to Eurocode
8-3 [10] are summarized as follow:
a. Identification of the structural system and its compliance with the regularity criteria in

EC8-1 [11]. The information should be collected either from on site investigation or from
original design drawings, if available. In this latter case, information on possible structural
changes since construction should also be collected.

b. Identification of the type of building foundations.
c. Identification of the ground conditions as categorized in EC8-1 [11].
d. Information about the overall dimensions and cross-sectional properties of the building

elements and the mechanical properties and condition of constituent materials.
e. Information about identifiable material defects and inadequate detailing.
f. Information on the seismic design criteria used for the initial design, including the value

of the force reduction factor (q-factor), if applicable.
g. Description of the present and/or the planned use of the building (with identification of its

importance category, as described in EC8-1 [11].
h. Re-assessment of imposed actions taking into account the use of the building.
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i. Information about the type and extent of previous and present structural damage, if any,
including earlier repair measures.

The different types of analysis and different values of the confidence coefficients must be
adopted according to the volume and quality of the gathered information.

2.2 Definition and identification of knowledge levels

The type of allowable analysis and the appropriate confidence factor values, according
EC8-3 [10] is based on three  knowledge levels, namely limited knowledge (KL1), normal
(KL2) and full (KL3). The factors determining the appropriate knowledge level are:
- The geometry of the structural system and non-structural elements,
- Detailing of reinforcement in reinforced concrete and,
- The mechanical properties of the constituent materials.

The identification of the knowledge level of these factors is necessary to examine the fol-
lowing aspects:

i. Physical condition of reinforced concrete elements and presence of any degradation, due to
carbonation, steel corrosion, etc.

ii. Continuity of load paths between lateral resisting elements.

2.3 Confidence factors

To determine the properties of existing materials used in the calculation of capacity, and
when this one must is to be compared with demand for safety verification, the average values
obtained from in-situ tests and from the additional sources of information shall be divided by
the coefficient of confidence, CF, given by the EC8-3 [10], which is the appropriate know-
ledge level that complies with the requirements. However, in order to compute the force ca-
pacity in terms of the ductile components, intended to be used in the safety check, the mean
value properties of existing materials shall be multiplied by the confidence factor CF for the
appropriate knowledge level.

2.4 Vulnerability assessment

Assessment is a quantitative procedure for checking whether an existing undamaged or
damaged building will satisfy the required limit state appropriate to the seismic action under
consideration, as specified in EC8-1 [11].

3 DESCRIPTION OF BUILDING

From original outline construction built drawings as a source of information the evaluation
of the structure can be derived.

3.1 General information and history of the existing building

The basic documentation available of the structure is original design specifications of the
structural components shown in Figure 1 and Table 1. The relevant sources of generic data are
reached based on Algerian Earthquake Regulations RPA88 [12] and the French Concrete
Code CCBA 68 [13] used at the time. Regarding inexistent field investigations, but currently
the foundation of the built structure is loose ground soil.
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Figure 1: Plan of old building

Components Storey Sizes (cmxcm)

Columns
1, 2, 3, 4 40x40
4, 5, 6, 7 35x35

Beams
Primary 30x40
Secondary 30x35

Tableau 1: sizes of beams and Columns

3.2 Necessary input data of the existing building

The necessary input data for the structure assessment according to Eurocode 8-3 [10] are:
a. The classification and identification of the structural system1 and of its compliance with

the regularity criteria according to Algerian Earthquake Regulations RPA99/V2003 [1], are:
- The administrative building is of vital importance of usage classified in group III.
- its structural system is composed by resisting frames,
- The arrangement of these structural elements largely meets the criteria of regularity in

code RPA99 / V2003 [1].
b. The existing foundations of the structure are strip footing
c. The soil is defined as loose soil (S3);
d. The value of the behavior factor (q factor) used in the initial design is equal to 4.

To select the type of permissible analysis and the appropriate values of the confidence fac-
tors, according to EC 8-3 [10], the established knowledge level is Level 2 corresponds to the
normal knowledge (KL2).

3.3 Identification of geometry, details and materials

3.3.1 Geometry

The bracing system in both directions is provided by the resisting frames systems. The di-
rection of floor slabs considered as rigid diaphragm and the various quotes between axes are
illustrated in Figure 1. The dimensions of the existing cross-sectional area of beams and col-
umns are shown in Table 1.
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3.3.2 Details

The amounts of longitudinal and transverse reinforcement and their detailing for columns
and beams are illustrated in Figures 2 and 3. The percentage of total longitudinal reinforce-
ment in beams is fitting with that required by the RPA99 / V2003 [1].

Columns (35x35) cm² Columns (40x40) cm²

Figure 2: Detailing of columns

At end At mid-span
(a) Primary beams

At end At mid-span
(b) Secondary beams

Figure 3: Detailing of beams

3.3.3 Materials

In order to assess the current mechanical properties of concrete, a non-destructive testing
has been performed. The measured compressive stress fck is 16 MPa, while the computed
value of fck is 25MPa. Moreover, steel offers good resistance to tensile stresses with a value
of fcy equal to 400 MPa.
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4 EVALUATION OF VULNERABILITY OF BUILDING

The evaluation of the seismic vulnerability of the building is performed using the linear
dynamic method with SAP2000 software. After modeling of the structure, the natural periods
of vibration, and participation of the masses as well as the Eigen modes are estimated. Then,
the seismic force is determined at the base using the equivalent static method. Finally, the in-
ter-storey drifts then the lateral displacement of the whole structure are checked.

4.1 Building modeling

The modeling shown in Figure (4) by SAP2000 software enables to study the elastic struc-
ture. Hence, the model considers the selected members of the structure according to the fol-
lowing concept:
- The Beams and columns will be modeled by bars "FRAME";
- The Floors have infinite stiffness in their plane; this is done by assigning an element

"DIAPHRAGME";
- The Mass of each floor is concentrated at its gravity center.

The load path due to each structure member allows the weight evaluation of each floor as
illustrated in figure (5). The total weight of the structure was found equal to 44619.65 KN.

Figure 4 : Building Modeling Figure 5 : weight of each floor

4.2 Natural periods

In this section the natural vibration periods are determined, as well as the modal mass par-
ticipation and mode, using the SAP2000 software. For the three main directions of the struc-
ture the values of fundamental periods are:

T1= 1.31sec for the 1st period
T2= 1.24sec for the 2nd period
T3= 1.22 sec for the 3rd period

The first two modes are translational modes (which is acceptable), and the third mode is a
torsional mode. These periods shall not exceed the fundamental period of the structure TRPA

increased by 30%, which is established from the empirical formula of RPA99 / V2003 [1].
0.55 sec is the estimated value of the TRPA. The results obtained show that the actual periods
in both directions are far beyond 1.3TRPA. This is due to the flexibility of the construction
which confirms its vulnerability.
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4.3 Determination of the seismic force

The seismic force evaluation determined by the SAP 2000 software were found equal to
2627,904 kN in the x direction and 2648,089 KN in the y direction. These forces shall not be
less than 80% of the prescribed seismic forces VRPA determined by the equivalent static me-
thod. The values of these forces are 4747.79 KN in the x direction, and 4945.61 in the y direc-
tion. Comparing these forces in each direction with the actual seismic forces shows that they
are beneath the values required by RPA99 / V2003. The gap exceeds by 30% of that obtained
by the empirical formula. This confirms the vulnerability of the structure as it has been proved
in the verification of the fundamental period. This also shows that the original design seismic
force in zone I was very low according to former RPA 88 [12] regulation.

According to the study of vulnerability by the linear dynamic analysis, the studied con-
struction showed a glaring deficiency in the period and the design base shear. This requires
seismic retrofit of the construction is essential to reduce its vulnerability.

5 STUDY OF THE REHABILITATION OF THE BUILDING

Decision should be focused on how to intervene based on the conclusion of the condition
assessment of structural vulnerability. The type of remedial intervention, its technique, scale
and urgency, must refer to the report from condition assessment which provides information
of the actual condition of the building [10].

5.1 Technical criteria

It should be taken into account the following technical criteria [10]:
a. repair of all identified structural defects in appropriate manner to ensure safety of the

structure;
b. In case of highly vertical mass or stiffness irregularity in the existing building, structural

regularity should be improved as much as possible, both in elevation and in plan;
c. The required characteristics of regularity and resistance can be achieved by either modifi-

cation of the strength and/or stiffness of an appropriate number of existing components, or
by the introduction of new structural elements;

d. Increase in the local ductility supply should be affected where required;
e. The increase in strength after the intervention should not reduce the available global duc-

tility;

5.2 Type of intervention

An intervention may be selected from the following indicative options [10]:
a. Local or overall modification of damaged or undamaged elements (repair, strengthening

or full replacement), considering the stiffness, strength and/or ductility of these elements;
b. Addition of new structural elements (e.g. bracings or infill walls; steel, timber or rein-

forced concrete belts in masonry construction; etc);
c. Modification of the structural system (removal of some structural joints and vulnerable

elements; widening of joints; modification into more regular and/or more ductile arrange-
ments);

d. Addition of a new structural system to sustain some or all of the entire seismic action;
e. Possible conversion of existing non-structural elements into structural elements;
f. Introduction of passive protection devices through either dissipative bracing or base isola-

tion;
g. Mass reduction;
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h. Restriction or alteration of the building usage;
i. Partial demolition;

One or a combination of several options of retrofit strategies can be chosen. It should, in
any case take into account the effect of changes in structure on the foundation.

5.3 Proposed Solution

In order to increase the resistance capacity and ductility of the structure, the limited fund-
ing has restrained the strengthening of the resisting frames of building to the addition of new
bracings walls in the original plan of the building as shown in Figure 1. Concrete walls should
be integrated at the periphery of the building, so to preserve the integrity of the interior of the
building and conserve a reasonable regularity in plan and elevation. The specific concern is to
ensure that adjustments brought to the building configurations can satisfactorily carry lateral
loads suitably and in harmony with the existing structure. The proposed solution is illustrated
in figure (6).
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Figure 6: Plan of strengthening building

Figure 7: Modeling of strengthening building
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5.4 Dynamic Study of the building with the proposed solution

5.4.1 Modeling of the structure

The new shear walls are already integrated and arranged in accordance to the recommenda-
tion of the Algerian Earthquake Regulations (RPA 99 / V2003 [1] concerning the stability of
the structure (Figure 7). Non-structural elements are considered as dead loads only.

5.4.2 Checking dynamic characteristics of the building

The results obtained using the SAP2000 software have given specific periods Tx = 0.52 sec
and Ty = 0.42 sec for the new structure in x direction, and y direction respectively, While the
estimated value  of the fundamental period TRPA is 0.46 sec. These results show that the actual
periods TX and TY are less than the factored fundamental period by 30%, according to the
RPA99 / V2003 code (TX and TY <1.3TRPA = 0.56 sec). This shows that the shear walls
placement is improving the resisting capability of the building.

Determined seismic resulting forces of the retrofitted structure are 3420KN and 3603 KN
in X and Y directions respectively. These forces must not be less than 80% of the prescribed
seismic forces VRPA determined by the equivalent static method. The values of these force are
the same in both directions (VXRPA and VYRPA) are equal to 3772 KN. Comparing the forces in
each direction shows that the actual resisting seismic forces are greater than those required by
RPA99 / V2003. This shows that the undertaken structural interventions aimed at stiffening
the building were adequate.

6 PERFORMANCE OF THE STRENGTHENING STUDIED BUILDING

The results obtained by push-over (non-linear static analysis) analysis elucidated as capaci-
ty curves using SAP 2000 software enabled a comparison of the nonlinear behavior between
the strengthened structure and the old one.

6.1 Shear force

Figure (7.a) highlights a confrontation between the old building capacity curves before and
after strengthening the structure by adding reinforced concrete bracing walls in both direc-
tions. This figure clearly shows the importance of the adopted strengthening in terms of base
shear, where the strengthened structure capacity curve corresponding to that modification is
far more exceeding the one of the non strengthened structure. In the original building, the val-
ue of the base shear is 2783.031KN which represents less than 65% of the value found using
the equivalent static method in the x direction (VX = 3675,054KN). This value increases to
11020.129KN for the strengthened structure which is about four fold increase in computed
force for the original building, and more than three times the strength value when using the
equivalent static method for the same direction (VX = 3772,27KN). The same observation is
noticed for improving the behavior of the structure for the y direction in Figure (7.b). There-
fore, it can be noticed that the overall resistance capacity of the strengthened structure is im-
proved more than three times compared to the original structure.

6.2 Displacement

From Figure (8.a), in terms of roof displacement, the capacity curve of the original struc-
ture shows that the final displacement reaches a corresponding value of 0.24m, which is en-
hanced to 0.34m for the strengthened structure, which represents approximately a 15%
increase. For the y direction (Figure (8.b)), the displacement reached a value of 0.29 m for the
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non strengthened structure, which is increased to 0.33m with a rate of 10% for the streng-
thened structure. Accordingly, the structure deformation capacity is not greatly improved is
still in a range that does not exceed 10 to 15%.
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Figure 8: comparison between the capacity curves before and after strengthening the structure

6.3 The structure performance point

The performance point enables to make several considerations on the structure behavior vis
a vis of the earthquake from the integration of regulatory spectrum response corresponding to
the current seismic zone on the capacity curve of the structure [11]. In this case, the junction
is almost at the limit of elastic behavior of the structure in both directions as shown in Figure
9 for the old structure, and Figure 10 for the strengthened one. Table 2 shows a comparison
between the performance point values obtained in terms of shear, displacement and damping
eff for the structure before and after strengthening. According to this table, we observe that
the values for the original structure are lower than the ultimate values obtained previously
which furthermore confirms that the structure is vulnerable. However, the values obtained for
the retrofitted structure is well above that found previously for base shear force and control
displacement. As a consequence, the performance point values of the strengthened structure
show a clear improvement in the resistance and damping that is greater than the initial values
of the original structure by 80%.
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a-x direction b- y direction

Figure 9: Performance point for the structure before strengthening

a-x direction b- y direction

Figure 10: Performance point for the structure after strengthening

Before strengthening After strengthening

X direction
Shear force V (KN) 2202,36 3689,08
Damping eff 0,126 0,081

Y direction
Shear force V (KN) 2456,74 3812,02
Damping eff 0,077 0,052

Tableau 2: Comparison between the performance point values for the structure before and after strengthening

7 CONCLUSION

The study of vulnerability using the linear dynamic analysis, studied building showed a
great deficiency into the dynamic characteristics, namely its natural period and the seismic
base shear, which requires rehabilitation. A brief presentation of the rehabilitation method of
Eurocode 8-3 [10] was exposed. An adopted strengthening solution of construction was pro-
posed. The highlighting of the performance of the proposed solution for the strengthening is
performed using a non-linear static analysis.

The study of the performance of the building before and after strengthening using push-
over analysis enables to draw the following conclusions:
 The overall resisting capacity of the strengthened structure is improved by more than

three times compared to the old structure.
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 The structure deformation capacity is not greatly enhanced, but remains within a range
that does not exceed 10 to 15%.

 The performance point values after of the strengthened structure show a clear im-
provement in the resistance and damping that exceed 80% of the initial values of the
original structure.
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Abstract. The structural analysis of an about 30 m tall building is presented in this paper. It 

was constructed in 70s, so its use pointed out the issue of the seismic reliability of existing 

buildings, especially if considered of strategic importance for civil protection. The structure is 

composed by two parts, the lower one in reinforced concrete, which contains a theatre room, 

and an upper in steel. The study allowed defining the seismic vulnerability. A refined finite 

element model was assembled and updated on the basis of comprehensive experimental anal-

yses on materials and structure and also of experimental modal analysis, highlighting the dy-

namic effect due to the irregularity of the building and the influence of the adjacent building, 

the seismic joint is missing. The results pointed out a quite high vulnerability of the building 

to seismic actions and the inadequacy of the pile foundation to support horizontal seismic 

loads. A retrofit intervention, based on the insertion of a seismic isolation system and the re-

alization of a seismic joint with the adjacent building, is proposed. It allows reducing the hor-

izontal forces in the piles and the torsional movements of the structure. 
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1 INTRODUCTION  

The Italian territory seismic classification started after the 1908 Messina and Reggio Ca-

labria earthquake (M=7.1) and was updated only after new seismic events up to recently. So, 

most of the Italian structures were designed without accounting for the seismic actions or, in 

some cases, with design earthquake of intensity lower than that required in the present code. 

This could be very dangerous for strategic structures, such as buildings with civil protection 

purposes, bridges and railways critical to the transport networks, plants at risk of a major ac-

cident, etc., and of relevant structures that can be very crowded, such as schools and hospitals. 

Also the recent Italian earthquakes pointed out the high vulnerability of a large number of 

structures and the strategic and relevant ones are no exceptions [1], making the overall im-

provement of the built very hard. Only recently, the reliability evaluation and the design of 

improving interventions of existing strategic and relevant structures have been considered 

compulsory in the framework of a prevention policy.  

The improvement process of a singular structure consists essentially in two steps. The first 

one consists in the evaluation of its structural health status. This can be performed on the ba-

sis of an appropriate experimental analysis, which includes material and structural tests, and 

of an accurate numerical analysis with a suitable model, which accounts for the actual charac-

teristics of the structure obtained experimentally. In the second step a proper intervention 

should be designed on the basis of the experimental and numerical results of the first step.  

In this paper the analysis carried out on an existing building is shown. The original design 

being available, it was quite easy to perform a suitable finite element model. Then the availa-

ble experimental results were analyzed and a more detailed experimental campaign was orga-

nized, which included test on the soil and foundations, on steel and concrete elements and 

ambient vibration analysis to extract the dynamic properties of the building. The updated 

model allowed analyzing the actual capacity of the structure, highlighting the irregular dy-

namic behavior of the building under seismic load and the inability of the foundation to resist 

horizontal actions, and designing the most adequate retrofit intervention, which consists in the 

insertion of a base isolation system. 

2 THE BUILDING 

The building object of this study, built in the 70s in an area not considered as seismic zone 

at the time of construction, has eight stories above the ground (floor 0, floors 1 to 7, respec-

tively) and one underground story of shorter height (floor -1). From the architectural point of 

view the building is composed by two different parts in elevation (Figure 1). The lower part 

has in-plan squared shape and includes the underground level and three levels above the 

ground (floors 0 to 2 – Figure 2 left). The upper part, where are located offices, has a T shape 

covering only a portion of the lower part (floors 3 to 7 – Figure 2 right). The lower part con-

tains an auditorium and a boardroom, therefore the structure should be considered as building 

of particular relevance. The four steel columns, which are around the auditorium (Figure 2 

left), and the corresponding columns at the north and south sides (two for each side) support a 

spatial Vierendeel system, whose height occupies the entire floor 3. Most of the columns of 

the seventh level are not in correspondence of other columns but are supported by the lower 

beams. The stability against horizontal actions and second order effects is guaranteed by con-

crete shear walls, placed eccentrically with reference to the gravity center at the south side in 

the WE direction and around the staircase. The presence of stiff end walls leads to the needs 

of considering in the analysis the floor diaphragm flexibility [2][3].  
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The structure is adjacent at the south side to another building of lower height. Given that 

no seismic joint was made at the construction age, the two structures are exposed to the risk of 

pounding in case of earthquake [4].  

The load-carrying structure is mainly constituted by steel members, joined by welding. It 

was designed according to the Italian code existing at the construction time and therefore 

without accounting for seismic actions and without adopting usual details for structures in 

seismic area. In the lower part also concrete members are present. The foundations consist in 

concrete plinths with piles of about 40 m length, with reinforcing bars only in the first 16 m. 

The plinths are connected by means of concrete beams.  

 

Figure 1 :  Vertical section of the building (North side on the left)  

 

Figure 2 :  Plants of floors 0 to 2 (left) and of floors 3 to 6 (right).  

In a first step the results of in situ tests, carried out at the construction time, and of one 

drilling with continuous core were available. Another continuous core drilling was done in the 

second step and also the result of a SPT was available, made at about 200 m from the building. 

Four layers can be individualized in the subsoil, from the top: a surface layer of about 6 m, 
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with negligible resistance to penetration; a non-cohesive layer up to 15 m; a cohesive soil up 

to 41 m, where a gravel deposit is present. The pile head is at 4 m from the campaign level 

and so is the average groundwater level. From the seismic point of view the subsoil can be 

classified as soil type C, with seismic wave velocity Vs30 between 180 m/s and 360 m/s.  

The geometry of the structure was known from the original architectural and executive 

structural drawings. Furthermore, detailed in-situ tests were carried out, so a full knowledge 

level for the structure was reached and, therefore, no reduction of the average material charac-

teristics obtained from the experimental analyses was considered.  

Most of the carrying structure was realized with steel of Fe360 type, with a yield strength 

fyk = 235 N/mm
2
. The tensile tests carried out on a suitable number of specimens pointed out 

an average strength fym = 268 N/mm
2
. The reinforcing bars for concrete are Aq60-70 type, 

used at the construction time, having a tensile strength between 600 and 700 N/mm
2
. The la-

boratory tests made on specimens extracted in site gave an average strength of 461 N/mm
2
. 

The compression tests on concrete specimens pointed put an average cube strength Rcm = 28 

N/mm
2
. The corresponding Young’s modulus is Ecm = 28300 N/mm

2
.  

The analysis under static loadings, carried out considering the various loading condition of 

the Italian code, gave positive results both for the superstructure and the foundations.   

3 EXPERIMENTAL DYNAMIC ANALYSIS 

An output-only strategy with ambient noise excitation was used for modal identification. 

The instrumentation was composed by 24 short-period seismometers (Kinemetrics SS-1, peri-

od = 1 sec), wired to a digital acquisition Kinemetrics Granite with a 24 bit A/D converter, 

able to simultaneously convert all the 24 channels. Four different sensor configurations were 

implemented, designed to identify the dynamic behavior of the structure. For the purpose of 

this paper only one of them (namely C2) was considered, which allowed analyzing the dy-

namic characteristics of the building. The positions of the sensors are plotted in 0. An acquisi-

tion lasting 30 min with a sampling frequency of 200 samples/sec was performed.  

 

Figure 3 : Sensor configuration on floor 0 (left) and on floors 3, 5 and 7 (right, numbers in () indicate the floor).  

The building showed a quite complex behavior mainly related to its irregular shape both in 

plan and elevation, but also to the presence of the adjacent building at the south side. The 

power spectral densities (Figure 4) pointed out the presence of two main resonance frequen-

cies, equal to 1.67 Hz (0.59 sec) and 2.60 Hz (0.38 sec), respectively. The analysis of the cross 

spectra, in terms of amplitudes and phase factor, and of the corresponding coherence function, 

allowed stating that both the modal shapes associated to these frequencies showed rotational 
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movements. In the first case (1.67 Hz) the rotation center is close to the S-E corner of the 

building, in the second one (2.60 Hz) out of the plant of the building in the N-E direction.  

The other configurations confirmed the presence of the two modal shapes already de-

scribed but showed also out of phase signals, probably due to a nonlinear behavior of the 

building. In one of them most of the sensors were oriented in the vertical direction. The re-

sults obtained demonstrated that all the points moved in phase and with the same amplitude, 

and allowed to exclude the presence of rocking effects in the building. This occurrence guar-

anteed the good performance of the pile system at least under permanent loadings and ambi-

ent vibrations.  
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Figure 4 :  Power Spectral Densities (PSD) of all the recordings in y direction (C2).  

The results of the experimental static and dynamic analyses were used to update the finite 

element model set up in the first step and based on the original design. The masses related to 

the dead loads and to a fraction of the variable loads were considered. The structure was mod-

elled by using frame and shell elements.  

A good correspondence with the experimental results was obtained only considering the 

presence of the adjacent building, which, under ambient vibrations, certainly contributed to 

the dynamic behavior of the structure. This was accounted for in the model by means of hori-

zontal springs, whose stiffness was calibrated in order to obtain the coincidence of the first 

experimental periods of vibration, equal to 0.58 sec, and the associated modal shape (Figure 

5). The numerical analysis also revealed the presence of vertical modes, related to the pres-

ence of the theater room. This occurrence had been pointed out also by the experimental anal-

ysis.  

For the model of the building alone, set up just eliminating the horizontal springs, the fun-

damental period of vibration was about 1.0 sec. The seismic analysis was carried out by using 

the Ritz method that allows reducing the computational burden due to the very high number 

of degree of freedom and obtaining a participant mass higher that 90% with 50 modes.  

4 SEISMIC VULNERABILITY ANALYSIS  

As pointed out by the experimental investigations, the types of beam-column connections 

cannot guarantee a dissipative behaviour. So the seismic analysis was performed as for the 

static actions, assuming a behaviour factor q = 1. The response spectrum analysis was carried 

out with reference to the spectrum relative to the exceedance probability of 2%. The results 

were used to individualize all the elements that reach the elastic limit and the corresponding 

spectral amplitude. The comparison between these amplitudes and those of the elastic spectra 

relative to the various exceedance probabilities PNCR in 50 years allowed describing the vul-

nerability of the building.  
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Mode Experimental  

Periods 

(sec)  

Numerical  

Periods 

(sec) 

Periods without the 

adjacent building  

(sec) 

Displ. 

1 0.59 0.58 1.01 Horiz. 

2 0.38 0.28 0.44 Horiz. 

3  - 0.34 Horiz. 

4 . 0.25 0.25 Vert. 

5  . 0.19 0.20 Horiz. 

6 . 0.19 0.19 Vert.  

7 . 0.18 0.19 Horiz. 

Table 1 : Periods of vibration of the modes with highest participation mass.  

  

T1 = 0.58 sec T2 = 0.28 sec 

Figure 5 : First two modal shapes accounting for the presence of the adjacent building.  

The elastic and the plastic analyses (both applicable in this case) were used [7]. It is worth 

reminding that the first one refers to the ideal stress e at the characteristic points of the cross 

section, the second to the function pM of the demanding moment (Figure 6 left).  

In Figure 6 (right) the elements for which the check is not satisfied are pointed out. As one 

can see, the limit values, both in the elastic and plastic analyses, are overpassed in several el-

ements. The analysis in x direction gave similar results but, as one could expect, the worst 

case is that of seismic action along y direction. For all the elements the checks are satisfied up 

to a PGA = 0.10 g (on rigid soil), equal to 43% of the reference one (PNCR=2%), when for the 

first element (column) 1pM  . This corresponds to PNCR=21% in 50 years (TNCR=207 years). 

If one refers to the acceleration peak on surface (PGAS) the value for which the first is not 

verified is about 47% of the reference one, due to the reduction of the amplification factor S 

when PGA increases.  

In the hypothesis of rigid connection with the adjacent building, the period of vibration be-

comes equal to about 0.58 sec and the spectral amplitude decreases. The situation is worse 

than in the previous case. All the elements are verified up to PGA = 0.08 g (on rigid soil), 

equal to 35% of the reference one (PNCR=2%), when the first element (column) in not verified. 

This corresponds to PNCR=33% in 50 years and TNCR=125 years. It is worth noting these con-

siderations do not account for the effects of pounding between the two buildings.  

The comparisons of the internal forces of the shear walls with the interaction domains gave 

always good results. Bending and shear checks were performed for all the reinforced concrete 

beams. The capacity moments were always higher than the demanding moments.  
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Figure 6 : Plastic checks (left) and steel members (right) that do not satisfy the plastic check for prevalent seis-

mic action in y direction.  

5 NONLINEAR ANALYSIS OF THE PILE SYSTEM  

The foundation are composed of concrete plinths, connected by means of concrete beams 

and supported by piles of about 40 m length (Figure 7). These have reinforcing bars only in 

the first 16 m. This unusual situation induced performing a detailed nonlinear analysis of the 

pile system.  

The superstructure base shears and moments corresponding to the first modal shape, with 

prevalent motion in the y direction, were applied at the top of piles and monotonically in-

creased. The behavior of the piles was modeled considering the moment-curvature relation-

ships under constant normal force. Three different cross sections were considered for each 

pile, due to the variability of the reinforcing bars, which are present up to the depth of 16 m. 

The corresponding moment-curvature plots are shown in Figure 8 for a given pile.  

 

Figure 7 :  Scheme of the foundation plinths with pile.  

The soil was modeled by means of nonlinear springs, with stiffness deduced by means of 

the well-known p-y method. For the non-cohesive saturated soil, present up to z = 15 m, the 

relationships p(y,z) suggested by Reese et al. [9]Errore. L'origine riferimento non è stata 

trovata. were adopted; for the cohesive saturated soil, present from z = 15.0 m, the relation-

ships suggested by Matlock [10] were used, but the contribution of this layer resulted negligi-

ble in practice. The model was developed in SAP2000 for the whole foundation. As 

previously said, modal base forces derived from the superstructure model were applied at the 

top of the piles, which were supposed to be connected by means of a rigid horizontal dia-

phragm.  

3915



Fernando Saitta, Paolo Clemente, Giacomo Buffarini and Giovanni Bongiovanni 

The wall at the south side influences very much the forces distribution and the piles under 

that wall are much loaded. Bending moments along some piles at three different load steps are 

reported in Figure 9. They show the increasing moment up to the formation of the plastic 

hinges at the top and the unloading when the ultimate rotation is reached. The horizontal ac-

celeration, given by the ratio between the horizontal force and the mass of the building, is 

plotted in Figure 10 versus the displacement of the control point, i.e. the point where the force 

is applied. The analysis was carried out in two ways, controlling the displacement and the 

force, respectively. The value of pseudo-acceleration equal to about 0.17 g can be assumed as 

limit one for the elastic behavior of the pile system.  
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Figure 8 Moment-curvature curves for the three different reinforcing steel sections (Pile n. 27, Mp1= 1021 kNm). 

              

Figure 9  Bending moment in y-z plane at three steps for piles 27, 28, 29, 30 and 31. 

6 BASE ISOLATION SYSTEM   

A suitable solution, which can satisfy all the requirements, is the base isolation of the 

building. This allows reducing the seismic actions on the elevation structure and, as a conse-

quence, on the foundation. A wider joint should be realized in this case but this does not rep-

resent a problem. In fact the joint should be realized in any case, substituting the south side 

walls with a new braced steel frame displaced of the needed gap with reference to the adjacent 

building.  

The spectrum relative to PNCR = 2% in 50 years was assumed for the design, with reference 

to a damping ratio  = 15%. Elastomeric isolators (HDRB) and sliders (SD) were considered, 

whose deployment was chosen with the objective of optimizing the dynamic behaviour of the 

building, so torsional effects were limited. 15 SD and 16 HDRB were used as shown in Figure 

11. The isolator stiffness (Ke = 1250 kNm) was chosen in order to obtain a period of vibration 

of about 3.0 sec, which guarantees an adequate decoupling between the motion of the super-
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structure with reference to the motion of the soil and also a significant reduction of the accel-

eration in the structure, much lower than those corresponding to its elastic capacity. The elas-

tomeric isolators can support a displacement of 250 mm, which is also the value for the 

horizontal gaps. The response spectrum analysis was performed, combining the seismic ef-

fects according to the Italian code.  
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Figure 10  Static horizontal pseudo-acceleration in y direction versus displacement of the control point for the 

analysis carried out with force control (continuous line) and displacement control (dotted line).  

 

Figure 11 :  Isolation system.  

7 CONCLUSIONS  

The analysis of an existing building, which could be used as strategic one, has been de-

scribed in this paper. A finite element model was set up based on the original design, and the 

available experimental results were analyzed. Detailed experimental analysis on the materials 

and structure were carried out, and the dynamic characterization of the building was also per-

formed by using ambient vibration tests.  

The detailed and extended in situ experimental tests allowed assuming a full knowledge 

level of the structure so to avoid the lowering of the average material strength obtained exper-

imentally. The checks under gravitational loads were satisfied both for the elevation structure 

and the foundations. The vulnerability analysis pointed out that the elevation structure safety 

was assured only up to seismic actions equal to 43% of those relative to the minimum exceed-

ance probability of 2% in 50 years. For the foundations the situation is even worse.  
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The seismic isolation seemed to be the most appropriate retrofitting solution. It allows a 

significant reduction of the seismic action on the superstructure and the foundation so that to 

eliminate any structural intervention on them, while the realization of a gap with respect to the 

adjacent building at the south side should be done in any case to avoid pounding with the ad-

jacent building.  
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Abstract. The structural damage of reinforced concrete (RC) or masonry constructions, is 

commonly, associated with nonlinear phenomena that make the analysis of the structural be-

havior a challenging task. This is even more difficult for shear critical structures. Further-

more, the severe cracking may be associated, in these cases, with an incipient collapse, due to 

the limited ductility of shear critical members. Advanced mechanical-based theories has been 

developed in order to accurately capture the post-cracking behavior of shear critical struc-

tural systems; although accurate, such theories required complex calculations that make their 

use not suitable for practical applications. Recent technological developments in computa-

tional capacity opened to the implementation of accurate and complex theories on the nonlin-

ear behavior of RC structures in software suitable to accurately reproduce the nonlinear 

behavior of structural systems. Computer-aided nonlinear analyses are nowadays widespread 

in the practical engineering and, in some cases, they represent an useful tool for forensic en-

gineering. This paper presents a case study on the application of advanced numerical model-

ling for the damage analysis of poorly detailed beam-column joints. These elements are one 

of the main source of vulnerability of RC existing buildings subjected to seismic actions and 

their failure may lead to the collapse of the entire structural system. 
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1 INTRODUCTION 

The investigation on the seismic behavior of existing structural systems is nowadays a 

critical issues in the protection of modern societies in seismic-prone areas. Recent earthquakes 

demonstrated the high vulnerability of reinforced concrete (RC) structures and in particular, 

those designed not conforming to current seismic codes. Concerning the beam-column joints, 

the 80’ years large earthquakes (El Asnam, 1980, Mexico 1985, Loma Prieta 1989) clearly 

showed the high vulnerability of these members. Before these events the joint shear rein-

forcements were almost never provided. This because of the lack of widely accepted theories 

and formulations on the joint capacity which resulted in a complete overlook in the design and 

construction practice [1]. Field inspections and experimental evidence demonstrated the high 

seismic vulnerability of poorly detailed beam-column joints. In certain situations, the prema-

ture joint shear failure may lead to the collapse of the entire structural system. Considering 

that in many countries the largest development of civil infrastructures took place in the 50-

80’s year, it is notable that many structural systems are vulnerable to seismic action because 

of the reduced capacity of beam-column joint. 

This strongly encouraged the scientific community to investigate the seismic behavior of joint 

subassemblies. Several experimental tests (an example is reported in Figure 1) pointed out the 

influence of different parameters (e.g. the concrete mechanical properties, joint dimensions, 

axial load ratio, longitudinal reinforcement type, anchorage details) on the seismic capacity of 

beam-column joints [1]–[4].  

Figure 1: Experimental test on beam-column corner joint. 

These observations resulted in several strength capacity models [1], [5] constituting the theo-

retical basis of modern code provisions for the seismic assessment of existing structures [6], 

[7]. Among the proposed models, particular emphasis should be given to the principal stresses 

approach [5]. Its mechanical basis along with the use of empirical coefficients make the mod-

el simple and suitable for practical applications. This model have been adopted in several na-

tional standards limiting the joint panel strength to the first cracking [6], [7]. Analytical 

studies pointed out that this limit is detrimental for the global seismic performances [8], [9]. 

Experimental tests [4] demonstrated that further shear forces can be carried by the joint panel 

after the first cracking. However, as already formulated by Priestley et al. [10] large shear de-
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formations are exhibited after the joint panel first cracking. Indeed, to accurately reproduce 

the joint behavior, the joint shear deformation cannot be neglected. This is also confirmed by 

several research studies [2], [11] that quantified the effects of joint deformability on the over-

all seismic behavior. 

Although several capacity model have been proposed to predict the joint behavior and the ef-

fects on the structural system performances [10]–[14], they are commonly based on empirical 

approaches or calibrated for specific joint types. Few models can accurately reproduce the 

joint hysteretic behavior. This because of the significant Strength and Stiffness Degradation 

(SSD) and pinching phenomena related to the shear cracking that strongly affect the cyclic 

response. Recent studies, pointed out the importance to accurately reproduce the member hys-

teretic behavior in the seismic assessment of shear critical structures [15], [16]. However in-

clude the effects of SSD in the seismic response of structural member is nowadays a critical 

issue. Sophisticated numerical models have been proposed to predict the structural response 

of SSD members for large displacement demand (i.e., the modified compression field theory, 

MCFT [17] and disturbed stress field model, DSFM [18]), but significant computational de-

mand has limited their application to structures. In recent years, the development of advanced 

and efficient algorithms in computer programs suitable for practical applications (i.e., Mem-

brane 2000 [19], VecTor programs [18]) promoted their use to reliably simulate the cyclic be-

havior of SSD RC structural systems. 

2 RESEARCH OBJECTIVE 

Although the joint behavior analytical modeling assumed significant relevance in the re-

cent years, few capacity models, reliable for poorly detailed beam-column subassembly are 

nowadays available. The complex hysteretic behavior of these members, characterized by sig-

nificant strength and stiffness degradation and pinching phenomena related to the shear cracks, 

makes it difficult to be reproduced.  

A new strategy to model the beam-column joint cyclic behavior, based on the recent devel-

opments in the analytical models and computer software dedicated to shear critical systems, is 

presented in this paper. Available finite element method (FEM)-based software, implementing 

rigorous theoretical approaches (i.e. the MCFT and the DSFM) have been adopted in the 

model development. The proposed FEM model is described in detail, with particular attention 

to the material mechanical models and the effects of reinforcement anchorages. The model 

has been validated with reference to experimental tests; in particular, comparisons between 

theoretical and experimental outcomes are presented and discussed in the paper in terms of 

global response, local stress-strain behavior and crack pattern prediction. Further considera-

tions on the joint panel stress levels are also presented. 

3 SEISMIC BEHAVIOR OF BEAM-COLUMN JOINTS 

Seismic events provide reverse cyclic actions on the beam–column joints transmitted by the 

adjacent members. Paulay and Priestley [1] summarized the structural behavior of the joint 

subassemblies with simple mechanical approaches suitable for all joint types (i.e. internal, ex-

ternal, corner, knee). However, the strength capacity and the joint deformability strongly de-

pend on the joint type, confinement pressure, anchorage details and longitudinal 

reinforcements. A reduced confinement pressure due to the lack of structural members at all 

the joint faces and the local actions transmitted by the beam longitudinal anchorage make the 

corner joint the most vulnerable against seismic actions. 
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Figure 2: Mohr’s circle of stresses for a typical joint panel (a); principal stresses (b) and principal directions (b). 

The joint panel is subjected to a significant and complex stress field generated by seismic ex-

citation (bending moment, shear and axial load). The beams and columns introduce large 

shear forces in the concrete core. Replacing the flexural bending moments with the resulting 

tension, T, and compression forces, C, the joint shear force in the vertical, Vjv, and horizontal, 

Vjh, directions can be computed as shown in Figure 2a [1], [20]. To satisfy rotational equilib-

rium, the vertical joint shear must be proportional to the horizontal shear; they are approxi-

mately in proportion by the joint dimensions, hb/hc. These large shear forces lead to diagonal 

compressive and tensile stresses (Figure 2b) in the joint core that may result in severe joint 

cracking, especially in the case of under-designed beam–columns joints without a proper 

amount of internal stirrups (i.e. transverse reinforcement). A diagonal strut can be used to cap-

ture this effect. However, in the case of structural members dominated by shear, diagonal ten-

sion failure can govern over concrete strut crushing. This is particularly common on beam–

column joints with a low amount of transverse reinforcement. These assumptions resulted in 

an analytical model based on the Mohr’s circle of a typical stress field of the joint panels 

(Figure 2a), characterized by uniform shear stresses, vjh=Vjh\Acol, and axial stresses, fa=N\Acol. 

According to experimental evidence, several authors suggested to limit the average principal 

stresses in tension Eq. (1) or compression Eq. (2) to values proportional to the concrete com-

pressive strength [2], [5]. 
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Here, k is a numerical coefficient equal to 0.29 for deformed bars (at the joint first cracking) 

or 0.42 (at the peak strength). For smooth internal reinforcement the maximum peak strength 

is reached along with the joint cracking and k can be assumed equal to 0.20. Furthermore, 

with the Mohr’s circle approach, the direction of the principal compressive stress, , can be 

computed; this angle represents a fulfilling approximation of the crack inclination. The ex-

perimental evidence [2], [4] showed that large diagonal corner-to-corner cracks characterize 
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the failure mode of beam–column joint under cyclic horizontal actions, regardless of the joint 

dimensions or longitudinal reinforcement details. In absence of stirrups, the principal com-

pressive stress after cracking, can be assumed to be inclined at a constant angle, , and, in turn, 

the direction of principal tensile stress is inclined at 90-. The angle  can be computed, as 

proposed by Paulay and Priestley [1], as function of the joint panel dimensions by 

=atan(hb/hc). 

Minor importance has been reserved to the joint deformation and its effects on the global 

seismic response. This because of the predominant brittle failure of these members and the 

difficulties in handle shear distortions. However, the joints have a key-role in the structural 

system and small joint shear deformations may have significant effects on the overall struc-

tural response. Although this aspect has been introduced by Priestly along with the principal 

stresses approach [10], only recently, the scientific community focused the attention on the 

role of joint shear deformations. The joint shear deformations represent the complement of the 

shear strength. To be more precise, they are the effects of the shear stresses applied on the 

joint panel (see Figure 2a). An estimation of the magnitude of the shear deformations , as-

sumed equal for the horizontal and vertical direction, was introduced by Priestly [10]. Based 

on experimental evidence, he provided the joint panel shear deformation at different stress 

levels (cracking, peak strength and joint collapse). Later, this model has been particularized to 

include the relations for plain internal reinforcements [2]. 

4 ADVANCED NUMERICAL MODELLING 

The advanced numerical models proposed in the recent years improved accuracy in re-

producing the behavior of RC structural systems. New mechanical models and solution algo-

rithms have been developed and great effort has been made to combine them with the state-of-

the-art knowledge in refined tools suitable for the use in the practical applications (e.g., 

OpenSees [21], VecTor programs [22], among others).  

The continuum element considered in this study is based on the Modified Compression Field 

Theory (MCFT) [15] and Disturbed Stress Field Model (DSFM)[18]. Both these theories have 

been developed at University of Toronto and validated through large experimental programs 

on shear critical RC panel, structural members and entire structural systems. The MCFT is a 

two-dimensional analytical model in which compatibility, equilibrium, and constitutive rela-

tionships were derived based on average stress and strain of concrete. In the MCFT, it is as-

sumed that the directions of averaged stress and strain are identical. The formulation of the 

model was simplified by assuming cracks are smeared and fully rotating. Local stresses and 

strains at cracks are computed based on the stress-strain relationship developed for cracked 

concrete. Out-of-plane and in-plane transverse reinforcements are smeared over the entire 

concrete core. Such a theory has been later generalized by the DSFM, modifying some basic 

assumptions (i.e. alignment of shear stress and strain) and enlarging the applicability to more 

complex stress fields. The complexity of this approach and the number of information con-

tained in the analysis strongly limited its their application in the past year. Recently, it has 

been implemented in accurate computer tools suitable for practical applications. In this paper, 

the response of a reference beam-column joint will be reproduced by mean of two different 

computer software (Membrane 2000, M2k [19], and VecTor2, VT2 [18] ). They are character-

ized by increasing level of difficulty in the modeling and, in turn, higher accuracy in the re-

sponse prediction. 

The joint subassembly selected for the model validation is a poorly detailed corner beam-

column joint typical of existing structures designed for gravity load only. The specimen 
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(named T_C3 in the experimental program carried out at University of Naples and described 

in Del Vecchio et al. [4]) has no stirrups in the joint panel and geometry and internal rein-

forcement details typical of existing buildings. It has been tested with an imposed cyclic dis-

placement applied at the beam tip and under constant axial load on the columns (see Figure 1). 

To simulate gravity loads, a preload of 19.2 kN was applied to the beam along with a constant 

axial load ( = P/Agfc = 0.21) to the column. The specimen was constrained to the strong floor 

by two rigid steel frames, with a steel roller placed inside the lower column end to simulate a 

pin connection. The top column was constrained to a rigid frame by two steel rollers that 

grabbed the column end externally and allowed top column elongation. The beam and column 

length were designed to allow for the typical story height and the portion of the beam up to 

the zero point of the bending moment diagram, respectively. The cylindrical concrete com-

pressive strength is about 16.4 MPa and the longitudinal steel reinforcement yielding stress 

about 470 MPa. The experimental test pointed out a shear failure of the joint panel before the 

flexural yielding of longitudinal steel reinforcement of members framing into the joint.  

 

 

- Membrane 2000 

 

Membrane 2000 (M2k) is a simple computer program implementing the MCFT. It allows 

analysis of reinforced concrete shells subjected to in-plane forces (axial force in X and Y di-

rections and in-plane shear). Internal reinforcement may be in orthogonal directions X and Y 

with an arbitrary number of bar layers and spacing allowed. Membrane elements subjected to 

in-plane forces can be found in structural walls, the webs of beams, containment vessels, and 

cooling towers among many others. This is the type of experimental element tested to develop 

the modified compression field theory. The complex stress field and geometry of a joint sub-

assembly can be reduced to a simple shell loaded in shear and axial force by using the as-

sumptions reported in the previous paragraph. In particular, the actions transmitted by the 

member framing in the joint should be reduced to acting shear stress (assumed equal for all 

the faces of the joint) and axial compression stresses acting on the joint horizontal faces (see 

Figure 2a). It should be noted that this modeling approach can be extended only to joint sub-

assemblies suffering the premature shear failure of the joint panel without relevant nonlinear 

phenomena in the adjacent members. According to these assumptions, the selected joint T_C3 

has been modeled in M2k by using a shell element 300 mm thick subjected to a constant axial 

stress of 3.50 MPa (it is obtained spreading the axial load on the joint horizontal surface). The 

specimen shear strength has been evaluated under monotonic joint shear stresses and the re-

sults are plotted in  

Figure 3 against the joint shear strain, xy. Comparison with available experimental results 

[4], points out a significant underestimation of the real joint performances in terms of joint 

panel peak strength (vjh=2.56MPa). The analysis of the Mohr’s circle of stress and the crack 

pattern at the peak strength ( 

Figure 3b,c) demonstrated that the ultimate joint capacity is reached along with joint panel 

first cracking, for a principal tensile stress about 1.38MPa. This is in compliance with the 

stress limit proposed by Priestley [5], pt =0.29√fc. Such underestimation is related to the ef-

fects of the longitudinal reinforcement anchorages, neglected in the model. In fact, larger 

shear stress can be achieved in the joint panel if the longitudinal beam reinforcements are bent 

into the joint [5] (pt =0.42√fc). 

 

  

3924



C. Del Vecchio, M. Di Ludovico, A. Prota and G. Manfredi 

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

0.0000 0.0002 0.0004 0.0006

 [rad]

vj [MPa]

M2k 

prediction

1

X

2

Y

-4.88  1.38

 3.13

-3.13

a)

b)

 0.15

 
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

0.00 0.01 0.02 0.03 0.04

 [rad]

vj [MPa]

T_C3 
experimental

 
(c) (d) 

Figure 3: Membrane 2000 (M2k) monotonic response prediction without the anchorage effects: (a) Mohr’s circle 

and (b) crack patter at the peak strength; (c) shear stress-strain behavior. 

However there are no simple options to include the effects of beam bar anchorages in the M2k 

model. To solve this issue, the maximum lateral pressure provided by the bar bents have been 

computed and an equivalent amount of transverse reinforcement offering the same lateral 

pressure has been inserted in the model. Details on the modeling procedure are reported in 

Figure 4. 
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Figure 4: Mechanical model of the anchorage effects. 

The lateral pressure of the beam bar anchorages comes from the reaction to the concrete com-

pressive forces developing in the diagonal strut. The maximum pressure carried by the an-

chorage is assumed equal to the pressure needed to yield the longitudinal reinforcement in 

(b) 
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flexure. In the calculation it is assumed that the straight length of the anchorage is fixed in 

correspondence of the bent. This pressure can be computed with Eq. (3). 
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where c is the straight length of the anchorage subjected to the lateral pressure of the concrete 

compressive strut. It can be assumed equal to the total height of the concrete compressive 

zone above the longitudinal reinforcement 0.25h-cc-db=125-25-16=85mm, where cc is the 

concrete cove and db is the diameter of longitudinal reinforcements. 

The total pressure acting on the external face of the joint panel can be computed multiplying 

the maximum pressure of the single anchorage for the number of anchorages and dividing by 

the joint width: 
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where nb is the number of beam bars bent into the joint panel, in this case 5, and bj the joint 

width assumed equal to the column width, 300mm. 

Once that the maximum lateral pressure has been identified, the equivalent amount of joint 

reinforcement (in terms of percentage of transverse reinforcements) can be derived dividing 

this pressure for the yield stress of steel: 
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In this case an equivalent amount of joint stirrup, representative of the confinement effects of 

the beam bar anchorages, will be placed into the joint. This solution has been preferred with 

respect to a constant value of the lateral pressure in order to be representative of the variabil-

ity of the confinement pressure, that increases increasing the shear stress. 

Comparison between the proposed analytical model and experimental results is reported in 

Figure 5 in terms of joint shear stress-strain behavior, acting stress field and crack pattern. 

The comparison points out the good match of the proposed analytical model in terms of joint 

panel shear behavior at different levels. In particular, the joint panel first cracking (where 

hairline cracking was detected during the test) is well predicted by the proposed analytical 

model in terms of shear strength and crack pattern (see Figure 5, level II). Furthermore, the 

joint panel circle of stresses highlights the good match in terms of principle tensile stress with 

the limit proposed by Priestley [5], pt =0.29√fc =1.2MPa. The analytical predictions match 

well the experimental results also at the peak strength (see Figure 5, level III) in terms of 

stress strain behavior and crack pattern, where large shear cracks can be detected. The good 

match in terms of joint panel principal tensile stress with the stress limit proposed by Priestley, 

pt =0.42√fc =1.7MPa, shows the reliability of the proposed model to account for the effects of 

anchorages bent into the joint. The full strength degradation cannot be captured by this soft-

ware and more refined calculations are needed. 
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Figure 5: Experimental vs. M2k prediction in terms of shear stress-strain behavior and crack patterns (Crack 

widths in mm). 

- VecTor2 

VecTor2 is a program based on the MCFT/DSFM for nonlinear finite element (FEM) analysis 

of reinforced concrete membrane 2D structures that permits accurate assessments of structural 

performance (strength, post-peak behavior, failure mode, deflections and cracking). The Vec-

tor2 bundle [22] includes: FormWorks, a graphics-based preprocessor program that simplifies 
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the model building; Augustus, a complete VecTor2 post-processor that may pro-vide all the 

global and local results in useful numeric or graphic formats. It is also able to dis-play the 

specimen crack pattern at each stage of imposed displacement and this represents a very use-

ful tool to detect numerical model failure mode. The FEM elements require a different and 

more complex modeling approach. The VecTor2 model was developed using a pre-processor 

unit FormWorks [22] that simplified the meshing and the input of the model parameters. Sim-

ilar to other continuum elements, mesh size plays an important role in computational efficien-

cy and accuracy. A mesh size in the range of about 25 mm, and approximately square 

elements have been adopted as suggested in the related studies [18, 25, 27]. The software can 

accommodate only 2D elements. A specific thicknesses equal to 300 mm has been set for all 

members. Longitudinal reinforcements are modeled with truss elements. Link elements were 

adopted to model the bond-slip behavior using the Embedded deformed bar option available 

in the software option [22]. To account for the stress concentration at the anchorages of longi-

tudinal beam bars, the Hooked bar option has been adopted for the link element in corre-

spondence of reinforcements ends. Transverse reinforcements in the beam and columns were 

modeled as smeared reinforcements with appropriate in-plane (ρt) and out of- plane (ρz) aver-

age ratios. The same approach was used to account for the joint panel internal reinforcement 

representative of the anchorage effects as determined by Eq. (5).  
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Figure 6: Experimental and analytical crack patterns at the joint panel first cracking 

(Crack widths: thin<0.5mm; thick>1mm). 
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The concrete cover was modeled as unconfined concrete. The material properties are defined 

in accordance with the material tests reported Del Vecchio et al. [4]. All analyses are per-

formed with the use of basic default material behavior models and analysis options. The con-

crete constitutive model by Popovic and Mander [19, 37] is adopted to reproduce concrete 

compressive behavior. A proper representation of the loading/unloading behavior and the cy-

clic-load induced damage sustained by the concrete is critical in determining the strength and 

energy-dissipation capacity of the subassembly. Indeed, as suggested by Sagbas et al. 

[23],The hysteretic model for the concrete employed here was that proposed by Palermo and 

Vecchio [24]. 

As in the experimental test, joint models are subjected to cyclic displacement and axial load 

applied at the beam tip and columns, respectively. The comparisons between the analytical 

model and experimental results at the significant steps of the test are reported in Figures 6-9. 
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Figure 7: Experimental and analytical crack patterns at the subassembly peak strength  

(Crack widths: thin<1mm; thick>2mm). 

 
 

The comparison between the proposed analytical model and experimental results demon-

strated the accuracy in predicting the joint subassembly global behavior. The theoretical pre-

dictions show a good match with respect to all significant parameters in the seismic 

assessment, including initial stiffness, peak strength, strength and stiffness degradation, pinch-
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ing effects and energy dissipation. Furthermore, a crack pattern very similar to the experi-

mental one is also predicted. In particular, the joint panel first cracking (depicted in Figure 6) 

occurs for a column shear of about 33kN, significantly lower than the maximum strength. At 

this step diffused hairline cracks appears in both directions. At the same step, a flexural crack 

appears on the beam in the section of the maximum bending moment. Because of the higher 

magnitude of the flexural crack, in the analytical model joint shear cracks are represented with 

a thin line. 

The joint peak strength is characterized by deep and large diagonal cracks in the order of mil-

limeters. As reported in Figure 7 a corner-to-corner diagonal crack appears in the joint panel 

for the positive loads. Reverse cyclic actions produces a change in the crack orientation; how-

ever, due to the strong nonlinear behavior of the cracked concrete, the opposite diagonal 

cracks are not completely closed. 
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Figure 8: Experimental and analytical crack patterns at joint panel shear failure 

(Crack widths: thin<2mm; thick>4mm). 

The crack pattern at the joint panel failure, after which a significant drop in the shear strength 

can be observed, shows marked cracks in both direction and the spalling of concrete cover. 
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Due to the severe damage of the joint panel, large shear cracks, in the order of centimeters, 

can be observed in both directions.  

Further information on the joint panel failure mode are provided by analyzing the local be-

havior of members. No relevant damage is detected on columns and beam framing in the joint 

panel. Analytical prediction confirmed that the internal longitudinal reinforcements are far 

below the tensile yielding. On the other side the joint panel shear stress-strain behavior shows 

significant nonlinear phenomena (see Figure 9). In compliance with experimental results, the 

joint panel first cracking is followed by significant joint shear deformations. Once that the 

peak strength is achieved, the strength degradation is related to joint shear strains even double 

respect to the peak strength. The VecTor2 model is able to capture the shear stress-strain be-

havior with enough accuracy until a significant drop in the shear strength occurs. 
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Figure 9: Joint panel shear stress strain behavior. 

5 CONCLUSIONS 

The seismic behavior of beam-column joint is of paramount importance in the seismic as-

sessment of existing RC structures. In fact, the occurrence the of joint panel premature shear 

failure is often detrimental for the global seismic response. Several experimental tests have 

been carried out with the scope to characterize the joint seismic capacity and find the main 

parameter affecting the cyclic response. Although refined analytical models have been devel-

oped, few models are able to reliably predict the joint hysteretic response. This because of the 

significant strength and stiffness degradation phenomena, complex to be captured with classi-

cal modeling approaches. In the present paper, a new modeling approach for poorly detailed 

beam-column joints is presented. The model has been developed with the recent computer 

programs (Membrane 2000 and VecTor 2) able to reproduce the cyclic response of shear-

critical structural systems based on refined theoretical approaches (MCFT/DSFM). The mod-

eling assumptions on the mesh-size, mechanical model of materials, anchorage details and 

applied loads are discussed in detail. The comparison with experimental results of a reference 

tests confirms that, neglecting the confinement pressure provided by the longitudinal rein-

forcement anchorages in the analytical model, the strength is limited to the joint panel first 

cracking. The proposed M2k model, comprehensive of the anchorage effects, is able to accu-

rately capture the joint panel shear strength at the first cracking and joint ultimate capacity. 
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Furthermore, the analytical response in terms of principal stress is in compliance with the lim-

its proposed by Priestley, both at the first cracking and peak strength. 

The more refined VecTor2 analytical model provide a good match with experimental re-

sults with respect to all significant parameters in the seismic assessment, including initial 

stiffness, peak strength, strength and stiffness degradation, pinching effects and energy dissi-

pation. Furthermore, the crack pattern at different stress level can be accurately predicted. 

Concerning the local stress-strain behavior of the joint panel, a surprising match has been also 

achieved. In conclusion, the proposed analytical model can be employed to accurately predict 

the response of poorly detailed beam-column joint. However, particular care should be adopt-

ed in modeling the anchorage details to avoid significant underestimation of the joint shear 

capacity. 
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Abstract. In Japan many buildings that were designed by the old code have been retrofitted 
structurally because lots of buildings designed by the old code were collapsed in the Southern 
Hyogo prefecture earthquake in 1995. Moreover many retrofitted structures were subject to 
strong seismic motion in the 2011 off the Pacific coast of Tohoku Earthquake. It was found 
that seismic retrofitting was very useful for seismically weak structures. In Sendai city, there 
is the 10-story residential building that was retrofitted using a passive seismic control system 
with an amplifier mechanism. The nonstructural members (partial walls) of the building had 
been damaged when Tohoku Earthquake, though their structural members had not been dam-
aged. In order to evaluate the effect of the seismic retrofitting, we investigated the damage of 
the building after the 2011 off the Pacific coast of Tohoku earthquake. In addition we calcu-
lated the story drift angle by seismic response analysis to evaluate from the analytical view-
point. As a result of the damage investigation of this building, it was obvious that the building 
was safe structurally. Furthermore, we verified when nonstructural members had been in 
failure using the modified compression field theory(Vecchio,F.J. and Collins,M.P, 1986). The 
nonstructural members were in failure before the peak acceleration. Thus, we concluded that 
the effect of the partial walls on structural performance was very small.  
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1 INTRODUCTION 
At the time of the 2011 off the Pacific coast of Tohoku Earthquake (the Earthquake below), 

the City of Sendai near the earthquake source subjected to very strong ground motion. Nu-
merous buildings with poor earthquake resistance had been retrofitted against the Miyagi-ken-
oki Earthquake and other active-fault-induced inland earthquakes that were highly likely to 
occur. The state of the retrofitted buildings were reported[1] after the Earthquake. The effects 
of and problems of seismic retrofit are gradually being known. 

The authors investigated the structural performance and the effects of seismic retrofit in a 
ten-storied high-rise residential apartments (the Building below) that had been retrofitted us-
ing a seismic control systems equipped with amplification mechanism. Damage to nonstruc-
tural members was confirmed in numerous buildings including the Building in the wake of the 
Earthquake. In this study, therefore, the shear stress - deformation relationship in nonstructur-
al members of the building was estimated using an existing theoretical model, and the effects 
of nonstructural members on the structural performance of the Building were examined based 
on the shear strength and the time when the shear strength was reached. 

2 OUTLINE OF THE BUILDING AND SEISMIC RETROFIT 

2.1 Outline of the Building 
Figure 1 shows a plan view of the second floor of the retrofitted Building and a northern 

elevation. The Building was constructed in 1979. At present, buildings are designed to the 
earthquake resistance standards came into forced in 1981. The Building does not therefore 
comply with the existing standards. The Building is of a complex shape. In plan, the Building 
bends sharply at the elevator hall and is of an echelon structure in eastern buildings. In eleva-
tion, the Building has setbacks on both sides on the fifth and higher floors. From a structural 
viewpoint, the Building is made of steel encased reinforced concrete (SRC) on the first to 
sixth floors and of reinforced concrete (RC) on the seventh to tenth floors. The Building is of 
a frame structure longitudinally and of a frame structure combined with shear walls in the 
span direction. 

2.2 Outline of retrofit design 
As a result of the seismic diagnosis earthquake resistance diagnosis of the Building, the Is 

value exceeded 0.6, the level specified in the new earthquake resistance standards, on all 
floors in the span direction, but was lower than 0.6 longitudinally except on some floors. It 
was then decided to apply seismic retrofit longitudinally. For retrofit, a seismic retrofit meth-

8.
1m

 

31.7m 

30-degree

Principal axis 

50.4m 

11-degree 

Newly frame 

VIII 

Figure 1: Views of the building 
(a) The floor plan (b) The nothern elevation 

Newly frame 

IX
Transverse axis 

3935



Y. Takase, T. Ikeda and T. Suzumura 

od using the seismic control systems with amplification mechanism was adopted in view of 
the post-retrofit usability of habitable rooms, usability of the Building during retrofit work 
and cost performance. Seismic control systems with amplification mechanism were installed 
on the side of the side-corridor on the north face. An exterior retrofit method was adopted in 
which a retrofitted frame composed of steel columns and SRC beams was connected to the 
existing frame through additional slabs. The additional slabs were connected to the existing 
frame using post-installed anchors. The objective of retrofit was to prevent the Building from 
collapsing. The main design criterion was to hold the story drift angle below 1/125 in the SRC 
structure and below 1/150 in the RC structure against the wave defined by the earthquake mo-
tion in notification with a spectrum intensity of an extremely rare earthquake motion and the 
typical recoded wave. Shear failure of columns was not allowed before the story drift angle 
reached the angles of the design criteria. Structural slits were made in brittle columns to en-
sure ductility before retrofit. 

2.3 Seismic control system with amplification mechanism 
The method of retrofit using seismic control systems equipped with amplification mecha-

nism [5] amplifies the story displacement in the frame and transfers the amplified displace-
ment to the hydraulic damper and thereby doubles the absorption of seismic energy, applying 
the principle of leverage. In the seismic retrofit, hydraulic dampers with a design marginal 
damping force of 43 tf were used. The amplification ratio was set at 1.7 to 2.3 times. A total 
of 32 dampers were installed, four on the sixth floor, ten on the seventh floor, eight on the 
eighth floor, eight on the ninth floor and two on the tenth floor. The seismic control systems 
with amplification mechanism were placed only on the sixth through tenth floor. Only retro-
fitted frames were placed on the first through fifth floors. 

3 RESULTS OF POST-EARTHQUAKE FIELD SURVEYS OF THE BUILDING 

3.1 Outline of field surveys 
Surveys were conducted on April 6 through 8, 2011. Relatively large aftershocks occurred 

on March 11 when the Earthquake occurred through April 8, the last day of surveys. The re-
sults of the surveys therefore include also the results of aftershocks. Investigations were made 
of (i) existing structural members, (ii) retrofitted frame (newly applied structural members), 
(iii) nonstructural members and (iv) seismic control systems with amplification mechanism. 
Only the sections where confirmation was possible from the side corridor were examined. An 
aftershock with a seismic intensity of 6 upper occurred on April 7. Only item (iv) was investi-
gated after the aftershock and the other items before the aftershock. 

3.2 State of existing structural members 
Photographs 1 and 2 show an existing column with cracking and a wall with slits on three 

sides, respectively. Small cracks were confirmed in some of the existing columns and beams, 
most of which had a width of 0.2 mm or smaller. The damage was classified by the Japanese 
guidelines for evaluating seismic performance of reinforced concrete structures as the “one 
that enables continued use of the structure without repair”. Photograph 2 shows that shear 
cracks occurred in the wall with three slits but that none progressed to existing columns. It 
was thus determined that the slits worked effectively 
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Photo. 1: Example of Columns with cracking Photo. 2: Shear wall with slit

3.3 State of newly applied structural members 
Newly applied steel columns were coated with autoclaved lightweight concrete (ALC) 

plates for fireproofing. No direct observation of the frame was therefore possible. No damage 
was, however, found in ALC plates. If steel members had yielded and been deformed greatly, 
ALC place might also suffered damage. It was therefore assumed that there was no serious 
damage to newly applied columns despite local damage. No damage was confirmed in newly 
applied beams. No trace was recognized of cracking or slip at the plane of connection at the 
bond between newly applied and existing frames. It was thus assumed that shear force was 
appropriately transferred through post-installed anchors, and both frames behaved as one dur-
ing the Earthquake. The seismic control systems with amplification mechanism that was re-
sponsible for absorbing seismic energy, therefore, worked effectively.  

No damage was confirmed that required repair in the structural members of the Building as 
well as in the existing structural members. The Building was found to be fit for continuous 
use.  

3.4 State of nonstructural members 
No measures were considered in the retrofit design to avoid or reduce damage to nonstruc-

tural members. Shear cracks were confirmed in the partial walls on the side of the side corri-
dor. In the 120-mm-thick partial wall,  =10mm reinforcing bars were arranged at a pitch of 
250 mm. Photograph 3 shows the damage to the partial walls between lines (viii) and (ix) on 
the first through tenth floors. Only moderate shear cracks with a width of approximately 0.2 
mm (concrete crack width except spalling) were found in the partial walls on the first and 
tenth floors. Damage was larger on the middle floors. The spalling of concrete cover was con-
firmed on the third through fifth floors. In the surveys, the residual crack width was measured 
with a crack scale in partial walls on each floor. The results are shown in Section 3.5. 

Crack(width is less than0.2mm) 

Cracks marked by tape 

Column  

Partial slit 
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3.5 State of seismic control systems with amplifi-
cation mechanism 
In the surveys, total traces of lubricant left each time 

the hydraulic damper worked during an earthquake 
were verified. Hydraulic displacement was measured 
based on the trace. If it was assumed that the hydraulic 
damper returned to the center after the earthquake, the 
measurement would have indicated the unidirectional 
hydraulic displacement (in the direction in which the 
damper shrank). The maximum hydraulic damper dis-
placements on respective floors are shown in Figure 2 
together with the residual crack widths in the partial 
walls. The figure shows that the hydraulic displace-
ment of damper was largest on the sixth floor and 
smaller on the upper floors. The tendency was similar 
to the state of residual crack widths in the partial walls. 
In the partial walls on the third through fifth floors, no 
residual crack widths could be measured because of the spalling of concrete. 

4 ESTIMATION OF SEISMIC DEFORMATION BEHAVIOR BASED ON SEISMIC 
RESPONSE ANALYSIS 

4.1 Outline of seismic response analysis 
The seismic deformation behavior of the Building was evaluated by nonlinear 3D-frame 

analysis that considered vertical springs of piles and the seismic control system with amplifi-

(f) 6F (g) 7F (h) 8F (i) 9F (j) 10F 

(a) 1F (b) 2F (c) 3F (d) 4F (e) 5F 
Photo. 3: Failing of partial walls 

Figure 2: Results of the suvey 
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cation mechanism. As analysis models, the Takeda model [3] was used for representing force-
displacement characteristics of structural members, Maxwell model for hydraulic damper and 
a slip model considering the displacement loss at the point of attachment for the brackets of 
the seismic control system with amplification mechanism. Seismic response analysis was 
made in cases with and without seismic retrofit. The deformation of the Building during the 
Earthquake was grasped and the effect of seismic retrofit was verified. 

4.2 Estimation of input motion 
No seismic monitoring were conducted in the Building. The ground motion records ob-

tained at Sendai city hall, approximately 2.6 km south of the study site, were modified for use. 
To modify, a relatively simple method was used that enabled the estimation of ground motion 
at the study site with adequate accuracy from an engineering viewpoint. The method uses the 
H/V spectral ratios at the study site and the site of seismic records based on the microtremer 
measurement. Specifically, it was assumed that equation (1) could be established based on the 
works of Seo et al. [2] and the frequency amplitude of observed wave was corrected using the 
H/V spectral ratios at the two sites. Figure 3 shows H/V spectra at the two sites. 

)(
)(

)( /

/

fB
fA

fB
fA

VH

VH

 (1) 
where, A(f) and B(f) are the Fourier amplitudes of ground motions at the study site and the 

site of seismological observation, respectively; and AH/V(f) and BH/V(f) are H/V spectra at the 
study site and the site of the Sendai city hall. 

In the seismic response analysis, ground motions were in two directions, along and trans-
verse to the principal axis. The ground motions modified using H/V spectra were subjected to 
orientation transform. Figure 4 shows the acceleration time history of input ground motion. 
Figure 5 shows the pseudo velocity spectrum (h = 5%). The figure also shows the notification 
of the Japanese ministry spectrum used as level-2 ground motion used in retrofit design. 
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4.3 Behavior in the case with no seis-
mic retrofit 
Figure 6 shows the results of analysis of 

the maximum story drift angle in the longi-
tudinal direction in the case with or without 
seismic retrofit for comparison. Story drift 
angle before seismic retrofit exceeded the 
design criteria (reinforced concrete struc-
ture: 1/150, SRC structure: 1/125) on the 
seventh through ninth floors and increased 
to 1/115 on the eighth floor. In the case 
without seismic retrofit, therefore, some 
damage may have occurred such as the 
shear failure of structural members on up-
per floors of the Building. The distribution 
of story drift angles in the direction of height in the case without seismic retrofit shows that 
the story drift angle was largest on the eighth floor. The tendency was different from the state 
of damage to partial walls confirmed by field surveys and described in the previous chapter in 
which damage was moderate on the lowest and highest floors and damage increased on mid-
dle floors. 

4.4 Behavior in the case with seismic retrofit (actual behavior) 
The maximum story drift angle after seismic retrofit was 1/164, approximately 70% of a 

maximum value of 1/115 in the case without seismic retrofit. Story drift angle after seismic 
retrofit was smaller than the design criteria on all floors, which was in agreement with the re-
sults of field surveys in which no damage was found in structural members.  

The distribution of story drift angles in the direction of height after seismic retrofit shows 
that story drift angle was largest on the fifth floor. The deformation was in agreement with the 
damage to the partial walls found in the building surveys. Figure 6 also shows the width of the 
residual crack in the partial wall between lines (viii) and (ix) for comparison with story drift 

Figure 6: Story Drift Angle 
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angle. No measurement could be made on the third through fifth floors. Small cracks on the 
upper and lower floors and large cracks on the middle floors were in agreement with the dis-
tribution of story drift angles. The tendencies of hydraulic displacement and residual crack 
width (Figure 2) were also similar. Thus, the results of seismic response analysis for evaluat-
ing post-seismic-retrofit conditions were also in agreement with hydraulic displacement. 

As a result of above discussions, it was assumed that the results of seismic response analy-
sis conducted in this study generally reproduced the seismic behavior of the Building during 
the Earthquake. Retrofitting the Building using seismic control systems with amplification 
mechanism greatly reduced story drift angle. Then, the design criteria were satisfied. The ver-
tical distribution of story drift angles was altered owing to seismic retrofit because seismic 
control systems with amplification mechanism were installed only on upper floors. 

5 CONSIDERATIONS CONCERNING THE DAMAGE TO PARTIAL WALLS 

5.1 Outline 
One of the characteristics of damage to the Building was the confirmation of shear crack-

ing in partial walls despite the soundness of structural members owing to seismic retrofit. Par-
tial walls were nonstructural members. The damage to partial walls was allowable according 
to the seismic design policy of the Building. Knowing the degree of influence of partial walls 
on the seismic behavior of the Building provides valuable data for future seismic retrofit de-
sign. In this chapter, the maximum shear on the partial wall, shear deformation angle in shear 
failure is reached and the time of partial wall failure are estimated. 

5.2 Method for estimating shear strength of partial walls and deformation 
Studies have been made mostly on structural members. Few studies have been conducted 

concerning partial walls, as nonstructural member. Most of the previous studies were experi-
mental verifications. No works are available that analytically evaluate shear stress - defor-
mation angle relationships in partial walls. In this study, it was assumed that the stress-
deformation relationship in partial walls could be estimated using the modified compression 
field theory (MCFT) [4], one of the reinforced concrete plate constitutive laws because the 
partial walls in the Building were shaped like a square. Figures 7 shows the stress and dis-
placement fields in the MCFT model, respectively. The MCFT model expresses the stress-
deformation relationship in reinforced concrete plane element based on the condition of com-
patibility of deformation, condition of equilibrium of stress, and material constitutive laws of 
rebars and concrete. 
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Figure 7: Example of the construction of one table. 
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5.3 Estimation of shear strength of partial walls and deformation angle at shear 
strength 
Table 1 lists the shear strengths and deformation angle in shear failure on respective floors 

of the Building calculated using the MCFT model. The shear strength of the partial wall 
ranged from 111 to 132 kN. Story drift angle when shear strength was reached was approxi-
mately 1/330 on each floor. Judging from the fact that the shear strength of a main reinforced 
column on the seventh floor of the Building was 700 kN to nearly 1000 kN, the shear strength 
of the partial wall was approximately 10 to 15% of the shear strength of existing columns. 

Story fc 
(N/mm2) 

Qpw 
(kN) 

Rdd 
(mm/mm) 

Rcd 
(mm/mm) 

10 22.50 132 1/333 1/610 
9 22.50 132 1/333 1/610 
8 11.45 111 1/331 1/608 
7 22.50 132 1/333 1/610 
6 12.48 113 1/331 1/608 
5 15.04 118 1/332 1/610 
4 13.47 116 1/331 1/608 
3 13.13 114 1/331 1/608 
2 15.07 123 1/332 1/610 
1 22.50 132 1/333 1/610 
fc: Concrete compressive strength, Qpw: Shear strength of partial wall, 
Rdd: Dd-Angle(distributed drift angle), Rcd: Cd-Angle(concentrated drift angle) 

Table 1: Example of the construction of one table. 

5.4 Time of shear failure of partial walls during the Earthquake 
Figure 8 shows the detail of the partial walls of the Building. In structures of that partial 

wall is integrated with a hanging wall and a spandrel wall, like the Building, deformation con-
centrates locally as shown in figure 8. Then, story drift angle is not identical to the defor-
mation angle of the partial wall. No shear cracking was confirmed in hanging walls and 
spandrel walls of the Building. It is therefore reasonably assumed that no deformation oc-
curred in these sections but that deformation concentrated at the center of the partial wall. In 
other words, it was assumed that the partial wall suffered shear failure before story drift angle 
reached the deformation  angle at the shear strength of the partial wall. It was assumed that 
the hanging wall and spandrel wall were subjected to rigid deformation. The story drift angle 
when the partial wall collapsed was referred to as the Cd-angle (concentrated drift angle), and 
listed in Table 1. The Cd-angle is the story drift angle at which the partial wall suffered shear 
failure at the earliest time. The story drift angle that was the same as the deformation angle at 
the shear strength of the partial wall was referred to as the Dd-angle (distributed drift angle). 
At which story drift angle the partial wall suffered shear failure was estimated based on the 
results of time history response analysis and of the surveys of the Building. 

Figure 9 shows the time history waveforms of story drift angle on the first, second, third, 
fifth and tenth floors after seismic retrofit based on the results of seismic response analysis. 
The time when story drift angle reached the Cd-angle (Cd-angle point) and the time when sto-
ry drift angle reached the Dd-angle (Dd-angle point) were plotted on the output waveform on 
the positive and negative sides, respectively. The time history output waveforms of story drift 
angle were obtained as a result of calculation for the column member (line (viii)) on the west 
side of the partial wall shown in Photograph 3. 
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Figure 8: Partial wall derogation when the earthquake. 

Figure 9 shows that story drift angle did not reach the Cd-angle during the Earthquake on 
the first and tenth floors, which confirms that only moderate damage occurred in the partial 
walls on the first and tenth floors. 

Focus is now placed on the second, third and fifth floors in Figure 9. One of the character-
istics of the input ground motion is two peaks in the acceleration waveform. On the third and 
fifth floors, the Cd-angle and Dd-angle points existed before the first peak was reached. On 
the second floor, the Cd-angle point existed but no Dd-angle point existed before the first 
peak was reached, which indicates that the Dd-angle was not reached. It was, however, de-
termined that partial walls suffered shear failure on the second floor based on the condition of 
partial walls on the second floor (Photograph 4 (b)) and 3-mm residual crack width. It is 
therefore highly likely that partial walls suffer shear failure when the story drift angle reaches 
the Cd-angle. 

The Cd-angle point in the partial wall suggests that the partial wall suffered shear failure in 
the early stages of the Earthquake because the story drift angle reached the Cd-angle point 
before the first peak was reached on the second, third and fifth floors. The tendency was simi-
lar on the fourth, sixth, seventh and eighth floors. In seismic retrofit design, no seismic energy 
absorption by partial walls was considered. The partial walls suffered shear failure in the early 
stages of the Earthquake and it was concluded that seismic energy absorption of partial walls 
made little contributions to the structural performance of the Building. 

6 CONCLUSIONS 
The following conclusions were obtained. 

As a result of damage surveys of the Building, it was found that the structural frame of 
the Building suffered no serious damage and that the Building could be used continuous-
ly without any repair. 
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Figure 9: The time history output waveforms of story drift angle after seismic retrofit 

The results of estimation of the maximum story drift angle after seismic retrofit based on 
the results of seismic response analysis were in agreement with the damage to partial 
walls and with the action of hydraulic dampers. It was considered based on the analysis 
results that seismic control systems with amplification mechanism reduced the story drift 
angle of the Building to approximately 70%, the angle in the case without seismic retrofit, 
and the design criteria were satisfied. Then, no damage was observed in structural mem-
bers during the Earthquake. 

It was shown that shear strength and story drift angle when shear strength was reached 
could be estimated properly using the MCFT model. As a result of calculation for partial 
walls of the Building, shear strength was 111 to 132 kN and deformation angle when 
shear strength was reached was approximately 1/330. 

As a result of the time history waveforms of story drift angle during the Earthquake 
based on seismic response analysis, it was assumed that partial walls collapsed in rela-
tively early stages of earthquake. It was thus concluded that partial walls had little influ-
ence on the structural performance of the Building. 
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Abstract. A steel frame reinforced concrete building completed in 1965 was seismically ret-
rofitted using seismic isolation braces with amplification mechanism. The building was sub-
jected to shaking with a seismic intensity of upper 5 during the 2011 off the Pacific coast of 
Tohoku Earthquake. The seismic retrofit applied, however, minimized damage. The seismic 
retrofit performance was then examined based on the ground motions recorded in the build-
ing and the results of seismic response analysis using the records. As a result, it was revealed 
that the retrofit design goal was met and that the deformation of the building was controlled 
considerably as compared with the case with no retrofit. 
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1 INTRODUCTION 
The off the Pacific coast of Tohoku Earthquake that occurred on March 11, 2011 produced 

strong ground motions mainly in the areas along the Pacific coast in the Tohoku district near 
the source area. A maximum seismic intensity of 7 was observed in Kurihara City, Miyagi 
Prefecture. Seismic intensities of 5- or greater were observed in areas in 17 prefectures. 

Strong ground motions occurred also at around the site of the study building (hereinafter 
referred to as the Building). Buildings with low seismic performance suffered damage. The 
Building had been constructed in 1965 and designated as an existing non-conforming building. 
It had been retrofitted before the huge earthquake using damping system with amplification 
mechanism (hereinafter referred to as the toggle damping system). Then, the Building suf-
fered only repairable minor damage to some of its nonstructural members. 

Earthquake observation has been conducted in the Building since 2009. The seismic be-
havior of the Building during the main shock has been observed. This study examines the ef-
fectiveness of the toggle damping system for enhancing seismic isolation performance during 
the 2011 off the Pacific coast of Tohoku Earthquake based on the ground motions recorded in 
the Building and the results of seismic response analysis using the records.. 

2 OUTLINE OF STUDY BUILDING 
The steel reinforced concrete Building was constructed in 1965 and has eight stories above 

the ground and two underground stories with a three-storied penthouse. It is supported direct-
ly on tuff bedrock. It is divided into the higher and lower sections. It can safely be assumed 
that the Building is structurally monolithic because shear forces can be transferred via slabs. 
Photo 1 presents a general view of the Building. Table 1 outlines the Building. 

Photo 1 Over view of study building 

Table 1 Outline of study building 
Gross floor area 27,809m2 
Scale 8 stories above ground and 2 below 
Structure Steal Reinforced Concrete structure 
Structural Type Rigid-frame structures with shear wall 
Foundation Directed Independent foundation 
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3 OUTLINE OF SEISMIC RETROFIT METHOD 
The Building was designed to the standards before the present seismic design method was 

developed. As a result of seismic diagnosis, the seismic retrofit index (Is) was determined to 
be not more than 0.6. Seismic retrofit was considered necessary. Seismic retrofit was there-
fore applied using the toggle seismic isolation method in order to enhance Is to 0.6 or higher 
as provided by present seismic design methods. 

The toggle seismic isolation method amplifies the interstory displacement occurring in the 
building during an earthquake by two to three times and transfers it to the hydraulic damper 
and thereby efficiently absorbs seismic energy, using an amplification mechanism applying 
the principle of leverage. Figure 1 presents a schematic view of the toggle seismic isolation 
method. 

In seismic retrofit, the design criterion was specified so as to set interstory displacement at 
1/150 or less. The objective was to prevent the collapse threatening the lives of the people in 
the event of a strong ground motion that was likely to occur once during the service life of the 
Building (level-2 earthquake) as a minimum requirement. Accordingly, 94 and 88 seismic iso-
lation braces were installed in the longitudinal (along the X axis) and transverse (along the Y 
axis) directions, respectively. Table 2 outlines seismic retrofit. 

Figure 1 Toggle damping system (damping system with amplification mechanism) 

Table 2 Outline of seismic retrofitted 

Toggle damping brace X direction : 94 
Y direction : 88 

Shear wall (increased) 2 
Structural slit X direction : 12 

Structural Type Y direction : 8 
retrofitting column 12 

4 SEISMOLOGICAL OBSERVATION RECORDS 
Figure 2 shows the locations of the Building and the assumed source region of the 2011 off 

the Pacific coast of Tohoku Earthquake. Figure 3 shows the acceleration waveform observed 
in the Building. Outstanding in the acceleration waveform on the first floor above the ground 
are two areas with large amplitudes. The source area of the off the Pacific coast of Tohoku 
Earthquake was assumed to be 450 km x 200 km. It was assumed that large failure occurred at 

Initial condition 
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Damper 
(extension) 

Displacement of upper frame 

Damper 
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least three locations. The two large amplitudes found in the acceleration waveform probably 
represent the effects. 

The ground motion lasted a long time. The peak acceleration exceeded 50 cm/s2 for a dura-
tion of approximately 130 seconds on the first floor above the ground and for 150 seconds on 
the penthouse. The peak acceleration was approximately 413 cm/s2 on the floor above the 
ground and 853 cm/s2 on the penthouse, both of which were observed in the second high-
amplitude area starting at approximately 100 seconds. 

Figure 4 shows the pseudo velocity response spectra (h = 0.05) on the first floor above the 
ground and on the penthouse. Shown with the response spectrum on the first floor above the 
ground is the spectrum of notification wave used as the seismic ground motion for design. It 
is clear that the ground motion observed on the first floor above the ground was nearly equiv-
alent to level-2 ground motion considered in design. An explicit predominance is found in the 
pseudo velocity response spectrum on the penthouse near 0.9 second. It was therefore as-
sumed that the Building behaved with the primary mode being predominant. 

Figure 2 Location of the Building and source area of 
off the Pacific coast of Tohoku Earthquake 

Figure 3 Observed acceleration waveform 
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(a) 1F (b) PH1F 
Figure 4 Pseudo velocity spectra (h=0.05) 

5 VERIFICATION OF THE EFFECT OF RETROFIT 
The story deformation angle used as a seismic retrofit performance index was adopted as 

an index for verification. The variance between the behavior during the main shock and that 
in the case where no retrofit was applied (case with no retrofit) was regarded as the seismic 
retrofit effect. 

Computing story deformation angle required displacement waveforms on respective floors. 
Seismographs were, however, installed only on the first floor above the ground and on the 
penthouse, so obtaining story deformation angle based on the seismological observation rec-
ords was impossible. Then, the building was represented by a mass system model on a fixed 
foundation. The ground motion observed on the first aboveground floor was input and dis-
placement waveforms on respective floors were computed based on the results of seismic re-
sponse analysis. 

The analysis model was independent in the directions of X and Y axes. It was designed 
that the predominant period during a strong ground motion matched the predominant period 
during a strong ground motion obtained based on the seismological observation records. 

The accuracy of seismic response analysis was verified based on the reproducibility of ob-
served displacement waveform on the penthouse. Figure 5 shows the observed and analysis 
displacement waveforms in layers. The observed displacement waveform was computed by 
applying a band-pass filter of 0.1 to 10 Hz to the observed acceleration waveform and using 
Fourier integral. 

The observed and analysis displacement waveforms were in agreement with each other 
highly accurately in terms of amplitude and phase. Thus, the observed displacement wave-
form was accurately reproduced based on the results of seismic response analysis. It was 
therefore assumed that the displacement waveforms on other floors than the penthouse could 
be estimated similarly based on the results of seismic response analysis. 

Figure 6 shows story deformation angles computed based on the results of seismic re-
sponse analysis. Story deformation angle is not more than 1/150, the design criterion, in both 
directions. The retrofit design goal was thus achieved. 

Story deformation angles in the case with no retrofit were estimated also based on the re-
sults of seismic response analysis. The analysis model was developed by removing the toggle 
seismic isolation members from the analysis model used during the main shock. Figure 6 
shows the distribution of story deformation angles in the case with no retrofit. Story defor-
mation angle exceeded the design criterion of 1/150 on multiple floors. It increased to 1/61 in 

X-Direction 
Y-Direction 
Z-Direction
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the direction of X axis and to 1/58 in the Y axis direction. It is therefore highly likely that the 
building suffered great damage in the case with no retrofit. 

If the variance from the story deformation angle during the main shock was regarded as the 
effect of seismic retrofit, it was assumed that seismic retrofit reduced story deformation angle 
in the building to 1/4 at the maximum and helped avoid great damage. 

Figure 7 shows the distribution of relative displacements on the first floor above the 
ground. Seismic retrofit reduced relative displacement to 1/3 at the maximum. It is clear that 
displacements were controlled considerably throughout the building. 
 
 

 
(a) X direction 

 
(b) Y Direction 

Figure 5 Comparison between calculated displacement waveform of PH1F and observed one 
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Figure 6 Comparison of story deformation angle distribution (Retrofitted/Non-retrofitted) 
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Figure 7 Comparison of relative displacement distribution (Retrofitted/Non-retrofitted) 

6 CONCLUSIONS 
The effectiveness of seismic retrofit of a steel frame reinforced concrete building using a 

damping system with amplification mechanism was examined based on the seismological ob-
servation records during the 2011 off the Pacific coast of Tohoku Earthquake and on the re-
sults of seismic response analysis. As a result, the following conclusions were obtained. 

• Story deformation angle of the building was not more than 1/150 during the main shock.
The seismic retrofit performance goal was therefore achieved.

• Seismic retrofit reduced story deformation angle of the building to 1/4 and relative dis-
placement to 1/3.

• In the case where no seismic retrofit was applied, the building may have suffered great
damage.

● Retrofitted
■ Non-retrofitted 

● Retrofitted
■ Non-retrofitted 
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Abstract. In early 2014, strong earthquakes occurred on the Island of Cephalonia and 
buildings with significant design errors were heavily damaged. The building that is being 
studied is a two-storey reinforced concrete building, which was affected by the specific 
earthquakes. The structural model of the building is regular in plan as it consists of parallel 
frames arranged in dense grid but it is non regular in elevation as there are no infill walls 
located in the down floor. In the first part of this paper, the seismic assessment of the 
structure is presented. It is an attempt to verify the damages which occurred to the building 
during the earthquakes. In the second part of this paper, strategies for structural intervention 
are suggested. Firstly, it is intended to reduce the seismic demand of the structure through the 
implementation of base isolation systems. Specifically the appliance of lead rubber bearings 
(LRB) and friction pendulum systems (FPS) has been studied. Secondly, it is intended to 
increase the stiffness of the ground floor by placing metal braces. The study is based on 
results from nonlinear analyses. The analyses that have been used are the pushover analysis 
and the nonlinear time history analysis. 
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1 INTRODUCTION 

Heavy earthquakes occurred on the Cephalonia Island in early 2014. The RC building 
studied in this work, is an existing in the area building which was subjected to the earthquakes. 
After infield investigation enough data have been gathered to assess the building. The basic 
purpose of the paper is the verification of the actual seismic behavior of the building and 
afterwards the intervention in its structural system in order to improve its seismic behavior. 

A crucial characteristic of the structure that must be taken into consideration is that the 
building is regular in plan but irregular in elevation. The abrupt reduction of stiffness and 
resistance of the ground floor determines the seismic behavior of the building. The building is 
expected to behave as “pilotis” type and to suffer from severe damages in the columns of the 
ground floor (soft floor). Reinforced concrete buildings with first floor irregularities studied 
thoroughly by Favvata et al. [1], have showed the increase of the demand for interstory drift at 
the ground floor. The assessment of the seismic behavior of the building will be carried out 
using nonlinear methods, which are pushover and time-history analyses.  

Having assessed the building, which revealed the weaknesses of the structure, the decision 
to intervene has been made. The interventions were made to the building without considering 
the damages from the earthquakes. The purpose was to balance the structural weaknesses with 
the interventions. Among various alternatives [2], the intervention will take place firstly with 
the implementation of base isolation systems and afterwards with the implementation of metal 
braces. The two methods are based on different principles as the base isolation systems aim to 
isolate the superstructure from the ground motions and to decrease the seismic demand of the 
superstructure [3, 4] and the metal braces aim to increase the strength and the stiffness of the 
structure [5]. 

As concerns the base isolation system, two types of bearings have been studied, Lead 
Rubber Bearings and Friction Pendulum Systems [6]. A significant amount of both past and 
recent research has focused on the use of elastomeric and friction bearings [7, 8].The 
implementation of base isolation systems is expected to increase the fundamental period of 
the structure and therefore decrease the seismic demand for the structure. Moreover, it is 
expected that the horizontal displacements will be taken over by the isolation systems and the 
structure will move as a rigid body without any additional stresses. 

As concerns the metal braces, their section has been chosen so that the braces equate the 
lack of stiffness in the “soft” floor of the building. The implementation of metal braces 
restricted to the open ground floor is expected to increase the stiffness and the strength of the 
ground floor and as a result to improve the seismic behavior of the entire building [5]. 

Finally, conclusions are drawn regarding the effectiveness of the proposed strategies. The 
seismic performance of the building, before and after retrofitting is evaluated according to the 
provisions of EC8 Part-3 [9] and the Greek Retrofitting Code [10]. 

2 BUILDING DESCRIPTION 

The under study building is located on the island of Cephalonia. It is situated at the 
beachfront, approximately 100m from the sea. The construction of the building took place in 
early 1980 and it was used as a residence. It was built according to the Greek Royal Decree of 
1959 [11]. 

The construction is a two-storey RC building without a basement. The ground plan of the 
building is rectangular and its surface is reduced to the first floor. The ground floor has a 
height of 3.30m whereas the first floor a height of 3.00m. The structural model of the building 
is regular in plan as it consists of parallel frames arranged in a dense and symmetrical grid of 
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columns but it is non regular in elevation as there are no infill walls located in the ground 
floor. Consequently the building is expected to response as a “pilotis” type building. 

In Figures 1, 2 and 3, a schematic presentation of the structure is displayed. It shows the 
plan of both floors and the faces of the building. The area of the ground floor is hatched with 
diagonal lines and the area of the upper floor is located between the infill walls. It also shows 
the location of the infill walls that have been taken into consideration for the structural model. 
The beams are shown with dashed lines. The columns which do not continue in the upper 
floor do not have a solid hatch. 

The structural system is made of reinforced concrete. The material types for the model are 
concrete B225 (fck=16MPa) and rebar steel StIII (fyk=420MPa). The plates are 18cm thick, 
horizontal and at the same level. The beams of the building are 50x25cm and the columns are 
50x25cm.The columns confinement bars are not anchored properly, so they do not contribute 
to the ductility and they are not included in the model. All columns are considered to be fully 
supported to the ground, at the soil level. The data concerning the column reinforcement have 
been collected from field investigation and they are presented in Table 1. The beam 
reinforcement has been calculated according to the Greek Royal Decree [11]. 

The data of the infill walls are simulated according to common practice in the island, 
where the infill walls usually have a considerably high resistance. The infill walls are 
considered to be 25cm thick and to be built with clay hollow bricks with dimensions 
250x250x240mm and compression strength of 10MPa and with M5 mortar. 

Columns Reinforcement 
For columns 0.26mx0.50m 8Φ20+4Φ16 
For columns 0.50mx0.26m 18Φ18 

Table 1: Reinforcement of the columns 

Figure 1: Schematic Plan of the Floors 
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Figure 2: Architectural Section a-a 

Figure 3: Architectural Section b-b 

3 SEISMIC ACTIONS 

The earthquake that occurred on the island of Cephalonia on January 26th 2014 and 
specifically the recorded accelerograms in the Argostoli station were used as the main seismic 
action. The epicenter of the earthquake was at the southwestern coasts of Cephalonia, about 9 
km southwest of the Lixuri town. Its focal depth was 21 km and its magnitude M6.1.The 
actual accelerograms of the earthquake in x and y directions were used in the analysis, as it is 
intended to verify the actual behavior of the building. The vertical component of the 
earthquake was not used as it is not required according to EC8. The accelerograms of the 
earthquake and the acceleration spectrum are presented in Figures 4 and 5. The east to west 
axis is parallel to the x – axis of the building and the north to south axis to the y-axis.  

(a) (b) 

Figure 4: Accelerograms in (a) north to south direction, (b) east to west direction 
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Figure 5: Acceleration Spectrum 

4 DAMAGE DISTRIBUTION AFTER THE EARTHQUAKE 

As it has been mentioned, the studied building is expected to behave as a “pilotis” type 
building. The lack of infill walls in the ground floor creates asymmetry in the distribution of 
stiffness in elevation. As a result, the application of the seismic force causes torsion to the 
vertical axis and leads to the development of a “soft” floor mechanism. Specifically, the 
failure is performed with the creation of plastic hinges at the top and base of the columns of 
the “soft” floor. This mechanism leads to the concentration of all movements in the ground 
floor, to the development of P-Delta effects and eventually to total or partial collapse. 

After conducting field investigation, the type and extent of the present structural damage 
agrees with the above description. The majority of the ground floor columns have been 
heavily damaged. Plastic hinges have been created at the top and the base of those columns. 
The upper floor has reacted as a rigid body with the structural members and the infill walls 
behaving linearly. Figure 6 is representative of the building situation. 

 

(a) (b) 

Figure 6: (a) Photograph of the ground floor, (b) Close up to a damaged column 
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5 SIMULATION OF THE STRUCTURAL SYSTEM 

The building is simulated as a 3D model which includes all the members that contribute to 
the seismic behavior of the building (beams, columns and infill walls). The nonlinear 
behavior of the frame members is represented with the assignment of plastic hinges in the 
critical sections of the members. 

5.1 Simulation of the structural members 

As regards the beams, the model that is used represents the uniaxial bending of the beam. 
The used model defines the relation between the bending moment and the rotation of the 
section. The plasticity is concentrated at the ends of the beams. The hysteresis of the model is 
determined according to the Takeda hysteresis model [12]. A different type of element is 
adopted in order to model the columns. This model correlates the biaxial bending with axial 
force using the fiber model which distributes the plasticity along the column length [13, 14]. 

5.2 Simulation of the infill walls 

The model of equivalent diagonal strut is used in order to simulate the infill walls. It 
should be noticed that the infill walls are simulated in such a way so that they exhibit axial 
response only. The diagonal bar is pinned in the nodes of the frame. The dimension of the 
diagonal bar and the stress – deformation diagram (Figure 7) are calculated according to the 
Greek Retrofitting Code [10]. 

Figure 7: Stress - Deformation Diagram of infill walls 

6 ASSESSMENT ANALYSES 

6.1 Modal Analysis 

Modal analysis is a way to have a better understanding of the behavior of a building. 
Moreover the periods of the two first modes are necessary clues for the nonlinear dynamic 
analysis. The results of the modal analysis are shown in Table 2. 

Mode Movement Period (s) Mass Participation Ratios 
1 translational x axis 0.38 0.828 
2 translational y axis 0.374 0.957 
3 rotational  0.308 0.605 

Table 2: Modal Analysis Results 
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6.2 Nonlinear analyses 

Nonlinear analyses are primarily used for the assessment of existing buildings. Those 
analysis methods take into account the inelastic response of the used materials and calculate 
the nonlinear behavior of the member section and therefore the behavior of the member and 
the whole structure. The nonlinear analyses approach the real behavior of a building in an 
accurate way. The Greek Retrofitting Code [10] defines two types of nonlinear analysis, 
pushover analysis and time history analysis. 

6.2.1 Pushover analysis 

Pushover analysis approaches, by sequential analyses, the nonlinear behavior of the 
structural system under different distribution of lateral forces. Reinforced concrete frame 
structure evaluation using nonlinear static analyses has been studied by Karayannis and 
Favvata [15]. The control of the structure is carried out in the step (performance point) during 
which the capacity of the building meets the demand of the regulations (in this work the 
response spectrum of EC8 Part-1 [16]). In this step, the deformations of the critical sections 
are compared with the defined by the regulations deformations in terms of plastic rotation. 
The result of the comparison is the expected by the regulation behavior of the critical sections 
(linear or nonlinear response, performance requirements). 

Two different distributions of lateral forces are used. The first is a triangular distribution of 
the lateral forces and the second a uniform distribution of the lateral forces. The structure is 
analyzed for combination of the lateral forces which are parallel to the two main directions. 
These combinations are x+0.3y and y+0.3x.  

The results for the structure that is being studied are shown below. Figure 8 presents the 
local nonlinear behavior of the members of the building in terms of plastic rotational hinge 
requirement, based on the limit state of the critical sections. The yielded results correspond to 
the maximum limit state that has been reached between the triangular and the uniform 
distribution of the lateral forces for both combinations of the lateral forces. 

(a) (b) 

Figure 8: Damage Distribution (a) for combination x+0.3y, (b) for combination y+0.3x 

As it is shown in Figure 8, the majority of the critical sections of the columns and beams of 
the ground floor behaved nonlinearly, while the majority of the upper floor members 
responded linearly. As regards the combination of the lateral forces x+0.3y the rotation 
requirement is larger, as the Near Collapse (NC) limit state is reached while, as regards the 
combination y+0.3x, the Significant Damage (SD) limit state is reached. 
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(a) (b) 

Figure 9: Capacity Curves (a) for combination x+0.3y, (b) for combination y+0.3x 

The limit state of the structure can also be observed by the capacity curves of the structure 
(Figure 9). The capacity curves are almost identical for both distributions of the lateral force. 
As it is shown by the diagrams, for the combination of the lateral forces x+0.3y, the 
performance point exceeds the Near Collapse (NC) limit state with top displacement equal to 
0.067m and for the combination y+0.3x, the performance point exceeds the Significant 
Damage (SD) limit state with top displacement equal to 0.062m. 

In Figure 10, the storey drift for both combinations of the lateral force is presented. As it is 
obvious, the displacement of the down floor is significantly higher than that of the upper floor. 
Specifically, as regards the combination x+0.3y, the storey drift of the down floor is 2.23%, 
while the storey drift of the upper floor is 0.06%. As regards, the combination y+0.3x, the 
storey drift of the down floor is 2.19%, while the storey drift of the upper floor is 0.02%. 

(a) (b) 

Figure 10: Storey Drift Diagram (a) for combination x+0.3y, (b) for combination y+0.3x 

6.2.2 Time history analysis 

In time history analysis, a sequential solving of the dynamic problem for every time step of 
an earthquake is performed. The time history analysis is the most accurate method of analysis, 
but it is difficult to use because of the great computational cost, the difficulty of processing 
the huge amount of data and the need of carefully choosing the right accelerograms. The 
structure is analyzed for combination of the seismic forces parallel to the two main directions. 
These combinations are x+0.3y and y+0.3x. 

The results for the structure that is being studied are shown below. Figure 11 presents the 
local nonlinear behavior of the building members in terms of plastic rotational hinge 
requirement based on the limit state of the critical sections.  
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(a) (b) 

Figure 11: Damage Distribution (a) for combination x+0.3y, (b) for combination y+0.3x 

As it is shown in Figure 11, the majority of the critical sections of the columns and beams 
of the ground floor responded inelastically, while the structural members of the upper floor 
responded elastically. The majority of the sections either reaches or exceeds the Near 
Collapse (NC) limit state for both combinations. 

(a) (b) 

Figure 12: Top Displacement (a) for combination x+0.3y, (b) for combination y+0.3x 

In Figure 12, the top displacement of the building per time is shown. The maximum top 
displacement for the combination x+0.3y is 0.106m and for the combination y+0.3x is 0.089m. 
For both combinations, at the earthquake end the top displacement of the building is different 
to zero (in combination x+0.3y is 0.032m and in combination y+0.3x is 0.027m). The reason 
for that is that the columns of the ground floor are permanently deformed.  

In addition, in Figure 13, the storey drift of the building is presented. It can be observed 
that the relative displacement of the upper floor is considerably less than the displacement of 
the ground floor. Specifically, as regards the combination x+0.3y, the storey drift of the 
ground floor is 3.13% while the storey drift of the upper floor is 0.03%. As regards the 
combination y+0.3x, the storey drift of the ground floor is 2.72% while the storey drift of the 
upper floor is 0.03%. 
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(a) (b) 

Figure 13: Storey Drift Diagram (a) for combination x+0.3y, (b) for combination y+0.3x 

7 BASE ISOLATION 

The next phase of the paper is the retrofitting of the existing structure. Firstly, it is intended 
to reduce the seismic demand for the building with the use of seismic isolation systems. The 
reduction of the seismic response of the lateral – force resisting system is obtained by 
increasing the fundamental period of the seismically isolated structure and the damping. As a 
result, the isolators take over a great percentage of the horizontal displacement. The structure 
moves like a rigid solid body and does not take over tension from the seismic forces. In this 
work, two types of isolators have been used, Lead Rubber Bearings (LRB) and Friction 
Pendulum Systems (FPS). 

7.1 Simulation of base isolation systems 

According to the Greek Retrofitting Code [10] and EC8 Part-3 [9], the hysteresis diagram 
of an LRB and an FPS can be modeled as bilinear. In Figures 14 and 16 the typical force – 
displacement diagrams for an LRB and an FPS is presented, respectively. In this work, the 
bearings are designed according to the simplified linear analysis method (EC8 Part-1). 

Figure 14: Bilinear Force - Deformation Diagram of LRB 

The behavior of an LRB can be defined throughout the yield point load of the lead core 
(Fy), the lead core contribution to the horizontal stiffness (Klead) and the elastomer 
contribution to the horizontal stiffness (Kr). The implemented LRB bearing has a diameter of 
350mm, elastomer thickness of 112mm and the effective damping takes a value beff=28%. 
The shear modulus of the elastomer is equal to G=0.4MPa. The analysis model is based on the 
hysteresis model which was suggested by Wen [17] and Park et al. [18] (Figure 15). 
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Figure 15: Hysteresis Model of LRB 

The response of friction pendulum systems can be described using the radius of curvature 
(R), the coefficient of friction (μ) and the effective vertical load (V). The implemented FPS 
bearing has radius of curvature 2.5m, coefficient of friction 0.055 and effective vertical load 
560kN. The analysis model is based on the hysteresis model recommended for base isolation 
analysis suggested by Nagarajaiah et al. [19] and on the sliding behavior suggested by Zayas 
et al. [20]. 

Figure 16: Bilinear Force - Deformation Diagram of FPS 

7.2 Results 

Mode Movement 
Initial 

Period (s) 
Period 

LRB (s) 
Period 
FPS(s) 

1 translational 
x axis 

0.38 1.936 3.582 

2 translational 
y axis 

0.374 1.91 3.538 

Table 3: Modal Analysis Results 

The implementation of the base isolation systems has successfully increased the 
fundamental period (Table 3). The period of the first mode increased from 0.38s to 1.936s 
with the use of LRB. With the use of FPS the period of the first mode increased from 0.38s to 
3.58s. The structural members and the infill walls responded linearly for both types of 
bearings. The hysteresis behavior of the bearings is shown in Figure 17. 
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(a) (b) 

Figure 17: Hysteresis behavior of (a) LRB, (b) FPS 

In Figure 18, the relative displacement between the top and the base of the structure is 
shown. This Diagram represents the behavior of the structure in three different conditions, the 
initial (without any intervention) and the intervention with each base isolation system (LRB 
and FPS). In the initial stage, the relative displacement between the top and the base of the 
building is significantly larger than the displacement which corresponds to the intervention 
with the base isolation systems. In the first case, the ground floor columns deform and 
because of that the maximum relative displacement is 0.106m. At the same time, after the 
base isolation intervention, the horizontal displacement is taken over by the bearings and 
consequently the member deformations are approximately 10 times less and the maximum 
relative displacement is 0.017m for the FPS and 0.015m for the LRB. It is also observed that 
after the intervention with base isolation systems, there is no permanent displacement. Before 
the intervention the permanent displacement of the structure was for both combinations close 
to 0.03m. 

(a) (b) 

Figure 18: Top to Base Relative Displacement (a) for combination x+0.3y, (b) for combination y+0.3x 

In Figure 19, the storey drift for the initial condition and the base isolation intervention 
(LRB and FPS) is shown. The storey drift is significantly decreased with the use of base 
isolation systems. Specifically, for the combination x+0.3y before the intervention, the 
maximum storey drift is 3.13% while after the intervention with LRB, the maximum storey 
drift is 0.43% and with FPS it is 0.48%. For the combination y+0.3x before the intervention, 
the maximum storey drift is 2.72% while after the intervention with LRB, the maximum 
storey drift is 0.36% and with FPS it is 0.37%. 
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(a) (b) 

Figure 19: Storey Drift Diagram (a) for combination x+0.3y, (b) for combination y+0.3x 

In Figure 20, the shear distribution to the floors for the initial condition and the base 
isolation intervention (LRB and FPS) is shown. The shear distribution is significantly 
decreased with the use of base isolation systems. Specifically, for the combination x+0.3y 
before the intervention, the maximum shear force to the ground floor is near to 2900kN while 
after the intervention with LRB, the maximum shear force to the ground floor is about 
1550kN and with FPS it is close to 1700kN. For the combination y+0.3x before the 
intervention, the maximum shear force to the ground floor is about 1900kN, while after the 
intervention with LRB the maximum shear force to the ground floor is about 550kN and with 
FPS it is close to 600kN. 

(a) (b) 

Figure 20: Shear Distribution per floor (a) for combination x+0.3y, (b) for combination y+0.3x 

8 METAL BRACES 

The second intervention method used is the implementation of metal braces. The metal 
braces with the beams and columns of the building behave as a truss. The horizontal seismic 
force is taken over from the diagonal bars of the formed truss (the metal braces). The brace 
material is chosen to be steel. Steel because of its ductility deforms significantly and observes 
a great amount of seismic energy.  

The section of the metal braces has been chosen so that the additional stiffness to the 
ground floor balances the initial stiffness lack of that floor. In order to accomplish this, the 
chosen section is SHSH120x120x10. These braces have been chosen to be placed crosswise, 
with no eccentricities and pinned to the frame nodes. Moreover, the metal braces have been 
placed symmetrically in plan, so as not to cause torsional phenomena. 
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8.1 Simulation 

The metal braces simulation has been performed according to the Greek Retrofitting Code 
[10] model regarding the relation between the axial force and the axial deformation. That 
diagram is presented in Figure 21. The control of the braces has been performed according to 
the EC8 Part-3 [9] model for the axial deformation capacity of braces in compression and 
tension. The location of the metal braces in the building is also presented in Figure 22.  

 

 
Figure 21: Force - Deformation Diagram for metal braces 

 

(a) (b) 

 
Figure 22: Position of the implemented metal braces (a) in plan, (b) in 3D 

8.2 Modal analysis results 

Mode Movement Initial 
Period (s) 

Period (s) 
(Metal Braces) 

1 translational x axis 0.38 0.267 
2 translational y axis 0.374 0.228 
3 rotational 0.308 0.174 

 

Table 4: Modal Analysis Results 

The implementation of the metal braces has increased the stiffness of the building and 
decreased the fundamental period of the building. The period of the first mode has decreased 
from 0.38s to 0.267s with the implementation of metal braces. 
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8.3 Pushover analysis results 

(a) (b) 

Figure 23: Damage Distribution (a) for combination x+0.3y, (b) y+0.3x 

Figure 23 presents the local nonlinear behavior of the structural members in terms of 
plastic rotational hinge requirement based on the limit state of the critical sections. The results 
that are being shown correspond to the maximum limit state that has been reached between 
the triangular and the uniform distribution of the lateral forces for both combinations of the 
lateral forces. The majority of the structural members responded elastically.  

For both combinations, increased performance requirements are observed only in a small 
number of beam critical sections and to the metal braces that are situated parallel to the 
direction of the force. For the combination x+0.3y, the sections that behaved nonlinearly 
reached the Damage Limitation (DL) limit state, while for the combination y+0.3x they 
reached either the Damage Limitation (DL) limit state or the Significant Damage (SD) limit 
state. The metal braces are replaceable, so the damages that occurred to them are considered 
fixable. The beams are lightly damaged and can also be repaired. 

Figure 24 shows a comparison between the capacity curves before and after the 
implementation of metal braces. The increase of stiffness and strength is obvious. The 
performance point after the intervention for both combinations is in the elastic part of the 
capacity curve. The structure behaved elastically. In Figure 25 the storey drift for the initial 
condition and the intervention with metal braces is shown. The storey drift is significantly 
decreased with the use of base isolation systems. Specifically, for the combination x+0.3y 
before the intervention the maximum storey drift is 2.23% while after the intervention the 
maximum storey drift is 0.15%. For the combination y+0.3x before the intervention the 
maximum storey drift is 2.19% while after the intervention the maximum storey drift is 0.25%. 

(a) (b) 
Legend

Figure 24: Capacity Curves (a) for combination x+0.3y, (b) for combination y+0.3x 
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(a) (b) 

Figure 25: Storey Drift Diagram (a) for combination x+0.3y, (b) for combination y+0.3x 

8.4 Time history analysis results 

(a) 
(b) 

Figure 26: (a) Damage Distribution for combination x+0.3y, (b) Hysteresis Diagram of metal brace 

Figure 26(a) presents the local nonlinear behavior of the structural members in terms of 
plastic rotational hinge requirement based on the limit state of the critical sections. For the 
combination y+0.3x, all the structural members responded elastically. For the combination 
x+0.3y, increased demands are shown only to the metal braces that are situated parallel to the 
direction of the force. The sections that responded nonlinearly reached the Damage Limitation 
(DL) limit state. In Figure 26(b) the hysteresis diagram of a metal brace is shown. The 
damage to the metal braces can be economically repaired. 

(a) (b) 

Figure 27: Top Displacement (a) for combination x+0.3y, (b) for combination y+0.3x 
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In Figure 27 the top displacement of the structure is shown. This diagram represents the 
behavior of the structure before and after the intervention with metal braces. In the initial 
stage, the displacements of the top of the building are significantly larger that those after the 
intervention with the metal braces. In the first case, the maximum top displacement is 0.106m 
while after the intervention the maximum top displacement is 0.0034m. It is also observed 
that after the intervention with metal braces, there is no permanent displacement. Before the 
intervention the permanent displacement of the structure was for both combinations near to 
0.03m. 

(a) (b) 

Figure 28: Storey Drift Diagram (a) for combination x+0.3y, (b) for combination y+0.3x 

In Figure 28, the storey drift for the initial condition and the metal brace intervention is 
shown. The storey drift is significantly decreased with the use of metal braces. Specifically, 
for the combination x+0.3y, before the intervention the maximum storey drift is 3.13% while 
after the intervention the maximum storey drift is 0.066%. For the combination y+0.3x, 
before the intervention the maximum storey drift is 2.72% while after the intervention the 
maximum storey drift is 0.033%. 

In Figure 29, the shear distribution to the floors before and after the intervention is shown. 
The shear distribution is significantly decreased with the use of metal braces. Specifically, for 
the combination x+0.3y, before the intervention the maximum shear force to the ground floor 
is near to 2900kN, while after the intervention the maximum shear force to the ground floor is 
about 320kN. For the combination y+0.3x, before the intervention the maximum shear force 
to the ground floor is about 1900kN, while after the intervention the maximum shear force to 
the ground floor is about 80kN. 

(a) (b) 

Figure 29: Shear Distribution per floor (a) for combination x+0.3y, (b) for combination y+0.3x 
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9 CONCLUSION 

Firstly, the assessment of the building with nonlinear analysis methods took place. As it 
was expected the building behaved as “pilotis” type. A “soft” floor mechanism was created in 
the ground floor because of the lack of infill walls there. The columns majority and a great 
number of beams of the ground floor responded nonlinearly. The structural members of the 
first floor remained in the elastic range. It was also observed that, at the end of the earthquake, 
large permanent drifts were present. Finally, the analyses results verified the actual state that 
was presented by the building after the earthquakes. A “soft” floor mechanism actually 
occurred, since the columns of the ground floor were heavily damaged and the second floor 
responded elastically. 

Having the assessment procedure carried out, the need for structural intervention has been 
decided. The first method to be used was the implementation of LRB and FPS isolation 
systems. As a result, the period of the building was increased and the seismic force demand 
was reduced. The structural members of the structure and the walls responded linearly. It was 
observed that the largest side movements were taken over from the bearings, while the rest of 
the structure moved as a rigid body. The relative displacement between the top and the base of 
the building decreased about 10 times, while the storey drift of the ground floor decreased 7 
times and the shear force of the ground floor 2 times. Moreover, there were no permanent 
deformations. 

The second intervention method to be used was the implementation of metal braces with a 
SHSH120x120x10 section. As a result, the stiffness and the strength of the building were 
increased and consequently the period was reduced. The majority of the structural members 
responded linearly. The majority of the damages concentrated in the metal braces which are 
considered replaceable. The top displacement of the building was incomparably reduced, 
while the storey drift of the ground floor was reduced 8 times and the shear force of the 
ground floor 9 times. 

The assessment of the seismic behavior of the building verified the damages that were 
observed during the field investigation and were expected also according to the scientific 
knowledge about the “pilotis” type buildings. The intervention to the building was made with 
two methods which are based in different principles. Both methods were proved to be equally 
efficient as they were successful in preventing the structural elements from significant 
yielding and in decreasing the storey drift to a negligible point. Thus, after the interventions 
the structure is lightly damaged and does not need any repair measures to be taken. 
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Abstract.  

This paper presents a design methodology for the seismic upgrading of rotationally sensitive 
existing R.C. buildings. The first part of the methodology deals with the elimination of the effect 
of torsional coupling on modal periods and shapes. The second part aims at the modification 
of the response shape of the building in each direction so as to achieve a near – uniform distri-
bution of interstorey drift along the building height. A three-storey building constructed in the 
early 1970s with old type reinforcement detailing is selected as a case study. After being as-
sessed, the proposed methodology is implemented and the various steps involved are described 
in detail. The validity of the proposed methodology was assessed by carrying out inelastic anal-
yses with the use of a three-dimensional finite element model of the retrofitted structure. The 
results indicate the efficiency of the proposed design methodology for the seismic upgrading of 
existing torsionally unbalanced R.C. buildings. 
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1 INTRODUCTION  

The vast majority of existing R.C. buildings stock has been designed with out-of-date codes 
where seismic detailing was at a primitive stage of knowledge. Recent earthquakes occurred 
worldwide (e.g. Northridge, California (1994); Kobe, Japan  (1995); Chi Chi, Taiwan (1999); 
Athens, Greece (1999), Izmit and Düzce, Turkey (1999), L’ Aquila, Italy (2009), Haiti (2010)) 
have demonstrated the susceptibility of non-ductile buildings with deficiencies related to mem-
ber- and/or system-level. Insufficient reinforcement detailing of components (e.g. inadequately 
anchored transverse and longitudinal reinforcement, sparse and smooth stirrups, lap splices in 
the region of the plastic hinge, no stirrups in the beam-column joints, bad connection of the 
ground floor columns to the foundation system) limit the ability of the structure to resist seismic 
loading. System-level deficiencies such as eccentricities of stiffness and mass in both plan and 
elevation are common in existing structures leading to severe damage and eventually to collapse. 
Irregularities along the vertical axis are due to either irregular distribution of mass or stiffness 
along the height of the building. A special case is the soft-storey formation in pilotis type build-
ings (i.e. the ground storey used for commercial facilities is an open frame (bare frame), while 
the storeys above are infilled.). The uneven distribution of stiffness in plan (horizontal irregu-
larities) may be the result of architectural (e.g. L-shaped buildings) or functional (e.g. facade of 
commercial buildings) features. The position of the elevator shaft walls plays an important role 
in the distribution of stiffness in plan (Fig. 1).  

Figure 1: Collapse of torsionally unbalanced R.C. buildings in the 1999 Athens earthquake.  

Different retrofit strategies may be developed for non-ductile R.C. buildings depending 
among other parameters on the mandated level of the intervention and the financial objectives 
of the retrofit offer [1]. Thermou et al. [2] developed a retrofit design concept according to 
which response may be improved by targeting for a fundamental mode shape that would pro-
duce a desirable pattern of interstorey drift and therefore damage. This concept was further 
extended by Pardalopoulos and Pantazopoulou [3] in three-dimensional structures with tor-
sional component in their lateral response, where in the methodology developed the fundamen-
tal translational mode shape is approximated by separating the contributions to translation and 
twisting from the corresponding basic modes of an associated decoupled system.  

In the proposed retrofit design methodology the criteria that need be satisfied are correction 
of any irregularities in plan and in elevation and elimination of mechanisms likely to lead to 
damage localization. Distribution rather than localization of damage is crucial; otherwise the 
weakest link will jeopardize the stability of the whole structure [2]. Another important issue is 
the modification of the structural system so as to achieve increase in the redundancy of the 
lateral load resisting system.  
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This paper presents a design methodology for the seismic upgrading of rotationally sensitive 
existing R.C. buildings. The methodology aims first to eliminate the effect of torsional coupling 
on modal periods and shapes. After this stage, the building is expected to respond independently 
in the two lateral directions (since torsional effects have been neglected) following the corre-
sponding fundamental mode shapes. Next, the translational response shape in each orthogonal 
direction is engineered as to achieve a near – uniform distribution of interstorey drift along the 
building height [2]. The proposed methodology was implemented to an existing three-storey 
building constructed in the early 1970s. The validity of the proposed methodology was assessed 
by carrying out inelastic analyses with the use of a three-dimensional finite element model of 
the retrofitted structure. The results indicate the efficiency of the proposed design methodology 
for the seismic upgrading of existing torsionally unbalanced R.C. buildings. 

2 FUNDAMENTALS OF THE PROPOSED RETROFIT DESIGN 
METHODOLOGY  

The proposed retrofit design methodology aims to modify radically the response of old sub-
standard R.C. buildings with torsional sensitivity. For this scope a retrofit design methodology 
has been developed which comprises two design stages (Phase I and Phase II). First, structural 
eccentricities are minimized and simultaneously torsional resistance and stiffness are enhanced. 
This is realized by the addition of stiffness at the periphery of the building through adoption of 
global intervention methods (e.g. R.C. infill walls, R.C. jacketing). At the end of this design 
stage (Phase I), the building is symmetric in plan and torsionally balanced. Thus, the ground 
motion in the two orthogonal axes (x and y) will cause only lateral motion, whereas the system 
will experience no torsional motion unless the base motion includes rotation about the vertical 
axis. The building is modified further as to respond in each lateral direction according to a target 
response shape, called hereafter target response shape. The objective is to mitigate damage lo-
calization through controlled modification of the lateral response shape. This is achieved by a 
weighted distribution of additional stiffness along the height of the building ([2], [4], [5]).  

2.1 Elimination of the torsional sensitivity – Design Phase I  

The unsymmetric plan depicted in Fig. 2(a) corresponds to the constant floor plan of an 
existing mulitistorey R.C. building. Due to the distance between the center of mass (CM) and 
the center of stiffness (CS) (i.e. eccentricities ex and ey in Fig. 2(a)), the building is expected to 
simultaneously undergo lateral motion in the two orthogonal directions (x and y) and torsion 
about the vertical axis whenever subjected to the x- or y-component of ground motion. In case 
that the origin of the xOy coordinate system is defined at the CM for each vertical member i 
the translational and rotational stiffness are defined as:     

Translational stiffness: 
n

x x,i
i 1

K K


 ; 
n

y y,i
i 1

K K


 (1a)  

          Rotational stiffness:  
n

2 2
z y,i i x,i i

i 1

K K x K y


    (1b) 
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where Kx,i, Ky,i are the lateral stiffness of the individual floor elements and xi, yi is the distance 
of the geometrical center of each element from the origin xOy. Note the translational and rota-
tional stiffness as defined in Eqs. (1) correspond to the CM. The floor rotation, θ, as a result of 
force Vo acting at the CM is:  

o y o xv
/ /
z z

V cosa e V sin a eM

K K

     
               (2) 

where Kz
/ is the rotational stiffness defined at the CS according to:   

   
n 22/

z y,i i x x,i i y
i 1

K K x e K y e


         (2a) 

The eigenvalue problem of the existing building whose solution provides the natural frequen-
cies, ωs, and modes, Φs, is described mathematically by:  

2 2
s s

y
2
s x

y x

0

-e

e

-e e

x x x x

y y y y

m z x y z z

K M Φ M Φ K Φ

m 0 0 Φ K 0 K Φ

0 m 0 Φ 0 K K Φ

0 0 J Φ K K K Φ

            
      
               

             

(3) 

where ωs (s=x,y,z) is the natural frequency, Kx, Ky, Kz are the diagonal submatrices of the 
translational stiffness in x and y direction and of the rotational stiffness of order N/3 (N is the 
number of storeys). Φs

T=[Φs,1, Φs,2,…, Φs,N]T (s=x, y, z) are the mode shapes of the system. m, 
Jm are the diagonal submatrices of the mass and moment of inertia of order N/3 (N is the number 
of storeys). The moment of inertia at each storey is defined as:  

 2 2
x y 2

m st st s

L L
J m m l

12


   (4) 

where mst is the storey mass, Lx, Ly are the in plan dimensions of the building and ls is the ra-
dius of gyration of the floor mass in plan.  
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Figure 2: Plan layout (a) of the existing building; (b) of the retrofitted building (eccentricity elimination).  

The mode shapes are coupled through the stiffness matrix, K, because the stiffness properties 
are not symmetric about the x and y axes. In case that eccentricity could be eliminated so that 
Kxθ=Κθx=Κyθ=Κθy=0 (i.e. ex=ey=0 and thus θ=0 (Eq. (2)), then the system would be uncoupled 
in x, y and z directions. This can be achieved by adding stiffness to the system in strategically 
selected positions at the periphery of the building as to minimize eccentricity and simultane-
ously increase torsional resistance (Fig. 2(b)). The translational and rotational stiffness of the 
modified system are:  

Translational stiffness: 
n m

R
x x,i x,p

i 1 p 1

K K K
 

   ; 
n

R
y y,i y,q

i 1 q 1

K K K
 

  


(5a)

Rotational stiffness:  
n m

R 2 2 2 R 2 R
z y,i i x,i i x y,q y x,p

i 1 q 1 p 1

K K x K y 0.25 L K 0.25 L K
  

           


  (5b)

where 
m

x,p
p 1

K

 and y,q

q 1

K




refer to the additional stiffness required as to remove any eccen-

tricity of the floor plan. The objective is to add such an amount of stiffness as to move the CS 
to the CM (i.e. ex=ey=0 in Fig. 2(a)). Hence, the required amount of stiffness in the x direction 
may be estimated from:   

 
 

n m

x,i i y x,p m n
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CM CS x,p x,i in m
p 1 i 1y
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K y 0.5 L K
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Similarly, the required amount of stiffness in the y direction is:   

 
n

y,p y,i i
q 1 i 1x

2
K K x

L 

   


              (6b) 

Eq.(3) that describes the eigenvalue problem for the existing building is modified accordingly 
as to account for the effect of the additional stiffness that lead to elimination of eccentricity and 
enhancement of the torsional resistance:  
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R
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                                     (7) 

 
Thus, the three uncoupled equations that describe the eigenvalue problem are:  
 
           2

x
R R R
x x xm Φ K Φ     ; 2

y
R R R
y y ym Φ K Φ     ; 2

z
R R R
z z zm Φ K Φ                                  (8) 

 
According to Eq. (8) the modified building (Fig. 2(b)) will response independently in the two 
lateral directions (torsional effects have been neglected) following the corresponding funda-
mental mode shapes.  

2.2 Strengthening for a target response shape – Design Phase II 

In the proposed rehabilitation framework, deformation demand is quantified by interstory drift 
throughout the structure. In a reverse process of redesign, in which the desirable pattern of 
interstorey drift distribution prescribes the proper morphology of the fundamental mode shape, 
it is relatively straightforward to evaluate the pattern of stiffness distribution throughout the 
structure that is required to produce a desirable translational mode ([5], [6], [7]). The retrofit 
design methodology developed by Thermou et al. [6] is adopted. In the first step of the meth-
odology the target period of the retrofitted building, Ttarget, is defined. It could range between 
0.05Htot

3/4≤Ttarget<Texisting. The Yield Point Spectrum (YPS) representation [8] is utilized for de-
fining for a given period value, Ttarget, the total acceleration and relative displacement coordi-
nates of the elastic ADRS spectrum (corresponding to Ttarget) which are simply divided by the 
behaviour factor, qtarget, and the corresponding ductility demand, target. A ductility value (μtarget) 
between 2 and 3 may be considered achievable for retrofitted buildings. Next, the target re-
sponse shape, Φshape, is selected. The driving consideration is the pursuit to obtain as nearly 
uniform as possible a distribution of drift demand. Alternative options for the selected response 
shape are presented in Fig. 3. When considering structural vibration in the selected target mode 
shape, the generalized (effective) SDOF properties of the structure are related to the target pe-
riod and from there to the required secant-to-yield stiffness of the first floor, K1, as follows:  
 

  
 

N n
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j j* 2
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2 21 t argetj j i j
j 1 j 1
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K K Tw w

 

 

             
   
 

 

 
                 (9a) 

 
where K1 is the stiffness of the first storey, w1 is the weighting factor value at the first storey, 
m is the typical storey mass, Φj is shape value at the jth storey (N is the total number of storeys) 
and Ttarget is the target period. Eq. (9a) may be further simplified in case of a triangular response 
shape with equal storey height to:  
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The required stiffness in the j-th floor associated with the selected target shape is obtained from: 

j
j 1

1

w
K K

w
 (10) 

This procedure is repeated in both lateral directions. The additional stiffness required at each 
storey in both lateral directions as for the lateral response shape to conform to the target shape 
is distributed along the vertical members of the floor. In the selection of the vertical members 
to be strengthened attention should be paid as not to modify the center of stiffness.  

Figure 3: Lateral displacement profiles; (a) shear; (b) triangular; (c) flexural. 

3 IMPLEMENTATION OF THE PROPOSED RETROFIT DESIGN METHODOLOGY 

3.1 Description of the Existing Building  

The building selected as a case study is a 3-storey residential R.C. building constructed in 
the center of the city of Thessaloniki (North Greece) in the early 1970s according to the provi-
sions of the first Greek Seismic Code [9]. The first storey (ground floor) has a commercial use 
(windows at the perimeter - open first storey) whereas the other floors are used as apartments. 
The plan layout of the first storey is differentiated. The first storey height is 4.50 m whereas the 
height of the other two floors is 3 m. The area of the typical floor is 351.68m2 and is constant 
along the height of the building. 

The structural system is formed as an orthogonal grid of columns, walls, beams and slabs 
(Fig. 4). As it is observed there are a few beam to beam connections. Discontinued (cut-off) 
columns do not exist. 

The cross section of the columns is rectangular with varied dimensions along the building’s 
height, generally reducing by 5 cm in each upper floor. The average column in the ground floor 
is 35cm square and is reduced up to 25cm square in the last floor. Columns longitudinal rein-
forcement comprises smooth bars of 12 mm ÷ 20 mm diameter and the longitudinal reinforce-
ment over the column section ranged between 6.6‰ ÷ 10.3‰. Column transverse 
reinforcement comprises stirrups of 6 mm bar diameter spaced at 250 mm anchored with 90° 
hooks in the ends. The influence of the shear reinforcement is considered negligible, due to the 
small diameter and the sparse placement of the transverse reinforcement. 
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The geometry and the reinforcement detailing of R.C. walls followed the typical construction 

practice of that era in Southern Europe. The dimensions of the wall cross section were 1200 
mm ÷ 2150 mm long by 150 mm ÷ 250 mm in width. The boundary elements were lightly 
reinforced by 412 mm longitudinal bars and the web reinforcement comprised of a dual mesh 
8/250 mm.  

The longitudinal reinforcement of the beams comprises smooth bars of varying diameter  10 
mm ÷ 20mm and longitudinal reinforcement area ratio tanged between 3.1‰ ÷ 14.7‰ approx-
imately. Note that in a few beams three different bar diameters are placed (e.g. 10 mm, 12 mm 
and 16 mm). Transverse reinforcement follows the same pattern as in columns. The slab thick-
ness was 0.10 m constant at all floors and considered to offer diaphragmatic action. 

The materials considered were B160 concrete quality (which corresponds to fck=10 MPa) 
and smooth StI for longitudinal and transverse reinforcement of the structural members 
(fsy=fsyw=250 MPa).  

Figure 4: Typical plan layout of the 1st storey.
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Gravity load was estimated by considering the load combination g+0.3q (dead load and 30% 
of the live load). Finishing were taken 0.6 kN/m2 and live load 2 kN/m2 according to the infor-
mation found in the folder of the project. The balcony load was applied as uniform load on the 
external beams providing an additional dead load of 3.40 kN/m and live load of 5.00 kN/m.  

Figure 5: Typical floor plan layout of the 2nd and 3rd storey. 
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3.2 Assessment of the Existing Building 

Before proceeding with the implementation of the proposed retrofit design methodology, a pre-
requisite step is the assessment of the existing building. Structural regularity is checked first 
and then assessment at member level is performed as to define the deformation and strength 
capacity of all the structural members. Moreover, assessment through detailed analysis was also 
performed as to verify the results of the hand calculations.  

3.2.1 Check of Regularity in Plan and Elevation 

The EC8-Part I [10] quantified criteria for assessing structural regularity are implemented. 
The slenderness, λ(=Lmax/Lmin), of the case study building is 1,90 (λ=1,90<4), thus less than 
4,0. The structural eccentricity in both directions x-x and y-y, eo,x and eo,y, is smaller than 30% 
of the torsional radius in both horizontal directions (Table 1). The torsional radius, rx and ry, is 
larger than the radius of gyration in direction x and smaller in direction y. As a result, the build-
ing is characterized as being irregular in plan only in the x-x direction.  

Table 1: Check of regularity in plan 

Direction x-x Direction y-y 

eox< 0,30 rx Check rx> ls Check eoy< 0,30 ry Check ry> ls Check 

1,09< 1,61 √ 5,36 7,99 X 0,02 2,53 √ 8,43 7,99 √ 

Conclusion: Irregularity in plan Conclusion: Regularity in plan 

The building evidently fulfills all requirements for regularity in elevation stated in EN 1998-
Part I [10]. Specifically, all lateral load resisting systems run without interruption from the 
foundation to the top of the building. The lateral stiffness and the mass of the individual storeys 
remain constant from the base to the top of the building.  

3.2.2 Assessment at Member Level 

The chord rotation at yield and at ultimate, as well as the flexural and shear strength of the 
existing jth R.C. members (columns, beams, walls) were estimated according to EC8-Part III 
[11] and the Greek Intervention Code [12]. The following expressions were used:   

For beams or rectangular columns: 

, 1⁄ 0,0014 1 1,5
⁄

             (11a) 

For walls: 

, 1⁄ 0,0013
⁄

(11b) 

For beams or rectangular columns: 

, 0,016 0,3 	 , ;

, ;

.
, 25 1,25   (11c) 
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, where av=1 if the shear force at flexural yielding, My/Ls, exceeds the shear at diagonal cracking, 
or 0 otherwise, z is internal lever arm equal to 0.9d in beams or columns, 0.8lw in walls, db: 
diameter of longitudinal bars, aw=1 for walls, 0 otherwise; ρs: confining reinforcement ratio in 
the direction of bending; ρd is diagonal reinforcement ratio. Material strengths fy, fc are in MPa. 
In members not detailed for earthquake resistance, the right hand of Eq (11c) is reduced by 20%.  
For every vertical member the flexural strength, Vy, was estimated by considering EC8-III [11] 
and KANEPE [12] expressions according to which flexural capacities are converted into asso-
ciated shear forces, Vy=My/Ls. This may be done assuming attainment of flexural capacity at 
both ends for the columns (shear span Ls equal to half the clear storey height), or a shear span 
Ls of walls equal to 2/3 of the total height of the building. The yield moment, My, may be 
computed according to Eq (12). 
 

, 1⁄ ,

,

2
0.5 1 ,

3
1 , , 6

1

1
2

												 12 	 

According to KANEPE [12] the secand-to-yield at each end of a concrete member, EIeff , 
may be computed from the yield moment, My, and the chord rotation at yielding at the end, θy, 
as:  

                                                          EI , M , L 3θ ,⁄ 																																																	 13 	

In this study, it is assumed that the columns of the storey are fixed in both ends whereas 
walls are fixed only at the base. Thus, the shear span for the columns is equal to half the clear 
storey height whereas for the walls it was taken equal to 2/3 of the total height of the building 
(i.e. they are considered to behave as cantilevers with a height equal to 2/3Htot). Thus, the stiff-
ness, Kj, of the ith vertical member is:  

For columns:                                            , 2 ∙ , ∙ 																																							 14⁄ 							 

 

For walls:                                          	 , , ∙⁄ 																																											 14  

 
From the above, the stiffness at member level is estimated. The total stiffness of each floor is 
obtained by direct summation of the stiffness of the individual vertical members of each floor 
(they are considered to function as a sequence of springs in parallel) and presented in Tables 2: 

 

Table 2: Stiffness of the building for each storey and at each direction 

Stiffness, Kj (kN/m) 

Storey direction x direction y 

1st 87077,12 96447,9 

2nd 165381,76 181295,15 

3rd 127008,98 137747,31 
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The shear resistance of beams, columns and walls, VR,i, with rectangular web (with units: 
MN and meters) was calculated according to: 

V , min N; 0,55A , f 1 0,05min 5, μ , 0,16max 0,5; 100ρ , 1

										0,16min 5; a f A , V , 				 (15)	

The shear strength of a concrete wall, VR,i, may not be taken greater than the value corre-
sponding to failure by web crushing, VR,max,i, which under cyclic loading may be calculated 
from the following expression (with units: MN and meters): 

V , , 0,85 1 0,06min 5; μ , 1 1,8min 0,15;
N
A , f

 

      1 0,25max 1,75; 100ρ , 1 0,2min 2; a f b , z   (16) 

where μθ,i
pl

  is the ratio the plastic part of the chord rotation, θ, normalized to the chord rotation 
at yielding, θy. In the calculations, μθ,i

pl was assumed equal to 0. The results of the shear strength 
assessment of the columns and the walls are presented in Table 3. As it is shown in case of 
columns premature failure in shear is expected to occur in all the floors. This corresponds to 
the case that index v (=Vshear,c/Vy) < 1 (Table 3). This implies that the columns will fail well 
before reaching yielding and thus the chord rotation at yielding will not be reached. Instead the 
columns at the time of failure will have a chord rotation significantly reduced (almost half) of 
the chord rotation at yielding (Table 3). The value of 0.25% can be considered representative 
for all the floors. Referring to the walls no premature failure is anticipated.  

Table 3: Average values of chord rotation at yielding and ultimate and shear resistance of the vertical members 

Floor
θy,col

flex* 
(%) 

θu,col
flex*

 

(%) 
Vshear,c 

(kN) 
Vy 

(kN) 
v=Vshear,c/Vy Failure 

θfail
*= v·θy,col

flex (%)

1st 

Columns  (C1-
C33) 

0,44 0,61 22,26 38,21 0.58 Shear 0.26 

2nd 0,41 0,56 29,75 46,19 0.64 Shear 0.26 

3rd 0,41 0,55 21,00 34,79 0.60 Shear 0.25 

θy,wall (%) θu,wall (%)
Vshear,w 

(kN) 
Vy 

(kN) 
v=Vshear,c/Vy Failure 

θfail
*= v·θy,col

flex (%)

W
al

ls
 direction x-x 

(T1-T2) 
0,34 3,19 691,20 127,59 5.42 Flexure

- 

direction y-y 
(T3-T5) 

0,43 3,45 691,20 127,59 5.42 Flexure
- 

* The same value applies in both directions x-x, y-y due to the square cross section 

3.2.3 Assessment through Detailed Analysis 

The finite element analysis program SeismoStruct v6.5 is utilized to perform necessary anal-
ysis for the assessment of existing building such as nonlinear static pushover analysis, eigen-
value analysis and incremental dynamic analysis. Both vertical and horizontal elements are 
modeled with inelastic elements capable of representing progressive cracking and spread of 
inelasticity. Beam-column joints are assumed rigid and fully-fixed boundary conditions are 
adopted at the base of the building (Fig. 6).  
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Figure 6: 3D modeling of the existing R.C. building 

3.2.3.1. Eigenvalue Analysis  

Eigenvalue analysis was performed for determining the periods and mode shapes as pre-
sented in Table 4 and Fig. 7. The torsional sensitivity of the building due to the irregularity in 
plan in x-x direction is verified by the eigenvalue analysis.  

Table 4: Elastic periods and modal participation mass ratios of the existing building 

Mode 
shape No. 

Period (s) Modal participation mass ratio 

Ux Uy Rz

1 0,683 0,22% 4,55% 90,43%

2 0,634 84,15% 0,07% 0,13%

3 0,373 0,04% 80,92% 4,53% 

 

 

Figure 7: Deformed shape, periods and modal participating mass ratio (MPMR) of the existing building: (a) 
1st mode; (b) 2nd mode; (c) 3rd mode 

(a) 1st mode: T1=0.68s  MPMR=90.43% (b) 2nd mode: T2=0.63s  MPMR=84.15%

(c) 3rd mode T3=0.37s  MPMR=80.92%
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3.2.3.2 Pushover Analysis  

In case of torsionally sensitive buildings static pushover analysis exhibits shortcomings and 
limitations that confine its range of application and raise doubts of its effectiveness to accurately 
estimate structural seismic demand, as demonstrated by a number of researchers [e.g. [13], [14]). 
However, according to the Greek Code for interventions [11], pushover analysis is permitted to 
be implemented even in torsionally unbalanced buildings, only when accompanied by a non-
linear dynamic analysis for validation reasons. Thus, incremental dynamic analyses are per-
formed for various ground motions in order to assess the level of validity of the pushover 
analyses results. Incremental dynamic analyses (IDA) are performed only for the direction 
where the structure is torsionally unbalanced (direction y-y). Eurocode 8-III [11] requires the 
use of a spatial model in case of building not conforming with the criteria for regularity in plan. 

The building was subjected to pushover analyses separately in the two orthogonal directions 
x-x and y-y. Two different lateral force profiles were adopted, the modal and the uniform shape. 
From the pushover analyses conducted, it was shown that uniform distribution led always to 
more unfavorable results as expected. For this purpose, the results from the uniform load profile 
are presented. The base shear – roof displacement curve of the structure in the x-x and y-y 
direction is depicted in Fig. 8(a) and 8(b), respectively. The horizontal dashed line indicates the 
base shear force level at which shear failure is anticipated according to the assessment 
conducted at member level (Table 2). Hence, from the assessment failure is expected prior to 
global yielding.  

Figure 8: Pushover curves of the existing R.C. building along (a) x-x axis and (b) y-y axis 

After bi-linearization of the pushover curve yielding, δy
global, and ultimate, δu

global
, at global 

level are defined as shown in Fig. 8. The interstorey drift profile was estimated for four different 
deformation stages depicted as [1], [2], [3] and [4] (Fig. 8).  Stage [2] and Stage [4] correspond 
to global yielding and ultimate, respectively, whereas Stage [1] corresponds to half the global 
yielding and Stage [3] to (δy

global+1/2δpl
global). Failure is expected when the interstorey drift level 

reaches a value equal to 0.25% (Fig. 9, see also Table 2). Damage is localized in the columns 

(a) (b) 

Vshear
fail=960.03 kN 

Vshear
fail=1743.06 kN 
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of the ground floor. For instance, in direction x-x 85% of the columns in 1st storey fails due to 
the lack of shear resistance, the same happens in the 2nd and 3rd storey with  48% and 55% of 
the columns to fail. Consequently, localization of damage in the first storey leads to soft storey 
mechanism and brittle failure mode.  

Figure 9: Interstorey drift ratio (a) along x-x axis (b) y-y axis 

3.2.4.3 Response to Earthquake Excitation  

Incremental dynamic analyses were performed for three different ground motions (El Centro 
1940, Northridge 1994 and Loma Prieta 1989). The duration of the records is 40 seconds and 
the peak ground acceleration is 0.31g, 0.60g and 0.50g, for the El Centro 1940, Northridge 1994 
and Loma Prieta 1989 ground motion, respectively. IDA involved performing a series of non-
linear dynamic analyses for each record by scaling it to multiple levels of intensity. Five scaling 
factors (0.1, 0.4, 0.7 and 1.0) are selected in order to represent the seismic intensity at each time 
of history analysis. The comparison between static pushover curves and IDA curves is depicted 
in Fig. 10 and it is shown that the behavior of structure along direction y –y under static push-
over analysis is similar to the behavior under dynamic analysis. The maximum base shear for 
the selected ground motion El Centro is 1733.0 kN, Loma Prieta is 2583.0 kN and for the 
Northridge is 2500.0 kN. The comparison between the pushover and the IDA curves verifies 
that static pushover analyses can be used for assessment. 

(a) (b)

0.25% 0.25% 

Failure Failure 
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Figure 10: Comparison between static pushover and IDA analysis 

3.3 Design of the Retrofit Solution  

3.3.1 Elimination of the Torsional Sensitivity  

The building according to the regularity in plan check is rotationally sensitive (Table 1). The 
first phase of the proposed retrofit design methodology involves addition of stiffness in a stra-
tegic way at the periphery of the building as to minimize structural eccentricities and increase 
torsional resistance. Intervention methods that may serve this scope are R.C. jacketing and the 
addition of R.C. walls. Table 5 indicates the required additional floor stiffness in the x-x and y-
y direction for the elimination of the effect of torsional coupling on modal periods and shapes. 
The most efficient solution is depicted in Fig. 11. Four infill R.C. walls are added at the perim-
eter of the first storey, two in each direction (T9 and T10 in x-x direction, and T6 and T7 in y-
y direction) and one column is jacketed C19 (Fig. 11(a)). The added R.C. walls continue to the 
second and third floor (Fig. 11(b)). Tables 6 and 7 present reinforcement details of the addi-
tional concrete walls and the jacketed members. The material properties of the new added mem-
bers are concrete compressive strength fck=30 MPa, and nominal yield strength fsyk=500 MPa.  

Table 5: Required stiffness for elimination of plan eccentricity 

Required stiffness for (ex=0 και ey=0) 

1st Floor 2nd Floor 3rd Floor 

direction x-x, Kx (kN/m) 113164,88 108337,22 101868,10 

direction y-y, Ky (kN/m) 120650,11 115822,20 109353,08 

Loma Prieta 
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Table 6: Reinforcement details of the added R.C. walls 

R.C. Walls 

 bx by Long. Reinforcement Stirrups hfi ρitot Afi Κx Ky 

 (m) (m) (mm) (mm) (m) (%) (mm) (kN/m) (kN/m) 

Τ6 0,20 3,20 #Ø10/250 Ø10/150 0,35 1,02% 4Ø22 0 66320,0 

Τ7 0,20 3,20 #Ø10/250 Ø10/250 0,35 0,64% 4Ø20 0 43033,1 

T9 2,80 0,20 #Ø10/250 Ø10/200 0,35 0,74% 4Ø20 35577,5 0 

T10 2,80 0,20 #Ø10/250 Ø10/250 0,35 0,68% 4Ø22 32053,6 0 

Table 7: Reinforcement details of the R.C. jacketed members 

R.C. Jacketed Columns 

bx by Long. Reinforcement Stirrups ρitot ΔΚx ΔKy 

(m) (m) (mm) (mm) (%) (kN/m) (kN/m) 

1st 

C19 

0,55 0,55 8Ø22 Ø16/100 1,01% 4407,0 4407,0 

2nd 
R.C. jacketing of column C19 in the first floor 

3rd 

3.3.2 Strengthening for a Target Interstorey Drift 

Once the torsional effects of the building have been eliminated in the first phase of the meth-
odology, the second phase deals with system-level deficiencies associated with irregular distri-
bution of stiffness along the height of the building. The method assumes that the building 
responds in a single mode in each direction since twisting rotation along the vertical axis is 
insignificant. The retrofit scenario adopted aims to reduce the period of the existing building to 
a period that can range between 0,05Htot

3/4=0,05·10,5^(3/4)=0,29s≤Ttarget<Texisting=0,66s (average 
value of the period of the first and the second modes: 1/2(0,68+0,63)=0,66s, see Fig. 7). The 
target period was selected to be equal to half the period of the existing building Ttarget=0,33s. 
Ductility was assumed equal to 2 which is considered a realistic scenario for a substandard 
building. The triangular response shape which corresponds to equal distribution of damage 
along the height of the building was utilized (ΦT=[0,43 , 0,71, 1,00]T).  The target stiffness of 
each floor is determined through the use of the weighting factors following the procedure de-
scribed in Section 2, §2.2.  
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Figure 11: Addition of R.C. walls and R.C. jacketing for the elimination of torsional sensitivity (a) floor plan 
of first storey (b) floor plan of second and third floor 

The MDOF system with storey mass m=136,25t is transformed to ESDOF system with the 
following characteristics: 

 
N

* 2
j j

j 1

M m 230,79t


   ; 
N

*
j j

j 1

L m 291,96t


   ;  
*

*

L
1, 27

M
                      (17) 

The Yield Point Spectra (YPS) of Fig. 12 were extracted from the 5% damped elastic spectrum 
of EC8 (2004) using the equal displacement rule (q=μ) for peak ground acceleration ag=0.36g, 
soil class B, S=1.2, with corner point periods defining the various spectrum regions equal to 
TB=0.15 s, TC=0.40s and TD=2.00s. Given the target period Ttarget=0.33s, the target displace-
ment at yield of the ESDOF, δ*

y, target, is estimated through the YPS depicted in Fig. 12 is 
14.61mm. Thus, the target drift of the MDOF system is: 

 
*

y,t arget y,t arget
y,t arget

tot tot

18,55
0.18%

H H 10500

  
                                     (18) 

(a) (b) 
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Figure 1: Calculation of the target period of the ESDOF system through ADRS 

Table 8: Required stiffness for the correction of the response shape in x-x and y-y direction 

Stiffness in x-x direction, Kx (kN) 

Storey 
Existing 
building 

Torsionally bal-
anced building 

(Phase I)  

Required Stiffness 
for target shape 

(Phase II) 

Added stiffness 
(Design of R.C. 

jackets) 
Stiffness at the end of 

the retrofit design 

1st  87077,1 193352,2 246966,7 49170,8 242523,0 

2nd  165381,7 267249,8 296360,0 0,0 267249,8 

3rd  127008,9 228877,0 172876,7 0,0 228877,1 
Stiffness in y-y direction, Ky (kN) 

Storey Existing 
building 

Torsionally bal-
anced building 

(Phase I)  

Required Stiffness 
for target shape 

(Phase II) 

Added stiffness 
(Design of R.C. 

jackets) 

Stiffness at the end 
of the retrofit design 

1st  96447,9 210207,9 246966,7 43432,2 253660,1 

2nd  181295,1 290648,2 296360,0 0,0 290648,2 

3rd  137747,3 247100,3 172876,7 0,0 247100,3 

The target stiffness of the ESDOF system (K*) is defined from: 

     
*

* 2
2
t arget

M
K 4 83666,26kN / m

T
              (19) 

The stiffness distribution along the height of the building is estimated according to Eqs. (9), 
(10):  

1K 246967kN / m ; 2
2 1

1

w
K K 296360kN / m

w
   ; 3

3 1
1

w
K K 172877kN / m

w
  

14,61m
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Figure 13:  (a) Retrofit solution according to the proposed methodology; Phase I: Elimination of torsional effects 
through the addition of the blue colored members at the perimeter of the building; Phase II: Strengthening for a 
target response shape through strengthening of the red colored vertical members. Response Shape of the retrofitted 
structure according to Rayleigh Method (b) along x-x axis (c) y-y axis.  

Table 8 presents information related to the stiffness of the building at each design phase. The 
required stiffness distribution along the height of the building for the target response shape is 
also presented. It is observed that only in the first and second floor stiffness addition is required, 
whereas in the third floor the stiffness of the existing building after design phase I is already 
higher than the required stiffness for the target response shape. The latter implies that even in 
the case that the stiffness in the first and second storey are increased as to comply with the 
stiffness corresponding to the target response, the resulting lateral response shape would 
slightly deviate from the target one. It was decided to modify only the stiffness of the first storey 
by the addition of R.C. jackets (i.e. longitudinal bars pass through holes drilled in the slab and 
anchored in the second storey) due to the cost effectiveness of this solution. The columns to be 
jacketed at the end of the design phase II are depicted by red colour in Fig. 13(a). The selection 
of this specific group of columns and the distribution of the target added stiffness along them 

x-x axis 

y-y axis 

(a) 

(c)

(b)
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did not affect the center of stiffness as defined in design phase I. Details regarding dimensioning 
of the R.C. jacketed members appear in Table 9. The proposed retrofit solution may lead to a 
lateral response shape very close to the target one as seen in Fig. 13(b), (c) after applying the 
Rayleigh iterative method.    

Table 9: Reinforcement details of R.C. jacketed members 

R.C. Jacketed Columns 

bx by Long. Reinforcement Stirrups ρitot Κx Ky ΔΚx ΔΚy 

(m) (m) (mm) (mm) (%) (kN/m) (kN/m) (kN/m) (kN/m) 

C21 0,45 0,40 8Ø20 Ø14/100 1,40% 4377,2 3555,5 3076,3 2254,7 

C22 0,50 0,45 8Ø22 Ø14/100 1,35% 6347,5 5285,1 4012,4 2950,0 

C23 0,45 0,45 8Ø22 Ø14/100 1,50% 5043,7 5043,7 3847,1 3847,1 

C18 0,45 0,40 8Ø22 Ø14/100 1,53% 4785,8 3882,7 3692,5 3146,0 

C14 0,50 0,50 8Ø22 Ø14/100 1,22% 6322,8 6322,8 4307,1 4858,6 

C10 0,50 0,45 8Ø18 Ø14/100 0,90% 4886,7 4076,6 2721,9 1911,8 

C12 0,55 0,48 8Ø22 Ø14/100 1,16% 8358,5 6508,9 4253,8 2404,2 

C17 0,50 0,45 8Ø16 Ø14/100 0,71% 4321,1 3608,0 985,7 1050,0 

C13 0,35 0,35 8Ø22 Ø14/100 1,95% 2847,5 2847,5 2376,1 2376,1 

C6 0,55 0,50 8Ø22 Ø16/100 1,11% 8436,6 7177,3 4312,2 3052,9 

C7 0,45 0,45 8Ø18 Ø14/100 1,01% 3846,5 3846,5 2653,0 2653,0 

C8 0,50 0,50 8Ø22 Ø14/100 1,22% 6510,5 6510,5 3941,9 3162,4 

C26 0,45 0,45 8Ø22 Ø14/100 1,50% 5172,4 5172,4 2880,5 2880,5 

C27 0,45 0,45 8Ø22 Ø14/100 1,50% 6003,1 6003,1 3155,3 3929,9 

C28 0,50 0,50 8Ø18 Ø14/100 0,81% 5655,0 5655,0 2955,0 2955,0 

3.4 Assessment of the retrofitted structure 

3.4.1 Eigenvalue Analysis 

Eigenvalue analysis was performed to the retrofitted structure as to verify the results con-
ducted by hand calculations. The modal response parameters are presented in Table 10, whereas 
the first three modes are shown in Fig. 14. It is observed that first and second mode are trans-
lational with mass participation over 80%. Moreover, the fundamental period (0.35s) is close 
to the target one (0.33s).  
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Table 3: Modal response parameters of the retrofitted building 

No. Period (s) Modal participation mass ratio 

Ux Uy Rz 

1 0,350 80,13% 0,00% 0,09% 

2 0,258 0,01% 80,44% 0,13% 

3 0,235 0,12% 0,14% 79,37% 

 

Figure 2: Deformed shape, periods and modal participating mass ratio (MPMR) of the retrofitted building: (a) 
1st mode; (b) 2nd mode; (c) 3rd mode  

3.4.2 Pushover Analysis  

Nonlinear static analyses were carried out for the modal and the uniform pattern. The re-
sponse curve after application of the uniform distribution along the height of the building of the 
applied lateral load is presented in Fig. 15 along with the response curve of the existing building 
for the same pattern in the x-x and y-y directions (The blue dot placed on the curve of the 
existing building corresponds to the point of failure). As it is observed the retrofitted building 
has increased substantially its strength.     

(c) 3rd mode: T3=0,235s MPRM=79,37%

(a) 1st mode: T1=0,350s MPRM=80,13% (b) 2nd mode: T2=0,258s MPRM=80,44% 
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Figure 15: Pushover curves for the existing and the retrofitted building along (a) x-x and (b) y-y axis 

Figure 16: Interstorey drift ratio of the retrofitted and the existing building along (a) x-x and (b) y-y axis 

The interstorey drift profiles that correspond to the maximum top displacement of the retro-
fitted building (red dot in Fig. 15) in x-x and y-y axis are presented in Fig. 16. Moreover, the 
lateral response shape at the maximum roof displacement is compared to the triangular response 
shape in Fig. 17.  

The proposed retrofit solution manages to keep almost a uniform distribution of interstorey 
drift along the building height even in the post-yield region. Deviations from the target response 
shape are justified and expected in the sense that one has to deal with existing buildings which 
after elimination of torsional sensitivity (design phase I) have a pre-defined distribution of stiff-
ness along the height of the building that may impose limitations when compared to the desir-
able distribution of stiffness along the height of the building as to comply with the target 
response shape.  

Vshear
fail=960.03 kN 

Vshear
fail=1743.06 kN 

(a) (b) 
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Figure 17: Comparison of the target response shape and the lateral response shape of the retrofitted building along 
(a) x-x (b) y-y axis 

4 CONCLUSIONS  

A retrofit design methodology for the seismic upgrading of rotationally sensitive existing R.C. 
buildings was presented. The proposed methodology aims to modify substantially the response 
by minimizing structural eccentricities and simultaneously increasing torsional resistance and 
stiffness. For this purpose, stiffness is added through the adoption of global intervention meth-
ods at the periphery of the building so as to provide a building symmetric in plan and torsionally 
balanced. The lateral response shape in the two orthogonal axes (x-x and y-y) is further modi-
fied as to comply with the target response shape. This is achieved by a weighted distribution of 
additional stiffness along the height of the building. The proposed methodology was imple-
mented to a three-storey building constructed in the early 1970s in North Greece. The validity 
of the proposed methodology was assessed by carrying out inelastic analyses with the use of a 
three-dimensional finite element model of the retrofitted structure. The results indicate the ef-
ficiency of the proposed design methodology for the seismic upgrading of existing torsionally 
unbalanced R.C. buildings. 
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Abstract. A numerical investigation is presented for the seismic analysis of existing rein-

forced concrete (RC) structures, which have been damaged due to extreme actions and are 

seismically upgraded by cable elements (tension-ties). A double discretization, in space by the 

Finite Element Method and in time by a direct incremental approach, is used. The unilateral 

behavior of the cable-elements, which can undertake tension stresses only, is strictly taken 

into account and results to inequality constitutive conditions. So, in a first numerical ap-

proach, a non-convex linear complementarity problem is solved in each time-step. Alterna-

tively, in a second numerical approach, an incremental problem formulation and treatment is 

applied. The decision for the optimal cable-strengthening scheme in praxis problems of RC 

structures under multiple earthquakes excitation can be obtained on the basis of computed 

damage indices. A calibration of the numerical approaches is realized in a typical example 

problem by comparing the computational results with available experimental ones. It is 

shown that cable strengthening has significant effects on the earthquake response and, hence, 

can be used effectively for the seismic upgrading of existing RC structures. 
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1 INTRODUCTION 

In Greece and other seismically active countries, many existing reinforced concrete (RC) 

frame buildings have been designed and built using the old seismic codes. Such old regula-

tions for reinforcement details are often not adequate for proper seismic structural behavior, 

local and/or global. An example of inadequate local behavior is the case of the beam-column 

connections [1,2]. As concerns the global behavior, for such RC frames a need for seismic 

strengthening often arises. One of the simple, cheap and efficient methods for strengthening 

of RC frames against lateral induced earthquake load is the use of steel cross X-bracings, see 

e.g. Massumi [3,4] and the references given therein. The combination of reinforced concrete 

frame with steel cross X-bracing is not a common practice due to unknown behavior and per-

formance that needs to be investigated. Research, mainly experimental one, on the use of this 

method of retrofitting has begun since 80s in which cross X-bracings have been used indi-

rectly together with a steel frame confined by a concrete frame. Application of this technique 

is reported, among others, also in Greece, for the case of improving the seismic performance 

of existing old pilotis type multi-story RC buildings by strengthening only the ground story 

[5,6].  

In general, seismic upgrading of existing RC structures makes use of well known today re-

pairing and strengthening techniques, see e.g.  Bertero et al [7], Penelis & Kappos [8], Dritsos 

[9], Fardis [10] and Penelis & Penelis [11]. An alternative technique, the one using cable-like 

members (tension-ties) instead of the mentioned steel cross X-bracing, can be used as a first 

strengthening and repairing procedure for RC building frames against earthquake actions, see  

Tegos et al, [12,13]. Cable restrainers are also used for concrete and steel superstructure 

movement joints in bridges [14]. These cable-members (ties) can undertake tension, but 

buckle and become slack and structurally ineffective when subjected to a sufficiently large 

compressive force. Thus the governing conditions take an equality as well as an inequality 

form and the problem becomes highly nonlinear, see Liolios et al, [15]. 

Regarding the strict mathematical treatment of the problem, the concept of variational 

and/or hemivariational inequalities can be used, as it has been introduced and successfully 

applied in engineering by Panagiotopoulos [16]. As concerns the numerical treatment, non-

convex optimization algorithms are generally required [15-17]. 

On the other hand, current seismic codes, e.g. EC8 [18-22], suggest the exclusive adoption 

of the isolated and rare “design earthquake”, while the influence of repeated earthquake phe-

nomena is ignored. This is a significant drawback for the realistic design of building struc-

tures. Despite the fact that the problem has been qualitatively acknowledged, few studies have 

been reported in the literature, especially the last years, regarding the multiple earthquake 

phenomena, see e.g. [23]. 

This study presents a numerical investigation for the seismic analysis of existing reinforced 

concrete (RC) building frames, which have been strengthened by cable elements. The investi-

gation results to two proposed approaches, one based on linear complementarity problem 

formulation and treatment [15], and the second based on incremental formulation. The latter 

procedure uses the Ruaumoko structural engineering software [24]. Damage indices are com-

puted and used for comparing various cable-bracing strengthening versions, in order the opti-

mum one to be chosen, especially under multiple earthquakes. A calibration of the second 

approach is realized by using available experimental results for a simple typical one-bay one-

story RC frame.  
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2 METHOD OF ANALYSIS 

2.1 Formulation of the problem 

As is usual in Structural Dynamics [25], a double discretization is applied. First, the struc-

tural system is discretized in space by using finite elements. Pin-jointed bar elements are used 

for the cable-elements. The behavior of these elements can in general include loosening, elas-

toplastic or/and elastoplastic-softening-fracturing and unloading - reloading effects. All these 

characteristics, concerning the cable full constitutive law, as well as other general non-

linearities of the RC structure, can be expressed mathematically by using concepts of convex 

and non-convex analysis, see Panagiotopoulos [16]. So, for the cable-elements behavior, the 

following relation holds: 

i i i i
ˆs (d ) SP (d )  (1) 

Here  si  and  di  are the (tensile) force (in [kN]) and the deformation (elongation) (in [m]), 

respectively, of the i-th cable element, ̂  is the generalized gradient and  SPi  is the superpo-

tential function, see Panagiotopoulos [16] and Mistakidis & Stavroulakis [17]. By definition, 

relation (1) is equivalent to the following hemivariational inequality, expressing the Virtual 

Work Principle: 

i i i i i i i iSP  (d ,e d )  s (d )  (e d )     (2) 

where 
iSP  denotes the subderivative of  SPi and ei, di are kinematically admissible (virtual) 

deformations. 

Next, dynamic equilibrium for the assembled structural system with cables is expressed by 

the usual matrix relation: 

M u +C( u )+K(u)  =  p + A s   (3) 

Here u(t) and p(t)  are the displacement and the load time dependent vectors, respectively. 

The damping and stiffness terms, C( u ) and  K(u), respectively, concern the general non-

linear case. When the linear-elastic case holds, these terms have the usual form C u   and Ku.  

Dots over symbols denote derivatives with respect to time. By  s(t)  is denoted the cable stress 

vector. A  is a transformation matrix. For the case of ground seismic excitation ug, the loading 

history term p becomes  -M u g.  

The above relations (1)-(3), combined with the initial conditions, consist the problem for-

mulation, where, for given p and/or u g, the vectors u and s have to be computed. Regarding 

the strict  mathematical point of view, using (l) and (2), we can formulate the problem as a 

hemivariational inequality one by following [16, 17] and investigate it. 

2.2 Numerical treatment 

A numerical treatment of the problem, based on a piecewise linearization of the above con-

stitutive relations as in elastoplasticity [35], is described in Liolios et al [15] for cable-braced 

RC systems. By using a direct time-integration scheme, in each time-step Δt a relevant non-

convex linear complementarity problem (NC-LCP) of the following matrix form is solved : 
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v   0 ,       D v + d   0 , v 
T
 . (D v + d) = 0 . (4) 

Here v is the vector of unknown unilateral quantities at the time–moment t,  v
T
 is the trans-

pose of v, d is a known vector dependent on excitation and results from previous time mo-

ments (t- Δt), and D is a transformation matrix. The problem (4) is solved by using available 

optimization algorithms [15-17]. 

So, the nonlinear Response Time-History (RTH) for a given dynamic and/or seismic 

ground excitation can be computed.  

An alternative approach for treating numerically the problem is the incremental one. Now, 

relation (3), taking into account both, load history and ground seismic excitation, is written in 

incremental form: 

M u +C u +KT u  =  -M u g + A s   +p, (5) 

Here KT is the tangent stiffness matrix, by which restoring nonlinear force-displacement rela-

tions are taken into account [24, 25]. 

The structural analysis software Ruaumoko [24], which uses the finite element method, is 

based on this approach. For the time-discretization, the Newmark scheme is here chosen. 

Ruaumoko provides results which concern, among others, the following critical parameters: 

local or global structural damage, maximum displacements, interstorey drift ratios, develop-

ment of plastic hinges and various response quantities, which allow the using of the incre-

mental dynamic analysis (IDA) method [26].  

Further, Ruaumoko has been applied successfully for multiple earthquakes concerning the 

cases of concrete planar frames [23] and RC frames strengthened by cables [27]. It is re-

minded that multiple earthquakes consist of real seismic sequences, which have been recorded 

during a short period of time (up to some days), by the same station, in the same direction, 

and almost at the same fault distance. In the reported applications [23, 27], complete lists of 

the used earthquakes sequences were downloaded from the strong motion database of the Pa-

cific Earthquake Engineering Research (PEER) Center [36]. 

2.3 Damage indices used for assessment and comparison 

After the seismic assessment [10,11,22] of the existing RC structure, the choice of the best 

strengthening cable system can be realized by using damage indices [28-33]. Here the overall 

structural damage index (OSDI) is used. This parameter summarizes all the existing damages 

on columns and beams of reinforced concrete frames in a single value, which is useful for 

comparison reasons [33].  

In the OSDI model after Park/Ang [28] the global damage is obtained as a weighted aver-

age of the local damage at the section ends of each frame element or at each cable element. 

The local damage index is given by the following relation: 

m
L T

u y u

DI E
F d

 
 


(6a) 

where: DIL is the local damage index, μm the maximum ductility attained during the load his-

tory, μu the ultimate ductility capacity of the section or element, β a strength degrading pa-

rameter, Fy the yield force of the section or element, ET the dissipated hysteretic energy. 

The modified Park/Ang local damage index as proposed by Kunnath et al. [29] is given by 

the following relation: 
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m r
L,M T

u r y u

DI E
M

  
 
  

(6b) 

where the deformation ductility was replaced by the rotation; while θm is the maximum rota-

tion attained during the loading history; θu  is the ultimate rotation capacity of the critical re-

gion; θr  is the recoverable rotation after unloading; My is the yield moment; and ET is the 

dissipated energy in the critical region. The element damage is selected as the largest damage 

index of the end critical region. 

In the global damage index, which is a weighted average of the local damage indices, the 

dissipated energy is chosen as the weighting function. So, the global damage index is given 

by the following relation: 

n

L i

i 1
G n

i

i 1

DI E

DI

E









(7) 

where DIG is the global damage index, DIL the local damage index, Ei the energy dissipated at 

location i  and n the number of locations at which the local damage is computed. 

3 CALIBRATION AND APPLICATION OF THE NUMERICAL APPROACH 

3.1 The available experimental results 

A calibration of the presented numerical approach is realized by using available experi-

mental results for a simple typical one-bay one-storey RC frame strengthened with steel cross 

X-bracing and investigated by Massumi et al [3,4 ].The results concern two experimental 

models of reinforced concrete frames, which  have been designed on the basis of old tradi-

tional codes. The first of them is a bare-frame and the second is the same frame, but strength-

ened with steel X-bracing.  

The single-bay, one-storey  frame and the experimental testing procedure are shown in 

Figures 1, 2 and 3 adapted from [3,4]. The frame was of concrete C25 and had section dimen-

sions (12cm)x(12cm) for the two columns and the beam. The steel bracings were squared 

tubes with section (20mm)x(20mm) and thickness t=2mm. Yield strength of steel bracings 

was 240 MPa. For the details of the experimental program see Massumi et al [3,4]. 

During the experiments, a lateral additive cyclic static load P was applied to the storey 

beam in a displacement-controlled mode, see Fig. 3. The relevant diagrammes of the load P 

versus to the top displacement u hysteretic behavior for the unbraced (bare) frame and the X-

braced frame are shown in Fig. 4. Similar hysteretic diagrammes for bare frames are reported 

in other experimental publications, see e.g. [37]. 

Based on the above experimental results and using Ruaumoko software, in the next para-

graph the finite element model related to these frames is made by using cable-elements and 

calibrated, and then nonlinear analyses under additive cyclic static loading suggested by the 

experimental results are performed.  
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Figure 1. Details of the investigated RC frames (adapted from Massumi et al [4] after permission) 

Figure 2. Strengthened RC frame with X-cross bracings  and its connection details (adapted from Massumi et 

al [4] after permission) 
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Figure 3. Test setup and loading systems (adapted from Massumi et al [4] after permission) 

 

 

 

 
 
Figure 4. Experimental load-displacement hysteretic behavior for (a) unbraced frame, and (b) X-braced frame 

(adapted from Massumi et al [4] after permission) 
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3.2 Simulation of the Massumi et al [3,4 ] experiments 

With respect to above experimental results, the finite element models related to the un-

braced and braced frames are made using Ruaumoko software [24]. The two columns and the 

beam are modeled using prismatic  frame  elements. Nonlinearity at the two ends of RC 

members is  idealized using one-component plastic hinge models, following the Takeda hys-

teresis rule. The effects of cracking on columns and beams are estimated by applying the 

guidelines of EC8-Part3 [10, 18, 19] and KAN.EPE [22]. So, the stiffness reduction due to 

cracking results to effective stiffness of 0.450 Ig for the columns and 0.225 Ig for the beam, 

where Ig is the gross inertia moment of the section (12cm)x(12cm).  

For the steel bracings simulation, cable-elements are used herein by applying the bilinear 

with slackness hysteresis rule [24]. These cable elements have a cross-sectional area Fc = 1.44 

cm
2
, which is equivalent to the cross-sectional area of steel braces tubes with section

(20mm)x(20mm) and thickness t=2mm used in Massumi et al [3], see Fig. 2. Yield strength of 

cable bracings was considered to be also the same one of [3], i.e. 240 MPa. Further, yield 

strain  εy = 0.2 %, fracture strain  εf = 2 %  and elasticity modulus  Es = 200 GPa are taken for 

the cables. So, the cable constitutive law, concerning the unilateral (slackness), hysteretic, 

fracturing, unloading-reloading etc.  behavior, has the diagramme depicted in Fig. 5. Ductility 

index is μ = d/dy . 

Figure 5. The diagramme for the constitutive law of cable-elements. 

Based on the experimental procedure [3,4] and on Fig. 4, the loading history has been 

simulated as an displacement-controlled multiple earthquake excitation imposed on the top 

left node of the frame. This loading simulation had full loading steps with maximum dis-

placements ±5, ±10, ±15, ±20, ±25  and ±30 [mm] for the unbraced frame, whereas for the X-

braced frame the loading steps had maximum displacements ±2.5, ±5.0, ±7.5, ±10, ±12.5  and 

±15 [mm].  
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Figure 6.  Simulated load-displacement hysteretic behavior for the  unbraced frame. 

Figure 7. Simulated load-displacement hysteretic behavior for the  X-cable braced frame. 

The relevant diagrammes of the (load P)-(top displacement u) hysteretic behavior for the 

unbraced (bare) frame and the X-braced frame are shown in Fig. 6 and Fig. 7, respectively. As 

these figures show, the computed results are in a good agreement with the experimental ones 

of Fig. 4. 

Some representative results of the numerical simulation are presented in next Table 1. In 

column (2) the Global Damage Index DIG and in column (3) the Local Damage Index DIL for 

the bending moment at the left fixed support of the frame are given. Finally, in the column 

(4), the developed maximum horizontal top force Ptop is given.  
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FRAME DIG DIL Ptop [kN] 

(1) (2) (3) (4) 

Unbraced 0.098 0. 201 12.52 

X-braced 0.001 0.001 55.40 

 
Table 1. Representative response quantities for the unbraced and braced frames  

 

The table values show, as expected, that cable- strengthening generally on the one hand re-

duces the damage indices and on the other hand increases the global horizontal frame resis-

tance. So, for the unbraced frame, is Pmax = 12.52 kN, whereas for the cable-X-braced frame is 

Pmax = 55.40 kN. That means that the frame-stiffness is increased by a factor 55.4/12.52 = 

4.425. As concerns the damage indices, they are minimized for the cable-strengthened frame. 

Similar concluding remarks hold for multi-story and multi-bay real praxis RC frames as in-

vestigated in [27].  Therein is shown that a further improvement of the seismic behavior of the 

initial frames can be obtained by trying various cable-bracing schemes and by realizing a pa-

rameter sensitivity analysis concerning the cable characteristics, e.g. cross-sectional area Fc or 

steel class. 

 

3.3 Application for the case of one-tie braced frame  

After the previous calibration of the numerical procedure, and in order to clarify the unilat-

eral behavior of the cable-elements and their effects on the structural response, the same 

frame of Fig. 1 is investigated, but with only one tension-tie, the ascending diagonal cable, as 

shown in Fig. 8.  

 

 

 
 

Figure 8. The one-tie braced frame 

 

The loading history had the same full loading steps as for the X-braced frame, i.e. the load-

ing steps had maximum displacements ±2.5, ±5.0, ±7.5, ±10, ±12.5  and ±15 mm.  
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Figure 9. Computed load-displacement hysteretic behavior for the one-tie braced frame 

In Fig.8 the relevant diagramme of the load-top displacement hysteretic behavior is shown. 

As this figure shows, when the loading is in the direction CD, the cable is activated and the 

system stiffness is increasing about 4.25 times. On the contrary, when the loading is in the 

inverse direction DC, then the cable becomes slack and so inactivated, and the system stiff-

ness is decreasing and approaching the one of the bare frame. 

4 CONCLUSIONS 

The seismic inelastic behavior of planar RC frames strengthened by cable elements has 

been numerically investigated by the herein presented numerical approach. This approach has 

been calibrated by using available experimental results concerning the case of a single-bay 

one-storey RC frame, which was subjected to a recycling additive lateral loading in displace-

ment-controlled mode.  

The presented numerical approach can be effectively used for the seismic assessment and 

strengthening of existing RC structures by cable-elements. This holds for general dynamic 

excitations, as well as for sequential strong ground motions. For the last case of multiple 

earthquakes, the proposed numerical procedure has been already applied in [27]. Finally, on 

the basis of computed damage indices, an optimal cable-bracing scheme can be selected 

among investigated alternative ones by realizing a parameter sensitivity analysis concerning 

the cable characteristics. 
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Abstract. It is well known that near-fault ground motions are characterized by long-duration 
horizontal pulses, which can become critical for base-isolated reinforced concrete (r.c.) 
structures when the pulse intensity is so strong that the superstructure undergoes plastic de-
formations. There is, however, a lack of knowledge on the seismic response in case of fire; 
moreover, an amplification of the structural damage is expected in case of fire-exposed base-
isolated structures which are not designed to withstand fire. To investigate the nonlinear 
seismic response following a fire, an incremental dynamic analysis is carried out with refer-
ence to five-storey base-isolated r.c. buildings with fire-protected High-Damping-Laminated-
Rubber Bearings (HDLRBs), designed according to the Italian seismic code. Horizontal com-
ponents of seven near-fault ground motions have been selected according to the design sub-
soil class C adopted for the test structures. More specifically, the nonlinear seismic response 
of base-isolated structures in a no fire situation is compared with that in which fire occurs, at 
45 (i.e. R45) and 60 (i.e. R60) minutes of fire resistance, assuming both damaged (i.e. DS) 
and repaired (i.e. RS) stiffness conditions. Five fire scenarios are considered assuming the 
fire compartment confined to the area of the first level (i.e. F1), the first two (i.e. F1/2) and 
the upper (i.e. Fi, i=3-5) levels, with the parametric temperature-time fire curve evaluated 
according to Eurocode 1. The nonlinear seismic analysis is performed by using a step-by-step 
procedure based on a two-parameter implicit integration scheme and an initial-stress-like 
iterative procedure. At each step of the analysis, plastic conditions are checked at the critical 
(end) sections of the girders and columns, where thermal mapping with reduced mechanical 
properties is evaluated with the 500°C isotherm method proposed by Eurocode 2. A viscoelas-
tic model with variable stiffness properties in the horizontal and vertical directions, depend-
ing on the axial force and lateral deformation, simulates the response of an HDLRB. 
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1 INTRODUCTION 

Fire can be a serious problem for a structure that has been partially damaged in a prior 
seismic event, because fire resistance will decrease with respect to an undamaged structure [1]. 
Recent studies have focused the attention on the combined effect of earthquake and fire on the 
nonlinear response of reinforced concrete (r.c.) [2, 3], steel [4, 5] and composite steel-
concrete [6] fixed-base structures. On the other hand, numerical [7] and experimental [8, 9] 
studies have been carried out on the residual seismic load capacity of fixed-base structures, in 
terms of stiffness, strength and ductility after fire. In most of cases of fire, framed structures 
experience degradation of material properties, due to the high temperature, and damage to the 
structural members, from thermal expansion. There is, however, a lack of knowledge on the 
seismic response of base-isolated structures in case of fire and an amplification of the struc-
tural damage is expected in the case of fire-exposed base-isolated structures not designed to 
withstand fire. 

When a base-isolated structure is designed for a sufficiently high strength level, it behaves 
elastically and the vibration periods of the upper framed structure are shorter than the predom-
inant periods of the motion filtered by the isolators. Nevertheless, the frequency content of the 
motion transmitted by the isolators to the superstructure can become critical as soon as the 
strength level of a fire-weakened base-isolated structure is reduced; as a consequence, the su-
perstructure can undergo plastic deformations and the ductility demand can increase much 
more rapidly for an ever-lower strength level. Moreover, a considerable increase in the de-
formability of a base-isolated structure, in comparison with that of the corresponding fixed-
base structure, may lead to an amplification in the structural response under near-fault ground 
motions [10, 11], which are characterized by long-duration (horizontal) directivity and fling-
step pulses due to fault-rupture directivity and elastic rebound effects, respectively [12]. 

In the present work, the nonlinear seismic response of base-isolated structures in a no fire 
situation is compared with that in which fire occurs, at 45 (i.e. R45) and 60 (i.e. R60) minutes 
of fire resistance, assuming both damaged (i.e. DS) and repaired (i.e. RS) stiffness conditions 
in the r.c. frame members. To this end, five-storey r.c. office buildings, base-isolated with 
fire-protected High-Damping-Laminated-Rubber Bearings (HDLRBs), are designed accord-
ing to the Italian seismic code [13]. A numerical fire investigation is carried out considering a 
thermal-mechanical mapping analysis, with reduced mechanical properties evaluated accord-
ing to the 500°C isotherm method proposed by Eurocode 2 [14], followed by a sequentially 
uncoupled nonlinear incremental dynamic analysis. Horizontal components of seven near-
fault ground motions, available in the Pacific Earthquake Engineering Research center data-
base [15] and corresponding to both directivity and fling-step pulse-type records, are selected 
according to the design subsoil class C adopted for the test structures [16]. Five fire scenarios 
have been considered assuming the fire compartment is confined to the area of the first level 
(i.e. F1), the first two (i.e. F1/2) and the upper (i.e. Fi, i=3-5) levels, with the parametric tem-
perature-time fire curve evaluated according to Eurocode 1 [17]. 

2 LAYOUT AND DESIGN OF THE BASE-ISOLATED R.C. FRAMED BUILDING 

A typical five-storey office building with an r.c. framed structure isolated at the base by 
fifteen identical fire-protected HDLRBs is considered for the numerical investigation. The 
symmetric plan of the building and the elevation of a base-isolated plane frame are shown in 
Figures 1a and 1b, respectively, where length and cross-sections of the frame members are 
also shown. Perimeter masonry infills, assumed as non-structural elements regularly distribut-
ed in elevation, are considered (Figure 1a). A grid of rigid girders is placed at the base of the 
framed structure on the HDLRBs (Figure 1b). For the sake of simplicity, the plane frames ori-
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entated along the horizontal ground motion direction (y), perpendicular to the floor slab direc-
tion (x) shown in Figure 1a, are considered as a reference scheme. Five fire scenarios are re-
ported in Figures 1a and 1c, assuming the fire compartment is confined to the area of the first 
level (i.e. F1), the first two (i.e. F1/2) and the upper (i.e. Fi, i=3-5) levels. 

 

 
 

(a) Plan and fire compartment. (b) Elevation. (c) Fire scenarios. 

Figure 1: Base-isolated r.c. test structure (dimensions in cm). 
 
The proportioning of the test structure has been done according to the Italian seismic code 

(NTC08) assuming, besides the gravity loads, the horizontal seismic loads corresponding to: 
elastic response of the superstructure (behaviour factor q=1); design subsoil class C (subsoil 
parameter S=1.41); high-risk seismic region (peak ground acceleration, PGA=0.201gx1.41 
=0.283g). The acceleration design spectrum is modified in the period range T≥0.8TI,H, being 
TI,H the fundamental vibration period of the base-isolated structure in the horizontal direction, 
assuming an equivalent viscous damping ratio of the isolation system I,H=10%, at shear 
deformation =1. Moreover, NTC08 requires that 3TF,H≤TI,H≤3s, TF,H being the fundamental 
vibration period of the same structure on fixed-base. In the present case a reasonable isolation 
period was TI,H=2.5 s having TF,H=0.73 s; an isolation degree, in terms of spectral acceleration 
at the fundament vibration period, equal to Sa=0.28(=Sa,I/Sa,F) is obtained. Finally, the vibra-
tion period with prevailing component in the vertical direction is TI,V=0.072 s with the corre-
sponding equivalent viscous damping ratio I,V=2%.  

The gravity loads used in the design are represented by dead- and live loads, equal respec-
tively to: 4.4 kN/m2 e 3 kN/m2, for the top floor; 6.1 kN/m2 e 3 kN/m2, for the isolated floor; 
5.7 kN/m2 e 3 kN/m2, for the other floors. The weight of the perimeter masonry infills is taken 
into account by considering a gravity load of 2.7 kN/m2. A cylindrical compressive strength 
of 25 N/mm2 for the concrete and a yield strength of 450 N/mm2 for the steel are assumed for 
the r.c. frame members. The design of the superstructure has been carried out so as to satisfy 
minimum conditions for the longitudinal bars of the girders and columns, according to the 
provisions for low ductility class imposed by NTC08: at least two 14 mm bars are provided 
both at the top and bottom throughout the entire length of all the frame members; for the 
girders, a tension reinforcement ratio not less than 0.31% (for the assumed yield strength) is 
provided and a compression reinforcement not less than half of the tension reinforcement is 
placed at their end sections; a minimum steel geometric ratio of 1% is assumed for the 
symmetrically-reinforced section of each column. 

The HDLRBs fulfill the ultimate limit state verifications regarding the maximum shear 
strains: i.e. tot=s+c+≤5 and s≤2, wheretot represents the total design shear strain, while 
s,c and represent the shear strains of the elastomer due to seismic displacement, axial 
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compression and angular rotation, respectively. Moreover, the maximum compression axial 
load (P) does not exceed the critical load (Pcr) divided by a safety coefficient equal to 2.0. The 
minimum tensile stress (t) resulting from the seismic analysis is assumed as 2G(=0.8 MPa, 
for a shear modulus of the elastomer G=0.4 MPa). A nominal stiffness ratio K0, defined as 
the ratio between the nominal value of the vertical stiffness (KV0) and the analogous value of 
the horizontal stiffness (KH0), equal to 1200 is assumed for the isolators, considering a 
volumetric compression modulus of the rubber equal to 2000 MPa. In Table 1 initial stiff-
nesses and corresponding equivalent damping coefficients (i.e. CH and CV) are reported to-
gether with the results of the ULS verifications for the isolators. It is interesting to note that 
the design of the isolators depends on the condition imposed on the maximum value of the 
compression axial load (P). Finally, no tensile forces are found in the isolators. The following 
geometrical and mechanical properties of the HDLRBs are also reported in Table 2: the diam-
eter of the steel layer (Ds) and that of the elastomer (De); the total thickness of elastomer (te); 
primary (S1) and secondary (S2) shape factors; compression modulus (Ec). 

 
αK0 KH0 (kN/cm) KV0 (kN/cm) CH (kNs/cm) CV (kNs/cm) γs  γtot,max  (Pcr/P)min 
1200 81.30 97522 6.47 44.70 0.96 2.85 2.00 

Table 1: Mechanical properties of the base-isolation system. 
 

Ds (cm) De (cm) te (cm) S1 S2 Ec (kN/cm2) 
62.00 66.00 25.00 19.22 2.46 55.34 

Table 2: Geometrical and mechanical properties of the HDLRBs. 

3 FIRE LOADING BEFORE AN EARTHQUAKE AND NUMERICAL RESULTS 

Once the fire scenarios, assuming closed openings, have been hypothesized (Figure 1c), 
temperature is considered uniform in the selected compartment (Figure 1a) in such a way as to 
be the most severe condition for the fire before an earthquake. Several fire action models can 
be used to simulate the time-temperature evolution during an actual fire, from the flashover to 
the full development: conventional fire curves (e.g. the standard ISO-834 curve [18]), in 
which temperature monotonically increasing with time represents the heating phase only, 
when the fuel supply is assumed to be inexhaustible; natural fire curves (e.g. the EC1 curve 
[17]), in which temperature depends on the actual ventilation and fire load in the compartment 
and the cooling phase is represented, based on the assumption that at a certain point, either the 
air or the combustible material will become less. 

The EC1 parametric fire curve is used in the present study, on the assumption that the fire 
load of the compartment is completely burnt out. In the heating phase, the gas temperature 
θg(°C) 
  0.2 * 1.7 * 19 *20 1325 1 0.324 0.204 0.472t t t

g e e e         (1) 

is a function of a fictitious time t* obtained considering the time t (in hours) multiplied by a 
dimensionless parameter equal to  

    2 2
= 0.04/1160Γ O/b   (2) 

where O is an opening factor  

 0.5
v eq tO A h A   (3) 

depending on the total area of vertical openings (Av), the weighted average of window heights 
(heq) and the total area of the compartment (At) and b is the thermal absorptivity of 
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surrounding surfaces of the compartment 

 b c    (4) 

being:  the density, c the specific heat and  the thermal conductivity of boundary of 
enclosure. 

The gas temperature in the cooling phase is given by 
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where the maximum temperature max in the heating phase happens for 

  * 3
max ,0.2 10 /t dt q O Γ    (6) 

being the design fire load density  

 , ,t d f d f tq q A A   (7) 

related to the value qf,d corresponding to the surface area of the floor (Af). Further details on 
fire modelling can be found in [19]. 

Finally, the standard ISO-834 curve is defined as [18] 

  1020 345log 8 1  g t   (8) 

where t is expressed in hours. 
With reference to the fire scenarios shown in Figure 1, the ISO and EC1 time-temperature 

curves are compared in Figure 2 in the case of a fire compartment confined to the area of the 
first level (Figure 2a) and the upper levels (Figure 2b). The combination of fire parameters, 
for the opened-plan office base-isolated building (see Table 3), results in a temperature of 
956 °C and 960 °C in 45 min (i.e. fire resistance R45) and 788 °C and 805 °C in 60 min (i.e. 
fire resistance R60), on the first level and the upper levels, respectively. 

 

 (a) Fire compartment at the 1st level. (b) Fire compartment at the upper levels. 

Figure 2: Conventional (ISO 834) and natural (EC1) fire curves. 
 

Fire resistance (minutes) qf,d (MJ/m2) O (m1/2) b (J/m2s1/2K) t*
max (h) 

R45 595.60 0.05 1127 1.326 
R60 612.00 0.05 1137 1.365 

Table 3: Fire parameters in the EC1 time-temperature curve [17]. 
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Once time-temperature curve of the fire compartment is determined with the EC1 model, it 
becomes possible to evaluate the temperature distribution in the frame members of the test 
structure at R45 and R60. As an example, thermal mappings of exterior and interior r.c. frame 
members in the first level of the test structure are plotted in Figure 3, considering a convection 
factor equal to 25 and an emissivity related to the concrete surface equal to 0.56. In detail, the 
thermal finite element cross-section model of columns, exposed to fire on one (Figure 3a) and 
four (Figure 3b) sides, and girders, exposed to fire on one (Figure 3c) and three (Figure 3d) 
sides, are considered assuming an ambient temperature of 20°C for the un-exposed cross-
section sides. As expected, at the end of 45 and 60 minutes of fire exposition, the increase in 
temperature is greater in the case of cross-sections exposed on four (Figure 3b) or three 
(Figure 3d) sides than those exposed on one side only (Figures 3a and 3c). Moreover, the 
temperature profiles highlight a decrease in the maximum value with the time increment from 
R45 to R60, in accordance with EC1 natural fire curves shown in Figure 2, but the concrete 
zone damaged by heat is more extended in the case of R60. 
 

 
(a) Exterior column exposed to fire on one side. (b) Interior column exposed to fire on four sides.

(c) Exterior girder exposed to fire on one side. (d) Interior girder exposed to fire on three sides.

Figure 3: Thermal mappings at the 1st level of the test structure. 
 

Subsequently, the residual seismic load capacity of the cross-sections after fire occurrence 
is evaluated with the 500°C isotherm method of Eurocode 2 [14], in terms of stiffness, 
strength and ductility. The simplified calculation provides for a reduction of the cross-section 
size, with respect to a heat damaged zone defined by thermal mappings. Concrete with 
temperatures exceeding 500°C, corresponding roughly to the thickness of the unconfined 
zone, is assumed not to contribute, while the residual concrete cross-section retains its initial 
values of strength and modulus of elasticity. On the other hand, a reduced yield strength of 
each longitudinal reinforcement bar, in the tension and compression zones of the cross-
section, is evaluated on the basis of the steel temperature profile in the centre of the bar [20]. 
It is worth noting that some of the reinforcing bars may fall outside the reduced cross-section, 
but they are included in the calculation of the ultimate values of load bearing capacity and 
curvature ductility, which is evaluated according to the provisions of Eurocode 8 for the as-
sessment of existing buildings [21]. 
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In Figures 4 and 5 flexural stiffness and ultimate ductility on the top side, in the fire-
exposed cross-section of r.c. frame members, are reported along the building height, respec-
tively, assuming the direct correspondence between the examined level and the fire compart-
ment. In particular, interior columns (Figures 4a and 5a) and girders (Figures 4b and 5b) are 
examined at the end of 45 (i.e. F.R45 structure) and 60 (i.e. F.R60 structure) minutes of 
exposure to fire. As expected, a global mean decrease in stiffness, of about 41% and 28%, and 
ultimate ductility, of about 16% and 6%, is obtained for the interior columns and girders of 
the F.R45 structure, respectively, in comparison with the no-fire condition. A further global 
mean decrease in stiffness, of about 12% and 9%, and ultimate ductility, of about 8%, is ob-
tained after an additional 15 minutes of fire (i.e. F.R60 structure). Further results, which are 
omitted for the sake of brevity, confirm limited fire effects in the perimeter frame members of 
all levels where the fire compartment is supposed. 

 

 
(a) Interior columns. (b) Interior girders. 

Figure 4: Flexural stiffness of r.c. frame members exposed to fire. 
 

   
(a) Interior columns.  (b) Interior girders (top side). 

Figure 5: Ultimate ductility of r.c. frame members exposed to fire. 
 

Finally, analogous results are reported for the ultimate interaction domain between axial 
load (NRd) and bending moment (MRd) of columns (Figure 6) and the ultimate bending 
moment of girders (Figure 7). For the sake of clarity, only the fire compartment at the first 
(i.e. F1 in Figures 6a and 7a) and fifth (i.e. F5 in Figures 6b and 7b) level are examined. As 
can be observed, interior columns exhibit a marked narrowing of their NRd-MRd domains, es-
pecially for values of the compressive axial load greater than that corresponding to the bal-
anced compressive load. For this axial load, a local reduction in flexural strength, in 
comparison with the no-fire condition, of about 23% and 36%, at the first storey, and 30% 
and 47%, at the fifth storey, is found in the F.R45 and F.R60 structures, respectively. On the 
other hand, a significant decrease in strength is observed on the bottom side of the interior 
girder 4-5 (see Figure 1a) with a global mean reduction of about 13% and 33% considering 
the F.R45 and F.R60 structures, respectively.  
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(a) Interior columns (1st storey/F1). (b) Interior columns (5th storey/F5). 

Figure 6: Ultimate NRd-MRd domains of r.c. columns exposed to fire. 
 

     
(a) Interior girders (1st floor/F1). (b) Interior girders (5th floor/F5). 

Figure 7: Ultimate bending moments of r.c. girders exposed to fire. 

4 SEISMIC LOADING FOLLOWING FIRE AND NUMERICAL RESULTS 

In order to study the seismic response of the base-isolated r.c. framed building described in 
Section 2 and damaged by the fire loading proposed in Section 3, near-fault ground motions 
are considered. Long-duration horizontal pulses due to forward-directivity and fling-step ef-
fects characterize these motions [12]. In particular, earthquake rupture towards a site tends to 
produce a short-duration, but large amplitude, two-sided velocity pulses principally in the hor-
izontal direction normal to the fault strike; on the other hand, fling-step is associated with the 
permanent displacement that occurs across a ruptured fault and, generally, presents one-sided 
velocity pulses in the slip parallel direction. Seven near-fault ground motions available in the 
Pacific Earthquake Engineering Research center database [15] have been selected according 
to the design hypotheses adopted for the test structure (i.e. subsoil class C and high-risk seis-
mic region). For each ground motion attention is focused on the horizontal component show-
ing forward-directivity or fling-step effect [16]. In Table 4 the main data of the selected near-
fault ground motions are shown: i.e. date, recording station, component, peak ground acceler-
ation, magnitude, pulse-type and period of the velocity pulse. 

 
Country Earthquake Date Station Comp. PGA Mw Pulse-type Tp (s) 
Taiwan Chi-Chi 20/09/1999 TCU068 EW 0.566 g 7.3 Fling-step 12.29 
USA Northridge 17/01/1994 Rinaldi 228 0.837 g 6.6 Forward-directivity 1.25 
 Superstition Hills 24/11/1987 Parachute 225 0.455 g 6.4 Forward-directivity 2.39 
 Cape Mendocino 25/04/1992 Petrolia 090 0.662 g 7.1 Forward-directivity 3.00 
Japan Kobe 16/01/1995 Takatori 090 0.616 g 6.9 Forward-directivity 1.55 
Iran Tabas 16/09/1978 Tabas TR 0.852 g 7.7 Forward-directivity 6.19 
Turkey Erzincan 13/03/1992 Erzincan NS 0.515 g 6.7 Forward-directivity 2.70 

Table 4: Main data of the selected near-fault ground motions [15, 16]. 
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The corresponding elastic response spectra of normalized acceleration (Sa/g) are plotted in 
Figure 8, assuming an equivalent viscous damping ratio in the horizontal direction, ξH, equal 
to 10%. The response spectra are compared with the corresponding target NTC08 response 
spectrum for high-risk seismic region and design subsoil class C adopted for the test struc-
tures, assuming PGAH=0.283g.      

 

 

Figure 8: Acceleration (elastic) response spectra. 
 

The r.c. frame members are idealized by means of a two-component model (TCM), consti-
tuted of an elastic-plastic component and an elastic component, assuming a bilinear moment-
curvature law [22]. The effect of the axial load on the ultimate bending moment of the col-
umns is also considered. At each step of the analysis, the elastic-plastic solution is evaluated 
in terms of the initial state and the incremental load on the basis of a holonomic law, as a so-
lution of the Haar-Kàrmàn principle [23]. In the Rayleigh hypothesis, the damping matrix of 
the superstructure is assumed as a linear combination of the mass and stiffness matrices, as-
suming a viscous damping ratio in the horizontal (S,H) and vertical (S,V) direction equal to 
1% with reference, respectively, to the two fundamental vibration periods TI,H and TI,V report-
ed in Section 3. A two-spring-two-dashpot model (TSTDM), constituted of nonlinear spring 
acting in parallel with a linear viscous dashpot both in the horizontal and vertical directions, is 
adopted for modelling a HDLRB [11, 24]. The TSTDM takes into account experimental re-
sults, which have pointed out that the horizontal stiffness of a HDLRB (starting from KH0) 
decreases with increasing vertical load while the corresponding vertical stiffness (starting 
from KV0) decreases with increasing lateral deformation. Moreover, the equivalent viscous 
damping ratio of the isolation system is assumed equal to I,H=10% and I,V=2% with refer-
ence to the horizontal motion and the vertical one, respectively.  

Incremental dynamic analysis (IDA) of the test structures is carried out by using a series of 
nonlinear dynamic analyses under the above mentioned set of seven near-fault earthquakes 
(EQs), each scaled to a submultiple (ag) of the corresponding PGA value reported in Table 4. 
Afterwards, a mean of the results separately obtained for these ground motions is calculated. 
The local damage is evaluated in terms of ductility demand at the critical end sections of gird-
ers and columns. The curvature ductility demand is calculated with reference to the two load-
ing directions, assuming as yielding curvature for the columns that corresponding to the axial 
force due to the gravity loads. 

Firstly, mean values of maximum ductility demand for increasing values of the dimension-
less acceleration a(=ag/PGA) are plotted in Figure 9, comparing base-isolated structures both 
in no-fire condition and at the end of 45 (i.e. R45) and 60 (i.e. R60) minutes of fire exposure. 
More specifically, interior columns (Figures 9a and 9c) and girders (Figures 9b and 9d) are 
examined, on the assumption that the fire compartment is confined to the area of the first level 
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(i.e. F1, Figures 9a and 9b) and the first two levels (i.e. F1/2, Figures 9c and 9d). Moreover, 
the r.c. superstructure of the base-isolated building is assumed to have been previously dam-
aged by fire, with a reduced cross-section (i.e. in the Damaged Stiffness condition, DS), and 
later repaired, e.g. using jacketing with thin layers of concrete (i.e. in the Repaired Stiffness 
condition, RS). For all the examined cases, the IDAs were interrupted once the ultimate value 
imposed on the curvature ductility demand in the r.c. frame members was reached, which oc-
curred at different values of a. For this reason, the analyses were repeated assuming the min-
imum dimensionless acceleration (a,min) for all structures corresponding to the same fire-
scenario. As can be observed, an amplification in the structural response of fire-exposed base-
isolated structures is obtained for increasing values of a. As expected, this result is more evi-
dent in the Fi.R60 structures than in the Fi.R45 ones, because the first are characterized by 
lower strength and ductility. The results also show that the seismic response of the test struc-
tures differs in the DS and RS conditions, especially with higher ductility demand of the inte-
rior columns (Figures 9a and 9c) in the case when the initial stiffness is restored (i.e. RS 
condition). It is worth noting that, the IDA was interrupted to a,min=0.395 in the fire scenario 
F1 (Figures 9a and 9b), while when the fire compartment was confined to the area of the first 
two levels (Figures 9c and 9d) the IDA was limited to a,min=0.375. Further results, omitted 
for the sake of brevity, confirm negligible effects at the upper storeys when the fire compart-
ment is supposed at these levels. 
 

(a) Interior columns. (b) Interior girders. 

 
(c) Interior columns. (d) Interior girders. 

Figure 9: Global mean ductility demand for incremental dynamic analysis: 
(a) and (b), fire at the 1st level (fire scenario F1); (c) and (d), fire at the 1st and 2nd levels (fire scenario F1/2). 
 
To better clarify the local damage distribution along the building height, mean ductility 

demand of columns and girders is plotted in Figure 10 at the end of the IDA, in the cases of 
F1 (i.e. a,min=0.395) and F1/2 (i.e. a,min=0.375) fire scenarios. As can be observed, the 
pulse-type nature of the horizontal component of near-fault ground motions can induce unex-
pected ductility demand especially at the lower levels, with an amplification when the fire 
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compartment at these levels and R60 are assumed. More specifically, the IDAs are interrupted 
when the ultimate ductility demand of the F1.R60 and F1/2R.60 structures is reached in an 
interior column on the first storey (Figure 10a) and an interior girder on the second floor (Fig-
ure 10d), respectively. 

 

(a) Interior columns. (b) Interior girders. 

(c) Interior columns. (d) Interior girders. 

Figure 10: Local mean ductility demand at the end of the incremental dynamic analysis: 
(a) and (b), fire at the 1st level (fire scenario F1); (c) and (d), fire at the 1st and 2nd levels (fire scenario F1/2). 

 
Afterwards, to investigate the effects of forward-directivity and fling-step pulse-type, 

curves analogous to the previous ones are reported in Figures 11 and 12 with reference to the 
Superstition Hills and Chi-Chi EQs. Attention is focused on the fire scenario F1, assuming the 
same final value of the dimensionless acceleration a (i.e. a,min=0.395) for both near-fault 
ground motions. These motions are selected as they are characterized by a comparable value 
of elastic spectral acceleration (see Figure 8) corresponding to the fundamental vibration peri-
od of the base-isolated test structure (i.e. TI,H=2.5 s). In all the examined cases, global and lo-
cal maximum ductility demands of the structures subjected to the Chi-Chi EQ are found to be 
greater than those observed for the Superstition Hills EQ. This kind of behaviour can be inter-
preted as an amplification of the inelastic response during the fling-step Chi-Chi EQ due to 
the long duration of the pulse-velocity (see Table 4). 

Finally, taking into account the symmetric plan shown in Figure 1a, the distribution of 
maximum ductility demand in the exterior and interior frame members is investigated in Fig-
ure 13. More specifically, local maximum ductility demand in the columns (Figures 13a and 
13c) and girders (Figures 13b and 13d) for the Chi-Chi (Figures 13a and 13b) and Supersti-
tion Hills (Figures 13c and 13d) EQs are plotted at the first level where the fire compartment 
is assumed. Note that the ductility demand increases especially in the frame members exposed 
on three (i.e. the interior girders 4-5, 5-6, 7-8 and 8-9) and four (i.e. the interior columns 5 and 
8) sides. Moreover, among the columns exposed on one side greater ductility demand is ob-
tained in the exterior ones (i.e. 1, 2 and 3).  
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(a) Interior columns. (b) Interior girders. 

Figure 11: Global maximum ductility demand for incremental dynamic analysis:  
fire at the 1st level (fire scenario F1) under Chi-Chi and Superstition Hills EQs. 

 

    
(a) Interior columns. (b) Interior girders. 

Figure 12: Local maximum ductility demand at the end of the incremental dynamic analysis:  
fire at the 1st level (fire scenario F1) under Chi-Chi and Superstition Hills EQs. 

  

(a) Columns at the 1st storey. (b) Girders at the 1st floor. 

(c) Columns at the 1st storey. (d) Girders at the 1st floor. 

Figure 13: Local ductility demand in the fire compartment at the end of the incremental dynamic analysis:  
fire at the 1st level (fire scenario F1) under Chi-Chi (a, b) and Superstition Hills (c, d) EQs. 
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5 CONCLUSIONS 

The nonlinear seismic response of five-storey base-isolated r.c. framed buildings, with fire-
protected High-Damping-Laminated-Rubber Bearings, is studied under the horizontal compo-
nents of seven near-fault ground motions with long-duration velocity pulses due to forward-
directivity and fling-step effects. More specifically, the incremental dynamic analysis of base-
isolated structures in a no fire situation is compared with that in the event of fire, at 45 (i.e. 
R45) and 60 (i.e. R60) minutes of fire exposition, assuming both damaged (i.e. DS) and re-
paired (i.e. RS) stiffness conditions. 

The numerical results show that in the case of base-isolated buildings subjected to near-
fault motions structural fire safety rules should be taken into account in the design. A signifi-
cant decrease in stiffness and ultimate values of strength and ductility is obtained in the struc-
tural members exposed to fire. Moreover, the pulse-type nature of the horizontal near-fault 
ground motions induces unexpected ductility demands in the lower levels, which are ampli-
fied when the fire compartment is supposed at these levels and R60 is assumed. On the other 
hand, in all the examined cases the upper storeys are practically independent of this effect. 
Finally, the ductility demand increases especially in the most fire-exposed r.c. frame members 
(i.e. the interior girders and columns) in both DS and RS conditions. 
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Abstract. A rolling-ball rubber-layer (RBRL) isolation system was developed at TARRC to 
enable isolation of lightweight structures. The system is very versatile, a great range of 
equivalent natural frequencies and coefficients of damping being achievable through the in-
dependent choice of rubber spring and rubber-layer rolling track. It is suitable for isolating 
light structures, and much more effective at low excitations than an equivalent sliding system 
would be. In this paper the state of the art and the dynamic behaviour of RBRL isolation sys-
tem will be restated. Subsequently, a simple and efficient procedure will be described for the 
design of the system: this is aimed to get the principal value of the system parameters to meet 
the chosen values of isolation period and damping ratio. In particular, it will be emphasized 
that a certain value of rolling resistance of the device could result from different combina-
tions of the device parameters, thus leaving the final specification to be made on the basis al-
so of preferences regarding small-deflection behaviour and cost. Finally, a future application 
of the isolation system for the seismic protection of a statue is presented and discussed. 
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1 INTRODUCTION 

While in the last decades the main studies and applications performed in the field of seis-
mic isolation were aimed toward the isolation of structures, in the last few years attention was 
also dedicated to the protection of the contents, since they may have an extremely high value, 
sometimes even more than the structure in which they are contained. The lack of effective 
techniques, which are sufficiently developed and applicable for the seismic risk mitigation of 
lightweight objects, make the seismic protection of contents a crucial and worldwide issue. 

Some data from Taghavi & Miranda [1], reported in Figure 1, illustrate the typical invest-
ment in structural framing, non-structural components and building contents, for three com-
mon types of commercial construction: office, hotel and hospital. Clearly the investment in 
non-structural components and building contents is far greater than that for structural compo-
nents and framing (Whittaker & Soong [2], FEMA E-74 [3]). 

The value of the content objects might be high not only from an economical point of view, 
e.g. for special medical or industrial equipment, but also from a cultural or historical one: this 
is the case for museum contents and art objects in general. The need to prevent or mitigate the 
devastating effects of earthquakes on cultural heritage assets is acute for countries in which 
this heritage is concentrated, and which suffer the highest seismic risk level: such as the case 
of Italy, and many other sites in the Mediterranean basin. Awareness of this issue has recently 
grown in Italy too, as a result of the quakes of Umbria-Marche (1997), l’Aquila (2009) and 
Emilia (2012). 

Although the basic theories and concepts of seismic isolation are the same, the isolation 
techniques to be used for the content are not a mere extension of the ones used for civil struc-
tures. Indeed, the following technical peculiarities have to be considered: 

- the contents involve masses orders of magnitude smaller than those characteristic of civil 
structures, whereas the demand for relative displacement is not likewise scaled down, and the 
combination may fall outside the range feasible with a conventional isolator suitable for large 
masses; 

- lightweight structures are often very vulnerable, even for small seismic actions, since 
they often are merely supported on the base without possibility to be anchored (because of 
architectural or preservation requirements); this leads to the necessity to design a base isola-
tion considering the possible rocking/overturning and sliding phenomena; 

- besides being technically proficient, the isolation systems at the base of items of content 
have to observe conservation and aesthetic requirements too. 

 

 
Figure 1: Typical cost breakdown in building construction, according to Taghavi & Miranda [1], for three dif-

ferent occupancies (image from FEMA E-74 [3]). 
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2 BACKGROUND OF RBRL ISOLATION SYSTEM 

2.1 Presentation of the isolation system   

The rolling-ball rubber-layer isolation (RBRL) system, originally proposed by Prof. A.G. 
Thomas, was developed at TARRC to enable isolation of low-mass (< 10 t) structures. The 
principal system components are visible in Figure 2, from Guerreiro et al. [4], and their prin-
cipal functions are: 

- steel rolling balls system – enables support of gravity loads and accommodation of large 
horizontal displacements; 

- rubber-layer tracks – provide appropriate energy dissipation capacity and adequate re-
sistance for horizontal non-seismic actions;  

- rubber springs – provide recentering function and system stiffness in steady-state rolling 
phase. 

 

 
a) 

 
b) 

Figure 2: a) Simplified representation and b) image of the RBRL system (from Guerreiro et al. [4]). 

Extensive experimental studies of this system were undertaken by TARRC and collaborat-
ing research centres in the period 1995 – 2002 (Donà et al. [5]), resulting in four publications 
on shaking table tests and two more publications restricted to laboratory characterisation of 
the system itself. A new experimental campaign for the characterization of the system behav-
iour was performed at TARRC’s engineering laboratory in 2014 for a Ph.D. project (Donà 
[6]), in a collaboration between TARRC and University of Padova.  

All these experimental studies are briefly reported in Table 1. The RBRL systems investi-
gated were diverse, involving different design natural frequencies and levels of damping. 

2.2 Highlights of the system behaviour 

Previous experimental studies have shown that the RBRL isolation system has three key 
types of behaviour, differentiated according to the magnitude of the displacements relative to 
the ground. 

1.  Inside-pit behaviour 
For small displacements the system has nonlinear force-displacement characteristics, with 
high damping and high stiffness, albeit the stiffness declining rapidly as the displacement am-
plitude is increased. In this regime the behaviour is dominated by the continued location of 
the balls within a viscoelastic depression, or pit, formed during the long period under static 
load in the absence of seismic excitation. This behaviour contrasts with that of a sliding sys-
tem, which presents a very high elastic stiffness, bordering on rigidity, for small excitations. 

2. Fuse behaviour   
If a characteristic threshold horizontal force is applied, for example by a sufficiently large 
ground acceleration, the balls will escape from the locality of the viscoelastic depressions, and 
roll with an approximately constant opposing resistance, significantly lower than the charac-
teristic threshold force. In this regime, the system behaves like  a  mechanical  fuse,  the  force  
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Project / Publication 
Type  
of tests 

Tracks Springs Superstructure 

INCLUDING SHAKING TABLE TESTS 

EERC 
(Foti and Kelly [7]) 

monoaxial 
high damping,  Jakarta 
compound (Lab Rep 96. 
Compound 009-06) 

steel coil, 
soft 

flexible –  
model building 

ENEL/ISMES/TARRC 
collaboration 
(Muhr and Bergamo [8]) 

monoaxial 
high damping,  probably 
the same as EERC 

steel coil, 
soft 

rigid –  
concrete slab 

REEDS 
(Bettinali et al. [9]) 

triaxial 

low damping A, 
inside ϕ of 190 mm; 
high damping B outside 
(ball array ϕ ~ 190mm) 

rubber B, 
stiff (1.3Hz) 

flexible  - 
electrical 
substation 
structure 

ECOEST 
(Guerreiro et al. [4]) 

monoaxial 
biaxial 
triaxial 

low damping A, both or 
upper; 
high damping B, lower 

rubber A, 
soft and 
none 

rigid or flexible 
model building 

LABORATORY BASED STUDIES 

DEGREE PROJECT 
(Cook et al. [10]) 

monoaxial unfilled NBR none none 

PhD PROJECT 
(Muhr et al. [11]) 

monoaxial 
unfilled NR (two levels of 
curatives) and NBR 

none none 

PhD PROJECT 
(Donà [6]) 
(Donà et al. [12]) 

monoaxial 
unfilled NR,  
3 different compounds:  
A, A+, A- 

rubber A,  
3 different 
diameters 

none 

  
Table 1: Summary of experimental studies done by TARRC and collaborators, on RBRL device. 

Figure 3: a), b), c) Rolling friction-displacement (µ-Disp) loops, representative of the types of behaviour of the 
RBRL system without springs (Donà [6]). d) Overall behaviour form a shaking-table test of the ECOEST project. 
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applied to the superstructure being truncated at the value of the characteristic peak, or thresh-
old, force. This behaviour is akin to that of a sliding system subjected to moderate excitations, 
but with the additional feature that there is a memory effect of the viscoelastic depressions 
that tends quite strongly to recapture the rolling balls in their initial reference configuration. 
The displacement time history of the isolated structure therefore exhibits periods of small dis-
placement, with occasional larger excursions; the force-time history is clipped at the charac-
teristic threshold force. 

3. Steady-state rolling behaviour 
For strong excitations with many fluctuations (as opposed to a discrete pulse), continuous free 
rolling will be induced. In this regime, the recentering springs provide a well-defined stiffness 
so that a natural frequency of isolation may be defined: it is not strongly amplitude-dependent, 
and can be designed to have any desired value. The equivalent linear damping level can be 
calculated for the design displacement from the rolling resistance of the balls and the spring 
stiffness, as will be shown later, and there is very good scope for meeting any desired level of 
damping. The system thus behaves like a classical linear isolation system, but enables great 
scope for choice of natural frequency and damping ratio. 
 

These key types of the system behaviour are visible in Figure 3 a, b and c. These rolling 
friction-displacement (µ-disp) loops, in which µ is the horizontal resistance divided by the 
vertical load applied on the RBRL system, derive from a new parametric experimentation 
conducted at TARRC for the Ph.D. project of Donà [6]. These tests involved different RBRL 
systems and different imposed sinusoidal motions, but only a few representative results of the 
system behaviour are herein shown, related to a RBRL system so configured:  
- rubber tracks, 2 mm thick, of type A - an unfilled natural rubber with low-damping (see 
Guerreiro et al. [4] and Donà [6]); 
- steel balls with 25 mm diameter; 
- stress parameter W/ER2 = 1.2, where W = vertical load per ball, E = Young’s modulus of the 
rubber, R = radius of the ball; 
- no recentering springs. 
The choice to not consider the recentering springs in these tests was for better characterizing 
the pits effect on the small-deflection behaviour of the system.  

Rubber springs provide a recentering stiffness that simply acts in parallel with the behav-
iour of the RBRL device without springs. The overall behaviour of the isolation system, with 
springs, is shown in Figure 3 d for a shaking-table monoaxial test of the ECOEST project, 
considering the RBRL system with rubber A, the “Mass Down” configuration and the real 
accelerogram of the earthquake “Northridge Canyon” (for more details see Guerreiro et al.[4]).            

2.3 Advantages of the RBRL isolation system 

- The RBRL system is relatively economical.  
- The device assembly is easy to tailor for the specific case, in terms of geometry and per-

formance, a great range of equivalent natural frequencies and coefficients of damping being 
achievable. Depending on the choice of parameters, the RBRL system provides a rich variety 
of possibilities, including primary seismic mitigation strategies of isolation, damping or fuse 
functions. 

- The RBRL isolation system provides very effective reduction of excitation of the first 
mode of the isolated structure for small seismic events, for a wide range of frequency content, 
despite its being very much stiffer when the deflections across the isolators are small (< 5mm). 
The primary factor responsible is probably the very high damping, together with the changed 
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mode shape resulting from the compliance of the isolators, although the non-linear behaviour 
may also be significant (Donà et al. [5], Donà et al. [12]). 

 
These considerations make the RBRL isolation system very attractive for the protection of 

works of art in a museum, which are present in large quantity and characterized by very dif-
ferent shapes, dimensions and masses. 

3 NEW TESTS: ROLLING FRICTION AND RECENTERING STIFFNESS 

Although the small-deflection behaviour of the RBRL system requires a complicated mod-
el, the design of the isolation system is relatively simple, as it can be based only on the main 
performance parameters: the steady-state rolling force and the stiffness of the recentering rub-
ber springs. 

For design purposes, parametric experimentations were carried out at TARRC in 2014 [6] 
regarding the steady-state rolling and the dynamic behaviour of the recentering rubber springs. 

These tests and some useful results for the design of the system are presented below.    

3.1 Tests on the RBRL devices for the steady-state rolling friction   

All the tests were performed in single shear configuration for one RBRL device with no 
recentering springs: the test setup is shown in Figure 4.  

 

 
a) 

 
b) 

Figure 4: Setup of the sinusoidal uniaxial tests: a) schematic drawing, b) photo. 

x 

z 
y 
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The steel linear roller bearings shown in Figure 4 permit translation of the top plate in the x 
and z directions, but prevent rotation of it about any axis. The sinusoidal motion was con-
trolled by the actuator and transmitted to the top steel plate of the device, that supports the 
weight, through a rose joint connection that permits small rotations. This connection was nec-
essary to avoid bending stresses related to a non-perfect vertical alignment between actuator 
and top plate of the device, and to accommodate the small z-displacement as the balls roll out 
of and into their pits. The horizontal force (x-axis) was measured by the multiaxial load cell 
placed under the bottom plate of the device, which was fixed on it. This was preferred to the 
direct measurement of the force by the actuator load cell, to avoid inclusion of the friction in-
side the linear rolling bearings which constrain the top plate motion. 

153 tests have been carried out changing the principal device parameters that control be-
haviour, i.e. the rubber compound, the thickness t of the rubber layers, the radius R of the 
balls and the stress parameter W/ER2 per ball. Each test consisted of 3 sinusoidal cycles, with 
a displacement amplitude of 65 mm and a frequency of 0.5 Hz.    

The rolling friction force in steady state condition was obtained, for each test, from the 
second of the three sinusoidal cycles performed. These force values were then divided by the 
vertical load used in the relative test, obtaining the rolling friction coefficients µ. 

Some of the obtained results for rubber type A are reported in Figure 5, where the rolling 
friction µ is plotted versus coefficient t/R (thickness of rubber layers / radius of balls) for cho-
sen values of the stress parameter. 

 

 
 Figure 5: Rolling friction µ values of the RBRL system with rubber A, for different t/R and W/ER2.   

3.2 Tests on the recentering rubber springs for the system stiffness   

Figure 6a shows the setup for the double shear tests carried out for the behaviour character-
ization of the recentering rubber springs. These springs are cylinders of rubber 80 mm long, 
bonded to steel endplates; they were moulded for the ECOEST Project (Guerreiro et al. [4]) 
from rubber compound A, in three different diameters: 30, 40 or 50 mm (Figure 6b). Every 
test was conducted using two springs with the same diameter, constrained into a steel frame 
appositely designed for this purpose. The steel plate connecting the two spring endplates was 
linked to the arm of the actuator.     

Both sinusoidal and quasi-static tests were considered, according to Table 2. In particular, 
concerning the imposed sinusoidal motion, tests were carried out with different amplitudes 
(from 1 to 75 mm) for the same frequency (1 Hz) and with different frequencies (from 0.1 to 2 
Hz) for the same amplitude (75 mm). 
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a)

 
b)

Figure 6: a) Double shear test setup for the behaviour characterization of the recentering rubber springs. b) Test-
ed recentering rubber springs; diameter (ϕ), from left to right: 50, 40, 30 mm. 

Sinusoidal tests  

different amplitudes 
Frequency 1 Hz 

Amplitudes 2.5; 5; 7.5; 10; 20; 30; 40; 50; 60; 75 mm 

Sinusoidal tests 

different frequencies 
Amplitude 75 mm 

Frequencies 0.1; 0.5; 1; 2 Hz 

Quasi-static tests 
Velocity 1 mm/s 

Displacements from 0 to 150 mm 

Table 2: Double shear tests carried out on the recentering rubber springs. 

Results from the sinusoidal tests with different frequencies are reported as force-
displacement loops in Figure 7a. These show a not significant dependence on the velocity and 
a negligible hysteretic dissipation for the dynamic behaviour of the recentering springs, in 
particular for the smaller diameters. Figure 7b presents the results of the quasi-static tests, 
which were needed to extend the information about the stiffness of the springs for amplitudes 
bigger than 75 mm, this being the maximum stroke of the actuator in each direction and hence 
the amplitude limit for the dynamic tests. Both types of test show a slight dependence of the 
springs behaviour on the amplitude of deflection. The parameter needed for design purposes 
of the isolation system is the storage stiffness K/ (from dynamic tests) or the secant stiffness 
Ksec (from static tests). These values are plotted versus displacement and compared in Figure 
8. In particular, the values of the storage stiffness were calculated by the force-displacement 
loops of the sinusoidal tests with different amplitudes, using the Harmonic method (Ahmadi 
& Muhr [13]).   

ϕ 50 
80 

ϕ 40 ϕ 30 
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a) b) 

Figure 7: Results from tests for springs of different diameter ϕ: a) dynamic – with different frequencies; b) quasi-
static. 

 
Figure 8: Comparison between the storage stiffness K/, from dynamic tests, and the secant one Ksec, from quasi-
static tests. The stiffness finally considered derives from K/ values until 75 mm, and from Ksec values for higher 

deflections (as indicated by the dashed lines).   

4 DESIGN PROCEDURE OF THE RBRL SYSTEM  

According to Cook et al. [10], the values of the stiffness K and rolling friction coefficient µ   
of the RBRL system can be determined through the equations reported below, if the values of 
period T and damping ratio ζ have been decided and if the design displacement D, e.g. from 
the damped spectrum, and the mass M to be isolated are known. 
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These equations were obtained considering an elasto-plastic hysteresis loop (Figure 9) as 
dynamic response of the RBRL system, and using the Secant linearization method (Ahmadi & 
Muhr [13]). These can be used if parameter ζ does not grossly exceed 20% and if the seismic 
excitation is sufficient for the peak roll-out force to be generated for much of the time history. 
For lower seismic excitations, the behaviour of the device will be governed by the effective 
dynamic stiffness of the balls rocking in their static depressions or “pits”: for  this  reason  the  
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Figure 9: Schematic hysteresis loop for isolation system comprising rolling-ball dissipative-layer isolators and 

springs (from Cook et al. [10]). 

method here presented is proposed for use only for design purposes, considering the maxi-
mum response spectrum as the design spectrum.   

When the values of K and µ have been calculated, together with the ultimate displacement 
by the damped response spectrum, the geometric characteristics of the RBRL system can be 
determined through the previous experimental results. Using the plots of Figure 8, the correct 
diameter of the recentering springs to achieve the target stiffness of the system can be easily 
found by entering the figure with the values of displacement and K. Once the stress parameter 
has been decided, then, the value of the ratio t/R needed to get the correct µ can be obtained 
using the results as those presented in Figure 5. Finally, after the choice of R, it is possible to 
determine the number of balls to meet the stress level previously established.  

Design procedure calls for two free choices to be made, the values of W/ER2 and R. A dif-
ferent combination of the stress parameter W/ER2 with the parameter t/R, that leads to the 
same µ, does not change the steady-state behaviour of the device. The appropriate value of 
this stress parameter is thus a compromise between cost and the necessity to avoid the crea-
tion of semi-permanent rolling tracks on the rubber layers. Also the choice of R is important 
from an economic point of view, the steel balls being one of the principal cost components. 

Cost consideration is not so significant for a single application of the RBRL system. How-
ever, as the system is relatively economical and easy to tailor for the specific case in terms of 
geometry and performance, it is envisaged to be appropriate for projects such as a museum 
needing to isolate single artefacts, showcases and podia, where a large number of discrete iso-
lation systems are needed, and hence the total cost becomes a key choice-determining factor. 

5 FUTURE APPLICATION: ISOLATION OF THE STATUE “TEMPERANZA”  

The University of Padova, in collaboration with TARRC, Numeria s.r.l. and the local au-
thority of Verona, is working on a pilot project that involves the seismic isolation of one of 
the statues of the Scaliger Tombs (Arche Scaligere). The statue, the “Temperanza”, is shown 
in Figure 10.  

The principal features of the statue, with base (see Figure 10 b), are: 
- total weight: ≈ 372 kg  
- maximum dimension: ≈ 483 x 463 x 1665 mm 
The principal features of the statue, without base, are: 
- maximum dimension: ≈ 483 x 455 x 1372 mm 
- height of the centre of gravity, relative to the plane between the statue and base: ≈ 536 

mm. 
The statue is placed in the “Museum of the frescoes of G.B. Cavalcaselle” in Verona (IT); 

the SLV (Life Safety) seismic response spectrum of that area is shown in Table 3.    
Figure 11 presents a possible scheme of the RBRL system for this pilot project. 
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a) 

 
b) 

   Figure 10: a) Optical scanning of the  statue “Temperanza” (images provided by UNOCAD s.r.l. – Vicenza IT). 
b) Images of the statues of the Scaliger Tombs in the “Museum of the frescoes of G.B. Cavalcaselle”, Verona IT. 

Verona Response Spectrum 

 

Limit state SLV 
Reference period (VR) 50 years 
Return Period (TR) 475years 
Exceedance probability in VR 10% 
ag 0.157 
Soil type B 
Topographic height effects T1 
Behaviour factor q 1 
PGA [g] 0.188 

   Table 3: SLV (Life Safety) acceleration response spectrum (ARS) of Verona. 

base 

statue 

pedestal 
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Figure 11: Scheme of the RBRL system (1 rubber layer) for seismic isolation of the statue “Temperanza”.  

The same for both directions.  

The choice to use the balls inside transfer units, thus only one rubber track, minimises the 
vulnerability of the system to the effect of overturning moment. However,  it also results in a 
rolling resistance that is half with respect to the associated RBRL system with a double rub-
ber-layer.     

6 CONCLUSIONS  

 The state of the art of the RBRL seismic isolation system is reported. The principal com-
ponents and characteristics are presented. The three key types of its behaviour, differenti-
ated according to the magnitude of the displacements relative to the ground, are shown 
and discussed. 

 The principal advantages of this system, for the seismic isolation of lightweight struc-
tures, are highlighted. Briefly: the RBRL system is relatively economical and is easy to 
tailor for the specific case, in terms of geometry and performance, a great range of equiv-
alent natural frequencies and coefficients of damping being achievable; the RBRL sys-
tem presents a good performance also for small seismic events, which induce small 
deflections (< 5 mm) across the isolator, resulting much more effective at low excitations 
than an equivalent sliding isolation system (Donà et al. [12]).   

 Two new experimentations, carried out at TARRC in 2014 for a Ph.D. project (Donà [6]) 
and addressing the steady-state rolling resistance and the recentering stiffness of the sys-
tem, are presented. The results of these investigations are presented in a suitable form for 
the design of the RBRL system.   

 A design procedure for the RBRL system is presented, based on that proposed by Cook 
et al. [10]. This procedure allows the determination of the parameters that influence the 
system behaviour, for a specific design spectrum and vertical load, starting from the 
choice of isolation period and damping ratio. 

 A future application of the RBRL system for the seismic isolation of a statue is briefly in-
troduced.  
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Abstract. During strong earthquake excitations, base-isolated buildings may collide, either 

with the surrounding moat wall or with adjacent buildings. This unfavorable possibility has 

been recently investigated through numerical simulations and parametric studies. A very im-

portant issue regarding these numerical studies is the modeling of impacts, which are typi-

cally simulated using various types of force-based impact models. This paper parametrically 

investigates the effects of impact modeling characteristics on the overall structural response 

of a base-isolated building that is subjected to seismic pounding. Specifically, the Kelvin-

Voigt impact model and various other modifications of this linear viscoelastic impact model 

are considered in the performed analyses. In order to effectively and efficiently conduct this 

investigation, a specialized software application, which has been specifically developed to 

simulate buildings subjected to pounding, is employed. A smooth bilinear (Bouc-Wen) model 

is used for the simulation of the seismic isolation system. The influence of particular impact 

parameters, as well as the width of the seismic gap, on the dynamic response of the structure 

under strong excitations is quantified. Furthermore, the effect of using different impact mod-

els for the calculation of the impact forces on the overall seismic response during pounding is 

simulated and discussed, since a reasonable question arises regarding the accuracy of an im-

pact model, which is a simplification of the actually very complicated impact phenomenon. 
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1 INTRODUCTION 

Seismic isolation is widely considered as an efficient technology to improve the seismic 

performance of structures [1-3]. Although base isolation decreases the possibility of damage 

to a building, it induces large relative displacements at the isolation level. To accommodate 

the expected large relative displacements, a wide seismic gap must be provided around the 

building. This requirement imposes, a practical constraint for the utilization of seismic isola-

tion, considering that there are often certain restrictions to the size of the available clearance 

around seismically isolated buildings, especially in cases of retrofitting of existing buildings 

in densely resided civic centers. Therefore, a reasonable concern is the risk of structural 

pounding with the surrounding moat wall or adjacent structures during strong earthquakes. 

Earthquake-induced structural pounding on base isolated structures has been studied by 

several researchers the last few years. Nagarajaiah and Sun [4] observed that the response of 

the base-isolated Fire Command and Control Building in Los Angeles during the 1994 North-

ridge earthquake was altered significantly due to the occurrence of impact in the one direction, 

reducing the effectiveness of base isolation in that direction. Malhotra [5] and Tsai [6] exam-

ined the response of a base-isolated structure pounding against the surrounding moat wall. 

The superstructure was idealized as a rigid shear beam structure colliding on an adjacent re-

taining wall modeled as a spring element. Matsagar and Jangid [7] investigated the seismic 

pounding of a multi-storey building supported on various base isolation systems during im-

pact with adjacent structures, while impacts were assumed to happen only at the base of the 

building with the moat wall. Komodromos et al. [8] and Komodromos [9] investigated, 

through parametric studies, the effects of poundings of a base isolated building with the sur-

rounding moat wall, revealing the potentially detrimental effects of structural impact on the 

effectiveness of seismic isolation. Limited research works have been conducted considering 

three-dimensional (3D) earthquake-induced structural pounding, apparently because of the 

involved complexities and the consequently excessive computational cost. Pant and Wijeye-

wickrema [10, 11] studied seismic pounding of a typical 4-storey base-isolated building with 

retaining walls at the base using 3D finite element analyses. More recently, Polycarpou et al. 

[12] presented a novel methodology for simulating earthquake-induced pounding of buildings 

that are modeled as 3D multi-degree of freedom systems.  

A critical aspect in numerical simulations of structural pounding is the impact model that is 

employed and the values of the associated parameters, which may affect the computed results. 

In most research studies on structural pounding, force-based impact models are used, exerting 

impact forces to the colliding structures whenever their separation distances are exceeded. 

Anagnostopoulos [13], Jankowski [14], Komodromos et al. [8], Ye et al. [15], Pant and Wi-

jeyewickrema [10] and others [16-18], have proposed various methodologies using either a 

linear or a non-linear impact spring together with an energy dissipation mechanism to model 

structural pounding.  

This paper describes four linear impact models that have been proposed in the literature 

and contrasts their performances through dynamic analyses of a typical 3-storey seismically 

isolated building, which is subjected to a set of near-fault ground motions. Simulation results 

are presented while varying several parameters, such as the size of the seismic gap and impact 

characteristics. The objective of this research work is to investigate how the peak seismic re-

sponse of base isolated buildings during pounding may be affected by the type of the incorpo-

rated impact model. Therefore, a discussion on the deviation of the peak absolute floor 

accelerations and inter-storey deflections during poundings is presented, considering as base 

values the peak response predicted by the classical linear viscoelastic (Kelvin-Voigt) model.  
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2 MODELING AND SIMULATION ASSUMPTIONS  

It is a common practice to consider structural impacts using force-based approaches, also 

known as penalty methods. These methods allow some interpenetration between the colliding 

structures, which can be justified by local deformability at the contact point. Contact springs 

are automatically formed as soon as an impact is detected, kept active while the colliding bod-

ies remain in contact and removed once the bodies are detached from each other. At each time 

step, the interpenetration depth, δ(t), is used together with the stiffness of the contact spring to 

assess, according to the adopted impact model, the contact forces that should be applied to the 

structures. In this research work, various linear impact models proposed in the literature are 

used, in order to investigate the effect of the impact model selection on the peak seismic re-

sponse considering pounding incidences. Specifically, the classical Kelvin-Voigt model has 

been selected as a base reference, using the formulas provided by Anagnostopoulos [13] for 

the estimation of the impact damping coefficient. In addition, three variations of the Kelvin-

Voigt model are discussed and compared with each other with respect to the computed peak 

responses through parametric studies under strong earthquake excitations with low frequency 

content. 

2.1 Impact modeling  

The classical Kelvin-Voigt model is commonly used to model the impact force generated 

between two colliding structures. The Kelvin-Voigt model consists of a linear spring and a 

damper, acting in parallel, in order to simulate the energy loss due to permanent deformation 

at the contact point, as shown in Figure 2(a). The forces in the contact element, which has 

been used by Anagnostopoulos [13], can be calculated through the equation: 

 ( ) ( ) ( )= ⋅ + ⋅ ɺimp k kF t k t c tδ δ  (1) 

Considering two impacting masses, a relationship may be found between the dashpot con-

stant ck and the coefficient of restitution e. The resulting mathematical expression for the 

damping coefficient according to this linear viscoelastic model can be assessed as: 

 1 2

1 2

2
⋅

= ⋅ ⋅
+k k k

m m
c k

m m
ξ  (2) 

where the impact stiffness kk is determined based on the axial stiffness of the colliding bodies 

and the impact damping ratio ξk is given by the following expression: 

( )22

e

e
= −

+
k

ln

ln

ξ
π

      (3) 

The viscous impact damper of the Kelvin-Voigt element dissipates energy throughout the 

approach and restitution phases, but in reality, most of the energy dissipation takes place dur-

ing the approach period and less energy is dissipated during the restitution phase. Furthermore, 

this model exhibits an initial jump in the impact force values due to the viscous damping term, 

while the damping force at the end of the restitution phase causes negative (i.e. tensile) impact 

forces that pull the colliding bodies together, which is unrealistic. However, due to its sim-

plicity this model has been widely used to simulate structural pounding [19-21]. 

The generation of tensile forces after the detachment of the colliding bodies can be recti-

fied through a slight adjustment of the linear viscoelastic impact model, proposed by Ko-

modromos et al., 2007 [8], as shown in Figure 2(b). The modified viscoelastic impact model 
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prevents the tensile forces, while introducing permanent plastic deformations, by zeroing the 

impact force when the contact is lost at the end of the restitution phase of the impact as: 

( )
( ) ( ) ( )

( )

0

0 0

k k imp

imp

imp

k t c t for F t

F t t

for F t

 ⋅ + ⋅ ≥


+ ∆ = 
 <

ɺδ δ
     (4) 

Ye et al., 2009 [15] proposed a different modification to the Kelvin-Voigt impact model, 

as shown in Figure 2(c), noting that the Kelvin model cannot reasonably reflect the physical 

nature of structural pounding. That proposed model preserves the convenience in determining 

the linear impact spring stiffness as in the classical Kelvin-Voigt model, while the damping 

coefficient 
k

c
⌢

 and the damping constant 
k
ξ
⌢

 are given by the following equations: 
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⋅ −
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Another variation of the Kelvin-Voigt model was proposed by Pant and Wijeyewickrema, 

2012 [10] to be used for the seismic pounding between reinforced concrete moment-resisting 

frame buildings (Figure 2(d)). The main difference with this modified Kelvin-Voigt model 

lies on the usage of a dashpot, in parallel with the spring in the contact element that is only 

activated during the approach period, according to the following expressions: 

( )
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The following formulas are used for the damping coefficient and the damping constant: 
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Figure 1: The linear viscoelastic impact models of (a) Anagnostopoulos, and the corresponding modified impact 

models proposed by (b) Komodromos et al., (c) Ye et al., and (d) Pant and Wijeyewickrema. 
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Two colliding masses and a range of values of the coefficient of restitution are used in or-

der to assess the accuracy of the aforementioned impact models. For each predefined value of 

the coefficient of restitution, each of the impact models is used to perform an impact simula-

tion, compute the impact velocity after impact and, thus, the corresponding computed value 

for the coefficient of restitution. Figure 2 compares the pre-specified (nominal) and the com-

puted values for the impact models under consideration, which ideally should coincide. The 

results show that the assumption of a direct relationship between the impact velocity and the 

indentation is reasonable for pre-specified coefficients of restitution larger than 0.5. Consider-

ing that for most practical purposes the coefficient of restitution for structural impact varies 

within the range of 0.5 to 0.75 [14], the accuracy of the proposed formulas is satisfactory. 
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Figure 2: Comparison of the pre-specified (nominal) and computed coefficient of restitution. 

2.2 Modeling of seismically isolated buildings considering poundings  

In this study, the dynamic analyses of the simulated buildings, taking into account struc-

tural pounding, are performed in two dimensions, while the superstructure of the seismically 

isolated building is modeled as a shear-type structure mounted on LRBs with one lateral de-

gree-of-freedom at each floor and the masses lumped at the floor levels, as shown in Figure 

3(a). Poundings are assumed to happen between the moat wall and the base mat at the isola-

tion level, which is the most common case of structural impact for a base isolated building 

due to the large relative displacements at the isolation level. 

The seismically isolated MDOF system is subjected to horizontal components of near-fault 

ground motions, while it is assumed that the superstructure maintains a linear elastic behavior 

during the induced earthquake excitations. A typical 3-storey base-isolated building with 340 

tons lumped mass at each floor level and a roof mass of 250 tons is used in the simulations, 

while a finite seismic gap on either of its sides is considered, in order to compare the estima-

tions of the aforedescribed impact models. An additional mass of 340 tons is assumed to be 

lumped at the seismic isolation level. Each storey has a horizontal stiffness of 600 MN/m, 

whereas a viscous damping ratio equal to 2.0 % is assumed for the superstructure.  

A smooth bilinear inelastic model is used to simulate the base isolation system (Figure 

3(b)), with an isolation period based on the post-yield stiffness of 2.0 second, normalized 

characteristic strength Fyi/Wtot = 10.0 % and yield displacement equal to 1.0 cm. For all per-

formed dynamic analyses, the values 1.0, 0.5, 0.5 and 2 are adopted for the Bouc-Wen mod-

els’ parameters A, β, γ and n, respectively [22]. In addition to the hysteretic damping of the 
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isolation system, a 5.0 % viscous damping ratio has also been considered assuming non-

classical damping. 
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Figure 3: (a) Configuration of a 3-storey seismically isolated building, and (b) smooth bilinear inelastic model 

for the behavior of the seismic isolation system. 

3 PRACTICAL APPLICATION 

The linear viscoelastic model and its modifications that have been proposed in the litera-

ture are used to compare the response of a 3-storey base-isolated building due to poundings 

with the surrounding moat wall, under the Loma Prieta (UCSC 16 LGPC Station: Comp FN) 

and the Northridge (DWP 74 Sylmar - Converter Station: Comp FN) earthquakes. The impact 

stiffness is considered to be 2500 MN/m, the coefficient of restitution is taken as 0.7 for all 

cases, while the mass of the surrounding moat wall is set to 500 tons.  

Table 1 presents the peak responses of the base isolated structure with the separation gap 

equal to 20 cm for both excitations, considering the four aforedescribed impact models. The 

maximum impact velocities (both sides) and the impact incidences are also provided. It shall 

be noted that the number of impacts may deviate between the various models considered. In 

general, the differences in the computed responses for the linear viscoelastic and the Ko-

modromos et al. models are very small. As expected, the two models have almost identical 

responses due to the fact that their only difference is in the tensile force during detachment. 

Nevertheless, there is a considerable variation of the peak base-floor acceleration computed 

considering the classic Kelvin-Voigt model and the corresponding results of the Ye et al. and 

the Pant and Wijeyewickrema models.  

 
Loma Prieta earthquake 

1989-10-18 

Northridge-01 earthquake 

1994-01-17 Peak Response 

1 2 3 4 1 2 3 4 

Base displacement (cm) 20.47 20.47 20.45 20.39 21.12 21.13 21.06 20.91 

Top-floor displacement (cm) 23.60 23.60 23.60 23.56 28.14 28.15 28.11 28.01 

Interstorey deflection (cm) 1.82 1.82 1.77 1.77 4.14 4.14 4.02 3.97 

Base-floor acceleration (m/sec
2
) 34.20 34.20 38.08 42.71 71.88 71.99 80.57 92.07 

Top-floor acceleration (m/sec
2
) 22.57 22.57 22.30 22.13 49.51 49.51 48.56 47.60 

Remaining plastic deform. (cm) - 0.04 - - - 0.11 - - 

Max impact velocity (m/sec) 0.48 0.48 0.48 0.48 1.06 1.06 1.06 1.07 

Left 0 0 0 0 2 3 2 3 
Number of impacts (#) 

Right 2 2 2 2 2 2 2 2 

1: Kelvin-Voigt model (Anagnostopoulos, 1988); 2: Modified Linear viscoelastic model (Komodromos et al., 2007); 

3: Ye et al., 2009, 4: Pant and Wijeyewickrema,2012. 

Table 1: Peak seismic responses of the 3-storey base isolated building with a seismic gap equal to 20 cm, consid-

ering the 4 different impact models, under the Loma Prieta and the Northridge earthquakes. 
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The origins of the observed variations can be clarified through Figure 4 and Figure 5. Spe-

cifically, these two figures present the impact force-indentation diagrams and the time-

histories of the impact force at the base of the isolated building for the 4 different impact 

models, subjected to the Loma Prieta (Figure 4) and Northridge (Figure 5) excitations. Solid 

lines represent impacts on the left side of the building whereas dashed lines correspond to 

poundings on the right side. It is observed that the values of the maximum impact force calcu-

lated through the Kelvin-Voigt model and the modified version proposed by Komodromos et 

al. are essentially equal. This observation is also valid for the Northridge earthquake re-

sponses where the peak response occurs due to the second impact. However, the maximum 

impact force for the models proposed by Ye et al. and Pant and Wijeyewickrema is signifi-

cantly higher. This deviation justifies the higher discrepancies among model responses ob-

served in the base acceleration results (Table 1). Despite the large differences in the calculated 

impact forces the displacement response of the structure is found to be relatively insensitive to 

the actual model used. 
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Figure 4: Plots of the impact force in terms of indentation and time-histories of the 3-storey base isolated build-

ing, under the Loma Prieta earthquake with a seismic gap equal 20 cm, considering the 4 impact models. 
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These simulations reveal that the utilization of the Ye et al. model does not always avoid 

the appearance of tensile force immediately before separation, which is consistent with the 

observations of Pant et al. [23]. The existence of tensile forces in the case of the Loma Prieta 

earthquake, as shown in Figure 4 (third row), is possible due to the activation of the dashpot 

element, which by definition is included in the restitution phase of contact. It should be noted, 

however, that in the case of the Northridge excitation (third row of Figure 5) the model does 

not produce tensile forces. 
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Figure 5: Plots of the impact force in terms of indentation and time-histories; of the 3-storey base isolated build-

ing under the Northridge earthquake with a seismic gap equal 20 cm, considering different impact models. 

4 PARAMETRIC STUDIES AND NUMERICAL RESULTS 

A parametric study has been performed in order to examine the effects of the excitation 

characteristics on the dynamic response of the simulated base isolated building during pound-

ings. Table 2 shows the five near-fault ground motions that have been used. The selected 

seismic accelerograms have been taken from the NGA database [24] and are expected to in-

duce large displacements to the seismically isolated building, since they are characterized by 

low-frequency content, which is one of the most decisive factors for the occurrence of pound-
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ings in such structures. The response spectra of the five earthquakes’ fault-normal component 

that has been used in this study are plotted in Figure 6. 

 
NGA#  Event   Station  Mw PGA (g) 

779 Loma Prieta 1989-10-18 UCSC 16 LGPC  6.93 0.944 

821 Erzican, Turkey 1992-03-13 95 Erzincan  6.69 0.486 

828 Cape Mendocino 1992-04-25 CDMG 89156 Petrolia 7.01 0.615 

1084 Northridge-01 1994-01-17 DWP 74 Sylmar - Converter Sta  6.69 0.594 

2627 Chi-Chi, Taiwan-03 1999-09-20 CWB 99999 TCU076  6.2 0.524 

Table 2: Earthquake records that have been used in the performed simulations. 
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Figure 6: Acceleration and displacement response spectra of the fault normal components for the five earthquake 

records, considering a viscous damping ratio of 5 %. 

4.1 Effect of the gap size and the characteristics of the earthquake excitation 

The seismic gap width is systematically varied in the range of 10 to 35 cm with a step of 

0.5 cm, in order to investigate its effect on the overall response. The 3-storey base isolated 

building is analyzed under the selected near-fault ground motions, while the moat wall is as-

sumed to be present on both sides of the building. Figure 7 shows the peak floor accelerations 

and the maximum inter-storey drifts of the base isolated building under the Loma Prieta 

earthquake as a function of the seismic gap width considering the four impact models. Each 

subplot corresponds to the response of a particular floor, or inter-storey response for the case 

of inter-storey deflections. It is apparent that the most severe peak floor accelerations occur at 

the base level where poundings occur. Subsequently, the maximum inter-storey deflections 

occur at the 1-0 interface.  

The simulation results indicate that the peak absolute acceleration of the 3-storey base iso-

lated building increase significantly due to structural impact, reaching values that are several 

times the PGA and can be more than 10 times the corresponding peak accelerations without 

pounding. The amplification of the inter-storey deflections due to structural poundings reach-

es values higher than 6 for a seismic gap of 10 cm. Specifically, in that case the peak inter-

storey drifts exceed what the corresponding fixed-supported superstructure would experience 

(0.026 m). Furthermore, as the seismic gap increases, both peak floor accelerations and inter-

storey deflections of the superstructure significantly decrease. In particular, for relatively nar-

row gap widths the response is increasing with the width of the available clearance and, after 

a certain value, the response of the seismically isolated building begins to decrease as the 

seismic gap increases.  
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Figure 7: Maximum responses of the 3-storey base isolated building, under the Loma Prieta earthquake in terms 

of the width of the seismic gap, which varies from 10 to 35 cm. 

Figure 8 presents the peak values for indentation, impact velocity and impact force on both 

sides of the seismically isolated building for the Loma Prieta excitation, in terms of the width 

of the seismic. It is observed that the trends of the parameters under examination are very sim-

ilar with the corresponding peak absolute floor acceleration at the impacting floor of the seis-

mically isolated building, indicating that the amplification of the response due to impact is 

proportional to the impact velocity. It is also observed that, although the maximum impact 

velocity is relatively consistent between all four impact models considered, the predicted im-

pact forces considering the modified contact models proposed by Ye et al. and Pant and Wi-

jeyewickrema are consistently higher.  
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Figure 8: Maximum indentation, impact velocity and impact force of the seismically isolated building induced to 

the 3-storey structure subjected to Loma Prieta excitation, in terms of the width of the seismic gap. 

The variation of the response of the 3-storey seismically isolated building due to the char-

acteristics of the excitation is provided in Figure 9, where the envelope of peak responses is 

plotted for all considered earthquake excitations. It is observed that, in general and for a range 
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of values of the width of the seismic gap near the maximum induced displacement, i.e. the 

critical gap size, the response is decreasing rapidly with the increment of the gap size. Overall, 

the four linear impact models that have been examined provide similar trends for the peak re-

sponse of the superstructure. 

0

40

80

120

0

0.01

0.02

0.03

0.04

0

40

80

120

0

0.01

0.02

0.03

0.04

0

40

80

120

P
ea

k
 A

b
so

lu
te

 F
lo

o
r 

A
cc

el
er

at
io

n
s 

(m
/s

ec
  
 )2

0

0.01

0.02

0.03

0.04

P
ea

k
 I

n
te

r-
st

o
re

y
 D

ef
le

ct
io

n
s 

(m
)

0.1 0.15 0.2 0.25 0.3 0.35
0

40

80

120

Gap size (m)

0.1 0.15 0.2 0.25 0.3 0.35
0

0.01

0.02

0.03

0.04

Gap size (m)

 

 
0 0

85% of Critical Gap size 

Anagnostopoulos

Komodromos et al.

Ye et al.

Pant and Wijeyewickrema

0

0.02

0.04

0.06

40

80

120

160

200

Loma Prieta 1989-10-18

Erzican, Turkey 1992-03-13

           Cape Mendocino 1992-04-25

        

 Northridge-01 1994-01-17

 

        

Chi-Chi, Taiwan-03 1999-09-20 

 

 

Figure 9: Maximum responses of the base isolated building, in terms of the width of the seismic gap, for the five 

selected earthquakes considering the 4 impact models under consideration. 

In order to compare the results among the four impact models, all peak responses are nor-

malized with respect to the classical Kelvin-Voigt model (i.e. using the formula provided by 

Anagnostopoulos for the estimation of the impact damping coefficient). Figure 10 presents 

the normalized peak absolute floor accelerations, showing that the Kelvin-Voigt impact model 

and the modified linear viscoelastic model proposed by Komodromos et al., in which a per-

manent deformation is allowed, lead to almost identical responses. The interstorey drifts are, 

in general, underestimated up to 7.5 % for relatively narrow gap sizes, when the modified lin-

ear models proposed by the Ye et al. and Pant and Wijeyewickrema are used, compared to the 

corresponding peak responses computed using the classical Kelvin-Voigt model. In general, 
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the underestimation of the peak response while using the two modified models tends to de-

crease with the increase of the width of the seismic gap. Additionally, for a seismic gap 15 % 

smaller than the maximum unobstructed displacement under each one of the selected near-

fault ground motions the deviation of the peak response is similar. The overestimation of the 

peak accelerations fluctuate around 10.0 and 25.0 % when the contact elements proposed by 

Ye et al. and the Pant and Wijeyewickrema, respectively, are used.  
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Figure 10: Peak response using the modified linear impact models normalized to the corresponding peak re-

sponse obtained with the classical Kelvin-Voigt model in terms of the width of the seismic gap. 

4.2 Effect of the impact parameters 

In order to examine the effect of the impact stiffness and the coefficient of restitution on 

the peak seismic response of the base isolated building during poundings, another series of 

parametric studies is performed. For this investigation the 3-storey base isolated building is 

simulated, assuming a seismic gap 15 % smaller than the maximum unobstructed displace-

ment under each one of the selected near-fault ground motions, in order to ensure structural 

pounding. The widths of the seismic gap size that have been used in the simulations have 

been marked in Figure 9. The impact stiffness, kk of the linear impact spring is varied in the 

range of 500 to 5000 kN/mm, while the coefficient of restitution is varied between 0.3 and 1.0. 

The variation of the amplification of peak floor accelerations and peak inter-storey deflections 
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of the 3-storey base isolated building that are computed considering the classic Kelvin-Voigt 

model in terms of the two impact parameters, are presented in the next graphs. 

 The peak absolute floor accelerations due to pounding of the seismically isolated building 

with the moat wall under each one of the selected near-fault ground motions, as presented in 

Figure 11(a), tend to increase for high values of the impact stiffness. Please note that there is a 

correspondence between the line-type used to plot Figure 11(a) with the excitation shown in 

the subplots of Figure 11(b). The results indicate that when the impact stiffness ranges up to 

the value of ~1200 kN/mm, which corresponds to 2 times the superstructure’s storey stiffness, 

the inter-storey deflections increase rapidly, while for the rest of the examined range the peak 

response remain almost insensitive to this parameter. The simulation results also reveal that 

the excitation characteristics influence considerably the amplification of the peak response.  
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Figure 11: Influence of the impact stiffness on the (a) peak response considering the Kelvin-Voigt contact ele-

ment and (b) normalized peak response considering modified linear impact models, for each earthquake record.  
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Figure 11(b) shows the normalized peak response of the modified linear impact models 

considering as reference model the linear viscoelastic widely used by Anagnostopoulos. The 

results indicate that the peak responses from the classical Kelvin-Voigt and the modified by 

Komodromos et al. models are similar. Furthermore, the peak inter-storey drifts considering 

models proposed by Ye et al. and Pant and Wijeyewickrema, although they use different 

methodologies to represent impact, lead to an underestimation of the response of 2.5% for 

impact stiffness higher than 1200 kN/mm. On the other hand, using the aforementioned mod-

els lead to an overestimation of the peak absolute acceleration up to 15 and 33%, respectively. 

It can be generally observed that the peak floor accelerations are directly proportional to the 

impact stiffness for low values of kk (approx. kk<1000 kN/mm). As the impact stiffness in-

creases this dependency fades away and the peak floor accelerations tend to become constant 

for all floors with the exception of the base floor response, which maintains a strong depend-

ency. These reported characteristics appear to hold for both Loma Prieta and Northridge exci-

tations, which are presented in Figure 12. Furthermore, these results shed light on the origin 

of the kinks appearing in Figure 11(b), which relate to an interchange between the floors that 

dominate the global structural response, i.e. for low values of kk (Loma Prieta excitation) the 

third floor appears to deliver the peak floor acceleration, whereas as kk increases the response 

is dominated by the base floor accelerations, which is the level impact occurs. 
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Figure 12: Influence of the impact stiffness on the peak floor accelerations under near-fault ground motions. 

Figure 13 presents the first impact incidence obtained from the time-history analysis car-

ried out for the Loma Prieta ground motion considering different linear contact elements for 

various values of the impact stiffness. It should be noted that for this particular excitation the 

first impact incidence delivers the peak responses. The results highlight the significant influ-

ence of the impact stiffness on the peak impact force due to pounding with the adjacent moat 

wall. In general, large peak forces are coupled with higher values of the impact stiffness and 

small deformations across all three impact models. It is apparent that the models proposed by 

Ye et al. and Pant and Wijeyewickrema, produce higher magnitude impact forces than the lin-

ear viscoelastic model mainly due to the damping of the contact elements. 
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Figure 13: Plots of impact force introduced to the 3-storey seismically isolated building during the first incidence 

in terms of indentation considering different impact stiffnesses. 

The variation of peak responses of the 3-storey base isolated building in terms of the coef-

ficient of restitution under the five ground motions is presented in Figure 14(a). It is observed 

that for values lower than 0.4, the peak floor accelerations increase, reaching their maximum 

values when the impact becomes highly overdamped. In general, the excitation characteristics 

influence considerably the magnitude of the response. Figure 14(b) shows the normalized 

peak response of the linear impact models with respect to the classical Kelvin-Voigt model. 

The results indicate that the minor modification proposed by Komodromos et al. does not 

significantly influence the accuracy of the impact model. Furthermore, the peak inter-storey 

drifts computed while using the models proposed by Ye et al. and Pant and Wijeyewickrema, 

lead to an underestimation of the response up to 7.5 and 5.0 %, respectively, with respect to 

the peak responses computed using the classical Kelvin-Voigt model. For all cases, the under-

estimation of the peak inter-storey deflections tends to decrease with the increase of the coef-

ficient of restitution. On the other hand, employing the aforementioned models lead to a 

significant overestimation of the peak absolute floor acceleration. 

The enclosed areas between the loading and unloading curves of an impact-force vs. inden-

tation curve, define the amount of energy dissipated during the impact. As we can see from 

the first subplot in Figure 15, the coefficient of restitution does not influence considerably the 

peak impact force for the linear viscoelastic model. On the other hand, the peak impact force 

considering the recommended modifications by Ye et al. and Pant and Wijeyewickrema de-

pends significantly on the coefficient of restitution (as shown in the second and third columns 

of Figure 15). Such a deviation of the peak impact force, especially for lower values of the 

coefficient of restitution, lead to an overestimation of the peak absolute floor acceleration, i.e. 

of the magnitude of 2.75 and 1.6 for e=0.3, when utilizing the Ye et al. and Pant and Wijeye-

wickrema models, respectively. 
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Figure 14: (a) Peak response considering the Kelvin-Voigt contact element and (b) normalized peak response 

considering modified linear impact models, in terms of coefficient of restitution, e. 
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Figure 15: Plots of the impact force introduced to the 3-storey seismically isolated building during the first inci-

dence in terms of indentation, under the Loma Prieta earthquake considering different coefficients of restitutions. 
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5 CONCLUSIONS 

The seismic performance of a typical 3-storey seismically isolated building with the sur-

rounding moat wall has been evaluated using near-fault pulse-like ground motions. Three re-

cently proposed variations of the linear viscoelastic contact model have been compared 

considering as a base model the classical Kelvin-Voigt model using the formula provided by 

Anagnostopoulos for the estimation of the impact damping coefficient. The relative perform-

ance of the structure has been evaluated based on the peak absolute floor accelerations and 

inter-storey drifts for various gap sizes and different impact parameters.  

The following conclusions are drawn for the building and the ground motions considered 

in this research study: 

� Although the modified linear viscoelastic model by Ye et al. was introduced to provide 

a reasonable physical explanation of the pounding mechanism, it does not always pre-

vent the appearance of tensile force just before the end of the contact.  

� The minor modification proposed by Komodromos et al. for the linear viscoelastic 

model does not influence considerably the peak response values.  

� The maximum impact forces obtained using the linear impact models proposed by Ye et 

al. and Pant and Wijeyewickrema are much higher than those obtained using the linear 

viscoelastic model with the formula provided by Anagnostopoulos, leading to a signifi-

cant overestimation of the peak absolute accelerations. 

� The inter-storey deflections of the building are, in general, underestimated when the 

impact models proposed by Ye et al. and Pant and Wijeyewickrema are used. Moreover, 

the normalized response ratios of the inter-storey drifts appear to increase with a de-

creasing gap size and coefficient of restitution. 
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Abstract. This paper is aimed to study the effectiveness of Polynomial Rocking Bearing 
(PRB), a various-frequency sliding isolator, in decreasing the seismic responses of isolated 
bridges. Although sliding isolators have been widely used to mitigate seismic hazard, it may 
be not effective in decreasing the seismic responses of isolated structures subjected to near-
field ground motions. Near-field ground motions are of a pulse period which may be close to 
the natural periods of the isolated structures so as to lead the isolated structures to be reso-
nant. Various-frequency sliding isolators could regulate the natural periods of the structures 
to avoid resonance under near-field ground motions. However, the key issue is how to choose 
the geometric shape and friction materials in design of various-frequency sliding isolators. 
This study adopts PRB to be the various-frequency sliding isolator whose rocking surface 
consisting of six-order polynomial. The restoring stiffness of the PRB possesses softening sec-
tion as well as hardening section. The structural acceleration response can be decreased by 
decreasing the restoring stiffness in softening section while the structural displacement re-
sponse can be decreased by increasing the restoring stiffness in hardening section. Since the 
PRB equivalent horizontal friction coefficient can be adjusted via the various geometric 
shapes, the friction material can be then arbitrarily chosen to increase the bearing reliability 
and durability. PSO-SA hybrid algorithm is used to find out the optimum parameters of the 
PRB in this study. A series of shaking table tests are conducted to demonstrate the effective-
ness of the PRB in mitigating the dynamic responses of bridges under strong earthquakes. 
Numerical analysis is also performed to make comparison with the experiments. It shows the 
numerical results agree with the experimental results very well. 
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1 INTRODUCTION 

Seismic isolation is one of most effective technologies to protect structural systems and 
their interior equipment or facilities from earthquakes [1-2]. Different from conventional 
seismic resistance techniques, seismic isolation is to implement a soft layer under the protect-
ed structure, so that the seismic load transmitted onto the structure can be mitigated [3]. A 
seismic structure with a conventional isolation system is usually designed to be a long-period 
system with a fixed isolation frequency and damping ratio. Although these constant isolation 
parameters may be optimally designed for the given design earthquake, the existence of the 
long-period feature inevitably induces a low-frequency resonant-like response when the isola-
tion system is subjected to a ground motion containing strong long-period components [4]. 
Many studies have found that an isolated structure with a conventional isolation system will 
exhibit excessive isolator displacement in near-field ground motions, whose waveforms usu-
ally possess a long-period pulse component [5]. Consequently, this will yield an unsuitable 
isolator design and increase the risk of superstructure pounding effect. 

To avoid the low-frequency resonance problem that conventional isolators may encounter 
in long-period earthquakes, some researchers have suggested using isolators with variable 
mechanical properties, so the isolation systems may be adaptive to a wider range of earth-
quakes with different characteristics [6]. A new type of isolator called polynomial rocking 
bearings (PRB) is adopted for bridges in this study. The PRBs have variable isolation stiffness 
that can meet the desired design specifications. This study involves the experiment verifica-
tion and numerical simulation of the seismic responses of an isolated bridge with PRBs. 
Moreover, the theory and formulas that describe the mechanical properties of a general PRB 
will be reviewed at the beginning of this paper. Then, based on the general formulas, the PRB 
used in the shaking table tests can be designed. 

2 THEORY OF POLYNOMIAL ROCKING BEARINGS 

2.1 Configuration of a PRB  

Figure 1 illustrates a PRB installed between the deck and column in a bridge. The PRB has 
an articular (ball-and-socket) joint on the top and a concave rocking surface with a base plate 
on the lower part. The articular joint is mounted on the bottom of the deck with the sole plate 
while on the column with the base plate. In an earthquake, the rocking surface of the bearing 
will rock back-and-forth on the base plate, which provides an isolation layer to reduce the 
seismic induced forces transmitted onto the superstructure. The geometry of the rocking sur-
face is usually axially symmetric about the vertical axis and must be concave. In order to pro-
vide variable isolation frequencies, the rocking surface may have a variable curvature that can 
be determined by the designer. However, the radius of the curvature has to be larger than the 
bearing height to maintain the stability during rocking. Moreover, there are three important 
design items for the rocking bearing including the bearing height, the radius of the spherical 
head and the sixth-order polynomial function defining the shape of the rocking surface. [6] 

2.2 Mechanism of a PRB  

The mechanical properties of an isolator are generally characterized by the relation between 
its horizontal shear and displacement. The formulas that describe this relation for a general 
PRB will be discussed below. 

Figure 2 depicts the free-body diagram of a PRB where the friction on the spherical head is 
neglected because of insignificant effect.  xy coordinate is fixed on the base plate while XY c- 
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-oordinate is moving with the rocking body. The rocking surface is defined by a sixth-order 
polynomial function, ( )Y = G X . Assume that the rocking surface and the base plate intersect 
at point A. Therefore, the x-axis is always tangent to the rocking surface at the intersect A.  

The vertical force W can be determined by the structural weights when neglecting vertical 
motion. The horizontal shear force U transmitted onto the isolated structure can be calculated 
by using the equilibrium equation of moments, i.e. 0AM∑ = , as 

                                                     
( )a b

r
b b

W x xWeU u
y y

−
= = =                                   (1) 

where ru  signifies the bearing restoring force; ax  is the x coordinate of the intersect A in the 
xy coordinate; bx  and by  are the x and y coordinates of the point B, respectively. Since it is 
assumed that there is no relative sliding between the rocking surface and the base plate, ax  is 
equal to the arc length acS  from point A to point C on the rocking surface. ax , bx , by  and aθ  
are determined by the following equations. 

 ( )( )
1/2X 2

0
1 ' X X

a

a a ax S ds G d = = = +
 ∫ ∫   (2) 

                                          ( )( )X sin X cosb a a a a ax h G xθ θ= − − +                                          (3) 

                                          ( )( )X cos X sinb a a a ay h G θ θ= − +                                                  (4) 

                                         ( )tan ' X    
2 2a a aG π πθ θ= ≤ ≤，                                                   (5) 

where Xa  represents the X coordinate of the point A. 

Applying Eq. (5), Eqs. (3) and (4) can be rewritten as 

 
( )( ) ( )

( )( ) ( )( )
1 1

2 22 2

' X

1 ' X 1 ' X

a a a
b a

a a

h G X G Xx x
G G

−
= − +

   + +
   

  (6) 

Figure 1: A PRB installed on a column 

 

Figure 2: Free-body diagram of a PRB 

C 
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( )( )

( )

( )( )
1 1

2 22 2

' X

1 ' X 1 ' X

a a a
b

a a

h G X X G
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G G

−
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  (7) 

 
Substituting Eqs. (2), (6) and (7) in Eq. (1) yields  

 ( )
( )( ) ( )

( )( ) ( )
X ' X X

X
X X ' X

a a a
r r a

a a a

W h G G
u u

h G G

 − − + = =
− +

  (8) 

Note that the restoring force ru  of a PRB is proportional to the vertical load W. 

In order to improve the isolation performance for near-field earthquakes, the geometric 
function ( )Y = G X  of the rocking surface may be defined by the following sixth-order poly-
nomial function: 

 ( ) 6 4 2
1 2 3XG c X c X c X= + +   (9) 

where 1 2,c c  and 3c  are three constant coefficients determined by designers. Next, applying Eq. 

(9) in Eq. (8) yields the fifth-order polynomial function for the isolator restoring force.  
The stiffness rk  of a PRB can be defined as the rate of change of the restoring force ru  

with respect to the isolator displacement bx . However, since the restoring force ru  of a PRB 
is not an explicit function of bx , the bearing stiffness rk  has to be computed indirectly by us-
ing the following equation  

 ( ) ( )
( )

( )

( )

X

XX
X

X X

X

r a

ar a
r r a

b a b a

a

du
ddu

k k
dx dx

d

 
 
 = = =
 
 
 

  (10) 

Once the geometric function G(X) of the rocking surface is defined, the stiffness rk  can be 
calculated by Eq. (10). The restoring stiffness of the PRB can be divided into softening sec-
tion and hardening section. The structural acceleration response can be decreased by decreas-
ing the restoring stiffness in softening section while the structural displacement response can 
be decreased by increasing the restoring stiffness in hardening section. Since the PRB equiva-
lent horizontal friction coefficient can be adjusted via the various geometric shapes, the fric-
tion material can be then arbitrarily chosen to increase the bearing reliability and durability. 

3 NUMERICAL ANALYSIS 

3.1 Simplified numerical model of bridges 

Since bracing systems and shear connectors are always used in superstructures to intercon-
nect all the steel girders and slabs as a solid deck, the deck of the typical isolated bridge may 
be assumed rigid in the longitudinal direction. Therefore, a column with an effective deck 
mass on the top can be taken apart as a unit for analysis as shown in Fig. 3 
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3.2 Equations of Motion 

The equations of motion for the isolated bridge with PRBs may be expressed as  

 
0 0 0 0 0 1

0 0 0 0 1
r fd d b b b d

g
r fc c c c c c c

u um m x x x m
x

u um x c x k x m
+                

+ + = − +                  − −                

 


 
  (11) 

Let ( ) r fu t u u= +  and rewrite Eq. (11) in vector form as: 

 ( ) ( ) ( ) ( ) ( )1 1 2gt t t x t u t+ + = − +Mx Cx Kx M L L     (12) 

where x  is the displacement vector. gx  is the ground acceleration.  M , C , K  and 1M  are the 

mass matrix, damping matrix, stiffness matrix and distribution matrix of mass, respectively. 
L1 and L2 are the distribution matrices of seismic force and horizontal shearing force of PRBs, 
respectively. 

    The equations of motion, Eq. (12) can be rewritten in the state space as: 

 ( ) ( ) ( ) ( )gt t x t u t= + +z Az E B    (13) 

The equations of motion, Eq. (13), in a continuous time system can be expressed in a discrete-
time state-space form as  

 0 1 0 1[ 1] [ ] [ ] [ 1] [ ] [ 1]d g gk k x k x k u k u k+ = + + + + + +z A z E E B B    (14) 

where a variable with [k] denotes the quantity is evaluated at the kth computational time step. 
All the matrices 0 1 0,  ,  ,  dA B B E  and 1E are constant coefficient matrices that are evaluated 
by using the following equations.  
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∆
= = ∑A A  , 

1

0
0

( )

!( 2)

i
i

i

t
i i

+∞

=

 ∆
=  + 
∑B A B , 

1 1

1
0 0

( ) ( )

( 1)! !( 2)

i i
i i

i i

t t
i i i

+ +∞ ∞

= =

 ∆ ∆
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where t∆  denotes the time interval of computation.  

   

(a) (b) 

Figure 3: Analytical idealization (a) analytical unit (b) 2DOF system 
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4 EXPERIMENT OF A BRIDGE MODEL WITH PRBS 

A series of shaking table tests are conducted to recognize the effectiveness of the PRBs in 
decreasing the induced seismic force for bridges. The experimental results are compared with 
the analysis results to verify the accuracy of the numerical model. Since we reused the PRBs 
studied by Lu et al. for buildings [7], the rocking surface may be not optimum for the bridge 
test model. However, after proving the feasibility of the PRBs, the optimum rocking surface 
will be searched by PSO-SA hybrid algorithm. Figure 4 illustrates the setup of the shaking 
table tests. Two ground motions recorded at El Centro, California 1940 and Imperial Valley 
1979 are selected. El Centro records represent the far-field ground motions while Imperial 
Valley records represent the near-field ground motions. 

4.1 Results of numerical analysis and experiment  

The experimental and analytical results under El Centro and Imperial Valley ground mo-
tions are compared in Figs. 5 and 6. Figures 5(a), 5(b) and 5(c) show the time histories of the 
deck displacement, bearing displacement and column displacement, respectively, under El 
Centro ground motion with PGA of 307 gal. Figure 5(d) shows the hysteresis loop of the PRB 
under El Centro ground motion. Figure 6 shows the comparison under Imperial Valley ground 
motion with PGA of 350 gal. Observed from the results, the numerical model is able to satis-
factorily simulate the dynamic behavior of the isolated bridge with PRBs. Besides, the effec-
tiveness of PRB isolation can be estimated in the experiment. Table 1 shows the comparison 
between the isolated bridge with PRBs and non-isolated bridge. Obviously, the peak column 
displacement largely decreases in the isolated bridge with PRBs as compared to the non-
isolated bridge under both far-field and near-field ground motions. 
 

 
 

Ground Motion PGA (g) 
Peak Column 
Displacement 

with PRB (cm) 

Peak Column 
Displacement 
w/o PRB (cm) 

Percentage of 
reduction (%) 

El Centro 0.307 1.46 6.33 76.9 

Imperial Valley 0.350 1.58 4.62 65.8 

 

Table 1: Comparison between the isolated bridge with PRBs and non-isolated bridge 
 

 
Load Cell 

PRB 

Column 

Strain Gage 

Shaking 
Table 

Accelerometer 

Accelerometer 
 

Figure 4: Test setup of a bridge with PRBs 

4061



T.Y. Lee, L.Y. Lu, J.H. Tzeng and K.J. Chung 

 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

5 DESIGN OF PRBS  

The effect of PRBs on the seismic behavior is influenced by the six-order polynomial of 
rocking surface, bearing height and equivalent friction coefficient. It is extremely tedious and 
time-consuming to perform a parametric study for exploring the optimum parameters. Opti-
mization techniques are expected to provide a smart solution to such an optimization problem. 
In this study, PSO-SA hybrid searching algorithm is adopted to explore the optimum design 
parameters of PRBs. [8] 

In order to reveal the efficiency of the PRBs, a friction pendulum system (FPS), a tradi-
tional sliding bearing, is also investigated in this study for comparison. The design parameters 
of both the PRBs and FPSs are determined by using PSO-SA hybrid searching algorithm. 
Figures 7 and 8 compare the dynamic responses of the isolated bridges with PRBs and FPSs 
under El Centro records and Imperial Valley records, respectively. Table 2 shows the peak 
responses of bridges under two records. The simulation results indicate that the column and 
deck displacements of the isolated bridge with PRBs are further decreased as compared with 
FPSs.  
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Figure 5: (a) deck displacement (b) bearing 
displacement (c) column displacement (d) 
hysteresis loop of PRBs under El Centro 
ground motion 

Figure 6: (a) deck displacement (b) bearing 
displacement (c) column displacement (d) 
hysteresis loop of PRBs under Imperial 
Valley ground motion 
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Ground Motion 
Peak Bearing       

Displacement (cm) 
Peak Column       

Displacement (cm) 
Peak Deck           

Displacement (cm) 

PRB FPS PRB FPS PRB FPS 

El Centro 4.23 4.04 1.91 2.04 4.14 4.24 

Imperial Valley 6.29 9.13 2.52 2.59 8.49 10.90 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 

6 CONCLUSIONS  

• A new type of isolator called polynomial rocking bearing (PRB) is applied to bridges in 
this study. Through shaking table tests, the results reveal the feasibility and effectiveness 
of PRBs in mitigating the dynamic responses of bridges under both near-field and far-
field ground motions as compared to the non-isolated bridges. Also, the numerical model 
is verified to be accurate in simulation of the isolated bridge with PRBs.  

 

 

 

 

 

 

 

Table 2: Peak responses of isolated bridges   

Figure 7: (a) deck displacement (b) bearing 
displacement (c) column displacement (d) 
hysteresis loop of PRBs and FPSs under El 
Centro records 

Figure 8: (a) deck displacement (b) bearing 
displacement (c) column displacement (d) 
hysteresis loop of PRBs and FPSs under 
Imperial Valley records 
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• Since the restoring stiffness of the PRB can be divided into softening section and harden-
ing section, the structural acceleration response can be decreased in softening section 
while the structural displacement response can be decreased in hardening section. As 
compared to the traditional FPS, the column and deck displacements of the isolated 
bridge with PRBs can be further improved under both near-field and far-field ground mo-
tions. 

• The effect of PRBs on the seismic behavior is influenced by the six-order polynomial of 
rocking surface, bearing height and equivalent friction coefficient. Such design parame-
ters can be determined by using PSO-SA hybrid searching algorithm. From the results of 
numerical simulations, it is verified that the PRBs can reach the optimum performance in 
mitigating the seismic responses of bridges.  
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Abstract. The aim of this study is to investigate the micro-behavior of the CAR1 device. This 

device was presented by Papadopoulos et al [1] and has the advantages to (i) provide addi-

tional stiffness as well as (ii) absorption of seismic energy, (iii) provide control of the axial 

forces that are developed at the diagonal steel rods. Last but not least, it has the ability to re-

tain the plastic displacements to a desired level. The first step was to model and analyze the 

group of superimposed blades in order to ascertain its behavior under monotonic loading, 

increased step by step until the collapse. To that purpose, Finite Element (FE) models of the 

system were developed and analyzed using the software ABAQUS. Parametric investigation 

was conducted to define the optimum combination of number and thickness as well as their 

elastoplastic properties. Furthermore, the group of superimposed blades was modeled and 

analyzed under quasi static cyclic loading, in order to ascertain its behavior to absorbed 

seismic energy. In addition, numerical results were compared with the same experimental so 

as to validate the model in the software ABAQUS. 
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1 INTRODUCTION 

The safety of construction (existing or new) is one of the major priorities of engineering 

globally, because structures often subject to large and often devastating, for their viability, 

loadings. So, great interest is in the study of the innovations of the design and materials of 

construction that minimize the probability of failure of the structure in any charging. There-

fore, many efforts have been made to create devices that will absorb the majority of the seis-

mic energy but will not belong to the supporting structure of the construction. The main 

advantages of these, is the easy replaced or repaired. These devices belong to the passive en-

ergy dissipation systems, do not require external power to generate system control forces and 

hence, are easy and cheap to implement in a structure. Passive energy dissipation devices such 

as visco-elastic dampers, metallic dampers and friction dampers have widely been used to re-

duce the dynamic response of civil engineering structures subjected to seismic loads [2, 3] 

Their effectiveness for seismic design of building structures is attributed to minimizing struc-

tural damages by absorbing the structural vibratory energy and by dissipating it through their 

inherent hysteresis behaviour [2].  

In order to demonstrate the effectiveness of the devices, many passive energy dissipation 

systems were studied in experimental research [4, 5, 6, 7], others in numerical research [8, 9, 

10] and others in both of these.  

The Finite Element Method (FEM) has become the most popular method in both research 

and industrial numerical simulations. Several algorithms, with different computational costs, 

are implemented in the finite codes, such as ABAQUS [11], which is commonly used soft-

ware for finite element analysis. Understanding the nature, advantages and disadvantages of 

this software, ABAQUS has been chosen to validate the group of the superimposed blades, 

which is the main element of the investigated device. Numerical analysis was conducted in 

order to investigate the behavior of the superimposed blades. What is more, a micro-

investigation locally in regions of high importance is permissible. In this way, results come 

out that are harder to obtain experimentally. 

In present paper, an analytical investigation of the group of the superimposed blades is pre-

sented through finite element analysis with parametric study of material, dimensions and fric-

tion coefficient between surface contacts. 

2 DESCRIPTION OF THE INVESTIGATED DEVICE CAR1 

The device CAR1, presented by Papadopoulos et al [1], is illustrated in Figure 1. The rele-

vant movement between the exterior tube (Element A) and the interior shaft (Element B) is 

carried out by an elastoplastic bending deformation of the superimposed blades that connect 

crosswise elements A and B. The number and the dimensions of superimposed blades as well 

as their elastoplastic properties define the principle of elastoplastic behavior of the diagonal 

bars on an axial load. 
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Figure 1: The investigated device CAR1. 

3 FINITE ELEMENT MODELING IN ABAQUS 

The finite elements analysis calibration study included modeling of a group of superim-

posed steel blades, with dimensions 125x20x20mm, as illustrated in Figure 2. The group con-

sists of five steel blades   with thickness of 4mm each one. Young’s modulus is given as 

E=200GPa, Poisson’s ratio is ν=0.30 and Yield strength is F=235MPa. The average coeffi-

cient of friction between steel surfaces is equal to μ=0.40 [12]. 

12.5 cm

8.5 cm

2 cm

Load

Simply

seat

0.5 1.5
x

z
y

 

Figure 2: Description of the group of superimposed steel blades. 

The superimposed blades are free to move along the axis x-x, independently of each other. 

Τhe movements along the axis y-y and z-z are prohibited because of the existence of the ex-

ternal tube (Element A). Definition of boundary conditions for the superimposed blades is not 

considered necessary as simply mounted to the rigid components of the exterior tube A of the 

device. On the other hand, each rigid element is fixed (all degrees of freedom). 

The load is transferred to the center of the top superposed blade through the interior shaft 

of the device (Element B). The curvature of the interior shaft leading to uniform load transfer 

small amplitude along the axis x-x and y-y, which be considered as a point load. During the 
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modeling in order to avoid high stress concentration at individual points, the load introduced 

as uniform in a small strip (Figure 3a). During the analysis the load imposed at a very slow 

pace, increased step by step until the collapse. 

To simulate the behavior of the group of superimposed steel blades, it was selected to use 

an explicit dynamic solver because this allows the definition of very general contact condi-

tions for complicated contact problems, without generating numerical convergence difficul-

ties. Moreover, an explicit dynamic solver uses a consistent large-deformation theory that can 

model large rotations and large deformations, which is beneficial for the analysis of the group 

of superimposed steel blades.  

For the explicit method, 3D reduced integration solid element C3D8R (eight-node bricks) 

are used. A view of the finite element mesh is displayed in Figure 3b. 

 

Part of exterior tube

Superimposed blades

Load

 

Figure 3: a) Numerical model in ABAQUS, b) Finite element mesh in ABAQUS. 

Surfaces in contact are not only the interior surfaces of the superimposed steel blades, but 

also the part of exterior tube in which blades simply seat. Figure 4 shows all the contact sur-

faces with green color. To model the contact areas in ABAQUS, surface to surface contact 

was used with coefficient of friction equal to μ=0.40. 

 

Figure 4: In contact surfaces. 

Figure 5 illustrate the force-deformation relation at the central section of the bottom blade, 

for the group of superimposed which was presented previously, under increasing step by step 

load until the collapse. 
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Figure 5: Numerical results with increasing step by step load until the collapse. 

4 PARAMETRIC STUDY 

In order to investigate the behavior of the superimposed blades 56 parametric numerical 

analyses have been done. The main parameters for comparison of the group of superimposed 

blades are: (i) the material of the blades, (ii) their thickness and (iii) the friction coefficient 

between contact surfaces. 

4.1 Material of the blades 

Three different qualities of materials were investigated, two steel and one brass. It was 

chosen soft qualities of steel and brass and particularly qualities that are easily founded in the 

commercial without order. In ABAQUS software a typical elastic-plastic material was used 

with properties that are presented in the following Table (Table 1) both for steel and brass.  

 

 Young Modulus 

(GPa) 

Mass Density 

x1000 (kg/m
3
) 

Yield Stress 

          (MPa) 

Plastic Strain 

(MPa) 

Steel (Fe150) 201 7.85 150 180 

Steel (Fe235) 201 7.85 235 340 

Brass (Br) 100 8.45 200 370 

Table 1: Elastoplastic characteristics of materials. 

4.2 Thickness of the blades 

The total thickness of the superimposed blades should be equal to 20mm, to satisfy the di-

mensions of the device CAR1. Thickness and number of the blades was classified into two 

categories. In the first, the material remained the same throughout the group, while in the se-

cond the material was differentiated from blade to blade. The analyzed combinations present-

ed in Table 2. The total number of combination due to the thickness, taking account of the 

material, is 21. 
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Thickness and number of blades Number of 

combination Fe150  Fe235 Br 

20mm (1) or       20mm (1) or       20mm (1) 3 

10mm (2) or       10mm (2) or       10mm (2) 3 

5mm (4) 

4 mm (5) 

2 mm (10) 

5mm (2) 

4mm (3) 

5 mm (3) 

or        5mm (4) 

or        4mm (5) 

or       2mm (10) 

or        5mm(2) 

or        4mm(3) 

or        5mm(3) 

or        5mm (4) 

or        4mm (5) 

or        2mm (10) 

and      5mm(2) 

and      4mm(2) 

and     2.5mm (2) 

3 

3 

3 

2 

2 

2 

Table 2: Number and thickness of groups of superimposed blades. 

4.3 Coefficient of friction 

When surfaces in contact move relative to each other, the friction between the two surfaces 

converts kinetic energy into thermal energy. Friction is not itself a fundamental force but aris-

es from interatomic and intermolecular forces between the two contacting surfaces. The coef-

ficient of friction (COF), often symbolized by the Greek letter µ, is a dimensionless scalar 

value which describes the ratio of the force of friction between two bodies and the force 

pressing them together. The coefficient of friction depends on the materials used as Table 3 

illustrates. 

 

Surfaces in contact Coefficient of friction 

μ 

Steel to Steel 

Steel to Steel 

Steel to Steel 

Brass to Brass 

Brass to Brass 

Steel to Brass 

0.00 (theoretical smooth) 

0.40 (standard) 

0.70 (knurled) 

0.00 (theoretical smooth) 

0.40 (standard) 

0.35 (standard) 

Table 3: Coefficient of friction between contact surfaces. 

5 DISCUSSION OF PARAMETRIC STUDY 

Figure 6 illustrates the observed dependence of load on displacement (at the middle point 

of the bottom blade) for group of superimposed steel blades for all coefficient friction. The 

groups, which presented in this Figure, are one blade with thickness 20mm and two blades 

with thickness equal to 10mm each one. It can be deduced that the blades of both groups en-

tered in the plastic area in small displacements. The behavior of these groups is not compati-

ble with the rationale of the device CAR1, although the large load that can be received. 
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Figure 6: Load versus displacement for group with blade’s thickness 20mm and 10mm. 

The observed dependence of load on displacement (at the middle point of the bottom blade) 

for group of superimposed steel blades with thickness 4mm for all coefficient friction is pre-

sented in Figure 7. Also for the desirable displacement of 13mm, we can notice the variation 

of the received load. The choice of movement was indicative in order to observe the influence 

of the coefficient of friction. Thus creating knurled in blades, such as increasing the friction 

coefficient to 0.70, the received force for this movement can easily increased around 20%. 
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Figure 7: Load versus displacement for group with blade’s thickness 4mm. 

Figure 8 shows the comparison of maximum load for the desirable displacement equal to 

13mm. Three different thicknesses of blades, such as 5mm, 4mm and 2mm, were selected in 

Figure 8a. The materials of the groups are steel and brass. It is necessary to notice that materi-

al and thickness remain the same into the group. The optimum combinations are the groups 

with blade’s thickness 5mm or 4mm and material Fe235. The received load for the brass 

blades is small due to the Young Modulus. In addition, the material was differentiated from 

blade to blade in Figure 8b. The received load is smaller than the corresponding with the same 

material into the group, but it reduces the probability to behavior like one part over time.  
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Figure 8: Maximum load for the desirable blades’ displacement of 13mm. 

One of the optimum combinations was chosen to illustrate the variation of the mises stress 

according to friction coefficient at a load magnitude corresponding to yield of frictionless 

group (Figure 9). The thickness of the blades is equal to 5mm and the material is Fe235.     
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Figure 9: Load versus displacement for superimposed blades with thickness equal to 5mm and Fe235 and mises 

stress of blades at a load magnitude corresponding to yield of frictionless group. 
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6 CYCLIC LOADING 

Quasi-static cyclic tests were carried out for a group of superimposed steel blades in order 

to ascertain its behavior to absorbed seismic energy. Multiple dynamic tests were run on each 

group of superimposed blades under varying load amplitudes and time. In Figure 10 the cy-

cling load versus time, for the group of 4 blades with thickness equal to 5mm, is presented. 

Blue line illustrate one cycle loading with stable maximum force equal to 2.25t, while red line 

shows three cycles loading with increasing force cycle by cycle from 1.50t to 2.25t. 
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Figure 10: Quasi static cycling load versus time. 

Figure 11 illustrates the hysteretic loops of the displacement for the previous cycles load-

ing. As hysteretic loops of the displacement represent the amount of the absorbed energy, we 

can notice the ability of the device CAR1 to absorb seismic energy. From the shape and con-

sistency of the hysteresis loops, it can be determined that the CAR1 device is effective in dis-

sipating energy. The area within a hysteresis loop is equivalent to the amount of energy that 

the device is dissipating. 
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Figure 11: Hysteretic loops. 

In addition, tests were run for ten cycles in order to ascertain any degradation in behavior 

over repeated cycles. To produce these hysteresis loops, load of amplitudes varying from 

2.50t-3.00t were applied on group for 10 cycles as shown in Figure 12. 
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Figure 12: Cycling load versus time for ten cycles. 

From the shape and consistency of the hysteresis loops, as illustrated in Figure 13, it can be 

determined that the CAR1 device is effective in dissipating energy and it will not break down 

during the course of cyclic loading. Furthermore, it can be seen that CAR1 device has very 

good energy dissipation potential. 
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Figure 13: Hysteretic loops.  
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Figures 14 shows the distribution of plastic equivalent strain and the deformed shape of the 

5 superimposed steel blades with thickness 4mm at the end of 10 cycles. It is observed that 

the nodes with more stress, is the center of the blades and the support points of the blades into 

the exterior tube.  

Load=2.50 t

Load=3.00 t

Load=3.50 t
 

Figure 14: Deformed geometry from a group of 5 superimposed blades at the end of 10 cycles. 

7 VALIDATION OF NUMERICAL AND EXPERIMENTAL TEST RESULTS 

The finite elements analysis calibration study included: (i) modeling of a group of super-

imposed steel blades and (ii) comparison of the numerical results with the same experimental. 

The group consists of five steel blades, 4mm thick each. Young’s modulus is given as 

E=200GPa, Poisson’s ratio is ν=0.30 and Yield strength is F=235MPa. The average coeffi-

cient of friction between steel surfaces is equal to μ=0.40. During the analysis the load im-

posed at a very slow pace, increased step by step until the load of 3.60t and then reduced step 
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by step. As it is shown, in Figure 15, the finite element results are in accordance with the ex-

perimental results. 
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Figure 15: Experimental and numerical test results. 

8 CONCLUSION 

In this paper, an analytical investigation of the group of the superimposed blades, which is 

the main element of the device CAR1, was presented. The group analyzed through finite ele-

ment analysis with parametric study of material, dimensions and friction coefficient between 

surface contacts. Furthermore, the numerical results reveal some conclusions of the behavior 

of the superimposed blades, namely that: 

 

 Group of blades with thickness 20mm and 10mm entered in the plastic area in small 

displacements. The behavior of these groups is not compatible with the rationale of the 

device CAR1, although the large load that can be received. While blades with thickness 

equal to 4mm and 5mm are the optimum combinations. 

 

 In addition, in group blades where the material was differentiated from blade to blade 

the received load is smaller than the corresponding with the same material into the 

group, but it reduces the probability to behavior like one part over time. 

 

 The hysteresis loops of the displacement for the 10 cycles loading confirm the ability of 

the device CAR1 to absorb seismic energy. The area within a hysteresis loop is equiva-

lent to the amount of energy that the device is dissipating. From the hysteresis loops, it 

can be seen that the device CAR1 not only is effective in dissipating energy, but also it 

will not break down during the course of cyclic loading.  
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Abstract Seismic analysis of three-dimensional (3-D) ground-supported base-isolated cylin-
drical liquid storage tank is investigated using coupled acoustic-structural interaction ap-
proach. In this approach of finite element (FE) method the contained liquid in tank is modeled 
with acoustic elements, having only pressure degree-of-freedom. By using the present ap-
proach the impulsive and convective or sloshing components acting on the tank can be eva-
luated separately by using the appropriate boundary conditions on the top of free liquid 
surface. The study is performed for two base isolation systems, elastomeric bearing and slid-
ing system, which are modeled as non-linear connectors in the present study. A parametric 
study is performed to study the effectiveness of the proposed analysis method for broad and 
slender base-isolated tanks. The sloshing displacement and base shear time history responses 
are evaluated for 3-D tanks subjected to uni-directional earthquake ground motions. The FE 
time history responses are compared with the non-isolated 3-D tanks and it is found that the 
impulsive component of base shear has reduced more as compared to convective component 
of base shear. It is also seen that sloshing displacement was unaffected by the application of 
both the isolation systems. 
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1 INTRODUCTION 

Structures which are in contact with fluids exhibit a different behavior under seismic loads 
from other structures. The seismically induced motion of the structure causes dynamic pres-
sure in the fluid, which in turn act upon the structure and hence modifies its dynamic response. 
This complex fluid-structure interaction (FSI) problem which arises not only for liquid sto-
rage tanks but also for large water reservoir and their containing structures as shown in Figure 
1. 

 
Figure 1 Fluid-structure interaction (FSI) problem. 

Liquid storage tanks are the lifeline structures used for storage of various liquids, for ex-
ample storage of water for drinking, fire-fighting system, industries, nuclear reactors. Failure 
of these liquid storage tanks were reported in past earthquakes events in the number of forms 
such as elephant foot buckling, diamond-shaped buckling, sliding of the base, uplifting of 
base, damage to the roof and the top of the tank wall caused by sloshing and failure of piping 
systems. 

The protection of liquid storage tanks against the possible hazard of earthquakes is the ma-
jor concern of the present design strategies. Over the three decades the development in the 
field of seismic control devices has reduced the failure of structure or the risk of damage in 
structures. Base isolation system has being extensively used to improve the seismic perfor-
mance of the structures. This is achieved by introducing base isolation system between the 
foundation and the tank which causes the decoupling of the tank from the damages of earth-
quake ground motions. The purpose of using base isolation system is to lengthen the funda-
mental time period of the tank beyond the energy containing periods of earthquake ground 
motions. 
Several researchers have studied base-isolated liquid storage using analytical, experimental 
and numerical methods. Chalhoub and Kelly [1] carried out several shake table tests on fixed 
base and base-isolated tanks using elastomeric bearings and observed the reduction in dynam-
ic response but slight increase in the sloshing displacement. Bo and Jia-xiang [2] analyzed the 
ground-supported base-isolated liquid storage tank using lead rubber bearing (N-Z system) by 
finite element method. Kim and Lee [3] carried out pseudodynamic test on cylindrical liquid 
storage tank supported on laminated rubber bearings (LRB). Malhotra [4, 5] proposed a new 
method for base-isolated liquid storage tank in which the wall of the tank was supported over 
a flexible rubber bearing subjected to uni-directional and bi-directional components of earth-
quake. Kim et al. [6] numerically analyzed the three-dimensional (3-D) soil-structure-fluid 
interaction for base-isolated liquid storage tanks. Shrimali and Jangid [7] used three lumped 
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mass model for the seismic response of tank with pure-friction (P-F) sliding system under bi-
directional ground excitation. Shrimali and Jangid [8] performed a comparative study of vari-
ous isolation systems for the liquid storage tanks. Cho et al. [9] analyzed the base-isolated 
liquid storage tank considering the soil-interaction effect using a coupling method that com-
bines the finite element and boundary element methods. Jadhav and Jangid [10, 11] carried 
out the study on various parameters such as aspect ratio of tank, the period of isolation and the 
damping of isolation bearings on base-isolated tank. Panchal and Jangid [12, 13] used FPS 
and variable friction pendulum (VFPI) system for base isolation of liquid storage tank under 
uni-directional earthquake ground motion. Emre and Eren [14] carried out a parametric study 
of base-isolated ground supported tanks using curved surface sliding bearings. Christovasilis 
and Whittaker [15] used mechanical analog and finite element methods, for studying the be-
havior of isolated liquefied natural gas (LNG) tanks. Calugaru and Mahin [16] conducted ex-
perimental and analytical studies on isolated and fixed base liquid storage tanks mounted on 
triple pendulum system. Shekari et al. [17] investigated the effects of base isolation on the 
seismic response of cylindrical vertical flexible liquid storage tanks subjected to horizontal 
seismic ground motion considering the coupled boundary element-fluid element (BE-FE) me-
thod. Soni et al. [18] used double variable frequency pendulum isolator (DVFPI) for isolation 
of liquid storage tank under uni-directional earthquake using three lumped mass model. Ruifu 
et al. [19] studied the seismic response of an isolated vertical, cylindrical liquefied natural gas 
(LNG) tank by multiple friction pendulum system (MFPS). Fallahian et al. [20] carried out an 
analytical study of liquid storage mounted on double concave friction pendulum (DCFP) iso-
lation system. In the present work the seismic analyses of 3-D ground-supported base-isolated 
cylindrical liquid storage tank is analyzed using coupled acoustic-structural approach of FE 
method. By the present FE model the effect of impulsive and convective components can be 
calculated separately. 

The objectives of the present study are (i) to compare the sloshing and base shear response 
of base-isolated cylindrical liquid storage tank with non-isolated 3-D finite element tank sub-
jected to uni-directional earthquake ground motion, (ii) to study the 3-D liquid storage tank 
isolated using elastomeric bearing LRB and sliding bearing FPS, and (iii) to study seismic re-
sponse of the tanks with two different aspect ratios, height of liquid to radius of the tank. 

2 NUMERICAL MODELING OF BASE-ISOLATED LIQUID STORAGE TANK 

Many researchers have modeled fluid with acoustic elements in finite (FE) analyses. 
Morand and Ohyan [21], Everstine [22], Virella et al. [23] investigated the FSI problems us-
ing acoustic elements. In the present study, coupled acoustic-structure approach of FE method 
is used for the seismic analysis of base-isolated tank. In this approach the liquid content in the 
tank is modeled using an acoustic element AC3D8R, eight-node 3-D continuum element with 
reduced integration and hourglass control used for acoustic wave propagation. The tank wall 
are modeled with shell S4R and S3R elements, four-node quadrilateral and triangular 3-D 
element with reduced integration and hourglass control, respectively as shown in Figure 2. 
The base isolation system is modeled using connectors available in Abaqus finite element 
software [24], which act in horizontal direction. Connectors allow the connection between 
two points in an assembly or between a point in an assembly and ground. The base isolation 
system parameters are assigned to connectors.  

In the present study boundary impedance interaction is defined at the free surface of acous-
tic medium to model the sloshing behavior considering the linearized wave condition. For the 
impulsive component of the liquid response, the boundary condition at free surface of liquid 
is to be replaced by zero pressure, p = 0 at z = HL. The interaction between the tank walls and 
acoustic liquid elements is defined using a surface-based tie constraint [24]. 
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Broad Slender 

Figure 2 3-D FE model of base-isolated liquid storage tank. 

3 NUMERICAL STUDY  

In the present study, 3-D FE ground-supported flexible base-isolated tank are investigated 
under uni-directional earthquake ground motions. The two aspect ratios, S = HL/R (ratio of 
liquid height to radius of tank) broad and slender tanks are studied with their geometrical di-
mensions as given in Table 1. 

 
Aspect ratio, 

(HL/R) 
Height of water, 

HL (m) 
Thickness of tank, 

t (cm) 

Broad 0.6 14.6 9.73 
Slender 1.85 11.3 2.44 

Table 1 Geometrical dimensions of circular tank. 

The steel properties are used for modeling the circular tank and the liquid contained in tank 
is water having density ( wρ ) 1000 kg/m3 and bulk modulus (K) is 2.05 GPa. The earthquake 

motions selected for the study are N00E component of 1940 Imperial Valley earthquake re-
corded at El Centro and N00S component of 1995 Kobe earthquake recorded at Japan Mete-
orological Agency (JMA). The peak ground acceleration (PGA) of Imperial Valley and Kobe 
earthquake motions are 0.348 g and 0.84 g, respectively. The two base isolation systems are 
used for the present study, elastomeric bearing, laminated rubber bearing (LRB) which is 
commonly characterized by its isolation time period (Tb) and damping (ξb). And sliding sys-
tem, friction pendulum system (FPS) is characterized by the isolation time period (Tb) and 
friction coefficient (μ). For the present study, isolator properties for the LRB system Tb = 2 
sec and ξb = 0.1 and for FPS are Tb = 2 sec and μ =0.05. The LRB is modeled by assigning a 
cumulative stiffness, kb and cumulative damping force, cb by non-linear connector given by 
Equation (1) and (2), respectively.  

 ( )2bb 2 TMk π=  (1) 

 ( )2bbb 22 TMc πξ=  (2) 

where M is the total mass of liquid storage tank. The FPS is modeled by assigning coeffi-
cient of friction and cumulative stiffness to non-linear connector. The stiffness force for FPS 

Shell elements  
SR4 and SR3 

Acoustic element     
     AC3D8R  
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is given by Equation (1). The dynamic analysis is carried for a 20 seconds acceleration time 
history of earthquake in uni-direction at the rigid base of the tank.  

The sloshing displacement is measured at the extreme node from the centre of the tank 
along the direction of excitation. Figure 3 shows the time history response for broad and slen-
der tank for Imperial Valley, 1940 earthquake ground motion for both LRB and FPS isolation 
systems compared with the non-isolated tank. Figure 4 shows the time history response for 
broad and slender tank subjected to Kobe, 1995 earthquake ground motion for isolated and 
non-isolated tanks. Table 2 gives the peak response values for non-isolated and isolated tank. 
It can be observed from the responses that due to isolated systems the impulsive component 
of base shear has reduced more as compared to convective component of base shear. The 
sloshing displacement is unaffected by both the isolation systems. 
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Figure 3 Time history response for 3-D base-isolated circular tanks subjected to Imperial Valley, 1940 earth-

quake ground motion. 

Tank 
Earthquake 
excitation 

Isolation system 
Sloshing 

(cm) 

Impulsive 
base shear 

(MN) 

Convective 
base shear 

(MN) 

Broad 

Imperial Valley, 
1940 

Non-isolated 61.20 127.08 5.06 
LRB 55.94 32.03 4.41 
FPS 52.84 33.02 2.92 

Kobe, 1995 
Non-isolated 44.05 258.32 3.62 
LRB 46.75 108.79 3.68 
FPS 49.33 122.55 3.89 

Slender 
Imperial Valley, 
1940 

Non-isolated 41.88 12.41 0.34 
LRB 55.42 2.69 0.34 
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FPS 40.12 2.29 0.24 

Kobe, 1995 
Non-isolated 73.96 21.34 0.42 
LRB 98.73 8.03 0.60 
FPS 95.88 8.54 0.59 

Table 2 Peak responses for 3-D base-isolated circular tanks. 
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Figure 4 Time history response for 3-D base-isolated circular tanks subjected to Kobe, 1995 earthquake ground 
motion. 

4 CONCLUSIONS  

In the present study, 3-D FE ground-supported flexible base-isolated cylindrical tank are 
investigated under uni-directional earthquake ground motions. The coupled acoustic-structure 
approach of FE method is used for the analyses of tank. The two aspect ratios, broad and 
slender tanks are studied. The tanks are isolated using elastomeric laminated rubber bearing 
(LRB) and sliding systems friction pendulum system (FPS). The following conclusions are 
arrived. 

• Both the isolation systems are found effective in reducing the earthquake forces in liquid 
storage tanks. 

• The base shear response is reduced for both broad and slender tanks on application of 
isolation systems as compared to non-isolated tanks The impulsive component of base 
shear has major contribution and which has reduced significantly as compared to convec-
tive component of base shear.  
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• The sloshing displacement response has no significant effect on the introduction of isola-
tion.  
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Abstract. This paper presents evolutionary-based optimization procedure for designing natu-
ral rubber seismic isolation systems with viscous fluid dampers. The proposed technique is 
applied to the design of seismic isolation systems with viscous fluid dampers. A lumped-mass 
stick model representing a realistic five-story MDOF system with natural period of vibration 
ranging between 2.5 to 4.5 seconds. A suite of 24 Near-Field (NF) earthquake records repre-
senting different seismic hazard levels are utilized in the analysis and design. The damping 
coefficient (C), damping exponent (α) and fundamental natural period (T) are used as design 
variables for the seismic isolation system. The minimization of the key response parameter, 
the top story acceleration ratio (TSAR) of the isolated structure compared to an identical 
fixed base structure, is selected as the objective function in this optimization problem. The 
total maximum displacements (DTM), the peak damper force (PDF), as well as the maximum 
drift ratio (δmax) are presented as constraints in the optimization problem. In order to achieve 
global optimum performance [TSAR] while handling competing constraints [DTM, PDF, δmax], 
the presented GA-based technique is utilized. The commercial structural analysis software 
SAP2000 is utilized to perform the dynamic analysis for the MDOF system through direct 
Time-History Analysis (THA). The optimization algorithm is programmed in MATLAB and 
linked to SAP2000 through its OAPI feature. In agreement with conventional wisdom and 
sound engineering experience, it is found that combining low values of (C), highly nonlinear 
(α) [low values] with highly flexible rubber isolators [long T] produces the optimum perfor-
mance. 
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1 INTRODUCTION AND BACKGROUND 

Seismic isolation is a protective measure against high earthquake risk exposure and is now 
seeing increased applications all over the world [1]. Various studies have investigated the dif-
ferent aspects of seismic isolation systems whether pertaining to the theory, development, be-
havior or the applications of such systems [2]–[6]. These included investigating the feasibility 
of production and implementation of low cost rubber bearings comparable in efficiency to 
commercial rubber bearings [7]. In addition, Ge et al. [8] investigated the performance of Vis-
cous Fluid Dampers (VFD) under Near-Field ground motions coupling adjacent structures. A 
number of simulated ground motions on the structure were run to find the optimal damping 
coefficient. It was found that adjacent structures greatly reduce the response and the damping 
coefficient had lesser impact. The use of base isolation systems has been applied to many es-
sential and emergency facilities, such structures have to meet the “Immediate Occupancy” 
seismic performance requirements [9]. Some designs have utilized NR bearings supplemented 
by linear VFDs for high-velocity pulses caused by Near-Field ground motions [10]. Similarly, 
AlHamaydeh & Aly [11] studied the use of a base isolation system to be retrofitted to an ex-
isting Reinforced Concrete (RC) bridge. Further research has been conducted using artificial 
neural network (ANN) to design a base isolation system [12]. The study demonstrated that 
ANN models are powerful tools that can be utilized early in the design stages. Similarly, the 
incorporation of Multiple Regression Analysis (MRA) models can also be valuable during 
preliminary design stages [13].   

The modeling and control of Magneto-Rheoliogical (MR) dampers has also been investi-
gated[9]. The studies used system identification techniques to approximate the dynamic be-
havior of the MR dampers[14], [15]. MR dampers are semi-active control dampers and hence 
are more effective than their passive counterparts[16]. Others have examined the response of 
a linear elastic, one-story building with linear and non-linear viscous dampers[17]. It was 
shown that non-linear viscous dampers are more effective at reducing the responses as well as 
in decreasing the effects of torsional coupling. Lei and He [18] proposed algorithms to identi-
fy the non-linear properties of LR bearings. Other algorithms include a proposed artificial bee 
colony algorithm for optimization of VFDs sizes and locations in a planar building frame in 
order to reduce accelerations in structures during ground motions [19].  

2 PROBLEM DEFINITION 

2.1 Structural model  

The objective of this study is property optimization of base isolation system for superstruc-
tures that are subjected to near-field ground motions. This optimization is carried out by a 
modified Genetic Algorithm on a five stories (Figure 1) lumped-mass stick model. The model 
has a fixed story height of 3.5 m. It should be emphasized that the MDOF model used for the 
analysis is a simple lumped-mass stick first introduced by Kelly et al. [20] and later used by 
many other researchers. The same model was replicated by AlHamaydeh et al. [13] and 
checked to match the natural frequencies of the original model. The same replicated model is 
used in this research but with variable natural periods. 
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Figure 1: Five-stories lumped-mass stick model with ground excitation. 

 
Model details are shown in Figure 1 above. 

 
Table 1: Five-stories MDOF system parameters with fundamental period 2.5s [20] 

 
 
 
 
 
 
 
 
 
 
 
 

2.2 Ground motion records 

This study will use representative Near-Field (NF) ground motion records as excitation to 
the BI model. Generally speaking, a ground motion is considered near field if it is close to the 
epicenter of the earthquake and has a high Peak Ground Velocity (PGV). In this research, 
time history records with a PGV greater than 60cm/s and recorded within 25 km from the epi-
center. A total of 24 ground motion records that satisfy these criteria were acquired from 
PEER ground motion database [21].  

Figure 2 shows the 5% damped response spectra for the ensemble of earthquake records.  

 
Figure 2: Acceleration Response Spectra (5% damped) for the 24 EQ records considered in the study 
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2.3 Optimization method: Genetic Algorithm with Domain Trimming (GADT)  

To begin GA optimization, a population of Np (population size) solution alternatives are 
generated randomly using a uniform probability distribution; each solution of the GA consists 
of a combination of variables (x1, x2, x3, …, xn) which has its own fitness value. In cases 
where the optimization is performed to find the minimum of a given problem, lower fitness is 
preferable. Solutions that yield low objective values would have better fitness as long as they 
are not penalized for violating the constraints which would result in increasing the fitness val-
ue. Populations of solutions are represented by chromosomes or variable strings. In this re-
search, a variable string is used instead of a binary string because the design variables are 
discrete. Once the fitness for every solution in the current population is calculated using the 
fitness function Fj(X), unfit solutions are eliminated. Any solution whose fitness is greater 
than the average, Fave, of the population is reassigned a fitness of zero: 

 
F 								for	 	 F
0																												for	 	 F

               j 1,2, … , N                                      (1) 

where (X) is the vector of the design variables. 
 

The three basic operations of a GA, reproduction, crossover, and mutation, are used to im-
prove the fitness of each population from one generation (iteration) to the next (Figure 3).  
The reproduction operation selects the better fit designs, copies them and places them into a 
mating pool allowing each to mate and reproduce. Different selection methods are available in 
the literature. The roulette wheel selection method is used in this study for its simplicity and 
popularity.  The uniform crossover operation is used to combine genetic information between 
two parent solutions. Uniform crossover selects two parent solutions at a time from the mat-
ing pool and swaps variables corresponding to zeros in a binary string known as a mask. 

 

 
 

Figure 3: Flow chart of general GADT optimization [22] 
 

A major shortcoming of GA optimization is that while it is good in global search of the op-
timum solutions, it is weak in local search; meaning that it will converge to the optimum solu-
tion but will not locate it with high precision especially if the population size is small. The 
reason is that initially, the solution variables are selected randomly from a pre-specified range 
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(domain), those variables do not change but relocate from one solution to another, with the 
exception when mutation occurs which introduces new variables from the specified domain. 
However, the probability of mutation is generally kept low (2%-5%) in order to increase the 
solution stability. Another shortcoming of the GA approach is the choice of domain; a poor 
choice of the domain (e.g.: [1, 1000] when the optimum value is 2) dramatically impacts con-
vergence. In this study, a new technique that addresses these GA shortcomings is presented. 
The technique is to trim the domain so that the chance of selecting the optimal variable is en-
hanced (e.g.: trimming a domain from [1, 1000] to [1, 10] would increase the probability of 
selection of the optimal variable by 200 times). After trimming, the GA is reinitiated and con-
tinues to do so until the optimum solution is found.  Error! Reference source not found. 
shows the flowchart for the GADT Method. For more details about GADT algorithm the 
reader is referred to [22]. 

2.4 Constraints handling  

One of the most common constraint–handling techniques is through penalty functions. In 
such approaches, the problem is solved as an unconstrained one, where the constraints are pe-
nalized (such that non–feasible solutions are characterized by high function values). This al-
lows for a single objective function to be formulated and in turn minimized using an 
unconstrained optimization algorithm. The penalty functions can either be stationary or non-
stationary (dynamically modified). It is observed that non-stationary penalty functions are al-
most always superior to stationary penalty functions. A non-stationary penalty function is, 
generally, defined as 
 
 ( ) ( ) ( , , )pn pnf X F X p X c e                                              (2)  

 
Where F(x) is the original objective function of the constrained optimization problem; ( )p   is 
a dynamically modified penalty value, defined as 
 

 , , , 1
0, 1

                           (3)

	 	 	 																																																																																		 
Where, ri is the individual member’s demand over capacity ratio according to the design code.	
cpn and epn are the penalty coefficient and exponent, respectively. As their name implies, they 
provide means to penalize the optimization objective if the ratio r exceeded unity. epn serves 
as efficient means to greatly increase the penalty as r gets farther from unity while cpn ensures 
that values of r get farther away from unity. In this study, the empirically-selected values of 
the penalty coefficient and exponent are 2.5 and 2, respectively.  

2.5 Optimization problem formulation 

 The formulation of the optimization of seismic isolation systems with viscous fluid damp-
ers using GADT Algorithm is as follows: 

 The objective function for the optimization problem is the Top Story Acceleration Ratio 
(TSAR) of the isolated-base structure to the fixed base one. Taking the maximum accelera-
tion of the top story of both cases (Figure 4): 

 
	

	
          (4) 
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Figure 4: Comparison between the two cases of a fixed-base (left) and isolated-base (right) structures, adopted 
from [23] 

 
The objective function of the optimization could be expressed as: 
 
  , , 	                  (5) 
 
Where c is the damping coefficient, α is the damping exponent. Both are specified by the 
designer to the manufacturer, damping exponent values could range between 0.1 and 1.5. T 
is the fundamental period of the structure. The range of natural periods considered in this 
study is between 2.5 and 4.5 seconds. This period is changed in BI system by changing the 
lateral stiffness of the rubber isolators.  

 The constraints of the optimization problem are the Total Maximum Displacements (DTM),	
the peak damper force (PDF), as well as the maximum drift ratio (δmax). Those constraints are 
summarized in the constraint function:   

, , , , 	 , 1
0, 1

                      (6) 

Where, 

  	 	max	 , ,                     (7) 

 
Where P  is the maximum damping capacity of the VFD which is taken, based on 
practicality considerations, to range between 450 kN and 4450 kN.  is the maxi-
mum limit at which the base of the structure can displace, further displacement of the 
base will result in rupture of the rubber isolator and will therefore jeopardize the entire 
structure. For this study,  is limited to a maximum value of 1 m.  is the 
maximum amplified story drift ratio, its calculated by finding the maximum value of all 
individual story drifts and then dividing it by their respective story height, it is then mul-
tiplied by the deflection amplification factor Cd, the structure is assumed to be in the elas-
tic range if the ratio is less than 2%, IBC’12 [24]. 
Combining the objective and constraint functions together would yield the fitness func-
tion used in GA: 
 

 Min 	 , , , , , 	 	 , , , , 	 	 																	 8 	
 

In calculating the solution fitness, TSAR is selected as the main objective of the optimi-
zation as it signifies the effectiveness of the isolation system. The other response parame-
ters , ,  signify practical acceptably limits of the structural response when 
the BI system is utilized. The BI of design variables to be used in the optimization are C, 
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α and T.  In this research, a variable string is used instead of a binary string because the 
design variables are continuous.  Once the fitness for every solution in the current popula-
tion is calculated using the fitness function defined by equation 8, unfit solutions are 
eliminated using the following equation where any solution, whose fitness is greater than 
the average, Fave, of the population fitness is reassigned a fitness of zero: 

, , , , ,
F , , , , , 								for	 , , , , , 	 F

0																																																										for	 , , , , , 	 F
        (9) 

j 1,2, … , N   
 
where the fitness of an individual design solution is denoted by Fj. 

3 RESULTS  

 The GADT algorithm is used to carry out the optimization of the lumped-mass stick model 
(Figure 1) to find the BI parameters that would yield minimum objective function, TSAR   
subjected to the PDF, DTM, δmax constraints. The population size used was 200 solutions, and 
the GA spanned over 300 generations. Table 2 summarizes the results of the optimization for 
the five-story model. 

In agreement with conventional wisdom and sound engineering experience, it is found that 
combining low values of C, highly nonlinear α [low values] with highly flexible rubber isola-
tors [long T] produces the optimum performance [low TSAR]. 
 
 

Table 2: Results of GA optimization of BI system for the 5-story model 
 

Best found optimum solution 
Analysis Results 

Objective Constraints 
C 

(kN.(m/s)-α) 
α 
 

T 
(sec) 

TSAR 

 
PDF 

(kN) 
DTM 

(m) 
 

(%) 

175 0.4 4.5 0.126 22.7 0.59 0.04 

 

4 SUMMARY AND CONCLUSIONS 

The aim of the research was to optimize the properties of base isolation systems under 
Near-Field Ground motions which are characterized by their high velocity demands. Three 
solution variables are considered as input for the optimization: the damping coefficient C, the 
damping exponent α and the structure’s natural period T.  

As a mean of optimization, a modified GA is presented; the modifications enhance its per-
formance. The enhancements are based on a simple concept which is to eliminate most of the 
undesirable variables that produce unfit solutions after some generations have been evaluated. 
The GA is then restarted with the new pool of genes that produced desirable solution. The GA 
re-initiation increases the probability of finding the optimum solution.  

For the representative five-story structure, the BI system is efficiently designed to have op-
timal performance using the presented GADT. It is found that, for NF ground motions, non-
linear dampers with relatively low damping coefficients are capable of superior performance 
[produce lower acceleration levels] especially when implemented with soft isolators. Future 
work may include cost optimization; in the current GADT formulation there is no considera-
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tion for the cost of the VFD or the rubber bearings. Also, other structural heights and configu-
rations can be considered for broader implementation. 
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Abstract. The present study examines the influence of the isolators’ effective stiffness 
distribution on the torsional response of base isolated structures. To accomplish this purpose 
two asymmetric in plan R/C buildings are analyzed for two different distributions of isolators’ 
effective stiffness: (a) all the isolators have identical horizontal stiffness and (b) the isolators’ 
effective stiffness is chosen so as the optimum torsion axis of the structure to coincide with the 
vertical mass axis. The two buildings are subjected to linear as well as nonlinear time history 
analyses under three bidirectional earthquake ground motions. For each earthquake record 
the maximum response over all incident angles of seismic motion is determined. The analyses 
results reveal that the displacements of the structural elements located at the flexible side of 
the buildings as well as the rotations of the slabs are reduced significantly when the isolators’ 
effective stiffness is chosen so as the optimum torsion axis of the structure to coincide with the 
vertical mass axis.   
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1 INTRODUCTION 

Base isolation has been used as one of the most wildly accepted seismic protection system. 
It consists of a flexible material which is provided at the base of the building in order to 
reduce the seismic forces induced to the structure. The isolators, which are installed between 
the ground and the upper structure, are designed to decrease the seismic forces applied to the 
building under strong ground motions and as a consequence to reduce damage to the primary 
structural members. In addition base isolation minimizes damage to secondary members as 
well as to equipment inside the building. The isolators' flexibility increases the vibration 
period of the total structure and, as a consequence, the seismic forces induced to the building 
are reduced. Isolators' flexibility also leads to increase of the horizontal displacements. 
However, it’s possible to control them through increase of damping.  

 Crosbie [1] first reasoned that by designing the centre of yield forces of the base isolation 
system (CYF) to coincide with the mass centre of the superstructure (CM) results in 
significant reduction in the post-yield response of asymmetric structures. Lee [2] suggested 
that the rigidity centre of the base isolation system (CRB) should be designed to coincide with 
the CM. The above mentioned researchers reached to the conclusion that this design 
practically eliminates the effects of asymmetry in the elastic range. Moreover for an equal 
level of yield stresses in all the bearings this is also true in the inelastic range.

Colunga and Cruz [3] studied the seismic codes suggestions concerning the seismic 
analysis of asymmetric base isolated buildings. They conducted a parametric study in order to 
evaluate the seismic code provisions regarding the simplified methods of analysis for 
asymmetric base-isolated buildings. They studied the effects of the following parameters on 
isolators’ response: a) the ratio TI /Ts  (TI is the effective period of the isolated building at the 
design displacement and Ts the elastic period of the fixed based building), b) mass 
eccentricity in the superstructure and c) stiffness eccentricity in the superstructure. With the 
aid of this study they defined the limits of structural irregularity for base isolated structures 
regarding the application of linear methods of analysis.  

Kilar and Koren [4] conducted a parametric study for three levels of mass asymmetry, 
three levels of torsional rigidity of the superstructure and six various distributions of bearings 
in the isolation system. All these variants were applied on a selected realistic RC frame 
building structure designed according to Eurocodes 2 [5] and 8 [6].They tried to determine the 
most favourable distribution of isolators that is able to balance the effects of eccentricities in 
the superstructure. The results obtained by 3D nonlinear dynamic analyses indicate that all six 
considered distributions of bearings, reduce the unfavourable torsional effects, which are with 
different extent transferred from the superstructure to the base isolation system. Also it was 
observed that CI=CM distribution (CI is the center of isolators and CM the mass center of the 
superstructure), suggested by some building codes does not minimize torsional effects in base 
isolated buildings. 

In a recent study [7] a methodology that leads to optimal torsional control of base isolated 
buildings is presented. The methodology is based on the assumption that the superstructure 
acts as a rigid body. The methodology provides a choice of the optimal eccentricity and 
torsional stiffness parameters of the isolation system that minimize the lateral-torsional 
response of the superstructure. Results obtained by probabilistic technique show that the 
response of the superstructure may be substantially improved if the center of stiffness of the 
isolators lie in the vicinity of the (average) center of stiffness of the superstructure. Therefore 
in order to minimize torsional effects in base isolated asymmetric structures it is necessary to 
introduce eccentricity in the isolation system. 
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From the above mentioned papers it is derived that there is no consensus on the choice of 
isolators’ properties for minimizing torsional effects in base isolated asymmetric buildings. 
Some codes [8, 9] suggest that the rigidity center of the base isolation system (CRB) should 
coincide with the mass center (CM). However, as it mentioned above it has not been proved 
that this coincidence minimizes the torsional response. 

In the present study two R/C 3-storey buildings are analyzed under bi-directional 
earthquake ground motions for the following two distributions of isolators’ effective stiffness: 
(a) all the isolators have identical horizontal stiffness and (b) the isolators’ effective stiffness 
is chosen so as the optimum torsion axis of the structure to coincide with the vertical mass 
axis. Note that the total horizontal and torsional stiffness of the isolators should remain 
approximately constant between the cases (a) and (b). Linear and nonlinear time history 
analyses under three bidirectional earthquake records are performed and the maximum 
response over all seismic incident angles is determined. The analyses results reveal that the 
displacements of the structural elements located at the flexible side of the buildings are 
reduced significantly in case of model (b). However, the displacements of the structural 
elements located at the stiff side are either smaller or slightly larger. Furthermore, there is a 
significant reduction of the diaphragm rotations of model (b) compared to the rotations of 
model (a). As a general conclusion, we can say that distribution (b) minimizes the torsional 
response of asymmetric buildings.  

2 DESCRIPTION OF THE BUILDINGS AND BASE ISOLATORS 

2.1 Description and design of the buildings 

For the purposes of the present investigation two 3D R/C buildings (Building 1 and 
Building 2), with data supplied in figure 1, are studied. The buildings have three stories and 
their structural systems consist of vertical elements in two perpendicular directions (axes x 
and y). The dimensions of the structural elements' cross section are shown in Tables 1 and 2. 
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                                       (a)                                                                                        (b)                                                        

Figure 1. Plan view and geometrical parameters. Building B1 (a) and B2 (b).  

For the elastic modeling and design of the buildings, all basic recommendations of EC8 [6] 
were taken into consideration, such as the diaphragmatic behavior of the slabs, the rigid zones 
in the joint regions of beams/columns and beams/walls, and the values of flexural and shear 
stiffness corresponding to cracked R/C elements. The two structures were analyzed using the 
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modal response spectrum analysis, as described in EC8. The R/C structural elements were 
designed following the clauses of EC2 [5] and EC8 [6].  

1st Storey 2nd Storey 3rd Storey 
Beams (cm) 25/60 25/60 25/60

Columns (cm) 45/45 40/40 30/30
Wall T1 (cm) 25/220 25/220 25/220
Wall T2 (cm) 25/220 25/220 25/220

Table 1: Dimensions of the structural elements' cross sections for building B1. 

1st Storey 2nd Storey 3rd Storey 
Beams (cm) 25/60 25/60 25/60

Columns (cm) 35/35 35/35 30/30
Wall T1 (cm) 25/250 25/250 25/250
Wall T2 (cm) 25/150 25/150 25/150

Table 2: Dimensions of the structural elements' cross sections for building B2. 

2.2 Isolators' properties 

One of the most widely used types of isolators is the Lead Rubber Bearing (LRB), which 
consists of alternating laminations of thin rubber layers and steel plates, bonded together to 
provide vertical rigidity and horizontal flexibility. Vertical rigidity assures the isolator will 
support the weight of the structure, while horizontal flexibility converts destructive horizontal 
shaking into gentle movement [10]. Moreover, at the centre of laminated natural rubber a lead 
plug is embedded. Note that the laminated natural rubber demonstrates spring capability, 
while the lead plug demonstrates damping capability. The seismic response of the isolators 
depends on their special properties, which are the horizontal effective stiffness, the vertical 
effective stiffness, as well as the damping. For the two buildings presented in the previous 
paragraph LRB are used as seismic isolation system. Furthermore, three different models are 
analyzed: 

(a) The buildings are considered as fully fixed to the ground. 
(b) All isolators possess the same properties (no eccentricity in the base isolation system 

exists): The buildings rest on rubber base isolators with vertical effective stiffness 
kveff=100000 kN/m, horizontal effective stiffness keff=2000 kN/m and torsional stiffness 
kt=5000 kNm/rad. The isolators' damping was taken equal to 30%. Note that the choice of the 
aforementioned isolators' properties was made bearing in mind that the fundamental period of 
the base isolated buildings must be approximately three times the fundamental period of the 
fully fixed to the ground buildings. 

(c) Isolators with eccentricity: The buildings rest on base isolators with vertical effective 
stiffness kveff=100000 kN/m and torsional stiffness kt=5000 kNm/rad. However, regarding the 
horizontal effective stiffness, for each building three different types of isolators are available 
and can be used. For the building B1 the three types of isolators are the following: (i) isolators 
with keff=1000 kN/m, (ii) isolators with keff=1550 kN/m and (iii) isolators with keff=2950 
kN/m. For the building B2 the three available types of isolators are the following: (i) isolators 
with keff=1000 kN/m, (ii) isolators with keff=1400 kN/m and (iii) isolators with keff=3400 
kN/m. The isolators' damping was taken equal to 30% for both the buildings. The distribution 
of the above three types of isolators in plan was chosen so as the optimum torsion axis (OTA) 
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of the structures [11, 12] to coincide with the vertical mass axis. Moreover, note that the total 
horizontal and torsional stiffness of the isolators should remain approximately constant 
between the cases (b) and (c). For the building B1 the total horizontal and torsional stiffness 
of the isolators is 20000 kN/m and 893560 kNm/rad for model (b) (772619kNm/rad for model 
(c)) respectively. For the building B2 the total horizontal and torsional stiffness of the 
isolators is 16000 kN/m and 469257 kNm/rad for model (b) (462823kNm/rad for model (c)) 
respectively. 

2.3 Determination of the Optimum Torsion Axis 

For the two buildings considered the location of the Optimum Torsion Axis (OTA) was 
determined. Then, the properties of the isolators as well as their in-plan arrangement were 
determined for case (c) of the previous paragraph. For the determination of the OTA the 
methodology proposed by Marino and Rossi [11] was used. Then the principal directions 
under lateral loading were determined using the methodology presented in [12]. According to 
the aforementioned studies [11, 12] the process of determining the OTA is as follows: Let 
there be N-storey building system with horizontal rigid floor diaphragms at the floor levels, in 
a Cartesian global coordinate system Oxyz with a vertical Oz axis (figure 1). Considering as 
degrees of freedom of the ith floor level the diaphragm rotation θzi and the horizontal 
displacements uxi and uyi of a point on the diaphragm, the displacement state of the 
diaphragms can be characterized by the N-column vectors: 

[ ]1 2, ,... ...,= T

x x x x Nu u uu                                                       (1) 

1 2, ,... ...,⎡ ⎤= ⎣ ⎦
T

y y y y Nu u uu                                                      (2) 

[ ]1 2, ,... ...,= T

z z z z Nθ θ θθ                                                       (3) 

Let us also consider the action of a given distribution of horizontal forces: 

[ ]1 2, ,... ...,= T

NF F FF                                                        (4) 

that belong to a vertical loading plane and pass through a vertical loading axis. Note that for 
the fully fixed to the ground buildings a triangular distribution of horizontal forces is used, 
whereas in case of base isolated buildings an orthogonal distribution is adopted. The position 
of the OTA is defined by the coordinates xT and yT of its intersection point with the Oxy 
plane. 
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where 
θz,x are the rotations due to the action of forces Fx, with Fx=1·F the vector of the forces F 
when acting parallel to the axis Ox. 
θz,y are the rotations due to the action of forces Fy, with Fy=1·F the vector of the forces F 
when acting parallel to the axis Oy. 
θz,z are the rotations due to the action of moments Mz, with Mz=1·F the vector of the torsional 
moments M about axis Oz which have the same distribution with the horizontal forces F. 
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Based on the above procedure, the OTA for the fully fixed to the ground buildings (case 
(a)), as well as for the buildings resting on the isolators without eccentricity (case (b)), was 
determined (figure 2). Moreover, as mentioned before, in case (c), the isolators’ effective 
stiffness was chosen so as the optimum torsion axis of the structure to coincide with the 
vertical mass axis. In order to fulfill the above criterion the distribution of the isolators' 
horizontal effective stiffness given in figure 3 is considered.  
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Figure 2. Location of the OTA for the fully fixed to the ground buildings and for the buildings resting on the 
isolators without eccentricity (red color). Building B1 (a) and B2 (b) (MC: Mass Centre) 
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Figure 3. Distribution of the isolators’ horizontal effective stiffness for model (c) (building B1 (a) and building 
B2 (b)) 

3 LINEAR TIME HISTORY ANALYSES 

The influence of the two different distributions of isolators' effective stiffness on the linear 
response of the two buildings considered in the present study (B1 and B2) was evaluated by 
means of linear analyses. More specifically, linear time history analyses under three 
bidirectional seismic strong motions (recorded during El Centro, Kobe and Lefkada 
earthquakes) were performed and the maximum response over all seismic incident angles was 
determined with the aid of analytical formulae [13]. For each building two different models 
were considered accounting for the cases (b) and (c) of isolators. The analyses were 
performed with the aid of the computer program SAP2000 [14]. The base isolators were 
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modeled using NLink elements of the rubber isolator type. The hysteretic model used to 
simulate the inelastic behavior of the base isolators along two orthogonal horizontal axes is 
shown in figure 4. The post-yield stiffness k2 was taken equal to 0.1k1, where k1 is the elastic 
stiffness. The yield force Vy was taken equal to 10% of the total weight of the structure. 

 
Figure 4. Hysteretic model for the base isolators. 

3.1 Critical orientation and maximum response 

General 
The structure is subjected to bidirectional horizontal seismic motion consisting of the 

accelerograms üag(t) and übg(t). As the direction of the seismic motion is unknown, they can 
form any angle θ with the x and y structural axes (figure 5a). We consider two orientations of 
the seismic excitation:  
(i)  Excitation ‘α0’: The accelerograms üag(t) and übg(t) are applied along the axes x and y, 

respectively, i.e. the angle of seismic incidence is θ=0o (figure 5b). A typical response 
quantity R is denoted as R,α0.  

 
                             (a)                                                      (b)                                                        (c) 

Figure 5. Excitations ‘αθ’ (a), ‘α0’ (b) and ‘α90’ (c) 

(ii) Excitation ‘α90’: The accelerograms üag(t) and übg(t) are applied along the axes y and x, 
respectively, i.e. the angle of seismic incidence is θ=90o (figure 5c). A typical response 
quantity R is denoted as R,α90.  

It has been proved [13] that the maximum value of a response parameter for any angle θ of 
seismic incidence is given, as a function of time, by the relation: 

( )1/22 2
0 90( ) ( ) ( ), ,= +o t t tR RR α α                                              (7) 

The plot of the function ±R0(t) provides the maximum/minimum value of the required 
response parameter as well as the time instant tcr at which the maximum/minimum occurs. 

  Displacement 

Force 
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)t(RRmax cr0+=    and    )t(RRmin cr0−=                                         (8) 

The corresponding critical angles θcr1 (maximum value) and θcr2 (minimum value) are 
given by the relations [13]: 

1 90
1 2 1

0

( ),
tan  and  = -π

( ),
− ⎛ ⎞

= ⎜ ⎟
⎝ ⎠

cr
cr cr cr

cr

tR

tR
α

α

θ θ θ                                     (9) 

Displacement vector 
The horizontal displacements at any point of the building’s floors are usually computed 

along the (ξ, η) axes of an appropriate local reference system. The displacement vector u is 
related to uξ and uη through the relation: 2 2 2u (t) u (t) u (t)ξ η= + (figure 6). Subscripts ξ and η 

characterize the axis along which the displacement is computed. 

Figure 6. Displacement vector u 

Thus, the response quantities 2
0(t)u,α and 2

90(t)u,α are given by the following relations:  

2 2 2
0 0 0
( ( (, ,, = +t) t) t)u uu α ξ ηα α

         (10) 

2 2 2
90 90 90

( ( (, ,, = +t) t) t)u uu α ξ ηα α
                           (11) 

The meanings of the subscripts remain the same as in the previous paragraph. The 
parameter uxy is defined as:  

0 90 0 90
, , , ,( ( ( ( ( )= ⋅ + ⋅xy u u u ut) t) t) t) tu ξ ξ η ηα α α α                                         (12) 

The plot of the function u,I(t) (equation 13) provides all the information necessary to 
compute the maximum value of the displacement ucr and the associated time instant tcr [13]: 

22 2 2 2
22 2 20 90 0 90( ( ( (, , , ,

max ( ) ( (,
2 2Ι

⎛ ⎞+ −
= = = + +⎜ ⎟

⎝ ⎠
cr cr cr cr

cr I xycr cr

t ) t ) t ) t )u u u u
t t ) t )uu u uα α α α       (13) 

The corresponding critical angle θcr is determined by the angle θo (equation 14) with the 
aid of figure 7 [13]:  

 1
2 2

0 90

2 ( )1
tan

2 ( ) ( ), ,
− ⎛ ⎞
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−⎝ ⎠

xy cr

cr cr

u t

t tu u
ο

α α

θ  (14) 
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Figure 7. Determination of critical angle θo 

3.2 Analyses results 

Tables 3 and 4 present the displacements u,I
2 (see section 3.1) as well as the associated 

critical time instant tcr  and critical incident angle θcr of the vertical structural elements at the 
level of the isolators (Table 3) and of the 3rd floor (Table 4). The tables regard the building B1 
subjected to the earthquake record of El Centro. Moreover, in table 5 the maximum values of 
the floor rotations over all incident angles Rz, as well as the floor rotations due to excitations 
α0 and α90 (see section 3.1) are presented. From these tables we can see that for the same 
earthquake record different response quantities have different critical incident angles. 
Furthermore, note that the same response quantities have different critical incident angles for 
the two cases of isolators, since, as it can be seen from the tables, the critical incident angle of 
a certain response quantity depends on the distribution of the isolators' stiffness.  

 
 Isolators without eccentricity Isolators with eccentricity 
  u,I

2 tcr θcr u,I
2 tcr θcr 

C1 0.00481 12.30 79.34 0.00282 2.94 106.48 
C2 0.00427 2.30 52.73 0.00264 2.95 2.94 
C3 0.00583 2.96 74.10 0.00264 2.95 13.92 
C4 0.00371 12.30 65.91 0.00285 2.94 90.80 
C5 0.00314 2.95 75.23 0.00301 2.95 32.24 
C6 0.00466 2.95 90.36 0.00268 2.95 31.87 
C7 0.00310 2.93 134.36 0.00282 2.95 58.83 
C8 0.00455 2.94 111.36 0.00277 2.95 45.89 
T1 0.00279 12.30 43.79 0.00292 2.95 75.22 
T2 0.00308 12.30 49.89 0.00292 2.95 79.29 

 

Table 3: Displacements u,I
2 of the vertical structural elements (basement) and critical incident angles in case of 
building B1 subjected to earthquake record of El Centro  
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Isolators without eccentricity Isolators with eccentricity 
u,I

2 tcr θcr u,I
2 tcr θcr 

C1 0.00765 12.30 89.32 0.00467 2.96 17.99 
C2 0.00717 2.98 54.88 0.00471 2.96 56.77 
C3 0.00997 2.97 76.09 0.00496 2.96 79.75 
C4 0.00578 12.31 71.73 0.00455 2.95 179.49 
C5 0.00489 2.95 23.25 0.00478 2.96 56.23 
C6 0.00806 2.96 92.75 0.00482 2.96 97.82 
C7 0.00541 2.94 134.87 0.00460 2.95 136.17 
C8 0.00794 2.95 112.45 0.00479 2.95 119.18 
T1 0.00452 2.95 71.39 0.00451 2.95 157.32 
T2 0.00470 12.30 51.14 0.00451 2.95 162.52 

Table 4: Displacements u,I
2 of the vertical structural elements (3rd floor) and critical incident angles in case of 
building B1 subjected to earthquake record of El Centro  

Isolators without eccentricity 
Rz,α0 Rz,α90 Rz tcr θcr 

Basement -1.240E-03 -3.670E-03 3.874E-03 2.97 71.33 
1st storey -1.350E-03 -4.060E-03 4.279E-03 2.96 71.61 
2nd storey -1.450E-03 -4.460E-03 4.690E-03 2.96 71.99 
3rd storey -1.530E-03 -4.870E-03 5.105E-03 2.96 72.56 

Isolators with eccentricity 
Rz,α0 Rz,α90 Rz tcr θcr 

Basement -1.700E-04 -4.510E-04 4.817E-04 2.33 69.33 
1st storey -1.280E-04 -2.640E-04 2.931E-04 2.33 64.08 
2nd storey -1.720E-04 -2.390E-04 2.946E-04 3.02 54.32 
3rd storey -2.540E-04 -5.360E-04 5.931E-04 3.03 64.68 

Table 5: Floor rotations Rz and critical incident angles in case of building B1 subjected to earthquake record of 
El Centro  

In order to better illustrate the differences between the two cases of isolators, figures 8-15 
present the displacements u,I

2 of the vertical structural elements, as well as the maximum 
floor rotations Rz, computed with the aid of the methodology proposed in [13] (see section 
3.1), for the three earthquake records considered. Figures 8-11 correspond to the building B1, 
whereas figures 12-15 correspond to the building B2. 
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                                                (a)                                                                                        (b) 
                                               
                                                 (a)                                                                                      (b) 

Figure 8: Displacements u,I
2 of the vertical structural elements (basement (a) and 3rd floor (b)) in case of building 

B1 subjected to earthquake record of El Centro  

  
                                                (a)                                                                                        (b) 

Figure 9: Displacements u,I
2 of the vertical structural elements (basement (a) and 3rd floor (b)) in case of building 

B1 subjected to earthquake record of Kobe  

  
                                                (a)                                                                                        (b) 

Figure 10: Displacements u,I
2 of the vertical structural elements (basement (a) and 3rd floor (b)) in case of 

building B1 subjected to earthquake record of Lefkada  
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         (a)                                                    (b)                                                   (c) 

Figure 11: Floor rotations Rz in case of building B1 subjected to earthquake records of El Centro (a), Kobe (b) 
and Lefkada (c) 

         (a)                                                                                        (b) 

Figure 12: Displacements u,I
2 of the vertical structural elements (basement (a) and 3rd floor (b)) in case of 

building B2 subjected to earthquake record of El Centro  

         (a)                                                                                        (b) 

Figure 13: Displacements u,I
2 of the vertical structural elements (basement (a) and 3rd floor (b)) in case of 

building B2 subjected to earthquake record of Kobe  

4107



Konstantinos Kostinakis, Asimina Athanatopoulou, Dimitra Arampatzi and Athanasios Atsalos 

  
                                                (a)                                                                                        (b) 

Figure 14: Displacements u,I
2 of the vertical structural elements (basement (a) and 3rd floor (b)) in case of 

building B2 subjected to earthquake record of Lefkada  

  
                                      (a)                                                    (b)                                                   (c) 

Figure 15: Floor rotations Rz in case of building B2 subjected to earthquake records of El Centro (a), Kobe (b) 
and Lefkada (c)  

We can see that the displacements of the vertical structural elements in most cases are 
smaller when the buildings rest on the isolators with eccentricity. Note that the displacements 
can be up to 55% smaller (column C3 at the level of the isolators) for the building B1 (figure 
8a) and up to 46% smaller (column C1 at the level of the isolators) for the building B2 (figure 
12a). The reduction of the displacements that is achieved in case of the isolators with 
eccentricity is larger for the structural elements of the flexible side of the buildings. However, 
the displacements of the structural elements located at the stiff side can be either reduced or 
increased depending on the earthquake record. The above conclusion is valid for both the 
buildings investigated in the present study. For example, note that the displacement of the 
wall T2 (building B1) is smaller for the isolators with eccentricity in case of the earthquake 
records of El Centro and Lefkada (figures 8 and 10). The opposite observation can be made 
when the building is subjected to the earthquake record of Kobe (figure 9). Of great 
significance is also the fact that when isolators with eccentricity are used the analyses produce 
displacements which have almost the same value for all the vertical structural elements. With 
regard to the floor rotations, figures 11 and 15 show that they are much smaller in case of the 
isolators with eccentricity (up to 25 times smaller for building B1 (figure 11c) and up to 20 
times smaller for building B2 (figure 15b). 

4 NONLINEAR TIME HISTORY ANALYSES 

In order to evaluate the influence of the two different distributions of isolators' effective 
stiffness on the nonlinear response, the two buildings considered in the present study (B1 and 
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B2) were analyzed by Nonlinear Time History Analysis (NTHA) for each one of the three 
earthquake ground motions presented in the previous section. For each building two different 
models were considered accounting for the distributions (b) and (c) of isolators properties. 
The analyses were performed with the aid of the computer program SAP2000 [14] and 
assuming the inelasticity concentrated on the isolators while the superstructure behaves 
elastically. Furthermore, in order to determine the maximum response over all incident angles, 
the two horizontal accelerograms of each ground motion were applied along horizontal 
orthogonal axes forming with the structural axes an angle θ=0°, 30°, 60°, …, 150°. Thus, for 
each building and each pair of accelerograms six orientations were considered. As a 
consequence a total of 72 NTHA (2 buildings x 2 cases of isolators x 3 earthquake records x 6 
incident angles) were conducted in the present study. For each ground motion and incident 
angle, the damage state of the two buildings was determined. The seismic response was 
expressed in terms of the displacements of the vertical structural elements at the level of the 
isolation (basement), as well as of the floor rotations. 

Table 6 presents the maximum displacements of the vertical structural elements over all 
incident angles at the level of the isolators (basement) and the associated critical time instant 
and critical incident angle. We can see that the displacements of all the vertical elements are 
approximately equal when isolators with eccentricity are used.  

Figure 16 (building B1) and figure 18 (building B2) present the maximum displacements 
of the vertical structural elements for the three earthquake records considered. Figure 17 
(building B1) and figure 19 (building B2) present the maximum floor rotations for the three 
earthquake records considered. 

Isolators without eccentricity Isolators with eccentricity 
maxu tcr θcr maxu tcr θcr 

C1 0.10996 4.49 0 0.10089 8.80 90 
C2 0.14330 2.98 30 0.09913 4.48 120 
C3 0.12006 4.51 30 0.09886 4.48 150 
C4 0.10425 4.48 150 0.10067 8.80 90 
C5 0.10023 4.48 120 0.10023 4.48 90 
C6 0.11217 4.51 60 0.09873 4.49 150 
C7 0.10282 4.49 120 0.09964 4.48 30 
C8 0.11232 4.50 90 0.09933 4.49 0 
T1 0.09909 4.48 120 0.10105 4.48 60 
T2 0.09962 4.48 150 0.10131 4.48 0 

Table 6: Maximum displacements of the vertical structural elements (basement) and critical incident angles in 
case of building B1 subjected to earthquake record of El Centro  
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    (a)  (b) 

        (c) 

Figure 16: Maximum displacements of the vertical structural elements (basement) in case of building B1 
subjected to earthquake records of El Centro (a), Kobe (b) and Lefkada (c) 

It can be seen that the displacements of the vertical structural elements located at the 
flexible side of the building are smaller [up to 45% for the column C2 of the building B1 
(figure 16a) and up to 38% smaller for the column C1 of the building B2 (figure 18a)] when 
the buildings rest on the isolators with eccentricity. Concerning the displacements of the 
structural elements located at the stiff side, note that they can be either reduced or increased 
depending on the earthquake record. For example, we can see that the displacement of the 
column C4 (building B1) is smaller in the case of the isolators with eccentricity for the 
earthquake record of  El Centro (figure 16a). However, when the same building is subjected to 
the earthquake record of Lefkada, the displacement of the column C4 is smaller in case of the 
isolators without eccentricity (figure 16c). As it was mentioned in the case of the linear 
analyses, the displacements produced when isolators with eccentricity are used have almost 
the same value for all the vertical structural elements. Finally, figures 17 and 19 show that the 
floor rotations are much smaller in case of the isolators with eccentricity (up to 16 times 
smaller for building B1 (figure 17c) and up to 8 times smaller for building B2 (figure 19a). 
The difference between the values of the displacements produced for the two different 
distributions of isolators' stiffness depends on the earthquake record. See for example that 
seismic motion of Kobe led to smaller differences among the floor rotations compared to the 
differences produced when the seismic records of El Centro or Lefkada were used for the 
analyses. 
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   (a)  (b)  (c) 

    (a)    (b)       (c) 

Figure 17: Maximum floor rotations in case of building B1 subjected to earthquake records of El Centro (a), 
Kobe (b) and Lefkada (c)  

  (a)  (b) 

        (c) 

Figure 18: Maximum displacements of the vertical structural elements (basement) in case of building B2 
subjected to earthquake records of El Centro (a), Kobe (b) and Lefkada (c) 

         (a)                                                    (b)                                                   (c) 

Figure 19: Maximum floor rotations in case of building B2 subjected to earthquake records of El Centro (a), 
Kobe (b) and Lefkada (c) 
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5 CONCLUSIONS  

The present study examines the influence of the isolators’ effective stiffness distribution on 
the torsional response of base isolated structures. To accomplish this purpose two R/C 3-
storey buildings were analyzed under earthquake ground motions for the following two 
distributions of isolators’ effective stiffness: (a) all the isolators have identical horizontal 
stiffness and (b) the isolators’ effective stiffness is chosen so as the optimum torsion axis of 
the structure to coincide with the vertical mass axis. The two buildings were subjected to 
linear as well as nonlinear time history analyses under three bidirectional earthquake ground 
motions. For each earthquake record the maximum response over all incident angles of 
seismic motion was determined. Based on the analyses results of the study, the following 
conclusion can be drawn: 
• When the isolators’ effective stiffness is chosen so as the optimum torsion axis of the

structure to coincide with the vertical mass axis (isolators with eccentricity) the analysis 
produces displacements which have almost the same value for all the vertical structural 
elements.  

• The displacements of the vertical structural elements located at the flexible side of the
buildings are smaller in case of the isolators with eccentricity compared to the 
corresponding ones produced when all the isolators possess the same stiffness. However, 
the displacements of the structural elements located at the stiff side can be either reduced 
or increased depending on the earthquake record.  

• The floor rotations are much smaller in case of the isolators with eccentricity. The
difference between the values of the floor rotations produced for the two different 
distributions of isolators' stiffness depends on the earthquake record. 

It must be noted that the aforementioned conclusions are valid for the buildings and ground 
motions used in the present study. In order to expand them to other structural systems, further 
investigation is necessary. 
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Abstract. This work is aimed at investigating the variation of the seismic response of RC 

structures subjected to different ensembles of ground motions in the nonlinear dynamic analy-

sis for the seismic assessment of existing RC buildings. At the current time indeed, all the 

main International Seismic Codes provide a soil classification which is based on the shear 

wave velocity, the soil morphology and the assumed distance from the fault source. Depend-

ing on the soil properties, a suitable elastic spectrum is provided, defined on the basis of av-

erage properties assumed for the soil. To perform a nonlinear dynamic analysis, an ensemble 

of ground motions compatible to the elastic spectrum must be selected. The ensemble can be 

made by ground motions compatible to the Code spectrum for the assumed soil-type, or, al-

ternatively, by assuming the ground motions to be consistent with the bed rock Code spectrum 

and by filtering them according with the specific stratigraphy of the site soil. In this work a 

comparison among these different approaches, all compatible to the European (Eurocode 8, 

EC8) and Italian (NTC 2008) Code provisions, has been made on a case-study, i.e. a real ir-

regular RC Italian building. The comparison has been made in terms of seismic response, i.e. 

by checking the maximum displacement and interstory drift induced by the assumed ensem-

bles of ground motions.  
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1 INTRODUCTION 

The evaluation of the seismic performance of existing buildings is affected by many uncer-

tainties, both aleatoric or epistemic ones. The seismic input is considered to be the most ran-

dom quantity involved in such evaluation [1,2,3]. It is commonly accepted, indeed, that the 

properties of ground motions which will occur in a certain area - i.e. intensity, frequency con-

tents, distance from the source fault, etc. - are not possible to be exactly predicted. In the past 

years many studies have been made to limit the aleatoric uncertainty, by carefully mapping 

the entire area of countries affected by seismic hazard and collecting all types of information 

useful for prediction.  

Even the epistemic uncertainty has been strongly reduced. At the current time, all the main 

International Seismic Codes provide a soil classification which is based on the shear wave 

velocity Vs, the soil morphology and the assumed distance from the fault source. In Italy in 

the past decades the available information about the seismic hazard of the territory has been 

largely increased achieving, at the current time, a detailed mapping [4,5,6]. Depending on the 

soil properties, a suitable elastic spectrum is provided by the seismic codes [7,8], defined on 

the basis of average properties assumed for the soil. To perform a nonlinear dynamic analysis, 

an ensemble of ground motions compatible to the elastic spectrum must be selected [9]. The 

choice of a seismic input as close as possible to the code spectrum is a controversial matter 

[10]: it helps in limiting the randomness of the response quantities induced by the seismic 

event, but it introduces a “discretional” limitation of the response itself, which could eventual-

ly result to be unconservative [11]. Another controversy about the spectral matching is about 

the most significant range of periods to check. In fact, while usually the fundamental period 

characterizing the dynamic response of the structure is assumed to be the one corresponding 

to the first vibrational mode, alternative assumptions can be made [12], referring to the “non-

linear period” of the structure, defined as the one corresponding to the initial branch of the 

bilinear idealized capacity curve obtained from the non-linear static (pushover) analysis, ac-

cording to Eurocode 8, which, in turn, depends on the distribution of lateral loads. 

This work is focused on the effects of the ground motions selection on the seismic re-

sponse of real buildings. According to the Code specification, in fact, different choices can be 

made about the selection of spectrum-compatible ground motions. Moreover, when a real 

building is considered for analysis, the soil properties can be not so easy to be classified ac-

cording to the Code criteria, and consequently the ground motions selection should be even 

more careful. 

According to EC8 and NTC 2008, for soil-types different from the bed rock, the ensemble 

of ground motions to be used for the analysis can be made i) by ground motions selected to be 

consistent to the Code spectrum for the assumed soil-type, or, alternatively, ii) by assuming a 

set of ground motions consistent with the bed rock Code spectrum and by filtering them ac-

cording with the specific stratigraphy of the site soil. In the first case, the designer can chose 

natural ground motions from a standard database, or artificial ones, appositely generated to fit 

the Code-spectrum for the selected soil-type. In the second case, natural and – when it is pos-

sible – local ground motions are usually preferred, and the filtering procedure should provide 

more reliable results in terms of signal representativeness. The two alternative options, whose 

choice is up to the engineer in charge of the analysis, can induce very different results in 

terms of seismic performance, depending on the specific soil-type.  

In this work, a comparison among these different approaches, all compatible to the EC8 

provisions, has been made on a case-study, i.e. a real irregular RC building currently used as a 

Hospital. A fully satisfactory knowledge of the building has been achieved; all the documents 
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describing the original design and the foundation soil have been found, and a soil-type B has 

been assumed for the building, according to the Italian Technical Code NTC 2008.  

In the first part of the paper three different selections of ground motions have been de-

scribed and compared for two different limit states, i.e. a serviceability (Damage Limitation, 

DL) and an ultimate (Significant Damage, SD) one, respectively. The adopted ensembles are 

characterized as follows: 

a) A set of 7 artificial accelerograms, all compatible to the elastic spectrum provided by NTC 

2008 for the soil-type B, generated by the software SIMQKE [13]. 

b) A set of 7 real ground motions, taken by the Italian Accelerometric Archive [14] through 

the adoption of the software REXEL [15,16,17], for a soil-type B. 

c) A set of 7 “local” real ground motions chosen through the software SCALCONA 2.0 [18], 

which selects spectrum-compatible accelerograms by the data-base ASCONA [19] taking 

into account the position of the case-study area. The elastic spectra have been chosen to fit 

the NTC 2008 elastic spectrum for a soil-type A; subsequently the time-histories have been 

filtered by the software Strata [20] on the basis of the specific mechanical properties of the 

site soil, to obtain a “customized” seismic input compatible with the site. 

In the second part of the work the seismic response of the case-study has been found by 

performing a nonlinear dynamic analysis, for the two considered limit states, for each of the 

three assumed ground motions ensembles. The results found by the three ensembles, ex-

pressed in terms of maximum displacement and interstory drift, have been compared in order 

to quantify the effects of the different ground motions selection criteria.  

2 THE CASE STUDY  

The case-study, shown in Figure 1, is a framed 3-storey RC building. It has been designed 

in 1976, i.e. just after the introduction of the first seismic Italian Technical Code, and it pre-

sents some efficient design criterions, like column section reduction from foundation level to 

the top storey, or solid connection of the beam-column joints, although it is far away from 

complying the current seismic design criteria.  

The dimensions of beams and columns are listed in Table 1, while the reinforcements data 

can be find in [21,22]. It should be noted that the third floor of the building consists of two 

different structural layers, partially coinciding. In fact two different floors, 40 cm far away 

each other, constitute the last storey of the building. In some alignments (X3, Y1 and Y3) two 

layers of beams separately support the two different floors, whilst in the other alignments (X1, 

X2 and Y2) a single beam supports both floors. Therefore the 3
rd

 floor and the related beams 

will be in the following distinguished with a subscript a or b, depending on weather they refer 

to the lower or upper layer respectively. All floors are made by deck and concrete, and they 

have a total height of 20 cm. The infill panels of the RC frames have a double layer, with an 

inside casing.  

An accurate investigation, including destructive and non-destructive tests [21,22], has been 

made to characterize the material; the obtained mean and design stresses for concrete and 

steel, together with their Knowledge Level (KL), has been listed in Fig.1. 

Soil mechanical properties have been determined through a geophysical site investigation, 

through seismic refraction and down hole techniques. The results, processed using both Gen-

eralized Reciprocal Method [23] and Tomographic one, have provided detailed information 

on the distribution and thicknesses of subsurface layers, rock dynamics and geo-mechanical 

properties, seismic S waves velocity profiles (see Fig. 2) and the consequential value of the 

average shear wave velocity Vs,30 [24], which is equal to 390 m/s. Therefore the soil has been 
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classified as B-type, according to NTC2008 (Sec. 3.2.2, Tab. 3.2.II) and EC8 (Part 1, sec. 

3.1.2, Tab. 3.1). 
 

 
  

concrete: 

class: Rck 250 

fc,mean = 10.2 MPa 

KL = 2  

CF = 1.20 

fc,d 8.5 MPa 

 

Steel:  

Class: FeB32K 

fs,mean = 385.7 MPa 

KL = 1  

CF = 1.35 

fc,d = 285.7 MPa 

Figure 1. Plan and sections of the RC case-study building. 

 

Table 1. Cross section data of beams and columns. 

 beams columns 

 x_1,2; x_2,3; 
x_7,8; x_8,9 

x_4,5; 
x_5,6 

y_1,4; 
y_2,5 

y_3,6 
y_4,7; 
y_5,8 

y_6,9 c1-c9 

1
st
 st. Z-shape 30x60 30x60 Z-shape 30x60 Z-shape 30 x 50 

2
nd

 st. Z-shape 30x60 30x60 Z-shape 30x60 Z-shape 30 x 40 

3
rd

 st.(a) 30x60 30x80 30x 80 30x60 30x80 30x60 
30 x 35 

3
rd

 st.(b) 30x20 30x20 - 30x20 - 30x20 

 

 
Figure 2. Tomographic section representing the S waves profile of the case-study site.  

3 THE ASSUMED SEISMIC INPUT 

3.1 The elastic spectrum provided by the Code (NTC 2008) 

The expected maximum seismic intensity of the area, measured in terms of Peak Ground 

Acceleration (PGA), has been defined according to NTC 2008. Two Limit States, a servicea-

bility (DL) and an ultimate (SD) ones, are assumed for analysis. Since the building is current-
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ly used as a Hospital, according to NTC 2008, a coefficient of use (cU) equal to 2.0 is as-

sumed, with a consequent doubling of the return period. The main information about the max-

imum seismic intensity assumed for the two limit states is listed in Tab.2, while the plots of 

the elastic spectra are shown in Fig. 2. 
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 limit state DL SD 

probability of ex-

ceedance in 50 years 63% 10% 
return period (cU =1) 
(in years) 50 475 
return period (cU =2) 
(in years) 100 950 
PGA 
(g) 0.107 0.227 

Figure 2. Elastic spectra provided by NTC 2008. 

 

 

3.2 Ensemble #1, made of artificial ground motions fitting the B soil-type Code spectrum 

A set of 7 artificially generated spectrum-fitting accelerograms, with a duration of 25 s and 

compatible with the DL and LS demand spectra respectively provided by the Italian code NTC 

2008, have been defined. The time-histories functions have been produced by the software 

Simqke [13]. The software generates statistically independent artificial ground motions 

matching a specified response spectrum, through the superposition of sinusoids having ran-

dom phase angles and amplitudes derived from a stationary power spectral density function. 

The refinement of the spectral match is done through an iterative procedure. In the present 

case, ten cycles have been used in the iterative procedure to smoothen the generated response 

spectra and make them closer to the Code one. The match has been checked in the period 

range 0-4 s. The generated accelerograms present a stationary part of 10 s, preceded and fol-

lowed by two branches, increasing and decreasing respectively, of 7.5 s.  
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Figure 3. Comparison between the ensemble # 1 elastic spectra and the Code one (soil-type B). 

3.3 Ensemble #2, made of natural ground motions fitting the B soil-type Code spectrum 

The assumed natural ground motions have been selected, for each limit state, by the Italian 

Accelerometric Archive [14] through the adoption of the software REXEL [15,16,17], on the 

basis of the elastic spectrum found for the soil-type B. All ground motions have been used 

without introducing any scale-factor, i.e. by assuming their effective PGAs. In Figure 4 the 
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two ensembles of elastic spectra assumed to represent the seismic input for the two limit 

states have been shown and compared to the ones provided by NTC 2008.  

 
Table 2. Description of the ground motions of the ensemble #2. 

 
Code Event Station Name 

Date 

YYYY-MM-DD 

PGA 

g 

D
L

 l
im

it
 s

ta
te

 

#2, DL_1 Friuli Earthquake 3rd Shock Forgaria Cornino 1976-09-15 0.215 

#2, DL_2 Irpinia Earthquake Mercato S. Severino 1980-11-23 0.141 

#2, DL_3 Irpinia Earthquake Mercato S. Severino 1980-11-23 0.107 

#2, DL_4 Umbria-Marche 3rd Shock Norcia 1997-10-14 0.095 

#2, DL_5 Irpinia Earthquake Rionero in Vulture 1980-11-23 0.096 

#2, DL_6 Irpinia Earthquake Rionero in Vulture 1980-11-23 0.099 

#2, DL_7 Irpinia Earthquake Sturno 1980-11-23 0.225 

S
D

 l
im

it
 s

ta
te

 

#2, SD_1 L'Aquila Mainshock L'aquila - V. Aterno -  Colle Grilli    2009-04-06 0.446 

#2, SD_2 L'Aquila Mainshock L'aquila - V. Aterno -  Colle Grilli    2009-04-06 0.489 

#2, SD_3 L'Aquila Mainshock L'aquila - V. Aterno - Aquil Park Ing.    2009-04-06 0.354 

#2, SD_4 L'Aquila Mainshock L'aquila - V. Aterno - Centro Valle    2009-04-06 0.657 

#2, SD_5 Irpinia Earthquake Sturno    1980-11-23 0.316 

#2, SD_6 Irpinia Earthquake Sturno    1980-11-23 0.225 

#2,SD_7 Friuli Earthquake 1st Shock Tolmezzo Centrale - Diga Ambiesta 1    1976-05-06 0.346 
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Figure 4. Comparison between the ensemble # 2 elastic spectra and the Code one (soil-type B). 

 

3.4 Ensemble #3, made of natural ground motions fitting the A soil-type Code spectrum 

The ensemble #3 is made of seven ground motions for each limit state, fitting the Code 

spectrum related to the soil-type A (see Fig. 5). The ground motions, whose data are listed in 

Tab. 3, have been selected through SCALCONA 2.0 [18], which selects natural ground mo-

tions, complying to intensity and spectrum-compatibility requirements, taking into account 

the position (location or geographic coordinates) of the considered site. The time-histories, 

scaled by two different scale factors to comply the requirements [25], are selected by the da-

tabase ASCONA [19], which includes ESD (http://www.isesd.hi.is/), PEER-NGA 

(http://peer.berkeley.edu/nga/) and Itaca [14] databases. The ground motion is applied to the 

bedrock and the filtering process is performed through the soil, represented as a column of 

individual layers. Each layer has been characterized according to parameters found by exper-

imental laboratory and in situ tests. 
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Figure 5. Comparison between the ensemble # 3 elastic spectra and the Code one (soil-type A). 

Table 3. Description of the ground motions of the ensemble #3. 

Source file name 
Magnitude 

[Mw] 
Epic. Dist. [km] Total S.F. 

D
L

 l
im

it
 s

ta
te

 ESD 000783ya.cor 5.30 37.00 2.51 

ESD 000234ya.cor 6.20 32.00 1.58 

ESD 000944xa.cor 5.71 37.00 1.48 

NGA 0146y.txt 5.74 12.56 0.92 

NGA 0455x.txt 6.19 38.63 1.78 

ITACA 19971014_152309ITDPC_CSC__WEC.DAT 5.60 22.00 1.94 

ITACA 20090406_013239ITDPC_CLN__NSC.DAT 6.30 31.60 1.35 

S
D

 l
im

it
 s

ta
te

 ESD 000182xa.cor 6.87  11.00 1.16 

ESD 000234ya.cor 6.20  32.00 2.84 

NGA 0146y.txt 5.74  12.56 2.87 

NGA 0804y.txt 6.93  83.53 2.81 

KNET1 SAG0010503201053.NS 6.60  36.18 2.78 

ITACA 19971014_152309ITDPC_CSC__WEC.DAT 5.60  22.00 3.64 

ITACA 20090407_174737ITDPC_AQP__WEC.DAT 5.60  14.40 2.36 
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Figure 6. Comparison between the ensemble # 3 elastic spectra and the Code one (soil-type B). 

The ground motions constituting the ensemble #3 have been filtered, by assuming the spe-

cific soil parameters of the building site, in order to find the expected seismic input as a func-

tion of the effective soil properties. The software Strata [20] has been adopted for the filtering 

phase, by obtaining the elastic spectra shown in Fig. 6. 
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4 THE STRUCTURAL RESPONSE 

All analyses have been performed by using the computer code SAP2000. The two floors of 

the third level have been modeled according to the real geometry as regards the stiffness and 

strength distribution, while the mass (both translational and rotational) of the storey has been 

considered applied at the center of the storey package. The effect of the joint stiffness has 

been considered by introducing a rigid offset at each element end. A reduced value of the 

Young modulus of the concrete Ec, i.e. Ec,red = 0.5 Ec, has been assumed, as recommended by 

NTC 2008 (4.1.1.1) and EC8 (part 1, 4.3.1(7)). The floor stiffness has been introduced by as-

signing the diaphragm constraint to all nodes belonging to the same floor. A lumped plasticity 

model has been adopted for all RC elements, with one-directional flexural hinges at each ele-

ment end. After the attainment of the yielding moment, plastic hinges have an almost constant 

bending moment (hardening ratio between 2% and 6%) till the ultimate rotation is achieved, 

with a drop of the bending capacity to 20% of the yielding one. Limit values of bending mo-

ment and chord rotation have been made according to NTC 2008, which are identical to those 

provided by EC8.  

The seismic response of the building has been measured in terms of displacement and drift, 

The displacements have been measured at the mass center of each storey of the building, 

while the drifts have been checked at each column line. Despite being regular both in plan and 

in elevation, the building evidences some eccentricity along the two main directions. In fact 

the column distribution is not symmetric in the Y-direction, and the infill panels distribution is 

irregular in both directions. The in-plan eccentricity of the building, expressed in terms of 

stiffness [23,24,25], is equal to 10.71% (1
st
 st.), 9.41% (2

nd
 st.) and 7.95% (3

rd
 st.) in the X-

direction and to 2.23% (1
st
 st.), 5.00 (2

nd
 st.) and 3.17% (3

rd 
st.) in the Y-direction respectively. 

Figs 7 and 8 show, for the two limit states and the three selected ensembles, both the dis-

placements provided by each single ground motion and their mean. In this way both the 

amount of the seismic response found for each ensemble and its dispersion around the mean 

value can be read. The maximum displacements found by using the ensemble #3 are much 

lower than the other ones, for both the two limit states and direction. The scatter of the results 

differs very much for the three considered ensembles. The ensemble #1, which is made by 

artificial ground motions, has the smallest dispersion of the response domain. On the contrary, 

the response domain found by the #2, made of real non-scaled ground motions taken by [14], 

has the larger dispersion, especially in the DL limit state.  

In Fig. 9 the mean values of the maximum displacements found by the three ensembles are 

compared for the two limit states, in order to evidence the mutual differences.  

 

X-direction 

0

1

2

3

0,0 2,0 4,0 6,0 8,0 10,0

st
o

re
y

displacement (cm)

ensemble #1 (X-dir.)

 

0

1

2

3

0,0 2,0 4,0 6,0 8,0 10,0

st
o

re
y

displacement (cm)

ensemble #2 (X-dir.)

 

0

1

2

3

0,0 2,0 4,0 6,0 8,0 10,0

st
o

re
y

displacement (cm)

ensemble #3 (X-dir)

 

Y-direction 

0

1

2

3

0,0 2,0 4,0 6,0 8,0 10,0

st
o

re
y

displacement (cm)

ensemble #1 (Y-dir.)

 

0

1

2

3

0,0 2,0 4,0 6,0 8,0 10,0

st
o

re
y

displacement (cm)

ensemble #2 (Y-dir.)

 

0

1

2

3

0,0 2,0 4,0 6,0 8,0 10,0

st
o

re
y

displacement (cm)

ensemble #3 (Y-dir)

 

01
23

0,0 0,5 1,0 1,5 2,0 2,5 3,0 3,5

ensemble #3 (X-dir)

mean_ensemble #1 mean_ensemble #2 mean_ensemble #3  

Figure 7. DL limit state: displacements profiles provided by the three ensembles. 
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Figure 8. SD limit state: displacements profiles provided by the three ensembles. 
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Figure 9. Comparison between the maximum displacement found by the three ensembles. 

 

Figs 10 and 11 show the maximum drift found at each column line of the case-study. The 

trend found for the drift confirm the displacement one. The ensembles #1 and #2 provide sim-

ilar results, with the ensemble #2 being the more conservative of the two. The drift found by 

adopting the ensemble #3, instead, provides the lowest drift, which is even lower than the one 

provided by the ensemble #1, and up to 54% lower than the one provided by the ensemble #2. 
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Figure 10. DL limit state: maximum drift at each column-line.   
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The torsional effects due to the eccentricities in the two directions can be evaluated by 

comparing the maximum drift found at the side column line. As it was expectable, since the 

only non-negligible (> 5%) eccentricity is along the Y-direction, the torsional effects are larg-

er when the seismic analysis in is performed the X-direction. In the results found for both the 

limit states, in fact, the drifts experienced by the structure at the column line Y1 are larger than 

the ones at the column line Y3. The effects of the different ground motions assumed as seis-

mic input can be read even in the drift profile, especially when the Significant Damage limit 

state is considered. 
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Figure 11. SD limit state: maximum drift at each column-line.   

5 CONCLUSIONS  

In this work the effects of the selection of ground motions to be used as seismic input for 

nonlinear dynamic analysis have been studied on a case-study, i.e. an existing irregular RC 

building. A very detailed knowledge has been achieved on the building, including both struc-

tural and geological aspects. The site ground have been extensively described, and a soil-type 

B has been consequently assumed. Three different ensembles of ground motions, all compati-

ble to the Italian Technical Code (NTC 2008), have been selected and compared. Two of them, 

respectively made of artificial ground motions (#1) and natural ones selected by a National 

archive (#2), have been set directly on the elastic spectrum provided by the Code for the soil-

type B, while the third one (#3), made of natural ground motions taken by a regional database, 

has been set on the bed rock soil, and then filtered on the base of the specific ground proper-

ties. 

The three selected ensembles differ very much each other both in terms of dispersion and 

spectral ordinates. The ensemble #1, in fact, can be generated by imposing different amounts 

of scatter, all compatible to the Code requirements. The ensemble adopted in the analysis pre-

sents a much lower scatter than the other ones. Its spectral ordinates are close enough to the 

ones of the ensemble #2, which is characterized by a very high scatter. The ensemble #3, in-
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stead, differ very much from the other two in terms of spectral ordinates, providing lower val-

ues of Spectral Acceleration. These differences among the three considered ensembles can be 

found even when the seismic response of the building has been checked. Both the results in 

terms of maximum displacement and drift, in fact, confirm these observations, as regards both 

the amount of the response and the dispersion of the response domain.  

According to this work, the three assumed ensembles of ground motions, despite being 

consistent to the provisions of the current Technical Code, provide very different results. Fur-

ther investigations are needed to understand which selection of ground motions can be more 

appropriate as a function of the soil-type and of the purpose of the analysis. 
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Abstract. The seismic assessment of existing buildings is an essential issue of seismic engi-

neering. This work is focused on the effects of a bi-directional analysis on the evaluation of 

the seismic response of existing RC buildings according to the current Italian Technical Code. 

A nonlinear dynamic (time-history) analysis has been performed with reference to a case-

study, that is a real RC hospital building. An accurate knowledge of the building has been 

achieved, as a result of a collaboration between the University of Florence and the Regional 

Government. Two different limit states, i.e. a serviceability (Damage Limitation) and a ulti-

mate (Severe Damage) one, have been considered. Two ensemble of ground motions have 

been selected to represent the seismic action for the two limit states. Each set is made of 14 

records, i.e. 7 ground motions with their two (N/S, E/W) components. The seismic response of 

the case-study has been studied in terms of displacements and interstorey drifts. The drift pro-

file at each column-line of the case-study has been checked in order to evaluate the torsional 

effects arising by the eccentricities in the two directions. 
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1 INTRODUCTION 

The assessment of the seismic performance of existing buildings is a crucial issue of seis-

mic engineering. In Italy, as well as in many other European countries, most part of RC build-

ings have been constructed in the 60s and 70s and therefore they often do not comply with the 

technical requirements provided by the Codes in force; a reliable evaluation of their seismic 

capacity is an essential step for a convenient choice about their use and maintenance.  

According to the current Italian (NTC 2008, [1]) and European (Eurocode 8, [2]) Technical 

Codes, a seismic input acting along two different orthogonal directions must be considered for 

analysis. Usually the wave trains in the two directions are separately considered, and their ef-

fects are combined according to the Code’ rules. Different combination criteria are provided 

by the Code, depending on the type of performed analysis. 

In this work a bi-directional nonlinear dynamic analysis has been performed on a case-

study, i.e. a real RC building, slightly irregular in plan, currently used as a hospital [3-5]. Its 

numerical modeling is based on a wide knowledge process, that is the result of a joint agree-

ment with the Regional Government of Tuscany. A large number of experimental tests have 

been performed to evaluate material and ground mechanical properties [6-7].  

The seismic response of the building is found with regards to two different limit states, i.e. 

a serviceability (Damage Limitation, DL) and a ultimate one (Significant Damage, SD).  

For each limit state an ensemble of seven ground motions, spectrum-compatible with the 

elastic seismic spectrum provided by the Italian Code, has been selected. The orthogonal 

components of each ground motion, which are also spectrum-compatible, are assumed to rep-

resent the ensemble in the orthogonal direction. For each selected seismic event, the two 

components of the ground motion have been applied in the two main directions of the build-

ing and then reversed. Five analyses have been run for each direction and limit state: one with 

the acceleration trains applied to the mass center and other four by introducing a 5% eccen-

tricity in the two directions according to the Code prescriptions. 

Since the building is irregular the seismic action induces possible torsional effects [8-10]. 

Therefore the seismic response, expressed in terms of  drift and displacement, has been 

checked both at the mass center and at the side column lines of the structure. Firstly, the re-

sults obtained by applying the assumed set of ground motions at the mass center only, have 

been preliminary discussed, in order to evaluate the influence of the direction of application of 

the two different components in terms of scatter of the response quantities. Then the envel-

oped results found by introducing the ±5% eccentricity have been found and shown, in terms 

of mean values only. Finally, the enveloped drift profiles of the building have been shown 

both at the mass center and at the side column lines, to investigate the torsional effects arising 

by the in-plan irregularities. 

2 THE CASE STUDY  

The case-study, shown in Figure 1, is a framed 3-storey RC building. It has been designed 

in 1976, i.e. just after the introduction of the first seismic Italian Technical Code, and it pre-

sents some efficient design criteria, such as column section reduction from foundation level to 

the top storey and solid joint connection at beam-column intersection, although it is far away 

from complying the current seismic design criteria. The dimensions of beams and columns are 

listed in Table1, while the reinforcements data can be find in La Brusco et al. [3-5]. It should 

be noted that the third floor of the building consists of two different structural layers, partially 

coinciding. In fact, two different floors, 40 cm far away each other, constitute the last storey 

of the building. In some alignments (X3, Y1 and Y3) two layers of beams separately support 
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the two different floors, whilst in the other alignments (X1, X2 and Y2) a single beam supports 

both floors. Therefore the 3
rd

 floor and the related beams will be in the following distin-

guished with a subscript a or b, depending on weather they refer to the lower or upper layer 

respectively. All floors are made by deck and concrete, and they have a total height of 20 cm. 

The infill panels of the RC frames have a double layer, with an inside casing. A in-depth in-

vestigation, including destructive and non-destructive tests [3-5], has been made to character-

ize the material mechanical properties; the obtained mean and design strengths for concrete 

and steel, together with the achieved Knowledge Level (KL), have been listed in Fig.1. Even 

the ground properties have been investigated through seismic refraction and down hole tech-

niques; on the basis of such investigations, the soil has been classified as B-type, according to 

NTC2008 (Sec. 3.2.2, Tab. 3.2.II) and EC8 (Part 1, sec. 3.1.2, Tab. 3.1). 
The case-study building is rectangular in plan, structurally symmetrical about the Y-direction, while 

in the X-direction the two spans have different lengths. In order to quantify the in-plan irregularity, the 

mass-stiffness eccentricity has been determined in the two main directions. At each storey, the mass 

center has been found by considering the mass of the floors and of the infill panels, while the center of 

stiffness has been determined by applying the simplified relationship proposed by Anagnastopoulos 

[11-13]. 

 

 
    

concrete: 

class: Rck 250 

fc,mean = 10.2 MPa 

KL = 2  

CF = 1.20 

fc,d 8.5 MPa 

 

Steel:  

Class: FeB32K 

fs,mean = 385.7 MPa 

KL = 1  

CF = 1.35 

fc,d = 285.7 MPa 

Figure 1. Plan and sections of the RC case-study building. 

 

Table 1. Cross section data of beams and columns. 
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Figure 2. Stiffness eccentricity of the case-study.  

4128



Stefania Viti, Valentina Mariani, Marco Tanganelli and Mario De Stefano 

Figure 2 shows the positions of the mass and stiffness centers at each storey in the two di-

rections, together with the corresponding eccentricities. It can be noted that, despite the build-

ing has a symmetric structure about the Y-direction, it presents non-zero eccentricity even in 

this direction, confirming the role of infill panels distribution on structural regularity [14].  

3   ASSUMED GROUND MOTIONS AND SEISMIC ANALYSIS  

3.1 The seismic input 

A soil-type B has been assumed for the case-study ground, with a maximum PGA equal to 

0.32 g and 0.15 g respectively for the two limit states. To perform the nonlinear dynamic 

analysis, two different sets of ground motions (see Table 2) have been considered, whose av-

erage spectra closely approaches the NTC 2008 ones (for both assumed limit states).  
 
Table 2. Ground motions data for the assumed Limit States (soil-type B) 

l.s. 
Ensemble 

code 
Record  
code 

Event Station Name 
Date 

YYYY-MM-DD 
PGA 
[g] 

scale  
factor 

D
a
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a

g
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im

it
a

-
ti

o
n

  (
D

L)
 

DL_E/W 
DL_N/S 

FRC_HN FRIULI_EARTHQUAKE_4TH_SHOCK FORGARIA CORNINO 1976-09-15 0.332 0.45 

SRC0_HN FRIULI_EARTHQUAKE_4TH_SHOCK S. ROCCO 1976-09-15 0.249 0.60 

AQK_HN L_AQUILA_MAINSHOCK L'AQUILA - V. ATERNO 2009-04-06 0.330 0.45 

CSO1_HN L_AQUILA_MAINSHOCK CARSOLI1 2009-04-06 0.018 7.99 

MRT_HN L_AQUILA_MAINSHOCK MONTEREALE 2009-04-06 0.044 3.40 

AQK_HN L_AQUILA_EARTHQUAKE L'AQUILA - V. ATERNO 2009-04-07 0.090 1.65 

SSU_HN EMILIA_2ND_MAINSHOCK SASSUOLO 2012-05-29 0.017 8.54 
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PTT1_HN PATTI_GULF_EARTHQUAKE PATTI 1978-04-15 0.163 1.98 

AQK_HN L_AQUILA_MAINSHOCK L'AQUILA - V. ATERNO 2009-04-06 0.330 0.98 

MDN_HN EMILIA_1ST_MAINSHOCK MODENA 2012-05-20 0.037 8.73 

CNT_HN EMILIA_2ND_MAINSHOCK CENTO 2012-05-29 0.224 1.44 

BUI_HN FRIULI_EARTHQUAKE_3RD_SHOCK BUIA 1976-09-15 0.093 3.47 
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Figure 3 Comparison between the elastic spectra of the assumed ensembles and the NTC 2008 ones.  
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For each limit state, 7 ground motions, with their two directional components (N/S, E/W) 

have been selected. Each ensemble has been identified with a code defining the limit state and 

the direction of application (see Table 2). 

The ground motions have been taken by the Italian Accelerometric Archive [15] through 

the adoption of the software REXEL [16-18], on the basis of a soil-type B, a nominal life of 

50 years, a magnitude between 5.5 and 6.5, and a coefficient of use equal to 2.0, as required 

for strategic buildings. In Figure 3 the two ensembles of elastic spectra assumed to represent 

the seismic input for the two limit states have been shown and compared to the ones provided 

by NTC 2008. 

3.1 The seismic analysis 

All analyses have been performed by using the computer code SAP2000 [19]. The two 

floors of the third level have been modeled according to the real geometry as regards the stiff-

ness and strength distribution, while the mass (both translational and rotational) of the storey 

has been considered applied at the center of the storey package. The effect of the joint stiff-

ness has been considered by introducing a rigid offset at each element end. A reduced value of 

the Young modulus of the concrete Ec, i.e. Ec,red = 0.5 Ec, has been assumed, as allowed by 

NTC 2008 (4.1.1.1) and EC8 (part 1, 4.3.1(7)). The floor stiffness has been introduced by as-

signing the diaphragm constraint to all nodes belonging to the same floor. A lumped plasticity 

model has been adopted at each end of all structural members, with mono-directional flexural 

hinges. Plastic hinges have an almost constant bending moment until the ultimate rotation is 

achieved (hardening ratio between 2% and 6%), and a residual bending moment equal to 20% 

of the yield one. Limit values of bending moment and chord rotation  have been evaluated ac-

cording to NTC 2008, which are identical to those provided by EC8. The bi-directional analy-

sis has been performed by applying, alternatively reversing the direction of application, 7 

ground motions along one direction and the other 7 in the orthogonal direction (see Table 3).  
 

Table 3. Performed analyses. 

 Damage Limitation Severe Damage 

Analysis Code DL_1 DL_2 SD_1 SD_2 

Seismic input  
X-dir: DL_E/W 

Y-dir: DL_N/S 

X-dir: DL_N/S 

Y-dir: DL_E/W 

X-dir: SD_E/W 

Y-dir: SD_N/S 

X-dir: SD_N/S 

Y-dir: SD_E/W 

 

According to EC8 prescriptions, a  5% mass eccentricity has been introduced in both di-

rections. The maximum response in each direction, therefore, is given by the envelope of 5 

different cases: besides the one with no eccentricity, where the seismic input is applied to the 

mass center (MC), there are two cases with the 5% introduced along the X-direction (X_E+ 

and X_E-) and two other cases with the 5% eccentricity introduced along the Y-direction 

(Y_E+ and Y_E-). 

4. SEISMIC RESPONSE OF THE CASE-STUDY 

Figures 4 and 5 show, for the two main directions, the maximum displacements found at 

the mass center of each storey for the DL and SD limit states respectively. The diagrams re-

port the maximum responses produced by each record, and their mean value, obtained by ap-

plying the assumed sets of ground motions to the mass center only. In the X-direction the 

building presents a more scattered response than in the Y-direction. This occurrence is expect-

able, since the building is asymmetric around the X-axis; therefore, when the seismic response 
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is checked in the X-direction, some torsional effect can occur, affecting the global response of 

the structure. Reversing the direction of application of the two components of the ground mo-

tions, the displacement patterns show a slight variation. Figures 6 and 7 show the results of 

the same analyses in terms of interstorey drifts. When the response in the X-direction is 

checked, i.e. at the occurring of torsional effects, the shape of the drift profile is sensitive to 

the considered limit state: while the drift profile of the DL limit state is almost constant, the 

one obtained for the SD limit state achieves its maximum value at the first storey, regularly 

decreasing along the building height. Even in this case the different scatter associated to each 

set of ground motions can be noted. 
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Figure 4. DL limit state: maximum displacement at the mass center. 
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Figure 5. SD limit state: maximum displacement at the mass center. 
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Figure 6. DL limit state: maximum Interstorey Drift at the mass center. 

 

 
X-direction, SD limit state Y-direction, SD limit state 

0

1

2

3

0,0% 0,5% 1,0% 1,5% 2,0%

St
o

re
y

Interstorey Drift

X-dir, SD_1

 

0

1

2

3

0,0% 0,5% 1,0% 1,5% 2,0%

St
o

re
y

Interstorey Drift

X-dir, SD_2

 

0

1

2

3

0,0% 0,5% 1,0% 1,5% 2,0%

St
o

re
y

Interstorey Drift

Y-dir, SD_1

 

0

1

2

3

0,0% 0,5% 1,0% 1,5% 2,0%

St
o

re
y

Interstorey Drift

Y-dir, SD_2

 
 

Figure 7. SD limit state: maximum Interstorey Drift at the mass center. 
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Figure 8 shows the response of the structure at the mass center in terms of maximum dis-

placement for all the seismic analyses, comprehensive of the introduced 5% eccentricity in the 

two directions. As can be noted, the results coming from all the performed analyses are almost 

coincident with each other, showing that the introduced 5% eccentricity does not affect the 

displacement profile at the mass center for the present case study. The effects of the intro-

duced 5% eccentricity is more pronounced in the displacement at the two ends of the struc-

tures, as can be seen in Figure 9, where the ratio between the maximum displacement 

experienced by the structure at the side column-lines and the one experienced at the mass cen-

ter (DSIDE/DMC) is shown. 
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Figure 8. Maximum displacements at the mass center provided by all the performed seismic analyses. 
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Figure 9. Ratio between the maximum displacement at the building flexible side and the one at the mass center. 

 

Finally, Figures 10 and 11 show the enveloped drift profile related to the 5 analyses, at 

each column line of the building. As evidenced by the diagrams shown in Figure 9, in fact, the 

building, under the seismic excitation, exhibits a torsional behavior due to the in-plan eccen-

tricity. The drift occurring at each column line, therefore, can differ from the one observed at 

the mass center of the building. Diagrams in Figs 10 and 11 show the enveloped drift profile, 
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i.e. the maximum by the 5 analyses, provided by each set of ground motions. The scatter be-

tween the maximum drift at the side column lines is more pronounced in the X-direction, due 

the geometrical non-symmetry of the building along the X direction. As already observed in 

Figs 6 and 7, when the behavior in the X-direction is checked, the drift profile is different for 

the two limit states: in the DL limit state, in fact, the maximum drift occurs at the second level, 

while in the SD one it occurs at the first level. To better understand the sensitivity of each per-

formed analysis to the torsional effects, the percentage increase of interstorey drift at the side 

columns has been found with respect to the one observed at the mass center (Figure 12). 
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Figure 10. Interstorey Drift envelope at each column line (DL limit state). 
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Figure 11. Interstorey Drift envelope at each column line (SD limit state). 
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Figure 12. Percentage increase of Interstorey Drift at the side column line with respect to the one at the mass center. 

5. CONCLUSIVE REMARKS 

In this work a bi-directional nonlinear dynamic analysis has been performed on a real RC 

framed structure, i.e. a 3-storey existing building currently used as a hospital. Two ensembles 

of 7 ground motions each, whose both components (N/S, E/W) are compatible with the elastic 

spectrum provided by the Italian Code for the case-study site, have been selected and used as 

seismic input for the Damage Limitation and Significant Damage limit states verification, re-

spectively. Each ground motion has been applied with 2 components oriented on both the 
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main direction of the building, alternatively, and by introducing the 5% eccentricity pre-

scribed EC8 and NTC 2008. The structural response has been expressed in terms of displace-

ment and interstorey drift. 

Different evaluations have been made on the obtained results. First of all the effects of the 

choice of the assumed ensembles of ground motions have been checked. The amount and the 

scatter related to each considered ensemble direction have been shown and compared. The 

two components of the assumed ground motions, slightly differing each other, produce almost 

identical results in terms of mean response, despite providing a different amount of scatter. 

The case-study, which is not symmetric around the X-axis, shows a different response in the 

two main directions, evidencing a larger response along the X-direction. 

The effects of the introduced eccentricity have been checked in terms of maximum dis-

placements only. The maximum displacements found at the mass center by performing the 

five analyses for each set of ground motions are almost coincident, showing a negligible ef-

fect of the introduced 5% eccentricity for the present case study. If the introduced eccentricity 

does not affect the maximum translational response, it increases the torsional effects arising in 

the structure as a consequence of the seismic excitation. To evaluate the role of the 5% eccen-

tricity in the torsional response of the structure, the ratio between the maximum displacement 

experienced by the structure at the side column lines and the one at the mass center has been 

checked. The increase in displacement due to the 5% eccentricity achieves 30% along the X-

direction.  

Finally, the torsional effects have been observed by checking the maximum enveloped in-

terstorey drift at each column-line of the structure. The comparison among the maximum drift 

experienced by the building at the flexible side and at the mass center one has evidenced not 

negligible torsional effects in both the main directions, with an expectable prevalence in the 

non-symmetric X-direction. 
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Abstract. It is well known that the axial load plays an important role in the evaluation of the 

structural capacity of RC columns. In existing buildings this problem can be even more rele-

vant than in new ones, since the material can easily present poor mechanical properties. The 

paper is aimed at investigating the role of the axial load variation on the seismic performance 

of RC columns, evaluated in terms of limit chord rotation and shear force, according to the 

EC8 provisions. The study is developed with reference to a case-study, which is a doubly 

symmetric 4-storey RC building. A dynamic (time history) analysis has been performed by 

adopting a fiber model for the cross section of the concrete members, to determine the struc-

tural response under the assumed seismic excitation. An ensemble of 7 ground motions, spec-

trum-compatible with the elastic spectrum provided by EC8 has been assumed as seismic 

input. The combined effects of the strength variability and axial load variation have been 

checked on the seismic performance of the columns of the 1
st
 storey, which presented the 

higher levels of compression and axial load variation. 
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1 INTRODUCTION 

The axial load variation influences both the seismic demand and capacity of RC members 

[1-3], and therefore it is a relevant factor in the seismic performance evaluation [4-6]. Exist-

ing RC buildings are even more sensitive to the axial load variation than the new ones, since 

the material can easily present poor and uncertain mechanical properties. Moreover, the joints 

of existing buildings have been usually designed without specific confinement provisions, so 

resulting very sensitive to the reduction in ductility related to the increase of axial load [7-8].  

Both the axial load variation and the concrete strength variability can largely affect the 

seismic performance of RC buildings. Their combined effect, therefore, can be even more im-

portant in such evaluation. This paper is aimed at investigating the combined effect of the 

concrete strength variability and the axial load variation on the seismic performance of RC 

structures. The study is carried out with reference to a case-study, i.e. a doubly symmetric 4-

storey RC building [9-13], representing a typical example of pre-seismic code structure.  

The seismic response of the case-study has been evaluated in terms of chord rotation and 

shear force of the RC members, by performing a time-history analysis with reference to two 

different limit states, i.e. the Damage Limitation (DL) and the Significant Damage (SD). The 

assumed seismic input is made of seven ground motions, whose elastic spectra fit very closely 

the elastic spectrum provided by Eurocode 8 (EC8) for the assumed soil type (B type).  

The capacity of the structure has been found by accounting for the axial load in each con-

sidered member. On the basis of the concrete mean strength, two different alternative assump-

tions have been made to describe the members capacity. In the first one, the design value of 

compressive strength to be used in the analysis has been found by following the EC8 ap-

proach, i.e. by introducing a Confidence Factor (CF) based on the achieved knowledge level. 

In the second approach, instead, a hypothetical Gaussian distribution of the compressive 

strength has been assumed, considering the experimental mean value and different Coeffi-

cients of Variation (CoV). Three different CoV values, respectively equal to 15%, 30% and 

45%, consistent with a large database of experimental values [14-15] have been assumed in 

the analysis. Each strength distribution has been discretized into seven percentile values, re-

spectively equal to 5%, 10%, 20%, 50%, 80%, 90% and 95% [13, 16]. 

The seismic performance is expressed as the ratio between demand (D) and capacity (C) as 

a function of the variable axial load in each column. Due to the applied acceleration train, in 

fact, the axial load in each column ranges around an initial value, i.e. the axial load related to 

the gravity loads. The range of axial load experienced by each member is considered to define 

a range of capacity. By comparing the obtained results, the sensitivity of the seismic perfor-

mance to the axial load variation has been checked, and the role played by the concrete 

strength assumptions has been discussed. 

2. THE ANALYSIS 

The sample structure [13], shown in Fig. 1, is a 4-story 3D reinforced concrete frame, 

symmetric along both x and y directions, with two 4.5 m long bays in the y-direction and 5 

bays 3.5 m long in the x-direction, designed for vertical loads only. The concrete has been as-

sumed to have a mean strength equal to 19.36 MPa, while for the reinforcement, the Italian 

FeB38k steel (yield stress over 375 MPa, ultimate stress over 430 MPa) has been assumed.  

The mean values of concrete and steel strength have been assumed in the analysis for seismic 

response assessment, while the capacity of the case study has been evaluated considering two 

different assumptions for the concrete strength: the first one refers to the conventional EC8 

approach, which requires to reduce the mean strength value by a CF, equal to 1.00, 1.20 or 1.35 
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respectively, depending on the knowledge level (KL3, KL2 and KL1) of the structure. The second 

one provides for a Gaussian representation of the probabilistic distribution of the concrete strength. 

In the Gaussian representation, the strength domain is defined [11-13] with reference to an ex-

tensive experimental campaign carried out by the Tuscan Regional Government [14-15]; a 

single mean strength, i.e. the EC8 value for CF=1.00 has been assumed, while three different 

CoVs, respectively equal to 15%, 30% and 45% have been considered. For each CoV, a sam-

ple of seven concrete strength values, corresponding to the percentiles of 5%, 10%, 20%, 50%, 

80%, 90% and 95% has been assumed for the definition of columns capacity.  
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Figure 1 Plan configuration of the case-study and structural features of the RC members. 

 

The seismic response of the case-study has been found by performing a nonlinear dynamic 

(time history) analysis through the computer program Seismostruct [17]. A fiber model has 

been adopted to describe the cross sections; the model by Mander [18] has been assumed for 

the core concrete, a three-linear model has been assumed for the unconfined concrete, and a 

bilinear model has been assumed for the reinforcement steel. The stiffness of floor slabs has 

been modelled by introducing a rigid diaphragm.  

The seismic input has been defined by a set of 7 ground motions whose mean spectrum 

closely fits the EC8 elastic one (soil-type B). The records, described in Table 1, have been se-

lected by the data-base Itaca [19], on the basis of a PGA equal to 0.25g, a nominal life of the 

structure of 50 years and a magnitude between 5.5 and 6.5.  
 

Table 1. Ground motions data. 

Name Location 
Date 
dd/mm/yyyy 

PGA  
(g) 

Duration  
(sec) 

Irpinia Sturno 23/11/1980 0.225 70.75 

Irpinia Calitri 23/11/1980 0.174 85.99 

L’Aquila Colle Grilli 06/04/2009 0.446 100.00 

L’Aquila Aquil Park Ing 1 06/04/2009 0.353 100.00 

L’Aquila Aquil Park Ing 2 06/04/2009 0.330 100.00 

L’Aquila Centro Valle 1 06/04/2009 0.545 100.00 

L’Aquila Centro Valle 2 06/04/2009 0.657 100.00 

 

Two different limit states have been assumed in the present paper: the Damage Limitation 

(DL) and the Significant Damage (SD) limit states. According to EC8 provisions, the response 

parameter to be checked for the serviceability limit states is the chord rotation only, while 

both chord rotation and shear force must be checked for ultimate limit states. Therefore, in the 

present paper, a limit value corresponding to the yield chord rotation has been assumed for the 

DL limit state, while two limit values, based respectively on the ultimate chord rotation and 

ultimate shear force, have been assumed for the SD limit state. Both DL and SD limit values 

are strictly dependent on the axial load level in the RC members. 
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3 THE SEISMIC PERFORMANCE OF THE 1
ST

 STOREY COLUMNS 

3.1 The seismic demand 

Fig. 2 shows the global response of the case study in terms of maximum drift, maximum 

shear force and maximum axial load variation (N). All local results refer to the 1
st
 storey 

columns, since they are the most affected by N. The column drift, under the assumption of 

shear type behavior, can be assumed as coincident to the chord rotation, i.e. the assumed re-

sponse quantity. Since the effects of N are very sensitive to the initial amount of compres-

sion, it’s important to check such variation for each single column. 

Fig. 3 shows the maximum N (grey bars) and minimum N (white bars) experienced by 

each column of the case-study. The horizontal line in each figure represents the reference stat-

ic axial load. Since, in each frame, the internal columns (column lines b, c, d and e) and the 

side ones (column lines a and f) respectively experience almost the same N (see [12]), in Fig. 

3 only the results of two columns for each frame have been shown, together to the static axial 

load of the two (side and internal) columns. It should be noted that, despite the building is 

symmetric along both main axes, N is not the same in the two side frames (frames 1 and 3). 
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Figure 2. Seismic response of the case study. 
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Figure 3. Axial load variation in the columns. 
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3.2 The seismic capacity  

In this section, columns structural capacity is evaluated as a function of the axial load level, 

assuming both a variable concrete strength and the approach ofEC8 provisions. Figs 4 and 5 

show, respectively, the sensitivity of the chord rotation and shear force capacities to the axial 

load variation for DL and SD limit states. 

In each graph, the colored lines represent the domains related to the percentile values 

describing the assumed strength distribution related to the three different CoV values, while 

the black dashed ones represent the capacities provided by EC8. The domains have been 

interrupted in correspondence of the axial force capacity of the structural section. As can be 

noted, the range of capacities provided by EC8 is relevantly smaller than the one obtained 

when the probabilistic strength variability is considered, even for the lowest assumed CoV 

(CoV = 15%). For higher values of CoV, more likely to be found in existing buildings [9-10, 

14], the difference between the two ranges is even more relevant.  
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Figure 4. Sensitivity of the DL and SD chord rotation capacity of columns to the axial load variation. 
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Figure 5. Sensitivity of the Shear Force capacity of columns to the axial load variation (SD limit state). 

4 THE SEISMIC PERFORMANCE 

The seismic performance has been quantified as the ratio between the demand (D) and the 

capacity (C) of each column at the first storey. The sensitivity of the seismic performance to 

the axial load variation has been investigated with reference to both DL and SD limit states.  
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Figure 6. DL limit state: performance ranges in terms of chord rotation. 
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Figure 7. SD limit state: performance ranges in terms of chord rotation. 
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Figure 8. SD limit state: performance ranges in terms of shear force. 
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DL limit state has been verified for PGAs up to 0.15g, while SD limit state has been 

checked for PGA values ranging between 0.15g and 0.25g. For each column the actual range 

of axial load has been considered in the capacity only, while the seismic demand (chord rota-

tion and shear force respectively) has been assumed with its maximum value. Consequently, 

for each PGA, a range of values is found for the seismic performance; the amplitude of the 

range, therefore, can be read as an index of the sensitivity of the seismic performance to N. 

For sake of brevity, only results referred to two columns for each frame have been shown, be-

longing to the column lines a (side column) and b (internal column). Figure 6 shows the D/C 

ranges found, in terms of chord rotation, for the DL limit state. The strength variability largely 

affects the sensitivity of the seismic performance to the axial load variation. For PGA = 0.15g 

the case-study exceeds the limit state provided by EC8 only when the lowest percentile of 

concrete strength and the highest CoV are assumed (Frame#2 c.l. b). 

The SD limit state has been investigated in terms of both chord rotation and shear force. 

Figure 7 shows the ranges of D/C found for the SD limit state in terms of chord rotation. The 

ranges between minimum and maximum D/C values related to N are much larger than in the 

DL limit state, showing a higher sensitivity of the SD seismic performance to the axial load 

variation. Such sensitivity is relevant especially in the side frames (frames 1 and 3), and it in-

creases when low values of concrete strength are assumed. With reference to the current case-

study, when a low concrete strength is assumed, i.e. for high variability (CoV = 45%) and low 

percentiles (K05, K10), N involves an increase of the D/C ratio up to three times the value 

found by assuming the mean strength and exceeding the required limit.  

Figure 8 shows the D/C ranges found in terms of shear force. They significantly differ 

from the ones found in terms of chord rotation as regards the role of the concrete strength on 

the sensitivity to the axial load variation. The performance ranges expressed in terms of shear 

force, in fact, are larger for the higher values of concrete strength, especially for high levelsof 

axial load experienced by the columns.  

CONCLUSIONS 

In this paper the effects of the axial load variation on the seismic performance of RC struc-

tures have been investigated with reference to a case-study, i.e. a 4-storey RC framed build-

ing, symmetric about both main directions. The seismic performance, checked at the 1
st
 storey 

columns, has been measured as the ratio between demand (D) and capacity (C). The capacity 

of each column has been found at the varying of the axial load and by considering different 

values of concrete strength, respectively consistent to the EC8 approach and to a probabilistic 

strength distribution, having the same mean value and three different CoVs. The capacity has 

been found for both the DL limit state (in terms of chord rotation) and for the SD limit state 

(in terms of chord rotation and shear force).  

For each column, a range of D/C has been found by considering the maximum response 

found by the time-history analysis and the range of capacity corresponding to the axial load 

range experienced during the seismic response. The width of each D/C range expresses the 

sensitivity of the column performance to the axial load variation.  

As regards the DL limit state, the sensitivity of the seismic performance to N is 

significant only in the side frames for the highest considered PGA (equal to 0.15g), while the 

value of the concrete strength has a significant effect in most cases. The case-study complies 

the EC8 requirements in almost all cases; only when the highest value of CoV (CoV = 45%) is 
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assumed together with lowest strength percentile (5%), for PGA=0.15g the internal columns 

belonging to the three frames may present D/C values higher than unity. 

The SD limit state verification in terms of chord rotation pointed out a high sensitivity of 

the seismic performance to the axial load variation. Such sensitivity, more relevant in the side 

frames, increases for low values of concrete strength. For low strength values, i.e. for high 

variability and low percentiles (K05, K10), the axial load variation plays a crucial role in the 

seismic performance of the structure, inducing an increase of the D/C ratio up to three times 

the one obtained adopting the mean strength value, i.e. by assuming EC8 procedure. In the 

internal columns, where the amount of axial load is higher, the D/C ratio varies between 0.7 

and 4.0, depending on the assumed concrete strength percentage and the axial load level.  

The performance ranges expressed in terms of shear force present a different trend 

comparing to the other ones, being larger for the higher values of concrete strength, especially 

for high amount of axial load experienced by the columns.  

The obtained results evidenced the important role played by the axial load variation on the 

evaluation of the seismic performance of structures, underlining the relationship between the 

effects of axial load variation and the effective concrete strength. Both factors, i.e. the effec-

tive amount of axial load during the seismic response of the structure, and a more realistic de-

scription of the concrete strength distribution should be carefully evaluated in order to assess 

the seismic performance of existing buildings. 
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Abstract. When carrying out loss assessment of a road network within a certain region, the 
characterization of the vulnerability of the existing population of bridges is one of the most rele-
vant aspects. To such extent, in the last decades, the engineering community has recognised fra-
gility curves as one of the fundamental and most effective tools in seismic risk assessment, 
correlating the probability of exceeding of specific limit states, which can instead be correlated 
with damage and loss, for different levels of intensity measures (IMs). The available literature 
mainly provides such curves as function of peak ground acceleration (PGA) or spectral accelera-
tion (Sa), often preferred for the availability of national hazard information in terms of such pa-
rameters. However, when dealing with a bridge population of reinforced concrete bridges, Fajfar 
Index, peak ground velocity and root mean square velocity have been recently identified as the 
most promising intensity measures, in terms of efficiency, proficiency and sufficiency, notwith-
standing the acceptable performance of PGA and Sa. As such, this paper intends to further extend 
the analysis of RC populations of bridges by providing a statistically sound comparison of analyt-
ical fragility curves based on traditional and innovative intensity measures of an extensive bridge 
population. Nonlinear static analyses of 3D RC bridge models are carried out. The bridge popu-
lation is randomly generated using Latin Hypercube sampling in order to include geometrical 
variability, in addition to aleatory and epistemic uncertainties. For what concerns the seismic 
ground motion, a proper selection of records was performed, according to a recent selection and 
scaling procedure (Conditional Spectrum Method). 

4147



C. Zelaschi, R. Monteiro and R. Pinho 

1 INTRODUCTION 

During the last decades, the engineering community has recognized fragility functions as 
fundamental tools for characterization of structural resilience due to their capability of estab-
lishing the link between seismic hazard of a certain site and the level of structural damage re-
lated to a certain seismic excitation. Even if the outcome of the most recent research in the 
structural fragility assessment field led to more complex methodologies for the definition of 
more accurate fragility curves, the lack of a unique approach for their evaluation leads to dis-
crepancies in the results from varying initial assumptions [1]. In addition to the variability of 
the procedure itself, significant dispersion in seismic demand, epistemic and aleatory uncer-
tainties are present throughout the entire process of development of fragility curves [2]. A 
great deal of effort has been witnessed in literature to deal with such sources of uncertainties: 
the logic trees for both seismic source models definition and the consideration of multiple 
ground motion prediction equations is only one example of the most popular strategies to face 
hazard variability problems. Indeed, new seismic record selection and scaling strategies arose 
from recent research [3] with the goal of reducing the main source of uncertainty associated to 
the seismic input, the record-to-record variability, which it is well known to have repercus-
sions on the accuracy of seismic structural capacity and demand [1]. Moreover, within the 
process of fragility curve development, the selection of the intensity measure (IM) to be con-
sidered is a crucial aspect. Due to the nature of the earthquake record itself, the conventionally 
employed IMs, such as peak ground acceleration (PGA) or peak ground velocity (PGV), 
might not be able to take into account, as single scalars, all the information regarding the 
seismic signal, resulting in increased variability of the seismic structural demand. Accordingly, 
with a view to optimize the link between hazard and structural response, recent research [4, 5] 
considered different scalar IMs or couples of IMs, not only for studying the accuracy of the 
IM itself, but also for expressing fragility curves as function of such alternative variables. 

Furthermore, most of the available literature considers building frames as case study for 
similar investigations, hence, to fill such gap, the present study focuses on reinforced concrete 
bridge structures, which are part of a road network system. In particular, a population of rein-
forced concrete bridges, randomly generated through Latin Hypercube sampling for including 
geometrical and material properties variability, already successfully employed in previous 
studies addressing RC bridges [6, 7], is considered to scrutinize the accuracy of fragility esti-
mates as function of certain number of IMs with good performance in terms of efficiency, 
proficiency and sufficiency, such as Fajfar Index (Iv), peak ground velocity (PGV), root mean 
square velocity (vRMS) and spectral acceleration (Sa) [8]. Notwithstanding the optimal per-
formance of the aforementioned IMs, the traditionally employed peak ground acceleration 
(PGA) is also considered as the vast majority of the available hazard information is expressed 
in terms of such ground motion characteristic. 

Nonlinear static analysis was selected as an accurate tool for the identification of the per-
formance point at different demand levels, validated in past studies concerning the seismic 
assessment of bridges and buildings through nonlinear static procedures [9-12]. As such, a 
reexamination of the N2 method [13-15] was featured in order to use response spectra derived 
from a set of selected real records. Fragility curves of the considered bridge portfolio were 
thus derived with different IMs with multiple stripes analysis, a methodology capable of in-
cluding the variation of the ground motion records at different IMs levels, which was herein 
adjusted for application to structural portfolios. Finally, the dispersion level among the bridge 
portfolio for each IM-based fragility curve was assessed by means of statistical parameters 
that rapidly estimate the goodness-fit of the obtained fragility curve, enclosing in a single sca-
lar the amount of dispersion between observed and fitted data. 
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2 BRIDGE POPULATION AND BRIDGE MODELLING 

With a view to demonstrate the level of accuracy of different IM-based fragility curves in 
the expedite risk assessment of road networks, the case study considered in this paper does 
not focus on individual structural configurations but rather on a population of bridges that 
could represent a given bridge class, with different, yet statistically correlated, configurations. 
The endorsed methodology makes use of a parametric statistical characterization of Italian 
reinforced concrete bridges conducted in recent studies [6, 8]. One hundred bridges were ran-
domly generated thorough Latin Hypercube sampling, which guarantees the reduction of 
computational onus when compared to other approaches, such as Monte Carlo, on the basis of 
the statistical distribution associated to the main geometrical and material properties shown in 
Table 1. As far as longitudinal and transverse reinforcement are concerned, the associated ra-
tios were assumed to vary in the ranges of 0.5% - 1% and 0.08% - 0.1% respectively. 

 
Parameter Distribution Distribution parameters 

Pier height [m] Lognormal Mean (log): 1.95; std: 0.828 
Total length of bridges Lognormal Mean (log): 5.10; std: 1.145 

Span length [m] Normal Mean: 31.18; std: 11.527 
Section Diameter Normal Mean: 2.19; std: 0.969 

Reinforcement yield strength [N/mm2] Normal Mean: 504.40; std: 157.84 
Reinforcement Young Modulus [GPa] Normal Mean: 203.82; std: 19.426 
Concrete compressive strength [MPa] Normal Mean: 40.0; std: 7.44 

Superstructure width Lognormal Mean: 2.49; std: 0.256 
Number of spans 1.5+0.03*(Total length) 

Table 1: Statistical distribution properties [1, 7]. 

The cross section of the deck takes the form of rectangular reinforced concrete girders, 
which is consistent with real Italian bridges, in which the deck is simply supported in most 
cases. The abutments were modeled with bilinear response springs with stiffness sets as 
26’329kN/m [16] along horizontal direction. Further details on the remaining modelling as-
sumptions can be found in a previous study [8]. 

An automatized procedure was coded in Matlab [17] in order to automatically carry out 
nonlinear static analyses, i.e. pushover analyses, of the considered bridges in OpenSees soft-
ware package [18]. The analysis considered the transverse direction only, with a load path 
proportional to the fundamental mode of each structure of the considered bridge population, 
whose transverse fundamental periods are represented in the histogram in Figure 1. 

 

 
Figure 1: First transversal periods of the randomly generated bridges. 
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3 GROUND MOTION RECORDS 

In addition to the geometrical and material variability, modeled in §2, the record-to-record 
variability [19] was also included in the computation of the fragility curves. Within an attempt 
to minimize the effects of such variability in the structural demand, a recent selection and 
scaling procedure known as conditional spectrum method (CSM) [2] was chosen, especially 
for its effectiveness in selecting a suite of ground motion records that match the ground mo-
tion characteristics at each intensity measure level. Given that the CSM foresees that the rec-
ord selection is conditioned at the specific structural period, its employment required a certain 
level of simplification in order to accommodate the analysis of groups of structures with dif-
ferent periods within reasonable computational onus. Accordingly, the randomly generated 
bridges were grouped in three classes, defined by a central period of 0.2s, 0.3s and 0.75s. 

Considering that the majority of the bridges are located in central regions of Italy, the tar-
get city of Campobasso (Molise region) was fully characterized in terms of seismic hazard. 
Hazard curves and disaggregation results conditioned at the spectral acceleration for the se-
lected periods of vibration (0.2s, 0.3s and 0.75s) were undertaken with a ground motion pre-
diction equation suitable for European regions [20] using Openquake [21]. The area source 
model information provided by the Italian zonation (ZS9) was adopted [22]. Such outcome 
was used to select and scale a set of 30 records for 15 different assumed intensity measure 
levels and for each class of fundamental period. The response spectra obtained for T=0.2s and 
for one of the intensity levels are shown in Figure 2. 

 
Figure 2: Response spectra of the selected input records with 10% probability of exceedance in 50 years for pe-

riod bridge class 0.2s. 

4 INTENSITY MEASURES 

The selection of a proper intensity measure is very important for the reduction of the ef-
fects of the uncertainties that surround probabilistic seismic hazard analysis and nonlinear 
structural analysis. Reducing such uncertainties becomes even more important when dealing 
with the seismic loss assessment of a road network, in which there is the need to characterize 
the seismic behavior of different nodes, represented by bridges with different geometrical and 
material properties. 

In line with the main findings of recent research [8], the Fajfar Index (Iv), peak ground ve-
locity (PGV), root mean square velocity (vRMS), peak ground acceleration (PGA) and spec-
tral acceleration (Sa) were selected as IMs to be considered in the derivation of fragility 
functions, due to their good performance in terms of efficiency, practicality, proficiency and 
sufficiency for the case of bridge populations. Moreover, the aforementioned IMs have the 
advantage of being easily obtained from earthquake characteristics. Coupling of IMs in vector 
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fashion was not taken into account due to the not relevant improvement in terms of efficiency, 
practicality and proficiency, to justify their employment in the assessment of bridge popula-
tions. 

5 DAMAGE LIMIT STATES 

The definition of the damage limit states is a crucial phase of the process of the fragility 
curve definition. In literature a wide variety of different damage limit states definitions can be 
found for seismic assessment of bridges; however, especially in case of the assessment of a 
bridge population, a global damage indicator seems more appropriate. Following the approach 
adopted in [23] the ductility in displacement was chosen as engineering demand parameter for 
the quantification of the damage of each pier and the maximum ductility over all the bridge 
piers was considered representative of the bridge behavior. Four different values of curvature 
ductility, shown in Table 2, were used for the definition of the considered levels of damage: 
slight, moderate, extensive and collapse [24, 25].  
 

Slight (DS1) Moderate (DS2) Extensive (DS3) Collapse (DS4) 
1.29 2.10 3.52 5.24 

Table 2: Damage limit states in terms of curvature ductility [23]. 

According to Equation (1) and Equation (2), proposed by Priestley et al. [26], the expected 
displacement ductility of each bridge pier was calculated as function of curvature ductility, �∅, 
and then compared with the values associated to each damage limit state. 

 �∆ = 1 + 3��∅ − 1
��/���1 − 0.5��/��� (1) 

 � = 0.08� + 9�� (2) 

Where lp is the plastic hinge length, l is the pier height and db the longitudinal reinforcement 
bar diameter. 

6 NONLINEAR STATIC PROCEDURE 

The development of fragility curves for a bridge population requires the allocation of each 
structure to a certain damage limit state, according to the given definition. As such, when us-
ing a nonlinear static procedure (NSP) to estimate the demand, the target displacement corre-
sponding to each couple of the considered pushover curve and response spectrum needs to be 
identified. Seismic guidelines all over the world are already employing NSPs as simplified 
approaches for assessing seismic response of structures. A great deal of effort has been done 
in the last decades to approach with more accuracy the results of dynamic analyses, which, 
when properly used, is considered the most reliable way for predicting structural response 
along the entire duration of the seismic excitation. However, required computational time de-
mand could represent an obstacle in the view of the development of rapid methodologies for 
deriving fragility curves, also when limited information available from national structures in-
ventory. 

In agreement with such context and despite the drawbacks of considering simplified ap-
proaches rather than dynamic response analyses, such as the impossibility of reproducing 
phenomena of viscous damping, strength deterioration or of considering deformations, the 
seismic behavior of the considered bridge population was evaluated through a conventional 
pushover based nonlinear static procedure – N2. The choice for N2 was based on the findings 
of a recent study regarding the accuracy in the fragility estimates using different approaches 
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to derive analytical fragility curves [23], which demonstrated that N2 [15], when compared to 
nonlinear dynamic analysis, provides accurate results for low and high intensity levels. 

Pushover analyses were thus performed for each bridge of the three considered classes ap-
plying a load pattern proportional to the first transverse mode and the pier top closest to the 
deck center of mass as controlling point. The corresponding curves exhibited considerable 
dispersion, something that strengthens the motivation of modelling a set of bridges with the 
inclusion of geometrical and material properties variability. 
Some specificities of the N2 method are the use of inelastic spectra and the fact that an elasto-
perfectly plastic force-displacement relationship for the linearization procedure is assumed. In 
addition, the definition of the target displacement distinguishes between short-period and me-
dium/long period based on the corner period (Ts), according to Figure 3. 

 
Figure 3: Design response spectrum [27]. 

Even though the corner period TS is not easily predictable in a spectrum directly derived 
from real records, the latter were nevertheless considered for consistency with seismic hazard 
outcomes and observations regarding record variability. The corner period was identified ac-
cording to Equations (3) and (4), where ���, the design spectral response acceleration parame-
ter at short periods, was assumed as the highest spectral acceleration obtained from each real 
scaled record. ��� is the design spectral response acceleration parameter at 1-second period. 

 �� = 0.2���/��� (3) 

 � = ���/��� (4) 

For each bridge of each period class (0.2, 0.3, 0.75), the steps of the conventional N2 
method were followed, transforming the correspondent pushover curve, referred to a multi 
degree of freedom (MDOF) system, in the equivalent curve of the associated single degree of 
freedom (SDOF) system. The bilinerization was conducted assuming as the ultimate and 
yielding force the 0.85 of the peak value, which ensured a more reliable approximation of the 
first branch of the curve when an automatize procedure is used. The performance points could 
be identified along the SDOF first and MDOF after, according to the equations proposed in 
Eurocode 8 [13]. The entire procedure was repeated for each of the 30 selected records and 
for 15 intensity measure levels. 

7 FRAGILITY CURVES FOR BRIDGE POPULATIONS 

Once all the performance points are known and compared to the selected damage limit 
states, a methodology for the derivation of the fragility curve needs to be selected. Among the 
different approaches that can be found in literature, the multiple stripes analysis [28] tech-
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nique was considered the most appropriate. Such procedure is the most suitable when differ-
ent ground motions at different intensity measure levels are used, which typically occurs 
when the conditional spectrum method is used: the representative ground motions change at 
each intensity measure level because the target properties follow the same trend. The main 
advantage of such approach is that there is no need for reaching the intensity measure level 
for which structural collapse occurs for all records. The most suitable fitting technique is the 
maximum likelihood method [29-31], however, also the alternative procedure used for esti-
mating fragility function parameters of multiple stripes analysis, which consists in the mini-
mization of the sum of the squared errors (SSE), was taken into account. 
The aforementioned procedure typically considers an individual structure subjected to a cer-
tain number of ground motions and, at each intensity measure level, counts the number of col-
lapses out of the total number of ground motions. Given that the objective of the present study 
was to define a fragility curve referred to a set of bridges of a specific class, the procedure 
was adapted to fit such need. In fact, the fractions of each damage limit state were obtained 
counting, for each record of each IML, the number of bridges that attained or exceeded the 
considered damage limit state out of the total number of bridges of the considered class. As-
suming that the observations of the achievement of a certain damage limit state or not for each 
bridge and for each spectrum is independent of the observations from other bridges and 
ground motions, the probability attaining or the exceeding the considered damage limit state 
is given by a binomial distribution, as in Equation 5.  

 !�"#$ "&'""�()'"* +,� -. )#$  /01�2"* .-0 0"'-0�#$� = 3)#$"#$ 4 5#$67$�1 − 5#$
879:679 (5) 

Where 5# is the probability that the ground motion i at intensity level j will cause the at-
tainment or exceedance of damage limit state DLS of the considered structure. 

In order to get the highest probability of attaining or exceeding the considered damage lim-
it state obtained from structural analysis, the product of the binomial probabilities of each rec-
ord at each IML is considered to get the likelihood of the entire data set, which need to be 
maximize in order to obtained fragility function parameters. More easily, the logarithm of the 
likelihood function of Equation (6) can be maximized according to Equation (9). 

 ,1;"�1ℎ--� = ∏ 3)>"> 4 5>6?�1 − 5>
8?:6?#$>@�  (6) 

The likelihood function takes ij values, considering each record at each intensity measure 
and A indicates the product over all ij levels. 
Considering that the lognormal cumulative distribution of Equation (7) is commonly used to 
express fragility functions, when combined with Equation (6), it takes the form of Equation 
(8), where !�+�|CD = &
 is the probability that a certain ground motion with CD = & will 
cause in the structure the attainment or exceedance of the considered damage state (DS), E�⋯ 
 is the standard normal cumulative distribution function (CDF), and G and H are the 
median of the fragility function and the standard deviation of ln(IM) respectively. 

 !�+�|CD = &
 = E IJK 3L MN 4
O P (7) 

 ,1;"�1ℎ--� = ∏ 3)>"> 4 E IJK 3L? MN 4
O P6? Q1 − E IJK 3L? MN 4

O PR
8?:6?#$>@�  (8) 
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 SGT, HVW = (02X(&M,O ∑ Zln 3)>"> 4 + "> ln E IJK 3L? MN 4
O P + �)> − ">
 ln Q1 − E IJK 3L MN 4

O PR]#$>@�  (9) 

GT and HV  denotes the estimates of fragility function parameters, G and H respectively. 
According to the previous variable definitions, the alternative method adopted, SSE, is 

given by Equation (10). 

 SGT, HVW = (02X1)M,O ∑ Q6?8? − E Iln 3&; GN 4
H PR

^#$>@�  (10) 

8 RESULTS 

8.1 Fragility curves 

Fragility function estimates were derived according to either the maximum likelihood algo-
rithm or the minimization of the sum of the squared errors, as described in §7, referring to 
global displacement ductility as the highest among the piers of each bridge. 

Different curves were derived for bridge classes of 0.2, 0.3, 0.75s for five different IMs (Iv, 
PGV, PGA, PGV, vRMS, Sa) and are illustrated in Figure 4 and 5 for both MLE and SSE fit-
ting algorithms together with fractions, obtained considering each record and counting the 
number of bridges of a specified class attaining or exceeding the correspondent damage limit 
state out of the total number of bridges. 

 

 

 
Figure 4: Fragility curves in terms of Iv and PGA for period classes 0.2s, 0.3s and 0.75s. 
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Figure 5: Fragility curves in terms of PGV, vRMS and Sa for period classes 0.2s, 0.3s and 0.75s. 

 

8.2 Measures of dispersion: fragility curves goodness-of-fit 

In order to understand which IM-based fragility curve corresponds to lower scatter among 
the different bridges hence to higher accuracy in representing the bridge class, an analysis of 
the goodness-of-fit around each IM-based group of curves is carried out. 

Statistical analysis of fragility curves has been conducted in the past [32] by defining a 
specific approach for performing goodness-of-fit tests. The outcome of such tests is the statis-
tical p-value, a function of the observed sample results, typically used for testing statistical 
hypothesis and compered with a significance level, commonly known as α for claiming if the 
hypothesis of following a certain model can be accepted or rejected. However, in the order to 
rapidly compare results with a simple scalar that can provide an immediate idea of the level of 
dispersion, the coefficient of determination, R2, was considered for defining the level of dis-
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persion of the structural analysis data and the fitted model along y-axis. On the other hand, the 
dispersion along the x-axis, which represents the quality of the fit curve with respect to the 
entire set of bridges and records, was analyzed by evaluating the root-mean-square deviation 
in Equation (11), normalized with respect the difference between the observed maximum 
(&_`L) and minimum values (&_#8), obtaining the normalized root-mean-square deviation of 
Equation (12), parameters which allows the comparison between datasets with different scales. 

 aD�+ = b∑ �Lcde,7:Lfcghi,7�jk7 8  (11) 

&l� ,# and &_lm6n,# are the observed values and the fitted values, given the same probability of 
exceedance for each level of observed probability of exceedance and n is the sample size. 

 oaD�+ = pq��
�Lfrs:Lf7k
 (12) 

The results in terms of R2 and NRMSD do not exhibit relevant differences whether MLE 
or SSE fitting procedures are employed. Accordingly Figure 6 illustrates R2 values and Figure 
7 depicts NRMSD values, both using MLE fitting for each damage state and each class of 
bridges. 
 

 
Figure 6: R2 values associated to MLE fitting for each damage state and each class of bridges. 

A lower scatter (R2 closer to one) means that the model fits better the structural analysis data 
and, from a bridge population point of view, the IMs which shows less dispersion are Fajfar 
index (Iv), peak ground velocity (PGV), and root mean square velocity (vRMS). It is worth 
noting that for such intensity measures the level of accuracy in terms of coefficient of disper-
sion is essentially constant for all damage states and bridge classes, whereas for peak ground 
acceleration (PGA) and spectral acceleration (Sa), which denote lower levels of accuracy, the 
dispersion increases with the damage state i.e. demand level. 
 

 
Figure 7: NRMSD values associated to MLE fitting for each damage state and each class of bridges. 

When the dispersion along the x-axis is examined, considering that a smaller value of 
NRMSD indicates a lower dispersion around the different bridges, again, Iv, PGV and vRMS 
perform better with respect PGA and Sa which, moreover, vary with both bridge class and 
damage state level. 
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9 CONCLUSIONS AND FUTURE DEVELOPMENTS 

The present study was focused on the development of nonlinear static analytical fragility 
curves of bridge populations based on traditional and innovative intensity measures, a field of 
research that has been mainly dedicated to buildings, by means of a statistically sound com-
parison between fitting and error measures. The adopted structural population was obtained 
considering a relevant number of structural configurations, randomly generated using Latin 
Hypercube sampling and grouped in three classes, defined by a central period of 0.2s, 0.3s 
and 0.75s. To assess the performance of such structural configurations, thirty response spectra, 
compatible with the seismic hazard of the region of Molise, in Italy, for fifteen levels of inten-
sity measures were employed. The multi stripe analysis method was selected as the most suit-
able for estimating fragility parameters, through the fitting of the structural dataset. 

The results have shown that Fajfar index (Iv), peak ground velocity (PGV), and root mean 
square velocity (vRMS) lead to less dispersion around the fitted fragility curves, in agreement 
with the findings of previous studies, which demonstrated that the same IMs exhibited better 
performance in terms of efficiency, practicality and proficiency in prediction of multiple en-
gineering demand parameters when dealing with bridge populations. 

Future developments of the present study will address the validation of the results obtained 
with nonlinear static analysis with the nonlinear dynamic counterpart. Moreover, the em-
ployed nonlinear static procedure can be further scrutinized by adopting different load pat-
terns to better assess the performance of irregular configurations.  
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Abstract. A seismic vulnerability analysis of a multi-span simply supported bridge is often
based on the seismic response of the most critical pier. This response is influenced by different
collapse modes (flexural, shear, second order effects, lap-splice of longitudinal bars or their
buckling). Among these the flexural behaviour is important and it’s known if the equivalent
plastic hinge length and the Moment-Curvature law of the fixed end are given. This paper pro-
vides a closed-form dimensionless solution to obtain a 5 point Moment-Curvature diagram for
circular RC section. The solution is based only on three parameters: dimensionless axial force,
mechanical percentage of longitudinal reinforcement, geometrical percentage of transversal re-
inforcement. A numerical example is presented to test the solution comparing it with a FEM
analysis.
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1 Introduction

Seismic vulnerability is an actual theme in engineering and in particular great attention has
been devoted to bridge structures in order to perform vulnerability inventory at a regional scale.
In fact for example the major part of the Italian RC bridges was built around the 1960s referring
to codes with no ”anti seismic philosophy” [1] and studies based on the monitoring of bridges
[2] support the need of the above mentioned inventory. Moreover a bridge can often be a crucial
node of a transport web and thus it’s performance has to be guaranteed even in the moments next
to an earthquake [3]. Hence having an inventory of the structural performances of the bridges in
a region is a central question in order to plan mitigation actions. Considering the large amount
of the structures to analyze and the shortage of the resources to do that, it is impossible to
perform detailed analysis to obtain capacity curves (e.g. Pushover Analysis). Usually regional
scale analysis resorts to typological or semi empirical vulnerability methods but in this paper it’s
used a procedure that is based on rational mechanics with whom the ultimate displacement of a
multi span bridge can be obtained with small computational effort and with few input data. Bas-
ing on the so called ”Simplified Pushover Analysis”[4], instead of performing a full structural
analysis under pushing loads, the vulnerability of the bridge is directly expressed by the capac-
ity curve of an equivalent SDoF system. Moreover, given that the energy dissipation capacity
of a simply supported bridge is concentrated in the piers and the deck usually remains elastic,
in the simplified analysis only the piers contribute to model the SDoF system. The most critical
pier of the bridge can be defined as the one that exibits the greater seismic demand/capacity
ratio at a given limit state (fig.1). Often the capacity curve of the most critical pier is a good ap-
proximation of the capacity curve of the whole bridge. In this procedure [5] the capacity curve
of the most critical pier, expressed in terms of Moment-Displacement (M − δ), is obtained
taking into account the flexural behaviour (Moment-Curvature curve of the base section) and
all the other collapse modes (shear, second order effects, lap-splice of longitudinal bars or their
buckling) that can anticipate the flexural collapse. In this paper is proposed a procedure with
which the Moment-Curvature (M − ϕ) relationship of an RC section is calculated by defining
the position of 5 characteristic points. Each of these is defined in a closed form depending on
3 parameters: dimensionless axial force, mechanical percentage of longitudinal reinforcement,
geometrical percentage of transversal reinforcement. The basic concept is that knowing only
a few parameters like geometry and amount of reinforcement, for example through a simple
inspection, it is possible to perform a first level vulnerability analysis of a group of circular col-
umn multi span simply supported bridges. The approach herein proposed is based on realistic
stress-strain relationships for both concrete and steel and its reliability is proved analyzing a
numerical example and comparing it with a FEM non linear analysis.

2 Summary of the procedure

The Moment-Curvature relationship is obtained defining the position of 5 characteristic
points (defined later). Moment and curvature of each of these points are predicted through a
5th grade polynomial. It was created a database of Moment-Curvature analysis conducted with
the software KSU RC [6]. The results are processed in MATLAB in order to define the charac-
teristic points of each (M −ϕ) curve. Finally the polynomials are obtained with a least squares
method linear regression.

2
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Figure 1: Determination of the critical pier.

3 Selecting the problem parameters

The parameters involved in the definition of the flexural behaviour of an RC circular sec-
tion are several: radius R, clear cover c, normal force N , compression strength of concrete
in unconfined conditions fc, tension strength of concrete fct, concrete’s modulus of elasticity
Ec, yielding strength of longitudinal and transversal reinforcement fys, fyh, moduli of elastic-
ity of the steel Es, Eh, number and diameter of longitudinal reinforcement nl, dl, diameter and
spacing of transversal reinforcement dh, s. It is clear that, for the scope of this work, it’s incon-
venient to have a so large number of parameters and for this reason some hypothesis have been
made:

• concrete tension strength fct has been related to its compression strength according to a
relationship contained in the Italian code [7]:

ft = 0.3f
2
3
c . (1)

Finally the relation

fct = 1.2ft(NTC08) (2)

is used in order to consider the flexural tension strength;

• the transversal reinforcement steel has the same characteristics of the one used for longi-
tudinal reinforcement. So

fyh = fy and Esh = Es; (3)

3
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• longitudinal reinforcement is composed by nl evenly distributed bars of equal diameter
dl. So the total area of longitudinal steel is

As =
nl(πd

2
l )

4
; (4)

• the clear cover is proportional to the radius of the section according to:

c = 0.05R. (5)

The remaining parameters of the problem are grouped into 3 dimensionless parameters (di-
mensionless axial force ν, mechanical percentage of longitudinal reinforcement ω, geometrical
percentage of transversal reinforcement ρ) so that a circular RC section is completely defined
by them:

ν =
N

πfcR2
(6)

ω =
Asfy
πfcR2

(7)

ρsp =
4Asp

(2R− 2c)s
. (8)

The idea is that a variation in ν can be seen as a variation in the normal force N , the concrete
compression strength fc or the radius R and similarly for the equations 7 and 8.

4 Parameters’ ranges

In order to create the database cited in par.2 it’s been selected a plausible range for each
of the three parameters (ν, ω, ρ). Then, picked up enough discrete values in these intervals,
it’s been conducted a Moment-Curvature analysis for each combination (462 analysis) of them
using the software KSU RC.

4.1 Axial force

It’s been considerated the entire range of variation for this parameter (from 0 to 1) and the
11 chosen discrete values are:

ν = {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1}. (9)

For the analysis in KSU RC it’s been fixed R = 1m and fc = 31.83Mpa so the value of N
corresponding to ν it’s been calculated with eq. 6.

4
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4.2 Longitudinal reinforcement

It’s been chosen a range between 0.05 and 0.8 and in particular the 6 values:

ω = {0.05, 0.1, 0.2, 0.4, 0.6, 0.8}. (10)

For the numerical analysis it’s been fixed fy = 450MPa and nl = 22 so the cross sectional
area of a single rebar it’s been calculated using eqs. 7 and 4.

4.3 Transversal reinforcement

The range of this parameter goes from 0 to 0.01 and in particular the 7 values:

ρsp = {0, 0.001, 0.002, 0.004, 0.006, 0.008, 0.010}. (11)

Fixing the spacing of the stirrups (s = 0.1m), according to the fixed values mentioned in
pars.4.1 and 4.2 and knowing the value of the clear cover (eq.5) the cross sectional area of the
stirrup has been calculated using eq.8.

5 Execution of the analysis

For each combination of the parameters mentioned in par.4 (hence 11x6x7=462) it’s been
conducted a Moment-Curvature analysis using the software KSU RC whose reliability has been
proved [6]. The cross section is divided into fibers and a stress-strain relationship is assigned to
each of them. Concrete follows the relationship proposed by Mander [8] in order to model the
different behaviour (fig.2) of concrete in the core (confined) and in the cover (unconfined). In
order to model the behaviour of steel KSU RC uses a stress-strain relationship, proposed by the
owner of the software, that brings to results in good agreement with the experiments. The curve
(fig.3) is assumed linear up to the yielding, has a constant tension until a strain of K1 times the
yielding strain and then is parabolic. The peak of the parabola corresponds to a strain of K2

times the yielding strain and the ultimate point corresponds to a strain of K3 times the yielding
strain. The peak strength is equal to K4 times the yielding strength. For this study the values
used are such that the curve best approximates the real behaviour of the most common italian
steel. In particular: K1 = 10, K2 = 30, K3 = 55, K4 = 1.3.

The output of the software is a 7-column array containing curvature, moment, neutral axis,
strain in the furthermost fiber of the concrete core, strain of the extreme tension rebar and axial
force.

6 Post processing

It’s been projected a MATLAB function that analyzes each (M − ϕ) curve in order to obtain
a 5-point curve (an example can be seen in fig.5). The function input is the 7-column array
obtained from the output of KSU RC. The characteristic points of the (M − ϕ) curve chosen
are:

Cracking If the curve presents a softening branch at cracking this point is exactly the start of
this branch. If else this branch isn’t appreciable, and this can occur for great values of
the axial force, the cracking point assumed is the one that induces a strain of εct in the
furthermost concrete fibre in the section (fig.4).In particular the function finds the value
of εc that satisfy eq:

5
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Figure 2: Mander stress-strain relationship for confined and unconfined concrete.

Figure 3: Stress-strain relationship for steel.

D − x
x− c

εc = εct (12)

where

εct =
fct
Ec

. (13)

First Yield This point is defined as the point on (M−ϕ) curve when the reinforcement furthest
from the neutral axis attains the first yield, or when extreme concrete compression fibre
attains a strain of 0.002, which ever occurs first [9].

Spalling The point of the (M −ϕ) response that induces a strain of 0.0045 in the extreme fiber
of the cover concrete (fig. 4) according to eq:

6
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x

x− c
εc = εsp. (14)

Figure 4: Strain state of the section at cracking and spalling.

Peak of confined concrete Defined as the condition that causes, in the extreme core concrete
fibre, a strain corresponding to its peak in the Mander constitutive relation.

Collapse Simply the last point of the (M − ϕ) curve. It can represent both the failure due to
reaching the ultimate strain in confined concrete or in the extreme tension rebar.

Finally the curves are tranformed in dimensionless form according to:

m =
M

πR3fc
(15)

χ = 1000ϕR. (16)

Figure 5: 5-point Moment-Curvature relationship.

7
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7 Curve fitting

Knowing the values of the characteristic moments and curvatures for each tern of parameters
ν, ω, ρ it’s been possible to find a 5th-grade polynomial in these three variables that best fit the
data basing on a least square method linear regression. Notice that the terns with ρ = 0 are
studied only for control purposes and so they are excluded from the fitting. The structure of the
polynomials (eq.17) is shown in appendix A. It is obvious that the manual use of these functions
is practically impossible but it will be easy to use them with a simple software.

8 Numerical application

With the aim of demonstrating that the simplified procedure to evaluate the Moment-Curvature
of an RC section herein proposed can be used as a reliable input for the assessment of a simply
supported bridge (e.g. assessing the most critical pier) a numerical validation of it is presented.
The response of the base section of the most critical pier is predicted according to the character-
istic polynomials of appendix A and compared to a numerical analysis conducted with KSU RC
(fig.6). Basing on a linearisation of the (M − ϕ) relationship, the Moment-displacement curve
of the pier has been calculated according to a simplified procedure proposed by Raffaele et al.
[5] named VulPil. According to this procedure knowing the (M−ϕ) curve of the base section of
the pier and the length of the plastic hinge it can be calculated the flexural (M − δ) relationship.
Then this curve can be ”corrected” in order to take into account the different collapse modes.
It is important to notice that in this work only the (M − ϕ) curve is to be validated and so the
benchmark case is calibrated in such a way that it is only governed by the flexural behaviour.
The (M − δ) curve is compared to the results of a FEM analysis performed using SAP2000
V17. In SAP the pier has been modeled by means of 12 ”beam” elements each one discretized
into 52 fibers. It has been conducted a pushover analysis under a single horizontal load on the
top of the pier. The constitutive laws used in SAP can be seen in figs.2 and 3. According to
the simplified procedure used the behaviour of the pier depends on the presence of seismic re-
straints and this can be taken into account by considering the effective mass pertaining to the
pier. For this reason it is necessary to consider two different models, one for the transversal
and one for the longitudinal direction (they differ only for the axial force acting on the pier). In
table 1 the geometric and mechanical parameters for the pier chosen for this example. It should
be noted that the example chosen is identical to the one chosen by [5]. The reason of doing
that is to show the improvement of the (M − δ) relationship prediction due to the more refined
(M − ϕ) curve. In fact the simplified (M − δ) analysis in this example is different from the
VulPil analysis only in the definition of the (M − ϕ) curve. The resulting capacity curve for
the transversal direction is represented in fig.7 in which the curve calculated with SAP2000 has
been transformed in a bilinear curve in order to simplify the comparison.

Looking at the comparison it can be seen that the simplified procedure is close to the refined
numerical solution. There is an important improvement in the prediction of the yielding dis-
placement and the maximum moment, with respect to the VulPil procedure, due to the better
definition of the (M−ϕ) curve. Conversely it can be seen an over prediction of the ultimate dis-
placement of the pier with respect to the SAP2000 analysis. In table 2 is presented a numerical
comparison of the results in terms of ultimate moment, ultimate displacement and displacement
ductility.

8
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L D c nl dl dh s
[m] [m] [m] [−] [mm] [mm] [mm]

Transversal 6 2 0.05 30 26 10 100
Longitudinal 6 2 0.05 30 26 10 100

fc fct fys N ν ω ρsp
[MPa] [MPa] [MPa] [KN ] [−] [−] [−]

Transversal 20 3 450 13870 0.678 0.107 0.009
Longitudinal 20 3 450 17847 0.678 0.107 0.009

Table 1: Geometric and mechanical properties of the pier.

Figure 6: Moment-Curvature: comparison between KSU RC and the simplified procedure, transversal direction.

∆Mu ∆δu ∆µ
[%] [%] [%]

Transversal 3,23 27,36 13,14
Longitudinal 2,63 17,43 6,82

Table 2: Simplified analysis and refined FEM analysis. Numerical comparison of the results.

9
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Figure 7: Comparison between capacity curves, transversal direction.

9 Conclusions

The need to develop procedure for performing the vulnerability inventory of the bridges in a
specific region is a central question in order to plan mitigation actions. Most of the simplified
procedures aimed to the assessment of a simply supported bridge are based on the knowledge
of the flexural behaviour of the base section of the most critical pier. In this paper is proposed a
polynomial closed form solution to obtain a 5-point Moment Curvature curve of an RC section
knowing only few parameters. After describing the whole procedure used to obtain the above
mentioned polynomials the procedure has been applied to a benchmark case and the solution
has been compared to a FEM analysis. The differences in the results found with the simplified
procedure and the FEM analysis are quite small, especially because they are obtained with really
few input data.
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Abstract. The latest developments in the construction technologies and the materials facilitated 

the practicing engineers to go higher and energy-efficient buildings. However, the safety of the 

buildings and the residents has been an issue all the time. This is not an exception for the pre-

cast structures. The advantages of the precast elements are the quality assurance and the rapid 

erection on the site and challenged by the connection details and their performances during the 

extreme loading cases such as earthquakes. The utilization of a special mechanical connection 

of the precast members have been in the focus of the recent works in Istanbul Technical Uni-

versity (ITU-STEELAB). The prototypes of the proposed special connectors, called as cushion, 

were tested in STEELAB in order to determine the mechanical properties such as lateral and 

axial stiffness and the failure modes. Once the properties were determined, a hypothetical 

building of single story multi-bay slab type structure was modeled in the computer framework 

capable of substituting various parametric values into the model, processing and extracting the 

results for statistical analysis, SAMA. SAMA is developed based on the use of SAP2000 OAPI 

functions called in MATLAB and Python scripts. In the hypothetical model, the cushions were 

modeled as link elements and placed between all the precast elements including foundation-

cladding interface. Extensive non-linear time-history analysis was conducted to identify the 

damage localization by comparing the energy dissipation at each mechanical connector under 

ground motion records selected according to focal distance, site conditions and intensity. The 

preliminary results reveal that the cushions are effectively dissipating a significant amount of 

energy and mitigating the collapse of the precast elements. The more detailed conclusions will 

be discussed in the near future.  
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1 INTRODUCTION 

The current economic conditions demand for minimum cost and shortest period of construc-

tion in order to compete in the fierce market. Hence, the precast structures have been the most 

favorable construction type since the recent developments in the precast member manufacturing 

and the construction techniques covers the demand of the market. The connection details of the 

precast members have always been interest of the researchers looking for safer designs against 

extreme loadings, particularly the seismic loads. The connection of the precast elements (beams, 

columns, slabs and claddings) should have enough resistance capacity during the ground mo-

tions while they must be economical in case of retrofitting after the earthquake. The resistance 

of the structural members have been defined in terms of strength and deformation, however 

energy concept, a strong alternative to the current design approaches, can be used in the defini-

tion of the seismic resistance.  

Kelly et. al. (1972) performed elementary tests on the flat U shaped strip type steel elements, 

which is presented in Figure 1.6. The relative motion of steel elements is directed parallel be-

tween adjacent surfaces, which might be significant energy absorption source by means of roll-

ing, and bending. This study highlighted the significance of steel bent plates, which might be 

incorporated in structures for absorption of energy generated by earthquake effects. 

The energy dissipater type steel members in jointed wall system of two or more precast 

concrete walls, post-tensioned to the foundation using unbounded tendons, and connected along 

the vertical joints with special energy dissipating shear connectors were studied in the content 

of Precast Seismic Structural Systems (PRESSS) program, by Priestley et al, (1991). 

A special type of energy dissipative connectors which can be utilized for the all connections 

mentioned above have been developed in the Structural Dynamics and Earthquake Engineering 

Laboratory of Istanbul Technical University (ITU-STEELAB) as a part of European FP7 pro-

ject SAFECLADDING.  In this paper, a connector type placed in the precast members’ con-

nections was studied to understand the overall response of the one story precast structures 

subjected to carefully selected and scaled earthquake records [1]. 

2 ENERGY DISSIPATING DEVICES AND STRUCTURAL MODELS 

2.1 ENERGY DISSIPATION DEVICE 

The energy dissipation device used in this study is a deformable steel cushion element that 

is connected to the RC precast members (slab, beam, column, cladding, foundation) with ec-

centrically placed single bolts, Fig. 1. The thickness of the device named as “Cushion” is taken 

as 8mm in the study.  
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Figure 1: Proposed cushion geometry and their placements between the cladding and the peripheral elements. 

The deformation and strength characteristics of the cushion was obtained from the shear tests 

in ITU laboratories. The displacement based saw teeth test protocol with increasing amplitude 

up to 20 cm to both directions, was applied to the cushion. The force-deformation curve meas-

ured from the material experiment was carefully studied in the Finite Element Analyses numer-

ical modeling program [2] and two mathematical models, namely WEN 1 and WEN 2, were fit 

to the experimental data in elastic range and plastic ranges, respectively.  

Figure 2: Behavior Models of the cushion. 

The fitting success of the all two models were scrutinized in the comparison of the force 

variation curve on which part of the structural response is achieved, Fig 3. WEN 1 and WEN 2 

are in good agreement with experimental data in linear (before #150) and nonlinear (after #150) 

response, respectively.  
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Figure 3: Force variation between experimental and numerical models. 

The mechanical parameters computed from the FEM analysis for the cushion element are 

given in Table 1 and the corresponding force-displacement scheme is depicted in Figure 4.  

Models/ NL Pros. WEN 1 WEN 2 

Stiffness (kNm) 4500 4500 

Yield F. (kN)  42 34 

Stiff. Ratio 0.001 0.001 

Yield Exp. 0.12 0.5 

Table 1: Parameters for cushion elements 

Figure 4.WEN constitutive model based force-displacement relationship. 

2.2  STRUCTURAL MODEL AND CONNECTION VARIATIONS 

The structural model studied is depicted in Figure 5. The features of the structural model is 

provided as follows; 

● The aspect ratio of this slab type building is three; it means that in-plane deformation of

slabs will be effective especially on the behavior of middle frame columns even the slabs

are cast in situ slabs. It can easily be estimated that the non-rigid connections and in-plane

plastic deformations of slabs will pronounce this expectations.
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● There are only two frames running in the long direction and two exterior frames running

in transversal short direction. They are consisting of precast columns and beams which

may be connected to each other with proposed energy dissipating device. Slab elements

and cladding panels are connected to the longitudinal and transversal exterior frames re-

spectively, by means of semi-rigid or rigid connectors.

● Slab elements and cladding panels which are located at the end of building in the short

direction, are all connected to each other by steel cushions.

● Cladding panels are connected to the foundation so that this connection will provide both

bending hinges and shear dissipations. Those will be parameters of this work.

● Cladding panels are connected to the beams of exterior frames by steel cushions with

different strength and rigidities.

Figure 5. General view of the slab type structure used in the parametric study. 

The numerical model constructed in FEM analysis program was taken as the half of the 

longitudinal direction since the transversal symmetry is provided, Fig. 6. The connection types 

between the all precast members (columns, beams, slabs, claddings) and the foundation were 

also shown in Fig. 6.  

Figure 6. Half of the structural model and designation of connectors. 
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To study the energy dissipation characteristics of the entire structural model, the connection 

types were studied in three different variations. Table 2 displays the connection types and the 

variations.  

Structural Model 

Variation 

Cushion Characteristics 

Type A Type B Type C Type D Type E Type F 

1 WEN 1 WEN 1 WEN 1 WEN 1 WEN 1 Rigid 

2 WEN 2 WEN 2 WEN 2 WEN 2 WEN 2 Rigid 

3 WEN 2 WEN 2 WEN 2 WEN 2 Elastic Rigid 

Table 2. Connection variations. 

The structural variations are organized in order to observe the distribution of the energy 

dissipation by the connection types and accordingly which part of the structure is susceptible 

to the damage. Indeed, this approach is the motivation of the FP7 SAFECLADDING project 

and in this study, we realized how to manage the energy dissipation location which is the key 

to understand the energy based design. By means of this and further studies, a provision guide-

line would be recommended in the selection and the installation of the energy dissipation device 

for the slab-type precast structures with claddings.  

3 GROUND MOTION RECORDS 

The earthquake records used in the study was taken from PEER database [3] with respect to 

the soil conditions and the distance to the station using a selection and scaling procedure [4]. 

GM 
Set 

Distance Soil Condition Probability of ex-

ceedance in 50 

years (%) 

Analyses Set Name No of Rec-

ords 
Scaling Factors 

Range 

1 

Far Field 
(𝐷𝑓 > 15km) 

Firm 

(Vs > 700m/s) 
2 Farfield_Softsoil_0250 16 0.94 - 1.72 

2 10 Farfield_Softsoil_1050 16 0.91 - 1.37 

3 50 Farfield_Softsoil_5050 15 0.82 - 1.10 
4 Soft 

(Vs < 300m/s) 
2 Farfield_Firmsoil_0250 16 0.86 - 1.56 

5 10 Farfield_Firmsoil_1050 16 0.61 - 1.04 
6 50 Farfield_Firmsoil_5050 16 0.70 - 1.04 
7 

Near Field 
(𝐷𝑓 < 15km) 

Firm 

(Vs > 700m/s) 
2 Nearfield_Softsoil_0250 16 0.99 - 1.76 

8 10 Nearfield_Softsoil_1050 17 0.80 - 1.31 
9 50 Nearfield_Softsoil_5050 9 0.81 - 1.12 

10 Soft 
(Vs < 300m/s) 

2 Nearfield_Firmsoil_0250 17 0.93 - 1.82 
11 10 Nearfield_Firmsoil_1050 18 0.58 - 0.95 
12 50 Nearfield_Firmsoil_5050 13 0.67 - 1.09 

Table 3: Properties of the ground motions. 
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Figure 7: Set of Acceleration Spectrum for Far field-Firm soil 2/50 records. 

4 ENERGY CALCULATIONS AND ANALYSIS ALGORITHM 

The Energy Input (𝐸𝐼) to the structures energy dissipation (𝐸𝐻) values of the proposed device 

were derived from the results of extensive Nonlinear Time History Analysis (NTHA) repeated 

for each WEN constitutive models. The Energy Input (𝐸𝐼) values for Single Degree of Freedom 

Systems is calculated according to Eq. 1. 

𝐸𝐼 = −𝑚 × ∫ 𝑢�̈�(𝑡)𝑑𝑢
𝑡

0
 (1) 

where m is the assembled mass at the joint, 𝑢�̈�(𝑡)is ground acceleration and 𝑑𝑢 is the relative 

displacement of the joint. The total energy imparted into the structure was taken as the summa-

tion of the Energy Input values for each joint element. On the other hand, the Energy Dissipation 

(𝐸𝐷) values were computed analytically from the closed force-displacement loop area of the 

cushions modeled in the FEM program.  

To overcome the pre- and post-process of the NTHA, the Open Application Protocol Inter-

face (OAPI) commands of the FEM program were employed into a MATLAB based algorithm 

(SAMA-SAFECLADDING) that runs in High-Power Computing Server in Istanbul Kultur 

University [5]. SAMA-SAFECLADDING algorithm starts with copying the structural model, 

adding dynamic nonlinear time history case with parameters such as acceleration data, duration, 

sampling time, running the analyses cases and finally extracting the response values. Having 

all the response and the ground motion data, the energy dissipation values were calculated au-

tomatically.  

The developed MATLAB scripts those employ OAPI commands were used in the civil en-

gineering education for all degrees and also in the research projects. All the steps for NTHA 

process preparation of the models, running the analyses, extraction of the responses for energy 

and engineering parameter calculations for each structural variation was less than the expected 

duration if one has done all the pre- and post-process steps. Considering the amount of the 

earthquake records of 185 with different length, this analysis period without any additional 

human involvement is significantly important in the parametric seismic resistance studies. Be-

cause, the effort is paid to the evaluation of the results instead of process run.  

5 RESULTS 

The energy imparted into the structures and the energy dissipated by the deforming connect-

ors (cushions) were calculated according to the  comprehensive NTHA analyses of three struc-

tural model variations having different connection types, Table 2. The values presented in the 
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following results were taken as the arithmetic mean values of all the NTHA for each analyses 

sets to represent the characteristics of the ground motion records i.e. soil condition, focal dis-

tance and seismic intensity.   

The first structural model variation was created with all the connectors, except F, of WEN 1 

behavior model and the most of  the imparted energy dissipated by Type E (connecting slabs to 

the longitudinal beams) , then Type A (connecting cladding to the foundation) and Type B 

(connecting the claddings) was computed. As seen in Table 4, the remaining connectors of Type 

C (connecting the claddings to the transversal beam) and Type D (connecting the slabs) did not 

dissipate much energy.  

Analyses Set Name EH/EI ratio (%) ENERGY 

INPUT 

(kNm) 
TYPE A TYPE B TYPE C TYPE D TYPE E TYPE F 

Farfield_Softsoil_0250 2.23 1.23 0.06 0.02 40.33 0.00 1275.51 
Farfield_Softsoil_1050 2.12 1.33 0.06 0.02 45.92 0.00 774.51 
Farfield_Softsoil_5050 1.78 1.48 0.08 0.02 60.20 0.00 156.23 
Farfield_Firmsoil_0250 2.13 1.22 0.06 0.02 43.43 0.00 1028.47 
Farfield_Firmsoil_1050 1.97 1.45 0.07 0.02 51.42 0.00 394.82 
Farfield_Firmsoil_5050 1.79 1.56 0.08 0.02 59.49 0.00 96.13 
Nearfield_Softsoil_0250 2.50 1.23 0.05 0.03 33.72 0.00 784.76 
Nearfield_Softsoil_1050 2.43 1.35 0.06 0.02 39.69 0.00 377.20 
Nearfield_Softsoil_5050 2.14 1.24 0.07 0.02 48.82 0.00 156.27 
Nearfield_Firmsoil_0250 2.60 1.28 0.06 0.03 36.03 0.00 658.26 
Nearfield_Firmsoil_1050 2.26 1.34 0.07 0.02 48.06 0.00 200.95 
Nearfield_Firmsoil_5050 1.99 1.27 0.07 0.02 46.54 0.00 139.78 

Table 4. Structural Model variation 1 

The second structural model variation was created with all the connectors, except F, of WEN 

2 behavior model and the most of the imparted energy dissipated by Type E, then Type B and 

Type A was computed. Contrary to the Variation 1, the energy dissipation ratios for Type A 

and E will decrease whereas Type B and C will increase, Table 5. Because, the yielding level 

of the devices in variation 2 is set to higher than the Variation 1 as seen in Fig. 2.  

Analyses Set Name EH/EI ratio (%) ENERGY 

INPUT (kNm) TYPE A TYPE B TYPE C TYPE D TYPE E TYPE F 

Farfield_Softsoil_0250 0.91 2.23 0.09 0.03 27.72 0.00 1283.99 

Farfield_Softsoil_1050 0.83 2.29 0.13 0.04 32.09 0.00 794.18 

Farfield_Softsoil_5050 0.62 2.67 0.22 0.04 45.31 0.00 151.80 

Farfield_Firmsoil_0250 0.81 2.22 0.10 0.03 29.62 0.00 1039.65 

Farfield_Firmsoil_1050 0.70 2.31 0.15 0.03 34.52 0.00 403.10 

Farfield_Firmsoil_5050 0.64 2.70 0.23 0.03 45.37 0.00 100.07 

Nearfield_Softsoil_0250 1.40 2.09 0.09 0.04 24.41 0.00 773.34 

Nearfield_Softsoil_1050 1.19 1.92 0.11 0.04 24.85 0.00 367.77 

Nearfield_Softsoil_5050 0.90 1.82 0.14 0.04 36.24 0.00 160.88 

Nearfield_Firmsoil_0250 1.30 1.87 0.10 0.04 23.19 0.00 653.84 

Nearfield_Firmsoil_1050 0.94 1.91 0.14 0.04 32.38 0.00 191.03 

Nearfield_Firmsoil_5050 0.93 2.11 0.16 0.04 36.06 0.00 137.42 

Table 5: Structural Model variation 2. 

The third structural model variation was created with all the connectors, except E and F, of 

WEN 2 behavior model and so that the most of the imparted energy dissipated by Type B, then 
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Type A and Type C was computed. Keeping the Type E respond elastic by increasing the yield 

level, the energy dissipation of the structure has reoriented towards the connectors around the 

claddings, Type A, B and C.  

Analyses Set Name EH/EI ratio (%) ENERGY 

INPUT (kNm) TYPE A TYPE B TYPE C TYPE D TYPE E TYPE F 

Farfield_Softsoil_0250 0.95 3.63 0.13 0.05 0.00 0.00 1323.79 

Farfield_Softsoil_1050 0.95 3.93 0.20 0.05 0.00 0.00 820.71 

Farfield_Softsoil_5050 0.89 6.08 0.48 0.06 0.01 0.00 153.21 

Farfield_Firmsoil_0250 0.88 3.69 0.15 0.05 0.00 0.00 1070.36 

Farfield_Firmsoil_1050 0.88 4.05 0.25 0.05 0.00 0.00 411.37 

Farfield_Firmsoil_5050 0.89 6.36 0.54 0.06 0.01 0.00 106.12 

Nearfield_Softsoil_0250 1.52 3.53 0.16 0.06 0.00 0.00 785.10 

Nearfield_Softsoil_1050 1.38 3.07 0.17 0.05 0.00 0.00 363.01 

Nearfield_Softsoil_5050 1.12 3.58 0.27 0.06 0.00 0.00 158.99 

Nearfield_Firmsoil_0250 1.43 3.01 0.15 0.05 0.00 0.00 661.74 

Nearfield_Firmsoil_1050 1.21 3.37 0.23 0.05 0.00 0.00 185.33 

Nearfield_Firmsoil_5050 1.15 4.45 0.34 0.06 0.00 0.00 134.20 

Table 6: Structural Model variation 3. 

Noticing the Energy Input (EI) values for all structural variations it is clear that inelastic 

response characteristic of the devices do not significantly affect energy imparted into the struc-

ture. However, distribution of the energy dissipation within the structure is absolutely sensitive 

to cushion response characteristics. 

6 CONCLUSIONS 

The summary of the study is given in the following; 

● One of the cushions studied in SAFECLADDING project, 8mm hollow cushion, was used

in the analyses. The shear behavior of the cushion was determined from Material Tests.

● The numerical models of the cushion were defined by using a FEM analysis program.

Two different behavior model based on WEN Model. The first model (WEN 1) fits the

plastic region of the experimental hysteresis while the second (WEN2) is more consistent

in the elastic region.

● Three variation of the structural model which has been used as benchmark case in

SAFECLADDING project was studied with different connector types.

● Sets of ground motion records selected and scaled as the test data in SAFECLADDING

were used in the Nonlinear Time History Analyses of the each structural variation.

● In total, 185 NTHA for each variation was conducted using a computer algorithm

“SAMA-SAFECLADDING” that provides efficiency in the pre- and post-process.

SAMA-SAFECLADDING algorithm was developed in MATLAB program using OAPI

commands.

● The results of the NTHA were used in the computation of the Energy terms of Input (EI)

and Plastic (ED).

According to the results of the study, the conclusions are listed as following; 

● Energy dissipation within the structure is partly provided by the devices those can be

plastically deformed. The deformation characteristic of these devices are related to the

geometric and mechanical properties. Therefore, the behavior numerical model defined

to the device influences the energy dissipation characteristics of the entire structure. As

observed between the Structural Variation models 1 and 2, the increase in the yielding
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level of the cushion (8mm hollow) significantly affects the energy dissipation values of 

the devices, therefore, higher the yield level results in lower energy dissipation which 

consequently affect the selection of the device properties.  

● On the other hand, the change of the connector’s response in one location, here it was the 

Type E in Structural Variation 3, resulted the reorientation of the energy dissipation val-

ues of the cushions. Therefore, it may be possible to control the energy dissipation distri-

bution within the structure if the connectors’ energy dissipation and deformation 

characteristics are predictable. The structural variation 3 clearly reveals the redistribution 

of the energy dissipation between the different connector locations.  

● Comparing the results of the structural variations, the slabs freedom is more provided in 

the following order variation 1, 2 and 3. Larger drift of the mass is requires higher energy 

dissipation. Therefore, Type E connector should be taken as criterion in the evaluation of 

the behavior model for economical and safer design of the slab type structures. WEN 2 

behavior model revealed that less amount of energy was dissipated by the cushions. Based 

on this fact, using WEN 2 model for the 8mm hollow cushions can be recommended for 

design. 

The motivation of the FP7 SAFECLADDING project and also this study is to understand 

the influence of the cushion characteristic and location on energy dissipation of the structure. 

Having studied this influence on several numerical models it is highly possible to lead an energy 

based seismic resistance and design of the slab type precast structures. 

In the future studies, the other cushions tested in SAFECLADDING will be included into 

the structural model variations in order to propose a guideline for optimized the energy distri-

bution in slab type precast buildings.  
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Abstract. Seismic fragility analysis is performed for the assessment of in-plane mechanisms 
of existing unreinforced masonry (URM) buildings of Kathmandu Valley. The equivalent 
frame model is used, which has been validated by analyzing the URM prototype tested at the 
University of Pavia and comparing the analytical results with the experimental outcomes. 
Existing URM buildings of Kathmandu Valley are firstly investigated by means of a Rapid 
Visual Screening survey, and the most representative buildings are selected as prototypes for 
the analysis. Monte Carlo simulation method is used to account for the uncertainty of the 
mechanical parameters of each prototype. Analyses are carried out both with correlated and 
uncorrelated distributions of uncertain parameters. Finally, fragility curves are calculated in 
terms of spectral displacement, according to the capacity spectrum method. 
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1 INTRODUCTION 

Nepal has a long seismic history due to its location on a very active tectonic zone. Three 
main fault lines, each running East to West, are causes of major earthquakes in Nepal: the 
main central thrust (MCT) at the foot of the greater Himalaya joining the midland mountains, 
the main boundary thrust (MBT) at the junction of the lesser Himalaya and the Siwalik, and 
the main frontal thrust (MFT) south of the Siwalik [ICIMOD, 2007]. These fault lines are the 
result of the subduction of the Indian plate under the Eurasian Plate (Figure 1). 

Major earthquakes were reported in 1255 AD, 1810 AD, 1866 AD, 1934 AD, 1980 AD and 
1988 AD. In 1934, the fault line that runs beneath the Kathmandu valley slipped causing a M 
8.4 earthquake which destroyed more than 80,000 buildings and claimed 8,500 lives [United 
Nation Office for the Coordination of the Humanitarian Affairs (OCHA), 2013]. It was the 
last major earthquake which shook the city of Kathmandu and the surrounding valley. One of 
the most detailed studies may be found in the field memoir published by the Geological 
Survey of India [Jain, 1998]. 

Figure 1: Major thrusts of Nepal (source: http://geosphere.gsapubs.org). 

In Nepal, unreinforced brick masonry (URM) construction is the most common type in the 
historical sites of Kathmandu Valley. UNESCO has already included the historical centres of 
the three cities (Kathmandu, Bhaktapur, Lalitpur) of Kathmandu Valley into the World 
Heritage Sites. These sites are enriched with their unique architectural heritage, palaces, 
temples and courtyards with a symbiosis of Hinduism, Buddism and Tantrism, built between 
the 12th and the 18th centuries by the ancient Malla kings of Nepal. 

Several studies on loss estimations have been carried out for the Kathmandu Valley. Two 
of such studies are the “Kathmandu Valley Earthquake Risk Management Project” 
(KVERMP, 1999) and the “Study on earthquake disaster mitigation in the Kathmandu valley, 
Kingdom of Nepal” carried out in 2002 by the Japan International Cooperation Agency 
(JICA) and the Ministry of Home Affairs, HMG of Nepal, 2002. Both studies estimate the 
damage to the buildings and the casualties in the case of repetition of the 1934 earthquake. 

However, the definition of the building classes is not completely clear in these studies, as 
well as the mechanical properties of building materials. The Department of Survey categorizes 
the buildings into four classes, namely permanent, semi-permanent, temporary and other. 
Thus, it is difficult to develop fragility curves for such types of buildings. 
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Today, Kathmandu is a city completely different from that almost levelled in 1934. It has 
almost 3.0 million inhabitants, many living and working in buildings that will not withstand a 
significant seismic event. The present study is focused on the systematic categorization of the 
existing URM buildings, and investigates their in-plane response by means of static nonlinear 
analysis. Different uncertainty parameters regarding the mechanical properties of unreinforced 
masonry are considered, and the results are used to develop fragility curves in terms of 
spectral displacement. 

2 EQUIVALENT FRAME MODEL 

As shown by recent earthquakes [Penna et al., 2014], [Sorrentino et al., 2014a,b], when the 
masonry walls are properly constrained by horizontal structures and toothed with orthogonal 
walls, out-of-plane mechanisms are prevented and in-plane mechanisms can develop. 

An equivalent frame model is commonly used by different authors [Magenes and Della 
Fontana, 1998], [Salonikios et al., 2003], [Kappos et al., 2006], [Pasticier et al., 2008] for the 
analysis of nonlinear in-plane response of unreinforced masonry walls under horizontal 
seismic actions. A finite element model is used to define the equivalent frame model, 
consisting of vertical elements (piers) and horizontal elements (spandrels) (Figure 2). 
Intersection zones are considered rigid and the effective height of the piers is calculated using 
the formulation provided by [Dolce, 1991] (Figure 3): 

 ( )'  
'3

1
  ' hHD

h
hH eff −+=  (1) 

  

Figure 2: Equivalent frame model. Figure 3:  Effective height of piers [Dolce, 1991]. 

The finite element proposed by [Addessi et al., 2015], [Liberatore and Addessi, 2015] is 
used in this study. The lumped hinge approach has been adopted in order to model the 
nonlinear constitutive response of masonry, introducing two flexural hinges at the ends of the 
element, together with a shear link, with elastic-perfectly plastic behavior (Figure 4). 

The finite element is validated by comparing the numerical results on Pavia prototype door 
wall D with the experimental outcomes [Calvi and Magenes, 1994], [Calvi and Magenes, 
1995]. The prototype consists of a two storey wall, with two door openings at the first level 
and two window openings at the second level (Figure 5). 
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a) Flexural response b) Shear response

Figure 4: Elastic-perfectly plastic behaviour of flexural hinges and shear link. 

a) 3D model of the Pavia prototype b) Pavia door wall D

Figure 5: Geometric configuration of Pavia prototype. 

Two uniformly distributed vertical loads are applied at the floor levels. The structural 
model is subjected to increasing lateral loads, applied at the floor levels, keeping 1:1 ratio 
between the loads at the first and second floor. In order to follow the softening branches, an 
external rigid vertical beam is introduced, hinged to the ends of the floors. The analysis is 
performed by controlling the displacement at the mid-point of the beam, which shares the 
reactive force in equal parts to the first and second floor. 

The mechanical properties, based on the available experimental tests, are reported in Table 
1. The FE model of wall D is shown in Figure 6.

Table 1: Mechanical properties for Pavia door wall D. 

E (MPa) G (MPa) fm (kN/m2) fvk(kN/m2) 
1900 500 2000 69.3 
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Figure 6: FE model of wall D. Figure 7: Experimental vs. numerical pushover curve. 

 

  

Figure 8: Crack formation from test result. Figure 9: Hinge formation in analytical result. 

The comparison between the numerical pushover curve and the experimental envelope 
curve, reported in Figure 7, shows a good agreement. For further verification of the results, 
the experimental crack pattern at drift 0.4% (Figure 8) is compared with the formation of 
hinges in the numerical model (Figure 9), showing again a satisfactory agreement. 

3 ANALYSIS OF URM BUILDINGS OF KATHMANDU VALLEY 

A preliminary survey was carried out in Bode, one of the historic cities of Kathmandu 
Valley, located in Madhyapur Thimi Municipality, Bhaktapur, according to the Rapid Visual 
Screening Method [FEMA, 2002]. Different structural and nonstructural parameters (e.g. 
storey’s number, inter-storey height, materials, openings, age, dimensions of walls, observed 
damage, number of residents, etc.) of nearly 300 URM buildings were collected, and the 
buildings were grouped into different classes. Nine prototype walls are selected for the 
analysis, with storey’s number ranging between 2 and 4 (2S, 3S, 4S) and bay’s number 
ranging between 1 and 3(1B, 2B, 3B) (Figure 10). 

The uncertainties associated with the mechanical properties of brick masonry are taken into 
account by deriving a set of variants using Monte Carlo simulation [Rota et al., 2010], [CNR, 
2014] The associated mean material properties and coefficients of variation, taken from 

Numerical curve 

Experimental curve 
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literature studies [Jaishi et al., 2003], [Parajuli et al., 2011a,b], [Parajuli et al., 2012], 
[Parajuli, 2012], are reported in Table 2. 

Parameter Mean St. Dev. CoV Lower bound Upper bound 
E (MPa) 509 101.8 20% 341.55 676.45 
G (MPa) 204 40.8 20% 136.89 271.11 

fc (kN/m2) 1820 364 20% 1221.27 2418.73 
fv0 (kN/m2) 100 20 25% 67.10 132.89 
driftsh (%) 0.4 − − − − 
driftfl (%) 0.6 − − − − 

Table 2: Mechanical parameters of masonry adopted for the analysis. 

Assuming that the mechanical parameters follow a normal distribution, 30 models of each 
prototype are generated for Monte Carlo analysis. The analysis has been conducted assuming 
either correlated or uncorrelated distributions of the parameters. As an example, the pushover 
curves for 2S2B wall under the hypotheses of correlated and uncorrelated distributions are 
shown in Figure 11. It has been seen that all pushover curves follow almost the same pattern 
in the case of correlated distributions, whereas they follow independent patterns, with higher 
scatter, in the case of uncorrelated distributions. Uncorrelated distributions of mechanical 
parameters are believed to provide more realistic results. 

The original pushover curves are converted into capacity spectrum curves, where spectral 
acceleration (Sa) is plotted vs. spectral displacement (Sd), according to the AD format [ATC, 
1996]. The displacement shape, normalized to top displacement, is shown in Figure 12 for 
different storey’s numbers. 

Figure 13 shows the capacity curves bi-linearized according to [ATC, 1996], i.e. equalling 
the area under the bilinear curve to that of the effective capacity curve, and assuming the same 
initial stiffness. It can be observed that the effect of the variation of storey’s number is 
predominant compared to bay’s number. Furthermore, the yielding spectral acceleration is 
lower for higher storey’s number, due to the increase of seismic loads caused by the greater 
weight of the wall. The numerical values corresponding to the yield point and the ultimate 
point are shown in Table 3. 

4 FRAGILITY CURVES 

The fragility curve represents the conditional probability of being in or exceeding a 
particular damage state (ds), given the seismic ground motion. Different measures of the latter 
can be adopted: the peak ground acceleration, the spectral acceleration, the spectral 
displacement, etc.. In this study, the spectral displacement is used, assuming a lognormal 
cumulative distribution for fragility curves [FEMA, 2003]: 
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a) 2S1B b) 2S2B c) 2S3B 

  

d) 3S1B e) 3S2B f) 3S3B 

 
 

g) 4S1B h) 4S2B i) 4S3B 

Figure 10: Equivalent frame model of prototype wall models. 
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a) Correlated distributions  b) Uncorrelated distributions  

Figure 11: Pushover curves for 2S2B wall for correlated and uncorrelated distributions of mechanical properties. 

 
 

Figure 12: Displacement shapes 
normalized to top displacement. 

 

Figure13: Set of idealized bilinear capacity spectrum curves. 

Model Sdy (mm) Say (g) Sdu (mm) Sau (g) 
2S1B 5.54 0.353 16.63 0.389 
2S2B 4.90 0.383 14.67 0.429 
2S3B 4.85 0.405 14.33 0.450 
3S1B 11.00 0.244 28.19 0.275 
3S2B 8.75 0.274 23.17 0.310 
3S3B 8.30 0.290 22.24 0.335 
4S1B 15.54 0.199 39.79 0.239 
4S2B 12.70 0.231 31.84 0.273 
4S3B 10.76 0.293 27.04 0.293 

Table 3: Points of idealized bilinear curves. 
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where, dsdS ,  is the median value of the spectral displacement corresponding to damage state 

ds and βds its standard deviation. The parameter βds describes the total variability of the 
fragility curve for a given damage state and depends on the variability associated with the 
capacity curve βC, the demand spectrum βD and the discrete threshold of the damage state 
βM(ds), and is given by: 

[ ]( ) ( )2
)(

2
dsMDCds CONV ββββ += (3) 

The HAZUS method was originally developed as a tool for estimating seismic scenarios 
corresponding to a given earthquake; it was later adapted for estimating the loss according to 
the Probabilistic Seismic Hazard Assessment (PSHA), i.e. considering the occurrence of all 
possible earthquakes [FEMA, 2003]. In this case the dispersion of the demand is already 
modelled in the PSHA and shall be removed from the seismic fragility curves to avoid 
counting it twice;  the dispersion becomes accordingly: 

( ) ( )2
)(

2
dsMCds βββ += (4) 

Dispersion values are provided by HAZUS for low rise URM buildings as function of the 
degradation of the structural system (Table 4). 

Degradation of structural system 
Minor Major Extreme 

Damage variability 
βM(ds)  

Damage variability 
βM(ds) 

Damage variability 
βM(ds) 

Capacity curve 
variability 

βc 

Small 
(0.2) 

Mod 
(0.4) 

Large 
(0.6) 

Small 
(0.2) 

Mod 
(0.4) 

Large 
(0.6) 

Small 
(0.2) 

Mod. 
(0.4) 

Large 
(0.6) 

Very small 
(0.1) 

0.70 0.80 0.90 0.85 0.90 1.00 0.95 1.00 1.10 

Small (0.2) 0.70 0.80 0.90 0.85 0.90 1.00 0.95 1.05 1.15 

Moderate (0.3) 0.75 0.80 0.95 0.85 0.95 1.05 1.00 1.05 1.15 

Large (0.4) 0.80 0.80 0.95 0.90 1.00 1.10 1.05 1.10 1.20 

Table 4: Dispersion βds for URM buildings with degradation [FEMA, 2003].

The damage states can be defined: a) as quantities, local or global, relevant to the model 
response, or b) from the bilinearized capacity curve. 

In the first case the damage states are associated with the achievement of predefined values 
of drift or characteristic points of the capacity curve. We considered four states of damage, or 
limit states. The Immediate Occupancy (IO) limit state is characterized by the achievement of 
0.1% drift. The Damage Limit State (DLS) corresponds to the achievement of 0.2% drift. The 
third and fourth limit states are associated with the global response, as determined by the 
capacity curve. The Life Safety (LS) limit state is associated with the maximum base shear 
and the Collapse Prevention (CP) limit state with the 20% drop of base shear, compared to the 
maximum. 

It can be observed that the 20% drop of base shear always occurs in coincidence with the 
attainment of the maximum. Therefore, for the models analyzed, the LS and CP limit states 
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coincide. The pushover curves for the different models, indicating the limit states, are shown 
in Figure 14, where the horizontal axis reports the mean value of the spectral displacement 
over the building population. The mean values of the spectral displacement for the different 
limit states are also given in Table 5 and Figure 15 for each model. It can be noticed that bay’s 
number has negligible effect on the IO and DLS limit states. On the contrary, its influence is 
significant on the limit state LS. The fragility curves calculated according to this method are 
shown in Figure 16. 

Damage 
state 

2S1B 2S2B 2S3B 3S1B 3S2B 3S3B 4S1B 4S2B 4S3B 

IO 3.842 3.704 3.674 6.091 5.527 5.229 7.272 6.969 6.557 
DLS 7.671 7.536 7.394 11.685 11.821 11.972 14.304 14.508 14.562 
LS 13.701 12.689 12.243 23.256 20.533 19.258 30.377 25.942 22.842 

Table 5: Mean spectral displacements for the different limit states [in mm]. 

a) 2 stories b) 3 stories c) 4 stories
Figure 14: Median pushover curves with indication of the damage states. 

Figure 15: Mean spectral displacements. 

The second method [Barbat et al., 2006], [Giovinazzi, 2005], [Kappos et al., 2002] 
operates on the bilinearized capacity curves. These are calculated on the basis of the median 
values of yielding acceleration and ultimate displacement. In this study, we adopt the 
definitions of the mean values corresponding to the damage states proposed by [Kappos et al., 
2002] yielding to the results reported in Table 6. The fragility curves obtained according to 
this method are shown in Figure 17. 
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a) 2 stories b) 3 stories c) 4 stories 

Figure 16: Fragility curves for URM walls (method a). 

Damage 
state 

2S1B 2S2B 2S3B 3S1B 3S2B 3S3B 4S1B 4S2B 4S3B 

DS1 4.71 4.17 4.12 9.35 7.44 7.06 13.21 10.80 9.15 
DS2 8.31 7.35 7.28 16.50 13.13 12.45 23.31 19.05 16.14 
DS3 11.36 10.03 9.87 20.87 16.86 16.08 29.47 23.84 20.23 
DS4 14.14 12.47 12.18 23.97 19.69 18.91 33.83 27.07 22.99 

Table 6: Median damage state value [in mm]. 

a) 2S1B b) 2S2B c) 2S3B 

d) 3S1B e) 3S2B f) 3S3B 

g) 4S2B h) 4S2B 
 

i) 4S3B 
 

Figure 17: Fragility curves for URM walls (method b). 
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5 CONCLUSIONS 

This study presents the evaluation of the seismic vulnerability of existing URM buildings 
of Kathmandu Valley, based on fragility curves and the capacity spectrum method. 

A set of prototype walls has been defined on the basis of a Rapid Visual Screening. The 
prototype walls represent not only the buildings in the surveyed area, but also other historical 
areas of Kathmandu Valley. A Monte Carlo simulation has been performed for the prototype 
walls under in-plane seismic actions varying the mechanical properties of masonry. 

The prototype walls have been analyzed according to the equivalent frame model. Piers and 
spandrels are modelled with a central Timoshenko beam element, flexural hinges at the ends 
and a shear link with elastic-perfectly plastic behaviour. The node zones are modelled by 
means of rigid offsets. The comparison of the model with the experimental results of the full 
scale prototype tested at Pavia University showed a good agreement, both in terms of 
pushover curve and failure mechanism. The equivalent frame model results particularly suited 
for Monte Carlo simulation thanks to its small computational burden and its satisfying 
accuracy. 

The fragility curves of the prototype URM walls have been derived through a stochastic 
nonlinear analysis. The uncertainties on the mechanical properties of masonry have been 
taken into account through Monte Carlo method. The analysis has been performed assuming 
either correlated or uncorrelated distributions of the mechanical properties. The hypothesis of 
uncorrelated distributions appears more realistic in describing the post-peak behaviour of the 
capacity curves. 

Finally, the fragility curves have been derived either: a) by defining the damage states 
through quantities relevant to the model response (drift or capacity curve), or b) by defining 
the damage states on the bilinearized capacity curve. 
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Abstract. On designing transportation networks, bridges, as infrastructures, are found to be 
spreading in many locations along freeways and roads. Thus, designing bridges should cover 
all expected load cases and accounts for various foundation soil profiles in a reliable manner. 
To achieve that, correct dynamic structural analyses of bridges are required. However, the 
latter analyses, to be reliable, require the knowledge of the expected dynamic response of the 
soil-foundation-bridge structure system, which demands the characterization of dynamic soil 
properties using geophysical methods in advance. Consequently, and with taking into consid-
eration the associated social and economic losses upon having partial or total damage of 
bridges in vital transportation networks, the effect of having different dynamic behaviors for 
different soil profiles under seismic actions must be accounted for. In spite of that, a major 
basic problem that lies in reality is the insufficient knowledge about the soil behavior under 
seismic waves as well as the scarcity of data for the different sites before designing. This is 
the case especially when knowing that the national design codes account for large areas per a 
single seismic zone, which may thus include different soil profiles for different sites, and 
sometimes in the same site. This should eventually yield an error in estimating the design dy-
namic loads for different soil profiles and foundation systems lying in a single seismic zone. 
The introduced research herein generally studies the bridge foundations vibrations under 
seismic events. The paper proposes initiating a map that includes a hazard potential impact 
factor for the different areas having different soil profiles. The resulting map should categor-
ize the hazard potential as per the geophysical data obtained from site investigations. The 
case study here is Alexandria Governorate in Egypt, assumed lying within the 2nd seismic 
zone as per the Egyptian design code. In contrast, the General Egyptian Authority for Educa-
tional Buildings, in its soil categorization map, divides this Governorate into nine regions 
with different soil profiles. The proposed approach counts on actual in-situ investigations, to 
derive the soil dynamic properties then the results are integrated into a dynamic model for the 
soil-structure interaction. Finally, the simulation results associated with statistical models for 
earthquake occurrence are used to obtain a seismic hazard potential impact factor for each 
region. Results can be used to trace the best locations for infrastructures as bridges lying 
within transportation networks. 
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1 INTRODUCTION 

Bridge structures during their lifetime may in practice be subjected to severe dynamic exci-
tations as earthquakes. Damage resulting from such excessive lateral loading and its location 
is usually unexpected. Thus, protection of strategic structures as bridges against excessive 
loading hazards from earthquakes has become actually one of the very essential targets for 
civil engineers and seismologists. This is the case especially on knowing that the economic 
and social effects of earthquake disasters can be efficiently reduced through a comprehensive 
assessment of seismic hazard and the associated risk for areas that have a history of earth-
quake occurrence events. Such assessments are usually reflected in design estimates of earth-
quake intensity loads to achieve a reliable earthquake-resistant design for new structures, and 
should eventually lead to increased public awareness, with a consequent upgrading of the ex-
isting structures and the corresponding engineering works [1]. 

However, the soil profile properties under any structure cannot be neglected in such an as-
sessment since the soil underneath structures is undoubtedly the medium that transfers the 
seismic excitation to the structures foundations. The process in which the response of the soil 
influences the motion of the structure and the motion of the structure influences the response 
of the soil is termed as soil-structure interaction (SSI) [2]. Moreover, studying the soil forma-
tion in any region, one can recognize that the geological conditions, topographic characteris-
tics and climatic conditions play a vital role in such soil formation. Thus, soil is generally 
considered as a three-phase system (air, water and solid) causing significant changes in the 
system characteristics due to interaction of these phases under applied dynamic or static loads 
[3]. Accordingly, determination of dynamic soil properties is a critical requirement in geo-
technical-earthquake engineering problems. 

Dynamic soil properties namely shear wave velocity, variation of stiffness or modulus re-
duction and material damping with strain levels, and liquefaction susceptibility parameters are 
the primary input parameters for various dynamic studies and investigations. Generally, soil 
properties depend on different state parameters such as the state of stress, void ratio, confining 
stress and water content, stress history, strain levels, and drainage condition. In addition to the 
influence of the above mentioned parameters, dynamic soil properties are significantly influ-
enced by the dynamic amplitude and frequency of the applied dynamic load. Thus, estimation 
of the dynamic soil properties as the shear modulus and damping characteristics requires correct 
consideration of all the above-mentioned influencing parameters. The latter estimations should 
thus be the key to both fundamental understanding of soil behavior and subsequently practical ap-
plication of soil modeling programs. 

Moreover, field evaluation of dynamic soil properties predominantly aids in the estimation 
of the shear wave velocity and implicitly the shear modulus at low strain level. Meanwhile, 
laboratory based evaluations helps in the estimation of a realistic range of dynamic soil prop-
erties (e.g. experiments carried out in a specific strain-controlled environment) at varying 
strain levels [3]. For example, the cyclic triaxial method has been the most widely used to 
measure the strength, deformation and dynamic characteristics of soils [3]. 

This paper outlines the effect of the foundation soil profile properties on the seismic response 
of loaded foundations of bridges. It is shown that this factor, varying from one location to another, 
requires careful consideration when deriving the design response spectra in national codes. More-
over, stiffness and damping parameters are assumed for different soil profiles and used in a struc-
tural dynamic model to observe the response of the soil underneath the foundation together 
with the foundation itself. This is done in order to see the amplification resulting from differ-
ent soil profiles lying within a zone that is initially estimated in the national codes to have the 
same design loads for similar structures. Finally, based on the obtained results, a seismic ha-
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2 PROBLEM DEFINITION

Civil Structures such as bridges
namic excitations as earthquakes
perstructures as bridges requires the knowledge of the dynamic response of the soil
underneath. This in turn relies on the
sufficient knowledge about the soil behavior in different areas under seismic ground waves is
an annoying problem that must be
tional codes. The problem is even reflected in having a minimum number of categorized
seismic zones in the national codes. This is the case such that each zone covers large areas
including many regions with different soil profiles.

Figure 1: 

In Egypt, for instance, the Egyptian Code of Design Loads
plies equivalent earthquake loads
shown in Figure 1. Each zone covers wide areas across the Egyptian lands such that it is e
pected and can be easily verified that many soil profiles with different properties lie undou
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ferent areas in Alexandria undergo different responses as evident from the descriptions of the 
buildings' tenants in different areas in the city after each earthquake or tremor occurrence. 

Such problem should be urgently solved in order to avoid negative effects on designed and 
existing structures. Thus, the expected behavior of different soil profiles under seismic effect 
needs to be verified in advance. This application is important as it affects the design strategy 
of structures in general but mostly large and strategic ones including bridges. The loss of the 
latter structures not only would cause considerable life and economic losses but may some-
times initiates environmental hazards and economic impacts. 

3 LITERATURE REVIEW 

Subjected to similar testing conditions, a significant difference in the dynamic soil proper-
ties for characteristically different soils have been observed by earlier researchers[3].It has 
been observed that the dynamic soil properties are affected by many factors like: method of 
sample preparation in the laboratory (whether intact and reconstituted samples),relative densi-
ty, confining pressure, methods of loading, overconsolidation ratio, loading frequency, soil 
plasticity, percentage of fines and soil type[3]. This should thus raise a flag of how important 
is considering the soil profile properties as a factor in design. In spite of that, the analysis of 
the dynamic soil properties is costly and may not be practical to apply for every borehole 
sample results, yet, using the SPT results may be helpful in anticipating such dynamic proper-
ties for the different samples [5].Earlier studies on the methodology of obtaining dynamic soil 
properties were presented by scientists and researchers to highlight the importance of each 
influencing parameter [3]. 

Moreover, over the past 40 years, a considerable progress had been made in understanding 
the nature of earthquakes and how the resulting damage takes place in structure, and conse-
quently in improving the seismic performance of the built environment [6]. For instance, dur-
ing a seismic event, ground motions propagating through the foundation soils transmit energy 
through the piles to the bridge superstructure. In turn, the bridge responds dynamically to 
these vibrations, and the resulting inertial forces are transmitted back to the soil through the 
pile foundations. This soil-structure interaction response of the bridge was modeled using 
foundation springs at the base of the pile caps. Figure 2 shows a schematic of a representative 
model (bascule pier) for analysis of the soil-foundation interaction and the model representing 
SSI in the global analysis of the bridge [7]. 

Furthermore, when subjecting piles to abrupt loads such as the case of seismic loads, piles 
may suffer structural damage that would threaten the integrity of the supported structures 
[8,9]. This is reflected in some cases where extreme effects sometimes took place after some 
seismic events tragically in terms of human lives losses, material and financial losses like 
what happened in Niigata earthquake (1964) in Japan and Izmit earthquake (1999) in Turkey 
[8,9].Thus, a suitable model for representing soil-structure interaction is needed in order to 
obtain the expectations for the transferred excitations to the main structure under seismic 
event [10]. 

Furthermore, Egypt is considered to be one of the few countries among the world where 
earthquake activity has been documented during the past 4200 years (e.g. in 1210 and 600 
B.C. and A.D. 778,967,1303,1874,and 1899), with earthquakes destroying parts of big cities , 
such as Cairo and Alexandria [11]. Figure 3 shows the tectonic boundaries and the seismicity 
data of the Eastern Mediterranean Region [12]. The Acronyms on the map represent: AEG – 
Aegean Sea; Al – Alexandria City; CY – Cyprus; ERA – Eratosthenes Seamount; FL – Flo-
rence; IB – Ionian Basin; MR – Mediterranean Ridge; LEV – Levantine Basin; LF – Levant 
Fault; ND – Nile Delta. Red diamond indicates the location of Abo-Zenema area  
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Figure 2:  The local model for analysis of the soil-foundation interaction and the model representing SSI in the 
global analysis of the bridge [7]. 

 
Figure 3: Tectonic boundaries of the Eastern Mediterranean Region [12] 

 
The interaction of the African, Arabian, Eurasian plates and Sinai sub-plate is the main fac-

tor behind the seismicity of northern part of Egypt. All earthquakes occur at shallow depth 
and are concentrated at four seismic zones, these zones including the Gulfs of Suez and Aqa-
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ba, around the entrance of the Gulf of Suez and the fourth one is located at the south- west of 
great Cairo (Dahshour area). The seismicity map of the previous zones shows that the activity 
is coincided with the major tectonic trends of the Suez rift, Aqaba rift with their connection 
with the great rift system of the Red Sea and Gulf of Suez- Cairo-Alexandria trend [13]. As 
shown at figure (1), Egypt's Position on the map is considered to be hazardous seismic activi-
ty area. 

4 CASE STUDY 

The main study herein focuses on the Alexandria Governorate lying in the North West 
coast of Egypt on the Mediterranean Sea. The reason for that is that Alexandria city used to be 
the capital of Egypt for centuries ago before building Cairo, the current capital, and because 
Alexandria city lies close to the active seismic zones of the southern Mediterranean area. The 
General Egyptian Authority for Educational Buildings [14] in its soil categorization printouts 
divides the governorate into nine main regions as shown in Figure 4. The categorization 
comes from the fact that every region has its own soil profile. Thus, if one of the regions is 
exposed to an earthquake event, it is expected that the profile response across the whole re-
gion will be nearly the same but different from other regions. This information was docu-
mented for structural engineers to design efficiently the educational structures within each 
region. 

Figure 4: Main nine soil profiles regions across Alexandria governorate [14] 
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The research herein aims to identify the dynamic soil properties in the different regions in 
Alexandria city and incorporates the results in designing filters for the expected earthquake 
intensity in each region. On accomplishing the latter procedure, maps will be prepared for the 
whole Alexandria Governorate area, showing hazard potential areas for structures in the dif-
ferent regions. Moreover, modified response spectra design curves will be introduced for the 
design community in Alexandria taking into account the categorization as per the soil profiles. 
This is done by taking samples of borehole results for the different nine regions then estimat-
ing the dynamic soil properties for the studied soil profiles from boreholes results.  

5 METHODOLOGY 

Within the context of this paper, it is assumed that a set of similar bridges are needed to be 
built within a desired transportation network lying across Alexandria governorate. Each 
bridge is assumed bearing on portal frames as its supports. The foundation system of the 
bridges is assumed composed of piles lying under pile caps supporting the columns of the 
portal frames. The foundation system is assumed embedded in stratified soil profiles in the 
form of consecutive layers, as obtained from the borehole tests, as shown in Figure 5. 

 

Figure 5: Typical Layout of the studied foundation system 

5.1 Modeling  

A shear building model, as shown at Figure 6, is chosen to represent the mathematical 
model of the soil-pile-cap system under earthquake excitation, where piles are divided along 
the vertical direction into horizontal strips. Moreover, developing the dynamic model for ana-
lyzing the soil-Pile-cap interactive response under earthquakes requires calculating stiffness 
for the pile group together with the soil wedge around it, estimating the mass of the interactive 
soil wedge surrounding the concrete piles during lateral excitation of the piles-cap system, 
and estimating the damping coefficients of the soil. 

Furthermore, the length of the upper part of the buried pile that can be considered affected 
by seismic waves is defined as Ls. This affected length varies from soil profile to another ac-
cording to the type of soil (dense sand, loose sand, soft clay, medium clay or stiff clay). The 
following Table (1) [15] indicates the design parameters nh and Kh that are needed to evaluate 
Ls. This is the case where nh is the horizontal subgrade reaction in the case of cohesionless 
soils, and Kh is the horizontal subgrade reaction in the case of cohesive soils. 
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Figure 6: Shear Building model of interactive soil-concrete piles-cap system 

Soil type Site data Design parameters 

N c ∅ nh (kN/m
3
) Kh Es

Blows/0.3m (KPa) degrees Dry Submerged KN/m
2

KN/m
2

Cohesion 

less soils 

Dense 30-50 45° 15 × 10
3

9 × 10
3

Loose 4-10 30° 2 × 10
3

1 × 10
3

Cohesive 

soils 

Hard 

Stiff 

soft 

 20-60 

 8-15 

2-4 

150-250 

50-100 

15-30 

18 × 10
3

6 × 10
3

1.5×10
3

25× 10
3

8× 10
3

2 × 10
3

Table 1: Suggested Soil Stiffness Parameters for use in a Preliminary Seismic Analysis [15] 

In general, the length of pile shaft between the level of the pile cap and the assumed start-
ing point of fixation, Ls, can be evaluated from the following equations [15] such that in case 
of cohesionless soil, 

�� = 1.8��
��

�
(1) 

and in case of cohesive soil, 

�� = 1.4 ��
��

�
(2) 

where E is the modulus of elasticity of concrete, assumed 24 GPa for a cubic strength of 
30 MPa [16], and I is the moment of inertia for the concrete pile cross section. 

5.1.1. Mass Estimates 

The mass of each strip is assumed lumped as shown at Figure 7, where mp.c is the mass of 
the pile cap, and mi is the mass of the i th strip. The lumped mass of each strip is evaluated as 
per the volume of the strips and the surrounding interactive soil wedge, see Figure 7. Each 
mass is assumed to have a single degree of freedom such that the number of degrees of free-
dom is relative to the number of masses [10]. It is important to note that not all the full depth 
of each studied pile undergoes lateral vibration due to earthquake excitation, but rather the 
affected buried depth only. 
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Figure 7: An elevation view showing the projection of
the interactive soil wedge surrounding each
concrete pile during lateral excitation of the
piles-cap system [16] 

This is the case such that the angles
respectively, are obtained from,

and 

where φ is the angle of friction of the sandy soil
evident from Figure 7, it can be easily concluded that the cross section of the interactive soil
wedge is nearly elliptical or oval
obtained from 

and the shorter dimension can be

where Dx is the shorter oval ellipse dimension in
oval ellipse dimension in the 
H is the full height of the concrete pile excluding the fixation length
values of Dx and Dy, it is expected that the overlap between the effective soil surrounding
each pile is large. Thus, it is advisory to d
lines as shown in Figure 8 and evaluate soil masses excluding the overlap areas or volumes
for each strip. 

5.1.2. Stiffness Estimates

To calculate the stiffness parameters for the pile,
stiffness is used where the buried
as explained earlier, see Figure 9
strip, the affected buried pile length

Figure 7: An elevation view showing the projection of 
the interactive soil wedge surrounding each 
concrete pile during lateral excitation of the 

Figure 8: An example plan showing the effective soil
wedge around the concrete pile in terms of contour

lines [10]

t the angles for the active and passive sides of the pile,
respectively, are obtained from, 

βa= 45- 
�
�

βp= 45+ 
�
�

is the angle of friction of the sandy soil, and in the case of clay soil
, it can be easily concluded that the cross section of the interactive soil

or oval [17] such that the longer dimension of the 

Dy = H × (tan βa +tan βp )+d 

and the shorter dimension can be assumed from 

Dx≅
�
� × H × (tan βa +tan βp ) + d

ellipse dimension in the horizontal X-axis, and
the perpendicular horizontal Y-axis, and d is the pile diameter, and

is the full height of the concrete pile excluding the fixation length. Note that for large
, it is expected that the overlap between the effective soil surrounding

each pile is large. Thus, it is advisory to draw the soil wedge for each pile in terms of co
and evaluate soil masses excluding the overlap areas or volumes

Stiffness Estimates 

o calculate the stiffness parameters for the pile, the equivalent cantileve
buried length of the pile affected by seismic wave is defined as

, see Figure 9. Similarly, on calculating the piles group stiffness for each
pile length, Ls, is divided into strip elements with stiffness each of

ki = 
�� ��

��

Figure 8: An example plan showing the effective soil 
wedge around the concrete pile in terms of contour 

[10] 

for the active and passive sides of the pile, βa and βp 

(3) 

(4) 

case of clay soil βa= βP =45°.As 
, it can be easily concluded that the cross section of the interactive soil 

such that the longer dimension of the oval ellipse can be 

(5) 

 (6) 

and Dy is the longer 
is the pile diameter, and 

Note that for large 
, it is expected that the overlap between the effective soil surrounding 

raw the soil wedge for each pile in terms of contour 
and evaluate soil masses excluding the overlap areas or volumes 

equivalent cantilever method of 
length of the pile affected by seismic wave is defined as Ls 
Similarly, on calculating the piles group stiffness for each

with stiffness each of 

(7) 
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where ki is the single pile strip stiffness, E is the modules of elasticity, and h is the strip 
element height.  

Figure 9: Equivalent Cantilever for foundation stiffness [15]. 

Moreover, the soil is model used as a linear hysteretic material of Young’s modulus, E, 
Poisson’s ratio,ν, material damping ratio, ζ, and shear velocity, vs. Meanwhile, to calculate the 
single pile stiffness in the strips embedded in the sandy soil or clay soil, the geotechnical en-
gineering software (AllPile) [18] is used. The software (AllPile) directly uses COM624S cal-
culation methods for lateral analysis. For details on COM624, please refer to the FHWA 
publications [18,19]. In summary, COM624S uses the four nonlinear differential equations to 
perform the lateral analysis, 

EI ���
��� + Q

�² �
� �² + R – Pq = 0  (8) 

EI �  �
� � + Q

� �
� � = P  (9) 

� �
� � = St (1) 

 EI �² �
� �² = M  (11) 

where Q is the axial compression load on the pile, y is the lateral deflection of pile at depth z, 
z is the depth from top of pile, R is the soil reaction per unit length, E is the modulus of elas-
ticity of the pile, I is the moment of inertia of the pile, and Pq is the distributed load along the 
length of the pile, P is the shear in the pile, St is the slope of the elastic curve defined by the 
axis of pile, and M is the bending moment on the pile. 

5.1.3. Damping Estimates 

Dividing the pile shaft length affected by seismic wave height into strips every 0.5m, the 
damping is assumed to be 3% in case of sandy soil and 2% for clayey soil [20,10]. In case of 
the presence of soft clay layers surrounding the pile shaft, the damping is assumed to be 1%, 
and neglected in case of filling layers.  

5.1.4. Group interaction effects 

Due to the fact that the distances between the piles are relatively small, it is expected that 
the interference between the soil wedges around the piles should result in reduction of the 
group total stiffness rather than summing the stiffness for each pile. Thus, a reduction factor 
for group effect is used [21]. Figure 10 shows the values of the P-multipliers (fm) [21].  

The fm value, as indicated in Figure 10, decreases as the number of rows of piles increases. 
In addition, the fm value decreases as well on decreasing the spacing of the rows. The values 
of fm are relative to the load carried by each row of piles. The chart shows that the leading row 
takes most of the input energy. For piles spaced more than six diameters apart, the values of 
fm are equal to 1.0, indicating that group interaction effects are negligible [21]. 
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Figure 

5.2 Modeling Earthquake Excitation

An analytical model such as the state space model is applied for computing the dynamic 
response of the soil-piles-cap system studied. The soil
subjected to an earthquake along the buried depth of the pile. The seismic response of the 
system in different soil profiles is studied. The appli
transmitted onto each pile through the buried part of the pile
excitation is assumed to affect the piles
all strips under the soil top layer are excited with the same lateral excitation momentarily. 
This is the case where the seismic w
magnitude along the pile depth in the soil. Moreover, since the number of piles in the studied 
group is relatively large and the pile spacing, S, is equal to three times the pile diameter 
(relatively small), it is assumed that the lateral responses of all embedded piles will have the 
same phase. Furthermore, the dynamic time
the system is obtained using a linear state space model using Matlab
consider a linear structural model of the form:

 M

where M, K, and Cd are the mass, stiffness and damping matrices of the system, and 
and d are the output influence matrices for the displacement, velocity and the external force, 
Thus, one can write the model in a state

 

where 

 is the state vector, A
~  is the system state matrix which is dependent on the mass 

C, and stiffness K matrices of the structural system such that,

 A% 	 &"'
where nDOF is the number of degrees of freedom of the system. In addition, 
force, and y is a vector of measured responses. Moreover, 
the output influence matrix for the state vector 

 

Figure 10: Piles group reduction factors [20]. 

Modeling Earthquake Excitation 

An analytical model such as the state space model is applied for computing the dynamic 
cap system studied. The soil-piles-cap system i

subjected to an earthquake along the buried depth of the pile. The seismic response of the 
system in different soil profiles is studied. The applied dynamic forces are assumed 
transmitted onto each pile through the buried part of the pile. In addition, the earthquake 
excitation is assumed to affect the piles-cap system along the buried depth of the piles. Thus, 
all strips under the soil top layer are excited with the same lateral excitation momentarily. 
This is the case where the seismic wave acting on the pile is assumed to have the same 
magnitude along the pile depth in the soil. Moreover, since the number of piles in the studied 
group is relatively large and the pile spacing, S, is equal to three times the pile diameter 

), it is assumed that the lateral responses of all embedded piles will have the 
Furthermore, the dynamic time-domain responses of the shear building model of 

the system is obtained using a linear state space model using Matlab software 
consider a linear structural model of the form: 

ƒbKxxCxM =++ d &&& ,  ƒdxCxCy ++= 21 &   

are the mass, stiffness and damping matrices of the system, and 
t influence matrices for the displacement, velocity and the external force, 

Thus, one can write the model in a state-space form 

ƒBqAq
~

+
~

=& ,       ƒDCqy +=                  

[ ]TTT= xxq &  

is the system state matrix which is dependent on the mass 
matrices of the structural system such that, 

& 0()*+×()*+ I()*+×()*+
'M,�K#()*+×()*+ "'M,�C#()*+×()*+

/   
DOF is the number of degrees of freedom of the system. In addition, 

is a vector of measured responses. Moreover, B
~ is the input influence matrix, 

the output influence matrix for the state vector q, and D is the direct transmission matrix.

An analytical model such as the state space model is applied for computing the dynamic 
cap system is then considered 

subjected to an earthquake along the buried depth of the pile. The seismic response of the 
ed dynamic forces are assumed 

In addition, the earthquake 
cap system along the buried depth of the piles. Thus, 

all strips under the soil top layer are excited with the same lateral excitation momentarily. 
ave acting on the pile is assumed to have the same 

magnitude along the pile depth in the soil. Moreover, since the number of piles in the studied 
group is relatively large and the pile spacing, S, is equal to three times the pile diameter 

), it is assumed that the lateral responses of all embedded piles will have the 
domain responses of the shear building model of 

software [22]. Thus, 

     (2) 

are the mass, stiffness and damping matrices of the system, and C1, C2, 
t influence matrices for the displacement, velocity and the external force, f. 

(3) 

       (4) 

is the system state matrix which is dependent on the mass M, damping 

/  (5) 

DOF is the number of degrees of freedom of the system. In addition, f is an excitation 
is the input influence matrix, C is 

is the direct transmission matrix. 

4206



Mohamed I.S. Elmasry, Tarek M. Abdelaziz and Amr T. Wagdy 

5.3 Numerical Example 

The main core related to the problem herein is studying the effect of a seismic event on a 
standard soil-foundation-bridge structure system located in different locations within the 
Alexandria governorate. The numerical study herein is a pile cap of a bridge as shown in Fig-
ure 11, assumed to be located in all various nine soil profile regions around Alexandria go-
vernorate, Egypt. The pile cap is assumed carrying a vertical load of 7500kN from the frame 
column which is carrying the main girder of the studied bridge. 

The pile cap design foundation level is assumed to be at (-3.00) from ground level, for all 
the nine assumed soil profile regions, as per the General Egyptian Authority for Educational 
Buildings [14], see Figure 4. The diameter for each pile is 0.5m with a capacity of each as-
sumed to be 500 kN. The piles are distributed forming a 4×4 array under the pile cap where 
the spacing between piles, s, equals 2.5 times the pile diameter. Thus, the side dimension of 
the resulting square pile cap is 4.75m, as shown in Figure 11. 

Figure 11: A layout of the studied foundation system 

In addition, the studied bridge foundations are assumed to lie all in the same seismic active 
area as per the Egyptian Code [4], namely the second seismic zone of Egypt, corresponding to 
Alexandria governorate location on the seismicity map of Egypt, see Figure 1 [4]. The soil-
foundation-bridge structure system is assumed subjected to an earthquake such as Aqaba (or 
Nuwaibaa) earthquake with a scaled max ground acceleration of 0.125g, corresponding to the 
max expected ground acceleration in the second seismic zone [4].   

Furthermore, on applying the shear building model, the pile shaft is considered divided in-
to strips of 0.5m height. The suggested soil-structure interaction dynamic model is applied on 
borehole samples taken among the nine zones of Alexandria, as shown in Figure 12. The 
stiffness factors for each borehole according to the pile length affected by seismic waves, Ls, 
are calculated as shown in Table 2. It is important to note that the number of strip elements 
differs from one borehole to another. In addition, on modeling the soil, the upper filling layers 
are neglected such the affected shaft length, Ls, starts below the filling layers, see Figure 9. 
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Figure 12:  Borehole samples for regions (1 to 9) in the Alexandria governorate 

    

Region (1) Region (2) Region (3) 

Region (4) Region (5) Region (6) 

Region (7) Region (8) Region (9) 
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Table 2: Model properties for the soil-foundation-structure system in the different 9 regions 

6 ANALYSIS OF RESULTS 

On subjecting the loaded soil-foundation system with an earthquake loading such as the 
Aqaba Earthquake (Egyptian Red Sea Coast, 1995), see Figure 14, the different soil profiles 
effect on the system is studied. The earthquake records are scaled to a maximum ground acce-
leration of 0.125g as per the second seismic zone code assumptions [4], see Figure 1. The nine 
soil profiles regions as identified by the Egyptian Authority of Educational Buildings [14] 
were considered on modeling the dynamic model and obtaining the parameters in Table 2. 
The Power Spectral Density (PSD) of the dynamic response of the assumed pile cap, as 
shown in Figure 11, when considering each of the nine regions, are obtained and shown in 
Figure 13. The curves in Figure 13 clearly indicate variation in the response for the different 
profiles. For clayey soil profiles even with being on top of sandy layers that the piles pene-

Region (1) 
(Ls = 3m) 

Region  (2) 
(Ls = 4m) 

Region  (3) 
(Ls = 3m) 

Elements ki 
KN/mm 

mi 
Kg 

D 
% 

ki 
KN/mm 

mi 
Kg 

D 
 % 

ki 
KN/mm 

mi 
Kg 

D 
% 

Pile cap - 57498.72 - - 57498.72 - - 57498.72 - 

1 6187146 32818.8 3.00 651449.5 56152.7 1.00 3444531 69116.1 3.00 
2 6120767 26473.2 625519.6 46926.2 3164192 54933.8 
3 5898289 20744.4 594367.5 38596.8 3049068 42070.2 
4 5553329 15341.7 559203.1 30740.6 2870829 30354.8 
5 
6 
7 

5117255 846.33 
- 
- 

520997.8 23820.7 
17595.9 
11977.2 

2645321 16037.9 
 - 
 - 

- 480564.9 - 
- 427004.2 - 

 Region  (4) 
 ( Ls = 4m) 

 Region  (5) 
 (Ls = 4m) 

 Region  (6) 
(Ls = 3m) 

Elements ki 
KN/mm 

mi 
Kg 

D 
% 

ki 
KN/mm 

mi 
Kg 

D 
% 

ki 

KN/mm 
mi 
Kg 

D 
% 

Pile cap - 57498.72 - - 57498.72 - - 57498.72 - 

piles only 57019.07 - - - - -  - - - 
1 92958.67 37826.76 1.00 222969.1 56152.7 1.00 505889.7 35910.6 2.00 
2 89858.98 31624.92 198388.6 46926.2 468439.7 28598.6 
3 86144.03 26026.04 180962.5 38596.8 427787.8 22158.3 
4 81877.8 20745.21 162778.6 30740.6 385234.4 16364.7 
5 77194.22 16093.83 144343.2 23820.7 341895.7 11135.3 
6 70253.57 11909.58 126032.7 17595.9 - - 
7 61832.69 8132.82 108133.6 11977.2 - - 

 Region  (7) 
(Ls = 3m) 

 Region  (8) 
(Ls = 3m) 

 Region  (9) 
(Ls = 3m) 

Elements ki 
KN/mm 

mi 
Kg 

D 
% 

ki 
KN/mm 

mi 
Kg 

D 
% 

ki 
KN/mm 

mi 
Kg 

D 
% 

Pile cap - 57498.72 - - 57498.72 - - 57498.72 - 
1 8354382 43643.4 3.00 328242.3 34721.7 2.00 4574839 33745.8 3.00 
2 8264865 34707 303934.7 27653.7 4596255 27172.5 
3 7964271 26601.5 137803.6 21428 5299374 21123.7 
4 7498635 19219.4 124090.3 15827.5 4541985 15534.4 
5 6909680 10198.2 110135.8 10772.5 4472552 7862.2 
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trated, yet, the resulting PSD curves show that the vibration transferred to the structure from 
the loaded soil-foundation system in case of regions 2,4,5,6,8 will excite the lower mode 
shapes of the overlaying bridge structural system  in the frequency domain 0 to 10 Hz. Mean-
while, the vibration transmitted from the loaded soil-foundation system in zones 1,3,7,9 will 
excite the higher modes indicating lesser risks of excessive excitations of the bridge structure. 

  

  

  

  

 

Figure 13:  PSD for the loaded soil-foundation system for regions (1 to 9) in the Alexandria governorate 
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Figure 14: Normalized Aqaba earthquake ground accelera-
tion time history (North-South direction) 

Figure 15: Design Response Spectra (ECOP 201 [4]) 
for the Egyptian Mediterranean shores 

Reg. (1) Reg. (2) Reg. (3) Reg. (4) Reg. (5) Reg. (6) Reg. (7) Reg. (8) Reg. 
(9)Fund. 

Freq. 36.613 8.021 25.929 2.754 4.171 9.662 42.341 5.638 33.607 

Energy 
factor (E) 

6.194 130.919 16.327 10675 8280.6 39.052 3.591 263.891 10.375 

Table 3: Model properties for the soil-foundation-structure system in the different 9 regions 

Furthermore, looking at Table 3, one can recognize that the energy output in the vibra-
tions of the loaded soil-foundation system at the pile cap level, in terms of the areas under 
curves in Figure 13, indicates that the amount of energy released in case of regions 4 and 5 is 
much larger than the cases of zones 1,3,7,9. This is associated with fundamental frequencies 
as low as 2.754 Hz and 4.171 Hz for zones 4 and 5 respectively. The latter results in Table 3 
should reflect the excessive vibrations for the bridge structures lying in regions 2,6,8, and es-
pecially 4 and 5. This is the case in contrast to finding that the national codes for loads, in its 
evaluation of the level of design forces for the different soil types soil types, assigns only an 
excess of 35% for the softest soils than the stiffest ones [4]. This is reflected in the design re-
sponse spectra curve [4] as shown in Figure 15, where the maximum response spectra level is 

  S1 = 2.5a4γ6Sη       (6) 
where ag is the ground acceleration, γI is the structure importance factor, η is the damping fac-
tor, and S is the soil factor that ranges between 1 to 1.35 for worst soil type cases in areas as 
Alexandria Governorate [4]. It is therefore a must to find an alternative indicator that grasps 
results from similar modeling as shown in this paper and the potential of having earthquakes 
in the designed bridge area. A seismic hazard potential impact factor (SHIF) can be thus eva-
luated from multiplying both the energy released from the pile cap vibration in the dynamic 
model, normalized to the energy released from the earthquake in the same frequency domain, 
and the probability of having an earthquake during the design estimated life time of the bridge 
structure or the transportation network such that  
     )1=(P×= eqn XESHIF                 (18) 

The latter earthquake occurrence probability can be evaluated from Elmasry (2008), and 
Elmasry and Elkordy (2010) [23,24]. The probability of earthquake occurrence within a 20 
years lifetime estimate of a transportation network is assumed 18.8% yielding Table 4. 

Reg. (1) Reg. (2) Reg. (3) Reg. (4) Reg. (5) Reg. (6) Reg. (7) Reg. (8) Reg. (9) 

SHIF 0.156 3.299 0.411 268.952 208.6269 0.9839 0.091 6.649 0.261 

Table 4: SHIF values for the different soil profile regions in Alexandria governorate 
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7 CONCLUSIONS 

• The introduced research herein generally studies the dynamic response under earthquakes 
of a loaded bridge pile cap system together with the surrounding soil profiles. A dynamic 
soil-structure interaction model is used and identified. 

• A hazard potential impact factor (SHIF) is defined and evaluated for different Soil profile 
regions assumed to be existing within the same defined seismic zone in the national de-
sign codes. 

• The hazard potential impact factor (SHIF) is assumed critical when exceeding a unit val-
ue since it is dependent on the output energy amplification and the probability of earth-
quake occurrence. 

• The paper proposes using the map, as shown in Figure 4, to better reflect the distribution 
of hazard expectations among different soil profile regions, the case study was Alexan-
dria Governorate, Egypt. 

• The resulting map should categorize the hazard potential as per the geophysical data ob-
tained from site investigations. 

• Actual in-situ investigations were used to derive the soil properties then the results were 
integrated into a dynamic model for the soil-structure interaction. 

• Paper output results can definitely be used to trace the best locations for infrastructures as 
bridges, lying within national transportation networks, as well as better estimating the re-
sulting hazard so as to raise the level of design forces when this is needed. 
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Abstract. This paper explores probabilistic method for assessing the liquefaction potential of 

sandy soils. The current simplified methods for assessing soil liquefaction potential use a de-

terministic safety factor in order to determine whether liquefaction will occur or not. Howev-

er, these methods are unable to determine the liquefaction probability related to a safety 

factor. A solution to this problem can be found by reliability analysis. This paper presents a 

reliability analysis method based on the popular certain liquefaction analysis method. The 

proposed probabilistic method is formulated based on the results of reliability analyses of 190 

field records and observations of soil performance against liquefaction. The results of the 

present study show that confidence coefficient greater and smaller than 1 doesn’t mean safety 

and/ or liquefaction in cadence for liquefaction, and for assuring liquefaction probability, re-

liability based method analysis should be used. This reliability method uses the empirical ac-

celeration attenuation law in the Chalos area to derive the probability density distribution 

function and the statistics for the earthquake-induced cyclic shear stress ratio (CSR). The 

CSR and CRR statistics are used in continuity with the first order and second moment method 

[8] to calculate the relation between the liquefaction probability, the safety factor and the re-

liability index. Based on the proposed method, the liquefaction probability related to a safety 

factor can be easily calculated. The influence of some of the soil parameters on the liquefac-

tion probability can be quantitatively evaluated. 
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1 INTRODUCTION 

Because of abundant earthquakes which occur in the world every year, numerous problems 

and damages are created. These damages are divided into two classes of structural and ge-

otechnical damages. Structural damages (problems) are generally resulted from lack of atten-

tion and not observing technical principles during construction.  

The other class is also resulted from due to geotechnical factors and influencing the building 

by local soil conditions and interaction between them witch liquefaction incidence, earth slid-

ing, decrease in soil loading, subsidence and/or affecting by earthquake characteristics can be 

placed in this group. In liquefaction incidence, due to water pressure enhance, an opening is 

created and as a result of decrease in sandy soils resistance, it is saturated and soil takes a liq-

uefied form which this phenomenon is as significant subsidence, eruption of mud and water 

and water and water leakage through earth (land) surface pores. [1] 

It is very difficult to obtain high-quality intact samples and it costs high, today simple tests 

(experiments) which are performed in the place, are used which some tests including Standard 

Penetration Test (SPT), cone penetration Test (BPT), Intact penetration Test (CPT) and shear 

wave rate (speed) Test (Vs) are used. [2, 3] 

In most projects, for obtaining liquefaction potential, Standard Penetration Test (SPT) ob-

tained by seed and Idriss, is used. and cone penetration Test is less used, BPT test is used in 

Sandy and rubble stone soil.[4] In SPT method, limit conditions are usually (generally) used 

which separate liquefaction district from non- liquefaction district. These limit conditions 

(This limit condition) is generally obtained empirically and based on observations in the site 

which during these limit conditions, many of uncertainties are entered the calculation. While 

most potential assessment (evaluation) methods are based on crucial analysis which are not 

able to communicate exactly with liquefaction probability, due to the problems and high costs 

to prepare the intact and high- quality samples and also the presence of simple methods based 

on in-site (in- place) tests such as standard penetration test (SPT), geotechnical In most pro-

jects, for obtaining liquefaction potential, Standard Penetration Test (SPT) obtained by seed 

and Idriss, is used. and cone penetration Test is less used, BPT test is used in Sandy and rub-

ble stone soil.[4] In SPT method, limit conditions are usually (generally) used which separate 

liquefaction district from non- liquefaction district. These limit conditions (This limit condi-

tion) is generally obtained empirically and based on observations in the site which during the-

se limit conditions, many of uncertainties are entered the calculation. While most potential 

assessment (evaluation) methods are based on crucial analysis which are not able to com-

municate exactly with liquefaction probability, due to the problems and high costs to prepare 

the intact and high- quality samples and also the presence of simple methods based on in-site 

(in- place) tests such as standard penetration test (SPT), geotechnical engineers prefer general-

ly these tests for liquefaction potential assessment (evaluation). One of the methods for lique-

faction potential assessment (evaluation) is based on SPT (standard penetration test) which 

was developed by seed and Idriss. This empirical method for limit conditions extension enters 

crucially many of uncertainties into the calculation. In addition, most evaluation (assessment) 

methods are based on crucial analysis and don’t consider soil resistance changes and the loads 

resulted from earthquake and are not able to communicate exactly with liquefaction incidence 

probability [5]. 

  

4215



M. Naghizaderokni, Dr. A. Janalizade, M. Naghizaderokni 

2 RELIABILITY MODEL FOR SOIL LIQUEFACTION 

Advanced first-order second-moment (AFOSM) techniques are used to calculate the reliabil-

ity index in this study. Specifically, the Hasofer-Lind reliability index is computed as follows 

[6]: 

   1min
T

x F X m C X m    (1) 

Where X = vector of random variables in the limit state function is given by G(X) = 0; m = 

vector of mean values; and C = covariance matrix. The minimization in (1) is performed over 

the failure domain F related to the region G(X) < 0. A number of numerical techniques have 

been used to solve this minimization problem. The ellipsoid method [7, 8] is used here to per-

form the minimization and determine the reliability index  [7]. Among the practical ad-

vantages of this method are: (1) the solution can be obtained by working in original, rather 

than in changed or reduced random variable space; (2) it is not necessary to provide or calcu-

late partial derivatives of G(X); and (3) associate and non-normal variables are handled easily 

through transformations [6].  

For a reliability analysis of the liquefaction potential, the limit state may be written as G(X) = 

CRR/CSR - 1 = 0, where CSR is the cyclic stress ratio that shows the loading burden by an 

earthquake, and CRR is the cyclic resistance ratio that represents the liquefaction resistance of 

soil. The period of CRR was first described by Robertson and endorsed by the National Cen-

ter for Earthquake Engineering Research (NCEER) Workshop on Evaluation of Liquefaction 

Resistance of Soils [9]. In the present study, CSR is calculated using Seed and Idriss [1, 4] 

formulation: 

max

' '
0.65

a v v d

v v

a r
CSR

g MSF

 

 

      
       

     
(2) 

Where maxa = peak horizontal ground acceleration generated by the earthquake; g = accelera-

tion of gravity; v = total vertical overburden stress; '

v  = effective vertical overburden stress; 

dr = stress reduction coefficient; and FMS = magnitude scaling factor. 

The term dr gives a relative repair for the flexibility of the soil profile. Seed and Idriss [10] 

provide a chart showing the mean and the range of dr values against depth. Liao and Whitman 

[11] proposed an excellent access to the Seed and Idriss mean dr values. The latter method, 

which was adopted during the NCEER workshop [9], is used in the present study. Note that 

the certainty with which CSR can be calculated decreases with depth when using mean 

dr values in the calculations [9]. Since almost all field liquefaction data available are at shal-

low depths, where the uncertainty is smaller, dr is treated as a nonrandom variable, although it 

is a function of depth. 

The term FMS is used to correct the calculated CSR for earthquakes with magnitudes smaller 

or larger than 7.5. This variable is a function of earthquake magnitude (M). This term is re-

quired since Seed and Idriss’ [10] simplified method was originally developed for an earth-
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quake magnitude of 7.5. In this study, Idriss’ new formula  2.24 2.5610 /MSF M mention with

Youd and Idriss [9] is accepted. With this formula, (2) can be rewritten as follows: 

     2.24 ' 2.56

max0.65 /10 / /v v dCSR a g r M  (3) 

The variables maxa , M, v  and '

v  in (3) are the amounts as random variables in the present 

study. These random variables are all assumed to follow normal distribution. In this study, the 

reported values of these variables are taken as the means. The coefficients of variation (COV) 

of the variables maxa , M, v , and '

v  are calculated to be 0.15, 0.05, 0.10, and 0.15, respec-

tively. The assessment of COV levels for maxa and M should not be confused with a general 

liquefaction risk analysis, where the seismic loads are also considered as uncertain, in which 

case the COV of maxa could easily reach 0.50 or higher [8] due to uncertain attenuation. The 

COV for v is estimated based on the fact that the unit weight of soils normally falls in the 

15–21 kN/m3 range, and thus the COV may be estimated as 0.10, considering the range as the 

average +/- 2 standard deviations. The COV for '

v  is considered to be somewhat greater than 

that for v because of the uncertainty in the ground-water table. 

A COV of 0.15 for '

v is considered suitable. As with any geotechnical projects, the responsi-

bility of assessing input uncertainties is on  the engineer, and if the understand uncertainties in 

terms of COVs differ significantly from the foregoing COV values, some regulation to the 

solution received in the probabilistic analysis is warranted. The CRR may be calculated based 

on SPT-based methods [12] or the CPT-based methods. 

The COV for CRR model uncertainty is assumed to be 0.10, which is estimated based on the 

standard error of the CRR prediction as deviated from those calculated by Robertson and 

Wide’s method [13]. The communication among the input variables also needs to be consid-

ered in the reliability analysis. There is strong communication between v and '

v  between 

maxa and M, while the communication for all other pairs of variables is weak. The communica-

tion coefficient is calculated by using standard statistical methods [14]. Based on the available 

data, the communication coefficient between v and '

v is determined to be about 0.95, and a 

communication coefficient between maxa and M is determined to be about 0.90. These values 

are used in this paper, while all other variables are assumed to be independent. 

The database, including120 liquefied cases and 70nonliquefied cases, is taken from the litera-

ture [15]. For each case, the tabulated data include depth of the water table, depth of the lique-

faction observation, and the four input variables— maxa , M, v  and '

v . Here, the reported 

values of the four input variables are taken as the average values, the afore-mentioned COV 

values are used, and all random variables are assumed to be normally distributed. The reliabil-

ity index   is calculated with the following equation, derived from (1) and based on the fore-

going communication assumption: 
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Where
1x = random variable 

csN 601)( ; 2x = random variable v ; 
3x = random variable '

v ; 

4x = random variable maxa ; 
5x = random variable 

wM ; 
im = mean value of random variable 

ix (i = 1, 5); 
i = standard deviation of random variable 

ix ; and 
23 , and 

45 = correlation co-

efficients between 2x and 
3x , and 4x , 

5x . The reliability index  determined from (4) is sub-

jected to the limitation of G(X) = 0. The calculated   values are grouped according to 

whether or not liquefaction actually occurred at the site. For a case in which a reliability index 

  has been calculated, the probability that liquefaction will occur would be:  

 1 1P     (5) 

Figure 1 shows the communication between reliability index and probability of liquefaction as 

for equation 5. 

 
Figure 1: Communication between reliability index and probability of liquefaction [15] 

 

3 CASE STUDY 

In the present study, 190 case records from Chalos city have been analyzed. For each case, the 

CRR and CSR have been calculated, along with the reliability index and probability of lique-

faction. Table 1 show a summary of this reliability analysis for all cases at the depths where 

soil performance against liquefaction was reported. For each of these cases, the CSR, CRR, 

and the probability of liquefaction (PL) have been calculated continuously at all depths so that 

a profile of PL could be drawn. 

4218



M. Naghizaderokni, Dr. A. Janalizade, M. Naghizaderokni 

v
v

  1 60CS
NWMmaxaCRR CSR F.S    %

L
PSoil 

type 

Depth 

(m) 

No

. 

6 4.5 13 6.3 0.36 0.14 0.2 0.71 -0.88 81 SP-SM 2.5 1 

5.4

9 

2.9

9 

21 6.3 0.36 0.23 0.27 0.85 -1.14 87 SP 3 2 

7.0

4 

5.0

4 

17 6.3 0.36 0.18 0.2 0.87 -0.1 54 SP 3.5 3 

7.8 6.3

5 

12 6.3 0.36 0.13 0.18 0.72 -0.9 82 SP 4 4 

7.8

2 

6.5

9 

12 6.3 0.36 0.13 0.17 0.77 -0.75 77 SM 4.5 5 

8 6 7 6.3 0.36 0.09 0.19 0.45 -1.9 97 SP 5 6 

10 7.5 19 6.3 0.36 0.21 0.19 1.08 0.62 27 SP 5.5 7 

7.0

5 

4.3

5 

5 6.3 0.36 0.07 0.24 0.31 -2.53 99 SP-SM 6 8 

11.

82 

5.5

9 

20 6.3 0.36 0.21 0.2 1.09 0.65 26 SM 6.5 9 

13 9.5 14 6.3 0.36 0.15 0.2 0.78 -0.7 76 SM 7 10 

14 9 8 6.3 0.36 0.1 0.22 0.43 -1.8 96 SP 8 11 

19 13 20 6.3 0.36 0.21 0.22 1 0.5 32 SP-SM 10 12 

22 1

4 

9 6.3 0.36 0.11 0.21 0.52 -1.59 94 SP-SM 11 13 

21.

9 

14 22 6.3 0.36 0.24 0.21 1.12 0.86 19 SP-SM 11.5 14 

23.

4 

13 18 6.3 0.36 0.19 0.23 0.82 -0.15 56 SP 12 15 

31.

9 

19 13 6.3 0.36 0.14 0.19 0.74 -0.73 77 SP-SM 16 16 

32 22

.7 

15 6.3 0.36 0.16 0.15 1.03 0.3 38 SP-SM 16.5 17 

34.

19 

18

.7 

21 6.3 0.36 0.22 0.19 1.17 1 16 SM 17 18 

36 19 22 6.3 0.36 0.25 0.19 0.3 1.18 12 SP-SM 18 19 

33.

6 

15

.1 

16 6.3 0.36 0.36 0.2 0.85 0 50 SM 19 20 

Table 1: The geotechnical parameters of soils in the Chalos area 

Figure2 shows a sample output of the PL profile, along with the CSR and CRR profiles and 

the input SPT profiles. The drawing of the CSR and CRR profiles, such as those shown in 

figure 3(b), are quite useful, as they show which layers are likely to liquefy. However, this 

assessment of the liquefaction potential is essentially deterministic. Because of the uncertain-

ties involved in the calculation of CSR and CRR, such a deterministic approach is not always 

appropriate. The drawing of the PL profile, as shown in figure2 (d), offers an alternative on 

which engineering decisions may be based. 

2mT2mT
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Figure 2: Sample Output of Cyclic Liquefaction Resistance and Probability of Liquefaction 

With this profile, the engineer can determine which layers are sensitive to liquefaction from 

the viewpoint of an acceptable risk level. This advantage is also observed in Table 1. For ex-

ample, in the case of 12 at the depth of10 m, comparison of calculated CSR and CRR sug-

gests that there would be no liquefaction since CRR > CSR (albeit slightly). However, the 

field observation indicates the occurrence of liquefaction. The probability of liquefaction for 

this case is 32, which suggests that liquefaction may be possible. Similar observation was 

found in the case of 17, in which the deterministic approach shows a CRR of 0.16 and a CSR 

of 0.15, suggesting that liquefaction will not occur.         

However, the field observation indicates the occurrence of liquefaction. For this case, the re-

sult of the probability analysis (PL = 38) does not yield a credible support of the occurrence 

of liquefaction; thus, the probabilistic analysis does not indicate an advantage over the deter-

ministic method. Figure3 shows a plot of the factor of safety (FS)—defined as the simple ratio 

of CRR over CSR— against the probability of liquefaction for the 190log cases analyzed. It is 

observed that the PL value is very close to 0 if FS is greater than 2.0. Thus, a conservative and 

expensive design with a FS of 2 would almost eliminate the chance of liquefaction, even 

though it is recognized that the FS approach does not account for parameter and model uncer-

tainties. However, if the FS is between 1.0 and 1.5, the effect of uncertainty on the computed 

FS becomes more significant—the probability of liquefaction can change drastically for a 

small change in the FS (Fig. 3). Confidence coefficient by  liquefaction incidence probability  

for 190 data  related to 19 bores (dipping rods) in the  studied  district  are  given  in  the  fig-
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ure. The relation between PL-Fs and correlation coefficient of =0.887 can be described as the 

following relation (equation 6).  

6.63

1

1
0.783

L

S

P
F


   
 

(6) 

The  equation 5  shows  that  when  PL  approaches  zero, confidence  coefficient  (Fs)  

doesn’t  exceed  from  25.2,  which  is  a  conservative  and  expensive  design.  when  Fs  is  

between  1  through  1.5  (when  Fs  ranges  1 to 1.5) , uncertainty  effect  in  the  calculations  

becomes  meaningful  and  liquefaction  incidences  probability  changes  effectively  for  

small  changes  in  Fs. For  example, if  PL < 15, the  liquefaction  doesn’t  crucially  occur,  

which  equals  to  confidence  coefficient  of 1.15.

Figure 3: Factor of safety versus probability of liquefaction [15] 

4 CONCLUSIONS 

A new framework for the reliability analysis of liquefaction potential has been presented in 

this paper. Excellent results have been obtained in terms of being able to assess the liquefac-

tion potential in a more rational way. 

Regarding the performed comparisons between the deterministic method and probabilistic 

analysis-based method in this research, the efficiency of the probabilistic approach is well 

shown and it can be applied as a functional tool for application in engineering. 

In this research, it was determined that confidence coefficient greater and smaller than 1 

doesn’t mean safety and/ or liquefaction in cadence for liquefaction, and for assuring liquefac-

tion probability, reliability-based method analysis should be used. Regarding the proposed 

relationship between PL and FS, liquefaction probability of soil layers can be obtained by de-

terministic methods. This is a big advantage for geotechnical engineers who use common 

methods based on confidence coefficient for liquefaction potential assessment. 
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Abstract. In this paper, a new model based on a fuzzy-probabilistic approach for predicting 

seismic resilience of a bridge is developed. The main purpose is to use seismic resilience in 

decision making process for disaster management during the pre-disaster period. Another 

aim is to include contingency in resilience assessment. In previous research, uncertainties 

have not been fully considered in the proposed models for seismic resilience assessment. 

Since the residual functionality of bridges depends on its vague damage states, so it is pre-

sented by fuzzy triangular numbers. However, the both idle time interval and recovery dura-

tion are random in nature, so they are described as random variables. The Monte Carlo 

simulation is used for generating 10000 samples of these variables. Further, resilience is rep-

resented as fuzzy-random variable with corresponding fuzzy mean value and fuzzy standard 

deviation obtained from the generated and estimated data. The functionality of the system is 

therefore described as a fuzzy-random function whose shape depends on the disaster prepar-

edness of the system. The resilient curves are illustrated using fuzzy functions. A Java appli-

cation is developed for purpose of resilience assessment. For a case study, a bridge in Santa 

Barbara is chosen. The result of resilience assessment process is used for decision making in 

disaster management and emergency responses. 
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1 INTRODUCTION 

Transportation systems represent critical infrastructures that play a major role in any coun-

try and their failure would have a great impact on the health, safety, economics and social 

well-being of society [1]. Societies are impacted by natural disasters such as earthquake, hur-

ricane, floods; and man-made disasters. When a disaster strikes, the performance of highway 

networks is vital for emergency response and recovery activities. Also, the reduced function-

ality of transportation network caused economic lossess. In recent years, a lot of attention is 

paid to build resilient infrastructure systems that show reduced failure probabilities, reduced 

consequences from failure and reduced recovery time [2]. Although in this paper, the focus is 

on the bridges, since these highway infrastructure components are the most vulnerable and 

fragile elements of the transportation network in case of seismic event [3]. Earthquakes pro-

duce direct and indirect economic losses to bridges [4]. Furthermore, the direct losses include 

bridge repair, reconstruction and rehabilitation, and the indirect losses are caused by disrup-

tion of a traffic flow.  

Many studies have been conducted on the topic of seismic resilience assessment. Bocchini 

and Frangopol (2010, 2011a, 2011b, 2011c, 2012a, 2012b) have studies the reliabilty, fragility 

and resilience of bridge network [5-10]. They proposed a method using seismic resilience as a 

criterion in decision making process for optimal restoration process of bridge network. Deco 

et al (2013) have extended the research by proposing a probabilistic model for seismic resili-

ence assessment of bridge [11]. Karamlou and Bocchini (2014) in their latest research have 

suggested a new methodology for restoration process of bridges based on Genetic Algorithms, 

where resilience of the transportation network and the time to connect the critical locations to 

the infrastructure network are used as a criterion for optimization [12]. Cimellaro et. al. (2005, 

2006, 2008, 2010a, 2010b, 2011, 2013) have presented several studies focusing on the seismic 

resilience of hospitals, health care facilities, and hospital systems with ambulance emergency 

response [13-19]. In case of infrastructure resilience, Reed et al (2011) have developed a 

framework and a model for optimizing civil infrastructure resiliency which aim is to increase 

resiliency [20]. 

The above research only considered randomness. We noticed that there are many fuzzy 

uncertain factors in assessment of seismic resilience. For example, the residual functionality 

of bridges depends on its damage states, while the definition and classification are generally 

vague and modeled by linguistic variables of experts. The purpose of this research is to in-

clude fuzzy uncertainties in resilience assessment considering randomness and fuzziness. An 

approach for seismic resilience of bridges is developed based on the idea of fuzzy-random 

variables, where resilience is modeled by random triangular fuzzy numbers, which values cor-

respond to three case scenarios: optimistic, pessimistic and the most probable. The result of 

resilience assessment process is to represent seismic resilience as a fuzzy random variable, 

with corresponding fuzzy mean value and fuzzy standard deviation. 

The paper is organized into five parts. In the second part, the description and definition of 

resilience are given. The fuzzy-probability model is illustrated in the third part. The case 

study is shown in the fourth part, and the conclusion with the suggested further research is 

presented in the last part. 

2 DEFINITION AND MEASURE OF RESILIENCE 

Resilience characterizes a system to ‘bounce back’ and return its previous state after the 

disastrous event. In literature, there are different definitions of the term resilience. The con-

cept of resilience appears in two different aspects: as outcome and as a process leading to de-

sire outcome [21]. Cimellaro et. al. (2010a) gave a framework for analytical quantification of 
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disaster resilience and defined resilience as a function indicating the capability to sustain a 

level of functionality or performance for a given building, bridge, lifeline network, or com-

munity, over a period defined as the control time that is usually decided by owners, or society 

[16]. Terje (2011) explained the concept of resilience as the ability of a system to withstand a 

major disruption within acceptable degradation parameters and to recover within an accepta-

ble time, and composite costs, and risks [22]. Bocchini and Frangopol (2014) represented re-

silience as a metric that measures the ability of a system to withstand an unusual perturbation 

and to recover efficiently from the damage [23]. In civil engineering, resilience represents the 

ability to deliver a certain service level even after the occurrence of an extreme event, and to 

recover the desired functionality as fast as possible. 

The most widely used definition of resilience is the definition which is given by Bruneau et 

al (2003). They provided the definition of community seismic resilience as the ability of so-

cial units to mitigate hazards, contain the effects of disasters when they occur, and carry out 

the recovery activities in ways that minimize social disruption and mitigate the effects of fu-

ture disasters [24]. The characteristics of a resilient system are to robustness, redudancy, re-

sourcefulness, and rapidity. 

The resilience is based on the functionality of a system Q(t) over the time t as shown in 

Figure 1. It is defined for the quality of service of the infrastructure system. Mathematically, 

resilience is expressed by: 

                                                              
ht

h

dt
t

tQ
R

0

)(
                                                          (1) 

 

Figure 1: Schematic representation of resilience 

After the recovery process, the system can return its previous functionality, or the func-

tionality of the system can be higher or lower than the previous one [25]. 

3 FUZZY-PROBABILITY MODEL FOR SEISMIC RESILIENCE ASSESSMENT 

The resilience is a complex issue which depends on a lot of factors such as residual func-

tionality, target functionality, idle time interval, recovery time and recovery function [11]. 

Due to this, the prediction of seismic resilience of bridges is a hard task which is determined 

by many highly uncertain factors. For example, the residual functionality is highly uncertain 

factor because it is directly associated with the level of bridge damage [11]. 
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The seismic event will cause damages or collapse to bridges. The possible damage states of 

a bridge are defined in HAZUS-MR 4 as [26]: no damage, slight/minor damage, moderate 

damage, extensive damage and complete damage (collapse). The fragility functions are gener-

ally used as a tool for evaluating damage states of the bridge. Essentially, the level of the 

damage is quantified by linguistic variables, thus it represents lexical uncertainty. The residu-

al functionality is directly associated with the levels of bridge damage as the aftermath of the 

disaster event. According to this, the residual functionality also includes lexical uncertainty. 

In addition, the characteristics of lexical uncertainty are fuzziness [27]. Hence, the residual 

functionality can be represented by a fuzzy variable in the model. 

In this research, the residual functionality is defined as a convex, normalized fuzzy set 


321

,, rrrr
QQQQ , which is determined by interval bounds of supporting the smallest value 

1r
Q  and the largest value

3r
Q , whose membership functions are segmentally continuous and 

has the functional value µ(Qr)=1, at exactly one of the value for Qr = 
2r

Q . For different dam-

age states, they have different values. The membership function for the residual functionality 

is given as:  
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The recovery path depends on the preparedness for disasters and on the rehabilitation pro-

cess as well as its techniques and scheduling. The first phase of the recovery is the idle time 

interval, which is a period between the occurrence of a disaster event and the starting of resto-

ration process on the bridge. During this period, the activities for rehabilitation process are 

planned. Also, it is used for contacting construction companies and contracting the future re-

construction works. In some cases, during the idle time the restoration activities which do not 

increase the functionality are finished. In the proposed approach, the idle time interval is a 

random variable, which follows uniform distribution with values between the minimum and 

the maximum. Furthermore, the functionality of a bridge in this phase is constant and it is 

equal to residual functionality. 

In the second phase, reconstruction and rehabilitation works are carried out. The recovery 

time is a period from the beginning of the restoration process until the system gain a desired 

level of functionality which can be higher, equal or lower than before the disastrous event. 

The construction industry is more uncertain compare to other industries due to its unique fea-

tures of construction, reconstruction or repair activities. Usually, these activities are per-

formed outside, so in great extent these processes depend on the weather conditions, soil 

conditions, and underground water, among others. Bad weather conditions can make delay 

bridge reconstruction works. Due to this, the recovery period is also modeled by a random 

variable that follows uniform distribution. 

At the end of a restoration process, the system will achieve the target functionality. Gener-

ally, the target functionality can be equal to the functionality which the system had before the 

disaster occurred, lower than before, higher than before, or to totally loose its functionality. 

The target functionality is defined as a convex, normalized fuzzy set 
321

,, tttt
QQQQ , that 

is determined by interval bounds of supporting the smallest value 
1t

Q  and the largest value 
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3t
Q , whose membership functions are segmentally continuous and has the functional value  

µ(Qt)=1, at exactly one of the value for 
2tt QQ  . The membership function for the residual 

functionality is given as: 
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The shape and the position of the recovery curve depend on the already mentioned factors 

in previous paragraphs: the residual functionality, the idle time interval, the recovery duration, 

the target functionality, and the selected recovery function. The residual functionality is mod-

eled as a fuzzy triangular number. However, the idle time and recovery time are treated as in-

dependent random variables. Further, the recovery function that covers the recovery pattern 

depends on the bridge preparedness to disaster. In addition, according to the system prepared-

ness, the system can be classified into three classes: well-prepared systems, average prepared 

systems and poor-prepared systems. For modeling recovery process, the fuzzy functions are 

used as fuzziness of recovery process, attributable to a variable of residual functionality which 

constitutes lexical uncertainties. 

If the system is well-prepared to disasters, the recovery process is modeled by a negative-

exponential recovery function. The well-prepared systems at the beginning of the restoration 

process have the recovery speed faster than at the end of the process. The function for func-

tionality of a system for a well-prepared system is proposed as a fuzzy negative-exponential 

function: 
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where: tQ , rQ , ti and tr are target functionality, residual functionality, idle tme interval and 

recovery time, respectively.  

For the systems which are poor prepared for disasters, the situation is different than from 

previous case. At the beginning of the restoration process, the recovery speed is less than at 

the end of the process. To describe the recovery path for this type of systems, the positive-

exponential recovery function is proposed. The fuzzy function for a poor-prepared/unprepared 

system is modeled as a fuzzy positive-exponential function: 
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The average-prepared systems are modeled by a linear recovery function, because the av-

erage-prepared system has uniformly recovery speed during this phase. The fuzzy function for 

functionality in the case of an average-prepared system is proposed as a fuzzy linear function: 
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In this research, resilience is defined as a fuzzy random variable with fuzzy mean value 

and fuzzy standard deviation. To model fuzzy mean value and fuzzy standard deviation fuzzy 

triangular numbers are preferred since they are suitable to describe the three case scenarios 

(optimistic, the most-probable and pessimistic) of bridge functionality. Mathematically, the 

resilience can be measured by the fuzzy integral: 


ht

h

dt
t

tQ
R

0

)(
                                                          (7)  

4 A CASE STUDY 

The case study represents a bridge in Santa Barbara in the USA, which is located on a 

crossroads of Route 217 and Route 101 [9]. The resilience of the bridge is considered for 

seismic hazards. The research on the risk assessment has been conducted and the expected 

level of bridge damage is extensive damage [9]. For the expected damage state of the bridge, 

the resilience assessment is obtained and the possible recovery paths are ob-

tained.

 

Figure 2:Membership functions for Residual functionality of the bridge 
 

The first step is forming fragility curves for this bridge. In this research, the fragility curves 

are obtained from FEMA HAZUS-MR4 [26]. According to the damage degree, the residual 

functionality is estimated and these data is taken from HAZUS-MR 4. Furthermore, the residu-

al functionality is represented as fuzzy triangular numbers with the values from HAZUS MR 4 

(Figure 2). Also, this step includes defining the horizon time. The value for time horizon is 

assumed to be equal to 14 months. Normally, the time horizon value lies between 1 to 2 years. 
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The estimated values from HAZUS-MR4 of the residual functionality for each damage 

state of the bridge are: 

1. Residual functionality in case of  "no damage":    1,1,1
1r

Q  

2. Residual functionality in case of "slight damage":  ,50.0,75.0,1
2r

Q    

3. Residual functionality in case of "moderate damage":  0,25.0,5.0
3r

Q   

4. Residual functionality in case of "extensive damage":  0,1.0,2.0
4r

Q  

5. Residual functionality in case of "complete damage":  0,0,0
5r

Q  

The target functionality is 100%. In this case study, we assume that after the rehabilitation 

process, the bridge returns to its previous functionality, which is the target functionality. Ac-

cording to that, the target functionality is presented as single fuzzy number. The value for the 

target functionality for each damage state and recovery path is: 

 1,1,1
t

Q  

Damage level Minimum (days/months) Maximum (days/months) 

Slight damage 10/0.333 150/5 

Moderate damage 20/0.667 200/6.667 

Extensive damage 60/2.0 250/8.333 

Complete damage  75/2.5 300/10.0 

Table 1: Uniform distribution parameters for recovery time of bridge [1, 28] 

Idle time Min (months) Max (months) 

 1 2 

Table 2: Uniform distribution parameters for idle time 

The recovery time is given by a uniform probability distribution for each damage state of 

the bridge, as shown in Table 1. Also, the idle time interval follows uniform distribution be-

tween 1 and 2 months (Table 2). The values for the recovery time and the idle time interval 

are generated by Monte Carlo simulation [29].  

 

 
Figure 3: The Fuzzy Resilience - Java application 

 

An In-house application tool has been developed in Java programming language [30] named 

Fuzzy Monte Carlo Resilience, as shown in Figure 3, and it is used for the process of resili-
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ence assessment. It contains options to choose the type of disasters: earthquake, tsunami, hur-

ricane, floods, scour, drift, or multiple hazards; the damage states of the bridge: no damage, 

slight damage, moderate damage, extensive damage and complete damage; the disaster pre-

paredness: well-prepared, average-prepared and poor prepared; and the time horizon given in 

the first window of application. The input data for the characteristics of bridges is set up in the 

next step. 

In this case study, the residual functionality, and the recovery time are taken considering 

the state of "extensive" bridge damage. Each bridge damage state has three possible case sce-

narios for resilience assessment: optimistic, most-probable and pessimistic. The resilience 

when considering the extensive damage state in the optimistic case scenario takes on a value 

of the residual functionality after disaster equal to 20%. The most-probable case scenario 

which contains the values of residual functionality is only 10% of its full functionality. For 

the pessimistic case scenario, the minimum value of resilience which is obtained by consider-

ing the minimum residual functionality after disaster event is taken as 0%. 

Then, the random numbers that follow the prescribed uniform distribution for the recovery 

period and the idle time interval are generated using random number generator from Java ap-

plication. Totally, ten thousand samples in this process are used for resilience assessment in 

all three case scenarios. The output of the program is an Excel file with the data which con-

tains the residual functionality, the generated idle time interval, the generated recovery time 

and the calculated resilience. Furthermore, the fuzzy mean value and the fuzzy standard de-

viation of the resilience are estimated using these 10,000 samples of fuzzy realization. The 

shape of the fuzzy mean value and the fuzzy standard deviation are fuzzy triangular numbers 

with corresponding membership functions, as shown in Figure 4. Also, the fuzzy distribution 

function for the resilience is obtained from these values, as shown in Figure 5. The results for 

resilience for each seismic damage state are presented by triangular fuzzy numbers, whose 

values are given in Table 3. 

 

 
Figure 4: Fuzzy mean and fuzzy standard deviation of Bridge in Santa Barbara 

 

 
Figure 5 Fuzzy distribution functions for resilience 
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Damage 

Disaster 

Preparedness 

 

Case scenario 

Resilience 

Mean Standard deviation 

 

Extensive 

 

Well-prepared 

Optimistic 0.86 0.026 

The most probable 0.84 0.029 

Pessimistic 0.82 0.032 

Table 3:  Resilience of a bridge 

 

The resilience of the bridge in Santa Barbara in the extensive damage state and well-

prepared scenario for a future seismic disaster is (0.86, 0.84, 0.82), where the first, second and 

third value represent optimistic, most-probable and pessimistic case scenarios, respectively. 

Therefore, the possible values of the resilience lie between the optimistic and pessimistic val-

ues. 

Matlab [31] is used for obtaining the resilient curves in Figure 6. The curve (1) depicts the 

optimistic case scenario for the bridge in the extensive damage state in a well-prepared disas-

ter region. The residual functionality in the optimistic case scenario for the extensive damage 

and well-prepared system is equal to 20%, so the curve (1) begins at this point, and it is hori-

zontal during a 1.5-months idle time. Moreover, the recovery phase follows negative-

exponential function, since the bridge is well-prepared for seismic disaster and during the 

5.19-months recovery period, the bridge succeeds to return to full functionality of 100%. Af-

ter this, the curve is straight. The Curve (2) is obtained for the most-probable case scenario 

with the membership grade equals to 1. The residual functionality for the most-probable case 

scenario is equal to 10%, and the curve (2) starts from 10%, and it is horizontal during a 1.5-

months idle time. Further, the recovery phase follows the negative-exponential function dur-

ing the recovery period of 5.19-months when the bridge returns its previous functionality of 

100%. The curve (3) represents the pessimistic case scenario for the extensive damage and 

well-prepared system with a membership grade of 0. The residual functionality in the pessi-

mistic case scenario is 0% for a 1.5-months idle time. Also, the recovery phase follows the 

negative-exponential function, and during the recovery period of 5.19-months, the bridge 

functionality from 0% gradually proceeds to 100%. All three curves have the same recovery 

duration, with different starting points, because the residual functionalities are different (20%, 

10%, 0%), but the same ending points, because the target functionality in all three cases is the 

same (100%, 100%, 100%).  

 
Figure 6: Resilience curves for the bridge in Santa Barbara 
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5 CONCLUSIONS  

This paper presents a model for predicting the seismic resilience of a bridge under uncer-

tainties based on a fuzzy-probabilistic approach. In the proposed model, the residual function-

ality is represented by a triangular fuzzy number; the idle time interval and the recovery 

period are represented by random variables that follow the uniform distributions. Compared 

with other methods and models for resilience assessment, the triangular fuzzy numbers are 

favorable for the representation of the residual functionality, because they correspond to three 

case scenarios: optimistic, the most-probable and pessimistic scenario of bridge damage after 

the disaster. The type of recovery function depends on the disaster preparedness of the bridge 

and its circumstances. It has been found that the negative exponential recovery functions 

should be applied for high-resilient, while the linear for average-resilient, and positive expo-

nential recovery function for low-resilient bridges. The resilience is modeled by a fuzzy ran-

dom variable. Also, the model can be applied to other highway infrastructure components 

such as tunnels and roadways, only the values for residual functionality, idle time interval and 

time recovery will be different. The important goal of this research is to use resilience as-

sessment as a criterion for decision making process in disaster risk management. The predic-

tion of resilience is used for development of the optimal strategy for disaster mitigation. 
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Abstract. This paper deals with the application of neural networks for the prediction of the 

transmission of mine-induced accelerations of ground vibrations to the foundations of apart-

ment buildings. Results from measurements in situ at the same time on the ground level and 

on the building foundation were used as the neural networks training and testing patterns. 

Rockbursts in Legnica-Glogow Copperfield (LGC), the most seismically active mining region 

in Poland with surface horizontal vibrations reaching 0,2 acceleration of gravity (g) and ver-

tical components reaching 0,3g, were the sources of vibrations. The mining tremors are not 

subject to human control and they are random events in view of their time, place and magni-

tude, similarly as earthquakes. Full-scale tests were carried out many times in a period of a 

few years. Comparison of a huge number of records of vibrations measured at the same time 

on the ground and on the building foundation level leads to conclusion that they differ gener-

ally significantly. However the more precise estimation of harmfulness of the mine-induced 

vibrations to actual buildings can be performed on the basis of the foundation vibrations. 

Therefore the prediction of foundation vibrations is necessary if the measured ground vibra-

tions are accessible only. Reduction of maximal values of accelerations of horizontal vibra-

tions as well as differences between non-dimensional ground and foundation acceleration 

response spectra were taken into account in this paper. Various pre-processing of the experi-

mental data (compression, linguistic variables introduction, scaling of input and output data) 

is proposed. The influence of some mining tremors as well as ground vibrations parameters 

(e.g. energy, epicentral distance, direction of wave propagation, direction of vibrations paral-

lel to the transverse or longitudinal axis of the building, values of accelerations of the ground 

vibrations) on the transmission is considered in the input vectors. The main advantage of the 

neural approach is that the prediction of the parameters of vibrations of building foundation 

can be performed on the basis of ground vibrations taken from experimental data. The ob-

tained results show that application of relatively simple neural networks enables us providing 

for building foundation vibrations based on ground vibrations with satisfactory accuracy. 
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1 INTRODUCTION 

Soil-structure interaction involves a lot of very difficult problems in the dynamic analysis 

of structures. Estimation of the way of ground vibrations transmission to building foundations 

is one of the most important issue among them.  

Such problems are mainly analysed with respect to earthquakes. However the ground mo-

tion can be induced not only by earthquakes, but also by the so-called paraseismic sources, for 

instance mining tremors. Although these tremors are strictly connected with human activity, 

they differ considerably from other paraseismic vibrations. They are not subject to human 

control and they are random events in view of their time, place and magnitude, similarly as 

earthquakes whereas some parameters of such ground vibrations (for instance: dominating 

frequencies, duration) are different from earthquake-induced ground vibrations [11].  

Mine-induced seismicity has been recorded in many countries in mining areas with under-

ground exploitation of coal, copper, gold. In Poland, mining tremors resulted from under-

ground raw mineral material exploitations induce the surface horizontal vibrations reaching 

even 0,2 acceleration of gravity (g) and vertical components reaching 0,3g. Such large values 

of the peak accelerations are comparable with the peak accelerations of the surface vibrations 

excited by some weak and shallow earthquakes. It is worth mention that the mining works are 

run under highly urbanized and heavily populated areas, so the harmful effects of mining 

seismicity may affect many buildings and people on the surface. 

A great number of published papers deal with dynamic soil-structure interaction. The most 

of them are of theoretical character. A lot of computational models are discussed, cf. e.g. [1, 4, 

8, 9, 10, 12]. In spite of extensive development of computational methods (first of all the Fi-

nite Element Method) and progress in computer software and hardware, the analysis of soil-

structure interaction problems is still far from satisfactory from the structural engineering 

point of view. That is why there are attempts to explore non-standard, co-disciplinary ap-

proaches in the analysis of the dynamic problems. From this point of view artificial neural 

networks seem to be a tool, very prospective for solving the problems [5, 7]. 

The comparison of maximal values (amplitudes) of vibrations (accelerations, velocities, 

displacements) recorded at the same time on the ground and on the foundation level is the 

simplest and very often employed way of estimation of the vibrations transmission from the 

ground to the building. The more general way of evaluation the differences between vibra-

tions recorded at the same time on the ground and on the foundation level is the comparison 

of response spectra from both the vibrations. 

This paper deals with the application of neural networks for the prediction of the transmis-

sion of mine-induced accelerations of ground vibrations to the foundations of apartment 

buildings. Rockbursts in Legnica-Glogow Copperfield (LGC), the most seismically active 

mining region in Poland, were the sources of vibrations. Results from measurements in situ at 

the same time on the ground level and on the building foundation were used as the neural 

networks training and testing patterns. Reduction of maximal values of accelerations of hori-

zontal vibrations as well as differences between non-dimensional ground and foundation ac-

celeration response spectra were taken into account in this paper. Various pre-processing of 

the experimental data (compression to principal components by the Principal Component 

Analysis method – PCA, linguistic variables introduction, scaling of input and output data) is 

proposed. The influence of some mining tremors as well as ground vibrations parameters (en-

ergy, epicentral distance, direction of wave propagation, direction of vibrations parallel to the 

transverse or longitudinal axis of the building, values of accelerations of the ground vibrations, 

dominating frequency of ground vibrations) on the transmission is considered in the neural 

network input vectors. Types of problems analysed with neural networks application are syn-
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thetically presented in Table 1. The information about the components of the neural network 

input and output vectors and variants of the experimental data pre-processing methods is giv-

en in the table. 

 

Neural network Variants of actual 

data pre-processing  
input output 

- maximal value (amplitude) of 

ground vibrations 

- other parameters of ground 

vibrations  

- mining tremor parameters 

comparison of  the maximal 

value (amplitude) of vibrations  

recorded at the same time on the 

ground and on the foundation 

level 

- scaling 

- introduction of the 

linguistic variables 

(fuzzy inputs) 

- record of ground acceleration 

vibrations compressed to the 

first principal component 

- mining tremor parameters 

comparison of  the maximal 

value (amplitude) of vibrations  

recorded at the same time on the 

ground and on the foundation 

level 

- scaling 

- compression using 

PCA  

- response spectrum from the 

ground vibrations 

response spectrum from the 

building foundation vibrations 

- scaling 

 

Table 1: Types of problems analysed with neural networks application. 

2 EXPERIMENTAL DATA 

Mining tremors in the most seismically active mining region in Poland with underground 

copper ore exploitation – Legnica-Glogow Copperfield (LGC), were the sources of ground 

and buildings vibrations. Full-scale tests were carried out many times in a period of a lot of 

years. Measurements come from the surface and building seismological measurement stations. 

The accelerometers were installed on the ground in the front of the building (in six meters dis-

tance), at the foundation level in the building and on some floors of the building. The results 

of long-term experimental monitoring of ground and actual building vibrations were syntheti-

cally collected. Simultaneously recorded ground and building foundation accelerograms are 

useful in the determination of the way of vibration transmission from ground to buildings. 

The main attention was devoted to measurements of the horizontal vibration components in 

the directions parallel to the transverse (x) and longitudinal (y) axis of the considered build-

ings. In this paper two types of typical prefabricated (with load bearing walls) actual buildings 

were taken into account – medium-height (five-storey) and tall (twelve-storey) buildings 

founded directly on the ground using concrete strip foundations. 

At a contact between the ground and a building foundation, accelerations undergo changes. 

The building works, to a certain degree, as a low-pass filter for ground accelerations, first of 

all, with high frequencies. The degree of the acceleration modification depends on the charac-

teristics of the ground accelerograms, intensity of vibrations and the type of the building on 

which vibrations are transmitted [2, 6]. 

Comparison of a huge number of records of vibrations measured at the same time on the 

ground and on the building foundation level leads to conclusion that they differ generally sig-

nificantly. The similar effect in the corresponding response spectra can be observed. It is the 

result of soil-structure interaction, which is visible in the transmission of ground vibrations to 

building foundations. Therefore the responses of buildings determined on the basis of vibra-
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tions recorded on the ground may be different than the responses obtained with application of 

vibrations recorded on the foundation level of the buildings.  

Examples which illustrate these significant differences between the simultaneously record-

ed horizontal components of ground and building foundation accelerations of vibrations in 

case of medium-height and tall buildings are shown in Fig. 1. Fig. 2 presents the examples of 

trajectories of the ends of the resultant acceleration vectors at the same time of mine-induced 

ground and medium-height building foundation vibrations. In Fig. 3 comparisons of non-

dimensional acceleration spectra (β) from simultaneously measured ground and foundation 

vibrations in case of medium-height as well as tall building are performed. With regard to the 

determined damping, the response spectra are computed with damping ratio ξ = 3%. All these 

illustrative vibrations were induced by the mining tremors in LGC region with energies (En) 

and epicentral distances (re) given below the figures. 
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Figure 1: Records of horizontal components of vibrations (accelerations):                                                                                     

a) medium-height building, mining tremor – En = 1,3∙10
8
J, re = 905m, direction x;                                                                                                                          

b) tall building, mining tremor – En = 1,3∙10
8
J, re = 650m, direction y. 
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Figure 2: Trajectories of the ends of resultant acceleration vectors at the same time of mine-induced the ground 

and the medium-height building foundation vibrations: En = 1,9∙10
9
J, re = 1267m. 
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Figure 3: Non-dimension response spectra: a) medium-height building, mining tremor – En = 8,3∙10
6
J, re = 

1569m, direction y; b) tall building, mining tremor – En = 3,5∙10
7
J, re = 964m, direction x. 

The influence of rockbursts parameters as mining tremor energy, epicentral distance, wave 

propagation direction as well as ground vibrations parameters (amplitude, direction of 

vibrations, dominating frequency) on the soil-structure interaction effect can be observed. 

However the prediction of the relation between ground and foundation records of 

accelerations and the mine-induced vibrations transmission from the ground to the building 

foundation is very difficult. 

3 NEURAL NETWORKS APPLICATION RESULTS 

3.1 Introductory remarks  

Taking into account the difficulties in the soil-structure interaction analysis in the case of 

vibrations induced by mining tremors, the application of neural networks for the prediction of 

building foundation vibrations on the basis of ground vibrations taken from measurements is 

proposed in the paper. 

The database created of the results of long-term experimental monitoring of ground and ac-

tual structure vibrations makes it possible to use them as the patterns to design the neural net-

work analysers for considerations of the transmission of ground vibration accelerations 

induced by mining tremors to building foundation. Pre-processing methods of the experi-

mental data are applied: scaling, introduction of the linguistic variables (fuzzy inputs) and 

compression. 

Back-propagation neural networks (BPNNs) were trained and tested on the basis of exper-

imental data. The results of neural network analysis and the results of experiments were com-
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pared. The accuracy of the network approximation was evaluated by the mean-square-error 

MSE(Q), the standard error stε(Q) and the relative errors ep, eQavr: 

 

        -


Q

p

pp
yz

Q
QMSE

1

2)()(
)(

1
)( ,                          (1)

       -


Q

p

pp
yz

Q
Q

1

2)()(
)(

1
)(st ,                        (2)             

         100%|/1|
)()(

-
pp

zyep ,                                                 (3)

                 


Q

p
ep

Q
eQ

1
avr

1
,                                               (4) 

where: z
(p)

, y
(p)

– target and neurally computed outputs for  p-th pattern, Q = L, V, T, P  – num-

ber of the learning (L), validating (V), testing (T) and all (P) patterns respectively. 

Besides the linear regression coefficient R(Q) was computed for every set of pairs z
(p)

, y
(p)

. 

The numerical efficiency of the trained network also was evaluated by the success ratio SR. 

This function enables us to estimate what percentage of patterns SR[%] gives the neural pre-

diction with the error not greater than ep[%]. 

3.2 Prediction of  the maximum accelerations of foundation vibrations based on max-

imal value (amplitude) of ground vibrations, other parameters of ground vibrations 

and mining tremors parameters 

The first proposition deals with the application of neural networks for the estimation of the 

way of vibrations transmission from the ground to the building foundation by the evaluation 

of the reduction of maximal values of the accelerations. Therefore the comparison of maximal 

values (amplitudes) of accelerations recorded at the same time on the ground (agmax in x or y 

directions, respectively) and on the foundation level (afmax) was necessary. For this purpose 

the ratios r = afmax/ agmax were computed. The value of ratio r was proposed as the output of 

the corresponding neural network. 

The aim of this approach is to apply neural networks for the prediction of ratios r based on 

the corresponding mining tremor and ground vibration parameters. The following neural net-

work input parameters were taken into consideration: agmax - maximal value (amplitude) of 

accelerations recorded on the ground in the case of vibrations in x or y directions, k - parame-

ter related to direction of vibrations (values  k = 0,4 and k = 0,7 were arbitrarily assumed for 

the transverse direction x and longitudinal direction y, respectively in order to differentiate the 

directions), En - mining tremor energy, re - epicentral distance, X and Y - local seismological 

coordinates, fg - dominating ground vibration (acceleration) frequency. Variant neural net-

work input vectors were analysed taking into account the various combinations of input pa-

rameters. Parameters of the neural network pairs of input-output vectors, the neural network 

structures and the errors corresponding to the networks training, validating and testing pro-

cesses for selected neural networks designed in case of the ground vibrations transmission to 

the medium-height building foundation are given in Table 2. 
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Neural 

network 

number 

Input parameters Neural 

network 

structure 

MSE(Q) 

L V T 

NN1 agmax, En, re 3-25-1 0,0194 0,0237 0,0220 

NN2 agmax, En, X,Y 4-5-1 0,0212 0,0232 0,0236 

NN3 agmax, En, re, fg 4-22-1 0,0153 0,0157 0,0166 

NN4 agmax, En, re, k 4-7-1 0,0150 0,0148 0,0143 

NN5 agmax, En, X,Y, fg 5-4-1 0,0167 0,0175 0,0175 

NN6 agmax, En, X,Y, k 5-10-1 0,0137 0,0148 0,0140 

NN7 agmax, En, re, fg, k 5-15-1 0,0095 0,0115 0,0114 

NN8 agmax, En, re, X, Y 5-7-1 0,0229 0,0250 0,0228 

NN9 agmax, En, X, Y, fg, k 6-15-1 0,0079 0,0095 0,0104 

NN10 agmax, En, re, X, Y, fg 6-5-1 0,0184 0,0174 0,0184 

NN11 agmax, En, re, X, Y, fg, k 7-4-1 0,0129 0,0120 0,0103 

Table 2: BPNNs input parameters, structures and training, validating and testing errors (medium-height building). 

The influence of various input parameters on the neural network approximation accuracy is 

visible. It was stated that certainly the more precise prognosis of ratios r is obtained for the 

richer neural network input information. Moreover an application of neural networks enables 

to evaluate the influence importance of some mining tremors and ground vibrations parame-

ters on the reduction of maximal foundation acceleration of vibrations vs. maximal ground 

acceleration of vibrations. 

The neural network input parameters, mining tremor energy and epicentral distance among 

others, are estimated as approximate values found experimentally. The energy of mining 

tremor and epicentral distance are calculated by the seismologists on the basis of vibrations 

simultaneously recorded in time of this tremor on a few measuring stations in the under-

ground mine. Then the found experimentally values of En and re have an approximate charac-

ter and the ranges of small, medium and large mining tremors energies as well as the ranges 

of small, medium and large epicentral distances can be defined. This is in fact the introduction 

of the linguistic variables associated with the fuzzy character of the mining tremor energy 

{Enl} and epicentral distance {rel} instead of crisp values En and re, respectively.Therefore 

the linguistic variables associated with the fuzzy character of the parameters are introduced in 

the neural network analysis.  

 
 

 

Ej 

ES(3) EM(3) EL(3) 

Small Medium Large 

En[J] 

1.0 

5E5 2.525E7 5E7 0 

a) 
 

Ej 

ES(4) EML(4) EL(4) 

Small Medium-Small Large 

En[J] 

1.0 

5E5 5E6 5E8 0 

b) 

5E7 

Medium-Large 

EMS(4) 

 

Ej 

ES(5) EML(5) EL(5) 

Small Medium-Small Large 

En[J] 

1.0 

5E5 5E6 5E8 0 

c) 

5E7 

Medium-Large 

EMS(5) 

2.75E

7 

Medium 

EM(5) 

 

 

Figure 4: Membership functions for values of mining tremors energies En in case of 4 membership functions. 
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Triangular and trapezoid membership functions are adopted. Then instead of the crisp val-

ue of  re the linguistic variable {rel} is introduced in the neural network input vector: {rel} = 

{rS, rM, rL}, where: rS, rM, rL – values of membership functions for small, medium and 

large epicentral distance, respectively, corresponding to membership functions. Taking into 

account the wide range of values of energies, three variants of the number of membership 

functions in case of mining tremors energies are analyzed: three (3), four (4) and five (5) 

membership functions. These functions adopted in case of four (4) membership functions are 

shown in Fig. 4 as the example. 

Thus eight, nine or ten components in the input vector occur respectively, as the result of 

introducing the linguistic variables {rel} and {Enl(3)}, {Enl(4)} or {Enl(5)} instead of crisp 

parameters in the neural network input vector composed of parameters: agmax, En, re, k. The 

errors related to these neural networks in case of the high building are collected in Table 3. 

 

Input parameters BPNN MSE(Q) eQavr st  R(P) 

L T L T P 

agmax, En, re, k 4-5-1 0,00895 0,01900 18,1 33,8 25,9 0,118 0,677 

agmax,{Enl(3)},{rel}, k 8-6-1 0,01303 0,01622 22,5 32,5 27,5 0,121 0,639 

agmax,{Enl(4)},{rel}, k 9-7-1 0,00599 0,01870 13,3 29,1 21,2 0,111 0,725 

agmax,{Enl(5)},{rel}, k 10-7-1 0,00365 0,02131 11,2 34,3 22,7 0,112 0,717 

Table 3: BPNNs input crisp and linguistic parameters, structures and errors (tall building). 

Additionally, Fig. 5 presents the success ratio SR for the neural prediction of the transmis-

sion of accelerations of ground vibrations to building foundation obtained using the above-

mentioned BPNN: 4-5-1 and BPNN: 10-7-1. 
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Figure 5: Success ratio SR for the neural prediction of the transmission of accelerations of ground vibrations to 

building foundation in cases of BPNN: 4-5-1 and BPNN: 10-7-1 (tall building). 

It can be concluded that the introduction of linguistic variables can lead to a better accura-

cy of neural identification than that by means of crisp values of epicentral distance and mining 

tremor energy. These results can also be explained by the increase of the number of network 

parameters but with no increase of physically interpreted input variables. Three membership 

functions are not sufficient for describing such large (wide) range of mining tremors energies. 
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It is visible that the accuracy of network with such linguistic variable is not better than in case 

of network with crisp values in the input vector. 

3.3 Prediction of  the maximum accelerations of foundation vibrations based on com-

pressed record of ground vibrations and mining tremors parameters 

The aim of the next approach is to apply neural network for the prediction of the ratio r on 

the basis of the corresponding mining tremor parameters and the compressed ground vibration 

record instead of maximal value of ground acceleration. Compression of the data to principal 

components by the Principal Component Analysis method (PCA) [3] is proposed. 

The carried out analysis leads to conclusion that the introduction of the principal compo-

nent analysis method enables us to compress vibration data corresponding to the ground rec-

ords of accelerations. Because of the strong correlation of the successive values of 

accelerations, the full ground acceleration vibrations in time domain could be compressed to 

the first principal components only. Hence the design of considerably smaller neural networks 

than those without data compression for the prediction of building foundation vibrations on 

the basis of ground vibrations taken from measurements is possible. It results in the reduction 

of number of network parameters and improvement of the network generalization properties. 

The following neural network input parameters were taken into consideration: cag1, En, re, 

k, where cag1 – record of ground acceleration vibrations compressed to the first principal 

component and En – mining tremor energy, re – epicentral distance, k – parameter related to 

the direction of vibrations as in chapter 3.2. 

The neural network of structure 4 – 6 – 4 – 1 was accepted for the practical applications in 

case of medium-height building for the sake of the network “size” and good accuracy. Using 

this network leads to the relative errors less than 30% in the case of 88% of the all patterns: 

SR(30%) = 88%. The comparison of results obtained using neural network with experimental 

ones is shown in Fig. 6. In this figure the bounds of relative errors ep = 30% are marked. The 

following values of the neural network errors were computed: MSE(L) =  0,0035, eLavr = 

13,5%, R(L) = 0,941 in case of learning; MSE(T) =  0,0053, eTavr = 18,9%, R(T) = 0,883 in 

case of testing. It should be noted that very simple network with the compressed ground vi-

bration record instead of the maximal value (amplitude) of vibrations causes an increase of 

accuracy of obtained results. 
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Figure 6: Values of ratio r obtained from measurements vs. values computed by the neural network                          

(medium-height building). 
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3.4 Mapping of response spectra from the ground vibrations into response spectra 

from foundation vibrations 

In the third way of the analysis of the vibrations transmission the acceleration response spectra 

were considered. The subpicture idea from picture transmission is also adapted for the mapping of re-

sponse spectra from ground vibrations to response spectra from foundation vibrations of the buildings. 
Then in the input vector six elements were proposed: βg(fi-2), βg(fi-1), βg(fi), βg(fi+1), βg(fi+2), fi, 

where fi-2, fi-1, fi, fi+1, fi+2 – successive vibration frequencies, βg – non-dimensional acceleration 

spectrum from ground vibrations. The corresponding value of non-dimensional acceleration 

spectrum from the vibrations recorded at the foundation level of building βf(fi) was taken as 

the output of this neural network. The neural networks of structure 6 – 5 – 1 in case of the 

medium-height building as well as 6 – 10 – 1 in case of the tall building were formulated after 

a number of numerical experiments. 

The errors corresponding to the training and testing processes of the network applied in 

case of the medium-height building are put together in Table 4 and the example of compari-

son of computed on the basis of recorded vibrations and neurally predicted non-dimensional 

acceleration response spectra from foundation is shown in Fig. 7. 

 

MSE(L) MSE(T) eQavr [%] stε (P) R(P) 

L T P  

0,00283 0,01385 9,4 15,9 12,7 0,091 0,766 

Table 4: Errors of the training and testing processes of the network applied for mapping of response spectra from 

the ground vibrations into spectra from foundation vibrations in case of the medium-height building. 
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Figure 7: Comparison of computed on the basis of recorded vibrations and neurally predicted non-dimensional 

acceleration response spectra from foundation vibrations in case of the medium-height building. 

Application of simple neural networks enables us to predict the acceleration response spec-

tra from building foundation vibrations with satisfactory accuracy. That is the result of neural 

mapping of response spectra from ground vibrations to response spectra from foundation vi-

brations of buildings.  

4 CONCLUSIONS 

Because of the significant differences of mine-induced ground and building foundation vi-

brations simultaneously measured and the fact that the more precise estimation of harmfulness 

of the mine-induced vibrations to actual buildings can be performed on the basis of the foun-

dation vibrations, the prediction of foundation vibrations is necessary if the measured ground 

vibrations are accessible only (for instance in the design procedure of new structures). 
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 Looking at the difficulties in prognosis of differences between ground and foundation vi-

brations it is visible from the results obtained that the effects of the transmission of mine-

induced ground vibrations to building foundation may be successfully analyzed using neural 

networks. 

The main advantage of the neural approach is that the prediction of the parameters of vi-

brations of building foundation can be performed on the basis of ground vibrations taken from 

experimental data. The obtained results show that application of relatively simple neural net-

works enables us providing for building foundation vibrations based on accelerations of 

ground vibrations with satisfactory accuracy. 
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Abstract. In this paper we consider the problem of identification of elastic parameters of ho-
mogeneous, elastic and hexagonally orthotropic plates. The proposed solution of the identifica-
tion problem is based on dispersion curves for Lamb waves propagating in free waveguides and
Bayesian inference for sequential estimation of elastic parameters with uncertainty quantifica-
tion. In particular we solve the problem by treating the unknown elastic parameters as state
variables of a stationary dynamic system and formulating the sequential identification problem
as a Bayesian state estimation problem. We solve the problem by using sequential Monte Carlo
filter (a.k.a. particle filter). Finally, we present two case studies which correspond either to
pseudo-experimental computer simulations or laboratory tests in which the elastic parameters
of an aluminum thin plate are estimated. The results confirm that the proposed approach allows
to find the unknown elastic parameters and that this approach is also useful for quantification
of uncertainty with respect to the elastic parameters.
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1 INTRODUCTION

Currently guided Lamb waves are often used for non-destructive identification of elastic
constants of materials. In general, the identification procedure is based on minimization of the
discrepancy between experimental and numerical or analytical dispersion curves. Rogers in
his highly cited paper presents results of identification of elastic properties of several materials
(aluminum, steel, glass) using nonlinear least squares method [5].

Recently, Pabisek et al. in [4] proposed reconstruction of elastic moduli of plates based on
fundamental symmetric and antisymmetric dispersion curves obtained through a semi-analytical
formulation and corresponding experimental curves. The hybrid method coupled with the neu-
ral network based inverse procedure was tested by identification of the elastic properties of a
thin aluminum plate.

Most of the guided Lamb wave based identification procedures are deterministic in nature
and provide only numerical values of the elastic properties. Thus, they are unable to charac-
terize reconstruction uncertainty in a systematic manner. In this context Bayesian methods can
be useful by offering systematic approach to uncertainty quantification. Gogu et al. applied
Bayesian methods for identification of elastic constants of an orthotropic plate and they found
that Bayesian approach offers more accurate representation of the experimental uncertainty [3].

Bayesian methods are also sequential by solving identification problems recursively. Re-
cently, Słoński in his paper applied particle filter in the problem of identification of elastic
parameters of aluminum this plates [7].

In this paper an application of particle filter for sequential stochastic identification of elastic
parameters of thin plates using Lamb waves monitoring is proposed. The procedure is based on
the comparison of numerical and experimental dispersion curves. The identification results are
then presented in the form of a posterior probability density distribution over elastic parameters
and the posterior describes the uncertainty. The proposed procedure is verified on an example
of pseudo-experimental dispersion curves computed for a thin orthotropic plate.

The paper is organized as follows. Section 2 presents the identification algorithm based on
Bayesian state estimation and particle filter for sequential stochastic identification of elastic pa-
rameters. Section 3 describes numerical experiments for verification of the proposed procedure
together with the results and Section 4 presents the final remarks.

2 IDENTIFICATION ALGORITHM

2.1 Bayesian state estimation problem

We formulate the sequential identification problem as a Bayesian state estimation prob-
lem. The elastic parameters are assumed to not change in time, so they are treated as time-
independent state variables, see [7] for details. Then the transition equation has the following
form:

xk+1 = xk. (1)

The equation (1) is further modified as

xk+1 = xk +wk+1, (2)

where wk is a noise random variables added for numerical efficiency of particle filter-based
identification. In this work, w is assumed to be a set of independent and identically distributed
(iid) Gaussian random variables

p(w) = N (w|0,σ2
w), (3)
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where σ2
w is a covariance matrix.

The states are recursively estimated using measurements yk+1 that here are defined as the pa-
rameters of fundamental antisymmetric dispersion curvesA0. They are related to state variables
xk+1 by the nonlinear observation model h(xk+1,vk+1) as

yk+1 = h(xk+1) + vk+1, (4)

where vk+1 is a noise random variables introduced to account for modeling and measurement
uncertainties. Here it is also assumed to be a set of independent and identically distributed (iid)
Gaussian random variables

p(v) ∝ N (v|0,σ2
v), (5)

where σ2
v is a covariance function.

The main goal of Bayesian state estimation is sequential inference of the posterior distribu-
tion p(xk+1|Y1:k+1) starting from a prior distribution p(xk|Y1:k). The inference is performed
recursively in two steps: prediction step and update (correction) step. In the first step the predic-
tion of state variables distribution p(xk+1|yk) before applying new measurements is done. This
distribution is computed using the sum rule of probability and integrating out the state variables
as

p(xk+1|Y1:k) =
∫
p(xk+1|xk)p(xk|Y1:k)dxk. (6)

Then the new measurements yk+1 are used to update the prior to obtain the posterior distri-
bution p(xk+1|Y1:k+1) applying the Bayes’ rule

p(xk+1|Y1:k+1) =
p(yk+1|xk+1)p(xk+1|Y1:k)

p(yk+1|Y1:k)
, (7)

where the denominator in (7) is computed from

p(yk+1|Y1:k) =
∫
p(yk+1|xk+1)p(xk+1|Y1:k)dxk+1. (8)

The update step in Eq. (7) can be also written in the recursive form that is more useful for
obtaining particle filter algorithm. Using Bayes’ rule we can rewrite Eq. (7) as

p(xk+1|Y1:k+1) = p(xk|Y1:k)
p(yk+1|xk+1)p(xk+1|xk)

p(yk+1|Y1:k)
. (9)

2.2 Particle filter

The Bayesian state estimation described above gives the posterior distribution over the states.
It does not give however, the way to find the solution efficiently using both equations (6) and (7).
In addition, the exact inference is intractable and an approximate method has to be applied. In
this work a particle filter (PF) algorithm is used. It is based on sequential Monte Carlo sampling
and is described below.

In order to implement Bayesian filtering, we approximate the posterior distribution p(xk+1|yk+1)
using N particles xi

k+1, (i = 1, 2, . . . , N ), with corresponding importance weights wi
k+1, that is

replace the posterior distribution with the empirical distribution

PN(xk+1) =
N∑
i=1

wi
k+1δ(xk+1 − xi

k+1), (10)
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where δ(·) is the Dirac delta function. The weights are computed using sequential importance
sampling as

wi
k+1 = wi

k

p(yk+1|xi
k+1)p(x

i
k+1|xi

k)

π(xi
k+1|xi

k,yk+1)
, (11)

where π(xk+1|xk,yk+1) is the importance distribution such that samples from it can be easily
generated.

In general, choosing the optimal importance distribution is rather difficult so for simplicity,
the common choice is to apply the transition density as the importance density

π(xi
k+1|xi

k,yk+1) = p(xi
k+1|xi

k), (12)

that yields a simple equation for computing weights in the next time step as

wi
k+1 = wi

k p(yk+1|xi
k+1). (13)

Note that these weights are normalized and satisfy 0 ≤ wi
k ≤ 1 and

∑N
i=1w

i
k = 1.

The initial weights are uniform with values wi
1 = 1/N but later during recursive computa-

tions they become far from uniform leading to particles degradation (few particles with large
weights). As a result the empirical distribution becomes very poor approximation of the state
variables distribution p(xk+1|Y1:k+1). To overcome this particular degradation problem, a se-
quential resampling procedure is applied. The resampling procedure regenerates the set of
particles by replicating the particles with high importance weights and removing samples with
low weights.

Finally, the basic particle filter algorithm is as follows. It starts with a population ofN initial-
state samples, created by sampling from the prior p(x1). Then the prediction-update-resample
cycle is repeated for each time step [6]:

1. Each sample is propagated forward by sampling the next state value xk+1, given the cur-
rent value xk for the sample, based on the transition model p(xk+1|xk).

2. Each sample is weighted by the likelihood it assigns to the new evidence, p(yk+1|xk+1).

3. The population is resampled to generate a new population of N samples. Each new
sample is selected from the current population; the probability that a particular sample is
selected is proportional to its weight. The new samples are unweighted.

A flowchart of the proposed identification algorithm is shown in Fig. 1.

3 NUMERICAL EXPERIMENTS

The effectiveness of the proposed method is assessed by performing numerical exercises for
an orthotropic plate. In the experiments, the material properties of the plate (Young’s moduli,
Poisson’s ratios and mass density) and the plate thickness are taken from [1], see Tab. 1 for
exact values of these parameters.

Having defined the plate parameters, a pseudo-experimental fundamental antisymmetric dis-
persion curves A0 were computed using numerical approach described in [2]. In this approach
it is assumed that the dynamic problem is formulated as a plain strain problem and solved by
numerical simulations via commercial finite element code Abaqus in a few series of modal an-
alyzes. The numerical model in Abaqus for a 30mm by 1.2mm plate segment has 3600 square
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Figure 1: Flowchart of particle filter-based algorithm for elastic parameters identification

CPE4 elements with characteristic length le = 0.1mm. These dispersion curves were approx-
imated by using basis functions and corresponding parameters that were found with the least
squares method. The parameters were treated as the observed variables y. Fig. 2 presents fun-
damental dispersion curve A0 for the orthotropic plate with elastic constants defined in Tab. 1
and its approximation using 5 basis functions proposed in [4]:

k(f) = φ0w0 + w1φ1 + w2φ2 + w3φ3 + w4φ4, (14)

where k denotes wave number corresponding to frequency f and φi(f) denotes i-th basis func-
tion. These basis functions are defined as:

φ0 = 1, φ1 = f, φ2 = f 2, φ3 = 1/f, φ4 = tan(0.65f). (15)

3.1 Young’s modulus E1 identification

Initial and uncertain knowledge about Young’s modulus E1 is represented by a prior distri-
bution p(x0). We applied a Gaussian prior probability density distribution p(x0) = N (µ0, σ

2
0),
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Table 1: Assumed values of orthotropic plate parameters applied in numerical experiments

Parameter E1(GPa) E2(GPa) ν12(-) ν23(-) G1(GPa) ρ(kg/m3) h(mm)
Assumed value 131 8 0.337 0.3 4.23 1560 1.2

Figure 2: Fundamental dispersion curve for orthotropic plate with thickness h=1.2mm and its approximation using
5 basis functions

with mean value µ0 = 131.0 GPa and standard deviation σ0=1.3 GPa (coefficient of variation
(CoV) was 1%). Fig. 3 shows the plot of the prior (as a dashed line).

The approximate posterior distribution of Young’s modulus given pseudo-experimental dis-
persion curves PN(xk|yk) in the k-th step was computed using the particle filter-based identifi-
cation procedure described above. In experiments, we applied N = 2000 particles to obtain the
approximate posterior distribution and the number of steps in the sequential identification was
set to K=500. Fig. 4 shows the sequential nature of the elastic constant identification process
by plotting the evolution of the mean value of the posterior distribution and the corresponding
plot for the one-standard deviation error bars as a function of the step number. There is also
shown a solid horizontal line representing the reference Young’s modulus value (131.0 GPa)
applied in numerical experiments. From the plot, it may be observed that the estimation process
converged to the reference value quite rapidly (in about 100 iterations).

Tab. 2 presents statistical parameters of prior and posterior distributions in the form of mean
values, standard deviations and coefficients of variation (COV) are given. From the table, it
can be stated that the final mean value of the posterior distribution is the same as the reference
value. Moreover, the coefficient of variation decreased from 1% for the prior distribution to
only 0.15% for the final posterior distribution. Fig. 3 shows the final one-dimensional posterior
distribution together with the prior distribution.
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Figure 3: Prior and posterior probability density distributions for Young’s modulus E1. Prior (dashed line) has
mean value µprior = 130.0 GPa and standard deviation σprior=1.31 GPa (coefficient of variation (CoV) is 1%).
Posterior (solid line) has mean value µpost = 131.0 GPa and standard deviation σpost=0.19 GPa (coefficient of
variation (CoV) is 0.15%)

4 FINAL CONCLUSIONS

This paper presents an application of Bayesian methods and particle filter for reconstruc-
tion of elastic parameters of plates. The proposed procedure is based on the comparison of
experimental and numerical dispersion curves from guided Lamb waves monitoring.

Taking into account the assumed experimental errors and considering propagation of errors
in the sequential estimation, the uncertainty in the identified value of Young’s modulus E1 is less
than 0.5%. More results for other elastic parameters will be presented during the conference.
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Table 2: Statistical parameters of prior and posterior distributions for Young’s modulus (mean value, standard
deviation and coefficient of variation (COV))

Parameter Prior Posterior
Mean value (GPa) 130.0 131.0
Standard deviation (GPa) 1.3 0.19
COV (%) 1.0 0.15
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Marek Słoński

Figure 4: Plot of evolution of mean value of posterior distribution for Young’s modulus and corresponding one-
standard deviation error bars (solid horizontal line represents Young’s modulus value (131.0 GPa) assumed in
numerical experiments)
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Abstract. A new Hybrid Computational System is presented, developed for the identification  
of homogeneous, elastic, hexagonally orthotropic plate parameters. Attention is focused on  
the construction of dispersion curves, related to Lamb waves. The main idea of the hybrid  
system lies in the separation of two essential basic computational stages, corresponding to  
the direct and inverse analyses. In the frame of the first stage an experimental dispersion  
curve DCexp

 is constructed, applying Guided Wave Measurement technique. The other stage is  
supported on the application of artificial neural network trained ‘off line’. Two case studies  
are presented, corresponding either to pseudo-experimental computer simulations or to labo-
ratory tests.
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1 INTRODUCTION

The presented paper is related to a new area of science and technology, called Structure 
Health Monitoring (SHM). It  has been increasingly developing for some time now. SHM 
deals with structures and various processes closely connected with the life and maintenance of 
a variety of engineering structures. An important role for SHM is played by systems which on 
the base of monitoring or measurements can reflect the actual state (health) of structures. This 
permits control of the structure and warning against failures or dangerous events. Non-de-
structive methods of structure examination and ‘on line’ methods of information transmission 
are especially valuable for aspect of SHM, see, e.g. [1, 2, 3].

From among non-destructive methods, the application of ultrasonic waves is worth em-
phasizing for the evaluation of material properties and detection of various defects, cf, refer-
ences in [2]. In what follows we are discussing a comparatively simple problem of the appli-
cation of the Lamb Waves (LWs) propagation in thin, elastic and homogeneous plates, cf. [4-
6]. These waves are guided in the vibration plane, perpendicular to the plate mid-surface and 
are propagated over a comparatively long distance.

The presented paper is related to the identification of parameters of anisotropic plates. The 
formulation of mathematical  models of such plates and the identification of ‘a priori’ un-
known parameters or defects is much more difficult than in isotropic plates. In such a situa-
tion we can tread the solutions obtained for isotropic plates as a special case, called even 
“bench mark” solutions for the analysis of orthotropic plates. 

The Lamb equations make it possible to formulate the Dispersion Curve (DC). A relation 
k ( f  par ) can be written, where: k  DC wavenumber, f  frequency of vibrations as an inde-
pendent variable, par – vector of plate parameters. For example, in the case of isotropic, ho-
mogeneous plate, this vector is completed from the following constants:  par = {E,  ,  ,  d}, 
where: k and ,  Young’s modulus and Poisson ratio,  and d  plate density and thickness, 
respectively. 

Unfortunately, the Lamb equations can be derived in an implicit and very elegant form (see 
e.g. books [4, 5] for the case of isotropic plates), but they can be analysed only by numerical  
methods. There is a variety of such numerical methods based on FEM, BEM and FDM. What 
seems  especially  numerically  efficient  are  their  modifications  and  combinations,  see  e.g. 
LISA/SIM (Local Interaction Simulation Approach/ Sharp Interface Model), EFIT (Elasto-dy-
namic Finite Integration Technique), see [7-11]. Unfortunately, these methods are rather “nu-
merical costly” since they need a great number of numerical operations.

What seems to be especially numerically efficient, there is the formulation of semi-analyti-
cal methods (SEM) as the application of EFIT/LISA/FDM, with introducing of the Finite Dif-
ference Method (FDM) , see [12-14]. Unfortunately, the above listed methods are rather nu-
merical costly since they need a great number of numerical operations.

Another disadvantage of the application of the aforementioned methods appears in the 
identification analysis, called in mathematics as the reverse approach. 

This approach is related to the application of the paradigm of minimizing the difference 
between the “distance” between known and search states. Let us take as an example the norm 
of the experimental and numerically simulated values of the dispersion curves:

0exp
)(  itit

num kk  . (1)

In fact, the described approach, called in literature Classical Method (CM) of optimization, 
is refers to a sequence of direct problem solutions, see [14]. In our paper [15] we developed 
another approach, based on the application of Artificial Neural Networks (ANNs). This ap-
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proach  is  related  to  the  formulation  of  a  corresponding  Hybrid  Computational  Method 
(HCM). The system is composed of two stages. Stage A relates to the physical tests on mate-
rial models (laboratory tests or measurements on laboratory models or structures). In Stage B 
data, satisfying the Lamb equations, are identified by ‘off line’ trained ANN. Then, prepro-
cessed data of the Stage A are substituted as inputs into the trained network. Thus, the pro-
posed HCS works ‘numerically on line’ as a method of one substitution of data from Stage A 
to Stage B.

The sketched HCM was checked in paper [15]. The results, obtained in this paper can also 
serve us as a “bench mark” in validation of our proposal. The main goal o our paper is a gen-
eralization of the approach developed in [15] to the appropriate modification of HCS for the 
identification of parameters for elastic orthotropic composite materials. In the present paper 
we adopted a hexagonal (five parameters) orthotropic material, corresponding to the unidirec-
tional reinforced composite lamina.

Obviously, the identification of composite parameters is much more complicated than this 
applied for the isotropic material. Instead of the Armikulova’s dimensionless Lamb equations, 
see [17], used for isotropic material, we now apply the finite difference equations, formulated 
in [13]. These equations have been adopted for computing patterns for the orthotropic mate-
rial in Stage B for generating patterns needed for the ‘off line’ training and testing ANN as a 
component of HCS.

The basics on Lamb waves, and corresponding equations for the analysis of a thin plate 
made of hexagonally orthotropic material, are presented briefly. 

Next, case studies are discussed. The first case refers to pseudo-experimental verification 
of the identification results,  supported on data taken from [4] for hexagonally orthotropic 
plate. The other case study relates to data taken from laboratory tests on unidirectional rein-
forced composite lamina, see [17]. In both case studies the results of an extensive numerical 
analysis are connected with the sensitivity of Lamb dispersion curves to variations of material 
parameters.

2 LAMB WAVES IN ELASTIC THIN PLATES

2.1 Some basics of LW equations

The Lamb plane of vibrations is shown in Fig. 1.

a) b)

Figure 1: a) Lamb waves propagations with longitudinal, transverse and shear horizontal waves, b) Inclination 
angle  of vector wave-number k from reinforcement direction x1
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Fig. 2 illustrates the influences of displacements normal to the plate mid-surface which 
cause the symmetric and anti-symmetric modes of vibrations. These vibration modes can be 
drawn as radial in-plane and out of-plane motions, see [5].

(S) (A)

Figure 2. LW modes: (S) Symmetric (radial in-plane motion), (A) Anti-symmetric mode (out of-plane motion)

The adopted elastic,  hexagonal,  orthotropic material,  has five independent  elastic  con-
stants. The stiffness matrix of this material is shown in Table 1.

  C(66) =

C11 C12  C12

C12
C22  C23=

= C22  2 C44

C23 C23  C22

C44

C55

C55

Table 1: Stiffness matrix for hexagonal orthotropic material with 5 independent constants

The stiffness matrix of this material corresponds to the unidirectional reinforced compos-
ite lamina, see [11].

Two equations,  which are the basis for deriving of Lamb equations, are: i) eigenvalue 
problem equations and ii) dispersion equations cf. e.g. [1, 5, 16].

2.2 Eigenvalue equations for composite lamina

The Cartesian coordinate system is adopted with z axis normal to the midsurface of a com-
posite lamina, see Fig. 1. The displacement vector has components on the z distance to the 
plate midsurface: 

W  {u, v, w}= {U(z), V(z), W(z)} ,ee
])[(])[( tωkkitωkk yxyx W

       (2)

where: T],[ yx kkk   wave number vector of length pyx cωkkk /22  k  and   is 
angular frequency, cp is phase frequency. The direction of wave propagation depends on the 
angle , i.e. ,]sin,[cos Tααkk 2

xk , see Fig. 1b.
The displacement functions (2) can be separated into symmetric and snit-symmetric 

modes, see [18]. 

,coscos 1s zξCzξU  ,coscos 2s zξCzξV  ,sinsin 1s zξCzξW               (3S)

,sincos 1 zξCzξU a  ,sinsin 2 zξCzξVa  ,cossin 3a zξCzξW               (3A)
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where:  j   eigenvalues that will be computed as solutions of the characteristic equations of 
the eigenvalue problem

2.3 Eigenvalue equations for composite lamina

From the equations of motion, see [18], we can formulate the following equations of the 
eigenvalue problem:

[    2 I] CT  
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where:  2 =   2,   2 is the plate density. The expressions for ij can be found in [??]. For in-
stance 2

55
2

66
2

1111 ξCkCkC yx  . 
Characteristic equations related to the eigenvalue analysis Eq. (4) leads to the 6-the order 

algebraic equations, which can be solved only by means of numerical methods. That is why 
we apply the finite difference method, see [13], related to the LINSA system, see Appendix.

The Lamb wave equations are derived from the boundary conditions:

0)(  hzz zξσ ,  0)(  hzxz zξτ  . (5)

From the condition of existence of a non-trivial solution of the set of homogeneous equa-
tions (5) the dispersion Lamb function can be found. It has the following implicit form, see 
[18]:

0),,,,( 2  ASχCfkF ij  . (6)

3 BASIC ALGORITHMS FOR PLATE PARAMETERS IDENTIFCATION 

3.1 Four essential algorithms for GWM

In the Guided Wave Monitoring or Measurements (GWM) four essential steps can be dis-
tinguished, see [2]. The steps are sketched in Fig. 3, underlining Step IV. 

Steps I and II correspond to carrying out the experimental test and initial processing of 
measured responses (signals).
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Fig. 3. Four essential steps for identification of plate parameters, applying Lamb wave measurement technique
and identification procedures in step IV: CL Classical approach, ANN  artificial neural network 

Step  III  contains  signals  processing,  applying  B-scanning  and  2D-FFT  transformation  [19].  
The estimated local maxima on the plane (f, k) enable us to trace the dispersion curves. In Fig. 3 there 
are shown DCs, which fulfill symmetric and anti-symmetric modes of DCs. They are, in fact, a set of 
points J

j
j

m
j

m kf 1},{  , where m = 0, 1, 2, … are numbers of vibration modes.
Step IV starts from the selection of points which are simulated by numerical methods. In the case  

presented in Fig.2 only the points related to modes A0 and S0 are shown.
This point is based on algorithms developed in [15] for elastic, isotropic plate parameters identifi-

cation. In the present paper we have introduced some modifications, corresponding to the identifica-
tion of elastic, hexagonal orthotropic material, see Table 1. 

3.2  Hybrid Computational System and corresponding procedures

The Hybrid  Computational  System is  composed of two computational  Stages A and B, see 
Fig.3. Stage A is devoted to the testing analysis, to testing and processing of experimental data. Stage 
A corresponds to the direct analysis. Step B deals with the inverse analysis, starting from the extended  
Essential Step IV, see Fig. 3. In beginning the dispersion curves are selected from the spectrum of  
modes, shown in Essential Step III. In Fig. 3 the selection of two vibration modes was made, corre-
sponding to modes A0 and S0 . 

The basic roles in reverse analysis plays ANNs, see [5, 20-22].The algorithms of Stage B were de-
veloped in [15]. In the present paper we discuss briefly only the main algorithms taken from paper  
aforementioned.
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3.2  Algorithms of HCS

In our paper we have decided to restrict our analysis to a range of dispersion curves (DCs), since 
the considered composite lamina are adopted to be after numerical homogenization and material pa-
rameters are constant along the plate length 2 L, see Fig. 1. The adopted reference range is related to 
frequencies of excited vibrations, i.e. fref  [ fmin , fmax ] . The values and forms of corresponding points 
of experimental curves are processed in order to have experimental approximate dispersion curves re-
lated to the formulation processes. The value of fref  is taken from laboratory tests. After numerical pro-
cessing, an approximate vawenumber function )(exp parfk is obtained. In what follows the formu-

lated dispersion curves can be written shortly in the form k (XY), where: X  independent variable, Y 
 given values of other variables.

In the presented paper we are discussing hexagonal orthotropic material with the stiffness matrix  
C  shown  in  Table  1. In  such  a  special  case,  the vector  of  identified  plate  parameters  is 

.},,,,,{ 1266442211( dCCCCC spar 1)6  The following parameters are fixed:   fixedρ density 
of plate, N = number of station in the FDM formulas, see Appendix.

3.2.1 Simulation computation in Stage A

Stage  A corresponds  to  the  standard  procedure,  related  to  Guided  Wave  Monitoring 
GWM) technique, discussed in many books and papers, e.g. see references in [4, 5]. The main 
attention is focused on Stage B.

After evaluation of reference range exp
reff  for selected modes vibrations, a set of experi-

mental data can be completed.
D exp = { f j , k j   m M

m
J
j 11,}  , (7)

where: j = 1, 2, … , J  numbers of dispersion points, m  numbers of vibration modes.
On the basis of data, approximate experimental curves can be formulated. The parameters 

of these curves are computed by means of the Least Squared Method (LSM):

  .~),(
~

expexpref
)2( αBF   LMSM ffk D (8)

In the presented paper, M = 2 modes are adopted, i.e. A0 and S0. The reference basis func-
tion vector BFref ( f ) should corresponds to the adopted reference range fref  [ fmin , fmax ] and to 
shape of the dispersion curve, represented by computed values of vector exp

~α  . Components
of this vector correspond to internal parameters, which control the transition from Stage A to 
Stage B.

3.2.3 Identification computation in Stage B

The main part of the stage B corresponds to an ANN, which is a solver of the inverse 
problems of identification of the plate parameters. Similarly as in [15].the Multi Layered Per-
ceptron (MLP) network, see Haykin [24], of the following architecture can be designed:

MLP:  (I 1)H(H1)spar(31) ,  (9)

where: I  number of inputs, H  number of sigmoid functions in the hidden layer designed. 
The corresponding set P , composed of P pattern pairs, was adopted for the training of the 

MLP neural network from the view point of the identification purposes: 
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P  = P
p

ppp
1},{  spartα  .         (10)

The input vectors    p can be computed for Armirkulova’s approximation in case of iso-
tropic material of the plate, see [17] .We can start from a cloud of P points (f p, k p), fulfilling 
the Lamb dimensionless equations. 

In case of the considered orthotropic material, instead of Armikulova’s formulas the Finite 
Difference Method was adopted, see Appendix.  These equations can be related to known target 
values t p  and the LSM method is applied for the anisotropic materials, computing the p-the 
input patterns:

  .),( ,
ref

pFDMLMSpffk αsparBF   (11)

The patterns of the training set are selected from reference ranges of the output vector components  
of the output vector spar p . After the training of MLP, relative errors of the neural approximation can 
be computed:

%100)/1(
1

1

 


p
P

p

p ty
P

yRe  ,  (12)

where: y and t are computed and target values of the vector spar components.
The values of components of the vector of experimental curve parameters (11) are substituted into 

the trained MLP for computing:

MLPexp
~ sparα  LMS .  (13)

It should be emphasized that the identification computations in the Stage B are carried out 
‘off line’. Thus, solution (13) is obtained by patterns corresponding to the exact Lamb dispersion 
curves. It equals MLPspar , with the accuracy corresponding to the MLP network errors (12). Thus, 
we can conclude that

spar MLP = sparident  sparexact ,  (14)

The formula (14) gives identification in one substitution, without any iteration. We can call this 
approach the ‘numerically on line’ process.

4 CASE STUDIES

4.1 Identification of a pseudo-experimental hexagonal orthotropic composite

In this case study, the material constant values shown in Table 1, were taken from [4]: 

C11 = 128.2 GPa, C22 = C33 = 14.95 GPa, C44 = 3.81, GPa, C55 = C66 = 6.73 GPa,
C12 = C13 = 6.90 GPa, C23 = C22  2 C44 = 7.33 GPa, and  = 1.58 g/cm3, N = 9, (15)

where: N  number of FD stations along the plate thickness.
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Data (15) were applied in HCS for three excitations related to different direction of the 
Lamb planes, see Fig.: 1)  = 0 o, kx = k, ky = 0 , 2)  = 90 o, kx = 0, ky = k , 3)  = 45 o, kx = ky = 
k .

The computations were made for the reference range fref   [0.05, 0.5] MHz, see Fig. 4. In 
this Figure four LDCs modes are shown A0 , SH0, S0 and A1 for the Lamb planes  = 0o, 90 o 

and 45o.

    Figure 4. Sensitivity of modes A0, SH0, S0 and A1 for variations of material parameter C12

The Shear Horizontal mode SH0 is not dispersive and cannot be reconstructed by standard 
B-Scans techniques. The corresponding LDCs are close to straight lines. The dispersion curve 
is a linear functions, see [4], p. 244. The corresponding formula can be used for the calcula-
tion of the stiffness C66 value:

 fCρπk 662   22
66 )/(4 kfρπC  .     (16)

For example, if we take the approximate value of wavenumber, k 1.52  103 m1, then 
for f  0.5 MHz the stiffness equals C66  6.74 MPa.

Similar sensitivity analysis was made for the other four parameters. The recognition of 
sensitivity of LDCs to perturbations by small values of plate parameters is indispensable for a 
proper selection of dispersion modes. Such recognition has been taken into account for evalu-
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ation of reference ranges of the hexagonal, orthotropic material parameter variations in order 
to prepare patterns for ANNs training.

The carried out identification of data (15) taken from [4], and treated in the present paper 
as pseudo-experimental data, gave identified values very close to those in the above men-
tioned paper.

4.2 Identification by HSM on the base of a laboratory test

Let us start from the Stage A , Essential Step III, see Fig. 3. There are presented Scan-B 
maps in which LDCs as local maxima, found in the 2D-FTT transform space, see [19]. Corre-
sponding curves were measured on carbon fiber reinforced plastic (CFRP). The Lamb waves 
propagated in directions   = 0o, 90o and 45o, corresponding to modes A0, B0 outlines of A1 

mode.
According to remarks in the previous Case Study, DC of SH0  could not be reconstructed 

because it is related to a non-dispersive wave.

Figure 5. B-Scans and Diffusion Curves in  = 0o, 90o and 45o 2D-direction of vibration in FFT transform space 
for unidirectional reinforced composite lamina

It is visible that LDCs can be recognized in the reference range fref  [fmin , fmax]. Moreover, 
the CDs shape can be reconstructed in an analytical form with an inaccuracy. We can apply 
the straight, sloppy lines as approximate LDCs. Such an approximation corresponds to the ap-
plication of a single basis functions k( f ) for f [0.2, 0.35] MH, see Fig. 6.

Then we can perturb a selected identified parameter and observe which mode is more sen-
sitive to parameter perturbation.

In this study case, see Fig.6a, the perturbation of the stiffness C11 causes larger changes of 
the mode S0. Now we can construct a set of points corresponding to 20 regularly placed station 
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fj  for j = 1, … , J. For R changes of the stiffness C11,r we have J  R patterns for finding an op-
timal of parameter C11 by means of the Mean Square Method.

Figure 6. Sensitivity of modes A0 and S0 to changes of plate stiffness C11 and C44

Optimal value of the parameter  C11  can be also found by means of the mode A0 .Similar 
perturbations of other parameters can points out which of optimal solutions is proper.

There no doubt that in case of identification of the parameter  C44  the identification by 
means of the mode A0 is better than by S0 .

The approach discussed above fully corresponds to the general method discussed in Point 
3.2.3, where the basis functions (BF) are used. In the considered case study a straight BF is 
used with the left and right bound points are L and R, respectively, see Fig. 6. The vector of 
parameters is:

}.)35.0(),MHz25.0(),MHz30.0(),MHz25.0(),MHz2.0({ MHzffkzfkfkfk 1)(4α

(7)

The basis function with parameters (17) was used as a good approximation of LDCs. Se-
lected results of the identification analysis are shown in Table 2. They correspond to the neu-
ral network MLP: 4-6-1 with one BF and MLP: 8-6-3 with two BFs.

Table 2. Identified values of stiffness constants

a) b)

MLP
Neural

networks

Number of
parameters Model, 

 o

Identified
parameters

Relative testing 
errors

ReT [%]
P L Cij MPa max mean

8103 2541 847 A0, S0, 0 o
C11

C12

C44

93.00
 0.019
 3.74

 6.11
 0.005
12.97

0.64
0.001
4.30

463 2541 847  A0, 0 o
C11

C12

C44

 99.45
0.301
3.81

 0.65
 0.010

19.50

0.059
0.001
8.13

461 101 34  S0, 45 o C22 17.46  0.049 0.003

461  41 14  A0, 45o C55  5.62  0.158 0.008
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It is worth mentioning that the results shown in Table 2 were obtained for 100 ‘trained off 
line’ networks. The computed value of the stiffness equals C23 = C22  2 C44 = 17.46  23.74 = 
9.98 GPa. The stiffness C55 for computed for wave-number, evaluated from Fib. 4,  = 45 o, 
for f = 0.5 MHz as k 1500 m-1. The stiffness value calculated by formula (16) equals C55 = 
C55  8.58 GPa.

5. SOME REMARKS AND FINAL CONCLUSIONS

 The presented paper is a continuation and development of paper [14], where the mod-
eling and analysis are related to an isotropic material. In the presented paper the con-
sidered analysis is much more extended than in [15].

 It was proved that the main idea of the Hybrid Computational System (HCS), i.e. sep-
aration of direct and reverse analyses can be extended to the analysis of orthotropic
material.  This can be carried out owing to the application of Artificial  Neural Net-
works (ANN).

 In the present paper the attention was focused on the analysis of the hexagonal model
of orthotropic material, useful in the analysis of unidirectional reinforced composites.

 The search for  starting values of material constants was based on the sensitivity anal-
ysis of the Lamb Dispersion Curves changes of material constants.

 The obtained results seem to be useful for the development of HCS for a numerically
efficient analysis of composite plies [16].

A APPENDIX

A semi-analytical method for dispersion curves computation 

The regular discrete grid was adopted for the space stations across the plate thickness, see 
Fig. A1. The regular grid of points is used with spacing {x, y, z}. 

a) b) c)

Fig. A1. a) Grid layer stations at plate cross-section, b) internal grid point c) upper boundary grid point.

At each station the elastodynamic  equation is discretized.  The equilibrium at a station 
point is given by the semi-analytical LISA equation and, following [13], and it can be ex-
pressed as: 

)(
Δ

1 1,1,1
2

321  xxx
2s G

Vtδ

δ
ρ W

W
, (A1)
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where: G(W)  function of material properties, particle displacements and discretizing para-
meters, V volume enclosed by neighbouring grid points, s  sum of density values for all 
cells surrounding the station point (see Fig. A1).

Subsequently, equation (A1) is re-formulated in the spectral domain along xn=1,2 directions. 
Effectively, grid points adjacent to the considered station point, namely, 1,1, 321  xxxW  are 

substituted  by yΔkxΔikxxx yxnnn e
  )13121 ,,,,(~

( W ,  where W
~ denotes  a  discrete-space-

Fourier-transformed quantity. It should be noted that the left-hand-side of Eq. (A1) is trans-
formed  as,  i.e.  the  time  remains  as  non-discretized  (continuous)  quantity.  Letting 

W W
~~ 22

ASs χωρ  ,  where 2
ASχ   is  the  semi-analytical  (S-A)  counterpart.of

)/(2 Vρtχ s ,we obtain:

 ),(
~1~ )()1,,1(,2 3 ykxkinnnx

AS
yxeG

V
χ






  WW , (A2)

where indices  for n = 1, 2 have been omitted for brevity. Formula given by Eq. (6) is the 

bulk  wave dispersion equation  of  the  semi-analytical  method  and involves  only the trans 
formed displacement values for )1(,3 nx  grid points. 

Manipulating and assembling (A2), using the scheme presented in Fig. 3, leads to an ei-
genvalue problem analogous to (4). The solution of Eq. (A2) provides the (k, S-A) pairs for the 
Lamb waves. For the definition and implementation details, the reader is referred to [10].
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Abstract. A semi-analytical procedure is presented to obtain the coupling lateral-rocking im-

pedances between adjacent strip footings rested on an elastic half space. The interfaces be-

tween the footings and the supporting medium are divided into a number of strip elements. 

Asymmetrical Green functions of the elastic soil medium under lateral and vertical harmonic 

uniform excitation with infinite length are derived to establish the dynamic-flexibility matric 

for those strip elements. The intensities of such forces are adjusted so the displacement of the 

elements are compatible with the rigid body translations or rotations of the footings. The 

coupled lateral-rocking impedances are solved by adding the bending moments and the con-

tact forces on each element. The accuracy is verified by the comparison study with the rigor-

ous results from the mix-boundary-value method. The influence of the distance ratio S/L on 

the dynamic cross interaction (DCI) effect between adjacent footings is discussed in detail. It 

is shown that the lateral-rocking interaction between adjacent strip footings should be taken 

into consideration when S/L less than 5.0. 
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1 INTRODUCTION 

The substructure method, which enables soil and structure to be considered separately, is 

widely applied in the Soil-structure interaction (SSI). In practical situations, structures are 

sometimes placed close to each other due to a limitation of space. Hence, in the realistic eval-

uation of their dynamic characteristics, it is necessary to consider not only the interaction be-

tween the footing and the soil medium but also the interaction between adjacent footings 

through the soil, which is known as dynamic cross interaction (DCI) problem. Besides exper-

imental investigations and numerical procedures, substructure method is still a powerful and 

feasible approach to DCI problems. In the substructure method, an important step is the com-

putation of the footing impedances with the consideration of DCI effect. 

The analytical solution for footing impedance can be obtained through a stress boundary-

value method, which is based on assumptions about stress distributions (static rigidity, uni-

form, parabolic or their combinations) underneath the footing [1, 2]. However, as the assumed 

distribution may not satisfy the contact conditions at the footing-soil interface for adjacent 

footings, the deflected shape of the interface has to be modified based on the averaging tech-

niques. Warburton et al. [3] provided an approximate method based on the relaxed contact as-

sumption to study the dynamic response of two rigid circular footings on soil medium. More 

rigorous solutions for the impedance of footing can be obtained as a mixed boundary-value 

problem formulated in terms of dual integral equations [4, 5]. However, as the solutions of 

dual integral equations cannot be expressed by elementary functions, there are limitations to 

obtain the contact stress functions for a DCI problem. Otherwise, some semi-analytical ap-

proaches make the impedance solve flexibly [6-8]. Savidis and Richter [9] investigated the 

vertical cross-interference between two rigid, massless, smooth contacting surface footings by 

boundary integral equations in conjunction with constant elements in soil-footing interface. 

Dynamic interaction of a group of flexible strip footings resting on smooth contact with a 

homogeneous elastic half-space was studied by Wang et al. [10] based on a classical Green 

function for a concentrated vertical line load. It was extended later by Senjuntichai and 

Kaewjuea [11] to a multilayered poroelastic half-space. Their studies were limited to vertical 

dynamic interaction. However, the coupling lateral-rocking dynamic holds great significance 

for earthquake engineering as the largest effects of earthquake are on horizontal ground mo-

tion rather than vertical ground motion. In this paper, a discretization method is proposed to 

evaluate the coupling lateral-rocking impedance of adjacent strip footings intimately attached 

to an elastic half-space. The influence of the distance ratio S/L on the DCI effect between two 

footings is discussed in detail. 

2 MODEL DESCRIPTION 

The lateral-rocking oscillation of two adjacent strip footings with full contact to the free 

surface of an elastic half-space with different separation distance S is considered as shown in 

Fig. 1. Footing A with the width La is excited by the lateral excitation Pae
it and the rocking 

excitation Mae
it. Footing B with the width Lb is excited by the lateral excitation Pbe

it and the 

rocking excitation Mbe
it. For the strip footing such as track foundation, dam or building foot-

ing with a high ratio of length to width, it is reasonable to be simplified as a generalized plane 

strain problem. Considering DCI effect, the dynamic force and deformation relationship of the 

adjacent footings can be expressed by  
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 hh hr

rh rr

a a a

b b b

a a a

b b b

P U U

P U U

M

M

     
     

       
       

        
           

     (1) 

where Ua and Ub are the lateral displacements of Footing A and B, respectively. a and b are 

rocking angles of corresponding footings. [] is the impedance matrix of the system consist-

ing of lateral impedance hh, rocking impedance rr and coupling impedance rh. Each im-

pedance in the [] is a complex number and can be interpreted as a spring with the 

frequency-dependent coefficient K() and a dashpot in parallel with the frequency-dependent 

coefficient C(). Consequently, a simplified model, as shown in Fig. 2, can be built to simu-

late the coupled vibration of adjacent strip footings based on the impedance matrix []. 

For the simplification in analysis, the interfaces beneath Footing A and B are divided into 

N and M surface strip elements, respectively, as shown in Fig. 1. The widths of all the ele-

ments beneath Footing A and B are denoted by ∆a=La/N and ∆b=Lb/M, respectively, where N 

and M represent the division number of Footing A and B. It is assumed that the n-th element 

(n=1，… ，N) beneath Footing A is subjected to a uniform lateral traction ( ) iea t

np   and a ver-

tical traction ( ) iea t

nq  . Similarly, the m-th element (m=1，… ，M) beneath Footing B is sub-

jected to a uniform lateral traction ( ) ieb t

mp   and a vertical traction ( ) ieb t

mq 
. 
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Fig. 1 The dynamic interaction model of the adjacent strip footings attached to an elastic half-space under 

lateral-rocking harmonic excitations 
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Fig. 2 Equivalent model of two adjacent footings under the lateral-rocking dynamic interaction 
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3 FORMULATION 

3.1 The Half-space Green Function  

Based on the Cartesian coordinate system (x-z) with z=0 at the free surface, the wave 

equations in an elastic half-space of homogeneous solid are given by 
2 2 2

2

2 2

2 2 2
2

2 2

( , , ) ( , , ) ( , , )
( ) ( , , )

( , , ) ( , , ) ( , , )
( ) ( , , )

s s s s

s s s s

u x z t w x z t u x z t
G G u x z t

x x z t

u x z t w x z t w x z t
G G w x z t

x z z t

 

 

    
      

     


   
          

   (2) 

where s  is the density of the soil, Gs and s are the Lamé constants. 
2 2

2

2 2x z

  
   

  
 denotes 

the Laplacian operator. u, w are the displacement components in x and z directions. As the 

footings are excited by harmonic forces, their steady-state vibrations satisfy u(x, z, t)=U(x, 

z)eit, w(x, z, t)=W(x, z)eit. For brevity, the time dependence i te   is omitted. 

Considering the unit lateral uniform traction applied at the interval [x1, x2], the boundary 

conditions at ground surface z=0 are given by 
i

1 2e    
( ,0) 0;  ( ,0)

0          Other

t

zz xz

x x x
x x



 
  

  


    (3) 

Considering the unit vertical uniform traction applied at the interval [x1, x2], the boundary 

conditions at ground surface z=0 are given by 
i

1 2e    
( ,0) ;   ( ,0) 0

0          Other

t

zz xz

x x x
x x



 
  

 


    (4) 

The general solutions of Eq. (2) for a half-space can be obtained by the method of sepa-

ration of variable. The general solutions for stresses zz and xz can be obtained by the stress-

displacement differential relationship. Based on the boundary condition of Eq. (3), the un-

known coefficients in the general solutions can be determined. Therefore, the lateral and ver-

tical displacement fields G1,2(x,0) and G2,2(x,0) due to the unit lateral uniform load are as 

follows 

   
2

1,1 1 2
0

1
( ,0) sin sin

( )

s

s s s

V
G x x x x x d

G F V V

  


  

       
        

     
   (5) 
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2,1 1 2
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2 1 2 1
( ,0) cos cos d

( )

s

s s s

V
G x x x x x

G F V V

     


 


         

       
     

 (6) 

Similarly, the lateral and vertical surface displacements G1,2(x,0) and G2,2(x,0) due to the 

unit vertical uniform traction are as follows 

1,2 2,1( ,0) ( ,0)G x G x       (7) 

   
2 2

2,2 1 2
0

( ,0) sin sin d
( )

s

s s s

V
G x x x x x

G F V V

   


  

       
        

     
   (8) 

In Eqs. (5-8),  = Vs/，  = Vs/Vp，
2 2 2 2 2 2( ) (2 1) 4 1F           , where  is 

the wave number, Vp is the dilatational wave (P wave) velocity with ( 2 ) /p s s sV G   ; Vs 

is the shear wave (S wave) velocity with /s s sV G  . 
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3.2 Coupling Lateral-Rocking Impedance  

Based on the superposition principle, the lateral displacement function U(x,0) and the 

vertical displacement W(x,0) due to the coupling lateral-rocking excitations on the footings 

are as follows 

( ) ( ) ( ) ( )

1,1 1,1 1,2 1,2

1 1 1 1

( ,0) ( ,0) ( ,0) ( ,0) ( ,0)
N M N M

a b a a

n m n m

n m n m

U x p G x p G x q G x p G x
   

        (9) 

( ) ( ) ( ) ( )

2,1 2,1 2,2 2,2

1 1 1 1

( ,0) ( ,0) ( ,0) ( ,0) ( ,0)
N M N M

a b a a

n m n m

n m n m

W x p G x p G x q G x p G x
   

        (10) 

The following flexibility equation of the system can established as follows by substituting the 

central coordinate of each element into Eqs. (9) and (10) 
( )(1) (1) (1) (1) ( )

( )(2) (2) (2) (2) ( )
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1
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T
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MW WW . The 

expressions for every elements (A(i)，B(i)，C(i)，D(i)，i1,2,3,4) in the flexibility matrix are 

shown in the Appendix.  

In consideration of the full contact between the rigid footings and the soil medium, the 

displacements of all the elements and footings should be satisfied as  
( )
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( )
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where,

    

Î
N
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Equating the excitation and the contact tractions for Footing A and Footing B yields 

( )

( )

( )

( )

ˆ ˆ ˆˆ
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ˆ ˆ ˆˆ ˆ
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a Na
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b b M
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a a N
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P

M
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0 0 0
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0 0 0

0 0 0

I p

I p

qE

qE

   (13) 

Comparing the force-displacement relationship of Footing A and B, which can be estab-

lished based on Eqs. (11-13), to the Eq. (1), the coupling lateral-rocking impedance matrix of 

adjacent footings can be obtained 
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4 NUMERICAL EXAMPLES AND DISCUSSIONS  

4.1 Comparison Study  

Luco and Westmann [4] solved the forced oscillations of a massless rigid strip footing 

with width L on half-space by using the mixed boundary-value approach. There are consider-

able difficulties in solving the integral equations numerically or analytically, therefore only a 

special case for Poisson’s ratio v=0.5 was studied rigorously. The cases with Poisson’s ratio 

v<0.5 were approximately studied by using the dominant part of the singular integral equation 

to evaluate the impedances of the strip footing, which is only valid for the low frequency a01. 

In order to compare with the Luco’s solutions, the coupling lateral-rocking impedance matrix 

 is transformed into the flexibility by F=-1. The flexibility of the footing with respect to 

dimensionless exciting frequency is plotted in Figs. 3 and 4 for different Poisson’s ratios 

v=0.5, 0.25. In Figs. 3 and 4, the excellent agreements with Luco’s solution approves the cor-

rectness and effectiveness of the present method. In addition, Fig. 4 also show that the present 

method covers a wider range of frequency than Luco’s method. 
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Fig. 4 Comparison of the present method with mixed boundary-value method for v=0.25: 

(a) Lateral; (b)Rocking; (c)Coupled lateral-rocking 
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4.2 Influence of the Distance Ratio on Impedances 

Two identical strip footings subjected to harmonic lateral-rocking excitations are used to 

investigate the influence of the ratio between separation distance to footing width S/L on DCI 

effect. The variations of lateral and rocking impedances of a footing with respect to different 

distance ratios (S/L=0.125, 0.5, 3, 5, 10, ∞) are displayed in Figs. 5 and 6. It can be seen that 

the lateral and rocking impedances of two footings in the case of closely spaced distance ratio 

such as S/L=0.125 fluctuate around that of a single footing. In general, the DCI effect would 

make the impedances more frequency-dependent. Moreover, the influence from the adjacent 

footing is not significant in the case of large distance ratio such as S/L=5.0. 
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Fig. 5 Lateral impedance hh for different distance ratio S/L: (a) Stiffness; (b) Damping 
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Fig. 6 Rocking impedance rr for different distance ratio S/L: (a) Stiffness; (b) Damping 

 

5 CONCLUSION  

An efficient semi-analytical method has been presented for obtaining the coupling lateral-

rocking impedance of two adjacent footings. The accuracy is verified by the comparison study 

with the rigorous results from the mix-boundary-value method. Based on the parametric study 

on DCI effect, the distance ratio S/L between adjacent strip footings greatly influences the 

cross dynamic interaction especially for a small ratio less than 5.0. The approach has a defi-

nite physical meaning, and is easy to be mastered by technicians for dynamic analysis and 

seismic design of strip footings with close space, such as parallel tracks or adjacent buildings 

with a high ratio of length to width. 
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where，a0 is the dimensionless frequency a0=La/(2Vs). 
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Abstract. Modeling of soil-structure interaction for shallow foundations entails three 
sources of nonlinearities: foundation uplifting, sliding along the soil-footing interface and 
irreversible displacement due to soil plasticity. Foundation macroelements allow reducing 
computational efforts in the resolution of seismic response including nonlinear soil-structure 
interaction. This is achieved by replacing the soil domain and the foundation by a 2-noded 
element with a sophisticated nonlinear constitutive law reproducing the aforementioned non-
linearities. 

Definition of uplift and soil plasticity models and of the coupling between the two require a 
set of parameters that depend on the soil characteristics and the foundation geometry. For 
practical applications, calibration of these parameters is required. 

In this paper, calibration tables have been produced for the parameters describing the 
foundation uplift behavior. In the case of a rectangular foundation (that has been calibrated 
for the first time), two extra parameters are introduced with respect to the strip and circular 
footing: the footing aspect ratio and the direction angle of the resultant overturning moment. 
In addition, a standardized methodology has been proposed to calibrate the parameters de-
scribing soil plastic behavior. 

The macroelement validation procedure has been carried out in the case of a bridge pier 
founded on a strip footing. The discrepancy between macroelement calculations and detailed 
finite element modeling has been evaluated for twenty earthquake records. Prediction of the 
superstructure maximum displacements (mean error < 10 %, standardized deviation < 20%) 
and efforts (mean error < 20 %, standardized deviation < 10%) is validated. Macroelement 
limitations concern the evaluation of foundation residual displacements, suggesting that fur-
ther development should be focused on the improvement of plasticity model for soil irreversi-
ble behavior. 
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1 INTRODUCTION 

Macroelement theory aims at evaluating the nonlinear seismic response of structures 
founded on shallow foundations. It models the foundation uplift and sliding together with soil 
plasticity, which represent the three sources of nonlinearity arising at the foundation level in 
dynamic soil-structure interaction. 

 
In their current state of development macroelements can be used for preliminary seismic 

design. Further improvements of the macroelement calibration and validation procedures may 
provide sufficient guarantees for their use as a final justification of a structure. This objective 
motivates the work presented in sections 3 and 4. 

2 THE CONCEPT OF FOUNDATION MACROELEMENT 

2.1 Motivations for developing foundation macroelements 

The foundation macroelement is a 2-noded linear segment, with a sophisticated constitu-
tive law so as to grasp the nonlinear soil-structure interaction behavior. As illustrated in Fig-
ure 1, the advantage of macroelement modeling with respect to finite element modeling is that 
there is no need to represent explicitly the foundation and soil domain. 

 

 
Figure 1: The concept of foundation macroelement 

The drastic reduction of the number of degrees-of-freedoms limits significantly computa-
tional effort. As a result, two main applications can be mentioned for engineers and research-
ers: 

a) parametric studies, requiring to perform a large number of calculations, 
b) and real-time hybrid tests (ref. [8]), when the numerical substructure is the soil and 

foundation domains. 

2.2 Theoretical background 

Three hypotheses define the context in which the foundation macroelement can be used: 
the shallow foundation should be rigid, without embedment and supporting an isolated struc-
ture (structure-soil-structure interaction cannot be modeled). 

 
The hypothesis of a rigid foundation allows the description of the foundation kinematics via 
the displacement and rotation of a single arbitrary point, for example its center of gravity. 
Figure 2 introduces the notations characterizing the foundation kinematics and load parame-
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ters, with � the foundation characteristic dimension and ���� the maximum vertical force 
supported by the foundation.  

 
Figure 2: Macroelement formulation - Definition of force and displacement parameters  

The main idea for deriving the macroelement constitutive law is the dissociation between 
reversible and irreversible phenomena. Reversible phenomena regroup the soil elastic behav-
ior and the foundation uplift. Irreversible phenomena entail soil plastic deformations and 
foundation sliding. 

 
Such a distinction is established by splitting the foundation displacement increment vector 

��  into an elastic and a plastic component, which are computed at each time step by separate 

algorithms. Reference [2] details the formulation of the tangent normalized stiffness matrix � 

and of plastic modulus 	 which are introduced in Figure 3. 

 

 
Figure 3: Decomposition of displacement increments 

Even though the foundation uplift and soil plasticity are conceptually dealt separately, the 
numerical implementation of the macroelement associates these two phenomena at each step 
of calculation of the foundation displacement increment vector �� . This operation is performed 

through an iterative process detailed in ref. [3]. 

3 MACROELEMENT CALIBRATION 

3.1 Objectives 

The macroelement theory, as developed in references [2], [3] and [5], introduces six pa-
rameters to characterize the formulation of the normalized stiffness matrix � and the plastic 

modulus 	.  Table 1  provides an overview of their definition. Further details are provided in 

section 3.3 and 3.4. 
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Footing uplift 

�� normalized stiffness 

matrix � 

uplift initiation on elastic soil 


�� overturning moment – rotation diagram 


�� settlement – rotation diagram 

Soil plasticity 

�� plastic modulus 	 initial loading 


�� reloading 

Uplift-plasticity coupling 
�� uplift initiation on plastic soil 

Table 1: Summary of the macroelement parameters requiring specific calibration 

The following aims have been addressed: 
• Concerning elastic parameters 
��, 
�� and 
��: to produce calibration tables for the 

newly studied case of rectangular footings. 
• Concerning plastic parameters  
�

� and 
��: to implement the proposals of standard-
ized calibration procedures mentioned in references [2], [3], [5], [6] and [11], so as to 
provide guidelines to select which is the most appropriate for a given calculation. 

3.2 Reference models 

The macroelement calibration procedures requires a reference model describing accurately 
the footing uplift and soil plasticity phenomena. This task is carried out thanks to detailed fi-
nite element modeling of the soil and the foundation, implemented on DYNAFLOW software  
(ref. [12]). 

 
Each calibration objective requires to define a specific DYNAFLOW reference model. Ta-

ble 2 summarizes the main common features and differences that can be encountered in these 
models. 

 
Calibration procedure ���� ��

�� ���  
Soil domain boundary conditions identical 

Soil-footing interface uplift activated no uplift uplift activated 

Soil constitutive law properties elastic plastic plastic 

Loading input data 
�� = constant 

�� linear increase 
cyclic loading 

�� = constant 
�� linear increase 

Numerical algorithm Newton-Raphson type 

Table 2: Overview of the reference models used for calibration 

3.3 Elastic parameters 

Figure 4 illustrates the physical meanings of  
��, 
�� and 
�� thanks to an approach based 
on the phenomenological constitutive laws of the footing after uplift initiation. The mathemat-
ical equations defining these laws provide a practical means for calibration. 
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a) Uplift initiation b) Phenomenological constitutive laws after uplift initiation 

Figure 4 : Elastic parameters definition 

With: 
• ��,��  the normalized overturning moment �� of uplift initiation on an elastic soil. 
• ��,��  the footing rotational angle of uplift initiation on an elastic soil. 

 
The calibration of the elastic parameters for a rectangular footing requires a significant 

number of calculations since these parameters depend on: 
• The footing rotation axis characterized by the angle �.  
• The footing aspect ratio �. 

 
Figure 5 details the definition of these parameters. 
 

 
Figure 5: Definition of parameters � and   

� \   0° 15° 30° 45° 60° 75° 90° 

1 4,5 4,7 5,1 5,3 5,1 4,7 4,5 
2 8,6 8,8 8,1 6,9 5,8 5,0 4,6 
3 12,7 11,9 9,4 7,3 5,9 5,0 4,7 

4 16,5 14,3 10,2 7,5 5,9 5,1 4,7 

Table 3 & Figure 6: Elastic parameter ���� calibration 
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� \   0° 15° 30° 45° 60° 75° 90° 

1 2,5 3,1 4,9 6,9 4,9 3,1 2,5 
2 2,5 3,7 7,3 6,1 3,8 2,9 2,6 
3 2,5 4,2 6,9 4,9 3,5 2,7 2,5 

4 2,4 5,1 6,4 4,4 3,3 2,7 2,5 

Table 4 & Figure 7: Elastic parameter �!�� calibration 

� \  0° 15° 30° 45° 60° 75° 90° 

1 0,46 0,43 0,40 0,38 0,40 0,43 0,46 
2 0,23 0,22 0,24 0,30 0,37 0,42 0,44 
3 0,16 0,16 0,21 0,29 0,37 0,42 0,44 

4 0,12 0,13 0,20 0,29 0,37 0,42 0,44 

Table 5 & Figure 8: Elastic parameter �"�� calibration 

The elastic parameters for the rectangular footing are calibrated considering the projection 
of the overturning moment on the rotational axis, as these two directions no longer match for 
� different from 0° and 90°. 

3.4 Plastic parameters 

Plastic parameters 
�� and 
�� characterize the macroelement hypoplastic model. The fol-
lowing physical meanings can be given to these parameters: 

• 
�� characterizes initial loading, in the sense that the plastic increment ��� linearly in-

creases with 
�
�#
$%. 

• 
�� characterizes the evolution of plastic behavior during the reloading phase. Plastic 

displacements as in initial loading are developed when 
�� 	' 0. Elastic response is re-

trieved when 
�� 	→ ∞	. 
 

Plastic parameters are calibrated to best fit force-displacement and moment-rotation curves 
between DYNAFLOW reference model and the macroelement. Four methodologies charac-
terized by different loading paths are considered: 

I. Cyclic vertical loading. 
II.  Initial vertical loading followed by horizontal cyclic loading. 
III.  Initial vertical loading followed by overturning moment cyclic loading. 
IV.  A combination of the methodologies II and III: initial vertical loading followed by 

horizontal and overturning moment cyclic loadings such as +	 ' ,-, with , the 
superstructure’s characteristic height. 

 
Figure 9 illustrates these loading paths in the space of dimensionless force parameters in 
which the hypoplastic bounding surface is defined. 
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Figure 9: Loading paths considered for plastic parameters calibration methodologies 

The four calibration methodologies are carried out for the strip footing case relying on a 
semi-infinite purely cohesive soil domain.  Table 6 summarizes the results obtained under the 
assumptions of a kinematic and isotropic hardening law for the soil. 

 

Methodology 
��
�� �!

�� 

Kinematic Isotropic Kinematic Isotropic 

I 1,33 1,33 ∞ ∞ 
II 2,29 2,42 0 0,39 
III 1,66 1,84 0 2,48 

IV 1,82 2,03 0 0,89 

Table 6: Plastic parameters calibration 

The following points should be noted: 
a) The striking variation of 
�� calibration between the isotropic and kinematic assump-

tions for the soil hardening law. This observation has no repercussions because sepa-
rate calibration tables could be considered. 

b) The important variation observed between the four calibration methodologies ques-
tions the macroelement ability to grasp the soil plastic behavior for all types of load-
ings with only two parameters. 

c) Parameter 
�� calibration according to methodology IV is predicted by the following 
linear relation involving the calibration results according to the methodologies II and 
III: 


�,./� '
1

1 1 2,�3
� 
�,..� 1

2,�3
�

1 1 2,�3
� 
�,...�  

The coefficient 45 ' �
�62783

9 and 4� '
2783

9

�62783
9 respectively correspond to the horizontal 

force and overturning moment proportion of the total normalized load :�5� 1 ��� . 
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Knowing that seismic excitation leads to loading histories close to methodology IV, the 
main conclusion of this section is that methodology III offers the best option to perform plas-

tic parameters calibration for common cases with 
;
< = 2. In that respect, methodology III 

could be implemented to produce calibration tables for plastic parameters. 

4 MACROELEMENT VALIDATION 

4.1 General methodology 

This section aims at assessing the foundation macroelement qualitative behavior and accu-
racy when subject to seismic loading. The analysis is carried out for a strip footing. The as-
sumption of a kinematic hardening law for the soil is assessed. 
 

The typical case of a bridge pier founded on a cohesive soil is examined, as presented in 
Figure 10. 

 

 
Figure 10: Definition of earthquake engineering context for the validation procedure 

Twenty acceleration time histories selected from Project DARE (ref. [4]) are examined. 
They correspond to a horizontal acceleration imposed at the bedrock level. This selection in-
tends to cover a wide range of frequencies and seismic intensity levels. 

 
The following criteria are considered so as to assess the macroelement precision: 
a) The maximum shear force -��� and bending moment +��� developed at the base of 

the pier. 
b) The maximum horizontal displacement ?@,���ABCD  and rotation EF,���ABCD  of the deck. 
c) The foundation residual displacements and rotation ?@,GBH, ?I,GBH and EF,GBH. 

4.2 Reference model 

Footing uplift was modeled in DYNAFLOW (ref. [12]) using contact elements, previously 
introduced for the calibration of the elastic and uplift-plasticity coupling parameters. 
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It should be noted that footing sliding is not considered at this stage, i.e. no constitutive 
law such as Mohr-Coulomb is introduced at the interface to limit the tangential force trans-
ferred by the footing to the soil domain. This choice ensures that the footing uplift is not in-
hibited by the sliding phenomenon. 

4.3 Macroelement input data 

Table 7 details the values of the numerical parameters used in the study. 
 

Type of parameter Symbol Definition  Unit Value Source 

Dimensional 
� Footing characteristic dimension m 7,00 Design 

���� Maximum centered vertical load MN.ml-1 5,397 EC 7 

Viscoelastic 

����  
Footing normalized dynamic 

impedance 

ml-1 209,3 

Gazetas’ 
analytical ex-

pressions 
(ref. [9] 

�55�  ml-1 202,9 

����  rad-1.ml-1 77,8 

J���  
Footing normalized dashpots 

s.ml-1 5,7 

J55�  s.ml-1 3,7 

J���  s.ml-1 0,068 

Footing uplift 

�� Uplift initiation - 4 

§3.3 
�� Constitutive 
law 

�� - �� - 2 


�� �� - �� - 0,5 

Soil plasticity 

�5,��� Normalized maximum horizontal 
force and overturning moment 

- 0,195 
EC 7 

��,��� - 0,111 


�
� Plasticity 

modulus 
initial loading - 1,74 

§3.4 

�
� reloading - 0,00 

KL Non associativity plastic law - 1,00 Von Mises law 
Uplift & plasticity 

coupling 
�
� Footing uplift on plastic soil - 0,90 §3.1 

Foundation sliding M Soil friction angle ° 0,00 Cohesive soil 

Table 7: Macroelement calibration for the validation procedure 

The fictitious zero value attributed to the soil friction angle is a macroelement convention 
to express that the soil is cohesive. 

 
In compliance with section 3.4, methodology III is implemented to calibrate the plastic pa-

rameters for the macroelement validation procedure. Figure 11 shows that the calibration 
leads to a good matching of moment – rotation curves. However, the macroelement signifi-
cantly minimizes the foundation settlement produced during the bending moment cyclic load-
ing  
(-77 %). As mentioned is section 4.4, this observation is useful to recalibrate macroelement 
prediction of settlement. 
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a) 
�
� calibration (initial loading) b) 
�

� calibration (cyclic loading) 

Figure 11: Validation procedure – Plastic parameters calibration curves 

4.4 Validation results 
Table 8 establishes the conclusion of the validation procedure. 
 

Criterion Quantitative assessment Qualitative assessment 

a) 
20 % average error with a standard devia-
tion inferior to 10 %. Very good estimation of the localization of 

the pic value and of the structure oscillation 
natural frequency. b) 

Average error inferior to 10 % with a 
standard deviation inferior to 20 %. 

c) 

No satisfactory prediction for the founda-
tion residual horizontal displacement and 
rotation. 
 
After rectifying the foundation settlement 
according to the error observed during 
the plastic parameters calibration: aver-
age error inferior to 10 % with a standard 
deviation of 5 %. 

The modeling of energy dissipation due to 
the soil plastic deformation is satisfactory. 
 
The macroelement performs well at identify-
ing which earthquakes have the most critical 
impact on the foundation settlement and re-
sidual rotation. This property is less valid 
concerning the foundation residual horizon-
tal displacement. 

Table 8: Summary of the results for the macroelement validation procedure 

Figures 14 to 18 illustrate the elements of dynamic response required to assess the macro-
element qualitative behavior and precision in the case of Lucerne earthquake (PGA = 0,6 g).  

 
Table 9 and Figure 19 detail the validation results for each acceleration time history. 
 

 
a) Bedrock level 

 
b) Ground level 

Figure 12: Lucerne acceleration time history 
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Figure 13: Foundation uplift kinematics 

 

a) Shear force b) Bending moment 

Figure 14: Pier base reactions 

 

 
Figure 15: Foundation vertical displacement 

 

a) Foundation b) Deck 

Figure 16: Horizontal displacements 
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a) Foundation b) Deck 

Figure 17: Rotational displacements 

 

a) Foundation + - EF behavior b) Foundation �� - �� behavior 

Figure 18: Macroelement qualitative assessment 
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Earthquake 
record n° 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 N NO P 

QRST -11 -13 -20 -18 -25 -24 -22 -16 -12 -22 -11 -6 -2 -17 -19 -31 -29 -21 -23 -40 -19 -20 9 

URST -12 -14 -19 -19 -23 -24 -21 -13 -14 -20 -11 -8 2 -20 -17 -19 -25 -17 -22 -24 -17 -19 7 

VN,RST
WXYZ  -2 -22 -3 -7 6 -4 11 34 -9 -5 -3 -7 -3 -32 -3 -7 -27 -5 -2 -27 -6 -4 14 

[\,RSTWXYZ  7 -17 1 -2 17 2 18 38 -2 -2 5 -8 12 -27 5 5 -18 3 2 -20 1 2 15 

VN,]X^ -10 -93 >10² >10² 64 -55 >10² >10² -2 56 1 -65 -73 -54 -3 -71 -60 27 -42 66 >10² -2 348 

V_,]X^ -82 -68 -71 -68 -64 -62 -72 -74 -70 -69 -69 -69 -69 -77 -71 -80 -67 -58 -68 -68 -70 -69 6 

[\,]X^ 56 73 >10² >10² >10² >10² >10² >10² >10² >10² >10² -19 >10² >10² >10² >10² >10² >10² >10² >10² >10² >10² 615 

Table 9: Assessment of macroelement error (in %) 

` the average, `a the median and b the standard deviation values. The assessment of macroelement error is illustrated in -��� example: 
5cde,fghfi5cde,jgk

5cde,jgk
, with the tested value corresponding to macroelement calculation. 

a) Horizontal direction  b) Vertical direction c) Rotation 

Figure 19: Foundation normalized residual displacements and rotation 
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5 CONCLUSION 

The analysis of the macroelement current state of development and application domains 
encouraged further investigations in its calibration and validation procedures. 

 
The following results are obtained concerning the calibration of the macroelement parame-

ters: 
• The establishment of calibration tables for the elastic parameters describing the foun-

dation uplift in the case of the rectangular footing. 
• The proposal of a standardized methodology to calibrate plastic parameters, character-

ized by a cyclic overturning moment loading of the foundation. 

  
The macroelement validation procedure is performed using the model of a typical bridge 

pier structure relying on a strip foundation. Accuracy is evaluated by considering for each cri-
terion two indicators: the average relative error and the standard deviation. 

 
The macroelement ability to predict the maximum displacements/rotation of the super-

structure and reaction forces/overturning moment developed at the foundation is demonstrated. 
Macroelement calculation seems to provide sufficient accuracy for contributing to final justi-
fications of a structure when its design is governed by these criteria. 

The macroelement is not that good in predicting the foundation residual displacements and 
rotation, with the exception of its settlement when its calculation is rectified by the error ob-
served during the calibration of plastic parameters. Nonetheless, the accuracy of the qualita-
tive information provided is sufficient for parametric studies carried out during preliminary 
design. 

 
Finally, the macroelement calibration and validation procedures highlight the fact that de-

velopment efforts should be focused on improving the macroelement hypoplastic model, 
compromising the needs for model simplicity and accuracy in modeling all aspects of dynam-
ic response. 
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Abstract. One of the most important constraints on large-scale civil engineering projects is 

economic feasibility. All projects are restricted by the cost of construction and materials. A 

cost analysis of alternative foundation designs for wind turbines is done in this work to aid 

the choice of design solution. The suitability of different foundation types are compared in-

cluding a novel solution, with a circular raft surrounded by a water tank for soil with poor 

properties. In this work cost and behavior comparisons are done for two foundation solutions, 

namely a piled raft and a circular raft surrounded by a water tank. An observed soil profile 

found in Gothenburg region, Sweden is used. The soil profile is implemented in the FE soft-

ware Abaqus to find out the validity of using the different types of foundations on the men-

tioned type of soil. In terms of settlement and tilting it is shown that there is a good effect of 

using a water tank surrounding the ordinary circular raft for the actual soil profile in the 

Gothenburg region. For the cost issue, the analysis was carried out to calculate the whole 

foundation cost for a circular raft surrounded by a water tank and also for a piled raft. It is 

shown that using the new foundation system decrease the foundation cost compared to using 

piled raft with pile length = 28 m and one meter square pile. The effect of dynamic loads was 

also investigated and the results showed that the complete system, using circular raft sur-

rounded by a water tank as a foundation, successfully avoids resonance through the rotor ex-

citations. 
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1 INTRODUCTION 

The main aim of this study is: (1) reducing the onshore wind turbine foundation costs for 

poor soil by using a new foundation system instead of piled raft, and (2) checking the dynam-

ic response of the new foundation system. 

As expected the overall weight of wind turbine supporting structure components is reduced 

due to minimizing the costs. Moreover, the wind turbine supporting structure will be more 

sensitive to dynamic loads. In addition, soft soils have an influence on the dynamic response 

of the whole structure system. One of the methods that are used to analyze the soil-structure 

interaction effects is the finite-element method taking the entire system (structure, foundation 

and soil) into account. A dynamic FE analysis is presented in this study. 

Initially, Gothenburg is considered as one of the best areas with good wind speed to build a 

wind farm in Sweden. Unfortunately, Gothenburg area has soft clay layer from the ground 

surface down to 40 m. The problem of soil containing deep clay layers is found in many cities 

around the world. Examples of cities are London in England, Frankfurt in Germany, Port-Said 

in Egypt and Taipei in Taiwan. The main conclusion from lots of studies is that the classical 

foundation solution for soil with poor properties is using a piled foundation. It is expected that 

the foundation cost percentage will increase a lot if the soil has poor geotechnical properties. 

Therefore, new solutions may be advantageous economically instead of using piled raft. 

A study on cost-benefit analysis of wind energy showed that onshore wind turbine founda-

tion without piling make up about 3% of the total costs [11]. Another study showed that on-

shore wind turbine supporting structures costs approximately 1% to 9% of the total costs [13]. 

Considering a piled foundation on the other hand an economic evaluation was made in [6] that 

showed that the major cost was the wind turbine itself 60% and the piled foundation 28.3%.  

According to [2] soil-structure interaction had a significant effect for soils which have 

shear wave velocity lower than 750 m/s and this effect could lead to reduction in response. A 

study on soil-structure interaction for wind turbine showed that considering soil-structure in-

teraction is very a vital aspect in order to make it possible stay away from entering the reso-

nance range [7]. According to [3] depending on the output power capacity of the wind 

turbines, the rotational speeds range for blades are from 30 to 60 rpm, which correspond to 

maximum operational frequencies from 0.5 to 1 Hz. Moreover, these operational frequencies 

are close to the soil–structure natural frequency range [3].  

In this work a parametric study of cost and behavior of two foundation solutions, a circular 

raft surrounded by a water tank and a piled raft, are performed. The load conditions are based 

on usual loads for a 2 MW wind turbine considering Gothenburg ground conditions. 

2 MATERIAL PROPERTIES AND LOADS 

The main characteristics of soil and load sets will be illustrated in this section. The ge-

otechnical material model adopted in this study is the Mohr-Coulomb model [9]. The soil pa-

rameter values of the soil can be seen in Table 1. The values are from an actual case and 

Poisson’sratioofthesoilequalss = 0.3 based on [8]. The backfilled soil (γ =18 kN/m
3
) is 

assumed to be up to natural ground level. 

Two sets of loads are given; serviceability limit state (SLS), and ultimate limit state (ULS) 

loads for Vestas V90-2.0 MW wind turbine. Each set contains a vertical load N, a horizontal 

load H, a bending moment M and a torsion moment Mz. A three-bladed turbine with a blade 
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length of 44 m which gives a rotating diameter of 90 m (wind catching area is of 6362 m2) is 

used [14]. The wind turbine tower height is 80 m [12]. The load sets is presented in Table 1 

based on [12], while the definitions of the loads can be seen in Figure 1. Fatigue is not includ-

ed in this study. 

Table 1 Material properties and loads  

I. Soil Parameters 

Description 
depth 

Z (m) 

Unit weight 

γ(kN/m
3
) 

Young’smodulus 

E (KPa) 

Internal 

friction 

angle 

Ǿ(  ) 

Cohesion 

c’ ( KPa ) 

Soft clay 40 17 5000 30 1 

II. Reinforcement concrete material parameters 

Concrete class is C30/37 Reinforcement 

Young's 

modulus 

Eb (kN/m
2
) 

Poisson's ra-

tio νb      

Unit weight 

γb  (kN/m
3
)        

Yield stress 

fyk (MPa)               

Design Yield 

stress fs (MPa) 

Young’s

modulus Es 

(GPa)    

3.3 * 10
7
   0.2            25 500 435 200 

III. Tower loads, characteristic values 

Load set 
Type of limit 

state 

Load set 

N (kN) H (kN) M (kNm) Mz (kNm) 

I SLS 3510 482 35108 303 

II ULS 3510 797 63825 1642 

 
 

Figure 1  Definition of load denotations [10] 

3 FOUNDATION DESCRIPTION 

The analysis was carried out for two types of foundation solutions as shown in Figure 2 

and Figure 3. It is a piled raft and the new solution is a circular raft surrounded by a water 

tank. The aim is to check the validity of using a circular raft surrounded by a water tank on a 

poor soil that contains deep soft clay layer as an alternative to using a piled raft. The new so-

lution is expected to be less expensive in order to pass requirements on settlement and differ-

ential settlement. 

Mz 

M 
H 

N 

0.6 m 
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3.1 Piled raft 

A piled raft is a raft foundation that has piles to reduce the settlement. The raft foundation 

and the piles are designed to cooperate to ensure that the settlement does not exceeded the al-

lowable settlement value. The following characteristics were kept constant in all analysis cas-

es: raft diameter D is equal 22.5 m. square piles are placed below the surface foundations, 

with apile= 1.0 m and pile spacing s = 2.4 m. Piles are located symmetrically along one ring 

with Dring = 18.5 m. However, the analysis was carried out for variations in one foundation 

variable, namely pile length Lp = 16, 20, 24 and 28 m. Figure 2 shows the geometry and di-

mensions of the piled raft. 

 
Figure 2  Piled raft 

 

3.2 Circular raft surrounded by a water tank 
 

For a circular raft with a water tank, the idea is to use water as a load to give a stabilizing 

moment to resist the overturning moment. The reason for using water is the ease of moving 

water with wind turbine movement. The water tank is divided into four parts and only one or 

two parts will contain water and all parts are connecting with an active system to move water 

between parts, see Appendix. To get a big resistant moment with light weight (water load), a 

big water volume must be used. Figure 3 shows more details of the geometry and dimensions 

of the circular raft foundation surrounded by a water tank that are used in this study. 

The following characteristics were kept constant in all analysis cases: circular raft diameter 

D equal to 14.5 m, total thickness of the inner part t = 2.50 m and the diameter of upper cylin-

der equal to D2 = 5 m. Vertical tank wall thickness increase from 0.25 m in the upper part to 

0.75 m for Htank = 5.0 m in the lower part, the upper slab thickness is 0.25 m and the lower 

slab thickness is 0.75 m. However, the analysis was carried out for variations in one founda-

tion variable, namely the tank width Btank = 4.0 and 5.0 m. 

  

S 

D - 4 m 

D 

D2 = 5 m 

t = 2.5m 

Lp 

D = 22.5 m 

(a) 
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Figure 3   (a) Circular raft surrounded by a water tank, (b) Vertical section for a circular raft, and (c) Vertical 

section for a water tank 

 

4 FE MODEL  

A three dimensional finite element model of the foundation-soil system was created using 

ABAQUS [4]. For the soil model, the computational region chosen is 100*100*50 m where 

the depth in z direction is 50 m. C3D20R element was selected using a fine grid around the 

raft and a coarse grid for the far field. The geotechnical material model adopted in this article 

is the Mohr-Coulomb model [9] with parameters according to Table 1. Full interaction was 

assumed between the soil and the half of the foundation (the compression side) and surface 

contact interaction was used between the foundation and the soil in the other half (the tension 

side) to allow the foundation to elevate without any tension at the interface. 
 

4.1  FE verification for the shallow foundation 

One case was studied and compared with the results in figure 5.10 on Svensson work [12]. 

Svensson analyzed a circular raft on moraine soil using 2D FE model in Plaxis and showed 

that the tilting for a circular raft on moraine soil equal to 1.25 cm, the maximum settlement 

equal to 1.3 cm and the minimum settlement is 0.05 cm. In this study, 3D FE model is estab-

lished in Abaqus with the same foundation dimensions and soil properties. For the soil model, 

the computational region chosen is 100*100*50 m where the depth in z direction is 50 m. The 

t = 2.5 m 

D 

D2 = 5 m 

(a) 

Water tank 

Circular raft 

0.25 

0.75 

0.25 

0.75 

(c) 

Btank 

Htank 

t = 2.5 m 

D =14.5 m 

5.00 m 

(b) 

1.25 m 

1.00 m 
0.25 m 
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FE model result is: tilting equal to 1.13 cm with 9.6% deviation, the maximum settlement 

equal to 1.24 cm and the minimum settlement is 0.11 cm. 

 

4.2  FE verification for the deep foundation 

One case was studied and compared with the results in Figure 9 and Figure 12 on Abdel 

Glil work [1] for raft thickness equal to 1.1 m, pile length is 24 m, pile spacing is 2 and pile 

diameter equal to 0.5 m. Abdel Glil calculates the maximum and differential settlements by 

using ELPLA software. Abdel Glil calculates the maximum settlement (12.6 cm) and the dif-

ferential settlement (1.89 cm) [1]. In this study, 3D FE model is established in Abaqus with 

the same foundation dimensions and soil properties. For the soil model, the computational re-

gion chosen is 100*100*50 m where the depth in z direction is 50 m. The FE model result is: 

deferential settlement equal to 2.13 cm with 11.3% deviation, the maximum settlement equal 

to 13.36 cm with 5.7 % deviation. 

5 SETTLEMENT AND DIFFERENTIAL SETTLEMENT 
 

As mentioned above, the maximum settlement and differential settlement (ΔS=Smax –Smin) 

for the new system is tested considering specifically the poor ground properties near Gothen-

burg city, Sweden and compared with a piled raft. Table 2 presents differential settlement and 

the reduction of differential settlement values for a circular raft surrounded by a water tank 

and a piled raft. The reduction of differential settlement Hs, which is given by: 

Hs = [1 - (ΔSrwt / ΔSpr)] . 100                                               (2) 

where ∆Srwt is the differential settlement of the circular raft with a water tank, and ∆Spr is the 

differential settlement of the piled raft. Figure 4 shows maximum and minimum settlements 

for the circular raft surrounded by a water tank and the piled raft. 

Table 2 Differential settlement (cm) and the reduction of differential settlement 

Btank 
 Lp =16 m Lp =20 m Lp =24 m Lp =28 m 

ΔSrwt ΔSpr Hs % ΔSpr Hs % ΔSpr Hs % ΔSpr Hs % 

4 m 2.76 
3.76 

26.6 
3.29 

16.1  
2.78 

0.72 
2.27 

-21.6 

5 m 1.57 58.2 52.2 43.5 30.8 
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Figure 4   Maximum and minimum settlement for piled raft and circular raft with a water tank 

From Table 2 and Figure 4, it can be concluded that  

 Using a water tank surrounding a circular raft decreases the differential settlement 

compared to a piled raft.  

 Using a circular raft surrounded by a water tank with Btank = 5 m decreases the differ-

ential settlement by 30% compared to a piled raft with pile length Lp = 28 m. 

 Using a circular raft surrounded by a water tank with Btank = 5 m increases the maxi-

mum settlement by 26% compared to a piled raft with pile length Lp = 28 m but it is 

lower than the allowable settlement for shallow foundation. 
 

6 COST COMPARISON BETWEEN THE FOUNDATION SYSTEMS 

The analysis is carried out to calculate the cost of reinforcement concrete, water system 

and pilling for spread footing surrounded by water tank and piled raft. For reinforcement in 

piles, the calculation use 12 bars Ø 16 mm have to provide in a regular pattern and 125 mm 

for lateral tie spacing.  Table 3 shows comparison between the foundation systems. The com-

parison is depending on estimate cost comparison according to [10] and Peter Alheid (Geo-

constructor at Hercules Grundläggning AB).   
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Table 3 Cost comparison between raft surrounded by water tank and piled raft 

 

Piled raft Circular raft surrounded by a water tank 

Cost in 

Sweden 

(USD) 

Volume of Rein-

forcement concrete  

(m
3
) 

670.4 1002 230/m
3
 

Steel weight (tons) 48 57.5 2167/ton 

Pile (drilling + mate-

rial) (m) 
672 0 893/m 

Excavation (m
3
) 994 1945 17/m

3
 

Water system  0 8 motors + 12 pipes + 128 electric valves 208000 

Total Cost (USD) 876546 596128 

From Table 3, by using the new foundation system in Gothenburg region the foundation 

cost decreases by 32 % compared to using piled raft with pile length of 28 m and square pile 

of 1.0 meter square. 

7 DYNAMIC ANALYSIS 

Wind turbine supporting structure systems are sensitive to dynamic loading conditions. 

Figure 5 shows a summary of the typical forcing frequencies applied to a Vestas V90-2MW 

wind turbine system [14]: the 1P frequency means the rotational frequency of the turbine, and 

the 3P frequency means the blade-passing frequency. A summary of the engineering proper-

ties of the turbine is presented in Table 4. 

 

Figure 5   Forcing frequencies plotted against power spectral density for Vestas V90-2.0 MW wind turbine. 

 

 

 

 

Stiff-Stiff Soft-Stiff 

3P 

Blade passing 

Frequency 

1P 

Rotor 

frequency 
Soft-Soft 

0.146 Hz 0.744 Hz 0.248 Hz 0.438 Hz 
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Table 4   Turbine Properties. 

Property value 

Rated power 2.0 MW 

Cut-in wind speed 4 m/sec. 

Rotor diameter 90 m 

Tower height 80 m 

Lower section diameter 4.15 m 

Top section diameter 3.15 m 

Tower wall thickness 22 mm 

Tower mass 156 t 

Nacelle mass 68 t 

Rotor mass 38 t 

A full 3D finite element model of the tower-foundation-soil system was created using 

ABAQUS [4]. Initially, the soil, foundation and tower were modeled using quadratic 3D 

stress elements (C3D20). Infinite element (CIN3D12) was used for soil boundary. Nacelle, 

rotor and blade masses modeled using mass point, see Figure 6. In this case, steady- state dy-

namics step, which can be used to analyze linear problems, have been used to calculate the 

first and the second natural frequency for the whole system by putting harmonic loads in three 

directions at the top of the tower and seeing the response at many points. 

 

Figure 6   Meshed 3D model using Infinite elements as a boundary condition 

Table 5 presents the frequencies for the first and second mode of vibration obtained from 

the dynamic analysis for a circular raft surrounded by a water tank, and a piled raft with Lp = 

28 m. The results show that the structure-foundation-soil system, using the new foundation 

system, successfully avoids resonance during the rotor excitations. 
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Table 5 Frequencies and periods of vibration 

For a circular raft with a water tank 

Mode of 

vibration 

Frequency 

(Hz) 

Frequency 

+10% 

(Hz) 

Frequency 

-10%  

(Hz) 

Period of 

vibration (s) 

Rotor fre-

quency (Hz) 

Blade pass-

ing frequen-

cy (Hz) 

1 0.3 0.33 0.27 3.33 
0.146-0.248 0.438-0.744 

2 1.08 1.188 0.972 0.93 

For a piled raft with Lp = 28 m 

1 0.38 0.418 0.342 2.63 
0.146-0.248 0.438-0.744 

2 1.23 1.353 1.107 0.81 

8 CONCLUSIONS 

In this work, a new solution is developed to decrease the cost of wind turbine foundations 

for poor soils. Using a water tank surrounding the raft decreases the cost and differential set-

tlement problems compared to using a piled raft. Considering specifically the poor ground 

properties near Gothenburg city, the whole foundation cost for a circular raft surrounded by a 

water tank was compared to an ordinary piled raft. In this analysis actual costs were deter-

mined considering local Swedish construction cost levels. The results revealed that using the 

new foundation system in Gothenburg city region can decrease the foundation cost by 32% 

compared to using a piled raft with pile length of 28 m and square piles of 1.0 m side. Differ-

ential settlement problem is one of the biggest challenges for designing wind turbine founda-

tions for poor soils. Using a circular raft surrounding by a water tank with Btank = 5 m 

decreases the differential settlement by 30% compared to a piled raft with pile length Lp = 28 

m. However, the settlement increases by 26% compared to a piled raft with pile length Lp = 

28 m but is still lower than the allowable settlement value for a shallow foundation. Secondly, 

the effect of dynamic loads was also investigated and the results showed that the structure-

foundation-soil system, using a circular raft surrounded by a water tank, successfully avoids 

resonance during the rotor excitations. 
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Appendix 

Water movement system  

The water system depends on 8 motors and 15 pipes (10 inches)  with electric valves bur-

ied in the tank lower slab, the system is designed with 7 working motors and one motor is for 

safety to move the half volume of water and pipes will move the other half, see Figure 7. Ac-

cording to [5] required motor horsepower is calculated from the following equation:  

Motor HP = ρ g Q H / µ 

where: ρ is water density (Kg/m
3
), Q is water discharge (m

3
/s), H is the total head (m), g is the 

acceleration due to gravity (m/s
2
) and μ is motor efficiency (μ = 0.8). 

Water system design is carried out for some constant values such as tank width Btank = 5.0 

m, tank depth Dtank = 5 m and water volume = 275 m
3
. Between all parts there are two pipes 

to move air from the part which is intended to be filled to the other part which is intended to 

be emptied. Water movement will depend on rotor hub position which depends on wind direc-

tion in Gothenburg city. Figure 8 shows the reference line and angles which used to move wa-

ter from one part to the other parts. Table 6 presents the location of the water according to the 

rotor hub position. Control system for the water movement system deals with wind direction 

and wind speed sensors that used in yaw system in wind turbines. This system needs 7 motors 

(with flow rate equal 0.33 m
3
/s) to move half of the water volume in one minute from one part 

to the other parts.  

 
Figure 7   Water movement system between water tank parts 
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Figure 8  Reference line and angles used to move water from one part to the other parts 

 

Table 6 Location of the water according to rotor hub angle with the R.L. 

Rotor hub angle with the R.L. Water position 

0.00 to 22.5 & 337.5 to 360 Part 1 

22.5 to 67.5 Part 1 + Part 2 

67.5 to 112.5 Part 2 

112.5 to 157.5 Part 2 + Part 3 

157.5 to 202.5 Part 3 

202.5 to 247.5 Part 3 + Part 4 

247.5 to 292.5 Part 4 

292.5 to 337.5 Part 4 + Part 1 

 

  

Part 1 

Part 2 

Part 4 

Part 3 22.5° 

45° 

45° 

45° 

45° 

45° 

45° 

45° 

22.5° R.L 
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Abstract. This paper presents a numerical method based on a three dimensional boundary

element-finite element coupled formulation in the time domain. The proposed model allows

studying soil-structure interaction problems. The soil is modelled with the boundary element

method, where the radiation condition is implicitly satisfied in the fundamental solution. Lay-

ered half-space Green’s function including internal material damping is considered as the fun-

damental solution because of the influence of soil stratification on soil-structure interaction

problems is large. This fundamental solution is computed from the exact expressions for the

response in the underlying half-space and from a modal solution for the layers. The finite ele-

ment method is used to represent the structure. In this paper the proposed method is validated

by comparison with analytical and numerical results, and an experimental study is done. After-

wards, the dynamic behaviour of a building subjected to an incident wave field is studied.
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1 Introduction

The response of a soil domain to external loads, earthquakes or moving trains, the response

of structures to ground-borne waves, and the response of foundations due to static and dynamic

loads are some of the problems where soil-structure interaction (SSI) is important [1]. The

Boundary Element Method (BEM) and the Finite Element Method (FEM) can be coupled to

study SSI problems rigorously. The semi-infinite character of the soil and the Sommerfeld ra-

diation condition [2] are accurately considered by the BEM [3]. Non-linear dynamic behaviour

of structures can be represented from the FEM [4].

BEM models are based on full-space or half-space fundamental solutions. Frequency domain

models have been proposed from full-space [3, 5], and from homogeneous and horizontally

layered half-space fundamental solutions [6, 7]. Time domain models have been developed by

full-space [8] and, recently, from homogeneous half-space fundamental solutions [9, 10]; but

time domain models based on layered half-space fundamental solutions have not been presented

yet.

SSI problems can be studied by numerical models based on a full-space fundamental solu-

tion. In this case, an additional discretization of the free field around the soil-structure interface

and the discretization of the soil layers are required. The first previously mentioned numeri-

cal problem does not appear using a homogeneous half-space fundamental solution since the

free field condition is implicitly satisfied, although the discretization of the soil layers is still

necessary. Therefore, the computational effort solution could be dramatically increased. Both

numerical problems are solved using a layered half-space fundamental solution: soil discretiza-

tion is limited to soil-structure interfaces.

Shear, dilatational and Rayleigh waves are not dispersive, and their phase velocities are not

frequency dependent in the case of a homogeneous half-space. However, the wave propaga-

tion in a layered half-space is dispersive, i.e., the wave propagation velocities depend on the

frequency. Therefore the influence of soil stratification on soil-structure interaction problems is

large. BEM-FEM frequency domain models are frequently used to study SSI problems. Kaynia

and Kausel [11] studied horizontal and vertical stiffness and damping of piles and piles groups

in homogeneous and layered half-spaces. Lombaert et al. [12] demonstrated that soil stratifica-

tion has a considerable influence on both the peak particle velocity and the frequency content

of the free field vibrations due to road traffic. Auersch [13, 14] concluded from theoretical and

experimental results that the dynamic response of the railway track is strongly influenced by

the underlying soil. François et al. [15] and Galvı́n et al. [16] studied the response of a tunnel

embedded in a half-space and the influence of the stratification on the tunnel-soil interaction

problem.

The soil stratification is normally disregarded when the time domain formulation is consid-

ered. Then, the soil is modelled as an equivalent homogeneous half-space. Rizos and Wang

[17] studied the dynamic behaviour of a flexible structure on a rigid foundation. Bode et al. [9]

analysed the dynamic response of a railway track due to a moving wheel set by demonstrating

the influence of the soil-track interaction. Galvı́n et al. [18] developed a numerical model for

the analysis of vibrations due to train traffic and their effects on nearby structures. Romero et

al. [8] analysed the soil-foundation interaction accounting for non-linear soil-structure contact.

Galvı́n and Romero [10] studied a soil-structure interaction problem concerning with a building

subjected to different incident wave fields.

The present paper proposes a time domain BEM-FEM methodology using the layered half-

space fundamental solution presented by Park and Kausel [19, 20]. This solution is computed
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from the exact expressions for the response in the underlying half-space and from a modal

solution for the layers. The proposed model allows easily considering soil stratification and

material damping.

The paper is organized as follows. Firstly, the layered half-space fundamental solution is

discussed. Afterwards, the BEM-FEM formulation based on the previous solution is described

emphasising in the integration of the Green’s function. Then, the proposed model is numeri-

cally verified. Afterwards, an experimental study using the proposed methodology is presented.

Finally, the dynamic behaviour of a building subjected to an incident wave field is numerically

studied.

2 Layered half-space fundamental solution

In this work, the horizontally layered half-space fundamental solution proposed by Park

and Kausel [19, 20] is analysed. The fundamental solution is obtained directly in the time

domain. It avoids the numerical problems associated with resonances in the layers. Figure 1

shows schematically the problem geometry, where r is the distance between the observation

point and the source, and φ is the azimuth angle. The solution for displacements is a second

order tensor, g(x, t; xi), that relates displacements at a point x due to a load applied at xi. The

tensor component glk represents the k displacement component due to a load applied according

to direction l. A point load with a time variation according to a Heaviside function H(t) is

considered in this work. It results advantageous for the analytical computation of the BEM time

integrals as can be seen in Section 3.

φ

φ

yy

x

x

uruφ

ur
uφ

uz

z

cp1,cs1,ρ1,h1

cpi,csi,ρi,hi

cpH ,csH ,ρH

r

r

Figure 1: Problem geometry.

The proposed methodology is based on coupling the exact Green’s function for a half-space

formulated in the wavenumber-time domain [21], with a modal solution for the layers [19, 20].

This topic is briefly summarized in this section.

A homogeneous half-space of mass density ρH , damping ratio ξH , shear-wave velocity csH ,

and dilatational-wave velocity cpH is considered. The displacements in direction k in the half-

space at a point due to a load applied at the origin of the cylindrical coordinate system in
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direction l are the following [21, 22]:

grrH(r, z, t) =

∫

∞

0

1

2π
H(t)G̃δ

xxH(kx, z, t)kJ0(kxr)dkx− (1)

1

r

∫

∞

0

1

2π
H(t)

[

G̃δ
xxH(kx, z, t)− G̃δ

yyH(kx, z, t)
]

J1(kxr)dkx (2)

grzH(r, z, t) =
−1

i

∫

∞

0

1

2π
H(t)G̃δ

xzH(kx, z, t)kx
∂

∂kxr
J0(kxr)dkx (3)

gθθH(r, z, t) = −

∫

∞

0

1

2π
H(t)G̃δ

yyH(kx, z, t)kxJ0(kxr)dkx− (4)

1

r

∫

∞

0

1

2π
H(t)

[

G̃δ
xxH(kx, z, t)− G̃δ

yyH(kx, z, t)
]

J1(kxr)dkx (5)

gzrH(r, z, t) = −
1

i

∫

∞

0

1

2π
H(t)G̃δ

zxH(kx, z, t)kxJ1(kxr)dkx (6)

gzzH(r, z, t) =

∫

∞

0

1

2π
H(t)G̃δ

zzH(kx, z, t)kxJ0(kxr)dkx (7)

being Jn the Bessel function of the first kind and order n, and G̃δ
yyH and G̃δ

mnH are defined as:

G̃δ
yyH(kx, z, t) =

e−ξHkxcsH t

csHρH
J0

(

kxcsH

√

1− ξ2H
√

t2 − t2s

)

(8)

G̃δ
mnH(kx, z, t) =

e−ξHkxcsH t

csHρH
[Rmn(kx, z, t))−Bmn(kx, z, t)] m,n = x, z (9)

where Rmn(kx, z, t) is the Rayleigh pole term, Bmn(kx, z, t) is a branch-cut integral [21], and δ
means response to an impulsive load.

Park and Kausel [21] separated the branch-cut integrals in three intervals: 1 →
√
2,
√
2 → a,

and a→ ∞, where a = cpH/csH . Moreover, they replaced the kernels by their asymptotes from

3a. Thus, they computed the branch-cut integrals from the sum of their values in the following

intervals: 1 →
√
2,
√
2 → a, a→ 3a, and 3a→ ∞.

In this work, it is proposed to separate the branch-cut integrals in two intervals to reduce

computational time: 1 → a and a→ ∞. The kernels are also replaced by their asymptotes but,

in the present methodology, from 5a. Therefore, the branch-cut integrals are evaluated from the

sum of their values in the intervals: 1 → a, a → 5a, and 5a → ∞. The kernels of the integrals

are expressed in a dimensionless form, and the integrals from 1 → a, and from a → 5a,

are numerically evaluated and saved in a table. The integrals from 5a → ∞ are analytically

evaluated. This methodology allows to compute the branch-cut integrals with a numerical error

lower than 0.25%.

The response of the layered half-space in the wavenumber-time domain for a point located

at the layers is obtained as [19, 20]:

g̃kl(kx, z, t) = G̃klL(kx, z, z
′, t) ∗

1

2π
H(t)− G̃klL(kx, z, 0, t) ∗ τ̃(kx, t) (10)

where G̃klL(kx, z, z
′, t) is the response of the layer at z due to an Heaviside load applied at z′,

τ̃(kx, t) are the tractions at the bottom interface which coincides with the top of the half-space,

and ∗ means time convolution process. The origin of coordinates, i.e. z = 0, is placed at the

top of the half-space.
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The Green’s functions for the layers G̃klL(kx, z, z
′, t) are obtained from a modal superposi-

tion with the normal modes of the layer:

G̃klL(kx, z, z
′, t) =

∞
∑

j=1

e−ξjLωjLt
sinωdjLt

ωdjL

φjL(kx, z)φjL(kx, z
′) (11)

The characteristic modal frequencies ωjL and the corresponding modal shapes φjL are computed

by making use of the Thin-Layer Method (TLM). The damped modal frequency is obtained

from ωdjL = ωjL

√

1− ξ2jL, where ξjL is the damping ratio of the layer.

Tractions at the bottom interface τ̃(kx, t) are obtained from the compatibility of displace-

ments and equilibrium of forces at z = 0, i.e., the interface between the layer and the half-space.

The response at the interface of the half-space is computed as:

g̃kl(kx, 0, t) = g̃klH(kx, 0, t) ∗ τ̃(kx, t) (12)

The response at the bottom interface of the layer can be obtained from:

g̃kl(kx, 0, t) = G̃klL(kx, 0, z
′, t) ∗

1

2π
H(t)− G̃klL(kx, 0, 0, t) ∗ τ̃(kx, t) (13)

Equations (12) and (13) allow to evaluate the tractions τ̃(kx, t). Finally, the response in the

space-time domain is obtained from the inverse Hankel transform as [19, 20]:

grr(r, z, t) =

∫

∞

0

1

4π
(g̃xx(kx, z, t) + g̃yy(kx, z, t))kxJ0(kxr)dkx− (14)

∫

∞

0

1

4π
(g̃xx(kx, z, t)− g̃yy(kx, z, t))kxJ2(kxr)dkx (15)

grz(r, z, t) = −i

∫

∞

0

1

2π
g̃xz(kx, z, t)kxJ0(kxr)dkx (16)

gθθ(r, z, t) = −

∫

∞

0

1

4π
(g̃xx(kx, z, t) + g̃yy(kx, z, t))kxJ0(kxr)dkx− (17)

∫

∞

0

1

4π
(g̃xx(kx, z, t)− g̃yy(kx, z, t))kxJ2(kxr)dkx (18)

gzr(r, z, t) = −i

∫

∞

0

1

2π
g̃zx(kx, z, t)kxJ1(kxr)dkx (19)

gzz(r, z, t) = i

∫

∞

0

1

2π
g̃zz(kx, z, t)kxJ0(kxr)dkx (20)

Integration kernels appear in Equations (14-20) are smooth and they have not any singularities.

The time step should be shorter than the shortest characteristic period of the system layers for

stable computations [19, 20].

The fundamental solution is computed considering the cylindrical coordinate system as:

gcyl(r, z, t) =





grr 0 grz
0 gφφ 0
gzr 0 gzz



 (21)

Equation (21) represents an antisymmetrical second order tensor. The fundamental solution in

the cartesian coordinate system is obtained transforming the Equation (21) as follows:

g(x, y, z, t) = Ωgcyl
Ω

T (22)
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where Ω is the transformation matrix from cylindrical to cartesian coordinate system:

Ω =





cosφ sinφ 0
− sinφ cosφ 0

0 0 1



 (23)

Following, the response of a homogeneous and a layered half-space due to a Heaviside point

load is studied to validate the proposed methodology. Since analytical solutions of both prob-

lems are not available, the MATLAB toolbox EDT 2.1 [26, 27] based on the direct stiffness

method [6] in the wavenumber-frequency domain is used to validate the results obtained from

the proposed methodology. Moreover, numerical results are also verified by comparison with

the explicit displacement solution for a Heaviside load applied at the surface of a homogeneous

elastic half-space presented recently by Kausel [23].

First, a homogeneous half-space was assumed with the following properties: cpH = 300m/s,

csH = 150m/s, ξH = 0.05, and ρH = 2000 kg/m3. Figure 2 shows the fundamental solution

for displacements at the half-space surface at distance r = 10m from the source. The response

shows an initial perturbation at the arrival time of the P-wave (t = r/cpH) which it can be

clearly identified in the Figures 2.(a,b) where a horizontal load is considered. The maximum

displacement is reached between the arrival time of S-wave (t = r/csH) and the arrival time of

Rayleigh wave.

The agreement between the computed results and those obtained from EDT 2.1 toolbox [26]

is quite good. The mismatches with the analytical solution [23] are due to the internal soil

damping induces a smoother behaviour around the different arrival time of the waves.
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Figure 2: (a) Radial and (b) tangential, and (c) vertical and (d) radial displacements due to a (a,b) horizontal and

(c,d) vertical Heaviside load applied at the surface of a homogeneous half-space for a point located at the surface

at r = 10m from the source: analytical solution [23] (grey line), EDT 2.1 toolbox [26] (black line) and proposed

methodology (black circles).
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Next, the response of a layered half-space is studied. A layer with a thickness hL = 5m,

and cpL = 300m/s, csL = 150m/s, ξL = 0.05, and ρL = 2000 kg/m3, on top of a half-space

with cpH = 600m/s, csH = 300m/s, ξH = 0.05, and ρH = 2000 kg/m3 is considered. Figure

3 shows the displacements at a point of the soil surface due to horizontal and vertical loads,

and they are compared with the analytical solution for a homogeneous half-space with the same

properties that the upper layer of the soil. The mismatches between the numerical results can

be neglected. It can be observed in Figure 3 the influence of the soil stratification on the wave

propagation from the comparison with the analytical solution for a homogeneous half-space.
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Figure 3: (a) Radial and (b) tangential, and (c) vertical and (d) radial displacements due to a (a,b) horizontal and

(c,d) vertical Heaviside load applied at the surface of a layered half-space for a point located at the surface at

r = 10m from the source: analytical solution [23] (grey line), EDT 2.1 toolbox [26] (black line) and proposed

methodology (black circles).

3 Boundary element formulation

This section presents the three-dimensional (3D) boundary element formulation in time do-

main based on the half-space fundamental solution previously developed. The integral repre-

sentation of the displacement ui for a point i on the soil surface at time t, with zero body forces

and zero initial conditions can be written as [3]:

cilku
i
k(x

i, t) =

∫ t+

0

∫

Γ

u∗lk(x, t− τ ; xi)pk(x, τ)dΓdτ

−

∫ t+

0

∫

Γ

p∗lk(x, t− τ ; xi)uk(x, τ)dΓdτ

(24)

where uk and pk stand for the k component of the displacement and traction, respectively;

u∗lk(x, t − τ ; xi) and p∗lk(x, t − τ ; xi) are the half-space fundamental solution displacement and
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traction tensors, respectively, at point x due to an impulsive load applied at xi in l direction.

The integral-free term cilk depends only on the boundary geometry at point xi, and its value is

unitary at the soil surface for a smooth boundary. For non-smooth boundaries cilk is computed

as presented in Reference [24].

Half-space fundamental solution for an impulsive load is derived from the solution for a

Heaviside load as:

u∗lk(x, t; xi) =
∂glk(x, t; xi)

∂t
(25)

p∗lk(x, t; xi) =
∂flk(x, t; xi)

∂t
(26)

where the traction solution, flk, is evaluated using the constitutive law for a linear elastic, ho-

mogeneous and isotropic solid by computing the spatial derivatives of the Green’s function.

Displacements and tractions over the boundary are approximated at the time step t = n∆t
from their nodal values umj

k and pmj

k , using the space interpolation functions φj(r) and ψj(r),
and the time interpolation functions ηm(τ) and µm(τ) as:

cilku
i
k(x

i, t) =
n

∑

m=1

Q
∑

j=1

{[

∫

Γj

∫

∆tm

u∗lk(x, t− τ ; xi)µmdτψj dΓ

]

pmj

k

−

[

∫

Γj

∫

∆tm

p∗lk(x, t− τ ; xi)ηmdτφj dΓ

]

umj

k

}
(27)

where Q is the total number of boundary nodes and Γj represents the elements to which node j
belongs.

Time kernels in Equation (27) are analytically integrated using constant and linear piecewise

time interpolation functions µm(τ) and ηm(τ) for tractions and displacements, respectively:

Unm
lk =

∫

∆tm

u∗lk(x, t− τ ; xi)µmdτ

= glk(x, [n−m+ 1]∆t; xi)− glk(x, [n−m]∆t; xi)

(28)

P nm
lk =

∫

∆tm

p∗lk(x, t− τ ; xi)ηmdτ = 1/∆t
{

Flk(x, [n−m+ 1]∆t; xi)

−2Flk(x, [n−m]∆t; xi) + Flk(x, [n−m− 1]∆t; xi)
}

(29)

where F(x, t; xi) is the time integral of the traction tensor f(x, t; xi).
After interpolating the boundary variables, the integral equation (27) becomes:

cilku
i
k(x

i, t) =
n

∑

m=1

Q
∑

j=1

{[

∫

Γj

Unm
lk ψj dΓ

]

pmj

k −

[

∫

Γj

P nm
lk dτφj dΓ

]

umj

k

}

(30)

Equation (30) is written in a more compact form as:

cilku
ni
k =

n
∑

m=1

Q
∑

j=1

[

Gnmij

lk pmj

k − ̂Hnmij

lk umj

k

]

(31)
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Once the integral-free term cilk is included in the system matrix, the integral representation for

point i at time t = n∆t becomes:

Hnnun = Gnnpn +
n−1
∑

m=1

[Gnmpm − Hnmum] (32)

where Hnmij

lk collects for cilk when i = j and n = m.

In this work nine-node rectangular quadratic boundary elements are used. Identical space

interpolation shape functions φj(r) and ψj(r) are assumed. The spatial integration is done only

in those parts of an element under the effects of the fundamental solution waves, according to

the causality condition of each term of the fundamental solution [25]. Each side of the element

is divided into equal parts in the natural coordinate domain yielding an element subdivision.

Equation (32) yields a system of equations that is solved step by step to obtain the time

variation of displacements and tractions at the boundary. After boundary unknowns are solved,

the radiated wave field un
r at any internal point or at the free field is computed by means of the

integral representation of the Somigliana identity:

un
r =

n
∑

m=1

(

Gnm
r pm − ̂H

nm

r um
)

(33)

where Gnm
r and ̂H

nm

r are the boundary element matrices computed considering only domain

point as source points.

The proposed BEM formulation is verified analysing the response of a homogeneous and

a layered half-space due to a vertical impulsive point load. The half-space’s properties were

indicated in Section 2.

Figure 4 shows the vertical and radial response due to a impulsive vertical load at a point of

the half-space surface at r = 10m from the source. In this figure can be observed the dispersive

character of the wave propagation in the layered half-space mainly for the response at times

higher than t = r/csL. The agreement between the computed results and those obtained from

EDT 2.1 [26] toolbox is again quite good.

4 Coupled BEM-FEM formulation

This work uses the SSIFiBo toolbox1 for MATLAB previously developed by Galvı́n and

Romero [8, 18, 28]. The SSI problem is decomposed in two subdomains represented by the

BEM and the FEM. The FEM module of the toolbox does not include any pre-processor. In-

stead, a gateway for commercial software allows importing directly the structure model. Cou-

pling of both methods requires that the equilibrium of forces and the compatibility of displace-

ments are fulfilled at the interface between the two subdomains. The coupling is performed

directly and the equations of both subdomains are assembled into a global system of equations.

The FEM equation is solved at each time step following an implicit time integration GN22

Newmark method [4, 29].

5 Experimental study

In this section, the proposed BEM-FEM model is experimentally validated by the measure-

ments recorded at a site located at León, Spain. The dynamic soil characteristics at the mea-

surement site were identified by means of a Spectral Analysis of Surface Waves test (SASW).

1http://personal.us.es/pedrogalvin/ssifibo.en.html
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Figure 4: (a,c) Radial and (b,d) vertical displacement due to an impulsive vertical load applied at the surface of

a (a,b) homogeneous and (c,d) layered half-space for a point located at the surface at r = 10m from the source:

EDT 2.1 toolbox [26] (black line) and proposed method (black circles).

The vertical free field response due to hammer impacts applied to a 0.5m × 0.5m × 0.08m

aluminium foundation was measured using accelerometers located at the soil’s surface (Figure

6.(a)). The load was measured by means of a force sensor in the hammer. Figure 6.(b) shows

one of the accelerometers used to measure the free field response. Figure 5 shows the location

of the aluminium foundation and the measurement line.

3m 3m 3m

p Accelerometer

Foundation

Figure 5: Location of foundation and accelerometers.

The shear wave velocity profile was identified from the SASW test by fitting the computed

dispersion curve to the experimental dispersion curve of the fundamental Rayleigh wave at the

site [30]. The results show that the soil can be represented by a single layer with a thickness

hL = 4.1m and a shear wave velocity csL = 150m/s on a half-space with a shear wave velocity

csH = 495m/s. A value of 1900 kg/m3
is assumed for the density of the layer and the half-
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(a) (b)

Figure 6: (a) Aluminium foundation and impact hammer and (b) accelerometer anchored in the soil surface.

space. Poisson’s ratio has been estimated from the geophysical tests as ν = 0.4. For both, the

layer and the half-space, a value of 0.06 was assumed for the material damping ratio ξ. The

density was estimated from the geotechnical investigation. Its high value could be due to the

soil was saturated. The dynamic soil characteristics are summarized in table 1.

h [m] cp [m/s] cs [m/s] ξ [-] ν [-] ρ [kg/m3]

Layer 4.1 367 150 0.06 0.4 1900

Half-space ∞ 1212 495 0.06 0.4 1900

Table 1: Dynamic soil characteristics.

The SASW test was modelled by the proposed numerical model. Figure 7 shows the dis-

cretization that it was used to compute the vertical soil displacements. The 0.08m thick alu-

minium foundation was represented by 4 eight-node solid elements. The aluminium material

had the following properties: Young’s modulus E = 70 × 109 N/m2, Poisson’s ratio ν = 1/3
and density ρ = 2700 kg/m3. The soil was represented as a layered half-space according to

Table 1. Soil discretization extends only to soil-foundation interface using one nine-node rect-

angular quadratic boundary elements. A time step ∆t = 1 × 10−3 s was chosen according to

the soil properties to ensure the stability of the methodology.

cpL,csL,ρL,hL

cpH ,csH ,ρH ,hH

p(t)

BEM Receivers

FEM

BEM

p(t)

t

Figure 7: Soil-foundation discretization.

Figure 8 shows the experimental and numerical vertical soil displacements at points located
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at the soil surface from 3m to 24m form the foundation. The signal period as well as its

peak value correspond relatively well. However, the agreement between numerical and exper-

imental results is not perfect, and it is required a more comprehensive analysis to explain the

mismatches. Therefore, results in the frequency domain were computed.
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Figure 8: Free field acceleration due to a Ricker pulse: (a) experimental and (b) numerical results.

The transfer function was obtained by the Fourier transform from the numerical and experi-

mental results as [26]:

̂H(r, ω) =
̂A(r, ω)

̂F (r, ω)
(34)

where ̂A(r, ω) and ̂F (r, ω) mean the soil acceleration and the applied load in the frequency

domain.

Figure 9 shows the frequency response function at several points located at the soil surface.

At points located at 3m, 6m and 9m from source, a relatively good agreement was obtained

between the experimental records and the numerical results for frequencies below 70Hz, but the

response was overestimated above 70Hz. At larger distances from the source, the numerical re-

sults underestimates the measured value at the frequency range between 20Hz and 50Hz. This

could be due to uncertain in the dynamic soil properties identification for higher frequencies.

Finally, results in the wavenumber-frequency domain were also obtained. The response in

the wavenumber-frequency domain was computed by a Hankel transform as:

˜H(kr, ω) =

∫

∞

0

̂H(r, ω)J0(kr, ω)rdr (35)

Figure 10 shows the resulting experimental and numerical wavenumber-frequency spectrum
˜H(kr, ω) in terms of the phase velocity ω/kr. The maxima in the wavenumber-frequency spec-

trum are due to the Rayleigh waves and they allow to estimate the dispersion curve. It can

be observed from Figure 10.(a) that the experimental dispersion curve at a range from 12Hz

to 67Hz was well-estimated. However, experimental records at frequencies below 8Hz, and

above 70Hz are affected by noise. Figure 10.(b) shows the numerical wavenumber-frequency

spectrum which it is only correlated with the experimental results in the previously indicated

frequency range.

The mismatches between numerical and experimental results could be explained by this

analysis.

6 Numerical example

In this section, the dynamic behaviour of a framed wall building subjected to a uniform

incident wave field is studied. The analysis of the wave propagation problem is done by decom-
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Figure 9: Free field frequency response function at (a) 3m, (b) 6m, (c) 9m, (d) 12m, (e) 15m, (f) 18m, (g) 21m,

and (h) 24m, from the load: experimental (grey line) and numerical results (black line).

position of the total wave field in two terms: the incident and the scattered fields [3]. The wave

propagation is solved by Equation (32). Once the scattered wave field is obtained, the incident

wave field is superimposed to the radiation problem (Equation (33)).

The dimensions of the studied twelve-storey building were 12m × 12m × 36m (Figure 11).

The structure consisted of eight concrete columns with 0.6m × 0.4m section, four edge beams

with 0.6m×0.2m section, and two framed concrete wall with 2.4m×0.15m section. The floors

were simply supported concrete slabs with a thickness of 0.2m. The floors consist of a two-

dimensional frame with axial stiffness per unit lengthEA = 1.433×109 N/m, bending stiffness
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(a) (b)

0 10.50.25 0.75
Figure 10: Frequency-wavenumber spectrum of the wave field: (a) experimental, and (b) numerical results.

per unit lengthEI = 9.935×106 Nm, and a mass per unit area ofm = 172 kg/m2. The structure

was founded on a 1.0m thick concrete slab. The concrete material had the following properties:

Young’s modulus E = 20× 109 N/m2, Poisson’s ratio ν = 0.2 and density ρ = 2400 kg/m3.

The structural damping was considered by a Rayleigh model [31]. The damping matrix,

C = a0M + a1K, was computed proportional to the mass, M, and the stiffness, K, matrices.

A structural damping, ζ = 5%, was set for the first and second mode shapes. Proportional

constant values were a0 = 0.4193 s−1 and a1 = 0.0042 s.

The structure was discretized by 1248 two-node Euler-Bernoulli beam elements to represent

columns and beams, and 3072 four-node shell elements for considering the floors and the framed

walls. Figure 11.(b) shows the discretization of the building. The element size varies from 0.5m

to 1.25m. This length was enough to represent adequately the structure dynamic behaviour.

A

12
m

10
m

12m

1.5m

x

y

(a) (b)

Figure 11: (a) Building plan geometry and (b) discretization.

Soil discretization extends only to soil-structure interface using 48 nine-node rectangular

quadratic boundary elements. This problem was previously studied by Galvı́n and Romero

[10] considering the soil as a homogeneous half-space. In this paper, two type of soils are
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considered: a homogeneous half-space with cpH = 300m/s, csH = 150m/s, ξH = 0.05, and

ρH = 1600 kg/m3, and a layered half-space with the properties presented in Table 2. A time

step ∆t = 4.50× 10−3 s was chosen according to each soil properties to ensure the stability of

the methodology. Following, the computed results from both cases are compared.

h [m] cp [m/s] cs [m/s] ξ [-] ρ [kg/m3]

Layer 2 300 150 0.05 1600

Half-space ∞ 600 300 0.05 1600

Table 2: Soil properties considered for the foundation of the building.

In this example, the building response due to a uniform incident wave field is analysed. The

incident wave fields corresponded with plane SH propagating along x-axis. The incident waves

induced an uniform acceleration at the soil-structure interface, a(x, t) = 1δ(t)m/s2, where δ is

the Dirac delta function.

Figure 12 shows the time history and frequency content of the horizontal displacement in

the y-direction at the ground, and twelfth floors. Frequency response has been obtained by

applying a direct Fourier Transform to the time history. Results for the observation point A
(Figure 11.(a)) are shown. The floor response amplitudes increased with the level floor. The

amplitudes decreased for the building founded on the layered half-space according to the higher

stiffness.

The response for the building founded on the layered half-space shows two peaks at the reso-

nance frequencies given by f1 = 0.83Hz and f2 = 2.89Hz. These frequencies correspond with

transversal mode shapes along y-direction. The fundamental period of the building was lightly

higher for the homogeneous soil due its higher flexibility. At low frequencies the response is

lower if the layered half-space is considered because the wavelength in the soil is large and the

properties of the half-space are prevailing. At high frequencies, the wavelength is small com-

pared to the thickness of the layer and the wave propagation in the soil is determined by the

characteristics of the top layer.

Figure 13 shows the amplitude at the first resonance frequency at each floor for the different

studied soil. The building response at the ground is similar for both considered cases. However,

the soil flexibility caused a significantly increment of the amplitude with the story level.

7 Conclusions

This paper has developed a time domain BEM formulation using Green’s function for a

layered half-space as the fundamental solution. The layered half-space fundamental solution

is advantageous because of soil discretization is limited to soil-structure interface and it allows

easily considering soil stratification and material damping. The proposed fundamental solution

has been verified by a benchmark problem.

The BEM formulation has been coupled with a FEM methodology to study soil-structure

interaction problems. The obtained results have demonstrated that the influence of the soil

stratification is large.

The proposed BEM-FEM numerical model has been applied to analysed actual ground vi-

brations. The methodology has been used to modelled a SASW test. The numerical results have

been compared with the measured free field response.

The presented results show that the proposed methodology allows describing accurately the

dynamic soil-structure interaction considering the influence of the soil stratification.
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Figure 12: (a,b) Time history and (c,d) frequency content of the horizontal displacement along y-direction at the

observation points A located at (a,c) ground floor and (b,d) 12th floor, for a building founded on a homogeneous

(grey line) and a layered half-space (black line).
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Figure 13: Maximum amplitude at the first resonance frequency at each floor, for a building founded on homoge-

neous (grey line) and layered half-space (black line).
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Abstract. This work studies the role of soil-structure interaction in the redistribution of inter-

nal forces among the various vertical load bearing elements of concrete buildings due to 

seismic excitation. According to the Greek and European Design Codes the columns are de-

signed assuming a fixed base. However, as it is shown in this work, under certain conditions, 

this is not the critical design state. Soil-structure interaction could lead to redistributed inter-

nal forces considerably higher than those predicted under the fixed base assumption. For the 

purposes of this study a number of “common” simple 3-D concrete frames and their founda-

tions are designed and analyzed according to the specifications of the Greek Earthquake De-

sign Code. Subsequently the foundations are substituted by a system of springs, dashpots and 

added masses, simulating the phenomenon of soil-structure interaction and the frames are re-

analyzed. In both cases, i.e. fixed base or soil-structure interaction, the structures are sub-

jected to artificial seismic motions consistent with acceptable design spectra. Comparison 

studies between the two assumptions are conducted and conclusions with practical interest 

are drawn. 
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1 INTRODUCTION 

According to the Greek Design Codes [1,2] and the equivalent European Codes, e.g. EC8 

[3], the analysis and design of structures, especially buildings, due to seismic excitation, 

should be implemented under the assumption of complete fixity at the base of all vertical ele-

ments. This assumption is considered to be on the safe side since, according to this line of 

thought, it causes maximum internal forces in the vertical load bearing elements. Subsequent-

ly the foundations are designed for these internal forces, without taking into consideration the 

interaction between the soil and the structure. In this work it is shown that, under certain con-

ditions, this assumption does not lead to a critical design state. 

In general, soil-structure interaction (SSI) is divided into two components, the kinematic 

interaction, which is significant in deep and embedded foundations, and the inertial interac-

tion which is always present. In this work only surface foundations are analyzed and, thus, the 

investigation is limited to inertial interaction. In these cases SSI causes a, usually small, in-

crease, as compared to the fixed base model, of the basic modal period(s) of the structure. 

Taking under consideration the design spectra used by most design codes, i.e. EC8 [3], Greek 

Seismic Design Code [2], etc., this usually leads to a reduction of the base shear force while 

the overall displacements are increased. If the foundation system (soil and structure) of the 

building is stiff enough, the distribution of internal forces among various vertical elements 

remains close to that predicted by the fixed base assumption. However, if the soil flexibility 

allows appreciable deformation under individual footings, in the presence or not of tie beams, 

then a redistribution of internal forces takes place (as compared to the fixed base assumption), 

which may lead to a substantial increase of internal forces to some vertical elements and re-

duction to others, while at the same time the total base shear is actually reduced. In order to 

specify and quantify the role of SSI in this phenomenon, the following methodology is used. 

A. Simple, 3-D concrete framed structures are designed so that they are marginally ade-

quate according to the requirements of the Greek Design Codes [1,2]. The foundation 

consists of independent footings, under each vertical element, connected with tie 

beams. The above structures, under the fixed base assumption, are subjected to a seis-

mic motion in the form of an artificial accelerogram, consistent to code specified de-

sign spectra [2]. Linear time step analyses are performed to each of these structures 

and the maximum internal forces of the vertical elements are recorded. 

B. In order to take under consideration the deformability of the soil and the SSI effect, the 

previous fixed foundations are substituted by a system of frequency independent 

springs, dashpots and lumped masses. The produced structural systems are subjected 

to the same seismic actions (artificial accelerogram) and the internal forces of the ver-

tical elements are recorded again. 

C. Finally the results of the above two analyses, with and without SSI, are compared and 

conclusions are drawn. 

2 METHODOLOGY 

2.1 Design of the structures 

Fifteen simple structures have been designed, in order to be marginally adequate according 

to the requirements of the Greek Design Codes [1,2]. Most of them are one-storey structures 

with the storey high kept constant at h=3m, in all cases. 

The internal forces of all vertical elements due to seismic excitation, are computed using 

modal response spectrum analysis and the CQC method. The elastic pseudo-acceleration de-

sign spectrum, as specified by the Greek Earthquake Design Code [2], is used, where the im-
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portance factor (γI), the foundation factor (θ) and the damping correction factor (n) are equal 

to unit. The spectrum amplification factor (β0) is equal to 2,5 and, assuming soil category C 

with average wave velocity νs=200m/sec, the characteristic periods T1 and T2 are 0,20sec and 

0,80sec respectively. The peak ground acceleration (A) is assumed at 0,36g while the behavior 

factor (q) is taken as unit, since linear analyses are conducted. 

The main code requirements can be stated briefly as: 

a) Limitation of interstorey drift Δ should be limited as  

 
10,0

Δ

005,0
Δ





hV

N
h

st

st
 (1) 

where Nst and Vst are the storey axial and shear forces, respectively. 

b) Resistance of vertical elements to shear force and biaxial bending with axial force. 

In order to achieve a marginally adequate structure the storey mass and the reinforcement 

of the vertical elements is altered until all vertical elements acquire a capacity ratio (C.R.) 

near to unit. In most cases the critical requirement is the resistance to biaxial bending with 

axial force. Subsequently the required foundations are designed according to the usual fixed 

base assumption [1]. 

2.2 Soil-Structure Interaction SSI 

The interaction between the soil and the structure is considered via a frequency independ-

ent mass-spring-dashpot model representing the interaction forces at the foundation-soil inter-

face. Among the various available such models, simulating a linear elastic, homogeneous, 

isotropic half space, the one proposed by Mulliken & Karabalis [4] is used in this work and is 

reproduced in Table 1 for easy reference. 
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Table 1: Mass, stiffness and damping coefficients 

4326



George E. Mantzaras, and Dimitris L. Karabalis 

For each degree of freedom of the rigid rectangular foundation the adopted model consists 

of a lumped mass M which is the sum of the total mass (or rotational inertia) of foundation (m) 

and an interacting soil mass (mv), a spring with stiffness K and a dashpot with constant C. The 

produced mass, spring and dashpot constants for the six possible degrees of freedom of each 

foundation are independent of each other, i.e. relaxed boundary conditions are assumed at the 

soil-foundation interface. 

In Table 1 the values of the proposed coefficients for mass, stiffness and damping coeffi-

cients are shown, for a rectangular foundation with sides lx and ly. The symbols G, ρ and Vs 

stand for the shear modulus, mass density and shear wave velocity, respectively, of the soil 

medium. 

2.3 Linear time step analysis 

Although the structures used in this work are designed on the basis of the specified design 

spectrum and the usual design code procedures [1,2] outline previously, the quantities of in-

terest, i.e. internal forces and moments of vertical elements, are obtained via time domain 

analysis. For this purpose an artificial accelerogram, consistent with design spectra, is pro-

duced by processing a random signal in time and frequency domain, with duration of 30 sec. 

This artificial accelerogram is amplified by 4,4% in order to reach the design code require-

ment (Ex±0,3Ey) for a combination of seismic actions in two orthogonal horizontal directions. 

The same seismic action is applied to all structures analyzed in this work, regardless of the 

boundary condition at the base, i.e. fixed-base or SSI, in eight distinct directions as shown in 

Figure 1. 

Figure 1: Directions of seismic excitation 

The structures are modeled by usual beam and shell finite elements and masses lumped at 

the nodal points of the finite element mesh. A damping matrix [Csup] proportional to the stiff-

ness matrix [Ksup] of the fixed-base superstructure is also assumed. The coefficient of propor-

tionality b, defined in the usual way as  

π

Tζ
b  (2) 

where ζ=0,05 and T is a weighted average of the mean periods of the structure in two orthog-

onal directions x and y which are given by  
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whith the modal periods Tn and effective masses Mn
* computed in the two orthogonal direc-

tions of seismic action. The Newmark average acceleration method is used for the computa-

tion of the time domain response of each structure and the identification of the maximum 

internal forces for each vertical element: shear forces in each direction and the capacity ratio 

in biaxial bending with axial force. Also the maximum total base shear forces in each direc-

tion are recorded. 

The above procedures are applied to the same structures either under fixed-base condi-

tions or considering the interaction with the soil. Finally, the maximum internal forces record-

ed in each structure, under both boundary conditions, are compared and conclusions are 

drawn. 

3 NUMERICAL RESULTS 

In Figures 2 to 16 the structures designed and analyzed in this work are shown. On the 

same figures the results obtained from the comparison between the fixed-base and SSI bound-

ary conditions are recorded. Thus, next to each vertical element three coefficients are shown, 

namely: Vx, Vy and M-N, which reflect, respectively, the variation of shear force in the direc-

tions x and y and the capacity ratio in biaxial bending with normal force. Each coefficient is 

the ratio of the maximum quantity recorded from the analysis with SSI to the respective max-

imum force from the analysis of the same structure with a fixed-base. In addition, the maxi-

mum M-N capacity ratio, of the SSI case only, is shown in brackets, as an indication of the 

actual structural sufficiency (or insufficiency) of the corresponding vertical element. It should 

be noted that at the design stage the M-N capacity ratio is kept as close to unity as possible.  

The coefficients Vx, Vy shown at the top of each figure designate the ratio of the maximum 

recorded total base shear force in each direction when SSI is considered to the same maxi-

mum quantity when a fixed base boundary condition is implemented.. 

Structure 1, shown in Figure 2, is a simple, one storey, square structure with basic modal 

period 0,21sec, when the base is fixed. As expected, a reduction of base shear force appears 

which is uniformly distributed to all four columns. 

Structure 2, in Figure 3, is also a one storey, square structure with eccentricity in the x-axis 

equal to 25% of the respective length of structure. The basic modal periods are Tx=0,21sec 

and Ty=0,19sec, for the fixed-based structure. A reduction of base shear force appears in both 

directions but, as it is expected, it is not distributed uniformly among all columns. Stiffer col-

umns are relieved more than the less stiff. The reduction of the base shear in the x direction is 

13%. The respective shear of stiffer columns reduces by 16%, and of the less stiff columns by 

9%. The same behavior is observed in the y direction as well, with a reduction of total base 

shear force reaching 17%, stiffer columns shear 20% and less stiff columns 14%. 
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Figure 2: Structure 1 

Figure 3: Structure 2 

Structure 3, in Figure 4, is similar to structure 2 but with an eccentricity of 42% of the re-

spective length of the structure. The basic modal period in x direction is 0,20sec and in y di-

rection is 0,17sec, for the fixed-base structure. An increment of 16% of base shear force in the 

y-direction, compared to the fixed-base structure, appears when SSI is considered. This was 

expected since the basic modal period of the fixed-base structure is less than 0,20 sec. In the 

x-direction a further reduction of base shear appears. In both directions the variations in base 
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shear are not distributed uniformly, as the stiffer columns are more relieved than the less stiff 

ones. The increase of base shear by 16% in y-direction results in an increase of the respective 

shear force by 24% in less stiff columns, and by only 11% in stiffer columns. The reduction 

by 22% of base shear force in x direction causes a 30% reduction to stiffer columns and only 

3% reduction to less stiffer elements. All columns are acceptable according to the M-N crite-

rion. 

Figure 4: Structure 3 

Figure 5: Structure 4 
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Structure 4, in Figure 5, has eccentricity of 22% of the respective length of the structure, in 

both axes. The basic modal period of fixed structure in both directions is 0,17sec. A reduction 

of base shear force in both directions appears when SSI is considered, as compared to the 

fixed-base condition, but again it’s distribution is not uniform. Still all vertical elements are 

sufficient according to the M-N criterion. 

In structure 5, in Figure 6, a larger eccentricity, equal to 40%, in both directions, is applied 

and as result the total base shear increases at 42%, compared to the fixed-base condition. This 

is mainly due to the increased overall stiffness of the structure, which is indicated by the low-

er basic modal period of 0,11sec. However, the distribution of the base shear changes in a 

non-uniform manner with less stiff elements receiving most of the change (as compared to the 

fixed base condition) and even becoming insufficient according to the M-N criterion. 

 

Figure 6: Structure 5 

From the analyses of structures 1 to 5 it is not clear if the geometrical irregularity (eccen-

tricity) or the differences in stiffness among the various vertical elements or both is responsi-

ble for the redistribution of the internal forces. So the next two structures, i.e. structure 6 in 

Figure 7, and structure 7 in Figure 8, have the same eccentricity in one direction (17%) and 

the same basic modal periods (0,17sec in x and 0,20sec in y), but in structure 6 this is 

achieved with three stiffer columns in one side while in structure 7 with one stiffer column. 

In structure 6 a small reduction of base shear forces appears (5% in x and 1% in y), but in 

structure 7 an increase appears especially in the strong direction (12% in x and 5% in y). In 

both structures the phenomenon of the stiffer elements being relieved, when SSI is present, is 

apparent, while at the same time the weaker elements are further stressed. However, this is 

more intense in structure 7 where the shear force relief of the strong element is 11% and at the 

same time its neighboring elements experience substantial increases of up to 79%. Thus, it 

seems that the determining factor for the redistribution of shear force is the differences in 

stiffness between vertical elements. The stiffer elements are relieved while the highest in-
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creases appear in the elements connected to them. In addition, column Y5, directly connected 

to the strong column Y2 of structure 7, became insufficient in view of the M-N criterion. 

Structure 8, shown in Figure 9, is designed with a single stiffer element at its center which 

receives 30% of the total base shear force, under the assumption of a fixed base. Similarly 

structure 9, in Figure 10, has an even stiffer element at the same location which receives 50% 

of the total base shear force. In both cases the total base shear force presents a minor change 

when SSI is considered. However, due to the redistribution of shear forces the stiffer central 

columns of structures 8 and 9 are relieved by 13% and 32%, respectively while the largest in-

creases occur at the columns directly connected to the stiffer central column which undertake 

25% and 43%, respectively, more shear force under SSI conditions than that under a fixed-

base assumption. All these phenomena are, of course, more intense in structure 9, in which the 

difference in stiffness between the vertical elements is more pronounced. Furthermore, all the 

columns in the periphery of structure 9 connected to the central column become insufficient 

for combined biaxial bending and axial force (M-N criterion). 

Figure 7: Structure 6 

In contrast to structures 8 and 9, structures 10 in Figure 11, and structure 11 in Figure 12, 

are designed with the stiffer vertical elements in their perimeter, following the usual code 

suggestions. Under the fixed-base assumption these stronger elements undertake 30% and 

50%, respectively, of the total base shear force. In both cases the total base shear force re-

mains virtually unchanged under any boundary condition assumption at the base of the struc-

tures.  
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Figure 8: Structure 7 

 

Figure 9: Structure 8 
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Figure 10: Structure 9 

Figure 11: Structure 10 
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Figure 12: Structure 11 

However, the redistribution of shear forces presents the same characteristics as for the 

structures 8 and 9 but it is less intense. A reduction by 4% and 18%, respectively, to stiffer 

elements and an increase by 18% and 35% to the less stiff elements is observed. This is an-

other indication that the main role in the redistribution of shear forces belongs to the differ-

ence in stiffness between vertical elements while the position of the stronger and weaker 

elements is secondary but not insignificant. In structure 11 the central column, mainly, and the 

corner columns become insufficient in view of the M-N criterion. 

Structure 12, in Figure 13, has two stiffer columns only in the x direction to which, under 

the fixed base assumption, corresponds 55% of the total base shear force. As a result its basic 

modal period is different in the two main axes (0,18sec in x direction and 0,23sec in y direc-

tion). This column arrangement causes, under SSI conditions, an 11% increase of total base 

shear force in the x direction, while in the y direction remains virtually unchanged. The redis-

tribution of shear force, when SSI is considered, presents the same features as in the previous 

structures, but more intense. Specifically, the stiffer elements experience a reduction 11%, 

while the less stiff elements are called to withstand up to 51% more shear force. 

Structure 13, in Figure 14, and structure 14, in Figure 15, follow a similar arrangement of 

vertical elements as in structure 11, with the stiffer columns in the perimeter, in both direc-

tions, which resist 50% of the total base shear force under fixed-base conditions. However, 

the spans between columns are not equal in both directions. The results of the analysis show 

that the redistribution of shear forces, when SSI is considered, is reaching up to 45%, at the 

weak central column which is connected to stiffer columns in both directions. The corner col-

umns, connected to stiffer columns in one direction, are also strongly affected. Similarly, the 

central column of structure 13 and one corner column of structure 14 are strongly adversely 

affected as far as the M-N criterion is concerned, when SSI is considered. Thus, the proximity 

to stiffer elements seems to be another decisive factor to the redistribution of shear forces. 
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Figure 13: Structure 12 

 

 

Figure 14: Structure 13 
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Figure 15: Structure 14 

Figure 16: Structure 15 
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Finally, the layout of the ground flour of a three-storey structure 15 is shown in Figure 16. 

Like in structures 11, 13 and 14 the stiffer columns are located in the perimeter, in both direc-

tions, and they resist 55% of the total base shear force under fixed-base conditions. Under SSI 

conditions the total base shear force remains almost the same as that recorded with the fixed-

base assumption (reduction by 2%). However, when SSI is considered, the stiffer columns are 

relieved by 18% in their strong direction while overloaded by 10% in their weak one. Now, 

under SSI conditions, the weak corner columns are overloaded by 25% increase in shear force, 

while, in contrast to previous examples, the central column experiences a smaller increase by 

only 5%. Curiously enough, this trend is reversed at the first floor where the central column 

becames more stressed and the ones at the corners are relieved. In any case all weak vertical 

elements at the corners are insufficient according to the M-N criterion. 

A more detailed discussion on these matters and more such analyses can be found in Man-

tzaras [5].  

4 CONCLUSIONS 

The aim of this investigation is to quantify the role of soil-structure interaction, as com-

pared to the usual code-specified fixed-base assumption, in the distribution of shear forces 

among the vertical elements of 3-D framed structures. To this end, simple concrete structures 

are designed according to pertinent code provisions and subjected to seismic excitations, con-

sistent with design spectra. The soil-structure interaction is materialized through a set fre-

quency independent springs, dashpots and lumped masses at the soil-foundation interface. 

The basic conclusions drawn from these analyses are as follows: 

1. A substantial redistribution of shear forces among the various columns of a structure oc-

curs when SSI is considered, in reference to the code specified fixed-base condition.

2. The basic factor affecting the redistribution of shear forces is the difference of stiffness

among columns.

3. In general, when SSI is considered the stiffer vertical elements are relieved from the load

they are called to carry under the assumption of fixed-base conditions. The opposite is

true for the less stiff elements which, when SSI is considered, experience substantially

higher shear loads. The numerical studies presented in this work have recorded increases

under SSI conditions at levels above 50% to those calculated with the fixed base assump-

tion.

4. The most affected of the less stiff elements are those directly connected to substantially

stiffer elements or at least are in close proximity to them.

It should be noted that all the analyses presented in this work are linear elastic for the entire 

soil-foundation-structure system. They also pertain to structures that are supported on an elas-

tic foundation system consisting of distinct footings interconnected via tie beams.  
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Abstract. The complex seismic soil-pile-structure interaction phenomenon is related to the 

interaction between foundation and structure under seismic and dynamic excitations. An ef-

fective way to assess such phenomenon is to analyse the response of scaled physical model in 

1-g or n-g devices. In this study some results selected from a comprehensive 1-g shaking table 

tests are reported and discussed. The extensive experimental campaign was carried out on the 

3mx3m shaking table of the Bristol Laboratory for Advanced Dynamics Engineering (BLADE) 

at the University of Bristol (UK), within the framework of the Seismic Engineering Research 

Infrastructures for European Synergies (SERIES). The physical model comprises a pile group 

embedded in a by-layer soil deposit with different pile configurations. This paper focuses on 

the pile group response generated by the presence of a cantilever system (a single-degree-of-

freedom, SDOF) connected at the top of the central pile considering no connection among the 

other pile heads. The selected input motions consist of a set of sinedwell excitations for 

SDOFs with different structural masses. The experimental data are used to validate an ad-

vanced 2D difference element model using the FLAC2D code. The comparisons between the 

experimental and the numerical results are presented in terms of both envelope and time his-

tories for the free-field and piles responses. The SDOF response is also assessed in terms of 

displacement time histories. Comparisons between the numerical and experimental test re-

sults appear satisfactory; hence numerical approach can be used for further simulations of 

the soil-pile-structure interaction phenomena. 
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1 INTRODUCTION 

Pile foundations are usually adopted when shallow soils are not able to carry the vertical 

loads imposed by the superstructure and it is necessary to reach stiffer soil layers. When such 

foundations are utilized, the dynamic response of the system may lead to soil-pile-structure 

interaction (SPSI). This complex phenomenon can be resumed as the combination of two dif-

ferent mechanisms [1-10]: (i) kinematic interaction (Figure 1a) due to the different response 

of the pile-soil system from the free-field response; (ii) inertial interaction (Figure 1b) due to 

the additional loads given to the pile by the superstructure inertial actions.  

Figure 1. Kinematic (a) and inertial (b) interaction in piled foundations (modified from Simonelli et al., 2013) 

The effects of kinematic interaction increase as the stiffness contrast between the crossed 

layers increases. The maximum bending moment is located in the neighbor of the layer inter-

face.  

An effective approach to reliably investigate the SPSI is the testing of physical models and 

in particular the analysis of the scaled model response through 1-g or n-g devices.  

Experimental tests can be targeted to: (i) identify the main aspects that may influence the 

system response, using different dynamic inputs (i.e. sinusoidal waves, white-noise and earth-

quakes input); (ii) validate the models utilized in the numerical analyses.  

The scope of the present work is to examine the soil-pile-structure interaction referring to a 

selected set of data coming from high-quality shaking table tests and use these data to validate 

an advanced difference element numerical model implemented in the computer platform 

FLAC2D [11]. A cantilever system (a single-degree-of-freedom system, SDOF) connected at 

the top of the central pile, with no connection among the other pile heads has been considered 
for the numerical simulations presented herein. 

2 SHAKING TABLE TESTS 

The experimental campaign was carried out on the 3mx3m 1-g shaking table of the Bristol 

Laboratory for Advanced Dynamics Engineering (BLADE) at the University of Bristol (UK). 

The 6-degree-of-freedom earthquake simulator of BLADE and the equivalent shear beam 

(ESB) laminar container were utilized to this end [12]. The experimental procedure includes 

the use of: (i) white-noise excitation, a random noise signal of bandwidth 0-100 Hz for the 

evaluation of the fundamental frequency; (ii) harmonic excitation, sinusoidal wave. Further 

a) b) 

4340



M. G. Durante, L. Di Sarno, C. A. Taylor, G. Mylonakis and A. L. Simonelli 

details on the equipment and the experimental procedure can be found in some of the Authors 

previous works [13-16]. 

2.1 Physical model, and instrumentations 

The physical model was formed by a group of 5 pile embedded in a bi-layer deposit (Fig-

ure 2). The two-layer soil deposit (obtained by means of pluviation) is made of by Leighton 

Buzzard sand (LB) fraction E for the top layer and by a mix of LB fractions B and E (85% 

and 15%, respectively) for the bottom layer. The LB sand characteristics has been extensively 

utilised in previous experimental studies [17-24]. The main details of the two soil layers are 

listed in Table 1. 

Figure 2. Model details (after Durante et al., 2015) 

Soil 

layers 

Thickness 

H (mm) 

Relative 

density Dr 

(%) 

Dry unit weight 

γd (kN/m
3
)

Top 

LB(E) 
340 28 13.63 

Bottom 

LB(E+B) 
460 41 17.46 

Table 1. Soil layer details 

Piles are formed by an alloy aluminium tube (commercial model 6063-T6) with thickness t 

= 0.71 mm, outer diameter D = 22.23 mm and length L = 750 mm. Pile 3, 4 and 5 are closer 

to each other with a relative spacing s=70 mm (s/D ≈ 3); pile 1 and 2 are placed at higher dis-

tance, equal to 140 mm. The oscillator is formed by an aluminium column (3x12 mm cross 

section, 100mm high) with extra masses added to its top to achieve different dynamic re-

sponse; in the set of tests considered in this work the oscillator is connected through a “foun-

dation” directly to the central pile head (pile 5) and there is no connection among the other 

piles head; more details about masses are listed in Table 2. 
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Total 

added 
mass [g] 

Fixed base frequency 

(ffix) [Hz] 

Damping 

[%] 

75 38.0 0.7 

125 30.5 1.2 

175 26.5 0.9 

275 20.5 1.4 

475 15.0 1.2 

975 10.4 1.5 

Table 2. Fixed base frequency for oscillator considered 

Accelerometers were employed to monitor the shaking table, the shear stack, the soil along 

a vertical array (free-field response), the pile head and the superstructure. Linear Variable 

Displacement Transformer (LVDT) were adopted to assess the pile head and shear stack dis-

placements. For evaluating bending moment a set of 8 pairs of strain gauges were employed 

for each sample pile to be monitored (i.e. pile 4 and 5). More details of the instrumentation 

used in the experimental campaign can be found in Durante et al. [25].  

2.2 Shear wave velocity profile  

An inhomogeneous shear wave velocity profile is adopted for the bi-layer deposit according 

to the equations:  

(1) 

where Vs1-2,B are the values of the shear wave at the bottom of the deposit; z is the depth start-

ing from the surface and b is an inhomogeneity coefficient.  

Vs1,B and Vs2,B are obtained employing the procedure proposed in Durante et al. [26], consider-

ing the inhomogeneity coefficient (b) equal to 0.5. Towards this end, the white-noise test re-

sults are employed to evaluate the fundamental frequencies of the top layer and of the overall 

deposit. The initial shear wave profile of the deposit is characterized by to Vs1,B=81.7m/s and 

Vs2,B=100.6m/s , as pictorially depicted in Figure 3.  

Figure 3. Initial shear wave profile 
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3 NUMERICAL ANALYSIS 

Numerical analyses are carried out at the model scale by means of the advanced difference 

element code FLAC2D [11]. Soil deposit is modeled considering the hysteretic Ramberg-

Osgood constitutive model [27]; the structural elements are modeled by means of pile (for the 

foundation) and beam elements (for all the SDOF components) implemented in FLAC2D.  

3.1 Modeling of soil deposit 

The shear wave velocity profile shown in Figure 3 was used. In order to simulate the hysteret-

ic soil behaviour, a multiaxial formulation of the Ramberg-Osgood stress-strain relationship 

was employed [27], implemented into FLAC as a user-defined constitutive model [28]. The 

calibration of the two model parameters requires fitting of the Ramberg-Osgood predicted soil 

behaviour against the experimental G(γ) and D(γ) curves: in this work the Vucetic and Dobry 

curves for zero plasticity index were employed [29]. The values used in the modelling can be 

derived from the curves shown in Figure 4. To compensate for the damping response of the 

model and the ESB effect at small strain levels, an additional 5% Rayleigh damping is added. 

Figure 4. Shear modulus reduction and damping ratio curves adopted (after Durante et al., 2015) 

The friction angles of the two layers were obtained based on the well known Bolton [30] and 

Cavallaro et al. [31] formulations, due to the absence of ad-hoc laboratory tests. Friction an-

gles equal to 35° and 38° are adopted for the LB fraction E (upper layer) and fraction B+E 

(bottom layer), respectively.  

For the equilibrium analysis the model was fixed in both the directions at the bottom and only 

in the horizontal direction at its lateral borders. In the dynamic analyses the lateral restrains 

were imposed in a simplified way, with the aim of reproducing the boundary conditions im-

posed by the ESB. 

3.2 Modeling of pile and oscillator 

Piles were modeled by means of pile elements as implemented in the computer program 

FLAC [11]. Pile elements interact with the 2D plane strain grid via normal and shear coupling 
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springs that represent nonlinear connectors able to transfer force and motion between pile el-

ements and the grid in correspondence of the nodes. The calibration of the normal springs is 

obtained by the force per unit length – relative displacement (p-y) response of the piles based 

on the analytical method by Georgiadis et al. [32]; the values for piles in cohesionless soils 

have been used for modelling the sample piles. The values of k increases proportionally with 

depth by means of a subgrade modulus (nh), which depends on the sand density. In the present 

work, values of nh equal to 1500 and 2000 kN/m
3
 for the top and bottom layers respectively,

according to Table 3 [33], are employed. The ultimate soil resistance pu depends on the unit 

weight of the soil, the friction angle of sand, the earth pressure at rest and the active earth 

pressure coefficients and the pile diameter. The shear coupling springs were obtained starting 

from the soils characteristics, as suggested in Itasca [11]. 

Relative 

Density 
Loose Medium Dense 

nh [kN/m
3
] 1100 - 3300 3300 - 11000 11000 - 23400 

Table 3. Coefficient of initial subgrade modulus nh (derived from Terzaghi, 1955) 

The foundation, the oscillator column and the mass were realized as beam elements; the dif-

ferent masses were modelled considering different density. The damping ratio for the oscilla-

tor is considered assuming the in-built combined damping, a variation on local damping 

available in FLAC; in fact the combined one is more efficient than the latter, for the signifi-

cant uniform motion like the sinusoidal waves adopted in these analyses. Local damping is a 

non-viscous damping, in which the damping force on a node is proportional to the magnitude 

of the unbalanced force. The values assumed for the damping ratio were obtained from the 

experimental data with the logarithmic decrement method. A 4.6% value is assumed for the 

damping in the analyses carried out for the sample models. 

The numerical model adopted for the dynamic simulations is shown in Figure 5.  

Figure 5. FLAC2D model 
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4 ANALYSIS RESULTS 

The set of data considered in this work refer to the same harmonic input, i.e. a 20 Hz si-

nusoidal wave with amplitude equal to 0.1g.  

Figure 6a shows the maximum soil accelerations in the free-field conditions. The results 

demonstrate that soil response is independent from the mass attached at the oscillator, ensur-

ing that the distance from the piles is large enough to prevent interaction effects to occur.  

The bending moment envelope along instrumented piles (pile 4 and pile 5) are reported in 

Figure 6b and 6c, respectively. The inertial effects are significant at the pile head up to a 

depth depending on mass value: considering the dynamic response of the system, the increas-

ing of the maximum bending moment at the pile head is related to the resonant condition be-

tween the input and the elongated period of the oscillator.  

It is found that the oscillator with the maximum SSI effect is the SDOF with a 175g mass. 

Utilizing the transfer function between the accelerometer at the top of the oscillator and the 

accelerometer on the shaking table, a 42% of period elongation (TSSI/Tfix = 1.42) was comput-

ed, due to the soil-pile-structure interaction (fSSI = 18.6 Hz); the measured elongation is higher 

than the ones computed with typical literature formulas [34-37], as reported in Table 4.  

 

 
Jennings&Bielak [34]   

 Veletsos&Nair [35] 
Wolf [36] 

Kumar&Prakash 

[37] 

TSSI / Tfix  ≈1.00 ≈1.00 ≈1.15 

Table 4. Period elongation computed with literature formulas 

Figure 6b shows that pile 4 is influenced by the oscillator even if it is not connected to it; 

such response depends, indeed, on the short distance between piles 4 and 5 (s/D ≈ 3). Addi-

tionally, the maximum value of the bending moment is not located close to the interface 

(z=460 mm); furthermore, it depends on the mass oscillator. This behavior may probably 

stems from the fact that the oscillator on the central pile (and its resonance condition) tends to 

influence the pure kinematic interaction of the close pile.  

 

Figure 6. Experimental results: maximum soil acceleration vs. depth (a), maximum bending moment vs. depth 

for pile 4 (b) and pile 5(c) 
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Numerical simulations of the above experimental tests were performed by means of 

FLAC2D code [11]. For brevity, only two typical results are reported in the present paper, 

namely the tests with oscillator masses equal to 175g and 975g, i.e. the cases corresponding to 

the lower and upper bound responses.  

Figure 7 shows the comparison between the numerical and the experimental data for the 

free-field (Figure 7a), pile 4 (Figure 7b) and pile 5 (Figure 7c) responses. Figure 7a ensures 

that soil is adequately simulated in the numerical analyses. The resonance effects are also reli-

ably modeled for pile 5. It is evident, from Figure 7c, that the numerical maximum bending 

moments at the pile head and at the interface provide close matches with outcomes of the ex-

perimental data. Conversely, Figure 7b shows that, for pile 4, the numerical model is able to 

simulate the maximum bending moment due to the kinematic interaction, nevertheless it can-

not reproduce the resonance effect due to the oscillator on the other pile. The latter response is 

still under investigation by the Authors.  

Figure 7. Experimental vs. numerical results: maximum soil acceleration vs. depth (a), maximum bending mo-

ment vs. depth for pile 4 (b) and pile 5(c) 

Figure 8 shows the comparison in terms of time histories for the test with the mass oscillator 

equal to 175g. On the left hand side, the comparison for the free-field vertical array at three 

different elevations (bottom, interface and surface) is provided. It is noticed that there is a full 

match between computed values and test results. It is worth mentioning that the input was ap-

plied to the sample model in terms of accelerations, simulated through an artificial sinusoidal 

wave (generated directly with a FLAC routine). On the right hand side of Figure 8, the re-

sponses close to the pile head (bending moment) and at the top of the oscillator (displacement) 

are reported. The results confirm that numerical model implemented in FLAC may simulate 

accurately the experimental data of the shaking table tests. Figure 8 shows a small mismatch 

of the numerical time histories for the structural elements, that appears after several cycles.  
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Figure 8. Time histories comparison for the SDOF with mass of 175g 

5 CONCLUSIONS 

Numerical calibrations were performed by means of an advanced two-dimensional model 

in FLAC. The numerical model reproduced a scaled model tested on the shaking table of the 

BLADE laboratory at the University of Bristol. The physical model is formed by a group of 

five pile embedded in a bi-layer deposit with and oscillator with different masses connected at 

the top of the central pile. The model accounts for a hysteretic constitutive model for the soil; 

pile elements for the foundation and beam elements for all the oscillator components were 

adopted. The interface between piles and soil was simulated by elasto-plastic springs in both 

shear and normal direction. The preliminary analysis results presented herein have indicated 

that:  

 the numerical model is able to adequately reproduce the free-field response;

 the resonance effects and the bending moment can be reproduced fairly accurately
with the numerical model for the pile connected to the oscillator, both in terms of en-

velope and time history response;

 the soil-pile-structure interaction gives a measured period elongation of 42%: this
elongation, which is usually underestimated by the simplified literature formulas is

well reproduced by the numerical analysis;

 the numerical model is able to catch effectively the bending moment values due to ki-

nematic interaction; while the maximum bending location is slightly different proba-

bly because the influence of the SDOF is not well accounted for.
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Abstract. A Seismic capacity design method for deeply embedded (or caisson) foundations is 
proposed based on 3D finite element analysis results. Emphasis is given on the influence of: 
(a) the kinematic constraints imposed by the superstructure, and (b) the nonlinear behaviour 
(due to both material and interface nonlinearities) of the foundation on the response of the 
SSI system. The method involves an analytical formulation of the load path at the caisson 
head level until complete failure. Interestingly, all load-paths display a particular “over-
strength” in bearing capacity that is mobilized by the foundation, identified as the “inverted” 
pendulum failure mode, irrespective of the stiffness properties of the superstructure and con-
straints imposed at the foundation level. By exploiting this observation, the paper aims at pre-
senting a flexible design methodology that allows the engineer to orient the seismic 
performance of the soil-foundation-superstructure system toward a predefined cost-effective 
failure mode, choosing between failure of the foundation, or failure of the above-ground 
structure, or a combination of both of them.  
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1 INTRODUCTION 

The cost-effective earthquake design of structures, requires the role of the nonlinear soil–
foundation–structure interaction (SFSI) on the final performance to be explicitly considered. 
Thus, for the realistic estimation of maximum and residual displacements of foundation-
superstructure systems, which in essence constitutes the core of performance-based design 
philosophy, all sources of nonlinearities should be taken into account; namely nonlinearities 
developed above and below ground level. In fact, there is a growing awareness among the ge-
otechnical and structural engineering communities towards incorporating the effects of soil 
compliance into advanced static and dynamic response analysis techniques (e.g. [1]-[ 6]). Per-
haps surprisingly, the field of seismic design of caisson foundations has received little atten-
tion (e.g. [7]-[14]). 

Simplistic approaches, usually employed in practice, and refer to (a) the separation be-
tween structural and geotechnical design, and (b) the modeling of foundation elements, cannot 
reproduce many essential features of the actual foundation behaviour. It is to this end that the 
present paper is directed. By means of a series of numerical analyses in 3-D, the response of 
deeply embedded foundations supporting a single-degree-of-freedom system, which can be 
representative of a broad range of superstructures (e.g. bridges, wind turbines, etc), is investi-
gated, with due consideration to nonlinearities developed below (soil, caisson-soil interface) 
and above ground (superstructure). From the analysis, a closed-form expression for the “ac-
tual” monotonic load path in M-Q space is developed, and a methodology for the preliminary 
seismic response evaluation, in capacity terms, of deeply embedded (caisson) foundations is 
proposed. 

 

Figure 1. The finite element model 

2 PROBLEM  DEFINITION 

The studied problem is portrayed in Fig. 1. It involves a SDOF system supported by a cu-
bic caisson of side D = 10 m in a 20 m thick 2-layer cohesive soil stratum. The caisson is 
modeled as a rigid body, with loads and displacements relating to a single load reference point 
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(LRP), as shown in Fig 2. Two different heights of the superstructure are considered, to repre-
sent two different loading conditions with respect to moment loading on the foundation, are 
used; namely H = 17 m and 55 m. The mass of the system, m, is given the value of 2700 Mg, 
corresponding to a static factor of safety of FSV = 5 [11]. The kinematic constraints imposed 
by the superstructure are simulated by a rotational spring attached at the mass level.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Sketch of the studied problem: A deeply embedded rigid foundation supporting an SDOF superstruc-
ture. The kinematic constraints imposed by the superstructure are simulated by a rotational spring attached at the 

mass level 

2.1 Numerical Modeling 

The problem is analyzed with use of the finite element code ABAQUS. Both caisson and 
soil are modeled with 3D 8-noded brick elements, assuming elastic behavior for the former 
and elasto-plastic for the latter. Fig. 1 shows a half caisson cut through one of the orthogonal 
planes of symmetry. The size of the finite element mesh is 5B x 5B x 2B carefully weighing 
the effect of boundaries on the caisson’s response and the computational time. Zero-
displacement boundary conditions prevent the out of-plane deformation at the vertical sides of 
the model, while the base is fixed in all three coordinate directions.  The caisson is connected 
to the soil with special contact surfaces, allowing for realistic simulation of the possible de-
tachment and sliding at the soil–caisson interfaces. 

The caisson material is modeled as isotropic linear elastic, with a unit weight of γ = 25 
kN/m3, a Young's modulus of Ec = 3 x 108 kPa and a Poisson’s ratio of νc = 0.15. However, to 
ensure rigid body motion appropriate kinematic constraints have been applied between the top 
central node and all the peripheral nodes of the caisson. The pier columns are modeled with 3-
D Timoshenko beam elements, with elasticity modulus Ec = 3 x 108 kPa and νc = 0.15. The 
stiffness of the rotational spring, KR, was appropriately modified so that the stiffness ratio: 

Q
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m
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4
R

ratio
c

K
K

EI
H

=
⎛ ⎞
⎜ ⎟
⎝ ⎠

(1) 

where (4EIc /H) is the flexural stiffness of the column, yields the following values: Kratio = 0.1, 
0.25, 0.5, 1.0, for every case examined, covering a wide range of superstructure conditions. 
Moreover, the case of Kratio = 0 (inactive rotational spring) is also provided, for reference. 

2.2 Constitutive Models  

Soil behavior is described by an elasto-plastic constitutive model [15], which is a reformu-
lation of that originally developed by Armstrong and Frederick [16]. The model is available in 
the material library of ABAQUS. It uses the Von Mises failure criterion along with a nonlin-
ear combined kinematic─isotropic hardening law and an associated plastic flow rule.  The 
clayey soils are saturated responding in undrained fashion with shear strength Su = 65 kPa at 
the upper 6 m, Su = 130 kPa at the lower 14 m and a constant stiffness to strength ratio Eu / Su 
= 1500. The unit weight of the soil materials is taken γ = 20 kN/m3. To approximate the con-
stant volume response under undrained conditions, a Poisson’s ratio of ν ≈ 0.5 (= 0.475 to 
avoid numerical instabilities) was assumed. 

Nonlinear response is introduced for the superstructure by means of a bi-linear moment-
rotation law (Fig 3) for the rotational spring and a bi-linear moment-curvature law for the pier 
(beam), The values of the bi-linear laws are deliberately pre-defined, so that structural failure 
precedes bearing capacity failure of the foundation.  

2.3 Failure Envelope  

At first, a series of finite element (FE) static pushover-type of analyses are carried out to 
derive the bearing strength surface of the caisson–soil system in M-Q space [10], [17], [18]. 
Firstly, the soil undergoes geostatic loading and then a part of the soil is replaced by the foun-
dation, on which a vertical load is applied till the specified value of the factor of safety (FSV = 
5) is reached. Afterwards, the vertical load is kept constant and a combination of horizontal
force Q and overturning moment M is applied at the head of the caisson until failure. By a se-
ries of force-controlled analyses the strength surface is ultimately determined. The surface is 
presented normalized with respect to the pure moment capacity Mu (with no horizontal load-
ing) and the pure horizontal capacity Qu (no moment loading) of the foundation (Qu = 44 MN, 
and Mu = 430 MNm for the studied cases).  

It has been shown in [10], [18], that an ellipsoid of the general form: 

1 2

3 1 0
n n

u u u u

Q M Q M
f n -

Q M Q M

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞
= + + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

 (2) 

can adequately fit the numerical results in the normalized M-Q space at a particular vertical 
load level (N). The coefficients n1, n2  affect the skewness with respect to the axis of symme-
try, while n3 controls the size (expansion-contraction) of the surface. They are functions of the 
embedment ratio D/B, vertical load and interface conditions [19]. For fully bonded interface 
conditions n1 = n2 = 2 (zero skewness), while n3, for any practical reason, depends only on 
the embedment ratio ([10], [18]):  

1 98

3 1 84 0 21
- .

D
n . - .

B
⎛ ⎞= ⎜ ⎟
⎝ ⎠

(3) 
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Apparently, for nonlinear interface conditions (gapping and slippage) the coefficients are 
described by more complex functions, as suggested in [19].  

Non‐linear spring
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θθ1

Non‐linear pier
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Non‐linear spring
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Μ

κ1 κ

Figure 3. Bi-linear moment-rotation and moment-curvature laws used to model the spring and the pier, respec-
tively. 
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Figure 4. Geometric representation of the moment developed at the head of the caisson (grey solid line) and the 
rotational spring, ΜR , assuming linear response. 

3 ANALYSIS RESULTS 

Having determined the bearing strength surface of the caisson, the whole soil-foundation-
superstructure system is then subjected to lateral loading at the mass level, monotonically in-
creasing until system failure. The analysis terminates either due to bearing capacity failure of 
the foundation or due to failure of the superstructure. Throughout the analysis, the load path 
on the foundation is being constantly tracked in M-Q space. 

The presentation of the methodology and the results precedes a graphical illustration (Fig 4) 
that serves to elucidate the contribution of each of the load-carrying mechanisms within the 
foundation-superstructure system. Yet, the emphasis is given to the response of the foundation.  

The caisson and the pier base are subjected to moment loading that is represented by the 
load path. The moment that develops at the rotational spring (MR), however, is given by the 
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vertical distance between the load path and the (extended) line corresponding to the respective 
(for that specific pier height) cantilever beam (KR = 0). It should be noted that Fig. 4 portrays 
an ideal case, in which the beam and the rotational spring respond elastically, and they are 
therefore capable of carrying substantial loading.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5.  FE results for the load path at the caisson foundation, assuming a linear elastic pier and a nonlinear or 
linear rotational spring. The corresponding evolution of the moment developed at the top of the caisson (solid 
black line) and at the rotational spring (solid grey line) with respect to the caisson’s rotation, are plotted along-

side. 

To begin with, we consider a nonlinear rotational spring attached to the top of an elastic 
pier column. Three characteristic cases are examined, the properties of which, along with the 
predefined values of the bilinear moment-rotation model for the spring, are given in Table 1.  

    
H : m MR : MNm Kratio  θ1 : rad 
17 276 0.40 0.0023 
55 1070 1.0 0.0035 

 

  Table 1. Predefined bilinear moment-rotation values for the rotational spring 
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The results are shown in Fig 5. For reference, each characteristic response is accompanied 
with the respective ones considering (a) cantilever beam (KR = 0), and (b) a linear rotational 
spring. Moreover, the evolution of the normalized moment loading on the foundation (solid 
black line) and of the rotational spring (solid grey line) with respect to the caisson rotation, 
are given alongside. For clarity reasons, the negative (in sign) moment developed at the rota-
tional spring is plotted in absolute values.   

The computed response can be interpreted as follows: as long as the spring is loaded within 
its elastic regime, the loading on the foundation follows the respective nonlinear path (dashed 
line). However, when the moment capacity of the spring (MR) is reached, denoting the forma-
tion of a plastic hinge, the spring cannot sustain any further increase in moment loading. The 
additional moment is now imposed onto the foundation as positive (in sign) loading, and the 
system exhibits the response of a caisson carrying a cantilever beam; the load path is tracked 
parallel to the respective one of a cantilever with height H, and continues until bearing capac-
ity failure of the foundation occurs.  

Figure 6.  FE results for the load path at the caisson foundation, assuming (a) linear, and (b) nonlinear rotational 
spring and pier. The corresponding evolution of the moment developed at the top of the caisson (solid black line) 

and at the rotational spring (solid grey line) with respect to the caisson’s rotation, are plotted alongside. 
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The response is now examined accounting for nonlinear behaviour of both the pier and the 
rotational spring. Two characteristic cases are considered: a pier height of H = 55 m, kine-
matically restrained at the mass level by a rotational spring that yields a stiffness ratio of (a) 
Kratio = 0.40, and (b) Kratio = 1.0. The values for the bi-linear models (as schematically shown 
in Fig 5) are given in Table 2. Given that the determination of shear strength, and especially 
of shear deformation characteristics of (e.g. reinforced concrete) structures are still controver-
sial issues [20], the interplay between shear and flexure in the inelastic regime is not taken 
into account and the controlled mode of failure of the piers is assumed to be flexure-
dominated. 

H : m MP:MNm κ1 : rad/m κ2 : rad/m MR:MNm Kratio θ1 : rad 
55 215 0.0000544 0.000055 107 0.4 0.00089 
55 195 0.0000493 0.000051 85 1.0 0.00028 

Table 2. Predefined bilinear moment-curvature and moment-rotation values for the pier column and rotational 
spring, respectively 

The results, provided in Fig 6, highlight that contrary to the “ductile” progressive failure of 
the superstructure-foundation system observed following the yielding of the rotational spring, 
column yielding leads in an abrupt system failure. This “brittle-type” system response is fur-
ther illustrated from the graphs of the normalized moment loading at the pier base (solid black 
line) and the rotational spring (solid grey line) with respect to the caisson rotation, which are 
plotted alongside the load paths. 

In summary of the above, Fig 7 schematically represents the nonlinear SFSI effects, and 
identifies the possible failure modes of the system; point 1 signifies pier column failure; point 
2 corresponds to yielding of the rotational spring, followed by a ductile foundation response; 
point 3 indicates bearing capacity failure of the foundation. 

4 DESIGN METHODOLOGY  

Based on the analysis presented in the preceding section, an analytical representation of the 
load path in M-Q space is attempted. Hence, a generalized expression of the following form is 
considered: 

( )1 1 u

Q

Q

u u

M Q
e

M Q

β
γ α α

−⎡ ⎤⎛ ⎞
= + − −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

   (4)  

where the coefficients α, β and γ control the shape of the load path, and depend on: the proper-
ties of the beam (H, Ic), the rotational stiffness of the spring (KR), and the pure uniaxial ca-
pacities of the foundation (Qu, Mu), which incorporate the effects of soil conditions and 
foundation’s geometry. The determination of the three unknown coefficients requires the con-
sideration of appropriate conditions. These conditions are identified from Fig 8, where the 
collection of the load paths for all examined cases is plotted, and detailed in the same figure. 
More specifically: 

1. Point C, is the point on the failure envelope associated with the “inverted” pendulum
failure mechanism, on which the load paths terminate. Point C can be considered as
an attractor of the caisson response at failure, irrespective of the stiffness properties
and constraints at the superstructure system. Its coordinates can be derived from the
following conditions:
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Point C lies on the failure envelope. Therefore, satisfaction of the respective equation 
( f = 0) for caisson foundations [10], [18], [19] requires that: 

1 2

3 1 0

n n

u u u uC C C C

Q M Q M
f n -

Q M Q M

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞
= + + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

  (5) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7.  Schematic illustration of all possible failure modes of a caisson supported superstructure accounting 
for nonlinearities above and below ground level. 

Invoking normality conditions for the incremental plastic deformation of the cais-
son (with respect to its head) at failure, as has been conjectured by several researchers 
(e.g. [10], for deeply embedded foundations, D/B > 1 and [21], [22] for shallow em-
bedded foundations, D/B < 1), the ratio of the plastic displacement increments can be 
obtained by differentiating Eq 5 with respect to Q and M, respectively. However, the 
incremental plastic displacement to rotation ratio for rigid caisson foundations at fail-
ure is by definition equal to the depth of the rotation pole, zp , which in turn is equal to 
the embedment depth of the caisson (zp = D) when the “inverted” pendulum failure 
mechanism is manifested. This results in an additional equation that must be satisfied 
by the coordinates of point C: 
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(6) 

in which puδ  and pδϑ  are the incremental plastic displacement and rotation at failure, 

respectively, with respect to the caisson head. Eqs 5 and 6 form a nonlinear algebraic 
system, from which the coordinates of point C can be derived.  

Substituting the solution of the aforementioned system (
u C

Q

Q
, 

u C

M

M
) into Eq 4, gives 

the equation for the first condition:    

( ) 21 1
u uC C

Q M
e

Q M

πβ
γ α α

−⎡ ⎤⎛ ⎞
= + − −⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
   (7) 

2. Point A, that corresponds to the slope of the tangent to the load path at the initial stag-
es of loading. The tangent represents the load path when considering a cantilever
beam of initial effective height Heff . Given that effM H Q= , the equation of the tan-

gent in the normalized M/Mu − Q/Qu space can be rewritten as:

u
eff

u u u

M Q Q
H

M M Q

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

 (8) 

where u
eff

u

Q
H

M
is the respective slope. By differentiating Eq.7 with respect to Q/Qu, 

one obtains:   

( )1 1 u

Q

Qu

u

M
M

e
Q
Q

β
γ α β α

−

⎛ ⎞
∂ ⎜ ⎟ ⎡ ⎤⎛ ⎞⎝ ⎠ = + + −⎢ ⎥⎜ ⎟⎜ ⎟⎛ ⎞ ⎢ ⎥⎝ ⎠⎣ ⎦∂ ⎜ ⎟
⎝ ⎠

                (9) 

At the region of initial lateral loading, where Q/Qu → 0, the slope of the tangent can 
be substituted into Eq 9, resulting in the following condition: 

( ) ( )1 1u
eff

u

Q
H

M
γ α β α= + + −⎡ ⎤⎣ ⎦                 (10) 

The effective height can be estimated by the following analytical expression: 

( )
2 2 2 2

2 2

2 2 2

2
c R HM c HM R HM R H M c H M

eff
c R H R HM c HM c H M R H M

EI K K EI K H K K H K K K H EI K K H
H

EI K K K K H EI K EI K K K K K H

− − + +
=

− − + +
 (11) 
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in which KH, KM , KHM and KMH  are the swaying, rocking and cross-swaying-rocking 
initial (elastic) stiffnesses, respectively, of the caisson. 

 

 

Figure 8.  (top) Calculated load paths for all cases examined in this study assuming linear superstructure. All 
paths are associated with a failure mechanism of the inverted pendulum type (as shown by the corresponding 

snapshot at failure of the deformed FE mesh. (Bottom) Graphical representation of the three conditions applied 
for the extraction of a closed-form expression for the load path. The particular coordinates at point C belong to 

the failure envelope of caisson foundations with D/B = 1.  
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3. Point B, which marks the maximum positive (in sign) value of M/Mu, with coordi-

nates B B

u u

Q M
,

Q M

⎧ ⎫
⎨ ⎬
⎩ ⎭

. Furthermore, point B is also the point of intersection between (a) 

the nonlinear load path, and (b) the (dashed) line that connects the point where the 
linear load path of the respective cantilever (KR = 0) meets the failure envelope 

f f

u u

Q M
,

Q M

⎧ ⎫
⎨ ⎬
⎩ ⎭

, and the abscissa at { }0 5 0. , . Hence, and after some algebra, the follow-

ing expression for the third condition is derived: 

( )1 1 2
1

1
u u

u u u u

( ) HQ HQ
ln

HQ M ( ) HQ M

β α ααγ γ αγ
β α β α

⎛ ⎞ ⎛ ⎞+ −⎛ ⎞ − − + + =⎜ ⎟⎜ ⎟ ⎜ ⎟− + −⎝ ⎠ ⎝ ⎠⎝ ⎠
 (12) 

Eqs 7, 10 and 12 constitute a system of nonlinear algebraic equations, the solution of 
which yields the parameters α, β and γ, and thus the equation of the load path from the begin-
ning of loading until complete failure of the caisson.  

With the load path known, or alternatively, with known the moment and shear force at the 
head of the caisson (or at the base of the pier), the moment of the rotational spring is calcu-
lated by subtracting the response with respect to the caisson head from the hypothetic one of 
the respective cantilever: 

RM H Q M= − (13) 

Based on the aforementioned methodology, the dimensions of the caisson (width B and 
depth D), can be effectively estimated targeting either to bearing capacity (foundation) failure, 
or to structural (pier) failure. 

5 CONCLUSION  

3D finite element analyses were carried out for the lateral response of deeply embedded 
(caisson) foundations supporting kinematically constrained single-degree-of-freedom systems, 
via a rotational spring attached to the mass. The results are used for developing a versatile de-
sign methodology allowing for the seismic performance of the soil-foundation-superstructure 
system to be directed toward a predefined cost-effective failure mode, choosing between fail-
ure of the foundation, or failure of the above-ground structure or a combination of both of 
them.  
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Abstract. This paper studies the dispersion of acoustic waves in fluid media discretized 

by the finite element method. The element stiffness matrix is split into basic and higher 

order components which are respectively related to the mean and deviatoric 

components of the gradient of acoustic pressure. This decomposition is applied to the 

kinetic energy. The dispersion analysis yields a correlation between the higher order 

kinetic energy and the kinetic energy error. The use of this correlation as a reference to 

apply the higher order energy as an error indicator for the acoustic cavity modes 

computed by the finite element method is explored. 
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1 INTRODUCTION 

It is well known that analytical solutions to the governing equation of motion for any 

mechanical wave exist for just the simplest cases and only approximate solutions are 

feasible for the others. One method for obtaining approximate solutions is to use 

numerical procedures which often introduce phenomena, such as the numerical 

dispersion, that are not present in the physical system [1, 2].  

The dispersion of acoustic waves in fluid media discretized by the finite element 

method is the principal topic of research in this paper. The fluid is assumed to be 

inviscid, compressible and homogeneous; moreover, the fluid particles oscillate in the 

absence of gravity and no ambient flow with small magnitude movements. The pressure 

and density of the fluid also undergo small perturbations respect to the ambient 

quantities. The resulting waves are termed linear acoustic waves. A short review of the 

basic theory of linear acoustic waves and the proper finite element formulation is a 

prerequisite in order to facilitate the subsequent developments.  

1.1 Basic theory of linear acoustic waves 

We consider linear acoustic waves in a fluid domain Ω with a complementary solid 

domain Ωs and the surface Γ representing the closed boundary of Ω and Ωs. The 

propagation of linear acoustic waves is described by the equation obtained by the 

linearization of the continuum mechanics equations of the ideal fluid [3], 
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where: p, small perturbation of pressure or acoustic pressure; ρ, density of the fluid in 

the absence of acoustic wave; c, adiabatic sound velocity; t, time coordinate. 

In a homogeneous medium the last term in Eq. (1) vanishes and Eq. (1) reduces to 

the wave equation 
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For time-harmonic acoustic waves, time may be removed from the problem by 

writing  

3R),exp()(~),(  rrr tiptp         (3) 

where: )(~ rp , complex amplitude of acoustic pressure; T/2  , circular frequency;

T, period of wave. 

Applying the time-harmonic dependence Eq. (3) to the wave equation Eq. (2) leads 

to the Helmholtz equation for the acoustic pressure  
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To complete a solution, the differential equation Eq. (4) requires specifying boundary 

conditions. Neumann boundary conditions can be assumed [4], 
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where: nu  S

nu , normal component of the prescribed displacement of the boundary, 

)exp()(~),( tit SS  ruru ; n, normal unit vector pointing outwards of Ω. 

Dirichlet boundary conditions )(~)(~
0 rr pp   also can be assumed. 

In addition to fulfill the Helmholtz equation and the boundary conditions, solutions 

to scattering and radiation problems in unbounded media require that both the diffracted 

and radiated waves fulfill the decay condition at infinity, or Sommerfeld radiation 

condition [5]. In a finite computational domain different artificial boundary conditions 

have been proposed in order to fulfill this condition [6]. 

The linear acoustic waves in a homogeneous medium can be alternatively 

characterized by the acoustic displacement potential [3], determined by the expression 

3R),,(),(  rrru tt  (6) 

where: u, small displacement of the fluid particles; , potential of displacement. 

The relation between displacement potential and acoustic pressure will be 
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From Eq. (7), for time-harmonic acoustic waves, the relation between the complex 

amplitudes of acoustic pressure and displacement potential will be 

32 R),(~)(~  rrr p        (8)     

1.2 Finite element formulation 

The boundary value problem Eq. (4) and (5) is posed in variational form [4] 

 
 dSpudVpp

c
pp n )()( 2

2

2




 (9) 

The variational form Eq. (9) is discretized by the finite element method yielding the 

following matrix expression 

NΘupMK
22 )(   (10) 

where: K, global stiffness matrix; M, global mass matrix; p, column matrix containing 

the nodal values of acoustic pressure; Θ, boundary mass matrix; uN, column matrix 

containing the nodal values of the prescribed normal displacement of the boundary. 

Defining at element level the matrix e
B  relating the gradient of acoustic pressure to 

the nodal values of acoustic pressure, 

eeep pB (11) 

the element stiffness matrix is then written 
e

eTee dVBBK )( . 

The acoustic kinetic energy of the fluid occupying the bounded domain Ω will be 

  dVpipiEko ]Re[]Re[
2

1
2

     (12) 
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For the discretized domain, inserting Eq. (11) into Eq. (12) at element level, the 

element acoustic kinetic energy is yielded. The kinetic energy of the finite element 

assemblage will be the sum of the element energies. Then, 

]Re[])(Re[
2

1
2

pKp iiE T

k


  (13) 

1.2.1 Energy-orthogonal decomposition 

The matrix relating the gradient of acoustic pressure to the nodal values of acoustic 

pressure at element level Eq. (11) is partitioned into mean and deviatoric components, 
e

d

ee
BBB  ,  where 

e

eee dVV BB  and eee

d BBB  . 

The element stiffness matrix is then written 

e

h

e

b

e
KKK       (14) 

where: 
e

eTee

b dVBBK )( , basic stiffness matrix; 
e

e

d

Te

d

e

h dVBBK )( , higher order 

stiffness matrix. 

In this case it is said that the element stiffness matrix is decomposed in energy-

orthogonal form [7]. The concept of energy-orthogonal stiffness matrix regarded in this 

paper was explicitly introduced in the context of the linear elasticity by Bergan and 

Nygärd within the framework of the Free Formulation [8], and by Felippa within the 

framework of the Parametrized Variational Principles [9]. 

The decomposition in Eq. (14) holds for the complete model whenever 
e

bK  and 
e

hK

are independently assembled, 

hb KKK  (15) 

Inserting Eq. (15) into Eq. (13), we obtain the basic and higher order acoustic kinetic 

energies of the finite element assemblage. 

1.2.2 Stationary waves 

For a stationary wave, the amplitude of the acoustic pressure is a real-valued 

function. Then, from Eq. (13), the period-averaged acoustic kinetic energy of the fluid 

for the discretized domain will be 


1

0

2

2
)2(sin~~

2

1



dE T

k pKp  

pKp ~~

4

1
2

T

kE


 (16) 

where: Tt , 10  , dimensionless time; p~ , column matrix containing the real 

nodal amplitudes of the acoustic pressure. 

1.3 Scope of research 

In this paper the dispersion properties and the density of period-averaged kinetic 

energy are computed for plane harmonic waves in unbounded media discretized by 

regular meshes of energy-orthogonal finite elements. Given the mesh, in the limit of 
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long wavelength, although the kinetic energy density does not vanish, its higher order 

component does vanish. Similarly, given the wavelength, as the solution converges on 

account of mesh refinement, the kinetic energy density is increasingly dominated by its 

basic component. The above heuristic argument motivates to research the relationship 

between the higher order kinetic energy and the discretization error in order to explore 

the behaviour of this energy component as an error indicator. To be precise, by the 

dispersion analysis, a correlation between the percentage of higher order kinetic energy 

and the kinetic energy error will be yielded. The use of this correlation as a reference to 

apply the higher order kinetic energy as an error indicator for the acoustic modes 

computed by the finite element method will be explored. A similar correlation has been 

proposed for linear gravity waves in fluid media [10]. Arguments to support the higher 

order energy as an error indicator have been established in the context of the linear 

elasticity [9].  

2 DISPERSION ANALYSIS 

2.1 Characteristic equations 

The unbounded fluid domain is discretized by a regular mesh of finite elements. 

Three different isoparametric finite elements are considered: the hexahedron with 

twenty nodes and brick geometry HE20, Fig. 1, the pentahedron with fifteen nodes and 

right prismatic isosceles geometry PE15, Fig. 2, and the tetrahedron with ten nodes 

TE10. The mesh with TE10 elements is formed by dividing the unbounded domain in 

bricks with twenty seven nodes and then dividing each brick into six tetrahedrons [11], 

Fig. 3. The nodal lattice formed by the finite element assemblage has four, five and 

eight nodes per unit cell, respectively. Different meshes with the same element volume 

are yielded by selecting the aspect ratio parameter, where 0 <  ≤ 1; additionally, for the 

HE20 and TE10 meshes, the skew angle also can be selected, where 0 ≤ β < 90º. The 

finite element analysis will be performed by using the rectangular coordinate system 

XYZ. 

For an uniform plane harmonic wave propagating in the unbounded fluid domain, 

)exp()(~ rnr  iAp (17) 

where: A, wave amplitude; n, wave normal, unit vector indicating the direction of wave 

propagation;  /2/  c , wave number; , wavelength.  

The wave normal has the components, Fig. 4, 

)cos,sinsin,sin(cos n (18) 

where: ϕ, 0 ≤ ϕ ≤ 180º, azimuthal angle; θ, 0 ≤ θ ≤ 180º, polar angle. 

For the plane acoustic wave Eq. (17) the density of period-averaged kinetic energy 

can be computed by the equation [12]  

2

2

4 c

A
Eko


 (19) 

The characteristic equations can be found assuming harmonic waves Eq. (17) with 

different amplitudes in each node of the unit cell, 

NjiAp j ,,1),exp(~  rn                                      (20)

where: N, number of nodes per unit cell. 
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Figure 1: Regular mesh of twenty-nodes hexahedral elements and unit cell. 

Figure 2: Regular mesh of fifteen-nodes pentahedral elements and unit cell. 
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Figure 3: Regular mesh of ten-nodes tetrahedral elements and unit cell. 

Figure 4: Unit vector indicating the direction of wave propagation. 
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Inserting the solutions Eq. (20) into the homogeneous part of Eq. (10), the 

characteristic equation for each node of the unit cell is yielded by equilibrium of 

generalized nodal forces [13]. A homogeneous system of N algebraic equations is 

formed, 

NjiAz jij ,,1,,0 

 0ZA
(21) 

),,,(),,,( 2
εε  mbmaz ijijij        (22) 






c

bbb
m

2
,

2
 (23) 

where: m, dimensionless wave number, 0 < m < 1; b, half of the element size;  , 

dimensionless frequency of the discretized fluid domain; ),( ε  form parameters for 

HE20 and TE10 meshes, or )(ε  form parameter for PE15 mesh.    

2.2 Dispersion equations 

The system of homogeneous algebraic equations given in Eq. (21) has a non-trivial 

solution only if the matrix Z is singular; that is, 

  0),,,,(det  εZ m (24) 

From Eq. (24) the following polynomial equation is yielded 

1,0
0

  N

N

r

r

r cqc  (25) 

where: 2q ; ),,,( εmcr
, coefficients obtained from ija  and ijb , Eq. (22). 

Either of Eq. (24) and (25) is called a characteristic frequency equation for the plane 

wave propagation. 

It is an important fact that the N zeroes of a polynomial of degree N  1 with 

complex coefficients depend continuously upon the coefficients [14]. Thus, sufficiently 

small changes in the coefficients of a polynomial can lead only to small changes in any 

zero. However, if the zeros are numerically computed, there is no simple way to define 

a function which takes the N coefficients (all but the leading 1) of a monic polynomial 

of degree N to the N zeroes of the polynomial, since there is no natural way to define an 

ordering among the N zeroes. In the case of the HE20 mesh, for which the polynomial 

Eq. (25) is quartic, the above difficulty has been overcome by computing the zeroes in 

closed form as functions of its coefficients. Then, the components  

),,( 30 ccqq kk  , 4,,1k  (26) 

or, alternatively, 

4,,1),,,,(  kmkk ε  (27) 

will be continuous functions precisely defined. They are called dispersion equations. 

Obviously, we suppose that the coefficients ),,,( εmcr
are also continuous functions. 

Substituting Eq. (27) into Eq. (21), the wave amplitudes corresponding to the nodes 

of the unit cell for the HE20 mesh are yielded for each dispersion equation. In this work, 
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each set of linear algebraic equations is numerically solved by using the singular value 

decomposition method SVD [15]. 

To find the zeros of a polynomial equation as functions of its coefficients beyond the 

quartic equation is a very difficult mathematical problem [16]. Then, for the meshes 

PE15 and TE10 which have five and eight nodes per unit cell, respectively, if the zeros 

of Eq. (25) are numerically computed, the above mentioned ordering difficulty could be 

a problem.  In this case, by considering the initial condition,  

  0,,lim 1
0




ε
m

     (28) 

we propose to compute the first dispersion equation by a reduced unit cell obtained by a 

procedure of exact dynamic condensation [17].  

Assume that the total nodes at the unit cell are categorized as master nodes (m) and 

slave nodes (s), where the number of master nodes is four, and the number of slave 

nodes is one and four for P15 and TE10 meshes, respectively, see Fig. 2 and 3. With 

this arrangement, the system of characteristic equations Eq. (21) may be partitioned as 



























0

0

A

A

ZZ

ZZ

s

m

sssm

msmm
(29) 

where: 

sssssssmsmsm

msmsmsmmmmmm

qq

qq

baZbaZ

baZbaZ





,

,
(30) 

The relation of wave amplitudes between the master and slave nodes may be 

obtained from Eq. (29) as 

msmsss qq AZZA )()(1 (31) 

Then, by back-substituting, the system of characteristic equations of the reduced unit 

cell is obtained as 

0AMK

0AZ





mRR

mR

qqq

q

))()((

)(
(32) 

where: 

smssmssmssssssmssmssmsmmR

smssmssmssssssmssmssmsmmR

q

q

ZZbZZbZZbZZbM

ZZaZZaZZaZZaK
1111

1111

)(

)(







         (33) 

Then, from Eq. (32), the reduced form of the characteristic frequency equation is 

obtained 

3,,0),,,,,(

001

2

2

3

3

4





rqmc

cqcqcqcq

rR

RRRR

ε
(34) 

The first dispersion equation is computed by the following iterative procedure: 

Set by Eq. (28) the initial value 01 iq . 

Do for 10  m , step m 

1. Compute the coefficients ),,,,( 1irR qmc ε  of Eq. (34). 
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2. Compute the zero
1q of the quartic polynomial Eq. (34). 

Do while ( 


1

11

q

qq i ) 

1. Refresh initial value
11 qqi   .          

2. Compute the coefficients ),,,,( 1irR qmc ε  of Eq. (34). 

3. Compute the zero
1q of the quartic polynomial Eq. (34). 

End do 

3. Substituting
1q  into Eq. (32) to compute the wave amplitudes at the master nodes.  

4. Substituting
1q  into Eq. (31) to compute the wave amplitudes at the slave nodes.  

5. Refresh initial value 
11 qqi   for the next step.          

End do 

The range of dimensionless wave number values where each dispersion equation 

represents the propagation of acoustic waves in the discretized medium will be called 

the acoustical branch of the dispersion equation. In order to determine the acoustical 

branches, a preliminary constraint condition over the dimension of the null space of Z 

for the H20 mesh, or ZR for PE15 and TE10 meshes, must be imposed,  

    1)(dim1)(dim  Ror ZNZN (35) 

The constraint condition Eq. (35) implies that the subspace of solutions to Eq. (21) or 

Eq. (32) must be one-dimensional. In this case the vector of wave amplitudes A or Am is 

arbitrary to the extent that a scalar multiple of it is also a solution. Then the following 

constraint conditions are imposed, 

















0),,,(

0),,,(

0),,,(

,1

4

3

2

1

ε

ε

ε







mA

mA

mA

A      (36) 

0
,,














ε



m
      (37) 

In molecular physics, condition Eq. (36) is called the restriction of the lattice 

spectrum to the acoustical branch [18]. Obviously, if the constraint condition Eq. (35) is 

not imposed, the constraint condition Eq. (36) is meaningless. 

From Eq. (23) we obtain both the phase velocity and group velocity of the discretized 

medium, 

m

c
cd



2
 (38) 

m

c
c

g

dg
















2
,

(39) 

where: c, phase velocity of the continuum (adiabatic sound velocity) ; gc , group velocity 

of the continuum. 

From Eq. (39), the constraint condition Eq. (37) is equivalent to 

0, dgc (40) 
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It can be proven that for general periodic motion the energy propagates with the 

group velocity [19]; therefore, the constraint condition Eq. (40) imposes that the energy 

propagates into the wave direction. From this point, for each dispersion equation only 

the acoustical branch will be considered. This one represents the physically admissible 

solution for mechanical wave propagation.  

It must be recall that the group velocity of the continuum will be equal to the phase 

velocity because the waves propagate non-dispersively. Nevertheless, for the dispersive 

discretized medium the group velocity will be different from the phase velocity; 

therefore, the velocity of energy transport will be different from the phase velocity. As a 

consequence, when we consider the numerical dispersion associated with the finite 

element spatial discretization, not only the effect over the phase velocity must be 

analyzed but also the effect over the group velocity or velocity of energy transport.  

2.3 Kinetic energy at the unit cell 

For a fluid domain discretized by a regular mesh of finite elements, the stiffness 

matrix can be expressed in the suitable form 0)2( KK b . Then, from Eq. (13) and (23), 

the kinetic energy at the unit cell over a period will be  

)]2exp(
~

Re[)]2exp()~(Re[)2(
2

1 03

22



iiiib

c
E T

k  Gp       (41) 

where: )2exp(
~ 00 i GG , column matrix of generalized forces at the nodes of the 

unit cell, obtained from the stiffness matrix 0
K . 

From Eq. (41), the density of period-averaged kinetic energy is computed, 

 
1

0

0

22
)]2exp(

~
Re[)]2exp()~(Re[

2



diiii

c

C
E T

k Gp       (42) 

where: 1C , for HE20 and TE10 meshes; 32C , for PE15 mesh. 

From the decomposition in Eq. (15), 
000

hb KKK  , the density of period-averaged 

kinetic energy Eq. (42) can be partitioned as addition of basic and higher order 

components. The latter component will be 

 
1

0

0

22
)]2exp(

~
Re[)]2exp()~(Re[

2



diiii

c

C
E h

T

kh Gp       (43) 

where: )2exp(
~ 00 ihh  GG , column matrix of higher order generalized forces at the 

nodes of the unit cell, obtained from the higher order stiffness matrix 
0

hK . 

From Eq. (43) and (42), the percentage of period-averaged higher order kinetic 

energy can be defined as 

),,,(, εmee
E

E
e hh

k

kh
h  (44) 

2.4 Indicators of discretization error 

By considering Eq. (38) and (39), the indicators of the dispersion associated with 

spatial discretization that is introduced by the finite element model are defined as 
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),,,(,
2

ε



mee

mc

c
e dd

d
d  (45) 

),,,(,
2

1
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,

, ε



mee

mc

c
e dgdg

g

dg

dg 



 (46) 

These indicators consider the effect of the spatial discretization over the wave 

velocity and the velocity of energy transport, respectively. 

From Eq. (42) and (19), the indicator of kinetic energy error associated with spatial 

discretization that is introduced by the finite element model is defined as 

),,,(, εmee
E

E
e kk

ko

k
k   (47) 

Alternatively, the percentage of kinetic energy error can be defined as 

),,,(,1 ε me kkkk  (48) 

2.5 Numerical research 

Three different meshes having the same element volume will be considered for each 

of the analyzed elements. Specifically, for HE20 and TE10 elements, Fig. 1 and 3: 

Q1; square section, 0,1    

Q2; rectangular section with aspect ratio 1:2, 0,
2

1
   

Q3; skewed section, º45,1  

and, for PE15 element, Fig. 2: 

Q1; triangular section of equilateral geometry, 1  

Q2; triangular section of right geometry, 
3

12 

Q3; triangular section with angle of 30º opposite to the base, 
3

º75tan2 

The indicators Eq. (44) to (48) are computed versus dimensionless wave number for 

different directions of wave propagation. 

For the mesh HE20-Q3, the indicator of dispersion Eq. (45) is plotted in Fig. 5. 

Given the azimuthal angle ϕ, three values of the polar angle θ are considered in order to 

represent the anisotropy induced by the spatial discretization. The numerical dispersion 

is clearly displayed as the dimensionless wave number increases. A discontinuity in 

phase velocity is observed around m = 1/2 for θ = 0º. In this case the discretized fluid 

domain acts like a band-pass filter [13]. This discontinuity was already described by 

Brillouin [18] for lattices consisting of different particles.  

For the mesh Q1 and a selected direction of wave propagation the indicators Eq. (47) 

and Eq. (44) are plotted versus dimensionless wave number for each of the considered 

elements, Fig. 6 and 7. It is observed that the kinetic energy error vanishes both as the 

mesh is refined and in the limit of long wavelength, as it is expected. Similarly, the 

density of higher order kinetic energy also vanishes both as the mesh is refined and in 

the limit of long wavelength. This latter behaviour also is expected because the acoustic 
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pressure field inside each element becomes uniform. As a conclusion, the dispersion 

analysis reveals that the higher order kinetic energy behaves as an error indicator.  

Figure 5: Indicator of dispersion associated with the phase velocity versus dimensionless wave number. 

Figure 6: Indicator of kinetic energy error versus dimensionless wave number. 

In order to explore the behaviour of the higher order kinetic energy as an error 

indicator, a correlation between the percentage of higher order kinetic energy and the 

kinetic energy error is pursued. As a first step, from Eq. (44) and (48), a mapping that 

associates a value of percentage of kinetic energy error to each value of percentage of 

higher order kinetic energy is defined, 

),,,( ε hkk e  (49) 
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For the mesh Q1 and a selected direction of wave propagation the mapping Eq. (49) 

is plotted in Fig. 8 for each of the considered elements. It is observed that in each case, 

and for moderate values of percentage of higher order kinetic energy, this mapping 

could be approximated by the following cubic correlation, 

2)( hhk eBeA  (50) 

Figure 7: Percentage of higher order kinetic energy versus dimensionless wave number. 

Figure 8: Percentage of kinetic energy error versus percentage of higher order kinetic energy. 

As a second step, for each of the considered elements, two values of percentage of 

higher order kinetic energy Eq. (44) are selected as reference ones,    
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20.010.0:20 21  hh eeHE (51) 

15.0075.0:15 21  hh eePE (52) 

06.003.0:10 21  hh eeTE (53) 

From Eq. (44) and Eq. (51) to (53), the first and the second reference dimensionless 

wave number are defined for each of the considered elements,  

),,(11 εmfm  (54) 

),,(22 εmfm  (55) 

As a third step, from Eq. (48) and (54), and from Eq. (48) and (55), the first and the 

second reference values of percentage of kinetic energy error are defined,  

),,(11 ε kk f  (56) 

),,(22 ε kk f (57) 

Similar reference values can be defined for the indicator of dispersion associated 

with the group velocity,  

),,(11 εgg fe   (58) 

),,(22 εgg fe    (59) 

For the element TE10 and the mesh Q3, Eq. (55), (57) and (59) are displayed versus 

polar angle θ for selected values of azimuthal angle ϕ, Fig. 9 to 11. 

Figure 9: Second reference value of dimensionless wave number versus the polar angle. 

As a fourth step, for each of the considered elements, the root-mean-square value and 

the maximum absolute value of Eq. (56) and (57) are computed over the range of 

azimuthal and polar angles. The results are shown in Tables 1 to 3. Also, the mean 

values of Eq. (54) and (55), and the mean values of Eq. (58) and (59), are computed. 
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Figure 10: Second reference value of percentage of kinetic energy error versus the polar angle. 

Figure 11: Second reference value of indicator of dispersion associated with the group velocity versus the 

polar angle. 

As a last step, for each of the considered elements, we propose to apply the cubic 

correlation Eq. (50) to define a mapping that associates a standard value of percentage 

of kinetic energy error to each value of percentage of higher order kinetic energy. The 

coefficients A and B are solved using the averaging of root-mean-square values 

computed for Eq. (56) and (57), Tables 1 to 3. Specifically, 

20.00,*)273100.0*416000.0( 220  hhh

HE

k eee  (60) 

15.00,*)828222.0*337185.0( 215  hhh

PE

k eee (61) 

06.00,*)856111.5*722222.2( 210  hhh

TE

k eee (62) 
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In Fig. 12 the standard correlations Eq. (60) to (62) are displayed. In each case the 

interval of application can be moderately extended beyond the upper limit of percentage 

of higher order kinetic energy used to compute the coefficients A and B. It is observed 

that the correlation between standard percentage of kinetic energy error and percentage 

of higher order kinetic energy is highly dependent of the considered element. The 

correlation for PE15 element is between the ones for TE10 and HE20 elements, as it 

could be expected. 

HE20 

10.01 he  RMS

k1 MAX

k1 1m
1ge

MESH Q1 0.003279      0.006283 0.1797 1.002710 

MESH Q2 0.003126 0.006151 0.1752 1.002680 

MESH Q3 0.003035 0.008281 0.1711 1.003330 

Averaged 

value 

0.003147 0.006905 0.1753 1.002907 

20.02 he  RMS

k 2 MAX

k 2 2m
2ge

MESH Q1 0.014991 0.030342 0.2627 1.011810 

MESH Q2 0.013883 0.029227 0.2561 1.011680 

MESH Q3 0.013882 0.041620 0.2500 1.014770 

Averaged 

value 

0.014252 0.033730 0.2563 1.012753 

Table 1: Characteristic reference values for HE20 element over the range of azimuthal and polar angles. 

PE15 

075.01 he  RMS

k1 MAX

k1 1m
1ge

MESH Q1 0.004139      0.010875 0.1833 1.002700 

MESH Q2 0.004900 0.017457 0.1805 1.002990 

MESH Q3 0.005365 0.020527 0.1779 1.002900 

Averaged 

value 

0.004801 0.016286 0.1806 1.002863 

15.02 he  RMS

k 2 MAX

k 2 2m
2ge

MESH Q1 0.016810 0.045641 0.2667 1.011470 

MESH Q2 0.020345 0.076963 0.2627 1.012680 

MESH Q3 0.022165 0.084933 0.2589 1.012340 

Averaged 

value 

0.019773 0.069179 0.2628 1.012163 

Table 2: Characteristic reference values for PE15 element over the range of azimuthal and polar angles. 

Also, for each of the considered elements, we propose to apply a quadratic 

correlation to define a mapping that associates a mean value of dimensionless wave 

number to each value of percentage of higher order kinetic energy, 

20,)( hhhh eeeBeAm  (63) 

The coefficients A and B are solved using the averaging of mean dimensionless wave 

number computed for Eq. (54) and (55), Tables 1 to 3. The correlation Eq. (63) is 
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displayed in Fig. 13. For a particular mesh and direction of wave propagation, in Fig. 7 

the quadratic dependence between dimensionless wave number and percentage of 

higher order kinetic energy can be observed is approximately fulfilled for each of the 

considered elements in the interested range of percentage of higher order kinetic energy. 

TE10 

03.01 he  RMS

k1 MAX

k1 1m
1ge

MESH Q1 0.005607 0.009749 0.1454 1.002380 

MESH Q2 0.005479 0.010164 0.1423 1.002160 

MESH Q3 0.004946 0.007412 0.1471 1.002060 

Averaged 

value 

0.005344 0.009108 0.1449 1.002200 

06.02 he  RMS

k 2 MAX

k 2 2m
2ge

MESH Q1 0.022668 0.041343 0.2100 1.009610 

MESH Q2 0.022113 0.040651 0.2056 1.008740 

MESH Q3 0.020229 0.030939 0.2125 1.008370 

Averaged 

value 

0.021670 0.037644 0.2094 1.008907 

Table 3: Characteristic reference values for TE10 element over the range of azimuthal and polar angles. 

2.6 Remark 

It is clear that the harmonic acoustic waves cannot be exactly captured by a regular 

mesh of finite elements HE20, PE15 or TE10. This fact is a consequence of the element 

interpolation which is quadratic. A substitute wave field [20] or alias field [21] has been 

obtained in the discretized unbounded medium by performing a dispersion analysis. The 

alias field is yielded by collocating Eq. (20) in each node of the unit cell. The 

assumption of different amplitudes is introduced because the equation of equilibrium is 

different for each node. The analysis yields the relative wave amplitudes and the 

dispersion relation under which the alias field may propagate. In each element the alias 

field will be  

 iiS

a pNp ~~
, (64) 

where: 
ip~ , the values of Eq. (20) at the nodes; iSN , , the element shape functions. 

Finally we must remark that the dispersion analysis can be alternatively performed 

characterizing the plane harmonic wave by the displacement potential. Obviously, in 

that case, we obtain the same results. 

3 ACOUSTIC CAVITY MODES 

3.1 Introduction 

It is well known that the reflection of waves from boundaries or from other 

discontinuities creates an interference field that, if composed solely of waves of 

frequency equal to a natural frequency of the system, takes the form of a stationary 

wave field which is a natural mode of the continuum system [22]; therefore, if a finite 

volume of compressible fluid is bounded by the motionless and reflecting walls of a 

cavity it can oscillate according to stationary waves called acoustic modes. In this 
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section we approach the subject of the acoustic modes in three-dimensional cavities 

which have no analytical solution and will be solved by the finite element method. 

In order to conveniently pose an algebraic eigenvalue problem, the acoustic field will 

be characterized by the displacement potential. Then, inserting Eq. (8) into Eq. (10), the 

governing equation of the discretized fluid medium will be   

          NΘuψMK  )( 2 (65) 

where: , column matrix containing the nodal values of displacement potential. 

Figure 12: Standard percentage of kinetic energy error versus percentage of higher order kinetic energy. 

Figure 13: Mean dimensionless wave number versus percentage of higher order kinetic energy. 

By considering the homogeneous part of Eq. (65) and assuming stationary waves, it 

is produced the so called generalized eigenproblem [23], 
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jjj ψMψK ~~  (66) 

where: 2

jj   , the j-eigenvalue; jψ~ , the j-eigenvector. 

It is well known that the eigenvalue can be physically interpreted as the square of the 

natural frequency of the discretized fluid medium. The eigenvector and the element 

interpolation functions shape the finite element mode. Obviously, as the finite element 

mesh is refined and discretization error decreases, both the finite element eigenvalues 

and the finite element modes must converge to the eigenvalues and the eigenfunctions 

associated with the differential governing equation and its boundary conditions [24].  

The kernel of the global stiffness matrix K is of dimension 1; therefore, this matrix is 

positive semidefinite. The generalized eigenproblem Eq. (66) has been solved by the 

subspace iteration method [23]. The algorithm requires that K be nonsingular. This 

restriction can be met by using an eigenvalue shift [25].  

An important relation fulfilled by the eigenvectors is that of M-orthonormality, 

ijj

T

i ψMψ ~~ (67) 

where ij  is the Kronecker delta. 

Premultiplying Eq. (66) by T

iψ
~  and using Eq. (67), it is produced 

2~~
jijj

T

i ψKψ (68) 

If the acoustic field is characterized by the displacement potential, by Eq. (8) and 

(16) the modal kinetic energy of the discretized fluid medium will be 

ψKψ ~~

4

1 2 T

kE  (69) 

By introducing the decomposition in Eq. (15) into Eq. (69) we obtain both the basic 

and higher order modal kinetic energy. The latter component will be 

ψKψ ~~

4

1 2

h

T

khE  (70) 

Finally, by introducing Eq. (68) into Eq. (69), the following expression for the modal 

kinetic energy it is produced 

4

4

1
kE (71) 

3.2 Numerical research 

In this section it is investigated the application of the percentage of higher order 

kinetic energy as an error indicator for the acoustic modes computed by the finite 

element method. This percentage will be evaluated by Eq. (69) and (70), 

k

kh

E

E
PHE  (72) 

An estimation of the error for the natural frequencies and modal displacement 

potentials obtained with the discretized fluid domain will be presented. The reference 

model will be obtained by dividing each element of the actual mesh into eight elements. 
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The modal displacement potentials obtained with the actual model and the ones 

obtained with the reference model will be compared by the modal kinetic energy error 

REF

k

REF

kk

E

EE
KEE


      (73) 

where kE  and REF

kE  are defined by Eq. (69). 

By considering Eq. (71), the modal kinetic energy error Eq. (73) can be evaluated as 

1

4











REF
KEE




  (74) 

Obviously, from Eq. (74) the natural frequency error is inferred. 

In order to investigate the behaviour of the percentage of higher order kinetic energy 

as a modal error indicator, the application of the standard correlation, yielded by the 

numerical dispersion analysis, between the percentage of higher order kinetic energy 

and the kinetic energy error, Eq. (60) to (62), is explored. The kinetic energy error 

computed by the above correlation from the percentage of higher order modal kinetic 

energy associated with the actual model will be called the standard modal kinetic energy 

error, SKEE. This standard error will be compared with the one computed by Eq. (74). 

Two acoustic cavities will be analyzed: a tapered cavity discretized by HE20 element, 

Fig. 14; and a half of pyramidal cavity discretized by TE10 element, Fig. 15. The results 

are shown in Tables 4 and 5, respectively.  

Figure 14: Tapered cavity. Sound velocity, c = 346 m/s. 

From Tables 4 and 5, it is observed that both the percentage of higher order kinetic 

energy Eq. (72) and the kinetic energy error Eq. (74) increase with the modal order. The 

percentage of higher order kinetic energy decreases as the mesh is refined. Clearly, the 

numerical research reveals that the percentage of higher order kinetic energy behaves as 

20 m 

20 m 

20 m 

10 m 

10 m 
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a modal error indicator. This result is consistent with the one obtained by the numerical 

dispersion analysis carried out for harmonic waves.  

Figure 15: Half of pyramidal cavity. Sound velocity, c = 346 m/s. 

From Tables 4 and 5, and Fig. 16 and 17, it is observed that the standard error SKEE 

generally overestimates the modal kinetic energy error KEE, Eq. (74), at least in the 

interested range of error. Typically it is considered that a kinetic energy error around 

one per cent is an optimum upper bound to properly capture the acoustic modes, at least 

from the engineering point of view. In this case, the natural frequency error would be 

negligible. It can be observed that by the standard error SKEE the corresponding cutoff 

modal order can be properly captured. As a final remark, a one per cent of kinetic 

energy error roughly corresponds to six elements per wavelength for TE10 element, and 

between four and five elements per wavelength for HE20 element, Fig. 12 and 13. In 

this case, from Tables 1 and 3, it can be inferred that the effect of the spatial 

discretization over the group velocity and therefore over the wave velocity is negligible.  

4 CONCLUSIONS 

This paper studies the propagation of time-harmonic acoustic waves in fluid media 

discretized by energy-orthogonal finite elements. In this formulation the element 

stiffness matrix is split into basic and higher order components which are related to the 

mean and deviatoric components of the gradient of acoustic pressure, respectively. This 

decomposition is applied both to the stiffness matrix and to the kinetic energy of the 

finite element assemblage. The research is focused on the properties of the higher order 

kinetic energy as an error indicator. The noteworthy conclusions of this paper are: 

X 

Y 

Z 

32 m 

24 m 
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 By numerical dispersion analysis of plane harmonic waves a standard correlation

between percentage of higher order kinetic energy and kinetic energy error is

yielded. The above correlation is highly dependent of the considered element.

 The standard correlation is used as a reference to apply the percentage of higher

order kinetic energy as an error indicator for the acoustic cavity modes computed

by the finite element method. Typically it is considered that a kinetic energy error

around one per cent is an optimum upper bound to properly capture the acoustic

modes. The numerical research reveals that by the standard correlation the modal

kinetic energy error is generally overestimated in the interested error range, and a

cutoff modal order can be properly selected.

The application of the proposed procedure to more complex waves and media is 

subject of research. 

MODE FR REF 

Hz 

PEH REF PEH KEE SKEE 

1 8.367348  0.005253 0.020643 0.000213 0.000120 

2 10.254183  0.005863 0.023076 0.000181 0.000150 

3 10.723037  0.006894 0.027061 0.000270 0.000208 

4 13.900437  0.012186 0.047503 0.000244 0.000661 

5 15.248240  0.014688 0.056427 0.001358 0.000944 

6 16.185534  0.013126 0.050982 0.000460 0.000765 

7 17.653668  0.021225 0.081510 0.002510 0.002040 

8 19.383300  0.025091 0.094649 0.003049 0.002799 

9 19.625853  0.023625 0.089744 0.001444 0.002500 

10 19.661165  0.024308 0.092719 0.002912 0.002679 

11 21.216222  0.028169 0.106661 0.002819 0.003612 

12 21.777377  0.029530 0.111531 0.002592 0.003974 

13 21.955504  0.030879 0.116365 0.003246 0.004353 

14 22.166654  0.027799 0.104825 0.001992 0.003480 

15 24.842269  0.036216 0.134124 0.004083 0.005917 

16 25.251863  0.046891 0.171357 0.010896 0.010112 

17 25.989087  0.045434 0.164372 0.010063 0.009226 

18 26.399584  0.043411 0.160458 0.004899 0.008750 

19 27.144879  0.042850 0.156726 0.005206 0.008310 

20 27.919302  0.051046 0.183629 0.009410 0.011785 

21 28.007702  0.046622 0.170426 0.008902 0.009991 

22 28.312110  0.052364 0.189307 0.011058 0.012609 

23 29.157168  0.056376 0.205599 0.013495 0.015160 

24 29.295293  0.048908 0.171845 0.006822 0.010176 

25 29.454904  0.051953 0.192371 0.012197 0.013068 

26 29.963084  0.055955 0.202152 0.011436 0.014597 

27 30.800392  0.053507 0.193305 0.008889 0.013210 

28 31.240025  0.063252 0.226136 0.014250 0.018776 

29 31.575416  0.050851 0.179857 0.007838 0.011255 

30 32.278370  0.063521 0.214050 0.016066 0.016592 

Table 4: Estimation of the modal discretization error for a tapered cavity. 
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Figure 16: Standard modal kinetic energy error SKEE versus modal kinetic energy error KEE for a 

tapered cavity. 

MODE FR REF 

Hz 

PEH REF PEH KEE SKEE 

1 7.742879  0.001256 0.004498 0.000328 0.000119 

2 10.924825  0.003408 0.012184 0.000586 0.000874 

3 11.245958  0.003474 0.012425 0.000520 0.000909 

4 14.935495  0.006377 0.022751 0.002579 0.003063 

5 16.378355  0.008045 0.028249 0.005197 0.004735 

6 18.695083  0.009152 0.031975 0.006154 0.006076 

7 20.527646  0.011413 0.039084 0.008533 0.009108 

8 20.816339  0.012021 0.041525 0.007681 0.010293 

9 21.655237  0.011962 0.041286 0.006978 0.010173 

10 22.553624  0.014465 0.049086 0.012879 0.014432 

11 23.969180  0.017444 0.059538 0.015512 0.021333 

12 25.862455  0.019508 0.064886 0.020359 0.025399 

13 26.730454  0.017795 0.060549 0.014438 0.022074 

14 26.918635  0.021915 0.074262 0.023056 0.033410 

15 28.492760  0.023006 0.078155 0.023469 0.037070 

16 29.274352  0.024027 0.079723 0.028826 0.038599 

17 30.061341  0.026414 0.085174 0.033624 0.044166 

18 31.121104  0.026708 0.088292 0.029118 0.047525 

19 31.339265  0.026567 0.086435 0.032736 0.045509 

20 31.604209  0.027741 0.090491 0.032800 0.049971 

Table 5: Estimation of the modal discretization error for a half of pyramidal cavity. 
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Figure 17: Standard modal kinetic energy error SKEE versus modal kinetic energy error KEE for a half of 

pyramidal cavity. 
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Abstract. The optimal mechanical and geometric characteristics for layered composite struc-
tures subject to vibroacoustic excitations are derived. A Finite Element description coupled to
Periodic Structure Theory is employed for the considered layered panel. Structures of arbitrary
anisotropy as well as geometric complexity can thus be modelled by the presented approach.
Initially, a numerical continuum-discrete approach for computing the sensitivity of the acoustic
wave characteristics propagating within the modelled periodic composite structure is exhibited.
The first and second order sensitivities of the acoustic transmission coefficient expressed within
a Statistical Energy Analysis context are subsequently derived as a function of the computed
acoustic wave characteristics. Having formulated the gradient vector as well as the Hessian
matrix, the optimal mechanical and geometric characteristics satisfying the considered mass, s-
tiffness and vibroacoustic performance criteria are sought by employing Newton’s optimisation
method.
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1 INTRODUCTION

Layered and complex structures are nowadays widely used within the aerospace, automo-
tive, construction and energy sectors with a general increase tendency, mainly because of their
high stiffness-to-mass ratio and the fact that their mechanical characteristics can be designed
to suit the particular purposes. Unluckily however, this high stiffness-to-mass ratio being re-
sponsible for the increased mechanical efficiency, at the same time induces high acoustic trans-
mission through the structure. The need for simultaneously optimising an industrial structure
of minimum mass and maximum static stiffness, while attaining satisfactory dynamic response
performance levels is a challenging task for the modern engineer; especially when considering
acoustic transmission through a layered structure which depends on the mechanical and geo-
metric characteristics of each individual layer, resulting in a great number of design parameters
to be optimised.

The numerical analysis of wave propagation within periodic structures was firstly considered
in [1], while the work was extended to two dimensional media in [2, 3]. The so called Wave
Finite Element (WFE) method was introduced in [4, 5] in order to facilitate the post-processing
of the eigenproblem solutions and further improve the computational efficiency of the method.
The interest in predicting the vibroacoustic response of a structure in a wave context is far from
being new with the pioneering works of the authors in [6, 7, 8, 9] being probably the earliest
ones. A layer-wise model for the prediction of acoustic wave propagation within continuous
layered structures was presented in [10]. More recently, the prediction of the acoustic wave
characteristics based on FE formulations allowed for more complex structures to be included in
the dynamic response computations [11, 12, 13, 14, 15, 16, 17].

Structural sensitivity analysis is of great importance for understanding the overall impact of
a design parameter variation to the structural performance which is to be optimised. Accurate
sensitivity models are an important tool for design optimization, system identification as well
as for statistical mechanics analysis. Many authors [18, 19, 20, 21] have been focusing on the
eigenvalue derivative analysis of a structural system. With regard to the variability analysis of
the waves travelling within a structural medium the conducted work has been mainly focused
on deriving expressions [22, 23] of the stochastic wave parameters from analytical models. In
[24] the authors conduct a design sensitivity analysis by a wave based approach. Considering
numerical approaches the authors in [25] used Bloch’s theorem in conjunction with the FE
method in order to calculate the sensitivity of the acoustic waves within an auxetic honeycomb,
while with regard to the computation of the variability of the propagating waves the authors in
[26, 27] have presented a stochastic WFE method approach for computing the stochastic wave
propagation in one dimensional media. With regard to optimising the design characteristics of
a layered structure the developed approaches have generally focused on genetic algorithms or
particle swarm type techniques [28, 29, 30]. When it comes to optimising the structural design
vis-a-vis the dynamic response performance of a structure, wave based optimisation techniques
have been developed [31, 32, 33, 34] by adopting Periodic Structure Theory (PST) assumptions.

In this work an established wave based SEA approach is employed in order to predict the
vibroacoustic performance of a composite layered panel. The novelty of the work focuses on
the derivation of the first and second order sensitivity of the acoustic transmission coefficien-
t expressed through SEA with respect to the structural design characteristics of the modelled
structure. The considered design parameters include the entirety of the mechanical character-
istics, the density as well as the thickness of each individual structural layer. Non conservative
structural systems are also modelled by the exhibited approach. Employing a three dimensional
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Figure 1: Caption of a FE modelled composite layered panel

FE description of the modelled structure allows for capturing the entirety of the sound trans-
mitting propagating structural waves, while employing a PST formulation allows for drastically
reducing the computational cost related to calculating the SEA parameters and the Hessian ma-
trix for each configuration. Although not discussed in this work, the method is straightforward
to apply to curved structures by expressing the FE structural matrices and wave propagation
properties in polar coordinates.

2 ACOUSTIC WAVE SENSITIVITY

2.1 Formulation of the PST for an arbitrary structural segment

A periodic segment of a panel having arbitrary layering is hereby considered (see Fig.1) with
Lx, Ly its dimensions in thex andy directions respectively. The segment is modelled using a
conventional FE software. The mass, damping and stiffness matrices of the segmentM, C and
K are extracted and the DoF setq is reordered according to a predefined sequence such as:

q = {qI qB qT qL qR qLB qRB qLT qRT}
⊤ (1)

corresponding to the internal, the interface edge and the interface corner DoF (see Fig.1). The
free harmonic vibration equation of motion for the modelled segment is written as:

[K+ iωC− ω2M]q = 0 (2)

The analysis then follows as in [3] with the following relations being assumed for the dis-
placement DoF under the passage of a time-harmonic wave:

qR =e−iεxqL, qT =e−iεyqB

qRB =e−iεxqLB, qLT =e−iεyqLB, qRT =e−iεx−iεyqLB

(3)
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with εx andεy the propagation constants in thex andy directions related to the phase differ-
ence between the sets of DoF. The wavenumberskx, ky are directly related to the propagation
constants through the relation:

εx = kxLx, εy = kyLy (4)

Considering Eq.3 in tensorial form gives:

q =





























I 0 0 0

0 I 0 0

0 Ie−iεy 0 0

0 0 I 0

0 0 Ie−iεx 0

0 0 0 I

0 0 0 Ie−iεx

0 0 0 Ie−iεy

0 0 0 Ie−iεx−iεy





























x = Rx (5)

with x the reduced set of DoF:x = {qI qB qL qLB}
⊤. The equation of free harmonic vibra-

tion of the modelled segment can now be written as:

[R∗KR + iωR∗CR− ω2R∗MR]x = 0 (6)

with ∗ denoting the Hermitian transpose. The most practical procedure for extracting the wave
propagation characteristics of the segment from Eq.6 is injecting a set of assumed propagation
constantsεx, εy. The set of these constants can be chosen in relation to the direction of propa-
gation towards which the wavenumbers are to be sought and according to the desired resolution
of the wavenumber curves. Eq.6 is then transformed into a standard eigenvalue problem and
can be solved for the eigenvectorx which describe the deformation of the segment under the
passage of each wave type at an angular frequency equal to the square root of the corresponding
eigenvalueλ = ω2. It is noted that the computed angular frequency quantitiesω = ωr + iωi

will have | ωi |> 0 implying complex values for the wavenumbers of the propagating wave
types, otherwise interpreted as spatially decaying motion and from which the loss factor of each
computed wave typew can directly be determined.

A complete description of each passing wave including itsx andy directional wavenumbers
and its wave shape for a certain frequency is therefore acquired. It is noted that the periodicity
condition is defined modulo 2π, therefore solving Eq.6 with a set ofεx, εy varying from 0 to
2π will suffice for capturing the entirety of the structural waves. Further considerations on
reducing the computational expense of the problem are discussed in [3]. It should be noted that
only propagating waves will be considered in the subsequent analysis.
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2.2 Parametric sensitivity

For an undamped structural segment the sensitivity of the real eigenvaluesλp can be written
as

∂λp

∂βi

=x⊤

p

(

∂K

∂βi

− λp

∂M

∂βi

)

xp

∂2λp

∂βj∂βi

=x⊤

p

(

∂2K

∂βj∂βi

− λp

∂2M

∂βj∂βi

−
∂λp

∂βj

∂M

∂βi

−
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∂βi

∂M

∂βj

)

xp

+ x⊤

p

(

∂

∂βj

[

K− λpM

])

∂xp

∂βi

+ x⊤

p

(

∂

∂βi

[

K− λpM

])

∂xp

∂βj

(7a)

(7b)

with the sensitivity of the real mode shapes
∂xp

∂βj

to be calculated by the approach exhibited

in [18]. The global mass and stiffness matricesM,K of the structural segment are formed by
adding the local mass and stiffness matrices of individual FEs. Eq.7 can be written as
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For the conservative system it is known however that
∂λp

∂βi

=
∂(ω2

p)

∂βi

, therefore
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with ωp the angular frequency at which the set ofεx, εy is true for thep wave type described by

thexp deformation. For the wavenumber sensitivity
∂kp
∂βi

the following is true

∂kp
∂βi

= −
∂kp
∂ωp

∂ωp

∂βi

= −
1
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−
1
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(10a)

(10b)

with cg,p =
∂ωp

∂kp
the group velocity associated with the wave typep at frequencyωp and the

quantitiescg,p,
∂cg,p
∂ωp

to be evaluated by the solution of the baseline structural design.
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Figure 2: A schematic representation of the SEA power exchanges and energies for the modelled system.

3 SEA SENSITIVITY ANALYSIS

3.1 The employed SEA model

The impact of the parametric alterations on the vibroacoustic performance of the structure
under investigation is exhibited in this section by deriving expressions for the sensitivity of the
SEA results with respect to the propagating acoustic waves.

The total acoustic transmission coefficientτ is one of the most important indices of the vi-
broacoustic performance of a structure. The system to be modelled comprises one acoustically
excited chamber (subsystem 1) and one acoustically receiving chamber (subsystem 3) separated
by the modelled composite panel (subsystem 2). It is considered that each wave type is excited
and transmits acoustic energy independently from the rest, therefore each considered wave type
w = w1, w2...wn propagating within the composite panel is considered as a separate SEA sub-
system. No flanking transmission is considered in the SEA model. The energy balance between
the subsystems as it is considered within an SEA approach (see [8]) is illustrated in Fig.2, in
whichE1, E3 stand for the acoustic energy of the source room and the receiving room respec-
tively andE2 for the vibrational energy of the composite panel. MoreoverPin is the injected
power in the source room,P1d, P2d andP3d stand for the power dissipated by each subsystem
andP13 is the non-resonant transmitted power between the rooms.

The derivation of an expression for the total acoustic transmission coefficientτ of the com-
posite structure by merely accounting for its structural dynamic behaviour is exhibited in [11]
and reads

τ =
wn
∑

w=w1

τw +
P13

Pinc

(11)
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with τw being the transmission coefficient of the wave typew given as

τw =
8ρ2c4πσ2

rad,wnw

ρsω2A(ρsωηw + 2ρcσrad,w)
(12)

The non resonant transmission coefficientτnr = P13/Pinc for a diffused acoustic field can be
written as in [10]:

τnr(ω) =
1

π(cos2 θmin − cos2 θmax)

∫ 2π

0

∫ θmax

0

4Z2
0

| iωρs + 2Z0 |2
σ(θ, φ, ω) cos2 θ sin θdθdφ

(13)
in which θ andφ are the incidence angle and the direction angle of the acoustic wave respec-
tively andZ0 = ρc/ cos θ is the acoustic impedance of the medium. The termθmax stands for
the maximum incidence angle, accounting for the diffuseness of the incident field. It is hereby
considered thatθmax = π/2 for all the results presented in the current work. The termσ(θ, φ, ω)
is the corrected radiation efficiency term. It is used in order to account for the finite dimensions
of the panel and it is calculated using a spatial windowing correction technique presented in
[35].

Eventually the STL of the panel can be expressed as

STL = 10 log10

(

1

τ

)

(14)

by definition.

3.2 Parametric sensitivity of the total acoustic transmission

In order to formulate the expression of the Hessian matrix describing the variation of the
vibroacoustic performance of the structure with respect to its design parameters, the second
order derivative ofτ with respect to the considered set of parameters should be derived and
expressed as

∂τ

∂βi

=
wn
∑

w=w1

∂τw
∂βi

+
∂τnr
∂βi

∂2τ

∂βj∂βi

=
wn
∑

w=w1

∂2τw
∂βj∂βi

+
∂2τnr
∂βj∂βi

(15a)

(15b)

while the sensitivity of the STL index can directly be expressed with regard toτ as

∂(STL)

∂βi

=
d(STL)

dτ
∂τ

∂βi

= −
10

ln(10)τ

∂τ

∂βi

∂2(STL)

∂βj∂βi

=
∂2(STL)

∂τ 2
∂τ

∂βj

∂τ

∂βi

+
∂(STL)

∂τ

∂2τ

∂βj∂βi

=
10

ln(10)τ 2
∂τ

∂βj

∂τ

∂βi

−
10

ln(10)τ

∂2τ

∂βj∂βi

(16a)

(16b)

In the following sections the evaluation of Eq.15 is discussed.
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3.3 Modal density sensitivity

Using Courant’s formula [36], the modal density of each wave typew can be written at a
propagation angleφ as a function of the propagating wavenumber and its corresponding group
velocitycg:

nw (ω, φ) =
Akw (ω, φ)

2π2|cg,w (ω, φ) |
(17)

The angularly averaged modal density of the structure is therefore given as

nw (ω) =

∫ π

0

nw (ω, φ)dφ (18)

Thanks to the chain differentiation rule the first and second order derivatives of the modal den-
sity for each wave type with respect to design variablesβi, βj can be expressed as

∂nw (ω, φ)

∂βi

=
∂nw (ω, φ)

∂kw (ω, φ)

∂kw (ω, φ)

∂βi

+
∂nw (ω, φ)

∂cg,w (ω, φ)

∂cg,w (ω, φ)

∂βi

=
A

2π2
|cg,w (ω, φ) |

∂kw (ω, φ)

∂βi

−

Akw (ω, φ) sgn(cg,w (ω, φ))

2π2
|cg,w (ω, φ) |2

∂cg,w (ω, φ)

∂kw (ω, φ)

∂kw (ω, φ)

∂βi

∂2nw (ω, φ)

∂βj∂βi

=
∂2nw (ω, φ)

∂kw (ω, φ)2
∂kw (ω, φ)

∂βj

∂kw (ω, φ)

∂βi

+
∂nw (ω, φ)

∂kw (ω, φ)

∂2kw (ω, φ)

∂βj∂βi

+
∂2nw (ω, φ)

∂cg,w (ω, φ)2
∂cg,w (ω, φ)

∂βj

∂cg,w (ω, φ)

∂βi

+
∂nw (ω, φ)

∂cg,w (ω, φ)

∂2cg,w (ω, φ)

∂βj∂βi

=
A

2π2
|cg,w (ω, φ) |

∂2kw (ω, φ)

∂βj∂βi

+
Akw (ω, φ) sgn(cg,w (ω, φ))

π2
|cg,w (ω, φ) |3

(

∂cg,w (ω, φ)

∂kw (ω, φ)

)2
∂kw (ω, φ)

∂βj

∂kw (ω, φ)

∂βi

−

Akw (ω, φ) sgn(cg,w (ω, φ))

2π2
|cg,w (ω, φ) |2

(

∂2cg,w (ω, φ)

∂kw (ω, φ)2
∂kw (ω, φ)

∂βj

∂kw (ω, φ)

∂βi

+
∂cg,w (ω, φ)

∂kw (ω, φ)

∂2kw (ω, φ)

∂βj∂βi

)

(19a)

(19b)

while for the spatially averaged modal density

∂nw (ω)

∂βi

=

∫ π

0

∂nw (ω, φ)

∂βi

dφ

∂2nw (ω)

∂βj∂βi

=

∫ π

0

∂2nw (ω, φ)

∂βj∂βi

dφ

(20a)

(20b)

suggesting that the modal density sensitivity can be expressed merely by

• The sensitivity of the characteristics of the waves travelling within the considered struc-
ture with respect to the structural design (already determined in Sec.2).

• The sensitivity of the modal density with respect to the characteristics of the waves trav-
elling in it.

A similar approach can be followed for computing all the remaining necessary SEA quanti-
ties.

4397



D. Chronopoulos, M. Collet, M. Ichchou, and I. Antoniadis

3.4 Radiation efficiency sensitivity

In order to avoid the computationally inefficient frequency and directional averaging of the

modal dependent radiation efficiency sensitivity
∂σrad,w (ω, φ)

∂βi

, it is practical to employ ex-

pressions introducing a direct wavenumber dependence ofσrad,w such as the ones exhibited in
[6, 9, 3]. For a generic periodic structure including discontinuities the assumption of sinusoidal
mode shapes is no longer valid, therefore the radiation efficiency should be calculated directly
from the PST derived wave mode shapes. The radiation efficiency expression as derived in [3]
can therefore be employed. For continuous structures, mode shapes of sinusoidal form can be
assumed in order to avoid any FE discretization errors in the solution. The set of asymptotic
formulas given in [9] can be used for computing the averaged wavenumber dependent radiation
efficiency of the panel as

σrad,w =
1

√

1− µ2
µ < 0.90

σrad,w =
Lx + Ly

πµκLxLy

√

µ2 − 1

(

ln

(

µ+ 1

µ− 1

)

+
2µ

µ2 − 1

)

µ > 1.05

σrad,w = (0.5− 0.15min (Lx, Ly)/max (Lx, Ly))
√

kmin (Lx, Ly) µ = 1

(21a)

(21b)

(21c)

with µ =

(

k2
x + k2

y

κ2

)1/2

, whereκ = ω/c is the acoustic wavenumber. In the region0.90 <

µ < 1.05 a shape preserving Hermite interpolation function is employed assuring the continuity
and double differentiability for the entire spectrum of theσrad,w expression. The sensitivity
expressions for the radiation efficiency of the panel can therefore be derived as a function of
the propagating flexural wavenumbers by Eq.21, while the interpolation function is used for
expressing the sensitivity ofσrad,w for the remaining spectrum.

3.5 Sensitivity of the resonant acoustic transmission

Taking a look at Eq.12 it can be observed that the sensitivity of the resonant acoustic trans-
mission coefficient with respect to the design parameters of the composite structure can be
expressed as

∂τw
∂βi

=
∂τw

∂σrad,w

∂σrad,w

∂βi

+
∂τw
∂nw

∂nw

∂βi

+
∂τw
∂ρs

∂ρs
∂βi

∂2τw
∂βj∂βi

=
∂2τw

∂σ2
rad,w

∂σrad,w

∂βj

∂σrad,w

∂βi

+
∂τw

∂σrad,w

∂2σrad,w

∂βj∂βi

+
∂2τw
∂n2

w

∂nw

∂βj

∂nw

∂βi

+
∂τw
∂nw

∂2nw

∂βj∂βi

+
∂2τw
∂ρ2s

∂ρs
∂βj

∂ρs
∂βi

+
∂τw
∂ρs

∂2ρs
∂βj∂βi

(22a)

(22b)
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with the transmission coefficient related sensitivity terms being expressed as

∂τw
∂σrad,w

=
16πc4nwρ

2σrad,w

Aω2ρs(ηwωρs + 2cρσrad,w)
−

16πc5nwρ
3σ2

rad,w

Aω2ρs(ηwωρs + 2cρσrad,w)2

∂2τw
∂σ2

rad,w

=
16πc4nwρ

2

Aω2ρs(ηwωρs + 2cρσrad,w)
−

64πc5nwρ
3σrad,w

Aω2ρs(ηwωρs + 2cρσrad,w)2
+

64πc6nwρ
4σ2

rad,w

Aω2ρs(ηwωρs + 2cρσrad,w)3

∂τw
∂nw

=
8πc4ρ2σ2

rad,w

Aω2ρs(ηwωρs + 2cρσrad,w)

∂2τw
∂n2

w

=0

∂τw
∂ρs

=−
8πc4nwρ

2σ2
rad,w

Aω2ρ2s(ηwωρs + 2cρσrad,w)
−

8πc4ηwnwρ
2σ2

rad,w

Aωρs(ηwωρs + 2cρσrad,w)2

∂2τw
∂ρ2s

=
16πc4η2wnwρ

2σ2
rad,w

Aρs(ηwωρs + 2cρσrad,w)3
+

16πc4nwρ
2σ2

rad,w

Aω2ρ3s(ηwωρs + 2cρσrad,w)
+

16πc4ηwnwρ
2σ2

rad,w

Aωρ2s(ηwωρs + 2cρσrad,w)2

(23a)

(23b)

(23c)

(23d)

(23e)

(23f)

All the necessary quantities have by now been computed from the considerations introduced
above and the resonant acoustic transmission sensitivity can thus be evaluated in Eq.22. Given

thatρs =

lmax
∑

l=l1

ρm,lhl with ρm,l the mass density of layerl andhl its thickness, it is straightfor-

ward to derive the quantities
∂ρs
∂βi

∂ρs
∂βj

and
∂2ρs

∂βi∂βj

for the composite panel.

4 THE OPTIMISATION PROBLEM

The Newton’s method will be hereby employed (ensuring quadratic convergence towards the
solution) in order to optimise the considered set of parameters, which in the general orthotropic
multilayer case can be expressed as

p =
{

Ex,1Ey,1Ez,1vxy,1vxz,1vyz,1Gxy,1Gxz,1Gyz,1h1ρm,1 · · · ρm,lmax

}

⊤

(24)

with lmax the maximum number of layers. It is interesting to note that includingη in an op-
timisation procedure will not provide any helpful information, asδη will not directly affect
neither the mass, nor the stiffness of the panel. On the other hand it will always be benefi-
cial for the reduction ofτw, which suggests that a maximumη will always be the result of
the optimisation process. Some of the parameters may be considered to be constrained (e.g.
βi ∈ [βi,min, βi,max]). The objective functionF(p) to be minimised is eventually to be decided.
It is evident that the cost of added mass, as well as the one of static stiffness loss should be
included inF(p) (if not maximising the mass of the panel would be the evident solution for
minimising the acoustic transmission). There is a number of cost criteria that can be applied
to the stress-strain matrix coefficients [37] of a laminate in order to account for its axial, shear
and flexural stiffness. Dependence between the mass, stiffness and damping coefficient of each
employed material can also be introduced.
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The cost function can eventually be expressed as

F(p) = ξ3τ
3(p)+ξ2τ

2(p)+ξ1τ(p)+ξ0+δ3ρ
3
s(p)+δ2ρ

2
s(p)+δ1ρs(p)+δ0+ζ3d

3
s(p)+ζ2d

2
s(p)+ζ1ds(p)+ζ0

(25)
with ξi, δi, ζi coefficients that allow the designer to apply a simple polynomial curve fitting to
the available cost data, thus facilitating the differentiability ofF(p). Higher order polynomial
or exponential fitting functions may be applied without loss of accuracy.

5 NUMERICAL CASE STUDIES

In order to validate the exhibited optimisation approach, an asymmetric sandwich panel com-
prising two facesheets and a core is modelled in this section. The lower facesheet has a thickness
h1=1mm and is made of a material havingρm,1=3000e−9kg/mm3, E1 = 70GPa and a Poisson’s
rationv1=0.1. The upper facesheet has a thickness equal toh3=2mm and is made of the same
material as the lower facesheet. The core has a thicknessh2=10mm and is made of a mate-
rial with ρm,2=50e−9kg/mm3, E2 = 0.07GPa andv2=0.4. Three FEs are used in the sense of
thickness in order to model the structure. All computations were conducted using the R2013a
version of MATLABr.

5.1 Results on the wave sensitivity analysis of a layered structure

In this section the sensitivity of the wave characteristics with respect to the mechanical and
geometric characteristics of the sandwich panel are sought as discussed in Sec.2. The results are
compared to a FD approach throughout this section. In order to implement the FD approach a
perturbation of 0.1% was considered for each structural parameter. The resulting FD sensitivity
can be computed by

∂k

∂β
=

kp − k0
βp − β0

(26)

with kp the perturbed wavenumber value forβp andω0 the corresponding wavenumber for the
unperturbed parameterβ0.

The sensitivity ofk with respect to the thickness of the sandwich core layer is presented in
Fig.3. A very interesting effect is that the influence ofδh2 on the flexural wavenumber becomes
maximum for a certain frequency (approximately 2000 Hz), where the stiffening effect ofδh2

becomes maximum. An intense nonlinearity is observed in the relation ofδω to δk. A constant
decrease of this influence is observed beyond that point. The stiffening effect is probably due
to the greater separation of the two facesheets withδh2. It is very probable however that for
higher wavenumber valuesδhc will have a softening effect on the flexural wavenumber with the
depicted curve passing to positive values okδk.

In Fig.4, the sensitivity ofk with respect to the mass density of the sandwich facesheet layers
is presented. As expected, bothδρm,1 and δρm,3 will shift the wavenumber curve to higher
values, suggesting a softening phenomenon. This effect will be greater for the thicker upper
facesheet at lowk values. A highly nonlinear behaviour is again observed and it is interesting
to see that there is a critical frequency value at which the effect ofδρm,1 andδρm,3 will be the
same. Beyond this critical wavenumber the softening effect will paradoxically be more intense
for δρm,1.
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Figure 3: Sensitivity of the propagating wavenumberk under a perturbation ofh2 for the first flexural wave type
of the layered structure: Presented approach (−), FD computation (�)
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Figure 4: Sensitivity of the propagating wavenumberk under a perturbation of the mass density of the sand-
wich facesheets for the first flexural wave type: Presented approach forρm,1 (−), FD computation forρm,1 (�),
Presented approach forρm,3 (−−), FD computation forρm,3 (◦)
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Figure 5: Sensitivity of the modal densityn of the first flexural propagating wave with respect to the layer thick-
nesses: with respect to the thickness of the lower facesheeth1 (−), with respect to the thickness of the upper
facesheeth3 (−−), with respect to the thickness of the coreh2 (− · −)

5.2 Results on the SEA sensitivity analysis of a layered structure

In this section the sensitivity of the SEA quantities, namely the modal density, the radiation
efficiency and the damping loss factor are computed as discussed in Sec.3 and evaluated.

The first order sensitivity of the modal density of the composite panel with regard to the layer
thicknesses are exhibited in Figs.5. It can be observed that the stiffening effect induced byδh3 in
the high frequency range, also induces a high reduction of the modal density, while a maximum
softening effect is observed for bothδh1, δh3 in the low frequency range (approximately 1000
Hz).

The sensitivity of the acoustic radiation efficiency for the composite panel with regard to the
layer thicknesses is presented in Fig.6. In order to use a clearer logarithmic scale the quan-
tity δ10log(σ)/δh is plotted. It is generally observed that altering the thickness of the thicker
facesheeth3 will have a maximum effect on the radiation efficiency, while the opposite is true
for altering the thickness of the core layer. The maximum impact onσ is as expected observed
around the acoustic coincidence frequency (approximately 5800 Hz in this case study). It is
interesting to note that the effect ofδh1 will have an opposite effect onσ compared toδh3.

The impact of the structural parameters on the acoustic transmission coefficient and the
sound TL of the composite structure is eventually computed. In Fig.7 the sensitivity of the
structure’s TL with regard to the layer thicknesses is presented. It is evident that altering the
thickness of the upper thicker layer will induce the maximum effect on TL, especially close to
the acoustic coincidence region. On the other hand, altering the core thickness will have an
insignificant effect on the TL index.

5.3 Structural design optimisation of the layered structure

As discussed in Sec.4, the criteria to be considered within the optimisation process of the
mechanical and geometric characteristics of the panel are its mass, stiffness and vibroacoustic
performance. The surface mass of the panelρs is chosen as a representative mass index, the
total acoustic transmission coefficientτ is selected as the vibroacoustic performance index,
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Figure 6: Sensitivity of the logarithmic acoustic radiation efficiency (10log(σ)) of the first flexural propagating
wave with respect to the layer thicknesses: with respect to the thickness of the lower facesheeth1 (−), with respect
to the thickness of the upper facesheeth3 (−−), with respect to the thickness of the coreh2 (− · −)
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Figure 7: Sensitivity of the sound TL with respect to the layer thicknesses: with respect to the thickness of the
lower facesheeth1 (−), with respect to the thickness of the upper facesheeth3 (−−), with respect to the thickness
of the coreh2 (− · −)
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Figure 8: Representation of the cost functions employed within the current optimisation process. Cost function
corresponding to: The acoustic transmission coefficientτ (−), The surface mass densityρs (−−), The flexural
stiffnessds of the panel (− · −)

while with regard to the structural stiffness and for the sake of simplicity we will hereby assume
that we are solely interested in the sum of the static flexural stiffnesses of the panelDxx, Dyy

expressed as

ds = Dxx +Dyy =
1

3

lmax
∑

l=l1

(

(Qxx,l +Qyy,l)(z
3
l − z3l−1)

)

Qxx,l = Ex,l

1− v2yz,l
∆l

Qyy,l = Ey,l

1− v2xz,l
∆l

∆l = 1− v2xy,l − v2yz,l − v2zx,l − 2vxy,lvyz,lvzx,l

(27a)

(27b)

(27c)

(27d)

which in the case of an isotropic composite panel gives

ds =
2

3

lmax
∑

l=l1

(

Ql(z
3
l − z3l−1)

)

(28)

with zl the coordinate of the upper surface of layerl in the thickness direction. The design cost
functions, employed in order to decide the relation betweenρs, τ andds and the corresponding
induced design cost are exhibited in Fig.8.

Additional constraints (e.g. minimum axial and/or flexural stiffness, maximum surface mass
e.t.c) can be considered. The constrained optimization problem is solved using Newton’s
method.
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5.4 Optimal parameters and discussion on the computational efficiency

The optimisation problem is solved fork = 0.13rad/mm, and the optimal material and ge-
ometric parameters that minimise the sum of the costs as presented in Fig.8 are computed as
follows

E1 = 80.9GPa, v1 = 0.12, h1 = 1.19mm, ρm,1 = 1647kg/m3

E2 = 110MPa, v2 = 0.37, h2 = 10.53mm, ρm,2 = 14.6kg/m3

E3 = 58.3GPa, v3 = 0.19, h3 = 1.74mm, ρm,3 = 1500kg/m3

It is noted that the only quantities laying on the limits of the predefined constraints which
could potentially further improve the overall structural performance are the Young’s modulus
of the core layerE2 as well as the mass density of the upper layerρm,3. Optimising the struc-
ture in a broadband frequency range can be done by averaging the optimal parameters over
the frequency range of interest or by introducing a weighting average for the frequency bands
that are considered more important (e.g. frequency of the external acoustic excitation). The
optimisation process was completed in 8 iterations each of which lasted approximately 78 sec-
onds, resulting in a total computation time of 630s. This suggests that a broadband structural
optimisation is feasible within a few hours, even with a conventional computing equipment.

6 Conclusions

In this work, the optimal mechanical and geometric characteristics for layered composite
structures subject to vibroacoustic excitations were derived in a wave SEA context. The main
conclusions of the paper are summarised as:

(i) An intense frequency dependent variation of the sensitivity of the propagating wave char-
acteristics has been observed as a function of the design of the composite structure. This also
implies frequency dependence of the optimal design parameters.

(ii) Expressions for the first and second order sensitivities of the SEA quantities, namely the
modal density and the radiation efficiency of the composite panel were derived. The design
parametric sensitivity for each of the SEA quantities, as well as of the acoustic transmission
coefficient were found to be highly frequency dependent. The impact of the design alteration
on the vibroacoustic response was maximised in the vicinity of the acoustic coincidence range
for most parameters.

(iii) The suggested optimisation process is computationally efficient, allowing for a broad-
band structural optimisation of a layered structure in a rational period of time, even with the use
of a conventional computing equipment.
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Abstract. In this work, various reduced order finite element models for the prediction of pas-

sive reduction of structural vibration by means of shunted piezoelectric system are presented.

The problem consists of an elastic structure with surface-mounted piezoelectric patches. The

piezoelectric elements are connected with resonant shunt circuits in order to damp specific res-

onant frequencies of the structure. An efficient electromechanical finite element formulation for

the dynamic analysis of the problem is first recalled. Different strategies to solve the problem

using a modal reduction approach are then proposed. These strategies are based of the use of

two original projection bases: (i) the combined basis formed by both the short-circuited and

open-circuited modes, and (ii) the coupled basis formed by the electromechanical modes that

take into account the effect of the inductances of the electrical shunts circuit. Various results

are presented in order to validate and illustrate the efficiency of the proposed new finite element

reduced order formulations.
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1 INTRODUCTION

Piezoelectric materials are widely used in vibration damping and noise reduction. These

materials, which enable the transformation of mechanical energy into electrical energy (direct

piezoelectric effect) and vice-versa (inverse piezoelectric effect), allow direct connection with

an input/output electrical signal and make them well adapted to distributed sensing and ac-

tuation. This work is focused on passive control strategies using piezoelectric elements for

vibration damping. As compared to the active control techniques, passive techniques have the

advantage of being simple to implement, always stable and do not require digital signal proces-

sors and bulky power amplifiers. Examples of active control systems can be found for example

in [1, 2].

In this paper, the specific application of passive vibration reduction by means of shunted

piezoelectric patches is addressed. In this technology, the elastic structure is equipped with

piezoelectric patches that are connected to a passive electrical circuit, called a shunt. The piezo-

electric patches transform mechanical energy of the vibrating structure into electrical energy,

which is then dissipated into the form of Joule heat to provide electrical damping to the structure

by the shunt circuits. Several shunt circuits can be considered: the classical R- and RL-shunts,

proposed by Hagood and Von Flotow [3], improvements of those techniques, by the use of

several piezoelectric elements [4, 5, 6], active fiber composites [7] or adaptive shunts [8], and

recently semi-passive techniques, commonly known as switch techniques [9, 10, 11]. Since

those techniques are passive (or semi-passive if some electronic components have to be pow-

ered), a critical issue is that their performances, in terms of damping efficiency, directly depend

on the electromechanical coupling between the host structure and the piezoelectric elements,

which has to be maximized.

The present work concerns the numerical modeling of vibration reduction of elastic struc-

tures in the low frequency range by using shunted piezoelectric elements. The aim is to propose

efficient reduced order finite element models able to predict the shunt damping. An electrome-

chanical finite element formulation for the dynamic analysis of smart structures with piezoelec-

tric elements is first proposed. In this formulation, the electrical state is fully described by very

few global discrete unknowns [12]: (i) the electric charge contained in the electrodes and (ii)

the voltage between the electrodes. This formulation is well adapted to practical applications

since realistic electrical boundary conditions, such that equipotentiality on the electrodes and

prescribed global electric charges, naturally appear. The charge/voltage global variables are

also intrinsically adapted to include any external electrical circuit into the electromechanical

problem and to simulate the effect of shunt damping techniques. We present then different

strategies to solve the problem using a modal reduction approach. In this technique, the elec-

tromechanical coupled system is solved by projecting the mechanical displacement unknown on

a truncated basis composed by the first structural normal modes while the few initial electrical

unknowns are kept in the reduced system. The projection bases widely used in the literature are

obtained using the short-circuited or open-circuited eigenvalue problems [13, 14]. We propose

in this work two new modal projection bases: (i) the combined basis formed by both the short-

circuited and open-circuited modes, and (ii) the coupled basis formed by the electromechanical

modes that take into account the effect of the inductances of the electrical shunts circuit. Nu-

merical examples are finally presented in order to evaluate the effectiveness of the proposed

new strategies of modal projection compared to the classic ones in terms of prediction of the

vibration attenuation using piezoelectric shunt systems.
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2 FINITE ELEMENT FORMULATION

We briefly recall in this section the finite element formulation of an elastic structure with

surface mounted shunted piezoelectric patches.

An elastic structure occupying the domain ΩE is equipped with P piezoelectric patches (fig-

ure 1). Each piezoelectric patch is covered on its upper and lower surfaces with a very thin elec-

trode. The pth patch, p ∈ {1, · · · , P}, occupies a domain Ω(p) such that (ΩE ,Ω
(1), · · · ,Ω(P ))

is a partition of the all structure domain ΩS . In order to reduce the vibration amplitudes of the

problem, a resonant shunt circuit made up of a resistance R(p) and an inductance L(p) in series

is connected to each patch [3, 11].

Moreover, the structure is clamped on a part Γu and subjected to a given surface force density

F d
i on the complementary part Γσ of its external boundary.

Ω
(1)

R (1) L(1)
R (p) L(p)

Ω
(p)

ΩEΓu Γσ

F 

d
u 

d

Figure 1: Vibrating structure connected to RL shunt circuits.

For each piezoelectric patch, a set of hypotheses, which can be applied to a wide spectrum

of practical applications, are formulated:

• The piezoelectric patches are thin, with a constant thickness, denoted h(p) for the pth

patch;

• The thickness of the electrodes is much smaller than h(p) and is thus neglected;

• The piezoelectric patches are polarized in their transverse direction (i.e. the direction

normal to the electrodes).

Under those assumptions, the electric field vector, of components E
(p)
k , can be consid-

ered normal to the electrodes and uniform in the piezoelectric patch [12], so that for all p ∈
{1, · · · , P}:

E
(p)
k = −

V (p)

h(p)
nk in Ω(p) (1)

where Ei is the electric field, V (p) is the potential difference between the upper and the lower

electrode surfaces of the pth patch which is constant over Ω(p) and nk is the kth component of

the normal unit vector to the surface of the electrodes.

After variational formulation and finite element discretization, we obtain the following ma-

trix system in frequency domain:

[

Ku CuV

−CuV KV

] [

U

Q

]

− ω2

[

Mu 0

0 0

] [

U

V

]

=

[

F

Q

]

(2)
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where U is the column vector of nodal values of mechanical displacement of length Ns (Ns

is the number of mechanical degrees of freedom); Mu and Ku are the mass and stiffness

matrices of the structure (elastic structure and piezoelectric patches) of size Ns × Ns and F

is the applied mechanical force vector of length Ns. Moreover, Q = (Q(1) Q(2) · · · Q(P ))T

and V = (V (1) V (2) · · · V (P ))T are the column vectors of electric charges and potential dif-

ferences; CuV is the electric mechanical coupled stiffness matrix of size Ns × P ; KV =
diag

(

C(1) C(2) · · · C(P )
)

is a diagonal matrix filled with the P capacitances of the piezoelec-

tric patches where C(p) = ǫ33S
(p)/h(p), ǫ33 being the piezoelectric permittivity in the direction

normal to the electrodes and S(p) the area of the patch electrodes surfaces.

The above discretized formulation equation is adapted to any elastic structure with surface-

mounted piezoelectric patches. Its originality lies in the fact that the system electrical state is

fully described by very few global discrete unknowns: only a couple of variables per piezoelec-

tric patch, namely (1) the electric charge contained in the electrodes and (2) the voltage between

the electrodes. Once the electrical part of the problem is fully discretized at the weak formula-

tion step, by introducing the above cited voltage/charge variables, without any restriction on the

mechanical part of the problem, any standard FE formulation can be easily modified to include

the piezoelectric patches and thus the effect of an external electrical action. A second advantage

of this formulation is that since global electrical variables are used, realistic electrical boundary

conditions are naturally introduced. First, the equipotentiality in any of the patches electrodes

is exactly satisfied when introducing the potential difference variable. Second, the use of the

global charge contained in the electrodes, as the second electrical variable, is realistic since

plugging an external electrical circuit to the electrodes of the patches imposes only the global

charge contained in the electrodes and not a local charge surface density. Another advantage

of using the global charge voltage variables is that they are intrinsically adapted to include any

external electrical circuit into the electromechanical problem and to simulate the effect of shunt

damping techniques. In this case, neither V nor Q is prescribed by the electrical network but

the latter imposes only a relation between them [3]. For the case of a resonant shunt composed

of a resistor R and an inductor L in series, connected to the pth patch, the relation writes

−ω2L(p)Q(p) + iωR(p)Q(p) + V (p) = 0 (3)

Combining equations (2) and (3), we finally obtain the general FE formulation of the elec-

tromechanical spectral problem when the piezoelectric patches are shunted

− ω2

[

Mu 0

0 L

] [

U

Q

]

+ iω

[

0 0

0 R

] [

U

Q

]

+

[

Ku +CuVK
−1
V C

T
uV CuVK

−1
V

K
−1
V C

T
uV K

−1
V

] [

U

Q

]

=

[

F

0

]

(4)

where R = diag
(

R(1) R(2) · · · R(P )
)

and L = diag
(

L(1) L(2) · · · L(P )
)

are the diagonal matri-

ces filled with the electrical resistances and the electrical inductances of the shunt circuits. Note

that since KV is diagonal, the evaluation of K−1
V is straightforward.

3 REDUCED ORDER MODELS

In order to evaluate the electrical and mechanical frequency response functions of an elastic

structure with shunted piezoelectric patches and subjected to a considered harmonic mechanical

excitation, the full finite element model of Eq. (4) is applicable only to a small model and low
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frequency band. To overcome these limitations, a model reduction approach based on a normal

mode expansion and truncation of high-frequency modes is proposed in this section. We present

first a review of the existing reduced order models. These models, widely used in the literature,

are obtained using the short-circuited or open-circuited basis. In this paper, two original reduced

order models are proposed to solve the problem at lower cost: (i) the combined basis formed

by both the short-circuited and open-circuited modes, and (ii) the coupled basis formed by

the electromechanical modes taking into account the effect of the inductances of the electrical

shunt circuits. A comparative study of the effectiveness of these reduced order models in terms

of prediction of the vibration attenuation using piezoelectric shunt systems is proposed in next

section.

3.1 Projection on the short-circuited basis

The first Ms eigenmodes of the elastic structure with all patches short-circuited are obtained

from the following equation:
[

Ku − ω2
iMu

]

Φi = 0 for i ∈ {1, · · · ,Ms} (5)

where (ωi,Φi) are the natural frequency and eigenvector for the ith structural mode. These

modes verify the following orthogonality properties

Φ
T
i MuΦj = δij and Φ

T
i KuΦj = ω2

i δij (6)

where δij is the Kronecker symbol and Φi have been normalized with respect to the structure

mass matrix. Note that the structure is fixed on Γu, which eliminates any rigid body motion.

By introducing the matrix Φ = [Φ1 · · · ΦMs
] of size (Ns ×Ms) corresponding to the basis

previously defined (Ns is the total number of degrees of freedom in the finite elements model

associated to the structure), the displacement U is sought as

U = Φq(t) (7)

where the vector q = [q1 · · · qMs
]T is the unknown modal amplitudes.

By applying the Ritz-Galerkin projection method, which consists of substituting Eq. (7) into

Eq. (4) and premultiplying the first row by Φ
T , we obtain the reduced matrix system

− ω2

[

Φ
T
MuΦ 0

0 L

] [

q

Q

]

+ iω

[

0 0

0 R

] [

q

Q

]

+

[

Φ
T
(

Ku +CuVK
−1
V C

T
uV

)

Φ Φ
T
CuVK

−1
V

K
−1
V C

T
uVΦ K

−1
V

] [

q

Q

]

=

[

Φ
T
s F

0

]

(8)

This matrix equation represents the reduced-order model using the short-circuited basis of the

vibration reduction problem with piezoelectric shunt-damping treatments. If only few modes

are kept for the projection, the size of this reduced-order model (Ms+P ) is much smaller than

the initial one (Ns+P ). Eq. (8) can be also written in the following form of coupled differential

equations:

• Ms mechanical oscillators

−ω2qi + 2iωξiωiqi + ω2
i qi +

P
∑

p=1

Ns
∑

k=1

γ
(p)
i γ

(p)
k

C(p)
qi +

P
∑

p=1

γ
(p)
i

C(p)
Q(p) = Fi (9)
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• P electrical equations

−ω2L(p)Q(p) + iωR(p)Q(p) +
Q(p)

C(p)
+

Ns
∑

i=1

γi
C(p)

qsi = 0 (10)

where Fi = Φ
T
i F is the mechanical excitation of the ith mode and γi = Φ

T
i CuV is the elec-

tromechanical coupling factors.

Note that the modal damping coefficients ξi have been added in Eq. (9) in order to take into

account the structural damping, which can be measured experimentally. This is mandatory in

order to quantify the attenuation due to the shunt at the resonance (of course, without damping,

the amplitude of the response at the resonance is theoretically infinite).

The major interest of choosing the short-circuit eigenmodes as the expansion basis is that its

can be computed with a classical elastic mechanical problem. This operation can thus be done

by any standard finite elements code.

3.2 Projection on the open-circuited basis

The first Ms natural frequencies ω̂i and eigenvectors ̂Φi of the elastic structure with all

patches open-circuited are obtained from the following equation:

[

(Ku +CuVK
−1
V C

T
uV )− ω̂2

iMu

]

̂Φi = 0 for i ∈ {1, · · · ,Ms} (11)

These modes verify the following orthogonality properties

̂Φ
T
i Mu

̂Φj = δij and ̂Φ
T
i (Ku +CuVK

−1
V C

T
uV )

̂Φj = ω̂2
i δij (12)

Thus, the displacement U is sought as

U = ̂Φq̂(t) (13)

where the matrix ̂Φ =
[

̂Φ1 · · · ̂ΦMs

]

of size (Ns × Ms) corresponds to the projection basis

constituted by the first Ms eigenmodes of the structure with all patches open-circuited and

where the vector q̂ = [q̂1 · · · q̂Ms
]T is the unknown modal amplitudes.

By applying the Ritz-Galerkin projection method using the procedure described in section

3.1, we obtain the following coupled differential equations:

• Ms mechanical oscillators

−ω2q̂i + 2iωξiω̂iq̂i + ω̂i
2q̂i +

P
∑

p=1

γ̂i
(p)

C(p)
Q(p) = ̂Fi (14)

• P electrical equations

−ω2L(p)Q(p) + iωR(p)Q(p) +
Q(p)

C(p)
+

Ns
∑

i=1

γ̂i
C(p)

q̂i = 0 (15)

where ̂Fi = ̂Φ
T
i F and γ̂i = ̂Φ

T
i CuV are the mechanical excitation and the electromechanical

coupling factor of the ith mode respectively.
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3.3 Projection on the combined basis

This method consists in building a projection basis formed by both the short-circuited and

open-circuited modes:

Φc =
[

Φ ̂Φ

]

=
[

Φ1 · · · ΦMs

̂Φ1 · · · ̂ΦMs

]

(16)

Thus, the displacement U is sought as

U = Φcqc(t) = Φq(t) + ̂Φq̂(t) (17)

By applying the Ritz-Galerkin projection method, which consists of substituting Eq. (17) into

Eq. (4) and premultiplying the first row by Φ
T
c , we obtain the reduced matrix system,

− ω2

[

Φ
T
c MuΦc 0

0 L

] [

qc

Q

]

+ iω

[

0 0

0 R

] [

qc

Q

]

+

[

Φ
T
c

(

Ku +CuVK
−1
V C

T
uV

)

Φc Φ
T
c CuVK

−1
V

K
−1
V C

T
uVΦc K

−1
V

] [

qc

Q

]

=

[

Φ
T
c F

0

]

(18)

For this technique, two drawbacks exist: (i) two modal analysis are required and (ii) the short-

circuited and open-circuited eigenvectors are not mutually orthogonal with respect to the mass

and stiffness matrices of the problem. Thus, a Gram-Schmidt algorithm is applied in this work

to orthogonalize these eigenvectors and build well-conditioned matrices.

3.4 Projection on the coupled basis

In the case of a resonant shunt, this technique consists in computing the eigenmodes of the

real conservative system associated to Eq. (4). Thus, the inductances of the shunt circuits are

taken into account in the mass matrix, whereas the effect of the resistances and mechanical

damping is not considered. The eigenmode (ω̃i, Φ̃i) of this problem is solution of the following

equation:
(

−ω̃2
i

[

Mu 0

0 L

]

+

[

Ku +CuVK
−1
V C

T
uV CuVK

−1
V

K
−1
V C

T
uV K

−1
V

])

Φ̃i =

[

0

0

]

(19)

where the eigenvector Φ̃T
i =

[

Φ̃
T
si Φ̃

T
qi

]

consists of the mechanical degrees-of-freedom Φ̃si

of size Ns followed by the electric degrees-of-freedom Φ̃qi of size P .

By introducing the modal basis Φ̃ =
[

Φ̃s1 · · · Φ̃sMs

]

of size (Ns × Ms), the displacement

U is sought as

U = Φ̃q̃(t) (20)

By applying the Ritz-Galerkin projection method, which consists of substituting Eq. (20) into

Eq. (4) and premultiplying the first row by Φ̃
T , we obtain the reduced matrix system,

− ω2

[

Φ̃
T
MuΦ̃ 0

0 L

] [

q̃

Q

]

+ iω

[

0 0

0 R

] [

q̃

Q

]

+

[

Φ̃
T
(

Ku +CuVK
−1
V C

T
uV

)

Φ̃ Φ̃
T
CuVK

−1
V

K
−1
V C

T
uV Φ̃ K

−1
V

] [

q̃

Q

]

=

[

Φ̃
T
F

0

]

(21)

Remarks:
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• This method requires the knowledge of the optimal values of the electric inductances be-

fore the computation of the eigenmodes.

• The projection for the various methods concerns concerns only the mechanical variables

U. The electrical unknown field Q is not concerned by the reduction because the dimen-

sion of this vector corresponds to the number of piezo-patches and therefore is very small

compared to the mechanical finite element degrees-of-freedom (displacement in the host

structure and the piezo-patches).

• Substituting Φ̃qi in terms of Φ̃si from the second line of Eq. (19), the modal problem

amounts to solve:

(

−ω̃2
iMu

+
[

Ku +CuVK
−1
V C

T
uV −CuVK

−1
V

(

K
−1
V − ω̃2

iL
)

−1
K

−1
V C

T
uV

])

Φ̃si = 0 (22)

Two cases can be distinguished, depending on the value of the inductance:

– short-circuit case (inductances L(i) = 0)

[

Ku − ω̃2
iMu

]

Φ̃si = 0 (23)

– open-circuit case (inductances L(i) = ∞)

[(

Ku +CuVK
−1
V C

T
uV

)

− ω̃2
iMu

]

Φ̃si = 0 (24)

4 NUMERICAL EXAMPLES

4.1 Cantilever beam with shunted piezoelectric patch

In this first example, we propose to compare the proposed modal reduction techniques in

terms of prediction of vibration attenuation with piezoelectric shunt on a simple system. The

system under study consists of a cantilever beam with one piezoelectric device, as sketched in

Figure 2. The beam is made of aluminum (E = 74 GPa, ν = 0.33, and ρ = 2700 kg/m3) with

175 mm
20 mm

50 mm2 mm

0.75 mm

R

L

F= 1 N

10 mm

Figure 2: Cantilever beam partially covered with collocated piezoelectric element: geometrical data.

Lb=175 mm (length), wb=10 mm (width), and hb=2 mm (thickness). The piezoelectric element
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in PIC-151 is assumed to be perfectly bounded to the beam and has the same width. For the

mechanical and electrical characteristics of the piezoelectric material PIC-151, the reader can be

referred to [15]. Concerning the finite element discretization, the beam is modelled in 2D using

672 four nodes plate elements (QUAD4). The portion of the plate covered by the piezoelectric

patch and the patch itself is modeled according to laminated theory [16].

Table 1 presents the first five eigenfrequencies of the beam (with short-circuit or open-circuit

patches) and the corresponding effective electromechanical modal coupling factor (EEMCF),

characterizing the energy exchanges between the mechanical structure and the piezoelectric

patches and defined by:

k2
eff,i =

ω̂2
si − ω2

si

ω2
si

(25)

The first, second and fourth frequencies are associated with the first three bending modes lower

than 1100 Hz, while the third one corresponds to the first bending mode in the plane and the

fifth frequency to the first torsional vibration mode. This classification is found from the mode

shapes which are not shown here for the sake of brevity. Moreover, as expected for bending

modes, the natural frequencies of the open-circuit modes are higher than those obtained in the

short-circuited case due to the electrical effect of the patch. The bending mode in the plane

and the torsional mode do not present any electromechanical coupling due to the transverse

polarization of the patch.

Type Short circuit frequencies Open circuit frequencies keff

F 71.89 73.48 21.15

F 379.49 383.97 15.42

Fp 587.02 587.02 0

F 969.11 970.05 4.41

T 1048.71 1048.71 0

F: Bending mode, Fp Bending mode in the plane, T: Torsional mode

Table 1: Computed frequencies (Hz) of the beam and the electromechanical coupling coefficient.

The beam is now excited by a harmonic transverse load (see Figure 2). In addition, no

mechanical damping was introduced in this example. The vibration output is detected at the ex-

citation point. Figure 3 presents the frequency response of the system in terms of the transverse

displacement computed with a direct method in which the displacement and the charge vectors

are calculated at each frequency step.

In order to achieve maximum vibration dissipation of the first mode, the patch is tuned to an

RL shunt circuit. The resistance R and the inductance L can be adjusted and properly chosen

to maximize the damping effect of a particular mode. The optimal resistance and inductance of

the ith mode for a series resonant shunt are given by [3]:

Ropt =

√

2k2
eff,i

Cωi(1 + k2
eff,i)

(26a)

Lopt =
1

Cω2
i (1 + k2

eff,i)
(26b)
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Figure 3: Frequency response function of the cantilever beam with short circuited patch and subjected to a har-

monic transverse load.

where ωi is the short circuit natural frequency of the ith mode, C is the capacitance of the

piezoelectric patch and keff,i is the effective electromechanical coupling coefficient given in

Eq. (25).
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Direct

Modal reduction: SC  base − 1 mode

Modal reduction: SC  base − 10 modes

Modal reduction: SC  base − 100 modes

Modal reduction: SC  base − 300 modes

Modal reduction: Coupled base − 2 modes

Figure 4: Frequency responses of the cantilever beam with shunted piezoelectric patch: comparison between (i)

the direct approach, (ii) modal reduction using short-circuited basis and (iii) modal reduction using coupled basis.

Figures 4 and 5 show a comparison between the frequency responses of the cantilever beam

when the shunt circuit is tuned to damp the first vibration mode. We compare all the proposed

reduction techniques to the direct approach. The following observations can be made:
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Figure 5: Frequency responses of the cantilever beam with shunted piezoelectric patch: comparison between (i) the

direct approach, (ii) modal reduction using open-circuited basis and (iii) modal reduction using combined basis.

• The reduced order models built from the short-circuit or the open circuit basis converge

with a large number of eigenvectors. With a small number of eigenvectors, the short-

circuit basis overestimates the attenuation while the open-circuit basis underestimates it.

• The reduced order model computed from the combined basis gives an excellent results

with only one short-circuited mode and one open-circuited mode. This efficiency is re-

lated to the introduction of additional electromechanical coupling terms in the reduced

system which allows better modeling of the effects of the piezo-patches and the shunt-

circuit on the response of the system.

• The reduced order model built from the coupled basis is extremely effective. The model

response converges when projecting the unknown mechanical displacements only on the

first two eigenvectors. The attenuation of a resonance mode with the shunt technique is

characterized by a decrease of the amplitudes of the peaks around the targeted frequency.

In this example, these two peaks correspond to the first two modes of the coupled basis

with mode shapes very close. This leads us to conclude that this basis formed by the

real modes of the coupled system (elastic structure with shunted piezoelectric patches), is

very effective in the prediction of vibration attenuation.

4.2 Multimode shunt control of a vibrating plate

In this last example, a clamped rectangular plate with two rectangular piezoelectric patches

perfectly bonded on its surface is considered. The plate of 2-mm-thick is made in aluminum

and the patches of 0.5-mm-thick are in PIC 151 (we used the same properties as the previous

example). The geometrical data of the problem are given in Figure 6. Concerning the finite

element discretization, the plate is modelled with 672 QUAD4. The portion of the plate covered

by the piezoelectric patches and the patch itself are modeled according to laminated theory. The

plate is excited by a normal unit sinusoidal force as sketched in Figure 6. The vibration output is

detected at the excitation point, where the displacement reaches a maximum. Figure 7 presents
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Figure 6: Clamped plate partially covered with two collocated piezoelectric elements: geometrical data.

the frequency response of the system in terms of the transverse displacement computed with

direct nodal method.
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Figure 7: Frequency response function of the plate with short circuited patches and subjected to a harmonic load.

Table 2 presents the first ten eigenfrequencies of (i) the clamped plate with all patches short-

circuited, (ii) the clamped plate with all patches open-circuited and (iii) the coupled problem

given by Eq. (18). For the third case, the two patches are tuned to the two first vibration modes

respectively and the used optimal inductances are computed from Eqs. 26b. For each frequency

of the open-circuit case, except for modes without electromechanical coupling, corresponds two

frequencies in the coupled case (one lower and the other higher to this frequency). The mode

shapes associated to these frequencies are very similar to the mode of the original one. These

modes are not shown here for the sake of brevity.

Figures 8 and 9 show a comparison between the frequency responses of the clamped plate
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Short circuit frequencies Open circuit frenquencies Coupled frenquencies

326.98 327.85 306.68

512.76 516.10 348.79

824.66 827.05 486.10

829.68 829.68 544.23

1005.77 1005.77 829.68

1265.51 1265.61 836.79

1291.48 1291.48 1005.77

1600.37 1604.25 1265.63

1727.30 1727.30 1291.48

1751.45 1763.06 1617.75

Table 2: Computed frequencies (Hz) of the plate with piezoelectric patches in: (i) short-circuit case, (ii)

open-circuited case and (iii) coupled case.

when the shunt circuits are tuned to damp the first two vibration modes. We compare all the

proposed reduction techniques to the direct approach. The results confirm the findings obtained

with the previous example:

• The reduced order models built from the short-circuited or open-circuited bases does not

fully converge with a reduced number of eigenvectors.

• Using the combined bases, excellent results are obtained in the resonance zones when

the unknown mechanical displacements are projected on the basis formed by the first two

short-circuited modes and the first two open-circuited. Using the first 38 short-circuited

(respectively open-circuited) modes and the first two open-circuited (respectively short-

circuited) modes, the response of the model converges in areas of resonance and also

outside these areas.

• The reduced order model built from the coupled basis gives excellent results compared to

the results of the direct method. This convergence is achieved by using the first 40 modes.

We note that with only four modes (modes resulting from the resonant shunt technique),

the convergence is limited to resonant frequencies and is not assured in the other areas.

These Figures show also that the modal resonant magnitude for each considered mode have

been significantly reduced simultaneously. Indeed, the strain energy present in the piezoelectric

material is converted into electrical energy and hence dissipated into heat using the RL shunt

device.

From these two examples, we can confirm the good performances of the combined and cou-

pled projection bases compared to the results of the direct method with a reduced number of

modes. However, the reduced order model using the coupled modes may be applied only in

the case of a resonant shunt and requires knowledge of the optimal values of inductors before

projection. For the combined basis, two drawbacks remain: (i) the need to carry two modal

calculations (short-circuit and open-circuit) and (ii) the loss of orthogonality after projection of

the mass and stiffness matrices.
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Figure 8: Frequency responses of the plate with shunted piezoelectric patches: comparison between (i) the direct

approach, (ii) modal reduction using short-circuited basis and (iii) modal reduction using coupled basis.

5 CONCLUSIONS

In this paper, reduced order finite element formulations for passive reduction of structural

vibration by means of shunted piezoelectric system are presented. Two new reduced-order

models, based on a normal mode expansion, are then developed: (i) the combined basis, and (ii)

the coupled basis. Despite their reduced size, these model are proved to be very efficient with a

reduced number of modes compared to classical bases for simulations of vibration attenuation of

selected frequency resonances. However, some drawbacks remain and concerns the necessity

of two modal calculations for the combined basis and the knowledge of the optimal values

of inductors before projection for the coupled basis. Despite these disadvantages, these new

techniques can be recommanded for the resolution of electromechanical problems with shunt

devices.

REFERENCES

[1] M.A Trindade, A. Benjeddou, R. Ohayon, Finite element modeling of hybrid active-

passive vibration damping of multilayer piezoelectric sandwich beams. Part 1: formula-

tion, International Journal for Numerical Methods in Engineering, 51(7), 835–854, 2001.

[2] B. Kim, G.N. Washington, H.-S. Yoon, Active Vibration Suppression of a 1D Piezoelectric

Bimorph Structure Using Model Predictive Sliding Mode Control, Smart Structures and

4422



W. Larbi, L. P. da Silva and J.-F. Deü
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[11] W. Larbi, J.-F. Deü, M. Ciminello, R. Ohayon, Structural-acoustic vibration reduction

using switched shunt piezoelectric patches: a finite element analysis, Journal of Vibration

and Acoustics, 132(5), 051006, 2010.
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Abstract: The aim of this paper is to illustrate the active control of vibration of a flexible truss 

structure using a model-based digital controller. The state-space model of the system is derived 

using a system identification technique known as the Observer/Kalman Filter Identification 

(OKID) method together with Eigensystem Realization Algorithm (ERA). Based on the measured 

response of the structure to a chirp input, an explicit state-space model of the equivalent linear 

system is determined. To reduce the vibrations caused by an impulse force, two active strut 

members are installed along a vertical of the base bay of the truss. The active strut element consists 

of a piezoelectric ceramic stack actuator, a force transducer and mechanical interfaces. An integral 

controller is designed to suppress vibration of the truss. The controller, formulated with the root 

locus approach, is designed to maximize modal damping of a constructed truss structure. 

Experimental results illustrate that the active piezoceramic strut actuators and the integral 

controller can effectively reduce vibration of the truss.
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1 INTRODUCTION 

Smart structures, which use actuators, sensors and a controller, can be used to suppress vibration 

in situations where passive measures are undesirable because of weight or space constraints. 

Frequently, piezoelectric actuators and sensors are used as they are light, cheap and convenient to 

bond to structures ([1], [2]). Lead zirconate titanate (PZT) is often used as an actuator because it is 

relatively stiff and couples well to a structure. 

A truss structure is one of the most commonly used structures in aerospace and civil engineering 

[3]. Because it is desirable to use the minimum amount of material for construction, the trusses are 

becoming lighter and more flexible which means they are more susceptible to vibration. A 

convenient way of controlling a truss structure is to incorporate a piezoelectric stack actuator into 

one of the truss members [4]. Research on the damping of truss structures began in the late 80’s. 

Fanson et al. [5], Chen et al. [6] and Anderson et al. [7] designed active members made of 

piezoelectric transducers. Preumont et al. [8] used a local control strategy to suppress the low 

frequency vibrations of a truss structure using piezoelectric actuators. Their strategy involved the 

application of integrated force feedback using two force gauges each collocated with the 

piezoelectric actuators, which were fitted into different beam elements in the structure. Carvalhal 

et al. [9] used an efficient modal control strategy for the active vibration control of a truss structure. 

In that approach, a feedback force is applied to each mode to be controlled according to a weighting 

factor that is determined by assessing how much that mode is excited by the primary source. To 

test the effectiveness of the control strategy it was compared with an alternative approach and the 

numerical results showed that with the proposed strategy it is possible to significantly reduce the 

control effort required, with a minimal reduction in control performance. Abreu et al. [10] used a 

standard H∞ robust controller design framework to suppress undesirable structural vibrations in a 

truss structure containing piezoelectric actuators and collocated force transducers.  Li and Huang 

[11] developed a linear-quadratic-Gaussian (LQG) model for vibration control for an adaptive 

truss. Numerical examples and the vibration control experiments were used to validate the 

efficiency of the proposed method. Abreu et al. [2] verified experimentally the application of a self-

organizing fuzzy controller (SOFC) to suppress the vibrations of a truss structure using a pair of 

piezoceramic stack actuators. In that study, a decentralized active damping with local SOFCs 

connecting each actuator to its collocated force transducer were used. Experimental tests were 

performed, which illustrated the effectiveness of the controller in reducing the vibrations of a truss 

structure. The experimental results have shown that piezoceramic stack actuators control efficiently 

the vibrations of the truss structure. 

Active damping of truss structures with integral control was introduced at the beginning of the 

90’s [8] and has since been thoroughly studied both theoretically and experimentally [12]. This 

paper investigates numerically an integral force feedback controller for suppressing the undesired 

structural vibrations in a truss structure containing piezoelectric stack actuators and collocated 

force sensors forming a so-called smart/intelligent truss structure. It is shown that the control 

system consists of independent SISO loops, i.e. a decentralized active damping with local 

controllers connecting each actuator to its collocated force sensor. It is also demonstrated that this 

control problem can be formulated with the root locus approach. 

Although actuators and sensors are crucial elements in the design of a smart structure, they are 

not the focus of this paper. The focus is on the design of the integral controller. The model based 

controller can be further subdivided into two types; one type uses a numerical model of the structure 

derived theoretically, using finite element models ([13], [14]), for example. The second type 

involves the determination of a model of the structure using measured input and output data [15]. 

This paper concentrates on this approach, and demonstrates the procedure to design such a 
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controller. The main objective is to investigate the combination of a system identification method 

and the integral control technique to actively control vibration in a truss structure. 

Ljung [16] provides an excellent introduction to the subject of system identification, and 

describes the various methodologies that have been developed. Among the time domain methods, 

the Observer/Kalman Filter Identification (OKID) algorithm has shown to be efficient and robust 

([17], [18]), and has been applied to space structures, such as the Shuttle Remote Manipulator 

System [19]. It has several advantages for the active vibration control application discussed here. 

First, it assumes that the system is a discrete linear time-invariant (LTI) state-space system. Second, 

it requires only input and output data to formulate the model (no priori knowledge of the plant is 

needed). Third, a pseudo-Kalman state estimator is produced, and lastly, any residual truncation 

errors will be small. Together with the OKID algorithm, the Eigensystem Realization Algorithm 

(ERA) ([18], [20]) generates a low order state-space model of the system to be controlled.  

The paper is organized as follows. In section 2, the OKID and ERA approaches are summarized. 

Section 3 describes the experimental work in which the model and the controller of the truss 

structure, fitted with piezoelectric actuators and force sensors, is determined. Following this, real 

time control is implemented to demonstrate the efficacy of the integral control approach. Section 4 

concludes the paper with some concluding remarks. 

2 IDENTIFICATION OF THE DYNAMIC MODEL 

In this section an overview is given of system identification technique used to determine a model 

of the system to be controlled. It consists of two parts: the OKID method to determine the system’s 

Markov parameters, and the ERA to translate these parameters into a state-space model of the 

system. 

2.1 Description of the Okid technique 

The OKID method was developed to compute the Markov parameters of a linear system, which 

are the same as the sampled impulse response of the system. It is a time domain method which can 

work with general response data such as random vibration, impulsive signals or chirps. First, the 

observer Markov parameters are calculated, then the system Markov parameters are determined 

recursively from the Markov parameters of the observer system. The process of system 

identification using this method is described in ([17], [18]). In this section a brief overview of the 

process is given. 

Consider first a general linear system expressed in discrete-time state-space form as 

𝐱(𝑘 + 1) = 𝐀𝐱(𝑘) + 𝐁𝐮(𝑘) 

𝐲(𝑘) = 𝐂𝐱(𝑘) + 𝐃𝐮(𝑘) 

(1a,b) 

where 𝐱 is an 𝑛 × 1 state vector, 𝐮 an 𝑚 × 1 input or control vector and 𝐲 a 𝑞 × 1 output vector. 

Matrices 𝐀, 𝐁, 𝐂 and 𝐃 are the state, input, output, and direct influence matrix, respectively. The 

integer k represents sampled time. 

The input–output description of the system with zero initial conditions can be obtained from Eq. 

(1) recursively as 
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𝐲(𝑘) = ∑ 𝐘𝑖

𝑘−1

𝑖=0

𝐮(𝑘 − 𝑖 − 1) + 𝐃𝐮(𝑘) (2) 

where 𝐘𝑖 = 𝐂𝐀𝑖𝐁 and 𝐃 are the Markov parameters of the system. They are also samples of the

system impulse response. For a lightly damped system, many Markov parameters are needed 

because the impulse response takes a long time to decay away. To reduce this number, an observer 

is introduced to artificially add damping and hence reduce the length of the impulse response of 

the combined system. If (𝐀, 𝐂) is an observable pair, then there exists an observer of the form 

 �̂�(𝑘 + 1) = 𝐀�̂�(𝑘) + 𝐁𝐮(𝑘) − 𝐌[𝐲(𝑘) − �̂�(𝑘)] 

 = (𝐀 + 𝐌𝐂)�̂�(𝑘) + (𝐁 + 𝐌𝐃)𝐮(𝑘) − 𝐌𝐲(𝑘) 

 �̂�(𝑘) = 𝐂�̂�(𝑘) + 𝐃𝐮(𝑘) 

(3a,b) 

Matrix 𝐌 can be interpreted as an observer gain matrix. Consider the special case where all 

eigenvalues of 𝐀 + 𝐌𝐂 are zero. Thus, the estimated state �̂� converges to the true state 𝐱(𝑘) after 

at most 𝑛 steps where 𝑛 is the order of the system. Equation (3) then becomes 

 𝐱(𝑘 + 1) = (𝐀 + 𝐌𝐂)𝐱(𝑘) + (𝐁 + 𝐌𝐃)𝐮(𝑘) − 𝐌𝐲(𝑘) 

 𝐲(𝑘) = 𝐂𝐱(𝑘) + 𝐃𝐮(𝑘) 

(4a,b) 

The input–output description of the system described by Eq. (4) is given by (for 𝑘 ≥ 𝑛) 

𝐲(𝑘) = ∑ 𝐘𝑖

𝑛−1

𝑖=0

[𝐮(𝑘 − 𝑖 − 1) 𝐲(𝑘 − 𝑖 − 1)]𝑇 + 𝐃𝐮(𝑘) (5) 

where 

𝐘𝑖 = [𝐂(𝐀 + 𝐌𝐂)𝑖(𝐁 + 𝐌𝐃) −𝐂(𝐀 + 𝐌𝐂)𝑖𝐌] = [𝐘𝑖
(1)

𝐘𝑖
(2)],

in which �̅�𝑖 and 𝐃 are the Markov parameters of the observer system. 

A particular feature of this type of observer is that the Markov parameters �̅�𝑖 will become 

identically zero after a finite number of time steps. A standard recursive least-squares technique is 

used to solve Eq. (5) and then the observer Markov parameters are computed. Once the Markov 

parameters of the observer system are identified, the actual system Markov parameters can be 

calculated. The relationship between the Markov parameters of the observer system and those of 

the actual system is given by 

𝐘𝑖 = 𝐂𝐀𝑖𝐁 = 𝐘𝑖
(1)

+ ∑ 𝐘𝑘
(2)

𝑖−1

𝑘=0

𝐘𝑖−𝑘−1 + 𝐘𝑖
(2)

𝐃 (6) 

Once the system Markov parameters have been determined, a state-space model of the system 

can then be derived using the ERA, which is described in the following section. 

2.2 Minimum realization of the system model using the ERA 

The estimated state-space model (�̂�, �̂�, �̂�, �̂�) of a system is determined from the system Markov 

parameters 𝐘𝑖 obtained by OKID using the ERA. Details of this approach can be found in ([18], 
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[20]), so only a brief overview is given here. The algorithm begins by forming the 𝑙 × 𝑙 block 

Hankel matrix 𝐇(𝑙, 𝑖) given by 

𝐇(𝑙, 𝑖) = [

𝐘𝑖 𝐘𝑖+1 ⋯ 𝐘𝑖+𝑙−1

𝐘𝑖+1 𝐘𝑖+2 ⋯ 𝐘𝑖+𝑙

⋮ ⋮  ⋮
𝐘𝑖+𝑙−1 𝐘𝑖+𝑙 ⋯ 𝐘𝑖+2𝑙−2

] (7) 

The order of the system is determined from the singular value decomposition of 𝐇(𝑙, 0) which 

is given by 

𝐇(𝑙, 0) = 𝐔𝐕𝑇 (8) 

where the matrix 𝐔 and 𝐕 are unitary matrices,  is an 𝑛 × 𝑛 diagonal matrix of positive singular 

values, and 𝑛 is the order of the system. Defining a 𝑞 × 𝑙𝑞 matrix 𝐄𝑞
𝑇 and an 𝑚 × 𝑙𝑚 matrix 𝐄𝑚

𝑇

made up of identity and null matrices of the form 

𝐄𝑞
𝑇 = [𝐈𝑞 𝟎𝑞×(𝑙−1)𝑞]

𝐄𝑚
𝑇 = [𝐈𝑚 𝟎𝑚×(𝑙−1)𝑚],

(9a,b) 

a discrete-time minimal order realization of the system can be written as 

�̂� = −1/2𝐔𝑇𝐇(𝑙, 1)𝐕−1/2 (10) 

�̂� = 1/2𝐕𝑇𝐄𝑚
(11) 

�̂� = 𝐄𝑞
𝑇𝐔1/2 (12) 

and the direct influence matrix �̂� can be identified by solving Eq. (5). 

Obviously, the �̂�, �̂�, �̂�, �̂� matrices describe the state space model, which are functions of the 

singular values of the collected data. Note that now the state space variables allow one to give a 

clear physical meaning to the identified state-space system. 

3 EXPERIMENTAL WORK 

The system identification procedure and the subsequent controller design methodology were 

carried out in a truss structure with a multiple-input multiple-output system. Figure 1 shows the 

experimental setup. 
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Figure 1. Truss structure used in the experimental tests. The detail shows the active member, with force transducer 

and the PZT stack actuator (Cedrat model PPA20M) 

The truss structure (Fig. 1) is composed of 10 cubic bays assembled from a combination of 104 

elements that begin and terminate in an aluminum node ball. There are a total of 44 node balls 

constituting the truss and the nodes at the bottom are clamped. The passive members are made of 

steel with a diameter of 8 mm. The structure is approximately 135 mm in length, 135 mm wide and 

1.3 m tall (from the base plate). 

To excite the vibration of the truss, an impact hammer (model PCB 086C04) was used. To 

achieve the maximum excitation effect, the truss was excited at its free end by the impact hammer. 

To achieve active suppression of the vibration of the truss, a pair of active members (Fig. 1) which 

consists of a force transducer (model PCB 208C03) and a PZT stack actuator were installed as 

vertical active members in the bay next to the base. Each active member replaces a regular strut 

member. A more detailed description of the truss and its finite element model and the positions of 

PZT actuator/force sensor can be found in reference [21]. 

In this experiment, the PZT stack actuator (model PPA20M) manufactured by Cedrat was used. 

This preloaded PZT actuator is a high resolution linear translator for static and dynamic 

applications. It provides sub millisecond response and sub nanometric resolution. The translators 

are equipped with high reliability multilayer PZT ceramic stacks protected by an internally spring-

preloaded non-magnetic stainless steel case. The actuator provides a displacement up to 20 µm, a 

push force and a pulling force up to 800 N and 400 N, respectively, and an operating voltage range 

of -20 to 150 V. The voltage amplifier (model Cedrat LA75B) and the charge amplifier (model 

PCB 482C15 with gain of 20 V/V) shown in Fig. 1 were used to power the PZT stack actuator and 

to condition the signal from the force transducers, respectively. The truss response was measured 

by the force sensors collocated with the PZT stack actuators. The dSPACE system along with 

Matlab/Simulink® was used for digital data acquisition and real-time control. 

Base 

Cedrat LA75B 

Voltage Amplifier 
PCB 482C15 

Conditioner 

Impact 

Hammer 

Truss Structure 

Active members 
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3.1 Frequency response identification 

Prior to designing the active controller, it was necessary to identify the frequency response of 

the truss system [2], whose input was the force of the impact hammer that excited at free end of the 

truss and whose output is each force sensor. The frequency response functions of the impact 

hammer-sensor systems were obtained using the Matlab/Simulink® software together with a PC 

and the dSPACE 1103 board. The frequency responses (calculated from 20 averages) of the system 

(in terms of the impact force applied by the hammer and the voltage measured from the force 

transducer) from 0 to 100 Hz are displayed in Fig. 2. 

    (a)    (b) 

Figure 2. Frequency response of the force transducers: (a) 1 and (b) 2. 

By examining the frequency response plots, the frequency of the dominant mode below 20 Hz 

is determined to be at 12.57 and 34.42 Hz. The strategy is to control simultaneously the first two 

modes (𝜔1 = 78.98  rad/s and 𝜔2 = 216.27 rad/s) by using two active members (PZT struts) 

positioned in the elements shown in Fig. 1, and two decentralized integral controllers connecting 

each actuator to its collocated force transducer. 

3.2 Identification of a model for the truss structure 

To identify a model of the system, the experimental setup shown in Fig. 3 was used. A dSPACE 

1103 board together with the Matlab/Simulink® software were used to generate and process the 

signals. The truss was driven with chirp signal (with frequency of 0 up to 100 Hz in 41 seconds) 

through the PZT actuators and the truss responses were measured using the force sensors. A 

sampling frequency of 1 kHz was used. 
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Figure 3. Experimental setup for model identification of the system. 

Using the method described previously, the Markov parameters of the observer and the system 

were calculated, and consequently a state-space model of the truss structure was determined by 

using 45 states. As it was intended to control the first two modes of the system only, it was 

necessary to reduce the state space model. The Hankel norm model reduction technique [22] was 

used generate a fourteenth order model of the system. 

The measured frequency response functions (calculated from 20 averages) of the system (in 

terms of the voltage applied to the PZT actuators and the force signals measured from the force 

sensors) together with the reconstructed frequency response functions from the model are shown 

in Fig. 4. It can be seen that the frequency responses of the identified model are a reasonable match 

to the frequency responses of the actual system for the first two modes. 
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(c) (d) 

Figure 4. Frequency response functions: (a) actuator 1 to force sensor 1; (b) actuator 1 to force sensor 2; (c) actuator 

2 to force sensor 1 and (d) actuator 2 to force sensor 2. 

3.3 Controller design 

According to the integral control technique [12], the collocated 𝑖-th force sensor (𝑦𝑖) is 

integrated and fed back to the 𝑖-th control input voltage (𝑢𝑖): 

𝑢𝑖(𝑠) = −
𝑘𝑖

𝑠 + 𝜀
𝑦𝑖(𝑠) (13) 

where 𝑘𝑖 is the gain of the 𝑖-th controller and the constant 𝜀 is a forgetting factor that can be 

introduced by slightly moving the pole of the compensator from the origin to the negative real axis. 

In this paper, 𝜀 is assumed be equal to 𝜀 =
𝜔1

2
= 39.49 rad/s. The integral term 1/s introduces a 90º 

phase shift in the feedback path and thus damping in the system. It also introduces a -20 dB/dec 

slope in the open-loop frequency response, and thus reduces the risks of spillover instability [6]. 

The control law described by (13) can be implemented in a decentralized manner, with each 

actuator interacting only with the collocated sensor. In this case, the control system consists of 

independent SISO loops, whose stability can be readily established from the root locus of [12]: 

𝑘𝑖𝐶𝑖(𝑠)𝐺𝑖(𝑠) (14) 

where 𝐺𝑖(𝑠) is the structure transfer function between the actuator and the collocated sensor (Figs.

4a and 4d), and 𝐶𝑖(𝑠) is the active compensator given by 𝐶𝑖(𝑠) =
1

𝑠+𝜀
. 

Figure 5 shows the root locus of the closed-loop system when the controller is tuned on mode 1 

(5a and 5b) and mode 2 (5c and 5d), respectively, i.e., it shows the evolution of the closed-loop 

poles when 𝑘1 and 𝑘2 increase from 0 to  . 
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(a) (b) 

(c) (d) 

Figure 5. Root locus of the closed-loop system when the controller is tuned on (a), (b) mode 1 and (c), (d) mode 2. 

Examining the Fig. 5, it is readily established from the root locus that the system is conditionally 

stable for a specific value of the gain 𝑘𝑖. Thus, as shown in Figs. 5b and 5d, there are stability limits 

which are reached when the closed-loop gains are equal to 14.2 for 𝑘1, and 12.1 for 𝑘2, respectively. 

A slightly upper value of the gain 𝑘1 or 𝑘2 would make the closed-loop system unstable. Therefore, 

the gains 𝑘1 and 𝑘2 can be chosen in such a way to avoid that condition. In this work, the gains 𝑘𝑖 

were chosen equal to 10 for both integral controllers. 

3.4 Experimental results 

As the controller was designed using the procedure discussed previously, some preliminary 

experiments were carried out with some initial control parameters set arbitrarily. The experiment 

was set up as shown in Fig. 3 but now the computer was set in control mode instead of system 

identification mode. The controller was implemented using Matlab/Simulink® software together 

with a PC and the dSPACE 1103 board. Figure 6 shows a Simulink® block diagram of the 

controller. 
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Figure 6. Simulink® block diagram of the controller. 

The truss was excited at its free end by using the impact hammer (model PCB 086C04) shown 

in Fig. 1. The responses of the truss were measured by the sensor forces, with and without control. 

The time-domain results of the control experiment are given in Fig. 7. 

Figures 7a and 7b show the open and closed-loop responses of the force sensors, and Figs. 7c 

and 7d show the corresponding control voltages. It is thus clear that the main effect of the control 

was to add more damping to the system. 

(a) (b) 

(c) (d) 

Figure 7. Time histories from the control experiments in which an impulsive force was applied to the free-end of the 

truss using a hammer, (a) and (b) force transducers 1 and 2 (c) and (d) control voltages applied to the PZT actuators 1 

and 2. 
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Figure 8 shows the experimental open-loop and closed-loop frequency response functions 

determined from the time histories shown in Figs. 7a and 7b, and the time history of the force 

applied to the truss using the instrumented hammer. It can be noted that the control system reduced 

the vibrations in the frequency range containing the first two modes. From the results shown 

bellow, it can be observed that the frequency responses are reduced greatly, approximately 20 dB 

for first mode and 30 dB for second mode. 

(a) (b) 

Figure 8. Open and closed-loop transfer functions of the truss in which an impulsive force was applied to the free-

end of the structure using a hammer (a) force sensor 1, (b) force sensor 2. 

4 CONCLUSIONS 

This paper has described the system identification, controller design, and subsequent 

implementation to control the vibration of a truss structure. An integral controller was designed 

and experimentally implemented on a truss structure containing a pair of piezoelectric linear 

actuators collinear with force transducers. It was demonstrated that this control problem can be 

formulated with the root locus approach by using a model obtained through OKID/ERA system 

identification technique, using inputs and outputs vibration data from the truss. Two modes of the 

truss were controlled. From the experimental results, it was observed that satisfactory performance 

of vibration attenuation was achieved. 
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Abstract. A substructuring technique is proposed which enables fast computation of the acous-
tic response of arbitrary-shaped 2D cavities subject to different kinds of excitations. It com-
bines rectangular superelements which are modeled by means of the wave finite element (WFE)
method, and arbitrary-shaped superelements modeled using component mode synthesis (CMS).
Within the WFE framework, the so-called receptance matrices of rectangular superelements
— which link the pressure vectors to the acoustic force vectors over the boundaries — can be
derived in an efficient way in terms of wave modes, without the need of explicitly condensing
the internal degrees of freedom of the systems. A model reduction strategy is proposed which
aims at expressing the receptance matrices with a few wave modes only. The proposed strategy
involves enclosing each rectangular superelement in a finite element (FE) layer with a small
width. In this way, smoothed pressure fields are likely to occur over the WFE superelements,
hence enabling these superelements to be described with a few wave modes only. By consid-
ering those WFE-based rectangular superelements surrounded by FE layers, this yields the
so-called hybrid WFE/FE superelements whose dynamic stiffness matrices can be computed in
a very fast way. Modeling a whole arbitrary-shaped acoustic cavity follows from conventional
assembly procedure between hybrid WFE/FE superelements, CMS superelements and other FE
components. Numerical experiments are carried out to highlight the relevance of the proposed
substructuring technique.
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1 INTRODUCTION

Developing fast and accurate numerical tools for assessing the acoustic behavior of arbitrary-
shaped cavities over wide frequency ranges appears to be an open industrial challenge, leading
the way of proposing efficient solutions to noise reduction. Popular examples of such cavities
are passenger compartments in cars, and aircraft cabins. The finite element (FE) and bound-
ary element (BE) methods are popular techniques for computing internal acoustic problems,
but have however to face several severe issues as soon as the number of degrees of freedom
(DOFs) involved reaches excessive values. The issue lies in the computation of large-sized ma-
trix systems (FE framework), or the consideration of dense matrices which require high memory
storage (BE framework), at many discrete frequencies. This means numerical techniques which
are either time consuming or inaccurate.

Reduction methods like FE-based substructuring or wave-based analytical techniques seem
to constitute efficient alternatives to the conventional FE and BE methods. Among the FE-based
substructuring techniques, one can mention the Craig-Bampton method [1] which focuses on
partitioning a whole system into several components and modeling these components by means
of static modes and fixed interface modes. The tough issue when dealing with the CB method
concerns the determination of the fixed interface modes which would need to be retained for as-
sessing the acoustic behavior of cavities with accurate precision. This explains why, in practice,
many fixed interface modes are usually retained to ensure the convergence of the CB solutions,
hence impacting the CPU times required for modeling the CB components. On the other hand,
Trefftz techniques like the wave based method (WBM) [2] aim a using a few analytical wave
functions to describe the acoustic behavior of 2D cavities, even in the short wavelength domain.
In this sense, they appear to be efficient in terms of CPU times. Their disadvantage, however, is
that they invoke dense matrices in the same way as the BE method.

A new FE-based substructuring technique is proposed here which overcomes the aforemen-
tioned issues. It makes use of the wave finite element (WFE) method which aims at assessing
numerical wave modes traveling along periodic systems [3, 4, 5]. Within this framework, a
so-called hybrid WFE/FE superelement is formulated which consists in a rectangular acous-
tic domain, with a periodic FE mesh, surrounded by an arbitrary-meshed FE layer with a small
width. The interesting feature of this superelement is that the receptance matrix of the rectangu-
lar domain — i.e., which links the vector of nodal pressures to that of the nodal forces over the
boundary — can be expressed by means of a small number of wave modes. The fact that a few
wave modes are only used is explained because the pressure field is expected to be smooth over
the rectangular domain, it being understood that local singularities near excitations and bound-
ary conditions are managed by the FE layer. In doing so, the proposed superelement can be
modeled using a dynamic stiffness matrix of small size whose computation doesn’t require ex-
cessive CPU times. Modeling a whole acoustic cavity follows from conventional FE procedure
by assembling several hybrid WFE/FE superelements, as well as CMS-based superelements
and other FE components together.

The rest of the paper is organized as follows. In Section 2, the basics of the WFE method are
recalled which concern the description of wave modes traveling along a rectangular acoustic
domain with a periodic FE mesh. Also, the strategy for computing the forced response of peri-
odic systems is presented. In Section 3, the WFE-based procedure for expressing the receptance
matrix of a rectangular domain is proposed. Also, the formulation of the WFE/FE hybrid su-
perelement is proposed. Finally, numerical experiments are carried out in Section 4 to highlight
the computational efficiency of the proposed approach in comparison with the conventional CB
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method.

2 WFE METHOD

2.1 Wave mode computation

The basics of the WFE method, which concern the description of wave modes traveling along
a one-dimensional periodic system, are recalled hereafter. Within the present scope, emphasis
will be placed on the study of rectangular acoustic domains with a FE mesh which is periodic
along one straight direction, i.e., composed of identical substructures connected to each other,
as shown in Figure 1. Such a rectangular acoustic domain is supposed to be excited by harmonic
excitations (the angular frequency being denoted asω) which are confined to the left and right
edges only, and modeled in terms of two vectors of acoustic forcesF0 andF⋆

0 (see Figure 1).

Figure 1: Rectangular acoustic domain with a periodic FE mesh,and related WFE modeling.

For the purpose of wave mode description, the WFE method requires one to know the acous-
tic mass matrixM and acoustic stiffness matrixK of a substructure, and ultimately the con-
densed dynamic stiffness matrixD∗ = DBB − DBID

−1
II DIB, whereD = −ω2

M + K is the
dynamic stiffness matrix of the substructure Here, the subscriptB refers to the degrees of free-
dom (DOFs) on the left and right edges of the substructure, while the subscriptI refers to the
internal DOFs (i.e., which do not belong to the left and right edges). Denote asn the number of
DOFs on the left (or right) edge of the substructure. Following the WFE framework [4, 3], the
wave modes are sought as the solutions of an eigenproblem of the formSφj = µjφj in which
S is a2n× 2n symplectic matrix expressed by

S =

[

−D
∗−1
LR D

∗

LL −D
∗−1
LR

D
∗

RL −D
∗

RRD
∗−1
LR D

∗

LL −D
∗

RRD
∗−1
LR

]

, (1)

where the subscriptsL andR refer to the left and right edges of the substructure, respectively.
The eigenvectors ofS — namely,{φj}j — are the so-called wave shapes which are partitioned
into pressure and force components asφj = [(φj)

T
p (φj)

T
F ]

T . Also, since the matrixS is sym-
plectic, its eigenvalues come in pairs as(µj, 1/µj).

From the numerical point of view, a so-calledS + S
−1 transformation of the eigenproblem

(1) can be considered [6, 7] for accurately computing the eigensolutions{µj}j and{φj}j . The
interesting feature of theS + S

−1 transformation lies in the use of skew-symmetric matrices
(N′

JL
′T +L

′
JN

′T ) andL′
JL

′T , leading to the following eigenproblem whose eigenvalues are
of the formλj = µj + 1/µj:

(

(N′

JL
′T + L

′

JN
′T )− λjL

′

JL
′T
)

zj = 0, (2)
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where

L
′ =

[

0 In

D
∗

LR 0

]

, N
′ =

[

D
∗

RL 0

−(D∗

LL +D
∗

RR) −In

]

, J =

[

0 In

−In 0

]

. (3)

Once the eigenvalues{λj}j in Eq. (2) are found, the original eigenvalues{µj}j are found
analytically by solving a quadratic equation of the form

x2 − λjx+ 1 = 0. (4)

Also, once the eigenvectors{zj}j in Eq. (2) are found, the original eigenvectors{φj}j are
found analytically as follows [7]:

φj =

[

In 0

D
∗

RR In

]

w
′

j where w
′

j = J

(

L
′T −

1

µj

N
′T

)

zj. (5)

2.2 Conventions and matrix notations

As was mentioned in Section 2.1, the eigenvalues of the matrixS are pairs(µj, 1/µj). This
leads to the consideration ofn right-going wave modes for which|µj| ≤ 1, andn left-going
wave modes for which|µj| ≥ 1. Regarding the case|µj| = 1, the right-going (resp. left-going)
wave modes are defined so that(iω/4)φH

j Jφj > 1 (resp. (iω/4)φH
j Jφj < 1), which means

that the related energy flows [8] are conveyed towards the right (resp. left) direction of the
system.

For the sake of clarity, the sets of right- and left- going wave modes will be denoted as
{(µj,φj)}j=1,...,n and{(µ⋆

j ,φ
⋆
j )}j=1,...,n, where it is understood thatµ⋆

j = 1/µj ∀j ∈ {1, . . . , n}.
Also, by considering Eq. (5), the wave shapesφj andφ⋆

j are expressed as

φj =

[

In 0

D
∗

RR In

]

J

(

L
′T − µ⋆

jN
′T
)

zj , φ
⋆
j =

[

In 0

D
∗

RR In

]

J

(

L
′T − µjN

′T
)

zj , (6)

wherezj is an eigenvector of Eq. (2) corresponding to the eigenvalueλj. In matrix form, the
wave modes can thus be written as

µ = diag{µj}j=1,...,n , µ
⋆ = µ

−1 , Φ = [φ1 . . .φn] , Φ
⋆ = [φ⋆

1 . . .φ
⋆
n], (7)

with the property that||µ||2 ≤ 1 (||.||2 being the2−norm). Also, the matricesΦ andΦ⋆ are to
be partitioned into pressure and force components, as follows:

Φ =

[

Φp

ΦF

]

, Φ
⋆ =

[

Φ
⋆
p

Φ
⋆
F

]

, (8)

whereΦp, ΦF, Φ
⋆
p andΦ⋆

F aren× n matrices which are full rank [9].
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2.3 Forced response computation

Within the framework of the WFE method, the vectors of pressures and acoustic forces of an
assembly ofN substructures like the one displayed in Figure 1 are expressed in terms of wave
shapes, as follows [10]:

p
(k) = Φpµ

k−1
Q+Φ

⋆
pµ

N−k+1
Q

⋆ , ±F
(k) = ΦFµ

k−1
Q+Φ

⋆
Fµ

N−k+1
Q

⋆ k = 1, . . . , N+1.
(9)

where the subscript(k) designates any substructure boundary, i.e., either a coupling inter-
face/edge between two consecutive substructuresk−1 andk, or the left/right edge of the whole
domain; also,Q andQ⋆ are vectors of wave amplitudes which are respectively defined at the
left and right edges of the whole domain, i.e., at the substructure boundaries(1) and(N + 1).
In Eq. (9), the sign ahead ofF(k) should be negative in case when a left boundary is considered,
and positive for a right boundary.

The problem behind the computation of the forced response of the acoustic domain can be
stated as to find the vectors of wave amplitudesQ andQ⋆. This is achieved by considering the
boundary conditions (BCs) on the left and right edges, the other substructure boundaries being
assumed to be free from excitations sources (see Figure 1). Those BCs may involve prescribed
pressures or acoustic forces. In view of the subsequent developments made in this paper, we
will restrict the present analysis to the study of two vectors of prescribed forcesF0 andF⋆

0 that
apply over the substructure boundaries(1) and(N +1), respectively, as shown in Figure 1. The
related wave expansion, Eq. (9), yields

−F0 = ΦFQ +Φ
⋆
Fµ

N
Q

⋆ , F
⋆
0 = ΦFQµ

N +Φ
⋆
FQ

⋆. (10)

As a result, a wave-based matrix system can be derived whose resolution provides the vectors
of wave amplitudesQ andQ⋆. According to Eq. (10), it is expressed as follows:

A

[

Q

Q
⋆

]

= B

[

F0

F
⋆
0

]

, (11)

whereA andB are2n× 2n matrices defined as

A =

[

I Φ
−1
F Φ

⋆
Fµ

N

Φ
⋆−1
F ΦFµ

N
I

]

, B =

[

−Φ
−1
F 0

0 Φ
⋆−1
F

]

. (12)

To derive the matricesA andB, it has been assumed that the matricesΦF andΦ⋆
F are invertible

(a proof of this statement is brought in ref. [9]). The motivation behind the use of the matrix
inversesΦ−1

F andΦ⋆−1
F is to make the matrixA well-conditioned [9]. The determination of the

vectors of wave amplitudesQ andQ⋆ hence follows from Eq. (11):
[

Q

Q
⋆

]

= A
−1
B

[

F0

F
⋆
0

]

. (13)

3 SUPERELEMENT MODELING

3.1 Introduction

Consider now a rectangular acoustic domain which undergoes acoustic forces over its left/right
and bottom/top edges, as depicted in Figure 2. The motivation behind the proposed study is to
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express a so-called receptance matrixH which links the vector of pressures of the boundary
nodespB to that of the vector of acoustic forcesFB, where the subscriptB refers to the nodes
belonging to the left/right and bottom/top edges. This relation is expressed bypB = HFB. The
key idea here is to express the receptance matrixH in terms of wave modes (Section 2) traveling
along both horizontal and vertical directions, as shown in Figure 2. This yields a superelement
modeling whose derivation follows from the well-known superposition principle (see Section
3.2).

Figure 2: Illustration of the superposition principle involving a vector of acoustic force decomposed into two ones
acting respectively along the left/right and bottom/top edges.

3.2 Receptance matrix

The key idea behind the present approach is to decompose the vector of acoustic forces
FB into two states of excitation(FB)1 and(FB)2 that operate, respectively, on the vertical and
horizontal edges (see Figure 2). This means two WFE modelings (namely,1 and2), and related
substructures, for assessing the wave propagation along the horizontal and vertical directions.
For each WFE modelingi (i = 1, 2), the number of right/left- (or top/bottom-) going wave
modes involved isni — n1 andn2 being the number of DOFs contained over the left/right
edge and bottom/top edge, respectively — while the number of substructures isNi — N1 and
N2 being the number of substructures involved along the horizontal and vertical directions,
respectively. For the sake of simplicity, it is assumed that the boundary nodes of the “vertical”
substructures (WFE modeling1) are only confined to their left and right edges, while those
of the “horizontal” substructures (WFE modeling2) are only confined to their bottom and top
edges (see Figure 2). By considering the superposition principle, this yields

FB = (FB)1 + (FB)2 ⇒ pB = (pB)1 + (pB)2. (14)

This means that the vector of pressurespB produced by the vector of acoustic forcesFB is
expressed as the sum of two vectors(pB)1 and (pB)2 which are respectively induced by the
vectors of acoustic forces(FB)1 and(FB)2 as acting independently on the acoustic domain. It
should be noticed that the vectorsFB, (FB)1, (FB)2, pB, (pB)1 and(pB)2 have the same size,
i.e.,nB × 1, wherenB = 2(n1 − 1) + 2(n2 − 1) represents the number of boundary DOFs of
the rectangular domain. Also, it should be pointed out that the vectors(FB)1 and(FB)2 contain,
respectively,2(n2 − 1) and2(n1 − 1) zero-components. Those vectors are expressed as

(FB)1 = P1FB , (FB)2 = P2FB, (15)
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whereP1 andP2 are twonB × nB matrices which relate the partitioning depicted in Figure 2
and which are defined so that

P1 + P2 = InB
. (16)

In fact, the matricesP1 andP2 are diagonal and mostly composed of1 and0 components to
enforce the fact that certain nodes are excited, while other are free. Other components equal to
1/2 should also be considered which specifically address the acoustic forces at the corners of
the domain (Figure 2), it being understood they are to be equally partitioned between the states
of excitation(FB)1 and(FB)2.

The acoustic behavior of the rectangular domain, as subjected either to(FB)1 or (FB)2, can
be assessed using the strategy depicted in Section 2.3. For each statei, the strategy consists
in consideringni × 1 vectors of acoustic forces(F0)i and (F⋆

0)i acting over the left/right or
bottom/top edges. These vectors are linked to the full vector of acoustic forces(FB)i as follows:

[

(F0)i
(F⋆

0)i

]

= (BF)i(FB)i i = 1, 2, (17)

where(BF)i is a2ni × nB Boolean matrix. According to Eqs. (13), (15) and (17), the vectors of
wave amplitudes are expressed as

[

Qi

Q
⋆
i

]

= A
−1
i Bi(BF)iPiFB i = 1, 2, (18)

where

Ai =

[

Ini
(ΦF)

−1
i (Φ⋆

F)iµ
Ni

i

(Φ⋆
F)

−1
i (ΦF)iµ

Ni

i Ini

]

, Bi =

[

−(ΦF)
−1
i 0ni×ni

0ni×ni
(Φ⋆

F)
−1
i

]

i = 1, 2.

(19)
In a similar way as Eq. (17), there exists a relation which links the vector of nodal pressuresp

(ki)
i

on a given substructure boundary(ki) (ki = 1, . . . , Ni + 1) with the vector of nodal pressures
(pB)i on the edges of the rectangular domain. This yields

















p
(1)
i

L
(2)
i p

(2)
i

...
L

(Ni)
i p

(Ni)
i

p
(Ni+1)
i

















= (Bp)i(pB)i i = 1, 2, (20)

whereL(ki) (ki = 2, . . . , Ni) is a2 × ni Boolean matrix which localizes among the DOFs of
the substructure boundary(ki), those belonging to the edges of the domain. The way the matrix
L(ki) works is highlighted in Figure 3. Notice that bothp(1)

i andp(Ni+1)
i are considered in the

left-hand side of Eq. (20) since all their components relate nodal pressures on the edges of the
domain (see Figure 3). Finally, in Eq. (20),(Bp)i is anB×nB orthogonal Boolean matrix whose
purpose is to renumber the rows and columns of the matrix occurring in the left-hand side so
as to match the node numbering scheme of the vectorspB andFB, Eq. (14), which may be
arbitrary a priori.

Invoking the wave expansion (9) into Eq. (20) while using the fact that the matrix(Bp)i is
orthogonal — i.e.,(Bp)

−1
i = (Bp)

T
i —, this yields

(pB)i = (Bp)
T
i (Ψp)i

[

Qi

Q
⋆
i

]

i = 1, 2, (21)
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Figure 3: Illustration of the vectorsL(k1)
1 p

(k1)
1 andL

(k2)
2 p

(k2)
2 .

where(Ψp)i is anB × 2ni matrix defined by

(Ψp)i =

















(Φp)i (Φ⋆
p)iµ

Ni

i

L
(2)
i (Φp)iµi L

(2)
i (Φ⋆

p)iµ
Ni−1
i

...
...

L
(Ni)
i (Φp)iµ

Ni−1
i L

(Ni)
i (Φ⋆

p)iµi

(Φp)iµ
Ni

i (Φ⋆
p)i

















i = 1, 2. (22)

By considering Eqs. (21) and (18), a relation linking the vector of pressures(pB)i and acoustic
forcesFB can be derived as follows:

(pB)i = (Bp)
T
i (Ψp)iA

−1
i Bi(BF)iPiFB i = 1, 2. (23)

The derivation of the receptance matrixH — defined aspB = HFB wherepB = (pB)1 + (pB)2
— finally follows as

H = (Bp)
T
1 (Ψp)1A

−1
1 B1(BF)1P1 + (Bp)

T
2 (Ψp)2A

−1
2 B2(BF)2P2. (24)

3.3 Model reduction

3.3.1 Introduction

One way to speed up the computation of the receptance matrixH is to make use of re-
duced wave mode bases. In this framework, the vectors of pressures and acoustic forces are
assessed by means of reduced sets of wave shapes{(˜φpj)i}j=1,...,mi

∪ {(˜φ
⋆

pj)i}j=1,...,mi
and

{(˜φFj)i}j=1,...,mi
∪{(˜φ

⋆

Fj)i}j=1,...,mi
extracted from the full sets{(φpj)i}j=1,...,ni

∪{(φ⋆
pj)i}j=1,...,ni

and{(φFj)i}j=1,...,ni
∪ {(φ⋆

Fj)i}j=1,...,ni
, wheremi ≤ ni. This yields a small sizedmi ×mi ma-

trix µ̃i = diag{(µ̃j)i}j=1,...,mi
, and small sizedni ×mi matrices(˜Φp)i = [(˜φp1)i . . . (˜φpmi

)i],

(˜Φ
⋆

p)i = [(˜φ
⋆

p1)i . . . (
˜φ
⋆

pmi

)i], (˜ΦF)i = [(˜φF1)i . . . (
˜φFmi

)i] and(˜Φ
⋆

F)i = [(˜φ
⋆

F1)i . . . (
˜φ
⋆

Fmi

)i]. As

a result, the receptance matrix can be approximated asH ≈ ˜H, where (cf. Eq. (24)):

˜H = (Bp)
T
1 (

˜Ψp)1 ˜A
−1
1

˜B1(BF)1P1 + (Bp)
T
2 (

˜Ψp)2 ˜A
−1
2

˜B2(BF)2P2. (25)
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Here, the matrices˜Ai and ˜Bi are to be expressed as follows (cf. Eq. (19)):

˜Ai =

[

Imi
(˜ΦF)

+
i (

˜Φ
⋆

F)iµ̃
Ni

i

(˜Φ
⋆

F)
+
i (

˜ΦF)iµ̃
Ni

i Imi

]

, ˜Bi =

[

−(˜ΦF)
+
i 0mi×ni

0mi×ni
(˜Φ

⋆

F)
+
i

]

i = 1, 2,

(26)
where(˜ΦF)

+
i and(˜Φ

⋆

F)
+
i are the left pseudo-inverse of the matrices(˜ΦF)i and(˜Φ

⋆

F)i. Also, in
Eq. (25), the matrices(˜Ψp)1 and(˜Ψp)2 are expressed by (cf. Eq. (22)):

(˜Ψp)i =













L
(1)
i (˜Φp)i L

(1)
i (˜Φ

⋆

p)iµ̃
Ni

i

L
(2)
i (˜Φp)iµ̃i L

(2)
i (˜Φ

⋆

p)iµ̃
Ni−1
i

...
...

L
(Ni+1)
i (˜Φp)iµ̃

Ni

i L
(Ni+1)
i (˜Φ

⋆

p)i













i = 1, 2. (27)

3.3.2 Hybrid WFE/FE superelement modeling

Although interesting, the use of reduced sets of wave shapes{(˜φpj)i}j=1,...,mi
∪{(˜φ

⋆

pj)i}j=1,...,mi

and{(˜φFj)i}j=1,...,mi
∪ {(˜φ

⋆

Fj)i}j=1,...,mi
may be subject to strong issues, e.g., in case when ex-

citation sources are applied on the edges of the rectangular superelements. In this case, the
pressure field is likely to be strongly heterogeneous in the vicinity of the excitation sources,
meaning that almost the full sets of wave shapes are required to describe the acoustic behavior
of the system with accurate precision. To solve this issue, it is proposed to surround any WFE-
based rectangular superelement by means of a thin FE layer whose thickness is not necessarily
uniform, as shown in Figure 4.

Figure 4: Illustration of a WFE superelement surrounded by a thin FE layer with a non-uniform thickness.

While the rectangular domain exhibits a periodic FE mesh, the layer can be discretized in
arbitrary ways. By coupling a WFE-based rectangular element whose dimensions can be large,
with a small FE layer, this yields the consideration of a so-called hybrid WFE/FE superele-
ment which is well-suited for model reduction purpose. The modeling of this superelement is
achieved as follows.

In matrix form, the dynamic equilibrium equation of the FE layer is expressed as
[

DBB DBR

DRB DRR

] [

p̃B

p̃R

]

=

[

−˜FB

˜FR

]

, (28)
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where the subscriptB refers to the interface DOFs — i.e., where coupling with the WFE-based
rectangular superelement occurs — while the subscriptR refers to the remaining DOFs. Also,
the tilde sign indicates that vector terms result from the reduced modeling of the WFE-based
rectangular superelement, with the assumption that˜H˜FB = p̃B (see after Eq. (23)). Note that the
term−˜FB in the right hand side of Eq. (28) reflects the opposite of the vector of nodal acoustic
forces acting on the edges of the rectangular superelement, and results from the action-reaction
law. Also, the term˜FR refers to the vector of nodal acoustic forces acting on the remaining
nodes of the FE layer. In left-multiplying the first row block of the matrix system in Eq. (28)
by DBB

˜H, where˜H is the receptance matrix of the rectangular domain, this yields

[

DBB
˜HDBB DBB

˜HDBR

DRB DRR

] [

p̃B

p̃R

]

=

[

−DBB
˜H˜FB

˜FR

]

. (29)

By using the fact that˜H˜FB = p̃B, thus it turns out from Eq. (29) that the dynamic equilibrium
equation of the hybrid WFE/FE superelement can be expressed as follows:

[

DBB + DBB
˜HDBB DBB

˜HDBR

DRB DRR

] [

p̃B

p̃R

]

=

[

0

˜FR

]

. (30)

3.3.3 Superelement assembly

Modeling a whole arbitrary-shaped acoustic cavity involves assembling several hybrid WFE/FE
superelements with conventional FE components and CMS superelements, as shown in Figure
5. Within the CMS framework, the condensed dynamic stiffness matrices of superelements
may be assessed by considering the Craig-Bampton (CB) method [1], i.e., by means of static
modes and fixed interface modes. In matrix form, the dynamic equilibrium equations of these
FE components and CB-based superelements may be translated as follows, respectively:

D
FE
p̃ = ˜F, , ˜D

CB
p̃B = ˜FB, (31)

whereDFE is the classic dynamic stiffness matrix of a FE component (p̃ and˜F being the vectors
of nodal pressures and nodal forces of the component), while˜D

CB is the condensed dynamic
stiffness matrix of a superelement, whose expression can be found in [11]; also, the subscript
B refers to the boundary DOFs, while the tilde sign of˜D

CB indicates that a reduced number of
fixed interface modes are used to derive the matrix. On the other hand, the dynamic equilibrium
equation of a hybrid WFE/FE superelement is expressed as follows (Eq. (30)):

˜D
SE
p̃Lay = ˜FLay, (32)

where
˜D

SE =

[

DBB + DBB
˜HDBB DBB

˜HDBR

DRB DRR

]

. (33)

In Eq. (30), p̃Lay and ˜FLay are the vectors of nodal pressures and nodal forces of the layer,
expressed by

p̃Lay =

[

p̃B

p̃R

]

, ˜FLay =

[

0

˜FR

]

. (34)
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The numerical model of a whole cavity composed of several WFE/FE superelements, FE com-
ponents and CB superelements hence follows from conventional FE procedure, by assembling
several dynamic stiffness matrices˜DSE

r , DFE
s and˜D

CB
t (r, s, t = 1, 2, . . .). This yields the follow-

ing dynamic equilibrium equation
˜D
Cav

p̃ = ˜F, (35)

wherep̃ and ˜F are to be understood as the full vectors of nodal pressures and forces of the
cavity, respectively. Also, the matrix˜DCav is expressed by

˜D
Cav =

∑

r

(LSE
r )T ˜DSE

r L
SE
r +

∑

s

(LFE
s )TDFE

s L
FE
s +

∑

t

(LCB
t )T ˜DCB

t L
CB
t . (36)

whereLSE
r , LFE

s andLCB
t are conventional Boolean localization matrices.

Figure 5: Illustration of an assembly involving two hybrid WFE/FE superelements, one FE component and one
CMS superelement.

4 NUMERICAL RESULTS

4.1 Hybrid WFE/FE superelement

The concept of hybrid WFE/FE superelement is first investigated in the case of a two-
dimensional rectangular cavity filled with air. Following the strategy depicted in Section 3,
this acoustic domain is composed of a WFE-based superelement of dimensions3 m ×2 m sur-
rounded by a uniform FE layer of thickness0.02 m (Figure 6(a)). Both WFE domain and FE
layer are meshed by means of square linear acoustic elements owning 1 DOF per node, of size
0.01 m × 0.01 m (Figure 6(b)). The FE layer therefore contains2 elements in its thickness,
involving a total number of3, 024 DOFs. The mesh of the WFE-based internal domain consists
of N1 = 300 elements in the horizontalx−direction andN2 = 200 elements in the vertical
y−direction. Each left/right and bottom/top edge contains respectivelyn1 = 201 andn2 = 301
DOFs, the total number of DOFs on the interface between the WFE domain and the FE layer
beingnB = 1, 000.

The hybrid WFE/FE superelement modeling is used to investigate the frequency behavior of
the cavity which is subject to two acoustic point sources on the external boundary of the FE
layer, as shown in Figure 6(a). These acoustic point forces have equal frequency-dependent
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Figure 6: Hybrid WFE/FE superelement: (a) dimensions and testconfiguration; (b) detailed view of the mesh.

magnitudes ofF0 = 2
√

ωP
ρ0

whereP = 10−6 W.m−1. The fluid, considered as compress-

ible and barotropic, is characterized by its mean densityρ0 = 1.25 kg.m−3 and sound velocity
c0 = 343 m.s−1. Also, a fluid viscosity is taken into account through the Stokes’ law of sound
attenuation, i.e., the Helmholtz equation that governs the acoustic pressure in the cavity is mod-
ified by an attenuation coefficientα:

∆p +

(

ω

c0
− i α

)2

p = 0. (37)

The damping is here frequency-dependent and given byα = 2 η ω2

3 ρ0 c30
, whereη = 18.27 10−6 Pa.s

is the dynamic viscosity of air.
The pressure FRF is assessed at the node located at the top left corner of the FE layer (Figure

6(a)), for 246 discrete frequencies uniformly spaced over the range[10 Hz, 500 Hz] with a
frequency step of2 Hz. The mesh is supposed to be fine enough to accurately capture the
dynamic behavior of the system throughout the whole frequency range, i.e., by considering the
usual criterion that the acoustic wavelengths should be discretized by a minimum of8 elements.
As was explained in Section 3, the computation of the FRF of the hybrid WFE/FE superelement
involves several steps which includes the calculation of matrices of reduced wave bases(˜Φp)i,

(˜Φ
⋆

p)i, (˜ΦF)i, (˜Φ
⋆

F)i for each directioni = 1, 2. These are used to form thenB × nB receptance

matrix ˜H, see Eq. (25). The receptance matrix is finally combined to the dynamic stiffness
matrix D of the FE layer to form the matrix˜DSE (Eqs. (30), (33)) of the hybrid WFE/FE
superelement, with a view to solving the matrix system (35) at each frequency of interest.

The motivation behind the use of the FE layer, around the WFE domain, is to highly reduce
the sizes of the wave bases without significantly altering the accuracy of the solution. In the
present case, the pressure FRF has been computed by only retainingm1 = 20 right/left- and
m2 = 20 top/bottom-going wave modes among then1 = 201 andn2 = 301 modes of the full
wave bases. The resulting dB pressure levels, i.e.,20 log10(

|p|

pref
)wherepref = 20×10−6 Pa, are

shown in Figure 7 (dotted pink line). For validation purpose, a reference FE solution issued from
the commercial FE software Comsol MultiphysicsR© is also displayed in Figure 7 (black solid
line). It can be seen that the reference levels are correctly retrieved by the hybrid superelement
approach over the whole frequency band, despite a few slight differences regarding some low-
frequency anti-resonance peaks and the resonance peak atf = 378 Hz.
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Figure 7: Pressure FRFs of the rectangular hybrid WFE/FE cavity: (—) FE reference solution; (−−) WFE/FE
solution; (—) CB solution with1, 000 elastic modes; (a) full frequency range; (b) focus in the range[360 Hz,
500 Hz].

Regarding CPU times, it takes as a whole852 s to achieve the computation of the pres-
sure FRF (including the computations of wave modes) with MATLABR© and using an IntelR©

Core(TM) i7-3720QM@2.6 GHz processor. By considering full wave bases instead of reduced
wave bases, it would have taken1, 888 s to compute the FRF. Thus the use of reduced wave
bases yields a reduction of54.9% of the computational cost, hence giving credit to the proposed
model reduction strategy.

Also, the efficiency of the method is assessed when compared to the Craig-Bampton (CB)
method [1]. In this framework, the condensed dynamic stiffness matrix˜D

CB of the cavity is
modeled by means of1, 016 static modes and1, 000 fixed interface modes. The related FRF is
displayed in Figure 7 in green solid line. As it can be seen in Figure 7(b), the CB solution fails to
accurately describe the resonance peaks of the reference FE solution above300 Hz, as opposed
to the hybrid WFE/FE-based approach. Besides, the CPU time involved in the CB approach
is 966 s, which exceeds that of the hybrid WFE/FE-based approach. To summarize, it appears
from the analysis of this first test case that the hybrid WFE/FE-based approach constitutes an
efficient alternative to the CB method.

4.2 Superelement assembly

In the following, the above rectangular cavity is embedded in an arbitrary-shaped assembly
depicted in Figure 8. The latter is composed of a hybrid WFE/FE superelement which is con-
nected to a CMS superelement, modeled by means of the CB method. The system is excited by
means of an acoustic point source located inside the CMS superelement. In the present case,
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the hybrid WFE/FE superelement is made up of a WFE-based rectangular domain which is
connected to a non-uniform FE layer over two of its edges only. In doing so, large reduction
of the sizes of the WFE wave bases is expected over a reasonable frequency range — which is
chosen to be[10 Hz, 300 Hz] — without significantly penalizing the accuracy of the proposed
approach.

Figure 8: Assembly of a hybrid WFE/FE superelement and a CMS superelement: dimensions and test configura-
tion.

The WFE-based rectangular domain is meshed as in the previous case, i.e., using square
linear elements of size0.01 m × 0.01 m. Regarding the FE layer, square linear elements are
used in the vertical portion of the layer, as well as triangular linear elements in the curved
portion at the top of the WFE domain (Figure 9). The mesh of the FE layer hence contains
1, 698 DOFs, including501 DOFs on the interface with the WFE domain. Finally, the mesh
of the CMS superelement is composed of triangular and rectangular linear elements, which
involves a total of12, 047 DOFs including530 DOFs uniformly spread on the superelement
boundary. Within the framework of the present approach, two dynamic stiffness matrices˜D

SE

and˜D
CB are thus involved which are of respective sizes875× 875 and530× 530, while the full

assembly contains73, 540 DOFs.

Figure 9: Detailed view of the assembly meshes.

The pressure FRF is computed at a node located on the interface between the CMS and
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hybrid WFE/FE superlements, as shown in Figure 8. The resulting pressure levels are plotted in
Figure 10. Again,m1 = 20 right/left- andm2 = 20 top/bottom-going wave modes are retained
for modeling the hybrid WFE/FE superelement, while500 fixed interface modes are considered
for modeling the CMS/CB superelement. Again, the WFE-based solution correctly matches
the FE reference solution over the whole frequency range, despite some very slight differences
above200 Hz which appear to be less than 3dB, however.
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Figure 10: Pressure FRFs of the assembly: (—) FE reference solution; (−−) solution obtained with the hybrid
WFE/FE superelement and a CB superelement with500 fixed interface modes; (—) solution obtained using two CB
superelements with500 and1000 fixed interface modes; (a) full frequency range; (b) focus in the range[267 Hz,
281 Hz].

The efficiency of the method is assessed in comparison with the conventional CB method.
For this purpose, two CMS/CB superelements are considered which concern the one depicted
in Figure 8 and the previous WFE/FE superelement. Here,500 and1, 000 fixed interface modes
are respectively used for modeling these superelements. The CB-based pressure FRF is dis-
played in Figure 10, which appears to be a little bit less accurate than the WFE-based solution,
as shown Figure 10(b). The interesting feature of the proposed hybrid WFE/FE modeling lies
in the reduction of the CPU times. It actually takes433 s for computing the pressure FRF with
the hybrid WFE/FE-based approach, compared to905 s with the conventional CB method. This
means52.2% of time reduction, which fully gives credit to the proposed approach.

5 CONCLUSIONS

A new substructuring technique has been proposed for the prediction of the acoustic behav-
ior of arbitrary-shaped 2D cavities. It involves WFE/FE hybrid superelements, consisting in a
rectangular domain, with a periodic FE mesh and modeled by means of the WFE method, sur-
rounded by a FE layer with a small width. The interesting feature behind this modeling is that a
few wave modes are only required to describe the dynamic stiffness matrices of those WFE/FE
hybrid superelements, meaning that they can be computed in a very fast way. Modeling a whole
arbitrary-shaped acoustic cavity follows from conventional FE assembly procedure, i.e., by cou-
pling several WFE/FE hybrid superelements together as well as with other CMS superelements
and classical FE components. Numerical experiments have been carried out which highlight
the relevance of the proposed substructuring technique, in terms of accuracy and computational
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saving, in comparison with the conventional CMS technique.
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Abstract. The paper deals with the implementation of multiple boundary conditions in the 

radial basis function-based pseudospectral method. This numerical technique belongs to the 

wide range of meshless discretization methods, combining the flexibility of the meshless dis-

cretization with efficiency and simplicity of the pseudospectral techniques. The method can be 

directly applied to lower order equation, where the number of boundary conditions at a 

boundary node corresponds to the number of degrees of freedom at this node. For higher or-

der equations the problem arises during collocation procedure due to multiple boundary con-

ditions. In the present paper two approaches to overcome this inconvenience are shown. One 

is based on the Hermite interpolation idea while the other is a slight modification of the direct 

approach. The convergence and accuracy of both approaches are examined in the problem of 

free vibration analysis of plates. Square plates as well as irregular shaped plates with various 

types of boundary conditions are taken under consideration. Uniform as well as scattered 

node distributions are applied. The results confirm that both approaches can be useful in the 

application to plate vibration analysis.    
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1 INTRODUCTION 

In recent years a significant effort has been made to develop meshless numerical tech-

niques [1, 2]. The main feature of these methods is the use of scattered nodes to discretize the 

domain of the problem under consideration. Due to this feature, they can easily discretize ir-

regular shapes and problems defined in more than two dimensions. This type of discretization 

is also very effective in association with adaptation techniques.  

Several formulations of meshless methods have been developed till now. Some of them are 

derived from the weak formulation, while the others are used to discretize directly differential 

equation. The method investigated in the present paper, called the radial basis function-based 

pseudospectral method (RBF-PS) falls into the second category. It uses radial basis functions 

(RBFs) to approximate derivatives in a governing equation in the view of the pseudospectral 

mode. Using this approximation and applying the collocation procedure, the governing equa-

tion is transformed into the set of algebraic equations. The method has been used to solve 

problems from various disciplines of science. A collection of papers by Fasshauer [3] and Fer-

reira and Fasshauer [4, 5] devoted to the method and its application to engineering problems 

deserves a particular attention. It is also known a slight modification of this method called the 

radial basis function-based differential quadrature (RBF-DQ) [6]. Some applications of the 

latter can be found in papers by Shu [6, 7] and others [8]. 

Since the method uses collocation procedure, one discrete equation can be associated with 

one degree of freedom at a node. Therefore, a problem arises for differential equations pos-

sessing multiple boundary conditions. In this case the number of boundary conditions usually 

exceeds the number of degrees of freedom at boundary node. This problem has been under-

taken in [9], where the Hermite interpolation with RBFs has been proposed to approximate 

the sought solution of a problem. It has introduced additional degrees of freedom at boundary 

nodes and therefore has allowed the multiple boundary conditions to be conveniently imple-

mented. The numerical tests carried out till now [9, 10] indicate that the method is effective in 

eigenvalue problems, although the problem of ill-conditioned interpolation matrix following 

from the RBF interpolation is particularly important in this approach due to larger sized ma-

trices.  

In the present paper another approach that allows the multiple boundary conditions to be 

easily implemented is proposed. In this approach none of additional degrees of freedom are 

introduced, therefore, the size of the interpolation matrix is appropriately decreased. The pro-

posed approach is compared with the above-mentioned one in the problem of free vibration 

analysis of thin plates. The layout of the paper is as follows: In section 2 the RBF-PS method 

as well as its extension based on the Hermite interpolation are briefly described and then the 

proposed approach is explained. In section 3 the method is applied to free vibration analysis 

of square plates as well as irregular shaped plates. Convergence and accuracy of these two 

approaches are compared as a result of numerical tests. On this base some conclusions are 

drawn in section 4.     

2 RADIAL BASIS FUNCTION-BASED PSEUDOSPECTRAL METHOD 

In the RBF-PS method the sought solution of a differential equation is approximated by a 

global interpolation function of the form 

 
1

( )
N

j j

j

u


   x x ξ (1) 
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In Eq. (1) αj are the interpolation coefficients,  ( )j j   x x ξ  are the RBFs, where j de-

note the special points called the centers. These special points coincide with the nodes im-

posed xi, i =1, …, N.  

Using interpolation conditions 

 
1

, 1,...,
N

j i j i

j

u i N


     x x (2) 

the interpolation coefficients can be expressed in terms of sought function values ui at the 

nodes, what can be put in the matrix notation as  

1α Φ u  (3) 

 where  1

T

N α ,  1

T

Nu uu and ( ), , 1,...,ij i j i j N  Φ x x . 

To obtain the approximation for derivatives contained in the governing equation, appropriate 

differential operator L has to be imposed on the interpolant (1) and obtained expression has to 

be evaluated at each interior node , 1,...,I I

i i Nx , what yields 

L Lu Φ α  (4) 

where    ( ) , 1,...,I
i

I

L i
Lu i N


 

x x
u x ,     , 1,..., , 1,...,

j
I
i

I

L i j
L i N j N



      ξ x

x x

Φ x ξ . 

In Eq. (4) L acts on the radial function treated as a function of x variable. Introducing Eq. (3) 

into Eq. (4) one can express derivative uL in terms of the sought function values from all over 

domain as 

1

L L

u Φ Φ u  (5) 

where 1

L


Φ Φ  is so-called the differentiation matrix. 

Taking advantage of this approximation and using collocation procedure the governing equa-

tion can be discretized at each interior node. To impose boundary conditions, boundary equa-

tions should be collocated at boundary nodes , 1,...,B B

i i Nx  and possible derivatives 

contained in these equations are approximated similarly as in steps (4)-(5). 

Since there is one degree of freedom at each node (the sought function value ui) only one 

boundary condition can be easily imposed at each boundary node according to collocation 

technique. This fact makes it difficult to solved higher order equations that are characterized 

by multiple boundary conditions. 

2.1 Hermite interpolation in RBF-PS 

To extend the possibilities of the application of the RBF-PS method to higher order equa-

tions, one can modify the interpolant (1) introducing additional degrees of freedom at bounda-

ry nodes. This idea, known in the interpolation theory as Hermite interpolation, has been 

applied for the RBF-PS approach in [9]. For coherence of the present paper the main features 

of this approach are briefly presented below. Now, the global interpolation function has the 

form 

     1 2

1 1 1

( )

I B B

I B B
j j j

N N N

j j j

j j j

u B B
  

  

                   ξ ξ

ξ x ξ x ξ x
x x ξ x ξ x ξ (6) 
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In Eq. (6), it is assumed that at each boundary node two degrees of freedom, represented by 

differential operators 1Bξ and 2Bξ , are introduced. These differential operators correspond to 

those contained in boundary conditions and act on the radial function treated as a function of 

 variable. Remaining symbols used in Eq. (6) denote: N
I
 and N

B
 – numbers of interior nodes 

x
I
 and boundary nodes x

B
, respectively and α, β, γ – interpolation coefficients. 

Enforcing interpolation conditions in the following form  

 
     1 2

1 1 1

( ), 1,...,

I B B

I
B Bj
j j

N N N
I I I

j i j i j i

j j j

I I

i

B B

u i N


 

  

             
   

 

  ξ ξ

ξ x
ξ x ξ x

x ξ x ξ x ξ

x

 (7) 
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it is possible to express the interpolation coefficients in terms of the sought function values at 

interior nodes and differential operators evaluated at boundaries. In Eq. (8)-(9) 1Bx  and 

2Bx denote the same differential operators as 1Bξ
 and 2Bξ

, but acting on the radial function 

viewed as a function of x variable. It makes the coefficient matrix of the system (7)-(9) be a 

symmetric one. 

Then, the differential operator from the governing equation is imposed on interpolant (6) 

and evaluated at each interior node, what yields  
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Introducing the interpolation coefficients determined from Eqs. (7)-(9) into Eq. (10), one can 

express the derivatives contained in the governing equation ( )
I
i

L u


  
x

x x
x  in terms of the 

sought function values at interior nodes as well as in terms of the derivatives contained in 

boundary conditions, evaluated at boundary nodes 1 ( )
B
i

B u


  
x

x x
x , 2 ( )

B
i

B u


  
x

x x
x . It can be put 

in matrix notation as  

 1

LL

  xu Φ Φ u  (11) 
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In Eq. (11) 1

L

Φ Φ  can be found as a generalization of the differentiation matrix, where 
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In the above expressions the block matrices have following forms 
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In the similar manner any number of boundary conditions can be involved during discreti-

zation of a differential operator from a governing equation. The boundary conditions are not 

discretized separately, what is another advantage of the approach.   

2.2 Simplified implementation of boundary conditions in RBF-PS 

The approach presented in section 2.1 introduces additional degrees of freedom at the 

boundary. The size of the interpolation matrix Φ  from Eq. (11) is then increased comparing 

to matrix  from direct approach (Eq. (3)). It is well-known that the size of the interpolation 

matrix is one of factors that influence conditioning of the problem in the case of the RBF in-

terpolation. To maintain the same number of degrees of freedom as in the conventional RBF-

PS method and its simplicity, in the present section another approach is proposed.  

In this approach, the boundary nodes are split into appropriate number of groups. This 

number corresponds to the number of boundary conditions. The nodes are chosen by turns to 
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appropriate group. Each boundary condition is implemented at nodes from another group, 

what is shown in Fig. 1 in the case of two boundary conditions.  

 

             

Figure 1: Implementation of boundary conditions. 

 To derive the differentiation matrix one can modify interpolant (6) in the following way 
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where 1B
N and 2B

N denote the numbers of boundary nodes for the groups of nodes 1B
x  and 

2B
x  associated with the first and the second boundary condition, respectively. Note, that 

1 2B B BN N N  is the number of all nodes imposed on boundaries of the domain.  

Then, one should enforce interpolation conditions for interpolant (12), similarly as in Eqs. (7)-

(9), but using appropriate group of boundary nodes to evaluate boundary conditions. Finally, 

differential operator from governing equation has to be imposed on the interpolation function 

as in Eq. (10) and the differentiation matrix, as in Eq. (11), can be derived. Now, this matrix 

has similar structure as in section 2.1 but the block matrices connected with boundary condi-
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By splitting boundary nodes into appropriate number of groups it is possible to implement 

any number of boundary conditions using presented approach.   

3 APPLICATION OF RBF-PS TO VIBRATION ANALYSIS OF PLATES 

To assess the usefulness of presented approaches for a dynamic problem described by 

higher order equation, they have been applied to free vibration analysis of quadrilateral, thin, 

isotropic plates of various shapes. The governing equation for this problem is as follows 

4 4 4
2

4 2 2 4
2

w w w
w

x x y y

  
   

   
 (13) 

where w denotes the mode of vibration and Ω is the free vibration parameter related to free 

vibration frequency ω by the formula: 2a h D  (– density of the plate material, D –  

plate stiffness, h – plate thickness, a – characteristic plate dimension). 

Taking into account the quadrilateral plate, where two boundary conditions are applied at 

kth edge of this plate, the interpolant for displacement function w, in the view of the Hermite 

RBF-PS method (section 2.1), should be written as  

     
4

1 2

1 1 1 1
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ξ x ξ x ξ x
x x ξ x ξ x ξ (14) 

By slight modification of Eq. (14) one can obtain the interpolant used in the approach de-

scribed in section 2.2  
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In the present paper, the plates with combination of simply supported, clamped and free 

boundary conditions are considered. The general description of these boundary conditions for 

the kth edge in terms of differential operators contained in Eq. (14) and (15) can be written as 

1 20, 0k kB w B w x x  (16) 

where 
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2 2 2
2 2 2 2
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for the simply supported edge (S) 
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for the clamped edge (C) and 
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 (19) 

for the free edge (F). 

In Eqs. (17)-(19) θ is the angle between the normal to the plate boundary and the x-axis, ν is 

the Poisson’s ratio.  

With interpolants (14) and (15), appropriate differentiation matrices for biharmonic opera-

tor contained in Eq. (13) have been determined. Then, Eq. (13) has been transformed into the 

algebraic eigenvalue problem of the form 

2Aw w  (20) 

where A is the differentiation matrix modified by deleting the columns associated with de-

grees of freedom at boundary nodes and w denotes the vector containing function values at 

interior nodes.   

3.1 Numerical results 

As a benchmark problem, the square plate has been considered. Uniform grid node distri-

bution as well as irregular one has been assumed.  The obtained results, in the form of con-

vergence tests for non-dimensional free vibration frequency Ω and number of nodes used N, 

are presented in Figs. 2-5. 

The results from Figs. 2-5 indicate that the approaches preserve a proper convergence trend. 

Increasing the number of nodes makes the results more accurate, regardless of the assumed 

node distribution (uniform or irregular). In the view of these results one can conclude that the 

method based on the Hermite interpolation (section 2.1) gives faster convergence than the 

RBF-PS approach from section 2.2, in the case of irregular node distribution. In the case of 

the uniform node distribution the results are comparable. Note that the use of the Hermite in-

terpolation increases the number of degrees of freedom, while the number of nodes N remains 

the same, what can explain faster convergence.  
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Figure 2: Results for the square SSSS plate obtained with uniform grid. Dash line – the method from section 

2.1, solid line - the method from section 2.2. 

Figure 3: Results for the square SCSC plate obtained with uniform grid. Dash line – the method from section 

2.1, solid line - the method from section 2.2. 
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Figure 4: Results for the square CCCC plate obtained with irregular grid. Dash line – the method from sec-

tion 2.1, solid line - the method from section 2.2. 

Figure 5: Results for the square SFSF plate obtained with irregular grid. Dash line – the method from section 

2.1, solid line - the method from section 2.2. 
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Similar computation has been carried out for the irregular shaped plate presented in Fig. 6. 

The obtained results are shown in Tab. 1 and Tab. 2.  

Figure 6: Quarter section of the elliptical plate with an example of the node distribution. 

It should be noted that in this computation, besides the different numbers of interior nodes, 

two types of boundary grid patterns have been assumed. The latter differ from each other by 

the density of nodes imposed on boundaries.  

It has been found that the method based on the Hermite interpolation provides accurate re-

sults regardless of the density of boundary nodes, while the RBF-PS approach from section 

2.2 gives accurate results with the pattern possessing dense enough boundary node distribu-

tion (Tab. 2). 

Ω1 Ω2 Ω3 Ω4 Ω5 
SSSS 

N =233, N
I 
= 181 4.800 7.520 11.424 16.032 16.614 

N =374, N
I 
= 322 4.832 7.586 11.500 16.020 16.701 

Reference 

results 

4.894 7.598 11.436 16.086 16.635 

CCCC 

N =233, N
I 
= 181 9.286 12.746 16.709 21.206 23.890 

N =374, N
I 
= 322 9.617 12.833 17.194 22.604 24.099 

Reference 

results 

9.595 12.717 16.743 22.275 24.068 

SCSC 

N =233, N
I 
= 181 9.138 12.068 15.158 19.675 23.490 

N =374, N
I 
= 322 9.134 11.958 15.428 19.767 23.303 

Reference 

results 

9.142 12.003 15.321 19.920 23.493 

Table 1: Results for the quarter section of the elliptical plate obtained by the Hermite RBF-PS approach. 
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Ω1 Ω2 Ω3 Ω4 Ω5 
SSSS 

N =245, N
I 
= 181 4.815 7.559 11.359 15.987 16.618 

N =386, N
I 
= 322 4.815 7.519 11.471 16.014 16.679 

Reference 

results 

4.894 7.598 11.436 16.086 16.635 

CCCC 

N =245, N
I 
= 181 9.654 12.210 16.729 20.426 24.023 

N =386, N
I 
= 322 9.601 12.718 16.715 22.098 23.928 

Reference 

results 

9.595 12.717 16.743 22.275 24.068 

SCSC 

N =245, N
I 
= 181 9.238 11.608 15.294 18.372 23.549 

N =386, N
I 
= 322 9.134 12.062 15.468 19.831 23.432 

Reference 

results 

9.142 12.003 15.321 19.920 23.493 

Table 2: Results for the quarter section of the elliptical plate obtained by the RBF-PS approach from section 

2.2. 

In all computations, the multiquadric RBFs have been used with the so-called shape pa-

rameter assumed as 0.7. The reference results contained in Tab. 1 and 2 have been obtained 

with the use of differential quadrature method with domain transformation. The details of this 

method can be found in [11].     

4 CONCLUSION 

In the paper two approaches for the implementation of multiple boundary conditions in the 

RBF-PS method have been presented and examined on the example of the free vibration anal-

ysis of plates. The main advantage of this method is its meshless character that allows easily 

to apply it for problems with irregular domains. The presented approaches can be successfully 

used for various types of boundary conditions encountered in plate analysis. The method 

based on the Hermite interpolation seems to be more versatile and works correctly regardless 

of the boundary node distribution, while the RBF-PS approach described in section 2.2 needs 

to have dense enough boundary grid to provide acceptable results.    
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Abstract. We consider problems of the acoustic wave propagation through panels consisting
of several vibrating periodically perforated Reissner-Mindlin plates. The proposed model of
the wave transmission through a layer involving the acoustic fluid and the panel is derived
using the homogenization method. This provides homogenized transmission conditions which
are prescribed on a flat interface representing the panel, so that the computational complexity
of the vibroacoustic problem is reduced, although the geometrical arrangement of pores in the
panel is respected in a detail. For a suitable mutual arrangement of holes in two, or more
parallel plates there is a coupling between transverse and surface acoustic waves propagating
along the panel.
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1 INTRODUCTION

The paper deals with modelling the acoustic wave propagation through vibrating perforated
panels composed of several plates. Usually the models of acoustic impedance are based on
semi-empirical formulae which are tuned by experiments, see e.g. [11]. Therefore, it is de-
sirable to develop a computationally tractable model which takes into account the perforation
geometry in a rigorous way. In this work we present a reduced model of the vibroacoustic trans-
mission which is based on the two-scale homogenization [2]. For this we extend the approach
developed in [6], where homogenization of rigid plates was pursued to derive effective nonlocal
transmission conditions. A model of the single-plate perforated compliant panel was consid-
ered in [10] in the context the optimal perforation design problem. Using a slightly different
modelling ansatz related to the plate thickness scaling, we derive a homogenized model of the
acoustic transmission through a layer in which two periodically perforated elastic plates of the
Reissner-Mindlin type are situated. This construction of the panel with different perforations of
the two plates admits special acoustic transmission effects due to coupling the transverse and
surface acoustic waves propagating along the panel.

The paper is organized, as follows. In Section 1.1 the global problem is defined which
governs the wave propagation in the fluid part and in the solid part. The final form of the re-
duced global problem is announced in Section 1.2. In Section 2 we introduce the transmission
layer containing the perforated plates and define the problem which is subject of the asymptotic
analysis with respect to the layer thickness and size of the perforation. The homogenized trans-
mission conditions are reported in Section 3. In Section 4 we illustrate the influence of some
geometrical parameters of the coefficients involved in the transmission conditions.

1.1 The global problem – acoustics in perforated domain

We consider open bounded domain ΩG which contains the compliant periodically perforated
panel represented by domain Σε. By ε we denote a small parameter which corresponds to
the thickness of the panel and to the characteristic period of the perforation. Therefore, the
labelling by superscript ε is used to indicate the dependence on size of the perforations. The
problem of the acoustic harmonic wave propagation is imposed in domain ΩG involving the
solid part Σε and the acoustic fluid occupying domain Ω∗ε = ΩG \ Σε, whereby the vibro-
acoustic transmission is prescribed on interface Γε = ∂Σε∩∂Ω∗ε. The acoustic potential pε and
the displacement field uε satisfy

c2∇2pε + ω2pε = 0 in Ω∗ε ,

∇ · σε(uε) = 0 in Σε ,

n · σε(uε) = iωρ0p
εn ,

n · ∇pε = −iωn · uε ,

}
on Γε ,

u = 0 on ∂Σε \ Γε ,

boundary conditions on ∂ΩG ,

(1)

where ω is the wave frequency, c is the speed of sound propagation, σ(u) = ID∇Su is the stress
tensor related to the strain ∇Su by the (3D) elasticity tensor ID, and n is the normal vector.

The solid elastic body Σε is constituted by elastic plates Σε
K , thus Σε =

⋃
K Σε

K . Behaviour
of each elastic plate Σε

K is described using the Reissner-Mindlin (R-M) plate model whereby the
generalized loads are derived by taking into account the specific perforation geometry and the
loading by the acoustic field; to derive them, the R-M plate kinematic constraints of deformation
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are considered.
For each plate K = I, II represented by the perforated mid-plane, i.e. by the domain

ΓεK ⊂ ΓK , specified by its thickness hεK = εh̄K , and by the elastic coefficients CC, γ, the fol-
lowing equations in ΓεK govern the plate displacements (uε,K , wε,K) and rotations θε,K (below
in equation (2) the suffix K is omitted for brevity)

−ω2hερuε − hε∇ · [CC∇S
(uε)] = tε ,

−ω2hερwε − hε∇ · [γ(∇wε − θε)] = f ε ,

−ω2 (hε)3

12
ρθε − (hε)3

12
div[CC∇S

(θε)]
−hεγ(∇wε − θε) = mε ,

(2)

where ∇ = (∂α), α = 1, 2 is the “in-plane” gradient, tε = (bα), f ε = b3 are derived from
the boundary traction forces bε = iωρ0npε acting on the 3D representation of the plate and
involving the acoustic potential pε. The plates are clamped on ∂ΓK and the Neumann conditions
corresponding to the traction forces being expressed in terms of pε, are prescribed on the holes
∂ΓεK \ ∂ΓK .

1.2 Limit global problem

The aim of the work reported in this paper was to derive a limit problem describing the wave
propagation in a homogenized layer containing the panel, so that transmission conditions can
be obtained which allow for reformulation of problem (1) in domain ΩG = Ω+ ∪ Ω− ∪ Γ0,
where Ω+ and Ω− are non-overlapping parts and the planar surface Γ0 represents the panel.
The main result is formulation of the following “reduced” problem of the vibro-acoustic wave
propagation: Find p such that

c2∇2p+ ω2p = 0 in Ω+ ∪ Ω− ,

∂p

∂n
= ±iωg0 on Γ± ,

boundary conditions on ∂ΩG ,

G([p]+−, g
0) = 0 on Γ0

(3)

where Γ± = ∂Ω± ∩ Γ0, [p]+− = p|Γ+ − p|Γ− and G(·, ·) is an implicit form of the transmission
conditions on interface Γ0 which describe the behaviour of the perforated multi-plate panel; it is
constituted by the homogenized model given in Section 3.3, equations (42). In fact, G represents
the Dirichlet-to-Neumann operator.

2 Problem in the transmission layer

In this section we describe the model of the vibroacoustic transmission which was subject of
the homogenization procedure leading to the limit problem reported in Section 3. By Γ0 ⊂ R2

we designate the mid-plane of the layer Ωδ ⊂ R3 bounded by surfaces Γ+
δ and Γ−δ equidistant to

Γ0 with the distance δ/2, so that Ωδ = Γ0×]− δ/2, δ/2[⊂ R3. Recall that ε is the characteristic
size of the perforation of all the plates, whereby δ = κε for a given κ > 0, see Fig. 1.

The microstructure of the perforation is periodic, being generated by the representative pe-
riodic cell Y = Ξ × κ ]− 1/2,+1/2], where Ξ = ]0, b1[ × ]0, b2[. Further we define the solid
part S ⊂ Y such that

S =
⋃
K

ΞS
K ×

(
h̄]− 1/2,+1/2] + ẑK

)
, (4)
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Figure 1: Scheme of the transmission layer with 2 plates. The layer thickness δ = κε, the plate thickness hεK =
εh̄K

where ΞS
K ⊂ Ξ represents the K-th plate perforated mid-plane and ẑK is the “vertical” dilated

position of the plate mid-plane. Using Y ∗ = Y \ S we define

Ωε =
⋃
k∈Z2

ε(Y ∗ +
∑
i=1,2

kibi~ei) ∩ Ωδ , (5)

where Ωε = Ωδ \ Σε is the domain occupied by the fluid. We introduce the solid part of the
layer Σε = Ωδ \ Ωε. By x̂K3 we denote the (non-dilated) transverse position of the K-th plate
mid-plane, x̄±K3 is the (non-dilated) transverse position of the K-th plate upper(+) and lower(-)
surfaces.The solid panel is formed by individual plates Σε

K , so that

Σε =
⋃

K=I,II

Σε
K , Σε

K = ΓεK × hεK ]− 1/2, 1/2[ ,

ΓεK =
⋃
k∈Z2

(
x̂K3 + ε

(
ΞK +

∑
i=1,2

kibi~ei

)
∩ Γ0

)
.

(6)

Thus, ΓεK is the “2D” representation of the K-th plate which has its thickness hεK = εh̄K .
Through the paper we use the following decomposition of coordinates: for x ∈ ΩG, the

position can be written as x = (x′, x3) where x′ ∈ Γ0; for y ∈ Y , we have y = (y′, z) where
y′ ∈ Ξ.

2.1 Acoustic problem in the layer

To derive the acoustic transmission conditions, we consider the vibro-acoustic problem in
the layer. The total acoustic potential, pε satisfies the Helmholtz equation in Ωε and Neumann
conditions on ∂Ωε

c2∇2pε + ω2pε = 0 in Ωεδ ,

velocity of “external” fluid
∂pε

∂n
= −iωgε± on Γ±δ ,

velocity of solid structure
∂pε

∂n
= −iωn · uε on ∂Σε ,

∂pε

∂n
= 0 on ∂Ωδ∞ ,

(7)

where gε± is the given data representing the transverse acoustic velocity which couples the
problem (7) with the global problem (3). The surface ∂Ωε splits into disjoint parts, ∂Ωε =
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∂Σε ∪ Γ+
δ ∪ Γ−δ ∪ ∂Ωδ∞, where ∂Ωδ∞ represents the fixed wall of a duct in which the panel is

fitted.
The response of the solid panel is governed by the plate equations (2) adapted for each plate

(note that this set of equations describes one plate) where the r.h.s. terms are expressed in terms
of the acoustic potential pε.

2.2 Weak formulation of the coupled vibroacoustic problem

We write the system of equations describing the fluid and the structure response to the trans-
verse acoustic velocity iωgε±. It consists of three parts:

1. Acoustic fluid response pε in the transmission layer responds to the excitation by the
transverse acoustic velocity iωgε± on the upper and lower boundary and by the vibrating
structure. In the dilated configuration, where the layer has the thickness κ, the acoustic
potential pε(x′, z) satisfies

c2

∫
Ωε
∇̂pε · ∇̂qε − ω2

∫
Ωε
pεqε = − iωc2

ε

∫
Γ±
ĝε±qε − iωc2

ε

∑
K=I,II

∫
ΓεK

wε,K〈qε〉K+
K−

− iωc2

ε

∑
K=I,II

∫
∂ΓεK

εh̄K

∫ 1/2

−1/2

n̄ · (uε,K − εh̄Kζθε,K)qε(·, x̂K3 + εh̄Kζ)dζ ,

(8)

for all qε where ∇̂ = (∇, 1
ε
∂z), recalling ∇ = (∂α), α = 1, 2 is the “in-plane” gradient,

n̄ = (nα) is the in-plane normal vector, and 〈p1〉K+
K− = v(·, x̄+K

3 )− v(·, x̄−K3 ).

2. For each plate K, the deflection – rotation modes (wε,K ,θε,K) response to the loading
by the acoustic pressure pε is governed by the following equation, where (vε3,ϑ

ε) are test
functions:

−ω2

∫
ΓεK

ρS

[
εh̄Kw

εvε3 + ε3 h̄
3
K

12
θε · ϑε

]
+ε3 h̄

3
K

12

∫
ΓεK

CCε
K∇

S
θε : ∇S

ϑε + εh̄K

∫
ΓεK

γK(∇wε − θε) · (∇vε3 − ϑε)

= iωρ0

[∫
ΓεK

vε3〈pε〉K+
K− + (εh̄K)2

∫
∂ΓεK

∫ 1/2

−1/2

pε(·, x̂K3 + εh̄Kζ)n̄ · (−ζϑε)dζ

]
,

(9)

where ∇S
= 1

2
(∇T

+∇).

3. For each plate K, the in-plane deformation described by displacements uε,K is the re-
sponse to the loading by the acoustic pressure pε, where vε is the test function:

−ω2εh̄K

∫
ΓεK

ρSuε · vε + εh̄K

∫
ΓεK

CCε
K∇

Suε : ∇Svε

= iωρ0εh̄K

∫
∂ΓεK

n̄ · vε
∫ 1/2

−1/2

pε(·, x̂K3 + εh̄Kζ)dζ

(10)

Weak formulation. For given external transverse velocities gε± defined on Γ±, find (uε,K , wε,K ,θε,K)
forK = I, II and pε such that equations (9),(10) and (8) hold for all test functions (qε, vε, vε3,ϑ

ε).
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2.3 Coupling of the layer with external acoustic fields

The following coupling identity is considered, which expresses the jump of the exterior field
pext across the layer with finite δ > 0,∫

Γ+
δ

pδ+ext −
∫

Γ−δ

pδ−ext =

∫
Γ0

∫ δ/2

−δ/2
∂x3 p̃

ε ∀ψ ∈ L2(Γ0) , (11)

where we assume ψ = ψ(x′), x′ ∈ Γ0, and by˜we denote an extension of pε to the whole Ωδ.
We may apply the dilation formula at the r.h.s. of (11) to get(∫

Γ+
δ

pδ+ext −
∫

Γ−δ

pδ−ext

)
≈
∫

Γ0

(pδ0+
ext − pδ0−ext ) = ε

∫
Γ0

∫ κ/2

−κ/2

1

ε
∂zp̃

ε ∀ψ ∈ L2(Γ0) .

(12)

Further we consider a finite layer thickness δ0 = κε0 > 0 in the l.h.s. expression of (12),
whereas we pass to the limit on its r.h.s. , so that we obtain the following approximation of the
discontinuity of pext along Γ0:

1

ε0

∫
Γ0

(pδ0+
ext − pδ0−ext ) ≈ lim

ε→0

∫
Γ0

∫ κ/2

−κ/2

1

ε
∼
∫

Ξ

∂zTε(p̃ε)

=

∫
Γ0

∫ κ/2

−κ/2
∼
∫

Ξ

∂zp̃
1 =

∫
Γ0

ψ[p̃1]+−

=

∫
Γ0

(
∼
∫
I+
y

p1− ∼
∫
I−y

p1

)
∀ψ ∈ L2(Γ0) .

(13)

3 Homogenized transmission layer

The asymptotic analysis of problem (9),(10), and (8) yields the recovery sequences QRε =
(p0,ε, p1,ε,u0,Kε,u1,Kε, w0,Kε, w1,Kε,θKε) which allow us to obtain the limit homogenized two-
scale model of the wave propagation in the transmission layer; the following truncated expan-
sions hold, where x′ ∈ Γ0 and

pε(x) ≈ p0,ε(x′) + εp1,ε(x′, y′, z) , y′ ∈ Ξ , z ∈ [−1/2,+1/2] ,

uK,ε(x′) ≈ u0,Kε(x′) + εu1,Kε(x′, y′) , y′ ∈ ΞK ,

wK,ε(x′) ≈ w0,Kε(x′) + εw1,Kε(x′, y′) , y′ ∈ ΞK ,

θε(x′) ≈ θKε(x′, y′) , y′ ∈ ΞK ,

(14)

where x′ ∈ Γ0. The functions QRε converge in the unfolded space to the limit functions Q,
where Q = (p0, p1,u0,K ,u1,K , w0,K , w1,K ,θK) which are the solutions of the homogenized
problem arising from (8),(9), and (10) for ε→ 0. Note that all functions in Q are Ξ-periodic in
the y′ variable; we use the space H1

#(Y ) ⊂ H1(Y ) containing only Ξ-periodic functions.
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3.1 Local problems and scale decoupling

From the limit of equation (8), the following identity can be obtained which holds for a.a.
x′ ∈ Γ0,

∼
∫
Y ∗

(∇xp
0 +∇yp

1) · ∇yq
1+ ∼
∫
Y ∗
∂zp

1∂zq
1 = −iωg0

(
∼
∫
I+
y

q1− ∼
∫
I−y

q1

)

− iω

[ ∑
K=I,II

(
w0,K ∼

∫
ΞK

〈q1〉K+
K− + h̄Ku0· ∼

∫
ΓKΞ

n̄
∫ 1/2

−1/2

q1(x′, y′, ẑK + h̄Kζ)dζ

)]
,

(15)

for all q1 ∈ H1
#(Y ∗). Due to linearity, the following split can be introduced:

p1 = πβ∂xβp
0 + iω

[
ξg0 +

∑
K=I,II

(
ηKw

0,K + µαKu
0,K
α

)]
, (16)

where the corrector basis functions πβ, ξ, ηK , µαK which are Ξ-periodic are solutions of the local
problems: Find πβ, ξ, ηK , µαK ∈ H1

#(Y ∗)/R such that

∼
∫
Y ∗
∇yπ

β · ∇yψ = − ∼
∫
Y ∗
∂yβψ ,

∼
∫
Y ∗
∇yξ · ∇yψ = −

(
∼
∫
I+
y

ψ− ∼
∫
I−y

)
,

∼
∫
Y ∗
∇yηK · ∇yψ = − ∼

∫
ΞK

(
ψ(·, z̄K+)− ψ(·, z̄K−)

)
= − ∼

∫
ΞK

〈ψ〉K+
K− ,

∼
∫
Y ∗
∇yµ

β
K · ∇yψ = −h̄K ∼

∫
ΓKΞ

nβ

∫ 1/2

−1/2

ψ(·, ẑK + ζ)dζ ,

(17)

for all ψ ∈ H1
#(Y ∗), where z̄K± = ẑK ± h̄K

2
and recalling ∇y = (∂yα, ∂z).

Next we consider the limit form of the plate deflection-rotation arising from (9); for a.a.
x′ ∈ Γ0, we obtain

h̄3
K

12
∼
∫

ΞK

CC∇S

yθ : ∇S

yϑ+ h̄K

∫
ΞK

γ
(
∇xw

0 +∇yw
1 − θ

)
·
(
∇yv

1 − ϑ
)

= 0 , (18)

for all v1 ∈ H1
#(ΞK),ϑ ∈ [H1

#(ΞK)]2. Using the corrector basis functions χαK ∈ H1
#(ΞK)/R

and ϕαK ∈ [H1
#(ΞK)]2 we introduce the split

w1,K = χαK∂
x
αw

0,K , θK = ϕαK∂
x
αw

0,K , (19)

where the couple (ϕαK , χ
α
K) satisfies

h̄2
K

12
∼
∫

ΞK

CC∇S

yϕ
α
K : ∇S

yψ+ ∼
∫

ΞK

γ(∇yχ
α
K −ϕαK) · (∇yv −ψ) = − ∼

∫
ΞK

γ(∂yαv − ψα)

∀v ∈ H1
#(ΞK), ψ ∈ [H1

#(ΞK)]2 .

(20)

4474



Eduard Rohan and Vladimı́r Lukeš

Finally we consider the limit of (10) describing the “in-plane” deformation of the plate. This
yields, for a.a. x′ ∈ Γ0,

h̄K ∼
∫

ΞK

CC(∇S

xu0,K +∇S

yu1,K) : ∇S

y v1 = iωρ0h̄Kp
0 ∼
∫

ΓKΞ

n · v1 , (21)

for all v1 ∈ [H1
#(ΞK)]2. Using the corrector basis functions χαβK ,χPK ∈ [H1

#(ΞK)]2 we define
the split

u1,K = χαβK ∂βu
0,K
α + iωρ0χ

P
Kp

0 , (22)

where the following two local corrector problem must be solved:

∼
∫

ΞK

CC∇S

y (χαβK + Παβ) : ∇S

y v = 0 ∀v ∈ [H1
#(ΞK)]2 ,

∼
∫

ΞK

CC∇S

yχ
P
K : ∇S

y v =∼
∫

ΓKΞ

n · v ∀v ∈ [H1
#(ΞK)]2 .

(23)

3.2 Macroscopic equations and Homogenized coefficients

In this section we introduce the homogenized coefficients involved in the limit transmission
problem. From the limit form of equation (8), we obtain the following identity related to the
acoustic fluid response:

c2

∫
Γ0

∼
∫
Y ∗

(∇xp
0 +∇yp

1) · ∇xq
0 − ω2

∫
Γ0

∼
∫
Y ∗
p0q0

= −iωc2

∫
Γ0

q0

[(
∼
∫
I+
y

g1+− ∼
∫
I−y

g1−

)
+ h̄K

∑
K=I,II

(
∼
∫

ΓKΞ

n̄ · u1 − h̄K ∼
∫

ΓKΞ

n̄ · θK
∫ 1/2

−1/2

ζ

)]
.

(24)

Using the split formulae (16), (19) and (22), the homogenized coefficients are computed:

Aαβ =∼
∫
Y ∗
∇y(π

β + yβ) · (πα + yα) ,

Bα =∼
∫
Y ∗
∂yαξ ,

PK
α =∼

∫
Y ∗
∂yαηK ,

RK
αβ =∼

∫
Y ∗
∂yαµ

β
K ,

SKαβ = h̄K ∼
∫

ΓKΞ

n · χαβK ,

TK =∼
∫

ΓKΞ

n · χPK ,

(25)

Further, we substitute the split form of p1 (16) in (13) which yields the following coefficients:
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F = − ∼
∫
I+
y

ξ+ ∼
∫
I−y

ξ =∼
∫
Y ∗
∇yξ · ∇yξ ,

Cα =∼
∫
I+
y

πα− ∼
∫
I−y

πα = − ∼
∫
Y ∗
∇yξ · ∇yπ

α = Bα ,

WK =∼
∫
I+
y

ηK− ∼
∫
I−y

ηK = − ∼
∫
Y ∗
∇yξ · ∇yηK = −NK ,

XK
α =∼

∫
I+
y

µαK− ∼
∫
I−y

µαK = − ∼
∫
Y ∗
∇yξ · ∇yµ

α
K = −NK

α .

(26)

From (9), we obtain the following identity related to the K-th plate deflection response:

−ω2h̄K

∫
ΓK

(
∼
∫

ΞK

ρS
)
w0v0 + h̄K

∫
ΓK

γ
(
∇xw

0 +∇yw
1 − θ

)
· ∇xv

0 = iωρ0

∫
ΓK

v0 ∼
∫

ΞK

〈p1〉K+
K− .

(27)

Using the split formulae (16), (19) and (22), the following homogenized coefficients are identi-
fied:

GK
αβ =∼

∫
ΞK

γ
[
∇y(yα + χαK)−ϕαK

]
· ∇yyβ

=∼
∫

ΞK

[
γδαβ −

h̄2
K

12
CC∇S

yϕ
α : ∇S

yϕ
β + γ∇y(χ

α
K −ϕα) · (χβK −ϕ

β)

]
,

DK
β =∼

∫
ΞK

〈πβ〉K+
K− = PK

β ,

MKL
33 = − ∼

∫
ΞK

〈ηL〉K+
K− ,

MKL
3α = − ∼

∫
ΞK

〈µαL〉K+
K− = M ,LK

α3 ,

NK = − ∼
∫

ΞK

〈ξ〉K+
K− =∼

∫
Y ∗
∇yηK · ∇yξ .

(28)

In analogy, from (10), we obtain the identity related to the K-th plate in-plane deformation
response:

−ω2h̄K

∫
ΓK

(
∼
∫

ΞK

ρS
)
u0 · v0 + h̄K

∫
ΓK

∼
∫

ΞK

CC(∇S

xu0 +∇S

yu1) : ∇S

xv0

= iωρ0h̄K

∫
ΓK

v0· ∼
∫

ΓKΞ

n
∫ 1/2

−1/2

p1(·, ẑK + ζ)dζ .

(29)

Upon substituting there the split formulae (16), (19) and (22), the following homogenized co-
efficients and their alternative expressions are obtained, where Πij = (Πij

k ), with Πij
k = yjδik
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with i, j, k, l = 1, 2,

CK
ijkl = h̄K ∼

∫
ΞK

CC∇S

y (χkl + Πkl) : ∇S

y (χij + Πij) ,

QK
αβ = h̄K ∼

∫
ΞK

CC∇S

yχ
P
K : ∇S

yΠαβ = −SKαβ ,

ZK
αβ = h̄K ∼

∫
ΓKΞ

nα

∫ 1/2

−1/2

πβ(·, ẑK + ζ)dζ =∼
∫
Y ∗
∇yµ

α
K · ∇yπ

β = −RK
βα ,

MKL
αβ = −h̄K ∼

∫
ΓKΞ

nα

∫ 1/2

−1/2

ηL(·, ẑK + ζ)dζ =∼
∫
Y ∗
∇yµ

α
K · ∇yµ

β
L ,

M
′KL
α3 = −h̄K ∼

∫
ΓKΞ

nα

∫ 1/2

−1/2

µβL(·, ẑK + ζ)dζ =∼
∫
Y ∗
∇yµ

α
K · ∇yηL = MLK

3α ,

NK
α = −h̄K ∼

∫
ΓKΞ

nα

∫ 1/2

−1/2

ξ(·, ẑK + ζ)dζ =∼
∫
Y ∗
∇yµ

α
K · ∇yξ .

(30)

3.3 Homogenized vibroacoustic problem

Using the homogenized coefficients defined above, the macroscopic model of the vibroa-
coustic response in the layer can be derived from equations (24), (27), (29), and (13). For
brevity, we present the problem defined on Γ0 using differential equations (31)-(34), whereby
the clamped plate boundary conditions and the rigid wall condition for p0 at ∂Γ0 are considered.

−ω2

[
ρS

K

ρ0

h̄Ku0,K +
∑
L=I,II

(
MKL

αβ u
0,L
β +M ,KL

α3 w0,L
)

+NK
α g

0

]
−∇S

x · ρ−1
0 (CCK∇S

xu0,K)− iω∇S

x · (QKp0)− iωZK∇xp
0 = 0 ,

(31)

−ω2

[
ρS

K

ρ0

h̄Kw
0,K +

∑
L=I,II

(
MKL

3α u0,L
β +M ,KL

33 w0,L
)

+NKg0

]
−ρ−1

0 ∇x · (GK∇xw
0,K)− iωDK · ∇xp

0 = 0 ,

(32)

−ω
2

c2
p0 +∇x · A∇xp

0 − iω∇x · (Bg0)− iω
∑

K=I,II

∇x ·
(
RKu0,K + PKw0,K

)
+
∑

K=I,II

(
ω2ρ0T

Kp0 − iωSK : ∇S

xu0,K
)

= −

(
∼
∫
I+
y

g1+− ∼
∫
I−y

g1−

)
,

(33)

iωC · ∇xp
0 + ω2Fg0 − ω2

∑
K=I,II

(
NKw0,K + NK · u0,K

)
=

iω

ε0

[pext]
+
− . (34)

The following symmetries and relationship between the homogenized coefficients can be proved:

XK = −NK , WK = −NK , DK = PK , ZK = −(RK)T ,

(QK)T = QK = −SK , C = B .
(35)
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After respecting these symmetry relationships in (31)-(34) and denoting

∆g1 =

(
∼
∫
I+
y

g1+− ∼
∫
I−y

g1−

)
, (36)

we can rewrite (31)-(34), as follows:

−ω2

[
ρS

K

ρ0

h̄Ku0,K +
∑
L=I,II

(
MKL

αβ u
0,L
β +M ,KL

α3 w0,L
)

+NK
α g

0

]
−∇S

x · ρ−1
0 (CCK∇S

xu0,K) + iω∇S

x · (SKp0) + iωRK∇xp
0 = 0 ,

(37)

−ω2

[
ρS

K

ρ0

h̄Kw
0,K +

∑
L=I,II

(
MKL

3α u0,L
β +M ,KL

33 w0,L
)

+NKg0

]
−ρ−1

0 ∇x · (GK∇xw
0,K)− iωPK · ∇xp

0 = 0 ,

(38)

−ω
2

c2
p0 +∇x · A∇xp

0 − iω∇x · (Bg0)− iω
∑

K=I,II

∇x ·
(
RKu0,K + PKw0,K

)
+
∑

K=I,II

(
ω2ρ0T

Kp0 − iωSK : ∇S

xu0,K
)

= −∆g1 ,
(39)

iωB · ∇xp
0 + ω2Fg0 − ω2

∑
K=I,II

(
NKw0,K + NK · u0,K

)
=

iω

ε0

[pext]
+
− . (40)

To observe the symmetric structure of the problem, it advantageous to introduce the follow-
ing matrices:

IMKL =

[
MKL

αβ MKL
α3

MLK
3β MKL

33

]
, IN =

[
NK
α

NK

]
, IP =

[
SKαβ +RK

αβ

PK
β

]
.

IDK = ρ−1
0

[
CCK 0
0 GK

]
, ∇uK =

[
∇Su0,K

∇w0,K

]
,

(41)

The mass matrix IMKL is symmetric and represents the “added mass”. The coupling effects are
represented by matrices INK , IPK and by coefficients B. The plate stiffness is represented by
IDK including the bending effects. The anisotropic propagation of the acoustic wave in the fluid
is described in terms of the tensor A, whereas the transverse impedance of the panel is given
by F . The vibroacoustic response is described by the fields uK = (u0,K , w0,K) satisfying the
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following differential equations imposed on Γ0:

−ω2

(
mKI +

∑
L=I,II

IMKL

)
uL −∇ · IDK∇uK + iωIPK∇p0 − ω2INKg0 = 0 , for K = I, II ,

iω
∑
L=I,II

IPL∇uL − ω2 1

c2
p0 +∇ · A∇p0 − iωB · ∇g0 = −∆g1 ,

−ω2
∑
L=I,II

INL · uL + iωB · ∇p0 + ω2Fg0 =
iω

ε0

[p]+− ,

n̄ · ∇p0 = 0 ,
uK = 0 , K = I, II ,

}
on ∂Γ0 ,

(42)

where [p]+− = p+ − p− is the jump of the “external field” p across Γ0 and mK = h̄KρS/ρ0.

The Global Acoustic Problem. To conclude this section, we reformulate the global problem
imposed in domain ΩG. The acoustic potential p defined in ΩG is discontinuous on Γ0, satisfies
the equations (3) with the implicit transmission condition G([p]+−, g

0) = 0 is given by (42),
where uK and p0 serve as the internal variables.

Note that ∇g0 is not needed in the weak formulation of (42). The “unknown” coupling
function ∆g1, see (36) can be released to simplify the problem. Another option is to use an
iterative algorithm which, in this context, defines ∆g1 using the “old approximation” of the
outer acoustic field p. This will be issued in our further papers.

4 Examples

In this section we illustrate the sensitivity of the homogenized coefficients to the geometrical
arrangement of the perforated panels. We assume two periodically perforated plates, the first
one with the rectangular perforation, the second one with the circular perforation. The local
corrector problems are solved using the representative volume elements, one (3D) for the fluid
domain Y ∗ and two (2D) for the compliant plates ΞK , see Fig. 2. The geometrical parameters
of the perforation (defined with respect to the unit cel Y ) are: a = 1, b = 0.6, c = 0.3, d = 0.5.
The thickness of both the perforated plates is h̄ = 0.08 and their distance h12 = 0.26.

We consider the change in the relative “in-plane” position of the holes associated with the
two plates, described by the parameter dc. Fig. 3, illustrates the sensitivity of the homogenized
coefficients to the geometrical arrangement.

Figure 4 shows the dependence of the selected homogenized coefficients (B, F , P1, P2, R1,
R2) on the mutual shift of the perforations (defined by dc). In particular, B, P1, P2 are the
most sensitive coefficients responsible for the coupling effects between transverse and surface
acoustic waves. These coefficients vanish for dc −→ 0, so that the 2nd equation in (42) governs
the distribution of the acoustic fluid potential p0 independently of g0 and plate vibrations {uK}.

5 Conclusion

In this paper the homogenized model of the vibroacoustic interaction on perforated double-
plates was presented. The detailed derivation of the model will be considered in a separate
paper. Some symmetries of the model due relationship between the homogenized coefficients
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Figure 2: The representative volume elements corresponding to Y ∗ (3D), Ξ1 and Ξ2 (2D) domains.

Figure 3: The change in the mutual positions of the holes (perforations) described by the parameter dc.

were observed. It is worth noting that the plate rotations are not involved explicitly in the ho-
mogenized equations, however, the bending stiffness is respected by the homogenized elasticity
coefficients. The obtained model represents implicit transmission conditions. As the main
advantage, this model enables to reduce quite significantly the computational complexity of
solving the acoustic wave propagation in the neighbourhood of the plate panel. Although the
model was derived rigorously using the homogenization method, its verification and study of
the modelling approximation properties is the further step to be done.
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Figure 4: The sensitivity of the homogenized coefficients B, F , P1, P2, R1, R2 to the geometrical parameter dc.
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Abstract. In this paper we have analysed the influence of dry friction on the response of a two
story building model. We have assumed that this structure is mounted on two FPSs (Friction
Pendulum Systems) and have modelled these devices by a spring and a dry friction force.
We have shown how dry friction influences the response of the system and determined numeri-
cally the dynamical response under periodic ground excitation.
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1 INTRODUCTION

FPSs are devices by which we can mitigate the effects of seismic excitations on buildings or
structures. These devices allow us to make more safe structures in a very easy way provided
that we have machines for installing them. These devices are very simple mechanical systems.
They are made of two bodies which can slide one on other along a path with assigned form
and able to dissipate energy by a friction mechanism [1, 2]. By the dynamical viewpoint these
devices can be modelled by a linear spring and dry friction devices. The spring acts as filter of
vibrations while friction device acts as a damper.
This devices can be divided into active and passive devices and according to the material they are
made of. For example, Rubber Bearings, used extensively in bridge structures and prestressed
and precast concrete buildings are made of EPDM, SBR and Natural Rubber, Neoprene Rubber,
etc. Such devices allow vibration dampening, prevent sound transfer, reduce the destructive ac-
tion of the vibrations in the structures by allowing displacements caused by normal expansion
costranction and materials [3, 4]. In this work we have investigated the use of a particular pas-
sive system for the mitigation of vibrations in structures, the Friction Pendulum System (FPS).
This device uses friction to ensure flexibility to the structural system and to add damping to the
isolated structure. This device represents the simplest sliding system that works without the aid
of active restoring forces. The radius of curvature of the dishes of FPS influences in a decisive
manner relative displacements between the upper plate connected to the structure and the lower
one connected to ground so that fundamental period of the base-isolated structure can be shifted
further away from the predominant period of near-fault ground motions [5]. We therefore de-
cided to use such a device, to investigate possible forms of instability that may arise due to the
presence of dry friction between the moving parts of FPS [6, 7].
We organized the paper as follows. On The Response Of A Mass-Spring-Dry Friction sec-
tion we studied the influence of discontinuous and continuous friction model on describing the
dynamical behaviour of the system. In Mathematical Model section we discussed the dimen-
sionless equation used to describe the motion of the structure considered in presence of dry fric-
tion. In Numerical Simulations we have reported some details about the values used to describe
different configurations of the device in different scenarios with the simplifying assumptions
made. In Final section we presented the conclusions.

2 ON THE RESPONSE OF A MASS-SPRING-DRY FRICTION

Let us consider the system indicated in figure 1. The equation of motion can be written in
the following dimensionless form:

Fa(ẋ)

s(t)

x

k

Figure 1: One Degree of Freedom System

z̈ + f(ż + 1) + z = 0 (1)

having put
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z = x− s; τ = ωnt;
z =

z
ṡ
ωn

;

ω2
n =

k

m
;

F (ż + 1)

mωnṡ
= f(ż + 1).

By assuming the friction force between the slide and ground described by a Coulomb friction
model (see figure 2(a)) we have calculated the response and indicated it in figure 3 without
ground excitation.
We can observe that every point which belongs to the set−fc , fc is an equilibrium point of the

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1.5

−1

−0.5

0
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1

1.5

ẋ

Fa(ẋ)

ẋ

F
a
(ẋ
)

fc

−fc

(a) −1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
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−0.5

0

0.5

1
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ẋ
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ẋ

F
a
(ẋ
)

−fc

fc

(b)

Figure 2: Dry Friction Coulomb Model
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Figure 3: Dynamical Response with Discontinuous Friction Characteristic

system.
On the other hand, if we make continuous the friction characteristic, so as indicated in figure

2(b), the response of the system will be that of the figure 4.
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A B A, B- fc

B

fc

-4 -2 0 2 4
-4

-2

0

2

4

z

âz âΤ

Figure 4: Dynamical Response with Continuous Friction Characteristic

By comparing figures 3 and 4 we can conclude that by making continuous the Coulomb friction
in that way is a bad approximation about describing the dynamical behaviour of the system 1. If
we consider the system excited by a ground motion, the system has not equilibrium point and,
except singular solutions, the body is never undergone to stopping conditions (stick phase). On
the basis of these last consideration we can assume that when the system is excited by external
force we can make continuous the friction characteristic without drawbacks on the numerical
simulations.

3 RESPONSE OF A TWO STORY BUILDING ON FPSs

Figure 5: Mechanical System

In figure 5 is reported the mechanical model of the two degrees of freedom system used to
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study the dynamic behaviour in presence of dry friction. The equation of motion is reported by
equations 2:

mb
¨̃xb(t) + kb(x̃(t)− x̃(t)) + fa,b( ˙̃xb(t)− ˙̃xg(t)) + k1(x̃(t)− x̃1(t)) = 0;

m1
¨̃x1(t) + k1(x̃1(t)− x̃(t)) = 0.

(2)

If we choose to measure displacement, velocity and acceleration of each mass compared to
the ground, x̃, ˙̃xg, ¨̃xg respectively, we introduce relative measurements as showed below. We
can now write a new set of equation in matrix notation as reported in 3{

x̃ = xb + x̃g
x̃1 = x1 + x̃g

Mẍ(t) + Kx(t) + Fa(ẋb) = −M¨̃xg(t); (3)

where x(t),ẋ(t) and ẍ(t) are vectors of relative displacement, velocity and acceleration and
¨̃xg represents the ground acceleration. With M and K are reported respectively the mass and
stiffness matrix and with Fa the dry friction terms.

M =

[
mb 0
0 m1

]
(4)

K =

[
kb + k1 −k1
−k1 k1

]
(5)

Fa =

{
fa,b(ẋb)

0

}
(6)

For the discontinuous function used to describe dry friction we have chosen the function re-
ported in figure 2(a) having the following characteristic:

fa(ẋb) =


µb(mb +m1)g ẋb > 0

−µb(mb +m1)g < fa,b < µb(mb +m1)g ẋb = 0
−µb(mb +m1)g ẋb < 0

The equation that describes the dynamic motion of the base mass becomes the following:

mbẍb + (kb + k1)xb − k1x1 + fa,b(ẋb) = −mb
¨̃xg (7)

while the equation that describes the motion of the other mass is the following:

m1ẍ1 + k1x1 − k1xb = −m1
¨̃xg (8)

making explicit the friction term, equation 7 becomes:

mbẍb + (kb + k1)xb − k1x1 + µ(mb +m)g
ẋb
|ẋb|

= −mb
¨̃xg (9)

Dividing equation 9 by mb and equation 8 by m1 we obtain:

ẍb +
kb + k1
mb

xb −
k1
mb

x1 + µ
mb +m1

mb

g
ẋb
|ẋb|

= −¨̃xg (10)

ẍ1 +
k1
m1

x1 −
k1
m1

xb = −¨̃xg (11)

By performing the following positions:
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ω2
b =

kb + k1
mb

;

(′) =
d

dτ
;

ω2
1 =

k1
m1

;

Ω =
ω

ω1

;

τ = ω1t;

yi =
xi
|x̃′′g |

;

dividing equations 10 and 11 by ω2
1, assuming for the external forcing a cosinosuidale law and

introducing the following parameters:

β1 =
kb
k1

;

α1 = (1 + β1)β2;

β2 =
m1

mb

;

α2 = µbβ3;

β3 =
m1g

k1
;

α3 = (1 + β2)α2.

the equations can be rewritten in dimensionless form as follows:

y′′b + α1yb − β2y1 + α3
y′b
|y′b|

= cos(Ωτ);

y′′1 + y1 − yb = cos(Ωτ).

(12)

4 NUMERICAL ANALISYS

We have developed a numerical procedure to investigate the influence of dry friction on
the dynamic behaviour of a structure. The parameters considered to carry out this investiga-
tion are stiffness ratio β1 between kb and k1, the mass ratio β2 between m1 and mb and the
friction coefficient µb between upper body and the base. For β1 we have considered values
[0.1, 0.01] assuming that the equivalent stiffness of the friction pendulum system should be at
least one order of magnitude lower compared to the stiffness of the pillars and for β2 we have
considered the following values in brackets [1, 0.1] and are reported in Tab. 1. Further for the
friction coefficient, we considered four scenarios with µb equal to values reported in brackets
[0.1, 0.3, 0.5, 0.7], using values frequently encountered in most cases. The assumptions made in
this paper are the following:

β2 \ β1 0.1 0.01

1
kb = 0.1k1
mb = m1

kb = 0.01k1
mb = m1

0.1
kb = 0.1k1
mb = 0.1m1

kb = 0.01k1
mb = 0.1m1

Table 1: Several Configurations of the Two Degrees of Freedom System Considered

• Linear law for elastic constants;

• Friction force remains constant with respect to sliding velocity;

• Sinusoidal law for ground acceleration;

• Order of magnitude of the upper structure mass m1 is one order of magnitude lower than
the elastic constant k1.
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The simulations for the cases considered, have been carried out by the use of calculation soft-
ware Matlab, in Simulink environment. Of the four simulations carried out, the three most
significant graphs of the coefficient of amplification have been reported for the first and second
mass respectively in fig 6 and 7.

5 CONCLUSIONS

In this paper the presence of eventual forms of instability due to the presence of dry friction
in the dynamics of a mechanical system were investigated . Through appropriate positions and
appropriate hypothesis the system under consideration has been brought back to a two degrees
of freedom system that can represent a single-storey building isolated by fps, friction pendulum
system. The reported results, clearly demonstrate how the dynamic behaviour of a mechanical
systems subject to dry friction for low values of the friction coefficient is not affected if not in
a partial way of the presence of friction while, for high values of the friction coefficient, the
response of the system is significantly different.
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Figure 6: Response of the Base Floor of the Reduced System
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Figure 7: Response of the First Floor of the Reduced System
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Abstract. The method for a numerical solution of the vibro-acoustic problem in a mobile screw
compressor is proposed and in-house 3D finite element (FE) solver is developed. In order to
reduce the complexity of the problem, attention is paid to the numerical solution of the acoustic
pressure field in the compressor cavity interacting with the linear elastic compressor housing.
Propagation of acoustic pressure in the cavity is mathematically described by the Helmholtz
equation in the amplitude form and is induced by periodically varying surface velocity of the
engine and compressor assembly. In accordance with prescribed boundary conditions, nu-
merical solution of the Helmholtz equation for the distribution of acoustic pressure amplitudes
within the cavity is performed using the finite element method on tetrahedral meshes. For the
FE discretisation of the elastic compressor housing, a new 6-noded thin flat shell triangular fi-
nite element with 21 DOF based on the Kirchhoff plate theory was developed and implemented.
The resulting strong coupled system of linear algebraic equations describing the vibro-acoustic
problem, i.e., the problem of interaction between the air inside the cavity and the screw com-
pressor housing, is solved numerically by well-known algorithms implemented in MATLAB.
By considering two different benchmark test cases, the developed 3D FE solver is successfully
verified against the numerical results provided by the professional computational FE system
Radioss. Finally, the vibro-acoustic problem is solved in a simplified model of a real mobile
screw compressor by prescribing experimentally measured acoustic velocity on the surface of
the engine and compressor assembly. The numerical solution is carried out only with the pro-
fessional computational FE system Radioss as our developed solver is still unable to process
large-sized problems without encountering memory limits. Thus, for the assessment of results
computed by Radioss, we use results acquired during experimental measurements on a real
mobile screw compressor under operating conditions.
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1 INTRODUCTION

Considering customer requirements and the necessity to satisfy hygienic standards, the pro-
ducers of mobile screw compressors are compelled to minimise the emitted acoustic power and
the related noise. The ongoing research is focused on a proposal of suitable and efficient method
and its implementation within a 3D finite element (FE) solver for the numerical solution of the
acoustic power radiation from screw compressors.

This paper is primarily focused on numerical solution of the vibro-acoustic problem in a sim-
plified model of real mobile screw compressor. Main attention is paid to the acoustic pressure
distribution in the compressor cavity interacting with the linear elastic housing of the screw
compressor. It is assumed that the propagation of the acoustic pressure in the cavity is in-
duced by periodically varying surface velocity of the engine and compressor assembly, which is
known a priori. Since the periodic function can be expressed in the form of a Fourier series, the
problem can be solved for a single excitation frequency value and with regards to linearity of
the problem the global solution can be derived using a superposition of the harmonic solutions.

The main contribution of the present study, which follows and extends our previous study
[1], is the verification of our developed 3D FE solver against the professional computational
FE system Radioss and the numerical solution of vibro-acoustic problem in a simplified model
of the real mobile screw compressor PDP70, the geometry of which is prepared according to
technical drawings provided by the compressor producer ATMOS Chrást, Ltd. Note that due
to memory limitations encountered by our solver, the vibro-acoustic problem in the simplified
compressor model is numerically solved only by Radioss. In this case, the obtained numerical
results are compared with experimental data measured on a real mobile screw compressor under
operating conditions.

2 PROBLEM FORMULATION

For the solution of the vibro-acoustic problem in mobile screw compressors, the computa-
tional domain is divided into two subdomains: the compressor cavity Ω ⊂ R3 and the elastic
compressor housing Ω̃ ⊂ R3, as displayed in Fig-
ure 1. The cavity subdomain Ω is bounded by
the boundary ∂Ω = Γin ∪ Γout ∪ Γw ∪ Γt, where
Γin, Γout and Γw denote the inlet, the outlet and
the rigid walls of the computational domain, respec-
tively. The elastic housing Ω̃ is bounded by bound-
ary ∂Ω̃ = Γf ∪Γu∪Γt where Γf denotes the bound-
ary with prescribed force loads and Γu denotes the
boundary with prescribed displacement field. The
interface between the two interacting subdomains,
i.e., between the cavity Ω and the housing Ω̃, is de-
noted as Γt.

Figure 1: Computational domain (Ω∪Ω̃) ⊂ R3.

Because of the assumption that the excitation is a periodic process, this excitation can be ex-
pressed in the form of a Fourier series. Then, with regards to the linearity of the vibro-acoustic
problem, its solution, i.e., the distribution of acoustic pressure within the cavity and the distribu-
tion of acoustic velocity at the housing surface, can be sought for a single excitation frequency
value. Based on this assumption, the acoustic pressure p′(x, t) and the acoustic velocity v′(x, t)
can be expressed in the complex harmonic form p′(x, t) = p(x)eiωt and v′(x, t) = v(x)eiωt ,
respectively, where ω is the angular frequency of compressor engine movement.
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Taking into consideration the harmonic character of the solution, we can write the Helmholtz
equation, which describes the distribution of acoustic pressure p(x) in the cavity subdomain Ω,
in its amplitude form [2]

k2p+ ∆p = 0, (1)

where k = ω
c

is the wave number and c is the speed of sound. In the rest of this paper, all
time-dependent variables will be represented by their complex amplitudes. The weak solution
of the Helmholtz equation (1) is given as∫

Ω

k2ϕp dΩ−
∫
Ω

∇ϕ∇p dΩ +

∫
∂Ω

ϕ
∂p

∂n
dS = 0, (2)

where ϕ(x) is a well chosen test function and n is the outer unit vector normal to the boundary
∂Ω. The momentum conservation law for the inviscid fluid yields [3]

∂p

∂n
= −iω%avn, (3)

where i is the imaginary unit, %a is the air density and vn = v ·n is the normal acoustic velocity.
The third integral in Eq. (2) can be expressed for each boundary part as follows:
• the rigid wall boundary Γw – the boundary condition vn = 0 is prescribed, which yields∫

Γw
ϕ ∂p

∂n
dS = −

∫
Γw
ϕ i ω%avn dS = 0;

• the anechoic outlet Γout – the normal velocity vn is given as [2]

vn =
p

%ac
, (4)

which yields
∫

Γout
ϕ ∂p

∂n
dS = −

∫
Γout

ϕ i ω
c
p dS;

• the inlet boundary Γin – the surface acoustic velocity vn is prescribed;

• the interface Γt between the cavity and the elastic housing – we apply the following
expression

∫
Γt
ϕ ∂p

∂n
dS = −

∫
Γt
ϕ i ω%avn dS, where the normal acoustic velocity vn is

an unknown velocity resulting from the interaction between the acoustic environment in
the cavity and the elastic housing of the screw compressor.

By including the integrals mentioned above into Eq. (2), we obtain the following equation∫
Ω

k2ϕp dΩ−
∫
Ω

∇ϕ∇p dΩ− i ω
c

∫
Γout

ϕp dS − iω%a
∫

Γin

ϕvn dS − iω%a
∫
Γt

ϕvn dS = 0. (5)

Note that the normal velocity vn in the fourth integral is given, whereas in the fifth integral it is
unknown.

The solution in the housing subdomain Ω̃ is based on the principle of virtual work (PVW) in
the following form ∫

Ω̃

δεTσ dΩ̃ = −
∫
Ω̃

%hδu
T ü dΩ̃ +

∫
Γt

p δuTn dS, (6)

where ε = [εx, εy, εz, γyz, γxz, γxy]
T is the strain vector, σ = [σx, σy, σz, τyz, τxz, τxy]

T is the
stress vector, u = [u, v, w]T is the displacement vector and %h is the material density of the
housing. The surface integrals over the boundary Γu with prescribed zero displacements and Γf

with prescribed zero loads are equal to zero and are therefore omitted from Eq. (6).
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Figure 2: Six-noded thin flat shell triangular finite element Ω̃e after transformation.

3 FINITE ELEMENT DISCRETISATION

If we consider the Helmholtz equation for the cavity in the weak form (5) and the equation
of motion (6) for the housing in the amplitude form for the given excitation frequency, then the
solution of both aforementioned equations will take the form of complex pressure amplitudes
within the cavity and velocity amplitudes at the housing surface.

The FE discretisation of the Helmholtz equation, describing the distribution of acoustic pres-
sure amplitudes within the cavity subdomain Ω ⊂ R3, was carried out using a tetrahedral 3D
finite element described in [1]. For the FE discretisation of the housing subdomain Ω̃ ⊂ R3, a
new 6-noded thin flat shell triangular finite element Ω̃e with 21 degrees of freedom (DOF) was
developed. The proposed thin flat shell element is based on the Kirchhoff plate theory [4]. After
transformation, each corner node i, j and k contains three displacements u, v, w and three rota-
tions ϕ, ϑ and ψ. The midside nodes l, m and n store the information about the rotation angle
around the element edge, where the sense of rotation is determined by the sign of difference of
numbers of the corresponding edge corner nodes, see Figure 2. For more details, see [1].

The FE discretisation of both the cavity and the housing subdomains yields the following
equation describing their interaction in the vibro-acoustic problem solved in this paper[

iωH + G + 1
iω
F Z

ZT iωM + B + 1
iω
K

] [
p
q̇

]
=

[
Afv

in

f

]
, (7)

where M, B and K are the matrices of mass, damping and stiffness, respectively. In the case of
the cavity subdomain (the upper part of Eq. (7)), the coupling matrix Z represents the boundary
condition of normal velocity shared by the cavity boundary and the housing subdomain (the fifth
term in Eq. (5)). In the case of the housing subdomain, it corresponds to the pressure exerted
by the cavity on the housing. The matrices H and F are the result of FE discretisation of the
first two terms in Eq. (5), which describe the distribution of acoustic pressure amplitudes within
the cavity without the influence of boundary conditions. The application of the anechoic outlet
boundary condition yields the matrix G, which corresponds to the third term in Eq. (5) and
expresses the fact that the acoustic wave is reflection-free. The prescription of given velocity
amplitudes at the inlet leads to Afv

in, which corresponds to the fourth term in Eq. (5). The
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vector f is the complex amplitude vector of external forces exerted on the housing subdomain.
Note that the derivation of the matrices appearing in Eq. (7) was demonstrated in the paper [1]
for one finite element. The global matrices are assembled using a standard FEM procedure.

The resulting emitted acoustic power can be computed from normal acoustic velocities and
amplitudes of acoustic pressure defined in points located at the housing surface. The amplitudes
of acoustic pressure can be determined from the condition of anechoic outlet (4) applied to the
outer surface of the housing subdomain Γt. Then, for the emitted acoustic power, it holds

Pacoustic =

∫
Γt

v · n p dS =

∫
Γt

vn p dS
Eq.(4)

=

∫
Γt

v2
n %a c dS. (8)

4 NUMERICAL RESULTS

The proposed methodology for the numerical solution of vibro-acoustic problems in mobile
screw compressors was implemented in our in-house 3D FE solver developed in MATLAB.
The computational ability of this solver was tested on two examples – test cases No.1 a No.2
described in Sections 4.1 and 4.2.

4.1 Test case No.1

The numerical solution of the vibro-acoustic problem was first carried out for a test compu-
tational domain, the geometry of which was that of a 1× 0.7× 0.5 m block shown in Figure 3.
The bottom of the computational domain was assumed to be perfectly rigid and correspond-
ing to the cavity subdomain boundary Γw. The remaining walls of the computational domain
formed the interface Γt between the cavity and the elastic structure (housing), which was made
of a thin metal sheet with thickness of 1 mm, density %h = 7 800 kg/m3, Young’s modulus
E = 2.1 × 1011 Pa and Poisson ratio µ = 0.3. Within the cuboidal cavity, there was another
smaller perfectly rigid block (0.1 × 0.2 × 0.2 m), Figure 3, situated 0.1 m above the bottom of
the computational domain. At the upper and lower walls (domain boundary Γin) of the smaller
block, we prescribed a normal velocity vn ≡ vy with amplitude 0.05 m/s and excitation fre-
quency f = 100 Hz. At the side walls, zero normal velocity vn was given. The density of air
within the cavity was set equal to %a = 1.2 kg/m3 and the speed of sound was assumed to be
c = 340 m/s. In this test case, the system without damping was considered. The space discreti-
sation of the cavity for the developed 3D FE solver as well as the professional computational
FE system Radioss was carried out for an unstructured tetrahedral mesh consisting of around
15 000 elements with edge lengths around 5 cm, Figure 7 (right). Moreover, the solution in Ra-
dioss also required the elastic structure (housing) to be discretised with around 2 700 thin shell
elements, the size of which was approximately the same as in the case of the cavity mesh.

Figure 4 shows the distribution of acoustic pressure amplitudes in the axial longitudinal
section of the cavity subdomain computed by the developed 3D FE solver. This acoustic pres-
sure distribution was compared with the results provided by the professional computational
FE system Radioss using the modal approach for the solution of the considered vibro-acoustic
problem. The computations in the system Radioss were carried out for different numbers of
eigenfrequencies and eigenmodes of the cavity and the elastic structure considered by the com-
putation of the system response. As expected, the obtained numerical results showed that both
the distribution of the acoustic pressure in the cavity and the distribution of the acoustic ve-
locity at the structure surface are dependent on the number of considered eigenmodes. Taking
into consideration the computed maximum values of acoustic pressure, this dependency is well
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Figure 3: Geometry of the computational domain
considered in the test case No.1.

Figure 4: Acoustic pressure amplitudes in the axial longi-
tudinal section of the cavity computed by the developed 3D
FE solver.

Figure 5: Acoustic pressure amplitudes in the axial longitudinal section of the cavity computed by the professional
FE system Radioss for 1 000 and 50 (left) and 2 000 and 100 (right) cavity and structure eigenmodes.

No. of eigenmodes
cavity structure pmax [Pa]
200 200 1.126
500 200 1.433

1 000 200 1.790
1 000 500 1.791
2 000 500 2.149
1 000 100 1.790
1 000 50 1.790
3 000 50 2.118
2 000 100 2.149

Table 1: Number of cavity and structure eigenmodes with corresponding maximum pressure amplitudes pmax.

apparent from Table 1. With the help of the developed direct 3D FE solver, the maximum
acoustic pressure was determined as 2.14 Pa, see Figure 4. From Table 1, it can be also noted
that in order to achieve an acoustic pressure amplitude comparable with the one provided by
the developed direct 3D FE solver, it is necessary to consider at least 2 000 eigenmodes of the
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cavity and 100 eigenmodes of the structure. The eigenfrequencies corresponding to the 2 000th
eigenmode of the cavity and the 100th eigenmode of the structure are 2.67 kHz and 180 Hz.
Figure 5 shows the distribution of acoustic pressure amplitudes in the axial longitudinal section
of the cavity computed by the professional computational FE system Radioss for the combina-
tion of 1 000 and 50 or 2 000 and 100 cavity and structure eigenmodes. By comparing Figure 4
and Figure 5 (right), it is possible to observe that the results computed by the developed 3D FE
solver and the professional computational FE system Radioss are in relatively good agreement
when the combination of 2 000 and 100 eigenmodes is taken into consideration. A similarly
good agreement between both solvers could be achieved for the computation of acoustic ve-
locity amplitudes at the surface of the elastic structure, as apparent from Figures 6 and 7. The
maximum velocity amplitude computed by the developed 3D FE solver was 2.25 × 10−4 m/s,
Figure 6, while the professional FE solver Radioss provided a value of 2.03 × 10−4 m/s, see
Figure 7 (right).

In accordance with Eq. (8), the emitted acoustic power was computed as 2.1663× 10−6 W.

Figure 6: Velocity amplitudes at the surface of the elastic structure computed by the developed 3D FE solver.

Figure 7: Velocity amplitudes at the surface of the elastic structure computed by the professional FE system
Radioss for 1 000 and 50 (left) and 2 000 and 100 (right) cavity and structure eigenmodes.

4.2 Test case No.2

Following the previous test case, the vibro-acoustic problem was numerically solved in a
2.6× 1.3× 1.1 m test computational domain, the geometry of which corresponded to the hous-
ing of a real mobile screw compressor, Figure 8. The numerical solution was carried out under
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Figure 8: Geometry of the computational domain
considered in the test case No.2.

Figure 9: Acoustic pressure amplitudes in the central longi-
tudinal section of the cavity computed by the developed 3D
FE solver.

Figure 10: Acoustic pressure amplitudes in the axial longitudinal section of the cavity computed by the professional
FE system Radioss for 2 000 and 100 (left) and 5 000 and 400 (right) cavity and structure eigenmodes.

the same conditions and assumptions as in the previous test case, with the only exception that
the size and position of the excitation source now better reflected the size and position of the
real engine and compressor assembly within the cavity. Once again the normal velocity vn ≡ vy
was prescribed at the upper and lower walls of the assembly, while the amplitude and frequency
were chosen to be the same as in the previous test case. The space discretisation of the cavity
for the developed 3D FE solver as well as the professional computational FE system Radioss
was carried out for an unstructured tetrahedral mesh consisting of approximately 151 000 tetra-
hedral elements with edge lengths around 5 cm, see Figure 12 (right). The solution in Radioss
additionally required the elastic structure (housing) to be discretised with around 13 500 thin
shell elements, the size of which was approximately the same as in the case of the cavity mesh.

Figure 9 shows the distribution of acoustic pressure amplitudes in the axial longitudinal
section of the cavity computed by the developed direct FE solver. Similarly to the previous
test case, this distribution was compared with the one provided by the professional FE system
Radioss, see Figure 10. The left picture in Figure 10 shows the distribution of acoustic pressure
amplitudes computed for considered 2 000 cavity and 100 structure eigenmodes. Note that
the eigenfrequencies of the system corresponding to the 2000th cavity and the 100th structure
eigenmodes were 1.54 kHz and 52 Hz, respectively. The combination of 5 000 cavity and 400
structure eigenmodes is shown in Figure 10 (right). Here, the corresponding eigenfrequencies
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were stated to be 1.94 kHz a 158 Hz. As can be noted from Figure 10, the distribution of
acoustic pressure amplitudes is almost identical in both eigenmode combinations, especially
when they yielded the same maximum acoustic pressure of 10.2 Pa. The results are in very good
agreement with the ones computed by the developed direct FE solver, Figure 9, which provided
maximum acoustic pressure of 9.74 Pa. A good result agreement between the developed FE
solver and the professional FE system Radioss could be also achieved by the computation of
acoustic velocity amplitudes at the housing surface, as seen when comparing Figures 11 and
12 (right). The maximum velocity amplitude computed by the developed FE solver was 2.43×
10−3 m/s, Figure 11, while the professional FE system Radioss provided a value of 2.31 ×
10−3 m/s when the combination of 5 000 cavity and 400 structure eigenmodes was taken into
consideration, Figure 12 (right). From Figure 12 (left), it is well apparent that the combination
of 2 000 cavity and 100 structure eigenmodes (this modal reduction) is not suitable for the
computation of acoustic velocities, even though it is able to provide a distribution of acoustic
pressure amplitudes that is comparable with that computed by the developed direct FE solver.

In accordance with Eq. (8), the emitted acoustic power was computed as 4.044× 10−4 W.

Figure 11: Velocity amplitudes at the housing surface computed by the developed 3D FE solver.

Figure 12: Velocity amplitudes at the housing surface computed by the professional FE system Radioss for 2 000
and 100 (left) and 5 000 and 400 (right) cavity and structure eigenmodes.
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4.3 Vibro-acoustic problem in a simplified model of real mobile screw compressor

By using the professional computational FE system Radioss, the numerical solution of the
vibro-acoustic problem is carried out in a computational domain that represents a simplified
model of the real mobile screw compressor PDP70, Figure 13 (left), the geometry of which was
prepared according to the technical drawings provided by the compressor producer ATMOS
Chrást, Ltd. The bottom of the computational domain was assumed to be perfectly rigid and
corresponding to the cavity subdomain boundary Γw. The cavity contained the most significant
compressor components such as the pressure vessel of the oil separator, the fuel tank, the battery
and the fan cover, Figure 13 (right), which were all connected to the cavity bottom. The cavity
subdomain was surrounded by an elastic wall made of a thin metal sheet with thickness of
1.5 mm and enforced by stiffening ribs with thickness between 1.5 and 3 mm (the housing of
the compressor). The presence of the stiffening ribs is well apparent in Figure 13. In this vibro-
acoustic problem, the source of excitation was the engine and compressor assembly, which
was once again assumed to be rigid. The surface of this assembly corresponded to the domain
boundary Γin with prescribed acoustic velocity. Experimental measurements of velocity were
performed at this surface at three points denoted as M1, M6 and M20, see Figure 13 (right).
The Fourier spectrum of velocity components measured at the aforementioned points is shown
in Figure 14 for the excitation frequency range between 20 Hz to 2 kHz. With regard to the
fact that a rigid body has 6 DOF, the number of prescribed velocity components at each of the
three points was chosen as follows: vx, vy, vz at M1, vy, vz at M6 and vz at M20. The material
parameters used for the numerical solution of this vibro-acoustic problem were taken the same
as in the previous two test cases. However, compared to the two test cases, the current problem
considered a damped system. The space discretisation of the cavity was carried out by using an
unstructured mesh consisting of around 1 800 000 tetrahedral elements, while the housing was
discretised with almost 120 000 thin shell elements, the size of which was approximately 2 cm.

Using the modal approach in the professional computational FE system Radioss, the numer-
ical solution of the vibro-acoustic problem was carried out up to the eigenfrequency of 2 kHz
for both the cavity and the compressor housing. This eigenfrequency threshold corresponds to
the 3164th and the 4708th considered eigenmodes of the cavity and the elastic structure (hous-
ing), respectively. The results of the numerical solution consisted of the complex amplitudes of
acoustic pressure within the cavity and the complex amplitudes of acoustic velocity at the hous-

Figure 13: Simplified model of a real mobile screw compressor – housing (left) and cavity with the most significant
components (right).
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Figure 14: Fourier spectrum of velocity components measured at the points shown in Figure 13 (right).

ing surface, computed for each excitation frequency. Figure 15 shows the obtained distributions
of acoustic pressure amplitudes in selected sections of the cavity for the excitation frequencies
1 kHz and 2 kHz. The final distribution of acoustic pressure amplitudes after the superposi-
tion over all excitation frequencies, which were taken in accordance with the frequency range
considered during the experimental measurements (Figure 14), is shown in Figure 16.

In the same context as in the case of acoustic pressure amplitudes, Figures 17 and 18 show
the distributions of amplitudes of the acoustic velocity components vy and vz, respectively, at
the housing surface for the excitation frequencies 1 kHz and 2 kHz. The resulting amplitude
distribution of both aforementioned acoustic velocity components after the superposition over
all excitation frequencies, which were taken in accordance with the frequency range considered
during the experimental measurements (Figure 14), is visualised in Figure 18.

Figure 15: Acoustic pressure amplitudes in selected sections of the cavity computed by the professional FE system
Radioss for the excitation frequencies 1 kHz (left) and 2 kHz (right).
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Figure 16: Acoustic pressure amplitudes in selected sections of the cavity after the superposition over all excitation
frequencies.

Figure 17: Amplitudes of the acoustic velocity component vy at the housing surface computed by the professional
FE system Radioss for the excitation frequencies 1 kHz (left) and 2 kHz (right).

Figure 18: Amplitudes of the acoustic velocity component vz at the housing surface computed by the professional
FE system Radioss for the excitation frequencies 1 kHz (left) and 2 kHz (right).
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Figure 19: Amplitudes of the acoustic velocity components vy (left) and vz (right) after the superposition over all
excitation frequencies.

A comparison of computed and measured acoustic velocity components vy in the frequency
domain was carried out for one selected point located on the housing roof (denoted by A in
Figure 13 (left)) with the result shown in Figure 20. Analogously, Figure 21 provides the com-
parison of computed and measured acoustic velocity components vz in the frequency domain
for one selected point located on the housing side (denoted by B in Figure 13 (left)). On the
basis of both comparisons, it can be noted that a good agreement between the computed and
measured values was not reached. By taking into consideration the fact that the experimental
measurements were carried out on a real mobile screw compressor under operating conditions,
it is possible to deduce several factors that may have caused the observed differences. The first
one is related to the simplified geometry of the cavity space, which did not include all of the
components found in the real screw compressor, such as pressure hoses and cables. A certain
influence on the computed results can be also attributed to the applied geometry of the engine
and compressor assembly, which was simplified to the maximum possible extent. Although the

Figure 20: Comparison of computed and measured acoustic velocity components vy in the frequency domain for
the point A denoted in Figure 13 (left).
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Figure 21: Comparison of computed and measured acoustic velocity components vz in the frequency domain for
the point B denoted in Figure 13 (left).

aforementioned simplifications certainly played a role in the disagreement between the com-
puted and measured values, they were probably not the main cause. The reason why there are
differences between the numerical and experimental data is most likely due to the computation
of acoustic pressure within the cavity and housing vibrations, which were taken as a result of
acoustic wave propagation from the engine and compressor assembly to the housing via the
cavity. In reality, the housing vibrations are strongly influenced by the direct transmission of
vibrations from the assembly to the housing through their joints. Compared to the performed
experiments, the transmitted vibration was not considered in the present numerical study. An-
other cause of dissimilarities between the computed and measured results was the assumption
that the engine and compressor assembly, including other cavity components, were modelled as
rigid, even though in reality they are compliant to a certain extent.

5 CONCLUSIONS

For the FE discretisation of the compressor housing subdomain carried out in this study,
a new 6-noded thin flat shell triangular finite element with 21 DOF (6 DOF in corner nodes
and 1 DOF in each element midside) was developed and implemented in the developed 3D
FE solver for the numerical solution of vibro-acoustic problems in mobile screw compressors.
The correctness of the developed flat shell finite element, the proposed methodology and the
developed FE solver were verified for two test cases described in this study. The verification
was carried out by comparing amplitudes of acoustic pressure within the cavity and amplitudes
of acoustic velocity at the surface of the elastic structure (housing) computed by the developed
direct FE solver with those provided by the modal approach of the professional FE system
Radioss. A very good agreement between both FE solvers was achieved in both test cases. The
development of our in-house FE solver is motivated by our effort to acquire a code open for
future changes and modifications that would enable a consequent parameter optimisation aimed
at the elimination or minimisation of the emitted acoustic power. In this case, the optimisation
process could include a sensitivity analysis to determine how changes in the geometry and
material parameters can affect the emitted noise. The considered test cases also revealed that
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the developed direct FE solver was almost three times faster than the professional one when run
on the same computer.

Unfortunately, due to high memory demands, the direct FE solver developed in MATLAB is
not capable to solve large vibro-acoustic problems discretised to contain more than 1 500 000
finite elements. It is, therefore, understandable that our future efforts regarding the solver im-
provement will be oriented towards memory usage optimisation. The aforementioned high
memory demands are the main reason why the numerical solution of the vibro-acoustic prob-
lem involving the simplified model of real mobile screw compressor, was carried out only by
the professional FE system Radioss. To assess the numerical results, we compared them with
the experimental data provided by measurements carried out under operating conditions on the
real mobile screw compressor PDP70 produced by the company ATMOS Chrást, Ltd. As al-
ready discussed in Section 4.3, the observed differences in results were mainly caused by the
following factors, which can be seen as the limitations of the study:
• The experimental data included vibrations caused by energy transmission between the

engine and compressor assembly and the housing via their joints. Compared to this, our
study respected the vibration transmission between the aforementioned components only
through the acoustic component, i.e., the observed vibrations were the result of acoustic
wave propagation from the assembly surface to the surrounding housing via the compres-
sor cavity.

• Compared to the reality, the present study also adopted the simplification that the engine
and compressor assembly, including other components situated within the cavity, were
assumed to be rigid. Moreover, the experimental data only contained information on the
measured amplitude spectra of velocity components and did not provide the correspond-
ing phase.

• In this study, the real geometry of the cavity subdomain was considerably simplified by
omitting components such as pressure hoses and electrical cables. The shape of the engine
and compressor assembly was simplified, as well.
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Abstract. The potential occurrence of internal parametric resonance phenomena has been 

recently indicated as a possible cause of failure for long-span suspension bridges. At the 

same time, suspension bridges, in view of their flexibility, are prone to aeroelasticity driven 

response, such as vortex shedding, torsional divergence and flutter. In this paper, a non-

linear dynamic model of a suspension bridge is devised, with the purpose of providing a uni-

fied framework for the study of aeroelastic and internal resonance instabilities. Inspired by 

the pioneering work of Herrmann and Hauger, the analyses have been based on a linearized 

formulation that is able to represent the main structural non-linear effects and the coupling 

given by aerodynamic forces. The results confirm that the interaction between aeroelastic ef-

fects and non-linear internal resonance leads to unstable phenomena for wind speeds which 

are by far lower than the critical threshold for standard aeroelasticity. 
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1 INTRODUCTION 

The emergence of new materials and advanced structural engineering technology makes sus-

pension bridges a spontaneous answer for demands of larger spans, light weight, high strength, 

ease of construction, and aesthetic appearance. On one hand, the flexibility caused by the ca-

ble system and its long span makes the suspension bridges sensitive to dynamic loads; on the 

other hand, the relatively simple geometry of cable structures makes continuum approaches 

still very attractive, since can be based on a minimal number of non-dimensional parameters. 

Early attempts on static equilibrium of suspension bridge were made by Moisseiff, who ex-

tended the elastic theory to the well-established Deflection Theory [1,2] by enforcing equilib-

rium in the deformed position, and accounting for the stiffening effect in the main cables. 

Earliest continuum models for the linear vertical vibrations of suspension bridges reproduced 

the effects of the stiffening truss girder by means of an Euler–Bernoulli beam supported by 

the main cables through inextensible and distributed vertical hangers. In this regard, the clas-

sic continuum model for the linear vertical vibration of suspension bridges, based on the so 

called linearized deflection theory, was first proposed by Bleich et al. [3], and Steinman [4], 

which derived some formulas for computing natural frequencies and mode shapes, and recent-

ly reviewed by Luco and Turmo [5]. The last authors showed that the linear vibration of the 

considered suspension bridge model is completely governed by two non-dimensional parame-

ters: the classic Irvine parameter of suspended cables, first introduced by Irvine [6] and a sec-

ond parameter accounting for the relative stiffness of the girder with respect to the main cable 

system. Abdel-Ghaffar in the late 1970's [7-9] developed the methodology of free vertical, 

torsional and lateral vibration analysis of suspension bridges by means of a variational princi-

ple and a finite element approach. Then, the same author [10-12] extended the continuum 

formulation to include coupling between vertical–torsional vibrations, nonlinear effects oc-

curring in the case of large vibrations and the effects of distortional deformation of the girder 

cross-section. 

Nowadays, in the design of suspension bridges a comprehensive set of wind related responses 

are taken into consideration, such as static divergence, vortex-shedding, buffeting and flutter. 

Hence, the risk of developing aeroelastic instabilities is always the matter while designing any 

lightweight long-span structures, characterized by high flexibility due to a low bend-

ing/torsional stiffness and a high width-to-depth ratio. Although the phenomenon was already 

well known in aviation, the research on flutter in civil engineering field started as the collapse 

of the Tacoma Narrows Bridge (USA) in 1940, when the catastrophe was seen mainly as a 

direct consequence of flutter [13] that developed on the bridge deck at wind speed much low-

er than the design one. Flutter is generally studied within linearized aeroelastic models, which 

can provide the range of wind speeds where Hopf bifurcation occurs. To consider the effects 

due to the unsteadiness of the relative motion between the section and the air flow, indicial 

Theodorsen type [14,15] formulations can be adopted to predict more accurately the critical 

wind speed at the onset of the flutter instability [16] with respect to the quasi-steady formula-

tion. The equations of motion for suspension bridges were employed for aeroelastic investiga-

tions in [17], where analysis are centered on experimentally determined flutter derivatives, 

and a full three-dimensional modal analysis of the structure. 

It’s well known from non-linear dynamics that, between coupled oscillators, energy transfer 

[18] can occur as far as the energetic levels reaches critical well established thresholds. Clas-

sically this behaviour is referred to as the internal resonance phenomenon. Many authors ap-

plied this principles to study the vibrations response of suspension bridges. The authors of 

[19,20] used the continuous model proposed by Abdel-Ghaffar [11], and solve the system of 
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equations by means of the multiple scale perturbative technique [21]. Recently, Airoli and 

Gazzola [22], trying to explain why did torsional oscillations suddenly appears before the Ta-

coma Narrows collapse, found out that also in isolated systems as vertical oscillations become 

large enough they may switch to torsional ones. The problem was already tackled by other 

authors [23-27] but no one was able to identify the actual causes of that sudden large torsional 

oscillations. Hence, they paved the way for future works concerning the interaction between 

internal resonance and aeroelastic phenomena, as the present paper wants to do. 

The article intends to study the stability of a suspension bridge model using the continuum 

formulation proposed by Abdel-Ghaffar in [11] enriched by the terms coming from The-

odorsen [15] indicial formulation for the wind-structure interaction. The stability will be 

checked in Lyapunov asymptotic sense exploiting the well-known Floquet theory [28]. The 

varational system of equations is obtained following the procedure proposed by Herrman [29] 

assuming small but finite flexural perturbations coming from vortex-shedding excitation. The 

possibility of parametric internal resonances such as harmonic, sub-harmonic and super-

harmonic, or additive combinational and anti-resonances will be checked by means of suitable 

stability maps. 

Section 2 starts with a brief review of the parametric modal analysis for the continuum sus-

pension bridge model [11] focusing on the so called cross over frequencies already proposed 

in [5] for the only flexural oscillations, and here extended to the torsional component. In Sec-

tion 3, the aerodynamic additional mass, stiffness and damping are introduce in the original 

model by means of the analytical formulation [30] for the so called Flutter derivatives. Sec-

tion 3 is devoted to the linearized variational system of equations projected in the modal 

space. The analysis of stability maps confirm the possibility of parametric resonance of 2:1 

type between flexural and torsional motion already verified by other authors [11,19,20] by 

means of analytical procedure but on the complete non-linear original system of equations. 

The importance of bridge’s deck sectional shape factor will be stressed out in order to explain 

Parametric resonance phenomenon by means of Strohual linear law for vortex-shedding exci-

tation. Conclusions will be delegate to Section 4. 

2 STRUCTURAL PROBLEM FORMULATION 

A continuum model of single span, linearly elastic, suspension bridge is considered (Fig. 1). 

The bridge, having a span length l, is composed by two main cables that support the stiffening 

girder (bridge deck) through uniformly distributed, massless and inextensible vertical hangers. 

The main cables are hinged at fixed anchors placed at the same vertical elevation and are 

modeled as mono-dimensional continua with negligible flexural, torsional and shear rigidities. 

The stiffening girder is modeled as an equivalent, uniform, Euler-Bernoulli beam, with flex-

ural hinges and torsional forks at its ends. The distortional deformation of the cross-section is 

neglected. The cross-section of the girder has double symmetry with respect to vertical and 

horizontal local axes, y and z respectively (Fig. 1). The contribution of the stiffening girder in 

carrying dead loads is disregarded: dead loads are entirely carried by the main cables and are 

assumed to be uniformly distributed along the longitudinal axis. 

Figure 1: Single span suspension bridge model 
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2.1 Nonlinear coupled equations of motion 

The motion of the bridge is described by means of three generalized displacement functions 

(Fig. 2): vertical deflection 𝑤𝑑(𝑥, 𝑡), twist rotation 𝜃𝑑(𝑥, 𝑡) about the longitudinal centerline 

of the deck-cables system and warping displacement 𝑢𝑑(𝑥, 𝑡) of the cross-section, t denoting 

time. The equations of motion are derived by means of Hamilton's principle 𝛿 {∫ (𝑇 − 𝑉 +
𝑡2

𝑡1

𝑊)𝑑𝑡} = 0, where 𝛿{∙} is the variational operator, T and V are the total kinetic and potential 

energies of the system, respectively, W is the work done by external forces and 𝑡1 and 𝑡2 are 

arbitrary time instants. 

Figure 2: Four principal different kinds of displacements 

The development of Hamilton's equation yields the non-linear coupled equations of motion of 

the suspension bridge with the associated boundary conditions. Detailed calculations are omit-

ted for the sake of brevity. After some manipulations, the following dimensionless equations 

are obtained. Notice that the equations are written separating the linear from the quadratic and 

cubic parts on different rows. 

𝑓𝑙𝑒𝑥𝑢𝑟𝑎𝑙  ∶  

{

𝑑2�̃�𝑑

𝑑𝜏2
+ 𝜇2 ∙ �̃�𝑑

′𝑣 − �̃�𝑑
′′ + 𝜆𝐿

2ℎ̃𝑤 +

−𝜆𝑄
2 ∙ [ℎ̃𝑤 ∙ �̃�𝑑

′′ + ℎ̃𝜗 ∙ �̃�𝑑
′′
−
1

2
(ℎ̃𝑤′𝑤′ + ℎ̃𝜗′𝜗′)] +

−𝜆𝐶
2 ∙ [

1

2
(ℎ̃𝑤′𝑤′ + ℎ̃𝜗′𝜗′) ∙ �̃�𝑑

′′ + ℎ̃𝑤′𝜗′ ∙ �̃�𝑑
′′
] }

= �̃�(𝜉, 𝜏)  (1) 

torsional  ∶  

{

Jt̃ ∙
d2ϑ̃d

dt2
+
β2

χ2
∙ ϑ̃d

′v
− (1 + β2) ∙ ϑ̃d

′′
+ λL

2h̃ϑ +

−λQ
2 ∙ [h̃ϑ ∙ w̃d

′′ + h̃w ∙ ϑ̃d
′′
− h̃w′ϑ′] +

−λC
2 ∙ [h̃w′ϑ′ ∙ w̃d

′′ +
1

2
(h̃w′w′ + h̃ϑ′ϑ′) ∙ ϑ̃d

′′
]}

= m̃(ξ, τ) (2) 

The following non-dimensional parameters have been introduced. 
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{

𝜉 =
𝑥

𝑙

𝜏 = 𝑡 ∙
1

𝑙
√

2𝐻

(𝑚𝑑+2𝑚𝑐)

�̃�𝑑(𝜉, 𝜏) =
𝑤𝑑(𝑥,𝑡)

𝑓

�̃�𝑑(𝜉, 𝜏) =
𝜗𝑑(𝑥,𝑡)∙𝑏

𝑓 {

𝜆𝐿
2 =

𝐸𝑐𝐴𝑐

𝐻

𝑙

𝐿𝑐
(𝑦′′𝑙)2 =

= 8𝜆𝑄
2 = 64𝜆𝐶

2

𝜇2 =
𝐸𝑑𝐼𝑑

2𝐻𝑙2

𝜒2 =
𝐺𝑑𝐽𝑑𝑙

2

𝐸𝑑𝛤𝑑

𝛽2 =
𝐺𝑑𝐽𝑑

2𝐻𝑏2
{

𝐽�̃� =
(𝐽𝑡+2𝑚𝑐𝑏

2)

(𝑚𝑑+2𝑚𝑐)∙𝑏2

ℎ̃𝑖𝑗 = ∫ 𝑖 ∙ 𝑗
1

0
𝑑𝜉

�̃�(𝜉, 𝜏) =
𝑙2

2𝐻𝑓
𝑞(𝜉, 𝜏)

�̃�(𝜉, 𝜏) =
𝑙2

2𝐻𝑓𝑏
𝑚(𝜉, 𝜏)

(3) 

where x is the bridge axis coordinate, l the main span length, t the time variable, H the initial 

cables tension, 𝑚𝑑  and 𝑚𝑐  respectively the deck and single cable mass per unit length, 

𝑤𝑑(𝑥, 𝑡) and  𝜗𝑑(𝑥, 𝑡) respectively the flexural and torsional motion of the of the deck axis, 𝑓
the initial cables sag, and 𝑏 the half width of the deck section. 

The Irvine parameter 𝜆𝐿
2
 of the main cables [6], which is crucial in determining the eigen-

properties of the bridge, depends also upon the axial stiffness of the cables system 𝐸𝑐𝐴𝑐, the 

cables initial length 𝐿𝑐  and the initial cables curvature assumed by the parabolic shape 

𝑦′′ = 8𝑓 𝑙2⁄ . Notice that the assumption of initial parabolic shape of the main cables allows

us to define in a simple form the quadratic and cubic Irvine terms. 

Other relevant non-dimensional parameters are 𝜇2 (Steinman’s stiffness factor [2]) and 𝛽2,

that reflect the relative flexural and torsional rigidities of the girder, respectively. They de-

pends upon the deck flexural 𝐸𝑑𝐼𝑑  and the primary (St. Venant) torsional 𝐺𝑑𝐽𝑑  stiffness. 

Moreover, in order to account for the warping deformability of the section we need to intro-

duce the so called warping coefficient reflecting the ratio between the primary and secondary 

𝐸𝑑𝛤𝑑 (Vlasov-Wagner) torsional stiffness. 

We can define a dimensionless equivalent torsional inertia per unit length dependent both on 

the cables and deck contribution 𝐽𝑡. The so called stiffening operator ℎ̃𝑖𝑗 synthetize in differ-

ent terms the stiffness contribution coming from the main cables tension increment (stiffening 

behavior). Finally we need to introduce some dimensionless external forces normalizing the 

generalized vertical force 𝑞(𝜉, 𝜏) and torsional couple 𝑚(𝜉, 𝜏) acting on the bridge deck axis. 

2.2 Linear free vibrations 

A solution of the equations of motion is sought with the following general modal expansion 

form. 

�̃�𝑑(𝜉, 𝜏) = ∑ 𝑊𝑛(𝜉) ∙ {𝑍𝑛 ∙ exp(𝑖 ∙ �̃�𝑤,𝑛 ∙ 𝜏) + 𝑐. 𝑐. }
∞
𝑛=1   𝑤𝑖𝑡ℎ  𝑛 ∈ ℵ\{0} (4) 

�̃�𝑑(𝜉, 𝜏) = ∑ 𝛩𝑚(𝜉) ∙ {𝛤𝑚 ∙ 𝑒𝑥𝑝(𝑖 ∙ �̃�𝜗,𝑚 ∙ 𝜏) + 𝑐. 𝑐. }
∞
𝑚=1   𝑤𝑖𝑡ℎ  𝑚 ∈ ℵ\{0} (5) 

Being the general dimensionless circular frequency defined as : 

�̃�(∙) = 𝜔(∙) ∙ 𝑙√
(𝑚𝑑+2𝑚𝑐)

2𝐻
(6) 

By enforcing the suitable boundary conditions for the flexural hinges {�̃�𝑑(0, 𝜏) = �̃�𝑑(1, 𝜏) =
0  ; �̃�𝑑

′′(0, 𝜏) = �̃�𝑑
′′(1, 𝜏) = 0 } and for the torsional forks { �̃�𝑑(0, 𝜏) = �̃�𝑑(1, 𝜏) = 0  ;

�̃�𝑑
′′
(0, 𝜏) = �̃�𝑑

′′
(1, 𝜏) = 0}, one obtains the natural frequencies and the symmetric and anti-

symmetric modes. get the following symmetric modal shape expressions. It is worth noting 
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Figure 3: Circular eigen-frequencies of flexural sym-

metric mode 2. 
Figure 4: Circular eigen-frequencies of torsional sym-

metric mode 2 for 𝝌𝟐 = ∞. 

that the former include trigonometric and hyperbolic functions, conversely the latter are repre-

sented by simple sinusoidal shapes. 

The influence of the main parameters 𝜆𝐿
2
, 𝜒2, 𝜇2, and 𝛽2 has been investigated through a

parametric analysis, based on the available data collected from literature [5,12,31-40]. Besides 

realistic values also extreme situations are considered such as 𝜆𝐿
2 = 0 (flat cables), 𝜆𝐿

2 = ∞
(inextensible cables), 𝜇2 = 0 (flexible deck), 𝜒2 = 0 (rigid warping), 𝜒2 = ∞ (free warping),

𝛽2 = 0 (flexible deck).

For the sake of brevity, we will report just the results obtained for the second mode of vibra-

tions, that shows more interesting features than the first one. Figure 3 shows the flexural ei-

genfrequency, as a function of the dimensionless deck bending stiffness, for different values 

of the Irvine parameter. Figure 4 is referred to torsional eigenfrequency, in the case of free 

warping. 

The modal shapes associated to previously analyzed frequencies are very similar for flexural 

and torsional vibrations (Figures 5 and 6). The upward (negative) displacement increases as 

the Irvine parameter 𝜆𝐿
2
 does, since as cables become more and more inextensible, their ini-

tial parabolic shape turns out to be much more influent on deck deformation. As 𝜆𝐿
2 = ∞, the

modal shapes coalesce approximately to a single sinusoidal curve for any value of 𝜇2 and 𝛽2.

Similarly, if higher modes are considered (𝑛 > 4), one gets modal shapes closer to sinusoidal 

ones since the hyperbolic cosine contribution becomes negligible, meaning that deck stiffness 

is less influent on bridge vibration. Notice that increasing the relative deck stiffness (flexural 

and torsional) the positive antinodal points move away from the midspan. Concerning tor-

sional modes only, passing from 𝜒2 = ∞ to 𝜒2 = 0 we noticed that the deck relative stiffness

becomes much more relevant in the latter case. 

2.3 Cross over frequencies and modes 

As previously mentioned frequencies and modal shapes associate to higher order modes fea-

tures interesting behavior. First, we want to focus the attention on the so-called [5] Cross 

Over Frequency (COF), that is the frequency common to symmetric and skew-symmetric 

modes. As this particular condition occurs, symmetric modal shapes will vibrate according to 

frequencies proper of skew-symmetric ones. In order to reach the COF threshold condition the 

structural parameters of the suspension bridge has to be properly tuned (as shown in Figures 3 

and 4).  
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Figure 5: Modal shape of flexural mode 2 for 𝜆𝐿
2 =

225. 
Figure 6: Modal shape of torsional mode 2 for 𝜆𝐿

2 =
225 and 𝜒2 = ∞. 

As can be seen from Figures 5-6, the modal shapes are strongly influenced by the structural 

parameters of the suspension bridges. In the design process, it can be useful to tune some pa-

rameters in order to improve the bridge performance, such as in regard of edge slope and peak 

upward motion. Enforcing the vanishing of the latter two parameters, we get critical condi-

tions for the modal shapes, that, by analogy with the previous treatment, we can be referred to 

as Cross Over Modes (COM). Concerning the COM conditions we can state that only the first 

symmetric modes has a unique critical curve: in fact, as the edge slopes vanish the peak up-

ward displacement does the same. 

3 AEROELASTIC ANALYSIS 

For sake of simplicity, the wind-structure interaction has been modelled by means of The-

odorsen Theory that consider a thin airfoil immersed in a uniform and constant potential air 

stream. The main advantage is that the formulation will be independent from the actual sec-

tional shape of the bridge’s deck. Though we are implicitly modelling the deck by means of a 

thin plate, the inaccuracy introduced by the modelling could be comparable to numerical ap-

proximations typical of finite elements discretization. 

3.1 Theodorsen formulation 

Let’s write the aerodynamic lift and couple acting on the axis of the bridge’s deck. 

𝐿(𝑡) = 𝜋𝑏2𝜌𝑎 ∙ �̈�𝑑 + 2𝜋𝑏𝜌𝑎𝑈 ∙ {𝐶𝑤 ∙ �̇�𝑑 +
𝑏

2
(1 + 𝐶𝜃) ∙ �̇�𝑑} + 2𝜋𝑏𝜌𝑎𝑈

2𝐶𝜃 ∙ 𝜃𝑑 (7) 

𝑀(𝑡) = −
𝜋

8
𝑏4𝜌𝑎 ∙ �̈�𝑑 + 𝜋𝑏

2𝜌𝑎𝑈 ∙ {𝐶𝑤 ∙ �̇�𝑑 +
𝑏

2
(1 − 𝐶𝜃) ∙ �̇�𝑑} + 𝜋𝑏

2𝜌𝑎𝑈
2𝐶𝜃 ∙ 𝜃𝑑  (8)

Where we have used the air density 𝜌𝑎 ≅ 1.18 𝑘𝑔/𝑚3, the mean wind speed 𝑈 and the so-

called Theodorsen complex functions, that notice, being dependent on the actual reduced fre-

quency �̃�(∙), are different for the flexural 𝐶𝑤 and the torsional motion 𝐶𝜃. 

𝐶(∙) = 𝐶(�̃�(∙)) = 𝐹(�̃�(∙)) + 𝑖 ∙ 𝐺(�̃�(∙)) (9) 

�̃�(∙) = 𝜔(∙)
𝑏

𝑈
(10) 
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Figure 7: Real part of Theodorsen complex function. Figure 8: Imaginary part of Theodorsen complex function. 

3.2 Linear coupled equations on motion 

Before proceeding, we stress the fact that aeroelastic forces introduces additional linear terms 

only. Hence, also the linear equations of motion becomes coupled and the system loses its 

symmetries in stiffness and damping, thus becoming susceptible of static divergence and flut-

ter dynamic instability. The dimensionless linear coupled equations of motion reads: 

𝑑2�̃�𝑑

𝑑𝜏2
+ �̃�𝑤𝑤 ∙

𝑑�̃�𝑑

𝑑𝜏
+ �̃�𝑤𝜗 ∙

𝑑�̃�𝑑

𝑑𝜏
+ 𝜇2 ∙ �̃�𝑑

′𝑣 − �̃�𝑑
′′ + 𝜆𝐿

2ℎ̃𝑤 + 2�̃�𝜗𝜗 ∙ 𝜃𝑑 = 0 (11) 

𝐽�̃� ∙
𝑑2�̃�𝑑

𝑑𝜏2
+ �̃�𝜗𝜗 ∙

𝑑�̃�𝑑

𝑑𝜏
+ �̃�𝜗𝑤 ∙

𝑑�̃�𝑑

𝑑𝜏
+
𝛽2

𝜒2
∙ �̃�𝑑

′𝑣
− (1 + 𝛽2) ∙ �̃�𝑑

′′
− �̃�𝜗𝜗 ∙ 𝜃𝑑 + 𝜆𝐿

2ℎ̃𝜗 = 0(12)

In the above equations, we have neglected the additional mass �̃�𝑎  and torsional inertia 𝐽�̃�
coming from the participating air mass. In fact from the available data [5,12,31-40] it turns 

out that they are always negligible contributions with respect to structural ones.  

The following definitions hold. 

{

�̃�𝑤𝑤 = 2(𝜉𝑤 ∙ �̃�𝑤 +√𝐽�̃� ∙ �̃�𝑎 ∙ �̃�𝜗 ∙ �̃� ∙ 𝐶𝑤)

�̃�𝑤𝜗 = √𝐽�̃� ∙ �̃�𝑎 ∙ �̃�𝜗 ∙ �̃� ∙ (1 + 𝐶𝜃)

�̃�𝜗𝜗 = 2√𝐽�̃� ∙ {𝜉𝜗 ∙ √𝐽�̃� ∙ �̃�𝜗 +
1

4
∙ √�̃�𝑎 ∙ �̃�𝜗 ∙ �̃� ∙ (1 − 𝐶𝜃)}

�̃�𝜗𝑤 = −√𝐽�̃� ∙ �̃�𝑎 ∙ �̃�𝜗 ∙ �̃� ∙ 𝐶𝑤

�̃�𝜗𝜗 = 𝐽�̃� ∙ �̃�𝜗
2
∙ �̃�2 ∙ 𝐶𝜃

 (13) 

where 𝜉(∙) is the structural equivalent viscous damping ratio, assumed for simplicity constant 

and equal to 0.5%, whilst �̃� represent the mean wind speed 𝑈 normalized with respect to the 

static divergence one 𝑈𝐷 in correspondence of the same structural parameters. 

𝑈𝐷 = √𝐽�̃� ∙ �̃�𝜗
2
∙ √

2𝐻

𝜋𝜌𝑎𝑙2
(14) 

Notice the difference between �̃�(∙) and �̃�(∙), which represent, respectively, the circular fre-

quency obtained from the undamped structural model and the one coming from the complete 

aeroelastic analysis. Consequently, the first will be constant and the second will vary as the 

mean wind speed does. 

Lastly, the generic dimensionless reduced frequencies can be defined as follows. 
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�̃�(∙) = (�̃�(∙) − 𝑖�̃�(∙)) ∙ √�̃�𝑎 (√𝐽�̃� ∙ �̃�𝜗 ∙ �̃�)⁄  (15) 

The linearized equation, considered in this Section, is of basic importance in order to obtain 

the wind speed which corresponds to flutter onset. In fact, having obtained a modal projection 

of the governing equations, one can enforce the flutter conditions by considering a null value 

for torsional or flexural damping. Figure 9 shows an example of computation: for the specific 

structural parameters, torsional flutter happens in correspondence of the wind speed marked 

by a red circle. 

Figure 9 Variation of flexural and torsional frequencies and damping ratios with wind speed level. 

4 INTERNAL PARAMETRIC RESONANCE 

The recent work by Airoli and Gazzola [22] and previous works by different authors [19,20] 

contain the numerical and analytical proof, respectively, that suspension bridges can suffer of 

internal parametric resonance. This kind of phenomenon strongly differs from the well-known 

ordinary resonance characteristic of linear vibrating systems. The main differences lie in the 

fact that, regarding the parametric resonance, no external sources of energy are a priori need-

ed since energy is just transferred from one mode to another. 

4.1 Modal projection of nonlinear aeroelastic equations 

In order to catch the internal resonance phenomenon, it is necessary to consider the fully non-

linear equation of motion, supplemented by the aeroelastic terms considered in Section 3. By 

applying a modal projection of the governing equations, based on generic (rather than expo-

nential) time-varying functions, one finds: 

{

𝑀𝑤,𝑛 ∙ �̈�𝑛 + 𝐶𝑤,𝑛 ∙ �̇�𝑛 + 𝐶𝑤𝜗,𝑛𝑚 ∙ �̇�𝑚 + 𝐾𝑤,𝑛
(𝐿)
∙ 𝑧𝑛 + 𝐾𝑤𝜗,𝑛𝑚

(𝐿)
∙ 𝛾𝑚 +

+𝐾𝑤,𝑛
(𝑄)
∙ 𝑧𝑛

2 +𝐾𝑤𝜗,𝑛𝑚
(𝑄)

∙ 𝛾𝑚
2 +

+𝐾𝑤,𝑛
(𝐶)
∙ 𝑧𝑛

3 + 𝐾𝑤𝜗,𝑛𝑚
(𝐶)

∙ 𝑧𝑛 ∙ 𝛾𝑚
2

}

= 𝛤𝑤,𝑛 (16) 

{

𝐽𝜗,𝑚 ∙ �̈�𝑚 + 𝐶𝜗,𝑚 ∙ �̇�𝑚 + 𝐶𝜗𝑤,𝑚𝑛 ∙ �̇�𝑛 + 𝐾𝜗,𝑚
(𝐿)

∙ 𝛾𝑚 +

+𝐾𝜗𝑤,𝑚𝑛
(𝑄)

∙ 𝛾𝑚 ∙ 𝑧𝑛 +

+𝐾𝜗,𝑚
(𝐶)

∙ 𝛾𝑚
3 + 𝐾𝜗𝑤,𝑚𝑛

(𝐶)
∙ 𝛾𝑚 ∙ 𝑧𝑛

2
}

= 𝛤𝜗,𝑚(𝜉, 𝜏) (17) 
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The following equivalent masses, damping, stiffness and forcing terms have been introduced. 

𝑀𝑤,𝑛 = ∫ 𝑊𝑛
2(𝜉)𝑑𝜉

1

0
;    𝐶𝑤,𝑛 = �̃�𝑤𝑤 ∙ 𝑀𝑤,𝑛;    𝐶𝑤𝜗,𝑛𝑚 = �̃�𝑤𝜗 ∙ ℎ̃𝑊𝑛,𝛩𝑚  (18) 

𝐾𝑤,𝑛
(𝐿)

= ∫ 𝑊𝑛(𝜉) ∙ [𝜇
2 ∙ 𝑊𝑛

′𝑣(𝜉) −𝑊𝑛
′′(𝜉)]𝑑𝜉 + 𝜆𝐿

2 ∙ ℎ̃𝑊𝑛
21

0
;   𝐾𝑤𝜗,𝑛𝑚

(𝐿)
= 2�̃�𝜗𝜗 ∙ ℎ̃𝑊𝑛,𝛩𝑚 (19) 

𝐾𝑤,𝑛
(𝑄)

=
3

2
∙ 𝜆𝑄

2 ∙ ℎ̃𝑊𝑛 ∙ ℎ̃𝑊𝑛′2;    𝐾𝑤𝜗,𝑛𝑚
(𝑄)

= 𝜆𝑄
2 ∙ {ℎ̃𝛩𝑚 ∙ ℎ̃𝑊𝑛′ ,𝛩𝑚′ +

1

2
∙ ℎ̃𝑊𝑛 ∙ ℎ̃𝛩𝑚′2} (20) 

𝐾𝑤,𝑛
(𝐶)

=
1

2
∙ 𝜆𝐶

2 ∙ (ℎ̃𝑊𝑛′2)
2
;    𝐾𝑤𝜗,𝑛𝑚

(𝐶)
= 𝜆𝐶

2 ∙ {
1

2
∙ ℎ̃𝛩𝑚′2 ∙ ℎ̃𝑊𝑛′2 + (ℎ̃𝑊𝑛′ ,𝛩𝑚′ )

2
} (21) 

𝑀𝜗,𝑚 = ∫ 𝛩𝑚
2(𝜉)𝑑𝜉

1

0
⇒ 𝐽𝜗,𝑚 = 𝐽�̃� ∙ 𝑀𝜗,𝑚 (22) 

𝐶𝜗,𝑚 = �̃�𝜗𝜗 ∙ 𝑀𝜗,𝑚;    𝐶𝜗𝑤,𝑚𝑛 = �̃�𝜗𝑤 ∙ ℎ̃𝑊𝑛,𝛩𝑚 (23) 

𝐾𝜗,𝑚
(𝐿)

= ∫ 𝛩𝑚(𝜉) ∙ [
𝛽2

𝜒2
∙ 𝛩𝑚

′𝑣(𝜉) − (1 + 𝛽2) ∙ 𝛩𝑚
′′(𝜉)] 𝑑𝜉 + 𝜆𝐿

2 ∙ ℎ̃𝛩𝑚
21

0
− �̃�𝜗𝜗 ∙ 𝑀𝜗,𝑚 (24) 

𝐾𝜗𝑤,𝑚𝑛
(𝑄)

= 𝜆𝑄
2 ∙ {

2 ∙ ℎ̃𝛩𝑚 ∙ ℎ̃𝑊𝑛′ ,𝛩𝑚′ +

+ℎ̃𝑊𝑛 ∙ ℎ̃𝛩𝑚′2

} (25) 

𝐾𝜗,𝑚
(𝐶)

= 𝜆𝐶
2 ∙ (ℎ̃𝛩𝑚′2)

2
;    𝐾𝜗𝑤,𝑚𝑛

(𝐶)
= 𝜆𝐶

2 ∙ {(ℎ̃𝑊𝑛′ ,𝛩𝑚′ )
2
+
1

2
∙ ℎ̃𝑊𝑛′2 ∙ ℎ̃𝛩𝑚′2} (26) 

𝛤𝜗,𝑚 = ∫ 𝛩𝑚(𝜉) ∙ �̃�(𝜉, 𝜏)𝑑𝜉
1

0
 (27) 

It is important to notice that in the torsional equation of motion it is not possible to define a 

second order term independently from the flexural component. This is because the rotations of 

the deck introduces an asymmetric response of the two main cables, which strongly depend on 

the flexural amplitude of vibration affecting the stiffness of the cables system. This property 

of the system will be fundamental in the following in order to study the stability of vibrations. 

4.2 Vortex-shedding modelling 

In many real-life systems, mainly in the electrical field, the parameters which govern the 

equations of motion may vary periodically in time [41]. When dealing with suspension bridg-

es, this is not the case since structural parameters are fixed and can vary only in a very long 

period. Nevertheless, in view of the peculiar non-linear coupling of the governing equations 

and accounting for the presence of aeroelastic phenomena, one can easily realize that para-

metric resonance may occur in suspension bridge in the presence of a periodic external action. 

This may happen even if the wind velocity remains constant, because of the vortex-shedding 

phenomenon. It is well known that, under certain conditions, vortex detaches from the im-

mersed body in a regular and periodic variation in time and space. This condition is the so-

called Von Kármán vortex street phenomenon, that has been verified experimentally to occur 

in circular cylinders in a range of Reynolds number of about 250 < 𝑅𝑒 < 2 ∙ 105.

In the case of bridges, vortex-shedding effect can be represented by means of a sinusoidal 

transverse force: 

𝐹𝐿 =
1

2
∙ 𝜌𝑎 ∙ 𝐵 ∙ 𝑈

2 ∙ 𝐶𝐿 ∙ sin (𝜔𝑉𝑆 ∙ 𝑡) (28) 

where 𝜔𝑉𝑆 is the frequency of vortex shedding and 𝐶𝐿 is the lift coefficient, which basically 

depends on the cross section shape, on the Reynolds number and on the surface roughness. 

The equivalent modal lift force has the following dimensionless format. 
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 𝛤𝑤,𝑛 = 𝛤0 ∙ ℎ̃𝑊𝑛 ∙ sin (�̃�𝑉𝑆 ∙ 𝜏)  (29) 

 𝛤0 = �̃� ∙ �̃�𝐿 ∙ 𝐽�̃� ∙ �̃�𝜗,𝑚
2
∙ �̃�2 (30) 

where we have introduced the non-dimensional counterpart for the deck’s width and the nor-

malized lift coefficient with respect to the analytical one characterizing thin airfoils.  

 �̃� = 𝐵 𝑓⁄ = 0.17 ÷ 0.51 ≅ 0.32 (31) 

 �̃�𝐿 = 𝐶𝐿(𝜃𝑑) 2𝜋⁄  (32) 

It is worth noting that the stability analyses will be carried out by considering the forcing fre-

quency as an independent variable. When examining the results, it will be necessary to ac-

count for the well-known Strouhal relationship, which connects the vortex shedding 

frequency to the mean wind speed: 

 𝜔𝑉𝑆 = 2𝜋 ∙ 𝑓 = 2𝜋 ∙ 𝑆𝑡 ∙ 𝑈 𝐷⁄  (33) 

Moreover, the presence of the lock-in region will be accounted for, by considering an interval 

of wind velocity in which there is a synchronism between structural and vortex shedding fre-

quency. The dimensionless format of Strouhal relationship reads:  

 �̃�𝑆𝑡 = 𝜋 ∙ 𝑆𝑡 ∙ (�̃� √�̃�𝑎⁄ ) ∙ √𝐽�̃� ∙ �̃�𝜗,𝑚 ∙ �̃� (34) 

where �̃� = 𝐵 𝐷⁄  is the aspect ratio of the cross section: from avalable bridges data [5,12,31-

40] �̃� = 3 ÷ 12. Concerning the Strouhal number St, we will make reference to numerical 

investigations of [43]: it seems reasonable to consider 𝑆𝑡 ≅ 0.1. 

Finally, we must remember that vortex-shedding is a self-limited phenomenon due to the ad-

ditional viscous aerodynamic damping. By experimental investigations, it is known that oscil-

lations of circular cylinders never overcome the 20% of the cross flow dimension of the body. 

Consequently an empirical upper bound for dimensionless vertical vibrations should be taken 

about equal to 0.01. 

4.3 Formulation of perturbed system of equations 

In order to study the stability of the suspension bridge vibrations as long as dominant flexural 

motion occurs, we will make reference to the work of Hermann and Hauger [29]. 

First, we need to assume small flexural vibrations and negligible torsional ones, allowing us 

to study the linear equation of motion of a SDOF damped and periodically forced oscillator: 

 𝑧𝑛(𝑡) < 휀 ⇒ 𝑧𝑛
2(𝑡) ; 𝑧𝑛

3(𝑡)  ≅ 0  (35) 

 𝛾𝑚(𝑡) ≅ 0 ⇒ �̃�𝐿 = 𝐶𝐿(𝜃𝑑 = 0) 2𝜋⁄  (36) 

The governing equation reads: 

 𝑀𝑤,𝑛 ∙ �̈�𝑛 + 𝐶𝑤,𝑛 ∙ �̇�𝑛 +𝐾𝑤,𝑛
(𝐿) ∙ 𝑧𝑛 = 𝛤0 ∙ ℎ̃𝑊𝑛 ∙ 𝑠𝑖𝑛 (�̃�𝑆𝑡 ∙ 𝜏)  (37) 

The solution will be given by the superposition of a homogenous solution and a particular 

steady integral. Since we are looking for unstable solutions, the transient conditions are not of 

interest. Hence the steady state solution will be driven as usual by the so called complex dy-

namic amplification factor. 

 𝑧𝑛,𝑆𝑆(𝑡) = 𝑧𝑛,0 ∙ 𝑠𝑖𝑛(�̃�𝑆𝑡 ∙ 𝜏 − 𝜑) (38) 

 𝑧𝑛,0 = 𝛤0 ∙ ℎ̃𝑊𝑛 ∙ |𝐻(𝛿)| 𝑀𝑤,𝑛⁄  (39) 

4518



Raffaele Ardito, Antonio Capsoni and Andrea Guerrieri 

|𝐻(𝛿)| = {�̃�𝑤,𝑛
2
∙ √(1 − 𝛿2 − (�̃�𝑤𝑤

𝐼 �̃�𝑤,𝑛⁄ ) ∙ 𝛿)
2
+ ((�̃�𝑤𝑤

𝑅 �̃�𝑤,𝑛⁄ ) ∙ 𝛿)
2

}

−1

(40) 

𝑡𝑔(𝜑) = (�̃�𝑤𝑤
𝑅 �̃�𝑤,𝑛⁄ ) ∙ 𝛿 (1 − 𝛿2 − (�̃�𝑤𝑤

𝐼 �̃�𝑤,𝑛⁄ ) ∙ 𝛿)⁄  (41) 

𝛿 = �̃�𝑆𝑡 �̃�𝑤,𝑛⁄  (42) 

The second step requires to introduce a small perturbation to the actual forced system, in 

terms of both flexural and torsional DOF: 

𝑧𝑛(𝑡) = 𝑧𝑛,0 ∙ sin(�̃�𝑆𝑡 ∙ 𝜏 − 𝜑) + 𝑧𝑃,𝑛(𝑡)   𝑤𝑖𝑡ℎ   𝑧𝑃,𝑛(𝑡) < 휀 (43) 

𝛾𝑚(𝑡) = 𝛾𝑃,𝑚(𝑡)   𝑤𝑖𝑡ℎ   𝛾𝑃,𝑚(𝑡) < 휀 (44) 

Then, by substituting the above definitions in the complete modal aeroelastic system of equa-

tions and by suitable linearization, one gets the so-called Perturbed system. 

𝑀𝑤,𝑛�̈�𝑃,𝑛 + 𝐶𝑤,𝑛�̇�𝑃,𝑛 + 𝐶𝑤𝜗,𝑛𝑚�̇�𝑃,𝑚 + 𝐾𝑤,𝑛
(𝐿)𝑧𝑃,𝑛 + 𝐾𝑤𝜗,𝑛𝑚

(𝐿) 𝛾𝑃,𝑚 = 0 (45) 

𝐽𝜗,𝑚�̈�𝑃,𝑚 + 𝐶𝜗,𝑚�̇�𝑃,𝑚 + 𝐶𝜗𝑤,𝑚𝑛�̇�𝑃,𝑛 + {𝐾𝜗,𝑚
(𝐿) + 𝐾𝜗𝑤,𝑚𝑛

(𝑄) 𝑧𝑛,0 sin(�̃�𝑆𝑡𝜏 − 𝜑)} 𝛾𝑃,𝑚 = 0 (46) 

As previously mentioned, the second order term of torsional motion is dependent simultane-

ously and linearly on both motions while the flexural one depends quadratically on the two 

independent contributions. This makes possible that a small but not vanishing vertical pertur-

bation influences the torsional response, even in a linearized formulation. This kind of phe-

nomenon can be classified as a Parametric excitation problem. In fact, in the perturbed system 

there is no forcing term but just a periodically varying structural parameter. The fact that it 

depends on the actual vortex-shedding excitation is hidden inside the terms 𝑧𝑛,0 and 𝜑. 

We have stressed many times the fact that being a self-limiting phenomenon; vortex shedding 

is able to induce just small flexural perturbations. However, because their effects on torsional 

vibrations is amplified by the quadratic coupled modal stiffness 𝐾𝜗𝑤,𝑚𝑛
(𝑄)

, it will be of basic

importance to understand its influence on the system response. Consequently, we can say that 

in the design process will be useful whether is possible to tune the geometrical and mechani-

cal properties of the suspension bridge in order to minimize that cross stiffness. 

4.4 Floquet stability conditions 

In the previous section, we ended up with the definition of the perturbation system, that is a 

system of two ordinary differential equation of second order and with periodic coefficients. 

The stability of such a system can be easily analyzed by exploiting the well-known Floquet 

Theorem. It has been proved [28] that solutions of those kind of systems can be written as the 

product between a periodic function 𝑃(𝑡) and an exponential one 𝑀(𝑡). Consequently, we get 

asymptotically stable solutions in Lyapunov sense if the periodic function does not diverge. 

To check this, we need first to reduce the perturbed system (45-46) of Hill’s equation to an 

equivalent system of the first order. 

�̇� = 𝑱 ∙ 𝒙 (47) 

The procedure requires a simple change of variables that leads to the following definition of 

Jacobian matrix 𝐽. 

𝒙 = {𝑧𝑃,𝑛 𝛾𝑃,𝑚 �̇�𝑃,𝑛 �̇�𝑃,𝑚}𝑇 (48) 

𝑱 = {
0 𝑰

−𝑴−1 ∙ 𝑲 −𝑴−1 ∙ 𝑫
} (49) 
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𝑴 = {
𝑀𝑤,𝑛 0

0 𝐽𝜗,𝑚
} (50) 

𝑫 = {
𝐶𝑤,𝑛 𝐶𝑤𝜗,𝑛𝑚
𝐶𝜗𝑤,𝑚𝑛 𝐶𝜗,𝑚

} (51) 

𝑲 = {
𝐾𝑤,𝑛
(𝐿) 𝐾𝑤𝜗,𝑛𝑚

(𝐿)

0 𝐾𝜗,𝑚
(𝐿) + 𝐾𝜗𝑤,𝑚𝑛

(𝑄) ∙ 𝑧𝑛,0 ∙ sin(�̃�𝑆𝑡 ∙ 𝜏 − 𝜑)
} (52) 

The so-called monodromy matrix gives us the variation of the solution vector after a period. 

Hence, in order to compute such a matrix, it is simply necessary to perform a numerical inte-

gration of the equivalent first order system over the reference period 𝑇 = 2𝜋  assuming a 

number of initial conditions equal to the number of unknowns. The initial values has to be 

chosen in such a way that the fundamental matrix of solutions is unitary on the main diagonal 

at the initial instant. This allows us to define the monodromy matrix as follows. 

𝑪 = {[𝒙(𝑇)]𝑧(0)=1 [𝒙(𝑇)]𝛾(0)=1 [𝒙(𝑇)]�̇�(0)=1 [𝒙(𝑇)]�̇�(0)=1} (53) 

Finally, in order to check the stability of the system it is necessary that any of the eigenvalues 

of the Monodromy matrix exceeds the unity, in absolute value. 

4.5 Stability maps analysis 

In the following, we will comment the numerical results obtained from a parametric analysis 

of the stability of the perturbed system. Results will be collected inside stability maps that are 

able to synthetize the main information necessary to distinguish between stable and unstable 

regions. Each of them, in fact, will be characterized by the circular frequency of vortex shed-

ding 𝛺𝑉𝑆 and by a mean wind speed level 𝑈. 

Two model will be analyzed. The first, called Structural, accounts for geometrical and me-

chanical properties of the suspension bridge only. This preliminary analysis is useful in order 

to check if the non-linearities of the dynamic system are strong enough to find out resonance 

conditions different from the primary linear one. Hence, in this model the term playing a fun-

damental role is 𝐾𝜗𝑤,𝑚𝑛
(𝑄)

 since it’s the only one able to couple the equations of motion. In fact

all damping and stiffening terms coming from aeroelastic effects will not be taken in account. 

In the second, Aeroelastic, model both structural and aerodynamic parameters will be consid-

ered. The task of this model is to find out if and under which conditions wind effect on sus-

pension bridges, coupled with parametric resonance, is able to lead the structure to unstable 

conditions. Results will be of relevance only if the structure reaches those critical conditions 

in correspondence of a wind speed lower than the flutter one. 

In both models we will analyze different resonance conditions besides the linear primary one, 

such as harmonic, subharmonic and superharmonic of order two for both the flexural and the 

torsional vibrations, and further additive combinational and anti-resonance type. 

ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐  ∶   𝛺𝑉𝑆 = 𝜔𝑖 (54) 

𝑠𝑢𝑏ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐  ∶   𝛺𝑉𝑆 = 2 ∙ 𝜔𝑖 (55) 

𝑠𝑢𝑝𝑒𝑟ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐  ∶   𝛺𝑉𝑆 = 𝜔𝑖 2⁄ (56) 

𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛𝑎𝑙   𝑠𝑢𝑚  ∶   𝛺𝑉𝑆 = 𝜔𝑤 +𝜔𝜗 (57) 

𝑎𝑛𝑡𝑖 − 𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒  ∶   𝛺𝑉𝑆 = |𝜔𝑤 − 𝜔𝜗| (58) 
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We choose to consider just the second order type of internal resonance since we want to catch 

just the critical conditions near the classical primary linear resonance. 

Let’s analyze some numerical results starting from the Structural model. 

As we can see, Figure 10, the Structural model is able to catch the main resonance of the sys-

tem. In fact, besides the primary linear flexural one the system undergoes resonance also as 

the forcing frequency is near the torsional one. Since the excitation frequency is associated to 

flexural motion, this kind of phenomenon can be associated to an internal resonance of kind 

1:1. Further, the model is able to catch also the so-called 2:1 internal resonance as the flexural 

motion is characterized by a frequency that doubles the torsional one. On the other hand, the 

effect of other kind of resonances is less evident. 

It is worth noting that the presence of internal resonances reduces drastically the critical wind 

speed level, that in the case of the simple structural model is represented by the torsional di-

vergence speed. However, it’s evident that in this case the vortex-shedding phenomenon does 

not seem to be able to explain any of the previous unstable conditions. In fact, the linear mod-

el proposed by Strouhal never reaches the critical conditions in terms of frequencies and am-

plitudes (wind speed) that lead the system response to diverge in time. 

 

Figure 10: Stability map of the Structural model for slender deck section. The lock-in interval is denoted by a 

couple of red triangular marks around the critical vortex shedding frequency (red diamond mark). 

As already mentioned, in the definition of the dimensionless Strohual circular frequency, a 

relevant role is played by the deck sectional aspect ratio. In fact, it strongly modifies the slope 

of the Strohual curve, which consequently can enter the unstable regions. This means that in 

the design process is fundamental to take in consideration this fact, since the choice of the 

sectional dimensions of the deck will be of fundamental importance for the dynamic stability 

of the overall structure. 

As we can see in Figure 11, by reducing the aspect ratio down to �̃� = 3 the vortex shedding 

phenomenon is able to explain the main resonant unstable conditions that are the flexural pri-

mary linear and the second order subharmonic internal torsional ones. 
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Figure 11: Stability map of the Structural model for bluff deck section. 

Hence, we can conclude that very bluff deck sections can be useful to increase torsional and 

mainly flexural stiffness of the suspension bridge, but they lead the structure to be more sus-

ceptible to parametric instabilities due to vortex shedding. 

Let’s now analyze the Aeroelastic model accounting for the fluid-structure interaction effects 

on the dynamic stability if the system, Figure 12. As already mentioned in the flutter analysis, 

the fluid-structure interaction makes the frequencies being dependent on the actual wind 

speed level, consequently we see curved lines representing the main internal or external reso-

nance conditions. Moreover, the wind-structure interaction enlarges the unstable regions. This 

is valid also for wind speed which is by far lower than the one required to reach the critical 

flutter condition. Hence, the interaction between Aeroelasticity and Parametric resonance can 

lead to unexpected unstable conditions. 

Figure 12: Stability map of the Aeroelastic model for slender deck section. 
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Even though the unstable region is more merged than in the pure structural model, we still 

recognize the main resonances, that are the linear primary and the 2:1 internal ones. The pres-

ence of wind not only obscures the stability maps but it also reduces (increases) the critical 

wind speed required to reach the torsional 2:1 internal (the flexural 1:1 external) resonances. 

In fact, as we can see the flutter instability is of torsional type. 

An interesting feature is that near the curve of anti-resonance we get always a larger stable 

region. In fact, as reported also in different papers [41], the so called anti-parametric reso-

nance with respect to the parametric and additive parametric ones has a stabilizing effect on 

the dynamic response of the system. This is due primary to the fact that this phenomenon is 

able to increase significantly the damping of the system. This particular property can be ex-

ploited trying to find the optimal geometrical and mechanical parameters able to maximize 

this intrinsic damping effect. The physical explanation of this feature hides behind the fact 

that as parametric excitation occur there is energy transfer between the two main interacting 

modes. Consequently, since higher order modes are characterized by higher damping ratios, 

then the system is able to dissipate faster that energy with respect to the system without Para-

metric excitation. Notice that we are dealing with an energetic exchange; hence, being the en-

ergy transfer not unidirectional, we should observe modulated vibrations time histories. 

As we can see, as long as the deck is slender enough vortex sheeding is not sufficient to bring 

the structure to unstable conditions, while as the deck sectional aspect ratio reduces, Figure 13, 

the dynamic response diverges as the wind speed reaches levels that are much lower than 

those expected by the only flutter analysis.  

Figure 13: Stability map of the Aeroelastic model for bluff deck section. 

Now we are able to comment the previous information in terms of flexural antinodal dis-

placements by means the singles degree of freedom oscillator formulation. In fact, once we 

define the wind speed and the shedding frequency we know respectively the forcing term 𝛤0 

and the complex dynamic amplification factor 𝐻(𝛿). Considering Figure 14, we recognize 

immediately the usual shape characterizing every SDOF forced oscillator. We must remind 

that the equivalent oscillator is much more damped in the Aeroelastic model. Nevertheless, 

the total damping is never high enough to limit flexural oscillations to be lower than the ca-

ble’s initial sag. 
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Figure 14 Unstable antinodal displacements of the Aeroelastic model for slender deck section. 

Concerning the results related to bluff decks’ section, for which unstable conditions are feasi-

ble, it is better to focus the attention on amplitudes that ranges up to 0.1 ∙ 𝑓 (Figure 15).  

First, it is worth noting that we have a lower bound representing the flexural motion in corre-

spondence of torsional flutter instability for the Aeroelastic model. Second, it is important to 

underline that, according to Strouhal linear law, only in correspondence of 2:1 internal reso-

nances the unstable conditions are feasible: in fact, all the other situations require too much 

high antinodal displacements that are difficult to observe in real life situations. Notice that the 

critical amplitudes so obtained are small enough to fulfil approximately the empirical limit 

threshold 𝑧𝑚𝑎𝑥 = 0.2 ∙ 𝐷 𝑓⁄ ≅ 0.009  reminding us that vortex-shedding is a self-limiting

phenomenon. 

Figure 15 Unstable antinodal displacements of the Aeroelastic model for bluff deck section. 
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5 CONCLUSIONS 

In this paper, a non-linear dynamic model of a suspension bridge is devised, with the purpose 

of providing a unified framework for the study of aeroelastic and internal parametric reso-

nance instabilities. 

Following the classical Deflection Theory, it has been possible to write the nonlinear static 

flexural response of a suspension bridge. The next step has consisted in the generalization of 

the displacement field in order to account for the torsional response of the deck-cables system. 

A deep insight in analytical aerodynamic field paves the way for the study of aeroelastic ef-

fects. Wind forces introduce additional mass, damping and stiffness that not only couples the 

linear equations of motion but also led the system to be no more self-adjoint. In fact, it loses 

its symmetries both in damping and stiffness matrices, making the structure susceptible re-

spectively to flutter instabilities and static divergence problems. 

The non-linear system has been treated in the framework of Floquet stability theory, thus 

achieving the stability maps in terms of wind speed and frequency of vortex shedding. After a 

thorough examination of the achieved results, we can conclude saying that parametric reso-

nance is a critical phenomenon that can be activated by vortex-shedding as far as the sectional 

shape factor is low enough. This should warn very much engineers, since a phenomenon like 

vortex-shedding is usually taken in consideration just concerning serviceability limit states. 

On the contrary, we have just found that under certain conditions such a phenomenon may 

lead to very strong and critical unstable conditions in correspondence of wind speed that can 

be considered safe with respect to classical static divergence or dynamic flutter instabilities. 

The present study can be improved by considering the possible slackening of vertical hangers, 

which may introduce an additional non-linearity to the system. In fact, the structural model 

considered herein is based on perfectly bilateral behavior of hangers, so that the deck dis-

placement parameters are univocally connected to the cable displacements. In the presence of 

large upward displacement, slackening may occur, thus leading to a loss of stiffness for the 

whole system. In spite of this limitation, the model still provides valid results: in fact, view 

that the first modes are considered only, the unstable behavior corresponds to small displace-

ments, see Figure 15. In the future development of this work, when dealing with higher modes, 

it will be unavoidable to introduce the loss of stiffness due to slackening. 
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Abstract. Unreinforced masonry non-structural infills in RC structures are widely used in
many countries. However, they are often designed with simplified methods which do not con-
sider accurately their interaction with the structure. The limitation of their damage induced
by earthquakes is of major interest for the prevention of extensive economic losses and possi-
ble threats to human lives. During the last decades several researches have been accom-
plished all around the world, and many different aspects have been investigated. The
increasing interest on masonry infill is due to both the observation of unsatisfactory behav-
iour of infilled frame structures after real earthquakes and the difficulty to reach a widely sci-
entifically recognized solution. Even if measures for the prevention of infill damage are to
some extent included in modern seismic design code, an effective design procedure has not yet
been achieved. The object of this study is to perform a numerical Finite Element Model simu-
lation of a reinforced concrete frame specimen infilled with unreinforced Autoclaved Aerated
Concrete masonry infill, in order to be able to study accurately the influence and the interac-
tion of the non-structural wall to the reinforced concrete frame. A meso-modelling approach
has been followed and the calibration has been performed according to the results of in-plane
cyclic tests on single bay – single storey bare and infilled frames which have been carried out
at the Department of Civil Engineering and Architecture of the University of Pavia [1, 3]. In
order to obtain the parameters of the infill material, the numerical simulation has been per-
formed, in first instance, with reference to tests of mechanical characterization and to in-
plane cyclic tests on load-bearing AAC masonry, similar to the one used for the infill [2, 3].
The model has been validated via non-linear static analyses. Moreover, the change in moment
and shear demands on the RC members of the frame due to the influence of the presence of
the infill as respect to the bare frame condition has also been investigated.
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1 INTRODUCTION

Unreinforced masonry is nowadays widely used in European countries as non-structural in-
fill in reinforced concrete frame structures. Infills are commonly used as interior partitions,
exterior enclosures and façade veneers to appropriately fulfill architectural needs. The current
code provisions recognize the high seismic vulnerability of inherently brittle masonry infills;
however, they often provide few recommendations for non-structural elements, being often
insufficient, incomplete or not clearly defined for the specific prevention of infill damage.
Field observations after major seismic events repeatedly point towards the high seismic vul-
nerability of masonry infills, not exclusively in older buildings but also in more recently de-
signed RC frame structures [4, 5, 6, 7, 8]. In the last decades several earthquakes have
occurred on the Italian territory and problems related to the performance of masonry infill
countries, prone to seismic activity, have been identified (Figure 1).

Figure 1: Masonry infill damage after Emilia earthquake in 2012 (Magenes, et al.) [6].

Furthermore, infills are usually considered only in terms of mass and dead loads; their
stiffness and resistance contributes are often neglected. The limitation of the infill damage
induced by earthquake is of major interest for the prevention of extensive economic losses
and possible threats to human lives. During the last decades several researches have been ac-
complished worldwide, and many different aspects have been investigated through experi-
mental [9, 10, 11, 12, 13, 14] and/or numerical [15, 16, 17, 18, 19] studies.

The poor seismic behaviour of non-structural infills may not only be due to the inherent
weakness of traditional unreinforced masonry but, in some cases, also caused by deficiencies
in the design approach. On the other hand, a wide range of masonry types is available on the
market and research is increasingly focused on possible improvements of the performance in
seismic conditions through the introduction of new products and innovative construction
techniques.

The use of Autoclaved aerated concrete (AAC) blocks for both structural and non-
structural purposed is increasing. Its main advantages are the lightness, the excellent thermal
insulation and fire resistance. However, research of AAC masonry infill is not widespread yet,
therefore some experimental campaigns combined with adequate numerical research are nec-
essary.

The object of this study is to perform a numerical Finite Element Model simulation of a
RC frame specimen infilled with unreinforced AAC masonry infill in order to be able to study
accurately the influence and the interaction of the non-structural wall to the RC frame.
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2 CURRENT EUROPEAN SEISMIC CODE PROVISIONS

According to Eurocode 8 [20], structures in seismic regions have to be designed and con-
structed such that fundamental performance requirements associated with adequate degrees of
reliability related to life safety and damage limitation are satisfied. Consequently, ultimate
limit states (ULS), associated with no-collapse or life safety requirements, have to be verified
at a reference design seismic action for which a reference return period of TULS is defined in
the National Annex of each country. Eurocode 8 [20] states that the structures shall be de-
signed and constructed to withstand the ULS seismic action without local or global collapse,
thus retaining its structural integrity and a residual load bearing capacity after the seismic
event. The verification of damage limit state (DLS) is required for the corresponding seismic
action with a return period TDLS, having a larger probability of occurrence than the design
seismic action. Structures shall be designed and constructed to withstand the DLS seismic ac-
tion without the occurrence of damage and the associated limitations of use. The design pro-
cedure to be followed according to Eurocode 8 [20] provisions for the seismic design of RC
structures is illustrated in Figure 2.

Figure 2: Current design procedure for masonry infilled RC structures according to Eurocode 8 [20].

The damage limitation requirements, according to Eurocode 8 [20], are considered satis-
fied if the inter-storey drift dr,DLS,j/hj (dr,DLS,j representing the inter-storey displacement for sto-
rey j induced by the damage limitation seismic action and hj the storey height) do not exceed
the inter-storey drift limitation δDLS (Equation 4) equal to 0.50%, for buildings with brittle
non-structural elements fixed such that they do not interfere with structural deformations,  and
equal to 1.0% in case of structures without non-structural elements.
No further specifications are provided referring to the definition of brittle and ductile non-
structural elements. Probably in most cases masonry infills will intuitively be classified as
brittle.

At the ULS, the safety verification has to be accomplished in terms of resistance to seismic
action effects for both structural and non-structural elements. In particular, for non-structural
elements that might, in case of failure, cause risk for human life or affect the main structure of
the building or services of critical facilities, the verification of resistance for the design seis-
mic action is foreseen and a simplified procedure is proposed for the evaluation of the seismic
force acting on the non-structural element. Thus, the effects of the seismic action may be de-
termined applying a horizontal force Fa, acting at the centre of mass of the non-structural el-
ement in the most unfavourable direction, Structural inter-storey drift limitation.

For the local effects, the Eurocode 8 [20] prescribes to assume the critical length equal to
the total height for columns at the ground floor or in case the infill is in full column with the
column only on one side (Figure 3).
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Figure 3: Critical length of the columns (a) in the ground floor, (b) in full contact with the infill on one side, and
(c) in partial contact with the infill [31].

The contact length lc of the column, over which the equivalent diagonal strut force of the infill
acts on the column causing a local pressure ft and introducing a concentration of forces (Fig-
ure 4a), should be verified in shear for the demand VC,Ed,l evaluated as the smaller of the fol-
lowing two shear forces (Equation 1):

• the shear demand VC,Ed,w equal to the horizontal component Fw,hor of the infill, that can
be assumed equal to the strength of the panel (Equation 2);

• the shear demand VC,Ed,M determined following the capacity design principle (Equation
3), assuming that the flexural column capacity develops at the ends of the contact
length lc, as shown in Figure 3b.

, , = min ( , , ; , , )

, , = ;

, , = ,

Figure 4: Local effects on an infill adjacent column [31].

3 DESCRIPTION OF THE EXPERIMENTAL CAMPAIGN

In the late '90s, some experimental tests on different weak clay masonry infills in rein-
forced concrete frames have been executed in an extensive experimental research performed
by Calvi and Bolognini [1]. Full-scale, single-storey, single-bay frame specimens were de-
signed according to modern seismic code provisions and subjected to in-plane and out-of-
plane tests. The experiments consisted in a cyclic pseudo-static in-plane test up to 3.6% drift
for the bare frame, also vertical constant load of 400 kN was applied at the top of each column.
Figure 3 illustrates the dimensions and the reinforcement of the frame (5a), the point of appli-
cation of the loads during the tests (5b) and the Force-Displacement curve of the bare frame
obtained from the in-plane test (5c).
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Figure 5: (a) Dimensions and reinforcement of the RC frame; (b) Application points of the loads during the test;
(c) Force-Displacement curve of the bare frame obtained from in-plane cyclic pseudo-static test.

In 2006 several tests on AAC masonry infills have been conducted by Penna and Calvi [3],
using the same RC frames of the research by Calvi and Bolognini [1]. Different AAC infills
were tested: unreinforced, reinforced with a RC mid-height beam, reinforced with steel bars in
the bed joints and with and without opening.

For the aim of this study, only in-plane tests on the bare frame and the unreinforced AAC
infill have been considered. In Figure 6 the cracking pattern at the end of the selected AAC
infill (6a) and the corresponding Force-Displacement curve (6b) are reported; the specimen
has been tested up to a drift of 1.2%.

Figure 6: Unreinforced AAC infill. Crack pattern (a) and Force-Displacement curve (b) [3].

Penna and Calvi [3] have additionally carried out experiments of mechanical characteriza-
tion on AAC units, hardened mortar and masonry wallets; some of them, in particular the ver-
tical and the horizontal compression tests and diagonal compression tests (Figure 7a) on the
masonry specimens, have been used in the present work to calibrate the numerical model.
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A type of AAC masonry similar to the one tested as infill has also been investigated by
Costa et al. [2], where in-plane cyclic tests, with cantilever boundary conditions, on load bear-
ing masonry piers were performed at the University of Pavia on 4 panels with different di-
mensions and diverse applied vertical loads (Figure 7b). All the specimens were 2.75 m
height and 0.30 m thick, however, the first 2 specimens had the same length (1.5 m) but they
differed for the vertical load applied which was 200 kN and 300 kN, respectively. In the last 2
experiments the same vertical load of 300 kN was applied, however the panels had different
width (3.0 m and 4.5 m). The in-plane response of some of the first two experiments have also
been used to better calibrate the finite element model.

Figure 7: (a) Diagonal compression test on AAC masonry [3]; (b) Setup of the test conducted on the load bearing
AAC wall [2].

4 DESCRIPTION OF THE FINITE ELEMENT MODEL

Several different modeling approaches have been developed by the passing of the decades.
Crisafulli et al. [21] classified the model used for RC infilled structured into two groups: mi-
cro-model, also called local models, where the structure is divided into numerous elements to
take into account the local effects in details; and the macro-models, also called simplified
models, they are based on a physical understanding of the behaviour of the infill panel. How-
ever, the classification proposed by Crisafulli might not be enough detailed; Lourenço [22]
proposed to classify the micro model depending on the level of refinement. The masonry can
be represented as an homogenous material, sometimes, these models are defined as "meso-
models". It is also possible to model the masonry as composed by masonry unit continuous
elements and interface elements as mortar joints. A third approach consists in modeling the
masonry as two-phase materials; masonry units and mortar joints are modeled as two different
continuous elements and their mechanical behaviour of is specified separately.
For the present study a meso-model has been used with the aim on TNO Diana software [23].

4.1 Crack models

Finite element approaches for the modeling of a masonry infill in a reinforced concrete
frame may usually refer to two well known crack models: discrete and smeared (Roots [24]).
The discrete crack criterion appears to be able to reach more detailed results, however, it suf-
fers from two major drawbacks: it necessitates a continuous change in nodal connectivity,
which unfits the nature of the finite element displacement method and force the crack to fol-
low a predefined path along the element edges, which baffles the accuracy of the approach. In
the smeared crack criterion the materials are instead idealized to be a homogeneous continu-
um. The smeared crack criterion can be categorized into a fixed and rotating smeared crack
approach.
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In the present work, the total strain crack model has been used, originally proposed by
Vecchio and Collins [25]. The strain vector εxyz in the element coordinate system "xyz" is up-
dated at each step using the strain increment Δεxyz according to Equation 4.

= +

The strain vector in the element coordinates "xyz" is transformed to strain vector in the crack
directions "nst" with the strain transformation matrix T.

=

The strain transformation matrix T is fixed upon cracking in the fixed approach, whereas it
depends on the current strain vector in the coaxial rotating crack approach:

=

Both in the fixed and in the rotating approach, the compressive stress is evaluated in the rotat-
ed coordinate system. However, in the fixed approach case, the behaviour in compression is
evaluated in the fixed coordinate system which defines the direction of cracks. The constitu-
tive model is formulated in the cracked coordinate system that is given by Equation 7.

=

Updated stress vector in the element coordinate system is finally given by Equation 8.

=

Moreover, in the fixed crack model it is necessary to model the degradation of the shear
behaviour along the crack whereas, in the rotating crack model, the direction of the principal
stress is assumed to coincide with the direction of the principal strains; in fact, no shear strain
occurs perpendicular to the cracking and only two normal stress components may be calculat-
ed using stress-strain models.

Figure 8: Reference coordinate system for elements [22].

In the present work both the concrete and the AAC masonry infill have been modeled us-
ing the smeared total strain rotating crack model.

4.2 Elements used in the FEM

Both the frame and the masonry infill have been modeled with an eight-node quadrilateral
isoparametric plane stress element (Figure 9a) based on quadratic interpolation and Gauss in-
tegration. The frame-infill interface were modeled using six-node interface elements (Figure
9b).
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(8)
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Figure 9: (a) 8-node quadrilateral isoparametric plane stress element; (b) Frame-infill 6-node interface element.

4.3 Material constitutive models

The same constitutive model has been used for the concrete of the frame and for the AAC
masonry infill. A parabolic behaviour under compression has been assumed for the concrete
and the AAC masonry (Figure 10a) and the compressive strength, along with the compressive
fracture energy, has been defined. The "crack bandwidth" (h) which is contingent on the ele-
ment size and the type of element used has been computed automatically by Diana, and it
avoids the "size effect". The reduction of the compressive strength due to lateral cracking has
been considered according to the relationship proposed by Vecchio and Collins [25] (Figure
10b). In addition, the increase of the compressive strength due to lateral confinement has been
taken into account, using the model proposed by Selby and Vecchio [26].

The tensile behaviour has been idealized according to the model developed by Hordijk [27]
(Figure 10c). The tensile strength fctm has been computed according to Eurocode 2 [28], and
the Mode-I fracture energy has been considered according to CEB-FIP Model Code 2010 [29]
(Equation 9).

= 0.70 ∙ 73 . ÷ 1.30 ∙ 73 .

where fcm is the mean value of concrete cylinder compressive strength. The minimum value of
the interval of the Mode-I fracture energy has been assumed. As an alternative, an elastic-
brittle tensile constitutive model has also been used.

For the reinforcing steel, the Von Mises yield criterion was adopted, with a bilinear stress-
strain curve in uniaxial tension. The reinforcement steel bars have been considered as "em-
bedded reinforcement" which do not have degrees of freedom on their own but add stiffness
to the finite element model. In this modeling technique, reinforcing bars are assumed not to
occupy any space or mass in the finite element model and the addition of embedded bars do
not provide any weight to the mother element. The strains of the reinforcement are computed
from the displacement field of the mother elements assuming perfect bond with the surround-
ing material.

The frame-infill interface elements employ a Coulomb Friction criterion (Figure 10d). The
linear normal and tangential stiffness of the interface elements were assumed to be equal. The
cohesion c and the friction coefficient tanΦ were computed from initial shear tests according
to EN 1052-3 [30]. This model assumes that a gap forms if the tensile strength is exceeded.

Figure 10: (a) Parabolic compressive behaviour which can be used in rotating crack model; (b) Vecchio and Col-
lins relationship for reduction factor due to lateral cracking; (c) Hordijk tensile constitutive law which can be
used in rotating crack model, brittle tensile constitutive law in dashed line; (d) Coulomb friction criterion with

tensile strength limit.
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5 CALIBRATION OF THE AAC MASONRY ON THE TESTS OF
CHARACTERIZATION AND ON THE IN-PLANE CYCLIC TESTS OF LOAD-
BEARING PIERS

In order to evaluate the mechanical characteristics of the AAC masonry, different type of
tests on small specimens were performed in the study on the AAC infills by Penna and Calvi
[3]; for the sake of this work, the results of the vertical, the horizontal and the diagonal com-
pressive strength tests have been taken into consideration. In addition, in order to investigate
the seismic response of load-bearing masonry piers, different in-plane cyclic tests have been
executed in the framework of the research conducted by Costa et al. [2].

Some of the most relevant results of the monotonic push-over analyses obtained by the
FEM modeling calibrated on the results of the tests of characterization and of the in-plane cy-
clic tests on masonry piers are hereafter presented.

The masonry studied was composed by 30 cm thick AAC unit and both horizontal and ver-
tical thin layers of mortar.

5.1 Calibration of the AAC masonry on the vertical and horizontal compression tests

The Figure 11 illustrates some phases of the vertical and the horizontal compression tests
on masonry wallets . A mean value of about 2.0 MPa was found for the compressive strength
of the wallets and the values of deformations were measured through linear potentiometers.

Figure 11: Tests on AAC masonry carried out at the University of Pavia [3]: (a) vertical compression test; (b)
horizontal compression test.

The masonry has been modeled as an isotropic homogenous material. The elastic-brittle
and the Hordijk constitutive models for the tensile behaviour of the masonry have been used.
Figure 12 reports the comparison between the experimental tests and the FEM analyses in
terms of stress-strain relationship (Figure 12a for the vertical and Figure 12b for the horizon-
tal compression). For both vertical and lateral compression three cyclic tests have been per-
formed, in Figure 12 their stress-strain curves are also reported. The results appear to be in
good agreement, although the peak stress is not perfectly attained in both the cases (vertical
and horizontal compression). Moreover, the two laws used for modeling the tensile behaviour
of the material have provided similar results in the case of the vertical compression tests but a
different deformation capacity for the case of the horizontal compression tests, being the
Hordijk model more conservative.

(a) (b)
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Figure 12: Comparison between experimental and FEM analysis: (a) vertical compression; (b) horizontal com-
pression.

5.2 Calibration of AAC masonry on the diagonal compression tests

Seven monotonic diagonal compression tests on masonry wallets were carried out (Figure
13a). The average tension strength obtained was of about 0.28 MPa.

A comparison between experimental, Hordijk and elastic-brittle tensile behaviour is shown
in Figure 13b. The parameters of these analyses are the same used for the comparison with the
results of the vertical/diagonal compression tests. The Hordijk tensile behaviour presents a
better accuracy in the descending branch, whereas the brittle model appears to predict slightly
better the peak and its location in the load-displacement coordinates. In both the cases the
stiffness and the obtained ultimate displacement have found to be accurate. The Hordijk ten-
sile behaviour has been preferred to the elastic-brittle one. Table 1 summarizes the obtained
maximum load. Figure 14 displays the principal stresses in the specimen at different steps,
with the results in good agreement with the cracking pattern of the masonry wallet.

Max Load Horizontal displacement at peak
Experimental average 115.1 kN 0.281 mm
Elastic-brittle constitutive law in tension 116.4 kN 0.311 mm
Hordijk constitutive law in tension 118.0 kN 0.315 mm

Table 1: Comparison of the peak values between experimental results and the one obtained from the FEM analy-
sis with the two tensile constitutive models.

Figure 13: Comparison between experimental and FEM analysis:(a) vertical compression; (b) horizontal com-
pression.
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Seven monotonic diagonal compression tests on masonry wallets were carried out (Figure
13a). The average tension strength obtained was of about 0.28 MPa.

A comparison between experimental, Hordijk and elastic-brittle tensile behaviour is shown
in Figure 13b. The parameters of these analyses are the same used for the comparison with the
results of the vertical/diagonal compression tests. The Hordijk tensile behaviour presents a
better accuracy in the descending branch, whereas the brittle model appears to predict slightly
better the peak and its location in the load-displacement coordinates. In both the cases the
stiffness and the obtained ultimate displacement have found to be accurate. The Hordijk ten-
sile behaviour has been preferred to the elastic-brittle one. Table 1 summarizes the obtained
maximum load. Figure 14 displays the principal stresses in the specimen at different steps,
with the results in good agreement with the cracking pattern of the masonry wallet.

Max Load Horizontal displacement at peak
Experimental average 115.1 kN 0.281 mm
Elastic-brittle constitutive law in tension 116.4 kN 0.311 mm
Hordijk constitutive law in tension 118.0 kN 0.315 mm

Table 1: Comparison of the peak values between experimental results and the one obtained from the FEM analy-
sis with the two tensile constitutive models.

Figure 13: Comparison between experimental and FEM analysis:(a) vertical compression; (b) horizontal com-
pression.
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Figure 14: Principal stresses at different steps.

5.3 Calibration of AAC masonry on the in-plane cyclic tests of load-bearing piers

Two of the cyclic tests conducted in the study performed by Costa [2] have been here con-
sidered. The analysis conducted on pier 1, the one with a vertical load of 200 kN, presented a
rocking failure with a horizontal crack at the bottom part of the masonry wall; such a failure is
very similar to the one observed during the tests. Figure 15 displays the cracking paths of
specimen 1 at different steps.

The masonry has been modeled using the tensile constitutive law proposed by Hordijk and
the parameters are the ones calibrated through the FEM analyses conducted on the vertical,
the horizontal and the diagonal compression tests.

Figure 15: Crack path of specimen 1 at 0.3% drift (a), 0.45% drift (b), 0.6% drift (c) and 0.73% drift (d).

A comparison between experimental and analysis data highlights a similar overall behav-
iour; in fact, the stiffness obtained from finite element analysis is very similar to the real one.
The maximum force attained is approximately 10% higher than the experimental one: 54 kN
in the FEM analysis and 48.8 kN in the test.

The analysis conducted on wall 2, the one with a vertical load of 300 kN, shows a rocking
failure with a horizontal crack at the bottom part of the masonry wall and a vertical cracking
with a shape similar to a hourglass; also in this case the failure is very similar to the one ob-
served during the tests. Figure 16 presents the cracking path of specimen 2 at different steps.

The results acquired from pushover analysis are capable to predict with enough precision
the stiffness, the peak lateral force and the overall behaviour.

The numerical results presented at Figure 17 appear to match accurately the envelope of
the experimental ones.
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Figure 16: Crack path of specimen 2 at 0.3% drift (a), 0.45% drift (b), 0.6% drift (c) and 0.73% drift (d).

Figure 17: Comparison between the experimental and the pushover analysis results. (a) Specimen 1; (b) Speci-
men 2.

6 NUMERICAL SIMULATION OF THE CYCLIC RESPONSE OF A R.C. FRAME
WITH AAC MASONRY INFILL

Nonlinear static FEM analyses of a single bay-single storey r.c. frame without infill and of
a fully infilled frame with AAC masonry have been performed, using the parameters of the
materials described in Sections 4 and 5.

6.1 R.c. bare frame

The test on the single bay-single storey r.c. frame without infill (bare frame) was conduct-
ed within the experimental research conducted by Calvi and Bolognini [1] at University of
Pavia and described in Section 3.

The in-plane cyclic response of the bare frame has been simulated firstly in order to obtain
a reliable finite element model of the RC frame, and, at a later stage, to study the influence of
the masonry AAC infill (see Section 6.2). In fact, it is extremely important to interpret the be-
haviour of the bare RC frame to better understand the influence of the infill on the structure.

A phased analysis has been performed; firstly the vertical loads were applied, secondly an
incremental imposed displacement was imposed (pushover analysis). Four materials have
been used according to the characterization material tests: the concrete of the beam, the con-
crete of the column, the steel of the longitudinal reinforcement and the steel of the transversal
reinforcement. According to the reinforcement details, a clear cover of the concrete elements
equal to 27 mm has been used. Only few experimental data on the mechanical characteristics
of the concrete were available and, therefore, some values have been assumed making refer-
ence to the Eurocode 2 [25] and the CEB FIP 2010 Model Code [26]. The properties of the
concrete and of the reinforcement steel used in the FEM model are reported in Table 2.
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Figure 16: Crack path of specimen 2 at 0.3% drift (a), 0.45% drift (b), 0.6% drift (c) and 0.73% drift (d).

Figure 17: Comparison between the experimental and the pushover analysis results. (a) Specimen 1; (b) Speci-
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Experi-
mental

FEM
analysis

Standards formulae

COLUMN CONCRETE

Young Modulus [MPa] --- 24303
0.8 Ecm=0.8

22[(fcm)/10]0.3
Ecm from Table

3.1 EC2
Poisson ratio --- 0.2 0.2 3.1.3(4) EC2

Density [kg/m3] --- 2500 --- ---
Tension Strength [MPa] --- 2.307 fctm=0.30 fck

(2/3) Table 3.1 EC2
Tension Fracture Energy

[Nmm/mm2]
--- 0.0939

0.7 73 fcm
0.18 ≤ GFI ≤

1.3 73 fcm
0.18 CEB FIP 2010

Compression Strength [MPa] 29.32 29.32 --- ---
BEAM CONCRETE

Young Modulus [MPa] --- 25532
0.8 Ecm=0.8

22[(fcm)/10]0.3
Ecm from Table

3.1 EC2
Poisson ratio --- 0.2 0.2 3.1.3(4) EC2

Density [kg/m3] --- 2500 --- ---
Tension Strength [MPa] --- 2.671 fctm=0.30 fck

(2/3) Table 3.1 EC2
Tension Fracture Energy

[Nmm/mm2]
--- 0.0967

0.7 73 fcm
0.18 ≤ GFI ≤

1.3 73 fcm
0.18 CEB FIP 2010

Compression Strength [MPa] 34.56 34.56 --- ---
LONGITUDINAL REINFORCEMENT STEEL

Young Modulus [MPa] --- 200000 200000 3.2.7(4) EC2
Poisson ratio --- 0.3 0.3 3.2.5(1) EC3

Yield Strength [MPa] 558 558 --- ---
Ultimate Strength [MPa] 649 649 --- ---

Ultimate Strain --- 0.023 --- 3.3.6(7) EC2
TRANSVERSAL REINFORCEMENT STEEL

Young Modulus [MPa] --- 200000 200000 3.2.7(4) EC2
Poisson ratio --- 0.3 0.3 3.2.5(1) EC3

Yield Strength [MPa] 557 557 --- ---
Ultimate Strength [MPa] 630 630 --- ---

Ultimate Strain --- 0.023 --- 3.3.6(7) EC2

Table 2: Material properties values used for concrete and reinforcement steel.

Calvi and Bolognini [1] estimated the initial stiffness of the r.c. bare frame equal to 12087
kN/m. The maximum horizontal force reached in the test, according to the envelope curves,
was 227.7 kN. As reported in Figure 18a, the pushover analysis conducted on the FEM nu-
merical model has been able to accurately predict the overall response of the bare frame, es-
pecially the peak strength (equal to 225.5 kN) and the post-yielding behaviour. In order to
match the results in terms of initial stiffness (in the FEM model equal to 14316 kN/m), a val-
ue for the Young elastic modulus E equal to 80% of the average elastic modulus (Ecm) evalu-
ated according to the expressions in the EC2, was used; this approximation is however in line
with the common dispersion of the values of this parameter. In Figure 18b, the deformed
shape at the last drift (3.6% drift) has been reported.
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Figure 18: (a) Comparison Force-Deformation curves. Pushover FEM analysis results versus experimental cyclic
results. (b) Deformed shape at 4.3% drift.

6.2 AAC masonry infilled frame

The experimental test conducted at the University of Pavia by Penna and Calvi [3] had
demonstrated that the masonry infilled frame performed a very different lateral response as
respect to the bare frame. A lower maximum drift was reached and the infilled RC frame pre-
sented a stiffer behaviour and reached an higher maximum force peak.

The same phased FEM analysis conducted for the model described in Section 6.1 has been
here carried out. The material properties of the concrete and of the steel rebars assumed for
the bare frame have also been used for this model; in addition, the properties of the interface
mortar and of the AAC masonry, calibrated with the simple models described in Section 5,
have been considered and reported in Table 3.

Exper-
imental

FEM
analysis

AAC MASONRY
Young Modulus [MPa] 1498 1498 From tests of characterization

Density [kg/m3] 484 484 From tests of characterization
Tension Strength [MPa] --- 0.279 From tests of characterization

Tension Fracture Energy [Nmm/mm2] --- 0.0567 Calibrated on the cyclic test
Compression Strength [MPa] 2.0 2.0 From tests of characterization

INTERFACE MORTAR
Cohesion [MPa] --- 1.15 Calibrated on the cyclic test
Friction Angle --- 0.31 Calibrated on the cyclic test

Tensile Strength [MPa] --- 0.10 Calibrated on the cyclic test

Table 3: Material properties values used for masonry and interface mortar..

The experimental secant stiffness calculated at 40% of the maximum force was 80972
kN/m, whereas the one obtained from the numerical analysis is 75369 kN/m, whereas the ini-
tial stiffness, measured at 10% of the maximum strength, is 81340 kN/m and 86551 kN/m for
experimental and FEM analysis, respectively. The maximum strength reached during the test,
according to the average envelope, was 439 kN and the horizontal load peak for the finite el-
ement analysis is 388 kN. However, Figure 19a shows that the results of the FEM analysis are
able to accurately predict the overall behaviour of the structure. Figure 19b shows how the
results of the FEM analysis predicts better the third cycle than the first one, meaning that the
assumptions made on the material properties represent appropriate conservative choices.
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Figure 19: (a) Comparison Force-Deformation: (a) envelope curves; (b) cyclic curve.

Figure 20a, 20b and 20c show the crack pattern at 0.40%, 0.75% and 1.10% drift, respectively.

Figure 20: Crack pattern at 0.40% drift (a); 0.75% drift (b); 1.10% drift (c).

Moreover, the numerical simulation has allowed to compare the results in terms of crack-
ing pattern. The results of the analysis appear to be in line to those of the cyclic tests, as re-
ported in Figure 21a in the case of 0.40% drift. Figure 21b shows a comparison between the
experimental and analytical crack patterns considering the experimental cracks due to the load
applied in the same direction of the pushover analysis. In Figure 21b is clearly visible that the
results of the FEM analysis is able to capture the main diagonal crack, although it cannot pre-
dict in a precise way some of the minor cracks.

Figure 21: (a) Experimental crack pattern at 0.40% drift [3]. (b) Comparison between experimental and analyti-
cal crack patterns at 0.40% drift.

6.3 Effect of the infills on the response of the r.c. frame

It has been clearly demonstrated, both experimentally and numerically how the global be-
haviour of the infill can be modified due to the presence of the infill. Figure 23 illustrates the
numerical average positive envelope of the Force-Drift curves of the bare and the infilled
frame; moreover, the difference between the infilled and the bare frame response has been
evaluated and it is reported with the red curve and it represents a simplified way to estimate
the infill contribution of the lateral response. The infill contribution Fw,hor at the correspond-
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ing displacement dm' to the overall capacity Fmax at the displacement dmax has been evaluated
subtracting the average force displacement curve of the bare frame from that of the infilled
one. Figure 22 sketches the procedure. Fmax is the maximum strength reached by the infilled
frame, corresponding to a displacement dmax, while Fw,hor is the peak horizontal masonry infill
strength achieved at dm'.

It is therefore clearly noticeable the influence of the AAC masonry infill on the overall re-
sponse of the infilled frame. The peak force of the infill contribution is reached at 0.53% drift,
which corresponds to a complete activation of the strength of the infill.

Figure 22: (a) Average capacity curves for bare and infilled frames; (b) Average force contribution of the mason-
ry infill [30].

Figure 23: Infill contribution from numerical results.

6.4 Local effects on the r.c. columns due to the infill

As reported by Hak et al. [31], the possible occurrence of local effects on structural ele-
ments of infilled RC frames with masonry infills is widely recognized and also supported by
field evidence from recent earthquakes events. In particular, local damage and eventually brit-
tle failure can commonly be caused on columns which are in partial contact with masonry in-
fill, causing a reduction of the clear height of the column and, hence, inducing locally
increased shear and displacement demands. However, detrimental effects on columns of RC
frames structures can be caused by the interaction with masonry infills also in the case of full
contact along the height of the column, in particular when masonry infill typologies of high
strength and stiffness properties are used in construction, and/or when the infill is located only
on one side of the column. Specifically, additional concentrated shear demands may be im-
posed on the column at its ends in the region of contact with the masonry infill due to the ac-
tivation of compressive diagonal strut forces, possibly causing local column damage or shear
failure. Assuming that additional shear is imposed on the columns of the frame due to the ac-
tivation of a diagonal strut force in the masonry panel, it has to be pointed out that the full
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ing displacement dm' to the overall capacity Fmax at the displacement dmax has been evaluated
subtracting the average force displacement curve of the bare frame from that of the infilled
one. Figure 22 sketches the procedure. Fmax is the maximum strength reached by the infilled
frame, corresponding to a displacement dmax, while Fw,hor is the peak horizontal masonry infill
strength achieved at dm'.

It is therefore clearly noticeable the influence of the AAC masonry infill on the overall re-
sponse of the infilled frame. The peak force of the infill contribution is reached at 0.53% drift,
which corresponds to a complete activation of the strength of the infill.

Figure 22: (a) Average capacity curves for bare and infilled frames; (b) Average force contribution of the mason-
ry infill [30].

Figure 23: Infill contribution from numerical results.
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strut action is achieved only after a certain inter-storey demand has been reached. In Section
6.3 it has been observed that the complete strut activation occurred at 0.53% drift. Therefore a
comparison between bare and infilled frame at 0.53% drift has been studied. More specifically,
Figure 24a and Figure 24b illustrate how the distribution of the bending moment and of the
shear of the infilled frame assume different shapes along the height of the column adjacent to
the infill as respect to the r.c. column of the bare frame.

Figure 24: Comparison between bare and infilled r.c frame at 0.53% drift: (a) moment and (b) shear distribution
on the r.c. column.

The contact length corresponds at 1.25 m (45% of total height of the column) and it has been
computed from the change of the gradient in Figure 24b.

7 CONCLUSIONS

In the present work a study about the meso-modeling of an AAC masonry infill has been
developed. A numerical calibration according to the tests conducted at the University of Pavia
[1, 3] has been performed.

Different models based on smeared crack approach, total strain rotating crack model have
been carried out. Both masonry and concrete have been modeled using eight-node quadrilat-
eral isoparametric plane stress elements. An isotropic behaviour and, finally, a Hordijk tensile
constitutive law have been assumed.

The model developed have been calibrated replicating the characterization tests (vertical,
horizontal and diagonal compression of AAC masonry wallets) performed at the University of
Pavia. Furthermore, two AAC load-bearing piers have been modeled to refine the calibration
conducted on the characterization tests. Different tensile behaviours (Hordijk and elastic-
brittle), have been compared and the former is the most suitable for the aim of this work. The
modeling of AAC load-bearing masonry walls was able to predict the envelope of the experi-
mental cyclic behaviour, the stiffness, the peak lateral force and the overall behaviour with a
good accuracy. Moreover, the obtained numerical failure mode matched the experimental.

The pseudo-static experiments conducted at University of Pavia by Calvi and Bolognini [1]
and by Penna and Calvi [3] have been modeled and numerically replicated through some
pushover analyses. A good matching of the behaviours of the bare and infilled frames have
been observed. A comparison between the experimental and the finite element crack paths has
been fulfilled, and also the effects of the infills on the response of the RC frame and the local
effects have been taken into account. Thus, the moment, the shear demands and the contact
length on the adjacent RC column in case of bare and infilled frame have been evaluated.

One of the main finding of the study is that, using a meso-model for AAC masonry infills
and calibrating it according to few characterization tests on masonry wallets and infill-frame
interface, it is possible to simulate a full scale in plane cyclic test on a RC frame with AAC
infill. This model can also predict the actual moment and shear distribution on the adjacent
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columns which strongly differ from the ones of the bare frame. Thus, also the contact length
can be computed starting from the actual shear distribution on the column. Finally, it is no-
ticeable both experimentally and numerically that the masonry infill interacts with the struc-
ture and it modifies the behaviour of the frame; therefore different results in term of
displacements, stiffness and internal force distribution have been observed.
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Abstract. For tsunami scenarios, evaluation of tsunami load acting each building depends on 

surrounding circumstance. Therefore, modeling of all buildings in a target area is important 

for damage prediction from earthquake and subsequent tsunami. In this study, sequential 

earthquake and tsunami simulation was developed to predict structural damage from earth-

quake and subsequent tsunami by means of the application in Integrated Earthquake Simula-

tion (IES). Since IES can simulate only earthquake scenarios with bean-column frame models, 

IES was modified for input tsunami load acting on a proposed wall-frame model in order to 

simulate tsunami scenarios using predicted data of tsunami inundation depth. A target area in 

Kochi city was selected to simulate an earthquake and tsunami scenario because this area has 

many public buildings and is important for economic activities. A double-layer platform of 

high performance computing was proposed to simulate this earthquake and tsunami scenario 

with parallel processing on CPUs and GPUs. The results of sequential earthquake and tsu-

nami simulation show that three-story RC buildings had a significant risk that maximum drift 

ratio could occur during sequential tsunami response. However, maximum drift ratio from 

sequential tsunami response was still less than 0.3% in which structural damage didn’t occur 

obviously. For the worst case scenario that tsunami inundation depth was double, structural 

damage from sequential tsunami response was much more serious than that of the normal-

case scenario in which maximum drift ratio was less than 5% for a four-story RC building. In 

addition, it was found that low-rise buildings (three- to seven-story) had a significant risk that 

maximum drift ratio was higher than 1% during sequential tsunami response. The results of 

sequential earthquake and tsunami simulation can be used to construct further prevention 

measures. 
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1 INTRODUCTION 

Based on past experience in the Great East Japan earthquake and tsunami, many buildings 

in Tohoku area were seriously damaged by earthquake and subsequent tsunami. In the future, 

severe damage as serious as the previous earthquake and tsunami may occur in other area of 

Japan, such as Tokai, Tonankai, Nankai area. In order to reduce the loss of human life in fu-

ture earthquake and tsunami, damage prediction is a key role for constructing prevention 

measure and raising awareness of people. For damage prediction in a target area, computer 

technology has been applied to simulate earthquake scenarios, such as Integrated Earthquake 

Simulation (IES) [1-7]. Integrated Earthquake Simulation (IES) is an earthquake simulation 

tool for predicting and illustrating structural damage of all buildings in the target area simul-

taneously in selected earthquake scenarios. Based on Geographic Information System (GIS) 

data in Figure 1(a), thousands of buildings in the target area are modeled to polygon shapes in 

Figure 1(b) from building shape and height. Based on building design code, Common Model-

ing Data (CMD) is a modeling approach to convert a polygon shape in Figure 2(a) as a struc-

tural model in Figure 2(b), consisting of beam and column elements including section and 

material properties of each element. In Figure 1(c), nonlinear structural analysis of all build-

ings in the target area is performed to predict structural damage and then illustrate structural 

damage of all buildings simultaneously as shown in Figure 1(d).  

 

                      

(a)                                                                             

(b)             

                     

      
                                          (c)                                                                                      (d) 

Figure 1: Integrated Earthquake Simulation [4] 

For a target area, structural damage of each building is predicted from the results of non-

linear structural analysis. Object-Based Structural Analysis (OBASAN), a structural analysis 

program, which has been developed by our laboratory, is proposed to perform nonlinear struc-

tural analysis in IES. Therefore, there are two main parts in this study: the first part is IES for 

building modeling and the second part is OBASAN for nonlinear structural analysis. For 

thousands of buildings in the target area, IES can visualize structural damage to raise aware-

ness of disaster prevention among people in that area. Since high performance computing 
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(HPC) is a key role to carry out a large number of buildings in the target area, OpenMPI ap-

plication has been applied to IES in order to enable parallel processing on the Central Pro-

cessing Units (CPUs). 

 

              

(a)                                    (b) 

Figure 2: Common Modeling Data (CMD) [10] 

2 DOUBLE-LAYER PLATFORM OF HIGH PERFORMANCE COMPUTING 

For damage prediction in a target area, thousands of buildings are modeled to perform non-

linear structural analysis. Since high performance computing (HPC) is a key role to carry out 

a large number of buildings in the target area, OpenMPI application has been applied to IES 

in order to enable parallel processing on the Central Processing Units (CPUs) for building 

modeling of all buildings [1-7]. In this study, a double-layer platform of HPC was proposed to 

simulate earthquake and tsunami scenarios in a reasonably short time. Since OBASAN has 

been developed by C++ programing language, CUDA application was applied to OBASAN in 

order to enable parallel processing on the Graphic Processing Units (GPUs) for nonlinear 

structural analysis of a building. Therefore, HPC was achieved by a double layer of parallel 

processing on CPUs and GPUs as shown in Figure 3. 

 

 
 

 

Figure 3: A proposed double layer of parallel processing on CPUs and GPUs 

CUDA application is one of General-Purpose computing on Graphic Processing Units 

(GPGPUs) which has high capability to carry out a large amount of data and a large number 
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of simple calculation [11-12]. For nonlinear structural analysis in OBASAN, it was found that 

most of execution time was occupied by matrix operation Ax = b, so CUDA application was 

used to solve this matrix operation at every analysis steps on GPUs using CUBLAS and 

CUSPARSE library. 

3 DAMAGE PREDICTION FROM EARTHQUAKE AND TSUNAMI 

In this study, damage prediction of all RC buildings in a target area from earthquake and 

subsequent tsunami was proposed by means of the application in IES. Since IES can simulate 

only earthquake scenarios, IES was modified to input tsunami load acting on each building in 

order to simulate tsunami scenarios using data of tsunami inundation depth provided by Japan 

Cabinet Office (JCO). In IES, evaluation of tsunami load was included for all RC buildings as 

the same approach as earthquake scenarios and new building modeling was proposed to per-

form nonlinear structural analysis of each RC building subject to tsunami load. 

3.1 Evaluation of tsunami load  

For earthquake scenarios, the wave data of strong ground motion was input to all RC build-

ings as same as previous in IES. For tsunami scenarios, the predicted data of tsunami inunda-

tion depth was input to all RC buildings in order to evaluate tsunami load, which also depends 

on surrounding circumstance in the target area. However, in this study, tsunami load was cal-

culated by means of triangle distribution of hydrostatic pressure recommend by JCO shown in 

Figure 4. Due to considering effect of impact force, tsunami load in Eq. (1) was magnified by 

a factor, which can vary from 1.0 to 3.0 depending on surrounding circumstance. 

 

 

Figure 4: Triangle distribution of hydrostatic pressure (JCO) 

 

 zahgq sz                                                    (1) 

in which zq : hydrodynamic force, s : density of salt water = 1128 kg/m3, g : gravitational 

acceleration = 9.81 m/s
2
, h : inundation depth, z : height from ground level ( hz 0 ), :a im-

pact factor ( 0.30.1  a ) 

Figure 5 shows the location of RC buildings (grey colour) and wooden houses (green col-

our) in a target area. Unless tsunami inundation depth and flow velocity, tsunami load acting 

on each building also depended on tsunami direction to this area, building location from 

coastal line, and building arrangement in this area. Focusing on one RC building in Figure 5, 

tsunami load can be reduced by surrounding buildings and environment, whereas tsunami 

a 

ρgah 

Building 

Inundation depth 

Tsunami load 
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load can be increased by wooden debris from collapsed houses. As can be seen in Figure 5, it 

shows that surrounding circumstance had a significant effect on evaluation of tsunami load for 

all RC buildings in the target area. 

 

 

Figure 5: Location of RC buildings and wooden houses in a target area 

In Table 1, the a factor was investigated to evaluate tsunami load in Eq. (1) based on 

damage observation after the 2011 Great East Japan earthquake [13]. As shown in Table 1, 

the investigation of the a factor was separated to only two cases: area with structures to re-

duce tsunami load and area without structures to reduce tsunami load. 

 

Coefficient Area with structures to reduce tsunami load Area without structures to reduce tsunami load 

a 1.0 ≥ 1.7 

Table 1: The a factor based on damage observation after the 2011 Great East Japan earthquake [13] 

The direction of tsunami load acting on each RC building in this study was assumed in 

both x- and y- directions as shown in Figure 6. 

 

 

Figure 6: The direction of tsunami load acting on each RC building in a target area 
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3.2 Proposed building modeling  

In IES, Common Modeling Data (CMD) is a modeling approach to convert a polygon 

shape as a structural model, consisting of beam and column elements, based on building de-

sign code. As the first part of the simulation in this study, building modeling in CMD was 

modified to include wall elements to a structural model in order to perform nonlinear structur-

al analysis of RC buildings subject to tsunami load. As shown in Figure 7, a polygon shape in 

Figure 7(a) was converted to a structural model in Figure 7(b), consisting of beam, column, 

wall elements.  

                

(a)                                (b) 

Figure 7: Proposed building modeling  

Since tsunami load was a distributed pressure acting on outside of RC buildings as shown 

in Figure 4 and Figure 6, wall elements were arranged to outside frames for resisting a dis-

tributed pressure of tsunami load. In order to apply this proposed building modeling of wall 

elements as the concept of CMD, wall elements were arranged to all outside frames of RC 

buildings covering building surface as wall cladding shown in Figure 8. For this proposed 

building modeling, macro plate model was applied to represent wall elements in the structural 

model. 

 

Figure 8: Common Modeling Data for wall elements   

In conclusion, all RC buildings in a target area were represented as a structural model, con-

sisting of beam, column and wall elements, in order to perform nonlinear structural analysis 

of each RC building subject to earthquake and subsequent tsunami.  

4 SEQUENTIAL ANALYSIS FROM EARTHQUAKE AND TSUNAMI  

Object-Based Structural Analysis (OBASAN), a structural analysis program, which has 

been developed by our laboratory, was proposed to perform nonlinear structural analysis as 

the second part of the simulation. For earthquake and tsunami scenarios, strong ground mo-

tion shakes all buildings and causes some structural damage to all buildings in a target area. 

Subsequently, a tsunami reaches the target area and tsunami load causes more structural dam-

age to buildings. In OBASAN, RC buildings were analyzed by inputting a sequential load of 

earthquake and tsunami as shown in Figure 9. In the case of earthquake in Figure 9(b), dy-
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namic structural response analysis was performed to predict structural damage of each build-

ing, which was subject to strong ground motion. Sequentially, static pushover analysis was 

performed to predict more structural damage to each building, which was subject to tsunami 

load in Figure 9(c).  

 

                                                (a)                              (b)                              (c) 

Figure 9: Sequential analysis of earthquake and tsunami 

In order to simulate sequential behavior of earthquake and tsunami response, nonlinear 

structural analysis was performed by means of the same hysteresis model shown in Figure 10. 

The red line represents nonlinear structural analysis in earthquake scenario and the blue line 

represents nonlinear structural analysis in tsunami scenario. During an earthquake, nonlinear 

structural analysis starts from point A and moves along the red line of hysteresis loop. Then, 

nonlinear structural analysis stops at point B and some structural damage occurred from 

earthquake scenario. During tsunami scenario, nonlinear structural analysis starts from point 

B and moves along the blue line. Then nonlinear structural analysis stops at point C and more 

structural damage might occur from tsunami scenario. 

 

Figure 10: Hysteretic loop for earthquake and subsequent tsunami 

5 EARTHQUAKE AND TSUNAMI SCENARIO IN KOCHI CITY  

In this study, a target area in Kochi city was selected to simulate an earthquake and 

tsunami scenario as shown in Figure 11. This selected target area is in the center of Kochi city 

which has many public buildings and is important for economic activities. For damage predic-

tion in this target area, an earthquake and tsunami scenario was simulated from input data, 

such as GIS data for building modeling, wave data of strong ground motion, and predicted 

data of tsunami inundation depth.  
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Figure 11: A selected target area in Kochi city 

5.1 GIS data for building modeling  

Figure 12 shows GIS data of this selected target area. In GIS data, building dimen-

sions and number of floors were used to generate building shapes of all buildings as shown in 

Figure 13(a) in which each building can be classified to RC buildings, steel buildings, and 

wooden houses. 

 

 

Figure 12: GIS data of this target area 

In Figure 13(a), this selected target area had 480 RC buildings (grey color) and 1311 

wooden houses (green color). Since damage prediction of all RC buildings in a target area 

from earthquake and subsequent tsunami was proposed in this study, 480 RC buildings in 

Figure 13(b) were applied to simulate an earthquake and tsunami scenario. 
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(a)                                                                                               (b) 

Figure 13: Building shapes from GIS data 

5.2 Wave data of strong ground motion   

The wave data of Kochi city has been developed by a study group of the Great Nankai 

earthquake model from Japan Cabinet Office (JCO) in 2012. This selected target area was 

separated to north zone and south zone according to two source data of earthquake model as 

shown in Figure 14. 

 

Figure 14: Two separated zone for two source data of earthquake model 

Figure 15 shows the wave data of strong ground motion for this selected target area. The 

wave data in Figure 15(a) was applied to all RC buildings in south zone and the wave data in 

Figure 15(b) was applied to all RC buildings in north zone. As can be seen in Figure 15(a) 

and 15(b), three motion components in the east-west, north-south, and up-down direction 

(EW, NS, and UD respectively) have been developed in a wave form of ground acceleration 

in which shear wave velocity (Vs) is equal to 300 m/s. The peak ground acceleration of north 

zone in all EW, NS, and UD directions is higher than that of south zone. 

North 

zone 

 South 

zone 
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(a)                                                                     (b) 

Figure 15: The wave data of strong ground motion (JCO, 2012) 

5.3 Predicted data of  tsunami inundation depth 

Japan Cabinet Office (JCO) has studied and predicted tsunami inundation depth in future 

earthquake and tsunami for all risk area in Japan. Based on tsunami hazard map provided by 

JCO, this selected target area was divided to seven area shown in Figure 16 consist of three 

area (N1, N2, and N3) in north zone and four area (S1, S2, S3, and S4) in south zone for tsu-

nami inundation data in time history. In this target area, the maximum inundation depth was 

varied from 2.0 m to 3.5 m. 

 

 

 

 

Figure 16: Seven divided area for tsunami inundation data 
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Figure 17 shows the predicted data of tsunami inundation depth for this selected target area. 

The inundation data in Figure 17(a) was used to evaluate tsunami load for all RC buildings in 

south zone and the inundation data in Figure 17(b) was used to evaluate tsunami load for all 

RC buildings in north zone. 

 

      

      

      

 

                                          (a)                                                                                      (b) 

Figure 17: Predicted inundation depth at each station (Kochi Prefecture Office) 

6 RESULTS OF SEQUENTIAL EARTHQUAKE AND TSUNAMI SIMULATION  

The results of sequential earthquake and tsunami simulation can be visualized as shown in 

Figure 18. For each RC building, structural damage can be predicted by means of maximum 

story drift ratio. 

 

  

Figure 18: Visualization of damage prediction  
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For each RC building, the results of story displacement at 1
st
 floor in x- and y- directions 

can be obtained as shown in Figure 19. Figure 19(a) shows the results of a three-story RC 

building and Figure 19(b) shows the results of an eight-story RC building. As can be seen in 

Figure 19, sequential tsunami response in y-direction had a significant effect on a three-story 

RC building. In addition, residual displacement occurred from earthquake response in x-

direction. Therefore, the effect of sequential tsunami response depended on building height 

and also the direction of tsunami load. 

     

      

(a)                                                                         (b) 

Figure 19: Story displacement at 1
st
 floor  

 

   

Figure 20: Maximum story drift ratio for zone S2 
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Figure 20 shows the results of maximum story drift ratio for each RC building in zone 

S2. For each RC building in Figure 20, number of floors, maximum story drift ratio, occur-

rence during earthquake response or sequential tsunami response, and location of maximum 

story drift can be seen in Appendix I.  

 

   

Figure 21: Maximum story drift ratio for zone S3 

Figure 21 shows the results of maximum story drift ratio for each RC building in zone 

S3. For each RC building in Figure 21, number of floors, maximum story drift ratio, occur-

rence during earthquake response or sequential tsunami response, and location of maximum 

story drift can be seen in Appendix II.   

  

 

Figure 22: Maximum story drift ratio for zone S4 

 Figure 22 shows the results of maximum story drift ratio for each RC building in zone 

S4. For each RC building in Figure 22, number of floors, maximum story drift ratio, occur-

rence during earthquake response or sequential tsunami response, and location of maximum 

story drift can be seen in Appendix III.   

Table 2 shows number of RC buildings in which maximum story drift ratio occurred 

during earthquake response and sequential tsunami response. 
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Zone Number of RC buildings Max drift during earthquake Max drift during tsunami 

N1 50 50 0 

N2 51 50 1 

N3 114 111 3 

S1 31 24 7 

S2 56 40 16 

S3 76 45 31 

S4 99 71 28 

Total 477 391 (81.97%) 86 (18.03%) 

Table 2: Number of RC buildings for maximum story drift ratio 

7 THE WORSE-CASE SCENARIO 

Figure 23 shows sequential earthquake and tsunami simulation assuming the worst-case 

scenario by increasing double of tsunami inundation depth. From the visualization of results 

in Figure 23, maximum story drift ratio can occur less than 5% in which that of maximum sto-

ry drift ratio in Figure 18 can occur less than 1%. 

 

       

Figure 23: The worst-case scenario by increasing double of tsunami inundation depth 

 

    

Figure: 24 Maximum story drift ratio for zone S2 (worst case) 

Figure 24 shows the results of the worst-case scenario for each RC building in zone S2. 
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during earthquake response or sequential tsunami response, and location of maximum story 

drift can be seen in Appendix IV.  

 

   

 

Figure 25: Maximum story drift ratio for zone S3 (worst case) 

Figure 25 shows the results of the worst-case scenario for each RC building in zone S3. 

For each RC building in Figure 25, number of floors, maximum story drift ratio, occurrence 

during earthquake response or sequential tsunami response, and location of maximum story 

drift can be seen in Appendix V.  
 

  

 

Figure 26: Maximum story drift ratio for zone S4 (worst case) 
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Figure 26 shows the results of the worst-case scenario for each RC building in zone S4. 

For each RC building in Figure 26, number of floors, maximum story drift ratio, occurrence 

during earthquake response or sequential tsunami response, and location of maximum story 

drift can be seen in Appendix VI.  

Table 3 shows number of RC buildings for the worse-case scenario in which maximum 

story drift ratio occurred during earthquake response and sequential tsunami response. Com-

paring Table 3 with Table 2 for most of RC buildings, maximum story drift ratio could occur 

during sequential tsunami response. 

 

Zone Number of RC buildings Max drift during earthquake Max drift during tsunami 

N1 50 14 36 

N2 51 3 48 

N3 114 27 87 

S1 31 13 18 

S2 56 14 42 

S3 76 0 76 

S4 99 21 78 

Total 477 92 (19.29%) 385 (80.71%) 

Table 3 Number of RC buildings for maximum story drift ratio (worst case)  

8 CONCLUSIONS  

For sequential earthquake and tsunami simulation in the target area of Kochi city, 

most of RC buildings had maximum drift ratio during earthquake response in which maxi-

mum drift ratio was 0.88% for a twenty-one story building in zone S2. In zone S3, many RC 

buildings had maximum drift ratio during sequential tsunami response in which tsunami inun-

dation depth was a little higher than other zones. For all RC buildings, maximum drift ratio 

during sequential tsunami response was 0.22% occurred with a three-story building in zone 

S4 in which structural damage didn’t occur obviously. For all zones, three-story buildings had 

a significant risk that maximum drift ratio could occur during tsunami response analysis. 

For the worst-case scenario, most of RC buildings had maximum drift ratio during se-

quential tsunami response in which maximum drift ratio was 4.71% for a four-story building 

in zone S3. For all zone, low-rise buildings (three-story to seven-story) had a significant risk 

that maximum drift ratio was higher than 1% during sequential tsunami response. For the 

worst-case scenario, structural damage from sequential tsunami response was much more se-

rious than that of the normal-case scenario in which tsunami inundation depth was double. 

The results of earthquake and tsunami simulation can be used to designate tsunami 

evacuation buildings, which must be secured for people living in a surrounding area. These 

results can indicate a weak point of a city area and focus on this weak point. In addition, these 

results can be used to construct prevention measures in order control overall damage of a city 

area from earthquake and subsequent tsunami. 
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9 APPENDIX 

 

Appendix I The results of damage prediction for zone S2 

No. Floors Max drift (%) During Location 
 

No. Floors Max drift (%) During Location 

1 1 0.12 T 3 
 

29 1 0.14 T 3 

2 1 0.09 E 3 
 

30 1 0.08 E 3 

3 2 0.25 E 7 
 

31 2 0.15 E 6 

4 1 0.09 E 3 
 

32 2 0.09 E 3 

5 1 0.09 T 3 
 

33 1 0.14 T 3 

6 1 0.88 E 21 
 

34 1 0.09 E 3 

7 1 0.10 T 3 
 

35 1 0.14 E 3 

8 1 0.12 T 3 
 

36 2 0.11 E 3 

9 1 0.13 T 3 
 

37 2 0.17 E 4 

10 1 0.09 E 3 
 

38 1 0.10 E 3 

11 1 0.13 E 3 
 

39 1 0.08 E 3 

12 1 0.12 E 3 
 

40 1 0.14 T 3 

13 1 0.08 E 3 
 

41 1 0.11 T 3 

14 1 0.09 E 3 
 

42 1 0.15 E 3 

15 1 0.12 E 3 
 

43 1 0.09 E 3 

16 1 0.10 E 3 
 

44 1 0.10 E 3 

17 1 0.12 E 3 
 

45 1 0.11 E 3 

18 2 0.22 E 11 
 

46 1 0.10 E 3 

19 1 0.09 E 3 
 

47 1 0.09 E 3 

20 1 0.13 T 3 
 

48 1 0.11 T 3 

21 1 0.27 E 9 
 

49 1 0.08 E 3 

22 1 0.09 E 3 
 

50 1 0.10 E 3 

23 1 0.09 E 3 
 

51 1 0.12 E 3 

24 1 0.10 T 3 
 

52 1 0.11 E 3 

25 1 0.09 T 3 
 

53 1 0.14 T 3 

26 1 0.11 E 3 
 

54 2 0.13 E 8 

27 1 0.09 T 3 
 

55 1 0.23 E 8 

28 2 0.13 E 3 
 

56 1 0.15 T 3 
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Appendix II The results of damage prediction for zone S3 

No. Floors Max drift (%) During Location 
 

No. Floors Max drift (%) During Location 

1 3 0.15 T 1 
 

39 3 0.14 E 1 

2 3 0.09 E 1 
 

40 3 0.12 T 1 

3 3 0.11 E 1 
 

41 7 0.20 E 2 

4 3 0.11 T 1 
 

42 7 0.17 E 2 

5 3 0.10 E 1 
 

43 3 0.12 T 1 

6 3 0.19 T 1 
 

44 3 0.11 T 1 

7 3 0.15 T 1 
 

45 4 0.16 T 1 

8 3 0.11 T 1 
 

46 6 0.23 E 2 

9 3 0.14 T 1 
 

47 3 0.14 T 1 

10 3 0.13 T 1 
 

48 3 0.11 T 1 

11 3 0.12 E 1 
 

49 8 0.19 E 2 

12 3 0.12 T 1 
 

50 3 0.15 E 1 

13 3 0.10 E 1 
 

51 4 0.13 E 2 

14 3 0.21 T 1 
 

52 3 0.14 E 1 

15 3 0.11 T 1 
 

53 3 0.14 E 1 

16 3 0.12 E 1 
 

54 3 0.09 E 1 

17 3 0.13 T 1 
 

55 9 0.24 E 1 

18 3 0.12 E 1 
 

56 3 0.10 E 1 

19 3 0.12 T 1 
 

57 3 0.16 E 1 

20 3 0.10 E 1 
 

58 3 0.09 E 1 

21 3 0.12 T 1 
 

59 4 0.16 T 1 

22 3 0.15 E 1 
 

60 7 0.17 E 2 

23 3 0.09 E 1 
 

61 3 0.10 E 1 

24 3 0.11 E 1 
 

62 3 0.12 E 1 

25 3 0.14 T 1 
 

63 3 0.12 E 1 

26 3 0.08 E 1 
 

64 3 0.14 T 1 

27 3 0.16 E 1 
 

65 3 0.18 T 1 

28 3 0.11 T 1 
 

66 3 0.12 E 1 

29 9 0.18 E 2 
 

67 3 0.19 T 1 

30 3 0.11 E 1 
 

68 3 0.11 T 1 

31 10 0.21 E 2 
 

69 3 0.19 T 1 

32 3 0.10 E 1 
 

70 3 0.13 E 2 

33 3 0.15 E 1 
 

71 3 0.11 E 1 

34 3 0.12 T 1 
 

72 3 0.16 E 1 

35 3 0.11 E 1 
 

73 5 0.21 E 2 

36 3 0.12 E 1 
 

74 6 0.25 E 2 

37 3 0.14 E 1 
 

75 3 0.13 E 1 

38 3 0.12 T 1 
 

76 3 0.15 T 1 
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Appendix III The results of damage prediction for zone S4 

No. Floors Max drift (%) During Location 
 

No. Floors Max drift (%) During Location 

1 5 0.18 E 2 
 

51 3 0.10 E 1 

2 3 0.10 T 1 
 

52 3 0.10 E 1 

3 3 0.10 T 1 
 

53 3 0.10 E 1 

4 3 0.11 T 1 
 

54 3 0.15 E 1 

5 7 0.16 E 2 
 

55 3 0.22 T 1 

6 3 0.09 E 1 
 

56 3 0.15 E 1 

7 8 0.22 E 2 
 

57 3 0.15 T 1 

8 3 0.11 T 1 
 

58 3 0.15 E 1 

9 3 0.12 E 1 
 

59 3 0.14 E 1 

10 3 0.09 E 1 
 

60 3 0.10 E 1 

11 3 0.11 E 1 
 

61 3 0.11 E 1 

12 3 0.10 E 1 
 

62 3 0.11 E 1 

13 3 0.11 T 1 
 

63 3 0.14 E 1 

14 3 0.10 T 1 
 

64 3 0.10 E 1 

15 3 0.12 E 1 
 

65 3 0.14 E 1 

16 3 0.10 E 1 
 

66 3 0.13 T 1 

17 3 0.12 E 1 
 

67 3 0.08 E 1 

18 3 0.13 T 1 
 

68 3 0.09 E 1 

19 3 0.14 E 2 
 

69 3 0.10 E 1 

20 3 0.13 T 1 
 

70 3 0.16 T 1 

21 3 0.10 E 1 
 

71 3 0.11 E 1 

22 3 0.12 E 1 
 

72 3 0.09 E 1 

23 3 0.11 E 1 
 

73 3 0.11 T 1 

24 3 0.15 E 1 
 

74 3 0.09 E 1 

25 3 0.13 E 1 
 

75 3 0.09 E 1 

26 3 0.14 T 1 
 

76 3 0.16 T 1 

27 3 0.12 T 1 
 

77 3 0.09 E 1 

28 3 0.09 E 1 
 

78 3 0.09 E 1 

29 3 0.09 E 1 
 

79 3 0.09 E 1 

30 3 0.11 T 1 
 

80 3 0.09 E 1 

31 3 0.14 T 1 
 

81 3 0.12 T 1 

32 3 0.15 T 1 
 

82 3 0.14 E 1 

33 3 0.14 T 1 
 

83 3 0.12 E 1 

34 3 0.09 E 1 
 

84 3 0.09 E 1 

35 3 0.09 E 1 
 

85 3 0.14 T 1 

36 6 0.25 E 2 
 

86 3 0.12 T 1 

37 3 0.09 E 1 
 

87 4 0.17 E 2 

38 3 0.12 E 1 
 

88 4 0.15 E 2 

39 3 0.16 E 1 
 

89 3 0.09 E 1 

40 7 0.18 E 2 
 

90 3 0.09 E 1 

41 3 0.09 E 1 
 

91 11 0.24 E 2 

42 8 0.24 E 2 
 

92 3 0.09 E 1 

43 8 0.21 E 2 
 

93 3 0.10 E 2 

44 3 0.11 E 1 
 

94 10 0.32 E 1 

45 3 0.10 E 1 
 

95 3 0.13 E 1 

46 3 0.13 T 1 
 

96 3 0.09 E 1 

47 3 0.16 T 1 
 

97 3 0.12 T 1 

48 3 0.15 E 1 
 

98 3 0.14 E 1 

49 3 0.09 E 1 
 

99 3 0.11 T 1 

50 3 0.14 T 1 
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Appendix IV The results of damage prediction for zone S2 (worst case) 

No. Floors Max drift (%) During Location 
 

No. Floors Max drift (%) During Location 

1 3 0.28 T 1 
 

29 3 0.48 T 1 

2 3 0.10 T 1 
 

30 3 0.11 T 1 

3 7 0.36 T 1 
 

31 6 0.17 T 1 

4 3 0.12 T 1 
 

32 3 0.28 T 1 

5 3 0.13 T 1 
 

33 3 0.30 T 1 

6 21 0.88 E 1 
 

34 3 0.27 T 1 

7 3 0.14 T 1 
 

35 3 0.19 T 1 

8 3 0.17 T 1 
 

36 3 0.44 T 1 

9 3 0.29 T 1 
 

37 4 1.46 T 1 

10 3 0.26 T 1 
 

38 3 0.10 E 1 

11 3 0.17 T 1 
 

39 3 0.16 T 1 

12 3 0.14 E 1 
 

40 3 0.29 T 1 

13 3 0.08 E 1 
 

41 3 0.29 T 1 

14 3 0.09 T 1 
 

42 3 0.27 T 1 

15 3 0.12 E 1 
 

43 3 0.09 E 1 

16 3 0.46 T 1 
 

44 3 0.11 T 1 

17 3 0.47 T 1 
 

45 3 0.11 E 1 

18 11 0.22 T 1 
 

46 3 0.10 E 1 

19 3 0.09 E 1 
 

47 3 0.09 E 1 

20 3 0.29 T 1 
 

48 3 0.28 T 1 

21 9 0.33 T 1 
 

49 3 0.09 T 1 

22 3 0.09 E 1 
 

50 3 0.14 T 1 

23 3 0.11 T 1 
 

51 3 0.12 E 1 

24 3 0.14 T 1 
 

52 3 0.10 E 1 

25 3 0.13 T 1 
 

53 3 0.30 T 1 

26 3 0.13 T 1 
 

54 8 0.21 T 1 

27 3 0.28 T 1 
 

55 8 0.30 T 1 

28 3 0.13 E 2 
 

56 3 0.32 T 1 
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Appendix V The results of damage prediction for zone S3 (worst case) 

No. Floors Max drift (%) During Location 
 

No. Floors Max drift (%) During Location 

1 3 0.29 T 1 
 

39 3 0.17 T 1 

2 3 0.20 T 1 
 

40 3 0.79 T 1 

3 3 0.19 T 1 
 

41 7 1.52 T 1 

4 3 0.27 T 1 
 

42 7 0.55 T 1 

5 3 0.20 T 1 
 

43 3 0.26 T 1 

6 3 0.85 T 1 
 

44 3 0.27 T 1 

7 3 0.79 T 1 
 

45 4 4.70 T 1 

8 3 0.26 T 1 
 

46 6 2.46 T 1 

9 3 0.80 T 1 
 

47 3 0.28 T 1 

10 3 0.81 T 1 
 

48 3 0.27 T 1 

11 3 0.21 T 1 
 

49 8 0.86 T 1 

12 3 0.27 T 1 
 

50 3 0.24 T 1 

13 3 0.20 T 1 
 

51 4 2.32 T 1 

14 3 1.65 T 1 
 

52 3 0.77 T 1 

15 3 0.27 T 1 
 

53 3 0.20 T 1 

16 3 0.19 T 1 
 

54 3 0.24 T 1 

17 3 0.81 T 1 
 

55 9 0.73 T 1 

18 3 0.19 T 1 
 

56 3 0.21 T 1 

19 3 0.27 T 1 
 

57 3 0.19 T 1 

20 3 0.20 T 1 
 

58 3 0.23 T 1 

21 3 0.26 T 1 
 

59 4 4.71 T 1 

22 3 0.24 T 1 
 

60 7 0.55 T 1 

23 3 0.20 T 1 
 

61 3 0.20 T 1 

24 3 0.26 T 1 
 

62 3 0.22 T 1 

25 3 0.28 T 1 
 

63 3 0.82 T 1 

26 3 0.23 T 1 
 

64 3 0.28 T 1 

27 3 0.19 T 1 
 

65 3 0.81 T 1 

28 3 0.79 T 1 
 

66 3 0.21 T 1 

29 9 0.53 T 1 
 

67 3 0.81 T 1 

30 3 0.48 T 1 
 

68 3 0.26 T 1 

31 10 0.52 T 1 
 

69 3 0.78 T 1 

32 3 0.20 T 1 
 

70 3 0.24 T 1 

33 3 0.80 T 1 
 

71 3 0.26 T 1 

34 3 0.27 T 1 
 

72 3 0.19 T 1 

35 3 0.19 T 1 
 

73 5 3.55 T 1 

36 3 0.21 T 1 
 

74 6 2.23 T 1 

37 3 0.78 T 1 
 

75 3 0.18 T 1 

38 3 0.80 T 1 
 

76 3 0.83 T 1 
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Appendix VI The results of damage prediction for zone S4 (worst case) 

No. Floors Max drift (%) During Location 
 

No. Floors Max drift (%) During Location 

1 5 0.98 T 1 
 

51 3 0.10 T 1 

2 3 0.37 T 1 
 

52 3 0.10 T 1 

3 3 0.15 T 1 
 

53 3 0.10 T 1 

4 3 0.15 T 1 
 

54 3 0.15 T 1 

5 7 0.33 T 1 
 

55 3 0.22 T 1 

6 3 0.09 E 1 
 

56 3 0.15 T 1 

7 8 0.44 T 1 
 

57 3 0.15 T 1 

8 3 0.16 T 1 
 

58 3 0.15 T 1 

9 3 0.12 E 1 
 

59 3 0.14 E 1 

10 3 0.09 E 1 
 

60 3 0.10 T 1 

11 3 0.12 T 1 
 

61 3 0.11 T 1 

12 3 0.11 T 1 
 

62 3 0.11 T 1 

13 3 0.15 T 1 
 

63 3 0.14 T 1 

14 3 0.15 T 1 
 

64 3 0.10 E 1 

15 3 0.12 T 1 
 

65 3 0.14 T 1 

16 3 0.11 T 1 
 

66 3 0.13 E 1 

17 3 0.35 T 1 
 

67 3 0.08 E 1 

18 3 0.38 T 1 
 

68 3 0.09 T 1 

19 3 0.97 T 1 
 

69 3 0.10 T 1 

20 3 0.38 T 1 
 

70 3 0.16 T 1 

21 3 0.37 T 1 
 

71 3 0.11 T 1 

22 3 0.13 T 1 
 

72 3 0.09 E 1 

23 3 0.11 E 1 
 

73 3 0.11 T 1 

24 3 0.16 T 1 
 

74 3 0.09 E 1 

25 3 0.18 T 1 
 

75 3 0.09 T 1 

26 3 0.40 T 1 
 

76 3 0.16 T 1 

27 3 0.14 T 1 
 

77 3 0.09 E 1 

28 3 0.09 E 1 
 

78 3 0.09 T 1 

29 3 0.12 T 1 
 

79 3 0.09 T 1 

30 3 0.16 T 1 
 

80 3 0.09 T 1 

31 3 0.37 T 1 
 

81 3 0.12 T 1 

32 3 0.41 T 1 
 

82 3 0.14 T 1 

33 3 0.36 T 1 
 

83 3 0.12 T 1 

34 3 0.09 E 1 
 

84 3 0.09 T 1 

35 3 0.11 T 1 
 

85 3 0.14 T 1 

36 6 0.80 T 1 
 

86 3 0.12 T 1 

37 3 0.09 E 1 
 

87 4 0.17 T 2 

38 3 0.12 E 1 
 

88 4 0.15 T 2 

39 3 0.16 E 1 
 

89 3 0.09 T 1 

40 7 0.32 T 1 
 

90 3 0.09 E 1 

41 3 0.34 T 1 
 

91 11 0.24 T 2 

42 8 0.24 E 2 
 

92 3 0.09 T 1 

43 8 0.44 T 1 
 

93 3 0.10 E 2 

44 3 0.22 T 1 
 

94 10 0.32 T 1 

45 3 0.10 T 1 
 

95 3 0.13 T 1 

46 3 0.18 T 1 
 

96 3 0.09 T 1 

47 3 0.72 T 1 
 

97 3 0.12 T 1 

48 3 0.35 T 1 
 

98 3 0.14 E 1 

49 3 0.09 E 1 
 

99 3 0.11 T 1 

50 3 0.38 T 1 
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Abstract. Coupled shear walls are commonly used in the constructions to meet the architec-

tural requirements and to improve the lateral resistance of the structure. Evaluation of the 

behavior of the structures with coupled shear walls under earthquake loads is carried out by 

dynamic analysis. For the dynamic analysis, identification of the dynamic properties of the 

coupled shear walls is important. The period of the structure is an important design parame-

ter used in the dynamic analysis. There are various methods used for the determination of the 

periods. In this study, the periods of the coupled shear walls are determined by using Recur-

sive Differentiation Method. At the end of study, good results are received by the example that 

is solved to investigate the presented method. 
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1 INTRODUCTION 

There are several studies with regard to the analysis of coupled shear walls [1] – [11]. In 

this study, Recursive Differentiation Method is proposed for the determination of the periods 

of coupled shear walls. 

The assumptions made in the study are: the material is linearly elastic and the displace-

ments are small, P-Δ effects are neglected, the influence of shear deformation of the shear 

walls is neglected, material and geometrical properties of the shear walls are same throughout 

the height of the structure. 

2 METHOD  

In this part of the study, Recursive Differentiation Method that is detailed in the literature 

[12] is applied to the determination of the periods of coupled shear walls and the method is 

explained. Equations of the coupled shear walls can be written as in Equation (1) and (2). 

 𝐸𝐼
𝑑4𝑦

𝑑𝑥4 − 𝐾 (
𝑑2𝑦

𝑑𝑥2 −
𝑑2𝑦𝑏

𝑑𝑥2 ) + 𝑚𝜔2𝑦 = 0 (1) 

 𝐷
𝑑3𝑦

𝑑𝑥3 = −𝐾(
𝑑𝑦

𝑑𝑥
−

𝑑𝑦𝑏

𝑑𝑥
) (2) 

Here, y is the total displacement, yb is the displacement due to bending and x is the vertical 

axis. Boundary conditions are 

       𝑦(0) = 0 (3) 

𝑑𝑦

𝑑𝑥𝑥=0
= 0 (4) 

𝑑𝑦𝑏

𝑑𝑥 𝑥=0
= 0 (5) 

𝐸𝐼
𝑑2𝑦

𝑑𝑥2
𝑥=𝐻

= 0 (6) 

𝐷
𝑑2𝑦𝑏

𝑑𝑥2
𝑥=𝐻

= 0 (7) 

 𝐸𝐼
𝑑3𝑦

𝑑𝑥3
𝑥=𝐻

− 𝐾
𝑑𝑦

𝑑𝑥𝑥=𝐻
+ 𝐾

𝑑𝑦𝑏

𝑑𝑥 𝑥=𝐻
= 0 (8) 

EI is the total flexural rigidity of the coupled shear wall represented in Figure (1) and cal-

culated by Equation (9). 

 𝐸𝐼 = ∑ (𝐸𝐼)𝑖
𝑛
𝑖=1  (9) 

K is the shear rigidity and D is the global flexural rigidity. 

𝐾 = 𝐾𝑏
𝐾𝑐

𝐾𝑐+𝐾𝑏
 (10) 

  𝐾𝑐 = ∑
12𝐸𝐼𝑐,𝑖

ℎ2
𝑛−1
𝑖=1  (11) 

𝐾𝑏 = ∑
6𝐸𝐼𝑏,𝑖[(𝑙+𝑠1)2+(𝑙+𝑠2)2]

𝑙3ℎ(1+
12𝑘𝐸𝐼𝑏
𝑙2𝐺𝐴𝑏

)

𝑛
𝑖=1  (12) 

 𝐷 = 𝐸 ∑ 𝐴𝑐,𝑗
𝑛
𝑗=1 𝑡𝑗

2 (13) 
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Figure 1: Coupled shear wall. 

To get the non-dimensional forms of Equation (1) and (2), Ɛ=x/H transform is applied and 

Equation (14) and (15) are obtained. 

 
𝑑4𝑦

𝑑Ɛ4 − 𝑎 (
𝑑2𝑦

𝑑Ɛ2 −
𝑑2𝑦𝑏

𝑑Ɛ2 ) + 𝑝𝑦 = 0 (14) 

 
𝑑3𝑦

𝑑𝑥3 = −𝑏(
𝑑𝑦

𝑑𝑥
−

𝑑𝑦𝑏

𝑑𝑥
) (15) 

a, b and p parameters are found according to Equations (16), (17) and (18) 

 𝑎 = 𝐻2 𝐾

(𝐸𝐼)
 (16) 

 𝑏 = 𝐻2 𝐾

𝐷
 (17) 

 𝑝 =
𝐻4𝜔2𝑚

𝐸𝐼
 (18) 

With the purpose of the reduction of the order of the differential equation, 
𝑑𝑦𝑏

𝑑𝑥
  rotation is 

named as θb  

 
𝑑𝑦𝑏

𝑑𝑥
= 𝜃𝑏 (19) 

Thus, the differential equations return into the equations below: 

 
𝑑4𝑦

𝑑Ɛ4 − 𝑎 (
𝑑2𝑦

𝑑Ɛ2 −
𝑑𝜃𝑏

𝑑𝑥
) + 𝑝𝑦 = 0  (20) 

 
𝑑2𝜃𝑏

𝑑𝑥2
= −𝑏(

𝑑𝑦

𝑑𝑥
− 𝜃𝑏) (21) 

To put the equation into final form, boundary conditions are as below: 
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 𝑦(0) = 0 (22) 

 
𝑑𝑦

𝑑Ɛ𝑥=0
= 0 (23) 

  𝜃𝑏(0) = 0 (24) 

 
𝑑2𝑦

𝑑Ɛ2
Ɛ=1

= 0 (25) 

 
𝑑𝜃𝑏

𝑑Ɛ Ɛ=1
= 0 (26) 

  
𝑑3𝑦

𝑑Ɛ3
Ɛ=1

− 𝑎
𝑑𝑦

𝑑ƐƐ=1
+ 𝜃𝑏 Ɛ=1 = 0 (27) 

In the Recursive Differentiation Method, expressions of the derivatives taken can be writ-

ten recursively by the Equations (20) and (21) 

 
𝑑(𝑖+4)𝑦

𝑑Ɛ(𝑖+4)
1

= 𝑎 (
𝑑(𝑖+2)𝑦

𝑑Ɛ(𝑖+2) −
𝑑(𝑖+1)𝜃𝑏

𝑑Ɛ(𝑖+1) ) − 𝑝
𝑑𝑖𝑦

𝑑Ɛ𝑖 (28) 

 
𝑑(𝑖+2)𝜃𝑏

𝑑Ɛ(𝑖+2) = −𝑏 (
𝑑(𝑖+1)𝑦

𝑑Ɛ(𝑖+1) −
𝑑𝑖𝜃𝑏

𝑑Ɛ𝑖 )   (29) 

Displacement and flexural rotation of the top of the coupled shear wall are written as in the 

equations below: 

 𝑦(1) = 𝑦(0) +
𝑦𝚤(0)

1
+

𝑦𝚤𝚤(0)

2!
+ ⋯ +

𝑦𝑘(0)

𝑘!
+ ⋯ .. (30) 

 𝜃𝑏(1) = 𝜃𝑏(0) +
𝜃𝑏

𝚤(0)

1
+

𝜃𝑏
𝚤𝚤(0)

2!
+ ⋯ +

𝜃𝑏
𝑘(0)

𝑘!
+ ⋯ .. (31) 

As the boundary conditions are written by means of these two equations, Equations (32) - 

(34) are obtained. 

 𝑦′′(1) = 𝑦′′(0) +
𝑦𝚤𝚤𝚤(0)

1
+

𝑦𝐼𝑉(0)

2!
+ ⋯ +

𝑦𝑘(0)

(𝑘−2)!
+ ⋯ . . = 0 (32) 

 𝜃𝑏
′(1) = 𝜃𝑏′(0) +

𝜃𝑏
𝚤𝚤(0)

1
+

𝜃𝑏
𝐼𝐼𝐼(0)

2!
+ ⋯ +

𝜃𝑏
𝑘(0)

(𝑘−1)!
+ ⋯ . . = 0 (33) 

𝑦′′′(1) − 𝑎𝑦′(1) + 𝑎𝜃𝑏(1) = (𝑦′′′(0) +
𝑦𝐼𝑉(0)

1
+

𝑦𝑉(0)

2!
+ ⋯ +

𝑦𝑘(0)

(𝑘−3)!
+ ⋯ . . ) − 𝑎 (𝑦′(0) +

𝑦′′(0)

1
+

𝑦𝐼𝐼𝐼(0)

2!
+ ⋯ +

𝑦𝑘(0)

(𝑘−1)!
) + 𝑎 (𝜃𝑏(0) +

𝜃𝑏
𝚤(0)

1
+

𝜃𝑏
𝚤𝚤(0)

2!
+ ⋯ +

𝜃𝑏
𝑘(0)

𝑘!
+ ⋯ ) = 0  (34) 

In this equation system derivatives are written in terms of y''(0), y'''(0), θ_b'(0) and with the 

help of Equations (28) and (29),  matrix equation below is obtained. 

 [𝐴] ∗ {

𝑦′′(0)

𝑦′′′(0)

𝜃𝑏′(0)
} = {

0
0
0

} (35) 

In this matrix equation, the determinant of A should be zero for non-trivial solution.  

Angular frequencies are obtained by Equation (36). 

 𝜔𝑖 =
1

𝐻2
√

𝑝𝑖𝐸𝐼

𝑚
 (36) 
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3 EXAMPLE 

The coupled shear wall for the example is given in Figure 2. The properties of the coupled 

shear wall system are given in Table1. 

 

Figure 2: Coupled shear wall. 

Title 1  Title 2 

EI 2,9808*10
8
 kNm

2 

K  4550446*10
5
 kN  

D  1,58976 *10
9
 kNm

2
 

m  831,6 t  

a 13,7774 

b 5,5833 

Table 1: Properites of the coupled shear wall system in the example. 

Mod No  
Proposed Method 

1 

Kuang  

2 

Ratio  

1 / 2 

1 0,660 0,667 0,990 

2 2,897 2,925 0,990 

3 7,104 7,159 0,992 

4 13,20 13,28 0,994 

5 21,33 21,44 0,995 

6 31,48 31,61 0,996 

7 43,67 43,82 0,997 

8 57,88 58,04 0,997 

9 74,12 74,30 0,998 

10 92,41 92,57 0,998 

Table 2: Natural frequencies of the example 

8 m 

2m 4 m 4 m 
H

 =
 3

,8
 ×

 2
5

 =
 9

5
 m
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With the solution of the example, good results are received and the differences between the 

results of the method and the literature [10] are given in Table 2. 

4 CONCLUSIONS  

In this study, Recursive Differentiation Method is proposed for the determination of the pe-

riods of coupled shear walls. The method for the solution of the periods according to the Re-

cursive Differentiation Method is explained in detail. In consequence of the comparison of the 

presented method and the literature by the example at the end of the study, good results are 

received. 
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Abstract. In contrast to current conventional construction materials, i.e. steel or steel rein-
forced concrete, natural fibre reinforced polymer-concrete composite is environmentally 
friendly. In addition to the reduction of structural mass and thus the inertia forces activated in 
the structure during an earthquake loading, the most significant advantage is the avoidance 
of the long-term effect of corrosion on the integrity of the structures. In this paper a prelimi-
nary result of a simple bridge pier, made of flax fibre reinforced polymer and coconut fibre 
reinforced concrete, under earthquake loadings is discussed. The ground motions are simu-
lated stochastically based on Japanese design spectrum for a hard soil condition. Shake table 
experiments are performed. The consequence of double tube confinement of the coconut fibre 
reinforced concrete core for the responses of the structure is presented. 
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1 INTRODUCTION 

Bridge structures made of conventional construction materials, steel and concrete with 
steel reinforcement, especially in coastal regions deteriorate with the time due to corrosion of 
steel. The usage of non-corrosive materials, e.g. glass or carbon fibre reinforced polymer 
(G/CFRP), in civil infrastructure is very limited because of the high initial cost. The other fac-
tors that impede the usage of G/CFRP are the unknown long-term performance, risk of fire 
and non-yielding behaviour of the materials. The reinforcement can take many forms, e.g. of 
glass fibre reinforced polymer rods [1]. Even though these materials have the potential to re-
place steel as reinforcing material due to their significant properties, e.g. high strength, its us-
age is mainly for retrofitting earthquake prone structures [2].  

To overcome the high cost natural materials can be utilized without compromising the 
strength of the composite material and thus can lead to construction materials for structures in 
the future [3]. Raftery and Kelly [4] proposed the usage of basalt fibre reinforced polymer for 
strengthening timber structures. Cheah [5] investigated the usage of flax fibre in traditional 
earth houses. Ali et al. [6-8] proposed the usage of coconut fibre reinforced concrete for low-
cost earthquake-resistant low-damage structures, especially in earthquake regions in develop-
ing countries. The low-damage structures are achieved by letting each structural member to 
move relative to each other. Hence, each structural member performs rigid body movements 
whenever the earthquake loading exceeds a threshold. To ensure the re-centering the structur-
al members have interlocking keys. In addition to re-centering after an uplift movement the 
keys have the function to transfer eventual shear forces.  

The natural materials considered in this study are flax and coconut fibres. The pre-
fabricated flax fibre reinforced polymer (FFRP) tubes serve as lightweight permanent form-
works for fresh coconut fibre reinforced concrete (CFRC) core. The pre-fabrication of the 
tubes accelerate the construction process [9]. Under axial loading the tubes provide confine-
ment and thus enhance the compressive strength of the FFRP-CFRC composite. As flexural 
structural members, in addition to the standard function of an internal resistance in the com-
pressive zone the concrete core provides an internal support of the outer FFRP tube and en-
hances the buckling resistance of the whole composite. The randomly distributed coconut 
fibres enable a distribution of small cracks over a large region and thus contribute to the duc-
tility of the FFRP-CFRC composite and enhance the material damping [10-14]. As anticipated 
the behaviour of this environmentally-friendly FFRP-CFRC composite is strongly determined 
by the bond between FFRP and CFRC [15]. 

 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 1. Effect of natural fibre on the stress-strain relationship of the composite 

 (MPa) 

 (-) 
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In contrast to current conventional seismic design of steel reinforced concrete structures 
the use of natural fibre reinforced polymer instead of steel reinforcement will reduce the total 
structural mass and also avoid the long-term corrosion effect of steel. Because of the smaller 
mass and the corrosion-free materials the new composite structures can withstand more loads 
and require less running maintenance cost. The research focuses on engineering design of new 
composite structural members and assembled structures. FFRP and CFRC will be used to car-
ry the activated tensile and compressive stresses, respectively.  

Figure 1 shows the relationship between compressive stress  and the axial strain . In the 
case considered the compressive strength of the concrete core is about 22 MPa. The inclusion 
of coconut fibre does not increase the compressive strength. However, the ductility of the 
coir-concrete composite does increase significantly. A confinement of the coir reinforced 
concrete core due to the outer FFRP tube leads to an increase of the compressive strength to 
more than double of that of plain concrete (PC). It also enhances the ductility of the FFRP-
CRFC composite significantly [11]. The ductility of the composites is strongly determined by 
the bond strength between natural fibres and surrounding matrix and the bond strength at the 
interface between FFRP and CRFC [7, 15]. 

In this paper a simple bridge pier is investigated. The earthquake loading is simulated by a 
shake table. The impact of the earthquake loading can be further reduced by having even less 
mass. Instead of a solid CFRC core double FFRP tubes can be used. The inner FFRP tube 
serves as inner permanent formwork.  The consequence of the earthquake magnitude and the 
additional inner tube for the seismic behaviour of the FFRP-CFRC bridge pier is presented. 

2 FFRP-CFRC BRIDGE PIER UNDER AN EARTHQUAKE LOADING 

Figure 2 shows a scale model of the bridge pier with a CFRC core diameter of 10 cm. The 
inner and outer FFRP tubes have the thickness of 3.05 mm and 5.3 mm, respectively. The in-
ner diameter of the inner tube is 2.5 cm. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Single and double FFRP tubes confined CFRC composite bridge pier 
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The bridge girder is simplified as a single degree of freedom. Two different pier systems, 
i.e. CFRC core confined by single FFRP tube and by double FFRP tubes. The top mass is se-
lected so that the fixed base fundamental frequency of both systems is about 2.929 Hz. The 
system period is then 0.34 s. Figure 3 shows the response spectrum of the two stochastically 
simulated ground motions based on Japanese design spectrum for a hard soil condition (bold 
dashed line) [16]. It can be anticipated from the spectra that the bridge pier structure will ex-
perience the strongest excitation. The simulated ground motions have a peak ground dis-
placement (PGD) of 30.82 cm.  

In order not to damage the structure immediately, the experiments were performed with 
gradually increasing PGD. With increasing PGD it can be expected that the fundamental fre-
quency of the structure will reduced, i.e. with increasing fundamental period the structure will 
experience roughly the same excitation as can be estimated from the response spectra in Fig-
ure 3. The first experiment was performed with the ground motion of PGD = 20 mm, i.e. only 
6.5% of the original excitation. The subsequent experiments on the same structure were per-
formed with an increasing PGD up to 90 mm, i.e. 29.2% of the original excitation. Following 
each subsequent experiment the fundamental frequency is determined from the free vibration 
of a snap-back test. Following the 90 mm PGD experiment the system has a fundamental fre-
quency of 2.44 Hz or a fundamental period of 0.41 s.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: Simulated ground excitation and Japanese design target spectrum for a hard soil condition. 

Figure 4 shows a comparison between the displacements at the top of the same bridge pier 
due to the same ground motion with an assumption of undamaged (linear behaviour) and 
damaged bridge pier. The bridge pier has only one FFRP tube confinement. The linear re-
sponse is obtained from the experiment with a very small PGD of 20 mm while the nonlinear 
response is achieved with PGD of 90 mm. In order to compare the two results, the linear re-
sponse is multiplied by a factor of 4.5. The response of the stiffer linear system can be clearly 
seen in a shorter period (solid line) in comparison with the nonlinear response (dashed line). 
In the case considered the stiffer linear system responded with smaller amplitudes. The dam-
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age to the bridge pier could take place at the interface between FFRP tube and CFRC core. 
Previous preliminary study with much stronger ground excitation resulted in no damage to the 
FFRP tube [17]. In the case considered, also no damage to the FFRP tube was observed. 

 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 4. Displacement at the pier top 

 

 

 

 

 

 

 

 

 

Figure 5. Influence of double shells on the top pier displacement 
 
Figure 5 shows the influence of double FFRP tubes on the linear response of the top dis-

placement of the bridge pier. The ground motion considered has the PGD of 20 mm. The 
maximum response of the bridge pier with one and double FFRP tubes is 3.68 mm and 3.77 
mm, respectively. Despite less materials are used in the case of double FFRP tube pier, both 
maximum displacements are almost the same. 

3 CONCLUSIONS  

New construction materials consist of flax fibre reinforced polymer (FFRP) and coconut 
fibre reinforced concrete (CFRC) composite is investigated for possible usage in earthquake-
resistant structures. A simple bridge pier is constructed. Single and double FFRP tubes were 
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used as permanent formworks for CFRC core. The ground motions are simulated based on 
Japanese design spectrum for a hard soil condition.  

The results show: 

 The bond at the interface between FFRP tube and CFRC core is critical for the seismic 
performance of the bridge pier. 

 The usage of double tubes can have significant advantage, since less mass is considered. 

 Linear bridge piers with single and double FFRP tubes perform in similar manner.  

Further investigations are necessary to fully understand the seismic performance of structures 
using these new construction materials. 
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Abstract. The dynamic response of flexible road pavements to moving vehicles is numerically 

obtained by the time domain finite element method under 3-dimensional conditions with the 

aid of the commercial program ANSYS. Both the uniform and layered elastic half-space are 

considered.  The moving with constant speed loads (wheels) of the vehicle are simulated by 

assigning time dependent load values at all the surface nodes along the vehicle path, which 

are activated at the time it takes for every wheel to travel the distance from the origin to every 

node’s location. Simple supports on rollers and viscous absorbing boundaries of the pave-

ment domain are both considered. Comparisons with analytical exact solutions for the half-

space model under moving loads and analytical approximate solutions for the layered half-

space model under static loads are made for validation and comparison reasons, respectively.  

The cases of static versus dynamic loads, of single load versus a series of loads and of low 

versus high vehicle’s velocity are also compared and discussed from the viewpoint of how 

they affect the response of the pavement. 
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1 INTRODUCTION 

During the last 25 years or so, a lot of research on the analysis and design of flexible and 

rigid pavements under moving vehicles and realistic geometries with the aid of numerical 

methods, such as the finite element method (FEM), has been successfully conducted [1,2]. 

The vehicle models can be either concentrated or distributed loads moving with constant 

speeds, or more complicated ones involving spring-mass-damping systems with variable 

speed. The pavement models can be simple beams or plates on Winkler elastic foundations or 

layered half-spaces under conditions of plane strain or full three-dimensionality [2]. 

Eventhough some works dealing with nonlinear pavement behavior have appeared recently, 

most of the works on pavement dynamics are associated with linear elastic material behavior 

including viscoelasticity and poroelasticity [2]. Due to the complexity of vehicle and pave-

ment modeling even when elastic material behavior is assumed, use of numerical methods, 

such as the FEM, is imperative. 

     Flexible pavements, modeled as elastic layered half-spaces under stationary or moving 

loads, have been analysed by various numerical methods such as the FEM, the boundary ele-

ment method (BEM) or the layered system theory in matrix form [3-8]. 

     In this work, the FEM is employed for the numerical determination of the response of flex-

ible pavements composed of three layers on deformable soil to constant speed moving vehi-

cles consisting of multiple axles under three-dimensional conditions. The material behavior of 

the layers and the supporting soil is assumed to be linear elastic. The FEM is employed and 

used in the time domain with the aid of the commercial computer program ANSYS [9].  

     Three- dimensional solid finite elements are used for the discretization of the space domain. 

Nonreflecting viscous boundaries at the four vertical faces and the bottom horizontal face of 

the pavement domain as well as nodal springs at the bottom face are introduced in ANSYS on 

the basis of the theories described in [10] and [11]. The moving with constant speed loads 

(wheels) of the vehicle are simulated by assigning time dependent load values at all the sur-

face nodes along the vehicle path, which are activated at the time it takes for every wheel to 

travel the distance from the origin to every node’s location. This process is provided to 

ANSYS through an attached to it computer program.  

     The above mentioned FEM is validated by comparing it with the analytical solutions in-

volving the elastic half-space under a single, vertical, concentrated or equivalent distributed 

moving or stationary load [12, 13] and the elastic layered half-space  under a distributed verti-

cal static load [14]. Further numerical studies are also made to investigate the cases of static 

versus dynamic loading, of a single load versus a series of loads and of low versus high veloc-

ity of vehicles in order to determine their effects on the pavement response. 

2 FINITE ELEMENT MODELING OF PAVEMENT STRUCTURE 

     Half of a typical three layer flexible road pavement structure in a three-dimensional (3-D) 

space is shown in Fig.1 with the plane zx to be the plane of symmetry. This structure has di-

mensions 29.45 m along the vertical z direction, 15.00 m along the lateral (transverse) y direc-

tion and 30.00m along the longitudinal x direction and is supported by a deformable soil. It 

consists of three elastic layers fully bonded to each other and to the supporting soil with the 

top one being the surface asphaltic layer of thickness 0.15 m, the intermediate one, the granu-

lar base layer, of thickness 0.30 m and the bottom one, the subgrade layer, of thickness 6.00 m. 

The material properties of the layers are E1 = 1000 MPa, v1 = 0.35, ρ1 = 2500 kg/m
3
 for the 

top layer, E2 = 400 MPa, v2 = 0.35, ρ2 = 2100 kg/m
3
 for the intermediate layer and E3 = 80 

MPa, v3 = 0.40, ρ3 = 2000 kg/m
3
 for the bottom layer, where E, v and ρ denote modulus of 

elasticity, Poisson’s ratio and mass density, respectively. 
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Figure 1: The three layered road pavement structure.                            Figure 2: The 8-node 3-D finite element 

                                                                                                                 (SOLID185, with 24 d.o.f.) 

      The above pavement structure is discretized into a finite number of 8-noded 3-D solid el-

ements (bricks) as shown in Fig.2 symbolized as SOLID185 in the commercial computer pro-

gram ANSYS [9] and having in total 24 degrees of freedom (d.o.f.). The thickness of these 

elements increases as one goes from top to bottom of the structure. After some trials one can 

finally end up with an optimum discretization consisting of 145920    elements or 155961 

nodes (3*155961 = 467883 d.o.f.). 

     Because the three vertical faces (the fourth one is the zx plane of symmetry) and the bot-

tom horizontal face of the pavement structure are artificial boundaries, waves generated by 

the motion of the vehicle along the surface of the pavement propagate inside the pavement 

domain are reflected at those artificial boundaries and pollute the wave propagation inside the 

domain. For this reason, one usually introduces absorbing or non-reflecting devices at those 

boundaries. The most widely used absorbing boundaries because of their simplicity, are the 

standard viscous boundaries of Lysmer and Kuhlemeyer [15]. This type of absorbing bounda-

ries, as described for the 3-D case in Hatzigeorgiou and Beskos [10], is used in this work.  

     The artificial vertical boundaries in this work are discretized by rectangular vertical ele-

ments, which are actually the vertical faces of the 3-D solid elements (bricks) used to 

descretize the domain. The dimensions of those elements/faces are a*b as shown in Fig.3. To 

every nodal point one assigns two vertical and one horizontal (perpendicular to the vertical 

element/face) dashpots with values 

cs = (ab)ρVs,  cn = (ab)ρVp (1) 

as shown in Fig.3, where ρ is the mass density and Vs and Vp are the shear wave and dilata-

tional wave velocities, respectively, defined by 

Vs =  ,       Vp =  (2) 
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Figure 3: Vertical artificial boundary (external                   Figure 4: Bottom artificial boundary with nodal soil   

      face of brick finite elements) and viscous                                                             springs 

                                  dashpots 

 

     Viscous dashpots are assigned to all the nodal points of the bottom face of the pavement 

domain in a similar way. At this bottom face one has also to introduce elastic springs at every 

node to simulate the supporting soil medium. The two horizontal spring constants KH and the 

vertical spring constant KV at every bottom node, as shown in Fig.4, are provided by the 

Mulliken and Karabalis [11] expressions 

KH =  ,    KV =  (3) 

 

where D is the half-length of the side of an equivalent square to the rectangular a*b of Fig.4, 

which is given by 

D =  /2 (4)   

      

      The aforementioned dashpots and springs are appropriately introduced into the main 

ANSYS [9] program. For comparison purposes, in this work, rollers are also used at the three 

vertical faces and the bottom one. 

3 MODELING OF MOVING VEHICLE LOADS  

      Consider a typical heavy vehicle (DAF truck model FAD CF75) of Fig.5 with four axles 

of concentrated loads PA =PB =PC = 16 kN and PD = 32 kN and axle distances LAB = 1.40 m, 

LBC = 2.95 m and LCD = 2.05 m. Thus, the total axle length L = 6.40 m and the total weight of 

the vehicle is 80 kN = 18 kips, the standard weight used in US codes [1]. 
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Figure 5:  Typical heavy vehicle (truck) with                        Figure 6: Top of discretized  plane y=0 of  the pavement 

     four axles and  total weight of 80 kN                               system of Fig.1 with four successive nodes along the x axis 

             

     Consider next the top of the discretized plane y=0 of the pavement system of Fig.1 with 

four successive surface nodes along the direction of the vehicle’s motion as shown in Fig.6. It 

is assumed that the distance a between two successive nodes is less than or equal to 1.0m so 

that a<LAB. It is assumed that at time t=0 wheel D is on node i. At that instant one has Pi=PD, 

P i+1=P i+2=P i+3=0. For the vehicle to move a distance a the required time is ta=a/V, where V 

is the constant speed of the vehicle. Hence wheel D will be on nodes i+1,i+2 and i+3 at times 

ta, 2ta and 3ta, respectively. In that case one has 

P i+1=P D  at   t=ta,    P i+2=P D  at   t=2ta,     P i+3=P D  at   t=3ta (5)                              

 

     Without loss of generality, the subsequent analysis concentrates on node i+1. At time t=0 

node i+1 is unloaded. After that, node i+1 starts being loaded since load PD leaves node i and 

moves towards node i+1. Using isoparametric finite element concepts, load PD is distributed to 

nodes i and i+1 in a linear manner during the time interval 0≤t≤ta and the same happens for 

nodes i+1 and i+2 for the time interval ta≤t≤2ta, as shown in Fig.7. The full unloading of node 

i+1 occurs after load PD has reached node i+2. Taking into account that the vehicle considered 

has four axles, the total loading will be the result of the superposition of loads PA, PB, PC and 

PD, as shown in Fig.8. The loading configuration of Fig.8 for node i+1 is repeated for every oth-

er node of the pavement surface with the only difference being from node to node the com-

mencement time of the above quadruple loading. Following this idea, one can model the 3-D 

distributed moving load as a sequence of many point loads along the x and y direction moving 

with a constant speed along the x direction.  
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   Figure 7: Loading of node i+1 by load PD                                          Figure 8: Total  loading of  node i+1 by the whole vehicle 

 

     The aforementioned procedure of load application in the time domain has been programmed 

and that program has been appropriately interfaced with the main ANSYS [9] program. 

4 FINITE ELEMENT SOLUTION IN THE TIME DOMAIN 

     On the basis of the spatial modeling of the pavement structure of section 2, ANSYS [9] 

forms the mass matrix M and stiffness matrix K as well as the matrix equation of motion of that 

structure, which reads as 

Mü + Ku = F (6) 

 

where u is the vector of nodal displacements and F is the vector of nodal external forces on the 

surface z=0 coming from the moving wheel loads of the vehicle. The moving load starts at point 

A under zero initial conditions and terminates at point B, as shown in Fig.1. Structural damping 

is assumed to be zero. 

     Equation (6) is solved in the time domain to accommodate the in time evolution of the mov-

ing vehicle loads. The step-by-step time integration algorithm of Newmark [16] of the constant 

average acceleration type under zero initial conditions is employed in this work. This algorithm 

is unconditionally stable and provides highly accurate results provided an appropriate time step 

Δt has been selected.  

     The selection of an appropriate Δt is done on the basis of the guidelines in [16]. Thus if Lel is 

the maximum finite element length and Vp the dilatational wave velocity one has 

  

Δt ≤ Lel/Vp (7) 

 

 An empirical relation provides Δt directly as [16] 

 

Δt ≤ 1/20f (8) 

 

where f is the highest loading frequency in Hz. Thus, on the assumption that for a truck 

the highest loading frequency f = 20 Hz, one obtains from (8) that Δt ≤ 0.0025 sec. On 

the other hand, for Lel=0.15m (along the x axis) and Vp=500m/s, one has from (7) that 

Δt ≤ 0.3*10
-3

 sec. Thus, computations can commence with Δt=0.6*10
-3

secs and contin-
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ue with smaller values of Δt until convergence of the response results is established or 

an acceptable error is reached at convergence in case the exact value of the response is 

available. 

5 NUMERICAL RESPONSE STUDIES  

     In this section validation studies of the proposed modeling are first presented. These 

have to do with comparisons on the basis of a uniform half-space under moving loads 

between numerical and analytical solutions. Comparisons on the basis of a layered half-

space between numerical solutions for the cases of moving and stationary loads are also 

made. Numerically obtained responses for a single and a series of loads moving on a 

half-space medium are also compared. 

5.1    Uniform half-space elastic medium under moving loads 

     Consider the road pavement structure of Fig.1 with identical properties in all three 

layers and the supporting soil, i.e., with E = 50*10
6
 N/m

2
, v = 0.25 and ρ = 2000 kg/m

3
. 

The resulting domain becomes an elastic half-space with wave velocities of propagation 

Vp = 173.2 m/s and Vs = 100 m/s as obtained with the aid of Eqs (2). For this elastic 

half-space adopted from Eason [12], the Rayleigh wave velocity VR = 92 m/s is the res-

onance wave velocity for a moving concentrated load. In road pavements, realistic ve-

locities of moving vehicles do not exceed V = 50 m/s (180 km/h) and hence one deals 

with the subsonic case (V<Vs) and does not worry about resonance. 

     Table 1 lists the maximum values of the vertical displacement uz at a depth of z = -

1.0 m below the point Q (15, 0, 0) in the middle of the total length OC of the road 

(Fig.1) as obtained by ANSYS [9] for the velocity V=20m/s of the single concentrated 

moving load P = 80 kN, three types of boundary conditions and three time steps Δt to-

gether with the corresponding analytical values from Eason [12]. The case of the single 

concentrated load P is realized by assigning the values of PD = P = 16+16+16+32 = 80 

kN and PA = PB = PC = 0 in the general four wheel vehicle case of Fig.5. Table 1 also 

shows the relative per cent error of the present numerical approximation as compared to 

the ‘exact’ analytic values of Eason [12]. It is observed that convergence of the numeri-

cal results is obtained for Δt = 0.3*10
-3

sec for all cases of boundary conditions. Howev-

er, only the error of the case of absorbing boundaries (about 2-3%) is considered 

acceptable for displacements, because naturally one expects the error to be higher for 

stresses and strains but no more than 10%, which is usually the limit for design purpos-

es.  
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Eason [12] 

uz= 

0.81608*10
-3

m 

Δt 

(secs) 

Rollers at  

bottom 

Rollers  

everywhere 

Absorbing  

boundaries 

0.6*10
-3 

 uz= 

0.85186*10
-3

m 

e=4.38% 

uz= 

0.826032*10
-3

m 

e=1.22% 

uz= 

0.816635*10
-3

m 

e=0.08% 

0.3*10
-3 

 uz= 

0.878057*10
-3

m 

e=7.59% 

uz= 

0.85980*10
-3

m 

e=5.36% 

uz= 

0.836078*10
-3

m 

e=2.45% 

0.15*10
-3 

 uz= 

0.879081*10
-3

m 

e=7.72% 

uz= 

0.857455*10
-3

m 

e=5.07% 

uz= 

0.843428*10
-3

m 

e=3.35% 

 

Table 1: Maximum vertical displacement uz at depth z=-1.0m below Q due to a vertical point load 

P=80kN moving with a speed V=20m/s on the surface of half-space for three types of boundary condi-

tions and three values of Δt. 

     Consider now the case of a moving distributed load on the surface of the half-space. 

The area in the full domain on which the load P=80 kN acts, on the basis of the adopted 

discretization as well as Huang [1], is A=0.45*0.30 m
2 

yielding a pressure p=0.5926 

MPa. Table 2 provides the maximum values of the vertical displacement uz at a depth 

z=-1.0 m below Q due to the above pressure p moving at a speed V=20 m/s on the sur-

face of the half-space for three types of boundary conditions and three values of Δt. Ap-

proximate analytical results from Eason [12] are also given in Table 2. It is seen from 

that table that convergence of the numerical results with acceptable error (about 2%) is 

obtained for Δt=0.3*10
-3

secs for either the ‘rollers everywhere’ or the absorbing 

boundaries. It is also observed from Table 2 that the response to the distributed load is 

less than that to the point load, as expected. 

     Another comparison study on the basis of the elastic half-space model involved the 

maximum values of the displacement uz as computed by using a single total load P = 80 

kN and a series of four concentrated loads PA = PB = PC = 16 kN and PD = 32 kN, as 

shown in Fig.5. It was found that for the case of V = 20 m/s and Δt = 0.0003 secs, the 

maximum displacement uz, as obtained for the case of the series of moving loads, is 

0.352775*10
-3

 m, i.e., smaller than the corresponding one 0.836078*10
-3

 m for the case 

of the single moving load, as expected. 

 

 

 

Modified  

Eason[12] 

uz= 

0.800765*10
-3

m 

Δt 

(secs) 

Rollers at 

 bottom 

Rollers  

everywhere 

Absorbing 

 boundaries 

0.6*10
-3 

 uz= 

0.785836*10
-3

m 

e=-1.86% 

uz= 

0.752302*10
-3

m 

e=-6.05% 

uz= 

0.748779*10
-3

m 

e=-6.49% 

0.3*10
-3 

 uz= 

0.819808*10
-3

m 

e=1.90% 

uz= 

0.785013*10
-3

m 

e=-1.96% 

uz= 

0.780815*10
-3

m 

e=-2.49% 

0.15*10
-3 

 uz= 

0.820634*10
-3

m 

e=2.48% 

uz= 

0.786049*10
-3

m 

e=-1.84% 

uz= 

0.782750*10
-3

m 

e=-2.25% 

 

Table 2: Maximum vertical displacement uz at depth z=-1.0 m below Q due to a vertical distributed load 

p=0.5926 MPa moving at speed V=20 m/s on surface of half-space for three types of boundary conditions 

and three values of Δt. 
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     Since in pavement design, static analytic solutions for the uniform or the layered half 

space under distributed load are widely used [1], a comparison between analytical due 

to Boussinesq [13] and numerical results obtained here for the half-space under static 

distributed load is shown in Table 3. It is observed in that table that the error for the dis-

placement is almost the same with that of the dynamic case (Table 2), while the error for 

stresses is higher, as expected. Furthermore, it is observed that for the numerical results 

σx ≠ σy, as expected because of lack of axisymmetry in the numerical model.  

 Analytic Numerical error% 

uz -0.781237*10
-3

m -0.762646*10
-3

m -2.38 

σz -36.2610*10
-3

MPa -34.9024*10
-3

MPa
 

-3.75 

σx 2.70265*10
-3

MPa 2.60308*10
-3

MPa
 

-3.68 

σy 2.70265*10
-3

MPa 2.79802*10
-3

MPa
 

-3.53 

 

Table 3: Vertical deflection and stresses at z=-1.00 m below Q due to a vertical distributed static load 

p=0.5926 MPa acting on the surface of the uniform half-space. 

5.2    Layered half-space elastic medium under moving loads 

     Consider the layered half-space model of Fig.1 with elastic material properties as 

described in section 2 under the moving with speed V=20 m/s distributed load p=0.5926 

MPa. Using absorbing boundary conditions and  Δt=0.3*10
-3 

secs, Table 4 provides 

maximum vertical displacements, stresses and strains for the above pavement structure 

at z=-0.15m and -0.45m, usually needed for design purposes. The vertical deflection uz 

at the surface of the top layer was found to be -0.89667*10
-3 

m. 

z(m) uz(m) σz (MPa) σx (MPa) σy (MPa) εz (*10
-3

) εx (*10
-3

) εy (*10
-3

) 

-0.15 -0.849042 

*10
-3

 

-0.692631 -0.244614 -0.207232 -0.551984 0.109700 0.211367 

-0.45 -0.668003 

*10
-3

 

-0.111987 0.106403 0.108179 -0.465643 0.268868 0.278996 

 

Table 4: Maximum vertical displacements, stresses and strains in elastic layered pavement structure under 

a moving distributed load with V=20 m/s. 

     Consider now the previous pavement structure under the same load, which is applied 

statically. Table 5 provides values for the same response quantities as Table 4 but for 

the static case. Values in parentheses indicate approximate analytical values obtained by 

the method of Odemark [14]. The static vertical deflection uz at the surface of the pave-

ment was found to be -0.85730*10
-3

m numerically and -0.91830*10
-3

m analytically. It 

is observed from Table 5 that while the numerical results for displacements are rather 

close to the approximate analytical ones, this is not always the case for stresses and 

strains. Finally, a comparison between the dynamic results of Table 4 and the static ones 

of Table 5 reveals that the former are always larger than the latter ones for displace-

ments and in almost all the cases for stresses and strains.  
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z(m) uz(m) σz (MPa) σx (MPa) σy (MPa) εz (*10
-3

) εx (*10
-3

) εy (*10
-3

) 

-0.15 -0.813351 

*10
-3

 

(-0.86250 

*10
-3

) 

-0.4464 

(-0.3890) 

-0.09653 

(-0.04512) 

-0.06617 

(-0.04512) 

-0.4895 

(-0.88217) 

-0.0592 

(0.26272) 

0.1180 

(0.26272) 

-0.45 -0.632773 

*10
-3

 

(-0.69230 

*10
-3

) 

-0.08217 

(-0.0742) 

0.05167 

(0.00092) 

0.05439 

(0.00092) 

-0.46299 

(0.93669) 

0.26063 

(-0.37789) 

0.276045 

(-0.37789) 

 

Table 5: Displacements, stresses and strains in elastic layered pavement structure under static distributed 

load  (approximate analytic values are in parentheses). 

6 CONCLUSIONS  

 An effort has been made to construct in the framework of the ANSYS computer 

program a general 3-D model for the simulation in the time domain of the dynam-

ic response of a flexible road pavement to the motion of a vehicle under linear 

elastic material behavior. 

 

 This modeling required the construction of a special moving loads program, 

which makes possible the loading of the road pavement structure as the vehicle 

moves at a constant speed and is connected with the main ANSYS program as 

well as special viscous absorbing boundaries at the vertical faces and bottom face 

of the domain to avoid wave reflections at its boundaries and special springs at its 

bottom face to simulate the supporting soil. 

 

 The above model was used to study the dynamic and static responses of the 

pavement to moving or stationary loads for the cases of the homogeneous half-

space and the layered half-space and compare them against those from analytical 

methods. 

 

 Comparison and convergence studies led to the optimum domain model and its 

discretization and an approximate time step for obtaining solutions of acceptable 

accuracy at a reasonable computational cost. 

 

 It was found that dynamic response is always higher than the corresponding static 

one and that increasing values of vehicle speed increase the pavement response.  

Furthermore, it was also found that a series of moving loads or a distributed mov-

ing load result in a lower response than a single moving load of intensity equal to 

the sum of intensities of the series of loads or to the resultant force of the distrib-

uted load. 

 

 More work is required in order to complete this study that includes the effect of 

viscous damping on the response and consideration of linear viscoelastic material 

behavior for the top (asphalt) layer as well as comparisons with experimental re-

sults. 
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Abstract. One of the major concerns of engineering seismology is to understand and explain 
vibration properties of the soil excited by near earthquakes. Alluvial deposits, often very 
irregular geometrically, may affect significantly the amplitudes of incident seismic waves. A 
numerical method is presented for scattering and diffraction of plane waves( SH,P and SV)  of 
arbitrary angle of incidence from three-dimensional complicated topography in this study. 
The wave input is realized through the free field wave motion obtained by Thomson-Haskell 
transfer matrix method. The wave motions are calculated by the method of lumped-mass 
explicit finite element and local transmitting artificial boundary condition. The method is 
applied to the analytically solved case of semi-spherical alluvial valley on homogenous 
elastic half space to verify its accuracy.  
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1 INTRODUCTION 

Topographical and geological irregularities can induce large amplifications and variations 
in ground motion during earthquakes. The focusing and scattering of the energy carried by 
seismic waves seem to be the causes of such effects. Large differences of motion between 
nearby places may be significant in the response of important facilities, like bridges, dams, 
and life-line systems. Many authors have studied the problem of two-dimensional 
irregularities for various incident wave fields[3,6-10].Three-dimensional problems have 
received less attension duo to the increased difficulties which arise in solving this class of 
problems[1-2,4-5,12-13]. The response of a 3D topography, either a mountain or a canyon, is 
very sensitive to the azimuth, angle and type of incident wave. To study the half-space 
problem using the domain discretization technique, such as finite element method and finite 
difference method, we should introduce a fictitious boundary to make the computation region 
finite and impose a condition on this boundary to account for the effect of the unbounded 
medium. The difficulty of wave scattering and diffraction problem solved using numerical 
method is to deal with the input and the artificial boundary condition. In this paper, a 
numerical method is presented to solve wave scattering and diffraction problem conveniently. 

2 METHOD OF ANALYSIS 

The three-dimensional model to be analyzed is shown in Fig.1. It consists of a semi-
spherical valley of radius r . The soil is assumed to be elastic, isotropic and homogeneous, 
and the contact between the valley and the half-space is assumed to be welded. The material 
properties are given by mass density   ,the velocity of the shear waves   and Poisson ratio 
 . The subscript R  designates these constant in the valley and E  in half space. We assume 
that the half-space is subjected to the incident plane wave traveling upward and to the right 
along a ray which makes an angle  with the z axis . The solution of this problem has been 
obtained by F.J.Sanchez-Sesma(1983,1989). 

 

 
Figure.1 semi-spherical valley and the surrounding half-space 

2.1 Input of the Scattering Problem 

The incident waves come from the domain exterior to the computation region. Far from the 
valley the incident waves are reflected from the free surface and incident and reflected waves 
interfere to give the resulting free-field motion fu . Close to the valley, the total motion u  
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comprises of the free-field motion fu  and the waves su , reflected and diffracted by the 

material discontinuity. That is 
 

f su u u 
                         (1) 

 
For the interior node, the total displacement can be obtained through finite element method. 
For the artificial boundary node, the diffraction displacements su  can be calculated through 

artificial boundary condition and the total displacements can be obtained by superposition of 

s fu u( ) . The free-field motion can be obtained through Thomson-Haskell transfer matrix 

method[11]. The governing equations of the interior nodes and the boundary nodes may be 
formulated as follows. 

2.2 Governing Equations of the Interior Nodes 

The governing equations of the interior nodes may be set up using the standard finite 
element technique. What should be noted is that the lumped-mass formulation is suggested for 
the spatial discretization in this study. This is because not only the lumped-mass formulation 
is much more practical than the consistent-mass for large-scale computations, but also it is the 
simplest manner to reflect the local feature of wave motion. The governing equations of the 
interior nodes are written in the following form (Z.P.Liao,2002) 
 

0i i i im   u F P                                                    (2) 
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im  is the lumped mass on node i . iN  is shape function matrix for node i . iF  is the constitutive force 

vector exerted on node i . iP  is a given external force vector exerted on node i , g  is the body force，
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b  is the stress vector prescribed on boundary.  

Assuming the linear viscoelastic constitutive relationship and using central difference integral 
scheme, Eqn.(2) can be re-written as 
 

2
1 1 1

( ) ( ) ( ) ( ) ( )2 ( )p p p e p e p p p
i i i l i k j k l i k j k j k i

e k e ji

t
K C

m
   
      

 
 u u u u u u P


        (6) 

 
where, ( , )p

iu u p t i x   , t is time step and x is spatial step. ( )
e
l i kK  and ( )

e
l i kC  are the element 

stiffness matrix and element damping matrix, respectively. The subscript ( )l i means that the 

global node index i  corresponds to the element local node index l .The subscript ( )j k  in ( )
p
j ku  

means that the global node index j corresponds to the element local node index k . The 

e
 means summation of all elements which includes the global node index i . 

2.3 Governing Equations of the Boundary Nodes 

      The local ABC called as Muti-Transmitting Formula (MTF) is adopted here, which is written as 
(Z.P.Liao,1996) 
 

1 1 1
,0 ,

1

( 1)
N

p j N p j
s j s j

j

u C u   



                                                (7) 

 
where， N

jC  are binomial coefficients. 
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s j s au u p t jc t                                                    (9) 

 
N is the approximation order of MTF, ac  is artificial speed. The coordinates ax jc t    

indicate the sampling points on the x-axis, which is perpendicular to the artificial boundary at 
a boundary point under consideration. Since the point ax jc t    do not generally coincide 

with the discrete nodes x n x   , in order to implement Eqn.(7), an interpolation scheme is 
required to express ( , )s au t jc t   in terms of ( , )su t n x  . After a quadratic interpolation, the 

second-order ( 2)N  MTF can be expressed as 
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where,   aS c t x，  , ,p

s j su u p t j x    . 

Assuming that the responses of the system are known before time ( )1p t  , the responses 
at time ( )1p t   can be calculated as follows 
(1) Calculate the free-field displacements using the transfer matrix method[11], and the 
diffraction displacements at time p t  and ( )1p t   can be obtained through Eqn.(1). 
(2) The displacements of interior node at time ( )1p t  can be calculated using Eqn.(6) 
(3) Calculate the diffraction displacements of artificial boundary points at time ( 1)p t   using 
Eqn.(10), and the total displacements of artificial boundary points can be obtained by Eqn.(1). 
(4) Repeating the steps above, the response of the system can be obtained at successive time. 

3 NUMERICAL EXAMPLES 

The dimension of the calculation region is 3408080 m  and 10r m , as shown in Fig.1. 
The material properties of the valley are: shear wave velocity 180 /R m s  ,mass density 

3/3000 mkgR  ,modulus of elasticity PaER
910248.1  ,Poisson ratio 0.3Rv   and 

damping ratio 0.02R  . The material properties of the half space are: 400 /E m s  ，
3/3000 mkgE  , PaEE

910248.1  ， 0.25Ev  ， 0.02E  . Eight-node hexahedron 
elements are employed and the dimension of the element is about 1 1 1m m m  . The time step 
is 0.0005s, and the total time steps is 8192. 

The incident wave is shown in Fig.2, which is impulse displacement, and the 
corresponding spectrum is shown in Fig.3. The incident angle   is selected as o0 , o30 , o60  and 

o90 , respectively.  
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Figure 2. Incident  wave                       Figure 3. The spectrum of incident wave 

3.1 SH wave case  

For SH incident wave, this problem was studied by F.J.Sanchez-Sesma(1983,1989). The 

results are demonstrated as spectral amplification
( )

( )I

U

U




versus dimensionless 

frequency




 rfrr

EE

22
 ,   is the wavelength. For incident angle o30 , the 

displacement spectral amplification along x and y axis, are given in Fig.4-Fig.7.  
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              （a） 5.0                                （b） 0.1                                  (c) 0.2  

Figure 4 surface spectral amplification of horizontal y-component displacement  
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（a） 5.0                                （b） 0.1                                  (c) 0.2  

Figure 5 surface spectral amplification of horizontal x-component displacement  
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（a） 5.0                                （b） 0.1                                  (c) 0.2  

Figure 6 surface spectral amplification of horizontal y-component displacement 
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（a） 5.0                                （b） 0.1                                  (c) 0.2  

Figure 7 surface spectral amplification of vertical z-component displacement 
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Fig.4-Fig.7 compares the amplifications obtained by the presented method along the valley 

with those obtained by J.Sanchez-Sesma(1983,1989), the solid line denotes the numerical 
results from the proposed method in this study, and the dash line represents the analytical 
results obtained by J.Sanchez-Sesma(1983,1989). The agreement is very good for both 
horizontal and vertical component, which tests the accuracy and efficiency of the proposed 
method.  

3.2 P wave case   

For comparison with the solution obtained by F.J.Sanchez-Sesma(1983,1989) for incident 
angle o0 , the displacement spectral amplification are given in Fig.8-Fig.9. The agreement is 
also very good for both horizontal and vertical component, which further tests the accuracy 
and efficiency of the proposed method. 
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（a） 5.0                                             （b） 0.1                               
Figure 8  surface spectral amplification of horizontal x-component displacement 
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（a） 5.0                                             （b） 0.1                               

Figure 9  surface spectral amplification of vertical z-component displacement 
 

4 CONCLUSIONS   

A numerical method has been applied to solve the scattering and diffraction of elastic 
waves by three-dimensional surface irregularities. The method consists of lumped-mass 
explicit FEM, Multi-transmitting boundary condition and Thomson-Haskell transfer matrix 
method. The scattering and diffraction of Plane SH and P waves by a semi-spherical valley 
are analyzed, and the accuracy of this method is validated through comparison with the results 
of F.J.Sanchez-Sesma(1983,1989). For the fixed geometrical and physical properties of the 
valley and its surrounding medium, the degree of complexity of the spectral amplification 

4602



S.L.Chen, X.J.Zhu 

 

pattern increase with the increase of frequency of the incident waves. The method in this 
study can be used to arbitrarily irregular topography. 
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Abstract. Based on the multiphase poroelasticity theory, the reflection characteristics of an 

obliquely incident plane wave upon a plane interface between overlying water and a gassy 

marine sediment layer with underlying elastic solid seabed are investigated. The sandwiched 

gassy layer is modeled as a porous material with finite thickness, which is saturated by two 

compressible and viscous fluids (liquid and gas). The closed-form expression for the ampli-

tude ratio of the reflected wave, i.e., reflection coefficient, is derived according to the boun-

dary conditions at the upper and lower interfaces in the proposed model. Using numerical 

calculation, the influences of incident angle, wave frequency, layer thickness and liquid satu-

ration of sandwiched porous layer on the reflection coefficient are analyzed, respectively. It is 

revealed that the reflection coefficient is closely associated with incident angle and sand-

wiched layer thickness. Moreover, in different frequency ranges, the dependence of the wave 

reflection characteristics on moisture (or gas) variations in the intermediate marine sediment 

layer is distinguishing. 
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1 INTRODUCTION 

Wave reflection coefficient is an important parameter representing the quantitative charac-

terization of the geoacoustic properties of the seabed sediment and its subbottom structure. 

During the past several decades, the subject of plane reflection from the ocean floor is impor-

tant in the applications such as geophysics, seismology, underwater acoustics, petroleum en-

gineering, and hydrogeology [1-6]. The fundamental theory of the elastic plane wave 

propagation in fluid-saturated porous media was initially introduced by Biot who predicted 

the existence of three types of bulk waves propagating in the fluid-filled porous material: P1 

wave, P2 wave and S wave [7]. The P2 wave was observed firstly in sintered glass beads [8] 

and then in natural air-filled sand-stone [9]. Based on Biot theory and its extension to unsatu-

rated media, the transmission and reflection of bulk waves at the boundary between water and 

fluid-saturated porous sediment were discussed [2,10,11,12] Stoll & Kan investigated the ref-

lection and transmission of seismic waves at interface between water and a material which is 

believed to be a realistic model of marine sediment [2]. Albert compared two different inter-

faces, the air/air-filled porous medium and the water/water-saturated porous medium [13]. 

Denneman et al. studied the wave properties at a fluid/porous-medium interface through sim-

ple closed-form expressions for the reflection and transmission coefficients [14]. From the 

Biot - Gassmann theory for fluid-saturated porous rocks, Russell et al. first derived a general 

formula for fluid-property discrimination and combined it with an AVO inversion to show its 

geophysical applications in the extraction of information about the fluid properties of the re-

servoir. Considering volume scattering, Ohkawa et al. studied the reflection and transmission 

coefficients at the surface of sandy seabed [16] and then Ohkawa [12] confirmed the efficien-

cy of Biot theory to describe wave problems in water-saturated granular marine sediment. Dai 

& Kuang obtained the reflection and transmission coefficients at the interface between water 

and double porosity solid half-space [17].  

In these aforementioned studies, the seabed model was regarded as a isotropic and homo-

geneous porous half-space. More often, though, ocean floor is covered by the marine sedi-

ment layer with finite thickness, which can be considered as multi-phase porous medium 

consisting of solid skeleton and two compressible and viscous fluids (i.e., liquid and gas). 

Thus some other researches were also carried out by modeling the ocean floor as layered 

sediments with an underlying substrate. Kuo used an plane wave scattering model for three 

homogeneous layers consisting of a thin solid sediment layer sandwiched by semi-infinite 

water and solid basalt media [18]. Ainslie derived the simple expressions of wave reflection 

and transmission coefficients for a layered fluid sediment layer sandwiched between a 

uniform fluid above and a uniform solid substrate below[19]. Wang et al. [20] and Lyu et al. 

[21] investigated plane wave propagation at the interface between water and porous sediment 

with an underlying solid substrate and double porosity substrate, respectively.  

However, it has been extensively accepted that some natural sedimentary materials are not 

fully saturated by liquid. The above-mentioned literatures modeling the ocean floor as layered 

seabed sediments with an underlying half-space seldom took the moisture (or gas) variations 

of marine sediment layer into account. The model of Boyle & Chotiros [22] found that very 

small amounts of gas were sufficient to dominate other wave scattering mechanisms from the 

ocean floor. In fact, Biot theory did not involve the case when two different immiscible phase 

fluids coexist in the interstice of porous sedment. Due to the appearance of gas phase, besides 

two longitudinal waves (P1 wave and P2 wave) and one transverse wave (S wave) in Biot 

theory, which appear in the fully liquid-saturated porous medium, an additional longitudinal 

wave (P3 wave) emerges [23-27]. Based on the three-phase porous theory, reflection and 
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transmission phenomenon of incident waves at the plane surface of semi-infinite porous ma-

terial were discussed [28,29].  

Until now, to the best of our knowledge, no investigation have been launched to study the 

reflection and transmission of plane waves at the plane interface between water and ocean 

floor comprising an upper gassy poroelastic layer and underlying elastic seabed. The purpose 

of the present paper is to discuss this issue. This problem is meaningful and essential for ex-

ploring oil, gas, or water contained in the fissured rocks of the ocean floor. Our procedure is 

formulated within the framework of the continuum theory of mixtures. The closed-form ex-

pressions for the amplitude ratios of reflected and transmitted plane waves are derived based 

on the linear viscoporoelastic model [27, 29]. In a systematic manner, these coefficients are 

then used to analyze the influences of incident angle, wave frequency, layer thickness and liq-

uid saturation of sandwiched porous layer on the wave reflection characteristics upon the gas-

sy poroelastic layer, respectively. 

2 BASIC WAVE THEORY 

The following analytical process is carried out basing on the standard elastic wave analysis. 

Fig. 1 shows the coordinate system for the problem of plane wave incidence, reflection and 

transmission. This system comprises the overlying water, the poroeastic sediment layer con-

taining free gas, and the underlying solid seabed. The overlying water is assumed as ideal 

compressible fluid. The sandwiched sediment layer is modeled as linear three-phase porous 

medium with finite thickness H. The underlying substrate is considered as linear elastic solid 

half-space. Here, z axis is directed vertically upwards and the x axis is assumed along horizon-

tal direction as shown in Fig. 1. z = 0 and z = -H represent two plane interfaces separating the 

overlying water, the gassy poroelastic layer and the underlying solid half-space, respectively. 

The interface along z = -H is in perfect contact in such a way that the fluid cannot flow from 

porous medium to the solid substrates.  

 

Point source

Atp3 Atp2 Bts Atp1

Arp3Arp2 Brs Arp1

Bte Ate

z

ArAi

x z = 0

z = -H

y

Seawater half space

Gassy poroelastic

 layer

Elastic solid half

space

 

Figure 1. Coordinate system for the incident, reflected and transmitted waves 
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2.1. Sandwiched gassy poroelastic layer 

In this paper, the sandwiched gassy poroelastic medium is considered as a mixture consist-

ing of a deformable solid frame, a liquid phase and a gas phase, designated by the superscripts 

“S”, “L”, and “G”, respectively. The character α is used to denote an individual phase, i.e., α = 

S, L, G. In the framework of the multiphase continuum theory [23, 25, 30], the motion 

equations for the gassy poroelastic medium, which can degenerate to the form of Biot model 

in fully liquid-saturated state, are given [27,29]: 

where and 2 are the gradient operator and Laplace operator in the Cartesian coordinate, re-

spectively. 
u (α = S, L, G) represents the displacement vector of α phase; 

u and 
u denote the 

velocities and accelerations of individual component, respectively.  is the material density 

of α phase; 
S  and 

S  are the classical Lamé’s constants of the empty porous solid; n denotes 

the fraction of the volume occupied by α phase; L and G are the drag force parameters 

representing the viscous dissipation between the fluids (liquid and gas) and the solid skeleton, 

respectively, the detailed expressions of which can be found in the references [25, 31, 32 ]. 

SSr , LLr , GGr , SLr , SGr and LGr are the coefficients pertinent to the coupling between different phas-

es and can be determined from the relationships between them and the measurable parameters, 

which was detailed discussed in the porosity theory [27]. 

With the aid of the usual Helmholtz resolution of a vector, the three displacement vectors 

can be conveniently written in the following forms: 



  u H ,   0 H ,                                                    (2) 

where  and H (α = S, L, G) are the scalar and vector potential functions for the solid, liquid 

and gas phases, respectively.  

Substituting Eq. (2) into Eq. (1) and then applying divergence and curl operators to both 

sides of Eq. (1) respectively, we obtain 

Eqs. (3) and (4) describe the propagation of the P wave and S wave in three-phase porosity 

media, respectively. The general solutions of Eqs. (3) and (4) are of the forms: 

exp[i ( )]p pA k lx nz c t     ,                                                (5) 
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exp[i ( )]s sk lx nz c t   H B ,                                                (6) 

where i 1  ; kp and ks are the wave numbers of P wave and S wave respectively; l and n are 

the values of direction vectors; cp and cs are the phase velocities of the P wave and S wave 

respectively. 

Substituting Eq. (5) into Eq. (3), we get the following characteristic equation for P wave: 

 det[ ] 0A  ,                                                           (7) 

where [A] is a symmetric matrix of order 3×3 with its elements given by 

2 2

11 i ( ) ( 2 )L G S p SS S S S Sa k r n n            , 2 2

22 i L L p LLa k r     , 

2 2

33 i G G p GGa k r     , 2

12 21 i L p SLa a k r    , 

2

13 31 i G p SGa a k r    , 2

23 32 p LGa a k r   . 

In a similar manner, substituting Eq. (6) into Eq. (4), the following characteristic equation 

for S wave is derived: 

det[ ] 0B  ,                                                                        (8) 

where [B] is also a symmetric matrix of order 3×3, its entries are given by 

2 2

11 i ( )L G S S S sb n k         , 2

22 i L Lb     , 2

33 i G Gb     , 

12 21 i Lb b    , 13 31 i Gb b    , 23 32 0b b  . 

Eqs. (7) and (8) indicate in a physical sense that there exist one type of S wave and three types 

of P wave in the sandiwiched elastic porous layer containing two immiscible fluids, typically 

denoted as P1 wave, P2 wave and P3 wave in descending order of phase speed [23, 25,26,27].  

In an isotropic three-phase porous medium, the constitutive expressions representing the 

stress-strain relationships take the following forms [27]: 

2 2 2[( ) ] 2S

SS S S S SL L SG G S S Sr n r r I n             ,                           (9) 

2 2 2( )L

SL S LL L LG Gp r r r I         ,                                                  (10) 

2 2 2( )G

SG S LG L GG Gp r r r I         ,                                                 (11) 

where S is the stress in porous solid; Lp and Gp are the pressures of liquid and gas respectively; 

I is unit tensor matrix. S denotes the strain tensor of the solid skeleton, i.e.,
1

[ ( ) ]
2

S S T

S    u u , 

the superscript T represents the transpose.   

2.2. Overlying seawater half-space 

The motion equation of overlying water has the following form: 

W W

W WK  u u ,                                                             (12) 

where WK is the bulk modulus of the water, W is the water density and W
u is its displacement 

vector. 

The fluid pressure in the upper water is 

W

W Wp K  u .                                                             (13) 
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2.3. Underlying elastic half-space  

The underlying elastic half-space represents the bedrock under the shallow poroelastic se-

diment layer and has the governing equation as:  

2E E E

E E E E      ( + ) u u u ,                                               (14) 

where E and E are Lame’s constants, E is the solid density, and E
u is the displacement vector 

with the following form: 

E

E E u H ,                                                          (15) 

where E and EH are the scalar and vector displacement potentials, respectively. 

3 BOUNDARY CONDIIONS 

As depicted in Fig. 1, a plane P wave (plane wave) propagates through the upper water 

half-space and then impinges upon the interface (z = 0) with an angular frequency ω and an 

angle of incidence θi. In this circumstance, one reflected P wave (plane wave) is generated in 

the overlying water (z > 0). Furthermore, according to Eqs. (7) and (8), four transmitted bulk 

waves from the upper interface and four reflected bulk waves from the lower interface are 

predicted to be excited in the sandwiched gassy poroelastic layer (-H < z < 0) and two trans-

mitted waves exist in the elastic substrate (z < -H). Accordingly, the displacement potential 

functions of the incident, reflected and transmitted waves can be expressed as: 

(i) In the overlying water (z > 0): 

exp[i ( )] exp[i ( )]W i ip ip ip ip r rp rp rp rpA k l x n z c t A k l x n z c t       ,                           (16a) 

(ii) In the gassy poroelastic layer (-H < z < 0): 

3 3

1 1

exp[i ( )] exp[i ( )]S S

S tpn tpn tpn tpn tpn rpn rpn rpn rpn rpn

n n

A k l x n z c t A k l x n z c t
 

       ,        (16b) 

3 3

1 1

exp[i ( )] exp[i ( )]L L

L tpn tpn tpn tpn tpn rpn rpn rpn rpn rpn

n n

A k l x n z c t A k l x n z c t
 

       ,        (16c) 

3 3

1 1

exp[i ( )] exp[i ( )]G G

G tpn tpn tpn tpn tpn rpn rpn rpn rpn rpn

n n

A k l x n z c t A k l x n z c t
 

       ,        (16d) 

exp[i ( )] exp[i ( )]S S

S ts ts ts ts ts rs rs rs rs rsH B k l x n z c t B k l x n z c t      ,                            (16e) 

 

exp[i ( )] exp[i ( )]L L

L ts ts ts ts ts rs rs rs rs rsH B k l x n z c t B k l x n z c t      ,                            (16f) 

exp[i ( )] exp[i ( )]G G

G ts ts ts ts ts rs rs rs rs rsH B k l x n z c t B k l x n z c t      ,                           (16g) 

(iii) In the elastic substrate (z < -H) 

exp[i ( )]E pe pe pe pe peA k l x n z c t    ,                                           (16h) 

exp[i ( )]E se se se se seH B k l x n z c t   .                                              (16i) 

where the subscripts i, r and t refer to the quantities corresponding to the incidence, reflection 

and transmission, respectively.  

Substituting Eqs. (16b) – (16g) into Eqs. (7) and (8), we obtain the following relations be-

tween the various values of the amplitudes of reflected and transmitted waves: 
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( ) ( ) ( ) ( )

13 22 23 12

( ) ( ) ( ) ( )

23 11 13 21

L L n n n n
rpn tpn

Ln S S n n n n

rpn tpn

A A a a a a

A A a a a a



  


,  (n = 1, 2, 3)                                           (17a) 

( ) ( ) ( ) ( )

32 21 22 31

( ) ( ) ( ) ( )

22 33 23 32

G G n n n n
rpn tpn

Gn S S n n n n

rpn tpn

A A a a a a

A A a a a a



  


,  (n = 1, 2, 3)                                           (17b) 

22

21

L L

rs ts

LS S S

rs ts

B B b

B B b
     ,                                                                                   (17c) 

 21 12 11 22

13 22

G G

rs ts

GS S S

rs ts

B B b b b b

B B b b



   .                                                                       (17d) 

When Eqs. (17a) – (17d) are combined with Eqs. (16a) – (16i), there remain unknown 

complex amplitudes which could be determined by considering the boundary conditions. 

These boundary conditions concerning stress and displacement components need to insure the 

continuity across the upper and lower plane interfaces at z = 0 and z = -H. Due to the difficul-

ty to determine the fluid flow impedance across the interface between overlying water and 

gassy poroelastic layer [3], sealed-pore boundary condition is employed here for simplicity.  

The interface between the overlying water and gassy poroelastic layer (z = 0) yields 

continuity of normal stress: S

zz Wp  ;                                                                 (18a) 

continuity of normal displacement: S W

z zu u ;                                                       (18b) 

disappearance of relative displacements: 0L S

z z u u ,   0G S

z z u u ;                   (18c,d) 

disappearance of tangential stress:       0S

xz  ;                                                    (18e) 

The interface between the gassy poroelastic layer and underlying solid half-space (z = -H) 

yields 

 continuity of normal displacement: S E

z zu u ;                                                        (18f) 

continuity of tangential displacement: S E

x xu u ;                                                   (18g) 

continuity of tangential stress: S E

xz xz  ;                                                               (18h) 

 continuity of normal stress: S E

zz zz  ;                                                                    (18i) 

disappearance of relative displacements: 0L S

z z u u ,  0G S

z z u u ;                      (18j,k)   

Combining the potential functions (16a) – (16i) and the boundary conditions (18a) – (18k) 

and then considering Snell’s law at the interface, we get the following set of equations: 

[ ][ , , , , , , , , , , ] [ ]S S S S S S S S T

r tp1 tp2 tp3 rp1 rp2 rp3 ts rs te te iM A A A A A A A B B A B A Q ,                            (19) 

where the corresponding elements in the matrixes [ ]M and[ ]Q are given in Appendix. 

4 NUMERICAL RESULTS AND DISCUSSION 

In order to investigate the dependence of the amplitude coefficient of the reflected waves 

(i.e., /r iA A ) on the incident angle, frequency, liquid saturation of the porous layer, and the 

layer thickness, a numerical study is carried out by Matlab. In fact, the energy of the incident 

and reflected wave in the seawater is proportional to the amplitude. So the amplitude reflec-
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tion coefficient in this paper could also express the fraction of the energy of the reflected 

wave. And this methodology has the potential to be used on real data through AVO analysis. 

Based on the method of Fatti et al [33], Russell, et al. [34] estimated the P and S-wave imped-

ances using a standard inversion technique. The material parameters needed in the numerical 

simulation are summarized in Table. 1. The reflection coefficient is calculated with respect to 

the various model parameters from the formulas derived in the previous section.  

It is worth noting that, when the excitation frequency ω exceeds a certain transition fre-

quency ωc, the viscous coupling coefficient becomes frequency-dependent and the frequency 

correction should be introduced. The transition frequency for the porous medium saturated by 

two immiscible fluids is defined as 1

c   [36], where τ is considered as the sum of two 

“damping time scales” for liquid and gas in the pore as: 

( / / )L G

L G L r L G r Gk k k          .                                             (20) 

where k is the intrinsic permeability of the porous medium; F (F = L,G) is the fluid viscosity; 
F

rk is the relative permeability simplified to be a function of saturation. So the transition fre-

quency ωc can be viewed as a function of water saturation. Based on the material parameters 

given in table 1, the transition frequency corresponding to the various water saturations (from 

0 to 1) is calculated to be: 63.3 10 rad/sc   . In the following calculations, the wave excitation 

frequency is restricted to be: f ≤ 1000Hz, which is much smaller than the minimum value of 

transition frequency ωc. As discussed above, in this “low frequency range”, the effect of the 

frequency correction factor can be negligible. 

Table 1  Material properties of the model 

Overlying water 
31000kg/mW  , 2.2GPaWK  , 

Elastic solid half-space 
35GPa, 12GPa, 2460 kg/mE E E     , 

Sandwiched poroelastic medium 

0.3n  , 32650 kg/mS  , 31000  kg/mL  , 31.2 kg/mG  , 36 GPaSK  , 

2.2 GPaLK  , 0.1 MPaGK  , 13 23.0 10  mk   , 51.8 10  Pa sG    , 0.001  Pa sL   . 

9.0 GPaS  , 4.0 GPaS  , 0.5vgm  , 10.0001 Pavg  , 13 2 3 10 m k . 

4.1 Bulk waves in the gassy poroelastic layer 

From the characteristic equations (7) and (8), the propagation speed and attenuation of the 

four bulk waves, typically characterized as P1, P2, P3 and S waves, can be analyzed. In the 

limiting case for a complete saturation, the motion equation (1) can be reduced to a simpler 

form of classic Biot model, which was discussed by Chen et al. [22]. Among these four bulk 

waves, P1 wave travels fastest with lowest attenuation, which is similar to the fast P wave in 

the Biot theory. In the context of the Biot-Gassmann theory, Russell et al. [34] only consi-

dered the fast P wave when calculated P-wave velocity in the saturated porous medium. Simi-

larly, since the P1 wave are analogous to the regular P wave in elastic solid, the other P2 and 

P3 waves are negligible when this methodological investigation is developed in geophysical 

applications. The phase velocities of P1 and S waves are several orders magnitude lager than 

those of P2 and P3 waves, while their attenuation coefficients are several orders magnitude 

smaller than those of P2 and P3 waves [27]. Thus, the P1 wave and S wave occupy the vast 

majority of the transmitted wave energy across the interface at z = 0. Base on the physical pa-
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rameters listed in Table 1, Fig. 2 shows the frequency-dependent and saturation-dependent 

behavior of P1 and S waves in the gassy poroelastic layer. The attenuation coefficient is de-

noted by the imaginary part of the corresponding complex wave number. The liquid saturation 

considered here is from 20% to 99.99% and the frequency is taken to be 1 Hz, 10 Hz, 100 Hz 

and 1000Hz, respectively. As depicted in Figs. 2 (a), the speed of P1 wave is independent of 

frequency and decreases almost linearly during the change of saturation in the unsaturated 

case and then increases abruptly when it is close to the fully saturated case. The attenuation of 

P1 wave almost bears the opposite trend compared with its propagation speed. In Fig. 2 (b), 

the S wave speed decreases linearly with liquid saturation degree. The attenuation of both P1 

and S waves increases with increasing frequency. Like P1 wave, the wave speed of S wave is 

frequency-independent and its attenuation increases with increasing saturation. 

 

Figure 2. Variation of acoustic velocity (refer to left axes) and attenuation coefficient (refer to right axes) 

with liquid saturation of the gassy poroelastic layer for: (a) P1 wave, (b) S wave. 

4.2 Variation of reflection coefficient with the incident angle 

 

Fig. 3 shows the variation of the magnitude of the reflection coefficient /r iA A with incident 

angle θi using Eq. (19). The frequency f is set to be 100Hz and the liquid saturation of the 

porous layer Sr is 90%. Four different layer thicknesses: H = 0m, 5m, 50m and 500m are dis-

cussed, respectively. For the physical parameters listed in Table 1, the speed of the incident 

wave in the overlying water vi is 1483.2 m/s, the speeds of P and S wave in the underlying 

elastic half-space are 2990.5 and 1425.7m/s, respectively. The speeds of P1 and S waves in 

the intermediate gassy porous layer are 2366.8 and 1147.9m/s, respectively. We note in pass-

ing that, for the traditional wave reflection and transmission problem at the interface between 

two semi-infinite half-spaces, the angles of incidence and emergence are related by Snell's 

law. When one of the angles corresponding to a reflected or transmitted wave increases to 90°, 

a critical angle of incidence is defined as θcr for the generating wave. The critical angle for the 

incident P wave (plane wave) discussed in our paper can be determined from: 1sin ( / )cr iv v  t , 

where vi and vt are the speeds of the incident and transmitted waves, respectively. When the 

incident angle θi equals to critical angle θcr, the transmitted wave becomes evanescent and the 

normal to the wavefront becomes theoretically horizontal. In this paper, when the gassy por-

ous sediment is absent (H = 0), the considered layered model reduces to the wave problem at 

the interface between upper water and underlying elastic solid half-space. In this case, one 

critical incident angle exists for the incident wave as θcr1 = 29.7°. In the other limiting case, 
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when the thickness of porous layer H approaches infinity, our model corresponds to the wave 

reflection and transmission at the water/porous-medium interface. And the corresponding val-

ue of the critical incident angle θcr2 =38.8°. As shown in Fig. 3, with regard to the thickness of 

the porous layer H equals to 0m, the reflection coefficient has a maximum value at θi = θcr1. 

When the gassy porous layer becomes more thick, such as H = 50m and 500m, it achieves a 

maximum value around θi = θcr2. It is probably because that, with the thickness of the inter-

face layer increasing, the calculation results appear to be more close to the aforementioned 

model, i.e., water/gassy porous-medium interface model with a fixed critical angle θcr2. 

 

Figure 3. Reflection coefficient ( /r iA A ) as a function of incident angle θi for four different layer thicknesses: H 

= 0m, 5m, 50m and 500m. 

Fig. 4 depicts the variation of reflection coefficient with the incident angle at three differ-

ent liquid saturations of the gassy porous layer: Sr =80%, 90% and 99.99%. The thickness of 

the porous layer is set as 50m and the frequency f is 100Hz. When the interstices of the porous 

medium is almost filled with water, i.e., Sr =99.99%, the calculated result differs greatly from 

those of the other two cases. It is shown that, when the intermediate porous layer approaches 

totally liquid saturated, the reflection coefficient attains its maximal value near θcr1 = 29.7°. 

 

Figure 4. Reflection coefficient ( /r iA A ) as a function of incident angle θi for three different liquid saturations: 

Sr =80%, 90% and 99.99%. 
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4.3 Variation of reflection coefficient with the layer thickness 

  

Figure 5. Reflection coefficient ( /r iA A ) as a function of layer thickness H for three different frequencies: f = 

10Hz, 20Hz and 50Hz. (a) incident angle θi = 0° and (b) incident angle θi = 25°. 

To analyze the effect of interlayer thickness on the reflection coefficient clearly, Figs. 5(a) 

and (b) show /r iA A  in the overlying water as a function of layer thickness H (0m ≤ H ≤ 100m) 

at 10Hz, 20Hz and 50Hz, respectively. The liquid of the porous layer Sr is postulated to be 

80%. In the case of θi = 0° (see Fig. 5(a)), the reflection coefficient fluctuates periodically 

with layer thickness. The oscillation of reflection coefficient results from the resonant re-

sponse of the P waves in the porous layer. This is because when the incident wave strikes at 

the interface (z = 0) vertically from the overlying water, only three types of P waves (i.e., 

P1wave P2 wave and P3 wave) are generated in the lower gassy porous layer. Moreover, due 

to the high damping of the P2 and P3 waves, the P1wave could be viewed as the major factor 

affecting the reflection coefficient. In this low frequency range, the phase speed of P1 wave in 

porous layer is found to be frequency-independent and equals to 2384m/s. Therefore, the wa-

velengths of the P1 wave corresponding to 20Hz and 50Hz are nearly 119m and 48m, respec-

tively. Meanwhile, it is shown in Fig. 5(a) that, the change circle of reflection coefficient in 

20Hz and 50Hz approximate to 60m and 24m, respectively. This indicates that, at the normal 

incidence (i.e., θi = 0°), the change circle of reflection coefficient with respect to the thickness 

of the gassy poroelastic layer is equal to half of the wavelength of the P1 wave. However, 

when the incident wave is no longer perpendicular to the interface, there is a transmitted S 

wave other than the three types of transmitted P wave exist in the lower gassy porous layer. In 

this case, the reflection of the waves at the interface is simultaneously influenced by both P 

wave and S wave in the subjacent porous layer and hence the reflection coefficient becomes 

more indeterminate. For instance, when incident angle θi = 25° as demonstrated in Fig. 5(b), 

the reflection coefficient fluctuates with the increase of thickness irregularly. The effect of 

frequency on the reflection coefficient can also be revealed from both Figs. 5(a) and 5(b). The 

wave reflection upon the interface has a close correlation with wavelengths of the waves in 

the lower layer. With the increasing of frequency (i.e., decreasing of wavelength), the fluctua-

tion of the reflection coefficient with layer thickness becomes more frequent. 
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4.4 Variation of reflection coefficient with the liquid saturation of the layer 

  

Figure 6. Amplitude ratios of the reflected wave ( /r iA A ), transmitted P1 wave ( /S

tp1 iA A ) and reflected P1 wave 

( /S

rp1 iA A ) as a function of liquid saturation Sr. (a) incident angle θi = 0° and (b) incident angle θi = 25°. 

Figs. 6 (a) and (b) show the effect of the liquid saturation of the intermediate gassy porous 

layer on the amplitude ratios of the reflected P wave (i.e., reflection coefficient), transmitted 

P1 wave and reflected P1 wave, respectively. The liquid saturation degree Sr ranges from 20% 

to 99.99%. The thickness H is assumed to be 100m and the wave frequency f is taken to be 

1000Hz. Similarly, the numerical results of the incident angle θi = 0° and 25° are given in 

Figs. 6 (a) and (b), respectively. When the incident wave spreads at the interface perpendicu-

larly, all the amplitude ratios of the reflected P wave, transmitted P1 wave and reflected P1 

wave almost fluctuate with liquid saturation periodically. While in the case of θi = 25°, the 

phenomenon of the fluctuation is observed to be relatively irregular.  

Furthermore, it is worth noting that, in both of these two cases of different incident angles, 

the trend of reflected P wave in the upper water almost bear the opposite trend comparing 

with those of transmitted and reflected P1 waves in the lower porous layer. This phenomenon 

is due the energy conservation among the incident wave, reflected waves and transmitted 

waves.  

Figs. 7(a) and (b) show the reflection coefficient as a function of liquid saturation at θi = 0° 

and 25°, respectively. The numerical results considering four different frequencies, i.e., f = 

1Hz, 10Hz, 100Hz and 1000Hz, are presented. The layer thickness is 100m. As the same 

shown in Figs. 5(a) and (b), the influence of wave frequency on the reflection coefficient is 

remarkable. When the frequency is in low range, e.g., f = 1Hz, the effect of saturation change 

on the reflection coefficient is insignificant and the relationship between the reflection coeffi-

cient and change of saturation is almost linearly dependent. In other words, when the wave-

length of the waves in lower layer is long enough, the effect of saturation change could be 

negligible. With the increasing of frequency, the fluctuation of the reflection coefficient with 

liquid saturation becomes more notable. It is also noteworthy that, in Fig. 7(b), when the satu-

ration approaches fully saturated state, the calculation results for different frequencies tend to 

converge at / 0.67r iA A  .  
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Figure 7. Reflection coefficient ( /r iA A ) as a function of liquid saturation Sr for four different frequencies: f = 

1Hz, 10Hz, 100Hz and 1000Hz. (a) incident angle θi = 0° and (b) incident angle θi = 25°. 

5 CONCLUSIONS  

 In the sandwiched gassy poroelastic layer, one transverse wave and three longitudinal 

waves coexist at oblique incidence. In these various mode waves, P1 and S wave propa-

gate faster and attenuate relatively slowly, and thus influence the wave reflection characte-

ristics at the surface of the porous layer significantly. 

 The numerical results indicate that the incident angle renders a significant influence on 

the amplitude ratio of the reflected wave, i.e., reflection coefficient. It is also shown that, 

the reflection coefficient attains its maximum value at θi = θcr1 ~ θcr2, where θcr1 and 

θcr2 denote the critical incident angles for the two limiting cases (H = 0 and H ≈ ∞). 

 When the incident wave strikes upon the interface perpendicularly, the reflection coeffi-

cient seems to fluctuate periodically with the layer thickness. However, if the plane wave 

is not normally incident, a transmitted S wave is generated, and the reflection coefficient 

fluctuates with the increase of the thickness irregularly. With the increasing of frequency, 

the fluctuation of the reflection coefficient with layer thickness becomes more frequent. 

 It is found that, in the low frequency range, the effect of saturation change on the reflec-

tion coefficient is not obvious. With the increasing of frequency, the fluctuation of the ref-

lection coefficient with liquid saturation becomes more significant.Papers must be 

translated to Portable Document Format (PDF) before submission through the Conference 

website. 

Appendix： 
The explicit expressions of the elements of [ ]M are given as follows: 

2

1,1 W rpm K k  , 2 2( 2 )1,2 SS S S SL SG S S tp1 tp1m r n r r n n k       L1 G1 , 

2 2( 2 )1,3 SS S S SL SG S S tp2 tp2m r n r r n n k       L2 G2 , 2 2( 2 )1,4 SS S S SL SG S S tp3 tp3m r n r r n n k       L3 G3 , 

2 2( 2 )1,5 SS S S SL SG S S rp1 rp1m r n r r n n k       L1 G1 , 2 2( 2 )1,6 SS S S SL SG S S rp2 rp2m r n r r n n k       L2 G2 , 

2 2( 2 )1,7 SS S S SL SG S S rp3 rp3m r n r r n n k       L3 G3 , 221,8 S S ts ts tsm n l n k  , 221,9 S S rs rs rsm n l n k , 

01,10m  , 01,11m  ; 2,1 rp rpm n k  , 2,2 tp1 tp1m n k  , 2,3 tp2 tp2m n k  , 2,4 tp3 tp3m n k  , 2,5 rp1 rp1m n k , 

2,6 rp2 rp2m n k , 2,7 rp3 rp3m n k , 
2,8 ts tsm l k , 

2,9 rs rsm l k , 02,10m  , 02,11m  ; 03,1m  , 

( 1)3,2 tp1 tp1m n k L1 , ( 1)3,3 tp2 tp2m n k L2 , ( 1)3,4 tp3 tp3m n k L3 , (1 )3,5 rp1 rp1m n k  L1 , 
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(1 )3,6 rp2 rp2m n k  L2 , (1 )3,7 rp3 rp3m n k  L3 , (1 )3,8 ts ts LSm l k   , (1 )3,9 rs rs LSm l k   , 03,10m  , 

03,11m  ; 04,1m  , ( 1)4,2 tp1 tp1m n k G1 , ( 1)4,3 tp2 tp2m n k G2 , ( 1)4,4 tp3 tp3m n k G3 , 

(1 )4,5 rp1 rp1m n k  G1 , (1 )4,6 rp2 rp2m n k  G2 , (1 )4,7 rp3 rp3m n k  G3 , (1 )4,8 ts ts GSm l k   , 

(1 )4,9 rs rs GSm l k   , 04,10m  , 04,11m  ; 05,1m  , 225,2 tp1 tp1 tp1m n l k , 225,3 tp2 tp2 tp2m n l k , 

225,4 tp3 tp3 tp3m n l k , 225,5 rp1 rp1 rp1m n l k  , 225,6 rp2 rp2 rp2m n l k  , 225,7 rp3 rp3 rp3m n l k  , 2 2 2( )5,8 ts ts tsm n l k  , 

2 2 2( )5,9 rs rs rsm n l k  , 05,10m  , 05,11m  ; 06,1m  , exp(i H)6,2 tp1 tp1 tp1 tp1m n k n k  , 

exp(i H)6,3 tp2 tp2 tp2 tp2m n k n k  , exp(i H)6,4 tp3 tp3 tp3 tp3m n k n k  , exp( i H)6,5 rp1 rp1 rp1 rp1m n k n k  , 

exp( i H)6,6 rp2 rp2 rp2 rp2m n k n k  , exp( i H)6,7 rp3 rp3 rp3 rp3m n k n k  , exp(i H)6,8 ts ts ts tsm l k n k , 

exp( i H)6,9 rs rs rs rsm l k n k  , exp(i H)6,10 pe pe pe pem n k n k , exp(i H)6,11 se se se sem l k n k  ; 07,1m  , 

exp(i H)7,2 tp1 tp1 tp1 tp1m l k n k , exp(i H)7,3 tp2 tp2 tp2 tp2m l k n k , exp(i H)7,4 tp3 tp3 tp3 tp3m l k n k , 

exp( i H)7,5 rp1 rp1 rp1 rp1m l k n k  , exp( i H)7,6 rp2 rp2 rp2 rp2m l k n k  , exp( i H)7,7 rp3 rp3 rp3 rp3m l k n k  , 

exp(i H)7,8 ts ts ts tsm n k n k , exp( i H)7,9 rs rs rs rsm n k n k   , exp(i H)7,10 pe pe pe pem l k n k  , 

exp(i H)7,11 se se se sem n k n k  ;  

08,1m  , 22 exp(i H)8,2 S S tp1 tp1 tp1 tp1 tp1m n n l k n k  , 22 exp(i H)8,3 S S tp2 tp2 tp2 tp2 tp2m n n l k n k  , 

22 exp(i H)8,4 S S tp3 tp3 tp3 tp3 tp3m n n l k n k  , 22 exp( i H)8,5 S S rp1 rp1 rp1 rp1 rp1m n n l k n k  , 

22 exp( i H)8,6 S S rp2 rp2 rp2 rp2 rp2m n n l k n k  , 22 exp( i H)8,7 S S rp3 rp3 rp3 rp3 rp3m n n l k n k  , 

2 2 2( ) exp(i H)8,8 ts ts S S ts ts tsm l n n k n k  , 2 2 2( ) exp( i H)8,9 rs rs S S rs rs rsm l n n k n k   , 
22 exp(i H)8,10 E pe pe pe pe pem n l k n k , 2 2 2( ) exp(i H)8,11 se se E se se sem n l k n k  ; 09,1m  , 

2 2( 2 ) exp(i H)9,2 SS S S SL SG S S tp1 tp1 tp1 tp1m r n r r n n k n k        L1 G1 , 

2 2( 2 ) exp(i H)9,3 SS S S SL SG S S tp2 tp2 tp2 tp2m r n r r n n k n k        L2 G2 ,  

2 2( 2 ) exp(i H)9,4 SS S S SL SG S S tp3 tp3 tp3 tp3m r n r r n n k n k        L3 G3 ,  

2 2( 2 ) exp( i H)9,5 SS S S SL SG S S rp1 rp1 rp1 rp1m r n r r n n k n k         L1 G1 , 

2 2( 2 ) exp( i H)9,6 SS S S SL SG S S rp2 rp2 rp2 rp2m r n r r n n k n k         L2 G2 , 

2 2( 2 ) exp( i H)9,7 SS S S SL SG S S rp3 rp3 rp3 rp3m r n r r n n k n k         L3 G3 , 22 exp(i H)9,8 S S ts ts ts ts tsm n l n k n k , 

22 exp( i H)9,9 S S rs rs rs rs rsm n l n k n k   , 2 2( 2 ) exp(i H)9,10 E E pe pe pe pem n k n k   , 

22 exp(i H)9,11 E se se se se sem n l k n k  ; 010,1m  , ( 1) exp(i H)10,2 tp1 tp1 tp1 tp1m n k n k L1 , 

( 1) exp(i H)10,3 tp2 tp2 tp2 tp2m n k n k L2 , ( 1) exp(i H)10,4 tp3 tp3 tp3 tp3m n k n k L3 , 

(1 ) exp( i H)10,,5 rp1 rp1 rp1 rp1m n k n k  L1 , (1 ) exp( i H)10,6 rp2 rp2 rp2 rp2m n k n k  L2 , 

(1 ) exp( i H)10,7 rp3 rp3 rp3 rp3m n k n k  L3 , (1 )exp(i H)10,8 ts ts LS ts tsm l k n k  , 

(1 )exp( i H)10,9 rs rs LS rs rsm l k n k   , 010,10m  , 010,11m  ; 011,1m  , ( 1) exp(i H)11,2 tp1 tp1 tp1 tp1m n k n k G1 , 

( 1) exp(i H)11,3 tp2 tp2 tp2 tp2m n k n k L2 , ( 1) exp(i H)11,4 tp3 tp3 tp3 tp3m n k n k L3 , 

(1 ) exp( i H)11,5 rp1 rp1 rp1 rp1m n k n k  G1 , (1 ) exp( i H)11,6 rp2 rp2 rp2 rp2m n k n k  G2 , 

(1 ) exp( i H)11,7 rp3 rp3 rp3 rp3m n k n k  G3 , (1 )exp(i H)11,8 ts ts GS ts tsm l k n k  , 

(1 )exp( i H)11,9 rs rs GS rs rsm l k n k   , 011,10m  , 011,11m  ; 

The explicit expressions of the elements of [ ]Q are as follows: 
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2

1 W ipq K k , 2 ip ipq n k  , 
3 0q  , 04q  , 05q  , 06q  , 07q  , 08q  , 09q  , 010q  , 010q  , 

011q  . 
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Abstract. The wave finite element (WFE) method is investigated to describe the dynamic
behavior of periodic structures like those composed of arbitrary-shaped substructures along a
certain straight direction. A generalized eigenproblem based on the so-called S + S−1 trans-
formation is proposed for accurately computing the wave modes which travel in right and left
directions along those periodic structures. Besides, a model reduction technique is proposed
which involves partitioning a whole periodic structure into one central structure surrounded
by two extra substructures. In doing so, a few wave modes are only required for modeling the
central periodic structure. A comprehensive validation of the technique is performed on a 2D
periodic structure. Also, its efficiency in terms of CPU time savings is highlighted regarding a
3D periodic structure that exhibits substructures with large-sized FE models.
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1 Introduction

Predicting the dynamic behavior of complex periodic structures like those encountered in
engineering applications, by means of accurate and fast numerical tools, constitutes an open
industrial challenge. In many cases, these systems are made up of arbitrary-shaped substructures
which are identical to each other and are assembled along one straight direction. The need
to reduce the CPU times involved by the computation of the forced response of this kind of
periodic structures relates the motivation of the present paper. This issue is addressed here by
means of the wave finite element (WFE) combined with an original model reduction technique.

Originally, the WFE method has been initiated to describe the wave propagation along one-
dimensional periodic elastic systems [1, 2]. The computation of the forced response of bounded
elastic waveguides — i.e., periodic structures which are made up of straight substructures —
subject to Neumann and Dirichlet boundary conditions (BCs) has been addressed in several
ways using the WFE method [3, 4, 5, 6]. The procedure consists in assessing the kinematic
and mechanical fields of a structure by means of numerical wave modes traveling in right and
left directions. Their computation follows by considering a generalized eigenproblem that is
expressed from the mass and stiffness matrices of a particular substructure. Actually, there exist
two main WFE-based strategies to compute the forced response of periodic structures. These are
labeled as dynamic stiffness matrix (DSM) approach and wave amplitudes (WA) approach, and
respectively involve expressing the condensed dynamic stiffness matrix of a periodic structure
in terms of wave modes [3], or the vectors of wave amplitudes of the right-going and left-going
modes [4, 7, 8]. The feature of the WFE method is that it makes use of the FE model of one
single substructure only, rather than considering the full FE model of a whole periodic struc-
ture. This makes the WFE method quite fast for describing the dynamic behavior of periodic
structures when compared to the conventional FE method and FE-based CMS methods like the
Craig-Bampton method [9].

Two features are addressed in this work. One feature is the use of a generalized eigenprob-
lem based on the so-called S + S−1 transformation to compute the wave modes with accurate
precision. In this context, exact analytic relations can be considered so as to ensure the coher-
ence between the right-going and left-going wave modes. Besides, the Lanczos method [10]
is used to speed up the computation of the WFE eigenproblem with a view to calculating a
reduced number of wave modes only. To achieve this task, an error indicator already proposed
in [11] is considered to select in an a priori process the number of wave modes that need to be
computed. As a second feature of this work, an efficient model reduction technique is proposed
which consists in partitioning a whole periodic structure into one central structure surrounded
by two extra substructures. In doing so, a few wave modes are only required for modeling the
central periodic structure, hence enabling the computation of those wave modes to be achieved
in a very fast way by means of the Lanczos method.

The rest of the paper is organized as follows. In Section 2, the basics of the WFE method
for describing the wave propagation along a one-dimensional periodic structure are recalled.
The strategy to compute the wave modes by means of a generalized eigenproblem based on the
S + S−1 transformation is proposed. In Section 3, the WFE-based model reduction technique,
which consists in partitioning a whole periodic structure into one central structure surrounded
by two extra substructures, is fully developed. Numerical experiments are finally brought in
Section 4 that concern a 2D structure as well as a 3D stiffened shell with a periodic distribution
of longitudinal and circumferential stiffeners.
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2 WFE method

2.1 Basic framework

The basics of the WFE method for describing waves which travel in right and left directions
along a one-dimensional periodic structure (see Figure 1) are recalled hereafter.

Figure 1: FE mesh of a periodic structure and related substructure.

Within the present framework, the structures are assumed to be linear, elastic and damped
by means of a constant loss factor η. Also, they involve excitation sources which are assumed
to be harmonic time-dependent, i.e., of the form g(ω)exp(iωt) where ω denotes the pulsation.
Besides, the substructures are modeled by means of the same FE mesh with a same number
(say, n) of DOFs over their left and right boundaries. In matrix form, the dynamic equilibrium
equation of a given substructure is expressed in the frequency domain as

Dq = F, (1)

where D is the dynamic stiffness matrix of the substructure. It is expressed as D = −ω2M +
(1 + iη)K where M and K refer to the mass and stiffness matrices, respectively. Also in
Eq. (1), q and F are, respectively, the vectors of nodal displacements/rotations and nodal
forces/moments of the substructure. The key idea behind the WFE method is to express a rela-
tion which links the kinematic/mechanical quantities on the right boundary of the substructure
to those on its left boundary. From Eq. (1), it is expressed as [12]:

uR = SuL, (2)

where uR and uL are 2n× 1 state vectors, expressed as

uR =

[
qR

FR

]
, uL =

[
qL

−FL

]
. (3)

In Eq. (3), the subscripts L and R denote the DOFs which belong to the left and right boundaries
of the substructure, respectively. Also, S is a 2n× 2n matrix expressed as

S =

[
−D∗−1LR D∗LL −D∗−1LR

D∗RL −D∗RRD
∗−1
LR D∗LL −D∗RRD

∗−1
LR

]
, (4)
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where D∗ refers to the dynamic stiffness matrix of the substructure condensed on its left and
right boundaries.

We are looking for wavemodes {(µj,φj)}j which are the eigenvalues and the eigenvectors
of the matrix S such that

Sφj = µjφj (5)

Due to the symplectic nature of the matrix S, its eigenvalues come in pairs as (µj, 1/µj). So the
set {(µj,φj)}j can be partitioned into n right-going wave modes {(µj,φj)}j=1,...,n for which
|µj| < 1, and n left-going wave modes {(µ?

j ,φ
?
j)}j=1,...,n for which µ?

j = 1/µj , with |µ?
j | > 1.

2.2 Wave mode computation

To find the eigenvectors and eigenvalues of S, the so-called S + S−1 transformation of the
eigenproblem is considered [13], which yields an eigenproblem whose eigenvalues are of the
form λj = µj + 1/µj , i.e.(

(N′JL
′T + L′JN

′T )− λjL′JL
′T
)

zj = 0, (6)

where

L′ =

[
0 In

D∗LR 0

]
, N′ =

[
D∗RL 0

−(D∗LL + D∗RR) −In

]
, J =

[
0 In
−In 0

]
. (7)

N′JL
′T + L′JN

′T =

[
D∗RL −D∗LR (D∗LL + D∗RR)
−(D∗LL + D∗RR) D∗RL −D∗LR

]
, (8)

and

L′JL
′T = N′JN

′T =

[
0 −D∗RL

D∗LR 0

]
. (9)

One feature of the eigenproblem (6) is that it involves skew-symmetric matrices which are
useful for speeding up the computation of the eigensolutions. Also, the eigenvectors {zj}j
are expressed in terms of displacement/rotation components only. It is worth recalling that the
eigenvalues of the eigenproblem come in pairs as (µj, µ

?
j = 1/µj), meaning that the eigenvalues

of the eigenproblem (6) are double, i.e., (λj, λ
?
j = λj). By considering the fact that λj =

µj + 1/µj , each pair of eigenvalues (µj, µ
?
j) can be found analytically by solving a quadratic

equation of the form
x2 − λjx+ 1 = 0, (10)

where it is understood that the relation µ?
j = 1/µj can be verified with accurate precision. Also,

there exist closed-form expressions linking the eigenvectors of the eigenproblem (6) to those of
S (see [14]):

w′j = J(L
′T − µ?

jN
′T )zj , w

′?
j = J(L

′T − µjN
′T )zj. (11)

φj =

[
In 0

D∗RR In

]
w′j , φ?

j =

[
In 0

D∗RR In

]
w

′?
j , (12)

where {w′?
j }j denote the eigenvectors associated to the eigenvalues {µ?

j}j which are such that
|µ?

j | > 1 and the wave shapes {φj}j and {φ?
j}j are the eigenvectors of S. The state vector u

(k)
L

in section k can be expanded as u
(k)
L =

∑
j exp(−iβjd)Q

(k−1)
j φj . Also, the eigenvalues of S

are expressed as µj = exp(−iβjd), where {βj}j have the meaning of wavenumbers.
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2.3 Forced response computation

We consider here the structure shown in figure 2 which is made of a periodic part connected
to two elastic subsystems. The focus is on a better modeling of the periodic part. In fact, there
exist two main strategies for computing the forced response of a periodic structure, as shown in
Figure 2, namely the dynamic stiffness matrix (DSM) approach and the wave amplitude (WA)
approach. The DSM approach focuses on expressing a matrix relation to link the vector of
forces/moments to that of displacements/rotations on the left and right ends of the structure.
On the other hand, the WA approach focuses on assessing the wave reflection/transmission
coefficients at the BCs while considering the spatial variation of the wave amplitudes along the
structure.

Figure 2: Periodic structure connected to two elastic subsystems.

2.3.1 DSM approach

The framework of the DSM approach is to consider the following matrix equation, which
links the DOFs on the left and right ends of a periodic structure made up of N substructures:[

F
(1)
L

F
(N+1)
R

]
= Ds

[
q
(1)
L

q
(N+1)
R

]
, (13)

where the superscripts (1) and (N + 1) denote the left and right ends of the structure, respec-
tively. Also, Ds is the dynamic stiffness matrix of the structure which is condensed on its left
and right ends. It is expressed as (see [3])

Ds =

[
D∗LL 0
0 D∗RR

]
+

[
D∗LR 0
0 D∗RL

] [
Φ?

qµ
N−1Φ?−1

q ΦqµΦ−1q

Φ?
qµΦ?−1

q Φqµ
N−1Φ−1q

]
×
[
Φ?

qµ
NΦ?−1

q In
In Φqµ

NΦ−1q

]−1
, (14)

where Φq and Φ?
q are square n×nmatrices defined as Φq = [φq1 · · ·φqn] and Φ?

q = [φ?
q1 · · ·φ?

qn].
Also, µ is a n×n diagonal matrix whose components relate the eigenvalues for the right-going
wave modes (see Section 2.1), i.e., µ = diag{µj}j=1,...,n. Notice that the 2−norm [10] of the
matrix µ is less than one, i.e., ‖µ‖2 < 1, which is explained because ‖µ‖2 = max|µj| < 1 by
convention. The dynamic stiffness matrix Ds of the periodic structure can be readily assembled
with the dynamic stiffness matrices of other elastic subsystems as this is usually done in the FE
method, with a view to expressing a global dynamic stiffness matrix.
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2.3.2 WA approach

Within the WFE framework, the vectors of displacements/rotations and forces/moments on
the substructure boundary (k) are estimated by means of a wave expansion, as follows [8]:

q(k) = Φqµ
k−1Q + Φ?

qµ
N+1−kQ? , ±F(k) = ΦFµ

k−1Q + Φ?
Fµ

N+1−kQ?, (15)

where ΦF = [φF1 · · ·φFn] and Φ?
F = [φ?

F1 · · ·φ?
Fn]. Also, in Eq. (15), Q and Q? are vectors of

wave amplitudes at the left and right ends of the whole periodic structure, respectively. Finally,
the sign ahead of F results from the choice of description considered, i.e., it is negative when
the left boundary of a substructure is of concern, and positive for the right boundary.

The determination of the vectors of wave amplitudes Q and Q? involves considering the
BCs on the left and right ends of the whole periodic structure. For instance, regarding the case
shown in Figure 2 when the left and right ends of the periodic structure are connected to extra
elastic subsystems, the BCs are expressed as:

−F
(1)
L = Dq

(1)
L + Dqq0 + DFF0 , −F

(N+1)
R = D?q

(N+1)
R + D?

qq
?
0 + D?

FF
?
0, (16)

where D and D? denote the dynamic stiffness matrices of the subsystems which are condensed
on the interface DOFs. Also, Dq and D?

q (resp. DF and D?
F) are matrices which reflect the

effects of prescribed vectors of displacements/rotations (q0,q?
0) (resp. prescribed vectors of

forces/moments (F0,F?
0)) that may be applied to the subsystems.

By considering the wave expansion (15), the BCs can be expressed in wave-based form, as
follows:

Q = CµNQ? + F , Q? = C?µNQ + F?, (17)

where C and C? are n × n scattering matrices whose components relate the reflection coeffi-
cients for the wave modes incident to the boundaries, while F and F? are n × 1 vectors which
relate the effects of the excitation sources. Expressions for C, C?, F and F? follow from the
aforementioned BCs, i.e:

C = −[DΦq −ΦF]
−1[DΦ?

q −Φ?
F] , C? = −[D?Φ?

q + Φ?
F]
−1[D?Φq + ΦF],

F = −[DΦq −ΦF]
−1[Dqq0 + DFF0] , F? = −[D?Φq + ΦF]

−1[D?
qq

?
0 + D?

FF
?
0]. (18)

By considering the wave-based BCs, Eq. (17), a whole matrix equation is established as follows:

AQ = F , (19)

where

A =

[
In −CµN

−C?µN In

]
, Q =

[
Q
Q?

]
, F =

[
F
F?

]
. (20)

Solving the matrix equation (19) yields the vectors of wave amplitudes as Q = A−1F .

3 Model reduction

3.1 Motivation and framework

As it is well known, waves traveling along a structure like the one shown in Figure 1 can
be classified into weakly evanescent, which would be propagative if there were no damping,
and strongly evanescent, i.e., which decay exponentially from the excitation sources. So, one
may assume that far from the sources these evanescent waves are weakly contributing to the

4626



Denis Duhamel and Jean-Mathieu Mencik

structure dynamics. Here, a central periodic structure consisting of N − 2 substructures is
considered which is surrounded by two extra substructures. Such a central periodic structure is
analyzed by means of the WFE method (Section 2.3), while the extra substructures are modeled
by means of the FE method and are treated as BCs like those involved by Eq. (18).

Figure 3: Central periodic structure surrounded by two extra substructures.

Prior to any rigorous derivation, a simple qualitative analysis is proposed here to quantify
the error made when some strong evanescent wave modes are neglected in the WFE-based
formulations. Consider the central periodic structure as shown in Figure 3, which is enclosed
between the substructure boundary (1) and the substructure boundary (N − 1). Assume that
the excitation sources occur on the left boundary of the left extra substructure, and the right
boundary of the right extra substructure, only. Denote as Q the vector of wave amplitudes at
the left end of the left extra substructure, and Q? the vector of wave amplitudes at the right
end of the right extra substructure. By considering the wave expansion (15), the vectors of
displacements/rotations and forces/moments along the central periodic structure are expressed
as

q(k) =
n∑

j=1

(
µk
jqj + µN−k

j q?
j

)
=

n∑
j=1

µj

(
µk−1
j qj + µN−1−k

j q?
j

)
, (21)

±F(k) =
n∑

j=1

(
µk
jFj + µN−k

j F?
j

)
=

n∑
j=1

µj

(
µk−1
j Fj + µN−1−k

j F?
j

)
, (22)

where qj = QjΦqj , q?
j = Q?

jΦqj , Fj = QjΦFj and F?
j = Q?

jΦ
?
Fj . Since the integer k is

such that 1 ≤ k ≤ N − 1, one has k − 1 ≥ 0 and N − 1 − k ≥ 0, and then |µj|k−1 ≤ 1 and
|µj|N−1−k ≤ 1. This is explained because |µj| < 1 by convention. Let us denote as q̄(k) and F̄(k)

the parts of the vectors of displacements/rotations and forces/moments which are induced by
strongly evanescent wave modes, only. Denote as {(µ̄j, φ̄j)}j=1,...,n−m and {(µ̄?

j , φ̄
?
j)}j=1,...,n−m

those evanescent wave modes which are such that {(µ̄j, φ̄j)}j=1,...,n−m ⊂ {(µj,φj)}j=1,...,n and
{(µ̄?

j , φ̄
?
j)}j=1,...,n−m ⊂ {(µ?

j ,φ
?
j)}j=1,...,n where m > 1. From Eqs. (21) and (22), q̄(k) and F̄(k)

are expressed as

‖q̄(k)‖ = ‖
n−m∑
j=1

µ̄j

(
µ̄k−1
j q̄j + µ̄N−1−k

j q̄?
j

)
‖ ≤

n−m∑
j=1

|µ̄j|
(
‖q̄j‖+ ‖q̄?

j‖
)
, (23)

‖F̄(k)‖ = ‖
n−m∑
j=1

µ̄j

(
µ̄k−1
j F̄j + µ̄N−1−k

j F̄?
j

)
‖ ≤

n−m∑
j=1

|µ̄j|
(
‖F̄j‖+ ‖F̄?

j‖
)
, (24)

where ‖.‖ denotes the 2−norm. Since highly evanescent wave modes are of concern, one ex-
pects |µ̄j| � 1. To summarize, it seems logical to neglect these wave modes.
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3.2 Reduced modelings

3.2.1 DSM approach

By expanding the vectors of displacements/rotations and forces/moments of the structure
onto the reduced wave basis {φ̃j}j=1,...,m ∪ {φ̃

?

j}j=1,...,m, the dynamic stiffness matrix of the
central periodic structure — namely, Dr

s — can be approximated as Dr
s ≈ D̃r

s, where D̃r
s is

defined so that [
F̃

(1)
L

F̃
(N−1)
R

]
= D̃r

s

[
q̃
(1)
L

q̃
(N−1)
R

]
. (25)

Here, q̃
(1)
L and F̃

(1)
L (resp. q̃

(N−1)
R and F̃

(N−1)
R ) refer to the approximated vectors of displace-

ments/rotations and forces/vectors, respectively, on the left (resp. right) end of the central struc-
ture. The derivation of the dynamic stiffness matrix D̃r

s follows from that of Ds, i.e.

D̃r
s =

[
D∗LL 0
0 D∗RR

]
+

[
D∗LR 0
0 D∗RL

] [
Φ̃?

qµ̃
N−3Φ̃?+

q Φ̃qµ̃Φ̃+
q

Φ̃?
qµ̃Φ̃?+

q Φ̃qµ̃
N−3Φ̃+

q

]
×
[
Φ̃?

qµ̃
N−2Φ̃?+

q Im
Im Φ̃qµ̃

N−2Φ̃+
q

]−1
(26)

where Φ̃q and Φ̃
?

q are n × m rectangular matrices defined so that Φ̃q = [φ̃q1 · · · φ̃qm] and
Φ̃

?

q = [φ̃
?

q1 · · · φ̃
?

qm]; also µ̃ is a m × m diagonal matrix defined as µ̃ = diag{µ̃j}j=1,...,m;
finally, Φ̃+

q and Φ̃?+
q are the left pseudo-inverses of Φ̃q and Φ̃?

q, which are defined so that
Φ̃+

q = [Φ̃H
q Φ̃q]

−1Φ̃H
q and Φ̃?+

q = [Φ̃?H
q Φ̃?

q]
−1Φ̃?H

q , where the superscript H is the conjugate
transpose. The dynamic stiffness matrix D̃r

s is to be assembled with the dynamic stiffness
matrices of the left and right extra substructures (Figure 3) to express the dynamic stiffness
matrix D̃s of the whole periodic structure, i.e., the one composed of N substructures.

3.2.2 WA approach

From Eq. (15), the approximated vectors of nodal displacements/rotations and forces/moments
on a substructure boundary (k) (1 ≤ k ≤ N − 1) along the central periodic structure are ex-
pressed as

q̃(k) = Φ̃qµ̃
k−1Q̃ + Φ̃

?

qµ̃
N−1−kQ̃? , ±F̃(k) = Φ̃Fµ̃

k−1Q̃ + Φ̃
?

Fµ̃
N−1−kQ̃?, (27)

where Φ̃q = [φ̃q1 · · · φ̃qm], Φ̃
?

q = [φ̃
?

q1 · · · φ̃
?

qm], Φ̃F = [φ̃F1 · · · φ̃Fm] and Φ̃
?

F = [φ̃
?

F1 · · · φ̃
?

Fm].
The computation of Q̃ and Q̃? follows from the following reduced matrix equation (cf. Eq.
(19)):

ÃQ̃ = F̃ , (28)

where

Ã =

[
Im −C̃µ̃N−2

−C̃?µ̃N−2 Im

]
, Q̃ =

[
Q̃

Q̃?

]
, F̃ =

[
F̃
F̃?

]
. (29)

C̃ = −[DΦ̃q − Φ̃F]
+[DΦ̃

?

q − Φ̃
?

F] , C̃? = −[D?Φ̃
?

q + Φ̃
?

F]
+[D?Φ̃q + Φ̃F], (30)

F̃ = −[DΦ̃q − Φ̃F]
+[Dqq0 + DFF0] , F̃? = −[D?Φ̃q + Φ̃F]

+[D?
qq

?
0 + D?

FF
?
0], (31)

where the superscript + denotes the left pseudo-inverse.
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3.3 Error indicator

The selection of the number m of right-going and left-going wave modes in the central
periodic structure that need to be computed from the Lanczos method is addressed here using
the strategy proposed in [11]. In this work, it is suggested to bound the relative errors, for the
vectors of nodal displacements/rotations and forces/moments, as follows:

‖q̃(k) − q(k)‖
‖q(k)‖

≤ Es ,
‖F̃(k) − F(k)‖
‖F(k)‖

≤ Es ∀k, (32)

where

Es = max

{[
(εE1 + εE2 ) +

‖As‖
1− ‖As‖

(εA1 + εA2 )

]
1 + ‖As‖
1− ‖As‖

,[
(εE

?

1 + εE
?

2 ) +
‖A?s‖

1− ‖A?s‖
(εA

?

1 + εA
?

2 )

]
1 + ‖A?s‖
1− ‖A?s‖

}
. (33)

Within the present framework, those matrix/vector terms are expressed as:

A = CµN−2C?µN−2 , A? = C?µN−2CµN−2, , B = CµN−2F? + F

B? = C?µN−2F + F?, , Es =

(
s−1∑
p=0

Ap

)
B , E?

s =

(
s−1∑
p=0

A?p

)
B?, (34)

where (C, F) and (F?, C?) are scattering matrices and vectors of excitation sources that relate
the coupling conditions between the central structure and the extra substructures, see Eqs. (18).
Also, in Eq. (34), s is an integer defined so that

s = max {u : ||Au|| ≥ 0.1 and ||A?u|| ≥ 0.1} . (35)

Besides, in Eq. (33), εE1 , εE2 , εE?

1 and εE?

2 are error parameters expressed as

εE1 =
‖Ẽs − L̃Es‖
‖Es‖

, εE2 =
‖LrEs‖
‖Es‖

, εE
?

1 =
‖Ẽ?

s − L̃E?
s‖

‖E?
s‖

, εE
?

2 =
‖LrE?

s‖
‖E?

s‖
, (36)

εA1 =
‖ÃsL̃ − L̃As‖
‖As‖

, εA2 =
‖LrAsL̃T‖
‖As‖

, εA
?

1 =
‖Ã?sL̃ − L̃A?s‖

‖A?s‖
, εA

?

2 =
‖LrA?sL̃T‖
‖A?s‖

,

(37)
where Lr and L̃ are Boolean incidence matrices that localize, respectively, the rejected and
retained wave modes. One of the features of the proposed error analysis is that the error bound
Es is to be computed at the maximum discrete frequency considered within the frequency band
of interest, only, as explained in [11].

4 Numerical experiments

To highlight the efficiency of the proposed reduction method (Section 3), two test cases are
investigated that concern: (i) a 2D periodic structure undergoing plane stresses (see Figure 1);
(ii) a 3D cylindrical shell with a periodic distribution of longitudinal and circumferential stiff-
eners (see Figure 7). Both structures exhibit substructures which are not symmetric. Within
the framework of the DSM and WA approaches, the FRFs of the structures are computed us-
ing MATLAB R©. These are compared with reference results issued from the conventional FE
method when the FRFs are computed using a commercial FE software.
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4.1 2D periodic structure

As a first example, the frequency forced response of a 2D periodic structure, undergoing
plane stresses, is investigated (see Figure 1). The whole periodic structure is made up ofN = 15
identical substructures whose dimensions are shown in Figure 4. Each substructure is meshed
by means of 2D linear triangular elements whose nodes exhibit horizontal and vertical dis-
placement DOFs. Also, the structure exhibits the following material characteristics: Young’s
modulus of 210GPa, density of 7800kg/m3, Poisson’s ratio of 0.3 and a loss factor of 0.001.
Also, its thickness is 0.001m. The structure is excited by a unit point force acting along the
horizontal x−direction at the bottom corner of the left end; also, it is clamped over its right end.

X

Y

(0,0.1) (0.1,0.1)

(0,0) (0.1,0)

(0.05,0.08) (0.08,0.08)

Figure 4: Geometry and mesh of a substructure composing the 2D periodic structure displayed in Figure 1 (dimen-
sions are provided in meters).

The DSM approach proposed in Section 3.2.1 is used to compute the FRF of the structure —
i.e., the frequency evolution of the modulus of the displacement at the location of the input force
— over a frequency band [1Hz , 2000Hz]. For this purpose, the reduction method proposed in
Section 3 is investigated. It consists in dividing the whole periodic structure into one central
structure having N − 2 = 13 substructures, which is surrounded by two extra-substructures
(Figure 3). The FRF of the whole structure is computed by considering different numbers m
of right-going and left-going wave modes. The related results are displayed in Figure 5 along
with the reference FE solution, i.e., which is issued from a commercial FE software. Here, a
moderately dense mesh is used, leading to n = 22 DOFs over the left/right boundary of each
substructure. As it can be seen, considering m = 2 right/left-going wave modes of the central
structure is clearly not enough. However, considering three or more wave modes (i.e., m ≥ 3)
yields the expected results with accurate precision. This might be explained by investigating the
first four propagation constants (see Table 1) — namely, µ1, µ2, µ3 and µ4 — at 2000Hz, among
all the 22 propagation constants whose moduli are less than one. Here, it appears that two waves
are slowly damped, one is moderately decreasing while the last one is strongly decreasing, i.e.,
the amplitude |µ4| is very small. This means that the third wave mode should be kept, while the
subsequent modes may be ignored.

Consider the case when the whole structure is partitioned into a left periodic structure made
up of N − 1 = 14 substructures, and a right extra substructure. Assume that the periodic
structure is modeled by means of a reduced number m of right/left-going wave modes, while
the right extra substructure is modeled by means of the conventional FE method. The related
FRF is displayed in Figure 6, when different number m of wave modes are dealt with. As

4630



Denis Duhamel and Jean-Mathieu Mencik

0 200 400 600 800 1000 1200 1400 1600 1800 2000
10

−10

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

y

x

Figure 5: FRF of the 2D periodic structure, as composed of a central periodic structure (13 substructures) sur-
rounded by two extra-substructures: FE solution (—–), WFE solution when the central periodic structure is
modeled by means of m = 2 wave modes (− · −), m = 3 wave modes (×××) and m = 4 wave modes (◦ ◦ ◦).

|µ1| |µ2| |µ3| |µ4|
0.999876 0.999704 0.387754 0.007128

Table 1: Modulus of the first propagation constants, at 2000Hz.

shown in Figure 6, the WFE solution doesn’t match the reference FE curve even though half the
wave modes are kept (i.e., m = 11). Convergence is reached when all the wave modes are kept,
only. This highlights the fact that near the excitation source, almost the full wave mode basis is
needed to recover the dynamic behavior of the system.
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Figure 6: FRF of the 2D periodic structure, as composed of a left periodic structure (14 substructures) coupled
with a right extra substructure: FE solution (—–), WFE solution when the left periodic structure is modeled by
means of m = 3 wave modes (− · −), m = 11 wave modes (×××) and m = n = 22 wave modes (◦ ◦ ◦).
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4.2 3D periodic structure

As a second example, the harmonic behavior of a complex 3D periodic structure is analyzed
by means of the WA approach (Section 3.2.2). The structure under concern consists in a stiff-
ened cylindrical shell, as shown in Figure 7. It is composed of N = 20 identical substructures,
each of these being made up of eighteen longitudinal flat stiffeners and one circumferential
L-shaped stiffener. The cylindrical shell and the stiffeners share the following characteristics:

Figure 7: FE model of a stiffened cylindrical shell composed of 20 substructures.

Young’s modulus of 70GPa, density of 2700kg/m3, Poisson’s ratio of 0.3, loss factor of 0.005,
thickness of 0.002m. The length and the external diameter of the whole structure are 10m and
3m, respectively. Also, the longitudinal stiffeners have a height of 0.05m, while the circum-
ferential L-shaped stiffener has a height and a width of 0.1m. The substructures are meshed in
a same manner, i.e., by means of 2D triangular shell elements with three nodes and six DOFs
per node that incorporate 3D displacements/rotations. As a whole, each substructure is meshed
using 32, 616 DOFs, which are partitioned into n = 1188 DOFs on each left/right cross-section,
and 30, 240 internal DOFs. Also, the total number of DOFs used to model the whole periodic
structure is 629, 748, which appears to be large.

Besides, the periodic structure is subject on its left end to vertical point forces of magnitude
F = 1000N acting in opposite directions on the cross-section DOFs of two diametrically op-
posed longitudinal stiffeners (Figure 7). Regarding the right end of the periodic structure, the
cross-section DOFs of the longitudinal stiffeners are translationally fixed and rotationally free,
while the cross-section DOFs of the cylindrical shell are free. The FRF of the periodic structure
is estimated using 300 discrete frequencies which are equally spaced over the frequency band
[0.5Hz , 150Hz]. Prior to the computation of the wave modes, the condensed dynamic stiffness
matrix D∗ of a substructure needs to be assessed at each discrete frequency involved within the
frequency band of concern. This is achieved using the CB method (cf. Section 3.1), by con-
sidering 1000 fixed interface modes of the substructure. The computation of the wave modes
follows by considering the eigenproblem (6). The Lanczos method enables one to compute a
reduced set of wave modes, only. For this purpose, the WA method proposed in Section 3.2.2
is considered along with the wave mode selection process proposed in Section 3.3. Here, the
number of retained wave modes is determined when the value of the error bound Es shrinks
under a tolerance threshold of 10%. This provides m = 125 right/left-going wave modes to be
retained, which represents almost 10% of the total number n = 1188 of wave modes involved
when the eigenproblem (6) is solved directly.
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The FRF of the periodic structure is displayed in Figure 8. Here, the magnitude of the radial
displacement is assessed at a measurement point located 1.5m far from the excitation sources,
along the longitudinal direction. The solution issued from the WA approach (Section 3.2.2)
is computed using MATLAB R© and compared to the solution issued from a conventional FE
software. As it can be seen, the WFE and FE solutions (black and violet curves) perfectly match
to each other, hence giving credit to the proposed approach. In terms of CPU times, it takes
around 5826s with the WFE method to compute the FRF of the structure using MATLAB R© and
an Intel R© CoreTM i7-3720QM processor, against 13, 618s with a commercial FE software and
the same processor. This means 57% time savings in benefit of the WFE method.
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Figure 8: FRF of the stiffened cylindrical shell: FE solution (—–) and WFE solution when the central periodic
structure is modeled by means of m = 125 wave modes (• • •).

5 Concluding remarks

A model reduction technique has been developed within the framework of the WFE method
for the description of the dynamic behavior of structures with one-dimensional periodicity. An
efficient generalized eigenproblem based on the so-called S + S−1 transformation has been
proposed for computing the wave modes traveling in right and left directions along a periodic
structure composed of arbitrary-shaped substructures. An error indicator has been proposed
for selecting in an a priori process those wave modes which mostly contribute to the struc-
ture dynamics. It has been shown that the efficiency of the procedure can be greatly improved
by partitioning the whole periodic structure into one central structure surrounded by two extra
substructures. The feature of this technique lies in the use of a few wave modes for model-
ing the central structure, hence enabling the CPU times associated to the computation of the
WFE eigenproblem to be largely decreased. The relevance of this reduction technique has
been clearly validated regarding a 2D periodic structure. Also, it has been successfully applied
to model a 3D periodic stiffened shell that contains several substructures with large-sized FE
models.
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Abstract. With the aim of evaluating the seismic hazard and vulnerability of villages with 
valuable historical monuments in Central Italy, since the late 80’s ENEA operated an 
accelerometric network at the Cerreto di Spoleto village in the area of Central Apennines. The 
area is characterized by high level instrumental seismicity and seismic hazard. The 
accelerometric network, consisting of one station located at a rock site close to the hill base and 
of two accelerometers located inside a building at the relief top, recorded the Umbria-Marche 
aftershocks of 1997 as well as more recent earthquake sequences. In 2001 a temporary 
seismometric network was deployed at Cerreto di Spoleto village in order to better characterize 
the ground motion spatial variability along the ridge. The accelerometric network, consisting of 
one station located at a rock site close to the hill base and of two accelerometers located inside a 
building at the relief top, recorded the Umbria-Marche aftershocks of 1997 as well as more 
recent earthquake sequences. Analysis of the accelerometric records pointed out broadband 
seismic amplification above 1 Hz at the relief top. In 2001 a temporary seismometric network 
was deployed at Cerreto di Spoleto village in order to better characterize the ground motion 
spatial variability along the ridge. The seismic station were deployed at the ridge base and along 
the crest. To this aim we analyzed waveform in the frequency domain through the Horizontal-to-
vertical spectral ratio method. Except for the trapped waves effect, the results showed no clear 
evidence of ground motion amplification for the stations located on the crest. This evidence 
suggests that the seismic amplification observed on the accelerometric records is not related to 
topographic amplification. 
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4 ACCELEROMETRIC RECORDS 

The accelerometric array of Cerreto di Spoleto [11], since the deployment,  recorded several 
seismic events. Here records obtained during the period 2005-2010 at all the accelerometric 
stations are analyzed. Frequency domain analysis, by means of acceleration Fourier Amplitude 
Spectrum (FAS) of records, were performed. In figure 2 the position of the stations of the 
accelerometric array is shown. In particular, on the ridge,  M is the station of Municipio (the 
building where the City Hall is located), where two digital accelerometers were deployed  (the 
first one at the basement of the building, CMC station; the other at roof, CMS station). Then T is 
the station near a bell-tower named BCT. Events recorded at all stations (BCT, CMC and CMS) 
are listed in Table 1 with date, time origin, epicentral coordinates and magnitude. The maximum 
PGA between the two horizontal components of  the analyzed records are also listed. As shown, 
event magnitudes were small, and ground-motion PGA was ranging between few gals to 0.1 g (at 
CMS station). The first 5 records listed in table 1 were originated in Val Topino (see figure 4a) 
when the others were originated in Val Nerina (see figure 4b). Figure 5a and 5b shows the FAS 
of acceleration (NS and WE components) for the records obtained at the BCT station and figures 
5c and 5d the same for the CMC station. 

a) b) 

Figure 4.    a) Recorded Events in Val Topino; b) Recorded events in Val Nerina. 
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EVENT DATA RECORD DATA 
Date Time Epic. Coord. Magnitude PGA CMC (cm/s2) PGA CMS (cm/s2) PGA BCT (cm/s2) 

15.12.2005 06:00:30 42.748 12.773 Ml=3.3 8.40 31.40 11.75 
15.12.2005 13:28:37 42.738 12.760 Ml=4.2 27.95 71.03 27.81 
16.12.2005 20:12:36 42.735 12.735 Ml=3.4 7.64 29.77 10.76 
18.12.2005 08:06:46 42.738 12.753 Ml=3.5 8.82 20.82 12.87 
05.01.2006 17:30:39 42.744 12.756 Ml=3.6 11.86 35.70 20.18 
08.02.2007 01:32:55 42.820 13.217 Ml=3.8 19.25 43.68 11.47 
06:08.2009 10:23:41 42.793 13.176 Ml=2.3 8.02 27.07 8.60
10.01.2010 08:33:38 43.119 13.445 Ml=4.0 6.77 20.63 6.86
12.01.2010 08:25:14 43.119 13.451 Ml=4.1 7.81 21.58 8.83
12.01.2010 13:35:48 43.135 13.433 Ml=4.2 5.92 14.23 6.74
28.08.2010 07:07:56 42.834 12.654 Ml=4.1 6.54 17.01 6.58
06.12.2010 10:32:04 42.793 13.011 Ml=3.4 19.24 96.10 27.29 

Table 1.     Records from Cerreto di Spoleto strong-motion array (ETNA). 

 a)  b) 

 c) d)  

Figure 5.    FAS of acceleration (NS and WE components) for the records obtained at the BCT (a and b) and CMC (c 
and d) stations.  
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In previous papers [11, 12] was stated, as preliminary result,  that for all the analyzed events the 
FAS of acceleration at the CMC station is larger than the one obtained at BCT station in the 
frequency interval  between 2-8 Hz.  

a) b)

Figure 6.    Cerreto di Spoleto accelerometric array: mean values of FAS of recorded accelerations at BCT and CMC 
stations (a) NS component; (b) WE component. 

To confirm this behaviour a mean of the spectra was computed at both BCT and CMC stations. 
Figure 6a shows the averaged spectra for the NS components and figure 6b  the WE ones: the 
FAS of acceleration in the frequency interval of 2-8 Hz is larger at the CMC.   
Then a spectral ratio between the two horizontal component of acceleration, recorded at CMC 
and BCT, was computed to have a better evidence of the spectral amplification. Figure 7a and 7b 
show a clear amplification in the interval of interest. The averaged records were from the last six 
events listed in table 1.  The results should be interpreted carefully since the standard deviation is 
large. 
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a) 
b) 

 
 
Figure 1.    Mean Ratio between the FAS of acceleration of six events recorded at the BCT and CMC stations of the 

Cerreto di Spoleto accelerometric array: NS component (a), WE component (b). 
 

 

5 CONCLUSIONS  

As already highlighted by [9], the analysis of waveform recorded at the Cerreto di Spoleto hill, 
showed the occurrence of ground motion amplification in the frequency band 6-7 Hz at the ridge 
top in a specific location and related to trapped wave propagation. At other two stations located 
at the ridge top, we did not observed the occurrence of ground motion amplification at 
frequencies consistent with the hill dimension. We observed slight amplification at one station in 
terms of H/V function, above 6 Hz, likely related to the presence of a shallow weathered rock 
layer. The analysis of accelerometric waveforms recorded at the ridge top and base, showed 
ground motion amplification in a broad frequency band between 2 and 8 Hz.  While the 
amplification above 6 Hz at ridge top is consistent with that obtained by the analysis of 
velocimetric records, the 2- 6 Hz amplification was not observed by the 2001 seismic 
experiment. These results, seems to indicate a particular behavior of the Cerreto Torre 
accelerometric station, which may de-amplify the seismic ground motion in the 2-6 Hz frequency 
band.   
 
 
 
 
 
 
 

0,0E+00

2,0E+00

4,0E+00

6,0E+00

8,0E+00

1,0E+01

0 2 4 6 8 10
Freq. (Hz)

CMC-BCT Spectral Ratio 
MeanNS

MeanNS +
SDV

MeanNS -
SDV

-1,0E+00

1,0E+00

3,0E+00

5,0E+00

7,0E+00

9,0E+00

0 2 4 6 8 10
Freq. (Hz)

CMC-BCT Spectral Ratio

MeanWE

MeanWE
+ SDV

MeanWE
- SDV

4643



Dario Rinaldis, Salomon Hailemikael , Antonella Paciello and Guido Martini 

REFERENCES  

[1] Celebi M., Topographical and geological amplifications determined from strong-motion and aftershock 
records of the 3 march chile earthquake. Bull. Soc. Seism. Am., 77(4):1147–1167, 1987. 

[2] Ciarapica, G. and Passeri, L., Evoluzione paleogeografica degli Appennni, Atti Ticinensi di Scienze della 
Terra 40, 233–290 (in italian)., 1998. 

[3] Borcherdt, R. D., Effects of local geology on ground motion near San Francisco Bay, Bull. Soc. Seism. Am., 
60, 29–61, 1970. 

[4] Borcherdt, R. D, Estimates of site-dependent response spectra for design (methodology and justification), 
Earthquake Spectra 10, 617–653, 1994. 

[5] Chavez-Garcia, F. J., Sanchez, L. R., and Hatzfeld, D., Topographic site effects and HVSR. A comparison 
between observation and theory, Bull. Soc. Seism. Am. 86, 1559–1573, 1996. 

[6] Chavez-Garcia, F. J., Rodriguez, M., Field, E. H., and Hatzfeld, D., Topographic site effects. A comparison 
of two nonreference methods, Bull. Soc. Seism. Am. 87, 1667–1673, 1997. 

[7] Field, E. H. and Jacob, K., A comparison and test of various site response estimation techniques, including 
three that are non-reference-site dependent, Bull. Soc. Seism. Am. 85, 1127–1143, 1995. 

[8] Langstom, C. A., Structure under Mount Ranger, Washington, inferred from teleseismic body waves, J. 
Geophys. Res. 84, 4749–4762, 1979. 

[9]  Martino S., Minutolo A., Paciello A., Rovelli A., Scarascia Mugnozza G., and V. Verrubbi.  Evidence of 
amplification effects in fault zone related to mass jointing. Natural Hazards, 39:419–449, 2006. doi: 
10.1007/s11069-006-0001-2. 

[10] Paolucci R., Faccioli E., and F. Maggio. 3d response analysis of an instrumented hill at matsuzaki, japan, 
by a spectral method. Journal of Seismology, 3:191–209, 1999. 

[11] Rinaldis D., Verrubbi V. and Martini G., Cerreto di Spoleto (Umbria-Italy): Topographic amplification at 
the ENEA local array stations. Proceedings of 15th WCEE, Lisbon, 2012;  

[12] Rinaldis D. The Umbria-Marche sequence: digital recordings at ENEA stations. IACMAG 12th 
International Conference, 2008,1-6 October,  Goa, India. 

4644



COMPDYN 2015

5th ECCOMAS Thematic Conference on

Computational Methods in Structural Dynamics and Earthquake Engineering

M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.)

Crete Island, Greece, 25–27 May 2015

A PERFECTLY MATCHED LAYER FOR SEISMIC WAVE

PROPAGATION IN UNBOUNDED DOMAIN BY USING

HETEROGENEOUS MULTI-TIME STEP SUBDOMAIN METHODS

Zafati E.1, Brun M.1, and Djeran-Maigre I.1

1INSA de Lyon
Batiment Coulomb 20, Avenue A. Einstein 69621 Villeurbanne cedex (France)

e-mail: eliass.zafati@insa-lyon.fr

Keywords: wave propagation, perfectly matched layers, multi−step coupling algorithms.

Abstract. In the framework of the Finite Element Method, Perfectly Matched Layer (or PML)

is recognized as a very effective tool for reproducing unbounded domains (Basu et al. [13]).

Nonetheless, the computation time required by the PML may be large, especially when an ex-

plicit time integration scheme is adopted for dealing with the wave propagation problem both

in the domain of interest and in the PML medium (Basu et al. [13]). The paper proposed to

investigate subdomain strategies enabling to choose the appropriate time integration scheme

in the PML with its own time step, independently on the choice of the explicit time scheme in

the domain of interest associated with a fine time step satisfying the stability criterion (CFL

condition). The investigated subdomain strategy, proposed by Gravouil and Combescure [14],

is based on the Schur dual approach, characterized by the introduction of Lagrange multipliers

at the interface between subdomains for ensuring the velocity continuity.
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1 Introduction

The simulation of wave motion in unbounded media often compels a numerical solution us-

ing artificial boundaries surrounding the finite computational domain. Several techniques have

been developped to repoduce unbounded domain: the infinite elements (Bettess [1]), the ab-

sorbing boundaries methods (Enquist et al . [2]) and the absorbing layers methods such as the

Rayleigh damping layers (Semblat et al . [3], Rajagopal et al . [4] et Zafati et al . [5]) and the

perfectly matched layers (PML) (Chew et al . [6]).

The perfectly matched layers (PML) is an absorbing layer method which surrounds the com-

putational domain with an uniform thickness layer. The PMLs are characterized by their capa-

bilities of providing the same attenuation for all frequencies without, from the analytical point

of view, reflections at the interface for all angles of incidence and frequencies.

In the beginning, the PMLs have been developed for the Maxwell’s equations by Bérenger

et al . [7] using a field-splitting formulation and have became one of the most widely used meth-

ods in the simulation of wave propagation problems in unbounded media. The technique was

then adapted to the elastodynamics equations. Hastings et al . [8] extended the PML from elec-

tromagnetics to elastodynamics using a formulation in terms of displacement potentials imple-

mented in the finite difference framework. Using also the finite difference method, Chew et al .
[6] introduced a new split-field formulation, velocity−stress, applied to the isotropic medium

and also implemented using the finite difference method. Later on, Collino et al . [9] proposed a

finite difference split−field formulation similar to Chew et al . [6], applied to anisotropic media.

In [10], Wang et al. developed a new PML formulation, called C−PML, using the convolution

features adapted to the finite difference method. Matzen [11] extended the C-PML approach to

the finite element method. In this work, we are interested in an unsplit−field formulation de-

veloped for the finite element method in [12] and [13] by Basu et al . for applications involving

2D media.

When addressing the numerical implementation, it is often interesting, for several appli-

cations, to use an implicit time integration scheme (the average acceleration method) for the

absorbing layer such as the PML, while the physical domain is integrated in time by an ex-

plicit scheme (central difference method). The subdomain method proposed by Gravouil and

Combescure [14] provides the suitable properties for coupling an explicit integrator for the sub-

domain of interest with an implicit one for the absorbing layers. The method follows a dual

Schur approach by ensuring the velocity continuity at the interface through Lagrange multipli-

ers. The method is proved to be stable for any Newmark integrators [15] using the so-called

energy method (Hughes, [16]). It leads to the first order of accuracy when coupling second

order accurate time integration schemes due to a slight spurious dissipation at the interface as

soon as different time steps are adopted. When adopting the same time step, second order of

accuracy is achieved [17].

In this paper, the technique of the absorbing layers using the PMLs is adopted. First, we

propose to present the multi−time step coupling algorithm between the PML, formulated by

Basu et al . in [13], and the physical domain assumed to be linear isotropic medium. Then, we

report numerical results using 2D applications and demonstrating the efficiency of the coupling

method.
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2 Perfectly matched layer

2.1 Strong form of the PML in frequency domain

The PML model used in this work has been developed by Basu et al ([13] and [18]). It is built

using the classical elastodynamic equations by introducing the complex transform functions λi.

The main idea is to replace the real coordinates xi with the complex ones xi → x̃i : R → C.

The complex coordinates are defined as:

∂x̃i

∂xi

= λi(xi) = 1 + f e
i (xi)− i

f p
i (xi)

ks
(1)

where ks = ω
cs

(cs being the S-wave velocity) and f e
i , f

p
i are positive functions that vanish

at the interfaces between the PML and the physical domain. The function f p
i is introduced

to attenuate the propagative waves in the xi direction, whereas the function f e
i attenuates the

evanescent wave. The dependence on the angular frequency of the complex term in Eq. (1), in

the equation (1), makes the imaginary part of the wave number independent of the frequency.

In other words, all frequencies are damped in the same way.

The PML formulation is obtained by modifying the governing equations defined in the fre-

quency domain. The equations are re-written by substituting xi by x̃i as follows:

Σj

1

λj(xj)

∂σij

∂xj

= −ω2ρuj

σij = Σk,lCijklεij (2)

εij =
1

2

[

1

λj(xj)

∂ui

∂xj

+
1

λi(xi)

∂uj

∂xi

]

2.2 Strong form of the PML in time domain

Applying the inverse Fourier transform to the system given above, the time strong form is

written as:

∇.(σF̃ e + ΣF̃ p) = ρfmü+ ρcsfcu̇+ µfku

σ = C : ε (3)

F eT ǫ̇F e + F pTεF e + F eT εF p + F pTEF p =
1

2
(∇u̇T F e + F eT ∇u̇) +

1

2
(∇uT F p + F pT ∇u)

with:

F e =

[

1 + f e
1 (x1) 0
0 1 + f e

2 (x2)

]

, F p =

[

csf
p
1 (x1) 0
0 csf

p
2 (x2)

]

F̃ e =

[

1 + f e
2 (x2) 0
0 1 + f e

1 (x1)

]

, F̃ p =

[

csf
p
2 (x2) 0
0 csf

p
1 (x1)

]

(4)

and:

fm : = (1 + f e
1 (x1)) (1 + f e

2 (x2))

fc : = (1 + f e
1 (x1)) f

p
2 (x2) + (1 + f e

2 (x2)) f
p
1 (x1) (5)

fk : = f p
1 (x1) f

p
2 (x2)
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The tensors Σ and E are related to σ and ε by :

Σ =

∫ t

t=0

σ dt E =

∫ t

0

ε dt (6)

In this work the damping function f e
i , f

p
i will be linear as follow:

fα
i = aα

(

xi − x0

d

)n

α = e, p x0 ≤ xi ≤ x0 + d (7)

where aα a positive integer.

Assuming a normal incidence and using the damping functions defined in Eq. (7), aα can be

expressed as a function of the reflection coefficient R by [13]:

aα =

cp

cs
(n+ 1)

2d
ln(

1

R
) (8)

where cp is the P wave velocity and cs is the shear wave velocity.

2.3 Displacement based weak form of the PML

In this section, the discretization process proposed by Basu et al in [13] is presented. The

space discretization is obtained using the finite element method while the time discretization

is obtained using the classical Newmark schemes [15]. Let v be the test function belonging to

an appropriate space, the weak formulation is obtained by integrating over the computational

domain Ω:

∫

Ω

ρfm v.ü dΩ+

∫

Ω

ρ csfcv.u̇ dΩ+

∫

Ω

µ fkv.u̇ dΩ+

∫

Ω

ε̃e : σ dΩ+

∫

Ω

ε̃p : Σ dΩ =

∫

Γ

ω.(σF̃ e+ΣF̃ p).n dΓ

(9)

with Γ = ∂Ω the boundary of Ω, and n the normal vector to the Γ. ε̃e et ε̃p are given by:

ε̃e =
1

2
(gradv F̃ e + F̃ eT (gradv)T ) ε̃p =

1

2
(gradv F̃ p + F̃ pT (gradv)T ) (10)

The mass, the damping and the stiffness matrices are given by:

mIJ =

∫

Ω

ρfmNINJdΩ Id cIJ =

∫

Ω

ρfccsNINJdΩ Id kIJ =

∫

Ω

µfkNINJdΩ Id (11)

where NI is the shape function of the node I . Taking into account the Eq. (9), the internal

force term pen+1 is defined by:

pen+1 =

∫

Ωe

B̃eT σ̂n+1 +

∫

Ωe

B̃pT Σ̂n+1 (12)

with B̃e and B̃p matrices depend on the shape functions and the damping functions given in

terms of their nodal submatrices by:
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B̃e
I =





Ñ e
I1 0

0 Ñ e
I2

Ñ e
I2 Ñ e

I1



 B̃p
I =





Ñp
I1 0

0 Ñp

I2

Ñp
I2 Ñp

I1



 (13)

with:

Ñ e
Ii = F̃ e

jiNI,j et Ñp
Ii = F̃ p

jiNI,j (14)

The Voigt notation is adopted for the field σ̂ =





σ11

σ22

σ12



 and Σ̂ =





Σ11

Σ22

Σ12



 assumed to be

linked according to the relationship:

Σ̂n+1 = Σ̂n + dt σ̂n+1 (15)

It follows:

pen+1 =

∫

Ωe

B̃T σ̂n+1 +

∫

Ωe

B̃pT Σ̂n (16)

where:

B̃T = B̃eT + dt B̃pT (17)

The knowledge of σ̂n+1 depends on ε̂n+1 obtained by discretizing the 3rd equation of the

system (3) and assuming ε̇(tn+1) =
εn+1−εn

dt
and E(tn+1) = En + dt εn:

ε̂n+1 =
1

dt

[

BεU̇n+1 +BQUn+1 +
1

dt
F̂ εε̂n − F̂QÊn

]

(18)

where Bε, BQ, F̂ ε and F̂Q are matrices depending on the shape functions and the damping

functions (see appendix A). The element interal force pen+1 can now be written in terms of the

vectors vn+1 et un+1 and the quantities at the time tn = ndt. Finally, the weak form at the time

tn+1 can be expressed as:

MÜn+1 + (C + ˜C)U̇n+1 + (K + ˜K)Un+1 + P (εn, En,Σn) = Fext (19)

P being an operator depending on the quatities at tn.The global matrices ˜C, ˜K are built using

the following element submatrices:

c̃e =
1

dt

∫

Ωe

B̃TDBε
˜ke =

1

dt

∫

Ωe

B̃TDBQ (20)

where D is given by:

D =





κ+ 4

3
µ κ− 2

3
µ 0

κ− 2

3
µ κ+ 4

3
µ .

0 0 µ



 (21)

where µ is the shear modulus and κ is the bulk modulus. The last step involves the use

of the Newmark schemes [15] and solves the problem in terms of displacement, velocity or

acceleration.
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3 Coupling algorithme physical domain and PML

Let Ω a bounded domain from R2 with a regular boundary. We assume that the domain

Ω is divided into two parts Ω1 and Ω2 as illustrated in Figure 1 such as: Ω1 ∩ Ω2 = ⊘ and

∂Ω1 ∩ ∂Ω2 = Γ12. Γ12 represents the interface between the two subdomains. The subdomain

Ω1 related to a non dissipative linear elastic behavior and the subdomain Ω2 is related to a

dissipative behavior characterized by the PML weak form given in Eq. (19).

•
•
•
•
•
•
•
•
•

Ω1 Ω2

Γ12

Physical PML

Figure 1: Domaine Ω partitionn en deux sous domaines Ω1 et Ω2

Subdomain Ω1:

It is assumed that the medium Ω1 is linear elastic characterized by the mass matrix M1 and

the stiffness matrix K1. The semi-discrete in space equation of motion is given by:

M1Ü1 +K1U1 = Fext,1 − LT
1 λ̂ (22)

where λ̂ being the Lagrange multiplier vector corresponding to the nodal forces at the inter-

face.

Subdomain Ω2:

We assume that the subdomain 2 is governed by the discretized equation of motion in PML

(19):

M2Ü2 + (C2 + ˜C2)U̇2 + (K2 + ˜K2)U2 + P2(εn, En,Σn) = −LT
2 λ̂ (23)

L1 and L2 defined in Eq. (22) and Eq. (19) are boolean matrices, operating on nodal vectors

associated with the two subdomains 1 and 2, and picks out the degrees of freedom lying on the

interface Γ12 in order to ensure the velocity continuity at the interface, we write the following

kinematic relationship:

L1U̇1 + L2U̇2 = 0 (24)

In the following, the GC method [14] is employed to solve the previous problem. It is based

on a dual Schur approach by introducing Lagrange multipliers λ̂ to ensure the kinematic conti-

nuity at the interface. When discretizing in time the equation of motions for both subdomains,

we have to choose the quantity (displacement, velocity or acceleration) whose continuity is

imposed at the interface. Following the GC method, it has been proven by the authors that

any Newmark time integrators can be coupled (for example, explicit central difference scheme
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with implicit average acceleration scheme) when the continuity of velocities at the interface is

prescribed. Thus, the constraint defined on velocities was adopted as written in Eq. (24).

Next the subdomain Ω1 is integrated in time with an explicit time integration scheme (central

difference scheme), characterized by the parameters γ1 = 0.5 and β1 = 0, whereas the subdo-

main Ω2 is handled with an implicit time integration scheme (constant acceleration scheme),

characterized by the parameters γ2 = 0.5 and β2 = 0.25. Note that main advantages of the cou-

pling GC method is to provide heterogeneous time integration and multi-time step capabilities.

The multi-time step capability is of great interest for minimizing the computation time required

in the absorbing layer while keeping a target accuracy in the subdomain of interest. We focus

on heterogeneous time integration of the coupled problem by using different time steps in the

two subdomains. For this purpose, we define the fine time scale ∆t1 for the explicit domain and

the coarse time scale ∆t2 for the implicit domain with ∆t2 = m∆t1. The equation of motion is

written for the subdomain 1 is prescribed at the time tm = ∆t2 while the equation of motion of

the subdomain 2 is prescribed at the time tj = j∆t1 (j = 1, 2, ...m) as follows:

• Subdomain 1:

M1Ü
j
1 +K1U

j
1 = F ext,j

1 − LT
1 λ̂

j (25)

• Subdomain 2:

M2Ü
m
2 + (C2 + ˜C2)U̇

m
2 + (K2 + ˜K2)U

m
2 + P2(ε0, E0,Σ0) = −LT

2 λ̂
m (26)

At the interface, the continuity of velocities is imposed at time tj as:

L1U̇
j
1 + L2U̇

j
2 = 0 (27)

From Newmark formula, we introduce the predictor quantities Un−1,p
1 and U̇n−1,p

1 related to

a time range [tn , tn+1]. They are determined from the quantities known at the beginning of time

step as:

Un−1,p

k = Un−1

k +∆t U̇n−1

k +∆t2 (
1

2
− βk) Ü

n−1

k (28)

U̇n−1,p

k = U̇n−1

k +∆t (1− γk) Ü
n−1

k (29)

Using the expressions of the kinematic quantities in Eqs. (28) and (29), both equations of

motion can be written in the form:

˜M1Ü
j
1 = F ext,j

1 −K1U
j−1,p
1 − LT

1 λ̂
j (30)

˜M2Ü
m
2 = −P2(ε0, E0,Σ0)− (C2 + ˜C2)U̇

0,p
2 − (K2 + ˜K2)U

0,p
2 − LT

2 λ̂
m (31)

with the effective stiffness matrices defined for both subdomains by:

˜M1 = M1 + β1∆t21K1 (32)

˜M2 = M2 + β2∆t22(K2 + ˜K2) + γ2∆t(C2 + ˜C2) (33)
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The procedure proposed by Gravouil and Combescure is based on splitting the kinematic

quantities into two parts: the free and the linked quantities. The free quantities are obtained by

only considering the internal and external forces, whereas the linked quantities are obtained by

taking into account only the interface loads defined by the Lagrange multiplier vector λ̂. For

example, if we consider the subdomain Ω2, the discrete equation of motion is split into two

parts as follows:

{

˜M2Ü
free,m
2 = −P2(ε0, E0,Σ0)− (C2 + ˜C2)U̇

0,p
2 − (K2 + ˜K2)U

0,p
2

˜M2Ü
link,m
2 = −LT

2 λ̂
m

(34)

The complete accelerations are obtained by summing the two parts as: Üm
2 = Üfree,m

2 +
Ü link,m
2 .

The same procedure is applied to the subdomain Ω1 at each time tj . Furthermore, the kine-

matic quantities of the subdomain 2 at tj are interpolated as well as the Lagrange multiplier

:

{

λ̂j = (1− j

m
)λ̂0 + j

m
λ̂m

W j
2 = (1− j

m
)W 0

2 + j

m
Wm

2

(35)

Where W j
2 denote the free or the linked velocities of the subdomain 2 at tj . Using the

kinematic condition at the interface in Eq. (27) at each time tj , we obtain:

L1U̇
link,j
1 + L2U̇

link,j
2 = −L1U̇

free,j
1 − L2U̇

free,j
2 (36)

Then, by using Eq. (35) and the expression of the velocities as a function of accelerations,

the following interface problem can be derived:

Hλ̂j = bj (37)

with the interface operator and the second side member vector defined by:

{

H = γ1∆tL1
˜M−1

1 LT
1 + γ2∆tL2

˜M−1
2 LT

2

bj = L1U̇
free,j
1 + L2U̇

free,j
2

(38)

Finally, once we get the values of the Lagrange multiplier vector at the end time of the time

step, linked accelerations are obtained and thus complete accelerations as well as displacements

and velocities from Newmark formula in Eqs. (28) and (29).

4 Numerical examples

In the following numerical applications, non harmonic waves will be investigated by consid-

ering a Ricker incident wave Ric defined by:

Ric (t, tp, ts) = A (2 π2 (t− ts)
2

t2p
− 1) exp(−π2 (t− ts)

2

t2p
) (39)

The Ricker wave is characterized by three parameters: the fundamental period tp, the time shift

ts and the amplitude A. The chosen values are: tp = 3s, ts = 3s and A = 0.1, as illustrated in

Figure 2.
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Figure 2: Waveform and Fourier transform of the Ricker wavelet

4.1 Lamb Test

Lamb’s test consists in applying a concentrated load, characterized by the Ricker form in our

study, to the surface of a ground assumed to be infinite in both directions. A sensor is located at

a distance d from the load point in order to record the vertical and the horizontal displacements

at this point. In 1904 Lamb [19] analytically calculated the displacements at a given point of

the surface by assuming an isotropic linear elastic behavior for the soil. The derived theoretical

solution exhibits the complexity of the problem since there are many types of waves traveling

through the soil (P and S-waves, Rayleigh waves, etc).

Soil
(Explicit scheme)

PML

(Implicit scheme)

Load

0.8λ L

C
•

Figure 3: Modeling Lamb test using PMLs. The soil is integrated using explicit time scheme

while the PML is integrated using implicit time scheme.

The Lamb test is modeled using the bounded-domain-PML as illustrated in Figure 3, com-
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posed of a bounded soil (subdomain 1) with a size of 0.8λ and a PML (subdomain 2) char-

acterized by a thickness L, The bounded problem is descritized using the four-node bilinear

isoparametric elements. The soil is supposed to be linear elastic with ρ1, E1 = 1 and ν1 = 0.24.

The attenuation functions are chosen as f e
i = 0 and f p

i = ap
(

xi−x0

L

)

with ap = 10 and x0 = 4.

The length L = 2 is calculated using the following value of the reflection coefficient R = 0.001
and the relationship in Eq. (8). Finally, a point C located at the distance of 2 from the load point

is chosen in order to record the vertical and the horizontal displacements.

In this part, the numerical solution is computed using the multi time step GC method. Two

computations are distinguished: the first called Explicit/Explicit computation deals with the

case where the both subdomains are intergrated with the explicit scheme and the second called

Explicit/Implicit computation deals with the case where the subdomain 1 is integrated with the

explicit scheme and the subdomain 2 is integrated with the implicit scheme. Next, the purpose

is to analyze the effect of varying the ratio m on the accuracy of the results given in terms of

displacements at the point C and energies in the physical domain (soil).

Before going further, we start by estimating the error introduced by the PML model with

respect to the initial problem with an unbounded domain. For this purpose, we define the

relative error due to the PML model and related to the quantity E over the time range [0, T ] by

err =
‖EPML−Eref‖L2([0,T ])

‖Eref‖L2([0,T ])

, where EPML is the value of E obtained using the PML and Eref is

the value of E obtained using an extended mesh. In both cases, the computation is dealt with

an explicit scheme. Figures 4 and 5 compare the displacements and energies obtained using

the PML model with results obtained using an extended mesh. Note the excellent agreement

between the results since the error, defined above, does not exceed 1% for the displacements

and 0.1% for the energies.
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Figure 4: Vertical and horizontal displacements plotted at point C using time homogeneous

explicit PMLs compared to the reference results using an extended mesh.
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Figure 5: Kinetic and internal energies computed using time homogeneous explicit PMLs com-

pared to the reference results using an extended mesh.

The error due to the coupling strategy Explicit/Implicit over the time range [0, T ] is defined

by err =
‖E

(m)

I/E
−Eref‖L2([0,T ])

‖Eref‖L2([0,T ])

, where E
(m)

I/E
is the value of E obtained using the GC method

with the ratio m and Eref is the value of E obtained using a full explicit computation. Figures

6 and 7 compare the results obtained using the Explicit/Implicit computation with different

values of m with the results obtained using the Explicit/Explicit computation. One can remark

that the different quantities (displacements and energies) are in a good agreement even if small

fluctuations can be observed in the case of m = 5. Table 1 summarizes the errors computed for

each quantity by varying the ratio m from 1 to 5. It can be observed that the errors are globally

small and does not exceed 3.6% for the displacements and 0.7% for the energies.
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Figure 6: Vertical and horizontal displacements plotted at point C using time heterogeneous

implicit PMLs for different values of the tiem step ratio m compared to the reference results

using a full explicit integration.
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Figure 7: Kinetic and internal energies computed using time heterogeneous implicit PMLs for

different values of time step ratio m compared to the reference results using a full explicit

integration.

Kinetic Internal Horizontal Vertical

energy energy displacement displacement

m = 1 0.0002% 0.003% 0.001% 0.001%

m = 3 0.3% 0.1% 1.8% 1.3%

m = 5 0.7% 0.3% 3.6% 2.6%

Table 1: Relative errors related to the kinetic and internal energies computed for PMLs for

different time step ratios m.

4.2 Rigid strip on a homogeneous isotropic elastic half-plane

In Figure 8, the classical problem of the rigid strip-footing (strip Young’s modulus very im-

portant with respect to the soil Young’s modulus) on a half plane is considered. The study is

very similar to the previous one except that the strip will play the role of the third subdomain

integrated with the implicit scheme. Using the GC method, the system composed of the PML

and the strip will be integrated with the same time step computed from the soil properties in-

stead of the strip properties which will be very small due to the stiffness of the strip.

We keep the same properties of the soil and the PML given in the previous Lamb test. The

cross section is characterized by a half width 0.5 and a Young’s modulus 100 times that of the

soil. The load is varying as a Ricker wave with the parameters defined before and is applied

uniformly to the strip as it is shown in Figure 8. The comparison will be in terms of displace-

ments computed at the point C and energies by considering the system composed of the strip

and the soil.
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Soil
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PML
(Implicit scheme)

Load

strip
Implicit
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C
•

conform mesh
next to the strip

Figure 8: Rigid strip on a homogeneous soil. The soil and the strip are integrated using explicit

time scheme while the PML is integrated using implicit time scheme.

Figure 9 compares the displacements at C obtained using the PML model and the extended

mesh (reference results). It can be observed that the results closely match the reference results

with an error, estimated using the definition in the previous example, less than 2%.
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Figure 9: Vertical and horizontal displacements plotted at point C using the PMLs compared to

the reference results using an extended mesh.

Considering the subdomain decomposition described before, Figures 10 and 11 compare

the displacements and the energies obtained using the Explicit/Implicit strategy by varying the

time ratio m with the results obtained using a full explicit integration. It can be noted that the

different curves are quite close with an error less than 5% for the displacements and 2.4% for the

energies (Table 2). Furthermore, an important reduction in time computation has been observed

which is on the order of 6,16 and 21 times less than the full explicit computation for m = 1,

m = 3 and m = 5 respectively.
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Figure 10: Vertical and horizontal displacements plotted at point C using time heterogeneous

implicit PMLs for different values of time step ratios m compared the reference results using a

full explicit integration.
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Figure 11: Kinetic and internal energies computed using time heterogeneous implicit PMLs

for different values of time step ratios m compared to the reference results using a full explicit

integration.

Kinetic Internal Horizontal Vertical

energy energy displacement displacement

m = 1 0.2% 0.1% 0.8% 0.6%

m = 3 1.3% 0.9% 3% 2%

m = 5 2.4% 1.8% 5% 3.7%

Table 2: Relative errors related to the kinetic and internal energies computed for the system

composed of the strip and the soil by varying the time step ratios m from 1 to 5.
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5 Conclusion

In this paper, we presented the multi−time step coupling algorithm, based on GC method,

between the PML developed by Basu et al in [13] and a physical domain assumed to be linear

isotropic. The resulting algorithm was tested numerically through the computation of displace-

ments and energies for two 2D applications. These tests indicate that the proposed coupling

strategy offers interesting results in terms of accuracy and CPU time. However, a sensitivity to

a relatively small values of the time ratio m was observed for both tests, maybe due the numer-

ical dissipation introduced by the GC method. The extension of this method to other coupling

strategies (Brun et al [20] for example) is in progress.
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Anppendix A

The matrices Bǫ,BQ, F̂ ǫ and F̂Q in equation 18 are defined by:

First, we give the following definitions:

F l =

[

F p +
F e

dt

]

−1

F ǫ = F eF l FQ = F pF l (40)

The matrix Bǫ is given in term of the submatrix for the node I by:

Bǫ
I =





F ǫ
11N

l
I1 F ǫ

21N
l
I1

F ǫ
12N

l
I2 F ǫ

22N
l
I2

F ǫ
11N

l
I2 + F ǫ

12N
l
I1 F ǫ

21N
l
I12 + F ǫ

22N
l
I1



 (41)

with:

N l
Ii = F l

ijNI,j (42)

The matrix BQ is defined, similarly, by replacing F ǫ with FQ. Finally, the matrix F̂ ǫ is given

by:

F̂ ǫ =





(F ǫ
11)

2 (F ǫ
21)

2 F ǫ
11F

ǫ
21

(F ǫ
12)

2 (F ǫ
22)

2 F ǫ
12F

ǫ
22

2F ǫ
11F

ǫ
12 2F ǫ

21F
ǫ
22 F ǫ

11F
ǫ
22 + F ǫ

12F
ǫ
21



 (43)

likewise, the matrix F̂Q is obtained by replacing F ǫ with FQ.
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[7] J. Bérenger. A perfectly matched layer for the absorption of electromagnetic waves. Jour-

nal of Computational Physics, 114:185–200, 1994.

[8] F. Hastings, J.B. Schneider, and S.L. Broschat. Application of the perfectly matched

layer (pml) absorbing boundary condition to elastic wave propagation. The Journal of the

Acoustical Society of America, 100:3061–3069, 1996.

[9] F. Collino and C. Tsoga. Application of the perfectly matched layer model to the linear

elastodynamic problem in anisotropic heterogeneous media. Geophysics, 66:294–307,

2001.

[10] T. Wang and X. Tang. Finite-difference modeling of elastic wave propagation: a nonsplit-

ting perfectly matched approach. Geophysics, 68:1749–1755, 2003.

[11] R. Matzen. An efficient finite element time-domain formulation for the elastic second-

order wave equation: A non split complex frequency shifted convolutional pml. Interna-

tional Journal for Numerical Methods in Engineering, 88:951–973, 2011.

[12] U. Basu and A.K. Chopra. Perfectly matched layers for time-harmonic elastodynamics of

unbounded domains: theory and finite-element implementation. International Journal for

Numerical Methods in Engineering, 192:1337–1375, 2003.

[13] U. Basu and A.K. Chopra. Perfectly matched layers for transient elastodynamics of un-

bouded domains. International Journal for Numerical Methods in Engineering, 59:1039–

1074, 2004.

[14] A. Combescure and A. Gravouil. A numerical scheme to couple subdomains with differ-

ent time-steps for predominantly linear transient analysis. Computer Methods in Applied

Mechanics and Engineering, 191:1129–1157, 2002.

4661



Zafati E., Brun M. and Djeran-Maigre I.

[15] N.M. Newmark. A method of computation for structural dynamics. Journal of the Engi-

neering Mechanics Division (ASCE), 85:67–94, 1959.

[16] T.J.R. Hughes. The Finite Element Method: Linear Static and Dynamic Finite Element

Analysis. Prentice-Hall, Englewood Cliffs, NJ, 1987.

[17] N. Mahjoubi, A. Gravouil, and A. Combescure. Coupling subdomains with heteroge-

neous time integrators and incompatible time steps. Computational Mechanics, pages

DOI 10.1007/s00466–009–0413–4, 2009.

[18] U. Basu. Explicit finite element perfectly matched layer for transient three-dimensional

elastic waves. International Journal for Numerical Methods in Engineering, 77:151–176,

2009.

[19] H. Lamb. On the propagation of tremors over the surface of an elastic solid. Proceeedings

of the Royal Society of London, 72:128–130, 1903.

[20] M. Brun, A. Gravouil, A. Combescure, and A. Limam. Two FETI-besed heterogeneous

time step coupling methods for Newmark and α-schemes derived from the energy method.

Computer methods in applied mechanics and engineering, 283:130–176, 2015.

4662



COMPDYN 2015 

5th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Crete Island, Greece, 25–27 May 2015 

LONGITUDINAL SEISMIC VIBRATIONS OF A SEGMENTED 

PIPELINE CONSIDERED AS THE PERIODICALLY 

INHOMOGENEOUS ROD 

Mukhady Sh. Israilov
1

1 
Research Institute on Mathematical Physics and Seismodynamics. Grozny, 

Chechen Republic, Russia 

 israiler@hotmail.com 

Keywords: seismic vibrations, underground pipeline, periodically inhomogeneous rod, flexi-

ble joints. 

Abstract. Underground segmented pipeline with flexible joints is considered as a periodically 

piecewise homogeneous rod. Longitudinal vibrations of the rod are investigated by utilizing 

E.A. Ilyushina's method which reduces this problem to vibration study of separation bounda-

ries between homogeneous parts of the rod. In this way, the averaged differential equations of 

motion and the average wave velocities are obtained for inhomogeneous rod when its cell of 

periodicity contains two, three, and more elastic components. It is shown that the average ve-

locities are the same as the ones calculated through effective static moduli of the composite 

rod. 

The iron/steel pipelines with rubber and lead rings at joints are considered as examples.  In 

these examples the average wave velocities in segmented pipeline (calculated by the method 

mentioned above) are significantly less than the wave velocity in the iron/steel pipe itself. The 

last result justifies the necessity of supersonic case study (the case in which wave velocity in 

the pipe less than seismic wave velocity in the soil) when earthquake response of buried pipe-

lines is investigated. Usually this case is ignored assuming that the wave velocity in the pipe 

exceeds the wave velocity in the soil. The results of this paper clearly demonstrate that for 

segmented pipeline this assumption may not be true. 
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1 LONGITUDINAL VIBRATIONS OF PIECEWISE INHOMOGENEOUS 

PIPELINE: STUDY METHOD 

Let us consider longitudinal displacements 𝑢(𝑧, 𝑡) of an elastic pipeline 𝑧1 ≤ 𝑧 ≤ 𝑧𝑁+1 

consisting of N different homogeneous segments with interfaces at 𝑧 = 𝑧𝑟  (𝑟 = 2,… ,𝑁). As 

boundary conditions stresses 𝜎11(𝑡) or displacements 𝑢(𝑡) can be defined at the ends of the 

pipeline at 𝑧 = 𝑧1  and 𝑧 = 𝑧𝑁+1. We will consider stationary vibrations of the pipeline as-

suming that the boundary conditions are harmonic functions of time. Hence displacements of 

r-th segment 𝑢𝑟(𝑧, 𝑡) = 𝑈𝑟(𝑧)exp(−𝑖𝜔𝑡) will obey the following equation:

𝑈𝑟
′′(𝑧) + 𝜔1𝑟

2 𝑈𝑟(𝑧) = 0 (1) 

where the prime denotes the derivative with respect to the argument and 𝜔1𝑟 = 𝜔/𝑐𝑟 

(𝑐𝑟 = √𝐸𝑟/𝜌𝑟 is a velocity of wave propagation in r-th segment with Young modulus 𝐸𝑟 and 

density 𝜌𝑟). 

The general solution of equation (1) has the form 

𝑈𝑟(𝑧) = 𝐴1
𝑟 cos𝜔1𝑟𝑧 + 𝐴2

𝑟 sin𝜔1𝑟𝑧 (2) 

Following the method of H.A Ilyushina [1] developed for oscillation study of an inhomo-

geneous structure, we find the relation between the displacement 𝑈 and stress 𝛴11  (𝜎11(𝑧,
𝑡) = 𝛴11(𝑧)exp(−𝑖𝜔𝑡)) on the left side of the r-th segment (𝑧 = 𝑧𝑟) with that on its right side

(𝑧 = 𝑧𝑟+1).  
We introduce a two-dimensional vector 𝒀𝑟in the following way:

𝑌1
𝑟 = 𝑈𝑟(𝑧), 𝑌2

𝑟 =
1

𝐸0𝜔10
𝛴11
𝑟 =

𝐸𝑟
𝐸0𝜔10

𝑈𝑟
′ ,(3) 

where 𝐸0, 𝑐0- normalization constants and 𝜔10 ≡ 𝜔/𝑐0. 

From the common solution of equations (2) and (3) it follows that 

𝐴1
𝑟 = 𝑌1

𝑟 cos𝜔1𝑟𝑧 − 𝑃𝑟 𝑌2
𝑟 sin𝜔1𝑟𝑧,

𝐴2
𝑟 = 𝑌1

𝑟 sin𝜔1𝑟𝑧 + 𝑃𝑟 𝑌2
𝑟 cos𝜔1𝑟𝑧,

𝑃𝑟 ≡
𝐸0𝜔10

𝐸𝑟𝜔1𝑟

or in matrix form: 

𝑨𝑟 = 𝐶𝑟𝒀𝑟;  𝐶𝑟 ≡ ‖
cos𝜔1𝑟𝑧 −𝑃𝑟sin𝜔1𝑟𝑧
sin𝜔1𝑟𝑧 𝑃𝑟 cos𝜔1𝑟𝑧

‖(4) 

Writing the relation (4) for the r-th and r+1-th segments and using the condition of conti-

nuity of 𝑈 and 𝛴11 on the interface between these segments, we obtain (where ℎ𝑟 ≡ 𝑧𝑟+1 − 𝑧𝑟 

is length of r-th segment): 

𝑌1
𝑟+1(𝑧𝑟+1) = 𝑌1

𝑟(𝑧𝑟+1) = 𝐴1
𝑟 cos𝜔1𝑟( 𝑧𝑟 + ℎ𝑟) + 𝐴2

𝑟 sin𝜔1𝑟(𝑧𝑟 + ℎ𝑟)

= 𝑌1
𝑟(𝑧𝑟) cos𝜔1𝑟 ℎ𝑟 + 𝑃𝑟𝑌2

𝑟(𝑧𝑟) sin𝜔1𝑟 ℎ𝑟,

𝑌2
𝑟+1(𝑧𝑟+1) = 𝑌2

𝑟(𝑧𝑟+1) = [−𝐴1
𝑟 sin𝜔1𝑟( 𝑧𝑟 + ℎ𝑟) + 𝐴2

𝑟 cos𝜔1𝑟(𝑧𝑟 + ℎ𝑟)]/𝑃𝑟 =

= −(𝑌1
𝑟(𝑧𝑟) sin𝜔1𝑟 ℎ𝑟)/𝑃𝑟+𝑌2

𝑟(𝑧𝑟) cos𝜔1𝑟 ℎ𝑟 
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or in matrix form: 

𝒀𝑟+1(𝑧𝑟+1) = 𝐷𝑟𝒀𝑟(𝑧𝑟), 𝐷
𝑟 ≡ ‖

𝑐𝑜𝑠 𝜔1𝑟ℎ𝑟 𝑃𝑟𝑠𝑖𝑛 𝜔1𝑟ℎ𝑟

−
1

𝑃𝑟
𝑠𝑖𝑛𝜔1𝑟ℎ𝑟 𝑐𝑜𝑠 𝜔1𝑟ℎ𝑟

‖            (5) 

Recurrence equations (5) give the relation between the values of the vector 𝒀𝑟 of r-th seg-

ment at 𝑧 = 𝑧𝑟 and values 𝒀𝑟+1 r+1-th section at 𝑧 = 𝑧𝑟+1 and allow us to find the values of

𝑈 and 𝛴11 on any internal interface of the pipeline, if the values on one of its ends are defined. 

2 VIBRATIONS OF TWO-COMPONENT AND MULTICOMPONENT PERIODIC 

PIPELINES 

Let us consider the case of an infinite two-component (two-segment) pipeline which con-

sists of repetitive homogeneous sections of two types (Figure 1) with the constants: r-th inter-

val - 𝐸1, 𝜔11, ℎ1; r+1-th interval -  𝐸2, 𝜔12, ℎ2. This case is very important for practical 

applications. Writing the relation (5) for two adjacent segments, we find 

𝒀𝑟+2 = 𝐷𝒀𝑟 , 𝐷 = 𝐷2𝐷1, (6) 

where 

𝐷 = ‖
𝑑11 𝑑12
𝑑21 𝑑22

‖ , (7) 

𝑑11 = cos𝜔11ℎ1 cos𝜔12ℎ2 − 
𝑃2
𝑃1

sin𝜔11ℎ1 sin𝜔12ℎ2, 

𝑑12 = 𝑃1 sin𝜔11ℎ1 cos𝜔12ℎ2 +𝑃2 cos𝜔11ℎ1 sin𝜔12ℎ2, 

𝑑21 = −
1

𝑃2
cos𝜔11ℎ1 sin𝜔12ℎ2 − 

1

𝑃1
sin𝜔11ℎ1 cos𝜔12ℎ2, 

𝑑22 = −
𝑃1
𝑃2

sin𝜔11ℎ1 sin𝜔12ℎ2 + cos𝜔11ℎ1 cos𝜔12ℎ2 

The whole set of interfaces of infinite periodic two-component pipeline is divided into two 

classes. The first class consists of the interfaces for which the segments of the material 1are 

located on the right side and the segments of the material 2 – on the left side (the interfaces of 

this class are marked in Fig. 1 by bold dots); and the second class consists the interfaces for 

which, on the contrary, the segments of the material 2 are located to the right and the seg-

ments of the material 1 - to the left (in Fig. 1 they are marked by crosses). 

Figure 1: Two-component periodic pipeline geometry 
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For such periodic structure is natural to assume that the interfaces of the first and second 

classes vibrate in similar way, i.e. with the same frequency, but with different amplitudes, as 

shown in (Fig. 1). Below, in Sec. 3, it was investigated when this assumption is satisfied and 

have place a phenomenon of the transmission of frequency by the periodic structure, and 

when it fails, and there is aperiodic motion of the structure (the phenomenon of locking or fil-

tering out frequencies). In this assumption vector 𝒀𝑟can be represented as (ℎ ≡ ℎ1 + ℎ2)

𝒀𝑟 = {
𝑌𝐼𝑒𝑖𝑘𝑟ℎ/2,𝑟 = ±2, ±4,±6,… ;

𝑌𝐼𝐼𝑒𝑖𝑘[
(𝑟+1)ℎ

2
−ℎ2],𝑟 = ±1,±3,±5, …

(8) 

Then after substituting (8) into equation (6) we obtain the following characteristic equation 

|
𝑑11 − 𝑒𝑖𝑘ℎ 𝑑12

𝑑21 𝑑22 − 𝑒𝑖𝑘ℎ
| = 0 (9) 

Using in (9) expressions for 𝑑𝑖𝑗 from (7), we obtain the spectral equation of two-component 

segmented pipeline 

cos 𝑘ℎ = cos(𝜔11ℎ1 +𝜔12ℎ2) − 𝛾 sin𝜔11ℎ1 sin𝜔12ℎ2, (10) 

𝛾 ≡
1

2
(
𝑃1
𝑃2

+
𝑃2
𝑃1
) − 1 > 0 

Since length of seismic wave Λ = 2π/𝑘 (many tens to hundreds of meters) is much longer 

than length of an pipeline’s cell of periodicity ℎ (in practice up to ten meters), for the spectral 

equation (10) is a good approximation, the so-called, long-wave approximation, when in it for 

small 𝑘 and 𝜔, and hence small 𝜔11 = 𝜔/𝑐1 and 𝜔12 = 𝜔/𝑐2, in the Taylor series of incom-

ing functions we keep members up to the second order. Then equation (10) proceeds to the 

next: 

𝑘2ℎ2 = 𝜔2 [
ℎ1
2

𝑐1
2 +

ℎ2
2

𝑐2
2 + 2(1 + 𝛾)

ℎ1
𝑐1

ℎ2
𝑐2
] 

This shows that the average or "averaged" velocity of propagation of longitudinal perturba-

tions in two-component pipeline for small 𝑘 and 𝜔 is 

𝑐𝐿 ≡ 〈𝑐〉 =
ℎ

√(
ℎ1
𝑐1
)
2

+ (
ℎ2
𝑐2
)
2

+ (
𝑃1
𝑃2

+
𝑃2
𝑃1
)
ℎ1
𝑐1

ℎ2
𝑐2

(11) 

Thus, when the length of the seismic wave substantially larger than the characteristic size 

of inhomogeneity (the length of the periodicity cell) of the segmented pipeline, it may be con-

sidered as a homogeneous rod which has averaged, or as they say, effective mechanical prop-

erties. In this case, averaged equation of longitudinal vibrations of such homogeneous 

pipeline has the form 
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𝑈′′(𝑧) +
𝜔2

〈𝑐〉2
𝑈(𝑧) = 0 

 

For average velocity can be easily obtained the following important theorems. 

     Theorem 1. The average velosity of propagation of longitudinal waves in the segmented 

pipeline can be calculated on the basis of its effective static characteristics, considering the 

pipeline as a composite [2], namely, 

 

𝑐𝐿 ≡ 〈𝑐〉 = √〈𝐸〉/〈𝜌〉,(12) 

where 

 

〈𝜌〉 =
ℎ1𝜌1 + ℎ2𝜌2

ℎ
,〈𝐸〉 =

ℎ

ℎ1/𝐸1 + ℎ2/𝐸2
(13) 

are the average density and the effective Young's modulus of bi-component rod, respectively. 

The expression for the average density in (13) is obvious, and for the effective Young's 

modulus obtained by introducing the concept of the average strain of the periodicity cell by 

the formula (𝜎 - longitudinal stress) 

〈𝜀〉ℎ ≡
𝜎

〈𝐸〉
ℎ = 𝜀1ℎ1 + 𝜀2ℎ2 =

𝜎

𝐸1
ℎ1 +

𝜎

𝐸2
ℎ2. 

To prove statement of the theorem we transform the right-hand side of (12) using (13). 

That leads to 

√
〈𝐸〉

〈𝜌〉
= √

ℎ

ℎ1/𝐸1 + ℎ2/𝐸2
∙

ℎ

ℎ1𝜌1 + ℎ2𝜌2
= ℎ/√(

ℎ1
𝑐1
)
2

+ (
ℎ2
𝑐2
)
2

+ ℎ1ℎ2 (
𝜌1
𝐸2

+
𝜌2
𝐸1
) 

From which we obtain the desired result if we note that 

 
𝜌1
𝐸2

+
𝜌2
𝐸1

=
1

𝑐1𝑐2
(
𝑃1
𝑃2

+
𝑃2
𝑃1
) 

 

Theorem 2. Without loss of generality, assume that 𝑐1 > 𝑐2. Then 𝑐𝐿 ≡ 〈𝑐〉 < 𝑐1, that is, 

the average velocity is less than the greater of the wave velocities in the internal parts of the 

two-component cell of the pipeline. 

      To prove the theorem let us use elementary transformation: 

 

〈𝑐〉 =
ℎ

√(
ℎ1
𝑐1
)
2

+ (
ℎ2
𝑐2
)
2

+ (
𝑃1
𝑃2

+
𝑃2
𝑃1
)
ℎ1
𝑐1

ℎ2
𝑐2

=
ℎ

√(
ℎ1
𝑐1

+
ℎ2
𝑐2
)
2

+ (
𝑃1
𝑃2

+
𝑃2
𝑃1

− 2)
ℎ1
𝑐1

ℎ2
𝑐2

 

The second term under the radical in the last expression is positive (because of the inequal-

ity 𝑥 +
1

𝑥
> 2  for 𝑥 > 0 and 𝑥 ≠ 1 (for 𝑥 = 𝑃1/𝑃2)), therefore 

 

4667



Mukhady S. Israilov 

〈𝑐〉 < 
ℎ

ℎ1
𝑐1

+
ℎ2
𝑐2

≡  𝑐∗ 

But 

𝑐∗ =
𝑐1𝑐2

ℎ1
ℎ
𝑐2 +

ℎ2
ℎ
𝑐1

=𝑐1
1

ℎ1
ℎ
+
ℎ2
ℎ
𝑐1
𝑐2

= 𝑐1
1

1 +
ℎ2
ℎ
(
𝑐1
𝑐2

− 1)
<  𝑐1 

since by assumption 𝑐1 > 𝑐2. Thus, it is found that 〈𝑐〉 <  𝑐∗ <  𝑐1.

It should be noted that the average velocity can be less than the smallest velocity of wave 

propagation in the segments of the pipeline (which is equal to 𝑐2 by assumption).This is easily 

seen if we transform expression (11) or (12) to the form 

〈𝑐〉 =
𝑐2

√1 + (
ℎ1
ℎ
)
2

[(
𝑐2
𝑐1
)
2

− 1] +
ℎ1ℎ2
ℎℎ

[
𝜌1
𝜌2

+
𝜌2
𝜌1

(
𝑐2
𝑐1
)
2

− 2]

From this formula, it is also clear that the average velocity 〈𝑐〉 is less than 𝑐2 in the case of

𝑐2 = 𝑐1 (but with segments of different materials). 

     Thus, from the prof provided above, we can conclude that the use of damping material on 

the joints reduces the velocity of wave propagation in the pipeline and that runs the risk of 

transition to supersonic regime when resonance may occur [3]. 

     Outlined procedure can be applied to the calculation of the average wave propagation ve-

locity in the three and 𝑁 − component periodic pipeline. Although this involves considerable 

analytical calculations but the result can be obtained. In these cases, the matrix 𝐷 in the for-

mulas, analogous to (6), is a product of three or more (generally 𝑁) matrices of type (5) and, 

therefore, it does not work to write the characteristic equations as for the two-component pe-

riodic rod (equations like (10) ). However, one can easily write down the asymptotic analogs 

of these characteristic equations for small k and ω with retention of members to the second 

order (a situation that is just implemented during strong earthquakes), of which have been set 

to the average velocity. We write out the results obtained in this way. In the case of the three-

component periodic pipeline the averaged velocity is 

〈𝑐〉 =
ℎ

√(
ℎ1
𝑐1
)
2

+ (
ℎ2
𝑐2
)
2

+ (
ℎ3
𝑐3
)
2

+ (
𝑃1
𝑃2

+
𝑃2
𝑃1
)
ℎ1
𝑐1

ℎ2
𝑐2

+ (
𝑃1
𝑃3

+
𝑃3
𝑃1
)
ℎ1
𝑐1

ℎ3
𝑐3

+ (
𝑃2
𝑃3

+
𝑃3
𝑃2
)
ℎ2
𝑐2

ℎ3
𝑐3

, 

and for pipeline with 𝑁 components in the periodicity cell we obtain 

〈𝑐〉 =
ℎ

√∑ (
ℎ𝑘
𝑐𝑘
)
2

𝑁
𝑘=1 + ∑ (

𝑃𝑘
𝑃𝑙

+
𝑃𝑙
𝑃𝑘
)
ℎ𝑘
𝑐𝑘

ℎ𝑙
𝑐𝑙

𝑁
𝑘,𝑙=1;𝑙>𝑘
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3 EXAMPLES: THE EXISTENCE OF PERIODIC SOLUTIONS AND THE 

NUMERICAL VALUES FOR AVERAGE VELOCITY IN TWO-COMPONENT 

PIPELINE  

To quantify the effect of flexible joints consider two examples: a) pipeline consisting of 

iron pipes (large diameter) length of 5.97 m, connected in complex joints with rubber gaskets 

width of 3 cm and b) a pipeline consisting of iron pipe length 5.90 m, in complex junctions 

connected with lead strips of 10 cm width. In both cases, the length of the periodicity cell h = 

6 m. Necessary for calculating the average velocity by the formula (11) mechanical properties 

of the pipeline material (iron, lead and rubber) are taken from Kaye and Laby [4] and are giv-

en in SI by values: 

a) 𝑐1 = 4,3 ∙ 103 m/s,  𝑐2 = 0,7 ∙ 102 m/s, 𝐸1 = 13,0 ∙ 1010 N/m
2
, 𝐸2 = 0,4 ∙ 107 N/m

2 
;

b) 𝑐1 = 4,3 ∙ 103 m/s,  𝑐2 = 1,2 ∙ 103 m/s, 𝐸1 = 13,0 ∙ 1010 N/m
2
, 𝐸2 = 1,62 ∙ 1010 N/m

2
.

For our two-component periodic pipeline has been assumed the existence of periodic solu-

tions of the form (8) with a real k, meaning that both types of interface oscillate with the same 

frequency. We define in the examples the regions of small ω, in which this assumption holds, 

or otherwise, the intervals in which the right-hand side of the characteristic equation (10) is 

less than one in modulus. The latter is valid in intervals where the graph of the function 

𝑦1 = cos𝑋 , 𝑋 ≡ (𝜆1 + 𝜆2)𝜔  is located between curves 𝑦2 = αcos 𝜘𝑋 + 𝛽  and 𝑦3 =
αcos 𝜘𝑋 − 𝛽 , where 𝜆1 ≡ ℎ1/𝑐1 ,  𝜆2 ≡ ℎ2/𝑐2  , 𝜘 ≡ (𝜆2 − 𝜆1)/(𝜆2 + 𝜆1),  α≡ 𝛾/(2 + 𝛾), 

𝛽 ≡ 2/(2 + 𝛾). 
Fig. 2 and 3 present graphs of these functions for small ω for examples a and b, respective-

ly. As can be seen, there is a periodic solution for positive 𝑋 ≲ 0.2 (which corresponds to the 

frequency 𝜔/2𝜋 ≡ 𝑓≲ 17 Hz) in Example a and for  𝑋 ≲ 2.9 (which corresponds 𝑓 ≲ 325 

Hz) in Example b. Thus, in the case of rubber gaskets in complex junctions, since moderate 

earthquakes of intensity 2 - 3 on the Richter scale (the predominant frequency of seismic vi-

brations ~ 10 Hz [5]), there are periodic oscillations of the pipeline. And only in the case of 

weak shocks it is possible aperiodic motion. With lead seals periodic oscillations occur except 

in narrow regions near the points of change X in vicinity of X = -3, and X = 3 (Fig. 3), which 

is explained not as big a difference in velocity of wave propagation in the elements of the pe-

riodicity cell of the pipeline in this case. 

Figure 2: Region of periodic oscillations for iron pipeline with rubber gaskets 
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The average velocities of wave propagation, calculated by the formula (11), take in exam-

ples under consideration the values: a) 〈𝑐〉 ≈ 350 m/s and b) 〈𝑐〉 ≈ 4.05 ∙ 103m/s. In the first

example (with rubber gaskets), the average velocity of an order of magnitude smaller than the 

velocity of waves in the iron segment of the composite pipe and less than the velocity of 

propagation of longitudinal waves in typical soils (~ 500 ÷ 1500 m/s), which may have a sig-

nificant impact and influence to earthquake safety of buried pipelines because of the nature of 

the solutions in the supersonic region [3]. 

Figure 3. Region of periodic oscillations for iron pipeline with lead strips at junctions 

4 CONCLUSION 

The main conclusions derived from this study are summarized as follows: 

1). A new method developed for study of longitudinal vibrations of multi-component peri-

odically inhomogeneous pipeline (segmented pipeline with flexible joints) subjected to seis-

mic waves. This method reduces the problem to vibration problem for corresponding 

homogeneous rod (or pipe) with average mechanical properties. It is shown that the reduction 

is a valid approximation when the length of seismic wave is much longer than the length of 

the of pipeline’s periodicity cell. 

2). Analytical expressions for average wave velocities are found for two, three, and 𝑁- 

component pipelines. It is proved that the average velocity is less than the greatest velocities 

of all pipeline components and can even be less than the smallest of them.  

3). Theoretical results of this study are applied to the periodic steel pipeline with flexible 

joints consisting of rubber or lead gaskets. In examples of common practical interest numeri-

cal values for average velocities, which were calculated on the base of the developed theory, 

are significantly less than the wave velocity in the steel segment of the pipeline. And in the 

example with rubber gaskets the average velocity (~ estimates as 350 m/s) is less than the ve-

locity of propagation of longitudinal waves in typical soils. Thus, this, so-called, supersonic 

regime cannot be ignored (as is usually done) in earthquake response analysis of segmented 

underground pipelines.  

4). Here during investigation of the segmented pipeline as a periodic piecewise homogene-

ous structure it was assumed that all interfaces vibrate with the same frequency. The frequen-

cy intervals, in which this assumption is satisfied, are discussed and illustrated by the plots 

(Figures 2 and 3) in the examples.    
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Abstract. Static and dynamic liquefaction may produce different levels of damages on the 

infrastructures and various numbers of casualties. Understanding the associated initiation 

mechanisms therefore is very important for geotechnical engineers to predict and manage the 

relevant hazards. In this study, a series of DEM simulations of undrained triaxial compres-

sion tests and a cyclic undrained triaxial test are carried out to examine the initiation mecha-

nisms from a micromechanical perspective. The simulation results demonstrate a continuous 

decrease in the mean of contact normal forces and a continuous increase in the associated 

COV as the shear strain increases during undrained compression of a loose sample. Such 

kind of evolution trend found in the contact force distribution was not observed in the simula-

tions of undrained compression tests on medium dense to dense sand samples. However, the 

same behavior can be detected in the cyclic undrained triaxial tests on a dense sample, i.e., a 

continuous decrease in the mean of contact normal forces and a continuous increase in the 

associated COV. Hence, such an evolution tendency of contact force distributions can serve 

as a basis to explain the initiation mechanisms of the static and dynamic liquefaction from a 

micromechanical point of view.  
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1 INTRODUCTION 

Liquefaction describes a condition where the effective stress of the soil reaches a very low 

value (i.e., close to zero) due to the buildup of pore pressures. Liquefaction may be induced 

by monotonic or static loading, which is commonly referred to as static liquefaction. Static 

liquefaction may lead to different types of hazards, e.g., failures of the submarine slopes, 

dams and tailings structures, and most of these case histories occurred in very loose to loose 

saturated sand [1]. Even though static liquefaction can hardly occur in medium dense to dese 

sand, a cyclic loading, e.g., earthquake shaking, may induce the decrease in the effectives 

stress, and the liquefaction state might be reached after a certain number of loading cycles. 

Once the liquefaction state is reached, large strains might be developed in the subsequent 

loading cycles to cause casualties [2]. For example, as summarized by [3], bridge collapses 

due to liquefaction have been observed during the 1964 Niigata (Japan) and Alaska earth-

quakes, 1975 Haicheng (China) earthquake, 1976 Tanshang (China) earthquake, 2008 Wen-

chuan (China) earthquake and 2010 Maule (Chile) earthquake. Hence, understanding the 

initiation mechanisms of static and dynamic liquefaction (induced by cyclic loading) is very 

important for geotechnical engineers to predict and manage these associated hazards. 

The undrained triaxial compression tests, triaxial extension tests and simple shear tests 

have been frequently conducted to examine the undrained soil behavior under a static loading 

(e.g., [1, 4-9]). Fig. 1 presents typical responses during the undrained triaxial compression 

tests carried out by [10]. For a loose sample with a void ratio of 0.93, the deviatoric stress q = 

v  r initially increases with increasing shear strain () until the soil reaches the peak state 

(as shown by the solid triangle in Fig. 1a), and the mean effective stress p = (v + 2r)/3 de-

creases with increasing . Note that v and r are the vertical and radial effective stresses, 

respectively. The shear strain  is described by  = a  r, where a and r are the vertical and 

radial strains, respectively. After the peak state, both the values of p and q decrease with in-

creasing  until liquefaction (p = q = 0). For the dense sample with a void ratio of 0.861, the 

deviatoric stress q continuously increases with increasing , and p initially decreases and then 

increases with increaseing . In addition, for the medium dense sand with a void ratio of 0.868, 

q initially increases and then decreases with increasing , which is similar to the response in 

the early stage of undrained compression for a loose sample. Afterwards, the sample reaches a 

quasi-steady state (as shown by the solid circle in Fig. 1a), and then both the values of p and  
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Figure 1: Typical responses during the undrained static compression tests: (a) stress-strain 

responses and (b) stress paths (after [10]). 
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q increase with increasing , which is similar to the response in the latter stage of a dense 

sample. Hence, the liquefaction state cannot be reached for the medium dense to dense sam-

ples. This explains why most of the case histories of static liquefaction occur in very loose to 

loose sand but not in medium dense to dense sand. However, the micromechanical basis of 

static liquefaction cannot be obtained based on these experimental observations. 

To understand the undrained soil behavior under a cyclic loading, cyclic undrained simple 

shear tests and cyclic undrained triaxial tests have been carried out (e.g., [11-17]). Fig. 2 pre-

sents typical responses of a dense sample during a cyclic undrained triaxial test conducted by 

[18]. After isotropic consolidation, the sample was subjected to a cyclic loading under a 

stress-controlled undrained condition. The initial liquefaction seems to be reached at the 9
th

cycle, and the butterfly shaped loops have been reached afterwards (as shown in Fig. 2b). As 

noted, the values of the double amplitude axial strain (DA) for the cycles after initial liquefac-

tion are much larger than those before initial liquefaction. Those experimental responses ex-

plain why liquefaction can occur in medium dense to dense sand during earthquakes. 

However, once again, the associated initiation mechanisms from a micromechanical perspec-

tive cannot be provided by these experiments. 
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Figure 2: Typical responses during a cyclic undrained triaxial test (after [18]): (a) varia-

tions of the axial strain a and double amplitude axial strain (DA) with the number of cycles 

and (b) stress paths. Note that only the stress paths for the initial nine loading cycles are 

shown in Fig. 2b. The stress paths for the following cycles are similar to the stress path for the 

9
th

 cycle.

Numerical simulations using the discrete element method (DEM) have been used to simu-

late the undrained soil responses for further analyses and examinations (e.g, [19-27]). Using 

DEM simulations can obtain not only the macroscopic stress and strain responses but also the 

information at the particle and contact scales, e.g., contact forces. Hence, DEM simulations 

can be used to effectively elucidate the involved micromechanical. Soroush & Ferdowsi [21] 

carried out DEM simulations of strain-controlled cyclic loading tests and qualitatively ana-

lyzed the variations of the contact force distribution with increasing number of loading cycles. 

However, quantitative and statistical analyses for the cyclic loading processes, especially for 

the stress-controlled cyclic loading, remain insufficient. 

The objective of this study is to examine the initiation mechanisms of static liquefaction 

and dynamic liquefaction (induced by cyclic loading) from the micromechanical perspective. 

A series of DEM simulations of undrained triaxial compression tests and a cyclic undrained 

triaxial test are carried out. The simulations first aim to reproduce experimental findings (as 
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shown in Figs. 1 and 2). Then, variations of the contact force distributions are examined to 

explore the initiation mechanisms of liquefaction. 

2 DETAILS OF THE DEM SIMULATIONS 

The DEM software, Particle Flow Code in 3 Dimensions (PFC3D version 4.0, Itasca Com-

pany, USA) was used in this study. The Hertz-Mindlin contact model was used to regulate the 

force-displacement relationships in the normal and tangential directions. In addition, a rolling 

resistance model was adopted to account for the contact moments including the interlocking 

effects between real soil particles. Details of these contact models and the calibration of the 

parameters can be found in [28]. Table 1 summarizes the values of the parameters used in the 

DEM simulations.  

Sample properties and parameters Value 

Contact model parameters 

Shear modulus G 1.0 GPa 

Poisson’s ratio  0.2 

Inter-particle friction coefficient μ 0.32 

Rolling stiffness coefficient Jn  2 

Maximum rolling resistance coefficient μr 12 

Particle size 

Largest particle diameter 0.212 mm 

Smallest particle diameter 0.150 mm 

Mean particle diameter d50 0.172 mm 

Properties of the samples 

Particle number 13528 

Void ratio of the samples for UC1 and UC1-cyclic 0.745 

Void ratio of the sample for UC2 0.783 

Void ratio of the sample for UC3 0.792 

Local damping used to dissipate kinetic energy 0.7 

Table 1: Sample properties and parameters used in the DEM simulations of this study 

Three DEM simulations of undrained triaxial compression tests were conducted. These 

simulations are denoted by UC1, UC2 and UC3 in the following discussion. The radius ex-

pansion method was used to prepare the samples. Particles were firstly generated with radii 

smaller than the assigned values and randomly positioned in the sample container, and then 

these radii were expanded to achieve the assigned values by multiplying a factor. After that, 

particles were rearranged under a friction-free condition where the inter-particle friction coef-

ficient  is set to be 0. When the sample reached equilibrium, the values of  were set as 0.12, 

0.18 and 0.20 for the samples of UC1, UC2 and UC3, respectively. The samples were then 

compressed under a confining pressure of 20 kPa. After this stage, the value of  was in-

creased to the assigned value, i.e., 0.32, for each sample, followed by an isotropic compres-

sion until the stress reached 100 kPa. As illustrated in Table 1, the void ratios were 0.745, 

0.783 and 0.792 for the samples of UC1, UC2 and UC3, respectively before shearing. The 

samples were subjected to a strain-controlled undrained compression for shearing. Note that 

the undrained condition was simulated by applying boundary movements on the sample to 

make the sample volume maintain constant, which follows the same as the general practice.  

4675



Zitao Zhang and Yu-Hsing Wang 

In addition to those simulations of undrained compression tests, a simulation of a cyclic 

undrained triaxial test was conducted. The sample was identical to that used in UC1 after iso-

tropic consolidation under a confining pressure of 100 kPa, and then the sample was subjected 

to a stress-controlled cyclic loading with the maximum deviatoric stress of 60 kPa. Note that 

both the values of the confining pressure after isotropic compression and the maximum devia-

toric stress during cyclic loading were the same as those used in the experiment shown in Fig. 

2. This test is denoted as UC1-cyclic in the following discussion.

3 SIMULATION RESULTS 

3.1 Undrained compression tests 

Fig. 3 presents the simulation results of the undrained compression tests, UC1, UC2 and 

UC3. Similar responses like the experimental findings (as shown in Fig. 1) are reproduced by 

the DEM simulations. To obtain the associated mechanisms from a micromechanical perspec-

tive, variations of the contact force distribution in terms of the mean and the coefficient of 

variation (COV) are examined in the following discussion. 
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Figure 3: Simulation results of the undrained compression tests UC1, UC2 and UC3: (a) 

stress-strain responses and (b) stress paths. 

Figs. 4a and 4b present variations of the mean and the COV of contact normal forces dur-

ing the undrained compression tests, respectively. Fig. 7 presents the evolution of the mean 

value versus COV. Note that Fig. 7 summarizes the results from all the simulation cases and 

show that there are different trends of the mean versus COV for the samples with different 

void ratios. For loose sample UC3, the mean of contact forces decreases with increasing shear 

strain , while the associated COV increases with increasing . An interesting point is that 

these trends occur during both stages, i.e., before and after the peak state. This suggests that 

these trends, i.e., a decrease in the mean and an increase in the COV, are not influenced by the 

change of the deviatoric stress q with increasing . 
For the medium dense sample UC2, the variations of the mean value and COV before the 

quasi-steady state are similar to those for UC1. Those trends of decreasing the mean value and 

increasing  COV are also observed before the peak state and from the peak state to the quasi-

steady state. However, after the steady state, the mean of contact normal forces increases with 

increasing , while COV decreases with increasing . This demonstrates that the contact nor-
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mal forces become more and more uniform after the quasi-steady state. For the dense sample 

UC1, the initial responses are also showing a decrease in the mean and an increase in COV. 

However, the evolution trend of contact force distributions is different in the subsequent com-

pression stage, which is found increasing in both the mean and the COV. Hence, the evolution 

type of the contact force distributions might be considered as the micromechanical basis for 

static liquefaction in loose sand. 
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Figure 4: Variations of (a) the mean of contact normal forces and (b) the COV of contact 

normal forces during the undrained compression tests. 

3.2 Cyclic undrained triaxial test 

Fig. 5 presents the simulation results of the cyclic undrained triaxial test, UC1-cyclic. Once 

again, similar responses like the experimental findings (as shown in Fig. 2) are reproduced by 

the DEM simulations. Fig. 5b demonstrates that the soil reached the initial liquefaction state 

(p = q = 0) at the 9
th

 cycle. As shown in Fig. 5a, the values of the double amplitude axial 

strain (DA) for the cycles after the initial liquefaction, i.e., the 9
th

 and 10
th

 cycles, are much 

larger than the values of DA for the cycles before the initial liquefaction, i.e., from the 1
st
 to  
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Figure 5: Simulation results of the cyclic undrained triaxial test UC1-cyclic: (a) variations 

of the axial strain a and the double amplitude axial strain (DA) with the number of loading 

cycles and (b) stress paths. Note that only the minimum and maximum axial strains in a cycle 

are presented in Fig. 5a.  
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8
th

 cycle. In the following discussion, variations of the mean and COV of all the contact nor-

mal forces are examined. 

Figs. 6a and 6b present the variations of the mean and the COV of contact normal forces 

during the cyclic undrained triaxial test UC1-cyclic, respectively. For those loading cycles 

before initial liquefaction, there is a net decrease in the mean of contact normal forces and a 

net increase in the COV in each cycle, e.g., the 1
st
 cycle. Hence, the overall trend for both the

mean and the COV values at a given deviatoric stress q, e.g., q = 60 kPa, decreases in the 

mean and increases in the COV of contact normal forces. To facilitate the comparison be-

tween these results with those of the undrained compression tests, the mean versus the COV 

response of the test UC1-cyclic is also included in Fig. 7. As shown in Fig. 7, the mean versus 

COV response during the initial loading stage in the 1
st
 cycle is identical to that during UC1.

However, the mean versus COV response in the subsequent unloading process in UC1-cyclic 

does not follow the original trend as in the loading process. The overall trend of the mean ver-

sus COV response is characterized by a decreased mean and increased COV of contact nor-

mal forces, which is similar to the behavior of undrained compression for a loose sample, i.e., 

UC3. This suggests that this evolution type of contact force distribution can also be used to 

explain the initiation mechanisms of the liquefaction induced by cyclic loading from a mi-

cromechanical perspective. 
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Figure 6: Variations of (a) the mean of contact normal forces and (b) the COV of contact 

normal forces during the cyclic undrained triaxial test. 
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4 CONCLUSIONS 

To examine the initiation mechanisms of static liquefaction and dynamic liquefaction in-

duced by cyclic loading, a series of DEM simulations of undrained triaxial compression tests 

and a cyclic undrained triaxial test were carried out. The DEM simulation results can repro-

duce similar responses like the experimental findings, e.g., stress-strain responses and stress 

paths. Changes in the contact force distribution were examined in terms of mean and COV of 

contact normal forces. The salient findings are summarized as follows. 

The mean versus COV response during undrained compression tests is influenced by the 

sample void ratio. For the loose sample, the evolution type is characterized by a continuous 

decrease in the mean value and a continuous increase in the COV as the shear strain increases. 

For the medium dense sample, the response before the quasi-steady state is similar to that ob-

served in the loose sample, whereas the response after the quasi-steady state demonstrates an 

increase in the mean and a decrease in the COV. In addition, for the dense sample, the mean 

value initially decreases and then increases with increasing shear strain while the COV con-

tinuously increases with increasing shear strain. Hence, the evolution type characterized by a 

continuous decrease in the mean value and a continuous increase in the COV might be con-

sidered as the micromechanical basis for static liquefaction in loose sand. In fact, such an evo-

lution type of mean versus COV can also be found in the DEM simulation of cyclic undrained 

triaxial test on a dense sample. That is, this evolution type of contact force distribution, i.e., a 

decrease in mean and an increase in COV, can serve as a basis to explain the initiation mech-

anisms of static and dynamic liquefaction from a micromechanical perspective. 
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Abstract. Damage can be viewed as a continuum discontinuity. In order to identify and quan-

tify damage, the present study investigates the dependence of reflection and transmission coef-

ficients from a discontinuity in a waveguide using a finite element model. A parametric study 

of a fiber reinforced polymer laminate beam is presented with five different ratios of reduced 

cross-section with two different kinds of geometry: symmetric and asymmetric, in three discon-

tinuity lengths. What is more, finite element results are compared with the corresponding re-

sults of a semi- analytical model based on the principle of reciprocity in elastodynamics. The 

analysis shows that: a) depending on the kind of discontinuity, the diagnostic potential of the 

used guided wave depends on the mode existence and on the magnitude of its wavelength in 

relation to the discontinuity extension, b) reflection and transmission coefficients can be used 

to identify and characterize damage both in symmetrical and asymmetrical damaged cross sec-

tions. 
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1 INTRODUCTION 

Guided wave propagation plays an important role in non-destructive tests and health mon-

itoring of structures. Several applications to analyse different conditions, such as corrosion, 

state of prestress, defects, cracks, can be found in literature [1-3]. Such monitoring techniques 

are based on the fact that, in the presence of discontinuities, waves interact with cracks and 

voids [5-6]. The amplitude and shape of the resulting scattered field is related to the character-

istics of the defect and may be used in an inverse problem to detect and characterize disconti-

nuities themselves.  

The current study deals with the characterization of the response of a waveguide with a 

discontinuity consisting in a double change of cross-section. Such a discontinuity convention-

ally represents a notch. A finite element simulation of the propagation of shear waves in a plate 

has been performed. Two different geometries for the discontinuity are considered, that is sym-

metric and asymmetric (one-sided). The asymmetric damage is the most common damage that 

exists in practice, therefore it is of high interest to investigate on the response of waveguides in 

this case. Three different damage lengths and five different percentages of cross section reduc-

tion are investigated. The results for the symmetric case have been compared to the analytical 

results of a semi-analytical model based on the principle of reciprocity in elastodynamics [7]. 

2 DESCRIPTION OF THE FE MODEL 

The simulation was performed using a proper finite element software (Ansys) [8]. The spec-

imens were chosen in order to simulate an FRP laminate (Table 1) used to rehabilitate long 

concrete bridge spans.  

E modulus of 

Elasticity 

[MPa] 

Density ρ 

[kg/m3] 

Poisson ra-

tio v 

Shear 

Wave Ve-

locity cs 

[m/s] 

165000 1600 0.2 6555.5 

Table 1: FRP mechanical properties 

The laminate was modeled as a 3D solid using SOLID185 element which is defined by eight 

nodes having three degrees of freedom at each node. The solid used is a parallelepiped with 

height h=0.10 m, thickness s=0.003 m and length L=12 m with all the displacements restrained 

at one end. It is meshed allowing prism and tetrahedral degenerations of elements in irregular 

regions. A mesh of appropriate density was chosen in order to properly describe wave propa-

gation. The symmetric and asymmetric discontinuities consist in a double change of cross sec-

tion as shown in Figure 1, whose geometry is described through the parameters length (ld) and 

height of reduced cross section (sr). 

The structure is excited with a force whose time-history is a high-frequency sine burst with 

frequency f=12000 Hz, applied at the free-end and acting along direction y. All the nodes are 

constrained according to directions x and z since pure shear waves are generated.  

The investigated damage geometry (ld, sr) is described using the non-dimensional ratio λ/ld, 

where λ is the wavelength of the shear wave propagating in the plate (λ=cp/f), and r = 1-sr/s is a 

measure of notch magnitude (r=0 corresponds to no damage, r=1 to a fully cracked cross sec-

tion). The ranges of values of λ and r used in the analysis are collected in Tables 2 and 3. 
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Figure 1: Discontinuities on FRP laminate specimens (m). 

ld [m] 1.09 0.55 0.27 

λ/ld 0.5 1 2 

Table 2: Discontinuity length 

sr [m] 0.00249 0.00201 0.00150 0.00099 0.00051 

r (%) 17 33 50 67 83 

Table 3: Discontinuity thickness 

3 RESULTS 

The forcing function is applied at the free end of the laminate and acts in y direction. It 

generates an incident wave travelling along the waveguide and interacting with the cross-sec-

tion reduction. At every geometric change, part of the wave is reflected and part is transmitted 

in a way which depends on the characteristics of the discontinuity.  

The current study focuses on the investigation of transmissions and reflections as a function 

of damage geometry. The amplitude of the scattered field is extracted from the amplitude of the 

response of nodes located close to the discontinuity (1m before and after the starting/ending 

abscissa of the damaged area). Figure 2 sketches the way amplitudes were extracted. A de-

scribes the maximum amplitude of the incident wave, while At and Ar are the maximum ampli-

tudes of the transmitted and reflected wave, respectively.  

3.1 Reflections and Transmissions 

The amplitude of the scattered fields is shown in Figures 3 and 4 for the symmetric and 

asymmetric case. The reported amplitudes of both transmitted and reflected wave are 

normalized to the value of the amplitude of the incident wave.  

Figures 3 and 4 respectively show the amplitude of the transmitted and reflected fields, 

which varies as a function of r and of the ratio λ/ld. In cases of deep damage (r close to 1) the 

transmitted amplitude (At/A) is reduced while the reflected (Ar/A) rises, meaning that in heavily 

damaged cross sections (r>83%) the wave cannot be fully transmitted and tends to be reflected. 

On the contrary, when r is small, the travelling wave is nearly entirely transmitted.  
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Speaking about the dependence of these coefficients from the ratio λ/ld, as the wavelength λ 

of the incident wave becomes of the same order of magnitude of the damaged length or larger 

(Figure 3a, b, c and Figure 4a, b, c: λ/ld=0.5, 1 or 2) the response tends to be more sensitive to 

the presence of the notch because the curves are less sharp than for higher values of λ/ld [6]. 

This is due to the fact that the waves are reflected from the first and second change in cross- 

section and can interact in different ways, constructively or destructively. As shown in [6], to 

detect small damage, small wavelength are to be used. If the wavelength is large, the destructive 

interference hides the presence of discontinuties. 

As far as the differences noted from the symmetric and asymmetric specimens are 

concerned, in cases of small λ/ld ratio (0.5), meaning an extensive damage, the results coincide. 

The results tend to differentiate when the ratio λ/ld increases, that is when the wavelength is 

large in relation to the damaged length. The maximum discrepency observed (12%) is for the 

transmission coefficient and λ/ld= 2 (Figure 3c). Reflection coefficients do not present 

appreciable difference between the symmetric and asymmetric case.  

The frequency used (12kHz) is actually too low to detect differences in response of the 

symmetric and asymmetric damaged cross-section. The difficulty in observing mode 

conversion due to the asymmetry of the cross-section strongly depends on the existence of shear 

modes at the frequency under investigation. As is shown in Figure 5, which reports the group 

velocity (cG) as a function of frequency, at 12000 Hz only the first symmetric mode exists. In 

this way, differences between the symmetric and asummetric case are small.  

Figure 2: Sample time history 

3.2 Comparison of SAFE and FEA 

The results obtained from the FE model were compared with a semi-analytical finite element 

model (SAFE, [4]), where the scattered fields are studied exploiting the principle of reciprocity 

in elastodynamics (see ref. [7] for all details): 

∫ (𝜎𝑖𝑗
𝐵𝑢𝑗

𝐴 − 𝜎𝑖𝑗
𝐴𝑢𝑗

𝐵)𝑛𝑖𝑑𝑆
 

𝑠𝑖
+ ∫ (𝜎𝑖𝑗

𝐵𝑢𝑗
𝐴 − 𝜎𝑖𝑗

𝐴𝑢𝑗
𝐵)𝑛𝑖𝑑𝑆 = 0

 

𝑠0
 (3) 

where the superscript A refers to the response of a waveguide in the presence of a discontinuity 

and B to the waveguide response to a virtual wave propagating in the absence of the disconti-

nuity. The reflected and transmitted fields in case A are expressed as a linear superposition of 

reflected and transmitted waves whose coefficients for the p-th wave Ar/A and At/A depend on 
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the q-th incident wave. The linear superposition is a series which theoretically should extend to 

all the modes existing at the given frequency, however, for the frequency chosen and the width 

of the specimens investigated it only the first symmetric shear wave mode exists. This is shown 

in Figure 5, therefore, only this mode is taken into account in the semi-analytical model. 

Figure 3: Transmission coefficients as a function of different ratios of cross section reduction for different dam-

age lengths (FEA): a) λ/ld=0.5, b) λ/ld=1, c) λ/ld=2 

Figure 4: Reflection coefficients as a function of different ratios of cross section reduction for different damage 

lengths (FEA): a) λ/ld=0.5, b) λ/ld=1, c) λ/ld=2 
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A comparison between the scattering coefficients obtained from the principle of reciprocity 

and from the FE analysis is reported in Figure 6 for the symmetric case only. The difference 

between the values varies as a function of cross section reduction (r) and in general is greater 

for the transmitted coefficient than for the reflected.  

Figure 5: Phase velocity cG as a function of frequency f. 

Figure 6: Comparison of reflection and transmission coefficients in SAFE and FEA model. 

These differences are due to the fact that part of the energy in the FEA is lost due to numer-

ical damping. This is shown in Figure 7 which reports the quantity      2/122
// AAAA tr 

which is a measure of the conservation of energy. Data are reported for all the cases under study 

both for FEA and SAFE results. While SAFE model always provides a unit value, for FEA the 

values are always smaller. In order to investigate the loss of energy, an undamaged FE model 
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was considered. The ratio between kinetic energies of the response measured at the points 1 and 

2, where Ar (ld-1) and At (ld+1) were extracted, was calculated as 


TT

dtvdtv
0

2

1
0

2

2 /  

for the ratio λ/ld =1 only, providing 0.95. This value confirms that in the FE model a certain 

amount of energy loss occurs. 

 

 

 

 
Figure 7: Energy conservation curves. 

 

 

4 CONCLUSIONS 

The current study focuses on the characterization of the scattered field from discontinuities 

in plates by observing the shear wave response. Two different kinds of discontinuities are ex-

amined, that is symmetrical and asymmetrical change of cross-section. The results of a FE 

model were compared with those of a semi-analytical model. For five different cross section 

reductions and three damage lengths (ld), the amplitude of transmitted and reflected waves was 

observed. It is noted that the scattered field depends on the severity of damage which makes it 

a suitable quantity do be used in an inverse problem, provided that waves with wavelength of 

the same order of magnitude in respect to the extension of damage are used. The differences 

reported in both scenarios of symmetric and asymmetric damaged cross sections are small es-

pecially in cases with extended damage. The use of high frequencies is suggested in cases of 

asymmetric damage, as higher wave modes enable to more precisely detect the presence of 

asymmetries in the cross-section. The SAFE results are in acceptable agreement with the FEA 

results of the symmetric scenario, making such method appropriate to be applied even in more 

complex cases. It is also observed that the FE model exhibits lacks in conservation of energy 

due to numerical damping that varies as a function of the reduction of the cross- section.  
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Abstract. The most of current fatigue life estimation methods of offshore jacket structures are 

based on Miner’s rule. Miner’s rule has always been acknowledged as a simplification that is 

easy to use in design where detailed loading history is unknown. However, under random 

amplitude loading, Miner ́s rule might provide incorrect results because of its omission of the 

loading sequence effect. Recently, a new damage indicator- based sequential law has been 

proposed to capture the loading sequence effect more precisely than the Miner’s rule. As off-

shore steel structures are subjected to variable amplitude loading and the state of the art 

methodology available allows us to measure or predict the detailed loading history, it is ad-

visable to utilize the new damage indicator- based sequential law for offshore steel structures. 

Therefore, the objective of this study is to propose a sequential law employed new approach 

to estimate fatigue life of offshore steel jacket structures. The proposed approach consists 

mainly of the predicted stress histories, the recently developed sequential law and a technique 

for transferring the partially known S-N curve to a full range curve. Then the proposed ap-

proach is applied to predict fatigue life of an offshore jacket structure as a case study. The 

case study consists of 3D-modeling of a jacket platform, wave-structure interaction modeling, 

FEM-employed dynamic time history analysis, hot spot stress analysis, a technique for ob-

taining the full range S-N curve and fatigue life estimation based on the newly proposed se-

quential law. Finally, the proposed and the conventional approach´s predicted fatigue lives 

are compared to confirm the significance of the new approach. 
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1 INTRODUCTION 

The demand for exploration and production of oil and gas has grown ever since the early 

offshore activities began in the North Sea in the 1960’s. The first steel structures to operate in 

the North Sea were transferred from the Gulf of Mexico, where exploration and production 

activities had been on going since the 1930’s. Shortly after, it became clear that these struc-

tures were not adequate when operating in more severe weather conditions such as in the 

North Sea [1]. Early examples of fatigue damage are found in the “Sedco 135” triangular 

semi-submersible drilling rigs operating in the North Sea, as well as the jack-up drilling rig 

“Ranger 1” and the infamous “Alexander L. Kielland” platform – capsizing in March of 1980, 

leading to the loss of 212 personnel.  Though the detail and quality of the fatigue design have 

improved since 1975, a significant amount of effort has been directed towards the develop-

ment of structural health monitoring and non-destructive assessment methods of offshore steel 

structures in order to keep up with the gradual deterioration of strength due to crack growth, 

with the goal of applying design, inspection, maintenance and repair measures – thus ensuring 

adequate safety, as well as profitability with respect to using the same structures for further 

exploiting of the oil fields [2,3]. Therefore, it is essential highlighting the importance of un-

derstanding the deficiencies of currently available approaches, in order to progress and pro-

pose precise models to prevent similar kinds of future failures and even take measures for life 

extension. 

The approach for fatigue design and fatigue assessment currently available is based on a 

combination of response data found by using the specific loading case (i.e. stress analysis and 

stress spectrum), material data describing the fatigue strength based on code provided S-N 

curves and a failure criteria which is based on the assumption of a cumulative damage com-

monly expressed by the Palmgren-Miner hypothesis (Miner`s rule). Further, if a crack is de-

tected or the previous loading history is not known, fatigue strength is commonly based on 

fracture mechanics analysis (FMA). It is thus safe to say that the Palmgren-Miner rule has and 

still is accepted as the damage criteria for fatigue life estimation of offshore steel structures, 

and is acknowledged as an approved approximation that is easy to use in fatigue design where 

the detailed loading history (loading sequence) is unknown. However, research shows that 

under random amplitude loading, Miner ́s rule might provide incorrect results because of its 

inability to precisely capture the loading sequence effect. Similarly, offshore steel structures 

are subjected to variable amplitude loading and the state of the art methodology available al-

lows us to measure the detailed loading history to some extent. Recently, a new damage indi-

cator- based sequential law has been proposed to capture the loading sequence more precisely 

[4]. The application of this model has not been studied for offshore steel structures. This is the 

question of concern in this paper. 

Therefore, the objective of this study is to propose a sequential law employed new ap-

proach to estimate fatigue life of offshore steel structures. The proposed approach consists 

mainly of the predicted stress histories, the recently developed sequential law and a technique 

for transferring the partially known S-N curve to a full range S-N curve. Further, verification 

of the proposed approach is conducted by comparing the sequential law predicted damage be-

havior and corresponding fatigue life against the experimentally measured fatigue life and 

damage behavior of some materials respectively. 

First, the paper presents the proposed approach for fatigue life estimation. Then verifica-

tion of the proposed approach is presented by comparing experimental fatigue lives against 

theoretical predictions.  Further, the proposed approach is applied to estimate the fatigue life 

of an offshore steel jacket structure and obtained fatigue life estimations are compared with 
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the estimations obtained by the conventional theory of the Palmgren-Miner hypothesis. Final-

ly the significance and applicability of the proposed approach is discussed. 

2 PROPOSED APPROACH 

This section presents the new proposed approach for fatigue life estimation of offshore 

steel structures. First, the general structural appraisal is presented before introducing the tech-

nique for obtaining the full range S-N curve, and the newly proposed damage indicator se-

quential law. 

2.1 Wave-structure interaction and stress history evaluation 

The following section presents the method for estimating the wave loads acting on the 

jacket legs, through the application of linear wave theory – where the final goal is determina-

tion of hot spot stress history of tubular joints. 

Hydrodynamic loads are obtained on the basis of hydrostatics, hydrodynamics and linear 

wave theory, which is the core theory of ocean surface waves used in ocean and coastal engi-

neering. This is the simplest wave theory, where wave height is considered to be much small-

er than both the wave length and the water depth, and takes advantage of the linearized 

boundary conditions, where waves are considered as regular waves with sinusoidal shape, 

propagating with a permanent form. Linear wave theory is approved when assessing long pe-

riod waves generated from distant storms (swell sea) [5]. Each wave has a distinct wavelength 

λ, wave period Τ, and wave height Η. Application of linear wave theory requires that the fol-

lowing conditions be fulfilled: 

 Continuity of mass – the net mass flow into an element equals the mass increase of the

element.

 Based on the constant density of the fluid, the fluid is labeled incompressible.

 Another physical principle when assessing hydrodynamics is considering the water to

be an ideal fluid where no shear forces occur between the particles (in other terms,

consider the fluid to have a frictionless flow). Based on the assumption of non-

rotational flow, the rotation of a water particle around its COG should be equal to zero.

Given that these conditions are present, a potential function φ exist such that the partial de-

rivatives of this function with respect to the directions (x, y and z), give the velocities in each 

direction. If such a function exists, it is referred to as the velocity potential. Applying a set of 

boundary conditions set from physical principles (i.e. bottom condition, wall condition, kine-

matic surface condition and dynamical boundary condition), we are able to define the velocity 

potential as expressed in Eq. 1. 

𝜑(𝑥, 𝑧, 𝑡) =
𝜉0𝑔𝑐𝑜𝑠ℎ𝑘(𝑧 + 𝑑)

𝜔    cosh (𝑘𝑑)
cos (𝜔𝑡 − 𝑘𝑥) (1) 

 Further, all types of offshore structures other than large floating bodies consist of slender 

cylinders – where a slender cylinder is defined as a cylinder of such geometry, which allows 

the diameter to be small in comparison with the wavelength (i.e. legs and braces of an off-

shore structure, subsea pipelines, umbilical cables etc.) Wave and current induced loads on 

slender members can be obtained from the Morrison`s load formula – consisting of an inertia 

force proportional to acceleration and a drag force proportional to the square of velocity [5]. 

The total force acting on the entire cylinder is as given as: 

𝐹(𝑡) = 𝐹1(𝑡) + 𝐹𝐷(𝑡) = ∫ 𝑓𝐼

𝜉

−𝑑

(𝑧, 𝑡)𝑑𝑧 + ∫ 𝑓𝐷(𝑧, 𝑡)𝑑𝑧
𝜉

−𝑑
(2) 

where 
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𝑓𝐼 = 𝜌. (1 + 𝐶𝐴). 𝐴. �̇� 

𝑓𝐷 =
1

2
. 𝜌. 𝐶𝐷. 𝐴. 𝑢. |𝑢| 

where 𝐶𝐴 and 𝐶𝐷  are the mass- and drag coefficients respectively. These hydrodynamic co-

efficients are based on experimental data and the relation between these coefficients and the 

governing parameters are as follows: 
𝐶𝐴 = 𝐶𝐴(𝑅𝑒,𝐾𝑐 , Δ) 

𝐶𝐷 = 𝐶𝐷(𝑅𝑒,𝐾𝑐 , Δ) 

The drag term obtained from the Morrison´s load formula is quadratic and 90° out of phase 

with respect to the inertia term. One tries to avoid using the complete Morrison equation un-

less it is absolutely necessary. A simple way of doing this is by studying the Keulegan-

Carpenter (𝐾𝑐), which is a very important parameter for determining the relative importance 

of drag versus inertia forces for the case under consideration. Based on this one can determine 

whether the drag or inertia force is negligible, whether the drag force can be linearized, or 

whether one must use the full Morrison`s equation with its nonlinear drag. 

In general, given the linear wave theory extrapolation and its corresponding assumptions, it 

is further assumed that the wave-induced motions are of the harmonic nature as well, and can 

be expressed by a sinusoidal function as in Eq. 3. 

𝑢(𝑡) = 𝑢𝑜sin (𝜔𝑡)               (3) 

 In general, it follows that the dynamic equilibrium equation for a fixed structural member 

can be written as: 
𝑚�̈� + 𝑐�̇� + 𝑘𝑟 = 𝐹(𝑡) 

𝑚�̈� + 𝑐�̇� + 𝑘𝑟 = 𝐹𝐼(𝑡) +
1

2
. 𝜌. 𝐶𝐷. 𝐷. Δ𝐼. 𝑢0

2. 𝑠𝑖𝑛𝜔𝑡. |𝑠𝑖𝑛𝜔𝑡| 
(4) 

Notice that the drag term is neither proportional to the wave amplitude, nor harmonic. 

Linearization is required given a situation where the drag term can`t be neglected. Previous 

research shows that linearization can be given by a constant 
8

3𝜋
 times an unknown parameter A 

[6,7]: 
𝑢𝑤(𝑡) = 𝑢𝑎𝑐𝑜𝑠𝜔𝑡 (5) 

𝐴 = √(𝑢𝑎 − 𝜔. 𝑟2)2 + 𝜔2. 𝑟1
2  

 Where 𝑢𝑎 is the amplitude of a regular wave`s velocity function, and 𝑟1 and 𝑟2 are the sine 

and cosine response components, respectively. It follows that for a system with small response 

amplitudes, the damping term from the drag forces can be neglected (𝑟1 = 𝑟1 = 0 and = 𝑢𝑎 . 

This gives the following linearized dynamic equilibrium equation: 

𝑚�̈� + 𝑐�̇� + 𝑘𝑟 = 𝐹𝐼(𝑡) +
1

2
. 𝜌. 𝐶𝐷 . 𝐷. Δ𝐼.

8

3𝜋
. 𝑢𝑎

2 . 𝑐𝑜𝑠𝜔𝑡 (6) 

 Should the structural response amplitude become significant, one shall take account for the 

relative velocity between the structural member and the water. 

A finite element employed time history analysis is conducted with the goal of obtaining the 

nominal stress histories of the most critical members. Wave loads described by time history 

functions are utilized as input load time history. Fatigue analysis based on S-N data is typical-

ly related to a nominal- or hot spot stress approach. When assessing other types of structural 

details (i.e. welding details), the nominal stress range should be modified in order to take ac-

count for the local conditions affecting the stresses at a specific location. The local stress at 

this location is expressed by a stress concentration factor multiplied with the nominal stress 

(Eq. 7). It is most common that the stress concentration factor results into an amplification of 
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the nominal stress. However, there are cases where a stress concentration factor less than 1 

can validly exist.  
𝜎𝑙𝑜𝑐𝑎𝑙 = 𝑆𝐶𝐹. 𝜎𝑛𝑜𝑚𝑖𝑛𝑎𝑙 (7) 

Stress concentration factors for different frame elements and the different loading condi-

tions are to be calculated in reference with recommended practice [8], where a huge variety of 

equations are presented – defining stress concentration factors for different types of joints un-

der different loading conditions. 

Further, nominal stress history output is used for calculating and identifying the hot spot 

stress at the crown and saddle points. Furthermore, the hot spot of each structural component 

is to be calculated around the circumference of the intersection (Fig. 2), where the highest 

value obtained defines the hot spot. Further analysis and fatigue life estimation of the struc-

tural component is based on the corresponding hot spot.  Fatigue life estimations of the tubu-

lar members, which are to be presented in Section 4 are based on T-curves with cathodic 

protection. 

The hot spot of the chord member is to be assessed at three different locations (i.e. brace-

chord intersections with the left hand side brace, middle brace and the right hand side brace – 

as sketched in Fig. 1). This means that when assessing the chord, one ends up with having to 

evaluate the stresses at eight different points (as shown in Fig. 2), for each of the three inter-

section locations (Fig. 1) – where the highest value obtained identifies the hot spot for the 

chord. Else, when assessing each brace, one only looks at the specific brace-chord intersection 

place of the corresponding brace. Note that each “stress point” represents its unique stress-

history function. 

2.2 Fully known S-N curve 

S-N curves are in general obtained from fatigue tests of specimen mainly subjected to axial 

and bending loads. The basic design S-N curve can hence be expressed as follows. 
log 𝑁 = 𝑙𝑜𝑔�̅� − 𝑚𝑙𝑜𝑔Δ𝜎 (8) 

 However, the regular S-N curve only describes the stress ranges corresponding only to 

tens of thousands of failure cycles (i.e. only describes the high cycle fatigue region), hence 

they are often labeled as partially known S-N curves [9]. Extending the partially known S-N 

curve to a full range curve is therefore of the essence when assessing fatigue based on the 

damage-indicator based sequential law. The method for this transformation is mainly based on 

Kohout and Vechet Wöhler curve modeling technique [10]. A schematic overview of this 

technique is presented in Fig. 3. 

Where the horizontal line 1 along the ultimate tensile strength is the asymptote  for 

the low cycle fatigue region. The horizontal line 2 represents the stress range for the high cy-

cle fatigue region (where ), while line 3 represents the tangent for the region of finite 

life described by equation (or curve) of the partially known S-N curve provided by the design 

code. Location B and C show the intersection points of the tangent line 3 with the horizontal 

lines 1 and 2. The full range curve is at any given point expressed by the following expression 

[9, 10]. 

𝜎 = 𝜎∞ (
𝑁 + 𝐵

𝑁 + 𝐶
)

𝑏

(9) 

 where b is the slope of the tangent. 

s =s u

s =s¥
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2.3 Damage indicator based-sequential law 

The modern day technology allows us to measure the loading history on most of the exist-

ing civil structures, whether they are onshore or at sea. The sequential law provides an algo-

rithm for properly assessing the fatigue cumulative model – especially under variable loading 

conditions, and was developed for the purpose of capturing the loading sequence effect more 

precisely [4,10]. 

A new damage indicator based sequential law is used to obtain more realistic fatigue life 

estimation of offshore steel structures. The sequential law provides an algorithm for properly 

assessing the fatigue cumulative model – especially under variable loading conditions [4]. The 

supposition of this fatigue criterion is that if the physical state of damage is the same – then 

fatigue life depend on the loading condition only..  

A detailed description of the damage stress model and the definition of damage indicator, 

Di, is described in the corresponding paper [9], [10]. Here within, only the concept is summa-

rized with an algorithm for comprehension (see flow chart presentation in Fig. 4). Suppose a 

structural component is subjected to an arbitrary stress amplitude or stress range  for 

number of cycles at load level , where  denotes the fatigue life corresponding to . The 

residual fatigue life at load level  is obtained from . The equivalent stress amplitude or 

stress range corresponding to the residual fatigue life is denoted , and is equal to  for 

the first cycle. 
Further, the new damage indicator, , is then expressed by Eq. 10. It also follows that the 

damage indicator is equal to zero at the first cycle given the fact that  at the first cy-
cle. 
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 Where  is defined by the intercept of the S-N curve with the ordinate at one-quarter of 
the first fatigue cycle [9,10]. Furthermore,  is also commonly known as the ultimate tensile 

s i ni

i Ni s i

i Ni -ni

s (i )eq
s i

Di

s (i )eq =s i

s u

s u

Fig. 1:Arbitrary KT-joint [8] Fig. 2: Hot spot around the circumference of the intersection [8] 

Fig. 3: Schematic presentation of the full range S-N 

curve modeling technique 

Fig. 5: Schematic representation of the sequen-

tial law parameters versus the S-N curve 
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strength amplitude or range for rotating bending test-based S-N curves, and it is the ultimate 
shear strength amplitude or range for torsional fatigue test-based S-N curves. 

The same damage indicator  is further transformed to the next level, , and the dam-

age equivalent stress at the very same level is derived from the mathematical relation in Eq. 

11. 

1

1)1()(
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 Further simplifications gives, 

11)1( )(  
iiuieqi D        (12) 

 Where  is the damage equivalent stress at load level  and the corresponding 

number of cycles to failure is denoted . Applying an arbitrary stress amplitude or stress 

range  at the level  for  number of cycles, gives a corresponding residual life as 

follows. 

)1()1()1(   iRiRi nNN (13) 

Di i +1

s ´

(i+1)eq i +1

N(i+1)R

´

s (i+1) i +1 n(i+1)

Fig. 4: Flow chart for the damage indicator based sequential law 

Fig. 6: Unidirectional wave loading and enve-

lope stresses 

Joint 

9 

Joint 

13

Fig. 7: Full range T-curve 
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 The damage stress amplitude or stress range  corresponding to  at load level 

, is then obtained from the schematic presentation of the S-N curve in Fig. 3. Furthermore, 

the cumulative damage at the very same load level is defined as, 

   

1

1)1(

)1(
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 Similarly, the same procedure is followed until  is equal to one, where at this point  

becomes equal to the ultimate tensile strength stress amplitude . 

3 CASE STUDY 

3.1 Considered jacket structure 

A previous report on stochastic fatigue analysis of jacket type offshore structures is the 

case under consideration [11]. All structural elements of the jacket platform are modeled as 

tubular beam elements of steel grade S355. The main dimensions of the steel jacket are 27m x 

27m x 62.5m in the global x-, y-, and z-direction respectively. The cross-sectional diameters 

and thicknesses are as defined in Table 1. The total mass of the deck is assumed to be 4.8⋅106 

kg [11] and is distributed to the deck plane connections as point loads. The foundation plane 

is consisting of four connections modeled as flexible springs of the linear elastic nature. 

Spring properties are presented in Table 2. Further, the principles of the design of the steel 

jacket are in reference with NORSOK-N004. 

3.2 Wave load modeling 

The idea is to simulate different waves, obtain the corresponding hydrodynamic loads 

based on the theory presented in section 2.1.1 and assign these loads to the jacket model. The 

wave simulation is based on a scatter diagram for the Northern North Sea (1973-2001)[12], 

which gives a description of the sea state, the probability of the occurrence usually expressed 

in the number of observations during a period of time and the expected energy corresponding 

to each sea state [6]. Three different wave heights are chose in reference with the previously 

mentioned scatter diagram (Table 3), and are assumed to be consecutively generating during 

the course of one day. Further, for short-term wave conditions, the sea state is in general as-

sumed to be stationary for an interval of 20 minutes up to 3- or 6- hours [5, 6]. Hence, each 

sea state is in this case assumed to be stationary for 3 hours and the wave loads acting on the 

platform legs are to be calculated from the maximum wave height  . Having obtained the 

wave loads for each sea state, we are able to extrapolate and plot time-history functions. The 

time-history functions are extrapolated for a 24-hour period, making these functions valid for 

one single day. Further, it is assumed that the structure will have this loading history through-

out its service life. Meaning that we now have a simplified simulation of three waves of dif-

ferent wave heights, being generated consecutively after one another during the course of one 

single day. 

3.3 Finite element analysis 

A comprehensive, state-of-the art FEM software for the design and analysis of civil struc-

tures (SAP2000) is used for static design- and dynamic time history analysis of the structure. 

In order to ensure adequate static design, several verification steps are taken, amongst them:  

• A design-check of the structure is performed in order to ensure that no member ex-

ceeds the capacity given by the design code. 

• Verification that all steel frames pass the stress-capacity ratio.

s (i+1)eq N(i+1)R

i +1

Di s (i )eq

s u
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Furthermore, a dynamic time-history analysis gives the stress distribution of each frame el-

ement, allowing us to identify the two most critical connections, which are singled in Fig. 13, 

and are used as reference points. Nominal stresses due to axial load, in-plane and out-of-plane 

bending moment for each frame element are plotted as time-history functions. These functions 

are used as reference points when determining the stress concentration factors for each struc-

tural component in each connection, and are reference points for hot spot stress history evalu-

ation. 

4 FATIGUE LIFE ESTIMATION  

4.1 Fatigue life estimation based on the conventional approach 

The failure criteria when estimating fatigue life on the basis of the conventional theory of a 

linear cumulative damage is commonly expressed by the Palmgren-Miner hypothesis and a 

fatigue design factor [8]. 

𝐷 = ∑
𝑛𝑖

𝑁𝑖

=
1

𝑎

𝑘

𝑖=1

∑ 𝑛𝑖

𝑘𝑏

𝑖=1

. (Δ𝜎𝑖)
𝑚 ≤

1

𝐹𝐷𝐹
 (15) 

 where 

 𝑘𝑏    – number of stress blocks 

𝐹𝐷𝐹 – fatigue design factor 

Classification of the fatigue design factor is depending on the significance of the structural 

component, with emphasis being put on structural integrity and availability for inspection (or 

repair). First and foremost, one has to determine whether failure of the structural component 

will lead to danger of loss of human lives, environmental pollution and whether there are fi-

nancial consequences. Both NORSOK and Det Norske Veritas provide clear guidelines for 

assessing this matter. 

Fatigue assessment is based on the deterministic method, which is often considered to be a 

simplification of the spectral method. The deterministic approach is applicable when there is a 

linear relation between wave loads and the structural response due to these loads. Results of 

the fatigue life estimation until crack initiation are presented in the following tables. 

Results show that the chord governs the fatigue life of each joint. Hence, the chord in joint 

9 will govern the fatigue life of the whole jacket platform – with a fatigue life of 17 years. Fa-

tigue life estimations are based on fatigue design factors of 1 and 3. The “real” fatigue of the 

chord will be somewhere between these two parameters. Note that the there is a linear relation 

between the results obtained from the Palmgren-Miner theory. 

Table 3: Cross-sectional data of the frame elements [11]  

Members Diameter [m] 
Thickness 

[mm] 

Deck legs 2.0 50.0 

Jacket legs 1.2 16.0 

Braces in the vertical plane 1.2 16.0 

Braces in the horizontal plane  

Elevation: +5m 0.8 8.0 

-10m 1.2 14.0 

-30m 1.2 14.0 

-30m (diagonals) 1.2 16.0 

-50m 1.2 14.0 

 

Table 2: Spring properties [11]  

Horizontal stiffness 
 

Vertical stiffness 
 

Rotational stiffness 
 

Table 3: Most observed wave heights and the corresponding 

peak periods [12] 

 [m]  [s] 

1.5 9 

2.0 9 

2.5 9 
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4.2 Full range T-curve in sea water with cathodic protection 

A technique for defining the full range S-N curve was presented in the previous section. 

However, fatigue assessment of tubular members is to be based on T-curves. The design code 

T-curve provided by DNV-RP-C203 consists of two different curve slopes.  A point in ques-

tion is how to obtain the full range T-curve. A proposed approach is presented in section 3. 

First and foremost, the design code given T-curve stretches along the green dotted line all the 

way to the intersection with the red curve. It then stretches along the red curve all the way to 

interception point . The intersection between the green and red curve represents change 

in the negative inverse slope of the T-curve. The red curve represents the full range of a T-

curve with tangent slope . The green curve represents the full range of a T-curve with 

tangent slope . Both full range curves are obtained from Eq. 9. 

A proposed approach is to base the fatigue assessment on the red colour curve. This is be-

cause stress history evaluation shows that the stress ranges for each structural component are 

in the high cycle region. Further, the stress ranges for each structural component are in the 

region where . However, the fatigue testing data of the specimen and the 

application of the full range technique would allow us to plot a more accurate full range curve. 

s¥ =1

b= 0.20

b= 0.33

m= 5 (Ds £» 83MPa)

Table 7: Fatigue life estimation of joint 9 

Fatigue Life in Years 
Jo

in
t 

9
 

Element No. Member FDF=1 FDF=3 

32 Chord 50 17 

63 Brace A ∞ ∞ 

13 Brace B ∞ ∞ 

56 Brace C ∞ 315 

Where members labeled ∞, are not subjected to fatigue. 

Table 7: Fatigue life estimation of joint 13 

Fatigue Life in Years 

Jo
in

t 
1

3
 

Element No. Member FDF=1 FDF=3 

32 Chord 90 30 

55 Brace A ∞ ∞ 

19 Brace B ∞ ∞ 

48 Brace C ∞ 369 

Where members labeled ∞, are not subjected to fatigue. 

Table 7: Fatigue life estimation of joint 9 based on the damage indicator sequential law 

Fatigue Life in Years 

Jo
in

t 
9

 

Element No. Member FDF=1 FDF=3 

32 Chord 41 13 

63 Brace A NA NA 

13 Brace B NA NA 

56 Brace C NA 261 

Table 7: Fatigue life estimation of joint 13 based on the damage indicator sequential law 

Fatigue Life in Years 

Jo
in

t 
1

3
 

Element No. Member FDF=1 FDF=3 

32 Chord 74 24 

55 Brace A NA NA 

19 Brace B NA NA 

48 Brace C NA 306 
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The full range T-curve presented in section 3 is the basis for the sequential law fatigue life 

estimations. 

4.3 Fatigue life estimation based on the proposed approach 

The proposed fatigue approach for uniaxial fatigue is utilized to predict the fatigue life un-

til crack initiation. Fatigue life estimations in this section consist of huge numerical iterations 

of the sequential law (2.3), and the associated full range S-N curve. The structural compo-

nents that were proven to not be subjected to fatigue in Section 4.1 are not attended in this 

section. Results obtained are presented in Table 6 and 7. 

Results show that the chord in joint 9, with a fatigue life of 13 years (for a FDF of 3) re-

mains the governing member both from a local, and global point of view. Further, it is ob-

served that there no longer is a linear relation between the fatigue life where FDF is equal to 1 

versus the fatigue life for the case consisting of a FDF of 3. Furthermore, it is observed that 

for the case where the FDF is three, results show a reduction of ca. 24% from the Miner`s 

prediction (consisting of the same FDF). 

Results presented in Table 7 show that the chord remains the governing member with re-

spect to local assessment of joint 13. However, joint 9 governs the fatigue life of the jacket 

structure. Outputs from the damage indicator based sequential law and the associated full 

range S-N curve show a reduction of each structural member somewhere in the range of 17-24% 

(depending from one member to another). Even though results show significant deviation, one 

should point out that verification results presented in Fig. 12 show cases where the deviations 

are of significantly higher amounts. 

5 CONCLUSIONS 

A new damage indicator based sequential law employed new approach was proposed to es-

timate fatigue life of offshore steel structures. A verification of the new damage model was 

conducted by comparing the theoretically predicted damage and fatigue life with experimen-

tally observed damage and fatigue life respectively. The proposed approach was further uti-

lized to estimate the fatigue life of offshore jacket structure as a case study. 

The experimental verification reveals that the proposed approach, which consists of a new 

damage indicator and a fully known S-N curve modeling technique, provides a more realistic 

fatigue life than the Miner’s employed conventional approach. Wave-structure interaction was 

reasonably modeled based on linear wave theory and the Morrison’s load formula. Definition 

of the sea state was based on a scatter diagram valid for the North Sea. The FEM- employed 

time history analysis was conducted to obtain the nominal stress histories of all legs/chords 

and braces. Then hot spot stress histories of critical tubular joints were obtained by SCF’s 

given in DNV-RP-C203. The DNV-RP-C203 code provided S-N curve of tubular joint was 

transferred to a full range S-N curve by applying the proposed technique. Then new damage 

indicator based sequential law was applied to estimate the fatigue lives of the identified criti-

cal joints. The fatigue lives were also estimated by employing Miner’s conventional approach. 

Comparisons of these fatigue lives show a ≈17-24% deviation. This deviation of the remain-

ing fatigue lives highlights the necessity of a proper fatigue theory, which describes the load-

ing sequence effect precisely, and the importance of a reasonably accurate approach to predict 

the stress histories. Designing for 20 years of lifetime, a difference of ~25% in fatigue life es-

timation in either direction (~25% less or more), results in a significant amount of years. 

Finally, these observations tend to conclude that the application of the damage indicator-

based sequential law is advisable for the evaluation of fatigue lives of offshore jacket struc-

tures. Further verification and comparison between different case studies is recommended for 
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future studies in order to ensure the precision of the proposed approach. Future case studies 

will be based on more realistic wave measurements and their corresponding sequence. 
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